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Abstract

This doctoral thesis consists of three papers in frame theory. Frames are countable families
of vectors in a separable Hilbert space, which enable a bounded, linear, and stable recon-
struction of any vector in that space from its frame coe!cients. A natural generalization
of frames are operator-valued frames, which analogously provide perfect reconstruction
from linear higher-rank measurements. In this thesis, we study (operator-valued) frames
whose elements satisfy an additional incoherence property called localization. The quality
of localization is measured by the o"-diagonal decay of the (operator-valued) Gram matrix
of the underlying (operator-valued) frame. More precisely, such a frame is called localized,
if its associated Gram matrix belongs to some suitable inverse-closed matrix algebra.

The first paper is devoted to the study of algebras of operator-valued matrices, which are
inverse-closed in the Banach algebra of bounded operators acting on the Bochner space of
square-summable Hilbert space-valued sequences. In particular, we study operator-valued
versions of weighted Schur-type algebras, the Ja"ard algebra and generalizations of it,
the Baskakov-Gohberg-Sjöstrand algebra, and their anisotropic versions, and show that
each of these matrix algebras is inverse-closed and, in fact, a symmetric Banach algebra.

With the matrix algebras from the first paper in mind, we introduce an abstract
localization concept for operator-valued frames in the second paper. We prove that
intrinsic localization of an operator-valued frame is preserved by its canonical dual. We
show that for any localized operator-valued frame, there is a whole family of associated
(quasi-) Banach spaces attached to it. We prove that the series associated with perfect
reconstruction of the given operator-valued frame converges not only in the underlying
Hilbert space but also in each of these spaces. Finally, we apply our theory to irregular
Gabor g-frames.

In the third paper, we prove the equivalence of the frame property of a given suitably
localized sequence in a Hilbert space and nine other conditions that do not involve an
inequality. This result is applied in the context of shift-invariant spaces, where we obtain
new conditions for stable sets of (irregular) sampling.
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Kurzfassung

Diese Doktorarbeit setzt sich aus drei Arbeiten in der Frame-Theorie zusammen. Frames
sind abzählbare Familien von Vektoren in einem separablen Hilbertraum, die es ermög-
lichen, jeden Vektor dieses Raums auf lineare, stetige und stabile Art und Weise aus
seinen Frame-Koe!zienten zu rekonstruieren. Eine natürliche Verallgemeinerung von
Frames sind operatorwertige Frames, die gleichermaßen eine perfekte Rekonstruktion
aus linearen Messungen höheren Ranges ermöglichen. In dieser Arbeit untersuchen wir
(operatorwertige) Frames, deren Elemente eine zusätzliche Inkohärenzeigenschaft erfül-
len, die als Lokalisierung bezeichnet wird. Der Grad der Lokalisierung wird durch das
Abklingverhalten der Einträge der zugrundeliegenden (operatorwertigen) Gram-Matrix
von der Hauptdiagonale weg gemessen. Genauer gesagt, heißt ein Frame lokalisiert, wenn
seine zugehörige Gram-Matrix zu einer passenden invers-abgeschlossenen Matrixalgebra
gehört.

Der erste Artikel widmet sich der Untersuchung von Algebren operatorwertiger Matrizen,
die in der Banach-Algebra der beschränkten Operatoren auf dem Bochner-Raum quad-
ratisch summierbarer Hilbertraum-wertiger Folgen enthalten und invers-abgeschlossen
sind. Insbesondere untersuchen wir operatorwertige Versionen von gewichteten Schur-
Algebren, der Ja"ard-Algebra und einige ihrer Verallgemeinerungen, die Baskakov-
Gohberg-Sjöstrand-Algebra, sowie all ihre anisotropen Versionen, und zeigen, dass jede
dieser Matrixalgebren invers-abgeschlossen und insbesondere auch eine symmetrische
Banach-Algebra ist.

Im zweiten Artikel wird ein Lokalisierungskonzept für operatorwertige Frames eingeführt.
Wir beweisen, dass operatorwertige Frames ihre Lokalisierung auf ihr kanonisch duales
Frame vererben. Wir zeigen, dass zu jedem lokalisierten operatorwertigen Frame eine
ganze Familie von zugehörigen (quasi-)Banachräumen existiert. Wir beweisen, dass die
Rekonstruktionsformel bezüglich des gegebenen operatorwertigen Frames nicht nur im
zugrundeliegenden Hilbertraum, sondern auch in jedem dieser eingeführten Räume gültig
ist. Schließlich wenden wir unsere Theorie auf irreguläre Gabor-g-Frames an.

Im dritten Artikel beweisen wir die Äquivalenz der Frame-Eigenschaft einer gegebenen,
geeignet lokalisierten Folge in einem Hilbertraum mit neun weiteren Bedingungen, die
ohne Ungleichung formuliert sind. Dieses Ergebnis wenden wir in der Theorie der
verschiebungsinvarianten Räume an, woraus wir neue Bedingungen für das stabile (unre-
gelmäßige) Abtasten in diesen Räumen gewinnen.
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Part I.

Introduction
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1. Frames in Hilbert space

Breaking down complicated objects into simpler and easier-to-understand building blocks
is a long-established strategy in mathematics. In a separable Hilbert space H the most
common building block systems are orthonormal bases, which are defined as a countable
family of pairwise orthonormal vectors whose linear span is dense in H. Any such
orthonormal basis (ek)k→X satisfies Parseval’s identity, that is,

→f→
2 =

)︄

k→X

|↑f, ek↓|
2 (↔f ↗ H),

and provides the possibility to represent any vector via

f =
)︄

k→X

↑f, ek↓ek (↔f ↗ H),

where the coe!cients (↑f, ek↓)k→X are unique. In principle, orthonormal bases are a
practical tool to better explain and understand phenomena in Hilbert space. However,
orthonormal bases are highly sensitive to even smallest perturbations and therefore of
little use in many other theoretical and practical problems which require a certain degree
of stability and flexibility of the system used. One particularly successful generalization
of orthonormal bases are frames [39, 35, 28], which allow non-orthogonal, redundant and
stable representations of any vector in H.

A frame in a separable Hilbert space H is a countable family (ωk)k→X of vectors in H,
for which there exist two positive constants A ↘ B such that

A→f→
2
↘

)︄

k→X

|↑f,ωk↓|
2
↘ B→f→

2 (↔f ↗ H). (1.1)

The constants A and B are called frame bounds. A frame is called tight, if its frame bounds
can be chosen to be equal, and it is called a Parseval frame, if A = B = 1 can be chosen
as frame bounds. A quick comparison with Parseval’s equation for orthonormal bases
reveals that the defining frame inequalities (1.1) are a relaxed version of the latter; hence,
orthonormal bases are Parseval frames (but the converse is not true [28]). Whenever the
upper, but not necessarily the lower inequality in (1.1) is satisfied for some prescribed
B > 0 and all f ↗ H, then (ωk)k→X is called a Bessel sequence with Bessel bound B. For
a comprehensive introduction to frames and many other related types of sequences in
Hilbert space, we refer the reader to [28].

In order to formulate and understand many frame-theoretic phenomena, it is fruitful
to consider the following canonical operators associated with arbitrary given countable
families ω := (ωk)k→X and ε := (εk)k→X of vectors in H:
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CHAPTER 1. FRAMES IN HILBERT SPACE

• The synthesis operator

Dω : dom(Dω) ≃ ϑ
2(X) ⇐⇒ H, Dω(ck)k→X =

)︄

k→X

ckωk,

where dom(Dω) =
[︄
(ck)k→X ↗ ϑ

2(X) :
]︄

k→X
ckωk ↗ H

⌊︄
.

• The analysis operator

Cω : dom(Cω) ≃ H ⇐⇒ ϑ
2(X), Cωf = (↑f,ωk↓)k→X ,

where dom(Cω) =
[︄
f ↗ H : (↑f,ωk↓)k→X ↗ ϑ

2(X)
⌊︄

.

• The frame operator

Sω : dom(Sω) ≃ H ⇐⇒ H, Sωf =
)︄

k→X

↑f,ωk↓ωk,

where dom(Sω) =
[︄
f ↗ H :

]︄
k→X

↑f,ωk↓ωk ↗ H

⌊︄
.

• The cross Gram matrix

Gω,ε : dom(Gω,ε) ≃ ϑ
2(X) ⇐⇒ ϑ

2(X), Gω,ε(ck)k→X =

⌋︄
)︄

l→X

↑εl,ωk↓cl

⌈︄

k→X

,

where dom(Gω,ε) =
[︄
(ck)k→X ↗ ϑ

2(X) :
⌉︄]︄

l→X
↑εl,ωk↓cl

{︄
k→X

↗ ϑ
2(X)

⌊︄
.

• The Gram matrix Gω, defined as above by Gω := Gω,ω.

For general sequences ω and ε, these operators are possibly unbounded [9]. However, if ω
and ε both are Bessel sequences, then all these operators are bounded with dom(Dω) =
dom(Gω,ε) = ϑ

2(X), dom(Cω) = dom(Sω) = H, D↑
ω = Cω, Sω = DωCω and Gω,ε =

CωDε. In the following, we provide a collection of results, which sheds some more light
on the hierarchy of the types of sequences in H discussed so far.

Theorem 1.1. [28, 9] Let ω = (ωk)k→X be a countable family of vectors in H. Then the
following are equivalent.

(i) ω is a Bessel sequence for H.

(ii) The synthesis operator Dω is well-defined and bounded on ϑ
2(X).

(iii) The analysis operator Cω is well-defined and bounded on H.

(iv) The frame operator Sω is well-defined and bounded on H.

(v) The Gram matrix Gω defines a well-defined and bounded operator on ϑ
2(X).

4



Theorem 1.2. [28, 9] Let ω = (ωk)k→X be a countable family of vectors in H. Then the
following are equivalent.

(i) ω is a frame for H.

(ii) The synthesis operator Dω is well-defined on ϑ
2(X), bounded and surjective.

(iii) The analysis operator Cω is well-defined on H, bounded, injective and has closed
range.

(iv) The frame operator Sω is well-defined on H, bounded and invertible.

(v) span(ωk)k→X = H, the Gram matrix Gω defines a well-defined and bounded operator
on ϑ

2(X), and Gω|ran(Cω) : ran(Cω) ⇐⇒ ran(Cω) is invertible.

Theorem 1.3. [28, 9] Let ω = (ωk)k→X be a countable family of vectors in H. Then the
following are equivalent.

(i) ω is an orthonormal basis for H.

(ii) The synthesis operator Dω : ϑ2(X) ⇐⇒ H is unitary.

(iii) The analysis operator Cω : H ⇐⇒ ϑ
2(X) is unitary.

(iv) Sω = IB(H) and →ωk→ = 1 for all k ↗ X.

(v) Gω = IB(ϑ2(X)) and span(ωk)k→X = H.

Of course, one may also consider sequences, whose associated frame-related oper-
ators satisfy other properties than the ones appearing above. A countable family
ω = (ωk)k→X of vectors in H is called a Riesz sequence, if Dω : ϑ2(X) ⇐⇒ H is well-defined,
bounded, injective, and has closed range. A Riesz sequence which additionally satisfies
span(ωk)k→X = H is called a Riesz basis. Equivalently, ω = (ωk)k→X is called a Riesz
basis, if Dω : ϑ2(X) ⇐⇒ H is well-defined, bounded and invertible.

As already mentioned in Theorem 1.2, whenever ω is a frame, its associated frame
operator Sω is invertible (and, in fact, strictly positive). Hence Sω can be composed with
its inverse (and vice versa), yielding the frame reconstruction formulae

f =
)︄

k→X

↑f, }︄ωk↓ωk =
)︄

k→X

↑f,ωk↓}︄ωk (↔f ↗ H), (1.2)

where }︄ωk = S
↓1
ω ωk (k ↗ X). The family }︄ω := (}︄ωk)k→X is also a frame and called the

canonical dual frame. In case ω is a redundant frame, that is, a frame which is not a Riesz
basis, then the kernel of the synthesis operator is non-trivial. As a consequence, one can
show that there exist infinitely many other frames ε so that

f =
)︄

k→X

↑f,εk↓ωk =
)︄

k→X

↑f,ωk↓εk (↔f ↗ H). (1.3)

5



CHAPTER 1. FRAMES IN HILBERT SPACE

Such a frame ε is called a dual frame of ω.
One of the biggest advantages of a (redundant) frame compared to an orthonormal

basis or a Riesz basis is, that in case a frame vector is lost, then the resulting family
might still be a frame and reconstruction might still be possible. In stark contrast to the
latter, if given an orthonormal basis or Riesz basis, and one of its elements is unavailable,
then there is no way to still recover every vector from the underlying Hilbert space. In
particular, while reconstruction via Riesz bases or orthonormal bases is unique, frames
provide an infinite number of options of dual frames used for the reconstruction of vectors.
These (and other) properties of frames make them an indisputably useful tool for a
variety of applications, such as signal processing [8], compressed sensing [88] and many
more, see [28] and the numerous references therein. On the other hand, the study of
frames led to many deep theoretical results, such as versions of the Balian-Low theorem
[67, 16] or the Feichtinger conjecture. The latter turned out to be equivalent to the
Kadison-Singer problem from the theory of C*-algebras (and a number of other profound
problems in functional analysis) [21] and was finally solved in 2015 by Marcus, Spielmann,
and Srivastava [85].
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2. Localized Frames

We have already mentioned in the previous section that whenever ω := (ωk)k→X and
ε := (εk)k→X are Bessel sequences in a Hilbert space H, then their associated cross
Gram matrix Gω,ε defines a bounded operator on ϑ

2(X). Boundedness on ϑ
2(X) of

Gω,ε = [↑εl,ωk↓]k,l→X (viewed as a scalar matrix) is equivalent to some weak form of
o"-diagonal decay of the matrix entries ↑ωl,ωk↓, as described, e.g., in [84, Theorem 4.16].
The idea of localization is to impose stronger o"-diagonal decay conditions on a given
(cross) Gram matrix.

2.1. A motivating example: Gabor frames

In order to properly motivate the concept of localized frames, we restrict our attention to
the Hilbert space L

2(Rd) of square-integrable measurable functions on Rd and consider
a concrete example from time-frequency analysis. For a comprehensive introduction to
time-frequency analysis we refer the reader to [49].

The fundamental operators in time-frequency analysis are the translation operator (or
time shift) Tx and the modulation operator (or frequency shift) Mϖ defined by

Txf(t) = f(t⇐ x) and Mϖf(t) = e
2ϱiϖ·t

f(t) (x,ϖ ↗ Rd).

Here, ϖ · t denotes the scalar product of ϖ and t in Rd. Their composition ϱ(z) = MϖTx,
where z = (x,w) ↗ R2d, is called a time-frequency shift by z. Each of the operators Tx,
Mϖ and ϱ(z) is unitary on L

2(Rd). One of the central objects used for the analysis of the
time-frequency content of a function f is the short-time Fourier transform (STFT). For a
fixed function g called a window function or simply window, the STFT of a function f

with respect to the window g is (formally) defined by

Vgf(x,w) =

⟨︄

Rd
f(t)g(t⇐ x)e↓2ϱiϖ·t

dt (x,w ↗ Rd).

Setting z = (x,w) ↗ R2d, we may rewrite the above to

Vgf(z) = ↑f,ϱ(z)g↓ (z ↗ R2d)

whenever the bracket is well-defined. In particular, if both f and g belong to L
2(Rd), then

Vgf(z) = ↑f,ϱ(z)g↓L2(Rd) is precisely the L2-inner product of f with a by z time-frequency
shifted version of g. Moreover, for a fixed window g ↗ L

2(Rd), the STFT defines an
operator Vg : L2(Rd) ⇐⇒ L

2(R2d) with

→Vgf→L2(R2d) = →g→L2(Rd)→f→L2(Rd). (2.1)

7



CHAPTER 2. LOCALIZED FRAMES

Thus, in case →g→L2(Rd) = 1, the STFT is an isometry Vg : L2(Rd) ⇐⇒ L
2(R2d). In a

frame-theoretic language, (2.1) says that for non-zero g ↗ L
2(Rd), the system (ϱ(z)g)z→R2d

constitutes a continuous tight frame for L
2(Rd) with tight frame bound →g→L2(Rd) [28].

As a consequence from abstract principles, one may obtain a continuous reconstruction of
any f ↗ L

2(Rd) via

f =
1

→g→

⟨︄

R2d
↑f,ϱ(z)g↓ϱ(z)g dz =

1

→g→

⟨︄

R2d
Vgf(z)ϱ(z)g dz, (2.2)

where the integral is to be understood in the weak sense. Although this reconstruction
procedure perfectly describes an L

2-function as a continuous superposition of the family
(ϱ(z)g)z→R2d , it certainly lacks applicability for real-world problems, where only discrete
(and, in fact, finite-dimensional) information can be processed. Therefore, we are interested
in discretized versions of the STFT and the reconstruction procedure (2.2), which leads
to Gabor frames.

For a discrete set ! ⇑ R2d and a window g ↗ L
2(Rd), the countable family G(!, g) :=

(ϱ(z)g)z→! is called a Gabor system. In case G(!, g) is a frame for L
2(Rd), it is called a

Gabor frame. By the discretization theorem for continuous frames [45] every continuous
frame may be sampled to obtain a (discrete) frame. Hence, for every non-zero g ↗ L

2(Rd),
there exists a discrete set ! ⇑ R2d so that G(!, g) is a Gabor frame. However, the proof
of the discretization theorem for continuous frames is non-constructive, so it is apriori not
clear which samples of the STFT result in a frame. In fact, determining pairs (!, g) of
index sets ! and widows g such that G(!, g) is a Gabor frame is a deep and hard problem
and an active field of research until today [71, 73, 72, 63, 56, 40]. We will not touch this
problem here but only quote the following result by Lyubarksi and Seip-Wallsten on the
Gaussian window in the d = 1 case for later reference.

Theorem 2.1. [83, 91, 92] Let ω0(t) = 2
1
4 e

↓ϱt
2
↗ L

2(R) be the normalized Gaussian
and a, b > 0. Then G(aZ⇓ bZ,ω0) is a frame for L

2(R) if and only if ab < 1.

The STFT allows for much more than a continuous superposition of signals f as
in (2.2). If the window g has properties that go beyond its membership in L

2(Rd),
its associated STFT Vg can capture finer analytical characteristics of a signal, such as
smoothness or decay behavior. The central objects in this context are the modulation
spaces defined below. We refer to [49] for a detailed introduction to modulation spaces
and their properties.

Let ω0(t) = 2
d
4 e

↓ϱt·t denote the normalized Gaussian in L
2(Rd) and ςs(z) = (1 + |z|)s

denote the polynomial weight on R2d (s ⇔ 0). Then M
1
ςs
(Rd) is defined as the space of

all f ↗ L
2(Rd) such that

→f→M1
εs (Rd) := →Vω0f→L1

εs (Rd) =

⟨︄

R2d
|Vω0f(z)|ςs(z) dz < ↖. (2.3)

For a ςs-moderate weight m, that is, a function m : R2d
⇐⇒ (0,↖) satisfying

m(z + z
↔) ↘ Cm(z)ςs(z

↔) (↔z, z↔ ↗ R2d)

8



2.1. A MOTIVATING EXAMPLE: GABOR FRAMES

for some uniform constant C > 0, and for p ↗ [1,↖], the modulation space M
p
m(Rd) is

defined as the space of all elements f in the anti-linear dual space (M1
ςs
(Rd))↔ for which

→f→
M

p
m(Rd) := →Vω0f→L

p
m(Rd) < ↖. (2.4)

Some modulation spaces describe other well-known function spaces, such as the space S(Rd)
of Schwartz-functions or its topological dual S↔(Rd), the space of tempered distributions,
namely,

S(Rd) =
⟩︄

s↗0

M
↘

ςs
(Rd) and S

↔(Rd) =
/︄

s↗0

M
↘

1/ςs(R
d). (2.5)

While S(Rd) is not a Banach space and S
↔(Rd) not even a Frechét space [17], each

modulation space M
p
m(Rd) is, in fact, a Banach space with respect to the norm defined in

(2.4), which makes working with these objects much simpler. Moreover, the Gaussian
ω0 ↗ M

1
ςs
(Rd) does not play a special role in the definition of modulation spaces. In

fact, replacing ω0 in (2.3) by any other non-zero g ↗ M
1
ςs
(Rd) leads to the same spaces

M
p
m(Rd) with equivalent norms. The space S0(Rd) = M

1(Rd) := M
1
ς0
(Rd) is known

as Feichtinger’s algebra [42] and not only a Banach space, but even a Banach algebra
with respect to both convolution and point-wise multiplication, and contains S(Rd) as
a norm-dense subspace. One can show that S0(Rd) is invariant under both the Fourier
transform and actions of time-frequency shifts, and that S0(Rd) ⇑ L

2(Rd) ⇑ S
↔

0(Rd)
(such a triple is called a Banach-Gelfand triple [41]). The pair (S0(Rd), S↔

0(Rd)) is widely
considered as the appropriate test function-/distribution space pair for time-frequency
analysis and applications to quantum physics [36].

In analogy to the L
2-setting described earlier, one may ask whether the definition of

a modulation space, given by the L
p-norm of the STFT, can alternatively be described

via discrete means. Again, such a characterization is indeed possible using frames and
measuring the ϑ

p
m-norm of the associated frame coe!cients. For simplicity, we state the

following result in the d = 1 case.

Theorem 2.2. Let a, b > 0 with ab < 1 and set ” = aZ ⇓ bZ. Let SG denote the
frame operator associated with the Gabor frame G = G(”,ω0) for L

2(R) (c.f. Theorem
2.1). Then, for each 1 ↘ p ↘ ↖, SG is bounded and invertible on M

p
m(R) and the frame

reconstruction formula

f =
)︄

φ→”

↑f,ϱ(φ)ω0↓S
↓1
G

ϱ(φ)ω0 =
)︄

φ→”

↑f, S
↓1
G

ϱ(φ)ω0↓ϱ(φ)ω0

holds true for all f ↗ M
p
m(R) with unconditional convergence (resp. unconditional weak*-

convergence for p = ↖). Furthermore, for 1 ↘ p < ↖, Mp
m(R) is the completion of the

space \︄
f ↗ L

2(R) : (↑f,ϱ(φ)ω0↓)φ→” ↗ ϑ
p

m(”)
/︂

with respect to the norm →(↑·,ϱ(φ)ω0↓)φ→”→ϑpm(”) and

→f→
M

p
m(R) ↙ →(↑f,ϱ(φ)ω0)φ→”→ϑpm(”) ↙ →(↑f, S↓1

G
ϱ(φ)ω0)φ→”→ϑpm(”).
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CHAPTER 2. LOCALIZED FRAMES

Theorem 2.2 was proven in various degrees of generality, see e.g. [49, Thm. 13.2.1, Cor.
12.2.6] or [57, Thm. 4.2]. The decisive argument for showing the invertibility of the Gabor
frame operator is an application of Wiener’s Lemma (or one of its many non-commutative
generalizations) [55].

One conceptually particularly simple proof of Theorem 2.2 can be found in [44, Thm.
4.1], where the authors use the polynomial o"-diagonal decay of the Gram matrix GG to
their advantage. Indeed, since ω0 ↗ S(Rd), we have, by (2.5), that ω0 ↗ M

↘
ςs
(Rd) for all

s ⇔ 0, hence

|[GG ]φ,µ| = |↑ϱ(µ)ω0,ϱ(φ)ω0↓|

= |(Vω0ϱ(µ)ω0)(φ)|

= |Vω0ω0(φ⇐ µ)|

= |Vω0ω0(φ⇐ µ)|(1 + |φ⇐ µ|)s(1 + |φ⇐ µ|)↓s

↘ →ω0→M→
εs (Rd)(1 + |φ⇐ µ|)↓s (↔φ, µ ↗ ”, ↔s ⇔ 0),

where the covariance property of the STFT [49, Lemma 3.1.3] is used in the third step.
This means that the Gram matrix GG is contained in the Ja"ard class Js of scalar matrices
A = [Aφ,µ]φ,µ→” for which

sup
φ,µ→”

|Aφ,µ|(1 + |φ⇐ µ|)s < ↖.

For s large enough, Js is a unital Banach *-algebra of matrices. The Wiener-type lemma
applied in this setting is Ja"ard’s Lemma [70], which states that whenever a matrix
A ↗ Js (s su!ciently large) is invertible as an operator in B(ϑ2(”)), its bounded inverse
is not only contained in B(ϑ2(”)) but also in Js. Furthermore, Js is contained in B(ϑpm)
for every 1 ↘ p ↘ ↖ and every ςs-moderate weight m; hence, GG acting on ϑ

p
m-sequences

is well-defined, and it is possible to define a whole class of associated Banach spaces in
terms of weighted ϑ

p-norms of the frame coe!cients. After studying the properties of the
operators CG and DG on these spaces it becomes clear that they can be identified with
the modulation spaces.

The frame G is actually an example of a (polynomially) localized frame and the above
proof sketch is an application of the general theory of localized frames and provides an
initial insight into its definitions and techniques used.

2.2. Localized frames: An overview to the abstract concept

A frame is called localized, if its associated Gram matrix satisfies a certain prescribed
o"-diagonal decay, such as polynomial decay as presented in the previous subsection. The
decisive properties used in the proof of [44, Thm. 4.1] are the algebra property of Js

and Ja"ard’s Lemma. This point of view motivated the authors in [44] to consider the
following type of matrix algebras for the study of abstract localized frames.

10
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Definition 2.3. [44, Section 2.3] A unital Banach *-algebra A = A(X) of C-valued
matrices A = [Ak,l]k,l→X is called a solid spectral matrix algebra, or simply spectral
algebra, if

(A1) A ⇑ B(ϑ2(X)), i.e., each A ↗ A defines a bounded operator on ϑ
2(X).

(A2) A is inverse-closed in B(ϑ2(X)), i.e., if A ↗ A is invertible in B(ϑ2(X)), then its
bounded inverse A

↓1
↗ B(ϑ2(X)) is contained in A as well.

(A3) A is solid, i.e., if A = [Ak,l]k,l→X ↗ A and |Bk,l| ↘ |Ak,l| for all k, l ↗ X, then
B = [Bk,l]k,l→X ↗ A and →B→A ↘ →A→A.

Property (A2) is equivalent to equality ↼A(A) = ↼B(ϑ2(X))(A) of the spectrum of A in A

and the spectrum of A in B(ϑ2(X)) for all A ↗ A and can be viewed as a non-commutative
version of Wiener’s lemma for infinite matrices [55]. We explicitly emphasize that here,
the inverse-closedness of A in B(ϑ2(X)) is required in the definition of a spectral algebra,
whereas in concrete examples of such A, this property typically is a deep theorem that is
not easy to obtain and requires sophisticated arguments and techniques for its proof.

Example 2.4. Let X ⇑ Rd be a relatively separated set, that is,

sup
z→Rd

|X ∝ (z + [0, 1]d)| < ↖. (2.6)

Then the following classes of matrices are examples of spectral algebras.
(1) For every s > d, the Ja"ard algebra Js = Js(X) of matrices A = [Ak,l]k,l→X for which

sup
k,l→X

|Ak,l|(1 + |k ⇐ l|)s < ↖

is a spectral algebra [70], see also [82] for a comparably short and accessible proof.
(2) For certain weights ς the Schur algebra S

1
ς = S

1
ς (X) of matrices A = [Ak,l]k,l→X for

which

max

\︂
sup
k→X

)︄

l→X

|Ak,l|ς(k ⇐ l) , sup
l→X

)︄

k→X

|Ak,l|ς(k ⇐ l)

⎛
< ↖

is a spectral algebra [58, 99].
(3) For certain weights ς the Baskakov-Gohberg-Sjöstrand algebra Cς = Cς(Zd) of matrices
A = [Ak,l]k,l→Zd for which )︄

l→Zd

sup
k→Zd

|Ak,k↓l|ς(l) < ↖

is a spectral algebra [11, 47, 94].
(4) Anisotropic versions of each of the aforementioned algebras are further examples of
spectral algebras [75, Section 6].

With the above examples of spectral algebras in mind, we finally give the definition of
a localized frame in an abstract Hilbert space.

11



CHAPTER 2. LOCALIZED FRAMES

Definition 2.5. [44, Definition 3] Let A be a spectral algebra. Two countable families
ε = (εk)k→X and ω = (ωk)k→X in H are called mutuallyA-localized, in short ε ′A ω,
if their associated cross Gram matrix Gε,ω is contained in A. Similarly, ε is called
(intrinsically) A-localized if ε ′A ε, i.e., Gε ↗ A.

From (A1) and Theorem 1.1 it follows immediately that every intrinsically localized
sequence ω is automatically a Bessel sequence. In case ω is an intrinsically A-localized
frame, then its canonical dual frame }︄ω possesses the same localization and it also holds
}︄ω ′A ω. The proof of this result is based on the identities G)︄ω = G

†
ω and Gω,)︄ω = GωG

†
ω,

where G
†
ω denotes the Moore-Penrose pseudo-inverse of Gω [28], as well as the algebra

property of A and the fact that spectral algebras are not only inverse-closed, but also
pseudo-inverse closed [44, Cor. 3.5].

Theorem 2.6. [44, Thm. 3.6] Let ω be a frame in H and A be a spectral algebra. If
ω ′A ω then also }︄ω ′A }︄ω and }︄ω ′A ω.

As already hinted at in Theorem 2.2, another remarkable feature of localized frames is
that the reconstruction formula (1.2) converges not only in the underlying Hilbert space
H, but also in a whole family of associated (quasi-)Banach spaces H

p
ϖ(ωd

,ω). Depending
on the given frame ω, these spaces are well-known function spaces such as modulation
spaces [44, 60] or shift-invariant spaces [51]. In the abstract setting, the following minimal
requirements need to be fulfilled in order to obtain a well-defined space H

p
ϖ(ωd

,ω) via
Definition 2.8:

(i) ω = (ωk)k→X is a frame and ω
d = (ωd

k
)k→X a dual frame of ω.

(ii) The cross Gram matrix Gωd,ω defines a bounded operator on ϑ
p
ϖ(X).

If ω is an intrinsically A-localized frame with canonical dual frame }︄ω, Theorem 2.6
guarantees that G)︄ω,ω ↗ A. Furthermore, each of the spectral algebras listed in Example
2.4 is contained in B(ϑpϖ(X)) for each 1 ↘ p ↘ ↖ (in the case A = Js even for certain
exponents p < 1) and every weight ϖ which is ς-moderate (where ς is the weight built
into the definition of the corresponding spectral algebra). Hence, conditions (i) and (ii)
are certainly satisfied in these cases. For abstract spectral algebras, we need to turn the
boundedness conditions on ϑ

p
ϖ(X) into a definition.

Definition 2.7. [44] Let A be a spectral algebra and 0 < p0 ↘ 1. A weight function
ϖ : Rd

⇐⇒ (0,↖) is called (A, p0)-admissible, if every A ↗ A defines a bounded operator
on ϑ

p
ϖ(X) for every p ↗ (p0,↖] ∞ {1}.

Definition 2.8. [44, Definition 5] Let A be a spectral algebra, ϖ be an (A, p0)-admissible
weight, and (ωd

,ω) be a pair of dual frames for H such that ω
d
′A ω. Let H

00(ω) :=
Dω(c00(X)) =

\︄]︄
k→X

ckωk : c ↗ c00(X)
/︂

be the space of finite linear combinations of
elements from ω. For p ↗ (p0,↖) ∞ {1} the co-orbit space H

p
ϖ(ωd

,ω) is defined as the
completion of H00(ω) with respect to the norm →f→Hp(ωd,ω) := →Cωdf→ϑ

p
ϑ(X). The space

H
0
ϖ(ω

d
,ω) is defined as the completion of H00(ω) with respect to the norm →f→H0(ωd,ω) :=

→Cωdf→ϑ→ϑ (X).

12
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It can be shown that whenever ϖ is (A, p0)-admissible, the weight 1/ϖ is (A, 1)-
admissible and an interpolation argument also yields that the constant weight 1 is
(A, 1)-admissible [81]. In this case, the spaces H

p

1/ϖ(ω
d
,ω) and H

p(ωd
,ω) := H

p

1(ω
d
,ω)

are defined analogously. There is also a natural, though rather technical, definition of
H

↘
ϖ (ωd

,ω). We will not mention the details here in the introduction and refer instead to
[7, 81, 66]. Alternatively, H↘

ϖ (ωd
,ω) can be defined as the anti-linear topological dual

space of H1
1/ϖ(ω

d
,ω) [7].

The spaces H
p
ϖ(ωd

,ω) are well-defined non-trivial Banach spaces for 1 ↘ p ↘ ↖ and
p = 0, and quasi-Banach spaces for p0 < p < 1. Furthermore, it is immediately clear from
the definition that the analysis operator Cωd : H00(ω) ⇐⇒ c00(X) extends via density to
an isometry Cωd : Hp

ϖ(ωd
,ω) ⇒ ϑ

p
ϖ(X) (p ↗ (p0,↖) ∞ {0, 1}). For the same values of p

the synthesis operator Dω : c00(X) ⇐⇒ H
00(ω) extends to a bounded surjective operator

ϑ
p
ϖ(X) ⇐⇒ H

p
ϖ(ωd

,ω) [44]. For p = ↖ the same properties hold, but the analysis and
synthesis operators are defined a bit di"erently [7].

Theorem 2.9. [44] Let A be a spectral algebra, ϖ be an (A, p0)-admissible weight, ω be a
frame and ω

d be a dual frame of ω such that ωd
′A ω. Then for each p ↗ (p0,↖)∞ {0, 1}

it holds
f =

)︄

k→X

↑f,ω
d

k
↓ωk (↔f ↗ H

p

ϖ(ω
d
,ω)), (2.7)

with unconditional convergence.

Finally, the definition of Hp
ϖ(ωd

,ω) indicates that it is highly dependent on the dual
frame pair (ωd

,ω). However, if (εd
,ε) is another pair of dual frames satisfying ε

d
′A ε,

and if ε
d
′A ω and ω

d
′A ε, then one may use the above theorem to show that

H
p
ϖ(ωd

,ω) = H
p
ϖ(εd

,ε) with equivalent norms [81, Thm. 3.25]. In case ω is an intrinsically
A-localized frame and ω

d = }︄ω its canonical dual frame, then H
p
ϖ(}︄ω,ω) = H

p
ϖ(ω, }︄ω) and

→C)︄ω · →
ϑ
p
ϑ(X) ↙ →Cω · →

ϑ
p
ϑ(X) [44]. Thus, every intrinsically localized frame is automatically

a Banach-frame [48, 29, 22] for the spaces H
p
ϖ(}︄ω,ω)).
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3. Operator-valued frames

We have already mentioned the great versatility of frames in both theory and applications.
However, despite its great usefulness in many situations, frame theory also has its
limitations. In various applications, such as distributed and parallel processing [26, 23],
wireless sensor networks [69], packet encoding [19, 20, 27], visual and hearing systems
[90], or geophones in geophysics [32], the linear reconstruction of vectors from higher-
rank measurements is required. This lead to the study of fusion frames and further
generalizations of frames such as operator-valued frames.

A countable family T = (Tk)k→X of bounded operators Tk ↗ B(H) on some separable
Hilbert space H is called an operator-valued frame (originally called generalized frame, or
simply g-frame) [102], if there exist positive constants A ↘ B, such that

A→f→
2
↘

)︄

k→X

→Tkf→
2
↘ B→f→

2 (↔f ↗ H). (3.1)

For brevity, we will often call an operator-valued frame a g-frame and refer to the constants
A and B as the lower and upper g-frame bound, respectively. We call (Tk)k→X a g-Bessel
sequence, whenever the upper (but not necessarily the lower) inequality in (3.1) is satisfied
for some prescribed B > 0 and all f ↗ H.

In order to make the relation to frames clearer, let εk be some vector in H. Then

|↑f,ωk↓|
2 =

⎞
↑f,ωk↓ωk, f

⎡
= →ωk→

2

⎤⎤
f,

ωk

→ωk→

⎣
ωk

→ωk→
, f

⎣
= →Tkf→

2
,

where Tk = →ωk→Pspan{εk}
and Pspan{εk}

denotes the orthogonal projection of H onto
span{εk}. Therefore, comparing (1.1) with (3.1), we see that a countable collection
(ωk)k→X is a frame with frame bounds A ↘ B if and only if (Tk)k→X is a g-frame with
g-frame bounds A ↘ B. Consequently, frames may be regarded as a special case of
g-frames. Further examples of g-frames are

• Fusion frames [24, 26, 76], where Tk = vkPk, with vk > 0 and Pk being an orthogonal
projection onto an arbitrary closed subspace Vk of H.

• Time-frequency localization operators for H = L
2(Rd) [37], where Tk is given by

Tkf =

⟨︄

R2d
↼(z ⇐ k)Vgf(z)ϱ(z)g dz,

and ↼ is a bounded and non-negative function on R2d.

• Gabor g-frames for H = L
2(Rd) [95], where Tk = ϱ(k)Tϱ(k)↑, with T ↗ B(L2(Rd))

being some suitable fixed (window) operator.
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As for frames, the main feature of g-frames is a linear and stable reconstruction of
vectors f ↗ H. In contrast to classical frames, g-frames allow for a reconstruction from
higher-rank measurements. Therefore, a natural choice for the analysis of the g-frame
measurements (Tkf)k→X is the Bochner space of H-valued square-summable sequences

ϑ
2(X;H) =

\︂
(hk)k→X : hk ↗ H (↔k ↗ X),

)︄

k→X

→hk→
2
< ↖

⎛
.

Unsurprisingly, the definition of the canonical frame-related operators naturally extends
to the g-frame setting. If T := (Tk)k→X is a g-Bessel sequence in H, then the following
operators are well-defined and bounded [102]:

• The synthesis operator DT : ϑ2(X;H) ⇐⇒ H, defined by

DT (fk)k→X =
)︄

k→X

T
↑

k
fk,

• The analysis operator CT : H ⇐⇒ ϑ
2(X;H), defined by

CT f = (Tkf)k→X ,

• The g-frame operator ST := DTCT : H ⇐⇒ H, given by

ST f =
)︄

k→X

T
↑

k
Tkf.

• The g-Gram matrix GT := CTDT : ϑ2(X;H) ⇐⇒ ϑ
2(X;H).

These operators share the same properties with their frame-theoretic pendants. More
precisely [102], T being a g-Bessel sequence with bound B implies that DT and CT are
adjoint to one another and →DT →B(ϑ2(X;H),H) = →CT →B(H,ϑ2(X;H)) ↘

∈
B. Furthermore,

both ST and GT are self-adjoint and bounded by B in this case. If T is a g-frame, then
CT is bounded, injective and has closed range, DT is bounded and surjective, and ST is
bounded, self-adjoint, (strictly) positive and invertible. The invertibility of ST yields the
possibility of g-frame reconstruction via

f =
)︄

k→X

T
↑

k
TkS

↓1
T

f =
)︄

k→X

S
↓1
T

T
↑

k
Tkf (↔f ↗ H). (3.2)

The family }︄T = ( }︄Tk)k→X := (TkS
↓1
T

)k→X , which appears in the reconstruction process
(3.2), is again a g-frame and called the canonical dual g-frame. More generally [80], a
g-frame (T d

k
)k→X satisfying

f =
)︄

k→X

T
↑

k
T
d

k
f =

)︄

k→X

(T d

k
)↑Tkf (↔f ↗ H) (3.3)

is called a dual g-frame of (Tk)k→X .
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Part II.

Discussion of the main results

1





The three papers comprising this thesis can be divided into two main themes:

(i) Introduction and development of the theory of localized operator-valued frames.

(ii) Characterization of the frame property of a given localized sequence.

The main object of study in theme (i) is the Gram matrix GT associated with a g-frame
(Tk)k→X . As stated in the introduction, GT = CTDT is given by the composition of the
synthesis and the analysis operator associated with (Tk)k→X . An equivalent description
of GT is given by the B(H)-valued matrix [TkT

↑

l
]k,l→X , since the action of GT on any

(gl)l→X ↗ ϑ
2(X;H) is precisely given by the matrix-vector multiplication of [TkT

↑

l
]k,l→X

with (gl)l→X viewed as column vector. In view of this observation, it is natural to define
localization of an operator-valued frame via GT belonging to some spectral algebra
A ⇑ B(ϑ2(X;H)) of B(H)-valued matrices, as done for frames. The introduction and
development of such a localization theory for operator-valued frames is the content of
the second paper. However, in order to fill this theory with life and apply it, an arsenal
of such localization algebras A is needed. In the first paper, we consider several classes
B(H)-valued matrices and prove that they are spectral algebras. Along the way, we also
derive some examples of spectral algebras that are new also in the scalar-valued setting.

Theme (ii) is covered in the third paper. Here, we consider countable families (εk)k→X
of vectors in a Hilbert space H that are mutually localized with some fixed localized
reference Riesz basis (ωk)k→X . We characterize the frame property of such (εk)k→X in
terms of the mapping properties of its frame-related operators acting on or mapping into
the co-orbit spaces H

p(}︄ω,ω) associated to the reference system (ωk)k→X . This abstract
characterization is applied to shift-invariant spaces, where we obtain new conditions for
stable sets of sampling in these spaces.

3





4. Wiener pairs of Banach algebras of
operator-valued matrices

The main definition of the first paper is the following.

Definition 4.1. A nested pair A ≃ B of two unital Banach algebras A and B with
common identity is called a Wiener pair [86, 87], if A is inverse-closed in B, that is, if it
holds

A ↗ A and ∋A
↓1 in B =△ A

↓1
↗ A.

The standard example of a (non-trivial) Wiener pair is A(T) ≃ C(T), where C(T) is
the space of continuous functions on the torus and A(T) the subclass of all continuous
functions that possess an absolutely convergent Fourier series. The inverse-closedness of
A(T) in C(T) is precisely the classical version of Wiener’s Lemma [105]. Since it is often
easier to verify the invertibility of an element A ↗ A ≃ B in the larger algebra B, than
verifying its invertibility in the smaller algebra A, A being inverse-closed in B is a fairly
strong property and may serve as an immensively usefool tool in certain situations. In
particular, Wiener’s Lemma and its many generalizations, see, e.g., [5, 6, 10, 11, 13, 14, 15,
18, 34, 33, 47, 52, 58, 70, 79, 93, 94, 100, 101], appear in a vast number of applications such
as in numerical analysis [30, 62, 97, 98], approximation theory [31, 64], time-frequency and
wavelet analysis [31, 70, 93], sampling theory [1, 2, 5, 31], pseudo di"erential operators
and di"erential equations [14, 52, 65, 94], or frames [1, 3, 4, 7, 44, 51, 50].

