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Abstract

In this work, we present an alternative formulation of the Khovanov-Rozansky braid
invariants. The construction by Khovanov and Rozansky uses the theory of matrix
factorizations. Our formulation is based on fusion functors. We review the underlying
theory of R-modules, fusion functors and their cochain complexes from a categorical
point of view. In this setting we construct braid invariants, which stand in principle on
their own. We will subsequently demonstrate how this formulation is connected to the
construction of Khovanov and Rozansky.
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Kurzfassung

In dieser Arbeit geben wir eine alternative Formulierung von Khovanov-Rozanskys Zopf-
invarianten. Die Konstruktion von Khovanov und Rozansky basiert auf der Theorie der
Matrixfaktorisierungen. Die hier dargelegte Formulierung basiert auf Fusionsfunktoren.
Wir betrachten die zugrunde liegende Theorie von R-Modulen, Fusionsfunktoren und
deren Kettenkomplexe aus kategorieller Sicht. In diesem Rahmen konstruieren wir
Zopfinvarianten, die im Prinzip fiir sich alleine stehen. Wir werden anschliefend zeigen, wie
diese Formulierung mit der Konstruktion von Khovanov und Rozansky zusammenhéangt.
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Introduction

Braids are very physical objects. It is not hard to picture a braid. Most likely one
would think of woven ropes or hair, but braids also occur beyond the boundaries of our
planet. Pictures from NASA have shown for example that the F-ring of Saturn’s rings is
braided [SSBT81|. As mathematical objects, braids have first been described by Emil
Artin [Art25] [Art47]. From the mathematical point of view, material or size of braids are
usually neglected and the focus lies on equivalence classes of braids under ambient isotopy,
i.e. the topological structure of braids becomes the only relevant aspect. In this setting,
one can define braid invariants, for example Khovanov-Rozansky’s braid invariants.

From any braid one can obtain a link by connecting the beginning and end of the
strands, i.e. by closing the braid. In fact any link can be brought into the form of a closed
braid according to Alexander’s Theorem. This is one reason why braid invariants can
be seen as an intermediate step to obtain link invariants, when proceeding as [GKS23|
suggest.

Khovanov and Rozansky came up with a description of link and tangle invariants. As
a part of that, braid invariants are described. The original formulation by Khovanov
and Rozansky is based on matrix factorizations. In a nutshell they assign to a braid or
link a tensor product of cochain complexes of matrix factorizations. They prove that
the corresponding braid and link invariants are given by equivalence classes of cochain
complexes in a corresponding homotopy category [KR04b].

Matrix factorizations also appear in 2-dimensional topological field theory when consid-
ering N = (2,2) supersymmetric Landau-Ginzburg models [CR16, BR07|. Here, B-type
interfaces which separate different regions of a worldsheet are represented by matrix
factorizations up to isomorphisms. The fusion of two interfaces results in a new interface
that is represented by a tensor product of two matrix factorizations representing the fused
interfaces. In this sense computing Khovanov-Rozansky’s homology is to some degree
fusing defects of Landau-Ginzburg models.

In [Fre24] it is shown that at least some interfaces can be described by module functors
instead of matrix factorizations. We will refer to these module functors as fusion functors,
since they characterize an interface by its behaviour under fusion. This raises the question
if and how Khovanov-Rozansky’s braid invariants could be understood in this language.

In the first section [1| we review some basic category theory, including the definition of
an additive category and the category of cochain complexes. In section [2] we review the
geometric definition of a braid and the definition of Artin’s braid group, in order to speak
about braid invariants. In section [3| we set up the framework for Khovanov-Rozansky’s
braid invariants in terms of fusion functors. Starting off with the category of R—modules
and endofunctors of those, we explain how those endofunctors form an additive strict
monoidal category. We build a computational framework in which computations involving
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those functors and natural transformations are reduced to working with matrices with
polynomial entries. We then assign to the generators of the braid group cochain complexes
of endofunctors. We will verify the braid relations , and the inverse relation
(3.26)). This will contain the main computational part of this work, concluding the
formulation of braid invariants in terms of fusion functors. In Section [f] we explain the
connection to Khovanov and Rozansky’s construction. This will in hindsight motivate the
form of the endofunctors of section [3] which came a bit out of the blue at first. We give a
quick review of matrix factorizations and explain how the endofunctors of section [3] can
be applied on matrix factorizations. In Proposition we give the necessary conditions
under which the braid invariants, described in terms of endofunctors, can be understood
as a reformulation of Khovanov-Rozansky’s braid invariants described in terms of matrix
factorizations. We prove Proposition [£.4.3] explicitly in the case of the two stranded braid
and explain why it also holds for braids with more than two strands.



1. Preliminary

1.1. Basic category theory

We review some category theory, in particular the structure of an additive category,
leading up to cochain complexes, which are fundamental for Khovanov-Rozansky braid
invariance.

Definition 1.1.1
A category C consists of

e a set of objects denoted Ob(C)

e for each pair of objects a,b € Ob(C), a set Homc(a,b), whose elements are referred
to as morphisms from a to b

e associative composition maps:

Home(a,b) x Home(b,¢) — Home(a, c)

(6,¢) ¢ o¢

for all a,b,c € Ob(C), where associative means that for each ¢ € Home/(a,b), each
¢’ € Home(b, ) and each ¢ € Home(c,d) we have (¢" o ¢/)op = ¢" o (¢/ 0 ¢) €
Homge(a,d).

e for each a € Ob(C) a unit morphism 1, € Home¢(a,a) := Ende(a) satisfying
lyop=¢oly=¢
for all ¢ € Home(a,b).

We will often abbreviate the notation for objects Ob(C) of the category and simply write
a € C, for an object a of the category C. Instead of writing a morphism ¢ € Home(a, b)

we will also use the notation ¢ : a — b or a f) b.
Whenever one defines a mathematical structure such as categories, one is interested in
maps between those structures. The following definition arises

Definition 1.1.2
Let C and D be categories, a functor F' : C — D is a map that

e maps objects to objects: F': Ob(C) — Ob(D)
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e maps morphisms to morphisms: F' : Home(a,b) — Homp(F(a), F(b)) for all
a,b e s.t.

F(la) = 1p@),  F(pocd)=F(¢)op F(¢),

for all objects a € C and all composable morphisms ¢, ¢’ in C. Here o¢ and op
denote the composition maps of C and D respectively.

There is also a class of maps between functors.

Definition 1.1.3
Let C and D be categories and F' and G functors from C to D, i.e. F : C — D and
G : C — D. A natural transformation n : F' — G consists of a family of morphisms:

(na € Homp (F(a), G(a))) ,

aeC

s.t. the diagram
F(a) —— G(a)

F)| |e®:

F(b) —2— G(b)

commutes for all a,b € C and ¢ € Home(a,b). The maps 7, are referred to as the
components of n. [Leil6]

Let C and D be categories we introduce the category Fun(C, D), with objects being
functors from C to D and morphisms being natural transformations. The composition
is given componentwise (10 ¢). = 1. o ¢, and the identity morphism on a functor F' is
given by the natural transformation idp with components defined idg, = 15 ().

In the upcoming definitions we add more structure to categories building up to the
definition of an additive category, while discussing the interplay between some definitions.

Definition 1.1.4
A category C is a category of zero morphisms if there exists a family of morphisms

{0ap € Home(a,b) forall a,beC}, st ¢o004p =04 and Op 0t = 04
for all a,b,c € C and all ¢ € Home(b, ) and ¢ € Home(a,b).

This family is unique. Let {0}, € Homc(a,b) for all a,b € C} be another family of
zero morphisms then

Oab = ch © O:J,C = Oilb

O[Par70]
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Definition 1.1.5

Let C be a category. An object T' is terminal if for every other object X € C there exists
exactly one morphism X — T. An object I is called initial if for every other object
X € C there exists exactly one morphism I — X. An object that is both terminal and
initial is a zero or null object.

Remark. A zero object is unique up to unique isomorphism, so it makes sense to talk
about the zero object 0 € C. In a category C with a zero object 0 the unique morphisms
X — 0 — Y constitute the set of zero morphisms. Conversely this is not true though, a
category with zero morphisms does not necessarily have to have zero objects.

Definition 1.1.6

An Ab—enriched category or preaddtive category is a catgory C s.t. for all objects a,b € C
the homsets Home(a,b) are additive abelian groups and the composition relative to the
addition is bilinear, i.e.

W+ ¢o(o+d)=t¢odt+vod +i op+¢ od
for ¢, ¢’ € Home(a,b) and 1,9’ € Home(b, c).

Remark. In an Ab — enriched category the neutral elements of each homset group form
the unique zero morphisms of the category, this follows immediately from the bilinearity of
the composition, implying that an Ab — enriched category in particular forms a category
of zero morphisms [MLIS|.

Definition 1.1.7
Let C be a category with zero morphisms, a finite biproduct of a finite collection of

objects ay,az, ..., ay is an object @ ; a; € C along with morphisms:
e projections m; : @’_; a; — a; for each i =1,...,n,
e inclusions i; : a; — @?:1 a;j foreachi=1,...,n,

satisfying the following properties:

1. (@?:1 aj, m,...,m,) forms a product of the collection ai,as,...,ay, i.e. for any
object b € C and morphisms ¢; : b — a; (for i = 1,...,n), there exists a unique
morphism ¢ : b — @}_, a; such that

mio¢p=¢; foreachi=1,... n.
2. (@?:1 aj, i1,...,i,) forms a coproduct of the collection ay,as, ..., an, i.e. for any
object b and morphisms 9; : a; — b (for @ = 1,...,n), there exists a unique

morphism ¢ : }_; a; — b such that

Yoi; =1; foreachi=1,...,n.
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3. The projections m; and inclusions i; satisfy the following relations for all i, j:

, l,, ifi=j,
T; O1; =
B NV

where 1,, is the identity morphism on a;, and 0g, 4 i denotes the zero morphism
from a; to a;.

