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Abstract

Large Language Models (LLMs) are largely opaque, making it difficult to identify which
training examples influence a given prediction. Instance-based explanation methods that
rely on model gradients are computationally challenging due to the high dimensionality
of modern LLMs. This thesis investigates whether lower-dimensional gradient surrogates,
constructed either by selecting a subset of layer components or by projecting the full
gradient, can effectively reproduce instance-level explanations. The central question is: Is
it more effective to select or to project?

A novel and efficient retrieval-based benchmark is proposed to evaluate instance-based
explanations. The task is to identify an original training sample from its paraphrased ver-
sion by measuring the cosine similarity of their respective loss gradients. This benchmark
is used to compare two strategies for creating low-dimensional gradient representations
on a 1.2B parameter LLM: (1) a greedy forward selection algorithm that identifies a
small, architecturally-informed subset of influential layer components, and (2) random
projection, which maps the full gradient to a dense, lower-dimensional space.

The results demonstrate that, for the retrieval task, a targeted selection of a small
subset of gradient components is superior. A greedily selected subset, often comprising
less than 5% of the model’s parameters and drawing heavily from MLP and attention
query/output blocks, not only outperforms random projections, but also achieves higher
retrieval accuracy than the full model gradient itself. This suggests that the full gradient
can be a noisy and suboptimal signal for this task. Although random projection effect-
ively preserves the global geometry of the full-gradient space, it is computationally more
expensive and less accurate for the specific retrieval objective.

The findings provide a clear answer: for building efficient and effective instance-based
explanation tools framed as a retrieval task, selecting a small, architecturally-aware rep-
resentation of the gradient is more accurate and computationally efficient than projecting
the entire gradient. This work contributes an efficient benchmark for instance-based
explanations, a principled comparison of dimensionality reduction strategies, and empirical
evidence advocating for targeted selection over holistic projection.
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Kurzfassung

Grofse Sprachmodelle (LLMs) sind weitgehend intransparent, was die Identifizierung jener
Trainingsbeispiele erschwert, die eine bestimmte Vorhersage beeinflussen. Instanzbasierte
Erklarungsmethoden, die auf Modellgradienten basieren, stellen aufgrund der hohen
Dimensionalitdt moderner LLMs eine grofse rechnerische Herausforderung dar. Diese
Arbeit untersucht, ob niedrigdimensionale Gradienten-Surrogate, die entweder durch
die Auswahl (Selektion) einer Teilmenge von Schichtkomponenten oder durch die Pro-
jektion des gesamten Gradienten erstellt werden, instanzbasierte Erklarungen effektiv
reproduzieren konnen. Die zentrale Fragestellung lautet: Ist es effektiver, auszuwéhlen
oder zu projizieren?

Zur Evaluierung instanzbasierter Erklarungen wird ein neuartiges, effizientes retrieval-
basiertes Benchmark vorgestellt. Die Aufgabe besteht darin, ein originales Trainingsbeis-
piel anhand seiner paraphrasierten Version zu identifizieren, indem die Kosinus-Ahnlichkeit
der jeweiligen Kostengradienten gemessen wird. Dieses Benchmark wird verwendet, um
zwei Strategien zur Erstellung niedrigdimensionaler Gradientenrepriasentationen auf einem
1,2B-Parameter-LLM zu vergleichen: (1) ein gieriger Vorwértsauswahl-Algorithmus, der
eine kleine, architekturbasiert informierte Teilmenge einflussreicher Layerkomponenten
identifiziert, und (2) die zufallige Projektion, die den vollstandigen Gradienten auf einen
dichten, niedrigdimensionalen Raum abbildet.

Die Ergebnisse zeigen, dass fiir die Retrieval-Aufgabe eine gezielte Auswahl einer kleinen
Teilmenge von Gradientenkomponenten iiberlegen ist. Eine gierig ausgewéhlte Teilmenge,
die oft weniger als 5 % der Modellparameter umfasst und hauptséchlich aus MLP- und
Attention-Query /Output-Blocken besteht, tibertrifft nicht nur zuféllige Projektionen,
sondern erzielt auch eine hohere Abrufgenauigkeit als der vollstandige Modellgradient
selbst. Dies deutet darauf hin, dass der vollstdndige Gradient fiir diese Aufgabe ein
verrauschtes und suboptimales Signal sein kann. Wahrend die zuféllige Projektion die
globale Geometrie des Gradientenraums effektiv bewahrt, ist sie fiir das spezifische Ab-
rufziel rechenintensiver und ungenauer.

Die Resultate liefern eine klare Antwort: Fiir die Entwicklung effizienter und effekt-
iver instanzbasierter Erklarungswerkzeuge, die als Retrieval-Aufgabe konzipiert sind, ist
die Auswahl einer kleinen, architekturbewussten Représentation des Gradienten genauer
und recheneffizienter als die Projektion des gesamten Gradienten. Diese Arbeit leistet
einen Beitrag durch ein effizientes Benchmark fiir instanzbasierte Erklarungen, einen
prinzipiengeleiteten Vergleich von Dimensionsreduktionsstrategien und empirische Belege,
die eine gezielte Auswahl gegeniiber einer holistischen Projektion befiirworten.
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1. Introduction

Large language models (LLMs) are now embedded in everyday software. Yet their training
and inference pipelines remain largely opaque, raising the question: Which specific training
examples matter for a given prediction, and can they be identified efficiently? This thesis
evaluates whether lower-dimensional gradient surrogates, constructed either by selecting
a subset of layer components or by projecting full gradients, can reproduce instance-level,
gradient-based explanations as accurately as the full model gradient. In short: Select or
project?

In recent years, machine learning applications have gained increased popularity, es-
pecially with the emergence of Large Language Models (LLMs) such as BERT [DCLT19],
GPT [BMR 120, Ope23|, and LLaMA [TMS*23, DJP*24], etc. These LLMs employ deep
neural networks (DNNs), Transformers [VSP117|, and other components to generate
coherent text based on a given textual (and occasionally visual) input. That being said,
the subsequent sections will focus strictly on text-to-text language models, specifically
auto-regressive language models such as GPT-1 proposed in [RNSS18|.

1.1. Black Boxes

Unlike traditional machine learning models, such as Decision Trees or Linear Regres-
sion, DNNs and thus LLMs are so-called black boxes. For these black boxes, it is not
straightforward to determine how or why such models arrive at a particular conclusion,
prediction, or classification. This lack of transparency poses significant challenges in crit-
ical fields, for example healthcare, where understanding the reason behind each decision
is highly important due to the responsibility towards patients [XLZ*24|. Moreover, EU’s
General Data Protection Regulation (GDPR) explicitly grants individuals the right to
obtain meaningful information regarding the logic that underlies automated decisions in
information systems [Eurl6]. Explanations are therefore important not just for end users
affected by these decisions but also for engineers and researchers who develop, test, and
refine such systems.

As a direct consequence, the explainability for Artificial Intelligence (AI) has become
a critical research topic, gaining more and more attention under the name Explainable
Artificial Intelligence (XAI) [CCWB21].
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1.2. Explainable Artificial Intelligence

As noted above, the aim of XAl is to develop models that can be interpreted by humans,
particularly for sensitive applications in fields such as military, finance, and healthcare.
Therefore, it is a key area of research for creating transparent and traceable Al systems.

Before proceeding, we must distinguish between explainability and interpretabil-
ity.

e Interpretability: Interpretability enables developers to get a better understanding
of how a specific Al-model works.

o Explainability: Explainability provides insight into how the system came up
with a certain decision that is understandable to the end user. Explainable models
provide explanations in a way that users understand why the model generated a
particular conclusion.

In this work, the focus is predominantly on explainability rather than on interpretab-
ility, although these domains frequently overlap [AAE'23|. Since there are multiple
approaches to XAl a quick overview helps to categorize these approaches. According to
[ZCYT24] LLM explainability can be structured as presented in Figure 1.1. The focus for
this thesis is on the traditional fine-tuning paradigm, more on that later. In this context,
the key distinction between local explanation and global explanation is that the former
aims to clarify individual model predictions, while the latter seeks to shed light on the
internal workings of language models.

The method introduced in the upcoming chapters falls under the local explanation
category and specifically under example-based explanation, as it targets individual training
instances rather than isolated features [ZCY124].

1.3. Problem Statement

As mentioned above, this work focuses on example-based (instance-based) explanations.
However, while instance-based explanations are well known in the context of classification
models, they have been relatively unexplored for Large Language Models. Given that
Large Language Models can contain many parameters (for example, LLaMA 3.1 has up
to 405 billion parameters [AI24]), the associated computations can be very expensive.
Specifically, tracing a prediction back to a training instance often requires calculating at
least one gradient for each layer per training sample.

1.3.1. Methodological Overview: A Retrieval-Based Benchmark

To systematically evaluate instance-based explanations under these constraints, this thesis
introduces an efficient, retrieval-based benchmark. The core methodology is designed
to answer a fundamental question: Can a low-dimensional gradient surrogate effectively
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Figure 1.1.: Categories of LLM explainability adopted from [ZCY24].

identify the original training data point? This identification is evaluated when the model
is queried with an input that is semantically equivalent to the original training data
point but lexically distinct. This approach assesses the robustness and efficiency of
gradient-based explanations under realistic conditions where exact input matches are
unlikely.

To create these queries, each sample in a supervised fine-tuning dataset is paraphrased
using an external model, creating a parallel dataset of (original, paraphrase) pairs. This
process, which forms the basis of the benchmark’s evaluation datasets, is detailed in
section 3.3. This paraphrasing strategy is chosen for two primary reasons. First, it directly
tests whether a gradient-based explanation is robust to superficial lexical changes while
capturing underlying semantic meaning, a key requirement for any useful explanation.
Second, it provides an evaluation setup that is re-training free. Unlike other evalu-
ation strategies that require "expensive additional fine-tuning steps" [ABLT22| that are
"infeasible to perform with LLMs", this approach only computes how the model’s loss
gradient changes in response to paraphrased inputs. This makes it particularly well-suited
for evaluating large, already fine-tuned LLMs. The underlying assumption is that a
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semantically faithful paraphrase should elicit a similar "influence" from the model as its
original counterpart.

The "influence" itself is measured using gradient cosine similarity. The original
and paraphrased samples are passed through the final, trained model, and their respective
gradients are calculated. The cosine similarity is then employed to measure the degree
to which these gradients align. As formalized in section 3.5, a high similarity score is
interpreted as a successful "retrieval" of the original instance.

1.3.2. The Core Challenge: High-Dimensional Gradients

The primary obstacle to this approach is the immense size of the full model gradient.
For a single sample, the combined gradients can be as large as the entire model. In the
case of LLaMA 3.1 (405B), the gradients of a single example contain up to 405 billion
floating-point values, which adds up to ~ 1.5'TB of storage requirements per sample.

Comparing the gradients for every paraphrased sample against every original sample,
an O(N?) operation, is therefore computationally infeasible. To make this comparison
tractable, the search space must be drastically reduced. This is achieved by using the
BM25 ranking function [RZ09|. As detailed in subsection 3.6.1, BM25 is used as an
efficient, text-based heuristic to create a small, fixed-size set of "distractor" candidates for
each query. This reduces the number of expensive gradient comparisons from N x N to
N x b, where b < N. The motivation for this step is purely computational: it allows the
benchmark to remain feasible by focusing the expensive gradient-similarity calculations
only on a small set of lexically plausible candidates.

1.3.3. Research Question: Select or Project?

Even with a reduced candidate set, working with full gradients is prohibitive. A common
strategy to manage this complexity is to use a low-dimensional gradient surrogate.
Previous work has often made different choices, such as focusing exclusively on the final
layer or the MLP blocks [SZVS22, ABLT22, GBAT23|, under the assumption that these
components are most critical. While computationally convenient, such pre-selections may
discard crucial information.

This thesis moves beyond that by systematically evaluating two competing strategies
for creating these surrogates, directly addressing the central research question: Select or
project?

e Greedy Layer Selection (Select): Instead of using the entire gradient, can we
identify a small subset of important layer components that are most influential? This
architecture-aware approach, detailed in section 3.7, builds a sparse representation
by greedily selecting layers whose gradients are most informative for the retrieval
task.
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e Random Projection (Project): As a baseline, can a dense, low-dimensional
representation of the full gradient preserve enough information? This method,
formally introduced in subsection 3.7.5, uses random projections to map the entire
gradient vector into a smaller space while approximately preserving its geometry.

By systematically comparing these two strategies, this thesis provides a direction to
determine whether it is more effective to strategically select a few highly influential com-
ponents or to project the information from all components into a compact representation.
An overview of the proposed approach is illustrated in Figure 1.2.

The main contributions of this work are threefold: it (1) proposes an efficient retrieval-
based benchmark for instance-based explanations; (2) conducts a principled comparison
of architecture-aware selection versus geometry-preserving projection for gradient ap-
proximation; and (3) demonstrates empirically on a 1.2B parameter LLM that targeted
selection is more accurate and more computationally efficient. The central insight is that
for instance-based explanation, a small, architecturally-informed representation of the
gradient provides a clearer and more discriminative signal than the full gradient itself.
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Figure 1.2.: Overview of the proposed approach in this thesis.




2. Related Work

According to [ZCY124], the training of LLMs can be categorized into two paradigms,
namely traditional fine-tuning and prompting depending on how they are adapted for
downstream tasks (see Figure 1.1).

In traditional fine-tuning, a Large Language Model is pre-trained on a large corpus
of unlabeled text data and further fine-tuned on labeled data tailored to a specific domain
and benchmarked accordingly (for example, the GLUE benchmark [WSM*19]). In the
prompting paradigm the so-called prompts enable the model to behave in a certain way
without retraining it, enabling zero-shot, one-shot and few-shot learning without requiring
additional training data [BMR™20].

As stated in section 1.2 and shown in Figure 1.1, Gradient-Based Ezplanation is a
subcategory of feature attribution-based explanation. However, the approach presented
in this work falls under ezxample-based explanation (or in other words instance-based
explanation) but also uses a kind of gradient-based solution and therefore gradient-based
explanation will be briefly described in the next section.

2.1. Gradient-Based Explanation

The importance of each input feature can be evaluated using gradient-based attribution
techniques. This is achieved by analyzing the partial derivatives of the output with respect
to each input dimension. The magnitude of the derivatives reveals how sensitive the

output is to changes in the input. This method can generally be formulated as s; = agg)

where f(x) is the function of the neural network and z; is the input vector [ZCYT24].

?

