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Zusammenfassung

Die Quanteninformationstheorie hat sich traditionell auf Zweiniveausysteme (Qubits) konzentriert, obwohl
zahlreiche experimentelle Plattformen - darunter photonische Modi, gefangene lonen und supraleitende
Schaltkreise - von Natur aus héherdimensionale Qudits realisieren. Diese Arbeit entwickelt drei komplemen-
tare Ansétze zu einer dimensionsbewussten Erweiterung der Quanteninformationstheorie, die den operativen
Kern bewahrt und zugleich die strukturelle Komplexitdt von Systemen mit hoherer lokaler Dimension beriick-
sichtigt.

Im ersten Teil werden dimensionsabhédngige Quasi-Monogamie-Relationen flr Korrelationsmafie in der
Bloch Darstellung hergeleitet. Parallel dazu werden neue Tsallis-2-Entropie-Ungleichungen mit explizit dimen-
sionsabhdngingen Parametern formuliert, darunter eine verallgemeinerte Form der strikten Subadditivitat.
Diese Ergebnisse verdeutlichen, wie sich Geometrie und Entropie quantenmechanischer Korrelationen mit
wachsender Dimension verdndern, und bieten eine Verallgemeinerung qubitspezifischer Relationen wie der
Coffman-Kundu-Wootters-Ungleichung.

Der zweite Teil fuhrt Finite-Function-Encoding (FFE)-Zustande ein, welche die phasenkodierte logische
Struktur von Qubit-Hypergraph-Zustéanden auf beliebige d-stufige Systeme verallgemeinern. Innerhalb dieses
Rahmens wird die polynomiale Unterklasse tiber Tensor-Kanten-Hypergraphen beschrieben, und fir allge-
meine FFE-Zustdnde wird ein Stabilisatorformalismus entwickelt. Die Analyse der lokalen Aquivalenz unter
unitdren und endlichen Funktions-Pauli-Transformationen fihrt zu einer vollstandigen Klassifikation bipartiter
FFE-Zustande fir lokale Dimensionen drei und vier und zeigt strukturelle Verbindungen zur Klassifikation
komplexer Hadamard-Matrizen auf.

Im dritten Teil wird ein zweistufiges Verfahren zur quditbasierten Schaltkreiskompression vorgestellt. In der
ersten Stufe werden mehrere Qubits mittels schnittminimierender Graphpartitionierung zu Qudits zusam-
mengefasst; in der zweiten Stufe werden eingebettete Zwei-qubit-Gatter durch native Zwei-qudit-Operationen
ersetzt. Es werden obere und untere Schranken fir die erreichbare Reduktion des nichtlokalen Gatter-
aufwands hergeleitet und Falle identifiziert, in denen diese Schranken saturiert werden. Insgesamt entsteht
so ein kohdrenter Rahmen zur Ubertragung qubitbasierter Paradigmen auf hoherdimensionale Architek-
turen, der sowohl theoretische Einsichten als auch praktische Vorteile fir Quantenhardware mit kohadrenter
Mehrniveausteuerung bietet.



Abstract

Quantum information theory has traditionally centered on two-level systems—qubits—even though many
experimental platforms, such as photonic modes, trapped ions, and superconducting circuits, naturally
implement higher-dimensional qudits. This thesis presents three complementary approaches toward a
dimension-aware extension of quantum information theory that retains its operational foundations while
adapting to the structural complexity of systems with higher local dimension.

First, the work derives dimension-dependent quasi-monogamy relations for correlation measures ex-
pressed within the Bloch and correlation-tensor formalisms. In parallel, it establishes new Tsallis-2 entropy
inequalities that include explicit dimensional parameters, among them a generalized form of strong subad-
ditivity. Together, these results show how the geometry and entropy of quantum correlations evolve with
increasing local dimension and provide a systematic generalization of qubit-specific relations, such as the
Coffman-Kundu-Wootters inequality.

Second, the thesis introduces finite-function-encoding (FFE) quantum states, which extend the phase-
encoded logical structure of qubit hypergraph states to general d-level systems. Within this framework,
the polynomial subclass is characterized through tensor-edge hypergraphs, and a stabilizer formalism for
arbitrary FFE states is developed. The analysis of local equivalence under both unitary and finite-function-
Pauli transformations yields a complete classification of bipartite FFE states for local dimensions three and
four, and furthermore demonstrating a structural link to the classification of complex Hadamard matrices.

Third, a two-stage qudit-based circuit compression method is proposed. The first stage groups multiple
qubits into composite qudits via cut-minimizing graph partitioning, while the second replaces embedded two-
qubit operations with native two-qudit gates. The study proves upper and lower bounds on the achievable
reduction in nonlocal gate cost and presents cases in which these bounds are saturated. Collectively, these
developments establish a coherent framework for extending qubit-based paradigms to higher-dimensional
architectures, demonstrating both theoretical insight and practical advantages for quantum hardware sup-
porting coherent multilevel control.
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1 Introduction

Quantum information theory has largely been developed around two-level systems, or qubits, whose mathe-
matical simplicity and geometric representations have driven early breakthroughs in communication [1, 2],
computation [3, 4], and cryptography [5, 6]. At the same time, many physical platforms—photonic modes [7,
8], trapped-ion manifolds [9], and superconducting circuits [10]—naturally realize higher-dimensional (qudit)
systems.

Recent results further highlight clear advantages of qudits: high-dimensional quantum key distribution
achieves higher key rates and operates robustly under noise compared to qubit schemes [11, 12]; photons
entangled in large Hilbert spaces certify stronger violations of Bell inequalities [13, 14]; qudit encodings reduce
circuit complexity by replacing inter-qubit entangling operations with local multilevel operations [15, 16]; error-
correcting codes over higher dimensions raise thresholds or lower overheads in fault-tolerant architectures
[17, 18]; prime-d magic-state distillation exhibits improved performance [19]; and qudit architectures natively
support richer coherence and entanglement structures that can be harnessed for more efficient quantum
information processing [20, 21]. Together, the natural prevalence of qudit systems and these demonstrated
benefits motivate an in-depth study of qudit quantum information frameworks.

In this thesis, three approaches to qudit generalization are pursued. The first approach in Section 3 develops
dimension-dependent corrections and relaxations that extend monogamy relations and entropy inequalities
beyond their qubit-specific forms, establishing quasi-monogamy bounds and clarifying where qudit behavior
departs from two-levelintuitions. The second approach in Section 4 identifies operationally useful subfamilies
of the qudit state space—finite-function-encoding states—and shows how focusing on these tailored structures
preserves critical qubit-like properties while sidestepping complete dimensional complexity. The third
approach in Section 5 demonstrates direct performance gains by embedding qubit registers into higher-
dimensional qudits and exploiting genuinely multilevel operations to reduce resource costs in concrete
protocols. Together, these approaches show when dimension-sensitive extensions suffice, when specialized
subfamilies provide a practical alternative, and when entirely new mathematical tools are required.

2 Generalization in Quantum Information Theory

In this section, we examine selected concepts from quantum information theory and their generalization to
higher-dimensional systems. The aim is not to provide a comprehensive review, but to highlight representative
examples that are relevant for the subsequent discussions and our results in [22, 23, 24].

It is well known that the description and solution of many problems can become more tractable when
embedded in a more general theoretical framework. For example, the need to describe mixed quantum states
can be circumvented by considering a larger Hilbert space in which these mixed states are viewed as reduced
pure states after tracing out an environment. This point of view is often referred to as the “Church of the Larger
Hilbert Space,” a term attributed to Smolin [25]. Such an extension can simplify the mathematical structure
of the problem and provide access to more powerful solution techniques; it can also yield operational
advantages, although these are independent aspects of generalization that need not coincide.

This perspective is naturally relevant in quantum information theory. Historically, many foundational devel-
opments were based on the implicit or explicit assumption that binary logic suffices, leading to a focus on
two-level systems—qubits—and a well-developed toolbox for communication, computation, and cryptogra-
phy. The restriction to qubits is not fundamental, yet generalizing known results to arbitrary dimensions is
nontrivial: qubit systems benefit from compact representations and geometric intuitions that do not extend
easily, and naive lifts can obscure the operational content.

Itistempting to demand that familiar qubitformulas survive intact in higher dimensions, but that expectation
is more aesthetic than principled. What should be preserved is the conceptual invariant—the operational
content and the symmetries—not necessarily the functional form of its expression. When the underlying
structure is stable, form often carries over verbatim; when geometry, extremal structure, or information
measures change with dimension, the qubit formulas become misleading. Allowing the functional form to
change is therefore a diagnostic that reveals the organizing structure rather than a concession. The preference
of a physicist for a familiar formula is not without value, but it should not be treated as an obligation (cf.
Wigner’s reflection on the fit between mathematics and physics [26]).

To anchor the discussion, we point to five examples drawn from the definitions that follow. The Schmidt
decomposition (Section 2.3) carries over verbatim to arbitrary local dimension and retains its role in character-
izing bipartite pure-state entanglement . The Bloch representation (Section 2.4) appears to generalize in form,
yet its consequences differ: beyond qubits the su(d)-based coordinates no longer parametrize a full sphere
of physical states and positivity imposes nontrivial manifold constraints . Monogamy relations (Section 2.5)
preserve the physical idea that entanglement cannot be freely shared, while the qubit-style inequalities



typically fail and require relaxed, dimension-dependent statements. Hypergraph states (Section 2.6) show
that a change in expression can reveal the right organizing feature: moving from qubit edge-phase rules to
d-ary phase functions brings polynomiality to the foreground as the criterion for when a qudit state admits
a graph description. Finally, the circuit model (Section 2.7) preserves the concept of computation as local
composition on a tensor-product register, while the form of the primitive library and hardware-relevant costs
can change with local dimension; asymptotically, there is no generic advantage in finding algorithms, but on
multilevel hardware genuine qudit gates can reduce nonlocal depth when coherence and fidelities permit.

Finally, a word on motivation. Generalization serves different purposes: sometimes the aim is to translate a
useful physical notion to higher local dimension without loss of operational meaning—as with the Schmidt
decomposition and appropriately relaxed monogamy statements (Section 2.3, Section 2.5); sometimes the
aim is structural insight—allowing the functional expression to change exposes the invariant that actually
organizes the theory, such as higher-order positivity constraints in the Bloch picture and polynomiality in
the passage from qubit hypergraphs to qudit FFE states (Section 2.4, Section 2.6); and sometimes the aim
is operational advantage—on platforms with coherent multilevel control, genuine qudit gates can reduce
nonlocal depth or resource overhead in concrete protocols (Section 2.7, Section 5).

With these observations in place, we first fix the notation and basic definitions, then return to the five
examples—Schmidt decomposition Section 2.3, Bloch representation Section 2.4, monogamy of entangle-
ment Section 2.5, hypergraph states Section 2.6, and the circuit model Section 2.7. The detailed investigations
of generalization that motivate this thesis are developed later: finite-function-encoding and its relation to
hypergraphs Section 4, quasi-monogamy and entropy inequalities Section 3, and circuit-level compression in
multilevel architectures Section 5.

2.1 General Definitions

In quantum mechanics, we make extensive use of bounded linear operators acting on a Hilbert space H.
Note that we focus on finite-dimensional spaces, since most of quantum information theory is based on
finite-dimensional quantum mechanics. With that being said, let us introduce some useful concepts. We
follow [27] for notation and the operator-algebraic formulation.

In quantum theory, a finite-dimensional physical system is modeled by a complex Hilbert space H = C¢,
where d € IN is the Hilbert space dimension. The dual space H* consists of all linear functionals acting on H.

The space of linear operators on H is denoted B(#). It forms an algebra over C under addition, scalar
multiplication, and operator composition. This space becomes a Hilbert space when equipped with the
Hilbert-Schmidt inner product:

(A,B)ys .= Tr(A'B), A,B e B(H).
The associated norm is
| Allns := 4/ Tr(ATA).

This inner product induces an identification between B(H) and its dual space B(H)*. Specifically, every
linear functional A’ € B(H)* can be uniquely represented by an operator A € B(H) such that

A'(B) = Tr(AB).

We will use this identification to simplify notation by treating linear functionals and their representing
operators interchangeably under the trace pairing.
Finally, there exists a canonical vector space isomorphism

BH) = H e H,

under which a rank-one operator |¢) (¢| € B(H) corresponds to the simple tensor [¢) @ (¢| € H @ H*.
This identification is useful, for example, when representing operators in terms of tensor products of state
vectors and dual vectors.

In finite dimensions, we also have the concrete identifications H = C¢ and B(H) = M4(C), the space of
d x d complex matrices. This allows every operator to be represented by a matrix and every state |¢) € H to
be written as a column vector.

2.2 Quantum Mechanics in Finite Dimensions

In quantum theory, a finite-dimensional physical system is modeled on a Hilbert space H with observables
given by the algebra B(H) of linear operators.



Aquantum state is represented by a density operator p € B(H) with p > 0and Tr p = 1, giving expectation
values via p(A) = Tr(pA) for A € B(H).

A measurement is specified by a positive operator-valued measure (POVM), i.e., a family of effects { E;} C
B(H) with E; > 0and ), E; = 1. For a state p, the probability Pr of outcome 7 is given by:

Pr(i| p) = Tr(pEi),

Z E; =1.
i
Projective measurements arise from the spectral decomposition of a Hermitian observable A = AT,
A = Z aiPi,
7

with outcomes a; and projectors P;.

The state space D(H) = {p € B(H) : p > 0, Trp = 1} is convex, and its extremal points are the pure
states (rank-one projectors). Likewise, the set of POVMs is convex, with projective measurements as extremal
elements. Classical randomization of preparations or measurements corresponds to convex mixing at the
operator level.

Physical evolutions and noise are modeled by completely positive trace-preserving (CPTP) linear maps
O : B(H) = B(H'). They satisfy complete positivity and trace preservation:

® ®1idy is positive forall k > 1, Tr[®(p)] = Trp.
Whereidy, : B(C*) — B(C*) denotes theidentity channel on a k-dimensional ancillary system, i.e.,idg (Y) =
Y forallY € B(C*).
Standard examples include unitary conjugation and partial trace:

p = UpU',  pa = Trp(p).

Composite systems are modeled on tensor products H = H1 ® - - - @ Hy,, with Hy, = C*. Astateis product
if it factorizesas p = p1 ® - - - ® p,, and entangled otherwise. Reduced states are obtained by the partial
trace; for p € D(Ha ® Hp) the marginalon A s

pa = Trg(p).

We now turn to standard representations of qubits and qudits. For a qubit with # = C2, pure states have
the form

[y =al0)+B1), o>+ B> =1,

and measurements are POVMs { E; } with0 < E; < T and ), E; = 1. Foraqudit with H = C4, pure states
are

d-1 d—1
Wy =>aili), Yl =1,
=0 j=0
and the same formalism for effects, POVMs, and channels applies unchanged.

2.3 Schmidt Decomposition

Any pure bipartite state [¢)) € Ha ® Hp admits a Schmidt decomposition [28, 29].
) =" Ailai) @ |bi)
i=1
>0, Y A =1,  r<min(da,dp),
i=1

where {|a;)} C Ha and {|b;)} C Hp are orthonormal sets and r is the Schmidt rank.



The reduced states share the same nonzero spectra.
PA —TrB |'(/J ZA2|az az )

pp = Tra([¥) (¥]) Z)\Q [bi) (

A pure state is separable if and only if r = 1. The Schmidt coefficients {\; } are unique up to degeneracies,
and the decomposition follows from the singular value decomposition of the coefficient matrix of |) [30].

This construction generalizes verbatim to arbitrary finite local dimensions, i.e., no qubit-specific structure is
required and only the admissible range of r changes with d 4 and dp. Its operational content is dimension-
agnostic: bipartite pure-state entanglement is completely determined by {\2?}. In contrast, there exists no
analogous single parameter factorization for generic multipartite pure states or for mixed states [31, 32].

2.4 Bloch Representation

Since B(H) is a Hilbert space with respect to the Hilbert-Schmidt inner product, one can fix an orthonormal
basis of Hermitian operators {\,, d *1 C Berm (H) with [33, 34]

Ao = 1g, Tr(AuAy) = do,.., TrA,=0 (k>1).
Every density operator p € D(H) admits the expansion

d?—1
1
p=-|Lat Z: (M) Ak ] (Ak) = Tr(p Ag),

which we refer to as the generalized Bloch decomposition [33, 34].
Purity is quadratic in the Bloch coordinates:
1 d?—1
Tr(p?) = = 1 M) ?
=g |12

Geometrically, the quantum state space D(H) is a compact convex set whose extreme points are pure states
[29]. In multipartite settings, the tensor-product of local Bloch bases induces correlation tensors whose norms
we will use below [34, 35].

Ford = 2, choose {Ag, Ak} = {12, 0% }3_, with Pauli matrices {0y }. Note that we normalize as Tr(AgA;) =
2§kj Then

3
p= ;(12+Z<0k> Jk) 7 (ok) :== Tr(poy),
k=1

and the physical Bloch vectors fill the unit ball {# € R3 : ||7|| < 1} with pure states on the sphere ||7]| = 1
[29]. Moving beyond d = 2, the same construction yields a qudit Bloch representation, but several geometric
features change in essential ways.

For general local dimension d > 2, fix any orthonormal traceless basis {)\k}fz‘l (e.g., generalized
Gell-Mann or Heisenberg-Weyl) [36, 37]. The trace and purity formulas above imply that the affine im-
age of D(H) lies on a hypersphere centered at the maximally mixed state, but positivity p > 0 imposes
additional nonlinear constraints on the coordinates {{Ax)} [33, 34]. In terms of quantum states this means
that pure state lie on the sphere ||7]| = v/d — 1, but ford > 2 not every point of that sphere is physical; in
fact pure states lie within convex sub-manifolds on the surface of the sphere. Thus, while the form of the
decomposition generalizes, several consequences specific to d = 2 do not: the “Bloch ball” intuition breaks
down, and positivity is captured by higher-order polynomial constraints rather than a single Euclidean norm
bound [33, 34, 29].

1

2.5 Entanglement and Monogamy Relations

Entanglement is a defining feature of quantum mechanics and a fundamental resource in quantum informa-
tion theory [30]. To quantify it, one uses entanglement measures p : D(Hap)— [0, 00) with the following
standard properties: (i) faithfulness on separable states, u(p) = 0'if p is separable; (i) LOCC monotonicity,
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n(Arocc(p)) < u(p)forevery LOCC map ALocc; (iii) convexity, p(pp1+(1—p)p2) < pp(p1)+(1—p) u(p2)
forp € [0,1] [38, 30]. Here Apocc denotes a channel implementable by sequences of local CPTP maps
coordinated by two-way classical communication between the parties, i.e., LOCC operations, which cannot
increase entanglement on average [30]. Examples include concurrence and entanglement of formation [39,
40], and negativity and squashed entanglement [41, 42].

Monogamy relations constrain how bipartite entanglement can be distributed within a multipartite system
[43]. For a tripartite state papc and a measure p, a strict monogamy is defined as

pa:sc(papc) > pas(pas) + pac(pac)-

In the qubit case, the Coffman-Kundu-Wootters (CKW) inequality establishes monogamy for the squared
concurrence (the tangle) [44]. Writing C'(+) for concurrence,

Cipc = Cip + Cic.

This result extends to n-qubit systems for the tangle [45] and connects to trade-off relations relevant for
cryptographic settings [46]. Beyond qubits, the concept of monogamy survives but the formal qubit inequality
typically fails. For higher local dimensions, many popular measures (including concurrence and entanglement
of formation) are not strictly monogamous; valid statements often require either (a) switching to measures
known to be monogamousin all dimensions (notably squashed entanglement [42]), or (b) adopting dimension-
aware relaxations. We will return to these points in Section 3, where we develop quasi-monogamy bounds
and entropy-inequality extensions that make the dimension dependence explicit.

2.6 Hypergraph States and Generalizations

Hypergraph states form a structured yet expressive subset of multipartite entangled states: specified by
simple combinatorial data, they capture genuinely multipartite correlations, exhibit strong nonlocality, and in
suitable families serve as universal resources for measurement-based quantum computation [47, 48, 49].

A (finite) hypergraph is a pair H = (V, E) with vertices V = {1,...,n} and hyperedges E C 2V To each
hyperedge e one associates a multi-controlled phase gate U, that multiplies computational-basis states by
a phase conditioned on all sites in e. Applying all such phases to the uniform superposition |+>®", with
[+) = (|0) + [1))/V/2, defines the (qubit) hypergraph state |H) == ([].cp Ue) |+)®" [50]. Equivalently,
writing f(z) = Y c g [ 1;c. i @s a square-free polynomial over I, one has

) == 3 )/ ).

zelF}

so monomials label hyperedges and degree equals edge size [50].
For higher local dimension it is convenient to adopt a phase-encoding view that subsumes the qubit case
and its extensions. Let d > 2 and w := e2™/4 and consider states of the form

1
) = = D )

with f : 8™ — S chosen to match the finite set S that labels the local computational basis of each site (e.g.,
S =F,orS = Zg). Thisisolates the operational concept (function—phase) and lets the concrete form
be dictated by the underlying finite set and its arithmetic (field versus ring), such as Iy or Zg4. In [51] the
qudit hypergraph is constructed with the local label set as a finite field I, with ¢ = p™ a prime power, and
[+ Fg — Fyismultilinear (linear in each variable); generalized controlled-phase gates then implement
the corresponding monomials, preserving the graphical form of the qubit construction [51]. These (qubit
and qudit) hypergraph states support genuine multipartite entanglement, admit efficient certification via
commuting symmetries, and, in suitable families, serve as universal MBQC resources [47, 48, 49].

The phase-encoding perspective also reveals where the graphical model stops. Over finite fields every
functiong : F;' — T, has a polynomial representative of bounded degree, but graphical hypergraph
rules require (square-free) multilinear structure; over rings like Zg4 with composite d not every function
h:2Z} — Zgis polynomial at all [52, 53]. Finite-function-encoding (FFE) states retain the function—phase
concept and drop the multilinearity restriction, thereby extending the construction to all functions on the
chosen label set; as developed in Section 4, polynomiality then becomes the criterion linking functional
encodings back to (hyper)graph descriptions, while stabilizer-like control persists in the broader non-graphical
class. Read in the context of our generalization program, the hypergraph route preserves the form of the qubit
construction when arithmetic permits, whereas the FFE route preserves the concept while allowing the form
to change, making explicit that it is the underlying algebra (field versus ring) and not qubit convenience that
determines the appropriate higher-dimensional expression.

- 5 -



2.7 The Circuit Model of Quantum Computation

We recall the circuit model in finite dimensions, fix conventions for registers, gates, depth and cost, and then
indicate how the qudit lift fits our generalization perspective. A finite register is modeled on a tensor-product
Hilbert space

HiéHi, Hi%Cdi.
1=1

Agateactsasaunitaryonasmallsubset S C {1,...,n} and asthe identity elsewhere. Alayeris a product of
gates with disjoint supports; a (depth-L) circuit is an ordered product of layers C'= Ly, - - - Lo L constrained
by the hardware coupling graph.

Given afixed primitive gate library and coupling graph, the depth is the minimal number L of layers; the gate
count is the total number of primitive gates; a hardware-aware cost counts nonlocal (e.g., two-site) gates. For
qubits, universal libraries exist—e.g., all one-site gates together with any entangling two-site gate [54, 55]. For
qudits, a general characterization (“all one-qudit gates plus almost any entangling two-qudit gate”) is provided
by Brylinski-Brylinski [56], and constructive exact-universal libraries follow from Muthukrishnan-Stroud and
from Brennen-Bullock-O’Leary [57, 16].

Local unitaries admit e-approximations whose length scales polylogarithmically in 1/e (Solovay-Kitaev),
uniformly for fixed d [58]. Many exact/minimal synthesis tasks are intractable in the worst case; search and
meet-in-the-middle methods remain exponential in the relevant parameters [59]. For qudit libraries, practical
universality criteria mirror the qubit case via algebraic and ¢-design conditions [60, 61].

The concept—computation as composition of local transformations on a tensor-product register—survives
unchanged when passing from qubits to qudits. What may change is the form of the primitive library and
the resource accounting on real hardware. Asymptotically, merely increasing d does not provide a generic
advantage in finding optimal circuits. Practically, multilevel devices enable (i) register compression (fewer
sites, same logical unitary) and (ii) native d-ary synthesis (genuinely multilevel gates), which can reduce
nonlocal depth when coherence and fidelity of qudit operations are competitive. We quantify such depth and
nonlocal-cost reductions in Section 5.

3 Monogamy of Correlations and Entropy Inequalities in the Bloch
Picture

3.1 Summary

Monogamy relations are central to the security of quantum communication protocols, where the assumption
that correlations cannot be freely shared guarantees secrecy. Although monogamy constraints are funda-
mental to extending security proofs to arbitrary-dimensional protocols, only a limited set of such constraints
has been established beyond qubits. This scarcity is expected: strict monogamy can hold only for entangle-
ment measures, and most familiar measures cannot simultaneously satisfy geometric faithfulness and strict
monogamy; moreover, many “dimension-free” statements in the qubit literature carry implicit dependencies
on local dimension that must be made explicitind > 2.

We build on [62] by introducing explicit dimension factors and deriving quasi-monogamy relations for a
correlation quantity defined in the Bloch/correlation-tensor picture. Rather than adhering to the qubit-specific
formalism of monogamy, we emphasize its operational core: strong correlation between two subsystems
necessarily limits the correlation either can share with a third. To expose the role of local dimension and
low-rank support, we develop a split Bloch basis that replaces the global identity by subspace identities,
yielding a block-sparse operator basis in which low-rank states embed transparently into higher-dimensional
Hilbert spaces and purity/correlation sums display their dimensional prefactors.

Within matched subspaces, we define a correlation monotone and prove quasi-monogamy bounds that
carry explicit dimension dependence. The monotone is convex and invariant under local isometries, enabling
fair comparison across embeddings and subspace reductions. For qubits, our bounds recover the familiar
CKW-type form (up to normalization), while for higher local dimensions the dimensional prefactors are
necessary and unavoidable. Moreover, in our framework, any meaningful entanglement measure is monotonic
in the underlying correlations, so the above correlation bounds translate directly into dimension-dependent
entanglement bounds across the same partition.

On the entropic side, we obtain new Tsallis-2 inequalities that make dimension explicit, including a
dimension-dependent analogue of strong subadditivity and a nonlinear generalized pseudo-additivity in-
equality. The generalized pseudo-additivity bound is independent of subadditivity and can be strictly tighter
for asymmetric local dimensions, whereas for equal local dimensions standard subadditivity remains stronger.

-6 -



Overall, the split-Bloch formalism clarifies how local dimension structures correlations, and it yields practical,
dimension-sensitive quasi-monogamy and Tsallis-2 entropy bounds for multipartite states beyond qubits.

3.2 Own Contribution

This paper builds on research done in my master thesis. Each author contributed equally to the conception,
development, and writing of the manuscript. The underlying concept was initially proposed by my PhD
supervisor, Marcus Huber. Claude Klockl, who was a postdoctoral researcher in Marcus Huber’s group at the
time, primarily focused on the quadratic entropy inequality. While contributing to the overall development of
the manuscript, | mainly focused on the proof of Theorem 2 and contributed substantially to the definition
and construction of the split Bloch basis.
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We investigate monogamy of correlations and entropy inequalities in the Bloch representation. Here,
both can be understood as direct relations between different correlation tensor elements and thus
appear intimately related. To that end we introduce the split Bloch basis, that is particularly useful
for representing quantum states with low dimensional support and thus amenable to purification
arguments. Furthermore, we find dimension dependent entropy inequalities for the Tsallis 2-entropy.
In particular, we present an analogue of the strong subadditivity and a quadratic entropy inequality.
These relations are shown to be stronger than subadditivity for finite dimensional cases.

