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Abstract

This thesis builds upon six articles on various topics of mathematical Geophysical Fluid
Dynamics (GFD), preceded, in the first chapter, by an introduction which provides the
necessary background and an overview of GFD.

The second chapter deals with the oceanic Ekman layer—the relatively thin boundary
layer at the top of the ocean, where horizontal pressure-gradient and rotational (Coriolis)
forces are balanced by frictional forces due to the wind—in the f-plane approximation, a
tangent-plane approximation that permits the use of local Cartesian coordinates. On the
one hand, a perturbative approach to the ODE model for steady Ekman flows leads to
a quantitative result regarding the angle between the surface current and the generating
wind. On the other hand, by means of the Laplace transform, we study the evolution
and long-time dynamics of the surface current in the setting of unsteady Ekman flows
with time-dependent generating wind and time-dependent (but uniform-in-depth) eddy
viscosity.

The third chapter focuses on oceanic flows in spherical coordinates, more specifically on
models derived by means of the so-called thin-shell approximation, which takes advantage
of the small aspect ratio of the ocean to simplify the governing equations while retaining the
effects of spherical geometry, and which is applied in two different settings. First, we are
concerned with an unsteady model (with constant density) for the Antarctic Circumpolar
Current (ACC). After we establish the existence and uniqueness of classical solutions to
this model, we show, by using conserved quantities to construct a Lyapunov function, that
a certain family of steady solutions—which, under a suitable choice of parameters, closely
fits observations of the average velocity field of the ACC—is Lyapunov stable. Then, we
investigate steady gyre flows with variable density using elliptic comparison principles,
which yield quantitative estimates on the pseudo stream function.

Finally, in the fourth chapter, we discuss the well-posedness of a model—which can be
reduced to a semilinear parabolic equation with nonlocal nonlinearities—that describes a
remarkable atmospheric phenomenon known as the ‘morning glory’ cloud pattern. Rewrit-
ing the problem as an abstract parabolic problem in an appropriate functional analytic
setting, we prove a local strong well-posedness result, then, by means of a Galerkin ap-
proximation scheme, we establish the existence of global weak solutions, in a suitable
sense, and finally we apply some recent abstract theory for semilinear parabolic equations
to prove global well-posedness for the homogenous problem with small initial data.






Zusammenfassung

Diese Arbeit stiitzt sich auf sechs Artikel zu verschiedenen Themen der mathematischen
Geophysikalischen Fluiddynamik (GFD), denen im ersten Kapitel eine Einfithrung voraus-
geht, die den notwendigen Hintergrund und einen Uberblick iiber die GFD liefert.

Das zweite Kapitel befasst sich mit der ozeanischen Ekman-Schicht — der relativ diinnen
Grenzschicht an der Oberseite des Ozeans, in der horizontale Druckgradienten- und Ro-
tationskrafte (Corioliskrafte) durch Reibungskrifte aufgrund des Windes ausgeglichen
werden — in der f-Ebenen-Approximation, einer Tangenten-Ebenen-Approximation, die
die Verwendung lokaler kartesischer Koordinaten erlaubt. Einerseits fithrt ein perturba-
tiver Ansatz fiir das ODE-Modell fiir stetige Ekman-Stromungen zu einem quantitativen
Ergebnis beziiglich des Winkels zwischen der Oberflichenstromung und dem erzeugenden
Wind. Andererseits untersuchen wir mit Hilfe der Laplace-Transformation die Entwick-
lung und Langzeitdynamik der Oberflichenstromung im Rahmen instationdrer Ekman-
Stromungen mit zeitabhéngigem erzeugendem Wind und zeitabhéngiger (aber in der Tiefe
gleichméaBiger) Wirbelviskositit.

Das dritte Kapitel konzentriert sich auf ozeanische Stromungen in Kugelkoordinaten,
und zwar auf Modelle, die mit Hilfe der so genannten Diinnschalenndherung abgeleitet wer-
den, die das kleine Seitenverhéltnis des Ozeans ausnutzt, um die herrschenden Gleichungen
zu vereinfachen, wahrend die Auswirkungen der Kugelgeometrie beibehalten werden, und
die in zwei verschiedenen Situationen angewendet werden. Zunéchst befassen wir uns mit
einem nichtstationdren Modell (mit konstanter Dichte) fiir den antarktischen Zirkumpo-
larstrom (ACC). Nachdem wir die Existenz und Einzigartigkeit klassischer Losungen dieses
Modells nachgewiesen haben, zeigen wir durch die Verwendung konservierter Grofien
zur Konstruktion einer Lyapunov-Funktion, dass eine bestimmte Familie stetiger Losun-
gen — die bei geeigneter Wahl der Parameter den Beobachtungen des durchschnittlichen
Geschwindigkeitsfeldes des ACC sehr nahe kommt — Lyapunov-stabil ist. Anschlieend
untersuchen wir stationdre Wirbelstromungen mit variabler Dichte unter Verwendung
elliptischer Vergleichsprinzipien, die quantitative Schatzungen der Pseudostromfunktion
ergeben.

Im vierten Kapitel schlieBlich diskutieren wir die Wohlgestelltheit eines Modells (das
auf eine semilineare parabolische Gleichung mit nichtlokalen Nichtlinearitdten reduziert
werden kann), welches ein bemerkenswertes atmosphérisches Phdnomen beschreibt, das
als ,Morning Glory“-Wolkenmuster bekannt ist. Indem wir das Problem als abstraktes
parabolisches Problem in einem geeigneten funktionalanalytischen Rahmen umschreiben,
beweisen wir ein lokale starke Wohlgestelltheits, dann zeigen wir mit Hilfe eines Galerkin-
Approximationsschemas die Existenz globaler schwacher Losungen in einem geeigneten
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Sinne, und schlieflich wenden wir neuere abstrakte Resultate fiir semilineare parabolis-
che Gleichungen an, um globale Wohlgestelltheit fiir das homogene Problem mit kleinen
Anfangsdaten zu beweisen.
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Notation

It is convenient to fix some notation which will be used throughout this thesis. Let
K € {R,C}, and let (X, || - ||x) and (Y, - |[y) be Banach spaces over K. We denote by
I: X — X the identity map. We write £(X,Y") for the space of all continuous linear maps
from X to Y, which is a Banach space when endowed with the operator norm

HIIJ;:T!: e X\ {0}}

=sup {[|Tzlly : . € X\ {0}, |[z]|x =1}, Te€L(X,)Y).

Tl z(x,y) = sup {

If X =Y, we simply write £(X) = £L(X, X ). Moreover, given x € X and r > 0, we write
Bx(z,r) ={y € X : |z —yllx <r}

for the open ball in X with radius r centred at z, and similarly
Bx(z,r) ={y € X : |z —ylx <7}

for its closure. Also, we write Y < X whenever Y is continuously embedded in X (that is,
Y C X, and the natural injection 7 : Y — X is continuous); if, in addition, Y is also densely

d
embedded in X, we write Y < X. Furthermore, we use X’ = {¢ : X — K continuous} for
the dual space of X, and, given a sequence (zy,),eny € X and an element z € X, we write

Tp —x inX
to mean that z,, converges strongly to = in X, that is, ||z, — z||x — 0 as n — oo, and
Tp, —x inX

to mean that x,, converges weakly to  in X, that is, £(z,) — ¢(z) in X for each £ € X'. If
T : X — X (not necessarily continuous), we denote by p(7") the resolvent set of 7" on X,
that is, the set of all A € C for which T"— Al is invertible with continuous inverse, whereas
the spectrum of T" on X is denoted by o(T') = C\ p(T).

Given an interval I C R, an integer m € N = {1,2,...}, and an exponent o € (0, 1), we
denote by B(I, X), C(I,X), C™(I,X), and C*(I, X) the spaces of bounded, continuous,
m-times differentiable, and infinitely differentiable functions from I to X. The spaces
B(I, X) and C(I,X) are endowed with the norm

[flleo = I FlBr,x) = 1 flcax) = SléII)Hf(m)HXa f e B(I,X) (or C(I, X)).

1



2 NoOTATION

Additionally, we set Cy,(I,X) = B(I,X)NC(I,X), CP"(I,X) = {f € C™(I,X) : flk) €
Cy, k=1,...,m}, and

HfHCm(I,X) = HfHCg”(I,X) = Z £ lloo-
k=1

The subspace of C°°(1, X) consisting of functions whose support is contained in the interior
of I is denoted by C§°(I, X). The Holder spaces C*(I, X) and C"T%(I, X) are defined by

cY(I,X) = {f € Cu(I, X) : [floar,x) = sup M < oo},

s,tel, s#t ‘3 - t‘a
Cmr(L X)) = {f € OP(L,X) : f™ € C(I,X)},

with norms

I fllcex)y = I1flloo + [floer,x),

(m)]

I fllemtexy = 1flema,x) + [ o, x)-

Moreover, we write C1~(I, X) for the space of all locally Lipschitz continuous functions
on I,

01—<I,X>={fecb<f,x>:mm-u,X): sup ”M‘f(“”xmo},

s,tel, s#t |3 - t’
with norm
[ fller-r.xy = I flloo + [flor-(1,x)-
Now consider an open subset 2 C R™. Let ||| denote the standard Euclidean norm on

R™. The spaces of continuous, m-times differentiable, and infinitely differentiable (real or
complex-valued) functions on 2 are denoted by C(92), C™(Q2), and C*°(£2), respectively.
We write C3°(€2) to denote the space of all f € C°°(§2) whose support is contained in the

interior of Q. By C(f2) we denote the subspace of C(2) whose elements are continuous

and bounded on €, endowed with the sup norm, while C"(€2) is the subspace of C™ ()
consisting of functions whose derivatives up to order m are continuous and bounded on 2
(and thus extendable to the boundary 99 of ), endowed with the norm

I llom@ = D 1D fllc,

1BI<m

where, for a multi-index f = (f51,...,8,) € Nj (with Ny = N U {0}) of order |f| =
51+ ...+ B, we use the notation

oIl f

Dif=_——— "1

For an exponent a € (0,1) and an integer m € N, we can define the Hélder spaces C(Q)

and C"TY(Q) as

C“(Q):{fGC(Q):[f]Ca(Q): sup M<oo},

$,tEQ, sF#£t HS - tHa
CmrQ) = {f e C™(Q) : DPf € C*(Q) for all B € Nj with |3] =m},



NoOTATION 3

with norms

1 e = 11l + ey

||f||cm+a(§) = ||f||cm(§) + Z [Dﬁﬂca@)-
|Bl=m

Let K € {R,C}. For p € [1,00] we define the space LP(2) as
LP(Q) = {f :Q — K: [ is Lebesgue measurable and || f||1») < oo},

where
1/p
HfHLP(Q) = </Q |f(x)|P dx) for1<p<oo
and

[ fll oo () = esssup|f(x)| = inf {C > 0: |f(z)| < C for almost every z € Q},
e

with the caveat that we identify functions that coincide almost everywhere (so that each
LP(Q) is actually a quotient space of equivalence classes of functions). The space L} ()
is defined as the space of all functions f : Q@ — K such that f|x € LP(K) for all compact
subsets K C Q. As is well-known, (LP(Q), || - [[zr(q)) is a Banach space for any p € [1, oc],
and the space L?(R") is in fact a Hilbert space with respect to the inner product

<f79>L2(Q):/Qf(a:)g(x)dx.

Now, let 1 < p < oo and s > 1. We denote by W*P(Q) the Sobolev space with exponents
s and p. If s = k € N is an integer, W*P(Q) consists of all f € L{ _(Q) such that for

each multi-index 8 of order || < k the weak partial derivative DA f exists and belongs to
LP(Q), with norm

1/p
Z ||Dﬁf‘|ip(g) d$> ’ 1 S p < o0,
1BI<k

> D fll o, p = oo.

181<k

[ fllwwr@) =

If s € (0,1), the space W*P(Q) is defined as

WeP(Q) = {f € 1P(Q) : (,y) o LE IO o Q)},

o= g7

with norm

_ P 1/p
sp(O) = L +/ ded > 7
e (A e

whereas, if s > 1 is not an integer, we can write s = k+ o for k € N and o € (0,1), and
in this case W*P(Q) is defined as

WP(Q) = {f e WFP(Q) : D’ f € WoP(Q) for all B € N§ with |8| = k},
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with norm
1/p
1wy = (1o + 3 10"y )
|Bl=Fk

We denote by WP (Q) the closure of C§°(£2) in W*P(Q), and we write H*(Q) = W2(Q)
and H3(Q) = W(Q).

Finally, we will deal with function spaces involving time. To this end, for the Banach
space X, the exponent p € [1, 00|, and T' > 0, we denote by LP(0,T; X) the space consisting
of all strongly measurable functions f : [0,7] — X with

T 1/p
1 fllzr0.1:x) = (/0 )% dt) < 00

if 1 < p < o0, respectively
[/l 2o (0,7,x) = esssup || f(¢) ]| x < oo
0<t<T

if p = 0.



1. Introduction

We begin this thesis by providing some background about the equations of Geophysical
Fluid Mechanics, their physical meaning, and the importance of the effects of rotation;
this is the subject of Section 1.1. Then, in Section 1.2, we give a brief overview of the
topics discussed in the later chapters.

1.1 The equations of Geophysical Fluid Dynamics

The research detailed in this thesis takes place within the field of Geophysical Fluid Dy-
namics (henceforth abbreviated as GFD), which can be broadly defined as the branch
of fluid dynamics that deals with large-scale flows on the surface of a rotating planet.
Naturally, the most prominent example of such a planet is Earth, whose atmosphere and
oceans display a wide range of interesting flows (whether winds, or cloud propagation, or
oceanic currents, etc.), but other planets can be the object of research within the scope of
GFD as well. In the present work, we will focus exclusively on flows occurring on Earth;
the reader interested in the applications of GFD to other celestial bodies may refer, for
example, to [26, 27, 28, 41, 65].

1.1.1 The governing equations of fluid dynamics

As always in fluid dynamics, the cornerstone of the discussion consists of the momentum
equations, corresponding to Newton’s second law, the equation of mass conservation, also
referred to as the continuity equation, and appropriate thermodynamic equations. The
derivation of these equations can be found in any textbook on fluid dynamics (see, for
instance, [12, 23]) and thermodynamics (such as, e.g., [11, 45]); here we simply formulate
them for later reference.

In a Cartesian reference system (z,y, z) for R3, let us denote by u = (u,v,w) the
velocity components of the fluid’s velocity field in the x, y and z directions, respectively,
by p the density, and by p the pressure. In addition, we will denote time by the variable ¢.
The momentum equations—usually known as the Navier—Stokes equations—are given, in
vector notation, by

a@?+(u'v)u: —;Vu+FV(u)+Fb7 (1.1)

where we have used the notation Vf = ( %, %’ g—’;)T for the gradient of the differentiable

5



6 1. INTRODUCTION

function f, and

n (1.1), Fy, represents external body forces per unit mass (such as gravity), whereas Fy (u)
denotes viscous forces per unit volumes. Writing down the latter in a tractable form is
typically an arduous task that necessitates of simplifying assumptions on the fluid; so,
we will do so explicitly only later on, whenever needed in specific situations. At this
point, let us only remark that the most simplified (inexact)—but widely used—form of
F.(u), which involves an incompressibility assumption, is Fy(u) = pAu, where p > 0 is
called (kinematic) viscosity. If the flow considered is inviscid, that is, Fy(u) = 0, then the
momentum equations (1.1) are called Euler equations.
It is convenient to introduce the material derivative, denoted
Df _of

pr = a¢ T @ VS

physically, this can be interpreted as the time derivative of f along particle trajectories.
The equation of mass conservation (or continuity equation) can be written as
Dp

oy +PV-u=0, (1.2)

or, equivalently,

gf + V- (pu) =0;
here, V-u = % + f% + %—f denotes the divergence of the vector field u.

So far, we have four equations (the three components of the momentum equations, plus
the continuity equation) for five unknowns (three velocity components, density, pressure).
In order to fix this underdeterminacy, we turn to thermodynamics. Let us denote by
T the temperature of the fluid. An equation of state is an expression that relates the
thermodynamic variables (temperature, pressure, density, mass) to each other. Denoting
by ©1,...,p, the mass fractions of the various constituents of the fluid (that is, the ratio
between the mass of a constituent and the total mass), an equation of state will have the
general form

b :p(p7Ta ()017"'79011);

the exact form of this equation will greatly depend on the fluid under consideration. For
example, in the case of an ideal gas, the equation of state takes the very simple form

p = pRT, (1.3)

where R is a gas-specific constant. In more complex situations, such as ocean water,
the equation of state is much more complicated and can generally only be written down
in approximate form (see, for example, the discussion in [105]). Moreover, now that we
have added one more unknown (the temperature), we still need one more equation. For
instance, we may use the first law of thermodynamics (a statement on conservation of
energy which relates energy transfer, thermodynamic work, and heat), which for an ideal

gas can be written as

DT 1Dp
_ - V-VT =Q; 1.4
Y p Dt " ’ (1.4)
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here ¢, is the (constant) specific heat,  is the (constant) thermal diffusivity of the gas, and
@ is a heat-source term. A more comprehensive discussion on the topic of thermodynamics
is beyond the scope of this introduction; we refer the reader to [116, Chapter 1] or [54,
Chapter 3], in addition to the references mentioned earlier, for a detailed exposition of
thermodynamic principles in GFD. Let us merely point out that in many situations, e.g.
when dealing with the ocean’s dynamics, the flow can be assumed to an excellent degree
to be incompressible, i.e. the density is conserved along particle paths; in other words,

Dp

=0.
Dt

This equation, together with the momentum equations (1.1) and the mass continuity (1.2)
(which now reduces to V - u = 0), forms a closed system of equations which does not ne-
cessitates of the additional thermodynamic equations, hence the discussion is considerably
simplified. See, for example, Section 1.9 of [116] for conditions under which incompress-
ibility is a reasonable assumption.

1.1.2 Rotating fluids

One of the main aspects of GFD is the necessity of dealing with rotating fluids. In fact,
Earth (as well as other planets) is not stationary but rotates about its polar axis at a
constant angular speed of approximately 7.29 x 107°rads—'; geophysical fluid flows are
therefore conveniently studied in a rotating (rather than stationary) coordinate system
where Earth appears to be stationary. Such a coordinate system, while being undoubtedly
advantageous, has the drawback of not being inertial, hence apparent forces will appear
in the momentum equation.

The following (standard) material is mostly based on Section 2.1 of [116], but see also
the discussion in [54, 91]. Let I denote an inertial coordinate system of R3, and let £ € R?
be a constant angular velocity vector. Furthermore, suppose that R is a coordinate system
that rotates with angular velocity €2. The subscripts I and R will represent the values of
the various quantities in the respective frames. Given a vector B € R3, it can be argued
that its rates of change as measured in I and R are related via

() () ia.n 05

If the vector r € R? denotes the position of a particle, we can apply (1.5) to obtain

vi=vp+Qxr, (1.6)

where v; = (%)I (the inertial velocity) and vg = (%)R (the relative velocity) denote the

velocity of the particle measured in the inertial and rotating frame, respectively. Applying
(1.5) to vg, using (1.6), keeping in mind that €2 is constant, and rearranging terms, we

see that
@ — @ + Qxr + 0 x g ,
dt /; dt ) p dt /,
which, in view of (1.5), becomes

dV[ . dV[
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The second and third terms on the right side of (1.7) are called Coriolis force and
centrifugal force, respectively. Neither is a ‘real’ force—they are apparent forces which
arise through the non-inertiality of the rotating reference frame. The Coriolis force plays
a crucial role in the dynamics of geophysical flows: clearly, it does not act on bodies which
are stationary in the rotating frame, and it deviates moving bodies in the rotating frame
at right angles to their direction of motion; in particular, it does not do any work on such
moving bodies. On the other hand, writing 2 = [|Q2|| and r = r|| +r, where r| and r
are the components of r parallel and perpendicular to €2, respectively, for the centrifugal
force it follows that

—Qx (Qxr)=0%r = -V,
where
QYo ? e xry?
2 2

(pce =

is the centrifugal potential.
We further note that, given a scalar field ¢, we have

(or),= (50),

because the material derivative is simply the time derivative of ¢ along particle paths and
is thus the same in both the inertial and the rotating frame, and

V-vi=V-(Vg+Q xr)=V-vpg,

in view of (1.6) and the fact that V - (2 x r) = 0. Therefore, in a rotating reference
frame, the continuity equation (1.2) and thermodynamic equations such as the first law
of thermodynamics (1.4) remain unchanged. The momentum equations, however, must
include the Coriolis and centrifugal forces; assuming that the only external body force is
the gravitational force Fy, = ggray = —V ®gray, Where @y is the gravitational potential,
and writing ® = ®gray + Pee, the Navier-Stokes equations (1.1) in the rotating frame of
reference become

?91; (- V)u4 20 xr = —;Vu +F,(u) - V. (1.8)

1.1.3 The equations in spherical coordinates

The main technical difficulty encountered in GFD, in addition to the necessity of using
a rotating reference frame, is the fact that geophysical flows occur in a layer close to
Earth’s curved surface; therefore, the underlying spherical geometry of these problems
must be taken into account if the dynamics is to be described accurately. As a matter
of fact, Earth’s surface is not most accurately modelled by a sphere, but by an oblate
spheroid, namely an ellipsoid obtained through rotation of an ellipse with semi-minor
axis of length 6357km (the polar diameter) and semi-major axis of length 6378 km (the
equatorial diameter) around its centre. This is due to the fact that, over time, Earth’s
shape has adjusted to be very nearly an equipotential surface, with the property that its
effective gravity
g=-Vo= Sgrav + Q2I‘La

that is, the sum of its gravitational force and the centripetal forces caused by its rotation
about its polar axis, is everywhere parallel to the local outward normal vector to the



1.1. THE EQUATIONS OF GEOPHYSICAL FLUID DYNAMICS 9

QA QA

FIGURE 1.1: The effective gravity g = ggrav + 2°r . If Earth were a perfect sphere (left panel),
g would never be perpendicular to the surface (except at the poles). However, Earth’s surface is
essentially an equipotential surface for the geopotential, so that g is indeed normal to the surface
(right panel; therein the eccentricity of the ellipsoid is greatly exaggerated). This equipotential
surface is often approximated by a sphere, dropping the centrifugal terms to ensure that (effective)
gravity points everywhere to the centre of the sphere.

surface, so that Earth’s ellipsoidal surface (also known as geoid) exhibits a slight equatorial
‘bulge’. This deviation of the geoid from a perfect sphere can be taken into account by
means of appropriate ellipsoidal coordinates, as detailed in [36, 37]; however, since for most
purposes—including the various settings investigated in this thesis—the slight oblateness
of the geoid is inconsequential for the dynamics (see, e.g., [36, 121]), we will not pursue
this approach, instead treating Earth’s surface as a perfect sphere. As we pointed out,
Earth’s surface is essentially an equipotential surface of the geopotential, so that effective
gravity is everywhere perpendicular to it, hence it is customary (although not always the
case—a slight inconsistency throughout the literature), when viewing Earth as a perfect
sphere, to drop the (very small) centrifugal force from the equations and assume that g
is everywhere normal to the surface, which would not be the case if Earth were truly a
perfect sphere with no equatorial bulge; see Figure 1.1 and the discussion in Section 2.2
of [116] for more details.

As in the previous section, we refer the reader to [54, 91, 116] for further details on
the derivation of the identities and equations that we are about to discuss. Additionally,
see the excellent Appendix B of [99] for a thorough exposition of the technical aspects of
the derivation of the Navier—Stokes equations in rotating spherical coordinates.

Given the spherical geometry that characterises the flows in which we are interested,
it is a natural choice to introduce, in a rotating frame of reference in which Earth looks
stationary, a system of spherical coordinates (¢,6,r) for R\ {(0,0,0)} as in Figure 1.2,
where ¢ € [0,27) is the longitude, § € [—7, 5] is the latitude, and © > 0 is the radial
distance from the origin, which coincides with Earth’s centre. At each point for which
6 ¢ {+7}, we can define a local orthonormal basis {e,, €y, e,} of R?, where e, and ey are
the unit tangent vectors to rS? (the 2-sphere in R? with radius r) in the ¢- and §-direction,
respectively, whereas e, is the unit outward normal vector to rS2. The vectors e, and ey
are not defined for § € {+7}, as a consequence of the ‘hairy ball theorem’, which asserts
that the 2-sphere S? cannot be equipped with a continuous field of tangent vectors—see, for
instance, [59]. Explicitly, the spherical coordinates (¢, 6, r) and the Cartesian coordinates
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| 4

FIGURE 1.2: The rotating system of spherical coordinates.

(z,y, 2z) in the rotating frame of reference are related as follows:

T = 7 cospcosb,
y = rsinycosb,

z=rsinf.

The governing equations can be then expressed in spherical coordinates, once some iden-
tities in spherical coordinates are established. Let the scalar field f be sufficiently smooth.
Then the material derivative of f can be expressed as

zf_af w JOf wvof of

) 9r vl 9 1.
Dt ot rcos@8g0+r80+w8r’ (1.9)

where u, v and w denote the velocity components in the direction of e,, ey and e,
respectively. We will write u =ue, +vey+we,. If B = B(¥) e, + BWey+ B e, is a
sufficiently regular vector field, then the divergence of B is

1 [16B¥ 10
.B = - ~ 2 (B®
v-B cosf |r Oy + r 00 (B €08 9) +

cos@ﬁ
r2 Or

(r2BM)]. (1.10)

For the gradient of f we have

1 0 10 0
fe(p—i—;a—geg—l—afier,

- TCOSH%

whereas the Laplacian of f is

_Vfev.vfe L [ LT 0 40f 9 (291
Af=Vif=V vf*ﬂcos@ |:C0893(p2+89 603989 +COSH@T "o )|

It is important to note that the direction of the unit vectors ey, ey and e, changes with
location. In fact, for the rate of change of the unit vectors as they move with the flow
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(that is, their material derivative), we have that

% = rczse(egsinﬁ—eTcosﬁ),
Dey utan @ v

Dt v

De, wutané v

Dt~ ST

These observations make it possible to rewrite the Navier—Stokes equations (1.8) in spher-
ical coordinates; written out in components with respect to (e, €y, e,), they are:

1 9dp 1 00

Du U

— — (20 inf — =Ff(u)— —— £ 27 (111
Dt ( + rcos&) (vsing — w cos 6) v (W) prcos Op  rcosf Oy’ ( 2)
Dv  wv U 10p 109

DU W o M ) using = Fou) - =P _19% 1.11
Dt + +( +rcos€)usme v () pr00 r 00’ (1.11b)
Dw u?+v? 10p 09

- - = Fr(u)— - £ - 2= 1.11
D . 2Qu cosf = F (u) Sor  or (1.11c)

where Fy(u) = F¥(u) e, + F¢(u) ey + F7 (u) e, denotes the viscous forces per unit volume
(which, once again, we are not specifying explicitly here), and ® is the geopotential. If, as
mentioned earlier, the effective gravity is taken to be normal to Earth’s spherical surface,
then ® will depend only on r, thus

O(r) = gr, (1.12)

2

if the gravitational acceleration g ~ 9.8 ms™= is considered to be constant close to Earth’s

surface, or, more accurately,
R2
O(r) = —g—
(r)=—9-—,
where R = 6371km is Earth’s average radius, so that ® will not appear in (1.11a) and
(1.11b); if the centrifugal terms are retained, then

1
O(r,0) = gr — 5927"2 cos? 6, (1.13)
or )
R 1
O(r,0) = —g— — 5927"2 cos? 6. (1.14)
r
The mass conservation equation (1.2) can be simply written again as
D 0
D—f—l—pv-u:() or a—f+v-(pu):0, (1.15)

where the material derivative and the divergence are as in (1.9) and (1.10), respectively.

1.2 Plan of the thesis

The equations of GFD we have just described are intractable in full generality; therefore,
some simplifying assumptions are necessary to obtain models which may be amenable to
analysis. Such simplifying assumptions usually depend on the properties of the flow at
hand and are often dictated by scaling. The remaining sections of this introduction will
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be devoted to three particular instances where scaling (and, possibly, additional simplifi-
cations) leads to models which are appropriate to describe specific geophysical flows.

