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Abstract

This thesis presents a seasonally structured predator-prey model that captures the ecolo-
gical dynamics between small rodents and mustelid predators in northern Fennoscandia.
Motivated by climate-induced changes in seasonality, the model incorporates a smooth
transition between summer and winter dynamics, allowing for a biologically realistic and
mathematically accessible analysis of seasonal predation behavior.

A novel classification algorithm was developed to distinguish between periodic, qua-
siperiodic, and chaotic attractors across a wide parameter space. This enabled the con-
struction of a detailed bifurcation diagram, revealing a rich variety of dynamical regimes
and five distinct bifurcation mechanisms.

Stochastic simulations introduced seasonal variability, demonstrating that while nar-
row regions of distinct deterministic behavior were sensitive to noise, broader qualitative
behaviors remained robust. A grid-based method was introduced to classify fuzzy attrac-
tors in noisy systems, offering a practical tool for analyzing real-world ecological data.

Finally, the study identified tipping points and asymmetries in the timescales of transi-
tions between dynamical regimes, showing that the system can shift between ecological
states at very different rates depending on the direction of change. The modeling frame-
work and analytical tools developed in this work provide a foundation for investigating
how climate-driven changes in seasonality may affect predator-prey cycles and ecosystem
stability.

Keywords: predator-prey dynamics, seasonal modeling, bifurcation analysis, stocha-
stic simulations, ecological tipping points, climate change
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Zusammenfassung

Diese Arbeit entwickelt ein mathematisches Modell zur Beschreibung saisonal gepragter
Ré&uber-Beute-Dynamiken zwischen kleinen Nagetieren und Musteliden-R&ubern in Nord-
fennoskandinavien. Angeregt durch klimabedingte Verinderungen der Saisonalitéit ver-
bindet das Modell Sommer- und Winterdynamiken iiber einen kontinuierlichen Ubergang
und ermoglicht so eine biologisch realistische und mathematisch zugingliche Analyse sai-
sonaler Priadationsmuster.

Ein zentrales Ergebnis ist die Entwicklung eines Klassifikationsalgorithmus, der zwischen
periodischem, quasiperiodischem und chaotischem Langzeitverhalten unterscheiden kann
— auch bei gleichzeitig auftretenden Attraktoren. Damit konnte ein detailliertes Bifur-
kationsdiagramm erstellt werden, das eine Vielzahl dynamischer Regime und mehrere
Bifurkationsmechanismen sichtbar macht.

Zur Beriicksichtigung natiirlicher Variabilitéit wurde das Modell um stochastische Schwan-
kungen der Sommerlidnge erweitert. Eine gitterbasierte Methode zur Klassifikation un-
scharfer Attraktoren wurde eingefiihrt und bietet ein praktisches Werkzeug zur Analyse
verrauschter okologischer Daten. Die Robustheit der {ibergeordneten Verhaltensmuster
unter Zufallseinfliissen zeigt die strukturelle Stabilitdt des Modells.

Dariiber hinaus wurden Kipppunkte identifiziert — Schwellenwerte, bei denen Uberginge
zwischen verschiedenen Dynamiken asymmetrisch verlaufen. Das entwickelte Modellie-
rungsframework und die analytischen Methoden bieten eine fundierte Grundlage, um die
Auswirkungen klimabedingter saisonaler Verdnderungen auf Rauber-Beute-Zyklen und
die Stabilitit von Okosystemen zu untersuchen.

Schlagworter: Riuber-Beute-Dynamik, saisonale Modellierung, Bifurkationsanalyse,
stochastische Simulationen, 6kologische Kipppunkte, Klimawandel
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1. Introduction

Population cycles, often occurring on an interannual timescale, are a well-known and
widespread phenomenon in ecology and have been subject to research for a long time.
Although there is still some debate about necessary and sufficient conditions for small
mammal population cycles, feeding interactions between predators and prey are believed
to play an important role [26]. In northern Fennoscandia specialist predators such as
weasels and stoats (small mustelids) strongly influence the dynamics of small rodent
populations, and thus modeling interactions between the two species can capture much
of the observed population variability [I7, 25]. In this thesis, we focus on the northern
Fennoscandia rodent-mustelid system, where interactions between small mustelids and
their rodent prey provide a rich context for studying seasonal predator-prey dynamics.

Terrestrial ecosystems in the Arctic are characterized by a strong seasonality with ex-
tended, snow-covered winters, which strongly influence population dynamics [5l 8, 23].
Seasonality and snow cover directly affect the availability of food resources for herbi-
vores, such as small rodents, but also indirectly, as predator species can vary between
the different seasons (due to migration, for example, like in birds of prey). The snow
cover furthermore serves as a protective layer for small mammals, as it limits predator
access to prey [1§].

As such, seasonal shifts are not only a defining feature of Arctic ecosystems but also
a key factor in shaping predator-prey dynamics. As climate change continues to al-
ter the timing and duration of seasons, these shifts can disrupt established ecological
interactions. In particular, altered seasonality may change predator-prey interactions,
potentially increasing the risk of extinction. In northern Fennoscandia, small mustelids
such as weasels and stoats act as generalists in summer but specialize on small rodents
like voles and lemmings in winter - a pattern that has been well documented [17, 21].
This seasonal change in diet strongly influences prey populations by altering the in-
tensity and selectivity of predation throughout the year. Anticipating how populations
will respond to these changes is therefore essential for understanding species persistence
under future climate scenarios 28], 33].

Recent ecological studies further support the need for updated models that reflect on-
going environmental changes. Ehrich et al. [I0] documented population trends across
Arctic sites over the past 25 years, a period marked by rapid warming. While overall
small mammal abundance has not declined, notable shifts in species composition have
occurred. In Fennoscandia, vole species have expanded northward, partially replacing



1. Introduction

lemming populations - likely in response to changing climatic conditions.

Long-term observational data also suggest that the characteristic population cycles of
small mammals may be weakening. Henden et al. [I9] analyzed historical fox bounty
records and found that while strong cycles were once prevalent in northern regions,
they have become less pronounced in recent decades. This shift may reflect a broader
transition from regular cycles to more irregular or chaotic dynamics, potentially driven
by climate-induced changes in seasonality and predator-prey interactions.

Combining this change in predation behavior with changing climate and environmen-
tal conditions - especially shorter and warmer winters [30] - it is of great interest to
investigate possible changes in population dynamics.

Several models have been have been proposed to recreate seasonal influences on small
rodent and mustelid dynamics. In a pioneering paper, Hanski et al. (summary in [20])
modeled the impact of seasonality by varying death and reproduction parameter values
between winter and summer. This approach demonstrated that even relatively simple
seasonal switching can produce complex dynamics, including multi-year limit cycles and
chaotic behavior [17), 41].

Building on this foundation, Tyson and Lutscher [42] proposed a more flexible frame-
work by introducing separate equations for summer and winter dynamics. This allows for
qualitatively different predator-prey interactions across seasons, such as a shift from gen-
eralist to specialist predation. While their model was developed for a different predator-
prey system (owls and snowshoe hares in Canada), the underlying mechanism applies
to a broad range of seasonally influenced predator-prey systems, and in particular, the
rodent-mustelid system.

In this thesis, I aim to answer the following question: How do changes in seasonal
transitions affect the dynamics of small rodent populations in northern Fennoscandia?
With this goal in mind, the proposed research addressed the following five objectives:

1. Develop the simplest possible seasonal predator-prey model that captures
the essential dynamics between small rodents and mustelids under a two-season
framework. The model is parameterized to reflect the dynamics of these species,
ensuring realistic behavior while retaining generality for other seasonally driven
predator-prey systems. To build the model, we define separate equations for sum-
mer and winter dynamics, incorporating the empirically observed seasonal switch
in predation behavior. Model parameters are initially set based on literature val-
ues and expert knowledge, allowing the simplest possible formulation that can still
reproduce observed population patterns.

2. Introduce a classification algorithm to identify all long-term behaviors in
simulation data, including limit cycles, quasiperiodicity, and chaotic dynamics.
This algorithm systematically analyzes population time series from simulations,



allowing us to determine all possible stable and complex dynamics for a given
parameter set. The method builds on previous approaches to classify multi-year
cycles and chaotic dynamics in predator-prey systems.

3. Construct bifurcation diagrams and test robustness under parameter
uncertainty by varying summer length and one intrinsic model parameter. Be-
cause these models contain many parameters, and some are difficult to observe
in the field, this objective explicitly focuses on parameter uncertainty and robust-
ness. In particular, we identify the most uncertain parameter and investigate how
climate-driven changes in summer length affect dynamics across a plausible range
of other parameters. By simulating the model over a two-dimensional grid of these
parameters, we map regions of qualitatively distinct long-term behaviors and assess
the structural stability of the system under different scenarios.

4. Simulate stochastic changes in summer length to examine the system’s re-
sponse to realistic environmental variability. Small yearly fluctuations are intro-
duced into the model, and the resulting dynamics are analyzed to assess structural
stability across the bifurcation diagram.

5. Analyze transitions across bifurcation boundaries to study how the system
responds when moving from one dynamic regime to another. We examine the
speed of convergence to new attractors and investigate whether there is any direc-
tional mismatch in crossing boundaries, which may indicate hysteresis or sensitive
dependence on the direction of parameter change.

The code for all simulations was written in Python and is available in a private GitHub
repository accessible via GitFront: https://gitfront.io/r/clebreuss/Z86dHpkXnGxM/
predator-prey-seasonality/. It includes foundational routines developed collabora-
tively in a previous project (see [32]) as well as additional code written specifically for
this Master’s thesis.


https://gitfront.io/r/clebreuss/Z86dHpkXnGxM/predator-prey-seasonality/
https://gitfront.io/r/clebreuss/Z86dHpkXnGxM/predator-prey-seasonality/




2. Methods and theoretical groundwork

In this section, we define and describe the methods that are necessary to investigate the
behavior of our predator-prey system mathematically. We keep the definitions rather
general, but still have our ecological system of interest always in mind.

2.1. Poincaré sections and Poincaré maps

Proposition 2.1.1. [/5] An n-dimensional non-autonomous system of ordinary differ-
ential equations,

d

dit( = f(x,t), xeR"

can be embedded in an n + 1-dimensional autonomous system of ODE’s by introducing
an additional variable T ;= t:

dx

E = f(XuT)u
dr
E—l.

For our predator-prey system, n = 2, and the embedding gives a three-dimensional au-
tonomous system. Motivated by the strong impact of seasonality (i.e. switching winter-
and summer-predation behavior), this extension from a two-dimensional system to a
third dimension reflects the importance of time dependence of the differential equations.
However, since the seasonal forcing is periodic, the system is not truly defined on R3,
but rather on R? x S', where the circle S' represents the annual cycle of time. This
perspective allows us to study the year-to-year dynamics using Poincaré maps.

Definition 2.1.1. [2] Consider the system

dx "
%—f(x,t% x €R y

suppose that f is sufficiently smooth on some subset of R"™ and let ¢ denote the flow
generated by our system. Suppose that there exists a n — 1 dimensional surface ¥ such
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that the orbits in our system consistently return to X2, but are never tangent to it. That
means, forxg € X, p(xo,7(x0)) € X after some time 7(xg) > 0. The map that associates
points on X with their points of first return to X is called Poincaré map, and we denote
it by P.

P: ¥

X0 — @(x0, T(x0))
The surface X is called Poincaré section.

We can use this definition to introduce a Poincaré section tailored to the seasonal struc-
ture of our system.

Proposition 2.1.2. [J] Let C(%‘ = f(x,t) with x € R? and assume f to be periodic with
period T, i.e. f(x,t0) = f(x,t0+T).
Then, the Poincaré section
¥ = {(x,7) € R x R|7 = 79 (mod T)}
is defined for some fived 9 € [0,T).

Furthermore, since the flow is autonomous in the extended space, we can introduce the
stroboscopic Poincaré map

P:R* 5 R?,  P(xp) =x(r0+1T),
where x(7) is the solution for x(19) = Xg.

Keeping this notion, we see that we can use the Poincaré map to determine whether the
solution trajectories are periodic.

Proposition 2.1.3. If f is periodic with period T =1 and P(x) = x, then x is a fized
point of the Poincaré map, i.e. X lies on a periodic orbit of period 1.

Furthermore, if there exists a k € N such that P*(x) = x (i.e. X is a fized point of the
iterated map P*) and k is the smallest such number, then X lies on a periodic orbit of
period k.



2.2. Jacobian and stability of cycles

Figure 2.1.: Poincaré map and Poincaré section.

2.2. Jacobian and stability of cycles

To obtain the stability of periodic solution trajectories, it is sufficient to look at the
Jacobian of the Poincaré map. First, we focus on the case of a fixed point x of the
Poincaré map, so at a periodic orbit of period 1.

Definition 2.2.1 (Closed Orbit Stability Criterion). [2] Let DP(X) be the Jacobian of
the Poincaré map P evaluated at a fived point X. Furthermore let A\1 and Ao be the

eigenvalues of DP(X). Then the closed orbit corresponding to X is stable if and only if
|Ai] <1 for alli.

Remark 2.2.1. This definition holds not only for two dimensions, but also in general for
an n-dimensional system.

Now assume that we have a k-periodic orbit with P¥(x;) = x;. More precisely, denote
the points on the Poincaré map that are visited before returning to x; by xa,...x;. We
can write this as P(x;) = x;41 fori € {1,...,k — 1} and P(xx) = x;.

We use this notation to generalize the definition for stability to a k-periodic orbit as
follows.

Definition 2.2.2 (Stability of k-cycles). [3] Let {x1,...,x;} denote the subsequent
points on the Poincaré section of a k-periodic orbit starting at x1. Then, this orbit is
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stable if and only if the eigenvalues A1 and Ao of the Jacobian of the k-iterated Poincaré
map fulfill |N;| < 1 for all i € {1,2}. This Jacobian is given by

DP¥(x1) = D(P*Y(P(x1)) = DP* 1 (P(x,))DP(x1) = DP* ! (x3) DP(x,)
—=...=DP(xz)--- DP(x1).

Remark 2.2.2. Definition implies that it does not matter for which of the k points
along the k-cycle the stability is calculated. The Jacobian of the k-times iterated map
evaluated at each of these points is the same.

Remark 2.2.3. The formula for the Jacobian in Definition simply stems from ap-
plying the chain rule to the iterated map P, i.e.

(fog(@)) = f(g(x))d (x).