I. INTRODUCTION

This articles covers two important themes of quantum information: entropy inequalities and monogamy relations.
The first focus of our article are entropy inequalities. Entropy has been described by many differing mathematical
definitions, but essentially the entropy of a quantum state always describes the lack of knowledge about the respective
system. Entropy inequalities govern the way information about some constituents of the system determines our
knowledge about the remainder of the system. They could be broadly equated to the “natural laws” of information.
Typically entropy can be either formulated in a classical or quantum version. Throughout this article, we will be
discussing the quantum case. How well these laws are understood varies greatly depending on the exact mathematical
formulation of entropy. The standard formulation of the Shannon entropy [1] as well as its quantum analogue the

von Neumann entropy have been thoroughly classified [2, 3]. Many further parametrized families of entropies are
known. The two most well-known single-parameter examples are the Rényi a-entropy [4] and the Tsallis g-entropy
[5]. Recently, important progress was made on the family of the Rényi a-entropies [6, 7]. This almost completed

the description of the better-known entropies. For the Tsallis g-entropy there are, to the best of our knowledge, no
complete classification results known. Even though the whole family of g-entropies (sometimes also referred to as
g-logarithms) is well studied [3], of relevance for the field of complex systems [9-11] and in case of the Tsallis 2-entropy
frequently employed in quantum mechanics under the name linear entropy.

Note that a number of powerful no-go results are known, specifically regarding the impossibility of linear inequalities
for Rényi entropies for @ # 0,1 [6] and the unachievability of strong subadditivity for Tsallis g-entropies with g # 1
[12]. The Tsallis g-entropies directly translate to Rényi a-entropies, but the impossibility of linear inequalities for the
Rényi 2-entropy does not imply the same for the Tsallis 2-entropy. Indeed, the Tsallis 2-entropy is subadditive [13].
Nonetheless we are able to circumvent these no-go results in the form of dimension-dependent analogues to strong
subadditivity and pseudo-additivity for the linear entropy. These analogues hold where their dimension-independent
counterparts do not. We can hence trade dimension dependency for a broader range of applicability. In particular we
introduce a linear and another non-linear entropy inequality for the Tsallis 2-entropy.

The second focus of this article concerns correlations. In quantum physics some correlations exhibit a property
commonly referred to as monogamy [14]. Monogamy intuitively means that whenever two parties share a sufficient
amount of monogamous correlations it prohibits a third party from also being correlated in a non-trivial way to
the former. In other words we could see them as a “natural law” limiting correlated information in analogy to the
way we introduced entropy inequalities before. This simple idea is not only of interest when trying to understand
the fundamental structure of quantum correlations, but it is also the base for the security proofs of quantum key
distribution (see the security proof of either Lo-Chau’s protocol [15] or the security proof [16] of the BB84 protocol
[17]). Therefore monogamy of entanglement is an essential tool for one of the most mature practical applications from
the field of quantum information. Formalizing the intuitive idea of monogamy has been the subject of a long-standing
debate within the quantum information community [18-21].

Let us review a few well-known facts about monogamy and motivate the introduction of dimension-dependent fac-
tors. It is noteworthy that the strict classical definition of monogamy, e.g. pap|c (paBc) > pajc (pac) +pejc (PBC)

* paul.jonas.appel@gmail.com
t entangledanarchist@gmail.com
¥ claudio.kloeckl@reflex.at



where p is an entanglement measure in arbitrary dimension, is intimately connected to the notion of entanglement:
It has been shown, that only entanglement measures, in contrast to measures of other correlations, can be strictly
monogamous in arbitrary dimension [22]. On the other hand, even though many relations have been found to fulfill
this definition for qubits, e.g. the Coffman-Kundu-Wootters (CKW) inequality [18], and even though a generalization
for n-qubit case [19] is available, there exists only one known entanglement measure which fulfills this strict notion of
monogamy in arbitrary dimension: Squashed entanglement [21]. Unfortunately squashed entanglement is hardly com-
putable; even numerically. Many other entanglement measures can not be readily generalized to arbitrary dimension,
e.g. the CKW inequality [23, 24]. Even though common monogamy inequalities do not explicitly feature dimension
dependent factors, they are indeed implicitly dimension dependent, i.e. assuming particular local dimensions. Many
arguments concerning certain aspects of monogamy are dependent on these assumptions: For example, the maximal
entanglement of two parties excludes a third party to be entangled with either of the former only if the systems of the
former have the same local dimension. Furthermore, it has been shown that in general entanglement measures that
quantify maximal entanglement geometrically faithful cannot be monogamous in asymptotic dimensions [24]; this is
true also for squashed entanglement.

Considering all these problems in finding feasible entanglement measures which fulfill the strict monogamy relation
in arbitrary dimension, it is sensible to relax this strict condition, e.g. [25] or by introducing dimension-dependent
factors to find analogue relations, as suggested in [24]. These analogues might not fulfill the strict notion of monogamy
but capture the main idea of monogamy: That the correlations within one marginal restrict the correlations of all
other possible marginals with the former. With this in mind, we define a correlation monotone which, even though
it does not fulfill the strict monogamy relation, still complies with useful (quasi)-monogamy relations. Even though
this (quasi)-monogamy relation is weaker than then CKW inequality for qubits, it provides a dimension-dependent
inequality for arbitrary dimension. Furthermore we can reproduce a well known result for qubit systems in arbitrary
dimension: We show that if two parties with systems of equal dimension are maximally entangled, no other party
can be entangled with the composite system. Additionally if two parties are not mazimally entangled but share some
entanglement we can still provide non-trivial bounds on the shared correlations with any other party.

That the introduction of dimensional factors enlarges the applicability of monogamy and entropy relations is in itself
a noteworthy observation already made in [24], in this article we are however able to contribute entropy and (quasi-)
monogamy relations. Let us stress another important point: Even though both areas of research, entropy inequalities
and monogamy relations, are usually considered as two distinct subfields, there exists an intimate connection, which
becomes clear once we identify them as particular instances of the marginal problem. The marginal problem is solved
if for a given set of marginals all complementary sets of marginals, which make up a physical state, are identified
[26]. Since both entropy inequalities as well as monogamy relations depend on functions of the marginals, it is not
surprising that a connection between them can be made.

This connection becomes particularly obvious by using the correlation tensor of the generalized Bloch representation
[27-30]. Another important advantage of using the Bloch vector representation is the fact, that it naturally introduces
dimension-dependent factors, which we show to be useful to circumvent certain no-go-theorems. Even though the
Bloch picture is an extremely well-established subject, it attracts continued interest up to this day. Most notably the
proof of the long standing non-existence conjecture of the absolutely maximally entangled (AME) states for seven
qubit systems [31] including a subsequent connection to coding theory and a classification of higher dimensional AME
states [32] but also applications in entanglement detection [33—-35] and quantum thermodynamics [36]. In this work
we are able to contribute to the Bloch formalism with the introduction of the Split Bloch basis, an orthogonal operator
basis, which allows a concise description of states with low dimensional support in high-dimensional Hilbert spaces.
The use of this basis is helpful in the handling of multipartite systems with different local dimensions, since it allows
to easily define functions which are invariant under isometric transformations. It is our hope that this article sparks
further discussions over the merits of the generalized Bloch decomposition.

This article is structured as follows: In Section II we repeat the basic concepts of the generalized Bloch decomposition
and the correlation tensor formalism. Building on these concepts we introduce the split Bloch basis in Section III.
The split Bloch basis is an orthogonal operator basis, similar to the generalized Bloch basis. Using this novel tool we
define a correlation monotone, which is convex and invariant under isometry transformations. Subsequently several
(quasi-)monogamy relations are found (Section IV). Then we turn our attention towards the second part of the paper:
entropy inequalities: In Section V we explain why the Bloch decomposition relates the linear entropy of a system to
the correlation tensor of the aforementioned system. Following up we briefly review the state of the art on entropy
inequalities of the Réyni and Tsallis type and go on to introduce a novel linear inequality for the linear (or Tsallis
2-)entropy. In Section VI we introduce a new quadratic entropy relation for the linear entropy: the generalized
pseudo-additivity. It originates from the pseudo-additivity of the g-entropies, but is applicable to all states instead
of only product states as in the case of pseudo-additivity. In the remainder of the section we show that this relation
is independent of the known subadditivity [13] and visualize and discuss the body of allowed entropies for tripartite
systems. Finally, we sum up our results and remark on open questions in Section VII.



II. INTRO: THE CORRELATION TENSOR FORMALISM

In this section we will shortly introduce the concepts and notions of the traditional (generalized-) Bloch decomposition
[27],[30] and the correlation tensor formalism and continue to introduce the split Bloch basis, which tackles the problem
of expressing low-dimensional quantum states in high-dimensional Hilbert spaces.

Let us start by stating the traditional Bloch decomposition:

Definition 1 A single partite (qudit) quantum state p € He can always be written in the (generalized-)Bloch decom-
position as defined in [70] by:

d?-1

Pzé 1d+z<)\i>)\i (1)

with \; being orthogonal, traceless (and canonically assumed hermitian \; = )\I) matrices and d being the dimension
of the Hilbert space of p.

Remark 1 Note that the Hilbert space we consider is a Hilbert-Schmidt space H? = (C?)* @ C? with the associated
scalar product (A|B) = Tr (B*A).

In large dimensions there is some freedom in the choice of \; with the canonical choices being either the generalized
Gell-Mann [30, 37] matrices or the (non-hermitian) Heisenberg-Weyl [38] matrices, alongside more unusual choices
like the Heisenberg-Weyl observables [39]. The single party case can be naturally extended to multi-partite systems
by a tensor product construction.

Definition 2 Any n-partite quantum state ps, € H= = @1_ H% where ¥ := {X1,%9,--- , 5, } is the set of all parties
can always be represented as

2
a2—1

d2-1
pz:é Zmz<>\§11®~~-®>\i">)\21®--~®)\i" (2)

11=0 in=0

Here one canonically uses a basis comprised of tensor products of local hermitian Bloch bases, which then allow for a

local Bloch vector decomposition. This means the A?jj are again orthogonal, e.g. Tr ()\%J )\Ej) = d;j0mn, where d; is

the dimension of the local Hilbert space H% ; note that ds, = H;L:I d;. Furthermore all )\izj’ are traceless, except for

25 _
)‘oj =1g4;.

The advantage is that the Bloch components divide into an intuitive set of correlation tensors. For example in
tripartite systems this leads to three local Bloch vectors, three correlation matrices and a single three-body correlation
tensor. The Bloch representation furthermore has the advantage of giving an economical form for Tr(p?) through the
tracelessness of \;.

Definition 3 (Correlation Tensor) Let ps; be an n-partite state:

(i) The correlation tensor of a state T(px) is the generalization of the Bloch vector in the qubit Bloch decomposition,
it collects all coordinates of the operator basis:

(o itz i = (AT @ @ AT 1<i; < d? (3)

(i) We can now define lower order correlation tensors as:
T(py) :=T" (4)

Where v C ¥ runs over all non-empty subsets of &, i.e. its powerset P(X)\ 0 and p, = Try (px) is the state of
the subsystem of v given by taking the partial trace over its complement v, i.e. v and v are a partition of 3.

Let us state now a very useful lemma:



Lemma 1 If ps denotes a n-partite system owned by a set of parties ¥ = {%1,...,X,} with dimension ds; =[], d;,
we can write Tr (p%) as :

1 o2
Tr(p%,) = pll s oo (5)
YoeP(3)

Where v C ¥ runs over all non-empty subsets of &, e.g. its powerset P(X) \ 0. Z:UHT”H2 is the sum over correlation
tensors as defined above (Definition 3).

Proof

: ” - : = Sy (S Sy
The lemma follows directly from the definition of the basis, i.e. since Tr ((Aill @ @A )()‘iil @ QA )) =
61'1,1"1 N 5%7% dz we ﬁnd

d?-1  d%2-1

() = (X X (e eal) =d12<1+ZT”||2) (6)

i1=0 in=0

III. THE SPLIT BLOCH BASIS

After having repeated the basic concept of the traditional Bloch decomposition, we proceed now to extend this notion
to the split Bloch decomposition and motivate its introduction: Let us consider the scenario where a low dimensional
state is represented in a Bloch basis of a Hilbert space with much larger dimension. In this case the representation
is unnecessarily involved. For example, consider the non-normalized state p = diag(1,1,0,0) € H*, where diag is the
function which maps a vector to a matrix with the vectors entries on the diagonal. Recall the set of operators, that
are typically associated with the generalized Bloch decomposition [30]: H? = span (14, A1, ..., A\g2_1) where 1 is the
identity on the space and \; are required to be traceless and normalized.

The identity is independently of the choice of basis always a part of the set of operators. Returning to the
example, we see that the use of the identity is sub-optimal, since the additional ones on the diagonal have to be
compensated by additional diagonal basis elements. This simple example already demonstrate a deeper problem
concerning canonical Bloch decompositions, i.e. the difficulty to describe subspaces of a Hilbert space in a concise
way. This problem becomes more apparent for multi-partite states which have different local dimensions: We will
later consider a cryptographic scenario where Alice and Bob want to communicate securely, meaning they want to
exclude a malicious third party (Eve) to extract any information about the content of their communication. While
we can assume the knowledge about the local dimension of Alice and Bob, the local dimension of Eve is arbitrary. To
treat this problem, a separation into different subspaces is very helpful (compare Theorem 1).

Now we can ask ourselves: Is there a Bloch basis which allows a concise description of subspaces? The answer is
the split Bloch basis. The idea of the basis is to find a complete set of basis elements of a Hilbert space, which can be
divided into subsets which span the subspaces. In the following we will define an orthogonal operator basis similar
to the generalized Gellmann matrices. Recall, that the generalized Gellmann basis for a d-dimensional Hilbert space
consists of the identity, d*> — d elements with only off-diagonal entries and d — 1 traceless elements with only diagonal
entries. The main difference between the split Bloch basis and the Gellmann basis is that we will replace the identity
1 with two sub-identities 1 and the diagonal elements with a set of d — 2 diagonal elements. The off-diagonal elements
need not to be replaced since they already divide into two subsets which live in either subspace.

Let us first describe a operation (® which describes the split into different subspaces:

Definition 4 Given a Hilbert-Schmidt space H = span (Mg, ..., A\g2_1) with the customary Hilbert-Schmidt scalar
product, i.e. (A|B) = Tr(B*A) can always be divide into subspaces such that:

Hd —H® sz—c — (CC & Cd—c)* ® (Cc e Cd—c) (7)
—H D szfc ® ((Cdfc)* QR C @ (Cc)* ® Cdfc) (8)
= span (Ac) @ span (Aq—c) @ span (X) (9)

Where Ae, Aq_. and ¥ first have to be a partition of {Xo,..., \g2—1} and second |A| = 2, |Aq_c| = (d — ¢)? and
|X| = 2dc — 2¢® Note that the direct sum in the third line is the internal direct sum, since \; € H% Vi. The internal is
however isomorphic to the external direct sum.
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Definition 5 (The Split Bloch Basis) Given a Hilbert-Schmidt space He with the customary Hilbert-Schmidt
scalar product, i.e. (A|B) = Tr(B*A), we want to find a basis Bspiix = {Ai|Vi} U{w; |Vi} U {vy |Vk}, such that
HE=HE @ HIC and \i,wj,vi, € HY while HE = span ({\; | Vi}) and HY™¢ = span ({w; |Vj}). First we will define
non-canonical operators, similar to the canonical generalized Gellmann matrices, then we use them to define a split
Bloch basis: Bspiit:

(i) Assuming the standard computational basis C? = span (|0),...,|d — 1)), let us define a set of operators, which
span the Hilbert space. It consist of:
two sub-identities

c—1

Ao =Tc =) [ (10)
=0
d—1

woo =La—c= ) [H){], (11)

d — 2 diagonal elements:

k—1
AM=,QHjﬁ<Z;wa—kmmm> 1<k<e-1  (12)

k—1
d—c
<%k:vg+%@(}:z+cuw+d—km+@ﬂk+c> l1<k<d-c-1, (13)
=0

d(del) symmetric off-diagonal elements
=[5 08 0+ 1) ) D<h<i<e-1 (1)
d—c
e = 1 L5 (IR Q1+ 11 Gh1) c-1<k<li<d-1  (15)

%szdgcqmapuwwn 0<h<c—l<l<d-1 (16)

and @ anti-symmetric off-diagonal elements
At = g(fi\k><l|+i|l> (k) 0O<k<i<c-—1 (17)
. d—c, . .
W = 5 (—ilk) (] +1|1) (k|) c—1<k<l<d-1 (18)
Pt = 1S R )+ 1D ) O<k<c—l<i<d—1  (19)
Note that i does not stand for an index but rather i> = —1.

(ii) With these elements we are able to find a basis Bspiiy for H:

Bwﬂn:::({AM|VkJ}LJ{}mn|Vnyn})LJ({wM\VkJ}LJ{wmn|Vnun})LJ({VM|VkJ}LJ{ﬁmn\VWMn}) (20)
={N0<i< -1 u{w|0<i<(d—e)? =1} U{/]0 <i<2de—2¢% —1} (21)

In the second line of the above equation we simplified the notation by concatenating the indices, we only require
Ay = Moo and w) = woo all other indices may be assigned freely. Note that the basis is split naturally into three
parts. Two of them span two Hilbert-Schmidt subspaces, i.e. H® = span ({\}|Vi}) and H=¢ = span ({w! | Vi}).
The third part spans a subspace which is however not a Hilbert-Schmidt space since in general it can not be
written as a tensor product of C¢ with its dual, i.e. span(v)|0 < i < 2dc —2c¢% — 1) # (C4)* @ C¢ Vd,c. From



now on we will use {p'|0<i<d*—c* -1} ={w|0<i<(d—¢)> =1} U{V]|0 <i < 2dc—2c® — 1} with
po = wo = 14— and take N, — \; Vi for simplicity of notation. We will however mention when we use the split
Bloch basis although it can be understood from context. In fact, whenever p;’s appear it should be understood
that we are using the split Bloch basis.

Note that we have chosen the normalization of the subspaces differently, i.e. Tr(A\A;) = ;¢ and Tr(psp;) =
di; (d — ¢). This ensures that the normalization of the subspace H¢ is independent of the total dimension.

It is still necessary to show that we indeed constructed a orthogonal operator basis, e.g. that all elements of the
basis are orthogonal (A\;| Ajz;) = 0, (ui| pj2i) = 0, (\i| p;) = 0 and that they actually span H?. This is however easy
to see: Any scalar product of pairs of operators with only off-diagonal elements is trivially zero, the same is true for
any scalar product of off-diagonal and diagonal operators. Furthermore, any scalar product of diagonal operators in
the separate subspaces is zero due to the tracelessness of all operators, except the (sub-)identity. Finally, any scalar
product of any diagonal operators of the different subspaces is zero, due to the fact that they are non-overlapping
block matrices. The fact that we have d? orthogonal elements already suffice to span H<, i.e. ¢ diagonal elements in
He, d — c diagonal elements in H?~¢ add up to the regular d diagonal elements of the canonical Bloch basis of H¢ and
the off-diagonal are, apart from normalization, the same.

We now see that the split Bloch basis allows for a concise representation states with low-dimensional support in

1

a d-dimensional system. For example, take [¢) = —=(|0) + |1)) € C<. This state has a split Bloch representation of

(Ao1) = 1 being the only traceless Bloch matrix with non-zero expectation value. The canonical Bloch representation
would have to compensate the first entry Ay by additional diagonal Bloch matrices. In addition, keeping the squared
trace constant it would also imply an increasing value of (A\g;) = v/2d using the above normalization.

After having defined the split Bloch basis, we can repeat the definition of the correlation tensor (Definition 3) and
the lemma connecting the trace of the squared state with the Euclidean norm of the correlation tensor (Lemma 1).
First we describe only bipartite states in the split Bloch basis, the generalization is however straight-forward (see
Remark 4).

Remark 2 Given a bipartite state pap € H¥9 where the parts have different local dimension; w.l.o.g. ds < dp.
We will use the split basis Bgpiir to divide the bigger Hilbert space His = Hea @HIB—dA  sych that the local dimension
of one of the Hilbert-Schmidt subspaces coincides with the local dimension of the smaller space, i.e. HAB = HI4 ©

(Hir @ His—da),

1 [da 1 d%—d% -1
= — A @ APV A @ \B S — M @ uPYAA @ uf 22
e = 2 | | & eI e [ | 2 (Rem e )

Note that only N}, \§ and pf have finite trace, all other elements are traceless. Any state is properly normalized,
i.e. Tr(pap) = 1. Since the only elements with a finite trace are 14, ® 14, and 14, ® 14,4, we find:

1, @1 _ 1,, 14._ i
Tr(pag) = La @Mtk g, o,y ¢ Qs Olas-d y g g, (23)
dA (dB fdA)dA
= <]1dA & TldA) + <]ldA & ﬂdB—dA> =1 (24)

Note that in the standard Bloch decomposition the Bloch coefficient of the identity is fized to one by normalization of
the density matriz, in our case only the sum of the Bloch coefficients of the partial identities adds up to one.

Now let us investigate the correlation tensor formalism in the split Bloch basis; again we will use a bipartite state
as an example:

Definition 6 Given a bipartite state pap € H @ H® with dg > d 4 expressed in the split Bloch basis. Now we split

the correlation tensor into parts :

Tsp(pan)] = (M @aF) ije{l,....d5—1} (25)
ij
[T(pAB)],:=<A;*®uf> ief{l,...,d5—1};je{l,....dp—d3—1} (26)
ij
T3P (pap) describes the correlations in H4 @ H¥4 and T (paB) describes the remaining correlations in H4 @ H®.
The lower order correlation tensors are, in this case, just the local Bloch vectors.

Finally we can find an expression for Lemma 1 in the split Bloch basis:



Remark 3 We can write the trace of a squared bipartite state pap € H @ HB of different local dimension, e.g.
da <dp:

1 i . 1 , .
Tr (php) = Z (L, ®La,) + Z TS | + (s —da)da (Lay @ Lap—as) + Z [ (27)
A veP({A,B}) 5= %a)%4 ve{B,AB}

As we have seen the split Bloch basis preserves the advantages of the Bloch basis. However, it has additional advantages
one of which is the possibility to express the (operator) Schmidt basis in terms of the split Bloch basis:

Lemma 2 (The Schmidt decomposition) For pure states |1) ;5 € C% @ (C% & C?7~%4) with dg > da, there
exists some split Bloch basis such that we find the Schmidt decomposition as:

min(da,dp)—1

(1) WDap = Y, M @A7) A @ 2] (28)

i,j=0
where <)\64 ® /\53> = 1. The proof of this lemma can be found in the appendix.
Let us finish this chapter with a short note on the n-partite generalization:

Remark 4 (Generalization) Until now, we have only considered bipartite states. However, this choice is only due
to the fact that the notation becomes very cumbersome in the n-partite scenario. The generalization to multipartite
states is straightforward: Formally we can just repeat the step from Definition 1 to Definition 2, i.e. replacing the
Bloch basis by tensor products of local Bloch bases, which can be split or not. Note that the powerset construction we
have chosen allows to scale the definitions concerning the split Bloch basis to n-partite systems easily by simply using
the set of the n-parties.

IV. MONOGAMY OF CORRELATIONS FROM THE BLOCH PICTURE

We proceed in this section by utilizing the correlation tensor formalism to derive some quasi-monogamy relations for
(quantum-)correlations. The key idea is to focus on the relevant parts of the correlation tensor and drop all non-
essential terms. This choice of a subset of the correlation tensor will lead to a dimension-dependent quasi-monogamy
relation. In order to capture the correlations between two subsystems A, B of a bipartite system we define the following
quantity to measure these correlations:

Definition 7 (Correlation Monotone) Let pap be an arbitrary bi-partite system and w.l.o.g. da < dg, we define
a correlation monotone Ty (pAB):

d2,. —1d% . —1
1 min =1 dpin )
Tas(pap) ;= — max /\f‘®)\f9 29
ploan) = o mas ; g (Nt o) (29)

Where dmin = min (da, dg) is the minimum of the dimensions of the subsystems A and B. Furthermore, Tr ()\;4)\3-4) =

Tr ()\f)\f) = 0;j dmin. Note that the mazimization is obsolete if the local dimension of pa and pp is the same. If the
local dimensions are different the mazimization is over arbitrary basis changes on the bigger subspace. If dg > da
then pg € H © HIB=44 will be described by the split Bloch basis such that one part of the split matches the local
dimension of pa. The optimization is such that the correlations are mazimal between the same dimensional spaces of
pA and pp.

Ta s should be read as “the correlations between the systems A and B”. This monotone has a natural operational
interpretation: For any given complete set of observables on A, it is the maximum amount of correlations achievable
over any da-dimensional subspace of B. Due to the symmetric nature of the Schmidt decomposition, for pure

states this coincides with the squared 2-norm of the correlation tensor, i.e. Ta g (|YaB)(¥aB|) = ﬁHTABHQ. The

particular choice of normalization is left unspecified by intention. We will write in the following g4z without further
specification. In principle the exact choice is a matter of taste.
Let us now state a useful lemma, which gathers some important properties of our monotone:

Lemma 3 For a general (possibly mized) state papr be the following relations for the correlation monotone are true:



(i)
Tai = TB|a (30)

(i) and:

gA|B

TaiB(paBe) < TaBe(pABE) (31)
JA|BE

Proof
add (i): Follows directly from the definition.

add (ii): Simply using the fact that | TAB||> < ||TAB|? + | TAE|> + || TABE||* together with the definition of T recovers
the above equation.

The main result of this section is the following theorem that demonstrates how correlations within a tripartite system
are constrained by a quasi-monogamy relation.

Theorem 1 Let papp € H = He QR HIE be an arbitrary tripartite state owned by A, B and E with local dimensions
dA = dB =d and dE.‘

(i): The correlation of a composite system pap with an arbitrary system pg limits the correlation of its marginals
with the same:
YAB|E

Tae (paBE) + TBiE (PABE) < —
min (gA|EagB|E

) EB\E (pABE) (32)

(ii): The correlation of any state pap € HT with an arbitrary state pg is restricted by:

d*—1-2 (||TA||2 + ||TBH2) —29415Ta|B

Tap|e (paBE) < (33)
YAB|E
The proof of this theorem can be found in the appendizx.
We point out that Theorem 1 (i) is reminiscent of the Coffman-Kundu-Wootters inequality [18]. It was the first

example of a monogamy relation. For three qubits the CKW inequality is used almost synonymous with the term
monogamy. The form of Theorem 1 (i) is the same, except for a dimensional correction factor, hidden in the normal-
ization, on the right hand side and our quantity 7qx replacing the concurrence. Even though this result was inspired
by the notion of monogamy of entanglement ([14, 18-21]) we have to differentiate from these well known relations.

First, our results primarily discuss correlations instead of entanglement. Our quantity 7q|s can easily be rewritten
into an entanglement monotone by subtracting the maximal value allowed by a separable state, however we have not
proven the LOCC non-increasingness of Tg|x.. Therefore we can not assume it to be an entanglement measure, unlike
the concurrence [10] used in Coffman-Kundu-Wootters [18].

Second, the functional form of our relation is different since it involves dimension-dependent constants. We consider
this to be acceptable, since the most well known monogamy inequalities are also inherently dimension-dependent. They
may not contain explicit dimension factors, but in fact they are dimension-dependent since they only hold for the qubit
case. Already in the case of the slightly larger qutrit system a counter example is known [23], that can be extended
to the case of arbitrary dimension [24]. Our dimension-dependent factors, hidden in the normalization constant g.|.,
in turn allow our relations to hold in any dimension.

We call Theorem 1 (ii) a quasi-monogamy relation, since it captures the fundamental idea which monogamy relations
aim to describe: That the correlations of Alice and Bob limit the amount of possible shared correlations of Eve with
either of the two remaining systems. In fact, Theorem 1 (ii) evaluated for maximally entangled Alice and Bob turns
out to coincide with the upper bound of 7% for product states. Thus generalising a known result for the CKW
inequality, that two maximally entangled parties with equal dimension can not be entangled with any other party.
We point out that our result has a functional form in arbitrary dimension.

But even if Alice and Bob are not maximally entangled, the bound (Theorem 1 (ii)) is still limiting the correlations
Eve can have with the system. We assume that Alice and Bob have the same local dimension, e.g. da = dp = d,
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Figure 1: The (scaled) shared entanglement of Eve with Alice and Bob X%Cfbfs =d (7?4 B|E — 1) is restricted by the

shared correlations between the latter Ty 5 even if Eve holds a purification for the composite system of Alice and
Bob, e.g. dg = d?. Note that j%cﬁjs is normalized by the bound of separable states g4p|r = (d2 — 1) (dg — 1) and
weighed with d.

normalize by the bound for separable states gapp = TZEP\E with K;E = (d*=1) (dg — 1) > Tap|p (paB ® pg) and
define jg‘ieEss =d (7?4 B|E — 1). ZETESS measures how much entanglement Eve shares with the composite system of
Alice and Bob scaled by the local dimension d. Note that we estimate entanglement rather than correlations due to
the fact that we subtract the bound for separable states 1 = Tj;”l /948 e The scaling is only used to make j%cleEss
comparable for different dimensions.

