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Abstract

Molecular and atomistic systems often exhibit a complex energy landscape with multiple
stable and metastable states in which they preferentially dwell. This poses a challenge
if one wishes to perform computer simulations of such systems, as the majority of
computer time will be spent in those stable states, while interesting transitions between
them are rare. Transition Path Sampling (TPS) is a well established method that
focusses computational resources on the transition region, but its efficiency is hindered
by its sequentiality, its ignorance towards potentially useful information provided by the
underlying reaction mechanism and by oftentimes long correlation times between the
samples it produces. Previous works have used a generative machine learning model
called Boltzmann Generators to eliminate correlations between paths and make TPS
parallelizable, but at the cost of requiring knowledge of a good reaction coordinate
parametrizing the transition, which is highly non-trivial or even impossible to obtain in
complex systems. This work explores the use of the committor of a system as an ideal
reaction coordinate for accelerating path sampling. Since it is intractable analytically
and costly to obtain through simulation, machine learning is used again to learn the
committor. However, this approach requires uncorrelated training data obtained via
TPS, which in turn can be produced using Boltzmann Generators. This thesis proposes
an algorithm that resolves this circular dependence by combining committor learning
with the generative capabilities of Boltzmann Generators, training both machine learning
models simultaneously in a self-consistent way. The result is a new TPS scheme that
is fully parallelizable, produces uncorrelated samples and optimises sampling efficiency
without prior knowledge of a reaction coordinate. The algorithm is tested on two example
systems: a two-dimensional model and a simple polymer model, acting as a proof of
concept for efficient generative path sampling.
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Deutschsprachiger Abstract

Molekulare und atomistische Systeme halten sich bevorzugterweise in Regionen minimaler
potentieller oder freier Energie, sogenannten stabilen oder metastabilen Zuständen, auf.
Will man solche Systeme per Computer simulieren, stellt diese Eigenschaft eine große
Herausforderung dar, da ein beträchtlicher Teil der begrenzten Simulationszeit innerhalb
dieser Zustände verbracht wird. Ist man daran interessiert, das Übergangsverhalten eines
solchen Systems zu verstehen, so ist dies besonders problematisch, da Übergänge selten
und daher kostspielig zu gewinnen sind. Transition Path Sampling (TPS) ist eine bewährte
Methode, Übergänge zwischen stabilen Zuständen zu erzwingen. Der ihr zugrundeliegende
Algorithmus wird allerdings durch drei Faktoren in seiner Effizienz reduziert. Einerseits
sind die Daten, die er produziert, oftmals mit langen Korrelationszeiten behaftet. Ander-
erseits ist er durchwegs sequenziell, weshalb er nicht von heutzutage üblichen parallelen
Rechnerstrukturen wie Supercomputern profitieren kann. Außerdem ignoriert er die
dem Übergang zugrundeliegenden Mechanismen, obwohl eine geeignete Nutzung dieser
oftmals seine Effizienz erhöhen kann. Bestehende Publikationen haben gezeigt, dass es
möglich ist, ein generatives Machine Learning Modell namens Boltzmann Generator zu
nutzen, um TPS parallelisierbar zu machen und Korrelationen zu eliminieren, jedoch
unter der Voraussetzung, dass eine geeignete Reaktionskoordinate bekannt ist, welche den
Übergang parametrisiert. Solch eine Reaktionskoordinate ist jedoch meist schwer oder
gar unmöglich zu finden. Diese Arbeit verwendet den Committor eines Systems als ideale
Reaktionskoordinate. Da dieser weder analytisch berechnet noch effizient im Rahmen von
Simulationen approximiert werden kann, wird abermals Machine Learning eingesetzt, um
den Committor zu erlernen. Dafür werden allerdings unkorrelierte Trainingsdaten aus
einer TPS Simulation benötigt, welche, wie bereits diskutiert, mithilfe von Boltzmann
Generatoren erzeugt werden können. In dieser Arbeit wird ein Algorithmus entwickelt,
welcher das Erlernen des Committors mit dem Erzeugen unkorrelierter Konfigurationen
mittels Boltzmann Generatoren kombiniert und das simultane Training beider Machine
Learning Modelle auf selbstkonsistente Art und Weise ermöglicht. Das Resultat ist eine
neue TPS Methode, welche unkorrelierte Daten produziert, vollständig parallelisiert wer-
den kann und sich die dem Übergang zugrundeliegenden Mechanismen effizient zunutze
macht - all dies ohne vorherige Kenntnis einer Reaktionskoordinate. Dieser Algorithmus
wird mithilfe zweier Testsysteme auf seine Funktionsfähigkeit überprüft: einem einfachen
zweidimensionalen Modell und einem komplexeren Modell eines simplen Polymers. Dies
unterstreicht das Potential von effizientem generativem Path Sampling.
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1. Introduction

Understanding the behaviour of complex molecular systems has been one of the primary
goals of modern statistical physics for the past several decades and is essential to advance
research in other fields of science. Although the physical and mathematical models
describing such systems have mostly been known since long before the first general
purpose computer was ever built, their applicability in solving problems analytically is
restricted to a limited class of idealized systems, often far away from anything one might
encounter in the real world, necessitating the use of numerical simulations.
A computer simulation of a molecular system typically revolves around propagating its
microstate (e.g. the positions and momenta of the atoms) by evaluating interactions
between its constituents, while extracting the macro- and/or microscopic information of
interest [1]. In contrast to a real experiment, one has full control over every aspect of the
simulation such as the initial condition and desired evolution equation. The two main
methods for propagating a system are Molecular Dynamics (MD) and Markov Chain
Monte Carlo (MCMC), often abbreviated as MC. MD propagates a system by integrating
some equation of motion, while MCMC uses a purely stochastic approach that does not
aim to reproduce any physically realistic dynamics. Both methods can be used to produce
configurations (samples) that follow the stationary probability distribution of the system,
which, in turn, allow for the estimation of observables through statistical averages. MD
additionally provides meaningful information about the time evolution of a system, which
for example enables one to study the time dependence of observables and to calculate
transport coefficients. A trait that most sampling algorithms share is that the samples
they produce are correlated. The correlation times depend on the specific algorithm and,
most importantly, the system under consideration. Complex systems can be exceedingly
difficult to sample because of long correlation times.
Although estimated averages from samples obtained via either method are guaranteed
to converge to the correct statistical averages in the limit of infinite sampling, limited
computational resources gives rise to a plethora of new challenges. One of these is the
occurrence of so-called rare events, i.e., events that happen rarely but exceedingly quickly if
they do. They are usually a consequence of large energy barriers between high-probability
regions in phase space that the system must cross. Examples include the nucleation of a
raindrop from oversaturated water vapour [2, 3] and the transition of supercooled water
from the liquid phase to the solid phase [4]. While it is often computationally inexpensive
to simulate a system within a high probability region, for example, in stable or metastable
states, it is usually unfeasible to wait until that system spontaneously transitions from
one state to another. This is particularly expensive if one is interested in obtaining good
statistics within the transition region. Therefore, it can become necessary to employ
special enhanced sampling methods that drive the system to explore larger portions of
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1. Introduction

phase space in shorter simulation times. Such methods include Umbrella Sampling [5],
Replica Exchange methods [6–9], Metadynamics [10] and Transition Path Sampling [11].
In this work, the main method of interest is Transition Path Sampling (TPS), so it shall
briefly be introduced here. The goal of TPS is to sample the so-called transition path
ensemble, that is, the ensemble of all paths that connect two regions, usually (meta)stable
states, in phase space. This is achieved by a random walk in path space, meaning an
existing Transition Path (TP) is perturbed in order to produce the next candidate for a TP.
By accepting or rejecting candidates with a suitable, algorithm specific criterion, one will
sample the correct distribution of transition paths. The most common way of producing a
candidate TP is the shooting move [11], which involves choosing a random point along the
existing path and, depending on the underlying dynamics, applying a small perturbation
to it. From this point, called the Shooting Point (SP), two new trajectories are started,
propagated until they reach one of the target regions and subsequently stitched together
to form the candidate path. While TPS enables efficient sampling of transitions related
to rare events and is conceptually straightforward, it is not without shortcomings. Due
to the nature of the shooting move, the algorithm is inherently sequential and, as a
consequence, subsequently generated paths exhibit strong correlations, necessitating long
simulation times depending on the system’s complexity.
In the past few years, the field of machine learning has received unprecedented attention,
not only from the scientific community but also from the general public, the most notable
applications being text [12, 13] and image [14, 15] generation. Researchers have successfully
applied machine learning in fields like chemistry [16, 17], discovery of new materials [18],
biosciences [19] and various fields in physics, like high-energy physics [20, 21] and material
and soft matter physics [22, 23]. Considering the constant increase in availability and
performance of computational resources, the research interest in machine learning is likely
to continue growing.
As could be expected, machine learning would eventually find recognition from the
enhanced sampling community as a potentially invaluable tool to combat the sampling
problem [24]. Starting in the mid-2000s with works by Ma and Dinner [25] as well as Peters
and Trout [26], effort has been put into developing dimensionality reduction techniques,
which can then be used in combination with existing enhanced sampling schemes. These
include methods of finding and constructing suitable Collective Variables (CVs) from
simulation data [25–28], which parametrize the relevant aspects of a system and can
thus be used to bias simulations towards regions of interest, transfer operator-based
approaches [29, 30], where the goal is to determine which eigenfunctions of a system’s
transfer operator are the slowest [24], and many more. Another use of machine learning
in enhanced sampling is to try to optimally initialize [31–33] or place bias within [34–36]
a simulation [24].
As it is possible to create text and images using generative machine learning models, the
idea of learning a potentially complex probability distribution like the distribution of
microscopic states in a molecular system (Boltzmann distribution) and drawing samples
from it does not seem unreasonable. Over the years, various types of generative mod-
els like Generative Adversarial Networks (GANs) [37] or Variational Auto-Encoders
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(VAEs) [38] have been proposed, although most have proven to be unsuitable for practical
application [39].
First introduced by Tabak and Vanden-Eijnden [40] and Tabak and Turner [41], Normal-
izing Flows (NFs) are a class of generative models that can be used for a broad variety of
tasks [39, 42–44]. They constitute an invertible transformation from an easy-to-sample
prior distribution (e.g. a Gaussian) to an arbitrarily complex posterior distribution while
allowing for efficient and exact density evaluation of samples by reversing the transforma-
tion [39]. Noé et al. [45] introduced Boltzmann Generators (BGs) as a type of Normalizing
Flow specifically tailored to generating samples of condensed matter systems and protein
structures. The promising feature of those samples is that they are independent from one
another, eliminating the aforementioned problem of correlations.
Recently, Falkner et al. [46] demonstrated that it is possible to introduce a condition to the
transformation performed by BGs, effectively steering the generation of samples towards
regions of interest along some arbitrary (but known) coordinate. In their work, the
authors utilized this to generate configurations on the top of an energy barrier separating
two stable states, with the aim being to use those as shooting points associated with
a high probability of producing reactive paths. Those paths can then be generated in
parallel and are uncorrelated, resulting in an efficient sampling of the transition path
ensemble and removing the restrictions imposed by TPS. However, for complex molecular
systems, finding a suitable reaction coordinate is far from trivial as it can be a non-linear
combination of many observables. This complicates the generation of shooting points and
decreases the efficiency of the proposed algorithm.
Around the same time, Jung et al. [47] introduced a path sampling algorithm named
Artificial Intelligence for Molecular Mechanism Discovery (AIMMD) that, while performing
a standard TPS simulation, learns the committor pB(x) of the system. The committor
is then used to bias the shooting point selection towards the pB(x) ≃ 0.5 region. This
results in more reactive path candidates and therefore increases the sampling efficiency.
The committor pB(x) is the probability of a trajectory initiated at some configuration
x to enter a state B before entering any other state. This makes the committor the
ideal reaction coordinate as it parametrizes the progress of a transition from one state to
another [47].
This thesis aims to combine the committor learning scheme devised by Jung et al. [47]
with the generative modelling based approach to Transition Path Sampling described
by Falkner et al. [46]. As discussed above, the latter requires knowledge of a good
reaction coordinate, which can be provided through AIMMD in the form of the committor.
Training AIMMD, however, requires decorrelated transition paths, which can be efficiently
obtained using conditioned Boltzmann Generators. This work sets out to resolve this
circular dependence by developing an algorithm called Generative AIMMD (GenAIMMD)
that self-consistently learns to generate shooting points in the high-efficiency region defined
by the learned committor of a system. This would allow for parallelizable sampling of
uncorrelated transition paths without prior knowledge of a suitable reaction coordinate.
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2. Theory

