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Abstract

In this work we prove the classical version of the Penrose Incompleteness Theorem and
a somewhat different variant. Apart from the standard argument based on Differential
Topology and the Variational Theory of Curves, our approach uses results on the struc-
ture of null hypersurfaces and achronal boundaries. In particular, we develop methods to
rigorously study the geometry of null submanifolds. The classical part of the argument is
also presented in full detail by reviewing the necessary mathematics. Moreover, the thesis
is entirely self-contained and we thereby provide a complete account of all the necessary
background in Lorentzian Geometry.

In dieser Arbeit beweisen wir die klassische Version des Unvollständigkeitssatzes von
Penrose sowie eine seiner anderen Varianten. Neben dem klassischen Argument, das auf
Methoden der Differentialtopologie und der Variationstheorie von Kurven basiert, stützt
sich unser Zugang auf Resultate über die Struktur nullartiger Hyperflächen und achronaler
Ränder. Insbesondere entwickeln wir Methoden zur präzisen Untersuchung der Geometrie
nullartiger Untermannigfaltigkeiten. Der klassische Teil des Arguments wird vollständig
und im Detail präsentiert, wobei die dafür erforderlichen mathematischen Grundlagen
hergeleitet werden. Darüber hinaus ist die Arbeit in sich abgeschlossen und enthält eine
umfassende Darstellung sämtlicher notwendiger Voraussetzungen aus der Lorentzschen
Geometrie.
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1 Introduction

The Penrose Incompleteness Theorem, also more commonly known as the Penrose Singularity
Theorem, arguably poses one of the most remarkable achievements of Mathematical Relativity
and Lorentzian Geometry. In his groundbreaking paper [Pen65], Sir Roger Penrose was able
to prove a geometrical result, which had a profound impact on the modern understanding of
Einstein’s Theory of Relativity.
The statement of the Theorem concerns the property of a spacetime manifold being null
geodesically incomplete. In rough terms, this means that there exists a null geodesic (pos-
sibly more), which cannot be extended to infinite parameter time. Penrose was the first to
demonstrate that assuming (i) Existence of a non-compact Cauchy Surface, (ii) Null Energy
Condition, and (iii) Presence of a Trapped Surface, that a spacetime must be null incomplete.
This original argument hinges on results from Differential Topology and Variation of Curves
in the setting of Lorentzian Manifolds.
In the set of notes by Gregory J. Galloway [Gal14], one can find outlines for a proof, where
one mainly uses the structure of null hypersurfaces and achronal boundaries. This offers a
very intuitive approach, setting it somewhat apart from Penrose’s original argument and other
proofs found in the textbook literature.
The aim of this Master Thesis is to provide a complete and mathematically rigorous account
of the ideas presented in [Gal14], with the goal of proving the celebrated incompleteness theo-
rem. In addition, another related incompleteness result is covered which lends itself to further
applications. In order to achieve this, rigorous mathematics from Lorentzian geometry, Topol-
ogy and Analysis will be established and applied.
To this end, Chapter 2 serves as an introduction to Lorentzian Manifolds and Causality
Theory. In particular, we will display the differences between Lorentzian and Riemannian
Geometry and establish several important results, as well as present the main object we want
to work with: the spacetime (M, g). In Chapter 3, we define Semi-Riemannian submanifolds
as smooth submanifolds that inherit a (non-degenerate) metric tensor and then study their
induced connection. After this, in Chapter 4, we study causal curves and prove the limit curve
lemma, which is a very helpful technical result in Lorentzian Geometry concerning sequences
of causal curves. The latter part of the Chapter is dedicated to notions of Variational Calcu-
lus. While this is very similar to the Riemannian case, one needs to be careful in adapting
standard arguments in a way such that the underlying causal structure of the Lorentzian
manifold is respected. Chapter 5 deals with global topological properties in Lorentzian Ge-
ometry. In the first subsection we introduce achronal boundaries, which are formally defined
as sets of the form ∂I±(S), i.e. the topological boundary of the chronological future of an
arbitrary subset S ⊆M . Moreover, we will establish that achronal boundaries actually carry
the structure of an achronal, topological hypersurface that is generated by null geodesics.
The second subsection is a continuation of our study of Causality Theory. In particular, we
introduce a causal ladder, define Cauchy surfaces and Global Hyperbolicity and study how
these notions relate to one another. As a central result, we verify that compact, achronal
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topological hypersurfaces in globally hyperbolic spacetimes are Cauchy surfaces.
After this, we are again interested in submanifolds of spacetimes. However, unlike in Chapter
3, we will study cases where the spacetime metric does not induce a non-degenerate met-
ric. These kind of submanifolds, called null submanifolds, are the main objects of interest
in Chapter 6. Our goal is to understand the geometry of null hypersurfaces, which becomes
important when studying smooth parts of achronal boundaries.
A proper analysis of variations of null geodesics then is subject of the penultimate Chapter
7. There, we combine the results of Chapters 3 and 4 and introduce the notion of focal points
of submanifolds along null geodesics. In particular, will show how focal points are related
to singular values of the normal exponential map and what impact they have on the causal
structure.
Finally, in Chapter 8, we first introduce trapped surfaces and geodesic null congruences. Fol-
lowing this, we give an overview of Einstein’s Theory of General Relativity and its relation
to Penrose’s Incompleteness Theorem. The third subsection is where we discuss the proof of
the Incompleteness Theorem and a subsequent result thereof.

2 Fundamental Notions of Lorentzian Geometry

The history of Lorentzian geometry and, more generally, Semi-Riemannian geometry dates
back to the early 20th century, where it founded its central significance in relation to physics.
In particular, it is a Lorentzian manifold that is the framework in which Albert Einstein
(1879−1955) constructed his theory of General Relativity. Building up on Bernhard Riemann
(1826−1866) and his work in geometry, Lorentzian geometry has since become an active field
of research in mathematics and mathematical physics.
The purpose of this chapter is to give a brief and sufficient introduction to fundamental notions
and key results in Lorentzian geometry. The reader is expected to have some knowledge in
differential geometry and Riemannian geometry, approximately on the level of e.g. [Kun22a]
and [KS21]. We will however recall some basic definitions down below.

2.1 Semi-Riemannian Manifolds

Our first goal is to introduce the notion of a Lorentzian manifold. After that, we will briefly
collect several important facts that are needed later. In this section we will follow [O’N83],
[KS21] and [KS23] as our main references. Note that we will also adopt their notations and
conventions, unless otherwise specified. We may now proceed with the first definition.

Definition 2.1.1. A semi-Riemannian manifold is a pair (M, g), where M is a smooth,
second countable Hausdorff manifold and g is a smooth non-degenerate (0, 2)-tensor field on
M (i.e. g ∈ T 0

2 (M)) that is symmetric and has constant signature1.
1Recall that a signature is a pair (k, l), where the letters, in this order, denote the maximum dimension of

a subspace W for which g|W is 1) negative definite, 2) positive definite.
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The tensor field g – also called metric tensor or metric – therefore yields a map gp := g(p) :

TpM × TpM → R for any p ∈ M , which is symmetric, non-degenerate and has constant
signature respectively. Note that we will also often use the notation ⟨·, ·⟩ := g(·, ·). One can
distinguish the following cases

Definition 2.1.2. Let (M, g) be a semi-Riemannian manifold with dim(M) = n+1. We call
(M, g) a

(i) Lorentzian manifold if g has signature (1, n),

(ii) Riemannian manifold if g has signature (n+ 1, 0).

As the most simple and important example of a Lorentzian manifold, one may consider
Minkowski space (R1,n, η), where R1,n := Rn+1 and η = diag(−1, 1, . . . , 1). In physics,
Minkowski space with n = 3, provides the geometric framework underlying the special rela-
tivity.
It will be useful to review some of the differences and similarities of Lorentzian and Rieman-
nian manifolds. We will see that if (M, g) is any kind of semi-Riemannian manifold, several
notions from Riemannian geometry generalize to (M, g). Most importantly, M will always
admit a Levi-Civita connection ∇ : X(M) × X(M) → X(M). With this, one can define the
Riemann curvature tensor R : X(M) × X(M) × X(M) → X(M) as usual by R(Z,X, Y ) :=

RXY Z := ∇[X,Y ]Z − [∇X ,∇Y ]Z. In local coordinates we will write Ra
bcd∂a = R∂c∂d∂b and

define the Ricci curvature tensor Ric as the contraction Ra
ija = Rij .

A smooth curve γ : I →M is a smooth map from a connected subset I of R that contains at
least two points to M . Similarly, a piecewise smooth curve γ : [a, b] →M is a continuous map
that admits a finite partition a = t0 < t1 < · · · < tn = b of [a, b] such that γ|[ti,ti+1]

is smooth
for each i = 1, . . . , n−1. Note that by a curve we will usually mean a piecewise smooth curve,
if not otherwise specified. In order to talk about the velocities of curves, following notion is
necessary

Definition 2.1.3. Let N,M be smooth manifolds and f : N → M smooth. A vector field
along f is a smooth map X : N → TM such that π ◦X = f , i.e.

N

TM M
π

X
f

commutes, where π : TM →M is the bundle projection of TM .
The set of vector fields along f is denoted by X(f).

Remark 2.1.4. (i) The set X(f) together with point-wise addition and multiplication is a
module over C∞(N).
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(ii) Let N,M with dim(M) = m, dim(N) = n and f be as above and consider X ∈ X(f).
Let V ⊆ N open and (U,φ) be a chart in M such that f(V ) ⊆ U . If p ∈ V , then we
can write X(p) = Xi(p) ∂i|f(p) with Xi ∈ C∞(N) for each i = 1, . . . ,m.

(iii) If γ : I → M is a smooth curve on a smooth manifold M , then γ′ ∈ X(γ). In local
coordinates (U,φ = (x1, . . . , xn)), we have γ′(t) = d(xi◦γ)

dt (t) ∂i|γ(t). γ′ is called the
velocity vector field of γ and is often also denoted as γ̇. Note in particular that if
X ∈ X(M), then X ◦ γ ∈ X(γ).

(iv) Let γ : [a, b] →M be a curve and V : [a, b] → TM a continuous map with π ◦V = γ. V
is called a piecewise smooth vector field if there is a finite partition a = t0 < t1 < · · · <
tn = b of [a, b] such that V |[ti,ti+1]

is smooth for all i = 1, . . . , n − 1. In this case, we
write V ∈ Xpw(γ). In particular, for any piecewise smooth curve γ one has γ′ ∈ Xpw(γ).

We may now define the covariant derivative of a vector field Z ∈ X(γ) along a smooth curve
γ : I →M . For this, only the Levi-Civita connection is needed and thus, one can proceed as
in the case of a Riemannian manifold.

Proposition 2.1.5. Let γ : I →M be a smooth curve. There exists a unique map

∇
dt

: X(γ) → X(γ)

Z 7→ Ż := Z ′ :=
∇Z
dt

called induced covariant derivative, which satisfies

(i) (λZ1 + µZ2)
′ = λZ ′

1 + µZ ′
2 for all λ, µ ∈ R and Z1, Z2 ∈ X(γ),

(ii) (fZ)′ = df
dtZ + fZ ′ for all f ∈ C∞(I) and Z ∈ X(γ),

(iii) (X ◦ γ)′(t) = ∇γ′(t)X for all X ∈ X(M) and t ∈ I,

(iv) d
dt⟨Z1, Z2⟩ = ⟨Z ′

1, Z2⟩+ ⟨Z1, Z
′
2⟩ for all Z1, Z2 ∈ X(γ).

The proof proceeds in the exact same way as it would in Riemannian geometry (E.g. see
[O’N83, Prop. 3.18]). Now, let γ and Z be as above. Using the previous remark and the
properties of the induced covariant derivative, the local coordinate expression for Z ′ can be
written as

Z ′ =

n∑
i=1

dZi

dt
(∂i ◦ γ) +

n∑
i=1

Zi∇γ′∂i =

n∑
i=1

(
dZi

dt
+ Γi

jk

d(xj ◦ γ)
dt

Zk

)
(∂i ◦ γ). (2.1)

Let us recall two important properties of the covariant derivative, which are needed later on.

Lemma 2.1.6. Let f : I × J →M smooth and Z ∈ X(f). We then have
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(i) in first order
∇
∂s

∂f

∂s
=

∇
∂t

∂f

∂t

(ii) and in second order (
∇
∂t

∇
∂s

− ∇
∂s

∇
∂t

)
Z = RfsftZ,

where fs = ∂f
∂s and ft = ∂f

∂t .

For a proof of this result see [KS21, Lemma 2.1.20] or [O’N83, Prop. 4.44].
Let γ : I → M be a curve on M . We will call a vector field Z ∈ X(γ) parallel if Z ′ = 0.
Because equation (2.1) is a system of linear ordinary differential equations of first order, it
follows that for initial data z ∈ Tγ(t0)M with t0 ∈ I, one obtains a unique parallel vector field
Z ∈ X(γ) with Z(t0) = z. This solution Z is called the parallel transport of z along γ. The
parallel transport along γ from γ(t1) to γ(t2) then is the map Pγ

t1,t2
: Tγ(t1)M → Tγ(t2) defined

by Pγ
t1,t2

(z) = Z(t2), where Z is the parallel transport of z along γ. One may show that Pγ
t1,t2

is a linear isometry (see e.g. [O’N83, Lemma 3.20] or Proposition 3.2.14), which is a fact that
will be used several times.
A geodesic c is a smooth curve c : I → M with a parallel velocity vector field. It thus solves
the geodesic equation2

c̈ = 0. (2.2)

This equation can locally be written down as a system of ordinary differential equations of
second order using equation (2.1) and the local coordinate expression of ċ. Consequently, it
always admits a unique maximal solution c : I →M for initial data p ∈M and v ∈ TpM , i.e.
c(0) = p, ċ(0) = v and any other geodesic c̃ : J → M with same initial data satisfies J ⊆ I

(cf. [KS21, Chapter 2.1]).
A pregeodesic is a smooth curve c : I → M with c̈ = φċ for some φ ∈ C∞(I,R). Any such
pregeodesic admits a reparametrization as a geodesic, and while any reparametrization of a
non-constant geodesic c is a pregeodesic, only for h(t) = at+ b with a, b ∈ R follows that c ◦h
is again a geodesic (cf. [KS23, Remark 3.2.2] and [O’N83, Lemma 3.26]).
The exponential map at p ∈ M is defined as expp : Dp ⊆ TpM → M with expp(v) = cv(1),
where cv is the geodesic with c(0) = p and ċ(0) = v and Dp is the maximal domain of
definition, which is open3. More generally, the exponential map exp : D ⊆ TM →M is given
by exp(v) := expπ(v)(v) with π : TM → M being the bundle projection of TM , and D such
that Dp = D ∩ TpM for each p ∈M .
Recall4 that for any p ∈M there exists a normal neighbourhood U of p such that expp : Ũ → U

2We will primarily use the c̈ and ċ notation for geodesics instead of c′′ and c′.
3See e.g. [O’N83, Cor. 5.4].
4Cf. [O’N83, Prop. 3.30 & Prop. 3.31]
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is a diffeomorphism from a neighbourhood Ũ of 0 ∈ TpM that is star shaped, i.e. if v ∈ Ũ

then also tv ∈ Ũ for any t ∈ [0, 1]. Note that any q ∈ U can be connected to p via a unique
geodesic c : [0, 1] → U , also called a radial geodesic, with ċ(0) = exp−1

p (q) ∈ Ũ .
Moreover, a normal neighbourhood may be used to define Riemannian normal coordinates
(also called normal coordinates) (x1, . . . , xn+1) around p on M with dim(M) = n + 1 (cf.
[O’N83, Prop. 3.33]). In these coordinates one has g|p = η and Γa

bc|p = 0, where η is the
Minkowski metric and Γa

bc∂a = ∇∂b∂b. Additionally, if {e0, e1, . . . , en} is an orthonormal
basis of TpM , we may define the vector fields E0, E1, . . . , En in a normal neighbourhood
U of p by parallel transporting ei along every radial geodesic emanating from p for each
i = 0, . . . , n respectively. By the properties of parallel transport, {E0, E1, . . . , En} must
remain orthonormal at any q ∈ U . In this way, for any p ∈ M , one can always consider a
local orthonormal frame around p.
An open set C ⊆ M is called convex or totally normal if it is a normal neighbourhood of all
of its points. The following holds true5

Proposition 2.1.7. Any point p ∈ M admits a neighbourhood basis that consists of convex
sets.

So far, we have seen that many notions and results known from Riemannian geometry easily
generalize to the semi-Riemannian setting, which actually reflects the significance of the non-
degeneracy of g. However, the fact that the metric is not positive definite for Lorentzian
manifolds also has severe consequences. Recall that we call a Riemannian manifold (M, g)

complete if all maximal geodesics are defined on all of R. The Hopf-Rinow Theorem then
ties this notion of completeness to completeness of the metric space (M,dg), where dg is the
Riemannian distance function6. More generally, the following holds

Theorem 2.1.8 (Hopf-Rinow). Let (M, g) be a connected Riemannian manifold. The follow-
ing are equivalent

(i) (M,dg) is complete, i.e. every Cauchy sequence converges.

(ii) There exists p ∈M such that expp is defined on all of TpM .

(iii) (M, g) is geodesically complete.

(iv) Every closed and bounded subset of M is compact.

For a proof and a proper discussion we refer to [O’N83, Theorem 5.21]. While the above
Theorem has found a myriad of applications, it may be used in particular, to establish the
following crucial fact (cf. [NO61])

Theorem 2.1.9 (Nomizu, Ozeki). Any connected C∞ manifold M admits a complete Rie-
mannian metric.

5See [KS21, Thm. 2.2.7] for a proof.
6Cf. [O’N83, Chapter 5]
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To contrast this, any smooth, second countable Hausdorff manifoldM that is compact and has
non-vanishing Euler characteristic does not even admit a Lorentzian metric7. Furthermore,
defining geodesic completeness of semi-Riemannian manifolds in the same way as for the
Riemannian case, there is no result akin to the Hopf-Rinow Theorem in the Lorentzian setting.
In fact, there is no canonical way to define a metric (in the metric space sense) on a Lorentzian
manifold at all. Completeness is therefore a much more elusive issue in the Lorentzian setting.

2.2 Causality Theory

In this second subsection, we will introduce a very crucial aspect intrinsic to Lorentzian man-
ifolds (M, g): Causality Theory. Because of the indefiniteness of a Lorentzian metric g, it is
possible to distinguish so-called causal curves γ : I →M , for which g(γ̇(t), γ̇(t)) ≤ 0 for every
t ∈ I. Points p, q ∈M that can be connected via such causal curves are called causally related.
Causality theory now refers to the study of questions surrounding the issue which points in
M are causally related. This is of particular interest in physics: Special relativity tells us that
curves, which model the trajectory of particles or other objects, cannot surpass the speed of
light. Points that can only be reached by higher velocities are thereby not causally related
and cannot be influenced (in the physical sense). But apart from its significance in physics,
the causal structure of a Lorentzian manifold turns out to be deeply interconnected with its
geometry. In particular, causality theory provides the necessary tools to answer whether or
not two points can be connected by a length maximizing geodesic. We will follow [O’N83],
[Bä20] and [KS23] as the main references for this subsection.
Let (M, g) be a Lorentzian manifold. Because the metric g is not positive definite but indefi-
nite, one may distinguish the following cases

Definition 2.2.1. Let p ∈M . A vector v ∈ TpM with v ̸= 0 is called

(i) spacelike if ⟨v, v⟩ > 0 or v = 0,

(ii) timelike if ⟨v, v⟩ < 0,

(iii) null if ⟨v, v⟩ = 0.

If v is either timelike or null, we will call v causal.

Note that any (TpM, gp) is isometric to Minkowski space (R1,n, η). Therefore one can always
find an orthonormal basis {e0, e1, . . . , en} ⊂ TpM such that gp = η, so in particular g(e0, e0) =
−1. We define the future lightcone Λ+ and past lightcone Λ− at p ∈M as

Λ+ := {v ∈ TpM | ⟨v, v⟩ = 0, v0 > 0}, Λ− := {v ∈ TpM | ⟨v, v⟩ = 0, v0 < 0},

where v0 ∈ R is the e0 coordinate of v. A timelike vector w ∈ TpM lies either inside the future
or past lightcone if w0 > 0 or w0 < 0 respectively (See also figure 1). The union Λ := Λ+∪Λ−

7In general a manifold admits a Lorentzian metric if and only if there exists a non-vanishing vector field.
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is called the double lightcone at p. Any causal vector is called either future directed if it
lies in or on Λ+ or past directed if it lies in or on Λ−.

0

w
Λ+

Λ−

Figure 1: The future and past lightcones Λ± in TpM . The timelike vector w lies inside the
future lightcone.

Remark 2.2.2. The orthogonal group O(1, n) on Minkwoski space is called the Lorentz group,
i.e. L ∈ O(1, n) if L ∈ GL(1, n) with η(Lx,Ly) = η(x, y) for all x, y ∈ R1,n. Its elements
are called Lorentz transformations. The subgroup SO(1, n) ⊂ O(1, n), which consists of the
orientation preserving Lorentz transformations, is called the proper Lorentz group. Moreover,
SO(1, n) consists of the two connected components SO+(1, n) = {L ∈ SO(1, n) |L00 >

0} and SO−(1, n) = {L ∈ SO(1, n) |L00 < 0}, where L00 ∈ R is the first entry of the
matrix (Lij)i,j=0,...,n. One may show8 that the Lorentz transformations in SO+(1, n) are
time preserving, i.e. if L ∈ SO+(1, n) and x ∈ Λ+, then Lx ∈ Λ+. Respectively, SO−(1, n)

contains all the proper time reversing Lorentz transformations. A lot more can be said about
the algebraic properties of Lorentz transformations, but here we will simply refer to [Bä20,
Chapter 1.1]. In particular, down below we will only need the fact that for a future directed
x ∈ R1,n, it is possible to find a Lorentz transformation L ∈ O(1, n) such that x = (x0, 0, . . . , 0)

(cf. [Bä20, Thm. 1.16]). Note also that all of this obviously carries over to (TpM, gp).

For a general Lorentzian manifold M , a continuous choice of the light cones Λ± at each p ∈M

is what we will call a time orientation. In more precise terms we have

Definition 2.2.3. Let (M, g) be a Lorentzian manifold. A smooth vector field9 X ∈ X(M)

such that X(p) is timelike for any p ∈M defines a time orientation on (M, g).

Remark 2.2.4. A Lorentzian manifold (M, g) is called time orientable if there exists a time
orientation. If X defines a time orientation then −X also defines a time orientation, called
opposite or negative time orientation, which exchanges the future and past directions. Note
that this “symmetry” will often be used to reduce arguments to either the future or past
direction.

For our purposes, we will mostly consider time orientable Lorentzian manifold from now on.
8See e.g. [Bä20, Cor. 1.21].
9A continuous section would be enough here. See e.g. [Bä20, Prop. 2.2].
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In fact, this work will mainly revolve around the following object

Definition 2.2.5. A spacetime is a connected Lorentzian manifold (M, g) that is time ori-
ented.

Similarly to definition 2.2.1, one may now introduce several notions of causality to the setting
of curves as follows

Definition 2.2.6. Let γ : I → M be a (piecewise smooth) curve in a spacetime (M, g). We
call γ

(i) spacelike if γ̇ is always spacelike,

(ii) timelike if γ̇ is always timelike,

(iii) null if γ̇ is always null,

(iv) causal if γ̇(t) is either timelike or null for any t ∈ I.

Furthermore, if γ is causal, we call it future directed (resp. past directed) if γ̇(t) either
lies in or on Λ+ (resp. Λ−) at any t ∈ I.

The definitions for spacelike/timelike/null/causal and future/past directed vector fields follows
the same logic.
From now on and for the remainder of this chapter, we will consider a spacetime (M, g). The
following lemma turns out to be very useful in later calculations.

Lemma 2.2.7. Let X ∈ X(M) define a time orientation on (M, g) and let Y ∈ X(M) be
causal. Y is future directed if and only if g(X,Y ) < 0 and it past directed if and only if
g(X,Y ) > 0.

Proof. Since this is a point-wise claim, let p ∈ M . Using a Lorentz transformation, we can
assume without loss of generality that X(p) = (X0, 0, . . . , 0). Then, g(X,Y ) = η(X,Y ) =

−X0Y 0. Because X0 > 0 by assumption, the claim follows immediately.

Following our previous definitions, one may now introduce the so called causal relations as
follows

Definition 2.2.8. Let p, q ∈M . We write

(i) p≪ q if there exists a future directed timelike curve from p to q,

(ii) p < q if there exists a future directed causal curve from p to q,

(iii) p ≤ q if either p = q or p < q.

Note that these relations are all transitive. However, obviously p ≤ p and therefore ≤ is also
reflexive. Moreover, recall that a partial order ≤ is a relation on a set M which is reflexive,
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transitive and antisymmetric, where antisymmetric means that p ≤ q and q ≤ p together
imply p = q for p, q ∈ M . Consequently, if (M, g) features no causal loops, i.e. no closed
causal curves, the causal relation ≤ is indeed a partial order.

Definition 2.2.9. Let A ⊂M . The chronological future I+(A) and chronological past I−(A)
of A are defined as

I+(A) = {p ∈M | ∃ q ∈ A : q ≪ p}, I−(A) = {p ∈M | ∃ q ∈ A : p≪ q}.

Similarly, the causal future J+(A) and causal past J−(A) of A are given by

J+(A) = {p ∈M | ∃ q ∈ A : q ≤ p}, J−(A) = {p ∈M | ∃ q ∈ A : q ≤ p}.

We will need to establish several properties of these subsets. In order to do so, we will need
the so-called Push-Up Principle, which is of central importance.

Proposition 2.2.10 (Push-Up Principle). Let p, q, r ∈ M . If p ≪ q ≤ r or p ≤ q ≪ r then
p≪ r.

From a physics perspective, the Push-Up principle is very intuitive: Note that null curves
travel with the speed of light. The first claim, for example, may then be understood as
instead of traveling slowly from p to q and fast from q to r, we could at first slightly increase
the velocity and then reduce it later, resulting in a curve which itself never reaches the speed of
light. While this seems simple enough, proving this statement rigorously requires variational
arguments, which we will develop later on in chapter 4.3. Therefore, for the full proof see
either Proposition 4.3.5 or [O’N83, Prop. 10.46].
The transitivity of ≪ and ≤ together with the Push-Up principle may then be easily applied
to show that

I+(A) = I+
(
I+(A)

)
= I+

(
J+(A)

)
= J+

(
I+(A)

)
⊆ J+

(
J+(A)

)
= J+(A).

Definition 2.2.11. Let Ω ⊆ M be open and A ⊆ Ω. The relative future I+Σ (A) and relative
past I−Σ (A) of A in Ω are defined as the sets

I+Ω (A) = {p ∈ Ω | ∃ q ∈ A : q ≪ p in Ω}, I−Ω (A) = {p ∈ Ω | ∃ q ∈ A : p≪ q in Ω}.

Similarly, one defines

J+
Ω (A) = {p ∈ Ω | ∃ q ∈ A : q ≤ p in Ω}, J−

Ω (A) = {p ∈ Σ | ∃ q ∈ A : q ≤ p in Ω}.

We will also write p ≤Ω q and p≪Ω q whenever q ∈ J+
Ω (p) or q ∈ I+Ω (p).

While the global structure of the causal and chronological futures/pasts is not obvious a priori,
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their local behavior can be very well-described by considering radial geodesics. In particular

Proposition 2.2.12. Let p ∈M and U be a normal neighbourhood of p with Ũ ⊆ TpM such
that expp : Ũ → U is a diffeomorphism. Then

(i) I±U (p) = expp

(
I±(0) ∩ Ũ

)
,

(ii) J±
U (p) = expp

(
J±(0) ∩ Ũ

)
.

The proof of the above result rests on properties of the exponential map and especially the
fact that future directed timelike curves in the domain of expp are mapped into I+(p). For
details see [Bä20, Lemma 2.11 & Cor. 2.13].
A basic property of the causal and relative future is that they are open sets. This is a
consequence of the causal relation ≪ being an open relation. As in [Bä20, Prop. 2.14], one
has

Proposition 2.2.13. The relation ≪ is open, i.e. if p ≪ q with p, q ∈ M , then there exist
neighbourhoods U of p and V of q such that p≪ q for any p ∈ U and q ∈ V .

Proof. Let σ be a future directed timelike curve from p to q. Pick a convex neighbourhood
C of q and let q− ∈ C be a point on σ before q. Now define V := I+C (q−). By Proposition
2.2.12 one has V = expq−(I

+(0) ∩ C̃). Since expq− : C̃ → C is a diffeomorphism, U is open.
Now choose U similarly, but such that p+ ∈ I−(q−). If p ∈ U and q ∈ V , it then follows that
p≪ p+ ≪ q− ≪ q and thus p≪ q.

Following [KS23, Cor. 3.1.15], we may immediately conclude that

Corollary 2.2.14. Let A ⊆ Ω ⊆M . Then I±Ω (A) is open.

Proof. Note that the previous Proposition implies that I±Ω (p) must be open. Since I±Ω (A) =⋃
p∈A I

±
Ω (p), we are done.

In Minkwoski space, the topological relationship between causal and chronological future or
past is quite obvious. Note for example that I±(A) = int (J±(A)) and J±(A) = I±(A) for
any A ⊆ R1,n. We will show that these properties can actually be generalized to arbitrary
spacetimes. For the first claim, we follow [Bä20, Prop. 2.17] and for the second [KS23, Prop.
3.1.17].

Proposition 2.2.15. I±(A) = int(J±(A)) for any A ⊆M .

Proof. We only prove the I+(A) case since the I−(A) case is analogous. Because I+(A) ⊂
J+(A) and I+(A) is open, one has I+(A) ⊆ int (J+(A)). For the other direction let p ∈
int (J+(A)). Choose q ∈ int (J+(A))∩ I−(p), which can be done because p lies in the interior.
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It follows that there exists an r ∈ A such that r ≤ q ≪ p and by Push-Up r ≪ p. Consequently
p ∈ I+(A) and int (J+(A)) ⊆ I+(A).

Proposition 2.2.16. J±(A) ⊆ I+(A) for any A ⊆ M with equality if and only if J±(A)

closed.

Proof. Again, we only prove the J+(A) case. Let U be a normal neighbourhood of p ∈ A. By
Proposition 2.2.12 one has J+

Ω (A) = expp

(
J+(0) ∩ Ũ

)
. Since expp is a diffeomorphism and

because J+(0) ∩ Ũ = I+(0) ∩ Ũ , one also has expp

(
J+(0) ∩ Ũ

)
= clU

(
expp

(
I+(0) ∩ Ũ

))
,

where clU denotes the closure in U . Put together, J+
U (p) = clU

(
I+U (p)

)
.

Let p ∈ I+(p) and pick a q ∈ J+(p). Using the above result for q− ∈ J−
U (q), we find

q ∈ J+
U (q−) = clU

(
I+U (q−)

)
. However, note that

I+U (q−) ⊆ I+
(
J+(p)

)
= I+(p)

(see Figure 2) and therefore q ∈ I+(p). Since

J+(A) =
⋃
p∈A

J+(p) ⊆
⋃
p∈A

I+(p) ⊆
⋃
p∈A

I+(A) = I+(A),

the first part of the claim is done.

p

q

q−

UI+
U

(q−)

Figure 2: Situation in proof of Proposition 2.2.16.

For the final part, simply note that if J+(A) = I+(A) then J+(A) is obviously closed. On
the other hand, if J+(A) is closed, then one has I+(A) ⊆ J+(A) ⊆ I+(A), where the first
inclusion follows from I+(A) ⊆ J+(A) and the second one from the result above.

Example 2.2.17. A small example of Proposition 2.2.16 is given by R1,1\{(1, 1)}, i.e. Minkwoski
space with point (1, 1) removed. Here, J+(0) is not closed and in fact J+(0) is contained in
I+(0) but cannot be equal to it (see Figure 3).
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0

(1, 1)

Figure 3: Minkowski space with (1, 1) removed. The closure of I+(0) will contain the dashed
blue line that is not part of J+(0).

To summarize, one can recover certain properties of the chronological and causal sets that are
analogous to Minkwoski space in a very general manner using local arguments. On a global
scale however, the curvature of (M, g) could still affect the causal structure in such a way,
that the analogy to Minkowski space is simply insufficient (see chapter 7 for example). To
our advantage, as we have seen in Proposition 2.2.12, the local story is different. We will now
see that, as one would expect, convex sets are very convenient to work with from a causality
perspective. As in [O’N83, Lemma 14.2], one has

Proposition 2.2.18. Let C ⊆M be a convex set. Then

(i) q ∈ J+
C (p) if and only if exp−1

p (q) is future directed causal,

(ii) q ∈ I+C (p) if and only if exp−1
p (q) is future directed timelike,

(iii) ≤ is closed on C, i.e. if {pn}n∈N and {qn}n∈N are sequences in C with pn → p ∈ C and
qn → q ∈ C such that pn ≤ qn for all n ∈ N, then also p ≤ q.

Proof. (i) and (ii) immediately follow from Proposition 2.2.12, so we will only need to prove
(iii). Let p ̸= q because otherwise, we are done. We can further assume pn ̸= qn for each
n ∈ N. Note now that the map (p, q) 7→ exp−1

p (q) is continuous. Thus, because pn ≤ qn, one
has

⟨exp−1
pn (qn), exp

−1
pn (qn)⟩ ≤ 0 ⇒ ⟨exp−1

p (q), exp−1
p (q)⟩ ≤ 0

and exp−1
p (q) is causal. The remaining issue is whether we have p ≤ q or q ≤ p. To address

this, let X ∈ X(M) be future directed timelike. By Lemma 2.2.7, one has ⟨X, exp−1
pn (qn)⟩ < 0

and again, continuity implies that ⟨X, exp−1
p (q)⟩ ≤ 0. Assume now that ⟨Xp, exp

−1
p (q)⟩ = 0.

This implies that exp−1
p (q) is spacelike: As in the proof of Lemma 2.2.7, we may assume that

Xp = (X0, 0, . . . , 0) and let v = (v0, v1, . . . , vn) with v := exp−1
p (q). Since ⟨Xp, v⟩ = −X0v0 =

0, we have v0 = 0. But then ⟨v, v⟩ =
∑n

i=1

(
vi
)2
> 0, i.e. v must be spacelike. However, this

is a contradiction, and therefore ⟨Xp, v⟩ < 0 and p ≤ q.

For the final part of this chapter, we pick up the discussion from the previous section. Back
then we indicated the differences surrounding geodesic completeness on Riemannian and
Lorentzian manifolds respectively. Having introduced the fundamental notions of Causality
theory, we may now be more precise in terms of the latter. Since causality theory enables us
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to distinguish different classes of curves, it is possible to also distinguish types of extendibility
and completeness.

Definition 2.2.19. Let (M, g) be a spacetime and γ : (a, b) → M a future directed causal
curve. Then γ is

(i) future inextendible if it cannot be continuously extended to b,

(ii) past inextendible if it cannot be continuously to a.

Furthermore, γ is called inextendible if it cannot be extended either to the future or the past.

In terms of geodesics we still have completeness or incompleteness in these previous sense,
i.e. a geodesic is incomplete if it does not exist on all of R. However, one may now define the
following

Definition 2.2.20. Let (M, g) be a spacetime. Then (M, g) is

(i) future/past null incomplete if there exists an incomplete future/past directed null geodesic,

(ii) future/past timelike incomplete if there exists an incomplete future/past directed timelike
geodesic.

In the case where (M, g) is both, future and past null/timelike incomplete, one calls (M, g)

null/timelike incomplete.

Note that the main result of this work, the Penrose Incompleteness Theorem, addresses (i) and
gives sufficient conditions for a failure of null completeness of a spacetime (M, g). Compared to
Riemannian geometry this might seem dissatisfying, but there is not much hope for expecting
something stronger. Recall from before that the Hopf-Rinow Theorem connected geodesic
completeness to completeness of the metric space (M,dg) for Riemannian manifolds. We will
now clarify why such a result does not hold generically for Lorentzian manifolds or spacetimes.

