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Abstract

Universal Inference is a general method for constructing confidence sets and tests in stat-
istical models, proposed by Wasserman et al. (2020). It is based on a combination of the
likelihood ratio approach and sample splitting. Unlike inference procedures built on clas-
sical asymptotic results or most methods based on resampling, the resulting confidence
sets/tests have finite-sample guarantees regarding their coverage probability /significance
level and do not require any regularity assumptions on the model or the null hypo-
thesis. However, in models where sensible confidence sets and tests with (finite sample
or asymptotic) guarantees are available, the universal confidence sets and tests tend to
be conservative in comparison to these. This thesis adds two important points to the
ongoing discussion about universal inference: On the one hand, we try to build a math-
ematically rigorous foundation of this method, which is still missing in the literature.
Furthermore, we provide several insights regarding the connection between the universal
and the classical likelihood ratio approach. In particular, we compare the split likelihood
ratio confidence set which uses the maximum likelihood estimator with the classical like-
lihood ratio confidence set in terms of subset relations and their average volumes. We
find that, in one- and two-dimensional models, the classical likelihood ratio set always
constitutes a subset of this specific split likelihood ratio set, and we show that the average
volume of the latter is larger than the average volume of the former in multivariate Gaus-
sian models of any dimension. Moreover, we take the Gaussian setting as an example to
illustrate why universal confidence sets and tests usually become extremely conservative
in high-dimensional models, as was already noticed by other authors.



Zusammenfassung

Universal Inference ist eine allgemeine Methode zur Konstruktion von Konfidenzmengen
und Tests in statistischen Modellen, die erstmals in Wasserman et al. (2020) vorges-
tellt wurde. Sie basiert auf einer Kombination aus dem Likelihood-Quotienten-Ansatz
und dem Prinzip der Stichprobenaufteilung. Im Gegensatz zu jenen Inferenzverfahren,
die sich aus bekannten asymptotischen Resultaten ableiten, sowie den meisten auf Res-
ampling basierenden Methoden, kontrollieren die daraus resultierenden Konfidenzmen-
gen und Tests die Uberdeckungswahrscheinlichkeit bzw. das Signifikanzniveau bereits
fiir endliche Stichprobengréfien. Weiters erfordern sie dafiir keinerlei Regularitdtsannah-
men an das Modell oder an die zu testende Nullhypothese. Jedoch sind in Modellen,
in denen sinnvolle Tests und Konfidenzmengen existieren, die ein gefordertes Signifikan-
zniveau bzw. die geforderte Uberdeckungswahrscheinlichkeit (asymptotisch) einhalten,
die auf Universal Inference basierenden Konfidenzmengen und Tests im Vergleich zu
diesen tendenziell konservativ. Diese Arbeit tragt zwei wichtige Punkte zur laufenden
Diskussion iiber Universal Inference bei: Zum einen wird versucht, eine mathematisch
fundierte Grundlage fiir diese Methode zu schaffen, die in der Literatur bisher noch fehlt.
Dariiber hinaus werden einige Erkenntnisse zum Zusammenhang zwischen dem Universal
Inference- und dem klassischen Likelihood-Quotienten-Ansatz préasentiert. Insbesondere
wird die Split-Likelihood-Quotienten-Konfidenzmenge, die den Maximum-Likelihood-
Schétzer verwendet, mit der klassischen Likelihood-Quotienten-Konfidenzmenge hinsicht-
lich Teilmengenrelationen sowie ihrer jeweiligen durchschnittlichen Volumina verglichen.
Es zeigt sich, dass die klassische Likelihood-Quotienten-Menge in ein- und zweidimen-
sionalen Modellen stets eine Teilmenge dieser spezifischen Split-Likelihood-Quotienten-
Menge ist und dass in multivariaten Normalverteilungsmodellen beliebiger Dimension das
durchschnittliche Volumen der letzteren stets grofer ist als jenes der ersteren. Aufser-
dem wird das multivariate Gaufs’sche Modell zum Anlass dafiir genommen, zu erklédren,
warum die auf Universal Inference basierenden Konfidenzmengen und Tests in hochdi-
mensionalen Modellen iiblicherweise sehr konservativ werden, wie bereits von anderen
Autoren festgestellt wurde.
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1 Introduction

Statistical inference is one of the most important tasks in the context of data analysis:
Given a certain data set, one often seeks to use it for inferring properties of the probability
distribution from which the observations were generated. Two of the most frequently used
paradigms in statistical inference are confidence sets for parameters and statistical tests
of hypotheses. In both cases, a number « € (0, 1) is pre-specified by the user (usually to
one of the values 0.1, 0.05 or 0.01). A confidence set with minimum coverage probability
1 — « for some unknown parameter of the underlying distribution is a set computed from
the observations according to some specified rule, with the property that, if we would
repeatedly sample from the distribution and compute sets with this rule, then, in the long
run, at least (1 —a)*100% of the sets would contain this unknown parameter. Similarly,
a statistical test of a null hypothesis Hy regarding the data generating distribution with
significance level « is a data-driven decision rule that either rejects or does not reject
this hypothesis, with the property that, if we repeatedly sample observations from a
distribution for which the null hypothesis holds, then, in the long run, the share of
decisions that will be wrong in the sense that they reject Hy will be a % 100% at most.
The mistake of rejecting the null hypothesis although it is in fact true is called Type I
error.

It is easy to construct confidence sets and statistical tests that satisfy these properties:
For example, for any a € (0,1), the decision rule ‘Never reject Hp' obviously never
makes the mistake of rejecting the null hypothesis despite it being true, and therefore,
it is a statistical test with significance level a for any o € (0,1) and any hypothesis in
question. In practice, however, this test will be considered useless - for instance, think
about the situation where we observe two groups of cancer patients, one of which has
received a certain drug which is not yet approved for the market, while the other has
not. Based on some medical outcomes we observe on the patients (the data), we would
like to test the null hypothesis that the drug is ineffective against the cancer, versus the
alternative that the drug in question increases the chances of the cancer being cured.
If we use the decision rule ‘Never reject Hy’ (for the ‘computation’ of which we do not
need to look at the data at all), we would never reject the hypothesis that the drug is
ineffective, even if the observations would indicate the complete opposite. Thus, the real
challenge is to construct statistical tests that are powerful, which means that if the data
generating distribution is in some sense sufficiently far away from the null hypothesis (in
the example above, this can be loosely interpreted as saying that the drug increases the
chances of being cured by so much that a positive effect can be seen in the observations),
then we would like the test to reject the null. In the context of confidence sets, one
would like some measure of the size (usually the expected diameter or volume) of the
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resulting set not to be unnecessarily large - for example, if we know that a parameter
of the data generating distribution must lie in a set © before looking at the data, then
© is a confidence set for this parameter for any confidence level 1 — «, but usually, this
confidence set is not very practical.

The task of finding powerful confidence sets and tests for various parameters and hy-
potheses of interest has occupied mathematical statisticians for centuries. Numerous
criteria for optimality of tests have been discussed (see, for example, Lehmann and Ro-
mano, 2005) and a whole asymptotic theory has been built around the issue of finding
suitable test statistics and critical values (see, for instance, Van der Vaart, 2007). In gen-
eral, there exist three general approaches for constructing powerful confidence sets and
tests (we will only focus on the latter in the list below since, if a construction principle
for tests of certain hypotheses is known, then in most cases, it is easy to determine a
corresponding construction principle for confidence sets) :

e In special cases, the finite sample distribution of a random variable derived from the
data is known under the assumption that the null hypothesis is true and belongs to
a well-known family of distributions. For example, in the context of testing the null
hypothesis Hg : p* = pop on the mean parameter p* in a univariate Gaussian model
with unknown variance, the critical value of a t¢-test is derived from the (known)
distribution of a suitably standardized average.

e Assuming some regularity conditions (see, for example, Van der Vaart, 2007) re-
garding the statistical model and the null hypothesis, specific data-dependent ran-
dom variables (such as the likelihood ratio test statistic) are known to have certain
asymptotic distributions (in the case of the likelihood ratio test statistic, a specific
x2-distribution) if the null hypothesis is true. This fact can be used to construct
tests with asymptotic significance level «, which means that the probability of the
test making a type I error is not necessarily less than or equal to « for a given
sample size n, but approaches « (or, is guaranteed to be smaller than «) as the
sample size increases. Some examples which use this construction principle are the
Wald-, Score- and Likelihood ratio test.

e In recent decades, due to the increase in computing power, resampling methods
such as the Bootstrap, the Jackknife or Permutation tests (for testing the hypo-
thesis that two different samples are generated by the same distribution) have
become popular as well. Bootstrap and Jackknife produce new samples based on
the observations originally given and try to approximate the true distribution of
a certain statistic by the empirical distribution of it based on these samples. The
permutation test, on the other hand, uses the fact that if the null hypothesis is true,
the two samples may be pooled, then randomly split into two groups again, and
the distribution of the resulting two groups should be similar to the ones originally
observed. While Bootstrap and Jackknife approaches in general only lead to tests
with asymptotic significance level «, the permutation test controls the type I error
probability exactly at the desired level.



All three of these approaches have been studied thoroughly in the literature. However,
for certain statistical models and hypotheses, all of them fail to result in valid construction
principles for statistical tests or confidence sets, in the sense that, for a given o € (0, 1),
they do not yield reasonably powerful tests with significance level o and reasonably sized
confidence sets with coverage probability 1 — a. To illustrate this, we will introduce
the reader to the one-dimensional, homoscedastic Gaussian mixture model with two
components (general Gaussian mixture models will be discussed in Subsection 3.4.3).
This is a relatively simple and also in some fields frequently proposed statistical model:
Assume that we collect observations from n individuals and that there exists two groups
A and B which each of the individuals are randomly and independently assigned to with
some probability (which may be 0 or 1). Given this assignment, the observation for an
individual is generated either from normal distribution A or normal distribution B, both
of which have the same (possibly unknown) variance ¢ > 0, but may have different
(unknown) means 4 and pp. Suppose we do not know for any of the individuals
which group they have been assigned to. Then, the observations are independently and
identically (i.i.d.) distributed according to the probability density function

fPMA,#B,ﬂ(x) =P ¢($ — MA) + (1-p) ¢($ _U,UB>’

g

where p € [0,1] and where ¢ denotes the density function of the standard normal dis-
tribution. An interesting question in the context of this statistical model is whether the
observations are generated from two different distributions or really just one. In the
context of mixture models, the latter case is referred to as the homogenous one, and it is
easy to see that in this specific model, it is correct if and only if p € {0,1} or if uy = po.
Formally, we may want to test the null hypothesis

Hy:p*€{0,1} or %y = up
against the alternative that

Hy:p* € (0,1) and pjy # pp,

with p*, u%, up being the true parameters of the model. We will now argue that all
the general approaches for construction mentioned in the list above fail to construct a
powerful test for this specific model and null hypothesis:

e In the literature, no pivotal quantity (under the null) that leads to a powerful test
seems to be known.

e The usual regularity assumptions do not hold: Under the null hypothesis, the
model is not identifiable (for example, % = p # pp, p* = 1 leads to the same
model as p¥% # p = pp, p* = 0), the true parameter may lie on the boundary
of the parameter space and the Fisher-Information matrix may be singular (see
McLachlan and Rathnayake, 2014).
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e To our knowledge, no Bootstrap or Jackknife approach with provable type I error
guarantees for this testing problem seems to be known. McLachlan (1987) suggested
a method that revolves around generating bootstrap samples of the log-likelihood
ratio statistic from a (single) normal distribution with parameters p = fi; and
o = 00, where fiy, 6o are the maximum likelihood estimators for ;% and ¢* under
the null (with p* set to 1). While this approach seems to be popular in applications,
we were unable to find any proof in the literature that the resulting test indeed
has significance level . On the other hand, the permutation test principle cannot
be applied to this problem as it does not revolve around the comparison of two
samples.

It should be noted here that in fact, there exists a powerful test for homogeneity in
this model with asymptotic significance level a € (0,1), namely the EM-test sugges-
ted by Chen and Li (2009). The design of this test cleverly combines the expectation-
maximization algorithm with the use of penalty functions. However, this is a very specific
construction principle, in the sense that it cannot be easily transferred to other mod-
els and hypotheses. Even adapting the EM-test from the univariate to a multivariate
Gaussian homoscedastic mixture model is not trivial at all.

Exactly these kinds of statistical hypotheses and models, which are difficult or im-
possible to tackle with the three general construction principles stated in the list above,
were the main motivation for Larry Wasserman, Aaditya Ramdas and Sivaraman Bal-
akrishnan to propose a new general approach to constructing tests and confidence sets:
They introduced it to the public under the name universal inference in 2020, in an article
(Wasserman et al., 2020) with the same title. This method, which will be explained in
detail in Chapter 2 of this thesis, has two advantages compared to the other general
approaches:

e From a technical point of view, one needs to be able to define the likelihood function
of the considered model in order to use this method (this is not possible in some
settings, see, for instance, Dalmasso et al., 2024) and, for the testing problem,
one also needs to be able to compute or approximate the maximum likelihood
estimator under the null. However, regarding the validity of the resulting tests
and confidence sets, no reqularity assumptions on the model or the null hypothesis
are required. In other words, universal inference gives statistical tests which are
guaranteed to have significance level o as well as confidence sets that will have
minimum coverage probability 1 — «, irrespective of how ‘irregular’ the underlying
model might behave.

e These statements are true not only in an asymptotic sense, but for finite samples
as well, i.e. a test constructed with this principle has significance level « for any
given sample size n € N.

The universal inference method essentially boils down to a combination of sample
splitting with the classical likelihood ratio approach. All of the confidence sets and tests



constructed with the universal inference principle are based on statistics which, on the
one hand, are non-negative and, on the other hand, have their expectation bounded by
1 under the null hypothesis. In recent years, inference based on such random variables,
which are called e-variables (see Vovk and Wang, 2021), has attracted a lot of attention in
the statistical community, especially in the context of anytime valid inference, which can
be summarized as the task of designing procedures that control the type I error or non-
coverage probability uniformly over a whole data process, not just for a fixed sample size
(see, for example, Ramdas et al., 2023; Griinwald, 2024b). The universal approach can
also be applied to anytime inference problems (such as constructing confidence sequences
and test supermartingales, see Section 7 of Wasserman et al., 2020; Hao and Griinwald,
2024), but for this thesis, we will focus on the classical inference setting where we neither
consider optional stopping nor optional continuation (see Griinwald, 2024b).

The critical value of any confidence set or test constructed with universal inference
is derived via Markov’s inequality. Since Markov’s inequality usually corresponds to a
rough upper bound of the upper tail probabilities of a random variable, this implies two
additional features of universal inference: On the one hand, in many cases, the actual
type I error probability of universal tests will be significantly lower than the nominal
significance level a and the actual coverage probability of universal confidence sets will
be considerably larger than the nominal 1 — «. On the other hand, in general, if for
certain models and null hypotheses, other (possibly only asymptotically) valid and non-
trivial tests and confidence sets are available, these will typically be less conservative than
their universal inference counterparts, meaning that the corresponding tests will be more
powerful and the corresponding confidence sets will have smaller average diameter/area.
One could say that this additional conservativeness of universal inference is the price
one pays for its universal applicability - more details on this can be found in Subsection
2.1.3. The actual performance of these methods also crucially depends on the choice of
the ratio according to which the data is split into two subsets (see Section 3.3).

Universal inference is similar to other construction principles for tests and confidence
sets which are built on sample splitting, too. To name a few, Robins and Van der Vaart
(2006) propose a splitting method for constructing adaptive nonparametric confidence
sets, Lundborg et al. (2024) use sample splitting in the context of testing the significance
of a variable X for predicting variable Y given covariates Z, Cai et al. (2024) employ
it for a test of independence in high-dimensional models, Zhang and Shao (2024) in the
context of bandwidth-free inference and Kim and Ramdas (2024) use sample splitting
to develop methods whose (asymptotic) validity does not depend on any assumption
about the asymptotic relation between the dimensionality of the data d and the sample
size n. We will not discuss these related inference methods in this thesis, and we will
also not talk about the (very rich) literature on anytime valid inference based on test
supermartingales and e-processes (see, for example, Ramdas et al., 2022, 2023; Waudby-
Smith and Ramdas, 2024), which also has a strong connection to universal inference.
Instead, this thesis is focused on the following topics: First, we will concentrate on
a mathematically rigorous setup of universal inference in Chapter 2, which does not



1 Introduction

yet exist in the literature. Specifically, we will take care of some details regarding the
definitions of the statistics that the split likelihood ratio confidence sets and the split
likelihood ratio tests are based on, which were not discussed in Wasserman et al. (2020).
Chapter 2 also includes some simple, but illustrative examples of applying universal
inference methods to specific models. Next, in Chapter 3, we will discuss the existing
literature on universal inference. This includes the topics of extending universal inference
from the split likelihood ratio method (which, in some sense, is the basis for any universal
inference method), using universal inference in the presence of nuisance parameters,
addressing the problem of choosing the optimal ratio according to which the data should
be split and applications of universal inference with irregular models/hypotheses, which,
as was mentioned before, are the only cases in which the usage of this method may
be justified in practice. Finally, Chapter 4 will compare a specific version of the split
likelihood ratio confidence set, namely the one that uses a maximum likelihood estimator,
with the classical likelihood ratio set in various situations. Specifically, we will show that
under very weak assumptions, the classical likelihood ratio confidence set will be a proper
subset of the split likelihood ratio confidence set with probability 1 in statistical models
of dimensions d = 1 and d = 2. Furthermore, we will prove in this chapter that the
expected volume of the split set will be larger than the expected volume of the classical
set in any multivariate Gaussian model with known covariance matrix and that in a
fixed sample size n, increasing dimension d setting, the volume of the split set will grow
exponentially faster compared to the classical one. This result is consistent with the
curse of dimensionality of universal inference methods that was previously noticed by
other authors. But first, we will introduce the reader to the notation and the general
setting used throughout the remainder of this thesis.

1.1 Notation and general setting

In the following chapters, unless explicitly stated otherwise, we will always relate to the
following (parametric) statistical model: Let (€2,.4,Py«) be a probability space, where
Pp belongs to {Py : 6 € ©}, © C R? non-empty, and suppose that X7i,..., X, are
iid. (X,€&)-valued random variables on (£2,.4,Pg+). Furthermore, for any 6 € O, the
distribution of X; has a (known) density py with respect to the (known) measure p on
(X,€), ie.

]P’g(XZ' S E) = / P dp
E

for any E € &, where pp : X +— [0,4+00) is measurable. Note that the sample space X
need not be necessarily real. Usually, 8* is called the (unknown) true parameter and pg«
is called the (unknown) true density.

We also introduce the following notation regarding sample splitting: For any partition
{Dg, D1} of the index set {1,...,n} (where we explicitely require that both Dg and Dy
are non-empty), we define 6; to be an estimator for 8* that is based on D1 = {j1,...,jm}



1.1 Notation and general setting

only, i.e. R
01 =X}, -, X)),

where h : XIPil i © is £2P1 — B(O)—measurable (here, B(©) denotes the Borel
o—algebra on ©). Moreover, we define £y to be the likelihood function based on Dy
only, i.e.

Lo(0) = T] po(Xa).

i€Dg
Having clarified the notation as well as the assumptions we make about the underly-
ing statistical model from which the data is generated, we are now ready to start our
discussion about universal inference.






2 A rigorous setup of Universal Inference

In the paper by Wasserman et al. (2020) that introduced the concept of universal inference
(UI) to the public, the authors did not put a lot of effort into defining their method
rigorously, overlooking some details and leaving some questions that naturally come up
unanswered. The goal of this chapter now is to build a solid, mathematically rigorous
basis for universal inference, as well as to improve in some respect the definitions given
in the first section of the paper. If not mentioned otherwise, in the following we always
refer to the setting and notation defined at the end of the introduction.

2.1 Split Likelihood Ratio confidence set

Suppose we are given independent and identically distributed (i.i.d.) data Xi,...,X,,
which we want to use to construct a confidence set for the true parameter 8* of the
underlying statistical model. To this end, we follow a certain sample splitting procedure:
We partition the index set {1,...,n} into two sets Dg and D;! and construct an estimator
6, for 6*. Importantly, no assumptions such as consistency or unbiasedness are imposed
on this estimator.

2.1.1 Implicit definition by Wasserman, Ramdas and Balakrishnan

First, the authors of the original paper on UI implicitly define the following [0, +o0]-
valued random variable for each 6 € ©:

5)0(59@) if £o(6%) > 0,
Sn(0) =<1 if £o(0) = Lo(6%) =0,

“+00 if 50(9) > 0, Eo(e*) =0.

Our way to building a confidence set with nominal coverage probability 1 —«, o € (0, 1),
now starts with an important (and quite intuitive) result that shows that the two latter
cases of the definition in fact deal with null sets.

Lemma 1. If 0% is the true parameter of the model, then Pg«(Ly(6*) = 0) = 0.

Proof. Recall that Lo(0) = [[;cp, pe(Xi), so {Lo(8") = 0} = U;ep, {po-(Xi) = 0}.
Furthermore, due to the fact that pg- is the density function of the distribution of the

Tt does not matter whether this partition is performed in a randomized or a deterministic way because
the data is i.i.d. However, we assume from now on that the sets Do and D1 are fixed when performing
the inference procedures.
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X, it follows that for every i =1,....,n

Por (oo (X)) = 0) = Por (X5 € 9 ((0)) = [ e () (o) =
p;* ({O})
= / 0du(z) = 0.
p;*l({o})
The claim then follows using the subadditivity of probability measures. O

With this result, we can now prove the following lemma that is the basis for all of
universal inference:

Lemma 2. With the definition above, it follows that Eg-[Sy(0)] <1 for all 6 € ©.

Proof. Since the two latter cases of the definition of S, () deal with events that happen
with probability 0 for every # € © , we can ignore them when computing the expectation.
It follows that for every 6 € ©, Eg«[Sn(0)] = Eg+[S,(0) 1(Lo(6*) > 0)].2 Observe now
that Sy, (0) 1(Lo(6*) > 0) = [T;ep, Zi(6), where

po(Xi) e wiy
Z:i(0) = { (X if pj(Xi) > 0,
0, if py(X;) = 0.

Since the X; are independent, the Z; are independent, too. Consequently,

Eo+[Sn(0) 1(Lo(6%) > 0)] = B [ [[ Zi(0)] = J] Eo-[2:(0)].

1€Dg 1€Dg

The result now follows immediately if we can show that Eg«[Z;(0)] < 1 for every i € Dy
and 6 € ©. Using the fact that pj is the true density function of every X;, we get

Po
EG*[Zi(G)]:/l fpeduz/l padug/pedu=1,
Pyt ((0.400)) P Py ((040)) x

where the last step follows from the fact that pg is a density with respect to u for every
0 € 0. O

Remark. Note that the set pg_*l( (0,400) ) is nothing else than the support of the true
distribution of the data. Therefore, if for every possible distribution in the model,
its support does not depend on the corresponding parameter value (in other words
P, 1 ((0,+00)) = X for all § € ©) it holds that Eg<[Z;(#)] = 1, which in turn implies
Eg«[Sn(0)] = 1 for every 6 € ©.

Next, Wasserman et al. (2020) define the following [0, +o00]- valued statistic (again,
only in an implicit fashion).

2Regarding the latter random variable, we use the convention that +oco - 0 = 0.

10



2.1 Split Likelihood Ratio confidence set

Definition 3. For every € ©, the [0, 4o00]-valued random variable T,(0) is defined as

2@ iLo®) >0,
Tn(0) =41 if Lo(01) = Lo(0) = 0,
+o0  if Lo(01) >0, Lo(F) = 0.

