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Abstract

In the noisy intermediate-scale quantum era, quantum machine learning demon-
strates significant potential advantages in many quantum applications, such as
solving linear equations, variational quantum algorithms, and quantum chem-
istry. Currently, most quantum machine learning schemes rely on universal
quantum computing architectures, while research on photonic systems remains
relatively limited. In contrast, photons offer advantages such as long coher-
ence times, room-temperature operation, and large-scale quantum interference,
as showcased in boson sampling experiments. However, how to utilize single
photons for scalable and robust quantum machine learning tasks remains an
open question.

Building on this foundation, and inspired by quantum interference and photon
indistinguishability, we introduce a quantum kernel method and analyze scaling
laws in photonic quantum machine learning. The quantum kernel method
encodes classical data into high-dimensional photon number states, thereby
expanding the feature space and enhancing data representation capabilities.
We also benchmark the quantum kernel method against various classical kernel
approaches and experimentally verify quantum-enhanced performance on rep-
resentative datasets. Furthermore, we theoretically establish a photon number
scaling law, showing that increasing the photon number improves learning capa-
city and data efficiency in learning tasks. This result is preliminarily validated
through experiments on unitary matrix learning and metric learning. Finally,
we investigate the application of photonic quantum machine learning to natural
language processing and discuss the prospects of quantum edge computing,
highlighting their significance for future space-based applications.

In summary, the work presented in this thesis provides a theoretical foundation
and experimental evidence for the scalable implementation of photonic quantum
machine learning, revealing its potential advantages and application prospects
in practical tasks.






Kurzfassung

Im Zeitalter der noisy intermediate-scale quantum Ara (NISQ) zeigt quantum
machine learning bedeutende potenzielle Vorteile in vielen Quantenanwendun-
gen, wie der Losung linearen Gleichungen, variationalen Quantenalgorith-
men und Quantenchemie. Derzeit stiitzen sich die meisten Verfahren des
quantenmaschinellen Lernens auf universelle Quantencomputer-Architekturen,
wahrend die Forschung zu photonischen Systemen relativ begrenzt bleibt. Im
Gegensatz dazu bieten Photonen Vorteile wie lange Koharenzzeiten, Raumtem-
peraturbetrieb und grof3skalige Quanteninterferenz, wie in Bosonensampling-
Experimenten gezeigt. Wie jedoch Einzelphotonen fiir skalierbare und robuste
quantenmaschinelle Lernaufgaben genutzt werden kénnen, bleibt weiterhin eine
offene Frage.

Aufbauend auf dieser Grundlage und inspiriert von Quanteninterferenz und
Photonen-Ununterscheidbarkeit fiihren wir eine Quanten-Kernel-Methode ein
und analysieren Skalierungsgesetze im photonischen quantenmaschinellen
Lernen. Die Quanten-Kernel-Methode kodiert klassische Daten in hochdimen-
sionale Fock-Zustand (auch Photonenzahl genannt) und erweitert dadurch den
Merkmalsraum sowie die Datenreprasentationsfahigkeiten. Wir vergleichen die
Quanten-Kernel-Methode auch mit verschiedenen klassischen Kernel-Ansatzen
und zeigen experimentell, dass es mit der ersten Methode einen Leistungsboost
bei den reprasentativen Datensitze gibt. Daruber hinaus etablieren wir hier
ein theoretisches Photonenzahl-Skalierungsgesetz, welches zeigt, dass die Er-
hoéhung der Photonenzahl die Lernkapazitit und Dateneffizienz in Lernaufgaben
verbessert. Dieses Ergebnis wird vorlaufig durch Experimente zum Lernen
unitdrer Matrizen und Metriklernen validiert. Schlieflich untersuchen wir die
Anwendung des photonischen quantenmaschinellen Lernens auf die nattir-
liche Sprachverarbeitung und diskutieren die Aussichten des Quanten-Edge-
Computing, wobei wir ihre Bedeutung fiir zukiinftige weltraumbasierte An-
wendungen hervorheben.

Zusammenfassend liefert die in dieser Arbeit prasentierte Forschung eine
theoretische Grundlage und experimentelle Evidenz fiir die skalierbare Imple-
mentierung des photonischen quantum machine learning und offenbart dessen
potenzielle Vorteile und Anwendungsaussichten in praktischen Aufgaben.
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1 Introduction

The Church-Turing thesis provided a foundational answer to the general com-
putability problem, ushering in the era of modern computer science and tech-
nology [1}, 2]. Turing’s thesis introduced the concept of the Turing machinea
theoretical device that uses a paper tape to represent the machine’s state and
performs computations by applying a sequence of operations over time. This
abstraction laid the groundwork for nearly a century of progress in computation,
spanning from tape-based machines to the ENIAC, from the invention of the
transistor to the microprocessor, and ultimately from classical computing to
quantum computing.

For decades, the advancement and scalability of classical computing have
been driven by Moore’s Law, which predicts the exponential growth in the
number of transistors on integrated circuits. Today, the semiconductor industry
routinely fabricates chips containing hundreds of trillions of transistors, a
number that continues to rise. However, as cutting-edge complementary metal-
oxide-semiconductor (CMOS) technology approaches the nanometer scale [3), 4],
the end of Moore’s Law is becoming inevitable. At these scales, quantum effects
such as electron tunneling undermine the on-off mechanism of transistors,
threatening the reliability of classical devices.

Moreover, shrinking integrated circuits leads to increased power consump-
tion [5]. As components reach nanometer dimensions, leakage currents become
a significant contributor to power dissipation, complicating heat management
and device reliability. Ultimately, the benefits of scaling will diminish, and
classical computing will face fundamental limitations in hardware improvement.

Photonic quantum computing

Although developed independently across different continents, the two theor-
iesquantum mechanics and computation theoryhave had successes in their re-
spective fields. Almost during the same century and somewhat earlier, quantum
mechanics was developed to solve micro-scale problems such as the hydrogen
atom and black-body radiation. In later years, it has been widely accepted
and adopted in modern physics research. Based on quantum mechanics, in
the 20th century, knowing the statistical distribution and natural behavior of
particles like photons and electrons, physicists and engineers have invented
many technologies, such as the laser, the transistor, the superconductor, and so
on. Nevertheless, quantum mechanics not only provides the theoretical toolbox
for understanding tiny particles and devices, but also offers a new computing
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paradigm, which shows exponential speedup in some specific tasks. Approach-
ing the end of the aforementioned Moore’s Law, interdisciplinary researchers
have been seeking new computing machines and quantum computing is one of
the most promising candidates.

Quantum computing emerged to solve these problems through its quantum
properties, such as superposition and entanglement [6]. Rather than classical
bits which only record bit O or 1, quantum bits (qubits) can be in a superposition
of state |0) or state |1). This can be implemented by using the ground and
excited states of an atom, or any other artificial two-level systems. In this way,
considering the information entropy, a single qubit can encode more than one
bit of information, and multiple qubits can then encode an exponential amount
of information. From the 1990s onwards, the quantum computing community
has been growing rapidly, and many quantum algorithms have been proposed
to solve the problems that are hard for classical computers. Overall, the two
most famous algorithms in the beginning of quantum computing theory are
Shor’s algorithm [7] and Grover’s algorithm [8], which can factorize a number
and search an unsorted database in polynomial time, respectively.

From the experimental perspective, to realize and manipulate these quantum
properties, physicists have developed various quantum computing platforms,
such as photons [9 [10], trapped ions [11-H13], superconducting qubits [14-
17], spin qubits [18-21], and others. In each of these platforms, the most
challenging aspect is maintaining the coherence of physical qubits, so that
quantum information can be preserved, controlled and measured. Unfortunately,
qubit coherence is very fragile and easily disturbed by environmental noise,
which causes decoherence of the quantum information.

So far, all these platforms feature different properties and advantages, and
have demonstrated the capability for universal quantum computing. Among
all quantum computing platforms, photonic quantum computing features long
coherence times and room-temperature operation, and has demonstrated the
capability for universal quantum computing using linear optics and single
photons [9} [10]. Photonic systems pioneered quantum information processing,
first demonstrating violation of Bell’s inequality in the 1970s [22] and quantum
teleportation in the 1990s [23], which paved the way for basic quantum informa-
tion protocols. Considering the degrees of freedom (DoF) of photons, researchers
have also proposed every possible qubit encoding, such as polarization, time-bin,
spatial mode, orbital angular momentum, frequency, and others. Although all
these degrees of freedom exhibit different physical phenomena, they are all
based on photon interference and linear optics.

Meanwhile, Aaronson and Arkhipov proposed the boson sampling problem
as a demonstrative task of quantum supremacy, which means humans cannot
simulate this problem using classical computers if the problem scale is large
enough [24]. Afterwards, groups around the world have experimentally realized
the boson sampling problem using photons [25-27] and the Gaussian boson



sampling problem using squeezed states. Finally, the Gaussian boson sampling
experiment showing quantum supremacy was demonstrated by the USTC group
in China [28], which used 100 optical modes and up to 76 photons, with a
counting rate of more than 10 million per second. Along with the random circuit
sampling problem, which is usually implemented using superconducting qubits
in a universal quantum circuit, researchers have shown that quantum machines
can outperform classical computers for the first time in 2019.

Photonic integrated circuits

Meanwhile, from the development of electronic devices mentioned above, es-
sentially the evolution of integrated circuits, the lesson we have learned is that
Moore’s Law is not only about scaling, but also about device integration. Con-
sidering conventional photonic devices, such as single photon sources, beam
splitters, electro-optic modulators, and photon detectors, they are all bulky
and suffer from loss and misalignment. For example, in the latest large-scale
Gaussian boson sampling experiment [28] and related experiments |29, 30], the
optical components including photon sources and detectors are all bulky optics,
which are expensive and difficult to align. Integrated photonic circuits (PICs)
provide a solution to these problems by integrating all optical components on
a single chip, where light can be trapped and manipulated in waveguides. To
fabricate such PICs, the most conventional method is to use CMOS technology,
which is available and well-commercialized for conventional electronic integrated
circuits. Typical PICs use silicon as the main material and feature millimeter
footprints, making the scaling of optical modes much easier than with bulky
optics.

Therefore, there is a natural tendency to implement photon-based quantum
computing on PICs, from basic quantum gates to universal quantum circuits [31-
34]. Recent research has shown that PICs can implement various protocols
such as circuit-based quantum computing [35, |36] and measurement-based
quantum computing [37-39]. The largest PIC so far contains 32 optical modes
and generated 4 photons across all modes [39], showcasing the capability for
generating large cluster states for measurement-based quantum computing. In
addition, PICs can also serve as transmitters for quantum communication, such
as quantum key distribution (QKD) and quantum teleportation [40-44]. For
boson sampling, earlier experiments using PICs have demonstrated few modes
and few photons, as coupling losses have limited the counting rate [26, 27,
45]. However, bulky optics have not been able to reach the full functionality
of a universal interferometer network, and PICs remain very promising for
implementing boson sampling within intermediate-scale devices.
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Quantum machine learning

Nevertheless, it remains challenging to realize large-scale universal quantum
computers for all physical systems, not only to build more qubits, but also to
keep all qubits coherent and coupled. In 2019, Preskill proposed the noisy
intermediate-scale quantum (NISQ) era [46], which means current quantum
devices are not error-corrected and contain only dozens to hundreds of qubits.
In this era, quantum machine learning (QML) is one of the most promising
applications, combining the power of quantum computing with machine learning
theory [47H49].

Meanwhile, classical photonic systems also demonstrate capability in machine
learning tasks, such as photonic neural networks [50-54]. In these systems,
photonics benefits from high-speed processing and low power consumption. In
particular, matrix-vector multiplication, which is the core operation in neural
network training, can be implemented using linear optics. Here, linear optics
are used to implement programmable matrix multiplication, which was first
proposed in 1989 by Reck et al. [55] and extended by Clements et al. [56].

Inspired by these efforts, research has begun deploying PICs to implement
quantum machine learning (QML) algorithms, representing a novel combination
of photonic quantum computing and machine learning advantages. For ex-
ample, considering photon number states, the Hilbert space scales polynomially
with photon number and optical modes, which is much more favorable than
qubit-based quantum computing. In this way, one can encode classical data
into high-dimensional quantum states, thereby enhancing data representation
capability and quantum circuit expressivity. Moreover, the flying qubit nature
of photons enables quantum machine learning implementations that are faster
than conventional systems, without requiring cryogenic systems or high power
consumption.

In Vienna, our team has demonstrated several pioneering works in photonic
quantum machine learning. The first quantum reinforcement learning (RL)
algorithm was implemented on PICs [57], which utilizes programmable Mach-
Zehnder interferometers to implement quantum gates and trains the circuit
to either gain reward or not. In this experiment, the quantum advantage is
associated with Grover’s search algorithm. Another example is the quantum
memristor [58]. A classical memristor is an electronic device that can store
the history of current, showing non-linear and non-volatile properties. The
photonic memristor behaves similarly, as one can tune photon transmission
using previous photon flux via photon counting thus showing memory effects.

Another direction that has recently been considered as part of quantum ma-
chine learning is variational quantum algorithms (VQAs). First demonstrated on
photonic systems [59], VQAs leverage the principles of quantum superposition
and entanglement to optimize complex functions, making them particularly suit-
able for tasks like feature selection and model training in machine learning [60),
61].



In summary, this dissertation targets to explore the interdisciplinary field of
photonic quantum machine learning (PQML), which lies at the intersection of
quantum computing, machine learning, and photonics.

As illustrated in Fig. the overlap of any two of these three domains
has already led to innovative approaches: quantum machine learning lever-
ages quantum computing to enhance machine learning tasks in the noisy
intermediate-scale quantum (NISQ) era; photonic quantum computing exploits
the unique properties of photons, such as multiple degrees of freedom and
long coherence times, to implement quantum algorithms; and photonic neural
networks integrate neural network architectures within photonic circuits, en-
abling efficient matrix-vector multiplication, a core operation in neural network
training.

PQML aims to realize quantum machine learning on photonic platforms,
particularly PICs. This thesis is organized into three parts: Part I introduces
foundational concepts and motivation; Part II presents rigorous theoretical
protocols and their experimental demonstrations; and Part III discusses specific
practical applications of PQML.

Part I comprises four introductory chapters. These chapters provide the
motivation for this research, covering the background of linear optics quantum
computing (LOQC), an overview of photonic integrated circuits, and foundational
concepts in quantum machine learning.

Chapter 1| reviews the historical development of quantum computing, photon-
ics, and machine learning, highlighting their convergence and the emergence
of PQML as a new interdisciplinary field. Chapter [2| delves into quantum com-
puting, with a focus on photonic platforms. It introduces the circuit model,
the principles of LOQC, and the boson sampling problem, which demonstrates
quantum advantage over classical computation. Chapter [3|discusses photonic
integrated circuits (PICs), emphasizing their scalability, integration capabilities,
and advantages over bulk optics for quantum machine learning applications. It
also addresses the challenges of implementing and calibrating arbitrary linear
optical circuits. Chapter [4|introduces the basic concepts of quantum machine
learning, including both classical and quantum approaches. It then presents
the theoretical framework for machine learning and parameterized quantum
circuits (PQCs) as a universal model for quantum machine learning.

Part II focuses on two general and rigorous PQML frameworks. Chapter
benchmarks the performance of kernel-based PQML, demonstrating the ad-
vantage of using indistinguishable photons in machine learning tasks. This
approach highlights quantum advantages in data expressivity and classifica-
tion performance. Chapter [6]investigates the scaling properties of PQML. By
introducing multiple photon states into linear optical circuits, it explores how
this leads to polynomial scaling of the accessible Hilbert space and enhances
learning capacity for complex machine learning problems. We showcased two
tasks, unitary learning and metric learning, both of which are demonstrated
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theoretically and experimentally.

Part III highlights specific PQML applications, recognizing that quantum
advantage is not universal across all machine learning tasks. Chapter|[7]presents
the first experimental demonstration of quantum natural language processing
(QNLP) using photonic systems, bridging quantum technologies and practical
machine learning. Chapter |8 offers a forward-looking perspective on PQML,
including the deployment of quantum machine learning payloads in space, with
a payload developed during this project that was launched in the summer of
2025 via a D-Orbit ION carrier.

D~

photonic quantum
computing

quantum machine
learning

machine
learning

¥

photonic neural networks

Figure 1.1: The core concept of photonic quantum machine learning. Photonic
quantum machine learning (PQML) lies at the intersection of
quantum computing, machine learning, and photonics. Each pair-
wise overlap has led to innovations: quantum machine learning uses
quantum computers for advanced learning tasks; photonic quantum
computing exploits photons for quantum algorithms; and photonic
neural networks implement efficient matrix operations in photonic
circuits. PQML unites these fields to enable quantum-enhanced
machine learning.



2 Photonic Quantum Computing

In this chapter, we introduce the fundamental theory of linear optical quantum
computing and boson sampling. We begin by reviewing the universal quantum
computing model, focusing on qubits and quantum gates. Next, we present the
linear optics quantum computing framework, where quantum information is
encoded in photons and manipulated using linear optical elements. We then
discuss measurement-based quantum computing, an alternative paradigm par-
ticularly well-suited to photonic systems. Finally, we explore the boson sampling
problem, which generalizes linear optical systems for quantum computing and
highlights the computational complexity of simulating bosonic systems.

2.1 Universal quantum computing

In quantum computing, the qubit is the fundamental unit as it exists in a
superposition of only two states, |¢)) = «|0) + §|1), where « and  are complex
numbers normalized to unity. Compared with classical bits that represent either
0 or 1, qubits can exist in a superposition of both basis states. Considering the
degrees of freedom of a single qubit: first, both « and  are complex numbers.
Second, the normalization constraint reduces one degree of freedom. Finally,
the global phase factor common to both « and  can be factored out, removing
another degree of freedom. Thus, a single qubit has only two true degrees of
freedom. Mathematically, it is common to represent a qubit state as a point on
the Bloch sphere, which is a unit sphere:

[9) = cos(6/2) |0) + €*®sin(6/2) 1) 2.1)

where 6 is the polar angle and ¢ is the azimuthal angle. Note that in principle,
both ¢ and ¢ are in the range [0, 27), but in practice, ¢ is usually restricted to
[0, 7] and ¢ to [0,27). For 6 > 7, the state is equivalent to replacing ¢ with 27 — 6
and ¢ with ¢ + 7, as illustrated clearly in Fig. [2.1]

In quantum computing, another way to describe qubits is through the density
matrix. For pure states, the density matrix is given by the outer product of the
qubit state, p = |¢) (¢|. For mixed states, the density matrix is given by a classical
probability distribution, p = >, p; |1;) (|, where p; is the probability of state |1;).
The density matrix is Hermitian, positive semi-definite, and trace-preserving,
which means Tr(p) = 1:

p=pl, Vr, 2Tpzr >0, Tr(p) =1 (2.2)
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Figure 2.1: The Bloch sphere representation of a single qubit state |¢) =
cos(6/2) |0) + e*®sin(f/2) |1). Here, 6 is the polar angle and ¢ is the
azimuthal angle.

For multiple qubits, the density matrix is given by the tensor product of the
individual qubit density matrices, p = p; ® p2 ® - - - ® p,,. Regarding the positive
semi-definite property, there exists a spectral decomposition of the density
matrix, p = >, \i |¢i) (pi|, where \; are the eigenvalues and \; > 0.

To perform quantum computing, one needs quantum gates to manipulate
qubit states, such as Clifford gates and T-gates. The Clifford gates comprise a
set of quantum gates that includes the Hadamard gate, the X-rotation gate, the
Y-rotation gate, the Z-rotation gate, and the CNOT gate. In the single-qubit case,
local gates like the Hadamard gate and rotation gates correspond to reflections or
rotations of the qubit vector on the Bloch sphere. The Gottesman-Knill theorem
proved that any quantum circuit can be decomposed into a sequence of Clifford
gates and T-gates, which constitutes a universal gate set [62]. In this way,
the topology and parameters of a quantum circuit define a specific quantum
algorithm or quantum process. Hence, a complete-positive trace-preserving
(CPTP) map is a quantum process that can be represented by a quantum circuit:

)

E(p) =Y KipK], S KlK;=1 (2.3)

In the Schrodinger picture, the CPTP map is a unitary matrix U that acts on
the qubit state |¢):

E(p) =UpU? (2.4)
For applications like quantum simulation, which studies quantum processes

usually represented by a Hamiltonian #, the Hamiltonian serves as the Lie
algebra generator of the unitary matrix U in group theory:

U = e "Mt (2.5)



2.2 Linear optics quantum computing

2.2 Linear optics quantum computing

To implement quantum computing in optical systems, we must first identify a
two-level system. Like many other physical systems, photons can be superposed
across two or more modes. Considering only one photon superposed across
two modes, it is natural to represent the basis of a single qubit. The question
then becomes finding the proper optical modes to operate any SU(2) unitary
transformation. Fortunately, there are many natural optical modes that can be
used, such as the polarization of a single photon or the path in a Mach-Zehnder
interferometer (MZI). More generally, qubits can be represented by frequency,
time-bin, and orbital angular momentum. Next, we need to ensure that the basis
is unbiased. Polarization is a good example, as the operation of half-waveplates
and quarter-waveplates can transform the quantum state into other orthogonal
bases, which correspond to the rotation-X and rotation-Y operators. The same
principle applies to path coding. In the following, we focus on path coding of a
single photon across two optical modes, which is called dual-rail encoding [9].

For single qubit gates, an MZI with two phase shifters is equivalent to one
Hadamard gate, one Z-rotation gate with phase ¢, another Hadamard gate, and
another Z-rotation gate with phase ¢ [63]. E]

1 i\ (e? 0\ (1 i\1[e? 0
MZI(Q’@:(i 1)(0 1) <z 1)2(0 1) 2.6)

_ie0/2 e?sinf/2  cos/2
B e cosf/2 —sinf/2

If we consider the product of the rightmost three matrices, the product is
equivalent to an X-rotation gate with phase . Thus, the total product of the
four matrices composes a Z-rotation gate with phase ¢ and an X-rotation gate
with phase 6, up to a global phase factor ie*?/2.

However, the main challenge in realizing photonic quantum computing is the
implementation of two-qubit gates, typically the controlled-NOT (CNOT) gate.
Here, either the control qubit or the target qubit can perform single qubit gates
on the corresponding optical modes, but they lack the photon-photon interaction
required to perform the following operations: |00) — |00), [01) — |01), |10) — |11),
and |11) — |10). Alternatively, we can use creation operators to describe the
process, which is more intuitive in the Fock space:

Tt Tt

aqag — a1ay, Tal 1)

(303 — Aoay, a;az — agag. (2.7

'Rigorously, the beam splitter is not identical to a Hadamard gate, but it is equivalent to a
Hadamard gate with a phase factor i.
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Figure 2.2: The MZI operates as a special unitary matrix SU(2) on the input
field. The two phase shifters perform Z-rotation gates, and the beam
splitters perform Hadamard gates, which is equivalent to the product
of one X-rotation gate with phase # and another Z-rotation gate with
phase ¢.

Rx(6/2) } - [ sue

Here we denote the basis of the control qubit as a{ and a;, and the target qubit
as ag and afl.

Clearly, for the first two terms, the transition is not allowed simply because
the photon number operator is conserved. For the latter two terms, the target
qubit photon must flip according to the control qubit, which is not allowed in
linear optics.

There exists a much simpler way to encode two-qubit gates using only one
photon across four optical modes. In this case, 2V optical modes are needed
to represent NV qubits. However, this scaling is exponential in the number of
optical modes, which is impractical for large-scale quantum computing.

This challenge has led to several solutions for implementing two-qubit gates,
which constitutes the main difficulty of linear optics quantum computing. The
first solution uses entangled photon pairs to perform a non-deterministic nonlin-
ear phase shift that succeeds with probability 1/4, known as the KLM scheme [64].
The second solution uses two ancilla vacuum modes to post-select a subspace
of the two-qubit gates, which is not deterministic but can be achieved with
high success probability [65, 66]. The first experimental demonstration was
in 2005 by O’Brien et al., which implemented a non-deterministic CNOT gate
using two-photon interference with a success probability of 1/9.

Another approach uses atomic systems or other artificial atoms, including
quantum dots, atoms, and spins, to assist the photon-photon interaction [68-70].
For example, a single atom can mediate the interaction between two photons,
effectively creating a two-qubit gate [69]. This approach relies on strong coupling
between the artificial atom and the photons, usually achieved in an optical cavity
or waveguide [70| [71]. However, this method is experimentally challenging due
to the requirement of strong coupling and precise control of the atom-photon
interactions.

2.3 Measurement-based quantum computing

Apart from the aforementioned probabilistic linear optics approach, we also
discuss the concept of measurement-based quantum computing (MBQC), also

10
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Figure 2.3: The fusion gate for measurement-based quantum computing. The
fusion gate heralds the successful generation of a cluster state by
measuring one photon from a large number of photons.

known as one-way quantum computing [72-74]. It is proven to be equivalent
to the circuit model of quantum computing [73, |75]. In this framework, rather
than representing each qubit by a single photon, it uses a large set of entangled
states, called graph states or cluster states:

G) =[] CZup @ I+), (2.8)

(a,b)€E veV

where G = (V, E) is a graph with vertices V and edges E, |+) = (|0) + |1))/V2 is
the plus state, and CZ,, is the controlled-Z operation between qubits a and b.

To generate such entangled states in photonic systems, one typically uses
parametric processes such as SPDC or SFWM to produce entangled photon
pairs, which are then combined into larger entangled states using so-called
fusion gates [76H78]. This method is particularly well-suited to photonic systems,
as high-quality entangled photon pairs can be reliably generated using these
processes [79-81].

A central operation in this approach is the fusion gate, as illustrated in Fig. [2.3]
Here, two cluster states are fused into a larger cluster state by performing a Bell
state measurement (BSM), which is typically implemented using a beam splitter
followed by single-photon detectors. When one of the detectors registers exactly
one photon, the measurement projects the input photons onto an entangled
Bell basis, thereby fusing the two cluster states. This process is also called post-
selection, as the successful fusion is heralded by the detection event. However,
this process succeeds with a probability of 50% and requires sacrificing one
photon [82].

2.4 Fock space, linear optics and boson sampling

From the above discussion, it is clear that there exists a gap between the qubit
basis and photon number states across multiple optical modes. As bosonic
particles, photons can occupy multiple modes with an arbitrary number of
photons. Consider a quantum system with m modes, with n photons occupied

11
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(™) Fock space

one photon multiple photons

Figure 2.4: Fock space representation of photonic quantum states.

in total. Each basis can be represented by a photon number state:

o1 T\n2 .. (o1 Vm
|n>==\n¢,nz,~.,run>::(al) (ay) (ar,) 0)®™ (2.9)
nilng! - ngy!

Here, n; is the number of photons in the i-th mode, and }_;", n; = n. The creation
and annihilation operators satisfy the bosonic commutation relations.

It is straightforward to calculate the number of states allowed in this photon
number space ®,,,,,, which is a photon-number-conserved subspace truncated
from the Fock space ®,,,,, C F. The dimension of this space is given by:

zwzmm@m:<m+”_v 2.10)

n

Using the Stirling approximation, the dimension of the Fock space grows expo-
nentially with the number of modes m and photons n. For large m and n, this
scaling is much faster than the 2" growth of the qubit Hilbert space, highlight-
ing the computational complexity inherent in simulating bosonic systems. For
example, when the number of photons equals the number of modes m = n, it
scales faster than the qubit space, which is 2".

Inspired by this observation, in 2011, Aaronson and Arkhipov introduced the
Boson Sampling problem, which generalizes linear optics and photon number
states.

Theorem 2.1. Given a unitary matrix v with m modes, and an input photon

number state |s) = |s1, s2,. .., Sm) containing n photons, the probability of detecting
a specific output state |t) = |t1,ta,...,t,) is given by the permanent of the matrix
(T
Perm(a
(o)) = ) @.11)

Vsl syttt !
Here @ is ann x n matrix, which is generated from the unitary matrix u by repeating
the i-th column s; times, and the j-th row t; times.

12



2.4 Fock space, linear optics and boson sampling

There are several interesting points to note here. First, there are three matrices
present: the unitary v € C™*™, the matrix @« € C"*", and the unitary ¢(u) €
CP*P, Second, despite the depth of the linear optics circuit, the unitary u is
always m x m. For example, for a circuit with L layers of MZIs, the total unitary
is given by the product of the L unitaries, v = upur_; - --u;, where each u; is
always an m x m unitary matrix. Third, the matrix @ is not always unitary as
it repeats the rows and columns of u. Finally, the unitary ¢(u) is the actual
quantum process that acts on the Fock space F, which transforms the input
state |s) to the output state |t). Therefore, if one could sample all the input
states and output states, it would be equivalent to knowing the entire quantum
process ¢(u). Clearly, the dimension of ¢(u) is M, which grows exponentially
with m and n.

Hardness and approximation of Boson Sampling

In Ref. [24], it is proven that Boson Sampling is #P-hard to simulate classically.
This means that no polynomial-time classical algorithm can solve this problem
unless the polynomial hierarchy collapses to the third level, which is considered
highly unlikely in computational complexity theory. The core of the proof relies
on the fact that calculating the permanent of a matrix is #P-hard, and the
output probabilities of Boson Sampling are directly related to the permanents
of @ [83].