Definition 2.2.21. Let γ : [a, b] →M be a curve. The length of γ is given by

L(γ) =

∫ b

a

√
|⟨γ̇(t), γ̇(t)⟩| dt

This is in complete analogy to Riemannian geometry. However, observe that in the Lorentzian
case we actually have that any null curve γ satisfies L(γ) = 0. This marks the point where
our analogy fails. If one would simply define the distance function as the infimum over the
length functional, as in the Riemannian case, the resulting function is definitely not a metric
(in the proper sense of the word). Nevertheless, one should ask if it possible to simply define
a different notion of distance instead to salvage the situation. This turns out to be partially
true. One can in fact define an analogue of dg for Lorentzian manifolds as follows
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Definition 2.2.22. The time-separation function τ :M ×M → R is defined as

τ(p, q) =

sup{L(γ) | γ future directed causal curve from p to q}, if p < q

0, if p ≮ q

Intuitively, one should think of τ as the (proper) time it takes to travel the slowest possible
path from p to q. Observe that τ does not define a metric. In particular, it is not symmetric.
Furthermore, it is also unbounded, i.e. there could be points p < q such that τ(p, q) = ∞. One
may also show (see [O’N83, Lemma 14.16 & Lemma 14.17]) that τ is lower semicontinuous
and satisfies a reverse triangle inequality. Nevertheless, τ still should be viewed an analogue to
dg because in normal neighbourhoods, timelike radial geodesics maximize the time-separation
for Lorentzian manifolds in the same way as radial geodesics minimize the distance in the
Riemannian case (cf. [O’N83, Prop. 5.34]). We will not explicitly need the time-separation
function, but nevertheless emphasize its critical significance especially in settings of lower
regularity (see e.g. [KS18]).

3 Semi-Riemannian Submanifolds

The Penrose Incompleteness Theorem assumes the existence of a so called trapped surface10,
which is a special kind of submanifold of codimension 2. In the later chapters, our goal is
to study null geodesics that emanate from these trapped surfaces. It is therefore necessary
that we examine the geometry of submanifolds of a Semi-Riemannian manifold (M, g) more
closely. At this point, we want to deal with submanifolds where g “restricts” to a proper metric
tensor. Submanifolds with this property are called semi-Riemannian submanifolds. This need
for distinction is again a side effect of working with a Lorentzian manifold. In comparison to
this, for Riemannian manifolds, any submanifold is automatically a Riemannian manifold as
well. The machinery developed in this chapter turns out to be especially crucial in section 7.
We furthermore emphasize that the treatment of semi-Riemannian submanifold is somewhat
analogous to the Riemannian case, which can also be found in various other textbooks.

3.1 Smooth Submanifolds

Let (M, g) be a Semi-Riemannian manifold with dim(M) = n. We expect the reader to be
familiar with smooth submanifolds in general and otherwise refer to [Kun22b, Section 3.3].
For the rest of this section any submanifold is taken to be smooth except if explicitly stated
otherwise. We will closely follow [O’N83] and [KS23].
Let P ⊆ M be a submanifold of M with dim(P ) = k. We ask ourselves how g carries over
to P . To this end, let j : P ↪→ M denote the inclusion map and recall that for p ∈ P , we
can make the natural identification between TpP and a subspace of TpM via the isomorphism

10This will be properly introduced in chapter 8.1.
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Tpj, i.e. TpP ⊆ TpM (cf. [Kun22b, Remark 3.3.11]). Pulling back the metric, we obtain

�gp(v, w) := j∗g(p)(v, w) = g(j(p))(Tpj(v), Tpj(w)) = g(p)(v, w) = ⟨v, w⟩p

for v, w ∈ TpP . So using the previously mentioned identification, �g is the restriction of g to
P .
We now want to study submanifolds P for which �g is itself a semi-Riemannian metric. In this
case, one has the decomposition11 TpM = TpP ⊕ TpP

⊥ for each p ∈ P (see [KS21, Lemma
1.1.9]) and can therefore define the linear projections tan : TpM → TpP and nor : TpM →
TpP

⊥. As a consequence, any X ∈ TpM may be written as X = tan(X) + nor(X). We call a
vector X ∈ TpM tangential (resp. normal) to P if nor(X) = 0 (resp. if tan(X) = 0).
Recall that by definition 2.1.3, the C∞(P )-module X(j) consists of the smooth maps X : P →
TM for which π ◦X = j. We will call these kind of vector fields M -vector fields over P and
also primarily use the notation X(P ) := X(j). Note that if X ∈ X(M), then X|P ∈ X(P ) but
generally X /∈ X(P ). This reflects the fact that the vector fields in X(P ) can “point out” of
P and do not have to be necessarily tangent to P everywhere. Clearly X(P ) ⊆ X(P ).
Similarly to the case of Riemannian submanifolds, we have a smooth splitting of the tangent
and normal bundle, i.e. TM = TP ⊕ TP⊥. Even better, there exists a local orthonormal
frame that respects this splitting. For a proof we refer to [Hic63] and [KS23, Lemma 1.3.6].

Lemma 3.1.1 (Hicks). Let P ⊆M be a semi-Riemannian submanifold with dim(P ) = k and
p ∈ P . There exists an open neighbourhood W ⊆ P of p and E1, . . . , En ∈ X(W ) such that
{E1, . . . , Ek} is a local orthonormal frame for TP and {Ek+1, . . . , En} for TP⊥ respectively.

Using the above lemma, we are now able to write (at least locally)

X =
k∑

i=1

ϵi⟨X,Ei⟩︸ ︷︷ ︸
∈X(P )

+
n∑

i=k+1

ϵi⟨X,Ei⟩Ei︸ ︷︷ ︸
∈X⊥(P )

for any X ∈ X(P ), where ϵi = ⟨Ei, Ei⟩ = ±1. Therefore, the tangential and orthogonal
projection operators can be generalized to the bundle level to obtain maps

tan : X(P ) → X(P ),

nor : X(P ) → X⊥(P ).

In conclusion, we have X(P ) = X(P )⊕ X⊥(P ).
Above, we have remarked the fact that one may easily consider the restriction of vector fields

11Here, TpP
⊥ denotes the orthogonal complement, i.e. TpP

⊥ = {v ∈ TpM | g(v, w) = 0 ∀w ∈ TpP}.
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on M to P . As a technical issue, it is also important to ask if we can go the other way
around. More precisely, we want to know given any X ∈ X(P ), if one can construct a vector
field X̃ ∈ X(M) such that the restriction to P of X̃ is equal to X. Following [KS23, Lemma
1.3.8], we will now show that this is feasible at least locally.

Lemma 3.1.2. Let P,M be smooth manifolds with dim(P ) = k and dim(M) = n and assume
there exists an immersion j : P →M . Then, for all p ∈ P , we have

(i) ∀f ∈ C∞(P ) there exists f̃ ∈ C∞(M) such that f = f̃ ◦ j near p.

(ii) ∀X ∈ X(j) there exists X̃ ∈ X(M) such that X = X̃ ◦ j near p.

Proof. (i) There exist charts (U, ϕ) at p ∈ P and (V, ψ) at j(p) ∈M such that pr ◦ψ ◦ j = ϕ,
where pr : Rk → Rn is the projection operator (see [Kun22a, Thm. 3.3.3]). Using a partition
of unity, pick f̃ ∈ C∞(M) such that f̃ = f ◦ ϕ−1 ◦ pr ◦ψ near p. Consequently

f̃ ◦ j = f ◦ ϕ−1 ◦ pr ◦ψ ◦ j = f ◦ ϕ−1 ◦ ϕ = f

near p.
(ii) We can choose a neighbourhood V ⊆ P around p such that we can write X(q) =

Xi(q) ∂i|j(q) with respect to some chart on j(V ). By (i), we can extend Xi to X̃i for each
i = 1, . . . , n such that Xi = X̃i ◦ j. Setting X̃ := X̃i∂i then yields the claim.

3.2 The Induced Connection

Any semi-Riemannian submanifold P ⊆M is of course a semi-Riemannian manifold in its own
right. Therefore, it also possesses its own Levi-Civita connection ��∇ : X(P )× X(P ) → X(P ).
It is now natural to ask how ��∇ relates to ∇. To answer this question sufficiently, we need
to take a look at the mapping ∇ : X(P ) × X(P ) → X(P ) that is induced by the Levi-Civita
connection on M . Suitably, this map is called induced connection on P and it will prove to be
even more useful than simply functioning as a bridge between the two Levi-Civita connections
of M and P respectively. Note that [O’N83] and [KS23] will remain to be our main sources
for the rest of this chapter.
Before studying any properties of the induced connection above, we emphasize that there is
an immediate issue at hand: Given V ∈ X(P ) and X ∈ X(P ), the expression ∇VX is not
defined because V,W /∈ X(M). We remedy this by applying Lemma 3.1.2 to extend V,X to
vector fields Ṽ , X̃ ∈ X(M) and then define

∇VX := ∇Ṽ X̃
∣∣∣
P

(3.1)

However, one still needs to show that this expression is actually well-defined. We follow
[O’N83, Lemma 4.1] and [KS23, Lemma 1.3.9].
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Lemma 3.2.1. The induced connection (3.1) is a well-defined smooth vector field on P .

Proof. Clearly ∇VX ∈ X(P ) as the restriction of a smooth vector field on M . Therefore, we
only need to show that the definition is independent of our choice of extensions Ṽ and X̃.
Let p ∈ P and choose adapted coordinates12 (U,φ = (x1, . . . , xn)) for M around p. Near p,
we can therefore write V = V i∂i and X = Xj∂j with V i ∈ C∞(P ∩ U) for i = 1, . . . , k and
Xj ∈ C∞(P ∩ U) for j = 1, . . . , n. Similarly one has Ṽ = Ṽ i∂i with Ṽ i ∈ C∞(U) such that
Ṽ i
∣∣∣
U∩P

= V i and X̃ = X̃j∂j with X̃i ∈ C∞(U) such that X̃j
∣∣∣
U∩P

= Xj .
For any q ∈ U ∩ P , it then follows by the fact that we used adapted coordinates that

Ṽ (q)(X̃j) = Ṽ i(q) ∂i|q (X̃
j) = V i(q) ∂i|q (X

j) = V (q)(Xj).

Additionally, since a connection is a point-wise map in the lower slot, we have

∇Ṽ ∂j(q) = ∇Ṽ (q)∂j = ∇V (q)∂j .

In total, we obtain

∇Ṽ X̃(q) = Ṽ (q)(X̃j) ∂j |q + X̃j(q)∇Ṽ ∂j(q) = V (q)(Xj) ∂j |q +Xj(q)∇V (q)∂j

and therefore ∇Ṽ X̃ only depends on V and X as desired.

The following result displays the fact that the induced connection inherits various properties
of the original Levi-Civita connection on M . We follow [O’N83, Cor. 4.2] and [KS23, Prop.
1.3.10].

Proposition 3.2.2. Let V,W ∈ X(P ), X,Y ∈ X(P ) and f ∈ C∞(M). The induced connec-
tion (3.1) has the following properties

(i) ∇VX is C∞(M)-linear in V .

(ii) ∇VX is R-linear in X.

(iii) ∇V (fX) = V (f)X + f∇VX.

(iv) [V,W ] = ∇VW −∇WV .

(v) V ⟨X,Y ⟩ = ⟨∇VX,Y ⟩+ ⟨X,∇V Y ⟩.

Proof. Let p ∈ P and extend the given vector fields and functions to vector fields and functions
Ṽ , W̃ , X̃, Ỹ , f̃ on M . Note that the following holds near p: (a) By definition ∇Ṽ X̃ = ∇VX.
(b) Ṽ (f̃) = V (f) from the proof of the previous lemma. (c) ⟨X̃, Ỹ ⟩ = ⟨X,Y ⟩. (d) [Ṽ , W̃ ] =

[V,W ], which follows again by using adapted coordinates as in the previous lemma. The five
12One has φ(p) = 0 and φ(q) = (x1(q), . . . , xk(q), 0, . . . , 0) for all q ∈ U ∩ P . See [Kun22a, Thm. 3.3.12] for

details.

18



properties are satisfied for the Levi-Civita connection on M and consequently the restriction
will then give the results above.

As the induced connection does not necessarily have to have values tangent to P , we should
study its normal and orthogonal projections in more detail. In particular, we first study its
projections restricted to the case that ∇ takes only vector fields that are tangent to P . To
no surprise, it turns out that the tangential projection is actually the Levi-Civita connection
��∇ on P . Just as in [O’N83, Lemma 4.3], one has

Proposition 3.2.3. Let V,W ∈ X(P ). Then

tan(∇VW ) =��∇VW.

Proof. LetX ∈ X(P ) and locally around p ∈ P extend all vector fields to vector fields X̃, Ṽ , W̃
on M . Recall the Koszul formula for ∇ (see e.g. [KS21, (1.3.10)])

2⟨∇Ṽ W̃ , X̃⟩ = Ṽ ⟨W̃ , X̃⟩+ W̃ ⟨X̃, Ṽ ⟩ − X̃⟨Ṽ , W̃ ⟩
− ⟨Ṽ , [W̃ , X̃]⟩+ ⟨W̃ , [X̃,Ṽ ]⟩+ ⟨X̃, [Ṽ , W̃ ]⟩
=: F (Ṽ , W̃ , X̃).

Using the properties (a)− (d) of the previous proof, we find that near p

⟨∇Ṽ W̃ , X̃⟩ (a)
= ⟨∇VW,X⟩,

Ṽ ⟨W̃ , X̃⟩ (b)
= V

(
⟨W̃ , X̃⟩

)
(c)
= V ⟨W,X⟩,

⟨Ṽ , [X̃, W̃ ]⟩ (c)
= ⟨V, [X̃, W̃ ]⟩ (d)

= ⟨V, [X,W ]⟩.

Consequently, we obtain

2⟨∇Ṽ W̃ , X̃⟩ = ⟨∇VW,X⟩ = F (V,W,X) = 2⟨��∇VW,X⟩

locally around p, where the last equation is due to the Koszul formula for ��∇. Therefore we
conclude ⟨∇VW,X⟩ = ⟨��∇VW,X⟩. Finally note that since X is tangential to P , we have

⟨∇VW,X⟩ = ⟨tan(∇VW ) + nor(∇VW ), X⟩ = ⟨tan(∇VW ), X⟩.

Since X ∈ X(P ) was arbitrary, the claim follows.

Let us now shed some light on the normal projection of ∇VW .

Definition 3.2.4. The second fundamental form (or shape tensor) of P in M is the map
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II : X(P )× X(P ) → X(P )⊥ given by

II(V,W ) := nor(∇VW )

Note that the second fundamental form is not a proper tensor field on P as it takes values
in X⊥(P ). However, it still has some very nice properties. We proceed as in [O’N83, Lemma
4.4].

Proposition 3.2.5. II is C∞(P )-bilinear and symmetric.

Proof. First we show symmetry. Let V,W ∈ X(P ). By linearity of the orthogonal projection,
we have

II(V,W )− II(W,V ) = nor(∇VW −∇WV ) = nor([V,W ]) = 0,

where we used Proposition 3.2.2 (iv) and the fact that [V,W ] is tangent to P . For the C∞(P )-
bilinearity simply note the fact that Proposition 3.2.2 implies that II is C∞(P )-linear in its
first slot and by the symmetry above therefore also in its second.

Note that the C∞(P )-bilinearity still is enough to make it a point-wise object (see [O’N83,
Prop. 2.2], i.e. II(V,W )(p) depends only on V (p),W (p).
Following the two preceding Propositions, one may conclude that

∇VW =��∇VW + II(V,W ) (3.2)

for V,W ∈ X(P ). Observe that II now can be understood as measuring the difference of the
Levi-Civita connections ∇ and ��∇.
Our next goal is to adapt this discussion to the setting of vector fields on curves. For a
smooth curve γ : I → P , we can now consider the two separate induced covariant derivatives
∇
dt and �∇

dt , induced by ∇ and ��∇ respectively. Their relation is summarized in the following
Proposition (see [O’N83, Prop. 4.8]).

Proposition 3.2.6. Let γ : I → P be a smooth curve on P and let Y ∈ X(γ) be tangent to
P , i.e. nor(Y (t)) = 0 for all t ∈ I. Then

Ẏ = Y ′ + II(γ′, Y ),

where Ẏ = ∇Y
dt and Y ′ = �∇Y

dt .

Proof. One may prove this locally. Without loss of generality, assume that γ is contained in a
single adapted coordinate chart for M . Using the local coordinate expression for Ẏ , Equation
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(2.1), one finds

Ẏ =

k∑
i=1

dY i

dt
(∂i ◦ γ) +

k∑
i=1

Y i∇γ′∂i

=

k∑
i=1

dY i

dt
(∂i ◦ γ) +

k∑
i=1

Y i
��∇γ′∂i +

k∑
i=1

Y iII(γ′, ∂i)

= Y ′ + II(γ′, Y ),

where we have used (3.2), the local expression of Y ′ and also the C∞(P )-linearity of II.

Remark 3.2.7. The previous Proposition gives us an idea how II encodes the geometric in-
formation of P . Suppose p ∈ P , v ∈ TpP and let c : I → P be a geodesic in P with
initial conditions (p, v) at t = 0. Since c′ = ċ ∈ X(P ) one has c̈ = c′′ + II(c′, c′). Therefore
c̈(0) = II(v, v) and because c is a “straight” curve with respect to P , we can see that II tells c
how much it is forced to curve with respect to the ambient manifold M to just stay in P .
The observation that c̈ = II(c′, c′) holds for P -geodesics naturally implies that c̈ ⊥ P . How-
ever, note that the opposite holds as well: Suppose c̈ is normal to P . We have c′′ = c̈−II(c′, c′).
Because the left hand side is tangent to P while the right hand side is normal to P one has
c′′ = 0. In conclusion, we have shown that a curve c on P is a P -geodesic if and only if c̈ ⊥ P .
In the case that II = 0, we call P totally geodesic. It is easy to see that this implies that
P -geodesics are then also M -geodesics and vice versa. Moreover, one can show that this is in
fact an equivalence (see [O’N83, Prop. 4.13]).

The induced connection was a map ∇ : X(P )×X(P ) → X(P ), but up until now we have put
our sole attention to the case where its second argument is tangent to P . Therefore, we now
want to study the orthogonal case accordingly. This motivates the following two definitions.

Definition 3.2.8. The normal connection is the map ∇⊥ : X(P )×X(P )⊥ → X(P )⊥ defined
by

∇⊥
V Z := nor(∇V Z).

Definition 3.2.9. The map ĨI : X(P )× X(P )⊥ → X(P ) is given by

ĨI(V,Z) := tan(∇V Z).

Thus, if V ∈ X(P ) and Z ∈ X(P )⊥, we have

∇V Z = ĨI(V,Z) +∇⊥
V Z. (3.3)

We can therefore conclude that, similarly to II, the map ĨI measures the difference between
∇ and ∇⊥. Furthermore, it is also a tensorial object as it is C∞(P )-bilinear: Linearity in
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the first argument and R-linearity in the second follows from 3.2.2. Now let V ∈ X(P ), Z ∈
X(P )⊥, f ∈ C∞(P ) and note that

ĨI(V, fZ) = tan(∇V (fZ)) = tan(V (f)Z + f∇V Z) = tan(V (f)Z) + tan(f∇V Z)

= f tan(∇V Z) = f ĨI(V,Z),

where we have used the fact that V (f)Z ⊥ P .
The following Proposition explains the similarity in notation to II. Namely, it demonstrates
the fact that both, the second fundamental form and ĨI, actually encode the same geometric
information.

Proposition 3.2.10. Let V,W ∈ X(P ) and Z ∈ X(P )⊥. Then

⟨ĨI(V,Z),W ⟩ = −⟨II(V,W ), Z⟩.

Proof. Using Proposition 3.2.2 and the fact that W is tangent to P we have

⟨ĨI(V,Z),W ⟩ = ⟨tan(∇V Z),W ⟩ = ⟨∇V Z,W ⟩
= V ⟨Z,W ⟩ − ⟨Z,∇VW ⟩
= −⟨Z,nor(∇VW )⟩
= −⟨Z, II(V,W )⟩.

Let us now revisit the setting of vector fields along a smooth curve γ : I → P on P . The
normal connection induces a normal covariant derivative, which one can then use to define
the normal transport of a normal vector field along γ.

Definition 3.2.11. Let γ : I → P be a smooth curve on P and Y ∈ X(γ) with tan(Y (t)) = 0

for all t ∈ I. The normal covariant derivative is defined as

Y ′ :=
∇⊥Y

dt
:= nor

(
∇Y
dt

)
.

By C∞-linearity of the orthogonal projection, the usual properties of the induced covariant
derivative (prop. 2.1.5) are inherited. Analogously to Proposition 3.2.6, one has

Proposition 3.2.12. Let γ : I → P be a smooth curve on P and let Y ∈ X(γ) which is
normal to γ, i.e. tan(Y (t)) = 0 for all t ∈ I. Then

Ẏ = ĨI(γ′, Y ) + Y ′.
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Proof. We use adapted coordinates just as in the proof of Proposition 3.2.6. Then, by equation
(3.3)

Ẏ =
n∑

i=k+1

dY i

dt
(∂i ◦ γ) +

n∑
i=k+1

Y i∇γ′∂i

=
n∑

i=k+1

dY i

dt
(∂i ◦ γ) +

n∑
i=k+1

Y i∇⊥
γ′∂i +

n∑
i=k+1

Y iĨI(γ′, Y )

= Y ′ + ĨI(γ′, Y ).

We will call a normal vector field Y ∈ X(γ) normal parallel if Y ′ = 0. This is of course
reminiscent of the usual definition of parallel vector fields on M or P . Much in the same way,
we want to establish the notion of normal transport along a curve.

Lemma 3.2.13. Let γ : I → P be a smooth curve on P and y ∈ Tγ(t0)P
⊥ with t0 ∈ I. Then

there exists a unique normal parallel vector field Y ∈ X(γ) such that Y (t0) = y.

Proof. Take adapted coordinates around γ(t0). By Equation (2.1), one has

Y ′ =

n∑
i=k+1

(
dY i

dt
+ Γi

jk

d(xj ◦ γ)
dt

Y k

)
(∂i ◦ γ) = 0.

This is a first order linear ODE and therefore13 has a unique global (on the chart) solution
with Y (t0) = y. By uniqueness, we can now cover all of γ by these charts and then solve the
above equation with appropriate initial conditions on each chart to obtain a unique normal
parallel vector field Y with Y (t0) = y.

Analogous to the tangential case, normal parallel translation is a linear isometry. We follow
the argument in [O’N83, Lemma 3.20].

Proposition 3.2.14. Let γ : I → P be a smooth curve on P . Further, let t1, t2 ∈ I and set
p = γ(t1), q = γ(t2). The normal parallel translation along γ from p to q defined by

Pγ
t1,t2

: TpP
⊥ → TqP

⊥

y 7→ Y (t2),

where Y is the unique normal parallel vector field to y, is a linear isometry.

Proof. Let v, w ∈ TpP and let V,W be their unique normal parallel transports. By linearity
of the induced normal connection, V +W is also normal parallel with (V +W )(t1) = v + w.

13See e.g. [Arn92, Chapter 4].
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Thus
Pγ
t1,t2

(v + w) = (V +W )(t2) = V (t2) + V (t2) = Pγ
t1,t2

(v) + Pγ
t1,t2

(w).

Analogously, one finds Pγ
t1,t2

(λv) = λPγ
t1,t2

(v), so Pγ
t1,t2

is indeed linear.
Now assume that Pγ

t1,t2
(v) = 0. By uniqueness of normal parallel transport, one then must

have v = 0. Since TpP⊥ and TqP
⊥ have the same dimension and Pγ

t1,t2
is injective, it must

be a linear isomorphism.
Finally, let V,W as before. Since the properties of the induced covariant derivative carried
over to the induced normal covariant derivative, one still has

d

dt
⟨V,W ⟩ = ⟨V ′,W ⟩+ ⟨V,W ′⟩ = 0.

Thus ⟨V,W ⟩ is constant and it follows that

⟨Pγ
t1,t2

(v),Pγ
t1,t2

(w)⟩ = ⟨V (t2),W (t2)⟩ = ⟨V (t1),W (t1)⟩ = ⟨v, w⟩.

4 Causal Curves in Spacetimes

In this Chapter we establish some results in the variational calculus of causal curves and
prove the limit curve lemma, an essential and versatile tool in Lorentzian geometry, which
can be applied to a very large variety of problems. As the name suggests, the lemma is con-
cerned with sequences of causal curves on a spacetime (M, g) and provides a result for the
existence of a continuous limit curve with respect to some topology. This result distinguishes
itself from similar formulations in Riemannian geometry, in that it respects the additional
causal structure. In particular, we will find that the limit of a sequence of causal curves will
remain causal. As expected for a proof of such a statement, one needs an Ascoli Theorem,
which is the subject of the first section, where we will also fix a topology to properly define
what one means by limit curve. The second section is then dedicated to an introduction
of continuous causal curves and the proof of the limit curve lemma. After that, in the final
section, we will introduce the variational calculus of causal curves and then define a particular
class of vector fields, called the Jacobi fields, which turn out to be crucial for our later analysis.

4.1 Ascoli’s Theorem

An Ascoli Theorem needs some topological preparations, which we will develop here. Through-
out this section, we follow [Mun14] as the primary reference.
If one wants to talk about convergence of a sequence of functions, it is necessary to define a
concept of “nearness” on some function space. Note that this can then be achieved by defining
a topology on Y X , the set of functions from a space X to a space Y . Evidently, there is a
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freedom of choice, as we don’t want to put just any topology on our space. Recall that there
already are many important and established notions of convergence in function spaces, i.e.
point-wise convergence or uniform convergence. For our purposes uniform convergence is a
bit too much to ask for, but as it turns out, we can work with a weaker, local version.

Definition 4.1.1. Let X be a topological space and (Y, d) a metric space. Furthermore, let
C ⊆ X be compact and ϵ > 0. For f ∈ Y X , we define the ball BC(f, ϵ) ⊆ Y X by

g ∈ BC(f, ϵ) ⇔ sup
x∈C

{d(f(x), g(x))} < ϵ.

Proposition 4.1.2. B = {BC(f, ϵ) | C ⊆ X compact, ϵ > 0, f ∈ Y X} is a basis for a topology
on Y X .

Proof. The balls clearly cover Y X . We need to prove that any intersection contains another
ball. For that, consider BC1(f1, ϵ1) and BC2(f2, ϵ2) with BC1(f1, ϵ1) ∩BC2(f2, ϵ2) ̸= ∅.
It follows that there exists g ∈ Y X such that supx∈Ci

{d(fi(x), g(x))} < ϵi for i = 1, 2. Now,
let δ = min

(
ϵ1 − supx∈C1

{d(f1(x), g(x))}, ϵ2 − supx∈C2
{d(f2(x), g(x))}

)
. Since C1 ∪ C2 is

compact, we have BC1∪C2(g, δ) ∈ B. We show that this ball is contained in the intersection
of the other two. Let f ∈ BC1∪C2(g, δ). We have, for i = 1, 2,

sup
x∈C1∪C2

{d(f(x), g(x))} < δ ≤ ϵi − sup
x∈Ci

{d(fi(x), g(x))}.

Using this and the triangle inequality we find

sup
x∈Ci

{d(f(x), fi(x))} ≤ sup
x∈Ci

{d(f(x), g(x))}+ sup
x∈Ci

{d(g(x), fi(x))}

≤ sup
x∈C1∪C2

{d(f(x), g(x))}+ sup
x∈Ci

{d(g(x), fi(x))}

< ϵi.

Consequently, for i = 1, 2, f ∈ BCi(fi, ϵi) and so BC1∪C2(g, δ) ⊆ BC1(f1, ϵ1)∩BC2(f2, ϵ2).

The topology, induced by B, is called topology of compact convergence. Note that
convergence in this topology is equivalent to uniform convergence on compact subsets.

Proposition 4.1.3. A sequence {fn}n∈N ⊆ Y X converges with respect to the topology of
compact convergence if and only if the sequence converges uniformly on compact subsets.

Proof. Denote by f the limit of {fn}n∈N with respect to the topology of compact convergence
and let C ⊆ X be compact. Consider BC(f, ϵ) for some ϵ > 0. Since {fn}n∈R converges to
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f , there exists N ∈ N such that supx∈C {d(f(x), fn(x))} < ϵ for all n ≥ N . But this is
equivalent to uniform convergence to f on C, so we are done.

Remark 4.1.4. At this point, one could ask if the topology of compact convergence depends on
the choice of metric d. As it turns out, this is not the case on the set of continuous functions
C0(X,Y ) (see Theorem 4.1.6 below and [Mun14, Thm. 46.8, Cor. 46.9]), which is the class of
functions we are primarily concerned with.

One can in fact generalize the topology of compact convergence to the case where Y is not a
metric space. For this, we define the compact-open topology on C0(X,Y ).

Definition 4.1.5. Let X and Y be topological spaces. Let K ⊆ X be compact and U ⊆ Y be
open and define

S(K,U) = {f ∈ C0(X,Y ) | f(K) ⊆ U}

The sets S(K,U) then form a subbasis14 that generates the compact-open topology on C0(X,Y ).

Returning to the metric case, one can then indeed show that the two topologies are equivalent.
For a proof we refer to [Mun14, Thm. 46.8].

Theorem 4.1.6. Let X be a topological space and (Y, d) a metric space. On C0(X,Y ), the
topology of compact convergence and the compact-open topology are equivalent.

Remark 4.1.7. The significance of the above result becomes more apparent in the next section,
where we work with a Lorentzian manifold M which is of course metrizable. But most often,
we are not at all interested in choosing a specific metric for M . Hence it can be very useful
to work with the compact-open topology instead.

The next Proposition is important for later and showcases that the topology of compact
convergence comes with some benefits.

Proposition 4.1.8. Let X be a topological space and (Y, d) be a metric space. Then C0(X,Y ),
together with topology of compact convergence, is Haudorff.

Proof. Let f, g ∈ C0(X,Y ) with f ̸= g. Let C ⊆ X be compact and defineM := supx∈C {d(f(x), g(x))}.
Consider BC(f,M/2) and BC(g,M/2), neighbourhoods of f and g respectively. Suppose
h ∈ BC(f,M/2) ∩BC(g,M/2). Then, using the triangle inequality

sup
x∈C

{d(f(x), g(x))} ≤ sup
x∈C

{d(f(x), h(x))}+ sup
x∈C

{d(h(x), h(x))}

< M/2 +M/2

= sup
x∈C

{d(f(x), g(x))},

14Recall that a topology generated by a subbasis S is given by the collection of all unions of finite intersections
of elements in S.
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which is a contradiction. Therefore BC(f,M/2) ∩BC(g,M/2) = ∅.

Having fixed a topology on Y X , we now want to address the question of converging sequences
more closely. Remember that our goal is to prove an Ascoli Theorem. This means that we
want to have a result that makes sure we have continuous limits for sequences in C0(X,Y ).
Similar to the classical version of the Theorem, we need some additional restrictions on these
sequences.

Definition 4.1.9. Let X be a topological space and (Y, d) a metric space. A subset F ⊆ Y X

is called equicontinuous at x0 ∈ X if for any ϵ > 0 there exists a neigbhourhood U ⊆ X of x0
such that

d(f(x), f(x0)) < ϵ

for all x ∈ U and all f ∈ F .
We call F equicontinuous if it is equicontinuous at every point x0 ∈ X.

The following version of Ascoli’s Theorem is stated and proven in [Mun14, Thm 47.1].

Theorem 4.1.10. Let X be a topological space and (Y, d) a metric space. Consider C0(X,Y )

with the topology of compact convergence. Let F ⊆ C0(X,Y ).

(i) If F is equicontinuous and the set

Fx0 = {f(x0) | f ∈ F}

has compact closure for all x0 ∈ X, then F is contained in a compact subspace of
C0(X,Y ).

(ii) The converse holds if X is locally compact and Hausdorff.

We will use this result in order to prove the main statement of this subsection, which reads

Theorem 4.1.11 (Ascoli). Let X be a locally compact, second countable Hausdorff space
and let (Y, d) be a complete metric space. Assume that the sequence {fn}n∈N ⊆ C0(X,Y ) is
equicontinuous and that for each x0 ∈ X the set

Fx0 =
⋃
n∈N

{fn(x0)}

is bounded with respect to d. Then there exists a continuous function f and a subsequence
{fm} which converges to f uniformly on each compact subset of X.

Before providing the proof, we need to collect a few more additional results.
First note, that the completeness assumption of the metric space comes with a beautiful
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generalization of Heine-Borel’s Theorem. In order to state it in a nice way, we need the
following definition

Definition 4.1.12. A metric space (Y, d) is totally bounded if for each ϵ > 0 there exists a
finite cover of Y by ϵ-balls.

It turns out that this property encodes compactness for complete metric spaces as showcased
below. We will just give the result, a proof can be found in [Mun14, Thm 45.1].

Theorem 4.1.13 (Heine-Borel). A metric space (Y, d) is compact if and only if it is complete
and totally bounded.

An important part of the proof for the main Theorem 4.1.11 is contained in the next lemma.

Lemma 4.1.14. Let X be a locally compact Hausdorff space and (Y, d) complete. Give
C0(X,Y ) the topology of compact convergence. A subspace F ⊆ C0(X,Y ) has compact closure
if and only if F is equicontinuous and the set

Fx0 = {f(x0) | f ∈ F}

is bounded for every x0 ∈ X.

Proof. The if direction is just an application of 4.1.10. On the other hand, let F be equicon-
tinuous under d and Fx0 bounded for all x0 ∈ X. First, we want to use Heine-Borel (Theorem
4.1.13) on (Fx0 , d) to show that it is compact. Completeness carries over to closed subsets,
so we only need to demonstrate totally boundedness.
Let ϵ > 0, we want to find finetely many balls Bϵ(x1), . . . , Bϵ(xn) which cover the space. Since
each Fx0 is bounded, there exists a number M ∈ R such that diam(Fx0) < M . Consequently
n > M/ϵ many balls are sufficient. By Heine-Borel it now follows that Fx0 is compact.
Applying Theorem 4.1.10 again, we find that F is contained in a compact subset of C0(X,Y ).
Since C0(X,Y ) is Hausdorff by Proposition 4.1.3, compactness for F follows.

We close this subsection with the proof of the main statement.

Proof of Theorem 4.1.11. Give C0(X,Y ) the topology of compact convergence. We want to
show that C0(X,Y ) is first countable. Because in first countable Hausdorff spaces compact-
ness implies sequential compactness15, the Theorem follows after applying Lemma 4.1.14 to
F =

⋃
n∈N fn.

Let f ∈ C0(X,Y ), we need to show that there exists a countable neighbourhood-basis. Re-
call16, that for second countable, locally compact Hausdorff spaces X, there exists a (strong)

15See [Lee11, Lemma 4.42f].
16See [Lee11, Prop. 4.76].
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exhaustion by compact sets, i.e. a sequence {Ki}i∈N of compact subsets of X such that X =⋃
i∈NKi and Ki ⊆ intKi+1. Given such a sequence, we define B = {BKi(f, 1/n) | i, n ∈ N},

where BKi(f, 1/n) are the balls from definition 4.1.1. Clearly B is countable and contains
neighbourhoods of f . Let U ⊆ C0(X,Y ) be any neighbourhood of f . We will show that there
exists B ∈ B such that B ⊆ U .
{BC(g, ϵ) | C ⊆ X compact, ϵ > 0, g ∈ C0(X,Y )} is a basis for our topology, so there is some
element such that f ∈ BC(g, ϵ) ⊆ U . By compactness, C can be covered with finitely many
sets intKi. Let j be the maximum index of this finite cover. By construction, C ⊆ Kj . Define
M := supx∈C {d(f(x), g(x))} < ϵ and take BKj (f, 1/n) ∈ B for some n ∈ N with 1/n < ϵ−M .
Then h ∈ BKj (f, 1/n) and the triangle inequality implies

sup
x∈C

{d(h(x), g(x))} ≤ sup
x∈C

{d(h(x), f(x))}+ sup
x∈C

{d(f(x), g(x))}

≤ sup
x∈Kj

{d(h(x), f(x))}+M

< 1/n+M

< ϵ.