Note that to make sense of this definition, we need to ensure that the function w —
Lo (w, 91(w)) is measurable. Since L (w,@l(w)> = [Liep, p<X¢(w), 91(w)>, a necessary
and sufficient condition (which is not mentioned by Wasserman et al. (2020)) to achieve
this is to require the function p : Xx0 [0, +-00) with p(z, ) = pp(z) to be £ Q) B(O) —
B([0, 400))-measurable. We will assume that this requirement is met for the remainder
of this work.

Leaving the discussion of measurability, observe that T,,(6*) = S,(61). Not surpris-
ingly, we now want to argue that Eg«[T,,(0*)] < 1. In the original paper on universal
inference, the authors try to achieve this by using the tower property and conditioning

on Xj,...,X;, , where {ji,...,jm} = D1. However, it is not immediately clear that the
random variable Eg«[T5,(6%)|X},, ..., Xj,,] is well-defined in the first place because if we

use the concept of conditional expectation in the usual sense, we first would need to show
why T,,(6*) is integrable, which in turn seems impossible without conditioning. Luckily,
the usual definition of conditional expectation can be extended to (not necessarily in-
tegrable) non-negative random variables, as the following lemma shows (see Billingsley,
1995, Exercise 34.8).

Lemma 4. Let (Q,F,P) be a probability space and let G C F be a sub-o-algebra of F.
Suppose that Z is a random variable on this probability space, taking values in [0, +00] and
with possibly infinite expectation. Then there exists a [0, +o00]-valued random variable Y
that, apart from integrability, satisfies the defining properties of a conditional expectation
of Z given G, namely that Y is G-measurable and that’

E[1(G) Z] =E[1(Q)Y], G € G. (2.1)
Moreover, the random variable Y is uniquely defined almost surely.

Proof. We first prove the existence of Y: Define a sequence of random variables (Z,,),en
with Z, = min(n, 7). Observe that this sequence is non-negative, monotonically non-
decreasing and that lim,,_, Z,, = sup,cn Zn = Z. Furthermore, every random variable
in this sequence is bounded and therefore integrable. Consequently, the conditional
expectation of Z,, given G, as it is defined in the usual way, exists for any n € N, and
we can define a sequence (Y,,)nen with Y, being any version of E[Z,, | G]. Next, for any
n € N define the set G,, = {Y4+1 < Y,,}. By one of the defining properties of conditional
expectation, all of the Y, are G-measurable and therefore G,, € G for every n € N.

3Here, we again use the convention 0 - co = 0.
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2 A rigorous setup of Universal Inference

Observe now that for all n € N, the random variable 1(Gy,) (Y, — Yn41) is well-defined
(because 0 < Y,, < +00) and non-negative. However, it also holds that

E[l(Gn) (Yn - Yn-i-l)] - E[l(Gn) (Zn - Zn—f—l)] <0

because Y;, — Y, 41 is a version of E[Z,, — Z,, 11 | G] and Z,,+1 > Z,,. From this, we conclude
that 1(G) (Y, — Yot1) = 0 almost surely (a.s.). On the other hand, it is easy to see that

{1(Gy) (Y, — Yni41) =0} =Gy,

and therefore Y11 > Y, a.s. for all n € N. It can be easily verified that this is equivalent
to the sequence (Y, )nen being monotonically non-decreasing a.s. and, obviously, it is also
non-negative. Now, define A as the subset of 2 on which (Y},),en is monotonically non-
decreasing and the [0, +oc]-valued random variable Y as
¥ (w) = limy, 00 Yn(w) if w € A,
0if w e A°.
Note that A € G and thus, Y is G-measurable. Moreover, for any G € G both the
sequences (1(GQ) Zp)nen and (1(G) Y, )nen are non-negative and monotonically non-
decreasing a.s., and lim,_, 1(G) Z,, = 1(G) Z, lim, 1(G)Y,, = 1(G)Y a.s. There-

fore, we can use the monotone convergence theorem as well as the fact that we defined
Y, to be a conditional expectation of X,, given G to argue that for any G € G,

E[1(G) Z] = lim E[1(G) Z,] = lim E[1(G)Y,] = E[1(G)Y].

This proves the existence of a random variable Y which we can call a conditional expect-
ation of Z given G, even if Z is non-integrable.

It remains to show that the random variable Y is uniquely defined almost surely.
Suppose that Y is another G-measurable random variable satisfying (2.1). For any n € N,
define the set G/, = {Y > Y, n > Y'}. Obviously, G/, € G for all n € N. Furthermore, the
random variables (1(G7,) (Y — Y))n cn are well-defined because Y only takes values in
[0, 4+00) on the set G}, and clearly, all of them are non-negative. Furthermore, for every
n € N, the expectation E[1(G),) Y] is finite because 1(G,,)Y is bounded. Consequently,
we can use the linearity of expectation to get

E[1(G,) (V - )] = E[L(G}) V] - E[L(G}) Y] = E[L(G}) Z] — E[1(G},) Z] = 0,

where we used the fact that both Y and Y are a conditional expectation of Z given G.
We conclude that 1(G7,) (Y —Y) = 0 as. for all n € N. However, this immediately
implies that all of the Gy, are null sets. Now, since {Y > Y} C {Y < oo}, we may write
the event {Y > Y} as

v>vy=JaG,

neN
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2.1 Split Likelihood Ratio confidence set

and because G C Gy C -+ C U,y Gl = {Y > Y}, we can use the continuity from
below of measures to arrive at the conclusion that {Y > Y'} is a null set, too. By repeating
this argument with switched roles of Y and Y, we can verify that P(Y > Y) = 0 as well.

This proves that if Y is another conditional expectation of Z given G, then Y = Y
a.s. 0

The result above is useful in our case because obviously, T,,(6) > 0 for all § € ©. Fur-
thermore, we can then use the following well-known property of conditional expectations
(see, for instance, Durrett, 2019, Example 4.1.7):

Lemma 5. Let (2, A,P) be a probability space with independent random variables
X:(QA) — (X, E) and Y : (Q,A) — (V,F). Furthermore, let ¢ : (X x V,EQF)
(R,B(R)) be a measurable function with E[|p(X,Y)|] < co. Then

Elp(X,Y) Y] =g(Y) a.s.,
where g : (Y, F) —= (R, B(R)) is the measurable function defined by

9(y) = E[p(X, y)].

Here, we may replace the assumption that E[|o(X,Y)|] < oo with the requirement
that ¢(X,Y) > 0 because the proof of this result only relies on the evaluation of a
double integral as an iterated integral, which by Tonelli’s theorem is possible if the
corresponding function is non-negative (but not necessarily integrable), too. With this
property of conditional expectation in place, the following lemma is a direct result of
Lemma 2:

Lemma 6. With the definition of T,(0) given above, it follows that Ee«[T,(0%)] =
Eg«[Sn(01)] < 1, where 0* is the true parameter of the model.

Proof. Setting Do = {i1,...,i}, we first note that Eg- (S, (01)]61] is well-defined because
Sp(01) is Py«-almost surely non-negative. Furthermore, we can write Eg«[S,(01)]01)] as
Eg[p(Zo,01)| 01], where Zg = (X, ..., X;,)T and ¢ : X! x © +— [0, +00) with

(k)
Hk L (( (k))) if chzl Po+ (Z(()k)) > 0,

#(z0,6) = 1 if H] 1p9( E];) Hk 1p9*(zo )(:
) ):

+00 if szlpg(zo ) >0, Hk L po+ (2
Observe that Z; is independent of 91 because 91 is a measurable function of the data
indexed by Dy. By Lemma 5, it follows that Eg-[p(Zo,01)]61] = g(61) Pge-a.s., where
9(0) = Eop«[¢0(Z0,0)] = Eg«[Sn(0)]. Since we know from Lemma 2 that Eg«[S,(6)] < 1
for all 6 € O, we get Eg«[S,(01)|61] = g(A1) < 1 Pge-a.s. and consequently by using the
tower property (which holds for the extended definition of conditional expectation given

above as well) it follows that Eg«[T},(0%)] = Eg+[Sn(01)] = Eg<[Eg[Sn(61)61]] < 1. O

13



2 A rigorous setup of Universal Inference

Remark. It follows immediately from the previous remark that in the case where the
support of all the distributions in the model does not depend on the corresponding
parameter value, we have Eg«[T,,(60%)] = 1.

We now turn to the definition of the split likelihood ratio confidence set as it was
stated by Wasserman et al. (2020).

Definition 7. Suppose we observe data X1,..., X, from the statistical model previously
described. Then for a given o € (0,1) and T,,(0) defined as above, we call

Colo) = {0€0:T,00)< -}

«

the split likelihood ratio (split LR) confidence set for the parameter 6* with nominal
coverage probability 1 — .

The main theorem of their paper then explains why we can call C),(«) a confidence set
for 6* with coverage probability at least 1 — . It is a direct consequence of Lemma 6.

Theorem 8. With this definition of Cy (), it follows that
Py« (6% € Cp(a)) > 1 — a

Proof. We will show the equivalent claim that Pgp«(6* ¢ Cp(a)) < . Observe that
{weQ: 0 ¢ Cula)} ={weQ: T,(0") > L}, Using Markov’s inequality, which we
can apply because T, (0) > 0 for all § € ©, as well as Lemma 6, we get the desired result:

Py (0* ¢ Cn(a)) = Py (Tn(e*) > é)g (é)ilEg*[(Tn(G*)] <a.

Remark. i) The confidence set defined in this way can also be expressed as

Cula) = {0 € ©: £4(0) é > Lo}

ii) The estimator for 8* based on the subset Dy of the data, @1, is always included in
this set because 2 > 1 for a € (0, 1).

iii) If it exists, the maximum likelihood (ML) estimator based on the data indexed by
Do, 6"
Lo(61).

~

), is always included in the split LR confidence set because Ly (90(ML)> >

iv) Cp(«) could also be defined as

14



2.1 Split Likelihood Ratio confidence set

because Markov’s inequality holds for events of the type {Z > a} (for non-negative
random variables Z and a > 0) as well. Possibly, the authors did not want to define
the split LR confidence set in this way because in many situations, T, (0) will be
a continuous function of 6 (Pp--almost surely) and in this case, their definition of
Cyp () will give a closed subset of ©, while the one stated here will give an open
one. When © C R, confidence sets are usually written as closed intervals, while the
variant of C,(«) described here would lead to open intervals for continuous 7}, (6).

It was noted previously that the full definition of the split LR confidence set from
above was stated by Wasserman et al. (2020) only implicitly. To be precise, the ‘official’
definition of C,(«) given in their paper is not complete because the definition of the
statistic T;,(0), which the confidence set is based on, lacks a discussion of the case when
for certain 6, we have both Lo(6;) and Lo(#) equal to 0, which yields T}, () = 9. Only
in an example included in section 3 of the paper, the authors clarify that they set % =1
in the definition of 7,,(#). The example is presented here because it also points to the

split LR confidence set being ‘unnecessarily’ large if it is defined in this way.

Example 9. Consider the following statistical model: Xi,..., X, s U(]0,0]) with

parameter space © = (0, +00) and true parameter 6 > 0. Assume that n is even and that
|Do| = |D1| = 5. Furthermore, set 61 to be the maximum likelihood estimator based on
the subset of the data indexed by D1, so 61 = max;en, Xi. Obviously, Py« (91 < @0) = %,
where 0y = max;ep, Xi- However, if the event {91 < @0} happens, we have Eg(@l) =0
because then for j € Do with X; = max;ecp, X;, we get Py, (X;) = 0. As a consequence,
conditional on this event we have T,,(0) = 1(Lo(0) =0) < L forall € © and a € (0,1),
which leads to Cp(a) = {0 €0 :T,0) < i}: ©. In other words, in this statistical

model, the split LR confidence set with the specification % = 0 for T,,(0) gives the most
trivial confidence set possible with probability % when 6 is taken to be the ML estimator.

More generally, it is easy to see that if Py« (50(91) = O) > 0, then Py« (Cn(a) =
0| Ly(0)) = 0) = 1. Wasserman et al. (2020) argue at this point that using a differ-
ent approach based on the universal inference principle (which will be discussed later)
leads to a more sensible confidence set for #*. However, there is an obvious possibility
of improvement even without adapting the general approach when constructing the con-
fidence set for this model: If we would set § = +o0 in the context of T,(6), in Example
9, we would have T},(6) = 0 for § > 6y and Tp,() = +oo otherwise, given the event
{6, < 6y}. This would lead to the confidence set Cy(ar) = [0y, +00), which is still in
some sense trivial given the observed data, but at least considers the observations for the
construction of the set. Therefore, this example motivates a slight adaption regarding
the definition of the split LR confidence set, which will be discussed in the following
subsection.
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2 A rigorous setup of Universal Inference

2.1.2 Improved definition of the split LR confidence set

In which sense exactly is the split LR confidence set, as it was originally defined, ‘unne-
cessarily’ large? Note that we can write this set as Cy,(a) = Ap(a) U By, where

Au(a) = {00 £o0) é > Lo(0). £Lo(0) > 0},

B, = {9 €O : Lo(0) = Lo(d) = o}.

Obviously, Py« (6* € B,,) = 0 for all n. Therefore, Py« (0* € C),) = Py« (0* € A,,), so the
set A, () has a coverage probability of at least 1 — «, too. The set A,(a) now can be
easily defined, similar to C,(«), via a statistic.

Definition 10. For every 6 € ©, we define the [0, 4+o00]-valued random variable T} (0) as

o= BH T >0
" +oo, if Lo(f) = 0.

Note that, just as in the definition of T,,(#), the measurability of 7, () cannot be
guaranteed without the assumption that the map (z,0) +— py(x) is joint measurable on
X x ©. Using this new definition, we next define the split likelihood ratio confidence set

based on the statistic 7}, (f) analogously to the original definition by Wasserman et al.
(2020).

Definition 11. Suppose we observe data X1, ..., X, from the statistical model previously
described. Then for a given « € (0,1) and T} (6) defined as above, we call

1
O (@) = {9 cO:T(9) < E}
the improved split likelihood ratio (split LR) confidence set for the parameter 0* with
nominal coverage probability 1 — «.

It is easy to see that this confidence set has coverage probability of at least 1 — « for
the true parameter 6* as well because CJ, (o)) = Ay, («) for every a € (0,1), n € N. One
could also verify this claim by arguing that Eg«[T),(60*)] = Eg«[T,,(6*)] < 1 because the
values of the random variables T} (6*) and T,,(0*) agree almost everywhere (remember
that Pg«(Lo(6*) = 0) = 0) and then applying the steps from the proof of Theorem 8
again.

Why can we call C/ () an improved adaption of the original split LR confidence set
Ch(a)? Because obviously, C} () C Cp(«) for allw € Q, o € (0,1) and in the case where
Py (Lo(01) = 0) > 0, the event {C’,(a) C Cr()} happens with positive probability for
all @ € (0,1). Therefore, we could say that in some sense, the confidence set C/ («)
is never larger than C),(«), but in some cases (see, for instance, Example 9) C/ () is
smaller than C),(«) with positive probability.
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2.1 Split Likelihood Ratio confidence set

Remark. The following statements hold for all a € (0, 1):

i) By an argument analogous to the one made in point iii) of the previous remark,
C! («) could also be defined as

C! (@) = {e cO:T.(9) < é}

and still have a coverage probability of at least 1 — « for 8*. The confidence set can
also be expressed as

Cia) = {0 e0: o) é > Lo}

ii) Assume that 0 < P« (Lo = O) < 1. Then Py« (91 e C'(a)|Lo(6y) = 0)=0
because {£0(91) = O} {T’(Gl) = +oo}. On the other hand, Pp- (91 €
Cl ()| Lo(B1) > 0) = 1 because {Ly(f1) > 0} ={T0(61) =1} C{T%(01) < L} 1t

Py (Lo(61) = 0) = 0, then P4(6; € C/\(a)) =

) ) < 1. ThenIE”g*(Cl( ) C Cp(a )’50@)
04

iii) Assume that 0 < Py« (Lo(6:1) =
On the other hand, Pg« (C%,(a) = Cy(a) | Lo(01) > 0) = 1. If Pg« (Lo(61)
then Py« (C),(a) = Cp()) = 1.

)

0)=1.
0) =0,

iv) If the support of all the distributions in the model does not depend on the underlying
parameter value, then we have Py« (£0(91) = 0) =0.

v) If the support of all the distributions in the model does not depend on the underlying
parameter value, we have Eg-[T7,(0%)] = 1.

vi) If it exists, the Maximum Likelihood estimator based on the data indexed by Dy,

90(ML), is always included in the improved split LR confidence set.

2.1.3 What does minimal coverage probability mean in practice?

At this point, an important remark has to be made regarding the fact that the split
LR confidence set with nominal coverage probability 1 — «, regardless of which of the
variants introduced above is chosen, always has an actual coverage probability of at least
1 — « for the true parameter. At first glance, this might not seem like a significant issue
for statistical inference - for example, what would be the harm in getting a confidence
interval with true coverage probability ~ 96% instead of the nominal value 95%7 Two
different aspects need to be taken into account here:

First, it has to be noted that the nominal coverage probability of the split LR confidence
set in no way can be seen as an approximation to the actual one, as it is the case for so
many other confidence sets constructed for parametric models. Usually, when we say that
a confidence set has nominal coverage probability 1 — «, this either means that the true
coverage probability for the parameter asymptotically approaches this value, or, that in
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2 A rigorous setup of Universal Inference

some sense the actual coverage probability is as close to 1 — « as it can get - specifically,
the latter interpretation often becomes relevant for confidence sets with nominal coverage
probabilities in discrete models. Regarding the first type of approximation, confidence
sets that attain their nominal coverage probability asymptotically are usually interpreted
in the context of statistical applications as “If the sample size is large, then the true
coverage probability will be reasonably close to the nominal one”. However, a statement
of this kind should be considered wrong in the context of the split LR principle. For
this confidence set, we know for sure that the true coverage probability is larger than or
equal to the nominal coverage probability for every sample size n, but without further
investigations, we cannot be sure whether it ever will be close to the nominal value or
not, even in an asymptotic sense.

This non-approximation feature of universal inference is due to the fact that the min-
imum coverage probability was derived via Markov’s inequality, which in general should
not be viewed as an approximation, but a bound that is only achieved in rare instances:
It is easy to see that for any a € (0,+00), the equality P(X > a) = @ only holds for
those non-negative random variables X (living on the probability space (2,.4,P)) which
obey P(X € {0,a}) = 1. Furthermore, it is known that % typically overestimates the
probability P(X > a) significantly. For example, for X exponentially distributed with
parameter A > 0, Markov’s inequality bounds P(X > a) from above with ﬁ, while
the true value of this probability is e=*®. Here, the Markov bound is trivial for a < %
and the difference between the bound and the actual value of P(X > a) monotonically
decreases to 0 for a — oo, but it does so very slowly for small values of A. As a con-
sequence of this ‘non-approximation’ property of Markov’s inequality, in most situations,
the true coverage probability of a split LR confidence set will overshoot the nominal one

significantly.

Whether or not this method leads to an in some sense reasonable confidence set depends
on the statistical model considered, the proportion between the number of observations
in the two data splits Dg and Dy, as well as on the choice of the estimator 01: Since in
the definition by Wasserman et al. (2020), there is virtually no restriction regarding this
estimator, even some estimators that are usually considered useless, such as 0, = 0 for
some 6’ € ©, can be chosen. Naturally, such ‘bad’ choices for the estimator 01 can lead to
actual coverage probabilities that overshoot the nominal ones by far for every sample size
n. Due to the freedom regarding the estimator 6y, it is even possible to derive confidence
sets from the split LR approach that correspond to the whole parameter space © (with
probability 1) for every sample size n, which of course means that the coverage probability
of this set will be equal to 1 (see Example 12 below).

Secondly, this discrepancy between nominal and actual coverage probability, which is
not guaranteed to disappear asymptotically, in many cases will have an impact on both
the diameter? and the volume (Lebesgue measure) of the confidence set. Usually, a higher
coverage probability is tied to a larger confidence set (with respect to its volume and/or

“Recall that for a metric space (M, d), the diameter of a set A C M is defined as
dlam(A) = SUP; yea d($7 y)
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2.1 Split Likelihood Ratio confidence set

diameter, on average or almost surely) and vice versa. Though no universal performance
measure regarding confidence sets exists in the literature, one usually relies on one of
these figures when comparing two confidence sets with the same (minimum) coverage
probabilities and declares the one with the shorter diameter or volume (on average or
almost surely) to be ‘better’ (see, for instance, Joshi, 1966; Casella and Hwang, 1991;
Robins and Van der Vaart, 2006). Naturally, for many statistical models where confidence
sets with exact coverage probabilities are known (see, for instance, Example 13), the set
derived from the split likelihood ratio method will be inadmissible with respect to any
useful definition of admissibility of confidence sets.

In light of these assessments regarding the split LR confidence set, Wasserman et al.

(2020) state that the universal inference approach mostly is going to be useful in irregular
models where no inference method with either finite sample or asymptotic guarantees
is available (yet) - this is the case, for example, in Gaussian mixture models. In other
words, the usefulness of the split LR approach in practice most likely is going to be
limited to those models, in which it is not possible to compare it with other methods for
constructing confidence sets because such methods are not known (yet).
Example 12. Consider the following statistical model: X; Lig U({1,...,N}), where
N € {m,..., M} for some m, M € N. Take N1 = M as the estimator for the parameter
N based on the subset of the data indexed with D4 and suppose that the true parameter
N* equals m. Then, we arrive for 7/ (-) from the improved definition of the split LR
confidence set at

v, h\ D .
vy - d O )Pel it £4(N) > 0,
+00 if Lo(N)=0
o (]\]\/[[:11)|D0\ if N 2 maX;eDg Xz',
400 it N < max;ep, Xi
N\ Dol
= (M) P,.-a.s.

for any N € {m,..., M}, since max;ep, X; < m a.s. Consequently, for any o € (0,1),
the split LR confidence set (following the improved definition) boils down to

Chle) = {N & fm,... M} : T,(N) < é}
— {NE{m,...,M}: (%)m0| < é}
- {Ne{m,...,M}:Ng (1)]31"M}:{m,...,M}IP’m—a.s.

«

where the last step follows from the fact that é > 1 for any a € (0,1). Therefore,
we see that in this situation the split LR confidence set constructed with the specific
estimator 8; = M boils down to the whole parameter space for any sample size n € N
with probability 1, regardless of the values of Dg and Dj.
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2 A rigorous setup of Universal Inference

Example 13. Consider the statistical model from Example 9 (uniform distribution).
Just as in this example, take 0, = max;ep, X; to be the maximum likelihood estimator
based on the data indexed by D1, assume that the total number of observations n is even
and that [Dg| = |[D1| = §. Then we have already seen that, even if we use the improved
definition of the split LR confidence set, we have

Po- (Cn(a) = o, +0)) = 3

because Py~ <C’n(a) = [0y, +00) |6, < 90) = 1. Moreover, it is easy to see that conditional
on the event {#; < g}, the true coverage probability is Pge (9* € Cu(a) |6, < 9(]) = 1.

