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Abstract

Friedman-Lemaitre-Robertson-Walker (FLRW) spacetimes arise as natural models for our
universe by virtue of the Cosmological Principle. This principle posits that, when viewed at
large scales, no point and no direction in our universe has a preferential role. Observations
support the Cosmological Principle, i.e., the physical universe is well approximated by FLRW
models. However, a full mathematical analysis of these models is necessary to understand
to what extent this approximation remains valid in our distant past and future, to which
we cannot fully apply observational methods. To this end, this thesis studies the stability
of FLRW spacetimes as solutions to the Einstein equations, predominantly towards the Big
Bang singularity. This amounts to analysing the blow-up stability of solutions to an elliptic-

hyperbolic system of partial differential equations.

The thesis consists of three works, preceded by a brief introduction to cosmological and
mathematical aspects of Big Bang formation. In the first work, initial data for the Einstein
scalar-field equations close to that of an FLRW spacetime with negative spatial curvature
is considered. In the contracting direction, it is shown that the maximal globally hyper-
bolic development of said initial data is incomplete, forming a quiescent crushing Big Bang
singularity. In the expanding direction, their development is complete and asymptotically
approaches the vacuum solution, provided that a certain spectral assumption with respect to
the spatial reference geometry holds. These results combine into a global stability result for

a large class of FLRW spacetimes with negative spatial curvature.

The two subsequent works are concerned with Big Bang formation for the Einstein scalar-
field Vlasov system in four and three spacetime dimensions respectively. FLRW solutions
with isotropic matter and arbitrary spatial geometry are shown to be past stable, with the
spacetime and scalar field behaviour matching that of the first result. Additionally, the Vlasov
distribution is shown to be extendible towards the past when viewed on the co-mass shell,
while the leading asymptotic order of the components of the Vlasov energy-momentum tensor
lightly degenerates. Finally, the (2 4+ 1)-dimensional stability result is leveraged to control

the past asymptotics of (3 + 1)-dimensional vacuum solutions in polarized U (1)-symmetry.
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Zusammenfassung

Friedman-Lemaitre-Robertson-Walker (FLRW) Raumzeiten sind aufgrund des Kosmolo-
gischen Prinzips natiirliche Modelle unseres Universums. Dieses besagt, dass kein Ort und
keine Richtung in unserem Universum eine besondere Rolle hat, wenn man es auf grofien
Skalen betrachtet. Da das Kosmologische Prinzip von Beobachtungen gestiitzt ist, kann das
physikalische Universum gut von FLRW Raumzeiten modelliert werden. Allerdings ist eine
vollstandige mathematische Untersuchung dieser Losungen erforderlich, um zu verstehen, in-
wieweit diese Approximation in der frithen Vergangenheit oder fernen Zukunft valide bleibt,
bei denen Folgerungen aus Messmethoden an ihre Grenzen stoflen. Daher wird in dieser Ar-
beit die Stabilitdt von FLRW Modellen als Losungen der Einstein-Gleichungen untersucht,
vornehmlich in Richtung der Urknallsingularitdt. Dies lauft darauf hinaus, dass man die
Blow-up-Stabilitdt von Losungen zu einem elliptisch-hyperbolischen System partieller Differ-

entialgleichungen studiert.

Die Dissertation besteht aus drei Arbeiten sowie einer kurzen Einfithrung in kosmolo-
gische und mathematische Aspekte der Urknalltheorie. Im ersten Resultat werden Anfangs-
daten fiir das FEinstein-Skalarfeld-System betrachtet, die Daten fiir eine FLRW Raumzeit mit
negativer raumlicher Kriimmung naheliegen. In der kontrahierenden Richtung wird gezeigt,
dass die maximale global hyperbolische Entwicklung dieser Daten unvollstédndig ist und zu
einer ruhenden, zerdriickenden Urknallsingularitat fithrt. In der expandierenden Richtung
ist die Entwicklung vollstdndig und néhert sich asymptotisch der Vakuumlésung an, sofern
die raumliche Referenzgeometrie eine bestimmte Spektralbedingung erfiillt. Diese Resultate
lassen sich zu einem globalen Stabilitatsresultat fiir eine grofle Klasse an FLRW Raumzeiten

mit negativer Raumkriimmung verbinden.

Die zwei folgenden Abschnitte befassen sich mit der Urknallentstehung fiir das Einstein-
Skalarfeld-Vlasov-System in vier beziehungsweise drei Raumzeitdimensionen. Es wird gezeigt,
dass FLRW Losungen mit isotroper Materie und beliebiger raumlicher Geometrie vergangen-
heitsstabil sind, wobei das asymptotische Verhalten der Raumzeit und des Skalarfelds mit dem
im ersten Resultat iibereinstimmt. Zuséatzlich wird gezeigt, dass die Vlasov-Verteilung sich als
Funktion auf der Ko-Massenschale zum Urknall vorsetzen lasst, wahrend die fiihrende Ord-
nung der Komponenten des Vlasov Energie-Impuls-Tensors leicht degeneriert. Abschliefend
wird das (2 + 1)-dimensionale Stabilitdtsresultat genutzt, um die Vergangenheitsstabilitét

von (3 + 1)-dimensionalen Vakuumlésungen in polarisierter U(1)-Symmetrie zu beweisen.
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CHAPTER 1

Introduction
The Einstein field equations
e | R _
(EEq) Ric[g] — 3 Rlgluw + NGy, =87 T

have dominated astrophysics and cosmology since their formulation by Einstein in [Ein16] for
A =0and in [Einl7] for A € R. However, we are still far from a comprehensive understanding
of how general solutions to (EEq) behave. In particular, only in the 1980s were mathemati-
cians able to provide statements on the asymptotic behaviour of solutions without restricting
the solution space, with pionieering works by Christodoulou and Klainerman [CK93] as well
as Friedrich [Fri86]. The goal of this thesis is to contribute to this endeavour by studying the

asymptotic properties of a class of cosmological solutions to the Einstein equations.

In this chapter, I will introduce the relevant spacetime and matter models, provide the
physical motivations for studying these models and review their historic origins. In addition,
I will provide a brief overview of the geometric PDE problems that one encounters naturally
when analysing these solutions along with conjectures regarding their asymptotic properties.
I will close by outlining the main results that make up this thesis, leaving the discussion of

how these fit into more recent developments in the field to later chapters.

1.1. The Cosmological Principle and FLRW spacetimes

When considering measurements, one observes that the universe seems to look the same in
all directions. Arguably, this is best seen in the near-isotropic Cosmic Microwave Background
(CMB) which serves as a snapshot of an early stage of the universe that was dominated by
radiation, see [Hin+13; Col+20] for current data. This goes hand in hand with the more
philosophical notion that no point in the universe should, on a large scale, have a privileged
position. This reflects the desire that different points in the universe should be subject to
the same physical laws as we are on Earth. These observations immediately lead one to the
Cosmological Principle. It states that the universe should be isotropic and spatially homoge-
neous at large scales. While we clearly cannot expect this principle to be strictly satisfied in
a precise and comprehensive model of our universe, the principle serves as a starting point
from which one can attempt to integrate small inhomogeneities and anisotropies to describe

our universe more accurately.

Let (M,g) be a (3 + 1)-dimensional spacetime modelling our universe that is subject to

the Cosmological Principle in its strictest form, i.e., assume that it is spatially homogeneous

1



2 1. INTRODUCTION

and isotropic. If one additionally assumes that our universe admits a global time function
t : M — R such that 9 is orthogonal to the level sets M, = t~!({s}), it was shown by
Robertson [Rob35] and Walker [Wal37] that (M,g) must be isometric to a spacetime of the

form

(1.1.1) M=IxM, Gprpw = —dt*+a(t)*~.

Here, I C R is an open interval, a is a smooth positive function on I and (M,~) is a
Riemannian manifold with constant sectional curvature x. For such a spacetime to provide
a solution to (EEq), the scale factor a must satisfy a set of ordinary differential equations
called the Friedman equations that depend on components of T}, as well as on k. In current
standard models, including the ACDM model which underlies [Hin+13; Col+4-20], one models
the universe by multiple perfect fluids that individually model radiation, matter and dark

matter content of the universe. The energy momentum tensor of each fluid is of the form

T;E/u = (p+p)uHuV+pguu7

where (u*) denotes the relativistic four-velocity of the fluid normalised to u, u* = —1. The
energy density p and pressure p are related by p = wp with w = % for radiation, w = 0 for
matter and w = —1 for dark matter. Denoting the cumulative density and pressure by piot
and piot respectively, the scale factor of the corresponding solution in the ACDM-model is
then determined by the following version of the Friedman equations.

a\? 8r kA
(a) =g Prot ~ g-i-g
g = - 4% (Ptot + 3Ptot) + %
Spacetimes of the form (1.1.1) are referred to as Friedman-Lemaitre-Robertson-Walker (FLRW)
spacetimes. They were discovered independently by Friedman [Fri22; Fri24] and Lemaitre
[Lem27; Lem31a|; the aforementioned rigidity results were proven independently by Robert-
son [Rob35] and Walker [Wal37]. However, solutions of this type with positive cosmological
constant date back to works of Einstein and de Sitter in 1917, see [Einl7] and [DS17] along
with [RP09] for a historical overview. While the Friedman equations first derived by Fried-
man in [Fri22; Fri24] concern dust solutions, we will derive similar expressions for different

matter models and spacetime dimensions and also refer to them as Friedman equations.

1.2. Strong Cosmic Censorship and the 3 + 1 decomposition

The idea of the universe emerging from an exceptional state was present early on in
mathematical cosmology. For example, in [Lem31b|, Lemaitre conceived of the universe as
emerging from a “primeval atom” where the scale factor is close to zero. Additionally, physical
discoveries such as the CMB imply that the universe had an early, dense stage. The modern
mathematical interpretation of its origins is strongly influenced by works by Ellis, Hawking
and Penrose, see [Haw66a; Haw66b; Haw67; HE68; HP70]. The majority of these results
concern globally hyperbolic spacetimes, i.e., spacetimes that contain a “spacelike Cauchy hy-

persurface” M that is intersected precisely once by every inextendible timelike curve. This
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hypersurface can be viewed as a snapshot of our universe at a given time. Additionally,
assume that the universe is currently expanding, i.e., that the trace of the shape operator on
M is, depending on the sign convention used, strictly positive or negative. Under these con-
ditions, the aforementioned works have shown that such spacetimes must have emerged from
a singularity given suitable energy conditions for the energy-momentum tensor. It is worth
noting that ACDM-models that only contain dark matter and the vacuum de Sitter universe
violate these energy conditions, but also do not contain a singularity nor have scale factors
that approach zero toward the past. The de Sitter universe, in particular, is nevertheless
used as a model of the inflationary period of the early universe, as discussed in Section 1.3.1,
as the effects of dark matter or a cosmological constant are dominant in that era, but any
ACDM-model approximating our universe must also contain matter and radiation compo-
nents, and consequently satisfies the necessary energy conditions, at least when considering

the past of a sufficiently early time slice.

However, no claim is made in the aforementioned singularity theorems on the precise
nature of this singularity and whether this would match the physical intuition of a “Big
Bang” when applied to cosmological solutions. Such incompleteness can either form because
the spacetime is indeed inextendible or because there are multiple incompatible ways to
develop the spacetime further. The latter implies that full data of the universe at a given
time do not fully determine its future or past, and thus that the theory of general relativity
is not fully deterministic. Taub-NUT spacetimes fall into this category. These are spatially
homogeneous cosmological vacuum spacetimes that admit multiple extensions towards the
past, see [Mis67]. However, this behaviour is shown to be unstable in [MT69], in the sense
that adding any nearby Einstein solution containing radiation is inextendible. On the other
hand, in standard ACDM-models as discussed above, the Kretschmann curvature scalar

K = Riem|[g],p-s Riem[g]*#7°

blows up as the scale factor a approaches zero, which means that the spacetime is past C?-
inextendible. Thus, one would informally hope that determinism breaking down is a rare
occurance and that “typical” configurations of the universe fully determine its future and
allow us to fully extract its past. The Strong Cosmic Censorship Conjecture states more
formally that the maximal globally hyperbolic development of generic initial data to the Ein-
stein equations should be inextendible in a suitable regularity class. This formulation of the
conjecture first appears in Moncrief’s work [Mon81]. The conjecture itself is due to Penrose
in [Pen79, p. 624f.] where it is stated that any “physically reasonable” spacetime should be
globally hyperbolic. Moncrief recast this conjecture in terms of developments of initial data
to access this conjecture with analytic methods, as I will discuss momentarily. For a recent
review of Cosmic Censorship in light of Penrose having been awarded the 2020 Nobel Prize

in Physics, we refer to [Lan21].

While the Strong Cosmic Censorship Conjecture, in its most general form within C° solu-

tions, was disproven for the vacuum equations by Dafermos and Luk in [DL17], fully resolving
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the conjecture remains an active field of study. In light of the behaviour of ACDM-models,
one commonly analyses the C2-version of Strong Cosmic Censorship in cosmological settings.
Blow-up of the Kretschmann scalar in particular has also been shown to occur for spatially
homogeneous solutions and vacuum solutions in presence of symmetry, see [CR95; Rin09b],

making it a natural candidate to identify C?-inextendibility for our purposes.

To study the development of data on a given surface within the Einstein equations, we
will study certain foliations (M;);e; of M by spacelike Cauchy hypersurfaces. The Einstein
equations can then be phrased in terms of the first and second fundamental forms (g, k¢)
on M; as well as the lapse function n and shift vector X on M which encode the remaining
components of the spacetime metric. In the standard four-dimensional setting, this approach
is referred to as the (3 + 1)-formalism. It reduces the Einstein equations to a system of ten
geometric unknowns, namely to the evolution equation for k£ as well the constraint equations
for g and k, along with equations for matter. This decomposition is occasionally also referred
to as the ADM formalism due to a series of works by Arnowitt, Deser and Misner culminating
in [ADM62]. Therein, they employ a related decomposition using the conjugate momentum
7 to g¢ instead of the second fundamental form k; to derive a Hamiltonian from the Einstein-
Hilbert Lagrangian and to obtain an equivalent system of constrained evolution equations.
However, versions of the (3 + 1)-decomposition predate the ADM analysis, including an early
version in Gaussian coordinates by Darmois in [Dar27] and an equivalent formulation in gen-
eral coordinates by Choquet-Bruhat in [FB56].

In practice, the foliation is not available a priori and has to be constructed. Doing so
requires a choice of coordinates, which influences the nature of the evolutionary system. For
example, the foundational proof by Choquet-Bruhat in [FB52] that data satisfying to the
vacuum constraint equations launch a unique Einstein vacuum solution uses harmonic coor-
dinates that cast the equations as a system of nonlinear wave equations for the components
of the spacetime metric. Meanwhile, for most of this thesis, we choose coordinates that elim-
inate the shift, turning the Einstein equations into wave-like equations for the spatial metric
g coupled to an elliptic equation for the lapse as well as the constraints. This allows us to re-
cast the C2-Strong Cosmic Censorship conjecture toward the singularity: By considering data
close to that of FLRW data, this now becomes a question of blow-up stability for solutions
to a system of nonlinear elliptic-hyperbolic differential equations. In Chapter 2, evolution in
the direction of expansion is also considered. Here, we verify the lack of a future singularity,
i.e., future completeness, by establishing the asymptotic stability of FLRW solutions to this
PDE system.

Before providing an overview of these results, we introduce the necessary matter models
and review which behaviour one would expect for cosmological solutions near the Big Bang
singularity.

IThere have, however, also been recent advances in C’-inextendibility of FLRW spacetimes, for example in
the works [Sbi22; Sbi23] of Sbierski.
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1.3. Matter models

1.3.1. Scalar fields. The scalar field is often introduced as the structurally simplest
non-trivial matter model for the Einstein equations. Considering the general case of a scalar

field with a potential, it arises from the scalar Lagrangian

L=-V[g*¢V[glad+V(9).

The associated energy-momentum tensor is given by
1
1516.9] = V1 Vlalo (5 V66 Vlglat + V(9) ) g

To be compatible with the Einstein tensor, any energy-momentum tensor must be divergence-
free. For scalar field matter, this is ensured if the scalar field satisfies the relativistic wave
equation

Og¢ = 3" V[glu Viglé = V().

Below, we will usually restrict ourselves to the fully linear case where V = 0.

The behaviour of relativistic waves on fixed backgrounds can serve as a toy model for
the full Einstein equations given that the Einstein equations in harmonic gauge reduce to a
system of nonlinear wave equations. As a matter model in its own right, it is also a subcase of
the stiff fluid model, i.e., a perfect fluid with equation of state p = p. For a formal derivation,
we refer to [Chr07, Chapter 1]. This can be seen heuristically from considering the density
and pressure of this energy-momentum tensor for a spatially homogeneous scalar field. In
the nonlinear case, denoting the future directed unit normal by eg, it is given by

(13.1) p =5 (0 +V(9), b= 5(c0s)’ ~ V(9).

Note that the equation of state precisely matches that of a stiff fluid in the linear case. Scalar
field and stiff fluid matter both lead to stability mechanisms towards the Big Bang that are
discussed in more detail in Section 1.4. For this reason, the inclusion of a scalar field will be

essential for all parts of this work.

From a cosmological perspective, however, the nonlinear wave equation plays an increas-
ingly important role in resolving issues with the ACDM-model. Approaching the Big Bang
in these models, the spacetime becomes increasingly causally disconnected. Hence, there is
no structural reason why separate regions in the CMB should have the same temperature,
since no information could have passed between them. This is often referred to as the hori-
zon problem. Additionally, the standard theory does not explain why the universe seems to
be approximately flat — the flatness problem — or why it is almost isotropic. The theory of
inflation attempts to resolve these issues by introducing a period of accelerated expansion in
the early universe that isotropises the matter content and flattens the spatial metric. The
easiest way to ensure accelerated expansion in the Friedman equations is with a positive
cosmological constant, but this does not allow for the expansion to slow down again and

thus might not be compatible with observations. Thus, the next option is to model this via
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a single or multiple inflatons. These are scalar fields with a suitable non-negative potential
coupled to the Einstein equations.? When the scalar potential is dominant, this acts as dark
matter does in the Friedman equations and causes accelerated expansion. While we refer to
[Ren06, Chapter 5] for a formal discussion, one can again see this heuristically from (1.3.1)
since, for a dominant potential, the equation of state becomes p ~ —p. The precise form of
the scalar potential is still up to debate — see, for example the review [Cic+24] discussing in-
flation driven by various potentials in String Cosmology. Nevertheless, studying the Einstein
scalar-field system is a necessary step to rigorously understand one of the most commonly

accepted cosmological theories for the Early Universe.

1.3.2. Vlasov matter. The second half of thesis concerns FLRW spacetimes that, on
top of a scalar field, contain a collisionless gas described kinetically by the Vlasov equation.
We briefly outline the considerations from which this equation arises, following the outline of
[SM58; Ehl73].

As a starting point, consider a gas as a collection of point particles. If the movement
of such a particle is only affected by gravitational effects, it moves along the worldline z(s)

determined by the geodesic equation

dxt dp*
Pt [Glas ™ P
Each such particle has a fixed relativistic mass m > 0 given by m? = —pupt. For the sake

of simplicity, we will consider gases that consist of one particle type, i.e., where all particles
have mass m. Thus, (x,p)(s) can be viewed as a curve on the mass shell P which is discussed

in more detail in Section 3.2 along with its induced Riemannian structure.

Tracking the behaviour of each individual particle within a gas would be too involved
computationally. Instead, the gas is viewed statistically, describing the density of the gas
by the particle distribution function f* If we consider an arbitrary open subset U; of a
spacelike hypersurface M; = M in M =2 I x M, the average number of such particles should
be preserved by transport along geodesics. More precisely, if ®, describes the geodesic flow
for some s > 0 and dvolp describes the volume form on constant-in-time leaves Ptﬁ the mass
shell P!, one must have
fﬁ(t,',')dvolpu :/ fﬁ(t—FS,',‘)dVOlPﬁ :/ @;‘fﬁ(t—l—s,',-)dvolpu

£ O (TU) K TUpts

TU; t+s

Consequently, f# must be preserved by the geodesic spray restricted to the mass shell P,
given by

B )
(1.3.2) xf <p 5~ Llasp™p 3pm>f 0.

2Note that the vacuum Einstein equations with cosmological constant A are equivalent to Einstein scalar-field
equations with trivial scalar field and V(¢) = A.



1.3. MATTER MODELS 7

Similarly, the energy-momentum tensor

TlYVl[fﬁag] :/ﬁ p,upvfﬁ(tvva)dVOIP
P
(t,x)

arises naturally from the requirement that the energy-momentum tensor should be preserved
when projected along any worldline. The Vlasov equation (1.3.2) also ensures that TV is

divergence-free.

The Vlasov equation is occasionally also referred to as the Liouville equation or the
collisionless Boltzmann equation. The former alternate name arises from the Hamiltonian

perspective, where the Vlasov equation arises as an application of Liouville’s theorem, i.e.,
8tfﬁ+ {fﬁvH} :07

see [Lio38], to the free particle Hamiltonian H = %?’W pu Py Regarding the latter, the full
Boltzmann equation
X =Q(f. 1)

describes the behaviour of a particle gas with collisions modelled by the bilinear functional @
on the space of scalar functions on the mass shell. The first extensions of the classical formula-
tion by Boltzmann in [Bol68] to relativistic settings considered collisions in their formulation
from the beginning. The first precursor dates back to Jittner in [Jiit11] who considered
the thermodynamical properties of ideal gases in Special Relativity that were modeled with
the help of equilibrium solutions to the Boltzmann solution. These ideas were extended to
general relativity and expanded upon in the late 1950s and early 1960s, see for example
[SM58; TW61; Isr63; Che63; Lin66; Ehl73]. An existence theory for the Einstein-Boltzmann
system was first established in [Ban73]. Considering the collisionless case in isolation was
popularised by Vlasov in his description of plasma, see [V1a61; V1a68], leading to the (1.3.2)

being referred to as the Vlasov equation.

For a general overview regarding the Einstein-Vlasov system, we refer to [And11] as well
as [Ren08, Chapter 11]. Cosmologically, Vlasov matter serves as a kinetic descriptor of stellar
dynamics within our universe, where each stellar object can be viewed as a “particle” in the
matter content of the universe. Since collisions on this scale, i.e., between galaxies and galaxy
clusters, are currently very rare, one often considers the Vlasov equation rather than the full
Boltzmann equation. For more details on this perspective, see [BT08, Chapters 1.2 and 4].
While one might argue that, toward the past, collisions become more frequent as the universe
contracts, we still restrict ourselves to the Vlasov case as understanding the behaviour of the
transport component is, at least, a necessary step towards understanding the full system.
Additionally, as will be discussed in more detail in Chapter 3, Vlasov matter serves as a
simplified model of radiation toward the Big Bang singularity, which is expected to dominate
the early universe while also being difficult to control. From this perspective, each Vlasov

particle represents a photon within the electromagnetic radiation field.
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1.4. The BKL conjecture and quiescent Big Bang formation

The first attempts to understand the behaviour of general cosmological solutions ap-
proaching the past singularity date back to the works by Lifshitz, Khalatnikov and Sudakov
n [LK61b; LK61a; LSK61], summarized in [LK63]. Therein, the authors considered the
vacuum Einstein equations with A = 0. If one upholds the Cosmological Principle to obtain
vacuum model solutions, the resulting FLRW solutions are all quotients of Minkowski space
and thus do not exhibit a Big Bang. However, if one only assumes spatial homogeneity, this
allows for Kasner spacetimes, which are spatially flat spacetimes of the form

3
(1.4.1) M=IxT3 gy, =—d’+> t*% (da')’
i=1
and provide a solution to the Einstein vacuum equations if the following Kasner relations are
satisfied.

(1.4.2) ntete=ag+dta=1

These spacetimes were first discovered by Kasner in [Kas21]. They also exhibit polynomial
Kretschmann scalar blow-up if none of the exponents vanish and can thus serve as useful toy
models toward the Big Bang before considering the effects matter models may have on the
singularity.

With Kasner spacetimes in mind, Lifshitz and Khalatnikov attempted to analyse the

behaviour of general solutions by making the following ansatz.?
3
= —dt2+z 201 (@) wr ®wr + .
I=1

Here, {wr}1=123 is a coframe over M and {q;}r=1,2,3 are smooth functions on M that satisfy
the Kasner relations (1.4.2) pointwise. Without loss of generality, assume ¢; < g2 < g3. The
spatial Ricci curvature over constant-time hypersurfaces can then be expanded as

‘RiC]J‘ —9 (7213)2 12 (e2+a3—q1) 4. =2 (723) 22a ’

where 75}{ denotes the connection coefficients of the coframe. Since the Kasner relations
imply that ¢; is negative except for the extremal case with Kasner exponents (0,0, 1), which
corresponds to Minkowski spacetime, the leading term diverges at an order higher than ¢ 2
if there is a singularity, since the extremal case simply corresponds to Minkowski spacetime.

On the other hand, the Einstein equations imply
Ric [J +

; dt,at(mkl )=0.

where k is the second fundamental form with respect to the constant time foliation. One
computes that the latter term is of order t=2 or lower. From this, one sees that this ansatz
can only be consistent and provide a solution up to the singularity if the leading term in the

spatial curvature vanishes, so if one has 7%3 = 0. Lifshitz and Khalatnikov initially concluded

3For a critical view on the validity of this ansatz, see [BT79].
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that such past singularities are non-generic phenomena for vacuum solutions to the Einstein
equations, as well as solutions in presence of radiation after a similar analysis. In [BKL70;
BKL82], a more refined analysis of this ansatz is performed. The authors observe that the
leading order terms lead to a “bouncing” phenomenon, where the solution transitions from
one Kasner regime to another and that the direction in which the Kasner exponent is negative
changes, see [BKL70, p.536f.]. This leads the authors to the BKL conjecture: Generically, sin-
gularities in cosmology are expected to be oscillatory in the sense that, along each worldline,
the spacetime undergoes infinitely many bounces between different Kasner regimes approach-
ing the spacelike singularity. In [LK63], it is theorized that this series of contractions and
expansions allows the spacetime to remain causally connected. This is revised in [BKT71].
Since then, the BKL conjecture commonly includes that this behaviour is local and modelled
by spatially homogeneous dynamics, see [BK71].

In [LK63; BKL70], the authors also observe that the presence of radiation does not affect
the heuristics sketched above, and thus conjecture that these behaviours persist for most
matter models since one physically expects radiation to the dominant matter type toward
the Big Bang. The isotropic solutions containing radiation are determined to be unstable
by a perturbative analysis. However, in [BK73], the authors perform similar calculations
for the Einstein massless scalar-field system and observe that this ansatz is consistent with
the Einstein equations without losing any degrees of freedom.* In particular, such solutions
should generically exhibit the same asymptotics locally as generalised Kasner solutions which
solve the Einstein scalar field system. These are of the form (1.4.1), coupled to an isotropic
scalar field given by

Hp=Ct L, 9,p=0

for some C # 0, and satisfy generalised Kasner relations
q1+q2+q3 =1, q%+q§+q§+87r02:1.

The first rigorous proof of this type is due to Andersson and Rendall in [ARO1]. Therein,
the authors consider so-called wvelocity term dominated (VTD) solutions which are formal
solutions of truncated Einstein equations where spatial derivative terms are dropped. These
were first introduced in [ELS72] to provide a framework to study the Big Bang in presence
of irrotational dust, inspired by [LK63]. In [ARO1], the authors show that any analytic VTD
solution is associated to a unique analytic Einstein scalar-field solution that asymptotically
converges toward the VTD solution approaching the Big Bang. Such solutions are referred

to as quiescent, a term originating in the work [Bar78] of Barrow.
There are results able to analyse the chaotic, oscillatory BKL regime, but these usually

are restricted to spatially homogeneous dynamics or the analysis of the bounces in more rigid

symmetry classes, see, for example, [Rin01; BD23] or [CIM90; Rin04] respectively. However,

4The authors also note that the heuristic argument in [LK63] fails for fluids with p > 2p.
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when trying to study Big Bang formation and Cosmic Censorship for general solutions, quies-
cent spacetimes are significantly more tractable leading to a series of recent results, beginning
with the past stability of FLRW scalar field spacetimes for flat spatial geometry by Rodnian-
ski and Speck in [RS18b]. The results of this thesis, outlined in the next section, contribute
to this effort by studying quiescent Big Bang formation for different FLRW spacetimes and
verifying the Strong Cosmic Censorship conjecture near these spacetimes in the process. The
state of the art for quiescent Big Bang formation will be discussed in more detail throughout
this thesis and is thus omitted here.

From a physical perspective, by quantitatively controlling blow-up quantities such as the
Kretschmann scalar towards the singularity, the results contained below verify that small
amounts of noise do not lead to significant deviations from the FLRW picture when studying
the Big Bang. Such noise on a homogeneous background could be similar to what has
been observed in the CMB. In particular, the analysis below strongly indicates that many
of the results in this thesis extend to cosmological models involving inflatons, since matter
blow-up toward the Big Bang is usually caused by the wave equation itself rather than the
nonlinearity. Such an extension is proven, for example, in the recent work [OGPR23] which
studies general conditions for initial data to the Einstein non-linear scalar field system to
admit quiescent Big Bang formation. However, such a heuristic extension is clearly only valid
as long as the nonlinear potential is negligible, i.e., in the pre-inflationary period. Indeed,
[OGPR23] requires the rate of expansion on the initial hypersurface to be sufficiently large
compared to the initial data size, in part to ensure that the core linear system dominates
the asymptotics, and we also require this in Chapter 4, without loss of generality from
a mathematical perspective. In light of this, the results below are likely best interpreted
physically as steps toward understanding the pre-inflationary period up to and including the
Big Bang singularity in the near-isotropic setting. This can hopefully provide the basis to
then study general anisotropic data in this period, after which one might be able to rigorously

study the origins of our universe using post-inflationary, near-isotropic initial data.

1.5. Overview of results and contributions

To close out this introduction, we provide an overview of the three main works that

constitute this thesis as well as my contributions to the respective works.

1.5.1. Chapter 2. This chapter contains the joint work [FU25a] with David Fajman.
Therein, we have shown that FLRW spacetimes with negatively curved spatial geometry are

globally asympotically stable within the Einstein scalar-field system.

Towards the past, we show that all FLRW spacetimes with scalar field matter and neg-
ative spatial curvature exhibit quiescent Big Bang formation, as in the works [RS18b] and
[Spel8] that cover flat and spherical spatial geometry respectively. The main challenge lies in

controlling the evolution of the spacetime geometry. Both of the aforementioned prior works
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rely on Lie-transported spatial reference frames adapted to their respective geometries to ob-
tain high order energy estimates. Since the choice of frame is much less clear for hyperbolic
spatial geometries, we utilize an alternate approach using Bel-Robinson variables to cast the
geometric evolution as a coupled system of Maxwell and transport equations with elliptic
constraints. This system can be commuted with the adapted Laplace-Beltrami operator in-

stead of frames, similar to our previous work [FU22].

Towards the future, we first show that vacuum FLRW solutions with hyperbolic spa-
tial geometry (M,~), also referred to as Milne spacetimes, are stable within the Einstein
scalar-field system if the smallest positive eigenvalue of the Laplace-Beltrami operator —A,
satisfies a certain lower bound. This condition is satisfied for hyperbolic three-manifolds of
small diameter, including the Weeks manifold, and is likely to hold for a large class of such
geometries. The main difficulty is that the canonical scalar-field energy does not decay to-
ward the future. To remedy this, we add an indefinite correction term to obtain decay. The
aforementioned spectral condition is needed to ensure that this resulting energy is coercive.
The global stability result follows by connecting the past and future asymptotic regimes using

a Cauchy stability argument.

1.5.2. Chapter 3. This chapter contains the joint work [FU25b] with David Fajman,
which proves that near-FLRW solutions to the Einstein scalar-field Vlasov equations exhibit
stable Big Bang formation. This is the first nonlinear stability result containing Vlasov
matter coupled to the Einstein equations up to a spacelike singularity without symmetry
assumptions. By viewing the Vlasov distribution f as a function on the co-mass shell, we
are able to show that f(t,-,-) converges towards a limiting distribution on the Big Bang
hypersurface that is close to the FLRW distribution. However, since the metric degenerates
towards the past, the components of the Vlasov energy-momentum tensor only remain close
to their FLRW counterparts up to a slight asymptotic offset, and the dual distribution f* on
the mass shell becomes highly anisotropic towards the past. Again viewing this through the
lense of modelling the pre-inflationary period of our universe, this would imply that radiation
is sensitive to any anisotropy that is present, but this may or may not become asymptotically

dominant compared to the effect of the inflaton on Big Bang formation.

The analysis for the spacetime geometry and scalar field largely follows that of Chapter 2.
In fact, in the course of the analysis, we show that the results of [RS18b; Spel8] can also be
proven using the Bel-Robinson approach from Chapter 2. The only additional nuance is due
to the coupling of this quiescent mechanism with the Vlasov energy hierarchy: To analyse
the Vlasov equation, we split derivatives on the fibers of the co-mass shell into momentum
(or vertical) derivatives and horizontal derivatives which are natural extensions of spatial
derivatives to the co-mass shell. When commuting the Vlasov equation with derivatives on
the co-mass shell, terms containing horizontal derivatives in the commuted Vlasov equation
are asymptotically dominated by borderline vertical terms. However, the latter either enter

nonlinearly or are linear geometric terms, both of which can be controlled using sharper, low
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order estimates on the geometric variables for low horizontal orders. In this spirit, one can
obtain a closed estimate for an appropriately time-weighted Vlasov energy that can, in turn,
be integrated into the energy estimates for the spacetime geometry when introducing appro-
priate weights. Furthermore, once strong bounds on the quiescent variables are obtained, one
can iteratively improve Sobolev bounds on the Vlasov distribution for increasing numbers of

horizontal derivatives along this hierarchy.

1.5.3. Chapter 4. This chapter is based on [Urb24] and shows that the results of Chap-
ter 3 extend to (2+1)-dimensional FLRW solutions to the Einstein scalar-field Vlasov system,
despite Vlasov and inhomogeneous scalar field terms entering the evolution at higher asymp-
totic orders. While many of the energy estimates for matter variables can be performed as
in the four dimensional setting, the geometric evolution needs to be treated differently. In
fact, the Ricci tensor being pure trace in two dimensions leads to cancellations in the energy

estimates for the shear that significantly simplify the analysis.

In addition, using a conformal reduction established by Moncrief in [Mon86], I show that
this implies that the Strong Cosmic Censorship conjecture holds toward the past for certain
four-dimensional polarized U (1)-symmetric solutions to the Einstein vacuum equations. This
extends similar results for Kasner spacetimes in [FRS23] to Kasner-like vacuum solutions

with spatial topology M x S! where M has arbitrary genus.

1.5.4. Contributions by the author. Regarding the joint work [FU25a] in Chapter
2, most of the proof of Big Bang stability, including how the Bel-Robinson formalism is
used, is due to myself, with occasional input by my co-author and supervisor, David Fajman.
The outline for the proof of future and, subsequently, global stability originates from David
Fajman, but I contributed significantly to its execution. With regard to [FU25b] in Chapter
3, its mathematical content, in particular the energy formalism necessary to integrate Vlasov
matter into the aforementioned Big Bang stability framework, was developed by me with
occasional input by the co-author, David Fajman. The original drafts of both manuscripts
were written by me, while David Fajman was heavily involved with revisions and editing
subsequent drafts up to and including their current versions. Chapter 4, based on [Urb24],

is fully my own work.



CHAPTER 2

Cosmic Censorship near FLRW spacetimes with negative

spatial curvature

2.1. Introduction

2.1.1. Setting and main results. We consider the Einstein scalar-field system

1
(2.1.1a) Riclgluw = 5 R[9]9, = 87T, (9, ]

_ 1 —a —
(2.1.1b) T =V, 9V — §§WV PVag
(2.1.1c) Og¢ =0

with initial data (go, ko, 70,%0) on a closed 3-manifold M that admits a negative Einstein
metric 7.1 In this paper, we determine the maximal globally hyperbolic development emanat-
ing from such initial data given that it is sufficiently close to the initial data of a homogeneous
solution with a non-trivial scalar field.

In the collapsing direction, we prove a stable Big Bang formation and curvature blow-up re-
sult, which requires the presence of a non-trivial scalar field. The results complement those in
[RS18b; Spel8], which cover flat and spherical spatial geometry. In the expanding direction,
we prove a nonlinear future stability result of the corresponding vacuum background solution,
which is the Milne model, under a mild condition for the first positive eigenvalue of —A, (see
Definition 2.9.2). As discussed in more detail in Remark 2.9.3, numerical studies (see [CS99;
Ino01]) show that this condition holds for an analogue of Weeks space, and suggest that this

may hold for all closed hyperbolic 3-manifolds with sectional curvature —% .

Connecting the two regions, we prove the global stability (i.e., past and future stability)

of the spacetime
(2.1.2a) ([0, 00) x M, —dt* + a(t)*y),

given a negative Einstein manifold (M,~) obeying the aforementioned spectral condition,
with

(2.1.2b) a(0) =0, a=1/-+ —C?a*

for some given constant C' > 0, and the scalar field given by

(2.1.2¢) oo =Ca™3, Vo =0.

Here and throughout, 7o and 1o prescribe data for V(b\gto and 60¢|2t0 respectively.

13
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The scale factor consequently exhibits the following asymptotic behaviour:
(2.1.2d) a(t) ~ £3 as t N0 and a(t) ~tast /oo

The main result can be split into two parts:

THEOREM 2.1.1 (Big Bang stability — rough version). Let (M, go, ko, mo,%0) be initial data

for the Finstein scalar-field system that is sufficiently close to
(M7 a(t0)277 _a(tO)a(t0)77 07 Ca(tO)ig)a

where C > 0 and (M, ) is a closed Riemannian 3-manifold with Ricly] = —2v (i.e., a closed

negative Einstein manifold with scalar curvature —% ).

Then, the past mazimal globally hyperbolic development ((0,to] x M,q,¢) of the initial
data within the Einstein scalar-field system (2.1.1a)-(2.1.1c) admits a foliation by CMC hy-
persurfaces Xy = t~1({s}) with zero shift. This development remains close to the FLRW
solution described in (2.1.2a)-(2.1.2c) in the past of the initial data slice ¥,. In particu-
lar, the solution exhibits curvature blow-up of order t—* and every causal geodesic becomes

incomplete as t approaches 0.

THEOREM 2.1.2 (Global stability). Let (M, go, ko, m0,%0) be initial data as in Theorem
2.1.1. In addition, we suppose that the smallest positive eigenvalue of —A, acting on scalar
functions is strictly greater than é.

Then, the initial data admits a maximal globally hyperbolic development ((0,00) x M,q, ®)
solving the FEinstein scalar-field system that, in addition to the results of Theorem 2.1.1, is
future (causally) complete. Ast / oo, the solution is attracted by Milne spacetime in the
sense that the expansion normalized variables (g, k,V$,¢') (see Definition 2.9.4) converge

toward (7, %’y, 0,0).

A more detailed statement of Theorem 2.1.1 is provided in Theorem 3.8.1. The additional
spectral condition in Theorem 2.1.2 is discussed at the end of Subsection 2.1.3, and the
statement itself is proven in Section 2.10 to be an extension of the Milne future stability

result in Theorem 2.9.1.

2.1.2. Background material. We now provide context for the previously discussed
setting and the results in Theorems 2.1.1 - 2.1.2:

2.1.2.1. Initial data to the Einstein scalar-field equations. It is well known that the Ein-
stein equations can, via the 3+1 decomposition, be viewed as an elliptic-hyperbolic system of
PDEs (see, for example, [AMO03]). This reduces solving the Einstein equations to two prob-
lems: finding admissible Einstein initial data in physical space, and then solving the corre-
sponding initial value problem. Regarding the former, initial data to the Einstein scalar-field

system takes the form
(M7§7 k? 7(%7 w)?
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where g and k are symmetric (0, 2)-tensors on M, 7 is an exact (0, 1)-tensor (corresponding
to Vo) and ¢ is a scalar function (corresponding to the future directed normal derivative dy¢
of the scalar field). The initial data must satisfy the Hamiltonian and momentum constraints

2
gl

(see (2.2.16a) and (2.2.16b)), where the indices of k in the first line are raised with respect
to g.

T

(2.1.3a) R[g] + (l?:“a>2 - (l%“bl%ba) =8 [|zZ|2 +
(2.1.3b) divgh = — 87 - 7 - 1)

We note that, in our argument, we will additionally assume that our initial data has constant
mean curvature so that our gauges can be satisfied initially — this is enforced on the level of
initial data by requiring

a(to)

a(to)

(see (3.2.1)). We will argue in Remark 2.8.1 why the initial data being near-FLRW allows us

to assume the initial hypersurface to be CMC without loss of generality.

trg]:: =-3

The results of [FB52; CBG69] show that there exists an embedding® ¢ : M < (M) C
M and a maximal solution (M,q, V¢,p¢) to the Einstein scalar-field equations such that
t(M) = %4, is a Cauchy hypersurface and such that

Jg=g, 'k = IZ:, U=, and "0y = 150.

We will perturb around initial data corresponding to data for an FLRW spacetime at time
t= to, i.e.,

(M =2 Sy, alto)*y, —a(to) alto) 7,0, C a(to)?).
Furthermore, the maximal globally hyperbolic development (MGHD) is unique (up to dif-
feomorphism), and thus we can assume (M, g, V¢, o) to be globally hyperbolic. However,
these statements provide little information on the properties of the MGHD in the future and

past of the initial data slice.

2.1.2.2. Strong Cosmic Censorship. In their groundbreaking papers on singularity theo-
rems, Hawking [Haw67] and Penrose [Pen65] established very general criteria for the MGHD
of spacetimes to become causally geodesically incomplete. Many spacetimes of physical rele-
vance satisfy these criteria, including the spacetimes considered in this article. While giving
us more information on the MGHD than the existence and uniqueness results mentioned
above, a key issue in the application of this mathematical result to General Relativity is
that no statement is made on how precisely the singularity comes about: In particular, such
incompleteness (within a given regularity class) could either mean that the geodesic is in-
extendible — which must be caused by the blow-up of some geometric quantity — or that

there exist multiple inequivalent extensions. While the latter behaviour is exhibited even for

2We usually ignore the embedding in notation.
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some cosmological spacetimes (see, for example, the Taub solutions discussed in [CI93]), such
behaviour is usually considered to be unphysical since it would imply a breakdown of deter-
minism. The Strong Cosmic Censorship Conjecture (SCCC) posits in its most general form
that, for generic solutions to the Einstein equations, this incompleteness instead manifests as

inextendibility at a given level of regularity (e.g., CY, C%,C>,...).

In certain frameworks in the homogeneous cosmological setting — i.e. for homogeneous initial
data on a closed spatial hypersurface —, it was shown in fundamental works by Chrusciel-
Rendall [CR95] and Ringstrom [Rin09b] that the so called Kretschmann scalar Ryg,s R0
is unbounded where incompleteness manifests. Thus, it is the driving force behind geodesic
incompleteness in these cases, forcing C%-inextendibility of the MGHD. For the purposes of
analyzing cosmologically relevant spacetimes, the SCCC is hence often rephrased as follows:

CONJECTURE 2.1.3 (Cosmological SCCC). (See e.g. [Rin09b, Chapter 17]) For generic
iiatial data, the Kretschmann scalar is unbounded where causal geodesics become incomplete.

Theorem 2.1.1, in short, shows that this conjecture is rigorously supported in the case
of FLRW spacetimes with negative spatial curvature. More precisely, the past asymptotics
of such spacetimes, determined by initial data on X, as discussed above, are generic in the
following sense: There exists an open neighbourhood of said FLRW data within the set of
Einstein scalar-field initial data such that the solutions past directed causal geodesics become
incomplete, and the incompleteness is driven by blow-up of Kretschmann scalar with the same
asymptotics as the FLRW solution. The global result in Theorem 2.1.2 portrays the other
side of Cosmic Censorship — as with the past evolution, near-FLRW data fully determines
the future of the spacetime in the sense that the MGHD is future complete, again showing

that this feature of FLRW spacetimes with negative spatial sectional curvature is generic.

2.1.2.3. FLRW and generalized Kasner spacetimes with scalar fields. On a large scale,
the universe is often viewed as spatially homogeneous and isotropic, i.e., no point in space
and no direction are distinguishable from any other point and direction (referred to as the
“Cosmological Principle”). In 1935, it was shown by Robertson and Walker that, under a
few very natural additional assumptions, this restricts the class of potential spacetimes to
the FLRW class
(I x M, grLrw = —dt* + a(t)%) ;

where (M,7) is a manifold of constant sectional curvature x and where the scale factor a
depends smoothly on ¢. This holds before taking the Einstein equations into consideration
— when doing so, the matter model determines how space expands within the cosmological
model via a. We refer to Lemma 3.2.1 for the scalar-field solution for k = —%, but note that
the scale factor behaves like ¢3 for scalar-field matter, regardless of spatial geometry, and
that the Kretschmann scalar blows up at order O (t_4) toward the Big Bang (¢ | 0).

Spatially flat FLRW spacetimes are a subclass of the closely related generalized Kasner space-

times, which are still spatially homogeneous but anisotropic in general. For scalar field matter,
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the spacetime metric is given by

D

D D
IKasner = _dtz + ZtZ;Dide ® dxla Zpi = 1; ZPZQ =1- 87“427 &Kasne’r(t) - AlOg(t) :
i=1 i=1 i=1

The standard Kasner family is obtained by considering the vacuum case (A = 0), and the

127 °
the Kasner exponents is non-zero, the generalized Kasner family satisfies the SCCC, also by

exhibiting Kretschmann scalar blow-up of order ¢~4as ¢ | 0 (see [RS18b, (1.8)]).

spatially flat FLRW spacetime by setting D = 3,p; = %,A = \/==. If more than one of

Kasner spacetimes are of particular relevance to cosmology due to their relationship with
the BKL conjecture: Heuristically, this conjecture states that the dynamics of cosmological
spacetimes near a spacelike singularity generically exhibit chaotic and highly oscillatory be-
haviour, often referred to as “Mixmaster” behaviour. This behaviour is driven by velocity
terms within the Einstein equations and is locally comparable to that of (vacuum) Kasner
solutions. However, even if the BKL picture is to be believed in general, scalar-field (or, more
generally, stiff-fluid) solutions seem to form an exception to it: They have a dampening effect
on said oscillations, thus generating Big Bang stability as shown rigorously in [RS18b; FRS23]
for Kasner spacetimes (for more details, see Section 2.1.3). This scenario, often referred to as
quiescent cosmology, was studied in, for example, [BK73; Bar78; ARO1]. With this in mind,
both the aforementioned Kasner results and the results within this article, along with the

prior FLRW results [RS18b; Spel8], confirm this quiescent effect of scalar fields in cosmology.

We note that one can view this as a scalar field ensuring a specific scenario in the very
early universe given a class of initial data, namely matching the asymptotic behaviour of
the Big Bang singularity. This fits into the recent use of nonlinear scalar fields in string
cosmology, where specific choices of field are made to specific behaviours (e.g., inflation) in

the early universe. For a recent review, we refer to [Cic+24].

2.1.3. Relation to previous work. Theorem 2.1.2 is the first theorem about the full
global structure of FLRW spacetimes with negatively curved spatial geometry. For such
solutions, prior results exclusively concern future stability, which we further discuss below.
Besides [Spel8] covering the S3-case, it is the only open set of initial data for cosmological
spacetimes (i.e., without symmetry assumptions) with A = 0 and in absence of accelerated

expansion for which the global (future and past) dynamics are now fully understood.?

Scalar field matter (and, more generally, matter obeying semilinear wave equations or
fluid matter) and their asymptotic behaviour on fixed cosmological backgrounds have been
studied extensively, for example in [AR10; AFF19; Bacl9; Rinl19; BO24c; Rin20; Rin21;
Wan21]. While many of the results, in particular [Rin20], manage to analyze very general

classes of equations and spacetime geometries, including the wave equation on the FLRW

3For a related future stability result in accelerated expansion, see [Rin08] which considers scalar fields with a
non-trivial potential.
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backgrounds studied in [AFF19; FU22], the methods used are often difficult to apply to the
full Einstein scalar-field system. In [FU22], we extended the approach of [AFF19] to be able
to deal with various warped product spacetimes, and in particular FLRW spacetimes with
negatively curved spatial geometry, by using the spatial Laplace operator to control high
order derivatives. The perturbation-adapted analogue of this strategy is at the basis of the

energy method in this paper.

We also note that, by the results of [GaNS19], there are non-trivial waves on fixed FLRW
backgrounds that converge toward the Big Bang singularity, even if, as demonstrated in
[AFF19; FU22|, this behaviour is non-generic. Such waves can give rise to convergent asymp-
totics on cosmological backgrounds as studied in [Rin20]. Thus, it will likely be difficult
to replace (2.1.2c) with an arbitrary non-trivial reference wave while keeping past stabil-
ity intact. However, by restricting to an open neighbourhood near the solution described
in (2.1.2a)-(2.1.2¢), potential non-generic solutions of this type are excluded. For the more
general conditions on initial data that lead to quiescent asymptotics, we refer to [OGPR23],

which will be discussed further below.

Theorem 2.1.1 forms the counterpart to the pioneering works by Rodnianski-Speck [RS18a;
RS18b] and Speck [Spel8], which cover nonlinear Big Bang stability for FLRW spacetimes
with spatial geometry T3 and S? respectively. These results were extended to Kasner space-
times in [RS22] with |¢;| < {, and to the full subcritical regime in [FRS23], i.e., (generalized)
Kasner spacetimes as discussed in Section 2.1.2.3 with max; j x—1.. p(p;i +pj —pi) < 1. The
former necessitates considering 1 + D-dimensional Kasner spacetimes with D > 38, while
the latter result also can be satisfied in D = 3 for generalized Kasner spacetimes. Recall
that this means, in contrast to our setting, that the reference spacetime can be anisotropic,
even if the conditions on Kasner exponents rule out extremely anisotropic regimes. As a
result, the analysis therein becomes significantly more involved, especially at top order, since
approximately monotonic energy identities as used in our work as well as in [RS18b; Spel8]

have not been found in these anisotropic settings.

We note that the argument in [FRS23] relies on identifying an almost-diagonal structure
for the asymptotics of (combined) connection coefficients for an adapted frame that is carried
along by Fermi-Walker transport; this is precisely where subcriticality enters. Given that
these no longer can vanish in a reference frame adapted to near-hyperbolic spatial geometry,
it is a priori unclear whether this structure is sufficiently maintained.

The impressive recent preprint [OGPR23] by Oude Groeniger, Petersen and Ringstrom cir-
cumvents this issue and uses the equations considered in [FRS23] to establish general condi-
tions for initial data to the Einstein (non-linear) scalar-field equations to give rise to quiescent
singularities (see [OGPR23, Theorem 12]). Additionally, they show that a large class of cos-
mological model solutions to exhibit stable Big Bang formation (see [OGPR23, Theorem 49]).
In particular, by only requiring that the mean curvature is sufficiently large compared to the

expansion-normalised data, the rescaled connection coefficients can be made to be sufficiently
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small even if they are non-trivial in the reference. However, this high level of generality comes
at the cost of no longer being able to ensure that the expansion-normalized solution variables
themselves, in particular the generalized Kasner exponents, remain close to the reference

solution, in contrast to our asymptotic results in Theorem 3.8.1.

Furthermore, Beyer and Oliynyk have recently shown in [BO24a] that, over T3, the Big
Bang formation can be localized in the sense that data given solely on a ball within the initial
hypersurface must also cause stable blow-up on a (smaller) ball on the Big Bang hypersurface.
While this result further indicates that blow-up behaviour of near-FLRW spacetimes might
be, at least, independent of global geometric properties as it seems to be a localizable, we
note that proof of localized stability crucially relies on the flatness of the conformal reference
spacetime. To be more precise, the proof relies on extending the local initial data to global
data for a Fuchsian system of metric and matter quantities as well as, again, connection
coefficients for an adapted, Fermi-Walker transported frame. However, the derivation of the
system for the former explicitly seems to use flat spatial geometry to obtain the necessary
Fuchsian form. This form seems to similarly be broken as soon as the connection coefficients
are not perturbed around 0, since this would lead to inhomogeneous error terms of order ¢~
for the rescaled variables which are stronger than what the method, so far, accounts for.

By contrast, in [RS18b; Spel8], the reference frame itself is used in the commutator
method to obtain the necessary energy identities at high orders. In all of these works, it
hence is a priori unclear how one could extend these methods to the negative spatial Ein-
stein geometry of (M,~). We provide an alternative approach that, besides establishing the
complementary stability result to [RS18b; Spel8], does not rely on any information on the
spatial geometry of the reference manifold in its methodology (although it is of course rel-
evant in determining the FLRW reference solution that we are studying). Instead, we rely
on differential operators adapted to the evolved spatial metric. Hence, we believe that our
approach may also prove useful for stability problems in spatially inhomogeneous (and hence
also anisotropic) settings. In light of [RS22; FRS23] in particular, the main challenge in
achieving this would either be to find approximately monotonic energy identities with our
Bel-Robinson approach that have not been observed previously, or to also find ways to cir-
cumvent the lack thereof.

To obtain Theorem 2.1.1, we use the Laplace-Beltrami-operator (acting, respectively, on
scalar functions and tensor fields) with respect to the (rescaled) evolved metric as our com-
mutating operator instead of a fixed reference frame. This, in turn, leads us to replacing
the wave-like system for metric and second fundamental form exploited in [RS18b; Spel§]
by an evolutionary system in the second fundamental form and Bel-Robinson variables. The
latter technique dates back to the fundamental works by Christodoulou-Klainerman [CK90;
CK93], where it was used to analyse field equations on Minkowski space and then to show
global stability of Minkowski space itself. It has also been applied to the future stability of
Milne spacetimes in the vacuum Einstein equations by Anderson-Moncrief in [AMO04] and,
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more recently, within the massive Einstein Klein-Gordon system by Wang in [Wan19]. As far
as we are aware, this method has not yet been applied to solutions that are not near-vacuum

or in the context of Big Bang singularity formation.

Toward the Big Bang, the solutions exhibit asymptotically velocity dominated (AVTD)
behaviour in the sense that they behave, to leading order, like solutions to the Einstein scalar-
field equations in CMC gauge with zero shift with all terms involving spatial derivatives set
to zero (the “velocity term dominated” (VTD) equations). This behaviour also matches
results obtained by studying high regularity solutions (e.g., [ARO1]), or related works using
Fuchsian methods that prescribe a behaviour at the singularity and then develop it locally,
often under additional symmetry assumptions (e.g., [Dam+02; CBIM04; IM02; FL23]). In
particular, this asymptotic behaviour leads to the same types of “Kasner footprint states” as
in [RS18a; RS18b]: As one approaches the Big Bang, the rescaled variables converge toward
tensor fields on the Big Bang hypersurface that precisely solve the truncated VIT'D equations.
Further, the distance between the footprints of the FLRW and the perturbed solution are
controlled by the initial data. For example, the rescaled Weingarten map a3k%, converges
to (KBang)®, on the Big Bang hypersurface, which is close to @C]I‘bl, the rescaled FLRW
footprint (see (3.8.2e) and (2.8.5¢)).

What remains to be considered to obtain Theorem 2.1.2 is future stability, which we can
reduce to future stability of the vacuum solution in the Einstein scalar-field system. This
solution, called the Milne spacetime, has been shown to be stable within the set of vacuum
solutions — see [AM11] — and a range of other Einstein systems — see, for example, [Wan19;
AF20; FW21; FOW24; BF22; BFK19] and related work in lower dimensions, e.g. [AMT97;
Mon08; Fajl7a; Faj20; Mon23]. As such, our contribution to the study of future stability of
Milne spacetimes is that we deal with the massless scalar field matter via corrected energy
estimates which are inspired by work of Choquet-Bruhat and Moncrief in [CBMO01] for vacuum
Einstein equations with U(1)-symmetry. Out of the works listed above, only [Wan19; FW21]
deal with scalar field matter at all, namely the massive case. These fields exhibit stronger
decay toward the future, making the matter components easier to deal with than in our
analysis.

The additional spectral condition is needed to ensure coercivity of the corrected scalar field
energy. Numerical work, e.g. [CS99; Ino01], does not suggest that this condition is violated
by any closed 3-manifold with constant sectional curvature xk = —%, and verifies that is is
satisfied, for example, by an analogue of Weeks space in which the metric is appropriately
scaled to have the required sectional curvature. The latter is also verified by the recent result
[BMP25] that, amongst considering more general related settings, sufficiently constrains the
spectrum of the Laplacian on Weeks space. We refer to Remark 2.9.3 where this discussed

in more detail.
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2.1.4. Challenges in the proof. The contracting and expanding regimes of near-
FLRW spacetime are analyzed in two separate and methodologically independent parts. Be-

fore providing an overview of both arguments, we summarize the challenges that arise:

2.1.4.1. Big Bang stability. The main difficulties in establishing Big Bang stability are
three-fold:

Firstly, we have to expect that the solutions are asymptotically velocity term dominated
(as argued in Remark 2.8.3, we end up proving that this is the case), and thus that rescaled
variables at best exhibit the same asymptotic behaviour as their counterparts in FLRW
spacetime, up to a small perturbation in the asymptotic footprint. For example, note that,
in the reference FLRW spacetime, one has
1
Tt
At best, the shear l%; of the perturbed solution then behaves like £. In fact, we show that
this is the case in (3.4.1b). This implies that the contraction rescaled metric G;; = a~2g;;
can only be controlled up to O (tfc\/g) (see (3.4.3c)), since one has 9;g;; ~ —2g;k'; and thus

. a_. .
(kFLRW)Zj = —35}13- ~ ]I; .

8tGij ~ Giﬂ;‘lj ~ % xG.

However, to be able to use the structure of the evolution equations to cancel terms in our
energy arguments, we have to work with adapted quantities. For example, we need to use
integration by parts with respect to (3¢, G¢) to cancel high order scalar field terms with help
of the (rescaled) wave equation that contains Ag, or to obtain elliptic estimates from the
lapse equation via the operator Ag or from the adapted div-curl-system for ¥ arising from
the constraint equations.

As a result, even the rescaled solution variables will diverge at order O (t‘cﬁ) toward
the singularity, so we need to track and control their rate of divergence within the bootstrap
argument. This significantly complicates dealing with nonlinear terms, where the bootstrap
assumptions often cannot be inserted naively. This in turn makes coercivity of the energies
more involved to establish (see Lemma 2.4.5 and Remark 2.4.6), since this only holds up to

curvature errors that also diverge and thus need to be carefully tracked.

Secondly, and in contrast to [RS18b; Spel8], replacing the wave structure of the geometric
evolution in the Einstein equations with our less geometry dependent Bel-Robinson framework
seems to lose regularity at first glance: The energy estimates for the evolution system for the
scalar field energy and the geometric energies can be caricatured as follows:
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Herein, the superscript refers to the order of derivatives, while Q‘E(L)(@-),Q‘E(L)(E,‘) and
G(L)(VV, -) refer to energies for the scalar field, the rescaled tracefree part ¥ of second fun-
damental form and the Bel-Robinson variables respectively. Thus, it seems that we lose
derivatives in the scalar field and are not able to close the argument. This is remedied using
the div-curl-system in ¥, see (2.2.36a) and (2.2.36b), which yields a weak estimate of the
form

a'etH(2,) S €W(g, ) + B+ €D+

Combining these estimates to improve the bootstrap assumptions then necessitates an in-
tricately constructed total energy to balance these different types of estimates against one
another.

Finally, given (2.1.2c), the rescaled time derivative of the scalar field is not small and does
not become so toward the Big Bang. This leads to various terms within the core linearized
evolutionary system of both matter and geometry that, if estimated naively, could lead to
exponential blow-up toward the singularity. When such terms occur in the scalar field en-
ergy evolution, this can be dealt with along similar lines as in [RS18b; Spel8], but we incur
additional large terms in our geometric evolution that only cancel using the explicit form of
the Friedman equations, which we highlight in Lemma 3.7.1 and its proof.

2.1.4.2. Future and global stability. For Milne stability, the canonical Sobolev energies for

the scalar field variables, i.e.,
[ 1613+ 90l avol,

and higher order analogues, do not obey useful energy estimates. This can be overcome by

adding an indefinite correction term of the type

/ &/(6 — B)dvol,
M

to the canonical energy, see Definition 2.9.6. This is similar to what was done in [CBMO01]
in a 2 + 1-dimensional setting, as well as similar to the indefinite terms we introduce in our
geometric energy to control the wave system in the metric variables, as in previous work
on Milne stability in different matter models, including [AF20; FW21]. That this corrected
energy controls Sobolev norms relies on the aforementioned spectral condition. As a result,
and unlike for past stability, the specific spatial geometry is crucial in generating decay from

energy estimates, even before considering the geometric evolution.

Moreover, we need to transition from the near-FLRW data used to analyze the contracting
regime to data in the expanding regime on a distant enough future hypersurface such that it
is near-Milne and the future stability result applies. This requires a gauge switch from CMC
gauge with zero shift to CMCSH gauge, as well as careful control of the solution variables

over a finite time interval using continuous dependence on initial data. For the former, close
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inspection of [FK20] gives us a diffeomorphism close to the identity that maps the initial data
for the metric to new data satisfying the spatially harmonic gauge condition, thus allowing
us to switch gauges without losing proximity to the reference solution. This is discussed in
detail in Section 2.10.

2.1.5. Proof outline.
2.1.5.1. Big Bang stability.

The big picture. The key argument in our Big Bang stability proof is a hierarchized
series of energy estimates that establishes the asymptotic behaviour of solution variables to-
ward the singularity. We rely on a bootstrap argument which establishes that energies (%)
(see Definition 3.3.3) for the scalar field, the rescaled shear, the Bel-Robinson variables, the
lapse and the curvature at worst only diverge slightly. Here, 0 < L < 18 denotes the order of
derivatives considered. To this end, we make a bootstrap assumption on the solution norm
C (see Definition 3.3.2) which controls the distance of these rescaled variables, as well as the
metric itself, to their FLRW counterparts in terms of supremum norms with respect to G,
where G = a~2g is the rescaled adapted spatial metric (see Definition 3.2.3). We refer to
Assumption 3.3.11 and Remark 2.3.19 for the detailed bootstrap assumptions and improve-
ments, as well as to Lemma 2.3.14 for the underpinning local well-posedness result. That
this bootstrap argument implies Theorem 2.1.1 follows from a straightforward adaptation of
the arguments in [RS18b, Theorem 15.1].

We work with evolution-adapted norms even though G(¢,x) degenerates toward the Big
Bang singularity. Indeed, since we need to exploit the structure of the evolutionary equa-
tions, it is more convenient to have these adapted quantities controlled by the solution norms
‘H and C directly instead of having to perform changes of metric at that point. Once the
improved energy estimates are shown, a (time-scaled) coercivity notion (see Lemma 2.4.5 and
the proof of Corollary 2.7.3) and Sobolev embeddings with respect to the reference metric
~ then ensure that these improved estimates translate to H and C. This then closes the
bootstrap. To actually achieve this improved energy behaviour, we derive elliptic energy es-
timates or integral-type estimates that, once suitably combined and scaled, yield the desired
improvements by straightforwardly applying the Gronwall lemma. Additionally, note that
we assume that the initial data is close to FLRW data not just in H, which contains precisely
the norms needed to control C by Sobolev embedding, but also scaled smallness assumptions
at one order higher, contained in the top order semi-norm H;,, (see Assumption 3.3.4). This

is needed to ensure that the top order energy is small initially, and thus to close the bootstrap.

Scale factor a(t). The precise structure of the Friedman equations (3.2.3a)-(2.2.4) is
crucial not only to control time integral quantities up to the Big Bang hypersurface (see
Lemma 3.2.2), but also to ensure that certain terms in the evolution that would otherwise

cause large divergences contribute with favourable sign (see the arguments in Lemma 3.5.5



24 2. COSMIC CENSORSHIP NEAR FLRW SPACETIMES WITH NEGATIVE SPATIAL CURVATURE

as well as Lemma 3.7.1). It turns out that the sectional curvature entering the Friedman
equations actually is not of key importance to large parts of the Big Bang stability analysis:
The leading order behaviour of the scale factor toward the Big Bang singularity is determined
via the Friedman equation (2.1.2b) by the matter term, not the sectional curvature. This

indicates that our method might extend to different settings.

Gauge choice, commutation method and Bel-Robinson variables. We commute
the resulting elliptic-hyperbolic Einstein system with the Laplace-Beltrami operator Ag with
respect to the rescaled evolved spatial metric G(¢,z) to obtain higher order energy control.
Commuting with this operator has the advantage of leaving many integration-by-parts iden-
tities intact. These are needed to provide specific cancellations, e.g., to cancel A%Hgb—terms
arising from the wave equation when computing 8t(‘3(L)(¢, -).  We also note that the only
feature of the adapted metric we use is that it is close to v, and do not use any further
information on the geometry, e.g., by choosing a specific reference frame in our commutation
method. Further, we employ CMC gauge with zero shift to avoid badly behaved shift terms
(see Remark 2.1.4).

We still, however, need to deal with the Ricci term in the evolution equation for the
second fundamental form. To this end, we consider the Bel-Robinson variables £ and B
which are Y;-tangent symmetric tracefree (0,2)-tensors and contain all information of the
spacetime Weyl tensor W{[g] (see Subsection 2.2.4). Suitably projecting the Gauss-Codazzi
equations admits additional constraint equations in terms of ¥ and B that allow us to replace
the Ricci tensor at the “cost” of introducing Bel-Robinson energies into the formalism, see
(2.2.24a) and the rescaled version (3.2.20j). Further, E and B satisfy a Maxwell-type system
(see Lemma 2.2.7) that can be exploited to obtain energy estimates and, as with the other

evolution equations, is well adapted to commutation with Ag.

A priori low order Cg-control. By applying the bootstrap assumptions on C to the
evolution equations, we can immediately deduce improved low order estimates in CZG for
I > 10 for the solution variables by inserting them into the respective evolution equations
(see Lemma 3.4.2), as well as via the maximum principle for the lapse (see Lemma 2.4.1).
These usually still diverge slightly, mostly due to the asymptotic behaviour of G. However
and crucially to our argument, at order 0, the renormalized time derivative ¥ of the wave,
the rescaled tracefree part ¥ of the second fundamental form and the rescaled Bel-Robinson
variable & are in fact Ke-small in C2 on the bootstrap interval (see Lemma 2.4.2). If these
estimates did not hold, it would lead to terms that diverge at order O (a_?’_c‘ﬁ) in the dif-

ferential inequalities, and thus cause exponential energy blow-up of order O (e‘fcﬁ> that we
could no longer control. This behaviour is closely related to the fact that ¥ and ¥ converge
toward footprint states on the Big Bang hypersurface that remain Ke-small (see (2.8.3c) and
(3.8.2e)), and then pass this convergence on to |€|g (see (2.8.8a)).
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Energy estimates and hierarchy. The main part of the analysis is establishing various

energy estimates.

e For the lapse (see Section 2.5), the relevant estimates are direct results of the elliptic

lapse equations (3.2.20f)-(3.2.20g). The non-lapse terms on the right hand side of
3.2.20f only diverge slightly toward the Big Bang, in contrast to the divergence at
order a~% in (3.2.20f), and thus allows one to show that, at lower derivative order,
the lapse converges to 1. However, since the right hand side of (3.2.20g) contains the
scalar curvature of G, this estimate loses derivatives. On the other hand, (3.2.20f)
does not lose derivatives, and the elliptic nature in fact allows one to estimate lapse
energies of order L+ 2 by energies in ¥ and the scalar field of order L. This makes it
possible to control the higher order lapse term occurring, for example, in (2.2.28¢),
without losing regularity. Conversely, both of these gains in regularity are at the
cost of losing powers of a. In short, (3.2.20g) is needed to establish the asymptotic
behaviour of the lapse, and (3.2.20f) to obtain improved energy bounds as a whole.

e The core matter energy estimate (see Lemma 3.5.5) relies on delicate cancellations
when computing the time derivative of ¢)(¢,-). While we derive this in a fashion
that differs from the energy flux method used in [Spel8], the necessary cancellations
to arrive at Lemma 3.5.5 are similar.

e The (rescaled) tracefree component of the second fundamental form 3 (see Lemma
3.5.9) and the (rescaled) Bel-Robinson variables £ and B (see Lemma 3.5.8) need to
be treated simultaneously to deal with the leading curvature term in the evolution

of the former by inserting a constraint equation in which £ occurs as the leading
term (see (2.2.36d)). However, the matter terms within the evolution of £ and B
contain, firstly, terms where we again need very precise estimates to show that they
do not contribute large a~3-divergences, and, secondly, matter terms that lose one
order of derivative.

This order of regularity can be regained using the momentum constraint equation
(2.2.36a) and its Bel-Robinson counterpart (2.2.36b) containing B, which leads to
a div-curl-system for ¥ (see Lemma 3.5.10). This is, again, at the cost of losing
powers of a.

e Asaresult, the core Gronwall argument performed in Proposition 2.7.2 combines en-

ergies for the matter variables, 3 and the Bel-Robinson variables, as well as energies
for Ric[G]. In particular, the curvature energies are necessary to handle commu-
tation errors within the energy estimates, and improved bounds on them need to
be obtained to apply the coercivity results in Lemma 2.4.5 — else, none of energy
improvements would extend to improved Sobolev norm bounds and the bootstrap
argument would not close.

As many of the a priori Cg-norm estimates add small additional divergences, it is
necessary to perform an induction over derivative orders within this mechanism to
deal with lower order error terms. Since Ag is elliptic, it is sufficient to perform

this for even orders. Along with energies at order L € 2Ny, the total energy also
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includes the energy controlling 3 as well as the scalar field and curvature energies at
order L + 1, appropriately scaled to account for the degenerate elliptic estimate for
Y from Lemma 3.5.10. This remedies the derivative loss in the Bel-Robinson energy
and allows one to improve the total energy at each order until reaching L = 18, at
which point the bootstrap argument can be closed.

e Note that the metric itself does not enter the core energy mechanism. In fact, trying

to replace control of the Ricci tensor by control of G is likely too imprecise in
dealing with high order curvature errors. Instead, control of G —~ and I'[G] —T'[y] is
a consequence of a simple integral energy inequality and the improvements achieved
for ¥ and matter variables (see Lemma 3.5.11 and Corollary 2.7.3). Since we cannot
utilize any additional structure in dealing with the metric, we have to construct our
argument carefully to allow for the metric control to be weaker than what one gets for
the core variables, while still being sufficiently strong to constitute an improvement

and allowing to switch between Hg and H, (and, respectively, Cq and C) norms.

We also point to Remark 2.6.1 for a more detailed sketch of how the integral inequalities for
the core Gronwall argument are structured and how this leads to the bootstrap improvement
for the energies.

2.1.5.2. Future stability and connecting the regions. We follow similar lines as in [AF20;
FW21] to prove that near-FLRW spacetimes in negative spatial geometry are future stable.
Since 0,¢ decays like a=3 ~ ¢t~3 in the reference spacetime, the sectional curvature becomes
dominant in the Friedman equations and the scale factor approaches that of Milne spacetime
as t approaches oo. Hence, if one moves sufficiently far to the future, choosing near-FLRW
data with a homogeneous scalar field is equivalent to choosing near-vacuum data. Thus, what
we prove first in Section 2.9 is future stability of near-Milne spacetimes under the Einstein
scalar-field system. Once this is established, we argue in Section 2.10 how early near-FLRW
initial data evolves to data that is sufficiently close to Milne for large enough times, which is
essentially a consequence of the scale factor and the (physical) mean curvature approaching
that of Milne, up to a multiplicative constant.

In terms of dealing with geometric and elliptic estimates, we can essentially carry over the
results of [AF20], as was also done in [FW21], by working in CMCSH gauge and verifying that
the matter components are indeed only perturbative terms within the geometric evolution.

This leaves only the scalar field to be examined. Here, we introduce corrective terms to
the energies (see Definition 2.9.6) which yield decay estimates for the corrected scalar field
energy (see Lemmas 2.9.16 and 2.9.17). That these energies are coercive (see Lemmas 2.9.12

and 2.9.13) requires the aforementioned lower bound for the first positive eigenvalue of —A,,.

REMARK 2.1.4 (Why not use CMCSH gauge to prove Big Bang stability?). One might
consider applying this gauge to Big Bang stability as well since this is precisely the choice of
gauge turning the geometric evolution into a wave-like system in (g, k), which seems simpler
than our chosen approach in CMC gauge with zero shift. In particular, this would also not
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rely on any choice of reference frame, and keep the wave structure of the geometric evolution
intact, unlike when using Bel-Robinson variables. However, the issue with this approach
lies in the shift equation, which would take the following form for the rescaled shift vector
X =a3X:

(2.1.4) AgX! + Ric[G]L, X™ = — 2(N + 1)(G~ 1™ (G- 1yins, (rﬁm - fﬁnn)
+2(G7)mVX" (T, ~ T,
+ (error terms in lapse and matter)

As a result, the first term has to be expected to diverge at the same rate as the metric, i.e.,
we expect even low order norms of X to behave like a=37¢VE at best up to small prefactors.
However, computing the time derivative of an integral over |G — 7|2, (or derivatives thereof)
becomes the integral over the (0; — L ¢ )-derivative of this quantity, and hence we get explicit
terms of the form £ ¢~ which always exist at highest order and diverge worse than t=1. In
short, the fact that the metric cannot be expected to converge to a footprint state leads to
leading order terms in the differential energy estimates to carry strongly divergent pre-factors
in CMCSH gauge. This obstructs improvements in a tentative bootstrap argument.

2.1.6. Paper outline.

e Sections 3.2-3.8 cover the proof of Big Bang stability:

— In Section 3.2, we introduce notation and provide the necessary information
on the FLRW background solution as well as the equations relevant to the
subsequent analysis.

— Then, in Section 2.3, we discuss the solution norms and energies and state the
initial data and bootstrap assumptions.

— In Section 3.4, improved low order Cg-norm estimates that follow directly from
the bootstrap assumptions are established, along with additional formulas and
a priori estimates.

— Section 2.5 concerns the elliptic estimates for the lapse.

— In Section 2.6, we discuss the energy and Sobolev norm estimates for all other
variables, all of which are integral estimates except for the aforementioned el-
liptic estimate for X, as well as a norm bound for V¢ that is not needed for the
energy improvement.

— These are all combined in Section 2.7 to improve the bootstrap assumptions —
first for the energies, then for H and finally C.

— In Section 3.8, we show how this bootstrap argument implies the main Big
Bang stability result (see Theorem 3.8.1, which is the formal version of Theorem
2.1.1).

e Section 2.9 contains the proof of near-Milne future stability.
e In Section 2.10, we show that this is sufficient for future stability of near-FLRW
spacetimes, proving Theorem 2.1.2.
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e The appendices (Sections 2.A-2.B) collect various basic formulas and commutator

expressions as well as error terms and how these can be estimated.

2.2. Big Bang stability: Preliminaries

2.2.1. Notation.

2.2.1.1. Foliations. On a spacetime manifold (M, g), we assume the existence of a space-
like Cauchy hypersurface ¥, that is diffeomorphic to M. As we argue in Remark 2.8.1, we
can assume without loss of generality that it has constant mean curvature. We will ultimately
show that there exists a time function ¢ such that the past of 3, = t~!(¢y) can be foliated by
s =t71(s) for s € (0,tp), and that where the solution exists, this is at least possible up to
some T" € (0,tp). These constant time surfaces are then also spacelike Cauchy hypersurfaces
diffeomorphic to M and CMC. We will use this notation throughout with little comment and
often simply view X as {s} x M.

2.2.1.2. Metrics. The spacetime metric § on M takes the general form
G = —n2dt® + gop dz® da®

where n = n(t,x) is the lapse function and g|y, = g|x, (¢, z) is a Riemannian metric on ;.
We will often simply denote the spatial metric by ¢g. Furthermore, we denote the rescaled
spatial metric by G;; = a=2g;; (see Definition 2.2.9) and the tensor-field induced by the ma-
trix inverse of (Gj;) by G~1. Similarly, det g and det G are also meant as the determinants
in the matrix sense. Finally, we define dvol, and j4 as the volume form and volume element

with regard to g, and the same for v and G.

2.2.1.3. Indices and coordinates. Greek indices «, ,..., 1, v, ... run from 0 to 3, low-
ercase latin indices a,b,..., 4,7,... from 1 to 3. The spatial indices on some coordinate
neighbourhood V. C M are always with regard to the local frame induced by coordinates
(x!, 2% 23) on M, applied to each V N'Y; by the standard embedding where this intersection
is non-empty. The index 0 always denotes components relative to 9y = n~'d;, where 0; is
the derivative associate to the time function ¢t. The Levi-Civita connections associated to
g, respectively g and G, are denoted by V, respectively V.*Additionally, for the hyperbolic
spatial reference metric v on M (see Definition 2.2.1), we write the Levi-Civita connection

as @

Whenever we raise or lower Greek (resp. Latin) indices without additional notation, it is
with regard to g (resp. g). When we raise indices of a tensor T with regard to the rescaled
spatial metric G, we flag this by writing . We never raise or lower with respect to . Refer

to Section 2.2.1.9 as to how we distinguish taking multiple covariant derivatives from index

“Note that g and G have the same Levi-Civita-connection since, on every hypersurface ¥;, they are related
by a scalar multiple.
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raising.

2.2.1.4. X-tangent tensors. For any ¥;-tangent tensor ¥ 5 5, we write {(t)“l“'arblmbr
for the g-orthogonal projection of ¢ onto the hypersurface ¥;. When clear from context, we

will drop the time dependency in notation.

2.2.1.5. Sign conventions. Within this paper, the second fundamental form with regard
to X is defined as the (0, 2)-tensor k given by

E(X,Y)=-g(VxdY),
where X and Y are Y;-tangent vectors. The Riemann curvature tensor of g is taken to be
VaVsZy — VeV aZy = Riem[glas,’ Zs

for the covariant vector field (Z,,), and the analogous convention holds for all other Riemann

curvature tensors that appear.

2.2.1.6. Constants. For two nonnegative scalar functions (1, (2, we write (1 < (3 if and
only if there exists a constant K > 0 such that (; < K (2. This implicit constant may depend
on information from the FLRW reference solution at the starting point of the evolution (in
particular on v and a(tp), see Definition 2.2.1) and combinatorial quantities. We extend this

notation to a real function (] by
(1 S G max ((1,0) < G-

Additionally, we write (1 ~ (o if and only if (3 < (o < (7 is satisfied.

2.2.1.7. Tensor contractions. We denote by €,4+5 the Levi Civita tensor with regard to g
and define the Levi-Civita tensor on spatial hypersurfaces ¥; by €[g]ijrx = €osjx- Notice that
this corresponds to the Levi-Civita tensor associated to g. Further, e[G];jr = a 3e[glijk is
the Levi-Civita tensor with respect to the rescaled metric G (see (2.2.27a)).

For ¥-tangent (0, 2)-tensors A, A and vector field v, we define the following objects as in
[AMO04, Section A.2]:

A-A=AyA® = (A A),
(Ao, A)ij = Aiklekj
(A A A)z = €iijjqzzlqp

(VA A)ap = €N Agy + €,°eAug

) D
(A x A)ij = ;""" Aup Ay + (A~ A)gij — 5(trgA - trgA)gy;
1
(cwrld)yy = (curlyA)y = 5 [eVaAey + €,V Ao

(divgA); = VP Ay,
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The operations ©O¢, (-,)¢ and divg are defined analogously, with all indices raised and
lowered by G instead of g. Finally, for two (0, 1)-tensors 7, 7, we denote their symmetrized
product by
~ r, . -
(7T®7l’)ij = B (TI'Z'TI']‘ +7Tj7'ri) .

For pointwise estimates of these quantities, refer to Lemma 2.A.3.

2.2.1.8. Schematic term notation. We will denote as T1 - - -xT;, where T; are Y;-tangent
tensors, any multiple of (F;), with regard to the rescaled adapted spatial metric G or as stan-
dard multiplication if no summation over indices occurs between factors. Constant prefactors
and contractions with regard to G are also suppressed in this notation.