However, the approach covered in this work will use the full gradients of each model layer
with respect to a single training example instead of a single feature dimension; hence,
it is more important to shed more light on example-based explanations and, therefore,
different example-based variants will be briefly discussed in more detail below. Not all of
them are actually completely related to the proposed approach in this work; however, it
still makes sense to establish an outline of the closely and not so closely related topics to
gain an overview before jumping into details of the proposed approach.

Nevertheless, not all gradient-based explanation methods are tied to different feature
dimensions, and gradients can also be useful in the context of example-based explanation.
More about that is outlined in subsection 2.2.2.
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2.2. Example-Based Explanation

Example-based explanations offer a way to explain a model’s behavior based on individual
examples (or instances) [KL17|. In other words, they offer a way to identify how a model’s
output changes on the basis of different inputs. Furthermore, according to [ZCY124],
example-based explanations can be divided into three categories: adversarial examples,
counterfactual explanations, and data influence.

2.2.1. Adversarial Example

Language Models have been shown to be vulnerable to small adjustments in their input
data. Although these carefully constructed changes may not be noticeable to humans, they
can influence the output of a model. In the beginning, adversarial examples were based
on word-level alterations such as small errors, removal, and insertion. Over time, more
advanced token-level perturbation methods such as TextFooler [JJZS20] were published.
These approaches specify important words on embedding similarity, same part of speech,
etc. and are correspondingly modified. However, methods relying on word embeddings are
limited in sentence representation compared to contextualized representations, which often
lead to incoherent pieces. [WXLT22| proposed SemAttack, a framework that can be used
for different embedding spaces, such as type space, knowledge space, and contextualized
semantic space. Once the input tokens are transformed to an embedding space, the
perturbed embeddings are optimized iteratively until a specific goal is met. One of the
experiments shows that by replacing 5% of the words, the accuracy of BERT drops from
70.6% to 2.4%.

2.2.2. Data Influence

The notion of data influence originally came from statistics. There, the influence of a
particular data point on a model’s parameters was measured by simply removing it during
training. This concept, often called leave-one-out influence, is a dominant framework
for instance-based explanation. However, since retraining a model for every single data
point is computationally infeasible, this effect is often approximated with re-training free
methods. Regarding data influence methods, there are two important distinctions based
on when gradients are obtained:

Static, Gradient-Based Influence Estimation

This type of explanation method got its name because it measures the influence only
on the final model parameters 67, which are static after training is finished. Compared
to dynamic methods (see Dynamic, Gradient-Based Influence Estimation below), the
static estimator is computationally more efficient since it only relies on the final model
parameters. However, it has less information to estimate and therefore provides limited
insight. The approach proposed in this work also falls into this category, as it depends on
an already trained or fine-tuned model and calculates gradients with respect to single
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input examples [HL24].

Using influence functions, a static data influence estimator, the authors of [KL17|
are able to explain the predictions of a black-box model by tracing back to the specific
training examples that contributed the most to each prediction. To make this setting
suitable for large-scale deep learning models, their approach relies on approximating these
influence functions by using only gradient and Hessian-vector products.

The contributors of [GRHT21] demonstrate an improved application of influence functions
for model debugging by using k-Nearest Neighbors (k-NN) to narrow down the search
space to a subset of good candidate data points. However, computing a high-dimensional
inverse Hessian-vector product is very expensive and, therefore, influence functions are
difficult to scale to Large Language Models. Recent applications therefore restrict compu-
tation to a subset of model parameters, such as the multilayer perceptron (MLP) layers
[GBA 23] or Low-rank adaptation (LoRA) layers [KWWZ23].

Consequently, in 2023, Anthropic scaled the idea of influence functions for LLMs with
up to 52 billion parameters by an Eigenvalue-corrected Kronecker-Factored Approximate
Curvature (EK-FAC) approximation. In their work, they use influence functions to exam-
ine generalization patterns of Large Language Models and evaluate their approximation
by reporting agreement with the proximal Bergmann response function. According to the
authors, influences approach near zero when the order of the key phrases in a prompt is
changed [GBA123]. Other evaluation strategies require expensive additional fine-tuning
steps. For example, [ABL122] evaluate by introducing facts with the fine-tuning data
that the model did not know before and then verify whether influence estimation methods
correctly attribute importance to this fine-tuning set when queried about them. Such
methods are often infeasible to perform with Large Language Models.

Dynamic, Gradient-Based Influence Estimation

Dynamic gradient-based estimators approach the analysis by reconstructing the training’s
data influence based on the model parameters during training, e.g. 6o, ..., 07. An example
of such an approach is TracInCP [PLKS20|, which aims to approximate training data
influence by comparing a test instance’s loss gradient to the gradients of training instances
at a set of model checkpoints. In the case of Large Language Models, working with
the model parameters for each training checkpoint is more computationally expensive.
However, they can be more precise than static estimators because they can harness more
underlying information about the changes in the model with respect to the training data
[HL24].
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2.3. Paraphrased Corpora Analysis

The authors of [WMSJ25] did an experiment that is similar to the approach proposed in
this work, providing a re-training free evaluation setup. There, the robustness of In-Run
Data Shapley and influence functions is evaluated by identifying relevant individual
corpora that have been paraphrased. They also calculate a rank based on the original
training corpus and its paraphrased versions. For comparison, the BM25 [RZ09]| distance
is used as an oracle to assess the lexical similarity between the paraphrased versions and
the original corpora, rather than the semantic similarity. Even with completely rewritten
corpora, the corresponding original samples still rank very high according to In-Run Data
Shapley and influence functions compared to BM25. This method allows for a systematic
comparison of different strategies for obtaining instance-based explanations without costly
re-training.

2.4. Dimensionality and Performance

The vast number of parameters in a modern LLM, often in the billions, makes analyzing
the full gradient computationally prohibitive and potentially noisy. Therefore, selecting a
subset of parameters is a common and necessary strategy to make instance-based gradient
explanations feasible. This selection can be approached through traditional dimensionality
reduction techniques or, more strategically, by focusing on specific, functionally significant
components of the model’s architecture, such as individual layers.

2.4.1. Traditional Dimensionality Reduction Techniques

One approach to manage the high dimensionality of gradients is to use methods like
random projection [JL84]. This technique projects the high-dimensional gradient vector
into a lower-dimensional space while approximately preserving the distances between
vectors. While computationally efficient, random projection is data-agnostic and may
obscure the fine-grained information encoded in the original gradient, as it does not
consider the underlying structure of the neural network.

2.4.2. Layer Selection

A more informed approach to dimensionality reduction leverages the inherent structure
of the model itself. Modern LLMs are predominantly built upon the Transformer archi-
tecture [VSPT17|, which is composed of a stack of identical layers. Each layer, or block,
transforms its input representations through a multi-head self-attention mechanism and
a position-wise feed-forward network. This deep, layered structure is not monolithic;
instead, a functional specialization emerges across the network’s depth.

Research has shown that different layers capture different levels of linguistic abstraction,

progressing from surface-level features to complex semantic representations [TDP19,
JSS19]. Generally, the initial layers (closer to the input) tend to learn surface properties

10
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like word order and basic syntax. The middle layers capture more complex syntactic and
local semantic relationships, while the final layers (closer to the output) synthesize this
information into highly contextualized, task-specific representations.

This hierarchical processing has significant implications for gradient-based explanation
methods. The choice of which layer’s parameters to use for gradient computation is not
trivial, as gradients with respect to different layers can reveal which level of abstrac-
tion, syntactic, semantic, or otherwise, is most critical for a model’s specific prediction.
This raises a key question for instance-based explainability: which layer provides the
most stable, informative, and computationally efficient signal for understanding model
behavior?

Are Early Layers Better?

The common practice of restricting influence analysis to the final layer [SZVS22, ABL 22|
or just MLP layers [GBAT23] of a network, often chosen for computational convenience,
has been challenged by recent work. The authors of [YTST22] argue that for LLMs, the
final layer is a suboptimal choice for calculating data influence due to a phenomenon
they call cancellation effect. This effect occurs when influence scores derived from later
layers exhibit large magnitudes but conflict with one another, thereby reducing the dis-
criminative power of the explanation method. The authors attribute this to the abstract,
high-level features encoded in the network’s deeper layers. In these layers, distinct inputs
often activate the same neurons or pathways corresponding to generalized concepts, caus-
ing their gradients to become more aligned and, therefore, more susceptible to cancellation.

Consequently, they propose that influence should instead be computed on the para-
meters of the first layer, the word embedding layer in most LLMs. Early layers are
presumed to encode features that are more faithful to the specific tokens and structure
of an individual input, rather than the highly abstract concepts found in deeper layers.
This specificity makes them less susceptible to the cancellation effect. While the word
embedding layer itself may not capture high-level semantic information, its gradients do.
Because gradients are back-propagated through the entire network via the chain rule, the
gradients with respect to the embedding weights implicitly incorporate information from
all subsequent layers.

Empirical evaluations in [YTST22| support this "first is better than last" hypothesis.
Using a case deletion metric, they demonstrate that an influence method operating on the
word embedding layer significantly outperforms equivalent methods applied to the final
layer. Their analysis reveals a clear trend: the quality of the influence score degrades as it
is computed on progressively later layers of the model, with the first layer providing the
most reliable explanations. The authors provide a strong, empirically grounded rationale
for selecting a specific architectural component, the embedding layer, as a cornerstone for
constructing efficient and effective instance-based explanations. With this in mind, the
following thesis will also shed light onto different layer depths and their effect on instance-
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and gradient-based explanations.
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3. Gradient Similarity as a Method for
Explanation

As outlined in the methodological overview in section 1.3, the core problem of this thesis
is to find an efficient, low-dimensional surrogate for full-model gradients that can reliably
identify influential training instances. This chapter now formally introduces the core
methodology that forms the basis of the retrieval-based benchmark used to address this
problem. It details the components of the benchmark, including the formal fine-tuning
setup (section 3.2), the construction of the paraphrased and model-generated datasets
(section 3.3), and the mathematical definition of gradient similarity used for retrieval
(section 3.5). Finally, it presents the technical implementation of the two competing
strategies for dimensionality reduction that are central to this work: greedy layer selection
(section 3.7) and random projection (subsection 3.7.5).

3.1. Instance-based Explainability Methods

To explain model predictions, this work adopts an instance-based view, which traces a
model’s behavior back to the training examples that influenced it most [KL17]. We define
an example’s "influence" as the gradient of the per-sample loss, computed on the final,
frozen model. Our method then compares a query, a paraphrased version of a training
sample, to the original data by calculating the cosine similarity of their flattened gradient
vectors. This metric serves as an affinity measure, quantifying the directional alignment
of the parameter updates that each sample would induce. The central assumption is that
a paraphrase and its original will display highly aligned gradients, making this similarity
a direct signal for identifying the source instance (visualized in Figure 3.2 and formalized
in Equation 3.6).

This framing is (i) local, targeting decisions at the level of single instances, (ii) static,
using the final checkpoint without reconstructing training dynamics (subsubsection 2.2.2),
and (iil) model-agnostic, applicable to any architecture that provides per-sample gradients
of a language-modeling loss. It also does not require retraining: only the change in
the loss gradient under paraphrasing is evaluated. Explanation quality is assessed via
a retrieval task: for each paraphrase, identify its original among BM25-selected can-
didates (subsection 3.6.1) and report accuracy as in Equation 3.7-Equation 3.8. The
remainder of the chapter formalizes the fine-tuning setup (section 3.2), the construction of
paraphrased /model-generated datasets (section 3.3), the gradient representation (subsec-
tion 3.5.1). Last but not least, low-dimensional representations via a greedy layer selection

13
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and random projections (section 3.7-subsection 3.7.5) are evaluated in this setup.

3.2. Fine-Tuning Setting

Given a fine-tuning training dataset D = {si}ﬁil, where s; is the i-th sample that contains
a sequence of tokens. In the scope of this work, the term original refers to samples in this
dataset. Each of these samples contains instructions and generations, where si_Pi, - s?
denote the tokens of the i-th instruction prompt of length P;, and s}, ey SiGi denote the

tokens of the i-th generation for the i-th prompt with a length of Gj.

Then the training of an LLM can be formulated as follows:

N G;
R 1 i :
0 = argmin ——— g E L(s],0) (3.1)
0 Zi\il Gi i=1 j=1

where 6 represents the parameters of the model and £(-, ) is the loss function. The term

> ]_\,_11 z; in Equation 3.1 is the total number of generation tokens in the entire training

set. Usually, for the LLM objective, the loss is L’(sf,@) = —logpg(sg | s;P", . sz_l)
the negative log-likelihood of the correct token given all previous tokens. Modern LLM
architectures use adapted versions of it or may use other loss functions. However, in this
setting, the choice of loss function does not matter as long as it suits language modeling.
Let L(s;,0) = G% Z]G:’l L(s],0), be the loss per sample which will be relevant in the
following sections.

Usually, machine learning models are trained using batches of training data. In the
setting of this work, the batch size is set to exactly one to measure phenomena for single
instances. Hence, in the training process, for iteration a, the parameters are updated
from 6,1 to 8, depending only on the training sample s,.

Modern LLM training still relies on the original idea of gradient descent to update
the model weights despite being more advanced in terms of convergence, regularization,
memory-efficiency, etc., for example, AdamW [LH19] or LAMB [YLR*20]. However, the
proposed approach only considers the gradients of the loss function with respect to each
individual training sample, without updating the model weights correspondingly; therefore,
establishing the idea of gradient descent is sufficient here. The general formulation of
gradient descent is shown in Equation 3.2:

ea-‘rl = Ha - nav9£(5a7 9(1) (32)

where 7, is the learning rate in iteration a and VyL(sg,0,) denotes the gradient of the
loss function given s, and the current model parameters 6, with respect to 6 [LLXZ24|.
In other words, the gradients determine how the model weights are updated based on the
given training data. Hence, the gradient VgL(s,,0,) contains information on how the
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model parameters # will be updated depending on the training data sample s,. With this
in mind, the effect of the gradient based on single samples will be analyzed in detail in
the following chapters.

