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Abstract

This thesis investigates the application of a Kolmogorov-Arnold neural net-

work (KAN), as proposed by Liu et al. [2024], to a phylogenetic classification

problem: distinguishing between four taxon DNA alignments evolved un-

der Farris or Felsenstein trees. These tree types differ primarily in branch

length distribution, leading to different reconstruction outcomes depending

on whether maximum parsimony or maximum likelihood methods are used.

Building on the work of Leuchtenberger et al. [2020], where a classi-

cal feedforward neural network was used for this task, this thesis explores

whether a KAN can achieve comparable predictive performance while offer-

ing greater interpretability. The same dataset as in Leuchtenberger et al.

[2020] was used to ensure direct comparability. The KAN was able to solve

this task with the same performance as the network introduced by Leucht-

enberger et al. [2020]. These results demonstrate that KANs are capable of

solving the classification task effectively.
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Zusammenfassung

Diese Arbeit untersucht die Anwendung eines Kolmogorov-Arnold neuronalen

Netzes (KAN), wie es in Liu et al. [2024] präsentiert wurde, auf ein phylo-

genetisches Klassifikationsproblem: die Unterscheidung zwischen vier Taxon

DNA-Alignments, die sich unter Farris- oder Felsenstein-Bäumen entwickelt

haben. Diese Baumtypen unterscheiden sich in erster Linie in der Verteilung

der Astlängen, was dazu führt, dass je nach verwendetem Verfahren, Max-

imum Parsimony oder Maximum Likelihood, unterschiedliche Rekonstruk-

tionsresultate erzielt werden. Aufbauend auf der Arbeit von Leuchtenberger

et al. [2020], in der für diese Aufgabe ein klassisches feedforward neuronales

Netz eingesetzt wurde, wird in dieser Arbeit untersucht, ob ein KAN eine ver-

gleichbare Vorhersageleistung erreichen kann und dabei zugleich eine größere

Interpretierbarkeit bietet. Um eine direkte Vergleichbarkeit sicherzustellen,

wurde derselbe Datensatz wie in Leuchtenberger et al. [2020] verwendet. Das

KAN war in der Lage, diese Aufgabe mit derselben Leistung zu lösen wie das

von Leuchtenberger et al. [2020] eingeführte Netz. Die Ergebnisse zeigen, dass

KANs in der Lage sind, die Klassifikationsaufgabe effektiv zu bewältigen.
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Chapter 1

Introduction and Motivation

A novel approach to neural network design, the Kolmogorov–Arnold network,

was proposed by Liu et al. [2024]. This architecture promises improved inter-

pretability and more efficient training compared to standard artificial neural

networks.

In this thesis, the KAN is applied to the problem of distinguishing be-

tween Farris-type and Felsenstein-type phylogenetic trees. This task was

previously addressed using a conventional artificial neural network (ANN) by

Leuchtenberger et al. [2020]. Since both models tackle the same classifica-

tion problem, their performance and efficiency will be compared, particularly

with respect to layer size and architectural complexity.

Before implementing and applying the KAN, it is essential to understand

how it differs from ANNs. This comparison provides insight into the potential

advantages and limitations of the KAN architecture. In Chapter 2, relevant

background information necessary for understanding the design, training,

and evaluation of the KAN is provided. Chapter 3 outlines the methodologies

1
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and resources used, including details on the datasets, network architecture,

implementation, as well as the training and testing procedures. In Chapter 4,

the trained models are analyzed and their results interpreted. Chapter 5

presents a summary of the findings, discusses limitations, and provides an

outlook for future work.



Chapter 2

Background

To fully understand the structure and capabilities of Kolmogorov-Arnold net-

works, it is essential to first introduce and define the fundamental concepts.

This section provides the necessary background knowledge.

Section 2.1 introduces artificial neural networks. Section 2.2 presents the

structure of Kolmogorov-Arnold networks along with the underlying mathe-

matical principles. The differences between KANs and traditional ANNs are

discussed in Section 2.3. Section 2.4 defines the key terminology required for

the subsequent chapters. Finally, Section 2.5 outlines the phylogenetic foun-

dations relevant to the application of KANs explored in this thesis, including

a description of the specific phylogenetic problem addressed.

2.1 Introduction to neural networks

A neural network is a system of units, called neurons, that processes infor-

mation. Artificial neural networks can be viewed as a simplified model of

3



2.1. INTRODUCTION TO NEURAL NETWORKS 4

the human brain. They mimic the structure and function but do not fully

replicate the complexity of the biological brain.

2.1.1 Artificial neural networks

A neural network can be thought of as a graph composed of nodes and edges,

where the nodes are organized in layers. The input layer receives the initial

data, which is then passed through one or more hidden layers for processing.

The final result is produced by the output layer, which reflects how the

network has interpreted or transformed the input (Goodfellow et al. [2016]).

Figure 2.1: Simplified structure of an artificial neural network with two hid-
den layers.

Each node, also known as a neuron, receives numerical input, applies a

weight, sums the results, and then passes the outcome through an activation
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function. These activation functions introduce non-linearity, enabling the

network to model complex relationships. The connections between neurons,

called edges, give the weighted values from one layer to the next.

The network learns by adjusting these weights during a training pro-

cess. Using the backpropagation algorithm (Rumelhart et al. [1986]), the

network’s output is compared to the expected result, the error is calculated,

and then propagated backward through the network to update the weights.

This iterative process gradually improves the network’s accuracy.

2.1.2 Universal approximation theorem

The universal approximation theorems are foundational results in the theory

of neural networks. Seminal work by Cybenko [1989], Hornik et al. [1989],

and Pinkus [1999] established that feedforward neural networks are capable

of approximating arbitrary continuous functions on compact subsets of Rn,

under fairly general conditions.

A representative version of the theorem for single-hidden-layer networks

is the following (Hornik [1991]):

Theorem 2.1.1

Let C(K) be the space of continuous functions on a compact set K ⊆ Rn.

Then, for every f ∈ C(K) and every ε > 0, there exists a feedforward neural

network g with a single hidden layer such that

|f(x)− g(x)|< ε for all x ∈ K. (2.1)

This result implies that a feedforward neural network with a single hid-
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den layer, a finite number of neurons, and a suitable activation function can

approximate any continuous function arbitrarily well on a compact domain.

This further suggests that even highly complex tasks, such as image recog-

nition, can be solved using neural networks.

While Theorem 2.1.1 guarantees the existence of such a network, it does

not specify how to construct it, how to choose the weights, or how many neu-

rons are required to achieve a desired accuracy. In practice, approximating

complex functions with a shallow network may require an impractically large

number of neurons, leading to models that are computationally inefficient

and difficult to train.

Therefore, modern deep learning often relies on architectures with mul-

tiple hidden layers, which can represent complex functions more compactly

and effectively (Shrestha and Mahmood [2019]).

2.2 Kolmogorov-Arnold networks

A novel approach for neural networks was introduced by Liu et al. [2024]:

the Kolmogorov-Arnold networks (KAN). The foundation for these networks

is the Kolmogorov-Arnold representation theorem (Kolmogorov [1957]). In-

stead of basing the neural network on the universal approximation theorem,

the Kolmogorov Arnold representation theorem is used.

