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Abstract

In this work, we explore the asymptotic properties of certain dynamical systems (i.e., continuous-time
methods or schemes) and of certain numerical algorithms (i.e., discrete-time methods or schemes) at-
tached to convex optimization problems and to monotone inclusion problems. More precisely, in the
framework of a real Hilbert space, we study: i) the link which exists between the Heavy Ball dynamics
and the Nesterov accelerated gradient dynamics, both in the optimization setting and in the mono-
tone operator setting; ii) a second-order system attached to an inclusion problem with a maximally
monotone+cocoercive structure; iii) a second-order primal-dual dynamical system attached to a linearly
constrained convex minimization problem; and iv) two algorithms devised to solve a hierarchical min-
imization problem, that is, minimizing and outer function subject to the set of minimizers of an inner
function, where both inner and outer functions are convex and have a smooth+nonsmooth structure.
In every case, we derive convergence rates for the appropriate objects (e.g., the norm of the governing
operator along the generated trajectories or iterates in the monotone operator setting, and the functional
values along the trajectories or iterates in the optimization setting) and establish weak convergence of
the trajectories or iterates towards solution of the corresponding problem. Weak convergence is often
the best we can expect, in the context of a (possibly) infinite-dimensional Hilbert space.

At the core of our work lies a so-called asymptotically vanishing coefficient which damps the velocity in
our second-order continuous-time schemes. When such schemes are discretized, they result in numerical
algorithms with momentum, that is, where we take into account the direction defined by the current and
the previous iterate to define the new iterate. Ever since the seminal 1983 paper by Y. Nesterov, it has
observed that this vanishing damping has accelerating effects not only in convex optimization, but also
reaching into monotone operator theory. The systems and algorithms which we study add to the already
considerable amount of evidence on the usefulness of considering such a damping.



Zusammenfassung

In dieser Arbeit untersuchen wir die asymptotischen Eigenschaften bestimmter dynamischer Systeme (d.
h. zeitkontinuierlicher Methoden oder Verfahren) und bestimmter numerischer Algorithmen (d. h. zeitdis-
kreter Methoden oder Verfahren) im Zusammenhang mit konvexen Optimierungsproblemen und mono-
tonen Inklusionsproblemen. Genauer gesagt untersuchen wir im Rahmen eines realen Hilbert-Raums: i)
die Verbindung zwischen der Heavy-Ball-Dynamik und der beschleunigten Nesterov-Gradientendynamik
sowohl im Optimierungs- als auch im monotonen Operator-Kontext; ii) ein System zweiter Ordnung im
Zusammenhang mit einem Inklusionsproblem mit maximal monotoner+kokoerzitiver Struktur; iii) ein
primalduales dynamisches System zweiter Ordnung im Zusammenhang mit einem linear beschränkten
konvexen Minimierungsproblem; und iv) zwei Algorithmen zur Lösung eines hierarchischen Minimie-
rungsproblems, d. h. der Minimierung einer äußeren Funktion in Abhängigkeit von der Menge der Mi-
nimierer einer inneren Funktion, wobei sowohl die innere als auch die äußere Funktion konvex sind und
eine glatte+nichtglatte Struktur aufweisen. In jedem Fall leiten wir Konvergenzraten für die entspre-
chenden Objekte ab (z. B. die Norm des maßgeblichen Operators entlang der generierten Trajektorien
oder Iterationen im monotonen Operator-Setting und die Funktionswerte entlang der Trajektorien oder
Iterationen im Optimierungs-Setting) und stellen eine schwache Konvergenz der Trajektorien oder Itera-
tionen in Richtung der Lösung des entsprechenden Problems fest. Schwache Konvergenz ist oft das Beste,
was wir im Kontext eines (möglicherweise) unendlichdimensionalen Hilbert-Raums erwarten können.

Im Mittelpunkt unserer Arbeit steht ein sogenannter asymptotisch verschwindender Koeffizient, der
die Geschwindigkeit in unseren zeitkontinuierlichen Verfahren zweiter Ordnung dämpft. Werden solche
Verfahren diskretisiert, resultieren sie in numerischen Algorithmen mit Impuls, d. h., wir berücksich-
tigen die durch das aktuelle und das vorherige Iterationsmuster definierte Richtung bei der Definition
des neuen Iterationsmusters. Seit der bahnbrechenden Arbeit von Y. Nesterov aus dem Jahr 1983 ist
bekannt, dass diese verschwindende Dämpfung nicht nur in der konvexen Optimierung, sondern auch
in der monotonen Operatortheorie beschleunigende Effekte hat. Die von uns untersuchten Systeme und
Algorithmen ergänzen die bereits vorhandenen Belege für die Nützlichkeit der Berücksichtigung einer
solchen Dämpfung.
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Chapter 1

Introduction

1.1 The story so far
Mathematical optimization is a vast field which encompasses a plethora of subfields, each with its own
history. This thesis touches topics both within optimization and monotone operator theory, two areas of
mathematics which are tightly interlinked and which have seen tremendous interest and progress since
the early 1960s, having found applications in a wide array of disciplines, including mechanics, economics,
partial differential equations, information theory, approximation theory, signal and image processing,
game theory, optimal transport theory, probability and statistics, and machine learning.

Specifically, this work explores continuous- and discrete-time methods (not to be confused with contin-
uous and discrete optimization) suited for two classes of problems: i) convex optimization and ii) finding
the roots or zeros of a maximally monotone operator (also known as a monotone inclusion problem). In
the following, we will give an overview of the results this thesis builds and expands upon.

1.1.1 Unconstrained minimization
A good place to start is the age-old global minimization problem. In a real Hilbert space H, for a convex
and differentiable function f : H → R, consider

min f(x),
subject to x ∈ H,

(1.1)

which we assume to have a solution. Perhaps the most known approach to solve (1.1) is the gradient
descent method, namely, starting from an initial point x0 ∈ H, we iteratively define, for every k ≥ 0,

xk+1 = xk − s∇f(xk), (1.2)

where s > 0 is some stepsize. It is known that if ∇f is L-Lipschitz continuous, with L > 0, then
taking s ∈ (0, 2/L) guarantees that f(xk) − min f = o(1/k) and ‖∇f(xk)‖ = o(1/k) as k → +∞.
Furthermore, xk converges weakly to a solution to (1.1) as k → +∞. It is worth mentioning that there
exist workarounds if the Lipschitz constant is unknown beforehand; namely, where the stepsize is defined
adaptively. For such an algorithm, we refer the reader to the work by Traoré and Pauwels [97].

In a seminal paper in 1983, Nesterov proposed a simple but fundamental change in the algorithm,
with far-reaching consequences. Instead of ditching the iterate xk−1 we keep it and go along the direction
of xk − xk−1 before executing the gradient step: given initial points x0, x1 ∈ H, one version of Nesterov’s
algorithm may be expressed, for every k ≥ 1, as⎧⎨⎩yk = xk +

k − 1
k + 2

(xk − xk−1),

xk+1 = yk − s∇f(yk).
(1.3)

At no extra computational complexity, choosing s ∈ (0, 1/L] ensures the convergence rate f(xk)−min f =
O(1/k2) as k → +∞. The previous is not the original form of Nesterov’s algorithm, which has a more
involved coefficient accompanying xk − xk−1, but which asymptotically approaches k−1

k+2 . The reason to
have (1.6) is because of the connection with its corresponding continuous-time counterpart, which we
will present shortly.
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The gradient descent algorithm (1.2) may be regarded as a discrete-time version of a corresponding
continuous-time dynamical system. Indeed, given some initial time t0, for t ≥ t0 consider

ẋ(t) + ∇f(x(t)) = 0. (1.4)

A straightforward Eulerian discretization of (1.4), i.e., approximating x(t) ≈ xk and ẋ(t) ≈ xk+1−xk

s , will
yield back (1.2). What is remarkable is that the dynamics (1.4) enjoy the same convergence properties
as the gradient descent algorithm; namely, for any trajectory t 	→ x(t) solution to (1.4) it holds f(x(t))−
min f = o(1/t) and

∥∥ẋ(t)
∥∥ = ‖∇f(x(t))‖ = o(1/t) as t → +∞. Furthermore, x(t) converges weakly to a

solution to (1.1) as t → +∞.
It turns out that a similar statement may be said for Nesterov’s accelerated gradient algorithm. In

2014, Su, Boyd and Candès [94] provided a continuous-time analog to (1.3). By assuming that the
iterates xk arise from a smooth curve x(t) through the approximation xk ≈ x(k

√
s), the authors showed

that a limit process as s → 0 gives rise to the following second-order differential equation: for t ≥ t0 > 0,

ẍ(t) +
3
t
ẋ(t) + ∇f(x(t)) = 0. (1.5)

The “magic” constant 3 in the coefficient 3
t comes from the fact that k−1

k+2 ≈ 1 − 3
k for large enough k.

Again, the properties of the numerical algorithm carry over to the continuous-time setting: any solution
t 	→ x(t) to (1.5) satisfies f(x(t)) − min f = O(1/t2) as t → +∞. In fact, they showed that the same
rate holds for any solution to

ẍ(t) +
α

t
ẋ(t) + ∇f(x(t)) = 0, (1.6)

where α ≥ 3. The weak convergence of the trajectories towards solutions to (1.1) when α > 3 has been
shown by Attouch, Chbani, Peypouquet and Redont [11] and May [76], together with the improved rate
of convergence f(x(t)) − min f = o(1/t2) and

∥∥ẋ(t)
∥∥ = o(1/t) as t → +∞. Meaningful convergence

rates may also be derived in the subcritical case α < 3, as shown by Attouch, Chbani and Riahi [16]. In
addition to the viscous term α

t damping the velocity, the following system with Hessian-driven damping
was considered by Attouch, Peypouquet and Redont in [26]

ẍ(t) +
α

t
ẋ(t) + ξ∇2f(x(t))ẋ(t) + ∇f(x(t)) = 0, (1.7)

where ξ ≥ 0. While preserving the fast convergence properties of (1.6), the Hessian-driven damping term
reduces in practice the oscillatory aspect of the trajectories when ξ > 0.

In [15, 14], Attouch, Chbani and Riahi analyzed a more general version of (1.6) which reads, for
t ≥ t0 > 0,

ẍ(t) +
α

t
ẋ(t) + β(t)∇f(x(t)) = 0, (1.8)

where β : [t0, +∞) → R++ is differentiable and nondecreasing. They explain how the presence of β
can be interpreted as the result of a time reparametrization of (1.6), which can yield faster convergence
rates for the functional values provided β is correctly chosen. More specifically, if β satisfies the growth
condition

sup
t≥t0

tβ̇(t)
β(t)

≤ α − 3, (1.9)

then it enters the convergence rates of the functional values as f(x(t))−min f = O(1/t2β(t)) as t → +∞.
The convergence rate is actually little-o fast if (1.9) is a strict inequality. It is worth pointing out that,
while β can clearly accelerate the convergence rates in the continuous-time setting, the only explicit
discretization of (1.8) we can have is for the case β(t) ≡ 1. The trade-off for benefiting from the
accelerating effects of a parameter βk which approaches infinity as k → +∞ is having to compute (often
expensive) a proximal evaluation of f at each step, as opposed to directly evaluating ∇f .

Attouch, Chbani and Riahi [14] addressed the more general so-called inertial gradient system, for
t ≥ t0 > 0,

ẍ(t) + γ(t)ẋ(t) + β(t)∇f(x(t)) = 0, (1.10)

where convergence rates depending only on γ(·) and β(·) can be ensured for the functional values provided
these parameters satisfy a growth condition akin to (1.9), but which also involves γ.

If we combine the ideas from (1.7) and (1.10) we obtain, for t ≥ t0 > 0,

ẍ(t) +
α

t
ẋ(t) + ξ(t)∇2f(x(t))ẋ(t) + β(t)∇f(x(t)) = 0, (1.11)
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which was studied by Attouch, Chbani, Fadili and Riahi [19]. Again, meaningful convergence rates can
be ensured under a growth condition which only involves ξ(·) and β(·).

The so-called asymptotically vanishing damping term α
t is at the heart of this thesis. As we will see

later, the presence of such a term has had tremendous success in producing dynamics with fast conver-
gence properties, with far-reaching effects that go beyond the optimization setting and into monotone
operator theory.

Before we move to constrained optimization, we mention another landmark in the chapter of second-
order dynamics attached to (1.1). The Heavy Ball dynamics, which read, for t ≥ t0 ≥ 0,

ẍ(t) + λẋ(t) + ∇f(x(t)) = 0, (1.12)

were first introduced by Polyak [86, 85]. The name comes from the mechanical interpretation of this
system: x(t) describes the horizontal position of an object which moves alongside the graph of the
function f in a medium with viscous friction coefficient λ > 0. For more details about this derivation,
we refer the reader to [21]. Álvarez [2] first showed in 2000 that any trajectory x(t) generated by the
Heavy Ball dynamics satisfies f(x(t)) → min f and converges weakly to a global minimizer of f as
t → +∞. Later, it was proved that the functional values actually exhibit a rate f(x(t)) − min f = O ( 1

t

)
as t → +∞. Again, we emphasize the accelerating effect of the vanishing damping α

t on the rates for
the functional values, as opposed to a constant friction λ.

1.1.2 Linearly constrained minimization
So far, we have mentioned some fundamental contributions pertaining to the world of unconstrained
optimization, i.e., where the feasible set is the entire Hilbert space H. In the following, we will see how
the accelerating effects of the damping α

t carry over to the constrained optimization setting. We start
with the large class of problems

min f(x),
subject to Ax = b,

(1.13)

where X , Y are real Hilbert spaces, f : X → R is convex and continuously differentiable, and A :
X → Y is a continuous linear operator, with b ∈ Y. This model formulation underlies many important
applications in various areas, such as image recovery [58], machine learning [44, 73], the energy dispatch
of power grids [99, 100], distributed optimization [74, 103] and network optimization [91, 102]. In
order to approach constrained optimization problems, Augmented Lagrangian Method (ALM) [88] (for
linearly constrained problems) and Alternating Direction Method of Multipliers (ADMM) [57, 44] (for
problems with separable objectives and block variables linearly coupled in the constraints) and some of
their variants have been shown to enjoy substantial success. Continuous-time approaches for structured
convex minimization problems formulated in the spirit of the full splitting paradigm have been recently
addressed in [38] and, closely connected to our approach, in [102, 63, 18, 43]. The temporal discretization
resulting from these dynamics gives rise to the numerical algorithm with fast convergence rates [64, 65]
and with a convergence guarantee for the generated iterate [39], without additional assumptions such as
strong convexity.

We may approach (1.13) by means of the Lagrangian formulation of the problem. Attached to this
problem, the function L : X × Y → R given by

L(x, λ) := f(x) + 〈λ, Ax − b〉

is convex on x and concave on λ, i.e., L(·, λ) is convex for every λ ∈ Y and L(x, ·) is concave for every
x ∈ X . The set of saddle points of L, which we denote by S, consists of the pairs (x∗, λ∗) ∈ X × Y such
that

L(x∗, λ) ≤ L(x∗, λ∗) ≤ L(x, λ∗).

for every (x, λ) ∈ X × Y. To be able to mention meaningful results, we of course need to assume that
S �= ∅. Notice that

(x∗, λ∗) ∈ S ⇔
{

∇xL(x∗, λ∗) = 0
−∇λL(x∗, λ∗) = 0

⇔
{

∇f(x∗) + A∗λ∗ = 0
b − Ax∗ = 0

, (1.14)

where A∗ : Y → X denotes the adjoint operator of A. In other words, S is precisely the set of primal-dual
solutions to (1.13), i.e., pairs (x∗, λ∗) where x∗ is an optimal solution to (1.13) and λ∗ is a solution to
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the Lagrange dual problem. If x∗ is an optimal solution to (1.13) and a suitable constraint qualification
is fulfilled, then there exists a solution λ∗ ∈ Y to the Lagrange dual problem such that (x∗, λ∗) is a
primal-dual solution to (1.13). For details and insights into the topic of constraint qualifications for
convex duality we refer to [28, 32]. We call F := {x ∈ X : Ax = b} the set of feasible points of (1.13).
For μ ≥ 0, we consider also the augmented Lagrangian Lμ : X × Y → R associated with (1.13)

Lμ(x, λ) := L(x, λ) +
μ

2
‖Ax − b‖2 = f(x) + 〈λ, Ax − b〉 +

μ

2
‖Ax − b‖2. (1.15)

For every (x, λ) ∈ F × Y it holds
f(x) = Lμ(x, λ) = L(x, λ). (1.16)

If (x∗, λ∗) ∈ S, then for every (x, λ) ∈ X × Y we have

L(x∗, λ) = Lμ(x∗, λ) ≤ L(x∗, λ∗) = Lμ(x∗, λ∗) ≤ L(x, λ∗) ≤ Lμ(x, λ∗).

In addition, from (1.14) we have

(x∗, λ∗) ∈ S ⇔
{

∇f(x∗) + A∗λ∗ = 0,

Ax∗ − b = 0
⇔

{
∇f(x∗) + A∗λ∗ + μA∗(Ax∗ − b) = 0,

Ax∗ − b = 0

⇔
{

∇xLμ(x∗, λ∗) = 0,

∇λLμ(x∗, λ∗) = 0.

In other words, for any μ ≥ 0 the sets of saddle points of L and Lμ are identical.
The previous considerations give rise to the following primal-dual dynamical system attached to

(1.13), which for t ≥ t0 > 0 reads⎧⎪⎨⎪⎩
ẍ(t) + γ(t)ẋ(t) + β(t)∇xLμ

(
x(t), λ(t) + θ(t)λ̇(t)

)
= 0,

λ̈(t) + γ(t)λ̇(t) − β(t)∇λLμ

(
x(t) + θ(t)ẋ(t), λ(t)

)
= 0.

(1.17)

We mention now some notable instances of these dynamics which are relevant to our work. The case
with general parameters γ(·), β(·) and θ(·) was addressed by Attouch, Chbani, Fadili, and Riahi [18] and
He, Hu and Fang [63]. The case where γ(t) = α

tr and θ(t) = θts was studied by He, Hu and Fang [66].
Of particular interest to us are the choices γ(t) = α

t , θ(t) = θt and β(t) ≡ 1: this setting was studied
by Zeng, Lei and Chen [102]. It was also addressed by Bot, and Nguyen [43], and to the best of our
knowledge, they were the first to produce simultaneous fast convergence rates for the functional values,
the primal-dual gap, and the feasibility measure of the trajectories: as t → +∞, they showed that

|f(x(t)) − f(x∗)| = O
(

1
t2

)
, L(x(t), λ∗) − L(x∗, λ(t)) = O

(
1
t2

)
and ‖Ax(t) − b‖ = O

(
1
t2

)
,

as well as the weak convergence of (x(t), λ(t)) towards a primal-dual solution to (1.13). These rates
evidence that the viscous damping α

t is also successful in producing fast convergent dynamics in linearly
constrained optimization. The role of the extrapolation parameter θ(·) is to induce more flexibility in
the dynamical system and in the associated discrete schemes, as it has been recently noticed in [18,
13, 63, 102]. The time scaling function β(·) has the role to further improve the rates of convergence
of the objective function value along the trajectory, as it was noticed in the context of unconstrained
minimization problems in [19, 15, 14] and of linearly constrained minimization problems in [18, 66].
Again, just like in the unconstrained case, we emphasize that only the choice β(t) ≡ 1 will yield explicit
meaningful numerical algorithms. Such an explicit algorithm was formulated in [39], where Bot, , Csetnek
and Nguyen provided a discretization of the system in [43], with identical O(1/k2) convergence rates
of the functional values, primal-dual gap and feasibility measure along the iterates, as well as weak
convergence of the iterates towards a primal-dual solution to (1.13).

1.1.3 Hierarchical optimization
Another large class of constrained optimization problems stems from having the feasible sets given by the
minimizers of another convex function. This problem often goes by the name of simple bilevel optimiza-
tion (to emphasize the difference with follower-leader bilevel optimization) or hierarchical optimization.
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The problem can be formulated as

min H(x) := h(x) + ĥ(x),
subject to x ∈ argminz∈H F (z) := f(z) + f̂(z),

(1.18)

where f, h : H → R are convex and continuously differentiable, and f̂ , ĥ : H → R are proper, convex
and lower semicontinuous. Bilevel optimization originated in economic game theory in the 50s [53], and
found enormous application in modern applied mathematics, such as in hyperparameter optimization
[70, 47], meta-learning [87], and reinforcement learning [31], see [53] and the references therein for a
comprehensive account.

A classical approach to tackle (1.18) is by an approximation argument, the so-called viscosity method
[7, 6]. This method consists of replacing (1.18) with the regularized optimization problem

min
x∈H

F (x) + εH(x), for ε > 0, (1.19)

and recovering a solution to (1.18) by considering (weak) cluster points of minimizers of (1.19) as ε → 0.
This classical approach appears across a wide range of mathematical disciplines, including the calculus of
variations [55], numerical linear algebra [49], optimal transport [52], control theory and partial differential
equations [50], among others. Its origins trace back to the work of Tikhonov [96] in the context of ill-
posed linear problems, where the regularization term takes the form H := ‖ · ‖2. While in the so-called
exact penalization setting [56], solving (1.19) for ε small enough actually yields solutions to (1.18), such
a threshold is usually not known a-priori. Thus, successive solutions of (1.19) with ε ≡ εk and εk → 0
as k → +∞ are needed to approach a solution to (1.18). Quite surprisingly, it turns out that we can
replace these successive minimization problems by a single iteration of a minimization algorithm. This
defines the so-called diagonal or Tikhonov methods.

The first breakthrough in this direction was proposed by Cabot in [45], who replaced the minimization
oracle (1.19) with a proximal step on (1.19) and highlighted the role of a slow-vanishing behavior of
(εk)k∈N. Later, Solodov provided the first gradient-type algorithm [92] designed for solving (1.18) with
ĥ = 0 and f̂ = δD, where D ⊆ H is a nonempty, convex and closed set and δD denotes its indicator
function. In the smooth setting, i.e., ĥ = f̂ = 0, these methods can be understood as a discretization of
the dynamical system, which for t ≥ t0 ≥ 0 reads

ẋ(t) + ∇f(x(t)) + ε(t)∇h(x(t)) = 0, (1.20)

where ε : [t0, +∞) → R++ is a vanishing regularization function. Observe that indeed (1.20) can be
seen as a gradient flow applied to (1.19) with a vanishing parameter function t 	→ ε(t). The convergence
of (1.20) has been first established by Attouch and Czarnecki in [20], who showed that, under a certain
growth condition on f , x(t) converges weakly to an optimal solution of (1.18) with a convergence rate
for f(x(t)) − min f expressed in terms of ε(t), cf. [20, Theorem 5.1]. More recently, by replacing ∇f
with a general monotone and Lipschitz continuous operators and setting h := 1

2 ‖ · ‖2, (1.20) and some of
its discretizations have gained renewed interest for their ability to yield strong convergence toward the
minimal norm solution, as well as their connection to Halpern-type methods [89, 72, 101], see also [33,
35].

Building on the work of Cabot and Solodov, Peypouquet proposed in [84] an adaptation of the
Attouch–Czarnecki condition [20] for gradient systems, establishing weak convergence of the generated
sequence to a solution of (1.18). In finite-dimensional settings, convergence results can still be ob-
tained under milder assumptions, e.g., coercivity of H, even in the general framework of (1.18). For
example, [77], which complements and extends [68], highlights an inherent trade-off between inner and
outer function performance. Recently, backtracking strategies have been developed for functions with
merely locally Lipschitz continuous gradients [71]. Additional notable extensions (without claiming to
be exhaustive) include bundle methods [93], cutting plane approaches [46], and algorithms tailored for
variational inequality inner problems [68].

Building on this rationale, Merchav, Sabach, and Teboulle [78] were the first to observe that applying
a single iteration of Nesterov’s fast gradient method, or FISTA in the composite (smooth + non-smooth)
setting, to (1.19) can accelerate convergence, while still generating sequences that converge weakly to
solutions of (1.18). In continuous time, these methods can be interpreted as discretizations of the
dynamical system [94], which for t ≥ t0 > 0 reads

ẍ(t) +
α

t
ẋ(t) + ∇f(x(t)) + ε(t)∇h(x(t)) = 0, (1.21)
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where α > 3. This system is known to provide a theoretical foundation for analyzing corresponding
discrete numerical algorithms, including those involving non-smooth proximal terms.

1.1.4 Finding zeros of maximally monotone operators
So far we have talked about methods designed to tackle problems in convex optimization. It turns out
that many of the techniques that work in optimization directly carry over or at least have a close analog
suited for the world of maximally monotone operators. As we remarked before, an especially important
role is played by the viscous damping coefficient α

t .
A good way to introduce monotone operators is to think about gradients: for any differentiable and

convex function f : H → R, it for every x, y ∈ H it holds

〈x − y, ∇f(x) − ∇f(y)〉 ≥ 0.

Any map M : H → H which satisfies the above inequality is called a monotone operator. We also allow
them to be multivalued, i.e., M(x) ∈ 2H for every x ∈ H, in which case the definition just generalizes
to 〈x − y, u − v〉 ≥ 0 whenever x, y ∈ H and u ∈ M(x), v ∈ M(y). This extension allows us to fit a
further large class of operators into this definition: namely, if f : H → R is proper, convex and lower
semicontinuous, then its subgradient ∂f : H → 2H is not only monotone, but maximally so, meaning it
cannot be properly extended to a larger monotone operator. For this class of functions, Fermat’s rule
tells us that a point x∗ is a global minimizer of f if and only if 0 ∈ ∂f(x∗).

We have already gathered some evidence as to the importance of addressing monotone inclusion
problems, i.e., finding the zeros of a maximally monotone operator:

0 ∈ M(x). (1.22)

However, (1.22) goes beyond the gradient or subgradient setting. Since we already discussed the class
of linearly constrained minimization problems, we seize this opportunity to make the case for monotone
operators which do not arise from a potential. We said that (under a mild constraint qualification)
solving (1.13) was equivalent to finding the saddle points of the associated Lagrangian L. This is in turn
equivalent to finding a pair (x∗, λ∗) ∈ X ×Y such that 0 = ∇xL(x∗, λ∗) and 0 = −∇λL(x∗, λ∗). In other
words, we are interested in finding the zeros of the map M : X × Y → X × Y given by

M(x, λ) =
(

∇xL(x, λ), −∇λL(x, λ)
)

. (1.23)

In general, for a convex-concave function L : X × Y → R, the saddle point problem

min
x∈X

max
λ∈Y

L(x, λ) (1.24)

has a corresponding attached saddle point operator (1.23) which does not come from a potential, i.e., there
is no convex function F : X × Y → R such that ∇F = M . Thus, formulation (1.22) already encompasses
a wider spectrum of problems than optimization. Indeed, both (1.22) and (1.24) are fundamental models
in various fields such as optimization (as we have just previously remarked), economics, game theory
and partial differential equations. They have recently regained significant attention, in particular in
the machine learning and data science community, due to the fundamental role they play, for instance,
in multi-agent reinforcement learning [81], robust adversarial learning [75] and generative adversarial
networks (GANs) [30, 59].

Given a continuous and monotone operator M : H → H, we may ask ourselves if the gradient flow
dynamics (1.4) also work in the monotone operator world: attached to (1.22), consider

ẋ(t) + M(x(t)) = 0. (1.25)

It turns out that the only way to ensure weak convergence of the trajectories generated by this system
towards solutions to (1.25) is to ask that M fulfills a stronger assumption: namely, we ask M to be
ρ-cocoercive, i.e., for ρ > 0 it holds ρ‖M(x) − M(y)‖2 ≤ 〈x − y, M(x) − M(y)〉 for every x, y ∈ H. For a
proof for this result, we refer the readers to the work by Attouch, Bot, and Nguyen [9], where the authors
additionally show that any solution t 	→ x(t) to (1.25) also fulfills ‖M(x(t))‖ = o(1/

√
t) as t → +∞. In

the general case when M is not necessarily cocoercive, weak convergence only holds in an ergodic sense,
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i.e., it holds for the trajectory x(t) := 1
t

∫ t

0 x(s)ds. For a simple counterexample, consider the solutions
to (1.25) for the case

M =
[
0 −1
1 0

]
, where one solution is given by x(t) =

[
sin(t)
cos(t)

]
,

which evidently does not weakly converge to a zero of M as t → +∞. For more information and
counterexamples related to system (1.25), we refer the reader to [48].

Notably, as shown by Attouch and Svaiter in [27], by adding a correction term which is the time
derivative of the operator along the trajectory, i.e., for t ≥ t0 ≥ 0,

λ(t)ẋ(t) +
d

dt
M(x(t)) + M(x(t)) = 0, (1.26)

where λ(·) is a positive function, then even in the case of a monotone operator M which is not necessarily
cocoercive any trajectory t 	→ x(t) generated by this system satisfies ‖M(x(t))‖ → 0 and weakly converges
to a zero of M as s → +∞. For λ constant, the previous system can be rewritten equivalently as
being of the form (1.25), but applied to the Moreau-Yosida envelope of M , a new operator given by
Mρ := 1

ρ

(
Id −(Id +ρM)−1

)
. This operator is always ρ-cocoercive and its set of zeros is identical to that

of M . We may also obtain convergence rates for ‖M(x(t))‖ by means of a similar system to (1.26):

ẋ(t) + μ(t)
d

dt
M(x(t)) + γ(t)M(x(t)) = 0, (1.27)

where under suitable assumptions for μ(·) and γ(·) we not only have weak convergence of trajectories
towards zeros of M , but also, as t → +∞,

‖M(x(t))‖ = o

⎛⎝ 1√∫ t

t0
γ(s)μ(s)ds

⎞⎠ .

There is particular case of the previous mentioned systems which merits being mentioned. If we either
take λ(t) ≡ 1 in (1.26) or μ(t) = γ(t) ≡ 1 in (1.27), we obtain the dynamics

ẋ(t) +
d

dt
M(x(t)) + M(x(t)) = 0. (1.28)

Any solution t 	→ x(t) to (1.28) satisfies ‖M(x(t))‖ = o(1/
√

t) as t → +∞, and x(t) converges weakly to
a zero of M as t → +∞. System (1.28) can then be considered as the “proper” analog to gradient flow in
the general monotone operator setting, and emphasizes the importance of the presence of the correcting
term d

dt M(x(t)), which will appear many times throughout this work. This system is also significant in
that it admits one particularly relevant discretization: the so-called Extragradient method, which for a
monotone and L-Lipschitz continuous operator M reads, starting at some initial point x0 ∈ H,{

yk = xk − sM(xk),
xk+1 = xk − sM(yk).

(1.29)

This algorithm was introduced in 1976 by Korpelevich [69] and Antipin [5]. If 0 < s < 1/L, the
generated sequence (xk)k≥1 converges weakly towards a zero of M . The question of a last iterate rate
of convergence was answered only recently by Gorbunov, Loizou and Gidel [60], where they showed that
‖M(xk)‖ = O(1/

√
k) as k → +∞.

Let us remark the importance of this convergence rate: as in the monotone operator setting there is
often no function giving rise to M (as we have just previously noted with the saddle point operator) one
of the only measures of the performance of a method is to analyze the asymptotic behavior of ‖M(x(t))‖
in the continuous-time case, or of ‖M(xk)‖ for the numerical algorithms.

We observed how in the optimization realm moving from first-order to second-order dynamical systems
which feature a viscous term α

t damping the velocity was successful in producing faster converging
methods. The natural question is to ask ourselves if something similar can be said for monotone operators.
First, we mention some relevant systems which are formulated in the spirit of the Heavy Ball dynamics.
Álvarez and Attouch [3] and Attouch and Maingé [24] studied the dynamics, for t ≥ t0 ≥ 0,

ẍ(t) + μẋ(t) + M(x(t)) = 0,
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where M : H → H is ρ-cocoercive operator. They were able to prove that the solutions of this sys-
tem weakly converge to elements of zer M provided that the cocoercivity parameter ρ and the friction
coefficient μ satisfy ρμ2 > 1. In the same vein, Bot, and Csetnek [37] considered the system

ẍ(t) + μ(t)ẋ(t) + ν(t)M(x(t)) = 0, (1.30)

where M is again ρ-cocoercive. Under the assumption that μ(·) and ν(·) are locally absolutely continuous,
μ̇(t) ≤ 0 ≤ ν̇(t) for almost every t ∈ [0, +∞) and inft≥0

μ2(t)
ν(t) > 1

ρ , the authors were able to prove that
the solutions to this system converge weakly to zeros of M .

Before moving on to accelerating these systems, we mention a few results pertaining to the problem
of an additively structured monotone inclusion. Namely, given A, B : H → 2H maximally monotone,
consider the problem

0 ∈ (A + B)(x). (1.31)
For ρ > 0 and a starting point z0 ∈ H, the celebrated Douglas-Rachford algorithm may be compactly
written, for every k ≥ 0, as

zk+1 =
(

Id +RρARρB

2

)
(zk), (1.32)

where RA denotes the reflected resolvent of a monotone operator A. It is known that (cf. [28, Theorem
26.11]) if (zk)k≥0 is the sequence generated by (1.32), then zk converges weakly to a fixed point of
RρARρB as k → +∞ (say z), and that JρB(zk) converges weakly to JρB(z) ∈ zer(A + B) as k → +∞,
where JA denotes the resolvent of a monotone operator A. In [51] Csetnek, Malitsky and Tam addressed
the problem (1.31), but where B : H → H is monotone and L-Lipschitz continuous. They formulate
a dynamical system which, when discretized one way, will yield back the Douglas-Rachford algorithm
(1.32), but when discretized in a slightly different way, gives rise to a new algorithm which evaluates A
through a backward step, but B through a forward, explicit step. Namely, for ρ > 0 and starting points
x0, x1 ∈ H, their algorithm reads, for every k ≥ 1,

xk+1 = JρA(xk − ρB(xk)) − ρ(B(xk) − B(xk−1)). (1.33)

The authors show that if ρ ∈ (0, 3/L), then the sequence (xk)k≥0 generated by (1.33) converges weakly
to a point x ∈ zer(A + B); moreover, B(xk) converges weakly to B(x) as k → +∞.

As far as we know, the first analog to the accelerated gradient flow dynamics (1.6) in the operator
setting were introduced by Attouch and Peypouquet [25]. For a maximally monotone operator M :
H → 2H (i.e., not necessarily single-valued) they formulated a second-order system with asymptotically
vanishing damping governed by the Moreau-Yosida approximation Mρ(t) of M . For t ≥ t0 > 0, it reads

ẍ(t) +
α

t
ẋ(t) + Mρ(t)(x(t)) = 0, (1.34)

where α > 1 and the time-dependent regularizing parameter ρ(t) behaves like ρ(t) � t2. As well as
ensuring the weak convergence of the trajectories towards elements of zer M , choosing the regulariz-
ing parameter in such a fashion allowed the authors to obtain fast convergence of the velocities and
accelerations towards zero; namely, they show that, as t → +∞,∥∥ẍ(t)

∥∥ = O
(

1
t2

)
,

∥∥ẋ(t)
∥∥ = O

(
1
t

)
and thus ‖Mρ(t)(x(t))‖ = O

(
1
t2

)
.

If M is single-valued and continuous, we would prefer a scheme that evaluates M(x(t)) directly, rather
than through its Moreau-Yosida envelope, which is often very difficult to compute. Combining the ideas
of having a correction term like in (1.26) together with second-order and asymptotic vanishing terms like
in (1.34) and a time rescaling coefficient similar to that of (1.8) gives rise to the Fast OGDA dynamics,
which for t ≥ t0 > 0 read

ẍ(t) +
α

t
ẋ(t) + β(t)

d

dt
M(x(t)) +

1
2

(
β̇(t) +

α

t
β(t)

)
M(x(t)) = 0, (1.35)

introduced and studied by Bot, , Csetnek and Nguyen [40]. Provided that β(·) fulfills a growth condition
almost identical to (1.9) (but with α − 2 instead of α − 3), the authors show a rate of o(1/tβ(t)) for
‖M(x(t))‖ and the weak convergence of x(t) towards a zero of M as t → +∞. A remarkably special
case of this system is given when we choose β(·) ≡ 1:

ẍ(t) +
α

t
ẋ(t) +

d

dt
M(x(t)) +

α

2t
M(x(t)) = 0. (1.36)
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The authors produce an explicit discretization of (1.36) (i.e., involving only forward evaluations of M)
which for starting points x0, x1, y0 ∈ H and for every k ≥ 1 reads⎧⎪⎪⎨⎪⎪⎩

yk = xk +
(

1 − α

k + α

)
(xk − xk−1) − αs

2(k + α)
M(yk−1),

xk+1 = yk − s

2

(
1 +

k

k + α

)
(M(yk) − M(yk−1)).

(1.37)

When M is L-Lipschitz continuous, α > 2 and 0 < s < 1/2L, the authors show that the sequence
(xk)k≥2 produced by this algorithm converges weakly to a zero of M as k → +∞. Furthermore, it holds
‖M(xk)‖ = o(1/k) as k → +∞. This was a landmark result, as it was the first explicit algorithm to
achieve the fastest provable convergence rates and convergence of iterates towards zeros of the operator,
within the general class of monotone and Lipschitz continuous operators.

1.2 Structure of the the thesis
This thesis is the culmination of almost five years of work spread across five research papers, and it is
organized as follows:

• Chapter 2: provides the preliminary definitions and results that are used throughout this work;

• Chapter 3: is based on my paper in collaboration with H. Attouch, R. I. Bot, and D.-K. Nguyen
[8]. We explore a link between the Heavy Ball and the Nesterov accelerated gradient dynamics,
both in the optimization and monotone operator settings. A section of this chapter is devoted
to mentioning the main results of my work with R. I. Bot, and D.-K. Nguyen [42], where we are
concerned with a second-order dynamical with a slow vanishing damping ( α

tr , with r ∈ [0, 1])
attached to a monotone equation problem;

• Chapter 4: is based on my first paper, in collaboration with R. I. Bot, [41], and it studies the
asymptotic properties of a second-order system with asymptotically vanishing damping attached
to a monotone inclusion problem of the form 0 ∈ (A + B)(x), where A : H → 2H is maximally
monotone and B : H → H is cocoercive;

• Chapter 5: is based on my work in collaboration with D.-K. Nguyen [67], where we formulate
a second-order primal-dual dynamical system with asy vanishing damping and a time rescaling
coefficient, attached to a linearly constrained minimization problem;

• Chapter 6: is based on my paper written with R. I. Bot, , E. Chenchene and E. R. Csetnek [34],
where we analyze a first- and a second-order dynamical system, and two numerical algorithms which
arise from their respective discretizations, attached to a hierarchical or simple bilevel problem, i.e.,
where we minimize a convex outer function H subject to the set of minimizers of an inner convex
function F . Both outer and inner levels present a composite smooth+nonsmooth structure;

• Chapter 7: contains some conclusive remarks and poses some open questions for future research.
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Chapter 2

Preliminaries

In this chapter we will be laying out the theoretical foundations, i.e., the definitions, results and auxiliary
lemmas we will be using throughout this thesis. We will be working within the framework of a real
Hilbert space, often denoted by H, with its inner product and canonical norm denoted by 〈·, ·〉 and ‖ · ‖,
respectively.

2.1 Sets, functions and topology
The extended real line, which we denote by R, consists of R together with the elements −∞ and +∞,
with the added arithmetic rules

(−∞) + (+∞) = (+∞) + (−∞) = +∞,

a + (−∞) = (−∞) + a = −∞, a + (+∞) = (+∞) + a = +∞ ∀a ∈ R,

0(+∞) = (+∞)0 = +∞, 0(−∞) = (−∞)0 = 0,

a(−∞) = (−∞)a =

{
+∞ if a < 0,

−∞ if a > 0,
a(+∞) = (+∞)a =

{
−∞ if a < 0,

+∞ if a > 0.

We will denote R+ := {x ∈ R : x ≥ 0} and R++ := {x ∈ R : x > 0}.
Throughout this chapter, let f, g, fi : H → R, i ∈ I, be functions. We define the effective domain

and epigraph of f respectively by

dom f := {x ∈ H : f(x) < +∞} and epi f := {(x, r) ∈ H × R : f(x) ≤ r}.

We say that f is proper if dom f �= ∅ and f(x) > −∞ for every x ∈ H. For the sake of completeness,
we allow functions to take the values ±∞, although throughout this work only functions taking values
in R ∪ {+∞} will appear. We say that f is convex if for every x, y ∈ H and all λ ∈ [0, 1] it holds

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y).

Equivalently, f is convex if and only if its epigraph epi f is a convex set. Regarding operations which
preserve convexity, we have that

• if f and g are convex and λ ≥ 0, then f + λg is convex;

• [28, Proposition 8.16]: if fi is convex for every i ∈ I, then the pointwise supremum x 	→ supi∈I fi(x)
is convex;

• [28, Proposition 12.11]: if f and g are convex, their infimal convolution (f �g)(x) := infy∈H{f(y)+
g(x − y)} is convex.

For a subset C ⊆ H, its indicator and support functions are given respectively by

δC(x) :=

{
0 if x ∈ C

+∞ if x /∈ C
and σC(x) := sup

y∈C
〈x, y〉.
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The support function σC is always convex, since it is the pointwise supremum of convex functions of the
form 〈·, y〉. If C is a convex set, then its indicator function δC is convex.

f is lower semicontinuous if for every x ∈ H it holds

lim inf
y→x

f(y) := sup
V ∈V(x)

inf
y∈V

f(y) ≥ f(x),

where V(x) is any basis of neighborhoods of x for the strong (i.e., induced by ‖ · ‖) topology on H. In
particular, we may choose V(x) = {B(x, δ) : δ > 0}, i.e., the set of open balls centered at x.

The weak topology on H is the weakest (or coarsest) topology of H which makes the mappings 〈·, x〉
continuous for every x ∈ H. For x ∈ H, a basis of neighborhoods of x for the weak topology is given by
Vw(x) = {Vx1,...,xn,ε(x) : n ∈ N, xi ∈ H for i = 1, . . . , n, ε > 0}, where each Vx1,...,xn,ε(x) is given by

Vx1,...,xn,ε(x) := {y ∈ H : |〈xi, y − x〉| < ε for i = 1, . . . , n}.

It follows that a net (xa)a∈A of elements of H converges weakly to x, which we denote by xa ⇀ x, if and
only if (〈y, xa〉)a∈A converges to 〈y, x〉 for every y ∈ H. Now that we have introduced the weak topology
on H, we mention Opial’s Lemma (cf. [82]), a cornerstone result which allows us to establish the weak
convergence of curves and sequences in H.

Lemma 2.1.1 (Opial’s Lemma). Let S be a nonempty subset of H and let (xk)k≥0 be a sequence
in H. Assume that

(i) For every x∗ ∈ S, limk→+∞ ‖xk − x∗‖ exists;

(ii) Every weak sequential cluster point of (xk)k≥0 belongs to S.

Then, xk converges weakly to an element of S as k → +∞.

The previous lemma has a continuous-time version as well.

Lemma 2.1.2 (Opial’s Lemma, continuous-time version). Let S be a nonempty subset of H and
let x : [t0, +∞) → H be a map. Assume that

(i) for every x∗ ∈ S, limt→+∞ ‖x(t) − x∗‖ exists;

(ii) every weak sequential limit point of t 	→ x(t) belongs to S.

Then, x(t) converges weakly to an element of S as t → +∞.

Going back to functions, we say that f is weakly lower semicontinuous if for every x ∈ H it holds

lim inf
y⇀x

f(y) := sup
V ∈Vw(x)

inf
y∈V

f(y) ≥ f(x).

In terms of nets, f is lower semicontinuous (resp. weakly lower semicontinuous) if and only if for
every x ∈ H and every net (xa)a∈A such that xa → x (resp. xa ⇀ x) it holds

f(x) ≤ lim inf f(xa).

An important result (cf. [28, Theorem 9.1]) tells us that if f is convex, then f is lower semicontinuous if
and only if it is weakly lower semicontinuous. Some operations which preserve lower semicontinuity are
the following:

• if f and g are lower semicontinuous and λ ≥ 0, then f + λg is lower semicontinuous;

• [28, Lemma 1.26]: if fi is lower semicontinuous for every i ∈ I, then the pointwise supremum
supi∈I fi is lower semicontinuous.