When one cannot solve the system of equations analytically (for example if one has a
highly complicated, nonlinear right-hand side f), but only numerically, the Jacobian can
also not be explicitly calculated. However, the Jacobian can be approximated by the
method of finite differences.

Proposition 2.2.1. [36] Let J = DP(x) be the Jacobian of the Poincaré map evaluated
at a point x. Then, J can be approximated by the central finite-difference approrimation
Pi(X + hej) — Pl(X — hej)

2h ’

Jij ~

where P; denotes the i-th component of the solution 'y = P(x) of the Poincaré map
computed at x, e; the jth unit vector and h << 1.

Remark 2.2.4. The finite-difference approximation to the Jacobian holds only for one
iteration of the Poincaré map. To approximate the stability of a periodic orbit of period
k > 1, one can however just proceed as in Definition and calculate the approxima-
tions for one iteration of the map, starting at all the intermediate points belonging to
the k-cycle separately and perform matrix multiplication afterwards.

2.3. Finite-Time Lyapunov Exponents (FTLE)

To get some notion of stability of non-fixed or non-periodic points of a (Poincaré-) map,
the concept of Lyapunov exponents is quite handy. We ask the following question.
If two trajectories start very close together, do they remain close, or do they diverge
(rapidly) as time progresses? The Lyapunov exponent provides a quantitative answer
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to this question - it measures the average exponential rate at which nearby trajectories
separate (or converge) under the flow of the system. This following section is based on

2].

To formalize the idea, we consider a small perturbation eeq with ||eg|| = 1 to an initial
condition xg, and study how this perturbation evolves under the linearized dynamics.
The Lyapunov exponent captures the long-term behavior of the norm of this deviation
vector, normalized by its initial size.

Definition 2.3.1 (Lyapunov Exponent). [2] Let ¢(xq,t) be the flow map of a smooth
dynamical system defined by

d
Xt = f(x(t)),  x(0) = xo,

and let Dp(xq,t) denote the Jacobian of the flow with respect to the initial condition Xg.
For a small perturbation eg for ||eo|| =1 and € > 0, the Lyapunov exponent in the
direction of eeq is defined as

)\(Xo, 860)

lim 1o <||D80(X0»t)590||) ’

= Jeeol
if the limit exists.

Remark 2.3.1. The name exponent reflects the fact that, for small perturbations eeq,
the linearized dynamics suggest that the deviation at time ¢ behaves approximately like

ID¢(x0, t)eeo|| ~ ||ceqe™

for large ¢, where A = A\(xg,ceq). Thus, the Lyapunov exponent describes the exponen-
tial growth or decline rate of the perturbation.

The directional Lyapunov exponent A(xg,ceq) depends on the direction eg € R™ of the
initial perturbation. To characterize the most unstable behavior of the system, we define
the maximal Lyapunov exponent as the supremum over all unit directions.

Definition 2.3.2 (Maximal Lyapunov Exponent). Let ¢(xo,t) be the flow map of a
smooth dynamical system, and let Dp(xg,t) be the Jacobian of the flow with respect to
the initial condition xo. Then the maxzimal Lyapunov exponent at xq is defined as

)\maX(XO): sup )‘(XaneO)’
lleoll=1

where eeq is a small perturbation in the direction of the unit vector eq.
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Remark 2.3.2. A positive maximal Lyapunov exponent, Amax(Xo) > 0, indicates that
there exists at least one direction in which nearby trajectories diverge exponentially.
This is a signature of sensitive dependence on initial conditions (SDIC), and thus a
strong indicator of chaotic behavior.

When the solution and thus the flow as well as the Jacobian of a system cannot be derived

analytically, one can calculate the Finite-Time Lyapunov exponents as an approximation
to Lyapunov exponents to check for sensitive dependence on initial conditions.

X(t)

X(t) + v(t)

Figure 2.2.: Evolution of two initially nearby trajectories over time.

As before, for a perturbation vector vo = v(tp) starting at xo, we know that it evolves
like

v(t) = Dy(x0,t)vo.

We are interested in the direction of the largest growth and write

v ()] = /(D o, v {to), Dplixo, )v(k0))
= \/{vo, De(xo, )7 Dg(x0, 1)vo)

= 1/ <V()7 CV()),

where C := Dp(xq,t)T Dy(xp,t) is called the Right Cauchy-Green Strain Tensor.
The direction of maximal stretching corresponds to the unit eigenvector e, associated

10
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with the largest eigenvalue \,, of C'. Then

Cen=Xen < A= (en,Cey)

Ly IDg(xo, tew?
" el

Definition 2.3.3 (Finite-Time Lyapunov Exponent). [2] The term
1
max \¢(Xo, Vo) = — In A, (2.1)
vo 2t

where

1 Doy(xg,t)v
At(X0, Vo) = Eln (H SD(HV?)H) 0‘) )

is called the Finite-Time Lyapunov Erponent (FTLE).

In practice, when one needs to rely on numerical computation of solutions, the matrix
Dy(x0,t) can be approximated by finite differences. Denote

x(t) = xg —l—/o f(x(7))dT =: p¢(x0)-

Then,
dpt1 dpt 1
dxry T dzy,
Doi(x0) = | Lo
dﬂotn d(iptn
dxq e dxn

can be approximated by a central finite differencing scheme. For a small § > 0, denote
91 = (6,0,...,0), o2 = (0,6,0,...,0), and so on. Then the following matrix can be
calculated numerically by using simulation data [15].

@1 (x0+01)—pt,1(X0—01) p¢,1(X04+0n)—pt,1(x0—0n)
[261] T [26n]
Dpi(x0) ~ : . :
®t,n(x0+01)—pt,n(X0—01) #t,n(X0+0n) —@t,n(X0—0n)
[201] te [26n|

This matrix will be used to calculate the finite-difference approximation of the FTLE in
equation (2.1)).

Remark 2.3.3. Unlike classical Lyapunov exponents, which characterize the asymptotic
behavior of dynamical systems, finite-time Lyapunov exponents are computed over a
finite time interval and therefore depend explicitly on the chosen duration. This time

11
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dependence introduces a challenge: Selecting an appropriate time horizon is not straight-
forward and often depends on the specific system and the dynamical features one aims
to capture. For example, shorter durations may highlight transient structures, while
longer durations may better reveal long-term behavior. As such, there is no universal
rule for choosing an optimal time interval for FTLE computation, and the decision must
be made with respect to the goals and constraints of the analysis [15].

2.4. Description of long-term dynamics

In nonlinear deterministic, finite-dimensional dynamical systems, all long-term attract-
ing behavior typically falls into one of the following categories: fixed points, periodic
orbits, quasiperiodic orbits and chaotic attractors [39]. These behaviors can be present
in both discrete and continuous systems. Since we use Poincaré maps for analysing the
behavior of our system, i.e. transform a continuous system into a discrete one, the defi-
nitions for these categories of behavior will be given for maps. In the following we will
give a brief explanation for each of these behaviors.

2.4.1. Fixed points

Definition 2.4.1 (Fixed points). Consider a smooth map F : R™ — R". We call x a
fized point of I if F(x) = x.

Remark 2.4.1. In accordance to the definition of cyclic points in Definition [2.4.2] we also
call a fixed point of a map cyclic point of period 1.

Remark 2.4.2. Note that by turning a continuous system into a discrete one (for example
by constructing Poincaré maps), some behavior gets lost. In particular, if we have a fixed
point of a map, this might on one hand correspond to a constant solution over time.
On the other hand, a solution which is not constant over time, but returns to the same
points exactly after one period of time (corresponding to one iteration of the map), will
also show up as a fixed point of the map. However, for our applications, the seasonal
variation in the systems equations prohibits constant solutions over time. So all points
that appear as fixed points of the Poincaré map correspond to 1-year periodic solutions.

2.4.2. Periodic orbits

Definition 2.4.2 (Cyclic point). [3] Let F' : R™ — R" be a smooth map. We call x a
periodic or cyclic point of period k if F¥(x) = x and k is the smallest such integer.

12



2.4. Description of long-term dynamics

The orbit with initial point x consists of k cyclic points and is called a periodic orbit
of period k, or also k-cycle.

Orbits that converge to a periodic orbit after they lose all transience are called asymp-
totically periodic.

Definition 2.4.3 (Asymptotically periodic orbit). [3] Consider a smooth map F : R™ —
R™. An orbit (x1,X2,...) is called asymptotically periodic if there exists a periodic
orbit of period k, (y1,...,Yk,¥y1,---), such that

lim ||x, —ynal =0.
n—o0

2.4.3. Quasiperiodic orbits

In contrast to periodic orbits of a certain period, trajectories belonging to quasiperiodic
orbits do not return to the same spot after a certain time. The trajectories and the
corresponding points in the Poincaré section form a closed curve or a dense set of points
in our Poincaré section.

Definition 2.4.4 (Sensitive dependence on initial conditions). [2] A flow map
¢ :R" - R" has sensitive dependence on initial conditions (SDIC) if there ex-
ists a 0 > 0 such that for any initial condition xg and any arbitrarily small neighborhood
B. = {y||ly — %ol < e} with e >0, there exists a yo € B: and a time T such that

le(x0,7) = ¢ (yo, ) > 6.

Remark 2.4.3. In other words, SDIC means that the trajectories of two arbitrarily close
points always end up at least § apart for some time, no matter how close to each other
they start.

Definition 2.4.5 (Quasiperiodic orbit). [3] A bounded orbit that is not asymptotically
periodic and that does not exhibit sensitive dependence on initial conditions (SDIC) is
called quasiperiodic.

2.4.4. Chaos

Although there is no universally accepted definition of chaos, we give a definition that
allows for a good working understanding.

13



2. Methods and theoretical groundwork

Definition 2.4.6 (Chaos). [2, [3] In a deterministic system, a non-periodic orbit that
erhibits sensitive dependence on initial conditions is called chaotic orbit.

Remark 2.4.4. Recall Remark for the Lyapunov exponent. If the Lyapunov expo-
nent A > 0 for a non-periodic point, we see that two initially nearby trajectories move
apart from each other - which means that the system exhibits SDIC and thus the orbit
is chaotic [40]. On the other hand, quasiperiodic orbits have Lyapunov exponents =~ 0
and thus are neutral in some sense, i.e. they are neither attracting nor repelling [3].

Therefore, Lyapunov exponents (or FTLE) pose as a good indicator for SDIC [IJ.
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3. Modeling

Seasonality plays a central role in shaping ecological dynamics in northern Fennoscandia,
where long, snow-covered winters and short summers strongly influence food availability
and species interactions [23]. In particular, small mammal predators such as mustelids
adapt their foraging strategies to these seasonal changes, switching from generalist pre-
dation in summer to specializing on small rodents in winter [I7]. To investigate how such
seasonal shifts in predation behavior affect population dynamics, we aim to develop a
minimal model that captures the interaction between predator and prey in a two-season
environment.

Our approach builds on the framework introduced by Tyson and Lutscher [42], who used
separate equations for summer and winter to reflect seasonal dynamics in a predator-prey
system. While their model focused on owls and snowshoe hares, the underlying structure
is well-suited to our system. Tyson and Lutscher proposed two modeling strategies: one
involving discrete switching between the seasonal equations, and another using a time-
averaged system where each equation is weighted by the fraction of the year it represents.
While the latter offers a computationally simple approximation, it does not fully capture
the temporal separation of seasonal behaviors.

In contrast, we introduce a continuous switching function - an approximation of a square
wave - that smoothly transitions between summer and winter dynamics. This allows us
to modulate the influence of each seasonal regime based on its relative duration while
maintaining a continuous system. This continuity enables the use of bifurcation analysis
and other mathematical tools [27]. To analyze the long-term, year-to-year dynamics, we
introduce Poincaré sections, which provide a systematic way to represent the system’s
evolution on timescales exceeding the seasonal period.

3.1. Model description

3.1.1. Seasonal model equations

We introduce our model, which extends the seasonal framework proposed by Erbach
et al. [II] and later developed by Tyson and Lutscher [42], using separate equations
to describe predator-prey dynamics during summer and winter. The structure of our
seasonal equations is identical to theirs, with the exception of adapted parameter values
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3. Modeling

and the inclusion of a winter reproduction term for the prey. The model we introduce
in this section is also part of a manuscript currently in press [32].

Assume that summer occupies a fraction 0 < Tg < 1 of the year. During this time,
the prey population N grows logistically and reproduces independently of the predator
P. We assume that resources are sufficient and that interspecific competition can be
neglected. Deaths in the prey population are mainly caused by predation, so we include
only this as a death term.

In summer, the predator population P is modeled as a generalist, following a Holling type
IIT functional response [22]. It can grow independently of focal prey, assuming access
to alternative resources, but its growth is enhanced when prey is abundant. Predator
deaths are modeled as a linear term, independent of prey density.

The summer dynamics are given as

dN N aN?P
dP aN?P sP

—mP 3.2
& it ™ (3.2)

In winter, that is, Ty = 1 — T, Tyson and Lutscher assume no reproduction of their
focal prey (snowshoe hares). While most small rodent species breed primarily in sum-
mer, winter reproduction has been documented in several focal prey species, including
lemmings and voles [6], 13}, 38]. To account for this, we include a reproduction term for
our focal prey N in winter that mirrors the summer reproduction, scaled by a factor c
representing reduced reproductive activity.

As in summer, predation is the main source of mortality for the prey population. The
predator P is assumed to specialize on the focal prey during winter, and its growth
depends entirely on prey availability. We model this using a Holling type II functional
response [I1]. Predator deaths are again included as a linear term, independent of prey
density.

The winter dynamics read as follows:

dN N aNP

R () I :
ikl < K) BN (3.3)
dP aNP

il —uP 4
i =N M (3.4)

For a more detailed description of the parameters as well as the values chosen for our
rodent-mustelid system, see Table in Chapter

To simplify the analysis and identify the important parameter combinations, we in-
troduce a nondimensionalization of the model like Tyson and Lutscher [42]. The prey
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3.1. Model description

population is scaled by % where K denotes its carrying capacity, while the predator pop-
ulation is normalized using the factor %, which represents the ratio of the prey growth
rate to the predator’s maximum kill rate, leading to dimensionless prey and predator
densities n = % and p = %. Time is scaled by the intrinsic prey growth rate r, leading

to a dimensionless time variable 7 = ¢r.