Therefore BKj (f, 1/n) ⊆ BC(g, ϵ) and we conclude that B indeed is the desired neighbourhood
basis, finishing the proof.

4.2 Causal C0-Curves and the Limit Curve Lemma

After the discussion on convergence in the space of continuous functions, we want return to
the setting of Semi-Riemannian manifolds. In particular, we want to prove that by applying
the Ascoli Theorem from the previous section, one obtains a limit curve result which respects
the additional causal structure on a Lorentzian manifold. Our primary references are given
by [BEE96] and [Kri99].
Let us consider a spacetime (M, g) and endow it with an additional complete Riemannian
background metric h, which we know to exist by Theorem 2.1.9. The need for this auxiliary
metric h may be apparent from Ascoli’s Theorem, where a complete metric space is required.
Now, if we look at a sequence of curves on M , it is not expected a priori that we will have
convergence17 in the class of piecewise smooth functions but rather that a limit curve is merely
continuous. Certainly, we still want some sensible notion of causality to be retained for this
continuous limit.

Definition 4.2.1. A continuous (C0) curve γ : I →M is called causal (resp. timelike) if for
any t0 ∈ I there exists a convex set C ⊆M around γ(t0) and an open interval J ⊆ I around
t0 such that for any pair t1, t2 ∈ J with t1 < t2 there exists a smooth causal (resp. timelike)

17With respect to the topology of compact convergence.
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curve contained in C which connects γ(t1) and γ(t2).
Furthermore, we call γ future directed (resp. past directed) if the connecting curves are future
directed (resp. past directed).

Remark 4.2.2. Any (piecewise) smooth causal curve is automatically causal in the above sense,
so these definitions are nicely compatible. See Figure 4 for an example of the non-smooth
case.
While it is sufficient to find a single convex neighbourhood of each γ(t0) such that the property
in the definition is satisfied, we could have been more restrictive and have it required to hold
for any convex neighbourhood instead. This is not necessary however, since both of these
definitions are actually equivalent. This can be seen by the fact that γ(t1) ≤ γ(t2) for
t1, t2 ∈ I with t1 < t2 implies that any radial geodesic connecting two points on γ are causal
by Proposition 2.2.18.

γ

γ(t1)

γ(t2)

µ

C

Figure 4: Definition 4.2.1. µ is a smooth causal curve connecting γ(t1) and γ(t2).

As shown below, C0 causal curves satisfy a local Lipschitz condition. We follow [Kri99, Lemma
8.2.1.]

Proposition 4.2.3. For all p ∈ M there exists a chart (U, (x0, . . . , xn)) around p with U

convex and a constant K > 0 such that all causal curves γ : I → M can be parametrized by
x0 and

∥γ(t1)− γ(t2)∥2 ≤ K|t1 − t2|, (4.1)

where ∥γ(t)∥2 denotes the usual Euclidean norm of γ(t) in the new coordinates.

Proof. Let p ∈M . We first show that there is a chart (U, (x0, . . . , xn)) around p such that U
is convex and x0 has a timelike gradient18.

18Cf. [KS21, Definition 3.2.6].
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For this, take normal coordinates (V, (x0, . . . , xn)) at p. Recall that in local coordinates,
the gradient is given by gradx0 = gab ∂x

0

∂xa
∂

∂xb = g0a ∂
∂xa . Since g|p = η, it follows that

gradx0|p = − ∂
∂x0

∣∣
p
. Thus, one obtains

g(gradx0, gradx0)|p = η

(
∂

∂x0

∣∣∣∣
p

,
∂

∂x0

∣∣∣∣
p

)
= η00 = −1,

meaning that gradx0 is timelike at p.
Continuity then implies that the gradient is still timelike on some open subset Ũ ⊆ V of p.
Furthermore, by Theorem 2.1.7, there exists a convex neighbourhood U of p with U ⊆ Ũ and
U compact. Note that (U, (x0, . . . , xn)) is the chart we are looking for.
Without loss of generality let gradx0 have negative time orientation. We now show that
x0 increases (resp. decreases) along any future (resp. past) directed C0 causal curve γ, i.e.
γ0(t1) < γ0(t2) (resp. >) for t1 < t2.
Since γ is causal, there exists a smooth, future (resp. past) directed causal curve µ : [a, b] →M

with µ(a) = γ(t1) and µ(b) = γ(t2). Recall that by Lemma 2.2.7 g(gradx0, µ̇)(t) > 0 (resp.
< 0). On the other hand, by the definition of the gradient

g(gradx0, µ̇(t)) = µ̇(t)(x0) =
d(x0 ◦ µ)

d t
(t),

which implies that µ0(a) < µ0(b) and in turn γ0(t1) < γ0(t2) (resp. > 0).
We conclude that x0 is monotonous along any causal curve γ and may thereby be used as a
parametrization, proving the first part of the Proposition.
By continuity, for U small enough and due to compactness of U , there is a constant k0 > 0

such that any causal vector is also causal with respect to the flat metric

g̃ = −k0 dx0 ⊗ dx0 +
n∑

i=1

dxi ⊗ dxi.

Take γ and µ like before and parametrize with respect to x0. We have γ(t1) = µ(t1), γ(t2) =
µ(t2) and µa(t)ea = (t, x1(t), . . . , xn(t)), where {e0, . . . , en} denotes the standard basis of
R1,n. Note, that µ̇0(t) = 1 and g̃(µ̇(t), µ̇(t)) < 0 imply

k0 ≥
n∑

i=1

(
µ̇i(t)

)2
for all t. Therefore, if t1 < t2

∥γ(t1)− γ(t2)∥2 = ∥µ(t1)− µ(t2)∥2 = ∥µa(t1)ea − µa(t2)ea∥2

=

∥∥∥∥∫ t1

t2

µ̇a(t)ea dt

∥∥∥∥
2

≤
∫ t2

t1

∥µ̇a(t)ea∥2 dt
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=

∫ t2

t1

[(
µ̇0(t)

)2
+

n∑
i=1

(
µ̇i(t)

)2]1/2
dt

≤
∫ t2

t1

√
1 + k0 dt =

√
1 + k0 |t1 − t2|,

which finishes the proof.

The fact that γ is locally Lipschitz in the above coordinates has a surprising consequence
following from the subsequent result in measure theory due to Rademacher. For a proof we
refer to [EG15, Thm 3.2].

Theorem 4.2.4 (Rademacher). Let f : Rn → Rm be locally Lipschitz. Then f is differentiable
almost-everywhere19.

The previous Proposition and the Rademacher Theorem then immediately imply the Corollary
below, which as a result is interesting on itself but which for our purposes is primarily of
technical significance.

Corollary 4.2.5. Let γ : I → M be a causal and (U, (x0, . . . , xn)) like before. Then γ̇i(t)

exists almost-everywhere and there is a K > 0 such that |γ̇i(t)
∣∣ < K for all i = 0, . . . , n,

where γi are the chart components of γ.

Proof. The first part follows by Theorem 4.2.4. For the second part we have by Equation
(4.1) that

|γi(t+ h)− γi(t)
∣∣ ≤ ∥γ(t+ h)− γ(t)∥2 ≤ K|h|.

Dividing and taking the appropriate limit on both sides then proves the claim.

The final preparation for the proof of the Limit Curve Lemma is related to the complete
Riemannian metric h on M and is again of technical nature. We follow [BEE96, p. 74-76].

Lemma 4.2.6. Let γ : I →M be a causal with I compact. Then Lh(γ) is finite.

Proof. First note that Lh(γ) is well-defined for γ causal by 4.2.5. Let t1, t2 ∈ I with t1 < t2
and such that γ|[t1,t2] is contained in a chart (U, (x0, . . . , xn)) as in the proof of Proposition
4.2.3.
Denote by h be the supremum of the metric components hab on the compact set U . Then

Lh(γ|[t1,t2]) =
∫ t2

t1

√
h(γ̇, γ̇)(t) dt =

∫ t2

t1

∑
a,b

hab|γ(t)γ̇
a(t)γ̇b(t)

1/2

dt

19With respect to the Lebesgue-Measure on Rn.
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≤
∫ t2

t1

√
K2(n+ 1)2hdt = K(n+ 1)h

1/2|t2 − t1|,

where we have used Corollary 4.2.5. Hence, Lh is locally bounded.
This, together with compactness of I and the fact that we can cover M by a locally finite
collection of the chart neighbourhoods U , we obtain the result.

We may now proceed to show the main result of this section, which concerns limits of sequences
of future inextendible, piecewise smooth causal curves. The proof itself proceeds in three
steps. One starts with an application of Ascoli’s Theorem to show that a limit exists and
then continues with two separate arguments for future inextendibility and causality. We
closely follow [BEE96, Prop. 3.31].

Lemma 4.2.7 (Limit Curve Lemma). Let (M, g) be a spacetime and h a complete Riemannian
metric on M . Further, let γn : [0,∞) → M be a sequence of future inextendible causal
curves parametrized by h-arclength and p ∈ M an accumulation point of γn(0). Then there
exists a subsequence {γk}k∈N that converges to a future inextendible continuous causal curve
γ : [0,∞) →M in the topology of compact convergence with γ(0) = p.

Proof. The first step is to get to a point where we are able to apply Ascoli’s Theorem. Note
that, since the γn are parametrized with respect to h-arclength, we have

dh(γn(t1), γn(t2)) ≤ |t1 − t2| ∀n ∈ N, ∀t1, t2 ∈ [0,∞) (4.2)

which implies that {γn}n∈N is equicontinuous.
Furthermore, as γn(0) → p for n → ∞, it follows that there exists an N ∈ N such that
dh(γn(0), p) < 1 for all n ≥ N . Consequently we obtain, using the triangle inequality and
(4.2), that for any fixed t0 ∈ [0,∞) the set γn|[0,t0] is contained in the closed, compact ball
{q ∈ M | dh(p, q) ≤ 1 + t0} for all n ≥ N . Therefore the union

⋃
n∈N{γn(t0)} is bounded for

any t0.
Now we are able to use Theorem 4.1.11 to obtain a subsequence {γk}k∈N which converges to
a continuous function γ : [0,∞) → M uniformly with respect to h on any compact subset of
[0,∞). Naturally we have γk(0) → p = γ(0), so we are done with the first part.
All that is left to show now is that γ is causal and future inextendible. We begin with the
prior: Let t1 ∈ [0,∞) and let U ⊆ M be a convex set around γ(t1). Take δ > 0 such that
{q ∈ M | dh(γ(t1), q) < δ} ⊆ U . We show that for t1 < t2 < t1 + δ we have γ|[t1,t2] ⊆ U .
First, there is an ϵ > 0 such that t2 = t1 + δ − ϵ. By uniform convergence it follows that for
k sufficiently large dh(γk(t1), γ(t1)) < ϵ. This, together with the triangle inequality and (4.2)
indeed gives

dh(γ(t1), γk(t2)) ≤ dh(γ(t1), γk(t1)) + dh(γk(t1), γk(t2)) < ϵ+ |t1 − (t1 + δ − ϵ)| = δ.
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Similarly, if t1 ̸= 0 and δ small enough, then for t1 − δ < t2 < t1 one obtains γ|[t2,t1] ⊆ U .
Let s, t ∈ (t1 − δ, t1 + δ) (or [0, δ) resp.) with s < t. Again, uniform convergence implies
γk(s) → γ(s) and γk(t) → γ(t). Note that the γk are future directed, i.e. for large k we
obtain γk(s)≤Uγk(t). Now recall that ≤ is closed on convex sets (Proposition 2.2.18). Thus
γ(s) ≤U γ(t) and γ is causal.
At last, we show future inextendibility. Assume, to the contrary, that γ is not inextendible.
Then there exists a q ∈ M with γ(t) → q as t → ∞. Take a chart (U, (x0, . . . , xn)) around
q with gradx0 timelike as in Proposition 4.2.3. Let V be a convex neighbourhood of q and
relatively compact in U . Note that there is some t0 for which γ|[t0,∞) ⊆ V . Lemma 4.2.6
then tells us that the length of any causal curve in V between the level sets (x0)−1(γ0(t0))

and (x0)−1(x0(q)) is bounded since we can always parametrize these curves by x0. One may
therefore conclude that the length is bounded by some δ > 0.
However, taking into account that the γk are parametrized with respect to h-arclength, one
finds γk|[t0+1,t0+δ+2] ⊆ (x0)−1([γ0(t0), x

0(q)]) for large enough k. But this yields a contradic-
tion since Lh(γk|[t0+1,t0+δ+2]) = δ + 1 > δ.

Remark 4.2.8. Recalling Remark 4.1.4, we again emphasize that the Riemannian metric h
only serves as an auxiliary tool to facilitate our arguments. After all, we are only really
interested in the structure of the spacetime (M, g) itself.
There are numerous results in similar spirit, found in the literature, which are also called
Limit Curve Lemma. For our purposes however, the above statement is enough. Still, we
refer the avid reader to [Min08], in which one can find a proper review on the history of such
results and an elegant generalization thereof.

4.3 Variation of Causal Curves

Now that we have established the Limit Curve Lemma, we want to expand our existing toolkit
by some elementary notions from the calculus of variation on differentiable manifolds. We will
introduce the concept of varying piecewise smooth curves just as one would do for Riemannian
manifolds. However, taking into account that we want to work on a spacetime (M, g), we
want to ensure that the underlying causal structure is respected as well. The key result of
this section is to demonstrate that causal curves with fixed end points, which are not null
pregeodesics, can be deformed into timelike curves with the same endpoints and, in fact, such
that they lie arbitrarily close to the original curve with respect to the topology of compact
convergence20. After that, we discuss variations of geodesics and their connection to Jacobi
fields, which will be especially important for Chapter 7. Our main references are [O’N83],
[KS23] and [dC92].
Let (M, g) be any Semi-Riemannian (or Riemannian) manifold. We make the following defi-
nition

20See Remark 4.1.7.
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Definition 4.3.1. Let γ : [a, b] → M be a piecewise smooth curve. A variation of γ is a
continuous map α : [a, b]× (−ϵ, ϵ) →M with ϵ > 0 such that

(i) α(t, 0) = γ(t) for all t ∈ [a, b],

(ii) there exist break points t0 := a < t1 < · · · < tk+1 := b, such that the restriction of α to
[ti−1, ti]× (−ϵ, ϵ) is smooth for all i ∈ {1, . . . , k}.

The variation α of γ is called proper, if α(a, s) = γ(a) and α(b, s) = γ(b) for each s ∈ (−ϵ, ϵ).

Remark 4.3.2. For a variation α : [a, b] × (−ϵ, ϵ) → M of a piecewise smooth curve γ, we
will mainly use the shorthand notation γs(t) := α(t, s). Note that t 7→ γs(t) is a piecewise
smooth curve for each s ∈ (−ϵ, ϵ) respectively. Therefore, s 7→ γs can be understood as the
deformation of γ into the neighbouring curves γs. The parameter t ∈ [a, b] also defines a
one-parameter family of smooth curves s 7→ γs(t), which are called transversal curves. These
transversal curves then define a well-defined, piecewise smooth vector field V := ∂γs

∂s

∣∣∣
s=0

along
γ, i.e. V ∈ Xpw(γ), the variation vector field of γs.

γs
V

γ(a)

γ(b)

γ

Figure 5: A proper variation γs of a smooth curve γ : [a, b] →M with variation vector field
V .

See Figure 5 for a visualization of Definition 4.3.1 and Remark 4.3.2. An important aspect of
the construction of variations is stated in the next Lemma, for which we follow [dC92, Ch. 9,
Prop. 2.2].

Lemma 4.3.3. Let γ : [a, b] → M be a piecewise smooth curve and V ∈ Xpw(γ). Then there
exists a variation γs of γ such that V is the variational vector field of γs. In addition, if
V (a) = V (b) = 0, then γs is proper.

Proof. Because γ([a, b]) ⊆ M is compact we can cover it by finitely many convex sets
U1, . . . , Un. For each i = 1, . . . , n choose δi > 0 such that expγ(t)(Bδi(0)) ⊆ Ui for all
t ∈ [a, b] with γ(t) ⊆ Ui and where Bδi(0) ⊂ Tγ(t)M is the Euclidean ball with radius δi
around 0 ∈ Tγ(t)M . Now let δ := min{δ1, . . . , δn} and we have shown that for each t ∈ [a, b]

the map expγ(t) is well-defined for all v ∈ Tγ(t)M with ∥v∥2 < δ, where ∥·∥2 denotes the
Euclidean norm on Tγ(t)M .
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By choosing N := maxt∈[a,b]∥V (t)∥2 and ϵ < δ
N , the map

α :[a, b]× (−ϵ, ϵ) →M

(t, s) 7→ expγ(t)(sV (t))

is well-defined. Furthermore, given that expγ(t)(sV (t)) is the radial geodesic s 7→ σ(s) starting
from γ(t) with initial speed V (t) and the fact that the solutions to the geodesic equation
depend smoothly on the initial conditions, one can conclude that α is piecewise smooth.
Then we also have

α(t, 0) = expγ(t)(0) = γ(t)

and therefore α is a variation of γ. Its variation vector field is given by

∂α

∂s

∣∣∣∣
s=0

(t) = T(t,0)[expγ(t)(sV (t))](∂s) = T0 expγ(t) ◦T(t,0)(sV (t))(∂s)

= T0 expγ(t)(V (t)) = V (t),

where we have used that T0 expγ(t)(v) = v for any v ∈ T0(Tγ(t)M) ∼= Tγ(t)M (see e.g. [KS21,
Eq. (2.1.14)]) and thus α is the desired variation.
Finally, if V (a) = V (b) = 0, it immediately follows that α is proper because

α(a, s) = expγ(a)(0) = ids = expγ(b)(0) = α(b, s),

where ids is the identity map with respect to s on (−ϵ, ϵ).

Of course, we are interested in the case where (M, g) is a spacetime, which we will assume to
be the case for the rest of the section. One then has the following important Lemma [O’N83,
Ch. 10, Lemma 45].

Lemma 4.3.4. Let γ : [a, b] → M be a smooth causal curve and let γs be a variation of γ
with variation vector field V ∈ X(γ). If ⟨V ′, γ̇⟩(t) < 0 for all t ∈ [a, b], then there exists ϵ > 0

such that neighbouring curves γs are timelike for each s ∈ (0, ϵ).

Proof. By assumption, one has〈
∂γs
∂t

,
∂γs
∂t

〉
(t, 0) = ⟨γ̇(t), γ̇(t)⟩ ≤ 0.

Note also that

∂

∂s

〈
∂γs
∂t

,
∂γs
∂t

〉
(t, 0) = 2

〈
∇
∂s

∂γs
∂t

,
∂γs
∂t

〉
(t, 0) = 2

〈
∇
∂t

∂γs
∂s

,
∂γs
∂t

〉
(t, 0)

= 2

〈
∇
∂t

[
∂γs
∂s

∣∣∣∣
s=0

]
(t),

∂γs
∂t

(t, 0)

〉
= 2

〈
V ′(t), γ̇(t)

〉
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< 0,

where we have used the fact that the s-derivative and t-derivate commute [Lemma 2.1.6 (i)].
For fixed t, the Taylor expansion of

〈
∂γs
∂t ,

∂γs
∂t

〉
(t, s) is given by

〈
∂γs
∂t

,
∂γs
∂t

〉
(t, s) =

〈
∂γs
∂t

,
∂γs
∂t

〉
(t, 0) +

∂

∂s

〈
∂γs
∂t

,
∂γs
∂t

〉
(t, 0) s+O(s2)

and we can conclude by the previous equations, that there exists an ϵ > 0 small enough, such
that the above expression stays negative for s ∈ (0, ϵ). By compactness this is true uniformly
in t.

Naturally, the same statement holds for general causal curves (piecewise smooth) if one applies
the above Lemma to each smooth segment.
Our goal now is to show that there is a proper and timelike variation for general causal curves
between two points p, q ∈ M , i.e. we want to be able to approximate causal curves between
p and q by timelike curves to arbitrary precision. However, this cannot be true in general, as
showcased in Figure 6.

x

t

p

q

c
γ

Figure 6: A null geodesic c between two points p, q in Minkowski space R1,1. Any other
curve between p and q, e.g. γ, cannot be timelike, because then there need to be points on γ,
where it has spacelike tangent.

This example is reminiscent of the push-up principle (Proposition 2.2.10), in that we can
think of the situation very physically as follows: As one travels a null geodesic, the velocity
is always equal to the speed of light. Slowing down then should imply that we have to make
up for the lost time at other parts, i.e. one has to exceed the speed of light somewhere else,
which is physically impossible. While this reasoning seems to hold true on a level of physical
intuition, it actually turns out to be wrong. In fact, one can show that if any nonspacelike
curve γ between p, q ∈ M has a conjugate point, that then there exists a variation γs, from
which one obtains a timelike curve between p and q (cf. [HE73, Prop. 4.5.12]). Roughly
speaking21, conjugate points are points where nearby geodesics almost meet. By this, one
should intuitively think of the existence of a one-parameter family of geodesics that meets the

21We will discuss conjugate points and focal points in Chapter 7.
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conjugate point in first order. An important result concerning conjugate points is that after
such points a causal geodesic fails to be maximizing. Note that the existence of such points
is closely related to the underlying geometric structure of M as we will see later. As a final
remark, one might add that our intuition holds true at least not only in Figure 6 but also
for any two dimensional spacetime since null geodesics do not exhibit conjugate points in this
case (see [BEE96, Ch. 10.3, Lemma 10.45]).
Without putting any attention, for this moment, to the particular case of null geodesics (or
in fact null pregeodesics) with conjugate points, we may now show the following ([O’N83, Ch.
10, Prop. 46] and [KS23, Lemma 3.2.4])

Proposition 4.3.5. Let γ be a causal curve between p ∈ M and q ∈ M . If γ is not a null
pregeodesic, then there exists a timelike curve between p and q which is arbitrarily close to γ
with respect to the topology of compact convergence.

Proof. We will show that there exists a proper timelike variation of γ. By considering the
compact-open topology and using Theorem 4.1.6, this then implies the above result.
Without loss of generality, assume that γ : [0, 1] → M with γ(0) = p, γ(1) = q (otherwise
reparametrize). We first discuss the following two cases.
(i) γ̇(t0) is timelike for some t0 ∈ [0, 1]

Assume first, that t0 = 1 and define W ∈ Xpw(γ) by the parallel transport of γ̇(1) along γ.
Thus ⟨W,W ⟩ = const. < 0 and W (t) is timelike for all t ∈ [0, 1]. Since γ̇(t) and W (t) lie in
the same light cone, it must follow that ⟨W, γ̇⟩ < 0. By continuity, one can find a δ > 0 such
that ⟨γ̇(t), γ̇(t)⟩ < 0 on [1 − δ, 1]. Let f : [0, 1] → R be smooth with f(0) = 0 = f(1) and
f ′ > 0 on [0, 1− δ]. Define V = fW and consider the proper variation γs of γ, defined by the
variation vector field V , which exists by Lemma 4.3.3. We then have

⟨V ′, γ̇⟩ = ⟨f ′W + fW ′, γ̇⟩ = f ′⟨W, γ̇⟩,

which is negative on [0, 1− δ]. Using Lemma 4.3.4, we conclude that t 7→ γs(t) is timelike for
small s on [0, 1−δ]. But since also, by continuity of s 7→ γs(t), γs stays timelike on [1−δ, 1] for
s small, we have found a proper timelike deformation22. The t0 = 0 case follows analogously.
Finally, if t0 ∈ (0, 1) instead, we can just apply the above argument to the restrictions γ|[0,t0]
and γ|[t0,1] respectively and therefore are done.
(ii) γ is smooth and everywhere null.
We have ⟨γ̇, γ̇⟩ = 0 and therefore

0 =
d

dt
⟨γ̇, γ̇⟩ = 2⟨γ̇, γ̈⟩,

22Note that this argument also serves as a proof of the push-up principle (Prop. 2.2.10).
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which means that γ̈ ⊥ γ̇ on [0, 1]. Since γ̇ is null, we can write

γ̈(t) = ϕ(t)γ̇(t) + ξ(t)E(t)

for some spacelike E ∈ X(γ) ⊥ γ̇ and ϕ, ξ ∈ C∞([0, 1]). Note that ξ ̸≡ 0, because otherwise
γ̈ = ϕγ̇, i.e. γ is a null pregeodesic, contrary to our assumption. Consequently, there exists
t0 ∈ [0, 1], such that ξ(t0) ̸= 0 and one has

⟨γ̈, γ̈⟩(t0) = [ϕ(t0)]
2⟨γ̇, γ̇⟩(t0) + [ξ(t0)]

2⟨E,E⟩(t0) = [ξ(t0)]
2⟨E,E⟩(t0) > 0

since E is spacelike. By definition and the above, it follows that

⟨γ̈, γ̈⟩ ≥ 0, ⟨γ̈, γ̈⟩ ̸≡ 0. (4.3)

Now let Y be the parallel transport of a timelike vector Y0 ∈ Tγ(0)M with ⟨Y0, γ̇(0)⟩ < 0 along
γ. Then Y (t) is timelike for all t ∈ [0, 1] and lies in the same causal cone as γ̇(t) since parallel
transport is an isometry, i.e.

⟨Y, γ̇⟩ < 0. (4.4)

We now want to show that there exists X = αY + βγ̈ with α, β ∈ C∞([0, 1]) such that α and
β vanish at the endpoints and ⟨X ′, γ̇⟩ < 0.
Note that because γ̈ ⊥ γ̇ and Y ′ = 0, one has

⟨X ′, γ̇⟩ = ⟨α̇Y + β̇γ̈ + β
...
γ , γ̇⟩ = α̇⟨Y, γ̇⟩+ ⟨ ...

γ , γ̇⟩ = α̇⟨Y, γ̇⟩ − β⟨γ̈, γ̈⟩, (4.5)

where the last equality stems from the fact that

0 =
d

dt
⟨γ̈, γ̇⟩ = ⟨ ...

γ , γ̇⟩+ ⟨γ̈ γ̈⟩.

We want to construct α and β such that (4.5) is negative. For this, let χ := ⟨γ̈,γ̈⟩
⟨Y,γ̇⟩ , which is

defined since the denominator is non-vanishing by (4.4). Equations (4.3) and (4.4) together
then imply that

χ ≤ 0, χ ̸≡ 0.

We can therefore define β ∈ C∞([0, 1]) such that∫ 1

0
β(t)χ(t) dt = −1

and β(0) = β(1) = 0. Furthermore, let α(t) :=
∫ t
0 (β(s)χ(s) + 1)ds, which is clearly smooth

and satisfies α(0) = α(1) = 0. From (4.5), one may then conclude that

⟨X ′, γ̇⟩ = [βχ+ 1]⟨Y, γ̇⟩ − β⟨γ̈, γ̈⟩ = [βχ+ 1]⟨Y, γ̇⟩ − βχ⟨Y, γ̇⟩ = ⟨Y, γ̇⟩ < 0
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by (4.4). Finally, just note that applying Lemma 4.3.4 gives the claim.
Suppose γ is now a piecewise causal curve, which is everywhere null and contains at least one
segment which is not a null pregeodesic. By (ii) we can deform this segment to a timelike
curve and then simply argue as in (i). Consequently, we only have one remaining case left to
check.
(iii) γ is piecewise smooth and every segment is a null pregeodesic.
Assume that there exists only one breakpoint t0 ∈ (0, 1). Let ∆γ̇ = γ̇(t+) − γ̇(t−), where
γ̇(t+) is the tangent vector of γ at t0 with respect to the limit from above and γ̇(t−) with
respect to the limit from below (see Figure 7).

γ̇(t−)γ̇(t+)

∆γ̇
γ(t0)

γ

Figure 7: Setup for case (iii).

Define W± to be the parallel transport of γ̇(t±) along γ respectively and let W :=W+−W−,
i.e.W is the parallel transport of ∆γ̇. For t ∈ [0, t0] one has that ⟨W−, γ̇⟩ = 0 and ⟨W+, γ̇⟩ < 0

as W+ and γ̇ lie in the same causal cone. Therefore

⟨W, γ̇⟩(t) = ⟨W+, γ̇⟩(t)− ⟨W−, γ̇⟩(t) < 0

for t ∈ [0, t0]. Similarly, ⟨W+, γ̇⟩ = 0 and ⟨W−, γ̇⟩ < 0 on [t0, 1] and thus

⟨W, γ̇⟩(t) > 0

for t ∈ [t0, 1]. Let f be a piecewise smooth function with vanishing endpoints and such that
f ′ > 0 on [0, t0] and f ′ < 0 on [t0, 1] respectively. Now, simply define V = fW , for which
then follows

⟨V ′, γ̇⟩ = f ′⟨W, γ̇⟩+ f⟨W, γ̇⟩ = f ′⟨W, γ̇⟩ < 0

for all t ∈ [0, 1], as W ′ = 0. Like before, Lemma 4.3.4 then implies that there exists a timelike
variation. Finally note, that the case for multiple break points now simply follows from above
and (i).

One can in fact generalize the above result to the case of continuous causal curves. This is
also needed later, as we will have to work with a limit curve obtained by Lemma 4.2.7, which
we only know to be continuous.
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Corollary 4.3.6. Let γ be a continuous causal curve between two points p, q ∈ M . If γ is
not a null pregeodesic, then there exists a timelike curve between p and q which is arbitrarily
close to γ with respect to the topology of compact convergence.

Proof. Note that if γ is a continuous causal curve, we can always find a piecewise smooth
causal curve arbitrarily close with respect to the compact-open topology. To achieve this, let
U be a neighbourhood of γ. One can choose a collection of convex sets which cover γ and
are contained in U . Now just consider a concatenation of radial geodesics. The claim then
follows by applying the previous Proposition.

After the discussion of some results on the variation of causal curves, we finally want to look
at a very particular type of variation. Namely variations cs : I × (−ϵ, ϵ) → M of a geodesic
c : I → M for which each t 7→ cs(t) is itself a geodesic. Such variations are called geodesic
variations. We will show that these exist and that they are closely related to a very special
class of vector field, the Jacobi fields.

Definition 4.3.7. Let c be a geodesic. J ∈ X(c) is a Jacobi field if it satisfies the following
Jacobi equation (or Geodesic Deviation equation)

∇2

∂t2
J = RJċċ. (4.6)

Note that equation (4.6) is a linear system of second order ordinary differential equations.
Consequently, by application of standard ODE theory, one has (see e.g. [Lee18, Prop. 10.2]).

Proposition 4.3.8. Let c : I →M be a geodesic. Assume one has initial data v, w ∈ Tc(t0)M

for some t0 ∈ I. Then there exists a unique Jacobi field J ∈ X(c) such that J(t0) = v and
∇J
dt (t0) = w.

The connection of Jacobi fields and geodesic variations is evident from the next result. We
follow [KS23, Lemma 3.2.9].

Proposition 4.3.9. Let c : I → M be a geodesic and J ∈ X(c). Then J is a Jacobi field if
and only if there exists a geodesic variation cs : I × (−ϵ, ϵ) → M of c, with variation vector
field J .

Proof. We first show the if direction. Assume that J is the variation vector field of a geodesic
variation cs. Therefore, one has ∇

∂t
∂cs
∂t = 0 and we obtain

∇2

∂t2
J =

∇
∂t

∇
∂t

∂cs
∂s

∣∣∣∣
s=0

=
∇
∂t

∇
∂s

∂cs
∂t

∣∣∣∣
s=0

=
∇
∂s

∇
∂t

∂cs
∂t

∣∣∣∣
s=0

+ R ∂cs
∂s

∂cs
∂t

∂cs
∂t

∣∣∣∣
s=0

= RJċċ,
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where we have used Lemma 2.1.6.
For the only if direction, suppose that J is a Jacobi field. Assume 0 ∈ I (otherwise reparametrize
c) and let σ be any smooth curve such that σ(0) = c(0) and J(0) = σ′(0). Let A,B ∈ X(σ)

be defined by the parallel transport of ċ(0) and J ′(0) along σ respectively. Define X ∈ X(σ)

by X(s) = A(s) + sB(s). Note that

X(0) = A(0) = ċ(0)

∇X
ds

(0) = A′(0) +B(0) + sB′(0) = B(0) = J ′(0),

where we have used the fact that A and B are parallel. Now, similar to the proof of Lemma
4.3.3, set cs(t) := expσ(s)(tX(s)). We will show that cs is the required variation. For this, first
note that (t, s) 7→ (σ(s), tX(s)) is continuous and therefore maps the compact set I×{0} into a
compact subset of TM . Furthermore, this subset lies in the domain of exp(p, v) = (p, expp(v)),
which is open23. Consequently there exists an ϵ > 0 such that cs : I × (−ϵ, ϵ) → M is well-
defined.
Next note that

c0(t) = expσ(0)(tX(0)) = expc(0)(tċ(0)) = c(t).

Since for each s ∈ (−ϵ, ϵ), cs is a (radial) geodesic, (t, s) 7→ cs is indeed a geodesic variation
of c. All that is left is to show that the variation vector field is given by J . Let J̃ := ∂cs

∂s

∣∣
s=0

.
Following from the proof of the if direction, J̃ is a Jacobi field. We will show that J(0) = J̃(0)

and J ′(0) = J̃ ′(0) which then implies J = J̃ by Proposition 4.3.8. Indeed, one has

J̃(0) =
d

ds
expc(s)(0)

∣∣∣∣
s=0

=
d

ds
σ(s)

∣∣∣∣
s=0

= σ′(0) = J(0)

and

J̃ ′(0) =
∇J̃
dt

(0) =
∇
∂t

∂cs
∂s

∣∣∣∣
s=t=0

=
∇
∂s

∂cs
∂t

∣∣∣∣
s=t=0

=
∇
∂s

∂

∂t
expσ(s)(tX(s))

∣∣∣∣
s=t=0

=
∇
∂s
X(s)

∣∣∣∣
s=0

= X ′(0) = J ′(0),

where we have used Lemma 2.1.6 (i) for the third equation and the proof of Lemma 4.3.3 for
the derivative of the exponential map.

5 Topology on Spacetimes and more on Causality

One of the key differences between Lorentzian and Riemannian manifolds is, of course, the ex-
istence of a causal structure. Having established the most basic notions and results regarding

23See [KS21, Prop. 2.2.3].
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causality in Chapter 2, we may now continue by introducing several other important concepts
such as global hyperbolicity, which can generally be viewed as an analogue to completeness in
Riemannian Geometry. Before that however, there is a certain class of subsets in a Lorentzian
manifold that will take the center stage in our later arguments and are therefore essential to
discuss. These kind of subsets, called achronal boundaries, are of the form ∂I±(S) for some
arbitrary S ⊆ M . We are going to discuss achronal boundaries in great detail in the first
part of this chapter and also show what kind of structure they carry. The second part then
features general global topological properties of Lorentzian manifolds.

5.1 Achronal Boundaries

Achronal boundaries are sets of the form ∂I+(S) (resp. ∂I−(S)) where S can be any subset
of M . Looking at Minkowski space it is immediately clear that these sets are naturally
interesting when null geodesics are considered (see Figure 8).

S

∂I+(S)

Figure 8: Minkowski space R1,1 and subset S with achronal boundary ∂I+(S). Each point
on the boundary and not in S lies on a null geodesic.