2.2.1 The Kolmogorov-Arnold representation theorem

The Kolmogorov-Arnold representation theorem states that every multivari-

ate continuous function can be represented as a finite composition of con-
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tinuous univariate functions and addition. This implies that multivariate

continuity does not inherently require multivariate structure for representa-

tion. Formally, this can be written as (Kolmogorov [1957]):

Theorem 2.2.1 (Kolmogorov-Arnold representation theorem)

Let f : [0, 1]n → R be a continuous function. Then there exist continuous

functions Φq : R → R, and continuous functions φq,p : [0, 1] → R, such that

f(x1, x2, . . . , xn) =
2n+1∑

q=1

Φq

(
n∑

p=1

φq,p(xp)

)
. (2.2)

The architecture of a KAN follows directly from the structure suggested

by the Kolmogorov–Arnold Representation Theorem. Denoting the input

variables as xp, p = 1, ..., n, the theorem shows that any continuous function

can be exactly represented using univariate functions φ and Φ. Correspond-

ingly, a KAN can be implemented with just two hidden layers. The first

hidden layer consists of the function values φq,p(xp) and the second hidden

layer applies the outer functions Φq.

This construction implies that, in theory, any continuous function over a

compact domain can be modeled exactly by a two-layer KAN. The bounds

2n + 1 and n in Theorem 2.2.1 give upper limits on the number of func-

tions and consequently, the number of edges theoretically required in such

a representation. In practice, more functions than strictly necessary can be

used, and these bounds serve primarily as theoretical guarantees rather than

design limitations. It is also possible to use less functions, as one can just

choose the remaining functions as zero.

To intuitively explain how to build the neural network based on the

Kolmogorov-Arnold representation theorem consider the following example.
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We would like to represent the following function

g : R×R → R, x1, x2 ∈ R, g(x1, x2) = x1 · x2

with the help of the Kolmogorov-Arnold representation theorem. The theo-

rem tells us, that there must be a representation

g(x1, x2) =
2·2+1∑

q=1

Φq

(
2∑

p=1

φq,p(xp)

)
, (2.3)

where Φq,φq,p are continuous. By choosing the functions as

φ1,1(u) = u, φ1,2(u) = u,

φ2,1(u) = u, φ2,2(u) = 0,

φ3,1(u) = 0, φ3,2(u) = u,

φ4,1(u) = 0, φ4,2(u) = 0,

φ5,1(u) = 0, φ5,2(u) = 0,

Φ1(u) =
1

2
u2, Φ2(u) = −1

2
u2,

Φ3(u) = −1

2
u2, Φ4(u) = 0,

Φ5(u) = 0,
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the function g(x1, x2) can be represented as

g(x1, x2) =

1

2
(x1+x2)2

︷ ︸︸ ︷
Φ1(φ1,1(x1) + φ1,2(x2))+

−
1

2
(x1)2

︷ ︸︸ ︷
Φ2(φ2,1(x1) + φ2,2(x2))

+

−
1

2
(x2)2

︷ ︸︸ ︷
Φ3(φ3,1(x1) + φ3,2(x2))

=
1

2
(x1 + x2)

2 − 1

2
x2
1 −

1

2
x2
2

= x1 · x2.

(2.4)

Figure 2.2: Visualized network architecture of the KAN example. For sim-
plicity, the zero functions φ4,1,φ5,1,φ4,2,φ5,2,Φ4,Φ5 are omitted from this
figure. For a more complex example see Liu et al. [2024].

The Kolmogorov–Arnold representation theorem is stronger than the Uni-



2.2. KOLMOGOROV-ARNOLD NETWORKS 10

versal approximation theorem. While the latter ensures that a sufficiently

large neural network can approximate any continuous function to arbitrary

precision, the former asserts that an exact decomposition exists. Neverthe-

less, the Kolmogorov-Arnold representation theorem is non-constructive: it

does not specify the actual form of the functions φ and Φ, which must be

found or approximated in practice.

Identifying such functions is only practical in relatively simple cases, such

as the one just shown. As the complexity of the network increases, deriving

these functions analytically becomes intractable. To address this challenge,

Liu et al. [2024] proposed using B-splines to approximate these functions. A

detailed explanation of this approach is provided in Chapter 3.
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2.3 Difference between KANs and ANNs

The most important difference between ANNs and KANs is the architecture

of the networks. In ANNs the weights, sitting on the edges, are trained while

in KANs the Φ and φ functions are trained.

Figure 2.3: Comparison of the architecture of a simplified visualization of
an artificial neural network and a Kolmogorov-Arnold network. Here the
changeable component of the ANN would be the weights w1 and w2, operating
on the edges, connecting the nodes. For the KAN, the functions φ1, φ2 and
Φ1 are trainable. In the ANN the activation functions, denotated as Ψ1 and
Ψ2, are chosen beforehand and are fixed during training. The activation
functions operate on the nodes.
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2.4 Essential terminology in neural network

theory

The following terms are important for understanding the training, testing

and evaluation processes described in the upcoming chapters.

During the training, the neural network learns from labeled data by iter-

atively adjusting its parameters to minimize loss. The loss is a measure of

the model’s performance. It is computed using a loss function, which takes

as input the model’s predicted outputs and the true values, and returns a

scalar value representing the prediction error (Goodfellow et al. [2016]).

Backpropagation (Rumelhart et al. [1986]) is an algorithm used to com-

pute the gradient of the loss function with respect to each weight in the

network. It applies the chain rule of calculus to propagate the error back-

wards through the network layers, making it possible to determine how each

parameter contributed to the final loss. A more detailed explanation is given

by Nielsen [2015]. Gradient descent is an optimization method that uses

gradients to update the parameters in order to minimize the loss function.

So backpropagation computes the necessary gradients, and gradient descent

uses those gradients to iteratively update the model parameters and improve

performance. The learning rate controls how much the neural network’s pa-

rameters are adjusted at each optimization step. A high learning rate means

that the model learns faster, but it may lead to instability or overshooting

the optimal solution. A low learning rate results in slower learning but can

lead to more precise convergence (Bengio [2012]).

During validation, the neural network is evaluated on a separate set of
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labeled data that it has not seen during training, providing an unbiased

estimate of its performance. Overfitting and underfitting describe how well a

model learns the patterns during training. Overfitting occurs when there is

a large difference between training error and testing error. This can happen

when the model learns the training data too well, including outliers and noise,

which can result in good performance during training but poor performance

on unseen data. Underfitting describes the model having a large error on the

training data (Goodfellow et al. [2016]), meaning the model is not able to

learn the underlying relationships from the data. Testing refers to applying

the trained network to new input data to obtain outputs such as class labels

or numerical estimates (Goodfellow et al. [2016]).

2.5 Basics in phylogenetics

This section introduces background knowledge on phylogenetics, which is

necessary for understanding the subsequent application of the KAN.

2.5.1 Essential terminology in phylogenetics

The study of evolutionary relationships between species, genes, or other bi-

ological entities is known as phylogenetics. By examining heritable charac-

teristics like DNA, it aims to recreate the branching patterns of evolution

(Haber and Velasco [2024], Lohrer [2022]).