2.1. Statistical treatment of physical systems

Statistical mechanics describes the emergence of macroscopic observables like temperature
or pressure in terms of the statistical treatment of a system’s microscopic quantities
like particle positions and momenta. When studying a particular system, constraints
are placed upon a subset of those macroscopic parameters while letting others fluctuate
freely. This introduces the notion of statistical ensembles as a large number of copies of a
system assuming all possible microstates compatible with the particular choice of fixed
parameters [48]. For example, by fixing the total energy E, the number of particles N
and the volume V of a system, one obtains the microcanonical or NVE ensemble. While
being a physically valid choice, constraining E is not realizable in experiments [49]. By
instead fixing the temperature T , one obtains the canonical or NVT ensemble, which is
also the ensemble used throughout this work because of its popularity.
Each ensemble is associated with its own probability density function ρens(Γ), where
Γ is the microstate of a system [1]. Therefore, the probability of observing a specific
microstate is dictated by the choice of ensemble. For the overdamped dynamics in the
canonical ensemble considered in this work, it is sufficient to describe a system of N
particles through their positions ri with i = 1, . . . , N , integrating out momenta. For a
state rN = {r1, r2, . . . , rN}, the probability density function is given by

ρNV T (r
N ) =

1

ZNV T
e−β U(rN ), (2.1)

where β = 1/kBT is the Boltzmann factor with Boltzmann constant kB, U is the potential
energy of the configuration and ZNV T is the partition function, acting as a normalization
factor [48]. This can be used to compute the expectation value of an arbitrary observable
A(rN ) as an ensemble average [1]

⟨A⟩ens =

∫︂
drNρens(r

N )A(rN ), (2.2)

where
∫︁

drN :=
∫︁

dr1
∫︁

dr2 · · ·
∫︁

drN .

2.2. Sampling from statistical ensembles

Equation 2.2 implicitly depends on the partition function Z, which includes an integral
(or a sum, in case of discrete coordinates) over all possible microstates rN . As a result,
evaluating Z analytically is impossible but for a few simple toy systems. To circumvent this
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2. Theory

problem using computer simulation, there exist two main methods: Molecular Dynamics
(MD) and Monte Carlo (MC).

2.2.1. Molecular Dynamics

The core of Molecular Dynamics is to prepare a system in some initial configuration
and to then propagate it in time by numerically solving known equations of motion
in a step-by-step manner using discrete time steps [1]. Macroscopic observables A are
then obtained using a time average of instantaneous measurements within the trajectory
{rN (t) | t = 1, . . . , τ}, i.e., [1]

⟨A⟩time =
1

τ

τ∑︂
t=1

A(rN (t)). (2.3)

When doing MD, it is essential to choose suitable equations of motion to integrate in
order to achieve the desired result. For example, when Hamilton’s equations of motion are
integrated without modification, the resulting samples are distributed according to the
microcanonical or NVE ensemble [49]. In this work, the canonical ensemble is used, so the
simulation is performed at a constant temperature. There are several ways to accomplish
this, for example, by stochastic re-sampling of velocities [50] or, more popularly, by the
introduction of extended phase space dynamics [51–53] [49].
Another approach is to use the Langevin equation of motion, which is stochastic by design.
It combines deterministic Newtonian dynamics with the stochastic interactions between
the system and a virtual heat bath in which it is submerged [1]. The Langevin equation
for a system of N particles with time-dependent positions rN (t) = {r1(t), . . . , rN (t)} is
given by [49]

m
d2ri(t)

dt2
= Fi(r

N (t))− γm
dri(t)

dt
+

√︃
2γm

β
η(t), (2.4)

where Fi(r
N ) is the Newtonian force acting on particle i, m is the particle’s mass and

γ the friction coefficient determining the interaction strength between the system and
the bath. The last term of the equation is the random force, with η(t) being a stochastic
process satisfying ⟨η(0)η(t)⟩ = δ(t).
A special case of Langevin dynamics, referred to as Brownian dynamics or overdamped
Langevin dynamics, happens in the limit γ ≫ 0. Here, the particle momenta are neglected,
the physical interpretation being that any systematic velocities quickly decay due to
friction. It has to be mentioned that, in doing this, one loses physical realism in the
short-term dynamics [1]. A solution to the corresponding Langevin equation in discrete
time steps ∆t is then given by the particularly simple Euler-Maruyama method [1, 54]

rn+1 = rn + βD∆t F (rNn ) +
√
2D∆tRG

n , (2.5)

where D = 1/βmγ is the diffusion coefficient and RG
n is a sample from a normal distribution

centred on zero with uniform variance and the index i of the particle was dropped. This
method will be used throughout the entirety of this thesis whenever MD is performed.
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2.2. Sampling from statistical ensembles

2.2.2. Monte Carlo sampling

The term Monte Carlo (MC) in the context of computer simulation refers to algorithms
that utilize random numbers in order to obtain numerical solutions to oftentimes complex
problems or systems [55]. The Monte Carlo method has applications in a broad spectrum of
disciplines. The MC algorithms used in the field of statistical mechanics, however, mostly
fall into the sub-class of Markov Chain Monte Carlo (MCMC) algorithms. Here, one can
sample an arbitrary distribution by constructing a stochastic process that converges to
the desired distribution. An important property of that process is its lack of memory,
meaning that, in a sequence of events {rN1 , . . . , rNk−1, r

N
k }, the probability of going from

state rNk to rNk+1 is independent of the other states rN1 , . . . , rNk−1 in the sequence. Such a
process is called a Markov chain. [1]
In contrast to MD, the dynamics generated by an MCMC algorithm have no physical
meaning. Nevertheless, such algorithms can be of great use, for example to do statistics
in the canonical ensemble without having to compute the value of the partition function
ZNV T . By choosing the canonical distribution ρNV T as the target distribution, one
can draw samples {rNi | i = 1, . . . , k} from it and use them, for example, to compute
expectation values of observables A(rN ) using [1]

⟨A(rN )⟩ens := ⟨A(rN )⟩rN∼ρNV T (rN ) =
1

k

k∑︂
i=1

A(rNi ). (2.6)

One such MCMC algorithm is the Metropolis algorithm [56], which involves generating a
new state y from the current state x and accepting or rejecting the move with a certain
acceptance probability pacc(x → y). If the move is accepted, y becomes the next state
in the Markov chain, otherwise x is counted again [48]. To ensure convergence to the
stationary target distribution, the acceptance probability must fulfil a condition called
detailed balance, which, assuming a symmetric probability to generate a move, reads [48]

ρ(x) · pacc(x → y) = ρ(y) · pacc(y → x), (2.7)

which can be rearranged to obtain

pacc(x → y)

pacc(y → x)
=

ρ(y)

ρ(x)
. (2.8)

The above condition can be satisfied using the Metropolis criterion [56]

pacc(x → y) = min

[︃
1,

ρ(y)

ρ(x)

]︃
. (2.9)

Assuming that the target distribution is the canonical distribution ρNV T (2.1), equation 2.9
can be written as

pacc(x → y) = min

[︃
1,

ρNV T (y)

ρNV T (x)

]︃
= min

[︄
1,

1
Z e

−βU(y)

1
Z e

−βU(x)

]︄
= min

[︂
1, e−β∆U

]︂
=

{︄
e−β∆U if ∆U > 0

1 otherwise

(2.10)
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2. Theory

where ∆U = U(y) − U(x) is the difference in potential energy caused by the move.
Therefore, each move that lowers the potential energy is accepted immediately. It should
be noted that in equation 2.10, the partition function Z cancels, which is important since
we cannot compute its value in most cases as discussed above.

2.3. Enhanced sampling

Both sampling methods, MD and MCMC, move through a system’s energy landscape
by iteratively updating the positions of a walker. Complex systems contain numerous
(meta)stable states that are characterized by minima in which the system preferentially
dwells during an equilibrium simulation. Transitions from one minimum to another
require the crossing of energetic or entropic barriers, events that become exceedingly rare
with increasing barrier heights as they purely rely on spontaneous thermal fluctuations.
As a result, the waiting times between the spontaneous occurrence of such rare events
can be drastic, which is problematic if one is interested in studying the behaviour of a
system out of equilibrium. Therefore, the need arises for so-called enhanced sampling
techniques that steer the system to visit unlikely regions of configuration space whilst
still retaining consistency with the equilibrium distribution one aims to sample. Two such
techniques, namely Umbrella Sampling (US) and Transition Path Sampling (TPS) shall
now be introduced.