Considering the worst case scenario, that Eve holds a purification to Alice and Bob’s system (see the proof of
Theorem 1 in the Appendix), i.e. dg = d?, we plot (Fig. 1) the maximal value of Tjgﬁ?s for 0 < Ty p < 1 for different

dimensions. Note that the range of T4 p corresponds to a normalization of g4 p = d? — 1. We consider two different

scenarios, i.e. the local correlation tensors |[T4||* and ||TB||* are either minimal or maximal. If they are minimal
(Fig. 1a), either due to ignorance of the local states or because the state is proportional to the identity, we see that only
maximal entanglement between Alice and Bob, i.e. T4 p = 1 excludes entanglement with Eve. This is however true
independent of the local dimension d of Alice’s and Bob’s system. The other scenario is also interesting (Fig. 1b): If it
is possible to certify that ||T4]* + |T2||* is maximal it suffices that Alice and Bob share some correlations to exclude
any entanglement with Eve. This is however highly dependent on the local dimension d: Unsurprisingly the lower the
local dimension the greater the advantage of knowing the correlation tensor norms of the local systems. In fact we can
see that the advantage for d = 100 is minute even for maximal local correlation tensor norms. The factors influencing
the bound |74, |T||* and T4;p are however related, i.e. 0 < ||T4(* + || T2|* < min (2d — 2, (d*> — 1) (1 — Ta;5)).
For the proof of these bounds consult the appendix (Lemma 6).
Let us finish this section again with a short note on the n-partite generalization:

Remark 5 Note that this correlation monotone can be used to describe multi-partite systems as well: Let pa,,. . 4,
be a multi-partite system with Q C {A1... A}, 2 C {A1... A} and QNX #£ 0. If X,Q are composite systems,
i.e. it is possible to describe them as tensor product of local Bloch bases, then we want to consider the correlations
of all possible subsystems of ¥ with all subsystems of 2. Therefore, if the index is replaced with a multi-index
A= )‘izh-n-,im and )\? — A?hn-,jm\’ we need the cross sum over the new indices in the parts both to be greater
then one: Y, i > 1 AY 51 > 1. In the language of correlation tensors this is of course equal to the sum of the

squared correlation tensor norms ZUGFHT”H2 with T := P(QUX)\ (P(Q)UP(X)), since this set contains exactly
the correlation tensor elements that have at least one element in each of the two subsets ) and 3. Finally, note that if
the subsystems of the bi-partition have the same dimension dsx, = dq the correlation tensors are defined as Definition 3
and the mazimization is obsolete, if they have different dimension dy # dq the split Bloch basis will be used and the
sum will be over ||T§D||2 as defined in Definition 6. The mazimization can be found by arbitrary basis change in the
bigger space.
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V. LINEAR ENTROPY INEQUALITIES FROM THE BLOCH PICTURE

In this section we will demonstrate that correlation tensor norm constraints (often also called Bloch vector length
constraints) can be reinterpreted as entropy inequalities. This equivalence is best seen in the Bloch picture: The
natural relation of Tr(p?) to the correlation tensors of the Bloch representation allows us to rewrite existing relations
between marginals in the Bloch picture into entropy inequalities of suitable members of several parametrized entropic
families. The two most famous of these are the additive Rényi a-family [4], given by

Sa(p) =

1 i " log Tr(p®), (34)

alongside the non-additive Tsallis g-family [5] defined by

S(p) = — (1= Te(o")). (35)

Both families retrieve the von Neumann entropy in the case of a/q — 1. In the case of @ = ¢ = 2 we can use the
simple representation of Tr (p2) in form of correlation tensor norms (compare Lemma 1) to find simple forms of these
entropies:

Remark 6 Given n-partite quantum state py, € H%= = @7 H% where ¥ 1= {1, %9, -+ , 5, } is the set of all parties
we find the Tsallis 2 or linear entropy as:

Sulps) = (1 - Tr(s%)) (36)
T SR SRl (37)
= VveEP(X)

Note that we simply used Lemma 1 to replace Tr(p%).

Entropy inequalities are an extensively studied subject already in the context of classical information theory, where

entropy relations are readily available [2]. The first attempts to recreate the classical results in quantum information
have been achieved by Lieb and Ruskai [411], who showed the famous strong subadditivity relation (SSA)
Si(pasc) + Si(pc) < Si(pac) + Silpsc) (38)

for the von Neumann entropy. The hope to extend this result to the remaining parameter space of any of these
two families has been impaired by broadly applicable no-go results. It is known that the Tsallis ¢-familiy can not
satisfy SSA except for ¢ = 1 [412]. In contrast the weaker notion of subadditivity holds for quantum Tsallis entropies
with ¢ > 1 [13]. Similarly, the case of the Rényi entropy has been mostly settled by [6], who demonstrated that for
a € (0,1) U (1,00) SSA can not hold. The results of [(] go far beyond SSA. They limit the parameter space where
SSA or even a similar relation may hold severely. In the interval (0,1) non-negativity is the only possible relation
and in (1, 00) no homogeneous, thus linear, entropy inequality may exist. For the Rényi 0-entropy linear inequalities
do exist [7], however SSA is not among them. As a reaction to this setback many authors consider alternative or
generalized versions of SSA [12]. In a similar spirit the Bloch picture allows us to construct relations that resemble
dimension-dependent versions of SSA.

Theorem 2 For a tripartite quantum system papc we find the following entropy inequality for the linear entropy
Si (pac) =1—"Tr (plpe):

1
dadp

dadg +1—ds —dp
dadp

1 1
St (paBc) + St (pc) < @SL (pac) + ESL (pBC) + (39)

The proof of the theorem can be found in the appendiz.

This theorem can be considered as providing a substitute for SSA in the ¢ = 2 case, where SSA is known not to
hold [12]. Alternatively, we could have chosen to express Tr(p?) in terms of 2752 instead of Sz. This formulation
leads to a non-linear entropy inequality for the Rényi entropy with @ = 2. We point out that such a reformulation
is not in conflict with the established no-go result about homogeneous Rényi a-entropy relations [6] for a € (1, 00),
since 2752 is non-linear. The proof of Theorem 2 in the appendix however employs the very same techniques as the
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proofs of the monogamy relations in Section IV. Generally speaking all proofs are inspired by the Bloch formalism.
Essentially, we set some elements of the correlation tensor to zero. The resulting statement depends on the choice
which correlation tensors are kept and which are discarded. Interestingly, these very different types of results seem to
be complementary to each other in the Bloch picture. The correlation tensor formalism allows us to harness tools like
purity and combine it with the Schmidt decomposition in a straightforward way. Additionally, once we know that a
certain state does not exhibit correlations in a particular sector of the correlation tensor, we can develop tailor-made
entropy relations that are expected to be tight with respect to the chosen state.

Before closing this section, we need to asses the utility of our newly derived linear entropy inequalities. It is natural
to ask how they compare to other well-known entropy inequalities. It was possible to classify all possible classical
entropy inequalities by a well known result, that showed that all classical entropy inequalities are representable as a
convex cone of properly chosen elementary entropy vectors [2]. Similar arguments were used to study the von Neumann
entropy [3]. In contrast, benchmarking g-entropy inequalities is not a straightforward endeavour, since to the best
of our knowledge no comparable complete classifications exist. Audenaert’s (weak) subadditivity of g-entropies [13]
seems to be one of the natural competitors

S%pap) < 8%(pa) + 8 (pn)- (40)

In the following we want to demonstrate that Theorem 2 and Eq. (39) does not follow trivially from the above Eq. (40).
Since Eq. (39) involves tripartite terms and Eq. (40) does not, our first step is to pad Audenaert’s subadditivity by
an extra system and set ¢ = 2 to make both relations comparable, thus we rewrite both into

St(papc) < Sclpac)+Si(ps) (41)
1 dadp+1—dy —dp
dadp Se(pe) + dadp .

1 1
St (papc) < —S8i (pac) + —SL (pBC) — (42)
dp da

The above are bounds on the same quantity Sp(papc). Now the only remaining question whether one bound is sharper
than the other. This question depends on the state and the dimension. Let us set for example dy = dg = d¢ = 2,
then the question whether Eq. (42) is sharper than Eq. (41) is equivalent to

1 1 1 1

55L(pac) +Silp) = 5S1lpse) + 1 SLlpc) > 7 (43)
Phrased like this it is obvious, that this is true for all highly mixed states. For the maximally mixed state p = m]l
each single party marginal fulfills Sz (Tr;;(§1)) = %, while all two party marginals Sz (Tr;(§1)) = 3. This means

that for the maximally mixed state the above evaluates to the true statement g > i. This gives one example where

our dimension-dependent SSA is sharper than (weak) subadditivity and thus independent. Similar results will hold
for an e-ball of states surrounding the maximally mixed state.

VI. A QUADRATIC ENTROPY INEQUALITY FOR THE LINEAR ENTROPY FROM THE BLOCH
PICTURE

We know that in the special case of ¢ = a = 1, the Shannon [2] or von Neumann [3] entropy inequalities all describe
a convex cone. All possible inequalities are described by linear combinations of certain elementary inequalities. This
is a remarkably easy and elegant situation. Unfortunately similar results do not seem available for the remainder of
the Tsallis family. Since the Tsallis 2-entropy features values between 0 and 1, we can nonetheless represent physical
realizations in a hypercube of dimension 2™ — 1, which allows a particularly instructive visualization for n = 2.

In the discussion of Section V, we were asking what Tsallis 2-entropy or linear entropy relations were possible for
a tripartite system. In absence of complete classifications, we had to resort to a direct comparison with the most
famous equation known to us: subadditivity. In this discussion we briefly consider the question of how g-entropies
may be classified and find a new non-linear entropy inequality for the linear entropy.

Generally speaking, not many linear inequalities are available for g-entropies. Apart from the subadditivity [13],

the triangle inequality [44] and the trivial choice of non-negativity not a lot is known. We know for a fact, that SSA
does never hold for ¢ # 1 [12]. There are some further information theoretic results such as Fannes type bounds and
Lesche stability [414], but we are not aware of any further linear inequalities discussed in literature.

However, in the special case of ¢ = 2 we can say more. Our Theorem 2 delivers a new, albeit dimension-dependent,
linear entropy inequality for ¢ = 2 and there may very well be more independent linear inequalities.

Even though we are not aware of any well-known non-linear entropy inequality we can construct a non-trivial
example. As an Ansatz we can consider the most simple non-linear situation: the quadratic case. For tensor products
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(a) (Weak) Subadditivity (b) Generalized Pseudo-Additivity

Figure 2: Comparison of different entropy inequalities for d4 = dg = 2. On the X-Y plane we have plotted the
values for Sy, (A) and Si(B), the Z-axis describes the maximal attainable value of Sy, (AB) allowed by the
corresponding entropy inequality. This means that a lower Z-value in the plots corresponds to the the respective
inequality being sharper for the corresponding marginal values Si,(A4) and Si,(B). Above the green dashed line in
Fig. 2a and Fig. 2b our generalized pseudo-additivity is sharper than subadditivity, below the line the subadditivity
is the sharper entropy inequality.

we have a clear candidate. It is known in the literature that a g-entropy fulfills the so-called pseudo-additivity [45],[12]

Sq(pa® pp) = Sq(pa) + Sq(pp) + (1 = @)Sq(pa)Sq(pB). (44)

This gives ¢ a clear interpretation as a parametrization of the corresponding Tsallis entropies non-additivity. Fur-
thermore, it is a quadratic relation between a composite system and its marginals. Quadratic functions are non-linear
but still simple enough to work with. The caveat is that pseudo-additivity only holds for product states p4 ® pp. In
the next theorem we show, that with simple Bloch picture techniques we can remedy this drawback for ¢ = 2.

Theorem 3 For all pap the the linear entropy or Tsallis 2-entropy can be bounded as:

1

dadp
4

(1 ~ Sulpas) + dde) < S1(pa) + Su(p5) — S1(p2)S1(p5). (45)

The proof can be found in the Appendiz.

Using the purity bound we are able to turn the equality in Eq. (44) into an inequality and thus managed to also
cover entangled or correlated composite systems p4p instead of the product state appearing on the left hand side of
Eq. (44). This turns the pseudo-additivity into a general non-linear inequality for linear entropy that is applicable to
all states.

That this inequality is independent of subadditivity can be seen through the example of the maximally mixed state
iIlAB for dg = dg = 2. Clearly, in this case SL(%ILAB) = %, while its marginals attain the values SL(%ILA) =
Sp(31p) = 4. Thus 3 < L + 1 fulfills subadditivity S?(pap) < S¥(pa) + S%(pp), but is not sharp. On the other

hand Eq. (45) evaluates to 2 =1 — (3 — %)2 < 1+ 1—1 =3 Therefore, Eq. (45) does not only hold, it is even
tight. We can conclude that it is an independent equation. A purely linear description of the entropy inequalities for
the linear entropy seems impossible. Therefore we have to forfeit the hope to achieve a linear description in analogy
to [2] of the linear entropy.

For a more geometric picture of the entropy space in the tripartite scenario refer to (see Fig. 2). There the relation
of the marginals S (A) and Sz (B) to Sz(AB) is plotted. We have depicted the attainable value of Sz(AB) for
subadditivity and our generalized pseudo-additivity. A lower value on the Z-axis corresponds to the inequality being
sharper with respect to the corresponding pair of marginal entropies Sz (A4) and S (B).

The region of validity for subadditivity resembles a cube cut apart diagonally (see Fig. 2a). The cut reveals a facet.
In contrast the upper surface delimiting the generalized pseudo-additivity curves inward (see Fig. 2b). Together with
the fact that edges are explicitly realizable it furthermore proves the non-convexity of the admissible entropy manifold.
With respect to standard subadditivity, we find a non-trivial behaviour that depends on dimensional factors and on
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Figure 3: Every plotted point in the orange-blue body corresponds to a triple (S (A),SL(B),SL(C)) of a tripartite
systems marginal entropies that are admissible in both subadditivity and generalized pseudo-additivity. The green
region is depicted transparent and contains the points that are only admissible in subadditivity but not generalized
pseudo-additivity. Thus the green region marks the region where generalized pseudo-additivity is sharper than
(weak) subadditivity.

the exact values of the involved entropic quantities. We have plotted as a dashed green line the intersection of both
inequalities. The regions above the dashed line are stronger than subadditivity, while those towards the bottom and
close to the origin are weaker (see Figs. 2a and 2b). This shows that depending on the involved state one or the
other relation may be sharper. The exact size of these regions depends on the exact interrelations of the involved
dimensions.

To analyze the dimensional dependence of standard subadditivity and generalized pseudo-additivity refer to Fig. 3.
In Fig. 3 we have plotted the body of admissible marginal entropies that fulfill all three equations given by subadditivity
(green) and those that as well satisfy the three equations given by permutations of Eq. (45) (orange-blue). If all
dimensions are equal, generalized pseudo-additivity (see Eq. (45)) is not stronger than subadditivity. This is why
Fig. 3a only shows the cone defined by subadditivity. In fact Fig. 3a represents a zoomed out version of Fig. 2a.

Already for dy = dp = 2 and d¢c = 3 generalized pseudo-additivity is sharper for some regions. The upper blue
facet of the body in Fig. 3a curves inward with increasing d¢ in total analogy to Fig. 2b. In Figs. 3b and 3c the upper
part of the body turns orange indicating that it has become a non-linear surface.

The region where Eq. (45) is stronger than subadditivity grows with |d; — d;|. In fact the cone described by only
subadditivity grows with |d; — d;|, while the one defined by pseudo-additivity seems to saturate at min(d;,d;)?. This
is visible in Figs. 3b and 3c, where the orange-blue body stopped growing.

One can sum up, that generalized pseudo-additivity is relevant for systems with asymmetric dimensions. It clearly
rules out the possibility to rely on purely linear descriptions, as the extremal points between the non-linear inequality
are realizable and the non-linear surface in Figs. 3b and 3c is slightly non-convex.

VII. CONCLUSION

We have demonstrated that the correlation tensor formalism is a powerful tool to derive dimension-dependent state-
ments about two seemingly different areas of research: monogamy relations and entropy inequalities.

First, we have introduced the split Bloch basis, a sparse Bloch representation for quantum states with low-
dimensional support. While all physical quantum states are of course expected to be full rank and thus an empty
kernel, this tool can nonetheless be very useful for theoretical techniques that make use of purification and Schmidt
decompositions.

Using this representation we have shown that a natural monotone for quantifying correlations indeed exhibits
monogamy in arbitrary dimensions. In particular, any amount of bipartite correlation between them non-trivially
restricts the correlations of any external party with the system and maximal correlation implies decoupling from any
external party.

Complementary, by using the very same techniques with some slightly different choices, we derived a number of
inequalities for the well-known linear (or Tsallis 2-)entropy. First, we have a new linear inequality, a dimension-
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dependent analogue to strong subadditivity. Second and maybe more interesting, we provide a non-linear but simple
inequality for the linear entropy.

We find that, while in the case of symmetric dimension subadditivity is strictly stronger than our inequality, it is
nonetheless sharper for asymmetric dimensions.

An open question is whether our results could be made sharper. The key technique in all our theorems is the relation
of the purity Tr(p?) to correlation tensor norms. Typically we employ purity here, however a sharper bound may lead
to better results. Possible candidates could be found in either [16] or [17], where more involved relations for Tr(p?)
are given. Similarly, in (B9) we simply set |T4B|? to zero for the derivation of the generalized pseudo-additivity. It
may be that a sharper bound is possible here. Furthermore, the reliance on the connection between Tr(p?) and the
Bloch parameterization during the proof of the generalized subadditivity limits the relation to the linear entropy. It
would be certainly desirable to obtain a similarly general result for all g-entropies. Another interesting direction may
be the derivation of non-trivial restrictions for correlation tensor elements from g-entropy inequalities.

It is still unclear if a complete geometric classification is possible, but it will be certainly more complicated than the
entropy cones of the von Neumann entropy. Still, one could hope to at least find a more complex body that contains
all entropic relations at once.
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Appendix A: Monogamy of Correlation Relations

Lemma 4 (The Schmidt decomposition) For pure states [1)) o, € H @ (K & H2~4) with dp > da we find
the Schmidt decomposition as:

min(da,dp)—1

(1) Whap = D (N @AT) AL @ AP (A1)
i,j=0
Proof
We will simply prove the above statement by explicitly constructing the standard Schmidt basis from our Split Bloch
basts: First let us state the standard Schmidt decomposition for pure states |) 45 = Z;n:ig(d"’dB)*l ¢ilii) in operator
form:

min(da,dg)—1

([0) WD ap =D e lid) (il (A2)

4,J=0

Let us construct first the diagonal |i) (i| in the local Bloch bases. Note that the construction in the split Bloch basis
and the canonical Gellmann matriz basis is analogue, since the \;; and 5\”- of the split Bloch basis are simply the
embedded Gellmann matrices in the bigger space. For simplicity we will concatenate the index of the diagonal Bloch
basis elements, e.g. Ny = \;

d—1
1

Vd|[0) (0] = Xo + g1t kZ_QQd—k)\dfk + aa—i—1 i (A3)

) 1 d—i—1
Vi) (i| = = [ Ao+ Ad—1 + Z Ok Ad—k — Qd—i—1 i lie{l,...,d -2} (Ad)

1 d—1 =

1

Vd|d—1) (d =1 = == o+ da-) (A5)

with ag_, = H?;ll(l + d%j)/d — k and d the local dimension of the Hilbert space. The diagonal elements of the
bipartite basis are simply found as the tensor product |ii) (it] = |i) (i| 4, ® |¢) (i|g for all i € {0,...,dmin — 1}. Where
dmin = min(da,dg). For the off-diagonal elements we find:

i) G|+ 139) il = 57— (M © A8 + 34 @ 38) i#7 (A6)
this is true since:
N @ AT = [ig) (jil + 154) (ig] + [id) (33| + 145 (il (A7)
and:
Ny @ NG = lig) (il + |4) (1] — i3 (53] — 14) (il (A8)

Note that we already assumed that the computational bases in which we expressed the Schmidt basis and the split Bloch
basis are the same. This is not necessarily the case, however, any two computational bases are connected by unitary
transformations.

Theorem 1 Let papp € H = HE @ HI® be an arbitrary tripartite state owned by A, B and E with local dimensions
dA = dB =d and dE

(i): The correlation of a composite system pap with an arbitrary system pg limits the correlation of its marginals
with the same:

Taie (pase) + Top (paps) < ——281E Tanis (Pae) (A9)

min (gA|EagB|E
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(ii): The correlation of any state pap € HE with an arbitrary state pg is restricted by:

d*—1-2 (||TA||2 + HTBH2) —29415TaB

TaBe < (A10)
YAB|E
Proof
add (i): By the definition of Tag, Tpe and Tap|p we have
min (95, 98(E) (Taie + Toie) < 941k Taje + 9818 ToiE (A11)

= |22+ T2 < AP T TP = gapieTase (A12)

add (ii): This proof makes use of the split Bloch decomposition. First we need to state that for every papg with a fized
marginal pap = o there exists a purification |Yaprgr). A purification is however not unique, i.e. all purifications

are connected by an isometry: [W') 4 ppm = VOV |U) s ppp € HE @ HY>dmin with the isometry V : B (Hd"”'", Hd,>.
Using these considerations allows us to use the Schmidt decomposition for pure states as well as the fact that

Tr ((|1/)> <1/)|)1243EE/> = 1. Furthermore it is very useful to use the split Bloch basis. For sake of brevity let us introduce

. _\ 2 _\ 2
the shorthand subscript EE'" — E and thus ¢y = <)\OAB ® )\(};3> and ¢ = </\6‘B ® MOE> .

T ((9) Wpz) = 1= 35 (e0 + A+ 212+ ITEpI + ITAP)2 + |T4E 1P + ITEEI? + IT4E17)
+ m (ch + ITEN + |TAZ | + |TBE|? 4 | TABE)?) (A13)
By simply rewriting this equation we find:
ITEE 1 + ITES N + NTEE21 = d* = (co+ ITAN + T2 ) + \TE I + 17471
2

d ~E 2 ~AE 2 ~BE |2 T F 12
o= (b TP 4 WTAPIP T2 4 | 7405 ) (A14)
E

Now we can use the Schmidt decomposition, i.e.:

1 A2 B2 AB)2 1 B 2 1 =2
# (LI TP 1742 0R) = G (eo e 1TEIP) + gy (6 + 1T IF) (A1)

_ 1 -
ITEpl* =1+ ITAI 4 TP+ AP = o = o (e +ITPIT)  (A16)
E
Plugging this in above we find:

ITEE 12 + ITEEI + IT4E% 1% = a* — (co + 2T + 2T + 27451 +1— co

2 —
o

- ch + IITE)?) - (NTABP + | TB2 ) o | TA2E))

e
(4 = &)
A

(A7)

Due to Lemma 2 we know there exists a basis such that A = 0, since the Tr (piB) is tnvariant under changing the
local Bloch basis, this is achieved by mazximizing the left hand side:

max ([TE51° + 755" + TS PI7) = d* = 1= 2 (W4 + 17717 + 9415 o) (A18)

9AB|E7;13|E ([Yape)(Wapsl) = dt—1-2 (HTA||2 + ||TB||2 + 9A|B7T4|B) (A19)
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Finally due to Lemma 3 (i) we find:
9apieTas e (V) (W) ape) < 9apipTap e (1) (W) aps) = d*—1-2 (HTAH2 + T2 +9A|BTA|B) (A20)

and since Ty p|g is independent of E we can take the partial trace in the argument over E', i.e. Tapip (V) (V) aps) =

7j4BIE (Tf/E ((lv) W)DABE)) = 7—AB|E (paBE)-

9apeTap e (pape) <d'—1-2 (HTAH2 + [T + gA|BTA|B) (A21)
Lemma 6 The sum of correlation tensor norms in Theorem 1 (ii) is bounded from above by:
747 + | 72| < min (2d - 2, (* — 1) (1 - Tayz))

and from below by:

2

d
ITA + 175 > max (o, L@ mB)

Proof
We will start by proving the upper bound for ||TAH2 + ||TB||2. A wvery simple connection can be found by using purity:
& = 1> || + | T2 + |77 (A22)
&> —1—gapTas = IT4|° + |17 (A23)
(d® =1) (1= Tapp) = T4 + IT7)° (A24)

Now by varying 0 < Ty < 1 we can estimate the entanglement Eve possesses. However due to the fact that the
squared FEuclidean norm of a correlation tensor is realized by a pure state, another bound has to be considered:

2d—2 > | T4 + |77
Thus we found an upper bound for:
min (2d - 2, (a2 — 1) (1 - Tajp)) = IT4)° + |7

For the lower bound we will use:

1 2 1 2 2 2

— (1 ITEIP) = = (1 ITAP + 1720 + |42

dg d

d2

—— =1 <74 + T2 + | T2
di

2

d
F 1—gapTas < |IT4)? + TP

d2
4, L (d® = 1) Ty < |74 + T
We know however that |T4|> + | TB||* > 0 thus we find the lower bound as :
d2
max (0, —-1- (d2 — 1) 7?43>
di

Which concludes our proof.

Appendix B: Entropy Inequalities

Theorem 2 For a tripartite quantum system papc we find the following entropy inequality for the linear entropy
St (papc) =1 - Tr (Phpc):

1
dadp

dadgp+1—ds —dp
dadp

(B1)

1 1
St (pasc) + St (pc) < —S81 (pac) + —SL (pBC) +
dp da
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Proof
We rewrite the entire system into the relevant subsystems
dadpde Tr (Phpc) = 1+ T4+ ITZ|° + [TC1 + T2 )7 + (1T4)7 + |75 + | 745 (B2)
= (LI + TP+ NTAC) + (14 T2 + TN + |T5C)2) = (14 1790%)  (B3)
= dadc Tr (ph¢) + dpde Tr (phe) — de Tr (pg) - (B4)

We can rewrite Tr(p?) into S, by its deﬁm’tz’on (see Eq. (36)) and obtain

(1= 81 (pe)) > — (1 - St (pac)) + —

dn da (1-8c(pBC)), (B5)

1-81(papc) + —— i d

or equivalently our claim

1 1 1 dadp+1—dsg—d
St (paBc) + St (pc) € =81 (pac) + St (ppe) + -2 A5 (B6)
dAdB dB dA dAdB
Theorem 3 For all pap and the linear entropy or Tsallis 2-entropy we have
dadp 1y
1- 1—Sc(pas) + dads) = Sc(pa) + Scps) — SL(pa)Scps)- (B7)

Proof
We prove the desired equation by showing a kind of “sub-multiplicativity” f(Sz.(Tr(pap)?)) < Sp(Tr(pa ® pB)?)
of St under the tensor product. For this we express Tr(pap)? in the Bloch picture. We make use of the relation

Tr (p%) = i (1 + ||TAH2) to obtain

_ A B AB
Tr(pan)? dA o (LI TP+ 7)) (B8)
2
dAdB L (daTr (03) = 1) + (dn T () — 1) + [ T42)?) (B9)
> (daTr (p%) + dp Tr (p3) — 1) (B10)
dAdB
1 (dad Tr(( ® )2) L —1 (B11)
T dadp \M TR G T (07) T daT(07)
Finally by the Arithmetic-Geometric mean inequality a + b > 2v/ab we got
1 1 1
Tr(p%g) > —— ( dadp Tr 2 -1 B12
e > o (o T (a0 200") (e o * ) 1) (B12)
1 ) 2
=—— | dadpTr ® -1 B13
dadp ( ads T (04 p5)°) (x/dAdB Tr () Tr (p’é)) ) (1)
2 3 1
= Tr & - B14
\/m ((pA pB) ) dAdB ( )
. 2 dad 2 1 2
or alternatively Tr ((PA ® pB) ) < S4AfB (Tl" (P4E) + m) .
The pseudo-additivity [/5],[12] for ¢ =2 is
S1(pa) + S1(ps) = S1(pa)Sulpn) = Sulpa @ ps) = 1= Tr ((pa @ pi)?) (B15)
dadp ) 1\’
> = = -
>1 1 <Ti" (Pap) + dAdB> ; (B16)
leaving us with
(B17)
dadp 1\’
Sppa) + Si(pp) = Si(pa)Silpp) 21— == (1= Silpan) + Tndn (B18)
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4 Finite-Function-Encoding Quantum States

4.1 Summary

We introduce a class of quantum states, called finite-function-encoding (FFE) states, that extend the qubit
hypergraph construction—phase encodings of binary logical functions—to the encoding of d-valued logical
functions in qudit systems. Not all FFE states can be described by a graph. This is because graphs correspond
to polynomial functions, and while all binary logical functions are polynomial, this property does not extend
to arbitrary dimension: in prime dimensions every logical function can be expressed as a polynomial, but in
non-prime dimensions this is no longer the case.