On the other hand, conditional on the event {#; > 0y} (which happens with probability
1 , too) we get T,,(0) = +o0o for 0 < 0 = max;ep, Xi, and for § > 0o

|Dol

Lo(01) 6, 0\ %

T,.(0) = =
®) Lo(6) — 6-Dol ~ \p,

Consequently, conditional on {91 > @’0}, the split LR confidence set turns out to be, for
any o € (0,1),

|3

1 P 0 1
Cla) = {9 € (0, +00) : Th(0) < f}z {9 € (0,+00) : 0> by, (7) < f}
o 04 @
s 1N\ 2
= [0 0 (3)"]
o
Furthermore, conditional on this event, the actual coverage probability for the true para-
meter 6* is given by

Py (67 € Cula) |81 > o) = By (6° € [fo, B (l) [ 161> o)

A 1N 2 R
:P9*<01 (—) > 0*| max Xi:91>:]P’9*( max X; > an6* | max X; —91)
«

i=1,...,n i=1,.

-----

= P9*<'max X; > an 9*)2 1—a?
¥2

=1,...,n
where the last step follows from the independence of the random variables max;—1 .., X;
and 1(maxi:17__7n Xi = 91).

All in all, we can describe the split LR confidence set in this model, with this specific
choice of 61 and |Dg| = [Dq| = 2, by
J)=3
=5

By- (Cu(a) = [d. +o0) ) = By (Cul) = [B0, B (é)
The true coverage probability of this confidence set turns out to be

By (6 € Cula)) = % Py (0 € Cu(a) |81 < Bo) % Py (0 € Cu(a) |81 > B
1 1-a? o?

2
n
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2.2 Split Likelihood Ratio test

We see that in this case, the actual coverage probability overshoots the nominal one
by o — %2 Therefore, the larger the targeted coverage probability 1 — «a;, the smaller
the overshooting of this target by the split LR confidence set. As an example, for the
common choice of confidence 1 — o = 0.95, the actual coverage probability of this set is
~ 0.9988. On the other hand, in this statistical model, the classical confidence set for

the true parameter #* with (exact) coverage probability 1 — « is given by
. « 1\ %
Kn(a) = [OMLa oL (a)n},
where 9ML = max;—1,., X; is the maximum likelihood estimator for 6* based on the

whole sample.

It is easy to see that the length of K, () is shorter than the one of C,(a) with
probability 1: If we denote the length of Cy(a) as I (o) and the length of K,(a) as
10 (), then conditional on {#; < 0y}, we have

1O (a) = +oo > 18 (a) = By, -2
an

and conditional on {6; > 6}, we get

2

19(a) = 0, (é)E — 0y = O (;)Z — 0o > O ()Z — e
:é?ML l_ga% > AML 1_1&% ZZ;K)(OZ)

Consequently, following any reasonable notion of (in)admissibility of confidence sets, the
split LR confidence will be viewed as inadmissible amongst the class of confidence sets
with (minimum) coverage probability 1 — « for 8* (see Casella and Hwang, 1991).

2.2 Split Likelihood Ratio test

It is well known that any method for constructing confidence sets also gives rise to a
corresponding method for constructing statistical tests. In the case of the split likelihood
ratio confidence set (regardless of which of the previously stated definition is used), if for
a given statistical model with non-empty parameter space © and true parameter 6%, we
want to test the hypotheses

Ho:Q*EGQVS.Hlie*E(‘)l

(where O, 01 C ©, 0,01 # 0, ©gNO; = P and OyUO; = O), with the type I error rate
(size) supg«cg, Po- (Reject Hp) controlled at level o € (0,1), we can apply the following
procedure:

Reject Hy iff C! (o) N Oy = 0. (2.2)
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2 A rigorous setup of Universal Inference

Since Py« (Cl (o) N ©g = ) < Py« (0* ¢ CJ(a)) < « whenever the true parameter
0* € Oy, this test has level of significance a, by which we mean that (following Lehmann
and Romano, 2005)

sup Py« (Reject Hp) < a.

0*€0g
Not surprisingly, Wasserman et al. (2020) call this procedure the split likelihood ratio
test (split LRT). They also provide an alternative, from a computational point of view
more attractive formulation for it: For a given partition of the index set {1,...,n}
into Dg and D4, define some estimator 91 for the true parameter #* based on the data
indexed by Dy and compute the maximum likelihood estimator under Hy, based on the
data indexed by Dy, i.e.

0" = argmax Lo(6).
[US(SH

Using these estimators, define the random variable

Lo(0
According to Wasserman et al. (2020), the split LRT can then be reformulated as

1
Reject Hy ift U,, > —.
o

However, just as in their definition of the split LR confidence set, this definition does
not discuss all possible cases that may happen with positive probability. Specifically,
the test statistic U, fails to cover two cases, both of which can happen with positive
probability for some statistical models: On the one hand, Pg*(ﬁo(@glo) =0) > 0is
possible for models such as X1,..., X, L U(0,6) with © = (0,+00), ©¢ = (0,60'] and
©1 = (#',+0) (where 8’ > 0) when the true parameter 6* € ©1. This relates to the blind
spot in the definition of the split likelihood ratio confidence set - specifically, the case
where Lo(6,) = .Co(@glo) = 0 needs to be discussed. On the other hand, one also needs
to consider the case where é(l){ ® does not exist. This happens, for example, when the data
X1,..., X, is normally distributed with unknown parameters p € R and o2 € (0, +00),
|Do| = 1 and the null hypothesis does not restrict the value of o2 - in this case, the
likelihood function based on Dg will be unbounded on ©¢ with probability 1. With these
caveats in mind, we propose the following, ‘complete’ version of the split likelihood ratio
test statistic:

Definition 14. Suppose that in a given statistical model with non-empty parameter space
© C RY, we want to test the hypotheses

HO:Q*GGOUS.H1:9*€®1,

where ©p,01 C O, B, 01 £ 0, OgNO1 =0 and OgUO, = ©. We define some partition
Do and D1 of {1,...,n} and choose an estimator 01 based on the data subset indexed by
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2.2 Split Likelihood Ratio test

D;. Then we call the following random wvariable the split likelihood ratio test statistic:

Lo(d .
W if 0 < suppce, Lo(f) < +o0,
/ pr— .
Un - O Zf Supgeeo ,Co(e) = +OO,
+00 if supgeg, Lo(#) = 0.

The following proposition then clarifies that we can use the test statistic defined above
to reformulate the split likelihood ratio test presented at the beginning of this section:

Proposition 15. Given hypotheses Hy and Hi, a partition Do and D1 of {1,...,n}, as
well as a specific choice for the estimator 61 based on the data subset indexed by D1, the
split likelihood ratio test with nominal level of significance o described in (2.2) and the
one with the decision rule

1
Reject Hy iff Ul > o (2.3)

are equivalent, in the sense that for every possible set of observations, they lead to the
same decision.

Proof. We will prove the statement by showing that the decision rules (2.2) and (2.3)
agree in each of the following two possible cases:

Case 1: Suppose that supyeg, Lo(¢) = 0. By definition, in this case U], = 400 and
therefore the test with decision rule (2.3) rejects Hy for every possible value of a. On the
other hand, supycg, Lo(#) = 0 implies that Lo() = 0 and therefore T},(#) = +oo (see
Definition 10) for all # € ©¢. Consequently, C/ (a) N Oy = @ for every o € (0, 1), which
means that for every possible significance level «, the test following (2.2) will reject as
well.

Case 2: Now, assume that supscg, Lo(f) > 0. Observe that in this case, the following
equivalence holds for all a € (0,1):

(the direction = holds because sup Ly(#) > 0)
0€0

QImr

1 .
U > = <= Lo(01) > sup Lo(0)
« [USCH

) 1 )
< VOe0O: [,0(91) > ,Co(@) a, Eo(gl) >0

1 .
< V0e€0Og: TA(9)> P Lo(61) >0

< C/(a)NOy =10 (the direction < holds because sup Ly(6) > 0).
[ASSH

Therefore, the rules (2.2) and (2.3) will always agree in their decision in this case as well,
no matter the level at which the size of the test is controlled. O

Remark. The following points hold for all a € (0,1):

i) Reviewing Markov’s inequality, any split LRT with significance level « could also be
defined via the decision rule ‘Reject Hy iff U > é’ and still control the type I error
rate at this level.

23



2 A rigorous setup of Universal Inference

ii) The decision rule stated in point i) could also be written as ‘Reject Hy iff Lo(6) >
: Lo(0)
y Sup9€@0 0 .

iii) It can be shown along the lines of Lemma 6 that, under the null hypothesis, Eg«[U,] <
1.

iv) Conditional on the event {V 0 € ©y: L) = 0}, any split LRT rejects Hy with
probability 1.

v) Conditional on the event {91 € @0} N {EI 0 €0Og:Lyb) > O}, any split LRT rejects
Hy with probability 0.

vi) Conditional on the event {supeego Lo(0) = —|—oo}, any split LRT rejects Hp with
probability 0.

For the remainder of this paper, only the formulation presented in Proposition 15 will
be used for the split LRT, as it is a lot easier to work with.

Similar points that were brought up in the discussion of split LR confidence sets in
Subsection 2.1.3 also have to be taken into account when constructing tests with this
method. By construction, it is impossible to get tests with ezact or even approzimate
size a when using this approach. We only receive guarantees for the significance level,
i.e. we can only bound the size of a split LRT from above. While, just like the minimum
coverage probability guarantee of the split LR confidence set, at first glance, this feature
might not seem like an issue to be concerned with, in many situations, it will entail a
loss of power compared with other methods for constructing statistical tests (if they are
available). For example, in most of the statistical models commonly studied, it will be
the case that the power function of the split LRT is uniformly smaller on the parameter
space than the power function of a different test (both with significance level «), either
for any given sample size or asymptotically. In this case, the split LRT would certainly
be said to be (asymptotically) outperformed by this test and, in the context of statistical
decision theory, would be called inadmissible (see, for instance, Ferguson, 1967).

Even worse, in some models and for some specific choices of |[Dg| and 91, it could occur
that the critical region (the set of observations such that a given test rejects the Hy) of
the split LRT that controls the size at level « is a proper subset of the critical region
of a different test T' with this significance level (see Example 17). This implies that one
will never observe a rejection of Hy by the split LRT whenever T does not reject the
Hy. Even when other methods for constructing tests to compare the split LR approach
with are not available, the power of the resulting tests may be so low that they may be
deemed useless in practice (which of course is a subjective notion). Furthermore, as was
discussed in the context of the split LR confidence set, the loss of power is determined
by the choice of |Dg| and especially 01: As again, there is no restriction regarding the
choice of 91, in theory, estimators such as 6 = ¢ for some 0 € © are permitted. In this
context, Example 16 shows that it is easy to construct tests that never reject the null
hypothesis with probability 1 using the split likelihood ratio approach.
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2.2 Split Likelihood Ratio test

As a consequence of these considerations, Wasserman et al. (2020) again note that
the usefulness of the split LRT method is restricted to statistical models and hypotheses
for which other approaches for constructing tests with (finite sample or asymptotic)
guarantees regarding the significance level are not available (yet).

Example 16. Suppose that for a given statistical model with non-empty parameter
space © and true parameter 6*, we want to test the hypothesis Hy : 0* € Oy against
Hy : 6* € ©1, where 09,01 C O, 09,01 # () and ©g N ©; = (. Furthermore, assume
that all the distributions in the model have the same support. Then the following test
that is derived from the split likelihood ratio approach rejects the null hypothesis with
probability 0 for any nominal significance level a € (0,1): Define any partition Dg, Dy
of {1,...,n} and set 01 to be an estimator based on the part of the data indexed by D1,
which only takes values in O (so 01 is a measurable function whose codomain is a subset
of ©p). Note that because of our assumption that the support of the true distribution
does not depend on the true parameter, Pp«(U;, = +00) = 0, as then supycg, Lo(0) >
0 Py=-a.s. Consequently, we get

b Lo(61)
U/ 9*;31.5. VA — SuP96®0 Eo(e)

" 0 if suppee, Lo(0) € {0, +oo}.

if 0 < supgeg, Lo(0) < +o0,

Note that obviously, V;! < 1 Py«-a.s. because with our restriction of 6, only taking values
in ©g, Lo(01) < supgee, Lo(0) Po<-a.s. However, this implies that U, < 1 Pg--a.s., too,
and consequently Py« (U,, > é) =0 for every a € (0,1).

Example 17. Consider again the statistical model from Examples 9 and 13 (uniform
distribution with true parameter 6* and an even sample size n). We now want to test
the hypothesis Hy : 6* > 6 against H; : 68* < 6’ for some ' € © = (0,+00). Suppose
we partition the index set into arbitrary Do and Dy with [Dg| = |D1| = § and again
take @1 = max;cp, X; to be the maximum likelihood estimator based on the data subset
indexed by Dj. Writing ©9 = [#’,+00), note that here 0 < supycg, Lo(f) < +o00

with probability 1, since supgeg, Lo(f) = min <0’_%,985>, where 6y = max;epgy Xi-

Consequently, we get that conditional on the event {f; < 8}

U, = & = 0 Pp+-a.s.
supgee, Lo(0)

and conditional on the event {f; > 6}

Ul Lo(br) 01
n Supgcg, ﬁo(@) min (9/—% 7 é(;i)

|3

= (max(;l’, @0))'5 Py+-a.s.

With this case by case definition of the test statistic U, it follows that for any « € (0,1)

]P’g*(U,Q > é, 0, < éo) :P9*<0 > é, 0, < 90) =0,
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2 A rigorous setup of Universal Inference

as well as, following the same arguments as in Example 13,

A~

Py~ (Uﬁ >, 6> éO)ZQPO*((Irm><(;1’,9())>S > é 01 > éo)
= By (max(/,0y) > (é)ﬁ 00,01 > 0y)= By (0 > (é) 01, 01> 0y

= Py« (él < OJ% 9/, _max X, = é1>: Py« <._max X; < Ck% 9/, _max X, = é1>

i=1,...,n i=1,...,n i=1,....,n

A /\n 1
= Py~ (Enax X, < an 9') Pg*( max X; = 91): min(a2 (6—) ,1) 3

i=1,...,n 1=1,....,n

Consequently, assuming that the null hypothesis is true, we get
/ 1 / L h !
Py- (Un > E): Py- (Un >~ b1 < 00) 1Py (Un >

~ocmin(et(0)"0) 1= 5 ()"

and it immediately follows that the actual size of this test turns out to be
SUpg+co, Po (U/1 > i) = %2, which is not surprising given Example 13, where the actual
coverage probability of the corresponding split LR confidence set was computed to be
11— 5.

The usual statistical test (with nominal significance level «v) for these hypotheses (based

on the likelihood ratio approach) would be to reject Hy : 6* > 6 whenever Onir, < an 0,
where Oy, = max;—; ., X; is the maximum likelihood estimator based on the whole
sample. It is easy to see that under the null hypothesis, the rejection probability is

A 1 o' \n
]P)e* <0ML < an 9,> = (E) y
and therefore, the size of this test is exactly a.

We now show that for any o € (0,1) and any given partition Dg, D4 of the index
set, the critical region of the split LRT described above is a proper subset of the critical
region of the classical likelihood ratio test. Obviously, the critical region of the split LRT
with significance level o can be written as

CR(sLRT) = {z = (x1,...,2,)" € (0,+00)" : maxz; < maxmz; < an '},
i€Dg €Dy

while the rejection region of the likelihood ratio test is

CR(LRT) = {z = (z1,...,2)7 € (0,400)" : max z; < an §'}.

i=1,...,n

It immediately follows that

CR(sLRT) C {z = (x1,...,2,)" € (0,400)" : max z; < an ¢’y ¢ CR(LRT),

717"'7”
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2.2 Split Likelihood Ratio test

where the second inclusion follows from an < aw for any n € N because o € (0,1).

Consequently, under any reasonable definition of admissibility of statistical tests, the split
LRT with this choice of 61, as well as [Dg| = |D1| = %, would be seen as inadmissible in
this model and for these specific hypotheses, among the class of tests with significance
level a.
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3 Literature Review

In this chapter, we will give a brief overview of the existing literature on or related to
universal inference. Since the idea of universal inference was introduced by Wasserman
et al. (2020), many articles that mention this method have been published, however, most
of them are concerned with the theories of e-variables and /or anytime valid inference (see,
for example, Ramdas et al., 2022, 2023; Griinwald, 2024a), which we will not discuss in
this thesis. In fact, so far, relatively few discussions of universal inference outside the
context of e-values or anytime valid inference exist in the literature. We will divide the
remaining literature on universal inference into three categories: Extensions of the split
likelihood ratio method introduced by Wasserman et al. (2020), universal inference in
the presence of nuisance parameters, determining a good choice for the splitting ratio
and applying universal inference to irregular statistical models and hypotheses.

3.1 Extensions to the split LR method

We will begin the review by discussing tests and confidence sets derived from the universal
inference principle that differ from the split likelihood ratio method discussed in Chapter
2. These can be viewed as natural extensions to the split LR approach, since they are
all based on the fact that a split likelihood ratio statistic has expectation at most 1, too.

3.1.1 Using several sample splits

In the setup for the split LR setting, we required the specification of a partition of the
index set {1,...,n}, Do and Dy (independent of the data), according to which the
sample split is performed. Consider now another split LR statistic (using the improved
definition from Definition 10)), based on the same data and partition, but with reversed
roles of Dg and Dq:

L1(60) -
T;wap(e) _ 511(90) if [,1(9) >0
too  ifL£1(0) =0,

(where £1(0) is the likelihood function based on the data subset indexed by Dy and 6
is any estimator based on the sample indexed by Dg). Obviously, by the same argument
as in Lemma 6, this statistic satisfies

Eg- (Tgwap(e*)) <1

(where 6* is the true parameter) as well and of course, it is non-negative, too. Con-
sequently, the average of the two split LR statistics,
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T, (0) + TP (6
g,(0) = O+ 1 0]
is also non-negative and satisfies Eg« [E,,(0*)] < 1. By the same reasoning as in Theorem 8,
the following confidence set, which is based on F,,(#), has minimum coverage probability

1 — a (for any a € (0,1)) for the true parameter 6* as well:

(o) = {0 € 01 B,(0) < é} (3.1)

Note that the two statistics T},(8) and T)," P (#) need not be independent, but this does
not affect the validity of the previous argument, since we are only dealing with their
expectations. Wasserman et al. (2020) call E,(«) the cross-fit likelihood ratio statistic
and therefore, it makes sense to call Cg, («) the cross-fit likelihood ratio confidence set.
They show that for some models such as the uniform distribution discussed in Examples
9, 13 and 17, this approach gives much more reasonable confidence sets than the split
LR method, although in this specific case the average length of the resulting confidence
interval will still be asymptotically larger by a constant factor greater than 1 (which in
this case depends on the nominal significance level «) compared to the usual confidence

interval [0,0 (é)%] Strieder and Drton (2022) note that it is of course not strictly
necessary to combine the two split LR test statistics with equal weights, i.e. for any
a € (0,1), not necessarily equal to 3, the weighted average a T,,(6) + (1 —a)T5""(f) can
be used to construct a valid confidence set for 6*.

Of course, we could continue with this strategy and repeat the calculation of a split LR
statistic, based on another partition {Dg, D3} (which does not necessarily need to differ
from {Dg, D1}, but we again explicitely require that both Dy and Dg are non-empty) -
actually, we could go on with creating partitions and determining split LR statistics as
long as we wish: Using a set of k € N (not necessarily different) partitions of {1,...,n}
(where each partition has two blocks), B, and computing the corresponding split LR
statistics (with the improved definition from Definition 10) T:(6); i = 1,...,k; for each
partition, we define

EF(9) = % ST ). (3.2)
1€EB

Again, it is obvious that Eg«[E(6*)] < 1, and so the confidence set built analogously to
(3.1) has minimum coverage probability 1 — a as well. Wasserman et al. (2020) call a
set of this kind the subsampling variant of the universal method. As a special case, one
could consider removing all randomness that the sample splitting part of the universal
approach usually adds to the resulting confidence set by computing split LR statistics
for all 2" — 2! different choices for a two block-partition {Dg, D1} that the index set
{1,...,n} permits.

!Note that the order of the partition matters in this context, as reversing the roles of Do and Dy
in general will result in different values of the statistic, and that @ and {1,...,n} of course are
inadmissible choices for Dg.
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3.1 Extensions to the split LR method

As another special case of the subsampling variant when the sample size n is even, Dunn
et al. (2023) study the statistic EX(0) = K%z Zfi"l Ti(0), where the T}(0),...,TEK(9)
are the split likelihood ratio statistics computed from all possible splits of the data
having equal size, By, ..., Bg, (so, B; = {D}, D} is a partition of {1,...,n}, where
ID}| = |Di| = 2), with K,, = (g) One can interpret EX(6) as Eg«[TP(0)|D,,], where
Thalf(9) is the split likelihood ratio statistic derived from a randomly chosen partition
of the index set with two equally sized blocks and D,, = Xq,...,X,, is the given data.
Theorem 2 of Dunn et al. (2023) shows that in the setting where the (d-dimensional)
data is i.i.d. distributed as N (6%, I;), it holds that

d

Eq{f(g)  exp (%Hyn _ 0H2> <§)§

for large n. Although Dunn et al. (2023) explain that this approximation formally only
holds in a very specific sense (which is explained in Theorem 2 of their paper), they
verify its practical validity for large sample sizes by simulations. Note that the latter

d
expressions equals LR, (0)% (2)2, where LR, (f) is the classical likelihood ratio statistic
for this model. Therefore, in large samples, a subsampling likelihood ratio confidence set
that uses a high number of partitions L ~ n may be approximated by

b~

0

1 ~
'
(s a-ap < 2 (1) « 2 (9]}

This approximation is useful because the computation of such a subsampling likelihood
ratio confidence set will be computationally intensive even in the Gaussian model with
known variance given here. Note that this approximative confidence set describes a ball
with the same center Y, as the classical likelihood ratio set. It is natural to propose
that the latter will have a smaller radius (which is W, where Q4(1 — ) is the upper
a-quantile of a chi-square distribution with d degrees of freedom) and empirically, this
seems to hold, too. We have not found an upper bound for Q4(1 — «) of exactly this
form (which is both linear in d and In (1)) in the literature.
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Dunn et al. (2023) also present simulations that compare different variants of the
universal method - namely, the split, cross-fit and subsampling likelihood ratio confidence
sets, with the classical likelihood ratio set in the multivariate Gaussian case, where the
LR set is known to achieve the nominal coverage probability exactly. With n = 1000
observations simulated from a N (0, I2)-distribution, even data splits and & = 100 random
partitions for the subsampling version, the results seem to indicate that the classical
likelihood ratio set not only has the smallest volume and diameter, but even seems to be
a proper subset of all the universal confidence sets almost surely. A corresponding result
for the split LR confidence set in the Gaussian model, which only holds for dimensions
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1 and 2, but also for possibly uneven choices of the sample splitting ratio, is presented
in Theorem 30 of Chapter 4 of this thesis. Interestingly, the simulations indicate that
this result holds for the other variants of the universal method as well, at least in the
2-dimensional normal case. Furthermore, they suggest that the average diameter /volume
of the subsampling set is smaller than the one of the cross-fit set, which in turn is smaller
than the simple split version. A theoretical proof of the first result is given in Theorem 4
of Dunn et al. (2023) for any multivariate Gaussian model, when an even sample split is
used. Similarly, other simulations from Dunn et al. (2023) show that in this model, the
subsampling variant of the universal test for the hypothesis Hy : * = 0 has more power
than the corresponding cross-fit version, whose power in turn is higher than the one of
the split likelihood ratio test. Interestingly, the differences in power seem to increase with
growing dimension of the model. Of course, in terms of power, the classical likelihood
ratio test dominates all the universal tests in this model.