3.3. Paraphrasing a Dataset

As introduced in the methodological overview (subsection 1.3.1), the core of the evaluation
benchmark relies on paraphrasing. This section formally describes this process. The idea
is to take a dataset D on which a model was fine-tuned and paraphrase it using another
LLM. When paraphrasing, we obtain D, = {s,, })*;, a dataset where the inputs and the
outputs, in other words, the prompt and the generation, are paraphrased. Hence, the
semantics of the samples are preserved, while the syntax and word choice differ between
D and D). For that, the prompt and the generation for each sample s; are individually
paraphrased to retrieve a new sample s,,, as illustrated in Equation 3.3. As a reminder,
each sample is basically a tuple containing an instruction (prompt) and a generation. For
simplicity, let us introduce s;, and s;, which represent the prompt and the generation of

the i-th sample, respectively, such as s; = (sip, i) = (si_Pi, O S s?l)

Sp; = (spip,spiG) = (S;Z_Pi, ...,sgi, szl)i, sgl) = (LLMpara(sip), LLMpara(sig)) (3.3)

As mentioned above, s, denotes the paraphrased version of the i-th sample representing a
tuple of the paraphrased prompt Spi, and the paraphrased generation Spigs - The function
LLMyqq in Equation 3.3 basically represents an LLM that is used to paraphrase a
sequence of tokens as mentioned above and will be further illustrated in subsection 4.2.2.

Furthermore, another paraphrasing setting is established by using the model under
evaluation to generate the output with the paraphrased instruction prompt sp, = as input.
This basically generates another dataset D,, = {sm, })¥; that is used for further evaluation
in this context. As the other samples of the datasets D and D, each sample s,,, of Dy,
represents a tuple of prompt S, and generation S, » 88 shown in Equation 3.4.

Sy = (S Smag,) = (55,705 s 8p,0 50 soi) = (sp,., LLM(sy, ) (3.4)

i Di 0TI OP Tmg) Tt Tmy

Technically, Smi, = Spips but for clarity Smi,, will be denoted independently to establish
its affiliation to D,,, and not be confused with a prompt for a sample in D,,. The function
LLM(-) in Equation 3.4 basically returns the generation of the current LLM under evalu-
ation and takes in a sequence of tokens s;P LI s?. The dataset D,, is generated to add
an additional layer of obfuscation when considering the original D and the paraphrased
one D,,.

Given that, the following two settings are established and, for simplicity, will be named
accordingly in the following thesis:

e Paraphrased: This setting refers to the evaluations regarding the dataset D,,.
Samples s,, in this setting will be called paraphrased samples.
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e Model-Generated: This setting refers to the evaluation regarding the dataset
D,,. Alternatively, in this setting, the samples s,,, will be called model-generated
samples.

3.4. Language Model Components

Modern Large Language Models still rely on the Transformer architecture to create
appropriate text based on an input prompt. In other words, autoregressive language
models, for example, the Generative Pre-Trained Transformer (GPT) model series from
OpenAl, predict tokens based on a sequence of input tokens using an adapted decoder-only
architecture inspired by the original Transformer [VSPT17].

3.4.1. Different Layers and Components

Hence, we have many trainable parameters from different components. Some of them, for
example, activation functions, input layer normalization, post-attention layer normaliza-
tion, etc., usually included in every Large Language Model, are not trainable and therefore
no gradient of the loss function with respect to these components is calculated. For a
generic LLM that takes in a sequence of tokens, we might have the following trainable
parameters without considering positional encoding, etc.:

e Input Embedding: This parameter takes in an already tokenized and encoded
sequence and transforms it into the embedding space using, for example, a matrix
E € RIVIxdz,

e Multiple Transformer Block: Each transformer block is applied multiple times
depending on the model architecture. A generic transformer decoder consists of:
— Self-Attention: Three matrices representing the query, key, and value weights
in self-attention:

W(q) c Rdzxdqu(k) e Rdz Xdk,w(v) c Rdzxdv'

[cRS23]

— Multiple MLP Projections: Each transformer block also contains a position-
wise feed-forward network (in this example, a two-layer MLP). For every block,
the model learns

WO g Riaxdys b € R%7,

w® ¢ Resr>dz b® e R%
where dy; is the hidden width of the MLP. It can be written as one liner:
MLP(z) = W® (ReLU(W(l)x + b(l))) +b®, where z is a training sample

or in the case of Large Language Models, the output of a previous layer
component.
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e Output Embedding: A final linear layer projects the network output back to
vocabulary logits. In some LLMs, the weights are tied to the input embedding
[PW17]:

W(O) — ET 6 Rdxx\\/\

where |V| is the size of the vocabulary. (Some models keep an independent W (®)
instead.)

As already mentioned, this is just a simplified illustration of the trainable parameters
an LLM could have. In practice, the attention mechanism can be divided into multiple
attention heads to capture different semantics in each head. For a detailed illustration of
the Transformer decoder, see the original paper "Attention Is All You Need" [VSPT17].
Now that the notion of trainable parameters for Large Language Models is put into
context, the original assumption of gradient similarity is established in the following
sections.

3.5. Gradient Similarity between Samples

Gradients form the basis of how machine learning models are trained, as they determ-
ine the parameter updates during optimization. For a given sample s,, the gradient
VoL(s,0) encodes how the model weights would change if the sample is used for training.
Thus, gradients carry information about the influence of a sample on the learning pro-
cess. To compare this influence across samples s,, and s;, the corresponding flattened
gradients vy(sp,) and vg(s;) (see subsection 3.5.1 can be compared using a similarity
measure sim (vg(sp,), vo(s;)) (see subsection 3.5.2. A high similarity indicates that the
two samples encourage updates in similar directions, while a low or negative similarity
reflects diverging effects on the model parameters.

Although nearly all the equations in the upcoming sections are written explicitly for
paraphrased samples s,, € D, the same definitions apply to model-generated samples
Sm; € Dy In both cases, the sample is paired with an original counterpart s; € D, and
the flattened gradients vy (s,;) can be substituted in place of vy(sy,) without changing
the form of the cosine similarity or accuracy metrics. For clarity, the exposition uses s,,,
but every derivation remains valid if s, is replaced by sy, .

3.5.1. Gradient Flattening

Equation 3.2 illustrates how gradient descent updates the model parameters for training
iteration a and the current model parameters 6,. However, the setting in this work focuses
on already fine-tuned models, and hence only the final model parameters 61 are used for
gradient computations. For example, the loss function gradient for a sample s; and the
trained model parameters 67 w.r.t. the model parameters € is denoted as VyL(s;, 7).
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As illustrated in subsection 3.4.1, the model parameter space 6 consists of many dif-
ferent variations of matrices with different sizes and dimensions. For simplicity, de-
note the parameter space 6 as a generic set of parameter matrices {W(l’k)}lL: 1» Where
WE) e RPwm Xdwn) Here, L denotes the number of layers, and k just the k-th
weight in layer [, where k € 1,..., K; and K is the number of weights inside layer I.
Depending on which LLM is used, the number of layers L, the weights inside these layers,
and the dimensions of those weights R"w(#) Xdwk) differ in size and dimension. The
size of the model, in other words, the number of trainable parameters a model has, is

shown in Equation 3.5.

L K

M = Z Z Now (k) * Ay (k) (3.5)

=1 k=1

As an example, today, there are many different Large Language Models with different
sizes, for example, Llama 3.1 consists of 405 billion parameters [DJP*24] and, hence, for
Llama 3.1, M ~ 405, 000, 000, 000.

For simplicity, call VgL(s;,07) the full model gradient for sample s;. To compute
this full model gradient, the gradients w.r.t. to each model weight Vyyu.x) L(si,07) €
R"w(5) *dw@m have to be calculated and combined to represent the gradient w.r.t.
the whole parameter space. After the computation of each individual weight gradient
Vw.r L(si,0r), they are flattened into a gradient vector that can be calculated as:

Vw(l,k)(Si) = VeCr(Vw(z,k)ﬁ(Si,QT)) e R"wok) dyk)

The row-major vectorization function vec,(-), is the mapping vec, : R™*" — R™"  a =
vec;(A), where A = [A;] e R™*" i =0,...,m—1, j=0,...,n—1. Then this
row-major vectorization is explicitly written as follows:

a=vec,(A) = o e R™,
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[Cur23|. For example,

QU W N =

6

To combine all vectorized layer gradients vyy.x) (s;) for sample s;, define the collector
operator col(-) as follows:

T
col(zy,...,m) = | : | € RZ%, where z; € RY.
Tm
With the above properties and operators in mind, the full flattened gradient vector for
sample s; is defined as
vo(si) = COl(Vw(O,O)(Sz‘),VW(O,l)(Sz‘), .. 7VW(L,KL)(SZ‘)) e RM,

For better understanding, the whole gradient flattening process covered in this subsection
is illustrated in Figure 3.1. As a result of the gradient flattening process and the notion

Backward vwo.o (si) Vo (si) Vw.xp) (i) )
o — ———— [ T I I TT]  Flattened Gradients
Flatten
Sample
S .
L Concatenate

IR EREEEEREEEEEE  Vectorized Gradient

Length: M vo(si)

Figure 3.1.: Visual representation of gradient flattening for sample s;.

of vg(s;), these vectorized representations of the gradients for different samples can be
compared. In other words, the similarity between these can be calculated, which is
elaborated in the following section.

3.5.2. Similarity Measure

Generally, a similarity measure is a real-valued function that quantifies the similarity
between two entities. There are many different ways to measure the similarity between
two mathematical objects such as vectors. Norms can be used to measure the distance
between two points in space, for example, the L;- and the Lo-norm, called the Manhattan
and Euclidean norms, respectively. Another way of measuring the similarity between two
vectors is the dot product.

19



3. Gradient Similarity as a Method for Explanation

Magnitude versus Direction

The standard dot product between two non-zero vectors a, b € R? is defined as
T
a b = |al [[b] cose,

where ¢ denotes the angle between them. Consequently, a large dot product can arise in
two distinct ways:

1. Directional alignment: If ¢ is small (for example, cos ¢ = 1), the vectors point
in nearly the same direction and therefore encode similar information.

2. Magnitude imbalance: Even when ¢ is close to 90° (poor alignment), the product
can still be large if either ||a|| or ||b] is large.

The magnitude of computed gradients from a training set can vary greatly [SWS21] and
sometimes blurs the real influence of the gradients in a training set when comparing their
local influence on each other [BBD20|. To isolate direction alone, one typically uses cosine
similarity,

. a'b
simees(8,B) = 1 rB]

which normalizes both vectors and depends solely on the angle ¢.

Implications for gradient-based influence analysis
Using cosine similarity for gradient comparison has three practical advantages:

1. Magnitude-invariance: Two gradients affect the score only through their angle
and not by their magnitude.

2. Sensitivity to local influence: By basically ignoring large norm outliers, cosine
similarity prioritizes gradients whose direction truly matches that of the comparing
gradient, which is the criterion for local influence [BBD20).

3. Interpretability: A score of +1 means perfect alignment, 0 orthogonality, and —1
opposition, which provides an intuitive quantity of how similar the gradients are.

In short, cosine similarity isolates geometrically relevant information (direction) while
ignoring the interference factor (magnitude), making it an appropriate choice for gradient-
based influence analysis [HL24|.

3.6. High Gradient Similarity with Similar Samples

As already mentioned, the original assumption is that when a model is already trained on
sample s;, then in the paraphrased setting

SiMeos (Vo(Sp, ), vo(si)) > simeos (Va(sp,), va(s;)), Vied{l,...,N}\ {i}. (3.6)
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That means that the full model gradient of the paraphrased sample s, is most similar
to its original sample s; compared to all other original samples s;. If this is the case,
then the gradient-based explanation method is able to find the original data point for
its paraphrased equivalent. For both settings, this comparison is made for all samples

—» |Model | == ... = [[TITIIIT]

Paraphrased Vo ('Spi ) \

Sample Sy, simeos(H - [ )
® — |Model | — --- —» (NENEEN /
Original Pov(si)
Sample S; :
—————————————————————— - - - - - - siMes (va(sp:), ve(si)) > simeos (Va(sp,), vo(s;))
b ~
\
ITTTTTT
Vg(spi) \S.m ( | /
| COs !
Original Vols;
Sample Sj 6( j)

Figure 3.2.: Visual representation of the gradient cosine similarity comparison between
the pairs (sp,, s;) and (sp,, s;).

sp, and sp,; to calculate a score of how well the model gradients can find the equivalent
original data points.

N

1 . .
accuracyy(D,, D) = N Z SiMcos (v@(spi),v@(si)) > jerlnzaxNamcos (Vg(Spi),Vg(Sj))
i=1 .
J#i

(3.7)
where [P] denotes the Iverson bracket, defined as

1, if the statement P is true,
[Pl = {

0, otherwise.

As shown in Equation 3.7, when computing accuracy,(D,, D) € [0,1], the gradient for
each sample s; and s, has to be calculated. Due to the high-dimensionality of these
gradients in the LLM setting, they cannot be cached in the application’s memory nor can
they be stored on disk, and hence have to be recomputed for each iteration. More about
this is mentioned in subsection 4.3.1.

3.6.1. BM25-selected Samples

As identified in subsection 1.3.2, comparing every sample gradient is computationally
infeasible. To make the retrieval task tractable, the search space is reduced using a
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3. Gradient Similarity as a Method for Explanation

candidate set of lexically similar samples. This section formally introduces the use of
BM25 as the ranking function for this purpose. Instead of comparing vg(s,,) with all
vo(si), Vs; € D, BM25 is used to find a small subset of lexically similar candidates [RZ09].
Algorithm 1 demonstrates how the b most similar original samples compared to the
paraphrased sample s, are selected and returned using the index set C;(b). If the original
sample s; is not in the final index set C;(b), the least similar sample will be overwritten with
it to ensure that the original equivalent of s,, is always present for gradient comparisons.
Now that the notion of an index set C;(b) with the most lexical overlapping samples to

Algorithm 1: Retrieve the b Most Similar Original Samples via BM25

Data: paraphrased sample s,,, original dataset D = {si}f\il, desired amount b
Result: C;(b) — ordered list of the b most similar original samples compared to
paraphrased sample s,
for j < 1to N do
‘ score[j] <— BM25p(sp,, s;)
end
Ci(b) < argsort_topb(score, b)

/* The function argsort_topb returns the b indices with the highest
BM25 scores in descending order and hence, the samples with the most
lexical overlap according to BM25. */

// Ensure C;(b) contains the original sample s; with index i
if ¢ ¢ C;(b) then

‘ Ci(b)[b—1] «—i // overwrite the least-similar (last) entry
end

return C;(b)

sample s, is established, the accuracy in Equation 3.7 can be improved with regards to
execution time, as shown in Equation 3.8. Operationally, restricting each comparison to
the BM25 candidate set C;(b) removes the all-against-all setting: instead of evaluating
N cosine similarities per s,,, only b are evaluated. Consequently, the total cost drops
from O(N?) to O(Nb) (with b < N). Additionally, the overwrite rule guarantees that
the connected pair (sp,, s;) is always present to always measure the similarity between
those counterparts. Therefore, only the gradients for these b candidates per sample s,
must be computed and loaded, which further reduces runtime and memory footprint.

