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Abriss

In dieser Arbeit behandeln wir die Unabhéngigkeit der Bounding Number b und der
Splitting Number s. Wir beginnen mit der Untersuchung der Auswirkungen von Math-
ias Forcing auf diese beiden Kardinalzahlen. In den beiden folgenden Kapiteln werden
wir logarithmische Mafle einfithren und verwenden diese um ein Model fiir b < s zu
konstruieren. Nachdem wir eine andere Konstruktion dieses Models mittels Mathias
Forcing relativiert zu einem bestimmten Ultrafilter besprechen, werden wir die Konsis-
tenz von s < b mit einer Iteration mit endlichem Tréager von Hechler Forcing zeigen, um
die Unabhéngigkeit der Kardinalzahlen zu erhalten.



Abstract

In this thesis, we study the independence of the bounding number b and the splitting
number s. We will begin by studying the effects of Mathias forcing on these two cardinal
invariants. In the following two chapters, we will discuss logarithmic measures and use
them to build a model to show the consistency of b < s. After discussing a different
approach to construct this model using Mathias forcing with respect to a specific ultra-
filter, we will show the consistency of § < b via finite support iteration of Hechler forcing
to obtain the independence of these cardinal invariants.
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1 Introduction

Cardinal characteristics and the relations between them are an important area of study
in set theory. In this thesis, we will focus on two of them, the bounding and the splitting
number. For a general reference on cardinal charactersitic, see [Bla09].

The bounding number was introduced by Rothberger in [Rot39]. For the contemporary
definition recall that given two functions f, g € “w, g is said to dominate f, denoted by
f<*g,if f(n) < g(n) for all but finitely many n € w, so there is ng € w such that for
all n > ng, f(n) < g(n).

Definition 1.1. A family of functions B C “w is called unbounded, if there is no function
in “w which dominates all members of B.
The bounding number b is the least size of an unbounded family, that is

b := min{|B| : B C “w is unbounded}.

The splitting number was first introduced by Booth in [Boo74]. For the definition recall
that for two infinite sets x,y € [w]* we say that y splits x if both x Ny and x \ y are
infinite.

Definition 1.2. A family S C [w]” is called spitting, if for all x € [w]” there isy € S
such that y splits x.
The splitting number s is the least size of a splitting family, that is

s :=min{|S|: S C [w]” is splitting}.

Both b and s are uncountable cardinals which are of size less than or equal to the
continuum. We will show the consistency of b < s and s < b, which means that these
cardinals are independent.

In the second chapter, we will go through some general definitions and results which will
be used in the later chapters. The focus mainly lies on iterated forcing constructions
and preservation theorems.

Chapter 3 discusses the effects of Mathias forcing on the bounding and the splitting
number. As we will see, a countable support iteration of Mathias forcing increases the
size of the splitting number, which makes such iterations a candidate for the consistency
of b < 5. However, these iterations also increase the size of the bounding number, which
makes countable support iterations of Mathias forcing unsuitable for the consistency of
b <s.

The consistency of b < s was first established by Shelah in [She84] where he introduced
the notion of logarithmic measures to define the forcing notion ). This poset is proper
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and almost “w-bounding, and a countable support iteration of length wo yields a model
for b = wy; < 5§ = wy. In the fourth and fifth chapter, we will follow [FS08] to show the
more general result of b = k < s = k* which is shown using ccc posets Q(C) which are
suborders of Q. The most general inequality of b = k < § = X\ was established in [FI10]
using matrix iterations, but we will not cover this result in this thesis.

Chapter 6 discusses a connection between Q(C') and Mathias forcing relativized to a
specific ultrafilter Yo which was established in [FI10]. With this connection and the
previous results about Q(C), one can construct a model for b < s with relativized
Mathias forcing.

The consistency of s < b was first shown by Balcar, Pelant and Simon in [BPS80]. We
will follow [BD85] in the seventh chapter to show the consistency of s < b via a finite
support iteration of Hechler forcing.



2 Preliminaries

We will start by stating some basic definitions and theorems which will be used through-
out the thesis.

2.1 Trees

We will need Konig’s lemma in one proof, so for completeness we will state the relevant
definitions and the lemma. More details can be found in [Kun13].

Definition 2.1. A tree is a pair (T,C) where C is a strict partial order on T and for
each y € T the set {x € T : x C y} is well-ordered by . Then define

eyl={zeT: 2y} andyt={zxeT:yC x}

e height (y) = height (y, T') := type (y )

o Lo =Ly (T) ={y €T :height (y) = a}, which is the a-th level of T
e height (T) is the least o such that Lo (T) =0

Definition 2.2. A path through a tree (T,C) is a chain C C T such that Yo <
height (T) (C'N Lo (T) # 0).

Note that a tree of height w may not have any paths through it. As an example consider
the tree T of all strictly decreasing sequences in [w]<“. If C' is a path though T, then
U C : w — w would be a strictly increasing function which is clearly impossible. However,
the situation changes if each level of the tree is finite.

Lemma 2.1 (Konig’s Lemma). Let (T,C) be a tree such that height (T') = w and L,, (T)
is finite for each n € w. Then there is a path through T.

Proof. We will choose a path through T by recursion on n. As each level is non-empty
and height (T') = w, we can choose xg € Lo (T) such that xy 1 is infinite. As there are
only finitely many nodes on level 1 there has to be an x; € £; (T) such that z; € 2o 1
and 1 1 is infinite. Repeat this process to obtain {z,, : n € w} where each x,, € L, (T),
Zp T is infinite and z,41 € x, T. This is a path through T ]
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2.2 Forcing

We will use the method of forcing throughout this thesis to show various results for the
independence of the bounding and the splitting number. We refer readers unfamiliar
with the basics of forcing to [Kunl3]. We will also follow the conventions from this
book.

The following forcing notion will be used for the construction of a model for b < s.

Definition 2.3. Let A be an infinite set of functions in “w. Then H (A) is the forcing
notion consisting of all pairs (s, F), where s € <“w and F € [A]~*, with the extension
relation (s1, F1) < (sa, F2) if

1. 59 Cs1, Fo C I
2. Vf € F,Vk € dom (s2) \ dom (s1) we have s1 (k) > f (k).

Note that since for all (s, F) € H(A), s is countable and F' is a finite subset of A, the
forcing notion H (A) is of the same size as A.

Lemma 2.2. Let A C “w be infinite. Then the partial order H (A) is o-centered.

Proof. Let s € <“w and (s, F1), (s, F3) € H(A). Then (s, Fy U F,) is a common exten-
sion of (s, F1) and (s, Fy). So {(s, F) : F € [A]**} is centered and

H(A) = J{(s,F): F € [A]**}.
Hence, H (\A) is o-centered.

Lemma 2.3. Let A be an infinite family of reals. Then, for each f € A, the set
Df :{(SvF) : (SaF) EH(A)af € F}
is dense in H (A).

Proof. Fix f € A. Let (s,F) € H(A) and we can assume that f ¢ F since otherwise
(s,F) € Dy. Then (s, FU{f}) € Dy and (s, FU{f}) < (s, F), so Dy is dense. O

Lemma 2.4. Let A be an infinite family of reals. Then H (A) adds a real dominating
A.

Proof. Let G be a H (A)-generic filter and define
fa=|{s:IF € [A]|*¥ : (s, F) € G}.

Let f € Abe arbitrary. By Lemma 2.3, the set Dy is dense and so there is (s, F)) € GNDy.
Since G is a filter, there is (s', F’) € G such that (s', F') < (s, F) and by definition of
the extension relation we have f(i) < fg(i) for all i > |s|. O
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2.2.1 Iterated Forcing

We will state the basic definitions and results about iterations of forcing notions, which
we will use throughout the thesis. For more details and the proofs we refer again to
[Kun13].

The general idea behind iterated forcing is to construct a generic extension of a model
and then extending this new model once more using a second forcing notion. Since we
want to build the final extension in the ground model, we need to name the second
forcing notion.

Definition 2.4. Let P be a forcing notion. A P-name for a forcing notion is a triple of
P-names (Q, <q, Lg), such that 1g € dom(Q) and

1p IFp [Il@ cQA é@ is a pre-order on Q with largest element ]1@ .

We usually write Q for (Q, ﬁ@, ]1@).

Definition 2.5. Let P be a forcing notion and Q a P-name for a forcing notion. The
two-step-iteration P Q is a triple (R, <g, Ir) such that

1. R:={(p,g) € Px dom(Q) : p Ip ¢ € Q}

2. 1g = (1p, 1g)

3. (p1,G1) <wr (p2,G2) iff p1 <p p2 and p1 IFp 1<qds.
Moreover, define i : P — R by i(p) = (p, 1g).

Lemma 2.5. Let P be a forcing notion, with po,p1 € P and let Q be a P-name for a
forcing notion with qo,¢1 € dom(Q). Let R =P % Q and we have

1. R is a forcing notion

2. po <p p1 <> i(po) <wr i(p1)

3. i(1p) = Ix

4. po Lp p1 = (po,do) Lr (p1,d1), whenever (po,qdo) and (p1,¢1) are in R
5. po Lp p1 < (po, 1g) Lr (p1,d1), whenever (p1,d1) is in R

6. po Lp p1 <> i(po) Lr i(p1)

7. 1 is a complete embedding

With the two-step-iteration P % Q we can view extending the ground model with P and
then with Q is one generic extension.
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Theorem 2.1. Let R =P % Q be a two-step-iteration in M and K be a R-generic filter
over M. Define G =i~ '(K) and

H ={4g:q¢€dom(Q)AIp € P(p,q) € K}.
Then
1. G is P-generic over M,
2. H is Qg-generic over M [G],
3. K=GxH={(p,g) eR:pe GANjg € H}, and
4. MIK] = M[G)[H).
The two-step-iteration can now be generalized to construct longer iterations.

Definition 2.6. Let « be an ordinal. An iterated forcing construction is a pair of
sequences

(((Pe, <g, Le) : € < @), {(Qg, <g» L) 1 € <))
satisfying the following properties:

1. Fach (P¢, <¢, 1¢) is a forcing notion.
2. Each (Qg, éQg, ]1@5) is a P¢-name for a forcing notion.

3. Each p € P¢ is a sequence (G, : p < §), where each g, € dom((@u). For each p < &,
we denote ¢, with (p),.

4. If ¢ <nandp e Py, thenp | § € Pe.

5. If ¢ <n, pePe and p' is the n-sequence with p’ | € =p and (p'), = ]1@“ for every
£ <pu<mn, thenp' € Py,. Define zg(p) =p/, which gives a map zg Py = Py

6. 1¢ is the sequence <]1Qu tp<§).
ToAfp=A(du:pn <& €Peandp’ =(q, : p <) €Pg, definep <¢p' iff
p ke, (4 <, d,) for all p <&.
8 If £+ 1 < «, then Peyy is the set of all sequences p—q such that p € Pe,q € Qg
and p lFp, ¢ € Q.

Note that with the definition above, we have P¢y; = P¢ * (@5, whenever £ +1 < a.
However, the definition does not specify IP,, when 7 is a limit ordinal.

We will usually just write (P, Qg : & < a) for an iterated forcing construction as in the
definition above.

Definition 2.7. Let <IP5,Q§ : & < a) be an iterated forcing construction.
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1. Let p € Pe. The support of p is the set
supt(p) = {p <&: (p)y # ]1@“}.

2. We say that P, is a finite support iteration, if for each limit n < «, the support of
all conditions in Py, is finite.

3. Similarly, we say that Py is a countable support iteration, if for each limit n < a,
the support of all conditions in P, is countable.

If P, is a finite support iteration and 7 < « is a limit ordinal, then P;, can be viewed as
the direct limit of all IP¢ for £ < 7.

We will mostly work with finite support iterations of ccc forcing notions. One important
property we will need is that these iterations are again ccc.