If f and g are lower semicontinuous, it need not happen that f � g is lower semicontinuous (cf. [28,
Example 12.13]).

The (Fenchel) conjugate of f is the function f∗ : H → R given by

f∗(x) := sup
y∈H

{〈x, y〉 − f(y)}.
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Since f∗ is the pointwise supremum of the convex and continuous functions 〈·, y〉 − f(y), we have that
f∗ is convex and lower semicontinuous. The biconjugate of f is the function f∗∗ := (f∗)∗. For our work,
the most relevant properties of the conjugate function are the following:

• [28, Example 13.3]: for a subset C ⊆ H, it holds δ∗
C = σC ;

• [28, Proposition 13.23]: if λ > 0, then (λf)∗(·) = λf∗ ( ·
λ

)
;

• [28, Examples 13.2 and 13.8]: if ρ ∈ (1, +∞) and ρ∗ = ρ
ρ−1 is its dual exponent, then

(
‖·‖ρ

ρ

)∗
=

‖·‖ρ∗

ρ∗ ;

• [28, Proposition 13.24]: it holds (f � g)∗ = f∗ + g∗.

We say that f is (Fréchet) differentiable at x ∈ int(dom f) if there exists a vector ∇f(x) ∈ H such
that

lim
y→0

f(x + y) − f(x) − 〈∇f(x), y〉
‖y‖ = 0.

If f : H → R and the previous statement holds for every x ∈ H, we say that f is differentiable. A
fundamental result is the characterization of convexity for differentiable functions. If f : H → R is
differentiable, then the following are equivalent (cf. [28, Proposition 17.7]):

• f is convex;

• (gradient inequality): f(y) ≥ 〈y − x, ∇f(x)〉 + f(x) for every x, y ∈ H;

• (monotonicity of the gradient): 〈x − y, ∇f(x) − ∇f(y)〉 ≥ 0 for every x, y ∈ H.

When ∇f is L-Lipschitz continuous, there exists a stronger version of the gradient inequality. In fact, if
f : H → R is convex and differentiable and L > 0, the following are equivalent (cf. [104, Lemma 4]):

• ‖∇f(x) − ∇f(y)‖ ≤ L‖x − y‖ for every x, y ∈ H, i.e., ∇f is L-Lipschitz continuous;

• f(y) ≤ 〈y − x, ∇f(x)〉 + f(x) + L
2 ‖x − y‖ for every x, y ∈ H;

• 〈x − y, ∇f(x) − ∇f(y)〉 ≤ L‖x − y‖2 for every x, y ∈ H;

• f(y) ≥ 〈y − x, ∇f(x)〉 + f(x) + 1
2L ‖∇f(x) − ∇f(y)‖2 for every x, y ∈ H;

• 〈x − y, ∇f(x) − ∇f(y)〉 ≥ 1
L ‖∇f(x) − ∇f(y)‖2 for every x, y ∈ H.

An more general definition of differentiability which captures a larger class of functions is that of the
(convex) subdifferential. For f : H → R and x ∈ H such that f(x) ∈ R, the (convex) subdifferential of f
at x is given by

∂f(x) := {u ∈ H : f(y) ≥ 〈y − x, u〉 + f(x) ∀y ∈ H}.

Defining ∂f(x) := ∅ when f(x) /∈ R gives rise to a (possibly) multivalued operator ∂f : H → 2H.
Fermat’s rule (cf. [28, Theorem 16.3]) states that if f is proper, then

x ∈ argmin f ⇔ 0 ∈ ∂f(x).

Naturally, when f : H → R is convex and differentiable, then its subgradient is single-valued and coincides
with its gradient, i.e., ∂f(x) = {∇f(x)} for all x ∈ H (cf. [28, Proposition 17.31]). The Fenchel-Young
inequality (cf. [28, Proposition 13.15]) tells us that for a proper convex function f : H → R, for every
x, u ∈ H it holds

f(x) + f∗(u) ≥ 〈x, u〉.
Furthermore, equality is achieved if and only if u ∈ ∂f(x) (cf. [28, Proposition 16.10]).

The Moreau envelope of index λ > 0 of a function f : H → R is given by

fλ := f �
(

1
2λ

‖ · ‖2
)

.

If f is proper, convex and lower semicontinuous, fλ is convex, real-valued, continuous, and exact, meaning
that the infimum is attained. Furthermore, this infimum is attained uniquely (cf. [28, Proposition
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12.15]). This gives rise to another fundamental object in convex analysis: if f is proper, convex and
lower semicontinuous, its proximal point operator is given by

proxλf (x) := argminy∈H

{
f(y) +

1
2λ

‖x − y‖2
}

.

Thus, for a proper, convex and lower semicontinuous function f and λ > 0, for every x ∈ H it holds

fλ(x) = f(proxλf (x)) +
1

2λ
‖x − proxλf (x)‖2.

Moreover, fλ is differentiable and its gradient is given by

∇fλ =
1
λ

(Id − proxλf ).

We have the following generalization of the gradient inequality for a convex function which is the sum
of a smooth and a nonsmooth part. For a proof for this result, see e.g. [94].

Lemma 2.1.3. Let Φ̂ : H → R ∪ {+∞} be a proper, convex and lower semicontinuous function
and Φ : H → R be an L-smooth function. For s > 0 and y ∈ H, define

G(y) :=
1
s

[
y − proxsΦ̂(y − s∇Φ(y))

]
. (2.1)

Set Ψ := Φ + Φ̂. Then, for every x, y ∈ H it holds

Ψ(y − sG(y)) ≤ Ψ(x) − s

2
(2 − sL)‖G(y)‖2 + 〈G(y), y − x〉 − 1

2L
‖∇Φ(x) − ∇Φ(y)‖2. (2.2)

2.2 Monotone operators
An operator on H is any map A : H → 2H, i.e., it takes values in the power set of H. Any operator A is
characterized by its graph

gra A := {(x, u) ∈ H × H : y ∈ A(x)}.

If C is a subset of H, we denote A(C) := ∪x∈CA(x). Consequently, the range of A is A(H). The domain
of A is the set

dom A := {x ∈ H : A(x) �= ∅}.

The inverse of A, denoted by A−1, is given via its graph gra A−1 = {(u, x) ∈ H × H : (x, u) ∈ gra A}.
Thus, u ∈ A(x) if and only if x ∈ A−1(u). The set of zeros of A is

zer A := {x ∈ H : 0 ∈ A(x)}.

If for every x ∈ dom A A(x) is a singleton, we may write A : dom A → H. When we write A : H → H,
we mean that A has full domain (i.e., dom A = H) and that it is single-valued. Let us reserve the letter
T : H → H for a single-valued operator for now. We say T is nonexpansive if it is 1-Lipschitz continuous,
i.e., ‖T (x) − T (y)‖ ≤ ‖x − y‖ for every x, y ∈ H. We say that T is firmly nonexpansive if for every
x, y ∈ H it holds

‖T (x) − T (y)‖2 + ‖(Id −T )(x) − (Id −T )(y)‖2 ≤ ‖x − y‖2.

An important result (cf. [28, Proposition 4.4]) is that the following are equivalent:

• T is firmly nonexpansive;

• Id −T is firmly nonexpansive;

• 2 Id −T is nonexpansive.

If ρ > 0, we say that T is ρ-cocoercive if for every x, y ∈ H it holds

ρ‖T (x) − T (y)‖2 ≤ 〈x − y, T (x) − T (y)〉.
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In particular, if T is ρ-cocoercive then it is automatically 1/ρ-Lipschitz continuous. Another equivalence
we have is that T is nonexpansive if and only if Id −T is (1/2)-cocoercive (cf. [28, Proposition 4.11]). If
α ∈ (0, 1), we say that T is α-averaged if there exists a nonexpansive operator R : H → H such that

T = (1 − α) Id +αR.

Related to this definition, we have that (cf. [28, Remark 4.34])

• if T is averaged, then it is nonexpansive;

• T is firmly nonexpansive if and only if it is (1/2)-averaged;

• T is ρ-cocoercive if and only if ρT is (1/2)-averaged.

Just as convex functions form a privileged class, we define the corresponding analog for operators.
We say that A : H → 2H is monotone if for every (x, u), (y, v) ∈ gra A it holds

〈x − y, u − v〉 ≥ 0.

We say that A is maximally monotone if A is monotone and its graph is not properly contained in the
graph of another monotone operator, i.e., every time that B : H → 2H is monotone and gra A ⊆ gra B,
it holds A = B. Some facts regarding maximal monotonicity are the following:

• [28, Proposition 20.22]: if A is maximally monotone and λ ≥ 0, then A−1 and λA are maximally
monotone;

• [28, Corollary 20.28]: if T : H → H is continuous and monotone, it is automatically maximally
monotone. In particular, if T is cocoercive then it is maximally monotone;

• [28, Theorem 20.25] (Moreau’s theorem): if f : H → R is proper, convex and lower semicontinuous,
then ∂f is maximally monotone.

A fundamental result (cf. [28, Proposition 20.37]) tells us that the graph of a maximally monotone
operator is closed in Hweak × Hstrong: namely, if A is maximally monotone and (xb, ub)b∈B is a net in
gra A such that xb ⇀ x and ub → u, then (x, u) ∈ gra A.

Given an operator A : H → 2H and λ > 0, its resolvent and Moreau-Yosida approximation of index
λ are given respectively by

JλA := (Id +λA)−1 and Aλ :=
1
λ

(Id −JλA).

If A is maximally monotone and λ > 0, the following hold (cf. [28, Corollary 23.11]):

• JλA is single valued, and both JλA and Id −JλA are firmly nonexpansive and maximally monotone;

• Aλ is λ-cocoercive, thus it is (1/λ)-Lipschitz continuous and maximally monotone.

Let f : H → R be proper, convex and lower semicontinuous and λ > 0. Then (cf. [28, Proposition
16.44])

p = proxλf (x) ⇔ x − p ∈ λ∂f(p).

In other words,

proxλf = (Id +λ∂f)−1 = Jλ∂f , and thus ∇fλ =
1
λ

(Id − proxλf ) =
1
λ

(Id −Jλ∂f ) = (∂f)λ.

It follows that the proximal operator proxλf is firmly nonexpansive and maximally monotone.
To close off this section, we mention a crucial result (cf. [28, Proposition 23.38]): if A : H → 2H is

monotone and λ > 0, then the set of fixed points of JλA coincides with the set of zeros of A, which in
turn coincides with the set of zeros of Aλ. Indeed,

0 ∈ A(x) ⇔ x ∈ x + λA(x) ⇔ x = (Id +λA)−1(x) ⇔ x = JλA(x) ⇔ 0 =
1
λ

(x − JλA(x)) = Aλ(x).
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2.3 Auxiliary results
In this section, we collect some auxiliary results which, while not especially related with convex analysis
or monotone operators, are nonetheless vital and required numerous times throughout this work. Every
time we have a curve x : [t0, +∞) → H, its derivative at a point t > t0 is defined as

ẋ(t) := lim
s→0

x(t + s) − x(t)
s

,

whenever said limit exists. The right-sided derivative at t0 is defined similarly. In some cases, we will
need to consider the integral

∫ t2
t1

x(t)dt, which we will always do in the Bochner sense, for which the
expected properties of integration hold (e.g. linearity, triangular inequality).

The following two results can be found as [1, Lemma 5.1 and Lemma 5.2] respectively.

Lemma 2.3.1. Let t0 > 0. Suppose that F : [δ, +∞) → R is locally absolutely continuous,
bounded from below, and there exists G ∈ L

1 ([t0, +∞);R) such that for almost every t ≥ t0

d

dt
F (t) ≤ G(t).

Then, limit limt→+∞ F (t) ∈ R exists.

Lemma 2.3.2. Let t0 > 0, 1 ≤ p < +∞ and 1 ≤ q ≤ +∞. Suppose that F ∈ L
p([t0, +∞)) is a

locally absolutely continuous nonnegative function, G ∈ L
q([t0, +∞)) and for almost every t ≥ t0

d

dt
F (t) ≤ G(t)

Then, limt→+∞ F (t) = 0.

The following lemma appears as Lemma A.3 in [42] and generalizes Lemma A.2 from [26].

Lemma 2.3.3. Let a > 0, r ∈ [0, 1] and ϕ : [t0, +∞) → R be a continuously differentiable function
such that

lim
t→+∞

(
ϕ(t) +

tr

a
ϕ̇(t)

)
= L ∈ R.

Then, limt→+∞ ϕ(t) = L.

The previous lemma has a discrete-time (and slightly more general) version as well. A special case
(i.e., when tk = k) can be found in the literature, for example, in [40, Lemma A.5]. However, that version
requires the sequence (ϕk)k≥0 to be bounded, and ours does not.

Lemma 2.3.4. Let (ϕk)k≥0 and (tk)k≥0 be sequences of real and positive numbers respectively,
and such that

∑+∞
k=0

1
tk

= +∞. Suppose that

lim
k→+∞

(ϕk+1 + tk(ϕk+1 − ϕk)) = L ∈ R. (2.3)

Then, limk→+∞ ϕk = L.

Proof. For every k ≥ 0, denote �k := ϕk+1 + tk(ϕk+1 − ϕk) and suppose that �k → L as k → +∞.
Consider the positive sequence (μk)k≥0 defined recursively, for every k ≥ 0, as

μ0 :=
1
t0

and μk+1 :=
μk(1 + tk)

tk+1
. (2.4)

We denote by Pk := μktk for all k ≥ 0. Then, P0 = 1 and for all k ≥ 0

Pk > 0,

k∑
i=0

μi = Pk+1 − 1 and Pk+1 =
k∏

j=0

(
1
tj

+ 1
)

≥ 1 +
k∑

j=0

1
tj

, thus Pk → +∞, (2.5)
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where the first three statements follow from (2.4), and the fourth statement from the summability
assumption on (tk)k≥0. Multiplying �k by μk yields

μk+1tk+1ϕk+1 − μktkϕk = (μk+1tk+1 − μktk)ϕk+1 + μktk(ϕk+1 − ϕk)
= μkϕk+1 + μktk(ϕk+1 − ϕk) = μk�k.

(2.6)

Therefore, by summing (2.6) from 0 to k, we obtain for all k ≥ 0

ϕk+1 =
ϕ0

Pk+1
+

1
Pk+1

k∑
i=0

μi�i =
ϕ0

Pk+1
+

∑k
i=0 μi�i∑k

i=0 μi + 1
. (2.7)

In light of (2.5), applying the Stolz-Cesáro Theorem leads to ϕk → L as k → +∞.

The proof of Lemma 2.3.5 is straightforward.

Lemma 2.3.5. Let A, B, C ∈ R be such that A �= 0 and B2 − AC ≤ 0. The following statements
are true:

(i) if A > 0, then for every x, y ∈ H it holds

A‖x‖2 + 2B〈x, y〉 + C‖y‖2 ≥ 0;

(ii) if A < 0, then for every x, y ∈ H it holds

A‖x‖2 + 2B〈x, y〉 + C‖y‖2 ≤ 0.

The proof for Lemma 2.3.6 can be found in [25].

Lemma 2.3.6. Let t0 > 0, and let u : [t0, +∞) → R be a continuously differentiable function
which is bounded from below. Given α > 1, a nonnegative function θ : [t0, +∞) → R and a
nonnegative function k ∈ L

1([t0, +∞)), let us assume that

tü(t) + αu̇(t) + θ(t) ≤ k(t)

for almost every t ≥ t0. Then, the positive part [u̇]+ of u̇ belongs to L
1([t0, +∞)) and limt→+∞ u(t)

exists. Moreover, we have
∫ +∞

t0
θ(t)dt < +∞.

A proof for the following lemma in the finite-dimensional case can be found in [64, Lemma 6]. The
proof for the infinite-dimensional case is short and virtually identical, so we include it here for the sake
of completeness.

Lemma 2.3.7. Assume that t0 > 0, g : [t0, +∞) → Y is a continuous differentiable function,
a : [t0, +∞) → [0, +∞) is a continuous function, and C ≥ 0. If for every t ≥ t0 it holds∥∥∥∥g(t) +

∫ t

t0

a(s)g(s)ds

∥∥∥∥ ≤ C, (2.8)

then
sup
t≥t0

‖g(t)‖ ≤ 2C < +∞.

Proof. Define, for every t ≥ t0,

G(t) := e

∫ t

t0
a(s)ds

∫ t

t0

a(s)g(s)ds.

Fix t ≥ t0. The time derivative of G reads

Ġ(t) = a(t)e
∫ t

t0
a(s)ds

∫ t

t0

a(s)g(s)ds + e

∫ t

t0
a(s)ds

a(t)g(t) = a(t)e
∫ t

t0
a(s)ds

[
g(t) +

∫ t

t0

a(s)g(s)ds

]
,
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so by using (2.8) and the previous equality we arrive at∥∥Ġ(t)
∥∥ ≤ Ca(t)e

∫ t

t0
a(s)ds

= C
d

dt

(
e

∫ t

t0
a(s)ds

)
. (2.9)

Since G(t0) = 0, we have

G(t) = G(t) − G(t0) =
∫ t

t0

Ġ(s)ds,

so by employing (2.9) and the previous equality we obtain, for every t ≥ t0,

e

∫ t

t0
a(s)ds

∥∥∥∥∫ t

t0

a(s)g(s)ds

∥∥∥∥ = ‖G(t)‖ ≤
∫ t

t0

∥∥Ġ(s)
∥∥ds ≤ C

∫ t

t0

d

ds

(
e

∫ s

t0
a(τ)dτ

)
ds

≤ C

[
e

∫ t

t0
a(s)ds − 1

]
≤ Ce

∫ t

t0
a(s)ds

.

Dividing both sides of the previous inequality by e

∫ t

t0
a(s)ds

gives us, for every t ≥ t0,∥∥∥∥∫ t

t0

a(s)g(s)ds

∥∥∥∥ ≤ C. (2.10)

Now, by putting (2.8) and (2.10) together, for every t ≥ t0 we finally come to

‖g(t)‖ ≤
∥∥∥∥g(t) +

∫ t

t0

a(s)g(s)ds

∥∥∥∥ +
∥∥∥∥∫ t

t0

a(s)g(s)ds

∥∥∥∥ ≤ 2C,

which leads to the desired statement.

The proof for the following result can be found in [43, Lemma A.1].

Lemma 2.3.8. Let 0 < t0 ≤ r ≤ +∞ and h : [t0, +∞) → R+ be a continuous function. For
every α > 1 it holds ∫ r

t0

1
tα

[∫ t

t0

sα−1h(s)
]

dt ≤ 1
α − 1

∫ r

t0

h(t)dt.

If r = +∞, then equality holds.

The following lemma is a slight variation of results already present in the literature. See, for example,
[12, Lemma A.2].

Lemma 2.3.9. Let t0 > 0, α > 1, and let φ : [t0, +∞) → R be a twice continuously differentiable
function which is bounded from below. Furthermore, assume w : [t0, +∞) → R+ to be a continu-
ously differentiable function such that t 	→ tw(t) belongs to L

1([t0, +∞)) and that for every t ≥ t0
it holds

tφ̈(t) + αφ̇(t) + t2ẇ(t) ≤ 0.

Then, the positive part [φ̇]+ of φ̇ belongs to L
1([t0, +∞)) and the limit limt→+∞ φ(t) is a real

number.

Proof. Fix t ≥ t0. Adding (α + 1)tw(t) to both sides of the previous inequality and then multiplying it
by tα−1 yields

d

dt

(
tαφ̇(t)

)
+

d

dt

(
tα+1w(t)

) ≤ (α + 1)tαw(t).

Since the previous inequality holds for any t ≥ t0, we can integrate it from t0 to t ≥ t0 to get

tαφ̇(t) − tα
0 φ̇(t0) + tα+1w(t) − tα+1

0 w(t0) ≤ (α + 1)
∫ t

t0

sαw(s)ds.

After dropping the nonnegative term tα+1w(t) and dividing by tα, for every t ≥ t0 we arrive at

φ̇(t) ≤ C̃

tα
+

α + 1
tα

∫ t

t0

sαw(s)ds,

18



where
C̃ := tα

0
∣∣φ̇(t0)

∣∣ + tα+1
0 w(t0),

which further leads to, for every t ≥ t0,

[φ̇(t)]+ ≤ C̃

tα
+

α + 1
tα

∫ t

t0

sαw(s)ds.

Now, we integrate this inequality from t0 to r ≥ t0 and we apply Lemma 2.3.8 with h : [t0, +∞) → R+
given by h(s) := sw(s) to obtain∫ r

t0

[φ̇(t)]+dt ≤ C̃

∫ r

t0

1
tα

dt + (α + 1)
∫ r

t0

1
tα

[∫ t

t0

sα−1 · sw(s)ds

]
dt

≤ C̃

1 − α

(
1

tα−1
0

− 1
rα−1

)
+

α + 1
1 − α

∫ r

t0

tw(t)dt.

By hypothesis, as r → +∞, the right hand side of the previous inequality is finite. In other words,∫ +∞

t0

[φ̇(t)]+dt < +∞.

The previous statement, together with the fact that we assumed that φ was bounded from below, allow
us to deduce that the function ψ : [t0, +∞) → R given by

ψ(t) := φ(t) −
∫ t

t0

[φ̇(s)]+ds

is also bounded from below. An easy computation shows that ψ̇ is nonpositive on [t0, +∞), thus ψ is
nonincreasing on [t0, +∞). These facts imply that limt→+∞ ψ(t) is a real number. Finally, we conclude
that

lim
t→+∞ φ(t) = lim

t→+∞ ψ(t) +
∫ +∞

t0

[φ̇(s)]+ds ∈ R.

The following result follows from simple integral estimates.

Lemma 2.3.10. Let r ∈ R. Then, for every k0 ≥ 2 and k ≥ k0, the following are true:

• If r < 0, then
∑k


=k0
1

r ∈

[
1

1−r

(
k1−r − (k0 − 1)1−r

)
, 1

1−r

(
(k + 1)1−r − k1−r

0

)]
;

• If r = 1, then
∑k


=k0
1

 ∈

[
ln(k + 1) − ln(k0), ln(k) − ln(k0 − 1)

]
;

• If r ≥ 0 and r �= 1, then
∑k


=k0
1

r ∈

[
1

1−r

(
1

(k+1)r−1 − 1
kr−1

0

)
, 1

1−r

(
1

kr−1 − 1
(k0−1)r−1

)]
;

• In particular, if 1 − r > 0, then
∑


k=k0
1

r ≤ 1

1−r

[
(k + 1)1−r − (k0 − 1)1−r

]
.
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Chapter 3

A link between Heavy Ball and
Nesterov’s accelerated gradient in
continuous-time

3.1 Introduction
In this chapter, which is mostly based on our work [8], we explore the link which exists between the Heavy
Ball dynamics and the accelerated gradient dynamics, both in the optimization and in the monotone
operator settings, within a real Hilbert space H.

The first question we address is as follows. Given a convex and differentiable function f : H → R,
attached to the unconstrained minimization problem

min f(x),
subject to x ∈ H,

(3.1)

consider the following Heavy Ball dynamical system, for t ≥ t0 ≥ 0:

ÿ(t) + λẏ(t) + b(t)∇f(y(t)) = 0, (3.2)

where b : [t0, +∞) → R++ acts as a time rescaling parameter. We will show convergence rates for the
functional values along the trajectories which depend on b, as well as weak convergence of the trajectories
towards solutions to (3.1). One of the main points of this chapter is that for a particular choice for b,
system (3.2) is equivalent to the Nesterov accelerated gradient dynamics, which for s ≥ s0 > 0 read

ẍ(s) +
α

s
ẋ(s) + ∇f(x(s)) = 0. (3.3)

To be more precise, for a certain choice for b, (3.2) and (3.3) are time reparametrizations of each other.
The message we want to emphasize is therefore

Nesterov accelerated gradient dynamics can be recovered from the Heavy Ball dynamics through
a time rescaling process.

A similar statement can be said in the context of monotone operators. Let M : H → H be continuous
and monotone. Attached to the monotone equation problem

find x ∈ H such that 0 = M(x), (3.4)

consider the following Heavy Ball-like dynamical system, for t ≥ t0 ≥ 0:
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ÿ(t) + λẏ(t) + μ(t)
d

dt
M(y(t)) + γ(t)M(y(t)) = 0, (3.5)

where μ, γ : [t0, +∞) → R++ are time rescaling parameters. Again, we show convergence rates of the
norm of the operator along the trajectories which depend on μ, as well as weak convergence of the
trajectories towards solutions to (3.4). The other main point of this chapter is that for a particular
choice for μ and γ, system (3.5) is equivalent to the fast OGDA dynamics, which for s ≥ s0 > 0 read

ẍ(s) +
α

s
ẋ(s) +

d

ds
M(x(s)) +

α

2s
M(x(s)) = 0. (3.6)

To be more precise, for a certain choice for μ and γ, (3.5) and (3.6) are time reparametrizations of each
other. Thus, the second message we wish to emphasize is that

The Fast OGDA dynamics can be recovered from the Heavy Ball dynamics for monotone equations
through a time rescaling process.

This chapter is organized as follows: in Section 3.2, we show the existence and uniqueness of solutions
and the asymptotic properties (convergence rates, weak convergence) of (3.2); in Section 3.3, we recover
(3.3) from (3.2); in Section 3.4, we show the existence and uniqueness of solutions and the asymptotic
properties (convergence rates, weak convergence) of (3.5); in Section 3.5, we recover (3.6) from (3.5); in
Section 3.6, we mention the main results of our paper [42], where also attached to (3.4) we analyze the
following second-order system with slow vanishing damping, for t ≥ t0 > 0:

z̈(t) +
α

tr
ż(t) + θtrβ(t)

d

dt
M(z(t)) + β(t)M(z(t)) = 0,

where the slowness of the damping comes from the fact that we consider r ∈ [0, 1]. The form of the
system was inspired by the fast OGDA dynamics [40]. The main difference lies in that the inclusion of
the parameter r allows for a wider array of choices for the time rescaling parameter β.

3.2 Heavy Ball with friction dynamics from the time scaling
perspective

For λ > 0 and b : [t0, +∞) → R++ a differentiable and nondecreasing function, for t ≥ t0 ≥ 0 we consider
the following dynamical system:

ÿ(t) + λẏ(t) + b(t)∇f(y(t)) = 0, (HBFλ)

with Cauchy data y(t0) := y0 and ẏ(t0) := y1, where y0, y1 ∈ H. It will turn out that the friction
parameter λ will play an important role when connecting (HBFλ) to other dynamics.

We lay out this section as follows: in Subsection 3.2.1, we show the existence and uniqueness of
solutions to (HBFλ), and in Subsection 3.2.2 we discuss their asymptotic properties. We now introduce
the energy function that will help in our analysis, and show an initial bound that will be needed later.
Assume that x∗ ∈ argmin f , the set of minimizers of f (thus f(x∗) = min f), and that t 	→ y(t) solves
(HBFλ) for t ≥ t0. For 0 ≤ η ≤ λ we define on [t0, +∞)

Eη(t) := b(t)(f(y(t)) − min f) +
1
2

∥∥∥η(y(t) − x∗) + ẏ(t)
∥∥∥2

+
1
2

η(λ − η)‖y(t) − x∗‖2.

The time derivative of Eη at t ≥ t0 gives

d

dt
Eη(t) = ḃ(t)(f(y(t)) − min f) + b(t)

〈∇f(y(t)), ẏ(t)
〉

+
〈

η(y(t) − x∗) + ẏ(t), ηẏ(t) + ÿ(t)
〉

+ η(λ − η)
〈
y(t) − x∗, ẏ(t)

〉
. (3.7)
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According to the distributive property of the inner product and the equation (HBFλ) we have〈
η(y(t) − x∗) + ẏ(t), ηẏ(t) + ÿ(t)

〉
=

〈
η(y(t) − x∗) + ẏ(t), λẏ(t) + ÿ(t)

〉
+ (η − λ)

〈
η(y(t) − x∗) + ẏ(t), ẏ(t)

〉
= − b(t)

〈
η(y(t) − x∗) + ẏ(t), ∇f(y(t))

〉
+ η(η − λ)

〈
y(t) − x∗, ẏ(t)

〉
+ (η − λ)

∥∥ẏ(t)
∥∥2

.

By plugging this expression into (3.7), we deduce that for every t ≥ t0

d

dt
Eη(t) = ḃ(t)(f(y(t)) − min f) − ηb(t) 〈y(t) − x∗, ∇f(y(t))〉 + (η − λ)

∥∥ẏ(t)
∥∥2

≤ (ḃ(t) − ηb(t))(f(y(t)) − min f) + (η − λ)
∥∥ẏ(t)

∥∥2
, (3.8)

where the last inequality comes from the convexity of f .

3.2.1 Existence and uniqueness of global solutions
We will rewrite (HBFλ) as a first order system in two variables. It is simple to check that

{
ÿ(t) + λẏ(t) + b(t)∇f(y(t)) = 0,

y(t0) = y0, ẏ(t0) = y1
is equivalent to

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẏ(t) = u(t) − λy(t),
u̇(t) = −b(t)∇f(y(t)),
y(t0) = y0,

u(t0) = λy0 + y1,

(HBFλ)

where u(t) := λy(t) + ẏ(t). We can write the system above in a more compact way, namely,{(
ẏ(t), u̇(t)

)
= G(t, y(t), u(t)),

(y(t0), u(t0)) =
(
y0, λy0 + y1

)
,

(3.9)

where G : [t0, +∞) × H × H → H × H is given by

G(t, y, u) :=
(

u − λy, −b(t)∇f(y)
)

.

To establish uniqueness and global existence of the solution trajectory, we require the following assump-
tion:

Assumption 3.1. Suppose that λ > 0 and b : [t0, +∞) → R++ additionally satisfy

sup
t≥t0

ḃ(t)
b(t)

< λ. (3.10)

Theorem 3.2.1. Suppose further that ∇f is Lipschitz continuous on bounded sets, b : [t0, +∞) →
R++ is continuously differentiable, and that λ and b(·) satisfy Assumption 3.1. Then, the dynam-
ical system (HBFλ) admits a unique global solution y : [t0, +∞) → H.

Proof. Since b(·) is continuously differentiable, it is Lipschitz continuous on the bounded subsets of
[t0, +∞). This, together with our other assumptions ensures that G is Lipschitz continuous on the
bounded subsets of [t0, +∞)×H×H. According to [90, Theorems 46.2 and 46.3], the ordinary differential
equation (3.9) admits a unique continuously differentiable solution t 	→ (y(t), u(t)) defined on a maximal
interval [t0, Tmax), where

Tmax = +∞ or
{

Tmax < +∞ and lim
t→Tmax

‖(y(t), u(t))‖ = +∞
}

.

According to Assumption 3.1, there exists 0 < η0 < λ such that for every t ≥ t0 it holds

ḃ(t)
b(t)

≤ η0 < λ.
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We now define the energy functional Eη0(·) restricted to the interval [t0, Tmax). According to the previous
inequality and (3.8), we have for every t ∈ [t0, Tmax)

d

dt
Eη0(t) ≤

(
sup
t≥t0

ḃ(t)
b(t)

− η0

)
b(t)

(
f(y(t)) − min f

)
+ (η0 − λ)

∥∥ẏ(t)
∥∥2 ≤ 0.

This means that Eη0(·) is nonincreasing on [t0, Tmax). In particular, we obtain that for every t ∈ [t0, Tmax)

1
2
∥∥η0(y(t) − x∗) + ẏ(t)

∥∥2 +
1
2

η0(λ − η0)‖y(t) − x∗‖2 ≤ Eη0(t) ≤ Eη0(t0).

This immediately yields that t 	→ ‖y(t) − x∗‖ and thus t 	→ ‖y(t)‖ are bounded on [t0, Tmax). Since we
also obtain that t 	→ ‖η0(y(t) − x∗) + ẏ(t)‖ is bounded on [t0, Tmax), using the triangle inequality, we
obtain that t 	→ ∥∥ẏ(t)

∥∥ and thus t 	→ ‖u(t)‖ are bounded on [t0, Tmax). So it must be Tmax = +∞, which
completes the proof of this theorem.

3.2.2 Convergence rates for function values and weak convergence of trajec-
tories

We recall that f : H → R is assumed to be convex and continuously differentiable function, λ > 0 and
b : [t0, +∞) → R++ is a differentiable and nondecreasing function. We will now assume that we have a
global solution y : [t0, +∞) → H to (HBFλ).

Proposition 3.2.2. Suppose further that λ and b(·) satisfy Assumption 3.1. Let y : [t0, +∞) → H
be a solution trajectory of (HBFλ). Then, the following statements are true:

(i) It holds ∫ +∞

t0

b(t) (f(y(t)) − min f) dt < +∞ and
∫ +∞

t0

‖ẏ(t)‖2dt < +∞;

(ii) The limit limt→+∞ Eη(t) ∈ R exists for every η satisfying 0 ≤ η ≤ λ.

Proof. (i) According to (3.1), there exists η0 > 0 such that

sup
t≥t0

ḃ(t)
b(t)

< η0 < λ.

It follows from (3.8) that for every t ≥ t0

d

dt
Eη0(t) ≤

(
sup
t≥t0

ḃ(t)
b(t)

− η0

)
b(t) (f(y(t)) − min f) + (η0 − λ) ‖ẏ(t)‖2. (3.11)

The statement follows upon integration of this inequality.
(ii) Let 0 ≤ η ≤ λ. From (3.8) we derive that for every t ≥ t0

d

dt
Eη(t) ≤ (λ − η)b(t) (f(y(t)) − min f) .

The first statement in (i) ensures that the right hand side of this estimate belongs to L
1([t0, +∞);R).

Hence, the conclusion follows from Lemma 2.3.1.

For the purpose of studying the convergence and rate of convergence of (HBFλ), we introduce the
following function W : [t0, +∞) → R+ defined for every t ≥ t0 as

W (t) := (f(y(t)) − min f) +
1

2b(t)
∥∥ẏ(t)

∥∥2
.

The function is nonincreasing, which plays a crucial role in establishing convergence rates (see [36]).
Indeed, for every t ≥ t0 we have

Ẇ (t) =
〈∇f(y(t)), ẏ(t)

〉 − ḃ(t)
2b2(t)

∥∥ẏ(t)
∥∥2 +

1
b(t)

〈
ẏ(t), ÿ(t)

〉
= − 1

b(t)

(
ḃ(t)
2b(t)

+ λ

)
‖ẏ(t)‖2 ≤ 0, (3.12)
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which holds due to the fact that ḃ(t) ≥ 0 for every t ≥ t0. We are now ready for the main convergence
results for (HBFλ).

Theorem 3.2.3. Suppose further that λ and b(·) satisfy Assumption 3.1. Let y : [t0, +∞) → H
be a solution trajectory of (HBFλ). Then, the following statements are true:

(i) As t → +∞, it holds

W (t) = o

⎛⎝ 1∫ t
t+t0

2
b(r)dr

⎞⎠ .

In particular, as t → +∞ we have

f(y(t)) − min f = o

⎛⎝ 1∫ t
t+t0

2
b(r)dr

⎞⎠ and
∥∥ẏ(t)

∥∥ = o

⎛⎝√√√√ b(t)∫ t
t+t0

2
b(r)dr

⎞⎠ ;

(ii) The solution trajectory y(t) converges weakly to an element of argmin f as t → +∞.

Proof. (i) From Proposition 3.2.2, we infer that
∫ +∞

t0
b(t)W (t)dt < +∞. In particular, for ψ : [t0, +∞) →

R+ defined as ψ(t) :=
∫ t

t0
b(r)W (r)dr, the limit limt→+∞ ψ(t) ∈ R exists. Hence, for every t ≥ t0 and

r ∈ [
t0+t

2 , t
]

we have, according to the decreasing property of W (·), that W (t) ≤ W (r) and thus

0 ≤ W (t)
∫ t

t+t0
2

b(r)dr ≤
∫ t

t+t0
2

b(r)W (r)dr = ψ(t) − ψ

(
t + t0

2

)
→ 0 as t → +∞,

which gives the desired small o rate for W (·).
(ii) Let 0 < η1 < η2 < λ and x∗ ∈ argmin f . We have for every t ≥ t0

Eη2(t) − Eη1(t) =
1
2

(η2 − η1) λ‖y(t) − x∗‖2 + (η2 − η1) 〈y(t) − x∗, ẏ(t)〉

= (η2 − η1)
(

1
2

λ‖y(t) − x∗‖2 +
d

dt

(
1
2

‖y(t) − x∗‖2
))

.

Proposition 3.2.2 (ii) guarantees that limt→+∞ (Eη2(t) − Eη1(t)) ∈ R exists. If we set q(t) := 1
2 ‖y(t)−x∗‖2,

Lemma 2.3.3 ensures that limt→+∞ 1
2 ‖y(t) − x∗‖2 exists and is a real number. This shows that the first

condition of Opial’s Lemma (see Lemma 2.1.2) is verified.
For the second condition, let y be a weak sequential cluster point of t 	→ y(t), i.e., there exists a

sequence (tn)n∈N ⊆ [t0, +∞) such that tn → +∞ and y(tn) ⇀ y as n → +∞. Since we know that
f(y(t)) → min f as t → +∞ and thus f(y(tn)) → min f as n → +∞, and that f is weakly lower
semicontinuous, we obtain that

f(y) ≤ lim inf
n→+∞ f(y(tn)) = min f,

i.e., y ∈ argmin f . We have verified both conditions of Opial’s Lemma and therefore concluded the proof
for this theorem.

Let us illustrate the preceding results with two specific choices. For κ > 0 and ρ ≥ 0, consider

b(t) := κ exp (ρt) and b(t) := κtρ,

respectively. Note that in both cases the classical Heavy Ball Method with friction is recovered by setting
(κ, ρ) = (1, 0), yielding a convergence rate of o(1/t) for the function value along the solution trajectory
[10]. The O(1/k) convergence rate for the discrete counterpart can be found in [95]. For these choices
of b(·) we respectively have, for t ≥ t0 sufficiently large,∫ t

t+t0
2

b(r)dr =
κ

ρ

[
exp(ρt) − exp

(
ρ(t + t0)

2

)]
=

κ

ρ
exp(ρt)

[
1 − exp

(
ρ(t0 − t)

2

)]
≥ κ

2ρ
exp(ρt),

∫ t

t+t0
2

b(r)dt =
κ

ρ + 1

[
tρ+1 −

(
t + t0

2

)ρ+1
]

=
κ

ρ + 1
tρ+1

[
1 −

(
t + t0

2t

)ρ+1
]

≥ κ

4(ρ + 1)
tρ+1,
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respectively. To comply with the growth condition (3.1) for these choices for b(·), we respectively ask
that

λ > ρ > 0 and λ >
ρ

t0
≥ 0.

The previous estimates lead to the following corollaries, respectively:

Corollary 3.2.4. Let y : [t0, +∞) → H be a solution trajectory of

ÿ(t) + λẏ(t) + κ exp (ρt) ∇f(y(t)) = 0.

If λ > ρ > 0, then the following statements are true:

(i) As t → +∞, it holds

f(y(t)) − min f = o

(
1

exp(ρt)

)
and

∥∥ẏ(t)
∥∥ → 0;

(ii) The solution trajectory y(t) converges weakly to an element of argmin f as t → +∞.

Corollary 3.2.5. Let y : [t0, +∞) → H be a solution trajectory of

ÿ(t) + λẏ(t) + κtρ∇f(y(t)) = 0 for t ≥ t0 > 0.

If λ > ρ
t0

≥ 0, then the following statements are true:

(i) As t → +∞, it holds

f(y(t)) − min f = o

(
1

tρ+1

)
and

∥∥ẏ(t)
∥∥ = o

(
1√
t

)
;

(ii) The solution trajectory y(t) converges weakly to an element of argmin f as t → +∞.

Remark 3.2.6. Previous statements show that one can get faster rates from the Heavy Ball
Method (even linearly, as in Corollary 3.2.4). Nevertheless, we emphasize that these dynamics
are not only interesting in terms of their acceleration phenomenon but also because they have
a connection with other dynamics in the literature, for a nonclassical choice of b(·). This was
one of the main points made in the introduction, which we elaborate upon in the next section.
Naturally, this framework is only truly meaningful in the continuous-time setting, since one cannot
expect gradient-type algorithms with unbounded step sizes—arising as explicit discretizations
of time-rescaled systems—to converge. In contrast, implicit discretizations, which give rise to
proximal-type methods, inherit the convergence properties of the continuous-time systems.

3.3 Connection with the dynamical system with asymptotic
vanishing damping

For α > 3 and s ≥ s0 > 0, we study the convergence behavior of the second order dynamical system
with asymptotic vanishing damping

ẍ(s) +
α

s
ẋ(s) + ∇f(x(s)) = 0. (AVDα)

In particular, we will show that (AVDα) can be derived from (HBFλ) via a time rescaling argument.
This connection allows us to transfer the convergence results established for (HBFλ) to (AVDα).
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3.3.1 Two equivalent dynamical systems through time rescaling
We start with a solution trajectory y : [t0, +∞) → H of

ÿ(t) + λẏ(t) + b(t)∇f(y(t)) = 0, (3.13)

and define x(s) := y(τ(s)), where τ : [s0, +∞) → [t0, +∞) is a continuously differentiable function such
that τ̇(s) > 0 for every s ≥ s0 > 0 and lims→+∞ τ(s) = +∞. We have

ẋ(s) = τ̇(s)ẏ(τ(s)) and ẍ(s) = τ̈(s)ẏ(τ(s)) +
(
τ̇(s)

)2
ÿ(τ(s)).

These expressions lead to

ẏ(τ(s)) =
1

τ̇(s)
ẋ(s) and ÿ(τ(s)) =

1(
τ̇(s)

)2

[
ẍ(s) − τ̈(s)ẏ(τ(s))

]
=

1(
τ̇(s)

)2

[
ẍ(s) − τ̈(s)

τ̇(s)
ẋ(s)

]
.

Now, plugging t = τ(s) in (3.13) for s ≥ s0 gives

1(
τ̇(s)

)2

[
ẍ(s) − τ̈(s)

τ̇(s)
ẋ(s)

]
+

λ

τ̇(s)
ẋ(s) + b(τ(s))∇f(x(s)) = 0

or, equivalently,

ẍ(s) +
[
λτ̇(s) − τ̈(s)

τ̇(s)

]
ẋ(s) +

(
τ̇(s)

)2
b(τ(s))∇f(x(s)) = 0. (3.14)

Recall that the Su-Boyd-Candès dynamics [94] are given by

ẍ(s) +
α

s
ẋ(s) + ∇f(x(s)) = 0.

Going back to (3.14), to match the asymptotic vanishing viscosity accompanying the velocity we need
the following to hold ⎧⎨⎩λτ̇(s) − τ̈(s)

τ̇(s)
=

α

s
,

τ(s0) = t0.

It is straightforward to check that

τ(s) :=
α − 1

λ
ln

(
s

s0

)
+ t0

satisfies the previous differential equation, since

τ̇(s) =
α − 1

λs
and τ̈(s) = −α − 1

λs2 .

We need to assume that α > 1. Furthermore, we want the coefficient attached to ∇f(x(s)) to be 1, i.e.,

(α − 1)2

λ2s2 b(τ(s)) =
(
τ̇(s)

)2
b(τ(s)) = 1 ⇔ b

(
α − 1

λ
ln

(
s

s0

)
+ t0

)
=

λ2s2

(α − 1)2 ,

which is fulfilled if we choose

b(t) =
(

λs0
α − 1

)2
exp

(
2λ(t − t0)

α − 1

)
.

Furthermore, we need b(·) to satisfy (3.1). Indeed, we have

ḃ(t)
b(t)

=

(
2λ

α−1

)
exp

(
2λ(t−t0)

α−1

)
exp

(
2λ(t−t0)

α−1

) =
2λ

α − 1
< λ ⇔ α > 3.

All in all, with these choices, the trajectory x : [s0, +∞) → H fulfills

ẍ(s) +
α

s
ẋ(s) + ∇f(x(s)) = 0.
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Conversely, if for α > 3, x : [s0, +∞) → H is a solution to the previous system and we define y(t) =
x(σ(t)), where σ : [t0, +∞) → [s0, +∞) is a continuously differentiable function such that σ̇(t) > 0 for
t ≥ t0 > 0 and limt→+∞ σ(t) = +∞, arguing in a similar fashion as it was done previously we arrive at

ÿ(t) +
[
α

σ̇

σ(t)
− σ̈(t)

σ̇(t)

]
ẏ(t) +

(
σ̇(t)

)2∇f(y(t)) = 0.