N
1 ) .
accuracy((,b)(Dp, D) = N g |:|:Slmcos (VG(Spi)7V9(Si)) > jeg%l?)f{i} Slcos (V(’(Spi)7v0(5j))ﬂ
i=1 ‘
(3.8)

This retrieval accuracy of BM25 selected samples (see Equation 3.8) is now used in this
thesis to measure how well gradient-based explanations are able to find the corresponding
original data points for the paraphrased ones. However, as illustrated in subsection 3.4.1,
LLMs contain many components that contribute to a full model gradient. Therefore, it
makes sense to determine how much each individual layer component contributes to this
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3.6. High Gradient Similarity with Similar Samples

retrieval task to determine which ones are the most relevant in this example-based setting.

3.6.2. Layer Component Comparisons

To evaluate how well each individual layer component gradient performs in this retrieval
task, the following calculations are employed. Equation 3.8, illustrates the accuracy of the
model by selecting samples with BM25 using the full model gradient. To measure how
well each individual layer component performs in this setting, this accuracy is adapted to
use single layer component gradients, as shown in Equation 3.9.

L SiMeos (Vyy k) (Sp,), Vwer (i)

(b) D.. D) — —
accuraCyW(z,k)( ps D) N ; > crrzg)f{v}simcos(vw(z,m(spz.),vw(z,k)(sj))
= 71€C; 7

(3.9)

As described in section 3.7 below, the cosine similarity of the combined individual layer
components will be computed to establish a so-called Greedy-Layer Selection. Care
must be taken when combining these component gradients, as the non-linearity of cosine
similarity prevents simply summing their individual similarity scores. The following
paragraphs illuminate how this problem is addressed accordingly. For simplicity, define
the combined gradient vector for two arbitrary layer components W (A1) and W2:k2)
and sample s; as

V{W(ll,h),w(lzykz)}(si) = COI(VWUL’H)(Si)avw(lz@)(sz’))’ (3'1())

The cosine similarity is not a linear function due to the norms in the denominator, and
therefore

SiMcos (V{W(lbkl),w(bv’%)}(Spi)v V{W<llvk1>7W<125k2>}(Si)) 7é
SiMcos (VW(llakl) (Spi)a Vwl1:k1) (Sz)) + (3'11)

SiMcos (Vw(lzak2> (Spi)a Vwiiz.k2) (31)) .

In other words, Equation 3.11 demonstrates that the cosine similarity of combined gradient
vectors is not equal to the sum of its individual gradient vectors due to the non-linearity
of the cosine similarity. This can be generalized up to the full model gradient, like

L K

SiMeog (ve(spi), VQ(SZ')) + Z Zsimcos (VW(l,k)(Spi)7 un,k)(si)). (3.12)

=1 k=1

Hence, summing up the cosine similarities for some or all individual layer component
gradient vectors for s, and s; does not equal the full model gradient cosine similarity of
sp, and s;. Therefore, working directly with the cosine similarity does not suit the setting
if gradient vectors of multiple layer components need to be combined. However, as shown
in the next paragraph, the cosine similarity consists of dot products that are linear.
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3. Gradient Similarity as a Method for Explanation

Linearity of the Dot product for Gradient Vectors

The dot product is bilinear, i.e. linear in each of its arguments. For arbitrary vectors
u,v,w € R? and scalars o, 8 € R

(cu+pBv)'w = au'w + Bv'w. (3.13)

Because the collector operator col(+) stacks the sub-vectors corresponding to each layer
component gradient without overlap and the linearity of the dot product, the dot product
between two flattened gradients decomposes into a sum of dot products over the individual
components:

L K
Vg(spZ vo(si) Z va(l K (Sp;) Vw(L’k)(Si)- (3.14)
=1 k=1

Cosine Similarity via Dot Products

Recall that the Lo-norm of any vector can be expressed as the square root of a self-dot
product: ||al] = vVaTa. Consequently, cosine similarity is based on nothing more than
dot products. For the full-model gradients of the paraphrased sample s,, and its original
counterpart s; we obtain

-
: Vo(Sp,) VoS
Slmcos(Ve(Spi),Vg(Si)) ( p) ( l)
VVo(sp) Tve(sp,) V/ve(si) Tve(s:)
L K
ST vwen (5p) T vwan (si) (3.15)
_ I=1 k=1
DD vwan () TV (sp) | D D vwam (s1) Tvan (i)
1=1 k=1 1=1 k=1

The numerator in Equation 3.15 captures the directional alignment of the two gradients,
while the denominator normalizes by their magnitudes. Consequently, for a single layer
component W (1K)

Vw (k) (sz)vaﬂ 0 (8:)
VVwen (8p,) Vs (sp,) vV (si) T v (si)
(3.16)
More generally, let S C {W(l’k) | 0<I<L,0<Ek< Kl} denote an arbitrary set of layer
components. Collecting the corresponding gradient sub-vectors with col(-) and applying
the same reasoning yields

SiMeos (Vv wr (Sp:), Vv (8i) =

vs(sp,) "vs(si) .
VVs(sp,) Tvs(sp )/ vs(si) Tvs(si)

simeos (Vs(sp, ), vs(si)) = (3.17)
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3.7. Greedy Layer Selection

These reformulations show that the cosine similarity can always be evaluated by using dot
products. This observation is utilized in the following section 3.7, where the gradients of
selected layer components are incrementally combined. Additionally, these intermediate
dot products can be easily stored on the disk and later be picked up for further analysis.
This is briefly described in subsection 4.3.3.

3.7. Greedy Layer Selection

In addition to analyzing single layer components, this section introduces a greedy selection
algorithm that iteratively builds a subset of components whose combined gradients are
most informative. The goal is to find a low-dimensional representation that effectively
preserves the explanatory power of the full-model gradient. This selection can be guided
by two different objectives: either by replicating the full-model’s similarity scores or by
directly maximizing the task-specific retrieval accuracy.

3.7.1. Prerequisites and Notation

The forward greedy approach relies on a common set of precomputed values and definitions.
Let
W= {(k)[1<I<L 1<k<K}

denote the index set of all layer components of the model (cf. subsection 3.4.1). For every
index pair (I, k) € YW and every sample pair (i, j) representing a paraphrased sample s,
and a candidate original s;, the following per-component dot products are precomputed
and stored:

I,k
5(7] ) = lk) (Spl)—rvw(l k ( )
I,k
7,(i ) e VW(l k) (spz)TVW(l k) (sz) (318)
I,k
5J(J ) = VW(l,k>(8j)va(l,k)(Sj).

For any subset of selected indices £ C W, the accumulated dot products are defined by
summing over the components in that subset:

= S 6 DE= S Y, DE = ST st

(Lk)eL (Lk)yeL (Lk)eL

Using only these accumulated values, the reconstructed cosine similarity between s, and
s;j for the components in £ is:

A = —— (3.19)

3.7.2. Optimization Objectives

The greedy algorithm iteratively adds the layer component that best improves a given
objective score. Two distinct objectives are explored.
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3. Gradient Similarity as a Method for Explanation

Objective 1: Replicating Full-Model Similarity

The first objective is to select a subset of components whose combined gradients best
reproduce the cosine similarities of the full model. Let 'Y € [~1,1]” be the vector that
stacks all full-model cosine similarities 'yg ; = siMeos (ve(spi),ve(sj)) forall P=N-b
pairs of paraphrased samples and their BM25-selected candidates. Similarly, let I'C be
the vector of reconstructed similarities fAyfj for a subset £. The objective is to maximize
the cosine similarity between these two vectors:

p(L) = simeos (D5, TY). (3.20)

A higher p(L) expresses more similar scores and, therefore, indicates that the subset £
better captures the overall geometric relationships present in the full-model gradients.

Objective 2: Maximizing Retrieval Accuracy

The second objective is more direct: select components that maximize the final retrieval
accuracy. Using the reconstructed similarities from Equation 3.19, the retrieval accuracy
for a subset L is defined as:

N
®Op p) = LS 5L 2L 21
accuracy ' (Dp, D) : N; Vi >j€crla(ba))§{i}%7] . (3.21)

This objective directly optimizes for the end-task performance. The two criteria can
favor different components: layers that most closely track the global similarity structure
(Objective 1) are not necessarily the same as those that are most decisive for distinguishing
the correct original sample within its specific BM25 candidate set (Objective 2).

3.7.3. Forward Greedy Selection Algorithms

Starting from an empty set Lo = &, the greedy strategy iteratively builds a sequence of
nested subsets £1 C Lo C .... At each step ¢, it selects the best component (I*, k*) from
the remaining candidates W\ £;_; to add to the current set, forming £; = L, U{(I*, k*)}.
The "best" component is the one that maximizes the chosen objective function, either
p(L:) or accuracygt)(Dp, D). The following algorithms formalize this process for each
objective.

3.7.4. Algorithm Properties
Complexity

Let Lot = |[W| be the total number of layer components and P = N - b be the number of
paraphrased—candidate pairs. Each greedy iteration must scan all remaining components.
Inside this loop, updating the accumulators and evaluating the objective score involves
O(P) vector operations. This results in a worst-case complexity of O(L2, P) for both
algorithms. In practice, the algorithms can be stopped early once the objective score
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3.7. Greedy Layer Selection

plateaus, but they are run to completion in this analysis to gain full insight into component
contributions.

Implementation Details and Variants

For numerical stability, a small constant ¢ > 0 is added to denominators to prevent
division by zero. This is crucial if a gradient vector for a component (or a sum of them)
happens to be a zero vector. The implementation relies heavily on vectorized operations
to maintain an efficient per-iteration cost.

While the focus of this work is on forward selection, alternative greedy strategies exist.
Backward elimination starts with the full set of components and iteratively removes the
least important one. More advanced methods like beam search could also be used to
explore a wider range of subsets. However, forward selection is computationally efficient as
it allows for simple updates to the running accumulators without needing to rematerialize
large gradient vectors.

3.7.5. Random Projection as a Baseline

To validate that the Greedy Layer Selection algorithm identifies a genuinely influen-
tial subset of layer components, its performance is compared with a random projection
baseline. This baseline helps to answer the question: Does the greedy method significantly
outperform a random selection of an equivalent number of parameters?

The Johnson-Lindenstrauss (JL) lemma suggests that even a random projection can
preserve the geometry of the data, making it a valid baseline [JL84]. In this context, the
baseline is constructed by projecting the entire gradient vector into a lower-dimensional
space. The full, high-dimensional gradient vector for a sample s; is denoted by vy (s;) € RM.
A random projection matrix R € R*M where d < M, is used to map this gradient to a
lower-dimensional space. The projected gradient vector, p(s;) € R?, is defined as:

- L

where d is the target dimension of the projection [RR21].

Rv(s;) (3.22)

However, due to computational constraints that prevent materializing the full gradi-
ent vector vy(s;) at once, a layer-wise projection strategy is implemented. For each layer
component WF) | o separate random matrix REF) e RAeXIWERT ig iged to project
the corresponding layer gradient vy (si), where d;, is the projection dimension for
that layer, proportional to its number of parameters ]W(l’k)\. The final low-dimensional
representation is obtained by concatenating these individual projections:

V- (o,o)(S') e T/
doo w RO VL i,

1 1
p(s;) = col (R(O’O) R<L1KL>VW(L,KL>(SZ-)> . (3.23)
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3. Gradient Similarity as a Method for Explanation

The cosine similarity is then computed between these resulting down projected gradient
vectors p(s;) and p(s;) for each sample pair.

The comparison is performed as follows:

1. The full-model gradient similarity is computed for each sample pair (sp,,s;) to
establish a ground truth. This involves calculating the gradient for each sample,
flattening the gradient tensors for all layers into a single high-dimensional vector
vg(si), and then computing the cosine similarity between these flattened vectors.

2. The Greedy Layer Selection (Algorithm 2) is executed to iteratively build a subset
of layer components whose combined gradients best optimize the given objective.

3. A layer-wise random projection of the gradients is performed as a baseline. For
each sample, the gradient vector of every individual layer component vyya.x)(s;) is
projected separately into a lower-dimensional space. These individual projected
vectors are then concatenated to form a single, final low-dimensional representation
of the full model gradient.

4. Finally, the cosine similarity is calculated between these concatenated, low-dimensional
projected gradient vectors for each sample pair. The results of this baseline are
then compared against full model gradient scores as well.
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3.7. Greedy Layer Selection

Algorithm 2: Forward Greedy Layer Selection by Similarity

Precomputed layer dot products {5 lk), 5Z(lzk), 5J(ljk)}

Data: Full-model cosine similarities 7 for all (z,7)
A fixed ordering of pairs (i, 7) glvmg vectors of length P
Result: Ordered list [((ll, k1),p1), .-, ((Z\Wh k|W|)7 p‘W|)]

Flatten all (i, ) into a fixed list and build T'? € R

Normalize T'? once: ng + ||T?]2.

Initialize accumulators D;; < 0 € R”. D;; < 0 € R?, Dj; <+ 0¢ RP.
L+ &, R <+ W (remaining indices), & > 0.

for t < 1 to |W| do

p* < —oo, (I*,k*) < None.

foreach (I,k) € R do

// Propose adding index (I,k)

= Lk

Dij — Dij + 51(’]7 )

Dj; < Dj; + 51(2@

Djj — Dj]' + (S](ff)

// Vectorized reconstruction of Equation 3.19

I+ DZ] @ Dy; Dj; + 5

n [Tl

// Score of Equation 3.20
(C.rf)

p n-ng-+e

if p > p* then
Pt p, (R < (LK)
D* <—Dw,D <—DM,D <—D

end
end
// Commit best index of this round
D;; < D”, Dj; <~ Dj;, Djj < D]*.j

L+ LU{(l*E)}, R+ R\{(*E")}
Store ((I*,k*), p*) in the output list.
end

return ordered list.
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Algorithm 3: Forward Greedy Layer Selection by Accuracy

BM25 candidate index sets {C;(b)})¥, (each C;(b) contains i)
SR 5R) 5(41,{14;)}
i.j

Data: Precomputed per-component dot products { 10,7750,

Set of layer indices W, small constant € > 0
Result: Ordered list [((I1,k1),a1), ..., (L, kpw|)s apy))] of layers and running
accuracies

Initialize accumulators D; ; - 0, D;; < 0, D, j < 0 for all pairs (4, j) with
L+ @, TR <+ W (remaining indices).
for t + 1 to [W| do
a* < —oo, (I*,k*) <~ None, store best temporary accumulators.
foreach (I,k) € R do
// Propose adding (l,k) to the selection
Di;i D+ DD+ Do DR
2¥) 2y i 2,2 2,2 1,0 Y Y N

// Compute reconstructed similarities ﬁ/ff{(l’k)}

’A}/Z’J' — Elﬁ/(\/.ﬁ»m .5]'7]' + 8) for all (Z,j)
// Evaluate accuracy of Equation 3.21
0 & Eita [9is > maxjec, o Fial
if a > a* then
‘ a* < a, (I*,k*)« (I,k), save D as current best.
end

end

// Commit best index of this round

D; j < best saved ﬁm, D; ; < best saved INDH, Dj ; < best saved ﬁjd'
L+ LU{(I*EN)}, R+ R\{(*k)}.