To compare the different variants of universal tests in an irregular setting (meaning a
statistical model and a null hypothesis for which classical asymptotic theory of likelihood
ratio statistics fails), Strieder and Drton (2022) obtain power simulations of these tests
in a one-factor analysis setting with 12 observations per unit. Formally, assuming that
the data is i.i.d. Ny2(0, ¥*)-distributed, where the unknown true covariance matrix £* €
R12X12 j5 positive definite, they test the null hypothesis that $* € Fio1 = {¥ + LrT .
U ¢ R!2%12 diagonal, L € R!?} against the alternative that ¥* ¢ Fi21. Theorem 6.1 of
Drton (2009) shows that if ¥* = U* 4+ L*L*T where U* € R12%!2 is diagonal and L* has
no more than 2 non-zero entries, then the likelihood ratio test statistic

LR:2< sup  1,(X) — sup ZH(Z)>,
EER;QOXH YelFia 1

where [,,(+) is the log-likelihood function of the model, does not converge to the chi-
square distribution with 54 degrees of freedom (the dimension of the whole parameter
space is 78 and the dimension of the null hypothesis is 24 in this case); in fact, it does
not converge to a chi-square distribution at all. Hence, for such L*, the true size of
the classical likelihood ratio test will not even be asymptotically equal to the nominal
significance level. In contrast, tests based on universal inference will still control the type
I error rate at the desired level because they do not require any assumptions regarding
the underlying model or the null hypothesis. Simulating n = 2000 data points from
Ni2(0,Q+4 L1 LT + Lo(h)LE (R)), with Q = L1 I, Ly = (5,5,0,...,0) € R'? and Ly(h) =
\/% (1,1,...,1) € R'2 (so the case h = 0 lies in the null hypothesis and corresponds to an
irregular setting), Strieder and Drton (2022) look at the power of the split, cross-fit and
subsampling likelihood ratio test as a function of h > 0. To this end, they use a certain
splitting ratio they propose to be optimal for the first and the third method (see Section
3.3 of this thesis) and different weights and splitting ratios for the cross-fit method. They
find that all the universal tests basically have zero power for h < 0.3, and that the simple
split as well as the subsampling likelihood ratio test have slightly higher power than each
of the cross-fit variants. Interestingly, in this irregular setting, the subsampling version
does not seem to dominate the split LR test in terms of power.
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3.1.2 Randomized improvements of universal inference

The finite sample validity of each of the universal inference methods relies on bounding
the upper tail probabilities of split likelihood ratio statistics with Markov’s inequality.
Therefore, if we want to improve the power of the corresponding tests or decrease the
volume of the corresponding confidence sets, the question naturally arises whether one
can find a sharper bound on the upper a-quantile of a non-negative, integrable random
variable, for which only an upper bound ¢ > 0 on the first moment is known, than =.
In other words, does there exist a non-negative function g with g(a,m) < ™ for all

a € (0,1], m > 0 and g(a*,m*) < ™ for some a* € (0,1], m* > 0 such that

a*

P(X > g(o, E[X])) < a

for all a € (0, 1], any probability space (2, .4, P), as well as any non-negative and integ-
rable random variable X defined on it? The answer is negative for deterministic functions
¢ (meaning that g is not allowed to depend on w € Q): Of course g(a, m) > m needs to
hold for any a € (0, 1] because otherwise, the desired bound will not hold for random vari-
ables X with P(X =m) = 1. If g(a*, pu*) < % for some o € (0,1], u* > 0, choose some
number b € (g(o*, px), Z—i) Consider the random variable X* with P(X* = b) = % <1
(because b > g(a*,p*) > p*) and P(X* = 0) = 1 — NT;' Then E[X*] = p* and
P(X* > g(o*,E[X*])) = P(X* =b) = % > a* (because 0 < b < g—i), so the de-
sired bound does not hold for the upper a*-quantile of the specific random variable X*.

However, it is possible to improve the Markov bound if one allows for ‘random’
quantiles, meaning that the function g can also depend on w € €2. This is a consequence
of the following result (Theorem 1.2 in Ramdas and Manole, 2023):

Theorem 18. Let (2, A,P) be a probability space and X be a non-negative, integrable
random variable defined on it. Assume that there exists a random variable U on (2, A, P)
that is uniformly distributed on [0,1] and independent of X. Then, for any « € (0, 1], it
holds that:

IP’(X>E£5QU) <a.

Proof. The claim is trivial for E[X] = 0, which of course implies P(X = 0) = 1. Assume
now that E[X] > 0. Then

E[X] B X B X B
P(X 2= 2 U) =P(U < jr0) = E[E[I(U < ] )]XH -
_ X X B
E[mm(E[X] «, 1)} < E[E[X] oz] = q,
where the last equality follows from the fact that U and X are independent. O

Ramdas and Manole (2023) call this result the uniformly-randomized Markov inequal-
ity. It is easy to see that the ‘random’ upper quantile bound g*(a, p,w) = £ U(w) is
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almost surely smaller than the deterministic Markov bound g(a, ) = £. As a con-

sequence, Ramdas and Manole (2023) state that any of the universal inference methods
can be 1mproved by replacing the deterministic critical value + with the random critical
value Y o+ Because of Theorem 18, the corresponding sets and tests will still control the
coverage probability and the type I error rate at the nominal level, but because % < ;
almost surely, these confidence sets almost surely will have smaller volume/diameter and
the power of these tests will be larger compared to the ones using the deterministic

critical value.

Moreover, Ramdas and Manole (2023) prove a generalized version of Markov’s inequal-
ity for exchangeable random variables:

Theorem 19. Assume that X1, Xo,... is an exchangeable sequence of non-negative and
integrable random variables with expectation . Then, for any o > 0, it holds that:

P(3t € N: ZX >

The result is a direct consequence of a time-reversed version of Ville’s inequality, which
Ramdas and Manole (2023) prove in Theorem 5.2. of their paper. Applying this to the
subsampling variants of universal inference, the subsampling likelihood ratio statistic
(3.2) may be replaced by

sup Z (3.3)

j=1,.. ,kj

where T, . .. ,ij are split LR statistics computed from k£ € N random and independent
splits of the data. The resulting tests and confidence sets will achieve the nominal
significance /confidence level because with random and independent splitting, not only
will the split LR statistics be non-negative and have their expectation bounded by 1,
but they will be also be i.i.d. Therefore Theorem 19 justifies the use of (3.3) in place of
(3.2) with the same critical value 2. Observe that for given (random and independent)
sample splits, (3.3) will be almost surely larger than or equal to (3.2).

Theorem 5.3 in Ramdas and Manole (2023) then combines the uniformly randomized
and exchangeable version of Markov’s inequality, from which it follows that the statistical
test:

Reject Hy if T} > g or if sup ZTZ (3.4)
j=1,....k .]
controls the probability of a Type I-error at level a € (0, 1), too. Obviously, this test is
more powerful than the one using (3.3) with critical value é or the one using only one
split likelihood ratio statistic (derived from a random split according to the same rule)
with the critical value % However, it is not clear whether (3.4) will be more powerful
than the test
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1 & U
Reject Hoif — Y T¢ > — 3.5
ejec Qlkz n> (3.5)

=1

whose type I error control follows from the uniformly randomized Markov inequality.
In experiments conducted by Ramdas and Manole (2023) in the framework of a simple
Gaussian mixture model, (3.4) and (3.5) seem to have similar power.

In practice, the use of all of these randomized improvements of universal inference
methods will be difficult to justify because the external randomization (the result of a
simulation of U for (3.4) and (3.5) or the specific order of k£ € N independent partitions of
the index set {1,...,n} for (3.3) and (3.4)) will influence the results of the universal tests
(if it is a ‘close call’ between the two hypotheses) and confidence sets greatly. As Ramdas
and Manole (2023) themselves note, this potentially high dependence on the result of
an external randomization implies problems with reproducibility and p-hacking in the
context of science communication. They discuss several ideas how to solve this issue:
For example, they suggest outsourcing the external randomization to a central repository
from which uniform random numbers or random, independent partitions can be requested
(and of course, these requests would need to be documented), or by generating the
necessary random variables (which need to be independent of the data) from the data
itself. For instance, if the data Xq,..., X, are i.i.d. and real-valued random variables
following a continuous distribution, then the empirical cumulative distribution function
evaluated at any data point X; (where ¢ € {1,...,n} is chosen independently of the
data),

1 n
721 (X; < Xi)
=1

3

is independent of X1,..., X,, and uniformly distributed on {%, %, ..., 1}. Since this dis-
crete uniform distribution stochastically dominates the continuous uniform distribution
on the interval (0,1), one can use, for example, Fn(X 1) in place of an externally gener-
ated Unif(0, 1)-distributed random variable in (3.4) or (3.5) - this replacement is justified
because Theorem 18 obviously also holds if the random variable U is stochastically lar-
ger than Unif(0,1). A similar strategy could be used to define random and independent
splits of the index set {1,...,n} that are generated from, but independent of the data.

3.1.3 RIPR split LRT

Recall the definition of the split likelihood ratio test given in (2.3): If for a given partition
{Dg, D1} of the index set {1,...,n} and a given null hypothesis Hy : 8* € ©¢, we have
0 < supgeg, Lo(#) < +o0, with Lo(0) = [[;cp, Pe(Xi), then the split LRT uses the test
statistic .

Lo(61)

Up= —F,
SUDPgeco, ‘CO(Q)
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where 0 is an estimator for the true parameter 0* based on the part of the data indexed
by D1. To avoid trivial results, one might restrict this estimator to satisfy 6; ¢ Op. The
split LRT with nominal level a € (0,1) then rejects the Hy if Uy, > é In Proposition 15,
we argued why the type I error probability of this test indeed does not exceed «. Observe
now that the estimator 91 does not influence the denominator of U, at all and that we
have maximized the likelihood (based on Dg) under the null in the denominator, but not
the likelihood under the alternative in the enumerator. Indeed, since this method relies
on sample splitting, maximizing the likelihood (based on Dg) under the alternative is in
some sense prohibited. However, one might wonder if one can replace the denominator
with a smaller expression and still achieve the desired significance level @ when using
the critical value i This is indeed the case if the statistical model considered is convex,
as explained by Wasserman et al. (2020) in Section 6. Their reasoning relies heavily on
the theory of the reversed information projection (RIPR) developed by Li (1999) and
Griinwald (2024b).

Recall that a statistical model P on a measurable space (€2, .A) is called convex if, for
any Py, Py € P and any a € [0, 1], the probability measure a Py + (1—a) Py is also an ele-
ment of P. Examples of convex models are the set of all (finite or infinite) mixtures of a set
of base distributions or the set of all distributions for which the expectation of a specific
real-valued random variable X (w) is equal to or bounded by C € R. If the distributions
in the convex model P are all dominated by the same measure p on (£2,.4), then the set of
the corresponding densities D = {p : p is the density of some P € P with respect to u}
must be convex as well, in the sense that it satisfies ap;1 + (1 —a)p2 € D for any
p1, p2 € D and a € [0,1]. Furthermore, remember that the Kullback-Leibler divergence
(sometimes also called relative entropy) between two probability measures P and Q on
the same measurable space (2, .A) is defined as

JiyIn (%(@) dP ifP < Q,

+00 otherwise.

DxL(P||Q) :{

The first part of the definition may also be written as [, p(w) In (%) du, where p is a

o-finite measure on ({2, .A) that dominates both P and Q and where we use the convention
0 In(0) = 0 In(4+00) = 0. The Kullback-Leibler divergence is an important concept in
the fields of machine learning, Bayesian inference and information geometry. It is non-
negative and equals 0 if and only if P < Q and p = ¢ p-almost everywhere. However,
one should note that in general it does not define a metric on a given space of probability
measures: It neither satisfies symmetry nor the triangle inequality in general.

For a given probability measure P and a set of probability measures Q, we may define
Dk (P = inf Dgr,(P .
kL(P[[Q) = inf Dy (P[|Q)

An important conclusion from Chapter 4 of Li (1999), summarized in Theorem 1 of Lardy
et al. (2024), is then the following:
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Theorem 20. Let Q be a convex statistical model and let P be a probability measure on
the measurable space (0, A). Furthermore, let ;i be a measure on (2, A) that dominates
both P and any Q € Q. Also, assume that Dgp(P|| Q) < +00. Then:

i) There exists a unique measure Q* on (£, A) that is absolutely continuous with re-
spect to g, such that for any sequence of probability measures (Qpn)nen in Q with

Dkr(P||Qp) MRAN Dk (P|] Q), we have In(gy) 4 In(q*), where gn, ¢* are the
densities of Qp, Q* with respect to .

ii) Q(Q) < 1

iti) Dgr(P]| Q) = pr (p((w))> du, where p is the density of P with respect to p.

w) If ¢* > 0 p-a.e, then for any Q € Q, we have

E@[ﬁég)} = /QQ(W) plw) dp <1,

where q s the density of Q with respect to p.

Lardy et al. (2024) call the sub-probability measure (meaning that Q*(2) < 1) Q* the
reverse information projection (RIPR) of P on Q. Note that Q* need not be a member
of O - indeed, it need not be a probability measure at all, see Example 2 of Lardy et al.
(2024) for an example. Theorem 20 is a very important result in the context of e-variables
and the theory of anytime valid inference (see, for example, Griinwald, 2024b), but it
also has an implication for universal inference if the null hypothesis is convex:

Corollary 21. Let Xi,...,X, be random variables taking values in X that are i.1.d.
distributed according to an (unknown) density p*, where p* belongs to a set of density
functions (with respect to some known measure ), D, that are strictly positive on X
u-almost everywhere. Suppose we want to test the null hypothesis Hy : p* € Dy against
the alternative Hy : p* € D1, where Dy, D1 are non-empty and disjoint subsets of D.
Furthermore, assume that Dy is a convex set of densities. Choose a partition {Dg, D1}

of the index set {1,...,n} and an estimator p; for the true density p*, based on the data
indezed by D1, that satisfies Dkr(py, Do) < 400 almost surely. Define the test statistic
Lo(P1)
UriPR =
Lo(Pripr)’

where Lo(p) = [[;ep, P(Xi) and pgipg is the reverse information projection of py on Do
(which almost surely exists because Dy is conver and Dgr(p, Do) < +00 almost surely).
Then, for a given o € (0,1), the test with the decision rule

1
Reject H(] fo. UR[pR > —
(0}
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controls the type I error probability at level . Also, if pripr € Do almost surely, then this
test is uniformly more powerful than the split likelihood ratio test with the same choice of
{Do,D1} and py, which uses the test statistic:

Lo(p .
Uyr = {suppe(;;(:lgo(p) if suppep, Lo(p) < +oo,
0 if suppep, Lo(p) = +00

Wasserman et al. (2020) call the test using the statistic Ugipr the reverse information
split likelihood ratio test (RIPR split LRT). Note that all the likelihood ratios involved are
well-defined because of our assumption that the statistical model only includes densities
that have support on X almost everywhere. The result regarding the significance level
then follows immediately from part iv) of Theorem 20 (because the densities in the model
have full support, pripg is strictly positive y-a.e. on X') and by using the same arguments
as in Lemma 6 and Theorem 8 (conditioning on p; and using Markov’s inequality). For
this result, we do not even need the assumption that pgripg € Do. However, if pripgr € Do
a.s., then it almost surely holds that

Lo(p1)

U, = - > Uyr.
PR ﬁO(PRIPR) Yt

This statement is trivial if Uy = 0 and in the case of Uyp > 0, it follows from the fact that
Lo(Pripr) < suppep, Lo(p). Since both tests use the same critical value 1 o achieve the
nominal significance level « € (0, 1), the test using the reverse information projection of
Py on Dy in the denominator of the test statistic is more powerful than the one using the
maximum likelihood estimator restricted to the null hypothesis. This assertion intuitively
makes sense because as mentioned earlier, the usual split LRT only uses the maximum
likelihood under the null hypothesis, while the RIPR split LRT neither uses maximum
likelihood under the null, nor under the alternative - instead, it uses the density from
the null hypothesis (or, in some sense, from the closure of the null hypothesis) that in
some sense is the ‘closest’ one to p;. Using similar arguments, Griinwald (2024a) has
shown that under certain conditions, one can use the RIPR approach without sample
splitting to construct likelihood ratios whose expectations are bounded by 1 under the
null hypothesis (such non-negative statistics are called e-variables or e-statistics) and
which in some sense have optimal behavior under the alternative.

3.2 Dealing with nuisance parameters

Adapting universal inference methods to deal with nuisance parameters in statistical
models is straightforward. Suppose that the parameter space © is a subset of R? with
d > 2 and we are only interested in inference on the first p < d components of the
true parameter 6,, which we call o Expressing any 6 € © as 6 = (A1), 02)T with
) € ©) C RP and #® € 0 C R4 () is usually called a nuisance component),
define the profile-likelihood function of #(1) € ©M) (based on the data indexed by Dy for
some partition {Dg, D1} of the index set {1,...,n}) as:
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LEOW) = sup  Lo(0M,9?).
9(2) gRd—p
Now, to construct a confidence set for 6>(k1) with minimum coverage probability 1 — «,
choose an estimator #; of 6, based only on the data indexed by Dj, and define the
statistic

Lo(d .
TPy - ) 2pey EEEE0) >0

+00 if £5(0MW) =0

for any (1) € @), Then, by the same argument as in Lemma 6, it holds that for any

true parameter 0, = (0,21), 0&2))T:

Eg+ [Tf(@il))} < Ep- [T/L(e*)} <1,

where the statistic 7} (f) is defined as in Definition 10. The first inequality follows from
the fact that EOP(HE)) > Lo(0.) > 0 and therefore Tf(ﬁ&l)) > T (6,) almost surely.
Consequently, for any « € (0,1), the following set will achieve a confidence level of 1 — «
for 9£1):

cP(a) = {9<1> e oW . Py < 1}.

(0%

Again, this follows immediately from Markov’s inequality.

Using a different argument, Wasserman et al. (2020) arrive at the same adaptation
of the split likelihood ratio confidence set when nuisance parameters are present in the
model. Tse and Davison (2022) then pointed out that in high-dimensional models, the
presence of a lot of nuisance parameters implies that universal inference methods will
become even more conservative. This is immediately clear from the fact that in most
statistical models commonly considered, if the number of nuisance parameters d — p is
relatively large, then the profile likelihood LE (99)) = SUPy(2) crd—»p L’g(@il),ﬂ@)) will be
significantly higher than the ‘whole’ likelihood Lo(f.), and therefore, T.F (9,(‘1)) will be
considerably smaller than T (6,). To illustrate this, Tse and Davison (2022) consider
the setting where the data Xi,..., X, are ii.d. Ng(u«, Xy)-distributed, where d > 2,
Ly = (ug),ug)) is unknown with ufkl) eRP 1< p<d, ,ug) € R? with ¢ = d—p, and X,
is a known positive definite d x d-matrix. Since all the distributions in this model have
full support, it follows that

E,. . [Tn(ﬂ*)} =Eu . [M} =1,

EO(MME*)
where Lo(u, ) is the likelihood function based on the data indexed by Dy, i, =
\D711| > icp, Xi and {Dg,D1} is some partition of {1,...,n}. However, if we are only

(

interested in constructing a confidence set for ,u*l), then we would consider the statistic
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Lo(jin, )
TP,y = T\ =)
W)= 2p G sy

where £ (1M, %,) = sup,,@ cpe Lo(pM),mP) | %,). Tse and Davison (2022) show that
TF (uil)) has the following distribution under the true parameter fi.:

1)y d A(p, p) — Blg; p)
TP (i) —exp( 5 )

where

Alp,p) = QW%TZP - PZgZp
B(g,p) = (Yg = v/ 29)" (Yq = /0 Zy),

with p = %; Yy, Zp ~ Np(0,1); Yy, Zy ~ N,(0,1) and Y,, Z,, Yy, Z, independent. One
p

can then show that E[exp (A(2,p))} = 1 and obviously, B(q,p) ~ (1 + p) xg, SO

e (- 4] (- 52) - (-2 3 -t

where M GXZ(') is the moment generating function of the chi-squared distribution with
q degrees of freedom. Therefore, since A(p, p) and B(q, p) are obviously independent, we
conclude that

B [70 )] = Ev o0 (A22)] . e (- P820)] <

Observe that for a large number of nuisance parameters ¢, this expectation will be very
small, so Markov’s inequality under the assumption that the expectation equals 1 will

overestimate the upper tail probabilities of T,/ (ufkl)) even more than it would do for a
split likelihood ratio statistic in the normal model anyway. Of course, as Tse and Davison

(2022) remark, this additional conservatism due to nuisance parameters can be eliminated
in this situation because we know the exact value of the expectation of T/ (ug)): If, for
q

. (24p)" 2

a given a € (0,1), we choose “=—

set using the statistic 7. (ugﬁl)), then the resulting set will almost surely have smaller
diameter/volume, but due to Markov’s inequality, it will still have minimum coverage

probability 1 — « for MS})-

instead of é as the critical value for a confidence

In the context of testing the null hypothesis Hy : ufkl) = ,uél) against the alternative Hj :

Mﬁf) #* /J,(()l), Tse and Davison (2022) perform some simulations to study the increase in
power obtained by using the critical value that takes into account the number of nuisance
parameters in the model. They test the null hypothesis on p = 1 parameter of interest
and vary the number of nuisance parameters g between 5 and 640. Not surprisingly,
they find that the power gained from using the adapted critical value increases with
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the number of nuisance parameters. The adapted test still becomes catastrophically
conservative for large ¢, which may be traced back to the general curse of dimensionality
of the split likelihood ratio test (see Dunn et al., 2024; Strieder and Drton, 2022, as well
as Theorem 42). Furthermore, the strategy of modifying the critical value of a universal

test or confidence set according to the true expectation of T}’ (Gil)) will not be available
in general, especially not in irregular models, which are the main source of motivation
for universal inference. Tse and Davison (2022) show by simulations that in a specific
mixture model of g-dimensional Gaussian distributions (where ¢ ranges between 10 and
60), the split likelihood ratio test (with 6; being an EM-approximation of the maximum
likelihood estimator under the alternative) of the null hypothesis that there is only one
component against the eblternative that there are two still has significance level & when
the critical value % instead of é is used. However, even with the larger critical
value, the type I error probability of the split likelihood ratio test seems to be almost
equal to 0 and the power gain is considerably smaller compared to the setting considered
before.

3.3 Optimizing the splitting ratio

No matter which universal inference method is used to construct a confidence set or a stat-
istical test, one needs to perform one or several sample splits in the process. Therefore,
the question how the choice of the (non-random) ratio according to which the data is split
(given the ratio, the actual split may be performed either in a deterministic or in a ran-
dom way) affects the diameter/volume of the resulting confidence set or the power of the
resulting test is of significant importance for applications. Specifically, given « € (0, 1),
we should be interested in which value of rg = % (where n is the number of observations
on which the confidence set/test is based) minimizes the expectation of a certain power
of the diameter/volume of the split likelihood ratio confidence set with confidence level
1 — « or, given a null and alternative hypothesis, which value of rg maximizes the power
of the corresponding split likelihood ratio test with significance level a. We will call rg
the splitting ratio associated with a certain universal inference method. Regarding the
split LR confidence set CM(a, ro) for the true mean parameter u, in the d-dimensional
Gaussian model (with 6, being the maximum likelihood estimator for u. based on the
data indexed by Dy), the choice of ry that minimizes E,,, [)\5(071:/114(% r0)) }, where A

is the Lebesgue measure of the set, is approximately given by

- 2l (L) +d — \/d(z ln(a)—i—d)' .
21n( )

1
o

A pr200f of this result is given in Proposition 38 of the following chapter. The minimization
of A2 (CMI(a,rg)) is only approximate in the sense that r{j may not be a feasible choice
for the sample split proportion, which, given the sample size n, needs to be one of
1 2 n—1

= =, ..., =—=. However, it holds that one of the two ‘closest’ feasible choices to 7 is
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indeed the minimizer amongst all possible values of rg. Similarly, Theorem 3 of Dunn
et al. (2023) shows that (3.6) also approximately minimizes the average squared radius
of CM(a,79) (it is not stated in the theorem that for given n € N, r{ can only be
an approximate minimizer in the same sense as above, however, by the same argument
as before, it is obviously true that r§ cannot be the exact minimizer of the expected
squared radius amongst all feasible choices). Furthermore, Dunn et al. (2023) note that
ro converges to % for high dimensions d. It is also easy to see that for o — 0, r{ goes to
1.