We want the coefficient attached to ẏ(t) to be λ, i.e., we want σ(·) to satisfy the differential equation⎧⎨⎩α
σ̇(t)
σ(t)

− σ̈(t)
σ̇(t)

= λ,

σ(t0) = s0,

which is fulfilled by σ(t) := s0 exp
(

λ(t − t0)
α − 1

)
.

With this choice for σ, the resulting system reads, for every t ≥ t0,

ÿ(t) + λẏ(t) + s2
0 exp

(
2λ(t − t0)

α − 1

)
∇f(y(t)) = 0.

We have thus showed the following statement.

Proposition 3.3.1. Assume that α > 3, λ > 0 and that s0 > 0, t0 ≥ 0 are initial times. Consider
the following second-order systems:⎧⎪⎨⎪⎩ÿ(t) + λẏ(t) + s2

0 exp
(

2λ(t − t0)
α − 1

)
∇f(y(t)) = 0,

y(t0) = y0, ẏ(t0) = y1,

(3.15)

and ⎧⎨⎩ẍ(s) +
α

s
ẋ(s) + ∇f(x(s)) = 0,

x(s0) = x0, ẋ(s0) = x1.
(3.16)

Then, the following statements are true:

(i) If y : [t0, +∞) → H is a solution trajectory of (3.15) and the function τ : [s0, +∞) →
[t0, +∞) is given by

τ(s) :=
α − 1

λ
ln

(
s

s0

)
+ t0,

then the reparametrized trajectory x : [s0, +∞) → H given by x(s) := y(τ(s)) is a solution
of (3.16) for initial conditions

x(s0) = y0 and ẋ(s0) =
α − 1
λs0

y1;

(ii) If x : [s0, +∞) → H is a solution trajectory to (3.16) and the function σ : [t0, +∞) →
[s0, +∞) is given by

σ(t) := s0 exp
(

λ(t − t0)
α − 1

)
,

then the reparametrized trajectory y : [t0, +∞) → H given by y(t) := x(σ(t)) is a solution
of (3.15) for initial conditions

y(t0) = x0 and ẏ(t0) =
λs0

α − 1
x1.

3.3.2 Transferring the convergence results to the (AVDα) framework
As a direct corollary of Theorem 3.2.3 and Proposition 3.3.1, we obtain the following theorem.
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Theorem 3.3.2. Let α > 3 and x : [s0, +∞) → H be a solution trajectory of⎧⎨⎩ẍ(s) +
α

s
ẋ(s) + ∇f(x(s)) = 0,

x(s0) = x0, ẋ(s0) = x1.

Then, as s → +∞ it holds

f(x(s)) − min f = o

(
1
s2

)
and

∥∥ẋ(s)
∥∥ = o

(
1
s

)
.

Furthermore, x(s) converges weakly to an element of argmin f as s → +∞.

Proof. Let λ > 0 and s0 > 0. As per Proposition 3.3.1, define y(t) := x(σ(t)). We know that y :
[t0, +∞) → H is a solution trajectory of (3.15). Taking into account the fact that σ ◦ τ : [s0, +∞) →
[s0, +∞) is the identity function, we have x(s) = y(τ(s)), and therefore λs

α−1 ẋ(s) = ẏ(τ(s)). Thus,

according to Theorem 3.2.3, we know that for b(t) = s2
0 exp

(
2λ(t−t0)

α−1

)
, as s → +∞ we have

f(x(s)) − min f = o

⎛⎝ 1∫ τ(s)
t0+τ(s)

2
b(r)dr

⎞⎠ and
λs

α − 1
∥∥ẋ(s)

∥∥ = o

⎛⎜⎝√√√√ b(τ(s))∫ τ(s)
t0+τ(s)

2
b(r)dr

⎞⎟⎠ .

Notice that for every s ≥ s0 it holds∫ τ(s)

t0+τ(s)
2

b(r)dr = s2
0

∫ τ(s)

t0+τ(s)
2

exp
(

2λ(r − t0)
α − 1

)
dr

=
s2

0(α − 1)
2λ

[
exp

(
2λ(τ(s) − t0)

α − 1

)
− exp

(
λ(τ(s) − t0)

α − 1

)]
=

s2
0(α − 1)

2λ

[(
s

s0

)2
− s

s0

]

and b(τ(s)) = s2. This gives f(x(s)) − min f = o
( 1

s2

)
and λs

α−1
∥∥ẋ(s)

∥∥ → 0 as s → +∞, which verifies
the rates we had claimed in the statement. Since y(t) converges weakly to a global minimizer of f as
t → +∞, so does x(s) = y(τ(s)) as s → +∞.

3.4 Heavy Ball dynamics governed by a maximally monotone
and continuous operator

In this section, we explore an analog to the Heavy Ball dynamics (HBFλ), but tailored to solving equations
governed by maximal monotone operators. For a monotone and continuous operator M : H → H, we
consider the equation

Find y ∈ H such that M(y) = 0. (3.17)

Attached to this equation, for λ > 0, μ : [t0, +∞) → R++, a continuously differentiable and nondecreasing
function, and γ : [t0, +∞) → R++ a continuous function, we study the asymptotic properties of the
solutions to the following dynamics, for t ≥ t0 ≥ 0:

ÿ(t) + λẏ(t) + μ(t)
d

dt
M(y(t)) + γ(t)M(y(t)) = 0. (3.18)

When M is not cocoercive, which is the case for example when it does not arise from a convex potential,
the presence of the “Hessian” term d

dt M(y(t)) is needed to ensure convergence rates for the residual and
weak convergence results for the trajectory solution.

This section is organized as follows: in Subsection 3.4.1, we address the existence and uniqueness of
strong global solutions to our system. In Subsection 3.4.2, we analyze the asymptotic properties of the
global solutions to (3.18).
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3.4.1 Existence and uniqueness of strong global solutions
We employ similar arguments to those used for the existence and uniqueness result for (HBFλ). First of
all, we can rewrite (3.18) as a first order system in two variables. Indeed, it is straightforward to check
that

⎧⎨⎩ÿ(t) + λẏ(t) + μ(t)
d

dt
M(y(t)) + γ(t)M(y(t)) = 0,

y(t0) = y0, ẏ(t0) = y1

and

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẏ(t) = u(t) − λy(t) − μ(t)M(y(t)),
u̇(t) =

(
μ̇(t) − γ(t)

)
M(y(t)),

y(t0) = y0,

u(t0) = λy0 + y1 + μ(t0)M(y0)
(3.19)

are equivalent, where u(t) := λy(t) + ẏ(t) + μ(t)M(y(t)), or{(
ẏ(t), u̇(t)

)
= G(t, y(t), u(t)),

(y(t0), u(t0)) =
(
y0, λy0 + y1 + μ(t0)M(y0)

)
,

(3.20)

where G : [t0, +∞) × H × H → H × H is given by

G(t, y, u) :=
(

u − λy − μ(t)M(y),
(
μ̇(t) − γ(t)

)
M(y)

)
.

The existence and uniqueness of global solutions to (3.20) require strong assumptions, such as the
Fréchet differentiability of M . It is more fitting to consider the existence and uniqueness of strong global
solutions, which only require that M is Lipschitz continuous.

Definition 3.4.1. We call y : [t0, +∞) → H a strong global solution of (3.19) (see, for example,
[37, Definition 3]) if the following statements hold:

(i) y, ẏ : [t0, +∞) → H are locally absolutely continuous, that is, absolutely continuous on each
interval [t0, t1];

(ii) ÿ(t) + λẏ(t) + μ(t) d
dt M(y(t)) + γ(t)M(y(t)) = 0 for almost every t ∈ [t0, +∞);

(iii) y(t0) = y0 and ẏ(t0) = y1.

Theorem 3.4.2. Suppose further that M : H → H is L-Lipschitz continuous. Then, for each
(y0, y1) ∈ H × H, (3.19) has a unique strong global solution y : [t0, +∞) → H.

Proof. We use the first order reformulation (3.20), and show the existence of strong global solutions
to this differential equation in the Hilbert space H × H, which we endow with the inner product
〈(y, u), (y, u)〉H×H := 〈y, y〉 + 〈u, u〉 and corresponding norm ‖(y, u)‖H×H :=

√‖y‖2 + ‖u‖2.
(a) First, we check the Lipschitz continuity of G(t, ·, ·) for each t ∈ [t0, +∞). For (y, u), (y, u) ∈ H×H∥∥G(t, y, u) − G(t, y, u)

∥∥
H×H

≤
∥∥∥(u − u) − λ(y − y) − μ(t)(M(y) − M(y))

∥∥∥ +
∥∥∥(μ̇(t) − γ(t))(M(y) − M(y))

∥∥∥
≤ ‖u − u‖ + λ‖y − y‖ + L|μ(t)| ‖y − y‖ + L

∣∣μ̇(t) − γ(t)
∣∣‖y − y‖

≤
(

1 + λ + L|μ(t)| + L
∣∣μ̇(t) − γ(t)

∣∣)∥∥(y, u) − (y, u)
∥∥

H×H.

By hypothesis (we are just using the smoothness of μ and the continuity of γ), the (dependent on t)
Lipschitz constant attached to G(t, ·, ·) is locally integrable.

(b) Now, we prove the local integrability of G(·, y, u) for each y, u ∈ H. We have∫ t1

t0

‖G(s, y, u)‖H×Hds ≤
∫ t1

t0

(∥∥∥u − λy − μ(s)M(y)
∥∥∥ +

∥∥∥(μ̇(s) − γ(s)
)
M(y)

∥∥∥)ds

≤
∫ t1

t0

(
‖u‖ + λ‖y‖ + |μ(s)| ‖M(y)‖ +

(∣∣μ̇(s)
∣∣ +

∣∣γ(s)
∣∣) ‖M(y)‖

)
ds,
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and by hypothesis the right-hand side is finite.
With these two conditions verified, we invoke the Cauchy-Lipschitz-Picard theorem (see, for example,

[62, Proposition 6.2.1]) to ensure the existence and uniqueness of a strong global solution to (3.20). The
statement follows from the equivalence between the first- and second-order formulations.

3.4.2 Convergence rates and weak convergence of the trajectories
In this subsection, we will assume that we have a global solution y : [t0, +∞) → H of (3.18).

Before proceeding, we introduce the energy function that will help us in our analysis and show some
estimates that we will need later. Suppose x∗ is a zero of M , and t 	→ y(t) solves (3.18) for t ≥ t0. For
0 < η < λ, on [t0, +∞) we define

Eη(t) :=
1
2

∥∥∥2η(y(t) − x∗) + 2ẏ(t) + μ(t)M(y(t))
∥∥∥2

(E1
η (t))

+ 2η(λ − η)‖y(t) − x∗‖2 (E2
η (t))

+ 2ημ(t)〈y(t) − x∗, M(y(t))〉 (E3
η (t))

+
1
2

μ2(t)‖M(y(t))‖2. (E4
η (t))

We now compute the time derivative of Eη at a point t ≥ t0:

d

dt
E1

η (t) =
〈

2η(y(t) − x∗) + 2ẏ(t) + μ(t)M(y(t)), 2ηẏ(t) + 2ÿ(t) + μ̇(t)M(y(t)) + μ(t)
d

dt
M(y(t))

〉
=

〈
2η(y(t) − x∗) + 2ẏ(t) + μ(t)M(y(t)),

2(η − λ)ẏ(t) +
[
μ̇(t) − 2γ(t)

]
M(y(t)) − μ(t)

d

dt
M(y(t))

〉
= 4η(η − λ)

〈
y(t) − x∗, ẏ(t)

〉
+ 2η

[
μ̇(t) − 2γ(t)

]
〈y(t) − x∗, M(y(t))〉

− 2ημ(t)
〈

y(t) − x∗,
d

dt
M(y(t))

〉
+ 4(η − λ)

∥∥ẏ(t)
∥∥2

+
{

2
[
μ̇(t) − 2γ(t)

]
+ 2(η − λ)μ(t)

}〈
ẏ(t), M(y(t))

〉 − 2μ(t)
〈

ẏ(t),
d

dt
M(y(t))

〉
+ μ(t)

[
μ̇(t) − 2γ(t)

]
‖M(y(t))‖2 − μ2(t)

〈
M(y(t)),

d

dt
M(y(t))

〉
,

d

dt
E2

η (t) = 4η(λ − η)
〈
y(t) − x∗, ẏ(t)

〉
,

d

dt
E3

η (t) = 2ημ̇(t)〈y(t) − x∗, M(y(t))〉 + 2ημ(t)
〈
ẏ(t), M(y(t))

〉
+ 2ημ(t)

〈
y(t) − x∗,

d

dt
M(y(t))

〉
,

d

dt
E4

η (t) = μ(t)μ̇(t)‖M(y(t))‖2 + μ2(t)
〈

M(y(t)),
d

dt
M(y(t))

〉
.

Putting everything together yields

d

dt
Eη(t) =

d

dt
E1

η (t) +
d

dt
E2

η (t) +
d

dt
E3

η (t) +
d

dt
E4

η (t)

=
{

2η
[
μ̇(t) − 2γ(t)

]
+ 2ημ̇(t)

}
〈y(t) − x∗, M(y(t))〉 + 4(η − λ)

∥∥ẏ(t)
∥∥2

+
{

2
[
μ̇(t) − 2γ(t)

]
+ 2(η − λ)μ(t) + 2ημ(t)

}〈
ẏ(t), M(y(t))

〉 − 2μ(t)
〈

ẏ(t),
d

dt
M(y(t))

〉
+

{
μ(t)

[
μ̇(t) − 2γ(t)

]
+ μ(t)μ̇(t)

}
‖M(y(t))‖2

= 4η
[
μ̇(t) − γ(t)

]
〈y(t) − x∗, M(y(t))〉 + 2μ(t)

[
μ̇(t) − γ(t)

]
‖M(y(t))‖2

+ 4(η − λ)
∥∥ẏ(t)

∥∥2 − 2μ(t)
〈

ẏ(t),
d

dt
M(y(t))

〉
+ 2

{[
2(η − λ)μ(t) + λμ(t) − 2γ(t)

]
+ μ̇(t)

}〈
ẏ(t), M(y(t))

〉
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= 4η
[
μ̇(t) − γ(t)

]
〈y(t) − x∗, M(y(t))〉 +

2
3

μ(t)
[
μ̇(t) − γ(t)

]
‖M(y(t))‖2

+ (η − λ)
∥∥ẏ(t)

∥∥2 − 2μ(t)
〈

ẏ(t),
d

dt
M(y(t))

〉
+ R(t), (3.21)

where R(t) results from rearranging terms and will be made explicit momentarily. Our goal is to have
d
dt Eη(t) ≤ 0 for t large enough, which will be ensured under the following assumption:

Assumption 3.2. Suppose that λ > 0, μ : [t0, +∞) → R++ and γ : [t0, +∞) → R++ satisfy
further

lim
t→+∞

γ(t)
μ(t)

=: L > 0, sup
t≥t0

μ̇(t)
γ(t)

< 1 and 2λ − 3L + inf
t≥t0

μ̇(t)
μ(t)

> 0. (3.22)

Indeed, the growth condition on μ(·) and γ(·) and the positivity of μ(·) ensure μ̇(t) ≤ γ(t), which
makes the coefficients accompanying 〈y(t)−x∗, M(y(t))〉 and ‖M(y(t))‖2 nonpositive; the fact that η < λ

also makes the term corresponding to
∥∥ẏ(t)

∥∥2 nonpositive. Furthermore, the monotonicity of M yields〈
ẏ(t),

d

dt
M(y(t))

〉
= lim

s→t

1
(s − t)2

〈
y(s) − y(t), M(y(s)) − M(y(t))

〉
≥ 0,

further multiplication by −2μ(t) makes this term nonpositive as well.
It only remains to check that R(t) is nonpositive as well, which requires some preliminary computa-

tions. Define, ε := λ − η > 0, so now R(t) reads

R(t) = −3ε
∥∥ẏ(t)

∥∥2 +2
{[

−2εμ(t)+λμ(t)−2γ(t)
]

+ ˙μ(t)
}〈

ẏ(t), M(y(t))
〉

+
4
3

μ(t)
[
μ̇(t)−γ(t)

]
‖M(y(t))‖2.

(3.23)
To establish that R(t) is nonpositive for large enough t, we make use of Lemma 2.3.5 and set X := ẏ(t),
Y := M(y(t)) and A, B, C as

A := −3ε, B :=
(−2εμ(t) + λμ(t) − 2γ(t)

)
+ μ̇(t), C :=

4
3

μ(t)
[
μ̇(t) − γ(t)

]
.

We have

B2 − AC =
[(−2εμ(t) + λμ(t) − 2γ(t)

)
+ μ̇(t)

]2
+ 3 · 4

3
εμ(t)

[
μ̇(t) − γ(t)

]
=

[
−2εμ(t) + λμ(t) − 2γ(t)

]2
− 4εμ(t)μ̇(t) + 2

(
λμ(t) − 2γ(t)

)
μ̇(t) +

(
μ̇(t)

)2

+ 4εμ(t)μ̇(t) − 4εμ(t)γ(t)

= 4ε2μ2(t) − 4εμ(t)
(
λμ(t) − 2γ(t)

)
+

(
λμ(t) − 2γ(t)

)2+ 2
(
λμ(t) − 2γ(t)

)
μ̇(t)

+
(
μ̇(t)

)2 − 4εμ(t)γ(t)

= μ2(t)

{
4ε2 − 4

(
λ − γ(t)

μ(t)

)
ε +

[
λ − 2γ(t)

μ(t)
+

μ̇(t)
μ(t)

]2
}

. (3.24)

Notice that B2 − AC is a quadratic expression in ε. Proposition 3.4.4, which is an intermediate result
before the main theorem of this subsection, will show that there exists a suitable interval I ⊆ (0, λ) with
nonempty interior such that this parabola eventually becomes negative for every ε ∈ I. It also shows
integral statements which will be needed when showing weak convergence of trajectories and little-o
rates.

Remark 3.4.3. Assumption 3.2 implies in particular that λ > L, a fact that we will need later.
Let us show this claim here. Since

2λ > 3L − inf
t≥t0

μ̇(t)
μ(t)

, there exists δ > 0 such that 2λ − δ ≥ 3L − inf
t≥t0

μ̇(t)
μ(t)

.
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Since limt→+∞
γ(t)
μ(t) = L, for every given 0 < ε < δ there exists tε ≥ t0 such that for every t ≥ tε

L − ε ≤ γ(t)
μ(t)

≤ L + ε, and in particular,
μ̇(t)
μ(t)

≤ (L + ε)
μ̇(t)
γ(t)

≤ L + ε,

where in the last estimate we used the assumption supt≥t0
μ̇(t)
γ(t) < 1 and the nondecreasing property

of μ. Now, for every t ≥ tε we have

2λ − δ ≥ 3L − inf
t≥t0

μ̇(t)
μ(t)

≥ 3L − μ̇(t)
μ(t)

≥ 3L − L − ε = 2L − ε,

from which we deduce
2λ > 2L + δ − ε > 2L and thus λ > L.

Proposition 3.4.4. Suppose further that λ, μ(·) and γ(·) satisfy Assumption 3.2. Let x∗ be a
zero of M and y : [t0, +∞) → H be a solution trajectory of (3.18). The following statements are
true:

(i) The limit limt→+∞ Eλ−ε (t) ∈ R exists for every ε in a given interval I ⊆ (0, λ);

(ii) It holds ∫ +∞

t0

μ(t)〈y(t) − x∗, M(y(t))〉dt < +∞,

∫ +∞

t0

∥∥ẏ(t)
∥∥2

dt < +∞

and
∫ +∞

t0

μ2(t)‖M(y(t))‖2dt < +∞.

Proof. (i) Just as we mentioned before the previous remark, we want to find an interval I with nonempty
interior, independent of time, such that I ⊆ (0, λ) and such that for every ε ∈ I the parabola (3.24)
becomes negative for large enough t. We do this in two steps: first, we show that the discriminant, which
depends on t, stays away from zero as t → +∞, and thus the (also dependent on t) roots are properly
separated as t → +∞. Second, we show that the left and right roots stay respectively below and above
certain thresholds as t → +∞. Combining these facts will yield the desired interval I.

To proceed, we first observe that, according to (3.2), and since λ > L following Remark 3.4.3, we can
choose δ1, δ2 such that

max
{

2 − λ

L
, sup

t≥t0

μ̇(t)
γ(t)

}
< δ1 < δ2 < 1. (3.25)

After some algebraic manipulation, we deduce that for every t ≥ t0

λ − 2γ(t)
μ(t)

+
μ̇(t)
μ(t)

< λ + (δ1 − 2)
γ(t)
μ(t)

< λ + (δ2 − 2)
γ(t)
μ(t)

< λ − γ(t)
μ(t)

.

Moreover, we know that there exist δ̃2 > δ̃1 > 0 satisfying

0 < λ + (δ1 − 2)L < δ̃1 < δ̃2 < λ + (δ2 − 2)L. (3.26)

Using limt→+∞
γ(t)
μ(t) = L > 0, we know that there exist t1 ≥ t0 such that for every t ≥ t1

λ − 2γ(t)
μ(t)

+
μ̇(t)
μ(t)

< λ + (δ1 − 2)
γ(t)
μ(t)

≤ δ̃1 < δ̃2 ≤ λ + (δ2 − 2)
γ(t)
μ(t)

< λ − γ(t)
μ(t)

. (3.27)

On the other hand, according to (3.2), we know that

L − λ < λ − 2L + inf
t≥t0

μ̇(t)
μ(t)

.

Again recalling that λ > L, we can construct δ̃4 > δ̃3 > 0 and t2 ≥ t1 such that for every t ≥ t2

L − λ < −δ̃4 < −δ̃3 < λ − 2L + inf
t≥t0

μ̇(t)
μ(t)

and
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γ(t)
μ(t)

− λ ≤ −δ̃4 < −δ̃3 ≤ λ − 2γ(t)
μ(t)

+ inf
t≥t0

μ̇(t)
μ(t)

≤ λ − 2γ(t)
μ(t)

+
μ̇(t)
μ(t)

. (3.28)

Combining (3.27) and (3.28) yields, for every t ≥ t2,

γ(t)
μ(t)

− λ ≤ −δ̃4 < −δ̃3 ≤ λ − 2γ(t)
μ(t)

+
μ̇(t)
μ(t)

≤ δ̃1 < δ̃2 ≤ λ − γ(t)
μ(t)

.

Without loss of generality, since both cases can be handed identically, we may assume that

max
{

δ̃1, δ̃3
}

= δ̃1.

Therefore, the reduced discriminant of (3.24) satisfies, for every t ≥ t2,

Δt := 4

[(
λ − γ(t)

μ(t)

)2
−

(
λ − 2γ(t)

μ(t)
+

μ̇(t)
μ(t)

)2
]

≥ 4
(
δ̃2

2 − δ̃2
1
)

> 0, (3.29)

and thus stays away from zero as t → +∞. Now, choose δ3 > 0 such that

δ3 < min
{

L, λ − L,
1
2

√
δ̃2

2 − δ̃2
1

}
.

Once again using the fact that limt→+∞
γ(t)
μ(t) = L, there exists t3 ≥ t2 such that, for every t ≥ t3,

λ − L − δ3 ≤ λ − γ(t)
μ(t)

≤ λ − L + δ3. (3.30)

The roots of the quadratic expression (in ε) in equation (3.24) are

εt :=
1
2

(
λ − γ(t)

μ(t)

)
− 1

4
√

Δt and εt :=
1
2

(
λ − γ(t)

μ(t)

)
+

1
4
√

Δt.

Now, using (3.29) and (3.30) we can deduce that for every t ≥ t3

δ3 <
1
2

√
δ̃2

2 − δ̃2
1 ⇒ λ − L + δ3 −

√
δ̃2

2 − δ̃2
1 < λ − L − δ3

⇒ εt =
1
2

(
λ − γ(t)

μ(t)

)
− 1

4
√

Δt <
1
2

(
λ − L + δ3 −

√
δ̃2

2 − δ̃2
1

)
<

1
2

(λ − L − δ3) .

Similarly, for every t ≥ t3 we obtain
1
2

(λ − L + δ3) < εt.

Thus, we define the interval I as

I :=
[

1
2

(λ − L − δ3) ,
1
2

(λ − L + δ3)
]

.

The previous inequalities, together the way we chose δ3, ensure that

I ⊆ (εt, εt) ⊆ (0, λ).

Thus, for every ε ∈ I, the term (3.24) is negative for t ≥ t3:

B2 − AC < 0,

and we recall that according to Lemma 2.3.5, this in turn implies R(t) ≤ 0 for all t ≥ t3, which is what
we wanted. Having shown (3.23), we go back to (3.21) and we drop the nonpositive terms corresponding
to

〈
ẏ(t), d

dt M(y(t))
〉

and R(t). For every η = λ − ε > 0 with ε ∈ I, for every t ≥ t3 it holds

d

dt
Eη(t) ≤ 4η

[
μ̇(t)−γ(t)

]
〈y(t)−x∗, M(y(t))〉+(η−λ)

∥∥ẏ(t)
∥∥2+

2
3

μ(t)
[
μ̇(t)−γ(t)

]
‖M(y(t))‖2 ≤ 0. (3.31)
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This means that for every η = λ − ε, where ε ∈ I, Eη is nonincreasing on [t3, +∞), therefore, for every
t ≥ t3 we have

0 ≤ Eη(t) ≤ Eη(t3), (3.32)

thus

lim
t→+∞ Eη(t) ∈ R exists. (3.33)

In particular, going back to (E1
η (t))-(E4

η (t)), we deduce that, for every t ≥ t3,

‖M(y(t))‖ ≤
√

2Eη(t3)
μ(t)

and 〈y(t) − x∗, M(y(t))〉 ≤ Eη(t3)
2ημ(t)

. (3.34)

(ii) From (3.25) and (3.30), for every t ≥ t3 we have

μ̇(t)
γ(t)

≤ δ1 < 1 and L − δ3 ≤ γ(t)
μ(t)

≤ L + δ3 ⇒ (1 − δ1)γ(t) ≤ γ(t) − μ̇(t)

⇒ (1 − δ1)(L − δ3)μ(t) ≤ (1 − δ1)γ(t) ≤ γ(t) − μ̇(t).

Going back to (3.31), we integrate the inequality from t3 to t ≥ t3 and obtain

4η(L − δ3)(1 − δ1)
∫ t

t3

μ(s)〈y(s) − x∗, M(y(s))〉ds + (λ − η)
∫ t

t3

∥∥ẏ(s)
∥∥2

ds

+
2
3

(L − δ3)(1 − δ1)
∫ t

t3

μ2(s)‖M(y(s))‖2ds

≤ 4η

∫ t

t3

[
γ(s) − μ̇(s)

]
〈y(s) − x∗, M(y(s))〉ds + (λ − η)

∫ t

t3

∥∥ẏ(s)
∥∥2

ds

+
2
3

∫ t

t3

μ(s)
[
γ(s) − μ̇(s)

]
‖M(y(s))‖2ds

≤ Eη(t3) − Eη(t),

which produces the required integrability results.

We are now in a position to state and prove the main theorem of this section.

Theorem 3.4.5. Suppose that λ, μ(·) and γ(·) satisfy Assumption 3.2. Let x∗ be a zero of M
and y : [t0, +∞) → H be a solution trajectory of (3.18). Then, the following statements are true:

(i) As t → +∞, it holds

‖M(y(t))‖ = o

(
1

μ(t)

)
, 〈y(t) − x∗, M(y(t))〉 = o

(
1

μ(t)

)
and

∥∥ẏ(t)
∥∥ → 0; (3.35)

(ii) The solution trajectory y(t) converges weakly to a zero of M as t → +∞.

Proof. (i) Let I ⊆ (0, λ) be the interval provided by Proposition 3.4.4 (i). Choose ε1, ε2 ∈ I such that
ε1 �= ε2. Set ηi := λ − εi, i = 1, 2. We have

Eη2(t) − Eη1(t)

=
1
2

∥∥∥2η2(y(t) − x∗) + 2ẏ(t) + μ(t)M(y(t))
∥∥∥2

− 1
2

∥∥∥2η1(y(t) − x∗) + 2ẏ(t) + μ(t)M(y(t))
∥∥∥2

+ 2
[
η2(λ − η2) − η1(λ − η1)

]
‖y(t) − x∗‖2 + 2(η2 − η1)μ(t)〈y(t) − x∗, M(y(t))〉

= 2
(
η2

2 − η2
1
)‖y(t) − x∗‖2 + 2(η2 − η1)

〈
y(t) − x∗, 2ẏ(t) + μ(t)M(y(t))

〉
+

[
2λ(η2 − η1) − 2

(
η2

2 − η2
1
)]‖y(t) − x∗‖2 + 2(η2 − η1)μ(t)〈y(t) − x∗, M(y(t))〉
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= 4(η2 − η1)
[

λ

2
‖y(t) − x∗‖2 +

〈
y(t) − x∗, ẏ(t) + μ(t)M(y(t))

〉]
.

Define, for t ≥ t0,

p(t) :=
λ

2
‖y(t) − x∗‖2 +

〈
y(t) − x∗, ẏ(t) + μ(t)M(y(t))

〉
.

Because of (3.33), and since η2 − η1 �= 0, we deduce that

lim
t→+∞ p(t) ∈ R exists.

With this at hand, we can now rewrite Eη1(t) for every t ≥ t0 as

Eη1(t) =
1
2

∥∥∥2η1(y(t) − x∗) + 2ẏ(t) + μ(t)M(y(t))
∥∥∥2

+ 2η1(λ − η1)‖y(t) − x∗‖2

+ 2η1μ(t)〈y(t) − x∗, M(y(t))〉 +
1
2

μ2(t)‖M(y(t))‖2

=
1
2

[
4η2

1‖y(t) − x∗‖2 + 4η1

〈
y(t) − x∗, 2ẏ(t) + μ(t)M(y(t))

〉
+

∥∥∥2ẏ(t) + μ(t)M(y(t))
∥∥∥2

]
+ 2η1λ‖y(t) − x∗‖2 − 2η2

1‖y(t) − x∗‖2 + 2η1μ(t)〈y(t) − x∗, M(y(t))〉 +
1
2

μ2(t)‖M(y(t))‖2

= 4η1p(t) +
1
2

∥∥∥2ẏ(t) + μ(t)M(y(t))
∥∥∥2

+
1
2

μ2(t)‖M(y(t))‖2

= 4η1p(t) +
∥∥∥ẏ(t) + μ(t)M(y(t))

∥∥∥2
+

∥∥ẏ(t)
∥∥2

.

Define
h(t) :=

∥∥∥ẏ(t) + μ(t)M(y(t))
∥∥∥2

+
∥∥ẏ(t)

∥∥2
.

Since both limt→+∞ Eη1(t) and limt→+∞ p(t) exist, so does limt→+∞ h(t). Notice that∫ t

t0

h(s)ds ≤ 3
∫ t

t0

∥∥ẏ(s)
∥∥2

ds + 2
∫ t

t0

μ2(s)‖M(y(s))‖2ds,

and the integrals on the right-hand side remain finite as t → +∞ according to Proposition 3.4.4 (i) (ii),
i.e.,

∫ +∞
t0

h(t)dt < +∞. Combining this with the existence of limt→+∞ h(t) allows us to deduce

lim
t→+∞ h(t) = 0.

This implies
lim

t→+∞ ‖ẏ(t)‖ = 0,

combining this with limt→+∞
∥∥ẏ(t) + μ(t)M(y(t))

∥∥ = 0 gives that, as t → +∞ it holds

lim
t→+∞ μ(t)‖M(y(t))‖ = 0, or ‖M(y(t))‖ = o

(
1

μ(t)

)
.

Using the boundedness of t 	→ ‖y(t) − x∗‖, we obtain that as t → +∞

〈y(t) − x∗, M(y(t))〉 = o

(
1

μ(t)

)
.

(ii) We will make use of Opial’s Lemma. Define, for t ≥ t0,

q(t) :=
1
2

‖y(t) − x∗‖2 +
∫ t

t0

μ(s)〈y(s) − x∗, M(y(s))〉ds.

Recalling the definition of p(·), we have

λq(t) + q̇(t) =
λ

2
‖y(t) − x∗‖2 +

〈
y(t) − x∗, ẏ(t) + μ(t)M(y(t))

〉
+ λ

∫ t

t0

μ(s)〈y(s) − x∗, M(y(s))〉ds
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= p(t) + λ

∫ t

t0

μ(s)〈y(s) − x∗, M(y(s))〉ds.

According to Proposition 3.4.4 (ii), the integral in the previous sum converges as t → +∞. Since we
already established that limt→+∞ p(t) exists, we are lead to

lim
t→+∞

(
λq(t) + q̇(t)

) ∈ R exists.

Using Lemma 2.3.3, we obtain the existence of limt→+∞ q(t). Using again that∫ +∞

t0

μ(s)〈y(s) − x∗, M(y(s))〉ds < +∞,

we finally deduce that
lim

t→+∞ ‖y(t) − x∗‖ exists.

Thus, the first condition of Opial’s Lemma is met.
For the second condition, let y be a sequential cluster point of t 	→ y(t), i.e., there exists a sequence

(tn)n∈N ⊆ [t0, +∞) such that tn → +∞ and y(tn) ⇀ y as n → +∞. Since we already know that
‖M(y(t))‖ = o

(
1

μ(t)

)
as t → +∞ and μ(·) is nondecreasing, we have M(y(tn)) → 0 as n → +∞. Since

M is maximally monotone, its graph is closed in Hweak × Hstrong, thus

M(y) = 0.

Now both conditions of Opial’s Lemma (see Lemma 2.1.2) are fulfilled, from which we finally conclude
the proof of this theorem.

3.5 Connection with a system with asymptotic vanishing damp-
ing governed by a monotone and continuous operator

Here, as it was done before, we present two systems attached to (3.17): one has a fixed viscosity param-
eter, i.e., the Heavy Ball dynamics (3.18), while the other features an asymptotically vanishing viscosity
coefficient accompanying the velocity; precisely speaking, these are exactly the Fast OGDA dynamics
(see [40]) for the case β(·) ≡ 1. While at first glance they might appear fundamentally different, we will
see that one is a time-rescaled version of the other.

3.5.1 Two equivalent dynamical systems through time rescaling
Similar to what was done in Section 3.3, we start with a trajectory solution y : [t0, +∞) → H of

ÿ(t) + λẏ(t) + μ(t)
d

dt
M(y(t)) + γ(t)M(y(t)) = 0, (3.36)

and define x(s) := y(τ(s)), where τ : [s0, +∞) → [t0, +∞) is a continuously differentiable function such
that τ̇(s) > 0 for every s ≥ s0 > 0 and lims→+∞ τ(s) = +∞. We have

ẋ(s) = τ̇(s)ẏ(τ(s)) and ẍ(s) = τ̈(s)ẏ(τ(s)) +
(
τ̇(s)

)2
ÿ(τ(s)).

These expressions lead to

ẏ(τ(s)) =
1

τ̇(s)
ẋ(s) and ÿ(τ(s)) =

1(
τ̇(s)

)2

[
ẍ(s) − τ̈(s)ẏ(τ(s))

]
=

1(
τ̇(s)

)2

[
ẍ(s) − τ̈(s)

τ̇(s)
ẋ(s)

]
.

Moreover
d

ds

(
M(y(·)) ◦ τ

)
(s) = τ̇(s)

d

dt
M(y(t))

∣∣∣
t=τ(s)

⇒ d

dt
M(y(t))

∣∣∣
t=τ(s)

=
1

τ̇(s)
d

ds
M(x(s)).

Now, plugging t = τ(s) in (3.36) gives

1(
τ̇(s)

)2

[
ẍ(s) − τ̈(s)

τ̇(s)
ẋ(s)

]
+

λ

τ̇(s)
ẋ(s) + μ(τ(s))

1
τ̇(s)

d

ds
M(x(s)) + γ(τ(s))M(x(s)) = 0

36



or, equivalently,

ẍ(s) +
[
λτ̇(s) − τ̈(s)

τ̇(s)

]
ẋ(s) + τ̇(s)μ(τ(s))

d

ds
M(x(s)) +

(
τ̇(s)

)2
γ(τ(s))M(x(s)) = 0. (3.37)

We briefly recall that the Fast OGDA dynamics [40], for constant β(·) ≡ 1, are, for s ≥ s0 > 0,

ẍ(s) +
α

s
ẋ(s) +

d

ds
M(x(s)) +

α

2s
M(x(s)) = 0. (3.38)

Going back to (3.37), if we want an asymptotic vanishing viscosity coefficient accompanying the velocity,
we need to ask for ⎧⎨⎩λτ̇(s) − τ̈(s)

τ̇(s)
=

α

s

τ(s0) = t0.

Since it was done before in Section 3.3, we don’t repeat the derivation for finding the solution here. We
know that for s ≥ s0 > 0, the function

τ(s) :=
α − 1

λ
ln(s) +

(
−α − 1

λ
ln(s0) + t0

)
=

α − 1
λ

ln
(

s

s0

)
+ t0 (3.39)

satisfies this differential equation. We have

τ̇(s) =
α − 1

λs
⇒ (

τ̇(s)
)2 =

(α − 1)2

λ2s2 .

We need, of course, to assume that α > 1. Furthermore, we want the coefficient attached to M(x(s)) to
be α

2s , i.e., (
τ̇(s)

)2
γ(τ(s)) =

α

2s
⇔ γ

(
α − 1

λ
ln

(
s

s0

)
+ t0

)
=

α

2
· λ2s

(α − 1)2 ,

which is fulfilled if we choose

γ(t) :=
α

2
· λ2s0

(α − 1)2 exp
(

λ(t − t0)
α − 1

)
.

Set μ(·) = γ(·). Notice that for every t ≥ t0

μ̇(t)
γ(t)

=
μ̇(t)
μ(t)

=

(
λs0
α−1

)2
· λ

α−1 exp
(

λ(t−t0)
α−1

)
(

λs0
α−1

)2
exp

(
λ(t−t0)

α−1

) =
λ

α − 1
.

Thus, Assumption 3.2 is satisfied if and only if

λ

α − 1
< 1 and 2λ − 3 +

λ

α − 1
> 0.

After rearranging terms, the two previous inequalities are equivalent to

3(α − 1)
2α − 1

=
3

2 + 1
α−1

< λ < α − 1. (3.40)

In particular,
3(α − 1)
2α − 1

< α − 1 ⇔ 2 < α.

We now turn our attention to the coefficient attached to d
ds M(x(s)) in (3.37). Since we want to reach

(3.38), we need
α

2
· λ

α − 1
= τ̇(s)μ(τ(s)) = 1 ⇔ λ =

2(α − 1)
α

.

We must verify that this choice of λ satisfies inequality (3.40). Indeed,

2(α − 1)
α

< α − 1 ⇔ 2 < α and
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3(α − 1)
2α − 1

<
2(α − 1)

α
⇔ 3α < 4α − 2 ⇔ 2 < α.

All in all, x : [s0, +∞) → H fulfills

ẍ(s) +
α

s
ẋ(s) +

d

ds
M(x(s)) +

α

2s
M(x(s)) = 0.

Conversely, if for α > 2, x : [s0, +∞) → H is a trajectory solution of the previous system and we
define y(t) := x(σ(t)), where σ : [t0, +∞) → [s0, +∞) is a continuously differentiable function such that
σ̇(t) > 0 for all t ≥ t0 ≥ 0 and limt→+∞ σ(t) = +∞, arguing in a similar fashion as it was done previously
we arrive at

ÿ(t) +
[
α

σ̇(t)
σ(t)

− σ̈(t)
σ̇(t)

]
ẏ(t) + σ̇(t)

d

dt
M(y(t)) +

α

2
·
(
σ̇(t)

)2

σ(t)
M(y(t)) = 0.

We want the coefficient attached to ẏ(t) to be λ = 2(α−1)
α . For this end, we need σ to satisfy the

differential equation⎧⎨⎩α
σ̇(t)
σ(t)

− σ̈(t)
σ̇(t)

=
2(α − 1)

α
,

σ(t0) = s0,

which is fulfilled by σ(t) := s0 exp
(

2(t − t0)
α

)
.

With this choice for σ(·), the resulting system reads

ÿ(t) +
2(α − 1)

α
ẏ(t) +

2s0
α

exp
(

2(t − t0)
α

)
d

dt
M(y(t)) +

2s0
α

exp
(

2(t − t0)
α

)
M(y(t)) = 0.

It is straightforward to check (we have actually done this already when going from the Heavy Ball system
to the Fast OGDA dynamics) that

λ =
2(α − 1)

α
and μ(t) = γ(t) =

2s0
α

exp
(

2(t − t0)
α

)
satisfy Assumption 3.2, and thus all the results ensured by Theorem 3.4.5 hold.

We have essentially shown the following proposition.

Proposition 3.5.1. Assume that α > 2 and that s0 > 0, t0 ≥ 0 are initial times. Consider the
following second-order systems:⎧⎪⎨⎪⎩ÿ(t) +

2(α − 1)
α

ẏ(t) +
2s0
α

exp
(

2(t − t0)
α

)
d

dt
M(y(t)) +

2s0
α

exp
(

2(t − t0)
α

)
M(y(t)) = 0,

y(t0) = y0, ẏ(t0) = y1,

(3.41)
and ⎧⎨⎩ẍ(s) +

α

s
ẋ(s) +

d

ds
M(x(s)) +

α

2s
M(x(s)) = 0,

x(s0) = x0, ẋ(s0) = x1.
(3.42)

Then, the following statements are true:

(i) If y : [t0, +∞) → H is a solution trajectory to (3.41) and the function τ : [s0, +∞) →
[t0, +∞) is given by

τ(s) :=
α

2
ln

(
s

s0

)
+ t0,

then the reparametrized trajectory x : [s0, +∞) → H given by x(s) := y(τ(s)) is a solution
to (3.42) for initial conditions

x(s0) = y0 and ẋ(s0) =
α

2s0
y1.
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(ii) If x : [s0, +∞) → H is a solution trajectory to (3.42) and the function σ : [t0, +∞) →
[s0, +∞) is given by

σ(t) := s0 exp
(

2(t − t0)
α

)
,

then the reparametrized trajectory y : [t0, +∞) → H given by y(t) := x(σ(t)) is a solution
to (3.41) for initial conditions

y(t0) = x0 and ẏ(t0) =
2s0
α

x1.

3.5.2 Transferring the rates to Fast OGDA
A direct consequence of Theorem 3.4.5 and Proposition 3.5.1 yields the following theorem.

Theorem 3.5.2. Let α > 2, s0 > 0, and x : [s0, +∞) → H be a solution trajectory of⎧⎨⎩ẍ(s) +
α

s
ẋ(s) +

d

ds
M(x(s)) +

α

2s
M(x(s)) = 0,

x(s0) = x0, ẋ(s0) = x1.

and let x∗ be a zero of M . Then, it holds

‖M(x(s))‖ = o

(
1
s

)
, 〈x(s) − x∗, M(x(s))〉 = o

(
1
s

)
,

∥∥ẋ(s)
∥∥ = o

(
1
s

)
as s → +∞.

Furthermore, x(s) converges weakly to a zero of M as s → +∞.

Proof. The proof is near identical to the one in the optimization setting. As per Proposition 3.5.1,
define y(t) := x(σ(t)). We know that y : [t0, +∞) → H is a solution to (3.41). Again, the function
σ ◦ τ : [s0, +∞) → [s0, +∞) is the identity, which gives x(s) = y(τ(s)) and 2s

α ẋ(s) = ẏ(τ(s)) for every
s ≥ s0. According to Theorem 3.4.5, if we set μ(t) = γ(t) = 2s0

α exp
(

2(t−t0)
α

)
for all t ≥ t0, then it holds,

as s → +∞,

‖M(x(s))‖ = o

(
1

μ(τ(s))

)
, 〈x(s) − x∗, M(x(s))〉 = o

(
1

μ(τ(s))

)
and

2s

α

∥∥ẋ(s)
∥∥ → 0

We just need to compute μ(τ(s)). We readily see

μ(τ(s)) = μ

(
α

2
ln

(
s

s0

)
+ t0

)
=

2s0
α

exp
(

2
α

· α

2
ln

(
s

s0

))
=

2s

α
,

which immediately shows the rates claimed in the statement. Since y(t) converges weakly to a zero of
M as t → +∞, so does x(s) = y(τ(s)) as s → +∞.