In several branches of biology, including genomics and evolutionary biol-

ogy, an understanding of phylogenetic relationships is essential. It enables

scientists to examine evolution, determine species classifications, track the
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origins of features, and even predict gene functions.

Phylogenetics uses a combination of biological data and mathematical

modeling to examine such relationships. The trees that best explain the

observed similarities and differences in genomic sequences are inferred using

computational techniques. This procedure, called phylogenetic inference,

requires a thorough comprehension of several fundamental ideas, which are

described here. The following definitions can be looked up in even more

detail in Christensen [2023].

A phylogenetic tree is a representation of the evolutionary relationships

between different species or units (taxa) sharing a common ancestor. Each

inner node represents a common ancestor of the descendants (leaf). Edge

lengths often correspond to the estimated time of splitting or the number of

mutations. Phylogenetic inference includes methods for determining degrees

of relatedness between species or individuals of a species. The process begins

with the collection of DNA, RNA, or protein sequences, which are aligned

to identify homologous sites, ensuring positional correspondence across se-

quences. Following the alignment, an appropriate substitution model is se-

lected to account for evolutionary processes. Phylogenetic trees are then

reconstructed using algorithms such as maximum parsimony or maximum

likelihood.

Inner branches represent connections between internal nodes that repre-

sent evolutionary relationships between common ancestors. External branches

are endpoints of the tree that represent current species or sequences with no

further descendants. Nodes are points in the tree where branches diverge.

Inner nodes represent hypothetical common ancestors. Leaves (outer nodes)
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represent observed species or sequences.

Figure 2.4: phylogenetic tree with notations.

2.5.2 Tree reconstruction methods

Phylogenetic tree reconstruction methods aim to infer the evolutionary rela-

tionships among species, genes, or other taxa based on molecular sequence

data (De Bruyn et al. [2014]). Phylogenetic inference methods take an align-

ment of sequences as input, and produce a phylogenetic tree as output, repre-

senting a hypothesis of the evolutionary relationships among the sequences.

Two commonly used methods are maximum parsimony (MP) and maximum

likelihood (ML).

MP, initially proposed by Edwards and Cavalli-Sforza [1964], seeks the

tree that requires the fewest evolutionary changes to explain the observed

sequence data. It is based on the principle that the simplest explanation,

so the one minimizing total nucleotide substitutions, is best. Algorithms

such as those developed by Fitch [1971] and later by Sankoff [1975] allow for

calculating this minimum efficiently.
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On the other hand, ML introduced into phylogenetics by Felsenstein

[1981], takes a statistical approach. It evaluates various tree topologies by

calculating the probability (likelihood) that a particular tree would give rise

to the observed sequence alignment, given a model of sequence evolution.

The tree with the highest likelihood is then chosen as the best estimate.

In this thesis, the Jukes-Cantor model is used to model sequence evolu-

tion, which assumes equal base frequencies and uniform mutation rates across

all nucleotide substitutions (Jukes and Cantor [1969]).

2.5.3 The Felsenstein zone and the Farris zone

The distinction between Felsenstein-type and Farris-type trees is essential

when examining the reliability of phylogenetic inference methods. Both tree

types are defined for four taxa and differ in how the long and short external

branches are arranged. Each tree consists of an internal branch of length

p, two external branches of length p, and two external branches of length q.

In Farris-type trees, the two long branches are grouped together, whereas in

Felsenstein-type trees, each long branch is paired with a short one (Leucht-

enberger et al. [2020]).

When the evolutionary process follows a Felsenstein-type tree and the

substitution probability along long branches greatly exceeds the substitu-

tion probability along the short ones, MP often misidentifies the tree topol-

ogy. Instead of correctly pairing long with short branches, MP tends to

group the two long branches together, effectively reconstructing a Farris-type

tree. This misinterpretation is known as long-branch attraction (Felsenstein

[1978]). The range of branch lengths where MP is prone to this error is
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Figure 2.5: Felsenstein-type tree (left) and Farris-type tree (right) across
varying branch-length parameters p and q. The shaded area denotes the
Felsenstein zone. Source: Leuchtenberger et al. [2020].

referred to as the Felsenstein zone. Notably, this error persists even with

arbitrarily long alignments, indicating that MP is statistically inconsistent

in this region.

Moreover, it is important to distinguish between the true phylogenetic

tree, which represents the actual evolutionary relationships and history of

species, and the predicted phylogenetic tree, which is the inferred tree re-

constructed from genetic data using computational methods. Long-branch

attraction affects the predicted tree, causing it to incorrectly connect dis-

tantly related species with long branches, thereby deviating from the true

evolutionary history (Felsenstein [1978]).

When data evolves under a Farris-type tree with certain branch length

configurations, ML may favor an incorrect Felsenstein-type tree. In this case,
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ML separates the two long branches and instead pairs each with a short

one. This phenomenon is called long-branch repulsion, and the parameter

space where it occurs is known as the Farris zone (Waddell [1995], Siddall

[1998]). Unlike long-branch attraction, the impact of long-branch repulsion

diminishes with increasing alignment length, and ML eventually converges to

the correct topology. Thus, ML remains statistically consistent in the limit

of infinite data (Yang [1994]).

In practical scenarios with real (and finite-length) sequence data, distin-

guishing whether an incorrect reconstruction is due to long-brach attraction

or repulsion is nontrivial. For instance, if MP yields a Farris-type tree and ML

returns a Felsenstein-type tree, it is unclear which method has inferred the

correct tree. This uncertainty underscores the need for approaches that can

identify whether an alignment originated from a Farris-type or Felsenstein-

type tree.



Chapter 3

Resources and Methods

The aim of this thesis is to evaluate whether a KAN can distinguish be-

tween multiple sequence alignments evolved under Farris- and Felsenstein-

type trees. In this chapter the steps for building, training and testing the

KAN are presented. All codes, test and training data can be found on GitHub

(https://github.com/Cibiv/quartetKAN.git).

Section 3.1 introduces the overall approach and outlines the KAN’s pri-

mary objectives. Section 3.2 provides a detailed description of the struc-

ture and composition of the training and testing datasets. In Section 3.3,

the architecture of the KAN is explained. Section 3.4 shows how the acti-

vation function for KANs are calculated, by discussing a specific example.

Section 3.5 explains the technical implementation for building, training and

testing of the KAN.

19
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3.1 Approach

To perform the training and testing process of KANs large numbers of simu-

lated sequence alignments are generated, on either a Felsenstein- or a Farris-

type tree. These trees have branch lengths p, q between 0 and 0.75, in order

to recreate scenarios that are characteristic of the two zones. The network is

trained using frequency vectors as input, which represent the relative frequen-

cies of different site-pattern categories derived from the alignments. When

classifying previously unseen alignments, the network is provided with the

corresponding frequency vectors and predicts whether the alignment is likely

originated from a Felsenstein-type tree or a Farris-type tree. If successful,

the KAN recognizes characteristic distribution patterns within the frequency

data that are typical for each tree topology.

