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Abstract

This thesis explores parametric arguments in the spectral theory of the curl and Laplace-
Beltrami operator, motivated by problems coming from contact geometry and topology.

Contact topology is the study of the topology of totally non-integrable hyperplane
fields, and its importance to low dimensional topology is well known. A characterization
of contact forms in dimension 3 as nowhere vanishing solutions to the eigenvalue problem
of the curl operator opens up a geometric-analytic approach to the subject. One of the
aims of this thesis is to build the spectral theoretic foundation for future investigations of
this research direction.

To this end, we prove generic spectral simplicity of the curl operator along 1-parameter
families of Riemannian metrics, a result we hope will lead to flexibility results for
eigenforms of the curl operator. This project is motivated by the fundamental importance
1-parameter families of contact structures in contact topology.

In joint work with Josef Greilhuber, far reaching generalizations of these arguments are
used to resolve a conjecture of Vladimir Arnold on the splitting behaviour of multiple
eigenvalues of the Laplace-Beltrami operator under perturbation of the metric. Due to this
result we now know the codimension of the space of metrics for which the Laplace-Beltrami
operator has at least one eigenvalue of multiplicity m.

The fact that contact forms in dimension three are eigenforms of the curl operator
and present a rich class of stationary solutions to the three dimensional Euler equations
can be exploited to construct exotic solutions to those equations. Combining input from
dynamical systems with a good understanding of the perturbation theory of the curl
operator allows one to engineer a stationary solution to the three dimensional Euler
equations which is isolated in the C' topology. This part of the thesis is joint work with
Alberto Enciso and Daniel Peralta-Salas.

Another result detailed in this thesis, again obtained in collaboration with Josef
Greilhuber, concerns the spectral geometry of the curl operator on smoothly bounded
domains in three dimensional FEuclidean space. We show that for generic smoothly
bounded domains, the spectrum of the curl operator consists of discrete eigenvalues of
multiplicity one. As a crucial step we derive a variational formula for the first-order
change of eigenvalues of the curl operator along deformations of the underlying smoothly
bounded domain.






Kurzfassung

Die vorliegende Dissertation untersucht parametrische Argumente in der Spektraltheorie
des Curl-Operators und des Laplace-Beltrami-Operators, motiviert durch Fragestellungen
aus der Kontaktgeometrie und -topologie.

Die Kontakttopologie beschéftigt sich mit der Topologie total nicht-integrabler Hyper-
flachenfelder und ist von grofser Bedeutung fiir die niedrigdimensionale Topologie. Eine
Charakterisierung von Kontaktformen in Dimension 3 als nirgends verschwindende Losun-
gen des Eigenwertproblems des Curl-Operators erdffnet einen geometrisch-analytischen
Zugang zu diesem Gebiet. Eines der Ziele der vorliegenden Arbeit ist es, die spektralthe-
oretische Grundlage fiir zukiinftige Untersuchungen in diese Richtung zu schaffen.

Zu diesem Zweck beweisen wir die generische spektrale Einfachheit des Curl-Operators
entlang eindimensionaler Familien Riemannscher Metriken. Wir erhoffen uns dass dieses
Resultat zu Flexibilitédtsergebnissen fiir Eigenformen des Curl-Operators fiihrt. Dieses
Projekt ist motiviert durch die fundamentale Rolle die eindimensionale Familien von
Kontaktstrukturen in der Kontakttopologie einnehmen.

In gemeinsamer Arbeit mit Josef Greilhuber werden weitreichende Verallgemeinerungen
dieser Argumente verwendet um eine Vermutung von Vladimir Arnold iiber das Aufspal-
tungsverhalten mehrfacher Eigenwerte des Laplace-Beltrami-Operators unter Storungen
der Metrik zu l6sen. Durch dieses Ergebnis kennen wir nun die Kodimension des Raums
der Metriken, fiir die der Laplace-Beltrami-Operator mindestens einen Eigenwert der
Vielfachheit m besitzt.

Die Tatsache, dass Kontaktformen in Dimension drei Eigenfelder des Curl-Operators und
damit eine reiche Klasse stationdrer Losungen der dreidimensionalen Euler-Gleichungen
darstellen, kann genutzt werden, um exotische Losungen dieser Gleichungen zu konstru-
ieren. Die Kombination von Erkenntnissen aus der Theorie dynamischer Systeme mit
einem guten Verstédndnis der Storungstheorie des Curl-Operators ermdglicht es, eine
stationédre Losung der dreidimensionalen Euler-Gleichungen zu konstruieren, die beziiglich
der C'-Topologie isoliert ist. Dieses Resultat wurde in gemeinsamer Arbeit mit Alberto
Enciso und Daniel Peralta-Salas erzielt.

Ein weiteres in dieser Dissertation dargestelltes Resultat, ebenfalls in Zusammenarbeit
mit Josef Greilhuber erlangt, betrifft die Spektralgeometrie des Curl-Operators auf
glatt berandeten Gebieten im dreidimensionalen euklidischen Raum. Wir zeigen, dass
fiir generische glatt berandete Gebiete das Spektrum des Curl-Operators aus diskreten
Eigenwerten der Vielfachheit eins besteht. Ein entscheidender Schritt dabei ist die
Herleitung einer Variationsformel fiir die Anderung der Eigenwerte des Curl-Operators
in erster Ordnung entlang von Deformationen des zugrunde liegenden glatt berandeten

Gebiets.
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1 Introduction

Although a large majority of the results obtained in this thesis are of a spectral geo-
metric nature, the initial and continuing motivation for tackling those problems lies in
3-dimensional contact geometry and topology. In the Introduction we therefore strive to
provide a rough overview over (metric) contact geometry and topology and their relation
to the spectral theory of the curl operator and therefore the remainder of the thesis.

In Section we introduce the basic objects in 3-dimensional contact geometry and
topology and state some fundamental theorems.

Section is devoted to explaining how one can couple Riemannian metrics to contact
forms and structures. We mention some of the (few) landmark results exploiting this
connection.

The connection between contact forms, the curl operator, and some aspects of topological
fluid mechanics in dimension 3 will be described in Section [L3l The section concludes
with an original derivation giving meaning to the eigenvalue of an eigenform of the curl
operator in geometric terms.

In Sections we recount a metric topology question motivating the investigation of
the spectral theory of the curl operator.

Finally, Section provides a brief overview of the main results presented in this thesis.

1.1 Elements of contact geometry and topology in dimension
3

In this section we recall the elementary notions and collect some foundational results in the
study of contact topology and geometry on 3-dimensional manifolds. The central objects
of inquiry in contact topology and geometry are totally non-integrable codimension one
subbundles of the tangent bundle and the 1-forms whose kernels define those subbundles,
respectively. Both contact forms and contact structures arise naturally in a variety of
contexts such as geodesic flow on Riemannian manifolds (or Hamiltonian dynamics more
generally), low dimensional topology, fluid dynamics, and thermodynamics.

Definition 1.1.1. Let M be an oriented 3-manifold. A 1-form o on M is called a
positive contact form if it satisfies

aANda >0
on all of M. The pair (M, ) is then referred to as a contact (3-) manifold.

The condition a A da > 0 is equivalent to asking that da restricted to the kernel of a
be nondegenerate. Put differently, the kernel of da is 1-dimensional and thus defines a
unique vector field up to normalization.
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Definition 1.1.2. Let (M, «) be a contact 3-manifold. Then the unique vector field R,
satisfying

do(Ra,—) =0 and a(R,) =1
is called the Reeb vectorfield associated to a.

Note that while rescaling a positive contact form « by a nowhere vanishing function
results in another positive contact form, it drastically changes the kernel of da and
therefore the Reeb vector field. As for any geometric structure there is a natural notion
of structure preserving morphism for contact forms.

Definition 1.1.3. Let (M, «) and (N, &) be contact 3-manifolds. A (local) diffeomorphism
Y : M — N is called a strict contactomorphism if it satisfies V*a’ = a.

It is easy to check that strict contactomorphisms preserve the Reeb vector field.

When we restrict our attention to the kernels of contact forms we end up with a
significantly more flexible theory. In the following we will treat coorientable plane fields,
that is, plane fields which admit a continuous choice of positive normal vector, only.

Definition 1.1.4. A coorientable positive contact structure on a 3-manifold M is a
codimension one subbundle & of the tangent bundle T M such that there exists a globally
defined positive contact form o« satisfying that ker(oy) = &p. The pair (M,§) is referred
to as a contact manifold as well and it is distinguished from the notion introduced in
Definition[1.1.3 by notational conventions only: o or sometimes \ are usually reserved
for contact forms, and £ is reserved for contact structures.

The fundamental example of a contact structure is given by (R3, agy = dz + %TQdH),
where (r,0,z) are cylindrical coordinates on R3. For an illustration of this contact
structure, see Figure [I.1]

Just as in the case of contact forms there is a natural notion of structure preserving
maps.

Definition 1.1.5. Let (M, &) and (N,£') be contact 3-manifolds. A (local) diffeomorphism
¥ : M — N is called a contactomorphism if it satisfies 1, ker(a) = ker(o). Equi-
valently, assuming & = ker(«) and £ = ker(a/) for a and o contact forms, i satisfies
P* (') = fa for some nowhere vanishing function f.

Often one considers an even stronger notion of equivalence between contact structures.

Definition 1.1.6. Two contact structures & and & on a manifold M are called isotopic
if there exists a smooth 1-parameter family of diffeomorphisms 1, such that g = idy; and
(¥1)(&) = &'. In particular, contact structures which are isotopic are also contactomorphic.

It is a classical result that any closed orientable 3-manifold admits a contact structure,
see Theorem below. It is thus natural to ask how many different contact structures
exist on any given closed oriented 3-manifold up to contactomorphism or contact isotopy.

The well known Darboux theorem says that locally both contact geometry and contact
topology are trivial fields of study.



1.1 Elements of contact geometry and topology in dimension 3
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Figure 1.1: A schematic picture of the kernel of ag = dz + %rzdﬁ.

Theorem 1.1.7 (Darboux). [Gei08, Theorem 2.5.1] Let (M, «) be a contact 3-manifold.
Then, for all p € M, there exits a neighbourhood U, containing p, a neighbourhood V), of
0 in (R3, as), and a strict contactomorphism

Vp : (Up, @) = (Vp, aist)
such that ¢,(p) = 0 € R3.

Oftentimes the Darboux theorem is summarized as saying that in contact geometry
and topology, unlike for example in Riemannian geometry, there are no local invariants.
This is the first indication of the remarkable flexibility of the theory, another even more
striking one is the so-called Gray stability theorem.

Theorem 1.1.8 (Gray). [Gei08, Theorem 2.2.2] Let M be closed manifold and let & be
a 1-parameter family of contact structures on M. Then there exists a 1-parameter family
of diffeomorphisms 1y : M — M such that {o = Y&

The upshot of the Gray stability theorem is that 1-parameter families of contact
structures preserve the topological types of contact structures.

It is important to note that there is no analogue to this theorem for contact forms
(|Gei08, Example 2.2.5]), i.e., 1-parameter families of contact forms are not induced by
1-parameter families of strict contactomorphisms.

At this point we have not yet seen that there is more than one contactomorphism
or contact isotopy type of contact structures on any closed oriented 3-manifold. The
first such example was found on R3 = S\ {pt.}: (R3 ay = cos(r)dz + rsin(r)df) was
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Figure 1.2: A sketch illustrating the kernel of a,y = cos(r)dz + 7 sin(r)df as well as of an
overtwisted disk contained in it.

shown not to be contactomorphic to (R3, a) by Bennequin in [Ben83|, see Figure
for an illustration of this contact structure. The crucial distinction to (R3, ay) is that
there exists an embedded disk, for example D = {r? < 7, z = 0}, which has the property
that £ = ker(ay) is tangent to D along its boundary dD. Such a disk is called an
overtwisted disk and Bennequin proved that (R3, ag;) does not contain any overtwisted
disk. While this is not a proof of this fact, we see that the planes defined by a; never
quite become tangent the {z = 0} plane. This discovery of Bennequin is often seen as the
inception of the study of contact topology.

Ever since a plethora of distinct contactomorphism and isotopy classes of contact
structures have been found. Indeed, on any closed orientable 3-manifold there always
exist countably many distinct isotopy classes of contact structures.

Theorem 1.1.9. [Gei08, Theorem 4.3.1 (Lutz-Martinet)] Every cooriented plane field on
a closed orientable 3-manifold is homotopic to a contact structure.

More generally, there is a fundamental dichotomy in the topology of contact structures
of closed 3-manifolds. On the one hand there are contact structures £ which contain an
open ball that is contactomorphic to (R3, ay = cos(r)dz + rsin(r)df), which are called
overtwisted, and those that do not contain any such open ball, termed tight. Crucially,
tightness respectively overtwistedness are preserved by contactomorphism. Any closed
3-manifold admits countably infinitely many different overtwisted contact structures, but
not every closed 3-manifold admits a tight contact structure [EHO1|. Indeed, a famous
theorem of Eliashberg [Eli89] implies that isotopy classes of overtwisted contact structures
are in one-to-one correspondence with homotopy classes of plane fields, so in a strong sense
overtwisted contact structures on a manifold M are classified by the algebraic topology of
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M. Contrary to this, tight contact structures, when they exist, carry significantly more
fine grained topological information about the manifold M, for example about the genus
of knots in M [Gei08|, Theorem 4.6.34],|Ben83| or whether a given embedded sphere in
M is contractible [Hof93| Theorem §|.

As mentioned before, not every closed oriented 3-manifold admits a tight contact
structure, and even when they admit one there are only finitely many different isotopy
classes of tight contact structures up to Giroux torsion [CGHO3|, a construction changing
the contact structure in the neighbourhood of an incompressible torus. There are several
classification results where a complete list of isotopy classes of tight contact structures
has been obtained for particular closed oriented 3-manifolds, but the general question
of which closed oriented 3-manifolds exactly admit a tight contact structure remains
wide open. In particular, the case of the in some sense richest class of closed oriented
3-manifolds, that of hyperbolic manifolds, remains mysterious.

1.2 Compatibility of contact forms with Riemannian metrics

As the crucial distinction between tight and overtwisted contact structures is how much
they twist, it makes sense to try to couple contact structures to Riemannian metrics in
order to get a quantitative measure of twisting. In particular, since it is the hyperbolic
manifolds for which we would like to understand whether they admit tight contact
structures or not, the hope is that one can use the existence of the hyperbolic metric in
order to construct appropriately compatible contact forms, and in that way prove the
existence of tight contact structures on those manifolds. This approach splits into two
different problems: First, one has to find a good notion of compatibility between a contact
structure and a Riemannian metric and prove that one can find criteria on a compatible
Riemannian metric which allows one to draw conclusions about the contact topology of
the plane field. This is the topic of the current section. The second part of the problem
is to actually construct pairs of contact structures and Riemannian metrics which are
compatible, and at this moment in time there is no known way of doing this in general.
One motivation for analyzing the curl operator on Riemannian 3-manifolds is to do just
that, and we will say more about this issue in the following sections.

We will repeat here the account of instantaneous rotation as introduced in [EKM12a].

Given a cooriented plane field £ on a Riemannian 3-manifold (M, g), for any point
p € M we may choose a local orthonormal frame (u,v) for { in a neighbourhood of p.
Denote by n the positive unit normal to &, and by ®; the flow generated by the locally
defined vector field u. As all our arguments will be local in nature we may extend u to
all of M by a bump function in order to obtain a family of diffeomorphisms ®; : M — M.
Consider the angle between ®jv and n at p, i.e.,

g(®fv,n)

cos(6(t)) = @]

Differentiating this expression and evaluating at ¢ = 0 gives the so-called instantaneous
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rotation A¢(p) of £ at p

/\E(p) = 9/(0) = —g([u,v],n)

It is easy to check that A¢(p) only depends on the metric g and on the plane field &,
but not on the particular choice of orthonormal frame (u,v). Crucially, £ is a positive
contact structure iff \¢ > 0. The instantaneous rotation is a measure of the rotation of
the plane field &, however we would like to stress that it is nondirectional and its value
at a point depends on the behaviour of £ in an open neighbourhood of that point. In
particular, it is difficult to relate A¢ to global properties of &.

Another natural notion of twisting is that of the second fundamental form of &

1
h’f (u? U) = §g(vuv + va7 TL)

which has a similar interpretation as the second fundamental form for submanifolds and
measures the extrinsic curvature of the plane field &, that is, the extent to which geodesics
curve away from the plane field distribution. For future use we define the square norm
of the second fundamental form | he[|? = h@-jh? =37 | |[Ve,n||? where e; and eg are an
orthonormal basis for £.

One way of relating the geometry of a Riemannian metric to the geometry of a contact
form and the topology of its underlying plane field is to restrict to a special subclass of
metrics.

Definition 1.2.1. A pair (g, «) is called weakly compatible if R, L, ker(«). Note that
this implies that n = ”FP;T&HQ' The pair is called compatible if furthermore ||Ry||g = const.

and A\¢ = const. One refers to the triple (M, g, ) where (g,a) are weakly compatible
as a metric contact manifold and to the study of these objects as metric contact
geometry or metric contact topology.

We would like to point out that the particular constants in a compatible pair are for
many purposes not that important and some authors have normalized them to p = 1 and
A =2 (e.g. |CH85|), and we will do the same in Chapter 4.

Given a contact form « it is fairly immediate that the set of (weakly) compatible
Riemannian metrics is quite large and can be characterized in a convenient way:

Proposition 1.2.2. [EKM12d, Proposition 2.1.] Let « be a positive contact form on a
3-manifold M and g be a metric on M. We set p = ||Rqa|g and § = ker(a). The following
properties are equivalent:

1. The pair (g, «) is weakly compatible.
2. There is some positive function \¢ such that
*gdaw = Aeav,

where x4 is the Hodge star operator associated to g. If this is true then A\¢ is the
instantaneous rotation of & with respect to g.
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3. There is an almost complex structure J on & that is compatible with da|e, (that is,
da(Ju, Jv) = da(u,v) for all u,v € & and da(v, Jv) > 0 for all v # 0 in &) such
that, using the extension @ of J to TM sending R, to 0, we have:

g(u,v) = Lda(u, p(v)) + pPa(w)a(v),

While Proposition [I.2.2]is elementary it is incredibly convenient. It connects the study
of contact forms to eigenforms of the curl operator x,d which we will explore further in
Section [I.3] Another consequence is that it gives a convenient way of doing perturbation
theory for the curl operator while preserving a given eigenform, an idea we will rely on in
Chapter 5.

This notion of compatibility turns out to be a good one in the sense that the Riemannian
geometry of a (weakly) compatible metric captures at least some of the contact geometry
of . This is exemplified by (but not limited to) the following lemma.

Lemma 1.2.3. [EKM12a, Lemma 2.3.] Let g be a metric that is weakly compatible with
a contact form « on the 3-manifold M. Set

1
n=-R,
p

where p = ||Ry|| is the norm of the Reeb vector field of a. Then
Van = —(Vinp)e,

where ve denotes the projection of v to & along R

Furthermore, we can express the mean curvature of ker a as

1 1 1
H=_trh=—--divgn=—-n- lnﬁ .
2 2 2 A¢

In particular, if (g, ) is a compatible pair, the Reeb field is a volume preserving geodesic
vector field.

Lemma hints at the possibility of connecting the topology of ker(a) to curvature
properties of g. For example, we can use the following Theorem due to Hofer.

Theorem 1.2.4. [Hof93, Theorem 1] Let (M, «) be a closed contact 3-manifold. If ker(c)
is overtwisted, then the Reeb vector field R, has an unknotted, contractible closed orbit.

With Theorem in hand we can immediately prove

Proposition 1.2.5. [EKM12a, Corollary 1.4.] Let (M, g) be a flat Riemannian 3-manifold.
Any contact form o which is compatible with g defines a tight contact structure.
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Proof. Any flat 3-manifold is universally covered by R? equipped with the euclidean
metric geye. Suppose now that ker(a) is overtwisted. Theorem implies that there
exists a contractible closed Reeb orbit «, which, by compatibility with the flat metric g,
is a contractible closed geodesic on M. This geodesic is then pulled back to a geodesic
on (R3, gewe), s0 to a straight line. However, since v is contractible, it is lifted to a
contractible closed loop, a contradiction. O

An example of a contact form compatible with a flat metric is given by
a = cos(z) dx + sin(z) dy

on T2 equipped with the standard metric dz ® dx + dy ® dy + dz ® dz. The proof of
the proposition used very little about the Riemannian metric and in principle one could
immediately generalize to metrics with nonpositive curvature. However, it is an interesting
fact (|Zeg95, Theorem F|) that no closed Riemannian 3-manifold with strictly negative
sectional curvature can be foliated by geodesics, so in particular there are no compatible
pairs («, g) where g has strictly negative sectional curvatures. It is unclear whether there
exist compatible metrics which are nonnegatively curved but not already flat.

This means that there are two natural ways of continuing the investigation of the
interplay of the sectional curvature of Riemannian metrics and contact structures: One
can either focus on compatible pairs in positive sectional curvature or relax the degree of
compatibility and look at weakly compatible pairs with more general sectional curvature
conditions.

As far as the second choice is concerned, if the modulus of compatibility is not too bad
one can get good estimates on the so-called tightness radius of a contact manifold.

Definition 1.2.6. Let (M,§) be a 3-dimensional contact manifold and g a Riemannian
metric on M. Given a point p € M, the tightness radius 7,(M, &) of (M,&) at p is

Tp(M, &) = sup {r | the contact structure on the geodesic ball By(r) at p of radius r is tight}
The (global) tightness radius of (M,§) then is
T(M, &) = inf{7,(M,&)|p € M}

Lemma [I.2.3] indicates the crucial quantity which one should use in order to measure
the modulus of compatibility:

Dy :=V,n+2Hn

Note that V,n L 2Hn, and that Dy is zero whenever (g, «) is a compatible pair. Taking
the supremum gives the quantity

dg := sup{[[Dg||(p)| p € M}

The constant d, carries a surprising amount of information about the contact structure
. Tt can be used to give a quantitative lower bound for the tightness radius [EKM12al
Theorem 1.5] and to give a tightness criterion for a weakly compatible pair (g, «) in
nonpositive curvature.
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Theorem 1.2.7. [EKM12d, Theorem 1.9] Let (M, ) be a 3-dimensional contact manifold
and suppose that g is a complete Riemannian metric that is weakly compatible with «. If

sec(g) < —dz
for all p € M then ker(«) is a tight contact structure.

In the case of compatible pairs in positive curvature, the most general known result is
the so-called contact sphere theorem.

Theorem 1.2.8. [FKM12a, Theorem 1.1.], (GH16d, Theorem 0.1.] Let (M,«) be a
3-dimensional contact manifold so that o is compatible with a Riemannian metric g whose
sectional curvatures satisfy

1
0<Z<sec(g)§1

Then the universal cover of M is S* and the pullback of ker(a) to S® is tight.

The main ingredients for proving Theorem [1.2.8] are a good understanding of the
characteristic foliations of spheres of constant radius S,(p) centered at a point p, the
insight that convexity of these spheres of constant radius implies Levi-pseudoconvexity of
the cylinder R x S,(p) in the symplectization of (M, a), Theorem and the standard
arguments in Riemannian geometry needed for the “Riemannian” sphere theorem. It
should be noted that only very crude information about J-holomorphic curves is used
in order to prove Theorem [I.2.8] namely that J-holomorphic curves cannot leave the
subsets R x B, (p) in the symplectization for any r less than the convexity radius of the
Riemannian manifold (M, g).

All results relating curvature conditions to the topology of compatible contact forms
mentioned thus far were formulated in terms of sectional curvature, and indeed there are
not many results which go beyond sectional curvature. This is because most proofs rest
on Theorem [L.2.4f One assumes that the contact structure is overtwisted and then uses
the sectional curvature conditions and their implications for the behaviour of geodesics
(and therefore the Reeb vector field) to derive a contradiction. An exception is [Hoz20| in
which Surena Hozoori uses a mixture of sectional and Ricci curvature conditions on the
compatible metric in order to obtain constraints on the Conley-Zehnder index of closed
flowlines of the Reeb vector field, thus establishing tightness using dynamical properties
of the Reeb flow. Another notable example is a result of Patrick Massot [Mas08, Theorem
A] in which he proves that a contact structure £ on a closed Seifert 3-manifold for which
there exists a metric g (not necessarily compatible with any contact form defining ) so
that ||hel|* vanishes is tight.

1.3 Connection to the spectral theory of the curl operator
and topological hydrodynamics
A large body of research in symplectic dynamics is dedicated to the study of properties of

Reeb vector fields. When trying to understand the class of vector fields which are Reeb
vector fields for some contact form, it is useful to introduce the following concept.
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Definition 1.3.1. Let (M, g) be an oriented Riemannian 3-manifold. The curl operator
on 1-forms is defined by x4d where x4 is the Hodge star operator associated to g.

The isomorphism iy : TM — T*M induced by a Riemannian metric g via X — g(X, —)
and its inverse b, then give a natural way of defining the curl operator on vector fields.
Explicitly, V x4 X 1= (§g0xg0doby)X.

Definition 1.3.2. A vector field which is parallel to its own curl, that is, one which
satisfies V x g X = fX, for some function f, is called a Beltrami field.

A Beltrami field is called rotational if the proportionality factor f is nowhere vanishing,
and it is called a curl eigenfield if f = const. # 0

The following lemma shows that Beltrami fields are a natural and particularly interesting
class of objects from the point of view of fluid dynamics. For this, recall that the
incompressible Euler equations on a Riemannian manifold (M, g) are given by

{ ou+ Vyu =—Vp

1.3.1
divgu =0 ( )

where w is a time dependent vector field, p is a time-dependent function, and V denotes the
covariant derivative with respect to the Levi-Civita connection associated to g. A vector
field u solving Equation [[.3:1]is said to be a stationary solution of the incompressible
Euler equations if it is independent of time, that is, if O;u = 0. Furthermore, we say that
a function f € C'is a C! first integral if df (u) = g(V f,u) = 0. We want to point out
that this condition implies that u is tangent to the (regular) level sets of f.

Lemma 1.3.3. Let u be a stationary solution to the incompressible FEuler equations on
a 3-dimensional Riemannian manifold (M, g). If u does not have any C* first integrals
then u is a curl eigenfield.

Proof. Using the 3-dimensional vector calculus identity
Lo
Vau =%, (Vg w) = 5 ul
the stationary incompressible Euler equations reduce to

uxg(Vxgu)=-VF
divgu =0
where F' = p — 3||u||*>. Taking the inner product of the first equality with u implies that

F is a first integral of u, so by assumption F' is constant. The system is then easily seen
to be equivalent to

divgu =0

{ Vxgu=fu

for some smooth function f. Taking the divergence of the first equation and using the
incompressibility of © then means that f is a first integral of u, so once again it is constant.
As any curl eigenfield is automatically incompressible, we are done. O

10



1.3 Connection to the spectral theory of the curl operator and topological hydrodynamics

A way of interpreting Lemma [I.3.3]is that those stationary solutions of Equation
which are in some sense very wild have to be curl eigenfields. An example of such wild
behaviour of a stationary solution that forces it to be a Beltrami field is the existence of
an orbit which is dense in M.

We will now see that nowhere vanishing Beltrami fields are closely connected to Reeb
vector fields.

Definition 1.3.4. A nowhere vanishing vector field X is called Reeb-like if it satisfies
da(X,—) =0 and a(X) > 0 for some contact form «, that is, if there exists a positive
function f so that X = f R, for some contact form .

The following Theorem, proven by Etnyre and Ghrist in [EGO0b|, posits that in the
class of nowhere vanishing vector fields, those vector fields that are Reeb vector fields for
some positive contact form are exactly those that are Beltrami fields for some positive
proportionality factor, up to rescaling.

Theorem 1.3.5. [EG00b] Let M be an oriented Riemannian three-manifold. Any nowhere
vanishing rotational Beltrami field on M is Reeb-like for some contact form on M.
Conversely, given a contact form o on M with Reeb vector field R, any nonzero rescaling
of Ry is a rotational Beltrami field for some Riemannian metric on M.

An important consequence of Theorem [1.3.5]is that dynamical properties of nowhere
vanishing rotational Beltrami fields can be analyzed with tools from contact geometry. An
immediate application of this observation and of the resolution of the Weinstein conjecture
by Clifford Taubes |Tau07, Theorem 1.1] is that the flow induced by a nowhere vanishing
rotational Beltrami field on a closed oriented 3-manifold always contains a closed orbit.

Also note that by Proposition the class of nowhere vanishing rotational Beltrami
fields coincides with the class of nowhere vanishing curl eigenfields since one can simply
adjust the compatible metric so that the instantaneous rotation becomes constant. We
will thus focus on eigenforms of the curl operator. Consider the curl operator defined on
the Hilbert space L?(Q(M))

*gd : L(QY(M)) — L*(QY(M))

It is densely defined, self-adjoint and elliptic in the orthogonal complement of its kernel
Ky ={neQ'(M): dyp=0} (see for example |Bér19]). Moreover, once restricted to an
orthogonal complement H, = ngL of its kernel, the curl operator has compact resolvent.
Taken together, these facts imply that the spectrum of curl on H, consists of a discrete set
of real eigenvalues with finite multiplicity. All associated eigenforms are smooth provided
g is a smooth metric and they satisfy

aAda = N|al? dvol,

where A is the curl eigenvalue of . In other words, eigenforms are contact forms in the
complement of their zero set. Work of Alberto Enciso and Daniel Peralta-Salas [EP12b|
implies that for generic choice of metric g, all eigenvalues have multiplicity one and the
associated eigenforms have transverse zeros only.

11
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For a brief introduction to the physical relevance of curl eigenfields see Chapter 5,
Section 1. From a contact topological point of view their relevance is the following. In
dimension 3, geometry is still a powerful guiding force and organizing principle for the
classification of closed manifolds. All closed oriented 3 manifolds are built from pieces
which are naturally associated to a certain Riemannian geometry (for an overview see
for example [Marl6, Chapter 12|). As mentioned in Section the hope is now that
eigenforms of the curl operator may provide a way of building contact forms which
are (weakly) compatible with these natural geometries. The reason this is particularly
interesting is that the traditional ways of constructing contact structures on 3-manifolds
(surgeries, branched coverings) do not in any way reflect the natural geometry of those
manifolds. The most serious problem with that approach is that it seems to be very
difficult to find criteria which ensure that a given curl eigenform does not have a zero
and thus defines a contact structure. Even if this issue could be solved, it is not easy to
determine whether the eigenform represents a tight or an overtwisted contact structure.

Low eigenvalue eigenforms, i.e., those that “twist the least”, might be the most reasonable
candidates when looking for tight contact structures. On (S2, gs) this intuition appears
to be true.

The spectrum of the curl operator on the round sphere consists of eigenvalues +(k + 2)
where k is a nonnegative integer. By symmetry it suffices to concentrate on the positive
eigenvalues. The lowest eigenvalues A = 2 has multiplicity 3 and the corresponding
eigenforms are given by the Hopf fields, whose kernels define the unique tight contact
structure on S3. Moreover, none of these eigenfields have zeros. For the higher eigenvalues,
Daniel Peralta-Salas and Radu Slobodeanu proved

Theorem 1.3.6. [PS21, Theorem 2] Any nonvanishing curl eigenfield on S® has even
eigenvalue X\ = 2m, where m € {1,2,...}. Moreover, for each m > 2 there exists a
nonvanishing curl eigenfield V,, whose associated contact structure is overtwisted.

It is however not known whether all overtwisted contact structures are realized as a
curl eigenform on (S3, g5t) or whether there exists a curl eigenform which represents the
tight contact structures when A > 2 on (5%, gs).

Geometric interpretation of the curl eigenvalue

We would like to offer some geometric explanation of the eigenvalue of a curl eigenform.

It is reasonable to expect that for higher eigenvalues we get more wildly oscillating
eigenforms, and, indeed, for T3 with the standard metric this has been proven to be the
case at least for random eigenforms by Alberto Enciso, Daniel Peralta-Salas, and Alvaro
Romaniega in [EPR23a]. For general Riemannian manifolds the Bochner formula (see,
e.g., [Lil2, Chapter 3|) indicates that higher eigenvalues may lead to wilder oscillations of
the corresponding eigenform. Note that any 1-form satisfying x4da = Ao also satisfies
A;a = \2a where A; = *gd*gd+dxgdxy is the Hodge Laplacian on 1-forms in dimension
3, so the Bochner formula for the Laplacian with negative eigenvalues (—A), specialized
to the curl eigenform «, reads

12
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1 .
(=Ag)5 llal* = =N*llafl* + [[Vall* + Ric(fg, fge) (1.3.2)
In the following Lemma we will analyze the term ||Vea|?.

Lemma 1.3.7. Let o be a curl eigenform. Then, whenever a # 0, we have that
19l = ol (1D, 2+ ¥ + el

In particular, the inequalities

[Val?

1Dg|12 + |[hel? <
g ¢ ]2

< 2| Dg|* + |l ®

hold in the complement of the zero set of .

Proof. First observe that a = |a|| g(n,—), and recall from Lemma that H =
—2n-In(p) and V,n = (VIn(p))e. Then, given a local orthonormal frame {e; = n, e2, 3},
we compute

3 3
IVal? = IIVe,al® = [Vaal® + ) (Ve,a, Ve,a)
i=1 =2
3
= (Vallal)® + e Vanl® + <(Vei||04||)2 + IIOéIIZIIVemH2>
1=2
3
= (VallBall ™) + Y (VellRall ™) + P (IVan® + lI¢ll?)
=2

3
= al?(Valn(p)* + llal* Y (Ve, n(p))? + lal? (I Vanll* + Il2e]®)
1=2

3
= [|al*(Va n(p))? + llal* Y~ (Ve, In(p))* + [ll® (IVanl® + [[g]|?)
=2

= [le*((V In(p))® + [1(V In(p))e|l* + [IVar ]| + [|he]|?)
= [lo* (45 + 2[|Var|* + [|7e]|*)
= [le* (I-DgI* + Vnll* + [l ¢]|)

The final estimate follows easily from the definition of D,. O

Remark 1.3.8. Lemma[I.5.7 gives some interesting insight into nondegenerate zeros of
a curl eigenform. A zero p of a 1-form « is called nondegenerate if the map

(Va)(p) : TyM — Ty M

13
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s a linear isomorphism. If a is a curl eigenform then da vanishes at p as well, implying
that 44 o (Va)(p) is a symmetric isomorphism of T,M. Nondegeneracy thus gives the
following strict inequality near p

0 < [lgg 0 Val* = [Val* < [lal® 2l Dgl* + e |*)

In particular, this inequality holds at p, meaning that, as one approaches, the zero of a,
either ||Dgy|| or ||hel| or both blow up. This is consistent with the intuition that there seem
to be many overtwisted disks around nondegenerate zeros of curl eigenfields. A precise
local model for the contact topology of a neighbourhood of a transverse zero of a curl
ergenfield is the subject of future work.