Definition 1.1.8
An additive category is a preadditive category which admits all finitary biproducts.

Remark. In a preadditive category a product is also a coproduct and vice versa. So it is
sufficient to define an additive category as a preadditive category which admits all finitary
products, equivalently all finitary coproducts.

From Definition it follows that an additive category has a zero object, which is
defined as the empty biproduct.

Remark. In a preadditive category the conditions (1) and (2) of Definition are
equivalent to

n
ZLZ‘OTQ‘ = 1@;1% (11)
%

for n > 0. [MLOS]

Thus, we conclude that an additive category is a category which is preadditive, allowing
us to build all finitary biproducts, coming with the projection and embedding maps
satisfying the conditions (1), (2) in Definition and condition (|1.1]).

Given objects ai,...,a, and by, ..., by, we can represent morphisms f : @; a; —
@' bj by matrices:

fin o fin
5 where fzj:W?OfOL?a]%bz (12)
fml to fmn
Using that » 1" tf o = 1gyn,, and 37" ot = Lgym s, it follows that the addition and
composition of morphisms obey the normal rule of matrix addition and multiplication.

Definition 1.1.9
Let A be an additive category. A cochain complex A®

di—1 d;
. *)Ai_l : Az : >Ai+1 > ..

is a sequence of objects A; € A and morphisms d; : A; — A;+1 such that d;_; od; = 0 for
all 4 € Z. We refer to an object A; as the degree i component and to the morphism d; as
the degree i differential of the cochain complex.
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We say a cochain complex is bounded from above iff for some n € Z all components
with ¢ > n are the zero object 0 of A, i.e.

dn—1
s Ay A, 250

and bounded from below iff for some n € Z all components with ¢ < n are the zero object

0of A, ie.
d

0 0>An 2y Apir —— ...

In the following we will omit the unique zero morphisms 0 in the arrows. The zero complex
0° is the chain complex with all components being the zero object 0 € A, i.e.

v 0 —250

Definition 1.1.10
A morphism of cochain complexes f: A* — B® is a family of morphisms f; : A; = B;
such that all the diagrams

da,
A —= A

fli lfi-&-l

Bi —— Biy
Bi

commute, where the differentials of A®* and B*® are denoted by d4; and dp; respectively.

Cochain complexes and morphisms of cochain complexes form the category of cochain
complexes of A, which we denote by CoCh(A). CoCh(A) is an additive category, the
abelian group structure of morphisms is carried straight over, i.e. f + g is the family of
morphisms {f; + g;}icz for two morphisms of chain complexes f, g, the direct sum or
biproduct of two chain complexes is formed componentwise, i.e. A®* @ B® is the cochain

complex
dai—1 0 dg; O
0 dp;_1 0 dp;

A1 B ——— A8 ———3 A1 OB — ...

using the matrix representation of morphisms (|1.2]).

Definition 1.1.11
A homotopy between morphisms of chain complexes f,g : A* — B® is a family of
morphisms h; : A; — B;_1, such that

fi—9i =dpi—10h; +hiz10da;.

From this definition we obtain an equivalence relation on the space of morphisms, i.e.
two morphisms are said to be equivalent or homotopic if there exists a homotopy between
them. The homotopy category of cochain complexes HCoCh(A) has cochain complexes
as objects and homotopy classes of cochain complex morphisms as morphisms, i.e. it has
the same objects as CoCh(A) but fewer morphisms.






2. Braids and braid invariants

There have been many different equivalent description of braids. Emil Artin was probably
the first to develop a theory of braids in his paper 1925 [Art25] in a more intuitive
approach, thinking about braids as physical threads which satisfy certain properties. In
his later paper he gave a mathematical refined version of braid theory [Art47]. From a
geometric point of view the main property one wants to capture is the topology of a braid,
i.e. not caring about the thickness or the material a braid is made of. This leads to the
following definition:

Definition 2.0.1

An n-strand geometric braid is a union 8 of n arcs in R3, pairwise disjoint, linking n
points (0,4,0),i = 1,...,n,to the n points (1,4,0),4 = 1,...,n, within the band [0, 1] x R?,
and whose intersection with every plane x x R? contains exactly n points. The family of
n-stranded geometric braids is denoted GB,,. [Deh21]

Figure 2.1.: A 4-strand geometric braid, the union of four arcs not intersecting each other
going from (0,i,0) to (1,i,0) while strictly increasing in the x-direction, [Deh21]

We may consider the equivalence class of braids under ambient isotopy, although we
we will confuse a braid with its equivalence class. It will also be convenient to represent
a braid by its braid diagram, i.e. the projection of a braid onto the xy-plane. Such a
diagram has then a number of over- » and under-crossings < indicating which strands
goes above the other.



2. Braids and braid invariants

;

Figure 2.2.: Braid diagram of a 4-stranded braid with 2 over and 2 under crossings

In [Art47, [Art25] Artin showed that braids form a group. The identity element may
then be represented by the strand whose arcs are all straight lines from (0, ,0) to (1,1%,0),
i.e. they are constant in z and y. The group multiplication of braids is given by the
concatenation, so that inverses are constructed by reflecting on the xz-plane.

The n-strand braid group has the representation

B, ={(01,...,0n-1|0i0j =0jo; |i—j|>1, 0,0i410; = 0iy10i0i41 ) (2.1)

where the generators o; and their inverse o, ! correspond to the crossings formed between
the ¢ and ¢ + 1 strands as in Figure Group elements are formed by words of the
generators and their inverse, reflecting the braid one obtains when connecting elements of
the types depicted in Figure 2.3] For example the braid in Figure 2.2]is represented by
the word 02_10301_102.

Si Si+l Si Si+l

Figure 2.3.: The i-th generator o; of B,, on the left and its inverse o, ! on the right

The relations of the braid group in (2.1]) correspond to the relations of braid diagrams
(3.34) (3.40) and the inverse relation corresponds to ([3.26]).

In this language one can construct a braid invariant following the strategy:

+

e Assign some objects to the generators and their inverse o; L and some object to the

identity element 1 € B,
e Assign an operation to the group multiplication of B,

e Verify that the braid relations and the inverse relation hold under the assignments
done

10



Khovanov-Rozansky’s braid invariants

In our case we assign to the generators cochain complexes of module functors. The
operation assigned to the group multiplication is the tensor product of cochain complexes.
We show that this gives a braid invariant considering the homotopy category of cochain
complexes, i.e. the cochain complexes obtained for the right and left side of the braid
relations are isomorphic in the corresponding category. This construction might come a
bit out of the blue. It has its origin in Khovanov-Rozansky’s link invariant formulation
[KRO4b]. Their formulation is done in the language of matrix factorizations. Matrix
factorizations also appear in the modelling of 2D Landau Ginzburg models, in these
models they represent one dimensional defects. In [BE21] Stefan Fredenhagen and Nicolas
Behr came up with a functorial approach to describe such defects, i.e. some defects
can be described by module functors with certain properties. Since braid invariants
in Khovanov-Rozansky’s approach are described by matrix factorizations which can be
described by such module functors, it is natural to consider whether one can understand
the braid invariants in terms of those module functors.

Remark. Khovanov-Rozansky’s formulation is a broader description since it also describes
invariants for tangles and links. To obtain a formulation of a link invariant in the
formulation of module functors one needs to give a certain operation for the closing
of a braid which satisfies the Markov moves. This might be done by considering the
Hochschild homology of the cochain complexes of modules which are obtained by applying
the cochain complexes of functors onto a module, for example the ground module.

11






3. Khovanov-Rozansky's braid invariants
in terms of fusion functors

Following the strategy to describe braid invariants outlined in Section [2] we assign to the
generators o; and their inverse o; ! the cochain complexes of module functors

b
0; = Cloi)= 0 —— U —5 Vijpg —— 0 (3.1)
2%}
gi_l = C(Ui_l) = 0——= Viip i U——20. (3.2)

To the group multiplication, we associate the tensor product of cochain complexes. This
framework yields braid invariants as isomorphism classes within the relevant homotopy
category HCoCh(End(R — mody)).

The process begins with an additive category of R-modules, from which we examine
endofunctors that themselves constitute objects of an additive strict monoidal category
End(R — mody), with morphisms being natural transformations. Subsequently, we
evaluate tensor products of cochain complexes of module functors and verify the braid
relations within HCoCh(End(R — mody)).

3.1. Category of R-modules
The category of R-modules is an example of an additive category or in other words: An
additive category is a generalisation of the category of R-modules.

Definition 3.1.1
Let R be a unitary ring. An R-module is an additive group (M, +) together with a map

RxM— M
(r,m)—r-m
called the action of R on M, s.t.
r-(m1+mg) =71 -mi+7r-mg
(ryxrg)-(m)=ry-(re-m)
(ri+re)-m=ri-m+ry-m

1-m=m,

where we denote the multiplication of the ring by % , the unitary element of R with
respect to the multiplication by 1 and + the addition in R and M respectively.

13



3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

Definition 3.1.2
Let M and N be two R-modules. A morphism of modules is a map f : M — N,
compatible with the R-action, respecting the addition of the modules, i.e.

fr-m)=r-f(m)
f(mi+m2) = f(ma) + f(ma).
Modules and morphisms between modules form the category of R-modules denoted by

R — Mod. R — Mod is an additive category.
The addition of morphisms f,g: M — N is defined element wise, i.e.