We complete the definition of the states associated with polynomial functions in arbitrary dimensions.
To that end, we define a new class of graphs, called tensor-edge hypergraphs (TEH). The states associated
to them generalize the previously studied qudit hypergraph states and allow for the representation of all
polynomial functions in arbitrary dimensions. However, through the investigation of the stabilizer formalism
and local equivalence, we observe that polynomial and non-polynomial functions are connected by local
unitary transformations. This motivates the consideration of the full class of FFE states rather than restricting
attention to the subclass of states associated with polynomial functions. Although FFE states encompass a
larger set than graph states, several structural features of graph states are preserved within FFE states. We
develop a stabilizer formalism and study local equivalence by introducing a group of finite-function-encoding
Pauli (FP) operations, which map FFE states to FFE states. This approach is analogous to the use of the
Clifford group in the context of qubit graph states, where a finitely generated subgroup of the unitary group
preserves the set of graph states and serves to generate the stabilizer group, thereby enabling a compact
description of the states. In our setting, we similarly use FP operations to generate stabilizers of FFE states
and obtain a closed-form characterization. We identify an additional structural constraint in the generators
of the stabilizer group that distinguishes tensor-edge hypergraph states from general FFE states. We then
study local equivalence classes under two types of operations: local unitary (LU) transformations and local
finite-function-encoding Pauli (LFP) transformations. Historically, there has been a long-standing conjecture
that the local Clifford group constitutes the full set of LU operations preserving the set of qubit graph states,
but this has been shown to be false. In a similar vein, we identify LU transformations that are not contained
within LFP, further highlighting the distinction between these two groups of operations. While the general
classification problem is computationally hard, we obtain a complete classification under local unitary (LU)
and local finite-function-encoding Pauli (LFP) transformations for all two-qutrit and two-ququart FFE states.
This analysis provides structural insights and reveals a connection between the classification of bipartite
maximally entangled FFE states and the classification problem for Butson-type Hadamard matrices. Although
this connection does not resolve the Hadamard classification problem, it establishes a correspondence that
may be exploited in future work. This framework extends the methods available for the study and classification
of high-dimensional entangled states in quantum information theory.

In the broader generalization perspective of this thesis, FFE preserves the operational idea to encode
functionsin phases of quantum states while allowing the form to change: polynomiality marks where graphical
intuition remains valid, and relaxing it reveals a larger non-graphical family that nonetheless retains stabilizer-
like structure and useful control.

4.2 Own Contribution

The idea for this paper was proposed by my supervisor, Marcus Huber, who was also actively involved in
the development and writing of the manuscript. Giuseppe Vitagliano, who was a postdoctoral researcher
in Marcus Huber’s group and the last author of the paper, coordinated the collaboration, contributed to all
major aspects of the project, and played a key role in guiding its overall direction and maintaining conceptual
coherence. David Lyons, professor at Lebanon Valley College at the time, collaborated on the project together
with his students Alexander J. Heilmann and Ezekiel W. Wertz. In addition to their general participation,
they worked in particular on the analysis of continuous local stabilizers. Matej Pivoluska was a postdoctoral
researcher at Masaryk University in Brno during the time of writing. Alongside his involvement in various
aspects of the project, he contributed in particular to establishing the lower bound on the number of local
equivalence classes. As first author, | was involved in all stages of the project. My primary responsibilities
included implementing the code for the brute-force search over local equivalence classes and contributing to
the definition and characterization of tensor-edged hypergraph states.
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We introduce finite-function-encoding (FFE) states which encode arbitrary d-valued logic
functions, i.e., multivariate functions over the ring of integers modulo d, and investigate some
of their structural properties. We also point out some differences between polynomial and
non-polynomial function encoding states: The former can be associated to graphical objects,
that we dub tensor-edge hypergraphs (TEH), which are a generalization of hypergraphs with
a tensor attached to each hyperedge encoding the coefficients of the different monomials.
To complete the framework, we also introduce a notion of finite-function-encoding Pauli (FP)
operators, which correspond to elements of what is known as the generalized symmetric group
in mathematics. First, using this machinery, we study the stabilizer group associated to FFE
states and observe how qudit hypergraph states introduced in Ref. [1] admit stabilizers of a
particularly simpler form. Afterwards, we investigate the classification of FFE states under
local unitaries (LU), and, after showing the complexity of this problem, we focus on the case of
bipartite states and especially on the classification under local FP operations (LFP). We find
all LU and LFP classes for two qutrits and two ququarts and study several other special classes,
pointing out the relation between maximally entangled FFE states and complex Butson-type
Hadamard matrices. Our investigation showcases also the relation between the properties of
FFE states, especially their LU classification, and the theory of finite rings over the integers.

1 Introduction

Higher-dimensional quantum systems have become a common research interest in many fields of quantum
information theory. It has been shown that they exhibit potential advantages due to higher security of
cryptography protocols [2-5], better key rates in QKD [6-8], reduced circuit complexity [9], improved
quantum error correction [10] and magic state distillation [11, 12]. At the same time, the complexity of
the geometry of high-dimensional quantum states makes a general treatment of states rapidly unfeasible.
This warrants the search for subsets of states which are sufficiently complex to inherit the advantages of
higher dimensional quantum systems, while at the same time are easily described. Identifying these sets is
motivated by the fact that for many tasks only some states are useful, while most states are not [13]. Hy-
pergraph states are a prominent example of such a useful set of states. Graph states and stabilizer states
have become a central pillar of contemporary research into quantum information processing: appearing
as underlying resources in measurement based quantum computation [14]; being of central importance
to quantum algorithms [15]; and providing general insight into many body entanglement [16] and special
instances of the marginal problem [17]. Hypergraph states [18] have received a lot of attention recently,
from analytic Bell violations [19] to providing more general resources for quantum computation [20-22].
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Qubit hypergraph states can be seen as an encoding of Boolean functions into the relative phases of
many-qubit quantum states [18, 23, 24].

In this work, we focus on this encoding and provide a framework to encode higher valued logical
functions in higher dimensional quantum states. For simplicity, we will call these functions finite functions
and the states finite function encoding (FFE) states, respectively. This approach turns out to be more
general than trying to generalize graphs to higher dimensions, i.e., only a subset of functions, namely
polynomial functions, can be associated to a graph, i.e., a pair of a set of vertices and a set of edges.
Note, that we use “graph” to mean the general object and mot simple graphs, which is often done in
physics.

Let us now discuss two potential applications of the framework: the investigation of higher dimen-
sional algorithms and the potential to compress quantum circuits. The encoding of Boolean functions in
quantum states is one of the main ingredients in ground-breaking qubit quantum algorithms by Deutsch
and Jozsa [25] and Grover [26]. Our idea is that encoding higher dimensional finite functions into larger
a Hilbert space could be harnessed for the improved efficiency of quantum algorithms, just as the intrin-
sic dimensionality of photon entanglement can be harnessed for improved communication [7, 8, 27, 28].
Furthermore, higher-dimensional logic might prove to have an additional advantage in actual implemen-
tations of quantum algorithms thanks to its intrinsically higher expressivity—using higher dimensional
Hilbert spaces allows us to encode multiple logical qubits used in a quantum circuit into a single physical
system, thus reducing the number of non-local gates a quantum computer has to perform. This reduction
in the number of non-local operations is highly desirable, since they still pose a fundamental challenge
in practical implementations of quantum computation: In the quantum case each two-qubit gate repre-
sents an entangling operation, which is still the fundamental challenge in practical quantum computation
and therefore cannot be considered a negligibly cheap resource. Using higher dimensional logic, many
of the two-qubit gates could in principle be replaced by local gates acting on higher-dimensional quan-
tum systems, which has a potential to greatly simplify the actual implementations using the practical
quantum processors of the NISQ era. It is for this reason that first investigations have been started into
higher-dimensional quantum computation [29, 30].

While there are many more potential applications, we are first interested in providing the underlying
framework itself. To that end, we define the finite-function-encoding (FFE) states in section 2 and
introduce a group of finite-function-encoding Pauli (FP) operators (section 2.1), which in turn are used
to develop a stabilizer formalism for the FFE states (section 2.2). The structure of these stabilizers is
unsurprisingly more complicated than the one for qudit hypergraph states introduced in Ref.[1]: Only a
subset of FFE states, namely those with stabilizers that can be decomposed as products of operators that
commute, are related to the qudit hypergraph states. In section 3, we discuss the intricacies of associating
graphs to functions. First, from the fact that in non-prime dimensions not every finite function is a
polynomial function, we observe that only polynomial functions can be associated to graphs. Next, we
discuss how polynomials are encoded into graphs, and we define a new graph, the tensor-edge hypergraph
(TEH), to encode arbitrary polynomials. Finally, we discuss, how these TEHs are a generalization of
the previously defined qudit hypergraphs [1]. In section 4 we investigate the equivalence of FFE states
under local operations, namely the previously defined finite-function-encoding Pauli operators and more
general unitary operations. First, we give a bound on the number of equivalence classes under local
finite-function-encoding Pauli (LFP) operations, which shows that the number of classes becomes rapidly
unfeasible to compute both with increasing local dimension and number of parties involved. We then
focus on the bipartite scenario and give a full LFP and local unitary (LU) classification for dimensions
d = 3,4 and find partial results for dimension d = 6. We observe that bipartite maximally entangled
FFE states are closely related to complex Hadamard matrices of Butson type [31]. Using the theory
of Hadamard matrices, we are able to identify several entanglement classes of FFE states and make a
partial classification of states with low Schmidt rank, focusing on states which are maximally entangled
in lower-dimensional subspaces.

2 Definition of Finite-Function-Encoding quantum states

Motivation for this work begins with the observation that n-qubit quantum graph and hypergraph states
naturally encode Boolean functions [18, 23, 24]. This motivates a generalization to encode multi-valued
logical functions, which we call finite functions for brevity, in the phase of multi-qudit states of arbitrary
local Hilbert space dimension d. At first glance, this generalization looks straightforward: A uni-variate
Boolean function fs takes inputs from the set {0,1} and maps to itself, i.e., fo: {0,1} — {0,1}, while
a uni-variate multi-valued logical function fy is the map f4: {0,...,d — 1} = {0,...,d — 1}. However,




the underlying structure of these sets is different: Whenever d is prime, the set {0,...,d — 1} together
with addition and multiplication modulo d is a finite field IFy, when d is non-prime it is the ring of
integers modulo d, denoted Zg4. The main difference to finite fields is that in rings not every element
has a multiplicative inverse, which has some profound implications, i.a., for the possibility to express
a function f; as a polynomial. Before we discuss the polynomiality of functions fy further, let us first
understand how they are encoded into quantum states. An intuitive way to think about finite functions
fa is by representing every function uniquely by the tuple of its image, i.e., fq <> (f(0), f(1),..., f(d—1)).
This tuple is then encoded in a quantum state |f;) by associating the phase of a computational basis
clement labeled |i) with f4(i); [fa) = (wa)’ @ |0) + (wa) ™ 1) + - + wﬁ(d’” |d — 1), where wy = *™'/¢
is the d-th principal complex root of unity. However, encoding uni-variate functions corresponds only to
local quantum states. More interesting are the n-partite quantum states with local dimension d, which
encode n-variate d-valued finite functions fq : Z} — Z4. Again, we can identify the function fy with its
image as fq <> (fa(e))veezr and proceed to 1dent1fy the image with a pure quantum state.

\fa) = Z Wit x) (1)

xEZ”

where wq = €>™/4 is again the d-th principal complex root of unity. To simplify the notation, we will

drop the subscript of wy and f; whenever the local dimension is clear from the context. We call these
states finite-function-encoding (FFE) states.

2.1 Finite-Function-Encoding Pauli Operations

Let us now define two sets of operators which together we call finite-function-encoding Pauli (FP) oper-
ators: Given a function h: (Zg4)"—Z4, we will write Z;, to denote the diagonal operator

h(x
ST Wi ) (x]. (2)
XE(Zd)"

The ordinary 1-qubit Pauli Z operator is the special case for h: Fo—TFy given by h(0) = 0,h(1) =
Note, that the sum of two functions is represented by the product of respective function-encoding Z
operators, i.e., Z;y, = ZyZ,. Similarly, by applying a Z; gate to a FFE state |g) one obtains

Zilg) =1 +9)-

Now let us define the finite-function-encoding Pauli X operations. In this case, since we want a
unitary operation, we have to consider only the permutations and associate a X-type operator to each
of them. Given a permutation m € Sym(Z), where Sym(Z7) is the symmetric group over Z, we will

write X, for the operator
Xe= Y |n(x)) (x|, (3)
XEZY

The ordinary d-dimensional Pauli X operator is obtained in the case 7 = xk+, where
kT:k—k+1 (mod d), (4)

is a d-cycle. We will write m;: Z}}— 7} to denote the permutation m acting on the ith variable, i.e.,
mi(x) == (21, T2, ..., 7(xi),...,z,) and we write X, to denote the corresponding (local) operator acting
on the i-th qudit of a n-qudit state.

The action of a finite-function-encoding Pauli X, operator on the FFE state |f) is

Xelf) = = el o) = = B T = = ST 6

T=1(y)

where the sum over x := 7~ 1(y) is the same as the sum over y, since 7 is a permutation.

We call the group generated by X, and Zj operators the finite-function-encoding Pauli (FP) group;
in mathematical literature, this group is called the generalized symmetric group. The FP group is not
Abelian: the multiplication rules and commutation relations between these operators are given by

Ly =2gZs =2ty (6a)

XoXo = Xroo (6b)

X‘ITZhOﬂ' = ZhXﬂ (66)
3



At the single-particle level, we call the corresponding group the Local finite-function-encoding Pauli (LFP)
group, i.e., the group generated by X, and Zj for single variable functions h. The LFP group is also
a non-commutative group with similar commutation relations as Eq. (6) and is a generalization of the
Heisenberg-Weyl group of single qudits.

2.2 Stabilizers of FFE States

In this section, we construct stabilizers for FFE states. In particular, we make use of finite-function-
encoding Pauli operations to generalize the Pauli stabilizer formalism for hypergraph states [1, 18]. We
present a construction of a stabilizer set that uniquely determines an arbitrary FFE state, and we show
that a property called internal commutativity is satisfied if and only if the FFE state can be obtained
with local finite-function-encoding Pauli operations from the qudit hypergraph states defined in Ref. [1].

Recall that graph states are determined by a discrete Abelian group of local Pauli operators, generated
by X; ®j¢i Z;, where X; and Z; are local operators acting on the i-th and j-th subsystem. Hypergraph
states are also determined by an Abelian discrete group of stabilizers of a similar form, but this time,
with controlled-Z operators, which are no longer local [1, 18], but still commute with the X operators.
Here, we show that FFE states are also determined by Abelian groups of operators having a similar form,
but in general the finite-function-encoding Pauli Z operators will not commute with the X operators.
The latter internal commutativity, as we are going to prove, is satisfied only for a special class of FFE
states, that are LFP equivalent to the qudit hypergraph states.

Given a function f: Z}}—Z,4 and a n-dit permutation 7: Z}} =77, let S¢ . denote the operator

Str=XnZjor—t- (7)
It is straightforward to check that Sy . stabilizes |f), that is

Sy lf) =11)-

For a fixed f, these (d™)! operators Sy, (over all (d™)! permutations 7 of n-dits) constitute the FP
stabilizer group of | f). This group is not Abelian, but it has some useful Abelian subgroups. In particular,
we will show that there is an Abelian subgroup of FP stabilizers with the property that the FFE state
from which they are constructed is the unique simultaneous +1-eigenstate of the set of n generators of
the subgroup. It is easy to see that S¢, and Sy, commute whenever m and o commute. In particular,
Stmi>S¢.0;, where the permutations act on different qudits always commute. If we fix an arbitrary d-cycle
k; for each subsystem 4, the set of operators {Sy ., }7—; uniquely determines |f), among all n-qudit states,
as their simultaneous +1-eigenstate.

Proposition 1. The state |f) is the unique simultaneous +1-eigenvector of the set of n FP operators
{Sfr;: 1 < i< n}, where for each i, k; is a d-cycle.

The proof can be found in Appendix B. In the above construction, the choice of the d-cycles k; is left
free.

Now, we are interested in another property of the stabilizers: internal commutativity. In other words,
we are interested to find a set of stabilizing operators that determine a state |f) uniquely and also
internally commute, i.e., Xs, Zrop;—f = Zfor;—fXr; Vi. This will be done by looking at the previous
construction and studying which functions give rise to internally commuting stabilizing operators:

Lemma 1. Let k be a d-cycle. Then X, Zy = Zn Xy, if and only if h(x) does not depend on the value
of x;.

Proof. From the general commutativity relation (6¢) we have,
Xy, Zn = ZpXy, <= hoki(x) = h(x). (8)
This implies
Ve €Fg:h(xy, . @im1,C i1y, Tn) = h(@1,. .o @im1, Ki(C), Tig1y -+, Tn),

which, together with x; being a d-cycle, implies that A is independent of z;. In particular, we have that
Xy, and Zp, act non-trivially on the Hilbert spaces of different parties, and we can write their product in
a tensor product form.




Due to this, it turns out that internally commuting stabilizers exist only for a subset of functions:

Proposition 2. Let {Sy,.,}._, be a set of stabilizers which uniquely determines a state |f) and let the
wi = m; "k be fived d-cycles. The stabilizers Sy, = Xy, Zfor,—f commute internally if and only if the
function f can be written as

f=fomo-om, (9)

where f' has degree at most 1 in each variable.

The proof can be found in the Appendix B. This result shows, that functions that have degree at most
1 in each variable indeed have a special property that is lost in the case of general FFE states. Those
are precisely LFP (and hence LU) equivalent to the qudit hypergraph states defined in Ref. [1] (see also
table 1 and the discussion above it). Thus, the latter have stabilizers with a simpler structure than
those of general FFE states. Nevertheless, the above construction is still a direct generalization of the
qubit stabilizers formalism and one can still recover a similar structure. For example, as an additional
minor result we present in Appendix C a family of states having continuous unitary stabilizers, with a
construction that generalizes that of Ref. [32, 33].

3 Definition of Tensor-Edge Hypergraph (TEH)

Now, let us return to polynomiality of the finite functions. As mentioned before, Boolean functions
can be encoded in graph states. Thus, we find a mapping from Boolean functions to simple graphs.
However, this mapping turns out not to hold for d-valued finite functions. In fact, the association to
a graph is inherently connected to the polynomial representation of the function. While in F; every
function f; can be represented by a polynomial, this is not the case in Z4. As an example, consider a
function f : Z4 — Z4 and its image (0,2,0,3). In order to find its polynomial representation, consider a
polynomial over Z4, which can be in general written as p(x) = co+c12+ c22? +c3x®. Now, set f(i) = p(i)
to find the coefficients ¢;:

0=co (mod 4)
2=cy+c1+cy+cs (mod 4)
0=co+ 2c1 +4co + 8¢y (mod 4)
3 =co+3c1 +9cx + 27c3 (mod 4)

A quick calculation shows that; ¢ = 0,¢; = 0,¢c0 = 2 — ¢3 and finally 2¢3 = 1. Clearly this last equation
has no solution since 2 has no multiplicative inverse in Z4. Thus, there exist functions in Zg which can not
be represented by a polynomial. In this light, we will use term polynomial functions for functions which
have a polynomial representation. Generally, the polynomial representation of polynomial functions is not
unique. In fact, many equivalent polynomials can be chosen to represent the same polynomial function.
The uniqueness of the polynomial representative can be recovered by choosing a suitable normal form of
a polynomial, which typically restricts both the degree of the monomials and the value of the coefficients.
Importantly, there exist polynomial normal forms for any Z; and any number of variables n [34, 35].
Note, that graphs in general are not associated to the polynomial function directly, but to its polynomial
representative. Thus, without picking a normal form, many equivalent graphs can be associated to a
single state.

In finite fields, every function is a polynomial function and there exists a canonical normal form.
Thus, a distinction of functions, polynomial functions and their polynomial representatives is unnecessary.
However, in our case, the choice of normal form has a direct influence on the sparsity of the tensor we
associate to the edges. We opt for a normal form which has many “local” monomials, i.e., terms whose
corresponding state can be generated by local operations, and as few monomials present as possible.
Our choice of normal form recovers the well known representation of polynomial functions for prime
dimensions, i.e., the representation by polynomials with every variable of degree smaller than d, with
coefficients as well smaller than d. However, for non-prime dimensions these restriction do not suffice.
For a more detailed review of the normal form of polynomial functions over Z,; we employ see appendix A.

Remark 1. Note, that it is possible to define a finite field as well for prime powers d = p*. The
construction for prime powers is slightly more complicated: The finite field is not equivalent to Z,, like
in the prime case, but there exists a finite field with p* elements unique up to isomorphism. We will not
concern ourselves with these constructions in this work, since we are more interested to understand the




structure of finite encoding functions, considering the difference between finite fields and rings of integers
(mod d).

Before we continue our investigation of FFE states, we like to define a subset of these states which
can be associated with a new kind of graph we call tensor-edge hypergraph (TEH). We observe that the
association of a graph is directly connected to the polynomial representation of the finite function. Thus,
we want to encode polynomials into graphs; where the graph is a pair G = (V, E), with V ={1,2,...,n}
a set of vertices and E is a set of edges and a polynomial p is a function of the form p(z1,...,2,) =
D v Ciroig T ...xin where each z{' ...z is called a monomial. The main idea is to encode the
variables in the vertices and the coefficients of each monomial in the edges. Starting with the simplest
example, a bi-variate monomial, we explain the restrictions of this encoding and define increasingly more
complex edges to encode more complex polynomials in them.

A given a polynomial p is encoded into a graph by identifying each variable with a vertex and each
edge with a non-zero coefficient of a monomial. Consider the monomial p(x1, x2) = 2122 This monomial is
described by a simple graph, with a edge between two vertices. To see how this notion has to be expanded
for more complex polynomials, let us consider another polynomial p(x1, 2, x3) = x122 +x12923. Clearly,
a simple graph does not suffice because of the second monomial in the polynomial. However, by simply
allowing the edges to be n-tuples incorporates monomials with n variables. In this case, the graph is
called a hypergraph and the edges are called hyperedges. Next, let us consider a polynomial of the form
p(x1,22) = 129 + 2212023. Again, we have to adjust the definition of the edges to be able to describe
the different values of the coefficients. To that end, a weight (or multiplicity) is added to each edge,
that describes the coefficient of each monomial; these graphs are called weighed (hyper-)graphs. Finally,
consider the polynomial p(z1,x2) = z122 +J;1x§: To include monomials with higher exponents, again, the
notion of the edge has to be extended. A tensor edge is a pair of a n-tuple of vertices «, and a n-th order
tensor C describing the coefficients of the monomials composed of variables in a. Note, that the tensor
will describe several monomials and not just a single one. Thus, we need to collect the monomials which
have the same variables, e.g., for a polynomial p(z1, 22, 23) = 122+ xlxg + 12223 + 235%372:103 we would
group the first two and the latter two terms together. The monomials which are not present, i.e., their
coefficient is zero, correspond to zero entries in the tensor. The physical motivation for this grouping is the
fact that encoding monomials with the same set of variables with non-zero exponents requires interaction
between the subsystems corresponding to these variables; see Remark 2. An illustrative example of these
concepts is given in Figure 1.

With these tensor-edge hypergraphs we are finally able to encode arbitrary polynomials with ¢y g =0
into graphs. In the light of the encoding of quantum states, this restriction is irrelevant since the cq. ¢
corresponds to a global phase, i.e., w?®) = w0 P (%) = (yc0.0yP' (%) Although we allow “local” edges,
i.e., edges that encode monomials with only a single variable, we like to point out that these can be
avoided by LFP operations in the context of encoding of quantum states. Let us give a formal definition
of the tensor-edge hypergraphs. A n-vertex tensor-edge hypergraph (TEH) is a pair G = (V, E), where
V = [n] is the set of vertices and E is a set of tensor edges. A tensor edge is a pair (o, C%) where
a C [n] and C* is a tensor defined by grouping related monomials, i.e., we decompose a polynomial in
the monomial basis as

p(X) = Z cexe (10)

€n

for some coefficients ce € Zg, x = (21,22,...,2y), € = (e1,€2,...,€,) € Z} and x® := a7, ..., z&".
Now, we can gather the terms in the monomial expansion (10) by terms that share the same variables
with non-zero exponents. With this partitioning of terms, equation (10) becomes

)= Y CpxP (11)

aC[n] bezy:
supp(b)=a

where [n] = {1,2,...,n} and we sum over all vectors with supp(b) = «, i.e., all vectors which have sup-
port equal to a.

Clearly, TEHs are a generalization of simple graphs and hypergraphs. Table 1 gives a summary of how
various classes of simple graphs, hypergraphs, and their generalizations, which we refer to collectively as
graphs on n vertices, are special cases of TEHs. Likewise, quantum states corresponding to the various
classes of graphs are special cases of TEH states. The table is organized by value of d and the following
restrictions:
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Figure 1: Here are examples of graphical representations of polynomial functions. Vertices correspond to vari-
ables of the depicted functions, (hyper-)edges differ based on the generality of description needed for a given
function. a) A simple graph corresponding to a function p(z1,22,%s,24) = w1224z 123+2324. Each mono-
mial of p(x1,x2,23,24) corresponds to an edge between vertices. b) A hypergraph corresponding to a function
p(x1,x2,x3,24) = T 14201 204103+ 20300+ . Each monomial of p(x1,x2,x3,x4) corresponds a hyperedge.
The coefficients of each monomial are represented as weight associated to each hyperedge. c) A TEH state corre-
sponding to p(z1,%2,%3,%4) = —|—2,1‘1,1:§+:1[:1:1:3+2.’1;}‘§:r4+ . Here, multiple monomials of
p(x1,x2,x3,24) can correspond to the same hyperedge, since the hyperedges capture only information about which
variables are present in a single monomial. To also encode coefficients of the monomials present in p(z1,z2, 3, z4)
one needs to associate tensors C“ to each hyperedge . Powers of each variable in monomial correspond to the list
of indices in C“, while its coefficient value corresponds to the value of the corresponding tensor element. Since the
rank of the tensor depends on the number of nodes connected to the edge, in the case of the hyperedge connecting
x2,x3 and x4 (depicted in yellow), the corresponding tensor of rank 3 is represented as two matrices. The left matrix
corresponds to monomials containing x4, and the right matrix corresponds to monomials containing z2.

(1) Even though d > 2, all variables in all monomials in p are limited to exponents 0, 1.

(2) All monomials in the expansion of p have at most two variables with nonzero exponents.

’ graph/state type | restriction on d \ restriction on p \ references ‘

TEH none none (this paper)
qudit hypergraph none (1) (1]
hypergraph d=2 none [18, 33, 306]
qudit graph none (1) and (2) [37, 38]
simple graph d=2 (2) [14, 39]

Table 1: Comparison of various types of graphs and their generalizations and their corresponding quantum states.