However, subsequent works have developed approximation methods for Boson
Sampling, which are known as Gurvits’ approximation [84]. First, Glynn’s
formula exists to calculate the permanent of a matrix:

Theorem 2.2. Given a matrix X, the approximation of the permanent of X is

given by:
n
Perm(X) = EmNN(O,l) T1X2...2Tp H(ai71$1 + ai,2x2 + -+ amﬂcn) (2 12)
i=1
where N is the normalized distribution of vector € = (x1,za,...,1,)’ € R™.

Therefore, in Ref. [85], it is proven that to estimate the permanent of a matrix,
one runs O(n?/e?) iterations to achieve +¢||A||" additive error, where ||A|| is the
operator norm of matrix A. This concludes that the Boson Sampling problem
can be estimated efficiently within a small error in polynomial time.

Lie algebra and Lie group in linear optics

Similarly, in Ref. [24], one insightful observation is that the map ¢, connecting
two unitary groups U(m) and U (M), is a homomorphism map, ¢ : C**" s CP*P,
Note that U(m) is the unitary group of m x m unitary matrices, which acts on the
classical optical modes. Meanwhile, U (M) is the unitary group of M x M unitary

13
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matrices, which describes the actual quantum process in the Fock space. Since
¢ is a homomorphic map, one can study many properties in the exponential
Fock space through the m-dimensional U(m) group.

A very useful property of this homomorphism is that:

©(AB) = p(A)p(B), YA,B € u(m). (2.13)

This means for the Boson Sampling problem, sampling the product matrix ¢(AB)

is equivalent to sampling the product of the two matrices ¢(A) and ¢(B).
Furthermore, in Ref. [86], the commutation relation between the classical unit-

ary u(m) and Fock space unitary U (M) is explained more clearly, as illustrated

in Fig. 2.5,

d
u(m) Y (M)
exp k l exp
U(m) - U(M)

Figure 2.5: The relation between Lie algebra and Lie group in linear optics. u(m)
and u(M) are the Lie algebras of U(m) and U(M) respectively. The
exponential map connects the Lie algebra to the Lie group, while the
homomorphism dy connects the two Lie algebras.

Here, u(m) is the Lie algebra of U(m), which is the set of all m x m Hermitian
matrices. u(M) is the Lie algebra of U(M ), which is the set of all M x M Hermitian
matrices, corresponding to the Hamiltonian of the quantum process in Fock
space. One can understand both Lie algebras as the tangent space of the Lie
group, which means that in both spaces, the Hermitian matrices generate the
unitary matrices through the exponential map.

In summary, linear optical quantum computing has demonstrated the cap-
ability in the following experiments. First, it can implement arbitrary single
qubit gates using MZIs. Second, it can implement non-deterministic two-qubit
gates using ancilla photons. Based on these two building blocks, it has suc-
ceeded and is leading in demonstrating small-scale quantum algorithms, such
as factoring [87], one-way computing [88], quantum walk [89) 90] and quantum
simulation [91]. Third, it shows the capability of generating entangled photon
pairs using SPDC up to twelve photons [92]. In the scheme of boson sampling, it
was first demonstrated with a few photons [25-27, |93]. Furthermore, extending
the photon number states into weak squeezed light, it was demonstrated up
to 76 output photon clicks [94], which demonstrates quantum supremacy over
classical computers.
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2.4 Fock space, linear optics and boson sampling

Nevertheless, looking toward the future of photonic quantum computing, there
are still many challenges to overcome. First, the photon sources are still not
perfect single-photon sources, suffering from either probabilistic generation or
multiphoton emission. This is especially crucial for SPDC sources. For ideal
single-photon sources, such as quantum dots, they can be deterministic but still
suffer from probabilistic coupling and low indistinguishability. Second, photon
loss remains a significant issue for both free-space and integrated photonics,
including coupling loss, propagation loss, and detection loss. Third, current
research mainly focuses on linear optics, but nonlinear effects such as Kerr gates
are still not practical due to low efficiency. To overcome these challenges, future
research should focus on many aspects, including the development of high-
quality photon sources, low-loss photonic components, and efficient nonlinear
optical processes. By solving these challenges, photonic quantum computing
can continue to advance and realize its full potential in quantum information
processing.
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3 Photonic Integrated Circuits

Referring to the previous chapter, free-space optical components have been widely
used in quantum optics experiments for decades. However, as the complexity of
quantum optics experiments increases, free-space optics face several challenges,
including large footprints, instability, and high costs. The core idea of photonic
integrated circuits (PIC) is to solve the above issues by integrating all free-space
optical components into a single chip [95-99]. This integration aims to: 1)
reduce the footprint of optical systems, 2) improve system stability and reliability,
3) reduce mass production costs, 4) enhance system scalability, and 5) decrease
energy consumption.

In this chapter, we first summarize the materials related to the silicon family—
silicon (Si), silicon nitride (SiN), and fused silica—which are the most CMOS-
compatible materials from a quantum optics perspective. Next, we introduce the
basic components used in PIC for photon manipulation, in perspective of both
classical and quantum optics experiments. Furthermore, we discuss universal
circuits for linear optics quantum computing, focusing on their composition and
decomposition into interferometer arrays, as well as circuit calibration methods.

Figure 3.1: Integrated photonic circuits made of several different materials (sil-
icon, SiN, silica, from left to right) manufactured by AFM, CNR
(start-up as Ephos now), and Lionix.

3.1 Material Platforms

Over the past half century, the development of electronic integrated circuits has
relied on the CMOS process using silicon as the primary material, demonstrating
the capability to integrate millions or billions of transistors within a millimeter-
scale footprint. This has also made silicon the most popular material for PIC
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due to its CMOS compatibility. However, as a semiconductor with an indirect
band gap, silicon cannot emit light directly, which presents the main challenge
for optoelectronic integration.

For quantum optics applications, single photon sources based on paramet-
ric down-conversion nonlinear processes do not require direct light emission
from silicon, but rather rely on optical nonlinearity. Although silicon lacks
second-order optical nonlinearity due to the symmetry of its crystal lattice, it
does possess third-order optical nonlinearity. Unlike conventional spontaneous
parametric down-conversion using second-order nonlinearity, third-order nonlin-
earity enables spontaneous four-wave mixing (SFWM), which has been reported
to generate parametric down-conversion photons over the last decade [100].

Meanwhile, silicon can detect single photons at nanometer resolution through
the avalanche effect in photodiodes [101-103]. However, this effect only works for
short-wave infrared light around 800 nm, while SFWM generates single photons
in the telecom band around 1550 nm. Therefore, superconducting nanowire
single photon detection, either off-chip or through on-chip integration, has been
developed as an alternative solution [104, 105].

Similar to silicon, SiN is another material that has recently attracted sig-
nificant attention in both industrial and academic communities. SiN has a
lower refractive index than silicon, which typically results in a larger device foot-
print. The lower Kerr nonlinearity of SiN also necessitates the use of resonator
structures, such as micro-rings, to enhance the nonlinearity [106]. Another
advantage of SiN is its transparency range from 400 nm to 2200 nm, which
enables operation in both visible and near-infrared wavelength ranges.

Silica is another material used for PIC fabrication, which was first demon-
strated in realizing a quantum CNOT gate [107]. General silica used in photonics
encompasses several different material systems, including Hydex glass [108],
boro-aluminosilicate glass, and conventional silicon dioxide. While waveguides
can be fabricated using CMOS technology on doped silica, more recent advances
focus on laser writing waveguide technology, where waveguides are written with
femtosecond lasers in bulk silica substrates [109-112]. Subsequent procedures
such as microtrench formation and metal ablation can be performed using laser
processing, resulting in fully functional PIC.

The main advantage of silica is that the waveguides are much larger than
silicon or SiN waveguides, enabling easy coupling to optical fibers. A signi-
ficant drawback of silica waveguides is the low thermal conductivity of the
substrate, which results in slow response times and high thermal crosstalk
between neighboring phase shifters [109, [116].

In Table we summarize the main properties of three circuits based on the
aforementioned materials.
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3.2 Basic components

Materials Si SiN fused silica
Refractive index (@1550nm) ~3.48 ~2.0 ~1.54

Spot size (pm) ~0.5 ~1 10-20
Transparency range (nm) >1000 400-2350 400-2200
Propagation loss (dB/cm) <0.3-2.4 <0.01 0.1-1

Table 3.1: Comparison of different photonic integrated circuit platforms. For
silicon, see Ref. [113, [114] For SiN, see Ref. [115]. For fused silica,
see Ref. [109, [112]

@Aéﬁjzoe

waveguide DC phase shifter SNSPD optical 10
< = —
MMI APD

Figure 3.2: Basic components of photonic integrated circuits.

3.2 Basic components

Typical components of PIC include waveguides, optical input/output (optical
I/0), beam splitters, phase shifters, modulators, and detectors to achieve the full
functionality [31+34,|114, /117, 118]. These components can be used to construct
either universal circuits for specific purposes, such as tunable interferometers,
or full optical circuits that include single photon sources, interferometers, and
detectors, which are shown in Fig.

1. Waveguide

The most critical parameter of an optical waveguide for quantum applic-
ations is the propagation loss of the fundamental mode, which typically
consists of two components: material absorption and scattering loss due
to sidewall roughness. Among the silicon family, silicon-on-insulator (SOI)
is the most popular material for waveguide fabrication, but it suffers from
two-photon absorption and Raman scattering at the telecom wavelength
band [119]. SiN has gained increasing popularity over the past decade,
particularly due to its similar fabrication process to silicon while avoiding
the aforementioned limitations of silicon [108].

Silica represents another material for waveguide fabrication, utilizing both
CMOS processes and laser writing technology. The primary advantage of
silica is that through multiple laser writing passes, the mode spot size
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20

can be tuned to match that of an optical fiber, thereby reducing coupling
loss to negligible levels [109-112]. However, this approach complicates
the fabrication of metallic components, such as phase shifters, and poses
challenges for signal routing as the geometry scales up.

. Beam splitter

Two main implementations of beam splitters exist in PIC: the directional
coupler (DC) and the 2x2 multi-mode interferometer (MMI) [120].

In the directional coupler approach, two waveguides separated by a few
hundred nanometers share their evanescent fields, resulting in electromag-
netic field coupling between the waveguides [121]. A typical directional
coupler consists of two bending waveguides and is characterized by the
-phase shift length, denoted as L,. The advantage of this coupler type is
that the coupling ratio can be continuously tuned from O to 1 by adjusting
the coupler length. The drawback is its high sensitivity to wavelength
variations and fabrication imperfections, particularly the gap between the
two waveguides.

The MMI approach is based on optical interference and can be understood
through the optical Talbot effect [122| [123]. By designing a specific rectan-
gular waveguide (typically larger than the fundamental mode), light can be
split into N different paths with equal power distribution. The advantage
of MMI is its reduced sensitivity to wavelength variations and fabrication
imperfections due to its simpler geometry.

Phase shifter

While the silicon photonics industry offers various phase shifters-including
electro-optic phase shifters, thermo-optic modulators, and mechanical
modulators-the thermo-optical phase shifter is most commonly used in
quantum experiments due to its low insertion loss and straightforward
fabrication [124].

Compared to alternative phase shifters, the thermo-optical approach re-
quires only a top metallic layer serving as the heater, which can be integ-
rated with the wire routing layer [125]. Since this metal layer must be
separated from the waveguide layer by several micrometers, the fabrica-
tion process does not affect the waveguide geometry, thus introducing no
additional contamination or optical loss.

Detector

While the ultimate goal of silicon photonics is to achieve fully integrated
circuits, current technology still faces challenges in the heterogeneous
integration of active semiconductors, such as germanium and other III-V
materials. Due to lattice mismatch considerations, germanium is the most
popular material for diode fabrication on silicon wafers.



3.3 Universal linear optical circuits

However, for single photon detection applications, either avalanche photo-
diodes (APDs) [103] or superconducting nanowire single photon detectors
(SNSPDs) must be employed. Significant efforts have been directed toward
both approaches, particularly for SNSPDs. One of the main advantages of
SNSPDs is the integration of multiple detectors on top of waveguides, en-
abling high number resolution and detection efficiency [126, [127]. However,
silicon-based APDs can only operate with visible light, for which silicon is
not transparent, while SNSPDs require a complete cryogenic environment
for operation.

5. Optical I/O

To couple light into and out of the PIC, typically from optical fibers, the
optical mode must be transformed from the fiber dimensions (several
micrometers) to the waveguide dimensions (hundreds of nanometers)-a
mode size reduction of approximately ten times.

The first structure employed is the inverse-tapered waveguide, where the
spot size is gradually increased as the waveguide becomes progressively
narrower [128]. The second structure is the mode converter, primarily used
for Si waveguides, which typically consists of two waveguide layers, such
as silicon oxynitride (SiON) and silicon [129]. Since SiON has a refractive
index between that of silicon and the cladding material, light can be guided
sequentially from the Si waveguide to the SiON waveguide, and finally to
the fiber.

Beyond these edge-coupling structures, another approach utilizes the grat-
ing coupler-a periodic conical structure etched at the waveguide ends. The
period and duty cycle of the grating determine the operating wavelength.

Currently, the more popular way to produce the PIC is to use so-called fabless
foundry, which only produces the chips based on the user’s design. Previously,
the user needs to design each functional component separately, and test unit by
unit. The fabless foundry separates the design and fabrication by providing a
photonic design kit (PDK), which includes the design rules, fundamental com-
ponents, and even simulation and routing tools [96, |113, |130]. After submitting
the layout design, called a tapeout, the foundry will merge the different designs
in a single wafer, and then fabricate the chips in what is called a multi-project
wafer (MPW).

3.3 Universal linear optical circuits
The nature of linear optics is that interference of multiple photon states happens

in a linear optical system, which can be sufficiently described by classical light.
Therefore, it is vital to construct a tunable linear optics circuit to implement
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Clements

Reck

Figure 3.3: Decomposition of unitary matrix with six modes into Clements and

Reck architectures.

arbitrary unitary transformations for quantum interference. Considering energy
conservation and the unitarity of optical paths, linear optics must obey special
unitary transformations SU(N). In experiments, particularly in PIC, classical
light or single photons can only interfere within two neighboring modes in a
Mach-Zehnder interferometer (MZI). Intuitively, one could presume that if the
total unitary transformation could be represented as a product of a series of
local interferometers, it can be represented as smaller 2 x 2 unitary matrices.

To construct an N x N unitary matrix, we first need 2N? real parameters. Due
to the unitarity constraint UUT = I, we introduce N? + N constraints, where N?
comes from the upper triangular part and N from the diagonal. This reduces
the number of independent parameters to N(N — 1), which equals the number
of phase shifters needed to construct a fully programmable linear optics circuit.

Reck et al. [55] first proposed a universal circuit architecture that decomposes
an N x N arbitrary unitary matrix into a series of 2 x 2 unitaries in a triangular
mesh, as shown in Fig. . Later in 2015, Clements et al. [56] proposed a new
architecture similar to the Reck architecture but implemented in a rectangular
mesh, also shown in Fig. [3.3] This new architecture features shorter circuit
depth with the same number of phase shifters, where the loss is more balanced
between different modes, see Fig.

Here we explain both methods in detail. First, we consider the inverse of a
real MZI without global phase, which is also a 2 x 2 unitary matrix with free
parameters 6 and ¢:

T(é gb) _ <e—i¢ si~n 9/2 P CO§9/2> ‘ (3.1)
’ cos0/2 —sinf/2

Second, if 7" is right-multiplied with an existing 2 x 2 submatrix U, the left bottom
element in the product matrix can be nulled out by choosing the proper 6 and ¢
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Figure 3.4: Universal circuits for linear optics quantum computing. Here we
show a 6-mode universal circuit made of 15 MZIs and 30 phase

shifters.
as follows:
Ui Un2) (e ®sinf/2 e % cosf/2
UTl = ~ ~ 3.2
<U21 U22> ( cos6/2 —sin6/2 (8-2)

B Une_i‘zs sin 9/2 + Uiz cos 9/2 Une_"‘zs cos 9/2 — U2 sin9/2
Usre~ " sin 9/2 + Uss cos 9/2 Usre™ ™ cos 9/2 — Ugg sin 9/2

where the left bottom element becomes zero if and only if

Ugle_i‘;5 sin9/2 + Usg oS 9/2 =0. (3.3)
The solution to this equation is
0 = 2arctan Uz ) ¢ = —arg Uzt (3.4)
21 Uz

The same procedure works for right multiplication. Note that after applying the
inverse MZI, the left bottom element is zero, but all other three elements are
changed as well.

From the above derivations, this indicates that by finding the set of inverse
MZIs in a specific order, the product of all inverse MZIs and the original unitary
matrix can be diagonalized:

U [ 7:(6s,6,) = D (3.5)
s€S

where D is a diagonal matrix and S is the set of the modes in the circuit.
Considering that each submatrix is represented as an MZI on neighboring
modes, each mode set will be like {(:,7+1)|1 <i < N —1}. In fact, Reck et al.
and Clements et al. choose different orders of applying the inverse MZIs as
shown in Fig. The former chooses the order continuously for each diagonal
line, while the latter chooses the order by each row.

Beyond both architectures, Bell et al. proposed a new method by absorb-
ing the external phase shifter ¢ inside the beam splitters, which further reduces
the chip length. There are two phase shifters between two beam splitters, which
can also control the amplitude and phase of the input light.
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Figure 3.5: Decomposition order in rectangular mesh (left) and triangular mesh
(right). In the rectangular mesh, the decomposition starts from mode
(1,2) and vanishing Us;. The second step is to vanishing Uy, U3,
then U3 and so on. Note the element label in the matrix is not the
same as the mode label during the multiplication and decomposition,
because left multiplication of block matrix effects the corresponding
columns, while right multiplication effects the corresponding rows.

3.4 Characterization

The PIC system involves not only optical components, but also relies on multiple-
signal electronic control systems and dedicated thermal management to achieve
full functionality. Unfortunately, the design of a PIC does not always guarantee
that the perfect layout and structure are reproduced in fabrication as expected.
Thus, the characterization of the PIC is urgently needed to qualify and calibrate
its performance. In this section, we will first discuss the reasons causing
deviation from ideal performance, and second, the characterization methods to
optimize the performance.

3.4.1 Error analysis

Regarding the errors that could occur in the PIC, we can classify them into
three categories: passive error, active error, and quantum error. The previous
two exist in any experiment using classical light, which of course would also
affect quantum optics experiments. The quantum error, which mainly comes
from the shot noise of the single photon source, is specific to quantum optics
experiments.

Passive Error

For passive error, it originates from the imperfection of the fabrication process,
wavelength dependence, waveguide birefringence, uniformity, and lossy channels.
Depending on the material and fabrication, some of the errors can be negligible,
while others can be significant and thus need to be considered in the design
and calibration.
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* Biased beam splitter (|U1;| # |U12])
Beam splitters may deviate from the ideal 50:50 splitting ratio due to
fabrication imperfections, resulting in biased interference. In the Clements
architecture, one could start from a single MZI in the corner, for example
the top left one. Due to fabrication imperfection, the beam splitters can be
biased with a small ratio rather than 50:50, such as 51:49. In the worst
case, the imperfect MZI can be represented as [63]

oo - () 0) () ) e
y 10 cos(m/4+ B) isin(m/4+ )
0 €?) \isin(r/4+ B) cos(n/4+ B)

_ (cosﬁ 1 sin 6) MZI(0, ) ( Cos o ie”" sin a)

isina  cosf €' sin o cos o

In this way, the bias added to two beam splitters can be understood as
two additional rotation operations, and the second rotation is adjoint with
another phase rotation ¢. In the case a = 3, the rotation operations are
cancelled. The extinction ratio of the MZI is determined by the bias a and

G:
_ cos?(a— f3)
_ cos*(a+f)
ERbottom = m

Here top and bottom refer to switching the input light from the top port
to output at the same top port or the bottom port. We can see that the
extinction ratio for the bottom is possible to reach an absolutely higher
value, as long as o = £.

* Nonlinear phase shifters (P # V)
The relationship between applied power and induced phase shift may be
nonlinear, affecting calibration accuracy. For a single phase shifter, the
phase change is propagated from the applied voltage or current to the
heating power, and then to the refractive index change, and finally to the
phase change.
¢ x An x P x V? x I? (3.8)

In the real case, each proportionality above is not consistent. For example,
the resistance of the heater may change with the electric power as heat is
accumulated.

¢ Non-uniformity (Uys # Usy)
Variations in device parameters across different elements can lead to non-
uniform circuit behavior. For a chip made by the CMOS process, the
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fabrication will vary slightly across the chip. For example, in the directional
coupler, the gap between two waveguides is critical for the coupling ratio.
Thus even in the same design, fabrication imperfection or low uniformity will
cause the coupling ratio across the chip to be different. For each physical
quantity and device specification, one must consider the uniformity in
the design stage. Good uniformity can be achieved by setting the critical
parameters at values with high tolerance. Sometimes, if the process does
not reproduce the same uniformity, one should consider sweeping the
critical parameters several times to find the best performance.

Loss channel (UU' # 1)

Optical losses cause the implemented transformation to deviate from unit-
ary. Comnsider a diagonal matrix representing the loss at each mode,
D = diag(m,n2,...,nn). The product of the ideal unitary matrix U and
the loss matrix D holds UD = DU, since D is diagonal. This indicates
that although the loss channel is local, it can be propagated through the
whole circuit and merged into a single diagonal matrix. Therefore, the loss
matrix can be measured separately for each channel, along with the input
and output optics. At the end, the loss matrix has to be included in any
calibration during the experiment.

Active Error

Despite the passive errors caused by imperfection, crosstalk is another important
factor to qualify the performance of mesh-based circuits. It includes crosstalk
such as electric crosstalk, optical crosstalk, and thermal crosstalk.
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e Heat dissipation (Q = Pt)

Thermal conductivity of silicon is larger than that of SiN, which is larger
than that of silica. Thus the heat generated in phase shifters, especially
in thermo-optical phase shifters, should be dissipated from the device as
fast as possible. While the total heat dissipation is not only determined by
material thermal conductivity, but also by the geometry of the device. Thus
the heat capacity of the substrate should be larger than the heat generated
during operation. A significant difference in heat dissipation between
silicon or SiN and silica is that the former two are usually fabricated on
a silicon wafer, which has much larger thermal conductivity than a silica
substrate. A typical operation speed of thermal phase shifters on silicon
or SiN can be 1kHz, while silica waveguides can only operate slower than
1Hz.

Electronic crosstalk (mV/V)
Electrical signals may interfere between channels, causing unintended
phase shifts. Due to the crosstalk mentioned above, the control task of
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all phase shifters is applying tens of powers independently, covering at
least 27 phase tuning range simultaneously. Commercially, the control is
done by a current-driving power supply, which is not only expensive but
also not scalable for complex circuits [132]. During the design stage, due
to the schematic routing of multiple phase shifters, it is common to have
signals of different phase shifters routed from the same ground pin. Even
though the typical width of metallic wire can be larger than several tens of
micrometers, which has several ohm resistance, the ground pin can still
be significant as it is in series with other pins. For example, the common
ground pin is connected to N channels of metallic resistors with resistance
R, the total resistance in load is

R
R = Rg + N (3.9)

A typical value of Rg is 10-20 €2, and R is 100-200 €2, which is determined
by the heater and ground wires design. The above formula shows that the

total resistance is contributed by the ground pin more as the number of
phase shifters increases.

‘/217]4 Véali’) ‘/23[2 Vlall

- Ry R3 Ry Ry

Rg

Figure 3.6: Effective circuit model of resistor network: R in series with n parallel
resistors R.

e Thermal crosstalk (20%-50%)
Heating one phase shifter can affect neighboring elements, leading to
correlated errors. In the case of dense schematics, a resistor serving as
a phase shifter can warm up the neighboring area, which leads to phase
changes at other phase shifters. This indicates a crosstalk matrix X, which
describes how much phase change is induced at one phase shifter when
heating another phase shifter. Hence, the real phase change is the sum
of the in-situ phase change and the crosstalk from neighboring phase
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shifters:
¢:1 X1 X2 -0 Xyn ®1 ¢1
X X X b ¢
¢.2 = .21 .22 . .2N .2 =X .2 (3.10)
SN XNt Xn2 - Xnn/ \@On ON

Here, X is usually a symmetric matrix and the diagonal elements indicate
the efficiency of phase change at each phase shifter. All elements X;;
should be smaller than 1. Due to the chip design, some phase shifters are
closer, which results in a block matrix structure of X. Thus to drive the
phase in demand, it is equivalent to finding the solution of

dp=X"'o (3.11)

The equation above only holds when the crosstalk is linear; for the nonlinear
case, the characterization is more complicated because

d=0¢+Xp+X’p+0(X"P) (3.12)

Optical crosstalk

Optical crosstalk occurs when light from one channel leaks into another.
This can happen due to two close waveguides, where the light can transition
from one waveguide to another. Another cause can be misalignment of
the optical input/output for example during the scattering from a fiber
array into the waveguide. By designing the waveguide with a larger buffer
distance (> 10x the waveguide width), the crosstalk can be reduced.

Quantum Error

All errors above display the same characteristics in an experiment using classical
light, but in quantum optics experiments, some errors are specific due to
statistics and other quantum effects.

28

¢ Shot noise (An = \/n)

Typical photon sources, such as spontaneous parametric down-conversion,
pumped by a coherent laser, feature Poisson statistics. The standard
deviation of the photon number is correlated with the mean photon number,

An = /n.

Dark counts (C(n =0) > 0)

While the chip is working at room temperature, the thermal phase shifters
can be heated up to some temperature locally, which emit infrared thermal
photons. Usually due to the sensitivity of the detector, those photons can
be ignorable for silicon APDs, but can affect nanowire detectors as they
are sensitive to infrared photons. A typical solution is to add band-pass
filters to block the infrared photons before entering the detectors.
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3.4.2 Calibration and control

The calibration relies only on the optical power change one can measure at the
output ports. As illustrated in Fig. many phase shifters are located in the
middle of a circuit, which means that the phase change in one specific MZI will
change the light on two specific output ports. For both ports, one can fit the
output power as a function of the phase change:

P(¢) = A+ Bcos(¢p + C), (3.13)

Here, A, B, C and ¢ are the fitting parameters. In particular, C is the phase offset,
namely the original phase difference between two arms. A and B determine the
extinction ratio of the MZI. Assuming the phase has the following relationship
with the applied sweeping current:

¢=DI*+EI, (3.14)

If the phase shifter is more nonlinear, one can use a higher order polynomial
to fit the phase change. Next, one can substitute the above equation into the
power fitting function,

P(I) = A+ Beos(DI* + EI +C). (3.15)

However, both ports are connected to other MZIs, which means the light on
the two output ports will spread into all other output ports. Even more, if the
circuit is deep enough, the two output ports will interfere with each other again,
with respect to the circuit coming after the MZI. Therefore, the key to calibrating
the MZI is to guide the light from one MZI to the output port, with as little noise
as possible.

Here, a common way to calibrate the circuit is to follow the so-called diagonal
principle to calibrate first the internal phase shifters, and then the external
phase shifters [133]. We show the example of a 6-mode circuit in three steps as
follows.

Single-MZI calibration

The inner phase determines the phase difference between two arms of a single
MZI, thus the output power should reflect the phase change. As illustrated in
Fig. [3.7] one could first choose the MZIs from top left to bottom right, namely
sending light from the top left port and measuring the output power at the
bottom right port. The reason is that even if each MZI is not perfectly balanced,
the light leaked will not enter other output ports. For each phase shifter, one
can ramp the current from O to some value, measure the output power, and
fit the power using the function in Once the previous phase shifter is
calibrated, it is better to set the phase to zero, i.e., §; = 27. In this way, the phase
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Figure 3.7: Calibration of a universal circuit.

shifters 61, 64,07, ...0:3 can be calibrated. After the first V inner phase shifters,
we could move to off-diagonal MZIs, for example sending light from the third
port and measuring the output power at the sixth port as well. Here, since the
light MZI in the first diagonal is already calibrated, one can set the phase here
as 613 = 7 to make sure the light is sent to the bottom right port. By repeating
the above process, one can calibrate all inner phase shifters.

Meta-MZI calibration

For the rest of the phase shifters ¢;, since they do not control optical power
directly in each MZI, it is necessary to construct a larger MZI, which is called a
meta-MZI. As shown in the lower part in Fig. [3.7] the meta-MZI is constructed
by four MZIs. Two on the top and bottom act as identity by applying phase as
7, and the two on the left and right act as beam splitters by setting the phase
as /2. After this, we follow the same procedure as above, sending light from
the top left port and measuring the output power at the end of the following
MZIs. For example, the laser is connected to the top left port, and the output
power is measured at the second bottom right port. Here, by tuning each phase
shifter ¢; or ¢9, one could measure the output power and fit the power. Doing
the same procedure and shifting to the next diagonal MZI, one can calibrate all
external phase shifters ¢;.
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Crosstalk compensation

To lower the electric crosstalk, it is achievable to use current driving rather than
voltage driving. A more effective way is to use separate ground pins for each
phase shifter, but this challenges the routing of the circuit. As discussed above,
to compensate the crosstalk, one needs to measure the crosstalk matrix X and
then invert it. The challenge lies not only in that the crosstalk can be nonlinear,
but also that integer multiples of 27 can be added to the solution in Eq.

Recently, there is a new tendency to utilize machine learning methods to
calibrate PIC [134]. By training a neural network with current or voltage as
input, and the output phase or optical power as output, the neural network
can learn the relationship between the input and output, thus to represent the
crosstalk and error implicitly.