When working with terms where such notation is used, we will estimate these inner
products by < Hé:ﬂSi‘Ga making any constant in front irrelevant, and further we can view
any contraction with regard to G as a product of the non-contracted tensor ¥ with G or G,
and estimate that up to constant by |G|g|T|q, where the first factor is simply v/3.

For similar products with respect to v, we denote them by *,.

2.2.1.9. On multiple derivatives of variables. For a scalar function ¢, an (r, s)-tensor field
T and capitalized integers I,J, ... € Ny, we denote by V/¢ and V! the tensors Vi, -V, ¢
and
Vi ... VZI‘Z“'“” j1..js- We extend this notation to other covariant derivatives analogously.
To avoid potential ambiguity with an index raised by g, we will apply the following conven-
tion:

e If a covariant derivative carries an uppercase letter, a formula with more than one
symbol or a positive integer in its superscript, this refers to taking a derivative of
that order.

e If a covariant derivative carries a lowercase letter or 0 in its superscript, this refers

to an index.

Further, we will only apply this notation where the precise distribution of indices is not

important (e.g.in schematic notation, see Section 2.2.1.8).

2.2.2. FLRW spacetimes and the Friedman equations. Herein, we collect the
properties of the reference FLRW solution to the KEinstein scalar-field system in CMC-
transported coordinates. Our main focus will lie on the behaviour of the scale factor as
determined by the Friedman equations. Before moving on to that, we collect the information

on the spatial geometry we will need:

DEFINITION 2.2.1 (Hyperbolic reference geometry). (M,) is a three-dimensional, con-
nected, closed, orientable Riemannian manifold with constant sectional curvature —%, and

hence Ricci tensor Ric[y] = —2+;; and scalar curvature R[y] = —2.

REMARK 2.2.2 (Orientability is not a restriction). We assume that M is orientable for the
sake of simplicity. If M should be non-orientable, we may pass the initial data to the oriented
double cover and solve the problem there. Since the result is equivariant with respect to the

double covering map, this then solves the original problem.
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With this in hand, we can express our classical family of solutions to the Einstein scalar-

field system as follows:

LEMMA 2.2.3 (FLRW solutions and Friedman equations). Consider FLRW spacetimes
(M, Gprrw) with M = (0,00) x M, where (M,7) is as in Definition 2.2.1 and where

(2.2.1) Grorw = —dt* +a(t)*y

holds for some a € C*((0,00)), with the conventions a(0) = 0 and a(T') > 0 for some
arbitrary T' > 0. Further, choose a (smooth) scalar function ¢prrw such that

(2.2.2) OdrLrw =C-at)™, Vorrrw =0, g, drLrw =0.

Such a pair (Gprrw, PFLRW) solves the Einstein scalar-field system (2.1.1a)-(2.1.1b) on M
if and only if a satisfies the Friedman equation

1 4r
2.2.3 N C2a—4 .
( ) a =/ 9 + 3 a

In particular, one has

8
3

PROOF. The first statement follows from explicitly computing Ric[g] as in [O’N83, p.345].

(2.2.4) i= C?%a™ .
That (2.2.3) implies (2.2.4) follows simply by computing the derivative of a2. O

In the subsequent analysis, the following properties of a that follow from (2.2.3) will be

crucial for our analysis:

LEMMA 2.2.4 (Scale factor analysis). Let a solve (2.2.3) with a(0) = 0. Then a is analytic
on (0,00) and extends to a continuous function on [0,00) with a(t) ~ t3 being satisfied near
t = 0. Further, for any p > 0, there exist constants ¢ > 0 and K, > 0, where c is independent
of p and K, depends analytically on p, such that, for anyt € (t,to], one has

to
(2.2.5) exp <p/ a(s)™3 ds> < Kpa(t)™®
t
and
to 1 to 1
(2.2.6) / a(s) ™3 Pds < —a(t)?, / a(s)3tPds < =
t p t p

Moreover, for any t € (0,ty] and any q > 0, there exist constants ¢ > 0 and K > 0 which
both are independent of q such that one has

to K
(2.2.7) / a(s)3ds < Ea(t)_cq.
t
Finally, (2.2.3) also implies
4
(2.2.8) %Ccfz <a

REMARK 2.2.5. We will use the estimates in Lemma 2.2.4 where p is a positive power of €
up to algebraic constants. Then, we can simply replace K, in (2.2.5) by a uniform constant.
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PROOF. For the first statement, we refer to [FU22, Lemma 2.1] with v = 2. We also
collect from there® that, for t < to,
t
1 -
o <to> ‘

to
/ a(s)3ds <1+
¢
is satisfied. Hence, there exists some ¢’ > 0 such that

to /
exp (p/ a(S)_3 d8> < Kp eXp(C/ . plOg(to)) . exp( J .p) < F],)t_cp '
t —

Then (2.2.5) follows by applying a(t) ~ t3. Noting that a=3 ~ @/s holds, one further has

to a(to) 1 1
e29)  [Ta@trass [y = (a0~ alt0) ) < Sal)
t a(t) p p
and the other inequality in (2.2.6) follows analogously. Finally, (2.2.7) follows directly from
(2.2.6) when assuming without loss of generality that a|,) only takes values in (0,1).

O

2.2.3. Solutions to the Einstein scalar-field equations in CMC gauge. From
here on out, we impose the CMC condition®
a(t)
2.2.10 k) =71(t) = —3—+%.
( ) l( ) ) T( ) a(t)

We use (2.2.3) and (2.2.4) to collect the following formulas for the mean curvature:

1
(2.2.11) o = 120C%a™C + ga_2
a2
(2.2.12) T =9— =127C% C +a2.
a
We consequently define the trace-free component k of k as
~ T
(2.2.13) kij = kij — 39ii

and recall that the future directed unit normal to our foliation is written as
(2.2.14) do=n"10.

With this, we can express the Einstein scalar-field equations in our gauge as follows:

PROPOSITION 2.2.6 (The Einstein scalar-field system in CMC gauge). A pair (g, ¢) solves
the Einstein scalar-field equations (2.1.1a)-(2.1.1c) on I x M in CMC gauge (2.2.10) for
some interval I C (0,to], where the scale factor satisfies (2.2.3), if and only if the following
equations are satisfied on I x M:

5In [FU22, Lemma 2.1], one at first only has :0 a(s)™3 ds < log(to) — log(t) for to small enough that we can
estimate a(t) by t3 up to constant. However, assuming this inequality were to hold up to ¢ > 0 and one had
to > t, the contribution f;o a(s)73 ds only adds a constant that we can absorb into our notation. Similarly,
a(t) ~ ¢3 can be assumed to hold on (0, to] for any fixed to > 0, and we can ignore this technicality in proving
the integral formulas in Lemma 2.2.4.

6Recall that k is negative in our sign convention, see Section 2.2.1.5.
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The metric evolution equations
- a
(2.2.15a) Orgij = — 2nkij = —2nk;; + 2nagij ,

(2215b) 8tk:ij = — Vlvjn +n RiC[g]l'j — %]ACU - 2];”];‘; - 87TV1¢VJ¢

1
+47C%*a%(n — 1) g + 9 (3n—1)a?g;j,
the Hamiltonian and momentum constraint equations
9 R
(2.2.16a) Rlg] + 572 — (k,k)g =87 [|000|* + |Vo[2] ,
(2.2.16b) Vik; = —81V;¢- 8o,
the lapse equation

o1 1 -
(2.2.17a) Agn = —127C%a % — gcr2 +n gaf2 +47C%a™C + (k, k)4 + 87|00d|* | ,

or equivalently by (2.2.16a)

1
(2.2.17b) Agn = —127C%a~% — ga_Q +n [R[g] — 87T|V¢|?, + 127C%a™° + a_Q] ,
and the wave equation

(2.2.18) Ogo = —05¢ +n ' g"VinVj¢ + Agd + 180 = 0.

PROOF. These are standard equations that follow from [Ren08, Chapter 2.3] and applying
(2.2.10)-(2.2.12). O

2.2.4. Bel-Robinson variables. In this subsection, we briefly (re-)establish Bel-Robinson

variables and how they behave within the Einstein scalar-field system.

Recall that the Weyl tensor W = W[g] is the trace-free component of the spacetime curvature
and, in the Einstein scalar-field system, takes the form

Waﬁvé = Riem[@]am(s - P[?]oeﬁvd )

_ 1, . e b b
P[g]aﬁ'yé = 5 (ga'lec[g]Bé - gﬂflec[g}aé - gaéRlc[g]’Yﬁ + g,BéRlC[g]a'y)

1
— —R[7] (GarTs5 — Gas95+)

6
=47 (Gay VpOV6¢ — G, Va®V 56 — GasV OV + T35 VadV0)
AT —p = _ _
= 5 (V'0V,0) (901985 — GasTp,) -
We define the dual W* of the Weyl tensor as

* 1 v
Waps = 5Capuw W5
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The electric and magnetic components of the Weyl tensor, referred to as the Bel-Robinson

variables from here on, are now defined as

E(W)aﬁ = Wauﬁuagaoy = WaOﬂOa B(W>Oé,3 = 0#80 W;O,BO :

auﬁu
We note that, conversely, the Weyl tensor can be fully reconstructed from F and B since the
following identities hold:

(2-2'19) Wa(]c(] = EaCa Wach = _Eamemm Wabcd = _EabiecdjEij

By the symmetries of the Weyl tensor as a whole, £ and B are symmetric and one has
Eos = 0 = Byg. Hence, E and B are symmetric, tracefree ¥;-tangent (0, 2)-tensors which we
shall simply denote as F;; and B;;.

Further, we define

(2.2.20) Jprs =V Wapys, Jhys =V Wigys-

By applying the Bianchi identity for Riem[g], we gain the explicit expression

1l = . 0 = l _ 5 o — = bie
(2.2.21) Jpys = 9 (VWRIC[Q]M - VéRlC[Q]vﬂ) 12 (gg(;VWR[g] - 9[37V6R[9]) :
Using (2.1.1a), we collect:
(2.2.22) Jioj =4m [Vi(80¢)vj¢ + k‘livl(bvj'(ﬁ — 00pV;V ¢

— kij(009)* —n'Vin - V¢ - 80(25} oz [80(§a¢ﬁa¢)}g,-j
(2.2.23) T = 4m€im; (V'Vig + Kidoo ) V™6 ;2 Srem V™ (V9Va0)

Note that expressions containing V" ¢V ¢ can be ignored throughout our analysis since they
are either pure trace or antisymmetric and thus will cancel in inner products with F, B, k

and their rescaled analogues. The Bel-Robinson variables then behave as follows:

LEMMA 2.2.7 (Constraint and evolution equations for Bel-Robinson variables). If (g, ¢)
is a classical solution to the Einstein scalar-field system (2.1.1a)-(2.1.1b) in CMC gauge (see
(2.2.10) ), E and B satisfy the following constraint equations:

(2.2.24a) E = Ric[g] + gf%q + gk — ko k—4n(Vo @ Vo) — ( 100o|* + |v¢>|2>

(2.2.24b) B = —curlk

Further, they satisfy the following evolution equations:

(2.2.25a)

5 2
8tEZ-j = ncurlBij - (Vn A B)Z] - 577, (E X k)ZJ - gn(E . k)gij - ﬁ (Jin + Jj[)i)

T

2
(2.2.25D)

5 2 T n * *
8tBij = —’I’LCllI“lEij + (V’I’L A E)’LJ — 571 (B X k)lj — gn(B . k)gij — §n . Bij — 5 ( i0j + jOi)
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PRrROOF. For (2.2.25a)-(2.2.25b), we refer to [AMO04, (3.11a)-(3.11b)].” Equations (2.2.24a)-
(2.2.24b) follow as in [Wanl9, (3.63a)-(3.63b)] from contracting the Gauss-Codazzi con-

straints. O

REMARK 2.2.8 (Initial data for Bel-Robinson variables). Since the Weyl tensor vanishes
over FLRW spacetimes, so do E(W[Grrrw]) and B(W[Gprrw]). Furthermore, note that
given initial data (M, g, los, T, w) on Xy, in the sense discussed in Section 2.1.2.1, and defining
k=k— 59, we can use (2.2.24a) and (2.2.24b) to define the following (0, 2)-tensors:

. 2 53 5 8m -2 4
(22.260) B =Riclg] + 579 + gk~ kg k —dm (7 0 7) - <; M +5 |7°T|§> g
g

(2.2.26b) B = — curlgk

These are easily seen to be symmetric, and the constraints (2.1.3a) and (2.1.3b) on the
initial data ensure that they are also tracefree. Hence, any choice of initial data for the
Cauchy problem immediately also contains a unique choice of initial data for the Bel-Robinson

variables that is consistent with solutions to the Einstein scalar-field equations in CMC gauge.

2.2.5. Rescaled variables and equations. It will be more convenient to work the
rescaled and shifted solution variables to measure their distance from the FLRW reference
solution. In this subsection, we introduce the renormalized solution variables and restate the

Einstein scalar-field system in terms of these variables.

DEFINITION 2.2.9 (Rescaled variables for Big Bang stability). We will consider the rescaled

variables

(2.2.27a) Gij=a gy, (G HI =a%g¥, %y = aky
(2.2.27b) N=n-1

(2.2.27c) &j=a" Ey, Bij=a' B
(2.2.27d) U = a30yp — C,

We note that the scaling of B in (2.2.27c) is not the asymptotic rescaling of B — in fact, we

2 as one can see in (2.4.4g). However, keeping

expect B to have (approximate) leading order a~
this scaling parallel to that of £ makes the structurally very similar evolution equations
significantly easier to deal with. We also do not rescale N asymptotically, unlike [RS18b;
Spel8], but note that N converges to 0 at an order slightly below a* at low orders (see

(2.3.17h) and (2.8.3a)).

PROPOSITION 2.2.10 (The rescaled Einstein scalar-field system). The Einstein scalar-field
system in CMC' gauge as in Proposition 2.2.6 are solved by (g,l}:,n, V¢, 000) if the rescaled
variables (G,%, N, V¢, U, E,B) as in Definition 2.2.9 solve the following set of equations:®

"Note that there is a minor error in the statement in [AMO4], where the authors forget to symmetrize the
J-tensors when applying the symmetrization to (3.14) of that work. This error seems to also occur in [CK93,
(7.2.2jk)].

8We refer to Lemma 2.A.3 for the scalings that occur when switching between tensor field operations like A
and Ag.
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The rescaled metric evolution equations
(2.2.28a) G = —2(N +1)a™3%; + zNgGij

(2.2.28b) 9(GY —2(N + 1)a3(=H) — 2N%(G—1)w‘

(2.2.28c¢) 9Ly = —aV;V;N + (N + 1) [aRic[G;; — 273 (2 O¢ X)ij — 8maV¢V ;)]

. .
+47C%a* - NGy + 5 (3N +2) Gy + Ngzij
a 2
(2.2.28d) (2, =TN (2, — aV*V,N + (N + 1)a [(Ric[G]ﬁ)b - 911;]

1
— 87(N + 1)aV*pV,p + N <47TC2a3 + 9a> a

the rescaled Hamtltonian and momentum constraints

2
(2.2.29a) R[G] + 3 a2, ) =87 [a=W? + 200~ + |Vo|E]
(2.2.29b) VS = —87V1(¥ 4 O)
with their Bel-Robinson analogues
2
(2.2.29¢) Eij=at <Ric[G]¢j - 9Gij) + %ai”zlj — (B0 X)ij — 47a* V9V j¢
a7 8T 167
_ [3a4|v¢y‘g + BC\II] Gy
(2.2.29d) Bij = — CLZCUI‘I(;EZ‘J' y

the rescaled lapse equation

(2.2.30a) AN = (127r02a—4 - ;) N+ (N +1)a™ [(Z,5)g + 87¥? + 167CV|
or equivalently

(2.2.30b) AN = (1%02@—4 + ;) N+ (N+1) [R[G] + ; — 81|Vl | ,

the rescaled evolution equations for the Bel-Robinson variables

(2.2.31a)
XEij = (3—N) %&j —a (VN Ag B)ij + (N + 1)a  eurlgB;;
5 2
— (N + 1) |:2a_3(5 Xa Z)Z‘j + §G_3<5, E>GGZ'J':|
+4m(N +1)a (U + C)*5 — 4n(N + 1)aa’ V¢V ;¢ + 4raV NV ;) (¥ + C)
— dra(N +1) [Vi0V6 + V,0Vi6 + (5, V,)6V16 — (¥ + C)ViV0)]

27 a

+ (N +1) {Scﬁao (a%(T +C)? +a?|Volg) + dm— (W + 0)2] Gij
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(2.2.31Db)
8tBij = % (3 — N) Bij + ail(VN aVe! S)ij — (N + 1)(1710111?1@51']'

—(N+1) Ba_?’(lﬁ Xa )i+ %a_?’(B, Z}GGH}
— 4 (N + 1)e[Glim; (a?)vﬁlngbvﬁ% +a L (SHLVImG(T + 0))
and the rescaled wave equation
(2.2.32) O = a(VN, Ve +a(N + 1)Ag — 32]\7(\11 +0)
along with the evolution equation
(2.2.32b) Vo =a3(N+1)VU+a3(¥+C)VN.
Finally, we collect the rescaled Ricct evolution equation
(2.2.33)  ORic[Glayy =a 3 (N +1)(AgZa — VIV, g — VIV, 240)
+aPVHN©2VE0 — VaZay — ViZda)
— a3 (Vo N(divegD)y + Vo (divgD)a) + AgN(a S, + geab)
— a3 (VAN - Say + VIV - B ) + 2 Va Vol

as well as (in a coordinate neighbourhood) the Christoffel evolution equation

1

(2.2.34) TG = 5(0—1)“ (Vi(@:Gj1) + Vi (0:Ga) — Vi(8,Gyj))

— (N +1)a3 [vi(zﬁ)kj +V(ShE, — vﬂkzij}
— @™ [N, + VN, - VNS,
+ 2[ViN T+ VN T - VEN -Gy

PROOF. For the first identity in (2.2.34), we refer to [CLN06, Lemma 2.27] and insert
the evolution equation (2.2.28a). Otherwise, all equations simply follow by computing the
effects of rescaling on the equations from Proposition 2.2.6 (respectively the Ricci evolution
equation as in [Ren08, Chapter 2.3, (2.32)]) as well as the Bel-Robinson evolution equations
(2.2.25a)-(2.2.25b) and constraint equations (2.2.24a)-(2.2.24b). Notice that one already
finds a solution to the system in Proposition (2.2.6) with the rescaled variables excluding
(2.2.31a), (2.2.31b), (2.2.29¢c) and (2.2.29d). Conversely, all of the rescaled equations are
satisfied by a solution to Proposition 2.2.6 at sufficiently high regularity. Hence, solving the
full rescaled system is always sufficient to solve the Einstein system in Proposition 2.2.6 and
they are equivalent if the initial data is regular enough to ensure sufficiently high regularity

of solutions.
O

2.2.6. Commuted equations. We collect Laplace-commuted versions of the equations
for the rescaled variables in Proposition 2.2.10 in this subsection. For the sake of brevity,



38 2. COSMIC CENSORSHIP NEAR FLRW SPACETIMES WITH NEGATIVE SPATIAL CURVATURE

we will not state all possible commutations for every equation, but restrict ourselves to the
ones we actually need within the bootstrap argument. We also refer to Appendix 2.A.2 for
expressions for commutators of spatial differential operators with each other and with 0.
The terms written down explicity in Lemma 2.2.11 are ones that dominate the evolution
behaviour or that are the largest higher order terms, both of which require careful treatment

within the bootstrap argument. The error terms are broadly categorized into three groups:

e “Borderline” terms are terms that critically contribute to the fact that the energies
diverge toward the Big Bang singularity. This almost always takes the form of
adding energy terms at the same order as the evolved variable scaled by factors of

3 or ea37°VE_ which causes the energies to slightly diverge since a3 is

the type ea™
barely not integrable (see (2.2.6)).

e “Junk” terms are terms that are subcritical in the sense that they lead to inte-
grable error terms, or terms that only contain lower order derivatives of the solution
variables.

e “Top” order terms (which only appear in (2.2.38a) and (2.2.38b)) are terms that are

junk terms for low order energies, but become borderline terms at top order.

All of these error terms are tracked schematically in Section 2.A.3. Since we will only need
Lé—bounds on these error terms, which are given in Section 2.A.4, we will treat them as

notational “black boxes” outside of the appendix.

LEMMA 2.2.11 (Laplace-commuted rescaled equations). Let L € 2N, L > 2. With error
terms as defined in Appendiz 2.A.3, the system in Proposition 2.2.10 leads to the following
Laplace-commuted equations:

The Laplace-commuted rescaled evolution equations for the second fundamental
form

(2.2.35) HATY = —aVEAIN + a(N + 1)AZRic|G] + &1 porder + S1sunk »

the Laplace-commuted rescaled momentum constraint equations
(2.2.36a)
divgATY = —87(U + C) [VAZ ¢+ AT 1Ric[G] * V| + VAT Ric[G] * S + ML junk

and
(2.2.36b) curl(;A%Z = 0 2ATB+ e[G] * VA%_IRiC[G] * X+ 951[/7]7”7,]9 ,
the Laplace-commuted rescaled Hamiltonian constraint equations
(2.2.36¢) AZR[G+a ! Y VhzZ«vhE
I1+I>=L
=167Ca ATV + 0t Y [VIU VEW 4 VIt vty
I1+Is=L

and

(2236(21) A%RIC[G] = CL_4A%6 — gG_IA%E + j’JL,Border + ij,Junk )
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the Laplace-commuted rescaled lapse equations

(2.2.37a)
ATTIN = <127702a4 + ;) ATN +167Ca - AZT + Ny, porder + N sunk
(2.2.37b)
VATTIN = <127TC’2a4 + :1))) VASN + 167Ca™ - VATU + N1 o1 porder + Mot Junk

the Laplace-commuted rescaled Bel-Robinson evolution equations

(22.3%)  GAke— % (3= N)ASE + (N +1)alewlgASB— a 'VASN AG B
+47C%a 3 (N + 1)ATY + dra(V + C)VATN @ Vo
+dra(¥ + C)(N + 1)V2A% ¢ — 87a(N + 1) (v¢> ® VA3 \1:)
+ €L Border + €L top + €L, Junk

(2.238b)  9,A5B— 3(3 CNASB - (N 4 DatewlgARE +a VAN Aq £

+ a3€[G] * V2Aé¢ * v¢ + %L,Border + sBL,top + %L,Junk )

the Laplace-commuted rescaled matter evolution equations

(2.2.39a)
AT T = a<VA§N, Vo)a +a(N + 1)A%+1¢ — 3C’ZA%N +BL,Border + BL,Junk
(2.2.39b)
VAP =a"3(N +1)VATU + Ca VAL N + Q1 porder + QL Junk

as well as (also allowing L =0 for (2.2.39d))
(2.2.39¢)  OHVIATY =aV,VIATNV ¢+ a(N +1)V,ATHp— 3cgv,A%N
+ (Br+1,Border); + (BLs1,Junk),
(2.2.39d)  QATTY =a 3N + 1)ATT + Ca3ATTIN + Q141 Border + QL1 Junk
and the Laplace-commuted rescaled Ricci evolution equations

(2.2.40&) atA%RiC[G]ij :CL_3 (A%“Eij — QVﬁmV(iA% Ej)m)

- g (vzv]A%N + Aé-HN ' sz) + (mLBorder)ij + (%L,Junk)ij
(2.2.40b)
SRiclQl: = a3 Liy gm z
BV A Ric[Gly; =a (vkm Sy — 2V VIV A zj)m)
-2 (VeViv ASN + VAT - Gy )

+ (mL—}—l,Border)ijk + (%L-&—I,Junk)ijk :
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PROOF. The equations (2.2.36¢),(2.2.36d) and (2.2.37a) are obtained by simply applying
A% on both sides of (2.2.29a),(2.2.29¢) and (2.2.30a) respectively. For (2.2.36a) and (2.2.36b),
we additionally use the commutator formulas (2.A.7¢) and (2.A.7f), while for the evolution
equations, we apply the respective commutator of 0; and spatial derivatives as collected in
Lemma 2.A.7 and commute Laplacians past V and curl where needed (see the commutators
in Lemma 2.A.5). The commutators with d; only cause additional borderline and junk terms
that do not substantially influence the behaviour, while the spatial commutators often lead
to high order curvature terms, for example the Ricci terms in (2.2.36a), that need to be more

carefully tracked. O

REMARK 2.2.12 (Simplified junk term notation). For junk terms that occur in an inner
product with a tracefree symmetric tensor, any terms that are pure trace will immediately
cancel and thus do not need to be taken into consideration for the following estimates, even if
they have to be Written down in the junk terms. Hence, we will denote with a superscript “||”
(for example 53 L Jung) O & schematic error term the expressions that arise when dropping
all terms of the form (- G for some scalar function ¢ that occur in this term’s definition (see,
for example, (2.A.11d)).

2.3. Big Bang stability: Norms, energies and bootstrap assumptions

Herein, we state the norms and energies we use to control the solution variables. These
will allow us to state our initial data and bootstrap assumptions, and we then provide which
improvement we aim to achieve for the latter. Note that we do not provide the coerciveness
of our energies immediately (and actually cannot, at least not in a manner useful to our
analysis), but will establish Sobolev norm control in the proof of Corollary 2.7.3, the key
ingredient being Lemma 2.4.5. Furthermore, we collect a local well-posedness statement

from previous work in Section 2.3.4.

2.3.1. Norms. Recall that v is the hyperbolic spatial reference metric on M introduced
in Definition 2.2.1, which we view as a metric on any foliation hypersurface ¥; (see Section
2.1.2.1), and G is the rescaled spatial metric arising from the evolution (see Definition 2.2.9).

DEFINITION 2.3.1 (Pointwise norms and volume forms). We denote by ||, (resp. ||g(,.))
the pointwise norm with regard to 7 (resp. G(t,-)). For the sake of simplicity, we define
ICly = [Clae,y = I¢(t,-)] for any scalar function ¢ on X;. The volume forms on ¥; with
respect to v and G(t,-) are written as dvol, and dvolgy,.) (or just dvolg).

DEFINITION 2.3.2 (L%-norms). Let T be a ¥;-tangent (r,s)-tensor field (for r,s > 0).
Then, we define:

(2:3.1a) 12 e = IS sy = [ 15 )B dvol,

(2.3.1b) s iy = I ‘)”ig(za - /M|§(t, Wy Vol
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DEFINITION 2.3.3 (Sobolev norms). Let T be as above and J € Ny. We define:

2
(2:3.20) 15152y sy = 1My = [ [9750] avol,
(2.3.2) 112 5,y = 061 = / 9731, )y dvoley
(23.20) 10 s = 1Ty = ZH@HHW
(2.3.2d) 113y = I, HHJ—ZH% =0

DEFINITION 2.3.4 (Supremum norms). For ¥ as above and J € Ny, we set:

J
. e . . e 7 J . — .
2330)  Tleys,) =I5 ey = sup [7560] L Sleyny > I%lescn
J
2336) [Ty = 150y = swp [V/50E g 1Tlozmn = S 1es s

pEX:

REMARK 2.3.5 (Time dependence is suppressed in notation). When the choice of ¢t and ¥
is clear from context, we will often drop time dependences of G, |-|¢, dvolg and T, suppress
the hypersurface X; in the Sobolev and supremum norms, and simply write | s instead of
fEt‘ For example, we write

191, = | 718 dvole.

DEFINITION 2.3.6 (Solution norms). We define the following norms to measure the size
of near-FLRW solutions:

(2348)  H =[] s + V6] o7 + a2Vl s
1S igs + 1€ s + 1Bl

+1G = g + IRClG + SGllgs + ™IV g + 2N gy + 1N s
(2:3.4) Hiop =] 39 + a9l o + S0 + o RiclG) + S Gl
2340 €=Ul + Vel + ISl + Il ey + 1Bl ey

416 = ey + IRiClG) + 2 Gllogs +a~ IV ey + 2Nl gy + [Nl ey
(2:3.40) €y =]z + [V olexs + Bl + [Elcas +1Bllcas

+ 16 = Alless + RG] + SGllcas +a~ IV leas + ™ Nlegs + [N e

REMARK 2.3.7 (Choice of metric and controlling Christoffel symbols). We could equiv-
alently also phrase H in terms of y-norms, or predominately use C, instead of C, since we
include the norms on G —v and Ric[G]+ 2G = (Ric[G]+ 27) + 2(G —v). We will demonstrate
in Lemma 2.7.4 how Hg and C norms can be used to control H, and Cg norms. We will
also indicate how the initial data and bootstrap assumptions for C, and C are equivalent in
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Remarks 2.3.11 and 2.3.18. The main reason for this is that, by successively replacing local

coordinates in the expressions of I' — r by @, one has

(2.3.5) IT ~ Bl 0y S PUIE ~ Ao ans 167 =7y an) -

We choose to work predominately with norms in terms of the rescaled metric since quan-
tities appearing in the Einstein system are naturally contracted by G, not v, and we commute
with differential operators associated with G.

REMARK 2.3.8 (Redundancies in the solution norms). The solution norms #, C and C,
aren’t “optimal” in the sense that controlling the norms of ¥, V¢, and G — v is entirely
sufficient to gain the claimed control (up to constant) on N via the lapse equation, £ and B
via to the constraint equations and Ric[G] + %G via local coordinates. We choose to include

all variables in the norms and subsequent assumptions mainly for the sake of convenience.

2.3.2. Energies. The fundamental objects used to control the solution variables are the

energies that take the following form:

DEFINITION 2.3.9 (Energies). Let [ € Ng. We define:

(2.3.6a) ¢W(g,t) = (~1)! / A — a*p AT ¢ dvolg
M
(118202 + 0|V A2 g2, dvolg [ even
VAT U2 + a*|AT 62 dvolg [ odd
M G G
(2.3.6) eOW,1) = (-1 / (€, AlE)e + (B, AlB)g dvolg
M
(2.3.6¢) e(”(z,t):(—l)l/ (2, Al%) ¢ dvolg
M
(2.3.6d) ¢®(Ric, -) :(—1)1/ <Ric[G]+2G, Al (Ric[G]+2G>> dvolg
(2.3.6¢) ¢D(N,.) =(-1) / (N,Al'N) ¢ dvolg
M

Usually, we will use integration by parts to distribute derivatives within the energies as in
(2.3.6b). Further, we introduce the notation

l
(2.3.7) =) =3 e
=0

for any of the energies above.

For any [ € Ny and any smooth functions f1, fo € C*°(R,), we have
(2.3.8) fi- fo €@ < fje@” + ];22@@”2) .
Performing the calculation for ¥ as an example, we have:

e (x ) = - / (Al A1) 6 dvolg < / |AIE|G|A™E| dvolg
M M
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< yJean(s, )y /e, )

Now, (2.3.8) then follows from the Young inequality. As a consequence, we also have

! I+1
(2.3.9) ¢(=2) < Z ¢m) @(=241) < Z e@m)
m=0 m=0

This allows us to largely restrict our analysis to even order energies, outside of how we close

the bootstrap argument at top order.

2.3.3. Assumptions on the initial data. With the necessary solution norms and

energies now defined, we can now state what we assume near-FLRW initial data to satisfy:

AssuMPTION 2.3.10 (Near-FLRW initial data). For some small enough ¢ € (0,1) and the
solution norms H,Hiop and C as in Definition 2.3.6, we assume the rescaled initial data to
be close to that of the FLRW solution in Lemma 2.2.8 in the following sense:

(2.3.10) H(to) + Hiop(to) + C(to) S &

The assumptions on H + H;ep also imply the following:
(2311) é(gls) (¢7 tU) + G(Sls)(zv tO) + €(§18) (W7 tO) + G(Slﬁ) (RiC, tO)

+||V¢||§{é8 + @(18)(]\7’ to) + a(to)_4€(17)(N, to) + a(to)—8@(§16) (N, to)
+a(to) €19 (¢, to) + alte) €1 (S, to) + alto) €7 (Ric, to) < &t

REMARK 2.3.11 (Initial data size in C,(tp)). Notice that by (2.3.5), (2.3.10) implies that
(2.3.12a) IT = Clless,,) St
and arguing along similar lines and using L? — L™-estimates, also
(2.3.12b) T =Tl r s,y St

In particular, since moving from C% to C'lG only requires control on Christoffel symbols to
order [ — 1 for general tensors and [ — 2 for scalar functions, as well as zero order control on
G — 7, it follows from (2.3.10) that

(2.3.13) C,(to) < €

We refer to the proof of Lemma 2.7.4 for a more detailed term analysis and how a similar

argument also applies to the Sobolev norms.

REMARK 2.3.12 (Redundancies in the initial data assumptions). Similar to Remark 2.3.8,
one could also reduce the initial data assumptions in (2.3.10), especially at top order. In
particular, we highlight that the Bel-Robinson energy can be entirely controlled by the other
terms that occur due to the additional scaled Y-energy at order 19, or vice versa we could
drop the latter in favour of the former. This will be reflected in Lemma 2.6.10.

REMARK 2.3.13 (The volume form). Let ug and p., denote the volume elements of G

and ~y respectively. Since the determinant is a smooth map on invertible matrices, the initial
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data assumptions on G — « also imply

(2.3.14) lne = myllco s,y = e = myllog ) S €

Consequently, we have

[dvolg — dvoly[lco(s,,) = M;lHdVOl'}’”CQ(EtO)”/’LG’(to,~) — tylleos,) S e

and, since ||G™1 — 7! HCQ(E o) < €2 also follows by a von Neumann series argument from the

initial data assumption on G — v,

(2.3.15) ||dvolg — dvoL,HC%(ztO) <e

2.3.4. Local well-posedness and continuation criteria. For everything that follows,
we need to establish that the initial data assumptions above also ensure local well-posedness.
For the core system, we translate the local well-posedness result for stiff fluids in [RS18b] to
the sub-case of the scalar field system. While statement and proof there are for vanishing
spatial sectional curvature and what corresponds to choosing C = \/273, the arguments for

our setting are completely analogous.

LEMMA 2.3.14 (Local well-posedness and continuation criteria for the Einstein scalar—
field system (Big Bang version), see [RS18b, Theorem 14.1]). Let N > 4 be an integer and
(M, g, k, 7, w) be geometric initial data to the Einstein scalar-field system (see Section 2.1.2.1)
and assume that one has

7(to)
3

as well as, for some sufficiently small n’ > 0,

I — Cafto) llcon <

Then, the CMC-transported Einstein scalar-field system (respectively the rescaled system)

g — a(to)QVHHyH(M) + |k — ~a(to) ¥l (ary + 17 ey ary + 4 — Ca(to) [l (ary < 0

is locally well-posed in the following sense: The initial data (g, ic,fr,lj;) launches a unique
classical solution (g,k,n,V¢,0p) to (2.2.16a)-(2.2.16b), (2.2.15a)-(2.2.15b), (2.2.18) and
(2.2.17a) on [t1,to] X M for some t; € (0,tg) that satisfies k' = —3aa™" and n > 0, launches
a solution to the Einstein scalar-field system and such that the variables enjoy the following

reqularity:
9 €Chn L ([tr,to] x M) N CO([t, to], HY M (M)
k €Chn 2 ([t to] x M) N CO([ta, to], HyY (M)
Vo €Chal ([t to] x M) N CO([ta, to], Hy' (M)
0ip €Chya 2 ([t to] x M) 0 CO([ta, to], HY (M)

n ecc]i\tg-&-v([tl?to] X M) N CO([t17t0]7H']yV+2(M)>

The rescaled variables (G,%, N,V, ¥) enjoy the analogous reqularity. If (,to] is the mazimal
interval on which the above statements hold, then one either has t = 0 or one of the following
blow-up criteria are satisfied:



2.3. BIG BANG STABILITY: NORMS, ENERGIES AND BOOTSTRAP ASSUMPTIONS 45

(1) The smallest eigenvalue of g(tm,-) converges to 0 for some sequence (tpy,Tm) C
(t,to] X M with tm, | t.

(2) n(tm,zm) converges to 0 for some sequence (ty,, Tm) C (t,to] X M with t,, | t.

(3) (100)* + |V¢)|§) (tm, Tm) converges to O for some sequence (tm,xm) C (t,to] x M
with t,, | t.

(4) s € (tto] = llgllczs,) + Ellersy + Inllezs,) + 10idllers,) + IVElcys,) is un-
bounded.

A NOTE ON THE PROOF. Note that the additional initial data requirement in the stiff-
fluid setting that the pressure is strictly positive is covered by the smallness assumption on

o

) — Ca(ty)?, since the pressure corresponds to |1[2 + |7

V¢ ensure that (after embedding) this quantity behaves like C2a(to) ™% + O () at 8y,. O

g and the assumptions on dy¢ and

COROLLARY 2.3.15 (Local well-posedness for the Bel-Robinson variables). Under the
assumptions of Lemma 2.5.14, the Bel-Robinson variables E and B corresponding to the
Lorentzian metric g = —n2dt? + g satisfy the equations (2.2.24a)-(2.2.24b), are the unique
classical solutions to the evolution equations (2.2.25a)-(2.2.25b), and satisfy

E.B¢€ CN_3([t1,t0] x M) N C([tl,to],HéV_l(M))

Proor. That E and B satisfy the constraint equations, solve the evolution equations
and have the stated regularity on the interval of existence is a direct consequence of Lemma
2.3.14 and the computations in Section 2.2.4. Furthermore, with initial data derived from the
constraint equations as in Remark 2.2.8, the hyperbolic system (2.2.24a)-(2.2.24b) launches
a unique solution satisfying the regularity above that must then be (E, B). O

For sufficiently regular initial data (N > 21), it follows that
6(519)(¢7 s Q(SIS)(VV? s €(§19)<27 s ¢(=17) (Ric, ), |G = ’YHHég S Ol([tlv to]) )

and similarly the square of any supremum norm occurring in C is continuously differentiable
on [t1,tp]. Strictly speaking, we would need to assume this additional regularity on our initial
data for the computations in the following sections (especially Section 2.6) to hold. However,
since smooth functions are dense in H'(M) for any | € Ny, any bounds on (t) and C(t)
that we prove assuming sufficient regularity at 3;, then immediately extend to data only
satisfying the regularity implied by (2.3.10).

Thus, from here on out, we will assume without loss of generality that all energies and squared
norms are continuously differentiable on the domain of existence, and similarly all variables
are continuously differentiable for the lower order Cg-norm improvements in Section 2.4.2.

2.3.5. Bootstrap assumption. To keep an overview of the entire bootstrap argument,

we state all of the assumptions and comprehensively list how we intend to improve them.

ASSUMPTION 2.3.16 (Bootstrap assumption). Fiz some tpoor € [0,t0). Further, let co > 0,
let o € (6é, 1] be suitably small such that coo < 1, and Ko > 0 a suitable constant. For any

t € (tBoot, to], we assume

(2.3.16) C(t) < Kocalt) ™7 .
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REMARK 2.3.17. More explicitly, (2.3.16) means

(2.3.17&) H\IJHCéG < Kopea™“°
(2.3.17b) HV¢H01G5 < Kopea™ ©?
(2.3.17C) ||ZHCé6 < Kopea™“°
(2.3.17d) HSHCéG < Kopea™ 7
(2.3.17e) HBHCé? < Kopea™“°
2
(2.3.17f) IRic[G] + §GHCé4 < Koea™°
(2.3.17¢g) G — VHCé? < Kopea™?
(23.17h) I Nlless + @I Nllegs + a* [Nl gge < Koea®~0”
(2.3.171) IT = Tlleps < Koga™°

REMARK 2.3.18 (Bootstrap assumptions with respect to 7). Note again that we could
equivalently make the above bootstrap assumptions with respect to H,- and Cy-norms: For
example, the assumptions (2.3.17i) and (2.3.17g) imply

I€lley Sl + 161 ytzer2a™% 1¥ley S @Sy + Tl ggyz07

for any smooth function ¢ € C*°(X%;), any ¥;-tangent tensor T and a constant ¢ > 0. This
is essentially a direct consequence of (2.3.5), and we will prove an improved version of this
rigorously in Lemma 2.7.4. Applying this to each norm in C, we get

(2.3.18) CySea™ ™
for some updated constant ¢ > cg.

REMARK 2.3.19 (Strategy for the bootstrap improvement). Our goal is to improve the

C-norm estimate to )
C< Klaga*clsg ,

where c1, K1 > 0 are positive constants independent of o and €. Notice how this is actually an
improvement if we choose o suitably and then choose € sufficiently small: Any update between
Ky and K; can be balanced out since we gain at least the additional prefactor e% in each
estimate, which we can then choose to have been suitably small. Similarly, we improve the
power of a if we have e ol < i—‘; If we then retroactively choose o large enough compared
to € but small overall — for example o = e16 — and then ensure that max{co, cl}ETIG <1as
well as 615% < ¢g are satisfied by choosing ¢ to have been small enough, we have strictly

improved the bootstrap assumptions.

REMARK 2.3.20 (Conventions within the bootstrap argument). Throughout the rest of
the argument, we tacitly assume t € (tBoot, to] if not stated otherwise, and we assume ¢ and
o to be sufficiently small. In the proof of Theorem 2.8.2, we will choose o = 5%, but this
explicit choice will not be used or needed up to that point. Finally, we allow ¢ > ¢y be a
constant that we may update from line to line, and will similarly deal with prefactors by
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“<’-notation where the constant may change in each line. These updates will always be
independent of ¢ and €, but may depend on %y, and the quantities arising from the FLRW

reference solution. Hence, we not only assume coo < 1, but co < 1 throughout the argument.

2.4. Big Bang stability: A priori estimates

In this section, we collect strong low order Cg-norm estimates that follow as an immediate
consequence from the bootstrap assumptions, starting with key estimates at the base level
and followed by weaker, but still improved estimates at higher levels. Finally, we collect
a differentiation formula for integrals with respect to dvolg as well as a Sobolev estimate
that lays the groundwork for energy coercivity. In particular, using the strong Cg-norm
estimates, said estimate proves that moving between energies and norms at most incurs an

error involving lower order energies of the controlled variable and curvature energies, scaled
by a ¢VE.

2.4.1. Strong C’g-estimates. First, we establish a pointwise bound on the lapse that
actually holds irrespective of the bootstrap assumptions:

LEMMA 2.4.1 (Maximum principle for the lapse). The lapse remains positive and bounded

throughout the evolution:
(2.4.1) n=N+1¢€ (0,3

PROOF. Let t € R, be arbitrary and let n,,;, be the minimum of n over ¥; at (¢, Zyn).
Then, (Agn)(t, Zmin) > 0 holds. If n,,;, were nonpositive, (2.2.17a) would lead to the follow-

ing contradiction:

1 1 PN
0> —127C% % — ga_Q + Nnin ga_Q +47C%a™0 + (k, k)4 + 871000 * | = Agn(t, Tmin) > 0

This shows n > 0, and the upper bound follows analogously. O

The following estimate will be essential in dealing with borderline terms throughout the
bootstrap argument:

LEMMA 2.4.2 (Strong Cg estimates). The following estimates hold:

(2.4.2a) 19, Se
(2.4.2b) IZles, Se
(2.4.2¢) 1€llcs, Se

PROOF. (2.4.2a): From (2.2.32a), we obtain the following using Lemma 2.4.1 for n, the
bootstrap assumptions (2.3.17h) and (2.3.17b) and that & ~ a~2 by (2.2.3):

]691/] SsaS—ca + gal_CU + 6a1—ca|\p| + Eal—ca

After integration, we thus obtain using the initial data assumption (2.3.10):

()] < (ko) + / " ca(s) 7 ds + / " ca(s) 0|0 (s)]| ds
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55(1+/tt0 a(s)l—wds> +/tt0 ca(s) =W (s)| ds

1—co

By (2.2.6), the integral over a
yields (2.4.2a).

is bounded since co < 1, so the Gronwall lemma now

(2.4.2b): Notice that
(243) OIS = (BT, ()", + (), )", = 200,59, (5", < 205 lSo

Now, we consider (2.2.28d) and, using the bootstrap assumptions (2.3.17h), (2.3.17f) and
(2.3.17b), get:

2
oo <7IN||I2H g + [VEVN|ga + [N + 1]a |Ric]G) + =G*
~ 9

+ [N + 1|a|VFoV|q
G

+V3|N| - (47rC’2a_3 + El)a>

§5a1_60’2|6 + 6al—ca

We can now apply Lemma 2.A.2 with f = |X|%, and thus have along with (2.3.10) and (2.4.3):

to
Zle(t) < [Sla(to) + / 10,5 (s) ds < <
t

(2.4.2¢): Using the constraint equation (2.2.29¢) and that (G, )g = trg€ = 0, one sees

2
€)% = <a4 <Ric[G] + 9G> —ad®Y — L 0Og X — 4na* VoV e, 5>
G
Then, applying the bootstrap assumptions (2.3.17f) and (2.3.17b) shows the Ricci and matter

4—co

terms are bounded by ea~|€|, and the a priori estimate (2.4.2b) along with aa® ~ 1 by
(2.2.3) bounds the remaining terms by ¢|€|c. The statement then follows by dividing by |€|a

and taking the supremum. O

Note that, in the proof of (2.4.2b), it was essential that we used (2.2.28d) instead of
(2.2.28c¢), since using the latter would incur terms of the type |0,G|¢|X|%and a=3|Z]2, when
computing the time derivative of |$|%, which, at this point, behave like ea=37¢?|X|%, and
thus not yield the sharp estimate (or even an improved estimate) that we will need to control

borderline terms.

2.4.2. Strong low order Cg-norm estimates. Now, we can prove the main supremum

norm estimates in this section:

LEMMA 2.4.3 (Strong low order Cg-norm estimates). The following estimates hold:

(2.4.4a) 19l cap SeaVe
(2.4.4b) IZlcae Sea=V*
(2.4.4c) IG = llcrz SvEa™ Ve
(

2.4.4d G =y Y|z <ifea—CVE
Y cR S
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(2.4.4e) IVllciz Svea e
2

(2.4.4f) [RiclG] + 5Glicy < Vea Ve

(2.4.4g) I1Bllcy Sea® Ve

(2.4.4h) I€llcpe Sea™v®

PrOOF. Before going into the individual estimates, we collect the following commutator

term estimates from the expressions in (2.A.10a)-(2.A.10b):
(2.4.5)
J -3 a
1160 971 llcg, S IV + Uzt NZl-1 el gps + SIN T g Il
(2.4.6)
J -3 J a
1100 9”1 lcp, S o IN + Ul (197 Slea I Tleg + 181gs-11Fs-1 ) + 1Vl Tl
With this in hand, we will prove each estimate by iterating over the derivative order as long
as the bootstrap assumptions can be applied. In each step, we use the previously obtained
estimates at lower order to control the commutator term (with some additional care for ¥ = X
which we need to consider first), while we can use similar arguments to those at order 0 to
control the “core” of the evolution equations.

To start out, we apply (2.4.2b) on ¥ and the bootstrap assumption (2.3.17h) on N to the
rescaled evolution equations (2.2.28a)-(2.2.28b) and deduce

(2.4.7) 10:GH g = 10:(GF! — ) |g Sea™ + a7 Sea 3.
(2.4.4b): We assume
(2.4.8) [[PERS ca”VE

to be satisfied for some J € {1,...,12} (For J = 1, this is true by (2.4.2b)). Observe the
following:
KIVIBE =2(0,V/%, VD) + G« VX« V/D
Now, we commute (2.2.28d) with V7: As before, V/9,¥ is bounded by ea=*° for any admis-
sible J. Hence and using (2.4.7),
VS S ea VTS + (0! + [0, VIE ey ) IV Do
is satisfied. Looking at the commutator term using (2.4.6), we have with (2.4.2b) that

J - - o
10, V1Sl os, < ea 8l ey + a7 IE12 s + 207 ] a1

2
clt
Altogether, we obtain

VIS < (8@73\\2’,”05 tea= & a2a*3*cﬁ) V/S|e.

With Lemma 2.A.2 as well as the initial data assumption (2.3.10) and the integral formula
(2.2.6) with p = ¢y/e, this implies
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to
VSl S [ Bl ey, ds e (1+ VEa)
and consequently, after taking the supremum on the left and applying the Gronwall lemma,
15l s,y < 20"

Combining this with (2.4.8) proves the statement up to order J, and hence shows (2.4.4b) by
iterating the argument up to J = 12.

(2.4.4a): We again assume that
< eaoVE
(2.4.9) H\I/||Cé 1 S ea
holds for J € {1,2,...,13}. Observe that
a
0.V WG S allN + s [Vl gran + —IIVNIley (14 12]0z) + 1101 V1 I,

By (2.3.17h), (2.3.17b) and (2.3.17a), the first two summands can be bounded (up to constant)
by ea'~%. By (2.4.9), (2.4.4b) and (2.3.17h) and using (2.4.5), the commutator term is
bounded (up to constant) by e2a=37¢VE. Altogether,

|0,V W | g < eal™ + g2q37eVE
follows. Inserting this and (2.4.7) into
0, (IV7IB)] < 10:G7 el VUG + 20,V g - V70|

implies, with Lemma 2.A.2,

to 1
VI Wla) < (V790 + [ (2ratG—1|er\1/|a ; |ath\1/|G) (s) ds
t

to
<e? 4 / (5a(s)*3|VJ\Il(s, Vg +ea(s)t=e + 52a(s)*376‘@) ds.
t
We obtain using (2.2.6):

to
]VJ\II|G(t) < 5a(t)7cﬁ + / aa(s)*glvleJ(s, )G ds
t

The Gronwall lemma, applying (2.2.5) and taking the supremum over ¥; then implies |V~ \If|éé <

ea”“VE. This proves (2.4.2a) by iterating over J and adding up the individual seminorms.

(2.4.4¢)-(2.4.4d): Note that (2.4.7) implies (2.4.4c) at order 0 since one has

041G = 716)? S 1067 G|G =G +10:(G = MalG —le S ea (1 +1G —1|6)IG ~1le

which we can apply the Gronwall lemma to after integrating, along with (2.2.7) for the error
term, as in the proof of (2.4.4Db).
For higher orders, commuting (2.2.28a) with V* and inserting (2.4.4b) and (2.3.17h) implies

10:97(G = )llen, S ea™®VF +ea = + [0, V(G =) ey
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with
101, 971G = Mlleg, S (2a7F + 2= ) |G = All gy -

Once again doing the same iterative argument over J < 12 and assuming the estimate to
hold up to J — 1, this altogether becomes

10:97 (G = Dllg,  ea™V%,

implying with (2.2.6)

to
I97(G = lles, S * + g/ a(s) 3 VE ds < JeaoVE
t

1

The argument for G~—! — 47! is completely analogous.

(2.4.4e): We only prove the statement for C%, the full estimate extends from there by the
same iterative arguments as above. Considering (2.2.32b), Lemma 2.4.1, (2.4.2a) and (2.2.3),
we have

0:Vdla S a™? (IV¥|g + [VNG)
and thus, with (2.4.4a) and the bootstrap assumption (2.3.17h),
0, V¢l S ead7VE.
With (2.4.7), this implies
0|V IE| S ea”? |Vl +ea*VFIVdg

and the statement follows as usual by applying Lemma 2.A.2, (2.2.7) and the Gronwall lemma.

(2.4.4f): This follows as in the proof of (2.4.4c) using (2.2.33) and (2.2.28a) and their

commuted analogues.

Once again, for C2, we have (2.4.4g): This is obtained immediately from commuting
(2.2.29d) with V7 and applying (2.4.4b). Notice that the Levi-Civita tensor can be absorbed
into the implicit constants since |e[G]|¢ = v/6 holds (see (2.A.2c)).

(2.4.4h): This follows like in the proof of (2.4.2¢) from applying (2.3.17f), (2.3.17b) and
(2.4.4b) to the constraint equation (2.2.29¢) commuted with V.
]

2.4.3. Other useful a priori observations. Before moving on to the energy estimates,

we collect a differentiation identity and lay the groundwork for energy coercivity:

LEMMA 2.4.4 (The volume form and differentiation of integrals). Let uc = v det G denote
the volume element with regard to G. It satisfies

1 .
(2.4.10) o = §MG(G—1)”atGij =—Nrug ,

and hence one has

(2.4.11) lne = prylleg S e



52 2. COSMIC CENSORSHIP NEAR FLRW SPACETIMES WITH NEGATIVE SPATIAL CURVATURE

0N (Xt)te(tpoos,to] Further, for any differentiable function ¢, one has
(2.4.12) 8t/ {dvolg :/ athvolg—/ N7 - (dvolg
M M M

PROOF. From (2.2.28a), we obtain (G™1)¥9,G;; = —2NT, and (2.4.10) follows by
1 .
Ot = 5 v det G(Gil)”c‘)tGij =—N7ug.
Hence, we have using (2.3.17h) and the initial data estimate (2.3.14) that
to
i = al(t) Se+ [ cal9) I - i) (:) ds
t

holds, and thus (2.4.11) after applying the Gronwall lemma.
Finally, we obtain (2.4.12) by writing dvolg = l:deVOlv and inserting (2.4.10) O

LEMMA 2.4.5 (Preliminary Sobolev norm estimates). Let ¢ be a scalar function and T be a
symmetric Ly-tangent (0,2)-tensor, and let | € {1,...,9}. Then, on (toot, to], the following

estimates are satisfied: For l > 5, one has:

(24.13a)  [VEClI7 SIACHT2, +a VIV,

-1
(2413b)  [Cl3 SIAKIZ, +a7V (ZnAmmLa 1 € Ric, >>

m=0
20+1 -1
(24.13¢) ) HCHQ-m SIVAYC,, +a eV <Z IVA™C|7,, +HVCH22z 12 €= (Ric, ))
=1 m=0
(2.4.13d)
2l -1
D VeI, SIVAKCE, +a7v° (Z VA", + 1VCIE a0 €522 (Ric, ))
m=1 m=0
and
(2.4.14a) [ SIA'TZ, +a” e (Z IA™T]7, +H‘ZH2m 0 €22 (Ric, ))
m=0

20+1 -1
(4140) 3171 SIVATI, +a7" (Zummsny [T -0 € (R, >>

m=0

More precisely, the Ricci energy terms can be dropped in all of the above estimates for | <'5.

REMARK 2.4.6. We stress that Lemma 2.4.5 is crucial for everything that follows in mul-
tiple ways:

Firstly, the L2-norms containing ¢ and T on the right hand sides above except (2.4.13d)
are in precisely the form the energies in Definition 2.3.9 take. Hence, this is what will actually
yield near-coercivity of our energies since the Cg-norms can be controlled by a=¢VE or better
using the a priori estimates from Lemma 2.4.3, as well as (2.3.17h) for the lapse. This will be

shown more explicitly as an intermediary step in improving the bootstrap assumptions for C
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(see proof of Corollary 2.7.3).

Secondly, a downside of using A as the main differential operator to commute with the
Einstein scalar-field system is that it creates error terms that we can only bound by Sobolev
norms and not directly express as energies. Thus, we need a way to translate this information
back to energies to formulate energy inequalities. A lot of this is done “under the hood” in

the error term estimates in subsection 2.A .4.

Finally, some top order terms also do not appear in a way that their L?-norm is directly
the square root of an energy (see, for example, the term aV2A% N in (2.2.35)), and some
borderline terms would lead to nonintegrable divergences if we were to incur additional di-
vergences in estimation (see, for example, the first term in (2.A.14a)). Lemma 2.4.5 precisely
provides a way to relate these terms to energies . Additionally, by applying these estimates
for terms of the form Aég and A%‘Z, one can avoid high order curvature energies that run
the risk of breaking the energy hierarchy.

PROOF. Since the arguments for all of the inequalities above are very similar, we only
prove (2.4.14a) in full and then briefly address the other estimates.
Letting il‘l---l‘zlklk& = Vi, ... Vi, %k k, , we compute with the commutator formula (2.A.6¢)
and strong Cg-norm estimate (2.4.4f):

/ V2% = — / (VE, AVE)q dvolg
M M

=— / (VE, VAZ) g dvolg + / VT « [VRiC[G] T + Ric[G] V‘:Y] dvolg
M M

)- U \i%dvolg+/ \Vi%dvolg}
Cé, M M

5/ |AT|Z dvolg + (1 + HRic[G] + %G
M

5/ yAicPGJracﬁ/ %1% dvolg
M M

In the final step, we used integration by parts to obtain
a—evE / IVE[2 dvolg < / 1A% - a~VE|% | dvolg < / (|A§|g +a—2c¢5|§|g) dvolg
M M M

and updated c. This already shows (2.4.14a) for [ = 1. Assume now that (2.4.14a) holds up
to some [ € N, I <9 and any symmetric 3;-tangent (0, 2)-tensor field. By applying (2.A.6d),
we have

AT =VIAT 4+ [A, VA VE2T 4 4 VE2A VR
2
(2.4.15) =VIAT+ > V(Ric[G] + 50+ ViET 4+ G« Vig
TRic+Iz=21

Subsequently, we have for [ > 5 using the strong Cg-norm estimate (2.4.4f) for any Ricci
term of order 10 or lower that

12 000y = / V212 dvolg
G M
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_ ) 2
SUATIy + (14 VEa™) |52 + 5120 IRiclG] + SGy
and get the same estimate without the final term for [ < 5. By assumption, we can estimate

|AT]|? HTH%@; and ||Ric[G] + %Gﬂzg as in (2.4.14a), and get the following for [ > 5 :

209
HG

/ |V2+2%|2 dvolg
M

-1
S [ IATAT]Z, +a™E YT AT, + 0 VE AT 201 € (Ric, )
m=0
-1
+ |aVEIAMT| Gy +amVE z_:o |A™SIIZ,, + a”VE T2 €S (Ric, )

+ a—c\/EH(IHZQFH [@(21) (RiC, ) + <€(S2l_2)(RiC, ) + 5a_c\/EQf(§2l_2)(RiC, ))}
e

l

1|2 - 2 2 <2) (P

<IAITR, +am (Z IA™TZ, + [T o100 € (Ric, ->>
m=0

For [ = 5, we get analogous estimates dropping the Ricci energies in the first two lines, and

for [ = 4, the same with all curvature terms dropped.

To prove the statement for [ + 1, it now remains to be shown that ||‘I||§.{21 +1 can be bounded
G

by the same right hand side (up to constant) as above. By integration by parts, one has
2412 22 2712
V25T, S (9252, + [AVATE, |

where the latter tensor is precisely AT which we just treated, and the former is covered by
the induction assumption at order 2I. So, (2.4.14a) now follows for [+ 1, and thus by iteration
up to [ = 10.

The proof of (2.4.14b) is analogous — we note that since we actually only needed a strong
estimate on ||Ric[G] + 2G HC% for the previous inequality, but (2.4.4f) holds at C/, this gives
enough room to extend the argument in full despite the extra derivative order.

For both, note that we only need to estimate the Ricci terms in the L%—norm if one cannot
apply the a priori estimate (2.4.4f) to all V/RcRic[G] that occur in (2.4.15), and thus we
could easily adjust the proof such that the Ricci energy does not occur in any of the proofs
as long as 2] — 1 < 10 is satisfied, so for [ < 5.

The estimates (2.4.13b)-(2.4.13d) are proved identically, the only difference being that
one order of curvature less enters in the commutator terms in (2.4.15), leading to one order
less in curvature in total. For (2.4.13a), we note that we can avoid incurring any L?-norm by

carefully repeating the argument we made for ¥ using (2.A.6a):
/ |V2¢|% dvolg = / —(V(, VA() ¢ dvolg + / Ric[G] * V( * V( dvolg
M M M

5/ |Ag|%,dvolg+a0\/5/ IV¢|Z dvolg
M M
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2.5. Big Bang stability: Elliptic lapse estimates

In this section, we study the elliptic structure of the equations (2.2.30a)-(2.2.30b), which
admit estimates controlling (time-scaled) lapse energies by other energy quantities. To this
end, we recast these equations as follows:

DEFINITION 2.5.1 (Elliptic operators). For any (sufficiently regular) scalar function ¢ on
>, we define the differential operators

(2.5.1a) L =a*AC—f-¢, f= éa4 + 127C? + (2, ) g + 87U2 + 167CT
—F
5 . | 2
(2.5.1b) LC=a'AC—f-¢, f= ga4 + 127C% + o* | R[G] + 3 87|Vl
—F

Note that the lapse equations (2.2.30a), respectively (2.2.30b), now read
(2.5.2) LN = F, respectively LN = F.
Furthermore, observe that

(2.5.3a) [L,AIC=Af-(+2(Vf, V(g =AF - (+2(VF,V()a,
(2.5.3b) [£,A]¢C =AF - ¢+ 2(VE,V{)q.

2.5.1. Elliptic lapse estimates with £. We first study the elliptic operator £, which
will admit weak lapse energy estimates in terms of scalar field quantities and X, up to cur-
vature errors, that can in particular be utilized at high orders without having to resort to
higher derivative levels. Before moving on to the estimates themselves, we collect a couple of
inequalities we can deduce from the bootstrap assumptions and strong Cg-norm estimates.

REMARK 2.5.2. There exists a constant K > 0 such that, for £ > 0 small enough, the
following estimates hold:

e ' > —Ke¢, and equivalently f > 12rC? — Ke. This is ensured by (2.4.2b) and
(2.4.2a). In particular, we can assume ¢ to have been small enough such that f—67C?
can be bounded from below by a positive constant that is independent of e (for
example 37C?).

e |Vfleg =|VF|q < Kea™®Ve. This is given by (2.4.4b) and (2.4.4a).

LEMMA 2.5.3 (Elliptic estimates with £). Consider scalar functions (, Z on ¥ that satisfy

(2.5.4) L=7.
Then,
(2.5.5) Az, + @IVCl 2, + ISz, S 12115z

PROOF. The proof follows along the same lines as that of [Spel8, Lemma 16.5]: First, we
obtain the following by multiplying (2.5.4) with —( and integrating: and using that f —67C?
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is bounded from below by a positive constant (see the first point in Remark 2.5.2):
4 2 2 2
[ @V e + ¢ )avole 5 1212,
M
Next, we multiply (2.5.4) with a*A¢ and obtain

/M (¥ ACP + a'[VCI2f) dvolg

< [ 3122+ Diac + (31cP + TIVClE ) a9 iz dvo

= — = — a o dvo

= |y 2 2 2 g IVhle Ly Vole

Using the second point in Remark 2.5.2 as well as the previous step, we can now conclude
/M (a*|AC? +a*|VC[E) dvole < (1+¢)[1Z117,,

and thus the statement after rearranging. O

COROLLARY 2.5.4 (Intermediary elliptic lapse estimate with £). The following estimates
hold for any | € {0,...,10}:

AIAFIN 2, + @[ VANl + AN 1z

SIAF 2+ ea” ||l 201 +%a"~7 /€2 (Ric, -)
G

not present for =0 not present for [<1

Proor. We prove the statement by induction over [ € N: For [ = 0, the estimates
immediately follow from (2.5.2) and Lemma 2.5.3. Assume the statement to be satisfied up
to [ — 1 for some [ € Ny, I < 11. We get, applying (2.5.3a) iteratively,

2[—1
LAIN =) "V'F« V' N+ (N +1)A'F.
I=1

Applying Lemma 2.5.3 to ¢ = A'N as well as Lemma 2.4.1 yields

20—1
AN 2, + VANl + (AN 2 S S IV F« V2N 2 + |AUF
I=1

Hence, using (2.4.13c) (replacing [ with [ —1) and (2.3.17h), (2.4.4a) and (2.4.4b) to estimate

low order terms, we get

AN 1z, + @[ VAN + AN 1z

-1
SIA'F| 2 +ea™V" (Z IVA™NI| 5, + a7/ €(=2-D(Ric, -))

m=0

+eat™ (HFHHE;H) + VAT F|| 2, + 2a™ Ve [@(=2-D (Ric, .))

For the top order lapse term, we can redistribute the divergent prefactor as follows:

ea™VE|VAITIN 2, S el|A'N]|pz, +ca > VE AN
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The lower order lapse terms as well as |[ VA1 F|| 12, can be estimated similarly, just without
having to redistribute the prefactor. Updating ¢ > 0 and rearranging then yields the state-

ment at order [ for suitably small € > 0, and thus the entire statement after iteration. (I
COROLLARY 2.5.5 (Lapse energy estimates with £). For any l € {0,...,9}, one has
a8€(2(l+1))(N7 ) +a4(’5(2[+1)(N,-) 4 (’3(21)(N,-)
<e2e@ () 4+ e (p, ) +e2qVE [@(sw—l))(g, )+ eE20=D) (g )

not present for 1=0

+ (54(1_‘:\/{g + 62(18_“’) @(21-3) (Ric, -)

not present for I<1

PRrOOF. Note that, by Corollary 2.5.4, all that needs to be done is to relate all Sobolev
norms of F' that occur to the respective energies. Schematically, we have
211
A'F = 16m(AM) (U + C) + 2(Al%, 2)g + 3 (vf\y «VA-1g 4 VIS« VQHE) .
I=1
For the first two terms, we can use (2.4.2a) and (2.4.2b) to bound |X|s and |¥ + C| by € and
1 up to constant, respectively. For the remaining terms, we similarly always bound the lower
order in L with (2.4.4a)-(2.4.4b) and bound the higher order with the energy estimates in
Lemma 2.4.5. Further, we can use (2.3.8) to redistribute divergent prefactors onto energies
of order [ — 2 and lower. This already incurs the terms on the right hand side of the claimed

estimate, and the lower order norms of F' only incur at equivalent or weaker error terms. [

2.5.2. Elliptic lapse estimates with £. While the estimates in the previous subsection
are useful at high orders, they are not enough to close the bootstrap assumptions for N. This
can be achieved by deriving estimates in terms of £ — however, due to the explicit presence
of Ricci terms in this version of the lapse equation, we use this to bound N at lower orders.
Since the arguments are largely identical to the ones above, we only sketch the proofs.

REMARK 2.5.6. Note that, when replacing f by f and F by F in Remark 2.5.2, the same

statements hold for a suitable constant K. In fact, the bootstrap assumptions on Ric[G] and
4—co

V¢ even imply HFHCé < ea” "%, noting

<G e
G

2 2 2
RIG] + = Ric[G] + =G| < |Ric[G]+ =G
3 9, 9

G
and

VRIG)lq = ]v (e +3)

S ’V <Ric[G] + 2G>
a 9

G
LEMMA 2.5.7. Any scalar functions { and Z such that

LC=12Z
holds satisfy the estimate

a8z, + a1Vl z, + ICllzz, 12053, -
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PRrROOF. The proof follows identically to Lemma 2.5.3 since all tools relating to f and F
used in proving these statements were collected in Remark 2.5.2, and these extend to £ by
Remark 2.5.6. ]

COROLLARY 2.5.8. Forl e {0,...,8}

€PN, ) + a'€PHD(N, ) + €PN, ) Sa® €= (Ric, ) +ea® V|| Vo]

21
HG

PROOF. As in the proof of Corollary 2.5.4, this follows by commuting £ with A! iteratively
and applying (2.4.4e) and (2.4.4f) to bound lower order terms within the nonlinearities. O

2.6. Big Bang stability: Energy and norm estimates

In this section, we derive energy estimates for matter variables and the geometric quan-
tities as well as Sobolev norm estimates for spatial derivatives of ¢ and for metric quantities.
To derive all of the inequalities in this section beside the elliptic inequality in Lemma 2.6.10
and the bound on V¢ in Lemma 2.6.5, we will use the same basic strategy. Hence, we give a
brief overview on the form our integral inequalities are going to take and how we intend to

obtain improved energy bounds from there:

REMARK 2.6.1 (Integral inequalities and the Gronwall argument). Let F7 denote an en-
ergy or a squared Sobolev(-type) norm at derivative level L € 2N, for example, ¢l) (¢,-). To
derive an integral inequality for Fr, we will take its time derivative, apply the respective com-
muted evolution equations in the integrand, estimate the resulting terms and integrate that
inequality. Schematically, the resulting integral inequalities for Fj, then take the following

form:

to
Fr(t) + / (ultimately nonnegative contributions) ds
t
to 1
SFr(to) + / (ega(s)_3 + a(s)_l_c\/g) Fr(s)ds
t
to
+ / a(s) "3 (other energies/squared Sobolev norms at same derivative level) ds
t

to
+ / a(s)~37¢VE (energies/squared Sobolev norms at derivative levels up to L — 2) ds
t

For some inequalities, we will not be able to derive any beneficial e-prefactors in the
penultimate line. For example, for )(X, ), linear lapse terms in the evolution of ¥ incur a

term of the form .
0
[ a7 als AT Ny e, s

on the right hand side, which after applying lapse energy estimates creates 57%(’3(”(@257 -) on
the right. However, combining the respective inequalities for the core energy mechanism at
each derivative level with appropriate e-weights, this will then combine to an inequality of

the following form for a total energy, which we informally denote by Fiotal,r:

to
(2.6.1) Frotal,L(t) —|—/ (nonnegative quantity) ds
t



2.6. BIG BANG STABILITY: ENERGY AND NORM ESTIMATES 59

1

to
< Frotal,L(to) ‘|‘/ <5§a(5)_3 + a(s)—1—c\/g) Fiotal,.(8) ds
t

1

to 1
+ / 5%a(s)_3_‘:€8 (already improved terms) ds
t

not present for L=0

+ 5iftota1,L(t) + v/ - (small lower order terms)(t)

not present for L=0

In the mentioned example, multiplying €)(%,.) with the weight z—:i, in turn, mitigates the
otherwise offending term to 6%0,(8)_3@(L)(¢, s), which can be absorbed into the first line.

Furthermore, E%J—"totah 1(t) in the penultimate line of (6-1) can be absorbed into the left-
hand side after updating the implicit constant in “<”. Applying the Gronwall lemma (see
Lemma 2.A.1) and the initial data assumption (which implies Fiotarz(t0) < €?) then yields

1

to
Frotal.L(t) S (,54 + / \,ﬁa,(s)_‘g_cgg (improved terms) ds + v/ - (lower order terms>(t))
t

not present for L=0

to
- exp <K / 5§a(s)_3 +a(s)"1TovE d5>
t

for some constant K > 0. (2.2.7) and (2.2.6), the exponential factor can be bounded by

1 1
—ce8 ce8
9y

a , up to constant and updating ¢ > 0. Hence, for L = 0, this implies Fiota10 S eta~
and thus leads to improved bounds for base level energy quantities (see Remark 2.3.19 for
the precise scaling hierarchy that will achieve). By iterating this argument for L > 0, the
already improved terms will then be bounded (at worst) by e*a=¢ 5 , and (2.2.6) shows that

ce8

the first line can be bounded by e*a™ after updating c. This allows us to bound Fiotal,r,

by e*a=¢ 3 for any L up to and including top order.

Finally, we mention that, to control energies at order L, we need to consider scaled
energies at order L + 1 within Fipq 1, — this arises since the scalar field occurs at first
order in the evolution equations for £ and B. We avoid losing derivatives by employing the
div-curl-estimate in Lemma 2.6.10 at order L + 1, which allows us to control a*¢+1 (%)
by quantities at order L. This is precisely what generates the non-integral terms in the
schematics above. We note that it is crucial that the scalar field occurs at no worse scaling
than ¢! in (2.2.38a)-(2.2.38b) — else, moving to these time-scaled estimates at order L + 1
would lose too many powers of a and lead to exponentially divergent terms after applying

the Gronwall argument.

Recall that LQG—norm estimates for error terms arising in the Laplace-commuted equations
in Lemma 2.2.11 are collected in Section 2.A.4. Low order estimates (in particular estimates
for L = 2) could often be improved if needed by more carefully avoiding curvature error
terms, but we refrain from doing so where it is not necessary to keep estimates as unified as
possible.
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2.6.1. Integral and energy estimates for the scalar field.
2.6.1.1. Scalar field energy estimates. Over the following two lemmas, we prove the core
energy estimates to control the matter variables, which are immediately prepared differently

at base, intermediate and top order for the total energy estimates in Section 2.7.

LEMMA 2.6.2. [Even order scalar field energy estimates] Let t € (tpoot, to]. Then, one has

to .
(2.6.2) ¢ (6. 1) + / a(s)a(s)PED (N, ) + ;‘Egdm(z\r, s)ds
t
to
<eO(g, ) + / ea(s) 3¢ (g, 5) + ea?€¢0(L, 5) ds.
t
Further, for any L € 2N, 2 < L < 18, the following estimate is satisfied:

(2.6.3) e (1) + / ® a(s)a(s)PEEHI (N, 5) + dem(]\r, s)ds
< e (g, tg) + /to (Ea(s)*3 + a(s)*lfcx/g) ¢ (4, s) ds
+ /to ca(s)2eB)(2)s) + E%a(s)_?’t’f(L_2) (Ric, s) ds

to
+ \/Ea(s)_g’_c\EQE(SL_Q)(qﬁ, s) + ea(s)_?’_c‘ﬁ@(SL_Q)(E, s)ds
t

to
+/ E%a(s)_g_c‘/gQE(SL_4)(Ric, s)ds
t

if L>4
REMARK 2.6.3. This proof relies on two mechanisms: Firstly, we use the structure of
the wave equation and integration by parts to cancel the highest order scalar field derivative
terms. Getting this cancellation is what necessitates scaling the potential term in the scalar

4. Secondly, we deal with the highest order lapse terms using the elliptic

field energy by a
structure of the (Laplace-commuted) lapse equation — both in an indirect way by invoking
the elliptic energy estimate in Corollary 2.5.5 as well as by directly inserting (2.2.37a) to
cancel some ill-behaved terms. While the framework significantly differs from the scalar field
energy estimates [Spel8|, these two core mechanisms also appear there and play similarly

crucial roles.

PROOF. Since the arguments are essentially the same, we will only write down the proof
for L > 2 in full and make short comments throughout the argument which terms do not
occur for L = 0.

We use the evolution equations (2.2.39a) and (2.2.39b) and Lemma 2.4.4 to compute, for
L>2,

—geB)(g,.) = / —2ATUHATY — 2640, VAT H, VAT @) — X (0,GNIV,AT VAT ¢
M

=N (AR 4 o |VATl] — 4T - o[ VAFL dvolg

(2.640) = /M (—2a(N 1A - 20 (VAEN, Vo) + 602A5N> (a%w)
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(2.6.4b) —2a(N + 1)(VAZ U, VA? ¢) — 2Ca(VAE N, VAZ ¢)¢
(264C) -2 (mL,Border + ('BL,Junk) : A%\P - 2a4<QL,Border + QL,Junka VA%Qb)G
(2.6.4d) + 2N + 1)a- (SHTV,A%GV,AT ¢ — zNg LA VAT g2
(2.6.4¢) - 3N% IATT? 4 aﬂVA%qﬁ]QG} - 4% - @ VA% |2 dvolg .

Note that, for L = 0, the equivalent equality holds where the borderline and junk terms
are replaced by —2a*WU(VN,V¢)g (to verify this, insert (2.2.32a) and (2.2.32b) instead of
(2.2.39a) and (2.2.39b)). We now go through (2.6.4a)-(2.6.4e) term by term:

After integrating by parts, the first term in (2.6.4a) reads

(2.6.5) / 2a(N + 1)(VA% $, VAT W) + 2a(VN, VAT ¢) ¢ - AT dvolg .
M

The first term precisely cancels the first term in (2.6.4b), while we can use the bootstrap
assumption (2.3.17h) to estimate the other term in (2.6.5) up to constant by
ca’™¢ . 2HVA2 ¢\|L2 HA2 \I/HL2 <ead ¢l (g, ).

For the second term in (2.6.4a), we use (2.4.4e) to estimate V¢ and Corollary 2.5.5 at order
L to deal with the lapse, getting

'/ 2a VA2N Vo)a A2\IldV01G <Vea Ve et (N \/e (¢,-)

a4€(L+1)( ’.)Jra—l cﬁ@f(”(d% )
63@—1€(L)( )+a—1—cﬁ€(”(¢>, )
Ve a—l—c\/gQS(SL_Q)(E, )+ 62@—1—0\/5@(§L_2)(d)7 )
+ 2~ 1-eVE@(SL-3) (Ric, -) .

not present for L=2

Sea
S

Repeating this argument for L = 0, the last two lines do not appear.

To deal with the remaining term in (2.6.4a), we can insert the following zero on the right
hand side of the differential equality, where the equality (2.6.6) holds due to (2.2.37a):

0= — 3aa3/ dive (VA%N-A%N) dvolg
87T M

_ - ;’acﬁ/ AFFIN . ASN 4 [VAS N dvolg
n M
(2.6.6) _/ _ 3 VAN - 2 (Ladd 112002 ) |aE NP
o M 8T ¢ 8 \3 a

; 3
—G6CIATN - ATY— —0® ML porder + Negunk] - A% N dvolg
a s

Note that the first line has a negative sign, so (after absorbing a few terms into it without
changing the sign, see namely lapse quantities in (2.6.7) and (2.6.8a)), we pull it to the left
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hand side of the differential inequality. Further, the first term in the second line of (2.6.6)
precisely cancels the third term in (2.6.4a). That leaves the borderline and junk terms in
(2.6.6), for which we use (2.A.17b) and (2.A.19d) (along with @ ~ a~2 due to (2.2.3)) to get,
for L > 4,

8%&@3

<ea [e<L>(¢, )+ eB(s, ) + eB (N, -)}

/ [mL,Border + sJ/tL,Junk:] : A%N dvolg
M

4 cq3eVE [e(gL—Q)(¢’ )+ @(SL—Q)(E’ N+ @(SL—z)(N’ .)}
+e3a3eSL7D(Ric, ) + 2o VEe(SLI (R, )

not present for L=2

Again, the same estimate holds for I = 0 with the last two lines dropped.

From (2.6.4a)-(2.6.4b), only the term —ZCa(VA%N, VA%@G still needs to be handled:
Using the inequality (2.2.8) arising from the Friedman equation, we can estimate this by
(2.6.7)

/ ,/ aa3|VA2N|G|VA ¢1deolg</ 4aa3| VA= ¢|G+iaa3|VAzN|de01G

Note that the first term precisely cancels the final term in (2.6.4e), while the second term

can be absorbed into the first term in (2.6.6) while preserving that term’s sign.

To bound the error terms in (2.6.4c), we insert the borderline term estimates (2.A.17d)
and (2.A.17e) as well as the junk term estimates (2.A.19f) and (2.A.19h), where (2.3.8) is
used to estimate odd order by even order energies where needed. Furthermore, observe that

we can estimate the Qj-terms as

(@l9zlzz) - e (@.0),

so all borderline and junk terms arising from it, beside the scalar field energies, are dominated
by terms occurring elsewhere.

Finally, all terms that remain, namely (2.6.4d) and the first term in (2.6.4e), can be bounded
by ea=3¢W)(4,-) due to the strong base level estimate (2.4.2b) and (2.3.17h). In summary,
and always only keeping the worst terms for each energy and squared norm, this yields for
L > 4:

— € (g, ) + aa*e (N, ) + %QE(L)(N, )
(2.6.8a)
< (af?’ + ailfc‘/g) eD(g, ) + <€a*3 + \/Ea’lfc\/g) (a4(’3(L+1)(N, )+ eB(N, ))
(2.6.8b) +ea 3¢ (%) +e3a 3D (Ric, ) + ea 3" VE@(SLD (g, )
(2.6.8c) +ea d"VEESLTA (%) 4 {sa*:”*c‘/g + \@aflfc\/ﬂ e¢(SL=2(N )
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(2.6.8d) tesqdevEE(sl—Y) (Ric, )

not present for L=2

The lapse energies in (2.6.8a) can now also be absorbed into those on the left hand side of
the inequality by updating the implicit constant in “<”. We can treat the lower order lapse
energies in (2.6.8c) with Corollary 2.5.5 and see that the resulting terms are all dominated

by terms we already have on the right hand side of the inequality above.