3.6 A second-order system with slow vanishing damping
In this section we mention the main results shown in our paper [42], which bear a connection with the
ideas discussed in this chapter. More details and the proof may be found therein.

In the context of linearly constrained convex minimization, for a primal-dual system like the one
studied by Zeng, Lei and Chen [102], Attouch, Chbani, Fadili and Riahi [18] considered a vanishing
damping term of the form

α

tr
+

r

t
, while He, Hu and Fang [66] measured the effects of a term

α

tr
. In both

cases, the choice r < 1 allowed the authors to derive exponential rates of convergence for the primal-
dual gap. We wanted to see if this influence carries over to a more general setting of a continuous and
monotone operator M : H → H. For t ≥ t0 > 0, we study the asymptotic properties of the solutions to
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z̈(t) +
α

tr
ż(t) + θtrβ(t)

d

dt
M(z(t)) + β(t)M(z(t)) = 0. (3.43)

The following are the assumptions on the parameters involved in the system.

Assumption 3.3. r ∈ [0, 1], and α, θ > 0 are taken as follows:

• If r ∈ [0, 1), then 2
α < θ;

• If r = 1, then 2
α+1 ≤ θ < 1

2 .

β : [t0, +∞) → (0, +∞) is a continuously differentiable and nondecreasing function which satisfies
the following growth condition:

sup
t≥t0

tr

(
β̇(t)
β(t)

+
2r

t

)
<

1
θ

. (3.44)

Theorem 3.6.1. Suppose that α, θ > 0, r ∈ [0, 1] and that β : [t0, +∞) → (0, +∞) satisfy
Assumption 3.3. Let t 	→ z(t) be a solution to (3.43) and let z∗ be a zero of V . Consider the
following convergence rates as t → +∞:

‖M(z(t))‖ = o

(
1

tρ+rβ(t)

)
, 〈z(t) − z∗, M(z(t))〉 = o

(
1

t2ρβ(t)

)
,

∥∥ż(t)
∥∥ = o

(
1
tρ

)
. (3.45)

The following statements are true:

(i) If r ∈ (0, 1), the above rates hold for ρ ∈ (0, r). Furthermore, if t 	→ z(t) is bounded, then
these rates hold for ρ = r.

(ii) If r = 0 or r = 1, then t 	→ z(t) is bounded; moreover, the above rates hold for ρ = 0 (if
r = 0) and for ρ = 1 (if r = 1).

(iii) If r = 0 or r = 1 or
(

r ∈ (0, 1) and t 	→ z(t) is bounded
)

, then z(t) converges weakly to a
zero of V as t → +∞.

Remark 3.6.2. Notice that when r = 0, the growth condition given by Assumption 3.3 reads

sup
t≥t0

β̇(t)
β(t)

<
1
θ

,

which is very similar to the growth condition of Assumption 3.1 in the optimization case.

Remark 3.6.3. When r < 1, the growth condition in Assumption 3.3 holds if for some 0 < δ < 1
θ

the following differential equation is fulfilled by β:

tr

(
β̇(t)
β(t)

+
2r

t

)
=

1
θ

− δ ∀t ≥ t0.

A solution to this equation is

β(t) =
1

t2r
· exp

((
1
θ

− δ

)
t1−r

1 − r

)
,

thus convergence rates of o
(

exp
(

− ( 1
θ − δ

)
t1−r

1−r

))
are attained for ‖V (z(t))‖ and 〈z(t) −

z∗, V (z(t))〉 as t → +∞.
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A discretization of (3.43) yields an implicit algorithm, which has analogous convergence properties
to its continuous counterpart. We will only consider r ∈ (0, 1].

Algorithm 3.1:
Input: z0, z1 ∈ H, r ∈ (0, 1], α, θ > 0, (βk)k≥0 a sequence of positive numbers;
for k = 1, 2, . . . do

zk+1 := zk +
kr

α − rkr−1 + (k + 1)r

(
zk − zk−1

) − θk2rβk−1
α − rkr−1 + (k + 1)r

[
M(zk+1) − M(zk)

]

−
θ
{[

(k + 1)2r − k2r
]

− 2rk2r−1
}

+ kr

α − rkr−1 + (k + 1)r
βkM(zk+1).

The following are the assumptions for the parameters in the numerical algorithm. They differ from the
continuous-time counterpart in that the interval is now smaller for the case r ∈ (0, 1).

Assumption 3.4. r ∈ (0, 1], α, θ > 0 are taken as follows:

• If r ∈ (0, 1), then 2
α < θ;

• If r = 1, then 2
α+1 ≤ θ < 1

4 .

The sequence (βk)k≥0 is positive, nondecreasing, and it satisfies

sup
k≥k0

kr

(
βk − βk−1

βk
+

2r

k

)
<

1
2θ

(3.46)

for some positive integer k0.

Theorem 3.6.4. Suppose that α, θ > 0, r ∈ (0, 1] and that (βk)k≥0 satisfy Assumption 3.4.
Let (zk)k≥0 be the sequence generated by Algorithm 3.1 and let z∗ be a zero of V . Consider the
following convergence rates as k → +∞:

‖M(zk)‖ = o

(
1

kρ+rβk

)
, 〈zk − z∗, M(zk)〉 = o

(
1

k2ρβk

)
and ‖zk − zk−1‖ = o

(
1
kρ

)
.

The following statements are true:

(i) If r ∈ (0, 1), the above rates hold for ρ ∈ (0, r). Furthermore, if (zk)k≥0 is bounded, then
these rates hold for ρ = r. Moreover, if r = 1, then (zk)k≥0 is bounded and the above rates
hold for ρ = r = 1;

(ii) If r ∈ (0, 1) and (zk)k≥0 or if r = 1, then zk converges weakly to a zero of V as k → +∞.

Remark 3.6.5. Similar to the continuous case, when r ∈ (0, 1), it is easy to show that for some
0 < δ < 1

2θ the sequence

βk =
1

k2r
· e( 1

2θ −δ) k1−r

1−r

fulfills the discrete growth condition in Assumption 3.4. Hence, a linear convergence rate of
o
(

e−( 1
2θ −δ) k1−r

1−r

)
is exhibited by ‖M(zk)‖ and 〈zk − z∗, M(zk)〉 as k → +∞.
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Chapter 4

A second-order system attached to
an additively structured monotone
inclusion

4.1 Introduction
In this chapter, which is essentially our work [41], we study the asymptotic properties of a dynamical
system attached to a maximally monotone+cocoercive inclusion problem. Namely, in real a Hilbert
space, given a maximally monotone operator A : H → 2H and a β-cocoercive operator B : H → H, we
address the monotone inclusion problem

find x ∈ H such that 0 ∈ (A + B)(x), (4.1)

which we naturally assume to have at least one solution. The dynamical system in question reads, for
t ≥ t0 > 0,

ẍ(t) +
α

t
ẋ(t) + ξ

(
d

dt
Tλ(t),γ(t)(x(t))

)
+ Tλ(t),γ(t)(x(t)) = 0, (4.2)

where, for λ, γ > 0, the operator Tλ,γ : H → H is given by

Tλ,γ :=
1
λ

[
Id −JγA(Id −γB)

]
.

The motivation for studying dynamics governed by this particular operator Tλ,γ comes from two facts:
first, it evaluates A and B in a splitting fashion, i.e., though a backward step for A and a forward step
for B; second, for λ, γ > 0 the operators A + B and Tλ,γ have the same set of zeros. Indeed,

0 = Tλ,γ(x) =
1
λ

[
x − JγA(x − γB(x))

]
⇔ x = JγA(x − γB(x)) ⇔ x − γB(x) ∈ x + γA(x)

⇔ 0 ∈ (A + B)(x).

We will show that, as t → +∞, it holds

‖Tλ(t),γ(t)(x(t))‖ = o

(
1
t2

)
,

as well as the weak convergence of the trajectories towards solutions to (4.1).
This chapter is organized as follows: in Section 4.2, we show the existence and uniqueness of solu-

tions to (4.2), as well as some properties of the operator Tλ,γ ; in Section 4.3 we show the asymptotic
properties (convergence rates, weak convergence) of (4.2); in Section 4.4, we particularize our system to
the respective special cases A = 0 and B = 0, the latter being of particular interesting since it produces
(arbitrarily) fast polynomial convergence rates for the norm of the governing operator along the trajec-
tories (only depending on γ(·)); in Section 4.5, we particularize our system to the convex optimization
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case, i.e., where A = ∂f and B = ∇g; in Section 4.6, we mention an implicit numerical algorithm that
can be obtained from a discretization of (4.2).

Remark 4.1.1. It is sometimes useful to write Tλ,γ as

Tλ,γ =
γ

λ

[
Aγ(Id −γB) + B

]
,

where we recall that the Moreau-Yosida envelope of index γ of A is given by

Aγ =
1
γ

(Id −JγA).

4.2 Existence and uniqueness of trajectories
In this section, we show the existence and uniqueness of strong global solutions to (4.2). For the sake of
clarity, first we recall the definition of a strong global solution, which was also given in Chapter 3.

Definition 4.2.1. We call x : [t0, +∞) → H a strong global solution of (4.2) if the following
statements hold

(i) x, ẋ : [t0, +∞) → H are locally absolutely continuous, that is, absolutely continuous on each
interval [t0, t1];

(ii) ẍ(t) + α
t ẋ + ξ

(
d
dt Tλ(t),γ(t)(x(t))

)
+ Tλ(t),γ(t)(x(t)) = 0 for almost every t ∈ [t0, +∞);

(iii) x(t0) = x0 and ẋ(t0) = u0.

A classic solution is just a strong global solution which is C2. Sometimes we will mention the
terms strong global solution or classic global solution without explicit mention of the Cauchy data.

The following lemma will be used to prove the existence of strong global solutions of our system, and we
will need it in the proof of the main theorem as well.

Lemma 4.2.2. Let A : H → 2H be a maximally monotone operator and B : H → H a β-
cocoercive operator for some β > 0. Then, the following statements hold:

(i) For λ > 0 and γ ∈ (0, 2β), Tλ,γ is a λ 4β−γ
4β -cocoercive operator. In particular, this also

implies that Tλ,γ is λ
2 -cocoercive;

(ii) Choose λ1, λ2 > 0, γ1, γ2 ∈ (0, 2β), x, y ∈ H and x∗ ∈ zer(A + B). Then, it holds

‖λ1Tλ1,γ1(x) − λ2Tλ2,γ2(y)‖ ≤ 4‖x − y‖ +
4β|γ1 − γ2|

γ1
‖B(x)‖ +

2|γ1 − γ2|
γ1

‖x − x∗‖,

‖Tλ1,γ1(x) − Tλ2,γ2(y)‖ ≤ 1
λ1

[
4‖x − y‖ + 4β

|γ1 − γ2|
γ1

‖Bx‖ + 2
|γ1 − γ2|

γ1
‖x − x∗‖

]
+ 2

|λ2 − λ1|
λ1λ2

‖y − x∗‖;

(iii) If x is a classic global solution to (4.2) and x∗ ∈ zer(A + B), then, for every t ≥ t0, we have∥∥∥∥ d

dt

(
λ(t)Tλ(t),γ(t)(x(t))

)∥∥∥∥ ≤ 4‖ẋ(t)‖ + 4β
|γ̇(t)|
γ(t)

‖B(x(t))‖ + 2
|γ̇(t)|
γ(t)

‖x(t) − x∗‖.

Proof. (i) From [28, Proposition 26.1] we know that the operator JγA(Id −γB) is α = 2β
4β−γ -averaged.

From [28, Proposition 4.39], we obtain that Id −JγA(Id −γB) is 1
2α -cocoercive, namely, it is 4β−γ

4β -
cocoercive. Since γ ∈ (0, 2β), we have 4β−γ

4β > 2β
4β = 1

2 , which implies that Id −JγA(Id −γB) is 1
2 -

43



cocoercive and thus

Tλ,γ is λ
4β − γ

4β
-cocoercive and Tλ,γ is

λ

2
-cocoercive.

(ii) We have

‖λ1Tλ1,γ1(x) − λ2Tλ2,γ2(y)‖ ≤ ‖x − y‖ + ‖Jγ1A(x − γ1B(x)) − Jγ2A(y − γ2B(y))‖
≤ ‖x − y‖ + ‖Jγ1A(x − γ1B(x)) − Jγ2A(x − γ1B(x))‖

+ ‖Jγ2A(x − γ1B(x)) − Jγ2A(y − γ2B(y))‖
≤ 2‖x − y‖ + |γ1 − γ2|‖Aγ1(x − γ1B(x))‖ + ‖γ1B(x) − γ2B(y)‖
≤ 2‖x − y‖ + |γ1 − γ2|‖Aγ1(x − γ1B(x))‖

+ ‖γ1B(x) − γ2B(x)‖ + ‖γ2B(x) − γ2B(y)‖
= 2‖x − y‖ + |γ1 − γ2|‖Aγ1(x − γ1B(x))‖

+ |γ1 − γ2|‖B(x)‖ + γ2‖B(x) − B(y)‖.

Now, notice that

Aγ1(x − γ1B(x)) =
1
γ1

(Id −Jγ1A)(x − γ1B(x)) = −B(x) +
1
γ1

(x − Jγ1A(x − γ1B(x)))

= −B(x) + Tγ1,γ1(x),

so using (i) and the fact that Tγ1,γ2(x∗) = 0, we obtain

‖Aγ1(x − γ1B(x))‖ = ‖ − B(x) + Tγ1,γ2(x)‖ ≤ ‖B(x)‖ + ‖Tγ1,γ2(x) − Tγ1,γ2(x∗)‖
≤ ‖B(x)‖ +

2
γ1

‖x − x∗‖.
(4.3)

Altogether, plugging (4.3) into our initial inequality yields

‖λ1Tλ1,γ2(x) − λ2Tλ2,γ2(y)‖ ≤ 2‖x − y‖ + 2|γ1 − γ2|‖B(x)‖ +
2|γ1 − γ2|

γ1
‖x − x∗‖ + γ2‖B(x) − B(y)‖

≤ 2‖x − y‖ +
4β|γ1 − γ2|

γ1
‖B(x)‖ +

2|γ1 − γ2|
γ1

‖x − x∗‖ + 2β

(
1
β

)
‖x − y‖.

To show the second inequality, we use the previous one. We have

‖Tλ1,γ1(x) − Tλ2,γ2(y)‖ =
1
λ1

‖λ1Tλ1,γ1(x) − λ2Tλ2,γ2(y) + (λ2 − λ1)Tλ2,γ2(y)‖

≤ 1
λ1

[
4‖x − y‖ + 4β

|γ1 − γ2|
γ1

‖Bx‖ + 2
|γ1 − γ2|

γ1
‖x − x∗‖

]
+

|λ2 − λ1|
λ1

‖Tλ2,γ2(y)‖

≤ 1
λ1

[
4‖x − y‖ + 4β

|γ1 − γ2|
γ1

‖Bx‖ + 2
|γ1 − γ2|

γ1
‖x − x∗‖

]
+ 2

|λ2 − λ1|
λ1λ2

‖y − x∗‖ ,

where the last line is a consequence of Tλ2,γ2 being λ2
2 -cocoercive, and hence 2

λ2
-Lipschitz continuous

(see (i)).
(iii) For t, s ≥ t0 set

x = x(t), y = x(s), λ1 = λ(t), γ1 = γ(t), λ2 = λ(s), γ2 = γ(s)

and use (ii) to obtain, for every t ≥ t0,
‖λ(t)Tλ(t),γ(t)(x(t)) − λ(s)Tλ(s),γ(s)(x(s))‖

|t − s|
≤ 4

‖x(t) − x(s)‖
|t − s| +

4β

γ(t)
|γ(t) − γ(s)|

|t − s| ‖B(x(t))‖ +
2

γ(t)
|γ(t) − γ(s)|

|t − s| ‖x(t) − x∗‖.

Hence, by taking the limit as s → t we get, for any t ≥ t0,∥∥∥∥ d

dt
λ(t)Tλ(t),γ(t)(x(t))

∥∥∥∥ ≤ 4‖ẋ(t)‖ + 4β
|γ̇(t)|
γ(t)

‖B(x(t))‖ + 2
|γ̇(t)|
γ(t)

‖x(t) − x∗‖.

The next theorem concerns the existence and uniqueness of strong global solutions to (4.2), which
only requires mild assumptions on λ(·) and γ(·).
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Theorem 4.2.3. Assume that λ, γ : [t0, +∞) → R++ are Lebesgue measurable functions and
that inft≥t0 λ(t) > 0. Then, for any (x0, u0) ∈ H × H there exists a unique strong global solution
x : [t0, +∞) → H of the system (4.2) that satisfies x(t0) = x0 and ẋ(t0) = u0.

Proof. We will rely on [62, Proposition 6.2.1] and distinguish between the cases ξ > 0 and ξ = 0. For
each case, we will check that the conditions of the aforementioned proposition are fulfilled. We will be
working in the real Hilbert space H×H endowed with the norm ‖(x, y)‖ = ‖x‖+‖y‖. Let x∗ ∈ zer(A+B)
be fixed.

The case ξ > 0. First, it can be easily checked (see also [4, 22, 26]) that for all t ≥ t0 the following
dynamical systems are equivalent:

• ẍ(t) +
α

t
ẋ(t) + ξ

(
d

dt
Tλ(t),γ(t)(x(t))

)
+ Tλ(t),γ(t)(x(t)) = 0;

•

⎧⎨⎩ẋ(t) + ξTλ(t),γ(t)(x(t)) −
(

1
ξ − α

t

)
x(t) + 1

ξ y(t) = 0,

ẏ(t) −
(

1
ξ − α

t + αξ
t2

)
x(t) + 1

ξ y(t) = 0.

In other words, (4.2) with Cauchy data (x0, u0) = (x(t0), ẋ(t0)) is equivalent to the first order system{
ż(t) = F (t, z(t)),
z(t0) = (x0, y0),

where z(t) = (x(t), y(t)), F is given, for every t ≥ t0, by

F (t, (x, y)) =
[
−ξTλ(t),γ(t)(x) +

(
1
ξ

− α

t

)
x − 1

ξ
y,

(
1
ξ

− α

t
+

αξ

t2

)
x − 1

ξ
y

]
and the Cauchy data is x0 = x(t0), y0 = −ξ

(
u0 + ξTλ(t0),γ(t0)(x0) −

(
1
ξ − α

t0

)
x0

)
.

(i) Let t ∈ [t0, +∞) be fixed. We need to verify the Lipschitz continuity of F on the z variable. Set
z = (x, y), w = (u, v). We have

‖F (t, z) − F (t, w)‖ =
∥∥∥∥−ξ

(
Tλ(t),γ(t)(x) − Tλ(t),γ(t)(u) +

(
1
ξ

− α

t

)
(x − u) − 1

ξ
(y − v)

)∥∥∥∥
+

∥∥∥∥(1
ξ

− α

t
+

αξ

t2

)
(x − u) − 1

ξ
(y − v)

∥∥∥∥ .

Set λ := inft≥t0 λ(t) > 0. According to Lemma 4.2.2(i), the term involving the operator Tλ(t),γ(t) satisfies

∥∥Tλ(t),γ(t)(x) − Tλ(t),γ(t)(u)
∥∥ ≤ 2

λ(t)
‖x − u‖ ≤ 2

λ
‖x − u‖.

It follows that, if for t ≥ t0 we take

K(t) := max
{

2ξ

λ
+

∣∣∣∣1ξ − α

t

∣∣∣∣ +
∣∣∣∣1ξ − α

t
+

αξ

t2

∣∣∣∣ ,
2
ξ

}
,

then we have K ∈ L
1
loc([t0, +∞)) and, for all t ≥ t0,

‖F (t, z) − F (t, w)‖ ≤ K(t)‖z − w‖.

(ii) Now, we claim that F fulfills a boundedness condition. For t ≥ t0 and z = (x, y) ∈ H × H we
have

‖F (t, z)‖ =
∥∥∥∥−ξTλ(t),γ(t)(x) +

(
1
ξ

− α

t

)
x − 1

ξ
y

∥∥∥∥ +
∥∥∥∥(1

ξ
− α

t
+

αξ

t2

)
x − 1

ξ
y

∥∥∥∥ .

By Lemma 4.2.2(i), we have, for every t ≥ t0,∥∥Tλ(t),γ(t)(x)
∥∥ =

∥∥Tλ(t),γ(t)(x) − Tλ(t),γ(t)(x∗)
∥∥ ≤ 2

λ(t)
‖x − x∗‖.
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Hence, if for t ≥ t0 we take

P (t) = max
{

2ξ

λ(t)
+

∣∣∣∣1ξ − α

t

∣∣∣∣ +
∣∣∣∣1ξ − α

t
+

αξ

t2

∣∣∣∣ ,
2ξ

λ(t)
,

2
ξ

}
,

then we have P ∈ L
1
loc([t0, +∞)) and

‖F (t, z)‖ ≤ P (t)(1 + ‖z‖).

We have checked that the conditions of [62, Proposition 6.2.1] hold. Therefore, there exists a unique
locally absolutely continuous solution t 	→ x(t) of (4.2) that satisfies x(t0) = x0 and ẋ(t0) = u0.

The case ξ = 0. Now, (4.2) is easily seen to be equivalent to{
ż(t) = F (t, z(t)),
z(t0) = (x0, u0),

where z(t) = (x(t), y(t)) and F is given, for every t ≥ t0, by

F (t, (x, y)) =
[
y, −α

t
y − Tλ(t),γ(t)(x)

]
.

Showing that F fulfills the required properties is straightforward.

4.3 The convergence properties of the trajectories
In this section, we will study the asymptotic behavior of our system (4.2). We will show convergence rates
for the norm of the operator along the trajectories, weak convergence of the trajectories towards elements
of zer(A + B), as well as the fast convergence of the velocities and accelerations to zero. Additionally,
we will provide convergence rates for ‖Tλ(t),γ(t)(x(t))‖ and

∥∥ d
dt Tλ(t),γ(t)(x(t))

∥∥ as t → +∞. To avoid
repetition of the statement “for almost every t”, in the following theorem we will assume we are working
with a classic global solution of our system. In order to show the convergence statements, we need a
slighter stronger assumption on λ(·) and γ(·).

Assumption 4.1. Suppose that α > 1, ξ ≥ 0, and that γ : [t0, +∞) → (0, 2β) is a differentiable
function. Moreover, assume that as t → +∞ it holds

λ(t) = λt2, where λ >
2

(α − 1)2 , and
∣∣γ̇(t)

∣∣
γ(t)

= O
(

1
t

)
.

Theorem 4.3.1. Suppose that the parameters α, ξ, λ(·) and γ(·) satisfy Assumption 4.1. Then,
for a solution x : [t0, +∞) → H to (4.2), the following are true.

(i) The following convergence rates hold, as t → +∞:

∥∥ẋ(t)
∥∥ = o

(
1
t2

)
,

∥∥ẍ(t)
∥∥ = O

(
1
t2

)
and ‖Tλ(t),γ(t)(x(t))‖ = o

(
1
t2

)
;

(ii) If 0 < inft≥t0 γ(t) ≤ supt≥t0 γ(t) < 2β, then x(t) converges weakly to an element of zer(A +
B) as t → +∞.

Proof. Integral estimates and rates. To develop the analysis, we will fix x∗ ∈ zer(A + B) and make
of use of the Lyapunov function E : [t0, +∞) → R+ given by

E(t) :=
1
2

∥∥∥∥α − 1
2

(x(t) − x∗) + t(ẋ(t) + ξ Tλ(t),γ(t)(x(t)))
∥∥∥∥2

+
(α − 1)2

8
‖x(t) − x∗‖2. (4.4)

Differentiation of E with respect to time yields, for every t ≥ t0,

Ė(t) =
〈

α − 1
2

(x(t) − x∗) + t
(
ẋ(t) + ξ Tλ(t),λ(t)(x(t))

)
,

α + 1
2

ẋ(t) + ξ Tλ(t),γ(t)(x(t)) + t

(
ẍ(t) + ξ

d

dt

(
Tλ(t),γ(t)(x(t))

))〉
+

(α − 1)2

4
〈
x(t) − x∗, ẋ(t)

〉
.
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After reduction and employing (4.2), we get, for every t ≥ t0,

Ė(t) =
(α − 1)(ξ − t)

2
〈
x(t) − x∗, Tλ(t),γ(t)(x(t))

〉
+

(1 − α)t
2

∥∥ẋ(t)
∥∥2

+
(

−t2 +
ξ(3 − α)t

2

)〈
Tλ(t),γ(t)(x(t)), ẋ(t)

〉
+ ξ(ξ − t)t

∥∥Tλ(t),γ(t)(x(t))
∥∥2

.

Now, by Lemma 4.2.2(i), we know that Tλ(t),γ(t) is λ(t)
2 -cocoercive for every t ≥ t0. Using this on the

first summand of the right hand side of the previous inequality yields, for t ≥ t1 = max{ξ, t0},

Ė(t) ≤ (1 − α)t
2

‖ẋ(t)‖2 +
(

−t2 +
ξ(3 − α)t

2

)〈
Tλ(t),γ(t)(x(t)), ẋ(t)

〉
+

(
(α − 1)(ξ − t)λ(t)

4
+ ξ(ξ − t)t

)∥∥Tλ(t),γ(t)(x(t))
∥∥2

.

(4.5)

Now, since λ > 2
(α−1)2 , we can choose ε > 0 such that

0 < ε < α − 1 −
√

2
λ

< α − 1. (4.6)

From (4.5) we get, for every t ≥ t1,

Ė(t) +
ε

2
t‖ẋ(t)‖2 +

ε

4
tλ(t)

∥∥Tλ(t),γ(t)(x(t))
∥∥2

≤
(

1 − α

2
+

ε

2

)
t‖ẋ(t)‖2 +

(
−t2 +

ξ(3 − α)t
2

)〈
Tλ(t),γ(t)(x(t)), ẋ(t)

〉
+

((
(α − 1)(ξ − t)

2
+

ε

2
t

)
λ(t)

2
+ ξ(ξ − t)t

)∥∥Tλ(t),γ(t)(x(t))
∥∥2

.

(4.7)

By (4.6) and the definition of λ(t), we know that 1−α
2 + ε

2 < 0, and that as t → +∞((
(α − 1)(ξ − t)

2
+

ε

2
t

)
λ(t)

2
+ ξ(ξ − t)t

)
=

(
1 − α

2
+

ε

2

)
︸ ︷︷ ︸

<0

λ

2
t3 + O(t2),

so we can find t2 ≥ t1 such that for every t ≥ t2 the previous expression becomes nonpositive. According
to Lemma 2.3.5, the right hand side of (4.7) is nonpositive whenever

R(t) :=
(

−t2 +
ξ(3 − α)t

2

)2
− 4

(
1 − α

2
+

ε

2

)
t

((
(α − 1)(ξ − t)

2
+

ε

2
t

)
λ(t)

2
+ ξ(ξ − t)t

)
≤ 0.

Rewriting, we have that as t → +∞

R(t) =
(

1 + 4
(

1 − α

2
+

ε

2

)(
α − 1

2
− ε

2

)
λ

2

)
t4 + O(t3).

Since ε < α − 1 −
√

2
λ , we have λ

2 > 1
(α−1−ε)2 . Hence,

1 + 4
(

1 − α

2
+

ε

2

)(
α − 1

2
− ε

2

)
λ

2
= 1 − (α − 1 − ε)2 λ

2
< 0.

This means we can find t3 ≥ t2 such that for every t ≥ t3 we have R(t) ≤ 0, that is, for every t ≥ t3 we
have

Ė(t) +
ε

2
t‖ẋ(t)‖2 +

ε

4
tλ(t)

∥∥Tλ(t),γ(t)(x(t))
∥∥2 ≤ 0. (4.8)

Now, integrating (4.8) from t3 to t we obtain

E(t) +
ε

2

∫ t

t3

s‖ẋ(s)‖2ds +
ε

4
λ

∫ t

t3

s3 ∥∥Tλ(s),γ(s)(x(s))
∥∥2

ds ≤ E(t3). (4.9)
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From (4.8) and the form of E we immediately obtain

t 	→ ‖x(t) − x∗‖ is bounded, (4.10)∫ +∞

t0

t‖ẋ(t)‖2dt < +∞, (4.11)∫ +∞

t0

t3 ∥∥Tλ(t),γ(t)(x(t))
∥∥2

dt < +∞, (4.12)

sup
t≥t0

∥∥∥∥(α − 1
2

)
(x(t) − x∗) + t

(
ẋ(t) + ξ Tλ(t),γ(t)(x(t))

)∥∥∥∥ < +∞. (4.13)

From Lemma 4.2.2(i), we know that for every t ≥ t0 the operator Tλ(t),γ(t) is 2
λ(t) -Lipschitz continuous,

which gives, for every t ≥ t0,∥∥Tλ(t),γ(t)(x(t))
∥∥ =

∥∥Tλ(t),γ(t)(x(t)) − Tλ(t),γ(t)(x∗)
∥∥ ≤ 2

λ(t)
‖x(t) − x∗‖.

Thus, from (4.10) and recalling that λ(t) = λt2 we deduce that, as t → +∞,

∥∥Tλ(t),γ(t)(x(t))
∥∥ = O

(
1
t2

)
. (4.14)

By combining (4.10), (4.13) and (4.14) we obtain supt≥t0 t‖ẋ(t)‖ < +∞ and therefore, as t → +∞,

‖ẋ(t)‖ = O
(

1
t

)
. (4.15)

From Lemma 4.2.2, (4.10), (4.15) and the fact that B is 1
β -Lipschitz continuous we deduce that, as

t → +∞,∥∥∥∥ d

dt
λ(t)Tλ(t),γ(t)(x(t))

∥∥∥∥ ≤ 4‖ẋ(t)‖ + 4β
|γ̇(t)|
γ(t)

‖B(x(t))‖ + 2
|γ̇(t)|
γ(t)

‖x(t) − x∗‖ = O
(

1
t

)
. (4.16)

On the other hand, for every t ≥ t0 we have∥∥∥∥ d

dt
λ(t)Tλ(t),γ(t)(x(t))

∥∥∥∥ =
∥∥∥∥λ̇(t)Tλ(t),γ(t)(x(t)) + λ(t)

d

dt
Tλ(t),γ(t)(x(t))

∥∥∥∥ , (4.17)

so by combining (4.14), (4.16), (4.17) and the fact that λ̇(t) = 2λt we arrive at∥∥∥∥λ(t)
d

dt
Tλ(t),γ(t)(x(t))

∥∥∥∥ ≤
∥∥∥∥ d

dt
λ(t)Tλ(t),γ(t)(x(t))

∥∥∥∥︸ ︷︷ ︸
O( 1

t )

+λ̇(t)
∥∥Tλ(t),γ(t)(x(t))

∥∥︸ ︷︷ ︸
O( 1

t2 )

= O
(

1
t

)

as t → +∞, which yields ∥∥∥∥ d

dt
Tλ(t),γ(t)(x(t))

∥∥∥∥ =
1

λ(t)
O

(
1
t

)
= O

(
1
t3

)
. (4.18)

as t → +∞. Let us now improve (4.14) and show that, as t → +∞,

∥∥Tλ(t),γ(t)(x(t))
∥∥ = o

(
1
t2

)
. (4.19)

According to (4.14) and (4.16) there exists a constant K > 0 such that for every t ≥ t0 it holds∣∣∣∣ d

dt

∥∥λ(t)Tλ(t),γ(t)(x(t))
∥∥4

∣∣∣∣ =
∣∣∣∣4∥∥λ(t)Tλ(t),γ(t)(x(t))

∥∥2
〈

λ(t)Tλ(t),γ(t)(x(t)),
d

dt
λ(t)Tλ(t),γ(t)(x(t))

〉∣∣∣∣
≤ 4

∥∥λ(t)Tλ(t),γ(t)(x(t))
∥∥2 ∥∥λ(t)Tλ(t),γ(t)(x(t))

∥∥∥∥∥∥ d

dt
λ(t)Tλ(t),γ(t)(x(t))

∥∥∥∥
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≤ 4K

t

∥∥λ(t)Tλ(t),γ(t)(x(t))
∥∥2

.

By (4.12), the right hand side belongs to L
1([t0, +∞)), so we get

d

dt

∥∥λ(t)Tλ(t),γ(t)(x(t))
∥∥4 ∈ L

1([t0, +∞)),

hence the limit (cf. Lemma 2.3.1)

lim
t→+∞

∥∥λ(t)Tλ(t),γ(t)(x(t))
∥∥4

exists. Obviously, this implies the existence of L := limt→+∞ ‖λ(t)Tλ(t),γ(t)(x(t))‖2. By using (4.12)
again we come to∫ +∞

t0

1
t

∥∥λ(t)Tλ(t),γ(t)(x(t))
∥∥2

dt = λ2
∫ +∞

t0

t3 ∥∥Tλ(t),γ(t)(x(t))
∥∥2

dt < +∞,

and so we must have L = 0, which gives, as t → +∞,

∥∥Tλ(t),γ(t)(x(t))
∥∥ = o

(
1
t2

)
. (4.20)

By combining (4.2), (4.14), (4.15) and (4.18) we obtain, as t → +∞,

‖ẍ(t)‖ =
∥∥∥∥−α

t
ẋ(t) − ξ

d

dt
Tλ(t),γ(t)(x(t)) − Tλ(t),γ(t)(x(t))

∥∥∥∥
≤ α

t
‖ẋ(t)‖︸ ︷︷ ︸
O( 1

t )

+ξ

∥∥∥∥ d

dt
Tλ(t),γ(t)(x(t))

∥∥∥∥︸ ︷︷ ︸
O( 1

t3 )

+
∥∥Tλ(t),γ(t)(x(t))

∥∥︸ ︷︷ ︸
O( 1

t2 )

= O
(

1
t2

)
.

Moreover, by using the well-known inequality ‖a + b + c‖2 ≤ 3‖a‖2 + 3‖b‖2 + 3‖c‖2 for every a, b, c ∈ H,
for every t ≥ t0 it holds

t3‖ẍ(t)‖2 ≤ t3
∥∥∥∥−α

t
ẋ(t) − ξ

d

dt
Tλ(t),γ(t)(x(t)) − Tλ(t),γ(t)(x(t))

∥∥∥∥2

≤ 3αt‖ẋ(t)‖2 + 3ξ2t3
∥∥∥∥ d

dt
Tλ(t),γ(t)(x(t))

∥∥∥∥2
+ 3t3 ∥∥Tλ(t),γ(t)(x(t))

∥∥2
.

From (4.11), (4.18) and (4.12) it follows∫ +∞

t0

t3‖ẍ(t)‖2dt < +∞. (4.21)

To see that ‖ẋ(t)‖ = o
( 1

t

)
as t → +∞, we write, for every t ≥ t0,

d

dt

(
t2‖ẋ(t)‖2) = 2t‖ẋ(t)‖2 + 2t2〈ẋ(t), ẍ(t)〉 ≤ 3t‖ẋ(t)‖2 + t3‖ẍ(t)‖2.

From (4.11) and (4.21) we deduce that the left hand side belongs to L
1([t0, +∞),R), from which we infer

that limit limt→+∞ t2‖ẋ(t)‖2 exists. Using (4.11) again, we get∫ +∞

t0

1
t

(
t2‖ẋ(t)‖2) dt =

∫ +∞

t0

t‖ẋ(t)‖2dt < +∞,

from which we finally deduce limt→+∞ t2‖ẋ(t)‖2 = 0, therefore

‖ẋ(t)‖ = o

(
1
t

)
. (4.22)

as t → +∞. The fact that ‖ẍ(t)‖ = O ( 1
t2

)
as t → +∞ comes from (4.2), (4.22), (4.18) and (4.19).
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Weak convergence of the trajectories. We will work with the energy function h : [t0, +∞) → R

given by
h(t) :=

1
2

‖x(t) − x∗‖2.

For every t ≥ t0, we have

ḣ(t) = 〈x(t) − x∗, ẋ(t)〉, ḧ(t) = 〈x(t) − x∗, ẍ(t)〉 + ‖ẋ(t)‖2. (4.23)

Combining (4.2) and (4.23) gives us, for every t ≥ t0,

ḧ(t) +
α

t
ḣ(t) +

〈
Tλ(t),γ(t)(x(t)), x(t) − x∗〉 = ‖ẋ(t)‖2 +

〈
−ξ

d

dt
Tλ(t),γ(t)(x(t)), x(t) − x∗

〉
.

By using the λ(t)
2 -cocoercivity of Tλ(t),γ(t) on the left hand side, Cauchy-Schwarz on the right hand side

and multiplying both sides by t, the previous inequality entails, for every t ≥ t0,

tḧ(t) + αḣ(t) + t
λ(t)

2
∥∥Tλ(t),γ(t)(x(t))

∥∥ ≤ t‖ẋ(t)‖2 + ξt

∥∥∥∥ d

dt
Tλ(t),γ(t)(x(t))

∥∥∥∥ ‖x(t) − x∗‖.

Now, putting (4.10), (4.11) and (4.18) together results in

k(t) := t‖ẋ(t)‖2 + ξt

∥∥∥∥ d

dt
Tλ(t),γ(t)(x(t))

∥∥∥∥ ‖x(t) − x∗‖ ∈ L
1([t0, +∞)).

Now apply Lemma 2.3.6 with θ(t) := t λ(t)
2

∥∥Tλ(t),γ(t)(x(t))
∥∥ for every t ≥ t0 to deduce that the limit

lim
t→+∞ h(t)

exists, which fulfills the first condition of Opial’s Lemma 2.1.2.
Let us now move on to the second condition. Suppose x is a weak sequential cluster point of t 	→ x(t),

that is, there exists a sequence (tn)n∈N ⊆ [t0, +∞) such that tn → +∞ and xn := x(tn) converges weakly
to x as n → +∞. Define

Uγ := Id −JγA(Id −γB).

According to (4.20), we have Uγ(t)(x(t)) = λ(t)Tλ(t),γ(t)(x(t)) → 0 as t → +∞. Now, since γ(t) ∈ [δ, 2β −
δ] for all t ≥ t0 for some δ > 0, we can extract a subsequence (γ(tnk

))k∈N such that γ(tnk
) → γ ∈ (0, 2β)

as k → +∞. We may assume without loss of generality then that γn := γ(tn) → γ as n → +∞. We now
have for every n ∈ N

‖Uγn(xn) − Uγ(xn)‖ = ‖JγnA(xn − γnB(xn)) − JγA(xn − γB(xn))‖
= ‖JγnA(xn − γnB(xn)) − JγnA(xn − γB(xn))‖

+ ‖JγnA(xn − γB(xn)) − JγA(xn − γB(xn))‖
≤ |γ − γn|‖B(xn)‖ + |γ − γn|‖Aγ(xn − γB(xn))‖.

Now, since every weakly convergent sequence is bounded and the operators B and Aγ are Lipschitz-
continuous we deduce that the right-hand side of the previous inequality approaches zero as n → +∞,
therefore getting

Uγ(xn) = Uγn
(xn) +

(
Uγ(xn) − Uγn

(xn)
) → 0

as n → +∞. Now, from the proof of part (i) of Lemma 4.2.2, we know that Uγ is 4β−γ
4β -cocoercive, thus

monotone and Lipschitz continuous and therefore maximally monotone. Summarizing, we have

(a) Uγ is maximally monotone and thus its graph is closed in Hweak × Hstrong (see [28, Proposition
20.38(ii)]);

(b) xn converges weakly to x and Uγ(xn) → 0 as n → +∞,

which allows us to conclude that Uγ(x) = 0, and gives finally x ∈ zer(A+B). Now we just invoke Opial’s
Lemma to conclude that x(t) converges weakly to an element of zer(A + B) as t → +∞.
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4.4 Particularizing to the respective special cases A = 0 and
B = 0

In the following subsections, we explore the particular cases B = 0 and A = 0, and we will show
improvements with respect to previous results from the literature addressing continuous time approaches
to monotone inclusions.

4.4.1 The case B = 0
If we let B = 0 in (4.2), then, attached to the monotone inclusion problem

find x ∈ H such that 0 ∈ A(x),

we obtain the dynamics

ẍ(t) +
α

t
ẋ(t) + ξ

d

dt

(
Aλ(t),γ(t)(x(t))

)
+ Aλ(t),γ(t)(x(t)) = 0, (4.24)

where
Aλ,γ(x) :=

1
λ

(Id −JγA).

We can weaken Assumption 4.1 in this case. Namely, γ(·) need not be upper bounded.

Assumption 4.2. Suppose that α > 1, ξ ≥ 0, and that γ : [t0, +∞) → R++ is a differentiable
function. Moreover, assume that as t → +∞ it holds

λ(t) = λt2, where λ >
1

(α − 1)2 , and
∣∣γ̇(t)

∣∣
γ(t)

= O
(

1
t

)
.

Theorem 4.4.1. Suppose that the parameters α, ξ, λ(·) and γ(·) satisfy Assumption 4.2. Then,
for a solution x : [t0, +∞) → H to (4.24), the following are true.

(i) The following convergence rates hold, as t → +∞:

∥∥ẋ(t)
∥∥ = o

(
1
t

)
,

∥∥ẍ(t)
∥∥ = O

(
1
t2

)
and ‖Aγ(t)(x(t))‖ = o

(
1

γ(t)

)
;

(ii) If 0 < inft≥t0 γ(t), then x(t) converges weakly to an element of zer A as t → +∞.

Proof. We now have Tλ,γ = 1
λ (Id −JγA) = Aλ,γ . Since JλA is firmly nonexpansive, by [28, Proposition

4.4] so is Id −JλA. In other words, Id −JγA is 1-cocoercive, therefore Aλ,γ = 1
λ (Id −JγA) is λ-cocoercive,

so now the condition on λ becomes λ > 1
(α−1)2 . Intuitively, the operator B = 0 is β-cocoercive for every

β > 0, so no matter how large γ(t) is, the operator Tλ(t),γ(t) = Aλ(t),γ(t) will always be λ(t) 4β−γ(t)
4β -

cocoercive (cf. Lemma 4.2.2) for β arbitrarily large, which means it is actually λ(t)-cocoercive. For
deriving the convergence rates, we proceed exactly as in the proof for Theorem 4.3.1, using the fact that
Aλ(t),γ(t) is λ(t)-cocoercive, and the fact that∥∥∥∥γ(t)

λ(t)
Aγ(t)(x(t))

∥∥∥∥ =
∥∥∥∥ 1

γ(t)
· γ(t)

λ(t)

(
x(t) − Jλ(t)A(x(t))

)∥∥∥∥ = ‖Tλ(t),γ(t)(x(t))‖ = o

(
1
t2

)
as t → +∞ implies that

‖Aγ(t)(x(t))‖ = o

(
1

γ(t)

)
.

as t → +∞.
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The proof also changes when we verify the second part of the Opial’s Lemma, to get weak convergence
of the trajectories t 	→ x(t). This is in order to allow for γ(·) not to be necessarily bounded. We do need,
however, the assumption 0 < inft≥t0 γ(t). Indeed, from ‖Aλ(t),γ(t)(x(t))‖ = o

( 1
t2

)
as t → +∞, we obtain

y(t) := x(t) − Jγ(t)Ax(t) = λ(t)Aλ(t),γ(t)(x(t)) → 0

as t → +∞. Using the definition of the resolvent, we come to

Jγ(t)Ax(t) = x(t) − y(t) ⇔ y(t) ∈ γ(t)A(x(t) − y(t)) ⇔ 1
γ(t)

y(t) ∈ A(x(t) − y(t)).

for all t ≥ t0. If (tn)n∈N ⊆ [t0, +∞) is such that tn → +∞ and x(tn) converges weakly to x as n → +∞,
then the previous inclusion, together with the assumption on γ gives

x(tn) − y(tn) converges weakly to x and
1

γ(t)
y(t) → 0

as n → +∞, and because of the closedness of the graph of A in Hweak × Hstrong, we deduce that
x ∈ zer A.