To summarize, using PIC for both classical optical and quantum computing is
a promising approach to save energy costs and increase scalability for future
novel computing architectures. Many efforts can be explored not only to design
and fabricate large scale and high-performance circuits [39, 114 but also
to develop specific and advanced protocols to operate on PIC. Beyond silicon
photonics, other material platforms, such as lithium niobate, aluminum nitride,
and indium phosphide, are also being actively investigated for PIC applications
and integrated to silicon photonics as hybrid integrated photonics [33, 34].
By combining PIC with other quantum technologies, such as on-chip photon
sources, quantum computing using PIC will be a promising direction for future
quantum information processing [31}, |32, 117, 118].
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Quantum machine learning (QML) is an interdisciplinary field that combines
quantum computing and machine learning [135-137]. This field has emerged
to explore the potential advantages that quantum mechanics might offer for ma-
chine learning tasks, particularly in the current era of noisy intermediate-scale
quantum (NISQ) devices with limited qubit counts [138, 139]. The fundamental
question driving QML research is whether quantum computers can provide
computational advantages over classical computers for learning tasks, either
through faster training, better generalization, or the ability to solve problems
that are intractable for classical methods [140-143]. Furthermore, QML of-
fers new perspectives on understanding quantum advantage and the nature of
learning itself, for example by exploring sampling times and estimation errors
in quantum systems [144-146].

Before delving into specific QML algorithms, it is essential to clarify the scope
of this field. Since many subjects involving either machine learning or artificial
intelligence [147], and quantum computing, can be included in the field of QML,
it is common to classify this field from two perspectives: the method approach
and the data or the problem to be solved, as shown in Fig. [4.1] The method
approach distinguishes between classical and quantum algorithms, while the
data perspective considers whether the input data is classical (such as images
or text) or quantum (such as quantum states or quantum channels). This
classification framework helps organize the diverse research directions within
QML and clarifies the specific advantages and challenges associated with each
approach.

For example, neural networks can be trained to solve many-body problems,
such as solving the ground states of a many-body system [148]. Of course, this
approach relies on existing solutions of a given quantum system. The model can
then be deployed on classical computers, such as GPU clusters, and trained
based on known data [149, |150]. Another example is quantum state tomography,
which can be solved using neural networks to represent quantum states and
training the network to fit measurement data [151]. Another distinct approach
is to use few local random measurements to reconstruct global properties of
quantum states, such as state fidelity or entanglement entropy (152, |153], which
significantly reduces the training cost.

Second, one can adopt quantum models to solve classical machine learning
tasks. For example, one might use a quantum circuit to classify classical data.
Such research focuses on two main aspects: first, how to map classical data
into quantum states; second, how to use quantum computers to accelerate
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Figure 4.1: Classification of quantum machine learning according to method
used and data type. The model can be either classical or quantum,
and the data can be either classical or quantum. We target the ap-
proach of using quantum models to solve both classical and quantum
data in this dissertation.

training. In particular, this involves benchmarking performance against existing
classical models, such as distinguishing handwritten digits by encoding pixels
into phases of quantum gates and training the phases based on measurement
results [154-160]. However, to the best of our knowledge, there is no evidence
that quantum models can outperform existing classical models on classical data.
Nevertheless, exploring the potential of quantum models remains an interesting
research topic [161}, (162].

Third, both the model and the data can be quantum [152} [163]. This means
that rather than using conventional quantum algorithms, one can choose an
ansatz as the initial solution and optimize the parameters during an iterative
training process that converges to the optimal solution. For example, one could
use a variational quantum algorithm (VQA) to solve quantum problems, such
as finding the ground state of a many-body system [59, 164]. This direction is
promising and attractive since several problems in quantum physics have been
proven to be advantageous when using a machine learning approach, such as
learning fixed properties of quantum systems [144, |165]. Of course, one can
also use classical machine learning methods to solve classical problems, but
this is not the focus of this dissertation.

In this dissertation, we focus on the approach of using quantum models to solve
problems involving both classical and quantum data. Here we introduce the basic
concepts of classical machine learning and variational quantum algorithms,
which form the foundation of quantum machine learning.
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4.1 Classical machine learning

regression optimization generation classification

(o]
oOO O/’
v 7 oo //
(o) /o O
i Silee
L © o0

Figure 4.2: Various machine learning tasks. The core is to learn the statistics of
all forms of data using a specific model based on a training strategy,
thus enabling prediction of outputs for unseen data.

The core of machine learning is to learn the statistics of data using a specific
model based on a training strategy. Given the variance in data, the model must
be intelligent enough to fit the data distribution. Depending on whether the data
has labels, i.e., whether the output is known, learning tasks can be classified
into two categories: supervised learning and unsupervised learning.

In supervised learning, the data is associated with given labels. For example,
the data points might be pixels of handwritten digits with the corresponding
digits as labels. In unsupervised learning, the data is not initially associated
with labels; there may exist some unknown number of classes. For the model,
it must express the data distribution and determine the labels independently.
In this dissertation, we focus on supervised learning, as it is more general and
widely used in practice.

For example, we can simplify the learning process as learning a function
f:x— y from a set of known data {«;, yz}ZN:1 which is called the training set.

T:{(xbyl)v(w2>y2)7"'7(mN7yN)}T' (41)
Here, each data point x; € X is a vector of d dimensions or d features, x; =

(xgl), xl@), e ,xgd)). The same applies to the label y; € V. We call x; the input
data points and y; the corresponding labels or outputs.
If there exists a function f determined by parameters 6 = {61,0s,...,0,}, which
gives the output corresponding to each input data point x;:
Y; = fo(wi). 4.2)

If the output g, is sufficiently close to each label y;, we say the function fg has
learned the data distribution. Note that the learning function fy is a variational
function determined by the parameters 6.

Loss function

To quantify learning performance, we need a function to measure the difference
between the predicted output y; and the true output y;. Since the learning
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target is to minimize the difference between the predicted output fg(x;) and the
true output y;, we define the loss function as

N
£0) = " Ifolw) — uil* .9
i=1

Sometimes, this is called empirical risk, Ly, indicating that the loss function is
calculated based on the training set and does not always accurately reflect the
true data distribution. Here, the difference is measured by the squared error,
also called the L, distance. There are many other forms of loss functions, such
as cross-entropy loss or Kullback-Leibler divergence. Once the loss function is
defined, the learning process aims to minimize the loss function with respect to
the parameters 0, i.e., to find a global minimum of the loss function.

To minimize the loss function, we design a strategy to update the parameters 6.
Most commonly, the parameters 6 are optimized using gradient descent methods,
such as stochastic gradient descent (SGD). In SGD, the parameters are updated
iteratively by the following rule:

0111 < 0, —nVeL, (4.4)

where 7 is the learning rate, which controls the step size of the update, and VgL
is the gradient of the loss function with respect to the parameters 6.

However, since the parameters are usually high-dimensional, calculating the
gradient is non-trivial. The gradient is defined by

(4.5)

v0£:(8£ oL 8£)’

8791,8792,...,67%

where Vg is the gradient operator with respect to the parameters 6. This process
is called backpropagation. If one can calculate the gradient efficiently, the
training process becomes much more efficient and faster.

The training process is repeated until the loss function converges, i.e., reaches
the global minimum or at least a local minimum. For example, when the loss
function falls below a certain threshold ¢, the training process is stopped. The
optimal parameters 6* are found by minimizing the empirical risk:

0" = arg mein £(0). (4.6)

If the training set is not very large, one can use the entire training set to
calculate the loss function and update the parameters. Otherwise, the training
process can be performed on a subset of the training set, called batch training.
The size of the mini-batch is a hyperparameter that can be tuned to achieve
better performance.

After training, the learned function is used to predict the output of previ-
ously unseen data, called the test set. To verify whether the learned function
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generalizes well, the test loss is calculated by
1 M
Liest(07) = 0 Z | fo- () — y;°, (4.7)
7=1

where {z;,y; }jj‘il is data from the test set.

Both the training loss and test loss depend on the data selection, meaning
they do not always reflect the true data distribution. Thus, the expected risk is
defined as the average loss over all possible data points:

Lexp(0) = EwNX,yNy‘fG(m) - 9’2- (4.8)

The expected risk is sometimes used to estimate the generalization error, which
indicates how well the learned function fy generalizes to unseen data. For
example, if the training loss is very small but the test loss is very large, we say
the model does not generalize well and suffers from overfitting.

Models

Conventional machine learning methods include a wide range of algorithms, such
as linear regression, logistic regression, support vector machines (SVM), decision
trees, and neural networks [166]. A simple way to classify these methods is into
two categories: linear and nonlinear methods. For example, SVM and linear
regression are linear methods, while neural networks are nonlinear methods.

We now take SVM as an example of linear methods. As a binary classifier,
SVM aims to find a hyperplane to separate data points into two classes using a
sign function:

f(x) = sign(w?x + b), (4.9)
where w is the weight vector and b is the bias. To solve for the parameters w and
b, this is equivalent to solving a linear optimization problem with constraints.
More details can be found in Chapter 5.

Nevertheless, linear models have limitations as they may not capture complex
patterns in the data. For example, they cannot handle data that is separated by
a hypersphere rather than a hyperplane. To overcome this limitation, one can
use the kernel trick to map input data into a higher-dimensional space, where
the data may become linearly separable [167, 168].

Another direction is to use more complex models. Neural networks have
been very successful in this regard. Initially, perceptrons were proposed as
simple models of artificial neurons [169]. Later, recurrent neural networks
(RNNs) were introduced to handle sequential data, such as time series or natural
language [170-174]. For example, a two-layer feedforward neural network can
be expressed as

y =o(wix + by), (4.10)
z = o(way + ba),
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where o is a nonlinear activation function, such as the sigmoid function or the
rectified linear unit (ReLU) function. w; and w, are weight matrices, and b; and
b, are bias vectors at each layer. This model can be extended to more layers; for
example, the output at the [-th layer is given by a nested function

z=y(y-1(- - y2(y1(x))))- 4.11)

One of the most important properties of neural networks is that one can
derive the gradient of the loss function with respect to the parameters using
backpropagation [172]. A significant advantage of neural networks is that the
gradient of the loss function can be calculated efficiently using the chain rule.
Each term in the gradient is given by

L 0L 0z oL 0z Oy,
(99,‘ N zl: 82,‘ 891‘ N zz:; 82’1‘ 8yj 601»’ (4.12)

where 6 is the set of parameters, including the weights and biases of the neural
network. Using backpropagation, the gradient calculation can be performed

efficiently at each layer and multiplied together, significantly reducing computa-
tional cost.

4.2 Variational quantum algorithms
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Figure 4.3: A quantum circuit to perform a variational quantum algorithm.

Before introducing QML, we note that the conventional approach to solving
quantum problems is to design specific quantum circuits that specify the input
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qubits and quantum gates. This approach has been successful in many quantum
algorithms. For example, Grover’s search algorithm [8] requires O(v/N) queries
on an oracle and reflection operations to find the marked item from an unsorted
database. In Shor’s algorithm [7] for integer factorization, the quantum Fourier
transform (QFT) is used to locate the period of a function, which is key to this
algorithm. These algorithms are designed for specific problems, meaning both
the quantum circuit and the parameters in the circuit are generally fixed.

Parameterized quantum circuits

Apart from classical models, quantum circuits can be treated as models or
functions for machine learning, similar to neural networks [164], [175-178]. First,
they have input and output, namely quantum states before and after the circuit.
Second, they are parameterized by adjustable classical parameters and can be
connected using specific architectures, such as entangling gates.

Consider a quantum circuit with n qubits, where the given circuit ansatz
contains K layers of quantum gates:

K
U(6) =[] Ur(6r), (4.13)
k1

where Uy (0;) is the unitary operator of the k-th layer, parameterized by 6. For
example, it can be a sequence of single-qubit rotations R, (f), R,(#) and two-qubit
entangling gates such as CNOT gates. More generally, the unitary operator can
be expressed as a sequence of two-qubit arbitrary gates, namely SU(4) gates.
In particular, if the data is classical, one must encode the classical data zy
into quantum states first [158, |179]. Thus the circuit becomes the product of an
encoding circuit S(x) and a parameterized circuit U(0), as illustrated in Fig. 4.3

[¥e(0)) = U(0)5(e) |0) (4.14)

In the case of a pure quantum state, the output state of the quantum circuit
can be given by

[1e(0)) = U(0) |v) (4.15)

Here, without loss of generality, we assume the input state is the ground state
|0)¥™, i.e., all qubits are initialized to the state |0). In density matrix form, the
output state can be expressed as

pe(8) = [1e(0)) (10e(0)] = U () [1he) (woe| U (D). (4.16)

An intuition for the expressivity of parameterized quantum circuits is that the
circuit can be seen as a unitary operator acting on the Hilbert space of n qubits,
which is 2" x 2"-dimensional. Since one can perform arbitrary unitary SU(4)
operations on each pair of qubits (requiring 16 real parameters), the circuit
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depth must reach O(2") to achieve full expressivity of the Hilbert space. Thus, a
major motivation for using quantum circuits is to find the most efficient ansatz
that can approximate the target function with reasonable circuit depth.

Measurement and cost function

Now we consider the measurement set O = {O1,0s,...,0,,}, which is a set of
observables that can be measured on the output state. The expectation value of
each observable O; is given by

(Oi) = Tr[O;pe(6)] (4.17)
= Tx|O,U(6) |y} (el U (6)]
where py(0) is the density matrix of the output state.
The VQA algorithm aims to minimize a cost function £(8, (O;)) that depends on
the expectation values of observables O; with respect to parameters 6. The choice
of cost function depends on the specific task and can be very problem-specific.

A typical cost function using a single observable O is the weighted sum of
expectation values:

ZTr[ 0) lve) (e U1 (0)] (4.18)

=< N [owe) D Itbe) (sl U*(H)]
¢ 1
= Tr{OU(G)pLUT(O)},

where pr, = 1 3, 1) (1| is the density matrix of the training set.

Gradient descent

As in classical machine learning, the parameters € can be optimized using
gradient descent methods:

0p01 < 0, — Vo L(0, (O;)). (4.19)

However, unlike classical neural networks, there is no explicit general analyt-
ical expression for the gradient in quantum circuits, except for certain cases [180,
181]. Thus, a numerical differentiation method is often used to calculate the
gradient. For example, the finite difference method gives the partial derivative
with respect to parameter 6; of the cost function £ as

oL _ L(B1) — L(O-)

0, 2x (4.20)
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where )\ is the finite difference step and 6. = 6; = \ correspondingly. This
approach requires estimating each partial derivative separately, requiring 2K + 1
circuit evaluations for K parameters. In practice, estimating just one gradient
can take considerable time and computational resources.

Therefore, gradient-free methods are often more favorable to avoid the high
cost of estimating gradients. A typical method is Simultaneous perturbation
stochastic approximation (SPSA) [182]. Rather than using the gradient estimated
by the finite difference method, SPSA estimates the gradient using a random
direction, reducing the cost of estimating the gradient to just 2 circuit evaluations
(one for the positive perturbation and one for the negative perturbation). On the
other hand, it does not provide accurate information about the loss landscape
and consequently does not guarantee convergence to the optimal solution. The
convergence rate is also typically slower than standard gradient descent methods.
Overall, the runtime of a VQA algorithm is determined by the number of data
points N, the number of parameters K, and the number of iterations /, scaling
as O(NKI).
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5 Experimental Quantum-Enhanced
Kernel-Based Machine Learning On A
Photonic Processor

Recently, machine learning had a remarkable impact, from scientific to everyday-
life applications. However, complex tasks often imply unfeasible energy and
computational power consumption. Quantum computation might lower such
requirements, although it is unclear whether enhancements are reachable by
current technologies. Here, we demonstrate a kernel method on a photonic in-
tegrated processor to perform a binary classification. We show that our protocol
outperforms state-of-the-art kernel methods including gaussian and neural
tangent kernels, exploiting quantum interference, and brings a smaller improve-
ment also by single photon coherence. Our scheme does not require entangling
gates and can modify the system dimension through additional modes and injec-
ted photons. This result opens to more efficient algorithms and to formulating
tasks where quantum effects improve standard methods.

The past decades have witnessed a swift development of technologies based on
quantum mechanical phenomena, which have opened up new perspectives in a
wide spectrum of applications. These range from the realization of a global-scale
quantum communication network, the Quantum Internet, to the simulation of
quantum systems, to quantum computing [183| [184]. In particular, the interest
towards the last field has been fueled by some milestone discoveries, such as
Shor’s factorization and Grover’s search algorithm [7, 8], which have promised
that quantum processors can outperform their classical counterparts. However,
a clear advantage of quantum computation has been experimentally demon-
strated only recently and on different computational tasks, boson sampling [24,
94, 185|] and random circuit sampling [186], which do not have clear practical
applications.

Given these premises, our goal is to investigate the tasks in which quantum
computing can enhance the operation of classical computers for practically
relevant tasks. Moreover, the question is whether this can be achieved for

Contribution statement: This chapter is a reprint of the published paper: Zhenghao Yin,
et. al "Experimental Quantum-Enhanced Kernel-Based Machine Learning On A Photonic
Processor", Nature Photonics 19, 1020-1027 (2025). In this work, I am the main contributor
to the theoretical model, the data analysis, the experimental design, and the writing of the
manuscript.
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Figure 5.1: Photonic quantum kernel estimation. a. The photonic quantum
kernel maps each data point z; to be classified from a d-dimensional
space into a quantum state |®);, living in a Hilbert feature space. In
detail, the classical data z; is encoded into a unitary evolution U (x;)
applied on a fixed input state |¢). This implies |®); = U(xz;)|¢). After
mapping all the data points in the dataset, from the inner pairwise
products, we perform the classification finding the hyperplane best
separating the classes, i.e. through a support vector machine (SVM),
according to Eq. (5.3). b. Pairs of indistinguishable photons and
distinguishable photons show a different behaviour when injected
in a Mach-Zehnder interferometer (MZI). Here, input states 11 and
11" indicate, respectively, two indistinguishable and distinguishable
photons being injected in the circuit and being detected at the output
modes. c. Estimation of the inner product of two data points z;
and z; by encoding them in two unitaries U(z;) and U(z;). The
inner product (¢;|¢;) amounts to (|UT(z;)U(z;)|1). This is equivalent
to projecting the evolved state Uf(z;)U(z;)|1)) onto [¢). Each box
represents a programmable MZI with two free parameters (namely a
beam splitter with tunable reflectivity and phase), as shown in b.

problems that are now within the reach of state-of-art technology, where only
noisy intermediate-scale quantum computers are available [46]. In this context,
a flurry of interest has been devoted to the open question of whether the new
paradigm of quantum computing can have an impact on machine learning [49],
which has revolutionized classical computation, granting new possibilities and
changing our everyday lives, from email filtering to artificial intelligence. The two
main directions that have been investigated until now are, on one side, whether
quantum computation could improve the efficiency of the learning process,
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allowing us to find better optima with the need of a lower number of inquiries
[57, 187H189] and, on the other, how quantum behaviours can enhance the
expressivity of the input encoding, exploiting correlations between variables that
are hard to reproduce through classical computation [190, 191].

In this context, a straightforward application of quantum computing on kernel
models has become evident. Kernel methods are widely used tools in machine
learning [168],|192], that base their functioning on the fact that patterns for data
points, which are hard to recognize in their original space, can become easy to
identify once mapped nonlinearly to a feature space. When the suitable mapping
is performed, it is possible to identify the hyperplane which best separates
the classes of feature data points, through a support vector machine [193]
(SVM), according to the inner product of the mapped data. Let us note that
the only part of the model that is trained is the SVM, which is efficient, once
the inner products are available. Hence, an interesting question is whether
using a quantum apparatus to perform the data mapping and evaluate the inner
products can enhance the overall performance of the algorithm, benefitting
from feature maps exploiting the evolution of quantum systems and outsourcing
the hardest part of the computation to the quantum hardware. This question
was theoretically and rigorously answered in the affirmative by [194], although
the implementation of the proposed task is out of reach for state-of-the-art
technologies. Hence, it is still an open question, whether some improvement
in the performance of such a method can be achieved through a quantum
feature map, for tasks that can be implemented on current quantum platforms.
In this context, a moderately-sized quantum feature space can be proven to
be more suitable to preserve the similarity among data that belongs to same
class. The reason for that is that the advantage of a high-dimensional feature
space, allowing to improve the expressivity of the model, is canceled out by
the dimension increase per se that typically decreases the overlap between
different states, such that they become almost orthogonal [145]. This is due to
the fact that the expected overlap value of two random states amounts to the
inverse of the space dimension and, in high-dimensional metric spaces, almost
all probability measures concentrate around the mean or median of a function
(concentration of measure [195]). The effect is then that the inner products
among the feature data points will tend to vanish and a higher precision will
be required to properly measure them. This ultimately leads to the so-called
exponential concentration [196, 197], where it is not possible to capture the
information about the similarities between states, making the model, for all
intents and purposes, useless for any type of classification.

In this work, we investigate this topic and experimentally demonstrate a
quantum kernel estimation, where feature data points are evaluated through
the unitary evolution of two-boson Fock states (see Fig. [5.1). Such encoding,
even for relatively small dimensions, proves suitable, as it allows to achieve high
classification accuracies.
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Figure 5.2: Classification tasks for photonic kernel methods. The datasets
are randomly generated and consist in d- dimensional vectors, with
entries between O and 1. Then, we randomly assign labels to each
point as belonging to class +1 or -1 and we test the ability of our
photonic kernels, displaying and not displaying quantum interfer-
ence (respectively indicated as quantum kernel and classical kernel),
to correctly classify the data. This is quantified by the accuracy of
our models, which we indicate as ag and ac.

Furthermore, we show that for given tasks, this algorithm leads to an en-
hancement in the performance of quantum kernels with respect to their classical
counterparts. These tasks are selected by maximizing the so-called geometric
difference, which measures the separation in performance between a pair of
kernels [145]. In particular, we separate between quantum and classical kernels,
that is, photonic kernels that do or do not exhibit quantum interference.

In our implementation, we exploit a photonic platform based on an integrated
photonic processor [112] where we inject two-boson Fock states to map the data
to be classified (see Fig. ). To estimate quantum and classical kernels, we
inject indistinguishable and distinguishable photons, respectively. This photonic
platform is particularly suitable for this task, as it allows us to encode and
manipulate our input data with high fidelity.

To benchmark our enhanced performance, we compare classification ac-
curacies between photonic kernels and state-of-the-art classical computational
kernels. These include the standard gaussian kernels [168, 192], as well as
the recently introduced neural tangent kernels [198], which simulate gradient
descent over infinitely-wide neural networks. Our results show that photonic ker-
nels outperform classical methods and that the accuracies are further enhanced
in kernels displaying quantum interference.
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5.1 Photonic quantum kernel estimation

The core of a kernel method is constituted by a function that maps non-linearly
a set of N data points into a feature space. In its simplest version, these data
points belong to two classes and the final goal of the algorithm is to separate
them accordingly, by using only a linear model, i.e. a hyperplane. This is feasible
since the map, being non-linear, will change the relative position between the
data points, making the dataset (in general) easier to classify. For this reason, a
support vector machine (SVM) can effectively find a hyperplane separating the
two classes, with a high accuracy. From a more mathematical perspective, we
can describe the map as a function that sends /N input data points z;, on which
we wish to perform binary classification, from a space X C R? into a Hilbert
space H. Here, d is the dimension of each data point. This is done through
a feature map ¢ : X — H. Then, a SVM can be used to produce a prediction
function fx : X — R as

fr(z) Zzaz’K(%iL”i), (5.1)

where these «; coefficients are obtained by solving a linear optimization problem.
The inputs of the optimization are the labels y and the matrix obtained by
computing the pairwise distances between data points is

Kij = K (i, x;) = [(@(2:)|®(z;)) %, (5.2)

the so-called Gram matrix (see Supplementary Note 1 for further information).

In this work, we implement a quantum version of the kernel method, in which
the aforementioned pairwise distances between data points, which belong to
a class y taking values +1 or —1, are estimated by sampling from the output
probability distribution arising from the unitary evolution of a Fock input state.
This process is depicted in Fig. [5.1a. Therefore, our feature map plugs the data
that needs to be classified into the free parameters defining a unitary evolution
applied to a fixed Fock state of dimension m and whose sum of occupational
numbers is n: z — |®(x)) = U,|¢). Here, |¢) is the encoding state which is free to
choose. Then, as shown in Fig. [5.1c, the pairwise inner products of the feature
points are experimentally evaluated, as |(|U(z;)'U(z;)[¥)|>. Such unitaries can
be effectively implemented by a programmable photonic circuit consisting of
an array of Mach-Zehnder interferometers (MZIs)[56]. Hence, the dimension of
the feature Hilbert space # will be ("*"~'). At this point, the SVM finds the
hyperplane separating the training data points through the aforementioned
optimization process [199] and, the binary classification of unknown points z is
given by the following relation:

N
y = sign (Z iy K (z, l‘i)) (5.3)

=1
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where «; are the coefficients optimized in the training process and y; is the class
of the i-th point in the training. This model is defined implicitly, as the labels are
assigned by weighted inner products of the encoded data points [157, |200-204].

If the Fock state contains indistinguishable bosons, they will exhibit quantum
interference, as shown in Fig. [5.1b. In this case, the output probability distri-
bution is given by the permanents of sub-matrices of the matrix representing
the unitary evolution of the input [205]. More specifically, considering an input
configuration s, the probability of detecting the output configuration ¢ is given
by |PerUs|?/T17s;!T1"¢;!. Here, Per(-) denotes the permanent matrix operation,
s; and t; are the occupational numbers at the i-th mode and U, ; is the sub-
matrix obtained by selecting the rows/columns corresponding to the occupied
modes of the input/output Fock states. On the other hand, if the bosons are
distinguishable, they will not exhibit quantum interference. In this case the
probability will amount to Per|Us ¢|?/I1s; ! T17¢;].

In the following, we will refer to a kernel implemented with indistinguishable
bosons as a quantum kernel,

Ko(w,x;) = |PerUy(zi, x;)|* /N’ (5.4)

and with distinguishable ones as a classical kernel,

Kol(wi, x5) = Per|Uy (v, 2) 2 /N’ (5.5)
Here, Uy(x;, ;) is the matrix defined by data points z;, 2; and selected encoding

state 1. N’ is the coefficiency related to ). As long as there is at most one photon
in each mode of ¢, N/ = 1.

5.2 Classification task

At this point, we need to select a classification task that would benefit from the
described model. Our strategy will then consist, first, in generating random
data points and, second, in selecting the proper labeling, which would boost
the performance of the quantum kernel (K(g), with respect to the classical one
(K¢). as depicted in Fig. [5.2] So, we need a quantifier which estimates the
difference in the performance of the two models and, to this aim, we select
the model complexity, which is defined as sk (y) = y Ky, where K is the kernel
and y the labeling. This quantity is proportional to the upper bound on the
classification error of a given model and it amounts to the number of features
required to make accurate predictions (see the Supplementary Note 2). Hence,
the potential advantage given by K¢, with respect to K¢, is based on finding the
largest possible separation between the two model complexities [145]. Therefore,
our goal is to find a labelling y, such that

y* = arg min °Kq (y) (5.6)
yeRd SK¢ (y)
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Figure 5.3: Implementation of photonic quantum kernel estimation. a. Ex-
perimental setup consisting of two parts, the off-chip single photon
source and the programmable integrated photonic processor. The fre-
quency degenerate photons are generated by a type-II spontaneous
parametric down-conversion source. Afterwards, the two photons
are made indistinguishable in their polarization and arrival time.
Then, we inject these photons in two modes of an integrated photonic
processor with six input/output modes [112]. Detection is performed
by superconducting nanowire single-photon detectors (SNSPDs). The
degree of indistinguishability can then be tuned through a delay line,
changing their relative temporal delay. b. Probability distribution
of photon detection events. We show two instances of the exper-
imental photon detection probability, compared to the theoretical
calculation. The quantum and classical kernel measurements are
obtained respectively by injecting two indistinguishable and distin-
guishable photons into the third and fourth modes of the circuits,
i.e. |0,0,1,1,0,0). The x axis shows all the circuit channels which
output two photons simultaneously. Thus, all 15 possible photon
detection configurations are accessible. The error bars shown in the
plot were evaluated through a Monte Carlo simulation, considering
an underlying Poissonian distribution of the counts. The measure-
ments were performed with an integration time of 5 seconds, with a
detection rate of 10 kHz.
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Now, let us consider the following asymmetric distance g, denoted as geometric
difference, between our two kernels, Kg and K¢:

9oQ = \/H\/KiQ(KC)_l VEq|| (5.7)

where |||, denotes the spectral norm. It can be shown that the following
inequality holds [145]:

ske(y) < 980 5Ko W) (5.8)

Hence, if we maximize the geometric difference, we will have at least one task,
which saturates inequality (5.8), for which the model complexity will be higher
for the classical kernel, with respect to the quantum one. This indicates that
the performance of Ky will be competitive or better than Kc¢.

We can now use Eq. to generate the classification task that, given two ker-
nels Kq, K¢ and a set of data points {z;}, produces the labels {y;} that maximise
the difference in prediction error bound. This can be done through the following
procedure: (i) evaluate the Gram matrices Kg and K¢ over a set of non-labelled
data points {z;}; (ii) compute the positive definite matrix M = \/Kq (K¢) ™' /Kg;
(iii) compute the eigenvalues and eigenvectors of M by spectral decomposition;
(iv) find the maximum eigenvalue g and its corresponding eigenvector v; (v)
assign the labels y = \/Kgv. From a practical point of view, we start with the
two aforementioned kernels, K¢ and K, and then, by maximizing the geometric
difference, we find the tasks for which the latter brings an enhanced accuracy
of the classification. For more details regarding the algorithm to define the clas-
sification task, see the Supplementary Note 4. Let us note that the implemented
tasks constitute instances of problems that can be naturally implemented with
high accuracy on our quantum platform. As such they constitute a first stepping
stone towards the identification of practical tasks for which quantum machine
learning can enhance the performance of classical models.