Inserting these estimates and integrating over (¢, t] then yields (2.6.3) for L > 4, and the
statement for L = 2 is obtained completely analogously.
As mentioned earlier, (2.6.4c) is replaced by the following term for L = 0:

/ —2aV(VN,V¢)q dvolg
M

~

Sea / @*|VN|g - a*|Volg dvolg < eaa® €D (N, ) + ea € (g, ),
M

Here, we applied (2.4.2a) and (2.2.3). Both of these terms can be absorbed into terms that
are already present, and (2.6.2) then follows by dealing with terms in 9,&© (¢, -) as described
and integrating. (I

To close the argument, we will need a scaled scalar field energy estimate at the odd orders

L + 1, which is not covered by the previous lemma and we hence establish separately:

LEMMA 2.6.4 (Odd order scalar field energy estimate). For L € 2N, 2 < L < 18, we have:
to
(2.6.9)  a(t)ieT+V(4,1) + / {d(s)a(s)7€(L+2)(N, s) + a(s)a(s)3e LAY (N, s>} ds
t
to
Salto) € (6,t0) + [ (<a(s) P +a(s) 1) als) €D () ds
t
to
+ [ {ealo) a0 + (sals) P +a(s) V) € (05)
t
+ea(s) 3¢ (D, ) + eals) T VE L a(s) e Y (Ric, 5)
+ (53a_3 + 5a‘1_cﬁ) ¢L=2)(Ric, s)

+2a(s) HE (€EE(g,5) + €5 (3, )

+ <€3a(s)*3*c\@ + €2a(s)’1’c\/g> e¢=L=4) (Ric, s)} ds

not present for L=2

At order 1, the analogous estimate holds where the last three lines of (2.6.9) are dropped.

PROOF. These estimates follow completely analogously to Lemma 2.6.2, with the excep-
tion that high order lapse terms can now be estimated at order L + 2 due to the scalar field
energy being scaled by a*. In particular, we note that to deal with the analogous term to
(2.6.4a), one now inserts the following zero on the right and applies the commuted lapse
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equation (2.2.37b):
3
0= — da7/ dive (VA%N : A%HN) dvolg
87T M
3 . aiaLyingz 3 (1.3 20 4 Lar2
= ——aa'|A2TN|* — — [ zaa” + 120C*— ) - a*|VAZ N|g
M 8T 8T\ 3 a
a g4 L L 3. 5 L
*605 ~a”(VAZN, VA2 V)q — 5,40 (ML11,Border + NLt1,unk, VA2 N)g ¢ dvolg

For L = 0, the argument is again the same as at higher orders with less complicated junk
terms. We briefly highlight some specific junk terms: The term analogous to (2.6.4¢) is now
estimated as follows using (2.4.13a):

a* / —2a(VIVN, V28 ga/ a2|VN|g - a2 V% . 4|Vl
M M
<eaa’€V(N,.) +ea' Ve . ¢* (=D (g, )
Further, note that, by the commutator formula (2.A.8¢c) and applying (2.4.4e), one has

[ alen Alo- Agavola| Sea® o (IV iy, + 19N 18011
M G G G

Sea 1TOVE (a4(’3(1)(¢, )+ ateW(x, )) +ea%7 . aa®e¢M(N, ).
n

2.6.1.2. Sobolev norm estimate for V¢. To improve the bootstrap assumptions on V¢, we
will need sharper bounds than those on a*||V¢|%,, that will follow from bounds on e (g, -):

LEMMA 2.6.5. Let | € (tpoot,to]. Then, forl € Z,, 1 <17, the following estimate holds:
1960 g5y S (1 2a(t) ) [l ga51 5y + 20 Wl g,

PROOF. By (2.4.2a), ¥ +C > % holds if € is chosen small enough. Consequently, we can
rearrange (2.2.29b) and apply the product rule to obtain
divgX
v+ C

S Y VETIEG V(T 4 O)

1
V'Volo = 5 ‘vl ( <
G Igtly=l

The statement then follows by integrating over ¥; and applying (2.4.2a) and (2.4.2b). O

2.6.2. Energy estimates for the Bel-Robinson variables. In this subsection, we

collect the energy estimates for the Bel-Robinson variables:

LEMMA 2.6.6 (Bel-Robinson energy estimates). Let t € (tBoot, to]. Then one has
(2.6.10)

©) ! 7C%a(s)™3 @ 2 volg ds
¢ (W,t)—l—/t /M [8 C?af(s) (N+1)(E,€>G+6a(8)(N+1)|€]G dvolg d
<O W, 1) + /to <5a(s)_3 + a(s)_l_cﬁ) eO(w, s) + s_%a(s)_?’ ca(s)*¢W (¢, 5) ds

to
+ / a(s)17VEEO) (¢, 5) + ca(s) P €O (D, 5) ds
t
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as well as, for L € 2N, 2 < L <18,
(2.6.11)
to :
eO (W, ) + / / [87?6’261(8)_3(]\7 L 1)(ARS, AR )G+ 6(N + I)ZEZ)M
t M

~—

3&(%| dvolg ds

to 1
SV + [ (o) + als) 1 E) €D, ) ds
t
to
-1 -3 4@ (L+1) : i -3 -1\ () ’
+ /t {e a(s)™3 - a(s) (¢ s)+(€ a(s)™" +a(s) ) (¢,s)
+ea(s) e (T, s) + efa(s) ™ - a(s)* ¢ LD (Ric, 5) + € 5 a(s) 3 SED (Ric, 5)

+ (51@5@(5)*3*0\@ + a(s)*lfcﬁ) €(§L72)(¢’ s)

+ 61?5)&(5)_3_‘:\/g (QE(SL_Q)(E, s) + ey, 3)) tev a(s)3-vee(=l=9 (Ric, 3)}ds
not present for L=2
REMARK 2.6.7. We preemptively note that the error terms on the left hand side, once
combined with the similar terms on the left hand side in Lemma 2.6.8 and given suitable

weights, will turn out to have positive sign, even if they do not have definite sign in isolation.

The main idea in deriving this inequality is that we can use the algebraic identity (2.A.3d)
and integration by parts to exploit the Maxwell system that lies at the core of the Bel-
Robinson evolution equations. As a result, we avoid having higher order energies of the Bel-
Robinson variables on the right hand side of the integral energy inequalities (which would
break the bootstrap argument), then only having to deal with scalar field and Ricci energies
at the next derivative level.

PrROOF. We first prove (2.6.11), and then explain how the same ideas lead to the simpler
estimate (2.6.10). To this end, we start out by taking the time derivative of the energy as
usual:

—@Q‘E(L)(VV, N = /

M
—2AQGTYN G AR E AR, + AR B AT By dvelg

_3Ng 18562 +1a%B] —2 ((0n%e, A%E) + (0,055, A3B)q)

& and B are symmetric and tracefree, thus symmetrizations become redundant, and any scalar
product with a tensor that is pure trace or with an antisymmetric tensor can be dropped.®
With this in hand, we get, inserting (2.2.38a) and (2.2.38b):

(2.6.12a)
—oe D, ) = / {a(—6(N +1) +9N) (\A%SFG + yA%By%;)
M La
(2.6.12b) +2(N + 1)a~? (<curlgA%g, AFB)¢ — (curlgA3 B, A%5>G>

9Recall the superscript notation for error terms, see Remark 2.2.12.

“H”
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(2.6.12¢) +2a7 (<VA%N A B,ASE) — (VASN Ag €, A%B>G)

(2.6.12d) —87C2%a3(N + 1)(ATS, ATE) g — 81a(T + C) (VAT NV, AZE)¢
(2.6.12¢) — 8ma(T + C)(N + 1)(V2AT ¢, A% E)¢

(2.6.12f) +16ma(N + 1)(VOVAT T, AT E)

(2.6.12g) +d%€[G] * Vo x VEAT §« ATB

(2.6.12h) (N +1)a™3% « (A%E*A%5+A%B*A%B>

(2.6.121) — 2L Border + €Liop + €} i ATE)G

(2.6.12j) — 2B Border + BLitop + BY s A§B>G} dvolg

For (2.6.12a), we pull 6(N + 1)da_1|A%5|%; to the left. This leaves
/ —62|ATBZ + 3NL|ATBE + ONZ|ATEZ dvolg,
MG a a

where we can estimate the last two terms up to constant by ea'=“ &) (W, .) by (2.3.17h)
and can drop the first term since it is nonpositive.
Regarding (2.6.12b), note that we have

a! ((curlgAéS,A%BM— <curlgA%B,A%€)G) = —a !divg (Aég NG A%B) .

Hence, the absolute value of (2.6.12b), using (2.A.4c) for the wedge product and (2.3.17h),
can be bounded by:

/ 2a"1(N + 1)dive (A%E Ac A%B) dvolg
M

= ‘/ 24" (VN, A% E Ag A% B)g dvolg
M

5/ a YV N|g|AZE|G| A% Bl dvolg
M
Sea® o eB) (W)

For (2.6.12c), we use the pointwise wedge product estimate (2.A.4d) and a priori estimates
(2.4.2¢) and (2.4.4g) to bound it as follows:

(2:6120)] <207 VAR NI (1Bla - [A3E]G + [€lo - |A%Blq)

Sead\JatELH(N, )y [ (W, )
Sea” (€D, ) +a'eI(, )
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We pull the first term of (2.6.12d) to the left as well, and estimate the second using the
strong Cg-norm estimates (2.4.2a) and (2.4.4e) by

ﬁailfcﬁ A \/G L)(W. ~1-cVEg(L )(W, J4ea - a4(;3(L+1)(N, .

Moving on to (2.6.12e)-(2.6.12g), we see using (2.4.2a), (2.4.4e), (2.4.13a) with ¢ = A%qﬁ and
(2.3.8):

[(2.6.12¢)] < < By JateTH) (g ) +a /el (g, ) 1_6*5\/6@2)@),-)) \/e(m W,

S (s “_1_%) B, ) e ba a' € (9, ) o~ e =D (o, )

(2.6.12f)| <\@a1—0\/5\/@@+1> : \/QE(L) w,-)
<a'” fo@(L)( W,-) +ea'™ c\f(g(L+1)(¢ Y,

1(2.6.12g)

SVEaTVE L G VEAE |2 - \/ED(W )
Sﬁakc\@ < L) (g, ) + a*C\/E\/@(L—l)(gj)’ .)> . \/@(L) W,

<almVEeB (W) 4 ealoVE [Q(L+1)(¢7 )+ B (g,) + =g, )}

We can estimate (2.6.12h) by ea=3&) (W, -) as usual, and obtain the following in summary:

— 0, (W) +8rC%a —3/ (N+1)<A§2,A35>deolg+6a/ (N +1)|AZ &% dvolg
M aJm

S (5a_3 + a—l—cx/g) @(L)(W ) + a_IG(L'H)(gf), ) + CL_IG(L) (gf), )
+ Ea*3 . a4€(L+1) (]\]7 ) + a*l@(ﬁL*Q) ((z), )

€L, Borderllzz, + 1 €L.topllzz, + €L sl 2z

+H%L BorderHL2 + H%L topHL2 + H% JunkHL2} @(L)(W7)

We can now apply Corollary 2.5.5 for 2l = L to estimate the lapse energy in the second
line (leading to borderline scalar field energy and -energy contributions as well as junk
terms), and insert the borderline (see (2.A.17k)), top (see (2.A.18a) and (2.A.18b)) and junk
estimates (see (2.A.19n)), dealing with the lapse energies there analogously. In particular,
the top order curvature terms arise as follows:

€L topll 2,/ €D (W, ) Sv/ea ' mVF \/ a*@(-1(Ric, -)\/ (L) (W, )
< Eéa_l_c\/EG(L)(VV, )+ esq L. a*¢D(Ric, -)

1B Laop | €D (W, ) Sa ®\[at@-D(Ric, )/ e (17,)

1

SesadeD(W, ) + esa 3. a*¢ D (Ric, -)
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Hence, both top order curvature terms can be bounded by esa=3 . gt (Ric, ).

Integrating the inequality yields (2.6.11).

For (2.6.10), we get applying (2.2.31a) and (2.2.31b) and again using that £ and B are

symmetric and tracefree:

~ae0w,) = | {d<—6<N 1 1)+ 9N) (€ + BIZ)
M

a

+2(N + 1) ({curlé, B — (curlB, £)¢)

+2((VNAB,E)g — (VN ANE,B)g)
+(N+1)a 3% (ExE+ Bx*B)

—8ma (N 4+ 1)(¥ + C)*(%, &)

+ [aa®V¢ * Vo +a(¥ + C) - VN « V| x €

+a(N+1)[Vo* VU +Zx Ve Vo + (U +CO)V¢| +E

+ (N + De[G] * (a®V2p Vo +a ' (U + C)L * V) B} dvolg

The first two lines are treated as in the general case. For the third line, we get ea®~< &0 (¥, .)
with (2.A.4d) and (2.3.17h), while the fourth term is bounded by ea=3&©) (W, -) with (2.4.2b).
This leaves the surviving matter terms in the final four lines.

We pull [,,87a (N + 1)C*(, E)gdvolg to the left as before. For the remaining terms,
we can apply a priori estimates (2.4.2a), (2.4.4a) and (2.4.4e), the bootstrap assumption
(2.3.17h) and Lemma 2.4.1 for N, which yields the following bound up to constant remaining
terms in the last three lines:

€OV, ) [a V0l + VEaE €0, )

+ (Ea*?’ + ﬁail*c\/a ¢0) (3, )}

Applying (2.4.13a) to the scalar field norm and then (2.3.8), this leads to (2.6.10) along with
the previous observations. ]

2.6.3. Energy estimates for the second fundamental form. For the energy esti-

mates for ¥, we again first derive even order integral estimates:

LEMMA 2.6.8 (Energy estimates for the second fundamental form for even orders). Let
t € (tBoot, to]. Then, one has:

(2.6.13) €Oz ) + 2/tt0 /M [a(s)_3(N + 1), %) g + ZEQ(N +1)|AZE%| dvolg ds
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to to
< @(0)(2’ to) + / 5%61(8)—3@3(0)(2, s)ds + / e_%a(s)—?)QE(O)(Qb, s)ds
t t

For L € 2N, L < 18, the following holds:
(2.6.14)

¢L)(2,t) + 2/:0 /M [a(s)_3(N FINATE, AT + Zg(N + 1)|A52|%;] dvolg ds

< eB( 1) + /tto esa(s)3eB) (S, 5) ds

+ /t . {e—éa(s)—3e<L>(¢, s) +e%a(s)> LD (Ric, s) + e2a(s) 3 ¢L 2 (Ric, 5)
¥ als) PVEEEL (S, 5) + (¥ als) PV +ea(s) ) €L (g,)
+ €%a(s)*3*c\/g(’3(§f4) (Ric, 3)} ds

~
not present for L=2

REMARK 2.6.9. The main hurdle of dealing with the second fundamental form is that

a high order curvature term occurs in the evolution equation. It is to precisely this end
that the Bel-Robinson variables needed to be introduced, since (2.2.36d) is what facilitates
controlling said term without having to use () (Ric, -) or similar high order metric energies.
Again, the resulting leading terms will turn out to have definite sign when combined with
the Bel-Robinson energy estimates above.

PROOF. Here, we omit the proof for the inequality at order zero since is completely
analogous in structure to the one for orders 2 and higher and the only differences that arise
are that lower order error terms do not occur.

Once again, we start out by differentiating —&(") (X, ) and insert (2.2.35):

_oeD(x,) = /

—2 <atA%2, A%2> + (G« ATEx ATY — 3NL AT S| dvolg
M G a

= / {za(VQA%N, AFD)e — 2a(N + 1)(ATRic[G], AT )¢
M
F (GG )« AL« ATY — 3NL|ATTR
a

_2<6L,Border7 A%E>G - 2<6£Junk’ A%E>G} dVOlG

For the first term, one can use (2.4.13a), Corollary 2.5.5 at order L and (2.3.8) to bound
its absolute value by the following:

L
SaAEN] g /E0(S, )
|:a_3 v G8@(L+2) (N7 ) + al_C\/E\/G(L) (N7 ):| \/QE(L) (Ea )

< [3 (S, ) +a €W (g, ) +ca=PVE W EELD(E, ) 4+ /€L (g, ->>

AN
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+< —3-cVE 4 gql- ca>\/€<L 3)(Ric, ]\/Qg

not present for L=2

S (¥a 1—“’) B, )+ Fa B (g, ) +ea iV [eSEA(x, ) 1 <52, )|
+

( @ _|_ 626L1 CO’) @(L—Q) (RiC, ) + (E%a—?)—c\/g + E2a1—c0> @(SL—4) (RiC, )

not present for L=2

Next, we replace the high order curvature term as follows, using the commuted rescaled

Hamiltonian constraint equation (2.2.36d) that AZY is tracefree and symmetric:

/ —2a(N + 1){AZRic[G], A% )¢ dvolg

M

:/ (N + 1)a3(ATE,ATD) g — 2(N + 1)L |ATD|Z
M a

L
+ <~6L,Border + y)i,(]unk? Az 2)@ dVOlG

We pull the first two terms to left, only keeping the error terms on the right. After inserting
the borderline and junk term estimates for the Hamiltonian constraint equations ((2.A.17a)
and (2.A.19¢)) and the evolution equation itself ((2.A.17h) and (2.A.19k)), as well as bounding
10,G~Y| < ea~?3 and inserting (2.3.17h) as usual, we obtain (2.6.14) by integrating. O

Additionally, we can exploit the structure of the momentum constraint equations to gain an
elliptic estimate for €&+ (%, .). Crucially, the upper bound only depends on Y-, scalar field
and Bel-Robinson energies up to order L, and appropriately small and time-scaled curvature
contributions up to order L — 1. This will allow us to close the argument since we do not
need to consider the Bel-Robinson energy at order L 4+ 1 to control X at that order, which

would require higher order scalar field and curvature energies.

LEMMA 2.6.10 (Odd order energy estimate for the second fundamental form). For any
Le2Z,,2<L <18, we have

(2.6.15)
a4€(L+1)(2,-) < ( d—eve | g42-c > + ¢l (),-) + L)(W7.) +52a4€(L_1)(Ric, D)
®,

+ eq—oVEE(EL-2) ( )4 a?” C\f(’f (<L 2)(2, ) +€a2*c‘/EQE(SL’2)(Ric, ).

For L =0, one analogously has

(2.6.16) ateM (s, ) < (a4—0¢5 + 5a2_c‘/‘§> ¢z, ) +eO(g, ) + O w,.).

PROOF. We prove the statement for L > 2, since the proof of (2.6.16) is entirely analo-
gous.
By [AMO04, (A.22)], since (X4, g) is a three-dimensional compact Riemannian manifold for
any t € (tBoot, to], any tracefree (0,2) tensor U;; on (X, g) satisfies
Rlg]
2

3
(2.6.17) /E|VU\§+3Ric[g]-U-U— |U\§dvolg:/E \curlU|§+§|ding\§dvolg.
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In particular, for U = A%Y and after rescaling, this reads:
2 ' ' I R[G
/ (VA%Z) +3<Ric[G]ﬁ>l (A%zﬁ)j (a%sf) - RIG) Af 52 dvolg
M G J l i 2
3 L2 2 L2
= . §|d1VGA 2Y|G + a®|curlA2 | dvolg

The last two terms on the left hand side can be estimated by (1 4+ ea~¢Ve)e¢)(2,.) in
absolute value using the strong Cg-norm estimate (2.4.4f). Thus, inserting the Laplace-
commuted rescaled momentum constraint equations (2.2.36a) and (2.2.36b), we obtain for a
suitable constant K > 0:

e¢H)(x, ) — K (1 + \@a—c\@) e¢@)(s, )
< 2 L |2 2 L _1n. 2 2 L 14 2 2
S [ W CP[VALS| + Vol |AFTRiClG]| |+ (Dl [VAETRIC(G]| -+ 0 puni

2 2 ~
T AT B + D ’VA%’lRic[G] ]G VS ‘VQA%*QRic[G] ‘G v ‘sz,Junk

2
} dvolg
G

After rearranging, using the strong Cg-norm estimates (2.4.2a), (2.4.4e), (2.4.2b) and (2.4.4b)
and multiplying by a* on both sides, we get

a' (D) 5 (14 vea ) a'eP (2, ) + € (g, ) + €D (W) + a'e D (Ric, )
+ 2t vEeE=2(Ric, ) + (114”%[,7]”71]@”%2(; + aﬂ\iﬁ?hhnk“%é :

The statement follows inserting the estimates (2.A.19a) and (2.A.19b). O

2.6.4. Energy estimates for the curvature. To control commutator errors, we will
also need some additional estimates on curvature energies. Unlike the other energies, these
inequalities do not rely on any delicate structure within the equations and instead just rely
on pointwise estimates, the Young inequality and near-coercivity of energies in the sense of
Lemma, 2.4.5. For the sake of convenience, we phrase these estimates for (‘5<L*2)(Ric, -) since
this is the order needed when improving behaviour of the total energy at order L.

LEMMA 2.6.11 (Curvature energy estimates at even orders). Let L € 27,4 < L < 16 and
t € (tBoot,to]. Then, one has

1

to
(2.6.18)  ¢L=A(Ric, t) <2 (Ric, tg) + / (aga(s)*ﬂa(s)*w) ¢(L=2)(Ric, s) ds
t
to
+ / {aféa(s)*i” (c»z@)((b, 8)+(’3(L)(E,s)>
t
e Rals)VE (€5 (g,5) + €53, )

+ E%a(s)_g’_c‘ﬁ@(gL_‘l) (Ric, s) } ds.
Additionally,

to
(2.6.19) ¢ (Ric, ) < eO(Ric, to) + / esa(s) 3¢ (Ric, s) ds
t
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to
“ta(s) 3 (&0 (0)
+/t = Ya(s) 7 (€(6,) + €0)(8,5) ) ds.

PRroOF. First, we note that
|divEVAS IS 2 < [V2PAT IS 2 S [ATS] e +a VE/el-2(x, )
holds using the low order version of (2.4.14a) with T = ATTLY for I = 2, and similarly

IV2AZTIN| 2 S AT N2, +a VE /EL-D(N, )

using (2.4.13b) at order 2. Now, using AT7IG = 0 for L > 4, we continue as usual by
applying (2.2.40a) to the expression below:

—0,¢"2(Ric, ) < /

{a= (1a%3lq +|V2A575)g ) AR Ric[6]le
M

+ 2 ((V2AF NG + |AENIG) |AFRiclGllg

+ (Rp—2.Border |G + R 12, 7unklc) - |AF T Ric[Gllo

+a73% « AT 'Ric[G] * AT Ric[G] + N%;A%—lRic[G]yé} dvolg
Due to the estimates above as well as (2.4.2b) and (2.3.17h), this implies

—9,e=A(Ric, ) <a™? [\/ eD)(%,) + \/ ¢D)(N, -)] \/ ¢(L=2)(Ric, -)

I v [\/@(SLz)(z, D+ \/QS@L*?) (N, -)} \/@3@*2) (Ric, )

+ (”%L—Q,Border”LQG + ||9{L—2,JunkHL2G) ¢(L-2)(Ric, )
+ ea 3¢ (Ric, ).

Using Corollary 2.5.5 at order L and distributing terms containing &(“~3)(Ric, -) with (2.3.8)

as usual, we get
~ 9, D (Ric, ) < [e%a*?’ + ag,w} ¢ (Ric,) + e 5a [G(L)(Z’ 1+e0, ')}
N [E%a_g_&/g n 62a8—ca] ¢(=L-9(Rjc, )
N —lg-3-cvE [G(SL—2)<Z7 )+ (‘,:(SL_2)(¢7 )}

+ (192, morderl 2, + IR0 2, gunellz2, ) v/ €2 (Ric, ).

Equation (2.6.18) now follows inserting the borderline and junk term estimates (2.A.17i) and
(2.A.191) and applying the lapse energy estimates from Corollary 2.5.5.

Equation (2.6.19) follows almost identically by inserting (2.2.33) instead of (2.2.40a) as well
as (2.2.28a) for the additional 0;G * (Ric[G] + 2/9G)-terms. These can be estimated as

2 ' 2
< / a 3% % (Ric[G} + G) +IN.Gx (Ric[G] + G) dvolg
M 9 a 9
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<a3 (\/em)(z, )+ /€O (N, -)) V€O (Ric, ).,

which can be treated as at higher orders. (Il

LEMMA 2.6.12 (Odd order curvature energy estimate). For L € 2N, 4 < L < 18 and
te (tBootatO];

(2.6.20)

a®)*¢ LD (Ric, t) <a(to)*¢E=(Ric, to)
to
+/ (6%(1 34 a(s)” 1_Cﬁ) (a(s)4€(L_1)(Ric, s)) ds
t

to
/5
t

+/t0{5 Sa(s) € (,5) + (¥ als) 4 a(s) V) eD(3,5)

t

a(s)73 - a(s)*e (s s) ds

00\»i

+

(a7 () VE) (€ 6,5) + S (2,0))
+eva(s) e (Ric, ) + e s a3 VEE(EL (Ric, s)}ds

PROOF. The proof is very similar to that of Lemma 2.6.11 since we did not exploit any
structure within (2.2.40a) that does not equally occur in (2.2.40b), and thus we omit the
details. As in the proof of Lemma 2.6.4, we note that the differences within the estimate
come from how top order lapse terms are treated: The scaling of the top order energy allows
L+1) ( N

one to estimate a*@&! ,+) by scalar field energies and YX-energies of up to order L and

curvature energies up to order L — 3. (Il

2.6.5. Sobolev norm estimates for metric objects. To close the bootstrap argu-
ment, we need to improve the behaviour of metric quantities in addition to the energy formal-
ism, both to capture the intrinsic behaviour of the metric and to relate energies to supremum

norms.

LEMMA 2.6.13 (Sobolev norm estimates for Christoffel symbols). Let U be a coordinate
neighbourhood on M, viewed as a coordinate neighbourhood on ¥, for t € (tpeot,to]. For any
1 e N, [ <17, the following Sobolev estimate then holds:

1

112 —ce8 | _4 -1
(2621) HF—FHH(,?(U)ga c (E +e 4 e(li <”N||Hl+1(2 +HEHHH'1(E )>>

PrROOF. Commuting the evolution equation (2.2.34) with V7, we get for J € N, J < 17:

— 04| — FHHJ_/[(atG—l)*G—l*...*G—l*G*VJ(r—f)*vJ(r—f)
U

+ (@Y sk (GH*0,Gx V(T -T)« V(I =T)
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A

+la? 3 VW «VES 4 OV |« V(T - T)
In+Is=J+1 a

~ N 0 ~ 12
208, V(T =T, V(T - ) — 3N% \vJ(r - r)\G] dvolg
We recall that (2.4.4c) implies
(2.6.22) IT=Tlley < vea e

by (2.3.5). It follows from inserting this in (2.A.10b) along with (2.4.2b), (2.4.4b) and
(2.3.17h) that

16, V)T = D)l gz, S Vea = VE|[ Sl gy + Vea VN | gy +ea” T = Dl s

is satisfied. Consequently and using the same strong Cg-norm bounds along with Lemma
2.4.1, the differential inequality becomes

- 1. - _1 _
=0T = D%, Seda 0= DI, +e75a™ (NI 00 + 121300 )

LR
+efa T VEID|R, +esa P OE N,

+ E%aigic\/gHF — f\‘|12qj_1 .
G

Further, we analogously get
~ 1 ~ 1
—OUT = P12, S efa 0 =112, +e72a® (IS, + IN|%, )

and thus, with the Gronwall lemma and (2.2.7),
A 1 to 1
IT = D132 5,y Sa*" <€4+/t TOR: (HE”?@},(ES) + \\Ny@%@s)> ds)

— % -1
<omech (+ b sup (quzg,@s)+HN’?I%;<ES>>> |

s€(t,to)

This proves (2.6.21) for [ = 0, and we assume for an iterative argument that the statement
has been proved for [ = J — 1. Then, we obtain (estimating the error terms in X and N by

their supremum immediately):

e 1 e 1 _
00 — D%, Seva= T =TI, +e5a™ (INIE, + IZ1%, )
1 1
+E%+4a_3_668 +E%a_3_c‘58 sup (HNH%JA(E ) T ||ZH§{J71(E )) .
s€(to) ’ ’

After integrating, applying the Gronwall lemma and dealing with the first line as before, we

get

1

N 1 1
I0 = 0%, Setam + 787" sup (INIEy 5 ) + IS13s,)
1 o N B T I )

1 1
4 estigme® 4 gggmes S(urt)) (HNH%J*(ES) T ][2\@]71(23)) ’
s€(-to
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where the second line can obviously be absorbed into the first up to constant. Combining
this with the assumption yields (2.6.21) for [ = J and thus iteratively for all [ < 17. U

LEMMA 2.6.14 (Sobolev norm estimates for the metric). For any t € (tgoot, to] and any
[ € N, [ <18, we have:

1
2.6.2 A2 e Saet [t ed (102 S )
(2.6.23) IG =Mt () S @ <a tett sw IV sy + 20 s,

PrOOF. For [ = 0, we compute the following using (2.2.28a) and (2.2.28b):

~0U|G =77z = /M{ —2(0,G™ )G (G = )iyin (G = V)jaje — 2(0:G, G = )a
- 3N%|G —% }dle

= /M{(N+ Da 2 [+ (G —7)+ 3] * (G —7) +N%|G—7|2G
_ 4N%<G, G- 'y)G}dVOIG
We apply (2.4.2b) and (2.3.17h) and get
~|G =2 Sea” G =z + a7 (ISl + IVl zz, ) 1G =z
Sera 3G =2, +eRa 7 (IS + INIE, ) -

After integrating and applying the Gronwall lemma (as well as the initial data assumption),

we obtain

1 to
P < —ce8 [ 4 1 -3 2 2
16 =2y S (17 [M a0 (190 ) + Vs, ) -

The statement for [ = 0 now follows taking the supremum over the norms under the integral
and applying (2.2.7). This extends to higher orders via the same iteration argument as in
Lemma 2.6.13. O

2.7. Big Bang stability: Improving the bootstrap assumptions

In this section, we combine the energy estimates obtained in the last two sections to im-
prove the boostrap assumptions for the energies themselves, and then show how this improves
the behaviour of the solution norms. For an outline of the energy improvement arguments
that we perform in Section 2.7.1, we refer back to Remark 2.6.1.

Before carrying out the improvements themselves, we quickly collect an estimate that
shows that combining Lemmas 2.6.6 and 2.6.8 yields sufficient control on the energies them-

selves:

LEMMA 2.7.1. Let L € 2N. Then, the following estimate is satisfied:

(27.1) 167C%a (N + 1){A%E, A R) g+ 87CS (N + DATSR + 65 (V + DIA TR >0
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PrOOF. First, we recall that N +1 > 0 holds by Lemma 2.4.1. Additionally, we can
apply (2.2.8) and the Young inequality and get

167C%a (N + )(ATE, ATR)g| < 16702/ 302% (N 4 1)|aRe]o|ak s
™

<AV +1)2 (V3-1a%¢€lq) - (Vanc|ats)q)
a Lo2 20 L2

0

This shows that &) (W, ) +4xC?&L) (5, ) is controlled by the sum of the left hand sides
of the inequalities in Lemmas 2.6.6 and 2.6.8 for L € 2N,0 < L < 18.

2.7.1. Improving energy bounds.

PROPOSITION 2.7.2 (Improved energy bounds). Under the bootstrap assumptions (see
Assumption 2.3.16) and the initial data assumptions in Assumption (2.3.10), the following

improved estimates hold on (tpoot, to]:

1
(272&) €(§18) (Qb, ) §€4a_688
1
(272b) @(Slg) (E, ) 5 E%a_cgg
1
(272C) G(SIS)(W ) 55175&_668
1
(272d) QE(§16) (Ric’ ) 5 E%a_ceg
1
(2.7.2e) ¢(<16) (N,-) + a4(‘3(17)(N, D+ aSQE(ls)(N, ) Sggaé%—cgs

PrOOF. We prove this estimate by performing an induction over even energy orders.
Starting at order 0, we first observe that by Lemma 2.7.1, we can bound the (base level) total
energy

€0l = €0 (9) + et (€O, ) +47C2€0(E, ) +a'eD (g, ) + deD(E, )

by the sum of the left hand side of (2.6.2), the left hand side of (2.6.10) weighted by et
and the left hand side of (2.6.13) weighted by 47C? - 5%, and the left hand sides of (2.6.9)
and 2 -(2.6.15) extended to L = 0.9 Combining said estimates and inserting the initial data
assumption from (2.3.11), the following holds in total:

to
(2.7.3) e (1) <et+ /t (%a(s) 7 + als) 1 7VF) €f0) () ds

10We need to weight 6(0)(2, -) in the total energy by K - 1 for some K > 0 to balance out the €7§—weight
from the scalar field energy on the right hand side of (2.6.13). The weight on the Bel-Robinson energy is then

needed to obtain the cancellation in Lemma 2.7.1. The additional weight on a*€&™") (%, ) is needed so that the
L)

. . . 1
div-curl-estimates only generates a term of size 4% Qiﬁoml

that can be absorbed later in the argument.
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Applying the Gronwall lemma (see Lemma 2.A.1) to (2.7.3), we get for some suitable constant
d>0:

1

to /
@Egﬁal (t) Setexp <c'/ esa(s)™® +a(s)"1eVE ds) < gtgeed
t
Now assume that, for L € 2N,2 < L < 18, we have already shown
1
(2.7.42) E(SL-2)(g ) 4 g1 (@(SL—Q)(Z’ )+ e=L-2 _)> < igect

on (tBoot, to]. Note that (2.7.1) means this holds true for L = 2 after updating ¢ > 0. Further,
if L > 4 holds, we assume

7
2a

1
—ce8

(2.7.4b) ¢=N(Ric, ) <e

We will show that these assumptions hold at L = 4 after having shown the induction step
for L = 2. We define, for 2 < L < 18,

Clin = EP (0,1) + et (€PI(W,) + 472 B (S, )) + @' €4 (g,) + ehateFH(S, )
teze?) (Ric, -) + €%CL4€(L71)<R10, ).
We combine the respective energy estimates with the appropriate scalings!, namely (in the

listed order) (2.6.3), (2.6.11), (2.6.14), (2.6.9), (2.6.15), (2.6.18) and (2.6.20). Observe that

the sum of these scaled left hand sides controls (’EE ot)al

estimates and inserting the initial data assumption (2.3.11), we get the following estimate:

by Lemma 2.7.1. Combining all of these

(2.7.5a)

to
Clom(t) St + / (s7a(s)™ + a(s) ™=V €, () ds
t
to
(275b) +/ {58@( ) —3—cy/e [QE(SL_2)(¢, S)_‘_@(SL—Z)(E’S)}
t

(2.7.5¢) +ena(s) P VEEEL D 5) 4 e ¢SL D (Ric, s) } ds
if L=4

1

(2.7.5d)  +ei (a(t)4—cﬁ+sa(t)2—0\/5) ce2eB(8, 1) + e8P (¢, 1) + 5 -

»NH

ea¢ (W, 1)
(2.7.5¢) teid- E%a4(’3(L’1)(Ric, t) + Ega*CﬁG(SL*Z)(@ t) + 5%(12*0‘/5(’3(SL*2)(2, t)
(2.7.5f) tesqr Vel (Ric, t)

We briefly summarize which inequalities contain the listed error term bounds as explicit
terms: The first two terms in (2.7.5b) come from (2.6.18) and the latter from (2.6.11), those
n (2.7.5¢) from (2.6.3) and (2.6.18), and finally the last three lines are precisely the scaled
right hand side of (2.6.15). Regarding the curvature energies in the various individual energy
estimates, any summand with &Z~3)(Ric,-) can be split using (2.3.8), the resulting sum-

mands containing G(L_Q)(Ric, -) can always be absorbed into the total energy term in the

Hpe weights on all terms beside the curvature energies are necessary for the same reasons as at order 0.
1 1

We need to scale the curvature energy at order L by £2 to account for e~ 5a 3¢ (%, ) in (2.6.18), and the

weight on the L + 1-order curvature energy again needs to be chosen according to that on QE(L“)(E, ).
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first line, and anything with ¢(=E=%)(Ric, ) is tracked in (Err)y, for L > 4.

1
Inserting (2.7.4a)-(2.7.4b), (2.7.5b)-(2.7.5¢) can be bounded up to constant by e¥ q3-ees,
Here, the error term dominating all others arises from

E%a(s)_?’_c‘/gQE(SL_Q) (%, s).

Regarding (2.7.5d)-(2.7.5f), notice that the first four summands can be bounded from

above by eiég(ft)al(t) up to constant. For the remaining three terms, we can again insert the

1
induction assumptions (2.7.4a)-(2.7.4b), bounding them by e a(t)=c%.

In summary and after rearranging, (2.7.5a)-(2.7.5f) becomes for some constant K > 0:

to to 1
(1- Kai)c’fgft)al(t) <et +/ (aéa(s)*:” X a(s)*1*0ﬁ> egftll(s) ds +/ e¥a(s) 3" ds
t t

to
<ela(t)—e® +/ <€§a(s)73 + a(s)*lfcﬁ> Qfggt)al(s) ds
t

The prefactor on the left hand side is positive for small enough € > 0, and the Gronwall
lemma then yields

1
(2.7.6) el (1) < gtamet

In particular, this directly implies that the induction assumptions (2.7.4a) and (2.7.4b), using
(2.3.9) to cover the skipped odd order, hold at order L, completing the induction step, and
clearly also that (2.7.4b) holds for L — 2 = 2 using (2.7.6) at order 2. This completes
the induction argument, proving (2.7.2a)-(2.7.2d). Finally, applying the obtained improved
estimates for V¢ and Ric[G] to Corollary 2.5.8, we also get (2.7.2e). O

2.7.2. Improving solution norm control. To close the bootstrap argument, it now
remains to show that the improved energy bounds also imply improved bounds for H and C.

The former follows almost directly using Lemma 2.4.5:

COROLLARY 2.7.3 (Improved Sobolev norm bounds). On (tgeot, to], the following esti-

mates hold:

1

(2.7.7a) H Seza_cag
15 1

(277b) ”EH%I%;S SETCL—CE
1

(277C) ||N||%Iég 554(1_088

PRrROOF. First, we apply the improved energy estimates from Proposition 2.7.2 as well as
the strong Cg-norm bounds from Lemma 2.4.3 to the near-coercivity estimates in Lemma
2.4.5. With this, we directly obtain the following Sobolev norm estimates (updating c):

15

1 1 1
193 Sela=" +ea et e¥aes

ool

4
Seta
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1
|20 Seae?
G
Ric[G] + 2G|20s <eba—c*
IRiclG) + 2G3s < ha
15 4
€125 -+ B2 <ot
By Lemma 2.6.5, we also have
1
(2.7.8) 1Vl S (1+2a™%) ISl +el¥lmy SeFa.
We take particular care in showing that the improved bound holds for a?||V¢|| s+ First, note

1
that (2.7.2d) implies €17 (Ric, -) < e2q " Applying this along with (2.4.4e) to (2.4.13d),
as well as (2.4.13a) in the second line and (2.7.2a) as well as (2.7.8) in the final step, we
obtain:

8
0!IVl s Sa'VAYG|T, +a'"VE Y IVATG| T, +eat "V €S0 (Ric, )

m=0

9 1
Sa oV (IVA%IE, + Vel ) +eBa=="

ool

Sa =V €S9 (g,) + ' VE| Vg 4270

ool

15
L5 e
Seta

Further, inserting (2.7.2a), (2.7.2b) and (2.7.2d) into Corollary 2.5.5 implies

9 1
FACN|Z, +at|[VAN|Z, + 3 AN, Setame"
m=0

and subsequently, applying Lemma 2.4.5 as before,
1
@IIN By + @ [N Igo + V]2 S ta=est
Finally, having now shown (2.7.7b) and (2.7.7c), we can apply these to (2.6.23) to get

1 1
2 —ce8 [ 4 1415 144 A
IG =l Sa= (&t 47 +e7i¥) S edae

~

proving (2.7.7a). O

Intuitively, the bounds on C should now follow from H by the standard Sobolev embed-
ding. However, since both of these norms are with respect to GG, the embedding constant may
be time dependent. To circumvent this issue, we need to switch between norms with respect
to G and v and then apply the embedding with respect to C, and H,. The following lemma
ensures that we still obtain bootstrap improvements after performing these norm switches:

LEMMA 2.7.4 (Moving between norms). Let | € N, [ < 18, ( be a scalar field, T be an
arbitrary ¥;-tangent tensor. Then, for some multivariate polynomial Py with P;(0,0) = 0, we

have

(2.7.9&) HCHCZG(U) gaic\/gHCHCfl(M)
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—e -1 -1

(2.7.9b) +a ﬁHCHC;nax{o,L#J}(M)B (HG ey 1677 = Hogfl(m)
(2.7.9¢) 1¥ller,ary) Sa™VEIT ey ary
(2.7.94) T otz ,, P (16 = Yeran 167" =7 ey o))

Y
as well as the same inequalities with the roles of G and v reversed. Forl < 12, this reduces
to:
(2.7.10a) a™#II¢ller any S NCllerany S ™Il
(2.7.10b) aE 1Tl erary S Il an S VT ey ar
Further, one has
(2.7.11a)

161 ary S0
Famt g et s (IN2es )+ IZ10r s, )
CCEZ_TH(M) s€(-to) He™' (25) He™' (35)

(2.7.11D)

2 —c 2
1Ty gy S VI

a2 et +e71 sup (|IN]? +112)7
Fl 11( a0 s€(~,to)< HL(%s) HZG(ES))

REMARK 2.7.5. While we only need the tensorial inequalities for gradient vector fields
and (0, 2)-tensors when applied to norms in H and C, the proof is simpler when considering

tensors of arbitrary rank.

PROOF. We restrict ourselves to proving the tensorial statements; the scalar field ana-
logues follow analagously except for the fact that, since V;¢ = V,;¢ = 8;¢, error terms caused
by Christoffel symbols always enter at one order less. Thus, it remains to show (2.7.9d),
(2.7.10b) and (2.7.11b) by iterating over derivative order.

Starting with the base level estimates, we have if T is of rank (7, s):

T8 = 1Z1} = |Girgi -+ i (G (GTPE =y g, (P (7_1)“%]
A PR < P

We successively replace G by (GF! —4%1) 44+ take the |-|,-norm of each factor and use
(2.4.4¢)-(2.4.4d). This yields

1% - %12 S VeaVEIg)2,

implying (2.7.9d) (and (2.7.10b)) for [ = 0 after rearranging and taking supremums suitably.
To show (2.7.11b) at base level, consider

/ 1|2 dvolg — / 1Z|2 dvol,
M M
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:/ (152 - 1%1%) dvolG+/ oo S
M M ey

We can control the first summand on the right hand side as before, while we have |ug—p| S €
by (2.4.11). Hence,
(1 K&)|TI3s S (1 + Vaaa)|T|3,
follows for a suitable constant K > 0, implying the statement for small enough ¢ > 0.
Next, we perform the iteration for (2.7.9d), assuming the statement and the analogue
with v and G reversed to hold up to order [ — 1. As above, note that

S Vea oVF

Iv/gf?, - ]v’fsf
X

~ 2
V"I’ + (1+ Vea™oV%)
Y

v’ - (sz
X

where we can rewrite the second term as
‘2(@*5 ~ VI, V), — VT - vmg\

and hence obtain (moving between pointwise norms as before)

~ 2 ~ 2 N 2
Vs, - V73| ‘ga—cﬁ Vg 4o VIT o v
Y y Y

Regarding V/T — v/ T, we have the following schematic decomposition :
J—-1

(2.7.12) VT -vIT =3 VT D)« <v15+@13)
1=0
+ (at least cubic nonlinear terms) ,

Here, %, encodes the analogous schematic product notation with regard to 7 (see subsection
2.2.1.8). Regarding the Christoffel symbols, notice (2.7.9d) with roles of v and G reversed
holding up to [ — 1 implies that, for any m € {0,...,l— 1} and some multivariate polynomial

P,,, we have
T — f‘HCII"(M) SaVER,(|IT - f‘HCgf(M)a 1G = llem |G~ — VAHCg;(M)) :

As explained in Remark 2.3.7, we can bound HF_f‘“Cg(M) by a polynomial in ||G—'y||CgL+1(M).
Hence, we can apply (2.4.4c) to obtain

_T < —cy/e
(2.7.13) T F”C’ly—l(M) < +Vea )
Moving back to (2.7.12) and just considering the first line for now, this implies
(2.7.14)

-1
1120 0ry = 11 oy | S 072 (Hsua(m + ZO HVWZ%Q(M))

5
ISR sy |+ 32 ISy | I =Pl
Y

m=0

+ (at least cubic nonlinear terms) .
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We can rewrite V" %-norms in C, as ones in Cg up to a~°Ve as before. Then, we can apply
the already obtained estimates up to order [ — 1 show that the first two lines of the right hand
side can be estimated by the right hand side of (2.7.9d). The highly nonlinear terms can
be dealt with similarly, closing the induction over admissible . The inequality in (2.7.10b)
immediately follows by applying (2.4.4c)-(2.4.4d) and (2.7.13).

Now, assume (2.7.11b) to be proven up to order J — 1. By analogous arguments as at

order zero, we get, after rearranging,

/ VT2 dvol, < ‘/ <\V‘]I|2G - ng) dvolg
M M

so we only need to concern ourselves with the first summand. Reversing roles of G and

+ / V%% dvolg,
M

compared to the proof of (2.7.9d), we get

~ 2 ~ A
’ v - V] ‘ S VEa VWIS 4 0 VE |2(VIT - VT, V) - [VIT - VIS
ol

and have the following, applying Lemma 2.6.13 immediately to estimate I’ — T'| ¢
G

/ {2<vlz — VT, VZ)q — |V — @m’é} dvolg
.

—c 2 & <l-1 2
Sa™VE (I3 vy + IV S 0 )

2 <[5 2 )
+<||f:\|05211(M)+||v 2 ang(M))

(et (91 4 151y )

By the same arguments as earlier, we have H@Sl_lTHHzGA(M) < CL_C‘/EHTHHkl(

~

M) and can

then apply the induction hypothesis. This proves (2.7.11b). O

COROLLARY 2.7.6 (Improved C-norm bounds). On (tgeot, to], the following estimate is
satisfied:

1
(2.7.15) C+C, Seia "

PrOOF. We first apply the Sobolev norm estimates in Lemma 2.7.4 to (2.7.7a), to then

control C, via the standard Sobolev embedding HEY*Q(M ) = CY(M), and finally control C
with (2.7.9b)-(2.7.9d).
Note that by Lemma 2.4.3, we can control the Cg-norm up to order 10 of every quantity
occurring in H beside the lapse by at worst \/Ea_c\/g, while the bootstrap assumption already
implies better behaviour for the lapse. Thus, we can apply (2.7.11a)-(2.7.11b) to every norm
appearing in H, and obtain by applying (2.7.7b) and (2.7.7¢) in the second line:

C2 < g Ve . 92 —cE | —ee¥ [ 4 -3 N2 712
~Sa +ea a e*+e sup (|| HHIS(ZS) + | HH18(ES)
s€(t,to) S ¢
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.
5 —ce
Setoa

In particular, we can update ¢ such that

-

7

PG = llcass), |G =vlleresy)l S e2a

—ce8

holds for any multivariate polynomial P that appears when applying (2.7.9b)-(2.7.9d). Again

1
using the strong Ce-norm estimates from Lemma 2.4.3, this then implies C < eig®, [

2.8. Big Bang stability: The main theorem

In this section, we provide the proof of the first main result, Theorem 2.1.1, which we
state in more detail in Theorem 2.8.2 below. As in [RS18b; Spel8], most of the work has
already been done by establishing the necessary bounds on solution norms.

REMARK 2.8.1 (Existence of a CMC hypersurface). As mentioned in Section 2.1.2.1, it
may seem that the generality of the results in Theorem 2.8.2 is restricted by taking the
initial data on X, to be CMC. However, as long as one remains close enough to a constant
time hypersurface of the FLRW reference metric (which is CMC), one can locally evolve the
perturbed data in harmonic gauge to a nearby hypersurface that is CMC and remains close
to the FLRW reference solution. To make this a bit more precise, and also since this is a
little less involved than the arguments in [RS18b], we will briefly sketch how the arguments
from [FK20, Section 2.5] extend to our setting.

First, we once again assume without loss of generality that our initial data is sufficiently
regular. Note that we can locally evolve our data within harmonic gauge to get a C'7-regular
family of metrics with near-FLRW initial data (for well-posedness, consider the analogue of
[RS18b, Proposition 14.1]). Consider the Banach manifold M!7 formed by the set of C''7
Lorentz metrics on I x M for an open interval I around ¢y such that the surfaces of constant

time are Riemannian, endowed with the norm
~ =2 > ~
gl =7 Hcézgﬂ(IxM) + HXHCéZQH(IxM) + HgtHCcll;ﬂ(IxM) ;

where § € M7 has lapse 7, shift X and spatial metrics (gt)ter- Further, for any f €
C"(M, I), we define the embedding ¢f : M < M by = — (f(z),z), and subsequently define

the smooth map
Hy:D:={(g, f) € M'" x C'7(M, I)|.}§ is Riemannian} — C'%(M)
(g, f) = mean curvature of (M, g;) embedded along ¢y .

One easily checks that (Gppryv, to) is a regular point of Hy. By the implicit function theorem
for Banach manifolds, this means there is a (unique) smooth function F' that maps an open
neighbourhood of gy gy in M7 to an open neighbourbood of the constant function x ~ to
in C'7(M, I) such that Ho(-, F(-)) = 7(to) holds in that neighbourhood.

Thus, we can choose a surface ¥’ with mean curvature 7(t9) near the original ¥;,. Further-
more, for small enough € > 0, the initial data on ¥’ remains close to the FLRW initial data in

the sense of Assumption 2.3.10, using similar arguments to control Sobolev norms. Thus, we
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can replace Xy, by ¥’ without loss of generality, proving that the CMC assumption (2.2.10)

is not a true restriction.

THEOREM 2.8.2 (Stability of Big Bang formation). Let (M, g, /::, T, w) be initial data to the
Einstein scalar-field system as discussed in Section 2.1.2.1. Further, let the data be embedded
into a time-oriented 4-manifold such that it induces initial data for the rescaled solution
variables (see Definition 2.2.9) at the initial hypersurface Xi,. We also assume this rescaled
initial data is close to that of the FLRW reference solution (see (2.2.1) and (2.2.2)) in the

sense that
(2.8.1) H(to) + Htop(to) + C(to) < e?
is satisfied (with H and C as in Definition 2.3.6). 2
Then, the past mazimal globally hyperbolic development ((0,to] x M,q,$) of this data

within the FEinstein scalar-field system (2.1.1a)-(2.1.1c) in CMC gauge (2.2.10) with zero
shift is foliated by the CMC hypersurfaces Y5 = t~1({s}), and one has

ool—

(2.8.2) H(t) +C(t) +Cy(t) S eta(t) ™

for some ¢ > 0 and any t € (0,tg]. In particular, this implies the following statements:

Asymptotic behaviour of solution variables: We denote the solution metric as
g = —n2dt? + g, the second fundamental form (viewed as a (1,1)-tensor) with respect to ¥
as k and the volume form with regard to g on ¥; by dvol,. There exist a smooth function
VUBang € 0%5(M), a (1,1)-tensor field Kpang € C}/E’(M) and a volume form dvolpgngy €
C’%E’(M) such that the following estimates hold for any t € (0,tg]:

1
ca(t)t==% 1<14
(2.8.3a) In—tloywg 5 4 1S
! ea(t)>~=* 1=15
1
ea(t)==% 1< 14
(2.8.3b) a~3dvol, — dvolgan < )
O CTO LR DA
1
ea(t)==% 1< 14
(2.8.3¢) 16°0:6 — (¥ ang + Ol 1 ) a(t) 1=
’ ea(t)?>==% =15
1
o, ca(t)==% 1<1<14
283) [0t = olto. )+ [ als) P ds - (Vnny + C)|| 5 1
t CL(S) ca(t)?==% =15
1
ca(t)*==% 1< 14
(2.8.3e) *k — Kpan < 1
f oller (s, oyt 1= 15

12Essentially7 this translates to smallness in H%g and C’H . For ¢ = 0, the solution is the FLRW reference
solution.
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Further, these footprint states satisfy the equations
(2.8.4a) (KBang)*, = — V121C,
(2.8.4b) 87 (¥ Bang + C)? + (K Bang)"y(KBang)", = 127C>

and remain close to the data of the reference solution in the following sense, where I denotes
the Kronecker symbol:

(2.8.5a) ||dvoly — dVOlBanch%S(M) Se
(2.8.5b) ”‘I’Banch%&S(M) Se
4
(285C) ‘ KBang + \/;C]I 55
Ci5(M)

Additionally, there exists a (0,2)-tensor field Mpang € Cf(M) satisfying
(2.8.6) [MBang — ’YHCg(M) Se
and, with ® and exp meant in the matriz product and exponential sense respectively, one has

1
ca(t)==% 1< 14

l=15.

S
CL(y) ca(t)?—¢

ool—

(2.8.7) Hg ©exp [(—2 /t ® ()" ds> 'KBang] — MBang

Moreover, the Bel-Robinson variables E and B satisfy the estimates
1
(2.8.82) |Bllciszg Sea™="

1
2:850) Blogsn 547,y =P
.0. CL(Zy) ~ 1
W ) camtet <6,

Causal disconnectedness: Let v be a past directed causal curve on ((0,t] x M,q) for
t <ty with domain [$1, Smaz) such that y(s1) € ¥y and Spay is mazimal. Then, there exists

a constant K > 0 that does not depend on ~ such that one has

(289) 2 = [ w63 s) ds < Kt

where 7y is the negative Einstein spatial reference metric on M (see Definition 2.2.1). Hence,

1
for points p,q € Ty with dist,(p,q) > 2Ka(t)>=¢% , the causal pasts of p and q cannot intersect.

Geodesic incompleteness: Let v(A) be a past directed, affinely parametrized causal
geodesic emanating from X, where A : (0,t9] — [0,00) denotes the parameter time that is
normalized to A(tg) = 0. Then,

to
(2.8.10) A(0) < K1 - A (to)| - alto) <2 / a(s) 1K ds < oo,
0

L3 These are precisely the (generalized) Kasner relations, see Section 2.1.2.3.
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holds for suitable constants K1, Ko > 0 that are independent of 7y, and thus any such geodesic

crashes into the Big Bang hypersurface in finite affine parameter time.

Blow-up: The norm |k|, behaves toward the Big Bang hypersurface as follows:

1
—Cce®
< 5a4 ce

617.12 i J
(2.8.11a) Ha |klg — (KBang)" ;(KBang)’; ooz

Further, with W[g] denoting the Weyl curvature and P[g] = Riem[g] — W|g],

5
(2.8.11b) 01 Pagys P — 2 (87)* (W gang + €)'

CY(M)
is satisfied, whereas there exists a scalar footprint Wpang € C’%‘:’(M ) such that one has

1
2—ceB8

(2.8.11¢) Ha”WaMW‘lW — Whang

Sea
CO(M)

Here, Wgang is a fourth order polynomial in KBang = KBang + 4%C’]I and Vpeng and

satisfies

(2811d) HWBang”C’}/5(M) Se.

~

Finally, the scalar curvature R[g] and the Ricci curvature invariant Ric[glasRic[g]*® blow up

with the asymptotics
(28.11¢) |a®Rlg] = 87(¥ pang + C2llcoqan) Sea' ™",
(2811 0" Ric{7lasRicf7]" — (87)°(Epany + O)'lcoquny Sea'="

and the Kretschmann scalar K = Riem[g]as,sRiem[g]**7 ezhibits stable blow-up in the fol-

lowing sense:

)
(2.8.11g) al?KC — 3 (87)*(¥ Bang + C)* — Whang

Co(M)

REMARK 2.8.3 (The solution variables exhibit AVTD behaviour). The estimates (2.8.3a)-
(2.8.3¢) and (2.8.7) imply that the solution is asymptotically velocity term dominated (AVTD)
in the sense that, toward the Big Bang singularity, they behave at leading order like solu-
tions to the (formal) velocity term dominated equations. These arise by dropping any terms
containing spatial derivatives in the decomposed Einstein system, i.e.in (2.2.15a), (2.2.15b),
(2.2.17a) and (2.2.18).

PROOF. As argued at the end of Section 2.3.4, we can assume without loss of generality
that our initial data is sufficiently regular. Hence, the local existence statement in Lemma
2.3.14 and the initial data requirements (2.8.1) ensure that there exists a local solution to
the Einstein scalar-field system on [t1, 9] X M and that the bootstrap assumption (see As-
sumption 2.3.16) holds on [t1, ] x M with t; € (0,t9) and o = e16. Let t € (0,t9) be such
that (t,¢o] x M is the maximal domain on which the solution variables exist and satisfy the

bootstrap assumptions. For contradiction, we now assume that t > 0 were to hold.
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Due to Corollary 2.7.6, there exist (summarizing all updates) constants ¢;, K1 > 0 such
that, for any t € (t,to],

1
(2.8.12) C(t) < Kyeta(t) e

If € is small enough such that K 1<€é < Ky and cleé < ¢opo hold, this is a strict improvement of
the bootstrap assumption. Furthermore, argued exactly as in the proof of [RS18b, Theorem
15.1], above improvement ensures none of the blow-up criteria of Lemma 2.3.14 are satisfied
if t > 0 were to hold, essentially as a direct consequence of (2.8.12). Hence, the solution
could be classically extended to a CMC hypersurface ¥¢ diffeomorphic to M while satisfying
the improved estimates by continuity, and further to an interval (¥, ¢] for some 0 <t < t on
which the bootstrap assumptions must then be satisfied, also by continuity. This contradicts
the maximality of (¢, to].

Thus, the rescaled solution variables induce a unique solution to the Einstein scalar-field
system on (0,tp] x M such that (2.8.12) is satisfied for any ¢ € (0,%9]. The core estimate
(2.8.2) follows since Corollaries 2.7.3 and 2.7.6 now hold on (0, o].

From (2.8.2), the asymptotic behaviour in (2.8.3a)-(2.8.3¢) and (2.8.7) is established as in
[RS18b, Theorem 15.1], which we briefly outline: First, we note that (2.8.3a) follows directly
from (2.8.2). For the remaining estimates, the arguments are similar, so consider for example
Or¢: By the rescaled wave equation (2.2.32a) and (2.8.3a), we have that

16, < eal—ced 1 <14
PRIO(E) ~ Ea*k“% =15
Hence, for an arbitrary decreasing sequence (t,)men, on (0,%o] that converges to zero, we

have

ool

4—ce

1<14
=15

for any my, mo € N, m; < mg by (2.2.6). This shows that ¥(¢,,,,-) is a Cauchy sequence in
Cf(M ) and hence there exists a limit function Vg, € C’,F(M ) that satisfies

ea(tm,)

H\Il(tmu ) - \I/(tm% )HCMM) S’ )2—66

ool

ea(tm,

ool

Ea(t)ﬁlfcs

Ea(t)chE

1 <14
=15

H\Il(tv )= \I]BangHCEY(M) S

ool

for any t € (0,to]. Since ¥ = a®n~10;¢ — C holds by definition, (2.8.3¢c) now follows by
examining the Taylor expansion of n~! — 1 at 0 using (2.8.3a).

The identity (2.8.4a) follows directly from the CMC condition (2.2.10), the asymptotic be-
haviour (2.8.3e) of a®k and the Friedman equation (2.2.3), while (2.8.4b) follows from the
asymptotic limit of the Hamiltonian constraint (2.2.16a) with (2.2.3), (2.8.3a), (2.8.3c) and
(2.8.3e) as well as (2.8.2) for lower order terms. The asymptotics in (2.8.7) follows exactly as
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in [RS18b, Theorem 15.1], and (2.8.5a)-(2.8.6) are a direct result of the initial data assump-
tions and applying the respective asymptotic estimates to t = ty.

For the first estimate in (2.8.8b), we apply the momentum constraint (2.2.29d) to get
IV/Blg = a4|V/B|g = a2V curlgX|g < a2V Y|
and consequently, with Lemma 2.7.4 as well as (2.4.4g) and (2.8.2),
1Bllc1s(s) S a_c\/gHBHCéf’(Et) +ea” " VE Py (|G - Yerses,))
< a*Z*C‘@HEH%e(Zt) +ea VEL Prs(||G — Vs (s,))

1
—2—ce8
Sea .

The remaining estimates in (2.8.8a) and (2.8.8b) are contained in (2.8.2). The results (2.8.9)
and (2.8.10) follow as in the proofs of (15.6) and (15.7) in [RS18b, Theorem 15.1] from the
asymptotic behaviour of the solution variables in (2.8.3a)-(2.8.3e) and (2.8.7). We briefly
sketch the proof of (2.8.10): Consider a geodesic « affinely parametrized by A as in the
statement. The geodesic equations then lead to the following estimate for some suitable
K> 0: _ .

A" < S|+ K| SIN| +n O] + 0 VN + k| A

The leading term is hereby arises from the mean curvature condition. Arguing as with the
1

elliptic estimates in Section 2.5, one can show that |0;N| < ea='7%®. Thus, along with the

other pointwise bounds on n, g and l%, one obtains

<2 (14 o)A
and consequently
JA'(8)] < |A(to)|a(t) "'~
by the Gronwall lemma. (2.8.10) follows by integrating.

Turning to the blow-up behaviour of geometric invariants, observe (2.8.11a) is a direct
consequence of (2.8.3e). Regarding (2.8.11c), we first compute using (2.2.19) and standard
algebraic manipulations that

a* Wy s W = a'? (8| E|2 + 8| BJ2) = 8I€|E + 8|B|E -
By the rescaled constraint equation (2.2.29c), we have

8 16 1
Eij = —aa’Sij + (SO X)y — [;\1/2 + ;C\p} Gij+0 <€a4c58> 7
for t | 0. Further, by expanding (2.2.3) around a = 0, we have aa®> = /27C + O (a?).

Since ©f and ¥ converge to footprint states f(Bang = KBang + %H and V¥ pgpg in C}f(M)

respectively, this shows that 8|€|% converges to some Wpang € C1°(M) that can be expressed
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as a fourth-order polynomial in KBang and VU p,y,y and satsifies

1
et~ §Wiung

co(M)
as well as (2.8.11d). Due to (2.8.8b), the |B|%-term in the Weyl curvature scalar is negligible
in comparison, and thus (2.8.11¢) immediately follows.
Furthermore, one has
2

Pag,ygpaﬁ'yé :2Ric[§]a5Ric[§]°"6 — §R[§]2,
and (2.8.11b) is a direct consequence of (2.8.11f) and (2.8.11e), which follow once more with
(2.8.3c) and (2.8.3a) as well as (2.8.2) for error terms. Finally, (2.8.11g) is obtained from
(2.8.11b)-(2.8.11c). O

2.9. Future stability

The goal of this section is to show the following theorem:

THEOREM 2.9.1 (Future stability of Milne spacetime). Let the rescaled initial data
(g,k,Vo,¢') on M be sufficiently close to (v, %7,0,0) in H® x H* x H* x H* on some
initial hypersurface ¥;—;, (see Definition 2.9.4 and Assumption 2.9.7). Then, its mazimal
globally hyperbolic development (M,q,¢) within the Einstein scalar-field system in CMCSH
gauge is foliated by the CMC Cauchy hypersurfaces (X7)r¢ry,0), 5 future (causally) complete
and exhibits the following asymptotic behaviour:

1
(ga k7 ¢/7 vé)(T) — (77 g’y, 0, 0) as T T 0

Since the control of geometric perturbations uses the same arguments as in [AF20], the focus
in this section will lie on dealing with the scalar field. The key idea is controlling decay of the
scalar field using an indefinite corrective term on top of the canonical energy (see Definition
2.9.6).

2.9.1. Preliminaries.
2.9.1.1. Notation, gauge and spatial reference geometry. Within this section, we will de-

compose the Lorentzian metric as follows:

(2.9.1a) g = —n2dt* + g (da® + X)(dz® + XPdt)
We impose CMCSH gauge (see [AMO04]) via

(2.9.1b) t=r1 g7 —T%) =0,

where I' refers to the Christoffel symbols with regards to the spatial reference metric ~.

We extend the notation from the Big Bang stability analysis regarding foliations, derivatives,
indices and schematic term notation to this setting (see Section 2.2.1). In particular, X7 and
Y, will refer to spatial hypersurfaces along which the logarithmic time 7" (see (2.9.2¢)) and
the mean curvature 7 are constant (see (2.9.2c) on why these are interchangeable), and we
will write for example X7_g when inserting a specific value to avoid potential ambiguity. We
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use similar notation for scalar functions and tensors that depend on T or, respectively, 7.

For the extent of the future stability analysis, we have to introduce an additional condition
for the spatial geometry beyond Definition 2.2.1:

DEFINITION 2.9.2 (Spectral condition for the Laplacian of the spatial reference manifold).
Let ji0(7) to be the smallest positive eigenvalue of the Laplace operator —A, = —('y_l)“b@a@b
acting on scalar functions, where (M,~) is as in Definition 2.2.1. (M,~) additionally is

assumed to satisfy
1

po(y) > g

REMARK 2.9.3 (Manifolds that satisfy Definition 2.9.2). The available literature on spec-
tra of —A, usually focuses on hyperbolic manifolds with sectional curvature x = —1. Thus,
one needs to check that pg is strictly greater than 1 to verify the analogue of Definition 2.9.2

after rescaling.

Numerical works, e.g., [CS99; Ino01], provide evidence for over 250 compact hyperbolic 3-
manifolds to satisfy this spectral bound, many of which are closed. In particular, both
[CS99]* and [Ino01] consider the smallest closed orientable hyperbolic 3-manifold, the Weeks
space m003(-3,1), and compute that it falls under Definition 2.9.2 with pg ~ 27,8 in [CS99,
Table IV] and 26 < po S 27,8 in [Ino01, Table 2]. Moreover, as demonstrated in [Ino01,

Figure 6], many manifolds with small enough diameter d satisfy this condition. In fact, the

7 1 [zt 1 3 x? d}

analytical bound

w2 V@ Ty e

(see [CZ95, Theorem 1.1-1.2] with L = 2) implies that p9 > 10 holds for Weeks space, which
has diameter d ~ 0,843 (see [CS99, Table V]). Furthermore, [Ino01] finds no closed hyper-
bolic manifolds that violate this bound. More recently, the Selberg trace formula has been
used in [LL22; LL24; BMP25] to compute candidates for eigenvalues of —A, and related

operators, based on an optimization approach originating in [BS07]. In particular, the cal-

Ho = maX{

culations visualized in [BMP25, Figure 3] demonstrate that one must have pg > 27,6 on the
Weeks manifold.

We also note that it is conjectured that one at least has pg > 1 for any arithmetic
hyperbolic 3-manifold (see [Ber03, Conjecture 2.3]). In fact, this is tied to the Ramanujan
conjecture for automorphic forms. Finally, one can construct compact manifolds with bound-
ary and with constant sectional curvature —1 where 19 becomes arbitrarily small, see [Cal94,
Corollary 4.4].

2.9.1.2. Rescaled variables and Finstein equations. We will use the standard rescaling of

the solution variables by 7:

14 These results have to be interpreted cautiously since the numerical method cannot detect eigenvalues below
1.
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DEFINITION 2.9.4 (Rescaled variables for future stability).

(2.9.2a) gij = T2gij ) (971)@' = 772gij , i = Tifij
(2.9.2b) n=1n, ﬁ:%—l, X =rX°
Furthermore, we introduce the logarithmic time
(2.9.2c) T = —log <T> & T=r9e T
70
which satisfies O = —70,. Toward the future, 7 increases from 7y to 0, and thus T increases
from 0 to oo. We additionally introduce:
(2.9.2d) d=0r+Lx =—7(0; — Lx)
(2.9.2¢) ¢ =n"'9h¢=n""(-7)"" (0, — Lx)}

Moreover, for any scalar function ¢, we denote by ¢ the mean integral with respect to (X7, gr).

For symmetric (0, 2)-tensors h, we define the perturbed Lichnerowicz Laplacian

1 - _ S . _ ’ _ ’
(2.9.3) Loshas = ==V ((g 1)’“lugvlhab) — 2Riem [V (g™ (g7 ) her
g
This operator satisfies
. . 1
(2.9.4) (Riclg] — Ric[))y; = 5L (9 = Vi + Jigy Il S g =l s

see [AMO3, Pf. of Theorem 3.1]. Under our conditions for the reference geometry, [Kro15]
implies that the smallest positive eigenvalue of £ -, denoted by Ao, satisfies \g > %, and that
L~ has trivial kernel. The spectral condition in Definition 2.9.2 is not necessary for this to
hold true.

We now collect the (34 1)-decomposition of the Einstein scalar-field equations in CMCSH
gauge with the help of [AF20, (2.13)-(2.18)]:

LEMMA 2.9.5 (Rescaled CMCSH equations). The rescaled CMCSH FEinstein scalar-field

equations take the following form: The constraint equations

2 .
(2.9.5a) Rlg] - [=]2 - 3 =8m (61> + |V8|2], divgZ, = 8n7°¢' Vo,
the elliptic lapse and shift equations
1
(2.9.5b) (Ag - 3) n=n (S +4r [|¢'>+ |Vo[;]) — 1,
(2.9.5¢)

AgX®+ (g7 ) Ric[glym X ™ =2(g™)" (g7 )" Vin - B — (g7 1) Vo + 8T ¢ Vi
—2(g7)" (g7 n - B — VX )Ty — T).
the geometric evolution equations

(2.9.5d) A0Gap =21 ap + 2AGas
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S —1\ab —1 —1\bd ~ —1\ab
(2.9.5¢) (g )" = —2n(g " )"(g )""Bea —2n(g” )",

~ 2
(2.9.5f) 00Xy = — 22— N (Ric[g]ab + ggab> + V.Vpn

1, R
+ 2n - (gil)mnzamzbn - gngab - nzab - 87Tnva¢vb¢
and the wave equation

(2.9.5g) e’ = (Vn,Ve)y +nlgd+ (1 —n)g' .

2.9.1.3. Energies and data assumptions. The proof will rely on the following corrected

energy quantities:
DEFINITION 2.9.6 (Energies for future stability).

(2.9.6a) EY, :(—1)1/ [¢’A§¢’-¢A§;1¢] dvoly,  CU = (-1} /M(¢—¢>)A;¢>’dvolg

4

(2.9.6b) Esp= Y ( + CSF)>
(2.9.6¢)
>, /9 1
Egeom = Z (2 /M<9 -7 ﬁZ?«,(Q — 7)) gdvolg + 9 /M<627 5?;1(62»9(1"019
m=1

+cE / (63, ng;l(g — 'y)>gdvolg)
M

The constant cg is given by

1 Ao >

(2.9.7) CE =
9o — &) Ao =

Ol= Ol

where ¢’ > 0 is chosen to be small enough within the argument.

The Sobolev norms Hé and C; are defined analogously to Definitions 2.3.3 and 2.3.4,
with similar conventions on suppressing time dependence in notation whereever possible.
Since norms with respect to g and 7 are equivalent under the bootstrap assumption (and
consequently throughout the entire argument), we will simply denote the norms by H' and

C! throughout unless the specific metric is crucial.

ASSUMPTION 2.9.7 (Initial data assumption). The initial data on the spatial hypersurface
Yir—o is assumed to be small in the following sense:
(2.9.8) lg —lles + IZllz + Iallos + 1 Xllos + 16102 + V61l
+lg = lms + 1l s + 7] ge + 1 X e + 16 g + VO] s < 6°
REMARK 2.9.8 (Local well-posedness toward the future). Under the above initial data

assumption, local well-posedness is satisfied by analogizing the arguments for local well-
posedness in the vacuum setting (see [AM03, Theorem 3.1]) with the matter coupling added.
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Since this only consists of adding another wave equation to the hyperbolic system, the ar-
gument is structurally unchanged given appropriate smallness assumptions on ¢’ and V¢
(where ¢ itself does not enter into the Einstein system). As before, we can without loss of
generality assume that the initial is sufficiently regular to ensure that Egeom, Cﬁig% and Cgl)?

initially are continuously differentiable (in time) for any | < 4.

ASSUMPTION 2.9.9 (Bootstrap assumption). On the bootstrap interval T € [0, TBoot), we
assume one has

(2.9.9) lg = llcz + 1Zlc2 + IAllos + 1 Xles + 1€ llc2 + [Vl o2

r

g =g+ 1S zs + [1Alzs + 1 X lzo + 16/ sre + [ Vlzzs < Se%

We only choose not to use “<”-notation in the above assumptions for notational convenience
in some technical computations. As before,  can be chosen to have been sufficiently small
for the following estimates to hold and for the decay estimates we derive from the bootstrap
assumptions to be strict improvements. Moreover, note that (2.9.9) is satisfied since all of
the norms are continuous in time (see Remark 2.9.8)

Before moving on to the energy estimates, we quickly collect the following immediate
consequence of the bootstrap assumptions:

LEMMA 2.9.10 (Sobolev estimate for the curvature). The following estimate holds for any
l € Np:

_ 2
(2.9.10a) HRlc[g] + ggH S llg =Aaez +llg = o[
H

Under the bootstrap assumptions, this implies

2
(2.9.10Db) HRic[g] +59

.

2
Ric[g] + ggH < ez

cl H3

PROOF. By (2.9.4), one has

. 2 1

[riclal + 30| < 5116 (a ~ Dl + Kllg = 21y
Hl

for some suitably large K > 0 along with the fact that Lg , is elliptic. This implies the first

inequality, while the latter follows from directly from the bootstrap assumption (2.9.9) and

by applying the standard Sobolev embedding. O
2.9.2. Elliptic estimates. We briefly collect the elliptic estimates for lapse and shift:

LEMMA 2.9.11 (Elliptic estimates for lapse and shift). Let | € {3,4,5,6}. Then, one has
n € (0,3) (thus n € (—1,0)) and the following estimates hold:
(2911a)  ||Al g S0 2 S gi-a + 0% Tllg — vl gz + e [|¢/]|gn-2 + [V -]
(2.9.11b) || X[l S8 2|2 + e = g — Al g1 + 067 F [ | iz + [Vl 2]

PROOF. The pointwise bounds on n follow via (2.9.5b) and the maximum principle as

in Lemma 2.4.1. For the remaining estimates, applying elliptic regularity theory to (2.9.5b)
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and (2.9.5¢) implies:
1l SIZN 52, 1Bl -2 + 1VOIE2llg — Yl -
+ [IIVollez 1+ llg = Ylez) + ¢ lle2] (11112 + IVl 2]
1X N SIB 52, 1Bl -2 + llg = W + 1V Sllcr g = vl ms
+ [IVelEe 1+ llg = llez) + 16 2] L+ lIRellce] [0l -2 + IVl 2]

The statement then follows by inserting (2.9.9). O

2.9.3. Scalar field energy estimates.

2.9.3.1. Near-coercivity of Esr. We will be able to prove a decay estimate via a Gronwall
argument only for the corrected energy Esr . Hence, we first need to verify that this energy
controls the solution norms, for which we first show that it controls the “canonical” scalar

field energies:

LEMMA 2.9.12 (Positivity of corrected scalar field energies). Let

14+9¢g—-1 | 1 1
Q=" 0 g == (o) - ¢ ) -

v149¢q 2 9

Then, for anyl € {0,1,2,3,4} and § > 0 small enough, one has
4
2
(2.9.12) QESy < EGp + Cop,  hence QY Egp < Esr
m=0

PROOF. We denote the smallest positive eigenvalue of —Ag acting on scalar functions on
Y1 by po(gr). By the bootstrap assumption (2.9.9) and since py depends continuously on

the metric, we obtain the following for small enough § > 0:

1 1

plar) = mi) = 5 () = §) = 5+

By the Poincaré inequality applied on (X7, gr) (see [CBMO1, p.1037]), the above spectral
bound implies the following for any ¢ € H(3r):

_ B 1 -1
(2.9.13) 1€ = T3y < i0lar) V€ a ) < (Q +q> IV€ 1B sy
For [ = 0, this means
0 2 (o 2 —
EGh + 3¢50 218113, + V@l — e — Bl ll¢'l

_1
>1¢'l1Z2 + IVolZzz —2(1+99) 2 IVl z ll¢'ll

S v1+4+9q — 1E(O) '
- JI+9g OF
For [ = 1, notice that we can rewrite Cg% as

CS} = /M<V¢v V¢')g dvolg = /M <V¢> \ (¢/ - g) >g dvolg = — /M (qb' — &) Agpdvolg .
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Hence, applying (2.9.13) to ¢ = ¢’ yields

2 _1 v14+9g—-1
ESp + 2C5p > ES) — 2(1+90) 72 [Ve/|| 2| Agdll 1z > Yt~ EY)

3 VI+9g SF
For | = 2,3, 4, notice Agp = Ag¢/ = qub = 0 holds due to the divergence theorem, hence
the argument proceeds as in [ = 0, 1. O

LEMMA 2.9.13 (Near-coercivity of corrected scalar field energy). For any differentiable

function ¢ and k € {1,2}, one has the following under the bootstrap assumptions:

/Myv2g|§ dvoly < /Mquf, + V(|2 dvolg

. 2 |I°
1612 0e S NABCIE: + (¢ 00ms + IS Wpaics ) + VI3 ||Riclg] + 5g
H2k—2
. 2 |I°
V€1 S IV A5 + (V¢ e s + V€0 an2) + IVCI22 | Ricla] + 5g)l
ok
Consequently, the following estimate holds:
2
4 . 2
(2:0.14) 16/ + 19613 S B+ (191122 + IV o) HRm@] ro9|
H

PROOF. The inequalities for ¢ follows from the same arguments as Lemma 2.4.5, except
that we have HRic[g]HCé S 14060 <1 by Lemma 2.9.10. The final estimate then follows by
applying these estimates to ( = ¢’ and ( = ¢ and applying Lemma 2.9.12. O

2.9.3.2. Preparations for energy estimates. Before proving the energy estimate, we need
to establish two technical lemmas: First, we collect a formula to differentiate integrals, and
then some estimates needed to deal with the mean value of ¢ in the base level correction

term.

LEMMA 2.9.14 (Differentiation of integrals, future stability version). For any diffentiable

function ¢, one has

(2.9.15) oy /M Cdvoly = /M (5704 " 3&() dvoly .

PROOF. As in the proof of (2.4.12), we obtain

or / Cdvolg = / OrC + Or
M M

19 ¢ dvoly
Hg
. 1, 1.
= [ 0r¢+30¢ = 57 LxgunC dvoly

= / Or¢ + 3n¢ — divg X - (dvolg
M
The statement now follows by applying Stokes’ theorem to the final term and rearranging. [

LEMMA 2.9.15 (Decay estimate for the integrated time derivative). For any T > 0, we
have

(2.9.16) ¢ dvolg = (/ ¢ dvolg> e 2T,
S Yr=0
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Consequently, the bootstrap assumptions imply

(2.9.17) 30 - ¢ dvoly| < 8337

X

for 6 > 0 small enough.