(f +9)(m) = f(m) 4 g(m)
making the homsets into an additive abelian group, where unit elements are defined as
the zero morphisms
Oyn: M —- N
m+— On
where Op is the neutral group element of N. It is straightforward to check that this
is a morphism of modules. Furthermore the addition of morphisms is bilinear under
composition making R — Mod into a preadditive category.
Let M and N be R-modules, the direct sum module M @& N is the R-module with
addition and R-action being defined
(m1 @ n1) + (m2 © ng) = (M1 +ma @ ny + nz)
r-(m@én)=(r-mer-n).
The projection and embedding maps mpy : M &N — M, 7y : M & N — N and
tp M = M@N and vy : N = M & N defined by

satisfy

mpmoLN =O0na, v oty = 0yn

ol =1y, ivowy = 1N

tMOoTM +INOTN = lyanN,
following from their definition. Since we can build arbitrary direct sums of modules, i.e.
the category of R — Mod admits all finitary biproducts, the category R — Mod is an

additive category.

We denote the zero module (zero object of R — Mod) by 0 which is the module with
a single element * and the single morphisms 1y : * — *. The zero object is uniquely

isomorphic to the subgroup 0y of any M viewed as a module itself with the single element
Ops, the unit element of M.

14



3.2. An additive monoidal category of functors

3.2. An additive monoidal category of functors

Let R be a polynomial ring over C and let R — mod; be the category of free finite rank
R-modules, i.e. objects are R-modules of finite rank admitting a basis. We consider
functors U from R — mod; to R —mod; whose action on morphisms is C — linear. Let
End(R — mody) be the category whose objects are C — linear endofunctors and whose
morphisms are natural transformations. End(R — mody) is an additive category as we
shall explain in the following.

Let m1,m2 : U = V Dbe natural transformations, their sum is defined by the addition in
R —mody, i.e 1 + 12 has components

((m +m2)ar = mp + 772M)MgR—modf'

The neutral element of Homgpnq(r—mod f)(U , V) is the natural transformation Oyy with
the components
(Ovva, = OU(M)V(M))MeR_mOdfv

thus satisfying  + Oyyv = 7. Thus End(R — mody) is a preadditve category.
Furthermore End(R—mody) admits all finitary biproducts. Let U,V € End(R—mody)
we define the functor U & V' on modules

U V)(M)=UM)ad V(M)
and on any morphisms ¢ : M — N
(UaV)(9) =ty o V() omvan + oy © U(d) o Ty
€ HomR,modf(U(M) D V(M), U(N) D V(N))

where 77y and 7y a7y denote the projection maps from U(M) @& V(M) to U(M) and
V(M), respectively, and vr;(y) and iy () the embedding maps from U(N) and V(N)
to U(N) @ V(N), respectively. We define the natural transformation 7y : U @'V — U
consisting of components

(7ua = Tu(ary € Homp_moa, (U(M) & V (M), U(M)))Meg,modf
and similarly my. The embedding ¢y : U — U @& V has the components

(oas = ) € Homp_mod, (U(M),U(M) & V(M)))Meg,modf
and similarly ¢y,. They satisfy the relations

7TvoLV21V
7TUOLU:1U
my oy = Oyy
vy ow = Opy

tgomy +yomy = lygy.

15



3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

The zero functor 0 is defined on modules
0:M—=0
and on morphisms
0(¢) =00 =1

for any ¢ : M — N.

The category End(R — mody) is a monoidal category where the monoidal product of
objects is given by the composition of functors, its unit object is the identity functor. Let
U1,Usy, V1, Vo be functors and 71 : Uy — Vi and 12 : Uy — Vo be natural transformations.
The monoidal product or horizontal composition

Ne®@n :UyolU; = VooV
is given by their components defined as

(M2 @ m)m = n2v;, () © Ua(miag) + U2(Un(M)) — Va(Vi(M)). (3.3)

In fact End(R—mody) is a strict monoidal category since the composition of functors is
associative by definition. To see (N3 ®@n2) @m1 = 3@ (N2 ®@m1) : UsoUsoUp — VzoVhoVg
one just writes out their components as defined in and uses functoriality of the
functors, where n3 : Us — V3. Similarly one finds n o idy = n = idy o n for all functors U
and morphisms n: U — U.

3.3. A monoidal category of cochain complexes

We have seen in section that End(R — mody) constitutes an additive strict monoidal
category. We therefore can consider the category HCoCh(End(R — mody)) to be the
category of cochain complexes of End(R — mody) up to homotopies. HCoch(End(R —
mody)) is a monoidal category. Let F'*,G* € HCoCh(End(R — mody)), their monoidal
or tensor product (F* ® G*) is given by the cochain complex with components

(FreG*), = P FiogG, (3.4)
i+j=n
and differentials
dF‘@G.n = Z LF¢+1OGJ' o (dFZ ® ZdGJ) © 7TF'ZOGJ + (_1)7:[’F-L‘0Gj+1 o (ZdFZ ® dGJ) o 7TF'ZOG]

i+j=n
(3.5)

where Tpoq; : EBH_]-:TL F;0Gj — FjoGj for all 4,7, and the embedding tf,,0q, :
Fit10Gj; — @k+l=n+1 Fy o Gy and similarly tp;oc,,, for all i +j = n. Using the matrix
representation of morphisms in an additive category the entries of the matrices are
morphisms of the form dp, ® idg, and (=1)"(idr, ® dg;).
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3.3. A monoidal category of cochain complexes

As stated before the tensor product of cochain complexes is associative up to isomorph-
ism making HCoCh(End(R —mody)) into a monoidal but not strict monoidal category,
i.e.

A*®@ (B*@C*) ~(A*@B*)C*~A* @ B*®C* (3.6)
where the rightmost tensor product is defined as the cochain complex with the components

(A*® B* ® C*),, = @ Ay o0 ByoC,

and differentials

Thogpeace = O (taripe© (da, ® 1, @ 1¢,) + (—1)*aps)e © (1a, @ dp, ® 1¢,)
a+b+c=n

+ (_1)a+bbab(c+1) © (1Aa ®1p, ® dCC)) © Tabe-

This bracket less definition of the tensor product extends to tensor products of more then
three cochain complexes in an analogous way and will be useful for computations later on.

Remark. Showing isomorphisms of (3.6 involves basic properties of the canonical embed-
ding and projection morphisms and properties of the horizontal composition of natural
transformations.

The following lemma will be useful when investigating isomorphism classes of cochain

complexes:

Lemma 3.3.1
Let A® ~ A’® and B® ~ B’® be cochain complexes, then A®* @ B®* ~ A’* @ B'°.

3.3.1. Isomorphism classes in HCoCh(End(R — mody))
We turn our attention to isomorphism classes in HCoCh(End(R — mody)), since they

form the braid invariants described. Two cochain complexes F'®* and G* are isomorphic in
HCoCh(End(R — mody) if

dr;_, dp,

c—— Fi Fiyp ——

i
Di— 1H\¢ ZH\ ; ¢z+1ﬂ\¢1+1 (3'7)
5 Gy

- — G sz-i-l*)"‘

commutes and there exist a family of natural transformations {hq,} and {hp,} s.t.

@50 ¢i + hp,,, odp, +dp,_, o hp, = 1p,

, (3.8)
¢i © ¢y + ha,y, 0 da, +dg,_, © ha, = 1g,

where 15, and 1g, denote the identity morphisms of F; and G; respectively. Since all
morphisms involved are natural transformations, this in principle means that for all

17



3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

M € R — mody the morphisms admit components s.t. for all components the diagram
(3.7) commutes and (3.8)) holds. We will demonstrate that it is sufficient for (3.7) to
commute and (3.8) to be satisfied for the R-components of the natural transformations
involved.

Proposition 3.3.2
Let F, G be any functors in End(R — mody). A natural transformation n: F — G is
already specified by its component ngr of the ground module R.

Proof. Consider the following commutative diagrams for any free finite rank module M

F(R) —— G(R) F(M) 2 G(M)
P lc () Firdy)| |an (3.9)
F(M) —— G(M F(R) —— G(R)

with the embedding maps LZM : R — M and projection maps wa : M — R where
i =1,...,m and m is the rank of M. We therefore have

nv = laan o = Y Ghy) o G(mhy) o = > G(ty) onro F(my)  (3.10)
using (3.9) and linearity and functoriality of G and F. [J

The addition of natural transformations is specified by the addition of their R-
components

m

n + 1y = Y F(hy) o nr o G(hy) + Y (F(hy) om0 G(rhy)
i k

_ Z F(ihy) o (nr + 1) o G(mhy)

where 7,7’ : F'— G and we used bilinearity of the addition relative to the composition.
Furthermore the composition of natural transformations is also specified by the com-
position of their R-components, i.e.
m m
m o on =Y F(hy) onroG(myy) oY G(thy) o r o H(m)
k

F(iyy) o ng o Gy o dy) 0 or o H(mly)

=
ko

F(Lﬁw) onR o ik o<pRoH(7T§/[)

F(y) omr o g o H(mhy)

S,F”ﬂg

18



3.4. Isomorphism classes in End(R — mody)

forn: FF —- G and ¢ : G — H, we used bilinearity of the addition relative to the
composition and functoriality. The delta morphism &, is defined to be 1g if ¢ = k and Og
if ¢ # k. Proposition together with the compatibility of addition and composition of
the components of natural transformations lets us conclude that two cochain complexes

in HCoCh(End(R — mody)) are isomorphic if (3.8)) holds for the R-component, i.e.

/ .
¢iRo¢iR+hGi+1RodGiR+dGi—lRthiR =idg, -

3.4. Isomorphism classes in End(R — mody)

As we have seen in Proposition [3.3.2| a natural transformation is completely characterized
by its R—component. This already indicates that the determining property of a functor
lies in its action on the ground module R. We have the following proposition:

Proposition 3.4.1
A functor is specified up to isomorphism by its action on the ground module R and action
on maps

my R — R
repeT
Proof. Let F and F be functors with F(R) = F(R) and F(m,) = F(m,). There exists

m _ 3 .
a natural isomorphism o« with components anr = Y F(¢,) o F(7},) such that
i

F(M) 25 F(M)

lF(f) [P0

F(N) =25 F(N)

commutes. We calculate

W?VofOng)oéjioF(Tr}'\/[)
ﬁégvofOng)oF(ﬂ'gw)
W?VOfOLgVI)OF(Wgw)
) o F(f) o F(1ar)

where we used that F(rk o fo L§w> = F(rk ofo ng), i.e. on maps from R to R the
functors F' and F' acting the same way. To complete the proof we give the inverse natural

m . ~ .
transformation a~! with components o} = Y. F(:%,) o F(r%,). O
i
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

Remark. In fact 1f F(R) ~ F(R) and there is an isomorphism ¢ : F(R) — F(R) such
that F(my) = o F(my) o ¢ we have [F| = [F]. In this case the natural isomorphism
is given by ays Z (¢4) 0 po F(mh)).