The main contribution of the first paper is a list of several new examples of Wiener
pairs A ≃ B(ϑ2(X;H)), where (except for the algebra Cς and its anisotropic variation) X

can be any relatively separated index set in Rd. Besides their appearance in the theory of
localized operator-valued frames (discussed in the second paper), we are convinced that
our new examples of such Wiener pairs provide a useful arsenal of techniques for operator
theory [38], the study of Fourier series of operators [43], or quantum harmonic analysis
[104, 36].

The first paper is structured as follows. Case by case, we consider a class A of B(H)-
valued matrices and prove that it is a Banach space with respect to component-wise
addition (in B(H)) and a norm that is built into the definition of the class A. We also
examine for which classes of weight functions and values of p it holds A ⇑ B(ϑpϖ(X;H)),
which is relevant for the definition of an (A, p0)-admissible weight (see the second paper
or Definition 2.7). For each such class A, we obtain A ⇑ B(ϑ2(X;H)) as a special
case. As a consequence, we may define a multiplication in A by matrix multiplication
(corresponding to the composition of operators in B(ϑ2(X;H))) and an involution in A

via ([Ak,l]k,l→X)↑ := [A↑

k,l
]t
k,l→X

(which corresponds to taking the adjoint in B(ϑ2(X;H))).
As a next step, we show that A is a unital Banach *-algebra with respect to the unit
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element diag(IB(H))k→X . Finally, we show the inverse-closedness of A in B(ϑ2(X;H)),
which is the main theorem regarding the class A.

For each class A introduced, proving its inverse-closedness in B(ϑ2(X;H)) is by far
the most di!cult property to achieve. In principal, inverse-closedness is an algebraic
property. However, since B(ϑ2(X;H)) is a symmetric Banach *-algebra, a powerful result
by Hulanicki allows for an analytic treatment of the verification of inverse-closedness.

Proposition 4.2 (Hulanicki’s Lemma). [68] Let A ≃ B be a pair of unital Banach
*-algebras with common identity, and suppose that B is symmetric. Then the following
are equivalent:

(i) A is inverse-closed in B.

(ii) rA(A) = rB(A) (↔A = A
↑
↗ A).

(iii) rA(A) ↘ rB(A) (↔A = A
↑
↗ A).

Moreover, if one of these conditions holds, then A is also symmetric.

Hulanicki’s Lemma together with Gelfand’s formula for the spectral radius

rA(A) = lim
n≃↘

→A
n
→

1
n
A

are the key tools for our analysis. Some proofs and techniques crucial for the first paper
can be adapted directly from the scalar-valued case. On the other hand, we had to
overcome a number of issues, which are not present at all in the scalar-valued setting:
First, when applying a B(H)-valued matrix [Ak,l]k,l→X to an H-valued sequence (gl)l→X ,
their respective entries belong to di"erent spaces, whereas in the scalar-valued setting,
both the matrix entries and the sequence entries are scalars. Secondly, the norm in
B(H) is no longer multiplicative as in the case B(C) = C and we also do not have
→Ak,lgl→ = →Ak,l→→gl→ in general. These di"erences may seem innocent, but at some places
they are not. For example, due to this reason, the operator norms on ϑ

↘ and ϑ
1 are no

longer given by the largest row or column sum of a matrix. This suddenly makes it much
more di!cult to prove certain properties that are obvious in the scalar-valued case, such
as the Banach space property of the Schur class.

Before we turn to the specific types of algebras considered in the first paper, we need
to discuss various classes of weight functions. For more details on weight functions and
their relevance in Banach algebra theory, we refer the reader to [54].

A weight function, or simply weight, is a positive function ς : Rd
⇐⇒ (0,↖). It is called

submultiplicative, if
ς(x+ x

↔) ↘ ς(x)ς(x↔) (↔x, x↔ ↗ Rd),

and symmetric if
ς(x) = ς(⇐x) (↔x ↗ Rd).

A weight m is called ς-moderate if there exists some constant C > 0 such that

m(x+ x
↔) ↘ Cm(x)ς(x↔) (↔x, x↔ ↗ Rd).
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4.1. WEIGHTED SCHUR-TYPE ALGEBRAS

We say that ς satisfies the GRS-condition (Gelfand-Raikov-Shilov condition [46]), if

lim
n≃↘

(ς(nz))
1
n = 1 (↔z ↗ Rd).

Typical examples of weights are the functions ς(x) = e
↼|x|

ϖ
(1 + |x|)s. As noted in

[14, Example 5.4], these weights are always symmetric, and they are submultiplicative
whenever 0 ↘ ↽ ↘ 1, ⇀, s ⇔ 0. Under these conditions, ς satisfies the GRS-condition if
and only if 0 ↘ ↽ < 1.

Particularly relevant for the discussion of Schur-type algebras are admissible weights,
which should not be confused with (A, p0)-admissible weights discussed in the second
paper.

Definition 4.3. [58] A weight function ς on Rd is called admissible, if

(a) ς is of the form ς(x) = e
↽(⇐x⇐), where ⇁ : [0,↖) ⇐⇒ [0,↖) is a continuous and

concave function with ⇁(0) = 0, and → . → any norm on Rd.

(b) ς satisfies the GRS-condition.

Admissible weights are submultiplicative, symmetric, and satisfy ς(0) = 1 and ς ⇔ 1
on Rd. Examples of admissible weights are weights of the form

ς(x) = e
↼|x|

ϖ
(1 + |x|)s(log(e+ |x|))t)

with s ⇔ 0, ⇀ > 0, ↽ ↗ (0, 1) and t ⇔ 0.

4.1. Weighted Schur-type algebras

Let X ≃ Rd be a relatively separated and ς be a weight. The weighted Schur class
S
1
ς = S

1
ς (X) is defined as the space of all B(H)-valued matrices A = [Ak,l]k,l→X for which

→A→S1
ε
:= max

\︂
sup
k→X

)︄

l→X

→Ak,l→ς(k ⇐ l) , sup
l→X

)︄

k→X

→Ak,l→ς(k ⇐ l)

⎛
(4.1)

is finite. It is easy to see that (4.1) defines a norm on S
1
ς .

We first present a vector-valued version of Schur’s test [49].

Proposition 4.4. For every ς-moderate weight m it holds S
1
ς ⇑ B(ϑpm(X;H)) for all

1 ↘ p ↘ ↖. In particular, S1
ς ⇑ B(ϑ2(X;H)).

Proposition 4.5. For every submultiplicative and symmetric weight ς, (S1
ς , → · →S1

ε
) is a

unital Banach *-algebra.

The main result of this section is the inverse-closedness of S
1
ς in B(ϑ2(X;H)) for

admissible weights ς that satisfy a weak growth condition. As a first step, we prove this
result for slowly growing polynomial weights. This result is a vector-valued version of
Barnes’ Lemma [10], see also [58, Lemma 5].
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Theorem 4.6. Let ς⇀(x) = (1 + |x|)⇀ for some ↪ ↗ (0, 1]. Then

rS1
εϱ
(A) = rS1(A) = rB(ϑ2(X;H))(A) (↔A = A

↑
↗ S

1
ςϱ
).

In particular, S1
ςϱ

is inverse-closed in B(ϑ2(X;H)) and S
1
ςϱ

is a symmetric Banach algebra.

Employing the remaining properties of an admissible weight that have not been used
so far, we may adapt ideas from [58] to obtain the following result.

Theorem 4.7. Let ς be an admissible weight satisfying the weak growth condition

ς(x) ⇔ C(1 + |x|)⇀ for some ↪ ↗ (0, 1], C > 0.

Then
rS1

ε
(A) = rB(ϑ2(X;H))(A) (↔A = A

↑
↗ S

1
ς ).

In particular, S1
ς is inverse-closed in B(ϑ2(X;H)) and S

1
ς is a symmetric Banach algebra.

We note, that the weak growth condition in Theorem 4.7 is essential. In fact, Tessera
proved in [103] that the unweighted scalar-valued Schur algebra S

1(N) is not inverse-closed
in B(ϑp(N;C)) for each 1 < p < ↖. In fact, S

1(N) is not even a symmetric Banach
algebra [74].

4.2. Polynomial and more general o!-diagonal decay

conditions

Let X ⇑ Rd be relatively separated and ς be an admissible weight. Then we define
Jς = Jς(X) to be the space of all B(H)-valued matrices A = [Ak,l]k,l→X for which

→A→Jε := sup
k,l→X

→Ak,l→ · ς(k ⇐ l) < ↖. (4.2)

It is easy to see that (4.2) indeed defines a norm on Jς and that (Jς , → . →Jε ) is a Banach
space.

Lemma 4.8. Let ς be an admissible weight. If

sup
k→X

)︄

l→X

ς(k ⇐ l)↓1
< ↖ (4.3)

then Jς is contained in S
1 and consequently also in B(ϑ2(X;H)). If additionally ∋C > 0

such that )︄

n→X

ς(k ⇐ n)↓1
ς(n⇐ l)↓1

< Cς(k ⇐ l) (↔k, l ↗ X) (4.4)

then Jς is a unital *-algebra.
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4.3. THE BASKAKOV-GOHBERG-SJÖSTRAND ALGEBRA

The polynomial weight ςs(x) = (1 + |x|)s on Rd with s > d is admissible and satisfies
conditions (4.3) and (4.4). In this case, we call Js := Jςs the Ja"ard algebra.

The norm → . →Jε is not submultiplicative. This obstacle can be circumvented by working
with the equivalent norm

|→A→|Jε := sup
B→Jε

⇐B⇐Jε=1

→A ·B→Jε (A ↗ Jς).

Next, we consider the B(H)-valued version of the Banach algebra Bu,s from [58]. Let
s > 0, u be an admissible weight and ς be the admissible weight defined by ς(x) =
u(x)(1 + |x|)s. Then we define Bu,s = Bu,s(X) to be the Banach space Bu,s := S

1
u ∝ Jς

equipped with the norm
→A→Bu,s := 2s→A→S1

u
+ →A→Jε . (4.5)

It can be shown that Bu,s is a unital Banach *-algebra and Bu,s ≃ S
1
u ≃ B(ϑ2(X;H)).

Moreover, if s > d then Jς ≃ S
1
u and thus Bu,s = Jς with equivalent norms.

The main theorem of this section is the following analog of [58, Thm. 10]).

Theorem 4.9. Assume that u is an admissible weight, let ↪, s > 0, u ⇔ ς⇀ and set
ς = uςs. Then

rBu,s(A) = rB(ϑ2(X;H))(A) (↔A = A
↑
↗ Bu,s). (4.6)

In particular, Bu,s is inverse-closed in B(ϑ2(X;H)) and Bu,s is a symmetric Banach
algebra.

Corollary 4.10. For every s > d, the Ja!ard algebra (Js, |→ . →|Js) is inverse-closed in
B(ϑ2(X;H)). In particular, (Js, |→ . →|Js) is a symmetric Banach algebra whenever s > d.

4.3. The Baskakov-Gohberg-Sjöstrand algebra

In this section we consider Baskakov-Gohberg-Sjöstrand algebra Cς of convolution-
dominated matrices. Many of the results of this section are either not new, or are
simple adaptations of the scalar-valued case. They have been included in the first
publication to give the reader an overview of the techniques used.

For a weight function ς on Rd, let Cς be the space of B(H)-valued matrices A =
[Ak,l]k,l→Zd for which

→A→Cε :=
)︄

l→Zd

sup
k→Zd

→Ak,k↓l→ς(l) < ↖. (4.7)

It is straightforward to show that (4.7) defines a norm on Cς .

Proposition 4.11. Let m be a ς-moderate weight. Then each A ↗ Cς defines a bounded
operator on B(ϑpm(X;H)) for each 1 ↘ p ↘ ↖. In particular, Cς ≃ B(ϑ2(X;H)).

Proposition 4.12. [77] For any submultiplicative and symmetric weight ς, Cς is a unital
Banach *-algebra.
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In case ς is submultiplicative, symmetric and satisfies the GRS-condition, one can show
that Cς ≃ B(ϑ2(Zd;H)) is a Wiener pair. The key ingredient for the proof of the latter
is a generalization of the classical Wiener’s Lemma [105] to its analogue on absolutely
convergent Fourier series with coe!cients in a (possibly non-commutative) Banach algebra
by Bochner and Phillips [18, Theorem 1].

Theorem 4.13. [12, 77] Let ς be a submultiplicative and symmetric weight satisfying
the GRS-condition. Then Cς ≃ B(ϑ2(Zd;H)) forms a Wiener pair. In particular, Cς is a
symmetric Banach algebra.

4.4. Anisotropic decay conditions

In this section, we will derive further examples of Wiener pairs from a given Wiener pair
A ≃ B(ϑ2(X;H)), where we assume A to be solid, meaning that if A = [Ak,l]k,l→X ↗ A

and B = [Bk,l]k,l→X is a B(H)-valued matrix such that →Bk,l→ ↘ →Ak,l→ for all k, l ↗ X,
then B ↗ A and →B→A ↘ →A→A.

The proof the main theorem of this section is based on ideas from [64]. The key tools
for its proof are (sets of commuting) derivations on A and their associated derivation
subalgebras of A and the fact that commutators of matrices define derivations.

Theorem 4.14. Let A ≃ B(ϑ2(X;H)) be a Wiener pair and assume that A is solid. Then
for every ⇀ = (⇀j)dj=1 ↗ Nd

0, the class of B(H)-valued matrices A = [Ak,l]k,l→X satisfying
⎦⎦⎦⎦⎦⎦

⎢

⎥
d⎧

j=1

(1 + |kj ⇐ lj |)
↼jAk,l

⎫

⎩

k,l→X

⎦⎦⎦⎦⎦⎦
A

< ↖ (4.8)

is a solid unital Banach *-algebra, which is inverse-closed in B(ϑ2(X;H)) and in particular
a symmetric Banach algebra.

Since all of our previously considered examples of inverse-closed sub-algebras A of
B(ϑ2(X;H)) are solid, the above theorem applies to each of these cases. As a consequence,
we obtain the following results.

Corollary 4.15. For every s > d and ⇀ = (⇀j)dj=1 ↗ Nd

0, the class of B(H)-valued
matrices [Ak,l]k,l→X satisfying the anisotropic polynomial decay condition

→Ak,l→ ↘ C(1 + |k ⇐ l|)↓s

d⎧

j=1

(1 + |kj ⇐ lj |)
↓↼j (↔k, l ↗ X)

is a solid unital Banach *-algebra which is inverse-closed in B(ϑ2(X;H)) and thus sym-
metric.

Corollary 4.16. Let ς be an admissible weight in the sense of Definition 4.3 which
satisfies the weak growth condition

ς(x) ⇔ C(1 + |x|)⇀ for some ↪ ↗ (0, 1], C > 0.

10
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Then for each ⇀ = (⇀j)dj=1 ↗ Nd

0, the class of B(H)-valued matrices [Ak,l]k,l→X satisfying
the anisotropic Schur-type conditions

sup
k→X

)︄

l→X

d⎧

j=1

(1 + |kj ⇐ lj |)
↼j→Ak,l→ς(k ⇐ l) < ↖,

sup
l→X

)︄

k→X

d⎧

j=1

(1 + |kj ⇐ lj |)
↼j→Ak,l→ς(k ⇐ l) < ↖

is a solid unital Banach *-algebra which is inverse-closed in B(ϑ2(X;H)) and thus sym-
metric.

Corollary 4.17. For every submultiplicative and symmetric weight satisfying the GRS-
condition and every ⇀ = (⇀j)dj=1 ↗ Nd

0, the class of B(H)-valued matrices [Ak,l]k,l→Zd

satisfying the condition

)︄

l→Zd

d⎧

j=1

(1 + |lj |)
↼j sup

k→Zd

→Ak,k↓l→ς(l) < ↖

is a solid unital Banach *-algebra which is inverse-closed in B(ϑ2(Zd;H)) and thus sym-
metric.

To the best of our knowledge, the Wiener pairs from Corollaries 4.16 and 4.17 are new
even in the scalar-valued setting.
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5. Localization of operator-valued frames

In the second paper, we study the concept of localized g-frames. The two main features of
localized g-frames are: (1) intrinsic localization of a g-frame is preserved under canonical
duality, and (2) to every mutually localized pair of dual g-frames, there is a whole chain
of associated co-orbit spaces attached to it and g-frame reconstruction is also valid in
each of those spaces.

At the core of this research are the properties of a spectral algebra.

Definition 5.1. Let A = A(X) be a unital Banach *-algebra of B(H)-valued matrices
A = [Ak,l]k,l→X . Then A is called a solid spectral matrix algebra, if

(1.) A ≃ B(ϑ2(X;H)), meaning that the inclusion map ↩ : A ⇐⇒ B(ϑ2(X;H)) is a unital
*-monomorphism (i.e. a faithful representation).

(2.) A is inverse-closed in B(ϑ2(X;H)), i.e., if A ↗ A defines an invertible operator in
B(ϑ2(X;H)), then its inverse A

↓1
↗ B(ϑ2(X;H)) is contained in A as well,

(3.) A is solid: if A = [Ak,l]k,l→X ↗ A and if B = [Bk,l]k,l→X is a B(H)-valued matrix
such that →Bk,l→ ↘ →Ak,l→ for all k, l ↗ X, then B ↗ A and →B→A ↘ →A→A.

For brevity reason, we will simply call such an algebra A a spectral algebra.

All algebras discussed in the first paper are spectral algebras. With these examples in
mind, we give the central definition of the second article.

Definition 5.2. Let A = A(X) be a spectral algebra and T = (Tk)k→X be a B(H)-valued
family indexed by X. We say that T is intrinsically A-localized, in short T ′A T , if its
associated g-Gram matrix GT = [TkT

↑

l
]k,l→X belongs to A. If U = (Uk)k→X is another

B(H)-valued family indexed by X, then we call U and T mutually A-localized, in short
U ′A T , if the cross g-Gram matrix GU,T = [UkT

↑

l
]k,l→X belongs to A.

A first concrete example of an intrinsically localized g-frame are g-Gabor systems
for L

2(Rd). As already mentioned in the introduction, these are g-frames of the form
G(T,X) = (ϱ(k)Tϱ(k)↑)k→X , where T ↗ B(L2(Rd)) is a fixed (window) operator [95].

Theorem 5.3. Let X ⇑ R2d be relatively separated, s > 2d, and T ↗ B(L2(Rd)) be an
operator from the space Bςs⇒ςs (c.f. [95]), that is, T of the form

T =
)︄

n→N
ωn ▽ εn,
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where {ωn}n→N and {εn}n→N are sequences in M
1
ςs
(Rd) with

)︄

n→N
→ωn→M1

εs (Rd)→εn→M1
εs (Rd) < ↖.

Then the g-Gabor system G = G(T,X) is intrinsically Js-localized. In particular, G(T,X)
is a g-Bessel sequence for L

2(Rd).

Su!ciency conditions for the window operator T guaranteeing the frame property of
G(T,X) are given in [95].

Theorem 5.3 was the starting point of this line of research. This result made us confident
that a localization concept for g-frames, as defined in Definition 5.2, is meaningful, and
also served as an encouragement to study B(H)-valued versions of the Ja"ard algebra and
other known examples of spectral algebras. Only later did we find out that the special
case A = Cς(Zd) of Definition 5.2 already appeared in [78, Definition 5.6].

The main contribution of this article is a systematic study of localized g-frames as
defined above. Conceptually, the theory of localized g-frames is very similar to the theory
of localized (vector) frames. The main di!culties were in dealing with the technical details
of the space H

↘
ϖ (T d

, T ) (and closing some small gaps in the literature also regarding the
scalar-valued case) and other subtleties regarding the vector-/operator-valued setting,
which are not present in the scalar-valued setting (such as in the duality theorem for
the spaces H

p
ϖ(T d

, T )). We believe that the theory developed here will be relevant to
operator theory [38], the study of Fourier series of operators [43], or quantum harmonic
analysis [36, 104].

5.1. Intrinsic localization and duality

The proofs of the main results of this section are based on the properties of a spectral
algebra and the following lemma.

Lemma 5.4. Let T = (Tk)k→X be a g-frame and }︄T = (TkS
↓1
T

)k→X its canonical dual
g-frame. Then GT has closed range and

G)︄T = G
†

T
and G

T,)︄T = GTG
†

T
. (5.1)

Theorem 5.5. Let T = (Tk)k→X be an intrinsically A-localized g-frame. Then the
following hold:

(i) The canonical dual g-frame }︄T = (TkS
↓1
T

)k→X is intrinsically A-localized.

(ii) T and }︄T are mutually A-localized.

Theorem 5.6. The relation ′A is symmetric. Furthermore, ′A is an equivalence relation
on the set of all intrinsically A-localized g-frames indexed by X.
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5.2. OPERATOR-VALUED FRAMES AND ASSOCIATED (QUASI-) BANACH SPACES

5.2. Operator-valued frames and associated (quasi-) Banach

spaces

Definition 5.7. Let A be a spectral algebra and 0 < p0 ↘ 1. A weight function ϖ is called
(A, p0)-admissible, if every A ↗ A defines a bounded operator ϑ

p
ϖ(X;H) ⇐⇒ ϑ

p
ϖ(X;H) for

every p ↗ (p0,↖] ∞ {1}.

For each spectral algebra A discussed in the first paper, every ς-moderate weight ϖ

is (A, 1)-admissible, where ς is the weight built into the definition of A. In the case of
the Ja"ard algebra Js(X) (X ⇑ Rd), for every r ⇔ 0 so that s > d+ r, any ςr-moderate
weight ϖ is (Js,

d

s↓r
)-admissible, where ςr(z) = (1 + |z|)r is the polynomial weight on Rd

[82].

Proposition 5.8. Let A be a spectral algebra and ϖ be (A, p0)-admissible. Then both
1/ϖ and the trivial weight 1 are (A, 1)-admissible.

Definition 5.9. Let A be a spectral algebra, ϖ be an (A, p0)-admissible weight, T =
(Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that T

d
′A T .

Then for each p ↗ (p0,↖) ∞ {1} we define H
p
ϖ(T d

, T ) as the completion of H
00(T ) =

DT (c00(X;H)) with respect to the (quasi-)norm

→ · →
H

p
ϑ(T d,T ) = →CT d · →

ϑ
p
ϑ(X;H) = →(T d

k
· )k→X→

ϑ
p
ϑ(X;H).

Furthermore we analogously define H
0
ϖ(T

d
, T ) as the completion of H00(T ) with respect

to the norm → . →H0
ϑ(T

d,T ) = →CT d . →ϑ→ϑ (X;H).

The key point for the analysis of the spaces H
p
ϖ(T d

, T ) is the following: Since DT ↗

B(ϑ2(X;H),H) and DT (ϑ2(X;H)) = H for every g-frame T , H00(T ) is a dense subspace of
H, because ϑ00(X;H) is a dense subspace of ϑ2(X;H). Therefore, g-frame reconstruction is
valid in H

00(T ), which, by definition, is dense in H
p
ϖ(T d

, T ) (w.r.t the norm → · →
H

p
ϑ(T d,T )).

Using the boundedness of GT d,T on the spaces ϑ
p
ϖ(X;H), we can also extend g-frame

reconstruction, as well as the definition of the operators CT d and DT to the spaces
H

p
ϖ(T d

, T ) and ϑ
p
ϖ(X;H) respectively.

In the article, we also give the definition of the space H
↘
ϖ (T d

, T ). In this case, the
definition of CT d and DT is di"erent and we do not argue directly via density, but rather
via a type of weak*-density. We avoid the tedious technicalities of the space H

↘
ϖ (T d

, T )
and its discussion here and refer instead directly to the research article included later.

If not explicitly stated otherwise, all results listed below also hold in the case p = ↖

(in a certain sense).

Proposition 5.10. Let A be a spectral algebra, ϖ be an (A, p0)-admissible weight, T =
(Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that T d

′A T . Then
H

p
ϖ(T d

, T ) is a Banach space for each p ↗ [1,↖) ∞ {0}, and a quasi-Banach space for
p0 < p < 1. Moreover, CT d extends via density to an isometry H

p
ϖ(T d

, T ) ⇐⇒ ϑ
p
ϖ(X;H)

for p ↗ (p0,↖) ∞ {0, 1}.
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Proposition 5.11. Let A be a spectral algebra, ϖ be an (A, p0)-admissible weight, T =
(Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that T d

′A T . Then,
for each p ↗ (p0,↖] ∞ {0, 1}, the synthesis operator

DT : ϑpϖ(X;H) ⇐⇒ H
p

ϖ(T
d
, T ),

(gl)l→X ̸⇒

)︄

l→X

T
↑

l
gl (5.2)

is bounded and surjective and the series (5.2) converges unconditionally in H
p
ϖ(T d

, T ).
Furthermore, for all p ↗ (p0,↖) ∞ {0, 1},

→f→
H

p
ϑ
↙ inf{→g→

ϑ
p
ϑ(X;H) : g ↗ ϑ

p

ϖ(X;H), f = DT g}.

Theorem 5.12. Let A be a spectral algebra, ϖ be an (A, p0)-admissible weight, T =
(Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that T d

′A T . Then
for each p ↗ (p0,↖) ∞ {0, 1} it holds

f =
)︄

k→X

T
↑

k
T
d

k
f (↔f ↗ H

p

ϖ(T
d
, T ))

with unconditional convergence in H
p
ϖ(T d

, T ).

Using the latter theorem, we are able to give an alternative description of the spaces
H

p
ϖ(T d

, T ). The next result is only valid for p < ↖.

Proposition 5.13. Let A be a spectral algebra, ϖ be an (A, p0)-admissible weight, T =
(Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that T d

′A T . Then
for each p ↗ (p0,↖) ∞ {0, 1}, Hp

ϖ(T d
, T ) is the completion of the space

V
p

ϖ (T
d
, T ) = {f ↗ H : CT df ↗ ϑ

p

ϖ(X;H)}

with respect to → . →
H

p
ϑ(T d,T ).

For exponents p < ↖ and weights ϖ chosen in such a way that ϑpϖ(X;H) is continuously
embedded in ϑ

2(X;H), we obtain an even simpler description of the (quasi-)Banach spaces
associated with localized g-frames.

Corollary 5.14. Let A be a spectral algebra, ϖ be an A-admissible weight, T = (Tk)k→X
be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that T d

′A T . Let p < ↖

and ϖ be so that ϑpϖ(X;H) is continuously embedded in ϑ
2(X;H). Then

H
p

ϖ(T
d
, T ) = V

p

ϖ (T
d
, T ).

So far, the spaces H
p
ϖ(T d

, T ) seem to be heavily dependent on the choice of the dual
g-frame pair (T d

, T ). However, Hp
ϖ(T d

, T ) is independent of the choice of the dual g-frame
pair (T d

, T ) as long as we stay in the same localization class ′A. The proof of the
following result relies on (almost) all previously discussed results.
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Theorem 5.15. Let A be a spectral algebra and ϖ be an (A, p0)-admissible weight. Let
T = (Tk)k→X and U = (Uk)k→X be g-frames and assume that T

d = (T d

k
)k→X is a dual

g-frame of T such that T
d
′A T , and that U

d = (Ud

k
)k→X is a dual g-frame of U such

that Ud
′A U . If T d

′A U and U
d
′A T , then, for each p ↗ (p0,↖) ∞ {0, 1},

H
p

ϖ(T
d
, T ) = H

p

ϖ(U
d
, U)

with equivalent norms.

Via the above theorem, we can extend Theorem 2.9 as follows if T and T
d also are

intrinsically localized.

Theorem 5.16. Let A be a spectral algebra and ϖ be an (A, p0)-admissible weight. Let
T = (Tk)k→X be an intrinsically A-localized g-frame and assume that T

d = (T d

k
)k→X

is an intrinsically A-localized dual g-frame of T such that T
d
′A T . Then, for each

p ↗ (p0,↖) ∞ {0, 1},
H

p

ϖ(T
d
, T ) = H

p

ϖ(T, T
d)

with equivalent norms and

f =
)︄

k→X

T
↑

k
T
d

k
f =

)︄

k→X

(T d

k
)↑Tkf (↔f ↗ H

p

ϖ(T
d
, T ))

with unconditional convergence in H
p
ϖ(T d

, T ).

We explicitly emphasize that the above result contains the statement

→(T d

k
f)k→X→

ϑ
p
ϑ(X;H) ↙ →(Tkf)k→X→

ϑ
p
ϑ(X;H).

Corollary 5.17. Let A be a spectral algebra and ϖ be an (A, p0)-admissible weight. If
T = (Tk)k→X is an intrinsically A-localized g-frame, then for each p ↗ (p0,↖) ∞ {0, 1},

H
p

ϖ( }︄T , T ) = H
p

ϖ(T, }︄T )

with equivalent norms and

f =
)︄

k→X

T
↑

k
TkS

↓1
T

f =
)︄

k→X

S
↓1
T

T
↑

k
Tkf (↔f ↗ H

p

ϖ( }︄T , T ))

with unconditional convergence.

Finally, we present the duality theorem. Note that the spaces H
q

1/ϖ(T, T
d) that occur

below are well-defined by Proposition 5.8.

Theorem 5.18. Let A be a spectral algebra, ϖ be an (A, 1)-admissible weight, T = (Tk)k→X
be an intrinsically A-localized g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that

T
d
′A T . Then ⌉︄

H
p

ϖ(T
d
, T )

{︄
↑
↦ H

q

1/ϖ(T, T
d),

for all p ↗ [1,↖) with 1
p
+ 1

q
= 1 and for (p, q) = (0, 1). In particular,

H
↘

ϖ (T d
, T ) ↦

⌉︄
H

0
ϖ(T

d
, T )

{︄
↑↑
.
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6. Localized Frames without inequalities

In the third paper, we characterize the frame property of a suitably localized sequence
in a Hilbert space H via nine other equivalent conditions on certain mapping properties
of the canonical frame-related operators acting on or mapping into the co-orbit spaces
associated to a fixed reference Riesz basis.

The main contribution of the third paper is twofold. First, we provide a characteriz-
ation of abstract localized frames similarly as described above. As emphasized in the
introduction, the frame property of a given sequence is often very hard to verify. Here,
we present a list of nine additional new options that may simplify this task in certain
situations. Second, we apply our characterization to shift-invariant spaces and obtain new
conditions for stable sets of sampling in these spaces, thereby illustrating the usefulness
of our characterization in terms of a first non-trivial example.

6.1. Main result

Let H
p(ω) := H

p(}︄ω,ω), Ranp(Cε) := Cε(Hp(ω)) and Ranp(Dε) := Dε(ϑp(X)), where
ε = (εk)k→X is some countable family of vectors in H. Here, in the definition of a spectral
algebra, we require the additional property A ⇑ B(ϑp) for all 1 ↘ p ↘ ↖, since all concrete
examples of such A do so anyway.

Theorem 6.1. Let A be a spectral algebra and ω = (ωk)k→X be an intrinsically A-localized
Riesz basis in H. Let ε = (εk)k→X be mutually A-localized with respect to ω, and let
ϖ = (ϖk)k→X be given by

ϖk =
)︄

l→X

↑εl,ωk↓S
↓1/2
ω ωl, k ↗ X.

Then the following are equivalent.

(1) ε is a frame for H.

(2) Sε is invertible on H
1(ω).

(3) Sε is invertible on H
↘(ω).

(4) Cε : H↘(ω) ⇒ ϑ
↘(X) is injective and Ran↘(Cε) as well as Ran↘(Dε) are closed.

(5) Dε : ϑ1(X) ⇒ H
1(ω) is surjective and Ran1(Cε) is closed.

(6) Dϖ : ϑ↘(X) ⇒ H
↘(ω) is injective and Ran↘(Cϖ) as well as Ran↘(Dϖ) are closed.
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(7) Cϖ : H1(ω) ⇒ ϑ
1(X) is surjective and Ran1(Dϖ) is closed.

(8) Gϖ is invertible on ϑ
1(X).

(9) Gϖ is invertible on ϑ
↘(X).

(10) ϖ is a Riesz sequence in H.

In particular, if any of the above conditions is satisfied, then H
p(ε) = H

p(ω) with
equivalent norms for all 1 ↘ p ↘ ↖.

The above theorem was motivated by the article [53] on fourteen equivalent conditions
without inequalities for a Gabor system over a lattice with window 0 ∀= g ↗ M

1(Rd) being
a frame. The main result of [53] is that any such Gabor system G = G(g,”) is a frame
for L

2(Rd) if and only if the associated frame related operators satisfy certain mapping
properties, for example, if the analysis operator CG : M↘(Rd) ⇒ ϑ

↘(”) is injective. The
proof of the latter relies on deep results for Gabor systems over lattices, such as the
Ron-Shen duality principle [89], Wiener’s Lemma for twisted convolutions [57], and a
result on linear independence of time-frequency shifts [53]. As already mentioned in the
Introduction, some of the tools and objects that appear in the Gabor setting are also
present in the theory of abstract localized frames, which led to an investigation of this
phenomenon in the abstract setting.

Although the proof ideas for Theorem 6.1 are to some extent similar to the ones of the
main theorem in [53], Theorem 6.1 is in fact not a generalization of the latter. In the
following, we point out some similarities and some major di"erences between the two.

First, as mentioned in the Introduction, the modulation spaces Mp(Rd) are intrinsically
defined via the STFT and the Gaussian (or any other Schwartz function). In the abstract
setting, however, the definition and many relevant properties of the spaces H

p(ω) depend
on the frame property of some explicitly given localized frame ω. Therefore, we relate
the family ε to a fixed localized reference frame ω generating the co-orbit spaces H

p(ω),
instead of working with the spaces H

p(ε) directly. However, on the other hand, it be
di!cult, if not even impossible for a Gabor frame to be localized with respect to a
localized Riesz basis due to several versions of the Balian-Low theorem [49, 59], see also
[51, Section 5] for a discussion on that matter. Second, several closed range conditions
appear in our setting but not in [53, Theorem 3.1]. In the third paper, we argue, why
each of these closed range conditions is in fact necessary in our setting, since otherwise,
the statement is simply not true. For Gabor frames, however, these conditions are
automatically satisfied.

In the following, we provide an overview on the tools and techniques used in the proof
of Theorem 6.1. The chain of implications that we prove is depicted in Figure 6.1.

(a) The family ϖ is a so-called R-dual of type III [96] and may be regarded as a substitute
of the Ron-Shen dual [89] of a Gabor-frame. However, an R-dual associated with a
Gabor frame on a lattice does not coincide with its Ron-Shen dual in general, see
[25, 96]. In order to guarantee that ε is a frame if and only if ϖ is a Riesz sequence,
we need to assume that the reference frame ω is in fact a Riesz basis.
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Figure 6.1.: Chain of implications for the proof of Theorem 6.1

(b) Since inverse-closedness of A ≃ B(ϑ2(X)) is equivalent to the equality ↼A(A) =
↼B(ϑ2(X))(A) of the spectrum of A in A and the spectrum of A in B(ϑ2(X)) for all
A ↗ A [55], we have as a consequence, that the holomorphic functional calculi with
respect to A and B(ϑ2(X)) coincide. Using this to our advantage we show that
ϖ ′A ω.

(c) Via a series of auxiliary results, we show that all frame-related operators associated
with ε and ϖ are bounded on H

p(ω) or ϑ
p(X) respectively. These results are based

on the assumption ε ′A ω and the property ϖ ′A ω from (b).

(c) Using the identification (H1(ω))↔ = H
↘(ω) and the duality relations D↔

ε
= Cε, C

↔

ε
=

Dε, G
↔

ε
= Gε, S

↔

ε
= Sε (by (c), analogous relations hold for the operators associated

with ϖ), we prove several of the implications depicted in Figure 6.1 by arguing via
duality, properties of adjoint operators and the closed range theorem for Banach
spaces.

(d) At a certain point we use an interpolation result to obtain the Riesz sequence
property of ϖ.

6.2. Application to shift-invariant spaces and sampling

Let Tk denote the translation operator on L
p(Rd) (k ↗ Rd), given by Tkf(t) = f(t⇐ k).

For a generator ω ↗ L
2(Rd), let V

p(ω) be the shift-invariant space defined by

V
p(ω) =

⎭
⎨

⎬
)︄

k→Zd

ckTkω : c ↗ ϑ
p(Zd)

⎪
⏐

⎝ (1 ↘ p ↘ ↖).

Assuming that
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(i) ω is continuous;

(ii) |ω(x)| ↭ (1 + |x|)↓s for some s > d; and

(iii) (Tkω)k→Zd forms a Riesz basis for V
2(ω),

then V
p(ω) is a well-defined closed subspace of L

p(Rd) (1 ↘ p ↘ ↖) and V
2(ω) is a

reproducing kernel Hilbert space with kernel Kω
x , i.e.

f(x) = ↑f,K
ω

x ↓ (↔f ↗ V
2(ω), ↔x ↗ Rd). (6.1)

It was shown in [51] that the Riesz basis (Tkω)k→Zd is intrinsically Js(Zd)-localized, that
its associated co-orbit spaces H

p
⌉︄
(Tkω)k→Zd

{︄
coincide with the shift-invariant spaces

V
p(ω) (1 ↘ p ↘ ↖) and that

|↑K
ω

x , Tlω↓| = |ω(x⇐ l)| ↭ (1 + |x⇐ l|)↓s (↔x ↗ Rd
, ↔l ↗ Zd). (6.2)

Let X = (xk)k→Zd ⇑ Rd be discrete. If ε = (εk)k→Zd := (Kω
xk)k→Zd forms a frame for

V
2(ω) with frame bounds A ↘ B, then X is called a stable set of sampling for V

2(ω),
since, due to (6.1), the frame inequality takes the form

A→f→
2
L2(Rd) ↘

)︄

k→Zd

|f(xk)|
2
↘ B→f→

2
L2(Rd) (↔f ↗ V

2(ω))

in this case. Similarly, X is called a stable set of sampling for V
p(ω) (1 ↘ p ↘ ↖), if

there exist constants Ap ↘ Bp such that

Ap→f→Lp(Rd) ↘ →(f(xk))k→Zd→ϑp(Zd) ↘ Bp→f→Lp(Rd) (↔f ↗ V
p(ω)).

In case X = (xk)k→Zd ⇑ Rd is relatively separated and satisfies the mild perturbation
condition

|xk ⇐ k| ↘ C, for some C > 0 and every k ↗ Zd
. (6.3)

then we show in the article that ε and (Tkω)k→Zd are mutually Js(Zd)-localized. Therefore,
all the assumptions of Theorem 6.1 are met in this setting, and we obtain ten equivalent
conditions for such a set X being a stable set of sampling. In the following, we reformulate
only a part of the ten conditions in Theorem 6.1.

Theorem 6.2. Assume that ω ↗ L
2(Rd) satisfies the conditions (i)⇐(iii), and let

(xk)k→Zd ⇑ Rd be relatively separated. Let Gϖ be the autocorrelation matrix with entries
given by

[Gϖ]k,n =
)︄

l→Zd

ω(xl ⇐ k)ω(xl ⇐ n) (k, n ↗ X)

and assume that condition (6.3) holds. Then the following are equivalent.

(a) (xk)k→Zd is a stable set of sampling for V
2(ω).
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(b) (xk)k→Zd is a stable set of sampling for V
↘(ω) and Dε : ϑ↘ ⇒ V

↘(ω) has closed
range.

(c) Gϖ is invertible on ϑ
1(Zd).

(d) Gϖ is invertible on ϑ
↘(Zd).

(e) Gϖ is invertible on ϑ
2(Zd).

In [61] several other equivalent conditions for a relatively separated set (xk)k→Z ⇑ R
being a stable set of sampling for V 2(ω) were proven. In fact, there it was shown that the
closed range condition of Dε : ϑ↘ ⇒ V

↘(ω) from (b) can actually be omitted (at least in
the case d = 1). In the language of [61], the assumptions (i)⇐(iii) guarantee that ω is
contained in the Wiener amalgam space W0 = W (C, ϑ1) and has stable integer shifts, and
the authors employ a non-commutative version of Wiener’s lemma ([60, Proposition 8.1])
in their analysis. In contrast to the latter, we assume the mild perturbation condition (6.3)
in order to guarantee localization with respect to the Ja"ard algebra Js(Zd). In particular,
the Wiener-type lemma that we use is Ja"ard’s Lemma, i.e. the inverse-closedness of
Js(Zd) in B(ϑ2(Zd)). We also remark that the autocorrelation matrix Gϖ is given by the
product Gϖ = PX(ω)↑PX(ω), where PX(ω) = (ω(xl ⇐ k))l,k→Z is the matrix appearing in
[61, Theorem 3.1]. According to [61, Theorem 3.1] (in the case d = 1), stable sampling is
equivalent to P!(ω) : ϑ↘(Zd) ⇒ ϑ

↘(!) being bounded and injective for all weak limits !
of integer translates of (xk)k→Z. In contrast, conditions (c)⇐(e) from above only concern
one specific operator Gϖ and do not involve weak limits. To the best of our knowledge,
these invertibility conditions on the autocorrelation matrix Gϖ are new.
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In this article we consider several new examples of Wiener pairs A ⊆ B, where 
B = B(!2(X;H)) is the Banach algebra of bounded operators acting on the Hilbert 
space-valued Bochner sequence space !2(X;H) and A = A(X) is a Banach algebra 
consisting of operator-valued matrices indexed by some relatively separated set X ⊂

Rd. In particular, we consider B(H)-valued versions of the Jaffard algebra, of certain 
weighted Schur-type algebras, of Banach algebras which are defined by more general 
off-diagonal decay conditions than polynomial decay, of weighted versions of the 
Baskakov-Gohberg-Sjöstrand algebra, and of anisotropic variations of all of these 
matrix algebras, and show that they are inverse-closed in B(!2(X;H)). In addition, 
we obtain that each of these Banach algebras is symmetric.

© 2025 The Author(s). Published by Elsevier Inc. This is an open access article 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

From a historical point of view, both the title and the content of this article originate from Wiener’s 
Lemma on absolutely convergent Fourier series [63], which states that if a continuous function f ∈ C(T )
on the torus T admits an absolutely convergent Fourier series and is nowhere vanishing, then the function 
1/f admits an absolutely convergent Fourier series as well. In more abstract terms, Wiener’s Lemma can 
be rephrased to a certain relation between the Banach algebra A(T ) of absolutely convergent Fourier series 
and the Banach algebra C(T ) of continuous functions on T . Indeed, f ∈ A(T ) ⊆ C(T ) being nowhere 
vanishing is equivalent to f ∈ A(T ) being invertible in the larger Banach algebra C(T ), and Wiener’s 
Lemma guarantees that these two assumptions already imply that the continuous inverse 1/f ∈ C(T ) of f
is contained in A(T ) as well, i.e. that f is also invertible in the smaller Banach algebra A(T ).