PRrOOF. Using that the integral of divg(nV¢) vanishes, we compute:

or ( /M & dvolg) - /M (a}d + 3ﬁ¢’) dvoly = /M (1= n)¢ + (n — 3)¢/] dvolg

= -2 ( /M ¢ dvolg>

Hence, (2.9.16) precisely describes the solution to this ODE (f’ = —2f) with prescribed
initial value at T'= 0, and the initial data assumption (2.9.8) implies

’ / ¢ dvolg
M

Furthermore, one has by (2.9.15) that

<16l compy)dvolg (Sr—g)e > < 6%

(2.9.18) (9Tdvolg (ET) :/ 3ndvoly
S

Consequently, one has

N aTdVOI (ET) — 1 S ~
¢ = {_ dvolgﬁzET) O ol (50 /M <80‘z’ + 3”¢) dVOlg]

_ / (ng' + 36 — 9)) dvol, .
M

By applying |n| < 3, the adapted Poincare inequality (2.9.13) and the bootstrap assumptions
(2.9.9), this implies

900| S 116/ lz2 + V6l 212l 13 S 8¢ .
The bound (2.9.17) now follows by combining this with (2.9.16). O

2.9.3.3. Energy estimates. Now, we can collect the following estimates for the corrected
scalar field energies:

LEMMA 2.9.16 (Base level estimate for the corrected scalar field energy). Under the

bootstrap assumptions, the following estimate holds for some K > 0:

(2019) 9pEW < 280 1 Koe s Eg%;( Eg°p>+||z||p+||g-vug>+K536—2

PrOOF. We compute, using [50,V]q§ =0, 50<b = n¢’ and the rescaled wave equation
(2.9.5g):

aTE /M I:Qa ¢ (b + 2 <V¢ va0¢> (&)g_l)ab Va(bvb(b—i-(gﬁ (‘¢/’2 + ’v¢‘!2]):| dVOlg

/M [ ((Vn,Vo)g +nlgp+ (1 —n)¢') ¢' —2(ne’) - Ago
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—2n(X, VoV ), + 3n|¢ > + ﬁ|V¢)]3] dvolg

With 2(1 — n) = —4 — 6n, integration by parts and using the bootstrap assumption (2.9.9)
on C-norms, we get for some constant K > 0 that we update from line to line:

0 ~ 0 ~ 0
0B < [ —alo/fdvol, + K [||V¢HCOHTLHH1 Egp + (IS0 + llco) Ep

< [ P avoly + K% (5Dl + £
M
Similarly and using the same evolution equations, we obtain:
0 = [ [Boo- o = 8- ¢/ + (0~ Do + 300 - 9) | vl

= [ [P+ 301+ (9 5) - divg (n90) =2 (6= ) o/ — - ] vl

< - 2000+ /M 3[1¢/2 — 1V[2] dvoly + 3[R oES): — /M (806 ') dvoly
Applying Lemma 2.9.15 to the last term, we get:

orcl) < —205) + Koe 7 EY) 4+ Ko6de 3T
Combining these two estimates, inserting (2.9.11a) and (2.9.12) as well as updating K yields:
2
OrEgy =OrEgy + 0rCyp

2 2 2 0
_ /M [(-4 +3° 3) ¢~ 5 3\v¢|§} dvoly — 2- gcg}

T

+ Kde 2 ( ES (1A +E§]}> + K§de 2T

IN

280 4 Ko 5 /B (HEHLQ T llg = Allez + Egg) ReeiT
J

LEMMA 2.9.17 (Higher order estimates for the corrected scalar field energy). For any
le{l,...,4}, the following estimate holds:

l
2 2 m
or (a8 +20p) < —2 (s 20 o T (32 Vo7
m=0
(I + IVl e + 15+ 1lg = V)

PROOF. Starting with | = 2k, k € {1, 2}, one calculates:
(2.9.20a) OrEZR) — /M [2A§6~0¢' Ak 2(VAES, VAEIg)g
(2.9.20D) +(Bog ™)™ VoAEg - VAL G + 30 (|Ak¢’|§, + ]VAkqb\f])

(2.9.20¢) + 2[00, AR - Ak 4 2 <[(%, vaklg, VA§¢> } dvol,
g
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We insert the rescaled wave equation (2.9.5g) and (%qb = n¢’ into the right hand side of
(2.9.20a) and obtain for some constant K > 0:

(2.9.20a) < /M [ —4|ALY [P — 6n|AEY P + nAi T g - qus’} dvoly,
+ K| AP 2 (2] v [V Bl co + V@l s [l )
+ /M [—nquj’ L AFIVG - 3(VA, VAES), - quj’} dvol,
+ K[IVAGSlI 22 (7]l s |l co + 7]l coe ||| o)
< /M —4|A%¢/|* dvolg

k N N
+ K\VEGD- [ (190llco + 116/ll0) - Il gaess + (19l e + 16/ 21 - [l

For (2.9.20b), we use (2.9.5¢) and the bootstrap assumption (2.9.9) to bound it by

Koe 2B, Regarding (2.9.20c), the commutator formulas (2.B.1a)-(2.B.1b) imply

100, Aglé'll2 S lImlicae—s (16 et IZll gran—s + I or2 16l 2e) + Il cors 16| 2
100, VAGIol 22 S Inllcor VSl IZ] e + 1Sl gor2 IVl 2w ) + 72l ok [Vl 2

Summarizing, inserting the C-norm bounds from the bootstrap assumption (2.9.9) and up-
dating K, this implies

orEZH < / —4|AEY | dvoly + Kbe 7RGy
M

_T k
+ K3 F\JES) (16 s + 96 20)
+ K(Se_%\/@(HﬁHHWHI + |1Z] zr2x)

Moving on to the corrective term, we compute:
(29.21a)  OrCoy) = /M [A§%¢'A§¢’+A§¢A§a}¢’
(2.9.21b) +3n- Akg - Al 1 [0, ARo - Agd! + Ak - [0, A§]¢'] dvol,

Inserting the evolution equations into the right hand side of (2.9.21a), we can bound that

line by

< [ [abo? + 3lak ] avoly + Kl car |6/ s 1A% 1
+ /M [—28k6 - Abd +3aAkG - Abd + 3056 - ALTo 4 3RALG - AbL6| dvoly

+ K [[llg2 (IV ¢l r2x + 16| 2n1) + (1V0llco + 1¢'llco) 172l v ] | AGH 12

Note that, after integrating by parts, the last two terms in the second line can be bounded
by
|| =319 g0l dvol + [l cr (IVA* 82 + A% ]2) [V A 6
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For the terms in (2.9.21b), notice that the first term can be bounded by

ez IV | prar—1 Egﬁ), while the commutator terms can be estimated as before, with

1190, Agléllze S NVolcollnlioo ] grar-s + el o [ Sllgon—2 | VO v

Combining all of the above, we get
orCH < —2ch 4 / [3\Ag¢’\ —3|VA§¢|9} dvol,
M
_T .
+ Koe™ 2 [[1¢/[| g2 + IVl 2w + 18] grzesr + (|35 o]

(VEED + VEE)

Finally, combining both differential estimates yields the statement for [ = 2k. For | =

2k — 1, k € {1, 2}, the argument is completely analogous and hence omitted. O

2.9.4. Geometric variables. We can take the following results from prior literature,

where we additionally apply the elliptic estimates in Lemma 2.9.11:

LEMMA 2.9.18 (Coercivity of geometric energies, [AM11, Lemma 7.4]). For sufficiently
small 6 > 0, the following estimate holds:

(2.9.22) lg = Y117 + =1 S Egeom

LEMMA 2.9.19 (Geometric energy estimate, [AF20, Lemma 20]). Let 6 > 0 be chosen

appropriately small, and let

1
1-3V0 o=

where §' > 0 is the same as in (2.9.7), in particular suitably small. Then, there exists some
constant K > 0 such that the following estimate holds:

>
S
\%

(2.9.23) o=

Ol= Ol

r

3
(2.9.24) OrEgeom < — 20 geom + K EZeom + K€ 2 \/Egeom [0 || 11 + |V @] 4]

2.9.5. Closing the bootstrap. Now, we can collect our estimates to improve the boot-

strap assumptions:

PROPOSITION 2.9.20 (Improved bounds for future stability). Let the bootstrap assumption
(see Assumption 2.9.9) be satisfied for T € [0, TBoot) and assume the initial data assumption
holds at T = 0 (see Assumption 2.9.7). For 6 > 0 sufficiently small and o as in (2.9.23) with
0" > 0 sufficiently small, the following estimates hold:

3 _
(2.9.250) 16/ llc2 + 19 6llc2 + 19/l s + [Vl s S 53 e 0T

3 _
(2.9.25b) lg = llos + [Slce + lg = Alls + 15 zs 63T
(2.9.25¢) Il + X Nl + [Allgo + 11X o S 6%207

PROOF. In the following, the positive constant K may be updated from line to line.

Combining the estimate from Lemma 2.9.16 as well as those from Lemma 2.9.17 at each level
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with Lemma 2.9.19 and applying the (near)-coercivity estimates (2.9.14) and (2.9.22) to the

right hand sides, we obtain:

Or (Eé% + Egeom)

) 2
< —2Egp + Kde~ s VEsp \/ESF + 62e~T ||Ric[g] + 9 + V/Egeom | + K§3e 3T
H2
3 T 2 2
- 2aEgeom + KE;eom + Kde 2 \ Egeom ESF + 62T Ric[g] + §g
H2

Applying (2.9.10a) to the curvature norms, as well as (2.9.22) to the resulting norms on g —~
and (2.9.9) (which implies \/Egeom S 56_%), this becomes

4 T _5
01 (Esr + Egeom) < —20(ES) + Egeom) + K86~ 7 (Esp + Egeom) + K% 37
and consequently, since a < 1,

Oor [eQO‘T (Esp + Egeom)] < §e 3 . 2T (Esr + Egeom) + 5z

~

The Gronwall lemma, along with the initial data assumption (2.9.8), now implies
(2.9.26) Esr + Egeom < 037207

Lemma 2.9.18 and the standard Sobolev embedding then imply (2.9.25b). In particular, this

means

2
(2.9.27) HRic[g] +-gl| S s2eT

..
due to Lemma 2.9.10, and for ¢’ > 0 small enough, inserting (2.9.26) and (2.9.27) into (2.9.14)
shows (2.9.25a). Moreover, (2.9.25¢) follows directly from the proof of Lemma 2.9.11 and the
already obtained improvements. O

PROOF OF THEOREM 2.9.1. The problem is locally well-posed as outlined in Remark
2.9.8. There then is some maximal interval [0, Tp,0¢) for the logarithmic time 7' — or, equiva-
lently, some maximal time interval [79, TBeet) — 0n which the solution exists and the bootstrap
assumptions (see Assumption 2.9.9) are satisfied. By the analogous argument to the proof of
Theorem 2.8.2, the decay estimates in Proposition 2.9.20 are strictly stronger than the boot-
strap assumptions for small enough §,6" > 0. This implies Toot = 00 (r€Sp. Tpeet = 0) since
we could else extend the solution strictly beyond T, while also satisfying the bootstrap
assumptions. This proves the convergence statement in Theorem 2.9.1.

Finally, the decay estimates imply that |Vn|,, respectively |k|q, are bounded by 771,
respectively 7971 up to constant on [79, 7). Since « is at worst slightly smaller than 1, both
functions are integrable on [rp,0) for suitably small 6’ > 0 . By [CBC02], this means the

spacetime is future complete. ]
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2.10. Global stability

To prove Theorem 2.1.2, what still needs to be shown is that initial data as in Theorem
2.1.1 develops from ¥, to some hypersurface ¥;, = X,y in its future such that the data
in 3, is near-Milne in the sense of Assumption 2.9.7 and in CMCSH gauge. From there,
near-Milne stability yields the behaviour in the future of ¥, ), and hence future stability of
near-FLRW spacetimes as in Theorem 2.1.2.

PRrROOF OF THEOREM 2.1.2. Within this proof, ¢ will denote the “physical” time coor-
dinate used throughout the Big Bang stability analysis, while 7 denotes the mean curvature
time used within CMCSH gauge.

Consider initial data (g, k, V¢, 9y¢) induced on the CMC hypersurface ¥, within M such
that the rescaled variables are close to FLRW reference data in the sense of Theorem 2.8.2.
Moreover, let (g, k, 7, 1/1) be the geometric initial data on M that induce it via the embedding
LM — M.

Notice that

P:HX(M) — H¥(M), Y = A Y + (y71)"Ricly], Y = A Y — gyi
is an isomorphism since A, has no positive eigenvalues. Hence, using [FK20, Theorem 2.5,

Remark 2.6], there is a metric ¢’ isometric to g that remains close in va (M) to « and satisfies
(6"~ (Tl — Tl ) =o.

Let 6 € Diff(M) be the diffeomorphism such that 8*g = ¢’, then the proof of [FK20, Theorem

2.5] implies that 6 can be chosen close to the identity map within H'8(Diff(M)), and conse-

quently that 0*k = k', 0*% = #’ and 6*¢) = ¢/ remain close to —a(tg)a(to)y, 0 and Ca(ty) >

in H718(M). By the same argument as in Remark 2.8.1, we can now evolve this data locally

and obtain a new initial hypersurface ¥’ close to X, that is in CMCSH gauge and that

(9,k,V,000) is close to the reference data in the sense of Assumption 2.3.10, exchanging
the initial time ¢y by some close time .

Since T is strictly increasing, ¢ = t(7) exists and we can interchangeably view a as a
function in ¢ or 7 with some abuse of notation. The Friedman equation (2.2.3) implies
dra > § and thus a(t) > §t on (0,00), as well as

-7 = 3% = 2 + (lower order terms) as t — oo (resp. 7 — 0).

We choose t; > max{1, ¢{} large enough (resp. 7(¢;) = 70 small enough) that the following
estimates hold for some small x € (0, %) that depends only on 4:

(2.10.1) Ca(ty)®7(t1) ™" <x
(2.10.2) —7(t1) -a(t1) €[1 —x,1+x]
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As the solution is Cauchy stable, i.e., it and its maximal time of existence depend continu-
ously upon the initial data,'® one can choose € > 0 in the analogue of Assumption 2.3.10 small
enough to ensure the following: The solution exists until ¢; > t, and (a2g, al%, V¢,a3(§o¢)
remain Ke-close to (v,0,0,C) in Hg X Hg X Hg X H§ for some suitable K > 0 along the
slab use%,mz s- What now remains to be shown is that this implies Assumption 2.9.7 in the

sense that, if € is small enough, é can be made as small as necessary for Theorem 2.9.1 to apply.

Note that the scalings in Definition 2.9.4 can be rewritten as
—_ T, 2
g-—y=(r-a) - (ag=7)+("-a’ 1)y, T=-(ak),
o =C (=7 a?) + (=77 ) (@' (0 — Lx)6 = O).

Since (2.10.2) implies 7 - a is close to —1 at t1, ||(7 - a)?(a=2g — )|/ s can be bounded by %
for small enough . Choosing x < % then implies |lg —7|[zs(s,,) < §3. That |25 can be
made smaller than §° for small enough € > 0 follows since ~ behaves like 0%2 up to a constant
by (2.10.2).

For the normal derivative of the wave, notice that |C'(—77!-a™?)| is bounded by x due to
(2.10.1), and that —7~'a=3 is equivalent to a~2 by (2.10.2). Hence, we can similarly ensure
that ¢’ is bounded in H® by 63. Since V¢ is not changed in either rescaling, and bounds on
lapse and shift (up to constant) follow from the elliptic estimates in Lemma 2.9.11, it follows
each individual norm in Assumption 2.9.7 can be bounded by § up to constants that depend
only on v, and hence the initial data assumption itself can be satisfied for suitably small
0> 0.

This proves that we can develop from initial data for the Big Bang stability proof to near-
Milne initial data within a CMCSH foliation, and thus we obtain Theorem 2.1.2 from Theo-
rems 2.1.1 and 2.9.1. O

15For the argument for Einstein vacuum in CMCSH gauge, see [AM04, Theorem 3.1]. As with local existence,
the argument in the FEinstein scalar-field system is largely identical since the only difference amounts to
coupling the hyperbolic parts of the system with a further hyperbolic one.
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2.A. Appendix — Big Bang Stability

2.A.1. Basic formulas and estimates.

2.A.1.1. Tools from elementary calculus.

LEMMA 2.A.1 (A Gronwall lemma). Let f,x,§ : [a,b] — R be continuous functions such
that x > 0, £ is decreasing and, for any s € [a,b],

b
f(s) < / () () dr + £(s)

is satisfied. Then, for any t € [a,b], we have

b
f(t) <&(t)exp </ x(r) dr) :
t
PrOOF. This follows by standard arguments as in [Dra03, Corollary 2-3]. (I

LEMMA 2.A.2 (A weak fundamental theorem of calculus for square roots). Let f :
(0,t9] — R be a C-function. Then, we have for any t € (0,to]:

(2.A.1) VIO < /Fto) +/t° 2“://% ds

PRroor. This follows from a straightforward application of the monotone convergence

theorem to g, = \/f+%. O

2.A.1.2. Levi-Civita tensor identities. Herein, we collect some basic identities for the

Levi-Civita tensor e[g]: Firstly, it satisfies the contraction identities, where I? denotes the

Kronecker-symbol:

2.A.2a) Eailizsajljz :Hj'iﬂé‘i o H;;]IZ
2.A.2b) eeqj, =21

2.A.2¢) e =6

(
(
(
(2.A.2d) Ve =0

The analogous formulas hold for €[G] when raising indices with regard to G instead of g.
For a tracefree and symmetric ¥;-tangent (0,2)-tensor ¥ and a ¥;-tangent (0,2)-tensor 2,

the following simplified identities hold:

1
(2.A.3a) (T X W)y; = &P 1T 0pWApg + 3(T-A)gij
(2.A.3b) (T x9)ij = =Ty
(2.A.3¢) (Txk)y = _gzij + (T x ];')U

Further, note the following formulas (for ¥ as T, 2 as 2 and any Y-tangent (0, 1)-tensor £)
(see [AMO04, p.30]):

(2.A.3d) divy(AA2A) = —curl, A - A 4 A - curl A
(2.A.3¢) A-(EAA) = =26 (AAA)
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(2.A.3f) T (AXT)=(TxA)-T
2.A.1.3. Estimates on contracted tensors.

LEMMA 2.A.3. Let &, % be traceless and symmetric ¥y-tangent (0,2)-tensors, M, N sym-
metric X¢-tangent (0,2)-tensors and & a Xyi-tangent (0,1)-tensor. We define G,G~' and |-|a
via (2.2.27a)). Then:

(2.A.4a) M Oe Nle < [MeNg, MO,N=a2MogN
(2.A.4b) 16 %6 Tl S16l6|Zla, (6 x T)ij = a™(6 x¢ D)
(2.A.4c) 16 A¢Tle <16l6|%la, (BAT),=a3 (6 A T)
(2.A.4d) € AaTle < [ElalTle, (EAT);=a (€ Aa D)
(2.A.4e) lcurlgM|e S [VM|@, curlyy; = ailcurlG,’mij

PRrROOF. The estimates with respect to the unrescaled metric are direct consequences of
the contraction identities (2.A.2a)-(2.A.2¢) replacing g with G, and the scalings follow simply
by tracking the effects of the rescaling in Definition 2.2.9. In particular,

(2.A5)  elgh™ = g7g™e[glik = (a72(G7H)Y) (a_Q(G_l)dk) a’e[Glijk = a~e[G]*
determines the scaling of the Levi-Civita-Symbol. O

2.A.2. Commutators. Herein, we collect a variety of commutators of spatial derivative
operators with each other as well as with time derivatives. While these mostly follow by
standard computations, we use the fact that our spatial hypersurfaces are three-dimensional
to significantly simplify the spatial commutator formulas, and need to apply the rescaled
equations from Proposition 2.2.10 for the time derivative formulas.

For higher order commutators, we denote by J terms within the commutator formula that
contribute junk terms at any point where this commutator formula is used. Furthermore,
in the following, ¢ denotes a scalar function on M and ¥ denotes a ¥;-tangent, symmetric
(0,2)-tensor, always with sufficient regularity for the equations to make sense. Moreover,

recall the schematic x-notation as introduced in subsection 2.2.1.8.

COROLLARY 2.A.4 (Schematic first order spatial commutators). For ¢ and T as above,
the following identities hold:

(2.A.6a) [A, V] =Ric|G] * V(

(2.A.6b) [A, V¢ =Ric[G] * V2¢ + VRic[G] * V¢

(2.A.6¢) [A, V]T =Ric[G] * VT 4+ VRic|G] * T

(2.A.6d) [A, VAT =Ric[G] * V2T + VRic[G] * VT + V?Ric[G] * T
(2.A.6e) [A, divg]T =Ric[G] * VT + VRic[G] * ¥

(2.A.6f) [A, curlg] =e[G] * (Ric]G] * VT + VRic[G] * X)

PRrROOF. Since we are working in three spatial dimensions, the following identity holds:

Riem[G]ijkl = GikRiC[G]jl — GilRiC[G]jk + GleiC[G]ik — ijRiC[G]il
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1 .
— 5(G—l)m”Rlc[c:]T,Ln(cTykc:]~l — GuGir)

Hence, for any I € Ny, any V/Riem[G]-term reduces to a sum of products and contractions
of VIRic|G] with various metric tensors that are all suppressed in schematic notation. With
this in mind, the above statements are simply direct consequences of standard commutation
cormulas and (2.A.5). O

LEMMA 2.A.5 (Higher order spatial commutators). For l € N, [ > 2, the following for-
mulas hold (and extend to | = 1 when dropping any term involving A'=2):

(2.A.7a) [Al, V]¢ = AT 1Ric[G] * V¢ 4+ VAT?Ric[G] * V¢ + J([AL, VC)

(2.A.7b)  [AL V3¢ = VAT IRIiC[G] * V¢ + VZAIT2Ric[G] « V¢ + J([AL V3]0)

(2.A.7¢) (Al VT = VA IRic[G] * T + V2A2Ric[G] * VT + J([AL, V]T),

(2.A.7d)  [AL V2T = V2AIRic[G] * T + VEAIT2Ric[G] « VT + J([AL, VET),

(2.A.7¢)  [Aldivg]T = VAT IRic[G] * T 4+ V2AT?Ric[G] * VT + J([A!, divg]T),

(2.A.7F) [AL curlg]T =e[G] (vN—lRic[G] + T+ V2AI2Ric[G] * vs) +3([AL curle])

with junk terms, where T =101 +---+ I;_,,

-2
(AL Vo) = > VIRic[G] « Vet + >~ >~ VARIc[G] -+ % VII-mRic[G] « V¢
I 4+1:=2(1-1), m=0T+I:=2m
I.>2
-2
J(AL V) = 3 VI Ric[G] « VIt ¢+ S > VRic[G] % - % VIi=mRic[G] x VI TI¢
I 4+1c=2(1—1)+1, m=0T+I:=2m+1
Iy,1:>2
-2
(AL vIg) = > VI Ric[G] + VITT + > >~ VIRic[G] -+ VIi-mRic[G] + VIFT
I +Ig=2(1—-1)+1, m=0T+Ig=2m+1
Ig>
-2
J(AL VD) = > VIORi[GI«VITT+ Y > VIRic[G] # - % VIi-mRic[G] » VITT
I1+1x=21, m=0Z+Iz=2m+2
Is>2
-2
J([AL divg)%) = > VI Ric[G] « VITT+ > VIRic[G] # - % VIi-mRic[G] » VIS T
I 4+Is=2(1—-1)+1, m=0Z4Ig=2m+1
Is>2
-2
J(AL, curlg]) =e[G] 3 VARic[G* V=T + 3> 3" VIRic[G] - % VI-mRic[G] + VITT|
I +Ic=2(1—1)+1, m=0 T+
Is>2 +Ig=2m+1

ProOOF. The formulas follow by applying the formulas from Lemma 2.A .4 inductively. [

LEMMA 2.A.6 (Time derivative commutators). With respect to a solution to the Einstein

scalar-field system as in Proposition 2.2.6, the following commutator formulas hold:

(2.A.8a) [0, Vi]¢ =0
(2.A.8b) [9;, V¢ =2(N 4+ 1)a 3%V, — 2Ngvﬁig

(2.0.8¢) [0, AlC =2(N + D)a (%, V20)¢s — QNSAC
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—2(N 4+ 1a"3{divg®, Vg — 2a73(X, VNV + %(VN, Vg

(2.A8d) [0, V]T=a3((N+1)VE+Z*VN)*T + g VN %%

(2.A.8¢) [0, AT =a3(N + 1) % V2T + %NA‘S +a V(N +1)%) * VT + ng * VT

L a3V (N4 1)E) + T — gv%v « T

PROOF. Equation (2.A.8a) is simply that coordinate derivatives commute, and (2.A.8b)
follows by applying (2.2.28b) and the product rule.
For the commutators (2.A.8¢c), (2.A.8d) and (2.A.8e), we write out the covariant derivatives
in local coordinates, apply the product rule, and then the evolution equations (2.2.28b) and
(2.2.34) for the inverse metric and Christoffel symbols. O

LEMMA 2.A.7 (High order time derivative commutators). For | € N, [ > 2, the time
derivative commutators take the form

(2.A.9a)
[0, AJ¢ =2a73(N + 1)(2, VZA 1) 6 4+ a3VE « VA2
—2(N + 1)a"3{divg A%, VO + (N 4+ 1)a 3V 3Ric * ¥ x V¢ + J([0:, AY0),

(2.A.9b)

[0, VAYC =2a3(N + 1)(Z, VEAF IO g + a7 3(N +1)VE « V¢
—2(N + 1)a ¥ (Vdivg A, V() e
+ gww—w, VO + (N +1)a V2 2Ric[G] * ¥ % V¢

+3([0:, VA'IQ)

(2.A.9¢)

[0y, AT =3 (2 « VZAITIT 4 VY« VBAI2T 4 VT 5 VALY 4 T« Alz)

+a? ((N + 1) xT* V2ATZRIc[G] + V(N +1)2 % ) * V2l*3Ric[G})

+ gAlN T4 %VAl‘lN « VT +3([0, AT,
(2.A.94)
0, VAT =a3VE « AT + a3 (N + 1)« VAT 4 0 73(N +1)T+ VAR
+ IVAIN « T+ 2V2AIN « VE 4 0 3(N + 1)8 « VA 2Ric[G] + T
a a
+3([0:, VAIT),
where the junk terms are, where I = Eé;qn_l 1;,
(2.A.9¢)

3((0:,A1¢) =a™? > VIN(N 4+ 1)« V=5« vict2¢

IN+Is+I=2(1—1)
1:<2(1-2)
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+2 3T vINNavi

@ InYI=2
Ic>2
-2
+a3 > VIN(N +1) % V28 « VIIRic[G] % - - - % VII-m-1Ric[G] * VIcT2¢
m=0 IN+IE+I(+I=2m
-2
+a3 > VIN(N +1) % V2 « VIIHIRIC[G] - - - % VI-m-1Ric[G] x VIcti¢
m=01y+Is+I+I=2m
I1#21—4
a -1
- > VINN & VI Ric[G] # - - % VIi=m=1Ric[G] VI T1¢
@ m=0 Iy +T I =2m—1
Ic#2(1—1)
(2.A.9¢)
30, vale) =2 > VNN« vIcti4a? > VIN(N +1) « V=D« Victle
@ In =2 IN+Ig+I=2(1—1)+1
Ic#0 (I, 1¢)#(0,2(1=1)+1),(1,2(1-1))
-2
+a73 > VIN(N +1) % VI2S %« VIIRic[@] # - - - x VIi-m-1Ric[G] » VIcT2¢
m=0Iy+In+Ic+I=2m+1
-2
+a? > VIN(N +1) % V5 « VI Ric[G] # - - - % VIi-m-1Ric[G] x VIcH¢
m=0In+Ix+I+I=2m+1
I1#£21—3
a -1
+=5 > VINN«VIRic[G] -+ VIi-m-1Ric[G] x VIeHI¢
4 m=0 IN+T+I =2m
Ie#2(1-1)
(2.A.9g)
3([8t,Al])T:a73 Z VINN «VIED x VIsT 4473 Z visy s visg
IN+Is+Tz=21 Is+Iz=2l
Is, Iz 22
-1
+a 2y > VIN(N +1) %« VIZS « VI1Ric[G] * - - - « VII-m-1Ric[G] » VITT
m=0Iy+Is+Is+I=2m
I <21-3
+2 3 VINN VIt
@ INtIz=21, I >2
(2.A.9h)

3([0r, VAT) =a =38 « VN % AlRic[G] + a 3N # VE # AT + ZUN « AT + V3([0r, AT)
a

We can extend the formulas to Il = 1 by dropping any term which would contain negative

powers of A or a multiindex of negative order.

Proovr. This follows by iteratively applying the commutators in Lemma 2.A.6. O

While all of the above commutators will be essential for the mainline argument, the a

priori estimates require the following commutators:
LEMMA 2.A.8 (Auxiliary commutators). Let J € N. Then, we have:
(2.A.10a) [0, V¢ =a3 > VIN(N 1) « VX 5« Vit

IN+12+I§2171, IC<J71
a
+ - > VINN 5 Vit
a
IN+I;=J-1,In>0
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(2.A.10b) 6, VI =a73 > VIN(N +1)« VED « ViTg
IN+Is+Is=J Ix<J

+2 % viN«vig
IN+Is=J,INn>0

PrOOF. For J = 1, this has already been shown in (2.A.8a) and (2.A.8d). For higher
orders, the formulas follow from a straightforward induction argument using that, in local

coordinates, we schematically have
0, V7]C = [0, VIVITIC + V[0, VITHC = (O,T[G]) * VI + Vo, VI TH¢
and analogously replacing ¢ with <. O
2.A.3. Borderline and junk terms.

DEFINITION 2.A.9 (Error terms). Let L € 2N, L > 2. Then, the error terms in the

Laplace-commuted equations stated in Lemma 2.2.11 take the following form:

For the constraint equations, we have

(2.A.11a) My, Junk = — 8m(¥ + C)VAT ~2Ric[G] * V2¢ + VL 2Ric[G] * VS + VL 3Ric[G] * V25
~—
if L#2
+ Y Vw4 sn(W 4+ O)3([AF, VIg) — A(A T, dive]D)

Iy +I4=L, I#0

(2A11b) iﬁtL,Junk = 7€[G] * VL_3RiC[G} * VI 73([A%,curlg}2)
if L#2
(2.A.11¢) AL Border =a "4 [E*A%mvz*v“lz]
(2.A.114) O gunk =, VITlexviztlg ot > v xvizy
I1+Is=L Ii4Ix=L,1;>2
4 8 16
+AT {1|V¢>I% + T2 4 Jca—‘*\p} -G
3 3 3
The lapse equation error terms are
(2.A.12a) NL Border =a~*(N + 1) (2 * AT VS« VIS L Uk AT U 4 VU« vL—lxp)

+a D%+ 0 4 U] s AT N 4 a4V D2 + 92 + 0] « VEOIN

(2.A.12b) NLumk =a 3 VIN(N +1)* (vllz*v’22+v’1\p*v’2\p)

IN+I1+12=L;
IN<L—2;In>0o0r [1<Io<L—2

fa IN*AFUfa 1t > VINN s« VIv g,
In+lg=L;Ig>2, In>1
as well as
(2.A.12¢) N1 Border =a (N + 1) (2 FVATS 1 VS VIS £ V28« VIl f U s VAT @
+ VU VED 4 V20 VL) a7t [ + 92 4 0] < VAN
+ VU« VEN + V20 5« VI~ 1y
(2.A.12d) N1 Junk =a =2 > VIN(N +1) * (vhz « Vx4 v g« vfw)

IN+I1+12=L;
IN<L+1;I5y>0 or I1 >15>2

+a*N*VAS U 402 > VINN « VI @
IN+Ig=L+1;IN,Ig>2
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whereas the scalar field error terms read
(2.A.13a)
PL.Border = — 3UZATN + 200« VEIN 4 207 3(N +1)(3, V2AT 1) + 20~ 3(N + 1)VE3Ric X+ VU
a a

—2a73(N + 1) {divgAZ 718, V)¢ + a 3(N + 1)V « V3A ST ~2p

(2.A.13b)
mL,Junk:g Z VINN « Ve W 4 ¢ Z VINN*VI¢+1¢+3([3:£7A%]‘I’)
IN+Iy=L,1gy2>2 IN+Iy=L+1,IN,I47#0
(2.A.13¢c)
QL Border =a SUVAEN + a0 3(N +1)8 VAT 16+ a3 (N + 1)VE¢ + VX
(2.A.13d)
QL Junk =a~> > VINN « VP W 4 ¢ 3VAS "IN £ V245 5
IN+Ig=L+1,1N,Iy#0
+a 3(N+1)VEAT IS« Vo + (N + 1)a VAT ~'Ric[G] * T * Vo
+a 3VETRIC(G] * (N +1) xS % Vo) + L(VEATTIN, Vo) +3([0r, VAT ]9)
a
and
(2.A.13¢) PLi1 Border = — 3U-VAEN + 2V0 £ V2AT "IN 4 2473(, V3AT 1)
a a
+a 3(N+1)VE * VEWU 4+ 2473V 2Ric* T« VI
+a 3 (N +1)V2AT IS« VI
(2.A.13f) Prit Junk = = 3 VINN « VIV 4 g S VINN « Vietlg
O NIy =L+1,1y>2 IN+I=L+2, 15,1470
+3([61, VAT W)
(2.A.13g) QL 41 Border =a PUATTIN 4 4 3VT « VAT N +a 3(N + 1)S % VAT ¢+ VAT N % Vo
a
Fa 3 (N +1)VE« VAT 1
Qr41,7unk =a > VINN VYW 4 a=3(N + 1)VE2Ric[G] * £ * Vo
IN+Ilg=L+2,2<Igy<L+1
(2.A.13h) T a 3N+ 1)VEAT IS« Ve + 3([01, AT T1]g)
as well as
(2.A.13i) Q1 Border =0 SWAN +a 3(N + 1)T V3¢
(2.A.13j) Q1 Junk =a VU« VN +a 3(N + 1)VE * Vo + 3([0¢, Alg) .

The commuted rescaled evolution equation for ¥ has the error terms
(2.A.14a)
G Border =a 3(N +1) (z £ V2AT 1D 4 VS« V3A%—22) +a3 (A%N S(2*D)+ VAT IN VS« z)
+a 3N +1)2 2% VEAT 2Ric[G] + LATN X + VAT IN « VR
a a

+a 3[(N+1)VE*Z + VN x 2« 2] x VI 3Ric[G]

not present for L=2

(2.A.14b)
61 Junk = —a[A% V2N +a 3 VINN +VIReRic[Gl + 2 ST VINN#VIES
In+IRic=L,IN#0 @ IN+Is=L
+a73 Z VhZ*VIQE-i-a*S Z VINN « vy« vizy

Ii+Iy=L,1;>0 IN+I +Ia=L,IN<L
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1
+a D) VINWN41)«VITlgaviTlg (47r02a‘3 + ,a) ATN-G+3([0r,AT]E)
IN+I1+I2=L 3

. .. . . L/o— 1
while the commuted Ricci tensor evolution equations have error terms, where Z = > . i 21 mt I;,

(2.A.15a) R Border =a > [VL+2N Y4 VEHIN « VE + £+ V2AT IRic[G] + VE * vL—lRic[G]]
(2.A.15b)  Rp41 Border =a 3 [VHSN S+ V2N 4 VS 4+ 2 x VEAT T IRic[G] + VE * VLRic[G]]
(2.A.15¢) RL Junk =a > > VINN xVIES
In+Is=L+2, I5>2
+a73 > VIN(N +1) % VI2 5 « VIRicRic[G]

IN+Is+IRic=L
(Is,IRic)#(0,L),(1,L—1)

L
L

I
+a73 3 S VINW 4+ 1)# VIS« VIRIC[G] + -+ V F T FRic[G]
m=0In+Ix+I=2m

+2 ([A% V2N + A% N Ric[G] + VEIN « VRic[G]) +3([0e, A% Ric[G))
a

(2.A15d)  Rpi1 gunk =a > > VINN «ViEY
IN+Is=L+3,I5>2

+a73 > VIN(N +1) % VI2 T « VIRicRic[G]

IN+Is+IRic=L
(Is,IRic)#(0,L+1),(1,L)

L_1
2 I

+a3 3 S VIN(N +1) « V2D « VIRic[G] + ... V £~ ™+ Ric[G]
m=0 In+Ix+Z=2m+1

+2 (VA% VAN + VAE N «Ric[G] + VZAE LN « VRiclG]) + 3(10r, VA £ Ric[G])
a

Finally, the Bel-Robinson evolution error terms are
(2.A.16a)
€L Border =g (A%N &+ VETIN & vs) —at (A%s X ¥+ E x A%E>
+a3e[G] * €[] (VL—IS £ VS + VE * vL—lz)
_3 AL _3 L_q
+a PA2N - (ExX)+a VA2 T "N % [VE+x XL 4 € % VY]
+a7? (2xv2aE e 4 vEaviAR 2o 4 Ve VAT TIn L4 A EY)

+a 3 (N +1)S % €« VEAS “2Ric[G] + V (N + 1) * T % €) x VE3Ric[G]
if LA2

+4ma 3(U 4 C)2ATN -5 +4na 3VETIN % [(W 4 C)2VE + 2(¥ + C) VI % 3]
+ 4ma3(N +1) [(\112 +2CV)ATE + 20+ C)AT U - z]

+4ma3VETIS & [(U 4 C)2VN + 2(N + 1)(T + C) VY]

+ 470 3(¥ 4+ O)VETI0 % [(N 4+ 1)VE + VN 3]

(2.A.16b)
€Ltop =a~ (N + 1)e[G] + B+ VAT ~'Ric[G] + a(N + 1)(¥ + C)VAS ~1Ric[G] * V¢
(2.A.16¢)
a
Er Junk = — VINN «Vieg
L,Junk = Z *

IN+Ig=L,Iy<L-2



2.A. APPENDIX - BIG BANG STABILITY

+a 'e[G] > VINN « VIEB + (N +1)V2A % ~2Ric[G] * VB
IN+Ip=L+1,IN,Ip<L
+ a"3e[G] x €[G] * Z VINN «Viegx vz
IN+Ig+In=L,
INSL—=2;15>00r Ig,I5>2

+a > VIN(N +1) « VIZ (T 4 C) x VIeTlg
In+Igy+Is=L+1
In Iy, Ip#L+1
+a73 > VIN(N+1)«VES« VL (T 4+ C) « VI2(T 4 )
IN+Ig+I1+12=L
In,Is,[;<L—2

+ aa® > VIN(N +1) « Vit s« viztlg
IN+I1+12=L

+a > VIN(N 4£1) « VIzD &« VIiHg 5 U2ty
IN+Is+I1+I2=L

+a e[G] « B+ [AF, VIN + dma(N + 1)(¥ + O) [VE2RiclG] + V2 + 3([A %, v2)0)]
+a{(U+OAT, VIN + (N + DA%, VW)« Vo + (N + Do 3(A %, curlg]B) +3(101, AZ]E)

9 .
+A% {a_S(N +1E*T + gzﬁ(]\f +1) (ao (a™5(T +C)? +a?|Ve|E) + 4”3(‘1’ + 0)2)} -G

(2.A.16d)
BL, Border :g (A%N B+ VETIN VB) —a7? (A%B X X+ Bx* A%E)

+a"3e[G] x €[G] * (VL_IB* VY + VB VL_12>

_3AL _3 L_4
+aB3ATN . (B+%)+a 3VATIN . [VB+3 + B V]

-3 2L 1 3AL—2 L L
ta (z*vm B+VE«V3AT 284+ VB+VAS E+B*A22)

+a73 [(N+1)Z % B* VI2Ric[G] + V (N + 1) * £ * B) * VE3Ric[G]
if L#2

T a YN+ 1) (U +0) - e[G] + VAT ¢ %X + a~1e[G]  V2VEh + V (N + 1)(¥ + O)%)

(2.A.16¢)
B 1op = a3 (N + 1)e[G] x VAT "'Ric[G] * Ve + Vo + a~ *e[G] * € * VAT ~'Ric[G]
(2.A.16f)
BL, Junk :g Z vVINN « VBB
@ I N+Ig=LIn<L—2
+ale[G] + 3 VINN « VIEE + V2A S ~2Ric[G] ¥ VE
IN+Ig=L+1,Iy,Ic<L
+ a7 3e[G] * €[G] * Z VIN(N +1)« VBB« VIzx

IN+Ig+In=L,
IN<L—2;In>00r Ig,I5>2

+ a’e[G] * > VIN(N 1)« VIiHlg s vizt2g

In+I1+12=L,
InN>0 or Io<L

+a"1e[G] + > VIN(N +1)« V(0 4+ C) s VIeTlg« VIES
IN+lg+Ig+Is=L
I,<L—2
+a (G * Ex[AT VN

+a T (N +1)(¥ +C) - e[G] 3+ (A%, 9]
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+ a3 (N + 1)e[G] * Vo (VQA%—QRic[G} « V26 +3(AF, V]¢))
—a YN+ 1)I(AZ, curlgl€) + 3([0:, AZIB) + AT [a 3 (N + 1)B*3] -G

L AT |47a®VEmG(W + O) + %a5A%Vﬁm (a™8(T +C)% + a*Q\w%)] Gl ym(y

2.A.4. Lé error term estimates. In this subsection, we collect how the error terms
can be controlled in terms of energies as well as homogeneous Sobolev norms of ¢. We do
not claim that these estimates are optimal — in particular, we note that at low order (like
L = 2), many of the curvature errors that appear in the estimates below could be avoided
entirely: These arise as a result of applying the general estimates in Lemma 2.4.5 where the
Ricci tensor does not naturally occur in the respective equations, and can be avoided at low
orders by applying (2.4.4f) on all curvature terms that occur.

Instead of optimality, we try to keep both notation and form of the error term estimates as
simple as possible and the energy estimates between base and top level as unified as possible.
In particular, we track the “worst” curvature energy occurring at high orders for all estimates

below, even if these terms are added in artificially for low orders.

LEMMA 2.A.10 (Estimates for borderline error terms). Let L € 2Z,, L < 20. Then, the

following estimates hold:

(2.A.17a)
192, Borderll 2, Sea™ "\ €W(E, ) 4 ea™ Ve J@EL-2(S, ) + %™ VE [ €12 (Ric, )
(2.A.17D)

19, Borderl 2, Sea™ W e, ) +/eD)(s, -)] +ea”t/EB(N, )

NG [\/€(<L—2)(¢’ D+ \/@(SL—2)(E, )+ \/G(SL—Q)(N, ')]

+ 2074/ E(EL-2)(Ric, -) 4+ a4 7VE [ E(SL-1)(Ric, -)

~
not present for L=2

(2.A.17c¢)
HmL—i-l,BorderHLé S.; 50/76 |:\/a4€(L+1) (¢7 ) + \/a4€(L+1)(27 ):| + 5@76 a4€(L+1) (Nu )

+ea? [\/Q(L)(qﬁ, )+ \/@(L)(Ev )+ \/@(L)(N7 )]

PG [\/€(<L2)(¢’ D+ \/@(SLJ)(E, )+ \/G(SL*2)(N, ~)]

+ e2q74VE [ @(SL-2)(Ric, -
(2.A.17d)

1B L Border |l 2, Sea™®\/€W(g,) +ea /€N, ) +ea™8V5y [€(ZL-2(N, )
Fea3VE@(SL2) (4, ) + a3y /EDN(X, ) + a3 VE @I (X, )



(2.A.17e)

1QL,Borderl| 2, S€

G

(2.A.17f)

IBL+1,Border| 12, Sea

G

(2.A.17g)

19Qr+1,Border [l 2, S €a

(2.A.17h)
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1 g2g73mevE, J@(SL-3) (Ric, -)

not present for L=2

a3/ ELAD(N, ) + ea?\/a1€D)(¢, )

+ 5a_3_c*/g\/a*4€(§L—2) (9,-)

B ELAD (¢, ) 4 ea3ELAD(N, ) + ea37VE J@(EL-1)(N, )
4 eq3-0VE @(SL—l)(é) ) +ea3 (,3(L+1)(27.)
teadVEJ@L-1)(S, ) 4 e2q737VE [ @(SL-2)(Ric, 1)

-3 /@(L+2)(N’.) 4 eq3eVE /@(L—H)(N, )

T ea P Ja 1€ (g, ) 4 ca PV JartelSEN) (g, )

H6L,BorderHL2G SEG—S Q(L)(Ev ) +ea \/ Q(L + 5 a- \/ L 2) RIC

(2.A.171)

+eadTVE @S- (D) 4 safgfc\/gy/ ¢(=L=2)(N, )

+ 2073 VE J@(SL-4)(Ric, )

not present for L=2

”g%L,BordeTHL%v 56 G(LJFQ)(N ) + ECL—3 cve QZ( )(N, )

(2.A.17})

+ a3y /D) (Ric, ) + ea 3VE/ E(£L-2)(Ric, )

HS%L—i-l,BorderHL%v §5a_3 €(L+3) (N ) +ea “ievE €(§L+1) (Na )

(2.A.17K)

A
@

+ ea3\/ELHD(Ric, ) + ea 37V /€(EL-D(Ric, -)

H eL BorderHL2 + H%L Border HL2

L)(g, ) + ea3~oVE [ @(<L-2)(

+ea™3 (\/@(L)(M D+ \/QE(L)(E7 )) + 5a73\/m

cq—3—cVE <\/€(§L2) (N,)+ \/@(SLJ)(E’ )+ \/@(SLJ)(W’ .))

+ 2073/ €(L=2)(Ric, -) 4 e2a~37VE [ &(EL-9)(Ric, )

Vv
not present for L=2
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PRrOOF. All of these estimates follow from applying Lé—L%o—type Holder estimates to the
individual nonlinear terms. The lower order terms are either controlled by the zero order
estimates in subsection 2.4.1 or the a priori estimates in Lemma 2.4.3. Furthermore, we
apply Lemma 2.4.5, along with again Lemma 2.4.3, to translate LQG—norms into energies up
to additional curvature energy terms. For the sake of simplicity, we always estimate % by a3
up to constant (see (2.2.3)), and liberally apply (2.3.8) to deal with odd order energies and to
distribute a V¢ factors to lower orders while updating ¢ > 0 wherever this is convenient. [J

LeEMMA 2.A.11 (Estimates for top order error terms).

(2.A.18a) €L topll 2, S VEa'=*VE/€E-D(Ric, ) = Vea ' 7VF \/ a*@(Z-1(Ric, )

(2.A.18Db) 1B L topll 12, <ea '/ €D (Ric, ) = sa_?’\/a‘l(‘f(L—l) (Ric, )

PrOOF. This follows directly using (2.4.2c) and (2.4.4g) for the Bel-Robinson terms as
well as (2.4.4e). O

LEMMA 2.A.12 (Junk terms). Recalling ||-notation from Remark 2.2.12, the following
hold:

(2.A.19a)

”g;nL,JunkHLév S 5a—2—c\/5 \V QE(SL_l)(¢a ) + G_Q_C\E \ QE(SL_Q) (¢a )
+a”VE @SN (D) ) + VeamVE [ €(SL-D)(Ric, -)
(2.A.19D)

1L gunkll 2, Sea™ 0VE@EL-2(Ric, ) + a7 7VE @I (R, )
(2.A.19¢)

”55£JunkHL’é, <ea 4 VEVJEEL-2)(D ) 4 Vea 2TVE @S0 (¢, )

+ ea~ Ve[ E(£L-2)(Ric, )
(2.A.194)

H‘ﬁL,szkHLg §5a7476ﬁ\/ E(SL=2(N, ) +ea™ /€L (¢, )

4oeqtevE |:\/€(§L—2)(¢7 N+ \/@(SL—2)(2, -)]

+ea~ Y/ E€EL-2)(Ric, -) 4+ a7 VF [ E(EL-9)(Ric, -)

not present for L=2

(2.A.19¢)
HmLH,JunkHLg <ea *TVE@EL-)(N, ) 4 ea” <\/@(L+1)(¢, )+ \/QE(L—H)(Z’ .))

N cq—tcVE [\/€(<L1)(¢5’ )+ \/@(SLfl)(E, )]




2.A. APPENDIX - BIG BANG STABILITY 115

+ 20~ %/ E(EL-)(Ric, -) + 2a~ V5 / E(EL-3)(Ric, )

not present for L=2

(2.A.19f)

IBL unk | 2, Sea' =\ €@, -) + ea P VE J€(=E-2(g, )
+ea 3 VEVEEL-2)(T ) 4 ea TVEEL(N, )
+ [6(1_3_0\/5 + \/ga—l—c\/ﬂ €(§L72) (N’ )

+e%a! 7 J&(SL2)(Ric, ) + e2a~3VE | [€(SL-3)(Ric, )

not present for L=2

(2.A.19¢)

1B+t gunkll 2, Sea' =74/ €LHD(g, ) + ca=37VE J@(SL-1)(g, )
+eadmVEEEL-D(D, ) 4 ealTVE /@ LA (N, )

+ [ea‘3_c\/g + \@a—l—“ﬂ E(<L-1)(N, )

I \/a4€(L—1)(RiC7 )
n (52(1*170" n E2a737cﬁ> ¢(<L-2)(Ric, )
(2.A.19h)

”QL,JlmkHLQG Sgaflfm/% /a—403(L)(¢, )+ ca "3 CVE, /Q}(SL—2)(¢’ )
+Vea 3 TVEJEED(D, ) + Vea 3 TVE @SN, )

n cq3-cVe, [@(SL-2) (Ric, -)

not present for L=2

(2.A.19i)
191, sunk | Sea™>7VE@D(N, ) + 2073~V Vg|| 2 + vEa™>VE €S0 (3, )
(2.A.19j)

||QL+1,JunkHL’é, Sea 17VE Ja—t@LAD) (¢, ) + ea 37 VEGSL (6, )

_1_\/5&—3—6\/5 €(§L+1)(Z7,)+\/ga—3—6\/g E(SL+) (N, )

+ ea”37VE JE(EL-D)(Ric, -)
(2.A.19K)

||6l,b,unkupc <ea' "0\ ED)(S, ) 4 eaTITVEEEL-2)(D ) 4 Vea T TVEV L) (6, 1)
- (sa_3 + al—cﬁ) \/ EED(N, ) + ea® 7y /&(<L-D(Ric, -)
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ea3y/EL=2)(Ric, ) 4+ ea~3"VE/ E(EL-9) (Ric, )

not present for L=2

(2.A.191)

”%L,JUHRHL%; <e2a' 77 /€(SL-D(Ric, ) + a3 7VF/ €(£L-2)(Ric, -)
+eal=\JelsLin(z, ) 1 oo Je=h(s, )

+a 37VE JE&(EL)(N, )
(2.A.19m)

H%LJrl,Junk:HLé S, 52(11700 ¢(£L0) (Rig ) + (c:a*?’*c\/E &(£L-1) (RiC, )
+eal TSI (S, ) 4+ aTFOVE JE(SLA (3, )
+ a3 VE JE(SLH) (N )

1€ iz, + 1BY unilliz

gea_l_c\/g\/(’i(ﬁT(W,-) +ea3TOVE JE(SL-)(W) )
+ea Ve Je) (g, ) + (mf?,fcﬁJraflfc\/E) E(EL-2)(¢, )
RO o
+ea 7 [ED(S, ) +ea 3" CWW
+ea~?\/€L=2(Ric, ) + ea 37V \/&?(ST(RR:,-)

not present for L=2

(2.A.19n)

PROOF. Once again, this follows by applying the a priori estimates from subsection 2.4.1
and Lemma 2.4.3, as well as the bootstrap assumption (2.3.17h) for the lapse, to deal with
the lower order terms in the nonlinearities, and then applying Lemma 2.4.5 as well as (2.3.8)
wherever this is necessary. Further, especially in (2.A.19n), it is often more convenient to use
the bootstrap assumption for ||V¢||c,, instead of the a priori estimate (2.4.4e) to gain higher
powers of ¢ in prefactors.

Recognizing that every low order curvature term can be estimated up to constant by a=¢Ve
at worst (see (2.4.4f)), we also note that any of the highly nonlinear curvature terms in J-
expressions turn out to be negligible after updating ¢ compared to Ricci energies arising from
applying Lemma 2.4.5 or compared to junk terms in which Ric[G] is tracked explicitly. O

2.B. Appendix — Future stability

Here, we collect the commutators in CMCSH gauge necessary to study the commuted
scalar-field equations:
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LEMMA 2.B.1 (Commutator formulas for future stabilty). Let ¢ be a scalar function on
Yip. Then, the following formulas hold:

(90, VI¢ =0
[90. Agl¢ = (Fo(g™)™)VaVi¢ — 2(g™ 1) (divg (nE), — 2Ven) Vi

Schematically, for k € N, this implies

(2.B.1a)
[507 AZ]C _ Z VI"TL *g V[):E *g VI<+1C + Z vlﬁ,ﬁ *g VI<+1C
In+Ig+I<:2k—1 Iﬁ+]<:2k—1
(2.B.1b)
00, VARG = Y Virnag VES s« VI 4 YT Vi Victl¢
In+fz+1(=2k Iﬁ+IC=2k’

PRroOOF. This follows from straightfoward computations, similar to Lemma 2.A.6 for the
low order commutators and to Lemma 2.A.7 for higher orders. U






CHAPTER 3

On the past maximal development of near-FLRW data for the

Einstein scalar-field Vlasov system

3.1. Introduction

3.1.1. Setting and Results. The goal of this paper is to study the past behaviour
of the Einstein equations in presence of both scalar field and massive (m = 1) or massless
(m = 0) Vlasov matter near Friedman-Lemaitre-Robertson-Walker (FLRW) solutions. On
a (3 + 1)-dimensional spacetime (M,g), these equations, which we refer to as the Einstein
scalar-field Vlasov (ESFV) system, are given as follows:

(3.1.1a) Riclglu — 5 Rlg7,., =87 (T3 15,61 + T1g. £])
(3.1.1b) 75 [9,6) = V,uoV.6 — g,wv Vot
(3.1.1c) 1,19, 1] = - pupw f(t, x, p)dvolp,
(3.1.1d) Og¢ =0

(3.1.1e) Xf=0

Here, X refers to the geodesic spray with respect to g on the co-mass shell

P= |_| Py, where Py ;) = {p € T M | pup" = —m?, p° > O}
(t,x)eEM

FLRW solutions take the form
(3.1.2a) (I x M, —dt* +a(t)*y),

where (M,~) is a closed 3-manifold of constant sectional curvature x € R and the scale
factor a € C*°(I) satisfies the Friedman equation (3.2.3a) with a(0) = 0. For C € R" and
F € C(Rg,RY), the scalar field ¢pprpw € C°(M) and the Vlasov distribution function
frLrw € C°°(P) are given by

(3.1.2b) Ot dFLRW = Caig, Vorrrw = 0 and

(3.1.2¢c) frorw (t,z,p) = J:((’Yil)ijpipj) = f<a(t)2’p‘!2]FLRW)'

We remark that the scale factor behaves like 3 toward the past singularity at t = 0 (see
Lemma 3.2.2). The main result, stated in full in Theorem 3.8.1, can be summarized as follows.

119
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THEOREM 3.1.1 (Past stability of FLRW solutions to the ESFV system, short version).
Let M be a closed Riemannian 3-manifold that admits a metric vy of constant sectional cur-
vature. Let <M,§, I%,f'r, 1/3, f> be CMC initial data in the sense discussed in Section 3.2.3 to
the ESFV system (3.1.1) that is sufficiently close to FLRW initial data with isotropic matter
given by a non-trivial scalar field and Vlasov initial data fFLRW with compact momentum
support. In the case of massless particles, additionally assume that fFLRW and f vanish in
an open neighbourhood of the zero section of P. Then, the following statements hold.

(1) The past mazimal globally hyperbolic development (M,g, ¢, f) within the Einstein
scalar-field Vlasov system is foliated by CMC hypersurfaces My = t~=1(s), s > 0,
and ezhibits stable Kretschmann scalar blow-up of order t=* toward the Big Bang
singularity at t = 0.

(2) The solution variables (g, k, ¢, f) exhibit asymptotically velocity term dominated be-
haviour towards the Big Bang singularity. In particular, in an appropriate function
space, f(t,-,-) converges to a limiting distribution fpang on the cotangent bundle of
the Big Bang hypersurface. This distribution is close to the initial distribution and

vanishes for sufficiently large and, in the massless case, sufficiently small momenta.

If one additionally assumes that the momentum support of f is close to that of the FLRW
solution, then so is that of fpang, see Corollary 3.8.3. We note that, when viewing the Vlasov
distribution on the mass shell rather than the co-mass shell, the particle momenta concen-
trate in directions determined by the leading order asymptotics of the shear, as is discussed
in Remark 3.8.5.

Additionally, for k > 0, Theorem 3.1.1 also implies stable Big Crunch formation toward
the future: The respective FLRW solutions exist on M = (0,T) x M for some T' € RT and
are preserved under the time reflection t € (0,7") ~ T —t (see Lemma 3.2.1 and 3.2.2). Thus,
the entire analysis toward the Big Bang singularity can be re-applied approaching the Big
Crunch singularity in the case of positive spatial curvature.

This is, to our knowledge, the first asymptotic stability result in the contracting direction
involving Vlasov matter that does not require any symmetry assumptions. Furthermore,
since Vlasov matter asymptotically matches the equation of state of radiation (see Section
3.1.2.2), this extends the regime in which the presence of a scalar field stabilizes Big Bang
formation compared to the recent result [BO24b] (see the discussion in Section 3.1.3.2).

3.1.2. Background.

3.1.2.1. Singularity formation and quiescent cosmology. Since the singularity theorems
by Penrose [Pen65] and Hawking [Haw67], understanding the nature of singularity formation
has been one of the core pursuits of mathematical relativity. While these theorems describe

under which conditions spacetimes become causally incomplete, they provide no information
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about the type of singularity. In cosmological settings, the two following conjectures con-

cerning past singularity formation have garnered particular attention:

Firstly, the Strong Cosmic Censorship (SCC) conjecture states that the maximal devel-
opment of generic initial data becomes inextendible when it becomes geodesically incomplete.
In view of results in the homogeneous setting by Chrusciel and Rendall [CR95] and Ringstrom
[Rin00; Rin01]! as well in Gowdy symmetry by Ringstrém [Rin09a], the cosmological version
of this conjecture usually specifies this to be C?-inextendibility caused by blow-up of the
Kretschmann scalar. Since directly computing the asymptotic behaviour of the Kretschmann
scalar given general initial data is often difficult if not impossible, evidence toward this conjec-
ture is commonly provided by showing that the Kretschmann scalar blow-up of a particular
explicit solution is stable within solutions to the Einstein equations. We will discuss the

available results in this direction for FLRW and Kasner spacetimes in Section 3.1.3.1.

Secondly, the BKL conjecture (originally formulated in the work of Belinskii, Khalatnikov
and Lifshitz [BKL70]) states that the asymptotics of vacuum cosmological solutions to the
Einstein equations toward the Big Bang are driven by spatial inhomogeneities via spatial
Ricci curvature terms. This should then cause the metric evolution to become highly oscilla-
tory and chaotic, often referred to as “Mixmaster” behaviour (see [Mis69]). Originally, it was
conjectured in [BKL70] that introducing matter to the Einstein equations does not change
the leading order asymptotics compared the vacuum BKL picture. However, Belinskii and
Khalatnikov later observed in [BK73] that scalar field and stiff fluid matter appear to have
an exceptional role: These matter models exhibit quiescent Big Bang formation, i.e., this
choice of matter dampens any potential oscillations. This generates stable past asymptotics
with asymptotically velocity term dominated (AVTD) asymptotics, i.e., the solution agrees
at leading order with the asymptotics of the formal system obtained by dropping all spatial
derivative terms from the equations. In particular, this would mean that the SCC conjecture
holds for such solutions, since the Kretschmann scalar blows up for FLRW solutions with
non-trivial scalar field. For a recent comprehensive result on which types of initial data to

the Einstein nonlinear scalar field system generate quiescent singularities, see [OGPR23].

3.1.2.2. Viasov matter. The universe in its current state can, at large scales, reasonably
be modelled as a collisionless self-gravitating gas, where stars are viewed as particles with
rest mass m and are distributed according to a distribution function f (see [BT08, Chapters
1.2 and 4.1]). Since one needs to require that all particles of the gas travel along timelike
geodesics, f must satisfy the Vlasov equation (3.1.1e). The asymptotic behaviour of massive
Vlasov matter on FLRW spacetimes in particular corresponds very well to the dominant
matter components expected in standard cosmological models in the early and late universe
(see, for example, [Ryd16, Sections 5.5 and 6.4]): Toward the past, where the universe is
believed to have been radiation dominated, the density of massive and massless Vlasov matter

lsee also [Rin09b, Chapter 22]
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behaves like a4 and the equation of state approaches that of a radiation fluid (le ~ % oVt

this holds with equality in the massless case). Toward the future, where one expects matter
domination, the pressure converges to 0, approximating the equation of state of dust, and
the Vlasov density is of order a=3. Thus, even though a fully physical model of gas toward
the Big Bang may need to include collisions, Vlasov matter is already a realistic matter type
to consider from the perspective of FLRW cosmology.

While we will discuss some relevant results regarding past existence and asymptotic be-
haviour in Section 3.1.3, we also refer to [Andl1] for a more general overview of results

regarding the Einstein-Vlasov system.

3.1.3. Relationship with previous work. This paper both expands the known regime
of quiescent Big Bang formation caused by scalar fields and, to our knowledge, is the first
result on past stability in presence of Vlasov matter without symmetry. Thus, we will proceed
as follows: First, we compare our approach with the existing literature on Big Bang formation
for the Einstein scalar-field system. Then, we contrast them with results for Einstein scalar-
field fluid systems, since modelling the universe as a fluid is a common approach that is
closely related to the Vlasov approach (see Section 3.1.2.2). Finally, we compare our results

to those for Einstein (scalar-field) Vlasov matter.

3.1.3.1. Quiescent singularity formation for scalar field matter. Rodnianski and Speck
proved the first result [RS18a] regarding past stability of the Einstein scalar-field system
without symmetries, showing that Big Bang formation in FLRW spacetimes with spatial
geometry T3 is linearly stable and asymptotically velocity term dominated, i.e., the space-
time and matter variables asymptotically behave like the solution to the velocity dominated
ODE. This was extended to nonlinear stability in [RS18b], and then in turn to spherical and
closed hyperbolic spatial hypersurfaces in [Spel8], respectively [FU25a], see Chapter 2. In
the case of flat spatial geometry, the regime of past asymptotic stability has been extended
to moderately anisotropic generalized Kasner spacetimes? in [RS22] and then to the all sub-
critical® ones in [FRS23]. That these results can be localized was first shown for spatially flat
FLRW spacetimes in [BO24a], and in a recent preprint also for the entire subcritical Kasner
regime in [BOZ25]. In all of these cases, the Kretschmann scalar exhibits stable blow-up at
order t~* approaching the Big Bang (¢ | 0); the solutions are AVTD. Furthermore, Big Bang
stability near FLRW spacetimes can be localized, see [BO24a]. These recent developments
indicate that spatial geometry has little bearing on the past asymptotic behaviour of non-
vacuum solutions to the Einstein scalar-field equations. In fact, in their recent work, Oude

Groeniger, Petersen and Ringstrom [OGPR23] were able to establish a very general criterion

2Generalized Kasner spacetimes are solutions to the Einstein scalar-field system of the form

d d d
Tias = —dt* + Y _t?Pida’ @ da’, ¢ras = Alog(t), where » pi=1, » p;=1-8rA% Aecl0,1].
i=1 i=1 i=1
Note that, except for the FLRW case p1 = --- = pa, these are spatially homogeneous but not isotropic.
Solutions in the vacuum case (A = 0) are simply referred to as Kasner spacetimes.

3A generalized Kasner spacetime is called subcritical if the Kasner exponents (p;)i=1,...,q satisfy p;+p; —pr < 1
forall 4,5,k =1,...,d.
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for quiescent Big Bang formation in the Einstein non-linear scalar-field system, essentially
only requiring the mean curvature to be large enough compared to the initial data and the
eigenvalues of the initial Weingarten map are to be sufficiently far from one another (see
[OGPR23, Theorem 12]). In terms of Big Bang stability, the latter may be dropped near
a wide class of cosmological model solutions, including FLRW spacetimes (see [OGPR23,
Theorem 49]).

This independence of spatial geometry is reflected in our result insofar as that we allow
space in the reference FLRW spacetime to be of arbitrary constant sectional curvature. To be
more precise, the energy formalism we use for the scalar field and spacetime variables extends
the approach in Chapter 2 to FLRW spacetimes with spatial geometry T3 and S3, and then
couples this with an energy mechanism for Vlasov matter. However, restricting ourselves
to isotropic reference spacetimes is essential when Vlasov matter is present. Else, both the
tracefree part of Tz‘J/l and the energy flux no longer vanish in the reference spacetime, and
one would likely lose control of the shear and related constrained quantities. Thus, while it
might be possible to integrate Vlasov stability analysis into the frameworks of [FRS23] or
[OGPR23], which both included anisotropic spacetimes, there seems to be no loss of generality
in restricting ourselves to a methodology that only considers the case of an isotropic reference.
In particular, we note that one likely cannot use the same approach as in [BO24a] to establish
localized stability in the scalar-field Vlasov setting, as this seems bound to run into similar
issues as radiation fluids do in [BO24b] (see Section 3.1.3.2).

3.1.3.2. Past stability in FEinstein (scalar-field) Euler models. Given how robust scalar
field matter appears to be when considering past asymptotics of cosmological spacetimes, it
is a natural next step to analyze whether it can dampen the oscillatory behaviour one would

otherwise expect from matter models with AVTD behaviour, as discussed in Section 3.1.2.1.

For example, the dynamics of spatially homogeneous solutions to the Einstein-Euler equa-
tions with ¢2 € (0,1) are well understood to asymptote toward vacuum solutions, often of
Kasner type, that exhibit anisotropic curvature blow-up (see, for example, [WE97; Rin01;
CHO3]). Additionally, Beyer and Le Floch analysed homogeneous fluids on fixed (1 + d) —
dimensional Kasner backgrounds with linear equation of state p = c2p in [BL17]. In this

setting, the fluid velocity diverges toward the Big Bang in the supercritical case ¢ < é,

is time-independent in the critical case ¢? = é, and vanishes toward the Big Bang in the

S
subcritical case 1 > ¢ > 1 (see [BL17, Theorem 3.3]). In [BL17, Theorems 4.2-4.3], they
showed that subcritical and certain critical solutions to the Einstein-Euler system in Gowdy
symmetry are velocity dominated, while this can even break down on the Kasner background

in the supercritical case (see [BL17, Section 4.3)).

Given the AVTD nature of Big Bang formation in the Einstein scalar-field system, one
could thus hope that coupling with subcritical fluids preserves quiescence. Indeed, Beyer
and Oliynyk were able to prove in [BO24b] that subcritical FLRW solutions to the Einstein
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scalar-field Euler system are past stable (see [BO24b, Theorems 3.1 and 3.6]). However, the
critical case cannot be controlled by the Fuchsian approach in [BO24b] since leading terms in
the evolution of the fluid velocity become indefinite (see [BO24b, Remark 9.2]), which may
cause the fluid to degenerate. However, the results of [BL17] indicate that the critical regime

may still exhibit stability under stronger assumptions.

Since the critical case corresponds to radiation fluids in spacetime dimension 1 + d =
4, and thus to the asymptotic behaviour of Vlasov matter, our results essentially extend
the stability regime of [BO24b] to the critical regime for m = 0 and slightly beyond for
m = 1. That FLRW solutions to (3.1.1) fall into a critical regime is reflected in the fact
that only the Vlasov distribution itself remains close to the leading term of its velocity term
dominated counterpart, while the natural spatial metric on slices of the CMC foliation cannot
be controlled sharply. This causes components of the Vlasov energy momentum tensor to
diverge, including the macroscopic pressure and density that one would like to compare to the
fluid model. Nevertheless, the solution variables that determine the leading order asymptotics
of the spacetime fully retain their AVTD behaviour (see Remark 3.8.2). Further, that spatial
velocity directions cannot be ignored toward the Big Bang is also strongly indicated by even
VTD radiation fluids on Kasner backgrounds exhibiting this feature, and that stability of
their initial profile can only be ensured under additional symmetry assumptions on the initial
data (see [BL17, Theorem 4.3]).

3.1.3.3. Viasov matter in cosmological spacetimes. The Einstein-Vlasov system has been
studied extensively, especially in the context of future nonlinear stability, while little is known

in the contracting regime.

In 2+ 1 gravity, the first author has analyzed the past and future maximal development
of cosmological solutions to the Einstein-Vlasov system (see [Fajl6; Fajl7a; Fajl7b; Fajl8]).
In 34+ 1 dimensions, the system is known to be nonlinearly stable near Minkowski space (see
[Tayl7; LT20; FJS21; Big+21]) and near Milne spacetimes (see [AF20; BF22]). Moreover,
future stability is known for the Einstein nonlinear scalar-field massive-Vlasov system with
accelerated expansion (see [Rinl3]). Most of the tools used therein were extended to the
massless setting in [Svel2, Paper B]. The works [Rinl3] by Ringstrom and [Svel2, Paper B]
by Svedberg are of particular relevance to this paper, since the local well-posedness results
therein can be carried over to our setting. We discuss this in Section 3.3.3.

Regarding the past direction, it was shown in [DR16] that Kretschmann blow-up occurs
for any surface-symmetric non-vacuum cosmological solution to the Einstein-Vlasov system,
but no statement on the nature of blow-up is made. The first stability result for cosmological
solutions to the Einstein-Vlasov system was due to Rein (see [Rei96]) in the same setting;
the approach was extended to the scalar-field Vlasov setting by Tegankong, Noutchegueme
and Rendall in [TNRO04; TRO06], as well as to the case of A # 0 in [Tch04]. In these works,
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the authors studied solutions of the form

_equ(a,r) da? + 62)\(a,r)dr2 + (120_‘E

6 ensuring that the Strong

and obtained a lower bound on the Kretschmann scalar by a~
Cosmic Censorship conjecture holds in this symmetry class. However, when comparing our
results to [Rei%6], it should be noted that near-FLRW spacetimes are not covered by the
stability result [Rei96, Theorem 5.3], as discussed in the subsequent Remark. Indeed, in
these coordinates, FLRW spacetimes correspond to the choices

8T 4

Aa,r) =In(a), e 2M9) = 5 a*p(a).

Renormalised Vlasov solutions f* on the mass shell depend on the expansion rescaled velocity
variables w and F. In [Rei96], the maximum of these quantities on the support of f# at the
initial hypersurface a = 1 is denoted by wg and Fp, respectively. This notation in hand, one
computes that FLRW spacetimes satisfy

1072w Foy/1 + w% + Iy “62“(1)) oo fItiPLRW(l)‘

wo  rFo 15
257r/ V14 w? + FF(w? 4 F)dFdw = 5me?*Mp(1) = — .
0

—wo 8

The requirement in [Rei96, Theorems 4.1 and 5.3] that the quantity on the left-hand side
is bounded from above by % thus excludes near-FLRW spacetimes from the analysis. There

CO

are no such restrictions in the scalar-field Vlasov case studied by Tegankong and Rendall in
[TRO6] so that the aforementioned lower bound on the Kretschmann scalar still applies to
FLRW solutions. This bound is sufficient to show that the Strong Cosmic Censorship con-
jecture is satisfied for surface symmetric cosmological solutions to (3.1.1). However, it does
not necessarily reflect the leading order asymptotic behaviour of the Kretschmann scalar.
Indeed, in presence of a scalar field, the Kretschmann scalar of the FLRW solution blows up
at order a~'2 and for the pure Vlasov case at order a~%. In (3.8.5), we show that this blow-up
is stable, i.e., near-FLRW initial data also leads to blow-up at order a~'? and the rescaled
Kretschmann scalar remains close to its FLRW counterpart. The gap between our work and
the lower bounds in [Rei96; TR0O6] appears since non-negative terms which are dominant near
FLRW solutions are dropped in their computations. Moreover, in [TR06, Theorem 3.5], it is
shown that the expansion normalized eigenvalues of the second fundamental form converge
under rather restrictive assumptions on the behaviour on f* along the entire evolution.* In
(3.8.2e), we show that this is possible for generic near-FLRW data. Thus, our results are
not only the first to establish stable past asymptotics without symmetry assumptions, but
also refine previous results [Rei96; TRO6] in surface symmetry when considering near FLRW

spacetimes. It is also worth noting that [DR16] does not make a statement on the asymptotics

4n [TRO6], the proof of Theorem 3.5 uses inequality (3.3) from Proposition 3.2. This proposition assumes
that the support of the expansion normalised Vlasov distribution function converges in the p!-direction at the
rate t* for some a > 0. As the authors remark after the proof of Proposition 3.2, it is not clear whether such
an estimate holds for the past maximal development if f # 0 or how the result could be utilized for a potential
bootstrap argument.
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of the Vlasov distribution itself. In [Rei96; TRO06], the velocity support of the Vlasov dis-
tribution is contained in arbitrarily small, uniformly shrinking balls around the zero section.
By contrast, we show in (3.8.4a) that, in a weighted C''%-space, the Vlasov distribution con-
verges as a function on the co-mass shell to a footprint that is close to the initial distribution.
However, one must exhibit some caution in comparing these results, as all of the analysis
mentioned above is performed while considering the Vlasov distribution function on the mass
shell, while it only converges toward the Big Bang in this work as a function on the co-mass
shell. Indeed, when working on the mass shell, particle velocities concentrate in negative

eigendirections of the expansion normalised shear K ]‘_‘Q as is discussed in Remark 3.8.5.

ang’
We leave it open to future work whether any Kjl}'? ang close to 0 can be realised given suitable
near-FLRW initial data, but draw attention to some works closely related to this question:
Since the evolution of the shear is dominated by the scalar field in the ESFV system, it is
reasonable to use results in the Einstein scalar-field system for guidance. since the AVTD
asymptotics in these settings are also dominated by the linearized system, we may also con-
sider the linearized Einstein scalar-field equations for (relative) simplicity. In his recent result
[Li24b], Li established an isomorphism between near-Kasner initial data and data on the Big
Bang hypersurface for the linear Finstein scalar-field system. While no nonlinear analogue to
this result is currently available, in the preprint [FG25], Franco-Grisales shows that quiescent
initial data on the Big Bang hypersurface for the Einstein non-linear scalar field system that
admits locally Gaussian developments, akin to the analytic setting studies by Andersson and
Rendall in [ARO1]. This notion of geometric initial data at the singularity differs from that
the scattering data of [Li24b], instead having been established by Ringstrém in [Rin25]. Nev-
ertheless, the underlying singular initial data bear a strong resemblance to the asymptotic
data obtained in [OGPR23|, making [FG25] a promising step in working toward a full non-
linear scattering result even if, therein, the author constructs locally Gaussian developments
near the singularity that do not match with the CMC gauge used in [OGPR23] to approach
the Big Bang. In summary, these results all indicate that some form of scattering result is
likely to extend the full Einstein scalar-field system, and then the ESFV system. Thus, we
conjecture that this concentration of velocities is generic since, if no negative eigendirection

exists, K ]H3 must vanish identically. Finally, we note that the co-mass shell perspective

ang
has proven useful in tackling past global existence in spatial homogeneity, see [Tch04], and

T?-symmetry, see [Wea04].

3.1.4. Proof outline. We prove stability via a bootstrap argument on supremum norms
of the spacetime metric components, the scalar field and components of the Vlasov energy-
momentum-tensor as well as on low order supremum norms of the Vlasov distribution function
(see (3.3.13)). The core argument to improve these assumptions relies on a series of energy
estimates (see Definition 3.3.3), where the first two energy hierarchies adapt the arguments of
Chapter 2 to the current setting, and the third hierarchy provides sufficiently strong bounds
on Vlasov energies.
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We will first discuss the structural features of the Vlasov equation. Then, we discuss how
the argument of Chapter 2 is adapted to include Vlasov matter. We refer to Section 2.1.4.1
for a more detailed discussion of the bootstrap mechanism and the energy hierarchy for the

spacetime and the scalar field variables.
3.1.4.1. Features of Vlasov matter toward the Big Bang.

By viewing the Vlasov distribution as a function on the co-mass shell, the Vlasov equation
admits a particularly simple form in CMCTC gauge (see (3.2.19a)). In particular, momentum
characteristics remain uniformly bounded throughout the analysis if the momentum support
is bounded initially. However, this structure becomes significantly more complicated once
one commutes the equation with covariant derivatives adapted to this foliation. Firstly, one
generates terms of order t~! containing the shear which, a priori, prevent us from obtaining
integrable estimates. This essentially means that shear terms reappear that one would also
have at order zero in the mass shell formulation, see (3.3.12). Secondly, even if one were
to use a different commutation method, (3.2.19a) still contains high order lapse terms that
can only be estimated at the cost of scaling and are thus effectively borderline on an energy
level. To obtain closed estimates, we leverage the internal structure of the commuted Vlasov
equation in, to our knowledge, a novel manner: Toward the past, terms containing momen-
tum derivatives (“vertical derivatives”) of f may diverge faster than those with derivatives
orthogonal to the momentum (*“horizontal derivatives”). However, such terms either occur
nonlinearly and thus inherit smallness from lower order a priori estimates (see Lemma 3.4.2),
or are linear high order shear and lapse terms arising due to the reference distribution. In
particular, when commuting the Vlasov equation with, for example, K horizontal and L — K
vertical derivatives, those terms with more than K horizontal derivatives remain integrable
in time toward the Big Bang even when the Vlasov distribution function itself can only be
controlled imprecisely (e.g., using the bootstrap assumption). This allows us to obtain im-
proved estimates by iterating over increasing K, given one takes care regarding the coupling
with lapse and shear terms as discussed below.

We remark that the horizontal derivative as it occurs in the Vlasov equation involves
Christoffel symbols of the evolved metric and is thus not necessarily globally defined. While
low order supremum bounds can essentially be proven locally, energy estimates can only be
obtained globally. However, using the blockdiagonal structure of suitably rescaled Sasaki met-
rics on the cotangent bundle, along with the associated covariant derivatives, one can still
contract over the subspace of vertical derivatives and its complement (see Remark 3.2.4),
which allows one to globally define energies that only measure a fixed number of horizontal
derivatives of f. This is crucial as it allows us to exploit this scaling hierarchy within our

global energy formalism.

3.1.4.2. Integrating Viasov matter into the scalar field stability mechanism.
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Initial data and the bootstrap argument. We may take initial data to be CMC
without loss of generality, and are thus able to work in CMC gauge with zero shift. Fur-
thermore, we assume that the solution variables are e?-close to their FLRW counterparts in
Sobolev spaces H? with ¢ < 19, with their norms collected in H and Hiop, as well as in C™
with m < 16, collected in C, see (3.2.19a). These spaces are defined with respect to the con-
traction normalized spatial metric G (see (3.2.9a)) or, for the Vlasov distribution function,
the rescaled Sasaki metric G, (see (3.2.18)).

On the bootstrap interval, we first assume
C<Sea @

for ¢ > 0 and some sufficiently small o > e5. This small divergent factor is necessary due to
the spatial metric in particular degenerating toward the Big Bang singularity. Our goal is to
improve this bound to
¢ < ca—ch

for some ¢ > 0 by establishing improved energy bounds. We then extend these to H with
conditional coercivity estimates and then to C using Sobolev embeddings with respect to
~. Regarding Vlasov matter, Lemma 3.4.14 provides control on the energy-momentum com-
ponents based on specific Vlasov energies, which allows us to control the Vlasov matter
quantities in C directly upon Sobolev embedding with respect to v. While we may still
obtain strong Sobolev bounds for the Vlasov distribution function using similar conditional
coercivity bounds with respect to the Sasaki metric, this is not required for the bootstrap
argument. Additionally, we assume a weaker bound on low order derivatives of f — frrrw
that are not exclusively vertical, see (3.3.13b). This is only needed to obtain a priori bounds

on the Vlasov distribution function which then also improve upon this assumption.

That the bootstrap assumptions hold on an initial interval in the chosen gauge is ensured
by the local well-posedness result in Lemma 3.3.9. To establish this, we take the local exis-
tence, continuation criteria and Cauchy stability results in harmonic gauge from [Rinl3] in
the massive and [Svel2, Paper B] in the massless case. From there, we argue as in [Shall;
RS18b] to extend the result from harmonic gauge to CMC gauge, where the continuation

criteria need to be adapted accordingly.

A priori bounds. To deal with nonlinear terms in the evolution equations, we need
improved bounds on the solution variables at low order. In the FLRW picture, the Vlasov
matter quantities are dominated by the scalar field. More precisely, the energy density and
pressure of Vlasov matter behave like a~* while their scalar field counterparts behave like
a~0. This is preserved by the bootstrap assumptions up to a factor of a*?. Meanwhile, the
respective energy fluxes ngiF and T (}z/- ! vanish for the FLRW spacetime, and their perturbed

—3—co

counterparts can both only be bounded by ea Since, however, the energy flux only

occurs in the momentum constraint equation, which is not used to establish a priori bounds,
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low order improvements for shear, Bel-Robinson, metric and scalar field variables are then
obtained as in Section 2.4, where the Vlasov terms are always asymptotically negligible, see
Lemma 3.4.1f..