Theorem 2.2. Let (P, Qg : &€ < ) be a finite support iteration such that for each § < o

L¢ IFp, (Qg is ccc).

Then P, is ccc.

2.2.2 Preservation Theorems

In this section, we will show some general preservation theorems for finite support itera-
tions of ccc forcing notions which we will need for Chapter 5. The results in this sections
are from [FS08].

Lemma 2.6. Let k be a cardinal of uncountable cofinality and let (Pa,(@a o< K) bea
finite support iteration of ccc forcing notions. Then every real added by VFr is already
added at some initial stage of the iteration of countable cofinality. So

“wnVE = U{‘”w NV o < g, of(a) = w}.
Proof. Let f be a Py-name for a function in “w. We can assume that f is of the form
F= (i, 4),p) i €w,p € Ay, jj € w},
where each A; is a maximal antichain in P.. Every p € A; has finite support, as P is a

finite support iteration and so, for each i € w, we can define

P _

of = max{supt(p)} and o; = sup{al : p € A;}.

As P, is cce, A; is countable and so each «; is of countable cofinality, which implies
a; < k. Finally, let
a = sup{w; : i € w}.

Then « is of countable cofinality, so a < x and f is a P,-name. O
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Definition 2.8. A family H C “w is called <*-directed, if for every subfamily H' C H
with |H'| < |H|, there is h € H such that h' <* h for all h' € H'.

Remark 2.1. Note that <*-directed families are preserved under ccc forcing notions, so
P
if H C“w is <*-directed and P is a ccc forcing notion, then (H is <* directed)v .

Theorem 2.3. Let H C “w be an unbounded family such that every countable subset
of H is dominated by an element of H. Let o be a cardinal of countable cofinality and
(Py,Qy : v < @) be a finite support iteration such that

Vy<a:(1lkp, (Q, is ccc) and 1 IFp, (H is unbounded)).

Then 1 IFp, (H is unbounded).

Proof. Suppose towards a contradiction that there is a P,-generic filter G and in V [G]
there is f € “w which dominates H. Let f be a Py-name for f and let {an}new be
increasing and cofinal sequence in «. For each n € w, let G,, = GNP, and let f, be
a function in V' [G,,,] such that for each i € w,

fn(i) =] <= 3¢ €Pu(q ] an € Gy, and qlrp, f (i) = J).

Then, since 1 IFp, (7—7 is unbounded) for all v < «, there exists h,, € H for each n € w
such that

ViGa,l = (hn £7 fn).

By Theorem 2.2, P, is ccc and so there is a family C € [H]*NV such that {h,, : n € w} CC
and as C is a countable subset of H in V, there is a function h € HNV such that C <* h.
In particular, there is k,, € w for each n € w such that

Vi > ky(hy (1) < h(7)).
By assumption, V' [G] E H <* f, so there are p € G and k € w such that
Vi > k(p - h(i) < f(3).
Now fix o, such that supt (p) C ay,. Since V' [Ga, ] E hn £* fn, we have
V[Ga,] E 3 > max{kn, k} (fn (i) < hy ().
So there is i > max{k,, k} and a condition p’ € G, such that
P fo (i) < By (),
where f, is a P, -name for f,. By definition of f,, there is a condition g € P, such that
q | an € Gy, and ‘ ‘
qlrp, fn (i) =f ().
Since p | apn,p’,q | an, € G, they have a common extension ¢’ € P,. But then
¢ o, fu (@) = f(5) < by (i) <R () < f (3)

which contradicts our assumption. O
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Lemma 2.7. Let C denote the Cohen forcing notion and let H C “w be an unbounded
family. Then
1 k¢ H is unbounded.

Proof. Let f be a C-name for a function in “w. We will show that there is h € H such
that 1 IF h £* f. For each p € C, let

gp (1) =min{j : 3¢ < p(qIF f (@) = j)}.

The set {g, : p € C} is countable, hence there is g € “w NV such that for every p € C,
gp <* g. So for each p € C we can find m, € w such that

Vi > myp(gp (i) < g (i)
‘H is unbounded and so there is h € H such that h is not dominated by g, so the set
A={icecw:g9(i) <h(i)}
is infinite. To see that h is not dominated by f, it is sufficient to show that
11 3% e A(f (i) < §(i)).

Let p € C and suppose that there is no ¢ < p such that ¢ I- 3¢ € E(f (i) < g (i)). That
means that there is m € w such that

Vie Ai>m(plg@i) < f(i)).

Let i € A with ¢ > max{m, my}. Further, let ¢’ be an extension of ¢ and j € w be such
that j = g,4(¢) and ¢/ I f (i) = j. Then

q - (i) =5,06) <g (i) < f (i),
which is a contradiction. O

Corollary 2.1. Let H C “w be unbounded and let C (k) be the forcing notion for adding
k Cohen reals. Then
Llrc(r) H is unbounded.

Proof. By Lemma 2.7, H remains unbounded in V. By Lemma 2.6, new reals only get
added at initial stages of the iteration with countable cofinality, and so the assertion
follows from Theorem 2.3. 0

Lemma 2.8. Let H C “Yw be an unbounded, <*-directed family of size k and P be a
forcing notion with |P| < k. Then

1lp H is unbounded.
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Proof. Let f be a P-name for a function in “w. For each p € P and i € w, let

~

gp(i) = min{j : Ig < p(q - f (i) = j)}.

As (H is unbounded)v, there is a function h, € H NV for each p € P, which is not
dominated by gp,. As [{h, : p € P}| < k = |H|, there is h € H NV that dominates every
hp. So for each p € IP there is n, € w such that

Vi >y (hy (i) < B (3)).
Now suppose that p € P is such that
pIFH < f.
So there is pg < p and ng € w such that
Vi > no(po IF b (3) < f (3)).

Let i > max{no,n,} be such that g, (i) < hp, (i) and let ¢ < p such that g IF gp, (i) =
f (@). Then

q I f (1) = gpo (1) < by (1) < h(D) < [ (D),

which is a contradiction. ]

Lemma 2.9. Let k be a reqular uncountable cardinal and let (P, Qu:a< k) be a finite
support iteration of ccc forcing notions. Then every family A C V [G] N “w, where G
is a Pg-generic filter, with |A| < k, is obtained at some proper initial segment of the
iteration.

Proof. Every f € A has a P.-name f. By Lemma 2.6, every f is a Py -name, where ay
is an ordinal with countable cofinality. Let

a =sup{ay: f e A}l

Then A C V [GNP,]N“w and cf (a) < |A] < K, s0 a0 < K. O

10



3 b and s in Mathias Forcing

In this chapter, we will see how the bounding and the splitting number behave in itera-
tions of Mathias forcing. To obtain a model in which b < s holds, one needs to increase
the size of the splitting number. As we will see, this can be achieved using a countable
support iteration of Mathias forcing. However, such an iteration also increases the size
of the bounding number, which makes it unsuitable to show the consistency of b < s.

Definition 3.1. 1. Mathias forcing, denoted by M, is the forcing notion consisting
of all pairs (s, A) € [w]~* x [w]*, where max(s) < min(A). The extension relation

is defined as follows: (s, Ag) < (s1,A41) iff
a) sop is an end-extension of si,
b) so\s1 C A, and
c) Ao C A;.

2. Mathias forcing with respect to a filter F C [w]*, denoted by M (F), consists of
all pairs (s, A) € (W]~ x F with max(s) < min(A) and the extension relation as
defined as for Mathias forcing.

Note that M((F) is o-centered and hence ccc, while M only satisfies the Rg chain condi-
tion.

Lemma 3.1. The following sets are dense in M:

1. For eachn € w,
D, ={(s,A) e M:3Im >n(m € s)}.

2. For each A € [w]”,
Dy ={(s,B)e M: BC A or BC A°}.
8. For each f € W] NV,

Dy :={(s,A) e M:Vl cw(A) > f(|s|+0))}.

Proof. 1. Let n € w and (s, A) € M be arbitrary. Since A is infinite, there is some
m > n such that m € A, and hence also m > max(s). Then we have

(sU{m}, A\ (m+1)) € D,,

11
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and this condition is an extension of (s, A), so D, is dense for each n € w.
2. Let A € [w]*” and (s, B) € M be arbitrary. As both A and B are infinite, at least one
of the sets AN B and A°N B will be infinite. If AN B is infinite, then

(s,ANB) e Dy and (s,ANB) < (s,B),

so Dy is dense. If A°N B is infinite, consider (s, A°N B) instead of (s, AN B).
3. Let f € “wNV and (s, A) € M be arbitrary. Now define A" € [w]* by setting the ¢-th
element of A’ to be A'(¢) = A(ky), with

kp:=min{k ew:k>LANAk)> f(|s|+£)}
for £ € w. Then (s, A") € Dy and (s, A") < (s, A). O

Using these dense sets, we can now show that Mathias forcing adds a real which is not
split by the ground model reals.

Lemma 3.2. Mathias forcing adds a real not split by the ground model reals.

Proof. Let G be a M-generic filter and consider
U = J{s19A (s, A) € G}.

First, note that Ug € [w]®. This is the case since for each n € w, the set D,, from Lemma
3.1 is dense.

Now, to see that Ug is unsplit by the ground model reals, consider for each A € [w]”
the set D4 defined in Lemma 3.1. Since D4 is dense, there is some (s, B) € G such that
B C Aor BC A°. We will show that Ug C* B.

Pick any (so, Ao) € G and since G is a filter, there is (s}, A]) € G such that (s}, A}) is a
common extension of (s, B) and (sp, Ag). In particular, we have s} D sp and s} \ s C B.
To ensure that we get a proper superset of the finite parts, let n = max(sg). Then there
is (s1, A1) € GN D,, which extends (s}, A}), and so is a common extension of (s, B) and
(s0, Ag). Proceed inductively to find a common extension (s;4+1, 4;+1) € G of (s, B) and
(si, Aj) such that s;41 2 s; and s;41 \ s € B.

So we have Ug C* B and since B C A or B C A°, UgN A or Ug \ A is finite. Hence Ug
is not split by A. O

Lemma 3.3. Let (Py,Qq : o < wa) be a countable support iteration of Mathias forcing,
so for all o < wy we have 1p, IFp, Qq = M. Then

‘/]P“’2 ': 5 = Ng.

Proof. First note that M is proper and Rg-cc, so Py, is also proper and Na-cc (for more
details see [Abr10]). Hence it preserves cardinals. Let A C [w]* N VT« with |A| < R,.
Since M has the Na-cc and a name for a subset of w is represented by Ry many antichains,
there are Xy many conditions. Thus, there is a < wy such that A C [w]” N VFe. Then,
by Lemma 3.2, Q, adds a real not split by A. So A is not splitting over Ve+1 hence

V]P“’Q )ZBZC:NQ.

12



So Mathias can be used to increase the splitting number. However, Mathias forcing
also adds a real which dominates all ground model reals. This means that a countable
support iteration will also increase the bounding number and hence such an iteration
does not produce a model for b < s.

Lemma 3.4. Mathias forcing adds a real dominating all ground model reals.

Proof. As before, let G be a M-generic filter and let
Ug = {s|3A(s,A) € G} € [w]”.

First note that for f € “wNV, the set Dy defined in Lemma 3.1 is a dense subset of M.
Now, let (s, A) € G and note that Ug \ s € A and s is an initial segment of Ug. To see
this, inductively construct (s;, A;) € G with s;41 2 s; and s;+1 \ s C A, as in the proof
of Lemma 3.2.