Remark 4.4.2. If γ(·) is a polynomial of degree n for some n ∈ N, the conditions of Assumption
4.2 are fulfilled. Indeed, assume γ(t) = antn + an−1tn−1 + · · · + a0 for all t ≥ t0, for some ai ∈ R

for i ∈ {0, . . . , n} and an > 0. Then, we have

t · γ̇(t)
γ(t)

= t · nantn−1 + (n − 1)an−1tn−1 + · · · + a1
antn + an−1tn−1 + · · · + a0

→ nan

an
= n

as t → +∞, so γ̇(t)
γ(t) = O ( 1

t

)
as t → +∞. Since we also have γ(t) → +∞ as t → +∞, the

condition inft≥t0 γ(t) > 0 is fulfilled for large enough t0.
In particular, we can choose γ(t) = λ(t) = λt2, which fulfills γ(t) ≥ λt2

0 > 0 for any t ≥ t0 and
any t0. Since Aλ,λ = Aλ for λ > 0, this choice of γ allows us to recover the (DIN-AVD) system
studied by Attouch and László in [22].

4.4.2 The case A = 0
Now let A = 0 in (4.2), and for every t ≥ t0 take γ(t) = γ ∈ (0, 2β) and η(t) = ηt2 with η = λ/γ. Then,
associated to the problem

find x ∈ H such that B(x) = 0,

we obtain the system

ẍ(t) +
α

t
ẋ(t) + ξ

d

dt

(
1

η(t)
Bx(t)

)
+

1
η(t)

Bx(t) = 0. (4.25)

The assumptions on the parameters now read

Assumption 4.3. Suppose that α > 1, ξ ≥ 0 and

η(t) = ηt2, where η >
1

β(α − 1)2 .

Theorem 4.4.3. Suppose that the parameters α, ξ and η(·) satisfy Assumption 4.3. Then, for a
solution x : [t0, +∞) → H to (4.25), the following are true.
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(i) The following statements hold, as t → +∞:

∥∥ẋ(t)
∥∥ = o

(
1
t

)
,

∥∥ẍ(t)
∥∥ = O

(
1
t2

)
and ‖B(x(t))‖ → 0;

(ii) x(t) converges weakly to an element of zer B as t → +∞.

Proof. Since η > 1
β(α−1)2 , we can find ε ∈ (0, β) such that η > 1

(β−ε)(α−1)2 , equivalently, 2(β − ε)η >
2

(α−1)2 . Since (4.25) is just (4.2) with A = 0 and parameters λ = 2(β−ε)η > 1
(α−1)2 and γ(t) ≡ 2(β−ε) ∈

(0, 2β), the conclusion follows from Theorem 4.3.1, and the fact that, as t → +∞,

2(β − ε)
λt2 ‖B(x(t))‖ = ‖Tλ(t),γ(t)(x(t))‖ = o

(
1
t2

)
and thus ‖B(x(t))‖ → 0.

Remark 4.4.4. (a) As we mentioned in the introduction, the dynamical system (4.25) provides
a way of finding the zeros of a cocoercive operator directly through forward evaluations, instead
of having to resort to its Moreau envelope when following the approach in [22].
(b) The dynamics (4.25) bear some resemblance to the system addressed by Bot, and Csetnek
(1.30) (cf. [37])

ẍ(t) + μ(t)ẋ(t) + ν(t)B(x(t)) = 0,

with μ(t) = α
t and ν(t) = 1

η(t) , with an additional Hessian-driven damping term. In our case,
since η > 1

β(α−1)2 , the parameters satisfy

μ̇(t) = − α

t2 ≤ 0,
μ2(t)
ν(t)

=
α2ηt2

t2 = α2η >
1
β

.

for every t ≥ t0. However, we have
ν̇(t) = − 2

λt3 ≤ 0

for every t ≥ t0, so one of the hypotheses which is needed for (1.30) is not fulfilled, which shows
that one cannot address the dynamical system (4.25) as a particular case of it; indeed, in [37] a
vanishing damping is not allowed. With our system, we obtain convergence rates for

∥∥ẋ(t)
∥∥ and∥∥ẍ(t)

∥∥ as t → +∞, which are not obtained in [37].

4.5 Structured convex minimization
We can particularize the previous results to the case of convex minimization, and show additionally the
convergence of functional values along the generated trajectories to the optimal objective value. Let
f : H → R be a proper, convex and lower semicontinuous function, and let g : H → R be a convex
and differentiable function with Lg-Lipschitz continuous gradient. Consider the convex minimization
problem

min f(x) + g(x),
subject to x ∈ H,

(4.26)

which we assume to have at least one solution. Fermat’s rule tells us that x is a global minimum of f + g
if and only if

0 ∈ ∂(f + g)(x) = ∂f(x) + ∇g(x),
where the subgradient can be distributed over the sum since g is continuous everywhere, in particular
on any point in dom f �= ∅. Therefore, solving (4.26) is equivalent to solving the monotone inclusion
0 ∈ (A + B)(x) addressed previously, with A = ∂f and B = ∇g. Moreover, recall that if ∇g is Lg-
Lipschitz then it is (1/Lg)-cocoercive (Baillon-Haddad’s Theorem, see [28, Corollary 18.17], also [104,
Lemma 4]). Therefore, recalling the equivalent formula for Tλ,γ given in Remark 4.1.1, as well as the
formula

(∂f)γ = ∇fλ,
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attached to the problem (4.26) we have the dynamics

ẍ(t) +
α

t
ẋ(t) + ξ

d

dt

(
γ(t)
λ(t)

(∇fγ(t)(u(t)) + ∇g(x(t))
))

+
γ(t)
λ(t)

(∇fγ(t)(u(t)) + ∇g(x(t))
)

= 0,

(4.27)
where we have denoted u(t) := x(t) − γ(t)∇g(x(t)) for all t ≥ t0 for convenience.

To produce a meaningful statement regarding the convergence of the functional values along the
trajectories, we restrict ourselves to the case γ(t) ≡ γ ∈

(
0, 2

Lg

)
.

Theorem 4.5.1. Suppose that the parameters α, ξ, λ(·) satisfy Assumption 4.1, and that γ(t) ≡
γ ∈

(
0, 2

Lg

)
. Then, for a solution x : [t0, +∞) → H to (4.27), as t → +∞ it holds

∥∥ẋ(t)
∥∥ = o

(
1
t

)
,

∥∥ẍ(t)
∥∥ = O

(
1
t2

)
and

∥∥∥proxγf (u(t)) − x(t)
∥∥∥ → 0,

where u(t) = x(t) − γ(t)∇g(x(t)). In particular, this implies that, as t → +∞,

f
(
proxγf (u(t))

)
+ g

(
proxγf (u(t))

) − min(f + g) → 0.

Moreover, x(t) converges weakly to an element of argmin(f + g) as t → +∞.

Proof. The statements are a direct application of Theorem (4.3.1). We just need to clarify some facts.
Recalling that Jγ∂f = proxγ f , we get

Tλ(t),γ(x(t)) =
1

λ(t)

[
Id −Jγ∂f (Id −γ∇g)

]
(x(t)) =

1
λ(t)

[
x(t) − proxγf (u(t))

]
. (4.28)

According to Theorem 4.3.1, we have ‖Tλ(t),γ‖ = o(1/t2) as t → +∞, so formula (4.28) entails∥∥∥proxγf (u(t)) − x(t)
∥∥∥ → 0 (4.29)

as t → +∞. Now, let x∗ ∈ argminH(f + g). According to Lemma 2.1.3, and using the Cauchy-Schwarz
inequality and (4.29), we obtain

f
(
proxγf (u(t))

)
+ g

(
proxγf (u(t))

) − (f(x∗) + g(x∗)) +
2 − γLg

2γ

∥∥∥proxγf (u(t)) − x(t)
∥∥∥2

≤ 1
γ

〈
x(t) − x∗, x(t) − proxγf (u(t))

〉
≤ 1

γ

∥∥∥x(t) − proxγf (u(t))
∥∥∥‖x(t) − x∗‖ → 0

as t → +∞, since t 	→ x(t) is bounded (recall (4.10)). This concludes the proof.

4.5.1 The case g ≡ 0
It is also worth mentioning the system we obtain in the case where g ≡ 0, since we also obtain improved
rates for the objective functional values when we compare, for example (4.2) to (DIN-AVD) [22]. In this
case, we have the system

ẍ(t) +
α

t
+ ξ

d

dt

(
γ(t)
λ(t)

∇fγ(t)(x(t))
)

+
γ(t)
λ(t)

∇fγ(t)(x(t)) = 0 (4.30)

attached to the convex optimization problem

min f(x),
subject to x ∈ H.

We can state the following theorem.
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Theorem 4.5.2. Suppose that the parameters α, ξ, λ(·) and γ(·) satisfy Assumption 4.2. Then,
for a solution x : [t0, +∞) → H to (4.30), the following are true.

(i) The following convergence rates hold, as t → +∞:

∥∥ẋ(t)
∥∥ = o

(
1
t

)
,

∥∥ẍ(t)
∥∥ = O

(
1
t2

)
and ‖∇fγ(t)(x(t))‖ = o

(
1

γ(t)

)
.

In particular, this implies that, as t → +∞,

fγ(t)(x(t)) − min f = o

(
1

γ(t)

)
and f

(
proxγ(t)f (x(t))

)
− min f = o

(
1

γ(t)

)
.

(ii) If 0 < inft≥t0 γ(t), then x(t) converges weakly to an element of argmin f as t → +∞.

Proof. This is a direct application of Theorem 4.4.3; just a few comments are in order. Let x∗ ∈ H be a
minimizer of f . We apply the gradient inequality to fγ(t), from which we obtain

fγ(t)(x(t)) − minH f = fγ(t)(x(t)) − f(x∗) ≤ fγ(t)(x(t)) − fλ(t)(x∗)
≤ 〈∇fγ(t)(x(t)), x(t) − x∗〉 ≤ ∥∥∇fγ(t)(x(t))

∥∥ ‖x(t) − x∗‖

= o

(
1

γ(t)

)
as t → +∞, since t 	→ x(t) is bounded (see (4.10)) and Theorem 4.4.3 ensures that

∥∥∇fγ(t)(x(t))
∥∥ =

o
(

1
γ(t)

)
as t → +∞. Recalling the definition of the Moreau envelope of f , this finally gives, as t → +∞,

f
(

proxγ(t)f (x(t))
)

+
1

2γ(t)

∥∥∥proxγ(t)f (x(t)) − x(t)
∥∥∥2

− minH f = fγ(t)(x(t)) − minH f = o

(
1

γ(t)

)
.

Remark 4.5.3. As pointed out in Remark 4.4.2, we can choose γ(t) = λt2 for every t ≥ t0
and recover the (DIN-AVD) system for nonsmooth convex minimization problems studied in [22].
Moreover, we can also set γ(t) = tn for a natural number n > 3 and all t ≥ t0. Now, not only
are the convergence rates for ∇fγ(t)(x(t)) and d

dt ∇fγ(t)(x(t)) as t → +∞ improved with respect
to the system in [22], but (4.30) also provides a better rate for the convergence of fγ(t)(x(t)) to
min f as t → +∞.

4.6 A numerical algorithm
In the following we will derive via time discretization of (4.2) a numerical algorithm for solving the
monotone inclusion problem (4.1). We perform an implicit discretization of (4.2) as follows:

ẍ(t) ≈ xk+1 − 2xk + xk−1,
α

t
ẋ(t) ≈ α

k
(xk − xk−1),

d

dt
Tλ(t),γ(t)(x(t)) ≈ Tλk,γk

(xk) − Tλk−1,γk−1(xk−1), Tλ(t),γ(t)(x(t)) ≈ Tλk+1,γk+1(xk+1),

so we get, for every k ≥ 1,

xk+1 − 2xk − xk−1 +
α

k
(xk − xk−1) + ξ

(
Tλk,γk

(xk) − Tλk−1,γk−1(xk−1)
)

+ Tλk+1,γk+1(xk+1) = 0. (4.31)

After rearranging the terms of (4.31), for every k ≥ 1 we obtain

xk+1 + Tλk+1,γk+1(xk+1) = xk +
(

1 − α

k

)
(xk − xk−1) − ξ

(
Tλk,γk

(xk) − Tλk−1,γk−1(xk−1)
)

. (4.32)

In other words, after setting αk = 1− α
k and denoting the right hand side of (4.32) by yk for every k ≥ 1,

we obtain
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Algorithm 4.1:
Input: z0, z1 ∈ H, α > 0, ξ ≥ 0, (λk)k≥0, (γk)k≥0 sequences of positive numbers;
for k = 1, 2, . . . do

αk := 1 − α

k
,

yk := xk + αk(xk − xk−1) − ξ
(
Tλk,γk

(xk) − Tλk−1,γk−1(xk−1)
)

,

xk+1 :=
(
Id +Tλk+1,γk+1

)−1 (yk).

Observe that the third step of Algorithm 4.1 is always well-defined. Indeed, for λ, γ > 0, Tλ,γ is λ
2 -

cocoercive, hence monotone (see Lemma 4.2.2(i)). This also implies that Tλ,γ is 2
λ -Lipschitz continuous,

and a monotone and continuous operator is maximally monotone, according to [28, Corollary 20.28].
Hence, by Minty’s Theorem (see [28, Theorem 21.1]), we know that Id +Tλ,γ : H → H is surjective. The
assumptions for the discrete-time versions of the parameters reads as follows.

Assumption 4.4. Suppose that α > 1, ξ ≥ 0, and that (λk)k≥0 and (γk)k≥0 ⊆ (0, 2β) are
sequences which satisfy, as k → +∞,

λk = λk2, where λ >
4ξ + 2

(α − 1)2 , and
|γk − γk−1|

γk
= O

(
1
k

)
.

Theorem 4.6.1. Suppose that α, ξ and the sequences (λk)k≥0, (γk)k≥0 satisfy Assumption 4.4.
Let (xk)k≥0 be the sequence generated by Algorithm 4.1. Then, the following are true.

(i) The following convergence rates hold, as k → +∞:

‖xk+1 − xk‖ = O
(

1
k

)
and ‖Tλk,γk

(xk)‖ = o

(
1
k2

)
;

(ii) If 0 < infk≥0 γk ≤ supk≥0 γk < 2β, then xk converges weakly to an element of zer(A + B)
as k → +∞. Furthermore, as k → +∞ it holds

‖xk − yk‖ = O
(

1
k

)
.

The proof can be done by transposing the techniques used in the continuous time case to the discrete
time case. Algorithm (4.1) can be seen as a splitting version of the (PRINAM) algorithm studied by
Attouch and László in [23].

The third step of Algorithm 4.1 can be quite complicated to compute. However, if B = 0, we can
resort to the fact that (Aλ1)λ2 = Aλ1+λ2 for λ1, λ2 > 0. We now have, for λ, γ > 0,

Tλ,γ =
1
λ

[
Id −JγA

]
=

γ

λ
Aγ ,

which gives
(Id +Tγ,λ)−1 = J γ

λ Aγ
= −γ

λ
(Aλ) γ

λ
+ Id = Id −γ

λ
Aλ+ γ

λ
.

It is now possible to write Algorithm 4.1 in terms of the resolvents of A. We have, for every k ≥ 1,

Tλk,γk
(xk) − Tλk−1,γk−1(xk−1) =

1
λk

[
xk − JγkA(xk)

]
− 1

λk−1

[
xk−1 − Jγk−1A(xk−1)

]
=

(
1

λk
− 1

λk−1

)
xk +

1
λk−1

(xk − xk−1)

−
(

1
λk

JγkA(xk) − 1
λk−1

Jγk−1A(xk−1)
)

,

yk − γk+1
λk+1

A
λk+1+ γk+1

λk+1
(yk) = yk − γk+1

λk+1

1
λ2

k+1+γk+1

λk+1

⎡⎣yk − J(
λk+1+ γk+1

λk+1

)
A

(yk)

⎤⎦
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=
λ2

k+1
λ2

k+1 + γk+1
yk +

γk

λ2
k+1 + γk+1

J(
λk+1+ γk+1

λk+1

)
A

(yk).

So now Algorithm 4.1 becomes

Algorithm 4.2:
Input: x0, x1 ∈ H, α > 0, ξ ≥ 0, (λk)k≥0, (γk)k≥0 sequences of positive numbers;
for k = 1, 2, . . . do

αk := 1 − α

k
,

yk :=
(

1 − ξ

(
1

λk
− 1

λk−1

))
xk +

(
αk − ξ

λk−1

)
(xk − xk−1)

+ ξ

(
1

λk
JγkA(xk) − 1

λk−1
Jγk−1A(xk−1)

)
,

xk+1 :=
λ2

k+1
λ2

k+1 + γk+1
yk +

γk

λ2
k+1 + γk+1

J(
λk+1+ γk+1

λk+1

)
A

(yk).

The corresponding discrete-time analog of Assumption 4.2 now reads

Assumption 4.5. Suppose that α > 1, ξ ≥ 0, and that (λk)k≥0, (γk)k≥0 be sequences of positive
numbers which satisfy, as k → +∞,

λk = λk2, where λ >
4ξ + 2

(α − 1)2 , and
|γk − γk−1|

γk
= O

(
1
k

)
.

Theorem 4.6.2. Suppose that α, ξ and the sequences (λk)k≥0, (γk)k≥0 satisfy Assumption 4.5.
Let (xk)k≥0 be the sequence generated by Algorithm 4.2. Then, the following are true.

(i) The following convergence rates hold, as k → +∞:

‖xk+1 − xk‖ = O
(

1
k

)
and ‖Aγk

(xk)‖ = o

(
1
γk

)
;

(ii) If 0 < infk≥0 γk, then xk converges weakly to an element of zer A as k → +∞. Furthermore,
as k → +∞ it holds

‖xk − yk‖ = O
(

1
k

)
.

Remark 4.6.3. Notice that the condition required for (γk)k≥0 is fulfilled in particular for γk = kn

for every k ≥ 1 and a natural number n ≥ 1. Thus, by choosing large n, we obtain a fast
convergence rate for ‖Aγk

(xk)‖ as k → +∞.
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Chapter 5

A second-order primal-dual system
attached to a linearly constrained
minimization problem

5.1 Introduction
In this chapter, which relies on our paper [67], we will consider the linearly constrained optimization
problem

min f(x),
subject to Ax = b,

(5.1)

where ⎧⎪⎪⎪⎨⎪⎪⎪⎩
X , Y are real Hilbert spaces;
f : X → R is a continuously differentiable convex function;
A : X → Y is a continuous linear operator and b ∈ Y;
the set S of primal-dual optimal solutions of (5.1) is assumed to be nonempty.

(5.2)

Additionally, we will take the following inner product and norm on X × Y:〈
(x, λ), (z, μ)

〉
:= 〈x, z〉 + 〈λ, μ〉 and ‖(x, λ)‖ :=

√
‖x‖2 + ‖λ‖2.

In the introductory chapter, we mentioned that under a mild constraint qualification, solving (5.1) is
equivalent to finding the saddle points of either L or Lβ , where the Lagrangian L and the augmented
Lagrangian Lβ are given respectively by

L(x, λ) := f(x) + 〈λ, Ax − b〉,
Lβ(x, λ) := L(x, λ) +

β

2
‖Ax − b‖2 = f(x) + 〈λ, Ax − b〉 +

β

2
‖Ax − b‖2,

where β > 0. We recall that the saddle point sets of these functions coincide, and we denote it by S. We
will denote the feasible set of (5.1) by F, i.e., F := {x ∈ X : Ax = b}.

Attached to (5.1), we will analyze the asymptotic properties of

⎧⎪⎨⎪⎩
ẍ(t) +

α

t
ẋ(t) + δ(t)∇xLβ

(
x(t), λ(t) + θtλ̇(t)

)
= 0,

λ̈(t) +
α

t
λ̇(t) − δ(t)∇λLβ

(
x(t) + θtẋ(t), λ(t)

)
= 0,

(5.3)

where t ≥ t0 > 0, α > 0, θ > 0 and δ : [t0, +∞) → R++ is a time rescaling parameter. We will show fast
rates of the functional values along the trajectories, as well as the fast convergence of the feasibility gap
to zero. The function δ(·) will enter these rates, thus having faster convergence rates for the appropriate
choice for δ(·); namely, as t → +∞ we will have

|f(x(t)) − f(x∗)| = O
(

1
t2δ(t)

)
and ‖Ax(t) − b‖ = O

(
1

t2δ(t)

)
,
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where x∗ is an optimal solution to (5.1). Additionally, we will show the weak convergence of trajectories
towards primal-dual solutions to (5.1).

This chapter is organized as follows: in Section 5.2, we will introduce the energy function which
we will then use to show the convergence rates of our system; in Section 5.3, we will show the weak
convergence of trajectories; in Section 5.4, we will illustrate our theoretical findings with some numerical
experiments.

5.2 Faster convergence rates via time rescaling
Replacing the expressions of the partial gradients of Lβ into the system leads to the following formulation
for (5.3): ⎧⎪⎨⎪⎩

ẍ(t) +
α

t
ẋ(t) + δ(t)∇f(x(t)) + δ(t)A∗(λ(t) + θtλ̇(t)

)
+ δ(t)βA∗(Ax(t) − b) = 0,

λ̈(t) +
α

t
λ̇(t) − δ(t)

(
A
(
x(t) + θtẋ(t)

) − b
)

= 0.

In this section we will derive fast convergence rates for the primal-dual gap, the feasibility measure, and
the objective function value along the trajectories generated by the dynamical system (5.3). We will
make the following assumptions on the parameters α, θ, β and the function δ throughout this section.

Assumption 5.1. Suppose that δ : [t0, +∞) → R++ is continuously differentiable and nonde-
creasing. Moreover, suppose that the parameters α, β, θ and the function δ satisfy

α ≥ 3, β ≥ 0,
1
2

≥ θ ≥ 1
α − 1

and sup
t≥t0

tδ̇(t)
δ(t)

≤ 1 − 2θ

θ
. (5.4)

Besides the first three conditions that are known previously in [43], it is worth pointing out that we
can deduce from the last one the following inequality for every t ≥ t0:

tδ̇(t)
δ(t)

≤ 1 − 2θ

θ
=

1
θ

− 2 ≤ α − 3. (5.5)

This gives a connection to the condition which appears in [15]. A few more comments regarding the
function δ will come later, after the convergence rates statements.

5.2.1 The energy function
Let (x, λ) : [t0, +∞) → X × Y be a solution of (5.3). Let (x∗, λ∗) ∈ S be fixed, we define the energy
function E : [t0, +∞) → R by

E(t) := θ2t2δ(t)(Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) +
1
2

‖v(t)‖2 +
ξ

2
‖(x(t), λ(t)

) − (x∗, λ∗)‖2, (5.6)

where

v(t) := (x(t), λ(t)) − (x∗, λ∗) + θt
(
ẋ(t), λ̇(t)

)
, (5.7)

ξ := αθ − θ − 1 ≥ 0. (5.8)

Notice that for every t ≥ t0 we have

Lβ(x(t), λ∗) − Lβ(x∗, λ(t)) = L(x(t), λ∗) − L(x∗, λ(t)) +
β

2
‖Ax(t) − b‖2 (5.9)

= L(x(t), λ∗) − f(x∗) +
β

2
‖Ax(t) − b‖2

= f(x(t)) − f(x∗) + 〈λ∗, Ax(t) − b〉 +
β

2
‖Ax(t) − b‖2 ≥ 0. (5.10)

In addition, due to (5.10), for every t ≥ t0 we have

E(t) ≥ 0. (5.11)
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The construction of E is inspired by [43]. However, one can notice that we only consider E defined with
respect to a fixed primal-dual solution (x∗, λ∗) ∈ S rather than a family of energy functions, each defined
with respect to a point (z, μ) ∈ F × Y. This gives simpler proofs for some results when compared to
those in [43].

Assumption 5.1 implies the nonnegativity of the following quantity, which will appear many times in
our analysis:

σ : [t0, +∞) → R+, σ(t) :=
1 − 2θ

θ
δ(t) − tδ̇(t). (5.12)

The following lemma gives us the decreasing property of the energy function. As a consequence of
this lemma, we obtain some integrability results which will be needed later.

Lemma 5.2.1. Let (x, λ) : [t0, +∞) → X × Y be a solution of (5.3) and (x∗, λ∗) ∈ S. Then, for
every t ≥ t0 it holds

d

dt
E(t) ≤ − θ2tσ(t) (Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) − 1

2
βθtδ(t)‖Ax(t) − b‖2

− ξθt
∥∥(ẋ(t), λ̇(t)

)∥∥2
.

Proof. Let t ≥ t0 be fixed. Since x∗ ∈ F, we have

∇x (Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) = ∇xLβ(x(t), λ∗) = ∇f(x(t)) + A∗λ∗ + βA∗ (Ax(t) − b) ,

∇λ (Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) = −∇λLβ(x∗, λ(t)) = 0.

Under these expressions, the system (5.3) can be equivalently written as(
ẍ(t), λ̈(t)

)
= − α

t

(
ẋ(t), λ̇(t)

) − δ(t)
(∇xLβ(x(t), λ∗), 0

)
− δ(t)

(
A∗ (λ(t) − λ∗ + θtλ̇(t)

)
, −

(
A (x(t) + θtẋ(t)) − b

))
,

which leads to

v̇(t) = (1 + θ)
(
ẋ(t), λ̇(t)

)
+ θt

(
ẍ(t), λ̈(t)

)
= − ξ

(
ẋ(t), λ̇(t)

) − θtδ(t)(t)
(∇xLβ(x(t), λ∗), 0

)
− θtδ(t)

(
A∗ (λ(t) − λ∗ + θtλ̇(t)

)
, −

(
A (x(t) + θtẋ(t)) − b

))
.

We get from the distributive property of the inner product

〈v(t), v̇(t)〉
= − ξ

〈(
x(t), λ(t)

) − (x∗, λ∗),
(
ẋ(t), λ̇(t)

)〉 − ξθt‖(ẋ(t), λ̇(t)
)‖2

− θtδ(t)
〈
(∇xLβ(x(t), λ∗), 0) ,

(
x(t), λ(t)

) − (x∗, λ∗)
〉

− θ2t2δ(t)
〈
(∇xLβ(x(t), λ∗), 0) ,

(
ẋ(t), λ̇(t)

)〉
− θtδ(t)

〈
λ(t) − λ∗ + θtλ̇(t), Ax(t) − Ax∗〉 − θ2t2δ(t)

〈
λ(t) − λ∗ + θtλ̇(t), Aẋ(t)

〉
+ θtδ(t) 〈A (x(t) + θtẋ(t)) − b, λ(t) − λ∗〉 + θ2t2δ(t)

〈
A (x(t) + θtẋ(t)) − b, λ̇(t)

〉
.

Since x∗ ∈ F, the last four terms in the above identity vanish. Indeed,

− 〈
λ(t) − λ∗ + θtλ̇(t), Ax(t) − Ax∗〉 − θt

〈
λ(t) − λ∗ + θtλ̇(t), Aẋ(t)

〉
+ 〈A (x(t) + θtẋ(t)) − b, λ(t) − λ∗〉 + θt

〈
A (x(t) + θtẋ(t)) − b, λ̇(t)

〉
= − 〈

λ(t) − λ∗ + θtλ̇(t), Ax(t) − b
〉 − θt

〈
λ(t) − λ∗ + θtλ̇(t), Aẋ(t)

〉
+〈Ax(t) − b, λ(t) − λ∗〉 + θt 〈Aẋ(t), λ(t) − λ∗〉
+ θt

〈
Ax(t) − b, λ̇(t)

〉
+ θ2t2 〈Aẋ(t), λ̇(t)

〉
= 0.

Therefore, differentiating E with respect to t gives

d

dt
E(t) = θ2t

(
2δ(t) + tδ̇(t)

)
(Lβ(x(t), λ∗) − Lβ(x∗, λ(t)))
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+ θ2t2δ(t)
〈
(∇xLβ(x(t), λ∗), 0) ,

(
ẋ(t), λ̇(t)

)〉
+ 〈v(t), v̇(t)〉 + ξ

〈(
x(t), λ(t)

) − (x∗, λ∗),
(
ẋ(t), λ̇(t)

)〉
= θ2t

(
2δ(t) + tδ̇(t)

)
(Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) − ξθt‖(ẋ(t), λ̇(t)

)‖2

− θtδ(t)
〈
(∇xLβ(x(t), λ∗), 0) ,

(
x(t), λ(t)

) − (x∗, λ∗)
〉

. (5.13)

Furthermore, the convexity of f and the fact that x∗ ∈ F guarantee

− 〈
(∇xLβ(x(t), λ∗), 0) ,

(
x(t), λ(t)

) − (x∗, λ∗)
〉

= 〈∇f(x(t)), x∗ − x(t)〉 + 〈A∗λ∗, x∗ − x(t)〉 + β 〈A∗ (Ax(t) − b) , x∗ − x(t)〉
≤ − (f(x(t)) − f(x∗)) − 〈λ∗, Ax(t) − b〉 − β‖Ax(t) − b‖2 (5.14)

= − (Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) − β

2
‖Ax(t) − b‖2,

By multiplying this inequality by θtδ(t) and combining it with (5.13), the coefficient attached to the
primal-dual gap becomes

θ2t
(
2δ(t) + tδ̇(t)

) − θtδ(t) = −θ2t

(
1 − 2θ

θ
δ(t) − tδ̇(t)

)
= −θ2tσ(t),

which finally gives the desired statement.

Remark 5.2.2. It is straightforward to show the existence of local solutions to (5.3), under the
additional assumption that ∇f is Lipschitz continuous on every bounded subset of X . First, notice
that (5.3) can be rewritten as a first-order dynamical system. Indeed, (x, λ) : [t0, +∞) → X × Y
is a solution to (5.3) with initial conditions (x(t0), λ(t0)) = (x0, λ0) and

(
ẋ(t0), λ̇(t0)

)
=

(
ẋ0, λ̇0

)
if and only if (x, λ, y, ν) : [t0, +∞) → X × Y × X × Y is a solution to{(

ẋ(t), λ̇(t), ẏ(t), ν̇(t)
)

= F (t, x(t), λ(t), y(t), ν(t))
(x(t0), λ(t0), y(t0), ν(t0)) =

(
x0, λ0, ẋ0, λ̇0

)
,

where F : [t0, +∞) × X × Y × X × Y → X × Y × X × Y is given by

F (t, z, μ, w, η)

:=
(

w, η, −α

t
w − δ(t)

[∇f(z) + A∗(μ + θtη
)

+ βA∗(Az − b
)]

, −α

t
η + δ(t)

[
A
(
z + θtw

) − b
])

.

Here F is evidently continuous in t, and F (t, ·) is Lipschitz continuous on every bounded subset,
provided that the same property holds for ∇f . We can then employ a theorem such as that by
Cauchy-Lipschitz to obtain the existence of a unique solution to the previous system, and thus
a unique solution to (5.3), defined on a maximal interval [t0, Tmax). To go further and show the
existence and uniqueness of a global solution (that is, Tmax = +∞) we use the estimate given by
the previous lemma, in a very similar way to [19, 43], so we omit the details here.

Theorem 5.2.3. Under Assumption 5.1, let (x, λ) : [t0, +∞) → X ×Y be a solution of (5.3) and
(x∗, λ∗) ∈ S. Then, the following statements are true:

(i) It holds ∫ +∞

t0

tσ(t)
[
L(x(t), λ∗) − L(x∗, λ(t))

]
dt ≤ E(t0) < +∞, (5.15)

β

∫ +∞

t0

tδ(t)‖Ax(t) − b‖2dt ≤ 2E(t0)
θ

< +∞, (5.16)

ξ

∫ +∞

t0

t‖(ẋ(t), λ̇(t)
)‖2 ≤ E(t0)

θ
< +∞; (5.17)

(ii) If, in addition, α > 3 and 1
2 ≥ θ > 1

α−1 , then the trajectory (x, λ) : [t0, +∞) → X × Y is
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bounded and the convergence rate of its velocity is, as t → +∞,

∥∥(ẋ(t), λ̇(t)
)∥∥ = O

(
1
t

)
.

Proof. (i) Recall that Assumption 5.1 implies σ(t) ≥ 0 for all t ≥ t0 and ξ ≥ 0. Moreover, (x∗, λ∗) ∈ S

yields x∗ ∈ F. Therefore, we can apply (5.10) and Lemma 5.2.1 to obtain, for every t ≥ t0,

d

dt
E(t) ≤ − θ2tσ(t) (Lβ (x(t), λ∗) − Lβ(x∗, λ(t)))

− 1
2

βθtδ(t)‖Ax(t) − b‖2 − ξθt‖(ẋ(t), λ̇(t)
)‖2 ≤ 0. (5.18)

This means that E is nonincreasing on [t0, +∞). For every t ≥ t0, by integrating (5.18) from t0 to t, we
obtain

θ2
∫ t

t0

tσ(t)
(

L(x(s), λ∗) − L(x∗, λ(s))
)

ds

+
βθ

2

∫ t

t0

sδ(s)‖Ax(s) − b‖2ds + ξθ

∫ t

t0

s
∥∥∥(ẋ(s), ˙λ(s)

)∥∥∥2
ds

≤ E(t0) − E(t) ≤ E(t0),

where the last inequality follows from (5.11). Since all quantities inside the integrals are nonnegative,
we obtain (5.15)-(5.17) by letting t → +∞.

(ii) Let t ≥ t0 be fixed. Inequality (5.18) tells us that E is nonincreasing on [t0, +∞).

θ2t2δ(t)
(

Lβ(x(t), λ∗) − Lβ(x∗, λ(t))
)

+ ‖v(t)‖2 +
ξ

2
∥∥(x(t), λ(t)

) − (x∗, λ∗)
∥∥2 ≤ E(t0). (5.19)

Assuming α > 3 and 1
2 ≥ θ > 1

α−1 , we immediately see ξ > 0. From (5.19) we obtain

∥∥(x(t), λ(t)
) − (x∗, λ∗)

∥∥2 ≤ 2E(t0)
ξ

, (5.20)

and
‖v(t)‖ =

∥∥∥(x(t), λ(t)
) − (x∗, λ∗) + θt

(
ẋ(t), ˙λ(t)

)∥∥∥ ≤
√

2E(t0). (5.21)

The estimate (5.20) leads to the boundedness of the trajectory. Moreover, applying the triangle inequality
and (5.20)-(5.21), we obtain

t
∥∥(ẋ(t), λ̇(t)

)∥∥ ≤ 1
θ

(∥∥(x(t), λ(t)
) − (x∗, λ∗)

∥∥ + ‖v(t)‖
)

≤ 1
θ

(√
2E(t0)

ξ
+

√
2E(t0)

)
=

1
θ

(
1√
ξ

+ 1
)√

2E(t0), (5.22)

which gives the desired convergence rate.

5.2.2 Fast convergence rates for the primal-dual gap, the feasibility measure
and the objective function value

The following are the main convergence rates results of the paper.

Theorem 5.2.4. Under Assumption 5.1, let (x, λ) : [t0, +∞) → X ×Y be a solution of (5.3) and
(x∗, λ∗) ∈ S. Then, the following statements are true:

(i) For every t ≥ t0 it holds

0 ≤ L(x(t), λ∗) − L(x∗, λ(t)) ≤ E(t0)
θ2t2δ(t)

; (5.23)
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(ii) For every t ≥ t0 it holds
‖Ax(t) − b‖ ≤ 2C1

t2δ(t)
, (5.24)

where

C1 := sup
t≥t0

t‖λ̇(t)‖ + (α − 1) sup
t≥t0

‖λ(t) − λ∗‖ + t2
0δ(t0)‖Ax(t0) − b‖ + t0

∥∥λ̇(t0)
∥∥;

(iii) For every t ≥ t0 it holds

|f(x(t)) − f(x∗)| ≤
(E(t0)

θ2 + 2C1‖λ∗‖
)

1
t2δ(t)

. (5.25)

Proof. (i) We have already established that E is nonincreasing on [t0, +∞). Therefore, from the expres-
sion for E and relation (5.9), for every t ≥ t0 we deduce

θ2t2δ(t)
[L(x(t), λ∗) − L(x∗, λ(t))

] ≤ E(t0), (5.26)

and the first claim follows.
(ii) From the second line of (5.3), for every t ≥ t0 we have

tλ̈(t) + αλ̇(t) = tδ(t)
(

A
(
x(t) + θtẋ(t)

) − b
)

= tδ(t)
(
Ax(t) − b

)
+ θt2δ(t)Aẋ(t). (5.27)

Fix t ≥ t0. On the one hand, integration by parts yields∫ t

t0

(
sλ̈(s) + αλ̇(s)

)
ds = tλ̇(t) − t0λ̇(t0) −

∫ t

t0

λ̇(s)ds + α

∫ t

t0

λ̇(s)ds

= tλ̇(t) − t0λ̇(t0) + (α − 1)(λ(t) − λ(t0)).
(5.28)

On the other hand, again integrating by parts leads to∫ t

t0

s2δ(s)Aẋ(s)ds = t2δ(t)(Ax(t) − b) − t2
0δ(t0)(Ax(t0) − b)

−
∫ t

t0

(
2sδ(s) + s2δ̇(s)

)
(Ax(s) − b)ds.

(5.29)

Now, integrating (5.27) from t0 to t and using (5.28) and (5.29) gives us

tλ̇(t) − t0λ̇(t0) + (α − 1)(λ(t) − λ(t0))

=
∫ t

t0

sδ(s)(Ax(s) − b)ds + θ

∫ t

t0

s2δ(s)Aẋ(s)ds

= t2δ(t)(Ax(t) − b) − t2
0δ(t0)(Ax(t0) − b) +

∫ t

t0

s
[
(1 − 2θ)δ(s) − θsδ̇(s)

]
(Ax(s) − b)ds

= t2δ(t)(Ax(t) − b) − t2
0δ(t0)(Ax(t0) − b) +

∫ t

t0

(1 − 2θ)δ(s) − θsδ̇(s)
sδ(s)

s2δ(s)(Ax(s) − b)ds. (5.30)

It follows that, for every t ≥ t0, we have∥∥∥∥t2δ(t)(Ax(t) − b) +
∫ t

t0

(1 − 2θ)δ(s) − θsδ̇(s)
sδ(s)

s2δ(s)(Ax(s) − b)ds

∥∥∥∥ ≤ C1, (5.31)

where

C1 = sup
t≥t0

t‖λ̇(t)‖ + (α − 1) sup
t≥t0

‖λ(t) − λ (t0) ‖ + t2
0δ(t0)‖Ax(t0) − b‖ + t0‖λ̇ (t0) ‖ < +∞,

and this quantity is finite in light of (5.22) and (5.20). Now, for t ≥ t0 we set

g(t) := t2δ(t)‖Ax(t) − b‖, a(t) :=
(1 − 2θ)δ(t) − θtδ̇(t)

tδ(t)
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and we apply Lemma 2.3.7 to deduce that, for every t ≥ t0,

t2δ(t)‖Ax(t) − b‖ ≤ 2C1. (5.32)

(iii) For every t ≥ t0 we have

L(x(t), λ∗) − L(x∗, λ(t)) = f(x(t)) − f(x∗) + 〈λ∗, Ax(t) − b〉.
Therefore, from using (5.32) and (5.26) we obtain, for every t ≥ t0,

|f(x(t)) − f(x∗)| ≤ L(x(t), λ∗) − L(x∗, λ(t)) + ‖λ∗‖‖Ax(t) − b‖

≤
(E(t0)

θ2 + 2C1‖λ∗‖
)

1
t2δ(t)

,

which leads to the last statement.

Some comments regarding the previous proof and results are in order.

Remark 5.2.5. The proof we provided here is significantly shorter than the one derived in [43]
thanks to Lemma 2.3.7. This Lemma is the one used in [64] for showing the fast convergence to
zero of the feasibility measure, although the authors study a different dynamical system. On the
other hand, when δ(t) ≡ 1, the result in [43] is more robust than the one we obtain here, as it
gives the O ( 1

t2

)
rates for the sum of primal-dual gap and feasibility measure, rather than each

one individually. It also allows us to focus only on the energy function defined with respect to a
primal-dual optimal solution (x∗, λ∗) ∈ S, rather than on an arbitrary feasible point (z, μ) ∈ F×Y
as in [43].

Remark 5.2.6. Here are some remarks comparing our rates of convergence to those in [18, 66].

• Primal-dual gap: According to (5.23), the primal-dual gap exhibits the convergence rate

L(
x(t), λ∗) − L(

x∗, λ(t)
)

= O
(

1
t2δ(t)

)
as t → +∞, which coincides with the findings of [18, 66].

• Feasibility measure: According to (5.24), we have

‖Ax(t) − b‖ = O
(

1
t2δ(t)

)

as t → +∞, which improves the rate O
(

1
t
√

δ(t)

)
reported in [18, 66].

• Functional values: Relation (5.25) tells us that

|f(x(t)) − f(x∗)| = O
(

1
t2δ(t)

)
as t → +∞. In [18], only the upper bound presents this order of convergence. The lower

bound obtained is of order O
(

1
t
√

δ(t)

)
as t → +∞. In [66], there are no comments on the

rate attained by the functional values in the case of a general time rescaling parameter.

• Further comparisons with [66]: in [66, Theorem 2.16], unlike the preceding result [66,
Theorem 2.15], the authors produce a rate of O ( 1

t1/θ

)
as t → +∞ for ‖Ax(t) − b‖ and

|f(x(t)) − f(x∗)|, provided the time rescaling parameter is chosen to be δ(t) = δ0t
1
θ −2, for

some δ0 > 0. This choice comes from the solution to the differential equation

tδ̇(t)
δ(t)

=
1 − 2θ

θ
,
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and thus is covered by our results when the growth condition (5.4) holds with equality. The
rates are consequently

O
(

1
t2 · δ0t

1
θ −2

)
= O

(
1
t

1
θ

)
as t → +∞. In this setting, if we wish to obtain fast convergence rates, we need to choose
a small θ. In light of Assumption 5.1, where we have 1

2 ≥ θ ≥ 1
α−1 , this can be achieved

by taking α large enough. Such behavior can also be seen in [18] and in the unconstrained
case [15, 19].

5.3 Weak convergence of the trajectory to a primal-dual solu-
tion

In this section we will show that the solutions to (5.3) weakly converge to an element of S. The fact
that δ(t) enters the convergence rate statement suggests that one can benefit from this time rescaling
function when it is at least nondecreasing on [t0, +∞). We are, in fact, going to need this condition
when showing trajectory convergence.

Assumption 5.2. In (5.3), assume that ∇f is L-Lipschitz continuous for some L > 0 and that
δ : [t0, +∞) → R++ is continuously differentiable and nondecreasing. Moreover, suppose that the
parameters α, β, θ and the function δ satisfy

α > 3, β ≥ 0,
1
2

> θ >
1

α − 1
and sup

t≥t0

tδ̇(t)
δ(t)

<
1 − 2θ

θ
.

Assumption 5.2 entails the existence of C2 > 0 such that, for every t ≥ t0,

tδ̇(t)
δ(t)

+ C2 ≤ 1 − 2θ

θ
. (5.33)

and therefore it follows further from the nondecreasing property of δ that for every t ≥ t0

0 < C2δ(t0) ≤ C2δ(t) ≤ (1 − 2θ)δ(t) − θtδ̇(t). (5.34)

Moreover, from (5.33), for every t ≥ t0, we have

0 < C2 ≤ 1 − 2θ

θ
− tδ̇(t)

δ(t)
=

σ(t)
δ(t)

,

which for every t ≥ t0 gives

δ(t) ≤ σ(t)
C2

. (5.35)

The additional Lipschitz continuity condition of ∇f and the fact that δ is nondecreasing give rise to the
following two essential integrability statements.

Proposition 5.3.1. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y be a solution of (5.3)
and (x∗, λ∗) ∈ S. Then, it holds

∫ +∞

t0

tδ(t) ‖∇f(x(t)) − ∇f(x∗)‖2
dt < +∞ (5.36)

and ∫ +∞

t0

tδ(t)‖Ax(t) − b‖2dt < +∞. (5.37)
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Proof. Thanks to ∇f being L-Lipschitz continuous, we can use the improved gradient inequality (see
the preliminaries chapter, also [104, Lemma 4]) to refine relation (5.14) in the proof of Lemma 5.2.1

− 〈
(∇xLβ(x(t), λ∗), 0) ,

(
x(t), λ(t)

) − (x∗, λ∗)
〉

= 〈∇f(x(t)), x∗ − x(t)〉 + 〈A∗λ∗, x∗ − x(t)〉 + β 〈A∗(Ax(t) − b), x∗ − x(t)〉
≤ − (f(x(t)) − f(x∗)) − 1

2L
‖∇f(x(t)) − ∇f(x∗)‖2 − 〈λ∗, Ax(t) − b〉 − β‖Ax(t) − b‖2

= − (Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) − 1
2L

‖∇f(x(t)) − ∇f(x∗)‖2 − β

2
‖Ax(t) − b‖2.