%

3.4.1. Representatives of the isomorphism classes

When performing calculations it is convenient to work with representatives of functors.
In particular we want to fix the action of a functor on the ground module R and on
higher rank modules R™ and R"™ and R-module maps between them, which are given
by n x m-matrices with entries (f;;) € R. One can also fix a functor at least implicitly
on all free finite rank modules M and N and morphisms between them, obtaining a
representative of an isomorphism class of functors.

Proposition 3.4.2
Let M be a module of rank m and F € End(R — mody). The rank of F(M) is already
determined by the rank of F'(R), i.e. rank(F(M)) = mrp, where rp is the rank of FI(R).

Proof. There exists a morphism
m
> FogoF(nf): F(M)— R™F (3.11)

with an isomorphism ¢ : F(R) — R'F and the projection maps 75, : M — R and the
embedding map (¥ : R — R™F. The morphism (3.1]] - has an inverse

Y F(h)oe o,

with 7' : R™F — R'F and /4, : R — M, thus F(M) ~ R™"F. O

Let U € End(R—mody), there is an isomorphic functor U, whose action on the ground
module R is U(R) := R™. To be precise, there is an isomorphism ¢ : U(R) — R,
since U(R) is a finite rank R—module. Then U(m,,) = 1 o U(m,) 01~ ! is an R-module
morphism from RV to R'V for all p € R, i.e. given by an ryy X ry - matrix with entries
in R, satisfying

U(myp o mg) =U(myp) o U(mg) (3.12)
U(my) =1grv, (3.13)

and
U(Me,p + Meyq) = c1U(my) + c2U(my), (3.14)

for all p,q € R and ¢1,co € C. Where the first condition is ensuring functoriality of U,
the second making U into a C-linear functor. Note that from (3.12)) we have that U(m,)
and U(my) have to commute for all p,q € R.
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3.4. Isomorphism classes in End(R — mody)

In a next step we will fix the action of U further or in other words give the explicit
action of U on the higher rank modules R"™ for n € N. We can do this by defining
U(R") := R™U. On module morphisms f : R™ — R", i.e. matrices with entries f;; € R
we define U(f) to be the matrix

U(fin) - Ulfim)
N (3.15)

i.e. every entry of f is "blown up" to be the 7y X ry-Matrix defined via U(fi;) = U(my,,).
Thus U(f) is an nry x mry-Matrix, hence a map from R™U — R™U. This componentwise
action of the functor U is well defined since functoriality and C-linearity of the functor
already follows from and . Fixing the functors this far is already a good
enough setting for the computations we will do later on. However, for completeness we
still want to discuss a way on how to fix the functors formally completely on the category
R — mody. This is done in the following procedure. We first fix a set of isomorphisms
{om : M — Rm}MeR,modf and define

UM)=UR™), U(N)=U(R") (3.16)
where m,n are the ranks of M, N respectively. On morphisms g : M — N we define
U(g) = Ulpnogowy ) : UM) =U(R™) = U(N) = U(R"), (3.17)

where @y 0 go gpg/[l is a morphism from R™ to R™ whose action is already defined in
. Thus we constructed a concrete functor U € End(R — mody).

This concludes that given a functor on U and its action on R and action on maps from
R to R we can in practice construct a well defined functor which we know how it acts on
modules R™ and maps between them explicitly. Fixing isomorphisms {¢ar}mer—mod, We
could define its action on all modules M, N implicitly.

In this setting the components of a natural transformation 7 : U — V are described by
matrices. The R—component np is given by an ry X ry-matrix s.t.

V(myp) ong =ngr o U(m,) (3.18)
for all p € R. The components of higher rank modules M are

nR
M = NRm = cU(M) — V(M) (3.19)
R

block diagonal matrices with m blocks ngr. This is consistent with

V(f)nmu = nuU(f)

for f: M — N due to (3.18). With this configuration all computations are basically
calculating with matrices.
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

3.5. Braid invariants in HCoCh(End(R — mody))

3.5.1. Explicit functors and natural transformations

For the remainder of this chapter we fix R = C[z1, ..., 2,). The number n of variables in
the polynomial ring equals the number of strands of the considered braid. For every braid
group B, one can describe braid invariants. In the construction there appear two types
of functors, on the one hand the identity functor which we denote by U, i.e. U = Id, on
the other hand functors V; ;;1, with i = 1,...,n — 1. which are defined

Viit1(R) = R?, (320
1 DS Pz (T — it1)

Viit1(my) = = bitl hitl ' ) 3.21

z,erl( p) 2 (pAi,i—l—l/(xi —xi_1) PSii+1 ( )

where we denote m,, as the morphisms from R to R realised by multiplication with the
polynomial p = p(z1, ..., T, Tit+1, ...xy). The symmetric and antisymmetric part of the
polynomial with respect to variables x; and z;;1 that appear in (3.20]) are

1
DSiiv1 = —(p(x1, T, Tig1, ) + D(X1, - Tig1, Tiy --T))

=N

PAi41 = §(p(x1, Ty Tig 1y - Tn) — P(T1, - Tig1, Tiy - Tn))
satisfying
PSiit1 +PAiir1 = P(T1, T4, Tig1, . Tp).

The definitions on the ground module R and maps m,, give a well defined isomorphism
class of functors. However writing V; ;11 we mean the representative constructed according

to the definitions (3.16) and (3.17).

Next we define the natural transformation ®;;.1 : U — V; ;11 by the R-component
Giit1 = Piit1p

Giit1 = <”” _f” 1) :R=U(R) - Vij11(R) = R? (3.22)

and the natural transformation W; ;1 : V; ;11 — U by the R-component 9; ;11 = W; ;1
Viip1 = (1 i —2i41) : B2 =V;;11(R) - U(R) = R. (3.23)

3.5.2. Assignment of cochain complexes to elements of B,

We assign the cochain complexes

D
0; = Clo))= 0 —— U —5 Vijy1 —— 0 (3.24)
07 2007 = 00— Vi U 0, (3.25)
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3.5. Braid invariants in HCoCh(End(R — mody))

where we put U in the cohomological degree 0 which is indicated by the underline, to the
generators of B,, and their inverse. To the unit element 1 € B, we assign the cochain
complex

To a braid encoded by the word o0y, - - - 0, le B,, we assign the tensor product of cochain

complexes as defined in (3.4]) and (3.5)), i.e.

C(0)) @ Clop) @ -+ @ C(o; ).

3.5.3. Verifying relations

We are finally ready to verify the braid relations.

Relation 0: Inverse o;0; =1

S Si+l Si  Si+1

| |
N

’

For the right hand side we obtain the cochain complex R§ = C(1). We fix i =1
without losing any generality and write for the remainder of this calculation V' = V9 and
& = &y9, thus ¢ = ¢12 and ¥ = Uyy, thus ¢ = 112. The cochain complex C(o1) ®C’(01_1)
associated to the diagram on the left hand side of is isomorphic to Lg

(3.26)

0 — UV - UolU VoV 2 voer —50. (3.27)
The differentials of (3.27) are given according to (3.5))
d.— Iy v
T \eely
do=(®2®1ly -1y ®7),

and using the matrix representation of morphisms between direct sums (|1.2)). We picked
up the minus sign in the second column of dy since V' is in odd degree (—1) in C(o1).
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

The R-components d_; and dyg are by (3.3))

= (W)
<

< ) ) © U(\IJR)>
(I)V(R) o U((lv) )
_ 1109
- <(I)R2 e} 12)
1 T1 — X9
r1 — T2 0
= 1 0
0 Tr1 — T2
0 1

(@@ 1ly)r (ly ® ¥)p)
= (Pury o U((lv)r) —(Iv)u(r) © V(¥R))
(<Z5011 —12OV(¢>)

_[(x1 — T2 -1 0 0 —(«Tl—x2)2
- 1 0o -1 -1 0 ’

dorp =

using the definitions (3.22)) and (3.23|) for the R-components of ¥ and ® and (3.19) for
the higher rank component W pe as well as the componentwise action on morphisms of V'
given in (3.20). These matrices satisfy the differential property

d-1p0dog =0
and the natural transformation properties

UoU®VoV)(imp)od_ig=d_1p0(UoV)(mp)
(VoU)(my)odop =dopo (UoU @V oV)(my),

with
Vo U)(my) = Vim) =, P5_ paln =e2)),
2 \pa/(z1 — z2) ps

and
» 0 0 0 0
0 bps 0 pa(z1 —2x9) 0

(UoU®VoV)(my)=|0 0 ps 0 pa(z1 — x2) (3.28)

0 k- 0 Ps 0
0 0 R 0 ps
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3.5. Braid invariants in HCoCh(End(R — mody))

The degree 0 component of the complex L§ in (3.27) has a further direct sum decom-
position, i.e.

UaViecUpVaV.