3.2 Datasets

The training and testing datasets are generated exactly as described by

Leuchtenberger et al. [2020]. Alignment simulation followed the Jukes-Cantor

model of molecular sequence evolution, which assumes uniform mutation

rates across all nucleotides (Jukes and Cantor [1969]). As input for the net-

work a frequency vector is used, which provides a numerical summary of

sequence alignments based on the occurrence of fifteen site patterns. These

patterns represent the different combinations of nucleotides found at the four

positions corresponding to the taxa in an alignment. For DNA sequences

from four taxa and possible nucleotides (A, C, G, T), there are 256 possible

site patterns. Due to the symmetries in the substitution model, these 256
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patterns can be grouped into 15 distinct categories.

Table 3.1: Pattern categories based on nucleotide similarity across four taxa
(x, y, w, z ∈ {A,C,G, T}).

Explanation Categories
All four taxa identical xxxx
Three identical, one different xxxy, xxyx, xyxx, yxxx
two identical pairs xxyy, xyxy, xyyx
Two identical, two different xxyz, xyxz, xyyz, xyzx, xyzy, xyzz
All different xyzw

For a pair of branch parameters (p, q), one can calculate the probabili-

ties associated with the different site patterns (Felsenstein [2004], p. 111).

These probabilities define a multinomial distribution in 15 dimensions, de-

noted MD(p, q). The parameters p and q describe the chance that a substitu-

tion occurs along each respective branch, thereby determining the expected

frequencies of the 15 pattern classes (Leuchtenberger et al. [2020]).

The frequency vector captures information about site pattern distribu-

tions that reflect the underlying phylogenetic tree. The neural network is

trained to recognize these differences. Using simulated data labeled by tree

type (Felsenstein or Farris), it learns which pattern distributions are charac-

teristic of each. At prediction time, the frequency vector of a new alignment

is computed and passed to the network, which classifies it based on learned

distinctions between the two tree types.

The data generation used unrooted four-taxon trees, assigning two branches

mutation rate p and the remaining three branches rate q (see Figure 2.5). For

the training set, both p and q were varied between 0.005 and 0.745 in 0.01 in-

crements, resulting in 5,625 branch length combinations. For each (p, q) com-
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bination, 1,000 sequence alignments were simulated (Leuchtenberger et al.

[2020]). For each alignment 1,000 MD(p, q) multinomially distributed site

patterns were sampled (Leuchtenberger et al. [2020], Felsenstein [1978])).

To train the neural network without bias from the specific order of taxa,

each generated alignment underwent 24 permutations, representing all possi-

ble arrangements of the four taxa (Leuchtenberger et al. [2020]). The align-

ments were transformed into input frequency vectors.

For the test data, p and q were varied over a coarser grid, from 0.025

to 0.725 in increments of 0.05, leading to 225 parameter combinations. For

each combination, 200 multiple sequence alignments, each 1,000 nucleotides

in length, were simulated using the program Seq-Gen (Rambaut and Grass

[1997], Leuchtenberger et al. [2020]).

3.3 Network architecture and parameters

A neural network has two different classes of parameters: hyperparameters

and model parameters. Hyperparameters are set before training begins and

are not learned from the training data. Some examples are the number and

size of hidden layers, the learning rate, batch size, number of epochs, and

the loss function, which measures the discrepancy between the predicted and

true output values. Within the framework of the training process, different

combinations of hyperparameters were tested. The results are discussed in

Chapter 4.

The network receives as input the 15-dimensional frequency vector. This

input is propagated sequentially through a number of hidden layers, whose
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number and sizes are defined by the hyperparameters. To provide a concrete

visualization a simple network with two hidden layers and a manageable

number of neurons was chosen, which will be consulted as an example in the

upcoming chapters. Figure 3.1 shows the KAN with shape [15, 4, 2, 1]. The

model will be referred to as KAN [15,4,2,1]. To distinguish which layer φ is

applied to, an additional index φ!,i,j, where # denotes the layer, was added.
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Since the Kolmogorov–Arnold representation theorem does not specify

how the required univariate functions should be constructed, Liu et al. [2024]

proposes to approximate them using B-spline-based functions. The learnable

φ!,i,j functions are implemented as linear combinations of B-splines.

B-splines are piecewise polynomial functions defined over a fixed grid,

which divides the input domain into intervals. The number of intervals de-

termines the resolution of the spline. A finer grid allows the network to rep-

resent more complex functions, while a coarser grid reduces the number of

parameters and helps to avoid overfitting. B-splines act locally and can rep-

resent smooth univariate functions with high flexibility. Formally B-splines

are defined as follows (de Boor [2001], de Boor [1972]).

Definition 3.3.1 (B-splines)

Let t = (t0, t1, . . . , tn+k+1) be a non-decreasing sequence of real numbers. The

B-splines Bi,k(x) of degree k ≥ 0 are defined recursively:

Degree k = 0:

Bi,0(x) =






1, if ti ≤ x < ti+1, i = 0, ..., n+ k

0, otherwise.
(3.1)

Degree k ≥ 1:

Bi,k(x) =
x− ti

ti+k − ti
Bi,k−1(x) +

ti+k+1 − x

ti+k+1 − ti+1
Bi+1,k−1(x), (3.2)

Each function Bi,k(x) is a piecewise polynomial of degree k with support

on the interval [ti, ti+k+1). The B-splines are only dependent on the choice
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of grid and have the following properties:

i Local support: Bi,k(x) = 0 for x /∈ [ti, ti+k+1).

ii Non-negativity: Bi,k(x) ≥ 0 for x ∈ [ti, ...ti+k+n).

iii Partition of unity:

n∑

i=0

Bi,k(x) = 1 for all x ∈ [tk, tn+1]. (3.3)

Further each edge function φ!,i,j in a KAN is defined as a weighted sum of

B-splines Br,k(x) of order k (Liu et al. [2024]):

φi,j(x) =
∑

r

cr · Br,k(x), (3.4)

where cr are trainable coefficients that are the model parameters of the net-

work and r is the number of basis functions. These coefficients are randomly

initialized at the start of training.

Figure 3.1 visualizes how in each hidden layer, the values from all input

neurons are passed through the corresponding edge functions φ!,i,j. These

transformed outputs are then summed at each neuron. Since the nonlinear-

ity is entirely captured by the B-splines on the edges, classical node-based

activation functions are no longer necessary.

For the specific phylogenetic application in this thesis, the outputs of the

final hidden layer are passed through an activation function and summed to

yield a single output value between 0 and 1. For this, the sigmoid function,
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defined as (Mitchell [1997], page 97)

σ(x) =
1

1 + e−x
, (3.5)

which smoothly maps any real-valued input to the interval (0, 1), was chosen.

Here, the final output represents the network’s confidence that the input

corresponds to a Felsenstein- or a Farris-type tree. A value near 0 suggests

a classification as Felsenstein, while a value near 1 suggests Farris.