Given these results, one might wonder whether (3.6) also corresponds to an approxim-
ation of the choice of the splitting ratio which maximizes the power of statistical tests for
any hypotheses in the multivariate normal model. The answer is no because, in general,
the optimal choice will not only depend on the significance level o and the dimension
of the model considered, but also on the dimension of the null hypothesis Hy and the
Euclidean distance of the true parameter 6* to Hg. This follows from considerations
made by Strieder and Drton (2022): They first determine the asymptotic distribution of
the split likelihood ratio test statistic U, for a given null hypothesis Hy : 6 € O (where
Oy is a non-empty subset of the parameter space ©) in a specific setting, namely if 0, is
taken to be the maximum likelihood estimator for the true parameter 8* under the full
model (based on the data indexed by D1) and if the statistical model considered satisfies
the usual regularity assumptions which imply that the classical likelihood ratio statistic
asymptotically follows a chi-square distribution (see Van der Vaart, 2007). Specifically,
they assume for the statistical model, a parameter 8y € ©¢ and the null hypothesis:

i) 6 lies in the interior of the parameter space © € R? and the model {Py : § € O}
is differentiable in quadratic mean at 6%, meaning that there exists a measurable
function sg, : X — RY such that, for h — 0

[ (roen@) o) — I gy o,

s, () is usually called the score function of the model.

ii) The Fisher information matriz 1(80) = Eqg, [se, (X)sg; (X)] is invertible.

iii) There exists a neighborhood U () C © and a measurable function ¢ : X — [0, 400)
with Eg, [(2(X)] < oo which satisfies

| I (pg, (x)) —In (pe, (x))| < €(z) (|61 — 62|
for all 61,0 in U(6)).

~ML ~ML
iv) The maximum likelihood estimators 6, (based on Do) and 6, ,, (based on Dy)
exist almost surely and are consistent for 6y under Py, for n — oo.

v) The sequence of sets H,, = v/n(Op — bp) converges to a set Ho, in the sense that we
define
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Ho={h:h= le hy, for some converging sequence (hy)nen with h, € H, ¥ n € N}

and now Hg should contain the limit A’ = lim;_, hy,, of any converging sequence
(hn,)ien With hy,, € H,, for all i € N (see Van der Vaart, 2007).

Under these regularity conditions, Strieder and Drton (2022) prove the following result
in Theorem 1 of their paper:

Theorem 22. Consider a statistical model {Py : 0 € O} with © € R? and a parameter
0o € O that satisfies the assumptions i) to iv) stated above and assume that the non-
empty null hypothesis set Oy C © satisfies condition v). Fix the splitting ratio ro € (0,1)
and assume that, for the split likelihood ratio test of the null hypothesis Hy : 0y € O
based on sample size n > %, we use a sample split {Dg, D1} with |Dg| = [ron] and the
maximum likelihood estimator 917,1 = argmaxgeo L1,(0) as the estimator based on the
subset of the data indexed by D1. Then the log split likelihood ratio statistic

L8Ry = 21n(Uy) =2 (Io(B1.0) — 1o(Bory) ).

where lo(0) = In (Lo(6)) and 9512 = argmaxgece, Lon(0), satisfies under Py, with 6, =
0o + %

LSR5 ||V + Vg 100)% h — 1(00)3 Mol — IV — (/72— 212 (3.7)
— 170

where ||z — A|| = infoea ||z —al| for z € RY, A CRY; MHg = {Mho : hyg € Ho}
for any matriz M € R4 Y, Z < Ng(0,1;) and I(HO)% is the unique positive definite,
1

symmetric d X d-matriz that satisfies 1(90)% I(60)2 = I(6y).

Their proof mainly builds on ideas and results from Chapters 7 and 16 of Van der Vaart
(2007). In some special cases, the asymptotic distribution of the log split likelihood ratio
statistic in the setting of Theorem 22 reduces to a simpler expression, as the following
result from Strieder and Drton (2022) shows.

Corollary 23. Consider the same setting as in Theorem 22. If I(Ho)% Ho = {0}P x RI—P
for some p € {0,1,...,d}, then

d - To
LSRy 5 ||V + Vo hy||> = IV — T 1o Z|)?, (3.8)

where Y, Z & Ng(0,14), xp, denotes the first p components of the vector x € R? (with
the convention x5 = 0) and h = 1(00)% h.
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Proof. If I (00)% Hy = {0}? x R%P, then the first part of the asymptotic distribution in
(3.7) reduces to, with Y ~ Ny (0, 1),

1Y + /ro 1(00)2h — 1(69)% Hol[* =

T
nf (Y +\/ro I(6g)2h — <(j;”> ) <Y + /o I(00)2h — <?;’> > =
(Y[m + (V7o 1(60)

h)[m) =
HY[p} + \/%il[p}w‘

The claim follows immediately. O

D=
=

T
h) [p}) (Y[p] + (\/% 1(0o)

Corollary 23 implies that under the null hypothesis (remember that we assumed that
Oy € Op), if the statistical model satisfies assumptions i) to v) at the true parameter 6*
and I(6*) Hy is a coordinate subspace, then

d o
LSRn—>HY[p]H2 — Y - 1—71”02"2

under Py+, with Y, Z i N4(0,14). However, instead of adapting the critical value of
split likelihood ratio tests according to this distribution (which for any given splitting
ratio would be much smaller, as they show empirically) Strieder and Drton (2022) aim
to understand how the splitting ratio r¢ influences the asymptotic distribution of the log
split likelihood ratio statistic under the alternative, and therefore the power of the test if
the Markov-critical value é is used. To this end, they define a new class of distributions:

Definition 24. For d € N, p € {0,1,...,d}, § € [0,4+0) and ro € (0,1), define the
d-dimensional non-central split chi-square distribution with p degrees of freedom, non-
centrality parameter 6 and splitting ratio ro (abbreviated by split,, X?)d(é)) as the distri-

bution of
To
¥+ 7 hIP = 1Y — /22 2|,
ii.d

where Y, Z "~" Ng(0,14) and h is any p-dimensional real vector such that h'h =3.

Obviously, the asymptotic distribution in (3.8) corresponds to a split,, Xf, J(6(p))-

distribution with S(p) = ﬁf;}h[p]. It follows that for given significance level «, model
dimension d, null hypothesis dimension d — p and the non-centrality parameter (which
depends on the true parameter as well as the null hypothesis dimension) B (p), the optimal
splitting ratio rj that maximizes the asymptotic power of the split likelihood ratio test
is exactly the splitting ratio that maximizes the cumulative distribution function of the
split, X; 4(8(p))-distribution at input 21In (2) (note that the asymptotic result holds for
the statistic LSR,, = 2 In(U,,), not for U,,) among all o € (0,1). However, if we want
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to find rj, two problems arise: On the one hand, we do not know the true value of the
non-centrality parameter & (p) because it depends on the unknown true parameter. On
the other hand, as the non-central split chi-square distribution is a new class of distri-
butions, no numerical routines to evaluate the cumulative distribution function for given
parameters exist yet. Regarding the first issue, Strieder and Drton (2022) propose to ini-
tialize a small non-centrality parameter din;y (which implies that even with the optimal
splitting ratio 7(dinit), the approximate power of the split likelihood ratio test will be
small), optimize the splitting ratio with respect to dinit, then gradually increase the value
of the non-centrality parameter until the power of the test with the calculated optimal
splitting ratio reaches a pre-specified level (in the simulations, they use 0.8). The corres-
ponding splitting ratio is then the output of this algorithm. Regarding the second issue,
they approximate the value of the cdf of a given non-central split chi-square distribution
at 2 ln(é) by repeatedly sampling from this distribution.

Approximating the optimal splitting ratio r§(d,p) for given model dimension d and
null hypothesis dimension d — p with the algorithm described above in combination with
Monte Carlo approximation, they find that if p << d, then r§(d, p) is close to (3.6) (which
does not depend on p!), the in some sense optimal choice if the goal is to construct a
split likelihood ratio confidence set for 6*. Notably, if p € N is fixed, then rj > 0.5 for
all dimensions d > p. However, if p ~ d, then r§(d,p) < 0.5 for large dimensions d.
Surprisingly, it even seems to be the case that if p(d) = d — k for some fixed k € N, then
rg(d,p(d)) — 0 as d — oo. Furthermore, if p(d) = cd for some fixed ¢ € (0,1), then
ry(d,p(d)) — r(a) > 0 as d — .

Via simulations, Strieder and Drton (2022) find that if the regularity conditions re-
garding the statistical model and the null hypothesis set (assumptions i) to v) plus the
assumption that the rotated limiting hypothesis is a coordinate subspace) hold, then the
asymptotic power of the split likelihood ratio test is indeed significantly improved for
many values of p and d if an algorithmic approximation of 7(p, d) is used instead of the
analytical value from (3.6). However, if the true parameter is fixed, then the power of
the split LR test will still converge to 0 for growing dimension d even if the approxim-
atively optimal splitting ratio is used. The extent of the power gain from using r(p, d)
therefore depends on the given p and d. If the distance of the true parameter to the null
hypothesis set increases with growing dimension d, then splitting the data according the
approximation of 7((p, d) via the algorithm described above manages to keep the power
of the test stable with increasing dimension, while the power still goes to 0 if the data is
split according to (3.6). Furthermore, Strieder and Drton (2022) use simulations to show
that even in a specific irregular setting, namely, testing the null hypothesis of a one-factor
model against the saturated alternative (which is irregular if the null hypothesis is true,
but there are only 0, 1 or 2 positive loadings, see Subsection 3.1.1), the split likelihood
ratio test has higher power when using the approximation of r§(p,d) instead of (3.6),
although the power gain seems to be lower compared to the regular and asymptotic case.
In general, the question whether r§(p,d) is the optimal splitting ratio with respect to
maximizing power in (some) irregular settings as well remains open.
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3.4 Applications of universal inference in irregular settings

Interestingly, the number of articles in the literature which specifically deal with the
application of universal inference methods in irregular settings still seems to be very
limited, despite this having been the main source of motivation behind developing this
approach to inference in Wasserman et al. (2020), where it was originally introduced.
Some authors have applied universal tests in irregular models although the corresponding
articles mainly deal with other issues - to name three examples, Aguiar et al. (2024) use
the split likelihood ratio test to test for a specific structure of a multilayer network,
Ignatiadis and Wager (2022) suggest using the same test to evaluate whether the choice
of a class of smooth priors is reasonable in the context of a Gaussian empirical Bayes
problem and Lauritzen et al. (2021) apply it to test the total positivity assumption within
an Ising model. Examples of use cases of universal methods in irregular models can also
be found in Wasserman et al. (2020) and Tse and Davison (2022) (Gaussian mixture
model with known mixture weights), as well as Strieder and Drton (2022) (one-factor
model, see the end of Subsection 3.1.1 of this thesis), but these articles mainly focus on
other aspects of universal inference. To our knowledge, there exist only three articles in
the literature that specifically focus on applying universal inference methods in settings
where classical inference approaches such as the likelihood ratio test or confidence set
are unavailable. In the remainder of this section, we will discuss these briefly.

3.4.1 Empirical Bayesian inference

Consider the following (Bayesian) model setup that differs from the one we previously
dealt with: Let (&,.A) be a measurable space and let 7 C R? Furthermore, let
X1, Xs,..., X, be a sequence of random variables living on (X, A), let ©1,0,,...,0,
be a sequence of (7,B(T))-valued random variables and let Dy = {my : ¢ € ¥} be a
set of densities on (7,B(7)) with respect to some measure p7. Suppose that the ©;
are identically distributed according to the density my«(#), where ¢* € ¥ C RP is the
unknown true parameter in the model and 7y () is the corresponding density of each
©;. Moreover, suppose that the sequence (X1,01), (X2,02),...,(X,,0,) is independent
as well as that the conditional densities of X; given ©; = 6 exist for any 6§ € T (with
respect to some measure py on (X, .A)) and satisfy

e, (@l0) = fxjo(w|0)

for any true parameter ¢* € ¥ (i.e. the distribution of X; conditional on ©; does not
depend on the unknown true parameter 1*). Consider now the situation where the
realization of the sequence ©1,0,,...,0,, is unknown as well. Given such an unknown
realization ©1 = 07,...,0, = 0;, where 07,...,0; € T, and observations of the data
Xi,...,X,, Empirical Bayesian inference seeks to construct confidence sets for 67 and
statistical tests for null hypotheses of the form Hy : 6] € T, where I C {1,...,n} is a

non-empty index set, 6f = (6;);cr and Ty C T is non-empty, too. Specifically, for any
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a € (0,1), one would like to have a random subset of 7, EBC),(«, ), which satisfies
Py« (07 € EBCp(a,i)|©1=601,01=0,,...,0;,=0;,....0,=0,) >1—a (3.9

for any ¢* € ¥ and any 6; € T with j # 7, as well as a test with a rejection rule that
satisfies (writing I¢ for {1,...,n}\ )

Py [Reject Hy | ©1 € Trp,O1c € '7"] <« (3.10)

for any ¢* € U and any subset 77 of 7" 1l with the convention that the second event
in the conditioning part is ignored if I = {1,... ,n}.

According to Nguyen and Gupta (2023), Empirical Bayes tests and confidence sets
had been successfully constructed for certain classes of models, but a general approach
to solving this inference problem had not existed yet prior to their publication. Their
construction idea can be viewed as a direct transformation of split likelihood ratio confid-
ence sets and tests to the empirical Bayesian setup: Suppose that for some i = 1,...,n,
we are interested in finding a confidence set for 6 with conditional coverage probabil-
ity 1 — a € (0,1). First, choose an estimator @(Xl,Xg, coy Xio1, Xig1, ..., Xp) for the
unknown true parameter ¥* which is based on all data points except for X;. For any
1 € U, define the full likelihood of ¥ as

£ = [ Fxi0 X10) my(6)
and for any 6 € T, define the conditional likelihood of 8 as

£5(0) = Ixje(Xil0),

where both likelihood functions are only based on the observation of X;. Defining the
statistic

££UI1(7ZJ) if Lcond (g >0
EBLR(i,0) = { @) "% (6)>0,
+o0 if £eond(9) = 0.

for any 6 € T, it holds by arguments analogous to the ones made in the proofs of Lemmas
2 and 6 that

Ey-[EBLR(i,07) | ©1 = 01,01 = 0a,...,0; = 0F,...,0, = 0,] <1

for any ¢* € ¥ and any 0; € 7 with j # i. Consequently, the empirical Bayesian
confidence set defined as

1
EBCy(a,i) = {e € T:EBLR(i,0) > f} (3.11)
o
satisfies the conditional minimum coverage probability stated in (3.9). Similarly, to

construct a test for the null hypothesis Hy : §f € Tio (where I is a proper (!) and
non-empty subset of {1,...,n}, 6 = (6})ier and Tro C T is non-empty) against any
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alternative, which cgntrols the conditional type I error probability at level a € (0, 1),
define an estimator v (I¢) that depends only on the subset of the data indexed by I¢ and
define the full likelihood of v based on the data indexed by I as

i) =] /T Fx1(X1168) 70(8) dyig

i€l

as well as the conditional likelihood of 8y derived from the same data as

L5 (6n) = [ [ fxj0(Xil60).

1€l
Next, we define the test statistic
‘Cﬁull (12)(]18))

Sub g, o L5 01)

0 if S Eﬁond(ﬁﬂ) = +o00,
“+o00 if supy, ez, L5 (9y) = 0.

if 0 < supyg, ez, LE(9r) < +00,
EBT, =

For this statistic, it can be shown by a similar argument as in the proof of Theorem 3 of
Wasserman et al. (2020) that

Ey+ [EBT, |©1 € Tip, 01 € T'] <1

for any * € U and any 77 C 7" IIl. Therefore, the test which rejects the null hypothesis
if and only if EBT,, > é indeed has level « in the sense of (3.10).

Nguyen and Gupta (2023) apply this strategy for Empirical Bayesian inference to three
well-known Bayesian models (in all of them, it is assumed that (X1,01),..., (X, O5)
is an i.i.d.-sequence): Stein’s problem (0; ~ N(0,v?) with ¥? > 0 and [X;]|©; = 6;]
~ N(0;,1)), the Poisson-Gamma count model (0; ~ Gamma(a,b) with a,b > 0 and
[Xi|©; = 6;] ~ Poisson(f; w;) with w; > 0 known) and the Beta-Binomial model
(0; ~ Beta(a, f) with «, 5 > 0 and [X;|0; = 6;] ~ Binom(m,, 6;) with m; > 0 known).
Using data simulated from these models, they found that the resulting confidence sets
and tests on the sequence ©1,...,0, to be very conservative and that for sample sizes
up to 1000, no significant empirical decrease of average length (in the case of confidence
intervals) or significant empirical increase of power (in the case of hypothesis tests) can
be observed. For example, in Stein’s problem, the conditional confidence interval for ©,,
constructed as in (3.11) has an empirical conditional coverage probability that can not
be distinguished from 1 for o < 0.05 and for almost all values of 12 and the average
length of this interval remains stable when increasing the sample size from 10 to 1000
observations. The same can be observed for confidence intervals resulting from data that
is simulated from the Poisson-Gamma count model. However, while in Stein’s model, the
average length of the interval does not seem to depend on the true value of 42, the em-
pirical average lengths of the intervals resulting from simulations of the Poisson-Gamma
model differ considerably for different true values of a and b. Testing the null hypothesis
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Hy : 0}, = 07 against the alternative Hy : 8)_, # 0 in the Poisson-Gamma model
with simulated data, Nguyen and Gupta (2023) find that the empirical size of this test
is more or less indistinguishable from 0 for o < 0.05 as well as almost all true values of
a and b and that the empirical power of this test, while depending on the true values of
a and b, grows very slowly when increasing the sample size from 10 to 1000.

3.4.2 Testing for log-concavity

In non-parametric density estimation, it is a common procedure to impose shape con-
straints on the distributions considered to be possible for the data, as this can be viewed
as a middle ground between a parametric and a fully non-parametric approach. A particu-
larly popular constraint is log-concavity: A probability density function f : R [0, +00)
is called log-concave if

() = e

for some concave function g : R4 — R. The class of log-concave distributions includes
many of the most-commonly encountered continuous families such as the normal, uniform
(on a convex support), logistic and Laplace family (see Bagnoli and Bergstrom, 2005).
Furthermore, d-dimensional log-concave densities have numerous properties one often
considers to be desirable: They are uni-modal, their cumulative distribution function and
the marginal densities of all subvectors are log-concave as well, their support is a convex
subset of R? and in the univariate case (d = 1), their right tail is at most exponential,
which implies that all the moments of the corresponding distribution are guaranteed to
exist if its support (I, u) satisfies | > —oo (see An, 1998, where several other properties
are discussed, too). Regarding statistical inference, the class of log-concave densities
has attractive properties as well: According to Theorem 1 in Cule et al. (2010), if one
observes the d-dimensional data Xi, X»,..., X, (with n > d) which are i.i.d. according
to an unknown probability density function f*, then the maximum likelihood estimator
for f* among the class of d-dimensional log-concave densities Fy,

Fo = avg max ZZ} In (f(Xy))

exists and is unique almost surely, regardless of whether f* € F; or not. Moreover,
while an analytic expression of fn is typically unavailable, several algorithms to approx-
imate this maximum likelihood estimator have been proposed and also implemented in
statistical software (see, for example, Cule et al., 2009; Diimbgen and Rufibach, 2011).
Importantly, these algorithms do not require the choice of a bandwidth, while for the
commonly used Kernel density estimator, a d X d bandwidth matrix needs to be specified
to estimate the true density from d-dimensional data.

Consequently, testing the assumption that the true probability density function is log-
concave can be seen as a perfect opportunity to apply universal inference, specifically, the
subsampling likelihood ratio test: The result of such a test can be used as a motivation
to choose the method of log-concave density estimation and, although the underlying
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statistical model is non-parametric, the split LR test can be implemented because the
maximum likelihood estimator under the null hypothesis exists and can be approximated
well. Furthermore, according to Dunn et al. (2024), while several ideas how to test this
assumption exist in the literature, none of them have provable guarantees regarding
their type I error probability, not even in an asymptotic sense. To define the hypotheses
and the corresponding test statistic formally, suppose we observe R%valued i.i.d. data
X1,..., Xy (with n > d), distributed according to the probability density function f*(x),
and we want to test the null hypothesis Hy : f* € F; against the alternative Hy : f* ¢ Fy.
To this end, we compute B € N (possibly random) partitions of the index set {1,...,n},

({DO,b’Dl,b})b 5 and, for every b = 1,..., B, define some estimator flb for f*
=1,..., ’
based only on the data indexed by Dy . Following (3.2), we define

Unb:HeDO,b 1.6 )’ (3.12)

" iy, fos(Xi)

where }O,b($) is the maximum likelihood estimator for f* among the class of log-concave
densities, computed only with the subset of the data indexed by Dg . Averaging these
random variables, we define the test statistic

B
1
U =5 > Uns (3.13)
b=1

and, following the discussion from Subsection 3.1.1, the test with the decision rule

1
Reject Hy iff. US> > — (3.14)
(6%

has significance level « for any « € (0,1). Importantly, this result holds in finite samples
and for any dimension d. Regarding the estimators ]}u” while no choice of them can com-
promise the significance level, it would be wise to choose ones that approximate the true
density f* well, as otherwise, the power of the resulting test might be a lot lower compared
to a subsampling LR test that uses ‘good’ estimators for f*. Dunn et al. (2024) suggest
either to use a parametric approach, so to implicitly assume that f* € {fy : 0 € O} with
© C RP and therefore use fljb(x) = fél,b(x)’ where 91,1, € arg maxyce Hz’eDl,b fo(X5)
(assuming that such a maximizer for the likelihood function based on D; exists), or to
set be as the d-dimensional Kernel density estimator computed from the data subset
indexed by D1 1, where the corresponding d x d bandwidth matrix may be pre-specified
by the user or determined by procedures such as cross-validation (which, of course, may
only be performed on the data indexed by Dy ). In theory, it is also possible to mix
both approaches, i.e. to use a parametric maximum likelihood estimator for f* when
b € Spar and a Kernel density estimator for f* when b € Syonpar, Where Spa, is a proper,
non-empty subset of {1,..., B} and Snonpar = {1,..., B} \ Bpar-

While the theory of universal inference guarantees that the test using the decision rule
(3.14) controls the type I error probability at level o € (0,1), the power of this test for
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a specific true density f* needs to be evaluated empirically. As an interesting showcase,
Dunn et al. (2024) consider a specific d-dimensional Gaussian mixture model, namely
X ~ f,~ with

(@) = 3 0alw) + 5 ale — w0,

where ¢4(x) is the probability density function of the Ny (0, I;)-distribution. This is an
interesting setting for our discussion because in this case, the true density f,+ is log-
concave if and only if ||u*|| < 2. Therefore, they generate n = 100 observations from
this model for different values of p* = (u7,0,.. .,0)T € R? and compute the result of
the statistical test (3.14) (with B = 100) based on these observations. These simulations
show that the power function (depending on y}) behaves reasonably well in the univariate
case, but with growing dimension d, the subsampling LR test for log-concavity becomes
catastrophically conservative, no matter which estimators }1,b are used for f*. As Dunn
et al. (2024) note, the simulations indicate that ||x*|| would need to grow exponentially
with respect to d to maintain a stable power level, even if for any subsampling split
b € {1,...,B}, the estimator fl,b is replaced by the true density f*. This curse of
dimensionality of universal inference was also noticed in the multivariate Gaussian model
by Strieder and Drton (2022) and a heuristic explanation for it is given in Remark 4.2 of
this work. Interestingly, the simulations by Dunn et al. (2024) from this mixture model
indicate that empirically, the permutation test for log-concavity suggested by Cule et al.
(2009) behaves exactly the opposite way: The power function of this test increases with
the dimension d. However, it also seems to violate the nominal significance level o € (0, 1)
for d > 3.