This isomorphism is found by applying similarity transformations in mathematica to

(3.28) to find
SUeVH(my)St=UaVaV)im,)
D 0 0 0 0
0 ps pal@r—z2) 0 0
=0 2. ps 0 0
0 0 0 ps  pa(ry —r2)
P
0 0 0 T ps
The concrete matrices S and S~ are
o 0 -1 0 @
T9 — T : 1 0 0 (xq—mx9)°
S = 777—7177\7077177}777707777 (3.29)
0 ,0 1 0 0
0 '0 0 0 1
(3.30)
b 000 1 m—x
SL‘1—ZL‘2:1 O::El—ZL‘Q 0
S = 0 10 01 1 0 . (3.31)
1 01, 0 Ty — Ty
0 0 0 0 1

Remark. We want to discuss in a bit more detail how exactly one understands the natural
isomorphism 1 : U®V? — UGV @V with ng = S and its inverse n~! : UV RV — UgV?
with 77;51 = S~!. In matrix representation we have

novu  NMvay . nfl nfl 7771

n=\nuv nvey |, W‘—(#? nﬁjigy>, (3.32)
~ A~ 2 2 2
Aoy fivey uv 1%a% 17a%

visualising that the blocks of S and S~! indicated by the dashed lines in ([3.29)) are the
R-components of the natural transformations appearing in the matrices (3.32]).

Remark. The isomorphism given via .S is not unique, for example there is an isomorphism
which does not touch the summand U.

The natural isomorphism 7 induces the cochain complex Lg (3.33)

oa_— 071
0V N paver ® Ly o (3.33)
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

isomorphic to L{. The differentials of L{} are of the simple form

0
nod_1=[0 ] =w3:V2UsVEV since Sod_1p=
1y

and
doon =(0 -1y 0)=-m:UsVaV =V,

since

_(0 -1 0 00
dor© 5 "<0 0 -1 0 0)°

We now consider the following morphisms f : L® — RS and f : R§ — LI

—Tr

8 UaVaeV

o= O O O

|4 Vv
1\ ) ) 1\
0 0

U

which already satisfy fo f =1 Ry And with the homotopy

0 174 8 UaVaeV T 1%
0 3 L1071 o2 0
0 174 = UaVaeVv T

we find that f o f is homotopic to 1 e since

1v—OV:7T30L3
luvgvey —t10m =1t130m3 + 12 0m2
ly — 0y =m 09

Thus Ly ~ L ~ RY in HCoCh(End(R — mody)).

Remark. The other direction o, Lo; = 1 can be shown in a similar way.
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3.5. Braid invariants in HCoCh(End(R — mody))

1 -1 _ -1

0. =0

—1 . .
; ; o, forall i —j[ > 1.

Relation I : o,

8;Si+1 8jSj+1 8;Si+1 SjSj+1

| H ﬁ B ﬁ H o

To prove Relation I we make use of Lemma [3.3.1] and instead of taking the tensor
product of the generators (3.24) we take the tensor product of cochain complex C'(c~1)
being defined as

A
CloH=C'"(e7")=0—— V/,,; =5 U —— 0.

K
Where this isomorphism is induced by the isomorphism 7 : Vj;y1 — V/;,; with the
R—component
. 1 1 — X9
R =\ 1
thus V/;,;(m,;) is given by the similarity transformation
, 1 Diji+1 0
Vz‘,z‘+1(mp) = nRW,iH(mp)nR = | Pii+1—Pit1,i o (3.35)
2(x;—Tir1) Di+1,i
where we use the notation
Piji+1 = p(T1, .., 2, Tig1, .., Tn)
Pit1i =P(T1s .y Tig1, Tiy oo, Tny).
The induced differential takes the form
N

)

-1 . .

We specify ¢ = 1 and j = 3 without losing any generality. The cochain complex
C(o;!) ® O(o3') associated to the diagram on the left hand side of (3.34) is thus
isomorphic to L} (3.36))

d;? d-1
0 —— VijoVly — UoV,@VijoU —5 UolU —— 0 (3.36)

and the cochain complex C(o3) ® C(01) associated to the diagram on the right hand side
of (3.34) is isomorphic to RS (3.37)

&—2 a—l
0 —— Vigo Vi, — 5 Uo Vi, ®ViyoU —2 UolU —— 0. (3.37)
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

The differentials are

_ [ Vs ®idyy,
v \idyy, @ P,

2
dR1 - (_Zdvl'z

® ‘1’§4> ’

dpl = (idy ® ¥}, Wby, @idy)

Using (3.3) we calculate the R-component of the differentials and find

(d

(d

The action on m,, : R — R of the functors is

(Vg0 VfQ)(mp) =

(Vigo ‘/?,/4)(7”1:) =

(Vip @ Vi) (my) =

(V3y @ Vip)(myp) =

—2
Ly

)i = (dg )R =

0 -1

Dr=zr=(1 010

0
1
0
0
)-

o O O O

P1234 0 0
P1234=P1243
2ws—21) D1243 0
P1234=P2134
2(z1—22) 0 2134
p1234*P1243*p2134+p2143 P1243—P2143 P2134—P2143
4(x1—x2)(x3—24) 2(x1—x2) 2(x3—x4)
P1234 0 0
P1234—P2134
(ri—aa) D2134 0
P1234—Pi243
2(z3—24) 0 P1243
p1234—p1243—p2134+p2143 P2134—P2143 P1243—P2143
4(z1—x2)(x3—24) 2(x3—x4) 2(x1—x2)
P1234 0 0 0
P1231—Pp2134
Sei—ws) P2134 0 0
0 0 P1234 0
P1234=P1243
0 0 Sws—ws)  D1243
D1234 0 0 0
P1231—pi243
Sws—z)  P1243 0 0
0 0 P1234 0
0 0 P1234—P2134 p2134

2(z1—x2)

d! = (idy ® Uy, Vi, ®idy).

0
0

0
P2143

0
0

0

P2143

We observe that (Vi4, o V{5)(m,) and (V{5 o V4,)(m,) can be related by a similarity

transformation, i.e.

(Vig 0 V34)(myp) = S o (V3y 0 Viy)(my) o s,
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3.5. Braid invariants in HCoCh(End(R — mody))

with
-1 0 0 0
a1 0O 0 -1 0
§=5"= 0o -1 0 o0}’
0O 0 o0 -1

encoding that interchanging row 2 and 3 and column 2 and 3 in (V{,0V5,)(m,) one obtains
(V4,0 V/y)(my) and vice versa (the minus sign is implemented to make it compatible with
below). We denote the natural isomorphism with R-component S by s : V4,0 V/y —
Vs 0 V4, and its inverse by s™1: Vi, o Vi, — Vi, 0 V},.

On the other hand (V/, ® V4,)(m,) and (V4, ® V{y)(my) can be related by the similarity
transformation interchanging the two block matrices, i.e.

(Vip @ Viy)(myp) = Qo Vi, ® Viy)(mp) 0o Q7 1,

where
0 01 0
-1 _ |0 0 0 1
Q=0 = 1 0 0O
01 00

Remark. Q,Q~" are the R-components of the obvious isomorphisms ¢, ™!

0 1y
q:<1 ‘612> Ve @ V3y = V3, & Vi
Vi,

0 1y
g = <1 ‘634> Ve @V = Vi ® Vs,
Viy

Since 9, 57!, Q, Q! and the R-components of the differentials dif, dzll, dl_{,f, dz_zf satisfy
the relations

(dR2)ro S =Qo(df*)r (3.38)
(drhr = (dg)roQ (3.39)

the natural isomorphisms ¢ and s induce an isomorphism on the cochain complexes L
and RT, i.e.

d-2 d-1
0 s ViyoViy — UoViy @ VijoU —25 UolU — 0

T e

0 —— Viyo Vi, — Uo Vi, ®ViyolU —% UolU — 0

This proves Relation I [.
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

. o1 -1 _—1_ -1 _—1_-1 .
Relation II: o; 0;i110; = 0410 Oiit1 for all 7 € N.

S; Si4+1Si+2 Si Si+1S5i+2

oS H I DU Y,
{] '

h (3.40)

We do not lose any information when specifying to ¢« = 1. We will use the notation

p123 = p(x1, T2, 3, T4, - .., Tp)
p213 = p(T2, 1,23, T4, ..., Tp)
p132 = p(x1, 23, T2, T4, ..., Tp)
Pp231 = p($2,$3,$17€64, e ,I‘n)
p312 = p(x3, 1, T2, T4, . .., Tp)
p321 = p(x3, T2, 1, T4, . .., Tp)

Applying our rules we obtain for the left hand side the cochain complex L$§ (3.41)
isomorphic to C'(o1) ® C'(02) @ C'(01)

VigoVyzolU VigoUoU
a3 ) a2 D a1
0 —— ViyoVigoViy —25 ViyoUoV]y —25 UoVigoU —23s UoUolU — 0
@ o
UoVys0V/, UoU oV

(3.41)
with

g, @ g, @ 1

d;j - _1V1/2 ® Uhy ® 1V1/2
V1 @ 1y, ® 1y,
/
» _1/V1’2 X \1’23 X 1U _1V1’2 R1ly® \I]V{Q 0 /
dL2 =1 ¥L® 1V2’3 ® 1y 0 1y ® 1V2’3 ® Wi,
0 Uy, @ly@ly, 1y @U@ ly,

dzzl = (\II/12®1U®1U 1U®\I//23®1U 1U®1U®\Iﬂ12)
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3.5. Braid invariants in HCoCh(End(R — mody))

with the R-components

LQR:

-2
Lap ™

-1
dLQR_

1 0 00 0 0 00
0 1 00 0 0 00
0 0 10 0 0 00
0 0 01 0 0 00
-1 0 00 0O 0 00
0 -1 00 0 0 00
0 0 00 -1 0 00
0 0 00 0 —-100
"1 0 00 0 0 00
0 0 10 0 0 00
0 0 00 1 0 00
0 0 00 0 0 10
-1 0 00,-1 0 00,0 0 00O
0 -1 00/ 0 -1 000 0 00
”1”’0”6’6;’6”6”0"0’;’—’1”0”6’6’
0 0 10,0 0 00,0 —-100
0 0 00,1 0 0O, 1 0 00
0 0 000 0 100 0 10
(101010)

(3.42)

(3.43)

(3.44)

The functor V{5 0 Vi 0 V), is isomorphic to the direct sum functor of V2 and some explicit

functor Y, i.e.

f-3
VigoVazoViy 2 Vip @Y.
_3)7

The R-components of this isomorphism are the matrices f_35 and ( f3)! r Which reflect
the similarity transformations performed on (V{5 o Vis o V{5)(m,), i.e.