2.3.1. Umbrella Sampling

The idea of Umbrella Sampling [5] is to shift the focus of the sampling from the stable
states to a number of pre-defined windows which typically lie at regular intervals between
the states. This is done by modifying the potential energy function U(rN ) of the system
by introducing a bias potential U ξ̂i

B (rN ) of variable strength, which can be tuned to be
positioned at regions of interest in phase space [57].
The windows are defined using a so-called Reaction Coordinate (RC) ξ, which parametrizes
the progress of a transition between two states. It can be an arbitrary function of (parts
of) the system’s coordinates rN and is oftentimes related to the system’s geometry [57].
The bias centre corresponding to the window i is then denoted by ξ̂i. This results in a
modified expression for the system’s potential energy of the form

U ′
i(r

N ) = U(rN ) + U
ξ̂i
B (rN ). (2.11)

In this work, a harmonic bias potential

U
ξ̂i
B (rN ) =

kbias

2

[︂
ξ(rN )− ξ̂i

]︂2
(2.12)

is used, where the parameter kbias determines the strength of the bias.
A typical application of Umbrella Sampling is free energy estimation along a reaction
coordinate. In the canonical ensemble, the Helmoltz free energy can be calculated

8



2.3. Enhanced sampling

using [48]

F = − 1

β
lnZNV T . (2.13)

As discussed above, direct calculation of ZNV T is impossible. Therefore, the free energy
F (ξ) along the RC is estimated using a histogram of the values of ξ observed during
simulation. Using Umbrella Sampling, each simulation in each window produces one
such histogram, which is biased by the potential UB [57]. Since the bias potential solely
depends on ξ and its specific form is known, one can correct for it and combine the
histograms in order to retrieve the full and unbiased F (ξ).
A popular method of achieving this is the Weighted Histogram Analysis Method (WHAM) [58].
Without going into detail, the central idea of WHAM is to minimize the statistical er-
ror of the combined and unbiased histograms [57] by solving the WHAM equations
self-consistently. In order for this to work, the individual histograms need to partially
overlap [57].

2.3.2. Transition Path Sampling

Umbrella Sampling is a powerful technique, since it enables low-probability regions of
configuration space to be sampled with high efficiency. These samples can then be used to
estimate stationary quantities, for example the height of a free energy barrier. However,
since US relies on performing simulations using a modified (biased) potential, the true
and unbiased dynamics of the system are lost and cannot be recovered. Transition Path
Sampling (TPS) [59] is another enhanced sampling technique and it enables one to study
transitions between stable states that happen rarely [60]. Not only does it preserve
the dynamics of the unbiased system, which is important for example if one wishes to
estimate reaction rate constants, but it also requires no prior knowledge of a reaction
coordinate [60].
In the above description of MCMC methods, it was briefly mentioned that they can
be used to sample from arbitrary distributions. The canonical distribution was then
presented as a prominent example and discussed in more detail, which might give the
impression that such methods are exclusively concerned with sampling distributions of
microstates of molecular or atomistic systems. This, however, is not the case, and TPS is
an example of such a MCMC method.
In TPS, the constituents of the Markov chain are not individual microstates but rather
dynamical trajectories of the system [61]. The aim is to sample from the so-called
transition path ensemble, i.e., the ensemble of all trajectories connecting two stable states
A and B, a visualization of which can be seen in figure 2.1. These trajectories X(τ)
can either have fixed or variable lengths τ , the latter case being considered in this work.
They consist of points xi with i ∈ {0, 1, . . . , τ/∆t} where ∆t is the timestep, such that
X(τ) = {x0, x1, . . . , xτ/∆t} [62]. Their probability density can be expressed as [62]

PAB[X(τ)] =
1

ZAB
HAB(x0, xτ/∆t) H̃AB[X(τ)] ρ(x0)

τ/∆t−1∏︂
i=0

ptrans(xi → xi+1). (2.14)
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A

B

Figure 2.1.: Visualization of the Transition Path Ensemble, which is the ensemble of all
paths connecting two stable states A and B.

Here, ZAB is a normalization factor and ptrans(x → y) is the short-time probability of
transitioning from point x to point y. The function

HAB(x, y) =

{︄
1 if hA(x)hB(y) = 1 ∨ hA(y)hB(x) = 1

0 otherwise
(2.15)

ensures that only paths that start in A and end in B and vice-versa (reactive paths) are
considered, where

hS(x) =

{︄
1 if x is in state S
0 otherwise

(2.16)

is the population function [62]. Similarly, the function

H̃AB[X(τ)] =

τ/∆t−1∏︂
i=1

h̃(xi) (2.17)

with

h̃(x) =

{︄
0 if x is in state A or B
1 otherwise

(2.18)

weights out any trajectories that have intermediate points inside A or B [62]. With these
constraints in place, the only paths of interest are those which connect the two states and
have exactly one point (the first/last point) inside each of them.
An important decision to make is the definition of the states A and B. This is usually
done by introducing a so-called order parameter qorder(x), which is a low-dimensional
function capable of characterizing whether a point x is inside state A, B or neither
of them [60]. Unlike a reaction coordinate, the order parameter does not need to be
able to parametrize the progress of the transition between A and B, but it has to fulfil
other important criteria. For example, it must be chosen generous enough to allow for
equilibrium fluctuations within A and B but strict enough for the basins of attraction of
A and B not to overlap [60].
With these definitions, it is now possible to construct a random walk in path space that
samples the distribution of reactive paths defined in equation 2.14. This is done following
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A

B

X

xi

A

B

X

xi

Y

A

B

X

(a)

(b)

(c)

Figure 2.2.: Overview of the shooting algorithm to produce a reactive path candidate
for Transition Path Sampling. In (a), a point xi is chosen from an existing
path X at random. In case of deterministic dynamics, a small perturbation
is applied to it, and it is then called the Shooting Point. In (b), two new
trajectories (green) are propagated from the shooting point, one forward
and one backward in time. Lastly, in (c), if the two trajectories each reach
a different state A or B, they are connected and thus form the new path
candidate Y .

the typical MCMC procedure. First, a new trajectory is generated from the current one.
Next, using a suitable acceptance probability, the candidate is either accepted or rejected
and becomes the next link in the Markov chain in case of acceptance. Otherwise, the
current path is counted again [61].
The most common way of generating a new path given a reactive path is the shooting
move [11], which is summarized in figure 2.2. Along the current trajectory, a configuration
xi is chosen at random, which is further called the Shooting Point (SP). From this point,
two new trajectories are started and propagated, one forward and one backward in time,
until they reach either state A or B. The candidate is then constructed by stitching
together the two trajectories. Importantly, if the system is propagated using deterministic
dynamics (e.g. by integrating Newton’s equations of motion), the shooting point needs
to be perturbed prior to starting the new trajectories, otherwise one will produce the
same path as before. Since the dynamics used in this work are purely stochastic, the
perturbation of the shooting point is not necessary. Also, if momenta are considered in
the dynamics, they need to be inverted in the trajectory that is propagated backwards in
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A

B

pB

0

0.5

1

Figure 2.3.: Visualization of the definition of the committor pB(x) of a system with two
stable states A and B. The red dots indicate shooting points and the black
lines fleeting trajectories started from those shooting points. Trajectories
started close to a stable state have a high likelihood of first reaching that
state, meaning that the starting configuration is associated with a committor
close to zero or one.

time before constructing the new path.
Once a candidate Y is obtained from the current path X, it has to be either accepted or
rejected while satisfying detailed balance. This can again be done using the Metropolis
rule, which results in the general acceptance probability

Pacc(X → Y ) = min

[︃
1,

PAB(Y )Pgen(Y → X)

PAB(X)Pgen(X → Y )

]︃
, (2.19)

where Pgen(X → Y ) is the probability of generating the move X → Y (and analogously
Pgen(Y → X)) [60]. Assuming that the probability of choosing a shooting point along
the current path X is uniform and the forward and backward segments are generated
with the same dynamics as the current path, the acceptance probability reduces to [62]

Pacc(X → Y ) = HAB(Y ) min

[︃
1,

L(X)

L(Y )

]︃
, (2.20)

where L(X), L(Y ) are the path lengths of X and Y respectively and HAB(Y ) is a
short-hand notation for the function HAB evaluated at the first and last point in Y [63].
An important quantity in relation to TPS is the committor pB(x), which is the probability
of a trajectory started at some point x to enter state B before state A [60], as can be
seen in figure 2.3. One can analogously define the committor pA(x), however, for ergodic
and overdamped systems considered in this work, pA(x) + pB(x) = 1, so knowledge of
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Input layer
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Output layer
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Activation 
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Output
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Figure 2.4.: The typical structure of a Multilayer Perceptron (a) and a schematic depiction
of an artificial neuron (b). Each circle in (a) is such an artificial neuron.

pB(x) implies knowledge of pA(x). Intuitively, shooting points with a committor close or
equal to 0.5 are most likely to result in reactive paths, since the two trajectories started
from them have a high chance of ending up in different states. This can also be seen from
the relation

p(TP|x) = 2pB(x)(1− pB(x)), (2.21)

which holds for Markovian and time-reversible dynamics like Brownian dynamics and
describes the probability p(TP|x) of a transition path passing through point x [47], which
clearly has its maximum at pB(x) = 0.5. Since, during a transition between states A and
B, the committor gradually changes from 0 to 1 or from 1 to 0 depending on the direction,
it constitutes an ideal reaction coordinate [60], which will be important later on.

2.4. Artificial Neural Networks

Artificial Neural Networks (ANNs) are mathematical models that aim to replicate the
working principle of biological nervous systems in order to solve various data-related
problems like classification, where input data is to be categorized based on pre-defined
conditions, or regression, where the goal is the approximation of some arbitrary func-
tion [64]. There are various types of ANNs, including feed-forward networks, through
which data is fed only in one direction, and recurrent networks, which allow the data to
flow in both directions within the network, feeding outputs back to parts of the network
as inputs [64].

2.4.1. Multilayer Perceptrons

An important type of feed-forward network is the Multilayer Perceptron (MLP), which
was originally proposed by Frank Rosenblatt in 1958 [65]. It consists of so-called artificial
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neurons that are organized in layers, the first layer being the input layer and the last
layer being the output layer. In between, there is an arbitrary number of hidden layers,
which, combined with the varying or constant number of neurons in each layer, defines the
complexity of the network. The structure of a typical MLP can be seen on the left-hand
side of figure 2.4. MLPs have the property of being fully connected, meaning that each
neuron receives the outputs of all neurons of the previous layer as an input and, conversely,
sends its output to each neuron of the following layer [66].
At their core, neurons are linear functions

xli = bli +

Nl−1∑︂
j=1

W l
ijy

l−1
j (2.22)

of the Nl−1 outputs yl−1
j of the previous layer l − 1 to which one applies a non-linear

function Fact(x) called activation function to produce the outputs of the current layer l

yli = Fact(x
l
i). (2.23)

Equation 2.22 can be written in matrix form as

x⃗l = b⃗
l
+W ly⃗l−1, (2.24)

where y⃗l−1 is a vector of the outputs of all neurons of layer l − 1, W l ∈ MNl×Nl−1
(R)

is a matrix containing the so-called weights of the connections between layer l − 1 and
l and bl ∈ RNl is a vector of the so-called biases. During training, these weights and
biases are optimized such that the network learns to approximate any [67] smooth and
measurable function of arbitrary complexity [66]. A depiction of a neuron can be seen on
the right-hand side of figure 2.4.