So, for any (s, A) € GN Dy, we have that Ug \ s C A and s is an initial segment of Ug.
By denoting the enumeration function of Ug with fo we get

fa(s[+0) = A0) = f(|s| +£)
and so f <* fq. O

Lemma 3.5. Let (}P’a,@a : oo < w9) be a countable support iteration of Mathias forcing.
Then
VEer = b =Ny,

Proof. Let F C “wnV¥«2 be a family of functions with |F| < Ry. By counting antichains,
there is a < wy such that F C “w N VFe. Then, by Lemma 3.4, Mathias forcing adds
a real at stage a + 1 which dominates all reals in VP«. So F is not unbounded and

therefore
VFer = b =R,
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4 Logarithmic Measures

In this chapter, we will discuss the notion of logarithmic measures, which was introduced
by Shelah in [She84] to show the consistency of b = w; < § = wa. We will follow [FS08]
to show the more general result of b = k < 5 = kT in the following two chapters.

We will start this chapter by looking at basic properties of logarithmic measures before
using them to define forcing notions in later parts of this chapter.

Definition 4.1. Let s C w and h : [s]** — w. The function h is called a logarithmic
measure if for every A € [s]%, with h(A) > 0, and for every Ay, Ay with A = AgU Ay,
we have

h(Ag) > h(A) —1 or h(Ay) > h(A) — 1.

Whenever s is a finite set and h is a logarithmic measure on s, the pair x = (s, h) is
called a finite logarithmic measure.
The value h (s) = ||z|| is called the level of x.

Definition 4.2. Let (h,s) be a finite logarithmic measure. A set e C s is called h-
positive, if h(e) > 0.

Lemma 4.1. Let h be a logarithmic measure with h (AgU...UA,_1) > £+ 1. Then
there is some j € n such that h(A;) > n —j.

Proof. By definition of a logarithmic measure, h (Ao U...U A,,_1) > £ + 1 implies
h(Ag) >Llor h(AjU..UA,_1) > L.
If h (Ag) > ¢ we are done. Otherwise we have h (A1 U...U A,—1) > £ and so
h(A))>¢—1orh(A2U...UA, 1) >/{—1.
Repeating this procedure will yield A; with h (A;) > £ — j for some j € n. O

Definition 4.3. Let P be an upwards closed family of finite subsets of w. Then P induces
a logarithmic measure h on [w]=* which is defined inductively on |e| for e € W]~ by

1. h(e) >0 for all e € [w]=*
2. h(e) >0 if and only if e € P

3. for£ >1, h(e) > L+ 1 if and only if
a) e € P,

15



4 Logarithmic Measures

b) le] > 1 and,
c) for all eg,e1 C e with e = eg U ey, we have h(ey) > ¢ or h(ey) >4

Then define
h(e) :=max{f € w: h(e) > {}.

The elements of P are called positive sets and h is said to be induced by the positive sets

P.

Definition 4.4. An induced logarithmic measure h is said to be atomic if there is a
singleton which is h-positive, i.e. there is n € w such that h ({n}) > 0.

Remark 4.1. Unless stated otherwise, we will assume that all logarithmic measures are
non-atomic from now on.

Lemma 4.2. Let h be an induced logarithmic measure and let e € [w]<* be such that

h(e) > . Then h(a) > £ for all a D e.

Proof. We prove this via induction on |e|.
If |e] = 1, then h (e) = 0 since we assume that the measure is non-atomic, and the claim
follows from the definition of induced logarithmic measures.
Now let |e| = n with h(e) > ¢ and assume that the claim holds for all sets of size smaller
than n. Assume that the claim does not hold for e and let @ O e be a set of minimal size
such that h (a) < £. Then, by definition of the logarithmic measure, there are ag,a; C a
such that

a=apUai, h(ag) <l —1and h(a;) <l—1.

But then e = (ap Ne) U (a1 Ne), and so
h(apNe)>¢—1orh(agNe)>¢—1.

We either must have |ag Ne|,|a; Ne| < nora;Ne=efori=0ori=1. By the inductive
hypothesis, we cannot have |a; Ne| < |e| with h(a;Ne) > £ —1 but h(a;) < £—1 for
i € {0,1}. So assume agNe = e. This would mean that we have found ap C @ such that
e C ag and h (ag) < ¢, which contradicts the minimality of the size of a. O

Lemma 4.3. Let h be a logarithmic measure induced by an upwards closed family of
finite subsets of w and let £ > 1. Let A C w be such that it contains no set of measure
strictly greater than £. Then there are ag,a1 C A such that A = ag U a1 and neither of
ag and ay contains a set of measure > L.

Proof. We can assume that A is infinite, as the assertion follows from the definition of
the induced logarithmic measure if A is finite.
For each k € w, define A := ANk and consider the family T" of all functions

fim—= | P(AR) x P (A),

k<m
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where m € w, such that for each k
f(k) = (ag, ai) € P (Ax) x P (Ax),
with
ab Uak = Ay, h(af),h(a}) # € and af C af™, af C o+t VE € m.
Then T together with the end-extension relation forms a tree.

Claim. FEach level of T is non-empty.

Proof of claim. Consider an arbitrary m € w. Then A, is a finite set and by assumption
we have h(A,,) ? ¢+ 1. By definition of h there are ag’, a]* C A,, such that

A = ag' Ua?" and h(ag'), h(al") 2 L.

Then we have that aj' ' = A,,_1 Naf and a]"~! = A,,_1 Na}* are both of measure not

greater or equal than ¢, by Lemma 4.2 and we have A,,_1 = aJ" ' Ua*"*. So we can
inductively construct sequences

(ak k< m) and (a} : k < m)
such that for every k < m
ab Uak = Ay, h(af),h(a}) # € and af C af ™, ak C a1 VE € m.

So the function f : m — U, P (Ag) X P (Ay) defined by f(k) = (ak,a}) is in the m-th
level of T'. - O

Now we can apply Konig’s Lemma 2.1 to T" which gives an infinite branch through T
Let
frw—= |JPA) xP(Ar)
kew
with
f(k) = (ag, a1)

be such an infinite branch. Now let

a0:Ua§anda1:Ualf.

kew kew

By construction of T' we have A = ag U a1 and both ag and a1 contain no set of measure
greater or equal to £. The last assertion holds since if x C ag is finite, then there is k € w
such that = C af and since h(af) # ¢, we have h(z) # . The same applies to a;. O

Lemma 4.4. Let h be the logarithmic measure induced by some upwards closed family
of finite subsets of w. Suppose that for every n € w and every partition of w into n sets,
w=AgU...UA,_1, there is some j € n such that A; contains a positive set.

Then, for every k,n € w and every partition of w into n sets as above, there is some
J € n such that A; contains a set of measure at least k.

17



4 Logarithmic Measures

Proof. We prove this via induction on k.

For k = 1 the assertion just follows from the assumptions.

Now suppose that we have proved the lemma for k& and that it does not hold for k + 1.
So there is some n € w for which there is a partition

w=AgU...UA,_1

such that no A; contains a set of measure greater or equal to £ + 1. Then by Lemma
4.3, for every j € n there are Ag) and A} such that A; = Ag-) U A} and A?, Ajl. contain no
set of measure greater or equal to k. But then

w=AUA U..UA% JUAl

is a partition of w where no A}, for j € n and i € 2, contains a set of measure greater or
equal to k, which contradicts the assumption for k. O

4.1 Pure Conditions

We will now use the notion of logarithmic measures defined in the previous section to
define the forcing notion @ and ccc suborders Q(C).

Definition 4.5. Let Q be the partial order of all pairs (u,T) with u € [w]~* and T =
((85,h;) 11 € w) is a sequence of finite logarithmic measures such that

1. max(u) < min(sp)
2. max(s;) < min(s;y1) for all i € w
3. (hi(s;) i € w) is unbounded.

Given a condition p = (u,T), the finite part u is called the stem of p and T is called the
pure part.

If u=10 then (0,T) is called a pure condition and usually denoted by T.

Given a pure condition T, we define

int (T) = U{Sl 11 E wh.

If w1 = ug and (ug,T>) extends (u1,T), then (ug,T>) is called a pure extension of
(w1, Th). Let (u1,Th), (uz, To) € Q, where Ty = ((s¢, hY) 1 i € w) and for £ =1,2. The
extension relation (ug, To) < (u1,Th), is defined by:

1. ug is an end-extension of uy and ug \ uy C int (17)

2. int (To) C int (T1) and there is an infinite sequence (B; : i € w) of finite subsets of
w such that:

1

a) max (uz) < rniH(Smin(Bo))’

18



4.1 Pure Conditions

b) max(B;) < min(B;t1) for each i € w, and
c) s? C U{Sjl :j € B;} for each i € w.

3. for every e C s? such that h? (e) > 0 there is j € B; such that hjl-(e N sjl) > 0.

Remark 4.2. Note that if (u,T) is a condition in Q, then (u,int(T)) is a condition in
Mathias forcing M. Moreover, if (u1,T11), (u2,T2) € Q with (u2,T2) <g (u1,T1), then
(UQ, int(TQ)) SM (ul, int(Tl)).

Definition 4.6. For a pure condition T = (t; : i € w) and for every k € w, let
ir (k) = min{i € w : k < min (int(¢;))}

and let
T\k =Tyu = (ti -1 > iv(k)).

Ifuec[w, let T\ u:= T, (max(u)) ond (u,T) = (u, T\ u) € Q.

The poset @ was introduced in [She84] to show the consistency of b = w1 < 5 = wo.
@ is proper and almost “w-bounding, so the ground model reals remain unbounded in
countable support iterations. At the same time, these iterations increase the splitting
number for the same reason as we have seen with the Mathias forcing in chapter 3. So a
countable support iteration of @) of length wo will yield b = wy; < § = wy. For a detailed
argument see [Abr10].

We will focus on the more general inequality of b = k < s = k™ for which we will need
specific suborders of Q.

Definition 4.7. Let F be a family of pure conditions. Then define the suborder Q (F)
of @ by
QF)={w,T)eQ:3IRe F(R<T)}.

Definition 4.8. Let C be a family of pure conditions. We will call C a centred family
of pure conditions (or simply a centered family), if for all X,Y € C there is Z € C such
that Z is a common extension of X and Y .

Note that the partial order Q(C) is the upwards closure of the family {(u,T): T € C}
with respect to the order in Q).

Definition 4.9. Let C' be a centered family of pure conditions. A pure condition T is
said to be compatible with the family C, if it is compatible with every element of C'.

Lemma 4.5. Let C be a centered family of pure conditions. Then the partial order
Q (C) is o-centered.

Proof. For any u € [w]<*, define

Qu(c) = {(U,T) S Q(C>}
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4 Logarithmic Measures

Then @, (C) is centered. To see this, take (u,T"), (u, R) € Q,(C). By definition of @ (C),
there are 7', R’ € C such that 7/ < T and R’ < R. As C is a centered family of pure
conditions, there is Z € C such that Z < T’ R'. Then (u, Z) is a common extension of
(u,T) and (u, R), so Q,(C) is centered.

Since we have

QO = |J @uo),

u€lw]<¥

Q(C) can be written as a countable union of centered sets, so it is o-centered. O
In particular, Q(C) is ccc for all centered families C', whereas @ is not ccc.

Remark 4.3. From now on, we will assume that all centered families are closed with
respect to final sequences, so if C is a centered family and T € C, then T \ v € C for
every v € [w] <.

Definition 4.10. Let C and C' be centered families. C' is said to extend C, if C C
Q(C).

If C" extends C and there is R € Q(C") such that T < R for all T € C’, then C' extends
C below R.

Lemma 4.6. Two conditions in Q (C) are compatible as conditions in Q (C) if and only
if they are compatible in Q.

Proof. Let (u,T) and (v, R) be two conditions in @ (C) which are compatible in @) and
let (w, Z) € @ be their common extension. By definition of the extension relation in @,
w is a common end-extension of u and v, so either v is an end-extension of v or v is an
end-extension of u.

Without loss of generality, assume that u is an end-extension of v. Then, by definition
of the extension relation and w D u,

u\vCw\vCint(R).

Since (u,T) and (v, R) are in @ (C'), there are pure conditions 7", R’ in C such that
T' < T and R’ < R. Since the family C is centered, there is a pure condition Z' € C
which is a common extension of 7" and R’. Then (u,Z’) € Q(C) and it is a common
extension of (u,T") and (v, R).