With these transformations, the seasonal model equations are expressed in terms of
dimensionless population densities and time, allowing for a more general formulation of
the seasonal dynamics. The exact nondimensionalization of the seasonal equations (3.1)),

(13-2), (3.3) and (3.4) is included in the Appendix

The nondimensional seasonal equations of our model then read as follows. First, the
summer dynamics:

dn n’p
— =n(l—-n)— = 3.5
Tl - (3:5)
dp __ nw'p -
5_752+n2+81+1?p_mp' (3.6)
And the winter dynamics read as follows:
d
D en(l—n) —a—2, (3.7)
dr B+n
dp . anp 5
— =F= — [ip. 3.8
el (3.8)

3.1.2. Combining the seasonal equations to a single system

The next step is to transition from these piecewise seasonal model equations to a con-
tinuous formulation of the full dynamics. We introduce a smooth switching mechanism
that connects summer and winter dynamics. By doing so, we preserve the distinct sea-
sonal behaviors while ensuring a continuous right-hand side for the system, enabling us
to apply a range of mathematical tools (and, in particular, bifurcation analysis).

We introduce the squdel function, which acts as a continuous approximation to a square-
wave function. It is defined as follows [12].

sin(wt)
V/sin?(wt) + k2 cos?(wt)

sqds(t;w, k) = (3.9)

For k = 1 the function is just the sine wave sin(wt) and if we let k — 0, we get a square
function which alternates between —1 and 1 with period 1/w. For this function to make
sense in the context of seasons, we set w = 27 /year (so that the period is exactly one
full year).
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3. Modeling

In order to combine the squdel function with our seasonal nondimensional equations, we
introduce the dimensionless quantity @ = w/r, which in combination with 7 = ¢r from
before allows us to write the equation in a nondimensional way, so that the period still
corresponds to t = 1 year.

Furthermore, we want to rescale sqds € [—1,1] to a squarewave function with values
in [0, 1], since this allows us to multiply the function with the seasonal dynamics in a
suitable way to switch between summer and winter while still maintaining a continuous
model. We introduce

Fo(ri, k) = (1 n sin(@r) ) (3.10)

2 V/sin?(@01) + K2 cos? (@)

and now use this switching function to combine the summer and winter dynamics into
a single system. Since these seasonal dynamics are autonomous when considered sepa-
rately, we can adjust their relative durations by scaling the corresponding vector fields.
A longer summer, for example, can be modeled by speeding up the summer dynamics,
which has the same effect as letting the system evolve for a longer time. Similarly, short-
ening winter corresponds to slowing down the winter dynamics. This speed rescaling is
a standard technique in dynamical systems, often used to adjust the relative durations
of different phases of an autonomous system [39].

For any summer length Ts € [0, 1], we combine the smooth seasonal switching function
fs and the rescaling factors for season length El

as =2Ts and aw =2Tw =2(1—Tgs) (3.11)

with the nondimensional summer and winter models (Equations (3.5)), (3.6, (3.7) and
(3.8). This gives us the full model for the predator-prey system of rodents and mustelids
in northern Fennoscandia.

2
Z—i =as fs(T;0, K) [n(l —n)— 52n+pn2] (3.12)
+(2—as)(1— fs(r;0,K)) [cn(l —n)— d@?n]
dp N I .
. =ag fs(T;0,K) [752—0—712 Jrsl_{_ﬂpmp] (3.13)
+ (2= 0) (1 (i) |15 — )

1See Appendix [A| for details.
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3.2. Parameter choices
3.1.3. Embedding the system in a higher-dimensional setting

In order to analyze the year-to-year dynamics of our system, we want to implement
a Poincaré section, for which we need to have an autonomous system of differential
equations. So far, the right-hand side of our system and is explicitly
dependent on 7 and is therefore non-autonomous. However, we can solve this problem
quite easily (see Proposition: we embed the system in the three-dimensional phase
space prey-predator-time. So far, our system has been of the form

i) = (547)) = o) = F(ra(r), - 2(0) =,

where

This is equivalent to
n T n no
. 7, (n,
P :<f( (1 p) )>7 p|l©=1p],
T T 0

thus, we can rewrite our system of equations as an autonomous system in the extended
prey-predator-time phase space.

~ 2
i as fs(T;@, K) [n(l—n)—ﬁ} +(2—-as)(1— fs(1;0,K) [ (1—n) —aﬁffn
. _ - - 2 - - - - ~ -
52 = | as fs(r;0,K) [762122 +871+p,;p —mp} + (2 —as) (1= fs(r;0,K)) ['YET:L —up}
1
(3.14)

3.2. Parameter choices

3.2.1. Model parameters

As our seasonal model equations closely follow the structure introduced by Tyson and
Lutscher [42], we adopt a similar set of parameters in terms of their functional roles and
interpretations. However, since our study focuses on a different predator-prey system
- namely, small rodents (Norwegian lemming Lemmus lemmus, grey-sided vole Myodes
rufocanus, field vole Microtus agrestis, and tundra vole Alexandromys oeconomus) as
prey, and mustelids (least weasel Mustela nivalis nivalis and stoat Mustela erminea) as
predators [21] - the numerical values of these parameters have been adjusted accordingly.
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3. Modeling

Param. Description Unit Range Ref. Value
used
r Prey summer growth rate Per year 4-7 [17] 41] 5.4
K Prey summer carrying capacity Voles/ha 100-200 | [I71 &) | 100
! Specialist saturation killing rate Voles/year/weasel | 500-700 | [I7)4I] | 600
B Specialist half-saturation Voles/ha 1-14.5 [25] A1) 13
~ Predator-prey ratio constant Weasel /voles 0.017-0.05 | [25] 41] | 0.017
s Predator max growth rate Per year 1-1.6 [I741] | 1.6
m Generalist death rate Per year 0.82-0.66 | 25129 | 1.0
I Specialist mortality Per year 0.9-1 [25] 3.4
a Generalist saturation killing rate Voles/ha/year 70-200 [41] 70
b Generalist half-saturation Voles/ha 13.8 M1 13
c Winter prey reproduction factor Per year 0-78% [6] 5] 0.4
v Generalist predator density dependence Per weasel unknown

Table 3.1.: Parameter value ranges for the rodent-mustelid model in dimensional form
[32]. In this table, 'vole’ denotes all prey species and ’weasel’ denotes all
predator species as described in the text. Area measurements are given in
hectares (ha).

The parameters used in our model, along with their biological interpretations and units,
are summarized in Table B.11

For a detailed description and discussion of parameter choices, we refer to [32].

The generalist predator density dependence v is a parameter that was introduced by
Tyson and Lutscher for the dynamics of the great horned owl and the snowshoe hare
[42]. Estimating this parameter is a very challenging task in general and has not yet
been done for the rodent-mustelid system. Therefore, we aim to include v as a second
bifurcation parameter (in addition to the summer length, or more precisely, ag = 27%)
and investigate its impact on the long-term dynamics of our system.

3.2.2. Parameters for the switching function

In reality, seasonal transitions are never perfectly discrete - there is no sudden, instan-
taneous switch between summer and winter. However, in northern Fennoscandia, these
transitions tend to occur relatively quickly due to the sharply defined seasonal climate
of the region [24]. In our simulations, we chose a value of k£ = 0.001 for the switching
function fs (see Equation ), which produces a very steep, nearly squarewave-like
transition between seasons. While this may slightly overestimate the speed of seasonal
change in nature, it allows us to clearly separate summer and winter dynamics within
the model, which is useful for both interpretation and analysis.

20



3.2. Parameter choices

3.2.3. Parameters for the Poincaré section

Because our switching function fs has period r (as 7 = tr for period t = 1), we need to
introduce r-periodic Poincaré sections in order to capture one data point at the same
time each year. Furthermore, since summer lasts from 7 = 0 to 7 = 0.5r (mod k), and
our switching function is not a perfect square wave, but has a rather steep slope at 7
close to 0 and 0.57, we decide to keep the Poincaré section away from the slopes and set
it in the middle of summer, that is, at Tppinc = 0.257.
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4. Classifying long-term dynamics

The first major objective is to classify all attracting long-term behavior that is present
for a certain combination of parameters. We want to determine whether there exist
multiple attractors and define their types (periodic, quasiperiodic or chaotic).

Getting an exact analytical solution of our system for a general initial condition is not
feasible due to the complicated structure. Therefore, we need to compute the solution
trajectories for each initial condition numerically in simulations. So, in order to capture
all the (potentially coexisting) long-term attractors of a system, we proceed as follows.
We create a grid of initial conditions spread across the whole predator-prey space and
compute the solution trajectories for all of them. If the simulation runs for a long time,
the transience gets lost and all trajectories will converge to attracting orbits.

If we choose the initial grid fine enough, and assuming that the basins of attraction
are not too small or fragmented, we can reasonably expect to capture all long-term
attractors present in the system. This is because the system of ODEs is continuous,
so nearby initial conditions lead to similar trajectories. While this approach cannot
ensure that every attractor is detected - especially in systems with complex dynamics -
it remains a widely used and practical method for exploring the long-term behavior of
such models.

In this thesis, we will always use a 10 x 10 grid of initial conditions, leading to 100
trajectories, which allows us to capture the dominant attractors while maintaining a
balance with computational resources.

What remains is to classify all the attracting orbits - i.e. determine their type. For this,
we come up with a novel classification algorithm that takes a (potentially large) number
of simulation trajectories and not only classifies the types of all the attracting structures,
but also the periods of the periodic orbits (if there exist any) and the exact locations of
all attractors. The following section is also included in a manuscript, currently in press
[32].
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4. Classifying long-term dynamics
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Figure 4.1.: Attracting structures in a long-time simulation for a grid of initial conditions.

4.1. The classification algorithm

The classification algorithm consists of three distinct steps.

First, all 100 trajectories are grouped into clusters. Each cluster consists of those tra-
jectories that share the most similarities. In order to do this, we use the clustering
algorithm described in [I4] which works as follows.

We construct a similarity matrix of a weighted graph (with our trajectories as nodes and
similarities as edgesﬂ). The similarity between two trajectories is inversely proportional
to the sum of the Euclidean distances between those two trajectories for each timestep in
the last NV years. This means that two trajectories whose euclidean distances are small
share a high similarity.

This similarity matrix is then used to solve a generalized eigenvalue problem. The loca-
tion of the largest gap between two subsequent eigenvalues (which are ordered by size)
indicates the optimal number of clusters. The idea behind this approach comes from
graph theory, where in a perfect graph, the number of connected components corre-
sponds to the number of zero-eigenvalues in the similarity matrix [34]. The connected
components can be viewed as groups of trajectories that are very similar to each other,
and thus the number of connected components is also the optimal number of clusters.

The clusters themselves are then calculated using the k-means clustering algorithm,
which iteratively allocates the trajectories to the clusters with respect to their similar-
ities. This gives a list of length 100 that indicates the cluster to which each trajectory
belongs - so the one where it has the most similarity to the other members in the group.

Here we restrict ourselves to taking the last N = 50 years in the Poincaré section for every trajectory,
as we are just interested in the attracting long-term behavior rather than the initial transient phase.
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4.1. The classification algorithm

In the presence of chaos, one can expect many different clusters, as the trajectories do
not stay close to each other.

In the second step, we categorize each cluster’s behavior. We select only one representa-
tive trajectory for each of the k clusters, as all the trajectories within the same cluster
are very similar to it. Then, we check the representatives for periodicity - if a trajectory
returns to the same point after a finite number m of years, we classify the corresponding
cluster as periodic with period m.

If the clustering algorithm classified two clusters as distinct, yet their representative
trajectories intersect at the same cyclic points, we group those two clusters together.
For example, if our predator-prey system has a 4-cycle at locations A-D, the initial
clustering algorithm will distinguish between trajectories starting at (A, B,C, D, A,...)
and (B,C,D, A, B,...). Those two clusters clearly belong to the same periodic orbit
(as they visit the same locations in the same ordering) and thus get grouped together
into a new common cluster.

All non-periodic representatives of clusters belong to either a quasiperiodic orbit or
chaotic behavior. Determining which of these two behaviors the trajectory (and therefore
its cluster) belongs to, will be the third step in our algorithm.

The third step is to distinguish between quasiperiodic orbits and chaos. As described
in Remark a positive largest Lyapunov exponent indicates sensitive dependence
on initial conditions (SDIC), and therefore chaos. Due to the structure of our system of
ODEs, we used a finite-difference approximation to compute the Jacobian. As described
in [15] and Chapter this approximation can also be used when calculating the Finite-
Time Lyapunov Exponents (FTLE). A positive FTLE value indicates SDIC, thus serving
as an indicator for chaos.

Quasiperiodic orbits are characterized by trajectories that neither exponentially converge
nor diverge, resulting in Lyapunov exponents close to zero (see Remark . However,
due to numerical errors, FTLE values will never be exactly zero in simulations. To
distinguish between chaotic and quasiperiodic behavior, we introduce a thresholdEl

Additionally, since FTLE values explicitly depend on the time interval over which they
are computed, we calculate them over a range of durations (from 50 to 59 yearsﬂ) and
take the median of these values. This helps to smooth out fluctuations and provides a
more robust estimate of the system’s sensitivity to initial conditions.

2Preliminary simulations across various parameter combinations suggested that a threshold of 0.01
provides a reliable distinction between chaos and quasiperiodicity.

3By choosing to compute the FTLE for these durations, we limit the impact of initial fluctuations,
while also ensuring that the FTLE values are still large enough to allow for a meaningful distinction
for SDIC. In practice, however, choosing the optimal time for which FTLE are computed depends
on the application and the system; see Remarkm
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4. Classifying long-term dynamics

Using this approach, we select a random point from the trajectory under consideratiorﬂ
compute the FTLE values across the chosen time intervals, take the median, and compare
it to the threshold. If the median lies below the threshold, we classify the trajectory as
quasiperiodic; otherwise, if the median FTLE is significantly positive, we classify it as
chaotic.

As we rely on thresholds in both the second and third steps of our classification algorithm,
minor noise can occur due to numerical errors. These cases were double-checked and
manually corrected if necessary.

This algorithm allows us to classify different long-term behaviors from the trajectories
produced in our simulations, even when multiple qualitatively different behaviors coex-
istﬂ Figure shows the final result for an example scenario.

trajectories labels/clusters

last N Poincaré points

p —
° | c,
¢ | quasiper.
) , | quasiper.
(] #i.c.
LS | | — g |
| C,
° * .
L] L]
L] . .

last Ny years trajectory matrix |

label/cluster C; C,
period 4 1

Figure 4.2.: Result of the classification algorithm for an example scenario.