Activation functions

Activation functions play the important role of enabling non-linear regression with neural
networks[66]. Without them, the entire network would amount to a linear function due to
the fact that compositions of linear functions are themselves linear. This would make it
impossible to approximate non-linear functions. The choice of activation function depends
on the problem at hand, and each layer may have a different activation function. Popular
examples that are also used in this thesis are the Rectified Linear Unit (ReLU)

ReLU(x) = max[0, x] =

{︄
x if x > 0

0 if x ≤ 0,
(2.25)

the tanh(x) function and the standard logistic function

σ(x) =
1

1 + e−x
, (2.26)

the latter one typically being used as the activation function of the last layer if the network
outputs are probabilities, requiring them to be in [0, 1].
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2.4. Artificial Neural Networks

Training

Training of MLPs is done in a supervised way [66], meaning that the input data used for
training needs to be equipped with the expected outputs, the so-called labels. During the
training process, the network parameters (weights and biases) are then optimized such
that a so-called loss function L(y⃗,ˆ︁y⃗) is minimized, where y⃗ is the output produced by the
network and ˆ︁y⃗ the expected output, with y⃗,ˆ︁y⃗ ∈ RM . An example for such a loss function
is the Mean Squared Error (MSE) function

LMSE(y⃗,ˆ︁y⃗) = 1

M

M∑︂
i=1

⃓⃓⃓
y⃗ − ˆ︁y⃗ ⃓⃓⃓2 . (2.27)

Since y⃗ is obtained by passing an input vector through the network, it is actually a function
of the input and all the network’s weights and biases. Therefore, to efficiently minimize
the loss function, one requires information about how each parameter contributes to the
output. This information is provided by the gradient of the loss function ∂L/∂θi with
respect to each network parameter θi. In practice, these gradients are obtained using
the backpropagation algorithm [68], which iterates backwards through the network layers
computing gradients along the way using the chain rule [66].

Optimizers

Computing the gradients is only the first step towards minimizing the loss function. The
crucial second step is to use these gradients to update the network parameters efficiently,
meaning fast convergence at low computational cost. There are multiple algorithms called
optimizers that aim to achieve this. The most widely used optimizers are based on the
Gradient Descent algorithm, which updates the parameters along the negative gradient
in small steps

θt = θt−1 − η∇θL(θt−1) (2.28)

dictated by the learning rate η [69]. Examples of optimizers based on this idea include
the momentum method [68], Adagrad [70], Adadelta [71] and Adam [72], the latter one
being used throughout this work.
Adam, short for Adaptive Moment Estimation, improves upon the standard Gradient
Descent method (equation 2.28) by implementing adaptive per-parameter learning rates,
meaning that each parameter is updated with a different step size according to its
importance [69]. It achieves this by including an exponentially decaying average of
estimates of the gradients’ first and second moments in the update rule for the network
parameters, which helps with convergence [69, 72].

Batches

Another important consideration that needs to be made during training is the number of
samples used in each parameter update step. By passing all available training samples
through the network, computing the gradients and using them to update the parameters,
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one follows the slope of the loss function very closely, achieving smooth convergence to
the minimum. For large datasets, however, this approach is not feasible due to memory
constraints and slow convergence [69]. The other extreme is called Stochastic Gradient
Descent. Here, the parameters are updated for each sample in the training set, leading to
large fluctuations of the training loss [69]. While the convergence is typically faster, this
method is prone to overshooting of the minimum if the learning rate is kept constant [69].
The most common approach lies between the two extremes and is called Mini-batch
Gradient Descent. The training set is partitioned into batches, the number of samples
per batch being referred to as the batch size. Parameter updates are performed using the
gradients produced by each batch, which smoothens the convergence while still being
time- and memory-efficient [69]. In general, one also shuffles the training set each time
the entire set has passed through the network, which is called an epoch, in order to avoid
biasing the optimizer towards a specific order of the samples [69].

2.4.2. Artificial Intelligence for Molecular Mechanism Discovery

Neural networks are widely used in physics today, harnessing their expressiveness when
applied to regression tasks. An example of such a task that is relevant to this thesis is
learning and subsequently predicting the committor of a system, which is analytically
intractable. The committor is of particular interest as it is a central quantity in optimizing
path sampling.
Artificial Intelligence for Molecular Mechanism Discovery (AIMMD) is an algorithm
proposed by Jung et al. [47] that trains an artificial neural network to predict the
committor pB(x) of a given point x in order to bias the shooting point selection during a
TPS simulation towards the pB(x) ≃ 0.5 region, which, as discussed above, maximizes
the likelihood of producing reactive path candidates.
They start by modelling the committor as a standard logistic function applied to the
output q(x|θ) of an MLP, which takes a configuration x of the system as an input, i.e.,

pB(x) =
1

1 + e−q(x|θ) . (2.29)

This network is trained using the outcomes s = {si}i=1...k of k shooting moves from
shooting points x = {xi}i=1...k, where si = −1 if the trajectory started at xi first enters
state B and si = 1 if it first enters state A. In the case of overdamped dynamics considered
in this work, each shooting attempt constitutes a Bernoulli experiment with the probability
of observing outcome si ∈ {−1, 1} given by

p(si|xi) =

{︄
pB(xi) if si = −1

1− pB(xi) if si = 1.
(2.30)

Repeating this experiment for k shooting points and combining the probabilities, one
obtains the likelihood

L =

k∏︂
i=1

p(si|xi). (2.31)
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After inserting equation 2.29 for p(si|xi), this likelihood depends on the output of the
network. The objective of the training process is then to maximize L, which is equivalent
to minimizing the loss function

LAIMMD(θ|x, s) = − logL =
k∑︂

i=1

log
(︂
1 + esiq(xi|θ)

)︂
. (2.32)

In their paper, Jung et al. [47] train the network in parallel to a TPS simulation, picking
shooting points according to a Lorentzian distribution centred at q(x|θ) = 0 and using the
results of the two-way shooting attempts to extend the training set for the network. In
order to measure the performance of the committor model, the authors define an efficiency
factor

αeff = min

[︄
1,

(︃
1− ngen

nexp

)︃2
]︄

(2.33)

with ngen being the number of reactive paths generated from a set of k shooting points
x = {xi}i=1...k and

nexp =
k∑︂

i=1

2(1− pB(xi))pB(xi) (2.34)

being the number of expected reactive paths from the same set of shooting points according
to the committors predicted by the network. During training, αeff should converge to
zero, indicating perfect agreement between predicted and expected transitions.
While the definition of the committor model and the loss function are unchanged through-
out this thesis, the shooting points and outcomes are being obtained by other means.

2.5. Normalizing Flows

In recent years, the possibility of using machine learning to approximate an arbitrary
probability distribution by training solely on samples drawn from it has been explored [39],
notable examples being Variational Auto-Encoders (VAEs) [38] and Generative Adversarial
Networks (GANs) [37]. Once sufficiently trained, such models can be used to produce
new and before unseen samples of the learned distribution, hence their classification
as generative models [39]. However, the aforementioned models provide no easy way of
obtaining the probability density of the samples they produce.
Normalizing Flows [40, 41] enable both producing samples and obtaining probability
densities in an exact and computationally efficient way and are yet another example of a
family of generative models [39]. There are various types of Normalizing Flows, namely
Elementwise, Linear, Planar, Radial, Coupling, Autoregressive and Residual Flows [39],
but they share the same fundamental idea.
In general, a Normalizing Flow constitutes a diffeomorphism Fzx : RD → RD between the
sample spaces of a tractable and easy-to-sample probability distribution pZ(z) : RD → R
called latent or prior distribution and a potentially complex target distribution pX(x) :
RD → R, with random variables z, x ∈ RD [39, 45]. The inverse mapping is denoted by
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f1 f2 fN...

Fxz

Fzxz x

pZ(z) pX(x)

Prior distribution Target distribution

Figure 2.5.: Schematic depiction of a typical Normalizing Flow architecture. An invertible
transformation between a prior and a target probability distribution is learned,
which consists of a composition of multiple smaller transformations that are
themselves invertible.

Fxz := F−1
zx . A typical choice of latent distribution is the multivariate standard normal

distribution [39] with density function

pZ(z) =
1

(2π)D/2
e−

1
2
||z||2 , (2.35)

where ||.|| denotes the Euclidean norm on RD. The mappings Fzx and Fxz have Jacobian
matrices [45]

Jzx(z) =

[︃
∂Fzx(z)

∂z1
, . . . ,

∂Fzx(z)

∂zD

]︃
(2.36)

Jxz(x) =

[︃
∂Fxz(x)

∂x1
, . . . ,

∂Fxz(x)

∂xD

]︃
, (2.37)

which appear in the change of variable formula [45]

pX(x) = pZ(z) |det Jzx(z)|−1 = pZ(Fxz(x)) |det Jxz(x)| (2.38)

pZ(z) = pX(x) |det Jxz(x)|−1 = pX(Fzx(z)) |det Jzx(z)| (2.39)

to transform between the two distributions [39]. In principle, the functions Fzx and Fxz

can be made as complex as necessary in order to successfully model the target distribution.
This is typically done by considering compositions

Fzx = fN
zx ◦ fN−1

zx ◦ · · · ◦ f1
zx (2.40)

Fxz = f1
xz ◦ f2

xz ◦ · · · ◦ fN
xz (2.41)

of N less complex, non-linear invertible functions, which are themselves invertible with
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fi fi1 fi2

fi
fi1

... ... z x

z1 x1

x2z2 +×

Si Ti

c
Fxz

Fzx

Figure 2.6.: Schematic depiction of the Real NVP architecture used in (conditioned)
Boltzmann Generators. Left: Multiple Real NVP blocks {fi}i=1,...,N making
up the transformation Fzx and its inverse Fxz, as depicted in figure 2.5.
Middle: A single Real NVP block fi consisting of two affine coupling layers
fi1 and fi2, where the input channels are mirrored for fi2 compared to fi1.
Right: A single affine coupling layer fi1 in the zx direction with scaling and
translation operations Si and Ti modelled as multilayer perceptrons. The
input c to Si and Ti in red denotes an optional condition vector used for
biasing the generator.

Jacobian determinants given by [39]

det Jzx(z) =
N∏︂
i=1

det J i
zx(z) (2.42)

det Jxz(x) =

N∏︂
i=1

det J i
xz(x), (2.43)

where J i
zx(z), J i

xz(x) are the Jacobian matrices of the i-th functions in the compositions.
By carefully constructing the {f i

zx}, {f i
xz} to have Jacobians that are cheap to compute,

sample generation and density evaluation can be done very efficiently. This approach is
schematically depicted in figure 2.5.

2.5.1. Real NVP architecture

In their 2017 paper, Dinh et al. [42] introduce a coupling flow [73] architecture capable
of working with high-dimensional data while still being efficiently trainable. It uses
real-valued non-volume preserving transformations, giving it the name Real NVP. An
overview of this architecture can be seen in figure 2.6.
Extending their previous work [73], the {f i

xz}, {f i
zx} now take the form of affine coupling

layers, which are easily invertible and have Jacobians that are computationally inexpensive
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to calculate. The input in either direction is each partitioned into two channels x = (x1, x2),
z = (z1, z2) [42, 45]. The transformation is then given by [42, 45]

f i
xz(x1, x2) : z1 = x1, z2 = x2 ⊙ exp [Si(x1, θi)] + Ti(x1, θi) (2.44)

f i
zx(z1, z2) : x1 = z1, x2 = [z2 − Ti(x1, θi)]⊙ exp [−Si(z1, θi)] , (2.45)

where ⊙ denotes the element-wise product and the Si and Ti are modelled as artificial
neural networks responsible for scaling and translating the input respectively and do not
need to be invertible for the entire transformation to be invertible. In order to avoid the
first channel of the input to remain unchanged by the transformation, the channels are
swapped after each affine coupling layer [42, 45], thus defining a Real NVP block as two
consecutive affine coupling layers in which all components are transformed [45].
The Jacobian matrices J i

xz(x1, x2), J i
zx(z1, z2) of these transformations are triangular [42],

meaning that their determinants can be computed as [45]

det J i
xz(x) = exp

⎡⎣∑︂
j

(Si(x1, θi))j

⎤⎦ (2.46)

det J i
zx(z) = exp

⎡⎣−∑︂
j

(Si(z1, θi))j

⎤⎦ , (2.47)

which is computationally inexpensive.