In Chapter 2, we discuss a widely used approximation, the f-plane approzimation,
which is appropriate for flows that are confined to a relatively small region, so that the
dynamics can locally be projected onto a tangent plane; this allows us to introduce local
Cartesian coordinates. In this approximation, we investigate the oceanic Ekman layer, a
thin boundary layer in the upper ocean where the effects of viscosity are crucial for the
dynamics of wind-induced currents.

In Chapter 3, we consider flows of larger size, so that a tangent-plane approximation
is no longer feasible. However, we are able to simplify the equations using the thin-shell
approzimation, a method that takes advantage of the small aspect ratio of the ocean (that
is, the ratio between the ocean’s depth and Earth’s radius) to derive asymptotic models
that, at leading order, retain the full effects of sphericity. We apply the thin-shell approxi-
mation to derive a model that, in its full generality, incorporates density variations. First,
taking constant density, we apply this model to the Antarctic Circumpolar Current; after
establishing the existence and uniqueness of classical solutions to this problem, we obtain
a stability result for a class of zonal (that is, only latitude-dependent) solutions. Then,
we take density variations into account when dealing with steady ocean gyres (circular
currents occurring in confined regions); by means of elliptic comparison arguments, we
can provide bounds on the pseudo stream function for this problem.

Finally, in Chapter 4, we consider a model for a fascinating example of an atmo-
spheric flow: the morning glory cloud pattern. After briefly sketching the derivation of
this model, which can be reduced to studying a semilinear parabolic equation with nonlo-
cal nonlinearity, we discuss results concerning the local well-posedness (in terms of strong
solutions) of the problem, as well as the existence of global weak solutions (in an appro-
priate sense) and the global well-posedness for the homogeneous problem with sufficiently
small initial data.



2. The oceanic Ekman layer in the f-plane
approximation

In this chapter, we consider the properties of flows in a relatively thin layer of the upper
ocean, the so-called Ekman layer, where viscosity plays a role through frictional effects
due to the action of the wind. In order to do so, we rely on a technique that is widely
used in physical oceanography to investigate flows of comparatively small extent, namely
the f-plane approzimation. In Section 2.1, we justify this approximation using a scaling
argument. In Sections 2.2 and 2.3, we discuss the main features of the dynamics in the
Ekman layer. In Section 2.4, whose results are published in [101], we obtain further insight
into the surface deflection angle of Ekman flows by means of a perturbative approach.
Finally, in Section 2.5, which is based on the article [103], we investigate the dynamics of
unsteady Ekman flows with time-dependent eddy viscosity and wind.

2.1 The f-plane approximation

In order to simplify the momentum equations (1.11), some approximations are required.
Let us write r = R + 2z, where R is Earth’s average radius. Popular approximations
are, for example, the shallow-fluid approzimation, according to which the variable r =
R + z is replaced by R except when used as a differentiating variable, and the traditional
approximation, which ignores the small Coriolis terms featuring the vertical velocity and
the even smaller terms uw/r and vw/r in the horizontal momentum equations (1.11a) and
(1.11b). If we make these approximations, and choose the geopotential ® as in (1.12),
equations (1.11a) and (1.11b) become

Du uw 1 9p

— —2Qusinfd — — tanf = F¥ - 2.1
Dt st R v (u) Rpcos oy’ (2.1a)
D 2 1
D;}+2Qusint9+1;%tan@zFf(u)—Rpgz. (2.1b)

Furthermore, if we look at (1.11c) above, disregard the viscous term, and compare the
relative sizes of the various terms for typical large-scale motions, we see that the pressure
term and the gravitational term on the right-hand side are several order or magnitudes
larger than all terms on the left-hand side, and must therefore be approximately equal
in order to ‘cancel each other out’; this motivates the widely employed approximation of

hydrostatic balance:
dp
— = —pg; 2.1
5, = P9 (2.1c)

13
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see Section 2.7 in [116] for extensive comments on the conditions under which hydrostatic
balance is a reasonable assumption. The system (2.1a)—(2.1c) is known as the primitive
equations. Under these approximations, mass conservation reads

0 1 0 1
P (up) +

ot + Rcos dp

RCOSO%(UpCOS 0) + %(wp) =0.

Moreover, if the flow is of relatively limited extent, it is reasonable to expect that
geometric effects will only play a marginal role in affecting the dynamics. This intuition
motivates the so-called f-plane approximation, which allows, for localised flows, to get rid
of spherical coordinates and instead introduce a local system of Cartesian coordinates.
The idea is to fix a point with spherical coordinates (R, 6y,p0), consider the tangent
plane to the surface at that latitude and use a Cartesian system (z,y, z) for the motion
with respect to that plane, with z with the local vertical, x in the longitudinal direction,
and y in the latitudinal direction. Then, for small excursions, we have that (z,y,z) ~
(R(p — o) cos by, R(O — 6p),r — R), and u = (u, v, w) now denotes the components of the
velocity in the tangent plane, and the primitive equations (2.1a)—(2.1¢) become

ou _ pwpy lap

E + (u : V)U - f’l) = Fv (u) pim’ (22&)
ov 10p

e ) — [Y(qu) - - X 99
(%—i-(u Vv+ fu Y(u) oy (2.2b)
op

5. = P (2.2c)

where f = 2Qsin6y is called the Coriolis parameter, and (FZ*(u), FY(u), FZ(u)) are the
components of the viscous force in Cartesian coordinates.

2.2 Geostrophic balance

Let U be a typical value for the horizontal velocity components u and v, and let W be a
typical value for the vertical velocity w; furthermore, suppose that L and H are typical
length scales for the horizontal and vertical motion, respectively. We will assume that
W/H < U/L, a reasonable assumption for geophysical flows. If we look at the horizontal
momentum equations (2.2a) and (2.2b) in the f-plane approximation, we see that the
advective terms (u-V)u and (u-V)v scale like U?/L, whereas the Coriolis terms — fv and
fu scale like fU; the ratio of these two scalings is called the Rossby number,

U

Ro = —.
o) 7L

In the atmosphere and the ocean, the Rossby number is typically very small (cf. the values
in [116, p. 88, Table 2.1]), which means that the advection terms are dominated by the
Coriolis force and thus are typically disregarded, rendering the equations (2.2a) and (2.2b)
linear. As for the time derivatives % and %, suppose that T is a typical time scale for
the flow under consideration, then the ratio between the scaling for these terms and the
Coriolis terms is

u/r 1 L/U

fu fTr T
in other words, if 7' ~ L/U (the advective time scale) or less, and the Rossby number
is small, then time derivatives are dominated by the Coriolis terms as well, and in this

Ro;
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case we may drop them from the horizontal momentum equations; for them to be of
comparable order of magnitude as the rotational terms, much shorter time scales are
necessary. Moreover, if we assume the frictional forces due to viscosity to be small, then,
away from the fluid’s boundary, the Coriolis terms can be only balanced by pressure-

gradient forces, that is,
_1dp.

s
such a balance is known as geostrophic balance, and the geostrophic velocity (ug,vs) is

defined as

Jum——2B

10p 10p

fug =———=, fog = (2.3)

pOx’
As is clear from its definition, geostrophic flow is always tangential to isobars (level sets
of the pressure field), and if f > 0 the flow encircles a local maximum (minimum) of the
pressure in (anti-)clockwise direction (and vice-versa if f < 0); moreover, if f is constant,
as is the case in the f-plane approximation, the geostrophic velocity field is divergence-free,

Oug , g

or Oy =0

2.3 The oceanic Ekman layer

Let us now consider the effects of viscosity in the ocean. From now on, we will assume
the density p to be constant. Viscous terms in the momentum equations typically involve
second-order derivatives and thus determine the order of the equation and, in particular,
the boundary conditions required. In (sea) water, the viscosity is usually very low, so that
its effects are essentially negligible away from the boundary; however, in a thin boundary
layer, the flow must swiftly adjust to different boundary conditions to those that would
correspond to an inviscid setting, so that here viscosity plays a crucial role in determining
the dynamics. At the surface of the ocean, below a very thin layer—only few millimetres
thick—where molecular viscosity is dominant, there is another layer, of depth varying from
a few tens of metres to several hundred metres, where the Coriolis force is balanced not
just by horizontal pressure-gradient forces, but also by horizontal wind-stress forces that
arise through turbulent motion due to the overlying wind. This layer, called the Fkman
layer, is characterised by the wind stress vanishing below it, so that geostrophic balance
holds at greater depths; as discussed previously, we will ignore the nonlinear advective
terms and the time derivatives in the horizontal momentum equations (even though, as
we mentioned, for short time scales the latter may be retained—see below), whereas in
the vertical we are assuming the hydrostatic balance (2.2c). While, due to its turbulent
origin, the contribution of the horizontal viscous terms cannot be parametrised exactly, a
reasonable approximate parametrisation in terms of the stress (7%(u),7Y(u)) is

. 1 ot (u,v) 0TY(u,v)\
(et ) = (P O,

in other words, the horizontal momentum equations (2.2a)—(2.2b) become

_107%(u,v) 10p
p Oz pox’
_107%(u,v)  10p

—fu (2.4a)
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We can now exploit the linearity of this system of equations by splitting (u,v) into a
geostrophic and an ageostrophic (Ekman) part,

(U,'U) = (ugavg) + (Ue,’l}e),
plugging into (2.4a), and using (2.3), to see that the Ekman velocity satisfies

1 07%(u,v) 107Y(u,v)

—fve = ;T’ fue = ;T (2.5)

The most common choice for the stress (7%, 7Y) is

Oue OVg
z Yy = _
() = o (.5 ).

where K = K(z) is the so-called eddy wviscosity; see, for instance, [43, 119]. Therefore,
denoting a derivative with respect to z by a prime for simplicity, and introducing the
complex notation U := wue + ive, the system (2.5) can be written as the second-order
ordinary differential equation

(2.6)

ifU = (KUY (2.7)

The appropriate upper boundary condition at flat sea level z = 0, in accordance with
(2.6), is
pK(0)U'(0) = o, (2.8)

where 19 € C is the (given) wind stress at the surface; moreover, the boundary-layer
correction U to the underlying geostrophic flow must vanish at large depth, hence!

U(z) 20 (z— —o0). (2.9)

The Ekman layer is named after V. W. Ekman, who, in 1905, in his influential paper
[50], proposed the above model to explain observations made by the great Norwegian
explorer, Fridtjof Nansen, during his celebrated Fram expedition of 1893-1896. Nansen
observed that, in Arctic regions, ice patches at the surface of the ocean moved in a direction
to the right of the blowing wind, rather than in the same direction. Taking the eddy
viscosity K to be constant, and assuming that f > 0 (corresponding to latitudes in the
Northern Hemisphere), Ekman argued that the corresponding solution of (2.7) subject to
the boundary conditions (2.8) and (2.9), namely

U(z) = —T0_ e gilhe—m/1) _ L—i 70 (140

WIEK 2 pEX° ’

where A = /f/(2K), is indeed deflected to the right of 7y by an angle of 7/4 for z = 0 (it
is easy to see that the deflection would be to the left for f < 0, that is, in the Southern
Hemisphere); moreover, the velocity U(z) turns clockwise (counter-clockwise for f < 0)
with increasing depth (an effect now known as Ekman spiral), and the average mass

transport,
0 0
/ pU(2)dz = —i—,
—o0 f

is at a right angle to the originating wind 7y; see Figure 2.1. While in situ measurements
have since established the existence of the Ekman spiral and estimated that the mass

!While we could consider finite depth, we choose here to work with infinite depth for simplicity.
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FIGURE 2.1: Depiction of the Ekman spiral in Ekman’s classical solution. Credit: NOAA.

transport is indeed at a right angle to the wind (see, e.g., [92, 100, 110]), there are sig-
nificant quantitative discrepancies between measurements and Ekman’s classical solution
(cf. [123]), hence considering eddy viscosity profiles that are allowed to vary with depth is
crucial. In [24], it was proved that the qualitative properties of Ekman’s solution (surface
deflection angle, mass transport, Ekman spiral) remain true for any twice differentiable
eddy viscosity K. It is important to note that the deflection of the current to the right
(left) of the wind, through the converging or diverging of water masses, drives the forma-
tion of vertical motion; this very important mechanism for up- or downwelling in the ocean
is known as Ekman pumping. On the other hand, the ocean dynamics near the Equator
differs significantly from that at higher latitudes. In fact, since the Coriolis force vanishes
along the Equator, geostrophic effects are negligible there and nonlinear effects arise at
leading order; moreover, the Coriolis force changes sign across the Equator and so acts
as a waveguide that gives rise to azimuthal (that is, longitudinal) flow propagation (see,
for example, [29, 30, 33, 70]). Therefore, substantially different approaches are required
for the description of non-equatorial and equatorial flows. This chapter is devoted to the
former aspect of oceanic wind-driven currents; for the latter case, we refer the reader to
the above references.

The rigorous mathematical study of the oceanic Ekman layer has attracted considerable
attention in recent years; see, for example, [16, 24, 48, 49, 57, 80, 83, 101, 102, 103] for
more on the classical Ekman equations in the f-plane, in addition to [25] and [99] for some
considerations on nonlinear Ekman-type flows in the f-plane. Moreover, a derivation of
equations that describe the dynamics of the Ekman layer in spherical coordinates (without
the need for the f-plane approximation) has been achieved in [33] and [39].

Finally, let us briefly remark that the Ekman layer can be found not only at the
ocean’s surface but also at the ocean’s bottom (see, e.g., the discussion in [46]), as well as
in the lower atmosphere. The latter is modelled similarly to its oceanic counterpart, but
with different boundary conditions; we will not delve into this topic, instead referring the
interested reader to [34, 35, 39, 58, 69, 111] and the references therein.

2.4 A perturbative approach for the surface deflection angle

As we saw, investigating the dependence of the surface deflection angle on the profile
of the eddy viscosity is crucial to obtain predictions that are in better agreement with



18 2. THE OCEANIC EKMAN LAYER IN THE f-PLANE APPROXIMATION

observations. In addition to the references mentioned above, it is worth pointing out
that, in [120], an application of the WKB approach yields an asymptotic approximation
of the solution to the general Ekman model. Furthermore, a result from [24] states that,
supposing that Ky > 0 is a constant and K¢(z) = Ko + eK1(2) + o(¢) as € — 0T, where
K : (—00,0] — R is a continuously differentiable function, then, for ¢ sufficiently small,
the surface deflection angle of the solution of the perturbed problem for K(z) = K¢(z)
will be larger (smaller) than 7/4 if and only if

. 0 .
Im {(1_—;1))\\/ 62(1+1))\S Kl (8) dS}

0
_ A2 e
- KO —00

(2.10)
2 K (s) sin (2)\5 n %) ds>0 (<0).

The goal of this section is to prove an extension of this fact to the case of perturbations
of a non-constant eddy viscosity.
Without loss of generality, we may assume that 79 = 79 > 0. It is convenient to
non-dimensionalise problem (2.7)—(2.9) by setting
v(0
L I» 0) i

K7 w = U, C = z.
70 270/p 270/p

From this we obtain the non-dimensional problem

(v(2)¥'(¢)) —2iy(¢) =0 for ¢ <0,

' =1 on {¢=0}, (2.11)
() =0 as (— —oo,
where the prime now denotes a derivative with respect to (. We note that, with the
convention that argz € [0,2m) is the argument of z € C, the surface deflection angle,
which is the main objective of this section, is given by 27w — arg(0).

Now, suppose that, for the continuous vy : (—o0, 0] — (0, 00) with 15({) = 1 for { < —h

(for some non-dimensional depth —h < 0), the solution 1y to

(1(Q)5(€)) — 2itho(¢) =0 for ¢ <0,
Yo=1 on(=0, (2.12)
Yo(¢) - 0 as(— —o0

is known. Henceforth we consider a v of the form
v(¢) = vo(¢) +ev1(¢) +o(e) ase— 0T, (2.13)
uniformly in ¢ < 0. Moreover, we assume that v; is continuous on (—oo, 0] and
() =0, ¢(<-h

Note that the requirement of a constant v below some depth is physically reasonable (cf.
[48]): indeed, the turbulence is confined to the thin Ekman boundary layer, thus the eddy
viscosity at greater depth coincides with that of sea water, which can be normalised to
obtain

v(()=1, (< —h.

With this preparation, the main result of this section can be stated as follows [101]:
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Theorem 2.4.1. Let vg,v; : (—00,0] be continuously differentiable functions such that
vo(¢) >0 for all ¢ <0 and v1({) =0 for ( < —h, for some h > 0. Let g be the solution
of (2.12), and suppose that v¢ is as in (2.13). Then, for ¢ sufficiently small, the surface
deflection angle of the solution of the perturbed problem (2.11) for v(¢) = v°(¢) will be
larger (smaller) than the surface deflection angle of 1o if and only if

! Im{ ! /O (W (5)) 2 (s) ds} <0 (>0) (2.14)
vo(0) bo(0) Jop " ' ' '
Proof. In [48], it is shown that, if ¢ solves the Riccati equation
' q(¢)? _ o _
q(=h) =141, (2.15b)

then for the restriction of the solution ¢ of (2.11) on (—h, 0) we have that ¢(0) = v(0)/q(0),

argy(0) = —argq(0) € [0, 27) (2.16)
" ) " 4ly)
= vg e (= [ 48a). ce-no .
w0 = Zgten (- [ 2B a). ceno) (2.17)
Following (2.13), let us make the ansatz
0 (¢) = qo(¢) +eqi(C) +o(e) ase =07, (2.18)
uniformly in ¢ < 0, for the solution to (2.15), where gg solves
2
() + 20— e (-h0) (2.190)
qo(—h) =1+1i, (2.19b)

and ¢ is to be determined. Inserting (2.13) and (2.18) into (2.15a), using (2.19a), dividing
by ¢, and letting € — 0T, we get the following equation for ¢:

2y
¢ () = _2328 q1(¢) + W, ¢ € (—=h,0), (2.20)
with ‘initial’ condition
@ (—=h) =0, (2.21)

in view of (2.15b) and (2.19b). The solution to (2.20)—(2.21) is
o (o [F 0W) ¢ T o) ) 0s)(s)
n(© = (-2 [ Wan) [ o (2 [, S5 ar) 005 as

0 0
q°(0) = qo(0) + 5/ exp <—2/ G(y) dy) qo(s)2;/)12(3) ds + o(¢)

V()(
2

N e [ [P W) )l
= (0) [”qom)/ \ p< 2 [ ) d]* 2

Thus
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The formula

=Im(¢), ¢(e€C
e=0

(cf. [16, 24]) enables us to express the change of arg ¢°(0) due to the perturbation as

wlgty oo (2 20 S}

Therefore, by (2.16), a positive (negative) value of C,, corresponds to a decrease (in-
crease) of arg)°(0) from the reference value arg¢y(0) (in the counterclockwise direction).
Moreover, (2.17) implies

o Pl _ 1po(s)? . qo(s)  ¥p(s)
exp( 2/3 voly) dy>‘¢o<o>2 T e~ bo(s)

thus formula (2.22) can be rewritten in terms of g as

d
T arg(l + €¢)

1 1 O _
) Im{i/)o(o) /h(@bo(s)) v1(s) ds}, (2.23)

this gives the claim, since the reference value for the deflection angle is 2r —arg ¢y(0). O

C,, =

Remark 2.4.2. The easiest situation where formula (2.23) can be applied is the case of
constant vp = 1 on (—o0,0] (cf. the discussion in [16, 24]). Here we have

1—i :
Yol¢) = T e,
hence, according to (2.16) and (2.23), the change of arg(0) is given by

0 0
—Im {(1 +1i) / 21H)s 1) () ds} = —\/5/ e sin (23 + %) vi(s)ds,
—h —h

which corresponds, up to a scaling, to the formula (2.10) applied to an upper-layer pertur-
bation that is confined to the interval (—h,0). In fact, returning to the original dimensional
variables, the result can be formulated as follows: Let Ky, K : (—o0, 0] be continuously
differentiable functions with Ky(z) > 0 for all z < 0 and K;(z) = 0 for z < —h, for some
h > 0. Suppose that K¢(z) = Ko(z) + eK1(z) + o(e) as ¢ — 0T, and let the solution
of (2.7)—(2.9) for K(z) = Ko(z) be denoted by Uy(z). Then, for ¢ sufficiently small, the
surface deflection angle of the solution of the perturbed problem for K(z) = K¢(z) will be
larger (smaller) than the surface deflection angle of Uy if and only if

P 0 / 2
Im{ToUo(O)/ (Up(s)) Kl(s)ds} >0 (<0).

—h
Remark 2.4.3. It is interesting to note that the presence of a sine function in the inte-
grand is not just a feature of the special case of constant vy. In fact, if we write

¥0(0) = |1o(0)] elargvo(0) 414 wé(s) _ |¢6(5)| eiarg%(s)’

then formula (2.23) becomes

1 0 : ,
C, — I / I (5)[2 oll2ar8 vh(s)~arg Yo(0)] ;, (4 ds}
1 VO(O)‘wO(O)‘ { T Wo( )| 1( )

= i [ ) sin (Rarg () (@) (9)a
= VO(O)‘/[/}O(O)‘ ) 0 S Sin arg 0 S arg 0 140¢] S.
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From this it is apparent that, in general, it is very difficult to tell at first glance whether
a given perturbation vy of vy will lead to a positive or negative increment of the surface
deflection angle. For example, suppose that v1(¢) > 0 for each ¢ € (—h,0). Due to the
periodicity of the sine, we may assume that 2arg((s) — argp(0) € (—m, 7] for each
s € (—h,0). Let us denote

P = {3 € (—=h,0) : 2arg e (s) — arg1hp(0) € (0,77)}7

N = {s € (=h,0) : 2argy(s) — arg1o(0) € (—m,0)}.
Since sin (2 arg ;) (s) — arg ¢0(0)) is positive for s € P and negative for s € N, the sign of
Cy, will depend both on the measures |P| and |N| and on the relative sizes of the values

attained by v; on P and N.

Remark 2.4.4. Finally, let us look at one last example that shows how the Riccati variant
(2.22) of (2.23) can be useful in its own way, not just as a step in the derivation of (2.23).
This is especially true if the solution is found by using the reformulation (2.15) in the first
place. In [48] the solution to the Riccati formulation of the problem for the case

w(¢) = (3¢ +h)+1)"°, e (=h0)
is determined to be
g0(¢) = —=S(¢) = (1 = 1)S(¢)* tan ((1 = 1)S(¢) + ©),

where S(¢) = (3(¢+ h) + 1)1/3 and

1 1-—1
C=-1+1i+-=1 )
—|—1+2 ogi_5

Using the identity

d
= —— 1
tan 6 dé?( og cosf)

and the fundamental theorem of calculus, a straightforward computation yields

exp (_2/80 %0 (y) dy) _ (5(0) cos (1 —1)S(s) +C)>27

vo(y) S(s)cos ((1 —1)5(0) + C)

which can be directly plugged into (2.22), without first having to determine and differen-
tiate the solution .

We conclude this section by saying that formula (2.23) may be relevant especially
in view of the fact that, as pointed out in Section 2.3, explicit solutions are hard to
find and the few available show an intricate behaviour even for relatively simple eddy
viscosity profiles. The perturbation approach that we have pursued here may be useful in
bringing about some new insight into this delicate problem, but it would be interesting
to obtain further results that do not require the smallness assumption that is intrinsic
to the perturbation method. However, it can also be of great importance to bring time
dependence into the picture; this is the subject of the next section.
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2.5 The surface current of unsteady Ekman flows

As we mentioned in Section 2.2, the inclusion of time evolution in the model can be of
interest, at least for small time scales; this was initially done for steady wind and eddy
viscosity [77], although the discussion was subsequently extended to the setting of time-
dependent winds and eddy viscosity [106, 107], showing that the response of the Ekman
layer to time-varying winds is strongly influenced by the time dependence of the eddy
viscosity. In the present section, we consider a particular case of a nonzero initial condition,
that is, we assume that the flow is initially in the steady state corresponding to the initial
wind and eddy viscosity. We tackle the problem as follows. First, we solve the problem by
means of Laplace transforms, thereby finding an explicit formula for the surface current;
next, we look at the properties and qualitative behaviour of the solution. The analytical
results are complemented by some numerical plots that are useful to visualise the most
relevant features. The results of this section are published in [103].

For convenience when we are non-dimensionalising, let us denote the time variable by .
If we retain the time derivative in the governing equations and, as before, we perform the
splitting of the velocity field into a (time-indepedent) geostrophic component and a (time-
dependent) Ekman component, we obtain the following time-dependent analogue to (2.7)

(cf. [77]):
ou . 0 ou

with boundary conditions

ou 07? . Tg(f)

a( ) )_ pK(E)a
U(z,t) = 0 as z — —oo,

corresponding to the boundary conditions (2.8) and (2.9) for the steady problem.
Suppose that 79 > 0 is some typical value of the intensity of the surface wind stress.
We can non-dimensionalise the problem by scaling the depth and time variables as

(= 2l and t:= ft

V1o/p

(note that the time scale is much smaller than the advective one) and setting

vty = PPEED ey = DED gy D,
0 To/p T0
to get:
??(C,t) +iY((, 1) = 684 <u<c,t)§é’<c,t>> . (Ct) € (—00,0) x (0,00),
% o 4y — )
o e (2.24)

(¢, 0) = ¥o(C),

where g is an appropriate initial condition. In what follows, we will make more precise
assumptions on v and .
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In view of the fact that, as we saw, the steady problem for depth dependent v is already
involved, it should be no surprise that the full, time-dependent problem (2.24), where v
may depend both on time and depth, is also very complicated. In the following, we will
focus only on the aspect of time dependence of the eddy viscosity; although this is not
the most general case, studying the effect that a time-varying eddy viscosity has on the
oceanic response to a time-varying wind is still of great interest. Furthermore, in this case,
it is possible to obtain exact analytical results, without being forced to resort to numerical
methods. For a (semi)numerical investigation of problems where v depends on both time
and depth, we refer the reader to [106, 107].

From now on we consider problem (2.24) with the simplification that v is only a
function of time; in other words, we investigate

2
B+ =055 60, (€.0) € (-5,0)x (0.00)
0 T(t
(,;g(o,t) = VEt;, (2.25)

P((,t) =0 as ( — —oo,
¢(C)O) = ¢0(<)7

where 7 : [0,00) — C, v : [0,00) — (0,00) and v(0) = v9 > 0. As initial condition ¢y we
take the solution of the ordinary differential problem

2
0(0) = gy (O ¢ € (-5%.0)
dypo v 7(0)
TC(O) =

() =0 as(— —o0,
that is,

1—1 1+1
bo(C) = (0) %exp( MQ, ¢ € (~00,0).

Furthermore, we assume that ¢ — v(t) is continuous, bounded and uniformly positive,
that is, there exist constants A > B > 0 such that

A>v(t)>B forallt>0. (2.26)

Physically speaking, the problem (2.25) describes the time evolution of a current that is
initially in the steady state corresponding to the constant wind 7(0) and eddy viscosity
1p, as the wind and eddy viscosity change over time, while the latter remains constant in
depth.

It is convenient to reformulate the problem in the following way. First of all, we
introduce the new function

(¢, 1) = e (C, ),

which is then a solution of the problem

2
TLCH) = () 3G 1), (G ) € (~00,0) x (0,00),

a¢?
an _eltr(t)
87€(07 )_ l/(t) )

n(¢,t) -0 as (— —o0,
n(¢,0) = 1o(C).
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Next, in order to eliminate the coefficient v(t) from the equation, we introduce the change
of variable

note that f(0) = 0 and that f is monotonically increasing (since f’(t) = v(t) > 0 for all
t > 0). Moreover, (2.26) implies lim;_,~ f(t) = 0o, therefore f is a bijection from [0, c0)
onto itself. We also define

(p(Cv T) = n(C7 f_l(T))
Then ¢ solves

2
ST = SEET), () € (-50,0) X (0,00),
de &)
oc D ===y
©((,T) — 0 as (— —oo,
2(¢,0) = 1o (C).

In order to solve (2.27), we take the Laplace transform of ¢ with respect to the variable T,

(2.27)

@@@:azw@»wwzéw” (C.T)dT  (Re(s) > 0),

and we compute (using the first equation (2.27), integration by parts and the fourth
equation in (2.27)):

d2¢) _ * —sT 8290 _ > 7sT 830 _ ~
MJQ@A e &?mTMTA 98 (. T)T = () + 53(C. ).