5.3 Experiment

Our experimental setup consists of two parts, a single-photon source generating
the input states and a programmable integrated photonic processor depicted
in Fig. [5.3p. First, to generate the input state, we use a type II spontaneous
parametric down-conversion source, which generates frequency degenerate
single-photon pairs at 1546 nm in a periodically poled K-titanyl phosphate
crystal. The two photons are then made indistinguishable in their polarization
and arrival time, respectively, via wave retarders and a delay line, which we also
use to tune the degree of indistinguishability of the generated photons.

For the implementation of photonic kernels, which map our input data to
a feature space, we require an apparatus able to perform arbitrary unitary
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Figure 5.4: Experimental classification accuracies. a-b. We tested our
method on datasets of different sizes (40, 60, 80, 100) and for
two different input states (|1,1,0,0,0,0) and |0,0,1,1,0,0)) respect-
ively. For each dataset, 2/3 of the data points were used for training
the support vector machine (SVM) and 1/3 for test. e¢. The average
classification accuracies on 5 different sets for the quantum kernel
(blue) and the classical (orange) kernel, along with the following other
computational kernels: gaussian (grey), ntk (green), polynomial (yel-
low) and linear (purple). The dashed line indicates the results of
numerical simulations, while the solid ones are the experimental
results. The error bar shows the standard deviation of the classific-
ation accuracies on 5 random generated datasets classified by all
the kernels.

transformations on a given input state. As mentioned before, our feature map
sends each data point z; onto the state resulting from the evolution U (x;) of a fixed
input Fock state |¢). Then, for the application of the SVM, which finds the best
hyperplane separating the data, we need to evaluate the inner products between
all of the points z;, z; in the feature space, which amounts to (¢|U(xz;) U (z;)[1)).
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This implies that, if we take |¢) as a Fock state of n photons over m modes, the
inner product (®(z;)|®(z;)) is given by projecting the evolved state U(z;) U (z;) |¢)
onto |)).

To this aim, we employ an integrated photonic processor [112] on a borosilicate
glass substrate, in which optical waveguides are inscribed through femtosecond
laser writing [109]. The circuit features six input/output modes [56], as depicted
in Fig. [5.3a, where each interferometer is equipped with two thermal phase
shifters [206], to provide tunable reflectivity and phase. Such arrangement allows
us to perform any unitary transformation on the input photon states. Given this
property, our device is also referred to as a universal photonic processor. Design,
fabrication and calibration of the integrated photonic circuit are described in
[112].

Specifically, the data were encoded in the values of the phase shifts, as follows:

1,2 30

x; = (7,25, ..., T5

) = 0; = 2mx), 2ma?, .., 2mad), (5.9)

7

where 6; are the phase shifts introduced by the phase shifters of a universal
interferometer. Let us note that this encoding has the remarkable advantage that
no extra processing is required on the input data, as they are directly plugged
into the optical circuit parameters. Furthermore, in principle, we would need a
sequence of two of such circuits (as in the scheme of Fig. ), to first implement
Uf(z;) and then U(z;) on our inputs. However, in our implementation, we adopt
only one universal circuit and directly implement the unitary corresponding
to the product U(z;)'U(z;). This reduces the experimental complexity and the
circuit propagation losses.

At the output, detection is performed by superconducting nanowire single-
photon detectors (SNSPDs), where we post-select the output events to those fea-
turing two detector clicks (coincidence counts, CC), i.e. collision-free events (see
Supplementary Note 3). Thus, the elements of the Gram matrix of a given kernel
can be estimated from the coincidence counting K (z;, z;) = CCZ / >1<i<m<é CCifn.

Here CC% is the number of registered coincidence counts between channels
! and m, when the implemented unitary is U'(z;)U(z;) and % indicates the oc-
cupied modes of input state |¢). To test the role of quantum interference in
the accuracy of the classification, we tune the indistinguishability of the two
photons by changing their relative temporal delay. An instance of the probability
distribution of the same unitary is shown in Fig. [5.3p. The optimal classification
task is chosen for each data set according to the algorithm explained in the
previous section.

We test the performance of two photonic kernels in several different configur-
ations. Firstly, we consider two different inputs, |1, 1,0,0,0,0) and |0,0, 1,1,0,0).
This amounts to either injecting the photons into the first two modes or the cent-
ral two modes. Secondly, we are able to control the indistinguishability of the
bosons which allows us to implement, investigate a compare a quantum kernel
with its related classical kernel. This is achieved by tuning the relative temporal
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delay of the propagating photons. Consequently, at the detection, it is possible
to (partially) distinguish which photon, out of the two input ones, is detected, by
checking their arrival time. Perfect distinguishability is obtained when the tem-
poral delay is longer than the coherence length of the photons. During the whole
measurement, the maximal achieved indistinguishability between the photons is
0.9720 £ 0.0044, estimated through on-chip Hong-Ou-Mandel interference [207].

For both input states, we fix the encoding of each data point and vary datasets
with four different sizes: 40, 60, 80 and 100. We use the setup depicted in
Fig. to implement all pairwise products between the unitaries U(z;) U (x;).
Hence, |(¢|U(z;)1U(z;)[)|? is given by the probability of detecting the photons on
the same modes from which they were injected. The rate of total post-selected
coincidence counts amounts to 10 kHz and the measured probability distribution
was averaged over 5 s for each unitary configuration. Let us point out that
restricting to collision-free events is unlikely to bring to a decay in the rate of
detected samples, when considering larger systems, since the bunching events
become in general more rare for higher-dimensional Hilbert spaces, in absence
of particular symmetry patterns in the matrix describing the unitary evolution
of the input [24], [205].

For each size N, we perform N (N —1)/2 unitaries to compute the inner products.
The distance between the unitaries experimentally realized and the target ones

can be estimated as ¥, /PP - P™P where PP is the experimental detection

frequency for the i-th output configuration, while P/ is the one estimated
based on the theory [205]. The mean fidelity of all datasets is 0.9816+0.0148
and 0.9934+0.0048, for the quantum kernel and classical kernel respectively.
For each dataset, we use 2/3 of the data points for training of the SVM, which
yields the coefficients mentioned in [5.3] The remaining 1/3 as the test dataset
can be used to predict the classification accuracy. Accuracy is defined as the
percentage of correctly classified points out of the total size of the test set. Let
us note that values lower than 0.5 indicate that the model was not able to learn
the features of the training set and generalize to unknown data.

In Fig. and b, we show the test accuracies obtained by injecting two
input states for four different dataset sizes, where the quantum kernel performs
significantly better than the classical kernel at both experiments. In Fig. [5.4,
we report the average test accuracy obtained for five different datasets with
the same size, varying the dataset sizes from 40 to 100 as well. Moreover,
the results obtained with the quantum kernel (blue) and the classical kernel
(orange) are compared with the following numerical kernels: neural tangent
kernel (green) [198], gaussian (grey), polynomial (yellow) and linear (purple) [168,
192]. Here, the neural tangent kernel (ntk) adopts a infinite-width neural network
to classify the data optimized by gradient descent. See the Supplementary Note 5
for more details. The dashed lines indicate the results of numerical simulations,
while the solid lines indicate experimental results. Although the task is built
only comparing the performance of the kernels based on indistinguishable and
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distinguishable photons, the both obtained accurracies are higher than other
classical kernels.

5.4 Discussion

In this work, we show the first experimental demonstration of quantum kernel
estimation, based on the unitary evolution of Fock states through an integrated
photonic processor. We map data into a feature space through the evolution
of a fixed two-photon input state over six modes. To achieve this, we adopt
an quantum processor realized by femtosecond laser writing in a borosilicate
glass substrate [112]. The sampled output distribution is then fed into an
SVM, performing the classification. Note that, although our apparatus only
features tunable phase shifters and beam splitters, such encoding produces a
sufficient non-linearity to achieve high classification accuracy of non-linearly
separable datasets. This constitutes a difference of our method from alternative
platforms, where entangling gates are typically needed [145| 208]. Furthermore,
in our case, it is not necessary to increase the dimension of the feature Hilbert
space to achieve a good accuracy. This circumvents the typical difficulty of
quantum kernels whereby all data points are encoded in orthogonal states,
leading to ineffective classification [145, (158, 196, [197]. Moreover, the fact that
our model is effective for small dimensions is a crucial feature, since we require
an approximation of the full probability distribution deriving from the evolution
of our input state. Hence this study is relevant for medium-sized problems,
because reaching high dimensions would imply the input/output combinations
to grow exponentially, along with the number of required experimental shots to
reach arbitrary accuracy.

The task we implement is designed by assigning binary labels to randomly
generated data points, which we encode in the phase shifts of an optical circuit.
This is done exploiting the so-called geometric difference, that selects the task
for which the presence of quantum interference yields a better classification
accuracy compared to cases where no interference is displayed. Interestingly,
although the geometric difference compares the performance of a pair of ker-
nels (in our case kernels implemented with indistinguishable/distinguishable
bosons), both photonic kernels performed significantly better, for the selected
tasks, than commonly used kernels, not only the gaussian, polyonomial and
linear ones, but also the neural tangent kernel. This improvement in the per-
formance, arising for both photonic kernels, is likely due to the fact that both the
statistics have a similar dependence on the unitary evolution matrix, based on
the permanent of sub-matrices (see Egs. and (5.5)), and are both complex
enough to successfully tackle the selected tasks. In summary, our results indic-
ate that a photonic kernel estimation can enhance the performance, even for
medium-size problems, reachable by current quantum technologies. Moreover,
using distinguishable bosons to have a (smaller) performance enhancement
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represents an intriguing possibility, as it can prove convenient to reduce the
impact of photon losses on the experimental time required to collect significant
statistics.

Let us highlight that, although the interference of two photons in a six-mode
unitary matrix (or more in general for medium-sized problems) can be estimated
by classical computers, this does not affect the features of our protocol. First,
because the interest in the investigation of the potentialities and limitations of a
new computational method, like our proposed kernel, goes beyond the platform
(quantum or classical) where it can be implemented, especially considering its
particular suitability for given tasks. This is also the reason for which we do
not use our photonic platform to reproduce classical kernels, as in [200) |209],
but we focus on investigating those given by the natural evolution of bosons
through a quantum circuit. Second, the approximation of permanents through
classical algorithms, e.g. Gurvits one [84] has a slightly worse performance
when compared to the direct sampling from an optical circuit, which naturally
implements the studied kernel, for the case of inputs featuring product states
[210]. In particular, the first scales as O(n?/e?), whereas n is the number of
photons and e is the required precision, while the direct sampling as O(1/¢?) [85].
It is also noteworthy that the possibility of obtaining a quantum advantage on
applications based on estimating expected values of unitary evolutions on linear
optical circuits is still an open question [85, [210]. In our case, an advantage
could emerge by considering the extension of our quantum kernel Kq(z;, z;) =
| (| U(xq, ;) [¢) | for entangled input states 1, although there is no rigorous
proof of it yet. Third, this protocol sheds light on alternative computational
models, exploiting optical computation. This may be of particular importance
when considering difficulties related to energy consumption, as it has been
proved that partially optical networks can reduce energy requirements with
respect to electronic ones [211].

Despite being overshadowed by deep neural networks, kernels are still widely
used in a large number of tasks, due to their simplicity, and ability to learn from
small datasets [212| 213]. Indeed, they have seen a recent revival in classical
machine learning with the introduction of neural tangent kernels [198] and
their use in the study of state-of-the-art neural network architectures such as
transformers [214]. Another recent trend consists in merging neural networks
and kernels, where notable examples are attention modules in natural lan-
guage processing, and Hopfield layers [215]. Also from the quantum computing
point of view, kernels have recently been getting a flurry of interest, both from
the theoretical, as well as from experimental side [196, 209} 216, 217]. For
the latter, it has been proven that the evolution of (photonic) quantum states
through a circuit is complex enough to tackle image recognition tasks, both
of simple toy models [209, 217], as well as satellite images [216]. Our method
can therefore find a wide range of promising near-term applications in tasks
such as information retrieval, natural language processing and medical image
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classification [218-221], where kernels have been proposed as a keystone [222].

In particular, an interesting approach consists in pre-training a small (1-qubit)
system to find the optimal encoding of classical data, which is then classified
through a kernel method featuring a larger system, as proposed in [217]. This
could be particularly beneficial on our photonic platform, since the pre-training
could be performed through a classical light input over two spatial modes. This
would imply outsourcing the computationally hardest part of the protocol to
a fully optical platform, possibly bringing a significant reduction in energy
consumption. Our experimental results also open the door to hybrid methods
where photonic processors are used to enhance the performance of standard
machine learning methods.

They also bring forward investigations on the non-linearities that can be
achieved through photonic platforms [58, 223], in particular, for neuromorphic
computation models, such as reservoir computing [224), [225]. In addition, we
envisage the combination of this kind of non-linearity with those brought by the
implementation of feedback loops, as in the case of quantum memristor [58]
and the exploitation of quantum interference in the implementation of feature
maps.

5.5 Methods

The two photon input states are generated by a type-II spontaneous parametric
down-conversion source, which generates frequency degenerate single-photon
pairs at 1546 nm via a 3-cm long periodically poled K-titanyl phosphate (pp-
KTP) crystal. Afterwards, the two photons are made indistinguishable in their
polarization, which is rotated through paddles, and in arrival time, through a
delay line, which we use also to tune the degree of indistinguishability of the
generated photons.

Then, we inject these photons into two selected modes of an integrated photonic
processor with six input/output modes. This circuit features 27 thermal phase
shifters and its architecture is universal, allowing to implement arbitrary unitary
evolution on any input Fock state. Compared with the original architecture,
the first three external phase shifters are omitted, as they will not effect the
probability distribution. To apply accurate phases independently, each channel
is supplied by a current source to avoid electrical crosstalk (4xQontrol g8iv,
16bit DAC). In the end, detection is performed by superconducting nanowire
single-photon detectors (SNSPDs) housed in a 1K cryostat. We post-select the
detected events to the cases in which two detectors click simultaneously in a
temporal window of 1 ns. A time tagger with a 15.63 ps resolution is used to
process the real-time coincidence counting for all 15 post-selection patterns.
The total coincidence counting is about 10 kHz, which varies due to the pump
laser and the detection efficiency. For each unitary configuration, we integrate
5 s to estimate the probability distribution over 15 coincidence patterns.
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Support vector machines and kernel methods

For a dataset consisting of N data points with a +1 label, D = S(z;, yi)f\il, each
data point is a d-length vector, z; = (z},2?...,2%)T, where z; € X C R? and xf
is the j-th feature of the input vector z;. y; € Y = S+1,—1 is the binary label
corresponding to the z;. The classification task is to find a hyperplane w € R?
and a bias parameter b € R, thus a linear support vector machine (SVM) is defined

to predict the label of unknown data points z.

f(z) =sign(w - x + b) (5.10)
This is an optimization problem,
5|
2
st. yi(w-z;+b)—-1>0, i=1,2,..,.N

min

Jw||? (5.11)

and it equals to solve the dual problem,

1 N N N
mogn 5 Z Z ;oYY (g - ) — Z o; (5.12)

i=1i=1 i=1

N
s.t. Zaiyi =0
i=1
a; >0, 1=1,2,....N

The solution {«;} are obtained by solving a linear optimization problem, given
by the inner products of all input vectors z; - z; and the labels y;.

Instead, rather than the direct linear inner products, the kernel function is
used to transform the input vector from the original input space to another
inner product feature space, ¢ : X — H. The Gram matrix is a symmetric matrix
where each element represents the pair-wise of inner product in a feature space
K;j = ®(z;) - ®(z;). The prediction function based on a kernel K is given as

N
fr(x) = ZaiK(xa ;) (5.13)

For some implicit kernel functions, it is easier to calculate the Gram matrices
than the kernel functions. For example, if we define the feature space as Fock
space F, each original data point is mapped to a quantum state z; — |®(x;)) =
U(z;) |v) by a parameterized circuit U(z;) and Fock state |¢).

Instead of performing quantum state tomography over every inner product,
which is an expensive task considering the size of feature spaces, [226], it is
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straightforward to measure the outcome probability Gram matrix

K (i, 27) = (@ ()| ()| B(:) | D)) 5.14)
= [(w[U (@) U ()l blU @) U ) )|

Thus, in our experiment, the task is to estimate each element of Gram matrices
for each dataset which is equivalent to estimate the outcome probability of In
Fig. we show an example of experimentally reconstructed Gram matrices,
as well as the ones calculated by the theory.
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Correlation between geometric difference, classification accur-
acy, and model complexity. By varying the number of data points,
the width of the unitary ansatz, and the photon number, we explore
the correlation between the geometric difference and the classifica-
tion accuracy and model complexity. a. The classification accuracy
of the quantum kernel and classical kernel are plotted against the
geometric difference. Each pair of points (red and blue) correspond-
ing to a given geometric different refers to the same data set. The
blue dots indicate the numerical accuracy achieved on test datasets
of several dimensions exploiting the quantum kernel, varying the
unitary ansatz width, encoding state and dataset sizes. The red
ones, instead, refer to the classical kernel. The figure shows that,
on average, the geometric difference is higher than 1, which implies
that the quantum kernel has higher model complexity than the
classical one. b. We plot the histogram of s¢/sg, which is related
to the geometric difference as in Eq. (5.19). It can be seen that the
majority of the tested datasets display a higher model complexity for
the classical kernel, with respect to the quantum one.

For a given kernel method and a dataset D = S(z;, ;)Y ,, the model complexity
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of the triple (K, N,y) is given by:
sic(y) = > (K Vijyy; =y K™y (5.15)
L

As shown in [145], this quantity can be used to bound the prediction error of a
kernel method K on the dataset:

Blfin) ~ f@) < e[ 5.10

Here, z € X, c is a constant and N is the number of data points.

The concept geometric difference is used to separate the complexity of two
kernels. In this work, we target two kernels Ky and K¢, which are the transform
from original space to the Hilbert space given by the evolution of indistin-
guishable photons and the one given by distinguishable photons, respectively.
Therefore, the optimal labelling is attained by solving the optimization problem
by minimizing the ratio of the model complexity sk, to sk,:

* . SKq (y)
y* = arg min
yeRN SKo (y)

The solution is y = /Kqv, where v is the eigenvector of matrix /Ko (K)™!\/Kq
with the eigenvalue noted as g%Q [145]. This solution holds the inequality:

(5.17)

ske(y) < 9q ko) (5.18)

This inequality saturates when ¢? equals the spectral norm, as follows

goq = /|y Kalse) K| 5.19)

In practice, a regularization parameter \ is used in the model complexity s,
thus the geometric difference is alternated as

gcq = /||y/Kalio + a1 /Ko _ (5.20)

In the following simulations, we use A = 0.02 without loss of generality.

Based on this model, we performed several simulations of randomly generated
datasets, varying the number of data points, dimensions of unitaries, and
photon numbers. To explore the correlation between geometric difference and
the accuracy enhancement brought by quantum kernels, we plot test accuracies
with respect to the the geometric difference in Fig. [5.5a. In general, a higher
geometrical difference implies a better performance of the quantum kernel, with
respect to the classical one. This is also reflected by Fig. [5.5b, where we show
that, out of the sets we tested, the majority display a high ratio between the
model complexity of the classical kernel and quantum one.
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Figure 5.6: Classification accuracies under approximation using unbunch-
ing photons. Simulation of the classification accuracies using
quantum kernels, both considering and not considering bunching
events and classical kernels, varying different circuit widths. The
error bars show the standard deviation of the test accuracies, ob-
tained over 5 repetitions of the simulations with different random
seeds.

Approximation of bosonic kernels with post selection

The inner product in bosonic kernels K and K¢ can be measured experimentally
by collecting the probability over all output photon states S¢,, ,, which corres-
ponds to the normalization of coincidence counting for all possible configuration.
Here m is the mode number of the quantum circuit U(#) with parameters ¢ and
n is the photon number. For example, for an input state s and a output state ¢,

CC(t)

= 5.21
Sweco., COR) 621

Pp(tls)

including both unbunching (collision-free) photon states U and bunching photon
states B, S¢,,» = U @ B, which requires photon number resolving detectors for
each output mode. Since we are unable to detect those bunching events, a
common solution to this issue is to only keep the statistics of unbunching events
[27], when all photons output from the circuits are detected in separate modes.
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We normalize the probabilities of unbunching states U C S¢,, »:

CcC
Py(t]s) = Py (t|s) = mggj(m (5.22)

[24, subSection 13] As shown in (7) the unbunching probabilities are a good
estimate of the ideal bosonic statistics when m >> n?. We can use the these
statistics to define the unbunching kernel:

CCy,

K (wi,25) = Ky(wi,2;) = By (Y|v) = Yi<icj<s CCij
<i<y< R

(5.23)

for some state ¢ € U. Under this approximation, the unbunching kernel is
not a positive definite kernel since the estimated probability is not real inner
products in a Hilbert space. In practice however, the function can still be used
in a support vector machine and our simulations show that the resulting leaning
algorithm performs similarly to the bosonic kernel, see Fig

In this case, the labeling is still optimized for the quantum kernel Ky with
respect to the classical kernel K-. We observe that the unbunching kernel
performs similarly to the case where all of the output events are considered and
consistently better than classical particles. This indicates this approximation is
good enough to reproduce the quantum kernel by detecting only the collision-free
photons.

Intermediate degrees of photon indistinguishability

To test the role of photon indistinguishability, we change the relative temporal
delay between the input photons, making them distinguishable in their arrival
times. This implies that, for delays that are lower than the coherence time
of photons, we are sending the following mixture in the chip: r|1,1,0,0,0,0) +
(1 -7r)]1,1,0,0,0,0), with 0 < » < 1. Here, r is defined as the degree of indis-
tinguishability [227]. We report this transition, with the corresponding test
accuracies for a data set of 40 elements in Fig. [5.7] These values are obtained
for datasets of 40 elements, where 2/3 are used as training and 1/3 as test set,
with input state (0,0, 1, 1,0,0).

Numerical experiments
Dataset generation algorithm

In the Algorithm |1, we report the algorithm used for all simulation mentioned
in this work.
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Figure 5.7: Classification test accuracy with respect to degree of photon

indistinguishability. a. On-chip Hong-Ou-Mandel interference.
The maximal visibility achieved amounts to 0.9720+0.0044. The
noise in the plot comes from the translation stage and photon num-
ber counting in a single experiment. The red line is the obtained
fitting triangular function. The measurements were taken with an
integration time of 5 s, with a detection rate of 10 kHz. b. Transition
from fully distinguishable to fully indistinguishable photon inputs.

Benchmark algorithm

To benchmark the photonic kernels, we choose the following four kernels to
compare the classification accuracies, gaussian kernel, polynomial kernel, liner
kernel and neural tangent kernel. First, for the gaussian kernel, the Gram
matrices are calculated as

Kg(zi,zj) = exp(’y| Tj— ]2> (5.24)
Here v is a hyper parameter and z;, z; are two different data points. Second, the
polynomial kernel is defined as

Kp(zi,xj) = (yr; - xj + 1) (5.25)

where there three hyper-parameters vr, d. In both gaussian kernel and polyno-
mial kernel, we run the grid search to find the optimal hyper-parameters. Next,
for the linear kernel, we take the simple linear inner product as

KL =Xy l‘j (526)

For the above three kernels, the Gram matrices are processed by a classical
support vector machine to predict the data points in the test datasets.

Last but not least, to implement the neural tangent kernel, we adopt the
open source proGram [228] which trains an ensemble of infinite width neural
networks using gradient descent. The network consists two one input layer, two
hidden layers and one output layer. Without loss of generality, the two hidden
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Figure 5.8: Accuracy of the quantum kernel K against the number of data
points for several widths of the integrated circuit. The two
plots refer to two different input states, i.e. on the left, we consider
the state [1,1,0,0,0,0) and, on the right, we consider |0,0, 1,1, 0,0).
Each point is the mean accuracy on 5 iterations, each starting with
randomly generated data. The standard error on the mean is shown
by error bars. For each width, we observe a gradual increase in
classification accuracy with number of data points. Typically, lower
widths perform better for the same number of data points. We
hypothesise that this is because the number of parameters available
to the system increases with width, and so too many parameters on
too little data leads to data being sparse in the space

layers both include 30 neurons, as the input data points are 30 dimensional.
The sign function is applied on the output to identify the class. In fact, the hyper
parameters in this infinite work does not affect the accuracy as the labeling is
very specific to separate the photonic kernels.

Simulations

We conduct the following numerical simulations to substantiate the feasibility
of our method. The classification accuracy by quantum, classical, gaussian,
neural tangent, polynomial and linear kernels are labeled as aq, ac,ag,an,ap, ar,
below.

Taskl As a first simulation, we fix photon number n, input state s and dataset
size N, and get 3D plots of width m, depth k£ and accuracy Saq, ac, ac. Results
indicate that width and depth should be linearly related to maximise separation.
In subsequent experiments we used m = k. We used two types of initial states,
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Figure 5.9: Classification accuracies of photonic and Gaussian kernels. We
show the numerically estimated average test accuracies over 5 iter-
ations for quantum kernel, classical kernel and Gaussian kernels
as the number of data points grow. The black dash lines indicate
the random guessing accuracy of 50%. The data for the quantum
kernel comes directly from Figure — the width that produced
the highest accuracy is shown. The standard error on the mean is
shown by error bars by five random dataset generation. We observe
separation between the classification accuracy of the quantum and
classical kernels. This is more prominent for the center initial state
(right-hand figure). Both perform considerably better than the Gaus-
sian kernel on the same data, which has an average accuracy of less
than 60%.

Left state |¢1) = |1,1,0,0,0,0) where photons are input of one side of the chip
and Cent state |¢)¢) = 10,0, 1,1,0,0) where they are input in the middle.

Task 2 In our second simulation, we fix photon number n and the encoding
state s, set m = k and plot the quantum accuracy agp and classical accuracy
against the number of data points N. The results are given in Fig. We
can observe this point experimentally by checking that sg = g%Qsc. When this
is violated the Gram matrix Ky is not invertible, there are too many linear
dependencies between the columns, i.e. too many data points in a space of

. . 1
dimension ("*7"71).

Task 3 Now we have a way of scaling width m, depth ¥ and number of data
points N together, by taking the best chip size m = k for a given number of data
points. We plot the accuracies for quantum, classical and gaussian kernels as
the system size grows. The results are given in Figure 5.9
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Algorithm 1 Dataset Generation

input circuit width m, depth % of the chip, number of input photons n, initial
state s € ¢, ,, number of data points N
generate N random data points {z;}}¥,,2; € R? // Note d is proportional to mk

U(xi) < I rec SUMZ[(SCZ(-j),CL‘,Ek)) // C is the index in Clements coding
// SUyuz; is the matrix of Mach-Zehnder interferometer.
while 0 <i < N do // calculate the Gram matrix
while 0< j <i do
Kq(zi, z;) < |per(U(zi, ;)
Ke(wi, x;) « per(|U(wi, z;)]
j—i+1
end while
1—1+1
end while
s« VEq(Kc + D)1 /Kg
A < max eigenvalue of S, v < max eigenvector of S
gcqQ VA
y + sign(v) // apply sign function to get binary labels
output D = {(z;,4:)}} ;.

2

)

|
2

Task 4 We also performed simulations to test unbunching kernels on the data-
sets resulting from separation between quantum and classical Gram matrices,
see Figure [5.6] Separating directly between unbunching and distinguishable
kernels is often not possible. This is because the separation method requires
to compute the square root of the Gram matrix, but the one obtained from
unbunching statistics is often not completely positive.

Experiment methods

As described in the main text, the experimental statistics of was post processed
to calculate each element of the Gram matrices. Since the Gram matrices are
symmetric, K;; = Kj;, thus for N data points, we run N (N — 1)/2 times to get
the Gram matrices. In Figure 3e, for each dataset size varying from 40 to 100,
we have 5 independent iterations, this indicates 53,300 running of unitary for
both quantum and classical kernels. The total experiments lasted hundreds of
hours.

The fidelities obtained from the implementation of unitaries are reported in
Figure The mean fidelity is 0.981650.0148 and 0.993450.0048, for the
quantum kernel and classical kernel respectively. To illustrate the difference
between two kernels, an example of estimated Gram matrices is shown in Figure
G.11l

To understand the impact of phase noise and imperfections in our experiments,
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Figure 5.10: Experimental probability fidelity of the unitaries. The experi-
mental fidelity for all data points performed by the quantum kernel
(blue, left) and the classical kernel (orange, right). .
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Figure 5.11: Experimentally estimated Gram matrices. We show the Gram
matrices corresponding to the quantum kernel (left) and the ones
referring to the classical kernel (right), compared to the theoretical
predictions. The number of data points is 40, and the encoding
state is [0,0,1,1,0,0). The top row shows the inner products of
training Gram matrices and the bottom row shows the train-test
Gram matrices.

we also performed the following simulations to verify the robustness of fidelity
estimated used in the experiment. For all the simulations we run 500 random
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Figure 5.12: Robustness of fidelity estimation. The fidelity estimation of the
implemented unitaries under three different noise types: phase
noise in the MZI shown in a, beam splitter bias shown in b, and
photon statistics shown in e. Each graph plots the histogram
of fidelity between containing 500 random unitaries with noise
(obtained sampling from a Gaussian distribution centered at the
ideal value and with the standard deviation written in the plots)
and without noise.

unitaries to estimate the fidelity, between the original unitary and the one
perturbed by the noise, including the phase noise, bias of beam splitter and
photon statistics respectively.