2.5.2. Boltzmann Generators

Boltzmann Generators, first introduced by Noé et al. [45], are generative models built upon
the Real NVP architecture in figure 2.6 that specifically have a Boltzmann distribution
e−u(x) with a general energy function u(x) as their target distribution. Once sufficiently
trained, they can be used to draw statistically independent samples with high weight in
the target distribution. These samples can then be re-weighted in order to exactly follow
the Boltzmann distribution of interest.
In the following, the exact distributions are denoted by pX(x) and pZ(z) respectively
while the distributions resulting from the transformations Fxz(x), Fzx(z) are written as
qX(x) and qZ(z), i.e., [45]

pZ(z)
Fzx→ qX(x) (2.48)

pX(x)
Fxz→ qZ(z). (2.49)

As in the original work by Noé et al [45], in this thesis, pZ(z) is chosen to be a multivariate
normal distribution

pZ(z) ∝ exp

[︃
−||z||2

2T 2

]︃
, (2.50)
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with standard deviation given by the temperature T relative to some reference temperature
set to 1/kB. The target distribution pX(x) is the Boltzmann distribution of the canonical
ensemble

pX(x) ∝ exp [−βU(x)] , (2.51)

where U(x) is the potential energy of the configuration x.

Training

At the beginning of this section, Normalizing Flows were introduced as a means to learn
an arbitrary distribution given samples from that distribution. This approach does not
require the target distribution to be known beforehand, which is essential if one, for
example, wishes to use Normalizing Flows to generate images or speech. In the case of
Boltzmann Generators, this limitation vanishes, since the target distribution is known
analytically and the probability density of samples can be evaluated exactly. However,
samples from that distribution are costly to obtain, which is why one combines the classic
training by example with a different strategy called training by energy.
During training by energy, samples are taken from the prior distribution pZ(z) and
transformed using Fzx(z) to the distribution qX(x). One would then like to compare this
distribution to the target distribution pX(x) in order to update the model parameters
such that the difference between the two distributions is minimized. This difference is
quantitively given by the Kullback–Leibler (KL) divergence, which can be written as a
loss function [45]

LKL = Ez∼pZ(z) [βU(Fzx(z))− log(| det Jzx(z)|)] (2.52)

to be minimized during training.
Training by energy by itself is not mode-covering [45], meaning that the generator
preferentially samples within the highest probability region of the target distribution
while neglecting other important regions. To mitigate this, training by example is done
in addition to training by energy. The idea is to maximize the likelihood of samples
taken from the distribution pX(x) in the distribution qZ(z), similar to how other machine
learning models are trained [45]. These samples can be obtained through standard
(enhanced) sampling techniques like MD or MCMC. Also using the KL divergence, one
arrives at a maximum likelihood (ML) loss function [45]

LML = Ex∼pX(x)

[︃
1

T 2
||Fxz(x)||2 − log(|det Jxz(x)|)

]︃
, (2.53)

where pX(x) is approximated as described above. The two loss functions are then combined
into a single loss function [45]

LBG = λKLLKL + λMLLML (2.54)

with variable contributions from training by energy and training by example, their strength
determined by λKL, λML respectively.
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2. Theory

Re-weighting

A trained Boltzmann generator produces configurations that, although having a high
Boltzmann weight, are not exactly distributed according to the Boltzmann distribution.
The reason for that is that the qX(x) merely approximates the pX(x). However, one can
come up with a re-weighting factor [45]

wX(x) =
pX(x)

qX(x)
∝ exp [βU(Fzx(z))− log pZ(z) + log(| det Jzx(z)|)] (2.55)

that corrects for this.

Conditioning

In some cases, one might be interested in introducing a variable bias to the generation of
samples in order to preferentially sample certain regions of interest. Falkner et al. [46]
build on this idea and propose a path sampling scheme that does not select shooting
points from existing paths but rather uses a Boltzmann Generator to generate them. This
approach solves two of the main issues with the classic shooting algorithm, namely that it
is inherently sequential and that the paths it produces are correlated. Generating shooting
points using a Boltzmann Generator makes them and consequently the paths started from
them statistically independent from one another. Also, since multiple shooting points
can be obtained simultaneously, the process of generating trajectories can be completely
parallelized.
One has to be careful though, since the paths resulting from this procedure are not
necessarily distributed according to the transition path ensemble. To resolve this, a
re-weighting procedure can be used, where each reactive path X(τ) receives a statistical
weight [46]

Ω[X(τ)] ∝

⎡⎣τ/∆t∑︂
i=1

ρSP(xi)

ρ(xi)

⎤⎦−1

. (2.56)

Here, the ρSP(x) is the distribution of the shooting points.
As would be expected, training the Boltzmann Generator using the unmodified potential
energy of a system results in the majority of the generated configurations to be within
or close to the stable states. Such configurations, however, are unsuitable as shooting
points, since they will most likely not result in reactive paths when propagated. To solve
this, Falkner et al. [46] use an approach similar to Umbrella Sampling (section 2.3.1).
They define a reaction coordinate ξ(x) and use it to construct a biased potential like in
equation 2.11. The generator architecture is then slightly modified to include the bias
centre ξ̂i around which configurations are to be sampled in the input vector c for each
individual affine coupling layer, which can be seen on the right of figure 2.6. By training
at different bias centres, the generator learns to produce samples under the additional
condition, which can be used to guide shooting point generation towards the transition
region of configuration space, where they are most likely to result in reactive paths.
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2.5. Normalizing Flows

Finding a good reaction coordinate can be an exceedingly complex task and oftentimes
requires physical intuition about the system. Ideally, one would like to use the committor,
since it perfectly defines the transition state ensemble, but it is mostly impossible to find
analytically. Solving this problem is the aim of this thesis.
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3. Results

The main result of this thesis is an algorithm called Generative AIMMD (GenAIMMD)
that self-consistently learns the committor of a system and uses it as a condition during
simultaneous training of a Boltzmann Generator. This allows for generating decorrelated
shooting points in the high-efficiency region of configuration space without prior knowledge
of a reaction coordinate.
In the first section of this chapter, the algorithm is introduced and explained. As a proof
of concept, it is applied to two systems: a simple two-dimensional double-well-like system
with two reaction channels referred to as Wolfe-Quapp system and a more complex model
of a polymer in two dimensions. The results of GenAIMMD in these systems are presented
and discussed in sections two and three of this chapter.

3.1. The GenAIMMD algorithm

GenAIMMD, an overview of which is depicted in figure 3.1, consists of multiple steps
that can be grouped by their main area of focus into three categories

• Dynamics, which contains all steps where MD or MCMC simulations are performed,

• AIMMD, where the committor model described in section 2.4.2 is either trained
or used to predict an estimate of the committor of configurations and

• Generator, which includes steps where the Boltzmann Generator training is
performed or where the generator produces new configurations to be used during
training.

These steps are repeated for a number of algorithm cycles until self-consistency is reached.
The algorithm is started given a small number of configurations inside each stable state
and in the transition region. These can be obtained using standard MD or MCMC
simulation and TPS respectively. It should be noted that one does not need any reaction
coordinate in order to produce these configurations, as the stable states can be sampled
through equilibrium simulations and, as stated before, TPS operates without the need for
a reaction coordinate. Once these samples are obtained and both the committor model
as well as the Boltzmann Generator have been initialized, the algorithm loop begins,
meaning that all of the following steps are repeated in each cycle. At the end of a cycle,
the generator produces new configurations that, after some modification described below,
join the training data set. This data set has a pre-defined maximum size and is structured
as a queue, which means that the first set of training configurations that enters it will be
the first to be replaced with new configurations.
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Sufficiently
trained?

Generator

AIMMD

Dynamics

Start

Initialize models

Generate points on 
TPs & in stable states

Run “coin flip”
fleeting trajectories

Train AIMMD
Committor model

(Re-)label samples
using committor model

Train GeneratorGenerate samples at
various bias centers

Short MD to relax samples
in biased potential

End
No Yes

Figure 3.1.: Overview of the GenAIMMD algorithm. The three coloured boxed categorize
each step, where Dynamics (blue) includes steps where MD or MCMC is
performed, AIMMD (orange)-labelled steps use or train the committor model
described by the AIMMD algorithm and Generator (green) refers to steps
that use the Boltzmann Generator, either to train it or to produce new
training samples. Solid lines connecting algorithm steps indicate the training
loop, while steps connected by dashed lines are outside the loop.

Inside the training loop defined by solid lines in figure 3.1, the first step is to start
two fleeting trajectories from each point in the current training set. The outcome of
each trajectory, i.e., whether it first reached state A or state B, is recorded. Since this
constitutes a Bernoulli experiment as discussed in section 2.4.2, which can be pictured
as flipping an unfair coin where the respective probabilities of observing the outcomes
"heads" or "tails" are not equal, these trajectories are referred to as coin-flip trajectories.
This step is skipped for the set of initial samples, since there the outcomes are known,
either because the sample is already inside one of the stable states or because it is a
shooting point from a previous TPS simulation for which the outcomes were recorded.
The configurations x in the training set along with shooting outcomes s = {si} with si ∈
{−1, 1} are then used to train the AIMMD committor model according to the procedure
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3.1. The GenAIMMD algorithm

described in section 2.4.2 and using the loss function LAIMMD(θ|x, s) in equation 2.32.
This is done for a pre-defined number of epochs that is large enough for the committor
model’s accuracy to benefit from the new data yet small enough to not spend too much
compute time on this step.
For the Boltzmann Generator training in a later step (training by example to be precise),
a set of samples from different bias windows with bias centres {ξ̂i} according to the
distribution associated with equation 2.11 is needed. As discussed before, the bias centres
serve as conditions that are passed to each affine coupling layer of the generator and are
further required when evaluating the potential energies of configurations. For this reason,
the samples in the training set need to be labelled with bias window they are most likely a
part of. To achieve this, they are fed into the current committor model that was updated
in the previous step and are assigned a label based on the model’s prediction for their
committor, as will be discussed below.
There are now two approaches to assigning this label that are explored in more detail in
the following sections. In the first one, a set of discrete bias windows with corresponding
bias centres is chosen prior to starting the algorithm. Each sample is then labelled with
the value of the closest bias centre according to the committor predicted for it by the
committor model. In the second approach, the predicted committor is directly used as the
value of the bias centre, placing the sample at the centre of the associated bias window.
While each sample is now associated with some bias window, this does not mean that it
can be regarded as having been independently drawn from the probability distribution
induced by the corresponding biased potential (equation 2.11). Indeed, in the second
approach, each sample is placed at the centre of the corresponding bias window, which
would reproduce the correct distribution only in the limit of kbias → ∞. Also the first
approach would not result in the correct distribution of the samples, since, by associating
each sample with the closest bias window, one might end up with a disproportionately
large number of high-energy configurations.
This necessitates performing the next step, which involves relaxing the samples in their
respective potential, which can be achieved through a short MD or MCMC simulation. It
should be noted that, like all the steps included in the dynamics category of the algorithm,
this propagation can be completely parallelized in order to efficiently utilize all available
computational resources.
With a set of correctly labelled training data at hand, one can now train the Boltzmann
Generator, both via training by example and training by energy. Since this is generally
computationally more expensive than training the committor model, one has to be
especially careful in choosing the number of epochs to train for, where sufficient training
is usually indicated by a plateau of the training losses.
At this point in the algorithm, one should evaluate whether self-consistency has been
reached. One such exit condition can be a plateau of the Relative Effective Sample Size
(RESS) as a function of algorithm cycles. Given a set of N samples {xi}i=1,...,N with
corresponding weights {wi}i=1,...,N , the effective sample size estimates the corresponding
number of equally-weighted and independent samples that would have the same statistical
accuracy as the {xi} [74]. If the effective sample size is then divided by the sample size N ,
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3. Results

the relative effective sample size is obtained. An estimate for the RESS is given by [75]