The main content of the next Proposition is to produce a quantity which captures some
of the metric contact geometry associated to a (nowhere vanishing) curl eigenform and
that is bounded from below by the eigenvalue of that eigenform. For this we take the

Bochner formula evaluate it at a minimum of ||c||?, use Lemma and roughly
estimate away the Ricci curvature expression.

Proposition 1.3.9. Let (M, g) be a closed oriented Riemannian 3-manifold, let o be a
nowhere vanishing 1-from satisfying xgdo = A for X € R\ {0} and suppose that k and
K are lower and upper bounds on the eigenvalues of the Ricci curvature associated to g,
respectively. Then there holds

inf || D,||? + inf ||he|]? + & < A2 < 242 hell> + K
plngl ol +,}£M” T +HE <AL ﬁsggll el +

If the pair (g, ) is compatible we even have that
X? = ||he|*(p) + Ric(n,n)(p) ~ Vpe M

It should be noted that given a contact form «, the space of metrics for which (g, ) is
a compatible pair and so that ker(«) has instantaneous rotation A is quite large. It is
parametrized by the space of almost complex structures on ker(«). In spite of this, the
value of the sum ||h¢||?(p) + Ric(n,n)(p), a combined measure of the ambient curvature
of g and the extrinsic curvature of ker(«), is constant on that space.

Proof. Let pg € M be a minimum of ||a||?> which is nonzero by assumption. Then

0.< (~A); o (r0)
= Vol (po) + |Val*(po) + Ric(tya, bycx)(po)
< Jlal2(po) (X2 + 21Dy *(po) + llne]*(po) + R, m)(po))
<l (o) (A% + 242 + supll” + K)
pe

A

Dividing by ||a||?(po) gives one of the inequalities. The other one follows analogously by
taking the Laplacian of ||a/|? at a maximum. In the compatible case both (—A,)| > = 0
and Dy = 0, and so the result follows. ]

14
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Notice that for a qualitative interpretation of large curl eigenvalues, the constants
K and k do not matter. As a consequence of Proposition [1.3.9| we know that, as the
eigenvalue goes to infinity, either the (supremum of the) modulus of compatibility or the
(supremum of the) extrinsic curvature of the plane field ker(a)) have to go to infinity as
well. In other words, for high eigenvalues, there will always be an open subset of the
metric contact manifold (M, g, «) for which either g and « fail to be nicely compatible
(when dj is large) or for which ker(a) curves very strongly with respect to the ambient
geometry (when ||h||? is large). The first of these two statements has to do with the
contact geometry of o while the second one relates to the contact topology of ker(a).

Conversely, the eigenvalue A can be estimated from below by the extrinsic curvature
of ker(«). These considerations may also mean that, given a Riemannian metric g, any
compatible contact form tends to be a low eigenvalue curl eigenform. At least for (53, gs),
this is true (|[PS21, Proposition 1]).

1.4 A topological question motivating this thesis

In this section we discuss a natural question which was a driving force in the formation
of this thesis. For most of the content of the present document the spectral geometric or
fluid dynamical motivations are clear, but we would like to briefly highlight a topological
question in the background of many of the perturbation theoretic results which may be
less immediately obvious. Of course, there are many more topological questions which
motivated this thesis, but the one we choose to present here most clearly connects to the
spectral theory developed in the thesis.

The fact that the eigenforms associated to the lowest curl eigenvalue on (S3, g;) define
tight contact structures as well as Theorem give rise to somewhat optimistic

Question 1.4.1. Does the lowest eigenvalue curl eigenform on S always define the
unique tight contact structure?

One idea to make progress on Question is to pick another metric ¢’ on S® and
to consider a 1-parameter family of metrics g; so that go = ¢’ and g1 = g, and to hope
that one can solve the eigenvalue problem

*gtd()ét = )\tOét

for all ¢t € [0,1] in such a way that a; depends continuously on t. (Note that we are
ignoring the subtlety that the lowest eigenvalue of the curl operator on (S2,gs) has
multiplicity greater than one). If one can ensure that there exists a path g, so that the
first eigenvalue has multiplicity 1 for all ¢ € (0,1) then the resulting 1-parameter family
a4 is continuous in t. Furthermore, if there are no zeros of ay for any value of ¢, the
Gray stability theorem would imply that ag and «y define the same isotopy class of
contact structures. Question motivated the work done in Chapter 2 in which we
show that the spectrum of the curl operator is simple along generic 1-parameter families
of metrics. As for the appearance of zeros, it is entirely unclear (as far as we are aware)
under which conditions lowest eigenvalue curl eigenforms can have zeros.

15
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Question is very far from being answered, but there are a couple of related
questions for which the perturbative methods developed in this thesis might be more
immediately helpful.

Question 1.4.2. How can the contact topology of a curl eigenform change along a 1-
parameter family of metrics (without eigenvalue crossings)? Put differently, is the contact
topological type of the k" curl eigenform an invariant associated to the k** curl eigenvalue
functional on the space of Riemannian metrics?

Question 1.4.3. Can two “essentially different” contact structures be in the same curl
eigenspace for some metric?

These two questions are related to one another: Let o and 8 be contact forms on a
closed oriented 3-manifold M. Suppose that there exists a metric g such that both «
and 3 are curl eigenforms for the k" curl eigenvalue A (g). Assuming for simplicity that
the multiplicity of the eigenvalue \ is two and that /3 is L?-orthogonal to «, we can use
Lemma in Chapter 4 to perturb the metric g and break up the eigenvalue A\g(g) into
two eigenvalues of multiplicity one in such a way that « is the eigenform corresponding
to Ag(¢’) and (a small perturbation of) § is the eigenform corresponding to Ag(g”) for
metrics ¢’ and ¢” close to g. Theorem ensures that a generic path of metrics g,
connecting ¢’ to ¢” will not have eigenvalue crossings, and so we have found an example
of a 1-parameter family of metrics such that the contact structures defined by the k"
eigenvalue eigenform are connected by a l-parameter family of (potentially singular)
contact structures, see Figure In particular, an answer to Question provides a
(partial) answer to Question [1.4.2]

1.5 Overview of thesis

1.5.1 Chapter 2

(Based almost verbatim on [Kep24], with the exception of [Kep24, Section 3.2.] in
which a mistake was corrected, leading to a slight restructuring of the section)

The main result of this chapter is that the eigenvalues of the curl operator on a closed
oriented Riemannian 3-manifold are simple along 1-parameter families. More precisely
we have that

Theorem 1.5.1 (cf. Theorem [2.1.1). Let 2 < ¢ < oo and let go and g1 be two C*
Riemannian metrics. Then, for any k > 1, there exists a residual set in the space of paths

Wk = {w e C*([0,1],6°) : w(0) = go, w(1) = g1}

connecting these metrics such that the curl operator x4y d has simple spectrum for all
0<t<l.

Interestingly, the same is not true the square of the curl operator as eigenvalues coming
from positive and negative eigenvalues may cross.

16
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Figure 1.3: An illustration of the perturbative process connecting Question m to

Question m

Theorem 1.5.2 (cf. Theorem . The operator curl® does not have simple spectrum
along generic 1-parameter families of Riemannian metrics. Moreover, eigenvalues of the
curl operator and of the Laplace-Beltrami operator on functions may cross along generic
1-parameter families of metrics.

One way of interpreting this result is that the set of metrics for which the Hodge
Laplacian has simple eigenvalues has codimension 1 (due to [EP12b, Theorem 1.1]), but
not codimension 2. However, once decomposed into its action on closed, positive coexact,
or negative coexact 1-forms, the Hodge Laplacian will only have non-simple spectrum on
a set of codimension 2. This and other similar phenomena in which families of geometric
differential operators behave unexpectedly from a spectral geometric point are view are
discussed in Chapter 3, Section

Regarding the Hodge Laplacian acting on 1-forms in dimension 3 there are two possible
sources for nonsimple eigenspaces along generic 1-parameter families of Riemannian
metrics: Either eigenvalues coming from positive and from negative eigenvalues of the
curl operator cross, or a closed and a coclosed eigenvalue cross, and we provide examples
for both.

In view of the setup provided in Chapter 3, the results of this Chapter can be upgraded
to the setting of smooth metrics as opposed to C*¥ ones. Moreover, the setup of Chapter
3 provides an alternative way of proving the main theorem of this Chapter as, instead of
defining global perturbations which provide the directions in which double eigenvalues
break, one could have localized the transversality condition for the curl operator in much
the same way as we did in Chapter 3, Proposition [3.2.3] for the Laplace-Beltrami operator.

17
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The transversality theoretic setup of Chapter 3 would then give the desired Theorem
211

1.5.2 Chapter 3
(Based almost verbatim on [GK23], joint work with Josef Greilhuber)

In this chapter, Josef Greilhuber and I systematically analyze a certain defining function
for the set of Riemannian metrics on a fixed closed smooth manifold M whose associated
Laplace-Beltrami operator has an eigenvalue of multiplicity m. This defining function was
first introduced by Colin de Verdiére |[Col88, Section 1] based on an intuitive description
by Vladimir Arnold [Arn72, Section 2.2.]. We demonstrate that this function is C* in
the sense of Hamilton (cf. Definition , and that it is a submersion except on a very
small subset of the Fréchet manifold of smooth Riemannian metrics. This essentially
confirms a conjecture of Vladimir Arnold from 1972 |[Arn72|: Denote by G,, C G the
set of metrics for which the Laplacian on M has at least one eigenvalue of multiplicity
m. Given a “typical” or generic k-parameter S family of metrics, Arnold expected the
intersection of S with G, to have dimension k — (% — 1) |Arn72, Section 2.2.|. This
is an immediate consequence of the following

Theorem 1.5.3 (cf. Theorem 3.1.6)). Let M be a closed, connected smooth manifold
of dimension at least 2, and G(M) the set of smooth Riemannian metrics on M. Then
the set of metrics g € G(M) where Ay has an eigenvalue of multiplicity at least m has

m(m—+1
mmtl) _q,

transversality codimension The same holds in any fixed conformal class

g(M790)'

Here transversality codimensionis a notion (introduced in Definition which makes
precise the idea that a certain set has codimension k from a transversality theoretic point
of view.

We would like to point out that Arnold’s initial formulation of the conjecture was
stronger: He believed that the defining function later made precise by Colin de Vérdiere
is always a submersion, which is however not true as a counterexample by de Vérdiere
|Col88, Théoréme 2| as well as several new counterexamples produced by us in Section
show. Nevertheless our result shows that, at least from a transversality theoretic point of
view, the conjecture holds true.

The first step toward proving Theorem [3.1.6]is to find a spectral geometric condition
characterizing the failure of transversality for the defining function given to us by Colin
de Verdiére. We find a pointwise condition on the eigenfunctions of the Laplace operator
for a given metric g and eigenvalue A of multiplicity m signaling when nearby metrics
whose eigenvalue corresponding to A has multiplicity m form a submanifold in the space
of metrics. For this we refer to Definition B.1.7] and Theorem B.1.3

The second part of the proof of Theorem [3.1.6| consists of showing that the set of metrics
for which the aforementioned spectral geometric condition is satisfied has codimension
infinity. The main tools to prove this are pseudodifferential operator theory and heat
kernel asymptotics for the Laplace operator.
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Finally, we prove that for all eigenvalues of multiplicity strictly less than seven, the
strong version of Arnold’s conjecture holds in that de Vérdiere’s defining function is a
submersion, and show that there is an example of a multiplicity eight eigenvalue for which
transversality fails. This is the content of Theorem [3.4.1]

We conclude the Chapter with several observations and potential directions for future
research.

1.5.3 Chapter 4

(Based almost verbatim on [EKP25], joint work with Alberto Enciso and Daniel
Peralta-Salas)

Explicit stationary solutions to the 2D or 3D Euler equations usually come in parametric
families of solutions, and so it was an open question whether there exist isolated stationary
solutions. We prove the existence of a closed Riemannian 3-manifold which admits a
stationary solution to the Euler equations that is isolated in the C'-topology.

Theorem 1.5.4 (cf. Theorem [4.1.2)). There exists a closed 3-dimensional Riemannian
manifold (M, g) of class C*° where the incompressible Euler equations have a smooth steady
solution that is isolated in C*. Moreover, the only C' steady states in a C'-neighborhood
of the isolated steady solution are constant multiples of it.

The crucial observation is the following. Suppose one can find a stationary solution u
to the Euler equations in dimension 3 which is so chaotic that not only does it have no C*
first integrals, but so that there exists an open C' neighbourhood U of u in the space of
vector fields so that no v € U has a C' first integral. Recalling Lemma this implies
that any solution to the stationary Euler equation in U (including w) is a curl eigenfield.
We do indeed find such a chaotic solution and our particular setting allows us to show
that the eigenvalue of any other stationary solution to the Euler equations in U would
have to have a curl eigenfield for the same eigenvalue as u. The main remaining task is
thus to prove via some perturbative scheme that one can perturb the curl operator by
varying the metric in such a way that u stays an eigenform but the associated eigenspace
becomes 1-dimensional. The crucial step is Lemma and it heavily uses that one can
characterize the space of metrics for which a particular contact form is an eigenform of
the curl operator (Proposition in explicit terms.

1.5.4 Chapter 5
(Based almost verbatim on [GK25], joint work with Josef Greilhuber)

The main result of this Chapter is that, for generic smoothly bounded domains in R3,
the spectrum of the curl operator consists of isolated eigenvalues of multiplicity 1. A
special feature of this setting is that the space of “good boundary conditions” for the
curl operator on a smoothly bounded domain D is quite large. Concretely, it is given by
the Grassmannian of Lagrangeans in the first cohomology of the boundary H C% r(0D;C).
That is, for each Lagrangean subspace L of HjR((‘)D; C), the curl operator curly, defined
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on the space of 1-forms which are parallel to 9D and whose restriction to 9D is in L
is self-adjoint and has compact resolvent. Our main result may then be stated slightly
imprecisely as

Theorem (cf. Theorem . Let D C R? be a smoothly bounded domain and let
L C H;R@D; C) be a Lagrangian subspace. For a comeagre set of elements in the space
of smoothly bounded domains modeled on D, the spectrum of the operator curly consists
of simple eigenvalues.

Note that, in order to state the above Theorem precisely, several pieces of notation
need to be introduced, see Theorem in Chapter 5, Section 1.

A crucial intermediate result is a formula for the first order change of an eigenvalue
of the curl operator under perturbation of the underlying domain. Let X be a smooth
vector field, then the first variation of an eigenvalue A of the curl operator is given by
If we deform the domain D along the flow of a vector field X , the first variation of an
eigenvalue A of the operator curly, is given by

\ = — X - ) lul?. 5.
b= [ (& (15.1)

where u is an eigenfield of A.

Another application of this variational formula is a characterization of domains for
which the k' eigenvalue functional is critical in terms of the behaviour of the associated
eigenforms on the boundary of the domain.

The most challenging part of this project is dealing with the rather complicated boundary
conditions required to make the curl operator self-adjoint. These are parametrized by the
Grassmannian of Lagrangeans in the first (co-)homology of the domain boundary. An
interesting consequence of the treatment of these boundary conditions is the observation
that the curl operator depends analytically on these boundary conditions. This raises
the question of how the symplectic linear algebra of the space of boundary conditions
interacts with the eigenvalue structure, an issue we plan to address in future work.

We want to point out that all results in this paper hold for general Riemannian 3-
manifolds provided the first Betti number of M equals one half times the first Betti
number of the boundary, see Remark and the references therein.
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2 On spectral simplicity of the Hodge
Laplacian and curl operator along
paths of metrics

(Based almost verbatim on [Kep24], with the exception of
[Kep24, Section 3.2.] in which a mistake was corrected,
leading to a slight restructuring of the section)

Abstract

We prove that the curl operator on closed oriented 3-manifolds, i.e., the square root of the
Hodge Laplacian on its coexact spectrum, generically has 1-dimensional eigenspaces, even
along 1-parameter families of CF Riemannian metrics, where k > 2. We show further that
the Hodge Laplacian in dimension 3 has two possible sources for nonsimple eigenspaces
along generic 1-parameter families of Riemannian metrics: Fither eigenvalues coming
from positive and from negative eigenvalues of the curl operator cross, or an exact and a
coexact eigenvalue cross. We provide examples for both of these phenomena. In order to
prove our results, we generalize a method of Teytel [Tey99|, allowing us to compute the
meagre codimension of the set of Riemannian metrics for which the curl operator and
the Hodge Laplacian have certain eigenvalue multiplicities. A consequence of our results
is that while the simplicity of the spectrum of the Hodge Laplacian in dimension 3 is a
meagre codimension 1 property with respect to the C* topology as proven by work of
Enciso and Peralta-Salas in [EP12b|, it is not a meagre codimension 2 property.

2.1 Introduction and Statement of Results

While the Hodge Laplacian on differential forms has not received as much attention as
the Laplace-Beltrami operator, there has been a substantial amount of interest in this
operator in recent years. The importance of its (coexact) spectrum in dimension 3 has
been recognized in the study of the geometry of closed 3-manifolds (e.g., [LS18]), low
dimensional topology (e.g., [LL21|), and that of its eigenforms (or rather those of its
square root, the curl operator) in the study of contact topology (e.g., [EG00a],|[EKM12al)
and fluid dynamics (e.g., [Car-+21b|). Properties of its spectrum have been studied in
various contexts (e.g., [AT12],[Tak03]) and are the subject of open problems |[CPRO1,
Problem 8.24].
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2 On spectral simplicity of the Hodge Laplacian and curl operator along paths of metrics

Generic properties of the eigenfunctions and eigenvalues of the Laplace-Beltrami oper-
ator were established in Uhlenbeck’s landmark paper [Uhl76|. In particular, she showed
that, given a closed n-dimensional manifold, the eigenvalues of the Laplace-Beltrami
operator are generically simple, and that generic 1-parameter families of Riemannian
metrics connecting two Riemannian metrics for which the spectrum is simple have simple
spectrum throughout. The natural question of whether similar statements could hold for
the Hodge Laplacian was soon answered in the negative by Millman [Mil80] who proved
that for closed even dimensional manifolds, multiplicities of nonzero eigenvalues of the
Hodge Laplacian in the middle degree are always even. This means that a theorem in the
generality of Uhlenbeck’s cannot hold in this context.

At least in dimension 3, however, Enciso and Peralta-Salas proved that the spectrum
of the Hodge Laplacian is generically simple [EP12b|. They did this in several steps, the
first of which is to notice that the spectrum of the Hodge Laplacian in dimension 3 is
the same as that of its restriction to 1-forms since the Hodge Laplacian A, = dd + do
commutes with both the exterior derivative d and the Hodge-star *,. By the Hodge
decomposition theorem [Hod89| the eigen-1-forms to nonzero eigenvalues of the Hodge
Laplacian split into exact and coexact ones, and so one naturally calls the spectrum of
the Hodge Laplacian on the exact and coexact forms the exact and coexact spectrum,
respectively. The exact spectrum coincides with the spectrum of the Laplace-Beltrami
operator, and so by Uhlenbeck’s result we already know that it is generically simple.
Analyzing the coexact spectrum however proves much harder. Enciso and Peralta-Salas
do this by studying the curl operator *,d, which is the square root of the Hodge Laplacian
on coexact forms. They follow the general strategy of Uhlenbeck (which is to apply
a Sard-type theorem to the function ®(g,u,\) = (x4d — A\)u) except that significant
analytical difficulties arise. Those include the PDE *,du = Au being vector valued and
the curl operator not being elliptic (it has infinite dimensional kernel). After showing the
generic simplicity of the spectrum of the curl operator, they still needed to break up the
symmetric eigenvalues, that is the ones for which A\; = —\; for some ¢, j, before showing
that the coexact spectrum of the Hodge Laplacian is generically simple. Finally, they
examine a variation of the exact and coexact eigenvalues to conclude that even the full
Hodge Laplacian has simple spectrum for a residual set in the Banach manifold of C*
Riemannian metrics with its natural topology.

In this article we want to complement and extend these results. Just like in the work
mentioned above we say that a set is meagre if it is the countable union of nowhere dense
sets, and we say a set is residual if its complement is meagre. A property is said to be
generic if it holds for a residual set. Note that all spaces appearing in this text are Baire
spaces, and so residual sets are dense.

Theorem 2.1.1. Let 2 < £ < 0o and let go and g1 be two C¢ Riemannian metrics. Then,
for any k > 1, there exists a residual set in the space of paths

W* = {w e C*([0,1],G°) : w(0) = go, w(1) = g1}

connecting these metrics such that the curl operator *,;yd has simple spectrum for all
0<t<l.
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2.1 Introduction and Statement of Results

That is, the spectrum of the curl operator in dimension 3 is simple along generic
1-parameter families of Riemannian metrics.

Moreover we prove that such a result is false for the Hodge Laplacian itself (unlike for
the curl and the Laplace-Beltrami operator) in two different ways. On the one hand, we
construct an example of two Riemannian metrics on S? so that any path connecting them
must have a crossing of eigenvalues, one coming from a positive and one coming from a
negative eigenvalue of the associated curl operators, meaning that the Hodge Laplacian
restricted to coexact 1-forms does not have simple spectrum along 1-parameter families of
Riemannian metrics. On the other hand we also construct an example of two Riemannian
metrics on S? (different from the previous example) so that any path connecting them
has a crossing of an exact and a coexact eigenvalue. Calling those 1-forms in the image of
the spectral projector associated to the positive (negative) part of the spectrum of curl
positive (negative), we get the following

Theorem 2.1.2. The Hodge Laplacian does not have simple spectrum along generic
1-parameter families of Riemannian metrics. However, it does if one restricts to the
closed 1-forms, positive coexact 1-forms, or negative coexact 1-forms.

This almost immediately implies

Corollary 2.1.3. The set of Riemannian metrics for which the Hodge Laplacian in
dimension 3 does not have simple nonzero spectrum is one of meagre codimension 1 but
not of meagre codimension 2.

which roughly means that simplicity of the spectrum of the Hodge Laplacian is a
property that holds for the complement of a codimension 1, but not a codimension 2,
set in the space of Riemannian metrics. The notion of meagre codimension is meant to
capture the fact that some subset is not exactly a manifold of that codimension but that
it it behaves like one under projections to subspaces of the parameter manifold so as to
also include countable unions of manifolds of a given codimension. This will be made
precise in subsection [2.2.1

Our approach is different from the method employed in both the Uhlenbeck and the
Enciso and Peralta-Salas paper. Instead we adapt an idea that has been pioneered by
de Verdiére [Col88| and made more user friendly by Teytel [Tey99|. The main insight is
that, given a family of self-adjoint operators which differentiably depend on a parameter
living in a separable Banach manifold, one can try to find local defining functions for the
submanifold of parameter values which have double (or higher multiplicity) eigenvalues
provided certain transversality conditions are satisfied. In this fortunate case, we can
describe this non-simple subset as a set of meagre codimension 2. Teytel’s genericity
criterion has found a number of applications, for example for proving generic eigenvalue
properties of the Laplace-Neumann operator [GM19].

An issue with this approach is that Teytel proved this theorem for a family of operators
that are self-adjoint with respect to the same inner product, whereas many classes of
geometric operators we care about, such as the Hodge Laplacian, are self-adjoint with
respect to the inner product induced by the Riemannian metric for which the operators

23



2 On spectral simplicity of the Hodge Laplacian and curl operator along paths of metrics

are defined. It turns out that this difficulty is overcome rather easily as soon as the correct
generalizations are chosen. Specifically, we obtain the following variation of Teytel’s
Theorem [Tey99, Theorem A|

Theorem 2.1.4. Let A(q) be a family of operators whose resolvents R(q) depend Fréchet-
differentiably on a parameter q that belongs to a separable Banach manifold X, each densely
defined on the same real Banach space H. Furthermore every A(q) is self-adjoint with
respect to a differentiable family of inner products (—, —), defined on H, each inducing
norms equivalent to that of H. Assume that the spectrum of each operator A(q) is discrete,
of finite multiplicity, and with no finite accumulation points. Assume also that the family
A(q) satisfies SAH2. Then the set of all q such that A(q) has a repeated eigenvalue has
meagre codimension 2 in X.

Here the condition SAH2 derives from the “strong Arnold hypothesis” introduced by
de Verdiére in [Col88| and is essentially the transversality condition needed in order to
conclude that we find the local defining functions mentioned above. This will be made
precise in section [2.2.2] Definition [2.2.9] This approach is chosen since it would be unclear
how to use the Uhlenbeck and Enciso and Peralta-Salas method in order to prove Theorem
2.1 Apart from that, however, it gives us stronger statements than we would get by
using the former ideas. In particular, the de Verdiére-Teytel method allows one to actually
determine the (meagre) codimension of the set of Riemannian metric for which some
family of geometric operators has eigenvalues of a given multiplicity, and not just prove
that it is meagre. Further, a straightforward applicatoin of Uhlenbeck’s method only
yields that generic 1-parameter families g; of Riemannian metrics connecting metrics gg
and g; with simple spectrum have simple spectrum for all ¢, but no such restrictions on
go and g; exist if one uses Theorem

We wish to remark that while the curl operator is defined on k forms on manifolds of
dimension 2k + 1, it is not true that the results presented here readily generalize to higher
odd dimensions. Indeed it was proven by Gier and Hislop |GH16b| that the curl operator
in dimension 5 has generically simple spectrum, but because of the skew symmetry of this
operator in dimension 4k + 1, this implies that its square, the Hodge Laplacian restricted
to the coexact 2-forms in dimension 5, generically has 2-dimensional eigenspaces. The
authors of [GH16b| conjecture that the coexact spectrum of the Hodge Laplacian on k
forms in dimension 2k + 1 is generically 2 dimensional when k is even and generically 1
dimensional when k£ is odd.

Even if one aims to prove the generic simplicity of the spectrum of the curl operator
in higher dimensions using the techniques presented here one will have to verify the
SAH2-condition in a different way as we really do use the fact that the curl operator in
dimension 3 is defined on 1-forms.

This papers is organized as follows: We will first recall the notion of meagre codimension
as introduced by Teytel in [Tey99| in subsection then review the setup for the de
Verdiére-Teytel method and introduce the necessary modifications in 2.:2.2] Following
this we apply Theorem to the curl operator, proving that simplicity of the coexact
spectrum holds in the complement of a meagre codimension 2 subset. We then use the fact
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2.2 Preliminaries

that this approach immediately lends itself to the application of the study of k-parameter
families of operators in order to prove Theorem [2.1.1

Finally we construct counterexamples to simplicity of the Hodge Laplacian along generic
1-parameter families of Riemannian metrics mentioned above and thereby prove Theorem

212 in Subsection 2-3.2
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2.2 Preliminaries

2.2.1 Meagre Codimension

In this section, we recall the definition of meagre codimension and some of its basic
properties from [Tey99|. We also prove a simple technical lemma that we will need in

Section 2.3.2]

Definition 2.2.1. [Tey99] Let X be a Banach space and Z C X be a hyperplane of
codimension n. Then a differentiable map 7w : X — Z is called a monlinear projection if,
for every x € X, wl.: X — Z is surjection and has kernel of dimension n.

Using these nonlinear projections allows Teytel to quantify more exactly how small a
set is.

Definition 2.2.2. [Tey99] A subset Y C X is said to be of meagre codimension n if
w(Y') C Z is meagre in Z for every hyperplane Z of codimension n—1 and every nonlinear
projection w: X — Z.

There is a natural way of extending this definition from Banach spaces to Banach
manifolds.

Definition 2.2.3. [Tey99] Given a Banach manifold M, we say that a set Y C M has
meagre codimension n if for every chart (¢p,U) of M, ¢(U NY') has meagre codimension

n in ¢(U).
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2 On spectral simplicity of the Hodge Laplacian and curl operator along paths of metrics

Examples of subsets of meagre codimension n of a Banach space X include codimension
n hyperplanes and smooth codimension n submanifolds of X. Clearly, countable unions of
sets of meagre codimension n are again sets of meagre codimension n, and sets of meagre
codimension n are also sets of meagre codimension m for all m <n.

We will need the following Lemmas proven by Teytel:

Lemma 2.2.4. [Tey99] A subsetY of a separable Banach space is of meagre codimension
1 iff it is meagre.

The proof carries over almost verbatim to subsets of separable Banach manifolds.

Lemma 2.2.5. [Tey99] Let Y be a set of meagre codimension n and let M be a submanifold
of X of codimension k < n. Then'Y N M is a set of meagre codimension n — k in M.

Lemma 2.2.6. [Tey99] Let X be a separable Banach manifold and Y be a subset of X.
Suppose that for every g € Y there exists a neighbourhood U, of q such that Y MU, is of
meagre codimension n in Uy. Then'Y is of meagre codimension n in X.

Finally we prove a Lemma we will use for the 1-parameter arguments.

Lemma 2.2.7. Let X be a Banach manifold, and let Y C X x R¥ be a set of meagre
codimension n with n >k, and let m : X x R¥ — X be a nonlinear projection. Then
m(Y) C X is a set of meagre codimension n — k.

Proof. Let (U, ¢;) be a collection of charts covering X, and (U; x R¥, ;) be the associated
product charts. Then my,, the chart representative of the nonlinear projection, is a
nonlinear projection from ;(U; x RF) to v;(U; x {0}) = ¢;(U;) x {0}. By the above
lemmas, 7y, (¥;(Y NU; x RF)) C ¢;(U;) is a set of codimension n — k. Since this is true
for any choice of charts (U;, ¢;) we are done. O

2.2.2 The Genericity Result

We adapt the de Verdiére-Teytel construction. Let the parameter space X be a separable
Banach manifold. Let (#, (—, —)q) be a family of real Hilbert spaces, Fréchet-differentiably
parametrized by ¢ € X with the same underlying real Banach space H, i.e., all inner
products induce equivalent norms. Let furthermore A, be linear operators satisfying:

e A, is self-adjoint with respect to the inner product (—,—), for all ¢ € X

e the spectrum o(4,) of A, consists of countably many discrete eigenvalues, all of
which have finite multiplicity for all ¢ € X

e The resolvents Ra, (1) = (u—Aq) ™1, 1 € p(Ag), of A(q) depend Fréchet-differentiably
on q

Remark 2.2.8. Since self adjoint operators are closed, the resolvents Ra, are bounded
operators, so it is clear what Fréchet-differentiability means in this context. Teytel required

26



2.2 Preliminaries

the operators Ay to depend Fréchet-differentiably on q with respect to the graph norm, but
we find this formulation to be slightly cleaner. Note that, unlike Teytel, we do not need to
require the domains D(A,) to coincide for all ¢ € X since the resolvents are defined on
all of H.

Fix some gg € X and an eigenvalue A of Ay, with multiplicity m. The general strategy
will now be to find defining functions for the submanifold of parameter values g close to
qo for which the part of the spectrum of A, near A is not simple.

Since the spectrum of Ay, is discrete there exists an € > 0 such that X is the only
eigenvalue of Ay in (A — €, A + €). We now consider an open neighbourhood U(gg) C X
of go such that the spectrum of A, in (A — €, A + €) consists of n eigenvalues whose
multiplicities sum to m. Such an open neighbourhood exists because o(A4,) depends
continuously on ¢ [RS55, pp. 372-373|. Note that the previous reference only deals with
the case of families of operators that are self-adjoint with respect to the same inner
product, but the same proof goes through in our case. Continuous dependence on ¢ also
follows from the min-max characterization of eigenvalues of selfadjoint operators |Tes14]
Theorem 4.10].

We denote the associated sum of eigenspaces by E(q) and define the spectral projection
P :U(qo) x H — E(q) by

1

P(q) = QM./RAq(’Y) dry

Where 7 is the simple closed curve A + €€ in the complex plane. Note that, while all
the (H, (—, —)q) are real Hilbert spaces, we can first complexify, then apply the operator
P(q), and then restrict to the real elements of the complexification. Furthermore, the
projection P(qp) is an isomorphism from E(q) to E(qp) for ¢ close enough to gy. The
fact that P depends differentiably on the parameter ¢ follows from an application of
dominated convergence.

Using this projection we define the map

S(q) = P(q) o P(qo) : E(q0) — E(q)

and the local defining function f:U(qy) C X — GL(FE(q)) by

f(@) = 5(a) " Ra(q)S(q)

Here we do not specify the argument of the resolvent since it does not matter and denote
it by Ra(q) = Ra(g)- We do however want the argument to be real since we are working
in a real Banach space. One can find a real argument p so that the resolvent R 4q)(p) is
defined for all g € U(qy) provided U(qp) is chosen small enough.

Note that the preimage of the submanifold R -Id C GL(E(qo)) under f is precisely the
set of parameter values for which there is a single eigenvalue in the interval (A — e, A + €).
This eigenvalue is necessarily of multiplicity m.
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2 On spectral simplicity of the Hodge Laplacian and curl operator along paths of metrics

To see that this set is a submanifold we have to compute the derivative of f at qp.
Using that S(qo) = Id one sees that this is given by

f'(q0) = [S"(90), Ra(q0)] + Rls(q0)

Let {v;}1<i<m be an orthonormal eigenbasis of (E(qo), (—, —)q,) for the operator Ag,.
Given an element h € Ty, X we can now express the endomorphism f’(go)[h] in this basis
and see that ([S"(qo), Ra(qo)][h]vi,vj)q, = 0 by the fact that R4(qo) is symmetric with
respect to (—, —)q,. Thus

fii(h) = (f'(q0)[P]vi, vj) gy = (Rls(qo0)[R]vi, ) g,
We can now define the condition SAH2

Definition 2.2.9. [Tey99] Let H be a real Hilbert space, and X\ be an eigenvalue of
A(q) of multiplicity n > 2. We say that the family A(q) satisfies the condition SAH2 if
there exist two orthonormal eigenvectors vi and ve of eigenvalue \ such that the linear
functionals f{; — fi5 and fly are linearly independent.

Remark 2.2.10. The spectrum of an operator A is simple iff the spectrum of its resolvent
Ry s simple. Moreover, whenever the derivative of A, exists in some suitable sense,
(R'4(qo)[R]vi,vj)qy and (A'(go)[R]vi,vj)q, only differ by a constant factor so in that case
RA(q) satisfies the condition SAH2 iff A(q) does.