(Viz @ Y)(myp) = fosp o (Vigo Vg o Viy)(mp) o (f-3) ' 4.

Explicitly f_3p is given by the matrix

f—SR:

0 —1 0 0 1 z9—21 0 0
0 0 0 0 0 -1 00
01 I 2@—21) 0 0 00
0 0 0 1 0 1 0 0
0 0 0 2(xg —x9) 1 0 00
1 0 2(zs—z2) 0 0 0 0 0
0 0 0 -1 0 0 1 0
0 0 0 0 0 0 0 1
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

The functor Y is defined by its action on modules M of rank m
Y (M) = R

and on morphisms my, : R — R with Y (m,) =

P231 0 0 p1322;1’;231 0 0
P123—P132 | P231—P213
P123—P213 | P213—P231 P213—P123 T33 z13
2x19 + 2x13 p123 2x19 4xq19 0 0
(P231—P213)%23 P132—P231 | P231—P213
z13 0 p213 o1 T 2o 0 0
0 0 D132 0 0
P231-P213 0 P213—P312 (132 —P231)T23+P213721+P312712 P312 0
213 2x23 dziaz13723
P123~P213 |, P321—P231 P321~P123 | P213~P312
T2 23 P123—P321 z13 Z23 P123~P132~P2131P231+P312-P321 P312-P321 400,
dzy3 2z13 dz1o 8x12213223 2212
In a similar way we find an isomorphism f_ with inverse (f_o)~*
! 1" .‘/12
0 f f
Vi, o Vi o 0 &
12 © Va3 Wiovg, O 0
&> 0 0 1y oy Vio
, , 23°V12
Vi oV, @
12 12 0 1 0
! /
S / 1 122V / 1, f17 V1/2 © V2/3
V2 o VY (flo)~ 0 —(fLg) " ofy D
23 12 0 0 Ly oy
23°V12 Vi o V!
23 12

with R-components f_op and (f_2)~! 5 satisfying

(Vi2®Viz @ Vig 0 Vg @ Voz 0 Vi) (my)
= frap o (Vg o Vyy @ Viy o Viy @ Vog 0 Vi) (my) o (f—2)_1R-

The non trivial blocks f’,, and f”y of f_op are

0 1 -1 =z 0 0 0 0

, foo o 1 , oo o o
f72R - 1 0 —T19 0 9 —2R — 1 O 21y 0 (345)

0 0 1 0 0 0 1 0

Last but not least using the similarity transformations as in (3.35)) we construct the
following isomorphisms f_; and (f_1)~! depicted in

! 0 0 Wf21
V12 foi= -1 9 -1 V12
—1=1 "2 T2
® 0 n;31 0 ®
! \
Vas P * Vig .
—1m12 M2
@, (f—1)1< 0 0 n23> b
V12 mz2 0 0 Vas
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3.5. Braid invariants in HCoCh(End(R — mody))

The morphisms f_3, f_o, f—1 and their respective inverse induce that the cochain

complex L3, (3.46) is isomorphic to L$ (3.41)

dpyotf-)7t

\
-
~

(]

Via
@ Via
Vi2 ff20dZ230(fﬁ°,)_1 Vi2 fflOdZ;O(f&)_1 @
0 @ > @ > Vig
Y VigoVys D
@ Vas
V2/3 o V1/2

(3.46)

Setting X =V}, o Vi3 @ Vi3 0 V/y and writing the differentials as matrices, L3, takes the

form
<1V12 0> Vis 01y, 0 Viz
\% 0 0 ) < 0 ) )
0 6192 B « Vi g 0 g; s Vi (0 W12 Wa3) . U 0
Y D &)
X Va3
(3.47)
with the morphisms satisfying
ago =0
Y+aiof=0
aroa=0
' (3.48)
asoa =0
P90y =0

Yoz oag + Vig0oap = 0.
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

For completeness we give the defining R-components of the morphisms involved

2T93  2x12T923 2x93 4x19w93 —2x93 1 0 0
—1 x13+ o3 0 2293 1 0 0 0
1 T12 1 2212 -1 000
B = 0 1 on — 0 1 0 0 00
R= 2%23 2%12.%23 ’ R= 2.%23 43712%23 —2%23 1 00 ’
1 12 1 2119 -1 0 0 O
0 21’23 0 21323 1 0 0 0
0 1 0 1 0 010
(3.49)
2
. I12 D) . -1 T12 0010 —X12 0
7R_<—1 1 > alR_( 0 -1t0000 1 o) 350
. 1 0 —XT23 0 -1 23 0 0
0‘23(0 0 1 0 0 —-10 0)' (3:51)
Consider the morphisms of cochain complexes f: L3, — F'® and f: F'* — L3,
1y, O V12 01y, 0 Viz
v () GEo) ® une
0 ® - V12 = Vig 22U 0
Y D ®
X Va3
o 0 01 0 lu | |1u
0 1 0 Vi2
(IY )H(O 1y ) h 50 1x) ‘612 1v23> (0 o 1V23)
Via
Y X
0 @ (&) 5-293 (P12 ¥23) 0

denoting the lower cochain complex by F'*. One quickly makes sure that f and f are
maps of cochain complexes using (3.48). They satisfy

fof

= 1pe.
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3.5. Braid invariants in HCoCh(End(R — mody))

and fo f is homotopic to the identity 17s , shown in the following diagram

Via 01y, 0 Via
© (” 0 al) C 0w way)
V12 0 0 a2 V12 12 Wa3 Q
(5] D
X Va3
00 0

1 ( 1 <O Ly, O >1

> 0 0 1y,
V12 ‘/12
@ @ ~NA
Via Via U

1y

Thus, L3 ~ F* in HCoCh(End(R — mody)).
For the right hand side of (3.40) we obtain the cochain complex R$ (13.52)) isomorphic
to C'(0; 1) @ C'(07!) @ C'(05 1)

VigoVigolU VigoUoU
d;‘,? D de D dgl
0 —— Vi3 0V/y0o Vi, 2 Vaz 0 U o Vys — 2 UoV/yoU —2 UoUoU —— 0
7] 57
UoViyo Vg UoUo Vg
(3.52)
with
Ly, ® Ly, ® Wag
dpy = | —lvg, @ V1, @ 1y
) _1V2’3 &® \11/12 ® 1y _1V2’3 RI1ly® \I/VZIS 0
dps = | Wy ®ly, ®ly 0 ~lo ® Ly, @ Wy
0 Yy @ly@ly,  ly@V¥pely,
d}}; =(Vuely®ly ly@¥,oly ly®ly @ Ph)
since

and 1

/ _ / _
12r = V3R Vier = Wi p

we have that the R-components of the differentials in (3.41]) have the same R-components
as the differentials of (3.52)) which are given in ({3.42)).
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

The first component of (3.52) Vs o V{, o V3, is isomorphic to the direct sum functor
Vos @Y, ie. arrows

g-3
! ! !
VagoVigoVas =2 Va3 @Y
9g-3)"

exist, the R-components of g_3p and its inverse (g_3)~* p reflecting the similarity trans-
formations performed on (Vj; o V{y 0 Vis)(my), i.e.
(Vas 0 Vig 0 Vi) (myp) = g3 0 (Vs ® Y) (1) o (9—3)_137

with the explicit matrix given

0 -1 00 1 —x3 0 0
O 0 00 0 -1 0 0
0 1 10 0 0 —2r3 0

0O 0 00 0 1 1 0

IR~ o 1 10 -1 0  —2z03 0
1 2.%‘12 0 O —233‘13 0 0 0

O 0 01 0 0 1 0

0O 0 00 0 0 0 1

We have an isomorphism g_s with inverse (g_2)~*

v
/ ! 0 92 973 %
Vag o Viy O ®
D 1y oy O 0 ‘/23
, , 23°V12
Vag 0 Vs . . : ®
fan) V330Vis V!, o V!
/ / (9"9)7" =(99) " og”, 0 2 2
V12 0 V23 0 1V1,20V2,3 0 , @ ,
Vaz o Viy

with R-components of the non trivial blocks ¢’ , r and [ R 8iven

01 -1 T3 0 0 0 0
, |loo o 1 , oo o o
I92R= | 1 0 —a93 0 |’ I2RT | 1 0 —a93 0 |’
00 1 0 00 1 0

of similar form as (3.45)).

Last but not least we consider the isomorphism g_; with inverse (g_1)~

0 0 it
/ 23
Vas ( 0 my' 0 ) Vas
7

1

—1 -1
EB, 23 0 g3 R D
Vig 3 5 > Vig .
—7n23 723
EB, < 0 m2 O > ©®
Vi m2s 00 Vas
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3.5. Braid invariants

in HCoCh(End(R — mody))

Similar to (3.46|) the isomorphisms g_3,g_2,g—1 and their respective inverse induce the

cochain complex RS, (3.53) isomorphic to RS (3.52))

Vas
& Vas
Vos -3 1 Vos —2 1 @ -1 1
g—20dp-0(g-3) g-10dp o(g-2) dp,o(9-1)
0 o 7, g B VN SN » 0,
Y Vip 0 Vg ®
® Vas
Vig 0 Vi,
(3.53)
with X =V}, o Vi3 ® Vi, 0 V/, (3.53) takes the form
1ygs 0 Vag . s0 1y, 0y Va3
Vas < 0 0) ® <0/ 0 al) ®
0 . @ B« Vg Y0 as Vi (0 Wyp Wa3) y U 0.
Y &5, @

Since the morphisms are differentials we have the following relations

arjoff =0
Y +az0f =0
ajoa=0
asoa =20
Uys09 =0

\11230@2+\I/120041:O.