1. Phase noise in the MZI. In our setup, we use a 16 bit current output to
drive every thermal phase shifter. The current output range is 24 mA and
the corresponding current resolution is 0.003 mA. Considering that the
average current to drive a 27 phase is around 12 mA, the phase resolution
is 0.0015 rad. Moreover, let us note that, in our experiment, we do not use
active temperature control and the temperature fluctuation is around 0.1
degree. To account for this kind of noise, we sample random phases from
a normal distribution, around the correct value, with a standard deviation
of 0.01 0.005 0.001 0.0005 and 0.0001 rad, respectively. The results are

shown in Fig. |5.12a.

2. Bias of beam splitter. The ideal beam splitter, making up each MZI, should
be 50:50, but the real devices used in our chip are directional couplers
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with large curvature. To account for such imperfection, we consider our
directional couplers as tunable Mach-Zehnders whose internal phase has
an offset and amounts to /4 + 6., rather than = /4.

_ [cos(m/4 4 Opias)  —sin(m/4 + Opias)
UBS with bias — (Sin(ﬂ'/4 + Hbias) COS(7T/4 + gbias) (527)
Similarly to before, we select the bias, drawing them from a Gaussian
distribution, centered at # = 0 and with a standard deviation of 0.05, 0.03,
0.02, 0.01, 0.005 rad. The results are shown in Fig. [5.12p.

. Finite photon statistics. Considering that the underlying distribution for

photon counting is Poissonian, every term in Eq. has standard devi-
ation ANcc = v Nee. To estimate the impact of such noise, we performed a
Monte Carlo simulation, considering different total coincidence countings,
i.e. 100, 500, 1000, 5000, 10000, and created random matrices to sample
the coincidence counting per channel. The obtained fidelity estimations

are shown in Fig. [5.12.



6 A scalable advantage in multi-photon
quantum machine learning

Photons are promising candidates for quantum information technology due
to their high robustness and long coherence time at room temperature [10,
64, 229]. Inspired by the prosperous development of photonic computing tech-
niques, recent research has turned attention to performing quantum machine
learning on photonic platforms [57, 230} 231]. Although photons possess a
high-dimensional quantum feature space suitable for computation, a general
understanding of how to harness it for learning tasks remains blank. Here, we
establish both theoretically and experimentally a scalable advantage in quantum
machine learning with multi-photon states. Firstly, we prove that the learning
capacity of linear optical circuits scales polynomially with the photon number,
enabling generalization from smaller training datasets and yielding lower test
loss values. Moreover, we experimentally corroborate these findings through
unitary learning and metric learning tasks, by performing online training on
a fully programmable photonic integrated platform. Our work highlights the
potential of photonic quantum machine learning and paves the way for achieving
quantum enhancement in practical machine learning applications.

6.1 Introduction

The interplay of quantum computing and machine learning, known as quantum
machine learning (QML), has emerged as an area of significant research interest
in recent years [46/ 137, |138]. With the anticipation of introducing substantial
speedup or enhancement to machine learning problems and data science, cer-
tain QML protocols have demonstrated the potential to surpass their classical
counterparts, namely reinforcement learning, quantum state learning, and
quantum kernel methods [57, |194, |232]. Moreover, the noise resilience and
ability of learning tasks make QML a suitable candidate for principle validation
of quantum computing techniques on near-term noisy quantum hardware [46)
233].

Contribution statement: This chapter is a reprint of an unpublished manuscript under peer
review. In this work, together with Dr. Yong Wang, I am one of the main contributors to
the theoretical model, the data analysis, the experimental design, and the writing of the
manuscript.
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Figure 6.1: Architecture of multi-photon quantum machine learning. a.
Our model consists of multi-photon states with n photons (shown
as dots) propagating through a parameterized linear optical circuit
U(x,0) with m modes, which encodes feature vectors x and trainable
parameters 6. Photons are measured at the output modes, where the
number of possible outcomes increases with n and leads to different
learning results. b. Illustration of the accessible quantum state
space during training with respect to 8. The size of the learnable state
space increases with n, enhancing the expressivity and trainability
of the QML model. e. The scaling trend of a photonic QML model
describes the relationship between test error and the training dataset
size. A higher photon number n corresponds to a larger learning
capacity of the model, leading to lower test error and less training
data required for learning. d. Our multi-photon QML setup using
a programmable integrated photonic circuit. Identical photons are
generated by multi-photon sources and injected into a photonic chip.
The chip consists of tunable optical interferometers which imprint
either feature vector data « or trainable parameters 0 as phase shifts
onto the photon state. Each block in the circuit represents a 2 x 2
Mach-Zehnder interferometer containing two tunable phase shifters.
The final states are measured via coincidence counting of photons in
each mode, and used to update the parameters during the learning
process.

As a fundamental quantum particle, photons are characterized by their ro-
bustness against decoherence, scalability potential, and room-temperature
operability. Benefiting from these ideal properties, photonic platforms have been
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6.2 Multi-photon enhanced quantum machine learning

extensively explored and utilized in quantum information processing, includ-
ing quantum simulation [88, 91] and quantum computing [10, 64, 229, 230,
234]. These successes highlight the experimental feasibility of performing QML
with photons, with proof-of-pricinple demonstrations including reinforcement
learning [57], quantum-enhanced kernel methods [231], variational quantum
algorithms [209, 235, 236], and photonic nonlinearity [237].

Moreover, photons are also theoretically anticipated as a powerful framework
for computing tasks. The classical simulation complexity and potential computa-
tional advantage of photonic systems usually depend on the number of photons
propagating within the quantum systems. As the Hilbert space of multi-photon
states expands exponentially with the number of photons and modes [238,
239, specialized tasks such as boson sampling are known to become classically
hard for sufficiently high photon numbers [239-241|]. However, whether scaling
up photonic systems can introduce advantages for practical machine learning
problems or QML applications has not been explored from both theoretical and
experimental perspectives.

In this study, we address this gap by demonstrating a scalable advantage in
quantum machine learning with multi-photon states. We show that the learning
capacity of general parametrized linear optical circuits increases polynomially
with the photon number, corresponding to an enlarged set of trainable directions
in the quantum state space. We theoretically and experimentally verify that
this scalability directly translates into improved learning performance in terms
of training dataset size and test error (Fig. [6.1pa-c). Specifically, (1) in unitary
learning, multi-photon states reduce the required training data from a linear to
a constant scale for generalization; (2) in metric learning, higher test accuracy
can be achieved with multi-photon states under the same variational ansatz
and training conditions. The learning processes of these two tasks are realized
by online training on a programmable integrated photonic circuit platform [242,
243] based on femtosecond laser waveguide writing [109], further underscoring
the experimental viability and promise of multi-photon QML (Fig. [6.1d).

6.2 Multi-photon enhanced quantum machine learning

Our setup for supervised learning in multi-photon QML is shown in Fig. [6.2.
We have a set of L different training data T, = {|¢,),v.}%,, with each pure
training state given by

|pe) = S(x() 1) (6.1)

where S(x/) is an m-mode unitary that encodes the feature vector z,, y, is the
corresponding label, and |n) is an n-photon input state [231]. Here, we restrict
ourselves to Fock states with at most one photon per mode, i.e.,

In) = |n1,ng, -+ ,nm), n; € {0,1}, (6.2)
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Figure 6.2: Learning capacity of linear optical circuits. a. A photonic QML
model is trained on L training data, consisting of n-photon states
{|¢¢) = |p(x¢))}_, generated by a data-encoding unitary S(z;) carry-
ing feature vector x,. A parameterized unitary U (@) with K trainable
circuit parameters 6 is optimized with respect to the loss function
C(0). b. Sketch of the state space that can be accessed by U(6) con-
strained to L training data. The size of this space is characterized by
the learning capacity Dy, (n) (the rank of DQFIM Q;;), which increases
with n and correlates with learning performance. c¢. Learning capa-
city Dy, as a function of the number of trainable parameters K for
different photon numbers n with m = 6 and L = 1. D increases with
K, reaching the theoretical maximum value predicted by Eq.
as horizontal dashed lines. d. Maximal learning capacity Ry (n) as
a function of the training dataset size L for various n with m = 10.
Ry (n) increases with L and saturates at the critical dataset size L.,
indicated by vertical dashed lines.

where n; denotes the number of photons in the ith mode and n =, n;. The
training data is then processed by a quantum neural network

4e(8)) = U(8) [br) , (6.3)
which is given by a linear optical circuit U (@) with K trainable circuit parameters
6 = {6, ,0x}. The quantum neural network is optimized using the training

data 77, with respect to a loss function C(0), and then applied to test data that
was not seen during training.

The power of machine learning models to learn and generalize can be under-
stood from their complexity [140, |244-248]. Here, we use a quantum geometric
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6.2 Multi-photon enhanced quantum machine learning

measure, known as the data quantum Fisher information matrix (DQFIM) [247,
249|, which is based on the Fubini-Study metric [250]. Intuitively, the DQFIM
quantifies the size of the accessible state space depending on the chosen dataset.
This identifies the overparameterization transition where training finds good
local minima [251], as well as when sufficient data is available for generaliza-
tion [247]. While previous works were concentrated on qubit-based quantum
neural networks, we now apply the DQFIM to multi-photon linear optics. It is
given by the K x K matrix [247 [249]

Qij(6) = 4 Reltr (5:UU(8)p;U(8) )
— (0,0 (0)pLU(0)) tx(U(8)p0,U7(9))]. (6.4)

Here, 0; = §/09; and the mixture of training data p;, = L™! 3", py. The rank of the
DQFIM Dy, = rank(Q;;) characterizes the learning capacity, i.e., the number of
independent directions in the parameter space 6 that can affect the model [247,
249, 251]. As illustrated in Fig.[6.2fc, Dy (K) increases with the number of circuit
parameters K, until saturating at a critical number K > K.. At this point, the
model becomes overparameterized and achieves the maximal learning capacity
for a given number of training data L

Rp(n) = max rank(Q;;) . (6.5)

Such overparameterized models have a good optimization landscape with local
minima close to the optimal solution and thus can be easily trained [251]. Note
that Ry, is also the upper bound on the rank of the classical Fisher information
metric, which characterizes the complexity of neural networks [245].

For linear optical circuits, we can compute Ry (n,m) analytically

Rp(n,m) <2mnL —n*L* —1 — (n — 1)1 (nL <m),
Rp(n,m)=m?—1— (m— 1)1 (nL >m). (6.6)

where 671 = 1 for L = 1 and zero otherwise. A complete proof is provided in
Supplementary Note 2.2. We highlight that R;(n) scales polynomially with
photon number n. In particular, for L = const, we have Ry (n = 1) «x m, while
Rr(n o« m) o m?. Moreover, Ry is related to the minimal number of training
states needed to generalize [247], as R; grows with L and reaches its maximal
value at a critical data number L.. For L. > L., the dataset is overcomplete, i.e.,
one has sufficient data to fully characterize the model. In this regime, assuming
a noise-free dataset, the model can generalize with low test error [247]. We find
that L. depends on photon number n as

Le(nym)=[(m—1)/n]+1. (6.7)

We calculate R, as a function of L for different values of n in Fig.[6.2[d. A higher
photon number yields larger learning capacity Ry, leading to a significantly lower
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Figure 6.3: Experimental unitary learning with multi-photon states. a. We
aim to learn an unknown unitary V by training a parameterized
unitary U(0) such that U(0) = V. b. Experimental results of learning
a 5 x 5 unitary V. We plot the matrix closeness Cy(U(6),V) up to
local phases and permutations. Perfect generalization corresponds
to Oy = 0. For n = 2 photons, we achieve nearly optimal closeness
Cwm ~ 0 using only L = 2 training data (blue curve). In contrast, n =1
photon requires at least L. > 4 training data (red curve), and fails
with Cy ~ 0.3 for L = 3 (orange curve). With one additional training
state, we can learn the full unitary V including local phases and
mode permutations, as experimentally verified in Supplementary
Note 4.

number of training states L.. In fact, using n = 1 single-photon states (which
also applies to coherent states produced by lasers, see Supplementary Note
2.2 for details), one requires L. = m training data to generalize, while L. = 2
for n = m — 1. Therefore, multi-photon states allow for improved learning
performance and generalization capability, such as reducing the amount of
training data or achieving higher test accuracy.

6.3 Learning unitaries with multi-photon states

Now, we study the task of variationally learning a black-box unitary [252]. Con-
ventional quantum tomography of quantum process unitaries usually involves
complete bases of both input and output states [253) 254]. Meanwhile, with
limited input states, one could use post-selection to learn the unitary adaptively,
as demonstrated by variational unsampling and adaptive boson sampling [209,
236|]. Here we show that by using multi-photon states, it is possible to learn the
full unitary using only a constant number of training states, without the need
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6.4 Quantum metric learning with multi-photon states

of complete bases and post-selection.

We assume that we have oracle access to an unknown m x m unitary V,
without any prior knowledge of its internal structure. The goal is to learn a
parameterized unitary U(6) such that it represents V. To do so, we are given
L arbitrary n-photon training data |¢,), along with their corresponding labels
V |¢¢), forming the training dataset Tp, = {|¢¢),V |¢¢)}i,. The parameterized
ansatz U(0) is applied to each training state, project onto the label state V' |¢,),
and minimize the loss function Ciain(0) = 1 — L~ %, ‘(qbg\ ViU (e) ’¢g>‘2. To
simplify the presentation, we focus on learning V' up to local phase shifts and
mode permutations; the full protocol that includes learning these components
is described in Supplementary Note 3.

We report the experiment of learning a 5 x 5 unitary with different photon
numbers n and training dataset sizes L in Fig. [6.3p. Our setup adapts a
programmable integrated photonic circuit and an optical switch to implement
the learning task for single-photon or two-photon input states. Pseudo photon-
number resolution is used to detect bunching events in the two-photon case. The
parameterized unitary U (@) is trained from the same random initialization for all
datasets by optimizing the parameters of the photonic chip using simultaneous
perturbation stochastic approximation (SPSA) [255]. To determine whether the
correct unitary has been learned, we compute the matrix closeness Cy(U(0),V),
which quantifies the difference between U(6) and V. In particular, Cy equals
zero when the two unitaries match up to local phases and mode permutations
(see Methods).

We consider three different training datasets: one set with size L = 2 of two-
photon states (n = 2), and another two larger sets with L = 3 or L = 4 of single-
photon states (n = 1). We find that to minimize matrix closeness and thereby
achieve generalization, four single-photon training states (L = 4) are required,
while three (L = 3) are insufficient. In contrast, two-photon states generalize
successfully with only L = 2, requiring half as much training data as the single-
photon case. This behaviour can be related to the learning capacity R (n),
which saturates at a critical number of training data that scales approximately
as L. x 1/n. Indeed, the experimentally observed values of L required for
generalization have matched our theoretical prediction exactly, confirming that
more photons reduce the data needed for generalization (Supplementary Note
3). We also experimentally demonstrate that the full unitary, including local
phases and mode permutations, can be learned with one additional training
state (Supplementary Note 4).

6.4 Quantum metric learning with multi-photon states

Metric learning [256] is a widely used supervised learning approach with im-
portant applications including face recognition [257] and vision language mod-
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Figure 6.4: Experimental quantum metric learning with multi-photon states.
a. Two input data points x,x, are encoded into the circuit and
processed by a trainable parameterized unitary U(6). The output
probability distributions of photon configurations are measured in
the Fock space as p and ¢, respectively. We use a cost function based
on the cosine similarity Sc(p,q) = >, \/pi¢; to guide the learning
process, as detailed in Supplementary Note 5. After training, data
points from the same class are close to each other on the hypersphere,
and points from different classes are well separated. b. Simulation
of test loss for different photon numbers n = 1,2,3,4,5. For each n,
the model is trained until convergence with 100 random seeds, and
the average loss on the test data is plotted with standard deviation
(shaded region). ¢. Experimentally measured training and test loss
for single-photon and two-photon cases during the training process.
d. Measured Gram matrices on the test data at selected epochs (O,
90 and 180), where darker blue implies higher similarity Sc. The top
and bottom rows show the results for single-photon and two-photon
experiments, respectively. Groups of data from the same classes are
highlighted in red boxes. Above each matrix we show the pairwise
accuracy, which is defined as the probability of correctly identifying
whether a pair of test data belongs to the same or different classes.

els [258]. The goal of metric learning is to learn a distance function or similarity
measure in a high-dimensional embedding space, such that similar instances
are mapped close together, while dissimilar ones are pushed farther apart.

76



6.5 Discussion

The schematic diagram of quantum metric learning with multi-photon states is
shown in Fig. [6.4p. Input data is encoded into quantum states and transformed
by a quantum neural network. The resulting output state is measured in the
Fock space, yielding a probability distribution py(z) = | (z|v¢(0)) |>, where |2)
denotes a Fock basis state. Given two output probability distributions {p;} and
{¢;} corresponding to two data points, we use the angular distance between
the unit vectors ,/p; and ,/g; on the hypersphere as the distance measure
for metric learning, which is equivalent to computing the cosine similarity
Sc(p,q) = >=; \/Pigi- The training objective is to minimize the angular distance (i.e.,
maximize the cosine similarity) between data points from the same class, and vice
versa, and is independent of the number of photons or modes (Supplementary
Note 5).

We apply our model to a vowel recognition dataset [259, 260] consisting of
vowel-formant frequency vectors from seven classes (see Methods), which we
encode into a variational photonic circuit with m = 6 photon modes. First, we
conduct numerical simulations for photon numbers n = 1,2,...,5. For each
configuration, the model is trained with 100 random seeds until convergence,
and the average loss values on the test data are plotted in Fig. [6.4b. We observe
that test loss values decrease with larger n, which is consistent with the growth
in learning capacity Ry (n) as a function of n, as seen in Eq. and Fig. [6.2k.

Next, we experimentally implement quantum metric learning using single-
photon (n = 1) and two-photon input states (n = 2), where in both cases the
chip parameters are optimized through online training with the SPSA method
from the same initialization. As shown in Fig. [6.4fc, the training and test losses
are substantially lower for two-photon states compared to the single-photon
case. The Gram matrices, which depict pairwise distances between test data,
are shown in Fig. for different training epochs. In the plots, test samples
are sorted by class. For the two-photon case (n = 2), the matrices exhibit an
approximate block-diagonal structure after training: data points from the same
class are closer to each other and appear as darker blue blocks (highlighted in
red boxes), whereas the off-diagonal blocks correspond to much larger distances
between data from different classes and appear in lighter colours. It is worth
noting that for n = 2, both the average accuracy and class separation improve
markedly compared to n = 1 (Fig. [6.4(d), which is in agreement with both the
numerical simulation results (Fig. [6.4p) and the higher learning capacity of more
photons. More experimental results and implementation details are provided in
Supplementary Note 5.

6.5 Discussion
In this work, we prove that multi-photon states in linear optical circuits provide

a fundamentally larger learning capacity, which characterizes the accessible
quantum state space and serves as a hallmark for the training and generaliza-
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tion capabilities of QML models [245, 247, 249| 251]. In particular, the unitary
learning task pointed out that single-photon states (or coherent states) need
O(m) training data, while multi-photon states can accomplish the same tasks
with only a constant number of data O(1). For metric learning, an important
machine learning task with broad practical relevance, multi-photon states gen-
eralize significantly better by achieving lower loss values, higher test accuracies,
and clearer class separation. Our experiments, featuring multi-photon online
training of two tasks, have shown the feasibility of QML applications on photonic
hardware.

Contrasting with existing studies, our work provides a rigorous theoretical
understanding for scaling photons in QML, focusing on its impact on training
data requirements and generalization performance. Our experimental approach
is based on readily available and routinely used photonic platforms, involving
linear optical circuits, multi-photon states, and single-photon detectors. Not-
ably, programmable integrated photonic circuits have been commonly applied
in classical optical machine learning [260, 261]. Our proposal inspires potential
performance gain by upgrading classical instruments such as lasers and photo-
diodes with multi-photon sources and photon detectors, without altering the
internal logic of photonic circuits.

Furthermore, this work not only paves the way for a wide range of photonic
QML applications, including variational quantum estimation and quantum
simulation [91] 209, |262], but also illuminates quantum computing platforms
beyond photons. Other bosonic systems such as cold atoms [263], microwave
photons [264], and phonons [265], offer controllable numbers of particles that
could be engineered for QML tasks.

Finally, we foresee several possible directions for future exploration building on
our study. Firstly, quantum natural gradient methods [266] could be investigated
to reduce training time by lowering the number of required epochs, as they are
inherently compatible with our quantum geometric framework. Secondly, our
protocols can be extended beyond linear optical circuits and photon-number
states. For instance, incorporating optical nonlinearity [237, 238] or combining
with continuous-variable states in the non-Gaussian domain [267] could expand
the accessible state space and increase the upper bound of the learning capacity
Ry [247|, 251]. Thirdly, while our framework currently targets product states
as input, it can be extended to non-separable states, such as those involving
entanglement and graph states. In conclusion, the full potential of photonic
QML remains largely untapped, and we believe that leveraging multi-photon
states in large-scale programmable photonic systems represents a promising
pathway for advancing machine learning.
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6.6 Methods

Details of the experimental apparatus

We generate photon pairs at 1550 nm via a spontaneous parametric down-
conversion source with a periodically poled potassium titanyl phosphate (ppKTP)
crystal which is pumped at 775 nm. A tunable delay line is used to adjust the
time delay on a single side, compensating for any temporal differences before
the photons interfere on the chip. The integrated photonic circuits utilized in
this study are fabricated on a laser-written glass waveguide platform [109, 111},
112, 206]. This circuit features 6 input and output ports and 15 Mach-Zehnder
interferometers (MZIs), capable of performing any arbitrary SU(6) unitary op-
eration. Each MZI is equipped with two thermo-optic resistive phase shifters
for independent phase tuning from O to 27. Electrical cross-talk between phase
shifters is minimized by using a multi-channel current source to control the
phase shifters. In total, 30 phase shifters are required; however, those acting on
phase terms placed directly at the output ports (which do not influence quantum
interference processes and are not measurable in our apparatus) are not op-
erated in the present experiments. Superconducting nanowire single-photon
detectors are employed to measure single-photon counting events, and a time
tagger is used to record coincidence events with a resolution of 15.63 ps. In
the unitary learning task where various learning states are required, we use a
programmable optical switch to control the input ports of the photons.

Online training on quantum hardware

We adopt the simultaneous perturbation stochastic approximation (SPSA) method
for online circuit parameter optimization on our photonic chip [182]. SPSA has
desirable theoretical properties for noisy intermediate-scale quantum hardware
implementations, and has proved successful in experimentally training super-
conducting quantum platforms [208, 268]|. By estimating the gradients with only
two objective function evaluations per iteration, SPSA avoids linearly increasing
computational costs where parameters are varied one at a time. Moreover, the
gradient approximation process of SPSA is intrinsically noisy, and thus robust
to the intractable stochastic fluctuations on noisy quantum hardware.
Specifically, suppose that we want to find the optimal parameter * to minimize
the objective function f(x). For each iteration, we generate a random vector A,
which is usually drawn from the Rademacher distribution, a discrete probability
distribution with a fifty-fifty chance of being +1. Then the random vector is
added and subtracted to the trainable parameters, and f(x + cA) and f(x — cA)
are evaluated through experimental hardware measurements, where ¢ > 0 is
the perturbation amplitude. The approximate gradient for x is thus given by

5 _ f(x+cA) - f(x—cA)
approx — 2% .
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The parameters x can be subsequently updated to & — adapprox. where a > 0 is
the learning rate.

The SPSA hyperparameters including ¢ and a, can be either estimated by
tentative hardware runs or determined by digital simulations. We choose ¢ =
0.4,a = 3 for the task of unitary learning, and ¢ = 0.4, a = 150 for quantum metric
learning. These values achieve good performance in digital simulations and
show similar convergence behavior in physical experiments.

Learning unitaries with multi-photon states

To characterize that U(0) correctly learned the unitary V up to local phases and
permutations, we define the matrix closeness Cv(U (), V)

1
— i _ = T
Cu(U,V) = min[1 — —tr(VIFP,U)] (6.8)

where we minimize over the set of local phase unitaries F(¢) = 372, e~ |j) (|

with angles ¢; on the jth mode and mode permutations {F,},. Here, P, are
operators that permute modes according to permutation function o(j) = k,
with j,k € {1,2,...,m}. For example, for m = 3, the permutation function with
(1) =3, 0(2) =1 and ¢(3) = 2 is a cyclic permutation of modes (1,2,3) — (3,1, 2).
The matrix closeness has Cy(U, V) = 0 only when U = V up to local phases and
mode permutations, indicating that we have learned V' correctly.

Quantum metric learning with multi-photon states

The vowel dataset in this study has been previously used by multiple studies to
demonstrate training novel machine learning hardware setups [260, 269]. The
dataset consists of 12-dimensional data vectors of formant frequencies extracted
from audio recordings, with 7 classes of ‘ae’, ‘ah’, ‘aw’, ‘er’, ‘ih’, iy’ and ‘uw’. Each
class contains 37 samples, and the total size of the dataset is 37 x 7 = 259. We
randomly split the dataset into training and test data with a ratio of 70/30 and
keep the same sample number for all classes.

In both digital simulations and hardware experiments, we choose a typical
variational ansatz where the feature vectors are normalized and encoded onto
the phase shifters of the photonic chip (Supplementary Fig. S3). For the
digital simulations of one to five photons in Fig. [6.4p, we train using the Adam
optimizer [270] with 100 different random seeds and plot the average simulated
test loss curve. The learning rate is initially set to 0.1, and is decreased by
a factor of 10 when the training loss has stopped decreasing for 10 epochs.
For physical experiments with single-photon and two-photon states, we use
SPSA optimization as introduced above. All relevant implementation details are
provided in Supplementary Note 5.
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Preliminaries

We consider linear optical systems with Fock states, i.e., states with fixed
photon numbers. Our terminology follows the conventions developed in bo-
son sampling [24]. The Hilbert space of a system is spanned by Fock states of
the form

1, ma, - ) =~ (a])™ (a3)"™ - - - (a},)"" [vac) (6.9)

where &;r is the creation operator of the ith mode, n; is the photon number in
the ith mode, m is the number of modes, and |vac) is the vacuum state. The
system evolution is described by an m x m unitary matrix U parameterized by
K tunable real parameters 6 = {0,}X | as

K
U(0) = ] us(6s). (6.10)
s=1

In linear optics, the parameters are typically realized as phase shifts within
Mach-Zehnder interferometers (MZIs). Note that the parameterization of U is not
unique, and there exist many different equivalent configurations. The minimum
number of real parameters to realize arbitrary unitary transformations is m? — 1,
which can be efficiently implemented using MZI-based architectures [55, |56].
For an input Fock state |¢) and unitary matrix U, the probability of measuring
a specific output Fock state |¢)) is determined by the permanent of a matrix A,

which is constructed from the input state |¢) = |ni, ng, -+ ,n,), the measured
output state |¢)) = |[n},nh, - ,n,,) and U[24]
~ perm(A)
== 6.11
T 16) = oL 6.11)

Here, U is a d x d unitary matrix determined by U, where d = (""7') is the
dimension of the Fock space, corresponding to the number of photon occupation
configurations for n photons in m modes. For pure input states, the evolution can
also be described in the Schrédinger picture using the density matrix formalism

p=UpU T, where p and p denote the density matrices of the input and output
states, respectively.

Quantum Fisher information matrix

Brief introduction to quantum Fisher information matrix

What is the capability of a trainable parameterized quantum circuit for quantum
machine learning (QML) tasks? This question has been explored through the
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6 A scalable advantage in multi-photon quantum machine learning

concept of quantum effective dimension [249|, which describes the ability of a
given model to express quantum states. While previous studies have primarily
focused on qubits, here we apply these measures to linear optical circuits with
Fock states.

Consider a parameterized quantum state U(0) |¢) = |1(0)), which is generated
by applying a parameterized unitary transformation U(0) to a fixed input state
|¢). The expressive power or capacity of such states can be characterized using
the quantum Fisher information matrix (QFIM) [249]. For pure states the QFIM
is defined as [250]

Fij = 4Re((0ip[01) — (8i[¥) (4105¢)) , (6.12)

where |0;1) denotes the derivative of |¢)) with respect to the ith component of 6.
The QFIM can be interpreted as a metric that quantifies how a small perturbation
in 0 affects the resulting quantum state as follows

| {(4(0)[4(0 +dB)) | =1 — %fijdoideﬂ‘ : (6.13)

The quantum effective dimension D; = rank(F) is given by the rank of the
QFIM, which captures the number of independent directions in the state space
that can be explored by |¢(0)) [249]. When the rank reaches its maximum and
no longer increases with the addition of more circuit parameters, the circuit
is said to be overparameterized, indicating that it is capable of exploring all
accessible directions.