Store ((I*,k*),a*) in the output list.

end

return ordered list.
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This chapter presents the experimental setup for the computations laid out in chapter 3.
First, the model and data sources are specified, and the acquisition of third-party artifacts
is formalized to ensure reproducibility. The construction of the working datasets is
then described, including message formatting and paraphrasing procedures that enable
controlled comparisons between the original and transformed samples.

To apply the analysis on modern LLMs, three mechanisms are employed: (i) search-space
reduction via lexical pre-selection using BM25, (ii) storage of intermediate dot products
in place of full gradients, and (iii) layer-wise random projections. The hardware and
scheduling environment are summarized to make resource assumptions explicit and to
facilitate replication. The overall goal is to isolate per-instance effects while keeping the
pipeline deterministic and verifiable.

4.1. HuggingFace as a General Model and Data Provider

In this work, the HuggingFace ecosystem serves as the unified provider for models and
datasets. Models are retrieved via transformers using from_pretrained(<model>) to
obtain versioned weights, configuration files, and tokenizer assets; tokenizers are loaded
analogously to ensure consistent preprocessing across all runs [WDS*20|. Datasets are
accessed through the datasets library, which offers streaming, on-disk caching, dataset
cards with licensing information, and standardized schemas for robust iteration and
filtering [LVAMJ*21].

Relying on a single provider simplifies the end-to-end workflow and reduces nondetermin-
ism. In particular:

e Versioning and Reproducibility: Pinning a specific revision guarantees that
identical artifacts (weights, configs, tokenizer vocabulary, and chat templates) are
resolved in subsequent runs.

e Cached Artifacts: Local caching enables offline execution and stable re-use of
immutable assets without manual bookkeeping.

e Introspectable Metadata: Model cards, configuration files, and tokenizer or chat-

template metadata (e.g., tokenizer.chat_template) can be read programmatically
to construct inputs aligned with each model’s pretraining or SF'T format.
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e Schema-First Data Access: Standardized dataset schemas and filtering utilities
minimize glue code and keep preprocessing auditable.

Taken together, these properties ensure that preprocessing, evaluation, and analysis
operate over a consistent, fully specified set of artifacts, thereby supporting exact repro-
ducibility of all experiments.

4.1.1. OLMo

The OLMo model series, developed by the Allen Institute for Al provides open-source
LLMs along with their training data and comprehensive training pipelines [GBWT24].
These features make OLMo models particularly suitable for research focused on explain-
ability. Specifically, OLMo models are pre-trained on the Dolma dataset, which comprises
approximately three trillion tokens collected from diverse sources [SKB*24]. To adapt
these models to specific tasks, the Open Instruct framework combined with the TULU
dataset is employed for fine-tuning [[WP*23].

In this work, the focus is on the AMD-0LMo-1B-SFT model from AMD), which is derived from
the original OLMo-1B architecture, as detailed in Table 4.1. This specific model was pre-
trained using the Dolma v1.7 dataset, consisting of 1.3 trillion tokens, and subsequently
fine-tuned through supervised training on the TULU v2 dataset [LWM™24]. The model

Parameter | Number of | Number of | Hidden | Context | Vocabulary
size layers heads size length Size
1.2B 16 16 2,048 2,048 50,280

Table 4.1.: Model architecture size of AMD-0LMo-1B-SFT [LWM™24]

is loaded using HuggingFace's transformers function from_pretrained(<model>) from
the class AutoModelForCausal, where <model> is the model name (AMD-OLMo-1B-SFT).
It allows published models with corresponding pre-trained weights to be downloaded and
further adapted using PyTorch. The complete model architecture when loaded with the
transformers and printed on the console looks like:

OlmoForCausalLM(
(model): 0lmoModel(
(embed_tokens) : Embedding(50304, 2048, padding_idx=1)
(layers): ModuleList(
(0-15): 16 x OlmoDecoderLayer (
(self_attn): OlmoAttention(

(gq_proj): Linear(in_features=2048, out_features=2048, bias=False)
(k_proj): Linear(in_features=2048, out_features=2048, bias=False)
(v_proj): Linear(in_features=2048, out_features=2048, bias=False)
(o_proj): Linear(in_features=2048, out_features=2048, bias=False)

)
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(mlp) : 0lmoMLP(
(gate_proj): Linear(in_features=2048, out_features=8192, bias=False)
(up_proj): Linear(in_features=2048, out_features=8192, bias=False)
(down_proj): Linear(in_features=8192, out_features=2048, bias=False)
(act_fn): SiLUQ)

)

(input_layernorm): OlmoLayerNorm()

(post_attention_layernorm): OlmoLayerNorm()

)
(norm) : OlmoLayerNorm()
(rotary_emb): OlmoRotaryEmbedding()

)
(1m_head) : Linear(in_features=2048, out_features=50304, bias=False)

)

Table 4.1 shows a vocabulary size of 50,280, while the actual model output shows a size
of 50,304. The authors increased the size to be a multiple of 128 to increase training
throughput [GBW*24]. As shown above, the model consists of the following trainable
components.

e Input Embedding: E € RIVI*d=

e 16 Decoder Layers (I =1,...,16):
— Attention:
% Query-Projection: Wg) € Rdexda
x Key-Projection: Wg) € Rdwxdz
* Value-Projection: Wg) € Ré=xde
Output-Projection: Wg) € Rédzxds
— MLP:

x Gate-Projection: Wégte € Rdxxdyy

*

* Up-Projection: Wl(llr)) € Rd=xdyy
* Down-Projection: Wélgwn € Réss*do

e LM Head: W) ¢ Rd=x|V]

The dimensionalities |V'|, d,, and dsy used in the above weight notation correspond to
the architecture parameters, as specified below:

e |V]: Vocabulary size (for AMD-0LMo-1B-SFT, |V| = 50,304).

e d,: Hidden size (for AMD-0OLMo-1B-SFT, d, = 2,048).
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e dss: Feedforward size (for AMD-OLMo-1B-SFT, dsf = 8,192).

The total number of parameters My for AMD-0LMo-1B-SFT with L = 16 decoder layers is:

My = \V|-dy  +L(4d2 + 3dydyss) + dy - |V
Ve Vv
Input Embedding Decoder Layers LM Head

= 2(|V|-dy) + L(4d2 + 3dadyy)
= 2:50,304-2,048 + 16(4 - 2,048> 4+ 3 - 2,048 - 8,192)
= 1,279,787,008

However, this number does not match the model output M = 1,176,764,416 when calling
the function model.num_parameters(). The difference Ay = My — M = 103,022,592
happens to be exactly Ay = |V| - d, = 50,304 - 2,048 which is the number of parameters
for the embedding. This indicates some form of weight-tying, and when looking into the
model configuration and the model source code [GBW24], this proves to be true!. Hence,
the final number of trainable parameters is M since the LM head matrix W(©) e Ré=*[V|
is just a form of transposed input embedding matrix E € RIVI*4  In summary, each
layer component has a fixed number of trainable parameters as illustrated in Table 4.2.

Component Shape Number of Parameters
Input Embedding RIVIXdz V|- d, = 50,304 - 2,048 = 103,022,592
Attention Projections Rz xdx 2,0482 = 4,194,304

MLP Projections Ré=xdss. Résf*de 2,048 - 8,192 = 16,777,216

Table 4.2.: Trainable parameters in AMD-OLMo-1B-SFT per layer components.

4.1.2. LIMA Dataset

The LIMA dataset is a subset of the TULU dataset, containing ~ 1,000 carefully cur-
ated prompts and responses across various domains, including STEM fields, alongside
manually authored samples [ZLX123]. Similar to other instruction-tuning datasets, it
comprises pairs of prompts and corresponding generations. After the transformations
stated section 4.2, it forms the original dataset D. in A prompt typically represents a
user’s instruction or query, specifying the task or information the model should provide.
The model’s output, referred to as a generation or response, directly addresses the user’s
prompt. An illustrative example (s1,,$1,) = s1 € D from the LIMA dataset is provided
below. This example shows how much quality and depth the LIMA dataset has. In
this case, the example is also well-referenced and closely resembles an expert-level response.

User prompt s1,:

'"HuggingFace configuration: https://huggingface.co/amd/AMD-0LMo-1B-SFT/blob/main/config. js
on#L21
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Can brain cells move? By movement I mean long distance migration
(preferably within the brain only).

Model generation si,:

The question is relatively broad and one should take into account that
the brain not only consists of neurons, but also glial cells
(supportive cells) and pre-mitotic neuronal stem cells. Furthermore,

as critical fellow-scientists have indicated, developmental stage is
very important, as the developing embryonic brain is very different
from the adult brain.\nHowever, after sifting through various
publications, the answer to the question is actually remarkably

simple: Yes, brain cells migrate.\nIn the adult brain glial cells
migrate in the brain (Kl&mbt, 2009). Glial cells are involved in a
myriad of functions, but a notable example of migrating glial cells

are the oligodendrocytes that migrate relative long distances to

find their target axons onto which they wrap themselves to form the
insulating myelin sheath (Tsai and Miller, 2002).\nNeuronal stem cells
migrate over long distances in response to injury (Imitola et al., 2004)
and they migrate from specific stem-cell locations (e.g., hippocampus
and subventricular zone) to other regions (Clarke, 2003).\nPost-mitotic,
but non-differentiated neurons have been shown to migrate in the adult
brain in fish (Scott et al., 2012), and in mammals and non-human
primates as well (Sawada et al., 2011).\nNot surprisingly, glial cells,
stem cells and neurons also migrate during embryonic development.

Most notably, post-mitotic neurons destined to fulfill peripheral
functions have to migrate over relatively long distances from the
neural crest to their target locations (Neuroscience, 2nd ed,

Neuronal Migration).

4.2. Preparing the Data

A small portion of the examples contain multi-turn dialogues with multiple prompts
and corresponding generations. These are removed from the dataset to keep a classic
prompt/generation single-turn theme for all examples and to make them comparable.
When removing those dialogue examples, the filtered dataset still consists of N = 988
query /response pairs forming the original dataset D.

4.2.1. User/Assistant Message Format

To ensure consistency and compatibility with modern conversational Al frameworks, each
example in the dataset is represented as a list of message objects. Every message specifies
both a role, indicating whether it originates from the user, the assistant, or optionally
the system, and a content field containing the corresponding text. As stated previously,
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the dialogue examples have been filtered to retain exactly one user-assistant exchange per
sample, enforcing a single-turn prompt-generation structure for all pairs.

Roles and Their Purpose

e system: An optional message that provides general context or high-level instruction,
such as persona or tone guidelines.

e user: Represents the prompt, serving as the input for which the model must
generate a response.

e assistant: Contains the model’s generation to the user’s prompt; this serves as the
target output during both training and evaluation.

Dataset Schema

Each data point is stored in JSON format as a dictionary with a single messages key,
which holds a list of message objects. A typical single-turn user-assistant interaction is
structured as follows.

{"messages": [

{ "role": "user", "content": "<user prompt>" 1},

{ "role": "assistant", "content": "<model generation>" }
13

Listing 4.1: User—assistant message pair

This uniform structure facilitates both supervised fine-tuning and later evaluation using
the same message format.

4.2.2. Paraphrasing Samples

This section details the practical implementation of the paraphrasing strategy motivated
in subsection 1.3.1 and formally described in section 3.3. As mentioned, the approach op-
erates with two different settings, namely paraphrased and model-generated paraphrasing
levels. For the paraphrased case, both the prompt s;, (user message) and the generation
Si., (assistant message) are altered using OpenAI GPT-4o-mini with a seed of 42 and a
temperature of 1. The rest of the parameters are set to default values. This process in
denoted as LLMpara(+) in Equation 3.3. The corresponding system prompt is illustrated
below.

System prompt for LLMpara(-):

You are a paraphrasing expert who is specialized in rewriting text
(questions, statements, etc.) without altering the content.

Keep in mind, that the meaning must not change after the paraphrasing.
Just output the paraphrased text without any additional information.
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The OpenAl API also follows the message format shown in subsection 4.2.1. Consequently,
when paraphrasing the example sq,, from subsection 4.1.2, the OpenAI API receives a
system-user message pair object containing the previously illustrated system prompt and
the text to be rephrased. Hence, all the samples and therefore, each user and assistant
message from the filtered LIMA dataset are individually sent to OpenAl to be paraphrased.
For example, the paraphrase of the the user prompt s1, shown in subsection 4.1.2 looks
like follows.

Paraphrased user prompt LLMpara(s15) = $p, ,:

Are brain cells capable of moving? Specifically, I’m referring to
long-distance migration, ideally occurring within the brain.

Additionally, subsection A.3.1 illustrates the paraphrases for the messages shown in
subsection 4.1.2. This procedure is then repeated for all samples s; in D to create the
dataset D, mentioned in section 3.3 and Equation 3.3. To create the dataset D, for the
model-generated case, the paraphrased user messages from D, are input to the model
under evaluation (AMD-OLMo-1B-SFT). To create a sample s,,, € D,,, a paraphrased user
message sp, , is piped through the model (LLM(-) to generate a new assistant message
Sm,,, (generation) as first shown in Equation 3.4 while subsection 4.2.3 shows how this is
done on a more technical level.

4.2.3. Prepare Model-generated Data Point

Before the user message can be picked up by the model, some modifications are made
to the sample. Usually, the user message is embedded inside a form of tag that signals
the model where the user message starts and ends. How these tags are formatted and
applied differs from model to model and the corresponding training pipeline. In the case
of AMD-0LMo-1B-SFT, the user prompt sy, after formatting looks like:

<|user|>\n

Are brain cells capable of moving?