Today, the above theme manifests itself in various kinds of situations and degrees of abstraction. The 
general definition is the following. If A ⊆ B is a nested pair of two (possibly non-commutative) Banach 
algebras A and B with common identity, then A is called inverse-closed in B [8], if

A ∈ A and ∃A−1 in B =⇒ A−1
∈ A. (1)
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In this case we say that A ⊆ B is a Wiener pair [51,52]. As in the example of the Wiener pair A(T ) ⊆
C(T ), it is often easier to verify the invertibility of an element A ∈ A ⊆ B in the larger algebra B, 
than to verify its invertibility in the smaller algebra A. Consequently, A being inverse-closed in B is a 
fairly strong property and thus immensely useful in a huge number of situations. In particular, Wiener’s 
Lemma and its many generalizations, see, e.g., [5,6,9,10,13–16,21,22,29,32,38,42,46,53,54,58,59], appear in 
a vast number of applications such as in numerical analysis [19,34,56,57], approximation theory [20,37], 
time-frequency and wavelet analysis [20,42,53], sampling theory [1,2,5,20], pseudo differential operators and 
differential equations [14,32,39,54], or frames [1,3,4,7,27,31,35]. For more mathematical background and 
historical remarks on Wiener’s Lemma and its variations, we refer the reader to the survey [33], which is 
one of the main inspirations of this work.

Our motivation for writing this article comes from studying localization properties of g-frames, which 
are a generalization of frames [18] to families of operators satisfying a frame-like inequality. More precisely, 
a countable family T = (Tk)k∈X of bounded operators Tk ∈ B(H) on some separable Hilbert space H is 
called a g-frame [60], if there exist positive constants 0 < A ≤ B <∞, such that

A‖f‖2 ≤
⎠

k∈X

‖Tkf‖
2
≤ B‖f‖2 (∀f ∈ H). (2)

Every g-frame (Tk)k∈X allows for a linear, bounded and stable reconstruction of any vector f ∈ H from the 
vector-valued family (Tkf)k∈X ∈ !2(X;H), where

!2(X;H) =
{
(gk)k∈X : gk ∈ H (∀k ∈ X), (‖gk‖)k∈X ∈ !2(X)

}
.

In addition to their capability to achieve perfect reconstruction of vectors in H, g-frames might satisfy 
other important properties that do not follow solely from the existence of the g-frame bounds A and B. 
For example, in [55], g-frames for H = L2(Rd) of the form (π(k)Tπ(k)∗)k∈X , called Gabor g-frames, were 
considered, where X = Λ ⊆ R2d is a full-rank lattice, T ∈ B(L2(Rd)) is some suitable window operator, 
and π(k) = Mk2Tk1 denotes a time-frequency shift by k = (k1, k2) ∈ R2d in the time-frequency plane [30]. 
Via Fourier methods for periodic operators, which ultimately depend on the group structure of the lattice 
Λ, Skrettingland proved in [55] several results for this class of g-frames, which are typically concluded from 
suitable localization properties of a given frame in some abstract Hilbert space H [27]. We are convinced 
that − in analogy to localized frames [27] − these localization-type results do not rely on Fourier methods or 
even on the group structure of the index set X, but are a consequence of the intrinsic localization properties 
of the underlying g-frame (Tk)k∈X , which are measured by the decay of the operator norms ‖TkT ∗l ‖ of the 
entries TkT ∗l ∈ B(H) of the g-Gram matrix GT = [TkT ∗l ]k,l∈X ∈ B(!2(X;H)). In fact, an article on g-frames, 
whose localization quality is measured by its g-Gram matrix belonging to some suitable Banach algebra A, 
which is inverse-closed in the Banach algebra B = B(!2(X;H)) of bounded operators acting on the Hilbert 
space !2(X;H) (see also [45, Definition 5.7]), is currently in preparation [48].

In view of the above motivation, the aim of this article is to prove several new examples of Wiener pairs 
A ⊆ B(!2(X;H)), where A = A(X) is a Banach algebra of B(H)-valued matrices indexed by some relatively 
separated set X ⊂ Rd. Beside the above-mentioned possibility to generalize the concept of intrinsically 
localized frames from [27] to the g-frame setting [48], we believe that our new examples of such Wiener 
pairs provide a useful arsenal of techniques for operator theory [24], the study of Fourier series of operators 
[26], or quantum harmonic analysis [23,62].

The paper is structured as follows. In Section 2 we make our notation precise and collect some preliminary 
facts which we will need later on. Each of the later sections is devoted to defining one specific class A of 
B(H)-valued matrices and showing that A is indeed a Banach algebra which is inverse-closed in B(!2(X;H)). 
In particular, we prove these results for certain weighted Schur-type algebras S1

ν(X) (see Section 3), for 
the Jaffard algebra Js(X), which describes polynomial decay of order s away from the diagonal and the 
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Banach algebras Jν(X) or Bu,s(X) which are defined by more general off-diagonal decay conditions than 
polynomial decay (see Section 4), for weighted versions of the Baskakov-Gohberg-Sjöstrand algebra Cv(Zd)
of convolution dominated matrices (see Section 5), and for anisotropic variations of all of these Banach 
algebras (see Section 6). In particular, we prove that all these Banach algebras are symmetric.

It should be pointed out that the Banach algebras S1
ν (Zd), Js(Zd) and Cν(Zd), and their inverse-

closedness in B(!2(Zd;H)) were already mentioned in the excellent overview article [44]. However, we would 
like to emphasize that the corresponding proofs of those results in [44] are on many occasions rather outlined 
than given in detail, and at the same time heavily depend on Fourier methods and other Banach algebraic 
methods which rely on the group structure of the index set Zd. Except for the Baskakov-Gohberg-Sjöstrand 
algebra Cv(Zd) and its anisotropic variation, all Banach algebras that are considered in the current article, 
however, are indexed by some arbitrary relatively separated index set X ⊂ Rd which does not necessarily 
possess a group structure. Investigating these more general matrix algebras seems only natural to us, since 
this will allow a systematic treatment of more general classes of localized g-frames, including irregular Ga-
bor g-frames. However, it should be noted that while the index set X is not necessarily a group, the group 
structure of Rd is still inherently present in the problem due to the way matrix multiplication is defined. As 
noted in [14, Remark 5.6], one could also consider continuous analogs of the algebras S1

ν(Zd), Js(Zd) and 
Cν(Zd) (see, e.g., [14]), which are defined via a bounded uniform partition of unity (BUPU) indexed by Zd; 
and since the definition of each of the aforementioned algebras involves a balanced weight (see Subsection 
2.2), one may argue similarly as in [14, Lemma 5.5] and deduce some of our results from the continuous 
setting.

In this article, we pursue a more self-contained presentation by working with the definitions directly and 
employing different proof methods than the Fourier-based approaches mentioned in [44]. In particular, our 
analysis is based on various kinds of Banach algebraic techniques, such as Hulanicki’s Lemma (see Propo-
sition 2.1), Brandenburg’s trick [17], a vector-valued version of Barnes’ Lemma [9] and adapted techniques 
from [38], and approaches using derivation algebras [37].

2. Notation and preliminary results

Throughout these notes, all the index sets considered are countable. We denote the cardinality of a set X
by |X|. For x ∈ Rd, the symbol |x| denotes the Euclidean norm on Rd and |x|∞ the maximum norm on Rd. 
The standard scalar product of x and y in Rd is denoted by x ·y =

∑d
j=1

xjyj . The symbol N denotes the set 
of positive integers {1, 2, 3, . . . } and N0 = {0, 1, 2, 3, . . . } denotes the set of non-negative integers. As usual, 
for multi-indices α = (αj)dj=1

,β = (βj)dj=1
∈ Nd

0
we write |α| =

∑d
j=1

αj , 
(α
β

)
=
∏d

j=1

(αj
βj

)
, xα = xα1

1
. . . xαdd

for x ∈ Rd, and β ≤ α if and only if βj ≤ αj for all 1 ≤ j ≤ d. We write δij for the Kronecker-delta.
H is always a separable Hilbert space. The domain, kernel and range of an operator T is denoted by D(T ), 

N (T ) and R(T ) respectively. The identity element on a given space X is denoted by IX . The set of bounded 
operators between two (quasi-)normed spaces X and Y is denoted by B(X,Y ) and we set B(X) := B(X,X).

2.1. Banach algebras

We first recall some basic concepts from Banach algebra theory.
A Banach algebra is a (complex) Banach space (A, ‖ . ‖A) equipped with a bilinear map · : A×A −→ A, 

called multiplication, which is associative and satisfies α(A ·B) = A · (αB) = (αA) ·B as well as ‖A ·B‖A ≤

‖A‖A‖B‖A for all A,B ∈ A,α ∈ C. We call A unital if A contains a neutral element IA with respect to 
multiplication. An element A of a unital Banach algebra A is called invertible, if there exists an element 
A−1

∈ A such that A · A−1 = A−1
· A = IA. An involution on A is a continuous conjugate linear map 

∗ : A −→ A satisfying (A∗)∗ = A and (A · B)∗ = B∗ · A∗ for all A,B ∈ A. If A possesses an involution 
which is an isometry, then A is called a Banach *-algebra.
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Let A be a unital Banach algebra. For any A in A, the resolvent set of A is defined by ρA(A) := {λ ∈ C :
λIA −A is invertible}. The spectrum of A is the compact set defined by σA(A) := C \ ρA(A). The spectral 
radius of A is defined by rA(A) = max{|λ| : λ ∈ σA(A)}. By Gelfand’s formula, the spectral radius of any 
A ∈ A can be computed via

rA(A) = lim 
n→∞

‖An
‖

1 
n
A
. (3)

If A and B are two unital Banach algebras (Banach *-algebras) with a common identity, then we write 
A ⊆ B, if A is contained in B and if the inclusion map from A into B is an algebra homomorphism 
(*-homomorphism). If A and B are two unital Banach algebras with common identity, then [33]

A ⊆ B =⇒ σB(A) ⊆ σA(A) (∀A ∈ A). (4)

Such a nested pair A ⊆ B of unital Banach algebras with common identity is called a Wiener pair if A is 
inverse-closed in B, see (1). One can show [33] that a nested pair A ⊆ B of unital Banach algebras with 
common identity forms a Wiener pair if and only if σA(A) = σB(A) for all A ∈ A. This is the reason why 
the term spectral invariance is often used synonymously when discussing inverse closedness [33].

Verifying whether A ⊆ B forms a Wiener pair is often a rather subtle challenge. However, if A and B are 
Banach *-algebras and B is symmetric, which means that σB(A∗A) ⊆ [0,∞) for all A ∈ B, a powerful trick 
by Hulanicki allows an analytical treatment of this task.

Proposition 2.1 (Hulanicki’s Lemma). [40] Let A ⊆ B be a pair of unital Banach *-algebras with common 
identity, and suppose that B is symmetric. Then the following are equivalent:

(i) A is inverse-closed in B.

(ii) rA(A) = rB(A) (∀A = A∗ ∈ A).
(iii) rA(A) ≤ rB(A) (∀A = A∗ ∈ A).

Moreover, if one of these conditions holds, then A is also symmetric.

We will also need some facts from derivation algebras. Let A be a symmetric Banach algebra and δ :
D(δ) = D(δ,A) −→ A be a closed (possibly unbounded) linear operator, where the domain D(δ) = D(δ,A)
is an arbitrary subspace of A. Such an operator δ is called a derivation on A, if the Leibniz rule holds true 
on D(δ), i.e., if

δ(A ·B) = A · δ(B) + δ(A) ·B (∀A,B ∈ D(δ)). (5)

If A is involutive, we additionally assume that the domain D(δ) is invariant under involution (i.e., A∗ ∈ D(δ)
whenever A ∈ D(δ)) and that δ(A∗) = δ(A)∗ for all A ∈ D(δ). Equipped with the graph norm

‖A‖D(δ) = ‖A‖A + ‖δ(A)‖A, (6)

D(δ) then forms a (not necessarily unital) symmetric Banach (*-)algebra whenever A is a symmetric unital 
Banach (*-)algebra [37, Theorem 3.4].

2.2. Weight functions

A weight function on Rd, or simply a weight, is a continuous and positive function ν : Rd
−→ (0,∞). 

In the sections ahead, we will consider weighted versions of various kinds of matrix algebras. The following 
classes of weight functions are fundamental for the study of these matrix algebras.
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A weight ν is called submultiplicative, if

ν(x+ x′) ≤ ν(x)ν(x′) (∀x, x′ ∈ Rd),

and symmetric if

ν(x) = ν(−x) (∀x ∈ Rd).

A weight m is called ν-moderate if there exists some constant C > 0 such that

m(x+ x′) ≤ Cm(x)ν(x′) (∀x, x′ ∈ Rd).

A weight ν is called balanced, if there exist a, b ∈ (0,∞), such that

a ≤ inf 
x′∈[0,1]d

ν(x+ x′)
ν(x) ≤ sup 

x′∈[0,1]d

ν(x+ x′)
ν(x) ≤ b (∀x ∈ Rd).

We say that ν satisfies the GRS-condition (Gelfand-Raikov-Shilov condition [28]), if

lim 
n→∞

(ν(nz)) 1 
n = 1 (∀z ∈ Rd).

Note that any submultiplicative weight ν is balanced and ν-moderate and that any submultiplicative and 
symmetric weight ν satisfies ν ≥ 1 on Rd.

Typical examples of weights are the functions ν(x) = eα|x|
β (1 + |x|)s. As noted in [14, Example 5.4], 

these weights ν are balanced whenever 0 ≤ β ≤ 1 and submultiplicative, if additionally α, s ≥ 0. Under 
these conditions, ν satisfies the GRS-condition if and only if 0 ≤ β < 1. More general weight functions are 
given by mixtures of the form

ν(x) = eα|x|
β

(1 + |x|)s(log(e+ |x|))t).

For s ≥ 0, α > 0, β ∈ (0, 1) and t ≥ 0, these weights are examples of admissible weights, as defined below, 
and will play an important role in this article.

Definition 2.2. [38] A weight function ν on Rd is called admissible, if

(a) ν is of the form

ν(x) = eρ(‖x‖) (x ∈ Rd), (7)

where ρ : [0,∞) −→ [0,∞) is a continuous and concave function with ρ(0) = 0 and ‖ . ‖ any norm on 
Rd,

(b) ν satisfies the GRS-condition.

The assumptions on ρ imply that ρ is subadditive. Together with the properties of a norm, we immediately 
see, that admissible weights are submultiplicative, balanced, symmetric and satisfy ν(0) = 1. In particular, 
ν ≥ 1 on Rd.

We refer the reader to the article [36] for a comprehensive overview on various classes of weight functions 
and their relevance in Banach algebra theory.
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2.3. Relatively separated index sets

A countable set X ⊂ Rd is called relatively separated if

sup 
x∈Rd

|X ∩ (x+ [0, 1]d)| <∞. (8)

We collect the following preparatory result for later reference.

Lemma 2.3. Let X ⊂ Rd
be a relatively separated set.

(a) [31, Lemma 1] For any s > d, there exists a constant C = C(s) > 0 such that

sup 
x∈Rd

⎠

k∈X

(1 + |x− k|)−s = C <∞

(b) [31, Lemma 2 (a)] For any s > d, there exists a constant C = C(s) > 0 such that

⎠

n∈X

(1 + |k − n|)−s(1 + |l − n|)−s ≤ C(1 + |k − l|)−s (∀k, l ∈ X).

2.4. Bochner sequence spaces

Occasionally, our analysis will be based on properties on Banach space-valued !p-spaces, defined as follows. 
If B is a Banach space, X a countable index set, and ν = (νk)k∈X a family of positive numbers (e.g. samples 
of a weight function as in Subsection 2.2), then for each p ∈ [1,∞] the Bochner sequence space !p(X;B)
[41, Chapter 1] is defined by

!pν(X;B) := {(Yk)k∈X : Yk ∈ B (∀k ∈ X), (‖Yk‖B · νk)k∈X ∈ !p(X)} .

In case νk = 1 for all k ∈ X, we write !pν(X;B) = !p(X;B).
The Bochner sequence spaces !pν(X;B) share many properties with the classical !p-spaces. In particular 

(see [41, Chapter 1]), !pν(X;B) is a Banach space with respect to the norm

‖(Yk)k∈X‖&pν(X;B) = ‖(‖Yk‖B · νk)k∈X‖&p(X)

for every 1 ≤ p ≤ ∞. If 1 ≤ p < ∞ and 1 
p + 1

q = 1, then the dual space (!pν(X;B))∗ of !pν(X;B)
is isometrically isomorphic to !q

1/ν(X;B∗). Hence, from now on we identify the latter with (!pν(X;B))∗. 
Moreover, Riesz-Thorin interpolation holds. For later reference, we state the following special case of [41, 
Theorem 2.2.1].

Proposition 2.4 (Riesz-Thorin interpolation). Let A ∈ B(!1ν(X;B)) and A ∈ B(!∞ν (X;B)). Then A ∈

B(!pν(X;B)) for every 1 < p <∞ and

‖A‖B(&pν(X;B)) ≤ max{‖A‖B(&1ν(X;B)), ‖A‖B(&∞ν (X;B))} (∀1 ≤ p ≤ ∞).

2.5. The Banach algebra B(!2(X;H))

Of special interest to us in this article is the Hilbert space !2(X;H) and the Banach algebra B(!2(X;H))
of bounded operators acting on it.
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Assume that for each k, l ∈ X we are given a bounded operator Ak,l ∈ B(H). Then

A(fl)l∈X :=
(⎠

l∈X

Ak,lfl
)

k∈X
(9)

defines a linear operator A : D(A) ⊆ !2(X;H) −→ !2(X;H), where

D(A) =
{

(fl)l∈X ∈ !2(X;H) :
⎠

k∈X

∥∥∥∥
⎠

l∈X

Ak,lfl

∥∥∥∥
2

<∞

}
. (10)

If we view elements (fl)l∈X from !2(X;H) as (possibly infinite) column vectors, then we can represent the 
operator A by the matrix

A =





. . .
...

...
. . . Ak,l Ak,l+1 . . .
. . . Ak+1,l Ak+1,l+1 . . .

...
...

. . .




, (11)

because (9) precisely corresponds to the formal matrix multiplication of A with (fl)l∈X .
In fact, one can show that there is a one-to-one correspondence between bounded operators A ∈

B(!2(X;H)) and B(H)-valued matrices [Ak,l]k,l∈X which satisfy a certain domain condition. This fact was 
mentioned in [50], for the proof details, we refer to [47,49]. More precisely:

Proposition 2.5. [47,49,50] For every bounded operator A ∈ B(!2(X;H)) there exists a unique B(H)-valued 
matrix [Ak,l]k,l∈X such that the action of A on any (fl)l∈X ∈ !2(X;H) is given by (9). Conversely, if 
A = [Ak,l]k,l∈X is B(H)-valued matrix that satisfies D(A) = !2(X;H), where D(A) is defined as in (10), 
then A ∈ B(!2(X;H)).

The above proposition motivates the notation

M(A) = [Ak,l]k,l∈X

and we call M(A) the canonical matrix representation of A [49].

Remark 2.6. Composing bounded operators A and B from B(!2(X;H)) corresponds to matrix multiplica-
tion of their corresponding canonical matrix representations. In other words, if A,B ∈ B(!2(X;H)), then 
M(AB) = M(A) ·M(B), where each entry [AB]k,l =

∑
n∈X Ak,nBn,l of M(AB) converges in the operator 

norm topology with respect to B(H) [47,50]. In particular, this means that B(!2(X;H)) forms a Banach 
algebra of B(H)-valued matrices.

The result below on the canonical matrix representation of the adjoint A∗ of A ∈ B(!2(X;H)) was 
mentioned in [50]; its proof details can be found in [47].

Proposition 2.7. [47,50] Let A ∈ B(!2(X;H)) and M(A) = [Ak,l]k,l∈X be its canonical matrix representation. 
Then the canonical matrix representation of the adjoint operator A∗ ∈ B(!2(X;H)) is given by the relation

M(A∗) = [A∗k,l]tk,l∈X (12)

where the exponent t denotes transposition.
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3. Weighted Schur-type algebras

Let X ⊆ Rd be a relatively separated and ν be a weight. Then for 1 ≤ p <∞ we define Spν = S
p
ν (X) to 

be the space of all B(H)-valued matrices A = [Ak,l]k,l∈X for which

max




sup 
k∈X

(
⎠

l∈X

‖Ak,l‖
pν(k − l)p

) 1 
p

, sup 
l∈X

(
⎠

k∈X

‖Ak,l‖
pν(k − l)p

) 1 
p




 (13)

is finite. For ν ≡ 1 we abbreviate Sp := S
p
1
.

It is easy to see that (13) defines a norm on Spν . In fact, Spν is complete with respect to this norm, as 
shown below.

Proposition 3.1. For every 1 ≤ p <∞, (Spν , ‖ . ‖Spν ) is a Banach space.

Proof. Let {A(n)
}
∞

n=1
be a Cauchy sequence in Spν , i.e. for any given ε > 0, there exists N = N(ε) ∈ N such 

that for all m,n ≥ N

sup 
k∈X

(
⎠

l∈X

‖A(m)

k,l −A(n)

k,l ‖
pν(k − l)p

) 1 
p

< ε (14)

and

sup 
l∈X

(
⎠

k∈X

‖A(m)

k,l −A(n)

k,l ‖
pν(k − l)p

) 1 
p

< ε. (15)

Step 1. Relations (14) and (15) imply that for each index pair (k, l) ∈ X × X, {A(n)

k,l }
∞

n=1
is a Cauchy 

sequence in B(H) and thus converges to some Ak,l ∈ B(H). Set A = [Ak,l]k,l∈X . We will show that A(n)
→ A

in Spν and that A ∈ Spν .
Step 2. For each n ∈ N, set

Ã(n) :=
(
Ã(n)

k

)
k∈X

, where Ã(n)

k =
(
A(n)

k,l ν(k − l)
)
l∈X

∈ !p(X;B(H))
˜̃A(n) :=

( ˜̃A(n)

l

)
l∈X

, where ˜̃A(n)

l =
(
A(n)

k,l ν(k − l)
)
k∈X

∈ !p(X;B(H)).

Then, relation (14) implies that {Ã(n)
}
∞

n=1
is a Cauchy sequence in the Banach space !∞(X; !p(X;B(H)))

and thus converges to some Ã =
(
Ãk

)
k∈X

∈ !∞(X; !p(X;B(H))). Analogously, (15) implies that 
{

˜̃A(n)
}
∞

n=1
is a Cauchy sequence in !∞(X; !p(X;B(H))) and thus converges to some ˜̃A =

( ˜̃Al

)
l∈X

∈

!∞(X; !p(X;B(H))).
Step 3. We set

Ãk =
(
Ãk,lν(k − l)

)
l∈X

for each k ∈ X,

˜̃Al =
( ˜̃Ak,lν(k − l)

)
k∈X

for each l ∈ X.

Then, since Ã(n)
→ Ã in !∞(X; !p(X;B(H))), we have Ã(n)

k =
(
A(n)

k,l ν(k− l)
)
l∈X

→ Ãk =
(
Ãk,lν(k− l)

)
l∈X

in !p(X;B(H)) for every k ∈ X. Similarly, we see that ˜̃A(n)

l =
(
A(n)

k,l ν(k− l)
)
k∈X

→
˜̃Al =

( ˜̃Ak,lν(k− l)
)
k∈X

in !p(X;B(H)) for every l ∈ X. The latter two conclusions imply that [Ã(n)

k ]l = A(n)

k,l ν(k − l) → [Ãk]l =
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Ãk,lν(k− l) in B(H) and that [ ˜̃A(n)

l ]k = A(n)

k,l ν(k− l) → [ ˜̃Al]k = ˜̃Ak,lν(k− l) in B(H) for each (k, l) ∈ X×X. 
However, by Step 1 we have A(n)

k,l → Ak,l in B(H), and therefore we must have Ãk,l = ˜̃Ak,l = Ak,l for all 
k, l ∈ X. In particular, this implies that Ãk = (Ak,lν(k− l))l∈X for each k ∈ X, and ˜̃Al = (Ak,lν(k− l))k∈X
for each l ∈ X.

Step 4. Let ε′ > 0 be arbitrary. Then Ã(n)
→ Ã in !∞(X; !p(X;B(H))) by Step 2. Combined with the 

observations made in Step 3, we know that there exists some N ′ = N ′(ε′) ∈ N such that for all n ≥ N ′

sup 
k∈X

(
⎠

l∈X

‖A(n)

k,l −Ak,l‖
pν(k − l)p

) 1 
p

< ε′. (16)

Similarly, ˜̃A(n)
→ Ã in !∞(X; !p(X;B(H))) implies that there exists some N ′′ = N ′′(ε′) ∈ N such that for 

all n ≥ N ′′

sup 
l∈X

(
⎠

k∈X

‖A(n)

k,l −Ak,l‖
pν(k − l)p

) 1 
p

< ε′. (17)

Combining (16) with (17) yields that for all n ≥ max{N ′, N ′′
}

‖A(n)
−A‖Spν < ε′. (18)

Hence {A(n)
}
∞

n=1
converges in Spν to A.

Step 5. By relation (18) we know that the B(H)-valued matrix A − A(n) belongs to Spν for sufficiently 
large n. This implies that A = (A−A(n)) +A(n)

∈ S
p
ν and the proof is complete. 2

Remark 3.2. The definition of Spν canonically extends to the case p = ∞. In fact, we set S∞ν = !∞u (X ×

X;B(H)), where u(k, l) = ν(k − l). In this case, the completeness of S∞ν follows immediately from the 
completeness of Bochner sequence spaces. In Section 4 these spaces will be denoted by Jν and discussed in 
more detail. In the case ν(x) = νs(x) = (1 + |x|)s (x ∈ Rd) of a polynomial weight, S∞νs = Jνs equals the 
Jaffard algebra (see Section 4), whence the notation Jν .

We will now focus on the case p = 1. In fact, for admissible weights ν (in the sense of Definition 2.2), we 
shall hereinafter prove step by step that S1

ν ⊆ B(!2(X;H)) is a Wiener pair.
First, we show a generalization of Schur’s test [30] to B(H)-valued matrices.

Lemma 3.3. Let ν be an admissible weight and m be ν-moderate. Then every A ∈ S
1
ν defines (via (9)) a 

bounded operator on !pm(X;H) for all 1 ≤ p ≤ ∞ and it holds

‖A‖B(&pm(X;H)) ≤ C‖A‖S1
ν

(∀1 ≤ p ≤ ∞),

where C is the constant arising from m being ν-moderate.

Proof. Let A ∈ S1
ν be arbitrary. Then

‖A‖B(&1m(X;H)) = sup 
‖f‖#1m(X;H)=1

⎠

k∈X

∥∥∥∥∥
⎠

l∈X

Ak,lfl

∥∥∥∥∥m(l + k − l)

≤ C sup 
‖f‖#1m(X;H)=1

⎠

k∈X

⎠

l∈X

‖Ak,l‖‖fl‖m(l)ν(k − l)
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= C sup 
‖f‖#1m(X;H)=1

⎠

l∈X

‖fl‖m(l)
⎠

k∈X

‖Ak,l‖ν(k − l)

≤ C‖A‖S1
ν
. (19)

Similarly,

‖A‖B(&∞m (X;H)) = sup 
‖f‖#∞m (X;H)=1

sup 
k∈X

∥∥∥∥∥
⎠

l∈X

Ak,lfl

∥∥∥∥∥m(l + k − l)

≤ C sup 
‖f‖#∞m (X;H)=1

sup 
k∈X

⎠

l∈X

‖Ak,l‖‖fl‖m(l)ν(k − l)

≤ C‖A‖S1
ν
. (20)

By Riesz-Thorin interpolation (Proposition 2.4), the statement follows. 2

Remark 3.4. In the scalar-valued case, the reverse inequalities of (19) and (20) hold true in the case m = ν ≡

1 (and hence C = 1). Consequently, in the scalar-valued setting, the norm ‖A‖S1 is simply the larger of the 
operator norms of A on !1(X) and !∞(X) respectively, which yields a shortcut to showing the completeness 
of S1

ν in this case. However, in the B(H)-valued setting, this shortcut is no longer justifiable and proving 
the completeness of S1

ν is significantly more involved (see Proposition 3.1).

By Lemma 3.3, S1
ν is continuously embedded into B(!2(X;H)). Thus, by the matrix calculus from Sub-

section 2.5, there is a canonical way to define a multiplication and an involution on S1
ν . In fact, the following 

holds.

Proposition 3.5. If ν is an admissible weight, then S1
ν is a unital Banach *-algebra with respect to matrix 

multiplication and involution as defined in (12).

Proof. Let A,B ∈ S
1
ν . Then, for arbitrary k ∈ X we have by the submultiplicativity of ν that
⎠

l∈X

‖[AB]k,l‖v(k − l) ≤
⎠

l∈X

⎠

n∈X

‖Ak,n‖‖Bn,l‖v(k − n)v(n− l)

=
⎠

n∈X

‖Ak,n‖v(k − n)
⎠

l∈X

‖Bn,l‖v(n− l)

≤ ‖A‖S1
ν
‖B‖S1

ν
.

Consequently,

sup 
k∈X

⎠

l∈X

‖[AB]k,l‖v(k − l) ≤ ‖A‖S1
ν
‖B‖S1

ν
.

Similarly, we see that

sup 
l∈X

⎠

k∈X

‖[AB]k,l‖v(k − l) ≤ ‖A‖S1
ν
‖B‖S1

ν
,

hence

‖AB‖S1
ν
≤ ‖A‖S1

ν
‖B‖S1

ν
.
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Thus, together with Proposition 3.1, we conclude that S1
ν is a Banach algebra. Next, since ν is a symmetric 

weight, the definition of the norm (13) implies that ‖A∗‖S1
ν

= ‖A‖S1
ν

for all A ∈ S1
ν (where the involution is 

defined as in (12)). Moreover, since ν(0) = 1, the identity IS1
ν

= IB(&2(X;H)) = diag[IB(H)]k∈X is contained 
in S1

ν . 2

If ν is an admissible weight and if ν additionally satisfies a certain growth condition, then we can show 
that S1

ν ⊆ B(!2(X;H)) forms a Wiener pair. Hulanicki’s lemma will be the key tool to verify the inverse-
closedness of S1

ν in B(!2(X;H)). In order to derive the desired inequality of spectral radii, we follow ideas 
of [9] and [38].

We start with a vector-valued version of part of [9, Lemma 4.6]. The proof techniques are basically the 
same as in [9]. Nevertheless, we provide the reader with the details adapted to our setting.

Lemma 3.6. Let ν(x) = νδ(x) = (1 + |x|)δ for some δ ∈ (0, 1]. Then

rS1
ν
(A) = rS1(A) (∀A ∈ S1

ν ).

Proof. For 0 < ε ≤ 1, let µε(x) = (1 + ε|x|)δ. Then µε is a submultiplicative weight. Combining Propo-
sition 3.1 with the first part of the proof of Proposition 3.5 (where only the submultiplicativity of the 
corresponding weight is used) yields that S1

µε is a Banach algebra. We also note that

µε ≤ ν ≤ ε−δµε.

This yields ‖A‖S1
ν
≤ ε−δ‖A‖S1

µε
and consequently

‖An
‖

1 
n

S1
ν
≤ (ε−δ) 1 

n ‖An
‖

1 
n

S1
µε

(∀A ∈ S1

ν ).

Using Gelfand’s formula this implies that

rS1
ν
(A) ≤ rS1

µε
(A) ≤ ‖A‖S1

µε
(∀A ∈ S1

ν ). (21)

Next, let A ∈ S1
ν . Then, since tδ ≤ (1 + t)δ ≤ 1 + tδ for t ≥ 0, we have

sup 
k∈X

⎠

l∈X

‖Ak,l‖ ≤ sup 
k∈X

⎠

l∈X

‖Ak,l‖(1 + ε|k − l|)δ

≤ sup 
k∈X

⎠

l∈X

‖Ak,l‖(1 + εδ|k − l|δ)

≤ sup 
k∈X

⎠

l∈X

‖Ak,l‖+ εδ sup 
k∈X

⎠

l∈X

‖Ak,l‖(1 + |k − l|)δ.

Interchanging the roles of k and l, we analogously obtain

sup 
l∈X

⎠

k∈X

‖Ak,l‖ ≤ sup 
l∈X

⎠

k∈X

‖Ak,l‖(1 + ε|k − l|)δ

≤ sup 
l∈X

⎠

k∈X

‖Ak,l‖+ εδ sup 
l∈X

⎠

k∈X

‖Ak,l‖(1 + |k − l|)δ,

and consequently

‖A‖S1 ≤ ‖A‖S1
µε
≤ ‖A‖S1 + εδ‖A‖S1

ν
(∀A ∈ S1

ν ).
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Combining the latter with the inequalities (21) gives us

rS1
ν
(A) ≤ lim 

ε→0

‖A‖S1
µε

= ‖A‖S1 (∀A ∈ S1

ν ). (22)

Finally, the inequality (22) implies that rS1
ν
(A)n = rS1

ν
(An) ≤ ‖An

‖S1 , hence rS1
ν
(A) ≤ ‖An

‖
1/n
S1 → rS1(A)

(as n → ∞). This implies rS1
ν
(A) ≤ rS1(A) for all A ∈ S

1
ν . On the other hand, we clearly have S1

ν ⊆ S
1, 

hence rS1
ν
(A) ≥ rS1(A) for all A ∈ S1

ν as a consequence of (4). This proves the desired equation. 2

Our next result is a vector-valued version of Barnes’ Lemma from [38, Lemma 5]. Note that additional 
estimates of the proof ideas from [9] are necessary to prove this result in the B(H)-valued setting.

Theorem 3.7. Let νδ(x) = (1 + |x|)δ for some δ ∈ (0, 1]. Then

rS1
νδ

(A) = rS1(A) = rB(&2(X;H))(A) (∀A = A∗ ∈ S1

νδ). (23)

In particular, S1
νδ is inverse-closed in B(!2(X;H)) and S1

νδ is a symmetric Banach algebra.

Proof. We abbreviate B = B(!2(X;H)).
By Lemma 3.6 it suffices to show the equation

rS1(A) = rB(A) (∀A = A∗ ∈ S1

νδ). (24)

Once we have established (24), the rest of the statement follows from Hulanicki’s lemma (Proposition 2.1). 
Moreover, it suffices to show (24) for non-zero A, since otherwise the statement is trivial upon an application 
of Gelfand’s formula.

Step 1. Fix some non-zero A = A∗ ∈ S1
νδ . Since A is self-adjoint it holds

‖A‖S1 = sup 
l∈X

⎠

k∈X

‖Ak,l‖.

Thus, for any arbitrary but fixed n ∈ N, we have

‖An+1
‖S1 ≤ sup 

l∈X

⎠

k∈X
|k−l|≤2

n

‖[An+1]k,l‖+ sup 
l∈X

⎠

k∈X
|k−l|>2

n

‖[An+1]k,l‖. (25)

Our strategy is to estimate each of the summands of the right-hand side of (25) separately, then combine 
those estimates and finally derive the desired equation (24) via Gelfand’s formula.

Step 2. For each l ∈ X, let B2n(l) = {k ∈ X : |k− l| ≤ 2n}. We claim that there exists some C1 > 0 such 
that

|B2n(l)| ≤ C12nd (∀l ∈ X). (26)

To prove the claim, we first note that B2n(l) ⊆ B∞
2n(l) := {k ∈ X : |k − l|∞ ≤ 2n}. Since X ⊂ Rd is 

relatively separated, we have that γ := supx∈Rd |X ∩ (x + [0, 1]d)| is finite. Furthermore, since B∞
2n(l) can 

be covered by (2 · 2n)d many translated unit cubes, we see that |B∞
2n(l)| ≤ (2 · 2n)dγ. This proves the claim.

Step 3. We estimate the first summand of the right hand side of (25). Let l ∈ X be arbitrary. Then

⎠

k∈X
|k−l|≤2

n

‖[An+1]k,l‖ =
⎠

k∈X
|k−l|≤2

n

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,l

∥∥∥∥∥ · 1
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≤




⎠

k∈X
|k−l|≤2

n

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,l

∥∥∥∥∥

2





1
2



⎠

k∈X
|k−l|≤2

n

1





1
2

≤ (C12nd)
1
2




⎠

k∈X
|k−l|≤2

n

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,l

∥∥∥∥∥

2





1
2

(27)

by the Cauchy-Schwarz inequality and (26). Next, since the supremum

‖[An+1]k,l‖2 = sup 
‖f‖H=1

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,lf

∥∥∥∥∥

2

H

exists for each k, we know from the property of suprema that for each ε(k) > 0, there exists some unit norm 
vector f (k)

∈ H, such that

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,l

∥∥∥∥∥

2

− ε(k) <

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,lf
(k)

∥∥∥∥∥

2

.

Since A ∈ B by Lemma 3.3 and A 0= 0 by assumption we can choose ε(k) = ‖A‖2n
B

(1 + |k|)−(d+1) > 0 and 
may estimate the sum on the right hand side of (27) via

⎠

k∈X
|k−l|≤2

n

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,l

∥∥∥∥∥

2

≤ ‖A‖2n
B

⎠

k∈X
|k−l|≤2

n

(1 + |k|)−(d+1) +
⎠

k∈X
|k−l|≤2

n

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,lf
(k)

∥∥∥∥∥

2

≤ ‖A‖2n
B

⎠

k∈X

(1 + |k|)−(d+1) +
⎠

k∈X
|k−l|≤2

n

⎠

j∈X

∥∥∥∥∥
⎠

m∈X

[An]j,mAm,lf
(k)

∥∥∥∥∥

2

≤ C2‖A‖
2n
B

+
⎠

k∈X
|k−l|≤2

n

⎠

j∈X

∥∥∥∥∥
⎠

m∈X

[An]j,mAm,lf
(k)

∥∥∥∥∥

2

, (28)

where we applied Lemma 2.3 for s = d + 1 in the last estimate. Now, note that since each f (k)
∈ H is 

unit norm and since A ∈ S
2 (as a consequence of S1

νδ ⊆ S
1
⊆ S

2) we have by an easy computation that 
(Am,lf (k))m∈X ∈ !2(X;H) (for each l ∈ X). Thus, since An

∈ B by Lemma 3.3,

⎠

j∈X

∥∥∥∥∥
⎠

m∈X

[An]j,mAm,lf
(k)

∥∥∥∥∥

2

≤ ‖An
‖
2

B
‖(Am,lf

(k))m∈X‖2&2(X;H)

≤ ‖A‖2n
B
‖A‖2

S2

holds for each k. Combining the latter estimate with (28) yields
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⎠

k∈X
|k−l|≤2

n

∥∥∥∥∥
⎠

m∈X

[An]k,mAm,l

∥∥∥∥∥

2

≤ C2‖A‖
2n
B

+
⎠

k∈X
|k−l|≤2

n

‖A‖2n
B
‖A‖2

S2

= C2‖A‖
2n
B

+ |B2n(l)|‖A‖2n
B
‖A‖2

S2

≤ C2‖A‖
2n
B

+ C12nd‖A‖2nB ‖A‖2S2 , (29)

where we applied (26) in the last estimate. Combining (29) with (27) and taking the supremum over all 
l ∈ X yields

sup 
l∈X

⎠

k∈X
|k−l|≤2

n

‖[An+1]k,l‖ ≤
(
C1C22nd‖A‖2nB + C2

1
4nd‖A‖2n

B
‖A‖2

S2
) 1

2

≤ (C1C2)
1
2 2nd

2 ‖A‖n
B

+ C12nd‖A‖nB‖A‖S2 , (30)

where we used the subadditivity of the square root function on [0,∞).
Step 4. We estimate the second summand of the right-hand side of (25). For |k − l| > 2n we have 

(1 + |k − l|)δ > (1 + 2n)δ > 2nδ and consequently 1 < 2−nδνδ(k − l). Therefore,

sup 
l∈X

⎠

k∈X
|k−l|>2

n

‖[An+1]k,l‖ ≤ 2−nδ sup 
l∈X

⎠

k∈X
|k−l|>2

n

‖[An+1]k,l‖νδ(k − l)

≤ 2−nδ‖An+1
‖S1

νδ
.

Step 5. After combining the main estimates from Step 1, Step 3 and Step 4, we obtain that

‖An+1
‖

1 
n+1
S1

≤

(
(C1C2)

1
2 2nd

2 ‖A‖n
B

+ C12nd‖A‖nB‖A‖S2 + 2−nδ‖An+1
‖S1

νδ

) 1 
n+1

≤ (C1C2)
1 

2(n+1) 2
nd 

2(n+1) ‖A‖
n 

n+1
B

+ C
1 

n+1
1

2
nd 
n+1 ‖A‖

n 
n+1
B

‖A‖
1 

n+1
S2 + 2

−nδ
n+1 ‖An+1

‖

1 
n+1
S1
νδ

,

where we used the subadditivity of f(x) = x
1 

n+1 on [0,∞) in the second estimate. Since n was arbitrary, 
the latter estimate holds for all n ∈ N. Letting n→∞ yields via Gelfand’s formula

rS1(A) ≤ (2d/2 + 2d)‖A‖B + 2−δrS1
νδ

(A).

By Lemma 3.6 we have rS1
ν
(A) = rS1(A). Hence the above estimate implies that

rS1(A) ≤ (1− 2−δ)−1(2d/2 + 2d)‖A‖B. (31)

Step 6. Finally, since A was chosen arbitrarily, (31) holds for all (non-zero) self-adjoint A ∈ S1
νδ . Therefore 

we have

rS1(A) = rS1(An) 1 
n ≤

(
(1− 2−δ)−1(2d/2 + 2d))

) 1 
n
‖An

‖
1 
n
B

for all n ∈ N and all A = A∗ ∈ S1
νδ . Letting n→∞ yields

rS1(A) ≤ rB(A) (∀A = A∗ ∈ S1

νδ).

Conversely, by (4), rS1(A) ≥ rB(A) holds true, since S1
νδ ⊆ S

1
⊆ B. This completes the proof. 2
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Following the ideas from [38], we can extend the above statement to a more general class of weights and 
obtain a broader class of Schur-type algebras which are inverse-closed in B(!2(X;H)).

We need the following preparatory result.

Lemma 3.8. [38, Lemma 8] For any unbounded admissible weight function ν there exists a sequence of 
admissible weights νn with the following properties:

(a) νn+1 ≤ νn ≤ ν for all n ∈ N.

(b) There exist cn > 0 such that ν ≤ cnνn for all n ∈ N.

(c) limn→∞ νn = 1 uniformly on compact sets of Rd
.

In particular, all the weights νn are equivalent and

rS1
ν
(A) = rS1

νn
(A) (∀A ∈ S1

ν ,∀n ∈ N).

The proof of the next lemma can be adapted almost word for word from the proof of [38, Lemma 9 (a)].

Lemma 3.9. Let ν be an admissible weight function satisfying the weak growth condition

ν(x) ≥ C(1 + |x|)δ for some δ ∈ (0, 1], C > 0.

Then, with νn is in Lemma 3.8, it holds

lim 
n→∞

‖A‖S1
νn

= ‖A‖S1
ν

(∀A = A∗ ∈ S1

ν ).