Remark 2.2.11. In Teytel’s setting, A'(qo) always maps to L(E(qo)), the space of
symmetric endomorphisms on E(qo). This means that if the multiplicity of X is two,
the linear functions appearing in condition SAH2 precisely span all directions which are
transverse to R - Id. In our setting there is one more direction that A'(q) could potentially
map to, however for all examples known to us, A'(qo) also maps to L(E(qo))-

Proof of Theorem[2.1.4] The proof can be copied almost verbatim from the one provided
by Teytel in [Tey99, Chapter 3|, the only difference being that f maps to GL(E(qo))
as opposed to L(E(qp)). For the sake of completeness we outline the most important
steps leading up to that point. The idea is to filter the set D C X of metrics for which
the operator A does not have simple spectrum by the multiplicity of the non-simple
eigenvalues, and then show that locally D has meagre codimension 2, which then allows
us to conclude the argument by appealing to Lemma

Given a finite open interval I, we define the set D,, ;1 C X as the collection of parameters
g € X such that A, has an eigenvalue A of multiplicity n but no eigenvalue of higher
multiplicity contained in I. Then

D= J UDPucrm
NeNn>1

and so if we show that for all n > 1 and all finite intervals I, D,, 1 has meagre codimension
2, we are done since the countable union of sets of meagre codimension 2 is again a
set of meagre codimension 2. Fixing gy € D we note that any finite interval I only
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contains finitely many eigenvalues of A,. Restricting to those eigenvalues A1,..., s
with multiplicity m()\;) < n and using the fact that eigenvalues move continuously
with the parameter we see that there exists a small neighbourhood Uy, of gg so that
Dy 1 N Uy = Ui Da,(as,ps) N Uqo, where the sum of multiplicities of eigenvalues in (a;, b;)
is m(A;) for all Ay with ¢ in Uy,. It thus suffices to show that Uy, N D, (45 With (a,b)
containing eigenvalues of total multiplicity n has meagre codimension 2 in Uy,.

When n = 2 then A, satisfying SAH2 gives two linearly independent defining equations,
thus implying that Dy, (.5 N Uy = f YR - Id) N U, is a submanifold of codimension 2
for Uy, small enough, which is a set of meagre codimension 2.

When n > 2 consider the set E'(R™) C End(R™) of all n x n matrices L with entries
Ly, L12, Lo 1, and Lg 2 equal to zero, which is a space of dimension n? — 4. We define
the differentiable map f : E'(R") x Uy, — End(R") by f(L,q) = L + f(q) which is
transverse to R - Id C End(R™) plus some additional direction (r) at (0,qg) by the
SAH2 condition and the fact that the image of f has at most dimension 2. Therefore
f_l(]R-Id@ (r)) € L'(R™) x Uy, is a submanifold of codimension n? —2 in a neighbourhood
of (0, go). The intersection of this submanifold with Uy, contains D,, (4,5 Uy, and Lemma
implies that this intersection has meagre codimension (n? —2) — (n? —4) = 2 in Uy,.
This concludes the proof that D C X is a set of meagre codimension 2. O

Remark 2.2.12. 1. One can easily extend Theorem[2.1.7] to complex Hilbert spaces.

2. A reading of Teytel’s proof makes clear that it is not the condition SAH2 that really
matters, but the number k of linearly independent directions of in Im(A’) which
are transverse to R - Id (and whose span does not contain Id). This number k
directly translates into non-simplicity of the spectrum being a meagre codimension k

property.

3. We want to point out that a different approach to adapting Teytel’s theorem to the
case of differentiably varying inner products on the same Banach space would be
to try to locally isometrically trivialize the bundle (H — X), consisting of fibers
H, = (H,(—,—)q) over the basepoint q. Supposing H is separable, an idea for
doing this would be to fix a countable orthonormal basis (with respect to any inner
product) and then apply the Gram-Schmidt procedure with respect to all (—, —), and
hope that the resulting local frame for H is smooth. Then one could consider the
family A(q) in this local bundle chart and try to apply Teytel’s Theorem directly.
Actually applying this idea to a concrete family of operators however is much more
difficult than our approach as one would have to compute the Fréchet derivative of
this transformed family of operators which of course depends on the chart one chose,
so this does not seem to be useful in practice.
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2.3 Main Results

2.3.1 The curl operator has simple spectrum in the complement of a
subset of meagre codimension 2

We now specialize to the case X = G*, the set of C¥ Riemannian metrics on a closed
oriented 3-manifold M, endowed with the C* topology. This constitutes a separable
smooth Banach manifold, its tangent space ngk at a point g can be identified with
Sk(M), the set of symmetric (0,2) tensor fields of differentiability class k on M.
Consider the curl operator A, := *4d, the square root of A, on the coexact 1-forms.
Our strategy is to show that Theorem applies to the curl operator.
The curl operator is well known to be symmetric with respect to the inner product
(o, B)g = [y 9(, B)dpy and it admits a self-adjoint extension to a densely defined
subspace of H = L?(2}(M)). In particular all of its eigenvalues are real and all of its
eigenforms are eigenforms of A, and so they are smooth 1-forms.
Moreover its eigenvalues only accumulate at infinity and its eigenspaces except for the
eigenvalue 0 are finite dimensional. In order to deal with the infinite dimensional kernel
of the curl operator A, we restrict it to the subspace H, = ker(d)1s. All of these Hilbert
spaces are equipped with the induced inner products (—, —), mentioned above and can
be identified with H/ker(d) as Banach spaces.
We thus see that the curl operator is of the type considered in Theorem and we
are left with analyzing its derivative. This derivative was computed in [EP12b].

Lemma 2.3.1. [EP12b, Lemma 2.1.] Let u be an eigenform of Ay = *4d of eigenvalue \.
Then the variation of Ay in direction h is given by

Ay [Pl u = Ah(fgu, —) — %trg(h) u

where §4 15 the canonical isomorphism of the tangent and the cotangent bundle induced by
the metric g.

Remark 2.3.2. We can see that the derivative A'g of Ay maps to the symmetric operators
on E(g). Therefore the best we can hope for is that the subspace of metrics with non-
simple spectrum constitute a set of meagre codimension two. The same holds true for A,
restricted to the coexact spectrum as we will soon see.

Now let A be an eigenvalue of multiplicity 2 and v; and vo an orthonormal basis for
the associated eigenspace E(g) of A;. Our approach is to make special choices of h and
show that A; applied to these h already spans a 2-dimensional vector space transverse to
R-Id C L(E(g)). It turns out that the symmetric tensor product of the basis vectors,
denoted by v; ©® vj, leads to particularly nice expressions, and so these will be our h.

Using v; ©@ v (#g0k) = 2(g(vi, v)v; +g(v;, vi)v;) and trg(v; ©v;) = g(vs,v;) We compute

(A'lvi © vjlug, vy) =

% /M <9(Uz‘,’l)k>g(0j7’l)l) + g(vj, vk) g(vi, i) — g(vi,vj)g(vk,vl)) ditg
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We represent the linear maps A’[vy ® v1] and A’[v; ® vg] in this basis and obtain

Al[vl ® 7)1] = i ( fM!v1‘|4dug fMH;jl‘|2.g(Ulv UQ) d/ég ) )
Sallvill? g(ur, o) dpg 2 [y g(v1,v2)* dpg — [y lonll? Jo2]]® disg

A =5 (Pl ghon e Sl el dhs )
2\ halonlPlealPdieg - [gllool? oCon, v2) dy

Lemma 2.3.3. The matrices Id, A'[vi ®v1], and A'[vy ® ve] fail to span L(E(g)) ezxactly
when

/ ||v1|4dug—(2 / 901, v0)? dity — / ||v1|2||v2||2dug>
M M M

(va1||2g<v1,vz)dug)2 = (o Potor, vy ) ( SualoalPaton, o) iy )

_|_
JallvalP [z dpag

Proof. Identifying £(FE(g)) with R3 in the obvious way we can form the matrix built from
the images of Id, A’'lv; ® v1], and A’[v; ® vy] under this identification

1 0 1
fMlllezg(vi,vz)dug fMHU12||2HUZ||2d:ug fMII;mIQg(vl,vz)dMQg ,
Jarllvall® dpag JullvrlPg(or, ve) dpg 2 [y (o1, 02)* dpg = [yplloal*[loal* dpsg

The vanishing of its determinant gives the condition

([ honlPleatPa ) (2 [ gtor,on?an, = [ orfPleat?an,
([ Il dug> ([ HonlPleatPae ) ([ onlany)
([ alPotorvardng ) ([ foalPator, by ) =0

Noting that eigenforms of the curl operator are in particular eigenforms of the Hodge
Laplacian, we see that they satisfy a unique continuation property (|Aro57],|Kaz88|), i.e
they vanish identically if they vanish on an open subset. It immediately follows that
[llvil?[lve]|? dpg > 0, and so we are done. O

In order to deal with this degenerate case, we introduce iLa =v1 ©Ov1 +atry [v1 ® v1]g.
We compute once more

Al = 2 ( (1 —a) [y llvill* dpg (1= a) [y, llv]|2g(vr, v2) diag )
“ 2\ a) fylePg(orve) dug 2 fiy g(vn,v2)* = (L+a) fyloal el dug

Lemma 2.3.4. Id, A'[h,], and A'[v1 ® 3] span L(E(g)) for some choice of a.

31



2 On spectral simplicity of the Hodge Laplacian and curl operator along paths of metrics

Proof. Setting the determinant associated to these three vectors to zero and solving for
Jallvill* dpg as in the preceding Lemma we get

2 I+a
[l = (12 [ otose g = 152 [ Pl duy )+
M 1 a Jm 1 a Jmr

(fMHmH2g<v1,v2>dug)2 ~ (Sl Poton vz dg ) (fyleelPoteon vz)dy

JallvrlPllvz][* dig

=V,

Now suppose that in fact all of these determinants vanish, so the RHS of the above
equation does not depend on the choice of @ € R\ {1}. Then in particular, V, = V{, and

so we get
(1-a) (2 [ toneaa - | HU1II2HU2II2dug>
M M

=(2 [ st dng - v a) [ HmHQHvz!qug)
M M

which is equivalent to

/M (g(vr, v2)? — o] 2llv2]|2) dyzg = 0

meaning that v; || vg for every point in M. We will now show that this is impossible.
For this note that the complements of the zero set of v; and v are open and dense by
the unique continuation property. This means that there exists an open set U C M
in the complement of these zero sets and a smooth function s such that v; = swve on
U. For constant s we immediately get a contradiction since (vi,v2)g = 0, so s is some
nonconstant function. Plugging this into the eigenform-equation for the curl operator
yields

Ay = Agur = Ag(sva) = s Agua + *4(ds A vr) = Avy + *4(ds A vp)

This means that ds || vi, so v1 = f ds for some smooth function f. Restricting to a subset
U C U on which ds does not vanish, we see that this leads to the following contradiction

0<wvi Advy = fdsAd(fds)= fdsAds=0
[

Now decompose H, = ’H; © M, , where ”H;r and H, are the subspaces of Hy spanned
by the eigenforms of A, corresponding to positive and negative eigenvalues, respectively.
This induces the natural splitting A, = A; © A, . An immediate consequence of the
preceding Propositions and Theorem [2.1.4]is the following
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Theorem 2.3.5. The curl operator in dimension 3 has simple spectrum unless g is in a
set of meagre codimension 2. Moreover, the same is true for Agi.

Remark 2.3.6. One may expect that one could simply extend our proof technique to
the full Hodge Laplacian A4 on one-forms by virtue of the following argument: Given a
2-dimensional eigenspace E(g) of Ag = Ag corresponding to an eigenvalue \?> > 0, there
exists an orthonormal basis of eigenvectors of Ay spanning E(g). This is true because
Ay is an endomorphism of E(g) and since H admits an orthonormal basis composed of
eigenvectors of Ag. Calling this pair of eigenvectors of Ay spanning E(g) vi and v, we
note that the v; are eigenvectors to potentially different eigenvalues, namely £\.

Now, an application of the product rule and the symmetry of the operator Ag with respect
to (—, —)g yields

<(A52;),Ul, Uk>g = <A/gAg + AgA/gUl» Uk)g =2A <A;UZ, Uk>qo

Now if \j = —\;, we observe that A’g[vl ®Oua] =0, and A’g[vi O] = QAA;[UiG)vi], While
this means that we cannot repeat the arguments of the previous two Lemmas for the Hodge
Laplacian on coexact one-forms, we do reproduce a result of Enciso and Peralta-Salas
[EP12b]: It is not difficult to check that Aj[vy © v1] and Ajva ® va] are always nonzero
and that they are linearly dependent iff g(vi,v2) =0 and ||v1|| = [Jva|| pointwise, in which
case A’g [v1 ® v1] is transverse to R - Id. This easily implies that there always exists at
least one h such that Ay[h] is transverse to R - Id. By Lemma @ we conclude that
the set of Riemannian metrics for which the spectrum of the Hodge Laplacian on coexact
one-forms has non-simple spectrum is meagre.

The proof of Corollary[2.1.5 will show that this is as far as we can go for the Hodge
Laplacian on coexact 1-forms.

2.3.2 The 1-parameter family arguments

To prove Theorem [2.1.1] we pick a new parameter space. We fix two Riemannian metrics
go and g1 and define W* := {w € C*([0,1],G°) : w(0) = go, w(1) = g1}, where 2 < £ < 0.
We use X = W* x (0,1) and define the family of operators A>(kw,t) = Ay (). Having made
these definitions we are ready to prove Theorem 2.1.1]

Proof of Theorem[2.1.1. The plan is to once again use Theorem To this end we
note that (A*)’(w’t)[(u, s)] = A;U(t) [w(t)s 4+ u(t)]. Thus given a parameter value (wy,to)
for which an eigenspace of A* is 2-dimensional, we evaluate the derivative of A* at (wp, to)
and apply it to (u = wp,s = 0). This shows that Im((A*)’(wMO)) D Im(AZUO(tO)), and so
we may conclude that the non-simple set N has meagre codimension 2 in W* x (0, 1).
Lemma tells us that 7 : (w,t) — w maps N to a set of meagre codimension 1 in
W* which is a meagre set by Lemma [2.2.4] Since the complement of 7(N) in W¥ are
precisely those 1-parameter families which have simple coexact spectrum for all values of
t, we are done. ]
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2 On spectral simplicity of the Hodge Laplacian and curl operator along paths of metrics

We can also prove, however, that an analogous statement for the nonzero spectrum of
the Hodge Laplacian is false. As mentioned in the introduction, generic simplicity of the
Hodge Laplacian in dimension 3 fails in two different ways: Eigenvalues corresponding
to positive and negative eigenvalues of the curl operator may cross, as may exact and
coexact eigenvalues. We will need the following lemmas to prove this.

Lemma 2.3.7. Let T : X — Y be a bounded operator between Banach spaces X and Y,
and let furthermore Z C X, W CY be closed subspaces. Suppose T vanishes on Z. Then

1T x/7—vw < 1T x—y
where T is the projection of T to the quotient X/Z.

Proof. We compute
|7 (w+ Z)llyyw = ngfVHT(u +Z) +wlly <1 T(u+2)lly = IT(w)lly
< ||T - inf = ||T .
<|T|x—y veggﬂ}HvHx 1T x—y - lJullx/z

and the result follows. O

The next lemma will tell us that no eigenvalues of the Hodge Laplacian can “disappear
into its kernel” along 1-parameter families of metrics.

Lemma 2.3.8. Let (gt)icpo,1) be a continuous 1-parameter family of Riemannian metrics.
Then the lowest nonzero eigenvalue A1(t) of the Hodge Laplacian is bounded away from 0.

Proof. It suffices to prove this Lemma for the curl operator as the claim for the exact
part of the spectrum follows analogously.

The curl operator A, : HY (M) — L?(M) is bounded and descends to a bounded operator
between the Banach spaces A, : H'(M)/ker(d) — L*(M)/ker(d). The continuous
dependence of the operator norm on g factors to the quotient by Lemma [2.3.7 Calling
HY(M)/ker(d) = X and L?(M)/ker(d) =Y we know that for every metric g, the lowest
(positive or negative) eigenvalue is greater than zero and so

[Agully = Cyllullx

Fix a Riemannian metric gg. Then there exists a neighbourhood U of gy such that
C,
[Agully > = [lullx.
Indeed, choose U so that [[A; — Ay || x>y < % Then
[Agully = [[Agoully — [I(Ag — Ago)ully
> Cgollullx = [Ag = Agollx -y - [Jully

C
>ﬂ
> S

Now suppose that the family A;(t) goes to zero as t — to. Then Cy, > 0, but Cy, goes to
0 as t goes to tg, which is a contradiction to the above bound. O
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It should be noted that the proof of Lemma uses the fact that all A, have the
same kernel. With these preparatory results out of the way we can prove

Proposition 2.3.9. There exist Riemannian metrics go and g1 on S such that the Hodge
Laplacian has a crossing of an exact and a coexact eigenvalue along any continuous curve
g(t) with g(0) = go and g(1) = g1. Similarly, there exist Riemannian metrics g{, and
gy on S? such that the Hodge Laplacian has a crossing of a positive and a negative curl
eigenvalue along any continuous curve g(t) with g(0) = gj and g(1) = ¢}.

Proof. The idea of both statements is the same, we introduce a combinatorial invariant
associated to the spectrum of the Hodge Laplacian for some metric g which can only
change along 1-parameter families of metrics if a closed and a coclosed eigenvalue of the
Hodge Laplacian cross (or, for the second statement, if a positive and a negative curl
eigenvalue cross). Then we exhibit two metrics for which this invariant is different, thus
yielding the result. We will start with the statement on exact and coexact eigenvalues.

Given a Riemannian metric g so that A, has simple spectrum, we colour eigenvalues
red or blue depending on whether they come from an exact or a coexact eigenvalue of
the Hodge Laplacian, respectively. See Figure for an illustration of this. Clearly the
corresponding sequence of red and blue dots on the positive half line does not change
along 1-parameter families of metrics unless there is a crossing of a red and a blue dot.

We note that Lemma tells us that (nonzero) eigenvalues of the Hodge Laplacian
never go to 0 along 1-parameter families of Riemannian metrics.

| l l
e —»
e

0

g

Figure 2.1: Changing the combinatorial structure of the spectrum.

Consequently, if we find two Riemannian metrics gg and g; for which the Hodge Lapla-
cian has simple spectrum but whose spectrum defines a different sequence of colored points,
we have proven the first part of the Lemma, see Figure[2.1|for an illustration of this process.

The main ingredient for constructing two metrics whose associated spectra of the Hodge

Laplacian define different sequences of coloured points is a particular deformation of the
round metric gs on odd dimensional spheres considered by Tanno in [Tan79] and|[Tan83|.
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2 On spectral simplicity of the Hodge Laplacian and curl operator along paths of metrics

We will specialize the discussion to the 3-dimensional setting. Let o be a Hopf field on
53, then consider the 1-parameter family of Riemannian metrics given by

g=tlge+ 1t -t Ha®a

Using the fact that Ay, and Ay, on functions commute, Tanno managed to compute the
full effect of this deformation on the spectrum of the Laplacian on functions in [Tan79|
Lemma 4.1. and Proposition 4.2.]. In particular, he proved that the first eigenvalue of
the Laplacian on functions is given by

() = 20+172 ift3<6
! 8t if+3>6

Note that at ¢ = 1 (the round metric), the first eigenvalue of the Laplacian on functions
is 3, wheres the square of the first curl eigenvalue is 4. Thus, the combinatorial structure
of the first few eigenvalues of g1 = g is that the first four eigenvalues (counted with
multiplicity) belong to the exact spectrum, and the next 6 eigenvalues (counted with
multiplicity) belong to the coexact spectrum. While the Hodge Laplacian restricted to
the coexact spectrum does not have the nice commutation relation descried above, Tanno
proved in [Tan83, Theorem 4.1.] that there is a coexact eigenvalue of the Hodge Laplacian

1
which goes below A{(¢), the crossing happening at t = (% + %)g, thus changing the

combinatorial structure of the spectrum of the Hodge Laplacian to one where the first
eigenvalue is a coexact one. This concludes the proof of the first claim.

For the second claim we consider the same family of metrics but concentrate on the
deformation of the 6-dimensional eigenspace of the Hodge Laplacian associated to the
eigenvalue 4 with respect to the round metric g3 = gs. This eigenspace is composed of
the Hopf fields and the anti-Hopf fields (obtained from the Hopf fields via an application
of the orientation reversing involution (z1,y1,x2,%2) + (21, y1, T2, —y2) restricted to S?,
see for example [PS21, Remark 6]). Tanno proves [Tan83, Theorem 4.1] that, along the
family of metrics g;, this eigenspace splits into three eigenspaces associated to the three
eigenvalues:

1. 4t
2. 2t72
3. 8t + t(t5 + 8t3)2 4+ ¢4

The first of these corresponds to the Hopf field «, the second one corresponds to the
remaining two Hopf fields, and the third one corresponds to the three anti-Hopf fields
and therefore the first negative eigenvalue of the curl operator g; for ¢ close enough to 1.
Therefore we have that along the transition from ¢t =1 — ¢ to t = 1 4 € the combinatorial
structure of the coexact spectrum changes from one where the first eigenvalue is positive,
followed by three negative eigenvalues (counted with multiplicity) to one where the
first two eigenvalues (counted with multiplicity) are positive followed by three negative
ones. Breaking up these higher multiplicities with a generic perturbation completes the
proof. O

36



2.3 Main Results

We now get Theorem and Corollary 2.1.3] as easy consequences of everything that
has been discussed in section 2.3

Proof of Theorem[2.1.3. Proposition implies that the spectrum of the Hodge Lapla-
cian is not simple along generic 1-parameter families of Riemannian metrics. The result by
Uhlenbeck on the simplicity of the Laplace-Beltrami operator along 1-parameter families
of Riemannian metrics, Lemma and the proof of Theorem allow us to con-
clude simplicity of the positive and negative coexact spectrum along generic 1-parameter
families. O

An immediate consequence of Proposition is the proof of Corollary

Proof of Corollary[2.1.3 By Lemmal[2.2.4] a set has meagre codimension 1 iff it is meagre.
The fact that the non-simple set of Riemannian metrics for which the Hodge Laplacian
in dimension 3 does not have simple nonzero spectrum has meagre codimension 1 was
proven in [EP12b|.

Now by Proposition [2:3.9] the non-simple set cannot have meagre codimension 2 since
otherwise we would get generic simplicity for 1-parameter families. O
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3 On Arnold’s Transversality Conjecture
for the Laplace-Beltrami Operator

(Based almost verbatim on [GK23], joint work with Josef
Greilhuber)

Abstract

This paper is concerned with the structure of the set of Riemannian metrics on a connected
manifold such that the corresponding Laplace-Beltrami operator has an eigenvalue of
a given multiplicity. We introduce a simple geometric condition on metrics and their
corresponding Laplace eigenfunctions, and show it is equivalent to the strong Arnold
hypothesis. This hypothesis essentially posits that multiple Laplace eigenvalues split up
under perturbation like those of symmetric matrices. We prove our condition is satisfied
except on a set of infinite codimension, and use this to obtain non-crossing rules for
Laplace eigenvalues. Furthermore, we show that our condition is satisfied on all metrics
admitting eigenvalues of multiplicity at most six, and exhibit examples of metrics violating
it.

3.1 Introduction

A famous result of Wigner and von Neumann [NW29| called the “non-crossing rule” states
that energy levels of quantum mechanical systems do not cross along generic 1-parameter
families of Hamiltonians. Inspired by this, Arnold |[Arn72| proposed a transversality
condition for sufficiently general families of operators, later called the strong Arnold
hypothesis (SAH) by de Verdiére |Col88|: operators in the family with an eigenvalue
of multiplicity m should locally form a manifold of codimension w — 1, given by
a natural defining function. Arnold also noted that generic k-parameter families of
such operators avoid m-fold eigenvalues to exactly the extent one would expect by the
codimension count. We will say that such a family of self-adjoint operators satisfies a
mazimal non-crossing rule.

The non-crossing rule for 1-parameter families of Laplace-Beltrami operators was proven
by Uhlenbeck |[Uhl76| using a Sard-type theorem, as opposed to a local structure theorem
for the set of operators with multiple eigenvalues that Arnold had in mind. Arnold had
conjectured that the family of Laplace operators over the set of Riemannian metrics on a
given manifold satisfies the SAH, but counterexamples were exhibited by de Verdiére in
|Col88|. Soon afterwards, Lupo and Micheletti [LM93| independently discovered Arnold’s
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approach to eigenvalue multiplicities in families of self-adjoint operators. Micheletti
and Pistoia [MP9§| later showed that the SAH is satisfied for Laplace operators on
2-dimensional manifolds for eigenvalues of multiplicity 2, and proved a precursor to
Theorem of the present text. Around the same time, Teytel introduced a useful
criterion for establishing 1-parameter non-crossing rules |[Tey99, Theorem A]. In a similar
vein, Porter and Schwarz [PS17] established very general theorems on avoidance of
intersection with countable unions of submanifolds in a Banach space.

To the best of our knowledge, there has not been further progress on understanding
the local structure of the set of Riemannian metrics for which the Laplace operator has
non-simple spectrum. In particular, no non-crossing rule in multiplicity greater than two
has been established for the Laplacian (nor for any other natural, infinite dimensional
family of operators). In this paper we prove that the set of metrics for which the SAH does
not hold has infinite codimension. This means that Arnold’s transversality conjecture
“morally” holds for this family of self-adjoint operators, because it allows for a maximal
non-crossing rule: Generic k-parameter families of metrics avoid Laplace operators with
multiple eigenvalues to exactly the extent that Arnold expected.

We would like to point out that there are very general families of operators for which
Arnold’s transversality hypothesis does not hold, even in this restricted sense. Arnold
himself was aware that the hypothesis fails if, for example, certain symmetry conditions
are imposed on the family of operators, which forces some clusters of eigenvalues to collide
along 1-parameter families of operators [VWA97, Appendix 10, subsection D]. This will
be discussed in Section [3.4.4

Acknowledgements

The first author is grateful to his advisor, Professor Eugenia Malinnikova, for her tireless
support and wonderful mentoring. Special thanks go also to Professor Rafe Mazzeo for
insightful comments putting Lemma [3.3.3] into perspective, and to Romain Speciel and
Ben Foster for being great friends and sources of inspiration in spectral theory and elliptic
PDEs, respectively.

The second author wishes to thank his advisor Vera Vértesi as well as Michael Eich-
mair for their constant support and helpful mentoring as well as the Vienna School of
Mathematics for providing a stable and pleasant research environment. Much of the
relevant research was conducted during a stay at Stanford University, and so he wishes
to express his gratitude to the institution and, in particular, to Eugenia Malinnikova for
the invitation. His research stay was made possible by NSF grant DMS-2247185. This
research was funded in part by the Austrian Science Fund (FWF) [10.55776/P34318]
and [10.55776/Y963|. For open access purposes, the author has applied a CC BY public
copyright license to any author-accepted manuscript version arising from this submission.

3.1.1 Statement of the results.

We begin by introducing a condition on eigenfunctions of the Laplace operator which will
turn out to be equivalent to the SAH (Theorem [3.1.3) but is significantly simpler than all
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3.1 Introduction

previously known conditions.

Definition 3.1.1. Let (M,g) be a closed Riemannian manifold and A4 its Laplace-
Beltrami operator. We call a nonzero eigenvalue A € o(Ay) of multiplicity m > 2

degenerate if there exist k linearly independent eigenfunctions uq, ..., ux corresponding to
A such that, for some choice of signs €1, ..., e € {—1,1},
k
D el =0, (3.1.1)
j=1
k
> e du;@du; = 0. (3.1.2)
j=1

If there are linearly independent eigenfunctions such that holds, but not necessarily
, we call the eigenvalue conformally degenerate.

Remark 3.1.2. In fact, already 1mplies , as 1s shown in Propositz'onm
Section . Thus, one could drop from the definition of a degenerate eigenvalue.

We included it to make the relation to conformal degeneracy clear.

This definition is motivated by the behaviour of the eigenvalue A under general and under
conformal perturbation of the metric, respectively. We will see that, under perturbation
by a symmetric (0, 2)-tensor field, A splits up in the same manner as an m-fold eigenvalue
of a symmetric matrix if and only if A\ is nondegenerate. If one instead considers only
conformal perturbations, the same holds if and only if A is conformally nondegenerate,
which is a stronger condition. The notion of conformal nondegeneracy in multiplicity 2
has previously been recognized as central to the splitting behaviour of double eigenvalues
for conformally covariant operators by Canzani [Canl4)].

Definition is superficially remarkably similar to the condition characterizing
extremal eigenvalues in |EIO8a], i.e., those eigenvalues which necessarily decrease in
absolute value under perturbation of the metric, see Question [3.4.8]in Section [3.4.4]

To formulate a precise statement, we introduce some notation. Let M be a closed,
smooth manifold, which we will always assume to be of dimension at least 2. Denote the
Fréchet manifold of smooth Riemannian metrics on M by G(M). Fixing go € G(M), we

also consider the space G(M, go) of smooth conformal multiples of gy. Finally, we will
m(m+1)

denote the space of real symmetric m x m matrices with R >

Theorem 3.1.3. Let g be a Riemannian metric on a closed smooth manifold M of

dimension at least 2. Suppose X is a nondegenerate eigenvalue of Ay with multiplicity m.
m(m+1)

Then there exist an open neighborhood U of g in G(M), a submersion m: U — R~ 2
and € > 0 such that
a(Ag) N(A =g, A +¢) =a(n(d)), (3.1.3)

counted with multiplicity, for all g € U.
If X\ is conformally nondegenerate, the analogous statement with G(M) replaced by
G(M,g) holds as well.
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

Next, we prove that the set of (conformally) degenerate metrics is small. In order to
make this precise we introduce the following notion.

Definition 3.1.4. A subset D of a Fréchet manifold X is said to have transversality
codimension k if for every smooth manifold M of dimension less than k, the set of maps in
C>®(M, X) avoiding D is residual. We say a subset D of X has transversality codimension
infinity if it has transversality codimension k for all k € N.

This definition is meant to capture sets that behave like submanifolds from a trans-
versality theoretic point of view but which might be much more irregular. Indeed, we
will see that the set of metrics for which the Laplacian has non-simple spectrum has
a fairly complicated structure. Using this definition, we can make precise the sense in
which metrics admitting a conformally degenerate eigenvalue (and therefore also those
admitting a degenerate eigenvalue) have infinite codimension.

Theorem 3.1.5. Let M be a closed, connected smooth manifold of dimension at least
2, and G(M) the set of smooth Riemannian metrics on M. Then the set of metrics
g € G(M) such that Ay has a conformally degenerate eigenvalue has infinite transversality
codimension. The same holds in any fixed conformal class G(M, go).

Theorem and Theorem together imply a sweeping statement on the set of
metrics admitting eigenvalues of a given multiplicity. It shows that a maximal non-crossing
rule indeed holds in our setting.

Theorem 3.1.6. Let M be a closed, connected smooth manifold of dimension at least 2,
and G(M) the set of smooth Riemannian metrics on M. Then the set of metrics g € G(M)
where Ay has an eigenvalue of multiplicity at least m has transversality codimension

% — 1. The same holds in any fixed conformal class G(M, go).

Remark 3.1.7. Throughout this paper we work with C*° metrics. In previous work
on the subject of non-crossing rules ([UhL76/,/Tey99]), the underlying spaces of metrics
had finite regularity and thus a Banach manifold structure. Howewver, all relevant maps
occurring in the present paper have finite dimensional domains or codomains, allowing us
to carry over the requisite transversality theory. Smooth reqularity is crucial for our proof
of Theorem[3.1.5. We will nevertheless be able to conclude that the maximal non-crossing
rule holds for C* metrics for all s > 0, see Corollary[3.3.4 This corollary is proven from
Theorem [3.1.0, using only continuous dependence of the eigenvalues, and holds in lower
reqularity than previous statements in the literature, which were obtained via perturbation
theory in C*-reqularity, s > 2.

The structure of the paper is as follows: In Section 2 we set the stage for the trans-
versality theoretic results: We introduce the strong Arnold hypothesis in detail, and
prove a structure theorem similar to [MP98, Theorem 1.8]. We then specialize it to
the case of the Laplace operator and prove Theorem [3.1.3] Section 3 is the technical
heart of the paper, establishing Theorems and Section 4 is concerned with a
closer examination of degenerate eigenvalues, containing a proof that no such eigenvalues
exist below multiplicity 7 (Theorem , and examples of (conformally) degenerate
eigenvalues. We conclude the paper with a number of open questions.
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3.1 Introduction

3.1.2 Preliminaries

In this paper, Einstein’s summation convention is used, meaning that any index occuring
twice in an expression is automatically summed over. We will often write 0; for 8%1 in
coordinate expressions.

Let (M, g) be a closed, smooth Riemannian manifold. Its Laplace-Beltrami operator
Ay is given in coordinates by

1 1 .
Agu = |g|"20;(|g|2 ¢ Ou),

where, as usual, |g| denotes det g and ¢g/* the components of 1. Of course, this expression
arises necessarily if we wish the identity

/ uAgudpg = —/ 9(Vgu, Vgv)dpug
M M

to hold for all u,v € C*°(M), where V, and p4 denote the gradient with respect to g
and the volume form, respectively. Let H2(M) and L?(M) denote the respective Sobolev
spaces, defined with respect to a fixed reference metric on M. It is well known that A, is
a bounded operator from H2(M) to L?(M). It can be interpreted as a closed unbounded
operator on L?(M), which is self-adjoint with respect to the inner product induced by
g. Its spectrum consists of one zero eigenvalue and a countable, discrete set of negative
eigenvalues with finite multiplicity.

It will be crucial in our proof of Theorem that eigenfunctions satisfy a unique
continuation theorem: If M is connected, eigenfunctions of A, cannot vanish to infinite
order anywhere. This follows from Aronszajn’s unique continuation theorem for general
elliptic operators of second order |Aro57|.

Following Hamilton’s book [Ham82|, we call a map F : F — F' between Fréchet spaces
F and F' continuously differentiable, or C, if

exists everywhere, is linear in h, and jointly continuous as a function of ¢ and h. This
notion is stronger than Gateaux differentiability, but much weaker than the definition of
continuous differentiability one might expect: The derivative DF need not be a continuous
map from F into the space of continuous linear operators from F to F'. In particular,
we never specify a topology on that space.

Let X,Y and Z be Banach spaces, and denote by £(X,Y) and L(Y, Z) the spaces of
continous linear maps from X to Y and from Y to Z, respectively, equipped with the
operator norm. Suppose A : F — L(Y,Z) and B : F — L(X,Y) are C! maps. Then the
following version of the product rule holds: For all ¢, h € F,

D(A e B)(q)[h] = DA(g)[h] o B(q) + Alq) o DB(q)[h].

It is proven in the same way as the product rule in one-variable calculus, since only a
directional derivative is taken. The right hand side is clearly jointly continuous in g and

h, hence Ao B : F — L(X,Z) is CL.
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

All maps occuring in this paper have either finite dimensional domain or finite dimen-
sional codomain. Thus, none of the usual problems which beset differential geometry in
Fréchet spaces occur. Borrowing terminology from Freyn [Frel5|, we call a subset M C X
of a Fréchet manifold X a cofinite Fréchet submanifold of codimension N € N if, for all
p € M, there exists a neighborhood U C X of p and a C! submersion 7 : i/ — RY such
that M NU = 71(0).