Specifically, I’m referring to long-distance migration,
ideally occurring within the brain.\n

<|assistant|>\n

The <|user|> tag tells the model where the user message starts. The <|assistant|>
tag tells the model where the user message ends and the assistant message starts. In the
space of HuggingFace, this kind of format is usually called chat template. After applying
such a template, the text is tokenized and converted to a numerical format by a so-called
tokenizer to make it readable for the model. For AMD-0LMo-1B-SFT, the tokenized and
converted user prompt si, sequence looks like the following:

d
29, 93, 4537, 49651, 187, 6723, 3998, 1341, 7032, 273,
4886, 32, 13658, 13, 309, 1353, 14339, 281, 1048, 14,
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19893, 10346, 13, 34243, 12952, 1561, 253, 3998, 15, 187,
29, 93, 515, 5567, 49651, 187

Fach number represents one token; for example, the value 187 encodes the term \n.
Such sequences of tokens are then picked up by the model to generate a response (the
generation), which also represents a sequence of tokens. This sequence is then decoded
using the same tokenizer as before and yields the model-generated assistant message
S, - The corresponding decoded answer for the example shown above is illustrated in
subsection A.3.2.

This process is then repeated for each sample from the original dataset? to generate the
paraphrased dataset® D,, and the model-generated dataset? D,, correspondingly. These
paraphrased and model-generated examples are stored on disk and picked up when needed
to guarantee a level of determinism when operating on this newly created dataset.

4.2.4. Supervised Fine-Tuning Setup

Although no additional Supervised Fine-Tuning (SF'T) is performed in this work, all
data samples are prepared according to established SF'T conventions. This ensures full
compatibility with existing model evaluation pipelines and facilitates the subsequent
analysis of model behavior from an explainability perspective. Specifically, each sample is
formatted as a user—assistant message pair, following the schema described in previous
sections.

Open-Instruct

In the context of this work, Open-Instruct is mainly utilized to preprocess and structure
the data according to established SF'T conventions. Specifically, the framework offers util-
ities for converting raw user—assistant-message pairs such as those from the LIMA dataset
into the standardized chat template format (with e.g., <|user|> and <|assistant|>
tags) used by models like AMD-0LMo-1B-SFT. This ensures consistency between the data
preparation procedure and the input expectations of the underlying model architecture.

To preprocess the data for Supervised Fine-Tuning (SFT), the SFTDatasetProcessor from
Open-Instruct is utilized. It allows a whole dataset to be tokenized and prepared by
forming the corresponding input and output sequences and naturally integrating into the
HuggingFace ecosystem for SFT [WID23].

2Original dataset: https://huggingface.co/datasets/lukashinterleitner/LIMA-original

SParaphrased dataset: https://huggingface.co/datasets/lukashinterleitner/LIMA-paraphrased
-GPT-40-mini

“Model-generated dataset: https://huggingface.co/datasets/lukashinterleitner/LIMA-model-g
enerated-amd-AMD-0LMo-1B-SFT
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4.3. Instance- and Gradient-based Explanation

Having established the theoretical framework for gradient similarity in chapter 3, this
section illustrates the practical implementation of this method. The core idea is to
leverage the loss function gradient with respect to individual data samples to identify
influential training examples. As established in the fine-tuning setting (section 3.2),
all gradient computations are performed on single instances (i.e., with a batch size of
one) to isolate the influence of individual samples. However, applying this concept to
modern Large Language Models introduces significant computational and memory-related
challenges. The following subsections shed light on the strategies employed to make this
analysis manageable, addressing the high dimensionality of gradients, implementing an
efficient candidate selection process, and utilizing intermediate results to manage the
computational load.

4.3.1. High Dimensionality

The primary challenge in applying the similarity of the gradient to modern Large Language
Models is the dimensionality of the parameter space. For the AMD-0LMo-1B-SFT model
used in this work, the full model gradient vy(s;) for sample s;, as defined in the gradient
flattening process (subsection 3.5.1), is a vector in RM | where M = 1,176,764,416. Storing
even a single such gradient vector, assuming 32-bit floating point precision (4 bytes per
parameter), would require 1,176,764,416 - 4 bytes = 4,707,057,664 bytes ~ 4.7 GB of
memory or disk space.

A naive approach might involve caching the full gradient vector for each sample in
the datasets D and D,, introduced in section 3.2 and section 3.3, respectively. However,
for the filtered LIMA dataset with N = 988 samples, this would amount to storing
nearly 2-988-4.7 GB = 9.3 TB of data, which is practically infeasible for most research
environments. When adding the model-generated dataset D,,, this increases to ~ 14 TB
of data. Consequently, storing the full gradient vectors for each sample is not a viable
strategy, necessitating an alternative that avoids storing these high-dimensional objects
altogether. How this problem is approached, will be clarified in the next few sections.

4.3.2. Efficient Candidate Selection with BM25

A naive implementation of the accuracy metric in Equation 3.7 would require computing
the cosine similarity between each paraphrased sample gradient vy(s,,) and every original
sample gradient vy(s;). For the working dataset of size N = 988, this results in a
computationally intensive N X N comparison matrix of nearly one million pairs. However,
preliminary analyses on smaller subsets revealed that for a given paraphrased sample s,,,
its original counterpart s; consistently produced one of the highest similarity scores among
all possible pairs. This suggests that the full N x N comparison is largely redundant.
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To drastically reduce execution time, the BM25 ranking function, introduced in subsec-
tion 3.6.1, is used to pre-filter the comparison set. As detailed in Algorithm 1, instead
of comparing against the entire original dataset D, a small candidate set C;(b) for each
sampled is first identified, containing the b most lexically similar samples for each s,.
For all experiments conducted in this work, this candidate size is set to b = 5, a value
deemed sufficient based on preliminary findings. This targeted approach reduces the
number of expensive gradient similarity computations from 988 x 988 = 976,144 to just
988 x 5 = 4940 comparisons per dataset, making the overall accuracy calculation tractable
without sacrificing meaningful comparisons due to the lexical similarity in the candidate
sets.

4.3.3. Intermediate Results

Even with the reduced comparison set, the challenge of handling enormous gradient
vectors during computation remains. One solution lies in recognizing that cosine similar-
ity, as shown in Equations 3.15 through 3.17, is constructed entirely from dot products.
Instead of calculating and storing the full, prohibitively large gradient vectors, only the
constituent dot products for each layer component are computed and stored.

For each pair of relevant samples (sy,, s;) where j € C;(b), the following dot products are
calculated:

o vy (8p,) Vwan (s5)  (cross dot products)
o vy (8p,) Vwaw (p;)  (paraphrased dot products)
o vy (55) T vwan (s)  (original dot products)

This is done for every layer component W(¢*) in the model. These scalar values are
lightweight and can be efficiently stored on disk. They serve as precomputed interme-
diate results that can be aggregated later to reconstruct the cosine similarity for any
combination of layer components, as required by the Greedy Layer Selection algorithm
(section 3.7) and other analysis tasks. This strategy completely circumvents the need to
store full gradients, thereby resolving the high-dimensionality bottleneck when storing
intermediate results.

All intermediate results are stored as JSON files to retain the sample ids for later
analysis. The three different dot products (cross dot products, etc.) stated above are
stored in three different files and later combined accordingly. A shortened example of the
cross dot products file for AMD-0LMo-1B-SFT is illustrated below.

{
"lima_0": {
"lima_0": {
"model.embed_tokens.weight": 2.129183530807495,
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"model.layers.0.self_attn.q_proj.weight": 0.08331464231014252,
"model.layers.0.self_attn.k_proj.weight": 0.12357588112354279,

3,
"lima_451": {
"model.embed_tokens.weight": -0.08331018686294556,
"model.layers.0.self_attn.q_proj.weight": -0.01116477232426405,
"model.layers.0.self_attn.k_proj.weight": -0.009237218648195267,
},
I
"lima_1": {
"lima_1": {
"model.embed_tokens.weight": 1.2379783391952515,
"model.layers.0.self_attn.q_proj.weight": 0.027665752917528152,
3,
1,
b

4.3.4. Random Projection

The core challenge in applying random projection directly is the prohibitive size of the
projection matrix R. For a model with M ~ 1.18 billion parameters, a projection to a 1%
dimension results in a target dimension of d = 0.01- M ~ 11.8 million. The full projection
matrix R would therefore have dimensions of approximately 11.8 million - 1.18 billion.
Storing this matrix with 32-bit precision (4 bytes per element) would require approximately
11.8-10°-1.18-10? - 4 bytes = 5.5696 - 10'6 bytes, a size on the order of tens of petabytes,
which is computationally infeasible to generate or store in memory. Therefore, a layer-wise
projection strategy is adopted, leveraging the fast and efficient CudaProjector from the
trak library [PGIT23|. This approach avoids constructing the full projection matrix at
once.

The total projection dimension for each configuration is distributed across the model’s
layer components proportionally to their size. For a given total projection dimension
dproj, the dimension for each individual component (I, k), denoted d(; 1y, is calculated as
shown in Algorithm 4.

This method ensures that larger layers are projected to correspondingly larger-dimensional

spaces, preserving more of their geometric information. The rounding to a multiple of 512
is a practical choice for computational efficiency on modern GPU architectures. The result
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Algorithm 4: Proportional Allocation of Projection Dimensions to Layer Com-
ponents

Data : Parameter counts P for all layer components (I, k) € W; Total
parameter count M = Z(l,k)ew P 1); Target total projection dimension
dproj; Minimal component dimension dp,in < 512; Rounding granularity
g < H12;

Result : Projection dimension d; 1) assigned to each component, (I,k) € W

foreach (I,k) € W do
Pk

Pk) & T // Fraction of parameters in component (I, k)
draw <= D(1.k) * dproj; // Unrounded allocation
drounded < ¢ - round (dfé‘w); // Round to nearest multiple of g¢
d(1,k) + max(dmin, drounded); // Enforce minimal size

end
return d . | (I,k) € W

is a set of projected layer gradients that are concatenated to form the final low-dimensional
representation for similarity comparison.

For the benchmark, two random projection configurations were used, with the total
target dimensions set to 1% and 5% of the total number of model parameters, effectively
leading to 11767808 and 58838016. The random projection matrix is sampled from a
Rademacher distribution provided by the trak library [PGIT23].

4.4. Hardware

To mitigate long-running tasks, all computations were executed on a Slurm cluster with
a NVIDIA DGX H100 compute node which consists of 8x NVIDIA H100 Tensor Core
GPUs, 2 TB RAM and Dual Intel®) Xeon®) Platinum 8480C Processors with 112 Cores
total, 2.00 GHz (Base), 3.80 GHz (Max Boost).

Before starting the calculations, the dataset is sliced into Pp partitions. Each par-
tition is then assigned to a batch job and queued if necessary. Each batch job got assigned
a fixed amount of resources. Hence, each job effectively had access to one NVIDIA H100
Tensor Core GPU, 86 GB RAM, and eight cores.
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This chapter presents all the results for the algorithms and computations mentioned in
the previous chapters. As a brief reminder, the paraphrased setting operates with samples
from the datasets s; € D and sp, € D, (see Equation 3.3) while the model-generated
setting operates with samples from the dataset s; € D and s,,, € Dy, (see Equation 3.4.
Concretely, the evaluation checks whether flattened gradients vy(sy,) (paraphrased) and
Vo(Sm,) (model-generated) retrieve their corresponding original samples vy(s;) via cosine
similarity, following Equation 3.6 and the accuracy metric defined in Equation 3.8.

The remainder of the chapter is organized as follows. In section 5.1 baseline retrieval
results using the full model gradient are reported while section 5.2 analyzes contributions
per component. Additionally, section 5.3 compares single-component scores to full-model
scores and section 5.4 evaluates compact surrogates via forward greedy selection against
a random-projection baseline. Last but not least, section 5.5 summarizes the cost profile.

5.1. Performance of Gradient Similarity as an Explanation
Method

All gradient similarities are computed and reconstructed from stored dot products using
Equation 3.14 to represent the cosine similarities for both the paraphrased (simcos(Ve(sp; ), Va(s;5)))
and the model-generated (simees(ve(sm,), Vo(sj))) case, Vs,, € D, and Vs,,, € Dy,. To
avoid the comparison of all-pairs O(N?), for each paraphrased (or model-generated)
sample, s; € C;(b) is restricted to a BM25 candidate set with b = 5 (algorithm 1).
The metrics accuracyg’)(DP, D) and accuracyg))(Dm, D) are then evaluated as for the
full model gradient in Equation 3.8. As shown in Table 5.1, the gradient similarity

Model Paraphrased | Model-generated
AMD-OLMo-1B-SFT 0.993 0.218

Table 5.1.: Score for accuracyéb)(Dp, D) (paraphrased) and accuracyéb)(Dm, D) (model-

generated) cases with the full model gradient.

method is able to find nearly all original samples when queried with the paraphrased
samples of D,. For the model-generated setting, this is very different, as it can only
identify approximately one out of five original samples when queried with the dataset D,,.
When considering that random guessing would lead to a baseline of 0.2 due to the can-
didate set having a size of |C;(b)| = 5 when b = 5 and 1+-5 = 0.2, the accuracy is not far off.
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In the paraphrased setting, only seven samples are wrongly assigned to their original
counterparts. It seems that they are not wrongly assigned by coincidence, they are con-
nected by some patterns. For example, four of them (with the ids 1ima_802, 1ima_815,
lima_832 and lima_849) contain instructions like translations as shown for sample sg3g
with id 1ima_849.

User prompt sg39,:

translate into English: "Der Zug kommt in Frankfurt piinktlich an.
Kerstin geht sofort nach Hause, aber wdhrend sie die Treppen hochsteigt,
bemerkt sie einige eigenartige Dinge: bunte Luftballons, rote Kartchen
in Herzform, rote Rosen."

Model output sg3g,,:

The train arrives at Frankfurt on time. Kerstin goes straight home but,
climbing the stairs, she notices some strange things: coloured balloons,
red cards in the shape of a heart, red roses.

Its paraphrased equivalent s, looks like the following.

Paraphrased user prompt spg,, .-

The train arrives in Frankfurt on time. Kerstin heads home immediately,
but as she climbs the stairs, she notices some strange things: colorful
balloons, red heart-shaped cards, and red roses."

Paraphrased model output sy,

The train reaches Frankfurt punctually. Kerstin heads directly home,
but while ascending the stairs, she observes some peculiar items: colorful
balloons, heart-shaped red cards, and red roses.

As shown in the above examples, the paraphrasing LLM (LLMpara(-)) described in
subsection 4.2.2 basically follows the instruction in sg3g, and translates the text into
English instead of simply paraphrasing the text. Hence, the paraphrase no longer preserves
the original instruction-response structure: the directive ("translate into English") is
removed, the paraphrased user prompt (spg,,,,) already contains the translated content.
This shifts both the token distribution and the gradient geometry for sp,,, moving vy(s,,)
closer to other English instances than to its own original counterpart vg(s;).