“When the randomly selected trajectory point lies very close to the coordinate axes (i.e., with very low
predator or prey densities), the finite-difference step size used for the Jacobian approximation must
be very small. This can reduce the robustness of the FTLE calculation and amplify numerical errors.
While this does not qualitatively affect our classification, it can occasionally produce spurious values
and should be kept in mind when interpreting results.

5Note that we did not allow for coexisting chaotic and quasiperiodic behavior in the classification
algorithm. While such coexistence is theoretically possible in nonlinear dynamical systems (see, e.g.,
[7]), we did not observe clear evidence of it in our simulations. This simplification was made to ensure
robustness and interpretability of the classification algorithm.
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4.2. Example results

The classification algorithm can now be applied to simulations of our system . In
Figure some examples for different attracting behavior are given. The simulations
were performed for 5000 years each and only the last 50 points in the Poincaré map for
each trajectory were plotted. This choice ensures that all transient behavior is lost and
only the long-term attractors are leftEl

We see that for different combinations of summer length (or more precise, ag) and gen-
eralist density dependence v, we get qualitatively very distinct behaviors, allowing for
multiple of the above mentioned behaviors (chaos, quasiperiodic orbits, cyclic points) to
be present at the same time. If two (or more) different attractors are present simulta-
neously, this means that some of the initial conditions lead to convergence to the first
attractor and the others to the other attractor.

Additional simulations were also conducted for the limiting cases ag = 0 and ag = 2,
where only the winter or summer equation is active, respectively. These results are dis-
cussed in Appendix [B]and provide further insight into the role of single-season dynamics
in shaping the full combined dynamics of the system.

With these results, it is natural to ask for a better overview of long-term behaviors - in
which areas of values of ag and v does which type of behavior occur? This question leads
to the creation of a two-dimensional bifurcation diagram with bifurcation parameters ag
and v in the next chapter.

5In some cases, a shorter simulation time would also be sufficient to lose all transient behavior, but to
keep the simulations consistent for each parameter combination, this choice of 5000 years was made.
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4. Classifying long-term dynamics

Phase Plane Diagrams for Different (nu, aS) Combinations
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Figure 4.3.: Examples for different long-term attracting structures in the Poincaré sec-
tion depending on the choice of parameters ag and v. A: chaotic orbit, B:
quasiperiodic orbit, C: coexisting chaotic orbit and 5-cycle, D: coexisting
quasiperiodic orbit and 5-cycle, E: coexisting 4- and 1-cycle, F: 5-cycle.
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5. Bifurcations and 2D bifurcation diagram

5.1. Bifurcation diagrams

In dynamical systems, bifurcation diagrams are a widely used graphical representation
to illustrate how the behavior of a system changes when a parameter is varied. A sudden
change in behavior when a parameter is smoothly varied is called bifurcation and the
parameter is called bifurcation parameter [3]. Typically, in such a one-dimensional
bifurcation diagram the horizontal axis represents a bifurcation parameter, while the
vertical axis describes the sytem’s long-term dynamics (such as fixed points, cycles or
chaos).

When not only the changes in one parameter are relevant, one can also describe the
qualitative changes in long-term behavior in higher-dimensional bifurcation diagrams
(we will limit ourselves to the two-dimensional case) [27]. Proceeding like in [37], the
bifurcation diagram partitions the parameter plane (with one bifurcation parameter
on the horizontal axis and one on the vertical axis) into regions, where the system
exhibits different qualitative behavior. The borders between two such areas correspond
to bifurcations, where the type of bifurcation remains the same for every point along the
curve.

To investigate both the impact of seasonal forcing and the strength of generalist density
dependence (v), we want to come up with a two-dimensional bifurcation diagram. How-
ever, since we are numerically simulating the dynamics, exact analytical 2D bifurcation
diagrams cannot be constructed. We aim to approximate this numerically by creating a
grid in the 2D ag-v space, simulating and classifying the long-term behavior for each pa-
rameter combination, and visualize areas of distinct qualitative behavior using different
colors.

In order to capture all (relevant) behavior, it is important to choose the grid fine enough.
However, as it lies in the nature of bifurcations, they appear suddenly and therefore we
cannot guarantee that we find all distinct areas of qualitative behaviors in our numer-
ical bifurcation diagram. Still, the bifurcation diagram captures the major areas of
qualitatively different behavior and thus gives a good overview for our purposesEl

'Putting it in an ecological context, very small areas of qualitatively different behavior are very unlikely
to appear in real-life scenarios, as there will always be small fluctuations in parameter values which
makes it unfeasible that the system stays at this region of parameters for a long time.
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5. Bifurcations and 2D bifurcation diagram

5.2. The numerical 2D bifurcation diagram

The following description of the parameter ranges and simulation approach builds on our
previous work [32]. As described in section[5.1], we construct a numerical two-dimensional
bifurcation diagram for a grid of ag and v values. We use steps of size 0.02 in ag (which
corresponds to 3.65 days) and steps of size 0.1 in v. Initial simulations suggested that
the interesting behavior is contained in the right ag half-plane. Therefore, we choose
ag € [1.0,2.0]. Generalist density dependence v cannot be negative and thus we set the
range v € [0.1,6.0], as this allows us to capture the most interesting behaviors.

For each combination of ag and v, we create a 10 x 10 grid of initial conditions spread
equally across the (n,p) phase planeEl We obtain the numerical solution for all these
initial conditions and use the last 50 entries of the Poincaré sections (out of 5000 years
simulation data) of each of those trajectories in the (n,p) phase plane. Then the classifi-
cation algorithm described in Chapter [£.1]is applied, classifying all the present long term
behavior for all the combinations of ag and v in the grid for our numerical bifurcation
diagram.

Using those results, we visualize the areas of different qualitative behavior as different
categories with certain colors. Each border between two distinct regions corresponds to
a bifurcation.

The bifurcation diagram is given in Figure [5.1} We see that a large part on the left
(i.e. for relatively low values of ag) consists of chaos only or chaos coexisting with
some cyclic points. Examples for these chaotic folds can be seen in Figure A (where
we have chaotic folds only) and in Figure C (where we have a 5-cycle present in
addition to chaotic folds). For larger values of ag, we have multi-year cycles (in orange),
quasiperiodic orbits (in turquoise, or light green when coexisting with cyclic points) and
single-year cycles (in red). The different regions will be discussed in detail below.

A closer investigation of the types of bifurcations in the diagram helps to clarify the
mechanisms driving the transitions between different dynamical behaviors. Understand-
ing these bifurcation types provides a foundation for interpreting the broader structure
of the diagram and for later analysis of transition speeds and tipping points (see Chapter

7).

For high values of ag, we see a large red area where we have one-year periodic solutions
(1-cycles) only. By decreasing ag, quasiperiodic orbits emerge from these 1-cycles (see
Figure [5.2)). This is indicative of a Neimark-Sacker bifurcation:

2We spread them across [0.01,1.0] x [0.01,0.2] as this seems to be the relevant initial parameter space
to capture all the dynamics. Higher p values for the initial grid lead to the same long-term attractors
and therefore do not need to be included.
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Numerical Bifurcation Diagram

One Year Cycle (f)

MultiYear-Cycles (e)

Quasi-Periodic Orbit and Cyclic Points (d)

Quasi-Periodic Orbit (c)

Category Descriptions

Chaos and Cyclic Points (b)

Chaos (a)

Figure 5.1.: Numerical 2D Bifurcation diagram for our system [32]. The colors describe
the different regions of distinct qualitative behavior. a: chaos, b: coexisting
chaos and periodic orbits, c: quasiperiodic orbit, d: coexisting quasiperiodic
orbit and (at least one) cycle, e: (at least one) cycle of period more than
one year, f: a single one year cycle.

Definition 5.2.1 (Neimark-Sacker bifurcation). [{0/ A Neimark-Sacker bifurcation
occurs in discrete-time dynamical systems (i.e. maps) when a fixed point loses stability
as a pair of complex conjugate eigenvalues of the Jacobian cross the unit circle in the
complex plane. This bifurcation leads to the emergence of a closed invariant curve (a
torus in the Poincaré map), resulting in quasiperiodic motion on that curve.

Remark 5.2.1. The Neimark-Sacker bifurcation is the discrete-time equivalent to a Hopf
bifurcation. Therefore it is also called secondary Hopf bifurcation [40)].

Indeed, numerical simulations support this claim. When choosing a fixed v, starting far
in the red area where we have 1-cycles and while decreasing ag calculating the stability
of the 1-cyclic point for each of the ag, we see that the modulus of the eigenvalues
approaches 1. The pair of eigenvalues of the Jacobian crosses the unit circle right at the
point where the cyclic point disappears and the quasiperiodic orbit appears.
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5. Bifurcations and 2D bifurcation diagram

Neimark-Sacker bifurcation

nu=3.30, a5=1.80 nu=3.30, a5=1.78 nu=3.30, aS=1.76
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Figure 5.2.: Neimark-Sacker bifurcation. The fixed point of the Poincaré map (1-year
cycle) loses its stability and a quasiperiodic orbit emerges (from A to C).

Remark 5.2.2. Note that the definition for a Neimark-Sacker bifurcation also holds for
k-periodic orbits, not only for a l-cycle. In that case, k tori appear in the Poincaré
section where the k cyclic points used to be before stability was lost.

Areas where only cyclic points (of period greater than 1 year) are present are denoted in
orange. In our system, we mostly have 5- and 6-year periodic cycles as well as period-
doubled cycles of those. Looking at the wide orange band for ag € [1.64,1.7] and starting
on the right, we have only 5-year cyclic points present. Decreasing ag leads to a period
doubling, thus splitting those 5 points into 10. Continuing to decrease ag, the periods
double again and once we transition to the purple area (i.e. only chaos), we first end
up with five stretches of chaotic behavior. We call this small band chaos. Decreasing
ag further, those chaotic stretches turn into a chaotic fold behavior, which fills a large
part of the phase space. This whole transition from 5-cycles to chaos can be described
as period doubling to chaos and can be seen in Figure [5.3

Definition 5.2.2 (Period-doubling bifurcation). [3/ A period-doubling bifurcation
occurs when a periodic orbit of period k becomes unstable and gives rise to a new stable
orbit of period 2k. This process can repeat recursively, leading to a cascade of bifurca-
tions, with each new orbit having twice the period of the previous one. As the bifurcation
parameter approaches a critical value, the periods of the orbits become infinitely long,
and the system transitions to chaotic behavior.

Remark 5.2.3. The period-doubling route to chaos is one of the most common and
well-studied mechanisms by which deterministic systems exhibit chaos [3]. Within the
period-doubling cascade, regions of chaotic behavior can also be interrupted by ranges
of cyclic behavior [40].
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5.2. The numerical 2D bifurcation diagram

Period-doubling bifurcation

nu=4.00, aS=1.68 nu=4.00, aS=1.64 nu=4.00, aS=1.62
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Figure 5.3.: Period-doubling bifurcation. The 5-cycle (A) splits into a 10-cycle (B), then
into a 20-cycle (C) before turning into small-band chaos (D). Subsequently,
this behavior turns into ’full’ chaotic folds (E and F). Note, that the ad-
ditional 12-cycle in D is part of a base-6 period-doubling and emerges on
totally different areas than the 5-cycle or its period-doubled attractors.

The other big orange area of cyclic points with a period greater than 1 year - around
v € [2,3] and for intermediate ag € [1.3,1.62] - also consists of 5-cyclic points and
their subsequent period-doubled cycles (again, the period doubling occurs moving from
high ag to low ag). The intermediate points of chaos are mostly just small band chaos,
but also stretches where we get additional noise from a 6-year cyclic period doubling
cascade. This 6-year period doubling happens at multiple small bands (visible as small
blue- and orange flares in the purple sea of chaos) and as mentioned can also be present
additionally to the 5-year cyclic points or their period doubled cycles.

Next, we look at the transitions from turquoise (quasiperiodic orbit only) via light green
(quasiperiodic orbit and cyclic points) to orange (cyclic points only). Focusing on v > 2,
so where we have more or less vertical separation of the areas, we start at the turquoise
area (for large ag). Decreasing ag and keeping v constant, the quasiperiodic orbit
expands and at some point, outside of the quasiperiodic orbit, a 5-year cycle appears
(that is, five cyclic points). Increasing ag further, the quasiperiodic orbit and those five
cyclic points move closer to each other and, at some point, those two limiting structures
collide, leaving only the 5-cycle as attracting long-time behavior.
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5. Bifurcations and 2D bifurcation diagram

There are two types of bifurcation within this transition: the emergence of additional
5-cyclic points to a quasiperiodic orbit (from turquoise to light green) is a saddle-node
bifurcation for a 5-cycle (see Figure , and moving from light green to orange, we
have collision of attractors (see Figure .

Saddle-Node bifurcation of a 5-cycle

nu=2.80, a5=1.70 nu=2.80, aS=1.72 nu=2.80, aS=1.74
0.25 0.25 0.25
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n n n

Figure 5.4.: Saddle-node bifurcation. The stable 5-cycle loses its stability due to collision

with an unstable 5-cycle and leaves a quasiperiodic orbit as the sole attractor
(A to C).

Definition 5.2.3 (Saddle-node bifurcation for k-cycles). [3/ A saddle-node bifurca-
tion for k-cycles occurs when a pair of periodic orbits of period k - one stable and one
unstable - collide and annihilate each other as the bifurcation parameter is varied.

Remark 5.2.4. This is a generalization of the saddle-node bifurcation for fixed points
to periodic orbits. In the bifurcation diagram, this typically occurs as the sudden ap-
pearance or disappearance of a k-periodic orbit, as the unstable k-periodic orbit is not
visible in long-term forward-in-time simulations.

In our case, starting in the light-green area of coexisting quasiperiodic behavior and a
5-cycle and increasing the bifurcation parameter, the stable k-cycle loses its stability (as
it collides with the - forward-in-time hidden - unstable k-cycle) and disappears as they
annihilate each other. Numerical stability analysis along this 5-cycle supports our claim.

Definition 5.2.4 (Collision of attractors). When two invariant sets, such as a quasiperi-
odic orbit and a periodic orbit, approach each other in phase space and eventually collide,
leading to a qualitative change in the system’s dynamics, we call this colliston bifurca-
tion. After the collision, one of the structures (often the quasiperiodic orbit) disappears,
and the other (e.g., a periodic orbit) becomes the dominant attractor.