The boundary conditions in (2.27) transform to

dg > o 0p O (1)
09 = [T Zonar- $< 1) ”)

and
¢(¢,s) =0 (¢ — —o0),

respectively. Let us introduce the shorter notation

Fbwzg(ﬂzﬁﬂf%wﬁ>

(1)
We are then looking at the ordinary differential problem
d?p .
T@(Ca S) - 8@((7 S) = 71/}0(<)7 C € (7007 0)7
de _ (2.28)
ac (0,s) = F(s),
&(¢,8) >0 as(— —©
The general solution of the first equation in (2.28) is (see [93])
V¢ ¢
66,00 = AoV e 4 O [Compgay - 008 [ ray, 229)
0
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where the constants A, B € C have to be determined from the boundary conditions. Since

¢ C 1+1
s B £V5C oy —
/0 eV (y)dy = 1+1 j:f[ ¢ p(\/%<> 1}7

where C = 7(0)(1 — 1) /1/21p, we can rewrite (2.29) as

A C ; C
o(¢,s) = A+ " e\[<+ B — - wo(C)
i)\ )T
The boundary conditions in (2.28) imply
B - 10 =0,
25 (s + v5)
A+ ¢ — | F(s) - L). L

e ()

therefore, the solution of (2.28) is

p(C,8) = | F(s) —

7(0) eVse yy(C)
| g e

The inverse Laplace transform of (2.30) for ¢ < 0 cannot be computed explicitly in terms
of elementary or special functions. Nevertheless, the Laplace inversion can be performed
in the case ( = 0, yielding a formula for the surface current. In fact, we can exploit the
following well-known property of the Laplace transform (see [56]):

L(fxg;8) =ZL(f;5)L(g;5); (2.31)

here, f % g denotes the Laplace convolution of the functions f and g¢:

(f*9)( /fx— «S)dﬁ:/oxf(&)g(w—é)dﬁ-

Since we have (see [56])

beoli) () e

it follows from (2.31) that

_ T eif_l(s)T(ffl(S» . els/vo 1 1-1 47/
w01 = [ (O O

and therefore (after the substitution o = f~1(s))

(0, ) f/ [ e=i=9) _1 () e~ ”i‘;) exp <Vio/oay(s)ds>] «

12 L o, (2.32)
x </0 y(s)ds> da+7’(0)\/ﬁe_‘texp (UIO/O V(S)dg).
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Given the physical interpretation of (2.25), we expect that, for constant v(t) = vy and
7(t) = 7(0) for all ¢ > 0, the current will not leave its initial state, which is already the
steady state for the eddy viscosity vy and the shear wind stress 7(0). Let us check this:
we have

/t2 v(s)ds = vo(t2 —t1)

t1

and thus

7(0) t o—i(t—0) _ =it gio 1—1 oy 1-1
do 4+ 7(0 Telt =
VT Jo vo(t — o) ( )VQVO

for all £ > 0, as expected.

Another reasonable prediction is that, if the eddy viscosity approaches a fixed value
as time increases, the current should settle towards the corresponding steady state. This
is less straightforward to check than the previous case, but in fact it can be proven under
mild assumptions on the convergence rate of v(t), as we will show shortly. Before that, it
is convenient to rewrite (2.32) in a different form. Note that

</"t - d5>1/2 S (7/0 /: (s) ds) el (\1/;70 < / "(s) ds> 1/2) |

where erf denotes the complex error function. From this we obtain

¢(07 t) =

1/2

\}%/Otljl(j?exp<;)/oau(s)ds> </;1/(s)ds> do /
. . ‘ . ‘ 1/2
— —bﬁ exp <V10/0 v(s) d5> /0 %erf <\1/% </U v(s) ds) ) do
i i i 12
= b%exp (1/0 /Ot v(s) ds> erf < L ;_7/0 </0 v(s) dS) )

Since

lim [1 - <\1/2+7; </Otl/(s) ds) 1/2)] ~0,

if lim;_,00 ¥(0, ) exists we must necessarily have

~1/2
tli>I£10 ¥(0,t) = tlggo\f/ emi(t=0) (/Uty(s) ds) do. (2.33)

Now we prove two auxiliary results that we are going to need soon.
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Lemma 2.5.1. Suppose that there exist positive constants a,Vs > 0 and 6 > % such that

[V(t) — Vool < for all t > 0. (2.34)

a
1+1t8

Then for all 0 < o < t we have

1/t T ds)(t )</t()d< +1/t  _ds) (¢t —o)
Voo — = | —— - v Voo + - | —— —0).
L) T s o ) s)ds L) Te e s o

Remark 2.5.2. As will be evident from the proof, in the statement of Lemma 2.5.1 it
would suffice to require § > 0. However, the assumption § > % will be necessary for the
proof of Theorem 2.5.4.

Proof. The assumption (2.34) implies that, for 0 < o < ¢, we have

Voo — ! /t T ds (t — )</t1/(s)ds< Voo + ! /t T ds (t—o)
* t—0 ), 1+5° 7} = - U7 t—0 ), 1+8° e

Moreover, the function o +— ﬁ fat 1+as<5 ds is strictly monotonically decreasing in [0, ¢]. In

fact, by the mean value theorem there exists w € [0, t] such that

1 /t a a
5ds: 5
t—o ), 1+s 1+w

since s — a/(1 + s°) is strictly monotonically decreasing on (0, 00), it follows w € (o, 1)
and

a < a 1 /t a ds < a
= S ,
1+t " 1+wd t—0 ), 1+ 1+ 09

therefore,

d 1 toa 1 1 toa a
ds | = ds — < 0.
do (t—a/g 1+ s) t—a(t—a/a 1+s0 " 1+a<5>

In particular, we get the estimate

I I
/ : 5ds</ ¢ sds  forall o € (0,1),
t—o ), 1+s tJo 1+s

and thus the claim follows. O

Lemma 2.5.3. Suppose that there exist constants b > 0, v > 1, and 7o € C, such that

for all t > 0. (2.35)

b
Im(t) = 7oel < 77

Then
1—1

71150’
lim — do = 150——.
t_wof/TO' t—a o= Too\/§

Proof. Since (with the substitution & =t — o)

S -
i [ ao = - [ ae=
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(see [56, p. 436, No. 3.757]), it is enough to show

. e—i(t—0) d e—ilt— U)
tiglo‘/ t—a - \/m

Using the triangle inequality and (2.35), we see that

—1t— t —1ta _
/ dO’—Too/ do / |T TOO|
Vt—o 0 t—o t—a
b t/2 t b 1 q
< + .
_/01—1-07\/15—0 / 1—1—07 ? /t/gl—i-tﬂx/t—a 7

Let C = [° do € (0,00). The first integral on the right-hand side can be estimated
2 \/‘ t/2
/0 l+07Vt—0o U /

as follows:
e’
- t
On the other hand, for the second integral we find

Lty 1 b ¢ 1 bv/2t
do < ~ do = -
t2l+07vt—o 1+ (5) 2 vVE—o 1+ (3)

1+07

Therefore
t —i(t—o) t —i(t—o) 9 /2t
‘/TO’e dO’—Too/ S do SC\/>+\/7,Y—>O as t — oo,
0 -0 0 t—o t 1+ (5)
as we wanted to show. O

With the aid of these two lemmas, we can prove the following result.

Theorem 2.5.4. Suppose that v and T satisfy the assumptions of Lemma 2.5.1 and
Lemma 2.5.3, respectively. Then

.
Tim (0, t)—Too\/i

Proof. Since v is bounded on the interval [0, c0), without loss of generality we may assume
that % < 6 < 1. We show that

t . t -1/2 71(t o)
tlg)()ao ‘/0 (o) e7it=7) (/U v(s) ds> do — — m do

then, in view of (2.33), the statement follows from Lemma 2.5.3.
Applying the triangle inequality and using (2.35) yields

1/2

/0 (o) e i) [< /U ") ds> - yojt_a)} do

s<rfoo+b>/0t (/;Ws)dS)l/z‘uw(lt—a)

do

do.
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Note that

1/t a d <1/tad a4 —0 t—
- ——ds < - —ds=——= as 00,
tJo 1+8° t )y s° b(1 —6)td

hence there exists ty > 0 such that

1/t ® ds>0 forallt>t
1Z —_ — S or a .
Tt )y 1480 =0

For all such ¢ > t3, Lemma 2.5.1 implies that, for 0 < o < t,
1 [ a B 1
Voo +— [ ——=ds —
(Oo t/01+s5 ) Vit—0  Jus(t—o)
t 71/2 1
< (/ v(s) ds) -
o Voo(t — 0)

1 [t a C 1
<|\Voo—= | ——=ds — ;
< t/01+s<5 ) Vit—0  \fus(t —o)

here, the lower bound is negative and the upper one is positive, hence it follows that

([ro0) "
where

1 [t a e 1 [t a e
t) = 1— 11+ — —d 1—-— —d —15.
o) max{ ( Tt Jo T8 8> ( voot/o 1489 5) }

Thus
2a(t) Vi

¢ ¢ —1/2 t
/0</01/(5)ds> —mda<a(t)/o mda: o

Finally, let us take a closer look at «(t). Since 6 < 1, we have

I 1
/ a6d3</ %ds:Ct*‘;,
Voot Jg 1+ s Vol Jo 8

with C' = a/(Vso(1 — §)) > 0. Thus

1

< af(t) o)

a(t) < max{l -1+ Ct*‘;)*l/?’ (1- Ct*5)71/2 _ 1}

for ¢ sufficiently large (so that 1 — Ct=® > 0.) Furthermore, as t — oo it holds that (see
[56])

—1/2 -1/2

1—(1+Ct) " =20t° +O0(t™) and (1-Ct™) 1=20t"°+0(t™%),

SO
a(t)Vt < max{l —(1+ Ct_‘s)*l/Q, (1- C’t_‘s)fl/2 — 1}\/%
—20t270 + O(t%_%) as t — oo,
which implies

lim a(t)Vt = 0.

t—o00

This concludes the proof. ]
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Since, for general 7 and v, formula (2.32) looks quite intricate, we illustrate it by means
of some simple numerical plots for particular choices of v and 7: this allows us to get at
least some insight into the qualitative behaviour of the surface current as a function of
time. In particular, the time evolution of the surface deflection angle (that is, the angle
between the wind and the velocity of the surface current) may be of interest. In the steady
state, as we saw, the surface current is deflected to the right of the wind direction by an
angle of amplitude 7/4; the amplitude of the surface deflection angle 6y(t) of (0,t) is
determined via the relation

Tm 1(0, t)
Re(0,t)’
where Rew and Imw denote the real and the imaginary part of the complex number
w € C, respectively (the minus sign in the formula above accounts for the fact that the
current is deflected to the right of the wind direction).
In principle, v(t) and 7(t) could be arbitrary functions of ¢ (as long as v is continuous
and satisfies (2.26)); however, it turns out (see the discussion in [95]) that in practice it
is reasonable to assume that the (dimensional) eddy viscosity K (f) and the (dimensional)

surface wind stress 7y(t) are related via

K@:Jﬁ?ﬂ

where ¢ = 0.01; according to the scaling performed earlier, this translates to the non-
dimensional identity

tan (90 (t) =

v(t) = c|r(t)].
For simplicity, let us restrict ourselves to the situation 7(¢) € R, which means that the
wind is changing in intensity but not in direction.

Example 2.5.5. As a first example, consider
T(t)=2—-¢",

so that the wind intensity (and the eddy viscosity) increase from their initial values,
reaching a plateau for large times. The left panel of Figure 2.2 shows the time evolution
of tan(fy(t)), while the right panel is a plot of the parametric curve

Re(0,t) Im1p(0,¢) 9
e <|Rewo<o>|’ \Imwo<o>|> <R

-1.0
12
-11

11
-1.2
-13

-14

tan(gg(th)
Im ()| Tm{g)|

09

-15
VE:]
-1&
o7

_]'? T T T T T T T T
5 0 0 0 0 o A 10 11 12 13 14 15 16 17
t Relw)/|Relwg)|

FIGURE 2.2: Plots of tan @y () (left) and the (normalised) velocity components (right) for v(¢) =
clr(t)] and 7(t) =2 — e~
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FIGURE 2.3: Plots of tanfy(t) (top left) and the (normalised) velocity components (top right)
for 7(t) = 1+ e, as well as tanfy(t) (bottom left) and the (normalised) velocity components
(bottom right) for 7(t) = 1+ 2¢3(1 — 32) e=*".

where each component of the velocity field is normalised with respect to the corresponding
component of the initial velocity (so that the initial state is situated at (1,—1)). We see
that the surface current deviates significantly from the initial steady state, both in magni-
tude and direction (even though the wind direction does not change): the deflection angle
takes values between approximately 34° and 52°. Initially, the solution leaves the initial
steady state and, as the wind and eddy viscosity approach their new constant values, the
flow slowly converges towards the corresponding steady state through dampened inertial
oscillations around the final steady state, which is (v/2, —v/2) in this particular case.

Example 2.5.6. As a second example, let us look at a wind whose intensity decreases
with time:

rt)=1+e".
We see from Figure 2.3 (top panels) that this time the inertial oscillations occur in
the opposite direction to that in the previous case, around the asymptotic steady state
(%, —%) Here, the amplitude of the deflection angle is between 33° and 62°.

Example 2.5.7. Finally, consider an example where the wind and the eddy viscosity are
not monotonic in time, but reach a maximum and a minimum before returning to the
initial state:

7(t) = 1 4 2> (1 — 21‘2) e

the coefficients are chosen so that the maximum and the minimum values are approxi-
mately the same distance from the initial value 7(0) = 1. The corresponding plots are
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shown in Figure 2.3 (bottom panels). The maximum deflection angle in this case is about
55°, whereas the minimum is approximately 39°.

In summary, on the analytic side, if the wind and eddy viscosity converge to constant
values as time goes to infinity, we can provide sufficient conditions on the convergence rates
to ensure that the solution converges to the steady state corresponding to the limit values
of the wind and eddy viscosity. Moreover, by plotting the solution for specific choices of
wind and eddy viscosity, we saw that even if the wind changes only in intensity, but not
in direction, this still leads to significant deviations of the direction of the surface current
from its steady-state direction: if the wind and the eddy viscosity approach constant
values as time grows, then the solution approaches the corresponding steady state in
slowly shrinking inertial oscillations.

Of course, assuming that the eddy viscosity does not vary with depth is a strong
restriction; in order to obtain a more accurate description of real-life ocean currents, effects
of stratification—which can be modelled via a depth-varying eddy viscosity, as in Section
2.4—should be take into account. In [106] and [107], the authors investigate particular
situations of an eddy viscosity that depends both on time and depth, applying a method
based on Laplace transforms analogous to the one we employed earlier in this paper;
however, performing the final Laplace inversion explicitly (as we did to derive the formula
(2.32) for the surface current) is generally not possible, so very little can be said from
this solution formula by analytical means; instead, the analysis has to rely entirely upon
numerical methods. Although this approach does offer some insight into the dynamics,
in order to understand and appreciate the whole complexity of the implications of these
models a better theoretical and analytical understanding would be of key importance and
should be the subject of further investigation in the future.



3. Oceanic flows in the thin-shell approximation

In this chapter, we turn our attention to large-scale ocean currents. As we pointed out
earlier, density variations in the ocean are typically very small, a fact that we will take
advantage of to further simplify the equations. In Section 3.2, based on the article [104]
and devoted to the investigation of a model describing the Antarctic Circumpolar Current,
we will assume constant density; however, we will see in Section 3.3, based on the paper
[47], how variable density can be dealt with by means of incompressibility, a reasonable
assumption in the ocean. The models of both sections are derived through the so-called
thin-shell approrimation, which exploits the small aspect ratio of the ocean to obtain
asymptotic models which retain the effects of sphericity at leading order.

3.1 The thin-shell approximation

In this section, which builds upon the derivation performed in [47], we will show how the
strategy from, for example, [32, 42, 82] can be adapted to the setting of variable den-
sity (assuming incompressibility) to derive an asymptotic model in spherical coordinates
through the smallness of the ocean’s aspect ratio. The idea is to write down the Euler
equations in rotating spherical coordinates, namely the equations (1.11) with Fy(u) =0
and geopotential given by (1.13), and adding primes to all variables and constants to
underline that they are dimensional quantities:

D/ uw'w' —u'v' tan 6 P , 1 ap/
DY/ + o — 20 (v sinf — w COSQ):_W%’
D ! g /2t 9 1 a /
D;’/ n W# 190 sin § + Q2 sin 0 cos § — _r’T/a%’
Dw’ u/2 + UIQ . o ) 1 ap, )
D - — 20 cos B — Q“r’ cos GZ—EW_97
together with the equation of mass conservation
Dy / 1 od 19 ., 1 0, ,,
D' o a0 0+ 257 =0, 3.1
Dt’+p r’cos06¢+r’008980(v cos )+T/25T/(T w') (3.1)

where

D 0 v 9 Vo , 0

Dt %4_ r’cos@%+769 W or'’

33
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asin (1.9). Additionally, we assume the flow to be incompressible (a reasonable assumption
in the ocean), that is,

1 o 1 d,, 1 0
o g (v cos) & 5 = (1w’ = 0; 3.2
r/cose&p—l_r’cos@@G(U oS )+7“’267"’(r w') ; (3.2)
the mass conservation (3.1) thus simplifies to
=0 (3.3)
Dt :

We then non-dimensionalise: we choose a vertical length scale H' and a suitable speed
scale U’, and let R’ = 6371km be Earth’s radius, then set

here, € is the aspect ratio of the ocean, a very small number. Define the non-dimensional
variables t, z, u, v, w, p and P by

/

/
t:ﬁt’

v =R +H'z, (u’,v/,w') =U'(u,v, kw), p =pp, P =pU*P, (3.4)
where U’ is a horizontal velocity scale, H' = 4km is the mean depth of the ocean, p' ~
1.03kgm™ is the average ocean water density, and g = ¢’H’/U’2. The parameter k is
a scaling factor associated with the vertical velocity and is typically very small, of the
order of 10™* (see [3, 67, 117]). In ocean currents, it is typically observed that horizontal
velocities are of order 10"'ms™!, so that we may set U’ = 10~ ms™!; in this way,
w= Q'R /U ~ 4650. With this choice for the scaling, the Euler equations become

Du  kuw — uvtan® 1 oP

— -2 inf —k 50) = ———————— — 3.5
Dt + 1+ez w(vsin wcos 6) (1+ez)pcos® Do’ (3:5)
Dv  kvw + u?tan 6 ) 9 _ 1 oP
—+t— +2 0 1 fcosl) = ———— .5b
Dt+ 1T s + 2wusin @ + w?(1 + €z) sin 0 cos A7 e0p 00 (3.5b)
D 2 4 2 10P
ksﬁ—ltu - 5u1 j;; — 2ewucos — ew?(1 + £2)? cos® § = Y g, (3.5¢)
whereas from (3.3) we obtain the non-dimensional equation of mass conservation
D
2P~ (3.6)
Dt
where
b_o, v 06, v 0 k 9
Dt Ot (1+ez)cosfdp 14200 ¢ 0z
the incompressibility condition (3.2) becomes
0 0 k1 0
2=y —(vcosf) + — —((1 +e2)*w) = 0. (3.7)

dp 00 el4ez0z
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Since, typically, k = O(g?) (see the discussion in [32]), the leading-order problem from the
non-dimensional equations (3.5)—(3.7) in the limit ¢ — 0 is given by

ou u Ou ou 1 0P

5—|-COSQ%—FU%—uvtauné’—2wvsin€:—pCC)Se%, (3.8a)
g:; + cot@g:; 4 vgz +u? tan @ + 2wu sin O + w? sin § cos § = _;1)88]93’ (3.8b)
88]: = —pg, (3.8¢)
gz: + 869(1) cosf) = 0. (3.8e)

The equations must be complemented by appropriate boundary conditions, which will
depend on the problem under consideration.

3.2 The Antarctic Circumpolar Current

The Antarctic Circumpolar Current (ACC) is one of Earth’s most important currents. It
transports approximately 140 million cubic metres of water per second over a distance of
roughly 24,000 km. Furthermore, it is the only current that flows all around the globe,
unhindered by land masses, and connects the Atlantic, Pacific, and Indian basins, thereby
playing a crucial role in the global climate dynamics; in particular, it isolates Antarctica
from warmer waters to the north, allowing the formation of an essentially circular ice cover
over the ocean surface during winter. It is situated roughly between 40°S and 60°S and
has a typical width of about 2000 km, its narrowest point (approximately 700 km) being
Drake Passage at the southern tip of South America; see, for example, [54, 116], as well
as Figures 3.1 and 3.2.
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F1GURE 3.1: Sketch of the ACC. It is bounded by the inner Polar Front and the outer Subantarctic
Front (red curves). Oceanic regions with depths shallower than 3.5km are shaded blue. Image
from [31]. CC BY 4.0 (https://creativecommons.org/licenses/by/4.0).
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FIGURE 3.2: Map showing the sea ice extent around Antarctica on 26 September 2012; almost
all of the sea ice formed during the Antarctic winter melts during the summer. The ACC shields
Antarctica from warmer waters to the north, therefore ice forms in a nearly symmetric circular
pattern. Image credit: NASA Earth Observatory image by Jesse Allen, using DMPS SSMIS ice
concentration data provided courtesy of the National Snow and Ice Data Center.

The ACC has very peculiar features. First, its meridional (North-South) velocity com-
ponent is observed to be significantly smaller than the azimuthal (East-West) component,
while the vertical velocity is altogether negligible. Moreover, unlike most other currents, it
is not a single flow but instead comprises several localised, vertically coherent high-speed
jets (typically 40-50 km wide, with speeds in excess of 1 m s~!), reaching the seafloor,
separated by regions of low-speed flow, with average speeds below 20 cm s~! [31, 74]. To
summarise, the ACC is in general a deep-reaching, jet-structured flow that is mostly prop-
agating zonally to the East around Antarctica, except where it is occasionally deviated by
the underlying bottom topography, such as the Scotia Ridge (between 55°W and 40°W,
downstream of South America), the Southwest Indian Ridge (between 20°E and 30°E)
and the Pacific-Antarctic Ridge (between 145°W and 120°W)—see [2]. It is also worth
noting that density stratification is much weaker in the Southern Ocean than in equatorial
regions; this contributes to the vertical coherence of the ACC flow [115].

Although the thin-shell method described in Section 3.1 was originally devised as a
means to describe ocean gyres [32, 42|, it has since been applied to other oceanic flows
[39, 64, 66], including the Antarctic Circumpolar Current (as well as atmospheric flows,
via a slightly different scaling—see [27, 36, 38] and Section 4.1 below). Nevertheless, as
a consequence of the thin-shell approximation, the motion is essentially two-dimensional,
as the vertical motion vanishes at leading order. This means that this model is only
appropriate to describe the near-surface flow; still, in spite of this, it is a useful tool to
gain new insights, and as such has been studied extensively in the past few years. In
particular, several authors showed how the stereographic projection may be a useful tool
by which to rewrite the problem in a way amenable to analysis—see, for instance, [66, 82],
where this approach is formalised, as well as [20, 21], where the reformulation is utilised
to construct zonal solutions with certain properties.

Until recently, all results concerning this model of the ACC only dealt with steady (that
is, time-independent) flows, with nearly exclusive focus on purely zonal solutions (with the
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only exception of the study [64], which discusses the existence, uniqueness, and regularity
of solutions to an elliptic partial differential equation which arises by applying the Mercator
projection to equation (3.15) below for particular choices of the vorticity). In this section,
whose results are presented in the preprint [104], we will show how the analysis can be
extended to the time-dependent case, establishing well-posedness in a classical sense as
well as long-time stability of certain steady zonal flows. The stereographic projection will
be useful when tackling the issue of existence and uniqueness of classical solutions, but the
stability properties are more conveniently dealt with in the original spherical coordinates.
For recent developments concerning models that rely on approximations other than thin-
shell, the reader is referred to [2, 31|, where the authors construct explicit steady azimuthal
depth-dependent solutions.

It is also worth pointing out that the issues of stability of stationary solutions and
existence of nonzonal stationary solutions for the Euler equations on a rotating sphere
have been addressed in the papers [27, 112]; however, these studies deal with flows on the
whole sphere (with applications to stratospheric flows on planets, in the case of [27] and
[28]), whereas our work focusses on solutions defined on a proper subset of the sphere,
which requires a different approach due to the presence of boundary conditions.

3.2.1 Preliminaries

Throughout this section, we assume constant density p, which, according to the scaling
(3.4), takes the value p = 1. Then, discarding the equation (3.8¢c) of hydrostatic balance,
the system (3.8) reduces to

ou u Ou ou . 1 9p

- i -2 = .

ot T eostap T Vgp ot T Awesing = = e (39
v u Ov ov 9 ., Op
§+c059%+0@+u tan0+2wusm9——60, (3.9b)
ou 0

70 + %(v cosf) =0, (3.9¢)

where 1
p=P+ §w2 sin? 6.

To model the ACC, we are interested in an annular region C on the sphere situated in the
Southern hemisphere and delimited by fixed latitudes —5 < 61 < 62 < 0:

C={(p,0) €[0,27) x (61,62) }. (3.10)
As boundary conditions, we take
v(p,01,t) =v(p,02,t) =0 for all ¢ € [0,27) and all ¢ > 0. (3.11)

The existence of classical solutions to this problem is established in Section 3.2.3 below.
We will denote by €2 the vorticity associated to (u,v), namely,

1 [ov 0
= 6|05~ %(UCOSG) :

Since the domain C is doubly connected and the velocity field ue, + v ey is tangential to
the boundary 9C = {6 = 60;} U {6 = 02} of C, equation (3.9c) implies the existence of a
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stream function 1 with the property that

_o
06

%(¢,9, t). (3.12)

(p,0,t) and v(p,0,t) = cos0 9

u(p,0,t) =

At each fixed t, the stream function 1 is constant on each of the two circles that OC is
comprised of (see [62]) and is defined up to an additive constant (depending on ¢), hence
we may determine v uniquely by prescribing, for instance, a fixed value 12 € R to be
attained by ¥ on {6 = 65}, so that

P(p,01,t) =11(t) and  P(p,02,t) =1 for all p € [0,27) and all £ > 0.  (3.13)

In terms of 1, the equations of motion (3.9) can be reformulated (by eliminating the
pressure p; cf. [27]) as

0 1 [op o Oy 0 ) P
at(ASﬂ/}) + [3(,0 2 90 &p} (Ag2tp + 2wsinf) =0 inC, (3.14)

cosf

with boundary conditions (3.13), where

el 1P (0
s cos26 0% cosh Il RY

is the Laplace—Beltrami operator on the surface of the unit sphere. Note that, by the rank
theorem (see [1]), stationary (that is, time-independent) solutions to (3.14) are given by
the solutions to the equation

Ag2) 4+ 2wsinf = F(1) in C, (3.15)

as long as the gradient of 1 does not vanish anywhere in the annulus, where F' is an
arbitrary C! function on R. Physically, the meaning of this equation is that the total
vorticity €2 (which is easily checked to be equal to Ag2t)) is given by the sum of two
components: one due to the rotation of the Earth (namely, —2w sin #) and another due to
the motion of the ocean (F(v), the so-called oceanic vorticity). In later sections, we will
consider affine oceanic vorticities of the form

FY)=- X+ 7T (3.16)

for real parameters A\, Y € R. This choice is not only for mathematical convenience,
but also physically motivated. In fact, the main sources of oceanic vorticity are wind
stress and tidal currents, which are modelled by constant nonzero vorticity, whose sign
determines whether the underlying shear currents correspond to ebb or flow tide; see, e.g.,
the discussion in [113]. Since it can be of interest to investigate perturbations of constant
vorticities as well, the first, most natural generalisation is to consider linear vorticities,
which would be the next order in the Taylor expansion of a general vorticity function.