Consequently, combining this inequality with (5.13) yields, for every t ≥ t0

d

dt
E(t) ≤ − θ2tσ(t) (Lβ(x(t), λ∗) − Lβ(x∗, λ(t))) − ξθt‖ (

ẋ(t), λ̇(t)
) ‖2

− θtδ(t)
2L

‖∇f(x(t)) − ∇f(x∗)‖2 − θβtδ(t)
2

‖Ax(t) − b‖2

≤ − θtδ(t)
2L

‖∇f(x(t)) − ∇f(x∗)‖2.

Integration of this inequality produces (5.36).
The finiteness of the second integral is only entailed by (5.16) when β > 0. For the general case

β ≥ 0, we use (5.24) and the fact that δ is nondecreasing on [t0, +∞) to obtain∫ +∞

t0

tδ(t)‖Ax(t) − b‖2dt ≤ 4C2
1

∫ +∞

t0

1
t3δ(t)

dt ≤ 4C2
1

δ(t0)

∫ +∞

t0

1
t3 dt < +∞,

and the proof is complete.

Now, for a given primal-dual solution (x∗, λ∗) ∈ S, we define the following mappings on [t0, +∞):

W (t) := δ(t)
[Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

]
+

1
2

‖(ẋ(t), λ̇(t)
)‖2 ≥ 0, (5.38)

ϕ(t) :=
1
2
∥∥(x(t), λ(t)

) − (x∗, λ∗)
∥∥2 ≥ 0. (5.39)

The following are three technical lemmas that we will need in this section. Lemma 5.3.3 guarantees
that the first condition of Opial’s Lemma is met.

Lemma 5.3.2. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y a solution of (5.3) and
(x∗, λ∗) ∈ S. Then, the following inequality holds for every t ≥ t0:

ϕ̈(t) +
α

t
ϕ̇(t) + θtẆ (t) +

δ(t)
2L

‖∇f(x(t)) − ∇f(x∗)‖2 +
βδ(t)

2
‖Ax(t) − b‖2 ≤ 0. (5.40)

Proof. Let t ≥ t0 be fixed. Differentiating W with respect to time yields

Ẇ (t) = δ̇(t)
[
Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

]
+ δ(t)

[
〈∇xLβ(x(t), λ∗), ẋ(t)〉 − 〈∇λLβ(x∗, λ(t)), λ̇(t)

〉]
+ 〈ẍ(t), ẋ(t)〉 + 〈λ̈(t), λ̇(t)〉.

Recall the formulas for the gradients of L

∇xLβ(x(t), λ∗) = ∇f(x(t)) + A∗λ∗ + βA∗(Ax(t) − b),
∇λLβ(x∗, λ(t)) = Ax∗ − b = 0,

since x∗ ∈ F. Plugging this into the expression for Ẇ (t) gives us

Ẇ (t) = δ̇(t)
[
Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

]
+ δ(t)

〈∇xLβ(x(t), λ(t) + θtλ̇(t)), ẋ(t)
〉

+ 〈ẍ(t), ẋ(t)〉
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− δ(t)
〈
λ(t) − λ∗ + θtλ̇(t), Aẋ(t)

〉
− δ(t)

〈
∇λLβ(x(t) + θtẋ(t), λ(t)), ˙λ(t)

〉
+ 〈λ̈(t), λ̇(t)〉

+ δ(t)
〈
Ax(t) − b + θtAẋ(t), λ̇(t)

〉
.

By regrouping and using (5.3), we arrive at

Ẇ (t) = δ̇(t)
[
Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

]
− α

t
‖ẋ(t)‖2 − α

t
‖λ̇(t)‖2

− δ(t) 〈λ(t) − λ∗, Aẋ(t)〉 + δ(t)
〈
Ax(t) − b, λ̇(t)

〉
.

(5.41)

On the other hand, by the chain rule, we have

ϕ̇(t) = 〈x(t) − x∗, ẋ(t)〉 +
〈
λ(t) − λ∗, λ̇(t)

〉
,

ϕ̈(t) = 〈x(t) − x∗, ẍ(t)〉 + ‖ẋ(t)‖2 +
〈
λ(t) − λ∗, λ̈(t)

〉
+

∥∥λ̇(t)
∥∥2

.

By combining these relations, (5.3) and the fact that x∗ ∈ F, we get

ϕ̈(t) +
α

t
ϕ̇(t) =

〈
x(t) − x∗, ẍ(t) +

α

t
ẋ(t)

〉
+

〈
λ(t) − λ∗, λ̈(t) +

α

t
λ̇(t)

〉
+ ‖ẋ(t)‖2 + ‖λ̇(t)‖2

= − 〈
x(t) − x∗, δ(t)∇xLβ(x(t), λ(t) + θtλ̇(t))

〉
+

〈
λ(t) − λ∗, δ(t)∇λLβ(x(t) + θtλ̇(t), λ(t))

〉
+ ‖ẋ(t)‖2 + ‖λ̇(t)‖2

= − 〈
x(t) − x∗, δ(t)∇xLβ(x(t), λ∗)

〉 − 〈
Ax(t) − b, δ(t)

(
λ(t) − λ∗ + θtλ̇(t)

)〉
+

〈
λ(t) − λ∗, δ(t)

(
Ax(t) − b + θtAẋ(t)

)〉
+ ‖ẋ(t)‖2 + ‖λ̇(t)‖2

= − δ(t)
〈
x(t) − x∗, ∇xLβ(x(t), λ∗)

〉 − θtδ(t)
〈
Ax(t) − b, λ̇(t)

〉
+ θtδ(t)

〈
λ(t) − λ∗, Aẋ(t)

〉
+ ‖ẋ(t)‖2 + ‖λ̇(t)‖2 (5.42)

The Lipschitz continuity of ∇f entails

− 〈x(t) − x∗, ∇xLβ(x(t), λ∗)〉
= −〈x(t) − x∗, ∇f(x(t))〉 − 〈

x(t) − x∗, A∗λ∗〉 − β‖Ax(t) − b‖2

≤ −(f(x(t)) − f(x∗)) − 1
2L

‖∇f(x(t)) − ∇f(x∗)‖2 − 〈λ∗, Ax(t) − b〉 − β‖Ax(t) − b‖2

= −
(

Lβ(x(t), λ∗) − Lβ(x∗, λ(t))
)

− 1
2L

‖∇f(x(t)) − ∇f(x∗)‖2 − β

2
‖Ax(t) − b‖2.

This, together with (5.42), implies

ϕ̈(t) +
α

t
ϕ̇(t) ≤ − δ(t)

(
Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

)
− θtδ(t)

〈
Ax(t) − b, λ̇(t)

〉
+ θtδ(t)

〈
λ(t) − λ∗, Aẋ(t)

〉
+ ‖ẋ(t)‖2 + ‖λ̇(t)‖2

− δ(t)
2L

‖∇f(x(t)) − ∇f(x∗)‖2 − βδ(t)
2

‖Ax(t) − b‖2. (5.43)

Multiplying (5.41) by θt > 0 and then adding the result to (5.43) yields

ϕ̈(t) +
α

t
ϕ̇(t) + θtẆ (t) = − (

δ(t) − θtδ̇(t)
)(Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

)
− δ(t)

2L
‖∇f(x(t)) − ∇f(x∗)‖2 − βδ(t)

2
‖Ax(t) − b‖2

+ (1 − θα)‖ (
ẋ(t), λ̇(t)

) ‖2

≤ − δ(t)
2L

‖∇f(x(t)) − ∇f(x∗)‖2 − βδ(t)
2

‖Ax(t) − b‖2,

where the last inequality follows from Assumption 5.2:

1 − θα ≤ −θ < 0,

−δ(t) + θtδ̇(t) ≤ (2θ − 1)δ(t) + θtδ̇(t) ≤ 0.

The desired result then follows after some rearranging.
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Lemma 5.3.3. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y be a solution to (5.3) and
(x∗, λ∗) ∈ S. Then, the positive part [ϕ̇]+ of ϕ̇ belongs to L

1([t0, +∞)) and limt→+∞ ϕ(t) exists.

Proof. For any t ≥ t0, we multiply (5.40) by t and drop the last two norm squared terms to obtain

tϕ̈(t) + αϕ̇(t) + θt2Ẇ (t) ≤ 0.

Recall from (5.38) that for every t ≥ t0 we have

tW (t) = tδ(t)
[Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

]
+

t

2
‖(ẋ(t), λ̇(t)

)‖2. (5.44)

On the one hand, according to (5.17), the second summand of the previous expression belongs to
L

1[t0, +∞). On the other hand, using (5.35) and (5.15), we assert that∫ +∞

t0

tδ(t)
[Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

]
dt ≤ 1

C2

∫ +∞

t0

tσ(t)
[Lβ(x(t), λ∗) − Lβ(x∗, λ(t))

]
dt < +∞.

Hence, the first summand of (5.44) also belongs to L
1([t0, +∞)), which implies that the mapping t 	→

tW (t) belongs to L
1[t0, +∞) as well. For achieving the desired conclusion, we make use of Lemma 2.3.9

with φ := ϕ and w := θW .

Lemma 5.3.4. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y be a solution to (5.3) and
(x∗, λ∗) ∈ S. Then, the following inequality holds for every t ≥ t0:

α

tδ(t)
d

dt
‖(ẋ(t), λ̇(t)

)‖2 + 2
〈

ẍ(t) +
α

t
ẋ(t), A∗(λ(t) − λ∗)

〉
+ θ

d

dt

(
tδ(t) ‖A∗(λ(t) − λ∗)‖2

)
+

(
(1 − θ)δ(t) − θtδ̇(t)

) ‖A∗(λ(t) − λ∗)‖2

≤ δ(t)
[
2‖∇f(x(t)) − ∇f(x∗)‖2 +

(
2β2‖A‖2 + 1

) ‖Ax(t) − b‖2
]
.

Proof. Let t ≥ t0 be fixed. From (5.3) and the fact that A∗λ∗ = −∇f(x∗), we have

δ2(t)
∥∥∇f(x(t)) − ∇f(x∗) + βA∗(Ax(t) − b)

∥∥2

=
∥∥∥ẍ(t) +

α

t
ẋ(t) + δ(t)A∗(λ(t) − λ∗ + θtλ̇(t)

)∥∥∥2

=
∥∥∥ẍ(t) +

α

t
ẋ(t)

∥∥∥2
+ δ2(t)

∥∥A∗(λ(t) − λ∗ + θtλ̇(t)
)∥∥2 + 2δ(t)

〈
ẍ(t) +

α

t
ẋ(t), A∗(λ(t) − λ∗)〉

+ 2θtδ(t)
〈
ẍ(t), A∗λ̇(t)

〉
+ 2αθtδ(t)

〈
ẋ(t), A∗λ̇(t)

〉
. (5.45)

Again using (5.3) yields

δ2(t)‖Ax ((t)) − b‖2 =
∥∥∥λ̈(t) +

α

t
λ̇(t) − θtδ(t)Aẋ(t)

∥∥∥2

=
∥∥∥λ̈(t) +

α

t
λ̇(t)

∥∥∥2
+ θ2t2δ2(t)‖Aẋ(t)‖2

− 2θtδ(t)
〈
λ̈(t), Aẋ(t)

〉 − 2αθδ(t)
〈
λ̇(t), Aẋ(t)

〉
. (5.46)

Adding (5.45) and (5.46) together produces

δ2(t)
∥∥∇f(x(t)) − ∇f(x∗) + βA∗(Ax(t) − b)

∥∥2 + δ2(t)‖Ax(t) − b‖2

=
∥∥∥(ẍ(t), λ̈(t)

)
+

α

t

(
ẋ(t), λ̇(t)

)∥∥∥2
+ δ2(t)

∥∥A∗(λ(t) − λ∗ + θtλ̇(t)
)∥∥2 + θ2t2δ2(t)‖Aẋ(t)‖2

+ 2θtδ(t)
〈
ẍ(t), A∗λ̇(t)

〉 − 2θtδ(t)
〈
λ̈(t), Aẋ(t)

〉
+ 2δ(t)

〈
ẍ(t) +

α

t
ẋ(t), A∗(λ(t) − λ∗)

〉
. (5.47)

On the one hand, we have

θ2t2δ2(t)‖Aẋ(t)‖2 + 2θtδ(t)
〈
ẍ(t), A∗λ̇(t)

〉 − 2θtδ(t)
〈
λ̈(t), Aẋ(t)

〉
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= θ2t2δ2(t)
∥∥(A∗λ̇(t), −Aẋ(t)

)∥∥2 − θ2t2δ2(t)
∥∥A∗λ̇(t)

∥∥2 + 2θtδ(t)
〈(

ẍ(t), λ̈(t)
)
,
(
A∗λ̇(t), −Aẋ(t)

)〉
= − ∥∥(ẍ(t), λ̈(t)

)∥∥2 +
∥∥(ẍ(t), λ̈(t)

)
+ θtδ(t)A∗(A∗λ̇(t), −Aẋ(t)

)∥∥2 − θ2t2δ2(t)
∥∥A∗λ̇(t)

∥∥2

≥ − ∥∥(ẍ(t), λ̈(t)
)∥∥2 − θ2t2δ2(t)

∥∥A∗λ̇(t)
∥∥2

. (5.48)

On the other hand, it holds∥∥∥(ẍ(t), λ̈(t)
)

+
α

t

(
ẋ(t), λ̇(t)

)∥∥∥2
− ∥∥(ẍ(t), λ̈(t)

)∥∥2

=
α2

t2

∥∥(ẋ(t), λ̇(t)
)∥∥2 + 2

α

t

〈(
ẍ(t), λ̈(t)

)
,
(
ẋ(t), λ̇(t)

)〉 ≥ α

t

d

dt

∥∥(ẋ(t), λ̇(t)
)∥∥2

. (5.49)

Moreover,

δ(t)
∥∥A∗(λ(t) − λ∗ + θtλ̇(t)

)∥∥2 − θ2t2δ(t)
∥∥A∗λ̇(t)

∥∥2

= δ(t)
∥∥A∗(λ(t) − λ∗)

∥∥2 + 2θtδ(t)
〈
AA∗(λ(t) − λ∗), ˙λ(t)

〉
=

(
(1 − θ)δ(t) − θtδ̇(t)

)∥∥A∗(λ(t) − λ∗)∥∥2 + θδ(t)
∥∥A∗(λ(t) − λ∗)

∥∥2

+ θtδ̇(t)‖A∗ (λ(t) − λ∗) ‖2 + θ
d

dt
‖A∗(λ(t) − λ∗)‖2

=
(
(1 − θ)δ(t) − θtδ̇(t)

)‖A∗ (λ(t) − λ∗) ‖2 + θ
d

dt

(
tδ(t)

∥∥A∗(λ(t) − λ∗)
∥∥2

)
. (5.50)

Now, using (5.48), (5.49) and (5.50) in (5.47) yields

δ2(t)(t)
∥∥∇f(x(t)) − ∇f(x∗) + βA∗(Ax(t) − b)

∥∥2 + δ2(t)‖Ax ((t)) − b‖2

≥
∥∥∥(ẍ(t), λ̈(t)

)
+

α

t

(
ẋ(t), λ̇(t)

)∥∥∥2
+ δ2(t)

∥∥A∗(λ(t) − λ∗ + θtλ̇(t)
)∥∥2

− ∥∥(ẍ(t), λ̈(t)
)∥∥2 − θ2t2δ2(t)

∥∥A∗λ̇(t)
∥∥2 + 2δ(t)

〈
ẍ(t) +

α

t
ẋ(t), A∗(λ(t) − λ∗)

〉
≥ α

t

d

dt

∥∥(ẋ(t), λ̇(t)
)∥∥2 + 2δ(t)

〈
ẍ(t) +

α

t
ẋ(t), A∗(λ(t) − λ∗)

〉
+ δ(t)

[(
(1 − θ)δ(t) − θtδ̇(t)

)∥∥A∗(λ(t) − λ∗)
∥∥2 + θ

d

dt

(
tδ(t)‖A∗ (λ(t) − λ∗) ‖2

)]
Finally, since ∥∥∇f(x(t)) − ∇f(x∗) + βA∗(Ax(t) − b)

∥∥2 + ‖Ax ((t)) − b‖2

≤ 2‖∇f(x(t)) − ∇f(x∗)‖2 + (2β‖A‖2 + 1)‖Ax(t) − b‖2,

the conclusion follows after dividing the inequality by δ(t).

Lemma 5.3.5. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y be a solution to (5.3) and
(x∗, λ∗) ∈ S. Then, for every t ≥ t0 it holds

θtα+1δ(t)‖A∗ (λ(t) − λ∗) ‖2

≤ − tαϕ̇(t) +
∫ t

t0

sαV (s)ds +
∫ t

t0

sα
[(

θ(α + 1) − 1
)
δ(t) + θsδ̇(s)

]
‖A∗(λ(s) − λ∗)‖2ds

− 2tα
〈
ẋ(t), A∗(λ(t) − λ∗)

〉
+ C5, (5.51)

where, for t ≥ t0,

V (t) := θ(α + 1)W (t) +
(

α(α − 1)
t2
0δ(0)

+ ‖A‖
)∥∥(ẋ(t), λ̇(t)

)∥∥2

+ C3δ(t)‖∇f(x(t)) − ∇f(x∗)‖2 + C4δ(t)‖Ax(t) − b‖2,

for certain nonnegative constants C3, C4 and C5.
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Proof. For every t ≥ t0, by summing up the two inequalities produced by Lemmas 5.3.2 and 5.3.4 we
deduce that

ϕ̈(t) +
α

t
ϕ̇(t) + θtẆ (t) +

α

tδ(t)
∥∥(ẋ(t), λ̇(t)

)∥∥2

+ θ
d

dt

(
tδ(t)

∥∥A∗(λ(t) − λ∗)
∥∥2

)
+ 2

〈
ẍ(t) +

α

t
ẋ(t), A∗(λ(t) − λ∗)

〉
≤ − (

(1 − θ)δ(t) − θtδ̇(t)
)∥∥A∗(λ(t) − λ∗)

∥∥2 +
(

2 − 1
2L

)
δ(t)‖∇f(x(t)) − ∇f(x∗)‖2

+
(

2β2‖A‖2 + 1 − β

2

)
δ(t)‖Ax(t) − b‖2

≤ − (
(1 − θ)δ(t) − θtδ̇(t)

)∥∥A∗(λ(t) − λ∗)
∥∥2 + C3δ(t)‖∇f(x(t)) − ∇f(x∗)‖2

+ C4δ(t)‖Ax(t) − b‖2, (5.52)

where
C3 :=

[
2 − 1

2L

]
+

≥ 0 and C4 :=
[
2β2‖A‖2 + 1 − β

2

]
+

≥ 0.

Multiplying (5.52) by tα and integrating from t0 to t, we obtain

I1(t) + θI2(t) + αI3(t) + θI4(t) + 2I5(t)

≤
∫ t

t0

sα
(
(1 − θ)δ(s) − θsδ̇(s)

)∥∥A∗(λ(s) − λ∗)
∥∥2

ds + C3

∫ t

t0

sαδ(s)‖∇f(x(s)) − ∇f(x∗)‖2ds

+ C4

∫ t

t0

sαδ(s)‖Ax(s) − b‖2ds, (5.53)

where

I1(t) :=
∫ t

t0

(
sαϕ̈(s) + αsα−1ϕ̇(s)

)
ds,

I2(t) :=
∫ t

t0

sα+1Ẇ (s)ds,

I3(t) :=
∫ t

t0

sα−1

δ(s)
d

ds

∥∥(ẋ(s), λ̇(s)
)∥∥2

ds,

I4(t) :=
∫ t

t0

sα d

ds

(
sδ(s)

∥∥A∗(λ(s) − λ∗)
∥∥2

)
ds,

I5(t) :=
∫ t

t0

〈
sαẍ(s) + αsα−1ẋ(s), A∗(λ(s) − λ∗)

〉
ds.

We will furnish five different inequalities from computing each of these integrals separately. Let t ≥ t0
be fixed.

• The integral I1(t). By the chain rule, for s ≥ t0 it holds

sαϕ̈(s) + αsα−1ϕ̇(s) =
d

ds

(
sαϕ̇(s)

)
,

which leads to
0 = I1(t) − tαϕ̇(t) + tα

0 ϕ̇(t0) ≤ I1(t) − tαϕ̇(t) + |tα
0 ϕ̇(t0)|. (5.54)

• The integrals I2(t) and I4(t). Integration by parts gives

I2(t) + I4(t) = tα+1W (t) − tα+1
0 W (t0) − (α + 1)

∫ t

t0

sαW (s)ds + tα+1δ(t)‖A∗ (λ(t) − λ∗) ‖2

− tα+1
0 δ(t0)

∥∥A∗(λ(t0) − λ∗)
∥∥2 − α

∫ t

t0

sαδ(s)‖A∗(λ(s) − λ∗)‖2ds,

and from here

tα+1δ(t)‖A∗ (λ(t) − λ∗) ‖2 ≤ tα+1W (t) + tα+1δ(t)‖A∗ (λ(t) − λ∗) ‖2
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= I2(t) + I4(t) + tα+1
0 W (t0) + tα+1

0 δ(t0)
∥∥A∗(λ(t0) − λ∗)

∥∥2 + (α + 1)
∫ t

t0

sαW (s)ds

+ α

∫ t

t0

sαδ(s)‖A∗(λ(s) − λ∗)‖2ds. (5.55)

• The integral I3(t). Again by integrating by parts, we get

I3(t) =
tα−1

δ(t)
∥∥(ẋ(t), λ̇(t)

)∥∥2 − tα−1
0

δ(t0)
∥∥(ẋ(t0), λ̇(t0)

)∥∥2

−
∫ t

t0

[
(α − 1)sα−2δ(s) − sα−1δ̇(s)

δ2(s)

] ∥∥(ẋ(s), λ̇(s)
)∥∥2

ds.

For s ≥ t0, according to Assumption 5.2 we have δ̇(s) ≥ 0, hence δ is monotonically increasing and
therefore

(α − 1)sα−2δ(s) − sα−1δ(s)
δ2(s)

≤ (α − 1)sα−2δ(s)
δ2(s)

≤ (α − 1)sα

t2
0δ(t0)

.

It follows that

0 ≤ tα−1

δ(t)
∥∥(ẋ(t), λ̇(t)

)∥∥2

= I3(t) +
tα−1
0

δ(t0)
∥∥(ẋ(t0), λ̇(t0)

)∥∥2 +
∫ t

t0

[
(α − 1)sα−2δ(s) − sα−1δ̇(s)

δ2(s)

] ∥∥(ẋ(s), λ̇(s)
)∥∥2

ds

≤ I3(t) +
tα−1
0

δ(t0)
∥∥(ẋ(t0), λ̇(t0)

)∥∥2 +
α − 1
t2
0δ(t0)

∫ t

t0

sα
∥∥(ẋ(s), λ̇(s)

)∥∥2
ds. (5.56)

• The integral I5(t). Integration by parts entails

I5(t) =
∫ t

t0

〈
d

ds

(
sαẋ(s)

)
, A∗(λ(s) − λ∗)

〉
ds

= tα
〈
ẋ(t), A∗(λ(t) − λ∗)

〉 − tα
0
〈
ẋ(t0), A∗(λ(t0) − λ∗)

〉 −
∫ t

t0

sα
〈
ẋ(s), A∗λ̇(s)

〉
ds.

By the Cauchy-Schwarz inequality, we deduce that∫ t

t0

sα
〈
ẋ(s), A∗λ̇(s)

〉
ds ≤ ‖A‖

∫ t

t0

sα‖ẋ(s)‖‖λ̇(s)‖ds ≤ ‖A‖
2

∫ t

t0

sα
(∥∥ẋ(s)

∥∥2 +
∥∥λ̇(s)

∥∥2
)

ds,

and thus

0 ≤ I5(t) − tα
〈
ẋ(t), A∗(λ(t) − λ∗)

〉
+

∣∣tα
0
〈
ẋ(t0), A∗(λ(t0) − λ∗)

〉∣∣ +
‖A‖

2

∫ t

t0

sα
∥∥(ẋ(s), λ̇(s)

)∥∥2
ds. (5.57)

Now, summing up the inequalities (5.54), (5.55), (5.56), and (5.57), then we proceed to employ (5.53)
and obtain

θtα+1δ(t)‖A∗ (λ(t) − λ∗) ‖2

≤ I1(t) + θI2(t) + αI3(t) + θI4(t) + 2I5 − tαϕ̇(t)

+
∫ t

t0

sα

[
θ(α + 1)W (s) +

(
α(α − 1)
t2
0δ(t0)

+ ‖A‖
)∥∥(ẋ(s), λ̇(s)

)∥∥2
]

ds

+ θα

∫ t

t0

sαδ(s)‖A∗(λ(s) − λ∗)‖2ds − 2tα
〈
ẋ(t), A∗(λ(t) − λ∗)

〉
+ C5

≤ − tαϕ̇(t) +
∫ t

t0

sαV (s)ds +
∫ t

t0

sα
[(

θ(α + 1) − 1
)
δ(t) + θsδ̇(s)

]
‖A∗(λ(s) − λ∗)‖2ds

− 2tα
〈
ẋ(t), A∗(λ(t) − λ∗)

〉
+ C5,

where recall that V was given by

V (s) := θ(α + 1)W (s) +
(

α(α − 1)
t2
0δ(0)

+ ‖A‖
)∥∥(ẋ(s), λ̇(s)

)∥∥2
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+ C3δ(s)‖∇f(x(s)) − ∇f(x∗)‖2 + C4δ(s)‖Ax(s) − b‖2,

and the constant C5 is given by

C5 := tα
0 |ϕ̇(t0)| + θtα+1

0 W (t0) + α
tα−1
0

δ(t0)
∥∥(ẋ(t0, λ̇(t0))

)∥∥2

+ θtα+1
0 δ(t0)

∥∥A∗(λ(t0) − λ∗)
∥∥2 + 2tα

0
∣∣〈ẋ(t0), A∗(λ(t0) − λ∗)

〉∣∣ ≥ 0.

We come then to the desired result.

The following proposition provides us with the main integrability result that will be used for verifying
the second condition of Opial’s Lemma.

Proposition 5.3.6. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y be a solution to (5.3)
and (x∗, λ∗) ∈ S. Then, it holds∫ +∞

t0

tδ(t)‖A∗ (λ(t) − λ∗) ‖2dt < +∞. (5.58)

Proof. We divide (5.51) by tα, thus obtaining

θtδ(t)‖A∗(λ(t) − λ∗)‖2 ≤ − ϕ̇(t) +
1
tα

∫ t

t0

sαV (s)ds

+
1
tα

∫ t

t0

sα
[(

θ(α + 1) − 1
)
δ(s) + θsδ̇(s)

]
‖A∗(λ(s) − λ∗)‖2ds

− 2
〈
ẋ(t), A∗(λ(t) − λ∗)

〉
+

C5
tα

.

Now, we integrate this inequality from t0 to r. We get

θ

∫ r

t0

tδ(t)‖A∗ (λ(t) − λ∗) ‖2dt

≤ ϕ(t0) − ϕ(r) +
∫ r

t0

1
tα

(∫ t

t0

sαV (s)ds

)
dt

+
∫ r

t0

1
tα

(∫ t

t0

sα
[(

θ(α + 1) − 1
)
δ(s) + θsδ̇(s)

]
‖A∗(λ(s) − λ∗)‖2ds

)
dt

− 2
∫ r

t0

〈
Aẋ(t), λ(t) − λ∗〉dt + C5

∫ r

t0

tαdt. (5.59)

We now recall some important facts. First of all, we have∫ r

t0

1
tα

dt ≤ 1
(α − 1)tα−1

0
. (5.60)

In addition, according to Lemma 2.3.8, it holds∫ r

t0

1
tα

(∫ t

t0

sαV (s)ds

)
dt ≤ 1

α − 1

∫ r

t0

tV (t)dt, (5.61)

and ∫ r

t0

1
tα

(∫ t

t0

sα
[(

θ(α + 1) − 1
)
δ(s) + θsδ̇(s)

]
‖A∗(λ(s) − λ∗)‖2ds

)
dt

≤ 1
α − 1

∫ r

t0

[(
θ(α + 1) − 1

)
δ(t) + θtδ̇(t)

]
‖A∗(λ(t) − λ∗)‖2dt, (5.62)

respectively. Finally, integrating by parts leads to

−
∫ r

t0

〈
Aẋ(t), λ(t) − λ∗〉dt
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= − 〈
Ax(r) − b, λ(r) − λ∗〉 +

〈
Ax(t0) − b, λ(t0) − λ∗〉 +

∫ r

t0

〈
Ax(t) − b, λ̇(t)

〉
dt

≤ ‖Ax(r) − b‖‖λ(r) − λ∗‖ + ‖Ax(t0) − b‖‖λ(t0) − λ∗‖ +
∫ r

t0

〈
Ax(t) − b, λ̇(t)

〉
dt

≤ sup
t≥t0

{‖Ax(t) − b‖‖λ(t) − λ∗‖} + ‖Ax(t0) − b‖‖λ(t0 − λ∗)‖

+
1
2

∫ r

t0

(‖Ax(t) − b‖2 + ‖λ̇(t)‖2)dt. (5.63)

The supremum term is finite due to the boundedness of the trajectory. Now, by using the nonnegativity
of ϕ and the facts (5.60), (5.61), (5.62) and (5.63) on (5.59), we come to

θ

α − 1

∫ r

t0

tσ(t)‖A∗(λ(t) − λ∗)‖2dt

=
∫ r

t0

[
θδ(t) −

(
θ(α + 1) − 1

)
δ(t) + θtδ̇(t)

α − 1

]
t‖A∗ (λ(t) − λ∗) ‖2dt

≤ 1
α − 1

∫ r

t0

tV (t)dt +
∫ r

t0

t
(

‖Ax(t) − b‖2 +
∥∥λ̇(t)

∥∥2
)

dt + C6, (5.64)

where

C6 := ϕ(t0) + 2 sup
t≥t0

{‖Ax(t) − b‖‖λ(t) − λ∗‖} + 2‖Ax(t0) − b‖‖λ(t0 − λ∗)‖ +
C5

(α − 1)tα−1
0

.

According to (5.16) and (5.17) in Theorem 5.2.3, as well as Lemma 5.3.3, we know that the mappings
t 	→ tV (t) and t 	→ t

(‖Ax(t) − b‖2 +
∥∥λ̇(t)

∥∥) belong to L
1[t0, +∞). Therefore, by taking the limit as

r → +∞ in (5.64) we obtain ∫ +∞

t0

tσ(t)‖A∗(λ(t) − λ∗)‖2dt < +∞.

Again, from (5.35) we conclude that∫ +∞

t0

tδ(t)‖A∗(λ(t) − λ∗)‖2dt ≤ 1
C2

∫ +∞

t0

tσ(t)‖A∗(λ(t) − λ∗)‖2dt < +∞,

which completes the proof.

Theorem 5.3.7. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y be a solution to (5.3) and
(x∗, λ∗) ∈ S. Then, as t → +∞ it holds

‖∇f(x(t)) − ∇f(x∗)‖ = o

(
1√

t 4
√

δ(t)

)
and ‖A∗(λ(t) − λ∗)‖ = o

(
1√

t 4
√

δ(t)

)
. (5.65)

Consequently, as t → +∞

‖∇xL(x(t), λ(t))‖ = ‖∇f(x(t)) + A∗λ(t)‖ = o

(
1√

t 4
√

δ(t)

)
,

while, as seen earlier,

‖∇λL(x(t), λ(t))‖ = ‖Ax(t) − b‖ = O
(

1
t2δ(t)

)
.

Proof. We first show the gradient rate. For t ≥ t0, it holds

d

dt

(
t
√

δ(t)‖∇f(x(t)) − ∇f(x∗)‖2
)

=

(√
δ(t) +

tδ̇(t)
2
√

δ(t)

)
‖∇f(x(t)) − ∇f(x∗)‖2
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+ 2t
√

δ(t)
〈

∇f(x(t)) − ∇f(x∗),
d

dt
∇f(x(t))

〉
. (5.66)

On the one hand, by Assumption 5.2, we can write(√
δ(t) +

tδ̇(t)
2
√

δ(t)

)
=

(√
δ(t) +

√
δ(t)
2

· tδ̇(t)
δ(t)

)
≤

(
1 +

1 − 2θ

2θ

)√
δ(t) =

1
2θ

√
δ(t). (5.67)

Since δ is nondecreasing, for t ≥ t0 we have
√

δ(t) ≥ √
δ(t0) > 0. Set t1 := max

{
t0, 1√

t0

}
. Therefore,

for t ≥ t1 it holds
1√
δ(t)

≤ 1√
δ(t0)

= t1 ≤ t

and thus √
δ(t) ≤ tδ(t). (5.68)

On the other hand, for every t ≥ t1 we deduce

2t
√

δ(t)
〈

∇f(x(t)) − ∇f(x∗),
d

dt
∇f(x(t))

〉
= 2t

〈√
δ(t)

[∇f(x(t)) − ∇f(x∗)
]
,

d

dt
∇f(x(t))

〉
≤ tδ(t)‖∇f(x(t)) − ∇f(x∗)‖2 + t

∥∥∥∥ d

dt
∇f(x(t))

∥∥∥∥2

≤ tδ(t)‖∇f(x(t)) − ∇f(x∗)‖2 + L2t
∥∥ẋ(t)

∥∥2
, (5.69)

where the last inequality is a consequence of the L-Lipschitz continuity of ∇f . By combining (5.67),
(5.68) and (5.69), from (5.66) we assert that for every t ≥ t1

d

dt

(
t
√

δ(t)‖∇f(x(t)) − ∇f(x∗)‖2
)

≤
(

1 +
1
2θ

)
tδ(t)‖∇f(x(t)) − ∇f(x∗)‖2 + L2t

∥∥ẋ(t)
∥∥2

.

The right hand side of the previous inequality belongs to L
1([t1, +∞)), according to (5.17) and (5.36).

Since δ is nondecreasing, for every t ≥ t1 we have

√
δ(t) =

√
δ(t) ·

√
δ(t)√
δ(t)

≤ δ(t)√
δ(t0)

,

and thus∫ +∞

t1

t
√

δ(t)‖∇f(x(t)) − ∇f(x∗)‖2dt ≤ 1√
δ(t0)

∫ +∞

t1

tδ(t)‖∇f(x(t)) − ∇f(x∗)‖2dt < +∞. (5.70)

This means that the function being differentiated also belongs to L
1([t1, +∞)). Therefore, Lemma 2.3.2

gives us, as t → +∞,
t
√

δ(t)‖∇f(x(t)) − ∇f(x∗)‖2 → 0.

Proceeding in the exact same way, for every t ≥ t1 we have

d

dt

(
t
√

δ(t)
∥∥A∗(λ(t) − λ∗)

∥∥2
)

=

(√
δ(t) +

tδ̇(t)
2
√

δ(t)

)∥∥A∗(λ(t) − λ∗)
∥∥2 + 2t

√
δ(t)

〈
AA∗(λ(t) − λ∗), λ̇(t)

〉
≤

(
1
2θ

+ ‖A‖2
)

tδ(t)
∥∥A∗(λ(t) − λ∗)

∥∥2 + t‖λ̇(t)‖2.

According to (5.17) and (5.58), the right hand side of the previous inequality belongs to L
1([t1, +∞)).

Arguing as in (5.70), we deduce that the function being differentiated also belongs to L
1[t1, +∞). Again

applying Lemma 2.3.2, we come to

t
√

δ(t)
∥∥A∗(λ(t) − λ∗)

∥∥2 → 0
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as t → +∞. Finally, recalling that A∗λ∗ = −∇f(x∗), we deduce from the triangle inequality that

‖∇xL(
x(t), λ(t)

)‖ = ‖∇f(x(t)) + A∗λ(t)‖
≤ ‖∇f(x(t)) − ∇f(x∗)‖ +

∥∥A∗(λ(t) − λ∗)
∥∥

= o

(
1√

t 4
√

δ(t)

)

as t → +∞, and the third claim follows.

Remark 5.3.8. The previous theorem also has its own interest. It tells us that the time rescaling
parameter also plays a role in accelerating the rates of convergence for ‖∇f(x(t)) − ∇f(x∗)‖ and
‖A∗(λ(t) − λ∗)‖ as t → +∞. Moreover, we deduce from (5.65) that the mapping (x, λ) 	→
(∇f(x), A∗λ) is constant along S, as reported in [43, Proposition A.4].

We now come to the final step and show weak convergence of the trajectories of (5.3) to elements of
S.

Theorem 5.3.9. Under Assumption 5.2, let (x, λ) : [t0, +∞) → X × Y be a solution to (5.3) and
(x∗, λ∗) ∈ S. Then, (x(t), λ(t)) converges weakly to a primal-dual solution to (5.1) as t → +∞.

Proof. For proving this theorem, we make use of Opial’s Lemma (see Lemma 2.1.2). Lemma 5.3.3 tells us
that limt→+∞ ‖(x(t), λ(t)) − (x∗, λ∗)‖ exists for every (x∗, λ∗) ∈ S, which proves condition (i) of Opial’s
Lemma. Now let

(
x, λ

)
be any weak sequential cluster point of (x(t), λ(t)) as t → +∞, which means

there exists a strictly increasing sequence (tn)n∈N ⊆ [t0, +∞) such that

(x(tn), λ(tn)) ⇀
(
x, λ

)
as n → +∞. We want to show the remaining condition of Opial’s Lemma, which asks us to check that(
x, λ

) ∈ S. In other words, we must show that, for every (y, ν) ∈ X × Y it holds

L(
x, ν

) ≤ L(
x, λ

) ≤ L(
y, λ

)
. (5.71)

Let (y, ν) ∈ X × Y and (x∗, λ∗) ∈ S be fixed. Notice that the functions

f(·) +
〈
λ, A(·) − Ay

〉
and

〈·, b − Ay
〉

are convex and continuous, therefore they are lower semicontinuous. According to a known result (see,
for example, [28, Theorem 9.1]), they are also weakly lower semicontinuous. Therefore, we can derive
that

L(
x, λ

) − L(
y, λ

)
= f

(
x
)

+
〈
λ, Ax − Ay

〉 − f(y) ≤ lim inf
n→+∞

[
f(x(tn)) +

〈
λ, A(x(tn)) − Ay

〉] − f(y)

= f(x∗) +
〈
λ, b − Ay

〉 − f(y) ≤ f(x∗) − f(y) + lim inf
n→+∞

〈
A∗λ(tn), x∗ − y

〉
= f(x∗) − (

f(y) + 〈λ∗, Ay − b〉) = L(x∗, λ∗) − L(y, λ∗) ≤ 0,

where in the second and third equalities we used the fact that, as n → +∞, we have f(x(tn)) → f(x∗)
and Ax(tn) → b (Theorem 5.2.4), and A∗λ(tn) → A∗λ∗ (Theorem 5.3.7) as n → +∞. Similarly, the
weak lower semicontinuity of the function

〈
ν − λ, A(·) − b

〉
yields

L(
x, ν

) − L(
x, λ

)
=

〈
ν − λ, Ax − b

〉 ≤ lim inf
n→+∞

〈
ν − λ, Ax(tn) − b

〉
= 0,

We have thus showed (5.71) and the proof is concluded.
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5.4 Numerical experiments
We will illustate the theoretical results by two numerical examples, with X = R

4 and Y = R
2. We will

address two minimization problems with linear constraints; one with a strongly convex objective function
and another with a convex objective function which is not strongly convex. In both cases, the linear
constraints are dictated by

A =
[
1 −1 −1 0
0 1 0 −1

]
and b =

[
0
0

]
.

Example 5.4.1. Consider the minimization problem

min f(x1, x2, x3, x4) := (x1 − 1)2 + (x2 − 1)2 + x2
3 + x2

4
subject to x1 − x2 − x3 = 0

x2 − x4 = 0.

The optimality conditions can be calculated and lead to the following primal-dual solution pair

x∗ =

⎡⎢⎢⎣
0.8
0.6
0.2
0.6

⎤⎥⎥⎦ and λ∗ =
[
0.4
1.2

]
.

Example 5.4.2. Consider the minimization problem

min f(x1, x2, x3, x4) := log (1 + e−x1−x2) + x2
3 + x2

4
subject to x1 − x2 − x3 = 0

x2 − x4 = 0.

This problem is similar to the regularized logistic regression frequently used in machine learning.
We cannot explicitly calculate the optimality conditions as in the previous case; instead, we use
the last solution in the numerical experiment as the approximate solution.

To comply with Assumption 5.2, we choose t0 > 0, α = 8, β = 10, θ = 1
6 , and we test four different

choices for the rescaling parameter: δ(t) = 1 (i.e., the (PD-AVD) dynamics in [102, 43]), δ(t) = t,
δ(t) = t2 and δ(t) = t3. In both examples, the initial conditions are

x(t0) =

⎡⎢⎢⎣
0.5
0.5
0.5
0.5

⎤⎥⎥⎦ , λ(t0) =
[
0.2
0.2

]
, ẋ(t0) =

⎡⎢⎢⎣
0.5
0.5
0.5
0.5

⎤⎥⎥⎦ and λ̇(t0) =
[
0.5
0.5

]
.

For each choice of δ we plot, using a logarithmic scale, the primal-dual gap L(x(t), λ∗) − L(x∗, λ(t)), the
feasibility measure ‖Ax(t) − b‖ and the functional values |f(x(t)) − f(x∗)|, to highlight the theoretical
result in Theorem 5.2.4. We also illustrate the findings from Theorem 5.3.7, namely, we plot the quantities
‖∇f(x(t)) − ∇f(x∗)‖ and ‖A∗(λ(t) − λ∗)‖, as well as the velocity

∥∥(ẋ(t), λ̇(t))
∥∥.

Next we use Example 5.4.2 to compare the convergence behavior of our system (5.3) with the one
where the asymptotically vanishing damping term is chosen to be α

tr , for r ∈ [0, 1]. Notice that r = 1
gives our system (5.3). When r = 0, in the setting of [66, Theorem 2.2], we know that the primal-dual gap
exhibits a convergence rate of O

(
1

tδ(t)

)
as t → +∞. This is illustrated in Figure 5.3, were we plotted the

combinations (δ(t) = t; r = 0), (δ(t) = t; r = 1),
(
δ(t) = t2; r = 0

)
, and

(
δ(t) = t2; r = 1

)
. In particular,

observe that the rate predicted by [66, Theorem 2.2] for the primal-dual gap for the case
(
δ(t) = t2; r = 0

)
reads O ( 1

t·t2

)
, while the rate predicted by our Theorem 5.2.4 for the case (δ(t) = t; r = 1) reads O ( 1

t2·t
)
.

It is no surprise then to see the combinations
(
δ(t) = t2; r = 0

)
and (δ(t) = t; r = 1) exhibiting similar

convergence behavior in Figure 5.3.
For better understanding, we run Example 5.4.2 once more to show the plots which result from fixing

the time rescaling parameter δ(t) = t and varying r ∈ {0, 0.25, 0.5, 0.75, 1}. Notice how the convergence
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Figure 5.1: The function δ(·) influences the convergence behavior in Example 5.4.1

Figure 5.2: The function δ(t) influences convergence behavior in Example 5.4.2

improves as r approaches 1. As t → +∞, [66, Theorem 2.7] predicts convergence rates of O
(

1
tτ δ(t)

)
for

the primal-dual gap and of O ( 1
tτ/2

)
for the velocities, which is reflected in our plots.