Having the previous two lemmata and Theorem 3.7 at hand, we can prove the following analogue of [38, 
Theorem 6, Corollary 7].

Theorem 3.10. Let ν be an admissible weight satisfying the weak growth condition

ν(x) ≥ C(1 + |x|)δ for some δ ∈ (0, 1], C > 0.

Then

rS1
ν
(A) = rB(&2(X;H))(A) (∀A = A∗ ∈ S1

ν ). (32)

In particular, S1
ν is inverse-closed in B(!2(X;H)) and S1

ν is a symmetric Banach algebra.

Proof. We follow the arguments of [38, Lemma 9 (b)].
By the equivalence of the weights νn from Lemma 3.8 we have

rS1
ν
(A)m = rS1

ν
(Am) = rS1

νn
(Am) ≤ ‖Am

‖S1
νn

(∀A ∈ S1

ν ,∀m,n ∈ N).

By Lemma 3.9, this implies that

rS1
ν
(A)m ≤ lim 

n→∞
‖Am

‖S1
νn

= ‖Am
‖S1 (∀A = A∗ ∈ S1

ν ,∀m ∈ N).

Thus, taking m-th roots and letting m→∞ yields

rS1
ν
(A) ≤ rS1(A) (∀A = A∗ ∈ S1

ν ).
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However, since ν is weakly growing by assumption, we have S1
ν ⊆ S

1
νδ . Therefore, Theorem 3.7 implies that

rS1
ν
(A) ≤ rS1(A) = rB(&2(X;H))(A) (∀A = A∗ ∈ S1

ν ).

Conversely, by (4), we have rB(&2(X;H))(A) ≤ rS1
ν
(A) for all A = A∗ ∈ S

1
ν since S1

ν ⊆ B(!2(X;H)). Thus, 
(32) follows. Now, having established the desired equation of spectral radii, the rest of the theorem follows 
from Hulanicki’s lemma (Proposition 2.1). 2

Remark 3.11. 1.) The weak growth condition in Theorem 3.10 is essential. In fact, by giving a concrete 
counterexample, Tessera proved in [61] that the unweighted scalar-valued Schur algebra S1(N) is not inverse-
closed in B(!p(N;C)) for each 1 < p <∞. As emphasized in the same reference, S1(N) is not even symmetric 
[43].

2.) Sun proved in [58] the inverse-closedness of the scalar-valued versions of Spν (X) in B(!2(X;C)). We 
believe that the methods from [58] can be used to obtain analogous results in the B(H)-valued setting. We 
leave a detailed investigation for future research.

4. Polynomial and more general off-diagonal decay conditions

After proving that the Schur algebra S1
ν is inverse-closed in B(!2(X;H)), we can follow the ideas from [38] 

and derive more examples of Wiener pairs A ⊆ B(!2(X;H)). Most notably, we will consider a B(H)-valued 
version of the Jaffard algebra and prove its inverse-closedness in B(!2(X;H)).

Let X ⊂ Rd be relatively separated and ν be an admissible weight in the sense of Definition 2.2. Then 
we define Jν = Jν(X) to be the space of all B(H)-valued matrices A = [Ak,l]k,l∈X for which there exists 
C > 0 such that

‖A‖Jν := sup 
k,l∈X

‖Ak,l‖ · ν(k − l) ≤ C. (33)

Again, it is easy to see that (33) indeed defines a norm on Jν and that (Jν , ‖ . ‖Jν ) is precisely the Bochner 
sequence space !∞u (X ×X;B(H)), where u(k, l) = ν(k − l), and thus a Banach space.

The proof of the following lemma is analogous to the proof of [38, Lemma 1 (b)] and is therefore omitted.

Lemma 4.1. Let ν be an admissible weight. If

sup 
k∈X

⎠

l∈X

ν(k − l)−1 <∞ (34)

then Jν is contained in S1
. If additionally ∃C > 0 such that

⎠

n∈X

ν(k − n)−1ν(n− l)−1 < Cν(k − l) (∀k, l ∈ X) (35)

then Jν is a unital *-algebra which satisfies Jν ⊆ B(!2(X;H)).

Remark 4.2. Let νs be the polynomial weight νs(x) = (1 + |x|)s on Rd with decay parameter s > d. Then 
νs is admissible. Furthermore, by Lemma 2.3, νs satisfies conditions (34) and (35). Thus, Lemma 4.1 can 
be viewed as a generalization of Lemma 2.3. Moreover, in the case X = Zd, condition (34) is equivalent to 
ν−1

∈ !1(Zd) and condition (35) reads ν−1
∗ ν−1

≤ Cν−1 (i.e. ν−1 is subconvolutive [25]).

The norm ‖ . ‖Jν is not submultiplicative. This obstacle can be circumvented by working with the equiv-
alent norm
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|‖A‖|Jν := sup 
B∈Jν

‖B‖Jν=1

‖A ·B‖Jν (A ∈ Jν). (36)

Next, we consider the B(H)-valued version of the Banach algebra Bu,s from [38]. Let s > 0, u be 
an admissible weight and ν be the admissible weight defined by ν(x) = u(x)(1 + |x|)s. Then we define 
Bu,s = Bu,s(X) to be the Banach space Bu,s := S

1
u ∩ Jν equipped with the norm

‖A‖Bu,s := 2s‖A‖S1
u

+ ‖A‖Jν . (37)

The constant 2s in (37) stems from the subadditivity of νs on Rd and plays an important role in the proof 
of the next lemma.

Lemma 4.3. The Banach space Bu,s is a solid unital Banach *-algebra and Bu,s ⊆ S
1
u ⊆ B(!2(X;H)). 

Moreover, if s > d then Jν ⊆ S
1
u and thus Bu,s = Jν with equivalent norms.

Proof. The proof of Bu,s being a Banach *-algebra and the moreover-part is exactly the same as the proof of 
[38, Lemma 2] after replacing absolute values with operator norms and applying Lemma 4.1 instead of [38, 
Lemma 1] (Lemma 2.3 is applied as well). The statement Bu,s ⊆ S

1
u ⊆ B(!2(X;H)) is obviously true. 2

Now we can prove the main theorem of this section. We will establish the proof details (which also appear 
in [38]) so that the reader can fully grasp the key ideas.

Theorem 4.4. Assume that u is an admissible weight, let δ, s > 0, u ≥ νδ and set ν = uνs. Then

rBu,s(A) = rB(&2(X;H))(A) (∀A = A∗ ∈ Bu,s). (38)

In particular, Bu,s is inverse-closed in B(!2(X;H)) and Bu,s is a symmetric Banach algebra.

Proof. Once again, Hulanicki’s Lemma (Proposition 2.1) is the key for proving spectral invariance. The 
crucial idea for deriving the desired inequality of spectral radii is a proof routine called Brandenburg’s trick 
[17].

By submultiplicativity of u and subadditivity of νs, the weight ν = uνs satisfies the inequality

ν(x+ y) ≤ 2su(x)u(y)(νs(x) + νs(y)) = 2s (ν(x)u(y) + u(x)ν(y))

on Rd. This implies that for any A,B ∈ Bu,s ⊆ Jν

‖AB‖Jν = sup 
k,l∈X

∥∥∥∥∥
⎠

n∈X

Ak,nBn,l

∥∥∥∥∥ ν(k − n+ n− l)

≤ 2s sup 
k,l∈X

⎠

n∈X

‖Ak,n‖‖Bn,l‖
(
ν(k − n)u(n− l) + u(k − n)ν(n− l)

)

≤ 2s(‖A‖Jν‖B‖S1
u

+ ‖B‖Jν‖A‖S1
u
).

Consequently,

‖A2n
‖Jν ≤ 2s+1

‖An
‖Jν‖A

n
‖S1

u
(∀n ∈ N).

In particular, this yields the estimate
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‖A2n
‖Bu,s = 2s‖A2n

‖S1
u

+ ‖A2n
‖Jν

≤ 2s‖An
‖
2

S1
u

+ 2s+1
‖An

‖Jν‖A
n
‖S1

u

≤ 2s+1
‖An

‖S1
u
(2s‖An

‖S1
u

+ ‖An
‖Jν )

= 2s+1
‖An

‖S1
u
‖An

‖Bu,s (∀n ∈ N).

Taking 2n-th roots and letting n→∞ yields via Gelfand’s formula that

rBu,s(A) ≤ lim 
n→∞

2
s+1
2n ‖An

‖
1 
2n
S1
u
‖An

‖
1 
2n
Bu,s

= rS1
u
(A) 1

2 rBu,s(A) 1
2

and consequently

rBu,s(A) ≤ rS1
u
(A) (∀A ∈ Bu,s).

In particular, since S1
u ⊆ S

1
νδ , we can apply Theorem 3.7 and obtain that

rBu,s(A) ≤ rS1
u
(A) = rS1(A) = rB(&2(X;H))(A) (∀A = A∗ ∈ Bu,s).

Now, an application of Hulanicki’s lemma (Proposition 2.1) yields the desired statement. 2

Finally, we consider the polynomial weight νs for s > d and call Js := Jνs the Jaffard algebra. By 
Remark 4.2, and Lemma 4.3, the Jaffard algebra is (up to norm-equivalence via (36)) a unital Banach *-
algebra whenever s > d. By combining Lemma 4.3 with Theorem 4.4, we obtain the following generalization 
of Jaffard’s Lemma [42] to the B(H)-valued setting.

Corollary 4.5 (Jaffard’s Lemma). For every s > d, the Jaffard algebra (Js, |‖ . ‖|Js) is inverse-closed in 
B(!2(X;H)). In particular, (Js, |‖ . ‖|Js) is a symmetric Banach algebra whenever s > d.

5. The Baskakov-Gohberg-Sjöstrand algebra

In this section, we discuss the B(H)-valued Baskakov-Gohberg-Sjöstrand algebra and weighted versions 
of it [10,29,54]. This time we work with the relatively separated index set X = Zd. Note that some of the 
results appearing in this section have also been stated in [44]. Therefore, we will avoid some of the proof 
details and refer instead to [44] and other related references.

For a weight function ν on Rd, let Cν be the space of B(H)-valued matrices A = [Ak,l]k,l∈Zd for which

‖A‖Cν :=
⎠

l∈Zd

sup 
k∈Zd

‖Ak,k−l‖ν(l) <∞. (39)

It is immediately clear, that (39) defines indeed a norm on Cν . In fact

‖A‖Cν =
∥∥∥
(∥∥(‖Ak,k−l‖)k∈Zd

∥∥
&∞(Zd)

)

l∈Zd

∥∥∥
&1ν(Zd)

,

hence Cν is isometrically isomorphic to the space !1ν(Zd; !∞(Zd;B(H))) and thus a Banach space.
The following notation will be useful to us: For A = [Ak,l]k,l∈Zd ∈ Cν , let dA(l) be the supremum of the 

operator norms of the entries of A along its l-th side diagonal, that is,

dA(l) = sup 
k∈Zd

‖Ak,k−l‖ (l ∈ Zd). (40)
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The supremum dA(l) exists for each l and, in fact, ‖dA‖&1ν(Zd) = ‖A‖Cν . Furthermore, as we are in a Hilbert 
space setting (see also Subsection 2.5 and [50, Theorem 4.16]), dA(l) is the operator-norm of the n-th 
side-diagonal DA(n) of A, given by

[DA(n)]k,l =
{
Ak,l if l = k − n

0 if l 0= k − n
. (41)

Proposition 5.1. Let m be a ν-moderate weight. Then each A ∈ Cν defines a bounded operator on 
B(!pm(X;H)) for each 1 ≤ p ≤ ∞.

Proof. We follow the proof steps of the exposition [33]. For g = (gl)l∈Zd ∈ !pm(X;H) we have c = (cl)l∈Zd :=
(‖gl‖)l∈Zd ∈ !pm(Zd). With the notation from (40) we obtain the component-wise estimate

‖[Ag]k‖ ≤
⎠

l∈Zd

‖Ak,l‖ ‖gl‖

≤

⎠

l∈Zd

dA(k − l)cl

= (dA ∗ c)(k) (∀k ∈ Zd).

Therefore, the claim follows from Young’s inequality for weighted !p-spaces (see e.g. [30]), as we have

‖Ag‖&pm(X;H) = ‖(‖[Ag]k‖)k∈Zd‖&pm(Zd)

≤ ‖dA ∗ c‖&pm(Zd)

≤ C‖dA‖&1ν(Zd)‖c‖&pm(Zd) = C‖A‖Cν‖g‖&pm(X;H),

where the constant C stems from the assumption that m is ν-moderate. 2

By the above, we may call the Baskakov-Gohberg-Sjöstrand algebra the algebra of convolution-dominated 
matrices [33].

Proposition 5.2. [44] For any submultiplicative and symmetric weight ν, Cν is a unital Banach *-algebra 
with respect to matrix multiplication and involution defined as in (12). In particular, Cν ⊆ B(!2(X;H)).

Proof. Again we follow the proof steps of the exposition [33]; the verification of Cν being a Banach algebra 
has already been established in [11, Lemma 2].

We have already observed that Cν is a Banach space. Let A,B ∈ Cν . Then, with the terminology from 
(40) we have that

‖[AB]k,k−l‖ ≤
⎠

m∈Zd

‖Ak,m‖ ‖Bm,k−l‖

≤

⎠

m∈Zd

dA(k −m) dB(l − (k −m))

= (dA ∗ dB)(l),

which yields the pointwise estimate

dAB(l) ≤ (dA ∗ dB)(l) (∀l ∈ Zd).
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Thus, since ν is submultiplicative, Young’s inequality yields

‖AB‖Cν = ‖dAB‖&1ν(Zd)

≤ ‖dA ∗ dB‖&1ν(Zd)

≤ ‖dA‖&1ν(Zd)‖dB‖&1ν(Zd) = ‖A‖Cν‖B‖Cν ,

hence Cν is a Banach algebra. The fact that the involution is an isometry follows from the symmetry of ν. 
Indeed, since

dA∗(l) = sup 
k∈Zd

‖[A∗]k,k−l‖ = sup 
k∈Zd

‖(Ak−l,k)∗‖ = sup 
k∈Zd

‖Ak,k+l‖ = dA(−l)

we see that

‖A∗‖Cν =
⎠

l∈Zd

dA∗(l)v(l)

=
⎠

l∈Zd

dA(−l)v(l)

=
⎠

l∈Zd

dA(−l)v(−l) = ‖A‖Cν .

Since v(0) = 1, ‖IB(&2(X;H))‖Cν = 1, hence Cν has an identity. The fact that Cν ⊆ B(!2(X;H)) follows from 
Proposition 5.1. 2

As before, verifying that Cν ⊆ B(!2(X;H)) forms a Wiener pair is a subtle task. However, since this has 
already been done by Baskakov [11] in 1997, we will only outline his key arguments adapted to our setting 
(compare with [44] or the proof outline in [33] of the scalar-valued case).

At the heart of Baskakov’s proof [11] lies a generalization of the classical Wiener’s Lemma [63] to its 
analogue on absolutely convergent Fourier series with coefficients in a (possibly non-commutative) Banach 
algebra by Bochner and Phillips [16, Theorem 1].

Given t ∈ Rd, let Mt ∈ B(!2(X;H)) be the modulation operator defined as diagonal matrix

Mt = diag[e2πik·tIB(H)]k∈Zd .

Then Mt acts on (gl)l∈Zd ∈ !2(X;H) via Mt(gl)l∈Zd = (e2πil·tgl)l∈Zd and

M : Td
−→ B(!2(X;H)), t 2→Mt

is a unitary representation of the d-dimensional torus Td, which is the dual group of the abelian group Zd
−

our underlying index set. Then, to each A = [Ak,l]k,l∈Zd ∈ B(!2(X;H)), we assign the B(!2(X;H))-valued 
1-periodic function

fA(t) := MtAM−t (t ∈ Rd),

i.e. we may identify fA with a B(!2(X;H))-valued function on Td. Note that the canonical matrix repre-
sentation of each operator fA(t) is given by

M(fA(t)) = [Ak,le
2πi(k−l)·t]k,l∈Zd . (42)
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Now, if A is contained in the unweighted Baskakov-Gohberg-Sjöstrand algebra C = C1, then

fA(t) =
⎠

n∈Zd

DA(n)e2πin·t (43)

admits a Fourier series of operators, where DA(n) is the n-th side-diagonal of A is defined in (41), and the 
Fourier series (43) converges absolutely in the operator norm, since

‖fA(t)‖B(&2(X;H)) ≤

⎠

n∈Zd

‖DA(n)‖B(&2(X;H)) =
⎠

n∈Zd

dA(n) = ‖A‖C . (44)

Note that the expansion (43) can be deduced directly from the matrix representation (42) of fA. Now 
assume that A ∈ C is invertible in B(!2(X;H)). Then each operator fA(t) is invertible in B(!2(X;H)) with 
inverse given by fA(t)−1 = fA−1(t) = MtA−1M−t. Now Bochner’s and Phillips’ theorem [16, Theorem 1] 
is applicable and guarantees that fA−1(t) admits an absolutely convergent operator-valued Fourier series 
for each t ∈ Td, whose coefficients are precisely given by the side diagonals DA−1(n) of A−1. Consequently 
(compare with (44)), A−1

∈ C and thus C is inverse-closed in B(!2(X;H)).
In the weighted case Cν the proof idea is essentially the same. For the inverse-closedness of Cν in 

B(!2(X;H)) to hold, ν needs to satisfy the GRS-condition, since then the Banach algebra Lν(Zd) as de-
fined in [11] is semi-simple. Instead of the Bochner-Phillips theorem from [16], a more abstractly formulated 
version, namely [11, Theorem 1], is applied.

We refer the reader to [11] as well as [44] for more details; compare also with [10].

Theorem 5.3. [11,44] Let ν be a submultiplicative and symmetric weight satisfying the GRS-condition. Then 
Cν ⊆ B(!2(Zd;H)) forms a Wiener pair. In particular, Cν is a symmetric Banach algebra.

Remark 5.4. In [13, Theorem 7.2] quantitative estimates for ‖A−1
‖Cν have been derived for continuous 

analogs of Cν . As described in the last paragraph of the introduction, we believe that a discrete analogue of 
[13, Theorem 7.2] can be derived via discretization as mentioned in [14, Remark 5.6]. Moreover, we expect 
that methods of [12] could be used to obtain quantitative (i.e., stronger) statements regarding other Wiener 
pairs discussed so far. We leave a detailed investigation of that matter to future research.

6. Anisotropic decay conditions

In this section, we will derive further examples of Wiener pairs from a given Wiener pair A ⊆ B(!2(X;H)), 
where we assume A to be solid, meaning that if A = (Ak,l)k,l∈X ∈ A and B = (Bk,l)k,l∈X is a B(H)-valued 
matrix such that ‖Bk,l‖ ≤ ‖Ak,l‖ for all k, l ∈ X, then B ∈ A and ‖B‖A ≤ ‖A‖A. This will be done by 
considering derivations on A (see Section 2.1). The analysis of this subsection is based on the article [37] 
by Gröchenig and Klotz. Hence, we will often only point out the main ideas and refer the reader to [37] for 
the details.

Proposition 6.1. [37, Theorem 3.4] Let A be a symmetric unital Banach (*-) algebra and δ : D(δ) −→ A be 
a symmetric derivation on A with IA ∈ D(δ). Then D(δ) ⊂ A is a symmetric unital Banach (*-) algebra 
and in particular a Wiener pair. Moreover, the quotient rule

δ(A−1) = −A−1δ(A)A−1

is valid and yields the explicit norm estimate

‖A−1
‖D(δ) ≤ ‖A

−1
‖
2

A
‖A‖D(δ)
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for all A ∈ D(δ).

The above statement can be generalized by iterative means via commuting derivations [37]. More precisely, 
we iteratively define compositions of derivations via

δ1 . . . δn : D(δ1 . . . δn) = D(δ1,D(δ2 . . . δn)) −→ D(δ2 . . . δn) ⊆ A,

where we assume that the operators δn commute pairwise and that D(δ1 . . . δn) is independent of the order 
of the operators δn (1 ≤ n ≤ d). Then for any multi-index α = (αj)dj=1

∈ Nd
0
, the operator δα =

∏d
j=1

δ
αj
j

and its domain D(δα) are well-defined. We equip D(δα) with the norm

‖A‖D(δα) =
⎠

β≤α

‖δβ(A)‖A,

which is just the (iteratively defined) graph norm on the corresponding preceding derivation algebra D(δβ)
(|β| = |α|− 1). Furthermore, the Leibniz rule (5) implies the generalized Leibniz rule

δ(AB) =
⎠

β≤α

(
α

β

)
δβ(A)δα−β(B) (∀A,B ∈ D(δα)).

This yields

‖AB‖D(δα) ≤ C‖A‖D(δα)‖B‖D(δα) (∀A,B ∈ D(δα)),

where the positive constant C depends only on α. Hence (see also [37, Lemma 3.6]) D(δα) is an involutive 
subalgebra of A. By passing on to the equivalent norm

|‖A‖|D(δα) := sup 
B∈D(δα)

‖B‖D(δα)=1

‖A ·B‖D(δα) (A ∈ D(δα)), (45)

we obtain that D(δα) is a Banach *-algebra.
By iterative applications of Proposition 6.1, one can show the following:

Proposition 6.2. [37, Proposition 3.7]) Let A be a symmetric Banach algebra and let {δ1, . . . , δd} be a set 
of commuting derivations with IA ∈ D(δj) for all 1 ≤ j ≤ d. Then D(δα) is inverse-closed in A for each 
multi-index α ∈ Nd

0
.

Following [37], we may apply the above machinery by considering derivations defined by the commutator 
with respect to a suitable diagonal matrix. Similar ideas have also been pursued in [14, Section 5.5]. Note 
that the commutator (47) considered in the following is essentially the infinitesimal generator of the group 

that defines the functions fA in Section 5 and ˇ̃
T (h) of [14, Section 5.5], respectively.

Theorem 6.3. Let A ⊆ B(!2(X;H)) be a Wiener pair and assume that A is solid. Then for every α =
(αj)dj=1

∈ Nd
0
, the class of B(H)-valued matrices A = [Ak,l]k,l∈X satisfying

∥∥∥∥∥∥




d ∏

j=1

(1 + |kj − lj |)αjAk,l





k,l∈X

∥∥∥∥∥∥
A

<∞ (46)

is a solid unital Banach *-algebra with respect to the norm (45), which is inverse-closed in B(!2(X;H)) and 
in particular a symmetric Banach algebra.
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Proof. Step 1. For 1 ≤ j ≤ d, let Mj be the B(H)-valued diagonal matrix given by Mj = diag[kj ·IB(H)]k∈X , 
where kj is the j-th coordinate of the index k = (kj)dj=1

∈ X ⊆ Rd. Then the formal commutator

δj(A) := [Mj , A] = MjA−AMj (47)

has the canonical matrix representation

M(δj(A)) = [(kj − lj)Ak,l]k,l∈X .

Step 2. Fix some j ∈ {1, . . . , d}. Consider the subspace

D(δj) := {A ∈ A : δj(A) ∈ A}

of A. We will show, that

δj : D(δj) −→ A

is a derivation on A. It is quickly verified that the Leibniz rule (5) is satisfied by δj on D(δj). It is also 
clear that D(δj) is invariant under involution and that δj(A∗) = δj(A)∗ for all A ∈ D(δj). Hence, to 
show that δj is a derivation on A, we have to verify that δj is a closed operator. To this end, assume 
that {A(n)

}
∞

n=1
= {[A(n)

k,l ]k,l∈X}∞n=1
is a sequence in D(δj) which converges in D(δj) to some B(H)-valued 

matrix A = [Ak,l]k,l∈X and that {δj(A(n))}∞n=1
= {[(kj − lj)A(n)

k,l ]k,l∈X}∞n=1
converges in A to some B(H)-

valued matrix B = [Bk,l]k,l∈X . Then both of these sequences are Cauchy sequences in A and thus their 
respective limits A and B are contained in A. Since the norm on A is solid and therefore only depends on 
the operator norms of the entries of the corresponding matrices, this implies that for each k, l ∈ X, the 
sequence {A(n)

k,l }
∞

n=1
is a Cauchy sequence in B(H) converging to Ak,l ∈ B(H). Consequently, the Cauchy 

sequence {(kj − lj)A(n)

k,l }
∞

n=1
converges to (kj − lj)Ak,l ∈ B(H) for each k, l ∈ X. On the other hand, by the 

same argument we have that {(kj − lj)A(n)

k,l }
∞

n=1
is a Cauchy sequence in B(H) converging to Bk,l ∈ B(H), 

for each k, l ∈ X. Thus Bk,l = (kj − lj)Ak,l for all k, l ∈ X, which shows that δj is a closed operator.
Step 3. For each j ∈ {1, . . . , d}, IA = diag[IB(H)]k∈X ∈ D(δj), since δj(IA) = 0 ∈ A, and the operators 

δj commute pairwise. Thus, {δ1, . . . , δd} is a set of commuting derivations. Hence, for each multi-index 
α ∈ Nd

0
, δα and its domain D(δα) are well-defined. Furthermore, the associated norm

‖A‖D(δα) =
⎠

β≤α

‖δβ(A)‖A =
⎠

β≤α

∥∥∥∥∥∥




d ∏

j=1

|kj − lj |
βjAk,l





k,l∈X

∥∥∥∥∥∥
A

is solid, since the norm on A is solid. In particular, since A is symmetric due to Hulanicki’s Lemma, 
Proposition 6.2 yields that D(δα) is inverse-closed in A and consequently also in B(!2(X;H)). Another 
application of Hulanicki’s Lemma yields that D(δα) is symmetric.

Step 4. Finally, condition (46) is equivalent to the condition [Ak,l]k,l∈X ∈ D(δα). In fact, this follows 
from the solidity of A and from 

[∏d
j=1

(kj − lj)αjAk,l

]
k,l∈X

= δα(A). This completes the proof. 2

Note that all of our previously proven examples of inverse-closed sub-algebras A of B(!2(X;H)) are solid. 
Hence, the above theorem applies to each of these cases. We explicitly state the following corollaries of 
Theorem 6.3 applied to the Wiener pairs Js ⊆ B(!2(X;H)) (see Corollary 4.5), S1

ν ⊆ B(!2(X;H)) (see 
Theorem 3.10) and Cν ⊆ B(!2(Zd;H)) (see Theorem 5.3) respectively.
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Corollary 6.4. For every s > d and α = (αj)dj=1
∈ Nd

0
, the class of B(H)-valued matrices [Ak,l]k,l∈X

satisfying the anisotropic polynomial decay condition

‖Ak,l‖ ≤ C(1 + |k − l|)−s
d ∏

j=1

(1 + |kj − lj |)−αj (∀k, l ∈ X)

is a solid unital Banach *-algebra which is inverse-closed in B(!2(X;H)) and thus symmetric.

Corollary 6.5. Let ν be an admissible weight in the sense of Definition 2.2 which satisfies the weak growth 
condition

ν(x) ≥ C(1 + |x|)δ for some δ ∈ (0, 1], C > 0.

Then for each α = (αj)dj=1
∈ Nd

0
, the class of B(H)-valued matrices [Ak,l]k,l∈X satisfying the anisotropic 

Schur-type conditions

sup 
k∈X

⎠

l∈X

d ∏

j=1

(1 + |kj − lj |)αj‖Ak,l‖ν(k − l) <∞,

sup 
l∈X

⎠

k∈X

d ∏

j=1

(1 + |kj − lj |)αj‖Ak,l‖ν(k − l) <∞

is a solid unital Banach *-algebra which is inverse-closed in B(!2(X;H)) and thus symmetric.

Corollary 6.6. For every submultiplicative and symmetric weight satisfying the GRS-condition and every 
α = (αj)dj=1

∈ Nd
0
, the class of B(H)-valued matrices [Ak,l]k,l∈Zd satisfying the condition

⎠

l∈Zd

d ∏

j=1

(1 + |lj |)αj sup 
k∈Zd

‖Ak,k−l‖ν(l) <∞

is a solid unital Banach *-algebra which is inverse-closed in B(!2(Zd;H)) and thus symmetric.
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Localization of operator-valued frames

L. Köhldorfer and P. Balazs

Abstract

We introduce a localization concept for operator-valued frames, where
the quality of localization is measured by the associated operator-valued
Gram matrix belonging to some suitable Banach algebra. We prove that in-
trinsic localization of an operator-valued frame is preserved by its canonical
dual. Moreover, we show that the series associated to the perfect recon-
struction of an operator-valued frame converges not only in the underlying
Hilbert space, but also in a whole class of associated (quasi-)Banach spaces.
Finally, we apply our results to irregular Gabor g-frames.

1 Introduction

Understanding complicated objects using simpler and easier-to-handle building
blocks is an old and established concept in mathematics. In Hilbert space the
most common systems of building blocks are orthonormal bases, which allow a
unique representation of any vector. However, both in theory and in practice,
more flexible systems are often required to analyze vectors. One particularly well-
established generalization of orthonormal bases are frames [19, 17, 14], which
allow redundant and stable representations of vectors in a Hilbert space. The
study of frames led to many deep theoretical results, such as versions of the
Balian-Low Theorem [28, 3], or the Feichtinger Conjecture, which was proven
by Marcus, Spielmann and Srivastava [41] and is equivalent to many other deep
theorems in functional analysis [8]. On the other hand, the abstract properties
of frames are also desirable for a variety of applications, such as signal processing
[2], compressed sensing [42] and many more, see [14] and the numerous references
therein.

Here, we work in a setting which is an extension of the latter. Our work is on
operator-valued frames, because, despite its great usefulness in many situations,
frame theory also has its limitations. One can think of a frame as a weighted fam-
ily of rank-one projections. However, in various applications, such as distributed-
and parallel processing [12, 9], wireless sensor networks [31], packet encoding
[6, 7, 10], visual and hearing systems [43], or geophones in geophysics [16], the

1



linear reconstruction of vectors from higher-rank measurements is required. This
lead to the study of fusion frames [11, 12, 38] and further generalizations of
frames such as operator-valued frames.

The theory of operator-valued frames (originally called generalized frames,
or simply g-frames) was introduced by W. Sun in [45] and encompasses not
only frames and fusion frames, but also other established mathematical notions
such as bounded quasi-projectors [22, 23], or time-frequency localization operators
[20]. A countable family T = (Tk)k→X of bounded operators Tk → B(H) on
some separable Hilbert space H is called an operator-valued frame, if there exist
positive constants 0 < A ↑ B < ↓, such that

A↔f↔
2
↑

∑

k→X

↔Tkf↔
2
↑ B↔f↔

2 (↗f → H). (1.1)

Abstract theory shows [45], that every operator-valued frame (Tk)k→X allows for
a linear, bounded and stable reconstruction of any vector f → H from the H-
valued sequence (Tkf)k→X → ω

2(X;H). In addition to the possibility of perfect
reconstruction, operator-valued frames share also many other parallels to frames,
and their properties are well-understood [45, 46, 35].

However, beside the latter mentioned features, operator-valued frames might
admit other useful properties, which cannot be captured by the defining inequal-
ities (1.1) alone. For instance, a natural constraint for an operator-valued frame
(Tk)k→X would be the requirement, that it is well localized in the sense that dif-
ferent elements Tk essentially act on di!erent parts of the space H and do not
correlate much with each other. For example, we could consider an operator-
valued frame (Tk)k→X , which additionally satisfies ker(Tl)↑ ↘ ker(Tk) whenever
k ≃= l, or, equivalently,

↔TkT
↓

l
↔ = 0 whenever k ≃= l. (1.2)

Although such operator-valued frames do exist (e.g. every orthonormal fusion
basis [12, 38] has this property), the latter condition will only be satisfied for a
very small class of operator-valued frames. Hence, it seems more reasonable to
study a broader class of operator-valued frames satisfying a relaxed version of
(1.2), which will be done here.

Our main motivation for writing this article comes from considering Gabor
g-frames for L2(Rd) [44]. These are operator-valued frames (Tk)k→X consisting of
translations of a fixed window operator in the time-frequency plane, generalizing
Gabor frames in L

2(Rd). We show in Theorem 4.3 that if the window operator
is suitably chosen and if the index set X ⇐ R2d is su”ciently regular, then there
exists some uniform constant C > 0 such that

↔TkT
↓

l
↔ ↑ C(1 + |k ⇒ l|)↔s (↗k, l → X), (1.3)
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where, similar to the standard Gabor setting, the decay parameter s > 2d stems
from the operator class to which T belongs. The latter estimate can be interpreted
to mean that Tk and Tl correlate very little, whenever k and l are far apart. In
particular, since TkT

↓

l
is precisely the (k, l)-th entry of the B(L2(Rd))-valued

Gram matrix GT associated with the family (Tk)k→X , we may reinterpret (1.3)
to saying that the Gram matrix GT has polynomial o!-diagonal decay. In more
abstract terms, this means that GT belongs to the Ja!ard class of operator-valued
matrices, a matrix algebra with manifold convenient properties, that has recently
been studied in [37, 36]. This observation suggests to define localization of an
operator-valued frame as proposed in [34, Definition 5.7] and analogously done for
frames in [24] by declaring an operator-valued frame T = (Tk)k→X intrinsically
A-localized, if its associated Gram matrix GT belongs to a given solid spectral
matrix algebra A (see Definition 3.1).

In this article, we provide a systematic study of localized operator-valued
frames as defined above. We show that intrinsic localization is preserved un-
der canonical duality. For every mutually localized pair of operator-valued dual
frames we define a whole chain of associated co-orbit spaces. We prove that the
localization assumption of an operator-valued frame guarantees that all of these
spaces are well-defined (quasi-)Banach spaces and show that the series associated
to perfect reconstruction of such operator-valued frames not only converge in the
underlying Hilbert space, but also in each of these spaces. Finally, we apply our
results to (possibly irregular) Gabor g-frames for L2(R).

2 Preliminaries and Notation

We denote the cardinality of a setX by |X|. For x → Rd, |x| denotes the Euclidean
norm on Rd. The symbol N denotes the set of positive integers {1, 2, 3, . . . }. The
kernel and range of an operator T is denoted by N (T ) and R(T ) respectively,
and IX denotes the identity element on a given space X. The space of bounded
operators between two (quasi-)normed spaces X and Y is denoted by B(X, Y )
and we set B(X) := B(X,X). We write X ⇑ Y if two (quasi-)normed spaces
X and Y are isomorphic and X ⇓= Y if they are isometrically isomorphic. The
topological dual space of a normed space X is denoted by X

↓.
Throughout these notes, H is a separable Hilbert space and ↔ · ↔ (without

an index) always denotes either the norm in H or the norm in B(H). All other
occurring norms will be labeled with an index.
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2.1 The Moore-Penrose pseudo-inverse

Recall the construction of the (Moore-Penrose) pseudo-inverse of a bounded
closed range operator between two Hilbert spaces [14]: For U → B(H1,H2) hav-
ing closed range, the restriction U0 := U |N (U)→ : N (U)↑ ⇒⇔ H2, is bounded and
injective with R(U0) = R(U). Hence, U↔1

0 : R(U) ⇒⇔ N (U)↑ is well-defined
and bounded, and the extension U

† of U↔1
0 , defined by

U
†
x =

{
U

↔1
0 x if x → R(U)

0 if x → R(U)↑

is called the (Moore-Penrose) pseudo inverse of U . In case U is surjective we
have U

† = U
↓(UU

↓)↔1, and if U is even bijective then U
† = U

↔1.
The pseudo-inverse can be characterized as follows.

Lemma 2.1. [5] Let U → B(H1,H2) be a bounded operator between Hilbert spaces
and assume that U has closed range. The pseudo-inverse of U is the unique
operator U

† : H2 ⇒⇔ H1, satisfying the three relations

N (U †) = R(U)↑, R(U †) = N (U)↑, UU
†
U = U. (2.1)

The following formula for the pseudo-inverse is folklore and can ⇒ for instance
⇒ be deduced from [14, Lemma 2.5.2 (iv)] or [13, Corollary 2.3] together with
the relations (2.1).

Lemma 2.2. Let U → B(H1,H2) be a bounded operator between Hilbert spaces
and assume that U has closed range. Then

U
† = U

↓(UU
↓)†.

2.2 Weight functions

A weight function on Rd, or simply weight, is a continuous and positive function
ε : Rd

⇒⇔ (0,↓). A weight ε is called submultiplicative, if

ε(x+ x
↗) ↑ ε(x)ε(x↗) (↗x, x↗

→ Rd),

and symmetric if
ε(x) = ε(⇒x) (↗x → Rd).

A weight m is called ε-moderate if there exists some constant C > 0 such that

m(x+ x
↗) ↑ Cm(x)ε(x↗) (↗x, x↗

→ Rd).

We say that ε satisfies the GRS-condition (Gelfand-Raikov-Shilov condition [25]),
if

lim
n↘≃

(ε(nz))
1
n = 1 (↗z → Rd).

For more background on weight functions see [27].
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2.3 Bochner sequence spaces

Occasionally, our analysis will rely on properties on Banach space-valued ω
p-

spaces, defined as follows. If B is a Banach space, X a countable index set, and
ε = (εk)k→X a family of positive numbers (e.g. samples of a weight), then for
each p → (0,↓] the Bochner sequence space ω

p(X;B) [30, Chapter 1] is defined
by

ω
p

ω
(X;B) := {(Yk)k→X : Yk → B (↗k → X), (↔Yk↔B · εk)k→X → ω

p(X)} .

In case εk = 1 for all k → X, we write ω
p

ω
(X;B) = ω

p(X;B).
The Bochner sequence spaces ωp

ω
(X;B) share many properties with the clas-

sical ωp-spaces. In particular (see [30, Chapter 1]), ωp
ω
(X;B) equipped with the

(quasi-)norm
↔(Yk)k→X↔εpω(X;B) = ↔(↔Yk↔B · εk)k→X↔εp(X),

is a Banach space for every 1 ↑ p ↑ ↓ and a quasi-Banach space for 0 < p < 1.
If 1 ↑ p < ↓ and 1

p
+ 1

q
= 1, then the dual space (ωp

ω
(X;B))↓ of ω

p

ω
(X;B)

is isometrically isomorphic to ω
q

1/ω(X;B↓). Hence, we identify the latter with
(ωp

ω
(X;B))↓ from now on.
By ω

00(X;B) we denote the space of all finitely supported B-valued sequences
indexed by X, and by ω

0
ω
(X;B) we denote the space of all B-valued sequences

(fk)k→X such that for all ϑ > 0 there exists (gk)k→X → ω
00(X;B) satisfying

sup
k→X

↔fk ⇒ gk↔ε(l) < ϑ. It is straightforward to see that (ω00(X;B), ↔ . ↔εpω(X;B))
is a dense subspace of (ωp

ω
(X;B), ↔ . ↔εpω(X;B)) for each p → [1,↓). By defini-

tion, (ω00
ω
(X;B), ↔ . ↔ε0ω(X;B)) is also a dense subspace of (ω0

ω
(X;B), ↔ . ↔ε0ω(X;B)),

where we set ↔ . ↔ε0ω(X;B) := ↔ . ↔ε↑ω (X;B) for notational convenience. Moreover,
in [47, Theorem 3.1] it was proven that (ω0

ω
(X;B), ↔ . ↔ε0ω(X;B))↓ is isomorphic to

(ω11/ω(X;B↓), ↔ . ↔ε11/ω(X;B↓)).

An important property of Bochner sequence spaces is the fact that Riesz-
Thorin interpolation holds. For later reference, we state the following special
case of [30, Theorem 2.2.1].

Proposition 2.3 (Riesz-Thorin interpolation). Assume that A → B(ω1
ω
(X;B))

and A → B(ω≃
ω
(X;B)). Then also A → B(ωp

ω
(X;B)) for every 1 < p < ↓.

The following simple lemma will be convenient later on.

Lemma 2.4. Let akl → C (k, l → X) be given and 0 < p ↑ ↓ be arbitrary. If the
B(H)-valued matrix A = [akl · IB(H)]k,l→X defines an element in B(ωp

ω
(X;B)) via

matrix multiplication, then the scalar matrix M = [akl]k,l→X defines an element
in B(ωp

ω
(X)) via matrix multiplication.
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Proof. Let c = (cl)l→X → ω
p

ω
(X) be arbitrary. Then for every unit-norm h → B,

(hl)l→X := (clh)l→X is contained in ω
p

ω
(X;B) and ↔(hl)l→X↔εpω(X;B) = ↔c↔εpω(X). Thus

↔Mc↔εpω(X) =

∥∥∥∥∥

(∣∣∣∣∣
∑

l→X

aklcl

∣∣∣∣∣ ↔h↔
)

k→X

∥∥∥∥∥
ε
p
ω(X)

=

∥∥∥∥∥

(∥∥∥∥∥
∑

l→X

aklclh

∥∥∥∥∥

)

k→X

∥∥∥∥∥
ε
p
ω(X)

= ↔A(hl)l→X↔εpω(X;B)

↑ ↔A↔B(εpω(X;B))↔c↔εpω(X),

as was to be shown.

We will also need the following special case of the Stein-Weiss interpolation
theorem [4, p.115, Theorem 5.4.1].

Proposition 2.5 (Stein-Weiss interpolation). Let 0 < p ↑ ↓ be arbitrary. If
A → B(ωp

ω
(X)) and A → B(ωp1/ω(X)) then also A → B(ωp(X)).

Finally, we will often encounter B(H)-valued matrices A = [Ak,l]k,l→X , which
define bounded operators on (weighted) Bochner sequence spaces with values in
H. If A = [Ak,l]k,l→X → B(ωp

ω
(X;H)) (for some 1 ↑ p < ↓), then its Banach

space adjoint A↗ is an element in B(ωq1/ω(X;H)) (where 1
p
+ 1

q
= 1) and a direct

computation shows that
A

↗ = ([A↓

k,l
]k,l→X)

T (2.2)

where the exponent T denotes matrix transposition and A
↓

k,l
is the adjoint of

Ak,l → B(H).

2.4 Operator-valued frames

A countable family (Tk)k→X of bounded operators Tk → B(H) constitutes an
operator-valued frame (originally called generalized frame, or simply g-frame)
[45] for H, if there exist positive constants 0 < A ↑ B < ↓, such that

A↔f↔
2
↑

∑

k→X

↔Tkf↔
2
↑ B↔f↔

2 (↗f → H). (2.3)

From now on, for brevity reason, we call an operator-valued frame a g-frame.
We will refer to the constants A and B as the lower and upper g-frame bound,
respectively.
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We call (Tk)k→X a g-Bessel sequence, whenever the upper (but not necessarily
the lower) inequality in (2.3) is satisfied for some prescribed B > 0 and all f → H.
Let T = (Tk)k→X be a g-Bessel sequence in H. Then the following operators are
well-defined and bounded [45]:

• The synthesis operator DT : ω2(X;H) ⇒⇔ H, defined by

DT (fk)k→X =
∑

k→X

T
↓

k
fk,

• The analysis operator CT : H ⇒⇔ ω
2(X;H), defined by

CTf = (Tkf)k→X ,

• The g-frame operator ST := DTCT : H ⇒⇔ H, given by

STf =
∑

k→X

T
↓

k
Tkf.