3.2.2 Notation and main results

To formulate the existence result for our problem, we will need to introduce Holder spaces
on the set C defined in (3.10). Let us write

C = {(2,0) € [0,27) x [61,65]}
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Given f:C — R and v € (0,1), we say that f € C9*7(C) if f is bounded and continuous
on C and there exists C' > 0 such that

(. 0) = f(&,0)] < Cd((,0), (¢,9))" for all (¢,0),(¢,9) €C,

where d(-, -) denotes the geodesic length on the sphere (that is, d((¢, 0), (¢, 1)) is the length
of the shortest arc on the sphere connecting the points with the spherical coordinates (¢, 6)
and (¢,9)). Given k € N, we say that f € C**7(C) if f € C*(C) with bounded derivatives
and all partial derivatives of f of order k with respect of (¢,) are in C°T7(C). A vector-
valued function f : C — Uyee TxS?, £(0,0) = f(p,0) e, + g(p,0)eg is said to be in
C*+7(C) if both f and g are.

Let us now summarise the main results of this section. First, we will deal with the
issue of the existence and uniqueness of classical solutions to our problem.

Theorem 3.2.1 (Global classical solutions). Suppose that ug = upe, + vgeg €
C(C) for some v € (0,1), %—ZO + %(vocose) = 0 in C, and vo = 0 on the bound-
ary OC = {0 = 01} U {0 = 02} of C. Furthermore, let T > 0. Then, there exists a solution
(ue,+veg,p) to (8.9)-(5.11), with (ue, +veg)|i—o = g, such that u, v, p, and all their
derivatives as appear in (3.9) belong to C(C x [0,T]). This solution is unique up to an
arbitrary function of t which may be added to p.

The strategy, carried out in Section 3.2.3, is to reformulate the problem (3.9)—(3.11)
more conveniently in Cartesian coordinates by means of the stereographic projection,
which allows us to apply classical arguments. The Cartesian version of Theorem 3.2.1 is
formulated in Theorem 3.2.3 below.

The central result of this section concerns the stability of certain zonal steady flows,
denoted by W) v, which solve (3.13)—(3.15) with F' of the form (3.16). These flows are
constructed in Section 3.2.4 using Sturm-Liouville theory. The stability result, proved
in Section 3.2.4 by exploiting some conservation laws to construct a Lyapunov function,
reads as follows.

Theorem 3.2.2 (Stability of zonal flows). Given A <0 and Y € R, let ¥y y be the
solution of (3.33) below, whose ezistence and uniqueness is shown in Proposition 3.2.16;
let u} v = uj ye, denote the corresponding steady zonal solution to (3.9) and (3.11) (via
(3.12j), with associated vorticity O3 v. Suppose that u(t) = u(t)e, + v(t)ey is a (time-
dependent) solution to (3.9) and (311) with initial data uli—p = ug = upe, + voep, and
let Q)(t) denote the associated vorticity at time t, with initial value Q|—g = Qo. Then

~Alu(®) =5 rll72c) H 120~ x 72y = —AMwo—u} x 7o)+ =2 x 72y (3:17)

for allt > 0.

3.2.3 A Cartesian reformulation and classical solutions

The issue of the existence of classical solutions to the problem (3.9)—(3.11) in the domain C
can be discussed most conveniently by transferring the problem into Cartesian coordinates
in the plane; this will enable us to rely on classical arguments for the well-posedness of
the Euler equations in bounded two-dimensional domains.

Let us fix some additional notation that will be needed throughout this section. Let
(z,y) denote the Cartesian coordinates in R2. The corresponding standard unit vectors
are denoted e, = (1,0) and e, = (0,1). Given a domain D C R?, with a sufficiently
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smooth boundary, and T > 0, we will write Q7 = D x [0,T] and Q = D x [0,T]. For a
scalar function h = h(x) (where x = (z,y) € D), we will write
Oh Oh Oh Oh

Vh=——e,+ — d Vith=——e,— —
8:Ee +8yey an 8ye Ox

€y,

whereas for a vector function f = f; e, + f2 e, we will denote

_O0h 0k g wxe=22 2K

f= —
Vv or | Oy oz Oy’

the former being the divergence and the latter being the (scalar) curl. It follows, for the
Laplacian in Cartesian coordinates,

0’h  0°h

Ah=— + 5=V -Vh=-V x V*h.
Ox? + Oy?
We begin by projecting the problem onto a planar region on the equatorial plane by

means of a stereographic projection with the centre of projection situated at the North
Pole. We introduce the change of coordinates

cos cos
T = ———— COS =
1—sing % Y71 5ing

(z,y) being the Cartesian coordinates in the equatorial plane. This defines a bijection
from the domain C onto the annulus

D= {(z,y) eR*: 1 <2? +y* <13},

where 7; = cos0;/(1 —sinb;), i € {1,2}. The inverse of this coordinate transformation is
easily computed by observing that
1— [L‘2 _ y2 '

Yy .
tanp =2 and sinf=-—-— - I
an @ - an S1n 1 [,U2 y2 N

in particular, we have

0 0

00 cosf\ Oz y@y 222+ 2 \ Oz y@y '
While this coordinate change might seem cumbersome at first, it will, in fact, allow us to

rewrite the equations (3.9) in simple Cartesian form. To this end, we introduce the new
unknowns U = (U, V) and II as

U(z,y,t) = (1 —sinb)[v(p,0,t) cosp — u(ep,d,t) sin )
2[zv(p(z,y),0(x, ), t) — yule(z,y),0(z,y),1)]

_ TR e , (3.18a)
V(z,y,t) = (1 —sinf)[u(yp, 0,t) cosp + v(p,0,t)sin ¢,
_ 2lrulp(@,y), 0, y),t) + yu(p(@,y), 0, y), )] (3.18b)

(1+22 +y2)V/2? + 3

(z,y,t) = ple(z,y),0(z,y),1). (3.18¢)
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This definition of U and V' can be motivated as follows. Considering the standard polar
coordinates (¢, ) in the plane (where, for us, r = cos /(1 —sin§)) and denoting by e,, e,
the standard polar unit vectors in the plane, we have, at each point (¢, ),
e, =Cospe; +sinpe,,
TSP e TGy (3.19)
€, = —sin e, + CoS Y ey;
in particular, for any vector v = v¥e, +v"e, = v"e, +1vYe,, its polar components (v¥,v")
and Cartesian components (v”,vY) are related via

v¥ =" cosp — v¥ sin @,
vY = v¥ cosp + v sin .
The additional factor (1 — sin#) in (3.18b) and (3.18¢c) is simply a scaling that turns out
to be convenient to write the equations more compactly.
Let us introduce for brevity the functions
4 14+ 22+ y2
(note that a, 1/, 3 € C*(D)) and the linear map J : R? — R? for which Je, = e, and

Je, = —e,. Plugging (3.19) into (3.9), rearranging terms, and using (3.18), an elementary
but rather lengthy calculation eventually yields the 2D Euler-like equation

a(z,y) = and  B(z,y) = 2w

U;+ (oU-V)U + ‘U2|2Voa + 8JU = —VII, (3.20a)
V-U=0 (3.20b)

in D, with boundary condition
U-n=0 ondD; (3.21)

here, n denotes the outward unit normal vector on the boundary 9D of D. The accordingly
transformed initial data will be denoted by

Ul;—o = Uy, (3.22)

for some sufficiently regular function Uy : D — R?. We then have the following result
concerning the existence and uniqueness of classical solutions:

Theorem 3.2.3. Suppose that Uy € C**7(D) for some v € (0,1), V- Uy = 0, and
Uy -n = 0. Furthermore, let T > 0. Then there exists a solution (U,II) to (3.20)-
(3.22) such that U, 11, and all their derivatives as appear in (3.20) belong to C(Qr). This
solution is unique up to an arbitrary function of t which may be added to 1I.

Before we discuss the proof of Theorem 3.2.3, we note that Theorem 3.2.1 is now an
immediate consequence of it, in view of some simple observations. Indeed, denoting by
(z,y) the Cartesian coordinates in the projection plane corresponding to the spherical
coordinates (6, ), we have

Uo(,y) = o(z,y)lzvo(0, ) — yuo(, 9)],
‘/O(xa y) = 5(:67 y) [.Z'Uo(e, 90) + yv0(07 30)]7
where §(z,y) = 2[(1 + 2% + y?)/2? + y2]71. The claim follows in view of the fact that

20,y € C*®(D) (thus in particular x6,yd € C**7(D)), and from the following lemma,
since then ug € C'*7(C) implies Uy € C'T7(D).
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Lemma 3.2.4. There ezists a constant C > 0 (depending only on C, or equivalently D)
such that

d((¢1,91), (¢2,92)) < Cl|(z1,91) — (w2, y2)||

for all (¢1,%), (d2,02) € C, with corresponding projections (x1,y1), (x2,y2) € D (where,
as before, || - || denotes the Fuclidean norm).

Proof. Let (X1,Y1,71),(X2,Y2,Z5) € R? be the Cartesian coordinates of points of S?
corresponding to (¢1,91), (¢2,92) € C. Then

2z 2y —1—1—33%—1—31,%
T+a? +yd 1+a2+yl 14493

(Xk, Yk, Zy) = < > . ke{1,2}.

Some straightforward calculations yield

401 + 2r3
(X0, ¥4, 21) — (X, Y2, Zo) s < 2 o) = (o)l
(14+7r7)
where | - ||; denotes the £!-norm in R™, n € {2,3}. The equivalence of norms on R” now

implies
(X1, Y1, 21) — (X2, Y2, Zo)|| < C[(z1,y1) — (w2, 32)]]

for some C > 0. Since

™
(X1, Y1, Z1) — (X2, Y2, Zo)|| < d((¢1,71), (¢2,7U2)) < §||(X1,Y1,Zl) — (X2,Y2, Zo)||
for all (¢1,91), (¢2,92) € C, the claim follows with C' = ZC. O

The proof of Theorem 3.2.3

In proving the global well-posedness result stated in Theorem 3.2.3, we will follow closely
the classical paper [72]; since numerous proofs—especially of technical lemmas—carry
over almost (if not entirely) word for word to our situation, we shall often omit them
and instead simply refer the reader to that work. Nevertheless, some care is needed at
several places, where the difference between our equations (3.20) and the ‘standard’ Euler
equations in the plane (which would correspond to having o = 1 and § = 0 in (3.20a))
will play a role; this will be the main focus of the subsequent discussion. The domain D,
the initial condition Uy, and T > 0 are supposed to be fixed.

Some more notation will be needed for this proof. If j,k € NU {0} and £,0 € [0,1),
the class C/*(Qy) is the set of all (scalar- or vector-valued) functions whose derivatives
of order p in x and of order ¢ in t exist and are continuous for all integers 0 < p < j
and 0 < ¢ < k, whereas C7T5*%9(Q,.) is the set of all (scalar- or vector-valued) functions
whose derivatives of order p in x and of order ¢ in ¢ exist and are Holder continuous with
exponent € in x (if € > 0) or with exponent § in ¢ (if 6 > 0), or both (if e > 0 and 6 > 0)
for all integers 0 < p < jand 0 < ¢ < k.

The Euclidean scalar product of two vectors f,g is denoted by f - g; we denote by
|f|| = Vf - f the Euclidean norm, as before. Moreover, we will write

W@ZAWWWMMMdeWQZAWMEWWM®

for scalar functions ¢, ¥ and vector functions f, g.
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A vector-valued function f with V - f = 0 will be referred to as a flow. If, in addition,
f-n =0 on dD (where n is the outward normal derivative on 0D), we will call f a
tangential flow.

Following the notation in [72], we will denote by L1(z), L2(z), . .. monotone increasing
functions of z > 0, which may depend only on D, Uy, and T.

Technical preparation

We begin by stating and proving a lemma (which is a slight generalisation of Lemma 1.1
in [72]) that will be useful later on.

Lemma 3.2.5. Let U € CY(D) be a flow and set p = V x U; also, let f € CY(D). Then

(fo,U-V®)+ ((fU-V)U, Vi) + <|U2|2Vf, v%p) =0

for all ® € CY(D) with ®|9p = 0.
Proof. If U € C%(D), the claim is a consequence of the easily verified identity

FfoU -V + ((fU-V)U) - V%d = V- (fpdU) — V x ((&fU - V)U)
—e®U-Vf—((?U-V)U)-V*f,

together with the observation that

(p®U,Vf) + ((dU - V)U),V+if) = <v(<1>‘U22|> — |U2‘2v<1>,v¢f>
= <‘U2‘2w, v%b) :

The result for U € C'(D) follows from here by approximating U by means of the usual
mollifiers (analogously to [72, Lemma 1.1]). O

We may eliminate the pressure IT from (3.20a)—(3.20b), to formally obtain the vorticity
equation
G+U-V(al+p8) =&+ V- [(a§+ B)U] =0, (3.23)
where

E=V xU

It is in fact convenient to multiply (3.23) by a and use the time-independence of o and S,
to rewrite (3.23) as
G+ (aU) - V( =0, (3.24)
where
= at+B.
We will denote by ¢ : R? x R? O D x D — R the Green function of the domain D.
The integral operator with kernel g is denoted by G:

Go(x) = /Dg(x,fc)go(fc) dx, xe€D.

Then, as is known (see, for example, [51, 53]), ) = G is the solution of the Poisson bound-
ary value problem Ag2®) = —¢, ¥|gp = 0. Recall some useful estimates and regularity
properties for g and G:
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Lemma 3.2.6. (i) Let £,6 € (0,1). The map C°*9(D) — C*(D), p — V+ Gy is
continuous. If o € CO90(Qr), then V+Gyo € C'Y0(Qr) for all & € (0,6). If
@ € COT0+(Qr), then V-G € C'H(Qr) for all 8" € (0,8) and €' € (0,¢).
(ii) If ¢ € L>®(D), then Gp € CY(D) and U = V+Gy is a tangential flow with

Ulloe < Cllelloe,
where C > 0 depends only on D.

The first step will be to show that, for all scalar functions ¢ = ¢(x,t) in a certain class
S’, we can construct a unique globally-in-time tangential flow U = Ue, + Ve, such that

VxU=gp, (3.25)
0:(U,U") + <(aU -V)U + ‘2|2Va + 4JU, U*) =0, (3.26)
(Ult=o — Up, U*) =0, (3.27)
where U* € C1(D) is defined as
VLo

U* = (3.28)

(VA V)
Y* € C%(D) being the unique harmonic function with ¢*|r, = 1 and ¥*|p, = 0 (with
Iy = {(z,y) 1 2® +y? =17} and Iy = {(z,9) : 2* +1° = r3}).

The next technical auxiliary result, which will be needed in the sequel, is [72, Lemma
1.6].

Lemma 3.2.7. Let f € C(D) be a vector-valued function such that
(f,U)=0 and (f,V'®)=0

for all ® € C5°(D) (where U* is as in (5.28)). Then there exists a function p € C*(D)
such that £ = Vp. If f € C(Qp) and the above conditions are satisfied for each t € [0,T),
then p can be chosen from C10(Qr).

We now define the class B
s'= U @)
€€(0,1)
Lemma 3.2.8. For all ¢ € S’ there exists a unique U € CYO(Qr) satisfying (3.25)(3.27);
U is a tangential flow and can be written as U = U + U’, with

U=V'Gy and U =\1t)U*, (3.29)
where |A(t)] < Li([[¢]loo)-

Proof. Since p € C=°(D) for some ¢ > 0, by Lemma 3.2.6 we have Gy € C*°(Q) and
U =V+tGyp e CY(Qy). Clearly, V x U = —AgGy = ¢ and V x U* = 0, thus (3.25) is
satisfied by U as in (3.29), for any choice of A\(¢). We now determine A(¢) so that (3.26)
and (3.27) are satisfied as well. Note that (U, U*) = 0, as is seen by integrating by parts
and by V x U* = 0 and Gy|sp = 0. Plugging U = U + U’ into (3.26) and (3.27) yields
for A(t) the ordinary differential equation

N(8) + i (OND? + A (1) + ps(t) = 0,
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with initial condition

A(0) = (Uo, U");

here, us is a real constant, whereas 1 (t) and ps3(t) are continuous functions of ¢t. Standard
ODE theory (see, e.g., [114]) yields the existence of a local solution A(¢). Next we show
that this solution can be extended to the whole interval [0, 7. To this end, let [0, 7) denote
the maximal interval of existence, for an appropriate 7 > 0. We multiply (3.26) by A(t),
so that

U 2
(0,U. 1) + ((aU o+ Zvasprv, U’) 0.
Plugging in U = U + U’, and using again (U, U*) = 0 and the identities
1
((OLU ’ V)Ula U/) = _i(U -Va, ’U/|2)a

((@U- V)T, U") = —((aU - V)U',U) — (U - Va, U’ - T),

we obtain the equation

where the coefficients’
1) =—((«U-V)U*,U) - (U-Va,U*-U) + %(|ﬁ|2Va,U*) + (3JU,U")
and
Y2(t) = —((aU* - V)U*,U) — (U* - Va, U* - U)
+ ((U-U"Va,U") + (BJU*, UY)

1 —
—5(U-Va,[U)

depend on U, but not on its derivatives, and—in view of Lemma 3.2.6—are therefore
readily estimated in terms of the norm ||¢||so:

@] < La(llelloo),  2(8)] < La(llelloo)-
Hence, with C([[¢]loc) = max{La([[¢lle0), L (ll¢lloo) }

A(t)? = A(0)? — 2 /0 [ ()A(5) +72(5)A()?] ds
< A(0) +20(|lglloo) /0 [IAG)] + [A(8)[] ds

t
< M0+ C(lelloo)t + 3C(]1n0) /0 A(s)? ds,
and Gronwall’s inequality now implies
A1) < (A0)2 + C(||p]loc)7) e3¢UIelc)™  for all t € [0, 7).

Therefore, A(t) is uniformly bounded on the interval [0, 7), for any 7 € [0,7], and so can
be extended to the whole of [0,T]. Setting

Li([|¢lloo) = [(Uo, U*)? + C([liplloo) T] /2 > Uellec)T/2
finishes the proof. O

! The terms which would make up the coefficient of A(¢)® cancel exactly.
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Next, given ¢ € S’ and U defined according to Lemma 3.2.8, we turn to solving the
initial value problem for the transport equation

G+ (aU)-V( =0,

3.30
<|t:0 = COa ( )

where (5 = aV x Uy + B. This is solved via a straightforward application of the method
of characteristics (see [51]). Given ¢t € [0,7] and x = (x,y) € D, we will denote by

s XU (x;8) = (X' (z,y;8), Yi(z,y;8))

the characteristic line for which X*(x;t) = x. In other words, X!(x; ) solves the ‘initial’
value problem

X () = (X! (x;5) UX'(x:5), ),

X (x;t) = x.

(3.31)

Since U € C0(Qr), existence of a local unique solution is guaranteed by standard
theory. Due to the fact that ¢ U has zero normal component on 0D, the solution can be
extended to the whole interval s € [0, 7], and has useful regularity properties:

Lemma 3.2.9. Given t € [0,T] and x € D, the problem (3.31) has a unique solution
Xt(x;8) defined for all s € [0,T); this solution is continuously differentiable in all three
arguments. For fived t and s, X'(-;8) is a one-to-one measure-preserving map of D onto
itself, with its Jacobian determinant equal to 1, where 0D is mapped onto itself. X5(-;s)
is the identity map, and X*(-;t) is the inverse map of X'(+;s).

Proof. Due to the fact that aU € C'0(Qr) is tangential, the proof is word for word
identical to those of [72, Lemma 2.2 & Lemma 2.3]. O

Given the characteristic lines X*(x;s), the solution of (3.30) at (z,y,t) € Qr is then
simply given by
C(x,y,1) = Go(X'(2,430), Y'(2,5:0)), (3.32)

or, in terms of £ = éc - 27

_ CO(Xt(x7y; 0)7Yt($7y; O)) o B(m,y)
§(x,y,1) = (z.) g

Since X!(x; s) is determined by U, which is determined by ¢, this means that ¢ is deter-
mined by ¢ as well, so we may write

§=Flol,

F being a map from S’ to C(Q7). It is important to point out that, as is known, ¢ given
by (3.32) is a classical solution of (3.30) only if ¢y € C*(D); however, if this is not the
case, then ( is still a weak solution, in the following sense (cf. [72, Lemma 2.4]):

Lemma 3.2.10. For all ® € C'(D), we have

(¢, ®) = (¢,aU - V).
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Let us now list some more estimates that will be needed later on. The proof is essen-
tially identical to the proofs of Lemmas 2.5, 2.6, and 2.7 in [72] (up to occasional trivial
adjustments to account for o and () and is therefore omitted.

Lemma 3.2.11. Given p € S, £ = F|p] satisfies the inequalities
§(x, 1) < Allcoll + B,

where 8(x) )
1 4 X 1—r

A= su = and B = su = 8w 1

xep a(x) (14 17)? wepa(x) (1R

and
[€(x1,t) — &(x2,8)] < La([l@lloo) ([Ix1 — %213 + [ — s]°),

where 61 = Ls(||o|loc), whenever ||x1 — xal2 <1 and |t — 5| < 1.

We are now in a position to define a new class S that will allow us to apply Schauder’s
fixed-point theorem.

Definition 3.2.12. For M = A||(y||cc + B, we define the class S as the set of all functions
¢ : D x[0,T] — R such that ||¢|e.c < M and

|o(x1,) = (2, 8)| < L(llx1i = x2l§ + [t = 5]°) for [Jx1 — xofla < 1, [t — 5| <1,

where L = Ly(||¢|loo) and 6= = L5(||¢]|oo) (here it is crucial that L and A depend on
l#]loc but not on the Hélder exponents of ¢).

Clearly, S C S/, and, by Lemma 3.2.11, F' maps ginto itself. It is also clear that
S is a compact convex subset of the Banach space C(Qr). Moreover, we have (entirely
analogously to [72, Lemma 2.8)):

Lemma 3.2.13. The map F is continuous on S in the topology of C(Qr).

Schauder’s fixed-point theorem now yields the existence of a fixed point ¢* € S of F:
§=Fle] ="

Proof of Theorem 3.2.3

With all this preparation, we are ready to prove Theorem 3.2.3. The regularity of the

derivatives of U is established exactly as in [72, Lemma 3.2 & Lemma 3.3]. Let us write
UJ?

as a short-hand notation. Let ® € C'!'(D) with ®|5p = 0. Then, using Lemmas 3.2.5 and

3.2.10, (3.23), and the fact that £ = ¢*, we have

(U, VD) = 9,(V x U, ®) = 9y(¢*, ®) = (ap* + 3, U - V)
2
= —((aU-V)U,V+d) — (’g’v@,vi@) — (3JU, Vo),

that is, (W,V+®) = 0 for each such ®. On the other hand, (W, U*) = 0 by (3.26).
Lemma 3.2.7 now yields the existence of II € C'%(Q;) such that W = —VII; this is
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(3.20a). Equations (3.20b) and (3.21) are automatically satisfied by construction of U (cf.
Lemma 3.2.8). It remains to show (3.22). Set W := Ul4—g — Uy; then

VxW0:V><U|t:0—Vngzgo*|t:0—V><U0:0,
because ¢* = ¢ and {|;—9 = V x Uy. Thus
(Wo, VEd) = (V x Up, @) =0

for all ® € C'(D) with ®;—g = 0. Moreover, (W,U*) = 0 by (3.27). Therefore, by
Lemma 3.2.7 (and since W € C1(D)) there is ¢ € C?(D) such that Wy = Vq. But Wy
is a tangential flow, ¢ is harmonic in D and V¢ -n = 0, thus ¢ is constant and Wy = 0, as
desired.

For the uniqueness part, suppose that (U,II) and (U,II) solve (3.20)-(3.22). Set
U=U-Uand Q:=1II—1IL then U-n = 0 on 9D and fﬂt:o = 0. Subtracting the
equations for (U, P) and (U, P), we obtain

. - . . 1 - .
Ui+ (a0 V)U + (aU- VU + o ([UP ~ [U)Va + 570 = -VQ.

Multiplying by U, integrating over D, and noticing that

(00 V)0, 0) =~ (U Vo, [O])

(as in the proof of Lemma 3.2.8) and (VQ,U) = 0 (because U is a tangential flow), we
see that

2.(0,0) = (T Va,[UP) - (00 - V)U,0) - (U + V) - 0)Va, 0).

Using the fact that o, U, U are continuously differentiable, we can find a real (not neces-
sarily positive) constant C' € R such that

9,(U,U) < (U, 0).

By Gronwall’s inequality and the initial condition ﬂ|t:0 = 0, it follows that U = 0 and
thus VQ = 0.

3.2.4 Existence and stability of a class of zonal solutions

In this section, we will seek zonal solutions of equation (3.15) (that is, solutions that
depend solely on ) in the case where F' is given by (3.16). In other words, for given
A, T € R, we are looking for a function Wy y = Wy v(¢) which solves the following ODE
problem (where a prime denotes a derivative with respect to 6):

(\Il’/\,T(G) cos 9)' = -V, y(0)cosf+ Y cosf —wsin26, 6 € (61,62),
War(61) =1, ¥ r(02) = 1o,

for 11,19 € R.

(3.33)
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Zonal solutions via Sturm—Liouville

Let us recollect some well-known facts about Sturm-Liouville problems (see, e.g., [114] for
proofs):

Lemma 3.2.14. Let a,b € R, a < b, and suppose that the functions p € C([a,b]) and
w € C([a,b]) are both positive: p(x) > 0 and w(x) > 0 for all x € [a,b]. Also, let
q € C([a,b]) and o, B,7,6 € R with (o, B) # (0,0) # (7,0). Then, there exists a sequence
1 < p2 < ...— +oo and, for each n € N, a function y, € C*([a,b]) such that

(p(x)yy () + qlz ) n(T) = —ppw(z)yn(z), € (a,b),
ayn(a) + By, (a) =
YYn(b) + 0y, (b) =

In addition, all solutions to this problem are a multiple of y, (i.e., each eigenvalue pi, is
simple), and yy, has exactly n — 1 zeros. Moreover, the set {yy, : n € N} is an orthonormal
basis of the weighted L?-space L*((a,b); w(x)dz) with respect to the inner product

b
— / F(@)g()w(z) d

(that is, (Yn,Ym) = Omn). The eigenfunction expansion

= (frumy
n=1

converges uniformly for all f € C?%([a,b]) with f(a) = f(b) = 0. Finally, each eigenvalue
Un can be recovered from a corresponding eigenfunction y, via the Rayleigh quotient:

—pynyl |8 + [7 [p(yh)? — qv?] da
(Un, yn> '

n = (3.34)

In several places throughout the rest of this section we will additionally require some
knowledge about inhomogeneous Sturm—Liouville problems; this is the subject of the next
lemma.

Lemma 3.2.15. Let a,b € R, a < b, and suppose that the functions p € C*([a,b]) and
w € C([a,b]) are both positive: p(x) > 0 and w(x) > 0 for all x € [a,b]. Also, let
q,h € C([a,b]), and o, B,7,6 € R with (a, B) # (0,0) # (v,9). For p € R, consider the
inhomogeneous Sturm—Liouville problem

(p(2)y'(2)) +q(x ) () = —pw(z)y(x) + h(z), = € (a,b), (3.35a)
ay(a) + By'(a) = (3.35b)
Yy(b) + 8y’ (b) = (3.35¢)

Let 1y < po < ... be the eigenvalues of the homogeneous problem (h = 0), with corre-
sponding eigenfunctions y, (n € N), scaled so that (yn,yn) = 1 for all n € N. Then the
inhomogeneous problem (3.35) has a unique solution if and only if p ¢ {pn : n € N}. If
W= g for some k € N, then:

(a) either (g,yw =# 0, in which case there is no solution, or
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(b) <%, yr) = 0, in which case there are infinitely many solutions, which are of the form

y(l‘) = Z bnyn(‘r)a
n=1

where

and by, is an arbitrary real number.

Proof. Suppose that 1 ¢ {41, : n € N}. Let ¢, = (£, y,), thus

w(x) - n=1

(with convergence in the Hilbert space L?((a,b);w(z)dx)). Any solution y of the inhomo-
geneous problem (3.35) must have an eigenfunction expansion

00
y= Z bnyn;
n=1

we now show that appropriate coefficients (b,)nen can indeed be uniquely determined.
Since

(P(@)yn (@) + ¢(@)yn (@) + pw(@)yn(@) = (1 — pn)w(@)yn (),
plugging into (3.35a) yields

=Sl ),
n=1
hence
(N - ,un)bn =cpn, MEN, (336)

and thus b, = #f’Ln for all n € N.