The standard proof of the implicit function theorem then yields that a cofinite Fréchet
submanifold is locally a graph over its tangent space at any point p € M, and therefore
a Fréchet manifold modelled on the Fréchet space ker DF(p) C T,X. No Nash-Moser
iteration is needed in this construction. Lacking a reference for this simple observation,
we provide a proof in Section

Thom'’s transversality theory can be carried over with minimal modifications to the
setting of smooth maps f : RX — X and cofinite submanifolds M C X. The necessary
statements are provided and proven in Section [3.6

The family of operators Ay : H2(M) — L?(M) gives rise to a C! map

Ay G(M) = L(H*(M),L*(M)),

into the Banach space of bounded linear operators from H?(M) to L?(M). Its resolvent
(A—=A,) 7L is likewise a C'! map from a dense open subset of CxG(M) to L(L?(M), H*(M))
(and thus also, if needed, into £(L?(M))). Finally, fixing a circle « in C, the corresponding
Riesz projection

Py(g) = o / (€~ Ag)tdC
Y

2w
is a C! map into £(L?(M)) on the open subset of metrics admitting no Laplace eigenvalue
on . These statements are proven in Section

3.2 A local structure theorem for metrics with Laplace
eigenvalues of higher multiplicity

The goal of the present section is to prove Theorem We initially formulate the
setting rather generally in order to facilitate the application of our ideas to different
problems. In particular, we do not require the operator family of interest to have a fixed
domain, independent of the parameter, and work with the resolvent instead. This is not
needed in the present situation, where one can view the Laplacian as a family of bounded
operators from H?(M) to L?(M). However, it enables an application of our theorem to
operator families with varying boundary conditions.

3.2.1 General setup for the construction of local defining functions and
parameter transversality

The construction described in this section is inspired by similar setups in [Col88]|, [LM93],
and [MP9§]|, all of whom worked in finite regularity and could thus rely on Banach manifold
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3.2 A local structure theorem for metrics with Laplace eigenvalues of higher multiplicity

theory. Another notable difference lies in our explicit construction of the matriz-valued
function 7 which exactly describes the behaviour of an eigenvalue of higher multiplicity
under perturbation: |[LM93| proceeds from a purely geometric perspective, and while
|Col88| introduces a similar defining function, it is valued in quadratic forms, assuming a
fixed inner product on the underlying space. Our result is directly applicable to families
of operators which are self-adjoint with respect to a variable inner product, without
having to find an explicit family of isometries which conjugates the problem into one on a
fixed Hilbert space, as in |Col88|. At the end of the following discussion, Theorem
provides a summary of our general setup.

Suppose we are given a separable Fréchet manifold X', a C! family of equivalent inner
products {(—, —)q}qex on a fixed real Hilbert space H, and a family of unbounded
operators {A,}4ex, each self-adjoint with respect to (—, —), and with compact resolvent.
Assume furthermore that the resolvents (2 — A,) ™! form a C'! family of bounded operators
defined on a dense open subset of C x X'. Now fix a parameter value gp such that Ay
has an eigenvalue A\ of multiplicity m. Since the eigenvalues of A move continuously
with respect to the parameter by the variational characterization of eigenvalues [Tes14,
Theorem 4.10], there exist € > 0 and an open neighbourhood U of gy such that the rank
of the spectral projection

P(q) 1 /(C — Aq)_ld(, Y(t) = A+ ee”

= om

is m for all ¢ € Y. Define E,(q) := Im P(q). Consider the family of linear maps S(q) :=
P(q0) o P(9)| . (q) : £+(q0) — E~(qo). After possibly shrinking U/, S(q) is an isomorphism
for all ¢ € U, since P(g) varies continuously with ¢, and P(qo)|g,(q) = 1d|g, (4)- By
construction, S(q)~! o P(qo) : H — E,(qo) is a C! family of left inverses to P()|E, (q0)-
Fix 1 € R outside of the spectrum of all A,, ¢ € U, and define the map

fiU s GL(E,)
g S(q)™" o Plgo) o (n—Ag) ™" o (P(q)l 5, (a0)) -

The eigenvalues of f(q) are precisely the eigenvalues of (u — Aq)_1 corresponding to
eigenvalues of A, encircled by v. Thus, f~(R -id) contains precisely those ¢ € U for
which A, has an eigenvalue of multiplicity m in (A — €, A + ¢€).

We want to use the map f as a local defining function for the set of parameter values
g € U so that A, has an eigenvalue of multiplicity m that is close to A. To achieve
this, f has to be modified further to account for the fact that f(gq) is symmetric with
respect to the inner product (P(q)-,P(q)-),, which of course depends on g. Since
this inner product is continuously differentiable in ¢, we may perform Gram-Schmidt
orthonormalization to obtain a C'' family of linear isomorphisms Q(q) : R™ — E,, such
that (P(q)Q(q)er, P(9)Q(q)er), = dge- Then, symmetry of (u — A,)~! with respect to
(+, ), shows that Q(q)~ o f(q) o Q(q) is a symmetric m x m matrix, allowing us to
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

define

m(m+1)
2

Ty U—-N~R
g~ Q(q)" o f(q) o Q(q).

As a composition of C' families of linear maps and their inverses (Wh~ich are C1, e.g, by
[Ham82, Theorem 11.3.1.1]), m,, is C!. Denote R(q) = (n— A,)~! and P(q) = P(9)|E, (g0)-
Given h € Ty, X, we first calculate

Df(qo)[h] = — S(q0)~" o DS(go)[h] © S(g0) " © P(go) © R(qo) © P(qo)
+ S(g0) ™" o P(qo) © DR(qo)[h] © P(qo)
+S(q0) " © P(qo) © R(qo) © DP(qo) ]
= —-1:DS(qo)[h] + P(qo) e DR(qo)[h] + P(qo) o R(qo) © DP(qo)[h],

=
where we used S(go) = id and that R(qo) acts on E,(qo) via multiplication by ﬁ
)o

id
Furthermore, P(qo (qo0) = ﬁP(qO). This allows us to further simplify

D f(a0)[h] = P(ao) o DR(ao) ] ~ 515 (DS(a0) 1] = Plao) o DP(ao)[1])
= P(qo) o DR(qo)[h],

because the term in brackets vanishes by the product rule. Now the derivative of 7, at qo
is computed to be

Dmu(qo)[h] = —Q(q0) ™" 0 DQ(qo)[h] © Q(q0) " o f(a0) © Qo)
+Q(q0) " o Df(qo)[h] © Q(q0) + Q(g0) " © f(q0) © DQ(qo)[h]
= Q(q0) " o Df(q0)[h] 0 Q(g0) = Q(q0) " o P(go) © DR(qo)[h] o Q(qo),

since f(qo) = ;EA- To obtain the entries of the matrix D, (qo)[h], let {ex}}", denote

N

the standard basis of R™, so that {C,Q(qo)ek},?:1 is an orthonormal basis of the eigenspace
E,(qo). For 1 < k,¢ <m, we have

(Dmu(go)[hlex, e)gm = (P(g0) © DR(q0)[h] © Q(g0)ex, Q(d0)er)y,
= (DR(qo0)[h] o Q(qo0)ex, Q(qo)er), -

It remains to remove the dependence on the arbitrary choice of resolvent. Note that,

for all ¢ € U, Aglp,(q) = 1 — R(q)~". Thus, if we define () = p — 7,(g)~", then the

id

spectrum of A, encircled by v agrees with that of the matrix m(q). Since 7,(qo) = %

the quotient rule implies

(D (qo)[M)e, echpm = (1 — X)*DR(qo)[h] © Q(qo)er, Qlao)er),, -

This matrix is, by construction, independent of the choice of y. Alternatively, one may
also differentiate the first resolvent identity to show that the operator (1 — A\)2P(go) o
DR(qo)[h]|E, (q) is independent of this choice.
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3.2 A local structure theorem for metrics with Laplace eigenvalues of higher multiplicity

In the case that all operators A, share the same domain (which will be true for
the Laplace-Beltrami operators on a closed Riemannian manifold M), one can arrive
at the expression ((u — A)>DR(qo)[R] © Q(qo)ex, Q(qo)eg>q0 directly, without considering
the resolvent. More precisely, suppose there is a fixed Banach space D which embeds
continuously into H, and A : X — L(D, H) is a C! family of bounded linear operators.
Differentiating the identity R(q) o (1 — Ay) = idp yields

(r = A)DR(qo)[P]|e, (q0) = —R(q0) DA(q0)[M]| £, (q0)»
from which, since P(qo) o R(qo) = (1 — X\) "1 P(qo), it follows that

(1= X)*P(a0) © DR(a0) 1| 5, (o) = —P(a0) © DA(a0) 1| 5, (go):

If we denote the orthonormal basis {Q(qo)ex}j; by {ur}pr,, we can thus write Dm(qo)
in a very convenient way:

Dr(qo)[h]ke = (DA(qo) [h]uk, ue)g, (3.2.1)

It is this expression that we will work with in the following sections.

Surjectivity of Dm(q) is an open condition, since 7 has a finite dimensional codomain.
Thus, if D7(qp) is surjective, we can find an open neighborhood U of gy such that 7|y is
a submersion. In particular, as mentioned in Section (Preliminaries), this means
that the set of parameters ¢ such that that the eigenvalue A does not split up is a cofinite
Fréchet submanifold, because it is given as the preimage 7~ (R - id), i.e., the preimage of
a manifold under a submersion.

Let us collect the results of the preceding discussion in a theorem, which we must stress
is similar to [MP98, Theorem 1.8], but more versatile, as it describes the full eigenvalue
splitting behaviour, and adapted to a Fréchet manifold setting.

Theorem 3.2.1. Let X be a Fréchet manifold, H a Hilbert space, {(—, —)q}cx @ ct
family of inner products on H, and {Aq}lqex a family of unbounded operators, each
self-adjoint with respect to (—, —)q and with compact resolvent. Assume that the resolvent
(z— Ay) "V is a C* family of bounded operators defined on a dense open subset of C x X.

Suppose X is an eigenvalue with multiplicity m of Ay, for some qo € X. Denote
R(q) = (n— Ag)™Y, for some p € p(Ag) NR, and choose an orthonormal basis {uy}7,
of the \-eigenspace of Ag,. If the linear map

h — ((DR(qo)[h]ug, ue) )Zﬁ:l

m(m+1) .. . . .
from T, X to R™ 2 s surjective, there exist an open neighborhood U of qo in X, a ct
m(m+1)
submersion m: U = R~ 2, and € > 0, such that

g(Ag)N(A—e, A +¢) =0(nm(q), (3.2.2)

counted with multiplicity, for all ¢ € U. If, additionally, all operators A, share the same
domain D, the linear map

h = ((DA(qo)[h]ug, ue) )Z@:l
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

1s well-defined and it is sufficient to check its surjectivity instead.

. -1 . . P . . . ( +1)
The preimage 7~ (R -id) is a Fréchet submanifold of codimension % — 1.

In view of this theorem and the preceding discussion, we can formulate the strong
Arnold hypothesis introduced by Colin de Verdiére |Col88| very conveniently.

Definition 3.2.2. The family of operators {Aq}qex is said to satisfy the strong Arnold
hypothesis (SAH) if 7 is a submersion for all ¢ and X. We say it satisfies the SAH at q
and A if ™ is a submersion at q for the eigenvalue .

If the family A, satisfies the strong Arnold hypothesis, one can prove a non-crossing
rule akin to Theorem [3.1.6] in this very abstract setting provided that X is separable.
This hypothesis is needed in several places to extract countable open covers, using the
fact that a separable metric space is Lindelof (i.e, every open cover admits a countable
subcover). The family of Laplace-Beltrami operators does not satisfy the SAH, and so a
proof of Theorem [3.1.6] must wait until the end of Section Assuming the SAH, the
proof of Theorem can be carried over to the abstract setting of Theorem We
omit this to avoid overloading this article.

3.2.2 The case of the Laplace-Beltrami operator: Proof of Theorem [3.1.3

We now specialize the results of the preceding section to X = G(M), the space of smooth
metrics on a closed manifold M, or a fixed conformal class X = G(M, go), and A; = Ay,
the Laplace-Beltrami operator.

Proposition 3.2.3. Let M be a closed smooth manifold of dimension n > 2. The
following are equivalent:

1. {Ag}gegary does not satisfy the SAH at g and .

m(m+1)

2. There ezist a basis {uq} of Ex and A€ R~z \ {0} such that

a [ A 1
AP (QUa“ﬁ g+ ig(Vua, Vug) g — dug ® dUﬂ> =0. (3.2.3)

m(m+1)

3. There exist a basis {uq} of Ex and A€ R~ 2 \ {0} such that

Ao‘ﬂuazw =0
and
AP du, @ dug = 0.

4. X is a degenerate eigenvalue of A,.
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3.2 A local structure theorem for metrics with Laplace eigenvalues of higher multiplicity

Stmilarly, in the conformal setting, the following are equivalent:

1. {Ag}geg(m,g) does not satisfy the SAH at g and \.

m(m+1)

2. There exist a basis {uqa} of Ex and A€ R~ 2 \ {0} such that
-2
A8 ()\uau5 + nTg(Vua, Vug)) =0.

m(m+1)

3. There exist a basis {ua} of Ex and A€ R~ 2 \ {0} such that
A“Buaug =0.
4. X is a conformally degenerate eigenvalue of Ag.
Proof. <= We express the Laplace operator in local coordinates:
Agu = |g|729; (19|29 Opu)

where by |g| we mean the determinant of g. Given a symmetric (0, 2)-tensor field h and
using the identities

Dh‘g‘s =S8- trg(h)’g’57 Dhg” = _hijv
one can compute the variation of A, in direction h:
1 1 _1 1 ik 1 1 ik
DpAgu = — §trg(h)Agu + §|g| 20j(trq(h)|g|2¢’"Oku) — |g]~20;(|g|2 W " Oku)
1 ; _1 1o
:§8j(t7’g(h))gjk3ku — 191729;(1g> h"* Oyw)

We now compute the L? inner product

1 ; 1 1
(D0} = [ 0y(try () Ouaodisg — [ Lol 20,1l 0ru)o d

- % /M (trg(h)(Agu)U + trg(h)g(vu, Vu) — 2hjk[du ® dv]jk) Aty

. 1 1
— /M Bk <_29jk(Agu)v — §gjkg(Vu, Vo) + [du ® dv]jk> dpg

Pick an arbitrary basis {us} of Ey. If the SAH is not satisfied at g, then The-
m(m+1)

orem implies there exists a nonzero symmetric matrix A € R~ 2 such that for all
h, A (u, DpAgug) = 0. We obtain

; A 1
0 —/ hik AP <2gjkuau5 + §gjkg(Vua, Vug) — [duq ® dug]jk> ditg
M
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

for all symmetric (0, 2)-tensor fields h. Since the expression in brackets is itself a symmetric
(0,2)-tensor field, this is equivalent to

A 1
0= A8 <2uau5g + Eg(Vua, Vug) g — dug ® du5> .

= The converse direction is clear. For the other direction, we contract
equation [3.2.3] with the metric g

A -2
AP (Zuam + nTg(Vua, Vug)) =0 (3.2.4)

In dimension n = 2, this implies that Aaﬁuauﬁ = 0. Applying the Laplacian to this
identity yields

0= Ang‘Buauﬁ = 2A“6uaA9u5 + 2Aaﬁg(Vua, Vug) = 2A°‘Bg(Vua, Vug)

Reinserting these two expressions into equation [3.2.3] gives the desired conclusion.
In dimension n > 3, consider the function F = A%? uqug and apply the Laplacian

A F =240, A (ug) + 2A4%P g(Vug, Vug)
n Q,

—2\(1- —

)F
n—2
where we used equation [3.2.4] Note that the coefficient of F on the right is positive. It
follows that F' = 0.

B) — (4)

The matrix A is symmetric, and hence, it can be diagonalized. Let Bg be a change of
basis such that A8 = B$D75B§ , where D is diagonal. Then

Aaﬁuau5 = BﬁD”‘stuau,g = D”‘Sv«,vg

where vy = BJua. Upon rescaling the basis vectors {vy} we may assume that the diagonal
entries of D are valued in {—1,0,1}. The basis {v,} may be chosen to be orthogonal:
One may choose the original basis {u,} orthonormal, and diagonalize the symmetric
matrix A*? by an orthogonal change of basis.

The proof for the conformal case is very similar. We can again use integration by parts
to show that 7 is a submersion if and only if there is no basis {u,} and A € R™5 5o
that the traced version of equation holds. Proving the equivalence of (2) and (3)

again works by applying the Laplacian to A%? UaUg. O

Remark 3.2.4. We would like to point out that a version of the first equivalence in
Pmposition always works for self-adjoint differential operators on some L? as long
as the space of variations is closed under multiplication with bump functions. One can
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3.2 A local structure theorem for metrics with Laplace eigenvalues of higher multiplicity

use integration by parts to isolate h in Dy A and then localize. The resulting expression
may be unwieldy (this is the case, e.g, for the Hodge Laplacian).

A particularly interesting class of examples is that of conformally covariant operators
on vector bundles equipped with a metric g as treated by Canzani [Canl4l. An inspection
of the conformal variation computed in [Canl/), Proposition 5.4] allows us to conclude
that the failure of the SAH at a metric g for an eigenvalue X in the conformal class is
equivalent to the following: There exists a basis {us} of Ex and an element A € R%
so that

AP g(ug,ug) = 0.
Specializing to conformally covariant operators acting on smooth functions, this becomes
Ao‘ﬂuau5 =0.

just like for the Laplace-Beltrami operator. Canzani proved that this condition is never
satisfied in multiplicity 2, i.e., that there are no conformally degenerate eigenvalues of
multiplicity 2 in this setting [Canl/jl, Proposition 5.6]. Actually her proof shows something
stronger, namely that even in higher multiplicity there can never be a pair of eigenfunctions
uy and ug such that the above identity is satisfied. Inspecting the proof of Theorem[3.2]]
it is not hard to see that this implies a 1-parameter non-crossing rule for all conformally
covariant operators acting on smooth functions.

The preceding observations and the proof of Theorem (Section , which develops
techniques for showing that relations between eigenfunctions of the form Ao‘ﬁuauﬁ =0 are
rarely satisfied, suggest that our methods can be applied to a great variety of operators.

Theorem follows directly by combining Theorem and Proposition [3.2.3

Theorem together with the cofinite transversality theory presented in Section [3.6
already implies that Theorem [3.1.6] holds in the complement of those metrics admitting
a degenerate eigenvalue. In order to establish Theorem in full we still have to
show that the set of such metrics is small. A careful proof of Theorem [3.1.0] is therefore
presented at the end of section 3.3

Before proceeding with our analysis of degenerate eigenvalues, we show that they are

in fact fully characterized by the condition Z?Zl €j duj®@duj = 0 (Equation || in
Definition |3.1.1 ?, since this condition already implies Z§:1 ejujz = 0 (Equation 1} in
3

Definition [3.1.1]). This fact will not be used in the rest of the text.

Proposition 3.2.5. Let (M, g) be a closed Riemannian manifold. Suppose there exist m

eigenfunctions {ua}o—y of Ay, corresponding to an eigenvalue X < 0, and a symmetric
m(m+1)

matriz A*? e R™ 2z, such that

A8 dua®@dug = 0.

Then Aaﬁuaug =0 as well.
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

Proof. In coordinates, A*? duq®dug = 0 corresponds to the identity
Aaﬁakuaﬁgug =0,

for all £,/ = 1,...,n. Taking the derivative of this expression in the 9;-direction and
contracting with ¢*¢ yields

AP gD, O un Opug + A gF Ok ua0;0pus = 0.
On the other hand, because both A and g are symmetric,
AP gk 9,0 uadpug = AP g% 0;00up0Ku0 = AP g*Opua0;00us,

so AP gkgé?j@kuaﬁgu/g = 0. This allows us to reduce the expression which results from
taking the divergence of 0 = A®? Vua®Vug in the first slot. In coordinates, this amounts
to the following calculation, valid for all £ =1,... n:

0= A|g|~20; (191297 Opradus )
= A8 <(Agua)8gu5 + gjkﬁkua6j8gu5) = )\Ao‘ﬁuoﬁgu/g
Now, we take the divergence in the second slot and obtain
0= A°|g|"20; (ualglégﬂ@w@
= AP (uaAug + gﬂ@jua(%u[g) = APy ug,

as desired. O

3.3 Metrics with a (conformally) degenerate eigenvalue are
rare

By the results of the preceding section, the behavior of non-degenerate multiple eigenvalues
under perturbation of the metric parallels that of multiple eigenvalues of symmetric
matrices. To get an unconditional result like Theorem [3.1.6] one must still prove that
metrics with a degenerate eigenvalue are rare. Examples of metrics with a degenerate
eigenvalue indeed exist, as is shown in Proposition below. The aim of this section is
to prove Theorem and thus establish Theorem [3.1.6

The proof of Theorem [3.1.5]takes up most of this section, and proceeds roughly as follows:
We first stratify the set of metrics admitting conformally degenerate eigenvalues into
several pieces which can be covered locally by cofinite Fréchet submanifolds of arbitrarily
high codimension. The key distinction turns out to be whether the fundamental solution
to the Helmholtz equation (A — A)u = 6, is a quotient of smooth functions whose
denominator does not vanish to infinite order anywhere. Those strata where this is not
the case are shown to be of infinite transversality codimension using basic microlocal
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analysis (Proposition , and the other case is dealt with using heat kernel asymptotics
(Lemma . Finally, we give a careful proof of Theorem which at the same time
provides the final arguments necessary to establish Theorem [3.1.5]

It is convenient to introduce the ring of quotients of smooth functions whose denominator
does not vanish to infinite order anywhere. We shall denote it by Q°°(M), and sometimes
write % € Q®(M) for its elements, where the denominator ¢ € C°°(M) has finite
vanishing order everywhere.

We begin by stratifying the set S C G(M) of metrics admitting a conformally degenerate
eigenvalue.

(i) Let Soo(A) denote those metrics for which A € o(4A,), and the Schwartz kernel
of the operator L defined by L(A — Ay) = (A — Ay)L =1 — P, is an element of
Q>(M x M).

(ii) For m e N, k € {1,..., %} and A € (—00,0), let S, x(A) denote the set of
g € G(M) \ Sso(A) such that A € 0(Ay) has multiplicity m, and, given a basis
{ua}™_; of Ej, the equation A%8 uq()ug(x) = 0 has exactly k linearly independent

. m(m+1)
solutions A e R™ =2 .

The next proposition shows that the union of strata S, ;(\) can be covered locally
by Fréchet manifolds of finite, but arbitrarily high, codimension, if A is constrained in a
suitably small interval.

Proposition 3.3.1. Let M be a closed, connected smooth manifold of dimension at least
2. Consider a metric g € Smk(\), for some m,k € N, A € (—00,0). Let v:S' = C be a
smooth, positively oriented Jordan curve encircling X, but no other point of o(Ay). Let U
be a neighborhood of g in G(M) such that for each g € U, exactly m eigenvalues of Ag,
counted with multiplicity, are encircled by v. For g € U, denote the sum of the eigenspaces
of these m eigenvalues by E(g).

Let gm,k C U denote the set of all § € U for which there exists a basis {tq}n—y of E4(7)
m(m+1)

and at least k linearly independent matrices A€ R~ 2 with Ao‘ﬁaaaﬁ = 0. Then, for

any N € N, the set g'mk is contained in a Fréchet submanifold of G(M) of codimension
N, after possibly shrinking U. An identical statement also holds in any conformal class

G(M, go).

Before commencing with the proof of Proposition [3.3.] it is important to observe that
the condition defining :S'vm,k is independent of the choice of basis for E,(g), since changing
to a different basis just amounts to conjugating the matrix A. The key point of the above,
somewhat technical, definition is that §m7k can be analyzed via the implicit function

theorem, and Smk(j\) NnNU C gmk for all X encircled by 7.

Lemma 3.3.2. 1. Possibly after shrinking U, one continuously differentiable choice
(o)t of an eigenbasis for E,(g) is given by tq = P(§)uq, where P(g) denotes

the spectral projection onto E.(g).
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

m(m+1)

2. Define F: U xR 2 — C>®(M) by

F(§, A) = A% Py(3)ua Py (§)ug.

Then F is continuously differentiable. Its derivative at (g, A) with respect to the
metric is explicitly given by

D3F (g, A)[h] = 2AP (LA, uq)ug,

where A} is shorthand for DA(g)[h] and L : L*(M) — H?*(M) is the unique
operator satisfying (A — Ag)o L =1— Py(g) and Lo (A—Ay) =1— Py(g) on L*(M)
and H?(M), respectively.

3. Let V C Rm(";rl) be a subspace of codimension k — 1 intersecting ker F(g,-)
transversally. Let A .= {A € V : tr(ATA) = 1}, and Fi = Flyxa. Then

:S'vm’k C m(F7H{0})), where m: U x A — U denotes the natural projection.

Proof. We begin by differentiating under the contour integral for the spectral projection,
justified by the dominated convergence theorem for Bochner integrals.

D,P, = D, (217” A(z - A)—ldz> L /7(2 CA) A (e - A) s,

If Aju = Au, we have

D, P, (g)u = —— </7(z N A)—ldz> Alu,

2

By the Riesz-Dunford calculus, L = 5= fv(z —A)7Y(z — A)~1dz is the unique operator
satisfying L(A—Ay) = (A—Ay)L =1—-Py(g). The map @, = P(g)uq is thus continuously
differentiable, with derivative Diiq(g)[h] = LA} u,. Since linear independence is an open
condition, {P(§)uqs}n-, forms a basis of E, for all g in some neighborhood U of g.
Calculating DyF(g, A) from the expression Dtq(g)[h] = LA} uq is straightforward. If
g € Sk, then dimker F'(g,-) > k, and hence V Nker F(g,-) # {0}. Thus, there exists
A € A with Fy(g, A) = 0. O
Proof of Proposition[3.53.1 Let A € R™T™ be any nonzero symmetric matrix such that
F(g,A) =0, with F defined as in Lemma We will first show that DyF(g, A) is a
pseudodifferential operator with non-smooth Schwartz kernel, because g is not contained
in the exceptional set Soo(A). Pseudodifferential operators of finite rank are smoothing
operators, and therefore have smooth Schwartz kernels. E| Thus, DgF(g, A) must have
infinite rank. Therefore, ker DyF(g, A) has infinite codimension, which we then show

implies Sy, 1 has infinite codimension as well.

'Indeed, suppose A is a WDO such that A(C®(M)) C C*°(M) is finite dimensional. As C* (M) is
dense in D'(M), A(C*(M)) must be dense in A(D’(M)). Since A(C*°(M)) is finite dimensional,
now A(D'(M)) = A(C>®(M)) C C>*(M), so A is a smoothing operator.
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3.3 Metrics with a (conformally) degenerate eigenvalue are rare

For a fixed u € E\(g), Lo A’Hu : T(S%2(T*M)) — C>*(M) is a pseudodifferential
operator of order at most —1. This follows from the fact that h +— A} u is a differential
operator of order 1, and L is a pseudodifferential operator of order —2, as is easily seen
from the functional calculus of pseudodifferential operators (see, e.g, [Tay81, Chapter XII,
Theorem 1.3]). In a slight abuse of notation, let L € D'(M x M) also denote the Schwartz
kernel of the operator L. It satisfies the identity A, L(z,y) = AL(x,y) — d(z,y) + P(x,y),
where §(z,y) and P(x,y) are the Schwartz kernels of the identity and the spectral
projection onto FE), respectively.

We now compute the Schwartz kernel of L o A'Hu for a fixed function u € C*(M).

This kernel is a distributional section of the bundle 73(S*(T*M)) — M x M, i.e., the
pull-back of the bundle of symmetric (0,2)-tensors on M along the projection to the
second factor of M x M. Its computation is most easily expressed in local coordinates,
which suffices since we will only be interested in its behavior near the diagonal. In the
following, we assume h to be compactly supported in a coordinate patch.

.. 1 1 1
LoAju= /M L(z,y) (%gwﬁyi (gkghké) Dy — |g| ™20k <|g|§hk£8yeu>) lg|2dy
1
= /M [8ykL(x7y)ayzu - %(L(.’IJ’:I/)AU —i—g(VyL(x,y),Vu))gkg] hkﬁ’g‘idy

With this expression in hand, the Schwartz kernel of DyF(g, A) is readily computed as
the distributional section K of 75(S?(T*M)) — M x M given by

K(z,y)ke = A (0,0 L(z, )0 e ua(y) + 0y L(z, )y ualy)) us(x)

(3.3.1)
— A (AL(z, y)ua(y)us(x) + 9(Vy Lz, y), Vua(y)Jus(@) ) gre

Smoothness of K (x,y) would imply p(z,y) := A% L(z, y)ua(y)us(z) was smooth as well.
If dim M = 2 this follows directly from taking traces (in y):

—g" K (,y)ke = nA A Lz, y)ua(y)ug(z).
In dimension 3 and above, we first apply the Laplacian in y to p(z,y), which yields

Ayp(x,y) = AP [ 2AL (2, y)ua (y)ug(x) + 29(VyL(z,y), Vua(y))us(z)
— 82, y)ua(y)ug(x) + Pz, y)ua(y)us(z) ].

The third term is zero because A*u,(y)us(z) vanishes at the diagonal. Taking the trace
of K, we obtain

9" K (z,y)ke = (2= n)g(VyL(z,y), Vua(y))us(x) — nAp(z,y).

Inserting this into the expression above shows that

(25 +8,) p(w.9) = 4% P(a, y)ua (5)us(@) — 223" K (2, v
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

Elliptic regularity implies p(x,y) is smooth in y for fixed z. In fact, p € C*°(M x M),
since 7;4—:\2 + A, is invertible on C*°(M), and C>®°(M x M) = C*(M,C>(M)).

For fixed z € M, the function A%u,(y)ug(z) is an eigenfunction of A,. Because
it does not vanish identically on M x M, there exists z € M where A%u,(y)ug(x) is
nonzero. Since M is connected, this means A% u, (y)ug(z) does not vanish to infinite
order at x = y. If p(x,y) was smooth, L(z,y) = p(z,y) (A% uq(y)ug(z))~! is an element
of Q*°(M), which would contradict the assumption g € Sy, x(A). Thus, p(x,y) is not
smooth, which shows K (z,y) is non-smooth as well. We conclude that DyF'(g, A) has
infinite rank.

Consider the restricted map F; : U x A — C*°(M) defined in Lemma [3.3.2(3). Up
to sign, there exists a unique A € A such that Fi(g,A) = 0. Since D,Fi(g, A) has
infinite rank, for any N € N we may choose a linear map Py : C°°(M) — R such that
Py o DyFi(go, Ao) is onto, and ker Py NIm D4 Fi(g, A) = {0}. By the implicit function
theorem (as in Appendix A, Proposition , the set (Py o F)~1({0}) is locally a
Fréchet submanifold of ¢ x A, which has codimension N. Its image under the projection
m:U X A— U is still a manifold if its tangent space intersects ker D7 trivially. This is
true by construction, since B € ker D Nker Py o D4Fj(g, A) would solve Fy(g,B) =0
and be orthogonal to A, which was excluded by restriction to A. Thus, after possibly
shrinking U, :S'vm,k is contained in a Fréchet submanifold of codimension N — w + 1.
Since N was arbitrary, this concludes the proof in the non-conformal setting.

The proof in the conformal case is almost identical, because only conformal perturbations
were used to show Dy F (g, A) has infinite rank. The key point of the preceding paragraphs
was that K (, y)xe is not smooth (unless g € S®(\)) because g** K (x, y)xe is not a smooth
function, and the latter is precisely the Schwartz kernel of Dy F'(g, A) when restricted to
conformal multiples of g. O

Next, we show that Sec = [Uye(_c0,0) Soo(A) has infinite codimension. In fact, if n = 2
or n > 3 is odd, this set is empty. If n > 4 is even, it may well be empty, too, but our
methods only allow us to show it is very small.

Lemma 3.3.3. Let L(x,y) denote the Schwartz kernel of the pseudodifferential operator
L defined by L(A — Ay) = (A — Ay)L =1 — Py\. Near the diagonal, it takes the form
L(z,y) = d(z,y)* "Li(z,y) + P(A, g) log(d(z,y)) + La(z,y), where

(i) Li(x,y) is smooth and nonvanishing at the diagonal,

(11) P(A,g) is a universal polynomial of X\ and a finite jet of g at x, which does not
vanish identically on any conformal class, and

(1ii) Lo(x,y) is bounded.
In particular, Soo = D if n =2 orn > 3 is odd. If n > 4 is even, g € S Mmeans

P(A,g9) =0 for some A € 0(Ay). The set of g for which this occurs has, at least, infinite
transversality codimension, even when fixing the conformal class.
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3.3 Metrics with a (conformally) degenerate eigenvalue are rare

Proof. Denote by Py ) the spectral projection onto all eigenvalues contained in the
interval [2X,0] C (—o0,0]. Consider the operator Ry = (A—A)~(I— Py o)), which differs
from the operator L we are interested in by a smoothing operator. We will obtain the
asymptotics of its Schwartz kernel by considering the heat propagator etA(]I—P[Q /\70]). This
operator has very good decay properties in the limit ¢ — oo: Hem(]I—P[Q,\p])H < e 2UA=e)
in all reasonable norms, including L°°-bounds on the kernel. One then easily obtains the
operator identity

Ry = /0 AN = Py g)dt,

as the integrand is bounded as ¢ — 0 and decays exponentially as ¢ — oo.
For T' > 0, the operator f;o (A=) (I— P[2,\70])dt is a smoothing operator, as its kernel

is smooth. The operator fOT et(A_)‘)P[Q)\’O] dt is likewise a smoothing operator, as it maps
into Efpy o), which is a finite dimensional space of smooth functions. Thus, up to a

smoothing operator,
Ry ~/ HA=N gt = / tk tAdLt.
0 0

The heat kernel has an asymptotic expression of the form

2\ ©©
bt ) = (4m0) % exp (- “20) S a0

4t e

where a;(p,q) € C>°(M x M), and furthermore a;(p,p) is a polynomial in finitely many
derivatives of the metric g. One obtains this e.g., from specializing Theorem 7.15 in

|[Roe88, pg. 101] to the operator d + d* on A(T*M). We collect powers of ¢ in the kernel
HA-N).