5.2. Single Layer Performance

This section quantifies the contribution of single layer components to retrieval and
similarity. For each parameter matrix W(*) | the BM25-restricted retrieval accuracy

44



5.2. Single Layer Performance

accuracyge(,’k) (-, D) (Equation 3.9) is evaluated to test whether the gradient of a single
component suffices to recover the original samples. All quantities are reconstructed from
per-component dot products (subsection 4.3.3).

The results are reported for both settings (paraphrased and model-generated), ag-
gregated across depth and component family (Embedding; Attention Q/K/V/O; MLP
gate/up/down). The means across layers are shown in Table 5.2, and depth-wise trends
are visualized in Figures 5.1 and A.2.

Layer Component | Paraphrased | Model-generated
Embedding Embedding 0.993 0.231
Query-Projection 0.976 0.255
. Key-Projection 0.906 0.208
Attention | 7 11 e-Projection 0.98 0.198
Output-Projection 0.992 0.245
Gate-Projection 0.992 0.256
MLP Up-Projection 0.991 0.247
Down-Projection 0.993 0.235

Table 5.2.: Mean layer component accuracy for the paraphrased (accuracy(‘?(l’k) (Dp, D))

and the model-generated (accuracygg(l’k) (D, D)) case.

As shown in Table 5.2, single-component gradients already suffice to recover the original
item in the paraphrased setting: mean accuracies exceed 0.97 for all components except
the key projection (0.906), with embedding, the MLP path (gate/up/down) and the
attention output projection matching the full-model score (=~ 0.99). This indicates
that paraphrasing preserves gradient directions consistently across layers, so gradients
from individual components contain enough information to identify the correct original
sample. In contrast, the model-generated setting collapses towards the 0.2 random-guess
baseline level imposed by b=5: accuracies cluster near baseline, with only the MLP gate
at 0.256 and the query projection (0.255) providing a small, repeatable improvement;
the value projection falls below baseline (0.198). The embedding matrix reaches 0.231,
suggesting that lexical overlap alone is insufficient once responses are re-synthesized
(model-generated). Overall, the information that supports correct retrieval is broadly
distributed in the paraphrased condition but becomes concentrated mainly in the MLP
and @ projections in the model-generated condition, while K and V' contribute the least
to this retrieval objective. However, as already mentioned, the values shown in Table 5.2
are just mean values, some individual layer components under or over perform with
regard to the full model gradient (these values are visualized in the Figures A.2 and 5.1).
How size and layer component depth affects these scores, is illustrated in the next two
subsections.
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Figure 5.1.: Accuracy per layer in the model-generated setting.
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5.2.1. Does Size Matter?

Here, size refers to the number of parameters in a component (4,194,304 for the at-
tention projections Q/K/V/O, 16,777,216 for the MLP projections gate/up/down, and
103,022,592 for the embedding). Figure 5.2 summarizes retrieval accuracy for these three
bins; the sub-panels (Figs. 5.2a and 5.2b) correspond to the paraphrased and model-
generated settings, respectively.

In the paraphrased condition (Figure 5.2a), accuracies are essentially at ceiling across all
sizes. The 4,194,304 group exhibits a wider spread with several low outliers, whereas the
16,777,216 group is tightly clustered near 0.99 and the 103,022,592 point (embedding)
is at 0.993. These differences are small. Because cosine similarity normalizes the vector
magnitudes, the slight improvement observed for larger components is best interpreted as
reduced variance rather than a substantive size effect.

In the model-generated condition (Figure 5.2b), all groups concentrate a little bit above
the 0.2 random-guess baseline imposed by b=5. The 16,777,216 group attains a mar-
ginally higher median (= 0.25) than the 4,194,304 group (= 0.23), and the embedding
(103,022,592) sits at 0.231. The dispersion is largest for the 4,194,304 group, which bundles
both relatively stronger (e.g., @) and weaker (e.g., V') projections despite identical size.
This pattern indicates that component type, not parameter count, drives the modest
differences: MLP projections outperform on average, whereas K /V lag, even though all
four attention projections share the same size.

Overall, there is no meaningful monotonic relationship between parameter count and
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retrieval accuracy. In the paraphrased setting, performance is uniformly high regardless
of size; in the model-generated setting, accuracy hovers near baseline with only slight
advantages for MLP-sized components. The functional role of a component within the
architecture matters more than how many parameters it contains.
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Figure 5.2.: Component accuracy as a function of parameter count, shown for the (a)
Paraphrased and (b) Model-generated settings. Each boxplot aggregates
the accuracy scores for all layer components sharing the same parameter count:
Attention projections (4,194,304 parameters), MLP components (16,777,216
parameters), and the single Embedding layer (103,022,592 parameters). In
the paraphrased setting, accuracy is consistently high across all component
sizes, whereas in the model-generated setting, mean accuracy remains close
to the random-guess baseline of 0.2.

5.2.2. Does Depth Matter?

Figure 5.3 reports the retrieval accuracy over layer depth (I =1,...,16) when matching
paraphrased /model-generated samples to their originals using gradient—cosine similar-
ity within the BM25 candidate sets (b=5). Panels 5.3a and 5.3b aggregate over sub-
components (Attention vs. MLP), while panels 5.3c - 5.3f shows the accuracy for Attention
(Q/K/V/O) and MLP (gate/up/down).

In the paraphrased condition (left column), accuracies are near ceiling (= 0.95-1.00)
across most depths and components. MLP slightly but consistently outperforms Attention
when averaged over sub-components (panel 5.3a). Within Attention (panel 5.3c), K is the
weakest across depth and faces a pronounced drop in the final layer, while @, V' and O
remain close to the overall plateau. The accuracy of all three MLP layers increases with
layer depth, reaching its high around [ = 10 followed by a small dip until the last layers.

In the model-generated condition (right column), accuracies are substantially lower
(=~ 0.18-0.33), i.e., only modestly above the random baseline 1/b = 0.20. Performance is
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highest in early layers, dips in the middle, and recovers slightly toward the later layers
(panel 5.3b). Aggregated MLP sub-components (panel 5.3f) are pretty similar to Attention
overall while MLLP’s accuracy recovers a little bit better in later layers. Within Attention
(panel 5.3d) the ordering @, 0 > K,V is nearly consistent across depth.

Overall, the paraphrased setting preserves gradient directions across layers so that even
single-component gradients reliably recover the original sample; by contrast, the model-
generated setting weakens this alignment, with most retrieval-relevant structure concen-
trated in the MLP path and the attention QQ/O projections, while K/V contribute least
to the retrieval objective.
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component layer-wise accuracy.
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5.3. Comparison of Layer-Gradients and Full-Model-Gradient

With the full-model and single-layer accuracies established for the paraphrased and
model-generated settings, the subsequent analysis compares each single-layer component
against the full-model gradient. This is done by looking at the cosine-similarity between
the different score values simeos(I'Z, %) (Equation 3.20).

Layer Component | Paraphrased | Model-generated
Embedding Embedding 0.981 0.275
Query-Projection 0.969 0.298
. Key-Projection 0.875 0.229
Attention Value-Projection 0.977 0.615
Output-Projection 0.988 0.639
Gate-Projection 0.986 0.536
MLP Up-Projection 0.988 0.545
Down-Projection 0.988 0.629

Table 5.3.: Mean cosine similarity between the scores of single layer components (fﬁ) and
the full gradient (T?).

Based on Table 5.3, the single components most similar to the full-model gradient in
the paraphrased setting are the MLP projections and the attention output projection:
MLP down/up and Attention output 0.988, MLP gate 0.986; the embedding (0.981) and
Attention value (0.977) follow, with Attention query at 0.969 and Attention key lowest
at 0.875. In the model-generated setting, the highest agreements are Attention output
and MLP down (both = 0.63), then Attention value (0.615) and MLP up (0.545), with
MLP gate at 0.536; embedding (0.275) and Attention query (0.298) are much lower, and
Attention key is weakest (0.229). Each individual layer alignment with the full model
gradient over different layer depths is visualized in the Figures A.3 and A.4.

5.4. Greedy-Forward-Layer-Selection vs. Random Projections

Two forward greedy strategies are evaluated using the precomputed dot products: (i) a
similarity-driven variant (algorithm 2) that maximizes agreement with the full-model
score vector 'Y (objective p in Equation 3.20), and (ii) an accuracy-driven variant
(algorithm 3) that directly maximizes BM25-restricted retrieval accuracy (Equation 3.21).
As a geometry-preserving baseline, layer-wise random projections (subsection 3.7.5) are
applied at 1% and 5% of M. Budgets on the xz-axis are reported as the cumulative fraction
of selected model parameters.

5.4.1. Selection by Accuracy
Figure 5.4 shows accuracygj)(-, D) (Equation 3.21) as layers are added. In the paraphrased
case (Figure 5.4a), greedy selection reaches near-ceiling accuracy with a very small budget
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(=~ 0.998 at < 5% of parameters) and then slightly declines as additional components
are appended, ending at the full-model score (0.993). The random-projection baselines
at 1% and 5% lie around 0.994, below the early greedy frontier. In the model-generated
case (Figure 5.4b), accuracy peaks around 0.36 for small budgets and gradually drifts
toward & 0.22 as more parameters are added; the 1% /5% random-projection baselines
are near the 0.2 candidate-set chance level and are dominated by the greedy curve for
small-to-medium budgets. Overall, adding more components does not necessarily improve
retrieval, weakly aligned layers can dilute the signal captured by the strongest ones and
ultimately approach the accuracy of the full model gradient.

0.998

0.36 —— Greedy (accuracy)
===~ Full gradient (all model parameters)
1% of params random projected
® 5% of params random projected

0.997

0996 —— Greedy (accuracy)
=== Full gradient (all model parameters)
1% of params random projected
® 5% of params random projected

Accuracy
Accuracy

o
©
©
vl

0.994 5
0993 S rerrenreTEs s S EE R e e e
0 20 40 60 80 100 0 20 40 60 80 100
% of model parameters (cumulative) % of model parameters (accumulated)
(a) Paraphrased (b) Model-generated

Figure 5.4.: Greedy Layer Selection and random projection by accuracy.

5.4.2. Selection by Similarity to the Full-Model Gradient

Figure 5.5 tracks p(L£) = simees(I'%,T'%) while components are added. For paraphrased
data (Figure 5.5a), similarity jumps to > 0.999 within a tiny budget and monotonically
approaches 1.0 as layers accumulate; 1% and 5% random projections land around 0.999
and remain above the greedy trajectory until 5% of parameters. For model-generated
data (Figure 5.5b), similarity climbs rapidly from ~ 0.89 to ~ 0.95 at small budgets,
plateaus, and reaches ~ 1.0 only after a larger fraction of parameters; random projections
(1%/5%) also remain above the greedy curve until =~ 55% of parameters. Together with
Figure 5.4, these results highlight a key distinction: maximizing agreement with full-model
similarities (high p) does not always maximize retrieval accuracy, particularly in the
model-generated setting, the accuracy-driven greedy rule can yield smaller, more effective
subsets for the retrieval objective.
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Figure 5.5.: Greedy Layer Selection compared to random projection by similarity to the
full model gradient.

5.5. Execution Time

The execution is done using Slurm and time is measured after the model and the tokenizer
is loaded. Hence, it contains the time to load the dataset from the disk and perform all
computations. Each Slurm job logs its execution time separately and saves it on disk
for later inspections. To make the results comparable, the individual times from the
jobs are summed. Table 5.4 shows the execution times on the hardware described above
described in section 4.4. In this context, dot-products refers to the computation of the
intermediate dot-products mentioned in subsection 4.3.3 and gradient similarity refers to
the calculation of cosine similarities for the gradients.

As the results in Table 5.4 show, the computation for gradient similarity using ran-
dom projection (RP) is exceptionally time-consuming. A potential optimization, gradient
caching, involves storing the down-projected gradients on disk for reuse. However, this
approach was not implemented due to storage limitations. For a complete comparison, a
hypothetical execution time for RP with gradient caching was calculated. This estimation,
based on the paraphrased setting, suggests the execution time could be reduced from
927.48 hours to approximately 308 hours, assuming negligible read-write overheads from
disk.
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5.5. Execution Time

Computation Type Paraphrased (h) | Model-generated (h)
Dot-products 3.54 3.35

. Ca without RP 4.05 5.39
Gradient similarity G0 pp 927.48 925.63

Table 5.4.: Execution times (in hours) for dot-products and gradient similarity (with and
without Random Projection (RP)) under paraphrased and model-generated
settings. The time for RP with gradient caching is omitted, as storage
limitations prevented its implementation; it was hypothetically estimated to
be ~308 hours for the paraphrased setting, assuming no read-write costs.
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6. Discussion

This chapter synthesizes the empirical findings to critically evaluate the full model gradient
as a baseline for instance-level, gradient-based explanations. The discussion first assesses
the suitability of the full gradient as a benchmark across different experimental settings.
It then delves into the architectural insights revealed by decomposing the gradient, before
addressing the central question of this thesis: whether to select targeted components
or project the full gradient when creating compact surrogates. Finally, it outlines the
limitations of this work and suggests avenues for future research.

6.1. Evaluating the Full Model Gradient as a Baseline

The empirical results demonstrate that the suitability of the full model gradient as a
baseline is highly context-dependent, varying significantly with the nature of the input
transformation.

6.1.1. In the Paraphrased Setting: A Performance Ceiling

In the paraphrased setting, where input semantics are preserved, the full-model gradient
serves as a robust performance ceiling. It achieves near-perfect retrieval accuracy of
0.993 within the BM25-selected candidate set (Table 5.1). However, this high perform-
ance is not unique to the full gradient. Strikingly, individual architectural components,
particularly MLP projections and the attention output projection, attain comparable,
and sometimes superior, accuracy on their own (Table 5.2). The cosine similarities of
scores induced by these single components also show exceptionally high alignment with
the full gradient (means 2 0.98, see Table 5.3).

This indicates that under paraphrasing, the gradient direction relevant for instance
identification is stable and broadly distributed across the model’s architecture. The key
question in this context is not whether a surrogate can match the baseline, but rather
how efficiently, in terms of parameter budget and computational cost, it can reach this
performance ceiling.

6.1.2. In the Model-Generated Setting: A Weak and Misleading Benchmark

In the model-generated setting, where the model re-synthesizes a response, the full gradi-
ent’s performance collapses, making it a weak and potentially misleading baseline.
Its retrieval accuracy plummets to 0.218, only marginally better than the random-guess
baseline of 0.2 (Table 5.1). The signal of the full gradient appears diluted by weaker layer
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6. Discussion

components, as even small, greedily-selected parameter subsets consistently outperform
it.