As for the Vlasov distribution itself, the distribution function at order zero and the evo-
lution of its support can be dealt with by applying the method of characteristics to the
rescaled Vlasov equation (3.2.19a). The commuted equations at order L cause borderline
error terms of the same order. As outlined in Section 3.1.4.1, these borderline terms can only
add vertical derivatives and are nonlinear, so that the other low order bounds can be applied.
Thus, one still obtains a priori estimates for L vertical derivatives of f — frrrw along similar
lines as at order zero, using the low order Vlasov bootstrap assumption on the horizontal
derivatives. This can be repeated over increasing order of horizontal derivatives, where all
borderline terms contain fewer horizontal derivatives and hence are already improved. In the
case where all derivatives are horizontal, the bootstrap assumption is not required, yielding a
stronger improvement than previously obtained for the mixed terms. Successively replacing
the bootstrap assumption with this improved bound then yields sufficiently strong a priori

bounds on the distribution function that, in particular, improve (3.3.13b).

Energy estimates. Regarding Vlasov energies, the transport equation for the distribu-
tion function f yields a mechanism for energy near-conservation using integration by parts
(see Lemma 3.6.2). We then use Sasaki-commuted Vlasov equations to obtain high order
energy estimates. At these higher orders, we again need to deal with borderline error terms:
Considering Vlasov terms with K horizontal and L — K vertical derivatives, differentiating
in time and applying the Vlasov equation, commuting 0; with horizontal Sasaki derivatives
leads to error terms of the form

(3.1.3) a7« VS % | VI F VR (f = frorw)g,

vert ~hor

At first glance, these diverge too strongly for the argument to close, since V3 can only be
bounded by caCVE using the a priori bound (3.4.3b). However, as for the a priori estimates,
such terms always contain less horizontal derivatives than the terms they originate from.
Moreover, they do not occur in the purely vertical case. Thus, we can obtain a suitable

energy estimate for the case of only having vertical derivatives, up to a term of the form

/to a(s)—lfcofw . a(s)wegﬁ)(f’ s) ds
t

for some fixed w > 0. Similarly, we obtain a series of hierarchized energy estimates for
mixed and purely horizontal Vlasov energies, where energies with K horizontal derivatives

(K+Dw - Qaid scaling means that borderline terms such as (3.1.3) are scaled

are scaled by a
more strongly than the energies they are controlled by, and thus do not enter the energy
estimates as borderline terms. This can be combined to a total Vlasov energy estimate on

the sum of all Vlasov energies at order L with their respective scaling, see Lemma 3.7.3.
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Additionally, we note that the Sasaki metric contains first order derivatives of the spatial met-
ric in its components, and the Vlasov equation also contains first order derivatives. Hence,
it is not obvious that our commutation method does not lose regularity. In fact, to ensure
that high order metric errors arising from commutator errors are kept under control, we use

scaled curvature energy estimates, see (3.5.19d) and (3.5.19g).

To ultimately improve the bootstrap assumptions on Vlasov matter quantities, these
scaled energy estimates are insufficient. To complete the argument, we derive a complemen-
tary, unscaled series of estimates with the same hierarchical approach. Regarding terms of
the type described in (3.1.3), the fact that VX is small, albeit divergent, ensures that no loss
of e-control occurs as soon as we allow for horizontal derivatives. Otherwise, these energy
estimates are proven in much the same way as their scaled counterparts. Since they are
slightly more delicate, we always focus on proving the latter type in Section 3.6 and sketch
the relevant adaptations for the former scaled estimates.

Energy estimates for spacetime quantities and scalar field matter follow along similar
lines as in Chapter 2, since Vlasov energies enter the respective estimates with time-integrable
weights, as we discuss in Section 3.5.2. In particular, since the sectional curvature is negligible
compared to both matter contributions in the Friedman equation (3.2.3a) and we do not make
use of the specific value of sectional curvature otherwise, extending the argument of Chapter
2 to k € R also only leads to error terms of low order (see, in particular, Lemma 3.7.1).
When considering how Vlasov matter couples into the remaining field equations, the rescaled
momentum constraint (3.2.20i) is the only term that is not evidently asymptotically weaker
than scalar field matter. Here, the leading scalar field term is Ca 3V ¢. Note that scalar field

4

energies scale V¢ by a®. Accounting for this, Vlasov energies always enter spacetime and

scalar field energy estimates with time integrable weights that are strictly smaller than those
for scalar field energies. In anticipation of the total energy discussed next paragraph, we also
derive energy estimates scaled by powers of at for the shear, for Bel-Robinson variables and

curvature terms, which follow by similar arguments as their unscaled counterparts.

Bootstrap improvement and the main theorem. Structurally, our strategy to

obtain strong energy bounds is to construct estimates of the following schematic form

(3.1.4)
to
F(t) S F(to) + / (5%5_1 + (time-integrable terms>) F(s)ds + (already improved terms)
t

As the first step in this procedure, we slightly oversimplify the total energy, see Definition
3.7.4, into the caricature

1 w
6total = 6total,SF + (54 + a4> Gtotal,metric + etotal,Vl .

Here, the contribution

1
equiesc = etotal,SF +e1 Qtotal,metric
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corresponds to the main terms of the total energy for the Einstein scalar-field system as in
Chapter 2, and €444, is a hierarchical combination of Vlasov energies as outlined above,
where any individual term is scaled by at least a*. This leads to the leading order scalar field

and metric terms entering from Vlasov energy estimates to be bounded by

tO w w
(3.1.5) a5 VR (s (s) + (o)t mearics)) ds
t

up to multiplicative constant. In other words, if we choose w > o > 0, this is compatible
with (3.1.4) applied to €4 since the prefactor in (3.1.5) is integrable in time, see Lemma
3.2.2. On the other hand, Vlasov energies at worst couple into the estimates of the remaing

energies as

to
(3.1.6) / a(s)T2TVECE, v (s) ds
t

Consequently, this prefactor can be kept time-integrable if one chooses w to be sufficiently
small, while still significantly larger than o. In summary, this yields an estimate of the form
(3.1.4) for €4 and consequently to the strong bound E;py < 54a_05%, see Proposition 3.7.6.

While this bound is sufficient to improve solely the e-prefactor in C, it would only show
that geometric and Vlasov matter energies diverge at rates no worse than a=* for some ¢ > 0,
which is insufficient to improve the boostrap assumption since w must be sufficiently larger
than o. However, this bound is still strong enough to ensure that (3.1.6) can be bounded by
e* up to multiplicative constant. Thus, this term is already sufficiently improved, and we can
essentially reapply the same schematic argument to €gyesc as to the total energy in Chapter
2 to obtain an estimate of the form (3.1.4). This leads to strong bounds on all components
of the spacetime metric, see Proposition 3.7.7 and Corollary 3.7.8. To obtain strong Vlasov
energy bounds (see Proposition 3.7.9), we then iterate the unscaled Vlasov energy estimates
over horizontal and total derivative orders, using that the other energy quantities are already

improved to obtain a series of inequalities of the schematic form (3.1.4).

The energy bounds then yield an improvement of the bootstrap assumption (3.3.13a)
as outlined at the start of this subsection, closing the bootstrap argument. Most parts of
the main theorem, including geodesic incompleteness and curvature blow-up stability, now
follow from these improved bounds just as in [RS18b, Theorem 15.1] or Theorem 2.8.2. In
particular, one can perform a similar argument for the Vlasov distribution itself, though
one loses one derivative order in doing so since one needs to directly estimate spatial and

momentum derivatives of the distribution that appear in the Vlasov equation.

3.1.5. Structure of the chapter. In Section 3.2, we introduce notation and the decom-
posed Einstein equations as well as some useful formulas. Section 3.3 collects the necessary
solution norms to phrase the initial data and bootstrap assumptions, and we establish a lo-
cal well-posedness result therein along with continuaton criteria for solutions to the ESFV
system. In Section 3.4, we prove a priori bounds and estimates for the solution variables

based on the bootstrap assumptions, including low order supremum norm bounds and some
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near-norm equivalencies. Energy estimates for spacetime and scalar field variables are col-
lected in Section 3.5, and the energy estimates for Vlasov matter in Section 3.6. All of these
energy estimates are combined in Section 3.7, which is then used to prove Big Bang stability

in Section 3.8.

3.2. Preliminaries

3.2.1. Notation.

3.2.1.1. Foliation, CMC gauge and spacetime objects. In this paper, we study the Einstein
equations in CMC gauge with zero shift unless stated otherwise. Our (3 + 1)-dimensional
spacetime (M,q) is thus foliated by constant mean curvature Cauchy hypersurfaces M, =
t=1({s}) for a time function ¢. These hypersurfaces are diffeomorphic to the closed orientable
3-manifold M, and thus we will often replace My by {s} x M or simply M without further

comment. With respect to this foliation, the spacetime metric is written as
= —n’dt® + gupdz®da®.

We write 5(75)“1"‘“*61._.1% for the g-orthogonal projection of any M;-tangent tensor {15 5

onto the hypersurface M;. We usually suppress the time dependency in this notation.

The (0, 2)-tensor
E(X,Y)=-g(Vx0,Y)
denotes the second fundamental form with respect to this foliation, where 9y = n~19; is the

future directed timelike unit normal. For the smooth scale factor a (see Lemma 3.2.1) and

when working in CMC gauge, the mean curvature of M; is given by

o L0)
(3.2.1) (t) = =3

Defining the dual of the Weyl tensor W = W(g| by
* I
s = 5 a5,
the Bel-Robinson variables are M;-tangent (0,2)-tensors defined by
By = a0c0> By = ;OC() .

Finally, we write
= * -
Jﬁ,y(j =V Wa/@,y(j, Jﬁ’yé =V Waﬁ’y(s .

Applying the Bianchi identity to Riem[g] allows one to reexpress these as follows

1l = . = . 1 = . =
Jons =5 (V,Ric[g]gs — VsRic[g]s) — 3 (955 VRiclg] — 95, VsR[g])

. I v = o 1 ——
50 = 55[9]“ V5Vul:hc[g],,g + Es[g]ﬂm;v R[q].
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The Einstein equations and CMCTC gauge imply the following explicit formulas.
1 1 ,= = 1 —
S?Jin =3 (VoTy; — ViTy) — EgijVOTa

T ST L ko
30 = 55[9] Vil — 56[9] i ViT
Since one has T = T°F + TV!, we can analogously decompose these expressions into scalar
field and Vlasov components, which we denote by (J°F )l(;j) and (J VZ)Z(-S; respectively.
3.2.1.2. Indices. We apply the following index conventions:

e Lowercase Latin indices a,b,...,%,7,... run from 1 to 3. In the context of spatial
derivatives or components of spatial tensors, these are always with respect to an
arbitrary local coordinate system (z%);—; 23 on M.

e Lowercase Greek indices «, 3, ..., i, v, ... are spacetime indices and run from 0 to 3.
Unless stated otherwise, the index 0 denotes components relative to dy, and indices
1,2, 3 denote spatial indices as discussed above.

e Uppercase Latin letters I,.J,... index objects on the cotangent bundle T*M (or,
respectively, the mass shell P, see Section 3.2.5) and run from 1 to 6. Here, indices
1 to 3 refer to spatial coordinates and horizontal directions, while indices 4 to 6 refer
to momentum coordinates and vertical directions (also see Section 3.2.5). We note
that we will always use coordinates (p;)i=123 on the cotangent planes canonically
induced from a local coordinate system (ﬁi)izl,lg, see also Remark 3.2.5.

Indices are raised and lowered with respect to g and g. When raising, respectively low-
ering, with respect to the rescaled metric G as in Definition 3.2.3, we denote this by T*,
respectively °. We will not raise or lower indices with respect to cotangent bundle metrics

to avoid potential confusion with schematic notation (see Section 3.2.1.3).

3.2.1.3. Metric conventions and notation. For any Semi-Riemannian metric g, its Levi-

Civita connection is denoted by V]g], and the Riemannian curvature tensor is defined by
Vol VlolsZ; — ViglsVlglaZ, = Riem[glas,’ Zs

The Levi-Civita tensor is written as e[g]. If g is Riemannian, (-,-)y and |- |4 denote the
inner product and norm respectively. Further, the respective Japanese bracket is defined by
(+)g=4/1+-[2. The volume form and element of g are written as dvolg and ug = v/det g.
Next, we define the following operations on (0, 2)-tensors A, A and vector fields v over M,

where all indices are raised and lowered with respect to g:

(Aog A)ij = A A%
(A Ng A)z = E[Q]iijquqp
(v Ng A)ap = s[g]aCdchdb =+ €[g]deUcAad

N . N 1 - 1 N
(A xg A)ij = e[gliela] ;P! AupApg + §<A7 A)e8ij — g(tng)(f‘ng)gij
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1 c ¢
(curlgA);; = 3 elgli dv[g]dch + elgl; dV[G]dAcz’

(divgA); = Vg]" Aip

We extend this notation to M;-tangent tensor field and time-dependent Riemannian metrics
g+ on M; analogously. To simplify notation, we will write *; to denote any contraction
between two tensors with respect to g, up to an implicit multiplicative constant. For m € N,
we write
TN =T % xT .
m—times

If no metric is specified, * contracts indices using the expansion normalized spatial metric G,
see Definition 3.2.3. Multiple covariant derivatives of a tensor ¥ with respect to (projected
components of a) Levi-Civita connection V[g] are denoted by V[g]'T. These superscripts
indicate the number of derivatives instead of an index if and only if they are uppercase Latin

letters or formulas.

We note that the Weyl tensor vanishes in three dimensions, so that

2

For three-dimensional Riemannian metrics g, Riem[g] and Ric[g| are equivalent in our schematic

Riem|g];;ji; = Ric[glixgj — Ric[glagjr + Riclgljigir — Riclgljrga — = Rlg] (9ix9;1 — 9agjk) -

notation and will be treated as such throughout.

3.2.1.4. Constants. For scalar functions (1, (2 with (2 > 0, we write (; < (2 if and only if
there exists a constant K > 0 such that max (¢1,0) < K2, and (1 ~ (2 if (1,(2 >0, (1 < (2
and (o < (;. Implicit constants are allowed to depend on data from the FLRW reference
solution as well as the initial time ¢g.

3.2.2. The background solution and the Friedman equation. We collect proper-
ties of the FLRW reference solution:

LEMMA 3.2.1 (FLRW solutions to the ESFV system). Consider an FLRW spacetime
(M, GrLrw) of the form

(M = (0,T) x M, Gpprw = —dt* + a(t)*y)

for T € RT U {oo}, a closed orientable 3-manifold (M,~y) of constant sectional curvature

k € R and a € C*(0,00) . Further, consider isotropic scalar field matter and Viasov matter,

1.€.,

(3.2.2a) OdrLrw = Ca(t)™, Véprrw =0,
(3.2.2b) frorw (tz,pi) = F (v H)9pipj) . F € CX(RE,RY)
and

(3.2.2¢) Py (1) =4 / R?\/m2a(t)? + R2F(R*)dR,

0
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2)VdR.

47T
3.2.2d /
( ) pFLRW m

Then (M, Gprrws PFLRW, [FLRW) i a solution to the ESFV system (3.1.1) if and only if

4 8T
(3.2.3a) a? = ?WC’QCF4 ?afnglLRW - K.

Further, one has

8 4
(3.2.3b) i=— gcaa—r) - ?ﬂa_g (pglLRW + 3P¥1LRW)
PRrROOF. This is a standard computation, see [O’N83, p. 345] . O

Given the Friedman equations (3.2.3), the mean curvature (see (3.2.1)) satisfies the fol-

lowing identities
(3.2.4a) 72 =1270C%a% + 24mwap¥Y pur — Ika >
(3.2.4b) dr =127C% =0 + 127a" (p%’L aw + p%lLRW> — 3ka~2

Since the scalar field remains the leading term in (3.2.3a) approaching a = 0, the asymptotic
behaviour of the scale factor toward the Big Bang singularity is not affected by Vlasov matter

or the sectional curvature. More precisely, it satisfies the following properties.

LEMMA 3.2.2 (Scale factor analysis). Let a be a solution to (3.2.3a) for C' > 0 with
a(0) = 0 that is positive somewhere. Then, there exists some mazximal time of existence
0<T < oo withae C(0,T),RY)NC¥((0,T),RT). For k <0, a is strictly increasing and
one has T = oco. Else, T > 0 is the unique time such that ('z(%) = 0. Then, a s strictly
increasing on [0, %] andt € (=L, L)~ a(t+ L) is even.

Ast ] 0, one has a(t) ~ £5 Further, letting to € R™, with tg < % if K > 0, the following
bounds hold for any t € (0,ty), any ¢ > 0 and constants ¢, K > 0 that are independent of

t,tg,p and q.
4
(3.2.5) ,/%Ca(t)—Q <a(t)+x
to La(to)r >0
(3.2.6) / a(s)-3+rgs < d A0 P
t F%‘a(t)_‘p| p<O0
to K
(3.2.7) / a(s) 2 ds < —a(t)™
t q

PRrROOF. For the first statement, we note that the functions
ai—>/ R%*\/m2a2 + R2F(R?)dR, a»—>/

are analytic on (0, 00) since F is compactly supported. Thus, (3.2.3a) is of the form & = G(a),

2
77”2&2 —F ()R

where G is analytic on (0, 00). By the same argument as in the proof of [FU22, Lemma 2.2],
the first statement holds for 0 < T < oo with T' = oo for kK < 0. The case of k¥ > 0 follows as
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in the proof of [Spel8, Lemma 3.5]. (3.2.6)-(3.2.7) are proven as in Lemma 2.2.4 for k < 0
and [Spel8, Lemma 3.7] for £ > 0. (3.2.5) follows immediately from (3.2.3a). O

%, i.e., we take our

initial data during the era in which the universe does not contract. By Lemma 3.3.6, we may

Below, in the case where x > 0, we will always tacitly assume tg <

do so without loss of generality. By reflection at %, all of our statements regarding Big Bang
stability in this case also apply identically to stability of the Big Crunch as ¢t T T'.

3.2.3. Initial data. Herein, we briefly describe the form initial data for the ESFV
system (3.1.1) takes within this paper: Consider data

(Mv.é?ka’;r’wvf)v
where ¢ is a positive definite symmetric (0,2)-tensor on M, k a symmetric (0,2)-tensor, 7
is an exact (0, 1) tensor, and ¢ and f are scalar functions on M and T*M respectively.
Moreover, since f represents a particle distribution function, we will assume f > 0.
For constant mean curvature (CMC) initial data, we additionally require that
a(to)
a(to)

Additionally, the following constraint equations must hold: For € M and understanding

trgif =-3

indices to be lifted with respect to ¢, we require,

(3.2.8a)
R[g) +1— (k%K) b (z) =87 |[ip(2)]* + |7[2,| + 167 m2 + [p|2. f(xz,p) ;' dp and
* M g g

3280 {divgbhi(a) = ~STi@ R <87 [ o d.

For the Vlasov quantities in these equations to be well-defined, we will assume f to have
compact momentum support, i.e., {p|(x,p) € supp f} is a compact set. In particular, this
implies that (z,p) — |p|,, is uniformly bounded on supp f )

In the following, we understand initial data to be embedded into a spacetime (M, g) along
¢ such that (M, g, ¢, f) solves the ESFV system with

W(M) = My, *g=§, 'k =k, .5(Vo) =, 0o = v and (T*0)* f(to,-,-) = f,

where T*: denotes the cotangent map of ¢.> The maximal globally hyperbolic development
of such data is unique, as shown in [FB52; CBG69]. We thus assume said solution to be
globally hyperbolic throughout. FLRW initial data is, surpressing the embedding, given by

(Mv a(t0)27¢ —d(to)a(to)’)’, 0, C(I(to)_g, (J),p) = *F(|p|'2y)) :

3.2.4. Expansion normalised variables.

5We note that, for the Vlasov distribution, we view the co-mass shell P as foliated by (P(t,‘))ze 1 and identify
each leaf of this foliation with 7™ M; here and throughout.
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DEFINITION 3.2.3 (Expansion normalised variables for Big Bang stability). We will use

the following expansion normalised variables:

(3.2.9a) Gij = a2 Jijs (G_l)ij =a? gij, i = aiﬁj =a (kij - ggij)
(3.2.9b) N=n-1

(3.2.9¢) &j=a"Eij, By =d"Bj

(3.2.9d) U =a®9pp — C

Further, on the co-mass shell
(3.2.10) P= || Py, where Py, ={pc T3 )M | pup" = —m?, po < 0}
(t,x)eM

with m = 0 in the massless and m = 1 in the massive case, we define the rescaled momentum

variables

(3.2.11) v =p;, 0 =ap’ =/m2a+|p%, vg =y/m?a® + |v]2,

We refer to Remark 3.2.5 regarding the pointwise norms |v|¢ and |v|,. For any t € (0, %], we
define the following momentum support bounds:

(3.2.12a) P(t) := sup sup  |v|a,
€M vesuppf(t,z,-)
(3.2.12b) POt) := sup sup 00

€M vesuppf(t,z,-)

P, respectively PS, are defined replacing |v|¢ with |v|,, respectively v? with Ug. Finally, we
write the rescaled components of the Vlasov energy-momentum tensor as follows:

P = Tlg s = [ S

T*M
; ;o Vs Gfl il
I e
1 1 V|2 _

VLN oV Viri
(S ”)j_(S )j_p I

=T ) = [ wftta oGt

1

Note that, in the massless case m = 0, one has p¥! = gpw. Furthermore, since frrrw is

isotropic, one has ]%lL rw = 0 and also

Hy

(3.2.13) / v frLrw (t, -, v)pg dv = =L g0l g = 0.
T*M e

This implies

(3.2.14) M=a3 /*Mv(f — frorw)(t, z,0) ug' dv.
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3.2.5. Sasaki metrics. In this section, we review properties of the Sasaki metric and
the resulting geometry on the cotangent bundle that will underpin our analysis of the Vlasov

equation. For a more detailed overview, we refer to [CGS22, Section 2.4].

The rescaled metric G on M; induces the Sasaki metric on T*M; by

G = Gyjda'da’ + (G™1)" Dv; Do,

where Dv; = dv; — I‘[G]gkvjdﬁ. In the following, V denotes the covariant derivative with

respect to G. We will express this connection using the local frame
(3.2.15) A, =0, + ij[G]gkavk, B = 81,1. .

Note that one has Dv;(A;) = 0 for i,j = 1,2,3. We will denote this frame by {Sr}r=1,. 6
with, for i = 1,2,3, SL = A; for I = i and S; = B! for I = i + 3. Coefficients with
respect to this frame will consequently be labeled by underlined, capitalized Latin indices.
For reasons explained below, we will refer to {A;};=1 23 as the horizontal frame components,
and {B'};_1 2,3 as the vertical frame components. For the sake of notational convenience, we

will simply write ¢ and ¢ 4+ 3 to distinguish between horizontal and vertical elements of the

frame S;. For any tensor 7 on T™*M;, we further simplify notation as follows:
(3.2.16) VT =V,T =Va, T, VPT =V3T = Vg7,

where ¢ = 1,2, 3. With respect to the frame {S;}, the connection coeffients of G are as follows
(see [AF20, Appendix D] for the tangent bundle analogue).

(3.2.17a) 7%1 =T[G]}; Ekﬁgl‘ = %UlRiem[G]lkij

(3217b)  TFg); = %leiem[G]ﬁ”k ; T j43) = %leiem[G]iji

(32.17¢) M3, 4, = — TGl LH3, e =D s s = D248 43y = 0
We also introduce the rescaled Sasaki metric as follows

(3.2.18) Go(Ai, Aj) = Gy,  Go(Ai,B) =0, Gy(B,,B) = (")"2(G™1)¥

as well as the following analogues with respect to ~.
ﬁvi =dv; — fgkvjda:k
v =vidz'da? + (1) Dv; Do,
% =;jdz'dx? + (m? + ]v|,2y)71(7*1)”f?viﬁvj

REMARK 3.2.4 (Notation for horizontal and vertical covariant derivatives). A technical
difficulty arises from the fact that the horizontal frame {A;};—1 23 is not globally defined. On
the other hand, it naturally arises in the Vlasov equation (3.2.19a), and our hierarchy will
require us to treat horizontal and vertical covariant derivatives differently. One can, however,

split vector fields on T* M, into their horizontal and vertical components globally.
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Let mp«ps : T*M — M denote the canonical projection and T« : TT*M — T* M its
tangent map. Recall that ker T'wp-); defines the vertical cotangent bundle. Let U(T* M) be
the space of sections of TT*M over T*M which are valued in ker T'7wp«ps. Then, U(T*M)
is spanned by {B!,B2 B3}. Its orthogonal complement U(7*M)* admits the local basis
{A1,A2,As}. We now split vector fields using the G-orthogonal projection

P:X(TT*M) — B(T*M), PW = > G(B, W)B’,
i=1,3
onto vertical vector fields. Covariant derivatives can now also be split into horizontal and

vertical components by taking

\Y4

~vert *

X(T*M) x X(TT*M) — X(TT*M), (YVyer)wZ = V)2

and analogously for V. replacing P with P+ = 1 — P. In particular, extending this to
tensors, contractions along these projected covariant derivatives reduce to expressions of the

following type for scalar functions &1, & on T*M:
(VI K &, VI EVE &),
(v0)2(L_K)Gi1j1 s GiL—KijK (G_l)klll ce (G_l)leM'
,zi1+3 e 'ZiL_KJrgzkl cee ykal zJ'1+3 cee ij—K+Szll . 'leé‘Q:|

The term <X25;¥yhm§1,yﬁ;%yhm@)% (see (3.2.19b)) decomposes similarly. By con-
struction, such expressions are defined globally on 7™M .For the sake of simplicity, we will
often view V., as an operator defined on U(T* M) xX(TT*M), i.e., as only applying vertical

covariant derivatives, and analogously view V..

REMARK 3.2.5 (Lifting to the mass co-shell). In the following, we will need V (and the
derived connections V, ., and V; . as well as z) to act on quantities that are not a priori
defined on the co-mass shell and thus, technically, need to be lifted to it. We will suppress
such lifts throughout the paper: For example, when considering any M;-tangent tensor ¥,
VT will refer to the covariant Sasaki derivative on the pullback of ¥ along the canonical

projection 7y : Py ~ T*M; — M;. In particular, one has
V.T=V;T, VBT =0.

Conversely, we lift the momentum variables v to the covector field ¥ on the co-mass shell at
time ¢ by

0; =0, Uitz =,
and simply write Vv; := V9;13. We collect various derivatives of momentum variables in
Lemma 3.2.7. We write v¥ = (G|,.},)7v; = (G~1)Yv; and define Vo analogously, as well as

vl and [v],.

3.2.6. 3 + 1-decomposition of the Einstein equations.

3.2.6.1. The rescaled Viasov equation. The Vlasov equation (3.1.1e) reads

X[ =9"pa0sf + G Ti\pupuOp, f
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170, .
:n_lpo <8tf + gpfznAjf —pOVmB’f> =0.

Above, we used that connection coefficient terms containing precisely one zero index precisely

cancel in these coordinates since p® = —py and consequently

pop; g’ Ty + p°p;Th = p; (—pogﬂku — p“%) =0.

Rearranging and using the rescaled variables from Definition 3.2.3, the Vlasov equation be-

comes
2 .
(3.2.19a) Of = —a NN + I)Z—OAjf +a WV,NBIf = X
We extend X to T* M;-tangent tensors 7 on the co-mass shell as follows:
Y] .
(3.2.19D) XT = -a " (N+ 1)V, T +a "'V,NB/'T
v

3.2.6.2. Constraint equations and equations for the rescaled spacetime and scalar field

variables. We collect the evolution equations for the shear, the metric and derived variables:

a

(3.2.20a) OGij = —2(N + 1)a™*%;; + 2N =G
(3.2.20b) B (G =2(N + 1)a~3(%)7 — 2N%(G_1)U

(3.2.20¢)

0(£h, =7N(EH), — aV*V;N + (N + 1)a [(Ric[G]ﬂ)’ - 2@1;’}
J

— 8n(N +1)aV¥ V6 + N [47r02a*3 +dma”! (prJL aw + p%lLRW) - m] i

—8ra (S = ama ™ [ (V1 = o ) = (P = PFLaw )| T

(3.2.20d)
ok (G] = — (N + 1)a™? [vi(zﬂ)kj + V(S — vﬁ’fz”}
—a3 [ViN(Zﬁ)kj +VN(SHE, — Zijvﬁ’w}
+ 2[ViN T+ VN T - VEN -Gy
(3.2.20¢)

8tRiC[G]ab = a_g(N + 1)(Agzab — VﬁdVaEdb - Vﬁdvbzda)
+ a7 3VHN(2V S0 — VaZar — VeLda)
—a3 (Vo N(divgX)p + Vp(divgX),) + AgN (cf?’Zab + gGab>

—a? (vﬂdvaN Sy + VIV, N - zda) n gvavbzv
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The rescaled lapse equations® read

(3.2.20f) AgN = [127T02a_4 3k + 12702 (pYJL aw + pYJLRW)] N
+ (N +Da™* (|IZ[% + 1670V + 877?)

+4ma A(N +1) [(PW - PKZLRW> + (Pw - p%iRW)} ;
(3.2.20g)
AGN = [1%02{4 3k + 12ma2 (pﬁ aw + p%lLRW)] N + (N +1)(R[G] — 6x)

+12ma (N +1) pr - pglLRW) - (PW - pglLRW)] :
We arranged the Vlasov terms so that the evolved density and pressure appear as in the
solution norms used later on (see (3.3.2¢)), so that we can expect these terms to be small, at
least initially.

The constraint equations read

(3.2.20h)
R[G] — 6k —a H2,8)g =8 [a™*W? +2Ca "V + |Vo|g] + 16ma > [pw — vt prl
(3.2.201) (divgX); = — 87V6(¥ + C) + 817",

with the respective Bel-Robinson analogues

(3.2.20)

2 4
&ij = a'Ric[G;j + 57%60@ - ga?’zlj — (Z Q¢ X)ij — 4na'Ty; — g(

. T b
=a* (Ric[Gli; — 2kGij) + g&gzij — (R0 )i — 4na'VipV;¢ — 477@2(Sw)yj

3T00 — tl"gT)a6G¢j

47 8 167 167
Tl + ey Wow] oy - T (2 gl ) w6y,
3 3 3 3
(3.2.20k)
Bl'j = — a?’curlgEij .
The evolution equations for the Bel-Robinson variables are as follows:

(3.2.201)
&5&']‘ = (3 — N) %&'j — ail(VN aVe! B)ij + (N + 1)aflcurl(;l5’ij

5 _ 2 _
—(N+1) 5(1 3(6 XaG E)ij—i—ga 3<5,E>GGZ']':|

+4A7(N + 1)a (¥ + 0)*Sy; — An(N + 1)aa® V¢V ;¢ + 4naV ;NV jyp(¥ + C)

6Recall that, for k > 0, we have assumed to be in the contracting regime without loss of generality (see Lemma
3.2.2 and the subsequent remark). Thus, recalling (3.2.4b)

Ot = 127C%a™* — 3k + 127a ™2 (p}zlLRW =+ p%lLRW) >0

holds and the lapse equations (3.2.20f) and (3.2.20g) are always solvable.
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~dma(N + 1) [V UV;6 + V;UVid + (£, V,)6Vié — (T + C)vivjﬂ
2
+ (N +1) Haﬁao (a 5V +0)* +a?|Ve|E) + 4rl —(T+C) ] Gij

Jyl

+a 107 JZO_]i|

4N+1[
2

(3.2.20m)
O Bij = g (3—N)Bij+a (VN Ag E)ij — a (N + 1)curlgEij
—(N+1) Ba—3(3 xag )i + %a_?’(B, 2>GG1-J
— An(N + 1)e[Glim; (a3vﬁlvj¢vﬁm¢ +a L (SHL VI (T + C))
A0+ (o]

To compute the new matter terms in the Bel Robinson evolution equations, we first insert

+a

(3.2.19a) and then integrate by parts for any vertical derivatives that occur to obtain

(3.2.20n)

N +1 (
2.87 12

a~2(sV! b1 -3 Vi
1) (5" —5(N+1a Vigj)

N+1 — N—+1
JZO_] jOZ) - 2 ( TVl v(lTj‘)/(l)> gZJVOTVl
+ 2(

1 _ viv‘vﬁk _
+ 50 3/T*M[ I~ (N + 1)V, f + B (vjv;) Vi N f | ug'do

(v0)?
_5 ’UZ'UJ’Uﬁ 'Uﬁl 1

; 2 - 2,2
— = a YN+ 1)/ UZZJ . a2 fﬂGldU + (pure trace terms)
T*M Y (v?)

Furthermore, we have

N +1 1
(3:2200) T ((JW)ZOJ (JVZ)]OZ) 5 a G (T
1 _ 1 _
—ia a[G]W(i/ et dv — ia €[G]ﬁkl(12j)k/ uf pg'dv
M T*M

Finally, the rescaled wave equation reads

(3.2.20p) 0, = a(N + 1)A¢ + a(VN, Vo) — 3%1\7(\1/ +C).

3.2.7. Miscellaneous formulas. To finish this preliminary section, we collect some
useful commutator and derivative formulas which can all be proven by straightforward com-
putation:

LEMMA 3.2.6 (Commuting derivatives and integrals). Let ( : M — R and £ : P — R be
sufficiently regular. Then, the following statements hold:
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(3.2.21) 8t/ (dvolg = / (0,¢ — N7¢)dvolg

(3.2.22) 8,5/ / Edvolg = / / O0iédvolg

(3.2.23) [Vh .V, &(t, -y v)dvolGTA*M} (x) = V.-V, &t v)dvolQ‘T;M
T*M T*M

LEMMA 3.2.7 (Covariant derivatives of momentum functions). Recalling the notation from
Remark 3.2.5, the following formulas hold:

v
(3.2.24a) Vup = V0" = V;(v)g = Y (?k) =0
A 1k UrU
(3.2.24D) V) = [Fé-k _sz} (v 0
Y
. ti , t 1 . ol
994 j+3,0 _ U7 j+3 _ v g3 (YR _ L VRV
(3.2.24c) V=g Y g’ A% <UO) L0k (00)?
LeEMMA 3.2.8 (Frame commutators). Let & : P — R be sufficiently reqular. Then, one
has:
(3.2.25a) A, Aj]¢ = vxRiem[G]*, Bl
(3.2.25b) [A;, B/J¢ = —T[G);BY
(3.2.25¢) [A;,v;B/)¢ =0
(3.2.25d) 01, V)¢ = v (OT[GLS) Bl
(3.2.25¢) [0, V3¢ =0
1 'Uﬁ‘]'vl . m j k
(3.2.25¢) (X Al = —a” (N+1)| =3 Riem[G]',, . B 5— ~LT(GY, BF¢
175 — j
+a lv—éViNAjf—a LWO(V,V;N) B¢
(3.2.259) X B —at (i - Y (v 1A
2. =a |5 -
8 ’ v0 (0v9)?

tj ti
10 i _10 .
+a IW [G]lelg—a 1m(vjN)Bﬂg

PRrROOF. We take (3.2.25a)-(3.2.25b) from [CGS22, (38)]. (3.2.25¢)-(3.2.25¢) are immedi-
ate. (3.2.25f) and (3.2.25g) follow with (3.2.25a)-(3.2.25¢) and the product rule. In particular,
for (3.2.25f), one computes

0" (V;N)BIAE — A; (W'V;NBYE)
=" [(V;N) - T[GI B¢ — (&,V;N) B
—0* (V,;V;N)Bi¢.
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3. Norm setup, local well-posedness and bootstrap assumptions

3.3.1. Norms and energies. In this section, we introduce the necessary norms to state
our initial data and bootstrap assumptions, as well the energies we will utilise in our bootstrap

improvement mechanism.

DEFINITION 3.3.1 (Norms and function spaces). Let T be a M;-tangent tensor, let £ be
a function on P, let 2 € M and let u € R as well as K € N. We define the following
semi-norms:

3.3.1a < - = sup (|[VEZ
( ) [ ||cg(Mt) xez\%(’ a),
o K
(3.3.1b) Hg”cﬁgo(T*Mf) = (x,v?gﬂl“)*Mt@yé {Y f(tﬂ?ﬂ’){go

33.10) Iigany = ([ 7ol
My

1
[owats Sl U dvole)
T* M, | ‘G =0

/ <U>2GM|VK€(t7x7v)‘%’odvolg>
T* My =

1
2

(3.3.1d) Il grre,, yerensy =

(3.3.1f)
1
2

1£(t, 2, -) !\Hfgo‘vemo(T;Mt) =

(3.3.1e) Il e, ey = (

1+ ||
2
/T*Mt <v>GM ’U|G L |vvert (tv 2, U)|2QO|WN dVOlleert

(3.3.1g)

2
2
”f(tvza’)HHKG (T My) = (/ < > M‘V'Uert (t7Z7/U)‘2GOverthOlee’l‘t>
w,Golvert,1 T;Mt

The corresponding norms when replacing G with v or G gy with v (0) are defined analogously,

)

as well as the respective HX- and C¥-norms. The corresponding function spaces are defined
by completion with the respective norm. Finally, we write ||-|| ; K= €1l Ko (and similar
NN wGos

for the other Sasaki Sobolev norms) and define

(3.3.1h) €N oo gy @y = sgﬂguﬁ(t,:r, Mz, (T My) -

#Golve Golvert>m

The following combined solution norms will be used to efficiently encode the initial data
and bootstrap assumptions:

DEFINITION 3.3.2 (Solution norms). We define the following norms to measure the size
of near-FLRW solutions:

(3.3.2a)
H(E) =191 s ar) + VOl 7 any + a2||V¢HHg(Mt)
+ 1El s an) + 1€ s ar) + 1Bl mr2s any)
16 = g5y + IRielG] — 26G asgany + 02N Lo o
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I = Frorwllas, @)
(3.3.2b)
Hiop(t) :a2”‘1’||gé9(Mt) + a4||v¢||Hé9(Mt)
+ GQHEHHg(Mt) +a”|[Ric[G) — 2G| a7 (aayy a?|| f — fFLRWHHll?QO(T*Mt)
(3.3.2c)
C(t) = 1¥llcwsan) + VOl any + 1Xlcasan) + 1€l s ar) + 1Blles )
G = llssar) + IRic[G] = 26G | casar,) + a2 [Nl s an,)

! 1 ! ! !
+ 1oV - p%LRWHC’%;S(Mt) + "t - p%LRWHCéf(Mt) + 57 Hcgi(Mt) 16( M)

We note that we do not include the highest order lapse norm that we could control in H
and C: As one can see from Section 3.5.1, we can in fact control lapse energies up to order 21,
but at high orders, these scaled energy estimates become progressively weaker. Conversely,
for the bootstrap assumption, we only need to assume low order lapse bounds to control
nonlinear error terms, and in particular will need to use that the lapse converges to 1 near
the Big Bang hypersurface. Thus, there is no benefit in including higher order lapse norms
in C for the bootstrap assumption. In fact, including the lapse in H is redundant due to the
elliptic estimates in Section 3.5.1, and we only include it to for the sake of convenience. To

improve the bootstrap assumptions, we will make use of the following energies:

DEFINITION 3.3.3 (Energies). Let K, L € N, and, where K occurs, and 0 < K < L. We
define:

(3.3.3a) ¢B(g,.) =(-1)F / VALY — g*p AL g dvolg
M
(3.3.3b) B, :(—1)L/ (E,ALE) G + (B, ALB)¢ dvolg
M
(3.3.3¢) e@)(z,.):(—w/ (2, ALS) g dvolg
M
(3.3.3d) ¢ (Ric, ) = (~1)% /M (Ric[G] — 25, A" (Ric[G] — 25G)),, dvolg
(3.3.3¢) G(L)(N,-):(I)L/ (N,AEN) ¢ dvolg
M
(3:3.30) &) = [ TS~ Frrmw), dvola
T*M
(333g) QE;(LI,/I)((f’) = /T*M< >2u|vvert vho1”f|G’ dVOIG
<L L min{K,L} R
(3.3.3h) ()= Z ¢S,
R=1 S=0

3.3.2. Initial data assumptions. Using the solution norms introduced above, we can
compactly state our initial data assumption as follows:

AssuMPTION 3.3.4 (Initial data assumptions). Let (M, g, k, 7,0, f) be CMC initial data
to the ESFV system as introduced in Section 3.2.8. In particular, f > 0 is assumed to
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have compact momentum support, and in the case of massless Vlasov matter, we additionally
assume that [ vanishes on an open neighbourhood of the zero section of T*M.

For some sufficiently small € > 0 and some tg > 0, we assume

(3.3.4) H(to) + Hiop(to) + Clto) < &7
as well as

2
(3.3.5) If = freawllen, aoan,) <€

3.3.3. Local well-posedness. For all that follows, we need to establish that solutions
to the ESFV system (3.1.1) locally exist in CMC gauge with zero shift, that all solution
norms and energies are sufficiently regular in time and that we can extend solutions as long
as we can control the size of our variables sufficiently well. To this end, we first collect local
well-posedness results in harmonic gauge from [Rinl3; Svel2|, and then sketch how their
proofs can be combined with results for the Einstein stiff-fluid system in CMC gauge to
obtain the result for the ESFV system. In particular, we also collect a Cauchy stability result
in harmonic gauge to argue that restricting the analysis to CMC data can be done without
loss of generality (see Remark 3.3.7).

LEMMA 3.3.5 (Local well-posedness for the ESFV system in harmonic gauge). Let [ €
N, I >3 andp € R, p > 3. Further, letm = 0,1 denote the Viasov mass, and let (g, 109,7?,12, f)
be initial data to the ESFV system (3.1.1) as in Section 3.2.3 with

(3.3.64) 190 3 apy + 1zt oy + 1l ary + 19y < 0
as well as
(3.3.6b) fe H}L%m(T*MtU),

Then, a local solution (M, g,V ¢, 00, f) in harmonic gauge with Vlasov-mass m exists in the
following sense: For some h > 0 and writing J = (to — h,to + h), a spacetime manifold M
can be foliated by spacelike Cauchy hypersurfaces (My)iey, each of which is endowed with a
collection of coordinates (t = xOU,xlU,a:%],x%), where a:lU are spatial coordinates on an open
subset U C M and M 1is covered by finitely many such coordinate neighbourhoods. In these

coordinates, the harmonic gauge constraint
9 (Tl9lhs —TlgrLrwlye) =0
1$ satisfied, one has
Grorw)i = a(t)*vij
and (M, g,V ¢,000, f) solves (3.1.1). Furthermore, the spacetime metric components and
matter variables enjoy the following reqularity in these coordinates:

Gy €ECT(JT x M) N CO(J, HLFY (M)
04Gpe €C'(J x M) N CO(J, HL (M)
9pp €C'2(J x M) N C°(J, HL(M))
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(60 > 1l geany) € Clik, (700

M110|ve7‘t7m

Forl > 4, one additionally has

(3.3.7) f€Cuy (T xT"M).

If (,to] is the past mazimal interval of existence, then one has

(3.3.80) tm (15,0l ca) + 106G llca iy + 10u8llcrany ) = oo

21
(3.3.8b) lim sup [/T*M<p>?yﬂ. (%) (]f(t,x,p)‘Q + (p2)2 |Bf(t,m,p)|,2y) M;ldp] =00.

tt reM Y

ort= —o0.

PROOF-OUTLINE. As argued, for example, in [Rin13, Section 22.2.3|, the Einstein equa-
tions and the wave equation for the scalar field can be modified in harmonic gauge such that
one can equivalently solve a quasilinear system in g,,, and ¢, coupled with the transport
equation for f. For such systems, [Rinl3, Proposition 19.76 and Lemma 19.83] lead to the
stated result for m = 1, and respectively [Svel2, Paper B, Proposition 8.48 and Lemma 9.1]
for m = 0, since one easily checks that all operators and nonlinearities remain admissible
when no scalar field potential is present (see [Rinl3, Section 19.1], respectively [Svel2, Paper
B, Section 8.1]). We also note that, while the results in [Rin13; Svel2] are proven while view-
ing the Vlasov distribution as a function on the mass shell, rather than the co-mass shell, we
can induce initial data fﬂ :TM — R on the mass shell by

fHxq) = f(2,0(0,9)), pila,d) =G &,
which, due to the regularity requirements for g, enjoys the same Sobolev regularity as f ,
but now with respect to the corresponding weighted Sasaki metric induced on the tangent

bundle.” Then working with canonical coordinates ¢* on the mass shell, one can apply the

aforementioned results and transform the corresponding solution f* back via

ft,z,p) = fit.2,9@.p), 4G p)=9"pu.

Again, the regularity of the metric components that the regularity of f¥ transfers to f in the
corresponding function spaces with respect to the cotangent bundle and the co-mass shell. [

We note that the non-negativity of the Vlasov distribution function is ensured by the
Vlasov equation, and can be argued as in Lemma 3.4.5. Furthermore, uniqueness follows
from uniqueness of the maximal globally hyperbolic development (see Section 3.2.3).

To prove that we can take initial data to be CMC without loss of generality, we need the

following result:

"Note that the gauge choice in [Rin13; Svel2] is precisely such that one has
§|{t:t0} = 7dt2 + é .
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LEMMA 3.3.6 (Cauchy stability of near-FLRW solutions to the ESFV system). Let | €
N, I >3 and p € R, u >3, and let & > 0 be sufficiently small. Further, consider initial data
(M, g, I;,f'r, 1/3, f) to the ESFV system with Viasov mass m = 0,1 (again as in Section 3.2.3)

such that one has

(3.3.92)
. o T(F . ° _
16— at0) 1l ess ary + 1 = 702 - at0) g ary + 1ty oy + 19— Calto)gary < &
and
(3.3.9b) I(f = frorw)(to, -, )l a () < 0.

L

hold. In the massless Vlasov case, we additionally assume that f vanishes in an open neigh-
bourhood of {(x,p) € T*M |p = 0}. Then the solution in the sense of Lemma 3.3.5 satisfies
the following bound for some K > 0 that is independent of 6 > 0 for any t € [t1,to],t1 > t:

”
(3.3.10) lo = @l g agy + Ik = 20>V ary + IV a

0o — Ca> | gragyy + I = Frorwllas . ety < K9

s>

PROOF-OUTLINE. For the massive case, this can be proven as in [Rin13, Corollary 24.10],
which in turn follows along similar lines as [Rin09b, Theorem 15.10]. Essentially, the argu-
ment therein reduces to using the respective result for the metric components and matter
variables in harmonic gauge from [Rin13, Corollary 20.7] and patching these local results to
a spatially global result. The aforementioned statements are, at first glance, only applicable
for smooth initial data, but this clearly extends to non-smooth data by a standard approxi-
mation argument.

This mostly applies analogously to m = 0 — the only issue that arises is that (3.3.8b) is
regularity dependent, thus solutions at high regularity might only be extendible in lower reg-
ularity. However, if the distribution function vanishes on an open neighbourhood of the zero
section throughout the evolution, any choice of [ > 3 in (3.3.8b) is equivalent to any other
(see the proof of [Svel2, Paper B, Lemma 9.2]). That this is the case can be shown as in
[Svel2, Paper B, Lemma 8.25], analogous to the proof of (3.4.7). O

REMARK 3.3.7 (Existence of a CMC hypersurface). Before moving on to our main well-
posedness result in CMC gauge with zero shift, we illustrate why the above results imply
that, as in [RS18b; Spel8| and Chapter 2, it is is not a true restriction to take initial data to
be CMC :

If the initial data is close to FLRW data as in (3.3.4), but not CMC, Lemma 3.3.5 yields
a local-in-time solution by evolving in harmonic gauge, and by Lemma 3.3.6, we can restrict
ourselves to a time interval such that we remain close to the FLRW data throughout the
local time evolution. An implicit function theorem argument as in [FK20, Section 2.5] now
implies that, within this local solution, we can find a Cauchy hypersurface ¥’ close to the
initial hypersurface M;, that is CMC. The adaptation of the argument in [FK20, Section
2.5] can be done as sketched in Remark 2.8.1: The only noteworthy change compared to the
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latter is in computing that (§zrrw,to) remains a regular point of the mean curvature map
H under the addition of Vlasov matter and regardless of sectional curvature. One computes
using (3.2.3a):

1 _ _
( ) dH(gFLRW,tO)([)?w) = gAW + K= 47T02a(t0) ‘- 47Ta(t0) 2 (pglLRW + p%iRW)] w

Since we assume frrrw > 0 and C' > 0, and since A, has no positive eigenvalues, this clearly
is a regular point for K < 0. For k > 0, k < 47C2%a(ty)~* can be ensured for small enough

to > 0, which Lemma 3.3.6 allows us to take without loss of generality.

Having obtained a CMC hypersurface, we need to ensure that Lemma 3.3.6 is sufficient
to ensure Assumption 3.3.4 for suitably small § > 0. This follows from Sobolev embedding
for all terms except those associated with Vlasov matter: The Vlasov equation ensures that
f is still nonnegative (as in Lemma 3.4.5), and that it has compact momentum support as
well as, in the massless case, support bounded away from the zero section (as in Lemma
3.4.6). In particular, for 6 < 1, any momentum weights can be dropped or added up to a
constant depending on frrrw, and thus ||f — fFLRWHH18 (r*M,) S 0 also holds. Using a

co-mass shell analogue of [Rinl3, Lemma 15.29] or estlmates similar to the energy bounds
in Lemma 3.4.14, this ensures the equivalent bound on all Vlasov matter terms in C after
potentially updating constants. Finally, (3.3.5) can be ensured since [Rinl3, Lemma 15.29]
applied analogously to the co-mass shell and the standard Sobolev embedding on R? imply

If = freewllen eag) S sup | = froewll e s
2o zeM L

g (T2 SIf - fFLRWHHll;"’lO(T*Mz)'

Again, we note that, on the momentum support of f — frrrw on [t1,to] x M, (v), ~ 1 holds.

REMARK 3.3.8 (Smallness of ¢y). To establish a strong total energy bound in Proposition
3.7.6, we will need to assume that a(t) is sufficiently small for ¢t € (tgoot, to], which simply
means that ¢y needs to be sufficiently small since a is strictly increasing on (0,7'/2), see
Lemma 3.2.2. Lemma 3.3.6 ensures that, if we choose the initial perturbation to be small
enough, we can use Cauchy stability to ensure that the solution remains sufficiently close
to the FLRW solution in any fixed time interval [t1,t0]. We can then run the argument in
Remark 3.3.7 to find a nearby CMC hypersurface, and can thus overall assume ¢ty > 0 to be
sufficiently small without loss of generality.

Having now prepared initial data to be CMC as well as sufficiently close to the Big Bang
if needed, we can state our main local well-posedness result:

o

LEMMA 3.3.9 (Local well-posedness in CMC gauge with zero shift). Let (M, g, k7, Y, f)
be CMC initial data as in Lemma 3.3.5 and let u > 3. Additionally, assume that

. ° 2 _ |22
Inf P(@)” —I7lg, >0

Then, this data launches a unique solution (M,g,k,Vo,00¢,f) of the CMC-transported
ESFV-system (see (3.1.1) with CMC condition (3.2.1)) toward the past, foliated by CMC
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hypersurfaces (My)iey with J = (to — h,to] for some h > 0. One has:

9 €Cyat, (J x M) N CO(J, HIFH (M)

k€ Cui (J x M)nCO(J, H (M)

Vo € Cut (T x M) N CO(J, Hy(M))

D € cgtf (J x M)nC°(J, H, (M)
+(

J x M)n C°(J, H (M)
(J x TM)NC" (I LPH, o (T3 M)

DA

l
f€Ct2+

For the past-mazimal interval of existence (t,tg], one has t = 0 or one of the following blow-up

criteria are satisfied:

There exists a sequence (L, Tm) with t,, | t such that

such that the smallest eigenvalue of g(tm,Tm) converges to 0,

or such that (|00¢|* + [V ¢|2) (tm, Tm) converges to 0,

)
(2) or such that n(tm, xm) converges to 0,
)
) or one of the following maps is unbounded:

s € (& to] = lgllezqan,) + IEllca oy + Inllezqan + 10blloar,) + V6l ar
(3.3.11b)

s € (t,to] — HPWHC%(MS) + HJWHC%(MS) + HSWHC%(MS),
(3.3.11¢)

21
p —
et o swp | [ 2 () (1560 + (22 B (s,
zeMs |J T M, Y2

PROOF-OUTLINE. In short, this can be proven along the same lines as in the proof of
[RS18b, Theorem 14.1] for the stiff fluid, with the analysis of Vlasov matter following from
[Rin13; Svel2] as above. The continuation criterion (3.3.11a) then extends from the scalar
field case, (3.3.11b) is the direct analogue of (3.3.11a) for the Vlasov matter quantities that
occur in the elliptic-hyperbolic system for the metric variables, and (3.3.11c) is needed to

ensure boundedness of coefficients arising from Vlasov energy estimates as in the proof in

harmonic gauge.

To be more precise, the proof of [RS18b, Theorem 14.1] relies on showing that a modified
system of equations leads to an elliptic-hyperbolic system in which the second fundamental
form satisfies a wave equation, where its evolution equation is considered as an additional
constraint quantity. The only properties of stiff fluid matter that are used in the proof
are that the stiff fluid equation implies that the associated energy-momentum tensor being
divergence-free, that it satisfies the strong energy condition and that it generates standard
energy estimates. The former two are also satisfied for our matter model (where we again

note that one has f > 0, and thus the strong energy condition is ensured). Since scalar field
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matter constitutes a subcase of stiff fluid matter, the energy estimates for stiff fluids apply
to the scalar field as well. Thus, energy estimates for the geometry and scalar field can be

straightforwardly extended from the stiff fluid setting.

The necessary energy estimates for the Vlasov distribution function can be established as
in [Rinl13; Svel2|, where they are proven for a wide class of relativistic transport operators
of the form

LE = 0,6 + %aﬂ-g + 0t

where 2! = 2'[u] and G' = G'[u] are sufficiently regular coefficient functions depending on
the quantities u that solve the coupled system of wave equations, which correspond to the
spacetime metric components. Again, note that these statements are proven for the mass
shell, so we need to consider the Vlasov equation on the mass shell, i.e., apply this to the

equation
(3.3.12) Lff =0+ ;J—Onaxifﬁ + <_qq§ nT(gl) — ¢" g7 Vin + 2n K/, q’> 0 =0.

Nevertheless, we can establish analogous estimates for these components using the elliptic-
hyperbolic system from [RS18b, Theorem 14.1], and the transport operator for 1% is actually
simpler than the one that needs to be considered in harmonic gauge, energy estimates for the
Vlasov distribution also extend. Finally, the components of the Vlasov energy momentum
tensor can be bounded up to constant by the energies for the distribution function as in
Lemma 3.4.14.

Thus, we can prove local well-posedness of the modified elliptic-hyperbolic system met-
ric and scalar field coupled to the Vlasov equation by a constructing a similar convergent
sequence as in [Rinl3, Proposition 19.76] and [Svel2, Paper B, Proposition 8.48]. That this
then also solves the Einstein equations — i.e., that the constraints are propagated — can again
be proven as in the stiff fluid setting since we only use properties of the energy momentum
tensor shared by both matter models.

The blow-up criteria follow by combining what arises from the elliptic-hyperbolic system
(extending from [RS18b, Theorem 14.1]) with those arising from the transport equation from
Lemma 3.3.5. For the latter, (3.3.8a) is covered by the requirements (3.3.11a) from the
elliptic-hyperbolic system, and thus only (3.3.8b) needs to be added. (Il

REMARK 3.3.10 (On regularity of norms and energies). In addition to the initial data
assumptions (see Assumption 3.3.4), we can assume, without loss of generality by a standard
approximation argument, that the initial data is sufficiently regular. More precisely, using
Lemma 3.3.9, we will assume tacitly | € N to be sufficiently large such that all norms and
energies are continuously differentiable in time. We note that, in the massless case, the blow-

up criterion (3.3.8b) is dependent on how regular we choose our initial data to be a priori.
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However, due to control on the support of f (see Lemma 3.4.6), it will turn out that this

additional weight can be ignored when checking this criterion (see Proof of Theorem 3.8.1).

3.3.4. Bootstrap assumptions. By Lemma 3.3.9, initial data as in Assumption 3.3.4
generates a local-in-time solution toward the past such that C(t) and || f — frL RWHCIHG (T*M,)
:Go

are continuous in t. Thus, the following bootstrap assumption can be satisfied:

AssuMPTION 3.3.11 (Bootstrap assumptions). Let o = aTlﬁ, fix Ko > 0 and cg > 0 such
that coo < 1. We assume that, for the bootstrap time tpoot € [0,t0), the following holds for

any t € (tBoot, to):
(3.3.13a) C(t) < Kpea™ 7.
Additionally, we assume

1
(3313b) ||2hor(f - fFLRW)HCll,OQO(T*Mt) < KOEZCL co

Our goal is to show that the bootstrap assumptions imply

T s _
C < Kieia “¢%, Hym(f_fFLRW)HC%OGO(T*Mt) < Kiy/za™oV®

for suitable constants ¢, K7 > 0 and any ¢ € (tgoot, to], which is a strict improvement if € > 0

is chosen sufficiently small.

REMARK 3.3.12 (Lapse bounds). We note that, in particular, (3.3.13a) implies

(3.3.14) INllcasary S ea(t)*~7,

1
and we will in fact only be able to improve the convergence rate to ea?~¢°

by Theorem
3.8.1. Thus, the lapse converges less strongly than in the pure scalar field case, and the
bootstrap assumption is also weaker (see (2.3.17h)). This is due to Vlasov matter being the
asymptotically strongest term in (3.2.20g). However, it does not lead to substantial changes
in the argument since the fact that the lapse converges at a rate stronger than, for example,
a(t) for sufficiently small o > 0 is enough to make otherwise borderline terms containing low

orders of N converge.

3.4. A priori estimates

3.4.1. Strong low order bounds on spacetime metric and scalar field variables.
In this section, we collect the necessary improved low order estimates for all variables that
are not the Vlasov distribution function or associated matter quantities. Since Vlasov matter
is asympotically negligible in the evolution of metric variables and the shear as well as in the
Hamiltonian and Bel-Robinson constraint equations, and does not occur in the wave equation
at all, all of these bounds follow almost directly from Sections 2.4.1 and 2.4.2, and we only

sketch how one controls the occuring Vlasov terms with the bootstrap assumption.
LEMMA 3.4.1 (Strong C’g bounds). For t € (tgeot, to], the following estimates hold:

(3.4.1a) 19 llos, sy S
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(3.4.1Db) 1l co,ar) + ||Eﬁ\|cg(Mt) Se
(3.4.1¢) 1€llco,a) S€

PROOF. (3.4.1a) is proven identically to the scalar field case (see (2.4.4a)), replacing the

lapse bootstrap assumption therein with (3.3.14).
Regarding (3.4.1b), one has

(3.4.2) oD = 2(8t2ﬂ)ij (zﬁ)ji < ‘(atzﬁ)” ‘G biFs

where we recall that (9;3%)!l is the tracefree, symmetric part of 9,%f. Estimating all non-
Vlasov terms as in the proof of (2.4.2b) using (3.3.13a), we have

]atzﬁ)G <ea 01+ |9)g) +a ! ]SVH‘ ‘G

That this bound is weaker than its analogue in the pure scalar field case is, again, down to
(3.3.14). The Vlasov term can also be bounded by < ea~!~% using the bootstrap assumption
(3.3.13a). Integrating (3.4.2) and inserting this bound along with (3.3.4) and (3.2.6) then

implies
to
D120 < S (o) + / ca(s) " ds < .
t

The bound for |Zﬁ|02 is proven identically since the bootstrap assumption on G — v ensures
that all quantities in C satisfy the bootstrap assumptions with Cg replaced by C,, up to
updating constants.

(3.4.1c) then follows directly from (3.2.20j): Due to (G, E)q = 0, the second line in (3.2.20j)
can be ignored, and using (3.4.1b) for all shear terms and (3.3.13a) for all other terms,

including Vlasov matter, one has (£,&)a < €|€|¢ and thus the statement. O

LEMMA 3.4.2 (Strong low-order Cg-bounds for spacetime and scalar field variables). For
t € (tBoot, to], one has:

(3.4.3) 1% llcs ar,) S ealt) Ve
(3.4.3b) 1=l 2 (ary Sealt)™v®
(3.4.3¢) 1G*= = ez ary SVEalt)™V*
(3.4.3d) IVllcazar,) S Vealt) Ve
(3.4.3¢) IRic[G] — 2k Gllcaoar,y S VEal(t)™V*
(3.4.3f) 1€ llcazar) Sealt) Ve
(3.4.3g) 1Blless (ar,) Sealt)*=V"

PRrROOF. Regarding (3.4.3b), (3.3.13a) implies
‘vJatzﬁ( <eq 1o
G

where the Vlasov matter terms and the lapse bound (3.3.14) lead to the leading terms. Since
the integral of the right hand side over [0, %] is still bounded by € up to constant due to
(3.2.6), (3.4.3b) is then proven as in Lemma 2.4.3.
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(3.4.3a), (3.4.3¢)-(3.4.3¢) and (3.4.3g) are also proven almost entirely identically to their
analogues in Chapter 2, see Lemma 2.4.3, the only differences arising again from the weaker
bootstrap bound (3.3.14) on the lapse that is, as with the shear, sufficient to prove that
terms containing N are asymptotically negligible. Finally, (3.4.3g) is proven by applying V~’
to (3.2.20j) and then arguing as in the Cg-case, using (3.4.3b) for the shear and (3.3.13a) for

the remaining terms. O

Finally, we collect that the volume element pg is uniformly bounded:

LEMMA 3.4.3. For ug = Vdet G and t € (tgoot, to], one has

(3.4.4) lne = pylloon) S €-
ProOOF. This follows immediately from Oug = —N7ug, (3.3.14), the initial data as-
sumption and the Gronwall lemma. O

3.4.2. A priori observations for Vlasov matter.

REMARK 3.4.4 (On the charateristic method). The following a priori estimates involving

the Vlasov distribution function will rely on the fact that initial value problems of the form
at€ + b(t7 xz, v)iaxig(tﬁ xz, ’U) + Bi(t7 xz, ’U)iavig(ta Zz, ’U) + C(t7 z,v, ‘5) =0, 5(07 xz, U) = fg(l’, U)
can be locally solved using the method of characteristics, i.e.: There exist functions X : I —
UCR? V:I—-R3 Z:I— R with
Z(s) =£&(s,X(5),V(s))

that satisfy the following equations:

X'(s) =b'(s, X(5), V(5))

Vi(s) = Bi(s, X (s), V(s))

Z(S) = - C(Sv X(S)’ V(S)v Z(S))
This is a consequence of [Eva98, p. 107, Theorem 2|. In particular, we will apply this to
equations that are shifts or derivatives of the rescaled Vlasov equation (3.2.19a). Since, on
the bootstrap interval, the solution to the Vlasov equation exists and is unique, it can be
expressed in this fashion in the entire bootstrap interval after choosing inital data on some

hypersurface M, for t € (tpoot, to]. In particular, solutions to (3.2.19a) remain constant along

integral curves (X, V) of the following characteristic system:

i —1\ijy/.
(3.4.5a) % :a_l(N + 1)M
: NeE
(Ba5b) L= (N DG PTG a7 fm2a? + VYN

m2a® + |V|%
We introduce the following notation:

V=1|Vlg, VO=vm2a2+V? V)= /m2a+|V|2
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LEMMA 3.4.5 (Non-negativity of the Vlasov distribution function). For anyt € (tBoot, o],
f(t,-,-) is nonnegative, as well as p¥'(t,-) and pV(t,-).

PROOF. Recall that s — f(s, X(s),V(s)) remains constant for characteristics (X, V)
satisfying (3.4.5) and that f is nonnegative. Thus, for any (z,v) € T*M,, there exist
(Zinit, Vinit) € T*M such that one has

0 < f(Tinit, Vinit) = f(to, Tinit, Vinit) = f(t,2,v).
Since v° is also non-negative, so are then p"!(¢,-) and p¥'(t,-). O

LEMMA 3.4.6 (Bounds for the momentum support). There exists a constant K > 0 that
1s independent of € such that the following bounds hold:

(3.4.6a) Pt) < Pt) < Ka(t)~®Ve
(3.4.6D) Py(t) <PYt) <K

Furthermore, for m = 0, one additionally has that the momentum support of f is bounded

away from zero as follows:

(3.4.7) sup {|v|5® | © € My, v € suppf(t,z,-)} < Ka(t)~°ve
(3.4.8) sup {\UI;Q | z € My, v € suppf(t,z,")} <K

PRrOOF. Noting ¥V < VY we get the following from the characteristic equation (3.4.5b):
(3.4.9)

SV < a8t 410,676V + a N 4+ 1D(C g + 0 VTN

< (a8l +a IVl +a~(1G ~ Yl + Ilos) + a7~ [Nl ) (V)2
Using (3.3.13a) for the metric and lapse as well as (3.4.1b), this can be estimated as follows:

0\2
_dq;vt) S (8&73 4 a*lfco) (VO)Q

Updating ¢ > 0, the Gronwall lemma then implies
(3.4.10) (VO)? < (VO(t))? - a(t)2eVE.

For any = € M; and any v € suppf(¢,z,-), (x,v) must lie on a unique characteristic (X, V)
emanating from (X (t9),V (t9)) € suppf(to,-,-). Since f has compact momentum support,
(3.4.10) implies

VO(t) S Plto)a(t)~V*
for V(t) = v € suppf(t,z,-), and thus (3.4.6a) after taking the supremum in v. (3.4.6b) is
proven identically, noting that since dyy = 0, one has

012

_d(‘;'tY) < a—l—ca(V$)2
and thus V$ remains uniformly bounded. (3.4.7)-(3.4.8) also follow similarly, using that f
vanishes on an open neighbourhood of the zero section.

O
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To obtain strong low order bounds on the Vlasov distribution function, we will need to
compare it to the reference distribution function frpgrw while using the Sasaki connection
with respect to GG. To control the resulting error terms, we first collect the following bounds
on the reference distribution:

LEMMA 3.4.7 (Derivatives of the reference distribution function). For 0 < K < L < 19,

one has
(3.4.11a)

IOt frmwlis | reany S a0)™F (VEIRiC[G] — 26G ot

if K>1

2 -1 -1
T = Pl gt agy + 167 =7 s ary)

Additionally, for L > 0, the following holds:

(3.4.11b)

I seor frorwllzz o renny S a(t)=*V* (\@HRiC[G] = 26G g2,
if L>2
T = Pll g agy + 167 =5 gz o)

Finally, let 0 < K < L <12. Then, one has

(3.4.11c) vaerf(thorfFLRW||C’?’Q0(T*Mt) <SVea(t)TeVE,

(K-1 11—
(3.4.11d) I yert™ Yt X frrmwllcs , reany Sealt) ™7

Recall that, by Remark 3.2.4, all of the objects above are well-defined.

PrOOF. Before going into the proof, we note that vertical derivatives of frprw are a

linear combination of terms of the form
v ) (of2)

with my, my € N. Since we have F € CSO(RS' ), the distribution term is uniformly bounded.
Further, on the support of frrrw, v is uniformly bounded with respect to 1|Uert. Thus,

( ) ‘VverthLRW(t z ’U)|G - ’vverthLRW(t €z v)|G0 ~ (t)_C\/g
holds by (3.4.6a) and (3.4.3¢c) for any L > 0, as well as
||zgerthLRWHL% c SJ aic\/g
Go

(also using (3.4.7) for m = 0).
We compute:

(3.4.12) Aifrorw (- v) =F (Jvf2) [az‘( N Rvjup + 2T vkvr(v_l)jk}
= F/((w) | ~L% ) oo = Dy ujon + 200w,

=27 (jof2) (7)7* [T}, = ;] oo
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=2F (o) [(G7YF = (671 =] [T = 1] e
Thus, we can estimate

VhorfrLrw (-, 0)lg, SIT = TLle (1+1G7 =77 a) [oléxsuppr(0]3)

This proves (3.4.11c) at order 1 follows by integrating over (T*M, G,) and using that F has
compact support. (3.4.11b) for L =1 follows from the same estimates by inserting (3.4.3c).
For L = 2, notice that

1 .
(3.4.13) V.V, frLew = AiAj frorw — DA frirw — §UlRlem[G]lkijkaFLRW

The first two terms in (3.4.13) can be dealt with as before, while for the final term, we
compute

. : “1ym
—§lelem[G]lkij B* frrrw (-, - v) = —lelem[G]lkij(fy DY - f’(!vﬁ)

= |Riem[G]';;(G™" = v )™ w0y — vpoiRiem[G]#* | - F/(|jof2).

=0

Thus, this can be estimated in L%,Qo by a=°VE|G! — 7*1||%é using that F is compactly
supported as well as (3.4.3c) and (3.4.3e). This yields (3.4.11b) for L = 2. For L > 3, we
repeat this procedure using the product rule, incurring curvature error terms. (3.4.11a) is
proven similarly, and so is (3.4.11c) using the a priori estimates (3.4.3e), (3.4.3c) and (3.4.6a).

Regarding (3.4.11d), we split up X frrrw into the horizontal and vertical derivative
terms and prove that both parts satisfy the claimed bound: The terms arising from the
horizontal components of X f can be bounded directly using (3.4.11c) since A;¢§ = V,£. For
the remaining vertical components, we may encounter terms where only vertical derivatives
fall on frrrw. However, since we are only interested in a uniform pointwise bound, we don’t
need to ensure that all Christoffel terms that arise from the Sasaki connection coeflicients

reduce to difference tensor terms, and note that (3.4.3c) also implies the crude bound
05T S 0=V

in a coordinate neighbourhood on which I' remains bounded. The bound then follows for the
vertical parts of X f using (3.3.13a) and that M is compact. O

LEMMA 3.4.8 (C’%-estimates for the Vlasov distribution function). Fort € (tgoot, to], one

has:
(3.4.14a) If— fFLRWHc?%(T*Mt) Se
(3.4.14b) If = frerwllep , (reany Sealt) ™V

PROOF. We start out by rewriting the rescaled Vlasov equation (3.2.19a) as an inhomo-

geneous transport equation for f — frrrw:

0y (f — frorw) = X(f — frorw) — a lW(N +1)A, frrrw +a 0" V;N B frrppw
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Let (X,V, Z) be the corresponding characteristics satisfying (3.4.5) emanating from (z,v) €
T*M; with Z(t) = (f — frorw)(t,z,v). Then, we have
iz W
—=q -
dt Vo
Note that, on the support of (f — frrrw)(t, 2, ), V? can be controlled by a~¢V¢ using (3.4.3c)
and (3.4.6a). We obtain in total:

(GHY(N +1)A,frorw — a 'VOV;N B frrrw

dz
(3.4.15) ‘dt <ea 17

Using the initial data assumption (3.3.5) and again (3.4.6a) and (3.4.3c) to control v° on the
support of f — frrrw, this implies

[()(f = frLrw)(t, =, v)|
< (UN(f = frorw)(t, X (1), V(t) = (f = frorw)(to, X (to), V (to))]
+ () |(f = froaw)(to, X (to), V (t0))]
< (V)y (Xsupp(f—frrmw) ) () |1 Z(t) — Z(to)| + || f — fFLRWHcglO(T*MtO)

to
S [/ ca(s) 179 ds + &2
t

(3.4.14a) now follows by (3.2.6). (3.4.14b) can be obtained by the same argument or from
(3.4.14a) using (3.4.3c). O

LEMMA 3.4.9 (Strong Cigo—norm estimates for the Vlasov distribution function). Let
t € (tBootsto]. Then, the following holds:

(3.4.16) If— fFLRWHcll}QO(T*Mt) < Vea(t) Ve
Note that, for £ > 0 suitably small, (3.4.16) is a bootstrap improvement for (3.3.13b).

PRrOOF. The following proof will require us to choose a spatial coordinate frame to express
horizontal frame derivatives, so we must first establish suitable coordinate systems to cover
the entire evolution: Since M is compact, there exists some sufficiently small » > 0 such that
an open ball B,(z) of radius > 0 around any x € M is a coordinate neighbourhood, and
there exist x1,..., %, € M such that {B% (i) }i=1,....,m covers M. Furthermore, for (3.4.5a),
]%X|G < @~ ! holds, which is integrable on [0,#] (see (3.2.6)), since [N + 1| < 1 holds by
the bootstrap assumption (3.3.14). (3.4.5a) will describe the spatial characteristics for all
systems considered in this proof. In particular, there exists a finite partition of (tpoot, to
by intervals (tj,t;_1] such that f;;:’l a(s)~'ds < % holds. Thus, for any y € B (i), the
characteristic X emanating from y at time ¢; is contained in the coordinate neighbourhood
B,(x;) on (tj,tj—1]. Thus, we can prove (3.4.16) for any ¢ € (t1,to] using local coordinates by
having found a choice of coordinates that remains valid throughout the evolution, and since
we can cover M in a finite amount of such coordinate neighbourhoods. Finally, the bounds
then extend to ¢ by continuity, and thus we can prove the statement iteratively on the entire

bootstrap interval by proving the bound on (t;,t;—1] from data emanating from My, _,.
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Having now justified that we can essentially perform this proof in local coordinates, we

move on to the proof itself: First, we commute (3.2.19a) with B? to obtain

4 . oY .
Oy (WB'(f — frorw)) =vIB'Of + % B (f - frirw)
vy
=X (VSB(f — frirw)) + m? (:0(1)2 WB'(f - frLrw)
vy
+ USBinFLRW + (K1)
with
) ) X0
(K10)' (5, v) =09 B, XI(f = froew)(-,-v) + UTW B'(f - frLrw)
v

(see (3.2.25g)). Moving to the corresponding characteristic system (X, V, Z%), X and V again
satisfy (3.4.5) emanating from (z,v) € T*M;, while Z'(t) = vB'(f — frorw)(t, X (t), V(1))
satisfies
dZ'’ 2 Ga i i 0 i
2 B 2 (K00 X (1), V(8) + VO BEX frpw (X (0),V(1)).

dt (VP ()2

The horizontal term derivative term in (3.2.25¢g) can be bounded with respect to v by ciaq=c°

using (3.3.13b) and (3.3.13a), while the remaining terms can be bounded by a~17¢?|Z|, using

(3.3.13a). Further and using (3.4.3c) to switch metrics where needed, one computes
[ XVY| S a™ ' "VE(IT = Tlg + [VN|)Vy

so, with (3.3.13a), the remaining terms can be bounded by ea='7“|Z|,. In summary, we

obtain
Kio( X, V)|, Seia™ " 40~ 7],

Due to (3.4.11d) and (3.4.3¢) and since frrrw has compact momentum support with respect

to 7, we also have
V»S‘BX.]CFLRW‘W S&ailicg .

Thus, dropping the remaining term since it has favourable sign, one altogether has

1 d
_M£ “ZEY} N a_l_CU|Z|’y +ea 7 4 Eia—l—ccf .
Y

After integrating and applying the Gronwall lemma as well as the scale factor integral bounds

from Lemma 3.2.2 and the initial data assumption, yields
(3.4.17) Caere(F = Sroaw) (6 X (), VD), St
Repeating the same procedure for A;, we have

OA(f — froew) = XAi(f — frorw) + AiX frorw + (K1,1)i
with

(K11)i =[As X](f = frorw) + (00, As)(f — frorw) »
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where (3.2.25f) and (3.2.25d) imply, using (3.3.13a) and (3.4.1b):

X, AONf = froew)ly Sa™ 7 AG(f = frorw)ly +ea' |V e (f — frirw)ls,
106 AQI(S = frorw)ly Sea™ VoV ey (f = frirw)ly,
Using (3.4.17), it follows that
Kialy S a ' " AG(f = froaw)ly + eta=d Ve
With (3.4.11d), one also computes
|AGX fripwly S a7 +ea3eVE
and now obtains that

(3.4.18) Ay (f = frorw)(t, X (1), V(1))], S Vea™®

holds. Finally, we can redo the proof of (3.4.17), replacing (3.3.13b) with the improved
bound (3.4.18), which improves the bound in (3.4.17) to /a—“V® after updating constants.
Altogether, one now concludes as in the proof of Lemma 3.4.8 that

IV(f - fFLRW)”CO (U o S Vea(t)™

holds for suitably chosen coordinate nelghbourhoods as outlined at the start of the proof,
and thus the same bounds on T*M;. With (3.4.3¢c), this also implies

If = fFLRWHC1 T*Mt),vfa() Ve,

We now sketch how to extend this procedure to higher orders inductively, since the line
of argumentation is almost identical: Assume the improved bound has been proven up to
Cféé for L < 11. Commuting (3.2.19a) with (v9)“B® ... B implies the following transport
system:
. o A
(0 — X)B" ...B" (f — frorw) = (KLo)" " + (W)"B" ... B X frrrw
with
(Kro)™ ' =[(w))"B"...B", X](f - frLaw)
= ()" |BY .. BB, X|(f — froaw) + -+ B, X|B2 B (f — froirw)
+ (X(US)L)Bh . .BE(f = frLaw)
Once again, the characteristics (X, V') are as in (3.4.5), while one has

dzil...iL

o — (,CL70)i1"’iL =+ Bi1 .. BiLXfFLRW

with
1 1
(VO Kol S a7 (VM 2], + a7 4+ ca™ || — frrmwllorn
G

and
Vf)L ‘BLXfFLRW‘,y Sea 7.
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This yields

(Vo))" BE(f — Froaw)(t, X (1), V()] < eta(t) Ve
as with L = 0.
From here, we can repeat this procedure for (vg)L_RBL_RAR by iterating over increasing R
for R=1,...,L, where we will have proven

(VP0)" " [BE ARG  fronw)(t. X(0.V)| S ta(t)

for 0 < R < R in the previous steps. Additionally, the induction hypothesis allows us to
use (3.4.16) up to order L — 1. We use all of these bounds to control Vlasov terms of lower
order and of order L with less horizontal derivaitves in K g, along with(3.4.1b),(3.4.3b)
and (3.3.13a) to control shear, metric and lapse as well as (3.4.6a) and (3.4.3c) to control
superfluous momentum terms. Additionally, for R < L, we use the bootstrap assumption
(3.3.13b) to bound the term
(3.4.19)

1 . ’Ub /Uj

NN +1) (UOHgK — K ) B ... B 1BEH L BERA A AG(f— frorw)

(v0)?

which occurs when applying the product rule to the horizontal derivative term in X, by

£1g=17% In total and now considering Z“-t=R; ., in analogy to above, this then
implies
—1—co L 1o 5 _3—cye
a |Z|y +¢c2a +eia R<L
(3.4.20) IKr-rrly S !

a7\ Z|, + eiq3-cvE R=L

We again use Lemma 3.4.7 to control the reference terms. In total, at order L, we use strong

low order bounds on
IRic|G ]—QKZGHCL 1 , |IT — I‘||CL (M) and HEHCL(Mt)

along with using the bootstrap assumption (3.3. or L+1 . us, this procedure
1 ith usi he b 3.3.14) for ||N CL () Th hi d
can only be performed until L = 11. Altogether, one obtains

L

S (V2N RIBFRAR(f — frorw)(t X (1), V(1)
R=0

Setalt) Ve,

o

and, since (3.4.19) does not occur for R = L, also

|AL(f = frorw)(t, X (t), ())‘ S Vea(t)™°

just like for L = R = 1. Now, we iterate over decreasing R: Assume that one has proven, for
any R>R >0,

(V0)" ™ [BERAT — frwe) (X0 V()| S VEal)

Then, one can bound (3.4.19) by \/ea~'~¢VE instead of applying (3.3.13b), improving the

error term bound (3.4.20) as before and thus yielding the same bound as above for R = R.
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In total, we obtain

L

Y (V@) EBEEAR(f — frorw)(t X (1), V (1)l S Veal(t) e

r=0
Finally, note that (3.4.3¢) and (3.4.3c) imply

\VEBVE (f — friew)le, S IBYRAR(f — frorw)le, +a VEINENf — frorw)le,
< VeaoVE,

and subsequently (3.4.16) at order L. This closes the induction over L < 11, proving (3.4.16).
O

Additionally, the bounds on the Vlasov distribution function admit bounds on its energy-

momentum tensor:

COROLLARY 3.4.10 (Strong low order bounds on Vlasov matter quantities). The following
bounds hold:

(3.4.21)

Vi VI Vi VI Vi
o —PFLRWHCg(Mt)“‘HP —PFLRWHcg(Mt)“‘HJ ”Cél(Mt)

IILTARS Vea(t)—eve

PROOF. Starting with p"* — p}?lL rw» Wwe compute the following:

0
Uy Ba _
(le - pglLRW) (ta l’) = /]R3 [f(t,x,v) - ?g?fFLRW(tax?v) UOMGldU
Y

Note that one has

042 032 -1 —1\ij
v)? — (v G — Jvjv;
0 :( )* — (v) <‘( ) z]‘SIG_l—’Y_HG'UO-

0
'Y| UO+UO — U0+U0

‘U —

Furthermore, by expanding the determinant and using (3.4.4) and | ,u71] < 1, one obtains
with (3.4.3c) that

g — pt S ldet G —dety T S a”VEIGT — 47 g

Since frrrw is also uniformly bounded, one now obtains:

(3.4.22)
pVl - P%lLRW’ S / \(f = frorw) (- 0)| +aVE|G™E = 47 g| o0 pgtdu
supp(f—frLrw)

By (3.4.6a), the integral over any polynomial of v" is bounded by a~°V%, and thus the bound
follows at order 0 by applying the uniform estimates (3.4.14b) and (3.4.3c).
Regarding SV4!, we compute

i (G Vi, — |21 -
(SW’H) = /*M T ](f_fFLRW)(""U)“Gl dv

00
o,
M

G@H*t ()" 1 |U|G [v]3 2y, —1
( pO R OV vgy I | F(lolR)ng' dv

v




3.4. A PRIORI ESTIMATES 163

+ /T ((SFLRW)' pFLRW]Ié') .