The other direction is clear as Q(C) is a suborder of Q. O

4.2 Restricting Pure Conditions
In this section, we will restrict pure conditions to subsets of w and see when these
restrictions are again pure conditions. This will allow us to find pure extensions of a

condition such that the integers of the extension are contained in one set of a finite
partition of w.
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4.2 Restricting Pure Conditions

Lemma 4.7. Let (xz,h) be a finite logarithmic measure with h (x) < n. Then there are
X0y ...y Tan—1 Such that h(x;) =0 for all i € 2™ and

m:U{xi:iE 2"},

Proof. The proof is by induction on n.

Let n =1, so h(z) < 1. Then by definition of a logarithmic measure, there are zg,z1 C x
such that © = 2o U1, h(29) #? 1 and h (z1) # 1, which shows the claim.

Now suppose that we have shown the claim for every measure with level at most n for
n > 2. Let (x,h) be a logarithmic measure of level n + 1. By definition, there are sets
g, 1 € x such that

x=x9Uz1,h(x0) <nand h(zx;) <n.
Using the inductive hypothesis on g and z; we get
xg:U{xzziEQ"} for ¢ € 2,

where h (3:;) =0 for all 4 € 2". Hence = can be presented as a union of 2"+! sets, all of
which have measure 0. ]

Lemma 4.8. Let T = {(s;, h;) : i € w) be a pure condition. If A € [w]” is such that the
sequence (hi(siNA) :i € w) is bounded, then the condition T has no pure extension R

with int(R) C A.

Proof. Assume towards a contradiction that there is a pure condition R = ((z;,¢;) : i €
w) in @ which extends T" and such that int (R) C A. Then, by definition of the extension
relation, there is a sequence (B; : i € w) C [w]< such that

xigU{S]‘ 2j€Bi}Vi€w.
Since (h; (s; N A) : i € w) is bounded, there is N € w such that
hi(siNA) < NView.

R is a pure condition, and so the sequence (g; (z;) : ¢ € w) is unbounded, which means
that there is £ € w such that g, (z,) > 2% + 1. Since int (R) C A and R < T, we have

rp=xyNAC U{SjﬂA:j EB@}.
Moreover, for each j € By, we have h;(s; N A) < N and so by Lemma 4.7 there is a

family of sets {s} : n € 2V} such that s;, N A = U{s} :n € 2N} and for each n € 2V,
hj(s}) = 0. For each n € 2N let

an =24 N (LJ{S’]1 :j € By}).
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4 Logarithmic Measures

Then z; = (J{ay, : n € 2V} and since we assumed that hy(x,) > 2V + 1, there is n € 2V
by Lemma 4.1 such that
gelan) > 2V +1-m > 1.

Hence there is j € By with hj(an, N's;) > 0. However, we have s = a, N s; and so

hj(sj) > 0 which is a contradiction to h;(s}) = 0. O
Definition 4.11. For a pure condition T = ((s;,h;) : i € w) and A C w, define
TITA={(siNAhi [P(siNA)):icw).

Note that given a pure condition 7" and A C w, the restriction T' [ A is not necessarily
a pure condition, as the sequence of logarithmic measures may not be unbounded.

Lemma 4.9. Let T = ((s;,h;) : i € w) be a pure condition and Ay, ...,An—1 a finite
partition of w. Then there is j € n such that T | A; is a pure condition.

Proof. Suppose this is not the case. Then the level of the logarithmic measures of each
J € n is bounded. So for every j € n, there is M; € w such that

h; (SiﬁAj) < Mj Vi € w.

Let M = maxjep (M;). Since T is a pure condition, the levels of the logarithmic measures
(84, h;) is unbounded, so there is i € w such that

hi(s;) > M +n.

For every j € n, let 3{ = 5; N Aj. Then s; is partitioned into the n sets s,?, e s?_l and
so by Lemma 4.1 there is j € n such that

hz(sf) Zhl(sl)—j:M—i-n—sz%—l >Mj,
which is a contradiction to the assumption. ]

Lemma 4.10. Let R and T be pure conditions with R < T and let A € [w]” be such
that R | A and T | A are pure conditions. Then R| A <T [ A.

Proof. Let T = ((s;,hi) : i € w) and R = ((r;,¢9;) : i € w). Since R is a pure extension
of T, there is a sequence (B; : i € w) C [w]** such that

T’igU{SjijEBi}View.

In particular,

riNAC| J{sjnA:jeB}Vicuw.

Let e C r; N A be such that h; (¢) > 0. Then there is j € B; such that g;j (eNs;) > 0
since R < T. Finally, since e C A, we have eNs; =eNs; N A, and so R | A is a pure
extension of T' [ A. O
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Lemma 4.11. Let C be a centered family, T a pure condition compatible with C' and
w=AgU...UA,_1 a finite partition of w. Then there is j € n such that T | A; is a
pure condition compatible with C.

Proof. Assume that the claim does not hold. Let I C n be the set of all indices j € n
such that T' [ A; is a pure condition in (). I is non-empty by Lemma 4.9. By assumption,
for every j € I, there is T € C such that

T; LT A

Since I is finite and C' is centered, there is X € C which is a common extension of all T}
for j € I. Since X and T are in C, they have a common extension R € ). Again, using
Lemma 4.9 there is ¢ € n such that R [ A; is a pure condition. Moreover, by Lemma
410 R A; <T [ A;. So T | A; has pure extension such that int(R [ 4;) C A;. Then,
by Lemma 4.8, T' | A; is a pure condition, so i € I. Also

RIA<R<XLT;

and hence R | A; is a common extension of T; and T | A;, which is a contradiction. [

4.3 Good Q(C)-Names for Reals

In this section, we will define the notion of good Q(C')-names, which will be used through-
out the remainder of this chapter and in the next chapter.

Remark 4.4. We will use the fact that for some forcing notion P and f € VF n“w, f
has a P-name of the form

F=JlG5).p) :p € Aiji € w,jj € wh,

where A; = Alf is a mazximal antichain in P for each i € w.

Definition 4.12. Let C be a centered family of pure conditions. We say that a Q(C)-
name f for a real is a good Q(C)-name, if f is a Q(C')-name for every centered family
C' extending C.

Remark 4.5. As each Q(C)-name f is decided by mazimal antichains .Alf for each

i €w, fis a good Q(C)-name if and only if, for each i € w, Alf remains a mazimal
antichain in Q(C") for every centered family C' extending C.

Lemma 4.12. Let C be a centered family of pure conditions and let f be a Q (C)-name
for a real. Then the following are equivalent:

1. fis a good Q (C)-name for a real

2. fis a good Q(C")-name for every centered family C' extending C with |C'| = |C|
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Proof. The implication from 1. to 2. follows directly from the definition of a good Q(C)-
name.

For the other direction, we will show that if f is not a good Q(C')-name, then there is
some centered family C” extending C' with |C”| = |C| and such that f is not a Q(C")-
name.

So let C’ be a centered family extending C' with |C’| > |C| such that f is not a Q(C")-
name for a real. Then there is a condition p = (u,T) € Q (C’) and some i € w such

that p is incompatible with all elements of .Azf in Q(C"). We will inductively construct a
centered family C' C @ (C”) such that CU{T} C C” and |C"| = |C|. Let Cy = CU{T}.
Then Cp C Q (C') and so all X,Y € Cj have a common extension in Q(C’), which we
will denote by Zx y. Now let

C(/] = {ijy X, Y € C[)} and C7 = () UC[/).

Suppose that C,, = C,,—1 U C),_; has already been defined and C,, C @ (C’). Then all
X.,Y € C),—1 have a common extension Zxy € Q (C’). Let

Cr,={Zxy:X,Y € C,_1} and Cpy1 = C, UG,

Finally, let

c" = U Ch.

new

Then C” is a centered family such that
C'cQ(C"), Cu{T} CC" and |C"| =|C|.

Since C U{T} C C”, we have p € Q(C"). Moreover, p is incompatible with all elements
of Azf in Q(C’), hence they are also incompatible in () by Lemma 4.6. Using the same
Lemma, we also have that p is incompatible with all elements in .Azf in Q(C”) and so
Alf is not maximal in Q(C"), hence f is not a Q(C”)-name. O

Corollary 4.1. Let C be a centered family of pure conditions and let f be a Q (C)-name
for a real. If f is not a good Q(C")-name for some centered family C' extending C, then
there is a centered family C" extending C, with |C"| = |C| and such that f is not a
Q(C")-name for a real.

4.4 Extending Centered Families
In this section, we will define the poset @)y, of finite sequences of strictly increasing

logarithmic measures and suborders P(7") which will be used to construct extensions of
arbitrary centered families.
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Definition 4.13. Let Q i, denote the partial order of all finite sequences T = (ro, ...Ty),
where n € w, for every i € n+ 1, r; = (s;,hi) is a finite logarithmic measure and for
every i €En

max (8;) < min (s;41) and h; (8;) < hit1 (8i41) -

The level of the sequence T is the level of the highest measure r,, and is denoted by ||7||.
For 71,73 € Qin define 71 <To if Ty is an initial segment of T1.

Definition 4.14. Let 7 = (rg,...,7n—1) € Qfin, where for every i € n, r; = (s4,h;).
Then T extends a pure condition T = (t; : i € w), where t; = (x;,9;), denoted by T < T,
if

1. int (7)) = U{si: i €n} Cint(T)

2. there is a sequence (By, ..., Bp_1) of finite subsets of w such that
a) max(B;) < min(B;y1) for alli € n—1, and
b) si CU{zj:j € B} forallien

3. for every i € n and e C s; such that h;(e) > 0, there is j € B; such that
gj(enzj;) > 0.

A single finite logarithmic measure r = (s, h) extends a pure condition T, if the sequence
(ry extends T.

Definition 4.15. Let T be a pure condition. Then
P(T) ={T € Qfin: T <T}
defines a suborder of Q fin.

Lemma 4.13. Let T € QQ be a pure condition.

1. For all k € w the set
E, ={reP(T):|f| >k}

is dense in P (T).
2. For every pure condition X compatible with T and every n € w, the set
Dr(X,n) ={FreP(T):3r; €7 (r; <X and ||rj|| > n)}
is dense in P (T).

Proof. Let ¥ = (ro,...;rm—1) € P(T), where T' = {(s;,h;) : i € w}, with [F| = m < k
and let (Bo, ..., Bjm—1) C [w]= witness 7 < T. Then let £ := max(B,,_1) + 1 and define
Tm = (8¢, he). We have that

T (rm) € Qpin, T~ (rm) <T and 7 (ry,) < T,
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which is witnessed by (B, ..., Bm—1, {¢}) and so 7" (ry,) € P(T). Repeating this proce-
dure, we get an extension of 7 of length k in finitely many steps and so Ej, is dense.

To see that Dr (X, n) is dense, let 7 € P(T'). Since T' and X are compatible, 7"\ int (7)
and X are also compatible. So there is a finite logarithmic measure z with

[} > max{{[7[], n}

which is a common extension of X and 7"\ int(7). Then 7 (z) < 7 and it is in Dp (X, n).
O

Corollary 4.2. Let C be a centered family of pure conditions, T a pure condition com-
patible with C' and G a P (T)-generic filter. Then there is a centered family C' in V [G]
extending C below

RG:UG:<ri:i€w>

(and so below T') which has the same cardinality as C.

Proof. Rg is a pure condition of strictly increasing finite logarithmic measures by Lemma
4.13. Since D7 (X,n) C P(T) from Lemma 4.13 is dense for every X € C and n € w,
we have G N Dy (X,n) # (. Therefore, the sequence

RoNANX =(r; € Rg:1; < X)

is infinite and a common extension of Ry and X. If Y < X, then Rao AY < Rg AN X
and so
C'"={RgNX:XeC}

is a centered family below Rg and with |C'| = |C]. O

4.5 Preprocessed Conditions

We will define the notion of a preprocessed condition in this section and show when pure
conditions have preprocessed extensions. This notion will be used in coming sections to
define forcing posets.