77



Figure 5.3: The function δ(t), as well as the parameter r, influence convergence behavior in Example
5.4.2

Figure 5.4: The parameter r influences convergence behavior in Example 5.4.2
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Chapter 6

Algorithms with and without
acceleration for hierarchical
optimization

6.1 Introduction
In this chapter, which consists of our work [34], we explore the hierarchical (also called simple bilevel)
optimization problem

min H(x) := h(x) + ĥ(x),

subject to x ∈ argminz∈H F (z) := f(z) + f̂(z),
(6.1)

where⎧⎪⎪⎪⎨⎪⎪⎪⎩
H is a real Hilbert space;
f, h : H → R are convex, differentiable, ∇f and ∇g are Lf - and Lh-Lipschitz continuous, respectively;
f̂ , ĥ : H → R are proper, convex and lower semicontinuous;
H is assumed to be lower bounded over H.

(6.2)
We assume (6.1) to have at least one solution. To address (6.1), we instead turn our attention to the
formulation

min
x∈H

Ψε(x) := F (x) + εH(x), (6.3)

where ε > 0. Under mild conditions (cf. [56]), there exists a small enough ε > 0 such that for 0 < ε ≤ ε,
the solution sets of (6.1) and (6.3) coincide. However, this fact serves only as a motivation: we see Ψε

as our objective function, but at each step of the (two) algorithms we will analyze, we will also update
ε. In other words, we will be minimizing a dynamically updated objective function Ψεk

, where (εk)k≥0
will be a decreasing sequence of positive numbers which approach zero as k → +∞, but not too fast.
For simplicity, we will restrict ourselves to regularization parameters of the form

εk :=
c

(k + β)δ
, (6.4)

where β, c, δ > 0 and k ≥ 0. Attached to (6.1), we will explore the asymptotic properties of two numerical
algorithms:

Algorithm 6.1: Bilevel Proximal-Gradient method
Input: x0 ∈ H, 0 < θ < 2

Lf
� εk as in (6.4)

for k = 1, 2, . . . do
xk+1 := proxθ(f̂+εkĥ)

(
xk − θ(∇f(xk) + εk∇h(xk))

)
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which at each step, it applies a proximal gradient step to the objective function Ψεk
; and the second

algorithm

Algorithm 6.2: Bilevel Fast Proximal-Gradient method
Input: x0, x1 ∈ H, α > 3, γ ≥ 0, 0 < s < 1

Lf
� εk as in (6.4)

for k = 1, 2, . . . do
αk := 1 − α

k + γ + 1
yk := xk + αk(xk − xk−1)
xk+1 := proxs(f̂+εkĥ)

(
yk − s(∇f(yk) + εk∇h(yk))

)

which can be seen as a version with Nesterov momentum of Algorithm 6.1. As we will discuss later,
Algorithms 6.1 and 6.2 are tightly linked to the continuous-time systems

ẋ(t) + ∇f(x(t)) + ε(t)∇h(x(t)) = 0 for t ≥ t0, (6.5)

ẍ(t) +
α

t
ẋ(t) + ∇f(x(t)) + ε(t)∇h(x(t)) = 0 for t ≥ t0. (6.6)

Our main contribution is that, under a so-called Hölderian error bound assumption for the inner
function F , we achieve fast, simultaneous and last-iterate convergence rates for F (xk) − min F and
|H(xk) − minargmin F H|. Namely, we will have, as k → +∞,

F (xk) − min F = o

(
1
k

)
, |H(xk) − minargmin F H| = o

(
1

k1−δ

)
(Algorithm 6.1, δ < 1),

F (xk) − min F = o

(
1
k2

)
, |H(xk) − minargmin F H| = o

(
1

k2−δ

)
(Algorithm 6.2, δ < 2).

Additionally, we will show weak convergence of the sequences generated by Algorithms 6.1 and 6.2
towards solutions to (6.1). The little-o rates and the weak convergence in the framework of general real
Hilbert spaces marks a first in the literature for this class of problems and under a Hölderian error bound
assumption, to the best of our knowledge.

This chapter is organized as follows: in Section 6.2, we will lay out the main assumptions and the
tools for our analysis of the two algorithms, which can be treated in a unified way to some extent; in
Section 6.3 and Section 6.4 we study the asymptotic properties (i.e., convergence rates, weak convergence
of iterates) of Algorithms 6.1 and 6.2 respectively; in Section 6.5, we discuss some facts regarding which
statements can be said in the absence of a Hölderian error bound; in Section 6.6, we illustrate our
theoretical findings with some numerical experiments; in Section 6.7, we mention the continuous-time
analogs (6.5) and (6.6) of Algorithms 6.1 and 6.2 respectively, whose convergence analysis actually served
as a guide for the convergence analysis of the numerical algorithms.

It is worth pointing out that, since many of our results are formulated in a general setting, we will
be expressing many of our results in terms of a parameter η, where

η = 1 will refer to Algorithm 6.1, and η = 2 will refer to Algorithm 6.2.

Accompanied with Section 6.5, our comprehensive analysis complements and improves the recent
works [77, 71, 78]. First, all results are formulated in a infinite dimensional Hilbert space setting, in
line with [84, 20], where the case η = 1 and ĥ = f̂ = 0 is analyzed with a general regularization
sequence/parameter. However, only weak convergence to an optimal solution of (6.1) is provided (in
both continuous and discrete time), along with a convergence rate for the inner function (in continuous
time only).

6.2 Principal assumptions and tools for the analysis
In our geometric setting, we assume a Hölderian error bound for the inner function, and a weaker
summability condition due to Attouch and Czarnecki in [20]. We will now present both assumptions.
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Assumption 6.1 (Hölderian growth condition). A proper, convex and lower semicontinuous
function F : H → R with argmin F �= ∅ is said to satisfy a Hölderian growth condition with
exponent ρ ∈ (1, 2] if for some τ > 0 we have, for every x ∈ H,

τρ−1 dist(x, argmin F )ρ ≤ F (x) − min F. (6.7)

Assumption 6.2 (Attouch and Czarnecki, [20]). A proper, convex and lower semicontinuous
function F : H → R with argmin F �= ∅ is said to satisfy the Attouch-Czarnecki condition with
respect to η ∈ {1, 2} if for any solution x∗ to the bilevel problem (6.1), for all p ∈ Nargmin F (x∗),
and (εk)k≥0 defined as in (6.4) we have that

+∞∑
k=0

kη−1
[
(F − min F )∗ (εkp) − σargmin F (εkp)

]
< +∞. (6.8)

The Attouch-Czarnecki condition is known to be weaker than the Hölderian growth condition, since,
whenever F satisfies Assumption 6.1, for every z ∈ H it holds

0 ≤ (F − min F )∗(z) − σargmin F (z) ≤ τ1−ρ� 1
ρ�

‖z‖ρ�

, (6.9)

where the first inequality is a consequence of the Young-Fenchel inequality, and the second can be derived
as in [84, Section 3.2]. Here, the dual conjugate exponent ρ� is given by

1
ρ

+
1
ρ�

= 1. (6.10)

Therefore, as εk � k−δ, Assumption 6.1 implies Assumption 6.2 when η
ρ� < δ. A further mild technical

assumption we will require is a qualification condition.

Assumption 6.3 (Qualification condition). The functions H and F in (6.1) are such that

∂(H + δargmin F )(x∗) = ∂H(x∗) + Nargmin F (x∗) for any solution x∗ to (6.1). (6.11)

The qualification condition is known to be fulfilled if either there exists x′ ∈ dom H ∩ argmin F such
that H is continuous at x′ or if 0 ∈ int(dom H − argmin F ). This assumption proves to be crucial for
controlling the (sign-less) residual of (6.3) with ε > 0 in terms of its value at an optimal solution to
(6.1). Indeed, picking p∗ ∈ Nargmin F (x∗) such that −p∗ ∈ ∂H(x∗) given by Assumption 6.3, we get that
for every x ∈ H

−
[
F (x) − F (x∗) + ε(H(x) − H(x∗))

]
≤ −(F (x) − min F ) + ε〈p∗, x − x∗〉

=
[
〈εp∗, x〉 − (F − min F )(x)

]
− 〈εp∗, x∗〉

≤ (F − min F )∗(εp∗) − σargmin F (εp∗),

(6.12)

where we used 〈εp∗, x∗〉 = σargmin F (εp∗). Although the Attouch-Czarnecki condition in Assumption 6.2
might appear abstract, (6.12) shows that it comes naturally in the analysis of Tikhonov-type methods.

6.2.1 The link between first and second-order energy estimates
The analysis of the continuous-time systems (6.5) and (6.6) presented in Appendix 6.7 serves as a
foundational guide for conducting the discrete-time Lyapunov analysis of the corresponding numerical
schemes—Algorithm 6.1 and Algorithm 6.2. Inspired by [17], we introduce a discrete Lyapunov energy
sequence (Ek)k≥1, defined in (6.35) and (6.53), of the form

Ek := tη
k (Ψk−1(xk) − Ψk−1(x∗)) + Vk (6.13)

for k ≥ 1, where Ψk(x) := F (x) + εkH(x) is the regularized function (6.3) with regularization parameter
εk defined as in (6.4), Vk ≥ 0 is specified in each case, x∗ is a solution to (6.1), tk := θ(k + γ) for
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θ > 0 and γ ≥ 0, and η = 1 for Algorithm 6.1, and η = 2 for Algorithm 6.2. As in the continuous-time
Lyapunov analysis, we arrive at the following dissipativity estimate

Ek+1 − Ek + ζk,δ(H(xk) − H(x∗)) + gk ≤ −C2kη−1(F (xk) − F (x∗)) (6.14)

for k sufficiently large, where gk ≥ 0 and ζk,δ � k−δ+η−1. The precise form of gk and ζk,δ is not important
at this stage. As shown in Lemma 6.2.3, this Lyapunov inequality underpins much of our analysis,
enabling the derivation of key convergence results, including little-o rates and weak convergence of the
iterates.

6.2.2 The principal tools for the analysis
Here we include the auxiliary lemmas which are used to show the convergence rates for Algorithms 6.1
and 6.2. We feel these results were to specific to this particular paper to include them in the Preliminaries
chapter.

The following straightforward result encodes an important inequality that is contained, e.g., in [77],
and is used repeatedly in our paper.

Lemma 6.2.1. Suppose Assumptions 6.1 and 6.3 hold. Then, for any solution x∗ ∈ H to (6.1)
and p∗ ∈ Nargmin F (x∗) such that −p∗ ∈ ∂H(x∗), for every x ∈ H it holds

H(x∗) − H(x) ≤ ‖p∗‖
(

F (x) − F (x∗)
τρ−1

) 1
ρ

. (6.15)

Proof. Using the definitions of the convex subdifferential and of the normal cone, for all x ∈ H it holds

H(x∗) − H(x) ≤ −〈p∗, x∗ − x〉 ≤ −〈
p∗, Pargmin F (x) − x

〉
≤ ‖p∗‖∥∥Pargmin F (x) − x

∥∥ = ‖p∗‖ dist(x, argmin F ) ≤ ‖p∗‖
(

F (x) − F (x∗)
τρ−1

) 1
ρ

, (6.16)

which yields the claim.

Lemma 6.2.2. Assume that tk := θ(k +γ), with θ > 0 and γ ≥ 0, and that (Fk)k≥0 is a sequence
of nonnegative numbers such that as k → +∞,

Fk ≤ CEt−η
k + C0,F t−δ

k F
1
ρ

k and Fk = O(k−δ), (6.17)

where ρ ∈ (1, 2], η ∈ {1, 2}, δ ∈ (
η

ρ� , η
)

(where ρ� is set as in (6.10)), and CE and C0,F are
positive constants. Then, as k → +∞ it holds

Fk = O(k−η) as k → +∞. (6.18)

Proof. Since Fk = O(k−δ) as k → +∞, there is a positive constant C1,F such that for all k large enough
it holds

Fk ≤ CEt−η
k + C0,F t

−δ− 1
ρ δ

k (tδ
kFk)

1
ρ ≤ CEt−η

k + C1,F t
−δ− 1

ρ δ

k . (6.19)

If δ1 := δ + δ
ρ ≥ η, we stop. Otherwise, the rate has improved to Fk = O(k−δ1) as k → +∞. We

may repeat this first step again, but this time plugging tδ1
k instead of tδ

k, possibly improving the rate to
Fk = O(k−δ2), where δ2 = δ1 + δ1

ρ = δ(1 + ρ−1 + ρ−2). We may repeat this argument n times, as long
as δn+1 := δn + δn

ρ < η, in order to obtain a positive constant Cn,F such that for k large enough

Fk ≤ CEt−η
k + Cn,F t−δn

k , where δn := δ(1 + ρ−1 + · · · + ρ−n). (6.20)

Since δn → δρ� > η as n → +∞, we will stop at some n0 such that δn0−1 < η and δn0 ≥ η, which yields
the claim.
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Lemma 6.2.3. Let δ̂ > 0, η ∈ {1, 2}, and set δ := ηδ̂. Consider a sequence (Ek)k≥1 defined as

Ek = tη
k

(
Fk + εk−1Hk

)
+ Vk,

with tk = θ(k + γ), (εk)k≥0 defined as in (6.4), and Fk ≥ 0, Hk ≥ −H∗, where H∗ ≥ 0, and
Vk ≥ 0 for every k ≥ 1. Suppose that for k large enough

Ek+1 − Ek + ζk,δHk + gk ≤ −C2kη−1Fk, (6.21)

where (gk)k≥1 is a nonnegative sequence, C2 ≥ 0, and (ζk,δ)k≥1 satisfies, for C1,ζ > 0, C2,ζ > 0
and k large enough

C1,ζkη−1εk−1 ≤ ζk,δ ≤ C2,ζkη−1εk. (6.22)

Consider the following conditions, which will only be assumed if we explicitly say so. For k large
enough:

(C1) − Hk ≤ C3F
1
ρ

k , for some constant C3 ≥ 0 and 1 < ρ ≤ 2. Set ρ� as in (6.10),
(C2) For each r > 0, − kη−1(Fk + rεkHk

) ≤ Ir
k , where Ir

k ≥ 0 and (Ir
k)k≥1 ∈ �1(N).

Then, following statements are true:

• Case δ̂ > 1: It holds Fk = O(k−η) as k → +∞;

• Case δ̂ = 1: If Assumption (C2) holds and C2 > 0 in (6.21), then

1. The limit limk→+∞ Ek exists;
2. Fk = O(k−η) as k → +∞;
3. The sequences (kη−1Fk)k≥1,

(
kη−1εk−1Hk

)
k≥1 and (gk)k≥1 are summable;

• Case 1
ρ� < δ̂ < 1: If Assumptions (C1) and (C2) hold and C2 > 0 in (6.21), then

1. Fk = O(k−η) as k → +∞;
2. It holds −CHk−δ+ η

ρ� ≤ tη
kεk−1Hk for some CH ≥ 0 and all k ≥ k0;

3. The limit limk→+∞ Ek exists;
4. The sequences (kη−1Fk)k≥1,

(
kη−1εk−1Hk

)
k≥1 and (gk)k≥1 are summable.

Proof. Let k0 be a generic positive integer such that every instance of “for k sufficiently large” can be
read as “for every k ≥ k0”. First, in general, using −H∗ ≤ Hk, summing (6.21) from k0 to k ≥ k0 and
dropping the nonnegative terms Vk and gk, we get

tη
k+1Fk+1 −

(
tη
k+1εk +

k∑

=k0

ζ
,δ

)
H∗ ≤ Ek0 . (6.23)

Note that according to (6.22) and Lemma 2.3.10, we have, for some C3,ζ , C4,ζ > 0 large enough, for all
k ≥ k0

k∑

=k0

ζ
,δ ≤ C2,ζ

k∑

=k0

�η−1ε
 ≤ C3,ζ

k∑

=k0

1
�δ−η+1 ≤

⎧⎪⎨⎪⎩
C4,ζ if δ > η, i.e., δ̂ > 1,

C4,ζ ln(k) if δ = η, i.e., δ̂ = 1,

C4,ζkη−δ if δ < η, i.e., δ̂ < 1.

(6.24)

Case δ̂ > 1: Since tη
k+1εk = O(k−(δ−η)) vanishes and

∑k

=k0

ζ
,δ is bounded, (6.23) yields Fk =
O(k−η) as k → +∞, which proves the convergence rate in this case.

Before proceeding with the two remaining cases, let us collect a few facts. First, notice that when
0 < δ̂ ≤ 1, we have tη

k+1εk = O(kη−δ), thus from (6.23) and (6.24) we get, as k → +∞,

Fk = O(ln(k)k−η), if δ = η, and Fk = O(k−δ) if δ < η. (6.25)
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Furthermore, we need three inequalities which are a consequence of (6.21) when C2 > 0. After dropping
the nonnegative term gk when required, we come for all k ≥ k0 to

Ek+1 − Ek ≤ Ek+1 − Ek +
C2kη−1

2
Fk + gk ≤ −C2kη−1

2

(
Fk +

2ζk,δ

C2kη−1 Hk

)
, (6.26)

Ek+1 − Ek +
ζk,δ

2
Hk ≤ −C2kη−1

(
Fk +

ζk,δ

2C2kη−1 Hk

)
, (6.27)

Ek+1 − Ek − ζk,δHk ≤ −C2kη−1
(

Fk +
2ζk,δ

C2kη−1 Hk

)
. (6.28)

Furthermore, since Fk ≥ 0, for all r > 0 and all k ≥ k0 we have, using (6.22)

−kη−1 (Fk + rζk,δk1−ηHk

) ≤
{

0 if Hk > 0,
−kη−1 (Fk + rC2,ζεkHk) if Hk ≤ 0.

Therefore, when (C2) holds, for all r > 0 there exists (IrC2,ζ

k )k∈N ∈ �1(N) nonnegative such that, for
every k ≥ k0,

−kη−1 (Fk + rζk,δk1−ηHk

) ≤ I
rC2,ζ

k . (6.29)

First, we establish that limk→+∞ Ek exists, and then come to the summability statements.
Case δ̂ = 1: Suppose (C2) holds. On the one hand, when δ̂ = 1, we have Ek ≥ −cH∗ for k large

enough. On the other hand, according to (6.26) and (6.29), (Ek+1 − Ek)k≥1 is upper bounded by a
summable sequence. Combining these facts yields the existence of the limit limk→+∞ Ek, i.e., Point 1.
In particular, this also yields Fk = O(k−η) as k → +∞, i.e., Point 2.

Case 1
ρ� < δ̂ < 1: Suppose (C1) and (C2) hold. Using (6.26) and (6.29) we get that (Ek+1 − Ek)k≥1

is upper bounded by a summable sequence. Therefore, Ek ≤ CE for some constant CE and all k ≥ k0.
In particular, using also (C1), this implies the existence of a constant C0,F such that for every k ≥ k0

tη
kFk ≤ CE − tη

kεk−1Hk ≤ CE + C0,F tη−δ
k F

1
ρ

k .

Since (6.25) holds, we can apply Lemma 6.2.2, which yields Fk = O(k−η) as k → +∞, that is, Point 1.
With this result, using (C1), for some constant CH ≥ 0 it holds for every k ≥ k0

−tη
kεk−1Hk ≤ tη

kεk−1C3F
1
ρ

k ≤ CHkη−δ− η
ρ = CHk−(δ− η

ρ� ). (6.30)

This yields Point 2. Since δ = ηδ̂ > η
ρ� , the right-hand side of the previous inequality vanishes as

k → +∞, which, since Fk, Vk ≥ 0, implies that (Ek)k≥1 is lower bounded. As (Ek+1 − Ek)k∈N is upper
bounded by a summable sequence, we obtain the existence of limk→+∞ Ek and Point 3.

Let us now conclude with the summability statements. In both cases, we have shown that the limit
limk→+∞ Ek exists. In particular, (Ek)k≥1 is bounded. Plugging this statement back into (6.26) and
taking into account that Fk, gk ≥ 0 for every k ≥ k0, gives

+∞∑
k=1

kη−1Fk < +∞ and
+∞∑
k=1

gk < +∞. (6.31)

Furthermore, relying once again on (6.29), from (6.27) and (6.28) we may write, for summable, nonneg-
ative sequences (Ck

1,H)k≥1, (Ck
3,H)k≥1 and constants C2,H , C4,H > 0, and for every k ≥ k0,

ζk,δHk ≤ Ck
1,H − C2,H(Ek+1 − Ek) ≤ Ck

1,H + C2,H |Ek+1 − Ek|,
−ζk,δHk ≤ Ck

3,H − C4,H(Ek+1 − Ek) ≤ Ck
3,H + C4,H |Ek+1 − Ek|. (6.32)

Summing up these two inequalities and denoting by C5,H := C2,H + C4,H > 0, we obtain for all k ≥ k0

k∑

=k0

∣∣∣∣C

1,H + C


3,H − (C2,H + C4,H)(E
+1 − E
)
∣∣∣∣

=
k∑


=k0

(
C


1,H + C

3,H − C5,H(E
+1 − E
)

)
=

k∑

=k0

(
C


1,H + C

3,H

)
− C5,H(E
+1 − Ek0).

84



Since the right-hand side has a limit as k → +∞, and (Ck
1,H)k≥1, and (Ck

3,H)k≥1 are summable and
C5,H > 0, we obtain that (|Ek+1 − Ek|)k≥1 is summable as well. Therefore, from (6.32) and (6.22) we
get

+∞∑
k=1

ζk,δ|Hk| < +∞, thus
+∞∑
k=1

kη−1εk−1|Hk| < +∞.

This, together with (6.31), concludes the summability statements, i.e., Point 3 of the case δ̂ = 1 and
Point 4 of the case 1

ρ� < δ̂ < 1 and hence finishes the proof.

6.3 Bilevel Proximal-Gradient method
Consider the first-order continuous-time dynamics in (6.5). To handle the non-smoothness inherent in
(6.1), we adopt a standard semi-implicit discretization of the monotone inclusion form of (6.5), treating
the non-smooth components implicitly and the smooth ones explicitly: for every k ≥ 0,

xk+1 − xk

θ
+ ∂f̂(xk+1) + ∇f(xk) + εk∂ĥ(xk+1) + εk∇h(xk) � 0. (6.33)

Rearranging suitably and recalling that proxτf = (I + τ∂f)−1, we obtain Algorithm 6.1. To study
Algorithm 6.1, we will closely follow the analysis of (6.5), which is significantly simpler. Let us introduce
the following notation, for k ≥ 0:

Φk(x) := f(x) + εkh(x), Φ̂k(x) := f̂(x) + εkĥ(x), Ψk(x) := Φk(x) + Φ̂k(x). (6.34)

Observe that Algorithm 6.1 can be understood as a standard proximal-gradient algorithm for minimizing
the sum of the non-smooth function Φ̂k and the smooth function Φk. Therefore, the reader can expect
that the step size θ will be picked to satisfy θ ∈ (0, 2/Lk), where Lk := Lf + εkLh. Since εk → 0, any
choice θ ∈ (0, 2/Lf ) will suffice to show the convergence of the algorithm.

For analyzing the asymptotic behavior of Algorithm 6.1, we make use of the following discrete Lya-
punov energy function, defined every k ≥ 1:

Eλ
k := tk(Ψk−1(xk) − Ψk−1(x∗)) +

λ

2
‖xk − x∗‖2, (6.35)

where tk := θ(k + γ), with γ ≥ 0, represents the discrete time, x∗ is a solution to (6.1), and λ > 1. We
thus obtain the following statement.

Lemma 6.3.1. Let (xk)k≥0 be the sequence generated by Algorithm 6.1 and (Eλ
k )k≥1 be defined

as in (6.35). Then, there exists k0 ≥ 1 such that for all k ≥ k0

Eλ
k+1 − Eλ

k + ζk,δ(H(xk) − H(x∗)) ≤ −θ(λ − 1)(F (xk) − F (x∗)), (6.36)

where (ζk,δ)k≥1 is a sequence defined by

ζk,δ := θ(λ − 1)εk − tk(εk − εk−1).

Proof. Let k ≥ 1. We have

Eλ
k+1 − Eλ

k = tk+1(Ψk(xk+1) − Ψk(x∗)) − tk(Ψk(xk) − Ψk(x∗)) (6.37)
+ tk(Ψk(xk) − Ψk(x∗)) − tk(Ψk−1(xk) − Ψk−1(x∗)) (6.38)

+
λ

2
‖xk+1 − x∗‖2 − λ

2
‖xk − x∗‖2. (6.39)

We work with each line separately. For line (6.37), we use Lemma 2.1.3. The proximal step in Algorithm
6.1 can be written as

xk+1 = xk − θGk(xk), where Gk(y) :=
1
θ

[
y − proxθΦ̂k

(y − θ∇Φk(y))
]
. (6.40)

Since Φk is Lk-smooth, according to Lemma 2.1.3, for every x, y ∈ H it holds

Ψk(y − θGk(y)) ≤ Ψk(x) − θ

2
(2 − θLk)‖Gk(y)‖2 + 〈Gk(y), y − x〉.
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We use this inequality twice. First, set y = x := xk. We obtain

Ψk(xk+1) ≤ Ψk(xk) − θ

2
(2 − θLk)‖Gk(xk)‖2. (6.41)

Now, set y := xk and x := x∗. This yields

Ψk(xk+1) ≤ Ψk(x∗) − θ

2
(2 − θLk)‖Gk(xk)‖2 + 〈Gk(xk), xk − x∗〉. (6.42)

For k0 large enough and k ≥ k0, we multiply (6.41) by tk+1 − λθ ≥ 0 and (6.42) by λθ ≥ 0, add the
resulting inequalities, sum −tk+1Ψk(x∗) to both sides and use that tk+1 = tk + θ to obtain

tk+1(Ψk(xk+1) − Ψk(x∗)) ≤ tk(Ψk(xk) − Ψk(x∗)) − θ(λ − 1)(Ψk(xk) − Ψk(x∗))

− θtk+1
2

(2 − θLk)‖Gk(xk)‖2 + λθ〈Gk(xk), xk − x∗〉. (6.43)

According to (6.40), we have

λθ〈Gk(xk), xk − x∗〉 = −λ〈xk+1 − xk, xk+1 − x∗〉 + λ‖xk+1 − xk‖2,

‖Gk(xk)‖2 =
1
θ2 ‖xk+1 − xk‖2.

(6.44)

Now, for line (6.38), we write

tk(Ψk(xk) − Ψk(x∗)) − tk(Ψk−1(xk) − Ψk−1(x∗))

= tk

[
Ψk(xk) − Ψk−1(xk) − (Ψk(x∗) − Ψk−1(x∗))

]
= tk(εk − εk−1)(H(xk) − H(x∗)), (6.45)

and for line (6.39) we have

λ

2
‖xk+1 − x∗‖2 − λ

2
‖xk − x∗‖2 = λ〈xk+1 − xk, xk+1 − x∗〉 − λ

2
‖xk+1 − xk‖2. (6.46)

Putting (6.43), (6.44), (6.45) and (6.46) together yields for all k ≥ k0

Eλ
k+1 − Eλ

k ≤ − θ(λ − 1)(Ψk(xk) − Ψk(x∗)) − θtk+1
2

(2 − θLk)
‖xk+1 − xk‖2

θ2

− λ〈xk+1 − xk, xk+1 − x∗〉 + λ‖xk+1 − xk‖2

+ tk(εk − εk−1)(H(xk) − H(x∗)) + λ〈xk+1 − xk, xk+1 − x∗〉 − λ

2
‖xk+1 − xk‖2

= − θ(λ − 1)(F (xk) − F (x∗)) +
[
tk(εk − εk−1) − θ(λ − 1)εk

]
(H(xk) − H(x∗))

−
[

2 − θLk

2θ
tk+1 − λ

2

]
‖xk+1 − xk‖2.

The fact that Lk → Lf as k → +∞ ensures that the term with ‖xk+1 − xk‖2 is eventually negative, so
we drop it to obtain (6.36), after possibly increasing k0.

Remark 6.3.2. The proof of Lemma 6.3.1 is largely inspired by the continuous-time analysis of
(6.5), which centers around the Lyapunov energy function

Eλ(t) := t(Ψt(x(t)) − Ψt(x∗)) +
λ

2
‖x(t) − x∗‖2 (6.47)

defined for t ≥ t0, where Ψt(x) := f(x) + ε(t)h(x) is the regularized function (6.3) with ε = ε(t).
A similar inequality to (6.36) can easily be obtained for (6.47), see Section 6.7.

Theorem 6.3.3. Let (xk)k≥0 be the sequence generated by Algorithm 6.1. Then, the following
statements are true:
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• Case δ > 1: It holds F (xk) − min F = O(k−1) as k → +∞;

Suppose Assumption 6.3 holds.

• Case δ = 1: If F satisfies Assumption 6.2 with η = 1, as k → +∞ it holds

F (xk) − min F = o(k−1) and H(xk) → minargmin F H.

Furthermore, xk converges weakly towards a solution to the bilevel problem (6.1) as k →
+∞;

• Case 1
ρ� < δ < 1: If F satisfies Assumption 6.1 with exponent ρ, as k → +∞ it holds

F (xk) − F (x∗) = o(k−1) and |H(xk) − minargmin F H| = o(k−1+δ).

Furthermore, xk converges weakly to a solution to the bilevel problem (6.1) as k → +∞.

Proof. Let x∗ be a solution to the bilevel problem (6.1) and λ > 1. The first part of the proof is a
consequence of Lemma 6.2.3 with δ̂ := δ, η := 1, H∗ := H(x∗) − infx∈H H(x), C2 := θ(λ − 1) > 0, and

Fk := F (xk) − F (x∗), Hk := H(xk) − H(x∗), gk := 0, Vk :=
λ

2
‖xk − x∗‖2

for all k ≥ k0, where k0 ≥ 1 is given by Lemma 6.3.1. As εk is picked as in (6.4), ζk,δ = θ(λ − 1)εk −
tk(εk − εk−1) can be shown to satisfy (6.22). Let k ≥ 1. Indeed, according to the mean value theorem,
we have, for some ξk ∈ (k + β − 1, k + β), that

εk−1 − εk =
c

(k + β − 1)δ
− c

(k + β)δ
=

cδ

ξδ+1
k

,

which gives, recalling that tk = θ(k + γ),

θ(k + γ)
(k + β)δ+1 ≤ tk(εk−1 − εk) ≤ θ(k + γ)

(k + β − 1)δ+1 .

Hence, by possibly increasing k0, the positive constants C1,ζ , C2,ζ required by (6.22) can be easily shown
to exist.

The case δ > 1 follows directly from Lemma 6.2.3. We treat the other two cases simultaneously. We
first show that Assumption 6.2 implies condition (C2), and that Assumption 6.1 implies conditions (C1)
+ (C2) in Lemma 6.2.3. Using (6.12), we observe that Assumption 6.2 implies that condition (C2) is
satisfied for

Ir
k := (F − min F )∗(rεkp∗) − σargmin F (rεkp∗),

for k ≥ 0, where p∗ ∈ −∂H(x∗) and p∗ ∈ Nargmin F (x∗) is given by Assumption 6.3. For all r > 0,
rp∗ ∈ Nargmin F (x∗), and the sequence (Ir

k)k≥0 is indeed summable. Using Lemma 6.2.1, Assumption
6.1 implies condition (C1) for C3 := ‖p∗‖(τρ−1)− 1

ρ , and, using (6.9), also condition (C2). Lemma 6.2.3
ensures that, in both cases, the limit limk→+∞ Eλ

k exists. Choosing 1 < λ1 < λ2, for every k ≥ 1 we
have

Eλ2
k − Eλ1

k =
λ2 − λ1

2
‖xk − x∗‖2, thus lim

k→+∞
‖xk − x∗‖2 exists. (6.48)

Since x∗ was an arbitrary solution to the bilevel problem (6.1), we have verified the first condition of
Opial’s Lemma (see Lemma 2.1.1). It follows, by definition of Eλ

k , that

lim
k→+∞

qk := tk(F (xk) − F (x∗)) + tkεk−1(H(xk) − H(x∗)) exists.

At the same time, both for the cases δ = 1 and 1
ρ� < δ < 1, according to the summability statements

given by Lemma 6.2.3 we have

+∞∑
k=1

|qk|
tk

≤
+∞∑
k=1

(F (xk) − F (x∗)) +
+∞∑
k=1

εk−1|H(xk) − H(x∗)| < +∞. (6.49)
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Since limk→+∞ |qk| exists as well, it must be the case that limk→+∞ qk = 0.
We now establish the weak convergence of (xk)k≥0, followed by the derivation of the little-o rates.

From (6.48) we get that (xk)k≥0 is bounded. Let x
 be a weak sequential cluster point of this sequence
and xkj

⇀ x
 as j → +∞. From the convergence rate F (xk) − F (x∗) = O(k−1) as k → +∞ given by
Lemma 6.2.3, and the weak lower semicontinuity of F , we deduce that x
 ∈ argmin F . On the other
hand, for every j ≥ 0 we have

tkj
εkj−1

(
H(xkj

) − H(x∗)
) ≤ tkj

(F (xkj
) − F (x∗)) + tkj

εkj−1
(
H(xkj

) − H(x∗)
)

= qkj
. (6.50)

Thus, passing to the liminf, using that (tkεk−1)k≥1 is bounded away from zero, and the weak lower
semicontinuity of H, we deduce that H(x
) ≤ H(x∗). As x
 ∈ argmin F and x∗ is an arbitrary solution
to (6.1), x
 is also a solution to (6.1). Opial’s Lemma (see Lemma 2.1.1) yields that the whole sequence
(xk)k≥0 converges weakly to a solution to the bilevel problem (6.1). Let us denote this solution by x∗.

To derive the little-o rates, we distinguish between the two cases. If δ = 1, we use the subgradient
inequality applied to H with −p∗ ∈ ∂H(x∗). If 1

ρ� < δ < 1, we use the lower bound for tkεk−1(H(xk) −
H(x∗)) provided by Lemma 6.2.3. For all k ≥ 1, we have, respectively,

tk(F (xk) − F (x∗)) − tkεk−1〈p∗, xk − x∗〉 ≤ tk(F (xk) − F (x∗)) + tkεk−1(H(xk) − H(x∗)) = qk, (6.51)

tk(F (xk) − F (x∗)) − CHk−δ+ 1
ρ� ≤ tk(F (xk) − F (x∗)) + tkεk−1(H(xk) − H(x∗)) = qk. (6.52)

When δ = 1, we have tkεk−1 = O(1) as k → +∞. Passing to the limit and using xk ⇀ x∗ or k−δ+ 1
ρ� → 0,

and qk → 0 as k → +∞, we get limk→+∞ tk(F (xk) − F (x∗)) = 0. Consequently, since qk → 0, also the
limit of tkεk−1(H(xk) − H(x∗)) exists and must be zero in both cases.

Remark 6.3.4. In Algorithm 6.1 (which coincides with the proximal-gradient method introduced
in [71]) we provide a convergence analysis by choosing the regularization sequence (εk)k∈N as in
(6.4) and making the geometric assumptions on the inner function, but allowing larger step sizes.
As discussed in Section 6.5, our analysis can be extended to accommodate milder assumptions
(such as the coercivity of F or H) and more general parameter choices. However, without stronger
assumptions, convergence rates are typically only available in the ergodic or best-iterate sense, and
convergence to solutions to (6.1) can generally only be characterized by the vanishing distance
to the solution set of (6.1), and stated in finite-dimensional settings; see Section 6.5 for further
details. We obtain best-iterate results similar to [77, Theorem 3], but assuming coercivity on
either function F or H instead of H, and for the method in Algorithm 6.1, instead of the iterative
scheme in [77]. Furthermore, our analysis can be extended to accommodate general parameter
sequences (see Section 6.5). However, we find little motivation to do so, and numerical results (e.g.
those reported in [33]) seem to indicate that polynomial choices tend to give the best performance
in Tikhonov methods.

6.4 Bilevel Fast Proximal-Gradient method
In this section, we study the asymptotic behavior of a semi-implicit discretization of the monotone
inclusion form of (6.6). Following the same rationale of (6.33), for every k ≥ 1 we consider

xk+1 − 2xk + xk−1
θ2 +

α

tk+1

xk − xk−1
θ

+ ∂f̂(xk+1) + ∇f(yk) + εk∂h(xk+1) + εk∇h(yk) � 0,

where we momentarily leave some freedom to define the variable yk. After multiplication by s := θ2, we
obtain, for every k ≥ 1,

xk+1 + s
(
∂f̂(xk+1) + εk∂ĥ(xk+1)

) � xk +
(

1 − αθ

tk+1

)
(xk − xk−1) − s

(∇f(yk) + εk∇h(yk)
)
,

which, setting tk := θ(k + γ), denoting αk := 1 − αθ
tk+1

, and picking yk := xk + αk(xk − xk−1) leads
us to Algorithm 6.2. Employing the same notation as in the first-order setting (6.34), we can interpret
Algorithm 6.2 as the Fast Proximal-Gradient algorithm (also known as FISTA), proposed by Beck and
Teboulle in [29] and built upon ideas of Nesterov [80] and Güler [61], applied to (6.3) with εk → 0. As
the latter requires that s ∈ (0, 1

Lk
] and εk → 0, here we will pick s ∈ (0, 1

Lf
).

88



For analyzing its asymptotic behavior, we make use of the following energy function:

Eλ
k := t2

k(Ψk−1(xk)−Ψk−1(x∗))+
1
2

∥∥∥∥λ(xk−1 − x∗) + tk
xk − xk−1

θ

∥∥∥∥2
+

λ(α − 1 − λ)
2

‖xk−1−x∗‖2, (6.53)

for k ≥ 1, where x∗ is a solution to (6.1), θ :=
√

s, and λ ∈ (2, α − 1), which is nonempty since
α > 3. Following closely the Lyapunov analysis of its continuous-time counterpart (6.6), we arrive at the
following estimate.

Lemma 6.4.1. Let (xk)k≥0 be the sequence generated by Algorithm 6.2 and (Eλ
k )k≥1 be defined

as in (6.53). Then, there exists k0 ≥ 1 such that for every k ≥ k0

Eλ
k+1 − Eλ

k + (α − 1 − λ)θtk+1αk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2
+ ζk,δ(H(xk) − H(x∗))

≤ − θ2(λ − 2)k(F (xk) − F (x∗)),
(6.54)

where (ζk,δ)k≥1 is a sequence defined by

ζk,δ := θ
(
(λ − 2)tk + θ(λ − 1)

)
εk − t2

k(εk − εk−1).

Proof. Let k ≥ 1. First, let us denote for brevity vk := λ(xk−1 − x∗) + tk
xk−xk−1

θ . We have

Eλ
k+1 − Eλ

k = t2
k+1(Ψk(xk+1) − Ψk(x∗)) − t2

k(Ψk(xk) − Ψk(x∗)) (6.55)
+ t2

k(Ψk(xk) − Ψk(x∗)) − t2
k(Ψk−1(xk) − Ψk−1(x∗)) (6.56)

+
1
2

‖vk+1‖2 − 1
2

‖vk‖2 (6.57)

+
λ(α − 1 − λ)

2
‖xk − x∗‖2 − λ(α − 1 − λ)

2
‖xk−1 − x∗‖2. (6.58)

We will work with each line separately. For line (6.55), we use Lemma 2.1.3. The proximal step in
Algorithm 6.2 can be written as

xk+1 = yk − sGk(yk), where Gk(y) :=
1
s

[
y − proxsΦ̂k

(y − s∇Φk(y))
]
. (6.59)

Since Φk is Lk-smooth, according to Lemma 2.1.3, for all x, y ∈ H it holds

Ψk(y − sGk(y)) ≤ Ψk(x) − s

2
(2 − sLk)‖Gk(y)‖2 + 〈Gk(y), y − x〉.

We apply the inequality twice. First, set y := yk and x := xk. We obtain

Ψk(xk+1) ≤ Ψk(xk) − s

2
(2 − sLk)‖Gk(yk)‖2 + 〈Gk(yk), yk − xk〉. (6.60)

Now, we set y := yk and x := x∗. This yields

Ψk(xk+1) ≤ Ψk(x∗) − s

2
(2 − sLk)‖Gk(yk)‖2 + 〈Gk(yk), yk − x∗〉. (6.61)

From now on, we will use that s = θ2. For k0 large enough and k ≥ k0, we multiply (6.60) by tk+1−λθ ≥ 0,
and (6.61) by λθ ≥ 0, add the resulting inequalities and sum −tk+1Ψk(x∗) to both sides to obtain

tk+1(Ψk(xk+1) − Ψk(x∗)) ≤ (tk+1 − λθ)(Ψk(xk) − Ψk(x∗))

+
〈
Gk(yk), (tk+1 − λθ)(yk − xk) + λθ(yk − x∗)

〉 − θ2tk+1
2

(2 − θ2Lk)‖Gk(yk)‖2.

We multiply both sides of the previous inequality by tk+1, and add and subtract t2
k(Ψk(xk) − Ψk(x∗)),

which yields

t2
k+1(Ψk(xk+1) − Ψk(x∗)) ≤

[
t2
k+1 − λθtk+1 − t2

k

]
(Ψk(xk) − Ψk(x∗)) + t2

k(Ψk(xk) − Ψk(x∗))
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+ tk+1

〈
Gk(yk), (tk+1 − λθ)(yk − xk) + λθ(yk − x∗)

〉
− θ2t2

k+1
2

(2 − θ2Lk)‖Gk(yk)‖2. (6.62)

Continuing with line (6.56), we have

t2
k(Ψk(xk) − Ψk(x∗)) − t2

k(Ψk−1(xk) − Ψk−1(x∗)) (6.63)

= t2
k

[
Ψk(xk) − Ψk−1(xk) − (Ψk(x∗) − Ψk−1(x∗))

]
= t2

k(εk − εk−1)(H(xk) − H(x∗)). (6.64)

For line (6.57), from (6.59) first we notice that

vk+1 − vk = λ(xk − x∗) +
tk+1

θ
(xk+1 − xk) − λ(xk−1 − x∗) − tk

θ
(xk − xk−1)

=
tk+1

θ
(xk+1 − xk) −

(
tk

θ
− λ

)
(xk − xk−1)

=
tk+1

θ
(xk+1 − xk) −

[
tk+1αk

θ
+ (α − 1 − λ)

]
(xk − xk−1)

=
tk+1

θ

[
xk+1 −

(
xk + αk(xk − xk−1)

)]
− (α − 1 − λ)(xk − xk−1)

=
tk+1

θ
(xk+1 − yk) − (α − 1 − λ)(xk − xk−1)

= −θtk+1Gk(yk) − (α − 1 − λ)(xk − xk−1).

Therefore,

〈vk+1 − vk, vk+1〉 =
〈

−θtk+1Gk(yk) − (α − 1 − λ)(xk − xk−1), λ(xk − x∗) + tk+1
xk+1 − xk

θ

〉
= − θtk+1

〈
Gk(yk), λ(xk − x∗) + tk+1

xk+1 − xk

θ

〉
− (α − 1 − λ)

〈
xk − xk−1, λ(xk − x∗) + tk+1

xk+1 − xk

θ

〉
. (6.65)

From Algorithm 6.2 and (6.59), we know that

xk+1 − xk

θ
= −θGk(yk) + αk

xk − xk−1
θ

.

Using this equality, we can write line (6.65) as

− (α − 1 − λ)
〈

xk − xk−1, λ(xk − x∗) + tk+1
xk+1 − xk

θ

〉
= − λ(α − 1 − λ)〈xk − xk−1, xk − x∗〉 + (α − 1 − λ)θtk+1〈xk − xk−1, Gk(yk)〉

− (α − 1 − λ)θtk+1αk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2
.

We have

‖vk+1 − vk‖2 =
∥∥∥−θtk+1Gk(yk) − (α − 1 − λ)(xk − xk−1)

∥∥∥2

= θ2t2
k+1‖Gk(yk)‖2 + 2θtk+1(α − 1 − λ)〈Gk(yk), xk − xk−1〉 + (α − 1 − λ)2‖xk − xk−1‖2.