RESS =
1

N

(︂∑︁N
i=1wi

)︂2

∑︁N
i=1w

2
i

. (3.1)

This metric can be calculated for the samples generated by the Boltzmann Generator,
whose weights are given by equation 2.55. Values of RESS ≃ 1 indicate that the generated
distribution of the samples is close to the target distribution, while values close to zero
mean poor sampling efficiency.
In case consistency is not achieved and the training continues, the last step in each cycle
is to generate new training configurations that will replace part of the current training
set. This is again either done by passing uniformly distributed bias centres (approach
two from above) or pre-defined discrete bias centres (approach one from above) to the
generator. Since these samples might have high energies, especially during the first
few training cycles, it is sometimes necessary to relax them using MCMC. This step
highlights the importance of providing initial samples outside of the stable states as an
input to the algorithm. Without them, tests have shown that the generator performs
linear interpolation in latent space to resolve the transition region, resulting in unphysical
samples with extremely high energies. An example of this linear interpolation happening
in the 2D system can be seen in appendix A.1.
Once the Boltzmann Generator is sufficiently trained, it can be used to generate shooting
points for TPS simulations, ideally with a committor bias of 0.5. As discussed before,
the shooting points coming out of the generator need to be re-sampled into the correct
distribution given by

ρ′SP(x) =
1

ZSP
e−βU ′

i(x) (3.2)

using the weights given in equation 2.55 before they can be used. Here, the U ′
i(x) is

the biased potential given in equation 2.11 with committor bias centre ξ̂i = 0.5. Once
re-sampled and propagated, the resulting reactive paths then also need to be re-weighted.
Starting with the general form of the path weights given in equation 2.56, one can derive
an expression for the special case where the shooting point distribution takes the above
form by calculating

Ω′[X(τ)] ∝

[︄
N∑︂
i=1

ρ′SP(xi)

ρ(xi)

]︄−1

=

[︄
N∑︂
i=1

1
ZSP

e−βU ′
j(xi)

1
ZNV T

e−βU(xi)

]︄−1

=
ZSP

ZNV T

⎡⎣ N∑︂
i=1

e−β[U(xi)+U
ξ̂j
B (xi)]

e−βU(xi)

⎤⎦−1

∝

⎡⎣ N∑︂
i=1

e−βU(xi)e−βU
ξ̂j
B (xi)]

e−βU(xi)

⎤⎦−1

=

[︄
N∑︂
i=1

e−βU
ξ̂j
B (xi)]

]︄−1

=
1∑︁N

i=1 e
−β

kbias
2

[ξ(xi)−ξ̂j ]
2
.

(3.3)

These path weights depend solely on the harmonic bias potential, which is analytically
known and cheap to evaluate. Since one is only interested in the relative path weights
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3.2. The 2D model

Figure 3.2.: The Wolfe-Quapp potential in its original (left) and rotated and scaled (right)
form, shifted such that the global minimum is at zero in both cases. The
modified version also marks the locations of the minima of the stable states A
and B. It also includes the line y(x) = x that is used to rotate the potential,
aligning the stable states and the top of the barrier with it.

Ω′
rel[Xk(τ)] of the K paths {Xk(τ)}k=1,...,K , the proportionality constant drops through

the normalization
Ω′

rel[Xk(τ)] =
Ω′[Xk(τ)]∑︁K
i=1Ω

′[Xi(τ)]
. (3.4)

3.2. The 2D model

The first tests are performed using a simple two-dimensional potential with two stable
states A and B. There are many functional forms for such a potential that have been
used in the past, but the one chosen for this work is the Wolfe-Quapp potential [76, 77]

UWQ(x, y) = x4 + y4 − 2x2 − 4y2 + xy + 0.3x+ 0.1y. (3.5)

This original form of the potential, which is depicted in figure 3.2 on the left-hand side,
is rotated by approximately π/25 in order to align the two minima and the top of the
barrier with the line defined by y(x) = x. This results in the potential energy function

UWQ, rot(x, y) =c1 · x41 + c2 · x31x2 + c3 · x21 + c4 · x21x22 + c5 · x1
+c6 · x1x2 + c7 · x1x32 + c8 · x2 + c9 · x22 + c10 · x42 + c11

(3.6)
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3. Results

Figure 3.3.: Definition of the stable states A (blue) and B (orange) in the 2D model
(left) and resulting committor pB(x, y) (right). The committor estimates are
obtained by starting multiple fleeting trajectories from each point in a fine
grid over the depicted range of x and y and recording how many entered
state B first.

with coefficients c1 = 0.969233, c2 = −0.480614, c3 = −2.155285, c4 = 0.184602,
c5 = −0.285146, c6 = −1.46487, c7 = 0.480614, c8 = 0.136719, c9 = −3.84471 and
c10 = 0.969233, the constant c11 = 6.76245 shifting the global minimum to zero.
The potential is then multiplied with a scaling factor s = h/c11 in order to make the
height of the barrier variable using the parameter h in units of kBT . This results in the
final form

U ′
WQ(x, y) = s · UWQ, rot(x, y) (3.7)

of the 2D potential, which is also depicted in figure 3.2 on the right-hand side with a
barrier height of h = 4 kBT .

3.2.1. State definition and committor estimation

In order to define the stable states A and B, an order parameter in the form of a bimodal
Gaussian function centred at either minimum of the potential energy

χWQ(r⃗) = a ·
[︂
e−b1||r⃗−r⃗B||2 − e−b2||r⃗−r⃗A||2

]︂
(3.8)

with empirically chosen parameters a = 100 and b1, b2 = 10 and r⃗ = (x, y)T is defined,
where r⃗A, r⃗B are the positions of the minima. Configurations with χWQ(r⃗) < qA = −8.2085
or χWQ(r⃗) > qB = 8.2085 are then considered to be inside the stable state A or B
respectively. This construction effectively results in state definitions that are discs with
radius 0.5 centred at the respective minima, which can be seen on the left-hand side in
figure 3.3.
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3.2. The 2D model

Figure 3.4.: Samples used for training a Boltzmann Generator in the 2D model (left) and
configurations produced by the trained generator (right). The samples belong
to different committor bias centres, which are listed on the far right. The
training samples were obtained via Umbrella Sampling and the generated
samples have not yet been re-sampled into the correct distribution, yet they
already agree well with the US data.

Using these state definitions, the committor pB(x, y) can be estimated by starting a large
number of fleeting trajectories from each point of a fine grid and recording the relative
number of trajectories that entered state B before state A. In this case, 1000 trajectories
are used per point and the points are equally spaced on a quadratic grid with lattice
constant 0.01 over the range −2.3 ≤ x, y ≤ 2.3. The results of this committor estimation
are depicted on the right-hand side of figure 3.3.

3.2.2. Conditioning a Boltzmann Generator

Before running GenAIMMD, the possibility of conditioning a Boltzmann Generator on the
committor of the 2D system as well as the correctness of the point- (equation 2.55) and
path-weights (equation 2.56) needs to be verified. To this end, the committor estimates
obtained as outlined in the previous section by starting fleeting trajectories on a square
lattice are interpolated linearly between lattice sites and this interpolation is used as the
reaction coordinate for conditioning the generator. This serves as a test of what to expect
from a fully trained committor model.
In order to achieve this, a set of training configurations at different committor bias centres
is needed, which is produced using Umbrella Sampling in five bias centres. An excerpt
from the training set is plotted on the left-hand side of figure 3.4. After the training is
done, the generator is used to produce a set of configurations that can be used for testing,
which can be seen in the right of the same figure.
As discussed before, these samples are not distributed according to the distribution
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3. Results

Figure 3.5.: Left: Free energy as a function of the committor estimated using WHAM on
different committor-biased configurations from 11 bias windows of the 2D
system. Right: Distribution of path lengths τ/∆t in units of MD steps of
different sets of transition paths in the 2D system. In both plots, the different
colours refer to the means by which the underlying samples were obtained.
Reference (blue) is a result from reference data, MD samples obtained via
Umbrella Sampling (US) in case of the free energy estimates on the left and
TPS samples in case of the path length distributions on the right. Generated
(orange) signifies that the samples involved were not re-sampled into the
correct distribution. For the free energies, this means that the configurations
produced by the Boltzmann Generator were used without modification. In
case of the path length distribution, the shooting points were re-sampled but
the resulting reactive paths were not. Re-sampled (green) finally indicates
that the samples (configurations for the free energies/transition paths for
the path length distribution) were re-sampled into their respective target
distribution. Therefore, the results should match those produced by the
reference data.

associated with the biased potential, which is why they need to be re-weighted according
to equation 2.55. To verify that this procedure works, the free energy as a function of
the committor is calculated using the method described in section 2.3.1 for both the
re-weighted samples produced by the generator and the configurations in the training
set obtained via Umbrella Sampling, the latter serving as a reference. To illustrate the
necessity of the re-weighting, the free energy resulting from the generated configurations
prior to re-weighting is also computed. These three free energies are plotted on the
left-hand side of figure 3.5.
Having confirmed that the generated samples can be re-weighted to follow the appropriate
distribution, the next step is to do the same for the transition paths propagated from
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3.2. The 2D model

Figure 3.6.: The distribution p(TP|x)ρ(x) obtained by inserting the interpolated numerical
committor estimates into equation 2.21 and multiplying with ρ(x) (left) which
serves as a reference to the 2D histogram of points on reactive paths, which
were propagated from generated and re-sampled shooting points and then
themselves re-sampled into the correct path distribution (right).

the configurations generated at committor bias 0.5. These configurations, which serve as
shooting points for the paths, need to be re-sampled into the ρSP(x) distribution from
equation 2.56. Otherwise, the resulting path weights would be incorrect. This is done
by randomly picking configurations with replacement according to their weight from
equation 2.55.
After the paths are generated, the same re-sampling procedure is applied using the path
weights, ideally resulting in correctly distributed transition paths. In order to verify
this, two checks are performed. First, a 2D histogram of all points along transition
paths is created, which are distributed according to p(TP|x)ρ(x). Since the committor is
known from simulation on the quadratic grid in the region of interest, a reference for this
distribution can by obtained by inserting it into equation 2.21 and multiplying with the
equilibrium Boltzmann distribution ρ(x) evaluated at the grid points. The two plots are
depicted in figure 3.6 and show good agreement. In order to perform the second check,
reference TPS data is acquired. The distribution of the path lengths τ/∆t of this reference
data is then compared to those of the generated paths before and after re-sampling. This
comparison can be seen to be successful on the right-hand side of figure 3.5.
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3. Results

Figure 3.7.: Configurations in stable states and on transition paths that are used to
initiate GenAIMMD in the 2D system (left) and configurations generated at
different committor bias centres using the Boltzmann Generator that was
trained through GenAIMMD (right).