Definition 4.16. Let C be a centered family of pure conditions, f a good Q (C)-name
for a real, k,i € w and T' a pure condition in Q (C) such that k < min (int (T")). Then
T is called preprocessed for f (i), k,C if the following holds:

For every v C k, if there is a centered family C' extending C with |C'| = |C|, a pure
condition T" € Q (C') and q € Alf such that T' < T and (v, T") < q, then there isp € Alf
such that (v, T) < p.

Lemma 4.14. Let C be a centered family, f a good Q (C)-name for a real, i,k € w
and T € Q (C) a pure condition which is preprocessed for f (i), k,C. Further, let C' be
a centered family extending C with |C'| = |C|. Then, any T' € Q (C") which is a pure
extension of T is preprocessed for f (i), k,C".
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Proof. Let C” be any centered family which extends C’” and is of the same size as C’.
Then, in particular, C" also extends C' and both families are of the same size. Let
T" € Q(C") be a pure condition extending 7”, such that there are q € Azf and v C k
with (v, T") < gq.

Since T"” extends T”, it is also a pure extension of T’ and as T is preprocessed for f (i),k,C
and (v, T”) < g, there is some p € .Azf such that (v,T) < p. Now, since 7" < T, we also
have (v,T") < p and so T" is preprocessed for f(i),k, C". O

Corollary 4.3. Let C be a centered family, f be a good Q(C)-name, let C' be a centered
family extending C with [C'| = |C| and let T € Q(C) be a pure condition. If T is
preprocessed, for f(i),k,C, for some i,k € w, then T is preprocessed for f(i),k,C".

Lemma 4.15. Let C be a centered family and T be a pure condition in Q(C'). Further,
let f be a good Q (C)-name for a real and i,k € w.

Then there is a centered family C" extending C, such that |C'| = |C|, and a pure extension
T' € Q(C") of T such that T' is preprocessed for f (i), k,C".

Proof. We will inductively construct a centered family C’ and a pure condition 7" €
Q@ (C") which extends T and is preprocessed for f(z), k,C’. Let v, ...,v, be an enumer-
ation of all subsets of k.

For the base case consider the condition (vg,T \ k). If there is a centered family C|)
extending C' with |C{)| = |C| and a pure condition T} € Q (C{) such that Tj) < T'\ k and
(vo, Tp) < po, for some py € Alf, let Ty = T}) and Cy = C. Otherwise let Ty = T and
Co=C.

Now suppose that Tj_; and Cj_; have already been constructed and consider (v;,T;_1)
and Cj_1. If there is a centered family C} extending C;_1 with |C7| = |Cj_1| and a pure
condition Tj’» € Q(C']’-) extending 7)j_; and there is p; € A{ such that (v, Tj’) < pj, then
let T = TJ’ and C; = Cj’~. Otherwise let T = Tj_; and Cj = Cj_;.

Finally, let 7" = T}, and €’ = C,,. It is left to show that T” is preprocessed for f (i), k, C".
So let v be an arbitrary subset of k, C” be a centered family extending C’ with |C"| = |C’|
and 7" € @Q (C") be a pure condition which extends T'. Since v is a subset of k, there is
J € n+ 1 such that v = v;. By construction, C’ extends Cj_; and so C” extends C;_;

and we have T” < T" < T;_;. Then, if there is some p € Alf such that (v, 7") < p,
we have chosen C; and T; € Q(C}) in our construction such that (v;,T};) < p; for some

pj € Alf. As T" is an extension of T' and v; = v, we have (v,T7’) < p; and so T" is

preprocessed for f(i),k,C". O

Corollary 4.4. Let C be a centered family, T a pure condition in Q (C), fa good
Q(C)-name for a real and k € w.

Then there are a centered family C' extending C with |C'| = |C| and a pure condition
T' € Q(C') such that T' < T and T is preprocessed for f (i), k,C’, for everyi € k + 1.

Proof. Using Lemma 4.15, we can find a centered family Cy which extends C, with
|Co| = |C, and a pure condition Ty € Q(Cp) such that Tp < T'\ k and Tp is preprocessed
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for £(0), k, Cp.
Starting with Ty and Cjp, we can build two finite sequences

(Ci i <k)and (T; : i < k),

using Lemma 4.15, such that Cj;1 is a centered family extending C; and |C;41| = |C;| =
|C| for each i € k and each T; is a pure condition in @ (C;), which is preprocessed for
f(i),k,Cy, and Tjyy < T for all i € k.

Let 7" = T} and C" = Cj. By construction, ¢’ < C, |C'| = |C] and T' € Q (C’) with
T' < T; < T for each i € k+1. Finally, for each 7 € k+ 1 we have that T” is preprocessed

for f(i),k,C" by Lemma 4.14. O

4.6 Generic Preprocessed Conditions

Using results from the previous section, we can now show that there are infinite sequences
of preprocessed conditions with desired properties and use them to define a partial order.

Lemma 4.16. Let C be a centered family of pure conditions, fa good Q (C)-name for
a real and let T' be a pure condition in Q (C).

Then there is a centered family C' extending C with |C'| = |C| and a sequence of pure
conditions (T, : n € w) in Q (C"), such that

1. Ty <T and¥n > 1(T, < T,-1)
2. ¥n € wVi < n, Tj, is preprocessed for f (i) ,n,C".

Proof. We will inductively build the sequence (T;, : n € w). Using Lemma 4.15 we get a
centered family Cp extending C' with |Cp| = |C| and a pure condition Ty € Q (Cp) which
extends T and is preprocessed for f (0), 0, Cp.

Now suppose that we have defined a centered family C,, extending C,_; with |C,| =
|Cp—1| and T,, € Q (Cy,) such that T;, < T,_1 and for each ¢ < n, T}, is preprocessed for
f (1), n, Cp. By Corollary 4.4 we can find a centered family C),4+1 extending C,, with
|Cpt1| = |Cy| and a pure condition Ty, 41 € Q (Cht1) which extends T;, and such that

T,+1 is preprocessed for f (i), k, Cpy; for all i <n + 1.

Finally, let
¢’ = G
new
Then C’ is a centered family extending C' with |C'| = |C| and (T}, : n € w) C Q (C").
For every n € w and i < n, T}, is preprocessed for f(z) ,n,Cy, by construction of the
sequence. As O extends C,, and the families have the same size, Corollary 4.3 gives for
each i < n that T, is preprocessed for f(z) ,n,C’. O

Remark 4.6. Note that the sequence (T, : n € w) from Lemma /.16 is not uniquely
determined by T'.
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Until the end of this section, we will fix a centered family C, a good Q (C)-name f for
a real, a pure condition T € Q (C) and a sequence

T=(T,:n€cw)
of pure conditions contained in Q (C') which satisfies Lemma 4.16.

Definition 4.17. Define P.(C, T, f) to be the suborder of P (T) which consists of all
finite sequences T = (rg,...,Tn—1), N € w such that ro < Ty and for alli € {1,...,n — 1},

ri < Tj,, where j; = max (int (1;,-1)).

Lemma 4.17. The following sets are dense in P.(C, T, f):

1. Forallk € w
E,={r P (C,T,f):|F| > k}.

2. Forall X € C, n € w,

D, (X,n) = {F €P.(C,T, f): 3r; €7 (r; < X and ||rj|| >n)}.

Proof. Let k € w and 7 = (r,...,7¢_1) € P,(C,T, f) with |r| < k. We can find an
arbitrary finite logarithmic measure 7, such that r, < T},, where j, = max(int(ry—1)).
Then 7 (r¢) € Epy1 and 7 (ry) < 7. Repeating this finitely many times will result in a
sequence 7 with 7 € E and 7 < 7.

To see that D, (X,n) is dense for X € C and n € w, let 7 = (rg, ...,r¢_1) € P.(C, T, f).
Let j, = max (int (14—1)). Since T" and X are compatible, Tj, \ int (7) is compatible with
X, and so there is finite logarithmic measure r;, with

[rell = max{[[7[|, n}

and which is a common extension of T}, \ int (7) and X. Then 7 (r;) <7 and 7 (ry) €
D, (X,n). O

Corollary 4.5. Let G be a P.(C,T, f)-generic filter and let
RG:UG:<7’i3iGW>-

1. Then Rg is a pure condition of strictly increasing logarithmic measures such that
for every n € w, the condition R, = (r; : i > n) is a pure extension of T}, , where
Jn = max (int (r,—1)).

2. In V [G] there is a centered family C' extending C' below Rg (and hence below T')
such that |C'| =|C|.
Then, in particular, Ry, \ x is preprocessed for f (n), max (z), C' for alln € w and
z € [int(R,)]~¥.
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Proof. By Lemma 4.17, R is a pure condition of strictly increasing finite logarithmic
measures such that for each n € w, R,, is a pure extension of T}, .
For the second part of the assertion, note that for each X € C, the sequence

RoANX = (ri:r; <X)

is infinite, since GN D, (X,n) # 0 for all n € w and it is a common extension of Rg and
X. For X <Y we have Rg A X < Rg AY and therefore the family

C/ZZ{Rg/\X:XEC}

is centered. So C’ extends C below Rg and |C'| = |C]. O

4.7 Induced Logarithmic Measures

In this section, we will study the logarithmic measure induced by specific families of sets
and we will see that these logarithmic measures take arbitrarily high values.

Definition 4.18. Let M be the ideal of meager subsets of the real line. Moreover, let
cov (M) be the minimal size of a family of meager sets which covers the real line.

Definition 4.19. Let k be an uncountable cardinal. The M Acountapie(K) s the statement
that for every countable partial order P and every family D of dense subsets of P, there
is a filter G C P that meets all sets in D, so VD € D: (GN D) # .

Note that for every regular uncountable k, we have cov (M) > & if and only if M A ountable(K)-

Lemma 4.18. Let C be a centered family of pure conditions with |C| < cov (M) and
f a good Q(C)-name for a real. Further, let n € w and T = ((s;,h;) : i € w) a pure
condition in Q (C) such that for all x € [int (T)]~, T \ z is preprocessed for f(n),
max(z), C.

For v € [w]=, let Py(C, T, f(n)) be the family of all x € [int (T)]~* such that

1. there is i € w such that h; (x N's;) > 0, and

2. there are w C x and p € A{i such that (vUw, T\ z) < p.
Then the logarithmic measure induced by Py,(C, T, f (n)) takes arbitrarily high values.

Proof. We will show the assertion using Lemma 4.4, so we need to show that for any
arbitrary partition w = Ao U ... U Ap;_1, there is some j € M such that A; contains a
set which is positive with respect to the logarithmic measure induced by P,(C, T, f(n)).
Fix a partition of w as above. Then, by Lemma 4.11, there is a pure condition 7" which
extends 7', is compatible with C' and such that there is some j € M with int(7") C A;.
By |C| < cov (M) and Corollary 4.2, there is a centered family C’ extending C' with
|C’| = |C|, and a pure condition

R=(r;:icw)eQ(C),
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where the r; = (SZR, hZR) are finite logarithmic measures of strictly increasing levels, such
that R < T/ < T. As f is a good Q(C)-name, it is also a Q(C’)-name and so A} is a
maximal antichain in Q(C”). Hence there is some condition (v', R") € Q(C") which is
a common extension of (v, R) and some ¢ € Af,. Since (v/,R’) < (v, R) we have that
v' is an end-extension of v and w = v’ \ v C int(R). As w is finite, there is a finite
subsequence (r; : @ < i <b) in R such that

b
wC = U int(r;).
i=a

We have that
z Cint(R) C int(1T") C Aj,

so we need to show that = € P,(C, T, f(n)). We can assume that w # () and so there is
k € [a,b] such that

0 < [lrell = hi¥(s{") = b (sf N 2).
Since R < T, there is i € w such that h(zNs;) > 0 by definition of the extension relation,
and so 1. holds. .
For 2. observe that v Uw C max(z), R <T\ z and (vUw, R') < g, where g € Al As
T\ x is preprocessed for f(n), max(z),C, thereis p € A such that (vUw,T\z)<p. 0O

Corollary 4.6. Let C be a centered family of pure conditions with |C| < cov (M) and f
a good Q (C)-name for a real. Further, let n,k € w and T = ((s;,hi) i € w) € Q(C) a
pure condition such that for all z € [int (T)]<%, T\ z is preprocessed for f (n), max(z),
C. Let Pi(C,T, f(n)) be the family of all z € [int(T)]“ such that

1. there is i € w such that h; (s; Nx) > 0, and

22 VwCkdwCxdpe Aii such that (vUw, T\ x) < p.
Then the logarithmic measure induced by Py (C, T, f (n)) takes arbitrarily high values.