Remark 5.2.5. Although often mentioned in literature on bifurcation theory, for example
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5.2. The numerical 2D bifurcation diagram

Collision bifurcation
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Figure 5.5.: Collision bifurcation. The five-cycle and the quasiperiodic orbit move closer
to each other and collide, leaving only the 5-cycle as an attracting structure

(A to C).

in [3], there is no consistent name for this behavior. We chose to call it collision
bifurcation as this gives a very good intuition of what this bifurcation type is about.

Now focus at the area of low v values and ag € [1.6,1.68]. For low values of ag, so starting
in the purple area, we have a chaotic attractor only. Then, by increasing ag, suddenly a
stable 1-year cyclic point appears inside of these chaotic folds and they coexist. As we
increase ag even further, the basin of attraction of this fixed point expands to the point
that it collides with the chaotic attractor [}] and therefore the chaotic attractor suddenly
disappears. This collision of the basin of attraction and the disappearance of the chaotic
attractor (see Figure is due to a boundary crisis bifurcation.

Definition 5.2.5 (boundary crisis bifurcation). [J] A boundary crisis bifurcation
occurs when a chaotic attractor collides with the edge of its basin of attraction. This
collision typically leads to the abrupt disappearance of the attractor.

Similarly, the transition from 5-cyclic points to the additional emergence of chaotic folds,
to the disappearance of the 5-cyclic points and only the chaotic folds being present
(orange to blue to purple for v € [1.5,2] and ag € [1.52,1.64]) can be described by a
boundary crisis bifurcation as well. The only difference is that we have a 5-cycle instead
of a yearly cycle. The stability analysis of the 5-cyclic points and the FTLE values of
points on the chaotic folds support our claim.

One of the two remaining regions of interest is the area that looks like the tip of the

30r in other words: the basin of attraction of this chaotic attractor (which borders the basin of
attraction of the cyclic point) gets pushed out to the point that it collides with the chaotic attractor
itself.
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5. Bifurcations and 2D bifurcation diagram

Boundary crisis bifurcation

nu=0.20, aS=1.62 nu=0.20, aS=1.64 nu=0.20, aS=1.66
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Figure 5.6.: Boundary crisis bifurcation. A fixed point in the Poincaré map emerges
within chaotic folds, as it gains stability. Its basin of attraction then spreads
so far, that the chaotic folds collide with their basin of attraction, leaving
the 1-cycle as the only stable attractor in the system (A to C).

red mountain of 1-cycles - that is, v € [4,5.5] and ag € [1.82,1.96]. This area is
very fascinating because we have numerous different combinations of the below (see
Figure in the Appendix for some examples). The appearance of the 4-cyclic points
can be explained with the saddle-node bifurcation of cycles (since they gain stability
there). The transition from 4-cyclic points to 4 quasiperiodic orbits emerging from those
4 cyclic points is mathematically the same as the classical Neimark-Sacker bifurcation,
but just with 4 instead of 1 points/orbits now.

All this behavior can therefore be explained as combinations of a saddle-node bifurcation
of a 4-cycle, Neimark-Sacker bifurcations of a 1-year and of a 4-year cycle and collisions
of orbits.

The last region we want to highlight is the area around v € [0.5,2] and ag € [1.6,1.7].
There we have the most manifold combination of long-term behavior. It is difficult to
keep an overview; all the different behaviors connect in this area. However, essentially
it can all be explained as various combinations of all the bifurcation archetypes that we
defined, namely the following: Appearance of 1-, 5-, and 6-cyclic points due to gaining
stability (saddle-node bifurcation), Neimark-Sacker bifurcation on 1-, 5- and 6-cyclic
points, collision of orbits, period doubling and crisis bifurcation.

Examples of combinations of behaviors within this maze of bifurcations can be seen in

Figure in the Appendix.

Remark 5.2.6. Of course, there are many more types of bifurcation that can occur in
a discrete-time dynamical system. However, since these five archetypes are sufficient to
describe all transitions in our numerical bifurcation diagram, we decided to limit the
definitions in this thesis to these five relevant bifurcation types.
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6. Introducing stochasticity into the model

So far, the simulations and analysis of the model have been purely deterministic - we
assumed constant parameter values during a single simulation. In particular, we assumed
the same exact amount of summer every year for a long time. In real life, this assumption
is not very realistic, as especially the summer length will be subject to quite some
fluctuations.

In reality, most likely not only the summer length would vary over a long-term scale,
but also other parameters. This variation in parameters might itself again be linked
to summer length in some way - for example, species may adapt to longer summers
through changes in their reproductive strategies, such as altered birth or death rates, as
life-history traits are known to respond to environmental pressures [31]. Nevertheless, in
the following we restrict ourselves to stochastic changes in the summer lengths ag only,
as those are most easily measurable in real life. While we will also explore different values
of v across simulations, we assume that each simulation is run with a fixed value of this
parameter, reflecting the assumption that it remains constant under natural conditions
during the considered time span.

The goal of the following simulations is to investigate what impact stochastic fluctuations
in summer length have on the long-term behavior of our system. Which long-term
behavior from the deterministic bifurcation diagram (Figure is still present, and
which behavior disappears? To compare the results to the purely deterministic ones,
we aim for a two-dimensional diagram as before, capturing the long-term behavior for
stochastically changing summer lengths. In the following, we first give the idea of how
we want to implement stochastic changes in summer length and then introduce a new
way of capturing long-term behaviorEl

6.1. Idea for the simulation with stochastic summer lengths

In reality, summer length varies from year to year. To mimic this, we introduce stochas-
ticity in our simulations by selecting a new value for ag uniformly at random from
[as, — dag,as, + dag] =: Iog each year at the same time (i.e., right at the Poincaré sec-

!The classification algorithm from Chaptercan no longer be applied to these fuzzy simulation data,
as both the classification as a cycle and the distinction between chaos and quasiperiodic orbits via
FTLE no longer make sense. We will discuss this in more detail later in this Chapter.
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6. Introducing stochasticity into the model

tion), see Figure Here, ag, corresponds to the base-summer length, i.e. the value of
the parameter ag for which we start the first year of the simulationsEl The parameter
dqg > 0 specifies the maximal deviation of the yearly summer length from its base value.

Remark 6.1.1. In practice, the parameter d,4 can be directly related to another quantity,

6 which denotes the difference between the maximal and minimal summer lengths mea-

sured in days. We will use this notation frequently in the following. One can translate

0 into 0,4 for the interval of stochastic summer lengths I, by setting d,4 = %, so that
0 1)

Ias - [a/So - 6asva50 + 5a5] =2 I:TS() - %7]150 + ;S:| = 2IT57

and the length of this interval Iz is exactly the wiggleroom expressed as a fraction of

days per year:
1) 0, 1)
Tg, + =2 ) — [Tg, — =2 | =g = —.
<S°+2> <5° 2) S 7 365

p(t)

* 1 (yrs)

1
1
1
1
1
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Figure 6.1.: Idea for stochastic summer length simulation. A new value of ag € I, is
chosen every year at the same time, that is, right at the Poincaré section.

As initial conditions, we choose the long-term stationary results obtained when calculat-
ing the deterministic 2D numerical bifurcation diagram (Figure |5.1]), c.f. Figure for

?Note that to ensure realistic parameter values for as,, we always assume that as; € I.4 N[0,2].
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6.1. Idea for the simulation with stochastic summer lengths

examples. By restricting ourselves to these initial points, we implicitly assume that the
system has been running for a long time with approximately the same parameter values
and therefore has converged (close) to this long-term attractor. Thus, there is no need
to start with an initial grid from scratch again.

For example, if the long-term attracting behavior for ag, is a 5-cycle in the deterministic
results, we now compute 5 trajectories. If there are a lot of points in the deterministic
results for the long-term attractor (chaos or quasiperiodic orbits E[), we limit the num-
ber of trajectories in our simulation to N = 500 to keep the computational resources
reasonable [

All of those N points in the (n,p) phase space, calculated deterministically for a certain
v and our base summer length ag,, serve as initial conditions for one trajectory in our
stochastic ag simulations. After running with ag, for one year, we choose a new ag
within our interval I, = [as, — 0ag,as, + dag] starting from the end points of the
previous simulation. We end up at some new points after one year and using those
points as new initial conditions, we choose another ag € I, and do the same on and on.
Note that we assume the same sequence of summer lengths (as,, as,,as,, ... ) for every
trajectory.

We let the simulation run for T,,; = 500 years and end up with N trajectories. After
applying the Poincaré map to those trajectories, we plot the resulting points in the (n, p)
phase space as in our deterministic simulations. However, if we start at a 5-cycle, the
system will no longer end up at 5 distinct points in our Poincaré map, but rather 5 fuzzy
islands. In general, we expect the inclusion of randomness in ag to cause distortion of
our long-term results.

The main objective is to investigate which qualitative behaviors are still visible and rec-
ognizable and which disappear. Applying the clustering algorithm is no longer promising,
because on the one hand we do not have clearly repeating dynamics (periodic cycles)
anymore - thus, making the detection of cycles difficult. On the other hand, we can
also not apply the FTLE calculation anymore as we did before, as the parameter values
change every year. Thus, there is a need for a new way of distinguishing between dif-
ferent qualitative behaviors among fuzzy point clouds. We came up with the following
novel grid-based classification method.

3We always look at the last 50 points in the Poincaré map for each trajectory. For a 10x10 initial
condition grid, this can lead to maximally 5000 points in our numerically obtained long-term attract-
ing behavior. In particular, if we have a periodic orbit, many trajectories converge to this attractor,
resulting in a smaller number of distinct points in the long-term Poincaré section. In contrast, for
chaotic or quasiperiodic attractors, we have a larger number of points in the long-term Poincaré
section.

4In case of coexistence of periodic orbits and non-periodic orbits (chaos, quasiperiodic orbits), the
points belonging to the periodic orbits are always chosen to be among those 500 points. This might
introduce some kind of bias, but as those cycles are an integral part of our system, we chose to
prioritize them. However, the number 500 allows for using a large amount of points belonging to
non-periodic orbits as initial conditions as well.
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6. Introducing stochasticity into the model

6.2. Grid-based classification method

Considering the trajectories as point clouds in the Poincaré sections, a natural approach
is to analyze their scatter and whether they repeatedly visit specific locations, i.e.,
whether they concentrate in small regions of the predator-prey phase space. In or-
der to do this, we first create a N,, x N, grid in the (n,p) phase spaceEl Setting up a
Ny, x N, matrix M allows counting the total number of times that any of the trajectories
visit the corresponding grid cell. If we denote the number of points in grid cell (k,1),
where the first component corresponds to the prey density and the second one to the
predator density, by my,;, we have

Nn NP

szk,z =N Teng (6.1)

k=1 I=1
points to distribute in our matrix according to their locations.

As the number of trajectories depends on the deterministically obtained long-term dy-
namics and, as described before, is not constant over all combinations of v and ag,
(5 initial points in a 5-cycle versus 500 for chaos), we want to normalize the matrix
by the number of trajectories, N, to allow better comparability between the different
simulations. Thus, we get the normalized matrix

- 1
M=—M 6.2
- (6.2
and
Nn Np
S g = Tena, (6.3)
k=1 1=1

which is constant (and equal) for all the simulations we conduct to obtain our two-
dimensional map in the (ag,, ) space.

The next step is to use this matrix of the average number of visits per trajectory and
count the number of empty grid cells. Furthermore, counting the number of grid cells
my, that have 0 < my; <1 entries, the ones that have 1 < my; < 2 entries, etc. allows
one to create a histogram. The histogram depicts the number (resp. fraction) of grid
cells that are visited (n,n + 1] times per trajectory, where n € N. See Figure for an
example.

5The resolution of this grid can indeed impact the results quite a lot. By choosing the grid too narrow,
we might not really recognize recurrence, while choosing it too coarse might lead to losing some
key features as well (for example, the case where multiple distinct areas of high concentration are
located in one single grid cell). For all simulations in this thesis, we chose the grid resolution to be
N, x N, = 50 x 50 within our prey-predator phase plane (n,p) € [0,1] x [0, 1].
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6.2. Grid-based classification method

Solution trajectories for stochastic as
with a_S_0 = 1.60, nu = 2.00, years = 101, wiggleroom = 3.00 days Grid Cell Density Histogram
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Figure 6.2.: Simulation of trajectories with stochastic summer lengths for ag, = 1.6 and
v = 2 with a wiggleroom of § = 3 days run for 101 years. A: Poincaré map
of the 5 solution trajectories, additionally the grid (N, x N, = 50 x 50 in
(n,p) € [0,1] x [0, 1]) is plotted. B: Histogram to the trajectory data for the
corresponding grid in A. Note that the y-axis is logarithmic, so that even
small values can be seen properly.

To give an example, when there is a distorted 5-year cycle (i.e. it appears as 5 islands
in the prey-predator phase space), we expect a very small number of nonzero grid cells
and those that indeed get visited to be visited often. Graphically speaking, there is a
sharp descent in the histogram after the first category of zero-visit grid cells and a long
tail to a few high-number-of-visits grid cells (see Figure for example). On the other
hand, a distorted quasiperiodic orbit or chaotic orbit is expected to fill a bigger chunk of
the phase space, with most grid cells not being visited a lot of times. So, the histogram
will look not as sharp, and the tail will be much shorter (i.e. no high-number-of-times
visited grid cells indicating periodicity).

Given a histogram, the natural next step is to use some simple statistics, such as variance,
mean, standard deviation, skewness, and kurtosis, to quantify these differences in the
structure of the histogram. Using these statistical moments alongside the nonzero grid
cell density allows one to compare the results of the stochastic simulations for different
combinations of ag, and v quantitatively. For a better comparability, the values of all
the statistical moments are normalized by the corresponding maximum value across all
simulations (all combinations of ag, and v).

However, in order to qualitatively describe and interpret these differences, one needs to
develop an approach for visualization. Looking at five archetypes of fuzzy simulation
results (that is, five simulations for stochastic summer length, starting at qualitatively
different behaviors in the corresponding deterministic simulations for ag, and v, namely,
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6. Introducing stochasticity into the model

1-cycle, 5-cycle, quasiperiodic orbit, chaos and coexisting chaos and 5-cycle), collecting
the statistics for each of them, and normalizing the values in each of the statistics, we
can use these results to visualize the different properties for each archetype.