Since the power of the subsampling likelihood ratio test becomes catastrophically low
for large dimensions d, Dunn et al. (2024) suggest to combine the universal inference
approach with a dimensionality reducing procedure. Their idea is to convert the d-
dimensional density of the data into a univariate one via projections, as in this setting, the
property to be tested (log-concavity) is preserved under projections: According to part (a)
of Proposition 1 in Cule et al. (2010), if the random vector Y € R? is distributed according
to a log-concave density, then for any given subspace V of R?, the marginal density of
the orthogonal projection of Y onto V', Py (Y'), is log-concave as well. Dunn et al. (2024)
present two strategies for dimensionality reduction that build on this result. On the one
hand, a trivial consequence of it, which was already mentioned above, is that under the
null hypothesis, the d marginal densities of f* (which correspond to the densities of the d

(1)

axis-aligned projections of X; = (X, 7, ... 7Xi(d)) are log-concave, too. Therefore, it holds

that under the null, for any collection of data splits ({D07b, Dl,b}) 1B any estimator

}1 v for a one dimensional density function, which is based only on (XZ.(k)> o and
'Oy 1€ 1,b

any k= 1,...,d, the expectation of the non-negative statistic

: (k)
axis-proj _ [Liepo,, f104(X:)

n?b’k 9 k ’
e, Fopr(X)
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where }O,b,k’ is the log-concave maximum likelihood estimator based only on the data

(Xi(k)) D is bounded by 1. Consequently, the same holds for the test statistic
1€Do b

11 d B
sub,axis-proj __ —
Un ~ 4B ZZU”J”’“

k=1 b=1
and thus, the test that rejects the null hypothesis of log-concavity iff. sub,axis-proj - é
has level a € (0, 1). Similarly, instead of projecting the data onto the d axes, we may use
Nproj random vectors (which of course should be independent of the data) V1, .. ., Vipro; €
R? and compute the projection Py, (X;) = VkTXZ- for each £ = 1,...,m.0; and each
1 =1,...,n. As an example, each of the random vectors V; may be defined as ”§—:”
with Xy,..., Xy, i N(0,1;), which would result in the V} being independently and

uniformly distributed on the d-dimensional unit sphere. Then, we may adapt the test
defined via (3.12), (3.13) and (3.14) in the same way as with the axis-aligned projections
above and the resulting decision rule will again control the type I error at level a.

To reveal that the subsampling likelihood ratio tests (with B = 100 data splits)
in combination with axis-aligned or random projections perform much better in high-
dimensional models than the subsampling LR tests without the help of dimension re-
duction, Dunn et al. (2024) simulate 100 observations from the multivariate Gaussian
mixture model mentioned above for different values of p* = (uj,0,... ,0)T € R? and
compute the corresponding results of the three tests. The empirical power functions of
the adapted subsampling LR tests decrease only very slowly between dimensions d = 1
and d = 4. The power functions of the two adaptions behave very similarly, with the
power of the axis-aligned projection approach slightly beating the one of the random
projection approach. In this specific parametrization of a multivariate Gaussian mixture
model, the dominance of dimension reduction via axis-aligned projections is to be ex-
pected because under the alternative, all the empirical ‘non-log-concavity’ is due to the
first component of X;. Thus, Dunn et al. (2024) continue to show empirically that, if the
data is simulated from the parametrization

1 T d
= (] DT e R
[ \/a(HM s 1] [12*1])

(so the empirical ‘non-log-concavity’ in the alternative case ||u*|| > 2 is split evenly
among all the components of X;), then, not surprisingly, the random projection ap-
proach beats the axis-aligned one. Consequently, we might conclude that if the ‘non-
log-concavity’ of the true data generating distributions f* is due to one or few of its
components, then dimension reduction with axis-aligned projections will perform better
and if the ‘non-log-concavity’ of f* is distributed rather evenly among its components,
then the random projection method will have higher power. All in all, a useful conclu-
sion of this use case of universal inference is that in high-dimensional models, one should
try to reduce the dimension of the inference problem before applying universal inference
methods.
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3.4.3 Testing for homogeneity in a two-component Gaussian mixture
model

Gaussian mixture models are one of the most commonly used irregular statistical mod-
els. In this context, irregularity means that one of the conditions that imply that the

likelihood ratio test statistic LRT;,, = 2 (supﬁe@ L(V) — supyeg, E(ﬂ)) for testing a null

hypothesis Hy : 0 € ©g against the alternative Hy : 6 ¢ ©¢ asymptotically follows a
x2-distribution with d — p degrees of freedom (where d is the dimensionality of the whole
parameter space © and p is the dimensionality of the null hypothesis set Og) is violated.
Given this irregularity, it is not surprising that the application of universal inference
in the context of two-component Gaussian mixture models was already suggested by
Wasserman et al. (2020). In general, a d-dimensional Gaussian mixture model with two
components may be defined as the set of probability measures with probability density
functions:

1

Fop® 4@ 5, 5, (T) =P ¢a (21 2 (x— M(l))) + (1=p) ¢a (Eg

1
2

(z — u(2))>, (3.15)

where p € [0, 1]; ugl),,u@) € R4 ¥;,%, are symmetric, positive definite d x d-matrices

and ¢g(x) is the density function of the N4(0, I4)-distribution. From a Bayesian point
of view, this model may be interpreted in the following way: First, a random variable
G with P(G = 1) = p and P(G = 2) = 1 — p is realized. Depending on the value of G,
the observation X is generated from one of two possible distributions: If G = 1, then
X is drawn from a Ng(u™), $1)-distribution. If G = 2, then X follows a Ny(u?, ¥)-
distribution. In this context, p € [0,1] is usually called the mixture weight. Many
different specifications can be derived from the general model formulation (3.15): The
mixture weight p may be known, one or both of the group mean parameters x(!, (2 may
be known or one may assume that 31 = ¥o. The latter specification is called the homos-
cedastic case. It already gets rid of one of the problems regarding inference in the general
multivariate Gaussian mixture model, namely that the likelihood function is unbounded
with probability 1 (to see why, consider the univariate case d = 1: Fix some p € (0, 1]
and p® e R, set p) = X; and let &) = 02 — 0). However, even in the homoscedastic
case, the test for homogeneity, which is probably the most interesting hypothesis in the
context of mixture models, fails to satisfy the usual regularity assumptions: Consider the
univariate, homoscedastic version of (3.15) with known variance 02 = 0? = 03 = 1 and
known group mean parameter u(!) =0, so the corresponding densities are

fopo (@) =po(z) + (1-p) ¢(x—p®), (3.16)

where ¢(z) denotes the density function of the standard normal distribution. Homogen-
eity in the context of mixture models means that the data is in fact generated by only
one distribution instead of two different ones. In the model formulation (3.16), the null
hypothesis of homogeneity can be written as

Hy:p*=1orpt? =0, (3.17)
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while the alternative hypothesis of heterogeneity may be specified as
Hy:p*€(0,1) and ,u,ig) #0.

Note that we have further restricted the null hypothesis to the assumption that all the
data is generated from a standard normal distribution, i.e. if the data is generated from
only one normal distribution, we automatically assume it to be the standard one. It is
easy to see that under the null hypothesis, the Fisher information matrix is singular (note
that % (f, @ (91:)]}10:1 = a% In[f, @ ()] ‘u@):o =0 for all x € R), thus, the classical
regularity conditions from Wilks’ theorem are violated. Indeed, Liu and Shao (2004)
prove in Theorem 2 of their paper that under the null hypothesis (the data is distributed
according to the standard normal distribution), the likelihood ratio test statistic LRT),
for the null hypothesis (3.17) does not converge in distribution to x?, but diverges to +oo
at rate Op(loglog(n)). Specifically, they show that LRT;, —loglogn +log(27?) converges
in distribution to a Gumbel distribution with mean parameter y = 0 and scale parameter

8 =2
i.1.d

Theorem 25. Suppose that Xi,...,X,, ~ N(0,1). Then, for the likelihood ratio test
statistic for the hypothesis (3.17) in the model (3.16),

n

LRT, =2(  sup S In(pe(Xi) + (1-p)o(Xi —u®)) = Y In(4(X))).
i=1

pe(0,1], pPeR ;5

it holds that

lim P(LRT, —loglogn + log(27?) < ) = exp ( —exp (— g)) (3.18)

n—oo

for any x € R.

On the other hand, as the universal inference methods do not require any regularity as-
sumptions on the statistical model or the null hypothesis to be tested, the split likelihood
ratio test for homogeneity with nominal significance level « € (0,1) will be valid, even

in finite samples. In this situation, a natural choice for the estimator 6; = (p1, ﬂgQ))T

is the maximum likelihood estimator for 0* = (p*, ,uf))T based on the data indexed by
D;. This maximum likelihood estimator exists almost surely and, while not available
analytically, may be approximated with the expectation maximization algorithm (see,
for example, McLachlan and Krishnan, 2008).

Shi and Drton (2024) study the asymptotic properties of the log split likelihood ratio
test statistic in this setting: To this end, they fix a splitting ratio r¢g € (0,1) and assume
that, for n large enough, the index set {1,...,n} is partitioned into {Dg,D;}, with
|Do| = |ron]. Then, they show that under the null hypothesis, the log split likelihood
ratio test statistic, SLR,, = 2 In(U,) (where U, is the split LR test statistic as defined
in Definition 14), tends to —oo at order O,(loglogn) and, with an appropriate scaling,
is asymptotically normal (Theorem 3.3 of Shi and Drton, 2024).
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Theorem 26. In the setting discussed above of a splitting ratio ro that is constant with
respect to the sample size n, the log split likelihood ratio test statistic SLR,, for the null
hypothesis (3.17) in the model (3.16) is defined as

SLR, = 2<£o Lo i) =Y (o )

1€Dg

where (ﬁl’n,ﬂﬁ)l)T is the maximum likelihood estimator for (p*, ugﬂ )) based only on the

data subset indexed by D1 and £y (p, u(z)) = Y ieD, 10 (fp 4@ (XZ)) Suppose that the

null hypothesis is true, i.e. we observe Xq,..., X, o N(0,1). Then we have

2,/ l_m log logn

This result is quite surprising given the fact that the classical likelihood ratio test
statistic for homogeneity in this model is not asymptotically normal, but converges (with
an appropriate scaling) to an extreme value distribution (the Gumbel distribution). Shi
and Drton (2024) use (3.19) to show that the split likelihood ratio test in this setting
(which rejects Hy if SLR,, > 2( In (é))) can distinguish the null hypothesis from a local

alternative at the rate ,/-—— \/b@%. This is an interesting observation: It means

2 N(0,1) (3.19)

1—rg
that when testing the hypothesis of homogeneity in a contaminated Gaussian mixture
model, the rate of detection depends on the splitting ratio ry. In other words, choosing a
small 79 has the benefit of a smaller detection rate. However, Shi and Drton (2024) find

in their simulations that, as long as the local alternatives shrink at a rate 4/ loglﬂ

with |y > /2 —
instead want to consider a test for homogeneity built on the classical likelihood ratio test
statistic LRT,, with asymptotic size «, then, following (3.18), we should use the decision
rule

choosing a higher value of 7y leads to a higher empirical power. If we

Reject Hy iff. LRT,, > loglogn — log(2n?) — 2log (—log(1—a)). (3.20)
Theorem 2.1 of Hall and Stewart (2005) shows that this (asymptotically valid) likelihood

ratio test can detect alternative models at rate 4/ logl%. Therefore, Shi and Drton

(2024) conclude that in the contaminated Gaussian mixture model, the split likelihood
ratio test and the likelihood ratio test (3.20) have the same detection rate for homogeneity
up to a constant (which depends on the splitting ratio rg).
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4 Comparisons of the split Likelihood
Ratio and the classical Likelihood
Ratio confidence set

We now turn to a discussion about the relation between the split likelihood ratio con-
fidence set defined in Chapter 2 and the classical likelihood ratio confidence set, which
is used for inference in many statistical models of practical interest. Specifically, we will
compare the split likelihood ratio confidence set that uses a maximum likelihood estim-
ator based on Dy (if it exists) for 6 with the classical likelihood ratio set in terms of
subset relations as well as their respective volumes. Only considering this specific type
of split LR confidence sets is a sensible restriction because then, both sets will be very
similar, in the sense that they both will be based on likelihood ratio statistics (the split
set uses the likelihood function based on Dg, while the classical set uses the likelihood
function based on the whole data), where in the denominator, the corresponding like-
lihood function is evaluated at a maximum likelihood estimator (for the split set, the
estimator is based on D1, while for the classical set, the estimator is based on the whole
data). Moreover, in the context of universal inference, using maximum likelihood estim-
ation (if it is available) in general seems like a natural choice and arriving at conclusions
about the split LR confidence set in general is difficult if no restriction on the type of
estimator used for 0 is imposed. In this context, it could be conjectured that (probably
under weak conditions regarding the statistical model), among all possible choices for él,
the average diameter and/or volume (Lebesgue measure) of the resulting split likelihood
ratio confidence set is minimized by the maximum likelihood estimator. However, to our
knowledge, a result of this kind has not been published yet.

In this chapter, we will mainly present results which, to our knowledge, are not yet
known in the literature. As was mentioned above, we will restrict the following discussion
to a special case of the split likelihood ratio confidence set, namely the one which uses
maximum likelihood estimation for 8;. We will call the resulting confidence set a split
maximum likelihood ratio confidence set (split MLR confidence set).

Definition 27. Consider a statistical model {Py : 6 € O}, where © C R? is non-empty,
a given sample size n and a partition {Dg,D1} of the index set {1,...,n}. Assume that
for any true parameter 0, € O, the likelihood function based on the data indexed by Dy

~ML
has at least one mazimizer Py, -a.s., i.e. Py, (argmaxyecg L£1(¥) # 0) = 1. Define 6,
to be a maximum likelthood estimator based on D1, by which we mean some measurable
selection (with respect to the data indexed by D) of argmaxycgq L£1(9). Then we call the

P ~ ML
split likelihood ratio confidence set with 61 =6,  and nominal coverage probability 1 — «
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4 Comparisons of the split Likelihood Ratio and the classical Likelihood Ratio confidence set

the split maximum likelthood ratio confidence set (split MLR confidence set) with
nominal coverage probability 1 —a and denote it as CME(a). Furthermore, we denote the
statistic on which this confidence set is based as TM(a).

The next definition then deals with the well-known likelihood ratio confidence set.
While the case of parameter values 6 with £(6) = 0 is usually not discussed in the
literature, we explicitly include it here because it was taken into account in our definition
of the split likelihood ratio confidence set as well. We also consider the possibility that
the maximum likelihood estimator for 8, based on the whole sample may not exist, which
includes the case that the likelihood function is unbounded.

Definition 28. For any statistical model {Py : 6 € O}, where © C R? is non-empty,
and given sample size n, we define the (0, +o00]-valued-likelihood ratio statistic as:

Supgece L£(¥) .
Lio)— { E D TL0) >0,
Yoo if £(6) = 0,

Following this, we define the classical likelihood ratio confidence set (LR confidence
set) with nominal coverage probability 1 — a to be’:

LRCy(a) = {9 €6 :2In (LR,(0)) < Qu(1 — a)},

where Qq(+) 1is the quantile function of the chi-squared distribution with d degrees of
freedom.

It is a well-known result (see, for example, Theorem 12.4.2 in Lehmann and Romano,
2005) that under certain conditions, 2In (LR, (64)) — x3, where 6, is the true para-
meter. Consequently, if a statistical model satisfies these conditions, then LRC),(«) is

an asymptotically valid confidence set with nominal coverage probability 1 — « for 6., in
n—oo

the sense that Py, (9* € LRC’n(a)) ——1—q, for any a € (0,1).

4.1 Comparisons in dimensions 1 and 2

For the first part of our discussion about the relation between the split MLR and the
classical LR confidence set, we will restrict ourselves to one- and two-dimensional models.
The reason for this is the specific relationship between the upper quantile function Q4(1—
a) of a chi-square distribution with d € N degrees of freedom (which is the critical value
used for the classical LR confidence set with nominal coverage probability 1 — « in a
d-dimensional model) and the function a +— é (which is the critical value used for the
split LR confidence set with nominal coverage probability 1 — «, in any dimension d).
This is illustrated by Lemma 29. Using this result, the central theorem of this section,
Theorem 30, shows that the classical LR set is always a subset of the split MLR set as
soon as the latter exists. Proposition 31 then gives a minimum condition under which

'With the convention that In(+00) = +oo.
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4.1 Comparisons in dimensions 1 and 2

the classical set is even a proper subset of the split set for some (data dependent) «.
Following this, we show that slightly stronger conditions on the statistical model (which
are still satisfied in most of the models commonly considered in applications) imply that
the volume (Lebesgue measure) of the split MLR confidence set is almost surely larger
than the one of the classical LR confidence set, as long as for the given a € (0, 1), there
is a positive probability that the classical set with confidence level 1 — a does not already
cover the whole parameter space: Theorem 32 expalins these conditions for dimension 1,
while Theorem 35 describes the (slightly stronger) ones needed in dimension 2. We want
to stress that even in Theorem 35, the required assumptions on the statistical model are
very weak, such that for most models of interest in dimension 1 and 2, we can conclude
that the classical LR confidence set will always turn out to be a subset of the split MLR
one and that with positive probability, the latter will have a larger volume than the
former.

Lemma 29. Define Qq : (0,1) — (0,4+00) as the quantile function of the chi-squared
distribution with d € N degrees of freedom. Then, for any o € (0,1):

L Q0-o 1

i)e 2 —

a

N Qo(l-a) 1

it)e 2 = —

o

Lo Qo 1
iii)e” 2 > —;d>3.

o

Proof. We start by proving the second identity. Recall that the probability density
function (pdf) of the chi-squared distribution with d degrees of freedom is given by

1 g_l —x

eI

where I' denotes the Gamma function. For d = 2, this boils down to

f2 (:L‘) =5€e?,
which is the pdf of the exponential distribution with parameter A = % Knowing the
formula for the cumulative distribution function (cdf) of an exponential distribution, we
see that the cdf of the chi-squared distribution with d degrees of freedom is Fy(z) =
1 — e 3%, Inverting this gives the corresponding quantile function:

Q2(8) = =2 In(1 - B),

and identity ii) follows directly from this by plugging in 5 = 1 — . From here, it is easy
to see that the inequalities i) and iii) hold because the sequence of quantile functions

(Qq)den obviously is strictly increasing, and therefore, the sequence (Gg)g4en defined by

Qq(l—a)
Gqla) =€ T s strictly increasing as well. O
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4 Comparisons of the split Likelihood Ratio and the classical Likelihood Ratio confidence set

We see that if both sets are written in terms of their respective likelihood ratios
(without logarithms), the critical value of a split MLR confidence set with minimum

coverage probability 1 — « is guaranteed to be larger than or equal to the critical
Qul-a)
value of the corresponding likelihood ratio confidence set, e T3 , in dimensions 1 and

2. Consequently, if we can show that the likelihood ratio function of the classical set is
always larger than or equal to the corresponding function of the split MLR confidence
set, it follows that the classical set will always be a subset of the split MLR set. This is
the content of the following important theorem.

’ o?

Theorem 30. Consider a statistical model {Py : 0 € O}, where the non-empty parameter
space © is either a subset of R or R?, a given sample size n as well as any partition
{Dg,D1} of the index set {1,...,n}. Suppose now that for this sample size and partition,
Py, (argmaxycg L£1(9) # 0) = 1 for any 0, € ©. Then, for any o € (0,1) and any true
parameter 0, € O, the classical LR confidence set is a subset of the split MLR confidence
set with probability 1:

Py, (LRCy(a) € CME(a)) = 1.

Proof. First, rewrite the classical LR confidence set as:
Qg(l—a)
LRCy(a) = {9 €O:LR,(0) <e 7 }

Note that the theorem is restricted to dimensions d = 1 and d = 2. In Lemma 29,

Qi(l—o) Qo(l—a)
we showed that e 2 < é and e 2 = é for all @ € (0,1), so it holds in the
Qil—a)
setting of the theorem that e 3 < é Thus, the result is proved if we can show

that LR, (0) > TMY(9) for all # € © (note that because of our assumption that the
set of maximizers of the likelihood based on the data indexed by Dy is non-empty with
probability 1, TME(0) as well as CME(a) exist with probability 1). This statement is
trivial if £(6) = 0 because then LR, (f) = +o0o. Consequently, we only need to compare
the two statistics in the case where £(6) > 0, which also implies that L£o(6), £1(6) > 0
because L£(0) = Lo(6) - L£1(0). In this situation, we get:

~ML ~ML ~ML
LR (0) _ SUDyeo L(9) . E(ﬁﬁ(;)) _ ﬁo(ﬁl ) Ly (91 )

L(9) Lo(0)  L1(9)
(&)

~ML

where the last inequality follows from % > 1 for all 8 € © and the last equality
follows from the definition of TM(#) in the case where Lo(8) > 0. O

We have shown that as soon as the split MLR confidence set exists in a statistical model
of dimension 1 or 2, the classical likelihood ratio confidence set will always be a subset
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4.1 Comparisons in dimensions 1 and 2

of it. Naturally, the question now arises for which statistical models there is a positive
probability that the likelihood ratio confidence set will be a proper subset of the split
MLR confidence set (so, besides LRC,,(a) € CME(a), we have CME () \ LRC,, () # ().
The following proposition gives a very weak sufficient condition for this property with
respect to the families of these confidence sets, CM* = {CM*(a) : a € (0,1)} and
LRC,, = {LRC’n(a) ca € (0, 1)}, in the sense that the property only holds for some,
but not necessarily every a € (0, 1).

Proposition 31. Consider the same setting as in Theorem 30. Furthermore, assume
that for the true parameter 0, € O, there exists a ¥(04) € © such that

1(po, (z) > pg(z) > 0) >0, (4.2)

where w, pg, and py are defined as in Subsection 1.1. Then there exists an o/ (0) € (0,1)
such that Py, (CME(a/) \ LRCy, (/) #0) >0

Proof. First, observe that condition (4.2) implies that there exists a ¥(6,) such that
Py, (po. (Xi) > po(X;) > 0) > 0.

Next, defining the event Ag, y = (=1, {po.(X;) > pyo(Xi) > 0}, we see that
Pg* (A,g*ﬂg) > 0 as well as AQ*’ﬁ - {[,(9*) > [,(19)} and Ag*ﬂg - {El (9*) > L4 (19) > 0},
which implies Ag, 9 € {L(0x) > L(V), L1(0+) > L1(¥) > 0}. Also, observe that from

(4.1), it follows that {El(éllvm) > L1(9) > 0} € {LR,(Y) > TM:(¥9)}. Consequently, it
holds that

0 < Py, (A9 19) < Py, (,C(a*) > L(0), L1(04) > L1(0) > 0)
< Bo. (sup £(6) > £(9), L") > £1(0) > 0)
< Py, (LRn(f}) > 1, LR, (0) > Ta™(9)).