As we will make explicit, this fact does not hold true only in Minkwoski space but for more
general Lorentzian manifolds. It should be emphasized that studying achronal boundaries is
not solely useful for the purposes of our later arguments but also because they naturally appear
in relation to the study of null geodesics and in fact carry interesting structural properties,
i.e. they turn out to be closed toplogical hypersurfaces. We will discuss these issues in this
section, for which we will follow [Gal14], [O’N83] and [KS23] as the primary references.
Let us first start by elaborating on the definition of achronal sets. To this end, we define the
notion of future and past sets.

Definition 5.1.1. A subset F of M is called a future set (resp. past) if there exists some set
S ⊂M such that F = I+(S) (resp. F = I−(S)).

Note that this definition immediately implies that F is a future set if and only if F = I+(F )

(resp. P = I−(P ) for past sets). As previously introduced, we define

Definition 5.1.2. Let F ⊆M be a future or past set. Then ∂F is called achronal boundary.

One may now appropriately conclude that every achronal boundary is indeed a set of the form
∂I±(S). Note that we will be mainly interested in the future case.
The fact that we deal with the set of boundary points of a future set has the following nice
implication (see also Figure 9)
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Lemma 5.1.3. Let S ⊆M and p ∈ ∂I+(S). Then I+(p) ⊆ I+(S) and I−(p) ⊆M \ I+(S).

Proof. We start with the first part. Let q ∈ I+(p). Since p ∈ ∂I+(S) and p ∈ I−(q) we must
have I−(q) ∩ I+(S) ̸= ∅. Therefore q ∈ I+(S).
For the second part let q ∈ I−(p). It follows p ∈ I+(q) and similarly to the above that

I+(q) ∩M \ I+(S) ̸= ∅. (5.1)

Now suppose q ∈ I+(S). We distinguish two cases: If q ∈ I+(S) then p ∈ I+(S), which
contradicts the fact that p is on the boundary. On the other hand if q ∈ ∂I+(S) we obtain
by the first part I+(q) ⊆ I+(S) which contradicts (5.1).

S

∂I+(S)

p̂

I+(p̂)

I−(p̂)

p

I−(p)

I+(p)

Figure 9: Visualization of Lemma 5.1.3 for two different boundary points p, p̂ ∈ ∂I+(S).

Returning to the original definition of achronal boundaries, the attentive reader will have
noticed that while the term “boundary” is certainly justified, we still have to make sense of
what it means to be achronal. For this we now properly define what achronal sets actually
are.

Definition 5.1.4. A subset S ⊆M is called achronal if no two points in S can be connected
by a timelike curve, i.e. I+(S) ∩ S = ∅.

It is not clear at all at this point why achronal boundaries are achronal in the above sense of
the word. However, using Lemma 5.1.3, this becomes quite easy to prove.

Proposition 5.1.5. Let S ⊆M . Then ∂I+(S) is indeed achronal.

Proof. Assume to the contrary that there exists p, q ∈ ∂I+(S) where q ∈ I+(p). Because of
Lemma 5.1.3 we conclude that q ∈ I+(S) and because I+(S) is open, I+(S) ∩ ∂I+(S) = ∅,
which proves the claim.

We want to investigate the structure of ∂I+(S) more closely, but first recall the following
definition
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Definition 5.1.6. A second countable Hausdorff space M is an n−dimensional topological
manifold if each point has a neighbourhood which is homeomorphic to an open set in Rn.
A subspace S ⊆M is a topological hypersurface if for each p ∈ S there exists a neighbourhood
U ⊆ M of p together with an open set V ∈ Rn and a homeomorphism ϕ : U → V such that
ϕ(U ∩ S) = ϕ(U) ∩ ({0} × Rn−1).

In particular, note that any smooth manifold is also automatically a topological manifold.
Speaking of topology, further down below we will need a highly non-trivial result, known as
Invariance of Domain. The statement is related to subspaces of Rn and shows that “openness”
is a topological invariant. A proof, using methods of algebraic topology, can be found in
[Hat02, Thm. 2B.3].

Theorem 5.1.7 (Invariance of Domain). Let U be an open subset of Rn and let φ : U → Rn

be continuous and injective (i.e. a topological embedding). Then φ(U) is open in Rn and
φ : U → φ(U) is a homeomorphism.

We now introduce yet another notion, related to achronal sets (see also Figure 10).

Definition 5.1.8. Let A ⊆M be an achronal subset. The edge of A is the set of points p ∈ A

for which for any neighbourhood U of p there exists a timelike curve γ in U from I−U (p) to
I+U (p) with γ ∩A = ∅. We will denote this set by edgeA.

Ap

U

γ

I+U (p)

I−U (p)

Figure 10: A point p which lies in edge(A).

As stated before, our goal is to show that ∂I+(S) carries some nice structure. To be specific,
it is a closed achronal topological hypersurface of M . The next Proposition will be of central
importance for this. We follow [O’N83, Ch. 14, Prop. 25] and in particular [KS23, Prop.
3.5.11].

Proposition 5.1.9. Let A ⊆M be achronal. The following is equivalent

(i) A ∩ edge(A) = ∅

(ii) A is a topological hypersurface

Proof. (i) ⇒ (ii) Let p ∈ A. By assumption p /∈ edgeA and therefore, by definition of
edge(A), there exists a neighbourhood U of p such that any timelike future directed curve in
U from I−U (p) to I+U (p) intersects A in U .
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Withouth loss of generality, let U be a chart domain for φ : U → φ(U) ⊆ Rn+1 with24

φ = (x0, . . . , xn) and such that ∂
∂x0 is future directed timelike on U .

By shrinking U , we obtain a neighbourhood V ⊆ U of p such that for δ > 0

(I) φ(V ) = (a− δ, b+ δ)×N ⊆ R× Rn,

(II) {x ∈ V |x0 = a} ⊆ I−U (p) and {x ∈ V |x0 = b} ⊆ I+U (p),

where a, b ∈ R with a < b and N ⊆ Rn open.
Now, let y ∈ N and define a timelike curve α : [a, b] → V from I−U (p) to I+U (p) by s 7→
φ−1(s, y). Clearly, α intersects A and by achronality of A this happens only once. Let
h(y) ∈ (a, b) such that φ−1(h(y), y) ∈ A is the point of intersection. Note that naturally there
exists a unique h(y) for each y ∈ N (see Figure 11 for a depiction of the situation).

A
p

x0 = b

x0 = a

x0 = b + δ

x0 = a − δ

φ−1(h(y), y)

α

U

I+U (p)

I−U (p)

Figure 11: The situation in proof of Proposition 5.1.9, (ii) ⇐ (i).

We want to show that h : N → (a, b) is continuous. To this end, let {ym}m∈N be a sequence
in N that converges to some y ∈ N . Suppose to the contrary that h(ym) ̸→ h(y) for m→ ∞.
Since h(ym) is contained in the compact set [a, b] for any m ∈ N, there exists a subsequence
{h(yk)}k∈N and an r ∈ [a, b] with h(yk) → r ̸= h(y).
Let q = φ−1(h(y), y) ∈ A. Then both, q and φ−1(r, y) ̸= q are contained in the image of α.
Because α is timelike, it follows that φ−1(r, y) is contained in the open set I−V (q) ∪ I+V (q).
Using the fact that φ−1(h(ym), ym) → φ−1(r, y), there exists m0 ∈ N with

φ−1(h(ym0), ym0) ∈ I−V (q) ∪ I+V (q).

But the left hand side is in A so one obtains a contradiction to achronality. Thus, h is indeed
continuous.

24For example φ = exp−1
p .
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Next, note that
V ∩A = φ−1({(h(y), y) | y ∈ N}).

This means that A is the graph of h in terms of φ. We will now show that A must therefore
be a topological hypersurface.
Write φ = (φ0, φ′) and define ψ : V → Rn+1 by

ψ(p) = (φ0(p)− h(φ′(p)), φ′(p)). (5.2)

Note that ψ is continuous with inverse

ψ−1(x0, x′) = φ−1(x0 + h(x′), x′). (5.3)

Therefore, ψ is bijective.
In fact, ψ◦φ−1 : φ(V ) → ψ(V ) is continuous and injective. Since φ(V ) is open in Rn+1, we can
apply Theorem 5.1.7 and find that ψ◦φ−1(φ(V )) = ψ(V ) is open and ψ is a homeomorphism.
All things considered, we obtain

ψ(V ∩A) = ψ ◦ φ−1({(h(y), y) | y ∈ N}) (5.2)
= {(0, y) | y ∈ N} = {0} ×N

(5.3)
= ψ ◦ φ−1((a− δ, b+ δ)×N) ∩ ({0} ×N)

= ψ(V ) ∩ ({0} × Rn)

and therefore A is a topological hypersurface.
(i) ⇐ (ii) Let p ∈ A. Since (i) is a local condition, using Proposition 2.2.12, we can
assume without loss of generality that M = R1,n. Let (φ,U) be as in definition 5.1.6 with
U connected, i.e. φ : U → V is a homeomorphism with φ(U ∩ A) = V ∩ ({0} × Rn). Set
V1 := φ(U ∩ A) and define the restriction φ1 := φ|U∩A : U ∩ A → V1. Further, denote by
π the projection map π : R1,n → Rn with (x0, x′) 7→ x′ (see Figure 12 for a depiction of the
situation).

x′

x0

A

U

p

I+
U

(p)

I−
U

(p)

π(U ∩A)

φ

φ1 x′

x0

V1

V

Figure 12: The situation in proof of Proposition 5.1.9, (i) ⇐ (ii).

The vertical lines t 7→ (t, x′) are timelike for any x′ and intersects A at most once by achronal-
ity. Therefore, π|U∩A is injective. Since the restriction map φ1 is a homeomorphism one
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concludes that the composition π ◦ φ−1
1 : V1 → π(U ∩ A) is continuous and bijective. Then,

by invariance of domain (Theorem 5.1.7), we know that π ◦ φ−1
1 is a homeomorphism and

π(U ∩ A) is open. Define f : π(U ∩ A) → R by f(x′) = pr0 ◦π−1(x′) with pr0 being the map
x 7→ x0. f is clearly continuous and furthermore

U ∩A = graph(f) = {(f(x′), x′) |x′ ∈ π(U ∩A)}.

Using f , we can decompose U \A into two connected components

U+ = {(x0, x′) ∈ U |x0 > f(x′)},
U− = {(x0, x′) ∈ U |x0 < f(x′)}.

Once again using Proposition 2.2.12, we have that I±U (p) are connected and because they are
also open and A is achronal, both sets must lie in U \A. Consequently, I±U (p) ⊆ U+ ∪ U−.
The vertical line through p meets I−U (p) and I+U (p), and U− and U+ in the right order.
From this follows I±U (p) ⊆ U± and thus any future direct timelike curve γ from I−U (p) to
I+U (p) is a continuous curve from U− to U+. Finally, by connectedness of im(γ), γ meets
∂U− = ∂U+ = U ∩A ⊆ A and one has p /∈ edge(A).

Using our newly established results, we may now prove the following.

Corollary 5.1.10. Let S ⊆ M . If ∂I+(S) is nonempty, it is a closed, achronal topological
hypersurface in M .

Proof. ∂I+(S) is closed by definition and achronal by Proposition 5.1.5. Consequently, what
is left is to show that it is a topological hypersurface.
From Lemma 5.1.3 follows that any timelike curve from I−(p) to I+(p) will meet ∂I+(S) for
any p ∈ ∂I+(S). Thus edge(∂I+(S)) = ∅ and the previous result gives the claim.

Remark 5.1.11. The above Corollary has the natural consequence that there generally is not
too much hope for better regularity in Proposition 5.1.9. For example, consider the null cone
Cp at a point p in Minkowski space R1,d. Note that here we have exactly Cp = ∂I+(p). Clearly,
the vertex at p makes it impossible for Cp to admit a differentiable structure. However, the
light cone is a Lipschitz manifold25, so in general one could at least have differentiability
almost everywhere.

Finally, we want to familiarize ourselves a bit more with the nature of achronal boundaries
and in particular study their relation with null geodesics. Recall that in the introduction we
remarked that in Minkowski space achronal boundaries are governed by the behaviour of null
geodesics. We are now going to demonstrate that this also holds true in the general case.
In particular, we want to show that any point on an achronal boundary lies on some null

25For a Lipschitz manifold, the transition functions are Lipschitz continuous.
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geodesic. Note that the proof of the precise statement down below will require an application
of the Limit Curve Lemma. We follow the argument in [Gal14, Prop. 3.4].

Proposition 5.1.12. Let S ⊆M be closed. Then every p ∈ ∂I+(S)\S lies on a null geodesic
which is contained in ∂I+(S) and either is past inextendible or has a past end point in S.

Proof. Endow (M, g) with a complete Riemannian metric h, which exists by Theorem 2.1.9,
and let p ∈ ∂I+(S)\S. Since p is a boundary point, there exists a sequence {pn}n∈N ⊆ I+(S)

with pn → p for n → ∞. For each n ∈ N we now define a past directed timelike curve
γn : [0, an] → M from pn to some qn ∈ S such that γn is parametrized with respect to h-
arclength.
We can now simply extend each γn to gain past inextendible curves γn : [0,∞) →M , which we
still parametrize with respect to h-arclength. Since p is an accumulation point of γn(0), we are
now able to apply (the time reversed version) of the Limit Curve Lemma 4.2.7. Consequently,
we obtain a past inextendible continuous causal curve γ : [0,∞) → M with γ(0) = p and to
which the subsequence {γm}m∈N converges uniformly on compact sets (see Figure 13).

S

pm

p

γm
∂I+(S)

γ
qm

Figure 13: Setup for Limit Curve Lemma in proof of 5.1.12.

Choosing a further subsequence (if necessary), we have am ↗ a where a ∈ (0,∞)∪ {∞}. We
want to show that either γ|[0,a] or γ|[0,∞) is a null geodesic that satisfies the claim.
Let t ∈ (0, a). By our assumption am > t for large enough m. Then γm(t) = γm(t) ∈ I+(S)

(Note that this is also anyway satisfied for a subsequence with am ↘ a). Since γ(t) =

limm→∞ γm(t), we can conclude that γ(t) ∈ I+(S).
If γ(t) were in I+(S), then there exists x ∈ S such that x ≪ γ(t) < p. By push-up, it
follows that x ≪ p, i.e. p ∈ I+(S), which contradicts the fact that p is on the boundary.
Therefore γ(t) ∈ ∂I+(S) for any t ∈ (0, a) and γ|[0,a) ⊂ ∂I+(S). By achronality there exists
no timelike curve between two points in ∂I+(S). Thus, by Corollary 4.3.6, γ|[0,a) must be a
null pregeodesic.
Finally, we consider the cases 0 < a <∞ and a = ∞. By uniform convergence and continuity
we have for the first case that γ(a) = limm→∞ γm(am) = limm→∞ qm ∈ S as S is closed.
Therefore, under an suitable parametrization, p lies on null geodesic contained in ∂I+(S)

with end point on S while for a = ∞ the null geodesic is contained in ∂I+(S) and is past
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inextendible.

5.2 Global Hyperbolicity, Cauchy Surfaces and Domain of Dependence

After the discussion of achronal boundaries we turn to introduce new notions related to the
causal structure on a spacetime. In fact, our goal is to introduce several definitions that
enable us to distinguish different classes of spacetimes and to get a better view of their global
structure. For this, we keep to [Gal14], [Wal84], [KS23], [O’N83] and [Ger70] as the primary
references.
It is useful to impose additional constraints on the class of spacetimes (M, g) that we want
to deal with. This is primarily motivated by physical considerations. For instance, any time
oriented, compact Lorentzian manifold admits closed timelike curves (see e.g. [Gal14, Prop.
4.1] or [BEE96, Prop. 3.10]) and therefore, one can reasonably rule out such cases on physical
grounds. In conclusion, we want to focus on studying spacetimes with reasonable causality
restrictions. We make the following definitions

Definition 5.2.1. A spacetime (M, g) is called

(i) chronological, if there exist no closed timelike curves,

(ii) causal, if there exist no closed causal curves,

(iii) strongly causal, if for any p ∈M and for all neighbourhoods U of p there exists a neig-
bourhood V ⊆ U of p such that any causal curve starting and ending in V is completely
contained in U .

Remark 5.2.2. It is clear that we have (iii) ⇒ (ii) ⇒ (i). However, observe that the opposite
implications do not hold, as one may for example see in Figure 14(a). There, all great circles
(red line) are closed null curves, but these are also the only causal ones, i.e. (i) ̸⇒ (ii).
As seen in Figure 14(b), the strong causality condition prohibits not only closed causal curves
but also ones that are almost closed. There, for any neighbourhood V around p one can find
γ such that the definition is violated.

(a) Cylinder with tilted light
cones is chronological but not
causal.

removed

removed

p
U

γ

(b) Violation of strong causality at p ∈ M .
The lines with arrows are to be identified.

Figure 14: Examples of Remark 5.2.2.
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In the literature one also encounters the following definition of strong causality: (M, g) is called
strongly causal at p ∈M if for any neighbourhood U of p there exists another neighbourhood
V ⊆ U of p whose intersection with any timelike curve is connected or equivalently x, y ∈ V

with x≪ z ≪ y implies z ∈ V . (M, g) is strongly causal if it is strongly causal at each p ∈M .
Note however, that following from [MS08, Lemma 3.21], this notion of strong causality is in
fact equivalent to the prior definition 5.2.1 (iii).

Studying strongly causal spacetimes is not only useful to avoid certain pathological situations
but it also comes with some additional benefits. For instance, in the next Lemma we will show
that inextendible causal curves cannot be imprisoned in strongly causal compact subsets. We
follow [O’N83, Lemma 14.13].

Lemma 5.2.3. Let K be a compact subset of M such that strong causality holds on K. If
γ : [0, b) →M is a future inextendible causal curve starting in K, then there exists t0 ∈ [0, b)

such that γ([t0, b)) ⊆M \K, i.e. γ leaves K and does not return.

Proof. Assume to the contrary that γ remains in K or keeps returning to it. Let {ti}i∈N
be a sequence in [0, b) with ti → b such that {γ(ti)}i∈N is contained in K. By compactness
there exists a subsequence {γ(tj)}j∈N which converges to a point p ∈ K. However, since γ
is inextendible, there must be another sequence {t̃j}j∈N converging to b such that γ(t̃j) ̸→ p.
Taking a further subsequence if necessary, there is a neighbourhood U of p which contains
no γ(t̃k). Without loss of generality let t1 < t̃1 < · · · < tk < t̃k < . . . . It now follows that
γ[tk,tk+1] contradicts strong causality at p for some k: For any neighbourhood V of p there is
a k such that γ(tk), γ(tk+1) ∈ V while at the same time γ[tk,tk+1] leaves U .

Considering a general Riemannian manifold, one of the most benign properties one could
have is completeness. While we mentioned at the beginning that the situation surrounding
geodesic completeness for Lorentzian manifolds is more delicate, there still is a Lorentzian
analogue to complete Riemannian manifolds. This property is called global hyperbolicity and
is defined as follows

Definition 5.2.4. U ⊆M is globally hyperbolic if the following two conditions hold:

(i) U is causal.

(ii) The sets J−(q) ∩ J+(p) are compact for all p, q ∈ U .

Usually the first condition is replaced by strong causality. However, this actually turns out to
be equivalent once we have (ii). More precisely, Bernal and Sanchez were able to prove the
following26, [BS07].

26In fact, much more recently (cf. [HM19, Theorem 2.8]), it was shown that for non-compact spacetimes
with dimension ≥ 3, the first assumption can be dropped completely.

51



Proposition 5.2.5. If condition (ii) in definition 5.2.4 holds, then U ⊆ M is causal if and
only if it is strongly causal.

We emphasize that it is not obvious at all from the definition that global hyperbolicity is an
analogue of geodesic completeness for Riemannian manifolds. But as a matter of fact, it is
possible to show the following (see e.g. [KS23, Thm. 3.6.7])

Theorem 5.2.6 (Avez-Seifert). Let M be globally hyperbolic and let p, q ∈ M with p < q.
Then there exists a causal geodesic between p and q that maximizes the Lorentzian length.

One should emphasize here the striking difference between Lorentzian and Riemannian man-
ifolds, where we have minimizing geodesics instead.
Additionally, one may also show that the Lorentzian time-separation function τ :M×M → R
is continuous for globally hyperbolic spacetimes instead of being only lower-semi continuous
in the general case (see e.g. [O’N83, Ch. 14, Lemma 22]), but this will not be of much impor-
tance to us.
However, there is an essential property of globally hyperbolic spacetimes that we do in fact
need. Recall that the causal relation ≤ is closed on convex subsets (cf. 2.2.18 (iii)). This
holds true more generally.

Proposition 5.2.7. Let M be globally hyperbolic. Then ≤ is closed on M .

Proof. Let p ∈ M . We first show that J+(p) is closed. For this, let q ∈ J+(p) \ J+(p)

and consider a sequence {qn}n∈N in J+(p) with qn → q. Now choose r ∈ I+(q). By global
hyperbolicity follows that the causal diamond J+(p)∩J−(r) is compact and thus closed. Since
I−(r) is an open neighbourhood of q, one further has qn ∈ J−(r) for large n. Consequently

q = lim
k→∞

qk ∈ J+(p) ∩ J−(r) ⊆ J+(p)

and we obtain a contradiction.
Finally, we need to demonstrate that ≤ is closed. To this end, define sequences {xn}n∈N and
{yn}n∈N in M with xn ≤ yn and xn → x and yn → y. Pick a ∈ I+(y). Since I−(a) is a
neighbourhood of y, we have that yn ∈ J−(a) for large n and therefore also xn ∈ J−(a) for
large n. Because J−(a) is closed, this means that also x ∈ J−(a) and in fact a ∈ J+(x).
Defining yet another sequence {an}n∈N in I+(y) with an → q, we have that an ∈ J+(x) for
each n ∈ N. It follows that y ∈ J+(x) and we conclude p ≤ q as claimed.

Using the prior result, one may now establish two very important topological properties of
causal future and past sets that turn out to be crucial in later arguments. We follow [KS23,
Lemma 3.10.8 & Lemma 3.11.3].

Proposition 5.2.8. Let M be globally hyperbolic. Then

(i) if K ⊆M is compact, J±(K) is closed,
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(ii) if K1,K2 ⊆M are compact, J+(K1) ∩ J−(K2) is compact.

Proof. (i) Let {pn}n∈N be a sequence in J+(K) with pn → p ∈ M . By assumption, for each
n ∈ N there exist qn ∈ K such that qn ≤ pn. Since K is compact, there is a subsequence
{qk}k∈N that converges to q ∈ K. Proposition 5.2.7 then infers that p ∈ J+(q) ⊆ J+(K) and
thus, p ∈ J+(K). The case for J−(K) follows analogously.
(ii) Let {pn}n∈N be a sequence in J+(K1)∩ J−(K2). For each n ∈ N there exist qn ∈ K1 and
rn ∈ K2 such that qn ≤ pn ≤ rn. By compactness of K1 and K2, we may assume without
loss of generality that qn → q ∈ K1 and rn → r ∈ K2. Now let x, y ∈M such that x≪ q and
r ≪ y (see also Figure 15).

K1

K2

pn p

qn

q

rn

r

x

y

J
+ (x

) ∩
J
− (y

)

Figure 15: The setup for the proof of Proposition 5.2.8 (ii).

For large n one therefore has x ≪ pn ≪ y and thus pn ∈ J+(x) ∩ J−(y). By compactness
there exists a subsequence {pk}k∈N that converges to p. Again, using Proposition 5.2.7, one
has q ≤ p ≤ r and the claim follows.

The notion of global hyperbolicity is closely related to the existence of so called Cauchy
surfaces, which are defined as follows

Definition 5.2.9. An achronal subset S of M is called a Cauchy surface if it is intersected
by any inextendible causal curve.

From a physical perspective Cauchy surfaces arise very naturally which we will discuss later on
in Chapter 8.2. Note also that the definition immediately implies that M = I−(S)∪S∪I+(S).
Now let p ∈ ∂I+(S), since S ⊆ ∂I+(S), if p /∈ S then p ∈ I−(S). Because I−(S) is open
there exists q ∈ I−(S)∪ I+(S), which yields a contradiction. Thus ∂I+(S) = S and similarly
∂I−(S) = S. In conclusion, after applying Corollary 5.1.10, we have proved the following

Proposition 5.2.10. If S is a Cauchy surface of M , then S is a closed, achronal topological
hypersurface.
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The connection to global hyperbolicity follows from the next result due to Geroch. For a
proof, we refer to [Ger70].

Theorem 5.2.11 (Geroch). M is globally hyperbolic if and only if it admits a Cauchy surface
S.

One needs to emphasize here that Cauchy surfaces do not only carry an interesting structure
and yield an elegant way to define the notion of global hyperbolicity but that most remarkably,
they encode the nontrivial part of the global topology as seen in the subsequent Theorem.
We follow [O’N83, Prop. 14.31 & Cor. 14.32] and [KS23, Thm. 3.5.24 & Prop. 3.11.2].

Theorem 5.2.12. Let M be globally hyperbolic. Then

(i) if S1 and S2 are two Cauchy surfaces of M , then they are homeomorphic,

(ii) if S is a Cauchy surface of M , then S is connected and M is homeomorphic to R× S.

Proof. Consider a Cauchy surface S and let T ∈ X(M) be timelike. We will first show that
there exists a well-defined projection map ρT :M → S such that ρT is a continuous open map
with ρT = idS . For this define ρ(p) to be the unique point of intersection between S and the
maximal integral curve of T on which lies p (cf. Figure 16). Because maximal integral curves
are inextendible27 this map is well-defined.

S
ρT (p)

p

ρTT

Figure 16: The flow lines of T in black. ρT (p) is defined as the unique intersection of the
Cauchy surface S and the maximal integral curve of T that runs through p.

Let FlT : U ⊆ R×M →M be the flow of T , where U is the maximal domain. Following from
5.2.10, R × S is a topological hypersurface in R ×M . Define US := (R × S) ∩ U . Note that
since U is open28, US is itself a topological hypersurface in R ×M . We want to show that
the restriction FlT

∣∣
US

is continuous and bijective. Continuity is immediate, so let p ∈M . By
definition of S, the curve t 7→ FlTt (p) intersects S and therefore there exists t0 ∈ R such that
FlTt0(p) = q ∈ S. By the properties of the flow map, one obtains

p =
(
FlTt0

)−1
(q) = FlT−t0(q) = FlT (−t0, q) = FlT

∣∣
US

(−t0, q),

27See [Kun22a, Thm. 2.3.3] (i).
28See [Kun22a, Thm. 2.3.3] (iii).

54



which proves surjectivity. For injectivity assume FlT
∣∣
US

(t1, q1) = FlT
∣∣
US

(t2, q2) with (t1, q1),

(t2, q2) ∈ US . It follows that FlTt1(q1) = FlTt2(q2) and, by again using the properties of the flow
map, we find that

q2 =
(
FlTt2

)−1 ◦ FlTt1(q1) = FlT−t2 ◦Fl
T
t1(q1) = FlTt1−t2(q1).

Thus, the same integral curve meets S twice in q1 and q2. Because S is achronal, this can
only be true if q1 = q2. But then FlTt1(q1) = FlTt2(q1) and uniqueness of integral curves implies
t1 = t2 and injectivity follows.
Note that because M itself is also a topological manifold, we can evoke the invariance of
domain (Thm. 5.1.7) to conclude that FlT

∣∣
US

is a homeomorphism and therefore open. If
π : R × S → S is the natural projection operator, i.e. π(t, p) = p, one may now define

ρT := π ◦
(
FlT
∣∣
US

)−1
. Since π is continuous and open, ρT is continuous and open as well.

Further note that for p ∈ S we can write p = FlT0 (p) and thus

ρT (p) = π(0, p) = p,

which shows ρT
∣∣
S
= idS .

We may now prove statements (i) and (ii) as follows:

(i) Let T ∈ X(M) be timelike. Note that we can define projection operators ρTS1
, ρTS2

for S1
and S2 respectively. The claim follows from the fact that ρTS1

∣∣
S2

is the inverse of ρTS2

∣∣
S1

and vice versa.

(ii) Connectedness easily follows by picking any projection operator ρ and realizing ρ(M) =

S. For the other part, let h be a complete Riemannian metric on M and T1 ∈ X(M)

timelike. Normalizing T1 with respect to h, we obtain another timelike vector field
T = T1

∥T1∥h
. Let γ : (t−, t+) → M be an integral curve of T , where (t−, t+) ⊆ R is the

maximal domain of γ. Suppose t+ <∞. It follows that

Lh(γ|[0,t+)) =

∫ t+

0
∥γ̇(t)∥h dt = t+ <∞.

But because h is complete, the above implies that γ|[0,t+) remains in a compact set 29

which yields a contradiction to the flow of T (cf. [Kun22a, Thm. 2.3.3]). Therefore T
is complete, i.e. FlT : R ×M → M . Following from the previous discussion, the map
(t, p) ∈ R× S 7→ FlTt (p) is a homeomorphism onto M .

In regards to the splitting, Bernal and Sanchez were able to prove an even stronger statement
(see [BS05] or [KS23, Thm. 3.11.20]), namely that (M, g) ≃ (R × S,−βdt2 + gt) where

29See Hopf-Rinow Theorem 2.1.8.
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β : R×S → (0,∞) is smooth and gt is a smooth family of Riemannian metric on S. Intuitively,
we may therefore think of globally hyperbolic spacetimes as Lorentzian manifolds that admit
a global flow of time.
Up next we want to define a very fundamental notion called the domain of dependence.

Definition 5.2.13. Let S be an achronal subset of M . The future domain of dependence of
S, is given defined as

D+(S) = {p ∈M |Any past inextendible causal curve from p intersects S}.

Similarly, we define the past domain of dependence of S by

D−(S) = {p ∈M |Any future inextendible causal curve from p intersects S}.

The domain of dependence of S then is

D(S) = D+(S) ∪D−(S).

See Figure 17 for examples that illustrate the above definition. From a physical perspective,
D+(S) is precisely the set of points that are causally determined by S. Thereby making it a
concept of central importance in mathematical relativity30.

S

D+(S)

D−(S)
S

removed

D+(S)

Figure 17: Examples for definition 5.2.13

Let us now collect some properties that somehow justify the above picture and which are also
useful for later. We follow [KS23, Rem. 3.8.2].

Proposition 5.2.14. Let S be an achronal subset of M . Then

(i) S ⊆ D±(S) ⊆ I±(S) ∪ S ⊆ J±(S),

(ii) D±(S) ∩ I∓(S) = ∅,

(iii) D+(S) ∩D−(S) = S,
30More on this in section 8.2.
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(iv) D(S) ∩ I±(S) = D±(S) \ S.

Proof. (i) is clear. For (ii) let p ∈ D+(S)∩ I−(S). Then there exists a past directed timelike
curve γ from S to p. Also, because p ∈ D+(S), any inextendible, past directed timelike curve
γ̃ meets S. But then γ ∪ γ̃ is a timelike curve which meets S twice and therefore contradicts
achronality. The case with p ∈ D−(S) ∩ I+(S) follows in the same way. To prove (iii) just
note by (i) and (ii) that

S ⊆ D+(S) ∩D−(S) ⊆ D+(S) ∩
(
S ∪ I−(S)

)
= D+(S) ∩ S = S.

Finally, note that again by (i) and (ii) it follows D(S)∩I±(S) = D±(S)∩I±(S) = D±(S)\S,
which shows (iv).

The domain of dependence fits quite naturally into our previously defined concepts of global
hyperbolicity and Cauchy surfaces. Assume for example that one has an achronal subset
S ⊆M . If S is a Cauchy surface one has M = I+(S)∪ S ∪ I−(S) and because S is achronal,
it immediately follows that D±(S) = I±(S)∪S. Consequently D(S) = D+(S)∪D−(S) =M .
On the other hand, let us now suppose D(S) =M . Take p ∈M and let γ be any inextendible
causal curve through p. Without loss of generality p ∈ D+(S) (p ∈ D−(S) is analogous).
Since γ is in particular past inextendible, it has to meet S at some point. As γ and p were
arbitrary, one may conclude that S is a Cauchy surface of M . So without much effort, we
were able to prove the following fact

Proposition 5.2.15. Let S be an achronal subset of M . Then S is a Cauchy surface of M
if and only if D(S) =M .

A nice consequence of this and Theorem 5.2.11 is that if D(S) is open, it must also be globally
hyperbolic.
As we will see in Chapter 8.2, the domain of dependence is also closely related to what is
called the maximal Cauchy development for the Einstein equations. From an hyperbolic PDE
viewpoint, one is therefore certainly curious about the future (or past) boundary of this set.
This is simply the case because questions about extendibility are naturally posed and answered
there. But even geometrically speaking it seems reasonable to ponder on what happens there.
Indeed, it turns out that this boundary shares some similarities with achronal boundaries,
which were introduced in the previous section. For now, let us make a precise definition of
what we mean here by boundary.

Definition 5.2.16. Let S be an achronal subset of M . The future Cauchy horizon of S is
the set

H+(S) = {p ∈ D+(S) | I+(p) ∩D+(S) = ∅} = D+(S) \ I−(D+(S)).
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Similarly, the past Cauchy horizon is

H−(S) = {p ∈ D−(S) | I−(p) ∩D−(S) = ∅} = D−(S) \ I+(D−(S)).

The total Cauchy horizon then is

H(S) = H+(S) ∪H−(S).

See Figure 18 for a visualization of the above definition.

S

D+(S)

D−(S)

H+(S)

H−(S)

S
H+(S)

Figure 18: Examples for definition 5.2.16

We may now be able to make the following addition to the previous Proposition.

Proposition 5.2.17. Let S be an achronal subset of M . Then S is a Cauchy surface of M
if and only if H(S) = ∅.

Proof. We want to show ∂D(S) = H(S). Then if S is a Cauchy surface, by 5.2.15 D(S) =M

and naturally ∂D(S) = H(S) = ∅. Conversely, if H(S) = ∅ then ∂D(S) = ∅. Consequently
D(S) is closed and open, and because M is connected we have D(S) =M .
Let p ∈ ∂D(S) and assume that p /∈ H(S). Therefore, there must exist q± ∈ I±(p) ∩D±(S).
Then I−(q+) and I+(q−) are two nonempty open neighbourhoods of p and so is I−(q+) ∩
I+(q−). Let r ∈ I−(q+)∩ I+(q−) and let γ± be two timelike curves from r to q+ and q− to r
respectively. Because q± ∈ D±(S) ⊆ I±(S) ∪ S, and by achronality of S, the curve γ− ∪ γ+
has to meet S exactly once and thus also either q+ /∈ S or q− /∈ S (or both). Suppose q+ /∈ S.
We have three cases (see Figure 19): (i) solely the segment γ+ meets S, (ii) solely the segment
γ− meets S or (iii) both segments meet S at r.

For (i) we have r ∈ I−(S) and therefore r ∈ I−(S) ∩ I+(q−). Hence r ∈ D−(S) ⊆ D(S). For
(ii) we can conclude that r ∈ D+(S) ⊆ D(S) since any past inextendible causal curve has to
meet S as we can see by concetenating with γ+ to obtain a causal curve from q+ ∈ D+(S).
(iii) simply implies r ∈ S ⊆ D(S). Note that the case where q+ ∈ S but q− /∈ S is analogous.
Altogether, we always have r ∈ D(S). Therefore, we have shown that any point in the
open neighbourhood I−(q+) ∩ I+(q−) of p ∈ ∂D(S) is contained in D(S), which yields a
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q+ q+ q+

q− q− q−

r

γ+

γ−

r
γ+

γ−

r
γ+

γ−

(i) (ii) (iii)

Figure 19: The three cases (i), (ii), (iii) from left to right for q− /∈ S.

contradiction. Consequently, one has p ∈ H(S).
Now let p ∈ H(S). We need to show p ∈ ∂D(S). For this, suppose p ∈ H+(S) and let U ⊂M

be any open neighbourhood of p. By definition, it follows that p ∈ D+(S). Note that we
then must have D(S) ∩U ̸= ∅. On the other hand, let γ : [0, a) →M be any future directed
timelike curve starting from γ(0) = p. By continuity, the set J := γ−1(U) is open and in
particular non-empty since 0 ∈ J . Therefore, there exist t ∈ J ⊆ [0, a) such that γ(t) ∈ U

and we can conclude U ∩ I+(p) ̸= ∅. Let q ∈ U ∩ I+(p). Because p ∈ H+(S) it follows that
q /∈ D+(S). We show next that q /∈ D−(S) as well. By Proposition 5.2.14 (i) and (iii) it
remains to show that q /∈ I−(S). But this follows simply because q ∈ I+(S) and S is achronal.
Thus q /∈ D±(S) and q ∈ M \ D(S). We have shown that each open neighbourhood U of
p ∈ H+(S) ⊆ D(S) contains points in D(S) and M \ D(S) and therefore p ∈ ∂D(S). The
case for p ∈ H−(S) follows analogously.