3.4 How are the φ functions calculated in KANs?

The φ·,i,j functions are formed by calculating φ·,i,j(x) =
∑

r crBr,k(x), where

the Br,k are the B-splines. For KAN [15,4,2,1] the grid was chosen as

[−2.2,−1.8,−1.4,−1,−0.6,−0.2, 0.2, 0.6, 1, 1.4, 1.8, 2.2]. (3.6)

The resulting B-splines for k = 1, 2, 3 are shown in Appendix A. Note that

the trainable and varying part of the φ functions operating on KANs edges

are the cr.

3.4.1 Detailed example of a function φ

To enhance clarity and provide a concrete illustration of the functions oper-

ating along the edges of the hidden layers, a specific example from the previ-

ously discussed KAN [15,4,2,1], depicted in Figure 3.1 is used. In particular,

the function φ1,1,1, which corresponds to the edge highlighted in Figure 3.2,

is shown in detail in this section.
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Figure 3.2: Visualization of the edge where the function φ1,1,1 is applied in
KAN [15,4,2,1].

The function φ1,1,1(f1) operates on the input feature f1 from the input

layer and provides its output to the first neuron h1 in the first hidden layer.
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Since cubic B-splines are used in this model (i.e., spline degree k = 3), the

grid consists of 12 values and the number of basis functions is determined

by the relation k + r + 1 = 12 (Piegl and Tiller [1997]), φ1,1,1 includes r = 8

basis functions. Thus, φ1,1,1 is expressed as

φ1,1,1(f1) =
8∑

r=1

cr · Br,3(f1). (3.7)

The code needed to extract c for a specific edge in a model is provided on

GitHub (https://github.com/Cibiv/quartetKAN.git). Here, the coeffi-

cient vector c =
∑8

r=1 cr is:

c =





c1

c2

c3

c4

c5

c6

c7

c8





=





0.207415462

0.030397773

2.27792001

0.141335964

0.054345883

−0.408105105

−1.61672843

1.38897979





. (3.8)
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Given an examplatory input frequency vector





f1

f2

f3

f4

f5

f6

f7

f8

f9

f10

f11

f12

f13

f14

f15





=





0.079

0.019

0.135

0.019

0.031

0.040

0.129

0.040

0.020

0.142

0.041

0.032

0.190

0.038

0.045





(3.9)

where f1 = 0.079 and substituting this into the equation for φ1,1,1 yields

φ1,1,1(0.079) = 0.207415462 · B0,3(0.079) + 0.030397773 · B1,3(0.079)

+ 2.27792001 · B2,3(0.079) + 0.141335964 · B3,3(0.079)

+ 0.054345883 · B4,3(0.079) + (−0.408105105) · B5,3(0.079)

+ (−1.61672843) · B6,3(0.079) + 1.38897979 · B7,3(0.079).

(3.10)
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Based on the support of the B-spline basis functions (see Appendix A), most

terms vanish at f1 = 0.079, and only the following terms contribute as their

support contains 0.079:

φ1,1,1(0.079) = 0.141335964 · B3,3(0.079)

+ 0.054345883 · B4,3(0.079)

− 0.408105105 · B5,3(0.079)

(3.11)

The basis functions evaluate to

B3,3(0.079) =
1

48
(23− 75 · 0.079− 75 · 0.0792 + 375 · 0.0793),

B4,3(0.079) =
1

48
(23 + 75 · 0.079− 75 · 0.0792 + 375 · 0.0793),

(3.12)

and

B5,3(0.079) =
1

48
(1 + 5 · 0.079)3. (3.13)

And plugging in these values, the result is:

φ1,1,1(0.079) ≈ 0.14134 · 0.3491 + 0.05435 · 0.5967− 0.40811 · 0.0566

≈ 0.04944 + 0.03243− 0.02308

= 0.05879.

(3.14)

This procedure can be repeated for each of the 15 input features using

their corresponding functions φ!,1,j, yielding 15 values whose sum is the out-

put of neuron h1 in the first hidden layer.
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3.5 Implementation

To implement the KAN with Python, TensorFlow and Keras are used (Abadi

et al. [2015], Chollet et al. [2015]). As hidden layers of the KAN, DenseKAN

layers were used, which are KAN-style dense layers that replace each scalar

linear weight by a learnable B-spline based function on the corresponding

edge. These were implemented using a customized version of the dense.py

module from the open-source tfkan package, available on GitHub (Zhou

[2024]). The tfkan library is a TensorFlow-based implementation of the

Kolmogorov–Arnold networks by Liu et al. [2024].

To integrate the DenseKAN layers into the KAN’s architecture and ensure

compatibility with the rest of the codebase and environment, the original

dense.py file was slightly modified. These modifications were minimal and

primarily aimed at adapting the class structure, interfaces, and dependencies

to match the specific model setup and TensorFlow as well as Keras versions

used in this thesis. All code can be found on GitHub (https://github.

com/Cibiv/quartetKAN.git).

3.5.1 Training of KAN

The KAN was trained using standard backpropagation to minimize the loss

function while maximizing classification accuracy. Datasets were generated

as described in Section 3.2. 90% of the data was used for training and

the remaining data was reserved for validation. Throughout the training,

the KAN is evaluated on training and validation data to check if over- or

underfitting is present. For evaluation, a binary classification metric was
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used, with a default decision threshold of 0.5 to distinguish between the two

classes: Felsenstein (< 0.5) and Farris (> 0.5).

3.5.2 Testing of KAN

To evaluate the performance of the trained KAN, a testing procedure is im-

plemented. The test data consists of simulated alignments as described in

Section 3.2. During the training and during the validation phase the classifi-

cation accuracy is measured. Thereby the proportion of alignments for which

the KAN inferred the correct tree type was determined. During the analy-

sis the overall accuracy on the test alignments was measured as well as the

accuracy only on those evolved under a Farris-type tree (or Felsenstein-type

tree respectively). To facilitate visual interpretation, the accuracies for both

trees and each (p, q) combination were plotted as two-dimensional heatmaps

for all (p, q) combinations. These plots display the KAN’s classification ac-

curacy under various evolutionary conditions and provided a clear depiction

of areas of strength and weakness.



Chapter 4

Results and Analysis

This chapter presents the results of the training and provides an analysis of

the evaluated KANs. Section 4.1 introduces key terminology used to evaluate

the models’ performance. In Section 4.2, a specific model is selected for an

in-depth analysis, including visualizations of loss and accuracy over training

epochs, as well as the evaluation on the test data. Section 4.3 outlines the

test results and examines the impact of various hyperparameter configura-

tions. Section 4.4 presents a comparative evaluation of the KAN and ANN,

examining differences in performance.

34
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4.1 Definitions of accuracy metrics

Accuracy Farris refers to the accuracy of a network when applied to align-

ments that have evolved under Farris-type trees. Accuracy Felsenstein is

analogous to accuracy Farris, but applies to alignments that evolved un-

der Felsenstein-type trees. Accuracy average denotes the overall accuracy of

a network across all alignments, regardless of whether they evolved under

Farris-type or Felsenstein-type trees. It provides a general assessment of the

networks’s performance.
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4.2 Analysis and interpretation of a specific

model

To demonstrate the effectiveness of the training and evaluation process, we

examine KAN [15,4,2,1], previously introduced in Section 3.4.1. The learning

rate was chosen as 0.0001 and the batch size as 32. This trained KAN ran

for 20 Epochs.