If, on the other hand, u = py for some k& € N, and ¢; # 0, then the equality (3.36)
cannot be satisfied for n = k, so there is no solution in this case. Finally, if y = py for
some k € N and ¢ = 0, the equality (3.36) is satisfied for any choice of the coefficient by;

this concludes the proof. ]

Combining the previous two lemmas, we obtain a family of zonal solutions to (3.33).

Proposition 3.2.16. Let 0 < A\ < A2 < ... — 400 be the sequence of eigenvalues
(provided by Lemma 3.2.14; note that Ay > 0 follows from (3.34)) of the problem

(0'(0) cosB)" = —AW(0) cos b, 6 € (61,0),

(3.37)
U(0) = U(6,) = 0.

Then the problem (3.33) has a unique solution Wy y for all X ¢ {\, : n € N}.
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Proof. By setting

V(0) = Wrx(0) — (ab 1 b),

where
a:¢2—1!11 and 62921/11—91@02
92 — 91 92 - 01

problem (3.33) transforms to

(@’(9) cos 9)/ = —\U(A)cosf + asinf + [T — A(ah + b)] cosf — wsin26, 6 € (6y,6,),
U () = U () =0,

which has homogeneous Dirichlet boundary conditions. The claim then follows from
Lemma 3.2.15. ]

Remark 3.2.17. Note that, by the weak maximum principle (see, e.g., [53]), solutions to
problem (3.15) are unique if A < 0. Therefore, the radial solutions for A < 0 are in fact
all solutions for such values of A.

Remark 3.2.18. It is possible to infer that A ¢ {\, : n € N} if the annular domain
C is sufficiently ‘narrow’. In fact, via a fixed-point argument, we can show existence of
solutions to (3.33) for all A € R, that is, it can be guaranteed that X is not an eigenvalue of
(3.37), provided that the region C be sufficiently ‘narrow’ (depending on |A|). The result
is formulated more conveniently after applying a stereographic projection centred at the
North Pole; in other words, as in Section 3.2.3, we perform the change of variable

cos
r =
1—sinf’

after which, setting ¥y (r) = ¥y y(0), problem (3.33) becomes

1 =, / 4N ~ 1—¢2
;(T\I/)\(T')) = —m\l/)\(r) + Swm, r € (r,r), (3.38a)
Ua(r1) =1, Wa(ra) = s, (3.38Db)

where r; = cosf; /(1 —sin6,) and 73 = cosfz/(1 —sinfa) (so that 0 < r; <ry <1).

Proposition 3.2.19. Let A € R and suppose that

T2 o) (3.39)

1
Then there exists a unique solution Uy € C2([r1, 1)) of problem (3.38).

Proof. Following [19], we the change variables according to

r=e¢ ", u(r)= @A(r) = \i/,\(e*T).
Setting

1
71 = log '’ Ty = Ioga

(so that 71 < ), equation (3.38a) becomes
Au(T)

inh
u”(T) _ S W sin 3(7') :
cosh?(7) cosh”(7)

T E (7'1,7'2) (340)
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(where the prime now denotes a derivative with respect to 7), whereas the boundary
conditions (3.38b) become simply

u(m) =2, u(r2) =11 (3.41)
Integrating (3.40) twice on [y, 7], where 7 € [11, 72|, yields the integral equation
T _ T inh
u(T) =g — 1 + p(u)(t—71) — A Tigsu(s) ds—l—ZoJ/ (T—s)w ds, (3.42)
7 cosh?(s) - cosh”(s)

p(u) € R being an integration constant for which we must require

) = o —va e [ 2 (s =20 [ >“h”) s}

Ty — T - cosh®(s . cosh3(s

for the boundary conditions (3.41) to be satisfied. Let us now define
X ={feC([r,m]): f(r1) =2, f(r2) =1},

which is a closed subset of the space C([r1,72]) of continuous functions on [, 72]. We
define the map 7 : X — X as

?

T—S§ T sinh(s)
. cosh?(s) u(s) ds + 2w /T1 (r=s) cosh?(s)

it is easily checked that indeed 7(X) C X, so that 7 is well-defined. We now show that
T is a contraction on X. Let u,v € X; then

T(w)(t) = b — 1 + p(w)(r — 1) —)\/

T2

T (u)(r) = T(0)(T)] < 2[Al(r2 - n)/ |u(s) —v(s)| ds

T1

<2\|(r2 — 1) ?|u — V|| poo(ry,myy  for all T € [, 2],

which, in view of (3.39), yields the asserted contraction property of 7 on X. Banach’s
fixed-point theorem now yields the existence of a unique fixed point © € X of T; the
fixed point w is thus a solution of the integral equation (3.42) satisfying the boundary
conditions (3.41). Finally, note that, v being continuous, the right-hand side of (3.42) is
twice continuously differentiable; this implies that, in fact, u € C?([r, 72]). Transforming
back to the original variable » = e~7 then completes the proof. O

Stability

We begin the discussion of stability by identifying certain conserved quantities. To simplify
notation, we denote derivatives by subscripts in what follows.

Proposition 3.2.20. Let f € C*(R) be arbitrary. Then, the quantities

1 ) 1,
3 /C (we(% 0,t) + o2 9%(@, 0, t)) do, (3.43a)
2 21
1/}9(@7 917 t) ng, ¢9(<P; 027 t) dSO (343b)
0 0
and
/ F(Aatb(0, 0, 1) + 2wsin 0) do (3.43¢)
C

are conserved by smooth solutions of (3.14) with boundary condition (3.13).
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Remark 3.2.21. The expression (3.43a) is the kinetic energy, the quantities in (3.43b)
are the circulations along the ‘lower’ and ‘upper’ boundary, and (3.43c) corresponds to
the so-called Casimir invariants (see [27]).

Proof. First, evaluating (3.9a) on {6 = 6;}, i € {1,2}, and taking (3.11) into account, we

see that
= > ’
r=r1/ @

hence the quantities in (3.43b) are conserved. Consequently, using (3.14), the boundary
condition (3.13) (which implies that 1, = 0 on the boundary), and the 2m-periodicity in
the p-argument, we see via integration by parts that

1 1 1
O /C 5 <7/}g + COS20¢<'20> do = /C <¢9¢9t + COS29@Z)@¢@> do

27 2

= by cos b Yot|r=r, dp — 11 cos Oy Yot |r=r, de
0

u2

2cos b

p
cos 0

Yotlo=0, = —Utlo=p, = (

r=ri

0
- /C P(Age)e do

27 02
= / / Y [7,/}%089 — 1/19(%] (Ag2t) + 2wsinf) df dp = 0;
0 01
this establishes the claim for (3.43a). For (3.43c), using (3.14) and (3.13), it follows

8t/f(AS2w + 2wsinf) do
C

2 [

:/0 | (ol (B 205in0)] — 0[S (At + 205i0)] 0 dp = 0

this completes the proof. O

In view of Proposition 3.2.20, we see that the functional

2
sa,ﬁ(z/})zl/c [—A<w§+ Ve >+(Agzw+2wsin9—T)2} do

2 cos2 6
27 27
+>\{04 Vglo—0, dp + Yglog—0, d@}
0 0

is constant along smooth solutions to (3.14) and (3.13) for any «,5 € R. For such a
solution ¢, we may compute the first and second variation of &, g(¢), to find

digaﬁ(d)—l-sf) = /()\@ZJ— T + Ag2t) + 2wsin 0) Ag2& do
S s=0 C
27
+ A{(Oé — 1py cos 03) ; Eolo=g, de
27
e+ cost) [ el av

and

a2 &2

frfastrs0) =[2G+ 55 ) + (Qat] an
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Therefore, wee see that, choosing
a =1Pgcosly and [ = —;cosb, (3.44)

the zonal solution ¢ = W,y to (3.33) is a critical point of the functional &, g, with
nonnegative second variation if A < 0. These observations naturally lead us to the stability
result stated in Theorem 3.2.2. Let us point out that, as is readily seen upon inspection
of the upcoming proof, the conclusion (3.17) of Theorem 3.2.2 actually holds for all values
of X for which W) v is defined, although clearly this implies stability only for A < 0 (as
suggested by the expression for the second variation of &, ).

Proof of Theorem 3.2.2. The idea of this proof is similar to [81, pp. 104-109]), but we
present it nonetheless for the sake of completeness. We choose o and f as in (3.44). For
notational convenience, we will write £, 3 = £ and ¢* = W, v throughout the proof. Let
¥ be the stream function corresponding to (u,v) (as in (3.12)) solving (3.14)—(3.13). It is
immediate to check that

Q= A

Using the identity 3(a* — b%) = 3(a — b)? + b(a — b), valid for all a,b € R, we see that

A

e -6 = =5 [ o= v+ rpwo—vp2| o

* * 1 * *
- A/c [7/}9(% —g) + mwgo(%a - %;)} do
+ % /C(Asﬂﬁ — Ag29p*)* do

+ /(Aggv,/)* +2wsinf — T)(Aget) — Agep™) do
C
2

2T
Mimcosty [ (0= i)loc do — Morcosty [ (o — ) la-a, dio
0 0
A * 2 1 * |2
= —5\\‘1 — il + §HAS2¢ — As2¥" 720y
in view of (3.12). Therefore, since € is a first integral for (3.9)—(3.11),

“Mu(t) = w0 e l2ae) + 120 — B plZ2e) = 2EWD) — E(W))
— 2(E (o) — E(")

= —Alluo —u} v[72c) + 1€ — 2 xll72(c):

as claimed. 0
Remark 3.2.22. In particular, taking A = 0, we have stability (albeit exclusively in terms

of the vorticity) of the solution corresponding to the stream function Woy which solves
the problem

(\I/fn»(ﬁ) cos 6?)/ =Tcos —wsin20, 6 € (01,602), (3.45a)
Wo,x(01) =1, Wor(f2) =2 (3.45b)
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(existence and uniqueness of Wy y are guaranteed by Proposition 3.2.16). It is interesting
to note that, in this special case, one can find infinitely many Lyapunov functions. Indeed,
for n € N, consider the functional

En(Y) = /c [ - Tn; ! (A2t + 2wsin0)" + (Ageth + 2w sin@)”“] do,

which is conserved along solutions of (3.14)—(3.13) by Proposition 3.2.20. A simple calcu-
lation yields
2

—0 and %Sn(%,r +56)| =m+1D)r™? / (Ag26)% do,

d
—&,(v
dsg (Yorx +s¢) s=0 s=0 C

thus W v is a critical point of &, for each n € N and the second variation is non-negative
provided that n be even and T > 0, or n odd and Y of any sign. The solution of (3.45)
can in fact be computed explicitly by integrating (3.45a) twice; this gives

o, xr(0) = C(0) + cin(0) + ca,
where

¢(0) = —Tlogcosh + wsinf — gtanh_l(sin«%,

. 7 .0 0
n(6) = log (sm 5 + cos 2) —log <s1n 5 ~ cos 2)

and the integration constants ¢, ce are determined through the boundary values (3.45b)
as

o = o — Y1+ ((61) — ((62)
n(62) —n(61) 7
y — Y11(02) — 291m(61) + Pan(61) — C(01)n(02) + 21(601)C(61) — C(02)n(6h)
n(62) —n(61)

The stability properties of the zonal solutions ¥ y that we discussed may contribute
to explaining why the current pattern observed in the ACC is persistent. To this end, it

0.8

07

0&

05

0.4

Speed [ms~1]

03

02

01

—62 —&0 -58 =56 -54
Latitude

FIGURE 3.3: The (dimensional) zonal velocity corresponding to the (nondimensional) stream
function Wy v for the values A = —3000, T = 30000, 1 = —5, and ¥ = —25.
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is interesting to ask whether the large family of solutions Wy v of (3.33) contains solutions
(for some A < 0) that exhibit at least some features that emerge from in situ measurement
of the ACC. As mentioned in the Introduction, the ACC is in fact composed of fast and
vertically coherent jets, with speeds that can exceed 1ms™!, separated by zones of low-
speed flow. In particular, the ACC is delimited by two such jets, namely the inner Polar
Front and the outer Subantarctic Front, which are situated at approximate latitudes of
60°S and 50°S. The presence of such jets at the boundary of the region, separated by a
low-speed region in the middle, is captured by W) y for appropriate choices of A, ¥ and
1o; see Figure 3.3.

3.3 Ocean gyres with variable density

In ocean dynamics, gyres are wind-driven currents that are confined to a closed region,
where a slow spiralling motion takes place about a central point; such regions are not
necessarily circular (their shape is usually more irregular) and occur in a variety of sizes,
which can be in excess of several hundreds of thousands of kilometres. The five largest
gyres are observed in the Atlantic and Pacific Ocean—both in the Northern and South-
ern Hemisphere—and in the Indian Ocean [116]; smaller gyres have been observed, for
instance, off the coast of Alaska (the Beaufort Gyre—see [40]). Due to the effect of the
Coriolis force, gyres in the Northern Hemisphere usually rotate clockwise, whereas south-
ern gyres spin counterclockwise. At the equator, the Coriolis force changes sign and thus
effectively acts as a waveguide, so that equatorial flows have a typical zonal structure that
prevents the formation of gyres (see [29, 54]).

Due to gyres’ large extension, one should expect their dynamics to be significantly
influenced not only by changes in the Coriolis force across the gyre region but also by
the effects of Earth’s curvature. The simplest tangent-plane approximation, namely the
f-plane approximation discussed in Section 2.1, fails to take either of these aspects into
account; on the other hand, the S-plane approximation (a slight generalisation of the
f-plane which accounts for small variations of the Coriolis parameter in the azimuthal
direction—see [116, Section 2.3.2]) is only consistent in equatorial regions [89], where gyres
are absent. It is therefore appropriate to work in the spherical coordinates described in
Section 1.1.3, the equations being those of the thin-shell approximation derived in Section
3.1. In particular, in this section, we will retain density variations, in contrast to Section
3.2.

This section, which is based on the article [47], is structured as follows. First, we
derive from (3.8) an elliptic vorticity equation for a pseudo stream function 1, whose
existence can be inferred from (3.8d) and (3.8¢). Next, we rewrite the equation for v
using a modified stereographic projection, whereby the centre of projection is situated at
the South Pole; this is a more convenient setting than the usual stereographic projection
centred at the North Pole when dealing with regions situated in the Northern Hemisphere.
In the absence of terrestrial rotation, the equation can be solved explicitly, as shown in
[44]; some examples illustrate the significance of such solutions for the descriptions of
arctic gyres. Finally, following the strategy developed in [42], we show that, for gyre
regions whose diameter is of the order of hundreds of kilometres, at leading order the
explicit solution for the fixed sphere is an approximation of the corresponding solution for
the rotating sphere, in a sense that is formulated precisely in Theorem 2.5.4 below. The
same procedure is applied to the case of gyres in the Southern Hemisphere by means of
the ‘classical’ stereographic projection, whereby the centre of projection is situated at the
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North Pole.

For reference, let us write down the thin-shell equations (3.8) we have derived in Section
3.1, suppressing the time dependence and neglecting the equation (3.8¢c) of hydrostatic
balance:

COZ;egz;—l—ng—uvtan9—2wvsin9:—pcisagi, (3.46a)
002(92:; + U?}Z + u? tan 0 + 2wu sin 0 + w? sin A cos 6 = —;g{;, (3.46b)
(302025 * vgg =0 (3.462)
g:; + 889(1) cosf) = 0. (3.46d)

Note that, in simply connected regions of the sphere S?, equations (3.46d) and (3.46c)
imply the existence of a (pseudo) stream function (¢, 6) for which

oY 1 0y
vpu = 0 and \/ﬁv_cose%’

moreover, it follows from (3.46¢) that, as long as Vg29) # 0, where
1 9f of

e¢+%eg

Ve f =

cos@%

denotes the gradient of the differentiable function f on S?, there exists a function g such
that

p((p, 0) = QW(‘P; 0))

for all (¢, 0); see, for instance, the discussion in [118] and [122]. We shall always think of
o0 as being given. Now we may eliminate P in (3.46a) and (3.46b) by multiplying (3.46a)
and (3.46b) by o(¢) cos @ and p(1)), respectively, and cross-differentiating; this leads us to
the vorticity equation

2
[gz/;a@a . gﬁ@i] (Aw 4 20y/Q0sind + g (0)sin? e) 0,

where

1 1 0%*f 0 of
Aot = cos [00808902 + ae(cosea@ﬂ

is the Laplace-Beltrami operator on the surface of the unit sphere S?. Finally, throughout
regions where Vg21) # 0, the rank theorem [1] yields

Ag2t) = F(¢) — 2w/ 0(1)) sin § — “;g’(w) sin? 6, (3.47)

where F' is an arbitrary smooth function. Clearly, if g is a constant (and equal to 1, in
view of the scaling (3.4)), (3.47) reduces to (3.15). In what follows, we will investigate the
case of a particular choice of F', namely

F(¥) = ae® +c, (3.48)

where a, b, ¢ are real constants; in this case, explicit solutions (in the form of Stuart-type
vortices) can be constructed in the case of constant density o (see [44]). In general, even
for constant density, explicit solutions of this elliptic problem are remarkably rare; see the
discussion in [27].
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3.3.1 Gyres in the Northern Hemisphere

Since we are interested in the description of polar arctic gyres, located in a region 2 in
the Northern Hemisphere delimited by a closed streamline, it is convenient to employ a
modified stereographic projection, where the centre of projection is situated at the South
Pole instead of at the North Pole; see Figure 3.4. The coordinate transformation reads

_ e . _ cos
E=re¥ with r R~ (3.49)
where (r,¢) € [0,00) x [—7, ) are the polar coordinates in the equatorial plane. Thus,
we have
sin@zljigg, cosc9:277££, 2:— £ 0__¢ i, i 0 15—
§E+1 EE+1 06 cos@ 06  cosBIE Oy 65 0¢

Some manipulations of (3.47) yield the equation

o2 g WP, (-0 F()
hadll >/ - = 0. 3.50
agoe TV T T W e T mreop (3.50)

Then, setting B ~ B
P(&,€) = C(&,§) + Alog(1 + &),
where A € R is to be determined, and noting that
0?1 B 0%¢ n A
080§ 0€0¢ (14 £E)?

and e =(1+ fé)Ab e,

by choosing

2 2
A= 7 and c= 7 + Cw,
where C' € R\ {0} is an arbitrary constant, equation (3.50) transforms to
¢ we S (1 —&€)? Cuw
geag = 2V e~ T g e O

FIGURE 3.4: The stereographic projection centred at the South Pole, defined in (3.49).
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where 5
9(¢.€) = 7 log(1+£8).
If we set w = 0 in this equation, we thus obtain the Liouville equation

¢ e
ocoe ¢

: (3.52)

which is exactly solvable: its general solution is namely given by

L (PP
(6.6 = 10 (it ) 1559

where f is a meromorphic function with f’ # 0, | f| # v/2/+/ab and having at most isolated
singularities in the domain in which the equation is to be solved (see [44]). For a particular
choice of f, this yields a solution (y to (3.51) for w = 0 and thus a stream function

Yo(&,) = (€, &) + - 1og(1 + &0 (350
that solves (3.50) for F' as in (3.48) and w = 0.

Example 3.3.1. Let us consider a particular choice of f that should exemplify the link
to the description of arctic gyres. For simplicity, we set b = 1. Let

fl&)=¢+1

Working in Cartesian coordinates (z,y) = (r cos ¢, rsinp) = (%g, 52;15_) in the projection
plane, it is easy to see that the streamline corresponding to ¢ = ¢ for a real constant c
(that is, the level set ¥(£,£) = c) corresponds to the set of all points (z,y) € R? that

satisfy the equation
16(z” +y°) (1 + 2* +y°)* = k[2 — a((2® + y*)* + 2(2* — y*) + 1)),

where k = e¢; for k£ small enough, we obtain a closed streamline around the North Pole
(see the left panel of Figure 3.5).

0.5

N AR
O 05 Q_/ 05 1 . 05 0 u.s 1

=1 1

FIGURE 3.5: The streamlines from Example 3.3.1 (left panel) and Example 3.3.2 (right panel) in
the Cartesian projection plane for a =4, b =1, k = 0.2 and p = 0.3. The origin corresponds to
the North Pole; the circle of radius 1 corresponds to the Equator.



60 3. OCEANIC FLOWS IN THE THIN-SHELL APPROXIMATION

Example 3.3.2. As a second example, let us take b = 1 as in the previous example and

f(&) =(€~p),

where p € (0,1). Then streamlines 1) = ¢ correspond to points in the Cartesian projection
plane whose coordinates (z,y) satisfy the equation

16((z — p)* +y*) (1 +2° + y*)* = k[2 — a((z — p)* + v*)*]%,

where k = €% for k small enough, this yields a closed streamline in the Northern Hemi-
sphere below the North Pole (see the right panel of Figure 3.5).

We now turn our attention to the situation where w > 0 in (3.51). Given a solution (o
of (3.52) in a bounded region Q of the sphere with smooth boundary in the Northern
Hemisphere (such as, for instance, in Example 3.3.1 and 3.3.2), we will denote by O the
projection of €2 onto the complex &-plane under the modified stereographic projection
introduced in the previous section. Furthermore, for given w > 0, let ¢ solve (3.51) with
boundary condition

(=¢( on 00.

Our aim is to show that such a solution ({ exists and that (p is an approximation of ¢ in O
in a certain sense. In the sequel, we will make use of the following lemma (for the proof,
we refer to [42]).

Lemma 3.3.3. Let O C R? be a bounded open subset with smooth boundary, and let

Fy € C(O). Then the Dirichlet problem

AU() :Fo m O,
Uy=0 on o0

has a unique solution Uy € C%(0) N C(O). Moreover, if Fy < 0 or Fy > 0 throughout O,
then we have Uy > 0 respectively Uy < 0 throughout O, and the estimate

1
< —MD?
Dol < 1
holds in all of O, where D is the diameter of O and

0< M= max |Fy(z,y)|
(z,y)€0

Also, the following technical result about the stereographic projection will be needed
later on.

Lemma 3.3.4. Suppose that C is a (closed) spherical cap contained in the Northern Hemi-
sphere. Then, the projection of C onto the (Cartesian) projection plane is a circle whose
diameter is given as follows:

(a) If C does not contain the North Pole, then the diameter of its projection is
. (On—0
2sin (%)
)
cos (LNEGS) + sin (LNJGS)

where O and Og are the latitude of the northern and the southern tip of C, respec-
tively.

De =

(3.55)
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(b) If C contains the North Pole, then let O and Og be the latitudes of the northernmost
and southernmost tip of the edge of C, respectively (unless C is centred at the North
Pole, there are always exactly two such points of different latitudes, in which case
we set Oy > Og). Then the diameter of the projection of C is

2 cos (%)

cos (M) + sin <9N+95>

D¢ = (3.56)

Proof. 1t is a well-known fact (see, for instance, [52]) that the stereographic projection
maps a circle on the sphere that does not pass through the centre of projection onto
circles of the plane, whereas circles that go through the centre of projection are mapped
onto straight lines.

Let us consider case (a). We can determine the diameter of the projected circle by
computing the distance D between the projection of the points with spherical coordinates
(¢,0n) and (¢, 0g), where ¢ is the longitude of the meridian about which C is symmetric.
We thus find

D2 cos O . cos fg . 2 n cosOny . cosblg . . 2
= ———cosp — ————=—cos ———sing — —————sin
T+sinfy > T4singg % T+sinfy ¥ Tsings 7

2 (On—0,
B < cos O cos Og > 4sin ( 5 S)
= - — " - 2;
1+sinfy 1+sinfg [cos <9N595) 1 sin <9N;r€s>]

since 0,05 € [0, 5 ), we may take the square root on both sides to obtain (3.55).
The expression (3.56) in case (b) follows directly from (3.55) and the identity

sin (2 — «) N sin (§ — ) _ cos (o + )
con (5 ) +m (5 +a) *eon (5 F) +om (5 +5) eos(a— ) +sin(a )

for any «, 6 € R, which is easily verified using standard trigonometric identities. O

We first formulate and prove our main result for C' > 0. It will be convenient to work
in Cartesian coordinates (z,y) = (7 cos ¢, rsin ¢) in the projection plane.

Theorem 3.3.5. Let 1y be a solution of (3.47) for w = 0 in a bounded region Q0 with
smooth boundary that can be enclosed in a closed spherical cap C contained in the Northern
Hemisphere. Let O be the image of ) in the Cartesian projection plane under the stereo-
graphic projection defined in (3.49). Suppose that we have C > 0 in (3.51) and ab > 0 in
(3.48). Furthermore, assume that there exist constants my, mo, My, Mo > 0 with

—m1 <o <M and mo < o< M, (3.57)

everywhere and such that the inequalities

2)(1 - 12)
C'>(1+T)(1 t 4+/ M. +wM1

= 2(1+12)3 (3:58)
and 4 (1 +t2)4 1 -T2
my < ORI +T2)3\ﬁ (3.59)
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hold, where
T = max 2?2+ y? and t= min_ /22 + 2.
(z,y)€0 (z,y)€0
Then, there exists a solution v of (3.47) for w > 0 in Q with
=19 on N
such that o2
D
0<g—v< Cw(l + sin )2, (3.60)

where D¢ is as in Lemma 3.3.4 and 9 is the latitude of the northernmost point of ).

Remark 3.3.6. (i) Inspecting the proof of Theorem (2.5.4), one sees that the condition
(3.57) is stronger than needed: in fact, it suffices to assume

d(G—Uo+g)=-mi, d(C+g) <M, ofo—Uo+g)=ma ofo+g) <M
throughout O, where Uj is as in Lemma 3.3.3 for
4Cw
(1422 4 y?)?
(ii) Let us briefly comment on the assumptions (3.58) and (3.59). First of all, (3.58) can
always be satisfied by choosing C' > 0 large enough; indeed, this gives a lower bound
on C which will appear in (3.60). For (3.59), since we expect mg and Ms to be on
the order of about 1, it follows from (3.59) that m; has to be small; this is physically

reasonable, since variations in the density of ocean water are typically very small.
See the discussion in Section 3.3.3 below for more information on this aspect.

Proof of Theorem 3.3.5. Let us define the difference
v =G0 — ¢ =t —;

then, noting that e?0 —e% = €% (1 — e77), it follows that ~y solves the equation

Fo(flf,y) = - <O7 (xay) €0.

2 ¢ 2 _ 2
0%y = a e (1—e ") +2w\/0(Co _7+9)1££;3+L;Q/(C0—’y+g)(1 5@ B C'wi

9EDE (1+£9) 1+ (1+¢5)?
with homogeneous Dirichlet boundary conditions
v=0 on 90.