We now want to collect useful properties of H±(S). However, before that, we will have to
prove a very convenient result. We follow [O’N83, Ch. 14, Lemma 30] and [KS23, Lemma
3.5.21 (i)].

Lemma 5.2.18. Let C ⊆ M be closed and γ a past directed and inextendible causal curve
emanating from p such that γ ∩C = ∅. Then for any q ∈ I+M\C(p) there exists a past directed
timelike curve starting in q which is past inextendible and does not meet C.

Proof. Without loss of generality let γ : [0,∞) →M \C with γ(0) = p. Note that {γ(n)}n∈N
does not converge. Further, let h be an auxiliary, complete Riemannian metric h on M .
Set p0 := q ≫ p. We have γ(1) ≤ γ(0) ≪ p0 and therefore by push-up γ(1) ≪ p0 and
consequently there exists a timelike curve γ1 from p0 to γ(1).
Next, we pick a point p1 on γ1 with 0 < dh(p1, γ(1)) < 1 and note that γ(2) ≪ p1. Again,
there exists a past directed timelike curve γ1 from p1 to γ(2) (see Figure 20 for a depiction
of the setup). Iterating this procedure yields γ(k) ≪ pk ≪ pk−1 and d(γ(k), pk) <

1
k for any

k ∈ N.

In this way, we obtain a past directed timelike curve γ̃, which starts in p0 and such that all
pk lie on γ̃. We want to show that γ̃ is past inextendible.
Assume for the sake of contradiction that γ̃ can be extended continuously to some endpoint
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Figure 20: Setup in proof for Lemma 5.2.18.

x. Then
d(γ(k), x) ≤ d(γ(k), pk) + d(pk, x) → 0

since the second term on the right hand side goes to zero as pk → x, while the first is bounded
by 1

k and therefore also vanishes in the limit. Consequently, γ(k) → x as k → ∞, which
contradicts the past inextendibility of γ.

Drawing from [KS23, Lemma 3.8.14], one may now establish several properties of Cauchy
horizons.

Proposition 5.2.19. Let S be an achronal subset of M . We have

(i) H±(S) is closed and achronal.

(ii) If S is closed, then p ∈ D+(S) if and only if any past directed inextendible timelike curve
through p meets S.

(iii) If S is closed, then
∂D±(S) = S ∪H±(S).

Proof. (i) By Definition 5.2.16, the Cauchy horizons are defined as the complement of an
open set in a closed set and must thereby be closed.
Next we show achronality forH+(S). Note first that, also by definition, I+(H+(S))∩D+(S) =

∅. Openness of I+(H+(S)) then implies I+(H+(S))∩D+(S) = ∅. Since H+(S) is contained
in D+(S) it follows that I+(H+(S)) ∩ H+(S) = ∅ and we obtain the result. The case for
H−(S) is analogous.
(ii) ” ⇒ ” Assume to the contrary that there exists a p ∈ D+(S) and a past directed
inextendible timelike curve γ : [0, b) →M with γ(0) = p that does not meet S. By closedness
of S there exists a convex neighbourhood U of p with S ∩ U = ∅. Let ϵ > 0 such that
q := γ(ϵ) with p ∈ I+U (q). Choose an r ∈ I+U (q) ∩ D+(S), which exists as I+U (q) is an open
neighbourhood of p. Let c be the radial geodesic from r to q in U (see Figure 21). Using
Proposition 2.2.12 one concludes that c is timelike and past directed.

One has c ∩ S = ∅, but at the same time, the concatenation c ∪ γ|[ϵ,b) is a past directed
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Figure 21: (ii) in proof of Proposition 5.2.19.

inextendible timelike curve starting at r ∈ D+(S). Therefore it has to meet S and one
obtains a contradiction.
(ii) ” ⇐ ” Let p /∈ D+(S) and q ∈ I−

M\D+(S)
(p). Note that q /∈ D+(S), which implies that

there exists a past directed inextendible causal curve γ from q which does not intersect S. By
the previous Lemma 5.2.18 there is a past directed inextendible timelike curve γ̃ from p with
γ̃ ∩ S = ∅ and thus we are done.
(iii) We show the inclusion S ⊆ ∂D+(S). Note that we have S ⊆ D+(S) ⊆ D+(S) and let
p ∈ S ∩ intD+(S). Choose q ∈ intD+(S) ∩ I−(p) and let γ be a past directed inextendible
timelike curve starting at q, i.e. γ ∩ S ̸= ∅ (see Figure 22). For any r ∈ γ ∩ S one has r ≪ p,
which contradicts achronality of S.

S

D+(S)
p

q

γ

Figure 22: (iii) in proof of Proposition 5.2.19.

Next, we prove H+(S) ⊆ ∂D+(S). By definition H+(S) ⊆ D+(S) so suppose p ∈ H+(S) ∩
intD+(S). It follows that I+(p) ∩D+(S) ̸= ∅, which contradicts that p ∈ H+(S).
Finally, one needs to demonstrate that indeed ∂D+(S) ⊆ S ∪H+(S). Again, assume for the
sake of contradiction that there exists p ∈ ∂D+(S)\ (S∪H+(S)). By (ii) we have p ∈ I+(S).
Also, since p ∈ D+(S) \ H+(S), there exists a q ∈ I+(p) ∩ D+(S). We therefore conclude
that p is contained in the open set I+(S) ∩ I−(q).
Let r ∈ I+(S)∩I−(q) and suppose γ is past directed inextendible causal starting at r. Further,
let γ̃ be a past directed timelike curve from q to r. Given r ∈ I+(S), we must have γ̃ ⊆ I+(S).
By achronality, S ∩ I+(S) = ∅ and thus γ̃ ∩ S = ∅. Since q ∈ D+(S) the curve γ̃ ∪ γ meets
S, so γ must meet S and we have r ∈ D+(S). Since r was arbitrary, we have shown that
I+(S) ∩ I−(q) ⊆ D+(S). But this is impossible since p can then only be in the interior and
not on the boundary of D+(S).
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Property (i) together with Proposition 5.1.9 yields the following useful Corollary

Corollary 5.2.20. Let S be an achronal subset of M . Then H+(S)\ edgeH+(S) is a closed,
achronal topological hypersurface of M if it is nonempty.

We may now show a result reminiscent of Proposition 5.1.12. The proof is also of similar
nature, i.e. we construct the null geodesics directly using the Limit Curve Lemma. For this,
we adapt arguments in [Wal84, Thm. 8.3.5] and [Kri99, Prop. 8.3.1].

Proposition 5.2.21. Let S be a closed, achronal subset of M and p ∈ H+(S)\edge(S). Then
p is the future endpoint of a null geodesic contained in H+(S) which is either past inextendible
in M or meets edge(S).

Proof. Note that by definitionH+(S) ⊆ D+(S) ⊆ S∪I+(S). We consider two cases p ∈ I+(S)

or p ∈ S separately.
For the first, let p ∈ (H+(S) \ edgeS)∩ I+(S) and take a sequence {pn}n∈N with pn ∈ I+(p)

and pn → p for each n ∈ N. Note that for all n ∈ N there exist past directed inextendible
timelike curves γn with γn(0) = pn and such that γn ∩ S = ∅ (see Figure 23). One may
now apply the Limit Curve Lemma 4.2.7 to obtain a subsequence {γm}m∈N which converges
uniformly on compact sets to a continuous past directed inextendible causal curve γ with
γ(0) = p.

S

D+(S)

H+(S)
p

pn

γn

Figure 23: Setup for first case in proof for Proposition 5.2.21.

By construction γm(t) /∈ D+(S). We have γm(t) → γ(t) and therefore γ(t) ∈M \ intD+(S).
By continuity, we have that γ(t) ∈ I+(S) for small t. Suppose now that γ(t) /∈ ∂D+(S) ⊆
D+(S). Consequently, there exists a past directed inextendible timelike curve c starting at
γ(t) that does not meet S, i.e. c ∩ S = ∅. Note that for any point c(s) one has c(s) ≪ γ(t).
Using the fact that γ(t) ≤ p it follows that c(s) ≪ p by push-up. Therefore, we must conclude
c(s) ∈ I−(S) as c does not meet S. Observe that by continuity of c then γ(t) ∈ I−(S). But
I+(S) is an open neighbourhood of γ(t) and thus I+(S) ∩ I−(S) ̸= ∅, which contradicts the
fact that S is achronal. Hence γ(t) ∈ ∂D+(S) and Proposition 5.2.19 (iii) implies γ(t) ∈
H+(S). That γ|γ−1(I+(S)) is the null geodesic we are looking for then follows in the exact
same way as in the proof of 5.1.12 together with the fact that H+(S) is achronal.
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For the second case let p ∈ H+(S) \ edge(S) ∩ S and obtain subsequences {pm}m∈N and
{γm}m∈N together with a limit curve γ, in the same way as above (see Figure 24).

S

D+(S)

H+(S)

p

pn

γn

Figure 24: Setup for second case in proof for Proposition 5.2.21.

Since p /∈ edge(S), there exists a neighbourhood U ⊂M of p such that any timelike curve from
I−U (p) to I+U (p) in U intersects S. Note that by construction γm ∩ I−U (p) = ∅ and therefore
γ ∩ I−U (p) = ∅ because I−U (p) is open. Denote by γ̃ the segment of γ inside U , i.e. γ̃ = γ ∩U .
We want to show that γ̃(t) ∈ S for any t, so suppose to the contrary that there exists such
t ̸= 0 with γ̃(t) /∈ S. Choose a convex neighbourhood C ⊆ U of γ̃(t) such that C ∩ S = ∅
(possible since S is closed). One has that I−C (p) ̸= ∅ since γ̃(t) ∈ J−(p) ⊆ I−(p). Because
C also contains infinitely many γm and I−(p) ⊆ I−(γm), there exists a timelike curve α in C
from q ∈ I−C (p) to γm(t) ∈ I+C (p) for large enough m. But note that α is naturally contained
in U , i.e. α is a timelike curve from I−U (p) to I+U (p) and because it does not meet S, we get a
contradiction with the fact that p /∈ edge(S). Consequently, γ̃(t) ∈ S ⊆ D+(S).
We now want to show that γ̃(t) ∈ H+(S). Again, for the sake of contradiction, assume
that there exists q ∈ D+(S) ∩ I+(γ̃(t)). Choose a convex neighbourhood C of γ̃(t) such
that C ⊆ I−U (q). By push-up follows I−C (γ̃(t)) ⊆ I−C (p) and thus I+C (I−C (p)) is an open
neighbourhood of γ̃(t). This means, together with the fact that C needs to intersect γm for
large m, we can pick a point r ∈ γm ∩ C ∩ I+C (I−C (p)). Now, let β be a timelike curve from r

to q and let λ be timelike from I−C (p) to r in C (see Figure 25).

S

U

p

γ̃(t)

q

r

C

γm
λ

β

Figure 25: Setup for showing γ̃(t) ∈ H+(S) in proof of Proposition 5.2.21.
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The concatenation of λ with the future part of γm is a timelike curve from I−U (p) to I+U (p)

since C ⊆ U and therefore intersects S. By construction, none of the γm meet S, so we
can conclude that λ ∩ S ̸= ∅. By achronality of S then follows, that β ∩ S = ∅. Finally,
consider β ∪ γm|[γ−1

m (r),∞). This is a past directed, inextendible timelike curve that starts
at q and does not meet S. But this yields a contradiction because q ∈ D+(S). Therefore,
D+(S) ∩ I+(γ̃(t)) = ∅ and equivalently γ̃(t) ∈ H+(S).
Note that we have shown that γ̃(t) ∈ S, so by achronality of S it follows that γ is a null
geodesic by the exact same reasons as before.
In summary, we have shown that any p ∈ H+(S) \ edge(S) is contained on a null geodesic.
One only needs to prove that this null geodesic γ is either inextendible or has a past endpoint
in edge(S). For this, suppose that γ leaves H+(S). Since H+(S) is closed there exists a
past endpoint q ∈ H+(S), after which γ leaves H+(S). Denote by γ the geodesic segment
from p to q. Assume that q /∈ edge(S). By the above there exists a null geodesic segment
γ′ that starts in q and remains in H+(S). If γ′ is not a continuation of the geodesic γ, then
by Proposition 4.3.5 there exist timelike curves from points on γ′ to γ, which contradicts
achronality of H+(S). Therefore q ∈ edge(S) and we are done.

Remark 5.2.22. By time symmetry one may easily show that H−(S) is similarly ruled by null
geodesics which are either future inextendible or terminate in edge(S).
Taking another look at Figure 18, this previous result is not really surprising and rather
intuitive or expected. Nevertheless, it should be highlighted that the study of null curves or
geodesics seems to be of fundamental significance in understanding the geometry of several
significant subsets in M .

We close this section with a result that will be extremely important in proving the Penrose
Incompleteness Theorem later on, and which also connects a lot of the results we have collected
so far in an elegant manner. We follow [Gal14, Prop. 4.8].

Proposition 5.2.23. Let M be globally hyperbolic and S be a compact, achronal topological
hypersurface. Then S is a Cauchy surface.

Proof. We show that H(S) = ∅ and the result follows by Proposition 5.2.17. Let p ∈
H+(S). Since S is compact, it is also closed and by Propositions 5.1.9 and 5.2.21 we have
that edge(S) = ∅ and that p is the future endpoint of a past inextendible null geodesic c
with c ⊂ H+(S). Clearly c ⊂ J−(p) and by Proposition 5.2.14 (i) one has c ⊂ H+(S) ⊆
D+(S) ⊆ J+(S) since J+(S) is closed following from Proposition 5.2.8 (i). Therefore, again
by Proposition 5.2.8, c is contained in the compact set J+(S) ∩ J−(p). But this yields a
contradiction because by the past version of Lemma 5.2.3, c has to leave any compact set.
Consequently H+(S) = ∅. The case p ∈ H−(S) then follows in the same exact way by time
symmetry. Thus H(S) = H+(S) ∪H−(S) = ∅ and we are done.
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6 Null Geometry

The Penrose Incompleteness Theorem is a result that concerns the geodesic inextendibility of
null geodesic on a spacetime. In order to prove such a statement it is not at all surprising
that one should investigate objects that are closely related to null geodesics, e.g. achronal
boundaries. The goal of this chapter is therefore to discuss and introduce the notion of null
submanifolds. Recall that we already introduced Semi-Riemannian Submanifolds back in
Chapter 3. Summarized, these objects were defined as subsets P of a spacetime (M, g) that
carried the structure of a smooth submanifold such that the metric g carried over to a metric
tensor on P . One question now remains: if P is a smooth submanifold, what happens when g
does not restrict to a metric tensor �g on P? The answer to this is that �g may be degenerate.
It is this particular case, where one calls P a null submanifold. As one will see, P features a
well-defined global null vector field and, similarly to achronal boundaries or Cauchy horizons,
is ruled by null geodesics. We emphasize that null submanifolds are a crucial part of the
machinery that enables us to prove the Incompleteness Theorem later on, thereby making
them objects of central importance.

6.1 Null Submanifolds and Hypersurfaces

The first section is dedicated to the introduction of null submanifolds and, in particular, null
hypersurfaces. Our primary goal being to define geometric notions that are analogous to the
Semi-Riemannian case. To this end, we have a big issue to face, namely the degeneracy of

�g. Note that this has severe implications on our analysis and ones needs to address several
technical issues to enable us to develop the right tools, which one needs in the later sections.
As for the main references, we will follow [Gal14] and [Are18].
As mentioned in the introduction, at this point we already have encountered two interesting
types of subsets of a spacetime (M, g), namely ∂I+(S) and H+(S) for some achronal S ⊂M .
Note that both of these sets have in common that they exhibit the property of being ruled
by null geodesics. By this we mean that any point in ∂I+(S) or H+(S) is contained on a
null geodesic that is itself contained within these sets (cf. Proposition 5.1.12 and Proposi-
tion 5.2.21). Furthermore, we have also seen that they carry the structure of a topological
hypersurface with the caveat that there is no hope in expecting these subsets to be smooth
manifolds in general. However, note that this may be rectified by getting rid of the “problem-
atic” part of the set, e.g. by considering something like ∂I+(p) \ {p} instead of ∂I+(p).
Turning to smooth submanifolds of M , we will see that null submanifolds of M also exhibit
the property of being ruled by null geodesics. In order to properly define this class of sub-
manifold, recall from Chapter 3 that for a smooth submanifold P in M we denoted by �g

the pullback of the metric g under the inclusion map j : P → M . Note now, since g has
Lorentzian signature, Sylvester’s law of inertia (e.g. [Gre75, Chapter 9.2]) then implies that
we have only the following three cases to consider

Definition 6.1.1. Let N ⊆M be a smooth submanifold and let �g be the restricted metric on
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N . If for all p ∈ N we have that �gp

(i) has positive signature, then N is called spacelike,

(ii) has Lorentzian signature, then N is called timelike,

(iii) is degenerate, then N is called null.

For cases (i) and (ii) we immediately see that N is either a Riemannian or a Lorentzian
manifold in its own right respectively. In case (iii) however, the restriction �g is degenerate
and therefore does not define metric tensor on N . Alas, this makes our live more difficult
since, at first glance, the usual way of studying the geometry of submanifolds does not work
out. Nevertheless, we will show how one may solve this problem and that all the curvature
related quantities can in fact be introduced much in the same spirit as done for non-degenerate
submanifolds. In what follows, we assume that any submanifold is smooth if not specifically
stated otherwise. Furthermore, we want to concern ourselves primarily with null hypersur-
faces.

Definition 6.1.2. A null hypersurface H in M is a null submanifold with codim(S) = 1.

Example 6.1.3. Null hypersurfaces (or null submanifolds respectively) are of particular interest
in several applications found in physics. Especially in general relativity, one encounters them
in the form of various horizons. Let us consider a few examples.

(i) M = R1,d and let x ∈ R1,d. Then the null cone minus the vertex ∂I+(p) \ {p} is a null
hypersurface.

(ii) Again M = R1,d. Pick any null vector X ∈ TpR1,d and consider the hyperplane {q ∈
R1,d | η(v,X) = 0 with v = p− q}, which is a null hypersurface (see Figure 26).

x

t

p1
X1

H1

p2

X2

H2

Figure 26: Two null hypersurfaces H1 and H2 in Minkowski space R1,1 given by the above,
for foot points p1, p2 and null vectors X1, X2 respectively.

(iii) Consider the so called Eddington-Finkelstein extension of the Schwarzschild solution to
Einstein’s vacuum field equations, i.e. M = R× (0,∞)×S2 with coordinates (v, r, θ, ϕ)
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and the metric (see e.g. [Rea24, Chapter 2])

g = −
(
1− 2m

r

)
dv ⊗ dv + 2 dv ⊗ dr + r2dθ ⊗ dθ + r2 sin2 θ dϕ⊗ dϕ

for some m > 0. Note that r is to be interpreted as a radial coordinate. This spacetime
models the vaccuum region outside of a spherically symmetric stellar object, e.g. a non-
rotating star. In that case m has the interpretation of mass. Let rs := 2m, which
is known as the Schwarzschild radius. The event horizon is defined as the set H =

r−1({rS}) ⊆ M , which forms the boundary of the so called Schwarzschild black hole
region (see Figure 27). One may show that dr|r=rS

̸= 0 and that ∂
∂v is a degenerate

vector field for H. From this follows then that H is a null hypersurface.

i0

i+i+

i0

I +
I
+

r = 0

r
=
2m

r
=
2m

B
AC

Figure 27: The fully future extended Schwarzschild solution as a Penrose diagram with
regions A and B given by the Eddington-Finkelstein extension. The event horizon is drawn
in red and the black hole region is the shaded part of the picture. Region B is called black
hole region: No future directed causal geodesic in B is able to escape this region and must
in fact travel towards r = 0. For a detailed discussion of this diagram, including the special
subsets i0, i+ and I+, we refer to [Rea24, Chapters 2 & 5], [Wal84, Ch. 6,11 and 12] and
[DR05, Appendix C].

Suppose (H, �g) is a null submanifold of a spacetime (M, g). The degeneracy of �g implies that
for any p ∈ H, there exists Lp ∈ TpH with �gp(Lp, X) = ⟨Lp, X⟩ = 0 for all X ∈ TpH. There-
fore we have that Lp ∈ TpH

⊥ and because dim(TpH
⊥) = 1, it follows that TpH⊥ = span({Lp})

and similarly TpH = span({Lp}⊥). Note that in particular, ⟨Lp, Lp⟩ = 0, which means that
Lp is null. In summary, at any point in H there exists a null vector Lp which is simultaneously
tangent and normal to H.
The next Lemma contains a very useful fact concerning the tangent vectors of null hypersur-
faces H. We follow [Are18, Lemma 2.2.1, p.37f].

Lemma 6.1.4. Let H be a null hypersurface in M and p ∈ H. Let Lp ∈ TpH be the null
normal at p and let X ∈ TpH with X ̸= 0. Then, X is either spacelike or X = λLp for some
λ ∈ R.

Proof. Since this is a local problem, we can work with an orthonormal basis at TpM . Hence we
can write X = (x0, x) and L = (l0, l), with x = (x1, . . . , xn) and l = (l1, . . . , ln). Note that by
assumption we have ⟨Lp, X⟩ = 0 and ⟨Lp, Lp⟩ = 0, i.e. 0 = −x0l0+ l ·x and 0 = −(l0)2+∥l∥2,
where ∥·∥ is the Euclidean norm. Using this and applying the Cauchy-Schwarz inequality
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yields (
x0
)2 (

l0
)2

= (x · l)2 ≤ ∥l∥2 ∥x∥2.

Since (l0)2 = ∥l∥2 we then get (x0)2 ≤ ∥x∥2. Therefore ⟨X,X⟩ ≥ 0 with equality if and only
if x = λ l, which implies x0l0 = l · x = λ∥l∥2 = λ (l0)2 and thus also x0 = λ l0. In summary,
either X is spacelike or (x0, x) = λ (l0, l).

Taking into account that there exists a null normal vector at each point of a null hypersurface
H that is also tangent to H, one may use the above result to infer the following.

Proposition 6.1.5. Any null hypersurface H in M exhibits a smooth, future directed null
vectorfield L ∈ X(H) ∩ X⊥(H), which is unique, up to some positive smooth scalar function.

Proof. We want to define a smooth map L : H → TH with p 7→ Lp where Lp ∈ TpH ∩TpH⊥,
i.e. Lp is a null normal vector of H at p. Of course, this can always be done locally in H using
a local orthonormal frame. Therefore, let Ui ⊆ H with i ∈ N such that

⋃
i∈N Ui = H and that

we can define a smooth null normal vector field Li on Ui. Let T be a global future directed
timelike vector field that gives the time orientation on M . For each i, define L̃i = fiLi with
fi = −⟨Li, T ⟩ ≠ 0. Thus we have normalized the Li in a uniform way such that ⟨L̃i, T ⟩ = −1,
i.e. the L̃i are future directed. Let i ̸= j be such that Ui ∩Uj ̸= ∅. Note that on this overlap,
there must exist a nonzero smooth function h such that Li = hLj since they point in the
same direction. It follows that

L̃i =
Li

−⟨Li, T ⟩
=

hLj

−⟨hLj , T ⟩
=

hLj

−h⟨Lj , T ⟩
=

Lj

−⟨Lj , T ⟩
= L̃j

and L̃i agrees with L̃j on overlaps. Now simply define L : H → TH by L(p) = Li(p) if p ∈ Ui,
which is clearly smooth. For uniqueness, observe that we can scale L by any positive smooth
function we desire.

Remark 6.1.6. The existence of a null normal vector field L as above is quite convenient.
In particular, following [Kup87, Cor. 5], one may easily show that if M is orientable then
H is also orientable: Let X ∈ X(M) be future directed and timelike and let ω ∈ Ωn+1(M)

be the volume form on M . Note that by Lemma 6.1.4 X is transversal to H and therefore
iXω ∈ Ωn(M) —the inner product of X and ω— restricts to a nowhere vanishing n-form on
H.

In general, dealing with null hypersurfaces (resp. null submanifolds) is different and more
delicate as compared to non-degenerate hypersurfaces (resp. submanifolds). The existence of
a smooth null vector field which is tangent but also normal to H reflects that we do not have
the usual splitting of the tangent bundle TM |H = TH⊥ ⊕ TH because TH⊥ ∩ TH ̸= ∅ and
in fact TpM ̸= TpH

⊥ + TpH for p ∈ H. Thus, there are no canonical projections of TM
into a tangential and orthogonal part. This has the direct consequence that the Levi-Civita
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connection on M generally does not induce a linear connection on H in a generic way. In
particular, any linear connection defined by projecting into TH will depend on the choice of
the null vector field L. We are therefore unable to define the usual notions that were used
to examine the intrinsic curvature (e.g. second fundamental form, shape operator, sectional
curvature, etc.) in Chapter 3 for non-degenerate submanifolds.
But before properly addressing this issue, we are first going to show that the integral curves of
the null normal vector field L for a null hypersurface H are actually null geodesics if suitably
parametrized. This of course then implies that any null hypersurface is also actually ruled by
null geodesics, as we have mentioned in the beginning of the section. Notably, this really aids
our geometric intuition when thinking about these kind of submanifolds. We follow [Are18,
Prop. 2.2.1].

Proposition 6.1.7. Let H be a null hypersurface with a future directed null vector field
L ∈ X(H). The integral curves of L can be parametrized to be null geodesics, the so called
null generators.

Proof. We want to show that ∇LL = λL for some λ ∈ C∞(H). Then it automatically follows
that the integral curves of L are pregeodesics and the claim follows. Let X ∈ TH. We have

⟨∇LL,X⟩ = −⟨L,∇LX⟩ = −⟨L,∇XL⟩ − ⟨L, [L,X]⟩ = −1

2
X(⟨L,L⟩) = 0,

where we have used the fact that [L,X] ∈ TH. This is true at any p ∈ H and for any
Xp ∈ TpH, i.e. ⟨∇LL|p, Xp⟩ = 0. Therefore ∇LL|p = λ(p)Lp for all p ∈ H and thus ∇LL = λL

as claimed.

Remark 6.1.8. It is clear from the proof above, that this result is not in general true for
arbitrary null submanifolds. For example ([Kup87, p.35]) consider 3-dimensional Minkowski
space, R1,2, and the 1-dimensional submanifold given by the image of the curve α(t) =

(t, sin(t), cos(t)) for t ∈ R, which is definitely not a null (pre)geodesic. At the same time
however, this submanifold is indeed null because α′(t) = (1, cos(t),− sin(t)) and therefore

�g(t) = g(α′(t), α′(t)) = −12 + cos2(t) + (− sin(t))2 = 0.

From now on, we will always consider a null hypersurfaceH of a spacetimeM with a particular
choice of null tangent vector field L.
So far, we have only concerned ourselves with properties of H that followed by extrinsic
considerations using the ambient spacetime M . But of course our goal is also to makes sense
of the intrinsic geometry of H itself. To this end, we have to face some pressing issues. It was
mentioned before that the fundamental problem is the absence of a splitting of the tangent
bundle of M . Note that the intersection TH⊥∩TH =: L is actually a trivial one dimensional
null line bundle31 spanned by L and that L ∈ Γ(L). Consequently, we hope to resolve our

31This follows by the local frame criterion for subbundles, see e.g. [Lee13, Lemma 10.32].
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issues by modding out L or rather the span of Lp at each p ∈ H. It turns out that this is the
desired setting to define the classic intrinsic quantities used for non-degenerate hypersurfaces,
in particular such that they also contain similar geometric information.
Therefore let L ∈ Γ(L) be non-vanishing and p ∈ H. The vector Lp ∈ TpH is a tangent null
vector with respect to H. Note that span{Lp} is a linear subspace of TpH and consequently
we can consider the quotient vector space TpH/L := TpH/ span{Lp}. To simplify notation,
the equivalence class of an element X ∈ TpH will be denoted by a bar on top, e.g. X ∈ TpH/L.
The collection of these classes then forms a vector bundle over H.

Proposition 6.1.9. TH/L =
⊔

p∈H TpH/L is a vector bundle of rank n − 1 over H. Fur-
thermore, TH/L is independent of the choice of L.

Proof. We will construct the local trivializations of TH/L by using the fact that L is a
subbundle of TH. Let p ∈ H and let U ⊆ H be an open neighbourhood of p. Furthermore,
let L be a local frame for L on U . Shrinking U if necessary, one may extend L by local
sections E1, . . . , En−1 of TH on U in order to obtain a local frame {L,E1, . . . , En−1} on TH.
Using this, it is possible to define a local trivialization Φ : π−1(U) → U × Rn of TH at
p such that Φ−1

(
p, (vL, v1, . . . , vn−1)

)
= vLL(p) +

∑n−1
i=1 v

iEi(p) (cf. [Lee13, Prop. 10.19]).
Note that its restriction to L, denoted by ΦL, also yields a local trivialization of the form
π−1(U)∩L → U ×R. One may now simply pass to the quotient and define Ψ :

(
πL
)−1

(U) →
U × Rn/R ∼= Rn−1 by X ∈ TpH/L 7→ (idU ×q̃) ◦ Φ(X) where q̃ : Rn → Rn/R is the quotient
map with respect to the equivalence relation v ∼ v′ if and only if v − v′ = (λ, 0, . . . , 0) for
λ ∈ R and where πL : TH/L → H is the canonical projection map. Of course Ψ is well-
defined because all the involved maps are constant on the fibers. Furthermore, Ψ is also
clearly bijective and an isomorphism from TqH/L to {q} × Rn−1 for each q ∈ U . In term of
transition maps, note that if (Φ, U) and (Φ′, V ) are local trivializations of TH constructed as
before with U ∩ V ̸= ∅, one has

Φ′ ◦ Φ−1(x, v) = (x, τ(x) · v) ,

where τ : U ∩ V → GL(n) is smooth and of the form

τ(x) =

(
λ(x) aT (x)

0 A(x)

)
,

where λ : U ∩ V → R, a : U ∩ V → Rn−1 and B : U ∩ V → GL(n − 1) are smooth. The
transition function for Ψ′ ◦Ψ−1 are then simply given by B.
The above construction holds for any p ∈ H and thus is sufficient32 to conclude that TH/L
indeed is a vector bundle of rank n−1 over H. In particular it is also independent of the choice
of null vector field L, as any other choice L̃ satisfies L = fL̃ for some positive f ∈ C∞(H),

32See [Lee13, Lemma 10.6] for a vector bundle construction result.
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which in turn gives rise to the same quotient structure.

Denote the set of smooth sections Γ(TH/L), the mod L vector fields, by XL(H). We make the
following observation: Let X ∈ XL(H) and choose E1, . . . , En−1 ∈ X(U) such that, together
with L, they span TpH for each p ∈ U in U ⊆ H open. Note that one can then write
X =

∑n−1
i=1 X

iEi with Xi ∈ C∞(U) for each i ∈ {1, . . . , n− 1}. Naturally X =
∑n−1

i=1 X
iEi is

a (local) representative of X. In this manner, we obtain a smooth vector field representative
X on all of H for any mod L vector field.
As usual, one may define the dual bundle T ∗H/L of TH/L. The set of smooth sections of
T ∗H/L will be written as ΩL(H). Furthermore, we can also construct various other kinds of
tensor bundles over H with respect to the modded tangent space, which we will sometimes
refer to as H mod L. We will denote the (k, s) tensor bundle over H mod L by T k

s (TH/L)
and its smooth sections by T k

s (TH/L).
Having established the technical details related to the quotient structure, one may now show
that the map �g, or by extension g itself, descends to a positive definite metric h on TH/L as
follows

Proposition 6.1.10. Define the map h : H → T 0
2 (TH/L) pointwise for p ∈ H by hp :

TpH/L× TpH/L→ R with

h(p)(X,Y ) = hp(X,Y ) := ⟨X,Y ⟩.

Then h is a positive definite metric on H mod L.

Proof. First, we show that h is well-defined. Let X ′, Y ′ ∈ TpH with X ′ = X and Y ′ = Y .
Then

hp(X ′, Y ′) = ⟨X ′, Y ′⟩ = ⟨X + λL, Y + µL⟩
= ⟨X,Y ⟩+ λ⟨L, Y ⟩+ µ⟨X,L⟩+ λµ⟨L,L⟩
= ⟨X,Y ⟩ = hp(X,Y ).

Next one needs to prove that h is smooth. For this let X,Y ∈ XL(H) and let X,Y ∈ X(H)

be their representatives respectively. Smoothness then follows by the fact that the map
p 7→ h(p)

(
X(p), Y (p)

)
= ⟨X,Y ⟩|p is smooth and X,Y were arbitrary.

Since symmetry is clear, all that is left is to show that h is indeed positive definite. Let
X ∈ TpH/L with X ̸= 0. Then X ̸= λL for any λ ∈ R. Now Lemma 6.1.4 implies that X
is spacelike. Thus hp(X,X) = ⟨X,X⟩ > 0. We conclude that h is non-degenerate and of
constant index, finishing the proof.

Since we have a metric tensor on H, one may start to define the null equivalents of the usual
geometric operators on non-degenerate hypersurfaces.
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Proposition 6.1.11. The null Weingarten map b ∈ T 1
1 (TH/L) on H with respect to L, is

defined at each p ∈ H by the linear map bp : TpH/L→ TpH/L with33

b(p)(X) = bp(X) := ∇XL

is uniquely determined by L and self-adjoint with respect to h.

Proof. First we show that b is well-defined. Let p ∈ H and X,Y ∈ TpH such that X = Y .
Then

bp(Y ) = ∇Y L = ∇X+λLpL = ∇XL+ λ∇LpL

= ∇XL+ κLp = ∇XL = bp(X),

where we have used the fact that λ∇LpL = κLp for some κ ∈ R, like in the proof of Proposition
6.1.7 and also that ∇XL+ κLp ∼L ∇XL.
Smoothness follows in similar fashion as in Proposition 6.1.10 by noting that the image ∇XL

is a smooth mod L vector field.
For uniqueness, let L̃ = fL for some f ∈ C∞(H) and define the map b̃ using L̃. We show that
b̃ = fb. Let p ∈ H and X ∈ TpH/L. Note that the quotient is independent of our choice of
L, so also X ∈ TpH/L̃. We get

b̃p(X) = ∇X L̃ = ∇XfL = X(f)L+ f(p)∇XL = λL+ f(p)∇XL

= f(p)∇XL = bp(f(p)X) = f(p)bp(X),

where linearity of bp was used in the last line. Thus we have shown b̃p = f(p) bp for any p ∈ H

and consequently b̃ = fb.
Finally, we prove self-adjointness. Again, let p ∈ H and X,Y ∈ TpH/L. Extend X,Y ∈ TpH

to any vector fields on M which are tangent to H. This yields

h(bp(X), Y ) = ⟨∇XL, Y ⟩|p = −⟨L,∇XY ⟩|p = −⟨L,∇YX⟩|p − ⟨L, [X,Y ]⟩|p
= −⟨L,∇YX⟩|p = ⟨∇Y L,X⟩|p = h(bp(Y ), X) = h(X, bp(Y )),

where one has used that [X,Y ] ∈ TH and that h is symmetric. Therefore we have shown
that b is self-adjoint at any point and so we are done.