Z A k1t p,q) = (amt) % exp (—‘“p

of e

Q)2 o | k+j
" ZZ# a;(p, q)t
k=0j=0
n d(p,q)% N
= (4mt)” 2 exp <—(th)> Z Z |j!ak—j(p7 q) | t*
k=0 \j=0 7’

For the kernel R(p, q) of Ry, one gets the following asymptotic expression by plugging in
the heat kernel asymptotics into fOT e!A=Ndt, and performing the change of variables

d(p,q)
S= g
N k1 _n . R n+24+2k n_g_9 s
R(p,q)~ D 47" a2 | Y ran(p.a) | d(p.a) [i(pq)Q 52 F 270 ds
k=0 7=0 T
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

Since fd(p 9 2 52 F2e5ds ~ ['(5 —k—1) up to order n — 2k — 2, the singularity of R(p, q)

near the dlagonal is given by

2 k j
L _n n )\‘] _n
@)~ Y 4TI G — k- 1) E |jl ar—j(p.q) | d(p,q) "%

n/2

el ) Z'j'jak i(p,q) | log(d(p, q)),

2n+3ﬂ-§ .
Jj=0

with the logarithmic term present if n is even. The power singularities are thus of the form
d(p,q)> " L1(p, q) for some function L1 € C*°(M x M). The logarithmic term vanishes
only if P(\,g)(p) := Z?/% |>J\\' ai—;(p, p) vanishes identically.

We now show that, unless P(), g) = 0, the kernel L cannot be a quotient of smooth
functions. Recall the ring Q% (M) of quotients of smooth functions whose denominator
does not vanish to infinite order. We wish to show there exists x € M such that L(z,y) ¢
Q> (M). Consider an arbitrary fraction % € Q>*(M). Along a curve v : (—¢,e) > M
where 1 o v does not vanish to infinite order, (% o *y) (t) = t*h(t) for some k € Z and
h € C*(—e¢,¢e) with h(0) # 0.

Thus, if n = 2 or n > 3 is odd, its leading order singularity already precludes
L(x,y) from lying in Q®°(M). If n > 4 is even, d(z,y)> "Li(z,y) € Q>(M), and
hence L(z,y) € Q°°(M) if and only if P(A, g)log(d(z,y)) + La(x,y) € Q> (M). Thus,
L(x,y) € Q>°(M) implies that P(\, g) vanishes identically on M. Since P(\, g) is a purely
local quantity, which is generically nonzero, the set of metrics where P (A, g) vanishes
identically has infinite transversality codimension, and thus also .

The only caveat is that P(\, g) might vanish as a polynomial, which we can exclude by
exhibiting a single metric where P(, g) # 0. The euclidean metric already suffices: The
fundamental solution to Helmholtz’ equation in Euclidean space, (1 + Agye)u = do, is
given by u(x) = cn|x|17%Y%_1(|x\), where Yz_y is a Bessel function of the second kind
and ¢, a nonzero dimensional constant. If n is even, the full asymptotic expansion of
Y. (z) for small arguments given in [AS72, Eq. 9.1.11] implies

,_.

(2) Z 5~ == Dl 2 by 7,029 + 01,
k=0

where J,,, is a Bessel function of the first kind. Since J%_l vanishes to order § — 1, and

u(zx) = cn|x\17%Yg_1(|x\), we conclude that P (A, gguc) is a nonzero constant.

For the last claim, fix a conformal class G(M, go). We must show that P(), g) does not
vanish identically on G(M, go). Take an arbitrary point p € M and consider g. = . go,
where . =72 on B (p) and ¢. = 1 outside B2 (p). In normal coordinates at p, g. and
all its derivatives converge to the Euclidean metric as € approaches 0. Since P (A, gguc) # 0,
there must be some e such that P()\, g:) does not vanish. Hence, P (], g) does not vanish
identically on any conformal class. O
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The full non-crossing rule (Theorem follows by “stitching together” the local
codimension bounds from Proposition and Lemma (which, along the way,
yields Theorem with the local structure theorem near nondegerate eigenvalues,
Theorem [3.1.3]

Proof of Theorem[3.1.5 and Theorem[5.1.6, By Lemma [3.3:3] the exceptional set Sy
has infinite transversality codimension. It remains to show the same for S, =
Une(—o0,0) S (A)-

Fix N € N. We now show that S, ; has transversality codimension N, and thus, as N
was arbitrary, of infinite transversality codimension. Let us order (m, k) lexicographically,
e, (m k) = (mk)if m' >morm’ =m, k¥ >k For R €N, let S, 1. denote
the set of metrics g such that g € S, x()\) for some A € [—R,0), but there exist no
(m/, k") = (m, k) such that g € S, 17 (\') for some N\ € [-R,0). Since both m and k are
dimensions of the null space of some linear system varying continuously with g, and hence
upper semicontinuous, this definition achieves the following: For any g € Sy, k., there
exists an open neighborhood Uy of g with Uy N Sy g = @ for any (m/, k') = (m, k).

Consider g € S, 1.z and Uy as above. Let Ay, ..., \¢ € [—~R,0) denote all eigenvalues
for which g € S;, x(X). Proposition yields neighborhoods U; of g, j =1,...,¢, and

corresponding submanifolds §j C U; of codimension N such that (ﬂ?:o Z/{j> NSmir C

U§:1 gj Thus, by Lemma gm,k; r has transversality codimension N. The set Sy,
is contained in a countable union of such sets:

Sm,k - U gm’,k’;R'
(m/ k)= (m,k),
ReN

As N was arbitrary, this shows S, 1 has infinite transversality codimension, and so is

the set § = S0 U (Umk Sm,k;) of all metrics admitting a degenerate eigenvalue. Thus,
Theorem [3.1.5]is proven.

Nondegenerate eigenvalues are dealt with in much the same way. Introduce 7 ..z, the
set of metrics admitting a nondegenerate eigenvalue A € [—R, 0) of multiplicity exactly m,
but no A € [-R,0)No(A,) which is degenerate, or nondegenerate but of higher multiplicity
than m. Analogous to before, there exist a neighborhood U around any g € 7,,.r, and
submanifolds 77,...,7; C U of codimension W — 1, such that U N T p.r = U§:1 T;.

Lemma implies T, g has transversality codimension M — 1. The set of metrics
admitting an eigenvalue of multiplicity at least m is covered by the union of § and the
sets Tpy.r, m' > m, R € N. It therefore has transversality codimension % —1. O

The maximal non-crossing rule in C'*° regularity implies a maximal non-crossing rule in
finite regularity. Recall Courant’s min-max characterization of the k™" eigenvalue [Lab15,
Theorem 4.5.12]:
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fM g(du, du)dp,

—Ar = min ma 3.3.2
F VCHY(M) uGV\?[(O} Joy uidpg ( )
dim V=k

This definition is meaningful for continuous metrics, and the eigenvalues thus obtained
agree with those of the operator Ay : H2(M) — L*(M) if g is continuously differentiable.
For £ > 0, let G*(M) denote the Banach manifold of C* metrics on M. The eigenvalue
functional ), is continuous on G*(M) for all £ > 0. This follows from Lemma 4.5.13 in
[Lab15], which is stated in smooth regularity, but works just as well in G°(M).

Corollary 3.3.4. Let £ >0, and consider the Banach manifold G(M) of C* metrics on
M. The set of metrics which have at least one eigenvalue of multiplicity at least m has
transversality codimension w —1.

Proof. Denote the set of metrics admitting an eigenvalue A € [—R, 0)No(A,) of multiplicity
at least m by Dp,.r C GY(M). This set is closed, since eigenvalues move continuously
under deformations of the metric. Consequently, the set of smooth maps from a compact
k-dimensional manifold N to G/(M) that avoids D,,.r is open.

We now show it is dense if £ < % — 1. For this, let S, : G“(M) — G*(M) be a
family of smoothing operators converging to the identity in the strong operator topology.
Since N is compact, we can ensure that || f — S f||ce is arbitrarily small. Now, S, f can
be perturbed in G* (M) to avoid D,,.zr by Theorem

The set of smooth maps from N to G/(M) which avoid eigenvalues of multiplicity at
least m is therefore a countable intersection of dense open sets, and hence Baire generic.
For non-compact N, the result follows by a countable compact exhaustion. O

3.4 Low multiplicities and examples

This section is concerned with natural questions and examples arising from the degeneracy
condition (Definition . The simplest examples are flat tori and the round sphere.
Thus, already in 1988, Colin de Verdiére classified the degenerate and conformally
degenerate eigenvalues on the square torus and the two-dimensional round sphere while
investigating the strong Arnold hypothesis [Col88|. We discuss these examples, in two and
higher dimensions, in sections [3.4.2]and [3.4.3] respectively. Section [3.4.1]is concerned with
eigenvalues of low multiplicity, and Section lists further examples and comparisons.

3.4.1 Nonexistence of degenerate eigenvalues of low multiplicity

Degenerate eigenvalues must have fairly high multiplicity. This observation goes back
at least to [MP98, Theorem 4.3|, which essentially says that there are no conformally
degenerate eigenvalues of multiplicity 2 in two dimensions. It is natural to ask for the
lowest possible multiplicity of a (conformally) degenerate eigenvalue. The following
theorem gives an almost complete answer.
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Theorem 3.4.1. On a connected, closed, smooth Riemannian manifold, there exist
no conformally degenerate eigenvalues of multiplicity less than four, and no degenerate
eigenvalues of multiplicity less than seven.

In Section we will see examples of conformally degenerate eigenvalues of multipli-
city 4 and degenerate eigenvalues of multiplicity 8. It is an interesting question whether
degenerate eigenvalues of multiplicity 7 exist (see Question [3.4.5)).

Proof of Theorem[3.4.1. The first claim will follow from the fact that, on a connected
Riemannian manifold, the product of two linearly independent real valued Laplace
eigenfunctions cannot be nonnegative. To see this, let u,v € C°°(M) be two nonzero
eigenfunctions such that u(z)v(z) > 0 for all z € M. Near any = € u~1({0}), u must take
both positive and negative values by the maximum principle, which implies that v(xz) =0
as well. Thus, u and v share the same zero set. Let €2 be a connected component of
u~Y(R\ {0}). The functions u|q and v|q are positive solutions to the Dirichlet eigenvalue
problem on €. Any such solution corresponds to the lowest eigenvalue, which is always
simple, so u = tv for some ¢ > 0.

Consider a conformally degenerate eigenvalue A € o(4,), and associated linearly
independent eigenfunctions w1, ..., ur € E) such that Z?:l ejujz = 0 for some €1, ...,€; €
{—1,1}. Not all ¢; can be 1, so k > 2. If k = 2, u? = u2, which by unique continuation
implies u; = Fue, a contradiction. Suppose now that k = 3. Without loss of generality,
u% = u% —+ u% Then (u; — ug)(u1 + uz) = ug > 0, which is also impossible, as shown in
the first paragraph. A conformally degenerate eigenvalue must therefore be of multiplicity
at least 4.

If X € 0(4Ay) is degenerate, there exist linearly independent eigenfunctions uy, ..., ug
such that E?Zl eju? = 0 and 2521 €j duj®@duj = 0. Without loss of generality, e; =
...=¢€=—1,and €11 = ... = ¢, = 1. The same argument as before shows min(¢, k —

¢) > 2. Consider the maps ® : M — R, & = (uy,...,u) and U : M — RF
U = (tes1,...,uk). Then |®(z)| = |¥(x)| for all x € M, as well as P*gpe = V¥ gpi—r,
with gpe and gge—¢ denoting the standard metrics on R? and R*~¢, respectively. Both
conditions together imply that the normalized maps ® : M — S/, &(z) = |®(z)| ' ®(z)
and W : M — SF-1 W(z) = |W(z)| ' ¥(z) satisfy a similar pull-back metric condition:
(f*ggl—l = \i/*ggk—z—L

To show the last claim, consider a vector field V' € I'(T'M). Our assumptions on ® and
U imply |[V®|? = |[V¥|?, and furthermore

- (VO)=V (3|2 =V (E|¥?) =T (VD).
These identities imply the desired claim, via polarization, as
~ % _ — 2
(cp gsg_l) (V,V) = |®| > ‘V(I) - (yqs| 2. (V@)) cp(

= [0 [VoP — |2 (@ (Ve))® = (¥ ggrrr ) (V).
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

Of course, it may happen that ®(z) = ¥(z) = 0 for some = € M, and hence, P and ¥
are not defined. However, they are defined on a dense open subset. Since all following
arguments are local, this is sufficient.

Suppose there exists an open set U where rk D® = 1. Possibly after shrinking U, the
rank theorem implies there exists 7 € C*°(U) and a function ' : R — S*~1 such that
d=For. For any V € ker D7, we have D®(V') = 0, and thus also D\if(V) = 0, because
& gse1 = W' ggee—1. Hence, there also exists G : R — S¥~¢~! with ¥ = G o 7. Denote
p =|®| = |¥|. Then the preceding calculation shows there exist functions gy, ..., gi such
that u; = (gjo7)p for j =1,..., k. The eigenfunction equation becomes

=(A=2)((gjo7)p)

= (gjoT)(Ap = Ap) = (g] o 7)|VT*p = (g} o T)(PAT + V- V7).
Note that |V7|%p does not vanish, by assumption. There can be at most 2 linearly
independent functions g; which satisfy this equation. Indeed, consider a curve 7 :

(—e,e) — M such that 7 oy = id. Then g; satisfies the linear ordinary differential
equation g} (t) = A(t)g;(t) — B(t)g;(t), where

A= <)\pAp) oy, B= (pAT+vP'V7> 0.

VT |2p [V7[?p
If £ > 3, this would imply a linear dependence between ui,...,u; along ~, which is
determined solely by the values of u1, ..., u; and their first derivatives along v at 0. Thus,

it extends to all curves which agree up to first order with v at 0, and hence, to an open
subset of U. By unique continuation, the linear dependence now extends to the whole of
M. This contradicts our assumption that uy,...,u; are linearly independent. The case
k < 2 was already excluded earlier, so there exists no open set U where rk D® = 1.

We deduce that £ > 3 and k > £ + 3, and that there exists an open set U C M where
D® and DV are of rank at least 2. Consider the case f =k —¢=3. On U, ® and U are
submersions with " gs2 = A gs2, so there exists a local isometry F' of S? with d=Fol.
Since all local isometries of S? are linear, there exists A € O(3) such that & = AW on U.
Recalling that |®| = |¥|, we find that & = AV as well, which, by the unique continuation

principle, is a contradiction, as u1, ..., u; are linearly independent.
In conclusion, we have shown that if ul, ce Up, ..., up € E)y are linearly independent
eigenfunctions with Z] 1 3 = Zf 041 ], then mln(ﬁ k —¢) > 2, and if additionally

22:1 duj @ duj = Z?:u—l duj ® duj, then min(¢,k — £) > 3 and max({,k —¢) > 4. O

Remark 3.4.2. In the proof of Theorem[3.].1), the exact multiplicity of the eigenvalue was
never used. This suggests to call an eigenvalue conformally (¢, m)-degenerate, if there exist
corresponding eigenfunctions ul, e U Upg 1,y - -+ 5 Uprm Which are linearly independent and
satisfy Zle ]2 = Z?HZH uj, cmd (£,m) degenerate if, additionally, 25:1 duj @ duj =
Zﬁiﬁl duj®duj. Then there are no conformally (0,m)- or (1, m)-degenerate eigenvalues,
and no (2,m)- or (3,3)-degenerate eigenvalues.

This allows for an alternative proof of Theorem[3.1.6| for multiplicities up to 6, which
works in a C* setting just as well as in the present C™ setting. Smoothness is only needed
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for the proof that the set of degenerate eigenvalues has infinite codimension (Section ,
which relies on microlocal analysis.

3.4.2 Examples with many degenerate eigenvalues: Flat tori

A lattice of full rank A C R™ gives rise to a torus, T = R™/A, which inherits its metric
from R™. A full basis of eigenfunctions of its Laplace operator is given by u,(r) = e27*%
where k ranges over all elements of A* = {x € R" : k-v € Z for all v € A}, the dual
lattice. The corresponding eigenvalues are —|x|?, k € A*. Thus, all eigenvalues have even
multiplicity. There are many lattices that give rise to tori with eigenvalues of arbitrarily
high multiplicity, e.g., the square lattice Z & Z, or the triangular lattice Z @ ¢ 7. There
are examples of flat tori where some eigenvalues have multiplicity 2, but there are also
eigenvalues of higher multiplicity, e.g., if A = Z @ 2Z. In this case, there will be both
conformally degenerate and nondegenerate eigenvalues (as a consequence of the following
proposition).

Proposition 3.4.3. Consider the torus T = R"™ /A, where A is a lattice of full rank. An
eigenvalue of its Laplace-Beltrami operator on the corresponding torus is degenerate if
(and in dimension 2 only if) its multiplicity is at least n(n + 1) + 2. It is conformally
degenerate if and only if its multiplicity is at least 4.

Proof. Let A be a Laplace-Beltrami eigenvalue of T”. If it has multiplicity 2, it cannot
be conformally degenerate, by Theorem If its multiplicity is at least 4, there
exist linearly independent elements 1, ko € A* with |k1|? = |k1|?, which correspond to
eigenfunctions cos(r; - ) and sin(k; - x), j = 1,2. Since cos(k; - )% + sin(ky - )% =
cos(ka - )% + sin(ky - ¥)% = 1, A is conformally degenerate.

To show the first part of the statement, let A be an eigenvalue of multiplicity 2m. The
corresponding eigenfunctions are cos(k; - ), sin(k; - «), where x; € A* are lattice elements
with 7|I€j|2 =) and j =1,...,m. We will look for a nontrivial choice of coefficients
W1y -y M such that

Z p1j (cos(kj - ©) + sin(k; - 2)%) = 0 and
j=1

Zuj ((dCOS(K)j -x))* + (dsin(k; w))2> =0,

j=1

which, by Proposition would imply that X is degenerate. The first line is equivalent
to E;”Zl p; = 0, while the second line reduces to ZTZI Mj/ijlijr =0, a system of %

equations. In view of Proposition [3.2.5]it is not surprising that the first equation is linearly

dependent on the remaining ones: tr(nj/ﬁjT) = |kj|* = —A. Thus, if m > w + 1, there
exists a nontrivial solution to this system, and X is degenerate.
It may be that not all components of the system Z;n:l ,ujl‘ijlﬁf = 0 are linearly

independent, in which case \ is degenerate even if its multiplicity is less than n(n+1) + 2.
However, in dimension two, an eigenvalue of multiplicity less than 8 has multiplicity 6,
and therefore, due to Theorem [3.4.1] is not degenerate. O
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3.4.3 An example with no degenerate eigenvalues: The round 2-sphere

A homogeneous space exhibiting very different behaviour is S?, with its standard metric.
Its eigenvalues 0 = Ag > A1 > Ay > ... are given by \y = —¢({ + 1), £ € N, and have
multiplicity 2¢ 4+ 1. The corresponding eigenspace comprises all homogeneous harmonic
polynomials of degree ¢, restricted to S?. It may seem, due to the high multiplicities
occurring in this example, that some or all of these eigenvalues could be degenerate.
However, this is not the case, as was shown by Colin de Verdiére [Col88|. Our proof
is largely identical, but we nevertheless include it here, because it is instrumental in
understanding the higher dimensional case, which was not discussed in |[Col88|.

Proposition 3.4.4 (|Col88, pg. 186]). All nonzero eigenvalues of the Laplace-Beltrami
operator on S? with its standard metric are conformally nondegenerate.

This statement is related to the Clebsch-Gordan theory of SO(3), for which see [Hall6|
Appendix C|. However, our proof only uses basic properties of spherical harmonics and
elementary representation theory. A particularly neat overview of all necessary facts is
given in [Kos22, Chapter 7].

Proof. Consider the £*" eigenvalue, A = —¢(¢ + 1), of the Laplace-Beltrami operator on S2.
The isometry group of the sphere, SO(3), is irreducibly represented on the corresponding
eigenspace F) via g-u = (g~ !)*u. Denote the set of harmonic homogeneous polynomials
of degree ¢ in three variables by Hy, so that Ey\ = Hyl|g2.

Consider the set of even homogeneous polynomials of degree 2¢, which we shall call Eop.
It is likewise a representation of SO(3), which decomposes into

Ex0(R?) = @f_llz |2 Hy; = @ Hay

The product of two eigenfunctions u,v € E) is an element of Eylg2. This suggests
to consider the linear map ® : V2H, — E5(R3) which sends £ (u® v+ v ® u) to the
polynomial u(z)v(z). Conformal nondegeneracy of X is equivalent to ker ® = {0}. A quick
dimension count reveals that dim V2H, = (£ + 1)(2¢ + 1) = dim £, hence ker ® = {0} if
and only if ® is surjective.

By Schur’s Lemma it is sufficient to show that each irreducible component Hs; of Exr(R3)
intersects Im ® nontrivially. To show this, consider the subspace Z C & of polynomials
invariant under rotation around the z-axis. It has dimension ¢ + 1 and intersects each
Haj in a one-dimensional space generated by the “zonal” spherical harmonic of degree 2j.
Thus, it suffices to show Z C Im &.

One basis of H, is given by Laplace’s spherical harmonics: For m € {0,...,¢}, let
Y™ (x,y,2) = c(m, £)(z +iy)" Q) (2), where Q}*(z) is the respective associated Legendre

m

polynomial, divided by (1 — 22)2, and ¢(m, ) is a normalization constant. For m €
{—=¢...,0}, instead Y, (z,y,2) = c(|m|, €)(z — iy)"”'Q‘gm‘(z). The products

Y (@, y,2)Y, (@, y, 2) = c(m, 0)*(@® + y*)"QF (2)°

are linearly independent as m ranges from 0 to ¢, since they are all of distinct degree in
z. Because these are ¢ + 1 linearly independent functions in Z N Im @, we conclude that
Z CIm® as desired. ]
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The situation changes drastically in higher dimensions. On S™ with its standard metric,
the eigenvalues of the Laplacian are Ay = —¢(¢ +n — 1), £ € N, and have multiplicity

(27179

The proof of Proposition [3.4.4] could be repeated under some minor changes, if not for one
crucial issue: The dimension of V2H, is a polynomial of degree 2(n — 1) in £. On the other
hand dim £y is merely of degree n in ¢. Hence, if n > 3, the map ® : V2H, — &y, which
assigns the polynomial uv € Fyp to the tensor % (u® v+ v®u), must have a nontrivial
kernel for all large enough £. For these £, the eigenvalue )y is conformally degenerate. A
slightly more involved dimension comparison shows that A\, is in fact degenerate for all
large enough /.

Let us obtain a precise upper bound for the degree of the smallest degenerate eigenvalue
on S3. Denote the spaces of homogeneous polynomials in 4 variables of degree ¢ by &, imsd

X

the space of harmonic homogeneous polynomials by H,. Consider the map V2H, — 52677 9
which sends 3 (u® v+ v ® u) to (2% (z)-L (a;))j,kzl. By Proposition [3.2.5 degeneracy

dzi dak
of Ay is equivalent to this map having a nontrivial kernel, which is certainly the case if

dim V2H, > 10 dim Exp_o,

i.e., if the following inequality of binomial coefficients holds:

(C3)-039)=0(C3)-(39) =0 (%)

For ¢ > 1, this inequality reduces to

44

—(—-22>0,

3 >

which is satisfied when ¢ > 23 (both reduced and solved via Mathematica |Mat|). Thus,
any eigenvalue of degree at least 23 of S is degenerate. Since any solution to the
degeneracy equation in four variables lifts to one in n > 4 variables, we conclude that the
same holds for all S", n > 3.
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3.4.4 Further examples and observations
Products of homogeneous spaces

Let M be a connected, closed Riemannian manifold of volume 1 such that its isometry
group, Aut(G), acts transitively on M. On any eigenspace E) of its Laplace-Beltrami op-
erator, the isometry group acts by orthogonal transformations. A well known consequence
(see e.g., [EI02, Corollary 2.3]) is that >_0", u2 = m for any real valued orthonormal
basis {uq}1, of Ej.

Thus, if A < 0 is a Laplace-Beltrami eigenvalue for two such homogeneous spaces M and
M’, then X becomes a conformally degenerate eigenvalue on the product M x M’. After
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

all, given orthonormal bases {4} ; and {va}" of the corresponding eigenspaces on M
and M’, then u1 ®1,..., 14, ®1,1®v1,...,1®v,, is an orthonormal set of eigenfunctions
on M x M’, and hence,

1 & 1o
azua@” *HZ ®va)” =
Cl{= :

implies that A is conformally degenerate, by Proposition However, it need not be
degenerate, as the example of the torus shows (see Proposition [3.4.3)).

Disconnected Manifolds

It is instructive to observe that connectedness of M is absolutely necessary for The-
orem to hold. To see this, suppose M is the disjoint union of closed Riemannian
manifolds M; and M, such that A > 0 is a Laplace-Beltrami eigenvalue of both M;
and Ms with corresponding eigenfunctions u; and us. Extended by zero on the other
component, these functions are also eigenfunctions on M. Since (u1 — u2)? = (ug + ug)?
and (du; — dug)? = (duy + dug)?, X is a degenerate eigenvalue of M. In this way, a
degenerate eigenvalue on M arises every time an eigenvalue on M; coincides with an
eigenvalue on Ms. In particular, a crossing of simple eigenvalues on M7 and M leads to a
smooth hypersurface in G(M) of metrics admitting a degenerate eigenvalue of multiplicity
2.

Connectedness of M is used in the proof of Theorem [3.1.0] exactly once, to conclude
via unique continuation that, for an orthonormal basis {us}~; of E) and nonzero

, the function A“%u, (z)ug(y) does not vanish to infinite order along the
diagonal in M x M. The failure of Theorem for disconnected M stems from the
failure of unique continuation for eigenfunctions in this setting.

Comparison with the Hodge Laplacian

Comparing the degenerate eigenvalues of the Laplace-Beltrami operator to those of
the Hodge Laplacian is particularly interesting. We call an eigenvalue of the Hodge
Laplacian degenerate it does not satisfy the SAH. This has a corresponding “localized”
form analogous to the one derived for the Laplace-Beltrami operator in Proposition [3.2.3]
It was shown in [Kep22| that the spectrum of the 3-dimensional Hodge Laplacian in
degree 1 has a more complicated structure than that of the Laplace-Beltrami operator:
eigenvalues corresponding to the exact, positive coexact, and negative coexact spectrum
may collide and form degenerate eigenvalues. Indeed it is proven that metrics with
degenerate eigenvalues are a codimension 1 occurence, that is one cannot hope to avoid
them (or double eigenvalues more generally) along 1-parameter families of Riemannian
metrics. In particular, the lowest eigenvalue A = 4 of the Hodge Laplacian restricted to
the coexact spectrum on the round 3-sphere has multiplicity 6 and is degenerate.

This degeneracy is resolved by passing to the curl operator, the square root of the Hodge
Laplacian on the coexact spectrum. It is not hard to prove that degenerate eigenvalues
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for the curl operator must have multiplicity at least 4. This implies that the two curl
eigenvalues of lowest absolute value on the round 3-sphere are non-degenerate, as both
have multiplicity 3. It is worth pointing out that conformally degenerate eigenvalues of
the curl operator occur already in multiplicity 2, for example in Berger’s sphere.

Decomposability

The observations [3.4.4] and [3.4.4] in this subsection show that Arnold’s transversality
hypothesis or a maximal non-crossing rule do not always hold even for very large families
of operators. Some thought reveals that all of the aforementioned situations have a
common problem: the family of operators is in a certain sense decomposable. More
precisely, there exist smooth families of projections

mi(q) : H— H;(q)

which commute with the operator A(q) for all ¢ € X', where H; are nontrivial closed
subspaces so that H = @, H;(q). For the Laplace-Beltrami operators on disconnected
manifolds these projections are given naturally by the restriction to any of the connected
components, in the case of the Hodge Laplacian we get (metric dependent) projections to
the closed subspaces associated with the exact, positive coexact, and negative coexact
spectrum. If the spectra of the A(q) restricted to the closed subspaces H(gq) behave
sufficiently independently one should expect collisions of eigenvalues coming from different

H(q).

Equivariance

There is a different but related issue regarding generic simplicity of the spectrum. Some-
times a family of operators is obstructed from having simple spectrum because of an
internal symmetry of the operators themselves, i.e., if there exists an action on the domain
of the operator which commutes with the operator. The simplest example known to us is
the Hodge Laplacian on 1-forms in dimension 2 where eigenvalues coming from functions
and those coming from 2-forms coincide, independent of the choice of metric. This is a
consequence of the fact that the Hodge Laplacian commutes with the Hodge star operator
which is an almost complex structure on the space of 1-forms in dimension 2.

This is a more general effect in dimension 2n for forms of degree n, see the work of
Millman [Mil80]. Interestingly, a similar phenomenon occurs for the middle degree 2n in
dimensions 4n + 1 as shown by Gier and Hislop [GH16b, Section 3.1].

Thus, it seems that equivariance with respect to some group action is an obstruction
to generic simplicity, and decomposability one to generic simplicity along 1-parameter
families.

Arnold exhibited an example of a family of operators in which both phenomena occur
at the same time [VWA97, Appendix 10, subsection D|. He pointed out that Dirichlet
eigenvalues of the Laplacian on domains with a %—rotational symmetry come in two
types: those of multiplicity 1, whose associated eigenfunction is symmetric, and those
of multiplicity 2, whose associated eigenfunctions are antisymmetric with respect to
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3 On Arnold’s Transversality Conjecture for the Laplace-Beltrami Operator

the Zs action. By varying the domain while preserving the symmetry one can achieve
that symmetric and antisymmetric eigenvalues collide (or pass through one another),
but eigenvalues of the same type will never merge. The equivariance of this family of
operators leads to non-simple spectrum, and the decomposability, given by projections to
the symmetric and antisymmetric eigenspaces, leads to collisions among these different
types of eigenvalues. It is worth pointing out that there are no more collision events once
one restricts to either symmetric or antisymmetric eigenvalues.

3.4.5 Open questions

We conclude our paper with a list of natural questions, and some ideas for how one might
resolve them.

Question 3.4.5. Do there exist degenerate eigenvalues of multiplicity 77

Theorem [3.4.1]leaves an interesting gap: Degenerate eigenvalues cannot have multiplicity
less than seven, but all examples known to the authors have multiplicity at least eight.
In the proof of Theorem [3.4.1] nonexistence of degenerate eigenvalues of multiplicity six
follows from the rigidity of local isometries of S?. Local isometric immersions of S? into S3
are no longer fully rigid, but they do exhibit an interesting partial rigidity phenomenon,
as was shown by O’Neill and Stiel [OS63]: As in the case of local isometric immersions
of R? into R3, their image is ruled by geodesics. One might use this to show degenerate
eigenvalues of multiplicity seven do not exist, but this seems to go beyond the scope
of the present paper. Let us also note that there exists a certain left-invariant metric
on SU(2) = S? admitting a first eigenvalue of multiplicity 7 (as shown by Urakawa in
[Ura79]), and thus a plausible candidate for a degenerate eigenvalue of this multiplicity.
However, a closer examination reveals that this eigenvalue is nondegenerate.

Question 3.4.6. What is the local behaviour of the spectrum near degenerate metrics?

According to Theorem [3.:2.T] given a metric g admitting a nondegenerate eigenvalue
of multiplicity m, the set of perturbations which do not split up this eigenvalue is a
smooth manifold of codimension M — 1. Understanding the behaviour of a degenerate
eigenvalue under perturbation is more difficult. The natural defining function 7 from
Section is no longer a submersion, but it could still cut out a submanifold (much like
the function y? = 0 cuts out a submanifold of R?:,y)' However, this seems unlikely. It
would be interesting, but potentially difficult, to exhibit a rigorously treated example.

The paper [Arn72| contains a discussion of the complicated shape of the singularity
of the set of symmetric matrices with an eigenvalue of multiplicity at least 2 along the
lower dimensional submanifold of symmetric matrices with an eigenvalue of multiplicity
3 (Remark 1.4 in [Arn72|). By Theorem near a nondegenerate eigenvalue of
multiplicity 3, the set of metrics splitting off exactly one eigenvalue inherits the shape
of this singularity, up to a trivial factor of finite codimension. The shape of the tangent
cone of the analogous singularity near a degenerate eigenvalue is presumably topologically
different, but one would likely need to take at least a second variation to compute it
exactly.
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Question 3.4.7. Does there exist a “natural” parameter space containing the Laplace-
Beltrami operators with respect to which there are no degenerate eigenvalues?

By enlarging the parameter space, more and more “directions” in which eigenvalues can
split up become available. Thus, it is easy to find degenerate eigenvalues with respect to
variations in a fixed conformal class, but already harder if one allows variations among
all possible metrics. A natural question is whether there exists a good parameter space
containing all Laplace-Beltrami operators, e.g., elliptic differential operators of degree 2,
where all eigenvalues satisfy the strong Arnold hypothesis.

Question 3.4.8. What is the geometric meaning of the degeneracy condition?

As briefly mentioned in the introduction, the (conformal) degeneracy condition looks
very similar to the one obtained by El Soufi and Ilias in [EIO8a] characterizing metrics
which extremize the k-th eigenvalue functional. They show that a metric g extremizes
the eigenvalue functional ) if there exists a basis of eigenfunctions {u;}7"; associated
the same eigenvalue and coeflicients €; valued in {0, 1} satisfying

Z € d’LLj@de =g (3.4.1)
J

and the converse is true provided one considers the greatest or smallest of the eigenvalue
functionals coinciding at g. The analogous extremality condition in a conformal class is

E: 2 —
ejuj—l
J

Using a result of Takahashi |Tak66| one can reinterpret the extremality condition as
saying that the eigenfunctions {u;} give a minimal isometric immersion of (M, g) into the

sphere S41( ﬁ), where d is the number of nonzero coefficients €;. Conversely, every

such minimal immersion gives rise to an extremal metric.

It would be interesting to see whether the nondegeneracy condition admits a similar
interpretation, perhaps as a map with special geometric properties into the null cone of a
semi-Riemannian R%?.

We would also like to remark that, exactly as in the extremality condition, the condition
on the square sum of the eigenfunctions in the definition of a degenerate eigenvalue is in
fact implied by the condition on the square sum of their gradients (Proposition .

Question 3.4.9. What is the topology of the set of metrics which exhibit at least one
eigenvalue of multiplicity m? Is it connected?

To answer this question, one must presumably combine Theorem [3.1.3] with a new
global argument, possibly a generalized non-crossing rule conditioned to preserve the
multiplicity of a given eigenvalue.
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3.5 Appendix: Cofinite Fréchet submanifolds

Our first appendix establishes the “cofinite” version of the implicit function theorem used
throughout the text. It is analogous to [Frel5, Corollary 5.5], but has a significantly
simpler proof. Recall the definition of a C! map between Fréchet spaces [Ham82, Definition
3.1.1.: Amap F : F DU — G is called continuously differentiable, or just C, if

DF(z)u = lim Flo+t) - Fz)
t—0 t

exists for all x € U, u € F, and furthermore, DF(x)u is linear in u and jointly continuous
in z and u.

Lemma 3.5.1. Let U C F and V C R™ be open neighborhoods of the origin in a
Fréchet space F and in R™, respectively. Suppose F : U x V. — R™ is C' in the
sense introduced above, F(0,0) = 0, and D2F(0,0) is invertible. Then there exists a
neighborhood U' x V! CU x V of (0,0) and a C' function G : U' — R™ such that for all
(x,y) eU x V', we have F(z,y) =0 if and only if y = G(x).