In Cartesian coordinates (z,y) = (rcosg,rsiny) in the projected plane, this produces
the elliptic equation

1— a2 —y?
- bo(] — ¢t - T 7Y
Awgyy +4ae™ (1= ™) + 80v/0(Co =7+ 9) 3298
1 — 2% —y?)? 4Cw
2w?0' (Co — ( — =0.
+ WQ(CU 7+g)(1—|—m2—|—y2)4 (1—|—x2—|—y2)2

Now, functions 7., v* € C?(0) N C(0) that vanish on 9O are said to be a subsolution and
a supersolution if

- 1 _$2 _y2
Ay Ve +4ae? (1 — e + 8wy/0(Co — s + g)m
1— a2 — y2)? 4Cw
2w (Co — a ( _ <0 inO
+ 2w 0’ (o 7+9)(1+x2+y2)4 (1+a2+y2)2 ~ m

(3.61)




3.3. OCEAN GYRES WITH VARIABLE DENSITY 63

and

L 1— 2% —y?
—A(ay)Y* +4ae®0(1 ™) + 8w S ) e S
1— 2% —y?)? 4Cw
92w20 (Cn — ~* ( _ >0 inO
+ 2w Q(CO v +g>(1+x2+y2)4 (1+x2+y2)2 = n

respectively. Because the nonlinearity in (3.61) is smooth, the existence of a subsolution
and a supersolution would imply the existence of a solution v € C?(0) N C(O) of (3.61)
with

Y <y <" in O;

see [53]. Now, let Uy be as in Lemma 3.3.3 for

4Cw

FO(J:ay) = _(1 +$2 +y2)2

<0, (z,9)€0;
then U is positive in O. Since ab > 0, with the assumptions (3.57)—(3.59) it follows that
v« = 0 is a subsolution and v* = Up is a supersolution. Indeed, we have

1—2%—y? 9 (1 — 22 — y?)? 4Cw
8w/ - v Jd 2 / _
w Q(CO +g)(1+x2+y2)3 + 2w Q(CO +g)(1+x2+y2)4 (1+x2+y2)2
1— ¢t (1—12)2 4Cw
< 8w/ Moy———— + 20 M - <0
=SV e T M ey T e S

and

X 1 — 22 =42 1— 22 — 42)2
4aebCo(1 —e ) + 8w/ 0(Co — 7* +9)—y3 + 2W29’(C -7+ Q)M

(1422 +y?) (14 22 + y?)*
1-177 s (1—12)?
ZSw\/mzm—Qw mlm 20

Thus, the method of sub- and supersolutions yields the existence of a solution v € C?(0)N

C(O) of (3.61) with
1
0§7§U0§EMD2 in O,

where, as in Lemma 3.3.3, D is the diameter of O and

0< M = max [—Fy(z,y)]
(z,y)€O
Now, let C be the smallest closed spherical cap that contains 2; then O will be contained
in the stereographic projection of C, therefore D will be bounded above by the right-hand
side of either (3.55) or (3.56), depending on whether C does or does not contain the North
Pole. Finally, because of the straightforward estimate

4Cw
M< —
1+
we obtain

Cw D2
<tp—tp < — . —C .
0oV == Girap

The claim now follows from (3.49). O
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A similar result holds in the case C' < 0, although we have to modify the assumptions
on . In particular, we must require that ¢’ be negative.

Theorem 3.3.7. Let 1y be a solution of (3.47) for w = 0 in a bounded region Q0 with
a smooth boundary enclosed in a closed spherical cap C contained in the Northern Hemi-
sphere. Let O be the image of 2 in the Cartesian projection plane under the stereographic
projection defined in (3.49). Suppose that we have C < 0 in (3.51) and ab > 0 in (3.48).
Furthermore, assume that there exist constants my, mo, My, Ma > 0 with

—m1 < ¢ <=My and my <0< M
everywhere and such that the inequalities

2 (1+t2)4 1 -T2
<=z 2 N
™S A ey e CirmVm o

and

4(1+TH 142
M, > = VM.
L= (@ —T2)2 (1 +2)3 Y 72

hold, where T and t are as in Theorem 3.3.5. Then, there exists a solution v of (3.47) for
w > 0 in Q with
=1y on I

such that
CD3w
16
where D¢ is as in Lemma 3.53.4 and ¥ is the latitude of the northernmost point of 2.

(1 +sind)? < ahp — 1 <0,

Proof. The proof is analogous to that of Theorem 3.3.5, the only difference being that now
(using the same notation as in the previous proof) Fy > 0 in O, so that Uy < 0 in O and
thus it follows, with the modified assumptions on o, that now a supersolution is given by
~v* = 0, whereas v, = Uy is a subsolution. The remaining estimates then follow as before.
Note that, similar to Theorem 3.3.5, it is in fact enough to require

0'(lo+9)>—m1, o —-Up+g)<—M, oo+g)>ma 0(Co—Uy+g) <M

throughout O. O

3.3.2 Gyres in the Southern Hemisphere

When considering regions that are confined to the Southern Hemisphere, it is convenient
to employ the standard stereographic projection, that is, to place the centre of projection
at the North Pole. The coordinate transformation is then given by

cos

=re¥ with r=—-—,
¢ 1—sinf

(3.62)
where (7, ¢) € [0,00) x [—7, 7) are the polar coordinates in the equatorial plane. One then
easily computes

€1

€ o0 _ g0 &0 9 )
€+ 1’ T E+1 00 cosfOIE T coshIE

sinf =

oo~ Soe
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and (3.47) becomes

0%

o 1-6 W (1-€)? F(¥)
DEOE

Q(¢)(1+£§—)3 +3@<w>(1+&-)4 (ENTSE =0. (3.63)

Setting as before

YEE = 6D +o(e8) and c=7 +Cw,

where C € R\ {0} and g(&,€) = 2log(1 + £€), equation (3.63) transforms to

S, g WP, (-8 Cw
Se0 = ¢ +2w\/m(1+&—)3 S e e B0
As mentioned above, the general solution of (3.64) for w = 0 , that is,

¢ e
ocoe ¢

)

is given by (3.53).
For later reference, let us formulate a version of Lemma 3.3.4 in this new setting. The
proof is entirely analogous to that of Lemma 3.3.4.

Lemma 3.3.8. Suppose that C is a (closed) spherical cap contained in the Southern Hemi-
sphere. Then the projection of C onto the (Cartesian) projection plane is a circle whose
diameter is given as follows:

(a) If C does not contain the South Pole, then the diameter of its projection is

. On—6
2 sin <NTS)
9
cos <79N;95) — sin (LA’;QS)
where O and Og are the latitude of the northern and the southern tip of C, respec-
tively.
(b) If C contains the North Pole, then let O and 6g the latitudes of the northernmost
and southernmost tip of the edge of C, respectively (unless C is centred at the North

Pole, there are always exactly two such points, of different latitudes, in which case
we set Oy > Og). Then, the diameter of the projection of C is

2 cos (%)

cos <9N;05) — sin (%)

Let us now prove analogous results to those for the Northern Hemisphere.

De =

(3.65)

D¢ = (3.66)

Theorem 3.3.9. Let 1pg be a solution of (3.47) for w = 0 in a bounded region Q0 with
smooth boundary which is enclosed in a closed spherical cap C that is contained in the
Southern Hemisphere. Let O be the image of  in the Cartesian projection plane under
the stereographic projection defined in (3.62). Suppose that we have ab > 0 in (3.48).
Furthermore, assume that there exist constants my,mgo, M1, My > 0 with the following
properties (where T and t are as in Theorem 3.3.5):
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o IfC' >0, then
my <o <M and ma< o< M

everywhere, and the inequalities

2 (1+t2)4 < 1 -T2 )

M < — 2 C
Lo a—erasme \CirreVr Tt

and

4 (147124 1+
> 2 VM.
T T2 (1 )V

are satisfied.

o [fC <0, then
—m1 <o <M and ma << M

everywhere, with the inequalities

(14+172)% 1+ 1 -2
—C > 4v/M: -
¢z (1+12)3 2T Wm

and ( 2)4 )
4 (1+1¢ 1-7T

M, < — \/mo.

L= o —2e a2V

Then, there exists a solution ¥ of (3.47) for w > 0 in Q with
=1y on I

such that
0 < sign(C) (g — 1) < (1 —sin®)?, (3.67)

where D¢ is as in Lemma 3.3.8 and ¥ is the latitude of the southernmost point of €.

|C|Dgw
16

Proof. In Cartesian coordinates (x,y) = (r cos ¢, 7sin ¢), equation (3.64) becomes

1 — a2 —q?
_ b _ ey _ \/_——y
Al y)y+dae(1 =) = 8uvollo =7+ 9) o7 73
1—a2? —y?)? 4Cw
2020/ (o — ( — = 0;
+ 2w”0'(Co 7+9)(1+$2+y2)4 (1 + 22 + y2)2 ’

from here we proceed analogously to the proofs of Theorems 3.3.5 and 3.3.7. O

Remark 3.3.10. Similarly to Theorem 3.3.5 and Theorem 3.3.7, the conditions on the
density can be made sharper. If C > 0 it is enough to assume

0(Co—Up+g)>mi, o(Co+9) <M, olCo+g)>ma 0 —Us+g) < Mo,

whereas if C' < 0 the requirements

0'(Co+g)>—m1, (Co—Uo+g) <M, 0 —Us+g)>ma o(C+g) <M
suffice. Here, as before, Uy is the function from Lemma 3.3.3 for

4Cw

mv (z,y) € O.

Fy(z,y) = —
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3.3.3 Some explicit values

For completeness, we have discussed the cases C > 0 and C' < 0 for gyre regions in both
the Northern and the Southern Hemisphere; however, it is clear from the assumptions
on the density that the special case of constant density can be included only by taking
C' > 0 in the Northern Hemisphere and C' < 0 in the Southern Hemisphere. As a concrete
numerical example for the bound given in Theorem 3.3.5, let us look at the lerapetra
gyre (a small gyre in the Mediterranean that appears early in late summer—see [10]), for
which Oy = 9 ~ 34.5° and 6g ~ 33.5°. The condition (3.58) gives a lower bound for
the constant C' that appears in (3.60); clearly, the larger M; is, the larger C' must be as
well. If the density is constant, then we can take M; = 0, so that C' must be no smaller
than approximately 1.2 and the bound (3.60) is about 0.1. If the density is non-constant
but very slowly varying, say M; = 0.01, then we must choose C' =~ 8.8 and the bound on
1o — 1 becomes approximately 0.8. Taking M; = 0.1 results in a bound of about 6.9. Note
that condition (3.59) implies that m; cannot exceed 0.0014. In addition, the extension
of the gyre also plays a role in the smallness of the bound (owing to the form of (3.55)).
For example, for the Beaufort Gyre (for which 6y = ¥ ~ 84° and g ~ 76°) we find that
already for M; = 0.001 the bound in (3.60) exceeds 22. In summary, the bound (3.60) is
only relevant as long as density variations are small and the gyre is not too large. Clearly,
the same applies for the bound (3.67) (for C' < 0).






4. The ‘morning glory’ atmospheric pattern

In the final chapter of this thesis, we leave the ocean and turn our attention to a particular
example of an atmospheric flow: the ‘morning glory’ cloud pattern. First, in Section 4.1,
we briefly discuss the formation mechanism and sketch the derivation of an asymptotic
model for its description. In Section 4.2, we provide a brief overview of some technical
concepts and results which are needed in the subsequent sections. In Section 4.3, we prove
the local well-posedness of the model for the morning glory pattern, and, in Section 4.4,
we construct global weak solutions of this model. The results of Section 4.3 and Section
4.4 are published in [84]. Finally, in Section 4.5 (whose results are the subject of the
article [85]), global well-posedness is established for the homogeneous problem under the
assumption that the initial datum is sufficiently small (in H?!).

4.1 Formation mechanism and modelling

The ‘morning glory’ cloud pattern is a spectacular atmospheric phenomenon that can
occasionally be observed in coastal regions of particular shape, especially in Australia in
the Gulf of Carpentaria, but also over the English Channel, Germany, Russia, Canada,
Mexico, Brazil, and more [18, 109]; see Figure 4.1. It consists of a train of elongated,
thin tubular clouds that propagate for hundreds of kilometres in the horizontal direction
perpendicular to the cloud line while appearing to be rolling, and whose longitudinal length
can be greater than 1000 km; occasionally they can appear as a single roll cloud, but they
are more often observed in wave trains of transversal width rarely exceeding 30 km [14, 94].
The motion is thus essentially two-dimensional.

The mechanism driving the formation of such roll clouds can be summarised as follows
(cf. Figure 4.2). The setup consists of a cold, shallow breeze incoming from the sea and
a warmer, deeper breeze coming in opposite directions from the inland. When the two
breezes collide head-on, they produce a thermal inversion layer: the warmer and less
dense breeze is lifted on top of the colder, denser breeze, thereby remaining sandwiched
between the layer of colder air below and the much colder air above it—in the troposphere,
temperature decreases monotonically with height. As the warmer breeze is pushed on top
of the colder air, disturbances form at the top of the thermal inversion layer and propagate
in the direction of the originating warmer breeze; the cooling updraft at the front of each
wave causes condensation of the ascending moist air, resulting in the formation of clouds.
In other words, strictly speaking, it is not the clouds themselves that are propagating, but
rather the oscillatory pattern induced by the collision of the two breezes: each cloud roll
is constantly being formed at the front of each disturbance and being eroded at its back,

69
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FIGURE 4.1: (Left panel) Morning glory cloud over Goondiwindi on 5 July 2017. Image credit:
https://www.couriermail.com.au/news/queensland/warwick/morning-glory-clouds-go-
viral-as-world-looks-to-our-skies/news-story/2d5950ae8e55c6ffa090cfb985396111.
(Right panel) Morning glory cloud over the Gulf of Carpentaria on 10 August 2009. Image credit:
Mike Petroff. CC BY-SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0).

and this makes it appear as if the cloud is rolling about its longitudinal axis; see [13] for
more details.

Many attempts have been made to model this phenomenon, such as, for instance,
in [22, 61, 71, 88]; however, these are all ad hoc models, designed to fit the qualitative
properties of the flow, but not derived consistently from first principles. The first consistent
derivation of an asymptotic model from the general governing equations was proposed in
[38]. Here, we will briefly highlight (largely in words) the key ingredients of the derivation
of this model, without delving into the full details, with the sole purpose of giving an
overview of the background of the equation that has been studied in the articles [84] and
[85], whose findings are discussed in Sections 4.3, 4.4 and 4.5; for the full derivation, whose
calculations are long and tedious, we refer the reader to [38].

The derivation begins with the following set of general governing equations:
the Navier—Stokes equations in rotating spherical coordinates,

the equation of mass conservation,
an equation of state for the air, and

the first law of thermodynamics.

These are nothing other than the equations (1.11), (1.15), (1.3), and (1.4), with the only
difference that we will write all variables and constants with a prime to denote that they

{;

- deep and warm
- / sea breeze

shallow and cool
sea breeze

FIGURE 4.2: The formation mechanism of morning glory clouds. Image from [38]. CC BY 4.0
(https://creativecommons.org/licenses/by/4.0).
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are dimensional quantities; for example, the first law of thermodynamics will be written

As geopotential we take (1.14) (with appropriate primes on the various variables and
constants), whereas the viscous terms in the momentum equations (1.11) are

(F¢' (W), F'(0), FT" (1)) = V2, o/, )

1/ 1 (D" 1 (pDp 11, Dp’
3\ 7’ cosf \ p DV (p’r’ o Dt ), \ p Dt ),

1
Ry (up, pv’, 2pw' (cos® @ — v sin 6 cos 0))
r2 cos
2”11 / / / /
r'2 cosﬁ(w‘p — vy tant, u, tan 6, —u,)
2:“?1 / / du!, , 0 (du v W
0 e vl Z (2 2 2
+r’2(’w9 UG)+dr’T8r ropl?

L0 W0 1o Ao
' \r'cos@ dr’ O’ v’ dr’ 90’ dr’ Or'

/ u/ / 12,/ ,
dluv <070 ¥ + (U COS0)9 + (7" w )T )’

_'_
dr’ "1’ cos 6 7' cos @ /2

where

92 20 T 1 0? 0? 0
V2= —— Th — 4+ —5 —tanf—
w = v g + r’ Or! * 2 \ cos? 6 Op? + a0z~ "5
and p; and g, are the horizontal and vertical dynamic eddy viscosity coefficients, respec-

tively, each assumed to be a function of 7’ only. Given these equations, we then perform
the following steps.

(i) We non-dimensionalise the equations. To this end, let R’ be Earth’s average radius,
H' the height of the troposphere, and p’ an average density value, ji’ an average
dynamic eddy viscosity, e = H'/R' (the aspect ratio). We define the non-dimensional
variables

(Q/R/)2
R/ T
(u/’ U/, U)/) = Q/H/(u, v, w)7 M;(T/) = ﬂ/m(z)7 /"[’il(rl) = ﬂ/M(Z),

r = R/(l +€Z), +— Q/t/, p/ _ ﬁ’p, p/ _ ﬁ/(Q/R/)Qp, T —

and the non-dimensional parameters

_ ﬁ/Q/H/ g/H/ c;) Iil

Re i ) g:Q/QR/Q’ Cp:@’ H:%/Q/H/Q'

(ii) We rotate (p,0) through a fixed angle a about a point (¢g,8p), to produce new
coordinates (@, ©) such that the cloud line is perpendicular to the ©-direction. The
change of coordinates is

p—@o=Pcosa—eBOsina, 6 —60y=Psina+ O cos a,
with corresponding tangential velocity components (U, V'), where

u=Ucosa—Vsina, v=Usina+ Vcosa.
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(iii)

(iv)
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The factor € effectively ‘zooms in’ with respect to the coordinate © only; this takes
into account the different length scales of the cloud perpendicularly and parallel to
the cloud line.

In the equations thus derived, we take advantage of the smallness of the parameter &
to perform an asymptotic expansion (this is to all effects a thin-shell approximation,
similarly in spirit to what we saw in Chapter 3 for oceanic flows): we write

q(®,0,z,t,e) ~ Z "qn(®,0,2,1)
n>0

where ¢ (and correspondingly the coefficients ¢,,) represents each of the variables p,
p, T, U, V, w, and plug this expansion into the equations, collecting all terms at
same order in €.

Isolating the equations at order O(1), O(¢) and O(£?), and assuming Uy = 0 (which
means that, at leading order, there is no motion in a direction parallel to the cloud
line, in agreement with observations), after lengthy calculations we can fully deter-
mine the dynamics at leading order. In particular, we can infer the existence of a
stream function ¥ such that

9 sin? ov ov
cos” o + poVo = ——, powo = —4z

C 0z 00
and
Py L0V P 0% (108
0z0t  pg 0z g;@@ 00 (9; po 0z L ow (41)
— opg (58 + Ccosaa@> vpolg (m@z) = K(®,z,1),
where

2(sin? o + C' cos? )
(1—C)sinacosa ’

S =sin(fy + ¢sina), C =cos(fp + Psinw), o=

v = R;!is the non-dimensional viscosity (inverse Rossby number), K is an arbitrary
thermodynamic forcing, and py > 0 depends only on gz + %SQ; here,

0 0 2 sina) 02
Ay = 5 (m(z)az) + M(z) (cos a+ C’) 367"

Defining the new variable
7 = po | gs+ =5%)ds,
0 2

equation (4.1) transforms to

02w n 87\11 02w B 58\11 n C cosa 0¥
azot ~9zozoe ‘\"oz do 0O

o (.0 sin?a) O ow .
[82( a>+M<cos a+ c >(‘3@2}BZ K(®,Z,t),

(4.2)

where

M. K .
po=do(®,7), mpy=m(®,2), — =DM®2), — =K(@® Z1).
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In [38], oscillatory solutions of equation (4.2) were constructed explicitly under some
extra simplifying assumptions, showing that the model possesses solutions that exhibit
(at least some of) the qualitative properties we expect from a flow that should model
the morning glory cloud pattern. However, a natural question is whether equation (4.2),
subject to appropriate initial and boundary conditions, is well-posed, that is, it possesses
a unique solution that depends continuously on the initial data in an appropriate sense.
The paper [84], presented below, sets out to establish some preliminary results in this
direction. To this end, let us assume for simplicity that the coefficients dy, m > 0 and
M > 0 are constants; moreover, we will assume

2
- sin” «
7 = M |( cos?
m <cosa+ C >,

since the relative size of these coefficients is immaterial for our analysis, as it does not
affect the ellipticity of the corresponding second-order differential operator appearing in
(4.2). We then define n = So, 3 = Cocosa/dy, pp = vin > 0, and!

owv ov
_ g - _Z". 4.
we also introduce the new variables
(z,y) = (0, 2).

Then, dropping the hat on K, the equations (4.2) and (4.3) yield the problem

U 4 Uty + vuy = VAU +nu+ v+ K in (0, 00) x 0 (4.42)
Uy + vy =0 ’ ’
in the unbounded horizontal strip
Qi={(r,y) eER?* :2cR, 0<y<1},

where
we€ (0,00) and n,5€eR.

As initial and boundary conditions we take

u=0 on (0,00) x 09, (4.4b)
v=0 on (0,00)x {y =0}, (4.4c)
uli—o = up in Q, (4.4d)

where ug : £ — R is a given function that, in an appropriate sense, decays at infinity;
see the statements of Theorem 4.3.2 and Theorem 4.4.1 below for the precise assumptions
on ug. In what follows, we will first establish local strong well-posedness of the problem
in H® for s € (1,2) by writing the problem as an abstract parabolic problem in a suitable
functional analytical setting, for which powerful results from abstract theory can be applied
to obtain the conclusion. Then, by means of a Galerkin approximation scheme, we will
prove the existence of global weak solutions (in an appropriate sense). It is worth noting
that these results have been extended in [85], where some new abstract results on the

1 We have used the letters u and v already, to indicate the nondimensional tangential velocity components.
However, since there is no danger of confusion, we will use them here again with a different meaning.
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well-posedness of certain quasilinear and semilinear problems can be applied, among other
examples, to our problem at hand, yielding global strong well-posedness in H! for the
homogeneous problem (K = 0) for sufficiently small initial data.

An important observation with respect to the evolution problem (4.4) is that the
second equation in (4.4a) and the boundary condition (4.4c) may be used to eliminate the
unknown v from the problem, but only at the price of having to include some nonlocal
terms that involve u instead. Indeed, given z := (x,y) € Q, the fundamental theorem of
calculus yields

v(z) = /Uy vy(z,s)ds = — /Uy ug(z, s)ds = —Tuy(2),

where, given u € L?(2), we define Tu : Q — R by

Tu(z,y) = /Oy u(z,s)ds, (x,y) € Q. (4.5)

We also mention the related model consisting of the viscous primitive equations of large-
scale ocean and atmosphere dynamics considered in [17, 60] (and the references therein)
where, similarly as in our context, the last velocity component is expressed via the funda-
mental theorem of calculus in terms of the other velocity components. This observation
enables us to rewrite (4.4a) in the following form:

up = pAu — uug + uyTuy +nu — fTu, + K in Q, ¢ >0, (4.6a)
subject to the Dirichlet boundary condition
u=0 ondQ, t>0, (4.6b)

and the initial condition
u(0) = uo. (4.6¢)

4.2 Some mathematical background

In this section, we collect some definitions and results about analytic semigroups and
interpolation theory that will be needed later in this chapter.

4.2.1 Analytic semigroups

We begin by reviewing some basic semigroup theory which will be needed later. For proofs
and more details, we refer the reader, for example, to [55, 90].

Definition 4.2.1. Let (X, | - ||x) be a Banach space. A mapping S : [0,00) — L(X)
is called a strongly continuous semigroup (also a Cy-semigroup) if it has the following
properties:
(i) 5(0) =1,

(ii) S(t+s) = S(t)S(s) for all ¢,s € [0,00), and

(iii) the mapping [0,00) — X, t — S(t)u is continuous for any u € X.
If, in addition,

[S@llzxy <1 forallt>0

(in other words, ||S(t)u|x < ||ul]|x for all ¢ > 0 and all v € X), then S is called a
contraction semigroup.
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One of the most basic properties of semigroups is the following estimate on their
growth/decay:

Lemma 4.2.2. Let S be a strongly continuous semigroup on a Banach space X. Then
there exist M > 1 and w € R such that

IS()|| < Me*t  for allt € [0,00).
Next, we introduce the concept of generator of a strongly continuous semigroup.

Definition 4.2.3. Let S be a strongly continuous semigroup on X. Set

D(A) = {u € X : lim SW:_U exists} .

t—0t

The operator

A:X 5D(A) = X, urs Auim lim S0
t—0+ t

is called generator (also infinitesimal generator) of S. It is customary to write
St)=e“, t>0.

The next proposition summarises some basic properties of strongly continuous semi-
groups.

Proposition 4.2.4. Let S be a strongly continuous semigroup on X and A a generator
of S. Let u € D(A). Then:

(i) S(t)u € D(A) for all t € [0,00).

(ii) AS(t)u = S(t)Au for allt € [0,00).
(iii) The mapping [0,00) — X, t — S(t)u is differentiable on [0, c0).

(iv) %S(t)u = AS(t)u for all t € [0,00).
(vi) D(A) C X is dense in X and A is closed.

Much can be said about strongly continuous semigroups; in particular, it is possible to
provide sufficient conditions for an operator A to be the infinitesimal generator of a strongly
continuous semigroup (Hille-Yosida theorem and Lumer—Phillips theorem). However, this
will not be needed for us; instead, we now introduce a special class of strongly continuous
semigroups.

tA

Definition 4.2.5. A strongly continuous semigroup S(¢) = € on X with infinitesimal

generator A is called an analytic semigroup if it has the following properties:
(i) there exists # € (0,7/2) such that e*4 can be extended to t € Ay, where

Apg={teC:|arg(t)] <0} U{0} CC,

and the semigroup properties (i)—(iii) in Definition 4.2.1 hold also on Ay;
(ii) the map t — e/ is analytic (in the sense of the uniform operator topology) on the
open set Ay \ {0}.
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It is also convenient to introduce some notation that we will use later. To this end, let
. d
FEy and E; Banach spaces with £; — FEy. We denote by

H(E1, Eop)

the set of all A € L(E1, Ey) such that —A, viewed as a linear operator in Ey with domain
D(A) = Ej, is the infinitesimal generator of an analytic semigroup {e™*4 : ¢ > 0} on Ey,
that is, in L(Ep).

The set H(E1, Eo) can be characterised in the following way. Given x > 1 and w > 0,
we write

Ae /H(El, Eo, K, w)
if w+ A € L(E, Ep) is invertible with continuous inverse and

ol Ayl

< <k, xzekF 0}, Re A > w,
Mizlo + el 1\ {0}

where || - ||; is the norm in Ej, j € {0,1}. Then we can describe H(E1, Ep) as follows:

Lemma 4.2.6. We have that

H(El,Eo) = U H(El,Eo,/{,OJ).

k>1,w>0
We will also need the following perturbation result.

Lemma 4.2.7. Let kK > 1 and w > 0.
(i) The set H(E1, Eo) is open in L(E1,Ey). In fact, given v € (0,k7%) and A €
H(E]_,E(),K,W),

Br(p-1,E0) (A7) € H(E, Eo,k/(1 — Kr),w).

(ii) Let A € H(E1,Eg,k,w), 0 < r < k' and B > 0. Then, given B € L(E1, Ep)
satisfying
HB‘T”O < 7',H',“I:HLl(Q) + /B||x”07 S E17

it follows that
A —+ B S H(Ela EOa K,/(l - Hr),max{w,,@/T}).

For proofs of the preceding lemmas and a detailed discussion of further properties of
analytic semigroups, see [9, Section I.1].

4.2.2 Interpolation spaces

Next, we discuss the concepts of real and complex interpolation spaces, which will be

necessary later on. We restrict ourselves to some definitions and statements of basic

properties; for a more comprehensive discussion (including proofs), see, for example, [9, 79].
First, we need the definition of intermediate spaces and interpolation spaces.

Definition 4.2.8. Let (Ep, || - ||o) and (E1, || - |/1) be (real or complex) Banach spaces.
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(i) We say that (Eo, E1) is an interpolation couple if there exists a locally convex vector
space V with Fy — V and F; — V. In this case, the intersection Fy N E; and the
sum FEy + E; are well-defined linear subspaces of V', which are Banach spaces when
endowed with the norms

[0l Eoney = max{|vlo, [[v]l1}

and
|| Eg+ 2, = inf{]|eollo + lle1]l1 : v = eo + €1, eo € Ep, e1 € E1},
respectively.
(ii) If (Eo, E1) is an interpolation couple, a Banach space E is called an intermediate
space if

EoﬂEl%EL)E()—FEl.

If, in addition, for every T' € L(Ep) N L(E1) (that is, for every T' € L(Ey + E1)
such that T|g, € L(Ej), j € {0,1}) it follows that T'|g € L(E), then E is called an
interpolation space for the interpolation couple (Ey, E1).

Real interpolation

We present here the definition of real interpolation spaces based on the so-called K-method.
Another approach to introducing real interpolation spaces is via the trace method, which
we will not pursue here; the reader is referred to [79] for details of the trace method.

Definition 4.2.9. Let (Ey, E1) be an interpolation couple. For every x € Ey + F; and
t >0, set

K(t,w,Eo,El) = inf {He()Ho + tH€1||1 tx=¢eg+teq, e € FEy e € El}.
For § € (0,1) and p € [1, 00, we define the space
(Eo,E1)pp = {x € Eg+ Ey : t = t " VPK(t, 2, By, Ey) € LP(0,00) },

endowed with the norm

HJJ 0p — Ht_e_l/pK(tavabyEl

)HLP(O,OO)’

as well as the space
(Eo, Er)p = {:E € Ey+ Ep: lim t °K(t,z, By, Ey) = 0}_
t—0t+

Proposition 4.2.10. Let (Ey, E1) be an interpolation couple, 6 € (0,1), p € [1,o0].
(i) For 1 < py < py < 0o, we have

EoNEy = (Eo, E1)op, — (Eo, Ev)op, — (Eo, E1)g — (Eo, E1)g,00 — Eo + E1.