Figure 4.1: The Figure illustrates the progression of KAN [15,4,2,1] training
and validation accuracy over the course of training epochs.

Training accuracy measures how well the model performs on training data

and validation accuracy measures how well the KAN performs on unseen

data. Figure 4.1 shows, that as the number of epochs increases, the KAN

demonstrates improved performance in distinguishing between Farris-type
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and Felsenstein-type trees, indicating effective learning from the input data.

Figure 4.2: This figure presents the corresponding decrease in
KAN [15,4,2,1]’s loss over time.

The reduction in loss, shown in Figure 4.2, reflects the KAN’s increas-

ing ability to make accurate predictions, as it minimizes the error between

predicted and actual outputs. Together, these figures provide clear evidence

that the KAN improves with continued training, both in terms of accuracy

and loss, confirming that the network is effectively learning from the data.

The average accuracy for KAN [15,4,2,1] is 79.58%, the accuracy Felsen-

stein is 77.37% and the accuracy Farris 81.79%.
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Figure 4.3: The heatmap of KAN [15,4,2,1] displays the prediction accuracy
depending on branch lengths and true tree. It illustrates how accurately
the KAN classifies trees, when given an alignment derived from a Farris-
type tree (left) or a Felsenstein-type tree (right). The color indicates the
percentage of correct classification for the respective (p, q) combinations. The
heatmap makes it possible to identify in which branch length ranges the KAN
performs particularly efficiently and where the accuracy decreases, revealing
important insights into the limitations and robustness of the classification.
The upper left corner of both heatmaps corresponds to the Felsenstein zone,
i.e., the combinations of (p, q) for which maximum parsimony is statistically
inconsistent.

4.3 Accuracies and results for KANs

To evaluate the performance of KANs, multiple hyperparameter configura-

tions were tested. The aim was to understand how variations in network

architecture and training settings influence classification accuracy. To iso-

late the effect of each hyperparameter, one hyperparameter was varied at

a time while keeping the others constant. In the first set of experiments,

the goal was to optimize accuracy by testing different learning rates, while



4.3. ACCURACIES AND RESULTS FOR KANS 39

keeping the layer structure fixed at [15, 64, 96, 1]. The results are shown in

Table 4.1.

Table 4.1: Accuracy results for different learning rates (constant size of lay-
ers).

Size of layers Learning rate Acc Avg in % Acc Far in % Acc Fel in %
[15, 64, 96, 1] 0.00005 86.67 83.21 90.14
[15, 64, 96, 1] 0.000075 86.80 83.68 89.92
[15, 64, 96, 1] 0.0001 86.84 83.92 89.76
[15, 64, 96, 1] 0.0002 87.06 84.88 89.24
[15, 64, 96, 1] 0.0003 86.92 84.02 89.82
[15, 64, 96, 1] 0.0004 87.04 84.99 89.10
[15, 64, 96, 1] 0.0005 86.93 83.87 89.99

Here, all models perform well, with average accuracies ranging from

86.67% to 87.06%. The best accuracy within this group is 87.06%, obtained

with a learning rate of 0.0002. On Farris- and Felsenstein-type trees, this

configuration reaches 84.88% and 89.24%, respectively. The learning rate

does not seem to have a noteworthy impact on the KANs performance.

The second set of experiments focused on exploring different hidden layer

configurations, with an emphasis on maintaining a small number of layers to

promote interpretability. The goal was to find a simple network structure

that still achieves competitive accuracy.

Table 4.2: Comparison of different hyperparameter combinations.

Size of layers Learning rate Acc Avg in % Acc Far in % Acc Fel in %
[15, 5, 1] 0.0002 68.62 63.67 73.57
[15, 3, 1] 0.0002 68.61 63.64 73.59
[15, 50, 1] 0.0002 68.62 63.86 73.37
[15, 100, 1] 0.0002 68.90 60.06 77.74
[15, 4, 2, 1] 0.0002 82.25 80.70 83.81
[15, 3, 1] 0.0010 68.53 54.38 82.67

[15, 64, 96, 1] 0.0001 86.84 83.92 89.76
[15, 64, 128, 208, 96, 1] 0.0001 87.68 86.56 88.81

[15, 64, 128, 256, 408, 208, 96, 1] 0.0001 87.75 86.41 89.10
[15, 64, 128, 256, 512, 1024, 408, 208, 96, 1] 0.0001 87.63 86.73 88.53
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Table 4.2 shows, that a configuration with just two hidden layers [15, 4, 2, 1]

reaches an average accuracy of 82.25%, with 80.70% accuracy on Farris-type

trees and 83.81% on Felsenstein-type trees. However, models with only a sin-

gle hidden layer, such as [15, 3, 1] or [15, 100, 1], perform worse, with average

accuracies around 68.6–68.9%.

The findings, shown in Table 4.2, suggest that simply increasing the width

of a shallow network does not compensate for the representational advantages

conferred by additional depth. The architectures with at least two hidden

layers achieved significantly better results, providing a more effective trade-

off between simplicity and predictive performance.

The best-performing model overall is the one with layer configuration

[15, 64, 128, 256, 408, 208, 96, 1] and a learning rate of 0.0001 (see Table 4.2).

This model achieves an average accuracy of 87.75%, with 86.41% accuracy

for Farris-type trees and 89.10% for Felsenstein-type trees. This model will

be referred to as KAN best.

For all KANs presented in Table 4.2, the corresponding heatmaps are

provided in Appendix B. These visualizations support the statement that

models with only a single hidden layer exhibit lower accuracies compared

to more layered models, indicating that shallower architectures are generally

less effective.

These experiments demonstrate that while shallow KANs can already

achieve respectable accuracies (e.g., 82.25% with just two hidden layers),

deeper networks with appropriate learning rates can push performance fur-

ther, achieving accuracies up to 87.75%. The introduction of even moderate

depth proves to be essential for capturing relevant structures in the input
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data.

4.4 Comparison of KAN and ANN

To compare the performance of KANs with ANNs, we consider the two best-

performing models from each class. The best-performing ANN is the model

F-zoneNN, as described by Leuchtenberger et al. [2020], which achieved an

average accuracy of 87.4%. The best-performing KAN model, referred to

as KAN best, as introduced in Section 4.3, achieves a slightly higher average

accuracy of 87.75%.

Table 4.3 lists hyperparameters of both models. Apart from the layer

architecture, all other hyperparameters are held constant. The ANN uses a

deep feedforward structure with ten layers, including a maximum width of

1024 units, while the KAN model uses a slightly shallower architecture with

otherwise similar widths.

Table 4.3: Hyperparameters of F-ZoneNN and KAN best.