Chaos Chaos + 5-cycle 5-cycle
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Figure 6.3.: Spiderweb graph and different archetypes of fuzzy behavior. The spider-
web graph depicts the profiles of each of the archetypes A-E w.r.t. nonzero
grid cell density, variance and skewness (normalized by the respective max-
imum value across the five archetypes). Figures A-E: trajectory data in the
Poincaré map of the simulation with stochastic summer lengths for different
initial behavior (5 archetypes). All simulations for v = 2, 101 years and a
wiggleroom ¢ = 3 days. A: Chaos - ag, = 1.3, B: Chaos coexisting with 5-
cycle - ag, = 1.5, C: 5-cycle - ag, = 1.6, D: Quasiperiodic orbit - ag, = 1.7,
E: 1-cycle - ag, = 1.8.

In a spiderweb plot, different properties (in our case the different statistical moments and
the nonzero grid cell density) are plotted on one axis each and thus allow one to visualize
different behaviors. In our case, by just using a few simple statistics, the different
qualitative behaviors of the five archetypes can be clearly distinguished. As Figure
6.3| shows, well-chosen combinations of two statistical moments and the nonzero grid cell
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6.3. Investigation of the impact of stochastic wiggleroom

density already allow for a clear distinction of the different profiles in the spiderweb plotﬂ

When using only three different features, one can map the values in these three features
directly to one of the three colors in the RGB-coloring scheme. Therefore, for a certain
combination of ag, and v, where we have calculated the statistics from the histogram
and normalized the values across all combinations of ag, and v, we get a certain RGB
color from those normalized values. We can then create a grid in the (ag,, V) space and
color each point according to those RGB values. Areas of similar color on the map then
correspond to similar values in the statistical moments and thus a similar behavior. This
allows us to compare the results to the ones obtained in purely deterministic simulations.

6.3. Investigation of the impact of stochastic wiggleroom

We want to use the grid-based classification method to investigate how much impact
stochastic summer lengths, and in particular the width of stochastic wiggleroom 9§, have
on the long-term dynamics of the system. For this, we perform simulations for different
lengths of wiggleroom ¢ € {0,3,7,10,14} days, create a diagram in the (ag,, ) space,
colored according to the RGB-colors defined by three statistical properties, and compare
the diagrams with each other.

As mentioned in the description of the grid-based classification method in Chapter [6.2
there are different ways to choose the three properties for the RGB-coloring. One can
argue that including the nonzero grid cell density is obvious, as this clearly helps to dis-
tinguish if only a small part of the phase space gets filled (so the trajectories concentrate
only on a few spots, indicating a cycle) or a bigger chunk (indicating chaos or quasiperi-
odic orbit as they spread wider). For the remaining two properties, we considered the
different combinations and chose the ones that worked best in terms of clearly different
profiles of the five archetypes in the spiderweb diagram. The idea behind this is that if
those five clearly different behaviors of scattered trajectories in the Poincaré maps have
different profiles, they also have different colors in the 2D diagram, leading to a good
distinction of different behaviors.

By investigating the different combinations, we saw that choosing the variance or the
standard deviation for the second property, and the skewness or kurtosis (i.e. a higher
statistical moment) for the third property yield the most distinctive profiles of the five
archetypes. Therefore, all plots in the following were chosen to be colored by nonzero
grid cell density, variance, and skewnessﬂ

5Determining which of the statistics to use remains a challenge, but for our simulation results using
the variance as well as kurtosis or skewness showed the best results in terms of clear distinction of
different areas of behavior.

"Other combinations like variance and kurtosis, standard deviation and skewness or standard deviation
and kurtosis showed similar behavior.
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6. Introducing stochasticity into the model

Stochastic bifurcation diagrams for 500 years, 50x50 grid

delta = 0.0 days

aso
delta = 3.0 days

Figure 6.4.: Comparison of purely deterministic results with stochastic results. A: no
stochastic wiggleroom (6 = 0 days), i.e. purely deterministic results. B:
including a stochastic wiggleroom of § = 3 days.

Figure shows the comparison of the purely deterministic result (no wiggleroom,
that is, 6 = 0 days) with the one with stochastic summer lengths for a wiggleroom

44



6.3. Investigation of the impact of stochastic wiggleroom

of § =3 daysﬂ For the case of no wiggleroom (Figure A), we just started the
simulations at the long-term attracting behavior obtained for the numerical bifurcation
diagram (Figure, let it run for 500 years and then applied the grid-based classification
method. This allows one to apply the new coloring method and thereby compare this
purely deterministic result to the one where we actually do include stochastic changes
in summer length.

Already for a small wiggleroom of 6 = 3 days (see Figure B) a lot of properties
get lost in the diagram. For example, in Figure A, the small strands where the
period doubling of the base 6 cycle occurs and interrupts the large area of chaotic
behavior can be seen very sharply. Indeed, all the areas where the values in the Poincaré
section concentrate on only a few points are shown in a blue shade and can be clearly
distinguished from the other behavior. When allowing for small stochastic changes
however, we see that these strands of the base 6 period-doubling get completely lost
in Figure B. Ecologically speaking, this means that in real life, where the summer
lengths will always be subject to at least very small stochastic fluctuations, those 6-
periodic (or subsequent 12- or 24- periodic) orbits are very unlikely to be measured.

However, the other key features, like the chaos, periodic orbits (now featured as scattered
islands in the Poincaré map - see FigureC and E), and quasiperiodic orbits still persist
and can be distinguished very clearly.

The impact of the length of stochastic wiggleroom can be seen in Figure It shows
four Figures with different values of § (A: § = 3 days, B: § = 7 days, C: 6 = 10 days and
D: § = 14 days). One key feature that is resilient over all lengths of wiggleroom is the
clear border between chaos and the 1-cycle for low values of v around ag, ~ 1.65 (which
corresponds to the area of a boundary crisis bifurcation in the deterministic bifurcation
diagram). Stochastic summer lengths do not seem to have a large impact on this sharp
distinction.

The area of the former 5-cycle is also still visible, but the distinction to bordering chaos
or quasiperiodicity gets more difficult - the borders blur out. The area of quasiperiodic
orbits for high values of v and ag, expands drastically to the area where only a 1-cycle
occurred in the deterministic results (high ag,, low ). This means that for intermediate
v and larger wiggleroom §, the trajectories from the initial 1-cycles show up as scattered
trajectories in the Poincaré map and therefore can no longer be clearly distinguished
from the Poincaré maps stemming from a quasiperiodic orbit as initial conditions.

8Note, that in Figure B, at as, = 2 there is only a white line. This corresponds to the limitations
in wiggleroom: if we had a § > 0, this would lead to impossible simulations with ag > 2.
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6. Introducing stochasticity into the model

Stochastic bifurcation diagrams for 500 years, 50x50 grid

delta = 3.0 days
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Figure 6.5.: Impact of different wiggleroom in stochastic summer lengths. All simulations
are performed for 500 years and measured with a 50 x 50 grid. A: § = 3

delta = 7.0 days

14 1.6
as0

delta = 14.0 days

days, B: § = 7 days, C: § = 10 days, D: 6 = 14 days.
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7. Crossing boundaries in the bifurcation
diagram - investigating transitions

When looking at bifurcations, and especially in the light of climate change, one thing of
interest is how fast some transitions take place and whether they can be reversed in the
same amount of time. In bifurcations that exhibit hysteresis (which includes saddle-node
bifurcations for example), it is well known that the speed and direction of transitions can
differ depending on whether the bifurcation parameter is increased or decreased. The
reason behind it is that the system can end up in a different basin of attraction after
the transition, making it hard or even impossible to return to the original state by just
reversing the parameter [39]. Such bifurcations that exhibit hysteresis occur at so-called
tipping points.

This theoretical behavior of hysteresis and irreversible transitions is not just abstract - it
is observed in several key components of the Earth system. For example, the Greenland
ice sheet may pass a critical temperature threshold beyond which melting becomes self-
reinforcing and irreversible. Similarly, the Atlantic Meridional Overturning Circulation
(AMOC) could collapse due to increased freshwater input, shifting the system into a
new circulation regime that cannot be restored by simply reversing the forcing. Other
examples include the potential dieback of the Amazon rainforest and the thawing of
permafrost, both of which involve feedbacks that can push the system into fundamentally
different states. These are all considered climate tipping points, and many of them are
associated with saddle-node bifurcations and hysteresis behavior [4].

To uncover the impact of climate change on our system via changing summer lengths, we
aim to investigate the speed of transitions when crossing boundaries in the 2D bifurcation
diagram. Just like when introducing stochasticity into the system in Chapter [6 we again
limit ourselves to changes in the summer length, that is, changes in ag and assume v
to be fixed throughout a simulation. The goal is to investigate the transition across
bifurcation boundaries in terms of speed of convergence to the new attracting structure,
allowing a practical way of identifying changes that are difficult to reverse, or even
irreversible.
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7. Crossing boundaries in the bifurcation diagram - investigating transitions

7.1. Method description

In the following, we describe the approach for analyzing the speed of transition when
crossing a bifurcation boundary. Just like the classification algorithm and the grid-based
classification method, this is again a novel method. As before, we are only interested in
the values of the trajectories at the Poincaré section. This will be sufficient information
to determine (the speed of) convergence.

The idea is to start at one side of the bifurcation, namely at aSoF_-l Each of the N points
in the long-term attracting structure of ag, serves as an initial condition for a trajectory.
Again, like in Chapter [6] we implement a threshold for the initial conditions N < 500
to keep the necessary computational resources reasonable.

We then numerically calculate the solution, starting at these N initial conditions, but
for the system at ag, instead of ag,. The value of this ag, is assumed to be constant
throughout the simulation, so for all 7 € [0, T¢pg). as, is assumed to be close to ag,,
but on the other side of the bifurcation boundary under investigation. The solution
trajectories themselves will then, of course, converge to the attracting structure for ag, .
So, as in the stochastic summer length simulations, the deterministic long-term behavior
obtained for calculating the 2D bifurcation diagram (Figure plays an important role.

In order to measure convergence, the idea is as follows. For each trajectory, at each
timestep (in the Poincaré map), we measure the minimum distance to the attracting
structure for this ag,. As for the numerical bifurcation diagram, only the last 50 points
in the Poincaré map for each trajectory were used, so the long-term attracting structure
consists of at most 5000 points (as there were 100 trajectories initially)El Therefore, the
minimum distance to the attracting structure is the minimum of the euclidean distances
to these points.

By computing this minimum distance at every timestep (every year), one obtains the
trajectory’s minimum distance to the attracting structure as a function of time. Since the
summer length (or rather ag,) is constant during the simulation, this graph is expected
to follow an exponential decay. To quantify the speed of convergence, we model the
decay as

d(t) = doe™ " (7.1)

We define the 100 - p% convergence time as the time until the minimum distance has
decreased to p - 100% of its initial value. Using this definition, the exponential decay

!Note, that v is assumed to be constant throughout the whole simulation - i.e. the transitions only
take place horizontally in the bifurcation diagram.

2This leads to some numerical limitations, especially in the case where the attracting structure is
chaotic. However, it is still sufficient to get a sense of convergence, as we shall see.
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7.1. Method description

rate A can be estimated as

—m@.

d(tp) =p-do = doe ™ = \ =
Tp

(7.2)

The parameter A measures how fast the solutions converge to the new attracting struc-
ture and, therefore, how quickly a transition towards this new type of qualitative be-
havior takes place. A higher value of A means faster exponential decay, and thus faster
convergence.

However, this result might be (heavily) dependent on the initial condition for this tra-
jectory. But one can take this approach one step further by averaging the minimal
distance to the closest point on the attracting structure over all trajectories for each
year resp. timestep. Then we end up with a time series of the averaged minimal dis-
tance towards the attracting structure over time. Just as before, one can then take this
time series (assuming it now resembles a fairly smooth exponential decay) to calculate
the coefficient for the speed of convergence, A. The formulas and can be
applied directly, assuming that d(7) stands for the average minimal distance towards
the attracting structure at time 7.

Remark 7.1.1. A crucial assumption for this method is that the data exhibit a smooth
exponential decay in average minimal distance. If the curve is not always monotone
decreasing (in particular, if there is some periodic noise in the exponential decrease - see
Figure for example), this estimate loses precision.

Another option to obtain some sense of the speed of convergence also relies on the average
minimal distance to resemble an exponential decay. Instead of implementing a certain
threshold p, one can use logarithmic scaling of the y-axis to fit a linear function to this
resulting graph by the method of least squares. The decay of this linear function

y(7) = —K7 + w0, (7.3)

that is, the parameter x, then serves as a new approximate for the speed of convergence.
More precisely, by rescaling the linear approximation to the logarithmically transformed
average minimal distance via an exponential function, one gets

exp(y(7)) = exp(—kT + yo) = ¥ =1 ce™ ", (7.4)

and therefore x serves as an approximate speed of convergence just like A. In particular,
in the simulation, both approaches - the one with the p - 100% convergence time T,
and the one with the least-squares fit - should give similar estimates for the speed of
convergence.
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7. Crossing boundaries in the bifurcation diagram - investigating transitions

7.2. Results

For defining the bifurcation types in Chapter [5.2] it did not matter where exactly in the
(as, V) space the transition takes place between two distinct areas, as long as they are
not interrupted by a different area of behavior (and thus another bifurcation). We were
just interested in the type of bifurcation and not, for example, in the exact values of the
eigenvalues of the Jacobian when obtaining the stability loss of a cycle.

Now, however, we are interested in the speed of convergence, and here it indeed makes
a difference where in the bifurcation diagram we cross a bifurcation boundary. Take, for
example, the transition between a 1-cycle and a quasiperiodic orbit. As we simulated
the 2D bifurcation diagram for discrete steps of ag and v, we only know that the ’real’
location of the bifurcation is between two such simulations, where for one ag, we have a
1-cycle and for the other ag, = as, — ¢ we have a quasiperiodic orbit. In fact, the exact
place for this bifurcation can lie anywhere in [ag, — €, ag,]. If now, for a certain vy, this
'real’” location would be right after ag, — €, that could lead to the quasiperiodic orbit
being already quite large in size at ag,. On the other hand, for a v; slightly different
than vy, where the 'real’ location would be just before ag,, the quasiperiodic orbit at
as, would be rather small.