Moreover,
(Eo, E1)p,00 = EoN Eq,

where Ey and E1 are the closures of Ey and Ey in Ey + E;.
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(ii) If, in addition, Ey — Ey, for 0 < 0; < 03 < 1 we have
(Eo, E1)6y,00 = (Eo, E1)6,,1-

In particular, (Eo, E1)6,p — (Eo, E1)g,,q for all p,q € [1,00].

(1it) For 6 € (0,1) and p € [1,00], the spaces ((Eo, E1)op, || lo.p) and ((Eo, E1)e, | - 1l6,00)
are Banach spaces.

(iv) Let (Fy, F1) be another interpolation couple. If T € L(Ey, E1) N L(Foy, F1), then
T € L((Eo, E1)ep, (Fo, F1)g,p) N L((Eo, E1)g, (Fo, F1)g). Moreover,

—6 0
HT||ﬁ((Eo,El)g’p,(Fo,Fl)gyp) < ||T”,1C(EO7FO)||TH,C(E1,F1)'

In particular, (Eo, E1)e,p and (Eg, E1)g are interpolation spaces for (Eo, Ey).

(v) There is c(6,p) > 0 such that

lop < c(0,p)Ilyllo " IlyllY  for ally € Eq N En.

ly

Remark 4.2.11. The spaces (Ey, E1)g, and (Ep, E1)g are called real interpolation spaces
with exponent 0 (and parameter p) for Ey and Eq, and (-,-)g, and (-, -)g are often referred
to as the real interpolation functors with exponent 6 (and parameter p).

Complex interpolation

Next, we turn to complex interpolation, for which some preparation is required. If (Ey, E1)
is an interpolation couple of complex Banach spaces and S = {z =z+iy € C: 0 <z < 1},
we denote by F(Ep, E1) the space of all functions f : S — Ey + Ep such that

e f is holomorphic in the interior of S and continuous up to its boundary, and
o t— f(it) e C(R, Ey), t — f(1+it) € C(R, Ey), and

1f 1l 7(z0,0) = maX{Sup 1/ ()0, sup [[£(1 + it)lll} < 00,
teR teR

Moreover, we denote by Fo(Fy, E1) the subspace of F(Ey, E1) consisting of all functions
f € F(Ey, E1) such that

lim ||f(it)[[o =0 and tl|im | f(1+4it)||; = 0.
—00

[t|—o0 \
It is easily checked that F(Ey, E1) and Fo(Ep, E1) are Banach spaces.

Definition 4.2.12. Let (Ey, E1) be a complex interpolation couple. For 6 € [0,1], we
define

[Eo, Erlg = {f(0) : f € F(Eo, E1)}

and
12l (5, 211, = nf {[| |l 7(Eo. 1) : | € F(Eo, Er), f(0) =z}

In the next proposition, we collect some of the main properties of the spaces [Ey, E1]g.

Proposition 4.2.13. Let (Ey, E1) be a complex interpolation couple, 6 € (0,1). Then:
(i) Eo N Ev — [Eo, E1lg — Eo+ E1. In fact, Eg N Ey is densely and continuously
embedded in [Ey, E1]g.
(i4) ([Eo, E1le, || - liEo,1]5) s @ Banach space.
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(iii) Let (Fy, F1) be another complex interpolation couple. If T' € L(Ey, Fy) N L(E1, F1),
then T|[E0,E1]e € ﬁ([Eo,El]g, [F(], Fl]g), and

1-6 6
||TH»C([E07E1]97[F07F1]9) < HTHE(EO,FO) HT||C(E17F1)'

In particular, [Eo, E1)g is an interpolation space for (Ey, E1).
(iv) We have
19l g0, 2216 < llyllo Cllyll]  for ally € By N Ex.
Remark 4.2.14. The spaces [Ey, F1]gp are called complez interpolation spaces with expo-

nent 6 for the complex interpolation couple (Ey, E1), and [+, ]y is often referred to as the
complex interpolation functor with exponent 6.

4.3 Local well-posedness

Let us introduce some additional notation. For s € [0, 2] we set

o H5(9), if s € (0,1/2),
B = {ue H*(Q) : u=00n0Q}, ifse(1/2,2].

Letting [+, -]o be the complex interpolation functor with exponent 6 € [0, 1] from Definition
4.2.12, it follows from [4, Theorem 13.3] that

[L2(2), HB ()]s = HE (). (4.7)
We will also make repeated use of the following definition:

Definition 4.3.1. Let X denote a metric space and 7 € (0,00]. Amap X :[0,7T)xX — X
is called a (continuous) semiflow if it has the following properties:
(i) ¥(0,z) =z for all z € X
(il) X(t,3(s,z)) = X(t + s,x) for all z € X and all s,t € [0,7T) with t +s € [0,7T);
(iii) ¥ is continuous.

The goal of this section is to establish the existence and uniqueness of classical solutions
to (4.6) for sufficiently regular initial data and under the assumption that the function K
is locally Lipschitz continuous with respect to time in Hy)(§2) for some small > 0, that
is,
K € C'7([0,00), HA (), (4.8)
as stated in the next theorem.

Theorem 4.3.2 (Local well-posedness). Let s € (1,2), r € (0,s) \ {1/2}, a = 5/2,
and assume that K = K(t,z) satisfies (4.8). Then, for each ug € H{)(S2), the Cauchy
problem (4.6) possesses a unique mazimal classical solution

u € O([0,T%), Hp (@) N C((0,T7), HB () N CH((0,T7), L2(Q)) N C*([0, T), L*(%)),

where Tt = T (ug) > 0 is the mazimal time of existence of the solution. Moreover, the
map (t,uo) — u(t;ug) is a semiflow on HP ().

To prove Theorem 4.3.2, we reformulate (4.6) in a suitable functional analytic frame-
work as a quasilinear evolution problem and apply abstract theory for these types of
problem from [8] (see also [86]). Although (4.6); has a semilinear structure, the appli-
cation of the quasilinear theory enables us to consider more general initial data. To this
end, we first introduce the function spaces which we are going to use in our analysis and
provide some useful estimates for the operator T defined in (4.5).
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4.3.1 The abstract formulation

In order to prove Theorem 4.3.2, we establish some lemmas as preparation. The first
provides an important mapping property of the operator T'.

Lemma 4.3.3. Given s € [0,2], then T' € L(H*(Q)) with ||T| z(ms @) < 1.

Proof. First, we take u € C5°(€2) and compute, in view of Holder’s inequality and Tonelli’s

theorem, that
y 2 1/2
|Tullp2(q) = (/ ‘/ u(x,s)ds dxdy)
alJo

1 1/2
<([ [ wasasas)” =l
R JO

Since C§°(Q) is dense in L?(€2), this proves the claim for s = 0.

In order to demonstrate the claim for s = 1, we use the fact that C°°(Q) N H(Q) is
dense in H'(€2), the estimate (4.9), and the observation that, given u € C°°(Q) N H(Q),
we have

(4.9)

(Tu)y = Tu, and (Tu)y =

to obtain
1Tl gy < 20l 2oy + sz < 20wl g

The claim for s = 2 is now easily inferred from the result for s = 1. In view of the
interpolation property

[L(Q), H* ()]s = H* (), 6 €[0,1]

(see, for example, [4, Corollary 11.4]), the desired claim is a consequence of the result
obtained for s € {0,2}. O

Let Ey == L?(2), By = HA(Q), and set Ey = [Ey, E1]g for 6 € (0,1). We can now
reformulate (4.6) as the following evolution problem:
du(t)
dt

= Au(t))u(t) + K(t), t>0,  u(0)=uo, (4.10)

where K € C'~([0,00), E, j2) (see our assumption (4.8), as well as (4.7)), while the oper-
ator A: Egj9 — L(E1, Ep), s € (1,2), is defined by

A(u)v = pAv +nv — vy + uyTvy — BTz, u € Eyp, v € Ey.
The next lemma shows that A is well-defined and smooth with respect to its arguments.

Lemma 4.3.4. Given s € (1,2), we have:

(i) [(u,v) = uv] : H5(Q) x H"1(Q) — L?(Q) is continuous;

(i) [(u,v) — uTv] : H=H(Q) x HG=9)/2(Q) — L*(Q) is continuous.
Moreover, A € C*°(E, s, L(En, Ep)).

Proof. In view of Lemma 4.3.3 we have T € L(H?/?>~%(Q)). Therefore, it suffices to show
that the bilinear operator [(u,v) +— uv] is continuous from H*(Q) x H*~(Q), respectively
from H51(Q) x H3/275(Q), to L*(Q). These properties are straightforward consequences
of the multiplication result stated in [7, Theorem 4.1]; this proves (i) and (ii). Finally, the
property A € C*°(E; s, L(E1, Ep)) is a direct consequence of these results and (4.7). [
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In order to apply the theory from [8] to the setting of (4.10), we are still bound to
show that —A(u) generates an analytic semigroup in £(Ep) for all u € Ey/5 and s € (1,2).

Lemma 4.3.5. Given s € (1,2) and u € E /5, we have —A(u) € H(E1, Ep).

Proof. According to Lemma 4.3.3 and Lemma 4.3.4, we have

[U — uyTvx] S ,C(E(5,S)/4, EO),
[U = va] € E(Es/Qa EO)?
[v = v — BT,] € L(Ey )9, Eo).
The generator property —A € H(FE1, Ep) of the Laplacian is established in [7, Theorem

13.4]. Moreover, the operators considered above can be treated as perturbations, and the
desired generator result follows through Lemma 4.2.7(ii). O

4.3.2 The proof of Theorem 4.3.2

Let K denote the even reflection of K with respect to the origin. Then, according to (4.8),
we have K € C'7(R, E,3). Setting U := (t,u), the problem (4.10) is equivalent to the
autonomous quasilinear evolution problem

WO _ pomum+ 10w, >0 UO)=0w). @1

dt
0 O 1
B(U) = (O A(u)) and f(U) = (f((t)) )

Let s € (1,2), r € (0,s) \ {1/2}, and choose 5 € (1,s). Moreover, define F; := R x E;
for i € {0, 1} and set

where

Fy = [F(),Fﬂg =Rx FEy, 0O€ (0, 1),

see [9, Proposition 1.2.3.3]. Our assumption (4.8), Lemma 4.3.4, Lemma 4.3.5, and [9,
Corollary 1.1.6.3], imply that

—Be COO(Fg/Q,H(Fl,Fo)) and f e Cl_(Fg/Q,Fr/Q).

Therefore, we are in a position to apply the quasilinear parabolic theory from [9] (see [9,
Theorem 12.1] or [86, Theorem 1.1]) to (4.11) and thus establish the claims of Theorem
4.3.2.

4.4 Existence of global weak solutions

In this section, we show that, for each ug € L?(2), and under the assumption
K € L*(0,t; L*(Q)) for all t > 0, (4.12)

the evolution problem (4.6) possesses a global weak solution, as stated in Theorem 4.4.1.
We tackle the problem through a two-step approximation strategy and on an equivalent
formulation of (4.6) in terms of the new variable

w(t,z,y) =u(t,z,y)e ", t>0, (z,y) € (4.13)
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(see the system (4.17) below), where the real constant 7 is defined as

/82
7::1+n+@- (4.14)

The reason for this change of variables is motivated by the fact that the L?-functional

does not have the desirable property of being non-increasing along solutions of (4.6) for
K =0, as we have

) — [ umouty

= / u(t) [pAu — wug + uyTuy + nu — BTus + K| ()
Q

= / [ — u|Vul® + nu? — BuTu, + Kul(t)
Q

for t > 0. However, it is important to note that the nonlinear terms vanish in the energy
balance. This motivates the substitution (4.13), which is a trick which finds application,
for example, in the proof of the weak parabolic maximum principle. With v chosen as in
(4.14), it is easy to see that the functional £ is non-increasing along w (if K = 0), since

LS [ iveP +u@? o < 5 [ Kap, es00 @)

see Section 4.4. The estimate (4.15) is essential for the proof of Theorem 4.4.1.

Theorem 4.4.1. Given ug € L*(Q) and K = K(t,z,y) that satisfies (4.12), there exists
a global weak solution u to (4.6) with the following properties:

(i) for all t > 0, we have u € L>=(0,t; L*(Q)) N L2(0,t; HY(Q));
(i) for all t > 0 and all ¢ € C*°([0,t] x Q) with the property that there exists M > 0
with supp ¢(1) C (—2M,2M) x (0,1) for all T € [0,t], we have

[ oot~ [ wso)~ [ [ utmaom ) ar

+ /t ( / (10 - Ve + uTDpudyd + ¢ (2udpu — mu + BTOpu — K| (T)> dr = 0:
0 Q

(iii) for almost allt >0,
E(u(t)e™™) +;/0 </Qe‘2W (MIVU(T)I2+U(T)2)> dr

gé‘(uo)+;/0t </QK(T)2> dr.

The proof of this result is presented in Section 4.4. After reformulating (4.6) in terms
of the new variable w, see (4.17), we establish (4.15) and then consider the problem (4.17)
on the rectangle QY = (=2~ 2NV) x (0,1) with N > 1, a regularised K, and homogeneous
Dirichlet boundary conditions on 9QY, see (4.24). Using a Galerkin scheme, we prove

(4.16)
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in Section 4.4.1 that problem (4.24) possesses a weak solution w™

In a second step, we prove that the sequence of weak solutions (w”) converges, in a
suitable sense, towards a weak solution to (4.17), see Theorem 4.4.2. Then, in a final step,
we return to the original unknown u and deduce from Theorem 4.4.2 that u is a weak
solution to (4.6), as stated in Theorem 4.4.1.

In terms of the variable w defined in (4.13), the problem (4.6) may be reformulated as
the system

, see Proposition 4.4.4.
V)

= pAw — " ww, + " w,Tw, + (N — Y)w — fTwy +e K inQ,¢t>0, (4.17a)
w=0 ondQ, t>0, (4.17b)
w(0) =up. (4.17¢)

We note that the constant + is defined in (4.14) in such a way that the L2-energy functional
is non-increasing along (classical) solutions to (4.17) when K = 0. Indeed, for ¢t > 0, we
have

(Li’(éut(t)) :/Qw(t)atw(t)

= / w(t) [pAw — " ww, + 7 wyTw, + (n — y)w — BTw, + e " K| (t)
Q

= / [- Vw2 + (n — y)w? — puTw, + e Kuwl(t).
Q

If B # 0, in view of Lemma 4.3.3, Holder’s inequality, and Young’s inequality, we estimate

[wTws || e) < [wllLe@) I Twsllz2@) < wllp2@)IVwll L2
_ 1Blllwll72 0 N pllVlZs g
- 2u 2|8 ’

and )
||w||L2(Q) n ||K||L2(Q)
2 2 ’

™ Kwll1(q) <

from which we conclude that

dE(w(t)) 1

2
K(t
m —1—2/ (1| Vwl* + w?] /

This energy inequality is at the base of our construction of weak solutions to (4.17),
as stated below.

Theorem 4.4.2. Given uy € L*(Q) and K = K(t,r,y) that satisfies (4.12), there exists
a global weak solution w to (4.17) with the following properties:

(i) for all t > 0, we have w € L>(0,t; L?(2)) N L2(0,t; HY(Q));
(i1) for allt >0 and all § € C3°(RY), it holds that

[ w = [ g+ / ( [ 9r) - Ve €7 0, 6ulr) 10,000

+27 Ew(r)dzw(r) — (1 — Y (r)E + PETOw(r) — " K(T)§]> dr = 0:
(4.18)
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(iii) for almost allt >0,

)+ [ ([ [vuel +ue?))ar e+ [ [ x67)an

(4.19)

In order to prove Theorem 4.4.2, in the sequel we fix ug € L?(Q) and K = K(t,,y),
which satisfies (4.12), and we set

k(t) = ”KH%Q(O,HLH(Q)), t>0. (4.20)

For later purposes, we need to regularise K. To this end, we set

K(t’ x? y)’ (t7 x? y) 6 [O’ ij) X Q7

K(t,z) = \
0, (t,z,y) € R?\ ([0,00) x Q).

Then, K € L2((—t,t) x R?) for all ¢ > 0. Given n € N, we further set
Ky =K % py/n, (4.21)
where (p:)c>0 is a standard mollifier in R3. Then, K, € C*(R?) satisfies
K, — K in L*(0,t; L*(Q)) for all t > 0 (4.22)

and
HKn”%%o,t;m(Q)) < k(t) forallt>0andneN. (4.23)

In a first step, we consider the problem (4.17) on the rectangle QV := (—2V, 2%) x (0, 1)
with N € N (see (4.24)) and construct, through a Galerkin scheme, a weak solution w” to
(4.24) (see Proposition 4.4.4 below). Then, in Section 4.4.2, we prove that the sequence
(w™) n of weak solutions to (4.24) converges, in a suitable sense, towards a weak solution

0 (4.17). To perform these steps, we will need more than once the following refinement
of the Aubin-Lions Lemma, whose proof can be found in [108, Corollary 4]:

Lemma 4.4.3. Let X, B and Y be Banach spaces with continuous embeddings
X —>B<=Y,

and assume additionally that the embedding X — B is compact. Let p € [1,00), T > 0,
and suppose that the subset F' C LP(0,7;X) is bounded in LP(0,7;X) and that the
set 4 F = {O0,f : f € F} is bounded in L*(0,T;Y). Then F is relatively compact in
Lr(0,7T;B).

4.4.1 A Galerkin scheme in bounded domains
In this section, we consider the problem
= pAw — " ww, + €7t wyTwy + (n —y)w — BTw, + e K OV, t>0, (4.24a)

w=0 ondQV, t>0, (4.24b)
w(0) = ud) = ugloy, (4.24c)
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where QV is the rectangle
QN = (72N72N) x (07 ]-)’ N e Na

and we use a Galerkin scheme to construct a global weak solution w” to (4.24), as stated
in Proposition 4.4.4. Before stating this result, we introduce the energy functional Ex by

the formula )

En(u) = 5 /QN u?. (4.25)

Proposition 4.4.4. Given ug € L*(Q), K = K(t,z,y) satisfying (4.12), and N € N,
there exists a global weak solution w™ to (4.24) with the following properties:

(i) for allt >0,
w™ € L0, L2(QN)) N L2 (0,4 HY(QN)) n W30, ¢, HE(QN)),

where HE(QY) = {u € H*(QY) :u=0 on 9QV};
(ii) for allt >0 and all & € H3 (), we have

/ W= [ ude
QN QN

+ /Ot </QN [ — uVwN () - V& — e 9y éw™N (1)Tow™ (1)

(4.26)
=207 €w™ (1)8w™ (1) + (n — Y)w™ (7)€
— ﬁfT@wa(T) +e 7 K(T)f]) dr;
(i) for almost all t > 0, we have
En(wh (1)) + ;/0 (/QN [MVwN(T)‘? + \wN(T)f) dr
(4.27)

< £(ug) + ;/Ot ( B K(T)Q) dr.

The proof of Proposition 4.4.4 is postponed to the end of this section, as it requires
some preparation. We first collect in Lemma 4.4.5 some classical results related to the
spectrum of the Laplace operator with homogeneous Dirichlet boundary conditions.

Lemma 4.4.5. Given N € N, let _)\57 k € N, with
0<AY <AV <.

denote the eigenvalues of the Dirichlet Laplacian, and let ¢,]§V denote an eigenfunction
corresponding to the eigenvalue )\kN, k > 1. Then )\]kv — 00 for k — oo, and the eigen-
functions can be chosen such that the set {¢% : k > 1} is an orthonormal basis of L*(£2).

Furthermore, letting
n

un = > (U, 67 ) 208 »

k=1
where (-, ) 2y s the L2(QN)-scalar product, it holds that

u, — u in HA(QY) (4.28)

n—oo

provided that u € HE(QV).
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Proof. Tt is well known that u, — u in L*(QY). Hence, in view of Au € L?(QV), we also
have that

n

(Au)n =) (Au, ¢p) p2ionydh —_Au in L2(ON).
k=1

Since u € H3(QY), Stokes’ theorem yields
(Au, ) 1208y = (U, AGY ) p2avy = =AY (U, @7 ) 2any, k> 1,

which shows that (Au), = Au,. Hence (1 — A)u, — (1 — A)u for n — oo in LZ(QV).
Moreover,since QY is convex, 1 — A : HE(QV) — L*QV) is an isomorphism (see, for
example, [15, Regularity Theorem 7.2]), and we may conclude that (4.28) is true. O

The operator T has properties similar to those of Lemma 4.3.3 when acting on functions
defined on QF.

Lemma 4.4.6. Given N > 1, we have ||T| g2y < 1.

Proof. The claim follows by arguing as in Lemma 4.3.3. O

In the following, N € N is fixed. Given n € N, we set V,, = span{gb]lv, e ,(;37];[} and
define

n
Uon = Zwkgbi,v € V., where wy = (ug, ¢{€V>L2(QN), k<n.
k=1
We then have
!

neN, (4.29)

and, moreover,

up, — ud in LAOQN). (4.30)

We next look for a solution w, == w) to (4.24) of the form
n
wp(t,x,y) :ZFév(t)gﬁ,iV(x,y), t>0,2€Q,
k=1

such that (F{V,..., FN):[0,00) — R" is a continuously differentiable function with
(FN, ... FNY0) =w = (wi,...,wn) (4.31)

and such that w,, satisfies the equation (4.24a) with K replaced by K,—see (4.21)—at
each time ¢ > 0 in a weak sense, that is, when testing the equation with functions from V,,.
We note that (4.31) is equivalent to the equation w,,(0) = ug,. In order to establish the
existence of the solution w,,, we test (4.24a) at t > 0 with gbév , 1 < ¢ < N, and obtain that

YL (= )Y
o [ |- (éww@,y)) (zF,ﬁV (000} (a.0))
Lot <§:F,gv 10,6 (x y)(ZFk )(T0:67) ) (x, ))

—BZFk L0000 9) + ¢ Knlt ) S FY (060 a, 0.

k=1
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Therefore, ¢ :== (F},..., FN) solves an initial value problem for an ordinary differential
equation of the form
) =0v"te0),  £0)=w, (4.32)

where, since K, is smooth, it holds that ¥" € C*°(R"*! R"). By standard theory (see,
for example, [6, 97]), there exists a maximal solution (F{¥,...,FN) € C'([0,T;}),R")
to (4.32) with the maximal existence time 7 € (0, oo].

Next, we prove that the solution is bounded on each time interval [0,7] N [0,7.]),
with T' > 0, which ensures that T} = oo. Testing the equation (4.24a) with w,(t) € V;,
and t € [0,T,F), we obtain that

dén (wn(t) _ /Q _wn(t)dwn(?)

de
= / [ — u]an|2 +(n— V)w,% — BwpTOywy + et ann] (t).
QN

Recalling Lemma 4.4.6, (4.14), and the estimates (4.23) and (4.29), we may argue as
in the derivation of (4.15) to obtain, after integration on [0, ], that

extwn®)+ 3 [ ([ 10w+l ) ar < ety +5 [ ([ 07 )ar

(4.33)
for all t € [0,7,7). Since

Extun(®) = 3 3 (FY@)% te 0.1

the estimate (4.33) implies that the solution (F},..., FN) is globally defined.
In the remainder of this section, we denote by C positive constants which may depend
only on 7, 3, and pu.

Lemma 4.4.7 (A priori estimates). There exists a positive constant C such that, for
allt >0 and n € N, we have

[ T, 7 < € (Eu) + k) (43)
and ,
/0 |90 (P2 ey 7 < C(1 4+ o) + k(1)) (4.35)

Proof. The estimate (4.34) follows immediately from (4.33), so we only need to prove
(4.35). To do this, let & € H3(QV). According to Lemma 4.4.5, we may decompose £ as
€ =&, + &, where &, € V,, and & = € — &, € HE(QV) are orthogonal in H2(Q"); thus

1€nll zr2ovy < 1€l 2@y for all n € N.

Hence, given t > 0, we have

d

G [ w0 = /Q Lo = [ a0,

= / [,qun — e w,dpw, + et Oywn T Opwy,
QN

+ (77 - 7)wn — BT0,wy, + et Kn] (t)gn
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Stokes’ theorem, together with the observation that 9,Tu = u for u € H'(QY), leads us
to the identity

/ €00y ()T Dyt (t) = — / 18,60t (£) Tyt (£) + Enton (£)Bwn(2)]
QN QN
hence we have

o Opwn ()€ = - [ — uVw,(t) - V&, — € 9y&wn () TOpwy (t) + (1 — 7)wy ()&

— 2" §uwn (1) 0w () — BET wn (t) + 77" K (t)En].
(4.36)
The relation (4.36), combined with Lemma 4.4.6, now yields
’ /QN atwn(t)ﬁ’ < C(lwn ()l @ 1€nll () + € 1€nllwa lwn () agoylwn ()] 1 (0
+ |1 Kn ()| 20 l1€nll L2(02)) -
The embeddings H2(QV) — WH4(QN), H'/2(QN) — L4QY), the estimate
1/2

1/2
lull 120y < Cllullig lull gy, e HHQN),

and the bounds (4.23) and (4.33) imply that there exists a positive constant C' such that

m@mﬂ@gcﬁ+uwﬂ+u+uo+awwﬁﬁwmﬁmﬁﬁhgmmn
< C(1+ k(1) + E(w0) " o [1 4 wn ()55 gy | €] ()
Therefore

1/2 3/2
|0wa (t)l] g2 vy < C(1+k(t) + E(ug)) /* [1 + Hwn(t)HH/l(m] for all t > 0,

and the desired claim (4.35) follows by applying (4.34). O

The bounds provided in Lemma 4.4.7 enable us to obtain some compactness results
for the sequence (wy,),. In fact, taking into account that

HY(QN) — H'2(@QN) — HE QY

with compact embedding H*(QV) < H'/2(QN), we infer from (4.34), (4.35), and Lemma
4.4.3 that the sequence (wy,), is relatively compact in L?(0,¢; H'/2(QN)). Moreover, a
standard Cantor’s diagonal argument allows us to conclude that there exists a subsequence
of (wy), (not relabelled) and a function w? : [0,00) x 2V — R such that

wp, — whin L2(0,t; HY2(QN)) for all t > 0, (4.37)
wy(t) = w™(t)  in L2(QY) for almost all ¢ > 0, (4.38)
Vw, = Vw" in L2((0,t) x Q) for all ¢ > 0. (4.39)

Recalling (4.35), we also have
Aywy, — Opw in LY3(0,¢; HE(QN)') for all ¢ > 0. (4.40)

The convergences (4.37)—(4.40) enable us to prove Proposition 4.4.4.
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Proof of Proposition 4.4.4. We show that the function w” identified above by the conver-
gences (4.37)—(4.40) satisfies all the properties stated in Proposition 4.4.4. The property
(i) follows from (4.37)-(4.40) by passing to liminf in (4.33) and (4.35). Moreover, passing
to liminf in (4.33), we deduce from (4.22) and (4.37)—(4.39) that the energy estimate (4.27)
is valid.

It remains to verify (ii). To this end, for given £ € H%(QN ), we integrate the iden-
tity (4.36) over [0,¢], to deduce that, for all n € N, we have

/QN wn ()& = /QN u0,nén

i /0 (/QN [ ; ,van(T) ' v£n —e7 8y€nwn(7—)Taan (7')
—2e" £ (T)Opwn (T) + (0 — Y)wn(T)én

BTy (r) + ¢ Knmn]) ar

(4.41)

In view of (4.28), (4.30), and (4.38), we have for almost all ¢ > 0 that

/Qan §n—>/ ()¢ and / uOngn—>/ ud'e.

Moreover, since &, — € in H'(Q%), the convergences (4.22), (4.37), and (4.39) ensure that
t
L (] 1= 000 V6 0= )6+ Kol ] ) d
0

— /Ot </QN [— uVuwN () - VE+ (n— ™ (1)E +e777 K(T)§]> dr for all £ > 0.