Parameter F-ZoneNN KAN best
Size of Layers [15, 64, 128, 256, 512, 1024, 408, 208, 96, 1] [15, 64, 128, 256, 408, 208, 96, 1]
Learning Rate 0.0001 0.0001
Batch Size 32 32
Epochs 20 20



Chapter 5

Conclusion and Outlook

5.1 Conclusion

In this thesis, the Kolmogorov-Arnold network architecture was explored

and applied to a specific case study. The model achieved strong perfor-

mance, reaching a classification accuracy of 87.63%, which is comparable to

the baseline ANN model presented by Leuchtenberger et al. [2020]. Notably,

the KAN was able to reach this level of accuracy using an architecture with

fewer layers and nodes. This efficiency highlights the potential of KANs to

approximate complex functions with fewer edges.

Even though the KAN demonstrated competitive predictive performance

and architectural compactness, the interpretation of the parameters remains

difficult. Although the KAN’s construction suggests a potential avenue for

interpretability in principle, the parameters learned are not straightforward

to interpret in biologically meaningful terms. As shown in Chapter 3.4.1

and Appendix A.4, the parameters do not yield simple or immediately inter-

42



5.2. OUTLOOK 43

pretable rules for the phylogenetic task discussed in this thesis.

While the KAN architecture provides a compact and competitive model

for the phylogenetic classification problem studied here, this evaluation is

based on a single use case. In order to make broader claims about the general

advantages of KANs over traditional neural network architectures, further

research is required. Future work should include testing across a wider range

of datasets. The work presented here therefore highlights a balanced picture:

KANs appear promising as compact, effective models for the studied task,

but additional application would be necessary before claiming interpretability

advantages or general superiority over conventional architectures.

5.2 Outlook

While the Kolmogorov-Arnold network has demonstrated promising results

in the phylogenetic application presented in this thesis, several important

directions for future research remain open. The generalizability of KANs

should be investigated more thoroughly. This includes testing on larger and

more diverse datasets and comparing performance not only in terms of accu-

racy but also computational efficiency, training time, and stability. Further

analysis of the interpretability of KANs could help clarify whether the theo-

retical advantages of their structure translate into practical insights.

Benchmarking KANs against state-of-the-art models in real-world appli-

cations will be essential to determine whether they represent a meaningful

advancement over existing methods, or if their benefits are primarily theo-

retical or case-dependent.



Appendix A

B-spline Calculations

B-splines on the grid

ti =
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,
1
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,
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5
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5