Remark 2. Using this monomial expansion, we can recreate the “simple” recipe analogous to hypergraph
states to prepare these TEH states, i.e., we can give a modular preparation scheme. With this notation,
the FFE state |p) that encodes the polynomial function p = ) ceX® can be also expanded in terms of
monomial Z operators:

1 p(xX n Ce n
|p>:\/d—n > W |x) = Z, [+)°" = (H(er) >I+>® , (12)

x€(Zg)™ e

where |+) = ﬁ(|0> +]1)+--+|d—1)) and x°® = a7t 252 - - xtn. We use the label Zye for the associated
FP operation, which can be understood as a generalization of the qudit controlled-Z gate. Note, that the
canonical qudit controlled-Z corresponds to monomials with x® with max(e;) < 1.




4 Local equivalence of Finite-Function-Encoding states

In this section, we investigate the equivalence of finite-function-encoding states under LU and LFP opera-
tions. Aside from the foundation’s point of view, the question is important for understanding the potential
of FFE states as resources for, e.g., quantum computation. Deciding whether multipartite quantum states
are equivalent under local operations is one of the central questions of quantum information theory. It
has been studied for different subsets of quantum states and operations. The most prominent example
is the paradigm of local operations and classical communications (LOCC) [40-42], which is motivated
by an operational perspective. A simpler problem is the classification under local unitary (LU) opera-
tions, which however is still relevant for characterizing resources for quantum computation. Note, that
the problem of characterizing all LU equivalence classes is notoriously difficult, even when the set of
states considered is very restricted [43, 44]. Already for the comparably simpler qubit hypergraph states
a complete characterization of equivalence classes under local unitaries is an open problem®, and thus
relaxed problems are investigated, e.g., equivalence under the restricted set of local so-called Clifford
unitaries, i.e., unitaries that map Pauli matrices into Pauli matrices [45]. Another example is that of
k-uniform states [17, 46-49] , i.e., n—partite states with all k-party marginals maximally mixed, and
their extremal case of so-called absolutely maximally entangled (AME) states [17, 4648, 50, 51], (i.e.
n-party k—uniform states with & = |4 ]). Given certain n and d, the classification of k-uniform states is
a long-standing open problem. Besides even deciding whether such states exist for given n,d and k, it is
also hard to decide whether, e.g., two AME states are LU inequivalent.

Here, in addition to equivalence under general LU operations, we study equivalence of FFE states
under LFP operations, since these always map a FFE state into a FFE state. A similar classification
problem arises in the theory of Hadamard matrices, where so-called Butson type Hadamard matrices, are
classified up to operations that correspond to our LFP operations [31]. Note, that even this very restricted
classification is known to be very complex [31, 52, 53]. First, we show that the problem of identifying all
LFP equivalence classes becomes quickly infeasible with increasing dimension d as well as the number of
parties n involved by bounding the number of equivalence classes ¢4, from below. Second, we investigate
in some detail the classification of bipartite states, where we give a full LFP and LU classification for
prime dimension d = 3 and composite dimension d = 4. We observe, that LFP operations can transform
TEH states into generic FFE states, i.e., they connect polynomial and non-polynomial function encoding
non-trivially. Furthermore, we show that, in composite dimension, most of the equivalence classes do
not contain a TEH state. Third, we identify all equivalence classes in d = 6 which contain a TEH state.
These specific studies showcase once more the difficulty to give a full classification of local equivalences
for FFE states. However, for many tasks a complete classification is not necessary and whether two
particular states are locally equivalent is more relevant. Deciding whether two states are LFP equivalent
is a far easier task than the general classification. However, a simple brute-force algorithm still needs
O (d!") steps. In other words, even this simpler problem becomes infeasible already for a relatively small
n and d. Still, this problem can be tackled with the help of LFP invariants, which we also discuss. This
way, we can investigate the structure of certain particular classes of bipartite FFE states, which include
maximally entangled states, and connect it to the theory of complex Hadamard matrices of Butson type.

4.1 The LFP classification problem

Here, we investigate the classification problem of FFE states under LFP operations. We give a lower
bound on the number of equivalence classes, showcasing that a general classification becomes quickly
infeasible with the dimension and the number of parties. Secondly, we introduce a set of LFP invariants
which can aid in deciding if two particular states are non-equivalent under LFP operations.

4.1.1 A lower bound on the number of LFP classes

Before we investigate the local Pauli equivalence of FFE states, let us introduce some useful quantities.
Recall that every finite function f: Z}} — Z4 is completely described by a tuple of its image, i.e. f
(f (e))eezg- By giving this tuple some more structure we can define an image tensor M in the Z4-module

Z?” (analogous of a vector space defined over the ring of integers Z,).

Mf = (f(61a~~'aen))el7_“7en €Zq (13)

Isee https://oqp.iqoqi.univie.ac.at/local-equivalence-of-graph-states




This image tensor is intimately related to the coefficients of the FFE state: the state’s coefficient tensor
T} is obtained by taking the element wise exponential function EXP

-
Ty = EXP(;”Mf). (14)

Clearly, both M and T describe the state completely. To simplify the notation, we sometimes identify
My with f when clear from the context. Let us now discuss how M; and T are transformed under
the action of a LFP operation: The action of a local X, gate is a permutation of certain entries of
My and Ty. However, since the permutation is local, only a subset of these entries can be changed. In
fact, let us assume that a permutation acts on the first system, which exchanges the values of 0 and 1
and leaves other values unchanged. We find that in My, elements f(0,es,...,e,) are exchanged with
f(1,ea,...,e,), while all e; stay the same. From this, we can easily generalize and see that a local X,
operation acts as a permutation of rows, or columns both in My and T} if they are matrices, i.e., in case
of n =2, and as a permutation of their higher-dimensional counterparts if they are higher-order tensors.
A Zj, operation is local if the function h(x1,...,x,) is univariate. For example, consider Z;, acting on a
first qudit only, this means that it transforms f(0,e2,...,e,) to f(0,ea,...,e,) + h(0), f(1,e2,...,€n)
to f(1,e2,...,e,)+R(1) and so forth. In terms of My this means that we add a constant term to certain
rows or columns or their higher-dimensional counterparts. For T this translates into multiplication of
the corresponding rows and columns by constant phases. Note, that these operations are a subset of
operations which define equivalence classes of complex Hadamard matrices [31]. In fact, we can define a
normal form under LFP similarly as in Hadamard matrix theory, where the coefficient tensor of the state
is such that

(T1)ir 0,0 = (Tf)oyis,..0o == (Tf)o,....0,i, = L. (15)

Following the terminology of Hadamard matrices, we call this normal form dephased. In the case of
n = 2 we call the submatrix (T%);, ;, for i1,i2 € {1,...,d — 1} the core. Clearly, every FFE state can
be transformed into its dephased form by a set of unique local Z; operations. Thus, requiring that the
state is in its dephased form fixes the local Z; operation. However, this leaves the ambiguity on the X
operations, i.e., there is not a single unique normal form. Furthermore, although making permutations
of the non-zero entries of the normal form leads to LFP equivalent states, one can also permute the T’
out of the dephased form and then return to it with a different Z; operation, leading potentially to a
new LFP equivalent state. Thus, to find all states LFP equivalent to a given state, e.g., in the case
n = 2 where Ty is a matrix, we have to scan all permutations of rows and columns, and then apply
the corresponding Z; operations to bring the state back into the dephased form. Using these simple
preliminary observations, we can derive a conceptually-simple algorithm to find the orbits of states under
LFP operations. Starting from a dephased state, we can apply permutations followed by a return to the
dephased form. Once, all permutations have been applied, all equivalent states are found. Unfortunately,
the number of permutations increases rapidly with d and n: a rough estimate of the complexity of the
algorithm is O ((d!)™). Because of this inherent complexity, the method becomes infeasible already for
very small values of d and n. However, we are able to use it in order to divide all 3° bipartite qutrit
FFE states into 9 LFP equivalence classes and all 41 bipartite ququart FFE states into 807 LFP classes,
which are described in detail in Appendix G.

Furthermore, this method provides a lower bound on the number of LFP classes of n-partite FFE
states in dimension d, since it gives an upper bound on the number of states in each LFP class.

Proposition 3. A lower bound on the number of LFP equivalence classes £q.,, for a n-partite qudit FFE
state is

dd" —n(d—1)—1
| ”

tan > |
Proof. As calculated above, each normalized LFP class can have at most (d!)™ states, together with the
fact that there are d% —™(@=1~1 dephased n partite d dimensional states gives the lower bound on the
number of classes.

This is not a tight bound, as the size of the classes is typically much smaller than (d!)™. The case studies
with n = 2 and d = 3,4 confirm this. Our lower bounds evaluate to ¢3 2 > 3 and ¢4 2 > 456, while the real
number of classes are {39 = 9 and ¢4 5 = 807. The bound is useful to demonstrate that increasing the
value of either d or n deems the full characterization impractical, as £5 o > 10596382 and ¢35 3 > 16142521.




4.1.2 Invariants under LFP unitaries

With a different approach, one can look for functions of 7 or My, which are invariant under the action
of LFP operations, to provide sufficient criteria for LFP inequivalence of particular states. Thus, given
two FFE states, such invariants can be helpful in deciding whether they are not equivalent.

As a simple example of an LFP invariant, let us consider the sum of all elements of the image tensor
My:

S(f)= > flz1,...,,) mod d. (17)

1y:eyTn

The LFP invariance of S(f) can be easily proven by considering that X-type operations only change
the order of summation and Z-type operations acting on variable z; change S(f) to S(f + h) =
S(f) + S(h), with h(x) a univariable function of an arbitrary variable x;. Furthermore, S(h) = 0
mod d, since for each k € {0,...,d—1} images h(z1,...,2;—1,k,Zi11,.-.,Zn) have the same value for all
T1ye oy Ti1,Tig1,---Tn € {0,...,d — 1}. This means that S(h) can be written as d"~! Zke{o,...,d—l}
h(0,...,0,k,0,...,0), which is equal to 0 modulo d.

A more elaborate LFP invariant can be defined using a set of certain sums in the following way. First
one chooses an index j and splits S(f) into d sums, S;,—x(f), one for each possible value £ € {0,...,d—1}.
Then, one considers the set of all such sums indexed by j, which is also invariant under LFPs. Formally,
for each index j € {1,...,n}, we define the sets

Ij = {SzJ:k<f) Z;(l)a (18)
where
d—1
Se=k(f) =Y. fl@n,..minkaig,. o). (19)

Again, for each index j, the set I; above is invariant under LFP operations. Similarly to S(f) one can
see that X-type operations on variable x;, where ¢ # j only change the order of summands in each
partial sum S;,—x(f), while X-type operation on z; exchanges some S, ,—r(f) with S, ,—x/(f) within
the set I;. Concerning Z-type operations, one can use a similar argument as in the case of S(f) and
conclude that for each k and j the partial sum S, —(f) after a Z-type LFP operation can be calculated
as Sy,—r(f + h), where h is univariate and thus S;,—;(h) = 0 mod d. Note, that for bipartite systems
(which is the application we consider below) M/ is a matrix and correspondingly the invariant S(f) is
just the sum of all matrix elements, the invariant set Iy contains sums of all elements in each matrix row,
while I; contains sums of all elements in each matrix column. Note that also in the theory of Hadamard
matrices a similar invariant set has been defined (cf. Eq. (34) in Appendix D) and has been very helpful
to distinguish equivalence classes [54] (see also Appendix D).

4.2 Local unitary equivalence of bipartite FFE states

Now we focus our attention on the easiest non-trivial case, i.e, the bipartite scenario. Two bipartite pure
states are locally unitary equivalent, if and only if they have the same Schmidt decomposition, which can
be obtained by performing a singular value decomposition of their coefficient matrices [40]. The singular
value decomposition allows for a simple algorithm to decide whether two FFE states are LU equivalent,
and it can also provide a witness of LFP inequivalence. The converse is not true, and in fact we can
explicitly observe that there are states that are LU equivalent but not LFP equivalent. For example,
matrix transposition and complex conjugation on Ty do not change the LU class, but sometimes map
states into two different LFP classes.

Remark 3. A bipartite d-dimensional FFE states represented by coefficient matrices Ty, T}‘-F and T} are
locally unitary equivalent, since they have all the same singular value decomposition.

In the following, we investigate LFP equivalence for small dimensions and in particular the structure
of the maximally entangled FFE states, identify states with maximally entangled subspaces and finally
give a full characterization of LFP and LU equivalence for dimension d = 3,4 while characterizing all
TEH states in d = 6.
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4.2.1 Maximally entangled states

For general dimensions, we can start by looking at bipartite maximally entangled states. This is on the
one hand interesting for potential practical applications of FFE states, and on the other hand it elucidates
the difficulties of fully describing LFP classes of FFE states. Let us introduce some language: A d x d
square matrix is called a Butson type Hadamard matrix H(d,q) if HHT = dl4 where all elements are
g-th roots of unity and 14 is the identity matrix in dimension d. Then, let us recall that a bipartite pure
state is maximally entangled whenever the marginals are maximally mixed. In our case, this means that

d—1 wg(kxl)ff(kj) — (5

a FFE state | f) is maximally entangled whenever %>/~ i.;, where d; ; is the Kronecker

delta. In other words, the (unnormalized) coeflicient matrix of the state is unitary, i.e., deT} = 14
holds. Thus, maximally entangled FFE states correspond to Hadamard matrices, and more specifically
to those of type H(d, d). An exemplary maximally entangled FFE state is precisely a traditional bipartite
qudit graph state, namely the state that encodes the function fy(z,y) = xy. In this case, the coefficient
matrix of the state is the finite Fourier transform Fj. Furthermore, all states obtained by applying LFP
operations to the fy(x,y) = xy are also maximally entangled. In fact, Hadamard matrices themselves are
also classified up to rows and columns permutations and multiplication by a diagonal matrix of complex
phases. From the point of view of finite functions, we see that in particular we can compose the above
monomial as m (z)m2(y) with arbitrary permutations and still get a maximally entangled FFE state.

From the known results on complex Hadamard matrices, we are able to provide a characterization
of the maximally entangled FFE states for low dimensions. We also observe that a full characterization
for arbitrary d cannot be given in simple terms, since the characterization of complex H(d, d) matrices
remains, despite decades of efforts, an open problem. So far, full characterization is given for d = 4
and for (small) prime dimensions p < 17. For those prime dimensions, it is known that the Fourier
transform matrix represents the unique LFP class (corresponding to maximally entangled FFE states in
our language [53]).

The cases d = 4 and d = 6 are also instructive to report, since they are useful to clarify to some extent
the additional structure that arises for composite dimensions. For the case d = 4, all Hadamard matrices
of type H(4,4) are well classified, and it is known that there exists a single continuous 1-parameter family
of them [31] (see also Appendix D). To fit in our definition of FFE states, we additionally require the
entries to be only 4-th root of unity, and making this additional restriction results in having exactly 2
LFP inequivalent maximally entangled FFE states, which we label as |f;) and |f2x2), because the two
corresponding coefficient matrices are respectively iF4 and iFg ® Fy. Additionally, we can ask whether
both those matrices have representative polynomial functions py : 73 — Z4, and it turns out that this is
the case. The two functions are f; = xy, and foxo = xy? + 22y + 2zy. See also Table 4.

It is interesting to notice that these two TEH states are LU equivalent, but not connected by any of
the unitary transformations mentioned in Remark 3. This follows from the fact, that there are two LFP
inequivalent Hadamards of type H(4,4), and the simple observation that Fy = (Fy ® Fy)(Fy ® Fy)tFy.
Thus, we can see that

f1) = 14 ® [F{ (F2 ® F2)*] | fax2) (20)

which means that two TEH states belonging to different LFP classes are connected by a particular local
unitary, coming from a product of Hadamard matrices. At the level of the coefficient matrices, it can
be seen (cf. Eq. (31) in Appendix D) that the operation connecting the two LFP classes is a Hadamard
product with a particular matrix. After making this simple observation, we can further notice that the
same local unitary above maps other LFP inequivalent FFE states into each other. See also the results
of our brute-force calculations in d = 4 afterwards.

For d = 6 the theory of Hadamard matrices becomes already extremely complicated and not all
H(6,6) matrices are known. For example, analogously to d = 4, a continuous family is known which
includes Fg and F3 ® F5. These two matrices are however, contrary to the analogous d = 4 case, LFP
equivalent [52]. It is also curious to observe that the state with the coefficient matrix éFg ® Fy is not
a TEH state. In other words, the corresponding function fsxo (cf. Eq. (33)) is not a polynomial. This
can be observed by direct interpolation or also by listing all polynomials p; : 73 — Zg (see Table 5). It
is also interesting to observe that there is a special matrix Sg € H(6,6) which does not belong to any
continuous family and is also connected to other mathematical problems 2. The function sg (cf. Eq. (33))
is also not a polynomial. In fact, we can see from Table 5 that the only TEH maximally entangled state
has a coefficient matrix given by %F(;. As in the d = 4 case, we can construct local unitaries that map
FFE states in different LFP classes into each other. In this case (F3 ® Fy)'Fs does not work since |fs)

2Tt was in fact found by Tao in relation to the so-called Fuglede’s conjecture. See Ref. [55] for further details.
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and |f3x2) are in the same LFP class [52]. However, for example the following local unitary mappings

|s6) =16 ® [Sq (F3 @ F»)*] | f3x2)

. (21)

|s6) =16 ® S5 Fg | fe)
do the job, since |f32) and |sg) are in different LFP classes and so are |fs) and |sg). To conclude this
discussion, we refer to [31, 53] and references therein for further details about Butson type Hadamard
matrices 3.

4.2.2 States with low Schmidt rank

Let us now focus on LFP classes with lower Schmidt rank. A natural question is whether it is possible to
find bipartite states of dimension d that have Schmidt rank r and are maximally entangled in a subspace
of dimension r. In the case that r divides d, it is easy to see that this is true by making a constructive
proof that uses: (i) if d = k-r we can see the d-dimensional system is composed of a k and a r-dimensional
part; (ii) a r-th complex root of unity is also a d-th root of unity. Then, one example of states with the
required properties are those with coefficient matrices proportional to F,. ® Jy and Jx ® F,. respectively,
where Jj, is the k-dimensional matrix with every coeflicient equal to 1. Building upon this idea, we can
make a more general construction, that actually enables us to find several LU classes with non-maximal
Schmidt rank. A first simple observation is the following:

Lemma 2. FFE states with Schmidt rank smaller than r can be obtained from representative functions
of the type
fr(@,y) = ga(@)gs(y), (22)

where either ga or gp s a function with only r distinct outputs.

Proof. Let us fix the function g4 to have r distinct outputs. Then, we have that the coefficient matrix
Tt has at most r distinct rows. Thus, the rank of TfT}L can be at most r, which is also the rank of the
single-particle reduced density matrix of | f.).

It is interesting to study more details on the LU and LFP classification in the case of f,.(z,y) given by
Eq. (22) with, say, g4 having r outputs and gp having d outputs. In this case, it is always possible to map
the state to another one such that gg(y) = y using LFP unitaries. Then, the coefficient matrix becomes
proportional to a so-called Vandermonde matriz, which makes it easier to partially characterize the LU
classification of the corresponding FFE states. We make some observations in the following, corroborated
by the discussion in Appendix E.

Lemma 3. The state |f,) corresponding to a function f.(x,y) as in Eq. (22) with gp having d distinct
outputs has exactly Schmidt rank r. In the case of r being a divisor of d and each of the different r
outputs of f. appearing exactly d/r times, |f,) is mazimally entangled in a r-dimensional subspace.

Proof. See Appendix E.

This construction uses precisely the ideas outlined above. In general, there are several d x d FFE states
maximally entangled in a r-dimensional subspace whenever r divides d. Obviously, all of them will be in
the same LU class, but they can be in different LFP classes. In fact, some LFP classes can be distinguished
by the invariant set (18): For example, if we consider odd dimensions d and take a function of the form
f(z,y) = ga(z)y and we sum over the column index we get always zero, i.e., I;(f) = {0,...,0}, while
if we take the “transposed” function f7(z,y) = xga(y) we get that I;(fT) contains nonzero elements
whenever }° ga(y) # 0. Another natural question is whether (and for which d) we can find some |[f;)
that are also represented by a polynomial function. The answer is that at least one canonical rank-r
maximally entangled TEH state always exists, as we observe in the following:

Proposition 4. Bipartite TEH states of dimension d X d that have Schmidt rank r and are mazimally
entangled in a r-dimensional subspace exist whenever r divides d. One example is given by the state
‘md/r>, where

d
md/r(x7 y) = ;xy. (23)

3See also https://chaos.if.uj.edu.pl/~karol/hadamard/ and https://wiki.aalto.fi/display/Butson/Butson+Home
for an up-to-date catalog of complex Hadamard matrices

12



Proof. The function mg/,(x,y) is a product of ga(z) = %:E and gp(y) = y, where g4 has its outputs as

the element of the subgroup Z, C Zg, i.e., it is an r-output function with each output appearing exactly
d/r times, due to the cyclicity of the function. The statement then follows directly from Lemma 3.

Note that the coefficient matrix of |mg/,) given above is precisely Ty, = 3F, ® Jy/,, which can be
seen as the canonical form under LFP. Examples of such states for d = 6 are given in Table 5

The particular case of d = p™ being a prime power with m > 1 is also special from the point of
view of entanglement classes of FFE states. In that case, we can write any integer in « € {0,...,d — 1}
in its p-ary expansion as x = agp® + -+ + am_1p™ ', i.e., we can write any d-it as a m-tuple of p-its:
z = (ao,...,am—1) = a, where the a;’s are in Z,. Correspondingly, the single d-dimensional Hilbert
space associated to x can be viewed as a multi-qupit space, i.e., as a tensor product H?m, where H,, are p-
dimensional. In turn, this fictitious multipartite structure leads to more richness also in the entanglement
classes of FFE states. For example, we can observe in the following that more possibilities exist to
construct TEH states that have Schmidt rank r < d and are maximally entangled in the corresponding
r-dimensional subspace.

Proposition 5. When d = p™ with m > 1, states associated to the functions

m—1
mym-1(x,y) = zP ,
P (z,y) Y (24)

m—1
mln i (z,y) = ay?

are mazrimally entangled in a p-dimensional subspace. Furthermore, these two states belong to different
LFP classes.

Proof. The statement comes again from Lemma 3 and the fact that mym-1 and mgm,l are composed by a
p-output function g4 (x) = 2P"" and a d-output function gp(y) = y. Furthermore, each of the p outputs
of ga(zx) appears exactly d/p = pm_l times. To see this, let us consider the function 2P, We have
that (z + p)P"

in Appendix E) that ( % 1) =0 mod p™ for 0 < k. Consequently, we have that (z + p)P’ SRR

meaning that the function ga(z) has a property of cyclicity of order p. To see that g4 has p distinct
values, let z,y be in the range 0 < z,y < p — 1 and suppose that ga(z) = ga(y). Then the difference

m—1 .
= Zk 0 ( )xp ~kpk. Tt is a consequence of Kummer’s Theorem (see Lemma 5

m—1

P - ypm*1 is divisible by p™. Since p is prime and x,y < p, it must be that z = y. To distinguish the
LFP classes, we can use the invariant (18): We have I1(mym-1) = {0,...,0}, while I (m, pm—1) contains

m—1
nonzero elements as soon as »_, y?  # 0.

The construction in Lemma 3 does not work for constructing this type of low rank maximally entangled
states when the dimension d = p is a prime number. Still, the general construction in Lemma 2 contains
actually far more low rank classes. In particular, we have seen that single power functions g4 (z) = cx®
in some cases have nice cyclic structures that have implications in the LU classification problem. In
Appendix E, we provide a similar example for the case of prime dimensions, where a few rank-2 classes
can be found in this way. Thus, we have seen that the construction as in Lemmas 2 and 3 provides
FFE states for which the LU classification problem is essentially reduced to a combinatorial problem of
studying the outputs of finite functions. Furthermore, for functions associated to states belonging to the
same LU class, one can use the LFP invariants of Sec. 4.1.2 to make a (partial) LFP classification.

4.2.3 Application of brute-force algorithms for small dimensions

Here, let us summarize shortly the results of a general LU/LFP classification, which can be made for
very small dimensions. First, for d = 2 we can easily see that there are just two LU classes: the separable
states, corresponding to functions of the form f(x,y) = fa(z) + f(y) and the maximally entangled
states, corresponding to the function f(z,y) = xy. For d = 3 and d = 4 it is also still feasible to use a
brute-force algorithm to derive all LFP classes. Then, by performing the singular value decomposition
of a representative matrix of each class, we can also find all the LU classes with this brute-force method.
Another, slightly more efficient, brute-force algorithm can be used to find all the LU classes in the bipartite
case: It is sufficient to scan all possible (d — 1) x (d — 1) “core” matrices and calculate the traces of their
powers up to the d-th. In this way, one can classify all possible characteristic polynomials of T§T }, and
thereby list all possible LU classes. This algorithm can provide a quicker answer to the problem in d = 3
and d = 4, but is still unfeasible for higher dimensions due to the extremely high number of core matrices
to scan. See appendix F' for more details and an explicit example in d = 3.
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In the following, we summarize the results for small dimensions that also lead to statements valid
in general. The case d = 3 is exemplary of prime dimensions, and we know that in this case all finite
functions are polynomials. In Table 3 in Appendix G we summarize the list of LFP classes, grouped by
the Schmidt rank. Note the presence of classes as in Eq. (41). For the LU classes, we can easily observe
that these 9 LFP qutrit classes collapse into 6 LU classes and that, in fact, the operations mapping LFP
inequivalent states of the same LU class are just those mentioned in Remark 3.

Next, the case of d = 4 is particularly interesting because we can still fully solve it and see the
additional complications that arise for non-prime dimensions, and at the same time the richness of
structure that arises when the dimension is a prime-power. We find that the number of LFP equivalence
classes is 682, while only 15 of them have a TEH state in them. A summary of the LFP classes with a
TEH state representative, ordered by different Schmidt ranks, is presented in Table 4 in Appendix H.
Furthermore, the number of LU equivalence classes is 127 (cf. Table 2) and only 7 of them have a TEH
state representative. What is more interesting, is that now there exist LU operations different from those
listed in Remark 3 that connect different LFP classes. In fact, these LU operations are precisely those
of the form 14 ® [F{ (F> ® F3)*] (plus eventually further LFPs), which however connect not just the
maximally entangled states between each other, but also states in other LU classes. Another peculiarity
of the d = 4 case (also compared to the d = 6) is that there is more than a single LFP class of TEH
states which are maximally entangled in a lower dimensional subspace. Namely, besides the polynomial
ma(z,y) = 2xy which corresponds to a state maximally entangled in a 2-dimensional subspace (as in
Proposition 4), there are also 2-dimensional maximally entangled states, with corresponding functions
given by z2y and zy?, precisely as in Proposition 5.

For d = 5 and d = 6, it is already not possible to perform a full brute-force LFP/LU classification.
However, in the d = 6 case it is possible to list all possible polynomial functions and thereby make
a LFP/LU classification of TEH states, which is summarized in Table 5 in Appendix I. Noticeable in
this case is that there exists only a single maximally entangled class, corresponding to the function zy,
and that the only lower-dimensional maximally entangled states are given by the construction as in
Proposition 4, namely there is a 2-dimensional maximally entangled state corresponding to the function
3zy and a 3-dimensional maximally entangled state corresponding to the function 2zy. In Table 2
below, we summarize the characterization of the LU and LFP classes discussed above, for dimensions
d=3,4,5,6,1.

Using these case studies, we can draw certain general conclusions concerning the structure of FFE
states. The investigation of composite dimensions shows that polynomial and non-polynomial functions
are related by LFP operations, and thus a simple characterization of the operations connecting all poly-
nomial functions seems elusive. This problem is intimately connected to the question of polynomiality
of finite functions over rings [34]. Furthermore, when considering LU operations, we can observe the
number of unitaries, which collapse different LFP classes to a single LU class, increase with growing
dimension. While in the case of d = 3 complex conjugation and transpose were sufficient to characterize
all LU operations which connect LFP classes, in d = 4 more LU operators were necessary. This implies
that the structure of the LU operations which are necessary becomes increasingly difficult. Finally, the
connection with the theory of complex Hadamard matrices gives access to a rich theory. However, many
even basic properties of these matrices remain unknown and are the subject of ongoing research. Seeing
these complications already in the bipartite scenario hints at the increasing complexity of entanglement
structures in the multipartite scenario. On the other hand, any progress in the classification of Butson
type Hadamard matrices will be directly translatable to results on FFE states.