Proof. We will show that the logarithmic measure takes arbitrarily high values using
Lemma 4.4, so fix an arbitrary partition w = AgU...U Aps—1. Proceed as in the proof of
Lemma 4.18 to obtain a pure condition 7" which extends 7" such that int(7") C A; for
some j € M, a centered family C’ extending C' and

R=(ri:icw)eQ(C),

where 7; = (s, hF) are logarithmic measures of increasing levels, such that R < T' < T.
Then, in particular, R\« < T\ x for all z € [int(7)]~* and hence, by Lemma 4.14, R\ =
is preprocessed for f(n), max(z) and C’.

Now fix an enumeration vy, ..., vr,_1 of all subsets of k. Then, for each i € L, we can find

z; € Py, (C', R, f(n)) by Lemma 4.18. Now let

1’2:U{$Z’:’i€L}
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and we will show that z € Py(C, T, f(n))
For each i € L we have x; € P,,(C’, R, f(n)) and so there is j; € w such that hﬁ(sﬁﬁwi) >
0. By definition of R < T there is ¢ € w such that hy(s; N z;) > 0 and so

hg(Sg N x) > hg(Sg N $Z) > 0.

To see that 2. holds as well, let v C k. Then_ v = v; for some 7 € L. Since x; €
Pvi(C",R,f‘(n)), there are w; C z; and ¢; € .A,J; such that (v; Uw;, R\ x;) < ¢;, and
hence

(viUw;, R\ z) < g;.

Since R < T, C' is extends C with |C’| = |C| and T'\ x is preprocessed for f(n), max(x)
and C, there is p € AZL such that
(vUw, T\ z)<p.
So & € Py(C, T, f(n)) and since
z Cint(R) C int(1") C Aj,

the logarithmic measure induced by Py (C, T, f(n)) takes arbitrarily high values. O

32



5 b=r<s=kr"

This chapter builds on results from the previous chapter, and in the final chapter we will
give the construction for a model in which b = k < s = k™ holds. This chapter follows
[FS08].

5.1 Good Extensions

Remark 5.1. For this section, fiz a centered family C' with |IC| < cov(M), a good
Q(C)-name f and a pure condition T = (t; : i € w) € Q (C) such that for alln € w and
x € [int(T3,)]~, where T, = (t; : i > n), T\ x is preprocessed for f(n), max(z), C.

Definition 5.1. Let P(C, T, f) be the suborder of P(T) of all sequences T = (rq, ..., 1)
such tl_mt for all i € n, all v C i and all r;-positive s C int (r;), there are w C s and

pGAZf such that (vUw, T\ s) < p.
Lemma 5.1. For every k € w the set

Ex(C,T, f) = {T € P(C, T, f) : [T| > k}
is dense in P(C, T, f).

Proof. Let 7 = (ro,...,rm-1) € P(C,T, f) with m < k. We will construct an extension
of 7 which is in Ex(C,T, f).
Since 7 < T', we have i7(max(int(7))) > m and so

T' =T\ int(F) < Tpn.

By Lemma 4.14 and our choice of T', T" \ x is preprocessed for f(m), max(x),C, for all
z € [int(T")]=¥. Then by Corollary 4.6 and |C| < cov (M), the logarithmic measure h
induced by the family P,,(C,T’, f (m)) takes arbitrarily high values, hence

3z € Pp(C, T, f (m)) : h(z) > [[rm-1].
Let 7 = (z,h | P (x)). We will show that 7~ (r,,,) € P(C, T, f).

Let v € m and s C int (ry,) with h(s) > 0. By the definition of &, there is w C s

and p € Al, such that (vUw, T\ s) < p. Since s C x € [int(T \ int(7))]<“, we have
T'\ s =T\ s and hence
(vUw, T\ s) <p.

So 7 (ry) is a condition in Ey,41(C, T, f) which extends 7. By repeating this process
finitely many times, we get an extension of 7 in Ex(C, T, f). O
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Lemma 5.2. For every X € C and n € w, the set
Dxn(C.T,f) ={r € P(C,T.f) : Irj €7 (r; < X and |lr;] > n)}
is dense in P(C, T, f).

Proof. Let 7 = (ro, ...,rm-1) € P(C, T, f) and we will construct an extension of 7 which
isin Dx »(C,T, f) for any X € C and n € w.
Since 7 < T', we have i7 (max(int(7))) > m and so

T' = T\ int(7) < Tpn.

Since X,T" € Q (C), each condition has an extension in C, and as C is centered, there
is Y € C such that Y < X,T’. Then, by the choice of T' and Lemma 4.14, for every
z € [int (Y)]<, Y is preprocessed for f(m), max (z) and C. By Corollary 4.6 and
|C| < cov (M), the logarithmic measure h induced by Pp,(C,Y, f (m)) takes arbitrarily
high values, and so

Iz C Pw(C,Y, f(m)) : h(z) > max{||rm_1|,n}.

Let 7, = (z,h | P(x)). We will show that 7™ (r,,) € P(C,T,f). Let v C m and
s C int (rp,) with h (s) > 0. By the definition of h, there is w C s and ¢ € A/, such that

(vUw, Y \s) <gq.

Since T\ s is preprocessed for f (m), max (s) and C, and Y \s<T\s,thereisp € A&
such that (vUw,T \'s) < p. Hence 77 (ry,) € P(C,T, f) and, since [[ry,| > n and
7 (rm) < X, we have 7~ (r,) € Dx,(C, T, f). 0

Corollary 5.1. Let G be a filter in P(C, T, f) which meets Dx »(C, T, f) and Ey(C, T, f)
forall X € C and n,k € w. Let

RgzUG=<ri:iEw>.

1. Then Rg is a pure condition of finite logarithmic measures of strictly increasing
levels such that Vi € wVv C i Vs € int (r;) which are ri-positive, there is w C s and

pE Azf such that (vUw, Rg \ s) < p.

2. Furthermore, there is a centered family C' extending C' below R¢g (and so below T')
such that |C'| = |C].

Proof. By assumption, G meets all Ey(C,T, f) and Dy ,(C,T, f) and so R¢g is a pure
condition of finite logarithmic measures of strictly increasing levels. Let i € w, v C i and
s € int (r;) be ry-positive. By definition of P(C,T, f), there is w C s and p € .Azf such
that (vUw, T\ s) < p. Since Rz < T, we have (vUw, R¢ \ s) < p.
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For the second part of the assertion, note that since G meets Dx ,,(C, T, f )forall X € C
and n € w, the sequence
RocANX =(ri:r <X)

is infinite and a common extension of Rg and X. For any Y € @ with X <Y we have
RaNX < Rg AY, and so the family

C'={ReNX:XeC}

is a centered family which extends C below R¢g and with |C'| = |C]. O

5.2 Preserving unbounded <*-directed Families

In this section, we will show that any centered family has an extension which pre-
serves the unboundedness of an unbounded <*-directed family (see Definition 2.8) of

size cov(M).

Theorem 5.1. Let k be a reqular uncountable cardinal with cov (M) = k and let H C “w
be an unbounded, <*-directed family with |H| = k. Further, let C' be a centered family
with |C| < k, f a good Q (C)-name for a real and T € Q (C).

Then there is a centered family C' extending C such that |C'| = |C|, a pure condition
R € Q(C") which extends T and a real h € H such that for every centered family C”
extending C', for every a € [w]="

(CL, R) “_Q(C”) 3¢ € W(f (Z) <h (Z))

Proof. By |C| < cov (M) and Corollary 4.5 there is a centered family C1, with |Cy| =
|C| that extends C below T and such that there is Ty = (] : i € w) € Q(Cy) with
Ty < T and, for each n € w and x € [int (T1 \ int (t}hl))]ﬂu, T} \ z is preprocessed
for f (n),max(x) and C. Since |C1| < cov (M) there is a filter G C P(C1, T, f) which
meets E(C1,T1, f) and Dx ,(C1,T1, f) for all X € C and k,n € w. By Corollary 5.1,

Tg::UG:<m:z’€w>

is a pure condition of finite logarithmic measures of strictly increasing levels that extends
Th and such that for all i € w, all v C i and for each r;-positive s C int(r;), there is

wCsandpe€ .Alf such that (vUw, T\ s) < p. Define

g(1) == max{k € w: Jv Ci,w Cint(r;),p € Afé((v Uw,T) <pandpl-k= fN}.

We can assume that g is non-decreasing, otherwise let ¢ (i) = max{g(j) : j < i}. For
every X € Cq let Jx :=={i:r; < X} and

Fx (0) =g (Jx (i +1)) iff £ € (Jx (i), Jx (i + D],
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where Jx (m) denotes the m-th element of Jx. As H is unbounded, there is hx € H
such that hxy £* Fx for each X € C;. Since |{hx : X € C1}| < k, there is h € H
with hx <* h for all X € C;. We can assume that h is non-decreasing. Then, for each
X € C} we have g (i) < Fx (i) for all ¢ € w by definition of Fx. Further, h £* Fx since
hx £* Fx and hx <* h. Hence the set J :={i € w: g (i) < h (i)} is infinite.

Claim. There are infinitely many i € Jx such that Fx (i) < h(7).

Proof of claim. Suppose that this is not the case, so for all but finitely many i € Jx, we
have h (i) < Fx (i). Then there is m € w such that

Vi >m: h(Jx(k) < Fx (Jx(k)).

For each £ € w\ Jx(m) there is i > m such that ¢ € (Jx (i), Jx(i+1)], since w\ Jx(m) =
Usrsm(Jx (), Jx (k + 1)]. Then, since h is non-decreasing, we have

h(€) <h(Jx(i+1)) <Fx(Jx(i+1)=Fx ().
But this contradicts h £* Fx. O

By definition of Jx and Fx, we have Fx(j) = g(j) for all j € Jx and since h £* F¥,
the set Ix = J N Jx is infinite. Let R = (r; : i € J), then for each X € (1,

R/\X=<7"i:iEIx>:<7’i€R:7’Z‘§X>
is a common extension of R and X. If X <Y, then Jx C Jy, so Ix C Iy and hence
C'={RANX:X€c(C}

is a centered family which extends C) below R with |C'| = |Cy| = |C].

Now let C" be an arbitrary centered family which extends C’. Fix a € [w]<“, k € w and
let (b, R') € Q (C”) be an arbitrary extension of (a, R). Since J is infinite, there is i € J
such that ¢ > k, b C 7 and the set

s = int(R') N int(r;)

is r;-positive. Then, by our choice of T, there are w C sand p € Af with (bUw, T \ s)
p. Since R'\ s < R\ s < T\ s, we have (bUw, '\ s) < p and (bUw R\ s) < (bR
Let j € w be such that p - j = f(i). By definition of g, j < g(i) and since i € J,
g(7) < h(i) and so

<
)-

(bUw, R\ s) Ikqem f(i) = < §(i) < h(i).