Now, note that since Py, (LR, () > 1, LR,(¢) > Ta™(9)) > 0, there exists a constant
C > 1 such that
Py, (LR, (¥) > C > TA™(¥)) > 0.

To see why this is the case, observe that

{LR,(9) > 1, LR,(9) > Ty ()} = |J {LR.(9) > ¢ > T,™(9)}
q€Q, ¢>1

and therefore

0 <Py, (LR,(¥) > 1, LR,(¥) > TY™(9)) < Y Py (LR(0) > q > Th™(0)).
qeQ,q>1
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4 Comparisons of the split Likelihood Ratio and the classical Likelihood Ratio confidence set

This guarantees the existence of a rational number ¢’ > 1 such that Py, (LR, (¢) > ¢ >
TME(9)) > 0. Now, we just need to choose o/ = % € (0,1) to get the desired result:

Conditional on the event {LR,(9) > ¢’ > TMU(9)}, we have that

ﬁgé{@e@: LRn(O)Sq’}={9€91 LRn(H)Sé}

(1—a’)
>{oeo: LR(0) < 215 } = LRC, (o),

Qql—a) 1 . ML /
because e~ 2 < = for d = 1,2 and any a € (0,1). However, since T;"(9) < ¢’ on

this event,

9 e {0 co: TML(g) < q’} - {9 co: TMLG) < é} = OML(y).

We arrive at the conclusion that if we choose o/ = %, then, conditional on the event
{LR,(¥) > ¢ > T)"™(9)}, we have CM(«/) \ LRCy (/) 2 {d}. Since this event has
positive probability under 6., we have completed the proof of 4i). O

Remark. The condition that there exists a ¥(6,) such that pu(pg, () > py(z) > 0) >0
for the true parameter 6, essentially ensures that inference on 6, is neither impossible
nor trivial with positive probability. Specifically, the condition implies that with positive
probability, the likelihood function is neither constant for all parameters in the model
(in which case all sensible confidence sets will be equal to the whole parameter space ©)
nor only positive for the true parameter 6, (in which case all sensible confidence sets will
collapse to {6.}). It is easy to see that if this condition is not satisfied by a model and
supgce L£(0) < oo (which ensures that LRC),(«) is non-empty), then with probability 1
and for all a € (0, 1), we would get either LRC,,(a) = © or CM(a) = {6.}. Obviously,
the classical LR confidence set cannot be a proper subset of the split MLR confidence
set for any a € (0,1) in this case.

While Proposition 31 describes the minimal condition on a statistical model such that,
with positive probability, LRC,(a) may be a proper subset of CM(a) for some (data
driven) a € (0,1), it does not tell us anything about the relationship between the two
confidence sets for a fixed confidence level 1 — «. Moreover, we cannot use Proposition
31 to conclude that LRC,(a) has a smaller volume than CM!(a) (almost surely or
on average), since even for o/ with CM¥(a’) \ LRC,(a') # ), the result does not tell
us anything about the Lebesgue measure of this relative complement. The following
two theorems give sufficient conditions to ensure that the volume of the classical LR
confidence set is almost surely smaller than the one of the split MLR set for those « such
that the first set does not already cover the whole parameter space with probability 1.
First, Theorem 32 describes such a condition in the one-dimensional case.

Theorem 32. Consider the same situation as in Theorem 30 with © C R. Furthermore,
assume that for every fized x € X, the function 6 — py(x) is continuous. Then the
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4.1 Comparisons in dimensions 1 and 2

following statements hold for the Lebesque measure \[-] on R, any true parameter 0, € ©
and any o € (0,1):

i) Py, (A[c;yL(a)] > )\[LRCn(a)]) ~ 1.
ii) Py, (A[C;‘/L(a)] > )\[LRCn(a)D = Py, (LRCy () # ©).

Proof. Statement i) is a direct consequence of Theorem 30, in which we showed that

Py, (LRCy () € CME(a)) =1 for any o € (0, 1) as soon as 912411 (and therefore CM(a))
exists Py, -a.s.

To prove Statement i), we will show that the events A = {A[CM(a)] >
ALRCy(@)]} and B = {LRCy(a) # ©} are equivalent: The fact that A C B is
trivial because if LRCy(a) = O, then A[LRCy(a)] = A[©] > A[CM(a)]. To show
that B C A, we consider two cases:

e Case 1: supyce £(U) = oco. On this event, it holds that LRC,(a) = 0 for all
€ (0,1) because LR, () = oo for all # € ©. To prove B N {supyee L(V) =

0o} = {supgee L(V) = 0o} C{A[CYME(a)] > A[LRCy(a)]}, it therefore suffices
to show that A[CM™(a)] > 0 for any o € (0,1). To see this, note that there
always exists a (data dependent) 6 € © such that TM(¢') < 1 < L for all

“ R ~ML .
a € (0,1): It Lo@™) > 0, then TM@)) = L@ ) — 1 1¢ £o0)™) = 0,

~ML

then TML(0,) = Cgé(zé*)) = 0. Moreover, TM(#) is a continuous function with
respect to 6 € © (Py,-a.s.) due to the assumption that 8 — py(x) is continuous for
every fixed x € X. Because of this and the fact that © is connected as well as the
implication of supycg £(¥) = oo that the parameter space cannot be a single point
{6}, we can find an interval [0/, 6’ + e(a)] with €(c) > 0, such that T)(6) < L for
any 0 € [0/, 6’ +¢€()]. This implies that A\[CM(a)] > A[[0/,0' +¢(a)] | = €e(a) >0
for any o € (0,1).

e Case 2: supyce L£(¥) < oo. Note that conditional on the event BN{supycq L(¥) <
oo}, the two following (data dependent) points in the parameter space exist:
(1—c)
01 € ©s.t. LR, (01) > e (because LRC),(a) # ©)
(1—c)
0 € © s.t. LR, (02) < e (because sup L(¥) < oo
ASIC]
supyee L£(V)
L(6")

and therefore, V e > 0 3 0'(e) s.t. <l+e)

Q1(1-a)
In turn, the existence of 1 and 0, implies the existence of a f3 such that e 3

) Q1(1-a)
LR,(03) < - (note that e” 2
29): If LR,(0;) < &

a’

< é for all @ € (0,1), as explained in Lemma
set 03 = 61; on the other hand, if LR, (0;) > é, use the
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4 Comparisons of the split Likelihood Ratio and the classical Likelihood Ratio confidence set

intermediate value theorem (which can be applied because O is connected and
LR, (0) is almost surely continuous with respect to § € © due to the continuity
assumption regarding the densities in the model) to get f3. The continuity of
LR, (0) and connectedness of © then also implies that there exists a §(a) > 0, such

that

Q1(1-a) 1
e < LRy (0) < -
(6]

for all § € [05 — §(«), 05+ d()]. As a consequence of these considerations, we have
that, conditional on B N {supyce L(V) < oo},

M)\ LRCu(a) = {00 TN (0) < ~ I\ {he0: LR(0) <5}

S{oco: LR < J\{oco: IR0 <M

[0 — 0(a), 03 + ()],

1

where the first superset relation follows from the fact that LR, (0) > TM:(0) as
soon as TME(0) exists (see (4.1)). Consequently, we get

ACYE(@)] — A[LRCh(a)] = A[CM(a) \ LRC, ()]

)\
> A[[6s — 6(c0), 63+ 6(a)]] = 26(r) > 0.

Putting the two cases together, we see that both events B N { supycg L£() =
oo} = {supyee L(¥) = oo} and B N {supyee L(¥) < o0)} imply the event A =
{A[CME(a)] > A[LRCy,(a)]}. Therefore, the proof of Statement i) is finished.

O

Remark. Theorem 32 implies that, if the described conditions on the statistical model
hold, then for all a € (0,1) and 6, € © with Py, (LRCy(a) # ©) > 0, the volume of the
split MLR confidence set is almost surely larger than the one of the classical LR set, in
the sense that

Py, (A[C#L(a)] > )\[LRCn(a)D =1 and
Py, ()\[C}XIL(Q)] > A[LRCn(a)]) > 0.

Next, we will discuss an example of a popular one-dimensional statistical model in
which Theorem 32 can be used to show that with probability 1, Py, ()\[C}}/IL(O()] >

)\[LRCn(a)D =1 for any a € (0,1).
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4.1 Comparisons in dimensions 1 and 2

Example 33. Consider the statistical model {Py : 6 € (0,1)}, where the observations
X1,...,X,, are independent and Bernoulli-distributed with true parameter 6, € (0,1).
Suppose that, using some partition {Dg, D1} of the index set {1,...,n}, we construct
the split MLR confidence set for 6, with minimum coverage probability 1 — «, , i.e.

we set égML) = \D711| > icp, Xi for the estimator based on the data indexed by Dj.
Obviously, the conditions described in Theorem 32 are satisfied for this model, and, for
any a, 6, € (0,1), we will have Py, (LRC,, () # (0,1)) = 1. Therefore, Theorem 32 tells
us that Py, (A\[CME(a)] > A[LRCy(a)]) = 1 for all o, 6. € (0,1). In particular, the
classical LR confidence in this case corresponds to

_@-o) (é(ML))S (1

LRCn(a) = {9 c (O, 1) : 95 (1 — Q)n—S >e A(ML))n—S}’

where S = > | X; and g™ — s

as

while the split MLR confidence set can be written

_E’

C};/IL(C() = {0 S (0, 1) . 5o (1 _ 0)\D0|—So >a (égML))So (1 _ égML))“:)O‘_SO}’

where Sy = »;cp, Xi- One can show that both CML(q) and LRC,(a) are intervals
(with probability 1) and consequently, LRC),(«) always will be a proper subinterval of
CML(@). Note that for both confidence intervals, it is impossible to get an explicit formula,
for their respective endpoints and that determining whether LRC),(«) will always be a
proper subinterval of CM(«) in this model is a difficult task without using Theorem 32.
Furthermore, because the assumptions of Wilks’ theorem hold in this model, we know
that, for any a € (0,1), LRC),(«) will have asymptotic coverage probability 1 — « for
0.. However, in contrast to CM*(a), it will not achieve this coverage probability in finite
samples. Therefore, one has to keep in mind that comparing the classical LR interval and
the split MLR interval only in terms of their lengths cannot be justified in this situation.
For a ‘fair’ competition, we would need to compare the split MLR confidence interval
with another confidence interval that has minimum coverage probability 1 — « for 6, in
finite samples, such as the Clopper-Pearson interval (see Clopper and Pearson, 1934).

Naturally, we next turn to models in dimension d = 2. To get a similar result as in
Theorem 32 regarding the relationship between the volumes of the split MLR and the
classical LR confidence sets, we first need the following useful insight from real analysis.

Lemma 34. Let X be a non-empty, open and connected subset of R and suppose that
f,g are two continuous functions from X to R with f(x) > g(z) for allx € X. Assume
that for some ¢ € R, it holds that inf f < ¢ < sup f, i.e. fis not constant. Then there
exists a neighborhood B, (z') = {x € R?: ||2' — z|| < r} (where 2’ € X and r > 0) such
that g(z) < ¢ < f(z) for all x € B,(z').

Proof. Observe that the result is proved if we can show that there exists some point
x' € X such that
f(@') >e g@) <ec (4.3)
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4 Comparisons of the split Likelihood Ratio and the classical Likelihood Ratio confidence set

Since both f and g are continuous and X is open, we can then choose an ry > 0 such that
B, (2') € X and f(z) > cfor all x € B, (2'), as well as an 4 > 0 such that B, (2') € X
and g(z) < ¢ for all z € By, (2'). The claim then follows by setting r = min(ry,r,).

To show that an 2’ € X which satisfies (4.3) exists, we first reduce the problem to the
one-dimensional case by introducing the concept of a path: Because inf f < ¢ < sup f,
there exist points x1,z2 € X such that f(z1) < ¢ < f(x2). Since the set X is open and
connected, it is also path-connected, so there exists a path in X from x; to z2, i.e. a
continuous function P : [0,1] — X such that P(0) = z; and P(1) = z2. We now want
to show that there exists an s € (0,1) such that f o P is strictly larger than c on (s, 1].
To this end, we define the set A = {t € (0,1) : f(P(t)) = ¢} as well as s = sup A.
Since f o P is continuous, the intermediate value theorem guarantees that there exists a
point u € (0,1) such that f(P(u)) = ¢, which means that A is non-empty. Furthermore,
because of continuity, we must have f(P(s)) = c. This implies that s € (0,1) because
f(P(1)) = f(z2) > c. Assume now that there exists a ¢’ € (s,1) with f(P(¥')) < c.
Applying the intermediate value theorem again, we would then conclude that there exists
a t” € [t',1) such that f(P(t")) = c, but obviously, this would contradict our definition
of s being the supremum of the set A. Therefore, it must hold that f (P(t)) > ¢ for all
te(s,1).

Moreover, since g(z) < f(z) for all z € X, we know that g(P(s)) < f(P(s)) = .
Because g o P is continuous, too, we know that g(P(t)) < ¢ for all ¢ € [s,s + 6] and
6 € (0,1 — s) small enough. Therefore, we conclude that for z € P((s, s + d]), it holds
that f(z) > c and g(z) < ¢, so any &’ from P((s, s + d]) satisfies (4.3). O

With this result in place, the proof of the following theorem is rather easy. Note that
two details change in comparison to dimension d = 1 in order to arrive at a similiar
statement regarding the volumes of the two confidence sets: The parameter space ©
is not only required to be connected, but also to be open, and the event that implies

{A[CM(a)] > A[LRCyh(a)]} is restricted to {E(@;\AL) < supgeg L£(0), LRC,,(a) #

@}. This restriction is due to the fact that in the proof of Theorem 32, we relied on

Q1(1-a) 1 . . Qa(1-a)
the result that e™ 2 < -, but for dimension d = 2, we have e™ 2 =

1
6%
~ML

a € (0,1). It is easy to see from (4.1) that the event {5(01 ) < suppee L(0) } implies
{LRn(G) >TML9) vV 0 @}. Thus, we are able to use Lemma 34 with d =2, X = 0,
f = LR, and g = TM" on this event.

Theorem 35. Consider the same situation as in Theorem 32, except that we consider
a two-dimensional parameter space © C R?, which we also require to be open. Then the

following statements hold for the Lebesque measure A[-] on R%, any true parameter 6, and
any o € (0,1):

i) Py, (A[c;ny(a)] > A[Lch(a)}) = 1.
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ii) Py, (A[qyﬂ(a)] > )\[LRCn(a)D > Py, (c(éf“) < Suppee L(8), LRCy(a) # @).

Proof. Statement i) again follows directly from Theorem 30.

Regarding Statement i), we will use a similar strategy as in the proof of Theorem 32
and show that

A= {ﬁ(éﬁ“) < sup £(0), LRCy(a) # @} CB= {/\[C’,IYIL(Q)] > A[LRC,(0)] }

0cO

Also, by the same arguments as in the proof of Theorem 32, we can restrict our attention
to the case where supycg £(#) < co. Again, the continuity assumption in the theorem
implies that LR, () and T () are continuous functions of 6 (Py,-a.s.). Furthermore,
note that on the event A and in the case of bounded likelihood, we have

LR,(0) > TME(0) V 6 € © (because C(@IIVIL) < sup L(0)),

USC]
Qa(1-0a) 1
sup LR, (0) >e 2 = — (because LRCy(a) # ©),
6€O @
1
inf LR, (0) < — (b L(0) < 00).
inf (9) " (because 21618 (0) < )

To see why E(@?AL) < supgep L£(0) implies LR, (6) > TML(0) ¥V 6 € O, review the
calculations from (4.1): If E(@llvm) < supyee L£(60), then indeed,

supgeo £(V) _ L(B ) ”
L(0) Loy - "

for any 0 € ©. Since all its conditions are fulfilled, we can now use Lemma 34 (with the

special case d = 2) to conclude that, conditional on AN {supycg L£(0) < oo}, there exists

a6 € © and an r(#') > 0 such that LR, () > L and TM“() < L for all 0 € B,(¢),

where B,.(0') = {6 € R?: ||¢' — ]| < r}. Consequently, we have that, conditional on the

same event,

LR, (6) =

CMMa)\ LRCy(a) = {#e@: TY (@) < ~hnfoeo: LR,0)> 1} 2 B.(®),
from which it follows that
A[CY™ ()] — A[LRC,(0)] = ACM(@) \ LRC,(a)] > A[B, (6] > 0.
Thus, we have shown that A C B, which concludes the proof of Statement ). O

Remark. i) Similar to the one-dimensional case, Theorem 35 implies that if for the
given o € (0,1) and 60, € O,

Py, (c(éﬁ“) < sup £(6), LRCy(a) # @) >0,
0cO

then the volume of the split LR confidence set will be almost surely larger than
volume of the classical one.
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4 Comparisons of the split Likelihood Ratio and the classical Likelihood Ratio confidence set

~ML
ii) Note that in most statistical models of interest, Py, (£(0] ) < supgee £(6)) = 1.

For example, if the maximum likelihood estimator based on the whole sample, 0 ,
~ML
exists and is unique with probability 1, then the event {E(Gl ) < SUPgeo C(H)} re-

duces to {911\“ #* éML}, which typically will have probability 1, too. If Py, (E (éllvlL) <
supgeg £(0)) = 1 holds, then Statement ii) from Theorem 35 simplifies to

Py, (A\[CY ()] > A[LRCy(a)]) = Py, (LRCy () # ©),
which is the same result as in Theorem 32.

Similar to Example 33 (which dealt with a one-dimensional model), we will now show
that Theorem 35 can be applied to a widely used two-dimensional statistical model to
conclude that, for any confidence level 1 — a € (0,1), not only will the classical LR
confidence set for the two parameters in this model always be a subset of the split MLR
confidence set, but it also will have smaller volume (Lebesgue measure) with probability
1.

Example 36. Consider a Gaussian model with (unknown) true parameters p. € R and
02 € (0,+00) and i.i.d. observations X1, ..., X, from this model, where n > 3. Suppose
we are interested in a simultaneous confidence set for both u, and af (in other words,
a confidence set for 0, = (us,02)7 € ® = R x (0,+00)) with nominal (minimum or
asymptotically valid) coverage probability 1 — « for some v € (0,1). Since this statistical
model satisfies the conditions described in Theorem 35 (the densities are continuous
with respect to the parameters # and the two-dimensional parameter space is open and
connected) and, for any o € (0,1) and 6, € ©

~ML
Py, (L(0) ) < Zugﬁ(ﬁ)) =Py, (LRCy () #£0©) =1,
€
where LRC),(«) is the classical LR confidence set for 6., we know that, for any partition
{Dg, D1} of the index set {1,...,n} with [D1| > 2 (to ensure that the maximum likeli-

hood estimator based on the data indexed by D1 exists with probability 1) used for the
split MLR confidence set CME (),

Py, (A[C%L(a)] > A[LRCn(a)D ~1

for any a € (0,1) and any 0, € ©. Because the assumptions of Wilks’ theorem hold
for this model, we also know that the coverage probability of LRC)(«) converges to
1 — a for n — co. However, just as in Example 33, the comparison between these two
confidence sets is not entirely ‘fair’ because LRC),(a) does not achieve minimum coverage
probability 1 — « for 6, in finite samples (see the results of the simulations in Arnold
and Shavelle, 1998), while this of course is true for CM¥(a). For a ‘“fair’ competition of
confidence sets, we could compare the split MLR set with, for example, the confidence
set having exact coverage probability 1 — « for 6, proposed in Section 3.3 of Chapter
VIII from Mood (1950).
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4.2 Comparisons in Gaussian models with dimension greater
than 2

When we turn to models with dimension d > 3, it becomes difficult to arrive at conclu-
sions regarding the relation between the classical LR and the split MLR confidence set

which are as general as in the previous section, since, for every a € (0,1), we then have

Qq(l—a) . Q11— Qa(l1—a)
ez > é ,whilee™ 27 <e 2 = % (see Lemma 29). In other words, we can no

longer base our considerations on the fact that the critical value of the split set is larger
than the crictical value of the classical set for any confidence level 1 — . Specifically,
this means that for d > 3, the probability that the classical LR confidence set will be a
subset of the split MLR set will be less than 1 in general. Even more, the event that the
volume of the split MLR set is smaller than the one of the classical set can have positive
probability. Conclusions for a large class of models regarding the relation between the
average volumes of the two confidence sets will also be difficult to obtain.

For this reason, we will restrict our following discussion of statistical models with di-
mension d possibly greater than 2 to the special case of d-dimensional Gaussian models
with known covariance matrix. These models are also interesting to consider for compar-
ison because in this case, the classical likelihood ratio set for the true mean parameter
s« actually has exact coverage probability 1 — «. It turns out that in these models,
even in dimensions d > 3, the classical likelihood ratio confidence set will still have a
smaller volume than the split MLR set with probability 1 for small « (remember that
in dimensions 1 and 2, this statement holds for all a € (0,1)), see Proposition 41. The
corresponding upper bound for « depends on the dimension d and goes to 0 as d — oo.
On the other hand, the average volume (and average diameter, too, although this is not
explicitly proved here) of the split MLR confidence set will be larger for all a € (0,1) and
d € N. Moreover, the relative performance of the split MLR set with respect to expec-
ted volume actually becomes worse for growing dimension d: Specifically, we will show

B MY ()] dotoo
that
A(LRCy(a))
AMLRCy(c)) is not). On a side note, we will find that in the d-dimensional Gaussian

model, it is actually possible to minimize the expectation of A (C}:/IL (a)) with respect
to the choice of |Dyg].

+00 (note that in this model, A(CM*(«)) is random, while

As a starting point, we first need to determine a suitable expression of the (random)
volume of the split MLR confidence set. This is achieved by the following lemma.

Lemma 37. Consider the following statistical model: Let Xi,..., X, (withn > 2) be
i.4.d. d-dimensional random vectors that follow a multivariate normal distribution with
unknown mean i, € R and known positive definite covariance matriz ¥ € R¥¢. For
any given partition Do and D1 of the index set {1,...,n}, we write n; = |Djy|, i =0, 1;

and define
R 1
Hp = — E Xi
ni .
€Dy
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4 Comparisons of the split Likelihood Ratio and the classical Likelihood Ratio confidence set

as the mazimum likelihood estimator for p. based on the data indexed by D1 and com-
pute the corresponding split likelihood ratio confidence set for us. with minimum coverage
probability 1 — a, CME(«), for a given a € (0,1). Then the (random) Lebesgue measure
of this set can be expressed as

where I' denotes the gamma function.