Note that the final line vanishes since frprw is isotropic. Regarding the second line, note
one has, with (3.4.3¢c),

1 1

0)2 0y2 — — — _
G e e N L€ e T MR (€ I
00l

S0 vg (vo + vg) - v0 ~ 0

Consequently, the pointwise |-|g-norm of the second line is bounded by
SaVEET = [ F () i o S VR

using (3.4.3c). From here, the argument follows as for the density. Bounds for the pressure
and flux are proven similarly at order zero.
At order L € {1,...,11}, note that one has VLpglLRW = VLpL%RW =0 as well as

L —
thorfﬂoggo(T*M) < Vea Ve

using (3.4.16) and (3.4.11c). The higher order bounds now follow in a similar, but simpler

fashion to the arguments at order zero using (3.4.6a). |

Finally, we collect the following lemma that will be needed to bound the evolution of
weights in our energy approach:

LEMMA 3.4.11 (Evolution bound on momentum variables).

8,51)0 _3 _8t<U>G

e ea 3
(3.4.23) e <

~

~Y )

PRrROOF. One computes the following;:

1 ) 1id _ ViU; alvl2 a m2a?
O = 590 [2m2aa+ (0:G 1)”vivj] = (N +1)a=3x% ;0] — NJ & 4=

a v’ a O
The statement then follows from (3.4.1b) and (3.3.13a), where the final summand has favourable
sign and is thus dropped. The estimate for (v)¢ is obtained identically. |

3.4.3. Semi-norm equivalences and commutators for the Vlasov distribution.
In this section, we collect estimates on covariant commutator errors for functions on the mass
shell, that in particular will imply that the Vlasov energies (3.3.3f)-(3.3.3g) are coercive up to
error terms dependent on lower order Vlasov energies as well as metric norms and energies.
This will be sufficient to deduce control of the Vlasov matter quantities in H and C from

improved energy bounds in Section 3.7.

LEMMA 3.4.12 (Commutator formulas for the Sasaki metric). Let & be a sufficiently regular
Junction on Use(yp, . 1ol wem Plt.e) and let My, My € N. Then, understanding that terms do not

occur if they would involve negative orders of derivatives, the following schematic expressions

hold:
(34.24a) [Vyeh V)2, Vi, € =0+ Ric[G] + Vil ' Va2 € + v x Ric[G] + Vil TV te

~vert hm" ~Yvert —“hor

4o x VM2 (Ric[G] — 2kG) * vmg +EM,y My horE

if Ma>0
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(3.4.24b) [0, VMLV 21 = v % VM2729,Ric[G] * VAR E + v % 9,T[G] + VAL w2~ 1e

—~vert vert hor
+ Eny, Mo 1€

0

If, on the momentum support of £(t,-,-), v° is uniformly bounded by a(t)=°V¢ up to constant,

the lower order error terms can be bounded as follows:
(34:250) 006" Zary ranor€llg gereany S a0 VEEl iy vaos ey,
+a(t) VRG] — 266 s g €l s
(34.25) )60 Ey s €52 geroany S €0l VEEN ot vt
Fa(t)ovE <||8tRic[G]|| vz, 4 DT[N vty ) [F/pv
Hp 277 (My) H 27" (M) CI,QIQ (T* M)
By Lemma 3.4.6, (3.4.25) applies for £ = f.

PROOF. These formulas follow from straightforward computations using the commutator
formulas in Lemma 3.2.8 and the connection coefficient expressions from (3.2.17). For the
error bounds, we recall the bounds (3.4.6a) on the momentum support, and estimate lower
order curvature and metric errors with (3.4.3e) and (3.4.3¢) to obtain (3.4.25a). For (3.4.24b),
recall (3.2.20e) and (3.2.20d) and use (3.4.3b) as well as the bootstrap assumption to bound

lower order terms in the rescaled shear and lapse respectively. g

LEMMA 3.4.13 (Rearrangement of derivatives in intermediate Vlasov energies). Let 0 <
K < L and let Dy, i denote a combination of L — K wvertical and K horizontal covariant

derivatives with respect to the Sasaki metric G. Then, the following holds:
(3.4.26a)

‘HDL K(f fl‘ﬂLFu’,VV)HL2 T*Mt ||Vvert vhor(f J(‘I*_'LRVV)HL2 T*Mt)

e (<L—1)
Sa(t) 7 (L2 (f0) + @SV (Ric,0) + I1 = Pl + 165 =74 214
Similarly, one has for 1 < K < L,
(3.4.26D)

L c L e 1) o
'”DL’KfHQL? o (T M) — (’E(L}<(f, t)‘ Sal(t)” \f€1<<K1 (f,t) +ea(t) VEg(=K D (Ric, t)
+alt)eVE (HF =l 72, gy + 167~ ,}/i1H12LIé(Mt)) '

If one additionally takes K < 10 in any of the above bounds, all terms but the Viasov energy

quantities can be dropped.

PRrROOF. Reviewing the commutator formulas from Lemma 3.2.8, one schematically has
for K > 0:
Dp & - VEEVE ¢ = Z v * VIRiem[G] * VEI71¢ + VIRiem[G] *yL—fg]

—~vert

<lower order nonlinear terms containing v, Riem|[G], §)
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where we recall Riem[G] = Ric[G] * G. Thus, the product rule and the a priori estimates
(3.4.3¢), (3.4.6a) and (3.4.16) yield the following:

| DLk (f — fFLRW)||L2 (M — IVt Vo (f = fFLRW)HLz @)

<aoVE||f — fFLRWHHlLEI Tt sa*c\@@(éK—l)(RiQ )

Furthermore, after applying the triangle inequality to |VZ,XVE (f — frorw)| L2, (T*M)>
we can estimate the reference terms with (3.4.11a). (3.4.26a) then follows by iterating over
iteratively replacing mixed terms on the right hand side until only Vlasov energy terms
remain.

For (3.4.26b), we largely proceed as above replacing f — frrrw with f. However, whenever
we encounter a term with only one horizontal derivative by commuting, we replace f with
(f — frrw) + frorw. For the former, we simply use (3.4.26a). Regarding the latter, the
analogous bounds hold as for Dy, 1 frLrw as for ZfeﬁyhmprRW in (3.4.11a), except for
incurring metric terms up to second order since taking vertical derivatives causes metric

terms to occur at order zero that need to be differentiated: For example, one has

yhoryvertfl*_‘LRVV :zhor(‘/—:/(’vﬁ) *U K ’7)
=v# (Vpop F ([3) $77H + F(J0]3) * V(G =971)

Note that, since we only need to apply (3.4.11a) when only one horizontal derivative occurs,

we do not incur higher order metric errors in (3.4.26b). O

Since Lemma 3.4.13 allows us to exchange arrange covariant derivatives in arbitrary order
up to curvature errors, this will imply that Vlasov energies are coercive up to lower order
metric errors, along with bounds on the reference distribution function to control the purely
vertical case. We will use this in Corollary 3.7.11 to improve bounds on Sobolev norms
containing f — frrrw. To then improve the bootstrap assumptions, we need to show that
these sufficiently control the energy momentum tensor, which is ensured by the following

lemma:

LEMMA 3.4.14 (Energy bounds for Vlasov energy-momentum tensor components). For
L eZy andt € (tpoot, to], the following bounds hold:

(3.4.27a) (10" = piLrw iz o) + 107 = PELRW 22,010
e 0 - -
<a(t)"evF < Q)+ 167 =77l Mt)>
(3.4.27b) pr — pglLRWHHé(Mt) + ”le - pyLRWHHL(Mt)

Sa) Ve el (1)
(3.4.27¢) 19" N any S a®) Ve € (1, 1)
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—c L _ _
(3.4.27d) 1YYz iy S a2 | EEED + 167 =7 iz,

if L=0

PRrOOF. Note that we can apply Jensen’s inequality on continuous functions £ on T*M

that have compact support after renormalising, i.e., for V (supp¢) = fsuppg ,ug;ldv,

2 2
/ (/ vofualdv> dvolg :/ V (suppé)? (V(suppf)l/ v0¢ ,u&l dv) dvolg
M T*M M suppg

< V (suppé) (v°)*€” dvolg,
M

and that
V(suppé) < P3 < a oVF

using (3.4.6a). Thus, recalling (3.4.22), we compute for the energy density:

l l
1p"" — pg‘LRWH%QG(Mt)

2
S / / [|f — frLrw| + |G_1 - 'y_l\G] oY u&ldv dvolg
My supp(f—frLrw)(t,x,")

Sa(t)"VF .. W2 [If = froaw* + ]G~ =71 E] dvolg
* My

Salt)VE (€0 +alt) VNG~ B o)

The computations for the pressure are fully analogous, proving (3.4.27a) after updating con-
stants. By (3.2.14), we can express 5! as a weighted integral over f — frrrw, thus avoiding
the metric error term. Thus, (3.4.27¢c) for L = 0 follows directly by applying the Jensen
inequality as above. Regarding SV"Il| one can expand the term as in the proof of Corollary
3.4.10 to prove (3.4.27d) for L = 0. Higher orders are proven fully analogously, observing as
in the proof of Lemma 3.4.10 that Vp‘lélLRW = Vp%lL rw = 0, as well as the Vlasov energy
definition (3.3.3g) — this allows us directly apply the Jensen inequality to all matter variables
without having to expand the integrand. ([l

3.5. Estimates for spacetime and scalar field variables

All of the estimates in this and the following section hold for ¢ € (tBoot, to]. Furthermore,
we let w > o > 0 be a constant that is suitably small: For example, if ¢ is chosen small
ﬁ is an admissible choice,
but this choice is far from optimal. In general, w only needs to be small compared to the

enough that e’ < co < ﬁ holds throughout the proof, w =

order of derivatives used in our estimates, but large compared to o.

3.5.1. Lapse energy estimates. In this section, we collect estimates for the lapse that
follow from (3.2.20f)-(3.2.20g). In particular, in contrast to the estimates in Section 2.5, we
will also prove estimates for odd order lapse energies, since these will be necessary to control

high order lapse terms.
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DEFINITION 3.5.1 (Elliptic operators).
(35.1a) LC=a*AC—h-C,  h=—3ra* +127C? + 12742 (pYJLRW + p%lLRw) v H
H=(%,%)¢+87V? + 161CT
+ 4ma’® (PW — prrrw +3p7 = 3P¥lLRW>

(3.5.1b)  LC =a*AC—h -, h=—3ka* + 120C? + 12na® (P}t pw + Prrorw) + H

H=a* [R[G] - % - 87r\V¢]2G}

+ 12ma” [(PW —prraw) — (0 = P%lLRW)}
With these operators, the rescaled lapse equations (3.2.20f)-(3.2.20g) then read
(3.5.2) LN = H and LN = H,
and admit the following estimates:

LEMMA 3.5.2 (Elliptic estimates for £ and L£). For scalar functions ¢, Z on M; with
LC=Z or LC = Z, one has

(3.5.3) a4HACHLé(M) + a2||VC”L§3(M) + ISl 2,0y S 12122, 0y

PROOF. The only difference in the proof in the pure scalar-field case is that Vlasov terms
occur in h and h. However, we observe that p%lL RW ‘HJ%; Rrw 1S nonnegative and only depends
on t, while one has |H| < € by the (3.4.1b), (3.4.1a) and (3.3.13a), as well as [H| < ea®~°
by (3.3.13a). Hence, one has

(3.5.4) h,h > 6xC? and |Vh|g, |[Vh|g S e

for small enough ¢ > 0, which were the only properties needed to prove the above lemma in
the scalar field case. 0

LEMMA 3.5.3 (Odd order elliptic estimates for £ and £). Consider scalar functions ¢, Z
with £LC = Z or LC = Z. Then, one has

(3.5.5) a4HVACHL’é(M) + G2HACHL2G(M) +IVClez, o) S 121 ar) + \ﬁa_c\/gHZHLg(M)
PROOF. We only prove the statement for £, the proof is identical for £. First, note that
VZ =V (L) = a*VAC —hV( + CVh.
Contracting V;£¢ with —V#( and integrating, we thus obtain
/M a*|ACIE + h|VC2 = ((VR, V() g dvolg = — /M<VZ, V() g dvolg .

Using integration by parts to rewrite the third term on the left, applying (3.5.4) and rear-
ranging then yields

[ VR + VG avole 5 [ V2 + kg |6l dvolo.
M M
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Using the a priori estimates (3.4.3b) and (3.4.3a) as well as (3.3.13a) for the Vlasov terms,

along with Lemma 3.5.2, this then becomes
| at9%¢la+ [V dvole: S 11217, + vEaF| 2]
M
Now contracting V;£¢ with a*V#A( and integrating and using integration by parts, one has

/ a®|VACIZ + hat|AC)? + a* (VR, VO AC + a*¢(Vh, VAL g dvolg
M
= / a®|VAL|E + hat|AC)? — a*Ah - CAC dvolg

M

= / a*(VZ, VAl g dvolg .
M
Thus, by (3.5.4), the following holds for some K > 0:

/ a®|VAC|Z + 6mC2a* | AC)? dvolg
M

1 2 L g 2 2, 4 2
<2”Z”H5(M)+/M2a IVAC|G + Ke (|C! + a”|AC] ) dvolg
The statement then follows for small enough € by rearranging and combining both bounds. [

LEMMA 3.5.4 (Lapse energy estimate). The following estimates hold:
(3.5.6a) a*¢@(N,.) +a*eW(N, ) +eO(N, )
0 —c _ _
$2e0(n, ) + €09, ) + a'ef(£,) + atVEIG =

(3.5.6b) a*¢@(N,.) + a*eWD(N,.) + ¢O (N, )
For any L € {1,...,18}, one additionally has:
(3.5.6¢) a*¢ET(N )+ ateTHI(N )+ eBI(N )
<eteB(m )+ eB(gp, ) + 2 Ve [@(SmaX{O,L—Q})(Z, )+ @smax{0.L=2}h) (g )

+ (5461*‘3\/E + 52a2*“’) @(=L=3) (Ric, -) +a470ﬁ€§7LL)(f, )

~
not present for L<2

(35.6d) a*¢ET(N ) 4+ ateTHI (N, ) + ¢B(N )
. ¢ —c L
S a* €D (Ric, ) + ea®VEVo|2 o)+t VEEL(f, )

PROOF. This proof now proceeds as in the pure scalar field setting (see Corollaries 2.5.5
and 2.5.8): We commute (3.5.2) with Al and VA! for | = L%j = 0,...,9 and apply the
elliptic estimates from Lemma 3.5.2 and 3.5.3 respectively. For the estimates with respect to
L, the right hand sides at order L are of the form

s ATH L even

> VIH«VEIN 4 (N +1) B .
= VALZIH L odd
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Again, the only changes occur when considering Vlasov terms: At high order, we apply
Lemma 3.4.14 to estimate the density and pressure terms by Vlasov energies up to curva-
ture errors. Conversely, low order Vlasov terms are bounded using (3.4.21). Regarding the
remaining quantities, we note that Lemma 2.4.5 fully extends to our setting, allowing us to
move between Sobolev norms and energies up to curvature errors at high orders. ]

3.5.2. Energy and norm estimates for the scalar field and remaining spacetime
variables. In this section, we collect individual energy and Sobolev norm estimates for the
shear as well as scalar field and metric variables. Compared to the estimates in Section 2.6
and their respective proofs, there are two differences we need to account for' Firstly, we now
consider arbitrary (constant) spatial sectional curvature instead of k = , which leads to
a slightly more refined argument being necessary to prove Lemma 3.5.5. Secondly, Vlasov
matter now enters the respective equations and the above lapse estimates. Beyond needing
to estimate Vlasov matter terms where they occur, the fact that Vlasov matter enters into
the elliptic lapse estimate (3.5.6¢) leads to a linear coupling between scalar field and Vlasov
matter. To deal with this, we need to introduce an additional time-scaling hierarchy in the
total energy along with a hierarchy based on e-scaling, see Definition 3.7.4. To this end, we
additionally derive time-scaled estimates along similar lines as their unscaled analogues, and
often distribute both types of weights in anticipation of the total energies in Definition 3.7.4.
The proofs of the latter otherwise will follow by the same arguments as in the pure scalar
field case, so we will often only focus on how these changes are accounted for in the respective

proofs.

LEMMA 3.5.5 (Energy estimates for the scalar field). For L € 2Z, L < 18, the following
estimate holds:

3572)  e@(p 1)+ / " a(s)als) eI, s)+z8@<L>(N, s) ds

t
to
eB)(g,t0) —|—/ (sa(s)_3 +a(s)_1_c‘ﬁ) ¢B(p,s)ds
t
LI OR PSP B 3 1 (L-2)(p:
+ {64a(8) ce1EW(X)s) +ea(s) 7 -e2€ (Ric, s)
t
+a(s) VIR () e (1, 5)
+a(s) T VETE La(s)2 |G - v 2
+y/Ea(s)BTVEESED) (g 5) 4 ela(s)BTVE . ea@(SLA(x, s)} ds

to
+ / ca(s) 3V e2&(EL(Ric, 5) ds
t

if I>4

Similarly, one has

(3.5.7b)  a(t)te@ (g, ¢) + / . {d(s)a(s)7€(L+2)(N, s) + a(s)a(s)3eETD (N, s)} ds
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Salte)*e¢ T+ (¢, 1) + /tto (ea(s)_3 + a(s)_l_c\/g) ca(s)'e¢T T (g, 5) ds
+ /tto {5%(8)_3 : 5%a(s)4€(L+1)(Z, s) + <6a(s)_3 + a(s)_l_c\/g) e (g, 5)
teta(s) ™ e2¢B (X, s) +eta(s) VE . c1a(s) ¢ LD (Ric, 5)
+ (s3a(s) 7 + eha(s)"1VE) -3 € ) (Ric, 5)

—2—c\/e— w w L
+a(s)2eVE LD (gt (EHDe et (1 )

+a(8)2fc\/Ef(L+1)w ca(s )(L+1)w€§<<Lg(f 8)

_i_a(s)z—cﬁ*% .a(s)%HGﬂ _ 771“%20(Ms)} ds

For L = 0, analogous estimates hold with all energies of order L — 1 or lower dropped from
the respective right hand sides.

PrROOF. We only sketch how to adapt the proof of (3.5.7a) from that of Lemma 2.6.2 —
analogous adaptations can then be applied to the proof of Lemma 2.6.4 to obtain (3.5.7b) as
well as the low order analogues.

After taking the time derivative, inserting (3.2.20p) and integrating by parts, the following

schematic equality holds:

(3.5.8a)
—geD (g, ) < / {60“A5N CATU 4 3a(VAIN, V)i - AT
M a

(3.5.8D) —2Ca(VASN, VA% ¢>G} — 4463V A® ¢[% dvolg + (error terms)
Regarding the first term in (3.5.8a), we insert the following zero using (3.2.20f) and (3.2.3a):
0= 3/ divg (VAN - ASN) dvolg

3 3 K 9 sa 9 _ L
= /M —§GGB\VA2N\G ~ % (_871' aa® + 02 +30 2 <p¥‘lLRW - p?LRW)) |AZNJ?
- GCgA%N AZY + 50_2Aé [(PW - pglLRW) - (PW - pglLRW)} ATN
+ (borderline and junk terms) dvolg

Regarding the first line, the first and third term can be pulled to the left hand side, while
the second and fourth can be bounded by < a*QQE(L)(N ,+). The first term in the second line

precisely cancels the first term in (3.5.8a), and the term containing Vlasov matter can be
bounded by

(3.5.9) a % Cf\/el Z2(f,) \/e
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by Lemma 3.4.14. Note that, for the same argument at L = 0, this also incurs a metric term.
The second term in (3.5.8a) and the explicit term in (3.5.8b) can be treated similarly, so we

focus on the latter, denoting it by (x): Applying (3.2.5), we obtain the following:

) < / 2,/43 (aa® + ra®) [VAE N6 VA gl dvolg
M T

< / <4aa3yVA5¢%;+ Baa3|VA§Ny'g> dvolg
M 167['
+rla (€P(@,) + '€ FHI(N, )

The first term cancels with the second term in (3.5.8b), the second can be pulled to the left
and absorbed into already present lapse energy terms after adapting constants.
Combining these observations and dealing with borderline and junk terms as in the pure

scalar field setting, one obtains the following differential estimate:
- 0,eD(3,) +ad’e (N, ) + LeBI(N, )
(3.5.10a) < (ea™®+a17%) eB(p,) + (5(1_3 + a_Q_C\E) (a4€(L+1)(N, S+ (N, ))
(3.5.10b)  +eaP¢B(S, ) +e2a3¢LD(Ric, ) + ea ¥ VEE(SLD (4 )
(3.5.10c)  +ea3VEE(EL-D (3 ) 4 [ea—?’—cﬁ n \@afl_c\/ﬂ eEL-D (N )

(35.10d)  +a 2 Ve (f,) + efa P VEE(SE D (Ric, )

not present for L=2

The statement then follows by applying Lemma 3.5.4 to the lapse energies in (3.5.10a) and
(3.5.10c) and integrating. We note that, for L = 0, one not only incurs metric norms by

applying elliptic lapse estimates at low orders, but also when estimating (3.5.9). U
We will need an additional norm bound to obtain optimal control for the scalar field:
LEMMA 3.5.6 (Norm bound for V¢).

IV g L (M) S+ 5a_c\[)HZ||Hl+1 ) T VeaT V|| L (M) +(1+ EG_C\/E)HJWHHE(M)

PROOF. The momentum constraint (3.2.20i) leads to the following expression after rear-
ranging and using (3.4.1a) to ensure ¥ + C' > %

vl %diVGE — le
v+C
G

SIVHSle + 199 e+ Y. (IVPHEle + IV 6 ) IV 0
L+I=1-1

VIV¢le =

The statement then follows by applying the Young inequality with (3.4.3b), (3.4.21) and
(3.4.1a). O

Before moving on the energy estimates for Bel-Robinson variables, we prepare the nec-
essary bounds on the Vlasov matter components that occur in the Bel-Robinson evolution
equations (3.2.201) and (3.2.20m):
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LEMMA 3.5.7 (Bounds for Bel-Robinson Vlasov matter components). Recalling (3.2.20n)
and (3.2.200), writing

(']Vl)g(); symm - (JVZ)ESJ) (JVl)gz)z
and using J(V)l |(| RP— denote the same expression as in (3.2.20n) where pure trace terms
are dropped, one has
(3.5.11a)

Vi,
Ha (N + 1)J() l(l)symmHLé(M)

St vl (1) + 0 (fare(r + a6 - )

+a VR Al (N, ) + 0l mVE EO(N, ) + a1 mVE [eO0)(s, )

as well as, for L € 27, L < 18,
L Vi,
(35.01)  [a*AF (N + DI ) Drzan

<a71fc\f7ﬁw\/a4+(L+2 we(L+1 1(f,) + flfof*ﬂw\/ (L+1) we(<L)(f, )
+a Ve @ LA (N, ) + ol mVE @I )

+ \/gal—c\/g /QE(SL_Q)(N, ) +a—1—cﬁ /QE(SL)(E,-)
Va7 Jat €D (Ric, )+ vEa T mVE (<12 (Ric, )

and, for L € 2N, L < 18,

L *
la* A% (N + 150 ) N2

Sam2ovE- S, forroe 0 (1) + camtmovE R farnee(ED 1, )

+a VeV EEL)(S, ) + ea TVE [ @(EL-2) (Ric, -)

if L£0

PROOF. We can directly use Lemma 3.4.14 to control (SVH)Il and VY%, Additionally, we
note that the final term in (3.2.20n) can be estimated similarly to (SV)!l in Lemma 4.14 for
L > 2 after observing that m?a? < (v°)2. For the zero order estimate, we need to expand the

term as follows, using that frrrw is isotropic.

(3.5.12)

2.2
L R o gt o= [ w0 o
T T

=M V0 (v )2 * M V0 (UO

m2a®  m2a®
""/ ViV < - ) frorw (- v) pgt dv
o TP ()3 “
1 M% m2a2 .
+ (vij — Gij) 0 5 JFLrw (V) pig dv + (pure trace)
o3 09 (v9)
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For the second line, note that one has, using (3.4.3¢c) in the second estimate,

m2a®  m?a®

) (20 + [0P)* = (m%a + [o2)* mPa?| _ |G =y Vg
(WP~ (W)

P (P + %) WP " o
Dropping the pure trace term, the right hand side of (3.5.12) can thus be bounded in absolute
value by the following, using (3.4.6a) and (3.4.6b).

S /*MUO\(f — frLrw) (5 v)| pgt dv 4 ovE ’Gil o y

From here, one can proceed as in the proof of Corollary 3.4.10 and Lemma 3.4.14, and checks
that the last line of (3.2.20n), after dropping pure trace terms, can be bounded by the second
term on the right hand side of (3.5.11a).

For the remaining terms, recall that we can apply (3.2.23) to pull the covariant derivative
past the respective momentum integrals. By Lemma 3.2.7, any of the prefactors depending
only on the momentum are uniformly bounded by v” up to constant and vanish when hit by
a horizontal derivative. Keeping this in mind, we apply the product rule: When estimating
high order Vlasov terms, we apply the Jensen inequality as in the proof of Lemma 3.4.14
to connect the respectice quantities to our Vlasov energies, and apply the low order bounds
(3.4.3b) and (3.3.13a) for shear and lapse respectively. On the other hand, if most derivatives
hit lapse or shear terms, we estimate the respective distribution function terms with (3.4.16)
by a~°V%, and simply apply (3.4.6a) to deal with the remaining integrals over functions of v.
Finally, recall Lemma 2.4.5 to bound Sobolev norms in 3 and N to their respective energy

terms up to curvature errors. [l

COROLLARY 3.5.8 (Energy estimates for Bel-Robinson variables). The following holds for
Le2N,2<L<18:

(3.5.13a)
Dw,t)
a(s)

to w
+/ / a(s)i [87@2@(3)3(N+1)<A52,A55>G+6Aégﬁ;
¢ M a(s)

< a(te) T (W, tg) + /to <€a(3)*3 +a(s)FF + a(s)*%c\/E) a(s)TED (W, 5) ds

- ! {(a <s>+cﬁ) (als)' e (6,5) + €D(6,5))
(ea
(

+a(s)—2—cﬁ—(L+2)w - a(s )4+(L+2)w€ LH)(f, s)

g

a(t)

dvolg ds

w 3

+ (eals Ve () TED () + has) - ela(s) e D (Ric, s

z
2

+ (eza( 3+8 —i—e?a( )_1_C‘ﬁ+%> -E%QE(SL_Z)(Ric, s)

+ a(s)"tmevErEHDe g s )(L+1)w@ SS (f,s) +a(s)17VE—T . q(s) 2| G — ’yilllié(Ms)
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+ (c2a(s) P VERE fa(s) VIR ) €S2 (g, )
+ea(s) 3 VE . q(s) 1 (e(SH)(z, s) + ¢=L=2(, 5))

+eda(s)37OVERE L o @(SL-Y)(Ric, 5)} ds .

not present for L=2

(3.5.13b)

to .
e (W, 1) + / / [87702 (N+1)<A§E,A§5>G+GGES;|A§E|2G} dvolg ds
als

< eB(W,to) + / (8é (s)73 + a(S)_Q_C\/E) e (W, s)ds
‘) " {4062 a0 e (@, + (Hale) S + a(s) 1) €D(6,)

+ (aa(s)*?’ n a(s)7176ﬁ> c@)(x, 5)

+ &téa(s)*3 . 5%a(s)4€(L71)(Ric, s) + (E%a(s)*?’ + E%a(s)*lfcﬁ) Leag(sl-2) (Ric, s)

+ a(s)—Q—cﬁ—(L-i-Q) ( )4+(L+2)w egLL-:}% (f, )

+ a(s)—l—cﬁ—(L—H)w . ( )(L-H w€§<<LL(fv ) ( )—l—c\/g—% . CL(S>%HG:H N ,Y:N:l”%QG(MS)

+ (=¥ als) 7 VE a(s) V) @5 (g, )

+ ea(s)3eVE <QS(§L_2)(E, s) + =LA, 5)) + 6%(1(5)_3_‘:\/g cea@(sL—4) (Ric, s)} ds.

not present for L=2

For L =0, the analogues of (3.5.13) hold where all energies of order below L are dropped
from the right hand sides.

PROOF. The proof proceeds exactly as in the pure scalar field case (see Lemma 2.6.6),
where we use Lemma 3.5.7 to bound the Vlasov matter terms, and apply Lemma 3.5.4 to

bound lapse energies. O

LEMMA 3.5.9 (Integral energy estimates for the second fundamental form). For L €
274, L < 18, the following holds:

(3.5.14a)
a(t)T e (2, 1)

+2/t0/ s)% [a (N+1)(A§5,A§E>G+?8(]\7+1)|A§E|2G} dvolg ds

to
< alto) 1 €¢D(2, to) + / (5@(5)_3 Fa(s) s 4 a(s)—l—cﬁ) a(s)ieD (s, 5) ds
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tO w w
+ / {a(s)_3+§ eB) (g, s) + s—:%a(s)S_CUJ“Z : E%G(L_l)(Ric, s)
t

3

+esa(s) 38 e2@ED(Ric, s) + £2a(s) 3 VE . a(s) T E(EL (3 )

+e a( ) —3—c\e+% €(<L 2)(¢ )+6%a(8)—3—c\/5+% '€%€(§L_4)(Ric, S)
not prese;Lrt for L=2
—1—cye— w w (L w _ _
+af(s) 1—cye—(L+1) ( (s )(L+1) €§<L)(f s)+a(s)? |G L 1”%%(MS)>}CZS
(3.5.14b)

to .
D (x, ) +2/ / [ +1)(A§5,A§E>G+GES)(N+1)|A52%} dvolg ds

a(s)

< @(L)(E to) + / (Eg (s) 3 +a(s)” 1—Cx/5> @(L)(XS) ds
t
to 1
+ / {es*ga(s)’gc‘i@)(gﬁ, s) + 52(1(5)3*00 . E%G(L*U(Ric, s) 4 e2a(s) 3¢ (Ric, s)
t

15

+€2CL( ) —3— cf€(<L 2)(2 $)+ (E a( ) 3— C\[—i—ga( ) 170\5) @(§L72)(¢,8)
+ a(s)—l—cﬁ—(L—H)w . ( ( )(L+1 w€§<<LL(f’ ) ( )(L-i-l)wHG—l - fY_l"%é(Ms))

+ E%a(s)_?’_c‘ﬁ cea@(sL=4) (Ric, s)} ds

not present for L=2

For L = 0, the same estimate holds with all energies of order L — 1 or lower dropped from

the upper bound.

PRrROOF. Note that the only term that is not pure trace that the presence of Vlasov matter
adds to the evolution equation is SV%I. Hence, commuting (3.2.20c) with A% and carrying
over error term notation from (2.A.14), we have the following:

5.153)  —aeD(x,.) = 2a(VZAS N, AT )¢ — 2a(N + 1)(A3Ric[G], A3 Y) ¢
3 o) 2AZN,A A G, A

M
3.5.15b L 16ma" AT SVEL AT Y
( ,
(3.5.15¢) + (0,6« G *A%E*Aéz—wgm%z%
(3.5.15d) ~AS L Borders A D) = 28], s AF D) } dvolg

Regarding (3.5.15a), we apply the lapse energy estimate (3.5.6¢) (resp., for L = 0, (3.5.6a))
for the first term and have the following:

a| V2AE N5 €IS, ) S a8\ fase@ (N, ) + €D (N, ) /e (3,

S (sfa a7 ez, + g*éa*i%ez@)(gﬁ, )+ a*lfcf E- (L4l a<L+1)we§?g( )




176 3. ON THE PAST MAXIMAL DEVELOPMENT OF NEAR-FLRW DATA FOR THE ESFV SYSTEM

a6 = L=0
5 g 3eVE (€L (g ) 4 €(SL=2 (% ) 4 e¥ a3~ VEE(ELY)(Ric,.) L >2

For the second term in (3.5.15a), we insert the Bel-Robinson constraint (3.2.20j). High order
lapse terms are treated similarly as above, and the only Vlasov term that is tracefree and

thus isn’t cancelled by the inner product is
—2(N +1)a=? - dra2(AT SV ATE)S .

This term is bounded in absolute value by

1 L _ _
a e Je () [ e+ IeT -
—_———
if L=0
up to constant with Lemma 3.4.14, as is the term in (3.5.15b). (3.5.15¢)-(3.5.15d) only

contribute error terms that can be dealt with as in the scalar field setting, accounting for
(3.3.14). O

LEMMA 3.5.10 (Elliptic energy estimate for the second fundamental form). For any L €
274, 2 < L <18, we have

(3.5.16a)
a'eT (2, ) § (ahVE e E) €S, + P (6, + eP W)
+ 5. €%a4€(L_1)(Ric, D+ ad—eve—(L+lw a(L+1)w@§7LL)(f7 )
+ €a2fc\/g€(§L72)(¢, )+ aQ*C‘/EQE(SLJ)(E, )+ e3>V . 3 @(SL-2) (Ric, -) .

For L =0, one analogously has

(3:5.16b) a*€M(x,) (' + 2a?VF) €O(3, )+ €O (g, ) + €O W) +a ().

PROOF. Recall from the proof of Lemma 2.6.10 that, since ASY is tracefree, one has
¢L(x ) < g vEeld)(n, ) + / diveAZE + cwrlg A% E[2 dvolg
M

Inserting commuted analogues of (3.2.20i) and (3.2.20k), we can argue as in the scalar field

setting, where the commuted analogue of (3.2.20i) now additionally contains the term
STAZ IV

where we again apply Lemma 3.4.14, leading to the respective Vlasov energy terms. O

We close out this section by collecting all necessary bounds for metric variables:

LEMMA 3.5.11 (Sobolev norm estimates for metric variables). For any | € N, | < 18, we
have the following:
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(3.5.17a)

= fo & —1—co Y
a(t)SHGﬂ:l_,y:I:lequ(Mt) < et +/ (a(s)*3+§ + a(s) 1 ) a(s)2 HGil . 711”§{E(MS) ds
t

tO w w
+ / a(s) 3 FE Ve [ a(s)Te¢ED (D, 5) + €S0 (¢, 5) + €S2 (Ric, s) | ds
t —

if 1>3
to
—1l—c\/e— w w (<
+ [ al o e e )
(3.5.17b)
ceh _1
”G:I:I _ ’y:HH?{lG(Mz) S a €8 (54 + e 4 SES(LEIt)O) (HNH?JZG(MS) + HZH?J%(MQ))
For 1l > 0, one additionally has
(3.5.18a) a(t)’+2|T — FHHZ L)
to w
§54+/ (a(s)_3+§_c‘ﬁ+a(s)_1_w> a(s)?T2||r — F”Hl 1 )ds
t

to w w
+ / a(s)73% ca(s)? | a(s)TEED(D, 5) + €SD(g, 5) + €S (Ric, s) | ds
t N—

if >3
to
+/ a(s)*lfcﬁ*(lﬂ)w'a(s)5+(l+1)w€§§)l(f, s)ds and
t

1
—ce8 4 -1 2 2
(35180) 0= T2, S o) (5 +ed sup (”NHHE(MS)JF||2HHE(MS)))

s€(t,to)
as well as the following:

(3.5.19a)
a(t)2 €L (Ric, t) < alty) 2 €2 (Ric, to)

to
+ / (e%a(s)—?’ +a(s) s + a(s)—l—cﬁ) a(s)2 ¢~ (Ric, s) ds
t

to
+ /t {a(s)—3+% (e@)(qs, ) +a(s)%e<L>(z,s))
+ as) I meVE D g (g) B e ()
+afs)"HHEVE (@55 (g, 5) 4 a(s) T €I (D, ) )
+efa(s) T3 VE L a(s) % ¢SLD (Ric, s)} ds,
(3.5.19D)

a(t)* eV (Ric, t) < et + /t

to

(e%a(s)—3 + a(s)—3+%) ca(s) e (Ric, ) ds
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+/tto{a(s)—3+ii Ca(s) s e (s, 5) + (a(s)—l_c\/é+52a(5)—3+g> a(s)F ez, s)
+ () () ) €Po,9)

+ (a(s)*Hﬁ + EQQ(S)*B*C@%) (@<SH>(¢, s) + a(s) €S- (x, s)>

+a(8)—1—ca—(L+1)w ~a(s )(L+l)w€§<<L£(f s)

+ea(s) 3T - a(s)2 €L (Ric, s) 4 ea(s) P TVEFT L a(s)2 €S (Ric, s)} ds

to
(3.5.19¢) €2 (Ric, t) < EEF2(Ric, to) + / (6%0,(8)_3 + a(s)_l_c‘ﬁ) ¢=2)(Ric, s) ds
t

+ / to{ Ra(s) 7 (€ (g,5) + € (3, 9))

o+ afs) VI o5 DR 5)
N E_éa(s)_g_cﬁ (G(SL—2)(¢’ 8) + @(SL—Q)(E, s)>

+ed a(s) 3~ VEeE-Y (Ric, s)} ds

to
(3.5.19d) a(t)* ¢ED(Ric, t) < + / (5%a(s)—3+a(s)—1—cﬁ)-a(s)4e<L—1>(Ric,s)ds
t

i /t ) {e78a(9)™ (o) € (,5) + (¥ a(s) ™ 4 afs) V7)€,
+ (= 2als) P 4 a(s) V) @B (g, )
+ (sga(s)_%c‘ﬁ + a(s)_l_c\@> ((’E(SL_Q)(qb, s) + &L= (g, s))
+a(s) T (), 5)
+ea(s) €D (Ric, 5) + a(s) P VEEEE D (Ric, 5) | ds

For L = 2, the previous two estimates extend if all energies with negative order are dropped,
while one additionally has the following:

(3.5.19¢)

w w to w
a(t)fe(o) (Ric, t) S a(to)fe(o) (Ric, tg) + / a(s) 38 +af(s )_l_cﬁ> ¢©) (Ric, s) ds
t

+ /t " (s (€9(6,5) +a(s) T eO(3,5))

+a(s) "V (a()2€(f8) + a() FIGT =T 2 ) ds

)

1

to
(3.5.19f) ¢ (Ric, t) < €O (Ric, to) —l—/ (z—:ga(s)_3 + a(s)_l_c\/g) ¢ (Ric, s) ds
t

to
“5a(s) 3 (&0 (0)
+/t e 5a(s) (e (6,5) + € (z,s)) ds
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to w
[ ol (o€ )+ TG )

Finally, one has the following bound:

(3.5.19¢g)
a* ¢ (Ric, ) S €V(W,-) + €V(S, ) +ea™Vee=D(, ) + €W(g, ) +ea V=g, )
a' eV eii”,(f, >+a4 VEIGT =73, +2el D (Ric, ) + caVEEE D (Ric, )

if 1=0 ifl=4

PROOF. Since (3.2.20a), (3.2.20d) and (3.2.20e) do not contain Vlasov matter variables,
the proofs for (3.5.17b), (3.5.18b) and (3.5.19¢)-(3.5.19f) are largely unchanged to those of
Lemmas 2.6.11-2.6.14, where we apply Lemma 3.5.4 to estimate lapse energy terms. Re-
garding the scaled estimates, we consider (3.5.17a) for even [ > 2; the other cases as well as

(3.5.18a) are proven similarly: Commuting (3.2.20a) with A%, we have the following:
— 0, (a6 =712, )

Sa s oo (e + e ) 4 e Rie) ) 67 = 0y

We apply the Young inequality to, for example, the shear term as follows:

a3V [ (2, )G
Sa TS AR |G =y, Ha TR TVE LT e (n, )
G

The statement then follows by inserting Lemma 3.5.4, applying the Young inequality similarly
to the other terms and integrating. From comparing (3.2.20b) to (3.2.20a), one quickly
observes that the analogous bound for the inverse metric follows identically.

Finally, (3.5.19g) is a direct consequence of applying A3 (resp. VAZ%) to the constraint
equation (3.2.20j), rearranging and applying the a priori estimates (3.4.1b), (3.4.3b), (3.4.3d),
(3.4.1a) and (3.4.3a). In particular, regarding the Vlasov terms, one uses (3.4.27d) and
(3.4.27a) to connect their norms to our energy quantities. For the remaining terms, we use
estimates as in Lemma 2.4.5, along with the previously mentioned a priori estimates, to
convert Sobolev norms into energies up to curvature errors. O

3.6. Vlasov energy estimates

In this section, we collect the necessary energy estimates to obtain the bootstrap im-
provements in the following section. In particular, for each derivative order and each number
of horizontal derivatives in the energy, we prove both a time-scaled estimate, which are all
combined in Lemma 3.7.3 to obtain bootstrap improvements for the spacetime and scalar
field variables, as well as non-scaled estimates that lose smallness, which we use to improve
the bootstrap assumptions on Vlasov matter. Regarding the time-scaled estimates, we scale
by a* and powers there of to indicate scaling necessary within the hierarchy of vertical and



180 3. ON THE PAST MAXIMAL DEVELOPMENT OF NEAR-FLRW DATA FOR THE ESFV SYSTEM

horizontal derivatives at a given order (foreshadowing (3.7.2)), and by a” to indicate addi-
tional scaling necessary for the total energy at odd derivative orders (foreshadowing the final

line of (3.7.5¢)).
3.6.1. Preliminaries. First, we collect some tools that will be used throughout:

REMARK 3.6.1 (Integrating M;-tangent tensors over the cotangent space). We recall that
by Lemma 3.4.6, positive powers of |v|g can be bounded by a~Ve, and thus integrals over
powers of |v|g and v° on the support of f, frLrw or f — frrLrw are bounded by a~¢Ve. In
particular, for any M;-tangent tensor ¥ and any « > —3, this implies

/ 21 - (v >2adv01G_/ \S\G/ (V)& ugtdv) dvolg < |yz||L2 -a*c\/?
T* My M; *

We use this in the sequel without further comment, usually when needing to estimate high

order terms of G — v, X, N or scalar field quantities.

Next, we collect the core estumate that ensures the transport equation almost conserves

Vlasov energies:

LEMMA 3.6.2 (Energy mechanism for the Vlasov equation). Let p > 0 and 0 < L < 19.
Then, the following holds:

/T*M < >2“<vae7‘t(f - fFLRW)aygert(f - fFLRW)) dVOlG <€(I1 CU@ (f7 )

Similarly, if one additionally has 1 < K < L, we have
/T*M < >2H <vaert vhorf vvert vhorf>Q0dV01Q ,5 Ealicgéﬁfl)((f7 ) :
t

PROOF. Both estimates are proved identically, so we only write out the proof for the
second. Writing out X (see (3.2.19b)), the left hand side takes the following form:

[ wzepee.
T* My

ol
<[_ TN+ 1Y, +a WOV;NBI | VEERGE VoKl f> dvolg
G

Regarding the first term, we integrate by parts with respect to V;, noting that the horizontal
covariant derivative of any momentum weight vanishes. For the remaining term, we use
Fubini’s theorem to replace the integral by one over [ M fT; M, and then integrate by parts in
B. This leads to the following after rearranging and applying (3.2.24c¢):

L*M < >2M<vaert(f7fFLRW)yzgert(f*fFLRW)>Q0dV01Q

B /T*M ail(v)éﬂ <UﬁjvjN> UO (2/1<1)>62 + 2(L o K) (’U ) ) |vvert horf‘G dVOlG
t
The statement then follows using (3.3.14). ]

To be able to apply the above identity, we need to commute 0; past the respective
covariant Sasaki derivatives, apply (3.2.19a), and then commute X back past them. We
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have already collected error term formulas for the former in Lemma 3.4.12, and now collect

schematic formulas for the latter:

LEMMA 3.6.3 (The commuted rescaled Vlasov equation). The following commuted ana-
logues of (3.2.19a) hold: For 1 < L <19, one has

(3.6.1a)

_ 02 4y«
Vi of =XYVE (f — frorw) +a L (N + 1)W « Vo Vo (f — frLRW)

* Ric[G] * Vi Vyor (f = frLrw)
v
+ ‘fl@ « VN *« VL (f = froew)

+ 30+ Vi X frirw

where one has, for L > 2,
(3.6.1b)

l—co L— - - _
”(UO)LSL,OHLiQ(T*M) Sa ! < eg,ggl U(fa )+ = F||LQG(M) + G -y lHHé,(M)>

_ V*xv
+a YN +1) 0

and said error term vanishes for L =1, as well as

(3.6.2) 1) Seri X frLaw 12 ey S adeVE (\/a4@3(1 )+ \/Qf )

+a VR (I0 = Pllz any + 167" =7z an ) -

The latter bound also extends to L = 0.
Furthermore, for 0 < K < L, we have

(3.6.3a) Vvert VE of = vaeﬁ VE f+a ' (N +1)VETIRic[G] * yl-K+1 (v *Uf)

—~vert UO

_ 1 vxv
+a (N +1) <0+ (u0)3> « Voot Iy

+a” —*VN*BVL KAk f
00

—~ vert
+3SL,K
with
(3.6.3b)

1 5 xcllzs rean —o &LV () + aTiTeVE JeERI (N, )
+/Ea I meVE (\/QE(SK_I)(RiCa )+ (T - f”Hé(M) +llG7 - ’YlHHé(M))

if K>2

as well as
(3.6.4a)

*
VhonOuf =XV f + ™ (N + D)TE RG] ¢ Vo (500 ) + 0™ SNV, f + B
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with

—1—co L —1—co SL*l
(36.4b)  [§L.cllzz crean Sca”! Ve, (5, +atery JelSh g,

+a 3 VE gt @ L) (N, ) 4+ o VE @SN, )

+VEaIeVE ( @<L (Ric, ) + T~ Tl gy apy + 167 — vlnHé(M)) .

if L>2

PROOF. We first consider the purely vertical case (3.6.1a), then the purely horizontal
case (3.6.4a), and then briefly (3.6.3a) as a combination of both cases before discussing the

respective error bounds.

For (3.6.1a), we first replace f with (f — frLrw) + frLrw, which allows us to collect all
reference error terms in yﬁertX frLrw. Since B; and V,, 5 coincide when acting on purely
vertical tensors (see (3.2.17)) and vertical frame derivatives commute, the only error terms
generated from the vertical term in computing (3.6.1a) are down to applying the product
rule to momentum prefactors. Regarding the horizontal term in X, we additionally need to
apply (3.4.24a) for My = 0, which yields the term in the second line of (3.6.1a) as the leading
error term, while all others are absorbed into the error terms. In particular, we note that this
commutation only generates terms of the type in the second line of (3.6.1a), where we can
always pull the horizontal derivative back to the front up to error terms as in Lemma 3.4.13
that are absorbed into §r, 0. We also note that, whenever vertical derivatives hit v-prefactors,
both a power of v and a derivative are lost, and thus the momentum scaling of lower order
error terms always precisely matches that of the respective G\y-norm, up to estimating v by

v¥ in |-|q.

For (3.6.4a), we need to ensure that, after taking horizontal derivatives of X f and ap-
plying the product rule, we can still express all terms covariantly despite Christoffel symbols
occuring explicitly in the commutator [A;, BY]f = —T'[G],B!f, see (3.2.25b). To this end,
we commute horizontal derivatives past the vertical part of the operator X as follows.

V, [0°V;NB/ f] =0°A; [V;NB/ f] = ° [0;V;NB/f + V;N A, B’ f]
— 0 [aivjN B/f +V,N (Binf - F[G]ZlBlfﬂ
=" [V;V,;NB/f + V,NB'Y,f]
At higher orders, one additionally incurs terms of the form v * Riem[G] from connection coef-

ficients with two horizontal indices. Thus, repeating this argument, we obtain the following

schematic representation:
(Vhor vV N B [

K
— Y vx VENTIN BV,
KN+Kf:L,Kf75L
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+ > v % VERCRIC[G] # VEVTIN « BY L
Kric+Kn+Ky=L-2

+ (low order nonlinear error terms with multiple curvature terms)

Regarding the horizontal term in X f, we apply (3.4.24a) with M; = 0, My = L, again noting
that we can rearrange the covariant derivatives up to error terms into the order presented,
and can deal with the error terms as in Lemma 3.4.13. Finally, (3.6.3a) follows from com-
bining the ideas from both of these proofs, commuting with horizontal derivative terms as in

VL_K

Voert COmmute.

the purely vertical case and noting that B and

The error bounds (3.6.4b), (3.6.3b) and (3.6.1b) simply follow L? — L>°—estimating the
remaining terms and using (3.4.16) for low order Vlasov terms, (3.4.3e) for the curvature
terms and (3.4.6a) to control momentum terms as well as the lapse bootstrap assumption
from (3.3.13a). In particular, we note that B f and higher order vertical derivatives of it are
only bounded by a Ve, leading to the lapse energies in the second line of (3.6.4b). Further-
more, we apply (3.4.26b) to order the derivatives in the Vlasov error terms as needed, and

note that the leading curvature terms arise from this procedure.

Finally, for (3.6.2), we recall that v°, (v)¢ and Bfrrrw are bounded by a~VE on the
support of frrrw since the latter has bounded support with respect to v and one has (3.4.3c).
Using (3.4.12) for the horizontal term in X then directly leads to the stated bound. O

3.6.2. Vlasov energy estimates. Recalling our conventions on ¢ and w from the start

of this section, we now start by proving the Vlasov integral energy estimate at order 0:
LEMMA 3.6.4 (Zero order Vlasov energy estimates). The following estimate holds:
(3.6.5a)

) €C)r set+ [ " (a9 5% +ea?) - a5 ds
t

)

to B w w ~
+ /t a(s)~37eVErd (82(’3(0)(27 s) + €0(g,5) + a(s) 3| — FH%%@@)) ds

fo 1 & “ 1 12
[ el )BT = R, ds
(3.6.5b)

to
et St + / (a(s)™177 + 2Ra(s) ) € (£, 5) ds
t

to
+/ g*%a(s)*gfcﬁ (82@(0)(2,8) + c,:(O)(qs7 3)) ds
¢

to R
= / als) " VE (I = T ) + 167 =7 220 ) s

PROOF. We first prove the unscaled estimate (3.6.5b) before sketching the necessary

adaptations to arrive at (3.6.5a):
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(3.6.6) —0,e(f,) = - /*Mz W2 — frraw]? dvolg
- 2/*M<U>2G(f — frLrw) - Ocf dvolg

The first line can be bounded by < 6a*3(’3(1?())(f, -) with (3.4.23) and (3.3.13a). We insert the
rescaled Vlasov equation (3.2.19a) in the second line and expand as follows:

~2 [ @R = frvw) - 0uf dvole
(3.6.7a) = - 2/*M<’U>é(f — frorw) - X(f — frorw) dvolg
(3.6.7b) —Q/T*M<U>20(f— frLrw) X frLrRw

(3.6.7a) is bounded by 5a_3€g?()]( f,+) due to core energy mechanism from Lemma 3.6.2. Re-
garding (3.6.7b), we apply Lemma 3.5.4 for L = 0 to (3.6.2) and collect:

IX Frwawllog yrean S (1670 =7 agon, + /01 0)

a7 20 ) €06, + a0 - Dl

Putting all of the above together and applying the Young inequality on each summand, we

obtain
~0€(f,) S (a7 +eva?) €1, )
a7V (2603, + €0, ) + a0 - T, )
[
and thus the result after applying the Gronwall lemma.
For (3.6.5a), we argue along the same lines, with the estimates for (3.6.6) and (3.6.7a)
treated identically and where (—9,a*)€®)(f,-) can be dropped since it is nonpositive. Re-

garding the terms in (3.6.7b), we apply the same estimates, but now distribute the additional
Vlasov energy scaling to mitigate the divergence of the other energies:

a3 (a%HXfFLRWHLQQ) : <‘13‘f \/W)

Sam (aef(,) +atVEE (2000 + €06, +atTH T T, )

FaT TV aE 6T -y
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LEMMA 3.6.5 (Vertical Vlasov energy estimates). Let 8 € {0,4}. Then:
(3.6.8)

a(ty el (0 s+ / (as)™77 + als) %+ ca(s) ) als) €l (f,5) ds

—CO—W w <L
- ca(s)" e (f,5) ds

A
/ )V (€09, 5) + a(s)T €0 (S, 5)) ds
A

—l—cy/E+p+4 (a( )2 T — 1“||L2 +a( )z||G7t _7—1\|L2 2,(Ms) ) ds

869 B s [ (a7 ha) ) (s ds
to
+/t a(s)—l—ca—2w . ( )quzg 1 (f, )
Jr/to e_éa(s)_g_c‘/g"'ﬁ <€(0)(¢, s) +62€(0)(E,s)) ds
t

to R
+/ a(s)_l_c\/g <||F - FH%QG(MS) +lG7 - ’Y_l"%?G(MS)) ds

t

PROOF. We only prove (3.6.9) in full since the other cases are proven similarly, keeping
in mind that —8t(a5+w)(’3§fo) <0.

Since 9y and B; commute and since yﬁmg = B%¢ holds, we get the following:

o=~ [ (2250 % )|vvert<f—fFLRw>\é dvolg
* M (v)a 0

—/ W& P0G xa Vi (f — frirw) %& Vet (f — frorw) dvole
*M

- 2/ M(“>2G<Yvert(f — JFLRW); YyertOif) G, dvolg

The first two lines are bounded by ea_?’@g())(f ,+) up to constant, with the first line due to
(3.4.23) and (3.3.14), and with the second since |9;G|¢ < a3 holds by (3.4.1b) and (3.3.14)
applied to (3.2.20a). Regarding the final line, we insert (3.6.1a):

2 /T (Tl ~ Frniw), T, dvole
(3.6.10a) < — 2/*M<U>G( VAN i (f = frorw), Vi X frirw))advola
(3.6.10b) + /*M<U>QG [a‘l\N + 1] (1 + o[ [Ric[Gll @) [Viet Vo (f = froaw)le,
(3.6.10¢) + @ VNIGIV e (f = frorw)la, | [Vhen(f = frimw)la, dvolg

(36.10d)  + (Isolez, + IVEen X frrrwlzz ) /€0 (F)
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. . o . _3(L
Going through the right hand side line by line, (3.6.10a) can be bounded by ca 3610) (f,")
by Lemma 3.6.2. For (3.6.10b), we apply (3.4.3e) and (3.4.6a) on the prefactor to estimate
it as follows:

Clc L L
(3.6.10b)] S a”! ﬁ(,/@;g’g(f, ')—i-|’V56T%VhorfFLRWHL%GO> eMf,)

For the reference term, we apply (3.4.11a) for K = 1, and obtain the bound
—1—cyeg(L —1l—cy/e r - -
(3:610b)] Sa™ VR (1) + a7 TVE (0 =112, ) + 167 =272 ()
e L
+a V().

For (3.6.10c), we apply (3.4.6a) and (3.3.14) to bound the terms by ml_c"@gfo). Finally, we
apply (3.6.1b) and (3.6.2) to bound (3.6.10d), where we insert Lemma 3.5.4 at order [ = 0 for
the occuring lapse energy terms and then apply the Young inequality. The integral estimate
(3.6.8) then follows by integrating.

For ' = w, we again use the additional scaling to prevent otherwise strongly divergent energy

-3

terms to diverge more than a™ as in the zero order case. For the Vlasov energy gaining a

horizontal derivative, we distribute the scaling as follows:

e\ JeB (g eB (1) = JarelD (£, ) - o - a2, )

The respective proofs with g = 4 instead of 8 = 0 are identical. O

LEMMA 3.6.6 (Mixed Vlasov energy estimates). Let 0 < K < L and 5 € {0,4}. Then,
the following estimates hold:

(3.6.11)

B(K+1)w g(L) 4 fo 34w -3 B(K+1)w
alt) R0 et [ (0P o)) als) e (f.5) ds
to
+ / a(s) 17 - a(s)P T U0 eh) (£, 5)ds
t
to
+/ (a(s)—l—cﬁ-i-%+62a(8)—3—c\@+%)' a(s) P 1)+1)w€1<<LK (f,s)ds
t

to
—3=evEts ()8 (a(s) 2 ¢EK) (3, (=K) (g, s s
+ [ al) S a(e)? (a0 TSRS, + € (0,)) d

: (a<s>5+%\\r =2y a6 EICT =T B o) ds

(1) g [T teer L8 (D) 1 (L)
00 et [ (a4 (o) S) €19 + alo) T () ds
t
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to , _
+ [ (Fal Va7 ) (€ (1) + € ) ds
to 1
+/ e va(s) Ve <€(§K)(E, s) 4+ ¢=K) (g, s)) ds
t
to 15
+ / (a(s)—l—cﬁ +5§a(s)_3_c‘/g) ¢=K=D(Ric, s) ds
t

to
NG 15 —3—c\/E 2 -1 _ 12
+/t (a(s) + e a(s) P VE) (I0 = D3 ) + 167" =7 22 0, ) s

For K < 10, the curvature energies can be dropped.

PrOOF. We again focus on proving the unscaled energy inequality (3.6.12), and touch on
how the scale factors are distributed for (3.6.11) at the end. One computes:

2 L-KvK 2
- 615/ M|’U|G|zvert yhorf|Q0 dVOlQ

(3.6.13a) =— / *M<v>2G <28227;>GG +2(L — K)3;z0> Vot Vi f 12, dvole
(3.6.13b) - /T *M<v>%,~<v0>2<L‘K) (G ™) *a Vo Vo f e Voo £ Vi, | dvolg
(3.6.13¢) 2 [ 0 U1 DV, D, dvol

36130 =2 VRV, T, Mg, dvole

(3.6.13a)-(3.6.13b) can be bounded by 6a*3(’3§7L) (f,-) up to constant as in the purely vertical

case. Regarding (3.6.13c), (3.4.24b) implies the following:

(00 VLR 1. Y e,

—~vert

—~wvert —~wvert

— v — — .
S IVt Thorflc, - ['U'OG\VL 1 e, VTP 0iRiclGl g

—~hor

v - — —K|—
O (G116l A T Pl + 0V Erkc kel
Recall that, by integration by parts and the Young inequality, one has
a—3—c\ﬁ@(l—1)(2’ )< a—3@(l)(g7 D+ a—3—26ﬁ@(l—2)(27 D

and the analogous estimates for €~ (N, .) and ¢t~V (Ric, -). Applying (3.4.3b) and (3.3.14)
to (3.2.20e) and (3.2.20d), as well as updating ¢ > 0, one then gets

10:Ric[G]l| o2 + 101G o
<a? <\/e<l>(z, D+ \/ozm(zv, -)) +a3evE (\/@<Sl—2>(z, D+ \/cs(Sl—?)(N, -)>

+ea”37VE €= (Ric, -)




188 3. ON THE PAST MAXIMAL DEVELOPMENT OF NEAR-FLRW DATA FOR THE ESFV SYSTEM

as well as
[0:Ric[G]ll caoary + 10X (Gl 022 (ary S eadTVE,

Further, the supremum norm over £ = f in (3.4.25b) can be bounded by a~¢V¢ due to (3.4.16)

whenever it occurs. Altogether, this implies

1(3.6.13¢)| Sea™37VE <\/Q§1K 1 (fs) +\/€1<<LK11 (f, >

oo <\/6<SK>(2, )+ EERN, ) + 2y €= R, 0) .

Considering (3.6.13d), we can apply (3.6.3a) and using |v|¢ < v" as well as [N +1] < 1 to

obtain the following:

36.130) +2 [ RXTELEVE, L5 EVE, vl
*M

(3.6.14a)
_ _ . vV kv _
= ([T ReG g - (00 ORI (S| e IV T Sl

(3.6.14b)
+a {(WO) I EIVN|gBYLE KV, fle + (UO)L_KISL,KlG} Vi E V- fla, dvolg

vert

The extra term on the left hand side is dealt with using Lemma 3.6.2. Using (3.4.6a) and
(3.4.16), the vertical derivative factor in the first term of (3.6.14a) can be estimated by a~¢Ve.
Regarding the first term in (3.6.14b), note that one schematically has

BV, IR f =V EVE 4+ TG« VTS,

—~wvert —~wvert

where the second term always contains horizontal derivatives except for the case K = 1.

Then, one expands the term as follows:
| ET(G] * Vi fle S aoVF (!V&T%(f — frrw)lg, + |z1€e:’t1fFLRW|QO> .

The former can be related back to (’3%_1)( f,-) in estimation and the latter is simply bounded

uniformly by a=¢V¢. Else, this lower order term can be bounded by 4/ €§L<_ 1?_1( ,+) in estima-
tion. We can treat BVZ KV VK o ! f identically, except that the case of only vertical derivatives

appearing in error terms now happens for K < 2. Thus and applying (3.4.3e) and (3.4.16)
as well as (3.3.13a) for the lapse, we obtain

o L L 1.(L 3¢ L
(3.6.13d) S (a7177 + 280 ) € (1) + a7t el (1) + e FaT VR (1)
+ca —3— C\[€1<<LK1]_(f7 )+a—1—c\/E€(K—1)(RiC’_) +a—3—cﬁa4€(1)(N’ )

e R R S PORVLC WV

Note that the last term in the second line comes from the discussed error terms arising from

replacing B with V, ., at low horizontal orders.

—7UVer

The statement now follows by inserting (3.6.3b), combining the bounds for (3.6.13a)-(3.6.13d),
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inserting Lemma 3.5.4 and integrating.

For the scaled version, the main point is that one needs to be careful to ensure that

@gLIl_l( ,-) terms do not enter at a power worse than a~3, which is the case in the unscaled

version. To this end, we distribute the scaling as follows:

e 0 [ €y () = a fawerneel 5 faroze el 1)

Then, we apply the Young inequality and update c. We note that one never encounters more

than K horizontal derivatives in the error terms and thus can never lose scaling. For the
non-Vlasov energies, we distribute scaling as in the previous arguments. Again, replacing
B =0 with 8 =4 goes through identically. O

LEMMA 3.6.7 (Horizontal Vlasov energy estimates). Let 8 € {0,4} and L > 2. Then:
(3.6.15)

to w
a(t)?H IR £y < ety / (als) ™% + efa(s) ™) als) FE ) (1, 5) ds
t

) )

to
+/t safs e a(s )6+Lw€g<<LL) 1(f,s)ds

_l’_

to
/ als)~3eVERe a(s)? (a(s)%e(ﬁL)(Z, s) + &S0 (g, 3)) ds
t

+

0

/ a(s) ™3~ e ca(s) e el-D(Ric, s) ds
t

_l’_

+

0

/ a(s)37VEHL o (5)P+ 2 L2 (Ric, s) ds
t

+

+

0

/ 6& —3—cy/etw +a( ) l—c\/g) a(s)ﬁ-i-%@(SL—‘l)(RiC? 5) ds
t

+

_|_/t0 a —1— c\f—i-(QL'H)w +ea(s)” 3—cﬁ+Lw).
t
(s EID = Pl gy + a0 F1G =7 B, ) ds

(3.6.16)
)0 5o+ [ (ato) 0+ ehats) ) 0+ ) S E ()0
t

+/t0€ Sa( )3-evE (€(<L)( s) + ¢=D) (g, s)) ds

to
+ / cEa(s) V% - (a()'€ "D (Ric, ) + € (Ric5)) ds
t

For L <10, the curvature energies can be dropped. For L =1, one has
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a(t) 2l (f,1) et + tto (a( )TIeVE 4 (s) 35 4 esa(s)” 3) ca(s) 2l (f,5) ds

cals) VRS L a(s) el (f,s) ds

to

a(s)~3-eVE+: w,a(8)4< (s)1eM(z, ) + eW(g, ))

|
J

t

_l’_

to w R
/ a(s)lmevEtaw ca(s)" 20 =172 ) ds
t Gye

to w
+/ a(s)™" cVEt+jw ca(s)2 |Gt - 71HL2 Ms)ds

(3.6.18)

to
e gt [ (al) 7+ ehale) ) €d(fs) + e Fals) Vel (0) ds
t
to
+/ € 8a( )3mevE <€(§1)(E,s)+€(§1)(gb,s)> ds
t

to ~
* /t () (I = Uy + 167 =7 g o) s

PROOF. The proof of these estimates is analogous to that of Lemma 3.6.6 since (3.6.4a)
is just a simpler version of (3.6.3a), and the commutator formula (3.4.24b) is also used for
My = 0 in a similar fashion to the previous proof. As a difference in estimation, we note that
the high order curvature term present in (3.6.4a) is now of order L — 1, and thus needs to be
thought of as being of order L + 1 in the metric, i.e., of higher order than the Vlasov energy
itself. Consequently, the resulting energy controlling this term needs to be additionally scaled
to allow the argument to close, which makes the resulting energy term borderline. O

3.7. Improving the bootstrap assumptions

In this section, we combine the energy estimates from Sections 3.5, and 3.6 to improve the
bootstrap assumption (3.3.13a) — recall that (3.3.13b) is already improved due to (3.4.16). To
this end, we first derive improved energy bounds for the spacetime and scalar field variables
and then use these to derive bounds for Vlasov energies. We then translate these bounds to
Sobolev norm bounds, and finally to bounds on C.

In the following, we again assume t € (tpoot, to] and that w > o is a suitably small constant,

see also the start of Section 5.

To deal with linear borderline terms in the energy estimates for the shear (see Lemma
3.5.9) and Bel-Robinson variables (see Lemma 3.5.8), we need to extend Lemma 2.7.1 to
ensure that the error terms essentially have favourable sign even for flat and spherical spatial

geometry:
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LEMMA 3.7.1. Let L € 2N. Then, the following estimate is satisfied:
(3.7.1)
2 -3 L L 9@ Lo a L .o
167C%a™ (N + 1)(A2E,A2X)q + 8nC ;(N +1)|A2E|G + 6;(]\[ + 1)|A2 €&l | dvolg
M
>0 k<0
> —a [4nC2eD)(, ) + ¢BW, )] k>0
PRrROOF. Firstly, the bootstrap assumption (3.3.14) implies N + 1 > 0 for £ > 0 small
3 a

47C? a
Then, the statement follows directly from this and the Young inequality as in Lemma 2.7.1.

enough. For k < 0, we have a3 <

by (3.2.3a) since the Vlasov density is nonnegative.

Else, one has

T 4xC?  a ~ 4w C?
and thus the integrand on the left hand side in (3.7.1) is bounded from below by

a

/-2 .
a3 < 5 a+ﬁ< 5 <a+\/ﬁa_1>

> 0 ALY |G|AZE|q,

implying the statement. O

To obtain bounds on the spacetime and scalar field energies, we need to combine Vlasov
energies at order L with appropriate scaling as follows:

DEFINITION 3.7.2 (Total scaled Vlasov energies). For 0 < L < 19, we define

L

L w (L
(3.7.2) v = > a5
K=0

With this in hand, we can combine the estimates from Section 3.6 as follows:

LEMMA 3.7.3 (Total scaled Vlasov energy estimate). For L = 1, one has

(3.7.3)

to w
a(t) € (t) S ' + / (als) 717757 4 a(s) TV 4 eRa(s) ) als) e,y (s) ds
tO w w
+ / a(s)"3"VERS L g(s)t (e<§1>(¢, s)—|—a(s)ZQE(§1)(Z,s)—|—€2€(0)(Z,s)> ds
t
fo 1—cy/e 44-% 12 44+ % 1 12
4 / a(s) "V (al) D = DI, )+ al)HFIGT =27, o)) d

Let L > 2. Then, the following holds:
(3.7.4)

1

(L) i, [° | 34 3 (L)
a(t)ﬂcfitomlyl(t) Se +/t (a(s)_ YT 4oa(s) T - esa(s)” )a(s)/}@tomhw(s) ds

+ /t ’ a(s)T3VEHT g (s)? (e<L>(¢, s) +a(s)%e<L>(z,s)) ds
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to
+ / ca(s) 3VEHIw g ()4 B el D (Ric, s) ds

+/ a(s) "3 Vet . g(s)P L2 (Ric, 5) ds
t

+

0

+/ a(s) " VEHE L g(s) (@(SL—2)(¢’ 5) +a(8)%€(SL—2)(275)> ds
t

to
—1—w—co —3—c o w L
+ [ (al Fa(s) VS ) a(s) 2 1 8) ds

_l’_

(at)
[ ()70 4y mevEe) €5 i ) ds
t

(at)

t
+/0 a(s)"1VEHB 1 a(s)™ 370\/E+ﬁ+w).

t

() I ~ Pl ) + @& FIE™ =7 By ) s

PRroOOF. This is a combination of Lemma 3.6.5, 3.6.6 and 3.6.7. Observe that the final
line arises from Lemma 3.6.5, while the remaining lines arise from Lemma 3.6.6 for K = L —1
and Lemma 3.6.7. Furthermore, we immediately rewrote QE%LQ 11{)( f,+) as follows: First, let
K1,k > 0 be a suitable constant depending on L and K and y;: Vgt For L—1> K >0,

we integrate by parts:

VN () = -V | B0 VIR, £ VSRR, fla dvolg

vert —wvert
_ 20/70\/5 ((L K — 1)(v0)2(L7K72) <v>%Yv + (,UO)Q(Lfol)) .

(vge'r{( 2 horf7 \Y vﬁer{( 2vhorf> dVOlQ

Integrating by parts again for the second term, one obtains
e L1 1/.@ _9e L—2
aVEel V(s <5 (ehr ) + a7 Fe (1, )

+Kp,ra Ve (W) )V e 2 Vo f17 dvolg
T*M o

<e)(f) +a Vel (1 ).

For K = L —1 > 1, one can argue identically without an error term after the first integration

by parts since V,,,,v° = 0, obtaining
a-cvE@(L-1 L a=c L 2)
Vel () S € + a0 ).

For K = 0, one can argue as above replacing f with f — frrrw. Finally, for L—1=1= K,

we need to perform the following replacement after integrating by parts:

a—3—cﬁ+§w+6@ﬂ(f, )
= g A eVEre [_/ W&(f = frorw) - (GTH9Y,Y, f dvole
*M

- We(f = froew ) (G NNV frorw + (W& hor frLrw &, dvolg
M 0
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<a~ ( ftsw ) (s )+a‘c‘ﬁ-a5+”€§%(f,')>
+ a*?”cﬁ*ﬁ*?wHYhOTfFLRW||%2 Gy T agicﬁw%w”yiorhmwHiig(T*M)
SaStE (PHEP)(r, ) + P el) (1, )
4 g 3eVEHB2w <a% T =I5 oy + ai |G - 771‘@%(1\4))
The final step follows by applying (3.4.11b). .

Recalling the discussion in Section 3.1.4.2, we would like to construct a total energy as in

Chapter 2 that admits a strong bound via the Gronwall lemma. To this end, we essentially

(L)

quiesc

take the energy € that describes the quiescent formalism as in Chapter 2 and add the

(L)

total Vlasov energy to it, which forces us to add further scaled terms to the total energy €, . ..

Before explaining the precise rationale behind these terms, we introduce these energies.

DEFINITION 3.7.4 (Total energies). We define:
(3.7.50) €, =€0(g,) + (eh +a¥) (O, + 4?03, )
+ateW(g,.) + (8% + a%) a‘eM (s,
+ Qigzaz,vz +atel), vita? |G - ’YilHig(M) +a' 3| - f”%é(M)

(3.75b) €. =€0(6,) + et (€O, ) + 47020 (5, ) +a'eV(s, )

quiesc

and, for L € 2N;2 < L <18
(3.7.5¢)

1

€L =€ D6, + (=4

+ a4€(L+1) (¢? )

a%) e(W, ) + 4rC2eD(x, ) + (s% + a%) ¢(L-2)(Ric, )

+ (83 + aw) abe) (Ric, ) + C”:gft)azyz + “46&55:!1}/1

af (IP = P oy + 16 = 7512 )

if L=2
(3.7.5d)
€0 =€D(,) et (€DW,) +4nC2€D(S, ) + '€ HD(9,.) + clate (s, )
+ 2D (Ric, -) + e1a* e D (Ric, )

REMARK 3.7.5 (On the construction of (’Eg Ot)al) Essentially, the total energy can be split
(L)

into three components — unie < Which describes the core quiescent mechanism as in Chapter

2, Qigft)al v; Which is a natural energy for Vlasov matter in near-FLRW regimes, and various
scaled energies controlling components of the spacetime metric. We briefly explain why the

latter needs to be introduced when one attempts to combine Gguze < and @E ot)al v into a total
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energy that admits a useful Gronwall estimate:

First, we notice that Vlasov energies occur linearly in energy estimates for the scalar
field, see Lemma 3.5.5, and also vice versa, see (3.7.4). Thus, we do not gain smallness in
terms of ¢, and the Vlasov energy must enter the total energy without e-weights. Second,
Vlasov matter also linearly couples into the geometric evolution equations for the shear and
for Bel-Robinson variables, see Lemmas 3.5.14 and 3.5.8, and vice versa, see (3.7.4). However,
to obtain a clos)ed energy estimate for the quiescent components, one needs to introduce an
(L

quiesc

e-weight in € as in Chapter 2. On the other hand, geometric energies occur linearly in
(3.7.4). Thus, to obtain closed estimates, we must introduce geometric energies that are not
weighted by €. To nevertheless surpress linear scalar field terms of order t~! in the geometric
estimates, we must then introduce scale factor weights on these terms, which must be weaker
than those on Vlasov matter. This then extends to Ricci curvature terms as well as low order
geometric error terms in the Vlasov equation, which must both exhibit stronger scaling than
the second fundamental form, which occurs linearly at order t~! in the evolution equations
of either. For the second fundamental form at order L + 1, the additional scale factor weight
must be stronger than the one at order L so that, after applying Lemma 3.5.10, all resulting
terms can be absorbed into the left hand side if a(t() is sufficiently small. The curvature term
at order L — 1 must, in turn, be scaled more strongly than the second fundamental form at
order L + 1 as before, and the top order curvature term must be similarly strongly weighted
so that one can absorb terms resulting from (3.5.19g) into the left hand side.

PROPOSITION 3.7.6 (Total energy bound). For L € 2N, L < 18, the following holds:

1
(3.7.6) elh) < dgees

total ~

PrOOF. We start proving the case of L = 0 by combining the following energy estimates:

e For the first line, we use (3.5.7a) for L = 0 for the scalar field energy. For the Bel-
Robinson and shear energies, we treat their sum scaled by £1 and their sum scaled
by a% separately. For the former, we apply (3.5.13b) and (3.5.14b) for L = 0, scaled
by e1. For the latter, we apply (3.5.13a) and (3.5.14a) for L = 0.

e For the second line, we apply (3.5.7b) for L = 1 and the elliptic shear estimate
(3.5.16b) scaled by (E% + a%>

e For the third line, we apply (3.6.5a), (3.7.3) and the metric estimate (3.5.17a).

Notice that, by (3.7.1), the indefinite terms on the left hand sides of the analogues of (3.5.13b)
and (3.5.14b), respectively (3.5.13a) and (3.5.14a), are nonnegative for k < 0, and else are so
up to a term that can be pulled to right and estimated from above by ftto a(s)_lt’figzal(s) ds.
This leads to the following estimate:

(0) 4 o 3 344 2 2 (0)
€ ora(t) S€ +/ (58a(5)_ +a(s)0s Fals)T w) €, oiar(8) ds
t

+ (sf +a)¥) ), 1)
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Recall that we can choose both € > 0 and a(tp) to be sufficiently small without loss of
generality, see Remark 3.3.8 for the latter. Thus, the final term can be absorbed into the left
hand side after adapting implicit constants, and the Gronwall lemma then yields

¢l (1) S ta(t)~

For L > 2, we proceed iteratively, assuming the bound to have been shown up to &

ool

(SL-2)
total

One now similarly combines the following estimates, going through (3.7.5¢).

e For the first line: (3.5.7a) for the scalar field energy, (3.5.13b), (3.5.14b) and (3.5.19c¢)
for the Bel-Robinson, shear and Ricci energies scaled by £1, and (3.5.13a), (3.5.14a)
and (3.5.19a) for the energies scaled by powers of a7

e For the first two terms in the second line: (3.5.7b) and (3.5.16a)

e For the curvature energies second line: (3.5.19¢) and (3.5.19a), respectively (3.5.19f)
and (3.5.19¢) for L = 2, as well as (3.5.19d) and (3.5.19b) for the energies at order
L—-1

e For the curvature energy in the third line: (3.5.19¢g) with [ = L, scaled appropriately

e For the Vlasov energies in the second line: (3.7.4) with 5 = 0 at order L and with
B8 =4 at order L + 1

e For the metric terms if L = 2: (3.5.18a) with { = 2,5 =0 and (3.5.17a) with [ = 2

Note that, for L = 2, the metric and Christoffel symbol norms become a part of the total
energy, and else they are absorbed into the lower order terms since they have already been
improved.

Altogether, this yields the following:

to "
Qiiit)al(t) et +/t [ esa(s)™® + a(s) FVEE 4 a(s)_Q—CU—(L+2)w) Qz(fft)al(s)

total

+ (6%a(8)—3—cﬁ + a(s)—S—cﬁﬂ-% + a(s)—Q—ca—(L-‘rl)w) QE(SL_Q)(S)} ds
+ (e +a®)F) €, + (F +a)F ) altyVEel P (0

(<L-2)

total _» this implies after rearranging the

Since the statement has already been shown for &

first term in the final line as before that
1 to w
Ggi)al(t) S €4a(t)7cs§ +/ (aéa(s)*?’ + a(8)73*0\/g+§ + a(8)727caf(L+2)w) @Eit)al(s) ds
t

and thus

ool

el () S eta(t)
O
PROPOSITION 3.7.7 (Quiescent energy bound). For L € 2N, L < 18, the following holds:

1
(3.7.7) elb) < dgeed

quiesc ~

PROOF. In short, the strategy in this step of the argument is to rerun the argument that

yielded (3.7.6), but using this bound to directly estimate all Vlasov terms and metric errors,
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since it directly implies, for any [ € N, < 18 and any m € N,;m <,

. 1
(378 almreel) (£, +a¥ (IGF vy + T -T2, ) S etam

For L = 0, we use the analogues of (3.5.7a), (3.5.13b), (3.5.14b) and (3.5.7b) for L = 0 and
the elliptic shear estimate (3.5.16b). This yields the following:

to 1 w
Coresc(t) S '+ / (%) + a(s) ™+ 4 a(s)27VF) €f.() ds

to
c w 1 w _ _
+ / als) VI (€0 () + a() €l v (5) + () F G =7 Rz ) ds
+et el (1) +a(t)VEED) ()

After pulling the first term in the last line to the left and applying (3.7.6), this implies
to
0 1 _ _qqw _9_ 0
e () St + /t (ESa(s) 5 4 a(s) S+ als) 2 Cﬁ) ¢ (s)
to 1 1
+/ E4a(8)7272w7058 ds +€4a(t)4fwfcs8
t

Since Lemma 3.2.2 implies that the second line can be bounded by %, the Gronwall lemma
1
leads to &) (t) < eta(t)=c®.

quiesc

We now proceed iteratively for L € 2N, L < 18, assuming that one has shown

1
(SL-2) < 4_—cet
quiesc ~ ea

We combine the following estimates to control the individual terms in (3.7.5d).

e For the first line: (3.5.7a), (3.5.13b), (3.5.14b), (3.5.7b), (3.5.16a)
e For the curvature energies second line: (3.5.19¢) (respectively (3.5.19f) for L = 2)
and (3.5.19d)

This yields the following as before.
to
L 1 — — W —2—cr\/E L
€ S+ [ (0l + 0l ()2 0) €l (0)ds
to
—2—cy\/e— w <L L+1 _ _
+ / afs) 2 VER e (50 () + als) el (9) + 16T =17 3 ) ) ds

to w
4 [ (Rale) S () ) €5 s) ds
t

+eiell) (b +a(eytevEEreelh) )

quiesc
1 to w
Sela(t) =t + / (sFas) ™ +a(s) ™% +als) 27VE) €l (s) ds + el ()
t

The bound (3.7.7) now follows at order L after rearranging and applying the Gronwall lemma,

proving the statement. O

COROLLARY 3.7.8 (Sobolev norm estimates for the solution variables).