• The g-Gram matrix GT := CTDT : ω2(X;H) ⇒⇔ ω
2(X;H).

These operators share the same properties with their frame-theoretic pendants
[14]. More precisely [45], T being a g-Bessel sequence with bound B implies that
DT and CT are adjoint to one another and ↔DT↔B(ε2(X;H),H) = ↔CT↔B(H,ε2(X;H)) ↑↖
B. In particular, ↔Tk↔ ↑

↖
B for all k → X. Furthermore, both ST and GT

are self-adjoint and bounded by B in this case. If T is a g-frame, then CT is
bounded, injective and has closed range, DT is bounded and surjective, and ST

is bounded, self-adjoint, positive and invertible satisfying A · IH ↑ ST ↑ B · IH

(in the sense of positive operators). Consequently, ST may be composed with its
inverse (and vice versa) which yields the possibility of g-frame reconstruction via

f =
∑

k→X

T
↓

k
TkS

↔1
T

f =
∑

k→X

S
↔1
T

T
↓

k
Tkf (↗f → H). (2.4)

The family T̃ = (T̃k)k→X := (TkS
↔1
T

)k→X , which appears in the reconstruction pro-
cess (2.4), is again a g-frame and called the canonical dual g-frame. In particular,
if A ↑ B are g-frame bounds for T , then B

↔1
↑ A

↔1 are g-frame bounds for T̃
and B

↔1
↑ ↔S

↔1
T

↔ ↑ A
↔1. More generally [35], if (T d

k
)k→X is a g-Bessel sequence

such that
f =

∑

k→X

T
↓

k
T

d

k
f =

∑

k→X

(T d

k
)↓Tkf (↗f → H), (2.5)

or, equivalently,
IB(H) = DTCT d = DT dCT , (2.6)

then (T d

k
)k→X is already a g-frame and called a dual g-frame (or simply dual) of

(Tk)k→X .
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Remark 2.6. Assume that T = (Tk)k→X is a g-Bessel sequence in H. Then
CT → B(H, ω

2(X;H)), DT → B(ω2(X;H),H) and GT → B(ω2(X;H)) are all
bounded. Since we can interpret H as a direct sum of Hilbert spaces indexed by
just a singleton, we see that each of the operators CT , DT and GT is a bounded
operator from one direct sum of Hilbert spaces to another direct sum of Hilbert
spaces. Hence, we are in the setting of the matrix calculus from [40] (see also [38,
Section 3.1] for more details), which guarantees that every bounded operator A

between two direct sums of Hilbert spaces can be uniquely represented by a B(H)-
valued matrix M(A) = [Ak,l], which acts on elements from a direct sum of Hilbert
spaces, viewed as column vectors, via matrix-vector multiplication. Moreover,
composition of such operators A and B corresponds to matrix multiplication, i.e.
M(AB) = M(A) ·M(B), where each entry [AB]k,l =

∑
n
Ak,nBn,l of M(AB) con-

verges in the operator norm topology with respect to B(H) [40, 38]. In particular,
we have

M(DT ) =
[
. . . T

↓

k↔1 T
↓

k
T

↓

k+1 . . .
]
,

M(CT ) =
[
. . . Tk↔1 Tk Tk+1 . . .

]T
,

M(GT ) =





. . .
...

...
. . . TkT

↓

l
TkT

↓

l+1 . . .

. . . Tk+1T
↓

l
Tk+1T

↓

l+1 . . .

...
...

. . .




. (2.7)

where the exponent T denotes matrix transposition. Analogously, if U = (Uk)k→X
is another g-Bessel sequence in H, then the canonical matrix representation of
the mixed g-Gram matrix GT,U := CTDU → B(ω2(X;H)) is the same as in (2.7)
after replacing each T

↓

l
by U

↓

l
.

The above mentioned matrix calculus implies that we can identify B(ω2(X;H))
with a Banach *-algebra of B(H)-valued matrices, where the involution ↓ is de-
fined via ([Ak,l]k,l→X)↓ = [A↓

l,k
]k,l→X and precisely corresponds to taking adjoints

in B(ω2(X;H)), meaning that M(A↓) = M(A)↓ for all A → B(ω2(X;H)). This
viewpoint is particularly convenient for defining g-frame localization analogously
as done in [24] for frames, i.e. by g-Gram matrices belonging to some suitable
sub-algebra A of B(ω2(X;H)) consisting of B(H)-valued matrices, see ahead.

3 Localization of operator-valued frames

Definition 3.1. Let A = A(X) be a unital Banach *-algebra of B(H)-valued
matrices A = [Ak,l]k,l→X . Then A is called a solid spectral matrix algebra, if
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(1.) A ↘ B(ω2(X;H)), meaning that the inclusion map ϖ : A ⇒⇔ B(ω2(X;H))
is a unital *-monomorphism (i.e. a faithful representation).

(2.) A is inverse-closed in B(ω2(X;H)), i.e., if A → A defines an invertible
operator in B(ω2(X;H)), then its inverse A

↔1
→ B(ω2(X;H)) is contained

in A as well,

(3.) A is solid: if A = [Ak,l]k,l→X → A and if B = [Bk,l]k,l→X is a B(H)-valued
matrix such that ↔Bk,l↔ ↑ ↔Ak,l↔ for all k, l → X, then B → A and ↔B↔A ↑

↔A↔A.

For brevity reason, we will call such an algebra A simply a spectral algebra.

Spectral algebras are also pseudo-inverse-closed in B(ω2(X;H)):

Theorem 3.2. [24] Let K be a Hilbert space. Suppose that A is a Banach *-
algebra which is inverse-closed in B(K) and let M be a closed subspace of K. If
A = A

↓
→ A, N (A) = M

↑ and A : M ⇒⇔ M is bounded and invertible, then the
Moore-Penrose pseudo-inverse A

† of A is an element in A.

The above result holds also true for possibly non-self-adjoint operators A [24].
Since its proof was omitted by the authors, we present the details for completeness
reason.

Corollary 3.3. [24] Let A be a Banach *-algebra, which is inverse-closed in
B(K). Then A is also pseudo-inverse-closed in B(K), that is, if A → A defines a
bounded operator in B(K) with closed range, then A

†
→ A.

Proof. By Lemma 2.2, the pseudo-inverse of A is given by A
† = A

↓(AA↓)†. Since
AA

↓ is self-adjoint and R(AA↓) = R(A) is closed, Theorem 3.2 implies that
(AA↓)† → A. Consequently, A†

→ A due to the algebra property of A.

Example 3.4. Recently, the following examples of spectral algebras of B(H)-
valued matrices indexed by a relatively separated set X ⇐ Rd haven been discussed
[37]:
(1.) For every s > d, the Ja!ard algebra Js = Js(X) of B(H)-valued matrices
A = [Ak,l]k,l→X for which

sup
k,l→X

↔Ak,l↔(1 + |k ⇒ l|)s < ↓

is a spectral algebra.
(2.) For every weight ε which

(2a) is of the form ε(x) = e
ϑ(⇐x⇐), where ϱ : [0,↓) ⇒⇔ [0,↓) is a continuous

and concave function with ϱ(0) = 0, and ↔ . ↔ any norm on Rd,
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(2b) satisfies the GRS-condition,

(2c) satisfies the weak growth condition

ε(x) ↙ C(1 + |x|)ϖ for some ς → (0, 1], C > 0,

the weighted Schur algebra S
1
ω
= S

1
ω
(X) of B(H)-valued matrices A = [Ak,l]k,l→X

for which

max

{
sup
k→X

∑

l→X

↔Ak,l↔ε(k ⇒ l) , sup
l→X

∑

k→X

↔Ak,l↔ε(k ⇒ l)


< ↓

is a spectral algebra.
(3.) For every weight ε, which is submultiplicative, symmetric, and satisfies the
GRS-condition, the weighted Baskakov-Gohberg-Sjöstrand algebra Cω = Cω(Zd)
of B(H)-valued matrices A = [Ak,l]k,l→Zd for which

↔A↔Cω :=
∑

l→Zd

sup
k→Zd

↔Ak,k↔l↔ε(l) < ↓

is a spectral algebra contained in B(ω2(Zd;H)).
(4.) Spectral algebras Jω(X) which model more general o!-diagonal decay than
polynomial decay (and hence generalize Js).
(5.) Anisotropic variations of all of the latter mentioned spectral algebras.

With the above examples of spectral algebras in mind, we now give the main
definition of this article, which extends the localization concept from [24] to the
g-frame setting. We remark that the special case A = Cω(Zd) of Definition 3.5 is
[34, Definition 5.6].

Definition 3.5. Let A = A(X) be a spectral algebra and T = (Tk)k→X be a
B(H)-valued family indexed by X. We say that T is intrinsically A-localized,
in short T ⇓A T , if its associated g-Gram matrix GT = [TkT

↓

l
]k,l→X belongs to

A. If U = (Uk)k→X is another B(H)-valued family indexed by X, then we call
U and T mutually A-localized, in short U ⇓A T , if the mixed g-Gram matrix
GU,T = [UkT

↓

l
]k,l→X belongs to A.

By the result below, we may always assume that intrinsically localized B(H)-
valued sequences are g-Bessel sequences.

Proposition 3.6. Every intrinsically localized B(H)-valued sequence is a g-Bessel
sequence.
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Proof. Assume that T = (Tk)k→X is an intrinsically localized B(H)-valued family
indexed by X. Then GT is contained in some spectral algebra A ↘ B(ω2(X;H))
and thus well-defined on ω

2(X;H), bounded and self-adjoint. This implies that
DT is bounded, since

↔DT (hl)l→X↔
2 = ∝GT (hl)l→X , (hl)l→X′ε2(X;H) ↑ ↔GT↔B(ε2(X;H))↔(hl)l→X↔

2
ε2(X;H))

holds true for all (hl)l→X → ω
00(X;H) and, by density, also for all (hl)l→X →

ω
2(X;H). In particular, CT = D

↓

T
is bounded, which implies that T is a g-Bessel

sequence.

3.1 Intrinsic localization and duality

Next, we will show that intrinsic localization of a g-frame is preserved by its
canonical dual g-frame. Proving this relies heavily on the properties of a spectral
algebra.

The following preparatory result is the g-frame analogue of [29, Lemma 2.14].

Lemma 3.7. Let T = (Tk)k→X be a g-frame and T̃ = (TkS
↔1
T

)k→X its canonical
dual g-frame. Then GT has closed range and

G
T̃
= G

†

T
and G

T,T̃
= GTG

†

T
. (3.1)

Proof. By definition of the analysis operator and the g-frame inequalities (2.3),
T = (Tk)k→X is a g-frame if and only if CT : H ⇒⇔ ω

2(X;H) is well-defined,
bounded and bounded from below. This is equivalent to CT being a bounded,
injective and closed-range operator and DT = C

↓

T
being bounded and surjective

[15]. In particular, R(GT ) = R(CTDT ) = R(CT ) is closed and thus G†

T
is well-

defined.
In order to show the first relation in (3.1), we verify that G

T̃
satisfies the

three characterizing conditions of the pseudo-inverse of GT from Lemma 2.1.
Firstly, since C

T̃
= CTS

↔1
T

, we see that N (G
T̃
) = R(G

T̃
)↑ = R(C

T̃
)↑ =

R(CTS
↔1
T

)↑ = R(CT )↑ = R(GT )↑, where we also used the fact that g-Gram
matrices associated to g-Bessel sequences are self-adjoint. Secondly, we similarly
have R(G

T̃
) = R(C

T̃
) = R(CTS

↔1
T

) = R(CT ) = R(GT ) = N (GT )↑. Finally, we
have GTGT̃

GT = CTDTCT̃
D

T̃
CTDT = CTDT = GT by (2.6).

By using (2.6) again, the second relation in (3.1) follows from the first via
GTG

†

T
= GTGT̃

= CTDTCT̃
D

T̃
= CTDT̃

= G
T,T̃

.

We are now prepared to prove our first main result, which is the g-frame
theoretic analogue of [24, Theorem 3.6] and a generalization of [34, Lemma 5.6],
where the case A = Cω(Zd) is treated.
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Theorem 3.8. Let T = (Tk)k→X be an intrinsically A-localized g-frame. Then
the following hold:

(i) The canonical dual g-frame T̃ = (TkS
↔1
T

)k→X is intrinsically A-localized.

(ii) T and T̃ are mutually A-localized.

Proof. By assumption we have GT → A. By Lemma 3.7, G
†

T
is well-defined,

G
T̃
= G

†

T
and G

T,T̃
= GTG

†

T
. By Corollary 3.3, A is pseudo-inverse-closed, hence

G
T̃
= G

†

T
→ A. Since A is an algebra, we obtain G

T,T̃
= GTG

†

T
→ A.

From Theorem 3.8, we can derive the following analogue of [29, Corollary
2.16], see also [29, Lemma 2.13].

Theorem 3.9. The relation ⇓A is symmetric. Furthermore, ⇓A is an equivalence
relation on the set of all intrinsically A-localized g-frames indexed by X.

Proof. If GT,U → A, then GU,T = (GT,U)↓ → A, hence ⇓A is symmetric.
Clearly, ⇓A is a reflexive relation on the set of all intrinsically A-localized

g-frames on H. Now, let R = (Rk)k→X , T = (Tk)k→X and U = (Uk)k→X be
intrinsically A-localized g-frames. To show transitivity, assume that T ⇓A U

and U ⇓A R. By Theorem 3.8 we have T ⇓A T̃ and Ũ ⇓A Ũ , where T̃ and Ũ

denote the canonical dual g-frames of T and U respectively. Thus, by g-frame
reconstruction with respect to the dual frame pairs (T, T̃ ) and (U, Ũ) we obtain
via (2.6) that

GT,R = CTDR = CTDT̃
CTDUCŨ

D
Ũ
CUDR = G

T,T̃
GT,UGŨ

GU,R → A,

i.e. T ⇓A R.

3.2 Operator-valued frames and associated (quasi-) Ba-

nach spaces

One of the most remarkable features of localized frames is that their associated
frame reconstruction formulae not only hold true in the underlying Hilbert space,
but also in a whole class of associated (quasi-)Banach spaces. In this section we
show that analogous results hold true in the g-frame setting. In particular, we
will consider the associated g-frame analysis and synthesis operators acting on
other Banach spaces than H and ω

2(X;H) respectively. In order to avoid tedious
distinctions of these operators defined on di!erent spaces, we will simply consider
them as B(H)-valued matrices, as justified in Remark 2.6.

12



3.2.1 Admissible weights

One ingredient of the associated (quasi-)Banach spaces we will introduce are a
certain class of weight functions, see below.

Definition 3.10. [24] Let A be some subfamily of B(ω2(X;H)) (for instance, a
spectral algebra) and 0 < p0 ↑ 1. A weight function φ is called (A, p0)-admissible,
if every A → A defines a bounded operator ω

p

ϱ
(X;H) ⇒⇔ ω

p

ϱ
(X;H) for every

p → (p0,↓] ∞ {1}.

Example 3.11. A weight being (A, p0)-admissible is a fairly strong assumption.
However, recently the following examples of (A, p0)-admissible weights φ have
been shown to exist [37]:
(1.) If s > d+r for some r ↙ 0, and εr denotes the polynomial weight εr(x) = (1+
|x|)r, then every εr-moderate weight φ is (Js,

d

s↔r
)-admissible, where Js denotes

the Ja!ard algebra from Example 3.4 (1.).
(2.) If S1

ω
denotes the weighted Schur algebra from Example 3.4 (2.), then every

ε-moderate weight φ is (S1
ω
, 1)-admissible.

(3.) If Cω denotes the Baskakov-Gohberg-Sjöstrand algebra from Example 3.4 (3.),
then every ε-moderate weight φ is (Cω , 1)-admissible.

The following result (whose scalar-analogue was stated in [1]) will be conve-
nient later on.

Lemma 3.12. Let A be a spectral algebra and φ be (A, p0)-admissible. Then 1/φ
is (A, 1)-admissible.

Proof. Choose some arbitrary A = [Ak,l]k,l→X → A. Then A
↓ = [A↓

l,k
]k,l→X → A

and in particular A
↓
→ B(ωp

ϱ
(X;H)) for p → [1,↓) by assumption. Thus, by

duality, the Banach space adjoint (A↓)↗ of A↓, which, by (2.2), is given by (A↓)↗ =
(A↓)↓ = A, is contained in B(ωp1/ϱ(X;H)) for all 1 < p ↑ ↓.

It remains to show that A → B(ω11/ϱ(X;H)). Since A
↓ = [[A↓]l,k]k,l→X → A,

we have by solidity of A that the matrix [↔[A↓]l,k↔ · IB(H)]k,l→X is contained in
A and thus [↔[A↓]l,k↔ · IB(H)]k,l→X → B(ω≃

ϱ
(X;H)) by assumption. Lemma 2.4

implies that the scalar matrix M := [↔[A↓]l,k↔]k,l→X is contained in B(ω≃
ϱ
(X)).

13



For g = (gl)l→X → ω
1
1/ϱ(X;H) this yields

↔Ag↔ε11/ε(X;H) ↑

∑

k→X

∑

l→X

↔Ak,l↔↔gl↔
1

φ(k)

=
∑

l→X

∑

k→X

↔Ak,l↔↔gl↔
1

φ(k)

=
∑

l→X

↔gl↔
1

φ(l)

∑

k→X

↔Ak,l↔
φ(l)

φ(k)

↑

(
∑

l→X

↔gl↔
1

φ(l)

)
sup
m→X

∑

k→X

↔Ak,m↔
φ(m)

φ(k)

= ↔g↔ε11/ε(X;H) sup
m→X

∣∣∣∣∣
∑

k→X

↔[A↓]m,k↔
1

φ(k)

∣∣∣∣∣φ(m)

= ↔g↔ε11/ε(X;H)↔M(w(k)↔1)k→X↔ε↑ε (X)

↑ ↔M↔B(ε↑ε (X))↔g↔ε11/ε(X;H),

where we used that ↔(w(k)↔1)k→X↔ε↑ε (X) = 1 in the last step. Note that the
interchange of order of summation in the second step is justified by the monotone
convergence theorem, since only non-negative terms occur.

Corollary 3.13. Let A be a spectral algebra. Whenever there exists some (A, p0)-
admissible weight φ for some 0 < p0 ↑ 1, the trivial weight (1)l→X is (A, 1)-
admissible.

Proof. Let A = [Ak,l]k,l→X → A be arbitrary. Then [↔Ak,l↔ · IB(H)]k,l→X → A by
solidity of A. By assumption, Lemma 3.12 and Lemma 2.4 this implies that the
scalar matrix C := [↔Ak,l↔]k,l→X defines an element in B(ωp

ϱ
(X)) ∈ B(ωp1/ϱ(X))

for each 1 ↑ p ↑ ↓. By Stein-Weiss interpolation (Proposition 2.5) this yields
C → B(ωp(X)) for all 1 ↑ p ↑ ↓. Now, let p → [1,↓) be arbitrary and take any
(fl)l→X → ω

p(X;H). Then (↔fl↔)l→X → ω
p(X) and thus

∑

k→X

∥∥∥∥∥
∑

l→X

Ak,lfl

∥∥∥∥∥

p

↑

∑

k→X

∣∣∣∣∣
∑

l→X

↔Ak,l↔↔fl↔

∣∣∣∣∣

p

↑ ↔C↔
p

B(εp(X))↔(fl)l→X↔
p

εp(X;H),

which means that A → B(ωp(X;H)). The modifications of the above for the case
p = ↓ are obvious.
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3.2.2 Definition of the spaces H
p

ϱ
(T d

, T ) for p < ↓

We are now able to define the spaces H
p

ϱ
(T d

, T ). Let A be a spectral algebra
and φ be an (A, p0)-admissible weight. Further, let T = (Tk)k→X be a g-frame
and T

d = (T d

k
)k→X be any dual g-frame of T such that T

d and T are mutually
A-localized (by Theorem 3.8 we may choose the canonical dual g-frame of T in
case T is intrinsically A-localized). Consider the space

H
00(T ) := DT (ω

00(X;H)) =

{
∑

k→K

T
↓

k
fk : K ↘ X, |K| < ↓, fk → H (↗k → K)


.

Since DT → B(ω2(X;H),H) and DT (ω2(X;H)) = H for every g-frame T , H00(T )
is a dense subspace of H, because ω00(X;H) is a dense subspace of ω2(X;H). For
p → (p0,↓) ∞ {0, 1}, we equip H

00(T ) with the (quasi-)norm

↔f↔Hp
ε(T d,T ) := ↔CT df↔εpε(X;H) := ↔(T d

k
f)k→X↔εpε(X;H). (3.2)

Note that (3.2) indeed defines a norm on H
00(T ) for 1 ↑ p < ↓ and p = 0,

and a quasi-norm on H
00(T ) in case p0 < p < 1. To see this, observe that for

f → H
00(T ) we have f = DT (gk)k→X for some (gk)k→X → ω

00(X;H) and thus

↔CT df↔εpε(X;H) = ↔CT dDT (gk)k→X↔εpε(X;H)

= ↔GT d,T (gk)k→X↔εpε(X;H)

↑ ↔GT d,T↔B(εpε(X;H))↔(gk)k→X↔εpε(X;H) < ↓, (3.3)

since GT d,T → A and φ is (A, p0)-admissible by assumption, whereas the other
properties of a (quasi-)norm follow from CT d being linear and injective as an
operator H ⇒⇔ ω

2(X;H) and ↔ . ↔εpε(X;H) being a (quasi-)norm.
This justifies the following definition.

Definition 3.14. Let A be a spectral algebra, φ be an (A, p0)-admissible weight,
T = (Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that

T
d
⇓A T . Then for each p → (p0,↓)∞{1} we define Hp

ϱ
(T d

, T ) as the completion
of H00(T ) with respect to the (quasi-)norm ↔ . ↔Hp

ε(T d,T ). Furthermore we anal-
ogously define H

0
ϱ
(T d

, T ) as the completion of H00(T ) with respect to the norm
↔ . ↔H0

ε(T
d,T ) := ↔CT d . ↔ε0ε(X;H) = ↔CT d . ↔ε↑ε (X;H).

By definition, Hp

ϱ
(T d

, T ) is a Banach space for each p → [1,↓) ∞ {0}, and
a quasi-Banach space for p0 < p < 1. Moreover, CT d extends via density to an
isometry H

p

ϱ
(T d

, T ) ⇒⇔ ω
p

ϱ
(X;H) for p → (p0,↓) ∞ {0, 1}.
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3.2.3 Definition of the space H
≃

ϱ
(T d

, T )

The definition of the space H
≃

ϱ
(T d

, T ), which we will consider next, is more
technical. In order to motivate it, let T

d = (T d

k
)k→X be a g-frame for H and

consider the dense subspace H
00(T d) := DT d(ω00(X;H)) of H. Then it is easily

seen that (H,H
00(T d)) forms a dual pair with respect to the bilinear map H ∋

H
00(T d) ⇒⇔ C, (h, g) △⇔ ∝h, g′. Consequently, the family {pg : g → H

00(T d)} of
seminorms pg on H, where pg(h) = |∝g, h′|, defines a Hausdor! locally convex
topology ↼(H,H

00(T d)) on H. The topological completion (H, ↼(H,H00(T d)))
consists of all equivalence classes [{fς}] of Cauchy nets {fς} ⇐ H, where (by
definition) two Cauchy nets {fς} and {gς} are equivalent if and only if

↗ϑ > 0, ↗g → H
00(T d) : ▽↽ : ↗⇀ ↙ ↽ : |∝g, fς ⇒ gς′| < ϑ. (3.4)

Since any g → H
00(T d) has the form g =

∑
k→K

(T d

k
)↓hk with hk → H for each

k → X and K ⇐ X, |K| < ↓, (3.4) is equivalent to

↗ϑ > 0, ↗k → X, ↗h → H : ▽↽ : ↗⇀ ↙ ↽ : |∝h, T d

k
(fς ⇒ gς)′| < ϑ. (3.5)

Next, we consider the subspace of all equivalence classes of Cauchy sequences
{fn}

≃

n=1 ⇐ H and denote this space by H
≃(T d

, T ).
Claim. If {fn}≃n=1 and {gn}

≃

n=1 are equivalent Cauchy sequences, then the se-
quence {fn ⇒ gn}

≃

n=1 is norm-bounded in H.

Proof. Recall, that (H00(T d), ↔ · ↔H) is a dense subspace of (H, ↔ · ↔H). By the
Riesz representation theorem we may identify each fn → H with a linear functional
ωfn → H

↓
↘ (H00(T d))↓. Hence, by (3.4), two such Cauchy sequences {fn}≃n=1 and

{gn}
≃

n=1 being equivalent implies that the sequence of functionals {ω(fn↔gn)}
≃

n=1 ⇐

H
↓
↘ (H00(T d))↓ is a weak* convergent sequence in (H00(T d))↓ (with weak*-

limit 0). Therefore, by a general principle [15], {ω(fn↔gn)}
≃

n=1 is norm-bounded
in (H00(T d))↓ by some positive constant c

↗. We will show that {ω(fn↔gn)}
≃

n=1 is
also norm-bounded in H

↓, which proves the claim. To this end, observe that
(H00(T d), ↔ · ↔H) being a dense subspace of (H, ↔ · ↔H) implies via the reverse
triangle inequality that the unit sphere of H00(T d) is a dense subset of the unit
sphere of H (with respect to ↔ · ↔H). Thus, for every unit vector h → H and every
n → N, there exists a unit vector hn → H

00(T d) such that ↔h⇒hn↔ < ↔ω(fn↔gn)↔
↔1
H↓

(we may assume W.L.O.G. that each ω(fn↔gn) is non-zero). This yields for any
unit-norm h → H that

|ω(fn↔gn)(h)| ↑ |ω(fn↔gn)(h⇒ hn)|+ |ω(fn↔gn)(hn)| ↑ 1 + c
↗ =: c

and the claim follows.
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So, now we look at the subspaceH≃(T d
, T ) of all equivalence classes of Cauchy

sequences {fn}≃n=1 ⇐ H of the Hausdor! locally convex space (H, ↼(H,H00(T d))).
Let B denote the upper g-frame bound of T d. By the proven claim and (3.5),
two such Cauchy sequences being equivalent implies

|∝h, T
d

k
(fn⇒gn)′| ↑ ↔h↔H↔T

d

k
↔B(H)↔fn⇒gn↔H ↑

↖

Bc↔h↔H (↗k → X, ↗n → N),

where c denotes the norm-bound of the sequence {↔fn ⇒ gn↔H}
≃

n=1. Thus

sup
n→N

↔CT d(fn ⇒ gn)↔ε↑(X;H) < ↓. (3.6)

In the weighted case we consider a modified version of (3.6) and arrive at the
following (compare with [1, Definition 3]).

Definition 3.15. Let {fn}≃n=1 and {gn}
≃

n=1 be sequences in H, T d = (T d

k
)k→X be

a g-frame for H and φ be a weight. Then we say that {fn}≃n=1 and {gn}
≃

n=1 are
(T d

,φ)-equivalent, in short {fn}≃n=1 ⇓T d,ϱ {gn}
≃

n=1, if

↗k → X : lim
n↘≃

↔T
d

k
(fn ⇒ gn)↔ = 0 and sup

n→N
↔CT d(fn ⇒ gn)↔ε↑ε (X;H) < ↓.

Clearly, the relation ⇓T d,ϱ defines an equivalence relation on the set of all
sequences inH. We define the spaceH≃

ϱ
(T d

, T ) as a certain subspace of the vector
space of equivalence classes corresponding to ⇓T d,ϱ (compare with [1, Definition
3]).

Definition 3.16. Let A be a spectral algebra, φ be an (A, p0)-admissible weight,
T = (Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that

T
d
⇓A T . Then H

≃

ϱ
(T d

, T ) is defined to be the space of all equivalence classes
f = [{fn}≃n=1]⇒Td,ε

of sequences {fn}
≃

n=1 in H satisfying

(1.) limn↘≃ T
d

k
fn =: T d

k
f exists in H for each k → X,

(2.) sup
n→N ↔CT dfn↔ε↑ε (X;H) < ↓.

It is quickly verified that the defining properties (1.) and (2.) do not depend
on the choice of the representative sequence {fn}

≃

n=1. Condition (2.) can be
rewritten as

↔T
d

k
fn↔φ(k) ↑ C (↗k → X, ↗n → N) (3.7)

for some positive constant C. Thus ↔T
d

k
f↔φ(k) = limn↘≃ ↔T

d

k
fn↔φ(k) ↑ C for

each k → X. In particular

↔f↔H↑
ε (T d,T ) := ↔CT df↔ε↑ε (X;H) = sup

k→X

∥∥∥ lim
n↘≃

T
d

k
fn

∥∥∥φ(k) (3.8)
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is well-defined. Note that (3.8) certainly defines a semi-norm on H
≃

ϱ
(T d

, T ),
since limits are linear and ↔ . ↔ε↑ε (X;H) is a norm. If ↔f↔H↑

ε (T d,T ) = 0 for some
f = [{fn}≃n=1]⇒Td,ε

, then {fn}
≃

n=1 ⇓T d,ϱ {0}≃
n=1 and thus f = 0 in H

≃

ϱ
(T d

, T ).

This shows that ↔ . ↔H↑
ε (T d,T ) actually defines a norm on H

≃

ϱ
(T d

, T ).
We explicitly emphasize that here T

d

k
f → H is the limit of the sequence

{T
d

k
fn}

≃

n=1 ⇐ H (for each k → X). In particular, CT df = (T d

k
f)k→X is understood

as a pointwise limit. In this sense, CT d : H≃

ϱ
(T d

, T ) ⇒⇔ ω
≃

ϱ
(X;H) is a well-

defined isometry.

3.2.4 Properties of the spaces H
p

ϱ
(T d

, T )

In the previous subsection, we have shown that CT d : H≃

ϱ
(T d

, T ) ⇒⇔ ω
≃

ϱ
(X;H)

is a well-defined isometry. Below we show that its range is closed.

Lemma 3.17. Under the same assumptions as in Definition 3.16, the map f =
[{fn}≃n=1]⇒Td,ε

△⇔ (limn↘≃ T
d

k
fn)k→X =: CT df is an isometric isomorphism from

H
≃

ϱ
(T d

, T ) onto the space V = {g → ω
≃

ϱ
(X;H) : g = GT d,Tg}. Furthermore, V is

a closed subspace of ω≃
ϱ
(X;H), and thus H

≃

ϱ
(T d

, T ) a Banach space.

Proof. Let f = [{fn}≃n=1]⇒Td,ε
→ H

≃

ϱ
(T d

, T ) be fixed. Then, by definition, we

have that limn↘≃ T
d

k
fn =: T d

k
f exists in H for each k → X and that CT df =

(T d

k
f)k→X → ω

≃

ϱ
(X;H). Since φ is (A, p0)-admissible and T

d
⇓A T , we have

GT d,T → A ⇐ B(ω≃
ϱ
(X;H)), hence GT d,TCT df → ω

≃

ϱ
(X;H). We will show that

CT df = GT d,TCT df as elements in ω
≃

ϱ
(X;H). It su”ces to verify the claimed

identity component-wise, i.e. to show that
∥∥∥∥∥T

d

k
f ⇒

∑

l→X

[GT d,T ]k,lT
d

l
f

∥∥∥∥∥ = 0 (for each k → X).

Since T
d and T is a pair of dual g-frames we have GT d,TCT dfn = CT dfn for each

n → N. Therefore, it su”ces to show that

lim
n↘≃

∥∥∥∥∥
∑

l→X

[GT d,T ]k,lT
d

l
fn ⇒

∑

l→X

[GT d,T ]k,lT
d

l
f

∥∥∥∥∥ = 0 (for each k → X).

The latter follows immediately from an application of the dominated convergence
theorem for Bochner spaces [30, Proposition 1.2.5], once we have verified that for
each k → X, there exists some family of non-negative numbers (ck

l
)l→X such that

↔[GT d,T ]k,lT
d

l
fn↔ ↑ c

k

l
(↗n → N), and

∑

l→X

c
k

l
< ↓.
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In order to show the latter dominance condition, we fix k → X and estimate via
(3.7)

∑

l→X

↔[GT d,T ]k,lT
d

l
fn↔ ↑

∑

l→X

C↔[GT d,T ]k,l↔ · w(l)
↔1

↑ Cw(k)↔1 sup
m→X

∣∣∣∣∣
∑

l→X

↔[GT d,T ]m,l↔ · w(l)
↔1

∣∣∣∣∣w(m) =: (̸).

Since GT d,T = [T d

k
T

↓

l
]k,l→X is contained in A, so is [↔T d

k
T

↓

l
↔ · IB(H)]k,l→X due to

solidity of A. Thus, by Lemma 2.4, the scalar matrix G := [↔T d

k
T

↓

l
↔]k,l→X is

contained in B(ω≃
ϱ
(X)) as well. Finally, since ↔(φ(l)↔1)l→X↔ε↑ε (X) = 1, we arrive

at
(̸) = Cφ(k)↔1

↔G · (φ(l)↔1)l→X↔ε↑ε (X) ↑ Cφ(k)↔1
↔G↔B(ε↑ε (X)) < ↓

and the claim is proven. In particular, we have shown that CT d is an isometry
from H

≃

ϱ
(T d

, T ) into V ↘ ω
≃

ϱ
(X;H).

To show that CT d : H≃

ϱ
(T d

, T ) ⇒⇔ V is onto, choose some arbitrary g =
(gl)l→X → V . Let F1 ↘ F2 ↘ . . . be a nested sequence of finite subsets of X such
that


≃

n=1 Fn = X and set fn =
∑

l→Fn
T

↓

l
gl → H. Then

lim
n↘≃

T
d

k
fn = lim

n↘≃

∑

l→Fn

T
d

k
T

↓

l
gl =

∑

l→X

[GT d,T ]k,lgl = gk → H

for each k → X. In particular, sup
k→X

↔ limn↘≃ T
d

k
fn↔φ(k) = ↔g↔ε↑ε (X;H) < ↓.

Consequently, f := [{fn}≃n=1]⇒Td,ε
→ H

≃

ϱ
(T d

, T ) and CT df = g.

Finally, let {gn}≃n=1 be a sequence in V , which converges in ω
≃

ϱ
(X;H) to some

g → ω
≃

ϱ
(X;H). Then

lim
n↘≃

↔g ⇒GT d,T gn↔ε↑ε (X;H) = lim
n↘≃

↔g ⇒ gn↔ε↑ε (X;H) = 0

and at the same time

lim
n↘≃

↔GT d,T g ⇒GT d,Tgn↔ε↑ε (X;H) ↑ ↔GT d,T↔B(ε↑ε (X;H)) lim
n↘≃

↔g ⇒ gn↔ε↑ε (X;H) = 0.

Since limits in a Banach space are unique we must have g = GT d,T g → V , hence
V is a closed subspace of ω≃

ϱ
(X;H).

So far we have shown the following.

Corollary 3.18. The space H
p

ϱ
(T d

, T ) is a Banach space for each p → [1,↓] ∞
{0} and a quasi-Banach space for p0 < p < 1. Moreover, CT d is an isometry
H

p

ϱ
(T d

, T ) ⇒⇔ ω
p

ϱ
(X;H) for all p → (p0,↓] ∞ {0, 1}.
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Remark 3.19. Ignoring the weights for the moment, we explicitly emphasize
the di!erence between the spaces H

0(T d
, T ) and H

≃(T d
, T ). While H

0(T d
, T )

is the completion of H00(T ) with respect to the norm ↔CT d · ↔ε↑(X;H), the space
H

≃(T d
, T ) is a complete normed subspace of the topological completion of H

equipped with the ↼(H,H
00(T d))-topology. In particular, while H0(T d

, T ) consists
of equivalence classes of sequences in H

00(T ), with equivalence relation given by

{fn}
≃

n=1 ⇓ {gn}
≃

n=1 ⇔ lim
n↘≃

sup
k→X

↔T
d

k
(fn ⇒ gn)↔ = 0,

the space H≃(T d
, T ) consists of equivalence classes of sequences in H, with equiv-

alence relation given by

{fn}
≃

n=1 ⇓T d {gn}
≃

n=1 ⇔ lim
n↘≃

↔T
d

k
(fn ⇒ gn)↔ = 0 (↗k → X),

and sup
n→N

sup
k→X

↔T
d

k
(fn ⇒ gn)↔ < ↓.

We will prove in Theorem 3.29 that H
≃(T d

, T ) is isomorphic to the bi-dual
(H0(T d

, T ))↓↓ of the non-reflexive space H
0(T d

, T ). In this sense H
0(T d

, T ) can
be identified with a closed linear subspace of H≃(T d

, T ) [15].

Next, we consider the properties of the synthesis operator in this setting. In
order to keep the notation as simple as possible, we use the same symbol for each
of the operators

DT : ωp
ϱ
(X;H) ⇒⇔ H

p

ϱ
(T d

, T ) (p → (p0,↓) ∞ {0, 1}),

densely defined on ω
00(X;H) via

DT (gl)l→X =
∑

l→X

T
↓

l
gl,

and
DT : ω≃

ϱ
(X;H) ⇒⇔ H

≃

ϱ
(T d

, T ),

defined by the equivalence class

DT (gl)l→X =
∑

l→X

T
↓

l
gl := [{fn}

≃

n=1]⇒Td,ε

of the partial sums
fn =

∑

l→Fn

T
↓

l
gl,

where F1 ↘ F2 ↘ . . . is a nested sequence of finite subsets of X such that
≃

n=1 Fn = X. In fact, the latter definition is independent of the choice of
{Fn}

≃

n=1, as the next result shows.
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Proposition 3.20. Let A be a spectral algebra, φ be an (A, p0)-admissible weight,
T = (Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that

T
d
⇓A T . Then, for each p → (p0,↓] ∞ {0, 1}, the synthesis operator

DT : ωp
ϱ
(X;H) ⇒⇔ H

p

ϱ
(T d

, T ),

(gl)l→X △⇔

∑

l→X

T
↓

l
gl (3.9)

is bounded and surjective. For p < ↓ the series (3.9) converges unconditionally in
H

p

ϱ
(T d

, T ). In the case p = ↓, DT g is independent of the choice of {Fn}
≃

n=1 and
the series (3.9) converges unconditionally in the ↼(H,H

00(T d))-topology. Fur-
thermore, for all p → (p0,↓] ∞ {0, 1},

↔f↔Hp
ε
∀ inf{↔g↔εpε(X;H) : g → ω

p

ϱ
(X;H), f = DT g}.

Proof. First, let p → (p0,↓) ∞ {0, 1}. For f = DT (gl)l→X → H
00(T ) with g =

(gl)l→X → ω
00(X;H) we have CT df = GT d,T g and thus

↔f↔Hp
ε(T d,T ) = ↔GT d,T g↔εpε(X;H) ↑ ↔GT d,T↔B(εpε(X;H))↔g↔εpε(X;H) (3.10)

by the A-admissibility of φ and since GT d,T → A by assumption. By density,
the inequality (3.10) extends to all g → ω

p

ϱ
(X;H), so DT is bounded. Now, if

f̃ = [{fn}≃n=1] → H
p

ϱ
(T d

, T ) for some Cauchy sequence {fn}
≃

n=1 in H
00(T ), then

{CT dfn}
≃

n=1 is a Cauchy sequence in ω
p

ϱ
(X;H), which has some limit g → ω

p

ϱ
(X;H).

Writing f := DT g → H
p

ϱ
(T d

, T ) we see that

lim
n↘≃

↔f ⇒ fn↔Hp
ε(T d,T ) = lim

n↘≃

↔CT d(f ⇒ fn)↔εpε(X;H)

↑ ↔GT d,T↔B(εpε(X;H)) lim
n↘≃

↔g ⇒ CT dfn↔εpε(X;H) = 0,

where we used that GT d,TCT d = CT d holds true on H
00(T ) due to T

d and T being

a pair of dual g-frames. Consequently, f̃ = f in H
p

ϱ
(T d

, T ) and since f = DT g,
we may conclude that DT : ωp

ϱ
(X;H) ⇒⇔ H

p

ϱ
(T d

, T ) is onto. The unconditional
convergence of the series DT g in H

p

ϱ
(T d

, T ) is easily deduced from the latter
argument.

Now consider the case p = ↓. Pick some arbitrary g = (gl)l→X → ω
≃

ϱ
(X;H)

and assume that F1 ↘ F2 ↘ . . . is a nested sequence of finite subsets of X such
that


≃

n=1 Fn = X. Then fn =
∑

l→Fn
T

↓

l
gl is contained in H for each n → N and

lim
n↘≃

T
d

k
fn = lim

n↘≃

∑

l→Fn

T
d

k
T

↓

l
gl =

∑

l→X

[GT d,T ]k,lgl = [GT d,T g]k → H
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for each k → X, since GT d,T → A ↘ B(ω≃
ϱ
(X;H)) by assumption. Furthermore,

if G denotes the scalar matrix [↔T d

k
T

↓

l
↔]k,l→X as in the proof of Lemma 3.17, we

have that

sup
n→N

sup
k→X

↔T
d

k
fn↔φ(k) ↑ sup

n→N
sup
k→X

∑

l→Fn

↔T
d

k
T

↓

l
↔↔gl↔φ(k)

↑ sup
k→X

∣∣∣∣∣
∑

l→X

↔T
d

k
T

↓

l
↔↔gl↔

∣∣∣∣∣φ(k)

↑ ↔G↔B(ε↑ε (X))↔g↔ε↑ε (X;H), (3.11)

where we used that (↔gl↔)l→X is a scalar sequence in ω
≃

ϱ
(X) with norm equal to

↔g↔ε↑ε (X;H). Thus, DT g = [{fn}≃n=1]⇒Td,ε
→ H

≃

ϱ
(T d

, T ) with CT d(DT g) = GT d,Tg.
The boundedness of DT now follows from

↔DTg↔H↑
ε (T d,T ) = ↔GT d,T g↔ε↑ε (X;H) ↑ ↔GT d,T↔B(ε↑ε (X;H))↔g↔ε↑ε (X;H).

Next, let G1 ↘ G2 ↘ . . . be another nested sequence of finite subsets of X

with


≃

n=1 Gn = X. We will show that {
∑

l→Gn
T

↓

l
gl}

≃

n=1 ⇓T d,ϱ {
∑

l→Fn
T

↓

l
gl}

≃

n=1,
which, by (3.5), implies that both sequences belong to the same equivalence
class in (H, ↼(H,H00(T d))), yielding the unconditional convergence of DTg in
the ↼(H,H

00(T d))-topology. Setting Hn = Fn ∞ Gn (n → N) gives a nested
sequence of finite subsets whose union is X as well. Then, for each k → X,

lim
n↘≃

∥∥∥∥∥T
d

k

(
∑

l→Hn

T
↓

l
gl ⇒

∑

l→Fn

T
↓

l
gl

)∥∥∥∥∥ = lim
n↘≃

∥∥∥∥∥∥

∑

l→Hn\Fn

T
d

k
T

↓

l
gl

∥∥∥∥∥∥

↑ lim
n↘≃

∑

l→X\Fn

↔T
d

k
T

↓

l
gl↔

↑ ↔g↔ε↑ε (X;H) lim
n↘≃

∑

l→X\Fn

↔T
d

k
T

↓

l
↔φ(l)↔1

= 0.