But since (b, R') < (a, R) was arbitrary as well as k € w, we have

~

(a, R) IFgeny 31 € w(f(i) < h(i).

36



5.3 Adding an unsplit Real

5.3 Adding an unsplit Real

Using Theorem 5.1, we can construct a centered family that preserves the unboundedness
of directed families of size k and adds a new real which is not split by the ground model
reals.

Lemma 5.3. Let k be a regular uncountable cardinal such that cov (M) =k and YA <
K (2>‘ < /@). Further, let H C “w be an unbounded, <*-directed family of size k. Then
there is a centered family C' of size k such that

1. 1o (H is unbounded)
2. Q(C) adds a real not split by the ground model reals.

Proof. We will construct the centered family C via transfinite induction of length k.
Let F = { f.a}a<ﬁ enumerate all names for reals in partial orders @ (C’) where C’ is a
centered family with |C'] < k. Also let A = {Ag+1}a<k enumerate [w]®.

For the base case, take any pure condition T € @ and let Co = {T \ v : v € [w]~“},
which is a centered family of size less than x.

Suppose o = 3+ 1 is a successor and assume that we have already constructed Cg. Let
ga+1 be the name with the least index in F \ {gy+1},<p which is a @ (Cg)-name for a
real. Then gg;q is either a good Q(Cpg)-name for a real or it is not a good name.

If 41 is a good @ (Cg)-name, pick an arbitrary 7" € @ (Cg). By Lemma 4.11 there is
a pure extension 7" of T” which is compatible with Cg and we have

int (T”) C Apgyq or int (T”) C A%Jrl.

By |Cs| < cov (M) and Corollary 4.2 there is a centered family C,; which extends C
below T" such that |Cj, || = |Cg|. Then by Theorem 5.1 there is a centered family Cp1
extending C5, with [Cg11| = |Cp,,| and a pure condition Tp11 € Q (Cg1) such that
Tg11 < T” and for some hgy1 € H, every centered family C” extending Czyq and all
a € W= .

(a,Tp41) ey 371 € w(gp+1(i) < hp4a(d)).

Since Tp41 extends T, we also have
int(Tp41) € Agyr or int(Tgy1) € A,y

If gg41 is not a good @ (Cg)-name, then by Corollary 4.1 there is a centered family Cé+1
extending C with [Cy, | = |Cgl| such that gg1 is not a Q(Cp, ;)-name for a real. By
Lemma 4.11 there is a pure extension T of 7" which is compatible with Cj,  such
that

int (Tﬁ+1) - Aﬁ+1 or int (TB+1) - A%+1.

By |C 4] < cov (M) and Corollary 4.2 there is a centered family Cgy1 extending Cp,
below Tjg41 such that [Cpy1| = [Ch |-
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If a is a limit, let Co = Jg., Cp. Then [Cy| < k and C, extends Cj for each 8 < a.
Complete the construction by letting

C=|JCa
a<k

Then |C| = x and C' is a centered family which extends C,, for all a < .
To see that 1. holds, let f be a @ (C)-name for a real, so it is of the form

f=UJla g0 sicwpe Al ji e w,

where Alf is a maximal antichain in @) (C) for each i € w. For every i € w and p € AZf
let

au(p) = min{y : p € Q(C,)}.

Since « is regular and uncountable,
o = sup{a;(p) : p € Ai(f)} < k and a == sup{a; : i € W} < K.

Moreover, « is minimal such that f is a Q (Cq)-name for a real. So f € F and since f
is a @ (Cp)-name for all 8 > «, there is § < x such that f is the name with least index
in F \ {gy+1}y<s which is a Q (Cs)-name, so f = gs41.
Claim. f is a good Q(Cs)-name.
Proof of claim. Suppose that this is not the case. Then, by our construction, we would
have chosen a centered family Cjy; to be such that f is not a good Q(Cjsy1)-name. Then

we could find ¢ € Q(Cs41) and @ € w such that ¢ is incompatible with all elements of Alf

in Q(Cs41). But then, by Lemma 4.6, ¢ would remain incompatible with all elements of
Al in Q and then they are also incompatible in Q(C). So Azf U {¢} is an antichain in

]

Q(C), which contradicts the maximality of .Alf ) O

Hence f is a good @ (Cjs)-name and then we have chosen Ty, and Cyy; in our construc-
tion such that for all a € [w]=*

(a, Ts1) IFgeoy 3% € w(f(i) < hota(i).

Finally, note that {(a,Ts5.1) : a € [w]<*'} is predense in Q(C) as any two conditions with
equal stem are compatible. So we have

Fo(cy has1 £ f.
To see that Q(C') adds a real not split by the ground model reals, let G be a @ (C)-generic
filter and |JG = {u : 3T (u,T) € G}. Then for all v € k the set

D»\/J'_l = {(’LL,T) S Q (C) T < T,y_;,_l}

is dense, because any two conditions with equal stem are compatible. Therefore, G meets
D41 and so |JG C* int (T',41), which gives

Uecrao | oA,
So the set |JG is not split by the ground model reals. O
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Finally, by applying Lemma 5.3 and the preservation theorems from section 2.2.2, we
can construct a model which separates the bounding and the splitting numbers.

Theorem 5.2 (GCH). Let k be a regular uncountable cardinal. Then there is a ccc
generic extension in which b=k <s=r"T.

Proof. Construct a model V' of b = ¢ = s by a finite support iteration of length x of
Hechler forcing. In V we have 2* = k for all A < k and the family H = V N “w is
unbounded and <*-directed. We will construct a finite support iteration of ccc forcing
notions ((Py : @ < k1), (Qq : o < k1)) as follows.

If « = 8+ 1 is a successor and Pg has been defined, then:

1. Let Qg be a Pg name for the forcing notion C (%) of adding x many Cohen reals
and let P, = Pg x Qg. Then
a) H remains unbounded in V¥« by Corollary 2.1
b) H is <*-directed in VFe by Remark 2.1 and since P, is ccc
¢) Since P, is ccc, it does not collapse cardinals and so YA < x(2* < k) in VFe
d) cov (M) = k in VFa
2. Now we can apply Lemma 5.3 in VFe to obtain a centered family C of pure

conditions such that @ (C') preserves that H is unbounded and it adds a real not
split by VFe N [w]”. Let Q4 be a Py-name for Q (C) and Pyy1 = P, * Q4. Then

a) H remains unbounded in VFe+1 by Lemma 5.3
b) H is <*-directed in VFe+1 by Remark 2.1 and since P,y1 is ccc
c¢) Since Py is cec, VA < K (2’\ < n).
3. Let A C “w be an unbounded family of size l_ess than & in Vet Let QQH be a
Pyt1-name for H (A) and let Pyyo = Poi1 * Qq41. Then:
a) H remains unbounded in VFe+2 by Lemma 2.8, since |H (A)| = |A| < &

b) H is <*-directed in VFo+2 by Remark 2.1, since H (A) is o-centered by Lemma
2.2, and hence it is ccc

¢) Since Py42 is cce, VA < k (2)‘ < /1).
d) A is bounded in VFe+2 by Lemma 2.4

If o is a limit, suppose that for every S < a we have defined a ccc forcing notion Pg and
a Pg-name Qg such that # is unbounded in V*# and IFp, (Qg is ccc). Let P, be the

finite support iteration of <]P’5,Q5 : B < a). Then:
1. # remains unbounded in VP by Theorem 2.3

2. H is <*-directed in VP by Remark 2.1 and since P, is ccc .
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3. VA< k(2 < k) in Ve,

This completes the construction. Let P = P,+. Then P is a ccc forcing notion and in
VP we have 2¥ = kT. Let A C [w]* N VP be an arbitrary family of size less than 7.
Then by Lemma 2.9 A is contained in some proper initial segment of the construction,
so there is a < k™ and a P-generic filter G such that A C V [G,], where G, = G NP,
By the second step in the successor stage of the construction of P, there is a real not
split by A in V [Gay3]. So VF = s = k. By Theorem 2.3 and construction of P, H
remains unbounded in VF. As every family of reals in V' of size less than & is obtained
at some initial stage of the iteration, one can guarantee that any such family is bounded

in V? and so
VPEb=r<s=r".
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As we have seen in Chapter 3, general Mathias forcing adds a dominating real and so
increases the bounding number as well as the splitting number. However, relativized
Mathias forcing may not add a dominating real. In [Can88] a characterization of ul-
trafilters was given such that M(U/) does not add a dominating real. In this chapter
we follow [FI10] to show that given an unbounded <*-directed family H, there is an
ultrafilter Uy, such that M(Uyy) preserves the unboundedness of H.

Recall that for a condition (u,7) € @ (definition 4.5) we have that (u,int(T")) is a
condition in the Mathias forcing notion M. Moreover, if we have (u1,T1), (u2,T2) € Q
with (u1,T1) <@ (ug2,T2), then we have (uq,int(77)) <m (ug, int(73)).

The following Lemma shows that in fact, Q(C') can be embedded into M(F) for a specific
ultrafilter F.

Lemma 6.1. Let C be a centered family of pure conditions in Q and let
Fo={Aew”:3T € C(int(T) C A)}.
Then Q(C) is densely embedded into M (F¢).
Proof. Define a mapping i from Q(C) to M (F¢) by
i (u,T) — (u,int(7)) .

We will show that this is a dense embedding. As mentioned before, if (uq,71), (ug, Ta) €
Q(C) with (ul,Tl) SQ(C) (’U,Q,Tg), then

(u1,int(T1)) = i ((u1,T1)) <m (uz, int(T2)) =i ((u2, 12)),

so ¢ is order preserving.

To see that i also preserves incompatibility, let (u,7") and (v, R) be incompatible con-
ditions in Q(C). If u is not an end-extension of v and v is not an end-extension of u,
then

(u, int(T)) Lng(re) (v, int(R)) .

So without loss of generality, assume that u is an end-extension of v. By definition of
Q(C), there are T', R’ € C such that 7" < T and R’ < R. As C is centered, there
is Z € C which is a common extension of 77 and R’. Now, if v \ v C int(R), then
(u,Z) € Q(C) would be a common extension of (u,7’) and (v, R), which contradicts
our assumption. Therefore, we have u \ v & int(R). Now suppose that there is some
(a,X) € M (F¢) which is a common extension of (u,int(7")) and (v,int(R)). Then, in
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particular, a is an end-extension of u, so u \ v C a \ v, but also a \ v C int(R), which
contradicts u \ v & int(R).

Finally, to see that i (Q(C)) is a dense subset of M (F¢), take any (a,X) € M (F¢).
By definition of F¢, there is T' € C such that int(7") € X. In particular, this implies
max(a) < min(int(7")), so (a,T) is a condition in Q(C) and i ((a,T)) <m (a, X). O

Using the previous lemma and results about Q(C') from earlier chapters, one can now
construct a specific ultrafilter for which relativized Mathias forcing preserves the un-
boundedness of an unbounded, <*-directed family.

Theorem 6.1. Let k be a regular cardinal such that 2N < g for all X < k and let
cov(M) = k. Let H C “w be an unbounded, <*-directed family of size k. Then there is
an ultrafilter Uy such that M (Uy) preserves the unboundedness of H.

Proof. Let H be an unbounded directed family of size k. Let C = Cy be the centered
family constructed in the proof of Lemma 5.3. Now let

Uy =Fc={X € w]”: 3T € C(int(T) C X)}

and by Lemma 6.1, Q(C) is densely embedded into M(U43), so the two posets are forcing
equivalent and hence M(Uy,) preserves that H is unbounded.