Putting everything together gives

1
2

‖vk+1‖2 − 1
2

‖vk‖2 = 〈vk+1 − vk, vk+1〉 − 1
2

‖vk+1 − vk‖2

= − θtk+1

〈
Gk(yk), λ(xk − x∗) + tk+1

xk+1 − xk

θ

〉
− λ(α − 1 − λ)〈xk − xk−1, xk − x∗〉 + (α − 1 − λ)θtk+1〈Gk(yk), xk − xk−1〉
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− (α − 1 − λ)θtk+1αk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2
− θ2t2

k+1
2

‖Gk(yk)‖2

− θtk+1(α − 1 − λ)〈Gk(yk), xk − xk−1〉 − (α − 1 − λ)2

2
‖xk − xk−1‖2. (6.66)

For line (6.58), it holds

λ(α − 1 − λ)
2

‖xk − x∗‖2 − λ(α − 1 − λ)
2

‖xk−1 − x∗‖2

= λ(α − 1 − λ)〈xk − xk−1, xk − x∗〉 − λ(α − 1 − λ)
2

‖xk − xk−1‖2. (6.67)

We now combine (6.62), (6.64), (6.66) and (6.67). We cancel out the corresponding terms, drop some
nonpositive terms, again take into account that yk − xk+1 = θ2Gk(yk) as per (6.59), and observe that,
since λ ≥ 2, simple algebraic computations yield, foe every k ≥ 1,

t2
k+1 − λθtk+1 − t2

k = θ
[
(2 − λ)tk + θ(1 − λ)

]
≤ 0. (6.68)

This leads us for all k ≥ k0 to

Eλ
k+1 − Eλ

k

≤
[
t2
k+1 − λθtk+1 − t2

k

]
(Ψk(xk) − Ψk(x∗)) + tk+1

〈
Gk(yk), (tk+1 − λθ)(yk − xk) + λθ(yk − x∗)

〉
− θ2t2

k+1
2

(2 − θ2Lk)‖Gk(yk)‖2 + t2
k(εk − εk−1)(H(xk) − H(x∗))

− θtk+1

〈
Gk(yk), λ(xk − x∗) + tk+1

xk+1 − xk

θ

〉
− λ(α − 1 − λ)〈xk − xk−1, xk − x∗〉

+ (α − 1 − λ)θtk+1〈Gk(yk), xk − xk−1〉 − (α − 1 − λ)θtk+1αk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2

− θ2t2
k+1
2

‖Gk(yk)‖2 − θtk+1(α − 1 − λ)〈Gk(yk), xk − xk−1〉 − (α − 1 − λ)2

2
‖xk − xk−1‖2

+ λ(α − 1 − λ)〈xk − xk−1, xk − x∗〉 − λ(α − 1 − λ)
2

‖xk − xk−1‖2

≤ θ
[
(2 − λ)tk + θ(1 − λ)

]
(Ψk(xk) − Ψk(x∗)) + tk+1

〈
Gk(yk), tk+1(yk − xk+1)

〉
− θ2t2

k+1
2

(3 − θ2Lk)‖Gk(yk)‖2 + t2
k(εk − εk−1)(H(xk) − H(x∗))

− (α − 1 − λ)θtk+1αk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2

≤ − θ(λ − 2)tk(F (xk) − F (x∗)) − θ2t2
k+1
2

(1 − θ2Lk)‖Gk(yk)‖2 − (α − 1 − λ)θtk+1αk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2

+ θ
[(

(2 − λ)tk + θ(1 − λ)
)
εk + t2

k

εk − εk−1
θ

]
(H(xk) − H(x∗)).

By dropping the term with −(1 − θ2Lk), which is eventually nonpositive, since θ2 < 1
Lf

and Lk → Lf as
k → +∞, and by taking into account that tk = θ(k +γ) ≥ θk, this yields (6.54), after possibly increasing
k0.

Remark 6.4.2. Even in this setting, the proof of Lemma 6.4.1 is largely inspired from that of the
continuous-time system (6.6), which can be studied with the Lyapunov energy function, defined
for t ≥ t0,

Eλ(t) := t2(Ψt(x(t)) − Ψt(x∗)) +
1
2

‖λ(x(t) − x∗) + tẋ(t)‖2 +
λ(α − 1 − λ)

2
‖x(t) − x∗‖2, (6.69)

where we recall that Ψt(x) = f(x) + ε(t)h(x) is the regularized function introduced in (6.3).
Observe the striking similarity with its discrete-time counterpart (6.53). A similar result to
Lemma 6.4.1 can be established for (6.69), see Section 6.7.
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Theorem 6.4.3. Let (xk)k≥0 be the sequence generated by Algorithm 6.2. Then, the following
statements are true:

• Case δ > 2: It holds F (xk) − min F = O(k−2) as k → +∞;

Suppose Assumption 6.3 holds.

• Case δ = 2: If F satisfies Assumption 6.2 with η = 2, as k → +∞ it holds

F (xk) − min F = o(k−2) and H(xk) → minargmin F H.

Furthermore, xk converges weakly towards a solution to the bilevel problem (6.1) as k →
+∞;

• Case 2
ρ� < δ < 2: If F satisfies Assumption 6.1 with exponent ρ, as k → +∞ it holds

F (xk) − min F = o(k−2) and |H(xk) − minargmin F H| = o(k−2+δ).

Furthermore, xk converges weakly towards a solution to the bilevel problem (6.1) as k →
+∞.

Proof. Let x∗ be a solution to the bilevel problem (6.1) and λ ∈ (2, α − 1]). The first part of the
proof is a consequence of Lemma 6.2.3 with δ̂ := δ

2 , η = 2, θ :=
√

s, H∗ := H(x∗) − infx∈H H(x),
C2 := θ2(λ − 2) > 0, and

Fk := F (xk) − F (x∗), Hk := H(xk) − H(x∗), gk := (α − 1 − λ)θtk+1αk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2
,

Vk :=
1
2

‖vk‖2 +
λ(α − 1 − λ)

2
‖xk−1 − x∗‖2

for k ≥ k0, where k0 is given by Lemma 6.4.1. Arguing similarly as in the proof for Theorem 6.3.3, we
can produce positive constants C1,ζ , C2,ζ such that (6.22) holds.

The case δ > 2 follows directly from Lemma 6.2.3. As in the proof of Theorem 6.3.3, we treat the
other two cases simultaneously. Similar arguments show that Assumption 6.2 implies condition (C2),
and that Assumption 6.1 implies conditions (C1) + (C2), even with η = 2. Lemma 6.2.3 ensures that,
in both cases, the limit limk→+∞ Eλ

k exists. Choosing 2 < λ1 < λ2 < α − 1, we have

Eλ2
k − Eλ1

k =
1
2

∥∥∥∥λ2(xk−1 − x∗) + tk
xk − xk−1

θ

∥∥∥∥2
+

λ2(α − 1 − λ2)
2

‖xk−1 − x∗‖2

− 1
2

∥∥∥∥λ1(xk−1 − x∗) + tk
xk − xk−1

θ

∥∥∥∥2
− λ1(α − 1 − λ1)

2
‖xk−1 − x∗‖2

=
λ2

2
2

‖xk−1 − x∗‖2 + λ2tk

〈
xk−1 − x∗,

xk − xk−1
θ

〉
+

t2
k

2

∥∥∥∥xk − xk−1
θ

∥∥∥∥2

+
[

λ2(α − 1)
2

− λ2
2

2

]
‖xk−1 − x∗‖2 − λ2

1
2

‖xk−1 − x∗‖2 − λ1tk

〈
xk−1 − x∗,

xk − xk−1
θ

〉
− t2

k

2

∥∥∥∥xk − xk−1
θ

∥∥∥∥2
−

[
λ1(α − 1)

2
− λ2

1
2

]
‖xk−1 − x∗‖2

= (λ2 − λ1)
[

α − 1
2

‖xk−1 − x∗‖2 + tk

〈
xk−1 − x∗,

xk − xk−1
θ

〉]
︸ ︷︷ ︸

=:pk

for all k ≥ 1.

Since λ2 − λ1 �= 0, and Eλ1
k , Eλ2

k admit a limit, also limk→+∞ pk exists. We now rewrite Eλ1
k as

Eλ1
k = t2

k(Ψk−1(xk) − Ψk−1(x∗)) +
λ2

1
2

‖xk−1 − x∗‖2 + λ1tk

〈
xk−1 − x∗,

xk−1 − xk

θ

〉
+

t2
k

2

∥∥∥∥xk−1 − xk

θ

∥∥∥∥2
+

[
λ1(α − 1)

2
− λ2

1
2

]
‖xk−1 − x∗‖2
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= t2
k(Ψk−1(xk) − Ψk−1(x∗)) +

t2
k

2

∥∥∥∥xk − xk−1
θ

∥∥∥∥2
+ λ1pk

= t2
k(F (xk) − F (x∗)) + t2

kεk−1(H(xk) − H(x∗)) +
t2
k

2

∥∥∥∥xk − xk−1
θ

∥∥∥∥2

︸ ︷︷ ︸
=:qk

+λ1pk for all k ≥ 1.

Since both limk→+∞ Eλ1
k and limk→+∞ pk exist, so does limk→+∞ qk. Both for the cases δ = 2 and

2
ρ� < δ < 2, according to the summability statements given by Lemma 6.2.3 together with the fact that
tkεk−1 = O(k1−δ) as k → +∞, we have

+∞∑
k=1

|qk|
tk

≤
+∞∑
k=1

tk(F (xk) − F (x∗)) +
+∞∑
k=1

tkεk−1|H(xk) − H(x∗)| +
1
2

+∞∑
k=1

tk

∥∥∥∥xk − xk−1
θ

∥∥∥∥2
< +∞.

Since limk→+∞ |qk| exists as well, it must be the case that limk→+∞ qk = 0. Observe that, as(
tk

∥∥xk−xk−1
θ

∥∥2
)

k≥1
is summable, its limit exists and is zero. If we set ϕk := 1

2 ‖xk−1 − x∗‖2, we have
that for all k ≥ 1

(α − 1)ϕk+1 +
tk − θ(α − 1)

θ
(ϕk+1 − ϕk) = (α − 1)ϕk +

tk

θ
(ϕk+1 − ϕk)

=
α − 1

2
‖xk−1 − x∗‖2 +

tk

θ

[
〈xk − xk−1, xk − x∗〉 − 1

2
‖xk − xk−1‖2

]
=

α − 1
2

‖xk−1 − x∗‖2 +
tk

θ

[
〈xk − xk−1, xk−1 − x∗〉 +

1
2

‖xk − xk−1‖2
]

= pk +
tk

2θ
‖xk − xk−1‖2.

Therefore, according to Lemma 2.3.4, it must be the case that limk→+∞ ϕk exists as well. As x∗ is an
arbitrary solution to (6.1), we have verified the first condition of Opial’s Lemma (see Lemma 2.1.1).

We proceed to show weak convergence of (xk)k≥0 and then little-o rates. As limk→+∞ ϕk ∈ R, we
get that (xk)k≥0 is bounded. Let x
 be a weak sequential cluster point and xkj ⇀ x
 as j → +∞.
From the convergence rate F (xk) − F (x∗) = O(k−2) as k → +∞ given by Lemma 6.2.3, and the
weak lower semicontinuity of F , we deduce that x
 ∈ argmin F . On the other hand, denoting by
ĝk := t2

k

2θ2 ‖xk − xk−1‖2, we have

t2
kj

εkj−1
(
H(xkj ) + H(x∗)

) ≤ t2
kj

(F (xkj ) − F (x∗)) + t2
kj

εkj−1
(
H(xkj ) + H(x∗)

)
+ ĝkj = qkj for all j ≥ 0.

(6.70)
Thus, passing to the liminf, using that (t2

kεk−1)k≥1 is bounded away from zero, and the weak lower
semicontinuity of H, we deduce that H(x
) ≤ H(x∗). As x
 ∈ argmin F and x∗ is an arbitrary solution
to (6.1), x
 is also a solution to (6.1). Opial’s Lemma (see Lemma 2.1.1) yields that the whole sequence
(xk)k≥0 converges weakly to a solution to the bilevel problem (6.1). Let us denote this solution by x∗

and consider the above estimates with respect to this specific solution.
To derive little-o rates, we proceed in a similar way as in the proof for Algorithm 6.1. If δ = 2, we

use the subgradient inequality applied to H with −p∗ ∈ ∂H(x∗). If 2
ρ� < δ < 2, we use the lower bound

for t2
kεk−1(H(xk) − H(x∗)) provided by Lemma 6.2.3. For all k ≥ 1, we have, respectively,

t2
k(F (xk) − F (x∗)) + ĝk ≤ qk + t2

kεk−1〈p∗, xk − x∗〉, (6.71)

t2
k(F (xk) − F (x∗)) + ĝk ≤ qk + CHk−δ+ 2

ρ� . (6.72)

When δ = 2, we have t2
kεk−1 = O(1) as k → +∞. Passing to the limit and using xk ⇀ x∗ or k−δ+ 2

ρ� → 0,
and qk → 0 as k → +∞, we get limk→+∞ t2

k(F (xk) − F (x∗)) = 0. Consequently, since qk → 0, also the
limit of t2

kεk−1(H(xk) − H(x∗)) exists and must be zero in both cases.

Remark 6.4.4. For Algorithm 6.2, the only method available for a fair comparison is that of [78].
Our results substantially extend those in [78] in several directions. First, we introduce a more
general algorithmic framework. Second, we allow for ρ-Hölderian growth with any ρ ∈ (1, 2],
rather than restricting to the quadratic case ρ = 2. Third, our analysis is carried out in an
infinite-dimensional Hilbert space setting. Fourth, for δ ∈ ( 2

ρ� , 2), we refine the convergence rates

93



established in [78], improving the simultaneous bounds from O(k−2) and O(kδ−2) to o(k−2) and
o(kδ−2) as k → +∞, respectively, by building on techniques from [17]. In addition, we complement
the results of [78] by treating the case δ = 2 under the Attouch–Czarnecki assumption, which
is weaker than the Hölderian growth condition, and by establishing weak convergence of the
sequence(xk)k∈N in this setting. Finally, our analysis departs fundamentally from prior work
in that all results are derived from the dissipation of a single energy functional: the so-called
Lyapunov function.

6.5 Discussion
In Sections 6.3 and 6.4, we analyzed the asymptotic behavior of Algorithms 6.1 and 6.2 under certain
geometric assumptions on F . In what follows, we present some additional results that arise from our
analysis. Although these were not included in the main theorems, they are nonetheless noteworthy. For
the sake of brevity, we focus each time on either Algorithm 6.2 or Algorithm 6.1, as similar arguments
apply to both cases.

Ergodic convergence rates. Let us first drop all geometric assumptions and consider Algorithm 6.2.
When 0 < δ < 2, starting from the dissipativity estimate in Lemma 6.4.1 and arguing as in (6.25), as
k → +∞ we obtain

F (xk) − min F = O(k−δ) and min
k0≤
≤k+1

{H(x
) − minargmin F H} = O(k−2+δ), (6.73)

which was reported in [78]. Alternatively, if δ ∈ (0, 2) and δ �= 1, we can obtain simultaneous (i.e.,
computed on the same sequence) ergodic convergence rates expressed in terms of

xbest
k := argmin

{
H(xk+1), H(xk,ζ)

}
, where xk,ζ :=

1
Zk,δ

k∑

=k0

ζ
,δx
, Zk,δ :=
k∑


=k0

ζ
,δ. (6.74)

Specifically, since F (xk) − min F = O(k−δ), summing up from k0 to k inequality (6.54), using Jensen’s
inequality, the convexity of F , and the growth Zk,δ = O(k−2+δ) as k → +∞, as k → +∞ we obtain1

F (xbest
k ) − min F = O(k−δ) and H(xbest

k ) − minargmin F H ≤ O(k−2+δ). (6.75)

Furthermore, if δ = 1—which is the case considered in [78, Theorem 3]—the convergence rate for the
inner function is weaker by a logarithmic factor than in (6.75), F (xbest

k ) − F (x∗) = O(k−1 ln(k)) as
k → +∞, and (ζ
,δ)k≥1 is bounded and bounded away from zero, so xk,ζ is actually closer to the usual
ergodic sequence. It follows from (6.75), that if (xbest

k )k≥1 is bounded (e.g., if F or H are coercive2,
once again from (6.75)), weak cluster points of (xbest

k )k≥1 lie in the solution set of (6.1). Under this
assumption, if (6.1) admits a unique solution, the whole sequence (xbest

k )k≥1 converges weakly to it.
Alternatively, without assuming uniqueness of solutions but dim H < +∞, we immediately obtain that
the distance from (xk)k≥0 to the solutions set of the bilevel problem (6.1) converges to zero as k → +∞,
which is in line with [77, 78, 71]. However, in infinite dimensions, no iterates convergence can be derived
with this approach.

Weakening the Hölderian growth condition. When F is coercive, we can assume the Hölderian
growth condition, i.e., Assumption 6.1, to hold only locally. Indeed, suppose that, for some R > 0,

τρ−1 dist(x, argmin F )ρ ≤ F (x) − min F for all x ∈ CR := argmin F + BR(0). (6.76)

Using (6.73), it is easy to see that (xk)k≥0 eventually lies in the bounded set CR. Therefore, up to
replacing the non-smooth part of F by setting f̂R := f̂ + ιCR

, which does not change the algorithm,
the same analysis assuming Assumption 6.1 globally on f̂R yields Point 3 in Theorem 6.4.3. A similar
remark can be done for Algorithm 6.1.

1Note that, strictly speaking, the bound on H(xk) − minargmin F H is not a convergence rate, but only a one-sided
estimate. Here, we use a terminology from [78]. We can provide a two-sided estimate, i.e., a convergence rate, only in the
setting of Theorem 6.4.3.

2In [77], the coercivity of H is assumed to ensure the boundedness of (xbest
k )k≥1. Here, we show that, alternatively, it

suffices to assume coercivity of F instead.
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General regularization sequence (εk)k∈N. In Lemma 6.3.1 and Lemma 6.4.1 we have intentionally
made explicit the dependence on the regularization sequence (εk)k≥0 and indeed the proof does not
depend on the specific definition of εk in (6.4). Following the same arguments of Theorem 6.3.3 and
Theorem 6.4.3 we can thus extend our analysis to more general parameter sequences, provided that
ζk,δ ≥ 0 for all k ≥ 1. Let us illustrate one of such extensions for Algorithm 6.1.

Consider (6.36) and denote by ζk,ε the term ζk,δ to emphasize that the term depends on (εk)k≥0,
which is not necessarily of polynomial decrease, but, rather, the discrete counterpart to (λ−1)ε(t)−tε̇(t),
see ζ(t) in Appendix 6.7.1. Then, for all k ≥ k0, applying the same argument as in (6.12), we obtain,
setting ζ̄k,ε := ζk,ε

s(λ−1) ,

Eλ
k+1 − Eλ

k ≤ −s(λ − 1)
[
ζ̄k,ε(H(xk) − H(x∗)) − (F (xk) − F (x∗))

]
≤ s(λ − 1)

[
(F − min F )∗(ζ̄k,εp∗) − σC(ζ̄k,εp∗)

]
.

(6.77)

In this context, the Attouch–Czarnecki condition, i.e., Assumption 6.2, would now require the summa-
bility of the right-hand side of (6.77). This yields, after suitably bounding Eλ

k from below, that the limit
limk→+∞ Eλ

k exists, and in particular, for some constant C > 0,

tk(F (xk) − min F ) ≤ C + tkεk minargmin F H, i.e., F (xk) − min F = O(k−1 + εk) (6.78)

as k → +∞. Plugging εk as in (6.4), (6.78) is in line with Point 2 of Theorem 6.3.3. The little-o rate
necessitates a more careful analysis, which we believe can be performed using the same techniques of
Theorem 6.3.3.

6.6 Numerical Experiments
In this section, we present our numerical experiments, which are performed in Python on a 12thGen. In-
tel(R) Core(TM) i7–1255U, 1.70–4.70 GHz laptop with 16 Gb of RAM and are available for reproducibil-
ity at https://github.com/echnen/fast-bilevel-methods.

6.6.1 Considered algorithms
To begin, we briefly present the numerical algorithms utilized for comparison to test the performance of
Algorithms 6.1 and 6.2. To the best of our knowledge, these are the only approaches that can cope with
the generality of (6.1), so we refrain from discussing other variants requiring, e.g., strong convexity of
the outer function.

Fast Bi-level Proximal Gradient. The Fast Bi-level Proximal Gradient method (FBi-PG) was re-
cently introduced by Merchav, Sabach and Teboulle in [78]. It can be understood a special case of
Algorithm 6.2 with γ = α − 1, c = 1, and β = γ. Specifically, although the method is introduced in [78,
(2.4)–(2.6)] with tk picked as in the original Nesterov’s method, the convergence results are only stated
with tk := k+a

a for some a ≥ 2. This choice yields a momentum parameter αk := t−1
k (tk−1 − 1) that

can be obtained from our general choice in Algorithm 6.2 by setting γ = α − 1 and a := α − 1. Being a
special case of Algorithm 6.2, its convergence properties are specified in Theorem 6.4.3.

Static Bilevel Method. The Static Bilevel Method (staBiM) was introduced by Latafat, Themelis,
Villa and Patrinos in [71]. While the method is designed for an arbitrary slowly vanishing, i.e., not
summable, regularization sequence (εk)k∈N, in these experiments we always consider εk as in (6.4) with
δ ∈ (0, 1). For a fixed θ̃ ∈ (0, 1) and η0 > 0, the method iterates for all k ≥ 0

xk+1 := proxθk+1(f̂+εkĥ)
(
xk − θk+1(∇f(xk) + εk∇h(xk))

)
, (6.79)

where (θk)k≥1 is the sequence defined by θk+1 := θ̃
ηk+1Lh+Lf

, where ηk+1 can be picked arbitrarily
in

[3
4 ηk, ηk

]
for all k ≥ 0. Observe the similarity with Algorithm 6.1: While allowing for general

regularization sequences (εk)k≥0, and originally designed in the more general context of locally Lipschitz
gradients, it requires a non-stationary step size θk that, picking ηk+1 = 3

4 ηk for all k ∈ N, asymptotically
behaves like θk � θ̃

Lf
with θ̃ ∈ (0, 1). In contrast, our analysis suggests that indeed, we can choose i)

stationary and ii) twice larger step sizes as θk = θ̃
Lf

and θ̃ ∈ (0, 2) for every k ≥ 1.
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Figure 6.1: Result of the experiment in Subsection 6.6.2: Comparing inner and outer function residuals
as well as distance to solution for the methods listed in Subsection 6.6.1.

Bi-Sub-Gradient method. The Bi-Sub-Gradient method in its two different variants was introduced
by Merchav and Sabach in [77]. In this paper, we focus on the so-called Variant II, (Bi-SG-II), which,
for εk := c

(k+1)δ , δ ∈ ( 1
2 , 1], c ≤ min{ 1

Lh
, 1}, and θ ≤ 1

Lf
, iterates for all k ≥ 0{

yk+1 := proxθf̂ (xk − θ∇f(xk)),

xk+1 := proxθεkĥ(yk+1 − θεk∇h(yk+1)).
(6.80)

The method alternates a proximal-gradient step in the inner problem (with step size θ) and in the
outer problem (with step size θεk). The benefit of this formulation lies in the fact that it does not
require computing the proximity operator of θf̂ + θεkĥ, which for staBiM and Algorithm 6.1 requires a
product-space trick as suggested in [54].

6.6.2 Linear inverse problem with simulated data
To test the dependency of the proposed method on the algorithm’s parameter, we consider the following
bilevel problem

min
x∈Rd

‖x − x̂‖1 subject to x ∈ argminz∈Rd f(z) , (6.81)

where f : Rd → R is the quadratic function defined, for 1 < J < d, by

f(x) :=
1
2

(x1 − 1)2 +
1
2

J∑
j=2

(xj−1 − xj)2 (6.82)

for every x ∈ R
d, and x̂ := (50, . . . , 50). The inner function (6.82) is a standard benchmark to test first-

order methods, usually revealing their sublinear rates of convergence [79]. In particular, it is not strongly
convex, but satisfies Assumption 6.1 with ρ = 2. Since J < d, the set of minimizers of f is argmin f =
{x ∈ R

d : x1 = · · · = xJ = 1} and thus the unique solution to (6.81) is x∗ := (1, . . . , 1, 50, . . . , 50).
In our first experiment, we compare the performance of Algorithms 6.1 and 6.2 with β = 10, γ = 20,

c = 10, and α = 4 against the methods described in Subsection 6.6.1. For fair comparison, for each of
them we set 95% of the largest possible step size, and consider the same initial point x0 := 0 ∈ R

d. Then,
we let the algorithms run for 104 iterations with 20 different choices of δ ∈ (1, 2), sampled randomly—for
Algorithm 6.1, staBiM and Bi-SG-II we use δ/2 instead of δ to ensure convergence. We measure inner
and outer residual values and show the results in Figure 6.1.

Although the objective of this paper is not to compete with existing algorithms, we can observe that
the improved flexibility of Algorithm 6.2 plays a crucial role in performance, yielding results that clearly
surpass those of FBi-PG. In this example, specifically from Figure 6.1a, we can also observe that the
first-order methods Algorithm 6.1, staBiM and Bi-SG-II may indeed only achieve the rate o(k−1) on
the inner objective function decrease. On the other hand, the two second-order methods employed, i.e.,
Algorithm 6.2 and FBi-PG, show a much faster convergence behavior. Further, Figure 6.2 confirms the
inherent trade-off between inner and outer function performance as δ varies, cf. Section 6.5.
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Figure 6.2: Results of experiment in Section 6.6.2: Comparing residual decrease for Algorithm 6.2 as a
function of the iteration number emphasizing the choice of δ ∈ (1, 2).

6.6.3 Logistic regression
In this experiment, we consider a copy of the UCI ML Breast Cancer Wisconsin (Diagnostic) dataset [98]
freely available online [83]. It contains n = 455 instances with 30 features and a label yi (i = 1, . . . , 455)
denoting weather the lesion is benign yi = 1 or malign yi = 0. We aim training a quadratic classifier,
which for each sample a ∈ R

30 yields 1 if s(âT x) > 1
2 and 0 else, where â ∈ R

d is the lifted feature
vector of a that now belongs to a d = 5456 dimensional space, and s(t) := (1 + exp(−t))−1 is the
standard sigmoid function. Due to overparametrization, among the optimal classifiers, we seek the one
that minimizes the �1 norm by solving the following bilevel problem

min
x∈Rd

‖x‖1 subject to x ∈ argminz∈Rd

1
n

n∑
i=1

(
yi log(s(âT

i z)) + (1 − yi) log(1 − s(âT
i z))

)
. (6.83)

To train the model, we run the three numerical algorithms presented in Subsection 6.6.1 and Algo-
rithms 6.1 and 6.2 for 5 · 104 iterations with the δ = 1.9 for the second-order methods, and δ/2 = 0.95
for the first-order ones. Specifically, for Algorithm 6.2 we set γ = β = 1, α = 4, c = 102, s = 0.95

Lf
.

For FBi-PG, α = 4, and s = 0.95
Lf

. For Algorithm 6.1 we set c = 102, s = 1.95
Lf

and β = γ = 1, while
for staBiM γ = 1, c = 102 and for Bi-SG-II, s = 1

Lf
, and c = 102. Along the iterations, we measure

the inner and outer objective values and the norm of the difference of consecutive iterates and show
the results in Figure 6.3. Since the optimal solution cannot be reached within a reasonable time, for
the outer function we only show its function values, while for the inner we show the residual with the
minimum value attained.

From Figure 6.3a, we observe that in this example, the convergence rate perfectly matches the one
predicted by the theory, see Section 6.5. The fast schemes (i.e., Algorithm 6.2 and FBi-PG) exhibit
a convergence rate of o(k−δ), outperforming the non-accelerated ones (i.e., Algorithm 6.1, staBiM and
Bi-SG-II) that only exhibit a convergence rate of o(k−δ/2). Meanwhile, Figure 6.3b indicates that at
least one of the considered methods may still be away from the optimal solution, and Figure 6.3c shows
that the distance between consecutive iterates decreases similarly across all four algorithms.

6.7 Continuous-time analysis
Our convergence analysis of Algorithm 6.1 and Algorithm 6.2 is closely guided by the analysis of the
continuous-time systems (6.5) and (6.6), even if ĥ = f̂ = 0. This analysis not only emerges as a foun-
dational result with intrinsic theoretical interest, but also as an excellent assistant to derive convergence
results for the corresponding numerical algorithms. In this section, we briefly illustrate and state the
main results that can be obtained for (6.5) and (6.6), with ε : [t0, +∞) → R+ defined by

ε(t) :=
c

tδ
, (6.84)

where c, δ > 0. Observe first that Assumption 6.2 with η ∈ {1, 2}, originally introduced by Attouch and
Czarnecki in [20] in the context of continuous-time systems such as (6.5), now reads as: For any solution
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Figure 6.3: Results of experiment in Subsection 6.6.3. The dotted lines in Figure 6.3a represent the rates
O(k−δ/2) and O(k−δ), with δ = 1.9.

x∗ to the bilevel problem (6.1) and all p ∈ Nargmin f (x∗) it holds∫ ∞

t0

tη−1
(

(f − min f)∗(ε(t)p) − σargmin f (ε(t)p)
)

dt < +∞. (6.85)

Furthermore, all auxiliary results including Lemma 2.3.10, Lemma 2.3.4, Lemma 2.1.1, Lemma 6.2.2,
and Lemma 6.2.3 admit continuous-time counterparts. Specifically, Lemma 2.3.10 can be stated with
integrals instead of sums. The continuous-time counterpart of Lemma 2.3.4 can be found, e.g., in [40,
Lemma A.4]. The continuous-time version of Opial’s Lemma (Lemma 2.1.1) is well known, see, e.g.,
[40, Lemma A.2]. Lemma 6.2.2 can now be stated as follows: For a function F : [t0, +∞) → R+, if
F (t) = O(t−δ) as t → +∞ and

F (t) ≤ CEt−η + C0,F t−δF (t)
1
ρ (6.86)

for every t ≥ t0, then F (t) = O(t−η) as t → +∞. This fact can be shown using the same argument of
Lemma 6.2.2. Eventually, a unifying result similar to Lemma 6.2.3 can be established in continuous time
by replacing differences of consecutive terms in a sequence by derivatives and sums by integrals. More
precisely, we have:

Lemma 6.7.1. Let δ̂ > 0, η ∈ {1, 2}, and set δ := ηδ̂. Consider a function E : [t0, +∞) → R

defined as
E(t) = tη

(
F (t) + ε(t)H(t)

)
+ V (t),

with t 	→ ε(t) as in (6.84) and F (t) ≥ 0, H(t) ≥ −H∗, where H∗ ≥ 0, and V (t) ≥ 0 for every
t ≥ t0. Suppose that, for every t ≥ t0,

Ė(t) + ζ(t)H(t) + g(t) ≤ −C2tη−1F (t), (6.87)

where g : [t0, +∞) → R+, C2 > 0, and ζ : [t0, +∞) → R can be written as

ζ(t) = Cζtη−1ε(t) (6.88)

for some Cζ > 0. Consider the following conditions, which will only be assumed if we explicitly
say so. For every t ≥ t0:

(C1) − H(t) ≤ C3F (t)
1
ρ , for some constant C3 ≥ 0 and 1 < ρ ≤ 2. Set ρ� as in (6.10),

(C2) For each r > 0, − tη−1(F (t) + rε(t)H(t)
) ≤ Ir(t), where Ir ≥ 0 and Ir ∈ L

1([t0, +∞)).

Then, following statements are true:

• Case δ̂ > 1: It holds F (t) = O(t−η) as t → +∞;

• Case δ̂ = 1: If Assumption (C2) holds and C2 > 0 in (6.87), then

1. The limit limt→+∞ E(t) exists;
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2. F (t) = O(t−η) as t → +∞;
3. The functions t 	→ tη−1F (t), t 	→ tη−1ε(t)H(t) and t 	→ g(t) are integrable;

• Case 1
ρ� < δ̂ < 1: If Assumptions (C1) and (C2) hold and C2 > 0 in (6.87), then

1. F (t) = O(t−η) as t → +∞;
2. It holds −CHt−δ+ η

ρ� ≤ tηε(t)H(t) for some CH ≥ 0 and all t ≥ t0;
3. The limit limt→+∞ E(t) exists;
4. The functions 	→ tη−1F (t), t 	→ tη−1ε(t)H(t) and t 	→ g(t) are integrable.

6.7.1 First-order system
Let us start with the first-order system (6.5) with starting point x(t0) = x0 ∈ H. As anticipated in
Remark 6.3.2, we consider the following Lyapunov energy, defined for t ≥ t0:

Eλ(t) := t(Ψt(x(t)) − Ψt(x∗)) +
λ

2
‖x(t) − x∗‖2,

where Ψt(x) := f(x) + ε(t)h(x) is the regularized function (6.3), x∗ is a solution to the bilevel problem
(6.1), and λ > 1. The analogous statement of Lemma 6.3.1 can be easily obtained by taking the time
derivative of Eλ. We get for all t ≥ t0

Ėλ(t) = Ψt(x(t)) − Ψt(x∗) + t
(

ε̇(t)(h(x(t)) − h(x∗)) +
〈
ẋ(t), ∇f(x(t)) + ε(t)∇h(x(t))

〉)
+ λ

〈
x(t) − x∗, ẋ(t)

〉
≤ Ψt(x(t)) − Ψt(x∗) − t

∥∥ẋ(t)
∥∥2 + tε̇(t)(h(x(t)) − h(x∗)) − λ(Ψt(x(t)) − Ψt(x∗))

= − (λ − 1)(f(x(t)) − f(x∗)) − t
∥∥ẋ(t)

∥∥2 +
(
tε̇(t) − (λ − 1)ε(t)

)
(h(x(t)) − h(x∗)).

Rearranging the terms and dropping nonnegative ones, for all t ≥ t0 we arrive at

Ėλ(t) + ζ(t)(h(x(t)) − h(x∗)) ≤ −(λ − 1)(f(x(t)) − f(x∗)), where ζ(t) := (λ − 1)ε(t) − tε̇(t). (6.89)

Applying Lemma 6.7.1 we obtain the following: for case i) δ > 1, that f(x(t)) − min f = O(t−1) as
t → +∞; for both cases ii) δ = 1 with (6.85) and η = 1, or iii) δ ∈ ( 1

ρ� , 1) with Assumption 6.1, that for
all λ ≥ 1,

1. The limit limt→+∞ Eλ(t) exists;

2. f(x(t)) − min f = O(t−1) as t → +∞;

3. In case iii), the following lower bound holds tε(t)(h(x(t) − h(x∗)) ≥ −Cht−(δ− 1
ρ� ) for some Ch ≥ 0

and all t ≥ t0;

4. The following integrability statements hold∫ ∞

t0

(f(x(t)) − f(x∗))dt < +∞, and
∫ ∞

t0

t−δ|h(x(t)) − h(x∗)|dt < +∞. (6.90)

By taking 1 < λ1 < λ2 and considering the difference Eλ2(t) − Eλ1(t), we deduce that ϕ(t) := 1
2 ‖x(t) −

x∗‖2 admits a limit as t → +∞ for all solutions x∗ to the bilevel problem (6.1), and that

lim
t→+∞ q(t) := t(f(x(t)) − f(x∗)) + tε(t)(h(x(t)) − h(x∗)) exists. (6.91)

From (6.91) and (6.90) we deduce, arguing as in (6.49), that limt→+∞ q(t) = 0. Proceeding as in (6.50)
we deduce that h(x(t))−h(x∗) vanishes as t → +∞, and, therefore, that all weak sequential cluster points
of t 	→ x(t) as t → +∞ lie in the solution set of the bilevel problem (6.1). Opial’s Lemma in continuous
time yields weak convergence of the full trajectory to some solution to the bilevel problem (6.1). To
conclude, using a similar argument as in (6.51) and (6.52) yields the little-o rates. To summarize, we
can show the following convergence result for trajectories generated by (6.5).
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Theorem 6.7.2. Let x : [t0, +∞) → H be a solution trajectory to (6.5). Then, the following
statements are true:

• Case δ > 1: It holds f(x(t)) − min f = O(t−1) as t → +∞;

Suppose Assumption 6.3 holds.

• Case δ = 1: If f satisfies (6.85) with η = 1, as t → +∞ it holds

f(x(t)) − min f = o(t−1) and h(x(t)) → minargmin f h.

Furthermore, x(t) converges weakly towards a solution to the bilevel problem (6.1) as t →
+∞;

• Case 1
ρ� < δ < 1: If f satisfies Assumption 6.1 with exponent ρ, as t → +∞ it holds

f(x(t)) − min f = o(t−1) and |h(x(t)) − minargmin f h| = o(t−1+δ).

Furthermore, x(t) converges weakly towards a solution to the bilevel problem (6.1) as t →
+∞.

6.7.2 Second-order system
We now consider the second-order system (6.6) with starting position x(t0) = x0 ∈ H and starting
velocity ẋ(t0) = v. As anticipated in Remark 6.4.2, the continuous-time counterpart of the Lyapunov
energy (6.53) is defined for α > 3, λ ∈ (2, α − 1), and t ≥ t0 as

Eλ(t) := t2(Ψt(x(t)) − Ψt(x∗)) +
1
2

‖λ(x(t) − x∗) + tẋ(t)‖2 +
λ(α − 1 − λ)

2
‖x(t) − x∗‖2, (6.92)

where, once again, Ψt(x) := f(x) + ε(t)h(x) and x∗ is a solution to the bilevel problem (6.1). To derive
the analogous result to Lemma 6.4.1, we denote by vλ(t) := λ(x(t) − x∗) + tẋ(t) and take the time
derivative of Eλ to get for every t ≥ t0

Ėλ(t) = 2t(Ψt(x(t)) − Ψt(x∗)) + t2
(

ε̇(t)(h(x(t)) − h(x∗)) +
〈
ẋ(t), ∇f(x(t)) + ε(t)∇h(x(t))

〉)
+

〈
vλ(t), v̇λ(t)

〉
+ λ(α − 1 − λ)

〈
x(t) − x∗, ẋ(t)

〉
= 2t(Ψt(x(t)) − Ψt(x∗)) + t2

(
ε̇(t)(h(x(t)) − h(x∗)) +

〈
ẋ(t), ∇f(x(t)) + ε(t)∇h(x(t))

〉)
− λ(α − 1 − λ)

〈
x(t) − x∗, ẋ(t)

〉 − λt
〈
x(t) − x∗, ∇f(x(t)) + ε(t)∇h(x(t))

〉
− (α − 1 − λ)t

∥∥ẋ(t)
∥∥2 − t2〈ẋ(t), ∇f(x(t)) + ε(t)∇h(x(t))

〉
+ λ(α − 1 − λ)

〈
x(t) − x∗, ẋ(t)

〉
= 2t(Ψt(x(t)) − Ψt(x∗)) + t2ε̇(t)(h(x(t)) − h(x∗)) − (α − 1 − λ)t

∥∥ẋ(t)
∥∥2

− λt
〈
x(t) − x∗, ∇f(x(t)) + ε(t)∇h(x(t))

〉
≤ − t(λ − 2)(Ψt(x(t)) − Ψt(x∗)) + t2ε̇(t)(h(x(t)) − h(x∗)) + (λ + 1 − α)t

∥∥ẋ(t)
∥∥2

.

Rearranging suitably and using the definition of Ψt, we obtain:

Ėλ(t) + ζ(t)(h(x(t)) − h(x∗)) + (α − 1 − λ)t
∥∥ẋ(t)

∥∥2 ≤ −t(λ − 2)(f(x(t)) − f(x∗)), (6.93)

where ζ(t) := t(λ − 2)ε(t) − t2ε̇(t) for all t ≥ t0. We have obtained in (6.93) the continuous-time
counterpart to the statement of Lemma 6.4.1. Using once again the continuous-time counterpart of
Lemma 6.2.3 (i.e., Lemma 6.7.1) we obtain the following: for case i) δ > 2, that f(x(t))−min f = O(t−2)
as t → +∞; for both cases ii) δ = 2 with (6.85) and η = 2, and iii) δ ∈ ( 2

ρ� , 2), with Assumption 6.1,
that for all λ ∈ (2, α − 1),

1. The limit limt→+∞ Eλ(t) exists;

2. f(x(t)) − min f = O(t−2) as t → +∞;
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3. In case iii), the following lower bound holds t2ε(t)(h(x(t)− h(x∗)) ≥ −Cht−(δ− 2
ρ� ) for some Ch ≥ 0

and all t ≥ t0;

4. The following integrability statements hold∫ ∞

t0

t(f(x(t)) − f(x∗))dt < +∞, and
∫ ∞

t0

t1−δ|h(x(t)) − h(x∗)|dt < +∞. (6.94)

Arguing similarly as in the proof of Theorem 6.4.3 we obtain the following convergence result.

Theorem 6.7.3. Let x : [t0, +∞) → H be a solution trajectory to (6.6). Then, the following
statements are true:

• Case δ > 2: It holds f(x(t)) − min f = O(t−2) as t → +∞;

Suppose Assumption 6.3 holds.

• Case δ = 2: If f satisfies (6.85) with η = 2, as t → +∞ it holds

f(x(t)) − min f = o(t−2) and h(x(t)) → minargmin f h.

Furthermore, x(t) converges weakly towards a solution to the bilevel problem (6.1) as t →
+∞.

• Case 2
ρ� < δ < 2: If f satisfies Assumption 6.1 with exponent ρ, as t → +∞ it holds

f(x(t)) − min f = o(t−2) and |h(x(t)) − minargmin f h| = o(t−2+δ).

Furthermore, x(t) converges weakly towards a solution to the bilevel problem (6.1) as t →
+∞.
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Chapter 7

Conclusions

In this thesis, we explored continuous- and discrete-time schemes attached to convex optimization and
monotone inclusion problems. A fundamental role was played by the coefficient α

t damping the velocity in
our second-order systems, which had the effect of producing dynamics with fast convergence properties,
both in the convex optimization and monotone operator settings. Thus, we have contributed to the
already considerable existing literature on second-order systems with asymptotic vanishing damping. As
it was the case in our work, the analyses for the continuous-time systems, which are in and of themselves
interesting, can also serve as guides for the analyses of the numerical algorithms which result from their
discretizations.

In Chapter 3, we explored the equivalence which exists between the Heavy Ball dynamics and the
Nesterov accelerated gradient dynamics, both in the optimization setting, and also in the monotone
operator setting. By analyzing a Heavy Ball system with a time rescaling parameter b(·), we showed
that for a particular choice for b(·), the Heavy Ball and the Nesterov systems are time reparametrizations
of each other, and every statement about the Nesterov system can be recovered from a corresponding
statement for the Heavy Ball dynamics. This was done in the optimization setting, i.e., where the
governing operator is the gradient of a convex and smooth function, and we also produced analog systems
and statements suited for the monotone operator setting.

In Chapter 4, we studied the asymptotic properties of a second-order dynamical system with asymp-
totically vanishing damping attached to a monotone+cocoercive inclusion problem. We derived fast
convergence of the velocities and accelerations to zero, as well as a o(1/t2) convergence rate for the
norm of the governing operator along the trajectories generated by the system. We also showed weak
convergence of the trajectories towards solutions to the monotone inclusion problem.

In Chapter 5, we studied the asymptotic properties of a second-order primal-dual dynamical system
attached to a linearly constrained convex optimization problem. The system features an asymptotically
vanishing damping coefficient and a time rescaling parameter which has the effect of accelerating the
convergence rates for the functional values along the trajectories and the feasibility gap, which measures
how far the trajectory is to the feasible set of the problem. Indeed, for these quantities we obtained rates
O(1/t2b(t)). Additionally, we showed weak convergence of the trajectories towards primal-dual solutions
to the problem.

In Chapter 6, we studied two numerical algorithms designed to solve a hierarchical optimization
problem, that is, where we minimize an outer function subject to the set of minimizers of an inner
function. Under a geometric assumption for the inner function, for the first algorithm we showed o(1/t)
and o(1/t1−δ) rates for the inner and outer functional values along the iterates respectively; and for the
second algorithm we showed o(1/t2) and o(1/t2−δ) rates for the inner and outer functional values along
the iterates respectively. We also showed weak convergence of the iterates generated by both algorithms
to solutions to the problem. The little-o rates, together with the weak convergence of trajectories in the
framework of a (possibly) infinite-dimensional Hilbert space marked a first in the literature for this class
of problems.

One of the principal open questions we have, which is a future project, concerns our work presented
in chapter 6. Namely, we are curious to see if our methods can be adapted when the inner level is a
structured monotone inclusion; particularly, we are interested to see if we can formulate a numerical
algorithm for such a problem. We suspect that, just as we had to assume a Hölderian error bound
assumption for the inner function, we will have to assume an analogous sharpness condition for the inner
operator.
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