The last step follows from convergence of
∑

l→X
↔T

d

k
T

↓

l
↔φ(l)↔1 for each k → X,

which we already showed in (̸) in the proof of Lemma 3.17. Clearly, it also holds

sup
n→N

∥∥∥∥∥CT d

(
∑

l→Hn

T
↓

l
gl ⇒

∑

l→Fn

T
↓

l
gl

)∥∥∥∥∥
ε↑ε (X;H)

< ↓.

Thus we have shown that {
∑

l→Hn
T

↓

l
gl}

≃

n=1 ⇓T d,ϱ {
∑

l→Fn
T

↓

l
gl}

≃

n=1. The same
argument holds if we replace each Fn by Gn. Therefore, {

∑
l→Gn

T
↓

l
gl}

≃

n=1 ⇓T d,ϱ

22



{
∑

l→Fn
T

↓

l
gl}

≃

n=1, since ⇓T d,ϱ is an equivalence relation. Finally, we show that
DT is onto. Choose some arbitrary f = [{fn}≃n=1]⇒Td,ε

→ H
≃

ϱ
(T d

, T ). Then

CT df → ω
≃

ϱ
(X;H) by Corollary 3.18 and DTCT df → H

≃

ϱ
(T d

, T ) by the above. We
claim that f = DTCT df = [{

∑
l→Fn

T
↓

l
(T d

l
f)}≃

n=1]⇒Td,ε
in H

≃

ϱ
(T d

, T ). To prove

the claim, it su”ces to show that {
∑

l→Fn
T

↓

l
(T d

l
f)}≃

n=1 ⇓T d,ϱ {fn}
≃

n=1. Now, due
to Lemma 3.17 we have CT d(DTCT df) = GT d,TCT df = CT df , hence

lim
n↘≃

∥∥∥∥∥T
d

k

(
∑

l→Fn

T
↓

l
(T d

l
f)⇒ fn

)∥∥∥∥∥ =

∥∥∥∥∥
∑

l→X

T
d

k
T

↓

l
(T d

l
f)⇒ T

d

k
f

∥∥∥∥∥ = 0 (↗k → X).

By repeating the routine (3.11), we also see that

sup
n→N

∥∥∥∥∥CT d

(
∑

l→Fn

T
↓

l
(T d

l
f)⇒ fn

)∥∥∥∥∥
ε↑ε (X;H)

< ↓

and the claim is proven.
Finally, showing the corresponding norm equivalences is a standard routine,

see e.g. the proof of [24, Proposition 2.4].

Theorem 3.21. Let A be a spectral algebra, φ be an (A, p0)-admissible weight,
T = (Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that

T
d
⇓A T . Then for each p → (p0,↓] ∞ {0, 1} it holds

f =
∑

k→X

T
↓

k
T

d

k
f (↗f → H

p

ϱ
(T d

, T )), (3.12)

with unconditional convergence in H
p

ϱ
(T d

, T ) for p < ↓ and unconditional con-
vergence in the ↼(H,H

00(T d))-topology in the case p = ↓ respectively.

Proof. The case p = ↓ was already treated in the proof of Proposition 3.20.
So, let p → (p0,↓) ∞ {0, 1}. By Proposition 3.20 and Corollary 3.18 the com-
position DTCT d defines a bounded operator on H

p

ϱ
(T d

, T ) whose associated se-
ries converges unconditionally. Moreover, (3.12) holds true on the subspace
H

00(T ) of H since T
d and T is a pair of dual g-frames. Hence, by density of

H
00(T ) in H

p

ϱ
(T d

, T ) and boundedness of DTCT d , this identity extends to all of
H

p

ϱ
(T d

, T ).

So far, the spacesHp

ϱ
(T d

, T ) seem to be heavily dependent on the choice of the
dual g-frame pair (T d

, T ). However, we will see that H
p

ϱ
(T d

, T ) is independent
of the choice of the dual g-frame pair (T d

, T ) as long as we stay in the same
localization class ⇓A. Before we give a precise formulation of the latter statement,
we present an alternative description of the spaces Hp

ϱ
(T d

, T ) for p < ↓.
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Proposition 3.22. Let A be a spectral algebra, φ be an (A, p0)-admissible weight,
T = (Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that

T
d
⇓A T . Then for each p → (p0,↓)∞ {0, 1}, Hp

ϱ
(T d

, T ) is the completion of the
space

V
p

ϱ
(T d

, T ) = {f → H : CT df → ω
p

ϱ
(X;H)}

with respect to ↔ . ↔Hp
ε(T d,T ).

Proof. Let f → V
p

ϱ
(T d

, T ) be arbitrary. Then, by dual g-frame reconstruction,
f = DTCT df =

∑
k→X

T
↓

k
T

d

k
f with unconditional convergence in H. This series

converges unconditionally in H
p

ϱ
(T d

, T ) as well, since CT df → ω
p

ϱ
(X;H) by as-

sumption and thus f = DTCT df → H
p

ϱ
(T d

, T ) by Proposition 3.20 and Theorem
3.21. Hence V

p

ϱ
(T d

, T ) ↘ H
p

ϱ
(T d

, T ). At the same time, we clearly have that
H

00(T ) = DT (ω00(X;H)) ↘ V
p

ϱ
(T d

, T ). Since H
00(T ) is dense in H

p

ϱ
(T d

, T ) by
definition, the claim follows.

For exponents p < ↓ and weights φ chosen in such a way that ω
p

ϱ
(X;H) is

continuously embedded in ω
2(X;H), we obtain the following consequence of the

latter, which is the g-frame theoretic version of [24, Proposition 2.3].

Corollary 3.23. Let A be a spectral algebra, φ be an A-admissible weight, T =
(Tk)k→X be a g-frame and T

d = (T d

k
)k→X be a dual g-frame of T such that T d

⇓A T .
Let p < ↓ and φ be so that ωp

ϱ
(X;H) is continuously embedded in ω

2(X;H). Then

H
p

ϱ
(T d

, T ) = V
p

ϱ
(T d

, T ).

Proof. By Proposition 3.22, it remains to show that H
p

ϱ
(T d

, T ) ↘ V
p

ϱ
(T d

, T ).
Let f̃ = [{fn}≃n=1] → H

p

ϱ
(T d

, T ) where {fn}
≃

n=1 ↘ V
p

ϱ
(T d

, T ) is a representative
Cauchy sequence in the ↔ . ↔Hp

ε(T d,T )-norm. If A denotes the lower g-frame bound
of T d and c the bound coming from the continuous embedding of ωp

ϱ
(X;H) in

ω
2(X;H), then

↔fn ⇒ fm↔ ↑ A
↔1/2

↔CT d(fn ⇒ fm)↔ε2(X;H)

↑ A
↔1/2

c↔CT d(fn ⇒ fm)↔εpε(X;H) = A
↔1/2

c↔fn ⇒ fm↔Hp
ε(T d,T ).

Consequently {fn}
≃

n=1 is a Cauchy sequence in H and thus convergent in H

to some f → H. Note that this limit f is independent of our choice of the
representative sequence of f̃ . Then, {CT dfn}

≃

n=1 is a Cauchy sequence in both
ω
p

ϱ
(X;H) and ω

2(X;H). By passing onto their respective H-valued components,
we see that these Cauchy sequences must converge to the same limiting H-valued
sequence (hk)k→X . However, by continuity of CT d : H ⇒⇔ ω

2(X;H), we must have
(hk)k→X = CT df . Thus CT df → ω

p

ϱ
(X;H) ↘ ω

2(X;H) and f̃ = DTCT df = f → H,
as was to be shown.
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Remark 3.24. The spaces V
p(T, T d) have also been studied in [39], where the

case 1 ↑ p ↑ 2 has been mainly considered. Moreover, in [39, Example 3.1], it
has been shown that V p(T, T d) (1 ↑ p ↑ 2) might be the trivial space {0H} if the
given g-frame T is not suitably localized.

Theorem 3.25. Let A be a spectral algebra and φ be an (A, p0)-admissible weight.
Let T = (Tk)k→X and U = (Uk)k→X be g-frames and assume that T d = (T d

k
)k→X

is a dual g-frame of T such that T
d
⇓A T , and that U

d = (Ud

k
)k→X is a dual

g-frame of U such that U
d
⇓A U . If T d

⇓A U and U
d
⇓A T , then, for each

p → (p0,↓] ∞ {0, 1},
H

p

ϱ
(T d

, T ) = H
p

ϱ
(Ud

, U)

with equivalent norms.

Proof. Let p → (p0,↓) ∞ {0, 1}. By Proposition 3.22, Hp

ϱ
(T d

, T ) and H
p

ϱ
(Ud

, U)
are the completions of (V p

ϱ
(T d

, T ), ↔ . ↔Hp
ε(T d,T )) and (V p

ϱ
(Ud

, U), ↔ . ↔Hp
ε(Ud,U)) re-

spectively. Now if f → V
p

ϱ
(T d

, T ), then CUdf = GUd,TCT df by g-frame recon-
struction in H and thus

↔CUdf↔εpε(X;H) ↑ ↔GUd,T↔B(εpε(X;H))↔CT df↔εpε(X;H),

where we also used the assumption U
d
⇓A T and the A-admissibility of φ. This

implies that V p

ϱ
(T d

, T ) is continuously embedded in V
p

ϱ
(Ud

, U). By switching the
roles of (T d

, T ) and (Ud
, U), we may conclude that V p

ϱ
(Ud

, U) = V
p

ϱ
(T d

, T ) with
equivalent norms. Consequently H

p

ϱ
(T d

, T ) = H
p

ϱ
(Ud

, U) with equivalent norms.
It remains to consider the case p = ↓.

Step 1. Recall from Lemma 3.17 that the spaces V (T d
, T ) = {g → ω

≃

ϱ
(X;H) :

g = GT d,Tg} and V (Ud
, U) = {g → ω

≃

ϱ
(X;H) : g = GUd,Ug} are isometri-

cally isomorphic to H
p

ϱ
(T d

, T ) and H
p

ϱ
(Ud

, U) via CT d and CUd respectively.
Next, observe that the identities GT d,TGT d,U = GT d,U = GT d,UGUd,U are valid
in B(ω2(X;H)) due to g-frame reconstruction in H of the respective dual g-frame
pairs (T d

, T ) and (Ud
, U). Since each of these occurring g-Gram matrices is

contained in A by assumption, these identities are also valid in A and conse-
quently in B(ω≃

ϱ
(X;H)) by the (A, p0)-admissibility of φ. This implies that both

GT d,U : V (Ud
, U) ⇒⇔ V (T d

, T ) and GUd,T : V (T d
, T ) ⇒⇔ V (Ud

, U) are bounded.
Step 2. Next, note that CUd = GUd,TCT d and CT d = GT d,UCUd as operatorsH ⇒⇔

ω
2(X;H) by g-frame reconstruction of the dual g-frame pairs (T d

, T ) and (Ud
, U).

By repeating the proof details of Lemma 3.17 with GUd,T instead of GT d,T , we
also obtain that GUd,TCT d = CUd as an operator H≃

ϱ
(Ud

, U) ⇒⇔ V (Ud
, U), and

similarly, GT d,UCUd = CT d as an operator H≃

ϱ
(T d

, T ) ⇒⇔ V (T d
, T ).

Step 3. We show that [{fn}≃n=1]⇒Td,ε
= [{fn}≃n=1]⇒Ud,ε

as sets for all sequences

{fn}
≃

n=1 in H. Assume that {gn}
≃

n=1 and {hn}
≃

n=1 are two sequences in H such
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that {hn}
≃

n=1 ⇓T d,ϱ {gn}
≃

n=1. Then, by Step 2,

sup
n→N

↔CUd(gn ⇒ hn)↔ε↑ε (X;H) ↑ ↔GUd,T↔B(ε↑ε (X;H)) sup
n→N

↔CT d(gn ⇒ hn)↔ε↑ε (X;H) < ↓.

Furthermore, since {gn ⇒ hn}
≃

n=1 ⇓T d,ϱ {0}≃
n=1, we have [{gn ⇒ hn}

≃

n=1]⇒Td,ε
=

[{0}≃
n=1]⇒Td,ε

= 0 → H
≃

ϱ
(T d

, T ), which, again by Step 2, yields

lim
n↘≃

↔U
d

k
(gn ⇒ hn)↔φ(k) ↑ sup

k→X

lim
n↘≃

↔U
d

k
(gn ⇒ hn)↔φ(k)

= sup
k→X

lim
n↘≃

∥∥∥∥∥
∑

l→X

U
d

k
T

↓

l
T

d

l
(gn ⇒ hn)

∥∥∥∥∥φ(k)

= sup
k→X

∥∥∥∥∥
∑

l→X

U
d

k
T

↓

l
lim
n↘≃

T
d

l
(gn ⇒ hn)

∥∥∥∥∥φ(k)

= ↔GUd,TCT d0↔ε↑ε (X;H) = 0 (for each k → X),

where the interchange of the limit and the sum is justified by the dominated
convergence theorem as in the proof of Lemma 3.17. Thus

lim
n↘≃

↔U
d

k
(gn ⇒ hn)↔ = 0 (↗k → X),

and consequently, {gn}≃n=1 ⇓Ud,ϱ {hn}
≃

n=1. We conclude that [{fn}≃n=1]⇒Td,ε
↘

[{fn}≃n=1]⇒Ud,ε
for all sequences {fn}≃n=1 in H. The converse inclusion relation is

shown analogously by switching the roles of (T d
, T ) and (Ud

, U).
Step 4. Let f = [{fn}≃n=1]⇒Td,ε

be arbitrary. Then CT df → V (T d
, T ) by Lemma

3.17. By Step 3, we have that [{fn}≃n=1]⇒Td,ε
= [{fn}≃n=1]⇒Ud,ε

→ H
≃

ϱ
(T d

, T ),

and by Steps 1 and 2, we have that CUdf = (limn↘≃ U
d

k
fn)k→X = GUd,TCT df →

V (Ud
, U). Thus

↔f↔H↑
ε (Ud,U) = ↔CUdf↔ε↑ε (X;H) ↑ ↔GUd,T↔B(ε↑ε (X;H))↔CT df↔H↑

ε (T d,T ).

This shows that H
≃

ϱ
(T d

, T ) is continuously embedded in H
≃

ϱ
(Ud

, U). Analo-
gously, we obtain that H≃

ϱ
(Ud

, U) is continuously embedded in H
≃

ϱ
(T d

, T ) after
switching the roles of (T d

, T ) and (Ud
, U). This completes the proof.

Via the above theorem, we can extend Theorem 3.21 as follows if T and T
d

also are intrinsically localized.

Theorem 3.26. Let A be a spectral algebra and φ be an (A, p0)-admissible weight.
Let T = (Tk)k→X be an intrinsically A-localized g-frame and assume that T d =
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(T d

k
)k→X is an intrinsically A-localized dual g-frame of T such that T

d
⇓A T .

Then, for each p → (p0,↓] ∞ {0, 1},

H
p

ϱ
(T d

, T ) = H
p

ϱ
(T, T d)

with equivalent norms and

f =
∑

k→X

T
↓

k
T

d

k
f =

∑

k→X

(T d

k
)↓Tkf (↗f → H

p

ϱ
(T d

, T ))

with unconditional convergence in H
p

ϱ
(T d

, T ) for p < ↓ and unconditional con-
vergence in the ↼(H,H

00(T d))-topology in the case p = ↓ respectively.

Proof. The special case (Ud
, U) = (T, T d) of Theorem 3.25 combined with The-

orem 3.21 yields the claim.

Recall from Theorem 3.8 that if T is an intrinsically A-localized g-frame,
then T̃ ⇓A T and T̃ ⇓A T̃ , where T̃ denotes the canonical dual g-frame of
T . Therefore, given any (A, p0)-admissible weight, the spaces H

p

ϱ
(T̃ , T ) (p →

(p0,↓]∞{0, 1}) are intrinsically defined and only depend on T . In particular, we
may deduce the following result in this case.

Corollary 3.27. Let A be a spectral algebra and φ be an (A, p0)-admissible
weight. If T = (Tk)k→X is an intrinsically A-localized g-frame, then for each
p → (p0,↓] ∞ {0, 1},

H
p

ϱ
(T̃ , T ) = H

p

ϱ
(T, T̃ )

with equivalent norms and

f =
∑

k→X

T
↓

k
TkS

↔1
T

f =
∑

k→X

S
↔1
T

T
↓

k
Tkf (↗f → H

p

ϱ
(T̃ , T )), (3.13)

with unconditional convergence in H
p

ϱ
(T̃ , T ) for p < ↓ and unconditional con-

vergence in the ↼(H,H
00(T̃ ))-topology in the case p = ↓ respectively.

Remark 3.28. In the language of [32], Corollary 3.27 says that every intrinsi-
cally localized g-frame is a Banach g-frame for Hp

ϱ
(T̃ , T ) for each p → [1,↓]∞{0}.

We conclude this section with the following result on duality relations. Note
that the spaces Hq

1/ϱ(T
d
, T ) that occur below are well-defined, since, by Lemma

3.12, the weight 1/φ is (A, 1)-admissible whenever φ is (A, 1)-admissible.
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Theorem 3.29. Let A be a spectral algebra, φ be an (A, 1)-admissible weight,
T = (Tk)k→X be an intrinsically A-localized g-frame and T

d = (T d

k
)k→X be a dual

g-frame of T such that T d
⇓A T . Then


H

p

ϱ
(T d

, T )
↓

⇑ H
q

1/ϱ(T, T
d),

for all p → [1,↓) with 1
p
+ 1

q
= 1 and for (p, q) = (0, 1). In particular,

H
≃

ϱ
(T d

, T ) ⇑

H

0
ϱ
(T d

, T )
↓↓

.

Proof. We separate three cases for p.
Case (a): 1 < p < ↓.

Observe that

↽ : Hp

ϱ
(T d

, T )∋H
q

1/ϱ(T, T
d) ⇒⇔ C, ↽(f, g) =

∑

k→X

∝T
d

k
f, Tkg′

defines a bounded sesquilinear form. Indeed, by Hölder’s inequality,

|↽(f, g)| ↑
∑

k→X

↔T
d

k
f↔↔Tkg↔

↑ ↔CT df↔εpε(X;H)↔CT g↔εq1/ε(X;H)

= ↔f↔Hp
ε(T d,T )↔g↔Hq

1/ε(T,T
d).

As a consequence, the map

⇁ : Hq

1/ϱ(T, T
d) ⇒⇔ (Hp

ϱ
(T d

, T ))↓, g △⇔ ⇁(g),

where the action of ⇁(g) on any f → H
p

ϱ
(T d

, T ) is given by ⇁(g)(f) = ↽(f, g),
defines a linear and bounded operator. We will prove that ⇁ is bijective.

In order to prove that ⇁ is surjective, let ϱ → (Hp

ϱ
(T d

, T ))↓ be arbitrary. Then
ϱ ∃DT → (ωp

ϱ
(X;H))↓ due to Proposition 3.20. Since (ωp

ϱ
(X;H))↓ ⇓= ω

q

1/ϱ(X;H),
there exists a unique (gk)k→X → ω

q

1/ϱ(X;H) with ϱ(DT (hk)k→X) =
∑

k→X
∝hk, gk′

for all (hk)k→X → ω
p

ϱ
(X;H) [30, Chapter 1]. In particular, g := DT d(gk)k→X →

H
q

1/ϱ(T, T
d) due to Proposition 3.20. We will show that

ϱ(f) =
∑

k→X

∝T
d

k
f, Tkg′ (↗f → H

p

ϱ
(T d

, T )), (3.14)

which readily implies that ⇁ is surjective. By density, it su”ces to verify (3.14)
for f → H

00(T ). To this end, fix some arbitrary f → H
00(T ) and let ϑ > 0. By

density of ω11/ϱ(X;H) in ω
q

1/ϱ(X;H), there exists some (hφ

k
)k→X → ω

1
1/ϱ(X;H), such
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that ↔(gk)k→X ⇒ (hφ

k
)k→X↔εq1/ε(X;H) < ϑ. Then, again by Proposition 3.20, hφ :=

DT d(hφ

k
)k→X → H

1
1/ϱ(T, T

d). Using Hölder’s inequality, we may start estimating

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkg′

∣∣∣∣∣

↑

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkh

φ
′

∣∣∣∣∣+

∣∣∣∣∣
∑

k→X

∝T
d

k
f, Tk(g ⇒ h

φ)′

∣∣∣∣∣

↑

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkh

φ
′

∣∣∣∣∣+
∑

k→X

↔T
d

k
f↔φ(k)↔Tk(g ⇒ h

φ)↔φ(k)↔1

↑

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkh

φ
′

∣∣∣∣∣+ ↔f↔Hp
ε(T d,T )↔GT,T d((gk)k→X ⇒ (hφ

k
)k→X)↔εq1/ε(X;H)

<

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkh

φ
′

∣∣∣∣∣+ ϑ↔f↔Hp
ε(T d,T )↔GT,T d↔B(εq1/ε(X;H)). (3.15)

Next, let F1 ↘ F2 ↘ . . . be some nested sequence of finite subsets of X such that
≃

n=1 Fn = X. Then we have for each k → X that

1

φ(k)

∥∥∥∥∥Tkh
φ
⇒

∑

l→X

Tk(T
d

l
)↓hφ

l

∥∥∥∥∥ = lim
n↘≃

1

φ(k)

∥∥∥∥∥Tkh
φ
⇒ Tk

∑

l→Fn

(T d

l
)↓hφ

l

∥∥∥∥∥

↑ lim
n↘≃

∥∥∥∥∥CT

(
h
φ
⇒

∑

l→Fn

(T d

l
)↓hφ

l

)∥∥∥∥∥
ε
1
1/ε(X;H)

= lim
n↘≃

∥∥∥∥∥
∑

l→X

(T d

l
)↓hφ

l
⇒

∑

l→Fn

(T d

l
)↓hφ

l

∥∥∥∥∥
H

1
1/ε(T,T

d)

= 0

by continuity of DT d and unconditional convergence of DT d(hφ

l
)l→X (see Proposi-

tion 3.20). Thus Tkh
φ =

∑
l→X

Tk(T d

l
)↓hφ

l
in H for each k → X. Consequently, we

may rewrite the first term in (3.15) to

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkh

φ
′

∣∣∣∣∣ =

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∑

l→X

∝T
d

k
f, Tk(T

d

l
)↓hφ

l
′

∣∣∣∣∣ . (3.16)

Now, we interchange the order of summation in (3.16) via Fubini’s theorem. This
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is possible, since (hφ

l
)l→X → ω

1
1/ϱ(X;H); indeed,

∑

l→X

∑

k→X

|∝T
d

k
f, Tk(T

d

l
)↓hφ

l
′| ↑

∑

l→X

∑

k→X

↔T
d

k
f↔φ(l)↔Tk(T

d

l
)↓↔↔hφ

l
↔φ(l)↔1

↑

∑

l→X

↔h
φ

l
↔φ(l)↔1 sup

m→X

∑

k→X

↔T
d

m
T

↓

k
↔↔T

d

k
f↔φ(m)

= ↔(hφ

l
)l→X↔ε11/ε(X;H)↔G · (↔T d

k
f↔)k→X↔ε↑ε (X)

↑ ↔(hφ

l
)l→X↔ε11/ε(X;H)↔G↔B(ε↑ε (X))↔CT df↔ε↑ε (X) < ↓,

where we used that the scalar matrixG =
[
↔T

d

k
T

↓

l
↔
]
k,l→X

is contained in B(ω≃
ϱ
(X))

due to Lemma 2.4 and since φ is (A, 1)-admissible. Continuing the calculation
(3.16), we see again via Hölder’s inequality that

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkh

φ
′

∣∣∣∣∣ =

∣∣∣∣∣ϱ(f)⇒
∑

l→X


∑

k→X

T
↓

k
T

d

k
f, (T d

l
)↓hφ

l

∣∣∣∣∣

=

∣∣∣∣∣ϱ(f)⇒
∑

l→X

∝f, (T d

l
)↓hφ

l
′

∣∣∣∣∣

=

∣∣∣∣∣ϱ(f)⇒
∑

l→X

∝T
d

l
f, h

φ

l
′

∣∣∣∣∣

↑

∣∣∣∣∣ϱ(f)⇒
∑

l→X

∝T
d

l
f, gl′

∣∣∣∣∣+

∣∣∣∣∣
∑

l→X

∝T
d

l
f, gl ⇒ h

φ

l
′

∣∣∣∣∣

< |ϱ(f)⇒ ϱ(DTCT df)|+ ϑ↔CT df↔Hp
ε(T d,T )

= ϑ↔f↔Hp
ε(T d,T ),

where we also applied Theorem 3.26 twice. Combining the latter with (3.15) we
finally arrive at

∣∣∣∣∣ϱ(f)⇒
∑

k→X

∝T
d

k
f, Tkg′

∣∣∣∣∣ < ϑ↔f↔Hp
ε(T d,T )


1 + ↔GT,T d↔B(εq1/ε(X;H))


.

Since ϑ can be arbitrarily small, (3.14) follows.
To show that ⇁ is injective, it su”ces to show the existence of a left-inverse

of ⇁. Consider the map RDT : (Hp

ϱ
(T d

, T ))↓ ⇒⇔ (ωp
ϱ
(X;H))↓, ϱ △⇔ ϱ ∃DT . Then

it is straightforward to verify that RDT is linear and bounded. Next, let J :
(ωp

ϱ
(X;H))↓ ⇒⇔ ω

q

1/ϱ(X;H) denote the canonical isomorphism satisfying µ( · ) =∑
k→X

∝[ · ]k, [J(µ)]k′ for µ → (ωp
ϱ
(X;H))↓ [30, Chapter 1]. Then Proposition 3.20

guarantees that # := DT d ∃ J ∃ RDT : (Hp

ϱ
(T d

, T ))↓ ⇒⇔ H
q

1/ϱ(T, T
d) is linear
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and bounded and we claim that # is a left-inverse of ⇁. By boundedness of #
and ⇁ it su”ces to verify the identity #⇁(g) = g on the dense subspace H

00(T d)
of H

q

1/ϱ(T, T
d). To this end, fix some arbitrary g → H

00(T d). Then for any

f → H
00(T ) we have due to g-frame reconstruction in H

00(T ) ↘ H that

∝f, g′ =
∑

k→X

∝T
d

k
f, Tkg′

= ⇁(g)(f)

= ⇁(g)(DTCT df)

= RDT⇁(g)(CT df)

=
∑

k→X

∝T
d

k
f, [JRDT⇁(g)]k′ =: (̸).

On the other hand we also have ⇁(g) → H
↓, which implies RDT⇁(g) → (ω2(X;H))↓

and thus JRDT⇁(g) → ω
2(X;H). Therefore, we may write

(̸) = ∝CT df, JRDT⇁(g)′ε2(X;H) = ∝f,DT dJRDT⇁(g)′H = ∝f,#⇁(g)′H.

In other words, we have shown that ∝f,#⇁(g)⇒ g′ = 0 for all f → H
00(T ), which,

by density of H00(T ) in H, yields g = #⇁g → H
00(T ). Thus ⇁ is injective.

Case (b): p = 0.
In the case (p, q) = (0, 1) the proof is analogous to case (a); we only point

out the following minor di!erences: The sesquilinear form ↽ on H
0
ϱ
(T d

, T ) ∋
H

1
1/ϱ(T, T

d) is bounded by ↔f↔H0
ε(T

d,T )↔g↔H1
1/ε(T,T

d); ϱ ∃ DT → (ω0
ϱ
(X;H))↓ for

every ϱ → H
0
ϱ
(T d

, T ) (again due to Proposition 3.20); and we use that J :
(ω0

ϱ
(X;H))↓ ⇒⇔ ω

1
1/ϱ(X;H) is an isomorphism induced by the sesquilinear form∑

k→X
∝fk, gk′ on ω

0
ϱ
(X;H) ∋ ω

1
1/ϱ(X;H) [47, Theorem 3.1]. Note, that the sur-

jectivity of ⇁ can be shown in a more straightforward manner, because in this
case (gk)k→X is already contained in ω

1
1/ϱ(X;H) and no density argument via h

φ

is required to justify the change of order of summation.
Case (c): p = 1.

In the case p = 1 (i.e. q = ↓), the adaptations of case (a) to this setting are
as follows: Recalling that CTu = (Tku)k→X := (limn↘≃ Tkun)k→X → ω

≃

1/ϱ(X;H)

whenever u = [{un}
≃

n=1]⇒T,1/ε
→ H

≃

1/ϱ(T, T
d), we again see via Hölder’s inequality

that ↽ : H1
ϱ
(T d

, T ) ∋ H
≃

1/ϱ(T, T
d) ⇒⇔ C, ↽(f, g) =

∑
k→X

∝T
d

k
f, Tkg′ defines a

bounded sesquilinear form. So, ⇁ can be defined again analogously as in case (a).
We show that ⇁ is surjective. As in case (a), for given ϱ → (H1

ϱ
(T d

, T ))↓, there
exists a unique (gk)k→X → ω

≃

1/ϱ(X;H) with ϱ(DT (hk)k→X) =
∑

k→X
∝hk, gk′ for all

(hk)k→X → ω
1
ϱ
(X;H). We again set g := DT d(gk)k→X → H

≃

1/ϱ(T, T
d) and calculate
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via Theorem 3.26

ϱ(f) = ϱ(DTCT df)

=
∑

k→X

∝T
d

k
f, gk′

=
∑

k→X

lim
n↘≃


T

d

k

∑

l→Fn

T
↓

l
T

d

l
f, gk



=
∑

k→X

lim
n↘≃

∑

l→Fn


T

d

l
f, Tl(T

d

k
)↓gk



=
∑

k→X

∑

l→X


T

d

l
f, Tl(T

d

k
)↓gk



=
∑

l→X

∑

k→X


T

d

l
f, Tl(T

d

k
)↓gk



=
∑

l→X

lim
n↘≃


T

d

l
f, Tl

∑

k→Fn

(T d

k
)↓gk.



=
∑

l→X


T

d

l
f, Tlg


.

This time, the order of summation may be switched due to
∑

l→X

∑

k→X

|∝T
d

l
f, Tl(T

d

k
)↓gk′| ↑

∑

l→X

∑

k→X

↔T
d

l
f↔φ(l)↔Tl(T

d

k
)↓↔↔gk↔φ(l)

↔1

↑

∑

l→X

↔T
d

l
f↔φ(l) sup

m→X

∑

k→X

↔Tm(T
d

k
)↓↔↔gk↔φ(m)↔1

= ↔f↔H1
ε(T

d,T ) ↔G
↗
· (↔gl↔)l→X↔ε↑1/ε(X)

↑ ↔f↔H1
ε(T

d,T ) ↔G
↗
↔
B(ε↑1/ε(X)) ↔(gl)l→X↔ε↑1/ε(X;H) < ↓,

where we analogously used that G↗ =
[
↔Tk(T d

l
)↓↔

]
k,l→X

→ B(ω≃1/ϱ(X)).
Finally, we show the injectivity of ⇁ by proving the existence of a left-inverse #

of ⇁. As in case (a), we consider the operatorRDT → B((H1
ϱ
(T d

, T ))↓, (ω1
ϱ
(X;H))↓)

and the canonical isomorphism J : (ω1
ϱ
(X;H))↓ ⇒⇔ ω

≃

1/ϱ(X;H). For arbitrary

f → H
00(T ) ↘ H

1
ϱ
(T d

, T ) and g = [{gn}≃n=1]⇒T,1/ε
→ H

≃

1/ϱ(T, T
d) we see that

⇁(g)(f) =
∑

k→X

lim
n↘≃

∝T
d

k
f, Tkgn′ = lim

n↘≃

∑

k→X

∝T
d

k
f, Tkgn′ = lim

n↘≃

∝f, gn′,

where we applied g-frame reconstruction inH in the third step and the dominated
convergence theorem in the second step upon noticing that CT df → ω

1
ϱ
(X;H) and
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↔Tkgn↔φ(k)↔1
↑ C due to (3.7). At the same time we have as above

⇁(g)(f) = ⇁(g)(DTCT df)

= RDT⇁(g)(CT df)

=
∑

k→X

∝T
d

k
f, [JRDT⇁(g)]k′

= lim
n↘≃


f,

∑

k→Fn

(T d

k
)↓[JRDT⇁(g)]k



with JRDT⇁(g) → ω
≃

1/ϱ(X;H). The composition # := DT d ∃J ∃RDT is an element

in B(H1
ϱ
(T d

, T ))↓,H≃

1/ϱ(T, T
d)) and we have

#⇁(g) =

{
∑

k→Fn

(T d

k
)↓[JRDT⇁(g)]k

≃

n=1



⇒T,1/ε

= [{(#⇁(g))n}
≃

n=1]⇒T,1/ε
→ H

≃

1/ϱ(T, T
d).

Therefore, we may conclude from the above that

lim
n↘≃

∝f, gn′ = ⇁(g)(f) = lim
n↘≃

∝f, (#⇁(g))n′ (↗f → H
00(T )).

Specifying to elements of the form f = T
↓

k
h → H

00(T ) (k → X, h → H) implies

lim
n↘≃

∝h, Tk


gn ⇒ (#⇁(g))n


′ = 0 (↗k → X, ↗h → H). (3.17)

However, since g ⇒ #⇁(g) → H
≃

1/ϱ(T, T
d), we know (see Definition 3.16) that for

each k → X the limit limn↘≃ Tk


gn ⇒ (#⇁(g))n


= Tk(g ⇒ #⇁(g)) → H exists

and has to be zero as a consequence of (3.17). In particular, we have shown that
limn↘≃ ↔Tk


gn ⇒ (#⇁(g))n


↔ = 0 for each k → X. Since g⇒#⇁(g) → H

≃

1/ϱ(T, T
d)

we also have sup
n→N ↔CT


gn ⇒ (#⇁(g))n


↔ε↑1/ε(X;H) < ↓. Thus {gn}

≃

n=1 ⇓T,1/ϱ

{(#⇁(g))n}≃n=1, i.e. g = #⇁(g) in H
≃

1/ϱ(T, T
d). This completes the proof.

4 Application to Gabor g-frames

We now turn to the Hilbert space H = L
2(Rd) and consider Gabor g-frames,

which were introduced in [44].
We recall some basic notions from time-frequency analysis [26]. The funda-

mental operators in time-frequency analysis are the translation operator Tx and
the modulation operator Mϱ given by

Txf(t) = f(t⇒ x) and Mϱf(t) = e
2↼iϱ·t

f(t) (x,φ → Rd).
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Their composition π(z) = MϱTx, where z = (x, w) → R2d, is called a time-
frequency shift by z. Each of the operators Tx, Mϱ and π(z) is unitary on L

2(Rd).
If g is some window function, then the short-time Fourier transform (STFT) of
a function f with respect to the window g is given by

Vgf(x, w) =



Rd

f(t)g(t⇒ x)e↔2↼iϱ·t
dt (x, w → Rd).

Setting z = (x, w) → R2d, we may rewrite the above to

Vgf(z) = ∝f, π(z)g′ (z → R2d)

whenever the bracket is well-defined. An important class of function spaces in
time-frequency analysis are the modulation spaces defined as follows. Let g0(t) =
2

d
4 e

↔↼t
2
denote the normalized Gaussian in L

2(Rd) (where t
2 = t · t) and let

εs(x) = (1 + |x|)s be the standard polynomial weight. Then M
1
ωs
(Rd) is the

Banach space of all f → L
2(Rd) such that

↔ϕ↔M1
ωs (Rd) =



R2d

|Vg0f(z)|εs(z) dz < ↓. (4.1)

The space S0 = M
1
ω0

is known as Feichtinger’s algebra [21]. For a εs-moderate
weight m and p → [1,↓] the modulation space M

p

m
(Rd) is the space of all elements

f in the anti-linear dual space (M1
ωs
(Rd))↗ for which

↔ϕ↔Mp
m(Rd) =



R2d

|Vg0f(z)|
p
m(z)p dz

 1
p

< ↓. (4.2)

We collect some important properties of modulation spaces we will need.

Proposition 4.1. [26] Let m be a εs-moderate weight and p → [1,↓].

(a) M
p

m
(Rd) is a Banach space with respect to the norm defined in (4.2).

(b) If 1 ↑ p1 ↑ p2 ↑ ↓ and m2(z) ↑ Cm1(z) for some C > 0, then M
p1
m1

(Rd)
is continuously and densely embedded into M

p2
m2

(Rd).

(c) M
2
1 (Rd) = L

2(Rd) with equivalent norms.

Returning to the g-frame setting, we are interested in families consisting of
shifts of some window operator T → B(L2(Rd)) in the time-frequency plane. More
precisely, the translation of the operator T by z → R2d [33] is given by

⇀z(T ) := (π(z)¬ π(z))(T ) = π(z)Tπ(z)↓.
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For a countable set X ↘ R2d and a window operator T → B(L2(Rd)) we call the
family

G = G(T,X) = (⇀k(T ))k→X

a g-Gabor system. In the terminology of [44], such a g-Gabor system G(T,X) is
called a Gabor g-frame, if it is a g-frame for L

2(Rd), i.e. if there exist positive
constants 0 < A ↑ B < ↓ such that

A↔f↔
2
↑

∑

k→X

↔⇀k(T )f↔
2
↑ B↔f↔

2 (↗f → L
2(Rd)). (4.3)

In [44] regular Gabor g-frames (which correspond to X = $ ⇐ R2d being a full-
rank lattice) were considered. In particular, via Fourier methods for periodic
operators, which ultimately rely on the group structure of the lattice k, Skret-
tingland proved in [44] several results for this class of g-frames, which typically
are concluded from suitable localization properties of a given frame in some ab-
stract Hilbert space H [24]. We will extend some of those results to the case of
irregular Gabor g-frames (i.e. Gabor g-frames indexed by some arbitrary rela-
tively separated set X ⇐ R2d) by showing that g-Gabor systems with respect to
some suitably nice window operator T are polynomially localized (in the sense of
Example 3.4 (1.)).

To this end, we consider the class Bωs⇑ωs of integral operators acting boundedly
on L

2(Rd), whose integral kernel belongs to M
1
ωs⇑ωs

(R2d), where

M
1
ωs⇑ωs

(R2d) ⇓= M
1
ωs
(Rd)¬̂M

1
ωs
(Rd)

=

{
∑

n→N

ϕn ¬ ▷n :
∑

n→N

↔ϕn↔M1
ωs (Rd)↔▷n↔M1

ωs (Rd) < ↓


(4.4)

is the projective tensor product of the Banach space M
1
ωs
(Rd) with itself. Here

g¬f denotes the rank-one operator given by (g¬f)(h) = ∝h, f′g, where f, g, h →

L
2(Rd). The space Bωs⇑ωs was studied in [44] in detail. We collect the following

properties, which we will need.

Proposition 4.2. [44] Let T → Bωs⇑ωs. Then the following hold:

(a) There exist sequences {ϕn}n→N and {▷n}n→N in M
1
ωs
(Rd) with

∑

n→N

↔ϕn↔M1
ωs (Rd)↔▷n↔M1

ωs (Rd) < ↓,

such that T can be written as a sum of rank-one operators

T =
∑

n→N

ϕn ¬ ▷n. (4.5)

The decomposition (4.5) converges absolutely in Bωs⇑ωs, in the space of trace
class operators on L

2(Rd), and in B(L2(Rd)).
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(b) Let T ↓
→ B(L2(Rd)) denote the adjoint operator of T . Then T

↓
→ Bωs⇑ωs.

In particular, if T =
∑

n→N ϕn ¬ ▷n, then T
↓ =

∑
n→N ▷n ¬ ϕn.

We are now ready to prove the main theorem of this section, which provides
a concrete example of an intrinsically localized operator-valued sequence.

Theorem 4.3. Let X ⇐ R2d be relatively separated, s > 2d, and T → Bωs⇑ωs.
Then the g-Gabor system G = G(T,X) is intrinsically Js-localized. In particular,
G(T,X) is a g-Bessel sequence for L

2(Rd).

Proof. If T → Bωs⇑ωs , then, by Proposition 4.2, also T
↓
→ Bωs⇑ωs and there exist

sequences {ϕn}n→N, {▷n}n→N in M
1
ωs
(Rd) with

∑
n→N ↔ϕn↔M1

ωs
↔▷n↔M1

ωs
< ↓ such

that T =
∑

n→N ϕn¬▷n and T
↓ =

∑
n→N ▷n¬ϕn. We first show that there exists

some constant C > 0 such that

↔[GG]k,l↔ ↑ C(1 + |k ⇒ l|)↔s (↗k, l → X).

Observe that [GG]k,l = ⇀k(T )⇀l(T )↓ = π(k)Tπ(k)↓π(l)T ↓
π(l)↓. Then for arbitrary

f → L
2(Rd) we have

[GG]k,lf = π(k)

(
∑

m→N

ϕm ¬ ▷m

)
π(k)↓π(l)

(
∑

n→N

▷n ¬ ϕn

)
π(l)↓f

=

(
∑

m→N

(π(k)ϕm)¬ (π(k)▷m)

)(
∑

n→N

(π(l)▷n)¬ (π(l)ϕn)

)
f

=

(
∑

m→N

(π(k)ϕm)¬ (π(k)▷m)

)
∑

n→N

∝f, π(l)ϕn′π(l)▷n

=
∑

m→N

∑

n→N

∝f, π(l)ϕn′∝π(l)▷n, π(k)▷m)′π(k)ϕm.

This implies that

↔[GG]k,lf↔L2 ↑

∑

m→N

∑

n→N

↔f↔L2↔ϕn↔L2↔ϕm↔L2 |V↽m(π(l)▷n)(k)|,

↑ C
2
0

∑

m→N

∑

n→N

↔f↔L2↔ϕn↔M1
ωs
↔ϕm↔M1

ωs
|V↽m▷n(k ⇒ l)|,

where, in the latter estimate, we used the covariance property of the STFT [26]
and the continuous embedding M

1
ωs
(Rd) ◁⇔ L

2(Rd) (see Proposition 4.1). Since
↔g0↔L2(Rd) = 1, the STFT satisfies the pointwise estimate

|V↽m▷n| ↑
1

↔g0↔
2
L2(Rd)

|Vg0▷n| ̸ |V↽mg0| = |Vg0▷n| ̸ |V↽mg0|
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(see [26, Theorem 11.3.7]). Hence, we may apply Young’s inequality for weighted
L
p-spaces [26, Proposition 11.1.3] and obtain that

|V↽m▷n(k ⇒ l)|εs(k ⇒ l) ↑ ↔V↽m▷n↔L↑
ωs

↑ ↔Vg0▷n↔L↑
ωs
↔V↽mg0↔L1

ωs
.