Proof. This is a matter of checking that the usual fixed point iteration works under the
present, weaker than usual, assumptions on F. Define R:U x V — R™,

R(ﬂ?,y) =Yy—- DQF(O,O)ilF(:)S?y).

Clearly, F'(z,y) = 0 if and only if R(z,y) = y. We can rewrite

R(x,y) = (/01 (idrm — D2 F(0,0) "' DoF (2, ty)) dt) y

By assumption, the expression Do F(x,y)h is jointly continuous in z,y and h. Since we
assumed V' is finite-dimensional, this means that the operator Do F'(z,y) : R™ — R™ is
continuous in x,y with respect to the norm topology. Thus, there exists a neighborhood
U xV'CU xV of (0,0) such that

‘ B 1
iz — D2 F(0,0)"' DaF (. y)|| < 5

for all z,y € U’ x V', and hence R(U' x V') C V', Analogously, we have that R(z,y) is a
contraction on V' for any fixed x € U’. Indeed, R(z,y1) — R(x,y2)

- (/01 (idrm — D2F(0,0) "' DaF (z, (1 — t)y1 + tys)) dt) (y2 = y1)-

Thus, given x € U’, there is a unique solution y € V' to the equation F(z,y) = 0.

To prove that F' admits all directional derivatives is straightforward. Let z € U’, and
u € F. Then the finite dimensional implicit function theorem, applied to the restriction
of F to (z,u) x R™ shows that DG(z)[u] = lim;_, w exists and

DG(z)[u] = DyF(x,G(x)) ' D, F(z,G(z))u.

This expression is clearly continuous in « and u, and hence, G is C*. O
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Proposition 3.5.2. Let U C F be an open subset of a Fréchet space F. Suppose a C*
map F : U — R™ is such that DF(p) : F — R™ is surjective at a point p € U N F~1(0).
Then there exists a neighborhood U' C U of p, an open neighborhood V C F' of the origin
in a Fréchet space F', and a C' map G : V — U’ such that F~1(0)NU' = G(V). If F
was equipped with a grading, G is furthermore tame.

Proof. Since DF(p) is onto, we may choose v1,...,vn € F such that {DF(p)v;}T,
form a basis of R™. By continuity of ¢ — DF(q)vj, there exists a neighborhood U; of
p such that DF(q)vy,..., DF(q)v,, are linearly independent for all ¢ € U;. Note that
F' := ker DF(p) is a closed complement to V := (v1,...,vn). Let Vi C ker DF(p)
and Uy C V be open neighborhoods of the origin with p + V; @& Uy C U;. The map
F Vi xUp — R™, F(x,y) = F(p+x +y) satisfies the hypothesis of Lemma which
yields a neighborhood V & U C V; @ U; of the origin and a C'! map G : V — U such that
F7Y0)N(p+ V@ U) is parametrized by G : V — F,

G(z)=p+z+G(x).

The first claim follows after we denote U’ :=p+V & U.
The map G is tame with respect to any grading on F (and the induced grading on F”),
since it is the sum of an isometric embedding and a map of finite rank. O

A statement akin to Proposition for submersions valued in a Banach space is
obtained in |Frel5|, albeit with the added complication that surjectivity of DF at a
single point no longer implies F is a submersion. This theorem implies Proposition [3.5.2]
immediately (Corollary 5.5 in [Frel5|), but its proof invokes the Nash-Moser implicit
function theorem. We found it noteworthy that cofinite Fréchet submanifolds can be
parametrized using the standard implicit function theorem.

3.6 Appendix: Transversality theory in finite codimension

The aim of this appendix is to provide the necessary transversality-theoretic background
needed throughout the paper.

Definition 3.6.1. A subset D of a Fréchet manifold X is said to have transversality
codimension k if for any manifold N of dimension less than k, the set of maps in C*>°(N, X)
that avoids D is residual.

It is clear from the definition that countable unions of sets of transversality codimension
k; have transversality codimension min k;.

Before we provide a nontrivial examé)le of a set of transversality codimension &k we will
first need to prove a variant of the parametric transversality theorem. Due to the fact
that we consider finite codimension manifolds only, its proof is essentially the same as in
finite dimensions (see for example [GP10]), but for completeness we will include it here.
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Lemma 3.6.2. [Parametric Transversality] Let N be a smooth compact manifold of
dimension n, X a Fréchet manifold, and Z C X the level set of a C' submersion
¢ : X = RF, where n < k. Given a finite dimensional manifold S of dimension s and a
smooth map F : N x S — X such that both F and OF are transverse to Z, Fs and OF
are transverse to Z for generic s.

Proof. Using the chain rule and that ¢ is a submersion we see that W := F~1(Z) is a C!
submanifold of N x S with boundary OW = W N 9(N x S). Denote by 7 : N x S — S
the projection to the second factor. The conclusion of this Lemma will follow by an
application of Sard’s theorem once we prove that s € S being a regular value for the
projection 7 restricted to W and W implies that Fs M Z and 0Fs M Z, respectively.
Sard’s theorem for C'' maps holds provided the dimension of the source is less than or
equal to the dimension of the target, which is where the dimensional restriction in the
statement of the Lemma comes from.

Assume now that s is a regular value of 7 restricted to W (the boundary case works in
exactly the same way). For x € W, denote Fs(z) = z € Z. Transversality of F' implies
that

Im(TF)(LS) +T,Z=1T,X

This means that for any a € T X there exists (b, ¢) € T\, 5 (N x.5) such that (T'F), 5 (b, c) =
a. We need to find v € TS such that Fs(v) = a + d for some d € T,Z. To this end
note that the fact that s is regular guarantees the existence of a u € T(, yW so that
Tms(u) = c. Noting that (TF)(u,e) € T,Z we set v = b — u and compute

(TF)(2,5)(v) = (TF) (z,5)(v, ) = a — (TF)(u, )
and so (T'Fj) hits a up to an element in 7,7 and we are done. O

Remark 3.6.3. 1. For the purposes of proving a maximal non-crossing rule, the above
Lemma is sufficient. If one wishes to control generic intersections of images of
smooth maps from N to X with Z when n > k via Sard’s theorem one would have
to prove smooth versions of Proposition and Lemma|3.7.1]

2. The above proof clearly works when M has corners.

3. It also works if we prescribe the boundary OM and only vary F on the interior of
M.

The following Lemma tells us that transversality codimension is a local concept in
separable Fréchet spaces.

Lemma 3.6.4. Let D be a subset of a separable Fréchet manifold X. If for all x € D
there exists an open set Uy C X such that D N U, has transversality codimension k in X,
then D has transversality codimension k in X.
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Proof. The union O = |J,cp U, is an open set in A and therefore itself a separable
Fréchet manifold, so one may extract a countable subcover {U,, } of O. We conclude by
noting that D is the countable union of the sets U, ND all of which have transversality
codimension k. O

Lemma 3.6.5. Let X be an open subset of a separable Fréchet space. Let D C X be a
subset for which there exist an open cover (U;)icr and submersions ¢; : Uy — RF with the
property that, for each p € D, there is a neighborhood V of p and a countable set J C I
with DNV C U, e, qzbj_l({O}). Then D has transversality codimension k.

Proof. We need to prove that, for any manifold N of dimension less that k, the set of
smooth maps C*°(N, X) from N to X which avoids D is residual. Assume without loss
of generality that N is compact, as the general case follows by a compact exhaustion
argument. We will show that a generic set in C*°(N,X’) avoids gb;l({O}) for any j.

The strategy is to show that every point z € qﬁj_l({O}) has a neighbourhood V, so that
V.N qu_l({O}) has transversality codimension k. The claim then follows by an application
of Lemma W Let B, be some neighbourhood of z € qb;l({O}) and f € C®(N,X)
which is not transverse to B, N gbj_l({O}) at the point z. We define F, : M x R¥ — X
by F.(x,s) = f(z) 4+ s;h'(f(x)) where f(z) = z and h'(f(z)) a basis of a subspace
K, Mker(T'¢;). After potentially restricting B, we may assume that F, is transverse to
B. N gbj_l({()}). The parametric transversality Lemma now implies that the set of s
such that Fj is transverse to B, N'D is residual which implies density in R¥, meaning that
f can be approximated arbitrarily well in C'°*® with smooth functions that are transverse

to B. N ¢; ' ({0}).
Now pick an open subset V, of B, satisfying that V, N gb;l({()}) C B,. Clearly, the set of

maps C>°(N, X') which avoids V, N gZ);l({O}) is open, and the above argument shows that
it is dense as well. Since subsets of sets of transversality codimension k are themselves of

transversality codimension k, we have proven that ¢>j_1 ({0}) has transversality codimension
k.

This immediately implies that D NV has transversality codimension k, and another ap-
plication of Lemma [3.6.4] allows us to conclude that D itself has transversality codimension
k. O

Remark 3.6.6. The Fréchet manifold of smooth metrics is an open subset of the Fréchet
space of smooth (0,2)-tensor fields, and so the setting of Lemma s good enough for
the purposes of Theorem[3.1.6. A more general setting in which one can run a similar
argument is the class of separable Fréchet manifolds that admit smooth bump functions, i.e.,
those modelled on C*-reqular separable Fréchet spaces, see [KM97, Chapter 3, Subsection
14/. In this case, one can define F as above in a chart and extend it to a globally defined
map via a bump function.
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3.7 Appendix: Continuous differentiability in the metric of
the Laplacian and its spectral projections

Lemma 3.7.1. Let M be a closed, smooth manifold, and G(M) the Fréchet manifold of
smooth Riemannian metrics on M.

1. The family A : G(M) — L(H?*(M),L?*(M)) of Laplace-Beltrami operators is con-
tinuously differentiable. In local coordinates,

DA(g)[hu = 397 0jtrghdu — |g|20;(|g] 2 h* D). (3.7.1)

2. Fiz g € G(M) and X € p(Ay). Then there exists a neighborhood U C G(M) of g and
e > 0 such that (z — A)7L : B.(\) x G(M) — L(L*(M), H*(M)) is defined, and

continuously differentiable.

8. Fiz g € G(M) and v : S* — p(Ay), a smooth, closed, positively oriented Jordan
curve. For g € G(M), let P,(g) denote the spectral projection to the eigenspaces of
Ay corresponding to eigenvalues encircled by . Then there exists a neighborhood

U C G(M) of g such that Py : U — L(L*(M), H*(M)) is continuously differentiable.

Proof. To allow computation in coordinates, choose a smooth partition of unity Z(;il Xi =
1 adapted to a coordinate atlas. It is then sufficient to check x;A(g) is smooth in g for all
i. The operator x;A(g) can be written as a sum of compositions of smooth vector fields 9,
j=1,...,n and multiplication operators which depend in a continuously differentiable
fashion on g:

XilA(g) = xiolgl ™% 0 9 0 lg|? 0 g* 0 0
This composition should be read as follows:
1. O is a bounded linear operator £L(H?(M), H'(M)), independent of g,
2. \g\% 0 g% is a C' family of bounded operators on H'(M),

3. 9; is a fixed bounded linear operator L(H'(M), L*(M)), and

Xi © |g|_% is a O family of bounded operators on L?(M).

=~

For continuous differentiability of the multiplication operator | g\% og/® on HY(M) it is
crucial that g has at least one derivative, since the derivative may hit the metric. This
is more than guaranteed by working with g € G(M). The formula for DA(g)[h] follows
from the chain and product rule as well as the identities

Dlg|[h] = |g|tryh, Dg’"n] = —n'".

By the same argument, A — A(g) is a family of bounded operators from H?(M) to L?*(M)
which depends continuously on both A and g.
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Now fix g € G(M) and A € p(M). From the continuous dependence of the eigenvalues
on the metric |Labl5, Lemma 4.5.13], it follows that there exists a neighborhood U of g
(which can even be chosen to be a C%-norm ball), and ¢ > 0 such that (z — A(3)) ! €
L(L?(M), H*(M)) is defined for all § € U and z € B.()\). By [Ham82, Theorem 11.3.1.1],
it follows that (z — A)~™! : B.(\) x U — L(L*(M), H*(M) is continuously differentiable.

Finally, fix a metric g € G(M) and a curve ~ in the resolvent set of g as in the statement
of the lemma. The spectral projection P, is given by

P@) = 5 [ (- A@)

T 2mi

which is defined whenever v avoids the spectrum on §. In particular, there exists a
neighborhood U C G(M) of g (which again may be taken as a C-ball) such that P :
U — L(L*(M), H?>(M)) exists. Continuous differentiability follows from differentiating
under the integral using the dominated convergence theorem. O
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4 lIsolated steady solutions of the 3D
Euler equations

(Based almost verbatim on [EKP25], joint work with Alberto
Enciso and Daniel Peralta-Salas)

Abstract

We show that there exist closed three-dimensional Riemannian manifolds where the
incompressible Euler equations exhibit smooth steady solutions that are isolated in the
C'-topology. The proof of this fact combines ideas from dynamical systems, which appear
naturally because these isolated states have strongly chaotic dynamics, with techniques
from spectral geometry and contact topology, which can be effectively used to analyze the
steady Euler equations on carefully chosen Riemannian manifolds. Interestingly, much of
this strategy carries over to the Euler equations in Euclidean space, leading to the weaker
result that there exist analytic steady solutions on T? such that the only analytic steady
Euler flows in a C'-neighborhood must belong to a certain linear space of dimension six.
For comparison, note that in any C*-neighborhood of a shear flow there are infinitely
many linearly independent analytic shears.

4.1 Introduction

In the study of steady states of the incompressible Euler equations, one often finds a
subtle interplay between flexibility and rigidity properties, that is, between the existence
of a wealth of steady Euler flows and the significant constraints that they must nonetheless
satisfy. To elaborate on this idea, for the time being we shall focus on the two dimensional
case, where our understanding is much more complete.

As is well known, in R?, the velocity field can be written in terms of the perpendicular
gradient of the stream function as v := V11 = (9210, —01%)), whereas in all dimensions
the pressure is determined by the velocity through the formula p := —A~!div(v - Vo).
The steady Euler equations

v-Vv=-Vp, dive =0, (4.1.1)
can then be equivalently written as

Vi -VAY =0.
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4 Isolated steady solutions of the 3D Euler equations

While this is generally not a well behaved equation from the point of view of the analysis
of PDEs, it does certainly ensure the existence of many steady states. Specifically, on the
plane R? (or on T? in the case of periodic conditions, with T := R/27Z, or more generally
on any two-dimensional Riemannian manifold), any function satisfying an elliptic equation
of the form

Ay = f(y) (4.1.2)

defines a steady Euler flow as v := V1. Note that not all steady states can be constructed
this way, as the vorticity Aty and the stream function do not generally satisfy an equation
of this form globally.

It is a truly infinite-dimensional feature of the Euler equations that steady solutions
of the form are often embedded in rich families of solutions. Indeed, Constantin,
Drivas and Ginsberg [CDG21| have recently shown that, under suitable technical hypo-
theses, these solutions are structurally stable. Also, given a steady state on an annular
domain for which the linearization of is positive definite, Choffrut and Sverak [CS12)
completely characterized the nearby steady states by showing that they are in one-to-one
correspondence with their distribution functions, so that there exists a unique stationary
solution on the corresponding orbit in the group of area-preserving diffeomorphisms.

On the rigidity side, it is known that, under suitable technical hypotheses, steady
Euler flows must inherit the symmetries of their vessel, understood as a two-dimensional
Riemannian manifold possibly with boundary. This is the case when the flow does not
have any stagnation points if the domain is a disk, an annulus or a periodic channel [HN23}
HN17; HN19| or if the solution is compactly supported and satisfies certain sign condi-
tions |[Gom+21; Rui23|. In the particular case of the periodic channel T x R, for instance,
this result ensures that the only steady Euler flows without stagnation points are shear
flows v(z) := (V(x2),0). Similar results also hold when the steady flow is dynamically
stable, satisfies and the linearized operator is positive [CDG21].

Results such as [HN23; [HN17; [HN19| ensure that steady Euler flows without stagnation
points are isolated from non-shears in the C'-norm. The dependence of this property on
the absence of stagnation points and on the topology is remarkable [CEW23; [LZ11]; for
instance [CEW23|, the vanishing shear flow (sinz3,0) is not isolated from non-shears even
in the analytic topology, while the shear flow (22, 0), which also has stagnation points, is
isolated from non-shears in H®, s > 5.

In three dimensions, the interplay between rigidity and flexibility is similar, but our
understanding is much more limited. The steady Euler equations can be equivalently
written as

vxcurlv =VF, (4.1.3)

where the so-called Bernoulli function F' is arbitrary, and the closest analog to (4.1.2)) is
curlv = fu, dive =0,

which defines the so-called Beltrami fields with proportionality factor f (called the Beltrami
function). Although these equations do have a rich space of solutions, and the fact that f
is arbitrary provides some additional flexibility, whenever the function f is nonconstant
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4.1 Introduction

the equations exhibit some surprising rigidity phenomena |[EP16} [CK20]. As a rule of
thumb, in 3D, an advantage is that divergence-free fields can have a richer behavior, and
a drawback is that the equations are notoriously harder to analyze.

A recent survey by Drivas and Elgindi [DE23| draws the attention to the fact that none
of the known steady 2D Euler flows are isolated in C'. Note this is also true for the shear
flows studied in [HN23; [HN17; HN19; (CEW23; |LZ11], as one can find other shear flows
in any C'-neighborhood of the solution. In fact, [DE23, Problem 1] is to show that no
continuously differentiable steady 2D Euler flow is isolated in C'. In three dimensions the
question is also wide open. We recall that isolated steady states are defined as follows:

Definition 4.1.1. A steady solution vy of the incompressible Euler equations is isolated
in C1 if it is the only O steady Euler flow in a C'-neighborhood of vg, modulo a constant
scaling of vg or a conjugation of vg by an isometry of the ambient space.

Our objective in this paper is to construct a steady 3D Euler flow which is isolated
in C*. To grant us some leeway, we shall consider the equations on a closed (i.e., compact
boundaryless) oriented manifold M of dimension 3 endowed with a Riemannian metric g.
Our main result is that indeed one can construct Riemannian manifolds so that the Euler
equations admit an isolated steady state:

Theorem 4.1.2. There exists a closed 3-dimensional Riemannian manifold (M, g) of
class C*° where the incompressible Euler equations have a smooth steady solution that is
isolated in C*. Moreover, the only C' steady states in a C'-neighborhood of the isolated
steady solution are constant multiples of it.

Remark 4.1.3. There is a broad range of closed 3-manifolds that admit (for a suitable
metric) steady states that are isolated in C'. This includes the unit tangent bundle
of any negatively curved surface and, more generally, any hyperbolic 3-manifold. See

Remark [{.2.5

Roughly speaking, the result hinges on having a steady state with robust strongly
chaotic dynamics. Thus we start off by letting vg be an Anosov flow on M for which we
can find a contact form whose Reeb field is precisely vg. This easily yields a Riemannian
metric g where vy is a Beltrami field (i.e., curly vg = 2vy), so that vy is, in particular, a
steady Euler flow. By further tweaking the metric, one can ensure that 2 is a simple
eigenvalue of the curl operator. To conclude, we then use the robust chaotic dynamics
of the field to show that any C'-small perturbation v of vy that is a steady state must
also satisfy the equation curlyv = 2v, essentially as a consequence of the fact that v
does not admit any (nonconstant) continuous first integrals. The theorem then follows
from the simplicity of the eigenvalue. The proof of this theorem is given in Section 4.2
Interestingly, the most technically challenging part of the argument is the simplicity of the
curl eigenvalue, so this point is presented separately in Section and some parts of the
proof are relegated to an Appendix. A direct consequence of the proof of Theorem [£.1.2]is
that, in a suitably chosen metric, any Anosov Reeb flow on a 3-manifold defines a steady
Euler flow which is isolated up to a finite-dimensional family (see Remark [£.2.3)).
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Much of this strategy carries over to the Euler equations on the usual Euclidean space
setting, say on the flat torus T3 := (R/27Z)3. To see this, let V be the space of eigenfields
of the curl operator on T? with eigenvalue 1, which is the smallest positive curl eigenvalue,
see, e.g., |[PS23|. It is well known that V is a six-dimensional vector space, invariant
under rigid motions. Moreover, it contains the family of ABC flows |AK21], i.e., the fields

uapc(x) == (Asin:rg + C cosxo, Bsinxy + Acosxsy, Csinzy + Bcos:nl) (4.1.4)

defined by arbitrary real constants A, B and C.

Our key observation is that one can identify a nonvanishing ABC flow ug with positive
topological entropy. Since this property is preserved by Cl-small perturbations and fields
with positive topological entropy cannot have a (nonconstant) analytic first integral (this
fact is specific to 3-manifolds), in Section we show how to establish the following
weaker analog on T? of Theorem For comparison, note that in a C*-neighborhood
of a shear flow, for any k, there are infinitely many linearly independent analytic shears.

Theorem 4.1.4. There exist ABC flows ug on T such that the only analytic steady
Euler flows in a C'-neighborhood of ug belong to the siz-dimensional space V.

A minor comment is that, for the purposes of this result, there is nothing really special
about ABC flows. In fact, essentially the same argument shows that “most” Beltrami
fields on T? are isolated in C! within the set of analytic steady Euler flows, up to the
finite-dimensional family of Beltrami fields with the same curl eigenvalue. A precise
statement of this fact is given in Remark [£.3.1] below.

4.2 Anosov steady states: proof of Theorem [4.1.2]

Key to proving Theorem is the concept of Anosov flows. Recall [FH19| that a vector
field X on a closed 3-manifold M is said to be Anosov if there is a constant 0 < A < 1
and line subbundles E* and E" of TM such that TM = E* @ E" @ span{ X}, and the
flow ¢, of X satisfies:

e Invariance: dy; (E®) = E® and dy; (E*) = E" for every t € R.

e Hyperbolicity: | dpy|gs | < Af and | dp_¢|go | < A? for all ¢ > 0. Here the operator
norm | - | is induced by some Riemannian metric on M (whose choice is irrelevant).

We shall consider Anosov flows that are also Reeb flows for some contact structure. Let
«a be a contact form on M, i.e., a 1-form « such that o A da > 0 on M. A Riemannian
metric g on M is called compatible with « if

lal, =1, *gdor = 20,

where x4 is the Hodge star operator computed with the metric g, see, e.g., [EKM12b,
Proposition 2.1] and Lemma below.
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A contact manifold (M, «) defines a Reeb vector field R as the unique solution to
ipda =0, a(R)=1.
It is straightforward to check that for any compatible metric g we have
g(R,:)=a(),  [|R[g=1.

It then follows that R is a Beltrami field (as defined in the Introduction) with constant
factor 2, and hence a steady state for the incompressible Euler equations on (M, g). See
e.g. |PS23| and references therein for a recent account on Beltrami fields and contact
geometry.

The simplest example of an Anosov Reeb flow is the geodesic flow on the spherical
cotangent bundle of a compact Riemannian surface of genus > 1 with constant negative
curvature, but this does not exhaust all the examples of Anosov Reeb flows |[FH13]|.

It is obvious that Theorem [{.1.2)is a consequence of the following result:

Theorem 4.2.1. Assume that a closed 3-manifold M admits an Anosov Reeb flow R.
Then there exists a Riemannian metric g such that R is a steady state of the incompressible
Euler equations on (M, g) and any other C' steady state v that is Ct-close to R is of the
form v =cR for some constant c € R.

Proof. Let (M, «) be a contact 3-manifold, and R its associated Reeb field, which is
Anosov by assumption. As mentioned above, any metric g compatible with o makes R a
Beltrami field with constant factor 2, i.e.,

curly R = 2R.

By Theorem there exists a compatible metric g such that 2 is a simple eigenvalue
of curly, and hence R is the only Beltrami field with factor 2 up to a constant multiple.

Consider a C'-neighborhood B:(R) of R and let v € B.(R) be a steady solution of
the incompressible Euler equations on (M, g). If € > 0 is small enough, the stability of
Anosov dynamics implies that v is an Anosov flow as well [FH19, Corollary 5.1.9|. Since
any codimension one Anosov volume preserving flow on a compact manifold is ergodic
([Ver74, Corollary 1.1], [FH19, Theorem 7.1.26]), any continuous first integral of v must be
constant on M. Accordingly, the Bernoulli function associated with v must be constant,
and therefore it immediately follows from the stationary Euler equations that the vector
fields curly v and v are collinear on M. Since |U\3 > 0 on M because v is C'-close to the
nonvanishing field R, we conclude that v satisfies the equations

curlyv = fu, divgv =10,

with factor
Foe curlgv - v

[0l

Taking the divergence in the Beltrami equation above, we infer that

Vof-v=0,
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4 Isolated steady solutions of the 3D Euler equations

so f is a first integral of v. Reasoning as above, we conclude that f is constant on M.
Since 2 is a simple eigenvalue of curly, the C''-closeness of v to R implies that f = 2 and
hence v = ¢R for some constant ¢ € R. This completes the proof of the theorem. ]

Remark 4.2.2. A crucial property used in the proof of Theorem [{.2.1] is the fact that
Anosov flows are robustly transitive (actually, they are C-structurally stable, i.e., any
Cl-close flow is topologically equivalent, which is a stronger condition). Note that any
volume preserving flow on a 3-manifold that is robustly transitive is Anosov [BR10; |AMO7),
so the ideas in the proof of Theorem [{.2.1] cannot be extended to deal with more general
vector fields.

Remark 4.2.3. Let R be an Anosov Reeb flow on a closed 3-manifold M. There is a
broad range of closed 3-manifolds supporting Anosov Reeb flows, see (FH19]. The proof
of Theorem shows that R is a stationary solution of the Euler equations on (M, g)
for any compatible metric g, and it is isolated in C*, up to a finite dimensional family of
steady states, whose dimension is the multiplicity of the eigenvalue 2 of curly. The most
inwvolved part of the proof of Theorem consists in proving that the compatible metric
g can be chosen so that the multiplicity is 1.

4.3 ABC flows: proof of Theorem

In |Chi95| it was proven that an ABC flow with A=1, B € (0,1) and C' > 0 small
enough, which we henceforth denote by v, exhibits a transverse homoclinic intersection,
which implies that the field has positive topological entropy |[GH90, Theorem 5.3.5]. We
also observe that vg does not vanish at any point of T3. Indeed, when A =1 and C =0,
the ABC flow takes the form

(sinxg, Bsinxy + cosxs, Bcoszy),

which is never zero provided that B € (0,1). By continuity, this property holds if C' is
small enough, depending on B.

Let v be an analytic steady state in a C'-neighbourhood of vg. By , the Bernoulli
function F' is the unique solution to the equation

AF = div(v x curlv),

up to an additive constant. Since v is analytic, F' is analytic as well by elliptic regularity
(see e.g. |[Nar85, Theorem 3.8.12]). As the existence of transverse homoclinic intersections
is robust under C'-small perturbations, we infer that v also has positive topological
entropy. Then by [GH90, Corollary 4.8.5] the steady state v does not admit a nontrivial
analytic first integral, so F' is necessarily a constant on T?.

The previous discussion shows that v is a Beltrami field with factor

v - curlv

f = |’U|2 9
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which is an analytic function because v is and v does not vanish at any point of T3
provided that it is close enough to vy (which is nonvanishing). As before, f is then a
constant on T2, so necessarily f = 1, so v is a curl eigenfield with eigenvalue 1, as we
wanted to prove.

Remark 4.3.1. Reference [EPR23b|] introduced the parametric Gaussian ensemble of
random Beltrami fields (uy) on T2, where the corresponding curl eigenvalue \ ranges over
the set of admissible eigenvalues (i.e., the set of square roots of integers that are congruent
with 1, 2, 3, 5 or 6 modulo 8, whose multiplicity Ny tends to infinity for large X\). It
was proved that, with a probability that tends to 1 as A — 00, uy has positive topological
entropy. The proof of Theorem [].1.]] then shows that, with a probability that tends to 1
as A — 0o along the admissible eigenvalues, the random Beltrami field uy is isolated
in C1 within the class of analytic steady Fuler flows, up to the Ny-dimensional family of
Beltrami fields with eigenvalue \.

4.4 Curl generic simplicity in the class of compatible metrics

Let (M, ) be a contact 3-manifold. We denote by & := ker(«) the contact structure
defined by «. Any Riemannian metric g compatible with « has the orthogonal decompos-
ition

g=geta®a (4.4.1)

where g¢ is a smooth degenerate quadratic form on T'M satisfying g¢(R,-) = 0 that is
positive definite on €. We denote the space of smooth metrics which are compatible with
«a by G, and consider it as a topological subspace of the space of smooth metrics G on M.
The following lemma is elementary, see, e.g., [EKM12b, Proposition 2.1]:

Lemma 4.4.1. A metric g of the form (4.4.1)) is in G, if and only if its associated
Riemannian volume is equal to %a Ada.

The main result of this section is the following theorem, which shows that for a generic
choice of compatible metric, the eigenvalue 2 of x,d has multiplicity 1:

Theorem 4.4.2. Let (M,«a) be a contact 3-manifold. There exists an open and dense
subset V' of the space of compatible metrics G, such that for all g € V' the eigenvalue 2 of
*qd is simple.

We denote by Ep the eigenspace of %,d with eigenvalue 2. We observe that 2 is an
eigenvalue (with a corresponding eigenform «/) for any compatible metric, so we will use
the same notation Es independently of the particular compatible metric.

Before proceeding we will briefly introduce the functional analytic setup of this problem,
that will allow us to employ the perturbation-theoretic tools described in the Appendix.
For any Riemannian metric g, the curl operator is an unbounded self-adjoint operator

xgd 2 L*(QY (M), g) — L*(QY (M), g)
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4 Isolated steady solutions of the 3D Euler equations

with dense domain H*(Q!(M)). Crucially, this domain does not depend on the particular
choice of Riemannian metric g. It is well known that the curl operator restricts to a self-
adjoint operator with compact inverse on the g-orthogonal complement of the L2-closed
1-forms on M, i.e., on the space H'(Q'(M)) N {u € L?*(M) : du = 0}*9. In particular,
this means that all eigenvalues are discrete and have finite multiplicity. However we will
not work with the curl operator on these domains since they depend on the metric g.
Instead, we consider the curl operator on the metric independent space H'(Q!(M)) which
only changes its spectrum by adding an infinite dimensional kernel.

In summary, we have the following situation. The family of curl operators parametrized
by the Fréchet manifold G is C! by arguments perfectly analogous to those presented in
|GK24) Lemma C.1]. Furthermore, all curl operators are densely defined on the same
domain H'(Q'(M)), their spectrum consists of a discrete set of real eigenvalues, all of
which have finite multiplicity except the eigenvalue 0, hence Theorem may be used in
the analysis of the eigenvalue 2.

To prove Theorem [£.4.2 one approach would be to show that G, is a Fréchet manifold
in its own right and to apply the techniques outlined in the Appendix to G,. We will
sidestep this technicality, viewing G, as a subset of the Fréchet manifold G and argue in
the following way: Given a compatible metric g for a, we know that « is contained in
the eigenspace of x,d associated to the eigenvalue 2. Assume now that this eigenspace
has dimension k& > 1. According to the method described in the Appendix we will then
construct a codimension 1 Fréchet-submanifold S of an open set U(g) C G containing g
such that S contains all ¢’ € U(g) for which the eigenvalue A = 2 of x,/d has multiplicity
k. Moreover we will construct a smooth 1-parameter family of metrics g; with g = gg
which is transverse to S and stays strictly inside G,. This proves that following g; will
break up the k-dimensional eigenspace containing «, thus strictly reducing its dimension,
while also making sure that « is an eigenform for x4, d with eigenvalue 2 for all ¢. It is
clear that this idea can then be used to prove density of compatible metrics for which
the eigenvalue 2 is simple. These arguments are similar to the ones used in [Kep24| and
|GK24].

4.4.1 Proof of Theorem 4.4.2]

Let V C G, be the set of compatible metrics such that 2 is a simple eigenvalue of x,d.
By the continuous dependence of eigenvalues of x4d on the Riemannian metric |Tes14,
Theorem 4.10] it is clear that V' is open, so it remains to prove that V' is dense in G,. For
this we want to find a perturbation within the space of compatible metrics that breaks
up the multiplicity of the eigenvalue 2.

Given g € G, \ V, the eigenspace Es has finite dimension k£ > 1. We can thus pick /3 in
FE5 such that:

/Ma/\*gﬁzo and /MB/\*gﬁzl.

Let M := {p € M : a(p) A B(p) # 0} be the subset of M on which o and § are not
collinear. The following lemma shows that this set is generic:
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4.4 Curl generic simplicity in the class of compatible metrics

Lemma 4.4.3. M is open and dense in M.

Proof. The proof of this result is part of the proof of [Kep24, Lemma 3.3| (Lemma m
in Chapter 2 of this thesis). O

Denote by 3¢ the projection of 3 to § along R, i.e.,
Be =B — B(R)a.

Notice that 3¢ is nowhere vanishing on M. Let Bg = gﬁ and a 1-form w such that

(o, Be, w) (4.4.2)

is a positively oriented orthonormal coframe for g on M. By construction,
. 1
a B¢ ANw = Vol = 504/\doz.

Without any loss of generality we shall assume that the total volume is normalized, i.e.,

J v Volg = 1.
Consider the following perturbation of the metric g

e2 1 e
ge =g+ efe @ Pe+ [(1+ ZW;)Q - 5’65’3_ 1] ge-

Notice that g. is C* on the whole M because ]5§|§ is the square norm of the smooth
1-form f¢ (and this is a C*° function on M), | 6§|3 is an even power of it, and the function
1+ §| ,85\3 in the square root is non vanishing. It is clear that this is a metric on M of
the form . To compute the Riemannian volume associated to g. we consider the
following coframe,

(o [ S 1mele) o+ S16e) B [ (14 S 18et) " = S 16e] )

It is easy to check that it is orthonormal with respect to g.. As before, it is defined on
M. Clearly
Vol,, = Vol,

on M , and then on the whole of M because M is open and dense. Therefore g. is a
metric compatible with o by Lemma
Let us now consider the linearization of the perturbation g. at the metric g, i.e.,

h .

1 2
= d7€‘€:Og€ _ﬁ£®/3£ - 5 ’/3£|gg£a

which is, of course, a smooth symmetric (0,2) tensor field on M. The variation of the
operator x4d with respect to h is given by the following lemma |[EP12b, Lemma 2.1|:
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4 Isolated steady solutions of the 3D Euler equations

Lemma 4.4.4. Let h € T%?2 be a smooth symmetric (0,2) tensor field and let ay be
an eigenform of x4d corresponding to the eigenvalue X. The variation 8y (*gd) of *4d in
direction h satisfies

g(ag, (5h(*gd)a1)ﬁ) = )\h(ag, aﬂ) — %(trg h) g(ag,at{)

for any 1-form as. As usual, § denotes the metric dual with respect to g, and try h is the
trace of the tensor h computed with respect to the metric g.