While the QFIM characterizes the capacity of a single parameterized state,
QML tasks typically involve a set of training states. To properly describe such
scenarios, one can generalize the QFIM to the data quantum Fisher information
matrix (DQFIM), which describes the space of U(6) that can be learned using
multiple training states [247]. Specifically, consider a parameterized unitary
U(0) = U acting on a set of L training states Ty, = {|¢)},, i.e., U(0) [vby). We
define the data state as

L
o= =" ube) (] 6.14)
L /=1

which is the mixture of all training states. The data quantum Fisher information
metric (DQFIM) is given by [247]

Qij(pr) = 4Re(tr(QUpLd;U") — tr(8;UprUNtr(UpL8;UT)) . (6.15)
The rank of the DQFIM is given by
Dr(n) =rank(Q), (6.16)

which denotes the number of learnable independent parameters of U that can be
learned using dataset 77, with a circuit of K parameters. Increasing the number
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of circuit parameters K enhances the expressiveness of the model, however only
up to a limit. The maximal rank of the DQFIM, where one maximizes over the
number of circuit parameters K,

Rp(n) = max rank(Q) (6.17)

measures the maximal possible number of independent parameters of U that
can be learned via the training set 7.

Now, we ask what is the maximal effective dimension for linear optical circuits.
Consider a system of n indistinguishable photons distributed over m modes.
Naively, the full Hilbert space can be written as C("*1)", assuming each mode
can host up to n photons. However, a fixed total number of photons n reduces
the accessible Hilbert space to Fock basis states of the form |ni,na,...,ny) =
|n1) |n2) ... |nm,) with 327" n;, = n and n; > 0. A simple combinatorial argument
shows that the number of possible basis states is ("”7?_1), corresponding to the
number of ways to choosing m — 1 dividers to split » into m non-negative integers.
Alternatively, in first quantization, the state of the system can be expressed as a
tensor product of n photons ®}_, |¢») with wavefunction |¢;) of the bth photon.
To construct the full many-body wavefunction, one has to take all symmetric
combinations of the state.

However, since we apply only a linear optical unitary U acting on m modes,
rather than a general unitary over the full Hilbert space, the set of accessible
states is confined to a polynomially sized subspace within the exponentially
large Hilbert space. While a straightforward parameterization of U appears to
have 2m? real parameters, the actual number of independent parameters R, is
lower due to constraints on U. First, the unitarity condition tr(UUT) = I imposes
m? constraints. Second, the unitary is invariant under global phase rotations
U — €U, introducing one additional constraint. Together, these reduce the
number of independent real parameters to R, (n) = m? — 1, which corresponds
to the maximum number of degrees of freedom for a linear optical unitary acting
on m modes, regardless of the photon number n. For linear optics, U acts on
each photon individually, so it is sufficient to consider the transformation of
individual photons when analyzing the system evolution.

Rank of QFIM for Fock states

We now want to understand the QFIM for a parameterized linear optical unitary
U applied to a single Fock state, i.e., one training state with L = 1. A linear
optical unitary can be written as an m x m dimensional matrix with entries wug;
written in the basis of optical modes {|s)}7

m

U= Y uklk) (s, (6.18)
k,s=1
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and is applied to a Fock state |n;,ng, ..., n,,). First, we consider the simplest case
n = 1 with state |n; = 1), where only mode s = 1 is occupied and all other modes
are empty. Without loss of generality, we assume that the photon is initially
in the first mode. In this case, we have |1 (U)) = U |n; = 1) = > 1L up |ng = 1).
Note that our approach is general for any single-photon state, as arbitrary state
>k ak |np = 1) can be transformed into this form via some fixed unitary V' such
that [n; = 1) = V'3, oy |nx = 1), and the total transformation becomes U’ = UV,

How many independent parameters of U can we learn by performing meas-
urements on the state [¢)(U))? This can be solved through a simple counting
argument [271]. The state

m
1 (U)) =D ugr Ing = 1) (6.19)

k=1
depends only on the first column vector of U. Let us write U = (u4, ..., u,,), where
up = (u11,u21, ..., um1)" is the first column vector. By performing measurements

on [¢1) and varying the parameters, one can learn about the column vector ;. It
has 2m real parameters as we can parameterize its coefficients as ux; = ag; +ibg;.
However, the parameters that can be learned are actually fewer because of the
constraints on the state. In particular, the normalization condition (¢1[¢;) =1
implies u{ul = 1 and reduces the learnable parameters by one. Additionally, we
have invariance under phase rotations, i.e., u; — ¢*®u; is not observable. Thus,
from [|¢1) we can learn

Ri(n=1)=2m —2 (6.20)

parameters of the column vector u;.

Similarly, coherent states (such as those produced by lasers) without squeezing
transformed by linear optical circuits are subject to the same bound as single
photons, i.e.,

RSeberent — g (n =1)=2m — 2, (6.21)

as we now proceed to show. Coherent states in m modes are written as [272]
[the(ar)) = exp(—|a‘2/2) exp <Z aﬁ}) [vac) , (6.22)
i=1

where |vac) is the vacuum state, a; € C are the complex amplitudes, and df
is the photon creation operator for mode i. A linear optical unitary U simply
transforms the creation and annihilation operators as U&j — Dk uzi@Z- Without
loss of generality, let us assume that only the first mode of the input coherent
state is occupied, i.e., e~lol*/ 200] [vac). Applying the unitary transformation U
yields

|the(a)) = exp(—‘a‘z /2) exp <a 3 u21&£> vac) . (6.23)

k=1
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Thus, the transformed state depends only on the first column of U, and the
number of learnable parameters is the same as in the single-photon case.

Next, we consider the case of n = 2 where the photons are in two different
modes, n; = 1 and nge = 1. From the photon in mode s = 1, we learn 2m — 2
independent parameters of the column vector ;. The second photon, occupying
mode s = 2, reveals the state (written in first quantization)

o) = > upa |k) (6.24)
k=1

which depends on the second column vector uy of U, also containing 2m real
parameters. Due to normalization, we loose one parameter from the constraint
uqu = 1. Further, the overall phase of uy is unobservable, eliminating another
parameter. Finally, unitarity requires that the first and second column vectors
to be orthogonal, which implies U-II.UQ = 0. This removes two parameters as the
real and complex parts must be both zero. Thus, the number of additional
learnable parameters from us is Ri(n = 2) — Ri(n = 1) = 2m — 4. Combining u,
and ug, we get

Riin=2)=4m —6 (6.25)

free parameters that can be learned using two photons in orthogonal modes.
We now consider the incremental gain in learnable parameters when increasing
the photon number from n to n + 1. Assume we begin with the Fock state
|F,) = |11...1100...0), where n photons occupy the first n modes. This allows
us to learn R;(n) independent real parameters from the corresponding column
vectors uyq,...,u, of the unitary U. If we include an additional photon in the
(n+1)th mode, the output state for this photon is |1, 11) = > Uk (n41) |k), which
depends on the column vector u,1;. Similarly, this column vector contains 2m
parameters, of which two are removed due to normalization and invariance
under overall phase. The new vector u,; must be orthogonal to all previous
column vectors uy,...,u,, yielding 2n constraints. In total, we can learn

Ap=Ri(n+1)— Ri(n) =2m—2n—2 (6.26)

additional independent parameters.
Let us now sum the incremental gains and get the explicit expression for R;(n)

n—1
Ri(n) = Z A =n(2m—n—1). (6.27)

k=0
The growth of R;(n) stops when A,,_; = 0, which occurs at n = m — 1. This
means that with n = m — 1 photons, the QFIM reaches its maximum rank, and
no additional learnable parameters can be obtained by adding more photons.
For n > m — 1, the number of learnable parameters using Fock states satuates
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6 A scalable advantage in multi-photon quantum machine learning

at Ri(m — 1) = m? — m. Hence, we can express the QFIM rank R;(n,m) as

Ri(n,m)<2mn—n*—n (n<m-—1),
Ri(n,m) =m?—m (n>m-—1). (6.28)

This result shows that the number of learnable independent parameters for a
single Fock state grows linearly with the number of modes m, but only sub-
linearly with the number of photons n.

Finally, we consider the general case of multiple training states L > 1 to
compute Ry (n). Here, we count the degrees of freedom of U that can be learned
by using a dataset of L training states {|¢y)}} ;. Each |iy) is an arbitrary n-
photon Fock state, and is able to reveal at most n columns of U. Thus, across
the full dataset, up to nL columns can be accessed. One can now compute Ry,
as the number of independent parameters of nL columns of the m x m unitary
U. This has been derived in Ref. [247], where the (tight) upper bond is given by

Rp(n,m) < 2mnL —n*L* —1 —6p1(n — 1) (nL <m),
Rp(n,m)=m?—1—36p1(m—1) (nL >m). (6.29)
Notably, the case L = 1 as derived in (6.28) is a special case, where the number

of parameters is reduced due to the fact that a single Fock state cannot learn
any local phases. In contrast, L > 1 matches Ref. [247].

35
31 4
X
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©
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—_— L=
L=2
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Parameter number

Figure 6.5: Simulation of the DQFIM rank D; with multiple training states.
Dy, is shown against number of circuit parameters K for different
numbers of training states L = 1,2, 3 and a linear optical circuit with
m = 6 modes and n = 2 photons.

Eq. (6.28) is verified in Fig. 2c in the main text for the case m = 6 and

n = 1,2,3,4,5. Here, we further verify the general expression in Eq. (6.29)
through numerical simulations with m = 6, n = 2 and varying numbers of L.
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The results are presented in Fig. As the number of trainable parameters
increases, the circuit becomes overparameterized and the DQFIM rank saturates
at 18, 31, and 35 for different values of L, which are in agreement with the

values given by (6.29).

Efficient learning of unitaries with Fock states
Theoretical framework

We now study the problem of learning an unknown unitary V of a linear optical
system. We assume that we only have oracle access to V: the internal structure
of V is unknown, and we are only allowed to apply V' to a set of training states
of fixed dimension. The goal is to learn V' by applying it to these training states,
performing measurements, and inferring from the measurement outcomes.

To achieve this, we optimize a parameterized linear optical unitary U(0), and
we aim to find optimal parameters 6* such that

U=V (6.30)

up to an irrelevant global phase. In general, to faithfully represent an m-mode
unitary V, U(f) must have at least m? — 1 real parameters. In this case, the
model is said to be overparameterized. Overparameterized models are capable
of fully exploring the underlying quantum state space, and as a result, they
usually converge to the global minimum during training [247, 251, 273].

To train the model, we use a dataset of L input quantum states defined as

Ti = {|ve) = We |a) Hey (6.31)

where W, is a unitary for preparing the training state |¢/), and |n) is a Fock state
of n photons with at most one photon per mode. The learning process optimizes
the parameters 6 such that

U(8) [pe) =V |the), V€ =1,..., L. (6.32)

In practice, this is achieved by maximizing the cost function C' = L=' 2%, Cy(8)
with

Col8) = | (Ve VIU(8) v} I* = | (8| W/VTT ()W ) | (6.33)
for all /.

We now ask: what is the minimal number of training states L.(n, m) required
to fully reconstruct an unknown unitary V' as a function of the photon number n
of the states in the training set and the number of modes m of VV? We show that
this is possible when the DQFIM rank reaches its maximal value Ry, = m? — 1,
leading to the bound

Le(n, m) = ceil (m - 1) .y (6.34)
n
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where ceil(x) denotes the smallest integer greater than or equal to z. In particular,
for n =1 we have L. = m, while for n > m — 1 we have L. = 2 only.

Additionally, we find similar bounds for a slightly relaxed problem as studied
in the main text, where we learn V' only up to local phase rotations and mode
permutations. That is, the learned unitary may differ from V' by a diagonal
phase unitary F(¢) = 377", e~i |5) (j| as well as a permutation operator P,
which permute modes, e.g., P, |10) = |01). Generally for quantum interference
experiments, a unitary of this kind could be applied (as multiplication) to the
right or to the left of unknown unitary, without altering the experiment. In this
case, the number of required training states is

p o (m—1
Lc(n,m)—cell( - >, (6.35)

and the maximal DQFIM rank is lower, given by Ry = m? — m.

This demonstrates a fundamental advantage in QML in terms of the number
of training states required for learning. Specifically, single-photon states (as well
as coherent light such as laser fields) require a number of training states L o« m
which scales with the number of modes m. In contrast, Fock states with n o« m
require only a constant number of training states L = const.

Single-photon learning

We start by describing the training algorithm for the case n = 1, i.e., training with
single-photon Fock states. Note that the results also apply to coherent states
such as laser light, which behave similarly under linear optical transformations.

For the training set T}, we select L state preparation unitaries W, each applied
on a single-photon state |n = 1). To learn the target unitary V', one maximizes
the cost function

L
() = % S Cl(0). (6.36)
=1

As shown in Ref. [247], to fully learn a general m-dimensional unitary, one
requires at least L = m training states. This result follows from the rank of the
DQFIM, which reaches its maximum only when L > m. The reason is intuitive:
to fully reconstruct V, we must be able to learn each of its coefficients v;;. Let
us consider the training state |[10...0), i.e., a single photon in the first mode.
After applying V', one gets

VI10...0) =Y v i), (6.37)
=1

where |i) denotes a single photon in the ith mode. Thus, this state provides
information only about the first column of V. To fully learn V, we need at least
L > m linear independent training states to learn all columns. If we choose
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L < m, not all columns of V' are revealed, implying that we cannot completely
learn V.

Note that if we want to learn V only up to local phases, m — 1 training states
are sufficient. This is because the final column of V' does not need to be uniquely
determined in this case.

Multi-photon learning

We now extend our analysis to learning with Fock states containing n photons. By
the same reasoning as in the single-photon case, each training state now provides
access to n columns of V. Consequently, fewer training states are required. For
example, consider a training state |110...0) with n = 2 photons. This state can
be expressed in terms of bosonic creation operators as [110...0) = aia; [vac),
where a;[ creates a photon in mode j, and |vac) denotes the vacuum state. Under
the action of a linear optical unitary V, the creation operators transform as
Val = >, vijal [274]. Applying V yields

% ‘110 e 0) = (Z Uilaj)(z nga}) ’V&C> . (638)
=1 j=1

In particular, we see that the transformed state now depends on the first and
second columns of V, allowing one to learn both of them simultaneously.
However, there are two issues to consider when learning with multi-photon
Fock states. Firstly, Fock states do not reveal information about local phase
rotations. Consider the unitary consisting of mode-wise phase shifts F(¢) =
i e~ |j) (j| with phase ¢; on the jth mode. This unitary leaves any Fock
state invariant, e.g., forn =m =4

F(¢)[1111) = [1111) . (6.39)

As a result, to learn local phases, one requires a training state that is not a
Fock state, but a coherent superposition of different modes such that F(¢) acts
non-trivially on the state.

Secondly, consider learning a unitary that implements a permutation opera-
tion P,, which permute modes according to some permutation function o(j) = k,
with j, k € {1,2,...,m}. For example, for m = 3, the permutation function with
(1) =3, 0(2) =1, and ¢(3) = 2 is a cyclic permutation of modes (1,2,3) — (3,1, 2).

Crucially, permutations that only affect modes occupied by photons leave
Fock states invariant. For example, consider P, that swaps the first and second
modes o(1) = 2 and ¢(2) = 1. Applying this to the Fock state |1100), we find
P, |1100) = |1100), indicating that the state is unchanged. As the unitary P,
has no effect on the Fock state, it cannot be distinguished from the identity
operation, and thus cannot be correctly learned. This implies that when training
with multi-photon Fock states, the learned unitary U(6) can learn the target
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unitary V only up to a permutation of the occupied modes. In practice, we
observe that these permutation symmetries cause training to converge to local
minima, even when U(0) is overparameterized. That is, the model may become
trapped in a solution associated with the wrong permutation symmetry. As
a consequence, using the same training protocol as in the single-photon case
becomes ineffective for the multi-photon regime.

To mitigate these problems, we now propose an efficient learning algorithm for
m-mode unitaries using n-photon Fock states, which unifies the single-photon
and multi-photon cases within a common framework. We represent Fock states
as |s) = [s1,52,...,5m), where s; is the number of photons in the jth mode and

>;8j =n. This protocol requires a total of L(n, m) = ceil ( ) +1 training states,

consisting of L — 1 multi-photon Fock states with n > 1 and one single-photon
state. It proceeds in three steps:

1. Train the parameterized unitary U(6) using a training set consisting of L —1
n-photon Fock states as T;,_; = {‘s(£)>}£;11. To ensure that V can be learned

correctly (up to local phases and mode permutations), we require that for
each mode j = 1,2,...,m — 1, there must be at least one photon across the

training set, i.e., Zf ! 3(2) > (0. We then minimize the loss function

_1_72‘ Oviu(e)|s))?. (6.40)

For L — 1 > ceil(™=1), the union of the training states occupies at least
m — 1 modes. This condition is sufficient to saturate the rank of the DQFIM
at m? — m, which is the number of independent parameters of an m x m
unitary up to local phases. If the learning task only requires identifying V'
up to local phase shifts and mode permutations, the algorithm can stop
here. In that case, the minimum number of required training states is

L2 (n,m) = ceil (mT_l)

In the next two steps, an additional single-photon training state is used to
learn the local phase and mode permutation, completing the full learning of
V. With this additional state, the DQFIM reaches its theoretical maximum
rank of m? — 1, implying that all independent parameters of the unknown
unitary V can be learned.

2. We now describe how to resolve the mode permutation ambiguity. Notably,
this step does not require variational learning and can be performed effi-
ciently by measuring a single-photon state |¢;) = W |n = 1), with W drawn
from the Haar measure. We measure the occupation probabilities across
all output modes for both the trained unitary U(6*) and the target unitary
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V. These are defined as
v = (GlU@O )W |n=1)?, (6.41)
Vi = GIVIW R =1) .

By comparing the probabilities, we can obtain the permutation P, (a
bijective function which maps each mode j — j') such that distributions

vj; and v} match, i.e., v;- = Pyvj forall j =1,...,m. P, can be implemented
with linear optical circuits as a sequence of beam splitters which swap
modes.

3. Finally, we determine the correct local phases ¢ associated with a diagonal
phase unitary

F(p)=> e [5)(j| . (6.42)
7j=1

F(¢) is optimized with the same single-photon state that was used to find
the mode permutation, by maximizing the cost function

C(p) = | (n =1 WIVIF(¢)P,UO")W | =1) |2, (6.43)

where the optimization is carried out only over ¢, and 6* are fixed to the
values obtained in the first step. Once complete, we have the final result
F(¢*)P,U(6*) =V up to a global phase.

In summary, the learning process is divided into two stages. In the first stage,
training is performed using bare Fock states (e.g., |1100)), which are sufficient
to learn the target unitary up to local phase shifts and mode permutations.
Empirically, we find that training reliably converges to the global minimum
whenever U(0) is overparameterized. While training with multi-photon Fock
states (n > 1) rotated by random unitaries W, i.e., states of the form W; [1100) (as
shown in [6.31), can in principle encode local phase information, this approach
often fails in practice. The training process becomes stuck in bad local minima, a
failure we attribute to the permutation symmetry of Fock states. This symmetry
leads to a poor optimization landscape when optimizing over linear optical
unitaries. In contrast, our three-step protocol effectively resolves this issue
without increasing the required number of training states while also ensuring
convergence to the correct solution. Importantly, when the number of photons
scales with the number of modes (n « m), the total number of required training
states becomes constant. In the optimal case where n = m — 1, only two training
states are needed to fully reconstruct the unitary. While for the single-photon
case (n = 1), one requires L = m training states, consistent with the results
presented earlier in Section [6.7]

We simulate our three-step protocol for learning a unitary with m = 5 modes,
including both local phase shifts and mode permutations. The simulation is
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performed using different photon numbers n and varying numbers of training
data L, where each training set consists of L — 1 Fock states with n photons
and one single-photon state to learn local phases and mode permutations.
Fig. shows the test error Ciest after training. As predicted, larger photon
numbers require fewer training states, following the theoretical bound of L. =
ceil(mT‘l) + 1. To evaluate generalization performance, the test error is computed
as the infidelity between the outputs of the true unitary and the trained unitary
applied to a Haar-random test state |¢) as

Crest = 1 — | (Y| VIF (") P,U(0%) |¥) | (6.44)
154 & -2
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Figure 6.6: Simulation of test error for learning unitaries using the three-
step protocol. The test error is shown for different numbers of
training states L and photon numbers n, for learning a target unitary
with m = 5 modes.

Hardware experiments for learning unitaries
Brief introduction of SPSA

To demonstrate the feasibility of photonic QML, we perform online training
on our photonic quantum hardware. Starting from a random initial guess,
all hardware parameters which are implemented as phase shifts in MZIs, are
iteratively updated to minimize (or maximize) a given objective function.
Among various optimization strategies, gradient descent serves as the most
widely-used and effective method. Gradient descent relies on gradient informa-
tion, which can be obtained either by analytical expressions or finite difference
approximation. Finite-difference methods are generally discouraged in quantum
settings, as they demand a large number of measurements to estimate gradients
with sufficient precision, making them inefficient for experimental use. In terms
of analytical solutions, recent work has generalized the parameter-shift rule,
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originally developed for qubit-based quantum circuits, to photonic systems [262],
275, 276]. These methods allow for the exact computation of gradients, but
they still scale linearly with the number of parameters. As the parameter space
grows, this scaling becomes a potential computational bottleneck [277].

In this work, we adopt a pseudo gradient-based optimization method known
as simultaneous perturbation stochastic approximation (SPSA) [182]. SPSA
estimates the gradients with only two objective function evaluations per iteration
by applying a random perturbation vector to all parameters simultaneously,
regardless of the number of trainable parameters. This random vector is usually
drawn from the Rademacher distribution, where each component independently
takes the value +1 with equal probability.

Specifically, suppose we aim to minimize an objective function f(x) over a
parameter vector x. For each iteration, we generate a random vector A, and
evaluate f(x + cA) and f(xz — cA) through hardware runs and measurements.
The approximate gradient for x is given by

dapprox = f@+ CA)%_Af(m —cA) ) (6.45)

where ¢ > 0 is the perturbation amplitude. Japprox is then used to refine the
parameters x.

SPSA exhibits several desirable properties for hardware-based implementa-
tions. In terms of efficiency, it avoids the linearly increasing computational cost
associated with varying each parameter individually. By perturbing all paramet-
ers simultaneously, SPSA maintains a constant number of objective function
evaluations per iteration, making it especially suitable for high-dimensional
parameter spaces. Moreover, the stochastic nature of gradient approximation
in SPSA inherently provides robustness to noise, which is a critical feature for
practical applications on noisy quantum hardware. The random fluctuations
introduced by SPSA mirror the stochastic noise present in hardware measure-
ments, allowing it to operate effectively even when gradients cannot be estimated
precisely. While gradient-free methods such as the NelderMead algorithm have
been employed to train photonic quantum neural networks[278], these methods
tend to be more sensitive to hardware noise and often demonstrate inferior
performance compared to SPSA [279].

In light of the above reasons, we choose the SPSA method for all physical
experiments conducted in this study. To the best of our knowledge, this work
represents the first application of SPSA for training photonic quantum hardware,
which has only been implemented on qubit-based superconducting platforms
before [208, [268|.

Implementation details

As described in the main text, we test our protocol by learning a random 5 x 5
unitary matrix acting on five optical modes (m = 5), and compare the cases n = 1
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and n = 2. The experiments are implemented on a six-mode programmable
photonic chip, where modes 1 — 5 are used to implement the unitary, and mode
6 is reserved for heralding when necessary.

According to the discussion in Supplementary Note [6.7] the first stage of
learning requires at least four single-photon states (n = 1) and two two-photon
states (n = 2). For n = 1, one photon is injected into modes 1, 2, 3, and
4 sequentially, corresponding to the Fock states |10000),|01000),|00100), and
|00010). This is realized by a programmable optical switch, along with a tunable
delay line to compensate for temporal variances across different optical paths.
During each training epoch, each of the four states is inputted once and the
output probability distributions are collected. Following the convention, we
define the loss function as £(¢) = C(#) according to [6.40] so that the loss value
remains non-negative and converges to zero upon successful training. For n = 2,
two identical photons are injected into mode pairs (1,2) and (3,4) in sequence,
corresponding to the Fock states |11000) and [00110). We perform pseudo photon-
number-resolving detection with beam splitters to measure the probability of
photon bunching events where two photons reach the same output mode.

The complete experimental workflow is summarized in Algorithm

Algorithm 2 Unitary learning

Input: m x m target unitary matrix V, training set containing L — 1 n-photon
Fock states {|s\¥)}/~!, loss function £, SPSA hyperparameters c and a.
Output: Optimized unitary matrix U(6) = V, 0 € RY.
1: Select a random seed and initialize values for 6.
2: repeat
3: Generate a random vector A € {—1,1}? with the same dimension as 6.
for the /th input Fock state [s(*)) do
Set the MZI phases of the chip according to V and 0 + cA.
Perform measurement on the quantum device and get the probability

vector pf).

o gk

7: Set the MZI phases of the chip according to V and 6 — cA.

8: Perform measurement on the quantum device and get the probability
vector p(f).

9: end for ” ®

10: Calculate the approximate gradient vector § < 2 Lpy )2_AE£ Llp- ).

11: Update the trainable parameters 0 + 6 — ad. ¢

12: until convergence

Regarding SPSA hyperparameters, the perturbation and learning rate are
initially set as ¢ = 0.3 and ¢ = 4, and exponentially decay with the epoch
number. We adopt decay coefficients recommended in prior work|[208, 268, 280],
with o = 0.602 and v = 0.101. These hyperparameters show ideal convergence
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performance in numerical simulations for both n = 1 and n = 2 cases, and are
further applied in the hardware experiments.

The result of the first training round has been presented in Fig. 3b in the
main text, where the target unitary V is learned up to local phases and mode
permutations. Here, we complete the learning process and implement the
remaining steps as described in Supplementary Note [6.7] Specifically, a single-
photon state is prepared to identify the permutation P, and learn the local
phase unitary F(¢). To monitor the learning process, we compute the matrix
closeness as 1 — ‘%tr(VTF(qS)PJU (6*))|, consistent with the definition used in
the main text. It quantifies the overlap between the learned and target unitaries
up to an unobservable global phase. A perfect learning result indicates that
VIF(¢)P,U(6%) is an identity matrix up to some global phase, so the matrix
closeness should be close to zero.

The experimental results of second-round learning are shown in Fig.
Both n = 1 and n = 2 cases exhibit rapid convergence in approximately 150
training epochs, and the final similarity values are very close to one within the
noise limits of the hardware. These results provide experimental support for
the feasibility and robustness of our theoretical three-step learning protocol.
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Figure 6.7: Learning local phases of a unitary in the second round. (a)
Training loss and (b) matrix closeness for photon numbers n = 1
(red curves) and n = 2 (blue curves). In both cases, local phases are
successfully learned, starting from the trained unitaries obtained in
the first round of learning.
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Quantum metric learning with multi-photon states
Theoretical framework

The goal of metric learning is to learn a representation in which similar data
points are mapped closer together, while dissimilar ones are mapped farther
apart. For an in-depth overview of metric learning techniques, we refer interested
readers to comprehensive survey papers such as [256].

Here, we show that the mathematical structure of linear optical circuits is
naturally compatible with metric learning. In many representative studies of
metric learning [281-283], a neural network is trained to map each input to
a normalized feature vector, such that all outputs lie on the surface of a unit
hypersphere. This geometric constraint facilitates angular-based loss functions,
which are widely used to enhance class separability. In our quantum setting,
a variational linear optical circuit ansatz encodes each data point onto its
parameters through some mapping scheme, and produces output probability
distributions over Fock basis states, denoted by {p;} and {¢;} for two respective
data points. Since these are valid probability distributions )", p; = >, ¢; = 1, their
square roots {,/p;} and {,/g;} naturally form unit vectors in a high-dimensional
vector space.

A widely-used similarity measure for probability distributions is the Bhat-
tacharyya coefficient Sc(p,q) = >, /pi¢, Which is mathematically equivalent
to the cosine similarity between {,/p;} and {,/g;}. This enables us to interpret
the output probability vectors of the photonic circuit as hyperspherical feature
embeddings, analogous to those used in classical deep metric learning. We
therefore define a loss function that encourages small angular distances (i.e.,
high cosine similarity) between embeddings of similar inputs, and large angular
distances between dissimilar inputs.

A key hyperparameter in metric learning is the margin, which defines the min-
imum required separation between positive and negative pairs in the embedding
space. The choice of margin significantly affects the difficulty of the learning
task and the overall performance of the model. A larger margin imposes a stricter
constraint by requiring that negative pairs be more widely separated, which
makes optimization more challenging. However, this encourages the model to
learn more discriminative features, thereby improving its ability to generalize
and distinguish between different classes.

In this study, we integrate core concepts of metric learning into the framework
of linear quantum optics. We introduce a hyperparameter ¢, referred to as the
angular distance margin, to investigate different learning difficulty scenarios.
A loss function £ regularizes the training process as follows: for positive pairs
(data points with the same label), the cosine similarity between the output
distributions should be larger than ¢, while for negative pairs (data points with
different labels), the cosine similarity should be smaller than ¢. Specifically, £
is defined as
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[ Z ReLU(t—Z p" pﬁ) (6.46)
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where ReLU(-) = max(0, -) is the standard rectified linear unit activation func-
tion, Niota1 is the number of all sample pairs within a training batch, y™ is the
class label of the nth data point, and p(™ is the measured real-valued probab-
ility vector for the nth data point, respectively. We fix ¢t = 0.9 throughout all
simulations and physical experiments presented in the main text.

Experimental implementation details

The vowel dataset in our work has been employed in multiple studies to bench-
mark novel machine learning hardware platforms [269, 284, 285|. The dataset
consists of 12-dimensional data vectors of formant frequencies extracted from
audio recordings, categorized into seven vowel classes: ‘ae’, ‘ah’, ‘aw’, ‘er’, ‘ih’,
‘iy’ and ‘uw’. Each class contains 37 samples. We randomly split the dataset
into training and test sets by a 70/30 ratio, while maintaining class balance
across both sets. As a result, the training and test sets contain 26 x 7 = 182 and
11 x 7 = 77 data points, respectively.