Since εs is a symmetric weight it holds ↔V↽mg0↔L1
ωs

= ↔Vg0▷m↔L1
ωs
. Together with

the continuous embedding M
1
ωs
(Rd) ◁⇔ M

≃

ωs
(Rd) this yields

|V↽m▷n(k ⇒ l)|εs(k ⇒ l) ↑ ↔Vg0▷n↔L↑
ωs
↔Vg0▷m↔L1

ωs

= ↔▷n↔M↑
ωs
↔▷m↔M1

ωs

↑ C1↔▷n↔M1
ωs
↔▷m↔M1

ωs
.

Altogether, we see that

↔[GG]k,l↔ ↑ C
2
0

∑

m→N

∑

n→N

↔ϕn↔M1
ωs
↔ϕm↔M1

ωs
|V↽m▷n(k ⇒ l)|

↑
C

2
0C1

εs(k ⇒ l)

∑

m→N

∑

n→N

↔ϕn↔M1
ωs
↔ϕm↔M1

ωs
↔▷n↔M1

ωs
↔▷m↔M1

ωs

=
C

2
0C1

εs(k ⇒ l)

(
∑

m→N

↔ϕm↔M1
ωs
↔▷m↔M1

ωs

)(
∑

n→N

↔ϕn↔M1
ωs
↔▷n↔M1

ωs

)

= C(1 + |k ⇒ l|)↔s
.

Since k, l → X were arbitrary, the latter implies that G(T,X) is intrinsically
Js-localized. By Proposition 3.6, G(T,X) is therefore a g-Bessel sequence.

In particular, if a Gabor g-system as above is a g-frame for L2(Rd), we may
apply our machinery established so far and obtain further results. We note that
su”ciency conditions for such Gabor g-systems over a lattice being a frame were
given in [44].

Theorem 4.4. Let X ⇐ R2d be relatively separated, s > 2d + r for some r ↙ 0,
T → Bωs⇑ωs, and m be a εr-moderate weight. If G = G(T,X) constitutes a Gabor
g-frame for L2(Rd), then G and its canonical dual G̃ are intrinsically and mutually
Js-localized. In other words, there exist constants C1, C2, C3 > 0 such that

↔Tπ(k)↓π(l)T ↓
↔ ↑ C1(1 + |k ⇒ l|)↔s (↗k, l → X)

↔Tπ(k)↓S↔1
G

π(l)T ↓
↔ ↑ C2(1 + |k ⇒ l|)↔s (↗k, l → X)

↔Tπ(k)↓S↔2
G

π(l)T ↓
↔ ↑ C3(1 + |k ⇒ l|)↔s (↗k, l → X). (4.6)

Furthermore, for each p → ( 2d
s↔r

,↓] ∞ {0}, the space H
p

m
(G̃,G) is a well-defined

(quasi-) Banach space and it holds

f =
∑

k→X

π(k)T ↓
Tπ(k)↓S↔1

G
f =

∑

k→X

S
↔1
G

π(k)T ↓
Tπ(k)↓f (↗f → H

p

m
(G̃,G))
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with unconditional convergence in H
p

m
(G̃,G) for p → ( 2d

s↔r
,↓)∞ {0} and uncondi-

tional convergence in the ↼(H,H
00(G̃))-topology in the case p = ↓ respectively.

Proof. Since s > 2d, Js is a spectral algebra by Example 3.4 (1.). Furthermore,
since T → Bωs⇑ωs , Theorem 4.3 guarantees that G is intrinsically Js-localized,
which is equivalent to the first inequality in (4.6). If G̃ denotes the canonical
dual g-frame of G, then Theorem 3.8 implies that G̃ ⇓Js G and G̃ ⇓Js G̃, which is
equivalent to the second and third inequality in (4.6) respectively. Moreover, the
assumptions on m and Example 3.11 (1.) imply that m is an (Js,

2d
s↔r

)-admissible
weight. Hence, an application of Corollary 3.27 yields the remaining part of the
theorem.

Remark 4.5. We expect that the modulation spaces M
p

ωs⇑ωs
considered in [44]

coincide (up to norm-equivalence) with the co-orbit spaces H
p

ωs
(G̃,G) appearing

in the latter theorem. Similarly, we expect that the co-orbit spaces of operators
discussed in [18] can be identified with co-orbit spaces associated with certain
localized g-frames. We leave a more detailed investigation on this matter to future
works.
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2001.
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LOCALIZED FRAMES WITHOUT INEQUALITIES

P. BALAZS, L. KÖHLDORFER, AND M. SPECKBACHER

Abstract. We consider countable families of vectors in a separable Hilbert
space, which are mutually localized with respect to a fixed localized Riesz basis.
We prove the equivalence of the frame property and nine conditions that do
not involve any inequalities. This is done by studying the properties of their
frame-related operators on the co-orbit spaces generated by the reference Riesz
basis. We apply our main result to the setting of shift-invariant spaces and
obtain new conditions for stable sets of sampling.

1. Introduction

A frame is a natural generalization of the notion of orthonormal bases for a
Hilbert space that allows for redundant representations, making them particularly
suited for applications, for example, in signal processing. A frame is defined as a
countable family of vectors (ωk)k→X for which the famous chain of inequalities

(1) A →f→
2
↑

∑

k→X

|↓f,ωk↔|
2
↑ B →f→

2
, f ↗ H,

is satisfied. In the article [21], Gröchenig gave fourteen equivalent conditions with-
out inequalities for a Gabor system over a lattice with non-zero window in the
modulation space M

1(Rd) being a frame. The main result of [21] is that any such
Gabor system G = G(g,!) is a frame for L2(Rd) if and only if the associated frame
related operators satisfy certain mapping properties, for example, if the analysis
operator CG : M↑(Rd) ↘ ε

↑(!) is injective. The proof of the latter relies on deep
results of Gabor systems over lattices, such as the Ron-Shen duality principle [31],
Wiener’s Lemma for twisted convolutions [23], and a result on linear independence
of time-frequency shifts [21].

In many settings, however, frame theoretic results are ultimately not the con-
sequence of an underlying group structure, but follow from localization properties
of the frame, see, e.g., kernel theorems (compare [6, 14] with [10]), invertibility
results of Gabor frame operators on modulation spaces [19, 23, 25], or a partial
generalization [25, Theorem 5.1] of [21, Theorem 3.1]. A frame (ϑk)k→X is said to
be localized, if its Gram matrix is contained in a spectral matrix algebra (see [15]
or Definition 2). To a localized frame ϑ one can then associate a family of Banach
spaces, the so-called co-orbit spaces H

p(ϑ) (1 ↑ p ↑ ≃) which are defined in terms
of summability conditions on the analysis coe”cients (↓f,ϑk↔)k→X , see Section 2.3
for further details.

Returning to Gabor analysis, we note that the property g ↗ M
1(Rd) of the

window function can be seen as a localization assumption. Indeed, in the case
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! = Zd, we note that G(g,Zd) is localized with respect to the unweighted Baskakov-
Gohberg-Sjöstrand algebra C (see Example 4 (3)), and in the case of more irregular
sets !, similar (more general) properties have been shown [25]. Furthermore, if
G is a frame, the modulation spaces M

p(Rd) coincide with the co-orbit spaces
H

p(G) (1 ↑ p ↑ ≃) generated from G in this case [25, Theorem 3.2]. Naturally,
these observations lead to the question, whether abstract localized frames can be
characterized in a similar fashion as in [21], namely via properties of their associated
frame-related operators on their respective co-orbit spaces.

In this article we give several equivalent conditions for a suitably localized count-
able family ϑ = (ϑk)k→X of vectors in some abstract separable Hilbert space H

being a frame. Let Cω, Dω and Sω denote the analysis, synthesis and frame oper-
ator respectively, and set Ranp(Cω) := Cω(Hp(ω)) and Ranp(Dω) := Dω(εp(X)),
see Section 2 for the detailed definitions. The formulation of our main result is as
follows:

Theorem 1. Let A be a spectral algebra and ω = (ωk)k→X be an intrinsically A-
localized Riesz basis in H. Let ϑ = (ϑk)k→X be a family in H, which is mutually
A-localized with respect to ω, and let ϖ = (ϖk)k→X be given by

ϖk =
∑

l→X

↓ϑl,ωk↔S
↓1/2
ε

ωl, k ↗ X.

Then the following are equivalent.

(1) ϑ is a frame for H.
(2) Sω is invertible on H

1(ω).
(3) Sω is invertible on H

↑(ω).
(4) Cω : H↑(ω) ↘ ε

↑(X) is injective and Ran↑(Cω) as well as Ran↑(Dω)
are closed.

(5) Dω : ε1(X) ↘ H
1(ω) is surjective and Ran1(Cω) is closed.

(6) Dϑ : ε↑(X) ↘ H
↑(ω) is injective and Ran↑(Cϑ) as well as Ran↑(Dϑ)

are closed.
(7) Cϑ : H1(ω) ↘ ε

1(X) is surjective and Ran1(Dw) is closed.
(8) Gϑ is invertible on ε

1(X).
(9) Gϑ is invertible on ε

↑(X).
(10) ϖ is a Riesz sequence in H.

In particular, if any of the above conditions is satisfied, then H
p(ϑ) = H

p(ω) with
equivalent norms (1 ↑ p ↑ ≃).

Naturally, the price for working in an abstract Hilbert space is that less structure
and less tools are available. This forces us to impose additional assumptions in the
statements of Theorem 1, when compared with [21].

First, while the modulation spaces M
p(Rd) can be intrinsically defined via the

short-time Fourier transform associated with the omnipresent Gaussian (or any
other Schwartz function) [18], the definition and many relevant properties of the co-
orbit spaces Hp(ω) depend on the frame property of some explicitly given localized
frame ω. This is the reason why we relate the family ϑ to an intrinsically localized
reference frame ω generating the co-orbit spaces H

p(ω), instead of working with
the co-orbit spaces Hp(ϑ) directly.

Second, to our knowledge, there is currently no canonical generalization of the
Ron-Shen duality principle to abstract frames in the literature. The Ron-Shen
duality principle connects any Gabor frame on a lattice with its (dual) Gabor Riesz
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sequence generated by the same window on the adjoint lattice. In Theorem 1 we
consider the family ϖ, which, in the language of [33], is a so-called R-dual of type III
of ϑ, and serves as a substitute of the aforementioned Ron-Shen dual. In general,
however, an R-dual associated with a Gabor frame on a lattice does not coincide
with its Ron-Shen dual, see [11, 33] for a discussion of this matter. In order to
guarantee that the R-dual ϖ is a Riesz sequence if and only if ϑ is a frame, we
additionally have to assume that the reference system ω is in fact a Riesz basis
and not only a frame. Thus, our localization assumption ϑ ⇐A ω corresponds to
the original localization concept from [19] in the case A = Js (see Example 4 (1)),
which was followed by several other publications on this topic [1, 3, 4, 5, 15, 20].
At the same time, however, it might be very di”cult, if not even impossible for a
Gabor frame to be localized with respect to a localized Riesz basis (see also [19,
Section 5] for a discussion of this issue).

Finally, several closed range conditions appear in our setting but not in [21,
Theorem 3.1]. We show in Example 28 and Remark 29, that each of the closed
range conditions appearing in Theorem 1 is in fact necessary in our setting, since
otherwise, the statement is simply not true. For Gabor frames, however, these
conditions are automatically satisfied, see Example 27.

By the previous observations, Theorem 1 does not directly generalize [21, Theo-
rem 3.1]. However, [21] served as inspiration for this article, and multiple equivalent
conditions of [21, Theorem 3.1] can be translated directly into conditions in Theo-
rem 1. We refer to Section 5 for a more detailed comparison.

This article is structured as follows. In Section 2 we fix our notation and summa-
rize some relevant concepts and results from the literature. In Section 3 we prove
some auxiliary results, which we utilize in Section 4, where we prove our main re-
sult. In Section 5 we compare Theorem 1 to [21, Theorem 3.1], which initiated the
research on the content of this article. Finally, Section 6 is devoted to applying our
main result in the setting of shift-invariant spaces.

2. Preliminaries and Notation

Throughout this manuscript H denotes a separable Hilbert space and X a count-
able (index) set. If not explicitly stated otherwise, →·→ and the bracket ↓·, ·↔ (without
index) denote the norm and the inner product on H, respectively. Whenever we
talk about the dual space B

↔ of a Banach space B, we refer to the anti-linear
(topological) dual space of B. In particular, the identification (εp(X))↔ = ε

q(X)
(for 1 ↑ p < ≃, 1

p
+ 1

q
= 1) is based on the sesquilinear form
〈
(ck)k→X , (dk)k→X

〉
ϖp↗ϖq

=
∑

k→X

ckdk

in order to be compatible with the Hilbert space duality on ε
2(X).

2.1. Basic Frame Theory. A countable family ω := (ωk)k→X of vectors in H is
called a frame, if there exist constants A,B > 0 such that

(2) A →f→
2
↑

∑

k→X

|↓f,ωk↔|
2
↑ B →f→

2
, f ↗ H.

For a comprehensive introduction to frames in Hilbert space we refer the reader
to [12]. If the upper, but not necessarily the lower inequality in (2) is satisfied for
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some prescribed B > 0 and all f ↗ H, then ω is called a Bessel sequence. Whenever
ω is a Bessel sequence, both the analysis operator, defined as

Cε : H ↘ ε
2(X), Cεf =

(
↓f,ωk↔

)
k→X

,

and the synthesis operator, defined as

Dε : ε2(X) ↘ H, Dεc =
∑

k→X

ckωk,

are bounded and adjoint to one another, where the latter series converges uncondi-
tionally in H. A combination of the analysis and the synthesis operator yields the
frame operator

Sε = DεCε : H ↘ H, Sεf =
∑

k→X

↓f,ωk↔ωk.

If ω is a frame, then Sε is bounded, positive, self-adjoint and invertible and the
family ω̃ =

(
ω̃k

)
k→X

:=
(
S
↓1
ε

ωk

)
k→X

is another frame, called the canonical dual
frame, that satisfies

(3) f = DεCε̃f =
∑

k→X

↓f, ω̃k↔ωk = Dε̃Cεf =
∑

k→X

↓f,ωk↔ω̃k, f ↗ H.

More generally, if ω
d = (ωd)k→X is another family in H such that DεCεd =

DεdCε = IH, then ω
d is called a dual frame of ω. If ϑ,ω are two countable

families of vectors in H indexed by X, then we define the cross Gram matrix as

(4) Gω,ε =
[
↓ωl,ϑk↔

]
k,l→X

.

If ϑ = ω we write Gε = Gε,ε. In general, a (cross) Gram matrix as in (4) might
not be bounded on ε

2(X), but in case that ϑ and ω both are Bessel sequences, then
Gω,ε defines a bounded operator on ε

2(X) and

Gω,ε = CωDε

and G
↘

ω,ε
= Gε,ω. In fact, a countable family ω in H is a Bessel sequence if and

only if its associated Gram matrix Gε defines a bounded operator on ε
2(X) [7]. A

family ω := (ωk)k→X ⇒ H is called a Riesz sequence for H, if there exist constants
A,B > 0 such that

A→c→
2
ϖ2(X) ↑

∥∥∥∥∥
∑

k→X

ckωk

∥∥∥∥∥

2

↑ B→c→
2
ϖ2(X), c ↗ ε

2(X).

Equivalently, ω is a Riesz sequence if and only if its associated Gram matrix Gε

defines a bounded and invertible operator on ε
2(X) [7]. A Riesz sequence ω is called

a Riesz basis, if it is also complete, that is, span(ωk)k→X = H. In particular, a Riesz
basis is a frame for which both Gε ↗ B(ε2(X)) and Sε ↗ B(H) are invertible. For

any Riesz basis ω the family (S↓1/2
ε ωk)k→X constitutes an orthonormal basis.

2.2. The R-dual sequence. We will consider the following notion of duality for
abstract sequences in H. Let (ek)k→X and (hk)k→X be two orthonormal bases for
H, and let (ωk)k→X be a family of vectors such that

∑
n→X

|↓ωn, ek↔|
2
< ≃ for

every k ↗ X. Then

ϖk =
∑

n→X

↓ωn, ek↔hn
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converges in H for each k ↗ X and the family ϖ = (ϖk)k→X is called an R-dual
or Riesz-dual sequence for ω. It was shown in [11, Propositions 10,11] that ω is a
frame for H if and only if ϖ is a Riesz sequence.

2.3. Localized Frames. As mentioned in the previous section, whenever ω is a
Bessel sequence, its associated Gram matrix Gε = [↓ωl,ωk↔]k,l→X defines a bounded
operator on ε

2(X). Boundedness on ε
2(X) is equivalent to some form of o#-diagonal

decay of the matrix entries ↓ωl,ωk↔, as described, e.g., in [30, Theorem 4.16]. The
idea of localization is to impose stronger o#-diagonal decay conditions on a given
(cross) Gram matrix. O#-diagonal decay of matrices is often described by Banach
matrix algebras, which motivated the authors in [15] to consider the following type
of matrix algebras.

Definition 2. A unital Banach *-algebra A of C-valued matrices A = [Ak,l]k,l→X is
called a solid spectral matrix algebra [15, Section 2.3], or simply spectral algebra,
if

(A0) A ⇒
⋂

1≃p≃↑
B(εp(X)), i.e., each A ↗ A defines a bounded operator on

ε
p(X) for each 1 ↑ p ↑ ≃.

(A1) A ⇒ B(ε2(X)), i.e., each A ↗ A defines a bounded operator on ε
2(X).

(A2) A is inverse-closed in B(ε2(X)), i.e., if A ↗ A is invertible in B(ε2(X)),
then its bounded inverse A

↓1
↗ B(ε2(X)) is contained in A as well.

(A3) A is solid, i.e., if A = [Ak,l]k,l→X ↗ A and |Bk,l| ↑ |Ak,l| for all k, l ↗ X,
then B = [Bk,l]k,l→X ↗ A and →B→A ↑ →A→A.

Remark 3. Condition (A2) is equivalent to spectral invariance of A in B(ε2(X)),
that is, ϱA(A) = ϱB(ϖ2(X))(A) for all A ↗ A [22, Lemma 2.4], where ϱA(A) and
ϱB(ϖ2(X))(A) denote the spectrum of A in the Banach algebras A and B(ε2(X))
respectively. As a consequence, the holomorphic (Riesz) functional calculi (see e.g.
[13, Chap. VII]) of A and B(ε2(X)) coincide. More precisely, if A ↗ A, U ⇑ C is
an open neighborhood of (a connected component of) ϱA(A) = ϱB(ϖ2(X))(A), $ ⇑ U

is a contour of ϱA(A) = ϱB(ϖ2(X))(A), and if z ⇓↘ f(z) is holomorphic on U , then

f(A) =

∫

!
f(z)(z ⇔A)↓1

dz

defines the same element in A and B(ε2(X)).

Strictly speaking, the authors in [15] considered algebras satisfying properties
(A1⇔A3) without including property (A0) in their definition. In the language of
[15, Definition 2], property (A0) can be rephrased to saying that the constant weight
1 is A-admissible with critical index p0 = 1. Here we assume for simplicity, that
a spectral algebra automatically satisfies (A0) as well, since many of the classical
examples of spectral algebras do so anyway, see below.

Example 4. Let X ⇒ Rd be a relatively separated set. Then the following classes
of matrices are examples of spectral algebras in the sense of Definition 2, see also
[29] for their B(H)-valued analogs.
(1) For every s > d, the Ja#ard algebra Js = Js(X) of matrices A = [Ak,l]k,l→X

for which
sup
k,l→X

|Ak,l|(1 + |k ⇔ l|)s < ≃

is a spectral algebra [27].
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(2) For every continuous function ς : Rd
↘ [0,≃) which

(2a) is of the form ς(x) = e
ϱ(⇐x⇐), where φ : [0,≃) ⇔↘ [0,≃) is a continuous

and concave function with φ(0) = 0, and → · → any norm on Rd,
(2b) satisfies the GRS-condition (Gelfand-Raikov-Shilov condition [16])

lim
n⇒↑

(ς(nz))
1
n = 1, z ↗ Rd

,

(2c) satisfies the weak growth condition

ς(x) ↖ C(1 + |x|)ς for some ↼ ↗ (0, 1], C > 0,

the weighted Schur algebra S
1
φ
= S

1
φ
(X) of matrices A = [Ak,l]k,l→X for which

max

{
sup
k→X

∑

l→X

|Ak,l|ς(k ⇔ l) , sup
l→X

∑

k→X

|Ak,l|ς(k ⇔ l)

}
< ≃

is a spectral algebra [24, 34].
(3) For every continuous function ς : Rd

↘ [0,≃) which

(3a) is submultiplicative, i.e., ς(x+ y) ↑ ς(x)ς(y) for every x, y ↗ Rd,
(3b) is symmetric, i.e., ς(⇔x) = ς(x) for every x ↗ Rd,
(3c) satisfies the GRS-condition,

the weighted Baskakov-Gohberg-Sjöstrand algebra Cφ = Cφ(Zd) of matrices A =
[Ak,l]k,l→Zd for which

∑

l→Zd

sup
k→Zd

|Ak,k↓l|ς(l) < ≃

is a spectral algebra [8, 17, 32].
(4) Anisotropic versions of each of the aforementioned algebras are further examples
of spectral algebras [29, Section 6].

For a scalar matrix A = [Ak,l]k,l→X , we define the complex conjugate A of A
and the absolute value |A| of A pointwise, i.e., by A :=

[
Ak,l

]
k,l→X

and |A| :=[
|Ak,l|

]
k,l→X

. We explicitly note that by the solidity condition (A3), it holds

A ↗ A ↙∝ A ↗ A ↙∝ |A| ↗ A.

We will use this fact several times without further reference.

Definition 5. [15, Definition 3] Let A be a spectral algebra. Two countable families
ϑ = (ϑk)k→X and ω = (ωk)k→X are called mutuallyA-localized, in short ϑ ⇐A ω, if
Gω,ε ↗ A. Similarly, ϑ is called (intrinsically) A-localized if ϑ ⇐A ϑ, i.e., Gω ↗ A.

Note that by involution in A it holds that ϑ ⇐A ω if and only if ω ⇐A ϑ. We
will use this fact without further reference.

One of the main results in [15] states that localization of a frame is preserved
under canonical duality. More precisely:

Theorem 6. [15, Theorem 3.6] Let ω be a frame in H. If ω ⇐A ω then also ω̃ ⇐A ω̃

and ω ⇐A ω̃.

The latter theorem immediately implies the following simple lemma, which we
will also implicitly apply several times without further notice. For completeness we
present the simple proof.
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Lemma 7. Let ω = (ωk)k→X an A-localized frame for H and ϑ = (ϑk)k→X be any
countable family in H such that ϑ ⇐A ω. Then it holds ϑ ⇐A ω̃ and ϑ ⇐A ϑ.

Proof. By assumption, Gω,ε ↗ A and by Theorem 6, Gε̃ ↗ A. Thus, by frame
reconstruction and the algebra property of A, Gω,ε̃ = Gω,εGε̃ ↗ A. Similarly, the
latter implies that Gω = Gω,εGε̃,ω ↗ A. ↭

A remarkable feature of a localized frame ω in H is, that the reconstruction
formula (3) does not only converge in the underlying Hilbert space H, but also in
a whole chain of associated Banach spaces defined below.

Definition 8. [15, Definition 5] Let A be a spectral algebra, ω be a frame for H,
and ω

d be some dual frame of ω such that ω ⇐A ω
d. Let

H
00(ω) := Dε(ε

00(X)) =

{
∑

k→X

ckωk : c ↗ ε
00(X)

}

(5)

be the space of finite linear combinations of elements from ω. For 1 ↑ p < ≃, the
co-orbit space H

p(ωd
,ω) is defined as the norm completion of H00(ω) with respect

to the norm →f→Hp(εd,ε) :=
∥∥Cεdf

∥∥
ϖp(X)

.

Under the above assumptions, the spaces are well-defined non-trivial Banach
spaces with H

p(ωd
,ω) ⇑ H

q(ωd
,ω) for all 1 ↑ p, q < ≃ and H

2(ωd
,ω) = H.

Furthermore, the analysis operator Cε̃ : H00(ω) ↘ ε
00(X) extends via density to

an isometry Cε̃ : Hp(ω) ↘ ε
p(X) (1 ↑ p < ≃).

Remark 9. The definition of Hp(ωd
,ω) seems to depend heavily on the dual frame

pair (ω,ωd). However, if (ϑ,ϑd) is another pair of dual frames satisfying ϑ ⇐A ϑ
d,

and if ϑd
⇐A ω and ω

d
⇐A ϑ, then H

p(ωd
,ω) = H

p(ϑd
,ϑ) with equivalent norms

[28, Theorem 3.25].

If ω is an intrinsically A-localized frame, then ω ⇐A ω̃ and ω̃ ⇐A ω̃ by Theo-
rem 6. In particular, due to the above remark, it holds Hp(ω̃,ω) = H

p(ω, ω̃) with
equivalent norms and we write H

p(ω) := H
p(ω̃,ω) in this case (1 ↑ p < ≃).

The definition of the space H
↑(ω) associated to an A-localized frame ω in H is

more subtle. One could define it as the anti-linear topological dual space of H1(ω)
(see Theorem 15), or as the completion of H with respect to the Hausdor# locally
convex ϱ(H,H

00(ω̃))-topology as done in [15, 19]. In this article, we work with the
definition from [5] (see also [28]) given below.

Definition 10. [5, 28] Let (fn)n→N and (gn)n→N be sequences in H and ω be a frame
for H with canonical dual frame ω̃. Then we call (fn)n→N and (gn)n→N equivalent,
in short (fn)n→N ⇐ε (gn)n→N, if

lim
n⇒↑

↓fn ⇔ gn, ω̃k↔ = 0 (′k ↗ X) and sup
n→N

→Cε̃(fn ⇔ gn)→ϖ→(X) < ≃.

Clearly the relation ⇐ε defines an equivalence relation on the space of all se-
quences in H.

Definition 11. [5, 28] Let A be a spectral algebra, and ω be an A-localized frame
for H with canonical dual frame ω̃. Then H

↑(ω) is defined to be the space of all
equivalence classes f = [(fn)n→N]⇑ω of sequences (fn)n→N in H satisfying

(i) limn⇒↑↓fn, ω̃k↔ =: ↓f, ω̃k↔ exists for each k ↗ X,
(ii) sup

n→N →Cε̃fn→ϖ→(X) < ≃.
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It is quickly verified that the defining properties (i) and (ii) do not depend on the
choice of the representative sequence (fn)n→N. Furthermore, condition (ii) implies
that there is a positive constant C such that

(6) |↓fn, ω̃k↔| ↑ C for each k ↗ X and each n ↗ N.

This implies that |↓f, ω̃k↔| ↑ C for all k ↗ X. In particular,

(7) →f→H→(ε) := →Cε̃f→ϖ→(X) = sup
k→X

∣∣∣ lim
n⇒↑

↓fn, ω̃k↔

∣∣∣

is well-defined and, in fact, defines a norm on H
↑(ω) with respect to which H

↑(ω)
is complete. We explicitly emphasize that here ↓f, ω̃k↔ is not an inner product in H

but (by abusing notation) the limit of the sequence
(
↓fn, ω̃k↔

)
n→N (for each k ↗ X).

Analogously, Cε̃f = (↓f, ω̃k↔)k→X is understood as a pointwise limit. In this sense,
Cε̃ : H↑(ω) ↘ ε

↑(X) defines an isometry.

Proposition 12. [15, Theorem 3.8], [28, Corollary 3.27] Let A be a spectral algebra,
and ω = (ωk)k→X be an A-localized frame for H with canonical dual frame ω̃. Then
H

↑(ω) is a Banach space with respect to the norm →Cε̃ · →ϖ→(X), and →Cε · →ϖ→(X)

is an equivalent norm.

The properties of the operators Dε and Sε on their respective domains are
summarized below.

Proposition 13. [15, Proposition 2.4],[28, Proposition 3.20] Let A be a spectral
algebra, and ω = (ωk)k→X be an A-localized frame for H with canonical dual frame
ω̃. Then for each 1 ↑ p < ≃, the synthesis operator

Dε : ε00(X) ⇔↘ H
00(ω),

(cl)l→X ⇓↘

∑

l→X

clωl(8)

continuously extends to a bounded and surjective operator Dε : εp(X) ↘ H
p(ω)

and the associated series (8) converges unconditionally in H
p(ω).

Similarly, if F1 ⇑ F2 ⇑ . . . is a nested sequence of finite subsets of X such that
↑

n=1 Fn = X, then fn :=
∑

l→Fn
clϑl is contained in H for each n ↗ N and

(9) c = (cl)l→X ⇓↘ Dεc :=
[
(fn)n→N

]
⇑ω

=





∑

l→Fn

clϑl



n→N





⇑ω

defines a bounded and surjective operator Dε : ε
↑(X) ↘ H

↑(ω) and Dεc is
independent of the choice of {Fn}

↑

n=1, i.e. (9) converges unconditionally in the
ϱ(H,H

00(ω̃))-topology.

Theorem 14. [15, Theorem 3.8],[28, Corollary 3.27] Let A be a spectral algebra,
and ω = (ωk)k→X be an A-localized frame for H with canonical dual frame ω̃. Then
for each 1 ↑ p ↑ ≃, the frame operator Sε = DεCε : Hp(ω) ↘ H

p(ω) is bounded
and invertible.

We conclude this section with the following result on the anti-linear topological
dual space of Hp(ω).
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Theorem 15. [5, Proposition 2] Let A be a spectral algebra, and ω = (ωk)k→X be
an A-localized frame for H with canonical dual frame ω̃. Then

(Hp(ω))↔ = H
q(ω)

with equivalent norms for all 1 ↑ p < ≃ with 1
p
+ 1

q
= 1, where the duality relation

is given by

↓f, g↔Hp↗Hq = ↓Cε̃f, Cεg↔ϖp↗ϖq =
∑

k→X

[Cε̃f ]k [Cεg]k.

3. Auxiliary Results

In this section we prepare the tools that will be important for the proof of our
main theorem.

3.1. Frame-related Operators. First, we collect some preliminary results on
properties of the frame-related operators associated with localized sequences.

Lemma 16. Let ω be a Riesz sequence in H that satisfies ω ⇐A ω. Then Gε :
ε
p(X) ↘ ε

p(X) is bounded and invertible for every 1 ↑ p ↑ ≃.

Proof. By the localization assumption we have that Gε ↗ A. The Riesz sequence
property implies that Gε is invertible on B(ε2(X)), which implies by inverse closed-
ness of A in B(ε2(X)) that (Gε)↓1

↗ A. Consequently, Gε is invertible on all
ε
p(X)-spaces (1 ↑ p ↑ ≃). ↭
Corollary 17. Let ω be a Riesz basis for H that satisfies ω ⇐A ω. Then Dε :
ε
p(X) ↘ H

p(ω) is injective for every 1 ↑ p ↑ ≃.

Proof. We may write Gε : εp(X) ↘ ε
p(X) as Gε = CεDε with Dε : εp(X) ↘

H
p(ω) being bounded (Proposition 13). The result then follows immediately from

Lemma 16. ↭
The next two lemmata generalize [19, Proposition 8], where the case of the

Ja#ard algebra A = Js is treated. They are also similar to [5, Lemma 6 and 7],
except for the frame assumption on ϑ. In fact, our conclusion is also weaker due
to the missing frame assumption, i.e., we cannot conclude here that Cω has closed
range, as explicitly demonstrated in Example 28 (iv).

Lemma 18. Let ω = (ωk)k→X be a frame in H and ϑ = (ϑk)k→X be a family in H

that satisfies ϑ ⇐A ω. Then Cω : Hp(ω) ↘ ε
p(X) is well-defined and bounded for

each 1 ↑ p ↑ ≃. In particular, ϑ is a Bessel sequence in H.

Proof. First, let 1 ↑ p < ≃. Let f ↗ H
00(ω) be arbitrary. Then Cε̃f ↗ ε

p(X) and

→Cωf→ϖp(X) = →Gω,εCε̃f→ϖp(X) ↑ →Gω,ε→B(ϖp(X))→f→Hp(ε),

where we used frame reconstruction in H
00(ω) ⇑ H with respect to ω and ω̃, as well

as property (A0) from Definition 2. Thus, by density, Cω extends to a bounded
operator Hp(ω) ↘ ε

p(X) which we again denote by Cω.
Now let p = ≃. Let f =

[
(fn)n→N

]
⇑ω

↗ H
↑(ω) be arbitrary. Then, by defini-

tion, limn⇒↑↓fn, ω̃k↔ =: ↓f, ω̃k↔ converges for every k ↗ X and sup
n→N →Cε̃fn→ϖ→(X)

↑ C for some C > 0, as well as Cε̃f := (↓f, ω̃k↔)k→X ↗ ε
↑(X). This implies that

(10)
∑

l→X

|↓fn, ω̃l↔||↓ωl,ϑk↔| ↑ C sup
k→X

∑

l→X

|↓ωl,ϑk↔| = C→Gω,ε→B(ϖ→(X)) < ≃
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for each k ↗ X and each n ↗ N. Hence we may apply the dominated convergence
theorem and obtain via frame reconstruction

lim
n⇒↑

↓fn,ϑk↔ = lim
n⇒↑

∑

l→X

↓fn, ω̃l↔↓ωl,ϑk↔ =
∑

l→X

↓f, ω̃l↔↓ωl,ϑk↔ = [Gω,εCε̃f ]k

for each k ↗ X. Consequently,

→Cωf→ϖ→(X) =

∥∥∥∥

lim
n⇒↑

↓fn,ϑk↔



k→X

∥∥∥∥
ϖ→(X)

= →Gω,εCε̃f→ϖ→(X)

↑ →Gω,ε→B(ϖ→(X))→Cε̃f→ϖ→(X)

= →Gω,ε→B(ϖ→(X))→f→H→(ε),

as was to be shown.
Finally, boundedness of Cω : H2(ω) ↘ ε

2(X) is equivalent to ϑ being a Bessel
sequence, since H

2(ω) = H. ↭

Lemma 19. Let ω = (ωk)k→X be a frame in H and ϑ = (ϑk)k→X be a family in
H that satisfies ϑ ⇐A ω̃. Then Dω : εp(X) ↘ H

p(ω), defined analogously as in (8)
and (9), is well-defined and bounded for each 1 ↑ p ↑ ≃ and the associated series
converges unconditionally (resp. unconditionally in the ϱ(H,H

00(ω̃))-topology in
the case p = ≃).

Proof. Assume that 1 ↑ p < ≃. Then, by [28, Proposition 3.22], V p(ω) = {f ↗

H : Cε̃f ↗ ε
p(X)} is a norm-dense subspace of Hp(ω). For c = (cl)l→X ↗ ε

00(X)
we have that Dωc ↗ H as it is a finite linear combination of elements from ϑ. Since

→Dωc→Hp(ε) = →Cε̃Dωc→ϖp(X) = →Gε̃,ωc→ϖp(X) ↑ →Gε̃,ω→B(ϖp(X))→c→ϖp(X),

we see that Dω maps ε
00(X) boundedly into V

p(ω) ⇑ H
p(ω). Hence, the claim

follows via density.
Now consider the case p = ≃. Pick some arbitrary c = (cl)l→X ↗ ε

↑(X) and
assume that F1 ⇑ F2 ⇑ . . . is a nested sequence of finite subsets of X such that

↑

n=1 Fn = X. Then fn :=
∑

l→Fn
clϑl is contained in H for each n ↗ N and

(11) lim
n⇒↑

↓fn, ω̃k↔ = lim
n⇒↑

∑

l→Fn

↓ϑl, ω̃k↔cl =
∑

l→X

[Gε̃,ω]k,lcl = [Gε̃,ωc]k ↗ C

for each k ↗ X, since Gε̃,ω ↗ A ⇑ B(ε↑(X)) by assumption. Furthermore,

|↓fn, ω̃k↔| ↑

∑

l→Fn

∣∣[Gε̃,ω]k,lcl
∣∣

↑ sup
k→X

∑

l→X

∣∣[Gε̃,ω]k,l
∣∣ |cl|

↑

∥∥∥
∣∣Gε̃,ω

∣∣
∥∥∥
B(ϖ→(X))

→c→ϖ→(X)

for all k ↗ X and all n ↗ N, where we used that
∣∣Gε̃,ω

∣∣ ↗ A ⇑ B(ε↑(X)) due to
solidity of A. This means that Dωc =

[
(fn)n→N

]
⇑ω

↗ H
↑(ω). The boundedness of

Dω follows immediately via (11), as we have

→Dωc→H→(ε) = sup
k→X

∣∣[Gε̃,ωc]k
∣∣ ↑ →Gε̃,ω→B(ϖ→(X))→c→ϖ→(X).
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To show the unconditional convergence of Dωc with respect to the ϱ(H,H
00(ω̃))-

topology, it su”ces to show that Dωc is independent of the choice of {Fn}
↑

n=1 [28,
Sec. 3.2.4]. So, let J1 ⇑ J2 ⇑ . . . be another nested sequence of finite subsets of
X with


↑

n=1 Jn = X. We will show that {
∑

l→Jn
clϑl}

↑

n=1 ⇐ε {
∑

l→Fn
clϑl}

↑

n=1.
Setting Hn = Fn∞Jn (n ↗ N) gives a nested sequence of finite subsets whose union
is X as well. Then, for each k ↗ X,

lim
n⇒↑

∣∣∣∣∣


∑

l→Hn

clϑl ⇔

∑

l→Fn

clϑl, ω̃k

∣∣∣∣∣ = lim
n⇒↑

∣∣∣∣∣∣


∑

l→Hn\Fn

clϑl, ω̃k

∣∣∣∣∣∣

↑ →c→ϖ→ε (X) lim
n⇒↑

∑

l→X\Fn

|↓ϑl, ω̃k↔| = 0,

since
sup
k→X

∑

l→X

|↓ϑl, ω̃k↔| = →Gε̃,ω→B(ϖ→(X)) < ≃.

Clearly, it also holds

sup
n→N

∥∥∥∥∥Cε̃


∑

l→Hn

clϑl ⇔

∑

l→Fn

clϑl

∥∥∥∥∥ < ≃.

Thus we have shown that {
∑

l→Hn
clϑl}

↑

n=1 ⇐ε {
∑

l→Fn
clϑl}

↑

n=1. The same argu-
ment holds if we replace Fn by Jn. Thus, {

∑
l→Jn

clϑl}
↑

n=1 ⇐ε {
∑

l→Fn
clϑl}

↑

n=1,
since ⇐ε̃ is an equivalence relation. ↭

When we consider the operators Cω : Hp(ω) ↘ ε
p(X) and Dω : εp(X) ↘ H

p(ω),
1 ↑ p ↑ ≃, we write Ranp(Cω),Ranp(Dω) and Kerp(Cω),Kerp(Dω) for their
respective ranges and nullspaces.

The next two lemmata are mild generalizations of parts of [5, Lemma 7].

Lemma 20. Let ω = (ωk)k→X be a frame in H satisfying ω ⇐A ω and ϑ = (ϑk)k→X

be a family in H that satisfies ϑ ⇐A ω. Let 1 ↑ p < ≃ be arbitrary and 1
p
+ 1

q
= 1.

Then the adjoint D↔

ω
: Hq(ω) ↘ ε

q(X) of Dω : εp(X) ↘ H
p(ω) is given by Cω.

Proof. We first observe that for each 1 ↑ p < ≃, we have ϑl ↗ H
p(ω) for each

l ↗ X due to

→ϑl→Hp(ε) = →Cε̃ϑl→ϖp(X) ↑ →Cε̃ϑl→ϖ1(X) ↑ sup
l→X

∑

k→X

|↓ϑl, ω̃k↔| = →Gε̃,ω→B(ϖ1(X)).

We consider the case (p, q) = (1,≃). Let f =
[
(fn)n→N

]
⇑ω

↗ H
↑(ω) and c =

(ck)k→X ↗ ε
1(X) be arbitrary. Then

↓c,D
↔

ω
f↔ϖ1↗ϖ→ = ↓Dωc, f↔H1↗H→ =

∑

k→X

ck↓ϑk, f↔H1↗H→ .

According to Theorem 15, we have that

↓ϑk, f↔H1↗H→ =
∑

l→X

↓ϑk, ω̃l↔ lim
n⇒↑

↓ωl, fn↔

= lim
n⇒↑

∑

l→X

↓ϑk, ω̃l↔↓ωl, fn↔

= lim
n⇒↑

↓ϑk, fn↔ = [Cωf ]k,
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where we applied the dominated convergence theorem (justified analogously as in
(10) upon noticing that →Cε · →ϖ→(X) ∈ →Cε̃ · →ϖ→(X) (c.f. Proposition 12)) in the
second step and frame reconstruction in the third step. On the other hand,

↓c, Cωf↔ϖ1↗ϖ→ =
∑

k→X

ck[Cωf ]k,

which yields the claim. For the other values of p and q we proceed analogously by
showing the identity for f ↗ H

00(ω) and then argue via density. ↭

Lemma 21. Let ω = (ωk)k→X be a frame in H satisfying ω ⇐A ω and ϑ = (ϑk)k→X

be a family in H that satisfies ϑ ⇐A ω. Let 1 ↑ p < ≃ be arbitrary and 1
p
+ 1

q
= 1.

Then the Banach space adjoint C
↔

ω
: εq(X) ↘ H

q(ω) of Cω : Hp(ω) ↘ ε
p(X) is

given by Dω.

Proof. We first consider the case (p, q) = (1,≃). Let f ↗ H
00(ω) ⇑ H

1(ω) and c =
(cl)l→X ↗ ε

↑ be arbitrary. According to Lemma 19, Dωc =
[
(fn)n→N

]
⇑ω

↗ H
↑(ω),

where fn =
∑

l→Fn
clϑl and F1 ⇑ F2 ⇑ . . . is a nested sequence of finite subsets of

X such that


↑

n=1 Fn = X. Then we see that

↓f, C
↔

ω
c↔H1↗H→ = ↓Cωf, c↔ϖ1↗ϖ→

=
∑

l→X

↓f,ϑl↔cl

= lim
n⇒↑


f,

∑

l→Fn

clϑl



= lim
n⇒↑


∑

k→X

↓f, ω̃k↔ωk,

∑

l→Fn

clϑl



=
∑

k→X

↓f, ω̃k↔ lim
n⇒↑


ωk,

∑

l→Fn

clϑl



= ↓f,Dωc↔H1↗H→ ,

where we used frame reconstruction in the fourth step and the dominated conver-
gence theorem (justified analogously as in (10) upon noticing that →Cε · →ϖ→(X) ∈

→Cε̃ · →ϖ→(X) (c.f. Proposition 12)) in the fifth step. Via density we conclude that
↓f, C

↔

ω
c↔H1↗H→ = ↓f,Dωc↔H1↗H→ for all f ↗ H

1(ω) and the claim is proven. For
other values of p and q the proof is similar. ↭

As a consequence we immediately obtain the following.