1
(3.7.9a) 19 s ary Se2a™"
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15 _

ool

(3.7.95) IS mgpny Se¥a
(3.7.9¢) 1€ sscan + 1Bl iasany SeFa
(3.7.9d) IRic[G] = 26G|| s ary + IT = f||Hg(M) +|GE - Wﬂan(M) Sgga_caé
(3.7.9¢) I s 585a4_ce%
Further, one has the following high order bounds:

(3.7.10a) ate1D (Ric, ) < gt

(3.7.10b) P = g + a0 = Pl gys Sehamest

PrOOF. The first three bounds as well as the Ricci bounds follow directly from Proposi-
tion 3.7.6 using Lemma 2.4.5 to switch bound the respective Sobolev norms up to curvature
energies. To obtain the lapse bounds, we apply (3.5.6b) and (3.5.6¢), where we observe that,
for suitable w, we can estimate all Vlasov energies using (3.7.8). The metric and Christoffel
bounds then follow from (3.5.17b) and (3.5.18b). O

With these improvements in hand, we are now able to derive energy bounds for Vlasov

matter that are not scaled:

PROPOSITION 3.7.9 (Vlasov energy bound). The following bound holds:
<18 T e®
(3.7.11) NS ) S eFae

PRrROOF. As in the proof of Proposition 3.7.6, we again iterate over the number of deriva-
tives, this time in increments of 1 starting from L = 1 after treating L = 0 as a special case
first:

For L = 0, note applying the bounds from Corollary 3.7.8 to the energy estimate (3.6.5b)
implies

to 1 1
et Set+ / (a(s) 7177 + 2Ra(s) ) € (f.5) + e ¥ a(s) H7 4 Fa(s) 7 ds,
t

The stated bound then follows with the Gronwall lemma.
For L = 1, we start with (3.6.9). Notice that, using (3.7.8), the term containing the Vlasov
energy of higher horizontal order (’f(lll)(f ,+) can be bounded by

to to
/ a(s)712 - a(s)2€)(f, 5) ds < / a(s)7172 - ta(s) " ds.
t t

Using the bounds from Corollary 3.7.8 on the remaining energies similarly, we obtain
to 1 1
@%(f, t) <et + /t (a(s)*l*a7 + 5%(1(5)*3) Q‘Eg%)(f, s) + E%a(s)*lfcss + E%ga(s)*?’*c58 ds

and thus, again applying the Gronwall lemma,

ool

el (1) Sera(t) ™



198 3. ON THE PAST MAXIMAL DEVELOPMENT OF NEAR-FLRW DATA FOR THE ESFV SYSTEM

To deduce the bound on Gﬁ (f,+), we consider (3.6.18) and deduce that the respective integral

containing (’3%( f,t) therein can be bounded as follows:

to i s
/ B a(s) et Q;%(f’ s)ds < e a(t)" "
t

Applying the bounds from Corollary 3.7.8 for the remaining energies proves the bound for
@ﬁ(f ,-) with the Gronwall lemma as before.
For 1 < L < 18, assume the statement has been shown up to L — 1. Starting again with the
vertical energy estimate (3.6.8) for 5 = 0, the bound
L 7
€ (f,) Sera
follows by the same argument as for L = 1, in particular using (3 7 8) to bound (’E(L)( Iy
Next, let K € N,L > K > 0 and assume the bound to hold for C%l <K 1(f,), and consider
the intermediate energy estimate (3.6.12). Again, notice that

to 1
/ a(s)” 1€§LK+1(f’ s)d 5<5%G_C€8
t
holds by (3.7.8), and on the other hand,

to 7 1
/ (Fals) v 4 a(s) ™=V (@ () + €LV (fs) ) ds S o™
t

is satisfied since improved bounds have been established for all energies in the integrand. The

ool

shear and scalar field energies can be treated as before, and (3.7.9) leads to similar terms for
curvature and metric error terms that are not at top order. At highest order (i.e., L = 18),
we note that high order curvature terms that occur in (3.7.8) are appropriately scaled by
(3.7.10). Altogether, (3.6.12) then leads to the following estimate:

)

to 1
el () S €4+/t (a(s) 177 + eRa(s) ™) € (f,5)+eba(s) VR R a(s) P s,

1
and thus Qf(ljg)K(f, ) < £3q—CF Having now proven the bound up to QS:(L,LS)L—l( ,+) by iter-
ating over K, we can apply the same argument to (3.6.16). Again, note that even at highest
order, the metric and curvature bounds (3.7.9) and (3.7.10) are sufficient. This implies the
stated bound for €§L<) 1 (f,-), completing the iteration step and thus proving (3.7.11). O

Now, we are in the position to improve the remaining bootstrap assumption (3.3.13a):

COROLLARY 3.7.10 (Bootstrap improvement). For C as in (3.3.2¢c) and t € (tBoot, to, the
following holds:

(3.7.12) C(t) < eta(t)—c

PrOOF. Regarding the Vlasov matter quantities, note that Lemma 3.4.14 only requires
bounds on QEgLL)(f, -) for L € N. Inserting (3.7.11) and the metric bound from (3.7.9) then

implies

1
! ! ! ! ! T e
1p¥" - ngRWHHég(M) +p¥ - ngRWHHéS(M) + 15" ”H18 )+ I(SY! )H”Hl8 ) Seta et
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Furthermore, applying the above along with (3.7.9a) and (3.7.9b) to Lemma 3.5.6 for 0 <
[ < 18 yields

ool

T
IVl sy S cta

after updating ¢ > 0. This, along with Corollary 3.7.8, proves From here, the statement
follows for all variables measured by C from the Sobolev embedding ny”(M ) = C,ZY(M ) for
l € N, as well as estimates as in Lemma 2.7.4 to relate norms with respect to v and G to one
another. ]

Additionally, Proposition 3.7.9 implies the following bound on the distribution function
compared to the reference data:

COROLLARY 3.7.11 (Sobolev norm bound for the Vlasov distribution function). On the

bootstrap interval, one has the following:

ool

7 —c
(3.7.13) If = frorwllas, @oa) Setalt)™

PrOOF. For L < 18, we sum (3.4.26b) over K = 1,...,L — 1 as well as all possible
derivative combinations represented by Dy, k. Note that the curvature error terms in (3.4.26b)
only necessitate control of the curvature energy ¢(=16) (Ric, -) as well as low order norms for
the Christoffel symbols and the metric, all of which are covered in Corollary 3.7.8. Thus,
inserting the Vlasov energy bound (3.7.11) and Corollary 3.7.8 then implies

2 L 2 T et
HnglL,QO(T*M) - ”yvertfHLigo(T*M) 5 €zaq”

Furthermore, by Lemma 3.4.7 and Corollary 3.7.8, one also has

ool

2 L 2 o
‘|fFLRW"H£QO(T*M) - ||zve7"thLRWHLiQO(T*M) S €2a”“

The statement then follows b di - 2
e statement then follows by expanding || f fFLRWHHfQO(T*Mt)

and using (3.7.8) to bound

3.8. The main theorem

We are now in the position to prove the main theorem of this paper:

THEOREM 3.8.1 (Past stability of FLRW solutions to the ESFV system). Consider FLRW
solutions of the form (3.1.2) to the Einstein scalar-field Vlasov equations (3.1.1) for which,
in the massless case, frrprw vanishes on an open neighbourhood of the zero section of P. Let
(M, g, k, 7, f) be CMC initial data to the Finstein scalar-field Viasov system (see Subsec-
tion 3.2.3) that is *-close to the FLRW data on My, in the sense of Assumption 3.3.4.

Then, the past mazimal globally hyperbolic development (M, g, ¢, f) to the Einstein scalar-
field Vlasov system (3.1.1) admits a foliation by CMC Cauchy hypersurfaces My = t~1({s}),
s € (0,to] such that the solution norms H and C (see Definition 3.3.2) satisfy

1

(3.8.1a) H(t) +C(t) < eta(t)=®
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and one has

(3.8.1b) 1(f = fFLRW)HCll}QO(T*Mt) < Vea(t)TOVE.

In particular, this implies the following asymptotic behaviours for the solution variables, in-
troducing the Weingarten map K'; = g”klj . There exist a scalar function Ypgng € C&(M),
a (1,1)-tensor field Kpang € C$4(M), a volume form dvolgang € 0%4(M) and a (0,2)-tensor
field Mpang € 0%4(M) such that the following bounds hold for any t € (0,to):

1
(3.8.2a) In = Ulesary Sealt)*=e
1
(3.8.2b) ||a_3dvolg - dVOlBang”C%‘l(Mt) <ea(t)?e®
1
(3820) ||a38t(l5 - (\IJBang + C) |’C,1Y4(Mt) . ga(t)Q_cgg
~ ~ to N 1
(3.8.2d) 'ng(t,«) — Vo(to, ") +/ a(s) "3 ds - VU pang Sea(t)? "
¢ C14(My)
1
(3.8.2¢) 1a°K = Kpanglls(ary Sealt)?=**
to 1
(3.8.2f) ‘g ® exp [—2/ a(s)_3 ds - KBa/n,g:| — MBang <ea(t)?eF
t C%Q(Mt)
Furthermore, one has
(3.8.3a) 8T (¥ Bang + C)? + | K pang|? = 127C%,  (Kpang)®, = —V121C

and, denoting (KH

%
. g
Bang) j = (KBang)Zj + ?CH;,

(3.8.3b) [|dvoly —dvolpangllc1s(ar) + 1M Bang — VIl c15(ar) + HK,HBMQHCWM) ¥l casny S e-

Additionally, there exists [Bang € 0119/ (T*M) such that, for anyt € (t,to], one has
Jo

1
(384&) Hf - fBangHCllQY (T* M) 5 \/ga’(t)2_068
10
where the footprint state fpang can be controlled as follows.
(3.8.4b) I fBang = frLrwllcio (e S Ve
10

The momentum support of fRang 5 bounded and, in the massless case, bounded away from
the origin with respect to 1|Uert. The solution norm bound (3.8.1a) also implies the following

Viasov matter bounds:
1

(3.8.4c) If = fFLRWHHllf‘QO(T*Mt) Sega(t)_aEg

(3.8.4d) HTo‘gl 9, f] — Too' [GrLrw frirw] c15(am) Ssga(t)“‘—cs%
(3.8.4e) HT&Z) 9, 11— Tg?.l) 9rLRW > fFLRW] c1s Ssga(t)_g’_cgé
(3.8.4f) HT(‘SZ(.)[@ A =T50@rLrw: frorw] Sega(t)“‘_c‘f%

C15 (M)
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The FLRW solution exhibits stable mean, scalar, Ricci and Kretschmann curvature scalar
blow-up toward the Big Bang in the following sense:

1
Sealt)? e

67.12 2
.0. kl, — | K an ’
(3.8.50) o185 = 1K pon Py, =

1
(3.8.5b) |a®R[g) — 87 (¥ pang + C)QHCO(Mt) <ea(t)>7e®
1
12: 1= s Aol 2 4 2—ce8

(3.8.5¢) Ha Ric[g]apRic[g] (87)*(VBang + C) ’CO(Mt) Sea(t)
1
(3.8.50) a2k — 2. (87)2(W + C)? < ca(t)> e

2 0O (My)

Finally, (M, g) 18 causally disconnected and geodesically incomplete toward the past in the

same sense as in Theorem 2.8.2.

REMARK 3.8.2 (On AVTD behaviour). (3.8.2) demonstrates that the evolution of met-
ric and scalar field are asymptotically velocity term dominated (AVTD) in the sense that
(g,k,m,00¢) exhibit asymptotic behaviour which, agrees at first order with the solution to
the truncated Einstein Vlasov scalar-field system in CMC gauge in which we drop all spatial
derivatives from (3.2.20a), (3.2.20c), (3.2.20f) and (3.2.20p). Note that, when considering
the evolution of k:ij (or, equivalently, its tracefree part l%;) as well as the lapse equation,
Vlasov matter terms are not truncated, leading to lower order terms in the VITD solution
— as opposed to the pure scalar-field case, where the VID solution is simply described by
a 3K Bang- Similarly truncating the rescaled Vlasov equation (3.2.19a) simply leads to the
equation O fyrp = 0, if one views the full Sasaki derivative V; as the horizontal term to be
truncated as the form of the isotropic solution suggests. Thus, the Vlasov distribution on the
co-mass shell is also AVTD, but one loses control of the derived energy-momentum quantities
since the leading order term is influenced by the level of inhomogeneity encoded in even the
formal VTD solution via the asymptotics of the spatial metric. Thus, these asymptotics are
in line with the critical behaviour of radiation fluids discussed in Section 3.1.3.2, since the
corresponding macroscopic quantities degenerate towards the Big Bang, but at controllable

rates.

PROOF OF THEOREM 3.8.1. Firstly, we can assume without loss of generality that the
initial data is CMC by Remark 3.3.7. If € is chosen sufficiently small, Lemma 3.3.9 implies
that there is a past maximal solution (M, g, ¢, f) to the ESFV-system with M ~ (t, o] x M
for t € [0, tp]. Furthermore, we can assume sufficient regularity for the initial data such that

all norms and energies are continuous in time (see Remark 3.3.7)%.

Thus, for some suitable Ky > 0, the bootstrap assumptions hold on (tpeet,to] X M for
tBoot € [t to) (see Assumption 3.3.11). If ¢ > 0 is, again, chosen to be small enough, the
assumption (3.3.13a) is improved by Corollary 3.7.10, and (3.3.13b) is improved by (3.4.16).

8In particular, for any I € N, we again note that the support assumptions on f ensure that f cH i,jo,m(T*MtO)

is equivalent to f € HL,WO,m(T*MtO) for any pu > 0.
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Thus, (3.8.1a) and (3.8.1b) hold on (t, o], and consequently (3.8.2) as in the proof of Theorem
2.8.2. In particular, if t > 0 were to hold, none of the blow-up criteria in Lemma 3.3.9 would

be satisfied approaching t:

(1) By (3.7.12), the eigenvalues of (G~1)¥ differ from those of (y~1)¥ by at most
Ks%afcg% for some K > 0, and are thus bounded from above by 1 + aga*c‘sé
up to multiplicative constant. Hence, the eigenvalues of G;; are bounded away from
0.

(2) (3.8.2a) prevents (2).

(3) (3.8.2¢) prevents (3).

(4) (3.3.11a) and (3.3.11b) are directly prevented by (3.8.1a). Regarding (3.3.11c), we
need to verify after scaling transformation that

21
(3.5.6) [ (<§”) (V287 ) 4o < o0

holds, where | > 18 is a sufficiently large natural number. For the massive case,
the factor containing [ is simply 1. Thus, expanding f into frrrw + (f — frorw),
and using (3.8.2f), (3.8.1a) and the momentum support bound (3.4.6a), (3.8.6) is
bounded by

1

_ _ T o_
5 HfFLRWHiIéW (T*M) + (1 + HG 1_ ~y 1||C%(M)) . (730)4 . H2 5 1+e2a ce8
o

In the massless case, (3.4.8) implies

(tzﬁ)m =1+ 7% <1,

¥
and thus the same upper bound holds after updating constants.

Hence, one must have t = 0. (3.8.3a)-(3.8.3b) follow directly from (3.8.2), the rescaled con-
straint equations (3.2.20h) and (3.2.20i) and the initial data assumption, as in the proof of
(2.8.4)-(2.8.6).

Regarding (3.8.4a), we use (3.8.1a) and (3.8.1b) to obtain

d

af(t xz, U’L')

1
SatTet <”N||Cé(Mt) I = Freawlies , renny + 6=~ 7_1||01(Mt)>

1
—1—ce8
Sea

Further, recall that (v), = /1 + |v\?y remains bounded on the momentum support of f, see
(3.4.6b). Thus, one has

d 1
<v>7%f(t,x,v) < Vea TR

By integrating in time, this implies for any s,t € (0, ) that

a(t)2_06% _ a(8)2—ce%

sup <U>7 |f(t,:n,v) - f(S,SL‘,U)| 5 \/g

z,weT* M
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holds and thus that f converges to a continuous function fpung in C?% (T* M) uniformly
when approaching the Big Bang singularity. The bound (3.8.4b) in C?’lo (T* M) then follows
directly from above for t = tg and s | 0. For higher orders, the argument is analogous, instead
considering

(R Durf) = )b D (X ).

where @L, k denotes as combination of L — K vertical and K horizontal covariant derivatives

with respect to (T*M,~). More precisely, it goes through as long as (3.8.1b) can be used

to control derivatives of one order higher, i.e., the argument extends to 011% (T*M). In
1o

particular, note that d; and covariant derivatives with respect to v commute, and commu-
tation errors between Sasaki metrics with respect to v and G can be controlled sufficiently
by (3.8.1a). The momentum support bounds for fpang are obtained by considering the limit
of the support bounds with respect to v in Lemma 3.4.6.

The remaining Vlasov matter bounds follow directly from (3.8.1a). Everything else is proven
identically to Theorem 2.8.2 and [RS18b, Theorem 15.1] — we note the convergence rates in
(3.8.5) are weaker than in these results since the presence of Vlasov matter leads to a weaker

convergence rate for the lapse (see (3.8.2a)). O

It was not necessary in the analysis above to assume that the momentum support of the
initial perturbation was close to that of the FLRW solution, as long as their joint support
was uniformly bounded and, in the massless case, bounded away from zero. However, if one

additionally requires this, this property is preserved throughout the evolution.

COROLLARY 3.8.3. Consider the setting of Theorem 3.8.1 and let dist, denote the distance
Junction on T*M induced by the Sasaki metric . If one additionally assumes

(3.8.7) distl(suppﬁ supp frLrw) < 0

for some 0 > 0, then the following holds for the limiting Vilasov distribution fpang on the Big
Bang hypersurface.

=

(3.8.8) dist+ (supp fBang, SUPP.frLaw) S 6 + €

PRrROOF. Let (XS (t;z,v), f/}(s; x,v)) denote the characteristics of the FLRW solution, em-
anating from (x,v) € T*M,, i.e., the solution to the following ODE.

(3.8.9a) %X; =a ' (v ———— Xs(s;z,v) =x
\/m2a? + V|2
d - - ViV, X
(3.8.9b) S (V)i =a™! (7Y Vi(s;2,0) =v

m2a? + |V\%

Our first goal is to prove that these characteristics are close to the characteristics (X, V') of
f given by (3.4.5), i.e., that

A~ A~ 7
(3810) |Xt0 - Xt0|7 + ‘V;fo - ‘/t()”y S; €4.
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holds on (t,x,v) € (0,tg] xT*M. As in the proof of Lemma 3.4.9, the characteristic equations
for X and X ensure that, for a suitable finite partition {(t;,t;_1]};=1..s of (0,t], we can
choose a finite covering of M such that any characteristic remains contained in a coordinate
neighbourhood for each step of the partition. We can also choose this neighbourhood such

that Christoffel symbols I' and I are Lipschitz continuous. Then, it is sufficient to prove
; ~ 7
(3'8'11) ’(th—l - th—1)(t7x7 U)|7 + ‘(Wj—l - ‘/tj—l)(t?x7v)‘7 S.J €4

for any t € (¢;,t;—1] and (z,v) in within a coordinate neighbourhood of (t;,t;_1] x T*M. We
will drop the subscript ¢;_; for the proof (3.8.11) for notational convenience.

Using (3.8.1a) as well as Lemma 3.4.6, (3.8.9) and (3.4.5) imply the following bound on such
a neighbourhood:

d ~ % _ — r V| HW ¥
- _ < g l—ce 1_ -1 _ Wiy ™ Wiy v,
t([/ V)‘Na (]N]—HG Y+ =T, + 5 V-Vl

1 N
<a S (eT 4+ [V = V)

~

Since one has (V — V)(tj_l, -,-) = 0, the Gronwall lemma implies
(V= V)t 0), S &5
using (3.2.6). Consequently, one has

% (x - %) l7 < g toes (IN1+ 0 =1}, + v = 7,)

ool

7
- —1l—ce
Seia

and we obtain (3.8.11) after integrating. By patching coordinate neighbourhoods and iterat-
ing over j = 1,...,J, this implies (3.8.10).

Now, note that solutions to (3.8.9) depend on their initial data Lipschitz continuously

with respect to v due to our coordinate choice. Thus, if one has

dist+ ((y, w), supp frrrw (to, -, ) < 6

for some (y,w) € T*M,,, then one has

(3812) diStl((Xa V)to (07 Y, w)v SuppfFLRW(O; K )) S 4

since frprrw is time-independent. Finally, for any (xz,v) € suppfang, one has
(Xo, Vo) (to; z,v) € suppf. By assumption, we can apply (3.8.12) to the characteristic flow
of this point with respect to the (X' , V)—Characteristics and the distance of the end point of
this characterstic to (z,v) is bounded up to a constant by et due to (3.8.10). This implies
(3.8.8). O

Additionally, the following analogue of (3.8.2f) holds and admits a limiting renormalised
metric on the Big Bang hypersurface in the style used in [OGPR23].
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COROLLARY 3.8.4. Let (M,g, ¢, f) be as in Theorem 8.8.1 and consider the renormalised
metrics
G(X,Y) = a(t)™? (g:M(X), Wi(Y)))
where

Wi z(w) = exp [— /:0 a(s)3ds- (EN.| Qw.

Then, there exists a Riemannian metric Gpang on M such that the following holds.

(3.8.13) 1GBang — Vllc1sary S

1
(3814) Hg - gBangHC%‘l(Mt) Sga(t)Q_Ceg

PROOF. The evolution equation (3.2.20a) implies
0Gij = — 2073 (N + 1) Sps W WS + 2N % Gy
+2a2 Gy (SH WV W

to
i / a(s) "3 ds - Gry (DS, WH WS
¢)
Using that ¥f and, consequently, W are self-adjoint with respect to G, the second line cancels
with terms in the first, leading to
to

Gi; =2 N % Gij —2a 3 NS s Wi WS — 2Gs ’ a(s) "3 ds (:ZH), W w5

Note that Theorem 3.8.1 implies the following bounds for some ¢ > 0, using Lemma 3.2.2
and (3.2.20c).

W]y Saf
1
]@Eﬁh <eqtmes?

Additionally controlling the lapse with (3.8.2a), one has

10:Gly S ea” 77 (G, +1).

The existence of Gpang as well as the bounds (3.8.13)-(3.8.14) at order 0 now follow as in the
proof of Theorem 3.8.1. At higher orders, the respective estimates are obtained similarly. [J

REMARK 3.8.5 (Interpreting the asymptotics on the mass shell). One might hope to
obtain similar asymptotics for the Vlasov distribution on the mass shell. In particular,
when interpreting the Vlasov distribution as a kinetic description of particle trajectories,
the velocity of a particle is more naturally understood as a section of the mass shell, while
the co-mass shell is the more natural choice from the Hamiltonian perspective. However,
even on the level of the VTD solution, understanding the picture on the mass shell becomes
difficult: Viewing the Vlasov equation (3.3.12) on the mass shell, it is convenient to view this
equation in CMCTC gauge in expansion normalised momentum variables w’ = a(t)%¢’, the
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characteristics of which are clearly preserved in the FLRW case, and to study

Flese(tsx,w) = fH(t, 2, at) w).

Truncating the resulting evolution equation in terms of these variables and denoting the lapse

and shear of the VTD solution by nyrp and ky,T p» one obtains the following:
a o
Oflrp = —2(nvrp — 1)510] - 2”VTD(]€{|/TD)]inawijTD

For initial data fﬁ, this transport equation with initial data at My, is solved by f‘ﬁ/T plt,w) =

o

f(z, Wy, (t, z,w)), where the characteristic Wy, obeys
y Qo o
(3.8.15) W7 = —2(nyrp — 1) W + 2kyrp) W

as well as Wy, (¢, z,w) = q. Since nyrp converges to 1, the leading term in (3.8.15) is given
by the leading term of the shear, i.e., one roughly has

to
(3.8.16) Wi (t, z, w) = exp [2/15 a(s)3ds - (K‘”/TD);C] ©® w + (lower order terms) .

When performing the analysis above for ff, one must thus renormalise the particle velocities

as follows to account for the VIT'D behaviour

fﬁsymp(t, T W) = ffesc <t,x,exp [—2 /tto a(s)_3 ds - (KBang)ﬂf] ® w) .
to
= f111 <t,.7}, exp |:_2/ a(s)_S ds - (KBang)x:| © Q> .
t

Indeed, fgsymp converges toward the Big Bang in a similar manner to f, as can be proven by
a similar argument to that on the co-mass shell. However, these results can not be directly
translated into one another on the Big Bang hypersurface itself since the spatial metric de-
generates.

To interpret this asymptotic profile, we analyze (K I ) more closely for an arbitrary

Bang
point € M: First, we note that ©¥ is self-adjoint with respect to G on M, for any t €
(0, to] and, consequently, Ky; ang is self-adjoint with respect to Gpangy by taking the limit. In

particular, K ]\\3 is diagonalisable. Let F, ,F, _ and F, o denote the respective span of

)z- Note that, if g €
T M is not orthogonal to E, 1, Wy, (t,z,w(q)) diverges as ¢t | 0, and thus leaves the support

ang
eigenspaces associated to positive, zero and negative eigenvalues of (K J\B ang
of f if t is sufficiently close to 0. Thus, approaching the Big Bang, the majority of particles
have momenta that are orthogonal to E, . Elements of E,q are left unchanged by the
evolution, while momenta in £, _ approach the origin as ¢ | 0. Thus, Vlasov particle velocities

concentrate in the following manner, depending on the signs of eigenvalues of (KJ'B an 9)15

(1) (+,+,—) or (+,—, —): Particle velocities are attracted by E, _.
(2) (+,0,—): Particle velocities concentrate close to the Minkowski sum

E,_ + |:Ea:,0 N suppf(x, Il



3.8. THE MAIN THEOREM 207

(3) (0,0,0): This implies fgsymp(t,x,-) = f(a:,) for any t € (0,%y), and particles are
asymptotically distributed close to the FLRW distribution function.

If the momentum support of f is bounded away from the origin, the same interpretations

hold, where E, _ can be replaced with lim, ,o E, N {w € T, M]||q|, = r}. Recall that we

assume this property for frrrw and f in the massless case.






CHAPTER 4

Quiescent Big Bang formation in 2 + 1 dimensions

4.1. Introduction

In this paper, we consider (2 + 1)-dimensional solutions (M = I x M,g) to the Einstein
scalar-field Vlasov (ESFV) system

(4.1.1a) Ric[g),0 — %R[g] G =8 (T3 + 7))

(4.1.1Db) T2 =V, V¢ — %ﬁ,w Ve Vad

(4.1.1c) T, =/P pupv f(t,x,p)dvolp,,
-

(4.1.1d) Ugo =0

(4.1.1¢) Xgf =0

which are close to Friedman-Lemaitre-Robertson-Walker (FLRW) solutions in the sense of
Lemma 4.2.1. Here, I C (0,00) is an open interval, M is a closed orientable surface of
arbitrary genusand the fiber P ;) of the co-mass shell P in (4.1.1c) is as in (4.2.9), where we
treat Vlasov matter in both the massive (m = 1) and the massless (m = 0) case. Furthermore,
¢ is a scalar function on M, f a nonnegative scalar function on P and Xj; is the geodesic

spray with respect to g. Our main result can be summarized as follows.

THEOREM 4.1.1 (Stability of FLRW solutions to the ESFV system in 2 4 1 dimensions).
Let (M, g, I::,fr, 12, f) be initial data' to the ESFV system that is close to FLRW initial data
such that the momentum support off is compact. In the massless case, suppose in addition
that one has

inf{|pls, | (,p) € suppf} > 0.

Then, the past mazimal globally hyperbolic development of said data in the ESFV system
1s causally geodesically incomplete. In fact, the Kretschmann scalar exhibits stable blow-up
of order t™* as t approaches 0. Furthermore, the solution is asymptotically velocity term
dominated?, the Viasov distribution remains close to its FLRW counterpart, and so does its

momentum support if it is close to that of the FLRW distribution function initially.

The full version of the main theorem can be found in Theorem 4.6.1. We note that,
while we will often restrict ourselves to constant mean curvature (CMC) data throughout,

this is not a true restriction and can be assumed without loss of generality, see Section

lsee Section 4.3.2
Qi.e., the asymptotic behaviour of the solution agrees, at leading order, with a formal analogue of the (3 + 1)-
decomposed Einstein equations in which all spatial derivatives are dropped

209
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4.3.3. Additionally, when viewing the Vlasov particle distribution as a function of the mass
shell, degeneracies in the metric lead to concentration of particle velocities in the negative
eigendirection of the renormalised shear, as is discussed in Remark 4.6.4.

The BKL conjecture (after Belinskii, Khalatinov and Lifshitz, see [LK63; BKL70; BK73;
BKLS82|) predicts that past asymptotics of cosmological spacetimes are dominated by geo-
metric oscillations for typical matter models, while scalar field matter is predicted to have a
stabilizing effect. Theorem 4.1.1 confirms that near-FLRW solutions to the ESFV system in
(2 + 1) dimensions are subject to this stabilization, often referred to as quiescent Big Bang
formation. This extends the results of Chapter 3 to three spacetime dimensions. It also turns
out that the more rigid geometric structure in the (2 + 1)-dimensional setting allows for an
alternative, simpler proof. In particular, that inhomogeneous terms in both matter equations
exhibit weaker decay turns out not to be a significant obstruction to our approach, see the

discussion in Section 4.1.2.

For M = S?, the reference FLRW spacetime exhibits a Big Crunch singularity toward the
future at some t = T with the same asymptotic properties as the Big Bang singularity, where
the scale factor is preserved by the reflection ¢ — T — t. Applying this throughout, Theorem
4.1.1 also shows that near-FLRW data is future stable and causally incomplete for M = S?

and exhibits entirely analogous asymptotics toward the Big Crunch as toward the Big Bang.

Additionally, as we discuss in Section 4.1.1, Theorem 4.6.1 also implies a stability result for
solutions to the (3 + 1)-dimensional Einstein vacuum equations in polarized U (1)-symmetry,
i.e., vacuum spacetimes that contain a non-degenerate spacelike Killing vector field. Such

solutions can be written as spacetimes over I x M x S' equipped with a metric of the form

(4.1.2) §=e 2VImog 4 2VITO (4332

where ¢ is a scalar function on I x M, g is spacetime metric on I x M and (dz®)? is the

standard coordinate metric on S'. Using this notation, one obtains the following.

COROLLARY 4.1.2 (Cosmic Censorship and stable curvature blow-up for polarized U(1)-
symmetric vacuum solutions). Consider past mazimal solutions to the (3 + 1)-dimensional

Einstein vacuum equations of the form (4.1.2) with
g=—dt> +a%~ and 0y = C a2, 0,0 =10

where (M, ) is a closed orientable surface of constant curvature and C' < 0.3 Let (M, §) be the
past mazimal development of nearby polarized U (1)-symmetric initial data within the Einstein
vacuum equations. Then, (M,§) is a polarized U(1)-symmetric spacetime that exhibits a
crushing singularity with curvature blow-up toward the past boundary and thus is past C?-
inextendible. More precisely, the rescaled quantity e~ WATS K cxhibits stable blow-up, where

K is the Kretschmann scalar associated with §.

3Requiring C < 0 excludes extremal Kasner-like spacetimes that do not feature a Big Bang singularity. For
further discussion of the reference solutions, see Remark 4.2.3.
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The case where (M,~) =2 (T2, (dz!)? + (dz?)?) is also treated in [FRS23, Theorem 6.3].
However, the Kretschmann scalar asymptotics in Corollary 4.1.2 slightly differ from those
in [FRS23, Theorem 6.3] since we slice (M, §) differently: The CMC foliation (My)ee(0,t0) Of
(M,g) underlying Theorem 4.1.1 induces a foliation (M; x S');c(04,) on (M, §) that leads
to Corollary 4.1.2. This foliation is not CMC and, thus, qualitatively different from the
CMC slicing used in [FRS23], leading to slightly different expressions of the asymptotics.
Nevertheless, Corollary 4.1.2 extends the core result on past C?-inextendibility and stable
curvature blow-up to the cases where (M, ) is a closed (orientable) constant curvature surface
with genus(M) = 0 or genus(M) > 2.

4.1.1. Previous work. (2 + 1)-dimensional gravity often provides tractable toy mod-
els compared to its higher dimensional analogues, especially for the purposes of Quantum
Gravity.* In these contexts, one often attempts to resolve classical singularities such as the
Big Bang singularity with the help of a given Quantum Gravity theory. Nevertheless, it
is still useful even from this persective to study the properties of Big Bang singularities
in classical (2 + 1) gravity to understand where precisely deviations between these theories
manifest. However, to the author’s knowledge, the only results on past asymptotics of cosmo-
logical (2 + 1) spacetimes are either restricted to vacuum solutions or follow implicitly from

symmetry-reduced higher dimensional settings.

For (2 + 1)-dimensional cosmological vacuum solutions, the geometric structure of the
past singularity is well understood, albeit often without providing concrete asymptotics to-
ward the singularity. Commonly, one tackles these with CMC foliations, and in particular
with a CMC gauge that reduces the Einstein vacuum equations to a Hamilton-Jacobi sys-
tem, see [Mon89; Mon08|. In particular, it was shown by Andersson, Moncrief and Tromba
in [AMT97] that any (2 + 1)-dimensional vacuum spacetime containing a CMC hypersurface
exhibits a crushing singularity in the direction of contraction. An alternative approach was
pioneered by Mess in [Mes07]%, by which these spacetimes can be classified using measured
geodesic laminations. This classification, which does not make reference to a time function
by itself, was related to the cosmological perspective by Benedetti and Guadagnini in [BGO1].
Therein, the authors construct a cosmological time function that measures the geodesic dis-
tance of an event from the initial singularity, and the Big Bang can be viewed as a real
tree that is in one-to-one correspondence to a measured geodesic lamination. That this de-
scription of the initial singularity is independent of the choice of time function and thus also
applies to CMC foliations was shown in [And05; Bell4; Bell7]. Similarly, Mondal proved in
[Mon23] that, in an appropriate CMC gauge, any vacuum solution curve follows a unique ray
in the configuration space of the Hamilton-Jacobi system which approaches a unique point in
the space of projective measured laminations toward the initial singularity. To the author’s

knoweldge, the only extension of such classification approaches to settings containing matter

4See [Wit88] and the recent review [Car25]
Ssee also [And+07] for further discussion of this work
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occurs in [BGO0] which studies certain Einstein solutions coupled to finitely many particles.

Moving on the Einstein scalar-field system and using the notation introduced in (4.1.2),
it was shown by Moncrief in [Mon86] that a polarized U(1)-symmetric (3 + 1)-dimensional
vacuum spacetime is a solution to the Einstein vacuum equations if and only if (I x M,7, ¢)
is a solution to the (2 + 1)-dimensional Einstein scalar-field system.® Due to precisely this
correspondence, one is able to obtain Corollary 4.1.2 from Theorem 4.1.1.

When considering two-dimensional spatial slices with genus(M) > 2, the corresponding
vacuum Milne solution is nonlinearly stable toward the future within the polarized U(1)-
symmetry class; see [CBMO01]. Toward the past, the first results for the three-dimensional
Einstein scalar-field system appear in [IM02] and [CBIMO04], in which Fuchsian methods are
used to construct families of analytic solutions evolving from the Big Bang singularity which
then translate to analytic (3 4 1)-dimensional U(1)-symmetric vacuum spacetimes evolving

from the past singularity.

In (34 1) dimensions, the original BKL conjecture in [BKL70] predicts that vacuum solu-
tions generally become highly oscillatory as they approach the Big Bang, unless the solution
satisfies an integrability condition that holds in polarized U(1)-symmetry. It was also pre-
dicted therein that this behaviour persists in the presence of most matter sources. However,
the authors of the conjecture themselves predicted that scalar field matter should form an
exception to this and exhibit quiescent Big Bang formation in which geometric oscillations
are dampened; see [BK73]. This quiescent behaviour has been established rigorously in vari-
ous recent past stability results for cosmological solutions to the Einstein scalar field system
in (d 4+ 1) dimensions for d > 3; see, for example, [RS18a; RS18b; BO24a; Spel8; RS22;
FU25a; FRS23; OGPR23; BOZ25; Li24b]. In particular, these results on quiescence admit
asymptotic control on the solution variables and, consequently, the Kretschmann scalar. This
means that the Strong Cosmic Censorship conjecture is verified for these solutions in the fol-
lowing sense: Towards the past, as causal geodesics become incomplete, the spacetime is
C?-inextendible since the Kretschmann scalar blows up.

Of particular relevance to this work, Fournodavlos, Rodnianski and Speck have studied
the past asymptotics of the so-called generalized Kasner solutions in [FRS23], i.e., of solutions

on (0,00) x T? to the Einstein scalar-field and Einstein vacuum systems of the form

d d d
yKas,d = 7dt2 + thpi (dxi)Qa Zpi = 15 Zpg =1-—8m A2,
=1 =1 i=1

8t¢KaS,d = Atil, ay@ﬁ =0.

They showed that non-extremal” vacuum Kasner spacetimes for d = 3 are nonlinearly stable
within the class of polarized U(1)-symmetric initial data toward the past. By the same

6The factor v/4r is, in [Mon86], v/0.5 since the Einstein equations are normalized differently in that work
compared to (4.1.1a).
"Kasner solutions where none of the Kasner exponents vanish and thus a past singularity forms.
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correspondence as discussed above, this immediately implies nonlinear stability of (2 + 1)-

dimensional Einstein scalar-field spacetimes of the form
Gkas2 = — S dS? + S2P17P3) (dph)? 4 §2P2tp3) (4?)? | g = p3 S, 0,40 = 0.
After applying the coordinate transformation dt = SP3dS, z; = (1 + pg)_% x*, this becomes
Jiasp = — di? + 120 (dZ")? + 2079 (d2*)?, 0,0 = sgn(ps) /g (1~ @) 71,8516 = 0,
where ¢ = (p1 +p3)/(1 + p3).

However, it is not obvious that this result extends to M x S! with genus(M) # 1: The
proof crucially relies on a near-diagonal evolutionary system for the structure coefficients
of a Fermi-Walker transported orthonormal frame, in which the only coefficients which may
cause instability are automatically zero within the polarized U (1)-symmetry class. When per-
turbing spherical or hyperboloidal spatial metrics, however, these coefficients are no longer
perturbed near zero, introducing linear terms of order ¢! to the system that cause additional
roadblocks to the analysis. Parts of [FRS23] have been extended to non-toroidal spatial ge-
ometries in [OGPR23|, which provides general conditions for initial data for the Einstein
scalar-field system in spatial dimension d > 3 to form past singularities. However, [OGPR23]
does not cover the polarized U(1)-symmetric vacuum setting or d = 2. Corollary 4.1.2 fills
in this gap in results on stable Big Bang formation in the case where genus(M) # 1. Since
the constant time foliation of M one obtains from the CMC foliation (My)te(0,4) of M is no
longer CMC itself, the Kretschmann scalar needs to be rescaled to account for this differ-
ence in foliation compared to [FRS23, Theorem 6.3]. Similarly, the induced foliation is also
not immediately compatible with the setup in the recent preprint [FG25|, which considers
the singular initial value problem for quiescent Big Bang scenarios: This work does cover
polarized U (1)-symmetric initial data on the singularity, but as discussed in [FG25, Remark
1.20], it also only considers locally Gaussian developments emanating from the singularity,
which our solutions may not admit. Conversely, the aforementioned rescaling could, at most,
yield asymptotic footprints for rescaled analogues of the metric and second fundamental form
rather than more natural initial data as discussed above. Even in the (2 + 1)-dimensional
scalar-field setting, however, we do not obtain data on the singularity since we cannot take

the limit in the momentum constraint, and this issue extends to the vacuum analogue.

To conclude the discussion of Einstein vacuum and scalar-field systems, we briefly discuss
the vacuum asymptotics in Gowdy symmetry that effectively reduces the Einstein equations
to a (14 1)-dimensional problem, see [Gow74; Rin10]. Polarised solutions that are not quo-
tients of Minkowski were shown to be stable in [CIM90]. In [Rin04], it was also shown that a
large class of unpolarized T? Gowdy symmetric solutions are past stable, including perturba-
tions of Kasner spacetimes with distinct exponents where the directions of symmetry are the
directions in which the Kasner exponents are positive. For perturbations of Kasner space-
times where one of these exponents is negative, solutions undergo a Kasner bounce if they
break polarization, making the Kasner solutions generically unstable, see [Rin09a; Li24a].
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Consequently, one must also expect to encounter this instability for general non-polarized
U(1)-symmetric perturbations. Indeed, Corollary 4.1.2 covers Kasner(-like) spacetimes with
Kasner exponents (2/3,2/3,—1/3) where the direction of symmetry is associated with the

negative exponent.

Given that scalar fields seem to be very robust in stabilizing past asymptotics, one may
wonder whether quiescent Big Bang formation persists when coupling with additional, more
physical matter models. This was done for FLRW solutions with spatial geometry T¢ with
subcritical Euler fluids in spatial dimension d > 3 in [BO24b]. Alternatively, since our
universe can be modelled as a collisionless self-gravitating gas, Vlasov matter is also a model
of cosmological interest; see [BT08, Section 1.2 and 4.1].

Future stability of Einstein-Vlasov solutions with zero cosmological constant is well under-
stood for the Minkowski spacetime and the (3 + 1)-dimensional Milne spacetime; see [Tay17;
LT20; FJS21; Big+21] and [AF20] respectively. For accelerated expansion, future stability
results can also be found in [AR16] and [Rinl3]. The former covers the Einstein-Vlasov
system in T3-Gowdy symmetry, the latter the Einstein Vlasov scalar-field system without
symmetry or homgeneity assumptions.

In (24 1) dimensions, isotropic solutions to the massive Einstein-Vlasov system on I x M
of the form

—4dt? + ct’y
where ~ is a homogeneous metric on M and ¢ only depends on the genus of M were shown
to be nonlinearly stable in [Fajl7a; Fajl8|, see also [Fajl6] for an asymptotic analysis of
isotropic solutions. In the negatively curved case, this corresponds to future stability of the

vacuum Milne solutions; see Remark 4.1.4.

Toward the past, results had long been restricted to the homogeneous case in (2 + 1)
gravity (see [Fajl7b]) or to (3 4+ 1) gravity under strong symmetry assumptions (see [Rei96;
TRO6] in plane, spherical and hyperbolic symmetry, as well as many results on Cosmic Cen-
sorship, including [Wea04; DR06; DR16; Smu08; Smull]). In recent joint work [FU25b]
with David Fajman, see also Chapter 3, we have shown the past stability of FLRW solutions
to the Einstein scalar-field Vlasov system in (3 + 1) dimensions, in which the scalar field
dominates Vlasov matter and thus the spacetime asymptotics essentially fall in line with the
Einstein scalar-field system discussed above. We note that the asymptotic equation of state
satisfied by Vlasov matter matches precisely the critical threshold excluded in [BO24b]. This
is reflected in the components of the Vlasov energy-momentum tensor only remaining close
to their FLRW counterparts up to a leading order offset, which is caused by the interplay of
metric degeneracies and momentum characteristics, both in Chapter 3 and in Theorem 4.6.1
below. This effect is seen more strongly when viewing the Vlasov distribution on the mass
shell, where they lead to anisotropic velocity concentration, see Remark 4.6.4.

While there are issues in exploiting the conformal structure of (2 + 1) gravity toward

the past as in [Fajl7a; Fajl8], working in lower spatial dimensions allows one to simplify
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the proof compared to Chapter 3. In particular, many of the steps taken to control Vlasov
matter can be directly extended from Chapter 3. The main contribution of the present paper

thus lies in controlling the evolution of geometric variables, as discussed in Section 4.1.2.

4.1.2. Comments on the proof and outline. In this section, I outline the structure
of this paper and comment on the main features of the proof of Theorem 4.1.1, the full version
of which is given in Theorem 4.6.1.

This work relies on a (2 + 1) decomposition of the ESFV system using constant mean
curvature (CMC) gauge with zero shift, often referred to as a constant mean curvature trans-
ported coordinate (CMCTC) gauge. While this means we cannot make use of the conformal
structure of (24 1) gravity used in prior work (see Section 4.1.1), using CMCTC gauge seems
difficult to avoid: Given that the AVTD picture means we have to expect the asymptotic
results (4.6.3) and (4.6.13), the spatial metric will degenerate toward the Big Bang. However,
the shift vector is determined up to a conformal Killing field via an elliptic equation in the
underlying gauge in which metric terms explicitly occur and thus, as in Remark 2.1.4, would
inherit any such degeneracy; see also [Mon86, p. 137, (3.28)] for the conformal (2 + 1) gauge.
This would cause linear terms of order t~! or worse to appear in the evolution equations and

prevent one from closing energy estimates.

In Section 4.2, we state the ESFV equations in CMCTC gauge and collect the reference
solutions as well as some facts regarding their scale factors. The considerations that need
to be taken to ensure local well-posedness and to obtain sufficient continuation criteria are
sketched in Section 4.3, along with setting up the necessary norms and energies to state the
initial data assumptions and set up the bootstrap argument. I also discuss the analogous
background solutions and initial data notions for the polarized U(1)-symmetric vacuum set-
ting in Remark 4.2.3 and Remark 4.3.4.

Sections 4.4 and 4.5 contain low order a priori bounds and energy estimates for the
solution variables®, respectively. Proofs are kept brief when they closely follow the arguments
in Chapter 3. The essential differences in the approach compared to Chapter 3 occur in
Sections 4.5.2 and 4.5.3. Here, the fact that the Ricci tensor Ric[G] is pure trace means that
any curvature terms in the evolution of the shear k* (see (4.2.14b)) can be ignored in the
evolution of G(L)(l%, -). This significantly simplifies the energy estimates for the geometry as
a whole, with two exceptions at order zero and at top order to deal with metric error terms
that Vlasov matter introduces.

In order to control Vlasov matter at order zero, one needs to control derivatives of the
reference distribution, which introduces terms containing I" — . To then not lose derivatives
in the zero order energy estimate, we need a scaled low order energy estimate for the first

order energy of l;:, which we establish in Lemma 4.5.3 using the Codazzi constraint. On the

Si.e., the shear, the lapse, the scalar field and the Vlasov distribution, along with the spatial metric and the

associated Ricci curvature
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other hand, since Vlasov matter is controlled using the Sasaki metric (4.2.12) which contains
first order terms in the spatial metric, one incurs high order curvature terms that do not
effectively cancel as they do in the geometric evolution. Since these arise from horizontal
derivative terms in the Vlasov equation, i.e., terms including lifts of spatial derivatives to
the co-mass shell which are scaled favourably, the scaled top order curvature energy estimate
(4.5.12b) is sufficient to close the estimates. Since we only have to control the scalar curva-
ture, one can use the momentum constraint to obtain this estimate directly without requiring
additional high order estimates for the shear. Altogether, this allows us to establish a com-
bined total energy estimate in Section 4.5.5 for the total energy (4.3.2h), see (4.5.23).

However, as in Chapter 3, (4.5.23) on its own only provides weak control on components
of the spacetime metric and on Vlasov matter since all of the respective energies enter into the
total energy (4.3.2h) with a time-dependent weight. For the total Vlasov energy, these rates
are introduced to mitigate the effect of borderline and linear shear terms in the commuted
Vlasov equation, as well as of metric errors from the linearisation near frrry, which would
otherwise prevent us from closing the bootstrap argument. The additional weighted shear
and curvature energies are then needed to obtain a closed estimate from the total energy,
since Vlasov matter appears linearly in the evolution equations of all other variables. Since
the Vlasov terms that enter the geometric evolution do so at a rate that is strictly weaker
than ¢~!, this is still sufficient to obtain an appropriate total energy estimate. In turn, the
resulting total energy bound controls Vlasov matter sufficiently well to yield a strong bound
on the quiescent system, see (4.5.24).

To control Vlasov matter, one can use a hierarchy between horizontal and vertical deriva-
tives in the rescaled Vlasov equation (4.2.14j) analogous to that in Chapter 3. This allows
us to introduce scaled Vlasov energies into the total energy in a way that admits a closed
total estimate and to obtain the non-scaled Vlasov energy estimates (4.5.20), improving the

remaining Vlasov bootstrap assumptions.

We note that one might expect three potential roadblocks from differences in decay rates
compared to Chapter 3:

(1) In 4the background solution, the Vlasov density p%lL rw behaves as 72 instead of
t~3 toward the Big Bang, thus potentially having a larger impact on the spacetime
asymptotics compared to the scalar field whose matter density behaves like =2 in
both cases.

(2) In the rescaled wave equation, spatial derivative terms are of order 1 instead of order
£3; see (4.2.14i) and (3.2.20p).

(3) In the rescaled Vlasov equation, the horizontal term diverges at order 73 instead
of +73; see (4.2.14j) and (3.2.19a).

The first point does lead to weaker convergence rates for the lapse and consequently all other
variables in Theorem 4.6.1 due to its effect on the lapse equations; see (4.2.14g). However, the

Vlasov density and pressure are still strictly asymptotically dominated by scalar field matter,
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which suffices for our purposes. The other two points could only become problematic at top
order, since at low orders, it similarly is sufficient that either of these rates are integrable
in time to obtain the bounds in Section 4.4. At top order, to deal with issues that do arise
from the third point, the scaled energy estimate for the scalar curvature remains sufficient,
see Lemma 4.5.5 and (4.5.26).

Once the energy bounds in Corollary 4.5.8 are obtained, the main theorem in Section
4.6 follows by standard arguments as in, for example, [RS18b; Spel8] and Chapter 2. The
asymptotic behaviour of the dual Vlasov distribution function f# on the mass shell is related
to that of the spatial metric since the renormalisation of velocities is similar to that used for
the renormalised spatial metric G in Corollary 4.6.2, which converges toward the Big Bang
hypersurface. The metric G in Corollary 4.6.2 also corresponds to the spatial metrics used in
the framework of [OGPR23].

Finally, translating these results to the polarized U(1) symmetric vacuum setting, Corol-
lary 4.6.5 follows by taking the asymptotic control on the solution variables established in
Theorem 4.6.1 and, with these in hand, computing the norm of the second fundamental
form as well as the Kretschmann scalar with respect to the induced foliation. The necessary

curvature formulas are collected in Section 4.7.2.

4.1.3. Further applications. To conclude the introduction, I briefly discuss two po-
tential extensions of this work:

REMARK 4.1.3 (Polarized U(1)-symmetric Einstein-Vlasov solutions). Given Theorem
4.1.1 and Corollary 4.1.2, one is led to ask whether our approach can be applied to polarized
U (1)-symmetric solutions to the Einstein-Vlasov system in (3+1) dimensions, especially given
that the scalar field driving quiescence in (2 4 1) gravity for the ESFV system dominates
Vlasov matter terms. When performing the same decomposition for the Einstein-Vlasov
system as in [Mon86], one clearly obtains a different system from the one in Section 4.2.4,
since the Vlasov and wave equations become directly coupled. However, since we essentially
deal with the scalar field and Vlasov matter components separately (see Section 4.1.2), one
might be able to apply similar ideas if Vlasov matter does not determine the spacetime
geometry of the reference solution. Specifically, one might be able to apply similar ideas to

spacetimes of the form
(H = I xS'x M, g=—e2"dr? 4 2NN dg? 4 r2y, f = 0)

within polarized U(1)-symmetric solutions to the Einstein-Vlasov equations. In particular,
after reducing to the corresponding (2+ 1) system, the estimates for the geometry in Sections
4.5.2 and 4.5.3 should largely extend. If similar matter estimates to the ones in this work were
to still go through, one would likely be able to show that the Kretschmann scalar blow-up
exhibited by these specific vacuum Kasner-like solutions is stable within polarized U(1)-
symmetric solutions to the Einstein equations, extending similar results in surface symmetry
in [Rei96] to polarized U(1)-symmetry. Furthermore, the resulting quiescent asymptotics

would lead f to asymptote to a small limiting distribution on the cotangent bundle of the
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Big Bang hypersurface. However, the matter estimates in the (2 4+ 1) system would need to
be fully reworked as they are now directly and fully coupled, while it is essential in this work
that we can ensure quiescence before sharply controlling Vlasov matter. This is left as an

open problem for future work.

REMARK 4.1.4 (Theorem 4.1.1 and global stability). For genus(M) = 0, as discussed
after Theorem 4.1.1, time reflection symmetry implies that the results also show stability of
the Big Crunch. A straightforward Cauchy stability argument as in Section 2.10 shows that
the past and future stability regimes can be connected to obtain a global stability result.
Furthermore, one can likely also obtain global stability results for genus(M) > 2:

Future global stability for the vacuum solutions on (0,00) x M x S!, where M is of genus
genus(M) > 2, was shown in [CBMO1] for small polarized U(1)-symmetric data.” This was
done precisely by showing that the (24 1) Milne solution is future stable within the Einstein
scalar-field equations, using the correspondence from [Mon86] discussed above.

When all Vlasov terms are set to zero, this can be combined with Theorem 4.1.1 (and,
consequently, Corollary 4.1.2) to a global stability result for the (2 + 1)-dimensional Einstein
scalar-field system (respectively, a global stability result within the polarized U(1)-symmetry
class of (3 + 1) vacuum solutions): The difference in gauge choice between [CBMO01]| and
this work essentially only comes down to whether the shift determines 0,0 or vice versa
(see [CBMO1, p. 1014]), where o is conformal to the evolved spatial metric g with R[o| = —1.
Thus, one can straightforwardly transform between these gauge choices on a given initial data
hypersurface. From there, the regimes of past and future stability can again be connected
using Cauchy stability.

On the other hand, [Fajl7a] builds upon the approach to control geometry in [CBMO1]
with an energy formalism for massive Vlasov matter to show future stability of Milne space-
times in the (2 4 1)-dimensional Einstein-Vlasov system. Thus, one can likely combine both
results with Theorem 4.1.1 to obtain global stability for near-FLRW data to the massive
ESFV system with negatively curved spatial geometry, but we omit details to focus on Big

Bang asymptotics.

4.2. Preliminaries

4.2.1. Notation. We will denote the Levi-Civita connection of a Semi-Riemannian met-
ric g by V([g] and its Christoffel symbols by I'[g]. The associated volume form is denoted by
dvolg, the associated trace operator by trg and the divergence with respect to V[g] by divy. In
the case where g is Riemannian, we denote the induced inner product and pointwise norm by
(-, -)g and |- g respectively and write (-)g = {/1+|-|2. For the Riemann curvature tensor

Riem][g] of g, we use the sign convention

Riem[g](X,Y)Z = (V[g]xV[gly — V[aly Viglx — V[g]xy]) Z

9See also the future stability of (3+ 1) Milne spacetimes proven in [AMO04].
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for vector fields X,Y and Z. The Ricci and scalar curvature are denoted by Ric[g] and R|[g]

respectively. Recall that, when g is a two-dimensional Riemannian metric, one has

. Rlg ) Rlg
Riem([g)ijn = 2” (91 9k — 9ir 951) and Ric[gli; = 2”91‘3‘ -

For most of this paper, we work with a (2 + 1)-dimensional spacetime (M, g) that admits
a time function t € C°° (M) whose level sets M = t=({s}), s € t(M) are diffeomorphic to a

closed orientable surface M and have constant mean curvature for all s € (M ). In particular,

M is diffeomorphic to I x M where I C R is an open interval.

In constant mean curvature transported coordinate (CMCTC) gauge, g takes the form
(4.2.1) g=-n?dt’ +¢

where ¢ is a time-dependent Riemannian metric on M. We will abbreviate V = V([g] and

V = VJ[g]. In our convention, the lapse n is positive, i.e..,
n = (-g(Vt, V1)) 2.

The future directed timelike unit normal eq to M; is given by ey = n=19;.

We will often work with the time-dependent rescaled Riemannian metric G = a(t)~2 g on
M, where the scale factor a € C°°(I) is introduced in Lemma 4.2.1. Note that, for a time-
dependent vector field X and a time-dependent tensor field T on M, one has V[G]xT = VxT.
We use Ag to denote the Laplace-Beltrami operator with respect to G.

The second fundamental form is a symmetric (0, 2)-tensor on M; given by

k(X,Y) = —-g(Vxeo,Y).

We will assume that the mean curvature 7 := tryk of M; is given by

a
4.2.2 T=-2-.
(4.2.2) "
In the following, Latin indices i, j, ... refer to indices with respect to a given local coor-

dinate system (z');=12 on M or to the momentum coordinates (p;)i=12 on the co-mass shell
induced by such coordinates; see Section 4.2.3.

Lowercase Greek letters are spacetime indices with respect to M, running from 0 to 2.
The index 0 always denotes tensor components relative to eg. We use Einstein summation

convention if not stated otherwise.

We raise and lower indices with respect to g for tensors on M and ¢ for those on M without
comment. When we raise indices of a tensor ¥ on M with respect to G, the result is denoted
by T*. To simplify notation, we will occasionally write T; * Ty for an arbitrary contraction
of time-dependent tensor fields on M with respect to G up to multiplicative constant and
VIZ for I € {0,1,2,...} when I covariant derivatives of a time-dependent tensor T are taken.
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We will also work with polarized U (1)-symmetric (3 + 1)-dimensional spacetimes (M =
M x S, §) where 0,3 refers to the extended coordinate derivative on S! and the index 3 to

components with respect to 0,3.

Finally, for real functions (j, (2 with (o > 0, we write (1 < (s if there exists a constant
K > 0 such that max{(1,0} < K. If (; is also nonnegative, we write ¢; ~ (2 if (1 < (2 and
Cg S Cl holds.

4.2.2. The reference solutions. Our main result deals with perturbations of FLRW
backgrounds with isotropic scalar field and Vlasov matter. Using standard formulas for
warped product spacetimes as in, for example, [O’N83, p.345], one shows that such back-
grounds take the following form in the ESFV system (4.1.1).

LEMMA 4.2.1 (FLRW solutions to the ESFV system). Let (M,Gprrw) be an FLRW

spacetime of the form

M= (0,T)x M, Gpppw = —dt* +a(t)’~

where T € (0,00], a € C*°(0,T) is a positive function and (M,~) is a closed orientable surface
with constant curvature k € R. Further, let ¢prpw and frrrw be spatially homogeneous
and isotropic solutions to (4.1.1d) and (4.1.1e) for § = Grrpw, i-€., functions such that

(4.2.3&) O+ OFLRW = Ca(t)fQ, Voérrrw =0,

(4.2.3b) frerw(t,z,pi) = F (7)Y pip;)

for some C € R and F € C(]0,00),[0,00)). We define

(4.2.3¢) Py e (1) = 27‘(‘/ Ry/m2a(t)? 4+ R2 F(R?)dR,
0

(4.2.3d) dR,

Vi e’} R3 9
w(t) =7 F(R

iz (1) /0 vm?a(t)? + R? ()

where m = 0 in the massless case and m = 1 in the massive case.

Then, (M, Gprrw> PFLRW, [FLRW) 18 a solution to the ESFV system (4.1.1) if and only
if the Friedman equation is satisfied:

(4.2.3¢) i = 4r C*a? + dra” (p¥Lpw + 20Fhpw ) — #

Note that p‘}?lLRW and p%lLRW are rescalings of the non-zero components of

TV GrLrw, frLrw], ie.,
. 1 -
pirrw = @100 [Grrrw, frorw] and prp gy = 5 a3 trga, (TW I fFLRW]) .

Moreover, observe that (M, g) is of the form (4.2.1) and that the mean curvature 7 of the con-
stant time surfaces M; satisfies (4.2.2). In particular, (4.2.3¢) implies the following identities

for the mean curvature 7.

(4.2.4a) 2 =167 C%a* + 167 a (p%lLRW + 2p¥lLRW) —4ka?
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(4.2.4b) Byr = 167 C%a~* + 8ma~? (p%lLRW + 4p¥lLRW> —2ka?

Throughout, we assume a(0) = 0, that a is positive somewhere and that the scalar field
is non-trivial, i.e., that C' # 0. Under these assumptions, one obtains the following result as
in Lemma 3.2.2 and [Spel8, Lemma 3.7].

LEMMA 4.2.2 (Properties of the scale factor). The singular initial value problem (4.2.3e)
with a(0) = 0 and C' # 0 has a unique nonnegative solution on the maximal interval of ex-
istence (0,T) for some T € (0,00]. For k < 0, one has T = oco. Else, one has T < oo,
>3t a(t—i— %) is even and the scale factor can be continuously extended to

Ast | 0, one has a(t) ~ \/t. Further, given ty < %, t € (0,tp) and q € (0,00), there
exists a constant K independent of t,tg and q such that the following estimates hold.

(4.2.5a) VA |Cla(t) ™! < a(t) + max{0, k}
" —2-9 4g Ea —q
(4.2.5b) /t a(s)™¥9ds < . (t)

We recall that, for £ > 0, the time reflection symmetry of a implies that the entirety of
2
Section 4.3.3, one can use Cauchy stability in harmonic gauge to extend past t = % while

Theorem 4.6.1 also applies toward the future for t{, € (5,T): Similar to how one argues in

controlling the perturbation size and can then find a nearby CMC hypersurface to restart

the stability analysis.

REMARK 4.2.3 (Reference solutions for Corollary 4.1.2). For frrrw = 0, the FLRW
solutions above correspond to the following polarized U(1)-symmetric (3 + 1)-dimensional
vacuum solutions for some ¢; > 0.

(4.2.6)

§ = exp <2WEC /t ! a(s) ™2 ds) (—dt* + a(t)*7) + exp <—2\/Ec /t ! a(s)~2 ds> (dz®)?

Using the curvature formulas in Section 4.7 for V¢ = 0, k=0and n =1 as well as the
Friedman equation (4.2.3¢), one computes that the Kretschmann scalar
K = Riem[g]ap,5 Riem[g]*#7°

satisfies

exp <4\/EC /:1 a(s)_2> K =1287C*a(t)™* <T(2t> 4 \/Eca(tw)

2
(4.2.7) = 1287 C% a(t) 8 (\/47rC /i % m(t)Q)
To better understand these solutions, we transform the spacetime metric § into the more

familiar Kasner-like form, depending on the signs of x and C.

For k = 0, the Friedman equation (4.2.3e) with a(0) = 0 is solved by a(t) = 274 |C’|% t3
In particular, there exists ¢; € (0,00) such that a(t;) = 1.
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Assuming in addition that C' < 0, we use (4.2.3e) to introduce the new time coordinate

S.

$(t) = exp (m C /t " () ds> — a(t), S(0) =0

It follows that S(¢) is proportional to ts and, consequently, that § corresponds to the Kasner
solution
§=—dS*+ 83 ((da")? + (dz?)?) + S7 5 (da)?,

possibly upon rescaling the spatial coordinates by constants. Furthermore, one then has
~ tl ~
a(t)t K = exp <4\/47TC/ a(s)™? ds) K = 2048 72 C*a(t)™®
t

and thus that K is proportional to S—%.
For C > 0 and x = 0, one finds that the solution can be transformed to the following

extremal Kasner solution:
g = —dS?+ (dz")? + (di*)? + S*(di?)?

Here, S is proportional to a and Z are time-independent rescalings of the original coordi-
nates. One also sees from (4.2.7) that the Kretschmann scalar vanishes. Indeed, this simply

is the Minkowski metric expressed in an unusual coordinate system.

For x # 0, one obtains that the spacetime metric can be written as
(4.2.8) g =—dS? +b(S)% 7y + b3(S)? (dx®)?.

where the scale factors asymptotically correspond to their spatially flat counterparts at lead-
ing order, as we compute in Section 4.7.1.

For C' < 0, one has b(5) ~ S5 and b3(S) ~ S75 as S approaches 0 and the leading order
terms in V4T 9FLrW K are also analogous to the spatially flat case.

For C' > 0, we obtain b(S) ~ 1 and b3(S) ~ S as S approaches 0. However, unlike in the
spatially flat setting, (M, §) exhibits a curvature singularity of order S~2. Since the metric
still asymptotes towards an extremal Kasner-like metric, one cannot expect such singularities
to be stable. In fact, they appear to be unstable within polarized U(1)-symmetric solutions;
see Remark 4.6.8. This is why we do not consider C' > 0 (i.e., ¢ > 0) in Corollary 4.1.2.

4.2.3. Rescaled variables and Sasaki metrics. Before declaring our normalised so-

lution variables, we have to introduce canonical local coordinates on the co-mass shell

(42.9) P=| |R, P = {(t,ﬂv,p) €T M |z €M, pe T M, pup'=-—m? p° > 0} .
tel

Let (U, (x%);=12) be a coordinate neighbourhood of M and

Vi={(t,z,p)ePlzecU}.
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Then, for w = (s,y,q) € V, we define y°(w) = s and y'(w) = z*(y) for i = 1,2. Furthermore,

we introduce the canonical momentum coordinates (p,)u—o,1,2 by

g = po(w) 0°], + pi(w) da’|

where 69 is the dual coframe to the future directed unit normal ey. Note that the co-mass

P’ = —po = /m?+ |p|2.

Then, (y°,y', 9%, p1,p2) is a local coordinate system on V canonically derived from coordi-

nates (r',2%) on U such that (y¢,p;) are time-independent. In all that follows, we will use

shell relation and (4.2.1) imply

such canonically induced coordinates on the co-mass shell without further comment. We will
write ¢ instead of y°(¢, x,p) and 2’ instead of y'(¢, z, p).

Now, we can introduce the following rescaled solution variables.

DEFINITION 4.2.4 (Expansion normalised variables). Consider a solution (M,g, ¢, f) of
the ESFV system (4.1.1) in CMCTC gauge, i.e., where g is of the form (4.2.1) and M is
foliated by constant time slices M; with constant mean curvature 7. We define the following

normalised variables as
(4.2.10a) Gij = a_2gij, N=n—-1, ¥=ad%eyp—C

We decompose the second fundamental form k;; as
T

(4.2.10b) kij = 5

gij + kij

and refer to the tracefree spatial tensor k as the shear. Additionally, we define the rescaled

momentum variables
(4.2.10c) v;=p; and v’ =ap’ = /m2a2+ |v|?.
The rescaled Vlasov energy-momentum components are defined as follows:
1
Vi 3Vl VI 2Vl VI 3 Vi gVl 3 Vi
P :aTOO>]i :aTOivp :ia trgT 7Sij :aT;j
Vi, l l
syl = st —pViay,

Note that SVEI vanishes if the Vlasov distribution is isotropic.

The rescaled metric G on M induces the Sasaki metric G on T*M as follows: For the
local vector field frame {A1, Ao, B!, B?} given by

(4.2.11a) A; =09, +uT[G],; 0y, and
(4.2.11b) B’ =0,,,
we set

(4.2.12) G(A;,Aj) =Gy, G(A;,BY) =0, GB,BY) = (G 1) fori,j =1,2.
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The Levi-Civita connection with respect to G is denoted by V = V[G]. Such metrics were
first studied on the tangent bundle by Sasaki in [Sasb8]. We refer the recent review article
[CGS22] for a more detailed overview of this equivalent formulation on the cotangent bundle
and co-mass shell and its application to relativistic kinetic theory.

Note that the horizontal derivatives {A1, As} are orthogonal to the vertical derivatives
{B!, B2} with respect to G. The latter spans an integrable distribution on 7% M whose leaves
are the tangent spaces 1M, x € M. Thus, we can distinguish between covariant derivatives

taken in vertical directions, denoted by V. and those taken in horizontal directions, denoted

—Vver

by V}ors Without making reference to local coordinates.

Similarly, this induces the Riemannian metric G|yert on the vertical distribution by
Q|vert(Bi,Bj) = (G_l)ij~

Viewing (Gj;) in transported local coordinates as a matrix and denoting its determinant by
det GG, note that one has

(4.2.13) dvol(g)yu), = V/ det Gz dv' A dv* = dvol ;-1

In the following, we will write V, = V5. and V2 = Vg for i = 1,2. We will also use the

momentum-rescaled Sasaki metric G, which is determined by
Go(Ai, Aj) = Gij, Go(Ai, BY) =0, Go(B", BY) = (") 2 (G™1)V.
The reference metrics v and Y, On P, are defined analogously for 7,7 =1, 2.
Y (0yi + vm Y] Ouys i + 0T[5 O, ) =i
V(i + T Doy, O,

1(0u,,00,) = (1Y

Yij»

J

) =
)
lo (893’ + Um [ ]lz 8111781] + US vr)
)
)

Vj

a
10(81‘1 + Um [ ]lz avwa
7, (Burs Do,

4.2.4. The expansion normalised 2 + 1 system in CMCTC gauge. The rescaled

(m? + [vl5) ™" i

metric and shear satisfy the following evolution equations.

(4.2.14a)
atGij = — 2(1_2 (N—I— 1) /A{ij +2N2Gij
(4.2.14b)
1

oK), = 5 N+ 1) R[G] I' + (47r a L pYl pu — 2 n) Ii + 7N (k) — V¥V, N

m? a? +2|U\G
L0

_ gﬂvﬁié V¢ — 8 a1 ((SVZ,H)WJ, + ]I; /*M deOl(Gb”t).)
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The Christoffel symbols and the scalar curvature with respect to G' evolve as follows:
(4.2.14¢) OLGYy = — a2 [V (W 4+ 1) (B),) + V0 (V + 1) (B)') = V¥ (N + 1)k )|
+ g T} V;N + I VN - G VN
(42.14d) 9,RIG] = — 20 divedive (N +1)k) —4 N% (R[G] — 20) — 8k N g
The Hamiltonian and momentum constraints take the form
(42.14¢)  R[G]—2k=a 2|k} +8ra 2 [[UP +2C¥] + 1670 (le - p%lLRW) :
(4.2.14f) (divgk); = — 8 (U + C) Vi — 81 5V L.
Using (4.2.4a)-(4.2.4b), the lapse equations can be written as
(4.2.14g) LN=H, LN=H
with the elliptic operators
L¢=a’AcC—h(¢ and L{=a’AgC—h(,
where

h

167 C2 4+ 167 a (pFopw + pkipw ) = 250%| + H,

h

[167r C? + 8ma (p%;RW + QpXZLRW) -2 /@(12} +H,
H=k%+8r02+16rCV +8ra <le - p%lLRW) and
i =a® (RG] — 26) — 87a® |Vol% —8ma (o = p¥Lpw ) -

The wave equation takes the form

(4.2.14h) Vo =a2(W+C)VN+a2(N+1)V¥,

(4.2.14i) A =divg (N + 1) Vo) +2N% (W +0C).

The Vlasov equation can be written as

. _y v -1,0 j
(4.2.14j) O:f = —a o0 (N+1)Ajf+a " v"V;NB/f.

To extend the Vlasov equation to higher orders, we introduce the following differential

operator X acting on time-dependent tensors ¥ on T*M.

J .
(4.2.14k) XT = —a! % (N+1)Y,T +a " V,NBIT

Additionally, for time-dependent functions ¢ on M and & on TM, (4.2.14a) implies the

following formulas that we will use below without further comment.

O /M ¢ dvolg = /M (0,¢ — N7¢) dvolg
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Oy / Edvolg = / 0y dvolg
*M B *M o
Finally, note

(4.2.15) Vz-l . Vz-é §dVOl(Q|U€Tt). = yil e yief dVO](Q‘WTt). .
T:M TeM

4.3. Initial data, local well-posedness and bootstrap assumptions

In this section, we state the initial data assumptions, describe how they initialize a unique
maximal globally hyperbolic development toward the past and state the bootstrap assump-

tions.

4.3.1. Solution norms and energies. Let £ > 0 be an integer and pu € [0,00). For

functions ¢ on M and £ on the mass shell P, we introduce the following Sobolev and supremum

norms:
1 1
2 2
g7 <Z / |VIC|GdV01G> 1€lzzs . cenne (Z / ., e, dVOlG)
L
Cll e = sup |VI¢(¢, x 13 L (T sup Vit z,v
[q[Eers Zm' St 2)l l€llee o ronny = IZ%(M)GT% (e [2E(t 2 0)|g,
14
&llee YA sup Vi &t z,v

Using the rescaled variables introduced above, we can now define our main solution norms:

DEFINITION 4.3.1 (Solution norms).

(4.3.1a)

H(t) =¥l o any + IV Ol g, (ar,) + a®) IV graoag,y + 1* 1l 20 (aey + 1G = Y o ary)
RG] = 26l g, (an) + o) 1RIG] = 26 g, ary + I = Freewllme, (r-an)
+al) ™ N s any

(4.3.1b)

C(t) =1 lles ary + 1Vl crany + a) IV ellos,ary + 1Rlles any + I1G =Yz n)
+ IRIG] = 2Kl os,(ar) + Ip"" — pglLRWHCé,(Mt) + sV
+a(t)™ [ Nlles ar,)

G(Mt)

We will see in the proof of Theorem 4.6.1 that H essentially controls C, as in Corollary
3.7.10. Thus, the goal is to control H in a bootstrap argument, using the following associated

energies:

DEFINITION 4.3.2 (Energies). Let K, L be integers with L > K > 0. We define the
following energies for the scalar field, the shear, the lapse, the scalar curvature and the

Vlasov distribution.

(4.3.2a) Dg,) =(- 1)L/ [\I' Aélll—aQQbAéHgb dvolg
M
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(4.3.2b) eD (k) =(-1)F / (k, ALk)q dvolg
M
(4.3.2¢) eB(N, -):(—1)L/ NALN dvolg
M
(4.3.2d) eD(R,.) = (—1)E / (RG] — 2 1) AL(R[G] — 2.5) dvolg
M
(4320 €)= [ 0 Tl ~ foraw)lh, dvolg
(4.3.20) ") (f.) = /T L IV, dvol

L min{K,R}

(4.3.22) => Z
R=1 S=0

Let € > 0 denote the square root of the perturbation size, see Assumption 4.3.3, and let w > 0

be sufficiently small, as discussed below. Then, we define the following total energies:
(4.3.21) e —eW(p )+ (ei +a%) @ (k) + (e% +a%) -2 (R )
+ ewgft)al,Vl +a*Tiet (R, )
a?||G*F — 7i1||§2c + a3 T — f\lié L=0
+ a6 =y, +ad ID-TYF,  L=2

0 else
. L
(4.3.2i) el =D alftieetn) (1.
K=0
(4.3.2)) el =D (g, ) reie®(k,) +ezeP(R,.)

The total Vlasov energy is effectively weighted by a“ to mitigate terms in the Vlasov
integral estimates that would otherwise diverge at order ¢! or slightly worse and prevent
one from being able to obtain strong bounds from energy estimates. Essentially, one is able
to show weak control on Vlasov matter by obtaining improved estimates for QE,EOt)al, which

suffices to obtain a strong bound on ¢b)

quiesc since the scalar field dominates Vlasov matter

toward the Big Bang. In turn, this strong bound on the quiescent variables yields a strong
bound on Vlasov matter. However, as in Chapter 3, one needs to introduce time-weighted
geometric energies and metric error terms to ensure that the Vlasov energy hierarchy is com-
patible with the mechanism in ¢l We note that, in contrast to Chapter 3, we do not

quiesc’
(L)

require an e-weight on the high order curvature term in & /', since such a term now no
longer occurs naturally in the quiescent energy due to the simplified energy estimates for k
and R, see Section 4.5.

In the following, w will be small enough, but significantly larger than the perturbation size €
and the bootstrap parameter 7; see Assumption 4.3.7. If n and ¢ are taken to be sufficiently

2
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small, one can choose, for example, w = ﬁ.
Furthermore, we will often assume L to be an even integer in the sequel to simplify the
exposition. For the energies defined in (4.3.2a)-(4.3.2d), integration by parts immediately

implies that, for ¢ > 0,
1 1
(L-1) o 1 (@) (L—2) —evE @(L-1) o L ((L) | —2cvEg(L-2)
(4.33) ¢ <35 (QE + ¢ ), and a ¢ <3 (QE +a ¢ )

Due to the weights in (4.3.2e)-(4.3.2f), this is only approximately true for Vlasov energies,
but this will still be sufficient to improve (4.3.2h); see (4.4.6b) for the Vlasov energy analogue.
We also note that (4.4.6b) is the reason why one needs to consider metric error terms of up
(2)

to second order in € ial

4.3.2. Initial data. Initial data for the (2 + 1)-dimensional ESFV system (4.1.1) takes
the form (M,é,lz:,fr,i/(}, f), where g and k are symmetric (0,2)-tensors on M, 7 is an exact
(0,1)-tensor and ¢ and f are scalar fields on M and T* M, respectively and which satisfy the

constraint equations

R[] + (trgh)? = |f} =87 [ + |73 + 167 / m? + |p|2 f(-,p) dvol,_1,
TeM

divgk = — 874 V[§]# — 87T/ pf(-p)dvol,_1 .
T M ¢

We also assume that f is nonnegative and that the momentum support of f is compact, i.e.,
that
sup{[plg | (z,p) € suppf} < oo.

In the massless case (m = 0), we additionally assume that

(4.3.4) inf{|ply | (x.p) € suppf} > 0.

This is required to ensure well-posedness, see Section 4.3.3. The CMC condition is enforced
by requiring

a(to)

a(to)

That such data, embedded into a spacetime (M, ) solving (4.1.1), admits unique maximal

trgk = -2

globally hyperbolic developments follows from standard arguments as in [FB52; CBG69].

We assume such data (g, k, Vo, epo, f) to be close to FLRW data in the following sense:

AssumMPTION 4.3.3 (Initial data assumption). At the initial time to € (0,7/2) (see Lemma
4.2.2) and € € (0,1) small enough, we take initial data for the ESFV system to be close to
FLRW data in the following sense:

(4.3.5a) H(tg) + C(tg) <&

(4.3.5b) If = Frerwlicy , roang) < €°

Note that (4.3.5a) implies that all energies in Definition 4.3.2 of order L < 10 are bounded
by € at t = to.
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REMARK 4.3.4 (Polarized U(1)-symmetric initial data for the (3 + 1) Einstein vacuum
equations). For Corollary 4.1.2, we consider initial data (M xS*, 5, INC) to the vacuum equations

that is polarized and U (1)-symmetric, i.e., § and k satisfy
913 = 23 = k1g = ko3 = 0

on top of the vacuum constraint equations. Given the correspondence (4.1.2), this induces
initial data for the scalar field given by

3
2

o

1 o o 1 o -
13.6 = O log(fss), v =——r (5 s,
( a) M= g Jin 0g(g33), ¥ T (933) 33

and consequently data for the metric and the second fundamental form by
° -1 ° ° 2 o
(4.3.6b) Gij = (@33) Gij»  kij = <§33) kij — VAT gy .

4.3.3. Local well-posedness. A local well-posedness theory for the (24 1)-dimensional
Einstein-Vlasov-scalar-system in CMCTC gauge can be developed following the same argu-
ments as in Section 3.3.3. More precisely, one first combines the well-posedness results [Rin13,
Corollary 24.10] and [Svel2, Paper B, Lemma 9.2] in harmonic gauge with the approach in
[FK20] to find a CMC hypersurface close to general near-FLRW data, allowing one to assume
that any initial data close to FLRW data is CMC without loss of generality. Then, one follows
the proof of [RS18b, Theorem 14.1] to obtain local well-posedness results in CMCTC gauge,
along with continuation criteria. We note, as in Chapter 3, that a direct extension of the
arguments in [Rin13; Svel2] requires working with the dual Vlasov distribution f* in terms
of canonical coordinates on the mass shell, but the spacetime is sufficiently regular that one

can translate between both frameworks at no additional cost.