The schematic diagram of the variational circuit used for learning is shown
in Fig. [6.8] To maximize the number of variational parameters on our square
mesh of MZIs [56], we adopt the trainable linear scaling scheme proposed
in [269] for data encoding. Specifically, we first perform min-max normalization
across the whole dataset, so that all input components z;_;5 lie in [0,1]. For
each component z;, we assign two trainable parameters k; and b;, and compute
the value of #; = k;z; + b;, which is then mapped to the corresponding phase
shifter in the circuit. The remaining MZIs carry free trainable parameters
(p1-4,01-4). Because the external phases of the front MZIs do not affect the
measured probabilities, we fix them to zero, and only the internal phases (65_g)
are trainable.

Similar to the unitary learning task, we employ SPSA method for online train-
ing. At each training step, we randomly sample five instances per class, resulting
in 5 x 7 = 35 data points per mini-batch. The training loss is calculated and
optimized over all pairwise combinations in the mini-batch. The experimental
pipeline is shown in Algorithm
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Figure 6.8: Schematic diagram of the variational circuit used for quantum
metric learning. The phase shifters of the six-port square mesh of
MZIs are configured either to encode input data components or to
carry trainable parameters used for optimization.

Algorithm 3 Quantum metric learning

Input: Training and test set of data points {x} consisting of 12-dimensional
real-valued vectors, class labels {y}, loss function £, SPSA hyperparameters
c and a, batch size N.

Output: Optimized parameters A € R?, including ¢i_4,01-5,k1-12,b1-12 as
defined above.

1: Select a random seed and initialize values for A.

2: repeat

3: // Training stage

4: Randomly select a mini-batch of N data points from the training set.

5: Generate a random vector A € {—1,1}9 with the same dimension as A.

6:  for the nth data point (™ do

7: Set the corresponding MZI phases of the chip according to (™) and
A+ cA.

8: Perform measurement on the quantum device and get the probability
vector pf).

9: Set the corresponding MZI phases of the chip according to (™ and
A —cA.

10: Perform measurement on the quantum device and get the probability
vector p(_").

11: end for

12: Calculate the approximate gradient vectors d; —

>, L0, y™) — 5, L™, y™)

2cA
13: Update the trainable parameters A <+~ X — ad.

14: // Evaluation stage

15: for the nth data point (™ in the test set do

16: Set the corresponding MZI phases of the chip according to (™ and .

é% Perform measurement on the quantum device and get the probability
vector p(™.

18: end for

19: Calculate the average loss value on the test set.

20: until convergence




6.7 Supplementary information

Regarding the hardware setup, for the n = 2 case, two identical photons are
generated by a spontaneous parametric down-conversion (SPDC) source and
injected into ports 1 and 6. For the n = 1 case, only one of the two SPDC photons
passes through a beam splitter whose outputs are coupled to ports 1 and 6, and
the other photon is used for heralding. This configuration guarantees that the
same optical paths and phase encoding structure are involved in both settings,
enabling a fair comparison.

The experimental results are shown in Fig. 4c and 4d in the main text.
Here, we further visualize the Gram matrix on the test set for n = 2 with a
diverging colour map (Fig. [6.9). The matrix exhibits a clear 7 x 7 block structure,
corresponding to the seven classes of the dataset. Although the angular distance
margin was set to be ¢t = 0.9 during training, we observe that most inter-class
distances (off-diagonal blocks) fall well below 0.9. This suggests that the model
has successfully learned a distance measure that clusters positive pairs closely
and separates negative pairs, independently of the specific numerical value of ¢.

mr
- 0.9

- 0.8

- 0.7

0.6

0.5

ae ah aw er ih iy uw

Figure 6.9: Experimental Gram matrix on the test set for photon number
n = 2 and margin ¢ = 0.9. This result corresponds to Fig. 4d in the
main text.

To further demonstrate the robustness of online training on our photonic
quantum hardware, we performed additional experiments with a different margin
value t = 0.95, as shown in Fig. This value approaches the average fidelity
between theoretical and experimentally measured probability distributions of
our photonic chip (around 0.98), making the training task more sensitive to
noise and hence more challenging. Despite this, similar results are obtained as
in the case of ¢t = 0.9, where only a slight confusion between the classes ‘ah’ and
‘aw’ remains. This is consistent with the results of previous research [269, [285],
as the instances of these two classes are intrinsically similar.
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Figure 6.10: Experimental result of quantum metric learning for photon
number n = 2 and margin ¢ = 0.95. (a) Experimental training and
test loss over epochs. (b) Gram matrix on the test set after training,
which reveals inter-class and intra-class similarities.

Numerical simulations with larger photon numbers

Metric learning provides a good opportunity for comparing the model capability
and trainability of different photonic configurations. In conventional classifica-
tion tasks, fully-connected layers are often required to map model outputs to
discrete class labels. However, since different combinations of photon and mode
numbers yield output probability vectors of varying dimensions, fully-connected
layers introduce varying numbers of trainable parameters, which complicates
fair comparisons across models. In contrast, metric learning focuses on the
inner products between probability vectors rather than the vectors themselves,
thereby circumventing the issue of varying output dimensions arising from
different photon and mode numbers.

In the main text (Fig. 4b), we display the performance scaling from photon
number n = 1 to n = 5 under the margin hyperparameter ¢ = 0.9. Here, we extend
the analysis by training models with alternative values of t = 0.5,0.6,0.7, 0.8 while
keeping all other settings identical. The final loss values on the test set are
shown in Fig. [6.11] As the value of ¢ decreases, the model is required to enforce
larger angular distances between negative pairs, making the learning task
progressively more difficult. This is reflected in the increasing loss values from
t=0.9 to ¢t =0.5. At the same time, we observe that the marginal improvement
in loss diminishes with increasing photon number, a trend that holds across
different values of ¢. This behavior is consistent with the sublinear scaling of
the QFIM rank with respect to the photon number n. The only exceptions occur
for n =5 att=0.5 and t = 0.6. This may be attributed to the fact that, for larger
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photon numbers, the trainable parameters become more highly correlated in
the output probabilities, and the gradient landscape becomes more complex
due to the increased difficulty of computing matrix permanents, which affects
the optimization performance.
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Figure 6.11: Simulated test loss for different photon numbers n = 1,2,3,4,5
under varying hyperparameter values ¢ = 0.5,0.6,0.7,0.8,0.9. The
results illustrate how decreasing ¢ increases the learning difficulty
and highlight the diminishing performance gain with larger n.
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7 Quantum Natural Language Processing on
a Photonic Quantum Computer

7.1 Introduction

Understanding human languages is a long-standing challenge for the area of
artificial intelligence and machine learning [286, 287]. In the era of deep learn-
ing [174], natural language processing has delivered impressive achievements,
such as machine translation, text summarization, and sentiment analysis,
where words are represented in the form of trainable real-valued vectors, termed
word embeddings [288]. By leveraging the power of computing hardware and
algorithms, researchers have been able to develop increasingly sophisticated
models for understanding and generating human language, for example, large
language models [289-291]. However, the training burden of these models
is also growing extremely heavy as the parameters needed in the models in-
crease to billions, which requires massive computational resources and energy
consumption.

Along the same lines, quantum computing promises the potential to alleviate
some of these challenges by providing new paradigms for information processing
and representation, which triggers the development of quantum machine learn-
ing (QML) [47, |155]. Utilizing quantum properties such as superposition and
entanglement, QML aims to enhance the performance of machine learning tasks,
such as lowering the training cost, offering higher accuracies, and providing new
insights into the underlying data structures [145, 155| 292]. Among various
QML applications, quantum natural language processing (QNLP) embeds words
from a sentence into phases of parameterized quantum circuits, and uses the
output probability distributions to perform various linguistic tasks. However,
the physical implementation of QNLP tasks on quantum hardware, to the best
of our knowledge, has not been demonstrated yet.

In this study, we provide the first implementation of QNLP tasks on a program-
mable photonic quantum computer. For proof-of-principle validation on NISQ
photonic chips, we assign two trainable parameters for each word embedding,

Contribution statement: This chapter is based on an unpublished paper in preparation. In this
work, I am the main contributor to the theoretical model, the data analysis, the experimental
design, and the writing of the manuscript.
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and different phase encoding schemes to distinguish adjectives, nouns and
verbs. This is in line with previous qubit-based studies [293], where different
ansatze are chosen for different parts of speech to preserve syntax information.
Benefiting from the high tunability and scalability of integrated photonic circuits,
we are able to implement in-situ training of 100 sentences with a total of 17
words, and achieve a classification accuracy near 100% on the test set.

7.2 Quantum natural language processing with single photons

words sentences trainable ansatz probability
program skillful alice debugs software
software
meal O:]UA[:]US[:]UV[:]UO D —
@) _D
skillful
useful bob cooks tasty meal c
tasty o D 2

—> o

oo [usfJoo [T == 8
debug o
run 3
cook - person runs program 3
@] U U U D —>] (3
person | jfu Su Vu O«
alice © )

bob

Figure 7.1: Quantum Natural Language Processing (QNLP) with program-
mable photonic circuits. For all words composing a sentence, we
assign different encoding blocks for word embeddings of nouns,
verbs and adjectives. Each of grammatical components is encoded
as the phases of the MZIs, and output probability distributions are
measured in the Fock space.

The schematic diagram of the QNLP task is shown in Fig. [7.1] For a given
dataset, namely a corpus containing a set of sentences, one can encode each
word in the sentences as several phases in an interferometer network. Thus, each
word in the dataset is assigned a trainable unitary, and different sentences form
distinct ansatze by sequentially concatenating the corresponding unitaries of
the words that appear in the sentences. For example, the sentence “skillful alice
debugs software” includes four words, “skillful”, “alice”, “debugs” and “software”,
which can be encoded as four unitaries. Note that every unitary is associated
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with a specific word and the sentence is encoded as a sequence of corresponding
unitaries. Here the word embeddings are parameterized but the grammatical
structure of the sentence is preserved, which is crucial for the QNLP task. Of
course, for complicated sentences, the ansatz takes a longer circuit depth. On
the other hand, for datasets with more words, more parameters are needed for
each corresponding unitary.

By injecting photons into the parameterized unitaries and measuring the
output photon counting, we can obtain the output probability distribution of
each sentence determined by the word embeddings. The probability distribu-
tions of different output port combinations are utilized to update the trainable
parameters during the learning process.

7.3 Experimental configurations

To perform online training of QNLP tasks, we perform the text classification
task and adopt the QNLP dataset originally introduced in [293] where a BNN
model is trained to classify whether a given sentence is related to food (class
0) or information technology (class 1). It consists of 130 sentences and 17
words in total, with a partition of 70/30/30 into training, validation (termed
as “development” in the original publication [293]) and test sets. All sentences
share the same structure of “adjective (ADJ1) + noun (N1) + transitive verb
(TV) + adjective (ADJ2) + noun (N2)”, while the adjectives only appear in part of
the sentences as illustrated in Fig. [7.2ha. Specifically, the adjective is encoded
on the external phases of two MZIs, while the corresponding noun is encoded
on the internal phases of the same two MZIs to keep the attributive relations
between the adjective and the noun. The verb is encoded on the two phases of a
single MZI. If there is no adjective at some positions, the corresponding external
phases are set to zero.

In order to perform the experiments on our six-port chip, we set the irrelevant
MZI gates to implement identical matrices (white blocks in Fig. [7.2p). This
ensures that photons will only propagate in the first four modes and relevant
MZI gates. For the front three MZI gates of the chip, the external phases are
set to zero (or any arbitrary values) because they do not affect the output
probabilities, while the internal phases (61, 02, 63) are set to be trainable. The
reason for including 61, 62, 03 as trainable parameters is to let the photons diffuse
into four modes and be operated by the subsequent MZI gates; otherwise the
two parameters for the first adjective, x% j1 and xz(f]% J2» Will not have influence
on the output probabilities and it will make no sense to train them. This can
also be seen as training an optimal input state for each sentence.

In terms of hardware setup, we select mode number as four and photon
number as two. Specifically, two identical photons are injected into port 1 and
port 4, and only no-collision output configurations are detected. Specifically,

for four modes and two photons, we denote the () = 6 configurations as 12,
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Figure 7.2: Experimental configurations of QNLP. a. Illustration of mapping
the word embeddings onto the phases of a Clements-style six-port
photonic chip in physical experiments. b. Experimental setup of the
QNLP task, where two photons are injected into the first and forth
modes of a six-port programmable photonic chip.

13, 14, 23, 24, 34. For instance, 12 indicates that two photons leave the
chip from port 1 and port 2. Therefore, the output probability distribution
is thus a 6-dimensional normalized probability vector (pi2, p13, P14, P23, D24, P34)5
corresponding to which two out of four ports where two photons are output.
For optimization, we define p = p12 + pi3 + p14 as the probability that a sentence
belongs to class O, so the training objective is to minimize p for sentences in
class 0 and maximize p for sentences in class 1.

We perform online training on our photonic quantum hardware from three
different initializations. For a given sentence, we load the word embedding
values onto the corresponding phase shifters of the chip. We use the simultan-
eous perturbation stochastic approximation (SPSA) method to perform online
training, optimizing the hardware parameters based on a binary cross-entropy
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loss function:
= Z LT,y (7.1)
Eneg = N Xn:ﬁ(p—n ) ()

The approximate gradient vectors are then calculated as

- ﬁpos - [rneg
0; = oA (7.2)

Subsequently, we update the vector embeddings x; < x; — ad; for all words in
the mini-batch.

The complete pipeline is shown in Algorithm[4] Regarding the hyperparameters,
we set the batch size to 5, resulting in 70/5=14 mini-batches per epoch. The
perturbation and learning rate for the SPSA method are set to constant values,
with ¢ =0.25 and a = 1.

In our physical experiments, two photons are generated from a spontaneous
parametric down-conversion source and injected into the first and fourth modes
of a six-port integrated photonic chip based on laser-written fused silica wave-
guides. All phase shifters are thermo-optical and can be tuned independently
by applying a current. As photons are injected into four modes of the photonic
chip, only no-collision events are detected.
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Figure 7.3: Training results of quantum natural language processing. a. The
loss values of the training and validation sets during the training
process. The loss values gradually converge to zero, and all sen-
tences in the test set are correctly classified. b. The average output
probability distributions on the test set before and after training. The
probability distributions are randomly distributed before training,
while clear patterns emerge after training.
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Algorithm 4 Quantum Natural Language Processing (QNLP)

Input: Training and validation set of sentences consisting of M words, binary
class labels {y}, SPSA hyperparameters ¢ and «, loss function £, batch size
N.
Output: Vector embeddings {x;}}, € R? for all M words.
1: Select a random seed and randomly initialize values for {z;},.
2: repeat
3: // Training stage
4 for all mini-batches in the training set do
5: Randomly select a mini-batch of N sentences from the training set.
6 Generate random vectors A € {—1,1}? for all included words in the
mini-batch.

7: for the nth sentence do
8: Set the corresponding MZI phases of the chip to {x; + cA;} for all
words.
9: Perform measurement on the quantum device and get the result
!
10: Set the corresponding MZI phases of the chip to {x; — cA;} for all
words.
11: Perform measurement on the quantum device and get the result
o,
12: end for
13: Calculate the average SPSA loss values for the mini-batch
14: Lpos; Lneg-
15: Calculate the approximate gradient vectors 9;.
16: Update the vector embeddings
17: end for
18: // Evaluation stage
19: for the nth sentence in the validation set do
20: Set the corresponding MZI phases of the chip to {x;} for all words.
21: Perform measurement on the quantum device and get the result p(™.
22: end for
23: Calculate the average loss value on the validation set.

24: until convergence
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We perform three independent runs for the hardware experiment with different
random seeds (thus different parameter initializations), and the results are
shown in Fig. [7.4] The dark blue and light blue curves correspond to £;0s and
Lneg in Algorithm , which are calculated based on the experimental hardware
probability outputs for each mini-batch.

The loss value on the validation set (orange lines) and the test accuracy on
the test set (red lines) are evaluated at the end of each epoch when all training
samples are traversed. For every run, the test accuracy reaches 100% before 10
epochs, while the loss value gradually decreases until it reaches the minimum.
This demonstrates the feasibility and robustness of online training on our
photonic quantum hardware.

Figure indicates successful training outcomes for three independent runs,
with all sentences in the test set correctly classified. This is further validated
by plotting the average output probability vectors over the test set (Figure [7.3p).
The probabilities of different port combinations exhibit desired patterns that
are consistent with the training objective after optimization.

7.5 Discussion

In this work, we have demonstrated the first implementation of quantum natural
language processing tasks on a programmable photonic quantum computer.
By encoding the word embeddings of a sentence into the phases of a photonic
chip, we can perform online training of the word embeddings and achieve
a classification accuracy approaching 100% on the test set. The training is
performed on a six-port integrated photonic chip, which is capable of performing
the QNLP task with two photons and four modes. The results demonstrate that
the photonic quantum computer can be used to perform QNLP tasks, and the
training process is robust and efficient.

Looking toward future applications, we expect that the QNLP task can be
performed on larger photonic chips with more modes and photons, which will
allow us to encode more complex sentences, such as including clauses and
phrases, and to perform more sophisticated tasks, such as machine translation
and text summarization. We also expect that the QNLP task can be enhanced
by adopting photonic nonlinearity, which will allow us to perform more complex
operations on the quantum states and achieve better performance on these
tasks.
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Figure 7.4: Convergence plot of hardware experiments for quantum natural
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language processing. The hardware experiments are performed
with three independent runs and different initializations. Dark
blue and light blue curves represent the average loss values for the
mini-batch during SPSA optimization, with parameters perturbed
in opposite directions. Orange curve represents the average loss
evaluated on the validation set at the end of each epoch. Gray
dashed line shows the zero loss value. Red curve represents the
classification accuracy evaluated on the test set at the end of each
epoch. One epoch corresponds to 14 training steps.



8 Towards Quantum Edge Computing in
Space

From earth observation to space exploration, humanity is leveraging space
technology to deepen our understanding of both the universe and our own
planet. To achieve this, we are integrating advanced technologies developed on
the ground into space missions, providing us with invaluable data and insights.
Whether sending probes to the farthest reaches of the solar system or launching
satellites to monitor the earth’s atmosphere, oceans, and land, our efforts are
expanding the frontiers of knowledge.

The rapid advancement of space technologies has led to an unprecedented
increase in the volume and variety of data generated in orbit. This data includes
satellite imagery, sensor measurements, and results from scientific experiments
conducted in space. However, processing and analyzing such data directly
onboard satellites remains a significant challenge due to the harsh space en-
vironment. For instance, while field-programmable gate arrays (FPGAs) are
widely used in spaceborne computing units, standard FPGAs are vulnerable to
radiation [294]. Radiation-hardened FPGAs offer improved reliability but are
costly and often limited to one-time programming. In addition to computational
and energy constraints, satellites must also contend with extreme temperatures,
vacuum, and radiation. As a result, large volumes of data must be transmit-
ted back to ground stations for further analysis, incurring high latency and
substantial bandwidth requirements [295|, [296].

Meanwhile, quantum technologies are progressing rapidly, offering the po-
tential to solve complex computational problems beyond the reach of classical
computers and to secure communications with fundamentally unbreakable
encryption. This progress has sparked growing interest in applying quantum
technologies to space applications, both in academia and industry [297]. A
notable example is the Micius satellite, launched by China in 2016, which suc-
cessfully demonstrated quantum key distribution (QKD) over long distances,
paving the way for secure global communications. In this mission, entangled
photon pairs were generated onboard and distributed to two ground stations, en-
abling demonstrations of quantum key distribution, quantum teleportation, and
entanglement swapping [298-300]. The same team also developed a CubeSat-
based QKD system, significantly reducing the cost and size of the satellite [301].
Looking ahead, the QEYSSAT mission, proposed by Thomas Jenewein et al., aims
to demonstrate quantum communication in low Earth orbit (LEO) and establish
a QKD network between satellites and ground stations [302, |303]. Another

111



8 Towards Quantum Edge Computing in Space

example is the SpooQy-1 experiment, which seeks to demonstrate the generation
and detection of entangled photons in space using a CubeSat platform [304].

Despite these advances, most space-based quantum missions to date have
focused on quantum communication, with relatively little attention given to
quantum computation in space. Bringing quantum computational capabilities
directly onboard satellites would enable in-situ data processing and analysis,
reducing both latency and bandwidth requirements. For example, quantum
algorithms could be used to precompress data before transmission to ground
stations, or quantum states could be encoded in single photons and sent to
Earth, offering greater robustness against noise and loss.

In this chapter, we introduce our project, the Reconfigurable Lower Orbit
Quantum Computer for Earth observation Technology (ROQUET), which aims
to demonstrate quantum edge computing in space. By integrating quantum
computation with satellite platforms, ROQUET seeks to enable efficient, low-
latency data processing for Earth observation and other space applications.

8.1 Experimental payload

To harness the power of photonic quantum technology, it is necessary to generate,
manipulate, and detect single photons with high accuracy. As illustrated in
Fig. the core quantum experiment includes a single photon source, a
programmable integrated photonic chip, and customized multi-channel single
photon avalanche detectors (SPAD). Fiber components connect all these modules.
To control all signals, including analog, digital, and radio frequency signals, we
have designed several printed circuit boards to control phase shifters on the
chip, regulate the temperature of the nonlinear crystal in the SPDC source, and
distribute power at different voltages.
Here we introduce each component across several categories.

Optics

The general optical modules include beam splitters, wave plates, and mirrors
for manipulating the polarization and path of the photons.

1. Laser We use a laser diode at 405 nm to pump the nonlinear crystal and
generate photon pairs at 810 nm. The laser is pigtailed with a PM fiber to
ensure polarization and mode quality. A simple communication interface
is provided to control the laser switch and temperature.

2. Single photon source We use a ppKTP crystal to generate photon pairs at
810 nm via spontaneous parametric down-conversion (SPDC). To ensure
the degeneracy and indistinguishability of the photons, we control the
temperature of the crystal with a Peltier element. The pump laser and
output photons are coupled in fibers using a triplet of lenses.
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8.1 Experimental payload

3. Delay line Based on the phase matching condition in the SPDC process, it
is critical to maintain the fiber length difference within the two photons’
coherence length, which is approximately one millimeter. To achieve this,
we designed a free-space delay line to compensate for the fiber length
difference. During assembly, we can adjust the position of the mirror and
fix both collimators with adhesive.

4. Programmable PIC The core of our quantum experiment is a programmable
photonic integrated circuit, which is fabricated with glass waveguides using
femtosecond laser writing technique. The chip features 6 input and 6 output
modes; both input and output are coupled with PM fiber arrays.

5. SPAD Single photon detection is realized with a custom-designed multi-
channel single photon avalanche detector (SPAD) array. From the 6 fiber
outputs of the PIC, we split each channel into collimators which are moun-
ted in front of the single avalanche photodiodes. Each channel is equipped
with a dedicated readout circuit to ensure high timing resolution and
low dark count rate. To read out the electrical signal from the SPAD, we
designed a passive quenching circuit for each channel. High voltage is
supplied to the SPAD pin to set inverse bias above the breakdown voltage.

Electronics

The general electronics modules include current controllers, temperature con-
trollers, power system, and on-board computer. All these modules can be turned
on/off separately to save power consumption.

1. Chip current controller The chip current controller is designed to provide
stable and precise current to the laser diode and other components. It
features a 16-bit DAC current output for up to 29 channels and is capable
of fast modulation for applications requiring high-speed operation. Built-
in voltage comparators are included for measuring the voltage at each
channel.

2. Temperature controller The temperature controller (TEC) is responsible
for maintaining the optimal operating temperature of the laser diode and
the nonlinear crystal. It utilizes a Peltier element for active cooling and
heating, with a feedback loop to ensure precise temperature control.

3. Power system The power system is designed to convert the input power
from the satellite bus to the required voltage levels for each component. It
includes DC-DC converters and voltage regulators to ensure stable and
efficient power delivery.

4. On-board computer The on-board computer features a space-qualified
system-on-chip processor, AMD Zynq 7020. Along with a processing system
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8 Towards Quantum Edge Computing in Space

(PS) in this chip, a main advantage of this processor is that it includes
programmable logic (PL), namely an FPGA core. We separate the hardware
control parts and the application part into PL and PS respectively. The
real-time PS parts run a customized version of Linux, including C/C++
and Python environments. The PL implements the time-tagger to record
detection events from SPADs and send the data to PS via the AXI interface.
Other on/off control signals are also implemented in PL.

5. Camera The camera is a commercial off-the-shelf product, specifically the
Alvium G1 series developed by Allied Vision. The image sensor is Sony
IMX249 with a resolution of 1936 (H) x 1216 (V) pixels (2.4 MP). It is
capable of capturing RGB images of Earth’s surface with a resolution of
approximately 35 m/px. The interface to the camera is provided through
an Ethernet connection, which can be directly connected to the on-board
computer.

On board computer

Satellite communication bus

= =

ﬁ Zynq 7000 PS Zynq 7000 PL
Camera
Control

| Breakout board

: Temperature Current .

Optics Laser Photon source Delay line Chip " APD x6
X
Peltier Peltier Peltier x6
SPDC source Chip module SPAD array

Figure 8.1: Experimental apparatus scheme. The setup contains three levels of
experiments: optical quantum experiments, electronics control, and
operating system. The SPDC source generates photon pairs, which
are processed by the photonic chip and detected by SPADs. To control
the temperature of the nonlinear crystal, chip, and SPADs, dedicated
temperature controllers are designed and integrated into one PCB.
The current controllers operate the phase shifters on the photonic
chip. All signals are first processed by the FPGA-level firmware, then
connected to the on-board computer for further programming and
analysis.

Beyond this, a dedicated mechanical structure is required to assemble all
components. The entire payload involves many physical interfaces, including
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optical fibers, electrical connections, and thermal management systems.

Dimension 4 Units (3U optical setup, 1U camera system)
Weight ~10 kg
Power Camera: 3.2W

On Board Computer (incl. FPGA): 2W
Optical Setup:
Max. 15W during boot of the experiment
Operational mode: ~5W
Operating Temperature -20°C to 50°C

Voltage 5V, 12V for power supply and 3.3V for digital control
Communication To Satellite On-Board Computer: Ethernet, SPI, 12C, Serial
Connectors Fiber: FC/APC and splicing

Electrical: Harwin M80, Coaxial
Materials Carbon fiber, Titanium, Silica, Aluminium, Glass

Table 8.1: Overview of the payload specifications

8.2 Proposed experiment

With the experiments described below, we aim to demonstrate positive quantum
effects for machine learning applications typical for remote sensing in Earth
sciences.

1. On-Board Calibration In principle, the optical chip can operate with both
quantum and classical light. Since we do not integrate a classical light
source and detectors in the payload, we will use the single photon source
and the SPADs to perform calibration in demand. This enables precise
calibration of the chip’s settings directly onboard the satellitea capability
not previously demonstrated in this environment.

2. Single Photon Interference We will perform the first satellite-based exper-
iment demonstrating single photon interference using a source that gener-
ates two indistinguishable photons. By directing these photons through the
optical quantum processor, we can observe quantum interference effects
such as the Hong-Ou-Mandel (HOM) dip through tuning the temperature
of the crystal. This phenomenon has not yet been experimentally realized
in space.

3. Quantum Machine Learning for Pixel Classification The objective is to
classify each pixel in satellite images into predefined categories. Using RGB
bands, our experiment targets 13 classes, including wooded, agricultural,
residential, industrial, commercial, recreation, airport, quarry, military,
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8 Towards Quantum Edge Computing in Space

desert sand, mountain rock, other natural, and none. Quantum machine
learning algorithms implemented on the photonic processor are expected
to improve classification accuracy compared to classical approaches, as
supported by simulations and laboratory tests.

4. Quantum Autoencoder for Image Compression We will implement a
hybrid neural network that combines classical layers with a quantum
photonic processor as the final layer [305, 306|]. The goal is to encode and
compress image data efficiently, reducing the number of features while
preserving essential information. This approach is anticipated to achieve
higher compression rates for RGB images, leveraging quantum effects for
enhanced performance.

8.3 Outlook

In June 2025, the ROQUET payload was successfully launched aboard the
ION satellite by D-Orbit, reaching a low Earth orbit (LEO) at an altitude of
approximately 500 km. ROQUET represents a pioneering step towards quantum
edge computing in space, enabling direct onboard processing of satellite images
using photonic quantum hardware. This approach promises to reduce latency
and bandwidth demands, making it highly relevant for Earth observation applic-
ations such as climate monitoring and resource management. Key challenges
remain, including ensuring mechanical robustness, further miniaturization,
and optimizing energy efficiency. Continued advancements in these areas will
be crucial for realizing the full potential of quantum computing in space and
expanding its impact on remote sensing and other scientific domains.

Looking ahead, the integration of quantum machine learning with classical
methods offers the potential for more efficient and accurate data analysis while
also minimizing energy consumption. The compact, modular, and low-power
photonic systems developed for ROQUET set a foundation for future space
missions and sustainable computing platforms.
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Recently, machine learning has had remarkable impactin scientific to
everyday-life applications. However, complex tasks often require the
consumption of unfeasible amounts of energy and computational power.
Quantum computation may lower such requirements, although it is unclear
whether enhancements are reachable with current technologies. Here

we demonstrate a kernel method on a photonicintegrated processor to
performabinary classification task. We show that our protocol outperforms
state-of-the-art kernel methods such as gaussian and neural tangent kernels
by exploiting quantum interference, and provides furtherimprovementsin
accuracy by offering single-photon coherence. Our scheme does not require
entangling gates and can modify the system dimension through additional
modes and injected photons. This result gives access to more efficient
algorithms and to formulating tasks where quantum effects improve

standard methods.