This could lead to the fact that in the first case, the transition could take longer (as it
needs to converge to an attractor further away) as in the second one (where the initial
condition of the 1-cycle is already close to the small quasipieriodic orbit). However, as
the p-100% convergence time already takes the initial average distance into account, we
argue that the convergence times are still approximately equal for nearby regions along
one boundary, as long as we cross the boundary in the same direction. Therefore, in the
following analysis, we only limit ourselves to a few handpicked transitions.

For example, assume v = 2.8, ag, = 1.78 (so, starting at a 1-cycle) and ag, = 1.76
(convergence to a quasiperiodic orbit). In Figure the numerically obtained trajectory,
starting from the location of the 1-cycle, is shown for different times. One can see that
this single trajectory indeed converges to the new attractor (the quasiperiodic orbit)
after some time. This convergence can be measured using the minimum distance from
that trajectory to the quasiperiodic orbit. In Figure we see that the evolution of this
minimum distance approximately resembles an exponential decay.

The two ways of measuring the convergence speed can be applied to these data. First,
the time until the minimum distance from the attractor has reached 1% of its initial
value, tg.01, can be used to approximate the speed of exponential decay, A, as in .
The measurements show that tg9; = 517 years, and therefore

~In(0.01)
A=— ST 0.0089.

This parameter A is then used to approximate the exponential decay function, which is
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7.2. Results

Convergence of a trajectory after crossing a bifurcation boundary,
forv=2.8 from as,=1.78 to as, = 1.76
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Figure 7.1.: Convergence of a trajectory after crossing a bifurcation boundary, for v = 2.8
from ag, = 1.78 (1-cycle) to ag, = 1.76 (quasiperiodic orbit). The attractor
(quasiperiodic orbit) is plotted in light grey, the initial condition (1-cycle)
in black and the evolution of the trajectory in the Poincaré map in purple.
A: system at time t = 0, B: trajectory for the first 10 years, C: trajectory
for the first 200 years, D: trajectory for the first 1000 years.

shown in blue in Figure By construction, this fit is exact for the initial condition
and seems to slightly underestimate the average minimal distance to the attractor for
t > 0. However, it seems like a reasonably good fit.

Note that the value of the parameter A does not mean much on its own. The interpre-
tation of the 1% convergence time is much more meaningful in the context of speed of
convergence, as it gives a good feeling of how fast this transition happens.

Remark 7.2.1. In a real-life scenario, or even already in numerical cases, where the
location of the attractor is not fully known, or consists only of some N points, this
method has its limitations. For example, consider a transition to a chaotic attractor
with an already low initial average minimum distance. In the chaotic case, the trajectory
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7. Crossing boundaries in the bifurcation diagram - investigating transitions

Convergence to new attractor after crossing a bifurcation boundary,
for v=2.8 from as,=1.78 to as, = 1.76
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Figure 7.2.: Average minimal distance to attracting structure after crossing a boundary,
for v = 2.8 from ag, = 1.78 (1-cycle) to ag, = 1.76 (quasiperiodic orbit).
The average minimal distance is plotted in black. The estimated exponential
decay functions are plotted in blue (fitted via the 1% convergence time)
resp. orange (fitted via least-squares). A: simulated data and the estimators
for exponential decay in linear scale. The 1% convergence time is ¢y =
517 years. B: simulated data and the estimators for exponential decay in
logarithmic scale.

never revisits the exact same locations. Moreover, the points in the chaotic folds can
be scattered far apart. As a result, the average minimum distance may never, or only
very slowly, decrease to 1% of the initial value. In such situations, the approximate
exponential decay cannot be calculated; see Figure for an example.

The other way to fit an exponential decay function to the simulated data, namely by
using the method of least squares, always works, as it is not dependent on any previously
calculated numbers, but only on the data itselfff| In Figure this fit is shown as
an orange curve and, although overestimating the average minimum distance in the
beginning, approximates the decay quite well for intermediate times. Especially in the
logarithmically scaled graph it can be seen that the two methods give similar estimators
for the speed of convergence (as the slopes of the two functions are similar E[)

The estimators for the speed of convergence of the two approaches are very similar.
However, since the approach of fitting via least squares gives a slightly different (and

3However, note that this estimator depends on all the data in the simulation. In particular, this means
that different simulation lengths could lead to different estimators for the speed of convergence «.

4There is still a visible difference in slopes in this Figure. For other scenarios, such as in Figures
and@ the slopes are even more similar.
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7.2. Results

in most cases lower) estimate for the speed of convergence (k ~ 0.0053) than the fit
via p - 100% convergence levels (as the slope of the blue curve is steeper than that of
the orange curve), it is of interest to check if this difference is always approximately the
same.

To investigate this, we assume a linear connection between A and &, in particular, that
K~ kM. (7.5)

If k =~ 1, then the two estimators are similar to each other and thus give approximately
the same function for the exponential decay in the average minimum distance.

In Table[7.I] the estimators for x and X were calculated for different scenarios of crossing
a bifurcation boundary. The value of k is then calculated by dividing x by A. We see
that for many of the simulations, this value appears to be approximately k ~ 0.7. For a
few simulations, namely 7, 11 and 12, k & 1, so the estimators are very similar.

Nr. v as, type O as, typel to.or A K k

1 4.1 1.7  b-cycle 174 Q 34 0.1354 0.0931 0.688
2 4.1 1.74 Q 1.7 b5-cycle 140  0.0329 0.0224 0.681
3 3.0 1.68 5-cycle 1.7 b5-cycle + Q 82 0.0562 0.0401 0.714
4 3.0 1.7 5-cycle+ Q 1.68 5-cycle 83 0.0555 0.0382 0.688
5 3.1 1.52 chaos 1.58  20-cycle 235 0.0196 0.0294 1.5

6 4.0 1.82 1-cycle 1.8 Q 369 0.0125 0.0049 0.392
7 4.0 1.8 Q 1.82  1-cycle 338 0.0136 0.013 0.956
8 0.2 1.62 chaos 1.66 1-cycle 142 0.0324 0.0237 0.731
9 0.2 1.66 1-cycle 1.62 chaos 103 0.0447 0.0091 0.204
10 2.8 1.78 1-cycle 1.76  Q 517 0.0089 0.0053 0.596
11 28 1.76 Q 1.78 1-cycle 327 0.0141 0.0152 1.08
12 5.2 1.7 5-cycle 174 Q 49 0.094 0.088 0.936
13 52 1.714 Q 1.7 b5-cycle 97 0.0475 0.029 0.611

Table 7.1.: Comparison of exponential decay parameters. 13 different simulations for
crossing a bifurcation boundary from type 0 at ag, to type 1 at as, are shown.
Q stands for ’quasiperiodic orbit’. The unit of the 1% convergence time g o1
is years. Columns A\ and x show the respective values of the estimators for
the speed of convergence and k is calculated from A and k by Equation .

The reason for k£ not being approximately 1 for every single simulation might lie in
our approaches as well as in the smoothness of the data. For a detailed explanation
see Appendix However, there is still strong evidence for a direct linear connection
between A\ and k that requires further investigation.

As seen in Figures and [7.4] both ways of estimating the exponential decay
give fairly good fits to the data and thus serve as reliable estimators for the speed of
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7. Crossing boundaries in the bifurcation diagram - investigating transitions

convergence. Therefore, in cases where the method of p - 100% convergence levels does
not apply, the speed of convergence can still be estimated by the fit via least squares (by
assuming k &~ k), and then transformed into an estimator for the p-100% convergence
time as follows:

_kn(p)

ty = (7.6)

This allows for an intuitive interpretation of the speed of convergence that provides much
more qualitative information than just the number x.

Convergence to new attractor after crossing a bifurcation boundary,
forv=4.1from as,=1.70 to as, =1.74
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Figure 7.3.: Average minimal distance to attracting structure after crossing a boundary,
for v = 4.1 from ag, = 1.70 (5-cycle) to ag, = 1.74 (quasiperiodic orbit).
The average minimal distance is plotted in black. The estimated exponential
decay functions are plotted in blue (fitted via the 1% convergence time)
resp. orange (fitted via least-squares). A: simulated data and the estimators
for exponential decay in linear scale. The 1% convergence time is tg g1 =
34 years. B: simulated data and the estimators for exponential decay in
logarithmic scale.

As a second example, we want to focus on differences in the speed of convergence when
moving across the bifurcation boundary in both directions. Consider the transitions
between a 5-cycle and a quasiperiodic orbit for v = 4.1. First, assume that the simulation
starts at the locations of the 5-cycle obtained for ag, = 1.7, and is conducted for as, =
1.74 (where the attractor is a quasiperiodic orbit). The minimum average distance
converges to the new attractor very rapidly (see Figure - it only takes 34 years until
1% of the average minimum distance is reached. This means that by increasing the
summer length across this bifurcation boundary, the stable 5-periodic behavior changes
very quickly to a quasiperiodic behavior.

In contrast, when switching ag, and ag,, that is, now moving from a quasiperiodic
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7.2. Results

Convergence to new attractor after crossing a bifurcation boundary,
forv=4.1from as,=1.74 to as, =1.70
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Figure 7.4.: Average minimal distance to attracting structure after crossing a boundary,
for v = 4.1 from ag, = 1.74 (quasiperiodic orbit) to ag, = 1.70 (5-cycle).
The average minimal distance is plotted in black. The estimated exponential
decay functions are plotted in blue (fitted via the 1% convergence time)
resp. orange (fitted via least-squares). A: simulated data and the estimators
for exponential decay in linear scale. The 1% convergence time is ¢y =
140 years. B: simulated data and the estimators for exponential decay in
logarithmic scale.

orbit to a 5-cycle, the trajectories converge much slower (see Figure [7.4]). The average
minimum distance reaches 1% of its initial value after 140 years, which amounts to a
large discrepancy compared to the 34 years observed before.

In practice, this difference can be interpreted as a tipping point. Increasing summer
lengths induce a fast transition from a 5-cycle to a quasiperiodic orbit. However, if
one wants to return to the original system (for example, if efforts to counteract climate
change lead to reducing the summer length again), this might take way longer.

Such a mismatch in convergence times also occurs in other transitions, however not as
extreme as in this case between a quasiperiodic orbit and a 5-cycleE| The reason for this
exact mismatch remains unclear and calls for further investigation.

In general, transitions from quasiperiodic orbits or chaos towards cyclic behavior show
a very smooth exponential decay in the average minimal distance towards the attractor.
This stems from the fact that there are many trajectories, and so normalizing over all
of them cancels out extreme outliers.

Transitioning from cycles towards non-cyclic behavior, we do not see a strict decline, but

5See Table H for convergence times for different transitions.
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7. Crossing boundaries in the bifurcation diagram - investigating transitions

rather some periodic variation to a (generally still exponential) decay. This periodic noise
typically occurs with the same period of the cycle for which the simulation started with.
However, the exact reason for this periodic noise showing up in the average minimal
distance is unclear, highlighting the need for further investigation in the future.
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8. Discussion

The model developed in this thesis builds upon the framework of Tyson and Lutscher [42],
extending it to allow for a more realistic and mathematically tractable representation of
seasonal predator-prey dynamics. By introducing a smooth seasonal switching function,
we were able to preserve the biological realism of distinct seasonal phases while main-
taining a continuous right-hand side, which ensures that standard methods of dynamical
systems theory, such as bifurcation analysis and Finite-Time Lyapunov exponents, can
be applied in a straightforward manner. In contrast, a discontinuous formulation would
place the system outside the scope of these classical approaches and instead require the
use of specialized techniques for nonsmooth dynamics. This approach balances biological
realism with mathematical tractability, allowing exploration of complex dynamics.

The classification algorithm developed in Chapter proved to be a powerful tool for
identifying and distinguishing between periodic, quasiperiodic, and chaotic long-term
behaviors [32]. It allows for handling coexisting attractors by simulating a grid of initial
trajectories to ensure that all long-term dynamics are captured. By applying a cluster-
ing algorithm to a weighted graph constructed from trajectory similarities, the method
groups trajectories that are most similar over time. Subsequent computation of FTLE
then provides a robust distinction between quasiperiodic orbits and chaos. While not
all classifications are perfect due to the need for subjective, user-defined thresholds, the
method provides a reliable way to automate the classification of all long-term attractors
for a given parameter combination. The method is particularly valuable for higher-
dimensional bifurcation diagrams and for systems with multiple coexisting attractors.
As such, it could be applied in other projects or scenarios where complex long-term
behaviors need to be classified automatically.

The resulting bifurcation diagram in the (ag, v)-space revealed a rich variety of behav-
iors, including multiple types of bifurcations and transitions between different qualitative
behaviors. Although the diagram provides a coarse numerical approximation, it success-
fully identifies the most important regions of distinct long-term behavior. Finer grids
would increase resolution but at a significant computational cost. For the purposes
of exploring general patterns and transitions, the current numerical approximation is
sufficient.

One particularly interesting result was the apparent stabilizing effect of longer summers
in certain regions of parameter space, especially in the presence of strong generalist
predation. While this may seem counterintuitive given the common association of climate
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8. Discussion

change with ecological instability, it underlines the complexity of ecological systems and
the importance of predator-prey interactions. Importantly, this finding should not be
interpreted as suggesting that climate change is beneficial. On the contrary, our results
emphasize that even small shifts in seasonal patterns can lead to abrupt and potentially
irreversible changes in ecosystem dynamics. This reinforces the urgency of understanding
and addressing the multifaceted impacts of climate change.

Introducing stochastic summer lengths further enhanced the realism of the simulations,
reflecting natural year-to-year variability. This approach prevents strict periodicity from
being determined, but the grid-based classification and RGB-coloring of the averaged
Poincaré sections still allow us to distinguish between long-term behaviors in a visually
intuitive way. Boundaries between behaviors are blurred into smooth gradients rather
than discrete categories, but this is expected given the variability in summer lengths.
Importantly, this also demonstrates that the method could potentially be applied to
real ecological data, which are inherently noisy, providing a bridge between theoretical
predictions and empirical observations.

The investigation of transition speeds across bifurcation boundaries revealed the presence
of tipping points - parameter thresholds where transitions occur asymmetrically. Two
approaches were used to quantify convergence speeds. The 1% convergence method is
straightforward and easy to interpret but can fail when the attractor for the new param-
eter value is not fully captured, such as in chaotic regions with sparse sampling. Fitting
an exponential decay via least-squares provides a more reliable estimate, assuming that
the average distance to the new attractor generally follows an exponential decay. Each
method has limitations, particularly regarding simulation duration and initial condition
sampling, but combining them provides both interpretability and robustness. Identify-
ing these tipping points is especially relevant in the context of climate-change-induced
shifts in predator-prey dynamics, where small changes can trigger abrupt and potentially
irreversible transitions.