The new nuance compared to the (3 + 1)-dimensional case arises when considering the
results in [Svel2, Paper B|, which are needed to obtain an analogue of the harmonic gauge
well-posedness result in Lemma 3.3.6 for m = 0, since [Svel2, Paper B] is restricted to odd
spatial dimensions. However, as noted in [Svel2, Remark 5.2], all of the results apply to even
spatial dimensions if one adds an additional momentum weight (p)5|p|;* for a« € R\Z, o > 0
to all weighted norms for the Vlasov distribution function throughout the work and adapts the
function spaces accordingly. Consequently, analogous additional momentum weights would
have to enter our regularity assumptions and continuation criteria a priori. However, since
we assume (4.3.4) anyhow in the massless case, one verifies that these weights are uniformly
bounded from above and below using the method of characteristics, as in Lemma 4.4.2.
Similarly, adding to the continuation criteria that

t = inf{|plg |z € M, (t,z,p) € suppf}
is uniformly bounded from below by a positive constant is sufficient to resolve this technical

hurdle.

In summary, the following holds.
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LEMMA 4.3.5 (Local well-posedness and continuation criteria for the (2+1) ESFV system).
For sufficiently small e > 0, the (2+ 1)-dimensional ESFV system (4.1.1) in CMCTC gauge
with initial data as in Assumption 4.3.3 is locally well-posed, launching a foliation (Mt)te(t_,to]
of M for some t_ > 0. The solution can be extended to t = t_ as long as, approaching t_,

the following continuation criteria hold for some @ > 0:

(1) The eigenvalues of gi o remain bounded from below by Q.

(2) One hasn > Q.
(3) One has |eodl? + Vo2 > Q.
(4) For m =0, one has

. (iglf ]inf{!plg |z € M, (t,z,p) € suppf} > Q.
S

—»lo

(5) The following quantities remain uniformly bounded.
l9llcz(a)s H’%Hc%(Mt)’ leodlles s 1VSllezanys 10" ezanys 12 Nesanys 15V e ),

sup )3 [I£(t,2,p)1> + (m® + |p|2) |8y, f (¢, 2, p)[3] dvol, s
xeM JT; M

With regards to the final bound for the integrated Vlasov distribution, the equivalent cri-
terion (3.3.11c) in the higher dimensional setting of Chapter 3 contains the additional weight
<p),2f (pg)_%, where the integer ¢ depends on the regularity of the initial data. However, in the
massive case, this weight is identical to 1 and in the massless case, it is uniformly bounded

from above and below on the support of f and can thus be dropped due to criterion (4).

In addition, one can choose the data to be sufficiently regular such that all energies used
within this paper are continuously differentiable in time, which we tacitly assume on top of

Assumption 4.3.3 without loss of generality. This does not impact the continuation criteria
(1)-(5).

REMARK 4.3.6 (On local well-posedness for polarized U (1)-symmetric vacuum solutions).
For the sake of this work, we refrain from separately establishing a local well-posedness
statement for the vacuum solutions arising from polarized U(1)-symmetric vacuum data as
discussed in Remark 4.3.4. Instead, the local well-posedness result for the Einstein (Vlasov)
scalar-field system in CMCTC gauge and (2 4 1)-dimensions is sufficient for our purposes:
Polarized U(1)-symmetric vacuum data induces data for the Einstein scalar-field system;
see Remark 4.3.4. The maximal Einstein scalar-field solution this launches then induces a
globally hyperbolic development of the original vacuum data by the correspondence (4.1.2).
U(1)-symmetry and polarization are then propagated in the induced foliation (M; x Sl)te(t,,to]
of M by construction. While this development is not a priori past maximal, as evidenced by
the extremal Kasner solution discussed in Remark 4.2.3, for the solutions in Corollary 4.1.2,
we show that the Kretschmann scalar of the vacuum solution blows up as ¢ | 0, ensuring that

the full past development is obtained.

4.3.4. Bootstrap assumptions. The bootstrap interval will be denoted by (¢goot, tol,

tBoot € [0,%p). On this interval, we make the following bootstrap assumptions:
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ASSUMPTION 4.3.7 (Bootstrap assumptions). For n > e8>0 sufficiently small, one has

(4.3.7a) C(t) Sea(t) " and

a(t)=°"

N

(4.3.7Db) If = frerwlles , reany S€
for any t € (tBoot, to]-

One may take n = e16. The goal of Sections 4.4 and 4.5 is to obtain (4.6.1) for some
¢ > 0, which improves the bootstrap assumptions for sufficiently small € > 0. Consequently,
we may implicitly update the constant ¢ from line to line throughout the bootstrap argument.

Throughout the bootstrap argument in Section 4.4 and 4.5, we always assume ¢ €

(tBoota tO] .

4.4. A priori estimates

4.4.1. Strong low order pointwise bounds. In this section, we collect strong bounds
in Cé for £ < 6 that immediately follow from the bootstrap assumption. For the most part,
these bounds can be derived as in Section 3.4, so we only sketch these arguments.

LEMMA 4.4.1 (Zero order bounds for kinetic variables).

(4.4.1a) *llco ) Se
(4.4.1b) 1¥][coar) <€

PROOF. Using (4.2.14b) and that the k is tracefree, we compute
Lo (i) = Lo (it (idye
5 0 (k%) =5 00 ()" ()7,
= —(V2N,k)g — 87 (Vo Vo, k)g —8na™t (SVUI kg — N7 |k[%.

The bootstrap assumptions (4.3.7a) imply

. . to to .
kla(t) < [kla(to) +/ ea(s)” 7" ds+/ ea(s) 7V [kla(s) ds.
t t

Estimate (4.4.1a) now follows from the Gronwall lemma, Lemma 4.2.2 and the initial data
assumption (4.3.5a). An analogous argument proves (4.4.1b). O

As a direct consequence, we obtain that the momentum support remains compact and,
in the massless case, bounded away from the origin:

LEMMA 4.4.2 (Momentum support bounds). The following momentum support bound
holds.

(4.4.2a) sup sup o0 <a(t) vV, sup sup  |u|, S1

~

€M vesuppf(¢t,z,) €M vesuppf(t,z,)

For m =0, one additionally has

~

(4.4.2b) sup sup  |v|g! < a(t)"VE,  sup sup |U|;1 <1.
€M vesuppf(t,z,) €M vesuppf(t,z,)
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PROOF. Let z € M; and v € suppf(¢,z,-). By the method of characteristics, the solution
of (4.2.14j) is given by
flt,x,0) = ft, X (t;x,0),V(t,0)),

where, writing V0 = \/m2a2 + |v]2G , V solves the initial value problem

. B L ViV B ;
Vi=—a ' (N+1)(G TG, o to WOvEN
V(to;z,v) =v
and X is given by
(G,

Xi:a_l (N+1) VO y

X(to;x,v) =x.
The bootstrap assumption (4.3.7a) then yields
Vg Sa7vEvo.

The strong low order bound (4.4.1a), along with (4.3.7a), implies |0;G|g < ea™2 using
(4.2.14a). Thus, (4.4.2a) follows from these bounds using the Gronwall lemma and that
the momentum support is bounded initially. (4.4.2b) is proven analogously, noting that
&;y =0. ]

From this, one obtains the following bounds, which in turn control low order nonlinear

error terms in the energy estimates:

LEMMA 4.4.3 (Strong low order Cg-bounds).

(4.4.3a) ||l%||Cg(Mt) + H‘I’Hcg(Mt Sea(t)™vF
(4.4.3b) IV@lles,an) + IG = Ves,an) + IRIG] = 26l ca gy S VEalt)™ oV
(4.4.3¢) If = freewlles . reay SVeEalt)™

1,Gg
(4.4.3d) IV — pglLRW”Og( 5, (M) T ||JVl”C§’;(Mt Svea(t)™

PROOF. (4.4.3a)-(4.4.3b) are proven as in Lemma 3.4.2, (4.4.3¢c) as in Lemmas 3.4.8-3.4.9
and (4.4.3d) as in Corollary 3.4.10. Considering the shear bound in (4.4.3a), for example,
note that the tracefree part (8:k)!l of d;k satisfies the following bound for J € {1,2,...,6};
see (4.2.14b).

| @)

; 2 —~1aVL|
oo S TO IV ez I8 cgoany HIN oz 19000y #0071 g

One also obtains that

o5

e8 ) ST IN g Wrllegany + a2 1kl e ) 1l e ar,y

+a®) 2 IN + Uiz 1G24,

Assume that the bound |]I%HCé L) S < ea(t)~°VE is already established — for J = 1, this
follows from (4.4.1a). The bootstrap assumption (4.3.7a) and the zero order (4.4.1a) then
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imply
ORIy 1y S 2002 NI (g + (220027 + £alt) ) bl ar -

This is sufficient to prove the bound at order J using the Gronwall lemma. Completing the
iteration, we obtain the shear bound in (4.4.3a). The remaining bound in (4.4.3a) follows
analogously using the already obtained shear bound and (4.4.3b) along with (4.4.3a).

Regarding (4.4.3c), one considers the rescaled Vlasov equation (4.2.14j) as an inhomo-
geneous transport equation for f — frpgrw, where the inhomogeneities arise from reference
terms depending on derivatives of frrrw, which can be bounded using (4.4.3a)-(4.4.3b). At
order 0, the bound follows by controlling f — frrrw along the characteristics, similar to the
proof of Lemma 4.4.2.

From here, one proceeds iteratively after commuting the Vlasov equation with AXB/—K
for increasing K = 0,...,J.1° For J = 1, K = 0, using (4.4.1a) to control the borderline
shear term and (4.3.7b) to control the horizontal derivative terms, one can apply the Gronwall
lemma along with (4.4.2a) to obtain

1
(W) B(f = froaw)lgle., Sei-
Using this bound for J = 1, K = 1, one locally obtains
|A(f = frorw)le S Vea™ove

and then (4.4.3c) for Cigo (T*M,;) by repeating the first step with this improved bound in
place of the bootstrap assumption and combining the local estimates. For J = 2,3,4 and 5,

one proceeds analogously. Finally, (4.4.3d) is an immediate consequence of (4.2.15), (4.4.2a)
and (4.4.3c). O

4.4.2. Relating Sobolev norms to energies. With these low order estimates in hand,

we can now show that our energies are almost coercive:

PROPOSITION 4.4.4 (Near-coercivity of energies). Let £ be an integer with 0 < ¢ < 9.

Then, the following estimates hold, where energies with superscript £ —2 or £ — 3 only appear
when £ > 5:

(4.4.40) 19022 (a1 + a0) V0l

V€000 + a0 (e (6.0) + ey () )
(444D) [l any SV €O, 1) + alt) <\/ E(<E2) (k1) + €2 [@(<E9)(R, t))

(4.4.4¢) |]N||Hé(Mt)5\/(’3(5)(N,t)—|—a(t)_c\/g< S8 (N 1) + e(se—s>(R,t>>

108ince M is compact and f has compact momentum support, one can restrict the rest of this proof to
coordinate neighbourhoods.
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(4.4.4d)
IRIG) = 2 ll e (aryy S o/ €D (R 1) + a(t)™ Vo €EE(R, 1)
(4.4.4e)

—cy/e (<0)
107" = pkbrw Lt asy S al®) f( S (f )+ G =T HLQ(Mt)>

e <t
(4440 18 M gge gy Salt)™oVE <W+IIG Pyl (Mt>

(4.4.4g) 19 e ) S 08)™V2 €S, 1)
(4.4.4h)
If = frerwllae (T M) N 1<€(f7 t)+aft )_cﬁ( 1<<€z )+ QE(SK‘Q)(R,t))

+a(t)evE <||F = Dllge1agy +IGF = 7i1||Hg*1(Mt))
We also have the following bound
(4.4.5)

V6l arsaay) S alt) oV (\/ez<<1o (b, t) + VEJ€=9 (0, 1)+ [€(1,0) + \/QE(SS)(R,t)>

PROOF. For (4.4.4a)-(4.4.4d), the proof proceeds as in Lemma 2.4.5 by integration by

parts and commuting derivatives, where low order terms in the resulting commutator errors
are controlled using Lemma 4.4.3. Conversely, (4.4.4¢)-(4.4.4g) follow as in Lemma 3.4.14,
using (4.2.15), (4.4.2a) as well as Jensen’s inequality. The zero order metric error terms in
(4.4.4¢)-(4.4.4g) arise from the reference quantity in the zero order estimate. The Vlasov
distribution bound (4.4.4h) is proven as in Lemma 3.4.13. In particular, higher order metric
terms in the second line only arise from computing derivatives of the FLRW reference dis-
tribution and not from rearranging derivatives into the specific order required by the Vlasov
energy.

Finally, by rearranging the momentum constraint (4.2.14f), differentiating and applying

Lemma (4.4.3a) and (4.4.3d) to control lower order terms, one obtains

IV6 1oy S o)™ (Il + 10" g ) + VE®)™ @13, -

The bound (4.4.5) then follows from applying (4.4.4b), (4.4.4g) and (4.4.4a). O

Finally, we can prove the following lemma that allows us to extend (4.3.3) to energies of

the Vlasov distribution except for one special case.

LEMMA 4.4.5. Let K,L, with 0 < K < L and (K,L) # (1,2). Then, the following

estimates hold.

(4.4.60) a(t)™VF €5 (1,0 < €L, 0 +a(t)2VEEED (1)
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Moreover, given w > 0, one has
(4.4.6b)
a(t)*VEEN (£,1) S alt)* €7(f.0) + a(t)>VE € (£, )

ta(t)? (a@s)% I0 = D12y 0,y + alt)® GH = ’yil\\i%(Mt)) .

PRrOOF. The first bound follows from a straightforward integration by parts, applying

Young’s inequality and rearranging. For (4.4.6b), we proceed similarly. Here, we expand f

into (f — frorw) + frorw and use
VhorfrLrw = v# v sy« (D = T) = F/(jv]2)

as well as (4.4.2a) and (4.4.3b) to bound the momentum supports of f and frrrw respectively
by a~cve up to constant. For details, we refer to the proof of Lemma 3.7.3. Il

4.5. Energy estimates

For all of the estimates in this section, take L € {0,2,4,6,8,10} and energies of “negative
order” are understood to vanish.

The core simplification in our argument compared to that in Chapters 2 and 3 occurs in
Section 4.5.2, which is the core geometric estimate. To handle high order curvature terms
arising from Vlasov matter, we additionally need to prove a new scaled integral energy esti-
mate in Lemma 4.5.5 using the momentum constraint. The remaining parts of the argument
are similar to those in the previous chapters; we will keep their discussions relatively brief.

4.5.1. Elliptic lapse estimate. First, we derive elliptic bounds for the lapse. The for-
mer is required to estimate high order lapse terms through the evolution equations, while the

latter is needed to obtain sharp bounds on the lapse and improve the bootstrap assumptions.

LEMMA 4.5.1 (Estimates for the lapse). The following energy estimates hold.
(4.5.1)
a(t)* €N 1) + a(t)? €ETD(N, 1) + eB(N, 1)
7 —cC <L - -
<2 €D (k1) + €P(,0) + a0V (€L L.+ 16— 2 o)
+e2a(t)oVE (e@*?)(;%, t) + ¢S (g, t)) +ea(t)”VE¢SL3(R 1)

(4.5.2)
a(t)* €EF(N 1) + a(t)? e (N 1) + BN 1)

Sa)=VFeED (R, ) +ea(t) V= (1)

- w—c w L R — @ — _
+ a(t)? " DemeVE g () B EER (£,6) + a()* 2~ VEa(®)E G =y 2

PROOF. To obtain these estimates from (4.2.14g), we verify that solutions to the equation
L¢ = Z (vespectively, £¢ = Z) satisfy

@ |186¢ sz, + allVCllzz, + ¢z, < 12115z,
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since the estimates then follow as in Lemma 3.5.4. To this end, it suffices to check that
h (respectively, h) is bounded from below by a positive constant and that |Vh|g < /e
(respectively, |Vh|g < /). The former follows from (4.4.1b) and (4.4.1a) (respectively,
(4.4.3b)) as well as (4.4.3d), the latter from (4.4.3a) (respectively, (4.4.3b)) and (4.4.3d). O

4.5.2. Estimates for the second fundamental form. Using that the curvature ten-

sor is pure trace, we obtain a simple energy estimate for the second fundamental form.

LEMMA 4.5.2 (Energy estimate for second fundamental form).

(4.5.3a)
e (k1) <et + tto (Eé a(s)™? + a(s)_l_cﬁ> eB)(k, s) + e s a(s)2eW) (¢, s) ds

+/tt0 es a(s) 2 e3€LD(R, ) + a(s) 1 (ErDwmevE Qfgtgl)w( ) ds

+/ttosa( )2VEEEE A (k) e als) PV (6,5

+ /t " F a(s) 2oV @EL(R, ) + afs) 14 —VE a(s) 3 G V2, I
(4.5.3D)

P to 1 w w ~
a(t)i €M (k,) et + / (55 a(s)"?+a(s)*ts + a(s)’l’c‘/g> a(s)T €W (k, s) ds
t

to w
+/ a(s) 28 €D(,5) + e2a(s) 725 - 2D (Ric, 5) ds
t

_l’_

to
w—c <L —1-%—cVe 3 N B
/t a(s)~' =+ fqzi(iotal)Vl( ) +a(s) TRV La(e)3 G -y 1”%%(Ms)ds
to w ~ w
+ / ca(s) 2 VE - a(s) T €Dk, 5) + ea(s) 2 VER @S (g, 5) ds
t

+/ e2a(s) 2 VETE L c2@(SL(R, ) ds
t

PRrROOF. We first prove (4.5.3a) for L > 4 and sketch the necessary adaptions for (4.5.3b),
L

the estimates for L < 2 are proven entirely analogously. Commuting (4.2.14b) with Ag, we

obtain
L ., . ~
(4.5.4a) atAg(kﬁ)Zj:T<(k;ﬁ)le2N+NA (kb ) VHY; AQN
L g 1 A5 QViL |\t
(4.5.4Db) — 167 <VAé¢®symmV¢> 4—87ra_ AA(S v||>tiz]
J

. L L ., . .

(4.5.4¢) +T5AZD A+ [0, AZNE)) + (Rjumk)';

where b is a scalar function depending on G, R[G], N and f as well as reference quantities,
and Kjunk collects lower order error terms arising from the product rule.



4.5. ENERGY ESTIMATES 237

One has . . 5
at@(m(;;,.):/ N7IAZKE + 2 (BAZR, A2 dvolg
M

Consequently, the pure trace term in (4.5.4c¢) cancels when inserting the evolution equa-
tion in the second term. Note that this includes high order curvature terms in (4.5.4), i.e.,

those that don’t arise from commutator errors. Abbreviating

LA\ L. L
<atAg‘;kﬁ> = O ALK —TAZY,

LAl
(atAékﬁ>
I

L.
Next, we estimate (&,Aékﬁ) by going through the remaining terms in (4.5.4). We

the bootstrap assumption (4.3.7a) implies

(4.5.5) —0 B (k1) Sea(t)y i @B (k,t) + ¢@D)(k,t).

LZ,(My)

apply the bootstrap assumption (4.3.7a) as well as (4.4.1a) to bound the right hand side of
(4.5.4a) in L2, by

(4.5.6) <ea(t) /€@ (k) + a(t) 2 <a(t)2 \/a(t)4 CLA2) (N, ) + s\/QE(L)(M t)> .

Regarding (4.5.4b), we use (4.4.3b) and (4.4.4f) to obtain the bound

SVEa(t)VE e (1) + a(t) 1 VE < S +et - v—lnLg(M)) :

In combination, we obtain

PN
(atAgkﬁ>

< a(t)™2 <\/a(t)4 U4 (N, 1) + e, t))

LZ (M)

+ea(t) 1o/ L) (k,t)

+vEal) ™ (e, + €D + 167 = g

L .
+ 1[0, A&IEl £z, (aryy + [ Rjunicll 22, (a1, -

Applying the elliptic estimate (4.5.1) for the lapse terms arising from (4.5.6), the following
bound thus follows from (4.5.5).

(4.5.7a) —0, ¢ (k1) <ea(t) o) (k) 1)

(4.5.7b) +/ €D (k, 1) {a(t)‘2 (e \/ D) (k, 1) + \/ ¢()(¢, t))
(457 rat) = (V0 +167 = g
(4.5.7d) +ea(t)y 2eVE <\/ E(SL=2) (i, 1) + \/ €<SL—2)(¢,t)>

(4.5.7¢) + Vea(t) 27VEJE(EL-8) (R 1)
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L .
(4.5.7F) o+ 1100 A& IRl 2, sy + il 22,00

The curvature terms in the penultimate line arise from estimating commutator errors when
proving (4.5.1).

A naive estimate of (4.5.7b) would lead to the borderline, unscaled term a(t)~2 &) (k,t),
which would prevent us from obtaining bootstrap improvements down the line. Thus, we
apply Young’s inequality as follows

0\ JED(F, ) e (6, ) S ot a? €Dk, )+ E a7 €M, ).

Applying Young’s inequality as well as (4.3.3) in a similar manner for the remaining terms,

the estimate below follows.

— 0,¢P) (k. 1)

(4.5.8a)
< (e% a(t)™ + a(t)‘l_cﬁ) Dk, 1) + &5 a(t) "2 € (g, 1)
(4.5.8D)
+a() e E () el () 4+ a(t) T E VR A F G =y R o,
(4.5.8¢)
a2 D (Rt 1 2 () 2oV (@(SL—Q)U%’ 1) + €S2 g, t))
(4.5.8d)

7 o B L. R
—|—5‘8 a(t) 2 \/EQE(SL 4)(R,t) + (Hat,Aé]k”L%(Mt) + ||ﬁ‘]unk||Lé(Mt)> @(L)(k,t)

In particular, the highest order curvature term arises from applying (4.3.3) to the curvature
term in (4.5.7¢). It remains to check that the final terms in (4.5.8d) are error terms dominated
by what is already present in (4.5.8a)-(4.5.8c) as well as the first term in (4.5.8d).

After some straightforward computations and applications of Lemma 4.4.4 to estimate

Sobolev norms by energies, one sees that the commutator term satisfies

1[0, A ]kHLQ(M Sea(t) SN (k) +ealt) PVE \/(’3(<L 2 (k)
+ea(t)”> Cf\/e@ D(N,) +e2a(t) Ve JeEL-3)(R, ).

Moreover, £junk can be bounded as follows.

[ Rjumill 2, S ea(t)™ "/ @(=L=1( fe, ) +ea(t) 27¢VE | J@(SL-1)(N, )
+ \/ga/ —1— Cf \/Tgb’ + Ea/ 1—677 @(SL_?)) (R, )

After applying the same steps as above to these error upper bounds, one sees that the
final term in (4.5.8d) indeed only contributes negligible error terms to the right hand side of
(4.5.8). The statement then follows upon integrating (4.5.8) over [t,%o] and rearranging.

For (4.5.3b), one similarly computes the analogue of (4.5.8), dropping —(d;a% )& (k, )
in an upper estimate, and immediately distribute weights as needed for borderline energy
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terms, i.e., for shear, scalar field and curvature energies

—0, (a% @(L)(];’ .)) < ga(t)flfcn @(L)(];’ )

+/aieD (k) {sa \aie@ (k) 5y/€@) (g, )

rate/s s (el + o - anzG)

T ea 2 VE ot €12 (k) + ea 2 VETE  fe(<1-2)(g, )

ta VeS| Je@(SL-3)(R, -)}

" - w L.
e ot (1100 AL + 1Skl

Again, one observes that terms introduced by the last line are strictly dominated by the
remaining right hand side up to a constant, and applies the Young inequality to the remaining
lines. The scaled bound (4.5.3b) then follows by integrating and inserting the initial data

assumption. U

To overcome the technical difficulty that the zero order Vlasov energy estimate will involve

first order terms in the metric, we also require the following elliptic estimate for the shear.

LEMMA 4.5.3 (Scaled first order energy estimate for the second fundamental form).

(4.5.9) a? €W (k,) < €O(g, ) + a*"VEEO (K, ) + > VE (£, )

PROOF. Let u be an arbitrary tracefree M;-tangent (0, 2)-tensor and define the exterior
covariant derivative
(dVu)iji = Viuij — Vjug
which satisfies
/M\dvu@ dvol, =2 /M‘VUE — Vjuy Vi dvol,, .

By integration by parts and using Riem[g];jim = % (Git 9jm — 9im gj1) as well as trgu = 0,
one obtains

/ Vjug Viu' dvol, = / [|divguy§+R2[g](gjm 9it — Gji Gum) u w7 +R2[g]]1§u u} dvol,,
M M

= [ lidivgul? + Rigl ) v,
After rearranging and rescaling, this becomes

1
(4.5.10) / yvu\gdvolg—/ [\dvu|é+ydivGuyé+3R[G] \u%] dvolg .
M M L2 4

Now considering u = k explicitly, note that the Codazzi equation for the (2 + 1)-dimensional

spacetime metric g implies

dV ki;y = Riem[g]oij1 = Ric[gloj gir — Ric[glor gij
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since the shift vector vanishes in our transported coordinates. Now applying (4.1.1a), this

yields
dVleij = 87 (U + C) [Gay V¢ — G Vi) + 87 (Gﬂ -Gy ]ZVZ)
Thus, also applying (4.2.14f) to compute divgk, (4.5.10) becomes
€Ok < [ 19+ CF Vol + 1" + IRIGI 3] dvole

The a priori estimates (4.4.1b), (4.4.4g) and (4.4.3b) then imply (4.5.9). O

4.5.3. Estimates for metric variables. In this section, we collect various estimates
for norms and energies associated with the metric, the tensor I' — I and the scalar curvature.
In particular, we need to derive integral estimates for I' — I’ at low orders to deal with error
terms arising from the Vlasov reference distribution as well as high order energy estimates
for the curvature to control commutator errors from the Vlasov equation. In both cases, the
key ingredient is the Codazzi equation — for the former in the form of the elliptic estimate
(4.5.9) and for the latter by directly applying the momentum constraint (4.2.14f).

LEMMA 4.5.4 (Norm estimates for metric quantities). Let I be an integer with 0 < I < 10.
Then, the following estimates hold:

(4.5.11a) a(t)s |Gt — yﬂ\ﬁ{é(%)
to
< 4 —2+¥%—c\/fe —1—cn & +1  _+12
Setr [ () el ) )7 16H =4 o
tO w w o
+/ a(s)”*ts (a(s)ft’f(g)(k:, s)+ =D (g, s) te2 ‘E%QE(S[”)(R, s)) ds
t

to
+ /t a(s)_l_cﬁ_“’(H%) . a(s)(IH)w @gSSI}(f, s)ds

(4.5.11b)

1
+1 +1 12 —ce® 4 _1 2 22
HG - HH&(Mt) S a(t) c (6 + e 4 Ses(lilt)o) (HNHHé(MS) + ”k|Hé(MS)))

Additionally, one has the following low order integral estimates:

(4.5.11c)

w o o 5 2 [
(P IO g S+ [ (ale) 275 4 a(s) V) (s = Pl oy

+ /t ’ als)2HE—eVE (e<0>(¢, ) +a(s)%e<0>(1;,s)) ds

)

to w w _ _
+ / a(s) " mVEE (a2 €0 8) + al) FIGT =T 2 ) ds

(4.5.11d)

w

R to w w -
a(t) 2 D=3 (o) S '+ / (als) % 4 a(s)™7VEE ) ()3 0 = T3 0 s



4.5. ENERGY ESTIMATES 241
to w w =~
+/ a(s)"2FEevE (a(s)ZQS(SQ)(k,S) + ¢(=2) (g, s)) ds
t

to
+ [ el (e € ) ) 167 =9 ) s

PROOF. (4.5.11a) and (4.5.11b) follow as in Lemma 2.6.14 by commuting (4.2.14a) with
V! and applying the lapse estimate (4.5.1) as well as the near-coercivity estimates from
Lemma 4.4.4. Regarding (4.5.11c), the evolution equation (4.2.14c) implies, using the boot-
strap assumption (4.3.7a) for the lapse,

<0 (50 = Dy ) Soa= a5 0 = Dl

244 <a_2 =D (k, ) + a2 /e (N, -)> T = Tl 22, (ar

(*)
Regarding (*), one can apply shear estimate in Lemma 4.5.3 and the lapse estimate (4.5.1)

for L = 0 to obtain the following estimate

(%) _g—2t+% <\/ 24+¢ ¢ (k) + \/ 2+5 @ (=D(N, )> \/CLH;HF - fHQL%(M

N (a—2+j QE(O)(¢7 )+ (5a_2+§ + a_l_c\/g) a(s)%(’f(o)(]%’ )

Ve Jawel)(f, ) +a TV |G - v-lnLg(M.)) ¢+ I0 =TI,

(4.5.11c) then follows by applying the Young inequality.

(4.5.11d) is proven identically, except that one applies the Young inequality to estimate the
shear term directly and inserts (4.5.1) at order L = 2. O

To control high order curvature terms arising from the upcoming Vlasov energy estimates,
it will be necessary to control curvature terms at order L — 1 to control the other solution
variables at order L. Since we only need to control the scalar curvature, the momentum
constraint admits a convenient integral estimate that immediately regains this potential loss
in regularity:

LEMMA 4.5.5 (Energy estimate for the curvature).

(4.5.12a)

1

to
e-2(R ) < & +/ (% a(s) 72 + a(s) 1 7VF) €2 (R, 5) ds
t

to o
+/ {e—% a(s)™? (e(L>(¢, s) + eD(k, s))
t
+ a(s)_l_c‘/g_(LJrl)Lu (a( )(L+1 “ e1<<LL(fa s) + (5)% ||G_1 - 7_1”%QG(MS))
FeSas) 2V (g, 8) 4 € R )

+ s a(s)2evE ¢SL(R, s)} ds,
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(4.5.12b)

at)?eF"V(R 1) <et + /to (e’:‘é a(s) ™+ a(s)*170”> a(s)? ¢ L=D(R, s) ds

to A
+/ { (81785 a(s) ™2+ a(s)’l’c‘/g> eD)(k, s)
t
+ (5*% a(s) 2+ a(s)*lfc‘/g) ¢B(g,s)
+ a(s)_l_cﬁ_@“)w (a( )(L+1 “ e1<<LL(fu s) + (5)% ||G_1 - 7_1"%2G(M5)>
+ea(s) 2R, s) +ea(s) 2 VEEELI(R, )

(s
+ (¥ als) 2 a(s) ) (€20,9) + €S2 5)) | s
(4.5.12¢)

to "
at)2 ¢ 2(Rt) St + / (57a(s) 2 +a(s) 2% +a(s)17F) €2 (R, 5) ds
t

+ /tto{a(s)2+§ ((’E(L)(¢, s) + (’E(L)(l;:, s))
+a(s)TievEm (LAl (Q?ﬁ;sl)w( ) +a(s)7 |G — ’Y*lH%ZG(MS))
+a(s) 2V (€D (g,5) 1 a(s)T Dk, )
+ E%a(s)_2_cﬁ(’3(§L_4)(R, s)} ds
(4.5.12d)

a(t> EEED(R, 1) <t + /t

+ /t to{ (a(s) 72+ als)"7VF) - als) T €@k, 5)
+ (a(s) 2% 4 a(s) 7 7VE) € (g, 5)
+a(s) " TVEERD (@50 (5) + a(9) 211G 7712, )
+ea(s)"2 - a(s)T €L (R, 5) + ea(s) 27V - a(s) T €SLTY(R, )
+ (EQa(s)*Hﬁ + a(s)*lfcﬁ) (e<§H> (6,5) + a(s) T €SL-D(f, s)) } ds

to 1

(6§a(s)_2 +a(s)" 25 + a(s)_l_‘m> a(s)*Tie"(R, 5)ds

PRrROOF. We focus on proving (4.5.12d) and (4.5.12c), since (4.5.12¢) and (4.5.12a) follow
L

along similar, but simpler lines by commuting (4.2.14d) with AZ. To prove (4.5.12b), we
first compute, using bootstrap assumption (4.3.7a), that

(4.5.13) —0 <a2 eL=D(R, )) Sea a2 eEU(R, )

-1

L
+ a0 VAE RG] L2, \/a® €ETD(R, ).

L_
To obtain a convenient expression for a &;VAZ 1R[G], applying (4.2.14f) to (4.2.14d) yields
adR[G) =2N71a(R[G] —2kK) —8kaN —2a"' (k, V2N)g
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+16ma" (VN, (¥ +C) Vo + 7 Dg
+16ma "t (N +1) [(\p +O) Ago + (Vb, V) + divey"!

L_
Commuting the above with VAZ 1, this schematically becomes the following.
(4.5.14a)
L_4q L_4 L_4
ad VAL R[G]=—-4NaVAZ " (R[G] —2k) —4aR[G]VALZ N

(4.5.14b)  +a”! (k « VETIN + Vi« VEN + V2 + VL_1N>

(4.5.14c) +167rC’a_1VA p+at <V\I/*V2A5 ¢>+V2¢>*VA2 qz+v¢*vL\p>

-1

(4.5.14d) 4 16ma” 1VA2]W +a[6t,VA2 JR[G] + a Rjunk.1—1

Herein, Rjunk,z—1 collects lower order error terms. Using the low order bounds (4.4.1a),
(4.4.3a) and (4.4.3b) as well as the bootstrap bound (4.3.7a) for the lapse, the LZ-norm of
the right hand side of (4.5.14a)-(4.5.14b) is bounded by

< I=en, [q2 @ L-1D)(R,-) + ea"2y/a? EL+HD(N, )
+ea TVEVEWN(N, ) +a TVEY E(SL-I(N L)

Using the low order estimates (4.4.3a) and (4.4.3b) as well as (4.3.3), that of (4.5.14c) is
bounded by

S a2 (6,) + (2a V4 VEaTITVE) e, ),

while the Vlasov term in (4.5.14d) can be estimated directly using (4.4.4g). The remaining

error terms in (4.5.14d) can be bounded as follows:

<ea 2y €L-D)(R, ) +ea 1 7VE \/E(EL-2) (R, )
+e P NG <\/(E(<L 2) +\/@ (<L- 2 >

aHmJunkL 1||L2 <€CL 1-eve <\/Q§ (£L-1) \/€(<L 2) >

+ea" M/ EEL-2) (R

L_
al[0r, VAZ RG]

Returning to (4.5.13) with these estimates in hand, one obtains the following, using the Young
inequality and (4.3.3).

—0; (a2 eL=1(R, )) S <5é a” -1 C") (QQG (L=)(R ) +ea” (a2 e+, ))
+a ' mVEEB(N, ) +ems a2 e (g, )
+ea TV <QE(L)(/%, )+ eE=2(R, ))

+alTevE (’31<<LL)(f, ) +eatmVEEELI (N

ool
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4 (5 a2-evVE | ﬁa—l—cﬁ> ¢S24 )
+ea oV (@S, + € SO(R, )
The estimate (4.5.12b) now follows from inserting the lapse estimate (4.5.1) up to order L

(which, in particular, also controls a?€“+1) (N, ) sufficiently) and then integrating in time.

Regarding (4.5.12d), the individual estimates lead to the following bound by distributing

the scale factor weight between individual factors.

~8y(a®*7 eL")(R, ) < (5% a(s) ™2 + a(s)_l_c”) (aQQE(L_l)(R, ))

+\Ja2t i e-1(R, ) {sﬁ\/ @ EEED(N, ) + a7 7V JED(N, )+

(e et e

 eg-levE <\/ati E(SL-2)(k, ) + \/ at EELA)(R, >)}

One again inserts the lapse estimate (4.5.1), distributing weights for the resulting terms in
a similar manner. In particular, the leading order shear term from a?&Z+1D(N,.) enters as

follows.

(m_g N a_l_c\/ng%) \/a2+% e(L-1)(R, _)\/€2a% ¢ (k,-)
Sséa_2a2+%e(L—1)(R’ ) +e2a2aie@ (k)

Using Young’s inequality as well as (4.3.3) and integrating in time, this then implies (4.5.12d).
O

4.5.4. Energy estimates for matter components. Herein, we collect the energy
estimates for scalar field and Vlasov matter. The proof for the former goes along similar lines
as in Lemma 2.6.2 and Lemma 3.5.5, but we verify that the delicate cancellations therein
which rely on the respective Friedman equations still extend to this setting, including to
C <0.

LEMMA 4.5.6 (Scalar field energy estimate).

4515 eD(g 1) + / ® a(s) a(s) €F (W, ) + W) 60 (7 5) ds
<el 4 /tO (z—: a(s)™2 + a(s)_l_cﬁ) ¢D) (¢, 5)ds

to R
" / {ca(s) 2Bk, 5) + % als) 2 €I (R, 5)
t
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—1—c — w w _L z
+a(s)"LmevE- (T .(a(s)(L—l—l) @§f<2(f75)+a(5)2 ||G_7||i'é(Ms)>

+vea(s) 2 VEEEE2) (g 5) e a(s) 2VE @(SL2 (L s)

teb a(s)"rVEe=-(R, s)} ds

L
PROOF. Schematically, after commuting (4.2.14h) and (4.2.14i) with AZ and applying

integration by parts to cancel the highest order terms in V¢, one obtains the following.

(L) a L L L L
—9,¢ (¢,-)_/M {4CaA(2;NA2\I/+2<VA5N,V¢>GA§\I/

L L L
—2C(VAZN,VALP)g —2aa |VA(2;¢>|%;} dvolg + (error terms)

The first two terms arise from (4.2.14i), the third from (4.2.14h) and the fourth from differ-

L
entiating the weight within the energy. Regarding the first term, applying AZ to both sides
of (4.2.14g) implies
1 L L
0= — aa/ divg (VAéN AéN) dvolg
47 M
L ooakyp L@ Ak :
= - _—Eaa IVAALN|G — ira AZ(H 4+ hN)AZN | dvolg
(4.5.16a)
_ 1 Ly 20 Vi Vi L L2
= aalVALN[G — (4C° = +4a(pprrw + 2PrLeW aa | |ALN[G
M| 4m a 2m

(4.5.16b)

p L L L
40 AZUAEN — N <le _ PH;RW) AZN + (nonlinear error terms)] dvolg .
a

Inserting this zero into (4.5.17), the first two terms of (4.5.16a) have definite sign and
lead to the terms on the left hand side of (4.5.15) after absorbing some more terms discussed
below, while the remaining ones in (4.5.16a) are bounded by a~! €)(N,-). The first term
in the (4.5.16b) cancels the first term on the right hand side of (4.5.17), while the latter
can be bounded using (4.4.4e). Altogether, this means that the below bound holds for an
appropriate constant K > 0.

4517)  eD(g,.) + ﬁ Ga €N, ) + 4022 €N, )
L L
2 2

L L L L L
< / {2 (VAZN, V) ALY —2C (VAZN,VAZ )¢ — 2da ]VAqu%} dvolg
M

+ K (a_l ¢L(N, ) +a17evE (QE&LL)(f, Y+ G - 'y_lH%QG» + (error terms)

Since, by (4.4.3b), the first term on the right hand side of (4.5.17) is bounded in absolute
value by

L L L
5/ \@a_c\/g|VAC2;N|G\Aé\II|de01G5/ caa|VAZN|% dvolg +a Ve el (g, ),
M M
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we can absorb this resulting lapse term into the left hand side of (4.5.17) by updating pref-
actors, while we simply keep the scalar field term on the right hand side.

Moving on to the second term on the right hand side of (4.5.17), (4.2.5a) and Young’s
inequality imply

L L L L
2C (VAZN,VAZ$) g aa+ /max{0, £} a) IVAZN|¢ |[VAZ6|q

1
<
<7 (
5.2 1 5 72
< (aa+ max{0, £} a) <2 VAZOG + 5 |VA5N|G> ,
m
The first term, combined with the third term in (4.5.17), only leaves

L
v/ max{0, n}/ a|VAZ¢|Edvolg Sa™t eB(p,.).
M

The second term can also be absorbed into the second term on the left of (4.5.17) up to the
error term a~ &) (N, ) that we keep on the right.

In summary, this shows
— B (4, ) +aaeEI(N, ) + L eB(N, )
a

o L L (<L) -1 —12
Sam7oVE (€P(g,) + €PN, ) + () + 167 =77 ()
+ (collected borderline and junk error terms)

From here, (4.5.15) follows by estimating the error terms with the help of the low order
bounds in Section 4.4, the elliptic lapse estimate Lemma 4.5.1 and the near-coercivity estimate
Lemma 4.4.4. ([l

Regarding the estimates for Vlasov matter, the structural features exploited in Section
3.6 fully survive in (4.2.14j) and thus allow us to extract the energy estimates in Lemma

4.5.7 as in the higher-dimensional setting. We provide estimates (4.5.18)-(4.5.19), which are
(L)

total’
are needed to improve the bootstrap assumptions on Vlasov matter.

necessary for obtaining bounds on & as well as the unscaled estimates (4.5.20), which

LEMMA 4.5.7 (Total Vlasov energy estimate). At order 0, the following bound holds:
(4.5.18)

to w
a(t)” € (f.1) S et + / (ca(s) ™2 +a72%) als)“e((f,5) ds
t
to w ~ w ~
+/ a(s)"2-eVEHY (@(0)((;57 s)+e2 €Ok, s) + a(s)?H 3T —r||§é(Ms)) ds
t
to w w
+/ a(s)"1mVEHE g(s)5 |G — 7—1||%QG(MS) ds
t

For L € {2,4,6,8,10}, the total Viasov energy Qféft)al v] @s defined in Definition 4.3.2 obeys
the following energy estimate.

(4.5.19a)

to
el v Set+ /t (a(s)—l—w Fa(s) TVERS 4w a(s)—2) ) s ds
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a(s) 2 VEE (€0 (g, 5) + a(s) TP (R, ) ) ds

/
to
+ / a(s)2VErLY ()24 % @LTD(R, 5) + a(s) "2 VEHY ()2 € E72 (R, ) ds
t
[ (atsy s a2 ) €52 ) ds

t

to w R
+ / afs)2evEre (e<SL—2>(¢, s)+a(s)ze<SL—2>(k,s)) ds
t

a(s) "2 VE o(5) 2 €SE (R, ) ds

a(s) "7 VE - ()% (I0 = DU ) + 167 =77 3 0, ) s

Recalling ek from Definition 4.3.2, this becomes

total

to w
(4.5.19b) el () St /t (a(s)‘l“"‘c*/g +a(s) VT 4 e a(s)” ) € Lo (s) ds

to w
—i—/t (a(s)_l_w_c" + a(s)_Q_cﬁ’LZ) @E;ﬁl 2)(s) ds.

Additionally, the following individual unscaled estimates hold for any integers J, K with 0 <
K <J<10:

(4.5.20)
to 1
ek (1) Set+ / (a(s) 777 +e5 als) 2) €% (£.5) ds

to
+/t a(s)—l—cn—(K+2)w ()(K+2 weng-i-l(f’ s)ds

if K<J
4 / {efals) ™ (e 1 (f9) + €0 (19)

£em8a(s) 2V (€6, 5) + €D (k) + ESTD(R, ) 4 a(s) €V (R, 5))

n CL(S>_1_C\/E (HF — f”%fé(Ms) + HG—l _ 7—1||12L%(MS))} ds

PROOF. Again, we only provide an outline: Firstly, recalling the Vlasov operator from
(4.2.14k), one has that, for K > 0,

a(K+1)w /*M< > <thorvvert f7 vhorvvert f> dVOlQ Sgal_cn (K+1)w€ (f7 )

and the analogous bound for K = 0 replacing f with f — frrrw, see Lemma 3.6.2. This is
shown by integrating by parts and using (4.4.2a), (4.3.7a) and (4.4.1a) to bound terms that
arise when derivatives hit variables other than f. This provides the core energy conservation
mechanism and leads directly to (4.5.18) after bounding error terms arising from X frprw

as well as various error terms that arise when the time derivative hits momentum weights or



248 4. QUIESCENT BIG BANG FORMATION IN 2+ 1 DIMENSIONS
metric terms. These can be controlled using the same tools along with (4.4.3b). The final

line of (4.5.19a) occurs from reference terms similar to (4.4.6b).

For higher orders, we consider the evolution of a¥ +1)“’€§L1)<(f ,-) for L > K > 0 as an

example:

a0 (1)

(4.5.21a) = —aE+Dw / *M@)é (2‘927%26' +2(L — K)at” )IVW,: Vior f 18, dvolg
a5210) a8 [ 020G o VEKVE, o VEETE, f dvlg
@s210) = [ R0, DIV AT g, dvla

@sna) = [ BT X1 T, vl

+ (term controlled via (4.5.20))

The first two lines can be controlled in absolute value by < 6a_2€§]:})(( f,+) by inserting the
evolution of the spatial metric (4.2.14a) (and that of its inverse) and controlling resulting zero
order shear and lapse terms with (4.4.1a) and (4.3.7a) respectively. (4.5.21c) can be controlled
by bounds on ||0:R[G]||gx-2 and ||0:T[G]|| gx-1, see (4.2.14d) and (4.2.14c), as well as using
Lemma 4.4.3 to estimate low order terms and Lemma 4.4.2 to estimate momentum weights
where necessary. This leads to

(K+1

a vert

[at7 vhorvL K f‘

L2 (T*

Sa 2o <\/achz<K ¢ Keg(SK)(N, ) + ¢aKwe<SK2><Ric,->>

g 2tseVE <\/aKwQ’ (fi) +\/ Kw€1<<LK11(f’ )> :

After applying Young’s inequality, (4.3.3) and (4.4.6b) as usual, the resulting terms are
controlled by the first four lines of (4.5.19a).

Regarding (4.5.21d), the two main considerations need to be taken when commuting with

the horizontal term and the shear term in X. When commuting with the horizontal term,

one obtains the following high order terms

_ _ EX)) _ 1 EX))
(4.5.22) a P VETIR[G] « 0 « VI KL f 1 g 1(1}0+(U0)3> DA ViRVl

among some lower order nonlinear terms. The first term in (4.5.22) can be controlled in
LiQo by a~2-evE, /g2 ¢(K-1) (R,-) and is the reason we need to include this high order scaled

energy in the third line of (4.5.19a). The second term can be bounded by a~! QfgLI)(H(f, s

taking the momentum weights in G, into account. Thus, these two leading order terms from
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(4.5.22) in (4.5.21d) can be controlled by
S (a—2+%+a ) (K+1)w€ (f, )
_|_a—2+Kw—c\/E€(K—1)(R’ ) +a—1 w (K+2)w€1LI)(+1(f, )

Note that the final term can be bounded by a~1~% Qféo:)al y1» and thus is absorbed into the first
line of (4.5.19a). Regarding the vertical derivative term in the Vlasov operator, high order
lapse terms can be controlled using Lemma 4.5.1 and (4.4.3c), and high order Vlasov terms
have negligible effect since VIN converges at low orders due to the bootstrap assumption
(4.3.7a). In summary, integrating (4.5.21) for each K leads to right hand sides controlled by
(4.5.19a), and after summing over K, to (4.5.19a)-(4.5.19b).

The bound (4.5.20) is extracted similarly, where instead of exploiting a scaling hierarchy,
one simply keeps energy terms that would otherwise barely fail to be integrable, at the cost of
the weight £~5 when applying Young’s inequality. (l\iote that, once these spacetime quantities

are sufficiently well controlled via estimates for (‘c‘total, these are simply inhomogeneous error
terms. Thus, these estimates will be sufficient to close the Vlasov energy argument. U

4.5.5. Total energy estimate. Finally, we can combine the energy estimates from this
section to obtain the following total energy bounds.

COROLLARY 4.5.8 (Total energy bounds). For any L € {0,2,4,6,8,10} and sufficiently
small w > n (e.g., w = 1—(1)0 and n sufficiently small), the total energy satisfies the following

bound.
<L —c 8
(4.5.23) €l (1) S et a(t) =
Furthermore, one has
1
(4.5.24) e=D () S eta(t) "

as well as the following energy bounds for the lapse and curvature.

ool

(4.5.25) a* €N, 1) + a2 ¢W)(N, 1) + ¢SO (N ¢) <t g2
(4.5.26) a2€O(R,.) <t (t)HE%
Furthermore, for integers J, K with 0 < K < J < 10, one has

(4.5.27) D(fot) Setalt)

PROOF. First, we combine the energy estimates within this section into the following

ool

total estimate.

[

to w
(4.5.28) Q’Eft)al( t) <et+ /t <€§ a(s) ™2 +a(s) "t (LA bw o a(s)*Q*C\/E*?) @E(ft)al(s) ds

to , .
+/ (&7% a(s)™2eVE 4 a(s)_l_cn_(LH)“’) (’Egiil_m(s) ds
t

More precisely, this is obtained by estimating terms in the following manner, in the same
order as in (4.3.2h).
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e For any L, use the following estimates to control the first line of (4.3.2h).
— Apply (4.5.15) to the scalar field energy.
— Apply (4.5.3a) and (4.5.3b) to the shear energy, with the former to the summand
scaled by e1 and the latter to the one scaled by at.
— Apply (4.5.12a) and (4.5.12¢) to the curvature energies at order L — 2 analo-
gously.
e The terms in the second line of (4.3.2h) are treated as follows.
— To control the Vlasov energy, apply (4.5.18) at order zero and (4.5.19b) for
L>2.
— Apply (4.5.12b) and (4.5.12d) to the curvature energies at order L — 1.
e Moreover, the metric errors in the third line are controlled as follows:
— For L =0, one uses (4.5.11a) and (4.5.11c).
— For L = 2, one uses (4.5.11a) and (4.5.11d).

Applying the Gronwall lemma to (4.5.28) then immediately implies (4.5.23) for L = 0,
since the second line does not occur. Assuming (4.5.23) has been shown for L — 2, (4.5.28)

implies

to
L 1 — —2—c Y —1—cn— w L
eéot)al(t) S /t (58 (I(S) 2 + a(s) 2 \/E+8 + a(s) 1—cn—(L+1) ) egot)al(s) ds

to 1
+ & [1 —i—/ <E§a(s)2cEg + a(s)l(LH)“C") ds}
t

and thus (4.5.23) at order L after applying (4.2.5b) to the second line as well as the Gronwall
lemma. After completing this iteration, (4.5.23) is proven for all L in the statement.

(L)

quiesc’

Moving on to €
(4.5.12a).

one obtains the following estimate combining (4.5.15), (4.5.3a) and

to
el (St / (sFa(9) 2 + a(s)777) €l (s) ds

to
_|_/ <6% a(s)—2—c\/5 + a(s)—l—c\/g> G(SL*Z)(S) + a(s)—l—cﬁ—(L—&-l)w QE(SL) (S) ds
t

quiesc total,V1

to
—l—cye—(L+1)w | @ -1 12 2
+ [ a) a()3 (167" =7 s agy + 10~ Dl 0 ) s

In the final line, we collect all possible metric error terms across different orders for the sake
of simplicity. Using (4.5.23) for the final line, and assuming that the bound (4.5.24) has been
obtained for order L — 2 or lower, one again obtains

1 to , 4
e 5 a0 + [ (Ra(s) 4 a9) 1) €l s

and thus (4.5.24) at order L via the Gronwall lemma. This proves the bound for L € 2N,
L < 10 by iteration. Furthermore, (4.5.25) follows from inserting (4.5.23) and (4.5.24) into
(4.5.2), using the former to bound Vlasov energies and metric errors and the latter for any
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remaining terms. Similarly, applying (4.5.23) and (4.5.24) to (4.5.12b) for L = 10 implies
25(9) 4, 1 —ce® o -2 -1- 2 (L-1)
a(t)2€O (R, t) <t + e a(t) " + (58a(8) +a(s) cn) a(s)2€ V(R 5) ds
t

and thus (4.5.26) by the Gronwall lemma.

Finally, we turn to (4.5.20) to prove (4.5.27). Note that we can use (4.5.23) to bound the
second line of (4.5.20) by

to to
< / CL( ) 1—en—(K+2)w QE*Eot)al( )ds 5 / 64(1(8)—1—(K’—|—2)¢u—c7] ds .
t t

Additionally, one can use (4.5.24), along with (4.5.26) for the top order curvature term, to
bound the penultimate line of (4.5.20), as well as (4.5.23) to bound the metric errors in the
final line. This yields

(J) 4 fo 1 K+2 1 2\ ()
R st [ (ale) B o)) € (fus) ds
¢
to
4‘/75 = a(s)™*~ eve <€glf< 1 (fos) + 1<<JK1)(f7 ))

t
t

-

—ce8

For w < i and 17 < w, the last line is simply bounded by c*a(t) up to a constant. Again,
(4.5.27) for J = K = 0 now follows directly from the Gronwall lemma, since the second line
does not appear, and the full statement follows by iterating over K for each J > 0 and then

over J. |

4.6. Past Stability

4.6.1. The (2 + 1)-dimensional ESFV system. Corollary 4.5.8 now puts us in the

position to close the bootstrap argument and prove the main result of this paper:

THEOREM 4.6.1 (Past stability of FLRW solutions to the (2 4+ 1)-dimensional ESFV
system). Let (M, g, k. #, 1;, f) be CMC initial data for the Einstein scalar-field Viasov system
as i Section 4.3.2 that is close to the FLRW solution from Lemma 4.2.1 in the sense of
Assumption 4.3.3. Further, assume f to have compact momentum support. If m = 0,
additionally assume the momentum support off to be bounded away from the origin.

Then, the past mazimal globally hyperbolic development (M, g, é, f) admits a CMC foli-

ation (Mt)te(o,to] along which the following estimates hold for some ¢ > 0.

-

7 /R /
(4.6.1) H+C<eta(t)™ %, |f- froawlos, T*M) ca Ve

Consequently, the solution is asymptotically velocity term dominated in the following sense:
There exist a scalar function YBang, a tracefree (1,1)-tensor field KBang and a (0,2)-tensor
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Hpang on the Big Bang hypersurface My, which we identify with M from here on out, satis-
Jying

(4.6.2) 1WBangllc7(ary + [ KBangllcz(ar) + [[HBang — Vllcz(any S €

such that the following estimates hold.
(4.6.3)

In = 1l cean) + la® 9 — (WBang + O)llcsar + lla® K — KBanchg(Mt)

1
Sea(t) "
CS(My)

to R
+1lla2 g ®exp [—2/ a(s)*2 ds - KBang] — Hpang
t

1
Sea(t) "

to
(4.6.4) H¢> = olt0)+ [ ale) s (Pnang + )
¢ C8(My)

Furthermore, one has
(4.6.5) —87 UBang (YBang + 2C) = KBang - KBang

where, for (1,1) tensor fields &,% on M, we write S - T = Gijiji. Additionally, there exists
JBang € Ci“’o (T*M) satisfying

(4.6.6) | fBang — chf (M) S Ve
)
such that, one has
1
(4.6.7) ||f - fBang”CilW (T My) S \/ga(t)l—c €8 .
Yo

If, on top of Assumption 4.3.3, one assumes
(4.6.8) dist, (suppf, supp frLrw) < €2,
where dist, denotes the metric on T M induced by the Riemannian metric y, then one also
has

. 7
(4.6.9) dist (supp fBang, SUpp frLrw) < €1 .

Finally, (M,q) is geodesically past incomplete, forming a stable crushing singularity as t | 0
at which the Kretschmann scalar K = Riem[g]ap,5 Riem[g]*%?° exhibits stable blow-up:

1
(4.610)  [la* 2 = Kaangllonqasy + [|° K = 657) (Wrsang + €)' gary S £ alt) ="

As explained after Lemma 4.2.2, if M = S?, the FLRW solutions admit a time reflec-
tion symmetry so that a fully analogous stability statment holds toward the future and,

consequently, that these solutions are globally stable.

PROOF. On the bootstrap interval (tgoot, to], the improved estimate (4.6.1) follows di-
rectly for all terms in H except for |G —~|| HO(M,) by inserting the improved energy estimates

obtained in Corollary 4.5.8 into the near-coercivity estimates in Lemma 4.4.4. Regarding the
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metric term, the preceding argument gives

la

1
—ce8

<egta

2 7012
HN”HéO(Mt) + ||k||HéO(Mt)
Thus the improved bound for |G — VHHéO(Mt) follows from (4.5.11b). In particular, Lemma
4.4.4 also implies

ool

\%} Vi, Vi 7 -
lo = 0" o ey + 11SY M sraoary + 13 ersoany S €% alt) =2

Using the improved bound on |G —~|| HIO(My)» One straightforwardly computes that all bounds
extend to the respective Sobolev spaces with respect to the reference metric v after updat-
ing constants. The bounds for C in (4.6.1) then follow by Sobolev embedding and similarly
changing back from v to G, proving the first estimate in (4.6.1).

Recalling the low order Vlasov bound in (4.6.1) from (4.4.3c), this improves the bootstrap
assumptions; see Assumption 4.3.7. Along with the momentum support bounds from Lemma
4.4.2, one also checks that all continuation criteria from Section 4.3.3 hold as t | tB,.:. Hence,
the solution can be extended beyond t = tp,,: and consequently to (Mt)te(o,to} now that the
bootstrap argument has been completed and (4.6.1) holds throughout.

The remainder of the theorem largely follows as in [RS18b, Theorem 15.1] and Theo-
rem 3.8.1 as well as Corollary 3.8.3. While more details can be found in these works, we
demonstrate the spirit of these arguments by proving (4.6.7) at order 0 with (4.6.3) already
proven; the other asymptotic bounds are obtained similarly and (4.6.10) follows from these
by straightforward computations.

The rescaled Vlasov equation (4.2.14j) can be rewritten as follows, explicitly computing
A frrrw in the third term:

v
1 OA]f

v

(4.6.11) Of=—-Na

—a! Z% [Aj(f — frerw) +2F (Joly)?* (T[] = TG () o o

+a 'O VHNB,f
Now applying (4.6.1) and (4.4.2a) throughout, as well as (4.6.3) for the third line, we obtain
d < —l—ca%
& ()| 5 et
and consequently, for any s,t € (0, to],
1 1
sup (v),|f(t, z,0) = f(s,2,0)| S Ve (Ot(t)lcgg - a(S)lcsg) :
z,veET M

Hence, f(t,-,-) uniformly converges to a limit fgang in C7, (T*M) as t | 0 and (4.6.7)
Lo
holds at order 0. Note that we lose one order of control on the Vlasov distribution compared

to (4.6.1) since, when applying (4.6.11) and higher order analogues, we need to estimate
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[ — frorw at order £+ 1 to control fisymp at order ¢. Further, note that evaluating (4.6.7)
at t = to yields (4.6.6). O

We formulate the asymptotic behaviour of the spatial metric g in (4.6.3) to be consistent
with the FLRW Big Bang stability works [RS18a; Spel8] as well as Chapter 2. This expression
is in line with the formal solution

(gvrp)y; = alt)? {exp <2 /t ® ()2 ds - KVTD> o HVTD}

ij
that one obtains by solving the velocity term dominated equations; see also [Spel8, Remark
19.2]. Alternatively, one can renormalise the spatial metric as in [OGPR23, Definition 6] such

that the resulting metric converges toward the Big Bang.

COROLLARY 4.6.2. Let (M,g, ¢, f) be as in Theorem 4.6.1 and consider the time-dependent

family of endomorphisms
to R
Wy : T My — T M, Wy z(w) = exp [—/ a(s) 2 ds - ()| O w
t

as well as the family of renormalised metrics
Gi. : TMyx TM; =R, G (X,Y)=at)? (graWiz(X),Wi2(Y))).

Then, there exists a symmetric (0,2)-tensor field Gpang on M such that the following bounds
hold.

(4.6.12) 1GBang = Yczm) Se

, 1
(4613) Hg - gBangHC,GY(Mt) Sga(t)lic =F
Moreover, IA(B(mg is self-adjoint with respect to Gpang-

PROOF. The asymptotics in (4.6.13) are proven identically to the (3 + 1)-dimensional
analogue in Corollary 3.8.4, using the evolution equations (4.2.14a) and (4.2.14b) along with
Theorem 4.6.1 to obtain )

0Gly Sea™ (|G, + 1)
and then extracting a Big Bang limit of G as for the Vlasov distribution above. The bound
(4.6.12) follows directly from (4.6.13) and the initial data assumption, and K Bang 18 self-
adjoint with respect to Gpang since k¥ is self-adjoint with respect to G and, consequently, G
on any M; for t € (0, tg]. O

REMARK 4.6.3 (Asymptotics of the constraint equations). Recall that (4.6.5) is the limit
of the renormalised Hamiltonian constraint. Unfortunately, one cannot obtain a similar limit
for the momentum constraint since the Levi-Civita connection associated to the spatial metric
degenerates along with the metric itself, preventing a limit on the divergence of the shear,
along with causing degeneracies in 5¥!. While it might be possible to recast both of these
terms with the help of G, this would require tracking eigendirections of the shear along the
evolution. Even works that use such frames explicitly, including [OGPR23], lose control of this
frame towards the past, preventing an asymptotic momentum constraint. In light of [FG25],
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where one can ensure that a Gaussian approximate VTD solution satisfies the momentum
constraint given Einstein nonlinear scalar-field data on the Big Bang hypersurface unlike for
the VTD solution in CMCTC gauge, this might be an issue with the foliation itself. We leave
this question open to future work.

REMARK 4.6.4 (Concentration of Vlasov particle velocities). Note that (4.6.7) implies
that the Vlasov distribution is asymptotically velocity term dominated along with the other
solution variables if viewed on the co-mass shell. However, as in Remark 3.8.5, the picture
changes when one tries to analyse the velocity of Vlasov particles rather than their (conjugate)
momenta and views the distribution function on the mass shell. In short, “lifting” to the
mass shell means one must renormalize the spatial metric as indicated by Corollary 4.6.2.

The resulting velocity characteristics are, consequently, dominated by their VI'D component

Quut) = exp |2 [ ) 2t (Kn) | @ 0l .

Thus and in line with Corollary 4.6.2, it is useful to consider the FLRW renormalised particle

velocities w? = a(t)~2¢’ and the a posteriori expansion-renormalised velocities

to R
Wi z(w) = exp [2/ a(s)"2ds - (KBang) } O w.
t x
Indeed, one can prove by similar means as in Theorem 4.6.1 that, for

Faymp(t 2 w) = fo(t 2, Wi (w)

the support of fﬁsymp(t, -,-) also remains compact and that this renormalised function con-
verges to an asymptotic footprint flﬁgang. In particular, one has

Suppfﬁa:?x’ ) = {Wt,a?(w) ‘ w e Suppfﬁsymp(tawv )}

by definition of fgsymp. When approaching the Big Bang, particle velocities thus concentrate
in directions w where lim;_,o W; ;(¢) remains bounded.

To identify these directions, first consider the massive case (m = 1) where particles can be
initially at rest, i.e., consider x € M such that f(ac, 0) # 0. In the case where (R’Bang)x =0,
fﬁsymp simply agrees with the (FLRW renormalised) initial distribution and f* converges to
an asymptotic profile fgang that is close to the FLRW distribution. Otherwise, the tracefree
and self-adjoint operator (K Bang )z has precisely one positive and one negative eigendirection.
Denoting these eigenspaces by E, 4, it follows that lim; .o W; 2 (q) = 0 is satisfied if one takes
w € B, _. Otherwise, lim;_,o W; »(¢) = oo holds and w lies outside of suppff(t,z,-) for small
enough ¢ > 0. Thus, (4.6.7) implies the following pointwise limit for any w € T M.

lim Pt 2, q) = Fliang(2,0) x5, _ (w(q))

If f]gang(-, 0) # 0, which holds for sufficiently small € > 0 due to (4.6.6), the velocity support
thus concentrates toward E, _ and any element of E, _ lies in the support.
For m = 0, or more generally when the initial particle distribution vanishes in the neigh-

bourhood of the zero section for some x € M, fIﬁBang may also vanish at the origin for some
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z € M. In that case, for any ¢ € T M, the Vlasov distribution vanishes both if W ,(q)
becomes too large or too small. Denoting the orthogonal projectors onto E, + by P4, one
has

sup Prw(q)ly =0 as t]0O
qesuppfH(t,z,)
as well as

inf P_w — o0 as t]0
et (m’.)l (@)|y 1

while the momentum support still remains bounded for any ¢ > 0; see (4.4.2a). In other
words, particle velocities concentrate in the direction of F, _ toward the Big Bang, but be-
come arbitrarily large.

Finally, one expects that K Bang = 0 is a non-generic case, and thus that velocity concen-
tration is generic. However, this is not immediately apparent from Theorem 4.6.1, as we do
not obtain a scattering result. However, nearby Kasner solutions must be contained in the
solutions covered by Theorem 4.6.1 for which K Bang only vanishes if it coincides with the
FLRW solution. Since the construction above also ensures that the footprint states depend
on initial data continuously, it follows that the set of solutions for which velocities concentrate
is, at least, of positive measure. In light of the scattering result [Li24b] for the linearized Ein-
stein scalar-field system, it further is reasonable to conjecture that K Bang vanishing entirely
is truly non-generic, but this still remains open even in the full Einstein scalar-field setting.

Additionally, we can now state the full version of Corollary 4.1.2 and show how Theorem

4.6.1 can be translated to the polarized U(1)-symmetric vacuum setting:

COROLLARY 4.6.5 (Past stability of non-extremal polarized U(1)-symmetric (3 4 1)-di-

mensional vacuum solutions). Consider 3 + 1 vacuum spacetimes of the form
(4.6.14) (M = (0,t9] x M x Sl, Gref = 6—2\/‘E¢ref (—dt2 + a(t)2 v) + 62\/E¢ref (d$3)2) :

where ¢rep is a spatially homogeneous function with Oipres = C a=2 and C < 0 and (M, ) is
a surface of constant curvature; see Remark 4.2.3 and Appendiz 4.7.1. On a constant time
slice {t = to} of (4.6.14), take polarized U(1)-symmetric initial data (M x S', g, k) that is
close to that of (4.6.14) in the sense of Assumption 4.3.3 and the initial data correspondence
in Remark 4.3.4. Additionally, assume without loss of generality that the induced mean cur-

vature ki on My, has constant trace; see (4.3.6).

Then, such a solution admits a past maximal global hyperbolic development (M,g) that
is polarized U(1)-symmetric in the sense that the transported coordinate derivative 0,3 on St

acts as a Killing vector field. Writing
(4.6.15) §=e 2VAno (—n2dt* + g) + 2VaT (dz?)?

foro: IxM — R, (g,k,n, ¢) satisfy the asymptotic bounds of Theorem 4.6.1 with f = 0 along
the constant time foliation (M X Sl)te(o,to]- Moreover, let k be the second fundamental form
with respect to the foliation (M; x S',§ = Gl st )ee(o,0) and let K denote the Kretschmann
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scalar with respect to g. Then, there exist positive continuous functions YBang, ZBang 0n M
such that the following bounds hold.

~ 1

(4.6.16a) le™2Y47% 0% |2 — Yangll ooy Sea(t)? "
. 1

(4.6.16Db) He*4m¢ a® K — ZBangllcom,) S€ a(t)t=e"

In particular, the (M, §) is C%-inextendible toward the past.

REMARK 4.6.6 (Curvature blow-up). Applying the Friedman equation (4.2.3e), note that

one has
VAT brer(t) _ ¢ (t) o VAma(to) a(t)™!,

where ¢, € C*([0,%p]) is identical to 1 for k = 0 and converges to a positive constant
approaching ¢ = 0 otherwise. Combining this with (4.6.4), this implies that ]l;:|§ and K blow

+ce

up at order close to a~% and a~'? respectively, up to a factor of a*¢¢. Using the identities

(4.6.17) below, the components of § can be bounded similarly.

PrOOF. Following the initial data correspondence in Remark 4.2.3, Theorem 4.6.1 yields
the past maximal (24 1)-dimensional Einstein scalar field solution (M, g, ¢) that corresponds

to (3 + 1)-dimensional vacuum solution

(M =M xS g= 6_2m¢§ 4 e2VATe (d$3)2)

o

launched by (M x s, g, k). Since go; = 0 for i = 1,2, we can write

G = —n? em2VATS g2 4 g,

where § is a time-dependent Riemannian metric on M x S!. Additionally writing the second

fundamental form and shear with respect to this foliation as k and k, as well as ¢ = n~! 8,4,

the components of § and k are as follows.

(4.6.17a) Gij=e VIO g Gy = o2VATY
(4.6.17b) i =e Vi ("%’ + V47T¢gu') | gy = —VAm VIO
(4.6.17c) G13 =Gz = k13 = ko3 = 0

From this, we directly compute, using the Friedman equation (4.2.3e), that
- . 2
R[2 = 2Vimo Uk + (g + \/47r¢) g‘ n 4w2]
g
. 2
= 2V 6 o4 [|k|%, 42 (\/47r C— Var C? — ra? + Vin \Il) +4n (C + \1/)2] .

Now, (4.6.16a) follows from (4.6.3) and (4.6.5), defining

YBang = KBang : KBang + 387 (\I’Bang +2 0)2 + 4 (‘IJBang + 0)2
=167 C (\I}Bang +2 C) + 47 (\I/Bang + C)2
=47 (Upang +30)%.
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After some lengthy computations, for which we defer to Section 4.7.2, and again applying
the Friedman equation (4.2.3e) in the second line below, one also sees that the Kretschmann

scalar K takes the following form.

(4.6.18)
- 2 A
e VITO R =39 47 yp? (% + \/4771/;) +8 - 4 )? [k]? + (Err)
2 .
=32ma "% (C + V)2 [4 (\/47TC' —V4r C? — ka? + Var \I/) + |k|2G] + (Err)
The error term (Err) can be bounded as below using Theorem 4.6.1.
1
N(Exm) oy S a(t)
The bound (4.6.16b) again follows from (4.6.3) and (4.6.5) for
ZBang =327 (‘IlBang + 0)2 (167r(\IlBang + 2 0)2 + f(Bang . RBang)
= 25672 (VBang + C)° (VBang + 2C)(Vpang +4C) .

Since (4.6.16b) shows that the Kretschmann scalar blows up as noted in Remark 4.6.6, C2-
inextendibility follows immediately. g

REMARK 4.6.7 (The induced foliation is not CMC). As (4.6.17) shows, the foliation
(M x Sl)te((},to) is no longer a constant mean curvature foliation. More precisely, one has

trgh = eVin (T 4+ Var )
and thus
e VTt ®) |V trsk| (4 (ay) S € [log(t)]
by (4.6.4). This slight difference in foliation leads to differences in asymptotic bounds of

our Kretschmann scalar in the spatially flat case compared to [FRS23], even if one were to

express ¢ in a coordinate system in which the lapse converges to 1.

REMARK 4.6.8 (Instability of extremal Kasner(-like) solutions). In principle, one can
attempt to redo the argument of Corollary 4.6.5 corresponding to reference solutions with
Osret = C a2, C > 0. As noted in Remark 4.2.3, this corresponds to extremal Kasner-like
spacetimes. Since one has

S+ VAT O = o (VAn C7 = Vam P + wa?) = O (wa™)

the reference solution does not exhibit curvature blow-up in the spatially flat case by the
first line of (4.6.18). For k # 0, since e~ VAT dret ig now proportional to a~* at leading order,
the Kretschmann scalar blows up at order O (a_z). However, for the development of nearby
initial data, (4.6.18) becomes

e WATG - _ g9 =8 (C + \I,)Z (|]}|é + \112) + (lower order terms) .
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Consequently, if ¥,y and f(Bang do not vanish,'! the Kretschmann scalar blows up at

an order above a*4+csé for some ¢ > 0. While instability of these extremal solutions is to
be expected simply by considering the Kasner family itself, this seems to indicate that this
instability is generic. To make this rigorous, one would need to consider the scattering theory
for initial data near that of extremal solutions in detail to find positive measure initial data

sets for which Wg,,e does not vanish or only vanishes on a null set.

4.7. Appendix: Formulas for polarized U(1)-symmetric vacuum spacetimes

4.7.1. Kasner-like form of reference metrics for x # 0. In this section, we col-
lect the necessary transformations to bring the reference solutions described by (4.2.6) into
Kasner-like form

—dS? +b(9)* v + b3(S)? (da®)?
for k # 0, as discussed in Remark 4.2.3. Recall from Remark 4.2.3 that, for some ¢; > 0, the
time variable S = S(t) is determined by

(47.1) % ~ exp (mc/f a(s)~ ds> . S(0) = 0.

Note that S : [0,7/2) — [0, 00) is invertible and we can view t = ¢(S) as a function of S.
The non-negative scale factors b(S) and b3(S) are then given by

(4.7.22) b(S)? = a(t(S))? exp (2\/5 c / Y as)? ds>
#(S)

(4.7.2D) b(5)% = exp (-2\/50 / b )2 ds)
#(S)

Without loss of generality, we assume x = 41 for this section; the remaining cases can be
reduced to these by an appropriate rescaling of «, which can be achieved by choosing t; > 0
appropriately.

To obtain the asymptotic behaviours of b and bs as .S approaches 0, we will first compute

expressions for these functions in terms of ¢(S) and then expand S in terms of ¢.

First, rearranging (4.2.3e) with pprrw = prrrw = 0 and integrating over the interval
(0,t), we obtain

1

a(t) 1
t:/ (47T02l'_2—1£) 2 dx
0

a(t)

2/ [C] 1
:2\/7?|C|/ 1 dy
0 (y=2 —w) 2

a(t)

27 |C] 2y
Yl / g
] 0 1—ry? Y

11By (4.6.5) and since KBang is self-adjoint, if € > 0 is sufficiently small, Upang(x) = 0 is satisfied for some
x € M if and only if KBang(x) =0.
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= —K (\/47rC2 —ka(t)? — 2\/ﬂC|> :
After rearranging, this yields
(4.7.3) a(t)? = 4T |C|t — kt? =t (4T |C| — Kt).

Below, we write D := (4,/7|C|)~}
We now solve the inital value problem (4.7.1), depending on the signs of C' and . Note that
(4.7.3) implies

(4.7.4) exp (\/EC/ttl a(s)™? ds) = exp <\/ZEC D [log(s) —log(D~ 1_ K s)) ‘tlzt>

_sgn(C)
_ t  Dl—kty] 2
| Dl —kt t
sgn(C) _ sgn(C)
For C' < 0 and k = —1, one thus obtains the following for K, := (D*1 - mfl) 2

1+Dt |
Ktl/’,Dl—i—s D/ 1——du
Dt)

arcosh(v/1—
o |

=2Ky sinh(x)? dz

= K;, D! [sinh(z) cosh(z) — ] zi;nh<\/7t)

=K;, D! (Vﬁtm — arsinh(x/ﬁ)) .

Note that both summands are analytic in v/ Dt near v Dt = 0. Thus, computing the Taylor
expansion of both summands in v/ D t, one observes
@)

<<m>2>>

M\w

S(t) =K, D~ <(D )2 +

K, D! <<m>; Lo+

(=2 \

2 : 5
:gKtlD%t%—i-(’)(t?) ast ] 0

For C' < 0 and k = 1, one analogously computes

Ktl/ \ D-1—& 1—5

arccos(v/1+Dt)
!

=2Ky, sm(ac)2 dx

2
— K, D! (\/Dt\/l—Dt+arcsin<\/Dt)): gKtlD%t%JrO(t%) ast )0

In both cases, this implies

3\3 -2 1 2
t(S)=1|5) K,*D 3554+0(5).
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Plugging this back into (4.7.2), along with using (4.7.3) and (4.7.4), implies the following
expansions for b(S)? and b3(S5)? as S approaches 0.

b(S)? = a(t(S))2 exp (w% C /t (;) as) "2 ds>

#(S)
47 |C| — kt(S)

= K2 (4y/7 |C|t(S) — £ 1(S)?)
= K2 ()% + O (t(S)*)

BN

2
_ (;) K D73 5% +0(5?)

b3(S)? = exp (—2\/@0 /tl a(s)™? ds)
#(S)
=K;>Dt(S)"'+0(1)
3

-3 -1 4 2
= <2> Kt15D3S 3+O(1)

Turning now to the case where C' > 0, we first compute for K = —1 that

D— 1 Dt
Ktl/\/ +Sds_Kt1D / ,/1+ du
arsinh(v/Dt)
=2Ky, D™ / cosh(z)? dz

=K, D™ <ﬁm + arsinh (\/ﬁ))

[T 3
:2Kt1 5+O<t2> astLO.
For k = 1, one has
D-1_
Ktl/\/ Sds =D~ /\/—1du

arcsm(r
=2Ky, D™ / sin(z)? ds

=Ky, D~ [ﬁm + arcsin(\/m)]

:2Kt1\/g+0(tg) ast]O0.

Thus, as S approaches 0, one now has

b(S)? =K} (4v/mCt(S) — t(S)?)
=167 C* Ky, + O (t(9))
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=167 C* Ky, + O (S?) and
S S
WS =K s = R e + O (1))

=4r C* K; ' S* + 0 (5°) .

4.7.2. Christoffel symbols and curvature components. In this section, we collect
formulas for the Christoffel symbols and Riemann curvature tensor for spacetime metrics
under consideration in Corollary 4.6.5. Therein, the spacetime metric on I x M x S! takes
the form

Jg= em2VAT o (—n2 dt* + 9) + 2VATé (dz?)?,
where g is a Riemannian metric on M. Additionally, if & denotes the second fundamental form
with respect to the metric g along (Mt)te(o,to]> tryk = 7 only depends on time. Below, the

index t corresponds to the vector field 9; and we write k;; = ki; — 5 gij as well as 1 = n~ L 0.

The Christoffel symbols I with respect to § take the following form:
Fit = atn - \/ETL¢, f; = 81 lOg(n) —Vi4r az¢
f‘it =n g™ 8pn + Varn? ¢ 8o f‘ij = —-n <klj + VAT ]Ié)

f;?j =—n! (k:,'j + v 47T1/Jgij> fi] = I’éj — VA 81'(;511; — VAm qub]lli + VA7 O glmgij

I3 =Varna 03, =VAar ;¢
Ik, = NZT T e4m¢w [l = — Van dVAno g 00

3 - 3
F,uu :Fgl/ = F33 =0

With these, one can compute the curvature components listed below. For components in

which the index 3 does not occur, it can simplify computation to view §|rxn = 6_2‘/E¢§ as

a conformal transformation and use standard formulas that then relate Riem[g] with Riem[g].
Additionally, we use [lgg = 0, i.e.,

o =n"t p = Agg + (Vlog(n), Vo) + 79,
as well as Ric[g],, = 87 V¢ V, ¢ and that the Weyl tensor W [g] vanishes.

The Riemann curvature tensor is fully described by the following components:

= Riem[g]';,; + V47 ViV ¢ + Var nkij ) + 4w Vip V¢
+ (VAT o + VAT (Vlog(n), Vo), + 4n [V6I2) gy

— — Vir (VAm e + 2 ) v gy + Vamn kit + (—Vir Acg - 47 V612) g3
+ V4r V;V;¢

Rieml[g]';;; = Riem([g]';; + (m”_l Vit = Var k' V,¢ — 8t Vl¢) 9ij

Riem[g]';,;

- (\/En—l Vitp = VAT k' V¢ — 8rnp Vjaﬁ) gil
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= (VA Vi = VAT K 9,0) iy — (VAmn ™' Vi = VAT K V,6) g
Riem[g]'%,, =Riem(g]'%,, + (VA7 V!V16 — 47 V16 V16 — Vir k', ¢)
+ (VA7 V2V + 47 V20 Voo + VAT K v) — dr (42 + [V
= 2V/Ar 1) (g + \/Ew) VAT Ao
Riem[g]®,5, = — VA n® eoty — 87 (n)* + VA n (V$, Vn)g + dmn? Vg2
= —2Vrn?y (3 + Vary) = Virn? Age + Vimn (V, Vn),
+4mn’ Vo’
Riem[g]*,q; = — VAr ViV;6 — 12109 Vio — Var g (ki + (5 + Viny) g;)
+ 47|V |2 gij

Riem[§]%,5, = — VAT Vi(n ) + VAT Vin — 120n¢ Vi — Varn k", V,.¢
—VArnTV;

Riem/[g]? 0

pvp =
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