’ dim \ # of LFP cl. \ # of LU cl. \ # of LFP ineq. MES \ # LFP cl. for TEH \ # LU cl. for TEH ‘

2 2 2 1 2 2

3 9 6 1 9 6

4 807 127 2 17 7
514 514

5 o ? 1 o ?
621

6 5= ? > 4 [53] 27 12
734 734

7 518400 ? 1 518400 ?

Table 2: In this table we summarize the number of LFP and LU equivalence classes for FFE and TEH states and give
a number of LFP inequivalent maximally entangled states(MES).
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5 Conclusions and outlook

In this work, we introduced a framework that aims to exploit a potential interplay between high-
dimensional logic and quantum theory, both at a purely theoretical level and towards applications in
quantum information. Motivated by generalizing the notion of qubit hypergraph state to the realm of
high-dimensional quantum logic [9], we define a set of quantum states which encode arbitrary multi-
variate, d-valued logical functions into their phases. Naturally, the construction resembles very much
that of qudit hypergraph states, previously introduced in Ref. [1]. However, we took here the angle of
arbitrary function-encodings, generalizing the construction of qubit hypergraph states, which encode all
binary-logical functions, rather than that of generalizing the notion of controlled Pauli operations. In
fact, in our framework the natural generalization of Pauli operations is represented by elements of the
generalized symmetric group, which we term finite-function-encoding Pauli operators, and are a much
wider class of operations than the traditional qudit Heisenberg-Weyl group. We observe in some detail
how our notion generalizes that of [1] with several consequences. First, we point out that it is possible
to associate certain graphical objects to states only when the encoded function is a polynomial. Such
a generalized hypergraph, that we call tensor-edge hypergraph has a tensor attached to every edge, in
order to have a one-to-one association with arbitrary polynomial terms. Secondly, we also observe how
the stabilizer group of FFE states is generally more complicated than that of qudit hypergraph states. We
observe that the property of internal commutativity of stabilizers can be maintained only for the latter
set of states (up to LFP equivalence). In the central part of our investigation, we studied the problem
of LU classification of FFE states. Besides it being a traditionally relevant problem in quantum infor-
mation, also related to the classification of resources for applications, it showcases the complex structure
of FFE states and their relation to the properties of functions over finite rings of integers. Generalizing
the idea of relating entanglement classes with (hyper)graph-theoretic properties (i.e., (hyper)edges and
their possible multiplicities), we studied how entanglement classes of FFE states are associated to the
properties of the underlying finite functions. This showed the interplay of our framework with important
problems in combinatorics and number theory, like the classification of complex Hadamard matrices [31].

Several open questions arise naturally from our study. For example, finding the Clifford group as-
sociated to our finite-function-encoding Pauli operations seems pertinent to extend our framework, as
well as studying the associated local Clifford classification problem of FFE states. In general, while our
definitions and constructions work for any number of parties, the bulk of our present results are actually
situated in the realm of bipartite states. While already here one can see interesting structures and identify
open problems, we believe the most interesting road ahead concerns results on multipartite states. We
expect that multipartite entanglement classification of FFE states will be, on the one hand, closely related
to recent constructions of k-uniform states [17, 48], embedding those in a larger scenario containing far
more structure. On the other hand, we expect that this will open up a plethora of consequent research
towards applications of FFE states, for example for error correction, quantum algorithms and quantum
computing in general. In particular, we see measurement-based quantum computing as a promising po-
tential application. In this scheme of quantum computation, the main resource is a multipartite entangled
state, given in advance, and quantum gates are implemented via local measurements.

Aside from these we expect that a deep investigation into multipartite FFE states will be strongly
related with, and potentially have interesting implication for, several number theory problems, such as
in particular, those related to complex Hadamard matrices and generalized permutation matrices.

Thus, it is very intriguing to explore further the connections between the mathematics of finite func-
tions and the formalism of quantum theory with this angle, deepening further the applications of combi-
natorics and number theory to quantum information theory. Similarly, perhaps in a bit of a more specu-
lative perspective, one can think that progresses in implementations of FFE states in higher-dimensional
quantum computation might find applications in solving complex combinatorial problems.

In conclusion, the encoding of finite functions into higher dimensional quantum states yields a rich
interplay of mathematical and physical tools. Our construction, despite its complexity, can still exploit
a very rich and structured mathematical machinery to dig into the complex realm of multipartite, high-
dimensional quantum states. Furthermore, prominent abstract mathematical questions also gain physical
relevance when applied to our framework. On the one hand, our construction naturally embeds the
theory of finite functions into quantum mechanics, thus relating combinatorial structures to properties
of quantum states and their physical implementation. On the other hand, with concurrent developments
in manipulating higher-dimensional quantum systems, it is of main practical importance to classify and
distill relevant resources for different tasks. In this sense, our construction also opens exciting explorations
for potential practical applications, for example in the context of quantum computation, of a very abstract
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mathematical theory.
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Polynomial Representability and Normal Form

We can make use of a normal form defined below to simply generate unique polynomials representing all
polynomial functions. We will use the form given in [35] since it favours “local” terms over “non-local”

ones .

First let us introduce the composite degree, a quantity which is used to restrict both the degree

of the monomials as well as the values of the coefficients of the unique polynomial representative we
construct here. The composite degree cp, ,,, of a single variable monomial z° in a prime power ring d = p™
is defined as the greatest number ¢ € {0,...,m — 1} such that the factorial e! is divisible by p’. For
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multivariate monomials, x® with x;, e; € Zgq we have ¢, (x®) = min (m, Y, ¢p.m(27")). Now following
Theorem 1 in [35] we find:

Remark 4. For d = p™ with p a prime and m > 0 any polynomial function p(xy,...,2,) is in one-to-
one correspondence with the polynomials of the form

p(z1,...,2n) :Zcexe
e

With ¢y, (x®) < m, ce € ZL, ce < p™Crm(x%)

Let us give an example for d = p™ = 22 and n = 2: The first step is to identify the monomials which
have a composite degree smaller than m: Note that for a single variable monomials

e (2%) = 0 ifeed{0,...,p—1}={0,1}
pm )1 ifeed{p,...,2p—1}={2,3}

From this we can immediately see that all monomials of the form x'y/ with: (i) i,5 < 1, (ii) i < 1 and
2 <j <3, (ili) § <1and 2 <i < 3 appear in the polynomial we are constructing. All others i.e. 2 <4, j
do not appear. Thus we find that any polynomial function over Z, can be represented as:

flz,y) = coo + cr0T + cory + crizy

+ co0x? + 307 + coay® + co3y® + c212%Y + c312°y + cra7y? + cr37y’

where the ¢;; are restricted by the composite degree of the corresponding monomials, i.e. the coefficients
in the first row are smaller than 22~ = 4 and the coefficients in the second row are smaller than 2271 = 2.

Finally, let us take a look at the case of arbitrary composite dimension, i.e., d = p"* ...p"": First,
it is straightforward to use the method above to find a unique polynomial representative for each prime
factor p;**. Now, each monomial of these polynomials will be found in the polynomial for the composite
degree. If the same monomial appears in multiple polynomials for different p;** its coefficients in the
composite degree are found by the Chinese remainder theorem. In other words let ¢; € Z,m: be the
coefficients of an arbitrary fixed monomial in each of the polynomials in prime factor p.*'. Then the
corresponding coefficient ¢ € Z, for the composite d is the unique solution to the system of congruences

¢ =c¢; mod (p*).
B Stabilizers: Proofs of the main Propositions
Proof (of Proposition 1). Let [¢)) = Y ¢x|x) be any pure n-qudit state (we do not assume that

|1} is a finite-function-encoding state, but we soon show that this must be the case), and assume that
St [10) = |[) for all i. Then we have

i

i(x))—f(x x)— “1x
Xpi Z fors— 1 |9) :wa(m( NI X ey ki (x)) :wa( )=y ))C,fl(x) ). (25)

It follows that

e = W CO—10T 0N,

i

for all 7 and for all x. Because for each i k; is a d-cycle, letting x; vary, forces that coefficients

Cei,xa,..., Tiyeery Ty and Cay,xa,shii (T5)yenns T

have the same norm, and also differ by a factor that is a d-th root of unity, for all ;. Now allowing x to
vary, we get that all the state vector coefficients cx have the same norm and any two differ by a factor of
a d-th root of unity. Thus we can always associate a finite function to the phases of the coefficients, and
thereby establish that |¢)) is a FFE state.
Let us then denote the state as |g), calling g the function encoded in its phase. With this notation
Eq. (25) reads
X, Zpor—1 |g) = Zwf(X)—f(K{l(X))+9(RZ1(X)) Ix) (26)
X
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and we have
Fx) = f(r () + gk (%) = g(x)

for all 4 and for all x. If we set d(x) = f(x) — g(x), the above expression becomes
d(x) = d(r; " (x))

for all ¢ and for all x. Once again, by varying ¢, then by varying x, we conclude that d is constant. This
establishes that |g) is in fact equal to |f) (up to a global phase), and the proof of the proposition is
complete.

Before we prove Proposition 2 let us state the following two remarks.

Remark 5. Two permutation cycles 0 = (i1i2...9) and k = (135 ...1}) of the same size k are called
conjugate and one can write 0 = w 'km, where W(Z;) =1i; for 1 < j < k. In particular, any d-cycle k
can be written as 7~ kT, where k1 is a permutation mapping x to x +1 mod d and simultaneously
7 kT is a d cycle for any permutation 7.

Remark 6. Note also that, for a given k, the choice of m in Remark 5 is not unique, since each k; can
be decomposed into 7T;11€+7TZ' in ezxactly d different ways. This follows from the fact that vectors (i1 ...4q)
and (iqiy . ..1q—1) represent the same d-cycle.

Now we are finally ready to prove Proposition 2:

Proof (of Proposition 2). For the first direction, we assume that the function f can be decomposed
as

f=fomo--om,

for some polynomial f’ of degree at most 1 in each variable. Then, let us consider the stabilizer
Xy Zfory,—f Where k1 is some d-cycle, which, by remark 5 can be written as x; = 771_1/{"71'1. Given
that f’ is of degree 1 in x1, we can write f o k1 as

fory = fl(mi(k1(z1)), m2(x2), .., Tn(Tn)) = hi(xa, ..., 2n) + w1 (k1 (1)1 (T2, . . s T0),

where for simplicity of notation we have incorporated all the other permutations s, ..., 7, into the
functions h; and g;. Now using remark 5 we consider the d-cycle k; = Lkt and we have

foky =hi(za,....,z0) + (kT71(21)g1 (22, - . s T0),

where hq(xa,...,x,) and g1 (2, ...,z,) are functions linear in all variables. In the next step we will use
the fact that for every d the permutation x™(x) can be written as a polynomial z + 1 mod d, therefore
the equation can be modified to

folil = hl(fEQ,...,.’En) =+ (7r1(x1) —+ 1)91(1’2,‘..,1}1),

This, in turn, implies that
fori—f=gi(xa,...,2n),

and from Lemma 1 if follows that Xy, Zfow,—f = Zfow,—fXk,. Repeating the same reasoning for all
variables x; shows that we can find a set of internally commuting stabilizers { X, Z fox,— s }1q where all
the x; are d-cycles and thus by Proposition 1 they completely specify the state |f).

For the other direction, let us consider a set of stabilizers {X,,Zfox,—s}1; where all the k; are
d-cycles. We first note that from Lemma 1 it also follows that X, Zfox,—f = Zfor,— Xk, only if the
function f(z1,...,ki(x),...,xn) — f(21,...,2,) does not depend on the variable x;. In other words,
taking ¢ = 1, we have

f(ri(z1), 22, oy xn) — f(21, .oy xn) = g1(X2y ..., Tp). (27)

From Remark 5 and the polynomial representation of k™ we also know that for every d-cycle k; we can
find some permutation 7, such that

ki(xy) = 7r1_1(7r1(x) +1).
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Thus, Eq. (27) simplifies to

Fln+ 1w, 2n) — fy, 20,y mn) = g1(22, -+, T0),

where we called f' = f o Wfl and y; = m(x1). It is easy to see that the above difference equation in y;
has solution
Fly,mo, .o o) = hi(xa, .. xn) + 101 (T2, -+, T0),

where h; is a function independent of z1. Hence, if Eq. (27) holds (for ¢ = 1), then the function f can
be written as
flxr, .o xn) = hi(xa, ... xn) + 7(z1)g1 (22, . .., T0).

for some g1 (z2,...,z,). Repeating the reasoning for all variables z; proves the Proposition.

C FFE states with continuous unitary stabilizers

Besides the complete characterization of (discrete) stabilizer groups associated to general FFE states,
following past works on hypergraph states, we can also ask for which FFE states continuous families of
stabilizers exist. In fact, classes of graph states and hypergraph states that have continuous local unitary
stabilizers are known [32, 33]. In the following we generalize the results of Ref. [32, 33] to the FFE
scenario.

Lemma 4. Let |f) be a n-partite FFE state associated to a function f(x) such that

flo(a), J_l(b), T3yeney Ty) = f(a(b),o_l(a), T3yeey Ty (28)

for all a,b € Zy and for some permutation o, and let A be the operator such that X, = exp(i2wA/d).
The operator S —1(t) = [exp(itAd) ® exp(—itA)] Z —1_; stabilizes |f) for all values of t.

fio1,0, fooi00,

Proof. First, we observe that 5, 1(t) is a stabilizer for ¢ = 27/d. In fact, it is just the product of

01,05
two operators as in Eq. (7), namely

Sf,al,agl (27T/d) == er1 XangfogloU;Lf = )((71 Zfogl_fXg;1 Zfoaglff’ (29)
due to the commutation relation (6¢) and the fact that Z pogi007 1~ foas!

for different values of ¢ € R we have that a sufficient condition for Sy 5, ,(t) |f) = |f) is that (cf. Sec. 3
of [56])

Zfo%—l_f = Zfoo'loa';l—f' Then7

(Al-1® A)Z S plf)=(A@1-10A)|fooioay!) =0. (30)

fooio0

This holds true from the assumption that f(o(a),c1(b), z3,...,7,) = f(o(b),0 " (a),z3,...,x,) for all
a,b € Zg, since in that case the state is invariant under exchange of the first two parties.

A particular example of function that fits in the above proposition and gives rise to a continuous family of
stabilizers is f(x) = (w1 +2)g(x3, ..., Z,), with the corresponding permutation given by o = k* (or 0 =
k7). Note, how this function satisfies f(k*(z1), 57 (22),23,...,2n) = f(&™(z1), 61 (22), 73, ..., Tp) =
f(x), which is in turn invariant under exchanging 1 < zs.

D Simple known results on Hadamard matrices H(d,d) ford =4 and d = 6

In d = 4, all Hadamard matrices of type H(4,4) belong to a single continuous 1-parameter family [31]:

1 1 1 1
1 det —1 —jele
1 —iel —1 e

where ¢ is any real number. This family can be also expressed as

Hy(q) = Fy oy EXP(ighy(z,y)), (31)
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with hy(z,y) = 2%y + 29? + 32y mod 4, as in our language of finite functions, where EXP is the
elementwise exponential. Here the operation oy denotes the Hadamard product of two matrices, i.e., the
elementwise multiplication.

For d = 6 the theory of Hadamard matrices becomes already extremely complicated and not all
BH (6,6) matrices are known. For example, analogously to the d = 4 a continous family with two real
parameter (a,b) is known:

1 1 1 1 1 1

1 wge™ wg 2ib wg’ wgem wg beib
Hg(a,b) = : %Jg w‘% 13 wg L?:}éb

1 wge® e wg e wge'

1 wi w2 1 we w3

1 wg’eia wg dgib wg w%em wﬁeib

This family includes Fg and F3 ® F>. These two matrices are however, contrary to the analogous d = 4
case, LFP equivalent [52]. Again, this family can be expressed as a Hadamard product with Fg, namely

Hg(a,b) = Fs oy EXP(i(age(x,y) + bhe(z,1))), (32)

where gg(z,y) and hg(x,y) are, in our language, finite functions from ZZ to Zg. Recently, a non-affine
4-parameter family has been found [57] and it has been conjectured that the full set of complex Hadamard
matrices in d = 6 consists of such a 4-parameter family plus the isolated matrix Sg found by Tao in [55].

It is also curious to observe that the functions corresponding to the matrices F3 ® F5 and Sg, namely

000000 00000 0
03030 3 002 2 4 4
002 2 2 2 02 0 4 4 2

fsa=1|g 3 9 5 4 1| ™ ss=145 9 4 02 4| (33)
00 4 4 2 2 0 4 4 2 0 2
0341 25 042420

are not polynomials. To conclude this section we remark that a set of invariants {I, 4 qa(f)} for equiv-
alence classes of Hadamard matrices has been defined [31, 54], the elements of which in our context can
be put in the form

Ia,b,c,d(f) = f((l, b) - f(C, b) + f(C, d) - f(aa d) for (CI,, b) ) d) € va (34)

Note that each of the elements of the set is invariant under local Z-type operations since each index
appears both with a plus and a minus sign. X-type operations, instead, can exchange elements between
each other. However, the whole set remains invariant also under those transformations.

E Details on LU and LFP classification of states as in Lemma 2

Here let us prove the statement in Lemma 3 and then make some further observations regarding the
more general LU and LFP classification of states as in Lemma 2. Let us first introduce a notation for
the single particle reduced density matrix of a bipartite FFE state:

pr = tra(If) (1) = d22|f a)l, (35)

where |f(,a)) is the (single particle) FFE state corresponding to f(-,a) = f(z,a) as a (single variable)
function of z. For states as in Lemma 2 we have:

d—1 d—-1

ps = d2Z 3 wem@a@-9a) |5y (y] (36)

a=0z,y=0
which will be useful for the following observations.

Proof (of lemma 3). Let us consider a function f,.(x,y) = ga(z)gs(y) such that gp has d distinct
outputs. Using LFP operations (i.e., permutations of the inputs) we can always transform this function
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into gp(y) = y. Furthermore, we can also permute the inputs of g4 such that the distinct r outputs are
precisely the first (i.e. g4(0) # ga(1) # ... # ga(r—1)). Then, substituting gg(y) = y in Eq. (36) we can
see that the single particle reduced density matrix has elements which are either equal to 1/d or to zero
due to the fact that Z?;()l w® = 0. In particular, nonzero elements (I, k) appear wherever g4 (k) = ga(l)
and are symmetrical. Thus overall, the matrix has elements 1/d along the whole diagonal and has some
off-diagonal elements equal to 1/d appearing symmetrically. Hence, we can, e.g., subtract some rows
from each other so to reduce the matrix to the form

1, =
PfZi(OT 0)7

where we indicated as 0 a matrix with all elements equal to 0 and as * some leftover elements. This
concludes the proof that indeed p; has rank r, which is by definition equal to the Schmidt rank of | f,).
For the second part of the proof, let us assume that the r divides d and that the outputs appear
exactly d/r times each. Then, we permute the rows of Ty such that they repeat themselves exactly with
cyclicity d/r and we have
Pf= %]lr & Jd/rv

where 1, is the identity in dimension r and Jy, is the (¢)-dimensional matrix with every coefficient
equal to 1. Thus, we have that its eigenvalues are all equal to 1/r.

In what follows we state and prove a Lemma that supports Proposition 5.

Lemma 5. Let p be a prime, let m be a nonnegative integer, and let k be an integer in the range
m—1
0<k<pm ' Wehave (*, )p"=0 mod p™.

Proof. Kummer’s Theorem says the following. Let p be a prime, and let v(z) denote the highest power
of p that divides an integer x. Given integers a,b we have that 1/((';)) is the number of carries in the
addition modulo p of b with b — a.

Let a = p™~! and let b = k. Then expansion of b in powers of p is

b=bop? +bipt + -+ + bp_1p™ L

Further, let s be the smallest index such that by # 0. If s = m—1, then b = a and we have (g:ﬁ:i)ppmfl =0
mod p™, so the Lemma holds. If s < m — 1, we have

a=b=(p=0b)p"+((p—1) = bsr )P + (P = 1) = bsy2)p’ + -+ (p— 1) = bm2)p™ >
When adding b and a — b modulo p, there is a carry when adding in positions s,s+1,...,m — 2, so that

there are m — s — 1 carries total. Applying Kummer’s Theorem, we have l/((z‘)) =m—s— 1. We also
have b = k > p°, so k > s. It follows that

u<(z>pk> =m—-s—14+k=m+(k—s—1)>m.
Thus the Lemma holds in this case, and this concludes the proof.

E.1 Exemplary LU classification of states as in Lemma 3

Now, as an instructive example, let us try to make a classification of FFE states from the construction
in Lemma 3 for functions g4(x) with only two distinct outputs, which is essentially the simplest case.
Notice that when g4(z) is a constant function the FFE state belongs to the separable class. In this case
we have py = Jy/d and there is only a single nonzero eigenvalue equal to 1. Thus, let us consider the
case in which g4 (x) has two distinct outputs. In order to classify the corresponding FFE states into LU
classes, we can calculate the characteristic polynomial x(ps) of pf, which is of the form

x(pp)(x) = 2% + 1z + cpr®?, with
c = —tr(pg) = -1, (37)
e = —3 (tr(p}) — tr(ps)?) .
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To calculate the coefficients above we have also to specify, for each output, how many inputs it corresponds
to. For example, let us assume that the first output only corresponds to one input and the other one to
d — 1 inputs. In this case, we have that
a1 0
pf d OT Jd*l )

with 0 = (0,0,...,0). Thus, in this case the full matrix p; has the eigenvalue 0 with multiplicity (d — 2)
and one eigenvalue 1/d, which is the top left diagonal element. Then, due to the fact that the total trace
of the matrix is 1, we deduce that the only remaining nonzero eigenvalue must be 1 — 1/d. Thus, the
corresponding class of FFE states has Schmidt vector given by

A= (1/Vd,\/1-1/d,0,...,0). (38)

As explained above, in more general cases, when the two distinct outputs correspond to different numbers
of inputs, we essentially just need to calculate tr(p?). From Eq. (36) we then obtain

tr(p?) = 714 Z Zw(a—b)(gA(w)—gA(y)) _ 22;1 + dfl‘l Z Zw(a—b)(gA(af)—gA(y))
ab zy a#b x#y (39)

= 241 + LL(NT — N1+ (d— Ny)? — (d — V1)),

where we called N; the number of times output o; appears.

To conclude, let us briefly consider the even more general construction of Lemma 2, still for the case
in which g (z) has just two distinct outputs and gp has an arbitrary number of outputs. In this case the
Schmidt rank of the corresponding FFE state is still 2, and thus, to make the LU classification we have
still to calculate just tr(p?). However, this time we have

tr(pfc) =4 Z Z w94 @) =94())(gn(a)=95(b) (40)

ab wy

and we see that this time the LU class depends also, besides the number of times they appear, on the
concrete values of all the outputs of the functions g4 and gg.

E.2 Exemplary classes constructed as in Lemma 2 for prime dimension

In prime dimension d, we can use that %~ = 1 for all > 0. Thus, the function g4(z) = kz? ! = k
has only two distinct outputs, namely 0 and k, the latter appearing d — 1 times. Then, we can make the
following combinations, which have associated rank-2 FFE states for every 1 < k <d — 1:

fra—1 = ka®y,

Gra—1 = kay® 1, (41)
hk,dfl — I{/’.’Ed_lyd_l.

One can see that all the |f; 4—1) and |gr,q4—1) belong to the same LU class, for which the two nonzero
Schmidt eigenvalues are given by A\; = 1/v/d, and Ao = /1 — A? (cf. Eq. (38)). However, from the
invariant (18) we see that |fxq4—1) and |gkq4—1) belong to different LEP classes. In fact, we have that
I1(fx,a—1) has nonzero elements, while I1(gx q¢—1) = {0,...,0}.

On the other hand, the |hjq—1) belong to different LU classes for 1 < k < (d + 1)/2, while for
the remaining & the corresponding states are obtained via complex conjugation from the previous ones.
The LU classes are determined by calculating the characteristic polynomial of pj, which is of the form
given in Eq. (37) with ¢y = 2(d;41)2 cos(2wk/d). Thus, we see that there is a different class for each
1<k < (d+1)/2 and there is a symmetry under exchanging k with —k. On the other hand, for each
k they belong to a different LFP class, as it can be easily witnessed by the invariant (17) which gives
S(ha 1) = k.

F Brute-force algorithms for LFP and bipartite LU classification

As mentioned in the main text, we can derive a simple brute-force algorithm that finds all LFP classes
of FFE states of a given number of parties n and dimension d. Let us first describe it briefly and then
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show it in the practical example of the bipartite 3 x 3 case. This algorithm makes use of what we called
the “dephased” normal form under LFP, given by Eq. (15). Thus, it starts by considering a generic state
in the dephased form, and its (initially empty) LFP class. Then, essentially, by scanning all elementary
local finite-function-encoding Pauli operations, it fills all of its LFP class. Then it moves on to another
(dephased) FFE state and repeats the procedure, until all possible dephased matrices have been scanned
and thus all possible LFP classes have been filled.

Explicitly, it goes as follows:

Algorithm 1: Brute force LFP classification of d"-dimensional FFE states

Create an empty list of classes Cl;
for all dephased coefficient tensor Ty € C?" do
if Ty ¢ Cl then
Create an empty list TM P;
for all elementary permutation X, do
Apply the permutation Ty +— X Ty X]|;
Transform it back to dephased form T]’c — Zdepthij1
Zaepht = Qle1 Z— f(ap=0);
Append T'M P with T';
Append CL with TM P

After we scan every possible dephased matrix for the given number of parties and dimension and
repeat the above procedure we are left as the output with the full list of dephased FFE states for the
number of parties and dimension considered, separated into the full list of LFP classes.

Let us now see how this algorith works in practice in the particular example of all 3 x 3 FFE states.
Let us start considering the function image

00 0
f=10 0 o] —1,=
00 0

ephf where

— =
— = =
—_

and apply the following list of passages:
1. Check if it belongs already to some LFP class.
2. If not, store it to the next class and proceed further.

(a) Swap two components of the coefficient tensor, e.g.,

(T1)1sin,sin < (Tf)2i0, i (42)

which amounts to apply a local X, to the FFE state. In this case, our initial tensor is left
invariant under this operation.

(b) Then, bring the tensor back to the dephased form, by subtracting the functions f(0, s, ..., iy),
f(i1,0,...,iy,) etc. (which amounts to apply local Z operators of the form Z_¢(;, —0), Z_ f(i,~0),
etc.). Again, in this case the tensor is already in dephased form.

(c) Check if the tensor is already in some LFP class. Yes, in this case it is already stored. So,
stop here and repeat from step 2a with a different swap.

We see that our initial matrix is completely invariant under permutations of rows and columns.
Thus it is the only member of its class, which is that of product states. In fact, this corresponds to
the FFE state |+)®%.

Afterwards, we can consider for example the matrix (remember that we have to change only its

core)
0 0 0 1 1 1
f =10 1 0 — Tf =11 wy 1],
0 0 O 1 1 1

and apply again the passages 1 and 2 above. This time, permutations of the matrix rows and
columus give a nontrivial result. Let us then swap columns 1 and 3. We get (for simplicity working
only with the function image matrix)

0
cols 243

0 —

0

o = O

0 00 0
0 00 1},
0 00 0
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which is already in dephased form as well. Then we do

(d) Store the resulting core state into the same LFP class.

Then repeat from step 2a with a different swap. We can now permute, for example, the rows 1 and 2
and columns 2 and 3, obtaining

cols 23

00 0 00 1
0 1 o™¥=210 0 0],
0 0 0 00 0

which is now not in normal form. Thus, for bringing it back to normal form (step 2b) we subtract 1 to
all the elements of the third column, getting to (remember that we take numbers modulo 3)

00 1 L 000
00 0] ™2%%(0 0 2
00 0 00 2

which is a different dephased matrix belonging to the same LFP class. Thus, we store it to the same
class and repeat with a different swap (step 2d).
Let us for example swap the columns 1 and 2 and rows 1 and 2, obtaining

cols 142

000
0 1 0]frowsie:
000

O O =

0
0
0

o O O

which, again, can be brought back to dephased form by adding 2 to the first column and then subtracting
2 from the second and third rows.