}
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A.1. DEGREE 0 45

A.1 Degree 0

B0,0(x) =






1 if x ≥ −11
5 ∧ x < −9

5

0 otherwise

B1,0(x) =






1 if x ≥ −9
5 ∧ x < −7

5

0 otherwise

B2,0(x) =






1 if x ≥ −7
5 ∧ x < −1

0 otherwise

B3,0(x) =






1 if x ≥ −1 ∧ x < −3
5

0 otherwise

B4,0(x) =






1 if x ≥ −3
5 ∧ x < −1

5

0 otherwise



A.1. DEGREE 0 46

B5,0(x) =






1 if x ≥ −1
5 ∧ x < 1

5

0 otherwise

B6,0(x) =






1 if x ≥ 1
5 ∧ x < 3

5

0 otherwise

B7,0(x) =






1 if x ≥ 3
5 ∧ x < 1

0 otherwise

B8,0(x) =






1 if x ≥ 1 ∧ x < 7
5

0 otherwise

B9,0(x) =






1 if x ≥ 7
5 ∧ x < 9

5

0 otherwise

B10,0(x) =






1 if x ≥ 9
5 ∧ x < 11

5

0 otherwise



A.2. DEGREE 1 47

A.2 Degree 1

B0,1(x) =






5x+11
2 if x ≥ −11

5 ∧ x < −9
5

−5x+7
2 if x ≥ −9

5 ∧ x < −7
5

0 if otherwise

B1,1(x) =






5x+9
2 if x ≥ −9

5 ∧ x < −7
5

−5(x+1)
2 if x ≥ −7

5 ∧ x < −1

0 if otherwise

B2,1(x) =






5x+7
2 if x ≥ −7

5 ∧ x < −1

−5x+3
2 if x ≥ −1 ∧ x < −3

5

0 if otherwise

B3,1(x) =






−5x+1
2 if x ≥ −3

5 ∧ x < −1
5

5(x+1)
2 if x ≥ −1 ∧ x < −3

5

0 if otherwise

B4,1(x) =






5x+3
2 if x ≥ −3

5 ∧ x < −1
5

1−5x
2 if x ≥ −1

5 ∧ x < 1
5

0 if otherwise



A.2. DEGREE 1 48

B5,1(x) =






5x+1
2 if x ≥ −1

5 ∧ x < 1
5

3−5x
2 if x ≥ 1

5 ∧ x < 3
5

0 if otherwise

B6,1(x) =






5x−1
2 if x ≥ 1

5 ∧ x < 3
5

5(1−x)
2 if x ≥ 3

5 ∧ x < 1

0 if otherwise

B7,1(x) =






5x−3
2 if x ≥ 3

5 ∧ x < 1

7−5x
2 if x ≥ 1 ∧ x < 7

5

0 if otherwise

B8,1(x) =






9−5x
2 if x ≥ 7

5 ∧ x < 9
5

5(x−1)
2 if x ≥ 1 ∧ x < 7

5

0 if otherwise

B9,1(x) =






5x−7
2 if x ≥ 7

5 ∧ x < 9
5

11−5x
2 if x ≥ 9

5 ∧ x < 11
5

0 if otherwise



A.3. DEGREE 2 49

A.3 Degree 2

B0,2(x) =






(5x+11)2

8 if x ≥ −11
5 ∧ x < −9

5

−(25x
2

4 + 20x+ 61
4 ) if x ≥ −9

5 ∧ x < −7
5

25(x+1)2

8 if x ≥ −7
5 ∧ x < −1

0 if otherwise

B1,2(x) =






−(25x
2

4 + 15x+ 33
4 ) if x ≥ −7

5 ∧ x < −1

(5x+3)2

8 if x ≥ −1 ∧ x < −3
5

(5x+9)2

8 if x ≥ −9
5 ∧ x < −7

5

0 if otherwise

B2,2(x) =






(5x+1)2

8 if x ≥ −3
5 ∧ x < −1

5

−(25x
2

4 + 10x+ 13
4 ) if x ≥ −1 ∧ x < −3

5

(5x+7)2

8 if x ≥ −7
5 ∧ x < −1

0 if otherwise

B3,2(x) =






−(25x
2

4 + 5x+ 1
4) if x ≥ −3

5 ∧ x < −1
5

(5x−1)2

8 if x ≥ −1
5 ∧ x < 1

5

25(x+1)2

8 if x ≥ −1 ∧ x < −3
5

0 if otherwise



A.3. DEGREE 2 50

B4,2(x) =






3−25x2

4 if x ≥ −1
5 ∧ x < 1

5

(5x−3)2

8 if x ≥ 1
5 ∧ x < 3

5

(5x+3)2

8 if x ≥ −3
5 ∧ x < −1

5

0 if otherwise

B5,2(x) =






(5x+1)2

8 if x ≥ −1
5 ∧ x < 1

5

−25x2

4 + 5x− 1
4 if x ≥ 1

5 ∧ x < 3
5

25(x−1)2

8 if x ≥ 3
5 ∧ x < 1

0 if otherwise

B6,2(x) =






(5x−1)2

8 if x ≥ 1
5 ∧ x < 3

5

−25x2

4 + 10x− 13
4 if x ≥ 3

5 ∧ x < 1

(5x−7)2

8 if x ≥ 1 ∧ x < 7
5

0 if otherwise

B7,2(x) =






(5x−3)2

8 if x ≥ 3
5 ∧ x < 1

−25x2

4 + 15x− 33
4 if x ≥ 1 ∧ x < 7

5

(5x−9)2

8 if x ≥ 7
5 ∧ x < 9

5

0 if otherwise



A.4. DEGREE 3 51

B8,2(x) =






−25x2

4 + 20x− 61
4 if x ≥ 7

5 ∧ x < 9
5

(5x−11)2

8 if x ≥ 9
5 ∧ x < 11

5

25(x−1)2

8 if x ≥ 1 ∧ x < 7
5

0 if otherwise

A.4 Degree 3

B0,3(x) =






(5x+11)3

48 if x ≥ −11
5 ∧ x < −9

5

−5(75x3+375x2+609x+317)
48 if x ≥ −9

5 ∧ x < −7
5

375x3+1275x2+1365x+473
48 if x ≥ −7

5 ∧ x < −1

− (5x+3)3

48 if x ≥ −1 ∧ x < −3
5

0 if otherwise

B1,3(x) =






−375x3+1425x2+1725x+643
48 if x ≥ −7

5 ∧ x < −1

375x3+825x2+525x+107
48 if x ≥ −1 ∧ x < −3

5

(5x+9)3

48 if x ≥ −9
5 ∧ x < −7

5

− (5x+1)3

48 if x ≥ −3
5 ∧ x < −1

5

0 if otherwise



A.4. DEGREE 3 52

B2,3(x) =






5(75x3+75x2+9x+1)
48 if x ≥ −3

5 ∧ x < −1
5

−375x3+975x2+765x+157
48 if x ≥ −1 ∧ x < −3

5

(5x+7)3

48 if x ≥ −7
5 ∧ x < −1

− (5x−1)3

48 if x ≥ −1
5 ∧ x < 1

5

0 if otherwise

B3,3(x) =






375x3−75x2−75x+23
48 if x ≥ −1

5 ∧ x < 1
5

− (5x−3)3

48 if x ≥ 1
5 ∧ x < 3

5

−375x3−525x2−165x+17
48 if x ≥ −3

5 ∧ x < −1
5

125(x+1)3

48 if x ≥ −1 ∧ x < −3
5

0 if otherwise

B4,3(x) =






−375x3−75x2+75x+23
48 if x ≥ −1

5 ∧ x < 1
5

375x3−525x2+165x+17
48 if x ≥ 1

5 ∧ x < 3
5

(5x+3)3

48 if x ≥ −3
5 ∧ x < −1

5

−125(x−1)3

48 if x ≥ 3
5 ∧ x < 1

0 if otherwise



A.4. DEGREE 3 53

B5,3(x) =






(5x+1)3

48 if x ≥ −1
5 ∧ x < 1

5

5(−75x3+75x2−9x+1)
48 if x ≥ 1

5 ∧ x < 3
5

375x3−975x2+765x−157
48 if x ≥ 3

5 ∧ x < 1

− (5x−7)3

48 if x ≥ 1 ∧ x < 7
5

0 if otherwise

B6,3(x) =






(5x−1)3

48 if x ≥ 1
5 ∧ x < 3

5

−375x3+825x2−525x+107
48 if x ≥ 3

5 ∧ x < 1

375x3−1425x2+1725x−643
48 if x ≥ 1 ∧ x < 7

5

− (5x−9)3

48 if x ≥ 7
5 ∧ x < 9

5

0 if otherwise

B7,3(x) =






(5x−3)3

48 if x ≥ 3
5 ∧ x < 1

−375x3+1275x2−1365x+473
48 if x ≥ 1 ∧ x < 7

5

5(75x3−375x2+609x−317)
48 if x ≥ 7

5 ∧ x < 9
5

− (5x−11)3

48 if x ≥ 9
5 ∧ x < 11

5

0 if otherwise



Appendix B

Additional results of KAN

training

B.1 KAN [15,64,128,256,512,1024,408,208,96,1]

Figure B.1: Heatmap of KAN [15,64,128,256,512,1024,408,208,96,1]
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B.1. KAN [15,64,128,256,512,1024,408,208,96,1] 55

Figure B.2: Accuracy of KAN [15,64,128,256,512,1024,408,208,96,1]

Figure B.3: Loss of KAN [15,64,128,256,512,1024,408,208,96,1]



B.2. KAN [15,64,96,1] 56

B.2 KAN [15,64,96,1]

Figure B.4: Heatmap of KAN [15,64,96,1]

Figure B.5: Accuracy of KAN [15,64,96,1]



B.3. KAN BEST ([15,64,128,256,408,208,96,1]) 57

Figure B.6: Loss of KAN [15,64,96,1]

B.3 KAN best ([15,64,128,256,408,208,96,1])

Figure B.7: Heatmap of KAN bast ([15,64,128,256,408,208,96,1])



B.3. KAN BEST ([15,64,128,256,408,208,96,1]) 58

Figure B.8: Accuracy of KAN [15,64,128,256,408,208,96,1]

Figure B.9: Loss of KAN [15,64,128,256,408,208,96,1]



B.4. KAN [15,64,128,208,96,1] 59

B.4 KAN [15,64,128,208,96,1]

Figure B.10: Heatmap of KAN [15,64,128,208,96,1]

Figure B.11: Accuracy of KAN [15,64,128,208,96,1]



B.5. KAN [15,5,1] 60

Figure B.12: Loss of KAN [15,64,128,208,96,1]

B.5 KAN [15,5,1]

Figure B.13: Heatmap of KAN [15,5,1]



B.6. KAN [15,3,1], LEARNING RATE 0.0002 61

B.6 KAN [15,3,1], learning rate 0.0002

Figure B.14: Heatmap of KAN [15,3,1], learning rate 0.0002

B.7 KAN [15,3,1], learning rate 0.001

Figure B.15: Heatmap of KAN [15,3,1], learning rate 0.001



B.7. KAN [15,3,1], LEARNING RATE 0.001 62

Figure B.16: Accuracy of KAN [15,3,1], learning rate 0.001

Figure B.17: Loss of KAN [15,3,1], learning rate 0.001



B.8. KAN [15,4,2,1] 63

B.8 KAN [15,4,2,1]

Figure B.18: Heatmap of KAN [15,4,2,1]

B.9 KAN [15,50,1]

Figure B.19: Heatmap of KAN [15,50,1]



B.9. KAN [15,50,1] 64

Figure B.20: Accuracy of KAN [15,50,1]

Figure B.21: Loss of KAN [15,50,1]



B.10. KAN [15,100,1] 65

B.10 KAN [15,100,1]

Figure B.22: Heatmap of KAN [15,100,1]

Figure B.23: Accuracy of KAN [15,100,1]



B.10. KAN [15,100,1] 66

Figure B.24: Loss of KAN [15,100,1]
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