3.2.3. Testing GenAIMMD

The results presented so far show that both the configuration as well as the path re-
weighting is successful and the correct distributions can be recovered, provided that the
high-probability regions are sufficiently sampled. The next step is to test GenAIMMD
on the 2D model. The hyperparameters of the Boltzmann Generator and the committor
model as well as the training parameters for GenAIMMD are listed in appendix A.2.
From the checks performed in the previous section, the initial data in the stable states
and along transition paths required to start GenAIMMD is already at hand and depicted
on the left-hand side of figure 3.7. The total number of initial samples used is 300, 200 of
which are in the stable states and the remaining 100 are along transition paths. Using
this, GenAIMMD manages to successfully train both the Boltzmann Generator and the
committor model within just 20 cycles, at which point the relative effective sample size
averaged over all bias windows plateaus, which can be seen on the left-hand side of
figure 3.8, and further training results in no increase in sampling accuracy. It should
also be noted that the RESS already starts relatively high in the first cycle, indicating
good training performance in just one cycle for the simple 2D system. Samples that were
generated at various bias centres using the trained Boltzmann Generator can be seen on
the right-hand side of figure 3.7 and should be compared to the reference data obtained
via Umbrella Sampling on the left-hand side of figure 3.4.
The training results for the committor model are depicted on the right-hand side of
figure 3.8 and match the reference data on the left-hand side of figure 3.3.
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3.3. The polymer model

Figure 3.8.: Relative Effective Sample Size (RESS) averaged over different bias windows
as a function of algorithm training cycles (left) and committor pB(x, y) of
the 2D system learned in parallel to the Boltzmann Generator training using
GenAIMMD (right).

3.3. The polymer model

Having shown excellent performance in the two-dimensional system, GenAIMMD is now
applied to a more sophisticated model with higher dimensions. To this end, the same
model of a polymer consisting of N = 7 monomers in two dimensions that was also studied
by Falkner et al. [46] was chosen. After applying an internal coordinate transformation
described below, the total number of degrees of freedom that the generator as well as
the committor model have to work with is 11, which constitutes a significant increase in
complexity compared to the Wolfe-Quapp model.
In this model, the total potential energy is given by a sum of three potentials: a Lennard-
Jones (LJ) potential

ULJ = 4ε

N∑︂
i=1

N∑︂
j>i

[︄(︃
σ

rij

)︃12

−
(︃

σ

rij

)︃6
]︄

(3.9)

with σ = ε = 1 which models the pairwise interactions of the monomers and prevents
them from overlapping, a harmonic bond stretching potential

Ubond =
kbond

2

N−1∑︂
i=1

(ri,i+1 − rref)
2 (3.10)

that defines a preferred bond length rref =
6
√
2σ and an angular potential

Uangle =
kangle

2

N−2∑︂
i=1

[1− cos(φi,i+1,i+2 − φref)] (3.11)
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Figure 3.9.: Compact (A) and extended (B) stable state conformations of the polymer
model (left) and definition of the internal coordinate system for a symbolic
polymer with only 4 monomers (right).

that has the same effect as Ubond but for the angle φi,i+1,i+2 between three consecutive
monomers with a preferred angle φref = π rad. Here, ri,j denotes the distance between
two monomers i and j and kbond = 5 εσ−1 and kangle = 1.4 ε rad−1 define the strengths
of the bond and angle potentials respectively. Therefore, the total energy of the polymer
model is given by

Upolymer = ULJ + Ubond + Uangle. (3.12)

3.3.1. State definition and internal coordinates

The polymer system has two stable states A and B, which are depicted in figure 3.9. They
are defined using the radius of gyration

RG(x) =

⌜⃓⃓⎷ 1

N

N∑︂
i=1

||x⃗i − ⟨x⟩ ||2 (3.13)

as an order parameter, where x = (x1, y1, . . . , xN , yN )T is a conformation of the system
in Cartesian coordinates, x⃗i = (xi, yi)

T is the position of monomer i and ⟨x⟩ is the centre
of mass of that conformation. Therefore, RG(x) is a measure for the spatial extent of
the polymer. Since state A consists of curled up conformations (low RG(x)) while the
conformations in state B are extended (large RG(x), see figure 3.9) and the transition is
characterized by the polymer either extending or contracting, Falkner et al. [46] used the
radius of gyration combined with the value of the Lennard-Jones contribution ULJ to the
total potential as a reaction coordinate. In this work, only the radius of gyration is used to
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3.3. The polymer model

define the two stable states as RG(x) < qA = 1.05σ for state A and RG(x) > qB = 1.2σ
for state B.
In order to reduce the problem to the relevant degrees of freedom and account for
rotational and translational invariances, a coordinate transformation between Cartesian
and internal coordinates is performed, such that the Boltzmann Generator and the
committor model are trained on internal coordinates. These internal coordinates consist
of the N − 1 bond lengths and the N − 2 angles between three consecutive monomers,
resulting in a total of 2N − 3 = 11 degrees of freedom compared to the 2N = 14
in Cartesian coordinates. A conformation in internal coordinates is then given by
a = (δ1, δ2, . . . , δN−1, φ1, φ2, . . . , φN−2)

T with δi := ri,i+1 and φi := φi,i+1,i+2. When
performing the transformation from internal to Cartesian coordinates, the three missing
degrees of freedom are accounted for by choosing the frame of reference such that the first
monomer is placed at the origin, i.e., x⃗1 = (0, 0)T, and the second monomer is placed
on the x-axis, such that x⃗2 = (δ1, 0)

T. A visualization of the definition of the internal
coordinate system can be seen in figure 3.9.
The Jacobian determinant of the transformation from internal to Cartesian coordinates is
given by [46]

det J =
N−1∏︂
i=2

δi. (3.14)

This needs to be included when calculating the Jacobian determinant of the transformation
performed by the Boltzmann Generator, both in the forward and in the backward direction.

3.3.2. Modifications to the GenAIMMD implementation

The endeavour of training the generator on higher dimensional data necessitates some
additions to the naive implementation used for the 2D model. As discussed in the previous
section, one of these is the inclusion of a transform layer mapping between Cartesian and
internal coordinates, which already accounts for translational and rotational invariances.
To further reduce complexity, each configuration in the training set is constrained to
have a positive first angle φ1, meaning that, should the third monomer have a negative
y-coordinate, the entire polymer is mirrored along the x-axis, which has no effect on the
potential energy of the configuration. The internal coordinates are also passed through a
normalization layer before they are shown to the generator, which subtracts the mean
and divides by the standard deviation of each coordinate in the training set.
During training, especially for the first cycles, the generator produces configurations with
extremely high energy, which causes the loss function to become numerically unstable.
To mitigate this, the energy is clamped by regularizing it using a function [45]

U ′
polymer =

⎧⎪⎨⎪⎩
Upolymer if Upolymer < Uclamp

Uclamp + log(Upolymer − Uclamp + 1) if Uclamp ≤ Upolymer < Umax

Uclamp + log(Umax − Uclamp + 1) if Upolymer ≥ Umax,

(3.15)

where Uclamp is the threshold for energy clamping and Umax is the energy that defines
the location of the function’s plateau.
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Although their impact on the loss function can be softened, these high energy samples
still pose a challenge when it comes to obtaining committor estimates through fleeting
trajectories due to the large forces acting on them, which make it impossible to propagate
such configurations using MD. For this reason, the samples produced by the generator
in the last step of GenAIMMD are relaxed using a short MCMC simulation before they
are added to the training set and used to estimate committors, since MCMC is mostly
unaffected by initially high energies.
In the 2D model, the Boltzmann Generator was trained using constant training parameters
(e.g. the learning rate η, the training by energy/example weights λKL, λML and the
clamp/maximum energies Uclamp, Umax). In the polymer model, this approach is not
applicable, since the first epochs of training require more carefully chosen parameters
to ensure stability while later epochs benefit from a more aggressive training scheme.
Therefore, the introduction of a training scheduler that gradually changes the training
parameters greatly increases training efficiency.
Finally, recall that AIMMD models the committor pB(x) using equation 2.29, i.e., as the
standard logistic function applied to the output q(x|θ) := q(x) of the neural network. For
the polymer model, this transformation q(x) → pB(x) is dropped, and q(x) is instead used
as a reaction coordinate and a bias for the Boltzmann Generator, which is mathematically
equivalent due to the bijective nature of the standard logistic function, for which the
inverse, which is called the logit function, is given by

q(x) = − log

[︃
1

pB(x)
− 1

]︃
. (3.16)

Obviously, the relations

lim
pB→0

q[pB] = −∞, lim
pB→1

q[pB] = ∞ and pB[q = 0] = 0.5 (3.17)

hold. The reason for this change is that, in equilibrium, the high probability regions of
configuration space correspond to values of pB close to 0 or 1, meaning that the majority
of configurations are squeezed into the small regions pB(x) ≃ 0 and pB(x) ≃ 1. The
effects of this can also be seen in the free energy plot on the left in figure 3.5. Using q(x)
instead of pB(x) expands these regions, increasing the resolution of statistics performed
there and helping with numerical stability.

3.3.3. Conditioning on the radius of gyration

Like in the 2D model, before using GenAIMMD to learn the committor while simultan-
eously training the Boltzmann Generator, a generator is trained in an initial test using
the radius of gyration as the condition. The training sample set is again obtained via
Umbrella Sampling in 10 equally spaced bias windows between values of 1.013 and 1.25 for
the radius of gyration with 20, 000 samples per window and a temperature of kBT = 0.1.
Figure 3.10 shows two histograms, one of the radius of gyration of the training set and one
of the radius of gyration of the samples generated using the trained Boltzmann Generator.
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3.3. The polymer model

Figure 3.10.: Left: Distribution of the radius of gyration RG(x) of the samples used for
training a Boltzmann Generator on the polymer model with RG(x) as the
condition. The samples are obtained via Umbrella Sampling in the bias
centres listed on the right of the two plots. Right: The distribution of RG(x)
of the re-weighted samples produced by the trained generator using the
same bias centres.