Proof. We first determine a suitable expression of the split maximum likelihood ratio
confidence set. Note that this set can also be written as

o) = {uews m(5.00) (1)}

Since Lo(u) > 0 P, —almost surely for all 4 € R%, we do not have to deal with the case
Lo(p) = 0 and the log split MLR statistic turns out to be

In (Tn(u)> —In (ELOO(&))) = In (Lo(f11)) — In (Lo(1))
= () [ S i) S K= ) = (G- T R G )
1€Dg 1€Dg

- (_%> [( D (X i) ST = n)) + no i Z g

1€Dg
— (X (X = )T = ) = no i B o
i€Dg
1
- (‘5) [ SNXISTNX = 20 7D X+ no ] STV iy + no iy S g
i€Dgo 1€Dg
= Y XTETX 2T Y X = ot S — o = )
1€Do i€Dg
1 o I IPUO . _ .
= (— 5) [no (i —MO)TE (i — frg) — nO(M—Mo)TE 1(M—M0)}
no ~ —1 /A N ~ —1 /A ~
= (5) [(uo — )= (g — 1) = (o — 1) =7 (g — ul)]-

Consequently, the split MLR confidence set can be expressed as:
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4.2 Comparisons in Gaussian models with dimension greater than 2

CML (q) = {u eR’: In (Tn(u)> <In (1)}
={u€Rd: (%) (o= w™ = (g = 1) = (itg = )" =7 (ig — 1) | < (1)}
Z{ueRd: (o — )" =" (g — 1) < () 1 (2) + (1 — )" £ mo—ﬁl)}

:{'u € Rd : (/10 - :u)T (A(n(]:aa Eaﬂ0>ﬂ1)>_1 ([LO - :u) < 1}>

where A(no, o, 3, fig, 1) = [(nzo) In (é) + (1o — )T 271 (fug — ,&1)] ¥ is a positive

definite and symmetric d X d-matrix. From the last expression, it is clear that the split
MLR confidence set in fact is defined by the interior of a d-dimensional ellipsoid centered
at fiy, where the directions of the semi-axes are the eigenvectors of A(ng, o, X, fig, ,&1)
and the lengths of the semi-axes are given by the square roots of the corresponding
eigenvalues (see Section 3.1 in Grotschel et al., 1988). Thus, the (random) Lebesgue
measure of CM(a, ng) equals the (random) volume of this d-dimensional ellipsoid, which
implies (see Grotschel et al., 1988):

)\(C,%/[L(Oz,no)) = F(;r—l—l) \/th (A(no,a, 2, o ﬂl))
2

- F(;(Qil) ( (z) In (é) + (o — )T =7 (g — ﬂ1)> Vdet(D). (4.4)

+ no

Following this result, we investigate the in some sense optimal choice for the number
of observations to be included in Dg (which corresponds to the part of the data on which
the likelihood function used for the split MLR statistic is based), ng = |Dyg|, which of
course determines n1 = |D1| as well. We will see that the optimal choice for ny depends
on the given a € (0,1) and the dimension d. In the context of this thesis, the result
will be used in Theorem 42 to get a lower bound on the volume of the split MLR set
for given dimension d € N and « € (0,1). However, it is also of interest with respect to
the question of how one should choose the proportion of observations to place in Dg in
general (see Dunn et al., 2023).

Proposition 38. Consider the same statistical model as in Lemma 37 and suppose now
that we can choose the size of the blocks Do and D1 that partition the index set {1,...,n}

71
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(where n > 2), ng = |Dg| and ny = |D1|. Define the function gq : {1,...,n — 1} —
(0, 4+00), which takes the choice for ng (which of course determines ni, too) as input, in
the following way:

ga(no) = E,, [A%(C%L(Oévno) ) }

where (1, denotes the true mean parameter. Then gq(no) is minimized either by |7opin]
or [roptn], where

21n(é)+d—\/d<2ln(i)+d)

21n( )

1
o

Topt(c,d) =

Proof. Following the calculations from Lemma 37, we see that

Ni (C}XIL(a,nO)) = <F(g7r—2k1)> <(n20) In (é) + (fro—fry) " 571 (ﬂ0ﬂ1)> (det(E))

and consequently

v
=

2 2 1 . . 14 .
ga(no) = Ey, [)\d(CTI\L/IL(aanO) ) } x (nf() In <a> + Ey, [(Mo - M1)TE " (fio — Ml)]-
Next, note that since ¥~! is symmetric an{i positive definite, there1 exists a unique
symmetric and positive definite matrix 72 such that X' = 72372, Further-

-1
more, Y75 = (Z%> , Where %5 is the unique symmetric and positive definite mat-

rix that satisfies ¥ = %3 Y3, Moreover, because [i and fi; are independent, we have

fg — fru ~ Ny (0 = 4 %) and therefore, by the reproductive property of the multivari-

7n0

1
ate normal distribution, (- + 1)72 ne (ftg — f11) ~ Ng <0, Id>, where I; denotes the

no ni

d x d-identity matrix. It follows that

R . 14 . . . 11, .
(Mo—Ml)TE 1(#0—,“1) ~ ( o—ﬂl)Tz 2572 (fig — f1g)
1 1 1 1.1t 1 T 1 1.1 1
~ = - - Y23 ([ — 0 . 722**A_A)
(no + nl) <(no + nl) 2 (fg Ml)) <(no + n1) 2 (j1g — f11)
1 1 9
N(* + *) Xd
no ni
and consequently
~ A NT w—1 /7~ N 1 1
Eu*[(ﬂo—m) by (Mo—ﬁh)} = (* + *) d,
o ni

which implies that
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4.2 Comparisons in Gaussian models with dimension greater than 2

Instead of minimizing g4(ng) directly, we now turn to the related, but simpler problem
of finding the minimizer of the function

hatr) = () (5) + (55 + { 17“)71) d (45)
for r € (0,1). Here, r can be interpreted as the proportion of the data that is assigned
to Dg, which we allow to range freely between 0 and 1, even if it may not lead to an
actually feasible split of the dataset (for feasibility, we would need to restrict r to the set

%, %, el ”T_l}) The advantage of dealing with hg(r) is that it can easily be minimized
on the interval (0, 1): Checking the first derivative reveals that it has exactly one critical
point within (0, 1),

2ln(é)+d—\/d(21n(i)+d)

2ln( )

Topt(Q, d) =

Furthermore, checking the second derivative, we see that hg4(r) is strictly convex on
(0,1), s0 7opt is the unique minimizer of this function on this interval. Turning now
to feasible options for the split proportion, the strict convexity as well as the existence
of a unique minimizer o, on the interval (0,1) implies that hg4(r) is minimized over
re {%, %, ey ”T_l} either by 77 ¢ fons = % Or bY 70t fons = %, where k € {1,...,n—1}
is chosen such that

E<reptn <k+1.

Observe that 7oy > 0.5 for all a € (0,1), d € N, and therefore, such a k always exists,

but r(’)’ptvfeas is an infeasible option if £k = n — 1. Returning then to the original function
9a(no), we see that this function is minimized (over ng € {1,...,n—1}) either by k or by

E+1. Ifropen ¢ N, then k = [ropy n] and k+1 = [rope n]. On the other hand, in the case
that ropen € N, it is easy to see that the function hg4(r) is minimized by r(/)pt,feas = Topt
and therefore, gq(ng) in this case is minimized by k = ropt n = |7opt ] = [Topt 7]. This
finishes the proof of the claim. O

Remark. As was mentioned in the proof of the theorem, it is easy to see that for the
optimal splitting proportion ropt (e, d), it holds that ropi(cv, d) € (3,1) for all d € N and
a € (0,1). Furthermore, we have limg o0 Topt(cr,d) = % for any given o € (0,1) and
limy—0 7opt(a, d) =1 as well as limg—1 Topt(, d) = % for fixed dimension d € N.

To be able to relate the split MLR confidence set and the classical likelihood ratio
set in models of dimension greater than two, we need a more accurate understanding

of the relationship between the two critical values of these sets (if they are expressed in

the form where the underlying statistics are log-likelihood ratios), In (é) and M.
Accordingly, the following two lemmas lead to an upper bound for Q4(1 — «) in terms of

a strictly increasing function of In (é) and the degrees of freedom d. The first lemma is
a variation of Lemma 8 from Birgé and Massart (1998).
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Lemma 39. Let X be a real-valued random variable on some probability space (2, A, P).
Suppose that the cumulant generating function K (t) of X exists fort € |0, %) and assume
that

;tE[Ol

Kx(t)=In (E[e"]) < at” ,ﬁ,

Sz o

where a and b are some positive constants. Then, for any x > 0, the probability distribu-
tion of X satisfies
P(X > bx + V2ax) < e "

Proof. We start by applying a Chernoff bound on the distribution of X. For any ¢ > 0,
the expression P(X > ¢) is bounded by

.. E[e!¥] .
P(X >e¢€) < inf — = inf exp (Kx(t) —te)
tefo,t) €€ t€[0,1)
=exp( inf Kx(t)—te) <exp( inf g(t)),
tef0,1) te(0,3)
where g(t) = 2(%72#) — te. Obviously, g is twice-differentiable on the interval [O, %), and

. . . _ 1
checking the first derivative, we find that g has a local extremum at t* = 3 (1 - /ﬁ).

Furthermore, checking the second derivative reveals that g is strictly convex on [O, %),
so the infimum (minimum) of g on the interval [0, §) is achieved at ¢* and

inf g(t) = g(t") = V(a+be)? _ége)z _ (a+be).
tef0,)

Consequently, for any € > 0, we may write
P(X >¢€) <exp( — h(e)),

with h(e) = (atbe)— (Z;rbe)Q—(be)Q

arguments then gives

. Computing the inverse of this function for positive
hY(z) = bz + V2axz,
which completes the proof. O

The following bound on the upper a-quantile of a chi-square distribution with d degrees
of freedom then follows directly from Lemma 39. This result can also be found in Laurent
and Massart (2000) and Inglot (2010).

Lemma 40. Let Q4 : (0,1) — (0,400) be the quantile function of the chi-squared dis-
tribution with d € N degrees of freedom. Then the following inequality holds for any

a € (0,1):
QA1—a)gd+2m(;)+2thqi). (4.7)
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Proof. We will prove bound (4.7) by relying on Lemma 39. For any d € N, let Y; ~ x3—d.
To check that the assumption regarding the cumulant generating function mentioned in
this lemma holds for Yy, first recall the formula for the moment generating function of a
chi-squared distribution with d degrees of freedom, which leads to

Ky, (t) = In (E[e!Y7]) =In (1 —2t)"2 ¢ %) = ( - g) In(1 — 2t) — dt

for ¢ € [0, 3). Next, we use the fact that In(1 +z) > %ﬁ—; for x € (—1,0]. This can be
T 24z

shown, for example, by noting that the differentiable function g(z) = In(1 + ) — 3 357 is

0 at x = 0 and has negative derivative on the interval (—1,0), so g(x) > 0 for z € (—1,0).
The cumulant generating function of Yy then can be bounded by

d d\ —(2t) 2+ (—2t)
Ky,t)=(—-=)In(1—-2t) —dt < — = —dt
va(t) ( 2) n ) —< 2) 2 1+ (—2t)
1—t dt? 2d t2
=dt —— —dt = =
1—2t 1—-2t  2(1-2t)

for t € [0,4). This bound is of the desired form as in (4.6) with a = 2d and b = 2. Thus,
Lemma 39 gives

P(Yy > 2z + /2 (2d)2) = P(Yy > 22 +2Vdz) <e™®

for any x > 0. For Z; ~ X(21 and any « € (0, 1), this implies

1 1 —In (l>
P(Zd>d+21n<>+2 dln())ﬁe *) =aq.

o o
This proves the desired upper bound for the quantile function of a chi-squared distribution
with d degrees of freedom. O

We will now use this bound on Q4(1 — «) for two results which clarify the relationship
between the volumes of the split MLR confidence set and the classical likelihood ratio
set in multidimensional Gaussian models. These are especially interesting for dimensions
d > 3, since in dimensions 1 and 2 we already know by Theorems 32 and 35 that

P, (A(c}fL(a)) > A(LRCn(a))) =1

for any a € (0,1) and p. € R% d = 1,2. The following result then reveals that the
statement that LRC,(a) has smaller volume than CMF(a) with probability 1 still holds
for small « in dimensions d > 3. However, the corresponding upper bound on « decreases
exponentially with growing dimension d.

Proposition 41. Consider the statistical model from Lemma 37, as well as a given
partition {Dg,D1} of the index set {1,...,n}. For any a € (0,1), denote the split
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maximum likelihood ratio confidence set with nominal (minimum) coverage probability
1 —a for px € R as OCME(a) and the corresponding classical likelihood ratio confidence
set with (in this case exact) coverage probability 1 — « as LRCy,(«). Then, for any true
parameter iy, it holds that

2

P,. ()\(LRCn(a)) < A(C%L(a))) =1Vae(0,e),

Vid (no+ no (2n—ng) )
2 (n—no)

with ¢ = and ng = |Dyg|.

Proof. It is well-known that in this model, the classical likelihood ratio confidence set
with (exact) coverage probability 1 — « can be written as

LRCy(e) = {p e R : n(i—m" S (i =) < Qu(l-a)},

where 1 = % Yoy X; is the maximum likelihood estimator for s, (based on the whole
sample) and Qg(+) is the quantile function of the chi-squared distribution with d € N
degrees of freedom. Following the arguments from the proof of Lemma 37, it is easy
to see that this confidence set is a d-dimensional ellipsoid, too, however, in this case its
randomness is limited to its center, fi. Therefore, its (non-random) Lebesgue measure is
given by the (non-random) volume of this ellipsoid, which is

d 4
w2 Qi(l—a))’
A(LRCy () = Vdet(x).
@) =5 ( ) )
Using the expression for the (random) volume of the split MLR confidence set for p.
obtained in Lemma 37, it follows that

ML _ [Qd(l—0) 2 1 Tl n -
AERC(@) <A@ @) | = {FF = < (o) I () + (o) 57 g—in) |,
where [i; is the maximum likelihood estimator for p, based on the subset of the data

indexed by Dj; i = 0,1. Observe that the right-hand side of the inequality in the second

2
ng

event is greater than < ) In (é) with probability 1 because X! is positive definite.

The upper bound for chi-square quantiles (4.7) derived from Lemma 40 together with
the fact that ng < n then implies that

P O R L OIS

no

(01

n n

for In (é) large enough. Specifically, solving the second inequality for z = 4/In (l)

«

yields

\/&(no + /1o (Qn—ng))

2(n —ngp) ’

d+2x% +2Vdx 2\ o
<<*)x,:p>0 <~ x>

n no

76



4.2 Comparisons in Gaussian models with dimension greater than 2

2

and therefore, the second inequality from (4.8) holds iff. a < e ¢ with ¢ =

Vd (no+ no (2n*n0))
2 (n—no)

. Consequently, for a € (0, 6_62), we have

Pu. (MLRCu(0)) < A(CY(a)))

Qa(l — « 2 1 o IR
=P, (d(n> < (770) In (a) + (o — )" S (g — Nl))
Qa1 — ) 2 1
2B, (SRS < ()m())) =1
which proves the desired claim. O

The next theorem then completes our discussion about the relation between the split
MLR and the classical LR confidence set in multivariate Gaussian models by showing
that the average volume of the classical set will be smaller than the one of the split set for
any « € (0,1). Furthermore, for d — 0o and fixed sample size n € N, the ratio between
the expectation of the (random) volume of CM¥(a) and the (non-random) volume of
LRC,(c) diverges to infinity - in other words the expected volume of CM(a) is of larger
order (with respect to d and for fixed n) than the volume of LRC),(«).

Theorem 42. Consider the same situation as in Proposition 41 with d > 2. It then
holds that:

Ep. [MCMH(a))] i (2 (L) +2d+2/(2m (L) +d)d

A(LRCy(a)) 2In (1) +d+2 m

In particular, this implies that E,,, [)\(C,{L\/[L(a))] > A(LRCy(a)) for any o € (0,1) and
deN.

d
2
) d2h0 oo, (4.9)

Proof. We begin by bounding E,, [)\(C’%L(a))} from below (note that A(CMY(a)), in

contrast to A(LRCy(c)), is random). Following (4.4), we can use Jensen’s inequality
(since d > 2) to get:

B, e )
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where ng = |Do| and hg : (0,1) — (0, +00) is defined as in (4.5). From Proposition 38,
we also know that hg(r) is minimized on (0, 1) by

2In (L) +d - \/d<21n( ) +d)

2 In (&)

Topt (v, d) =

Plugging this minimizer into hg yields

2In () +2d+2/(2m () +d)d

n

hd( ) > hd<ropt(a d))

Therefore, we have the lower bound

E,, [)\(C}:“J(a))} > det(%).

T
o+ 1) z

d <21n()+2d—|—2\/21n )+d)d\?

(4.10)
On the other hand, we can use the chi-square quantiles bound (4.7) to get an upper

bound on )\(LRCn(oa)). Indeed, we have

+ n

4 d+21n g +21/d1n l

T Vdet(T) (4.11)
TI(g+1)

Putting the two bounds (4.10) and (4.11) together, we get the desired lower bound on
the ratio between the expected volume (Lebesgue measure) of the split MLR confidence
set and the (non-random) volume of the classical likelihood ratio set, both with nominal
coverage probability 1 — a:

[Sl[cH

n

E[A(C2(a)) |

(21n(;)+2d+2 (21n(;)+d)d>
A(LRCy(a)) - <d+21n<;>+2 dln(é))g

n

d

:(2111( Y +2d+2,/(2In (1) d)d>2

2In (1) +d+2/dm(})

(4.12)
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for d > 2 and any o € (0,1). It is easy to see that (4.12) diverges for d — +o00 and fixed
n € N because the fraction inside the brackets converges to 4. Moreover, note that (4.12)

is greater than 1 for any « € (0,1). Finally, due to Theorem 32, E,, [A(C’%L(a))} >
)\(LRCn(a)) in dimension d = 1 as well, which completes the proof. O
Remark. By the exact same arguments as in the preceeding proof, one can show that,

for r2 (A) being the squared radius (which is the length of the longest semi-axis) of an
ellipsoid A C R, it holds that

By [r2(CY ()] _2(d)+2d+2 V@ (L) +d)d

2(LRCu(@)) gln(;)+d+2m

This is consistent with a result by Dunn et al. (2023), who showed by similar reasoning
to ours that, indeed, for |[Dg| = |[D1| = 7,

d—oo 4

Ey., |2 (CM(@))]
r2(LRCy(c))

d—o0

At first glance, this might seem like a surprising result, given that we confirmed in The-
orem 42 that the expected volume of the split MLR confidence set is actually of larger
order with respect to d (for fixed n € N) than the volume of the classical likelihood ratio
set. However, the connection between these two seemingly contradictory results becomes
clear once we view the asymptotic relation between the two confidence sets in the fol-
lowing way: In high-dimensional models, the split MLR confidence set is approximately
four times larger than the classical likelihood ratio set in every dimension. Specifically,
every principal axis of the split MLR elliposid will be about 4 times longer than the cor-
responding principal axis of the classical LR ellipsoid. This implies that, for every extra
dimension, the expected volume of CMI(a) is multiplied with a factor of approximately
2 (since the volume of an ellipsoid is proportional to the product of the lengths of its

principal semi-axes) compared to the volume of LRC,, (). Thus, E,, [/\(CML (a))} will

n

in some sense grow exponentially faster than A(LRCy(a)) for d — oo and fixed n € N,
though note that both

E,, [A(C%L(a))}, A(LRCy(a)) 22 o0

for fixed n. The implicit conclusion present in both Wasserman et al. (2020) and Dunn
et al. (2023), that in high dimensional Gaussian models, the split MLR approach does not
lead to significantly larger confidence sets in comparison to the classical likelihood ratio
sets, therefore is only valid if ‘larger’ refers to the (expected) diameter or the (squared)
radius of a set, but not if we compare them by their respective volumes. Following the
arguments from above, we would expect a similar relationship between the split MLR
confidence set and the classical LR set in many high-dimensional statistical models of
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interest: The (expected) radii/diameters of the sets will grow at the same rate, but
the volume of the split MLR set will grow exponentially faster for increasing dimension
d. Furthermore, we can expect a statistical test that uses the split MLR approach
(by which we mean that 6; in Definition 14 is set to be the (unrestricted) maximum
likelihood estimator based on the subset of the data indexed by D1) to become more and
more conservative (compared to the classical likelihood ratio test) for high-dimensional
null hypothesis sets ©g. This is consistent with results for specific testing situations
discussed in Strieder and Drton (2022) (testing the hypothesis that the first d — k entries
of the unknown mean parameter u, in a Gaussian model with known covariance matrix
are equal to 0, where k < d is large, see Subsections 3.3 and 3.2 of this thesis), as
well as Dunn et al. (2024) (testing the hypothesis that the true density of d-dimensional
i.i.d. observations belongs to the class of log-concave densities, see Subsection 3.4 of
this thesis). Consequently, from a practical point of view, one should always consider
to perform some dimension reduction on the data when applying universal inference
methods in high-dimensional statistical models (as described in, for example, Dunn et al.,
2024).
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5 Conclusion

In this thesis, we have tried to provide a compact overview of universal inference, a
method for constructing confidence sets and statistical tests that was introduced by
Wasserman et al. (2020). We have shown in Chapter 2 that, given a € (0, 1), the resulting
confidence sets have minimum coverage probability 1 — « and the resulting tests have
significance level « in any statistical model for which a likelihood function can be defined,
irrespective of any regularity requirements on the model or the null hypothesis. In the
course of this, we also filled in some mathematical details that, to our knowledge, have
not been discussed in the literature so far; for example, we considered the 8—case in the
definition of the split likelihood ratio statistic and argued why the conditional expectation
of this random variable given the estimator 6, exists. In the literature review (Chapter
3), we presented numerous extensions of the basic split likelihood ratio method, such as
considering several sample splits, introducing randomization to improve the power of the
resulting tests or using a reverse information projection approach for the split likelihood
ratio test. We also discussed the literature on universal inference in the context of
nuisance parameters and on the optimal choice for the splitting ratio. The discussion of
the existing literature was completed by three examples which illustrated the application
of universal inference in irregular models and hypotheses. The most important result of
Chapter 4 (Theorem 30) was that, if the maximum likelihood estimator based on the
corresponding part of the data exists and is used for the split likelihood ratio statistic,
then the classical likelihood ratio confidence set will always be a subset of the split
likelihood ratio set in 1 or 2-dimensional statistical models. Under very weak additional
assumptions, we further concluded that the volume of the split likelihood ratio confidence
set will be larger than the one of the classical likelihood ratio set with probability 1
(Theorems 32 and 35). If the model dimension is greater than 2, then such almost sure-
relations regarding the volumes of the two sets do not hold anymore in general. However,
we were able to show for the multivariate Gaussian model that the average volume of the
split set is larger than the average volume of the classical set for every dimension d and
sample size n, and that in a ‘fixed n, increasing d’-setting, the average volume of the split
set will grow exponentially faster compared to the one of the classical set (Theorem 42),
adding to the ongoing discussion about the curse of dimensionality of universal inference
(see Strieder and Drton, 2022; Dunn et al., 2024).

As universal inference is a relatively new method, there are still a lot of interesting open
questions about it that have not been answered yet. For example, it is often (at least
implicitly) assumed in the literature that the best choice for 0, (which in theory can be
any estimator) is the maximum likelihood estimator, however, to our knowledge, a proof
that this choice indeed maximizes the power of the resulting split likelihood ratio test
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(possibly under some conditions on the model) is not yet known. Other interesting open
questions include whether the average volume of the classical likelihood ratio confidence
set will be smaller than the one of the split set in all regular (in the sense that the
conditions of Wilks’ theorem are satisfied) models and whether in dimensions d = 1
and d = 2, the classical likelihood ratio set will always be a subset of the subsampling
likelihood ratio set as well. However, probably the most important task for researchers in
universal inference right now is to study its performance in models/hypotheses where the
usual general methods for constructing tests and confidence sets (most importantly, the
classical likelihood ratio and the Bootstrap approach) fail. This was the main motivation
for the proposal of the universal inference approach by Wasserman et al. (2020) in the
first place, however, as far as we know, there currently exist only three publications which
specifically deal with the application of universal inference in irregular settings. As in
general, this method has great potential for inference in irregular models, we hope that
the literature on this topic will grow significantly in the coming years.
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