Corollary 22. Let ω = (ωk)k→X be a frame in H satisfying ω ⇐A ω and ϑ =
(ϑk)k→X be a family in H that satisfies ϑ ⇐A ω. For 1 ↑ p < ≃ and 1

p
+ 1

q
= 1 the

following hold.

(i) Sω ↗ B(Hp(ω)) and S
↔

ω
= Sω ↗ B(Hq(ω)).

(ii) Gω ↗ B(εp(X)) and G
↔

ω
= Gω ↗ B(εq(X)).

We conclude this subsection with the following simple consequence of Remark 3.

Lemma 23. Let ω be an intrinsically A-localized Riesz basis in H. Then G
↼

ε
↗ A

for every ↽ ↗ R.
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Proof. Since A is inverse-closed in B(ε2(X)), the spectral identity ϱB(ϖ2(X))(A) =
ϱA(A) holds true for all A ↗ A, and the holomorphic functional calculi associated
with A and B(ε2(X)) coincide (see Remark 3). In particular, if A ↑ B denote
the Riesz basis constants of ω, then ϱA(Gε) = ϱB(ϖ2(X))(Gε) ⇑ [A,B]. Thus,
there exists a closed path $ contained in the right half plane Re(z) > 0 with
ϱB(ϖ2(X))(Gε) = ϱA(Gε) ⇒ int($). Since f(z) = z

↼ is holomorphic on Re(z) > 0,
the holomorphic functional calculus yields G↼

ε
↗ A. ↭

Corollary 24. Let ω be an intrinsically A-localized Riesz basis in H. Then both
G

S
↑1/4
ω ε

and G
S

↑3/4
ω ε

are contained in A.

Proof. Since ω is a Riesz basis, (S↓1/2
ε ωk)k→X is an orthonormal basis. By a sim-

ple calculation we see that
(
G

S
↑1/4
ω ε

)2
= Gε. Thus, by Lemma 23, G

S
↑1/4
ω ε

=

G
1/2
ε ↗ A. Similarly, we have (G

S
↑3/4
ω ε

)2 = Gε̃ ↗ A due to Theorem 6, which, by

Lemma 23, implies G
S

↑3/4
ω ε

↗ A. ↭

3.2. Localization of the R-dual sequence. One main ingredient in Theorem 1
is the family ϖ, which, in the language of [33], is a so-called R-dual of type III of
ϑ.

Let (ϑk)k→X be a Bessel sequence in H and let ω = (ωk)k→X be a Riesz basis in

H. Then (S↓1/2
ε ωk)k→X is an orthonormal basis in H [12]. Consequently,

ϖk =
∑

l→X

↓ϑl,ωk↔S
↓1/2
ε

ωl

converges in H for each k ↗ X, defining a family ϖ = (ϖk)k→X of vectors in H. One
important observation for proving proving Theorem 1 is, that ϖ ⇐A ω whenever
ϑ ⇐A ω, see below.

Lemma 25. Let A be a spectral algebra and ω = (ωk)k→X be a Riesz basis in H

that satisfies ω ⇐A ω. Let ϑ = (ϑk)k→X be a sequence in H satisfying ϑ ⇐A ω and
let ϖ = (ϖk)k→X be given by

ϖk =
∑

l→X

↓ϑl,ωk↔S
↓1/2
ε

ωl (k ↗ X).

Then ϖ ⇐A ω, ϖ ⇐A ω̃ and ϖ ⇐A ϖ. In particular, ϖ is a Bessel sequence in H.

Proof. First, note that ϑ is a Bessel sequence, since Gω ↗ A ⇒ B(ε2(X)) accord-
ing to Lemma 7, whence ϖ is a well-defined sequence in H. Next, recall from
Corollary 24 that G

S
↑1/4
ω ε

↗ A. Since

↓ωn,ϖk↔ =
∑

l→X

↓ωk,ϑl↔


S
↓1/4
ε

ωn, S
↓1/4
ε

ωl


=

∑

l→X

[G↘

ω,ε
]k,l


G

S
↑1/4
ω ε



l,n

for all k, n ↗ X, we see that Gϑ,ε = G
↘

ω,ε
G

S
↑1/4
ω ε

↗ A.

Similarly, since G
S

↑3/4
ω ε

↗ A and

↓ω̃n,ϖk↔ =
∑

l→X

↓ωk,ϑl↔


S
↓3/4
ε

ωn, S
↓3/4
ε

ωl


=

∑

l→X

[G↘

ω,ε
]k,l


G

S
↑3/4
ω ε



l,n

for all k, n ↗ X, we obtain Gϑ,ε̃ = G
↘

ω,ε
G

S
↑3/4
ω ε

↗ A.

Finally, Gϑ = Gϑ,ε̃Gε,ϑ ↗ A, hence Gϑ ↗ B(ε2(X)), which implies that ϖ is a
Bessel sequence in H. ↭
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As a consequence, all results appearing in the previous subsection apply to ϖ,
which will be crucial for proving Theorem 1.

3.3. Complex Interpolation. Computing the complex interpolation spaces for a
couple of closed subspaces (X0, X1) ⇒ (Lp0(%), Lp1(%)) is nontrivial and solutions
for certain special cases rely, for example, on the complemented subspace property
[35, Theorem 1.17.1]. For our purposes it will however be su”cient to observe that
the complex interpolation spaces (X0, X1)↽, ⇀ ↗ (0, 1) are continuously embedded
in L

pϑ (%), 1
pϑ

= 1↓↽

p0
+ ↽

p1
. The proof is essentially a repetition of one direction of

the proof of the standard complex interpolation result for L
p(%) spaces. For the

convenience of the reader we repeat it here and refer to [9] for a detailed exposition
on interpolation spaces.

Lemma 26. Let (%, µ) be a measure space with nonnegative measure µ, Lp(%) =
L
p(%, µ), and X0 ⇒ L

p0(%) and X1 ⇒ L
p1(%), 1 ↑ p0, p1 ↑ ≃, be closed subspaces

that form a compatible couple (X0, X1) with X0 ⇒ X1. Moreover, let ⇀ ↗ (0, 1) and
1
pϑ

= 1↓↽

p0
+ ↽

p1
. Then L

pϑ (%) ∋X0 ⇁↘ (X0, X1)↽, that is

→f→↽ ↑ →f→Lpϑ (”), f ↗ X0.

Proof. First, note that X0 ∋X1 = X0 and X0+X1 = X1. Define F(X0, X1) as the
space of X1-valued functions that are holomorphic on the strip S = {z ↗ C : 0 <

Re(z) < 1}, continuous on its closure and satisfy {F (it) : t ↗ R} ⇒ X0, as well as
{F (1 + it) : t ↗ R} ⇒ X1. When equipped with the norm

→F→F(X0,X1) := max

sup
t→R

→F (it)→X0 , sup
t→R

→F (1 + it)→X1


,

F(X0, X1) is a Banach space. The complex interpolation space (X0, X1)↽, ⇀ ↗

(0, 1), is then given by

(X0, X1)↽ =

f ↗ X1 : f = F (⇀), F ↗ F(X0, X1)



equipped with the norm

→f→↽ = inf

→F→F(X0,X1) : f = F (⇀), F ↗ F(X0, X1)


.

Let f ↗ X0. Since X0 ⇒ L
p0(%)∋L

p1(%) we may without loss of generality assume
that →f→Lpϑ (”) = 1 and choose F

↘(z) = |f |
pϑ/p(z)↓1

f , where 1
p(z) = 1↓z

p0
+ z

p1
.

Clearly F
↘
↗ F(X0, X1), F ↘(⇀) = f , and

→f→↽ ↑ →F
↘
→F(X0,X1)

= max

sup
t→R

∥∥|f |pϑ(
1↑it
p0

+ it
p1

)↓1
f
∥∥
Lp0 (”)

, sup
t→R

∥∥|f |pϑ(↓
it
p0

+ 1+it
p1

)↓1
f
∥∥
Lp1 (”)



= max

→f→

1/p0

L
pϑ (”), →f→

1/p1

L
pϑ (”)


= 1 = →f→Lpϑ (”).

↭

4. Proof of Theorem 1

Proof. We show the equivalences of Theorem 1 via a chain of implications that
is depicted in Figure 1. Before we start, observe that by Lemma 25 as well as
Lemma 18 and Lemma 19, all operators occurring in the statements (2)⇔(9) are
bounded on their respective domains.
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Figure 1. Graph showing which implications of the equivalent
statements in Theorem 1 are shown.

(1)∝(2): The assumptions imply that ϑ is an intrinsically A-localized frame,
since Gω = Gω,εGε̃Gε,ω ↗ A. Consequently, by Theorem 14, Sω is bounded and
invertible on H

1(ϑ). By Remark 9 it holds that H
1(ϑ) = H

1(ω) with equivalent
norms. Hence (2) follows.

(2)△(3): This follows from duality via Corollary 22 (i).

(2)∝(5): Since Sω = DωCω : H1(ω) ↘ H
1(ω) is bijective, Dω : ε1(X) ↘ H

1(ω)
has to be surjective and Cω : H1(ω) ↘ ε

1(X) injective.
To prove the remaining part of the statement, let us assume to the contrary

that Ran1(Cω) is not closed in ε
1(X). Then Dω : Ran1(Cω) ↘ H

1(ω) cannot
be injective since Dω : Ran1(Cω) ↘ H

1(ω) is necessarily bijective. Therefore, we

may assume that there exists some c ↗ Ran1(Cω) \ {0} such that Dωc = 0 and
→c→ϖ1(X) = 1. Now let (c(n))n→N ⇒ Ran1(Cω) be a sequence with →c

(n)
→ϖ1(X) = 1

for each n ↗ N, which converges in ε
1(X) to c. By continuity of Dω (Lemma 19) we

obtain that Dωc
(n)

↘ 0 in H
1(ω) as n ↘ ≃. If (fn)n→N ⇒ ε

1(X) is the sequence
with Cωfn = c

(n) (for each n ↗ N), then we see that

lim
n⇒↑

→fn→H1(ε) ↫ lim
n⇒↑

→Sωfn→H1(ε) = lim
n⇒↑

→Dωc
(n)

→H1(ε) = 0.

Since Gω,ε ↗ A ⇒ B(ε1(X)), this finally implies that

lim
n⇒↑

→c
(n)

→ϖ1(X) = lim
n⇒↑

→Gω,εCε̃fn→ϖ1(X) ↫ lim
n⇒↑

→fn→H1(ε) = 0,

a contradiction. Consequently, Ran1(Cω) must be closed in ε
1(X).

(4)△(5): By duality, Lemma 20 and the closed range theorem, Cω : H↑(ω) ↘
ε
↑(X) is injective and has closed range if and only if Dω : ε

1(X) ↘ H
1(ω) is

surjective. By analogous reasoning via Lemma 21, Ran1(Cω) is closed if and only
Ran↑(Dω) is closed.

(5)∝(6): First, we show that Dϑ : ε↑ ↘ H
↑(ω) is injective. By Theorem 14,

Sε ↗ B(H↑(ω)) is bounded and invertible, i.e., 0 is contained in the resolvent set of
Sε with respect to B(H↑(ω)). Since z ⇓↘ z

1/2 is holomorphic on any open subset
U ⇒ C that does not contain the origin, we may deduce from the holomorphic

functional calculus that S1/2
ε ↗ B(H↑(ω)) is bounded and invertible as well. Now

let c ↗ ε
↑(X) be such that 0 = Dϑc in H

↑(ω). By definition, this means that



16 P. BALAZS, L. KÖHLDORFER, AND M. SPECKBACHER

limn⇒↑↓[Dϑc]n, ω̃k↔ = 0 for each k ↗ X. Letting F1 ⇑ F2 ⇑ . . . be a nested
sequence of finite subsets of X with


↑

n=1 Fn = X, and recalling from Corollary 24
that G

S
↑3/4
ω ε

↗ A ⇑ B(ε↑(X)), we see that

0 = lim
n⇒↑


∑

l→Fn

clϖl, ω̃k



=
∑

l→X

cl


∑

m→X

↓ϑm,ωl↔S
↓1/2
ε

ωm, ω̃k



=
∑

m→X

↓S
↓1/2
ε

ωm, ω̃k↔

∑

l→X

cl↓ϑm,ωl↔

=
∑

m→X

[
G

S
↑3/4
ω ε

]
k,m

[
CωDεc

]
m

(for each k ↗ X),(12)

where Cω : H↑(ω) ↘ ε
↑(X) is defined by Cωf =

(
[Cωf ]k

)
k→X

. Note that we are
allowed to interchange the order of summation since

sup
k→X

∑

m→X

∣∣G
S

↑3/4
ω ε

∣∣
k,m

· sup
s→X

∑

l→X

∣∣Gε,ω

∣∣
s,l

< ≃,

which follows from G
S

↑3/4
ω ε

, Gε,ω ↗ A ⇑ B(ε↑(X)). From (12) we know that

G
S

↑3/4
ω ε

CωDεc = 0 in ε
↑(X). By Lemma 16, Gε̃ ↗ A ⇒ B(ε↑(X)) is invert-

ible. Arguing as in the proof of Lemma 25, we apply the holomorphic functional
calculus to show that G

S
↑3/4
ω ε

= (Gε̃)1/2 ↗ A ⇒ B(ε↑(X)) is invertible as well.

Consequently, CωDεc = 0. By (4)△(5), Cω : H↑(ω) ↘ ε
↑(X) is injective, which

is equivalent to Cω : H↑(ω) ↘ ε
↑(X) being injective. Consequently, Dεc = 0.

Finally, an application of Corollary 17 yields c = 0.
Next, we show that Ran↑(Dϑ) is closed. Let (Dϑc

(m))m→N ⇒ H
↑(ω) be a

sequence in Ran↑(Dϑ) which converges in H
↑(ω) to some f =

[
(fn)n→N

]
⇑ω

↗

H
↑(ω). In particular, for each m ↗ N, we have by definition that Dϑc

(m) =[(∑
l→F

(m)
n

c
(m)
l

ϖl

)
n→N

]
⇑ω

, where F
(m)
1 ⇑ F

(m)
2 ⇑ . . . is a nested sequence of finite

subsets of X so that X =


n→F
(m)
n

. By Lemma 19, we may assume without loss of

generality that for each n ↗ N, the sets F (m)
n (m ↗ N) are equal. For simplicity, we

write Fn = F
(m)
n . Thus we have

0 = lim
m⇒↑

∥∥∥Dϑc
(m)

⇔ f

∥∥∥
H→(ε)

= lim
m⇒↑

sup
k→X

lim
n⇒↑

∣∣∣∣∣


∑

l→Fn

c
(m)
l

ϖl ⇔ fn, ω̃k

∣∣∣∣∣

= lim
m⇒↑

sup
k→X

lim
n⇒↑

∣∣∣∣∣


∑

l→Fn

c
(m)
l

∑

i→X

↓ϑi,ωl↔S
↓1/2
ε

ωi ⇔ fn, ω̃k

∣∣∣∣∣

= lim
m⇒↑

sup
k→X

lim
n⇒↑

∣∣∣∣∣
∑

i→X

∑

l→Fn

↓ϑi,ωl↔↓S
↓1/2
ε

ωi, ω̃k↔c
(m)
l

⇔ [Cε̃f ]k

∣∣∣∣∣
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= lim
m⇒↑

sup
k→X

∣∣∣∣∣
∑

i→X

↓S
↓1/2
ε

ωi, ω̃k↔ lim
n⇒↑

∑

l→Fn

↓ϑi,ωl↔c
(m)
l

⇔ [Cε̃f ]k

∣∣∣∣∣

= lim
m⇒↑

sup
k→X

∣∣∣∣∣
∑

i→X

↓S
↓1/2
ε

ωi, ω̃k↔ lim
n⇒↑


ϑi,


Dεc

(m)


n


⇔ [Cε̃f ]k

∣∣∣∣∣

= lim
m⇒↑

sup
k→X

∣∣∣∣∣
∑

i→X

↓S
↓1/2
ε

ωi, ω̃k↔


CωDεc

(m)


i

⇔ [Cε̃f ]k

∣∣∣∣∣

= lim
m⇒↑

∥∥∥Cε̃S
↓1/2
ε

DεCωDεc
(m) ⇔ Cε̃f

∥∥∥
ϖ→(X)

,

where we applied the dominated convergence theorem in the fifth step. Since

Cε̃S
1/2
ε Dε ↗ B(ε↑(X)), the latter implies that

0 = lim
m⇒↑

∥∥∥CωDεc
(m) ⇔ Cε̃S

1/2
ε

f

∥∥∥
ϖ→(X)

.

This means that
(
CωDεc

(m)
)
m→N is a sequence in Ran↑

(
Cω

)
which converges

in ε
↑(X) to Cε̃S

1/2
ε f ↗ ε

↑(X). Since Cω has closed range due to Cω having

closed range by (4)△(5), we must have Cε̃S
1/2
ε f = Cωh for some h ↗ H

↑(ω).
Since Dε : ε↑(X) ↘ H

↑(ω) is surjective by Proposition 13, there exists some
c ↗ ε

↑(X) with h = Dεc. Altogether, we obtain

0 = lim
m⇒↑

∥∥∥CωDεc
(m) ⇔ CωDεc

∥∥∥
ϖ→(X)

.

Since Cε̃S
↓1/2
ε Dε ↗ B(ε↑(X)), the latter yields

0 = lim
m⇒↑

∥∥∥Cε̃S
↓1/2
ε

DεCωDε(c(m) ⇔ c)
∥∥∥
ϖ→(X)

.

By going through the calculations from above in reverse order, we arrive at

0 = lim
m⇒↑

∥∥∥Dϑc
(m)

⇔Dϑc

∥∥∥
H→(ε)

,

which yields the claim.
Finally, we show that Ran↑(Cϑ) is closed by applying a similar argument. By

Lemma 20 and the closed range theorem, it su”ces to prove that Dϑ : ε1(X) ↘

H
1(ω) has closed range. To this end, let (Dϑc

(m))m→N ⇒ H
1(ω) be a sequence

in Ran1(Dϑ) which converges in H
1(ω) to some f ↗ H

1(ω). Next, employing

the holomorphic functional calculus with respect to B(H1(ω)), we see that S1/2
ε ↗

B(H1(ω)) is bounded and invertible. Analogously to the previous part of the proof,
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we calculate

0 = lim
m⇒↑

∥∥∥Dϑc
(m)

⇔ f

∥∥∥
H1(ε)

= lim
m⇒↑

∑

k→X

∣∣∣∣∣


∑

l→X

c
(m)
l

ϖl, ω̃k


⇔ [Cε̃f ]k

∣∣∣∣∣

= lim
m⇒↑

∑

k→X

∣∣∣∣∣


∑

l→X

c
(m)
l

∑

i→X

↓ϑi,ωl↔S
↓1/2
ε

ωi, ω̃k


⇔ [Cε̃f ]k

∣∣∣∣∣

= lim
m⇒↑

∑

k→X

∣∣∣∣∣
∑

i→X

↓S
↓1/2
ε

ωi, ω̃k↔

∑

l→X

↓ϑi,ωl↔c
(m)
l

⇔ [Cε̃f ]k

∣∣∣∣∣

= lim
m⇒↑

∥∥∥Cε̃S
↓1/2
ε

DεCωDεc
(m) ⇔ Cε̃f

∥∥∥
ϖ1(X)

.

Continuity of Cε̃S
1/2
ε Dε ↗ B(ε1(X)) implies

0 = lim
m⇒↑

∥∥∥CωDεc
(m) ⇔ Cε̃S

1/2
ε

f

∥∥∥
ϖ1(X)

.

This means that
(
CωDεc

(m)
)
m→N is a sequence in Ran1

(
Cω

)
which converges in

ε
1(X) to Cε̃S

1/2
ε f ↗ ε

1(X). Since Ran1
(
Cω

)
is closed due to Ran1 (Cω) being

closed, we must have Cε̃S
1/2
ε f = Cωh for some h ↗ H

1(ω). Since Dε : ε1(X) ↘

H
1(ω) is surjective due to Proposition 13, there exists some c ↗ ε

1(X) with h =
Dεc. Altogether, we obtain

0 = lim
m⇒↑

∥∥∥CωDεc
(m) ⇔ CωDεc

∥∥∥
ϖ1(X)

.

Since Cε̃S
↓1/2
ε Dε ↗ B(ε1(X)), the latter yields

0 = lim
m⇒↑

∥∥∥Cε̃S
↓1/2
ε

DεCωDε(c(m) ⇔ c)
∥∥∥
ϖ1(X)

.

Finally, by going through the calculations from above in reverse order, we finally
arrive at

0 = lim
m⇒↑

∥∥∥Dϑc
(m)

⇔Dϑc

∥∥∥
H1(ε)

,

as was to be shown.

(6)△(7): Lemma 25 ensures that we may apply Lemma 21 to deduce that the
Banach space adjoint of Cϑ : H1(ω) ↘ ε

1(X) is Dϑ : ε↑(X) ↘ H
↑(ω). Therefore,

Ker↑(Dϑ) = {0} if and only if Ran1(Cϑ) is dense in ε
1(X). The equivalence of

the conditions on the closedness of Ran↑(Cϑ) and Ran1(Dϑ) as well as Ran↑(Dϑ)
and Ran1(Cϑ) is due to the closed range theorem.

(7)∝(10): Since Ran1(Cϑ) = ε
1(X), it follows that Ran1(Cϑ) is dense in ε

2(X)
and so is Ran2(Cϑ). We thus deduce that Ker1(Dϑ) ⇒ Ker2(Dϑ) = {0}, that is,
Dϑ : ε1(X) ↘ Ran1(Dϑ) is bijective. Since Ran1(Dϑ) is closed, it follows from the
bounded inverse theorem that there exist constants A1, B1 > 0 such that

(13) A1→c→ϖ1(X) ↑ →Dϑc→H1(ε) ↑ B1→c→ϖ1(X), c ↗ ε
1(X).
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Next, observe that by (6)△(7), Dϑ : ε↑(X) ↘ H
↑(ω) is injective and has closed

range. We may therefore apply the bounded inverse theorem again to obtain con-
stants A↑, B↑ > 0 such that

(14) A↑→c→ϖ→(X) ↑ →Dϑc→H→(ε) ↑ B↑→c→ϖ→(X), c ↗ ε
↑(X).

Since Cϑ : H1(ω) ↘ ε
1(X) is surjective, there exists (γk)k→X ⇒ H

1(ω) such that

↓γk,ϖl↔ = ↼k,l, k, l ↗ X.

Applying (13) and (14) respectively allows us to infer that for p ↗ {1,≃}

B
↓1
p

→Dϑc→Hp(ε) ↑ →c→ϖp(X) = →C⇀Dϑc→ϖp(X) = →c→ϖp(X) ↑ A
↓1
p

→Dϑc→Hp(ε).

In particular,

→C⇀f→ϖp(X) ↑ A
↓1
p

→f→Hp(ε), for every f ↗ Ranp(Dϑ), and p ↗ {1,≃}.

Note that
(
Ran1(Dϑ),Ran↑(Dϑ)

)
forms a compatible pair of Banach spaces with

Ran1(Dϑ) ⇒ Ran↑(Dϑ). It follows from complex interpolation that

→C⇀f→ϖpϑ (X) ↑ A
↽↓1
1 A

↓↽

↑
→f→↽, for every f ↗ Ran1(Dϑ), and 0 ↑ ⇀ ↑ 1.

Since Ranp(Dϑ) can be identified with a closed subspace of εp(X) via Cε̃, we may
apply Lemma 26 to deduce that

→f→↽ = →Cε̃f→↽ ↑ →Cε̃f→ϖpϑ (X) = →f→Hpϑ (ε).

Specifying ⇀ = 1/2 we have p1/2 = 2 and applying a density argument then yields

→C⇀f→ϖ2(X) ↫ →f→H, f ↗ Ran2(Dϑ).

Finally,

→c→ϖ2(X) = →C⇀Dϑc→ϖ2(X) ↫ →Dϑc→H ↫ →c→ϖ2(X), c ↗ ε
2(X),

where the inequality on the right hand side is a consequence of Lemma 25. In other
words, ϖ is a Riesz sequence in H.

(10)△(1): Note that
(
S
1/2
ε ϑk

)
k→X

is a Bessel sequence because (ϑk)k→X is a

Bessel sequence by Lemma 18 and S
1/2
ε ↗ B(H). Since S

1/2
ε is invertible (see, e.g.,

[12]), we may rewrite ϖk as

ϖk =
∑

l→X

↓S
1/2
ε

ϑl, S
↓1/2
ε

ωk↔S
↓1/2
ε

ωl,

which means that (ϖk)k→X is an R-dual sequence of
(
S
1/2
ε ϑk

)
k→X

in the sense of
[11]. By [11, Theorem 2] we know that (ϖk)k→X is a Riesz sequence if and only

if
(
S
1/2
ε ϑk

)
k→X

is a frame, which in turn is equivalent to (ϑk)k→X being a frame,

since S
1/2
ε ↗ B(H) is invertible.

(10)∝(9): This implication follows directly from Lemma 16, since we have that
ϖ ⇐A ϖ by Lemma 25.

(9)△(8): This follows from duality via Corollary 22 (ii).

(8)∝(7): Since Gϑ = CϑDϑ : ε
1(X) ↘ ε

1(X) is invertible, it follows that
Cϑ : H1(ω) ↘ ε

1(X) is surjective.
To prove the second statement, let us assume to the contrary that Ran1(Dϑ) is

not closed in H
1(ω). Then Cϑ : Ran1(Dϑ) ↘ ε

1(X) cannot be injective. Indeed,
Cϑ : Ran1(Dϑ) ↘ ε

1(X) is necessarily bijective as Gϑ is invertible. We may
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therefore assume that there exists some f ↗ Ran1(Dϑ) \ {0} such that Cϑf = 0
and →f→H1(ε) = 1. Now let {fn}

↑

n=1 ⇒ Ran1(Dϑ) be a unit norm sequence that
converges to f in H

1(ω). From the continuity of Cϑ (Lemma 18) we deduce that
Cϑfn ↘ 0 as n ↘ ≃. Let (c(n))n→N ⇒ ε

1(X) be a sequence which satisfies Dϑc
(n) =

fn for each n ↗ N. Then

→c
(n)

→ϖ1(X) ↫ →Gϑc
(n)

→ϖ1(X) = →Cϑfn→ϖ1(X) ↘ 0 (as n ↘ ≃).

This implies that

→fn→H1(ε) = →Dϑc
(n)

→H1(ε) ↫ →c
(n)

→ϖ1(X) ↘ 0 (as n ↘ ≃),

which contradicts →fn→H1(ε) = 1 for all n ↗ N.
Finally, the last claim of Theorem 1 follows from Remark 9. ↭

5. A Comparison to ”Gabor Frames Without Inequalities”

As already mentioned in the introduction, the main insight of [21] (explicitly
stated as a corollary therein) was that, for a window function g in the modulation
space M

1(Rd), the Gabor system G = G(g,!) over a full-rank lattice ! ⇒ R2d

being a frame for L
2(Rd) is equivalent to the injectivity of the analysis operator

CG : M↑(Rd) ↘ ε
↑(!). In contrast to Theorem 1, no closed range condition is

listed in this or any other of the conditions from [21, Theorem 3.1]. This is due to
the fact that they are automatically fulfilled in this setting, as the next example
illustrates.

Example 27. For g ↗ M
1(Rd) and ! ⇒ R2d a full-rank lattice, the following are

equivalent:

(1) G = G(g,!) is a Gabor frame for L
2(Rd).

(2) CG : M↑(Rd) ↘ ε
↑(!) is injective and has closed range.

(3) CG : M↑(Rd) ↘ ε
↑(!) is injective.

Indeed, (2)∝(3) is trivial, and (3)∝(1) was proven in [21]. To show (1)∝(2), we
note that due to g ↗ M

1(Rd), SG = DGCG is bounded and invertible on M
p(Rd)

for all 1 ↑ p ↑ ≃ [21, Theorem 3.1]. From the latter, we may deduce the desired
closed range condition analogously as in the proof of Theorem 1.

In a similar manner, other closed range conditions from [21, Theorem 3.1] can
be derived.

At the same time, however, all closed range conditions appearing in Theorem 1
are in fact necessary. To demonstrate this, we ”naively” transfer the items (iii)-(vi),
(ix), (x) and (xiii) from [21, Theorem 3.1] to our setting, obtaining the following
list of conditions:

(a) Sω : H↑(ω) ↘ H
↑(ω) is injective,

(b) Cω : H↑(ω) ↘ ε
↑(X) is injective,

(c) Dω : ε1(X) ↘ H
1(ω) has dense range,

(d) Dϑ : ε↑(X) ↘ H
↑(ω) is injective,

(e) Cϑ : H1(ω) ↘ ε
1(X) has dense range,

(f) Gϑ : ε↑(X) ↘ ε
↑(X) is injective.

Below, we provide an elementary example of families ϑ and ϖ in H, that are local-
ized with respect to a self-localized Riesz basis ω, satisfy all the conditions (a)⇔(f),
but are not a frame, respectively not a Riesz sequence.
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Example 28. Let X = N, A be any solid spectral algebra, ω be an A-localized Riesz
basis (for instance, an orthonormal basis) and define ϑ = (ϑk)k→N :=

(
1
k
ω̃k

)
k→N.

Then ϖk = 1
k
S
↓1/2
ε ωk for each k ↗ N, and the following hold:

(i) One has ϑ ⇐A ω and, consequently, ϖ ⇐A ω;
(ii) ϑ is not a frame and, consequently, ϖ not a Riesz sequence in H;
(iii) Items (a)-(f) from above are satisfied;
(iv) The range of Cϑ : H1(ω) ↘ ε

1(N) is not closed in ε
1(N).

Proof. (i) It holds ϑ ⇐A ω, because Gω,ε =
[
1
k
↼k,l

]
k,l→N is contained in A due to

solidity of A, since IA = [↼k,l]k,l→N ↗ A. The fact that ϖ ⇐A ω is shown analogously
or via Lemma 25.

(ii) It is easy to see, that ϑ is not a frame, hence ϖ cannot be a Riesz sequence
according to Theorem 1.

(iii) The Gram matrix Gϑ =
[

1
k2 ↼k,l

]
k,l→N : ε↑(N) ↘ ε

↑(N) is obviously in-

jective, that is, (f) is satisfied. Consequently, also (d) has to be satisfied, and (e)
follows from (d) via duality upon an application of Lemma 21.

Next, we show that (a) is satisfied. Let f = [(fn)n→N]⇑ω , g = [(gn)n→N]⇑ω ↗

H
↑(ω) and assume that Sω(f⇔g) =

∑
l→N

1
l2
↓f⇔g, ω̃l↔ω̃l = 0. Then 0 = CεSω(f⇔

g) =
(

1
k2 ↓f ⇔ g, ω̃k↔

)
k→N. Thus 0 = ↓f ⇔ g, ω̃k↔ = limn⇒↑↓fn ⇔ gn, ω̃k↔ for each

k ↗ N and in particular (fn)n→N ⇐ε (gn)n→N. This means that f ⇔ g = 0 ↗ H
↑(ω)

and (a) is shown. Statement (b) follows immediately from (a), and (c) follows from
(b) via duality and Lemma 21.

(iv) Since we have already shown that Cϑ : H1(ω) ↘ ε
1(N) has dense range, it

su”ces to show that Cϑ : H1(ω) ↘ ε
1(N) is not surjective. But the latter is clear,

since Cϑ =
(

k→N
1
k

)
CεS

↓1/2
ε , where CεS

↓1/2
ε : H1(ω) ↘ ε

1(N) is bijective (this
follows from Corollary 17), hence Ran1(Cϑ) = {(ck)k→N : ck = ak/k, (ak)k→N ↗

ε
1(X)} which is not equal to ε

1(X). ↭

Remark 29. Via duality (Lemma 21) and the closed range theorem, we may con-
clude from Example 28 (iv), that Dϑ : ε↑(N) ↘ H

↑(ω) does not have closed range
as well. Furthermore, arguing as in the proof of (5)△(6), one may show that
Dϑ : ε↑(N) ↘ H

↑(ω) having closed range is actually equivalent to Cω : H↑(ω) ↘
ε
↑(N) having closed range. Thus Cω : H↑(ω) ↘ ε

↑(N) does not have closed range
in the above example.

Similarly, by switching the roles of ϑ and ϖ in Example 28, one readily sees that
it is possible to find ϑ and ϖ which are not a frame (respectively a Riesz sequence),
violate the remaining closed range conditions appearing in Theorem 1, while meeting
all other conditions appearing in the same result.

Thus, each of the closed range conditions appearing in Theorem 1 is necessary
for the statement to remain true.

6. Shift-Invariant Spaces

In this section, we apply Theorem 1 to the setting of shift-invariant systems. For
a comprehensive overview to shift-invariant spaces, we refer the reader to [2].

Let Tk denote the translation operator on L
p(Rd) (k ↗ Rd), given by Tkf(t) =

f(t ⇔ k). For a generator ω ↗ L
2(Rd), let V

p(ω) be the shift-invariant space
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(formally) defined by

V
p(ω) =





∑

k→Zd

ckTkω : c ↗ ε
p(Zd)




 (1 ↑ p ↑ ≃).

We assume that

(i) ω is continuous;
(ii) |ω(x)| ↫ (1 + |x|)↓s for some s > d; and
(iii) (Tkω)k→Zd forms a Riesz basis for V 2(ω).

Then the assumptions (i)⇔(iii) ensure that V
p(ω) is a closed subspace of Lp(Rd)

(1 ↑ p ↑ ≃), and that V 2(ω) is a reproducing kernel Hilbert space with kernel Kε

x
,

i.e.

(15) f(x) = ↓f,K
ε

x
↔, f ↗ V

2(ω), x ↗ Rd
.

It was shown in [19] that

|↓Tkω, Tlω↔| ↫ (1 + |k ⇔ l|)↓s
, k, l ↗ Zd

,

i.e., the Riesz basis (Tkω)k→Zd is intrinsically Js(Zd)-localized, where Js(Zd) de-
notes the Ja#ard algebra from Example 4 (1). Furthermore, from [19] we also know
that the associated co-orbit spaces Hp

(
(Tkω)k→Zd

)
coincide with the shift-invariant

spaces V p(ω) (1 ↑ p ↑ ≃) and

(16) |↓K
ε

x
, Tlω↔| = |ω(x⇔ l)| ↫ (1 + |x⇔ l|)↓s

, x ↗ Rd
, l ↗ Zd

.

Let X = (xk)k→Zd ⇒ Rd be discrete. If ϑ = (ϑk)k→Zd := (Kε

xk
)k→Zd forms a frame

for V 2(ω) with frame bounds 0 < A ↑ B, then X is called a stable set of sampling
for V 2(ω), since, due to (15), the frame inequality (1) takes the form

A→f→
2
L2(Rd) ↑

∑

k→Zd

|f(xk)|
2
↑ B→f→

2
L2(Rd), f ↗ V

2(ω),

in this case. Similarly, X is called a stable set of sampling for V p(ω) (1 ↑ p ↑ ≃),
if there exist constants Ap, Bp > 0 such that

Ap→f→Lp(Rd) ↑ →(f(xk))k→Zd→ϖp(Zd) ↑ Bp→f→Lp(Rd), f ↗ V
p(ω).

Now, assume that X = (xk)k→Zd ⇒ Rd is relatively separated and satisfies the mild
perturbation condition

(17) |xk ⇔ k| ↑ C, for some C > 0 and every k ↗ Zd
.

Then, since

(1 + |k ⇔ l|)s ↑ (1 + |k ⇔ xk|)
s(1 + |xk ⇔ l|)s, k, l ↗ Zd

,

the estimate (16) implies

|↓ϑk, Tlω↔| ↫ (1 + |k ⇔ xk|)
s(1 + |k ⇔ l|)↓s ↫ (1 + |k ⇔ l|)↓s

, k, l ↗ Zd
,

which means that ϑ and (Tkω)k→Zd are mutually Js(Zd)-localized. Thus all as-
sumptions of Theorem 1 are met in this setting and all of the conditions (1)⇔(10)
provide necessary and su”cient conditions for such a set X being a stable set of
sampling. Instead of repeating all these conditions, we will only reformulate con-
ditions (1), (4) and (8)⇔(10), since they seem more insightful to us in this case
than the remaining ones.
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Before doing so, we compute the R-dual ϖ of ϑ. Since the frame operator Sε

commutes with translations by k ↗ Zd, so does S↓1/2
ε , and we see that S↓1/2

ε Tkω =

TkS
↓1/2
ε ω = Tkγ for γ := S

↓1/2
ε ω and k ↗ Zd. Consequently,

(18) ϖk =
∑

l→Zd

↓ϑl, Tkω↔S
↓1/2
ε

Tlω =
∑

l→Zd

ω(xl ⇔ k)Tlγ, k ↗ Zd
.

Note, that in case X = (xk)k→Zd = Zd, the R-dual ϖ of ϑ is again a family of shifts
of a single generator η as

ϖk = Tk

∑

l→Zd

ω(l ⇔ k)Tl↓kγ = Tk

∑

l→Zd

ω(l)Tlγ = Tkη, k ↗ Zd
.

Computing the entries of the associated Gram matrix Gϑ, we see that

[Gϑ]k,n = ↓ϖn,ϖk↔ =


∑

l→Zd

ω(xl ⇔ n)S↓1/2
ε

Tlω,

∑

m→Zd

ω(xm ⇔ k)S↓1/2
ε

Tmω



=
∑

l→Zd

ω(xl ⇔ k)ω(xl ⇔ n),(19)

since (S↓1/2
ε Tlω)l→Zd is an orthonormal basis.

Theorem 30. Assume that ω ↗ L
2(Rd) satisfies the conditions (i)⇔(iii), and let

(xk)k→Zd ⇒ Rd be relatively separated. Let Gϑ be the autocorrelation matrix with
entries given by (19) and assume that condition (17) holds. Then the following are
equivalent.

(a) (xk)k→Zd is a stable set of sampling for V
2(ω).

(b) (xk)k→Zd is a stable set of sampling for V
↑(ω) and Dω : ε↑ ↘ V

↑(ω) has
closed range.

(c) Gϑ is invertible on ε
1(Zd).

(d) Gϑ is invertible on ε
↑(Zd).

(e) Gϑ is invertible on ε
2(Zd).

Remark 31. In the language of [26], the assumptions (i)⇔(iii) guarantee that ω
is contained in the Wiener amalgam space W0 = W (C, ε1) and has stable inte-
ger shifts, which, by [26, Theorem 3.1], yields several equivalent conditions for a
relatively separated set (xk)k→Z ⇒ R being a stable set of sampling for V

2(ω). In
particular, using a non-commutative version of Wiener’s lemma ([25, Proposition
8.1]), the authors of [26] showed that (xk)k→Zd being a stable set of sampling for
V

p(ω) for some 1 ↑ p ↑ ≃ is equivalent to (xk)k→Zd being a stable set of sampling
for V p(ω) for all 1 ↑ p ↑ ≃ (hence the closed range condition of Dω : ε↑ ↘ V

↑(ω)
from (b) can actually be omitted). Connected to that, we assume condition (17) in
order to guarantee localization with respect to the Ja!ard algebra Js(Zd) and utilize
inverse-closedness in B(ε2(Zd)), which can be viewed as another non-commutative
version of Wiener’s lemma.

We also note that the autocorrelation matrix Gϑ is given by the product Gϑ =
PX(ω)↘PX(ω), where PX(ω) = (ω(xl ⇔ k))l,k→Z is the matrix appearing in [26,
Theorem 3.1]. According to [26, Theorem 3.1] (in the case d = 1), stable sam-
pling is equivalent to P!(ω) : ε↑(Zd) ↘ ε

↑($) being bounded and injective for all
weak limits $ of integer translates of (xk)k→Z. In contrast, conditions (c)⇔(e) from
above only concern one specific operator Gϑ. To the best of our knowledge, these
invertibility conditions on the autocorrelation matrix Gϑ are new.
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[15] M. Fornasier and K. Gröchenig. Intrinsic localization of frames. Constr. Approx., 22(3):395–

415, 2005.
[16] I. Gelfand, D. Raikov, and G. Shilov. Commutative Normed Rings. Chelsea Publishing Com-

pany, Bronx, New York, 1964.
[17] I. Gohberg, M. Kaashoek, and H. Woerdeman. The band method for positive and strictly con-

tractive extension problems: An alternative version and new applications. Integral Equations
Operator Theory, 12:343–382, 01 1989.
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dérivées partielles (Polytechnique), pages 1–19, 1994-1995.

[33] D. T. Stoeva and O. Christensen. On R-duals and the duality principle in Gabor analysis. J.
Fourier Anal. Appl., 21:383–400, 2015.

[34] Q. Sun. Wiener’s lemma for infinite matrices. Trans. Amer. Math. Soc., 359(7):3099–3123,
2007.

[35] H. Triebel. Interpolation Theory, Function Spaces, Di!erential Operators, volume 18. North
Holland Publishing Company, 1978.

(P. B.) Acoustics Research Institute, Austrian Academy of Sciences, Dominikaner-
bastei 16, 1010 Vienna

Austria and Acoustics, Analysis and AI, Interdiscliplinary Transformation Univer-
sity Austria, Science Park 4, 4040 Linz, Austria

Email address: peter.balazs@oeaw.ac.at

(L. K.) Acoustics Research Institute, Austrian Academy of Sciences, Dominikaner-
bastei 16, 1010 Vienna, Austria

Email address: lukas.koehldorfer@oeaw.ac.at

(M. S.) Acoustics Research Institute, Austrian Academy of Sciences, Dominikaner-
bastei 16, 1010 Vienna, Austria

Email address: michael.speckbacher@oeaw.ac.at


	Acknowledgements
	Abstract
	Kurzfassung
	List of Papers
	Introduction
	Frames in Hilbert space
	Localized Frames
	A motivating example: Gabor frames
	Localized frames: An overview to the abstract concept

	Operator-valued frames

	Discussion of the main results
	Wiener pairs of Banach algebras of operator-valued matrices
	Weighted Schur-type algebras
	Polynomial and more general off-diagonal decay conditions
	The Baskakov-Gohberg-Sjöstrand algebra
	Anisotropic decay conditions

	Localization of operator-valued frames
	Intrinsic localization and duality
	Operator-valued frames and associated (quasi-) Banach spaces

	Localized Frames without inequalities
	Main result
	Application to shift-invariant spaces and sampling

	Bibliography

	Publications
	Paper 1
	Paper 2
	Paper 3