Definition 6.1.12. The null second fundamental form B of H with respect to L, is defined
at each p ∈ H by the bilinear form B : TpH/L× TpH/L→ R with

B(p)(X,Y ) = Bp(X,Y ) := h(bp(X), Y ) = ⟨∇XL, Y ⟩.
33By this we mean that for X ∈ XL(H) and ω ∈ ΩL(H) one has b(ω,X) = ω(b(X)) with a slight abuse of

notation.
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Remark 6.1.13. By symmetry of h and self-adjointness of b, one obtains for X,Y ∈ XL(H)

B(X,Y ) = h(b(X), Y ) = h(X, b(Y )) = h(b(Y ), X) = B(Y ,X),

so B is symmetric. Note also that, by definition, B is automatically smooth and therefore
B ∈ T 0

2 (TH/L)

Definition 6.1.14. H is called totally geodesic if B = 0.

Down below we will show that the property of being totally geodesic holds the same geometric
information as in the case for non-degenerate submanifolds. Consequently, the null second
fundamental form truly behaves quite similarly to its usual definition (for the non-degenerate
case), i.e. as the normal projection of the Levi-Civita connection.

Proposition 6.1.15. If H is totally geodesic, then any geodesic in M starting out tangent to
H remains in H initially.

Proof. We show that the restriction of the Levi-Civita connection on M restricts to a linear
connection on H, i.e. ∇ : X(H)× X(H) → X(H). Let X,Y ∈ X(H). Then

⟨∇XY,L⟩ = X⟨Y, L⟩ − ⟨Y,∇XL⟩ = −B(X,Y ) = 0

and therefore ∇XY is indeed tangent to H. From this follows that vector fields along curves
in H have the same induced covariant derivative with respect to the connections on H or M
respectively. One can see this, for example, by looking at the local coordinate expression.
To this end let c : I → H be smooth and Z ∈ X(c) with Z(t) ∈ Tc(t)H for all t ∈ I. If
{∂1, . . . , ∂n+1} is an adapted coordinate frame with respect to H, we have (see [KS21, Prop.
1.3.27])

Z ′(t) =
dZi

dt
∂i|c(t) + Zi(t)∇ċ(t)∂i

for Z(t) =
∑n

i=1 Z
i(t)∂i|c(t). It is clear that one obtains the same local expression if viewed

with respect to the Levi-Civita connection on M instead. We may therefore conclude that a
curve in H is a H-geodesic if and only if it is a M -geodesic.
Now, let c : I → M be a M -geodesic with ċ(0) ∈ Tc(0)H. By solvability of the geodesic
equation, there exists an H-geodesic c : J → H with ċ(0) = ċ(0) and c(0) = c(0) and from
the above and uniqueness it follows that c|J = c, which proves the claim.

Example 6.1.16. Let us revisit two prior examples, which turn out to be totally geodesic.

(i) The null hypersurfaces in Minkowski space (Example 6.1.3 (ii)) are totally geodesic,
because the null tangent vector field X is constant and therefore ∇YX = 0 for any
tangent vector Y .

73



(ii) Recall that the event horizon of the Schwarzschild spacetime is a null hypersurface with
L = ∂v (see Example 6.1.3 (iii)). We want to calculate ∇X∂v for X ∈ X(H). Note that
X = Xv∂v +Xθ∂θ +Xϕ∂ϕ. Then

∇X∂v = Xv∇∂v∂v +Xθ∇∂θ∂v +Xϕ∇∂ϕ∂v = Xv 1

4m
∂v,

where we used the fact that the only relevant non-vanishing Christoffel symbol turns
out to be Γv

vv = 1
4m (cf. [MG10, Ch. 2.2.4]). Hence, for X,Y ∈ X(H), we obtain

⟨∇X∂v, Y ⟩ = Xv

4m
⟨∂v, Y ⟩ = B(X,Y ) = 0

since ⟨∂v, Y ⟩ = 0 for any Y ∈ X(H).

Finally, we introduce the null mean curvature as follows.

Definition 6.1.17. The null mean curvature (null expansion scalar) θ ∈ C∞(H) on H with
respect to L is defined by θ = tr b.

Remark 6.1.18. Let f ∈ C∞(H) be strictly positive and let L̃ = fL. By the proof of Propo-
sition 6.1.11 we have b̃ = fb. Therefore, it follows that also θ̃ = fθ. This means the sign of θ
is invariant under positive rescaling of the null tangent vector field on H.

The null mean curvature possesses a very nice geometric interpretation. To see this, let us
look at a hypersurface S of H that is transversal to L (Figure 28), i.e. L(p) /∈ TpS for any
p ∈ S ∩ H. Define the intersection Σ = H ∩ S, which is itself a submanifold of M with
codimension 2 (see [Lee13, Theorem 6.30] for a proof of this fact). Observe that for any p ∈ Σ

the tangent space TpΣ is contained, both, in TpH and TpS and consequently TpΣ ⊆ TpH∩TpS.
Since the dimensions of these vector spaces are the same, one in fact has TpΣ = TpH ∩ TpS
and by transversality L(p) /∈ TpΣ and TpΣ can only contain the spacelike direction, which are
all orthogonal to L(p).

S
Σ

H

L

Figure 28: Transversal intersection between H and S.

In this setting, the null mean curvature θ on H ∩ Σ is related to the divergence of the null
vector field L with respect to Σ. To show this, we will follow [Gal14, p. 27].
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Proposition 6.1.19. Let S be a hypersurface of M which is transversal to L. Then

θ = divΣ L,

where divΣ L is the divergence of L with respect to Σ.

Proof. Since this is a local claim, let p ∈ Σ and let {e1, . . . , en−1} be an orthonormal basis of
TpΣ. It follows that {e1, . . . , en−1} is an orthonormal basis for TpH/L. By definition of the
trace, one obtains

θ(p) = tr b (p) =

n−1∑
i=1

h(b(ei), ei) =

n−1∑
i=1

B(ei, ei) =

n−1∑
i=1

⟨∇eiL, ei⟩ = divΣ L(p).

Since p was arbitrary, we conclude θ = divΣ L.

Remark 6.1.20. The divergence operator has the geometric interpretation of measuring the
change of volume of Σ along the integral curves of L (see e.g. [Lee13, Ch. 16] and [Spi99, Ch.
9]). Therefore, one may conclude, using the above Proposition 6.1.19, that θ measures the
overall expansion of the null generators of H. For example, in Minkwoski space, the future
null cone ∂I+(p)\{p} (resp. past null cone ∂I−(p)\{p}) has θ > 0 (resp. θ < 0) (see [Are18]),
which corresponds to the growth (decline) of the volume of the cross sections along the null
generators towards the future.

6.2 Null Generators and the Raychaudhuri Equation

In this second subsection, we take a closer look at the null generators of H. In particular, we
want to establish the Raychaudhuri equation, which describes the change of θ along these null
geodesics and which also plays a crucial role in proving the Incompleteness Theorem. As an
additional application, we will see — assuming the underlying spacetime satisfies the so-called
null energy condition: Ric(X,X) ≥ 0 for any null vector X — that this equation may be
used to show that the null mean curvature is non-negative, provided the null generators of H
exist for sufficiently long times or are in fact complete. We follow [Gal14] as the main source
for this subsection.
As before, for the remainder of this section, H will denote a null hypersurface of a spacetime
M with null tangent vector field L which spans the null bundle L. Furthermore let η : I →M

be a future directed affinely parametrized null generator of H. We denote by XL(η) the set
of mod L vector fields along η, i.e. if Z ∈ XL(η) then Z is a smooth map Z : I → TH/L such
that πL ◦ Z = η, i.e.
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I

TH/L H
πL

Z
η

commutes, where πL : TH/L → H is the bundle projection of TH/L. Note that there (at
least locally) exists Z ∈ X(η) such that Z(t) = Z(t) for all t ∈ I so each Z has a smooth local
representative.
We may now define an induced covariant derivative for mod L vector fields along a null
generator of H.

Definition 6.2.1. Let η : I → H be a future directed affinely parametrized null generator of
H and Z ∈ XL(η). We define the covariant derivative of Z as

Z ′(t) = Z ′(t),

where Z ′ is the regular covariant derivative for a (local) representative Z ∈ X(η) of Z.

The above notion is well-defined. To see this, let Y be another representative of Z, i.e. we
have Z = Y + f(L ◦ η) with f ∈ C∞(I). Then Z ′(t) = Y ′(t) + f ′(t)(L ◦ η)(t) + f(t)(L ◦ η)′(t).
Note now that (L ◦ η)′(t) = ∇η̇(t)L = 0 since η̇ = L. Therefore we have Z ′ = Y ′.
Our next goal is to understand how the null Weingarten map changes along the null generator
η. To this end, we want to have some notion of taking the derivative b′ along η. In order to
do this, we first have to define the notion of tensor fields along η. This can be done in the
same fashion as above for vector fields. In fact, we have the following generalization

Definition 6.2.2. A mod L (k, s)-tensor field along η : I → H is a smooth map A : I →
T k
s (TH/L) such that πL(k,s) ◦A = η, i.e.

I

T k
s (TH/L) H

πL(k,s)

A
η

commutes, where πL(k,s) is the vector bundle projection of T k
s (TH/L). We denote the set of

mod L (k, s) tensor fields along η by T L
(k,s)(η).

It is quite easy to construct explicit examples for this. For instance, let A ∈ T k
s (TH/L), then

it follows A◦η ∈ T L
(k,s)(η), since it is a composition of smooth functions and the above diagram

commutes because A(η(t)) ∈ T k
s (Tη(t)H/L). We therefore may now define the Weingarten
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map along η by b◦η ∈ T L
(1,1)(η), which we will sloppily denote by b for notational convenience.

Note that t 7→ b(t) therefore forms a one-parameter family of maps b(t), each of which is
called the Weingarten map based on η(t) with respect to the null tangent vector field L.
One can now extend the induced covariant derivative from Definition 6.2.1 to this one-
parameter family of Weingarten maps t 7→ b(t) by demanding a natural product rule to
hold. In this way we obtain a notion of derivative for the null Weingarten map b along η as
required.

Definition 6.2.3. Let X ∈ X(η). The induced covariant derivative b′ of t 7→ b(t) along η is
defined by the Leibniz rule, i.e.

b′(X) = b(X)′ − b(X ′),

where b(X)′ is the usual derivative of b(X) : I → R.

Remark 6.2.4. One could actually generalize this derivative to general tensor fields along η in
the same way, i.e. by requiring a Leibniz rule to hold. Note that by using Willmore’s Theorem
(cf. [Kun22a, Thm. 4.2.3]) it follows that this differential operator indeed exists and is unique.
But since we do not explicitly need this here, we avoid getting into the details and also refer
to [BEE96, Chapter 10.3].

Following [Kup87, Chapter 4] and [KS23, Proposition 3.11.2], one may establish the following
technical Lemma.

Lemma 6.2.5. Let M be globally hyperbolic and H a null hypersurface. Let L be the null
tangent vector field on H and η one of the null generators of H. Then there exists an open
neighbourhood U ⊆ H of η(t0) for any t0 ∈ I such that we can scale L to be a local geodesic
null vector field, i.e. ∇LL = 0 on U and with L = η̇ on η.

Proof. Let t0 ∈ I. Pick x, y ∈ M such that x ≪ η(t0) ≪ y. Then U := I+(x) ∩ I−(y) is an
open neighborhood of η(t0) that is itself globally hyperbolic. From this follows34 that one can
find a spacelike hypersurface S in H that is intersected by the generators η exactly once in
H ∩U . Similarly to the proof of 5.2.12 (ii) one may now assume that L is complete in U ∩H
and that (t, p) ∈ R × S 7→ FlLp (t) ∈ U ∩H is a homeomomorphism. We will show that this
map is in fact a diffeomorphism. For this let (t0, p0) ∈ R × S and define φ : p 7→ FlL−t0(p).
Observe that φ is a diffeomorphism as it is smooth with smooth inverse q 7→ FlLt0(q). Our goal
is to demonstrate that T(t0,p0)(φ ◦ FlL) is surjective, from which the claim follows. Note that
(φ ◦ FlL)(t, p) = FlLt−t0(p) and let v ∈ Tp0S. Define a smooth curve α : I → S with α(0) = p0
and α̇(0) = v and let γ : I → R×S such that γ(t) = (t0, α(t)). It follows that γ(0) = (t0, p0),

34See [Kup87, Prop. 22].
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γ̇(0) = (0, v) and

v = α̇(0) =
d

dt

∣∣∣∣
t=0

(
φ ◦ FlL ◦γ

)
(t) = T(t0,p0)

(
φ ◦ FlL

)
(γ̇(0)) ∈ im

(
T(t0,p0)

(
φ ◦ FlL

))
since φ◦FlL ◦γ(t) = FlLt−t0(γ(t)) = FlL0 (α(t)) = α(t). Also for α(t) := (t0+ t, p0) one similarly
has

T(t0,p0)
(
φ ◦ FlL

)
(α̇(0)) =

d

dt

∣∣∣∣
t=0

(
φ ◦ FlL

)
(α(t)) =

d

dt

∣∣∣∣
t=0

FlLt (p0) = η̇p0(0) /∈ Tp0S,

where ηp0 is the null generator through p0. We have therefore demonstrated that Tp0U =

span ({η̇p0(0)} ∪ Tp0S) ⊆ imT(t0,p0)
(
φ ◦ FlL

)
and as a result T(t0,p0)

(
φ ◦ FlL

)
must indeed be

surjective.
We may now identify U ∩H ∼= R× S and can simply rescale L to be the velocity field of the
null generators η on U ∩ H, i.e. L(t, p) := d

dt Fl
L
t (p) = η̇p(t), which is indeed a smooth null

tangent vector field on H ∩ U . By construction one has ∇LL = 0 and η̇ = L on U ∩H.

While the assumption of global hyperbolicity above is indeed very restrictive, it is not a
significant matter for our later arguments because there we will generally consider globally
hyperbolic spacetimes anyway. Consequently, we will assume (M, g) to be globally hyperbolic
from now on for the rest of this chapter. One may now show that the family t 7→ b(t)

on H satisfies a certain Riccati equation. For this, we define the curvature endomorphism
R : XL(η) → XL(η) by

R(t)(X) = RXη̇(t)η̇(t),

where on the right hand side R denotes the Riemann tensor onM . Note that we have a natural
identification of R with a mod L (1, 1) tensor field along η, i.e. R ∈ T L

(1,1)(η). Following [Gal14,
Prop. 6.3], we now show the following

Proposition 6.2.6. The one-parameter family of Weingarten maps t 7→ b(t) satisfies the
following Riccati equation

b′ + b2 +R = 0. (6.1)

Proof. This is a local claim, so we can work at a single point. Let t0 ∈ I and p = η(t0).
From the previous Lemma 6.2.5, we know that we can scale L such that ∇LL = 0 on some
neighbourhood U of p and also L ◦ η = η̇. Let X ∈ TpM and extend it to a vector field on U
in such a way that [X,L] = ∇XL−∇LX = 0 (shrinking U if necessary). One has

RXLL = ∇X∇LL−∇L∇XL−∇[X,L]L = −∇L∇XL = −∇L∇LX.

Along η it therefore follows that −RXη̇η̇ = ∇L∇LX|η and since ∇L∇LX|η = ∇η̇∇η̇X = X ′′,
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we conclude that X ′′ = −RXη̇η̇, i.e. X◦η is a Jacobi field. By definition of the null Weingarten
map along η and its induced covariant derivative, one then obtains

b′(X) = b(X)′ − b(X ′) = ∇XL
′ − b(∇LX)

= ∇LX
′ − b(∇XL) = X ′′ − b(b(X))

= −RXη̇η̇ − b2(X) = −R(X)− b2(X)

and the claim follows because X ∈ TpM was arbitrary.

Definition 6.2.7. The shear scalar σ : I → R is defined as

σ =
√
tr b̂2,

where b̂ = b− 1
n−1θ · id is the trace free part of b.

We are now able to establish the Raychaudhuri equation, which relates the null mean curvature
θ along η, i.e. θ ◦ η, to the Ricci curvature of M .

Proposition 6.2.8 (Raychaudhuri Equation). The null mean curvature along a future di-
rected, affinely parametrized null generator η : I → H satisfies the following equation

θ′ = −Ric(η̇, η̇)− σ2 − 1

n− 1
θ2. (6.2)

Proof. For the proof, we just have to take the trace of the Riccati equation (6.1). Note that

tr
(
b′ + b2 +R

)
= tr b′ + tr b2 + trR,

so we can treat each term separately. For tr b′ note that the trace is a bounded, linear operator
and therefore tr b′ = (tr b)′ = θ′. For the second term we have

σ2 +
1

n− 1
θ2 = tr b̂2 +

1

n− 1
θ2 = tr

(
b2 − 2

n− 1
θ · b+ 1

(n− 1)2
θ2 · id

)
+

1

n− 1
θ2

= tr b2 − 2

n− 1
θ tr b+

1

(n− 1)2
θ2 tr(id) +

1

n− 1
θ2

= tr b2 − 2

n− 1
θ2 +

1

(n− 1)2
θ2(n− 1) +

1

n− 1
θ2

= tr b2.

For the last term let t ∈ I and {e1, . . . , en−1} be an orthonormal basis for Tη(t)H/L. We can
define en+1, en ∈ Tη(t)M with en+1 timelike and en+1 + en = η̇(t), such that {e1, . . . , en+1} is
an orthonormal basis of Tη(t)M . One then has

−⟨Ren+1η̇(t)η̇(t),en+1⟩+ ⟨Renη̇(t)η̇(t), en⟩ = −⟨Rη̇(t)−en,η̇(t)η̇(t), η̇(t)− en⟩+ ⟨Renη̇(t)η̇(t), en⟩
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= −⟨Rη̇(t)η̇(t)η̇(t), η̇(t)⟩+ ⟨Rη̇(t)η̇(t)η̇(t), en⟩+ ⟨Renη̇(t)η̇(t), η̇(t)⟩
− ⟨Renη̇(t)η̇(t), en⟩+ ⟨Renη̇(t)η̇(t), en⟩ = 0,

where we have used the skew-symmetry and skew-adjointness of the Riemann tensor. From
this then follows

trR(t) =
n−1∑
i=1

h (R(ei), ei) =
n−1∑
i=1

h
(
Reiη̇(t)η̇(t), ei

)
=

n−1∑
i=1

⟨Reiη̇(t)η̇(t), ei⟩

= −⟨Ren+1η̇(t)η̇(t), en+1⟩+ ⟨Renη̇(t)η̇(t), en⟩+
n−1∑
i=1

⟨Reiη̇(t)η̇(t), ei⟩

=

n+1∑
i=1

εi⟨Reiη̇(t)η̇(t), ei⟩ = Ric(η̇(t), η̇(t)) = Ric(η̇, η̇)(t),

where εi = ⟨ei, ei⟩. Because t ∈ I was arbitrary, we have trR = Ric(η̇, η̇), which finishes the
proof.

The Raychaudhuri equation may now be applied to obtain a quite powerful result on the
boundedness of the null mean curvature. We follow [Gal14, Prop. 6.4].

Proposition 6.2.9. Let M be a spacetime with Ric(X,X) ≥ 0 for any X ∈ X(M) null.
Further, let H be a null hypersurface in M with tangent null vector field L. If the null
generators of L are future geodesically complete, then the null mean curvature θ of H is
bounded below by zero, i.e. θ ≥ 0.

Proof. Assume to the contrary that θ(p) < 0 for some p ∈ H. Let η : I → H be the future
directed, affinely parametrized null generator with η(0) = p. Consider the null mean curvature
along η, i.e. θ = tr(b◦η). Using Raychaudhuri’s equation (6.2) and the fact that Ric(η̇, η̇) ≥ 0

by assumption and also that σ2 ≥ 0, one obtains

θ′ ≤ − 1

n− 1
θ2

and therefore θ < 0 for all t ≥ 0. On the other hand, note that

d

dt

(
1

θ

)
= − 1

θ2
θ′ ≥ 1

n− 1
,

so in fact 1
θ(t) < 0 has to intersect 0 in finite parameter time t0 > 0. But then θ → ∞ for

t→ t0, which contradicts the smoothness of θ.
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7 Focal Points and Null Geodesics

Back in Chapter 4.3, we introduced the theory of variation of causal curves and defined the
notion of Jacobi fields. As a central result it was shown that timelike variations can be
constructed for any causal curves unless it is a null pregeodesic (cf. Proposition 4.3.5 and
Corollary 4.3.6). However, recall that this was not the whole story. In fact it is true that the
existence of so called conjugate points along the curve is actually sufficient to find timelike
paths between points on the curve. In this chapter, we want to address this issue in detail
and extend our previously established results. In particular, we will define the notion of
focal points, which can be viewed as a generalization of conjugate points and are defined in
the setting of geodesics emanating orthogonally from some submanifold. We will see how
such points are connected to the exponential map and show that their existence along null
geodesics enables us to find timelike variations. It therefore comes to no surprise that we need
to concern ourselves with more theory of variational analysis. Our arguments will primarily
require the machinery developed in Chapter 3 and aim at gaining insights into the underlying
geometric constructions. A slightly different but more common approach using Morse Index
Theory can be found in [BEE96] or [O’N83]. The main sources for this chapter are [O’N83],
[Bä20] and [KS23].
As before, let (M, g) be a spacetime with dimM = n+ 1 and consider a geodesic c : I →M .
Recall that a Jacobi field is a vector field J ∈ X(c) along c which satisfies the Jacobi equation

∇2J

dt2
= RJċċ.

In particular, any Jacobi field J then defines a geodesic variation of c (cf. Proposition 4.3.9).
The simplest example are the so called trivial Jacobi fields, which are a family of vector fields
along c of the form J(t) = (λt + µ)ċ(t) with λ, µ ∈ R. Since Rċċċ = 0, these types of vector
fields are indeed Jacobi fields and they correspond to a geodesic variation in the tangential
direction of ċ (thus the term trivial). Of course it is much more interesting to look at geodesic
variations in the normal direction. Following [O’N83, Lemma 8.7], we can make the following
observation

Lemma 7.0.1. Let c : I →M be a geodesic and J ∈ X(c) a Jacobi field. Then the following
are equivalent

(i) J ⊥ c.

(ii) There exists two points t1, t2 ∈ I with t1 ̸= t2 such that J(t1) ⊥ c and J(t2) ⊥ c.

(iii) There exists t1 ∈ I such that J(t1) ⊥ c and J ′(t1) ⊥ c.
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Proof. Because c̈ = 0 we have

d2

dt2
⟨J, ċ⟩ =

〈
∇2J

dt2
, ċ

〉
= ⟨RJċċ, ċ⟩ = 0

by skew-adjointness of the Riemann tensor. Consequently, when integrating two times, we
obtain ⟨J, ċ⟩ = λt+µ for λ, µ ∈ R. Observe now that J ⊥ c holds true if and only if λ = µ = 0.
In (ii), λt1+µ = 0 and λt2+µ = 0 imply the same. Finally, also for (iii) one has λt1+µ = 0

and λ = 0 and therefore each condition is equivalent and the claim follows.

Without further ado, let us introduce the notion of conjugate points.

Definition 7.0.2. Let c : I → M be a geodesic. Two points c(t1), c(t2) with t1, t2 ∈ I and
t1 ̸= t2 are called conjugate along c if there exists a nonzero Jacobi field J ∈ X(c) such that
J(t1) = 0 and J(t2) = 0.

Note that the previous Lemma implies that the Jacobi fields in the above definition cannot be
trivial Jacobi fields. A lot of things could be said about conjugate points, but our immediate
goal will be to further generalize this notion. For this, instead of looking at curves between two
points we replace the inital point by some submanifold, which is sometimes called endmanifold.
This enables us to consider variations that are more flexible, i.e. where the initial point does
not necessarily have to stay fixed, though it still has to be part of the endmanifold. In
particular, we are interested in variations of geodesics which emanate orthogonally from some
semi-Riemannian submanifold P (see Figure 29).

P

cs

α

Figure 29: Geodesics cs emanating orthogonally from a semi-Riemannian submanifold P .
The black line α := ∂cs

∂s

∣∣
t=0

is the smooth transversal curve through the initial points of cs.

One may now look at the family of Jacobi fields that yield geodesic variations that remain
orthogonal to P , as seen in the previous figure. We follow [O’N83, Prop. 28] and [KS23,
Lemma 3.2.12].

Proposition 7.0.3. Let P ⊆ M be a semi-Riemannian submanifold and let c : I → M be a
geodesic normal to P , i.e. c(t0) ∈ P and ċ(t0) ⊥ P with t0 ∈ I. A Jacobi field J ∈ X(c) is the
variational vector field of a geodesic variation cs of c with cs(t0) ∈ P and ċs(t0) ∈ Tc(t0)P

⊥
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for all small enough s if and only if J(t0) ∈ Tc(t0)P and

tan

(
∇J
dt

(t0)

)
= ĨI(J(t0), ċ(t0))

for ĨI from definition 3.2.9.

Proof. Without loss of generality set t0 = 0 and p := c(0).
” ⇒ ” By assumption there is a geodesic variation cs : I × (−ϵ, ϵ) → M with ϵ > 0 and
J = ∂cs

∂s

∣∣
s=0

such that cs(0) ∈ P and ċs(0) ∈ TpM
⊥ for all s ∈ (−ϵ, ϵ). Note that if

X ∈ X(P ), then for all s one has

⟨X(cs(0)), ċs(0)⟩ = 0.

Using Proposition 3.2.6, Lemma 2.1.6 (i) and Proposition 3.2.10, we calculate

0 =
d

ds

∣∣∣∣
s=0

⟨X(cs(0)), ċs(0)⟩ =
〈

∇
ds

∣∣∣∣
s=0

X(cs(0)), ċ(0)

〉
+

〈
X(p),

∇
∂s

∂cs
∂t

∣∣∣∣
s=t=0

〉
=

〈
��∇
ds

∣∣∣∣
s=0

X(cs(0)) + IIp(J(0), X(p)), ċ(0)

〉
+

〈
X(p),

∇
∂s

∂cs
∂t

∣∣∣∣
s=t=0

〉
= ⟨IIp(J(0), X(p)), ċ(0)⟩+

〈
X(p),

∇
∂t

∂cs
∂s

∣∣∣∣
s=t=0

〉
= ⟨IIp(J(0), X(p)), ċ(0)⟩+

〈
X(p),

∇J
dt

(0)

〉
= −⟨ĨIp(J(0), ċ(0)), X(p)⟩+

〈
∇J
dt

(0), X(p)

〉
= −

〈
ĨIp(J(0)), ċ(0))−

∇J
dt

(0), X(p)

〉
=

〈
tan

(
∇J
dt

(0)

)
− ĨIp(J(0), ċ(0)), X(p)

〉
.

Since X was arbitrary, the claim follows.
” ⇐ ” Let σ : (−ϵ, ϵ) → P be a smooth curve with σ̇(0) = J(0). Exactly as in the proof of
Proposition 4.3.9, the map

cs(t) := expσ(s)(tX(s))

with X ∈ X(σ) such that X(s) ∈ Tσ(s)P
⊥ for all s, defines a geodesic variation that satisfies

cs(0) = σ(s) ∈ P , ċs(0) = X(s) ∈ Tσ(s)P
⊥ and ∂

∂s

∣∣
s=0

cs(t) = J(t) if X(0) = ċ(0) and
∇X
ds (0) = ∇J

dt (0). Consequently, all that we need to show is that there exists such an X. For
this, consider the normal parallel transport35 of ċ(0) along σ denoted by U ∈ X(σ). Naturally
one has U(s) ∈ Tσ(s)P

⊥ and ∇⊥U
ds = 0 for all s. Furthermore, define V ∈ X(σ) to be the

normal parallel transport of nor
(∇J

dt (0)
)

along σ. Now simply set

X(s) := U(s) + sV (s).

35Recall Lemma 3.2.13 and Proposition 3.2.14.
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Note that X(0) = U(0) = ċ(0). It remains to show that ∇X
ds (0) = ∇J

dt (0). One has

nor

(
∇X
ds

(0)

)
= nor

(
∇U
ds

(0) + V (0)

)
= nor

(
∇U
ds

(0)

)
+ nor(V (0))

=
∇⊥U

ds
(0) + nor

[
nor

(
∇J
dt

(0)

)]
= nor

(
∇J
dt

(0)

)
.

For the tangential component we make the observation that

tan

(
∇X
ds

(0)

)
= tan

(
∇U
ds

(0) + V (0)

)
=

∇U
ds

(0)

because V ⊥ P . Let Y ∈ X(σ) such that nor(Y ) = 0. Using the above equation and the fact
that U ⊥ P , we calculate〈

tan

(
∇X
ds

(0)

)
, Y (0)

〉
=

〈
∇U
ds

(0), Y (0)

〉
=

d

ds

∣∣∣∣
s=0

⟨U, Y ⟩ −
〈
U(0),

∇Y
ds

(0)

〉
= −

〈
U(0),nor

(
∇Y
ds

(0)

)〉
= −⟨U(0), IIp(σ̇(0), Y (0)) ⟩

= −⟨ċ(0), IIp (J(0), Y (0))⟩ = ⟨ĨIp(J(0), ċ(0)), Y (0)⟩

=

〈
tan

(
∇J
dt

(0)

)
, Y (0)

〉
,

where the last equation follows by assumption. Since Y was arbitrary, one can indeed conclude
that tan

(∇X
ds (0)

)
= tan

(∇J
dt (0)

)
and consequently we are done.

Definition 7.0.4. A Jacobi field which satisfies Proposition 7.0.3 is called P -Jacobi field on
c.

One may now define the notion of a focal point of a submanifold along some geodesic.

Definition 7.0.5. Let P ⊆ M be a semi-Riemannian submanifold and let c : I → M be a
geodesic normal to P . A point c(t) with t ∈ I is a focal point of P along c if there exists a
nonzero P -Jacobi field J ∈ X(c) with J(t) = 0.

Remark 7.0.6. (i) By Lemma 7.0.1 the P -Jacobi field in the definition above, must be
orthogonal to c everywhere since J(t0) ⊥ ċ(t0) and J(t) ⊥ ċ(t) at the focal point.

(ii) Focal points indeed generalize conjugate points in the sense that if we consider P = {p}
for p = c(t0), one recovers definition 7.0.2.

(iii) Let k be the dimension of P . As solutions to a second order linear ordinary differential
equation, the P -Jacobi fields form a vector space denoted by JP . By the previous
Proposition, its dimension must be equal to k + (n + 1 − k) = n + 1 since one has k
degrees of freedom of J(0) ∈ TpP and n+ 1− k of tan(J ′(0)) = ĨIp(J(0), ċ(0)). Assume
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now that c(t0) is a focal point of P along c. The order of this focal point is defined as

µ = dim{J ∈ JP | J(t0) = 0}

It follows that µ ≤ n by the above and the fact that the trivial Jacobi field J(t) = tċ is
a P -Jacobi field that is non-vanishing at t0.

Example 7.0.7. Let M = R1,n and consider P = Sn defined on the level set x0 = 0 as shown
in Figure 30. There are two different future null directions normal to P , one pointing inwards
and the other one outwards. It follows that P has two focal points: At the point (

√
2, 0, . . . , 0),

in the future of P , where the inward pointing geodesics cross and, by symmetry, at the point
(−

√
2, 0, . . . , 0), corresponding to the outward pointing geodesics which meet in the past.

P

p

q

Figure 30: Two different families of null geodesics in R1,2 normal to a sphere P = S1. The
blue curves are outward pointing and the red curves are inward pointing. P has two focal
points p, q.

The above example suggests that one should intuitively think of focal points as an almost
meeting point of nearby geodesics. This in turn should have an effect on the behavior of the
exponential map. We want to demonstrate that this is indeed the case. For this, one needs
the subsequent Lemma that establishes a relation between Jacobi fields and the exponential
map. Based on [O’N83, Prop. 8.6] and [KS21, Thm. 2.1.21] we have the following.

Lemma 7.0.8. Let p ∈ M and x ∈ TpM . Further, let cx : [0, 1] → M be the radial geodesic
cx(t) = expp(tx). If v ∈ Tx(TpM), then

Tx expp(v) = V (1),

where V ∈ X(c) is the unique Jacobi field of c such that V (0) = 0 and V ′(0) = v.

Proof. Using the identification Tx(TpM) ∼= TpM , one defines the map

α(t, s) = expp (t(x+ sv)) = cx+sv(t).
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We want to show that α is a geodesic variation of cx. In order to do this we first need to show
that the map is defined on the product of two intervals. By continuity of f : (t, s) 7→ t(x+sv),
the set [0, 1]×{0} maps into the open36 domain Dp of expp. Thus, there exist ϵ > 0 and δ > 0

such that α is defined on (−δ, 1 + δ)× (−ϵ, ϵ). Furthermore, α is smooth and α(t, 0) = cx(t),
so it is a geodesic variation of cx following from the first equation.
The variation vector field V ∈ X(c), which is a Jacobi field by Proposition 4.3.9, is given by

V (t) =
∂α

∂s

∣∣∣∣
s=0

(t) = T(t,0)α

(
∂

∂s

)
= T(t,0)(expp ◦f)

(
∂

∂s

)
= Ttx expp

(
∂f

∂s
(t, 0)

)
= Ttx expp(tv)

and consequently
V (1) = Tx expp(v).

Note also that the curve s 7→ α(0, s) = expp(0) = p is constant at p and thus

V (0) =
∂

∂s

∣∣∣∣
s=0

α(0, s) = 0.

Finally, by Lemma 2.1.6 (i), one has

V ′(0) =
∇
∂t

∂α

∂s
(0, 0) =

∇
∂s

∂α

∂t
(0, 0).

Using the fact that ∂f
∂t (0, s) = x + sv, the same calculation as in the proof of Lemma 4.3.3

then yields

V ′(0) =
∇
∂s

∣∣∣∣
s=0

(
∂α

∂t
(0, s)

)
=

∇
∂s

∣∣∣∣
s=0

(x+ sv) = v.

Before tackling focal points directly, it is useful to investigate the particular case of conjugate
points. As in [O’N83, Prop. 10.10], one has

Lemma 7.0.9. Let p ∈M and c : [0, t0] →M be a geodesic with c(0) = p. The following are
equivalent

(i) c(t0) is a conjugate point of p along c.

(ii) There exists a nontrivial geodesic variation α of c starting at p such that ∂α
∂s = 0.

(iii) expp : TpM →M is singular at t0ċ(0), i.e. there exists a non-zero vector v ∈ Tt0ċ(0)(TpM)

such that d expp(v) = Tt0ċ(0) expp(v) = 0.

36See [KS21, Prop. 2.2.3].
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Proof. By reparametrization we can have without loss of generality that t0 = 1.
(ii) ⇒ (i) Since α is a nontrivial geodesic variation with fixed endpoints, c(1) is a conjugate
point by definition.
(i) ⇒ (iii) Let J ∈ X(c) be a Jacobi field with J(0) = J(1) = 0. Let v ∈ Tċ(0)(TpM) ∼= TpM

such that v = J ′(0). By Lemma 7.0.8 one must have

Tċ(0) expp(v) = J(1) = 0.

Since J is non-trivial and J(0) = 0 = J(1) if follows that v = J ′(0) ̸= 0 by uniqueness of
Jacobi fields.
(iii) ⇒ (ii) Let v ∈ Tċ(0)(TpM) be a singular value of expp at ċ(0). Define the map

cs(t, s) := expp (t(ċ(0) + sv)) .

As shown in 7.0.8, cs defines a non-trivial geodesic variation with Jacobi field V ∈ X(c) which
satisfies V (0) = 0, V (1) = Tċ(0) expp(v) = 0 and V ′(0) = v.

Remark 7.0.10. In any normal neighbourhood of a point p, the exponential map expp is
a diffeomorphism and consequently cannot exhibit singular values. Lemma 7.0.9 therefore
implies that geodesics cannot have conjugate points as long as the geodesics are sufficiently
short.