The past decades have witnessed a swift development of technolo-
gies based on quantum mechanical phenomena, opening up new per-
spectives in a wide spectrum of applications. These range from the
realization of a global-scale quantum communication network—the
quantum internet—to the simulation of quantum systems and to quan-
tum computing®* In particular, the interest towards quantum comput-
ing has been fuelled by some milestone discoveries, such as Shor’s’
factorization and Grover’s search algorithm*, which have indicated
that quantum processors can outperform their classical counterparts.
However, a clear advantage of quantum computation has been experi-
mentally demonstrated only recently and on different computational
tasks, suchasboson sampling®”’ and random circuit sampling®, which
do not have clear practical applications.

Giventhese premises, our goalistoinvestigate the tasksin which
quantum computing canenhance the operation of classical computers
for practically relevant tasks. Moreover, the question is whether this can
be achieved for problems that are now within the reach of state-of-art
technology, where only noisy intermediate-scale quantum computers
areavailable’. Inthis context, aflurry of interest hasbeen devoted to the
open question of whether the new paradigm of quantum computing
can have an impact on machine learning'®, which has revolutionized
classical computation, granting new possibilities and changing our
everyday lives, from email filtering to artificial intelligence. The two
main directionsthat have beeninvestigated so farare, onthe one hand,
whether quantum computation could improve the efficiency of the
learning process, enabling us to find better optima with the need of a
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Fig.1| Photonic quantum kernel estimation. a, The photonic quantum kernel
maps each data point .x; to be classified from a d-dimensional space into a
quantum state |®),, livingin a Hilbert feature space. In detail, the classical data x;
are encoded into a unitary evolution U(x;) applied on a fixed input state |¢). This
implies |®); = U(x;) ). After mapping all of the data points in the dataset, from
the inner pairwise products, given by (¢|U(x;)" U(x;)|), we perform the
classification, finding the hyperplane that best separates the classes, that is,
through an SVM, according to equation (1). b, Pairs of indistinguishable photons
(top) and distinguishable photons (bottom) show different behaviour when
injected into a Mach-Zehnder interferometer (MZI), with external phase @ and
internal phase 6. Here, input states 11and 11’ indicate, respectively, two

indistinguishable and distinguishable photons being injected into the circuit and
being detected at the output modes. P(0,, 0,| i;, i) is the probability of registering
0,and o, photons, respectively, on the first and second output of the Mach-
Zehnder interferometer, conditioned on having i, and i, photons on the input
modes. ¢, Estimation of the inner product of two data points x;and x; by encoding
them in two unitaries U(x;) and U(x;). The inner product (¢;|¢;) amounts to

(PIUT (x)U(x )|g). This is equivalent to projecting the evolved state
M(xj)U(xi)|w) onto |¢). Each green-shaded box represents a programmable MZI
with two free parameters (namely, a beamsplitter with tunable reflectivity and
phase), asshowninb.

lower number of inquiries” ™ and, on the other, how quantum behav-

iours can enhance the expressivity of the input encoding, exploiting
correlations between variables that are hard to reproduce through
classical computation™*,

Inthis context, astraightforward application of quantum comput-
ing on kernel models has become evident. Kernel methods are widely
used tools in machine learning”® that base their functioning on the
fact that patterns for data points, which are hard to recognize in their
original space, canbecome easy toidentify once mapped nonlinearly to
afeature space. When the suitable mapping is performed, it is possible
toidentify the hyperplane that best separates the classes of feature data
points, through asupportvector machine” (SVM), according to theinner
product of the mapped data. Let us note that the only part of the model
thatis trainedisthe SVM, whichis efficient, once theinner products are
available. Hence, an interesting question is whether using a quantum
apparatusto perform the data mapping and evaluate theinner products
canenhancethe overall performance of the algorithm, benefitting from
feature maps exploiting the evolution of quantum systems and outsourc-
ing the hardest part of the computation to the quantum hardware. This
question was theoretically and rigorously answered in the affirmative
by Liuand colleagues?, although implementation of the proposed task
isout of reach for state-of-the-art technologies. Hence, it is stillan open
question, whether some improvement in the performance of such a
method canbe achieved through a quantum feature map, for tasks that
can be implemented on current quantum platforms. In this context, a
moderately sized quantum feature space canbe proved to be more suit-
able for preserving the similarity among data that belong to the same
class. The reason for this is that the advantage of a high-dimensional
feature space, enabling the expressivity of the model to beimproved, is
cancelled out by the dimensionincrease per se that typically decreases

the overlap between different states, such that they become almost
orthogonal®. This is due to the fact that the expected overlap value of
two random states amounts to the inverse of the space dimension and,
in high-dimensional metric spaces, almost all probability measures
concentrate around the mean or median of afunction (concentration of
measure”). The effectis then that the inner products among the feature
data points will tend to vanish and a higher precision willbe required to
properly measure them. This ultimately leads to the so-called exponen-
tial concentration®*, whereitis not possible to capture the information
about the similarities between states, making the model—to all intents
and purposes—useless for any type of classification.

Here we investigate this topic and experimentally demonstratea
quantum kernel estimation, where feature data points are evaluated
through the unitary evolution of two-boson Fock states (Fig. 1). Such
encoding, even for relatively small dimensions, proves suitable as it
enables high classification accuracies to be achieved.

Furthermore, we show that, for given tasks, thisalgorithmleads to
anenhancementin the performance of quantum kernels with respect
totheir classical counterparts. These tasks are selected by maximizing
the so-called geometric difference, which measures the separation
in performance between a pair of kernels?. In particular, we separate
between quantum and classical kernels, that is, photonic kernels that
do or do not exhibit quantum interference, respectively.

In our implementation, we exploit a photonic platform based on
an integrated photonic processor” where we inject two-boson Fock
states to map the data to be classified (Fig. 1a). To estimate quantum
and classical kernels, we inject indistinguishable and distinguishable
photons, respectively. This photonic platformis particularly suitable
for this task, as it enables us to encode and manipulate our input data
with high fidelity.
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quantum interference (indicated, respectively, as quantum kernel and classical
kernel), to correctly classify the data. This is quantified by the accuracy of our
models, which we indicateas a,and ac.

Tobenchmark our enhanced performance, we compare classifica-
tionaccuracies between photonic kernels and state-of-the-art classical
computational kernels. These include the standard gaussian kernels™"®
and the recently introduced neural tangent kernels?, which simulate
gradient descent over infinitely-wide neural networks. Our results
show that photonic kernels outperform classical methods and that
the accuracies are further enhanced in kernels displaying quantum
interference.

Photonic quantum kernel estimation

The core of a kernel method is constituted by a function that maps
nonlinearly a set of N data points into a feature space. Inits simplest
version, these data points belong to two classes, and the final goal of
thealgorithmisto separate them accordingly, using only alinear model,
thatis, a hyperplane. This is feasible as the map, being nonlinear, will
changetherelative position between the data points, making the data-
set (ingeneral) easier to classify. For this reason, an SVM can effectively
find ahyperplane that separates the two classes, witha high accuracy.
From amore mathematical perspective, we can describe the map asa
functionthatsends Ninput data points x;, on which we wish to perform
binary classification, from a space X C R? into a Hilbert space .
Here, d is the dimension of each data point. This is done through a
feature map ® : X — 7. Then, an SVM can be used to produce a pre-
dictionfunction fy : X — Ras fi(x) =Y aK(x,x;), where these a; coeffi-
cients are obtained by solving a linear optimization problem.
Theinputs of the optimization are the labels y, and the matrix obtained
by computing the pairwise distances between data points is
K j = K(x;, %) = |<(D(xi)|(D()9-))|2,the so-called Gram matrix (see Supple-
mentary Note 1 for further information).

In this work, we implement a quantum version of the kernel
method, inwhich the aforementioned pairwise distances between data
points, which belong to a class y taking values +1 or -1, are estimated
by sampling from the output probability distribution that arises from
the unitary evolution of a Fock input state. This process is depictedin
Fig.1a. Therefore, our feature map plugs the data that need to be clas-
sifiedinto the free parameters defining a unitary evolution applied to
a fixed Fock state of dimension m and whose sum of occupational
numbers is n: x = |®(x)) = U,|¢). Here, |¢) is the encoding state
which is free to choose. Then, as shown in Fig. 1c, the pairwise inner
products of the feature points are experimentally evaluated, as
|<([J|U(X,')TU(XJ-)|([)>|2. Such unitaries can be effectively implemented
by a programmable photonic circuit that consists of an array of
Mach-Zehnder interferometers”. Hence, the dimension of the feature

Hilbert space 7 will be (" + Z’ - 1). At this point, the SVM finds

the hyperplane separating the training data points through the
aforementioned optimization process®®, and the binary classification
of unknown points xis given by the following relation:

N
y=sgn (Z a; YiK(x, Xi)) @

i=1

where a;are the coefficients optimized in the training process and y,is
the class of the ith pointin the training. This modelis defined implicitly,
asthe labels are assigned by weighted inner products of the encoded
data points® .

If the Fock state contains indistinguishable bosons, they will
exhibit quantum interference, as shown in Fig. 1b. In this case, the
output probability distribution is given by the permanents of subma-
trices of the matrix that represents the unitary evolution of the input™®.
More specifically, considering aninput configurations, the probability
of detecting the output configuration tis given by |PerUS,t|2/l'l;"s,-!l'l;"t,»'.
Here, Per( - ) denotes the permanent matrix operation, [1stands for the
product notation, s;and t;are the occupational numbers at the ith mode
and U, is the submatrix obtained by selecting the rows/columns cor-
respondingto the occupied modes of the input/output Fock states. On
the other hand, if the bosons are distinguishable, they will not exhibit
quantum interference. In this case, the probability will amount to
Per|Us  [>/M7"s; !N ¢,

Inthe following, we will refer to a kernelimplemented with indis-
tinguishable bosons as a quantum kernel:

Ko, x ) = |PerU¢(x,-,xj)|2/N’, )

and with distinguishable ones as a classical kernel:

Kc(x;,x ;) = Per|Uy(x;, x )I?/N'. 3

Here, U,(x;x;) is the matrix defined by data points.x;and x;and the
selected input state ¢, and N’ is the denominator I7"s;!M7¢;! given by
the occupational numbers of . Aslong as there is at most one photon
ineachmodeof ¢, N'=1.

Classification task

At this point, we need to select a classification task that will benefit
from the described model. Our strategy will therefore consist, first,
of generating random data points and, second, selecting the proper
labelling to boost the performance of the quantum kernel (Ky) with
respect tothe classical kernel (K;), asdepicted in Fig. 2. Thus, we need
a quantifier that estimates the difference in the performance of the
two models and, to this end, we select the model complexity, which
is defined as s, (y) = y'Ky, where K is the kernel and y the labelling. This
quantity is proportional to the upper bound on the classification error
of agiven model, and it amounts to the number of features required
to make accurate predictions (Supplementary Note 2). Hence, the
potential advantage given by K, with respect to K, isbased on finding

Nature Photonics



Article

https://doi.org/10.1038/s41566-025-01682-5

a .
Power s T (2) Integrated photonic processor
. Thermal
Delay line phase shifter

X

(1) SPDC

SNSPD

Time tagger

Classical
(theoretical)

Classical
(experimental)

b | Quantum Quantum
(experimental) (theoretical)
0.15
3
2 0.10
Q
[
& 0.05 4
O pl

12 1,3 1,4 1,56 1,6 23 2,4 25 2,6 3,4 35 3,6 4,5 4,6 5,6

Output modes

Fig. 3 | Implementation of photonic quantum kernel estimation.

a, The experimental set-up consists of two parts: (1) the off-chip single-photon
source and (2) the programmable integrated photonic processor. The frequency-
degenerate photons are generated using a type-1l SPDC source. Afterwards, the
two photons are made indistinguishable in their polarization and arrival time. To
enhance the quality of interference, two in-fiber polarizers (Pol) are placed at the
two arms of the source. Then, we inject the generated photons in two modes of an
integrated photonic processor with six input/output modes®. Detection is
performed by SNSPDs. The degree of indistinguishability can then be tuned
through a delay line, changing their relative temporal delay. b, Probability
distribution of photon detection events. We show two instances of the
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Output modes

experimental photon detection probability compared with the theoretical
calculation. The quantum and classical kernel measurements are obtained,
respectively, by injecting two indistinguishable and distinguishable photonsinto
the third and fourth modes of the circuits, that s, |0, 0,1,1, 0, 0). The x axis shows
all of the circuit channels that output two photons simultaneously. Thus, all 15
possible photon detection configurations are accessible. The error bars shown in
the plot were evaluated through a Monte Carlo simulation, considering an
underlying Poissonian distribution of the counts, and represent one standard
deviation. The measurements were performed with an integration time of 5 s,
atadetection rate of10 kHz.

thelargest possible separation between the two model complexities®.
Therefore, our goal is to find the optimal labelling y, such that

Sk () )

Sk (Y) @

y= argmin(

yeRd

Now, let us consider the following asymmetric distance g, denoted
as geometric difference, between our two kernels, K, and K.:

8cq = \/H\/K_Q(Kc)_l\/K_QHm, (5)

where || - ||..denotes the spectral norm. It can be shown that the follow-
inginequality holds™:

Sk () < 8egSk(I)- (6)

Hence, if we maximize the geometric difference, we will have at least
one task that saturates inequality (6), for which the model complex-
ity will be higher for the classical kernel with respect to the quantum
kernel. This indicates that the performance of K, will be competitive
or better than K.

We can now use equation (5) to generate the classification task
that, giventwo kernels K, and K. and a set of data points {x;}, produces
the labels {y} that maximise the difference in prediction error bound.
This can be done through the following procedure: (1) evaluate the
Gram matrices K, and K over a set of non-labelled data points {x;};
(2) compute the positive definite matrix M = y/Kq(Kc) ™' v/Kq; 3) compute
the eigenvalues and eigenvectors of M via spectral decomposition;

(4) find the maximum eigenvalue gandits corresponding eigenvector
v;and (5) assign the labels y = /Kqu. Froma practical point of view, we
start with the two aforementioned kernels, K. and Ky, and then, by
maximizing the geometric difference, we find the tasks for which the
latter brings an enhanced accuracy of the classification. For more
details regarding the algorithm to define the classification task, see
Supplementary Note 4. Let us note that theimplemented tasks consti-
tute instances of problems that can be naturally implemented with
high accuracy on our quantum platform. As such, they constitute a
first stepping stone towards the identification of practical tasks for
which quantum machine learning can enhance the performance of
classical models.

Experiment

Our experimental set-up consists of two parts, asingle-photonsource
generating the input states and a programmable integrated photonic
processor, as depicted in Fig. 3a. First, to generate the input state,
we use a type-ll spontaneous parametric down-conversion (SPDC)
source, which generates frequency-degenerate single-photon pairs at
1,546 nmina periodically poled K-titanyl phosphate (ppKTP) crystal.
The two photons are then made indistinguishable in their polariza-
tionand arrival time, respectively, viawave retarders and adelay line,
which we also use to tune the degree of indistinguishability of the
generated photons.

For theimplementation of photonic kernels, whichmap our input
datatoafeaturespace, werequire an apparatus thatis able to perform
arbitrary unitary transformations onagiveninput state. Asmentioned
above, our feature map sends each data point x;onto the state resulting
from the evolution U(x;) of a fixed input Fock state |¢). Then, for
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Fig. 4| Experimental classification accuracies. a,b, We tested our method on
datasets of different sizes (40, 60, 80 and 100) and for two different input states
of|1,1,0,0,0,0)(a)and |0, 0,1,1, 0, 0) (b). For each dataset, two-thirds of the
data points were used for training the SVM, and the remaining one-third were
used for testing. ¢, The average classification accuracies on five different sets for
the quantum kernel (blue) and the classical kernel (orange), along with the

following other computational kernels: gaussian (grey), ntk (green), polynomial
(yellow) and linear (purple). The dashed lines indicate the results of numerical
simulations, whereas the solid lines denote the experimental results. The error
bars show the standard deviation of the classification accuracies on five random
generated datasets classified by all of the kernels.

application of the SVM, which finds the best hyperplane separating
the data, we need to evaluate the inner products between all of the
pointsx; x;in the feature space, which amounts to (t/1|U(x,-)T Ulx )lg).
This implies that, if we take |¢¢) as a Fock state of n photons over
m modes, the inner product (®(x;)|®(x ;)) is given by projecting the
evolved state U(x,)" U(x ;) |¢) onto |¢).

To this end, we use an integrated photonic processor® onaboro-
silicate glass substrate, in which optical waveguides are inscribed
through femtosecond laser writing®. The circuit features six input/
output modes? (as depicted in Fig. 3a) where each interferometer is
equipped with two thermal phase shifters”, to provide tunable reflec-
tivity and phase. Such an arrangement enables any unitary transforma-
tionto be performed on the input photon states. Given this property,
our device is also referred to as a universal photonic processor. The
design, fabrication and calibration of the integrated photonic circuit
aredescribedinref.25.

Specifically, the data were encoded in the values of the phase shifts
asfollows: x; = (x},x2,...,x}%) - 6; = (21x}, 2mx?, ..., 21 %), where 6,
are the phase shifts introduced by the phase shifters of a universal
interferometer. Let us note that this encoding has the remarkable

advantage that no extra processing is required on the input data, as
they are plugged directly into the optical circuit parameters. Further-
more, in principle, we would need a sequence of two of such circuits
(asinthe scheme of Fig. 1c), to firstimplement U'(x;) and then U(x;) on
our inputs. However, in our implementation, we adopt only one uni-
versal circuitand directlyimplement the unitary corresponding tothe
product U(x))'U(x;). This reduces the experimental complexity and the
circuit propagation losses.

At the output, detection is performed using superconducting
nanowire single-photon detectors (SNSPDs), where we post-select
the output events to those featuring two detector clicks (coincidence
counts (CC)), that is, collision-free events (Supplementary Note 3).
Thus, the elements of the Gram matrix of a given kernel can be esti-
mated from the coincidence counting K(x;, x ;) = CCy/ Y1 ;<6 CCiin-
Here, CC},, is the number of registered coincidence counts between
channels /and m, when the implemented unitary is U'(x)U(x;,) and ¢
indicates the occupied modes of input state |¢¢ ). To test the role of
quantum interference in the accuracy of the classification, we tune
theindistinguishability of the two photons by changing their relative
temporal delay. An instance of the probability distribution of the
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same unitary is shown in Fig. 3b. The optimal classification task is
chosen for each dataset according to the algorithm as explained in
the previous section.

Results
We tested the performance of two photonickernels in several different
configurations. First, we considered two differentinputs, |1,1,0, 0, 0, 0)
and |0, 0,1,1, 0, 0). This amounts to either injecting the photons into
thefirsttwomodes or the central two modes. Second, we were able to
control theindistinguishability of the bosons, which allows us to imple-
ment, investigate acompare aquantumkernel with itsrelated classical
kernel. This is achieved by tuning the relative temporal delay of the
propagating photons. Consequently, at the detection, itis possible to
(partially) distinguish which photon—out of the two input photons—is
detected, by checking their arrival time. Perfect distinguishability is
obtained whenthe temporal delay is longer than the coherence length
ofthe photons. During the whole measurement, the maximal achieved
indistinguishability between the photons was 0.9720 + 0.0044, esti-
mated via on-chip Hong-Ou-Mandel interference®.

Forbothinputstates, we fixed the encoding of each data point and
varied the datasets to have four different sizes: 40, 60,80 and 100. We
used the set-up depictedin Fig. 3atoimplement all pairwise products
between the unitaries U(x)'U(x;). Hence, UG Ulx p|)y? is given
by the probability of detecting the photons on the same modes from
which they were injected. The rate of total post-selected coincidence
countsamounts to 10 kHz, and the measured probability distribution
was averaged over 5 s for each unitary configuration. Let us point
out that restricting to collision-free events is unlikely to bring to a
decay in the rate of detected samples when considering larger
systems, as the bunching events become in general more rare for
higher-dimensional Hilbert spaces, in the absence of particular sym-
metry patterns in the matrix describing the unitary evolution of
theinput®™,

For eachsize N, we performed N(N - 1)/2 unitaries to compute the
inner products. The distance between the unitaries can be experimen-

tally realized and the target ones can be estimated as 3 / PN P7®,

where Pf"p isthe experimental detection frequency for the ith output
configuration, whereas P}he" is the detection frequency for the ith
output configuration estimated on the basis of theory®. For the quan-
tum kernel and classical kernel, the mean fidelity of all datasets is
0.9816 + 0.0148 and 0.9934 + 0.0048, respectively. For each dataset,
we use two-thirds of the data points for training the SVM, which yields
the coefficients mentioned in equation (1). The remaining one-third
as the test dataset can be used to predict the classification accuracy.
Theaccuracyis defined as the percentage of correctly classified points
outof the total size of the test set. Let us note that values lower than 0.5
indicate that themodel was not able to learn the features of the training
set and generalize to unknown data.

InFig.4a,b, we show the testaccuracies obtained by injecting two
input states for four different dataset sizes, where the quantumkernel
performsbetter thanthe classical kernelinboth experiments. InFig. 4c,
we reportthe average test accuracy obtained for five different datasets
of the same size inaddition to varying the dataset size from 40 to 100.
Moreover, the results obtained with the quantum kernel (blue) and
theclassical kernel (orange) are compared with the following numeri-
cal kernels: the neural tangent kernel (ntk, green)?, gaussian kernel
(grey), polynomial kernel (yellow) and linear kernel (purple)”'¢. Here,
the neural tangent kernel adopts an infinite-width neural network to
classify the data optimized by gradient descent—see Supplementary
Note 5 for more details. The dashed lines indicate the results of numeri-
cal simulations, whereas the solid linesindicate experimental results.
Although the task is built comparing only the performance of the
kernels based on indistinguishable and distinguishable photons, the
obtained accuracies of both are higher than the other classical kernels.

Discussion

In this work we present the experimental demonstration of a quan-
tum kernel estimation, based on the unitary evolution of Fock states
through anintegrated photonic processor. We map datainto afeature
space through the evolution of a fixed two-photon input state over
six modes. To achieve this, we adopt an quantum processor realized
via femtosecond laser writing on a borosilicate glass substrate”. The
sampled output distribution is then fed into an SVM, performing the
classification. It is of note that, although our apparatus features only
tunable phase shifters and beamsplitters, such encoding produces
a sufficient nonlinearity to achieve a high classification accuracy of
nonlinearly separable datasets. This constitutes a difference between
our method and alternative platforms, where entangling gates are
typically needed”*’. Furthermore, in our case, it is not necessary to
increase the dimension of the feature Hilbert space to achieve a good
accuracy. This circumvents the typical difficulty of quantum kernels
in which all data points are encoded in orthogonal states, leading to
ineffective classification?*****°, Moreover, the fact that our model
is effective for small dimensions is a crucial feature, as we require
an approximation of the full probability distribution that is derived
fromthe evolution of our input state. Hence, this study is relevant for
medium-sized problems, because reaching high dimensions willimply
theinput/output combinations to grow exponentially, along with the
number of required experimental shots to reach arbitrary accuracy.

The task weimplementis designed by assigning binary labels to
randomly generated data points, which we encode in the phase shifts
of anoptical circuit. This is done by exploiting the so-called geometric
difference, which selects the task for which the presence of quantum
interference yields a better classification accuracy compared with
cases where no interference is displayed. Although the geometric
difference compares the performance of a pair of kernels (in our
case kernels implemented with indistinguishable/distinguishable
bosons), both photonic kernels performed significantly better for
the selected tasks than commonly used kernels, not only gaussian,
polynomial and linear kernels but also the neural tangent kernel. This
improvementinthe performance thatis seen for both photonic ker-
nels is probably due to the fact that both the statistics have a similar
dependence on the unitary evolution matrix, which is based on the
permanent of submatrices (equations (2) and (3)), and are both com-
plex enoughto successfully tackle the selected tasks. In summary, our
results indicate that a photonic kernel estimation can enhance the
performance—even for medium-sized problems—and is reachable
by current quantum technologies. Moreover, using distinguishable
bosons to have a (smaller) performance enhancement represents
an intriguing possibility as it can prove convenient to reduce the
impact of photonlosses on the experimental time required to collect
significant statistics.

Let us highlight that, although the interference of two photons
in a six-mode unitary matrix (or more in general for medium-sized
problems) can be estimated using classical computers, this does not
affect the features of our protocol. First, thisisbecause the interestin
investigating the potentialities and limitations of anew computational
method, such as our proposed kernel, goes beyond the platform
(quantum or classical) where it can be implemented, especially con-
sideringits particular suitability for given tasks. Thisis also the reason
why we do not use our photonic platform to reproduce classical ker-
nels, as done in refs. 30,41, but focus on investigating those given by
the natural evolution of bosons through a quantum circuit. Second,
the approximation of permanents through classical algorithms, for
example, the algorithm of Gurvits*’, has aslightly worse performance
when compared with direct sampling from an optical circuit, which
naturallyimplements the studied kernel, for the case of inputs featur-
ing product states®. In particular, the first scales as O(n%/e*), where n
isthe number of photons, eisthe required precision and O stands for
the asymptotic time complexity of the algorithms, indicating how fast
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their execution time grows with nand e, whereas the direct sampling
as 0(1/€?) (ref. 44).Itis also noteworthy that the possibility of obtaining
aquantum advantage on applications based on estimating expected
values of unitary evolutions on linear optical circuits remains an open
question***, In our case, an advantage could emerge by considering
the extension of our quantum kernel Kq(x;, X ) = | U, x ;) |¢) |2
for entangled input states ¢, although there is no rigorous proof of
thatyet. Third, this protocol sheds light on alternative computational
models, exploiting optical computation. This may be of particular
importance when considering difficulties related to energy consump-
tion, asit has been proved that partially optical networks can reduce
energy requirements with respect to electronic ones®.

Despite being overshadowed by deep neural networks, kernels
arestill widely used in alarge number of tasks due to their simplicity
and ability to learn from small datasets***. Indeed, they have seen a
recent revival in classical machine learning with the introduction of
neural tangent kernels? and their use in the study of state-of-the-art
neural network architectures such as transformers*. Another recent
trend consists of merging neural networks and kernels, where nota-
ble examples are attention modules in natural language processing
and Hopfield layers*. Also from the quantum computing point of
view, kernels have recently gained a flurry of interest, both from the
theoretical as well as from the experimental side****°*', For the latter,
it has been proved that the evolution of (photonic) quantum states
through acircuitis complex enough to tackle image recognition tasks,
both for simple toy models*' and satellite images™. Our method can
therefore find a wide range of promising near-term applications in
tasks such asinformation retrieval, natural language processing and
medical image classification®’ >, where kernels have been proposed
asakeystone™,

Inparticular, aninteresting approachinvolves pre-training asmall
(single-qubit) system to find the optimal encoding of classical data,
which is then classified through a kernel method featuring a larger
system, as proposed inref. 51. This could be particularly beneficial on
our photonicplatform as the pre-training could be performed through
a classical light input over two spatial modes. This would imply out-
sourcing the computationally hardest part of the protocol to a fully
optical platform, possibly bringing a significant reduction in energy
consumption. Our experimental results also open the door to hybrid
methods inwhich photonic processors are used to enhance the perfor-
mance of standard machine learning methods. They also bring forward
investigations on the nonlinearities that can be achieved through
photonic platforms™**, in particular, for neuromorphic computation
models, such as reservoir computing>*®°. Inaddition, we envisage the
combination of thiskind of nonlinearity with that brought by the imple-
mentation of feedback loops, as in the case of a quantum memristor®
and the exploitation of quantum interference in the implementation
of feature maps.

Online content
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Methods

The two-photon input states are generated by a type-Il SPDC source,
whichgenerates frequency-degenerate single-photon pairsat1,546 nm
viaa3-cm-long ppKTP crystal. Afterwards, the two photons are made
indistinguishable in their polarization (whichis rotated through pad-
dles) andinarrival time (through adelay line, which we also use to tune
the degree of indistinguishability of the generated photons).

We theninject these photons into two selected modes of aninte-
grated photonic processor with six input/output modes. This circuit
features 27 thermal phase shifters and its architecture is universal,
enabling us to implement arbitrary unitary evolution on any input
Fock state. Compared with the original Clements architecture, the
first three external phase shifters are notimplemented as they will not
affect the probability distribution, in the case of inputs not featuring
coherent superpositions of Fock states. To apply accurate phases
independently, each channelis supplied by a current source to avoid
electrical crosstalk (4 x Qontrol Q8iv driver modules, 16-bit DAC). At
the end, detection is performed by SNSPDs housed in a 1K cryostat.
We post-select the detected events to the cases in which two detectors
clicksimultaneously inatemporal window of 1 ns. A time tagger with a
15.63 psresolutionis used to process thereal-time coincidence count-
ing for all 15 post-selection patterns. The total coincidence counting
isabout 10 kHz, which varies due to the pump laser and the detection
efficiency. For each unitary configuration, we integrate for 5 s to esti-
mate the probability distribution over 15 coincidence patterns.
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https://github.com/dapingQ/PhoQuKs.

Code availability
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