Despite these insights, several limitations remain. The model does not include extinction
thresholds, spatial structure, or migration, which could significantly influence dynamics
in real ecosystems. Parameter estimates are based on limited field data, and more accu-
rate measurements would improve ecological realism. While the classification algorithm
and convergence analyses are robust, they rely on thresholds and finite computational
resources. Finer grids or longer simulations could increase precision but at additional
computational cost.

Overall, the combination of a tractable seasonal model, automated classification, stochas-
tic simulations, and convergence analysis allows for a detailed and nuanced understand-
ing of the system’s dynamics. The methods developed here are broadly applicable and
provide a strong foundation for future work, including extending bifurcation diagrams
to higher dimensions, applying the approach to real ecological datasets, and refining the
analysis of critical transitions.
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9. Conclusion

In this thesis, we set out to answer the question: How do changes in seasonal transi-
tions affect the dynamics of small rodent populations in northern Fennoscandia? Our
results show that changes in summer length can substantially alter predator-prey dy-
namics, shifting populations between periodic, quasiperiodic, and chaotic regimes. Small
stochastic fluctuations in season length blur fine-scale structures but do not fundamen-
tally change the qualitative behavior of the system. Additionally, the speed of transitions
across bifurcation boundaries depends on the direction of change, highlighting potential
sensitivity in the system to climate-driven seasonal shifts.

Building on this, we developed and analyzed a seasonally structured predator-prey model
that captures the distinct dynamics of summer and winter interactions. By smoothly
connecting seasonal equations and applying a range of mathematical tools, we were able
to explore the system’s long-term behavior across a wide parameter space in a biologically
meaningful and mathematically rigorous way.

A key contribution of this work is the implementation of a novel classification algorithm
capable of distinguishing between periodic, quasiperiodic, and chaotic attractors, even in
the presence of multiple coexisting behaviors. This algorithm enabled the construction
of a detailed bifurcation diagram in the (ag,v)-space, revealing a rich landscape of
dynamical regimes and bifurcation types. The identification of five distinct bifurcation
mechanisms highlights the complexity of the system and its sensitivity to seasonal and
ecological parameters.

We further extended our analysis to include stochastic seasonal variability, simulating
more realistic ecological conditions. Although fine structures in the deterministic bi-
furcation diagram were sensitive to noise, the broader qualitative behaviors remained
robust. To analyze these fuzzy attractors, we introduced a new grid-based classification
method that, despite its limitations, proved effective in distinguishing between different
types of long-term behavior in noisy systems. This method may also be applicable to
real-world ecological data, which is often subject to similar variability.

Finally, we investigated the speed of transitions across bifurcation boundaries and iden-
tified tipping points - parameter thresholds where transitions in one direction occur
significantly faster than in the reverse. These findings have important implications for
understanding ecological resilience and the potential irreversibility of climate-induced
changes.
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9. Conclusion

Overall, this thesis contributes a flexible and extensible modeling framework for studying
seasonally structured ecological systems. The tools and methods developed here provide
a foundation for future research, including the incorporation of extinction thresholds,
spatial dynamics, and more precise ecological data. In the context of ongoing climate
change, understanding how seasonal shifts affect predator-prey interactions is not only
mathematically interesting but also ecologically urgent.
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A. Nondimensionalization

In the following we want to nondimensionalize the summer and winter equations of our
dynamics,

dN N aN?pP
—  —=¢N([(1-"—=) — ———
a < K> b+ N2

dP aN?P sP

o _ —mP
& it ™
for the summer and
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a " ( K) BN
dj B aNP P
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for the winter. Like Tyson and Lutscher [42], we scale the prey population N by their
carrying capacity K and the predator population by the term %, which is the growth
rate of the prey population divided by the predator’s maximum kill rate. We write our
model with dimensionless prey and predator densities n = % and p = 2L as well as

rkK
dimensionless time 7 = tr.

First, start with the prey summer dynamics.
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A. Nondimensionalization

The summer dynamics of the predator density read:

dy _dP _a
dr  dt 2K
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— -m
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We have introduced the dimensionless parameters = b/K, 5 = ay/r, § = s/r, 1 =
vrK/a and m = m/r. For the winter dynamics, we proceed in the same way.

dn _dN 1
dr ~ dt Kr
—cN<1—N> iaKn%p
K K) Kr B+Kn
:cn(l—n)—gﬁnp
a+n
—cn(l—n)—~~np
B+n
dp dP a
dr — dt r’K

a nmp
r8yn
. anp

== — fip
B+n

Again, we have introduced dimensionless parameters, namely & = a/a, B = /K and
g = p/r. The addition of the winter reproduction term (compared to the seasonal
equations in [42]) does not cause any problems when rescaling; the factor ¢ just carries
through the whole process and shows up in the final equation as desired.
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Concluding the calculations, we collect our dimensionless seasonal model equations.

2
dﬁzn(l_n)_ﬁip
dr b2 + n?
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dp  _anp

For the speed rescalings using our switching function fs,

fo(riG.R) 1 (1 N sin(@) )

T2 V/sin?(0r) + K2 cos? (@)

we proceed as follows. As the period of fsis 7 = r, we choose 7y := 0.5r and introduce the
variable summer length as 7g := rTg for Tg € [0, 1]. We introduce the speed rescalings
for summer resp. winter, as

s TS

— TS _or

s T 05r S
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This allows us to introduce variable summer length (via the variable ag = 275, T €
[0,1]), and we arrive at our final dimensionless model equations
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B. System dynamics in limiting seasonal
cases

In the following, we focus on two extreme cases of our simulation, namely when only the
winter dynamics or the summer dynamics are active (ag = 0 or ag = 2). This allows
us to investigate the impact of the single-season equations (equations and for
summer and and for winter) on the dynamics of our rodent-mustelid system
more clearly.

Note that the bifurcation diagram [5.1] shows that the value of the generalist predator
density dependence v has an impact on the possible dynamics for ag = 2. For low
v, simulations with only summer equations active lead to a single fixed point on the
Poincaré map in the long term. For higher v > 3, a quasiperiodic orbit is the sole
long-term attractor.

For ag < 1, the trajectories in the simulation are (at some times) very close to extinction
of at least one of the species. Graphically speaking, the trajectories get close to the - and
y-axis. In a real-life scenario, this would at some point lead to extinction of the species
(assuming that there is no immigration from other neighboring geographic locations).
In a simulation, small values in n or p can lead to numerical errors when solving the
equations. The precision and qualitative value of the simulation for ag = 0 is therefore
limited.

In Figure a collection of simulations is shown for the extreme cases ag = 0 and
as = 2 for different values of v. In general, simulations show that increased summer
lengths tend to lead to more stable predator-prey interactions, as the long-term attractors
move away from the axes (and therefore away from extinction). This supports the theory
that generalists stabilize ecosystems [16].
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B. System dynamics in limiting seasonal cases

Phase Plane Diagrams for Different (nu, aS) Combinations
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Figure B.1.: Long-term attracting structures for the extreme single-season cases, de-
pending on the choice of parameters ag and v. A, C, E: Only the winter
equation is active (ag = 0), for v =1 (A), v =3 (C) and v =5 (E). B, D,
F: Only the summer equation is active (ag = 2), for v =1 (B), v = 3 (D)
and v =5 (F).
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C. Combinations of various bifurcation

types

Phase Plane Diagrams for Different (nu, aS) Combinations
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Figure C.1.: Examples for different interesting long-term attracting structures depending
on the choice of parameters v € {1.2,1.3,1.4} and ag € {1.64,1.66,1.68}.
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C. Combinations of various bifurcation types

nu=>5.20, aS=1.84

Phase Plane Diagrams for Different (nu, aS) Combinations
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Figure C.2.: Examples for different interesting long-term attracting structures de-
pending on the choice of parameters v € {4.9,5.0,5.1,5.2} and ag €
{1.84,1.86,1.88,1.90}.
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D. Fitting the exponential convergence
when crossing bifurcation boundaries

Here we discuss possible reasons for the outliers of the value of k in Table [7.I] when
looking at different simulations where a bifurcation boundary is crossed. k refers to the
parameter for the (assumedly) linear connection between the two estimators of the speed
of convergence, A (obtained by measuring a p-100% convergence time) and  (obtained
by fitting an exponential decay via the method of least squares).

The reason for k not being approximately 1 for every single simulation lies in our ap-
proaches. If the average minimum distance curves are smooth, the estimates for the
speed of convergence are very close to each other (so, k &~ 1). That is mostly the case
where we start at a non-cyclic attractor like a quasiperiodic orbit, i.e. with many tra-
jectories which converge to a single 1-cycle. The minimum distances are averaged over
a large number of trajectories, leading to a smooth curve. Then the method of least
squares gives a really good fit to the exponential decay (see Figure for example -
this corresponds to simulation 11 in Table ﬂ, where k = 1.08).

Furthermore, also the other estimator gives a good fit, as in contrast to when the data for
the exponential decay are not always monotone decreasing (see Figure for example,
where there seem to be periodic fluctuations in the generally exponentially decreasing
curve), the smooth curve allows for a reliable estimator of ¢, and thus a good approximate
exponential decay function. (See Remark as well)

If the average minimum distance curves are not smooth (for example, if there are only
few trajectories, thus the average minimum distance is still susceptible to outliers),
or the exact location of the attractor is not fully known, but only at some numerical
approximation (that is, for chaos - see Remark , both approaches lead to slightly
different approximations.

In general, the speed of convergence approach tends to overestimate the speed of con-
vergence, as it uses the very first time for which the data lie below p-100% of the initial
value (even if the curve then increases again), leading to a faster exponential decay. The
least-squares approach tends to underestimate the speed of convergence, as in the first
few years the decay is often not yet exponential.

Very low values of k£ in Table correspond to simulations starting at a 1-cycle and
converging to a quasiperiodic orbit (for simulation 6 - k£ = 0.392) or chaos (for simulation
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D. Fitting the exponential convergence when crossing bifurcation boundaries

Convergence to new attractor after crossing a bifurcation boundary,
for v=2.8 from as,=1.76 to as, =1.78

Average Minimal Distance (Linear Scale) Average Minimal Distance (Log Scale)

0.04 1

H
2

Avg Min Distance
e
°
@

e
o
]

Avg Min Distance (log scale)
=
2

0.01 7
—— Simulation Data

— 1.0% Convergence Fit
Least Squares Fit
~=- 1.0% Convergence Time

—— Simulation Data

— 1.0% Convergence Fit
Least Squares Fit

0.00 + ——- 1.0% Convergence Time

1074 4

T T T T T T T T T T T T T T T T T T

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Time (years) Time (years)

Figure D.1.: Smooth average minimal distance to attracting structure after crossing a
boundary, for v = 2.8 from ag, = 1.76 (quasiperiodic orbit) to ag, =
1.78 (1-cycle). The average minimal distance is plotted in black. The
estimated exponential decay functions are plotted in blue (fitted via the
1% convergence time) resp. orange (fitted via least-squares). A: simulated
data and the estimators for exponential decay in linear scale. The 1%
convergence time is £g.01 = 327 years. B: simulated data and the estimators
for exponential decay in logarithmic scale.

9 - k= 0.204). The initial point (1-cycle) lies very close to some of the locations of the
attractor, but very far away from others (as the chaotic orbits span to high values of prey
density n). Therefore, as the trajectory converges to the chaotic attractor, at some times
it will be close to the attractor and at some times still far away - leading to not only
slow convergence, but also high fluctuation in the minimal distance (even more so, as
there is only one initial condition and so outliers cannot be accounted for by averaging).
Supported by this fluctuation, the two estimators give very different approximations for
the speed of convergence, see Figure [D.2}

In Figure [D.2] one can also see the impact of not knowing the exact locations of the full
chaotic attractor. For large time ¢, one can see recurring spikes in the average minimal
distance, whereas in general the system seems to have converged already. Because not
all locations of the attractor are known, those outliers correspond to an area, where the
nearest point in our numerically obtained chaotic orbit is € € [0.002,0.015] awayﬂ Let-
ting the simulations run longer and, therefore, obtaining more points in the Poincaré map

In the left plot in Figure we see that for late times, the average minimum distance keeps jumping
to values around 0.01. This means, that the nearest numerically obtained point in the attracting
chaotic orbit is at least this much away, thus £ needs to be bigger than the maximum of all of them,
thus its value probably lies within [0.002,0.015].
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Convergence to new attractor after crossing a bifurcation boundary,
for v=10.2 from as, = 1.66 to as, = 1.62
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Figure D.2.: Large fluctuations in average minimal distance to attracting structure after
crossing a boundary, for v = 0.2 from ag, = 1.66 (1-cycle) to ag, = 1.62
(chaos). The average minimal distance is plotted in black. The estimated
exponential decay functions are plotted in blue (fitted via the 1% conver-
gence time) resp. orange (fitted via least-squares). A: simulated data and
the estimators for exponential decay in linear scale. The 1% convergence
time is tg.01 = 104 years. B: simulated data and the estimators for expo-
nential decay in logarithmic scale.

for the chaotic orbit, would decrease these numerical errors. However, the fluctuations
in the beginning (for the first 150 years) would likely still persist in the system.

Figure[D.3|shows the case for which the initial average minimum distance is already very
small and those numerical errors are too big to find an estimator via the 1% convergence
time. In such cases, one can use equation and the estimator for the speed of
convergence from the least-squares method x to arrive at a reasonable approximation of
the 1% convergence time £g.o1.
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D. Fitting the exponential convergence when crossing bifurcation boundaries

Convergence to new attractor after crossing a bifurcation boundary,
forv=3.1fromas, =1.58 to as, =1.52
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Figure D.3.: Average minimal distance to attracting structure after crossing a bound-
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ary, for v = 3.1 from ag, = 1.58 (20-cycle) to as, = 1.52 (chaos). The
average minimal distance is plotted in black. Not both approaches to find
an exponential decay function were successful. There is no fit via the 1%
convergence time. The fit by the least-squares method is plotted in orange.
A: simulated data and the estimator for exponential decay in linear scale.
B: simulated data and the estimator for exponential decay in logarithmic
scale.
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