Next, we observe that, since H/2(QN) < L4(QV), the relations (4.28) and (4.37) lead
to &, — & in L>(0,t; L*(QY)) and w, — w” in L?(0,t; L*(QY)), hence

wpén — wE in L2((0,t) x QV) for all t > 0. (4.42)

Combining the convergences (4.39) and (4.42), we arrive at

/0 t ( /Q N gnwn(T)aan(T)> dr — /O t ( /Q e ng(T)awa(T)) dr.

It remains to pass to the limit in the terms that involve the nonlocal operator T'. We
define the functions

1
Calty2,5) = / (Wn(8)Dy6n + BE) (2, y) dy,

1
((t 2, 5) = / (W™ (1)3,€ + BE) (. ) dy

for t > 0 and (z,s) € 2V, and note that, in view of Fubini’s theorem, we have

/t </ evT(wn(T)ayén + Bén)Taan> dr
0 QN

_ /0 t ( /Q o (")an(T,x,S)Cn(T,J:,s)d(:v,s)) dr. e
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Using Holder’s inequality, we then find

16 (8) = (172 vy < /Q N /0 1 |wn()Dy&n + Bén — w™ (£)0,€ — BEP (x,y) dy d(w, 5)
< Jlwn()8yén — w™ ()€1 2y + B211€n = Ell72 (0
< Nl (t) = w™ ()1 74w 18yénll 7 1)
+ [N ()17 om0 10 €n — Byl 4oy
+ 8160 — f”%%QN)

for t > 0. Since H2(QY) — WH4(QY), the relation (4.28) guarantees that 0,&, — 0,¢
in L>(0,t; L*(QY)), and with w,, — w in L?(0,t; L*(2Y)) we conclude that

(o — ¢ in L2((0,2) x Q) for all t > 0.

The latter property, together with (4.39), enables us to pass to the limit n — oo in (4.43)
to arrive at

/Ot (/QN e (wp (1)0y&n + ﬁfn)Tazwn(q-)> &
— /Ot (/QN O (wh (1)8,€ + ﬁf)Tawa(7)> "

Finally, observing that both sides of (4.26) are continuous with respect to ¢, we conclude
that the identity (4.26) is satisfied for all ¢ > 0, and the proof is complete. O

4.4.2 The proof of Theorem 4.4.2
Now, we prove that the sequence (wN )~ provided by Proposition 4.4.4 is relatively com-
pact in L2(0,¢; H¥(QM)) for all s € (0,1), M > 1, and ¢ > 0. This is one of the main
ingredients that will allow us to pass to the limit N — oo in the relations (4.26) and (4.27)
and thus establish our main result, namely Theorem 4.4.2. Thus, let M € N be given.
Since QM c QN for N > M, we deduce from (4.27) that

(w™) N>as is bounded in L™ (0,¢; L2(QM)) N L? (0,¢; Hl(QM)) forallt>0. (4.44)
We further note that the identity (4.26) entails that
(@™ (1), €) 2 vy 12 M)
- /QN [ — uVw (t) - VE - e 0™ () TO,w (t) — 27 &w™ (1) d,w™ (t)
+ (0 = P)wN ()€ — BETOwN (1) + e K (t)¢]
for all N € N, ¢ € HE(QV), and almost all ¢ > 0. Let HZ(Q2M) denote the closure of

the set C5°(QM) in H2(QM). Given N > M, we clearly have HZ(QM) — H3(QVN), and
therefore Ow™ (t) € HA(QN) — HZ(QM), where, arguing as in the proof of Lemma 4.4.7,
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it holds that
|<8tw (1), £>H2(QM) HZ(QIVI)‘

‘ /QM — uVwhN(t) - VE — e 9 cw™ (1) Topw™ (t) — 27 cw ()9, w™ (t)
1= (06 - ETON 1)+ K (0|

< 0[1 IR

1/2
+ (1o [ ([ r67)ar) e @ | el

Consequently, for almost all £ > 0 we have that

v ) gy < € |1+ 1K @20

(ovsers (o)) ")

and with (4.44) we deduce that
(@w™)n>nr is bounded in LY3(0,t; H3(QM)') for all ¢ > 0. (4.45)
Due to the embeddings
HYQM) — HY2 QM) — HF(OQM)

(where the first embedding is compact), the bounds (4.44)—(4.45), and Lemma 4.4.3 we
conclude that the sequence (w™)y>ys is relatively compact in L%(0,¢; H 1/ 2(QM)). More-
over, a standard Cantor’s diagonal argument allows us to conclude that there exists a
subsequence of (w™)x (not relabelled) and a function w : [0,00) x  — R such that

w = w i L*(0,4; HY/2(QM)) for all t > 0, M > 1, (4.46)
wV(t) = w(t) in L2(QM) for almost all ¢ > 0 and all M > 1, (4.47)
Vw = Vw in L*((0,t) x QM) for all t > 0, M > 1, (4.48)
™ — v in LY3(0,t; HZ(QM)') for all ¢t > 0, M > 1. (4.49)

Hence we infer from (4.27) that, for N > M and for almost all ¢ > 0, we have

/QMwN(t)Q—i—/Ot</QM 1|V () + [ ()] ])d¢<28 o) / (/K )

Passing to liminf in the latter estimate, we find, in view of (4.46)(4.48), that

/QMW”/;(/QM[”W” )+ )] ) dr < 26(u0) /(/K ?) ar

By the monotone convergence theorem, we may pass to the limit M — oo in the latter
relation and conclude that (4.19) is satisfied, which proves also the claim (i).
It remains to demonstrate the property (4.18). However, this follows by letting N — oo

n (4.27) (with £ € C§°(Q2)), in view of the convergences (4.46)—(4.49). Since the details
are similar to those in Proposition 4.4.4, we omit them here.
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4.4.3 The proof of Theorem 4.4.1

It is straightforward to deduce from the identity (4.18) that, for 0 < s <t and £ € C§°(Q),
we have

Jwos= [ wee+ / t ( i [/Nw(T)-V§+J1<T>6y5+J2<T>§]>dfzo, (4.50)

where
Ji(1) =" w(r)Topw(T)
and
Jo(7) = 2" w(T)0pw(T) — (n — y)w(T) + fTO,w(T) —e 77 K(1).

Let t > 0 be given and choose n € C°°([0, t] x Q) with the property that there exists M > 0
with suppn(r) € QM for all 7 € [0,t], where as before we set QM = (—2M 2M) x (0,1).
Moreover, let A,, n € N, be the uniform partition 0 = tg < t; < ... < t, = t of the
interval [0, ¢]. Then, it follows from (4.50) that

JowOn0 = [ won@+ [ 57 wlention) - witiajate)

! (4.51)
! /o (/QM [1Vw(7) - Veou(T) + Ji(7)Dypn(r) + J2(7)<Pn(7)]> dr =0,

where

n

QOn(T,SU,y) = Z(n(ti—luxuy) + n(tivxvy))l(ti—hti](T)’ (Tvxvy) € [0775} x ).
=1

Next, we pass to the limit n — oo in all terms of (4.51). To this end, we first observe
that
on — 21

Vi, = 2Vn
Since Vw, Ji, Jo € L((0,t) x QM), we obtain that

} as n — oo in L°°((0,t) x QM).

t
/ ( / [qu(T)-an(THJl(T)@yson(T)+J2(T)90n(7)]> dr
o \Jam (4.52)

=1 ([ 16Vt 937) + 201(0) + T ()] )

Finally, we pass to the limit n — oo in

/QM ; (wti)n(ti-1) —w(ti-)n(ti)) = /QM w(t)n(tn-1) — uon(t1)

n—1
+ [ Sttt = ntta))
i=1
Recalling (4.49), we have that w € C([0,t], H3(QM)), hence

/QM w(t)n(tn—1) —uon(tr) — - w(t)n(t) —uon(0) asn — co. (4.53)
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Furthermore, using that w € C([0, ], H3(2M)"), we also have

Z /QM w(t;)((tiv1) — n(ti-1))

n—1
-3 [, wenttinn) = e + > [, wtene) = nte)

— 2/; (/QM w(T)am(T)) dr asn — oo.

The latter convergence, together with (4.52)—(4.53), yields from (4.51) the integral identity

[ wtont)~ [ won~ [ ([ won)ar

t (4.54)
+ / </ (VW () - V() + Ji(1)9yn(T) + Jg(T)ﬁ(T)]) dr = 0.

0 Q
Setting u(t, z,y) = e w(t,z,y) and ¢(t,x,y) = e Vin(t,z,y) for t > 0 and (z,y) € Q,
it follows from Theorem 4.4.2 and (4.54) that u is a weak solution to (4.6) as stated in
Theorem 4.4.1 (i) and (ii). Finally, the energy estimate (4.16) follows directly from (4.19).

4.5 Global well-posedness for the homogeneous problem

The local well-posedness from Section 4.3 can be improved to global well-posedness for the
homogeneous problem (that is, K = 0) and small initial data. This is achieved through
an application of abstract theory for quasi- and semilinear parabolic problems developed
in [85].

First, let us set up the functional analytic stage. Let (Ey,| - |lo) and (E1, || - ||1) be
Banach spaces over K € {R,C} with continuous and dense embedding E; — FEy. For
each § € (0,1), we denote by (-,-)g either the real interpolation functor (-,-)g, (for an
arbitrary p € [1,00)) from Definition 4.2.9, or the complex interpolation functor [, -|g from
Definition 4.2.12, and define Ey := (Ey, E1)g as the corresponding interpolation space with
norm denoted by || - |4

We fix exponents

1 _
0<y<B<a<é<l with q::?yo‘>1. (4.55a)
-«
For the quasilinear part, we assume for some open subset Og of Eg that
—A € C' (0, H(EL, Ey)). (4.55b)

Moreover, denoting by O the open subset of E¢ defined by O¢ = Og N E¢, we assume
that f : O¢ — E, is locally Lipschitz continuous in the sense that, for each R > 0, there
is a constant N(R) > 0 such that

[f(w)=f()]ly < N(R) 1+HW||§*1+||UH§71] [(L+lwlle+lvlle) lw—vlla+lw—vll] (4.55c)

for w, v € O¢ NBg, (0, R), where ¢ > 1 is defined in (4.55a). Of course, (4.55¢) includes
the case that

1Fw) = F@y < NCR) [+ ol + Jolld™ | flw = vlle
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for w, v € O¢ N BEg, (0, R).
Under assumptions (4.55), it turns out that the problem

u'(t) = A(u(t))u(t) + f(u(t), t>0, u(0) = wo, (4.56)

is well-posed in O, = Og N E,. We emphasise that the semilinear part f need not
be defined on O, and possibly requires more regularity than the quasilinear part A since
E¢ — E, — Eg by (4.55a). Before stating the main result precisely, let us comment on the
imposed assumptions. If the nonlinearities A and f are defined and Lipschitz continuous
on the same set Og, a general and powerful result on the well-posedness of (4.56) is [8,
Theorem 12.1] (for proofs, see [5] and [86]). It states that, if

(—A, f) € C* (0, H(E1, Eo) x Ey), up €04, 0<y<pB<ac<l,

then problem (4.56) admits a unique maximal strong solution and the solution map induces
a semiflow on O,. Theorems 4.5.2 and 4.5.3 below extend the work from [87]—where the
semiflow property is proven when the second part of assumption (4.55a) is replaced by the
assumption that the strict inequality
l+v—-«

1<¢g< t-a (4.57)
holds—to the critical case g(§—a) = 14+vy—a. The latter covers important applications and
yields a semiflow in spaces that are optimal in a certain sense. As pointed out in [68, 96, 98],
for evolution equations possessed of a scaling invariance, the space E, corresponding to
the critical case ¢(§ — a) = 1+ v — @ may be invariant under this scaling and is therefore
in this sense a critical space. In [96, 98] the quasilinear problem (4.56) is thoroughly
investigated in the context of maximal LP-regularity for the critical case (4.55a), with an
additional structural condition on the Banach spaces Ey and Ej (that is, Ey must be a
UMD space and H; (RT, Ep) N LP(RT, Ey) < H;‘%]R*‘, Ey) for each 0 € [0, 1]). Recently,
it has been shown that these structural conditions are in fact not needed for the critical
case in the maximal LP-regularity setting; see [68, Section 18.2] for details and also [68,
Section 18.5] for a discussion of the history of the critical case. It is worth emphasising
that Theorems 4.5.2 and 4.5.3 cover situations for which maximal regularity does not seem
to be available.

Remark 4.5.1. It is possible to extend the results to a larger class of interpolation functors
(see [9, Section I.1.2.1] for a general definition of interpolation functors). In fact, is suffices
to require that, for 6 € (0,1), (+,-)p be an arbitrary admissible interpolation functor, and
to assume that there are interpolation functors {-,-},/¢ and {-, -}, , of exponents a//{ and
~/n for n € {«a, B,&}, respectively, such that

E, = {E07 Eﬁ}a/& E’Y = {Eo, En}'y/na ne {570475}' (4'58)

Assumption (4.58) is automatically satisfied if (-,-)s = [, ]g is the complex interpolation
functor for every 6 € {v, 5, a, &}, orif (-,-)g = (-, -)p,p is the real interpolation functor with
parameter p € [1,00] for every 0 € {v,8,a,&}, or if (+,-)g = (+,)) . is the continuous
interpolation functor for every 6 € {~v,3,«,&}. This is explicitly stated in [9, Remarks
1.2.11.2(b)] and is a consequence of the reiteration theorems for the complex and the real
methods (see [9, Section 1.2.8]).
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For the subcritical regime (4.57), well-posedness of (4.56) is shown in [75] in time-
weighted LP-spaces in the framework of maximal LP-regularity assuming that f satisfies
a local Lipschitz continuity property similar to (4.55c) in real interpolation spaces with
v = 0. We also refer to [76] for a result in the same spirit based on the concept of
continuous maximal regularity in time-weighted spaces and assuming (4.55¢) with strict
inequality (4.57) in the scale of continuous interpolation spaces.

We now state our main Theorem 4.5.2 that extends our previous research [87] on the
subcritical case (4.57) to the critical case (4.55a). It is comparable to the aforementioned
results [68, 76, 96, 98] for the critical case (4.55a) outside the setting of maximal regularity
and for (almost) arbitrary admissible interpolation functors:

Theorem 4.5.2. Suppose (4.55).

(i) (Existence) Given any ug € O, there is tT = t*(ug) € (0,00] such that the quasi-
linear Cauchy problem (4.56) possesses a mazximal strong solution

u(-;up) € CH((0,7), Bo) N C((0,£7), E1) N C([0,t7),04) N C*([0,t1), Ep)

(4.59)
with
Y S . _
%g%t [|lu(t; uo)lle = 0.
(#) (Uniqueness) If
a € CH((0,T], Bo) NC((0,T), E1) N C”([0,T7],0p)
with
R S P _
lim #672 (t) ¢ = 0
solves (4.56) for some T > 0 and ¥ € (0,1), then T < tT(ug) and u = u(-;up)
on [0, T].

(iii) (Continuous dependence) The map (t,u") — u(t;ug) is a semiflow on O.
(iv) (Global existence) If the set u([0,t(ug));ug) is relatively compact in O, then
t+(up) = oo.
(v) (Blow-up criteria) Let ug € O, be such that t*(ug) < oo.
(a) If u(-;up) : [0,t% (ug)) = Eq is uniformly continuous, then

lim  dist tiu0), 004) = 0. 4.60
am | dis B (u(t; ug), 00a) (4.60)

(b) If u(-;uo) : [0,tT (uo)) — Ep is uniformly Holder continuous, then

lim su w(t; u =00 or lim distg, (u(t;ug), 00g) = 0. (4.61
limsup | ut510) i dist, (u(tio). 905) = 0. (461)

(¢) If Eq is compactly embedded in Ey, then

limsup ||u(t;uo)|lp =00 or lim distg, (u([0,#];u0), 004) =0 (4.62)
t St (uo) t St (uo)

for each 6 € (a,1).
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The local existence and uniqueness result of Theorem 4.5.2 is based on Banach’s fixed-
point theorem, where we point out the technical difficulties induced by the singularity at
t =0 of t = f(u(t)). These are handled by working in a framework of time-weighted
spaces as previously in [87] for the subcritical case (4.57).

Of course, Theorem 4.5.2 is also valid in the particular case of semilinear parabolic
problems

u'=Au+ f(u), t>0, u(0) = uo, (4.63)

with
—A € H(F1, Eyp). (4.64a)

However, for semilinear problems, Theorem 4.5.2 can be sharpened. In fact, now we
impose

Ity -a
=~
Note that (4.64b) implies, in particular, that (vy,&) # (0,1). Let O, be an open subset
of E, and put O¢ == O, N E¢. The nonlinearity f : O¢ — E, is supposed to be locally
Lipschitz continuous in the sense that for each R > 0 there exists a positive constant N (R)
such that

0<y<a<(<l, g: > 1. (4.64b)

[f(w)=f ()]l < N(R) 1+Hw||§’*1+|!v||§71} [(LHwlleHvle) lw=vllatllw—olle] (4.64c)

for all w, v € O¢NBg, (0, R). The well-posedness result in the framework of the semilinear
parabolic problem (4.63) reads as follows:

Theorem 4.5.3. Suppose (4.64).
(i) (Existence and uniqueness) Given any ug € O, there is t+ = t*(ug) € (0, 00]
such that the semilinear Cauchy problem (4.63) possesses a unique mazimal strong
solution

u(-;up) € CH(0,¢7), Eo) N C((0,7), E1) N C([0,t7),04) (4.65)

with
lim #5—¢ t: =0.
lt1 1 [lu( ,UO)Hg 0

(ii) (Continuous dependence) The map (t,u") — u(t;ug) is a semiflow on O.
(iii) (Global existence) If the set u([0,t"(ug));uo) is relatively compact in O, then
t+(up) = oo.
(iv) (Blow-up criteria) Let ug € Op be such that t*(ug) < oo.
(a) If u(-5up) : [0,t% (ug)) = Eq is uniformly continuous, then

lim distg, (u(t;uo), 004) = 0.

t,/ '+ (uo)
(b) If
lim sup || f (u(; uo))[lo < oo,
/'t (uo)
then

lim  distg, (u(t;uo), d04) = 0.
bt ) 2 (u(t; u0), 00a)
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Lastly, let us assume, additionally to (4.64), that
0€ 0, (4.662)

and that there exist constants ¢cg > 0, 6 € (0,1), and ¢, > 1 with ¢.(§ —a) <147 — «
such that B
1f (@)l < collvllg, v € O NBE,(0,0). (4.66b)

In particular, (4.66) ensures that 0 is a stationary solution to (4.63). In Corollary 4.5.4 we
establish, by exploiting the superlinear behaviour of f near zero in (4.66b), the exponential
stability of this equilibrium in the case when the spectral bound

s(A) =sup{ReA: A€ c(A)}
of A is negative.

Corollary 4.5.4. Suppose (4.64) and (4.66), assume that s(A) < 0, and choose w €
(0, —s(A)). Then, there exists an open neighbourhood Uy of 0 in E, and a constant M > 1
such that for each ug € U, the maximal solution u(-;ug) to (4.63) is globally defined, that
is, t*(ug) = oo, and

lu(ts o) o+t~ lu(t; uo)|l¢ < M e™™" [lugllas >0, uo € Ua.

For the proofs of Theorems 4.5.2 and 4.5.3 and Corollary 4.5.4, we refer the reader to
[85].

The main objective of this section is to show how Theorem 4.5.3 and Corollary 4.5.4
can be applied to problem (4.6). We consider both the periodic and the non-periodic
setting simultaneously and use the abstract results in Theorem 4.5.3 and Corollary 4.5.4
to prove that problem (4.6) generates a semiflow in HJ (), which is a critical case that
cannot be covered by the results from [87]. Moreover, under suitable assumptions on the
parameters 7, [, v, it is shown that solutions that are initially small in Hll)(Q) converge
at an exponential rate to the zero solution as time elapses.

Theorem 4.5.5. Let pn € (0,00) and 1, B € R. Then, given ug € HL(S2), there exists a
unique mazimal strong solution u = u(-;ug) to problem (4.6) with

we C((0,t7), HA(Q)) nC*((0,t7), L*(Q)) N C([0,£7), HL(Q)) N C1/4((0,T), H¥?(Q))

for all 0 < T < t*, where tT = tT(ug) € (0,00] is the maximal existence time of the
solution. Moreover, if

Q=Rx(0,1) and 77+W|7T+max{|ﬁ|,7r}<|§—7r,u) <0,

2 21
or 52
Q=Sx(0,1) and 7]+@<7r2u,
where we write S = [0,27] to indicate that solutions are 2m-periodic, then there exist

constants r, w € (0,1) and M > 1 such that for all |[uol| g1 (o) < r the solution u = u(-;up)
to (4.6) is globally defined, that is, t*(ug) = oo, and

()0 + ¢4 ()| gare < M e Jlugllgiiy, ¢ > 0.
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The proof of Theorem 4.5.5 is based on the auxiliary results of Lemmas 4.5.6-4.5.8
below and is presented at the end of this section.

To recast the Cauchy problem (4.6) into an appropriate functional analytic framework,
we use the well-known fact

—Ap = —Alpz o) € H(HB(Q), L*(9)),

see e.g. [4, Theorem 13.4]. Moreover, letting [-,-]g be the complex interpolation functor,
we have

[HR (), HF (Q)], = HH(Q), s1,52€[0,2], s:=(1—0)s1+0sp7#1/2,  (4.67)
see [4, Theorem 13.3]. Now, we set
Eo:=L*(Q), E;:=H3(Q), Ey:=][Ey,Ei]g for#fel0,1],

and fix
< &= - (4.68)

We then have
g§—a)=1+7-q, (4.69)

and, recalling (4.67),
Ee = HY*(Q) < E, = H5(Q).

Defining
Au = pApu + nu — fTuy,,

the perturbation result [9, I.Theorem 1.3.1 (ii)] and Lemma 4.3.3 ensure that
—A € H(HE(Q), L2()). (4.70)
Introducing the nonlinear function
[ Ee—= Eo,  f(u) = uyTuy — uuy, (4.71)
we may formulate (4.6) as the semilinear evolution problem
u'(t) = Au(t) + f(u(t)), t>0, u(0) = up. (4.72)

We now provide sufficient conditions on the constants 1, 8, and p guaranteeing that
the semigroup (e'4);>0 generated by A on Ey = L2(Q2) exhibits exponential decay.

Lemma 4.5.6 (Non-periodic case). If Q2 =R x (0,1), then

S(A) <n+ |ﬁ2’ﬂ- + max {’2/8;, 7T} <|§| — 71'”), (4.73)

Proof. Given ug € Ey, set u(t) := 4 ug, t > 0. Then, since
u € C((0,00), E1) N C([0,0), Ep),

Holder’s inequality, Young’s inequality, Poincaré’s inequality

1
ullF2(q) < pHVUH%?(Q)? u € Hp(Q),
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for the strip-like domain € (the optimal Poincaré constant of 2 being the same as that of
the interval [0,1]), and Lemma 4.3.3 ensure for ¢ > 0 and each ¢ € (0,1] that

lu(®)]I7:
;t‘zﬂf?) - /Q[u(uAu +1u — fTuy))(t)

- /Q [— uIVul(t) + nful®(t) — [Bu(Tu,)](1)]
< V()220 + nlult)[ 32y + 1B 11u(t) | 2@ | Tua ()| 2y

2
. (n b - 5)@) u(t) 2.0,

In other words, || e*4 Iz < e“O) for all t > 0, where

2
w(d) =n+ ffsﬂ —(1=0)7%u, 6¢€(0,1].

Consequently, we infer from [78, Corollary 2.3.2] that

w(1), d=4 >1,
s(A) <min{w(d): 0 € (0,1]} = W) ‘g"‘ -
R i El 5]
—77+T—I—max ﬂ,ﬂ’ 7—71’#
as is easily checked. O

In the periodic case, we obtain a slightly weaker constraint on the constants than
in (4.73). The proof exploits the fact that, since —A € H(F1, Ep) and the embedding
E; — Ey is compact, the spectrum o(A) of A consists entirely of isolated eigenvalues with
finite algebraic multiplicities [73, Theorem II1.6.29].

Lemma 4.5.7 (Periodic case). If Q=S x (0,1) and

2

2
4.74
77—|—16M<7Tu, ( )

then the spectral bound s(A) of A is negative.

Proof. Note that A € C is an eigenvalue of A if and only if there exists a solution 0 # u €
HA () to
Au+au+bTu, =0 in Q,

u=0 on 0f, (4.75)

where we set

n—A B

a:7:a1+ia2, CL]_’CLQGR, and b:_*
[ 7

Then, standard elliptic regularity, e.g. [53, Theorem 8.13], ensures that u € C*°(Q) and
therefore, for each n € Z, the function w, : [0,1] — C with

2
tn(y) = /0 w(z,y)e™ dz, y e (0,1,
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satisfies u,, € C*([0,1]). Moreover, since {e!™ : n € Z} is an orthogonal basis of L?(S),
problem (4.75) is equivalent to

U% -+ (a — n2)un — meun =0 in (07 1)7

un(0) = up (1) =0 } for all n € Z, (4.76)

where, given f € C([0,1]), we set

Fiy) = /0 " f(s)ds, ye 0.1,

If n = 0, the Sturm-Liouville problem (4.76) may posses a nontrivial solution ug only
if a € R. Moreover, if a € R, then (4.76) has only the trivial solution ug = 0 for a < 7.

Assume now n € Z\ {0} and let f,, g, € C*>°([0, 1], R) denote the real and imaginary
parts of u,, that is, u,, = f, + ig,. Then, f,, and g, solve the coupled problem

F7+ (a1 — n®) fn — azgn +nbFg, =0 in (0,1), (4.77a)
gn + (a1 = n*)gn + agfn —nbFf, =0 in (0,1), (4.77b)
fn(o) = gn(o) = fn(l) = gn(l) =0. (4'770)

Testing (4.77a) and (4.77b) with f, and g,, respectively, and taking the sum of the re-
sulting identities, we end up with

1 1 1
_ _ (2 _ 2 12
nb/o (faFgn — gnF frn) = (n al)/o |t +/0 |ul |2 (4.78)

The boundary conditions (4.77c) enable us to use Wirtinger’s inequality for functions, see
for example [63, Section 7.7], to estimate

1 1
/ 2 > 7 / .
0 0

Moreover, Fubini’s theorem and Hélder’s inequality imply

1 1
’I’Lb/ (angn *gann) < |nb|/ (‘fn ‘F’gn‘ + ’gn‘F|fn‘)
0 0

1 1
_ |nb|( /0 Ifn) ( /0 \gn|) < Ind] 1 full 2 gl

nb| 1
it e
0

These estimates, together with (4.78), lead us to

b 1
<n2 + 7% —ag — ]n|> / lun|® < 0.
2 )Jo

It is however not difficult to verify that the condition (4.74) ensures that, for all A € C
with ReA > 0 and n € Z, it holds that n? + 7% > a; + |nb|/2, hence u,, = 0 for all n € Z.
Consequently, all eigenvalues of A have a negative real part and the claim follows. O

Regarding the nonlinearity f(u) = uyTu, — uu, defined in (4.71), we establish the
following result. Recall that F¢ = H%/ 2 ().
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Lemma 4.5.8. The function f : E¢ — Ey satisfies f(0) = 0 and is locally Lipschitz
continuous in the sense there ewists a constant C' > 0 such that for all ui, us € E¢ we
have

1f (u1) = flu2)llo < Cllurlle + [Juzlle) lur — ualle. (4.79)
Proof. Lemma 4.3.3 together with the embedding H'/?(Q) < L*(Q) yields
1f (Wl 2y < luyll Lol Tuzll Loy + llull pa)llvell o)
< C(lluyll g2y I Tuall gz ) + lull grrelluall gz o)
< Cllulz,
and the claim is an immediate consequence of this estimate. ]
We are now in a position to establish Theorem 4.5.5.

Proof of Theorem 4.5.5. Recalling (4.67)—(4.69), (4.70), Lemma 4.5.6, Lemma 4.5.7, and
Lemma 4.5.8, we may apply Theorem 4.5.3 and Corollary 4.5.4 to the semilinear evolution
problem (4.72) and obtain the desired claim. O
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