Crucially, a surrogate’s ability to preserve the global geometry of the full-gradient sim-
ilarity space is not a sufficient condition for high retrieval performance. For instance,
components that best approximate the full gradient’s similarity structure (e.g., attention
output and MLP down projections, with p = 0.63) do not necessarily yield the highest
retrieval accuracy (Table 5.2). Therefore, evaluating surrogates in this setting requires
prioritizing task-aligned metrics like retrieval accuracy over geometric alignment to the
full gradient.

6.2. Architectural Insights from Gradient Decomposition

The layer-wise analysis provides novel insights into how instance-specific information is
encoded in the gradients of the Transformer architecture.

6.2.1. Asymmetric Contribution of Layer Components

A consistent finding is that different architectural components contribute asymmetrically
to the retrieval task. The MLP blocks and the attention @) and O projections consistently
carry more task-relevant information than the K and V projections. This highlights the
significance of a component’s functional role over its parameter count in determining
its explanatory power.

6.2.2. Non-Monotonicity of Performance with Dimensionality

The greedy selection experiments reveal a non-monotonic relationship between the number
of included parameters and retrieval accuracy. For both settings, a small, optimally selected
subset of layers can achieve higher accuracy than the full model gradient (Figure 5.4).
As more, less-informative layers are added, performance degrades, eventually converging
toward the full gradient’s baseline score. This suggests that adding more components can
introduce noise that harms performance on the targeted retrieval task.

6.2.3. Divergent Depth Profiles

The distribution of influential gradients across model depth differs markedly between the
two settings. In the paraphrased setting, accuracy is high and relatively stable across all
layers. In contrast, in the model-generated setting, performance is strongest in the initial
and final layers, with a noticeable dip in the middle layers (Figure 5.3b). This suggests
that early-layer features (closer to input) and late-layer features (closer to output) retain
some alignment with the original sample, while intermediate layers, which perform more
abstract transformations, diverge more significantly.
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6.3. Implications: To Select or to Project?

6.3. Implications: To Select or to Project?

The findings provide a clear, task-dependent answer to the central question of whether
to select or project components when building a low-dimensional representation of the
gradient.

6.3.1. For Maximizing Retrieval Accuracy: Select

If the primary objective is to build a compact representation that maximizes retrieval
accuracy, then targeted selection is the superior strategy. The greedy selection
algorithm, particularly when optimized directly for accuracy, identifies a small subset of
components (typically from MLP and attention /O blocks) that outperforms both the full
model gradient and random projections at comparable parameter budgets. Furthermore,
the selection approach is vastly more computationally efficient. The pre-computation
and greedy search completed in hours, whereas the random projection baseline required
several hundred hours for the same dataset (Table 5.4). For practical XAI applications
where instance-based explanations are framed as a retrieval problem, targeted selection is
more effective and scalable.

6.3.2. For Preserving Global Gradient Geometry: Project

If the objective is to create a low-dimensional surrogate that best preserves the geometric
relationships of the full-gradient space, then projection is a highly effective, albeit
costly, method. In line with the Johnson-Lindenstrauss lemma, random projections
maintain high fidelity to the full gradient’s similarity structure (p) even at very low dimen-
sions (Figure 5.5). If the goal is a compressed representation for tasks that depend on this
overall geometry, projection is a viable approach, provided the substantial computational
overhead is acceptable.

6.4. Limitations and Future Research Directions

The conclusions of this work should be considered in light of its limitations, each of which
opens avenues for future research.

e Model and Data Specificity: The experiments were conducted on a single
1B-parameter model (AMD-0LMo-1B-SFT) and one high-quality instruction-tuning
dataset (LIMA). The extent to which these findings generalize to different model
architectures, larger model scales, diverse datasets, and other tasks remains an open
question. Future work should replicate this analysis across a wider range of models
and data domains.

e Static Analysis: The analysis is static, using gradients computed at a single,
final model checkpoint. Dynamic methods that track influence throughout the
training process, as discussed in Dynamic, Gradient-Based Influence Estimation,
could provide a more complete picture of how training data shape model behavior.

o7






7. Conclusion

This thesis systematically evaluates low-dimensional representations for instance-based
explanations, addressing the central question of whether to select architectural compon-
ents or project the full gradient. The findings demonstrate a clear and practical answer:
for the goal of retrieving influential training examples, a targeted selection of a small
subset of gradient components is both more accurate and computationally efficient than
projection. The results pinpoint these influential components as originating primarily
from the MLP and attention query/output blocks.

This work also challenges the role of the full model gradient as a default baseline. The
analysis reveals it as a less effective approach for instance-based explanation, showing
that smaller, architecturally-informed representations can provide a clearer and more
discriminative signal. While projection offers remarkable fidelity in preserving the global
geometry of the full-gradient space, its prohibitive runtime makes it less suitable for prac-
tical applications. Consequently, the findings advocate for choosing small, architecturally
aware representations over geometry-preserving projections when building efficient and
effective instance-based explanation tools.
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A. Appendix

A.1. Nomenclature

The following tables define the key symbols and notations used throughout this thesis for
clarity and reference.

Symbol Meaning
N Number of samples in the (filtered) original dataset D
i, ] Sample indices, ¢ for (para-/model-generated) query, j for original candidate
a Training iteration index
le{l,...,L} Layer index
ke{l,...,K;} Component index within layer [
b Size of the BM25 candidate set C;(b)
P=N-b #pairs (paraphrased x BM25 candidates) used in evaluation
0 Model parameters
0o Model parameters at the start of training
0, Model parameters at iteration a
Or Model parameters at the end of training (fine-tuned model)
Na Learning rate at iteration a
Table A.1.: General indices and counts.
Symbol Meaning
D= {s;}}¥, Original dataset (instruction-response pairs)
D, = {sp, }¥, Paraphrased dataset (prompt and response paraphrased)
Dy = {sm, }¥, Model-generated dataset (paraphrased prompts, model outputs)
$i = (Sip, Sic) Sample i: prompt s;,, and generation s,
Sip = si_Pi, oy 89 Prompt tokens of length P;
Sig = 81,..., 85 Generation tokens of length G;
Spi = (Spip s Spig;) Paraphrased sample
$m; = (Smip,»Sm,,) Model-generated sample (s, , = sp, )
LLMpara(-) Paraphrasing model/function
LLM(-) Model under evaluation (produces s, _ )

Table A.2.: Datasets, samples, and tokenization.
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Symbol Meaning

L(s],0) Token-level loss at token j of sample i
L(si,0) = Gi Zszl L(s],0) Per-sample loss

pg(sf | s; P, sf _1) Next-token probability under the model
VoL(s;, ) Gradient of loss w.r.t. 6 for sample s;

Our1 =04 —1aVoL(S4,0,) Gradient descent update

Table A.3.: Loss and training notation.

Symbol Meaning
W={(k)} Index set of all layer components
W (LF) Parameter matrix of component k in layer [
L Number of decoder layers
K Number of components in layer [
M Total trainable parameters
E € RIVIxde Input embedding matrix
WO =ET ¢ R%*IVl " Tied LM head (output projection)
V| Vocabulary size
d Hidden size
dysy Feed-forward (MLP) width
Wg), Wg), W$)7 Wg) Attention Q/K/V/O projections in layer [
Wga)te, Wl(llr)), W((ilgwn MLP gate/up/down projections in layer !
My Naive param count without weight-tying
Apy Difference due to tying (Ay; = |V| - d, here)
Table A.4.: Model /parameter notation.
Symbol Meaning
vee, (+) Row-major vectorization R™*"™ —R™"
col(xy, ..., Tm) Collector/concatenation: stack vectors vertically
©, @ Elementwise product and elementwise division
v (si) = vee, (Vwam L(si, 0r)) Flattened gradient for component (1, k)
vy(si) = col (VW(0,0) (8i), - s V(L kL) (sl)) Full flattened gradient for s;
Table A.5.: Operators and flattened gradient vectors.
Symbol Meaning
R € R™XM Random projection matrix (Rademacher) for full vector (conceptual)
RGF) € Riawm*xIWEP T Per component projector (used in practice)
d, dgp Projection dimensions (global / per component)
pro] Target total projection dimension (budget)
dAmin, Min per-component dim and rounding granularity
Pui Parameter count of component (I, k)
p(si) Concatenated projected gradient for sample s;
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A.2. Preliminary Analysis of Gradient Dot Products

Symbol Meaning
(a,b)=a'b Dot product
e (2, ) a'b Cosine similarit
simeos(a, b) = osine similarity
lall [[b]

Ve = sieos (Vo(sp, ), va(s;)
Y e RP

1k
6{’1%; (1,k)
0ii " 05
D,
L

e D
Yij - 7

Diin/ Di;
pe

p(L) = simees (fﬁa Fe)

Full-model similarity (paraphrased — original)
Vector stacking all ’yﬁ ; over evaluated pairs
Per-component cross dot: vy a.x) (sp,) " vy (85)
Per-component self-dots for s,, and s;

5Lk

Accumulated cross dot over L: 37 e p 6; ;

Reconstructed cosine from selected components

Vector stacking all 4
Agreement with full-model similarities

Table A.6.: Similarities, dot-product caches, and reconstructed scores.

Symbol Meaning
BM25p(sp,, S;) BM25 score of s; for query s,, over corpus D
Ci(b) Ordered index set of top-b BM25 candidates for s, (contains 7)

accuracyy(Dp, D)
accuracyéb) (Dy, D)
accuracygga,k) (Dy, D)
accuracyg)) (Dyp, D)

3

Top-1 retrieval accuracy using full gradients over all j
BM25-restricted accuracy (compare only j € C;(b))
Per-component accuracy (using vy .») )

Accuracy using the selected set £

Small constant for numerical stability in divisions

Table A.7.: Candidate selection (BM25) and retrieval metrics.

Symbol Meaning
L Set of selected layer components (grows during forward greedy)
R =W\L Remaining components not yet selected

(L k), pr)
((lta kt)v at)

t-th selected component and running similarity score
t-th selected component and running accuracy score

Table A.8.: Greedy forward layer selection notation.

A.2. Preliminary Analysis of Gradient Dot Products

To validate the core assumption that paraphrased samples are most similar to their
originals, a preliminary analysis was conducted on a small subset of the data. Figure A.1
visualizes the dot products of the full-model gradients between 25 paraphrased samples and
their original counterparts. As illustrated there, the main diagonal contains significantly
higher values, indicating that the model is able to find the corresponding original data
points.
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Gradient Dot Product Heatmap
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Figure A.1.: Preliminary analysis of gradient dot products between paraphrased and
original samples.
A.3. Dataset Examples

This section provides concrete examples from the LIMA dataset to illustrate the trans-
formations applied in the paraphrased and model-generated settings.

A.3.1. Paraphrased

The paraphrased equivalent for the presented example for the LIMA dataset illustrated
in Subsection 4.1.2.

Paraphrased user message sp, -

Are brain cells capable of moving? Specifically, I’m referring to
long-distance migration, ideally occurring within the brain.

74



A.3. Dataset Examples

Paraphrased assistant message s, _:
G

The inquiry is quite extensive, and it’s important to recognize that the
brain is made up not only of neurons but also of glial cells (supporting
cells) and pre-mitotic neuronal stem cells. Additionally, as critical
colleagues in research have pointed out, the developmental stage is
crucial, since the developing embryonic brain is significantly different
from the fully developed adult brain. Nonetheless, after reviewing various
studies, the answer to the question turns out to be surprisingly
straightforward: Yes, brain cells do migrate. In the adult brain, glial
cells are known to migrate (Klambt, 2009). These glial cells perform
numerous functions, with a prominent example being oligodendrocytes,
which migrate over considerable distances to locate their target axons
and encase them to create the insulating myelin sheath

(Tsai and Miller, 2002). Neuronal stem cells also migrate long distances
in response to injury (Imitola et al., 2004), moving from specific
stem-cell areas (such as the hippocampus and subventricular zone) to
other parts of the brain (Clarke, 2003). It has been demonstrated that
post-mitotic but non-differentiated neurons can migrate within the

adult brain in fish (Scott et al., 2012) and also in mammals and
non-human primates (Sawada et al., 2011). Unsurprisingly, glial cells,
stem cells, and neurons also undergo migration during embryonic
development. Most notably, post-mitotic neurons that are intended for
peripheral roles must migrate over relatively long distances from the
neural crest to their designated target areas

(Neuroscience, 2nd ed, Neuronal Migration).

A.3.2. Model-Generated

The model-generated equivalent for the presented example for the LIMA dataset illus-
trated in Subsection 4.1.2.

Model-generated user message sp,, = Smy,,:

Are brain cells capable of moving? Specifically, I’m referring to
long-distance migration, ideally occurring within the brain.

Model-generated assistant message sy,

Brain cells, such as neurons, are indeed capable of moving. This
movement is crucial for various functions, including communication
between neurons and the formation of neural networks. However, the
extent of brain cell movement is limited by the physical constraints
of the brain’s structure.
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Neurons are highly organized and interconnected, forming complex
networks that enable the brain to process and interpret information.
The movement of neurons within these networks is facilitated by the
cytoskeleton, which provides structural support and allows for the
movement of the cell body.

While brain cells can move within the brain, the movement is typically
limited to short distances and is not as extensive as the movement of
neurons in other parts of the body. The brain’s structure and the
limitations of its physical constraints prevent the movement of brain
cells over long distances.

i

Yes, brain cells can move, but it is limited to short distances within
the brain.

A.4. Results

This section contains supplementary figures that provide a more detailed, layer-by-layer
breakdown of the results presented in the main body of the thesis.

A.4.1. Accuracy per Layer Component

The following figure visualizes the retrieval accuracy for each individual layer component.

Paraphrased

Figure A.2 shows the retrieval accuracy for each layer component in the paraphrased
setting, complementing the aggregated view in the main results chapter.

A.4.2. Comparison between Layer Components and Full Gradient

The following figures illustrate the cosine similarity between the score vectors of each
individual layer component and the score vector of the full model gradient, broken down
by layer depth.

Paraphrased

Figure A.3 details this comparison for the paraphrased setting.

Model-generated

Similarly, Figure A.4 shows the comparison for the model-generated setting.
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Figure A.2.: Accuracy per layer in the paraphrased setting
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Figure A.3.: Comparison of single layer component and full model gradient scores for the
paraphrased setting.

A.5. Code and Repository

The complete project code can be found on the following GitHub repository: https:
//github.com/lukas-hinterleitner/master-thesis.
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Figure A.4.: Comparison of single layer component and full model gradient scores for the
model-generated setting.
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