The R-components of «, oy, s also appeared in L$; (3.47) and where given in (3.49).

The components of 7/ and 8’ are

2212
1
0
, 0
2212
-1
1
0

2x12723
x93
2.%'12
1
2x12w23
T12 + 213

23
1
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3. Khovanov-Rozansky’s braid invariants in terms of fusion functors

Consider the following morphisms g : R3; — F'* and g : F'* — R3;

1yp, 0 Vas 0 lyy, O Vas
Vas ( 0 0> fast <0 0 al) )

0 @ B« Vs Y 0 a2 Vig (0 Wig Wag) U 0
Y D ®
X Vas
0o 90 01 0 1y | [1v
0 1 0 Via
(1Y)JJ(U ly) ( 8 )} (=3 01x) < ‘612 1v23> (0 0 1v23)
1x
Vio
0 Y X )
« (gé) Vs (W12 Ua3)
satisfying

gog=lpe.

For the other direction we find that g o g is homotopic to the identity 1gs , shown in

following diagram

1ygs 0 Vas 0 lyy, O Vas
wo (Fe) e (0Fe) e,
0 @ B« Vs ~ Qs Vi ( 12 ¥a3)
Y @b @
X Va3
00 0
1 1(849) ) 1 <§§ 1 (81\8210 >1
> Vas
Vas
Va3 @
0 V;
- ?2 12 (0 W2 Wa3)
Va3

Thus, we conclude RS ~ F'* ~ L3.

We verified the braid relations (Relation I and I) as well as the inverse relation at least
in one direction (Relation 0) under the assignments ([3.24]) explicitly, i.e. we constructed

a braid invariant in terms of cochain complexes of module functors.
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4. Connection to Khovanov-Rozansky's
formalism

Khovanov and Rozansky’s description of braid invariants is part of their description of
link invariants. In this chapter we will draw the connection from our formalism to theirs.
The building blocks in their description are cochain complexes of matrix factorizations of
minimal models.

4.1. Background on matrix factorizations

Definition 4.1.1

A Zs-graded R-module is a pair (M, o) of an R-module M that decomposes into a direct
sum M° @ M! together with an R-linear involutive automorphism o, i.e. 02 = 1 such
that for m € M*, o(m) = (—1)m. The involution o characterizes the Zy-grading.

Let R, R’ be polynomial rings and W € R, W’ € R’ be two potentials, i.e. they have
an isolated singularity at 0, i.e. dim¢(Jacw) = dime(W/(9z, W, ..., 0,,W)) < oo, the
Jacobian algebra is finite dimensional. We have the following definition:

Definition 4.1.2

A (W, W')-matrix factorization is a tuple (M, o, Q) consisting of a free Zg graded R®¢ R'-
module (M, o) together with an odd (i.e. Qo + 0@ = 0) endomorphism Q :M — M,
satisfying

Q= (W —-W')-1lu,
where the action of W and W’ on the module M is defined by acting with W ® 1 and

1 ® W' respectively. If the module has finite rank we call (M, o, @) a finite rank matrix
factorization.

Definition 4.1.3

A morphism between matrix factorizations (M, o1, Q1) and (Ma, 02, Q2) is given by a
module morphism ¢ : M; — M. We distinguish between even (n = 0) and odd (n = 1)
morphisms ¢ satisfying o9p(™ = (—1)”¢(”) o1. This leads to a category M Fyyy» whose
subcategory of finite rank matrix factorizations is denoted m fyy,wr).

We will sometimes just write () for a matrix factorization (M, o, Q). The category
M Fyyw is differential Zo-graded with the differential

§: HomMFW’W,(Ql, Q2) — HOTTLMFW’W/(QL Q2) (4.1)
o™ = Qa9™ + (=)0 Q. (4.2)
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4. Connection to Khovanov-Rozansky’s formalism

It is straightforward to check that 6> = 0. The cohomology space of the morphisms
defines the cohomology category H*®M Fyy -, which has the same objects as M Fyy - but
fewer morphisms. One may further restrict to the homotopy category H M Fyy - which
has the same objects as M Fyy» but whose morphisms are the zeroth-J cohomologies
of the morphism spaces of M Fyy -, in other words morphisms from @ to )2 are even
morphisms satisfying QQ2¢ = ¢()1 modulo morphisms of the form Q2 + Q)1 where v is
odd. Most of the time we will work in the category HM Fyy .

Let (Mg, 0q,Q) be a (W, W')- matrix factorization and (Mp,op, P) be a (W', W")-
matrix factorization both of finite rank. One can build the tensor product matrix
factorization

QRP=Q®1y, +og®@P (4.3)
realized on the (R ® R")-module Mg ®p Mp, where the R ® R” action is
(rer”) -(mpemg)=rel) -mpe(1ar") mg (4.4)
and the tensor product over R is understood by the relation
(1@r) -mp)@mg=mp® ((r®1) @mg). (4.5)

Its straightforwardly checked that the tensor product Q@ X P is a (W, W”)-matrix fac-
torization, which will be of infinite rank even though the factorizations @) and P may
have been of finite rank. This is due to forgetting the action of the ring R’ when viewing
Mp & Mg as an R ® R"-module. It has been shown that if @ and P are finite rank
matrix factorizations, @ X P is isomorphic to a finite rank matrix factorization [KR04b].

Consider the case R = R’ and W = W/, since it will be of special relevance for the
description of braid invariants. In that case the tensor product defined above turns
HM Fyw,w into a monoidal category which has been shown in [CR10]. The unit object has
been investigated in [CR10, [KR04a, [BROT| and been precisely realised up to isomorphisms
in [CR10]. We will denote the unit object by Iy. The associators and the left and right
unitors Ag : Q — Iy K Q and pg : Q — Q X Iy have also been given in [CR10]. In the
one variable case, i.e. R = C[x] we can represent the identity factorization by the matrix

0 x—a
Iy =\ waw-we) (4.6)
acting on the free R ® R-module
1 0
My, = (R&c R)® (R R),  ory (O _1) , (4.7)

where we represent the variable of the second tensor factor R by z’. The module My,
might then be represented by C[z,2'] & C[x, 2/].

Let (Mi,01,Q1) be a (W, Wa)-matrix factorization and (Ma, o2, Q2) be a (W3, Wy)-
matrix factorization. Then we can define the external tensor product like in but
acting on the (R ® R2) ® (R3 ® R4))-module M ®¢ Ms. This factorization will then
be a (W7 + W3, Wy + Wy )-matrix factorization. We denote the external tensor product of
matrix factorizations by X'. This operation has been investigated by [Yos98, [KR04b].
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4.2. Fusion functors and matrix factorizations

4.2. Fusion functors and matrix factorizations

Definition 4.2.1
A (W', W)-fusion functor U is a C-linear functor from R — mod%2 to R — moal%2 satisfying

UWw - f)=w"U(f) (4.8)
for every module homomorphism f.

We can extend C-linear functors on R — mody to functors on R — mod?2 where the
grading on U(M) is induced by U(o).[Fre24]

Remark. Under that extension the functors V; ;11 and the identity functor, we denoted
by U, become (W, W)-fusion functors for the potential W = a:]fH + ZL‘]§+1 AR
for the n variables and k € N. This is true due to the fact that W is symmetric under
interchanging any variables. In fact this is how the connection to Khovanov-Rozansky’s
formulation is drawn and why these functors were chosen as the components of the cochain

complexes ((3.24)).

The property (4.8)) guarantees that a W-matrix factorization is mapped to a W/-matrix
factorization, which is captured in the following proposition.

Proposition 4.2.2

Let (M,o0,Q) be W-matrix factorization, i.e. (M,o) is a free finite rank Zs-graded
R-module with Q?> = W - 1y, then for a (W', W)-fusion functor U we have that
(UM),U(0),U(Q)) is a W'-matrix factorization.

Proof. U(Q) is odd and U(c) is an involution
U@U(0) =U(Qo) = ~U(0Q) = ~U()U(Q),  U(o*) = U(lm) = Ly
and
UQ) =U(Q) =U(W -1n) = W' - 1y ).

O|Ere24]

So far the fusion functors have been defined on finite rank modules only. We would

like to define the functors acting on (W, W”)-matrix factorizations (M, o, @), viewing the

underlying R ® R”-Module (M, o) as an R—module of infinite rank by forgetting the R”
action, i.e.

rem:=(r®l) -m. (4.9)

We thus need to extend the functors on modules of infinite rank. In this process let us
consider any (W', W)-fusion functor U. One can define a functor U by

UM) :=U(R) @r M (4.10)
U(f) =1y ® f, (4.11)
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4. Connection to Khovanov-Rozansky’s formalism

where we view U(R) not only as an R’-module which it is by definition but also as an
R-module with the action defined as

reu="U(r-1g)(u), (4.12)
for u € U(R). Thus the relative tensor product of U(R) ® g M is understood as
u® (r-m)=(U(r-1gr)(u)) @ m. (4.13)

U carries all the necessary structure of a fusion functor, as C-linearity and functoriality,
as well as the fusion property follow from the structure of U.

Proposition 4.2.3

Let U be any (W', W)-fusion functor. Then the corresponding functor U defined as
in is isomorphic to U on free finite rank modules, i.e. there exists a natural
isomorphism 1 with inverse ~! such that the diagram

vy —29 sy

n&ﬁlﬂM n;,ﬁlmv (4.14)

UR) 9r M 2% U(R)®r N

commutes for all free finite rank R-modules M, N and morphisms ¢ : M — N.