To complete the analysis, the free energy as a function of the radius of gyration is
calculated. To this end, reference data is produced via US using the same parameters as
before but for 22 bias windows, which is used to compute the reference free energy. This
is then compared to the free energy obtained from samples produced by the generator in
the same bias windows. Figure 3.11 shows this comparison and the results match those
obtained by Falkner et al. [46] for the same system.

3.3.4. Testing GenAIMMD

Knowing that the conditioning works, GenAIMMD can now be tested for the polymer
model. As before, the parameters used for training are listed in appendix A.2. To verify
that the Boltzmann Generator was trained successfully, samples are generated at different
bias centres and the re-weighted distribution of the corresponding committor values is
compared to that of the reference data. The latter is again obtained using Umbrella
Sampling biased by the learned committor in the same bias windows. The results of this
analysis can be seen in figure 3.12 and show that the Boltzmann Generator training was
successful.
Testing the performance of the committor model is not as straightforward as in the 2D
model, where this was done by visually inspecting the committor predictions at each site
of a square lattice and comparing them to reference data obtained by starting multiple
trajectories from each lattice site. This is obviously not possible in the polymer model
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3. Results

Figure 3.11.: Free energy as a function of the radius of gyration RG(x) for the polymer
model, calculated from Umbrella Sampling samples (Reference) and from
samples generated by the trained Boltzmann Generator (Generated). The
same 22 bias windows are used in both cases.

because of its larger number of degrees of freedom. Therefore, a different approach is
chosen, where the testing configurations are not obtained from a grid but from Umbrella
Sampling simulations which use the radius of gyration as a bias instead of the committor,
which would theoretically constitute a better reaction coordinate as discussed before. The
reason for this choice is that involving the learned committor in producing data that
is then used to check the correctness of the learned committor would introduce a bias,
making the results less meaningful. The thus obtained configurations are then shown to
the committor model, whose predictions are subsequently plotted against the reference
committor estimates obtained analogously to those in the 2D model, i.e., by propagating
multiple trajectories from each configuration and observing their outcomes. This plot can
be seen on the left-hand side of figure 3.13 and it shows the committor predictions to be
rather accurate.
Lastly, the relative effective sample size of samples produced by the Boltzmann Generator
after each training cycle of GenAIMMD can be investigated. As for the 2D model,
samples are produced in different bias windows and the RESS averaged over all windows
is computed. Then, the averaged RESS is plotted against the algorithm cycle, which can
be seen on the right-hand side of figure 3.13. Initially, the RESS grows, indicating that
the quality of the samples produced by the generator increases as the training progresses.
Ultimately, it plateaus at a value rather smaller compared to the 2D model, which is
due to the larger number of degrees of freedom of the polymer model and therefore the
increase in complexity of the sampling. As a result, more sample need to be generated in
order to achieve the same level of accuracy as in the 2D model. However, due to the fact

40



3.3. The polymer model

Figure 3.12.: Distribution of the committor values of Polymer configurations produced
at different bias centres listed on the right via Umbrella Sampling (left)
and generated and re-weighted using a Boltzmann Generator trained using
GenAIMMD (right). The function q(x) is related to the committor pB(x)
through equation 3.16.

that the sampling and re-weighting is computationally inexpensive, this poses no great
challenge. This concludes the analysis of the performance of GenAIMMD.
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3. Results

Figure 3.13.: Left: Predicted and reference committor for polymer configurations obtained
via Umbrella Sampling using the radius of gyration as a bias coordinate.
The red line indicates perfect agreement between the predictions made by
the committor model and the committor estimated by starting multiple
trajectories at each testing configuration and recording their outcomes.
Right: Relative effective sample size of polymer samples produced by the
Boltzmann Generator averaged over multiple bias centres as a function of
algorithm training cycles.
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4. Discussion and conclusion

Boltzmann Generators [45] enable one to draw uncorrelated samples from a complex
Boltzmann distribution by learning a transformation between an easy-to-sample-from prior
distribution and the target Boltzmann distribution. It was shown by Falkner et al. [46]
that it is possible to use the samples generated by a Boltzmann Generator as shooting
points for Transition Path Sampling simulations. The latter can thus be parallelized and
produce uncorrelated transition paths. In this approach, the efficiency of the simulation
can be maximized by steering the generator to produce samples preferentially in the
high-efficiency region defined by some reaction coordinate ξ(x). However, it was discussed
that finding a good reaction coordinate is highly non-trivial or even impossible in complex
systems, often requiring physical, chemical or biological insight into the mechanisms
governing the reaction.
It was noted that the committor pB(x) of a system constitutes the ideal reaction coordinate,
providing a purely statistical description of the reaction. However, it is an intractable
function that quickly becomes computationally expensive to estimate, especially in higher
dimensional systems. This can be addressed by harnessing the predictive capabilities of
artificial neural networks, as was done by Jung et al. [47] who introduced an algorithm
called AIMMD that learns the committor of a system in parallel to a TPS simulation,
biasing shooting point selection towards the pB(x) ≃ 0.5 region and utilizing readily
available shooting outcomes for training the model. Since this algorithm relies on TPS,
however, is is inherently sequential and the training data suffers from correlations.
Ideally, one would like to combine the two methods, generating uncorrelated samples using
a Boltzmann Generator and using them to train the committor model. This, however,
results in a circular dependence, since the Boltzmann Generator in turn requires the
committor in order to sample the high-efficiency region.
Resolving this was the main goal of this thesis, the result being an algorithm called
Generative AIMMD (GenAIMMD) that simultaneously and self-consistently trains a
committor model of a system and uses it to condition a Boltzmann Generator. This
algorithm was tested using two systems: a simple two-dimensional bi-stable potential and
a more complex model of a polymer consisting of seven monomers in two dimensions. The
tests have shown that, in both systems, GenAIMMD was successful in training both the
committor model and the Boltzmann Generator. However, it should be mentioned that
no tests were performed that compare the efficiency of TPS enhanced using the proposed
algorithm to that of the standard shooting algorithm.
However, going from the two dimensions of the simple system to the eleven dimensions of
the polymer system proved to be no trivial matter and required careful choices of the
coordinate system and the parameters of the training, largely aided by the previous work
of Falkner et al. [46]. The number of initial samples also had to be increased, although it
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4. Discussion and conclusion

was still small enough to not cause any significant increase in computational overhead.
Even with these measures in place, the quality of the samples produced in the complex
system is vastly inferior to those in the 2D system.
This is likely not a result of GenAIMMD performing badly, but rather a more fundamental
issue with Boltzmann Generators struggling to learn higher-dimensional target distribu-
tions [24]. To confirm this, a Boltzmann Generator was conditioned independently using
the fully trained committor model, the resulting sampling efficiency being equivalent to
that of a generator trained via GenAIMMD. In the past, efforts have been made to improve
the architecture and the training procedure of Boltzmann Generators, showing promising
results when applied to medium-sized proteins [78]. Ultimately, a central limiting factor is
the extensivity of the system energy leading to a divergence of two systems with different
energies that grows exponentially with their size. This is problematic in the re-weighting
procedure, where the distribution produced by the Boltzmann Generator needs to be
re-weighted into the target Boltzmann distribution. Here, even slight differences between
the distributions may lead to the re-weighting becoming unstable for large systems. An-
other problem specifically related to Boltzmann Generators that hinders their efficiency
is the large number of model parameters required to provide the necessary expressivity,
which is a consequence of the invertibility requirement of the transformation. However,
simply increasing the number of parameters in the S and T networks of the affine coupling
layers may still not result in the desired expressivity, which is due to the simple nature of
the affine transformations in the Real NVP architecture. To resolve this, other coupling
functions like splines [79, 80] may be considered.
In recent years, the sampling capabilities of a different class of generative models called
diffusion models [81, 82] have been explored and even applied to Transition Path Sampling
directly [83]. These models have shown to be more robust and expressive than normalizing
flows and can successfully be applied to learning tasks involving highly complex target
distributions [24]. This makes them a promising alternative to flow-based models.
The algorithm developed in this thesis is completely modular. This means that the gener-
ative part currently implemented using a Boltzmann Generator can be easily exchanged,
should a different approach that still offers a numerically tractable re-weighting factor
prove to be better suited. Currently, diffusion models seem to be most likely to fulfil that
role, showing better performance in higher-dimensional systems compared to Boltzmann
Generators.
It should further be mentioned that the success of GenAIMMD in training the Boltzmann
Generator strongly depends on the quality of the initial samples. During tests, the
presence of unphysical configurations in the sample set revealed that such configurations
are then reproduced by the Boltzmann Generator, which continuously feeds them back
into the training loop in case they are not sufficiently relaxed in the MD propagation.
This can be detrimental to the sampling performance of the generator, which is why it is
essential to ensure that the initial samples are correctly distributed.
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A. Appendix

A.1. Linear latent space interpolation

Figure A.1 shows the effect of choosing initial samples only in the stable states. After
the first cycle, the generator performs a linear interpolation between the stable states,
since it has no information about this region from the training data. In the 2D system,
this does not pose much of a problem, but in higher dimensional systems, these samples
would be unphysical and have exceedingly high energies.

A.2. GenAIMMD parameters

The parameters used to test the performance of GenAIMMD are listed in table A.1 for
the 2D model and in table A.2 for the polymer model.

Table A.1.: Parameters used for running GenAIMMD in the 2D system

Boltzmann Generator Committor model GenAIMMD

Hidden layers 3 2
Nodes per layer 100 20, 10
Learning Rate 10−4 10−4

Batch size 100 100
Epochs per cycle 200 200
RealNVP blocks 3
wKL 1
wML 1

Cycles 50
D 1.0
∆t 10−2

MD steps 500
kbias 1500
Queue size 2 ·Nsamples
Nsamples 300
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A. Appendix

Table A.2.: Parameters used for running GenAIMMD in the polymer system

Boltzmann Generator Committor model GenAIMMD

Hidden layers 3 3
Nodes per layer 200 64, 32, 16
Epochs per cycle 100, 50, 25 50
Learning Rate 5 · 10−4, 10−4, 10−4 10−3

Batch size 250 150
RealNVP blocks 8
wKL 0, 10−4, 10−3

wML 1
Uclamp 1
Umax 1020

Cycles 40
D 1.0
∆t 10−4

MD steps 3000
kbias 2.5
Queue size 2 ·Nsamples
Nsamples 6000

62



A.2. GenAIMMD parameters

Figure A.1.: Samples produced by the Boltzmann Generator in the 2D system after each
training cycle of GenAIMMD. Cycle 0 refers to the untrained Boltzmann
Generator, which produces essentially randomly distributed samples. The
initial samples were only chosen in the stable states, which results in the
linear interpolation between the two states for bias centre 0.5 in cycle 1.
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