100 00 0

00 o 2ty o o],

00 0 2 0 0
This way we get to

00 0 00 0

9 0 0of TPy 1 1],

2.0 0 01 1

which is yet another dephased matrix belonging to the same LFP class. Proceeding further this way we
will at some point find all possible matrices belonging to that class (which is listed as Class 2 in Sec. G),
exhausting also all possible permutations of the initially chosen state. We can then pick another initial
state which is not in the same class and repeat the same procedure, until we exhaust all possible dephased
matrices. This way it is possible to do by hand the full LFP classification in d = 3, which results in the
classes listed in Sec. G below. However, already the bipartite d = 5 case and the tripartite d = 3 case are
too hard to be handled with regular computational power.

A brute force algorithm can be also given for finding all the LU classes in the bipartite case. The
idea is based on the observation that each LU class in a bipartite d x d system is associated to a specific
vector ty = (tr(p?), e ,tr(p‘;))7 where tr(ps) = 1 has been omitted. Ie., all matrices Ty in the same
LU class will have the same values of the vector ty. This comes from the fact that all matrices T in
the same LU class will have the same vector of singular values A(T), which, in turn, is related to the
coeflicients of the characteristic polynomial of py, and those coeflicients are given by linear combinations
of the elements of t.

Then, a brute force algorithm to find all the LU classes works by: (1) scanning all possible dephased
coefficient matrices Ty; (2) calculating for each of them the value of the vector t; (3) store and count the
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different ¢; and the associated 7.

Algorithm 2: Brute force LU classification of d?-dimensional FFE states

Create an empty list of classes Cl;
Create an empty list of traces vectors cl;
for all dephased coefficient matrices Ty € C? do
Calculate pf <— T}Tf;
for k from 2 to d do
Create and calculate the components ¢ (k) <— tr(p’});
if ¢; ¢ cl then
Assign ty to cl(end + 1,end + 1) +— ty;
Assign T to the LU class Cl(end + 1,end + 1) «— T} ;

else
Find the ¢ for which t; € cl(i);
Assign T to the LU class Cl(i,end + 1) «— T} ;

Note that also the performance of this algorithm scales very unfavorably with d, since all possible
dephased d x d FFE states must be scanned. Still, in the d = 3 it is easy to make the classification
analytically and in the d = 4 case in a short time with a regular pc.

Let us then illustrate how the algorithm works in the d = 3 case. Let us consider a generic 3 x 3
dephased FFE state

1 1 1
Tr=34|1 w§ wh]. (43)
1 w§ wd

Let us now take the single particle reduced density matrix p; and calculate the traces of its 2-nd and
3-rd power. We obtain

tr(p}) = g + % (ng (a) + Rws (b) + Rws (¢) + Rws (d) + Rws (a — b) + Rws (a — ¢)

+Rw3(b—d)+Rw3(c—d)+Rw3(a—b—c+d)>,

29 16
=31 + 213 (ng (a) + Rws (b) + Rws (¢) + Rws (d) + +Rws (a — b) + Rws (a — ¢)

tr(p})

(44)
+Rw3(b—d)+RW3(c—d)+Rw3(a—b—c+d)>

2
+M?’(ng(a—d)+Rw3(b—0)+Rw3(a—b—c)+Rw3(a—b+d)+Rw3(a_c+d)

—|—Rw3(b—|—c—d)>,

where we used the shortened notation Rws(z) := cos(27z/3).

Now, let us count how many different possible vectors ¢, there are in d = 3. We see from Eq. (44) that,
since the function Rws is even in z, those expressions have several symmetries with respect to exchanging
the numbers (a, b, ¢,d). For example, the exchanges a <> d leaves both expression invariant, as well as
b <+ c. The latter corresponds to just taking the transpose of T, while the former is connected with the
complex conjugation of Ty. Thus, we can consider just the cases in which a > d and b > ¢, which are just
36 out of the total 81. Also, the permutations (a <+ b, ¢ +> d) and (a > ¢,b +> d) leave both expressions
invariant. Note that these are just LEP operations on the Ty matrix (i.e., swaps of two rows or columns).
Due to these symmetries, we see that it is sufficient to scan just 21 cases, of which only 6 give different
values of ty. Thus, we see that in total we have 6 different LU classes in d = 3.

This example also suggests that in general more clever algorithms can be found by identifying from
the beginning what symmetries there have to be imposed on the matrix coefficients based, e.g., on LFP
operations, transpositions and complex conjugations among other LU operations. However, while the
d = 4 case is still easy to handle, and results in 127 different LU classes, larger dimensions become
already intractable with regular computational power, even if symmetries are taken into account.
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G LFP and LU classes of bipartite qutrits

In this appendix we list all the LFP equivalence classes of a bipartite qutrit FFE states. We added a
comprehensive list of matrices to an online repository.

Table 3: The full classification of the equivalences of bipartite FFE/TEH states under LU and LFP operations in
dimension 3. The horizontal lines indicate different LFP classes while the singular values identify different LU classes.

Schmidt Rank Singular Values Polynomial
1 (1.0, 0.0, 0.0) f( y)=0
=2 y + 22 y+xy —i—xy
y +22%y 4+ 2y 4+ 2y
y + 2y + 22y + 22y
=22 y +22%y +2xy% + 2y

2 (0.90506, 0.42527, 0.0)

= y? + 222 y+2xy +2zy
72x2y +x y+2xy + zy
—2m2y —|—2x y—i—xy + zy

2 (0.90506, 0.42527, 0.0)

2 (0.8165, 0.57735, 0.0)

2 (0.8165, 0.57735, 0.0)

=22%y% + 2%y + zy

= 222y? 4 22 y—|—2xy
*2x2y + 222 erz:y
=213y —|—2:ny + 2y
—2x2y + zy? —i—xy
=222y +2a:y + zy
—2x2y +33y +2xy

= 212y? —|—xy+xy +xy
=22%y? + 22%y + 2y? + 2y
*2x2y2+x y+2xy +2:cy
= 222y% 4+ 222 y—|—2xy + xy
—2x2y + 222y + 2y
=222y% + 2%y + 2292
—2x2y2+2x y—|—2xy

= 22%y% + 2%y + zy?

3 (0.77814, 0.57735, 0.24732)
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y) =
y) =
Y)
Y)
y) =
y) =
y) = 2:cy + zy
y) =
y) =
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y) =
y) =
y) =
y) =
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Y)
Y)
Y)
Y)
Y)
Y)
Y)
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Y)
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Schmidt Rank Singular Values Polynomial
f(fc y)—my +zy
—xy +2xy
—my + 2 y+3:y
7xy +22%y 4+ 2zy
y +22%y 4+ 2y
y 24 2%y + 2y
—aty +xy2+xy
—m2y2+2xy2+2xy
—xy 24y’ + 22y
22?2 + 229 + 2y
12y2+2x y+2my + 22y
y +x y+2wy +xy
y + 227 y+xy +zy
—aty + 22y + zy? +233y
y + a? y+2fcy
—xy +222 y—l—a:y
:my + 2 y+:cy
= 22y + 22%y + 2 zy?
222 y—|—2xy
=x y—l—my
=z y—|—2xy
=222 y—i—xy
=z y—|—my —|—2xy
=222y + zy? + zy
=z y—|—2:cy +:cy
=222y + 22y + 2y
222 y—|—233y + zy
=x y—|—2xy +2xy
=22z y—i—xy +2zy
= y+1:y + xy

Lttt et e e et e e ewew

NS NSNS NN NN SN \_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/

3 (0.77814, 0.57735, 0.24732)

3 (0.84403, 0.4491, 0.29313)
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3 (0.57735, 0.57735, 0.57735)
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H LFP and LU classes of bipartite ququarts

In this appendix we list all the LFP and LU equivalence classes of a bipartite qutquart TEH states, i.e.,
only states which correspond to polynomial functions. We added a comprehensive list of the matrices to
an online repository.

Table 4: The full classification of the equivalences of bipartite TEH states under LU and LFP operations in dimension
4. The horizontal lines indicate different LFP classes while the singular values identify different LU classes.

Schmidt Rank Singular Values Polynomial
1 (1.0, 0.0, 0.0, 0.0) flz,y) =0
flz,y) =2 y+xy + zy
2 92 1382 .0, 0.
(0.92388, 0.38268, 0.0, 0.0) Floy) = 2%y + 7° + 32y

f(z,y) = . 34 xy?
f(z,y) —:vy +xy

2 ) 5, 0.0, 0.

(0.86603, 0.5, 0.0, 0.0) Flany) = xy + oy 4+ 2y
flx,y) = 2y® + 3y
flz,y) =2 y+x2y
[z, y) =2y +xy

2 ) 5, 0.0, 0.

(0.86603, 0.5, 0.0, 0.0) f(x,y)—:l? Y+ 22y + 22y

f(z,y) = 23y +3ay
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Schmidt Rank

Singular Values

Polynomial

f(z, y)—xy + 2%y + xy?
T,y —a:y + 22 y+xy

f(

2 (0.86603, 0.5, 0.0, 0.0) o) = my e y+zy t2ay
f(z,y) —my + 2%y + 3y
flz,y) =2 y+w gﬂcy

xr,Y) = By+zy? 4+

2 (0.86603, 0.5, 0.0, 0.0) %w z; s Z+ Zgy N mZQ oy
flz,y) =2y +ay® + 3y
flz,y) =2 y+my
fla,y) = xy® +ay

2 (0.70711, 0.70711, 0.0, 0.0) | f(z,y) = 2xy
flr,y) =2 y+3wy
flz,y) = my + 3y
flz,y) =

2 0.70711, 0.70711, 0.0, 0.0

( ) f(x,y)—my +2zy
flz,y) = 2%y
2 0.70711, 0.70711, 0.0, 0.0
( ) flz,y) = 2’y + 2y
flx,y) = 23y + ay®
f(x,y) = 2%y + xy® + 2y + ay?
flz,y) =2 y+xy3+w2y+xy

3 (0.80902, 0.5, 0.30902, 0.0) ;Eig; o Zi;g i;iy* w
f(z,y) = 2%y + 2y + 2%y + 2y + 22y
f(z,y) = 2%y + xy® + 2%y + 3y
f(x,y) = 2%y + xy® + zy* + 3xy
f(z,y) == y+wy + 22 y
flz,y) == y+my + ay?

f(z,y) =23 y+xy3+rc:é/ )
x, —ac + xy° + 2y +xy° +

3 (0.80902, 0.5, 0.30902, 0.0) ;Ex Zi it aed eyt oy
flzy) ==z y+my3 + 2y + 22y
f(z,y) == y+my +3xy
flz,y) =2 y+xy + 2%y +xy? + 32y
f(z,y) =y +mzy ,

x, =xy° +x°y+x2xy° +x

3 (0.70711, 0.5, 0.5, 0.0) ;Ex Z; —g{Z gty
f(x,y) = ay® + 2y + zy* + 3xy
f(z,y) = zy® ,
fx,y) = a2y’ + zy® + 2y

3 0.70711, 0.5, 0.5, 0.0

( , 03, 0.5, 0.0) f(x,y)*my +2xy
fl@,y) = xy® +ay® + 3y
flr,y) =2 y+ff:y
[z, y) = 2%y + 2y + zy® + 2y
3 0.70711, 0.5, 0.5, 0.0
( , 05, 05, 0.0) f(wvy)—nyrxy +2xy
flz,y) =2 y+x y+ 2y? + 3y
f(z,y) =23 K
f(x,y) = 23y + 2%y + ay
3 0.70711, 0.5, 0.5, 0.0
( ) flz,y) =2y + 2y
flz,y) =2y + 2%y + 3y
flz,y) == y+avy2
4 (0.5, 0.5, 0.5, 0.5) o) = a2y 1 oy? 1 20y
4 (0.5, 0.5, 0.5, 0.5) ;g’y’;

Bxy
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| LGP and LU classes of bipartite qusext

In this appendix we list all the LFP equivalence classes of a bipartite qusext TEH states, i.e., states that
correspond to polynomial functions. We added a comprehensive list of matrices to an online repository.

Table 5: The full classification of the equivalences of bipartite TEH states und LU and LFP operations in dimension
6. The horizontal lines indicate different LFP classes while the singular values identify different LU classes.

Schmidt Rank Singular Values Polynomial
1 (1.0, 0.0, 0.0, 0.0, 0.0, 0.0) flz,y)=0
9 (0.70711, 0.70711, 0.0, 0.0, 0.0, 0.0) flz,y) =3ay
f(z,y) =22%y°
2 (0.90506, 0.42527, 0.0, 0.0, 0.0, 0.0) Flz,y) = 2222 + 2292
f(z,y) =22%y> + 2y + 3ay
flx,y) = 2y* + 2%y
f(z,y) = 2%y + 2y + zy® + 2y
f(x,y) = 2%y* + 22%y + 22y + ay
2 (0.90506, 0.42527, 0.0, 0.0, 0.0, 0.0) o) = a2 1 2a%y + oyt + 2y
flx,y) = 22y? + 2%y + 2292 + 22y
f(z,y) = 2%y? + 22%y + 3ay
flx,y) =227y + 22%y
f(z,y) =222y + 22%y + 2y® + ay
f(x,y) =222y + 2%y + 22y + ay
2 0.90506, 0.42527, 0.0, 0.0, 0.0, 0.0
( 1) 9 ) 9 ) ) f(l‘,y) —2x2y2+x2y+my2+2xy
flx,y) = 22%y% +22%y + 22> + 22y
f(z,y) =22%y> + 2%y + 3ay
flx,y) = 2°y® + ay?
2 (0.90506, 0.42527, 0.0, 0.0, 0.0, 0.0) flz,y) = 2%y* + 3y
f(z,y) = 2%y* + 22y + 3ay
f(z,y) =222y
f(z,y) = x21é+ xy
flz,y) =22%y + 2y
2 (0.8165, 0.57735, 0.0, 0.0, 0.0, 0.0) o) — 2y 3y
flx,y) =227y +4xy
flz,y) =2y + 5y
flx,y) =2xy°
9 8165, 0. 0, 0.0, 0.0, 0.
(0.8165, 0.57735, 0.0, 0.0, 0.0, 0.0) o) = o+ 32y
flz,y) = zy? oy
flz,y) =22y° + 2wy
2 8165, 0. .0, 0.0, 0.0, 0.
(0.8165, 0.57735, 0.0, 0.0, 0.0, 0.0) ) = 2y? + Ay
flz,y) = zy® + 5y
f(z,y) = 2%y + xy?
f(z,y) =22%y + 22y?
f(z,y) =22%y + 2y + zy
f(z,y) = 2%y +2ay® + zy
f(z,y) = 2%y +zy® + 2y
[z, y) =22%y + 22y + 22y
3 (0.84403, 0.4491, 0.29313, 0.0, 0.0, 0.0) o) = 2% 1 2y + 3y
f(z,y) = 2%y + 22y + 3ay
f(z,y) = 2%y +xy® +4xy
f(z,y) =22%y + 22y + 4oy
f(z,y) =22%y + 2y + 5y
f(z,y) = 2%y +2ay® + 5ay
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Schmidt Rank

Singular Values

Polynomial

(0.77814, 0.57735, 0.24732, 0.0, 0.0, 0.0)

flz,y) = 22%Y* + 2%y + xy?
xy)—2x2y2—|—2x Y+ 2zy?
x,y) = 22%y% + 2%y + ay
T =222y + 222y + 22y
T —2:r2y +22%y + 2y + 32y
=222y + 2%y +2xy% + 32y
—2x2y2+2x2y+4xy
=222y + 22y +xy? + 4y
:2x2y2—|—2x y+2xy? +4ay
23:2y +ax y+5xy

y? + 222y 4+ xy® + 5y
—2:r2y + 2?2y + 22y + 5y

I S S I TS S S I
||

(0.77814, 0.57735, 0.24732, 0.0, 0.0, 0.0)

—gcy + 2 2%y + x>

y >+ 2ty 4 2ay?

y +2x2y+wy
—xy + 22 y—l—?a:y

y + 22 y+xy +3zy
—:cy + 222y + 2zy® + 3y

?y? + 22 y+4xy
—x2y2+2:10 y+2y? + 4y
=a22y? + 2%y + 22y + 42y
—x2y2+2x y—|—5xy
= 22y? + 2%y + zy? +5:z:y
7x2y2+2x y+2xy? + 5y

&

X

JR J& -

&

8

X

88 8 8B ¢

X

(0.77814, 0.57735, 0.24732, 0.0, 0.0, 0.0)

&

—xy + Yy
y +2xy% 4+ 2y
y >+ ay’ 4 2ay
—J:y 24y’ +4xy

X

88 8 ¢t

x *x2y2+2zy2+5xy

(0.77814, 0.57735, 0.24732, 0.0, 0.0, 0.0)

8 R

=22%y +2xy2—|—2xy
—2x2y +4axy

=22%y —|—2xy +4xy
—2x2y +xy® +5zy

8 &8 R

&

(0.57735, 0.57735, 0.57735, 0.0, 0.0, 0.0)

8 R

(0.63998, 0.63998, 0.30071, 0.30071, 0.0, 0.0)

x —xy
y 2 4 2xy?

z?y +xy2+3’£y

a&u

X

(0.63998, 0.63998, 0.30071, 0.30071, 0.0, 0.0)

=222y% 4+ 2%y
—2m2y2+2x2y+3my
=222y + 222y +xy® + 4y
—2x2y2+$2y+2xy2+4xy
=222y + 22y + 2y + 5y
—2x2y2—|—2:c y+2xy? +5xy

RS T I o

(0.63998, 0.63998, 0.30071, 0.30071, 0.0, 0.0)

y 24 22%
—xy 24 2%y +3ay
y 21 2%y +ay? +4ay
—xy 24222y 4+ 2xy® +4ay
y 24+ 22%y + 2y + 5y
%y +x2y+2xy2—|—5xy

8 R

X

8 8 8 ¢t

(0.63998, 0.63998, 0.30071, 0.30071, 0.0, 0.0)

8

= 222y% + xy?
= 2x2y + 3y
=22%y? +22y% + 32y

z,
z,

I
(z,y)
(z,y)
(z,y)
(z,9)
(2,9)
(2,9)
(2,9)
(z,y)
(z,y) =
(z,y)
(z,9)
(z,y) =
(2,y) =
(z,y)
(z,y) =
(z,y)
(z,y) =
(z,9)
(2,9)
(z,9)
(z,y)
(z,y)
(z,y)
(,y) =
(z,y) =
(z,9)
(z,y) =2°y* + 5y
(z,y)
(z,y) =
(,y) =
(z,9)
(2,9)
(z,y)
(z,y)
(z,y) =
(z,y) =
(2,9)
(,y) =
(z,y) =
(z,y)
(z,y)
(2,9)
(2,9)
(z,9)
(z,y)
(z,y) =
(z,y)
(,y) =
(2,9)
(z,y) =
(z,y) =
(z,y) =
(z,y) =
(2,9)
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Schmidt Rank

Singular Values

Polynomial

(0.57735, 0.57735, 0.40825, 0.40825, 0.0, 0.0)

(0.57735, 0.57735, 0.40825, 0.40825, 0.0, 0.0)

(0.57735, 0.57735, 0.40825, 0.40825, 0.0, 0.0)

(0.55023, 0.55023, 0.40825, 0.40825, 0.17488, 0.17488)

— 222 + 2%y 1 2y
= 2%y? + 22%y + 2 29>
2?y? + 2%y + a2y

=22y? +22%y +xy® + 2y
=22y + 2%y + 22y + 2y
= 22y% +22%y + 22y

=2%y? + 2%y + 22y* + 32y
=22y +22%y + 4y
=2%y? + 2%y + Sy

(0.55023, 0.55023, 0.40825, 0.40825, 0.17488, 0.17488)

=22%y? + 2%y + xy® + 2y
=222y + 22%y 4+ 229% + xy
=22%% + 2%y + 2y

=222y + 22%y + xy? + 22y
=222y + 2%y 4+ 2xy% + 22y
=22%y% + 2%y + 2y? + 3y

=22%y? + 2%y + 4y

(0.55023, 0.55023, 0.40825, 0.40825, 0.17488, 0.17488)

(0.55023, 0.55023, 0.40825, 0.40825, 0.17488, 0.17488)

= x2y2 + :Ey2 + 2y
=22y? + 22y

= 22y% +2xy% + 22y
=2%y? + 4y

=a22y? +2xy% + 4y
=2%y? + zy? + by
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Schmidt Rank

Singular Values

Polynomial

(0.59682, 0.59682, 0.31756, 0.31756, 0.20727, 0.20727)

f(x,y) = 2%y + xy?

=222y +xy® + 22y
=22y 4+ 2zxy® + 22y
=22y + 2y + 3zy

=22%y +ay® +4zy
=%y +2xy® + 4y
=22y +ay? + 5y

2%y +2xy? + 52y

(0.40825, 0.40825, 0.40825, 0.40825, 0.40825, 0.40825)

2
Ty
5xy

)
)
)
)
)
)
) =22%y +2zy* + 3wy
)
)
)
)
)
)
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5 Ontherole of entanglement in qudit-based circuit compression

5.1 Summary

The circuit model of quantum computation provides a framework in which quantum algorithms are repre-
sented as sequences of unitary operations arranged into circuits. These operations are restricted to a finite
set of one- and two-partite gates that approximate arbitrary unitaries to any desired precision. Although
the existence of such decompositions is well established, optimal constructions are generally unknown,
motivating strategies to reduce circuit complexity within this model.

In this work, we address this challenge by proposing a two-stage procedure to systematically reduce the
non-local cost of a circuit. Our method applies whenever a low-dimensional implementation is known and
provides a constructive route to derive high-dimensional circuits that can subsequently be optimized.

We begin from a given low-dimensional circuit and group multiple subsystems into higher-dimensional
ones, mapping parts of the original circuit into local operations on the grouped system. In a second step,
we optimize the remaining non-local operations using entangling gates available in the higher-dimensional
setting. Thus, from a known qubit circuit we obtain a functionally equivalent qudit circuit whose non-local
content can be further simplified by exploiting native qudit interactions.

The reduction we target is measured in the non-local gate count, which we adopt as the relevant cost in
the NISQ regime, where coherence, two-body fidelity, and connectivity constraints typically make non-local
operations the dominant bottleneck. This choice does not imply improvements under other complexity
measures (e.g., T-gate count in fault-tolerant settings); rather, it focuses on the operational cost that is limiting
in near-term architectures.

We model the grouping step as a graph-partitioning problem: each qubit is a node, with an edge between
two nodes whenever at least one non-local gate acts between them, weighted by the number of such gates.
The goalis to find a partition that minimizes the weight of edges crossing between parts, subject to local-
dimension constraints on each group. This reduces the first stage to a (minimum) k-cut instance and makes
the method platform independent at this stage.

In the second stage, we exploit the richer entangling structure available in high-dimensional systems.
Once subsets of qubits have been grouped into qudits, gates acting between these subsystems are adapted
accordingly. Ratherthan using embedded constructions that restrict the dynamics to a tensor product of qubit
subspaces, we replace them with genuine two-qudit unitaries acting on the full Hilbert space. Such native
qudit operations can exhibit different entangling behavior and may yield more efficient implementations.

The first stage—grouping qubits into qudits—relies only on the connectivity structure of the original circuit
and is therefore purely combinatorial. By contrast, the second stage depends on the specific gate set and
entanglement structure available on the target platform, so its benefits are inherently platform dependent.

We quantify performance by a compression ratio Cy, defined as the ratio of the number of entangling gates
in the compressed (qudit) circuit to that in the original (qubit) circuit, and we derive upper and lower bounds
for Cy that reflect the two-stage structure. The upper (worst-case) bound corresponds to the scenario where
grouping alone reduces non-local interactions (with no further optimization), while the lower (best-case)
bound corresponds to the case where native two-qudit gates realize the full inter-part entangling action with
a single operation across each cut. We show that these bounds can be saturated, demonstrating optimal
compression under our metric. The degree of achievable compression is tied to the available gate set and the
commutativity/entangling power of the native two-qudit interactions.

We evaluate our method on circuits including multi-controlled phase gates and cluster-state preparations,
and find substantial reductions in non-local gate count. These gains translate into shallower circuits and
potentially higher-fidelity implementations in the NISQ setting. We also discuss feasibility on platforms with
native high-dimensional control, such as photonics and trapped ions, where qudit-native gates can preserve
or improve fidelity while reducing the number of entangling operations.

In conclusion, tailoring circuit representations to reflect the native structure and constraints of quantum
hardware—both local dimension and gate availability—reduces non-local cost in a way that is practically
relevant for near-term devices. While our reductions target operational cost rather than asymptotic complex-
ity, they provide a direct and experimentally meaningful advantage when high-dimensional resources are
available.

Viewed through the lens of this thesis, the circuit results preserve the conceptual core of the circuit
model—computation as local composition on a tensor-product register—while allowing the form of the
primitive library to change with dimension. This alignment of form with hardware is precisely the kind
of dimension-aware generalization that yields concrete operational gains without claiming an asymptotic
advantage.



5.2 Own Contribution

Xiaogin Gao was the first author of the paper and was closely involved in all aspects of the project, with
a particular focus on the photonic implementation. At the time, she was a visiting PhD student in Marcus
Huber’s group. Nicolai Friis, a postdoctoral researcher in Marcus Huber’s group during the writing of the paper,
contributed throughout and was involved in all parts of the project. Martin Ringbauer, Assistant Professor at
the University of Innsbruck during the creation of the paper, was involved in the reception of the core idea
and provided expert input on the discussion of trapped-ion implementations, drawing on his experience with
experimental trapped-ion systems. Marcus Huber, last author of the paper, contributed to all conceptual
and technical aspects. He provided the examples demonstrating the saturation of the theoretical bounds
and was instrumental in shaping the core idea of the work. As second author, | contributed to the theoretical
foundation of the paper. My main responsibilities were the proof of the lower and upper bounds of the
compression ratio and the construction of detailed examples, in particular concerning CNOT decompositions.
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Gate-based universal quantum computation is
formulated in terms of two types of operations:
local single-qubit gates, which are typically easily
implementable, and two-qubit entangling gates,
whose faithful implementation remains one of the
major experimental challenges since it requires
controlled interactions between individual sys-
tems. To make the most of quantum hardware
it is crucial to process information in the most
efficient way. One promising avenue is to use
higher-dimensional systems, qudits, as the fun-
damental units of quantum information, in or-
der to replace a fraction of the qubit-entangling
gates with qudit-local gates. Here, we show how
the complexity of multi-qubit circuits can be low-
ered significantly by employing qudit encodings,
which we quantify by considering exemplary cir-
cuits with exactly known (multi-qubit) gate com-
plexity. We discuss general principles for circuit
compression, derive upper and lower bounds on
the achievable advantage, and highlight the key
role played by entanglement and the available
gate set. Explicit experimental schemes for pho-
tonic as well as for trapped-ion implementations
are provided and demonstrate a significant ex-
pected gain in circuit performance for both plat-
forms.

Quantum computation is a disruptive technol-
ogy that has irrevocably changed the way that
computation is envisioned. It holds the potential
for addressing a wide range of computational chal-
lenges [1], from factoring [2] and database search [3],
to applications in quantum machine learning [4, 5].
Yet, current noisy intermediate-scale quantum
(NISQ) devices [6] are still far from addressing
these applications at a practically relevant scale and

early demonstrations of quantum advantages remain
confined to algorithms that do not yet have clearly
identifiable broad applications [7, 8]. The primary
obstacle for today’s quantum computers, which
now feature 10s to 100s of qubits [9—16] remains
noise and decoherence, which limits the number of
entangling operations and therefore the achievable
circuit depth. Hence, for current as well as future
quantum computers, efficiency at the circuit level
will be key to getting the most out of these devices.

Fortunately, there is a lot of unused potential in
current quantum devices, which tend to use only a
small fraction of the available Hilbert space. Indeed,
control over the inherently high-dimensional Hilbert
space has been demonstrated in all major quantum
technology platforms [17-20], motivating the ex-
ploitation of a new paradigm of quantum computing
based on d-dimensional qudits, rather than qubits.
Compared to their two-level counterpart, qudit
architectures offer much richer coherence [21] and
entanglement structures [22], which can be exploited
for efficient quantum information processing [23-26]
and improved quantum error correction [27, 28].
Since entangling operations tend to be the bottleneck
in current quantum devices, the efficiency of a quan-
tum computation, or the complexity of a quantum
circuit, is traditionally measured by counting the
number of entangling operations [29]. While this is
an incomplete picture, it serves as a good hardware-
agnostic approximation, because the optimal circuit
for a given quantum operation is elusive and highly
dependent on the available gate set.