Using the orthonormal coframe (4.4.2), we easily get that
trgh =0

on M, and hence on the whole M. Applying Lemma m to our case, we immediately
obtain:

g(e*, (n(xgd)a)') =0,
(8%, (On(xgd)B)*) = [Bel.

Let U, be a C*°-neighborhood of the compatible metric g in G. Noticing that the
spectrum of %,d is discrete and the operator x,d defines a C! function (in the sense of
Definition on the space of metrics, arguing as in [GK24} Section 2.1.| (Section 3.2.1.
in Chapter 3 of this thesis) one can build a C'* function

7 Uy — Sym(k,R),

where Sym(k, R) is the space of k X k symmetric matrices with real entries. The definition
of 7 is rather involved and can be found in the aforementioned reference, but its essential
properties are summarized in the Appendix. Crucially, the subset of metrics in U, for
which the k-dimensional eigenspace Fo does not split up is contained in

7 YR -1d).
Next, we use the following elementary lemma:

Lemma 4.4.5. If there exists a variation of the metric h € T,G such that the derivative
7'(h) of ™ applied to h is not contained in R -1d, then the set 7~ (R -1d) is contained in
a codimension 1 Fréchet-submanifold of some neighborhood of g in Ug.

Proof. Indeed, set v := 7’(h) and take any linear projection p, : Sym(k,R) — R - v to
the span of v that contains R - Id in its kernel (this obviously exists by the choice of h).
The composition

pyom:U; —+ R

is a C' map in the sense of Hamilton whose zero set contains 7~!(R - Id). Moreover, the
derivative of p, o 7 is p, o 7’ so it follows by construction that (p, o 7')(h) = v # 0, so
the map p, o 7 is a submersion. We can thus apply Proposition [£.5.3]in the Appendix to
conclude that, after possibly restricting ¢/,, all metrics in 771 (R - 1d) are contained in a
codimension 1 Fréchet submanifold of . O
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4.4 Curl generic simplicity in the class of compatible metrics

Now we prove that the variation A we constructed above satisfies these requirements,
i.e., w'(h) is not a multiple of the identity matrix. Extend the pair @ and 8 to an
L2-orthonormal basis (ui)le of F9 where u1 = o and ug = 8. Theorem in the
Appendix tells us the expression of the map 7':

7 hs (<u2~,(5},,(*gd)uj)Lz)l.C

tj=1"

If 7’/(h) were contained in the span of the identity matrix then, in particular,
*<U1, 5h(*gd)u1)L2 + <u2, 5h(*gd)u2>L2 =0.

Taking the variation h we constructed above, we obtain

(e, G (g d)) 2 + (B, S (xyd)B) 12 = /M B[4 Vol, |

which cannot be 0 by Lemma [4.4.3

The previous arguments show that there exists a neighborhood U, of g so that the set
of compatible metrics in U, for which the eigenspace Eo has dimension k is contained in
a Fréchet submanifold S of codimension 1, and furthermore the 1-parameter family of
metrics ge is transverse to S, that is g. is not contained in S for all € # 0 provided |e| is
small enough. This transversality is a consequence of the equation

7(ge) = m(g) +en'(h) + o(e)

the fact that 7/(h) is not a multiple of the identity matrix, and that S is precisely the set
of metrics 7~ (R - Id) in the neighborhood U,,.

Since the dimension of eigenspaces is lower semi-continuous, by perturbing in direction h
we therefore get a compatible metric ¢’ for which Es has dimension strictly less than &, and
after repeating the above argument finitely many times we end up with a 1-dimensional
eigenspace. As the perturbations are arbitrarily small, we get density of compatible
metrics for which the eigenspace Fs is simple.

Remark 4.4.6. It was proven in [Kep24|| that the curl operator satisfies spectral simplicity
along generic 1-parameter families of Riemannian metrics, and it is natural to ask whether
the same statement holds in the space G,. Using the example of Berger spheres, however,
it is easy to see that generic simplicity is the best one can hope for in this setting.
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4.5 Appendix: Splitting of eigenvalues

For families of self-adjoint operators whose spectrum consists of discrete eigenvalues of
finite multiplicity there is a powerful tool, first introduced by Colin de Verdiére |Col88|
and developed further in [Tey99], [Kep24], as well as in [GK24] (Chapters 2 and 3 of
this thesis, respectively), to analyze the splitting behavior of multiple eigenvalues. We
will outline the main idea of this technique after fixing some notation and defining the
following notion of differentiability introduced by Hamilton [Hamg&2].

Definition 4.5.1. A map F : F — F' between Fréchet spaces F and F' is called C' if
the directional derivative

F —F
DF(z)u = lim (z+tu) (z)
t—0 t

exists for all x € F, u € TpF and, furthermore, DF(x)u is linear in u and jointly
continuous i x and u.

Let X be a Fréchet manifold, H a Banach space, {(-, '>q}le a C! family of inner
products on H, and {A,},ex a C' family of unbounded operators from some fixed dense
domain D C H to H, each self-adjoint with respect to (-, - ), and with compact resolvent.
Suppose that A is an eigenvalue with finite multiplicity k of A, for some gg € X.

The compactness of the resolvent of A4, implies that X is isolated and we can encircle
it by some simple closed loop 7 in € which does not enclose any other eigenvalues of Ag,.
By the variational characterization of eigenvalues of self-adjoint operators [Tes14], the
eigenvalues of A, move “continuously” with respect to the parameter ¢ in the sense that
there exists a neighborhood U(qg) of go such that the number of eigenvalues of Ay, when
counted with multiplicity, encircled by ~ is exactly k for all ¢ € U(qp). One can associate
to 7 a spectral projection P, (q)

= omi

P.(q) : 1/(z—Aq)—1dz,
v

which maps the Banach space H to the sum of eigenspaces associated to the eigenvalues
of A, encircled by . We will denote the image set of P,(q) by E(q). The fact that the
family of operators is C'! implies that P, is C! as well, see the proof of [GK24, Lemma
C.1]. One can restrict P,(q) to a linear bijection

Py(9)|E(g) : E(20) = E(q),
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which is invertible, and this family of inverses (¢ — Pv(q)|}_3%q0)) is O as well |[Ham82,
Theorem 11.3.1.]. Using this we can build the C'! function

7= (Pylpge) 0 Ay o Pyl : Ula) = End(E(qo)) -

With some more work 7 can be modified to a different map 7 such that 7(q) is a
symmetric endomorphism on E(qp) with respect to (-, )4, for all ¢ € U(qgp). This
involves a parametric version of the Gram-Schmidt orthonormalization procedure and is
done in detail in [GK24, Section 2.1]. The final result is a map

™ :U(qo) — Sym(E(qo)) = Sym(k,R) ,

where we denote the symmetric endomorphisms of E(qg) with respect to (-, )4, by
Sym(E(qo)) (i.e., the space of k x k symmetric matrices with real entries). The essential
properties of m are summarized in the following Theorem.

Theorem 4.5.2 (|GK24, Theorem 2.1|). Let X be a Fréchet manifold, H a Banach space,
{(-, '>q}le a Ct family of inner products on H, and {A,}qex a C* family of unbounded
operators from some fixed dense domain D C H to H, each self-adjoint with respect to
(-, - )q and with compact resolvent. Suppose X is an eigenvalue with multiplicity k of Ag,
for some qg € X.

Then, for e > 0 small enough, there exist an open neighborhood U(qo) of qo and a C*
function 7 : U(qo) — Sym(k,R) satisfying

og(Ag)N(A—e,A+¢)=0(m(q))

for all ¢ € U(qo), where o denotes the spectrum of the corresponding operator. In
particular, 71 (R - 1d) is the set of parameters q € U(qo) such that \(q) has multiplicity
k. Furthermore the derivative of m at qg is given by

7' TyU(qo) — Tia Sym(k,R) = Sym(k, R),
B ((DAg[Blum,ug) )"

m,l=1"
where {um}’fn:1 is an orthonormal basis of the A-eigenspace of Ag, .

This result means that the map m measures how the multiple eigenvalue A breaks up
as Ay, is perturbed. Remarkably, a full understanding of 7 gives a precise picture of this
behaviour, not just one up to first order. Nevertheless it is of great interest to understand
the derivative of 7 at go. In Section [£.4.1] we have used the derivative of 7 together with
the following proposition to construct a submanifold containing all those parameters ¢ in
some open neighborhood of gg for which the k-dimensional eigenspace corresponding to A
is not broken up.

Proposition 4.5.3 (|GK24, Proposition A.2|). Let U C F be an open subset of a Fréchet
space F. Suppose a C* map F :U — R™ is such that DF(p) : F — R™ is surjective at a
point p € UNEF~L(0). Then there exists a neighborhood U' C U of p, an open neighborhood
VY C F' of the origin in some Fréchet space F', and a C* map G : V — U’ such that
FH0)nU' = G(V).
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Proposition implies that preimages of regular values of C' maps from Fréchet
manifolds to R are submanifolds of codimension m. It is noteworthy that in this finite
codimension case one can prove Proposition [£.5.3] and the associated implicit function
theorem |GK24, Lemma A.1| without using Nash-Moser iteration.
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5 Spectral geometry of the curl operator
on smoothly bounded domains

(Based almost verbatim on [GK25], joint work with Josef
Greilhuber)

Abstract

We show that the spectrum of the curl operator on a generic smoothly bounded domain in
three-dimensional Euclidean space consists of simple eigenvalues. The main new ingredient
in our proof is a formula for the variation of curl eigenvalues under a perturbation of
the domain, reminiscent of Hadamard’s formula for the variation of Laplace eigenvalues
under Dirichlet boundary conditions. As another application of this variational formula,
we simplify the derivation of a well-known necessary condition for a domain to minimize
the first curl eigenvalue functional among domains of a given volume and derive similar
necessary conditions for a domain extremizing higher eigenvalue functionals.

5.1 Introduction
This paper is concerned with the spectrum of the operator
curlu =V X u,

which acts on vector fields u defined on smoothly bounded domains in R3, i.e., bounded
domains D C R3 with the property that for each point p € 9D there exists an open
neighborhood U C R3 of p and a function p € C*®(U) with UN D = p~1((—00,0))
and dp(p) # 0. Under appropriately chosen boundary conditions, the curl operator is
self-adjoint with compact resolvent, so its spectrum consists of a discrete set of real
eigenvalues of finite multiplicity.

The corresponding eigenfields describe magnetic fields in plasmas in which no Lorentz
force acts on the charged particles constituting the plasma and are thus often referred to
as “force-free magnetic fields” in the plasma physics literature. They can be shown to
be energy-minimal magnetic fields (within a fixed helicity class of magnetic fields) and
have been proposed to be the natural end configurations of dissipative magnetic fluids in
which the magnetic forces dominate (|[Wol58|,|[LA91]).

More generally, curl eigenfields lie at the intersection of a number of mathematical
subdisciplines. On the one hand, they are a particularly rich example class of solutions to
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5 Spectral geometry of the curl operator on smoothly bounded domains

the Euler equations, and, on the other hand, their orthogonal complements define contact
structures [EGOOb, Theorem 2.1]. This confluence is interesting from both an analytic as
well as a contact geometric and topological point of view and has led to some remarkable
flexibility results for the study of the Euler equations (e.g. [EGO0b|,|[EG00a],|Car+21aj)
and rigidity results in contact topology (e.g. [EKM12al).

While there do exist studies of the spectral theory of the curl operator on domains in
specific settings (e.g. [Can-+00b|,|[EP23|), there have been few systematic treatments of
the curl operator as a self-adjoint operator on domains.

5.1.1 The setup

By imposing boundary conditions on the curl operator, we may obtain a Fredholm
operator or an unbounded self-adjoint operator. One especially natural choice, introduced
by Giga and Yoshida in [YG90], can be described as follows: Let D C R3 be a smoothly
bounded domain and v its outward pointing unit normal. Define

L3(D)={ie€ L*D,C*:V i=0,i-7=0o0n0D},

the space of boundary-parallel, divergence free, and square integrable vector fields, where
the divergence is defined in the weak sense. (It adds no difficulty and is helpful in the
spectral theory to work over C, which will be the convention for the rest of this paper.)
Let

Hjo(D) = {ii € L}(D): cwrlii € L3(D)},

where curl is understood in the sense of distributions. It is shown in [YG90| that curl is a
Fredholm operator from H},(D) to L3(D), whose spectrum is however all of C unless
0D has trivial first homology, i.e., 9D consists of a union of spheres. A more meaningful
spectrum is obtained by introducing the spaces

13(D) = {ii € I3(D) : [sii- 75 =0},
Hyy (D) = {@ € L} : cwlii € LE(D)} .

where S ranges over all compact embedded orientable surfaces in D with 95 C 0D, and,
given S, Ug is a unit normal vector field of S. The main result of [YG90| is that curl is an
unbounded self-adjoint operator with compact resolvent on L% (D) with domain Hys (D).

There are other ways to restrict the space H, éa(D) in order to obtain self-adjoint
operators with compact resolvent. It follows from the work of Hiptmair, Kotiuga, and
Tordeux [HKT12] that these are indexed by Lagrangian subspaces of the first cohomology of
the domain’s boundary, denoted by HJ (0D, C). The symplectic structure on H},(0D,C)
is induced by the wedge product on 1-forms, extended as a sesquilinear, antisymmetric
form from H},(8D,R). We will discuss these operators, from which Giga—Yoshida’s curl
operator arises as a special case, in detail in Section [5.2.2] Given a Lagrangian subspace
LCH éR(aD, C) we will denote the associated curl operator by curly,. We wish to point
out that Lagrangian boundary conditions encompass not just Giga—Yoshida’s zero flux
boundary conditions but also the “Amperian” boundary conditions proposed by Cantarella

[Can99].
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5.1.2 Statement of results

In this paper, we answer the question whether the spectrum of the curl operator with
Lagrangian boundary conditions is generically simple. To state our result precisely, we
formalize the “space of domains” as follows.

Let Dy C R?® be a smoothly bounded domain. We consider the space X (Dy) of
smooth embeddings of Dy into R3. As an open subset of the space of smooth maps
from Dy to R? this space naturally inherits the structure of a smooth Frechét manifold.
Given a diffeomorphism ® € X(Dy), we write Dg for ®(Dy). Given a Lagrangian
L C H},(8Dy,C), we write Lg for the image of L under (®~1)* : H},(8Dy,C) —
H éR(ﬁDq),(C). In the following theorem, we additionally require the Lagrangian L C
H C}R(é)DO, C) to be real, i.e. invariant under complex conjugation, which just means that
L arises from a Lagrangian in H éR((?D, R) by complexification. This ensures that there
exists a basis of real-valued eigenforms for curly, an important element in our proof.

Theorem 5.1.1. Let Dy C R3 be a smoothly bounded domain and let L C H},(9Dg,R)
be a Lagrangian subspace. For a comeagre subset of diffeomorphisms ® € X(Dy) the
spectrum of the operator curly, on Dg consists of simple eigenvalues.

Note that Lg is locally constant on the set of diffeomorphisms ® € X (Dy) with a given
image D C R3, since any two isotopic diffeomorphisms ®; : Dg — D and ®, : Dg — D
induce the same map on cohomology. Thus, the operator curl;, and hence also its
spectrum locally depend on D, but not on the choice of embedding ® : Dy — D.
Therefore, Theorem really is a statement on generic domains as opposed to generic
embeddings ® : Dy — R3.

We would like to point out that there have been no partial results in this direction,
that is, this result has not been known for any boundary conditions or any domains.

The main ingredient in Theorem [5.1.1]is a formula reminiscent of Hadamard’s famous
rule for the variation of eigenvalues of the Laplace operator with Dirichlet boundary
conditions. If we deform the domain D along the flow of a vector field X , the first
variation of an eigenvalue A of the curly operator is given by

= — X - 7) |ul?. 1
fi= A/8D<X ) ul (5.1.1)

where u is an eigenfield of A. See Theorem for a precise statement.

The proof of Theorem [5.1.1]is informed by methods the authors have previously used in
|GK23]| for spectral genericity results. It rests on the idea that sufficiently large families
of operators with compact resolvent which do not satisfy generic spectral simplicity have
eigenfunctions that satisfy strong pointwise constraints derived with the help of the
Hadamard rule . These constraints are then shown to lead to a contradiction, thus
establishing Theorem [5.1.1]

To the best of our knowledge, formula is new even for the curl operator on
domains diffeomorphic to the solid torus, where shape optimization problems for certain
choices of Lagrangian boundary conditions have been considered previously in [Can-+00a]
and [EP23|, using variational formulas for the Rayleigh quotient outwardly similar to
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(5.1.1). Remarkably, the Hadamard rule for the curl operator bears a strong similarity to
the corresponding formula, recently derived by Lamberti and Zaccharon [LZ21], for the
Maxwell system with various boundary conditions (see also Lamberti-Pauli-Zaccharon
[ILPZ25]). (Note that the boundary conditions of the Maxwell system, which is based on
the differential operator curl?, preclude it from being the square of any self-adjoint curl
operator [HKT12, Section 8§].)

A second application of the Hadamard rule is to significantly simplify certain calculations
appearing in the treatment of optimal domains for the first curl eigenvalue, a topic which
has recently attracted substantial interest (|[EP23|, |Ger23|, [EGP24]), as well as to
generalize those results to arbitrary Lagrangian boundary conditions. We also deduce
necessary conditions for a domain to be a local extremum of the k" eigenvalue functional.

As is customary, we fix the volume of D to obtain a meaningful variational problem:
Write X1(Dy) for the subset of diffeomorphisms in X (Dg) with |Dg| = 1. Let L €
H!-(8Dg; C) be a Lagrangian. For ® € X;(Dp) and k € N, let AL(®) and A\Z, (@) denote
the k" positive and negative eigenvalue of curl Lg» Tespectively.

Theorem 5.1.2. Let Dy C R3 and L C H}p(0Dy,C). If ® € X1(Dy) is a local extremum
of the k" eigenvalue functional )\ﬁ, then there exists a family of pairwise orthogonal
curly,, -eigenfields (u]-)§:1 corresponding to the eigenvalue )\é(@) which satisfy

lur|? 4. 4w =1

on the boundary of the domain Dg. At local minima of A\ and local mazima of \E,
respectively, that eigenvalue is simple and the corresponding (suitably rescaled) eigenform
u satisfies |u|?> = 1 on the boundary.

The last claim of Theorem [5.1.2 exists in the literature in certain special cases regarding
the domain and boundary conditions (|Can+00a|, [EP23|, [Ger23|). We provide it here
again to show that it holds for any domain and Lagrangian boundary conditions. It
should be noted that no domains which minimize A\¥ or maximize A’ are known. In fact,
it has been proven that there are no smooth axisymmetric domains (satisfying a certain
additional geometric assumption on their boundary) which minimize A; or maximize \_;
for Giga—Yoshida boundary conditions, see [EP23|. However, the existence of optimal
domains within the class of convex domains was established in [EGP24|. (In this case, all
Lagrangian boundary conditions coincide as the boundary topology is that of a sphere.)
As far as the authors are aware, nothing is known about the existence of domains which
extremize higher eigenvalues of the curl operator.

5.1.3 Organization of this paper.

In Section [5.2] we review the self-adjoint realizations of the curl operator on smoothly
bounded domains in the language of differential 2-forms, which turns out to be advant-
ageous for the perturbation theory employed later on. In particular, we relate the setting
for the analysis of the curl operator of Giga and Yoshida [YG90| to that of Hiptmair,
Kotiuga, and Tordeux |[HKT12| in Subsection Section is devoted to proving a
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multi-parameter analytic dependence lemma (Lemma [5.3.1)) for curly,. This will be used
both in the proof of the Hadamard rule for curly, (Theorem [5.4.1)) in Section [5.4] as well as
for that of Theorem [5.1.1] in Section [5.5] Finally, Theorem [5.1.2]is proven in Section [5.6]
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5.2 Preliminary observations

Although we are interested in the curl operator on domains in R3, much of the analysis
of this situation is best expressed through the curl operator with respect to general
Riemannian metrics on a fixed smoothly bounded domain. The curl operator arises from
the exterior derivative on 1-forms on three-dimensional smooth manifolds. With the
Hodge-star operator induced by a Riemannian metric g, one obtains a degree-preserving
operator, e.g. the operator xod acting on 1-forms as in [HKT12|. For variational arguments,
we require a function space which is independent of the metric. This leads us instead
to consider the operator d o x on 2-forms: After identifying vector fields with 2-forms
via u(¥, W) := dety(u, ¥, @), d o x corresponds to the curl operator on vector fields, and
the conditions V - u = 0 and 4 - ¥ = 0 take the metric-independent and diffeomorphism-
invariant shape du = 0 and ¢} ,u = 0. (Here and in the rest of this paper, tgp denotes
the embedding 0D — D.)

5.2.1 Various domains for the curl operator

Giga and Yoshida’s curl operator, when expressed in the language of 2-forms on a compact
Riemannian three-manifold (D, g) with boundary, is an unbounded self-adjoint operator
on the space

L%(D) ={u € L*(D,A’T*D) : du = 0, 5pu =0, [gu=0}.
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5 Spectral geometry of the curl operator on smoothly bounded domains

Here, S ranges over all compact orientable surfaces in D with boundary in dD. The
exterior derivative in this definition must be understood in the weak sense. The functionals
u = typu and u — J g u are bounded on the space of weakly closed L?-forms, as follows
from the Weyl decomposition [Sch95, Chapter 2]. Hence, L%(D) is indeed a Banach space.
Note that du = 0 and ¢}ju = 0 imply that [ g u depends only on the relative homology
class of S in Ho(D,dD;C). Thus, the condition fS u = 0 adds only a finite number of
linear constraints.
The domain of Giga—Yoshida’s curl operator is the space

Hiy(D,g) = {u € L¥(D) : dxu € LE(D)} .

This space, unlike L%(D) itself, depends as a set on the metric g, since the operator x
occurs in its definition and involves the metric. We may write Hyx (D, g) and L4(D) to
emphasize this distinction and will keep to this convention in Section [5.2] and Section [5.3]
One should think of LQE(D) as a Banach space equipped with a fixed reference norm
equivalent to any norm arising from an inner product corresponding to a choice of smooth
metric on D.

Dropping the zero-fluz condition [¢u = 0 in the definition of L%(D) results in the
space

L3(D) = {u € L*(D,A*T*D) : du =0, pu =0},

which is the direct sum of L%(D) and the finite-dimensional space of harmonic 2-forms
with vanishing tangential component, see [Sch95, Corollary 2.6.2]. The space of harmonic
2-forms will be denoted by Hs(D, g). Extending the domain of curl to

Hyy(D,g) = {u € LE(D) : dxu € L3(D)},

we obtain a Fredholm operator with the same spectrum as before, which is, however, no
longer self-adjoint [YG90, Remark 2|. Extending the domain further to

Hpo(D,g) = {u € L§(D) : dxu € L3(D)} = Hsp(D, g) & Ho(D, g),

we obtain yet another Fredholm operator whose (point) spectrum, however, is all of C,
unless the space of harmonic forms Hg(D, g) is trivial [YG90, Theorem 2| which is true if
and only if 9D is a union of spheres. (Our nomenclature for these spaces is essentially that
of [YG90], except that we use the symbol 9 instead of o to indicate tangential boundary
conditions.)

To deal with variations in the metric, it is convenient to analyze the curl operator on a
domain that does not depend on the metric g. This is achieved by considering the spaces

H}(D) = {u € H'(D,0*(D)) : du = 0, thqu = 0},
Hy(D) = {u € H)(D) : [yu =0} and
L%(D) ={u € L*(D,2*(D)) : du =0, [, u = 0 for all connected components C C dD}.
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Note that the functional u — [, u is bounded on the space of closed L? forms (which
is itself a closed subspace of L?(D,Q%(D))). Hence L% (D) as defined above is a closed
subspace of L2(D,Q2%(D)). It follows e.g. from |[EGP18, Theorem 1.1] that curl is a
Fredholm operator from H}(D) to L%(D), that its kernel is Hy(D, g), and that it is
invertible from Hy (D) to L?(D).

For the convenience of the reader, let us collect the function spaces mentioned above
with their definitions here once more.

L%(D) ={u € L*(D,*(D)) : du =0, [, u = 0 for all connected components C of 0D}
L3(D) = {u € L}(D) : ypu = 0}
Li(D) ={uc L3(D): Jsu=0forall S C D with dS C 9D}
HY(D) = {u € HY(D,Q*(D)) : du = 0, thou = 0}
Hy(D) = {u € H}(D) : [¢u=0 for all S C D with S C 9D}

Hy(D,g) = {u € HL(D) : dwu € L3(D)}

HL(D, g) = {u € H5(D) : dxu € L3(D)}

Ho(D,g) = {u € L3(D) : dxu =0}
Hjy(D,g) = Hyy(D,g) & Ho(D, g)

5.2.2 Self-adjoint realizations of the curl operator

By restricting the domain of the operator curl : Héa(D, g) — L%(D) to carefully chosen
subspaces of H éa(D, g), a wealth of self-adjoint curl operators arises. These operators
correspond to the self-adjoint extensions of curl based on closed traces, as presented in
[HKT12|, but restricted to the space of boundary-parallel, closed 2-forms. Let us briefly
recall the discussion in [HKT12] as it applies in our setting.

We begin by considering the following identity, valid for all u,v € H,(D, g):

(CUTIU,U)Lg(D,g) - (u,curlv)L%(D’g) = /aD *U N\ *0 (5.2.1)
Since dxu € L3(D), u}p(*u) is a closed 1-form on dD. Let ¢ denote the genus of dD.
Then the de Rham cohomology group HC}R(D, C) is of rank 2¢, and the right hand side of
descends to a sesquilinear symplectic form wp on H C}R(D, C).
Consider a Lagrangian subspace L C H CllR((?D,(C), i.e., an f-dimensional complex
subspace such that wp(X,Y) =0 for all X,Y € L. By Hiptmair-Kotiuga—Tordeux’ work,
restricting curl to the closed subspace

Hlll(Dhg) = {u € Héa(Dag) : [*’LL] € L}v

yields an unbounded self-adjoint operator on L%(D, g). In fact, their work shows all
subspaces of H éa(D, g) to which curl restricts to an unbounded self-adjoint operator on
L%(D) are of this form for some Lagrangian L C H}.(D,C) (See [HKT12, Section 6],
especially [HKT12, Theorem 6.4]).
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Reinterpreting the zero-flux boundary condition

The zero-flux boundary conditions can be seen as a special case of this setup as follows:
Any surface 3 C D with boundary on 9D gives rise to a cycle 9% in dD. The space
Ly, C H(%R((?D; C) cut out by all linear equations of the form [, oy W = 0 arising from
surfaces ¥ C D with boundary in 0D is Lagrangian. Indeed, using standard methods (see,
for example, [Kot87]) one can show that there exists a basis [X1], ..., [Zy,(p,ap)] of the
relative homology group Ho (D, 0D;C) such that the homology classes [%;] are represented
by compact embedded orientable surfaces 3; in D with boundary in dD. The image of
the boundary map 0 : Ha(D,dD;C) — Hy(0D;C) is a Lagrangian subspace (|[Mar16),
Proposition 9.1.4.]) with respect to the homological intersection number and so we may
conclude that the collection of homology classes represented by 9%1,...,0%,(p, ap) C
D generate a Lagrangian subspace Ly, of H,(0D,C). As both the Poincaré duality
isomorphism and the de Rham isomorphism preserve the intersection form [War83|
Theorem 5.45.], the annihilator Ly = {[u] € Hjz(0D,C) : [;nu = 0} of Ly, is then a
Lagrangian subspace in H(}R((?D, C). It gives rise to the curl operator domain

H} (D,g) = {u € Hyy(D,g) : [geurlu =0} = Hy(D,g) ® Ho(D, g).

We conclude that the curl operator obtained from Ly, differs from Giga—Yoshida’s curl
operator only by the presence of its kernel, Hy(D, g), which is excised by the full zero-flux
boundary conditions (which additionally require fz u = 0). While Giga—Yoshida’s curl
operator is an unbounded self-adjoint operator on L%(D, g), the curl operator obtained
from Ly, is an unbounded self-adjoint operator on the larger space L3(D, g).

5.3 Analytic dependence of the resolvent

In this section, we show that resolvent of curly, varies (real)-analytically along analytic
perturbations of the domain and also depends analytically on the Lagrangian L. It is
convenient to prove these statements in the more general setting of a smoothly bounded
domain D equipped with a metric g; which depends analytically on a parameter t €
(—e, E)k. The case of a k-parameter variation of the domain boundary is encompassed
by this: If ®; is an analytic k-parameter family of diffeomorphisms, then g, = ®}¢ is an
analytic k-parameter family of smooth metrics on D and curl on D; = ®(D) is conjugate
to curly, on D via the diffeomorphism ®;. Furthermore, we also prove Lipschitz-continuous
dependence of the resolvent with respect to C?-smooth perturbations of the domain.

Let us stress once more that the domain H} (D, g;) of curl; ;, depends (as a set) on the
metric g and on the Lagrangian L, but the codomain, Lg(D), is independent of both.
Let ¢ : H} (D, g:) — L3(D) denote the canonical embedding, let o(curl; ) denote the
spectrum of curly ;, and let A € C. The inverse of (\e—curly 1) : H} (D, g;) — L3(D) exists
whenever A € o(curl; 1). The operators Ry () = v o (At — curly 1) ~! then form a family
of bounded operators on a fized space. This family is analytic in ¢ and L (interpreting L
as a point in the Grassmanian LGry(H}, (0D, C)) of complex Lagrangians in H,(8D, C),
which is a real-analytic submanifold of the complex Grassmannian Gr¢(H},(8D,C)), as
follows from [EM99, Theorem 3|).
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Lemma 5.3.1. Let D C R? be a smoothly bounded domain. Let g; be a family of
smooth metrics on D depending real-analytically on t € (—e,€)*. To each t € (—¢,e)*
and Lagrangian L € LGr(H}5 (0D, C)), we associate the operator curly r, : H} (D, g;) —
L(D).

Then the resolvents Ry r(X\) : L3(D) — L3(D) of curlyr, : H}.(D,g:) — L3(D) form a
family of compact operators which is meromorphic in X for fized t and L and real-analytic

int and L near any (t,L,\) € (—¢,&)k x LGr(H}, (0D, C)) x C where Ry ,()\) is defined.

Proof. The Hodge star operators x; : H'(Q%(D)) — H'(QY(D)) form a real-analytic
family of bounded operators. It extends to a holomorphic family *, of bounded operators
on some neighborhood U of (—¢,¢)* in C*. The operators curl, := d o x, thus form a
holomorphic family of bounded operators from H}(D) to L?/(D).

Let us also choose a system of cut surfaces Yq,...,%, C D which form a basis of the
relative homology Hy(D,dD) (cf. Section and consider the map flux : H}(D) — C*

given by
l
flux(u) = </ u) ,
%/ g=1

which is bounded by the trace lemma. The restriction of smooth functions on D to

¥, extends to a bounded linear functional from H'(D) to L?(3;). Note that flux(u) is

independent of g; and the choices of 3; in [3;], the latter since u is closed and ¢u = 0.
Lastly, we introduce boundary conditions of the form

‘
Z(aj/ *u—i—bj/*u) =0,
=1 @ i

J
where a;,b; € C and «, 3; form a basis of H;(0D). (See Figure [5.1]for an illustration of
the curve system «j, 8;.) A minor inconvenience which occurs here is that H'(Q%(D))
offers insufficient regularity to ensure continuity of the functional u — f *u since the

curves a; and 3; are of codimension 2. We fix this by considering a tubular nelghborhood
of each curve o in 9D which is foliated by curves {a], 7 € [0,1]} and introducing the

functional u — fol (faT *u) dr, which is bounded by the trace lemma. For u € Hyy(D),
J

these two functionals agree as ¢}, *u is closed. Let ¢ denote the genus of dD. Define

B: HY(Q*(D)) —» C*

Bu) = </01</a;*u> dT,/()l(/;*u) d7>j1

Let f1,..., f¢ € (C%)* be ¢ linearly independent linear functionals such that [xu] lies
in the Lagrangian L if and only if fj o B(u) =0 for j = 1,...,¢. Write By, : H3(D) —
C!, By, = (fjo B)J \» S0 that HE(D) = H},(D) N B;'({0}). On a sufficiently small
chart of LGr¢(H}p(0D,C)) we may choose fi,...,f; which depend real-analytically
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on L. With this choice, the operator B; then depends real-analytically on L. Let
Vv C CdimzLGre(Hzp(0D,C) denote a neighborhood of the chart to which Bj extends
holomorphically.

It follows e.g. from |[EGP18, Theorem 1.1] that curl, : Hi(D) — L% (D) is invertible for
real t. Since H}(D) = HL(D) ® Ho(D, g;) and flux : Hy(D, g:) — C* is bijective (|Sch95]
Corollary 2.6.2],|CDG02, Theorem 1]), curl; & flux has an inverse 4, : L% (D) & C* —
H}(D). Let ¢ : H5(D) — L?(D) denote the natural embedding. The formula

A.: I3(D) — HY(D)
A, = A(1 — (curl, @ flux — curl; @ flux) o A,g)_1

provides an inverse to curl, @ flux for all z € U where 1 — (curl, @ flux — curl; @ flux) o A,
is invertible. After restricting U to a smaller neighborhood of (—¢,¢)*, we may assume
this is the case on all of U, since curl, depends continuously on z in the norm topology
on ,C(Hé(D), Lzl(D)). Hence, (A.).cv is an analytic family of operators on Lzl(D). Next,
consider the family of operators

R(s,t,L,\) : LY(D) & C* — L%(D) @& C’
R(s,t,L,\) =1 — ()\L @ (sflux —SBL)) o Ay,

which is analyticin t € U, L € V and s, \ € C. Note that A\t ® (s flux —sBy) is a compact
operator from H}(D) to L% (D) @ C*. Since R(0,t,L,0) = 1 is invertible, the hypotheses
of a multivariable version of the Analytic Fredholm Theorem are met [SYZ11, Theorem 3|.
It follows that there exists an analytic variety S C C x U x V' x C such that R(s,t, L, \)
is invertible if (s,t, L, \) ¢ S and such that R(s,t, L, \)~! is analytic on the complement
of S.

Furthermore, the points (s,t, L, \) € S are precisely those where R(s,t, L, \) has a
finite-dimensional kernel. In this case, there exist (v, f) € L%(D) @ C* such that v = \u
and f = sfluxu—sBpr(u), where u = A;(v, f) is the unique form satisfying flux u = f and
curl;u = v. If s = 1, the form w is then an eigenform of curl 7, in H}J(D, g¢) corresponding
to the eigenvalue A.