Let P ⊆ M be a semi-Riemannian submanifold with dimP = k. We want to establish a
connection between the existence of focal points and singularities of the exponential map in
the same spirit to the above result. However, since the P -Jacobi fields give variations where
the initial point in P can change, we need something more “global” than the exponential map
at some p ∈ P . To this end, recall that one has the global exponential map

exp : D ⊆ TM →M

(p, v) 7→ exp(p, v) = expp(v),

which is smooth and where D is its maximal domain, which is an open37 subset of TM .
Furthermore, since we are at the moment considering geodesics emanating orthogonally from
P , one wants to consider the normal exponential map exp⊥ : D⊥ ⊆ TP⊥ → M given by the
restriction of exp to the normal bundle TP⊥ ⊆ TM , i.e. D⊥ = D ∩ TP⊥. Naturally exp⊥ is
a smooth map. In conclusion, our goal now is to relate focal points to singular behaviour of
exp⊥.
In order to look for singularities of exp⊥ at some (p, v) ∈ TP⊥, we need to work with the
double tangent space T(p,v)(TP⊥). To get a better picture let us recall some basics from
differential geometry. Let (U,Ψ = (x1, . . . , xk, ξ1, . . . , ξn−k)) be a vector bundle chart for

37[KS21, Proposition 2.2.3].
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TP⊥ at (p, v). Consider a smooth curve c : I → TP⊥ with c(0) = (p, v). In coordinates, one
has

Ψ ◦ c : t 7→ (x1(t), . . . , xk(t), ξ0(t), . . . , ξn−k(t)).

An element x ∈ T(p,v)(TP
⊥) can be written as38 x = [c](v,p), which is the equivalence class

corresponding to (ẋ1(0), . . . , ẋk(0), ξ̇0(0), . . . , ξ̇n−k(0)). Let π⊥ : TP⊥ → P be the bundle
projection. Then

T(p,v)π
⊥(x) = [π⊥ ◦ c]p

We have ψ ◦π⊥ ◦ c(t) = (x1(t), . . . , xk(t)), where ψ = (x1, . . . , xk) is the chart for P at p with
Ψ = (ψ, ξ0, . . . , ξn−k) and where xi(t) is the shorthand notation for xi ◦ c(t) with i = 1, . . . , k.
Therefore [π⊥◦c]p corresponds to (ẋ1(0), . . . , ẋk(0)). As a minor remark, it could then actually
be concluded that Tπ⊥ is the bundle projection of TTP⊥ but we will not need this. However,
we may now classify x in two different categories:

(1) x is tangential to the fiber TpP⊥, i.e. ẋ1(t) = . . . = ẋk(t) = 0. In this case T(p,v)π⊥(x) =
0 and x “points” only into the directions of TpP⊥.

(2) x has a horizontal component, thus the foot point in TP⊥ changes along c. Here
T(p,v)π

⊥(x) ̸= 0.

With this at hand and just as in [O’N83, Prop. 10.30], we may finally prove the following

Proposition 7.0.11. Let P ⊆M be a semi-Riemannian submanifold. Let c : [0, t0] →M be
a geodesic orthogonal to P , i.e. σ(0) ∈ P and ċ(0) ⊥ P . The following are equivalent

(i) c(t0) is a focal point of P along c.

(ii) There exists a nontrivial geodesic variation α of c with the variatonal vector field given
by a P -Jacobi field and for which ∂α

∂s (t0, 0) = 0.

(iii) exp⊥ : D⊥ ⊆ TP⊥ → M is singular at t0ċ(0), i.e. there exists a non-zero vector
x ∈ Tt0ċ(0)(TP

⊥) such that d exp⊥(x) = Tt0ċ(0) exp
⊥(x) = 0.

Proof. By reparametrization we can have without loss of generality that t0 = 1.
(i) ⇔ (ii) This follows from Proposition 7.0.3.
(iii) ⇒ (ii) Let x ∈ Tċ(0)(TP

⊥) be the point where exp⊥ is singular and let p := c(0). There
are then two cases as described previously. For the first, assume x is tangent to TpP⊥. This
simply means x ∈ Tċ(0)(TpP

⊥) ∼= TpP
⊥ and since TpP⊥ ⊆ TpM , Lemma 7.0.9 implies that

c(1) is a conjugate point of p along c and therefore a focal point. Secondly, assume that x
has some horizontal component. Then dπ⊥(x) = Tċ(0)π

⊥(x) ̸= 0. Let A be any smooth curve

38Cf. [Kun22a, Def. 2.1.6].
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in TP⊥ with initial velocity A′(0) = x and A(0) = ċ(0). Define

cs(t) := exp⊥(tA(s)).

We show that this is the desired variation. For this note that the map is smooth and t 7→ cs(t)

is a geodesic for each fixed s. Furthermore

c0(t) = exp⊥(tA(0)) = exp⊥(tċ(0)) = expp(tċ(0)) = σtċ(0)(1) = σċ(0)(t),

where σċ(0)(t) is the radial geodesic with σċ(0)(0) = p and σ̇ċ(0)(0) = ċ(0). Uniqueness of
geodesics then implies that c0 = c and consequently cs is a variation of c. Finally we have

∂cs
∂s

∣∣∣∣
(0,0)

=
∂

∂s

∣∣∣∣
s=0

exp
(
π⊥(A(s)), 0

)
=

∂

∂s

∣∣∣∣
s=0

π⊥(A(s))

= dπ⊥(A′(0)) = dπ⊥(x) ̸= 0

and cs is nontrivial.
(ii) ⇒ (iii) Assume that α is a variation as in (ii) with ∂α

∂s (1, 0) = 0 and let σ(s) := α(0, s) ∈
P . We define

α̃(t, s) := t
∂

∂t
α(0, s) ∈ Tσ(s)P

⊥.

Since α is a geodesic variation, the same argument as above, using radial geodesics and
uniqueness, then gives

exp⊥(α̃(t, s)) = exp⊥(t
∂

∂t
α(0, s)) = α(t, s).

Consequently

d exp⊥
(
∂

∂s
α̃(1, 0)

)
= T(1,0)(exp

⊥ ◦α̃)
(
∂

∂s

)
= T(1,0)α

(
∂

∂s

)
=
∂α

∂s
(1, 0) = 0.

Note that ∂
∂s α̃(1, 0) ∈ Tċ(0)(TP

⊥), so if we can show that ∂
∂s α̃(1, 0) ̸= 0, the claim follows.

Observe that the curve w : s 7→ ∂α
∂t (0, s) in TP⊥ with π⊥(w(s)) = σ(s) has initial velocity

w′(0) =
∂

∂s

∂α

∂t
(0, 0) =

∂

∂s
α̃(1, 0).

Let us distinguish two cases. First suppose that ∂α
∂s (0, 0) = ∂σ

∂s (0) ̸= 0. Therefore, the foot
point in TP⊥ is changing along w and one must indeed have ∂

∂s α̃(1, 0) ̸= 0. On the other
hand assume that ∂α

∂s (0, 0) = 0, which implies that c(1) is actually a conjugate point. But
for a conjugate point we may then simply use Proposition 7.0.9 and reverse the argument in
(iii) ⇒ (ii) to infer that exp⊥ is singular.

The previous Proposition does not only provide the desired relationship between singular
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values of exp⊥ and focal points, but also confirms our intuition of focal points being almost
meeting points of nearby geodesics. In particular, observe that if the orthogonal geodesic c
is timelike or spacelike, continuity implies that a focal point is an almost meeting point of
geodesics of the same causal character. This also remains to be true if c is null. Following
[O’N83, Proposition 10.40], one has

Proposition 7.0.12. Let P be a semi-Riemannian submanifold of M and let c be a null
geodesic orthogonal to P . A P -Jacobi field J ∈ JP is the vector field of a variation of c
through null geodesics normal to P if and only if J ⊥ ċ.

Proof. Without loss of generality let c : [0, T ) → M with ċ(0) ⊥ P and p := c(0) ∈ P .
Suppose first that cs is a variation of c such that t 7→ cs(t) is a null geodesic with ċs(0) ⊥ P

and cs(0) ∈ P for any s ∈ (−ϵ, ϵ). One then has ⟨ċs, ċs⟩ = 0 and calculating the derivative
with respects to s yields

0 =
1

2

∂

∂s

∣∣∣∣
s=0

⟨ċs, ċs⟩ =
〈
∂

∂s

∣∣∣∣
s=0

∂cs
∂t
, ċ

〉
=

〈
∂

∂t

∂cs
∂s

∣∣∣∣
s=0

, ċ

〉
=

〈
d

dt
J, ċ

〉
= ⟨J ′, ċ⟩.

It follows that J ′(0) ⊥ c by the above and J(0) ⊥ c by assumption. Lemma 7.0.1 then gives
the claim.
Now suppose that J ⊥ ċ. Let us recall the only if part of the proof of Proposition 7.0.3. There
we explicitly constructed a geodesic variation of c by defining

cs(t) := expσ(s)(tX(s)),

where σ : (−ϵ, ϵ) → P is a smooth curve on P with σ̇(0) = J(0) and X ∈ X(σ) with
X(0) = ċ(0) and ∇X

ds (0) = ∇J
dt (0). Observe that this proof is also sufficient here as long as

we are able to construct X in a way that it is null, X(0) = ċ(0) and such that nor(X ′(0)) =

nor(J ′(0)). This follows from the fact that the geodesic variation cs yields a P -Jacobi field
J̃ with J̃(0) = J(0) and nor(J̃(0)) = nor(J(0)), and therefore J̃ = J by the uniqueness of
P -Jacobi fields. Consequently, one indeed finds that J generates the desired null geodesic
variation.
The assumption J ⊥ c implies that nor(J ′(0)) ⊥ c since

0 =
d

dt

∣∣∣∣
t=0

⟨J, ċ⟩ = ⟨J ′(0), ċ(0)⟩ = ⟨nor(J ′)(0), ċ(0)⟩+ ⟨tan(J ′)(0), ċ(0)⟩︸ ︷︷ ︸
=0

.

Let Λ be the lightcone at p, i.e. Λ = {v ∈ TpP
⊥ | g(v, v) = 0} ⊂ TpP

⊥. We can iden-
tify nor(J ′(0)) with a vector at ċ(0) which is tangent to Λ. The reason for this is the
following: The tangent space Tċ(0)Λ is given by the kernel of the derivative of the map
f(v) := g(v, v) (cf. [Kun22a, Thm. 2.1.1]). Now simply note that Tċ(0)f(x) = 2g(ċ(0), x)

and also g(ċ(0),nor(J ′(0))) = 0. Let z be a smooth curve in Λ with z(0) = ċ(0) and
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ż(0) = nor(J ′(0)) (see Figure 31).

p

ċ(0)

z

nor(J ′
(0))

Λ

Figure 31: Smooth curve z : (−ϵ, ϵ) → Λ with z(0) = ċ(0) and ż(0) = nor(J ′(0)).

Now set X(s) := Pσ
0,s(z(s)), the normal parallel transport of z(s) along σ to σ(s). Evidently

X is a smooth null vector field along σ, and furthermore

X(0) = Pσ
0,0(z(0)) = id(ċ(0)) = ċ(0).

Let k = dim(P ) and dim(M) = n. Note that one can write z(s) = zi(s)ei, where {e1, . . . , en−k} ⊆
TpP

⊥ is an orthonormal basis and zi smooth. Consequently, X(s) = zi(s)Ei(s) where the Ei

are the normal parallel transport of ei respectively. Then

nor(X ′(0)) = X ′(0) = żi(0)Ei(0) + zi(0)E′
i(0)︸ ︷︷ ︸
=0

= żi(0)Ei(0) = ċi(0)ei = nor(J ′(0))

and we are done.

To summarize, assuming that there is a focal point of P along a null geodesic c, which implies
J ⊥ c, the above Proposition tells us that J generates a null geodesic variation. A focal point
is therefore an almost meeting point of nearby geodesics with the same causal character, even
in the null case.
For the final part of this section we want to discuss how focal points affect causality. The
fact that radial geodesics are length maximizing curves between points39 together with the
breakdown of the exponential map when focal points are involved, raise the suspicion that
null geodesics could be deformed into timelike curves in the presence of a focal point. This is
indeed the case as we are going to show shortly. First however, we need to deal with another
small technicality. Namely with a proof of the fact that if there are multiple focal points of
a semi-Riemannian manifold P along the same geodesic c, that there still must exist a first
one.

Lemma 7.0.13. Let P ⊆M be a semi-Riemannian submanifold and c : [0, b] →M a geodesic
orthogonal to P . If P has multiple focal points along c then there exists a well-defined first

39Cf. [KS21, Cor. 2.3.11 & Rem. 2.4.7 (ii)].
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focal point along c.

Proof. Let F := {t ∈ (0, b] | c(t) is a focal point ofP along c}. By assumption F ≠ 0, so let
{tn}n∈N ⊆ F such that tn < tm for m < n. Using the previous Proposition, there exists a
corresponding sequence {xn}n∈N with xn ∈ Ttnċ(0)(TP

⊥) such that d exp⊥(xn) = 0 for all n.
Now define t̃ := inf F and consider a local trivialization U × Rn+1 of TTP⊥ around (ċ(t̃), 0).
By definition of t̃ and linearity of d exp⊥, we can assume without loss of generality that there
exists a relatively compact subset V ⊂⊂ U ×Rn+1 containing (ċ(t̃), 0) and each xn (otherwise
consider rescaled subsequence of {xn}, such that it is contained in some small Euclidean ball).
By compactness of V there exists a subsequence {xk}k∈N which converges to some x ∈ V .
In particular x ∈ Tt̃ċ(0)(TP

⊥) because U can be arbitrarily small, i.e. if x ∈ Tv(TP
⊥) with

v ̸= t̃ċ(0), we can shrink U such that v /∈ U . Taking the limit of d exp⊥(xn) = 0, one obtains
by continuity that d exp⊥(x) = 0. It follows by Proposition 7.0.11 that c(t̃) is a focal point of
P along c, finishing the proof.

Following [Bä20, Prop. 2.38] and [KS23, Prop. 3.2.17], we may now prove one of the main
results of this chapter.

Theorem 7.0.14. Let P ⊆M be a spacelike submanifold and c : [0, b] →M be a null geodesic
orthogonal to P . If P has a focal point along c before c(b), then there exists a timelike curve
from P to c(b) which is arbitrarily close to c.

Proof. Set q := c(b), p := c(0) and let c(t0) with t0 ∈ (0, b) be the first focal point of P along
c, which exists by Lemma 7.0.13. Let J ̸= 0 be a P -Jacobi field along c with J(t0) = 0 and
J(t) ̸= 0 for any t ∈ (0, t0).

Claim 1. There exists δ ∈ (0, b − t0) such that J = fU on [0, t0 + δ] for a spacelike unit
vector field U ∈ X(c) and f ∈ C∞ with f |(0,t0) > 0 and f |(t0,t0+δ) < 0.

Since J is a P -Jacobi field, Lemma 7.0.1 implies that J ⊥ ċ on [0, b]. But this does not exclude
the possibility of J being tangential to ċ, which is null by assumption. Consequently suppose
there exists t1 ∈ (0, t0) and λ ∈ R such that J(t1) = λċ(t1). Now set J̃(t) := J(t) − λt

t1
ċ(t).

This defines a P -Jacobi field

J̃(0) = J(0) ∈ TpP,

tan

(
∇J̃
dt

(0)

)
= tan

(
∇J
dt

(0)

)
= ĨI (J(0), ċ(0)) = ĨI

(
J̃(0), ċ(0)

)
.

We have therefore reached a contradiction as J̃(t1) = 0 implies that c(t1) is a focal point
before c(t0). Thus J cannot be tangent to ċ on (0, t0) and must be spacelike.
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Let {E0, . . . , En} be a parallel frame along c. We can write J(t) = J i(t)Ei(t). Given that
J(t0) = 0 it follows that J i(t0) = 0 and one has

J i(t) = J i(t0) +

∫ 1

0

d

ds
J i(t0 + s(t− t0))ds = (t− t0)

∫ 1

0

dJ i

ds
(t0 + s(t− t0))ds.

Define the vector field Y (t) = Y i(t)Ei(t) along c such that J(t) = (t0 − t)Y (t), i.e. −Y i(t) is
given by the integral expression above. If J(0) = 0 then Y (0) = 0 and by the same argument
as above, we can write Y (t) = tỸ (t). Define

φ(t) :=

t(t0 − t) if J(0) = 0,

(t0 − t) if J(0) ̸= 0.

Renaming Ỹ to Y , one then has
J(t) = φ(t)Y (t)

for all t. By smoothness and our previous considerations, Y must be spacelike on (0, t0). If
we are now able to show that Y (0) and Y (t0) are spacelike, we are done, because continuity of
Y implies that there exists δ > 0 such that Y |[0,t0+δ] is spacelike. After that, one can simply
set U := Y

|Y | and f := φ|Y |, which yields

J = φY = fU

on [0, t0+δ]. We therefore begin by showing that Y (0) and Y (t0) are both non-vanishing. For
J(0) ̸= 0 we obviously have Y (0) ̸= 0, so suppose J(0) = 0. Since J is nontrivial, it follows
that J ′(0) ̸= 0. Note that

J ′(t) =

(t0 − 2t)Y (t) + t(t0 − t)Y ′(t) if J(0) = 0,

−Y (t) + (t0 − t)Y ′(t) if J(0) ̸= 0

and 0 ̸= J ′(0) = t0Y (0) implies Y (0) ̸= 0. Note that in any way J ′(t0) ̸= 0 since J is
nontrivial. The above then implies that Y (t0) ̸= 0 for both cases.

(i) Y (0) is spacelike: Since J is a P -Jacobi field, one has ⟨J, ċ⟩ = 0 (Remark 7.0.6). There-
fore

0 =
d

dt
⟨J, ċ⟩ = ⟨J ′, ċ⟩

as c̈ = 0. We need to show that J ′ has no tangential components to c. Consider the
case that J(0) = 0 and assume to the contrary that Y (0) = λċ(0) for λ ∈ R. Then
J ′(0) = t0λ ċ(0) and consequently J(t) = t · t0λ ċ(t) by uniqueness of Jacobi fields. But
this is a contradiction since J(t0) = t20λċ(t0) ̸= 0 and by the same argument as in the
proof of Lemma 6.1.4, Y (0) can now only have spacelike components. Conversely, for
J(0) ̸= 0 simply note that Y (0) = 1

t0
J(0) ∈ TpP is indeed spacelike.
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(ii) Y (t0) is spacelike: Again assume to the contrary that Y (t0) is proportional to ċ(t0), i.e.
Y (t0) = λċ(t0) for λ ∈ R. Then

J ′(t0) =

−t0Y (t0) if J(0) = 0,

−Y (t0) if J(0) ̸= 0
=

−t0λċ(t0) if J(0) = 0,

−λċ(t0) if J(0) ̸= 0.

Again by uniqueness, we have

J(t) = (t0 − t)λ ċ(t) ·

t0 if J(0) ̸= 0,

−1 if J(0) = 0.

This yields a contradiction for J(0) = 0 and also for J(0) ̸= 0 as J(0) must be spacelike.

Claim 2. There exists δ ∈ (0, b − t0) and a vector field V ∈ X(c) such that V (0) = J(0),
V (t0 + δ) = 0 and V ⊥ ċ on [0, t0 + δ] and ⟨∇2V

dt2
+RċV ċ, V ⟩ > 0 on (0, t0 + δ).

Let f, U and δ be as in Claim 1. Define V := (f + g)U = J + gU for a g that we are going to
specify shortly. Note that

∇2V

d2t
+RV ċċ =

∇
dt

(
∇J
dt

+ g′U + g
∇U
dt

)
+RV ċċ

=
∇2J

d2t
+ g′′U + 2g′

∇U
dt

+ g
∇2U

d2t
+RċJ ċ+ gRċU ċ

= g′′U + 2g′
∇U
dt

+ g

(
∇2U

d2t
RċU ċ

)
since J is a Jacobi field, i.e. ∇2J

d2t
+ RċJ ċ = 0. Since ⟨U,U⟩ = 1 it follows that ⟨∇U

dt , U⟩ = 0

and thus〈
∇2V

d2t
+RċV ċ, V

〉
= (f + g)

(
g′′⟨U,U⟩+ 2g′

〈
∇U
dt

, U

〉
+ g

〈
∇2U

d2t
+RċU ċ, U

〉)
= (f + g)(g′′ + gh), (1)

where we defined h :=
〈
∇2U
d2t

+RċU ċ, U
〉
. Let λ > 0 be such that

h ≥ −λ2 on [0, t0 + δ] (2)

and set g(t) := µ
(
eλt − 1

)
with µ > 0 such that g(t0+δ) = −f(t0+δ), which is possible since

f(t0 + δ) < 0. Consequently (f + g)(t0 + δ) = 0 and since f > 0 on (0, t0), also f + g > 0 on
(0, t0]. Note that indeed

V (t0 + δ) = (f + g)(t0 + δ) · U(t0 + δ) = 0 and V (0) = J(0) + g(0) · U(0) = J(0).
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Assume without loss of generality that t0 + δ is the first positive zero of (f + g) or otherwise
shrink δ. One obtains 〈

∇2V

d2t
+RċV ċ, V

〉
(1)
= (f + g)(g′′ + gh) > 0

on (0, t0+ δ), because g′′+ gh = λ2g+λ2µ+ gh ≥ λ2µ > 0 by (2). Finally, since J = fU , one
has U ⊥ ċ for f ̸= 0 and so V ⊥ ċ on (0, t0) ∪ (t0, t0 + δ). Continuity then yields the claim.

Claim 3. There exists A ∈ X(c) such that A(0) = II(J(0), J(0)), A(t0 + δ) = 0 and −⟨V ′′ +

RċV ċ, V ⟩+ d
dt (⟨V, V

′⟩+ ⟨A, ċ⟩) < 0 on [0, t0 + δ].

Using Proposition 3.2.10 and that J is a P -Jacobi field, one finds

⟨II(J(0), J(0)), ċ(0)⟩ = −⟨ĨI(J(0), ċ(0)), J(0)⟩ = −⟨tan(J ′(0)), J(0)⟩ = −⟨J ′(0), J(0)⟩. (A)

Let V,U and g, F be as in the proofs of the previous claims. Then

⟨V, V ′⟩ = ⟨J + µ
(
eλt − 1

)
U, J ′ + λµ eλtU + µ

(
eλt − 1

)
U ′⟩

= ⟨J, J ′⟩+ ⟨V, λµ eλtU⟩+ µ
(
eλt
)
⟨U, J ′⟩,

where we have used ⟨J, U ′⟩ = f⟨U,U ′⟩ = 0. Thus, at t = 0

⟨V, V ′⟩(0) = ⟨J, J ′⟩(0) + µλ⟨V (0), U(0)⟩ = ⟨J, J ′⟩(0) + µλ|J(0)| (B)

since ⟨V (0), U(0)⟩ = f(0)⟨U,U⟩(0) = f(0) = |J(0)|.
We distinguish three cases:

(i) ⟨II(J(0),J(0)), ċ(0)⟩ ≠ 0:
Define X0 ∈ TpP

⊥ by αX0 := II(J(0), J(0)) such that ⟨X0, ċ(0)⟩ = −1. This implies
that

α = −⟨αX0, ċ(0)⟩ = −⟨II(J(0), J(0)), ċ(0)⟩ = ⟨J ′(0), J(0)⟩. (C)

Let X ∈ X(c) be the parallel transport of X0. Now define A ∈ X(c) by

A(t) :=

(
⟨V (t), V ′(t)⟩+ λµ |J(0)|

t0 + δ
(t− t0 − δ)

)
X(t).

We may now simply calculate the following

A(0)
(B)
=
(
⟨J, J ′⟩(0) + λµ |J(0)| − λµ |J(0)|

)
X(0) = ⟨J(0), J ′(0)⟩X0

(C)
= αX0 = II(J(0), J(0)),

A(t0 + δ) =
(
⟨V (t0 + δ), V ′(t0 + δ)⟩+ 0

)
X(t0 + δ) = 0,
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where we have used that V (t0+ δ) = 0 by Claim 2. Finally, since ⟨X, ċ⟩ = −1, one finds

d

dt

(
⟨V, V ′⟩+ ⟨A, ċ⟩

)
=

d

dt

(
⟨V, V ′⟩ − ⟨V, V ′⟩ − λµ |J(0)|

t0 + δ
(t− t0 − δ)

)
= −λµ |J(0)|

t0 + δ
(t− t0 − δ) < 0

for t ∈ [0, t0 + δ]. This proves the claim, since −⟨V ′′ +RċV ċ, V ⟩ ≤ 0 by Claim 2.

(ii) ⟨II(J(0),J(0)), ċ(0)⟩ = 0 but J(0) ̸= 0:
Now let X be any parallel vector field along c such that ⟨X, ċ⟩ = −1 and let Z ∈ X(c)

be the parallel transport of II(J(0), J(0)). Define

A(t) :=

(
⟨V (t), V ′(t)⟩+ λµ |J(0)|

t0 + δ
(t− t0 − δ)

)
X(t) +

(
1− t

t0 + δ

)
Z(t).

Again, analogously to the previous case, we find

A(0) = ⟨J(0), J ′(0)⟩X(0) + Z(0)
(A)
= −⟨II(J(0), J(0)), ċ(0)⟩︸ ︷︷ ︸

=0

X(0) + II(J(0), J(0))

= II(J(0), J(0)),

A(t0 + δ) = 0 + 0 · Z(t0 + δ) = 0.

By definition, Z ⊥ ċ, and as before

d

dt

(
⟨V, V ′⟩+ ⟨A, ċ⟩

)
= −λµ |J(0)|

t0 + δ
(t− t0 − δ) < 0

which gives the claim.

(iii) J(0) = 0:
Let T := t0 + δ and pick f̃ ∈ C∞([0, T ]) as in Figure 32. Choose t1, t2 ∈ [0, T ] such that
f̃ ′
∣∣∣
[0,t1]∪[t2,T ]

≡ 1.

t

T
4

−T
4

T
4

T
2

3T
4

T t

1

−1

T
4

T
2

3T
4

T

t1 t2

Figure 32: f̃ (left) and its derivative f̃ ′ (right).

By Claim 2, let ϵ > 0 such that ϵ < mint∈[t1,t2]⟨V ′′ + RċV ċ, V ⟩(t) and set f := −ϵf̃ .
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Define X ∈ X(c) as previously in (ii) and set

A(t) :=
(
⟨V, V ′⟩(t) + f(t)

)
X(t).

Using that J(0) = 0 and f(0) = 0 = f(T ), one then calculates

A(0)
(B)
=
(
⟨J(0), J ′(0)⟩+ λµ |J(0)|+ f(0)

)
X(0) = 0 = II(J(0), J(0)),

A(t0 + δ) = A(T ) = 0 + f(T )X(T ) = 0

as V (T ) = 0 by Claim 2. Finally, since we chose X such that ⟨X, ċ⟩ = −1, it follows
that d

dt (⟨V, V
′⟩+ ⟨A, ċ⟩) = −f ′ = ϵf̃ ′. Consequently, again by Claim 2,

−⟨V ′′ +RċV ċ, V ⟩+ d

dt

(
⟨V, V ′⟩+ ⟨A, ċ⟩

)
≤ ϵf̃ ′ = −ϵ < 0

for t ∈ [0, t1] ∪ [t2, T ] because then f̃ ′(t) = −1. For t ∈ [t1, t2] we have f̃ ′(t) ≤ 1 and
thus

−⟨V ′′ +RċV ċ, V ⟩+ d

dt

(
⟨V, V ′⟩+ ⟨A, ċ⟩

)
≤ −⟨V ′′ +RċV ċ, V ⟩+ ϵ < 0

by definition of ϵ and therefore −⟨V ′′ + RċV ċ, V ⟩ + d
dt (⟨V, V

′⟩+ ⟨A, ċ⟩) < 0 on all of
[0, T ] as desired.

Claim 4. There exists a timelike variation cs of c|[0,t0+δ] such that t 7→ ċs(t) is timelike for
all |s| > 0 small.

Let V and A be as in the previous claims. Define σ : (−ϵ, ϵ) → P by σ(s) := ��expp(sJ(0)).
Note that σ is smooth and satisfies σ(0) = p, σ̇(0) = J(0) = V (0) and �∇σ̇

ds ≡ 0. In particular,

∇σ̇
ds

(0) =
��∇σ̇
ds

(0) + II(σ̇(0), σ̇(0)) = A(0).

Pick a variation cs of c (see Figure 33) which satisfies the following

cs(0) = σ(s), cs(t0 + δ) = c(t0 + δ),
∂cs
∂s

∣∣∣∣
s=0

= V,
∇
ds

∂cs
∂s

∣∣∣∣
s=0

= A.

To show that such a variation exists one can, for example, introduce Fermi coordinates just
as in [KS23, Prop. 3.1.8 & Prop. 3.2.17].

Let f(t, s) := ⟨ċs, ċs⟩(t). Since ċ is null, c̈ = 0 and V ⊥ ċ, one has

f(t, 0) = ⟨ċ(0), ċ(0)⟩ = 0,
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P

σ

q

c(t0 + δ)

V (0)

Figure 33

∂f

∂s
(t, 0) = 2

〈
∇
∂s

∂cs
∂t

(t, 0), ċ(t)

〉
2.1.6(i)
= 2

〈
∇
∂t

∂cs
∂s

(t, 0), ċ(t)

〉
= 2

〈
∇
∂t
V, ċ

〉
(t) = 2

d

dt
⟨V, ċ⟩(t)− 2⟨V, c̈⟩(t) = 0

and furthermore

1

2

∂2f

∂s2
(t, 0) =

∂

∂s

∣∣∣∣
s=0

〈
∇ċs
∂s

, ċs

〉
(t)

2.1.6(i)
=

∂

∂s

∣∣∣∣
s=0

〈
∇
∂t

∂cs
∂s

, ċ

〉
(t)

=

〈
∇V
dt

,
∇V
dt

〉
(t) +

〈
∇
∂s

∇
∂t

∂cs
∂s

∣∣∣∣
s=0

, ċ

〉
(t)

2.1.6(ii)
=

〈
∇V
dt

,
∇V
dt

〉
(t) +

〈
∇
∂t

∇
∂s

∂cs
∂s

∣∣∣∣
s=0

+ Rċs
∂cs
∂s

∂cs
∂s

∣∣∣∣
s=0

, ċ

〉
(t)

=

〈
∇V
dt

,
∇V
dt

〉
(t) +

〈
∇A
∂t

, ċ

〉
(t)− ⟨RċV ċ, V ⟩(t)

=

〈
∇V
dt

,
∇V
dt

〉
(t) +

d

dt
⟨A, ċ⟩(t)− ⟨RċV ċ, V ⟩(t)

=
d

dt

(
⟨V, V ′⟩+ ⟨A, ċ⟩

)
(t)−

(
⟨V ′′, V ⟩+ ⟨RċV ċ, V

)
(t)

=
d

dt

(
⟨V, V ′⟩+ ⟨A, ċ⟩

)
(t)− ⟨V ′′ +RċV ċ, V ⟩ < 0

by Claim 3. Note that this holds for all t ∈ [0, t0 + δ]. Let us now consider the Taylor
expansion of f with respect to s in Lagrange form, i.e.

f(t, s) = f(t, 0) +
∂f

∂s
(t, 0) +

s2

2

∂2f

∂s2
(t, ξ),

where ξ = ξ(t) ∈ (0, s). By the previous calculations and compacteness of [0, t0 + δ], there
must exists an ϵ > 0 such that the above expression is strictly smaller than 0 on [0, t0 + δ]×
[−ϵ, ϵ]. Thus, cs(t) is timelike for s ̸= 0. Finally, using the push-up principle, we can deform
cs|[0,t0+δ] ∪ c|[t0+δ,b] into a timelike curve from P to q with arbitrary precision to c, which
concludes our proof.
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Due to our special interest in focal points, we have worked on the presumption that c is a
geodesic orthogonal to P . It turns out that dropping this assumption makes things much
easier. We follow [O’N83, Lemma 10.50].

Proposition 7.0.15. Let P ⊆ M be a spacelike submanifold and c : [0, b] → M a null
geodesic emanating from P but not orthogonally, i.e. c(0) ∈ P and ċ(0)��⊥P . Then there
exists a timelike curve from P to c(b), which lies arbitrarily close to c.

Proof. Let p := c(0) ∈ P . By assumption there exists v ∈ TpP such that ⟨v, ċ(0)⟩ ≠ 0

and without loss of generality ⟨v, ċ(0)⟩ > 0 (otherwise change to −v). Let V ∈ X(c) be the
parallel transport of v and define X ∈ X(c) by X(t) =

(
1− t

b)
)
V (t). Because X(0) ∈ TpP

and X(b) = 0, proceeding as in Lemma 4.3.3, one may construct a variation between P and
c(b) with variation vector field X. Note that X ′ = −1

bV and therefore

⟨X ′, ċ⟩ = −1

b
⟨V, ċ⟩ = −1

b
⟨v, ċ(0)⟩ < 0.

The claim now follows by Lemma 4.3.4.

8 Penrose Incompleteness Theorem

Among the fundamental differences between Riemannian and Lorentzian geometry is the
fact that the time-separation function τ : M × M → R does not define a metric on M .
As a consequence, one does not have a result akin to the Hopf-Rinow Theorem 2.1.8 that
relates geodesic completeness to completeness of a metric space. The situation surrounding
completeness is therefore a much more intricate issue in Lorentzian geometry. First and
foremost, the causal structure of a Lorentzian manifold enables us to actually distinguish
different kinds of notions of completeness, namely spacelike, timelike and null completeness,
i.e. geodesic completeness with respect to spacelike, timelike and null geodesics respectively.
In his famous 1965 paper, [Pen65], Sir Roger Penrose gave a proof of a result that provided
sufficient conditions for when a Lorentzian manifold is null incomplete. The incompleteness
Theorem - or more commonly the Penrose singularity Theorem - marks one of the corner stones
of 20th century mathematical physics. Of course, the result itself is purely mathematical but
it nevertheless is of major significance in Einstein’s theory of General Relativity. The proof
consists of well-known concepts from Riemannian geometry adapted to the Lorentzian setting
along with the novel concept of trapped surfaces, which since then have become a crucial part
of modern research. In this chapter we present a proof of the celebrated Theorem, following
ideas of Gregory J. Galloway in [Gal14]. The chapter itself is split into three sections. In the
first we will discuss and introduce the notion of trapped surfaces and null geodesic congruences.
The second section serves as a heuristic introduction to General Relativity, in particular from
an initial value problem perspective. This serves the purpose of putting Penrose’s result in
the right historic setting with the goal of obtaining a better intuition. Finally, in the third
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section, we will give a prove of the standard incompleteness Theorem as well as a variation
by Gannon and Lee.

8.1 Null Geodesic Congruences and Trapped Surfaces

For our final final preparation, we consider a closed40 spacelike submanifold Σ ⊆ M with
codim(Σ) = 2. For each point p ∈ Σ, the space TpΣ⊥ then contains two distinct future null
directions lp, lp ∈ TpΣ

⊥. For this section, we will further suppose that Σ is two-sided and
admits two smooth and linearly independent null vector fields L and L with L(p) = lp and
L(p) = lp. The main sources for this section are [O’N83], [Gal14] and [Are18].

Definition 8.1.1. Let Σ ⊆ M be a spacelike submanifold with codim(Σ) = 2 and with two
linearly independent, future directed null vector fields L,L ∈ X⊥(Σ). For each q ∈ Σ denote
by cq : [0, T q) → M and cq : [0, Tq) → M the unique null geodesics emanating from q with
inital velocities L(q) and L(q) respectively and with T q, Tq > 0 defining the maximal future
domain of definition. The future directed null geodesic congruences of Σ are then defined as
the following sets

C =
⋃
q∈Σ

Im(cq), C =
⋃
q∈Σ

Im(cq).