Here, we investigate qudit circuit compression, as
a way to simplify a given qubit circuit by rephrasing
it as a qudit circuit. We achieve this in two steps:
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First, the qubits are partitioned into groups of equal
size such that the number of gates within the groups
is maximized. Each group is then interpreted as a
qudit, turning entangling gates into local gates and
thus reducing the overall entangling gate count by
a combinatorial factor for which we find lower and
upper bounds using a graph-based approach. Second,
by considering an extended gate set including not
only qubit-entangling gates, but also genuine qudit-
entangling gates, the number of entangling gates in
the resulting qudit circuit can be further reduced,
even saturating the combinatorial lower bound. To
showcase these two effects, we study the compres-
sion of exemplary qubit circuits under different
gate sets. We illustrate this gate compression with
experimental details for two contemporary quantum
technologies using qudits: photonic qudits encoded
in orbital angular momentum and trapped ions with
multiple addressable levels, showing that, already
today, qubit circuits can be more efficiently compiled
on qudit architectures. Aside from algorithmic
improvements, reducing the number of quantum
information carriers tends to make the system
experimentally easier to control, leading to improved
performance. We provide general design principles,
as well as upper and lower bounds for the possible
reduction in the number of gates, exemplified with
explicit constructions for photonic systems and
trapped ions.

Circuit compression. Quantum circuits are built from
a sequence of gate operations. At the lowest level of
abstraction, circuit compression is hence concerned
with compiling an N-qubit unitary to an M -qudit ar-
chitecture (M < N), which we call gate compres-
sion, see Fig. 1. The task is to encode the qubit
circuit into the qudit architecture in such a way that
the maximal number of entangling gates in the qubit
circuit manifests as local gates in the resulting qu-
dit circuit. Importantly, the remaining entangling
gates retain their qubit-entangling structure, in terms
of maximally generated entanglement entropy, when
embedded in the qudit Hilbert space. Consequently,
this procedure always reduces the amount of entan-
glement needed (irrespective of the available gate set
for qudits), by compressing non-local gates into local
ones. Consider the example of a four-qubit circuit,
where qubits 1 and 2 are encoded in one qudit, and
qubits 3 and 4 in another. Now all non-local gates
between the original qubits 1 and 2 as well as be-
tween qubits 3 and 4 are local in the respective qudits.
The non-local gates between qubits that are now en-

coded in different qudits remain non-local and main-
tain their tensor-product structure, which is why we
call them embedded qubit gates.

Importantly, while embedded qubit gates still cre-
ate two-level entanglement (i.e., equivalent to a two-
qubit gate in terms of entanglement entropy), they are
not necessarily easily implementable in a qudit archi-
tecture. To see this, consider the example of a CNOT
gate Ué;é)T applied to qubits 2 (control) and 3 (target)
in the above example of a four-qubit register, taking
the form 1) ® Ué2NS)T ® 14, When qubits 1 and 2
are encoded in the first qudit, and 3 and 4 in the sec-
ond, the resulting embedded version of the original
gate would have to be a subspace-agnostic operation
(i.e., applying the same operation on both subspaces
pertaining to the encoded qubits 1 and 4). Already for
a single-qudit example with the canonical encoding
[0) = [00),[1) = [01),]2) = [10),[3) = |11),
we see that performing an operation of the form
1 ® U, which acts on the second encoded qubit only
requires the application of the same U to the sub-
spaces {|0),|1)} and {|2),|3)} in order to realize
the original tensor-product structure. While embed-
ded qubit entangling gates still only create two-level
entanglement, they are hence often not available na-
tively. On the other hand, the qudit encoding enables
new kinds of two-level entangling operations, which
do not admit a tensor-product structure in the corre-
sponding qubit circuit. Such gates provide new pow-
erful tools for circuit compression, as discussed be-
low, while also emphasizing the importance of the
available gate set for qudit architectures. This again
highlights the importance of considering the available
gate set, rather than just qudit dimension, for efficient
circuit compression.

While finding the ideal embedding of qubits into
qudits is difficult, we can use weighted graphs to
find a simplified representation of the circuit which
in turn allows for powerful tools of graph theory to
be employed. A weighted graph G = (V, FE) is a
pair of a set of vertices V. = {v1,...,v,} and a
set of edges £ = {ei,...,ex}, where each edge
ei = ((vi,vm), w;) is a pair of vertices together with
a weight w;. To encode the non-local properties of
the quantum circuit into the graph, we associate each
vertex with a qubit and draw an edge whenever a non-
local gate is present between two qubits. The weight
of each edge is determined by counting the number of
non-local gates between the respective qubits. This
graph representation simplifies the circuit by ignor-
ing the gate order, but it works for both qubits and
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Figure 1: Gate compression. (a) & (b) Compression of quantum circuits of N-qubit controlled phase-flip (CPF)
gates C{r). (a) The best known [30] decomposition of a 4-qubit CPF gate C,{¥ in terms of two-qubit gates requires
13 entangling gates, i.e., 6 CNOTs and 7 controlled T (or T") gates (CT) with T = diag{1,exp(in/4)}. By
compressing the circuit to two qudits of dimension 4, two quarts, only 7 entangling gates are required in terms of
embedded two-qubit gates, while 6 previously non-local gates become local. However, the same operation C’é? could
also be realized by a single controlled—CéQF) =CZ= diag{1,1,1, —1} gate on two ququarts, carried out if ququart 1 is
in the state |d — 1) = |3) corresponding to the two-qubit state | 11). (b) Similarly, the most efficient decomposition
of C¥ for 6 qubits requires 61 two-qubit gates [30], whereas the compression to 3 ququarts (d = 4) requires (at
most) 9 (native) two-ququart gates, including adjoints and powers of controlled CT gates as well as controlled IT

gates, where II = Zi:o | (7 — 1)moa(s) ){n| is a permutation. Further compressing to two quocts (d = 8), as little

as 1 controlled-C\?) gate, conditioned on the quoct computational-basis state |d —1) = |7) may be required. In
both (a) and (b) the final decomposition of the N-qubit CPF gate into a single controlled-C{Y/? gate requires a
non-factorizable two-level entangling gate. (c) & (d) lllustration of the effect of gate compression for the creation of a
(quadratic) 2D cluster state consisting of four (c) and nine qubits (d), respectively. Cluster states are a particular type
of graph state that can be schematically represented by vertices (here shown as circles carrying the local subsystem
dimension d as labels, 2 for qubits, 4 for ququarts, etc.) connected by lines representing entangling gates (controlled-Z
gates for qubits). By grouping (blue boxes) the qubits into pairs (c) or triples (d) the subsystem dimension becomes
d = 4 (ququart) and d = 8 (quoct), respectively, but the number of non-local entangling gates can be reduced (c)
from 4 two-qubit gates to either 2 embedded two-qubit gates or even 1 single-qudit gate, and (d) from 12 two-qubit
gates to 6 embedded two-qubit gates, 4 two-qudit gates, or 2 two-quoct gates, as is explained below.

qudits. Using this graph representation, one can em-
ploy graph-partition algorithms [31, 32] to divide the
graph into subgraphs (partitions) in a way that maxi-
mizes the number of non-local gates within each par-
tition. Specifically, we try to find a minimal k-cut,
which involves identifying a set of edges E’ that,
when removed, partitions the graph into & parts while
minimizing the sum of weights in E’. Note that
this paradigm can cover a wide range of optimiza-
tion goals, including unequal-size partitions or dif-
ferent cost functions. In particular, we highlight the
importance of considering the structure of the origi-
nal circuit, as well as the available forms of qudit en-
tanglement in the target hardware to achieve optimal
encoding of qubits into qudits.

Gate set optimization. After we have reduced the
width of the circuit, we can further improve upon
the circuit depth by considering the extended gate set
we can access for qudits. Recall that the embedded
gates, resulting from circuit compression, still gen-

erate two-level entanglement and retain their origi-
nal tensor-product structure. While such gates can be
constructed from a universal set of qudit gates, there
is much more untapped potential in the qudit Hilbert
space, including gates that do not respect the tensor-
product structure of the original qubit Hilbert space.
By expanding the gate set, a significant reduction in
circuit depth can thus be achieved, as illustrated in
Fig. 1. However, the choice of gates for the expansion
strongly depends on the chosen hardware platform.

Upper and lower bounds. Using the above princi-
ples, we can derive upper and lower bounds on the
compression ratio Cy, which we define as the ratio of
the number of entangling gates in the compressed cir-
cuit to the number of gates in the original circuit. To
compute these bounds, we denote the weights of the
original qubit graph by ¢ and the weights of the qudit
graph after compression by @. The latter is obtained
by dropping all components of the original vector that
correspond to non-local gates between qubits that are
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encoded in the same qudit, and which thus become
local, and then assigning all edges between qubits
that are encoded in different qudits to the respective
qudits in the new graph (and adding the correspond-
ing weights). The upper (worst-case) bound is then
obtained by comparing the sum of weights (i.e., the 1-
norm of &) before and after compression, represent-
ing the scenario where no further gate optimization is
possible. The lower bound, on the other hand, rep-
resents the scenario where gate optimization is able
to fully exploit native qudit gates to realize the full
qudit-entangling operation with a single gate opera-
tion. This bound is hence determined by the num-
ber of non-zero weights in Q. By normalizing these
bounds using the number of gates in the initial circuit,
||0]| 1, we can establish the compression-ratio bounds

, (1)

where, |||/ and ||-||1 refer to the Iy (quasi-)norm and
the /1 norm, respectively. The span between the lower
and upper bounds indicates potential improvements
based on an appropriate gate set. In the following,
we will provide examples saturating both the lower
and the upper bound.

Controlled phase gates. As a key example, we will
now study N-qubit controlled phase-flip gates C\\n’
(i.e., phase gates with a m phase shift). These gates
are central elements in quantum computing, for ex-
ample, as a key part of Grover’s search algorithm [3].
It can be written as follows,

C =18V 4 11PN Vg (z-1), (2)

where 1 is the identity operator and Z denotes the
single-qubit Pauli-z gate. Due to its central role, the
decomposition of Cég ) is often used as a benchmark
for comparing circuit decompositions and gate sets.
Importantly, provably optimal decompositions into
two-qubit gates and local operations are known for 3
to 8 qubits [30]. As we noted above, the optimality
of a quantum circuit depends on the metric used.
However, even when the metric is fixed, finding
an efficient way to realize the circuit is highly
non-trivial. For example, for a four-qubit controlled
phase flip C{¥, the most efficient decomposition
known, believed to be optimal, requires 13 two-qubit
gates [30], as shown in Fig. 1 (a). The same circuit
can be realized in a qudit system by embedding two
qubits each into two ququarts. There are 3 ways to
achieve such a partition, and the best choice turns 6
entangling gates into local gates, leaving 7 embedded

two-qubit gates between the two ququarts. If we
consider also ququart gates in our gate set, this can
further reduce the non-local gate count to just a
single gate between the two ququarts, which turn out
to generate only two-level entanglement, as shown in
Fig. 1 (a). In case NV > 4, we can cut N qubits into
k equal parts by using a 2™/F-dimensional qudit in
each part and achieve similar improvements. For the
six-qubit controlled phase-flip gate (C\Y), for exam-
ple, 61 two-qubit gates are needed in the best known
(again, believed to be optimal) decomposition [30].
Encoding the same circuit into 3 ququarts reduces
the requirement to 9 two-ququart gates, including
four two-ququart controlled-shift gates and five two-
ququart controlled phase gates [33], see Fig. 1 (b).
Going further by encoding the gate into two qudits
of dimension d = 8 (quocts), the gate can again be
realized with a single two-level entangling qudit gate.

Graph states and the saturation of graph partition-
ing bounds.— Graph states are another highly rele-
vant example. For a set of edges £ = {e}, they
can always be created by applying controlled-Z gates
across all edges on computational-superposition
product states, i.e., |G) := [[.cp CZc|+)®" with
4+) = (|0) + |1))/v/2. As all CZ, commute, it
directly follows that, with an unrestricted entangling
power of the gate set, the lower bound ||u||o can be
saturated. If the gate set is restricted to two-level en-
tangling gates, however, the fact that a high amount
of entanglement may be generated if multiple edges
cut across a bipartition directly implies that the up-
per bound needs to be observed with ||«||; embedded
qubit gates.

Consider, for example, a 4-qubit quadratic 2D
cluster state as illustrated in Fig. 1 (¢). Due to the
symmetry of the state the partition is irrelevant and
we can thus combine the first and second qubit as
well as the third and fourth qubit to a qudit each
without loss of generality. This reduces the num-
ber of non-local gates from 4 to 2, which saturates
the upper bound ||w0||;. Now, we can use gate op-
timization to reduce the number to 1 by combining
the two non-local gates between the qudits to a single
genuine qudit gate, saturating the lower bound ||0]|o.
This example demonstrates that the commutativity of
the entangling gates across compressed partitions as
well as the maximum amount of entanglement gen-
erated across these partitions are crucial parameters
that determine how well a qubit circuit can be com-
pressed when compiled on a qudit architecture and
which gate set would be required for the qudits.
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Photonic implementation.— Photonic systems are
excellent candidates for gate compression. Current
developments enable increased control over higher-
dimensional degrees of freedom by manipulating a
photon’s polarization, spatial profile, temporal pro-
file, or frequency, either separately or simultaneously.
This enables the encoding of multiple bits into a sin-
gle photon, as is routinely done in entanglement-
based quantum communication [34-36]. Local uni-
tary operations are easily done within a certain de-
gree of freedom, such as spatial manipulation through
multi-plane light conversion [37], frequency manipu-
lation [38, 39], or between different degrees of free-
dom, for example, using polarizing beam splitters
to couple path and polarization. For instance, high-
dimensional Pauli X - and Z-gates, which are parts of
higher-dimensional universal gate sets, have recently
been implemented in a number of ways [37, 40—43].
While local gates can often be performed with near-
unit efficiency and fidelity, entangling gates remain
the Achilles heel of photonic information processing,
as entangling two photons can be achieved proba-
bilistically at best, leading to an exponential decrease
in success probability with the number of entangling
gates.

The latter aspect is where high-dimensional en-
codings can become particularly useful, as more in-
formation can be processed at higher fidelity and
with potentially much higher success probability.
Recent developments already show promising re-
sults [44, 45], including the implementations of high-
dimensional multi-partite quantum gates [46] and
of the SUM gate (a high-dimensional controlled-X
gate) in the time and frequency degrees of freedom
of photons [47]. Here, we propose a scheme for a
photonic two-qudit entangling gate that grows only
logarithmically in complexity with dimension and
achieves a constant success probability of 1/4 that is
independent of the qudit dimension, see Appendix A
for details.

Trapped-ion implementation.— Trapped ions are
among the leading platforms for quantum informa-
tion processing [48], where the electronic energy lev-
els of each ion naturally provide a high-dimensional
Hilbert space. Recently it was shown that such a
system can be operated as a universal qudit quan-
tum processor up to dimension 7 [19]. The qudit-
gate set used in this demonstrations consisted of arbi-
trary local gates and two-qubit CNOT gates embed-
ded in a qudit Hilbert space. Compared to a stan-
dard qubit CNOT, the embedded version exhibits er-

ror rates larger by roughly a factor of 2, independent
of the Hilbert-space dimension. Beyond this basic
gate set, it has been shown that both dominant gate
mechanisms in this platform, the Mglmer-Sgrensen
gates [49] and light-shift gates [50], can be general-
ized to achieve genuine qudit entanglement. A first
experimental realization of the latter demonstrated
the generation of genuine qudit entanglement in a
scalable fashion and with highly competitive error
rates [50].

Compiling the example of Fig. 1 (a) and using
state-of-the-art error rates for trapped-ion quantum
processors of about 0.01 per qubit CNOT gate [48],
a rough estimate suggests that the implementation of
the four-qubit C\{y gate could achieve an error rate on
the order of 0.12 with the standard two-level decom-
position using 13 two-qubit entangling gates. Curi-
ously, while it is known on the one hand that enlarg-
ing the Hilbert space locally (i.e., encoding 4 qubits
into 4 qudits) can reduce the required number of gates
quadratically [23], this gain is offset almost exactly
in the 4-qubit case by the factor of 2 increased er-
ror rates incurred in the experimental implementa-
tion [19]. On the other hand, when two qubits each
are encoded in a qudit of dimension 5 (4 computa-
tional levels and 1 auxiliary level), the required num-
ber of two-level entangling gates drops to 1 (albeit
with a rotation angle equivalent to 4 qubit gates),
achieving an estimated error rate of 0.04, see Ap-
pendix B for the circuit. Curiously, this is an example
where it is optimal to use a two-level entangling gate
in the qudit circuit, which is not an embedded qubit
gate.

Conclusion.— We have explored two ways in which
higher-dimensional architectures are universally ben-
eficial to quantum computing. First, using gate com-
pression, we can cut down on the amount of entan-
glement needed for a specific N-qubit circuit, and
second, by exploiting the added capabilities of qudit
systems in the form of richer gate sets, we can fur-
ther reduce the number of non-local gates required to
generate that entanglement. This highlights the key
role played by entanglement and the available gate set
in efficient qudit QIP. As every higher-dimensional
gate can be achieved by any universal gate set applied
a number of times, the advantage from larger gate
sets is constant in the number of qubits. Similarly,
even the most efficient partitioning of the qubit cir-
cuit leads to only a constant advantage. Such constant
improvements, however, can make the difference be-
tween feasibility and failure.
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Another important aspect is the potential break-
down of conventional wisdom regarding easily im-
plementable local gates versus hard non-local gates.
Once qudit dimensions get sufficiently large, the
performance gap between local and non-local gates
might change. Moreover, gate performance typi-
cally degrades somewhat with system size, provid-
ing another motivation for reducing the number of
quantum-information carriers and making more effi-
cient use of available resources. Finally, we empha-
size that a case-by-case evaluation of the actual trade-
offs is critical to finding the optimal dimensionality
for a given problem and hardware platform.

Our examples provide a promising first step, show-
ing that qudit encodings can lead to a significant
reduction in gate count. Hence, this approach can
greatly increase the utility of current and future quan-
tum hardware, using only degrees of freedom that
are already present in today’s quantum technology.
Indeed, various quantum-computing platforms have
demonstrated qudit control with ever-increasing per-
formance. Both gate compression and gate-set op-
timization will be central tools for making the most
of the next generation of high-dimensional quantum
processors, harnessing the full potential of physical
quantum information carriers.
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A Photonic Implementation with the orbital angular momentum

To implement quantum circuits with high-dimensional quantum gates, we propose a general experimental
scheme for two-qudit CPF gates in the orbital angular momentum (OAM) of two photons. The scheme suc-
ceeds with a probability of %, irrespective of the encoding dimension, but requires an auxiliary two-qubit Bell
state. Hence, this scheme does not overcome some of the fundamental limitations that all photonic computing
suffers from but carries the potential to increase the number of gates that can be realized with a given set of
resources, as well as exploring gates in one of the many potential degrees of freedom that can be harnessed in
single-photons.

In order to implement an efficient photonic circuit for C{%’ in the OAM degree-of-freedom via a qudit
encoding, high-dimensional quantum gates with high success probability are required. These include single-
qudit gates, which have been well developed for the OAM of a single photon, i.e., Pauli X- [37, 41, 43]
and Z-gates [42], and non-local two-qudit quantum gates, which include two-qudit quantum controlled-phase
gates or two-qudit quantum controlled-cyclic (permutation) gates. All of these non-local quantum gates are
conditioned on the highest state |d — 1) of the control qudit with computational basis {|m) }m—0.1,...d—1-

Here we are interested in performing two-qudit gates in the subspace spanned by the OAM modes
{Ilm)}m=01,.d,—1 and {|m)}m=01, . 4,—1 of two photons, where d; and dy are any (integer) dimensions.
The main idea of our proposal for a potential experimental implementation is shown in Fig. 2 (a).

(a) Two-qudit CPF (b) Sorter (S) (c) Elements

o— 8§ 1 §rl—s Q02,4 65y | OAMBS L€ Zx Y
{11),13), 15),17)} 10— 1?55( z;)) »

g + 1) X 2!
|<L> B loima |2 L [ 0), 1510, [4) m |2k + 1) x 27)
f ~ ' |2k % 25)
|0y+/m,)

my] D Hologram
P {13),17)} {10y, 14)}

n—S, T TS l— | . 4-8 1+ o)

lp) = (10,0) + 10, mz) + |my, 0) — |my, M), my = 21082(d1=DI ) = 2llog2(d2-1)]

Figure 2: Experimental scheme for realizing a two-qudit CPF gate in the OAM degree-of-freedom of two
photons. (a) The setup has three main parts representing the two subsystems in question, control (upper part)
and target (lower part), as well as an auxiliary state |¢) in a two-qubit subspace spanned by two OAM modes (|0)
and |my), as well as |0) and |mg), respectively) each of two additional photons, here shown for arbitrary local
dimension d. The control and target parts each consist of single-photon input states |C') and |T') that are fed into
OAM sorters S7 and Sy, respectively, which split pairs of the different OAM modes into orthogonal spatial modes.
There are [log2 (d1j2 — l)J + 1 outputs from the sorter Sy/5. For each of these parts, the paths corresponding to

the pair of OAM modes |d;/; — 1 — 9llog2 (d1/2=1)] ) and |d; /5 — 1), respectively, are each combined with one of
the photons of |¢) (normalization not shown) on additional OAM beam splitters (OAM-BS) m; = 2llog2 (d1—=1)]
and my = 2U1982 (2= regpectively. One of the output paths of each OAM-BS is then projected onto an equally
weighted superposition of [0) and |my/2), while the remaining output paths of the OAM-BSs are fed back into a
final inverse OAM-sorter operation 51_/12 that recombines the different paths into a single path. (b) Example for OAM

sorter S in dimension eight (d = 8) realized by a combination of two OAM-BSs [labeled by 2¢ = 1 and 2¢ = 2 with
i =0 and ¢ = 1, respectively, as shown in (c)] and two holograms [for {; = —1 and £y = —2 as shown in (c)]. The
first OAM-BS (2! = 1, i € Z°%) separates the modes |0), |2), |4), and |6) from |1), |3), |5), and |7). The first
hologram (¢o = —1) shifts the latter modes to |0), |2), [4), and |6), before the second OAM-BS (2! = 2) separates
[0) and |4) (formerly |1) and |5)) from |2) and |6) (formerly |3) and |7)). The second hologram (¢, = —2) then
maps |2) and |6) to |0) and |4), originally corresponding to |d — 1 — 2l1982 (@=1DJ) — |3} and |d — 1) = | 7). (c)
Two basic elements: OAM beam splitters (OAM-BSs) and holograms. The label i determines the sorting property of
the OAM-BS. Holograms shift the azimuthal quantum number of the OAM modes fixed amount. For details about
the structure of OAM-BS see Fig. 3 (b).
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Figure 3: Experimental scheme for two-qudit controlled phase flip in the OAM of two photons with eight
dimensions. (a) Experimental setup. 10 OAM-BSs (blue boxes) together with holograms (thick, black, vertical lines)
are used in the setup. A two-qubit Bell state is necessary for facilitating the interaction between the two photons.
(b) Structure of the OAM-BS. The OAM-BS works for sorting OAM modes, the sorting property is determined by i,
which is related to the rotation angle « of the Dove prism.

The operation .S splits modes from one path into multiple paths, while S~! does the opposite, regrouping all
modes into a single path. First, the input photon goes through S, which sends the highest mode |d — 1) to its
own path together with the mode |d — 1 — 21°%2 (<=1} by using [log, (d — 1) | OAM-BSs and |log, (d — 1)
holograms. Subsequently, |d — 1) and |d — 1 — 2°%2 (4=DJ) are combined with a photon from the Bell state
|¢) in an OAM-BS. Finally, the operation S~—! recombines all modes into one single path. The gate works
if two single-photon detectors click at the same time with probability of 1/4 (due to the auxiliary Bell state,
normalization not shown). As an example, we show the operation S for dimensions d = 8 in Fig. 2 (b). The
highest mode | 7) and mode |3) are split into their own paths and enter into an OAM-BS together with another
photon (red) from the auxiliary state. Afterward, all modes are routed into one single path via S~!. The opera-
tion S consists of multiple OAM-BSs and holograms, as shown in Fig. 2 (c). An OAM-BS is an interferometer
containing two Dove prisms [51], see Fig. 3. The operations S and S~! features a high symmetry: S~!is a
mirror reflection of S, with an inversion of the hologram values.

There are two basic elements in the setup: holograms and OAM beam splitters, each of which has a finite
(below 1) fidelity, meaning an advantage can only materialise in high dimensions if one needs at most a log-
arithmic number of these elements for a specific gate. And indeed, the number N (d, /o) of OAM-BSs scales
logarithmically with d; and ds:

N(dy/2) =2 % ([logy (d1 — 1) + [logy (d2 — 1)]) + 2, (3)

where N (d, /) is an upper bound obtained by studying a simple setup. For certain circuits, we know the actual
number can still be lower. In the case of two eight-dimensional qudits, the complete C1®) can be achieved with

10 OAM-BSs, as shown in Fig. 3.

Remarkably, the probability of success is 1/4, irrespective of the dimension. Therefore, the efficiency of the
circuit increases significantly when using higher-dimensional gates. It is also interesting to implement such
gates in other degrees of freedom of photons, such as path.
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B Trapped ion implementation

In Fig. 4, we provide a circuit for the implementation of a four-qubit CPF gate C\y using either four qubits, or
2 qudits.

- - Y(m2)HvsHvs Hvs s HY (-r72) -

3 { ISHM“} {\ lSHI\[?} Y ()

Figure 4: Trapped-ion circuits for implementing a four-qubit CPF gate Cé,%). Implementations are shown for
(a) 4 qubits with auxiliary level, or (b) two qudits that encode 2 qubits each. In both cases only two-level entangling
operations are used, where each yellow gate corresponds to a Mglmer-Sgrensen (MS) gate with rotation angle /2,
which is maximally entangling for qubits. The local rotations are X or Y rotations with acting on the subspace
indicated in the superscript (and color coding), where operations without superscript act on the 01-subspace of the
original qubits. Note that, while using auxiliary levels enables a reduction to only 5 non-local gates, those gates
require larger rotation angles and thus come with an increased experimental cost per gate. Even taking this into
account the qudit-assisted circuit is expected to perform slightly better than a pure qubit circuit. In case (b) each
ion occupies a 5-dimensional Hilbert space and encodes two qubits. Exploiting again the auxiliary level, only a single
non-local gate is required.
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6 Conclusion

Quantum information theory developed naturally around the qubit—the simplest quantum system and a
direct analogue of the classical bit. The bit is a canonical abstraction in classical computation: minimal, uni-
versal, and mathematically sufficient to represent any logic. Yet this analogy has limits. Classical information
theory belongs to pure mathematics, while quantum information theory is a theory in physics. As such, it
must ultimately reflect how information is represented and manipulated in the physical world.

When we look to nature, we find that the systems used to store and process quantum information—photonic
modes, trapped ions, superconducting circuits—are rarely restricted to two levels. They are inherently
multilevel. This observation motivates the study of high-dimensional quantum information theory, where
qudits, rather than qubits, are treated as the natural units of the theory. The qubit remains an elegant
abstraction, but from the standpoint of physics, the restriction to two levels is a matter of convenience, not of
principle.

The results presented here form part of this broader effort to build a systematic framework for high-
dimensional quantum information theory. We examine how core concepts generalize when local dimension
increases: monogamy and entropy make hidden dimension-dependence explicit without losing conceptual
meaning; finite-function encoding identifies structural invariants by extending phase encodings beyond the
graphical regime; and circuit compression shows that aligning formal structure with multilevel hardware
yields practical reductions in nonlocal cost even without asymptotic speedups.

Viewed this way, the qudit is not a mere higher-dimensional qubit but the natural unit of a physical theory
of information—one that recognizes dimension as an intrinsic feature of the systems it seeks to describe.
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