It remains to show that Uy is an ultrafilter. Fix an enumerations {Agy1}g<, of [w]”.
Recall that C'is defined by C' = . Ca, Where for each successor o = 3+ 1 < &, there
is Dy, with D, = A, or D, = A¢, such that

VX € Cy (int(X) C Da).

w

Now consider any A € [w]”. Then, A = Agy; for some 5 < k. Then, by the property
above, each element of Cg; is a witness that A € Uy or A° € Uy. O

Since M (F¢) adds a real not split by the ground model reals, we can use this fact
together with Theorem 6.1 to build a model for b < s by replacing Q(C') with M(F¢)
in the second step of the construction in the proof of Theorem 5.2.
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In the previous chapters, we have shown the consistency of b < s. To get the indepen-
dence of these two cardinal invariants, it is left to show the consistency of s < b. This
was first show by Balcar, Pelant and Simon in [BPS80]. We will follow [BD85] and show
this result via a finite support iteration of Hechler forcing.

Definition 7.1. The forcing notion D consists of pairs (s, f) where s € <Yw, f € “w, s C
f and f is strictly increasing.
The extension relation is given by (s, f) < (t,g) if s Dt and f(n) > g(n) for alln € w.

Lemma 7.1. 1. For each n € w, the set
D, ={(s,f) € D:n e dom(s)}
s dense in D.
2. For each g € “w, the set
Dy ={(s,f) eD:g <" f}
1s dense in D.

Proof. To see the first part, fix n € w and let (s, f) € D with n ¢ dom(s). Define
s’ € <Yw by
Sk = s(k) for k < |s| '
f(k) for|s|<k<n

Then (s, f) € Dy, and (¢, f) < (s, f), so Dy, is dense.
For 2. let g € “w and (s, f) € D be arbitrary. Define f’ € “w by

) — s(n) for n < |s|
fin) {max{f(n),g(n)} for n > |s|

Then (s, f') € D and for all n > |s| we have f'(n) > g(n), so g <* f’ and hence
(s, f) € D,. O

Lemma 7.2. D adds a real which dominates all ground model reals.

Proof. Let G be a D-generic filter and define

fa =1 3F (s, ) € G)}.

43



7s=w1 <b

Then fg € “w since for each n € w, the set D, from Lemma 7.1 is dense. Now let
g € “wNV be any real in the ground model. Since the set D, is dense, so there is
(s, f) € Dy N G such that g <* f. Since s C f and D,, is dense for each n € w, we get

9<* fa. O

Lemma 7.3. Let <IP’a,Qa s < \) be a finite support iteration D, so
1, Fp, (Qu = D) Va < A

Then
VEX Eb =\

Proof. Let D C “wN VT be an arbitrary family of functions with |D| < A. As DD has the
countable chain condition, each real is added at some initial stage of the construction
by Lemma 2.6. Hence there is an o < A such that D C “w N VP, But at stage a + 1
of the iteration, a dominating real gets added by Lemma 7.2, so D is not unbounded in
VPat1 and so also not unbounded in VFx, O

Definition 7.2. A sequence (ag : £ < \) C [w]” is called eventually narrow if
Va € [w]“36 < AVn > & (Ja\ ay| = w).
A sequence (be : £ < X) C [w]* is called eventually splitting if
Vb € [u] 36 < AV > (1D byl = b\ byl = ).

Note that every eventually splitting sequence is in particular a splitting family and that
a sequence (ag : & < A) is eventually narrow if and only if the sequence (be : £ < \),
where bge = ag and bye 1 = w \ ag, is eventually splitting.

Definition 7.3. Let D be a dense open subset of D. Inductively define the sequence
(Dy = v < wy) by

1. Dy ={s € <“w:3f (s, f) € D}

2. Dop1={s€Yw:In>|s|Vk ewIt € Dy (s CtAL(I) >kVi:l|s|<i<n)}
3. If ais a limit ordinal, let Do =g, Dp

<w

Note that by using ¢t = s in the definition of D,41 we get D, C D411 and since ““w is

countable, there are only countably many indices such that D, ; Dgy1.

Lemma 7.4. Let D C DD be a dense open set and let (Dy, : o« < wy) be defined as above.
Then
Dy, = {s € “Yw : s is strictly increasing}.

Proof. Assume towards a contradiction that there is a strictly increasing s € <“w which is
not in D,,,. We will call ¢ € D,,, a minimal extension of sif s C t and ¢ | (|t| — 1) ¢ D,,.
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Claim. For each n € w, there are only finitely many minimal extensions of s of length
n.

Proof of claim. Let
T, ={t € Dy, : |[t| =n At is a minimal extension of s}

and suppose that 7}, is infinite. As each ¢t € D,,, is strictly increasing, the set {¢(n —1) :
t € T,,} is infinite. Now define i,, to be the minimum integer such that

{t(in) : t € Ty} = w.

Then the set {t [ i, : t € T,,} is finite since each ¢ € T,, is increasing. So there must be
an u € ““w and T, C T,, such that

Ht(z’n):tETT/L}’ =wandt|i,=uVteT,.

Then, for any k € w, there is t € T, such that ¢(i,,) > k and since ¢ is increasing, t(j) > k
for all ip +1 = |u| < j <n. Since t € Dy, = <, Da, there is v < w; such that t € D,
and then by definition of D1 we have v € D11 C D,,, contradicting the assumption
that the elements of 7)) are minimal extensions of s. O

Let T, be defined as in the proof of the claim. Let f € “w be such that f is increasing
and
Vn > Is| (f(n) > max{t(n) : t € Ty4+1}).

As D is a dense set, there is (t,g) € D such that (¢,9) < (s, f). By definition of Dy,
we have t € Dy and so there is some initial segment ¢’ of ¢ which must be a minimal
extension of s. Then we have for m = |t/| that ¢ € T,,, and so

ttm—1)=t(m—1) < f(m—1)
by definition of f, but this contradicts (¢,g) < (s, f). O

Theorem 7.1. An eventually narrow sequence remains eventually narrow in VP,

Proof. Assume that the theorem does not hold, so there is an eventually narrow sequence
(ag : £ < A)in V, a D-name @ and (s, f) € D such that

(s, f)IFVE<ATIn > E(|a\ ay| <w).

Let M be a countable model of ZFC large enough so that it contains D, ¢ and Zy(i)
defined below. Since M is countable, there is a & < X such that for all a € M N [w]”,
a '\ ag is finite. So for this £ < A we can find ny € w such that

(s, f)IFVi>ng(i €a—ic€ag). (7.1)
Let h be a D-name such that
1 I+ h enumerates @ in increasing order. (7.2)

For each t € <“w with ¢t C f and (¢, f) < (s, f) and each i > ng, define

Zy(i) ={j ew:VYg € “wI(t',g) < (t,9)((t', ) I h(i) = j)}.
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Claim. For eacht and i as above, Z;(i) is non-empty.
Proof of claim. Fix ¢ > ng and define
Di={peD:3jcuwlplhi)=7}

As D' is dense open, we can build the sequence (D, : a < wi) as in Definition 7.3. By
Lemma 7.4 it is enough to show the claim for all t € D?,.

If t € D}, then there is ¢ € “w such that (t,g) € D!, and so there is j € w with
(t,g) I h(i) = j. Since (t, g) is compatible with any (¢,§) € D, we have j € Z(i).

Now assume that ¢ € D, \ D!, for some «. By definition of D! _, there is a sequence
(t, :n € w) in D, such that |t,| = ¢ for all n € w and t, ([t|) > n for all all n € w. We

can assume that (t, :n € w) € M.

Claim. There is some j € w such that j € Zy (i) for infinitely many t,.

Proof of claim. Suppose that this is not the case. For each n fix j, = min(Z;, (i)) and
let J = {j, : n € w}. Since no j, belongs to infinitely many Z; (i), the set J must be
infinite. As J is definable from (¢, : n € w), we can take J € M. By our choice of ag,
we then have that J \ a¢ is also infinite. Now choose n large enough such that j, > no,
n > f(¢—1) and j, ¢ ac. Then (t,, f) < (¢, f) < (s, f) and since j, € Z;,(4), there is
some (u,g) < (tn, f) such that

(,9) IF (i) = jn.
But this contradicts (7.1). O

So we have that there is some j € w which belongs to infinitely many Z;, (7). Then also
J € Z(3). O

Since Z4(i) # () for each i > ng, we can define
k; = min(Z4(7))

for each @ > ng and set K = {k; : ¢ > ng}. Since k; > i, the set K must be infinite
and we can take K € M, so |K \ a¢| = w. So, in particular K \ a¢ # 0, hence there is
k; € K\ ag. Then there is (s',g) < (s, f) such that (s', g) I h(i) = k;. However, by (7.2)
and (7.1), this implies k; € a¢, which is a contradiction. O

Theorem 7.2. Let <IPB,Q£ : B < a) be a finite support iteration of D. Then any
eventually narrow sequence (ag : £ < \) remains eventually narrow in VPa,

Proof. The proof proceeds by induction on «. The successor case is dealt with in The-
orem 7.1 so we only need to consider the limit step.

By Lemma 2.6 we can assume that cf(a) = w, as the iteration adds no new reals at
stages with uncountable cofinalities. So suppose that cf(a) = w and (ag : £ < A) is not
eventually narrow in V¥, Thus there is some p € P, and a name & such that

p Ik ((a is infinite) and (V€ < A3n > £ (a )\ ay is finite))).

46



Let (av, : n € w) be a cofinal sequence in « and let G, be a Py-generic filter over V' such
that p € G,. Now for each £ < A fix a condition p¢ € G, and ng € w such that

ngFVian(iea—MEag).

By our assumption, there will be a cofinal subset B of A such that pe and n¢ are defined
for all ¢ € B. As P, = U5<a Pg there is m € w for each { € B such that p¢ € G, =
Ga NP,,,. Thus there is a cofinal set A C B, which can be determined in V' [G,,,], and
fixed n,m € w such that V¢ € A, pe € G, and ng = n. However, we have

ﬂlka\ngﬂ{ag\nfe/l}.

Hence a := ({a¢ \ n : £ € A} is infinite, but a \ a¢ = 0, which contradicts the inductive
hypothesis, namely that (a¢ : £ < A) is eventually narrow in V' [Gl,,]. O

Corollary 7.1. An eventually splitting sequence in V remains eventually splitting in
VPa,

So an eventually splitting sequence of length x will remain eventually splitting in Ve
and so we will have an upper bound for the splitting number in the model, namely

(s <r)"

Lemma 7.5. Let o be a cardinal with cfla) > w. Let (Pg, Qg : 8 < a) be a non-trivial
finite support ccc iteration, so

Llkp, 341,42 € Qa(d1 L G2) VB < .
Then there is an eventually splitting sequence of length at most cf(a) in Ve,

Proof. First note that if (IP’n,Qn :n < w) is a non-trivial finite support iteration of
ccc forcing notions, then P, adds Cohen reals over the ground model. To see this, let
¢, gl € dom(Q,,) be such that

1lFp, qg Lo, q}l.

for each n € w and let G,, be a Q,-generic filter. Then, the function f : w — 2 defined
by
fn) =0 <= ¢ €G,

is a Cohen real.

Applying the above observation repeatedly, we find a sequence (a¢ : £ < cf(a)) such that
for each 8 < a, there is a § < cf(«) such that a¢ is Cohen-generic over VPs. As cf(a) > w,
we have that for each set a € [w]* N V¥ there is a 3 < a such that a € [W]* N V8. So
(a¢ : & < cf(a)) is eventually splitting. O

Theorem 7.3. Let A > w1 and let (Pa,Qa s < \) be the finite support iteration of D.
Then we have s = wy < b =\ in VA,
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Proof. First note that by Lemma 7.3 we have that (b = )\)VPA.

By Lemma 7.5, there is an eventually splitting sequence of length wy in VF«1. Then, by
Corollary 7.1, the sequence remains eventually splitting in VFA. So we get

VX Es=w <b=\

48



8 Open Problems

While the bounding and splitting number are independent, the following inequalities
involving b, s and the almost disjointness number a are still open questions:

1. Is b < s < a relatively consistent?
2. Is b < a < s relatively consistent?

3. Is b < s = a relatively consistent without assuming a measurable?
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