Example 8.1.2. Recall Example 7.0.7. Let Σ ⊆ R1,2 be a one dimensional, spacelike subman-
ifold with Σ ∼=hom. S

1. We can define null vector fields L,L ∈ X⊥(Σ) that point towards the
inside and the outside of Σ respectively (see Figure 34). One suitably calls them the ingoing
and outgoing null vector fields. We will similarly call the geodesic congruence generated by
L (resp. L) the outgoing (resp. ingoing) null congruence.

Σ

L LL L

C

Σ

L L

L L

C

Figure 34: Outgoing null geodesic congruence C (left) and ingoing null geodesic congruence
C (right) for Σ = S1 ⊆ R1,2.

Remark 8.1.3. Let Σ be as in Definition 8.1.1. Following [O’N83, Lemma 7.25 & Prop. 7.27]
there is a neighbourhood U ⊆ TΣ⊥ of the zero section TΣ⊥

0 = {(p, 0) ∈ TΣ⊥ | p ∈ Σ}
that is mapped diffeomorphically into M via exp⊥. In particular, restricting to the null line
subbundles L and L of TΣ⊥ which are spanned by L and L respectively, one may show that
exp⊥ embeds U∩L or U∩L into M . Thus the images are smooth n-dimensional submanifolds

40Compact and without boundary.
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locally around Σ and the congruences C and C are locally smooth hypersurfaces there.
We now claim that these hypersurfaces are also null. Without loss generality consider C and
denote by H the subset where C is a smooth hypersurface. Let p ∈ H and a ∈ R such that
p = cq(a), where cq is the null geodesic emanating from q ∈ Σ and contained in H. At q ∈ Σ

choose an orthonormal basis {e1, . . . , en−1} ⊂ TqΣ consisting of spacelike vectors. For each
i ∈ {1, . . . , n− 1} choose a curve σi(s) on Σ with σi(0) = q and σ̇i(0) = ei. Define a variation
through null geodesics by setting

α(t, s) := exp⊥σi(s)
(tL(σi(s))).

By Propositions 4.3.9, 7.0.3 and 7.0.12 each αi yields a Σ-Jacobi field Ji ∈ JΣ for which
Ji ⊥ cq. In particular Ji(a) ⊥ cq(a) and it follows that Ji(a) ∈ TpH can be written as
Ji(a) = v+w for v, w ∈ TpH with v spacelike and w null. Since w is necessarily proportional
to ċq(a), uniqueness of the Jacobi equations implies that a null component must come from
the trivial Jacobi field Jtriv(t) = tċq(t). Consequently, assume without loss of generality41

that w = 0. We need to show that the Ji(a) are linearly independent. To this end, suppose to
the contrary that there are i, j ∈ {1, . . . , n− 1} with i ̸= j such that Ji(a) = λJj(a) for some
λ ∈ R. The geodesic variation with the Jacobi field J := Ji−λJj then yields J(a) = 0, which
contradicts the fact that cq cannot feature a focal point as otherwise exp⊥ must be singular
by Proposition 7.0.11. This finishes the proof as we have found that TpH is spanned by n− 1

linearly independent spacelike directions together with the null vector ċq(a), i.e. TpH is a null
vector space.

Note that one can generally not expect all of C or C to be smooth hypersurfaces. Considering
Example 8.1.2 again, the ingoing geodesic congruence of a standard (spacelike) sphere in
Minkwoski space is converging to the apex of a cone and thus fails to be smooth (see also
Figure 35). In particular, observe that the apex of the cone is in fact a focal point of Σ and
thus exp⊥ fails to be an immersion. Therefore, the map cannot be an embedding and our
previous argument fails.

Note that we will revisit some of these arguments later in the proof of the Incompleteness
Theorem, but for now let us return to Σ itself. As already mentioned in the introduction of
Chapter 3, the Penrose Incompleteness Theorem assumes the existence of a so-called trapped
surface. By this we mean a closed spacelike surface Σ in M for which both null generators
of C and C are “converging” towards the future. To define this more precisely, it is useful to
introduce the following notions

Definition 8.1.4. Let Σ be a closed spacelike surface in M with future directed null vector
41Otherwise consider a new variation through null geodesics with Jacobi field Ji − λJtriv, where λ ∈ R is

chosen such that λaċq(a) = w.
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pf

C C ∂I+(Σ)

Σ

Figure 35: The null congruences C and C for a spacelike circle Σ in Minkwoski space. The
inner null congruence C features a focal point pf of Σ.

fields L,L ∈ X(Σ)⊥. The associated null second fundamental forms are defined as the maps

χ : X(Σ)× X(Σ) → C∞(Σ), χ(X,Y ) = g(∇XL, Y )

and

χ : X(Σ)× X(U) → C∞(Σ), χ(X,Y ) = g(∇XL, Y ).

The associated null mean curvatures �θ, �θ are then defined by42

�θ = tr
�g
χ = divΣ L, �θ = tr

�g
χ = divΣ L,

where �g is the induced metric on Σ.

We can see that χ and χ are (0, 2)-tensors on Σ and that the associated null mean curvatures
are smooth. Furthermore, they are closely related to their respective counterparts in Chapter
6. We may now define a trapped surface in the following way

Definition 8.1.5. Let Σ be a closed spacelike surface in M with null directions L,L ∈ X⊥(Σ).
Σ is called

(i) inner trapped if �θ < 0,

(ii) outer trapped if �θ < 0,

(iii) trapped if it is both, outer and inner trapped, i.e. �θ, �θ < 0.

For non-negative Ricci null curvature spaces, i.e. Ric(X,X) ≥ 0 for any null vector X ∈
X(M), one finds that for trapped surfaces the null mean curvature θ satisfies θ < 0 along
any of the null generators of C and C starting from a trapped surface. This follows from
the Raychaudhuri equation exactly as before in Proposition 6.2.9. There, we obtained the

42Following Proposition 6.1.19.
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inequality

θ′ ≤ − 1

n− 1
θ2

for the change of null mean curvature along a generator η : [0, T ) →M of C or C respectively.
Because θ(0) = �θ(η(0)) < 0, it follows that θ(t) < 0 for any t. Of course, the same holds true
for inner and outer trapped surfaces and the generators on C and C respectively.
Recall now that back in Chapter 6.1 we have commented on the fact that the divergence,
and in fact θ, measures the overall expansion of the null generators towards the future. The
intuitive geometric picture of a trapped surface Σ and both its null congruences C and C one
should therefore keep in mind is seen in Figure 36 down below.

C

C

Σ

Figure 36: A future trapped surface Σ. The area of Σ transported along the ingoing and
outgoing null geodesics is shrinking towards the future.

8.2 Elements of General Relativity

To put the Penrose’s Theorem into its natural environment, which is General Relativity, we
will give a brief overview of the theory. As a disclaimer, it should be noted that we cover a lot
of ground here and are imprecise at times. A detailed discussion is far beyond the scope of
this work (which is concentrated on the mathematical background and proof of the Theorem)
and we will thus only sketch the main elements of the theory. We will also primarily follow
[Chr99], [Daf21] and [Rin09].
The setting of General Relativity is that of a four dimensional spacetime (M, g) which solves
the Einstein field equations

Ric−1

2
Sg + Λg = 8πT. (EEQs)

Here S denotes the scalar curvature which is obtained as the contraction of Ric. T is the
stress-energy-momentum tensor, a symmetric (0, 2)-tensor field that is divergence free and
encodes the physical matter content of the system under consideration. Furthermore, the
third term on the left hand side includes the cosmological constant Λ that is required in
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standard cosmological models. For our discussion however, it is sufficient to set Λ = 0.
The most remarkable feature of the Einstein equations is that they render General Relativity
a deterministic theory. In particular, equation (EEQs) takes the form of an initial value
problem: solutions evolve from prescribed initial data and are completely determined by it.
In what follows, we will consider solely the Einstein vacuum equations where no matter is
present, i.e. T = 0. In this case, Equation (EEQs) then takes the simple form43

Ric = 0, (VEEQs)

which can be viewed as a non-linear wave equation for the metric components (cf. [Rin09,
Chapter 14]).
We must now pose the question what it means for a spacetime (M, g) to solve the above
equations for specified initial data (H, �g, II). In fact, the first question at hand is what even
constitutes as initial data. Therefore, we loosely define the following

Definition 8.2.1. An initial data set for equation (VEEQs) is a triple (H, �g, II), where

(i) (H, �g) is a three-dimensional Riemannian manifold,

(ii) II is a (0, 2)-tensor field on H,

such that the constraint equations44 are satisfied.

Remark 8.2.2. The requirement that the initial data satisfy some form of constraint equations
reflects the fact that a solution (M, g) of the vacuum Einstein equations induces H as a smooth
spacelike hypersurface, and in fact as a Cauchy surface. In particular, as the notation suggests,
II will turn out to be the second fundamental form of H in (M, g). Consquently, �g and II

cannot be specified freely because they must be extrinsically compatible with (M, g) via the
Gauß and Codazzi equations (See e.g. [KS23, Theorem 1.3.14, Theorem 1.6.6]). Combining
these equations with (VEEQs), one may show that (H, �g, II) must satisfy a set of constraint
equations, which are intrinsic to H. This is crucial, since in the initial-value picture the
spacetime (M, g) does not yet exist and one works purely from an initial data perspective.

For our purposes, the exact form of the constraint equations is not essential. The important
picture to keep in mind is rather that H will emerge as a well-defined Cauchy surface of (M, g).
With this, we shall now define what it means for (M, g) to solve (VEEQs) for prescribed initial
data (H, �g, II).

Definition 8.2.3. The future (resp. past) development of initial data (H, �g, II) is a four-
dimensional spacetime (M, g) with boundary, such that

(i) (M, g) satisfies equation (VEEQs),
43See [KS21, p. 86].
44For the specific details of these equations see [Rin09, Chapter 13].
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(ii) ∂M ∼=diff. H,

(iii) g|H = �g,

(iv) II is the second fundamental form on H,

(v) H is a past (resp. future) Cauchy surface of M , i.e. any past (resp. future) directed
causal curve from any p ∈M intersects H at a unique point.

The Cauchy development or globally hyperbolic development of (H, �g, II) is then defined as the
four-dimensional spacetime (M, g) together with an embedding ι : H →M , such that (i), (iii)
and (iv) are satisfied and ι(H) is a Cauchy surface of M .

Remark 8.2.4. If (M, g, ι) is the Cauchy development of initial data (H, �g, II), one naturally
has D(H) =M , where D(H) is the domain of dependence (or maximal Cauchy development)
of H from Definition 5.2.13. Furthermore, D+(H) must be a future development and D−(H)

a past development of this initial data respectively.

Example 8.2.5. We now consider two spacetimes solutions of (VEEQs).

(i) Minkowski space (R1,3, η) is the Cauchy development of trivial initial data (H, �η, II),
where H is a complete spacelike hypersurface in R1,3 and �g, II its induced metric and
second fundamental form.

(ii) The Schwarzschild solution of the Einstein vaccum equations was discovered shortly after
the advent of Einstein’s theory of General Relativity. In Example 6.1.3, we encountered
this solution in the form of the so-called Eddington-Finkelstein extension. Recall that
Figure 27 depicted this in the form of a Penrose diagram, where the extension was
represented as only the subset of yet another larger spacetime manifold. This maximal
Schwarzschild solution is given by the Kruskal extension45 M = {(U, V ) ∈ R |UV <

1} × S2 with

g = −32m3e−r(U,V )/2m

r(U, V )
dU ⊗ dV + r(U, V )2dΩ⊗ dΩ,

where m ̸= 0, r(U, V ) is a smooth function with values in (0,∞) that is to be interpreted
as a radial coordinate and dΩ⊗ dΩ being the unit round metric on S2, i.e. dΩ⊗ dΩ =

dθ⊗dθ+sin2 θ dϕ⊗dϕ. (M, g) then is realized as the Cauchy development of spherically
symmetric data which is asymptotically flat with 2 ends (see [Wal84, Chapter 11] for
details). Figure 37 now depicts the full Penrose diagram of the maximal Schwarzschild
spacetime. In particular, Birkhoff’s Theorem (cf. [Jeb21] and [Bir23]) states that any
spherically symmetric solution to (VEEQs) is necessarily isometric to a subset of (M, g)

or (R1,3, η).
45See e.g. [Rea24, Chapter 2].
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Figure 37: The Penrose diagram of the maximal Cauchy development of Schwarzschild initial
data (cf. 27). Regions II and III are called the black hole and white hole region respectively.
For a detailed discussion of this Figure we again refer to [Rea24, Chapters 2 & 5], [Wal84,
Ch. 6,11 and 12] and [DR05, Appendix C].

Having introduced the vacuum Einstein equations as an initial value problem, a natural first
question to ask is whether one has local existence and uniqueness of solutions. This was
answered in the positive by Choquet-Bruhat in 1952 (see [CB52]). Later in 1969, Choquet-
Bruhat together with Geroch further proved46 the following refinement, as seen in [CBG69]

Theorem 8.2.6 (Choquet-Bruhat, Geroch). Let (H, �g, II) be an initial data set of the Ein-
stein vacuum equations. Then there exists a unique (up to diffeomorphism) maximal Cauchy
development (M, g) of (H, �g, II), i.e. any other Cauchy development is isometric to a subset
of (M, g).

Note that analogous results to Theorem 8.2.6 hold for suitable matter models and equation
(EEQs) (see e.g. [Rin09]).
At this point we want to draw attention to the fact that the maximal Schwarzschild solution
from Example 8.2.5 (ii) exhbitis a singularity. Of course this term requires clarification, but
to actually provide a satisfactory and general definition turns out to be a notoriously difficult
problem (cf. [Ger68]). Despite this, it is reasonable from a physical perspective to relate it to
the existence blow-up’s of curvature-related scalar quantity. In the Schwarzschild spacetime
this is indeed the case: the Kretschmann scalar K = RabcdRabcd diverges as r → 0. Accord-
ingly, we will refer to the singular boundary defined by r = 0 in Figure 37 as the singularity
of the Schwarzschild spacetime. Notably, it may be shown that any causal geodesic that
travels towards this singularity would “arrive” there in finite parameter time. In conclusion,
the maximal Schwarzschild solution is causally incomplete in the sense of Definition 2.2.20.
This is surprising because causal incompleteness may generally be viewed as an undesirable
property for a physical theory. Indeed, assuming that the Cauchy development is maximal,
the failure to predict the fate of an incomplete geodesic, e.g. the trajectory of a particle, signals
that the underlying theory may be insufficient. However, in the present example, the problem

46It is worth noting that their proof appeals to Zorn’s Lemma. A more explicit argument was given much
later by Sbierski, [Sbi16].
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of incompleteness may be more academic than physical in nature. Naively, the Schwarzschild
spacetime serves as a physical model for the vacuum region outside of spherically symmetric
stellar objects and usually these kind of objects have radii of r ≫ 2m. This is why, historically
speaking, the singularity in Schwarzschild was simply thought of as a remnant of symmetry,
not to be taken too seriously. To add to this, causal incompleteness is not a universal phe-
nomenon: In the case of trivial data, we obtain a perfectly complete Minkowski spacetime.
In fact, Christodoulou and Klainerman proved that one can also obtain complete solutions
for certain asymptotically flat non-trivial data, [CK93].
After the issue of incompleteness in the fully extended Schwarzschild solution was therefore
largely dismissed on physical grounds47, Oppenheimer and Snyder presented in 1939 a phys-
ical model of spherically symmetric gravitational collapse (cf. [OS39]). In their work they
considered a massive star collapsing under the influence of its own gravitational field in spher-
ical symmetry. Mathematically, they solved the Einstein equations (EEQs) for a perfect fluid
with no pressure, i.e.

T = ρ u♭ ⊗ u♭,

where ρ is the rest mass density of the star and u♭ is the metric equivalent of the fluids 4-
velocity (see [Wal84, Chapters 4.2 & 4.3]). By Birkhoff’s Theorem (see Example 8.2.5 (ii)),
the vacuum region outside of the matter is given by the Schwarzschild solution. Thus, the
spacetime must exhibit the same singularity encountered before in the Schwarzschild solution.
It was then Sir Roger Penrose, who was able to prove a much more general result related to
causal incompleteness. In his famous and concise 1965 paper, [Pen65], he examined similar
collapsing scenarios akin to the one above. More precisely, he began by considering the Cauchy
development (M, g) of initial data (H, �g, II), where (H, �g) is a complete Riemannian manifold
that is asymptotically flat48 and represents the initial matter distribution, where supp(T ) is
initially contained in a ball of radius R0 > 2m inside H. Consider Figure 38 for a depiction
of the scenario.

Let us analyse this figure more carefully (see also [Daf21]). The boundary of the blue cone is
given by the radius r = R(v) of the collapsing matter, e.g. a star. The radius itself depends on
the advanced time coordinate v of the Eddington-Finkelstein extension of the Schwarzschild
spacetime (cf. Example 6.1.3 (ii)). Let Vcrit. ∈ R be such that R(v) → 0 as v → Vcrit.. For
v > Vcrit. one now recovers the Schwarzschild solution, which features a black hole region
denoted by II. In this region, any future directed causal curve must travel towards the
singularity. In fact, one may show that if t 7→ c(t) is such a curve that there exists T ∈ R
such that r(c(t)) → 0 as t → T . The crucial observation is that any two-sphere Σ ∼= S2 in
the vaccum region with v = const. and rS > r = const. has the property that both its null

47Note that this also took place before any serious experimental evidence for black holes was available.
48In loose terms this means “ looks like trivial data at large distances”, i.e. �g → η for r → ∞, where r is the

radial coordinate. For more details see [Wal84, Chapter 11].
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Figure 38: Spacetime model (M, g) for spherically symmetric gravitational collapse with ini-
tial Cauchy surface H. The energy-matter content, i.e. supp(T ), is contained in the blue cone.
After the surface radius contracts below the Schwarzschild radius rS = 2m, the black hole
region II forms (cf. Figure 37) followed by the appearance of the Schwarzschild singularity at
r = 0. In II one has a trapped surface Σ with its outgoing/ingoing null geodesic congruences
C and C respectively. Note that one angular direction is suppressed in this picture. See also
[Pen65, Fig. 1] for a more detailed sketch.

congruences converge locally in the future, i.e. Σ is a trapped surface.
Penrose demonstrated that —much more general— the presence of such a trapped surface
is sufficient to guarantee (null) incompleteness. Remarkably, the argument makes no use
of symmetry assumptions. In particular, when viewed in the context of the Oppenheimer-
Snyder model, this means that perturbations away from spherical symmetry do not eliminate
the breakdown of geodesic extendibility49. The significance of this cannot be understated:
The Penrose Incompleteness Theorem has established that incompleteness is an unavoidable
feature of General Relativity.

8.3 The Incompleteness Theorem

While the history surrounding the incompleteness Theorem is certainly deeply rooted in Gen-
eral Relativity, it is nevertheless a rigorous mathematical result of Lorentzian geometry. As
a matter of fact, ever since its introduction, the Theorem has become an integral part of
ongoing mathematical research and has been subjected to numerous generalizations including

49This reflects the fact that trapped surfaces are in some sense stable objects, since their definition involve
strict inequalities.
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to settings of lower regularity (cf. [Ste23]). This final section is dedicated to the introduction
and the proof of the classic Incompleteness Theorem as well as a one sided version. We will
primarily follow [Gal14, Chapter 7] and also [Daf21].
We may now state the main Theorem of this work as follows

Theorem 8.3.1 (Penrose). Let (M, g) be a globally hyperbolic spacetime such that it

(i) satisfies the null energy condition, i.e. Ric(X,X) ≥ 0 for any null vector X,

(ii) has a non-compact Cauchy surface,

(iii) contains a trapped surface Σ,

then M is future null incomplete.

Remark 8.3.2. In view of Chapter 8.2, the assumptions in the above Theorem are all very
natural. First of all, any spacetime (M, g) that is the solution to the Einstein equations
for some initial data (H, �g, II), features, by definition, H as a Cauchy surface. By Theorem
5.2.11, this is equivalent to (M, g) being globally hyperbolic. Moreover, in General Relativity
one usually considers isolated systems with asymptotically flat initial data, i.e. the Cauchy
surface will be non-compact.
The null energy condition is originally motivated by physics and defined as a constraint on the
stress-energy-momentum tensor T (cf. [Rea24, Chapter 4.9]). It is a special case of the weak
energy condition, T (X,X) ≥ 0 for any causal X, and reads T (X,X) ≥ 0 for X null instead.
Observe that this assumption now simply emerges from the Einstein equation (EEQs) itself
since

Ric(X,X)− 1

2
S g(X,X)︸ ︷︷ ︸

=0

+Λ g(X,X)︸ ︷︷ ︸
=0

= 8π T (X,X) ≥ 0

for any X which is null. Finally, as discussed in the previous section, the existence of a
trapped surface may now be viewed as the essential geometric assumption in the Penrose
Incompleteness Theorem.

The proof of the above theorem is set up by contradiction. Assuming null completeness,
one shows that the achronal boundary ∂I+(Σ) is compact using results from the variation of
null geodesics and geometry of null hypersurfaces. At the same time, the fact that the null
geodesic in ∂I+(Σ) stretch out far enough, implies that this set is in fact a Cauchy surface.
After that, the result immediately follows since Cauchy surfaces are homeomorphic, i.e. there
cannot exists compact and non-compact Cauchy surfaces simultaneously. The advantage of
Galloway’s proof, when compared to the classic arguments in the standard textbook literature
(see e.g. [O’N83, Theorem 14.61]), is that it maintains the geometric intuition of the claim as
one may see below.

Proof of Theorem 8.3.1 (Galloway). Assume to the contrary that M is future null complete.
We want to show that the achronal boundary ∂I+(Σ) is compact. After that, Corollary 5.1.10
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together with Proposition 5.2.23 imply that ∂I+(Σ) must be a compact Cauchy surface and
applying Theorem 5.2.12 (i) then yields a contradiction.
Suppose now that ∂I+(Σ) is not compact. Because it is closed there exists a sequence {qn}n∈N
with qn ∈ ∂I+(Σ) for all n ∈ N such that there exists no convergent subsequence in M . Since
M is globally hyperbolic, it follows that J+(Σ) is closed by Proposition 5.2.8(i). Furthermore,
using Propositions 2.2.15 and 2.2.16, one finds

∂I±(Σ) = ∂J±(Σ) = J±(Σ) \ I±(Σ). (8.1)

Following from Proposition 4.3.5, there exists a sequence of future directed null geodesics
{cn}n∈N between points pn ∈ Σ and qn respectively, which may be parametrized such that
cn : [0, Tn] → ∂I+(Σ). By Proposition 7.0.15, one has that the cn emanate orthogonally from
Σ at pn for each n ∈ N. Normalizing the initial velocities cn(0) in a suitable way50 and using
the compactness of Σ, it follows that the sequence {(pn, cn(0))}n∈N is contained in a compact
subset of the null normal bundle of Σ. Thus, there exists a subsequence {(pm, cm(0))}m∈N
converging to (p, v) with p ∈ Σ and v ∈ TpΣ

⊥ null. In this way, the sequence {cm}m∈N
converges, in the sense of geodesics, to a future directed null geodesic c : [0,∞) → M with
c(0) = p and Σ ⊥ c which is contained in ∂I+(Σ).
Assume without loss of generality that c is outward-pointing with ċ(0) = L(p), where L

denotes the outward pointing null vector field of the outgoing null geodesic congruence C.
We claim that no other outward pointing null geodesic emanating from Σ can intersect c.
Otherwise, by contradiction, let γ be a different outward pointing null geodesic that intersects
c at some point q ∈ ∂I+(Σ). Define the null curve α by concatenating γ with c after q. It
follows that α is contained in ∂I+(Σ). However, α cannot be a null pregeodesic because it
features a corner at q, i.e. the null directions of γ and c have to be different by uniqueness of
geodesics. Equation (8.1) and Proposition 4.3.5 imply that this is impossible.
Our next goal is to show that c|[0,T ] is contained in a smooth null hypersurface for any T > 0

(see also Figure 39). To this end, consider the normal exponential map exp⊥, restricted to
the one-dimensional null line bundle L ⊂ TΣ⊥ spanned by L.
By Theorem 7.0.14, Σ cannot have a focal point along c and thus, Proposition 7.0.11 implies
that the map is an immersion in some neighbourhood of the ray R := {(p, tL(p)) ∈ L | t ∈
[0, T ]}. Using a local trivialization for simplicity, we may now assume that exp⊥ : U →M is
an immersion, where U ⊂ Rn−1 × R open and c|[0,T ] ⊂ exp⊥(U).
Following this, we aim to demonstrate that exp⊥ is also injective in some neighbourhood of
R contained in U . Again, for the sake of contradiction, assume that no such neighbourhood
exists. Let V be a relatively compact neighbourhood of R in U . One may now construct a
sequence {zn}n∈N with zn → c(t) for some t ∈ [0, T ] together with sequences {(xn, vn)}n∈N
and {(yn, wn)}n∈N in V such that exp⊥(xn, vn) = zn = exp⊥(yn, wn) and (xn, vn) ̸= (yn, wn)

for each n ∈ N.
50In a local trivialization, we could, for example, consider ∥cn(0)∥ = 1 with respect to the Euclidean norm.
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This may be achieved as follows: Let h be an auxiliary complete Riemannian metric on M .
For ϵ > 0 let Nϵ be the ϵ-neighbourhood of c([0, T ]) with respect to h, which is defined as

Nϵ := {q ∈M | inf
t∈[0,T ]

dh(q, c(t)) < ϵ}

and consider the family {N1/n}n∈N. By assumption, for each n ∈ N one has that exp⊥

is non-injective on the domain V ∩
(
exp⊥

)−1
(N1/n). Hence, there exist zn ∈ N1/n and

(xn, vn), (yn, wn) ∈ V with (xn, vn) ̸= (yn, wn) and exp⊥(xn, vn) = zn = exp⊥(yn, wn). Since
N1/(n+1) ⊂ N1/n, the sequence is contained in N1. Because c([0, T ]) is compact, N1 is
bounded and using Hopf-Rinow also compact. Consequently, we may pass to a convergent
subsequence, still denoted {zn}n∈N and with zn → z ∈ N1. By continuity and the fact
that

⋂
n∈NN1/k = c([0, T ]), it follows that inft∈[0,T ] dh(zn, c(t)) → inft∈[0,T ] dh(z, c(t)) = 0.

Therefore, there exists t ∈ [0, T ] with z = c(t).
By compactness of V ⊂ U , we pass to subsequences {(xk, vk)}k∈N and {(yk, wk)}k∈N with
(xk, vk) → (x, v) ∈ U and (yk, wk) → (y, w) ∈ U . By continuity one has exp⊥(x, v) = c(t) =

exp⊥(y, w) and since c(t) = exp⊥(p, tL(p)), we may consider the following two cases

(i) If (x, v) = (p, tL(p)) = (y, w), then any neighbourhood of (p, tL(p)) will admit infinitely
many points (xk, vk) ̸= (yk, vk) with exp⊥(xk, vk) = exp⊥(yk, wk). But because exp⊥

∣∣
U

is an immersion, it is locally injective and we arrive at a contradiction.

(ii) Otherwise, at least one of (x, v) or (y, w) is different from (p, tL(p)). This is impossible
because no other outward pointing null geodesic emanating from Σ can intersect c
following from the argument before.

In conclusion, shrinking U if necessary, one has that exp⊥
∣∣
U

is an injective immersion.
Finally, we prove that exp⊥ : U → exp⊥(U) is also a homeomorphism. Since it is a bijective
continuous map into a first countable Hausdorff space, it is sufficient51 to show that it is also
proper. We may assume without loss of generality that U is itself relatively compact but still
includes R (otherwise shrink U again). In this case, every preimage

(
exp⊥

)−1
(K) ⊂ U of a

compact set K ∈ exp⊥(U) is closed by continuity and therefore compact.
Thus, exp⊥ is proper and in fact an embedding. Consequently, c([0, T ]) is contained in
the smooth submanifold H := exp⊥(U) of dimension n, i.e. H is a smooth hypersurface.
Furthermore, repeating the exact same argument from Remark 8.1.3, it follows that H is null.

Now, because Σ is trapped, �θ(p) < 0. Picking T > n−1

|�θ(p)|
, we may now argue exactly as in the

proof of Proposition 6.2.9. Using the null energy condition and the Raychauchdhuri equation
(6.2), one again obtains the following inequality for the null mean curvature along c,

θ′ ≤ − 1

n− 1
θ2.

51Cf. [Lee11, Corollary 4.97].

111



c|[0,T̃ ]

H

Σ

Figure 39: A segment of the null generator c ⊂ ∂I+(Σ) is contained in a (possibly very
narrow) null hypersurface H, which is constructed by the image of the normal exponential
map restricted to the null direction ċ(0) in a neighbourhood of c(0).

Since θ(0) = �θ(p) < 0, the above implies that θ(t) < 0 for any t ∈ [0, T ]. Also

d

dt

(
1

θ

)
= − 1

θ2
θ′ ≥ 1

n− 1

and 1
θ(t) < 0 must intersect 0 in finite parameter time t0 > 0. Integrating the above inequality

from 0 to t0, one finds

− 1

θ(0)
≥ t0
n− 1

⇔ t0 ≤
n− 1

|θ(0)|
.

Thus t0 < T , which contradicts the smoothness of H. Consequently ∂I+(Σ) must be in fact
compact and the claim follows as discussed at the beginning.

Remark 8.3.3. From the General Relativity viewpoint of Chapter 8.2, the above argument
features a certain drawback. Namely, that it does not tell us anything about the nature of
the incompleteness. Looking at the Oppenheimer-Snyder model, it would seem rather tempt-
ing to connect incompleteness directly to the formation of singularities in some generic way.
However, this is not the only option. It could also be the case that the incompleteness is a
result of (M, g) being extendible as a C2-spacetime. By this we mean that there could exist
a larger spacetime (M, g) that features a smaller subset isometric to (M, g). Note that this
implies that M has a Cauchy horizon in M (recall Definition 5.2.16 and Figure 18). This is
troublesome from a physics perspective because any point p ∈ M \M is not determined by
prescribed initial data and what happens outside of M cannot be predicted by the theory.
This situation is most notably featured in the famous Kerr solution to the Einstein vacuum
equations which models a rotating black hole. No future directed causal geodesic in the Kerr
spacetime encounters a singularity and one could just pass over to any suitable extension.
Even so, Penrose himself somewhat found a remedy for this in the form of a blue-shift that
shows that the Cauchy horizon is unstable to perturbations (cf. [Pen68, p. 222f] and [Wal84,
Chapter 12]). Nevertheless, the issue of extendibility remains an open problem and is subject
to one of the so-called Cosmic Censorship Conjectures (cf. [Rin09, Chapter 17.2]).
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For the final result of this work, we aim to establish a one-sided version of the Penrose
Incompleteness Theorem. Unlike the classical version 8.3.1, the following theorem assumes
that Σ is only outer trapped but additionally separates a smooth spacelike Cauchy surface
into two disjoint subsets (see Figure 40). In comparison to the previous proof, here we will
only obtain compactness in one direction, which leads to some additional technical difficulties.
We follow [AMMS09] and in turn [Tot94].

Theorem 8.3.4. Let (M, g) be a globally hyperbolic spacetime with a smooth spacelike Cauchy
surface V and suppose that M

(i) satisfies the null energy condition, i.e. Ric(X,X) ≥ 0 for any null vector X,

(ii) contains a closed smooth hypersurface Σ in V which separates V into an “inside” U and
“outside” W , i.e. V \ Σ = U ∪W with U,W ⊆ V connected and U ∩W = ∅

If W is non-compact and Σ is outer trapped then M is future null geodesically incomplete.

Σ

W

U

V

Figure 40: The situation in Theorem 8.3.4.

Proof. Let U,W,Σ be as described. Assume that M is null complete and let L,L ∈ X⊥(Σ) be
the outgoing and ingoing null normals of Σ. We want to argue similarly as before. However,
since Σ is only outer trapped, only part of the achronal boundary ∂I+(Σ) is expected to
be compact. Our goal is to use a projection argument to obtain a contradiction using the
non-compactness of W . To this end, we first want to show that ∂I+(Σ) \ Σ splits into two
disjoint sets. Since Equation (8.1) holds, it follows that ∂I+(Σ) \ Σ = H ∪H where H and
H are subsets of the null geodesic congruences C and C, generated by L and L respectively.
Let p ∈ H and let c1 : [0, 1] → ∂I+(Σ) be the null geodesic with c1(1) = p, c1(0) ∈ Σ and
ċ1(0) tangent to L. Suppose that there exists a different null geodesic c2 : [0, 1] → ∂I+(Σ)

with c2(0) ∈ Σ, ċ2(0) tangent to L and such that c2(1) = p as well. Define the continuous
curve c : [0, 2] → ∂I+(Σ) by

c(t) =

c1(t) t ∈ [0, 1],

c2(2− t) t ∈ [1, 2].

At this point, let T ∈ X(M) be the timelike vector field that defines the time orientation on
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M and consider the projection operator ρT : M → V as defined52 in Theorem 5.2.12. Note
that because H is outward pointing and H is inward pointing, one has that H ⊆ J+(U) and
H ⊆ J+(W ). Thus, defining c̃(t) := ρT (c(t)), there exists an ϵ > 0 such that c̃(t) ∈ W for
t ∈ (0, ϵ) and c̃(t) ∈ U for t ∈ (2 − ϵ, 2). Because Σ separates U and W , continuity of c̃
implies that there must exist a t0 ∈ [ϵ, 2− ϵ] with c̃(t0) ∈ Σ. But this is impossible, since then
c(t0) ∈ ∂I+(Σ) ∩ I+(Σ), which must be empty following from Equation (8.1). Therefore, we
conclude that ∂I+(Σ) \ Σ splits into the two disjoint sets H and H.
Since Σ is outer trapped, one may now use the same argument from the previous proof to
infer that the set H ∪ Σ is compact. Note now that since V is smooth, the same argument
as in Lemma 6.2.5 implies that FlT : R × V → M is a diffeomorphism and that ρT is in
fact smooth. Using the previous identification, one may write ρT (t, y) = y. Calculating the
Jacobian at any q, we see that the kernel is given by span(T (q)), which contains only timelike
vectors.
On the other hand, consider the restriction ρ := ρT

∣∣
H

: H → V . Note that ρ(H) ⊆ W

because H ⊆ J+(W ). Continuity of ρT implies that ρT (H ∪Σ) = ρ(H)∪Σ ⊆W is compact.
But since W is non-compact one then must have ρ(H) ⊂ W . Connectedness of W now
implies that ρ(H) has boundary points different from Σ in W as follows: For the sake of
contradiction suppose that ∂ρ(H) ∩ W = ∅. Thus, ρ(H) is open in W and also closed
because ρ(H) =W ∩(ρ(H) ∪ Σ). Since ρ(H) is nonempty and W is connected, it follows that
W = ρ(H). However, this is impossible because W =W ∪ Σ is by assumption non-compact.
Consider now such a boundary point x ∈ ∂ρ(H) ∩W and let q ∈ H be such that ρ(q) = x.
Since any neighbourhood of x will contain points not in ρ(H), it is not possible for ρ to be a
local diffeomorphism53 at q ∈ H. This implies that Tqρ is singular and that there must exist
a nontrivial v ∈ TqH in the kernel, i.e. Tqρ(v) = 0. But since ρ is simply the restriction of
ρT , whose kernel at q is spanned by T (q), one obtains a contradiction as v is either null or
spacelike. Consequently, M must be null incomplete.

52Recall that ρT projects points onto V via the integral curves of T .
53While H is not globally smooth a priori, it is in fact a (local) Lipschitz manifold (cf. [Min19, Thm. 2.87].

By Rademacher’s Theorem, the tangent spaces TqH exist for any regular q ∈ H, which together form a dense
subset of H, i.e. we may treat H as C1 (or in fact smooth) here (see also [GMMM11, Appendix A]).
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