Next, we analyze the complement of S, i.e. those points where R(1,t, L, A) is invertible.
Consider (v, f) € L%(D) & C* and write

W, f) = R(OL LN (v, f), Ao, f) =/
Then R(1,t, L, \)(v', f') = (v, f) implies

v — M = curld — M =,
f'=f+Br() = BL() = f.

Thus, (curl —\¢) @ By, has an explicit inverse in

A;o R(1,t,L,\)7,
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Figure 5.1: The curves a;; and 3;. Note that the surface 0D need not be connected.

whenever \ is not contained in the spectrum of curly. By construction, this operator is
analytic in ¢, L and A. The resolvent of curl, : H} (D, g;) — L%(D), interpreted as a
bounded linear operator on L% (D), is given by restricting

Rir(\) :=10Ai0oR(1,t,L,\)"!

to L3(D) ~ L3(D) & {0} C L?(D). Thus, the resolvent Ry () is meromorphic in A and
real-analytic in ¢t and L near any (¢, L, A) where it is defined. O

Remark 5.3.2. In the proof of Lemma we used that the map flux : Hy(D, g;) — C*
is a linear isomorphism. In particular, the dimension of the space of boundary parallel
harmonic vector fields equals the genus of 0D. Equivalently, the equality b1 (D) = %bl (0D)
holds for domains in R3 (see [CDG02, Theorem 1]). Here by denotes the first Betti number,
the dimension of the first (Co-) Homology group. For a general compact 3-manifold M
with boundary one only has that by(M) > bi(OM) [Mar16, Corollary 9.1.5]. It is easy
to see that the inequality becomes strict after taking a connected sum with any closed
manifold that is not a rational homology sphere.

A straightforward modification of the proof of Lemma [5.3.1] also yields continuous
dependence of the resolvent (in the norm topology) on the metric with respect to the
C'-norm. We write Ry 1()\) for the resolvent of curly 1, : H} (D, g) — L(D).

Lemma 5.3.3. Let D C R? be a smoothly bounded domain with boundary of genus £. Let
go be a smooth metric on D, let L € LGr(C%*) and let A € C such that Ry, ,(\) exists.
Then there exist € > 0 and C > 0 such that for all g with ||g — gol|cr < €, the resolvent
Ry 1(\) exists and such that

[1Rg,L(A) = Rgo,. LMl 22Dy 11 (22()) < Cllg = gollen (5.3.1)
hold for all such metrics g.

Proof. Since %, : HY(Q?*(D)) — H'(Q'(D)) arises from a vector bundle isomorphism
which, in local coordinates, has coefficients that are smooth functions of components of
the metric and its inverse, it depends Lipschitz-continuously on g in the following manner:
Given a smooth metric gg on D, there exist € > 0 and C > 0 such that

| g = *go |1 (Q2(D)=HL (@ (D)) < Cllg — gollen (5.3.2)
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5 Spectral geometry of the curl operator on smoothly bounded domains

for all g with ||g—gollc1 < €. Since d : HY(Q2(D)) — L?(Q2?(D)) and flux : HY(Q*(D)) —
C* are bounded and independent of g, it follows that

| curly & flux — curlg, & flux || 1 (02(p)) - r2@2(p))ect < Cllg — goller- (5.3.3)

Consider the inverse A, : L% (D) — H}(D) to the operator curl, & flux, as constructed in
the proof of Lemma [5.3.1] It is expressed by

Ay = Agy (1 — (curly @ flux — curly, @ flux) o Agy) 7,
whenever 1 — (curly @ flux — curly, ® flux) o Ay, is invertible. By this holds for
all g with ||g — go||c1 < € after possibly shrinking . It follows that there exists C’ > 0
(depending on C' and HAQOHL?J(D)@C‘%H%(D)) such that
I1Ag — Agollz2 (Dyact— 0y < C'llg — gollen
for all g with ||g — gol/c1 < €. Next, consider the Fredholm operator
R(1,9,L,A) =1 — (A& (lux—Bp)) o Ay

from the proof of Lemma It was shown there that R(1,g, L, \) is invertible if and
only if A € o(curly 1), so R(1, go, L, A) is invertible.
Observe that
IR(1,9,L,A) = R(1, 90, L, Ml 12, (Dyace— 12, (Dyace
= [[(\e & (flux —BL)) o (Ag — Agy)ll 12 (pyscr— 2, (myact < C”llg — goller,
for some C” > 0. Since invertibility of Fredholm operators is an open condition,

R(1,g,L,\)~! is thus invertible for all g with ||g — gol|c» < ¢ after perhaps shrink-
ing € > 0 once more, and

|4 0 R(1,9, L, A) ™" = Agy o R(1, 90, L, A) | 22 (pyacr—smy ) < C"'llg = goller-

Since Ry 1()) is the restriction of 1o Ago R(1,g,L,A\)~! to L3(D) ~ L3(D) @ {0}, this
establishes the claimed Lipschitz-continuous dependence of Ry 1,()\) on g. O

Basic perturbation theory of operators with compact resolvent now shows that the
spectrum of curly ; depends continuously on g with respect to the C'-norm. We record
the proof for the convenience of the reader.

Corollary 5.3.4. Let D, go and L be as in Lemma[5.3.3. Let A be an eigenvalue of
curlg, 1. of multiplicity m € N. Then there exist € > 0, an open neighborhood U of go in
the space of smooth metrics on D and m continuous functions Ai,..., Am : U — R such
that

o(curlg ) N(A—e,A+¢) ={Ai(g),..., An(g)}

for every g e U.
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Proof. We reduce the problem to a finite-dimensional one as follows. Let I' C C be a
closed curve encircling A, but no other point of o(curly, ). Since I' is compact, there
exists 0 > 0 such that R, ,(¢) exists for all ( € " and g with ||g — go||cr < 6. Let U be
the set of metrics with ||g — go||c1 < d. By Lemma and the dominated convergence
theorem, the spectral projection

Pr(g) = - | Ry(O)dc

= 501
depends continuously on g € U. Since Pr(g) is a continuously varying projection, its rank
is constant, so rkPr(g) = rkPr(gog) = m.

Let Er(g) C Lg(D) denote the image of Pr, i.e., the sum of the eigenspaces correspond-
ing to eigenvalues encircled by I". The operator Pr(go)Pr(g) : Er(go) — Er(go) depends
continuously on g and acts as the identity when g = g9. Hence one may shrink U so
(Pr(go)Pr(g))~! exists on «. Consider the family of operators on the finite-dimensional
space Er(go) given by

A(g) == (Pr(go)Pr(g))~" o Pr(go) o curlg oPr(g).

Note that A(g) is a concatenation of bounded linear operators.
All operators depend continuously on g. Plugging in the eigenbasis of curl, shows that
A(g) shares its spectrum with curly:

o(A(g)) = o(curly L, N(A —¢e, A +¢)

Since A(g) depends continuously on g (in fact Lipschitz continuously with respect to
the C! norm), the continuous dependence of the spectrum follows from the perturbation
theory of finite-dimensional operators, see, e.g., [Kat66, Theorem 5.1 and Theorem 5.2]
as well as the discussion leading up to [Kat66, Theorem 5.2]. O

Remark 5.3.5. In the following, our metrics g will be of the form g = ®*gg for a fized
ambient metric go and a diffeomorphism ®. Corollary [5.5.) implies that the spectrum of
curlg«g,. 1, depends continuously on ® with respect to the C?-norm. By conjugation, the
spectrum of the curl operator on ®(D) with domain Hi (®(D),go) depends continuously
on ® in the same way.

As a consequence of Lemma and (a generalization of) Rellich’s theorem for analytic
one-parameter families of operators, we also obtain the following corollary.

Corollary 5.3.6. Let D and L be as in Lemma . Let g, t € (—¢,¢€) be a real-analytic
one-parameter family of smooth metrics on D. Consider an eigenvalue X of curly, 1, of
multiplicity m with corresponding eigenspace Ey. Then there exist analytic functions
A (1), ..., Am(t) and analytic one-parameter families ui(t), . .., um(t) in L3(D) such that

1. u;(t) € HL(D,gt) and curly, pu;(t) = Xj(t) u;(t) for all j € {1,...,m},

2. (u;(0))jLy forms an orthonormal basis of Ey, and
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8. (uj(t))jLy is an orthonormal set with respect to g for any t € (—¢,¢).

Proof. Fix an arbitrary point ¢ty € (—e,¢). The first two paragraphs of the proof of
Corollary [5.3.4] carry over to the analytic setting. After possibly shrinking the interval
(—¢,¢€) to a smaller interval centered around tg to ensure invertibility of (Pr(gs,)Pr(g:)) ™",
we thus obtain an analytic one-parameter family

A(ge) == (Pr(gt,) Pr(ge)) " o Pr(ge,) o curly, oPr(gy).

of operators on the finite-dimensional space E(gy,). Note that A(g;) is symmetric with
respect to the inner product (-, -), :== (Pr(gt)-, Pr(g:)-),,, but not necessarily with respect
to a fixed inner product on E(gs). Performing Gram-Schmidt orthogonalization on
some fixed choice of real basis of E(gy,) with respect to (-, -), yields a real-analytic family
of maps Q; : C™ — E(g4,) intertwining the standard inner product on C™ and (-,-),.
Setting

By =Q; ' o Alg) o Qs

yields a real-analytic one-parameter family of symmetric m x m-matrices. By Rellich’s
theorem for analytic one-parameter families of self-adjoint matrices |Rel37, Theorem
2|, there exist real-analytic functions A\ (t),..., A (t) € R and real-analytic families
v1(t),...,vm(t) € C™ such that the following hold:

(1) o(By) = {A1(t), ..., Am(t)}, counted with multiplicity,
(2) Bpj(t) = \j(t)v;(t) for all j € {1,...,m},
(3) vj-vp=1if j=Fkand 0if j # k.

Setting u;(t) = Pr(g:)Q¢v;(t) and tracing back through the definitions of A(g;) and B,
completes the proof. O

This observation will let us use our Hadamard rule, which is proven in the following
section, in the analysis of eigenvalues of higher multiplicity as well as of simple ones.

5.4 The Hadamard rule

In this section, we prove formula (5.1.1) for the variation of a curl eigenvalue under
domain deformations. In its statement, (u - v) denotes the (sesquilinear) pointwise inner
product of two-forms, which is of course the same as the inner products (xu - xv) and
(%u® - %v™) of the corresponding one-forms and their vector proxies, respectively.

Theorem 5.4.1 (Hadamard rule). Let D C R?® be a smoothly bounded domain and
®; : D — R3 a smooth one-parameter family of embeddings of D. Write Dy = ®;(D), and
X = %. Furthermore, fix a Lagrangian L C H(%R((‘)D; C).
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5.4 The Hadamard rule

(a) Suppose that uy is a smooth 1-parameter family of closed, boundary-parallel 2-forms
which solves d(*ui) = Muy on Dy and satisfies [®f (xut)] € L for all t. Then

= — V) |ul? do 4.
f = )\/aD(X ) luf? do, (5.4.1)

where v is the outward pointing unit normal of 0D and do is the induced surface
measure on 0D.

(b) Let vy be another smooth 1-parameter family of closed, boundary-parallel 2-forms
solving d(xvy) = pyvy satisfying [®f (xve)] € L for all t. Suppose po = Ao # 0 and
(wt; ve) p2(p,y = 0 for all t. Then

0= /aD(X V) (u-v)do. (5.4.2)

Proof. We will first prove the identities — below, which follow from L2-
normalization, Lagrangian boundary conditions and parallel boundary conditions, respect-
ively. In these, w; is a 1-parameter family of eigenforms which may stand for both u; and
ve. We write p; as a placeholder for \; and iy, so that d(xw;) = pywy. Then

/ (X‘u)(*uww)da—k/*u/\w—l—/u/\*w:O (5.4.3)
oD D D
/ *U N\ *W = —)\/ (X Ju) Axw (5.4.4)
oD oD

/aD(X_,u) A *W :/ (X -v)(u-w)do (5.4.5)

oD

Identity ((5.4.3)) follows from differentiating the expression

<Ut,wt>Dt = / U N\ %W = / (*ut . *wt) dVRS,
Dt Dt

which is constantly 1 if wy = u; or constantly 0 if wy = v;. Thus,

d .
O:\to/ ut/\*wt:/ (X‘V)(*u-*w)—i-/ u/\*fw+/ u A *w
dt Dy oD D D

—/ (X-y)(*u-*w)—i—/*11/\w+/u/\*w,
oD D D

noting that [, @ A*w = [, (xi, xw) dVgs = [+ A w.
We begin the proof of (5.4.4) by differentiating

d
£|t:0<1>2‘(*ut) = U+ X 13 (d*u) + d(X J*u)
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5 Spectral geometry of the curl operator on smoothly bounded domains
Since [xw] and [®} (xu¢)] both belong to the same Lagrangian L C H,(8D;C),

0 :/ Q5 (%ur) A *w.
oD

Differentiating this identity at ¢ = 0 and applying Stokes’ theorem on 9D yields

0:/ *iL/\*w—i—)\/ (XJU)/\*M+/ d(X J*u) A xw
oD oD oD

—/BD*u/\*erA/aD(XJu)/\*w—/ (X Jxu) A (dxw)

oD
:/ *a/\*ﬂw—)\/ (X Ju) Axw,
oD oD

where the last term in the second line vanished since ¢}, (dxw) = pf,w = 0.
For identity (5.4.5), let X+ = (X -v)v and X7 = X — X*. The graded product rule
for the interior product yields

(XJ’U,)/\*’L_UZX_I(U/\*I_U)—u/\(X_l*ﬂ})
= Xt o (uaxw) + XT S (uA*D) —u A (X 2*D)

When pulled back to D, the terms X7 L (u A xw) and u A (X J*w) both vanish — the
former because X7 is parallel to D and the latter because typu = 0. Hence,

/ (X Ju) Axww = XJ‘_I(U/\*@)
oD oD
—/ (X V) (u-w) (v idVgs)
oD

:/8D(X-u)(u-w)da

With the identities [5.4.3 in hand we compute

‘ d
A= Clt|t0/Dt d(*ut) N XUyt

:)\/ (X -v) |*u\2d0+/d(*u)/\*ﬂ+/\/u/\*ﬁ
oD D D

=\ (X -v) |*u|2da+/ *u/\*a+)\/*u/\ﬂ—|—)\/u/\*ﬂ
D D

oD oD
5.4.3] 5.4.4]
*uA*ﬂ—)\ (X Ju) Axu
oD oD
5.4.5]
[ (X )|uPdo,
oD

yielding our Hadamard rule, part (a). The third line resulted from an application of
Stokes’ theorem to |, ap *U A xu, keeping in mind that dxu = Au since A is real.
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5.5 Generic simplicity of the spectrum

For part (b) we essentially repeat the same computations, keeping in mind that pg = Ap.

d
0= dtt—()/Dt d(*ut) N\ *xV¢

:)\/E)D(X-Z/)(*u-*v)da—l—/Dd(*a)/\*@+)\/u/\*ﬁ

D
:A/ (X -v) (*u'*v)daqt/ *11/\*1}+,u/ *u/\er)\/ w A %0
oD oD D D
wit A x5 B2 (X Ju) Axv
oD oD
A (X ) (uv)do
oD
Note that no assumptions on the connectedness of 9D were made. O

Theorem provides a way of computing the variation of a curl eigenvalue in the
direction of arbitrary deformation velocities. Given a domain Dg, and f € C*°(0Dg,),
we can construct an an analytic one-parameter family of diffeomorphisms ®; extending
®( such that <%|t:0<1>t, V> = f. This can be achieved by extending fv to a vector field
X on Dg, and setting ®; = @y + tX o @, which yields a diffeomorphism onto its image
for all ¢ small enough. Since ®;ggs is then a one-parameter family of metrics which is
analytic in ¢, Corollary then gives the existence of an analytic one-parameter family
of curl eigenforms as required in the statement of Theorem [5.4.1]

5.5 Generic simplicity of the spectrum

The following basic lemma implies that, for a residual set in the space of embeddings of a
smoothly bounded domain D into R?, the multiplicity of each associated eigenvalue of
curly, is locally constant. This will be useful in proving Theorem [5.5.2

Lemma 5.5.1. Let X be a topological space, and (Ap)kcz a sequence of continuous
functions such that A\, < A\ for any k < k', and such that there does not exist a point
where infinitely many A\, take the same value. The set of all x € X with the property that,
for each k € Z, there exist integers k1 < k < ky and a neighborhood U of x where

/\k1—1 </\]€1 :...:)\k:...:>\k2 <>\k2+1,
is a countable intersection of dense open sets.

Proof. For each pair k1 < ko, denote Kg, g, = (Ak; — Akp) “1{0}. This set is closed, since
Ay — Ak, 1s continuous. Fix k € Z and consider

o c o c
Uy = U ( ke —1ky [ Ickl,/w N ]Ckz,kﬁ-l) )
k1<k<ks
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5 Spectral geometry of the curl operator on smoothly bounded domains

where o and ¢ denote the interior and complement of a set, respectively. As a union of
open sets, Uy is open. To show that it is also dense, let x € X be an arbitrary point.
Let k1 and ko be the smallest and largest index, respectively, such that there exists a
neighborhood of = on which Ay, = Ay and Ay = Ag,. Then

C o 67 37
r € Ky _q gy VKR b VKL, k1 € Un,

which shows U, is dense, as claimed. The set of interest is the (countable) intersection of
all Uy, k € Z. O

We split the proof of Theorem [5.1.1] into two parts. First, we use the Hadamard
rule to derive strong consequences from the assumption that the spectrum of curl is
not generically simple. We then show these consequences lead to a contradiction, hence
proving Theorem [5.1.1

Recall that in the formulation of Theorem we fixed a domain Dy C R? and
a Lagrangian L C Hj,(0Dy;R). We then considered the Frechét manifold X (Dy) of
smooth embeddings ® : Dy — R3, and associated to each ® € X its image Dg := ®(Dy)
and the Lagrangian Lg := (®~1)*L. To formulate our intermediate result, we denote
the nonzero eigenvalues of the curl operator curlz, : H} (Dg) — L3(Dg), counted with

multiplicity, by AF(®), where k € Z \ {0}.

Proposition 5.5.2. Let Dy C R?® and L C H,(0Dy;R) be as in Theorem|5.1.1 Then
for a comeagre subset of diffeomorphisms ® € X (Dy), the following holds:

1. For each k € Z\{0}, the multiplicity of \E(®') is constant for all ® in a neighborhood
U, C X(Do) of ®, and equals either one or two.

2. In the latter case, the components of any orthonormal basis (u1,u2) € HL,(Dgr) of
the eigenspace corresponding to )\£ (®') are pointwise orthogonal and of equal length
on ODg: for any ®' € U,,. Furthermore, xu; and *us pull back to harmonic forms
on 0Dg: with its induced metric.

Proof. Fix any ®y € X (Dp) and choose a real number p not in the spectrum of curl La,
on Dg,. Since the spectrum of curlz, depends continuously on ® by Corollary we
may choose a neighborhood U C X (Dy) of ®( small enough such that p does not lie
in the spectrum of curly, on Dg for all & € U. This allows us to define the family of
operators

R : Lj(Do) — L3(Do),
Rpu=®"o(u—curlp,) o (® 1) u.

The operator Rg coincides with the resolvent of the curl operator
d o xgp+g : HI (Do, ®*g) — L3(Dy).

It is self-adjoint with respect to the inner product induced by ®*g.
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5.5 Generic simplicity of the spectrum

Since the eigenvalues of R, and thus also the eigenvalues of curly, on Dg, depend
continuously on ® by Corollary we may apply Lemma to conclude that there
exists a comeagre subset of U where the multiplicity of each eigenvalue )\é(@) is locally
constant.

Let ®; € U be one such map on which the multiplicity of every eigenvalue )\ﬁ(@) is
locally constant. Fix k € Z\{0} such that A\l | (®1) < AE(®) and let ¢4 be a neighborhood
of ®; on which

M1 (®) < A (@) = )‘k—i-m( ) < )‘£+m+1(¢))

for some m € N and all ® € ;. Consider any eigenfunction u € L3(Dp) of Rg,
corresponding to the curl eigenvalue \ = Aﬁ(q)l). Choose a small circle C' C C encircling
(u—X)~1, but no other eigenvalue of Rg,. After possibly shrinking 4, the Riesz projection

Pp— —— (¢~ ray

27
is defined and depends continuously on ® € U, see the proof of Corollary Since
the multiplicity of )\é is assumed to be constant on Uj, the range of Pg consists of
eigenfunctions of Rg for all ® € U;. We may construct a family of eigenfunctions
ug € L3(Dy) satisfying

Roug = (11— Mg (@) ue, 1wl 2(Do,@%g) = 1s up, = U,

by simply setting ue = ||Pq>u\|221(D0 (I,*g)P@u, after possibly shrinking U to ensure Ppu #
0. ’

Write D := Dg,. Given f € C*°(9D), we consider an analytic 1-parameter family
of diffeomorphisms ®(t) in U, with ®(0) = ®; and <%]t:0¢>, v) = f, giving rise to the
analytic 1-parameter family of metrics ®(¢)*ggs on Dy. Lemma then implies that
Py ;) depends analytically on ¢, and Theorem yields

\t _0\E(® )\/ flul? do.
For simplicity, denote %\t:())\i(fb(t)) by A ¢. By polarization, we find that
A
fuj-u) do= ——f5jk
oD AT

for any real valued orthonormal basis (u;)7L; of E) (note that such a basis always exists
because curl;, commutes with complex conjugation). Indeed,
/ flual? do — / Flusl? da)

1 2
6Df(u]‘.u’€)da_2</8pf da+/6Df

u1tuz

V2

Ul —usz U2
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5 Spectral geometry of the curl operator on smoothly bounded domains

and

;
| fwPdo=- = [ fluafdo
oD oD

Since these identities hold for any f € C°°(9D), the matrix (u; - uj);”j:l is a multiple of
the identity at every point p € dD. This conclusion in fact holds for any ® € U, since
the preceding argument only used local constancy of the eigenvalue multiplicity and can
therefore be repeated at any ® € U.

There does not exist a curl eigenform u which vanishes identically on 0D (cf. |[EP23|
proof of Proposition 2.1]). Consequently, there exists an open subset of 9D on which all
u; are nonvanishing and pointwise orthogonal to one another. As the u; are boundary
parallel, it follows that m < 2. The eigenspace E) is thus either one-dimensional or
spanned by two eigenforms u; and us which are orthogonal and of equal length at each
point p € dD.

The assumption that the Lagrangian L is real, which was not used until now, helps
to deal with the latter case. If L is real, the operator curl; commutes with complex
conjugation, hence all eigenforms in this proof can be taken to be real valued. This
allows us to show xu; and *uo are in fact harmonic with respect to the induced metric on
0D. Write oo = 1, *xu1, B = tjp*uz, and let «" denote the Hodge-star on D with its
induced metric. Consider a connected open set V' C 9D where |a| # 0. Since  and «
are orthogonal and of equal length, 8 = &+’ @ on V, with the sign constant throughout
V by continuity. Without loss of generality, assume that 3 = «'«a. Part of the boundary
condition d xuy € L3(D) is that ¢}, (d*xu1) = 0, and hence da = 0. Analogously, dB = 0.
Together, we have df = d+' 3 = 0, i.e. 8 is harmonic on V with its induced metric,
and analogously « as well. By continuity, o and 3 are harmonic on V. Repeating this
argument on all connected components of the set {p € 9D : |uj| # 0} shows that a and
are harmonic on its closure. In the interior of its complement, o and 8 vanish identically.
Hence, both are in fact harmonic on all of dD. It now follows that on each connected
component M of 9D, either 3 = ¥’ or 8 = — «’ « holds. This is because at least one of
the harmonic forms § — *'a or 8 + ¥« vanishes on an open subset of M and therefore
on all of M by the unique continuation theorem for harmonic differential forms |[AKS62]
Theorem 1]. O

We thank Daniel Peralta-Salas for the important observation that boundary parallel
curl eigenforms which are orthogonal and of equal length on the boundary must restrict
to harmonic forms on the boundary with respect to its induced metric. The proof of
Theorem [5.1.1] in the case of disconnected boundary rests on this observation.

Proof of Theorem[5.1.1. According to Proposition [5.5.2] we are presented with a dicho-
tomy: Either the spectrum of curly, is simple for generic domains diffeomorphic to Dy or
there exists an integer k, an embedding ®; : Dy — R?, an open subset U, in the space
of smooth maps from Dy to R3 containing ®; and a family of real-valued orthonormal
bases u1 (®) and uz(®P) of the eigenspace associated to AL(®) such that the 1-forms *u; (®)
restrict to harmonic forms on dDg with respect to the induced metric for all & € U}, and
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5.5 Generic simplicity of the spectrum

satisfy xug = ' (xuy), where «" is the Hodge-star on 9D. We will show that the second
alternative is impossible. For this we distinguish two cases, depending on whether 0Dy is
connected.

Case 1: 9D is connected. Here, we use the self-adjointness of curly, to obtain

0 = |[{curluy, ug) — (u1, curlug)|

/ *U1 N\ *Ug
oD
/ *uy A X (xuq)
oD
= / |xuq|*do,
oD

which implies that u; vanishes identically on 0D. As already mentioned, this possibility
is ruled out by an argument presented in |[EP23| Proof of Proposition 2.3|. If 9D is
connected, it is therefore impossible for two real valued curl eigenforms u; and wuo of the
same eigenvalue to be orthogonal and of equal length on the boundary.

Case 2: 0D is not connected. Here, the argument above fails, since it is possible that
*xu1 = *(*uz) on one boundary component and *u; = —«’(xug) on another. Instead, we
will make an argument that plays the finite-dimensionality of the space of harmonic forms
on a fixed boundary component of 9D against the infinite-dimensionality of the space
of perturbations of the remaining boundary components via the Cauchy—Kovalevskaya
theorem for curl eigenforms [EP12al Theorem 3.1|. We will make this precise in the next
paragraph.

Fix a boundary component M C 9D and let (®¢),c[_q 1)+ be a real-analytic m-parameter
family of diffeomorphisms in U; (m to be fixed later) such that M C 0Dg, for all
t € [-1,1]™ and 0Dg, NODg,, contains no open subset of dDg, but M if 1y # t5. Since
the multiplicity of A(t) := Ax(Dg,) is constantly equal to two, by the same argument as
in the proof of Proposition [5.5.2| we obtain analytic m-parameter families of real-valued
eigenforms wu; (¢) and ug(t) such that

curlu;(t) = A(t)u;(t),
(ui(t), uj(t)>L2(Dt) =0
for i,j7 € {1,2}. Furthermore, by Proposition Uy (kui(t)) and oy, (xua(t)) are

pointwise orthogonal harmonic 1-forms on M for all ¢t € [—1,1]™. Let ¢ denote the genus
of M. The map F : [—-1,1]™ — R'*2¢ given by

F(t) = (M), [0 s ()] g )

is real analytic. If m = 3+ 2¢, by Sard’s theorem, a generic level set of F' is a submanifold
of codimension 1+ 2¢’, and hence two-dimensional. Let us henceforth restrict ¢ to such
a level set S. Then [}, (*Ul(t))]H;R(M) is constant, and since ¢}, (*u1(t)) is harmonic,
this means ¢}, (*u1(t)) is constant. As A(t) is constant as well, the uniqueness part of
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5 Spectral geometry of the curl operator on smoothly bounded domains

the Cauchy-Kovalevskaya theorem for curl eigenforms obtained in [EP12al Theorem
3.1] implies that xuji(t1) = *ui(te) on Dy N Dy, for all ¢1,t2 € S. On the domain
Ds = U;es Dt we can thus find u$ such that xuf|, = *u;(t)|, whenever 2 € D;. Define

u‘QS analogously. The parallel boundary conditions imply that the vector proxies (*uf)ti

and (xu$)f are tangential to dD; for all t € S. Equivalently, 0D, integrates the (possibly
singular) plane field ker x(xu$ A *u$). As a consequence, 0Dy, N ODy, \ M contains an
open subset of 9Dy, if dD;, N Dy, \ M contains a single point p € Ds where ug |, # 0.
The vanishing set of uf is at most two-dimensional and so cannot contain dD; for all
t € §. Thus, there exists an open set O C Dg where u‘ls does not vanish, and a nonempty
open set 8’ C S such that dD; intersects O nontrivially for all ¢t € §’. Since 0D; and S’
are two-dimensional, and O is only three-dimensional, there must exist t1,ts € S’ such
that 0Dy, N 0D, NO # (. Then, 0Dy, N 9Dy, contains a nontrivial open subset of 9D,
other than M, contradicting our assumption on the family D;, and hence finishing our
argument. [

Remark 5.5.3. The proof of Theorem|[5.1.1] in the case of connected boundary applies
verbatim to any family of domains large enough so that the space of “deformation velocities”
(X,v) spans a dense subspace of L*>(OD). If 0D is disconnected, we additionally need to
be able to to perturb OD while keeping one component fized. Both of these properties are
satisfied, for example, if one restricts attention to domains with analytic boundary.

5.6 Local extrema of the eigenvalue functionals

This section is concerned with proving Theorem [5.1.2] i.e. with the characterization of
local extrema for the k" eigenvalue functionals AX over the space Xj(Dy) of domains
diffeomorphic to Dg with volume 1.

Local extrema of )\ﬁ often arise when an eigenvalue cluster has the property that along
any volume-preserving perturbation, the lowest eigenvalue splitting off the cluster is
non-increasing, while the highest eigenvalue is non-decreasing. This picture provides the
intuition behind the first part of Theorem [5.1.2] which parallels a theorem obtained by El
Soufi and Ilias [EIO8b| for the Laplace-Beltrami operator acting on functions on a closed
Riemannian manifold, and is proven using the same general strategy.

Proof of Theorem[5.1.2. Suppose @ is a local extremum of )\£ in Xj(Dy). Equivalently,
® is a local extremum for dimensionless functional ’Dq>‘%)\£ (®) over the entire space
X(Dyp). For the rest of the proof, we write D = Dg, and recenter X' (Dg) at D via the
isomorphism X' (Dg) — X(D), ® — ® o ;.

Assume that A := A\L(id) has multiplicity m. Consider any function f € C*(dD). As
in the proof of Theorem let ®; be an analytic 1-parameter family of diffeomorphisms
defined on a neighborhood of D, such that ®; = id and (X,v) = f, where X denotes
the vector field %|t=0¢’t and v the outward unit normal to 9D. Corollary yields
Ai(t), ...y A (t) and ug (t), ..., um(t) € Hiq)t (De,) such that (u;(0))72; is an orthonormal
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5.6 Local extrema of the eigenvalue functionals

basis of the eigenspace E) and
curlu;(t) = Aj(t)u;(t).
Theorem [5.4.1] then implies that

N(0) = —)\/BD Flul? and 0 = /8D Flug - up).

Suppose first that the (finite dimensional) space spanned by {|u|?|sp : u € E\} does
not contain the constant function 1. Then there exists a function f € C*°(0D) with
Jop flul*do = 0 for all w € Ej but [, fdo = 1. Construct an analytic 1-parameter
family ®; as above which satisfies (X,v) = f. Then there exist uq,...,u, € E) with

d 1 FE _2d
Zilico (ID385(0) = M OIDF + 850D =5 21Dy o
5.6.1
1
—NDI [ fluPdo+ D1 [ fdo
oD 3 oD
for all j € {1,...,m}. Thus, all normalized eigenvalues ]Dt]%Aj(t) are greater in absolute

value than A for some ¢ > 0, and smaller in absolute value for some ¢ < 0, contradicting
the assumption that D was a local extremum for /\é.

If spang ({|u|?|sp : u € E)}) contains 1 but the convex cone spanned by {|u|?|sp : u €
E\} does not, we may choose f € spang({|ul?|op : u € Ex}) with [, flu|*do < 0 for
all u € E), but f op Jdo > 0, and arrive at the same contradiction as in the previous
paragraph.

Hence, 1 lies in the cone spanned by {|u|?|sp : u € Ex}. An elementary linear algebra
calculation, which we isolate in Lemma [5.6.1]below, shows that there exists an orthonormal
basis (u;)j2 of E) and 71, ..., 7 > 0 such that |T1u1)? +. ..+ [Tmum|?* = 1 on OD. After
discarding 7;u; whenever 7; = 0, we have found an orthogonal set of eigenforms with the
claimed property.

It remains to consider the special case of the lowest positive eigenvalue. (The case of the
highest negative eigenvalue is analogous). Here, we must have %‘t:o <|Dt|%Aj (t)) =0
for all j € {1,...,m} along any 1-paramater family ¢, since otherwise we could further
decrease the lowest eigenvalue of the eigenvalue cluster Ay,..., Ay, which by definition
decreases A\l". Hence,

1
| fluPdo= g1t [ pas
oD 3 oD
for all f € C*(0D). Part (b) of Theorem furthermore asserts that
f(uj - up)do =0

oD
for all j # k. It follows that

1
/ fludo = LD / f do
aD 3 aD
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5 Spectral geometry of the curl operator on smoothly bounded domains

for any L?-normalized u € Ey. Since f € C*°(0D) was arbitrary, [u[* = £|D|™ on dD.

Having established this, one may proceed as in the proof of |[Ger23| Proposition 3.6] to
show that dim Ey = 1. Let us note that the key idea there is to show by direct calculation
that dim E\ > 2 would imply the induced metric on 9D is flat, which is not possible for
a smoothly bounded domain D C R3. O

Lemma 5.6.1. Let B:V xV — W be a symmetric bilinear map between a complex,
finite dimensional inner product space V. and another complex vector space W. For any
element ¢ in the cone C spanned by {B(v,v),v € R™}, there exists an orthonormal basis
(vj)Tq of V and coefficients 71, ..., Tm > 0 such that ¢ = 37", B(Tjv5,7;0;).

Proof. Since ¢ € C, there exist n1,...,ny > 0 and uq,...,uy € V such that

N
c= mB(ug, ).

k=1

Pick an orthonormal basis (w;)L; of V. Write uj, = 37" kaj Then

m N
c= an Z Vk:”k (ws, wj) = Z (Z nkl/,iﬂi> B(w;, wj).

Denote «;; = nkv,iﬁfc. Then « is a hermitian, positive semidefinite m x m matrix.
Thus, there exists a unitary matrix 5 and a diagonal matrix 7 = diag(7,...,7) with

nonnegative entries such that S78* = a. In other words,
m
> TkBikBik = i
=1

Setting vy = > L Bjpwj for k=1,...,m yields

m m m
> mBve, ) = > Tk > BikBixB(wi, w;)
k=1

k=1 2,j=1
m m
= 3% (D) ) = 3 o) -
ij=1 \k=1 ij=1
and thus ¢ = > "' | B(\/TkVk, /TkUk). Normalizing (vg)j", yields the result. O
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