Proof. We choose a basis {e;} in M and {b;} in N. Let pM and (M be the respective
projection and embedding maps defined via the basis {e;}, i.e.

pi: M — R ti:R— M (4.15)
Z mgeg — m; T re; (4.16)
k

and similarly for pév and L;-V . The functor U induces maps U(pM) : U(M) — U(R) and
UMY :U(R) — U(M). Consider the isomorphisms

(2

v :UM) = U(R)® M ny  U(R)@r M — U(M) (4.17)
u Z U(pM)(u) @ e v@e;— UMW),  (4.18)
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4.2. Fusion functors and matrix factorizations

We compute

Iyt ol@ ¢ o (u) = 01®¢(2Up2 W)
=y (ZU p") ®¢>(€z))
=y (ZU P (u ®;¢ikbk>
=3 ( Z U@w)U(p!") () © by )
—ZU U (¢ar)U (pi") (w)

- Z Uk $inpi’)(w) = U(¢)(u)

ik
hence the diagram (£.14) commutes. In the last line we used ¢y, = pY¥ o ¢ o Lﬁ/l . O

Remark. This also reflects that the module or the fusion functors are well defined up to
isomorphism by their action on the ground module R and maps from R to R.

Proposition [£.2.3] provides a canonical way to extend fusion functors from free finite-rank
modules to free infinite-rank modules. Starting off with a finite-rank module functor U
we define its action on infinite-rank modules M, N and morphisms f: M — N

U(M) =U(R)®r M (4.19)
U(f) =1®f, (4.20)

and for g : My — N or h: M — Ny where My, Ny are of finite rank we define

U(g) = (1 ®g)onmy, (4.21)
U(h) =1y, o (1@ h), (4.22)

for some fixed set of isomorphisms {an } M;eR-mod, depending on a choice of basis as in
Propositionf4.2.3]

A natural transformation of finite-rank functors extends in a canonical way to the
extension of functors of infinite rank. Let n : U — V be a natural transformation
between two finite-rank module functors. For an infinite-rank modules M, n extends
v =1r & 1y
Remark. The braid invariants we defined in the category HCoCh(End(R — mody)) can
also be defined in the category HCoCh(End(R — mod)) when functors are extended in
this way.

This extension of functors on infinite-rank R-modules allows us to act with an (W, W')-
fusion functor U also on a (W, W”)-matrix factorization (M, o, Q) obtaining a (W', W")-
matrix factorization (U(M),U(o),U(Q)), realized on an R’ ® R"-Module (U(M),U(c))
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4. Connection to Khovanov-Rozansky’s formalism

where the R’ ® R"-action is
(reor"y-(uem)=r - ux(1er") -m (4.23)
for u®@m € U(R)®r M. We check that U(Q) is indeed an (W', W")-matrix factorization

U(Q)?*=U(Q

=U((W —=W") 1u)

=UW -1 —W" - 1p)

=lypr @W- lM—lU(R)®W
—U(W-lR)OlU(R)(X)lM—lU(R) W”-lM
=W 1U(R)®1M—1U(R)®<1®W”)'1M
W' —W")1ymr @ 1u

W' —W")  1yryom

—~~

The category FFyy - has fusion functors which are extended on free infinite-rank
modules as objects and natural transformations as morphisms.

4.3. Khovanov-Rozansky’s formulation

We turn our attention to Khovanov-Rozansky’s formulation of braid invariants[KR04b).
In a nutshell they assign to the generators of the braid group the cochain complexes

0i = KR(oy) = 0 s Iy — Q 0 (4.24)

I > 0, (4.25)

o7l = KR(o; ) = 0 Qi

1 (2
which are objects in HCoChH M Fyyy. The components of (4.24) are given by
Iy=LK LK. .. KI, (4.26)
Qi=IK - XI, 1K QXX . -KI, (4.27)
and the corresponding morphisms are given by

Xb=1018---®1exi"®le..-®1 (4.28)
b=1918 019y ®1e-- 91, (4.29)

where XZ LR T — Qii+1 and Xl A+l : Qiiv1 — I; )X I;1q are the i-th factor of the
tensor products (4.28]).

We will explore later how to represent the factorizations and the morphisms
as we delve into the computational section. At this point, it is only important to mention
that the factorizations in are (W, W)-factorizations with W = 28! 4 xé;“ +
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4.4. Khovanov-Rozansky’s formulation from fusion functors

-+ 28+ The identity factorization Iy is considered as the external tensor product
of the identity factorizations I; for the single-variable polynomial me, as previously
defined in . Qii+1 represents a (W, W)-factorization of W = a:f“ + xfjfll. It is
worth mentioning that the cochain complexes are only defined up to isomorphism,
since the bracketing of the tensor products in is not specified. We will specify
the bracketing and determine specific representations for the tensor product X’ when
performing actual calculations.

Khovanov and Rozansky associate to a braid the tensor product of the corresponding
elementary cochain complexes . The tensor product in HCoChH M Fyyyy is done
in the canonical way, i.e. for two cochain complexes

df dar dr
Py —2s P L (4.30)
Pt d? dQ
Qo —2 Q1 — ... (4.31)

the i—th component of the tensor product cochain complex is given by

(PRQ)i= P PRQy (4.32)

k=i

and the differentials are build accordingly. This concludes in a nutshell how Khovanov
and Rozansky formulate their braid invariants. The verification of the braid relations in
this formalism was done in [KR04b].

4.4. Khovanov-Rozansky’s formulation from fusion functors

We are now ready to finally discuss how one obtains the Khovanov-Rozansky description
of braid invariants back. We consider the following functor which has been investigated
in [Fre24].

Definition 4.4.1 0
Let (M, 0,Q) be a finite rank (W, W)-matrix factorization. We define a functor II" from
the category F'Fyw to the category HM Fyyw by

% FRyw — HMFywy
U (UM),U(0),U(Q))

nuv = NMuv pm
for fusion functors U and V and natural transformation nyy : U — V.

Since nyy is a natural transformation we have

Vi(e)nuv iy = nuvaU(o) (4.33)

45



4. Connection to Khovanov-Rozansky’s formalism

which guarantees that ﬂQ is well defined. For two isomorphic factorizations ()1 and Q9

A~

the functors n and 1% are isomorphic, in particular factorizations U(Q1) and U(Q2)

are isomorphic [Fre24]. A functor 11° induces a functor 112 from the category of cochain
complexes of fusion functors to the category of cochain complexes of matrix factorizations.

Definition 4.4.2
For (M,o,Q) a (W, W)-matrix factorization there is a functor

119 : HCoCh(FFyw) — HCoCh(HM Fy )

--~—>Uod#U1—>...»—>~~-—>U0(Q)dwUl(Q)—>...

{hn} = {hnn},

where we denoted morphisms by the family {¢,} and homotopies by {h,}.

The functors ITI¢ are well defined since all morphisms in F' Fy w are natural transform-
ations.

Proposition 4.4.3

Applying the functor II'W to the formulation of braid invariants in terms of fusion functors,
one obtains back the formulation of Khovanov-Rozansky in terms of matrix factorizations,
ie.

1. II'W maps the cochain complexes of fusion functors assigned to the generators
of a braid in (3.24]) to cochain complexes isomorphic to the cochain complexes
Khovanov-Rozansky give in (£.24)), i.e. II'W (C(O‘Eil))) o~ KR(O'gil)) in HM Fyw,
for all i € n.

2. and the functor II'W is compatible with taking tensor products, i.e. II'W (U*®@V'*®) ~
W (U*) @ THW (V'*), where U®,V*® € HCoCh(F Fyyw).

Remark. It is expected that II' is in fact a monoidal functor. One might show this by
proving compatibility with the associators and left and right unitors as well. For our
purpose this is not necessary and the second point of Proposition [£.4.3]is sufficient.

The first part of Proposition 4.4.3| involves a concrete representation of the matrix
factorizations and morphisms appearing in the elementary cochain complexes .
For the braid group with two strands we will carry out the concrete computation in a
corresponding representation. We will explain rather briefly how one can apply the two
strand case also for the case of more than two strands. The second part of Proposition [£.4.3]
is more of a general property which does not depend on what kind of factorizations are
involved and can be discussed for any (W, W)-fusion functors and (W, W)-factorizations.
We postpone the first point and continue with the second one.

The second point of Proposition is the question of whether the cochain complexes
one obtains when first taking the tensor product in HCoCh(F Fy.w) of two cochain
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4.4. Khovanov-Rozansky’s formulation from fusion functors

complexes and then applying II'" is isomorphic to the cochain complex one obtains when
first applying II'™ to the two cochain complexes and then taking the tensor product of
those. This will hold if for any U,U’,V,V' € FFyw and ¢ : U — V and ¢/ : U’ — V'
the diagram

(08¢ )My,

Uo U/(Iw) » Vo V/(Iw)

gl lﬁ (4.34)

by P
Iy ©PMyy,

commutes.
To show this we first consider the diagram

(60 )My,

UoU'(I) Vo V! (Iy)
UOghr,,) VO,  (439)
Ullw B U'(Iw)) V(Iw B V'(Iw))

Py, oV (M, yoU(ny ®¢>/MIW )

which commutes since

Vi) © @@ 6ary, = VO © Sviny,,) 0 U, )
= ¢MIW®V/(M, ) © U()\\_//(M ) o U(¢’M,W)

= Oy, @V (Myy,) © UAy v/(M ¢M,W)
_¢MI RV/( M[ (1®¢M[ O)\E/(M ))
= OMy, @vi(My,,) © U@ ¢y, )0 U(/\l_]/(MIW)>

using naturality of the isomorphisms A~! as well as functoriality of the functors. We next
consider the following diagram

bup,, P,

U(lw) XU (Iw) i V(Iw) R V' (Iy)
lam la(w
U(Iy RU'(Iy)) V(Iw BV'(Iw))

¢MIW ®V’(1\/[]W)OU(1M]W ®¢§V1[w)

which on the module side we can write using the definition of functors and natural
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4. Connection to Khovanov-Rozansky’s formalism

transformations
(U(R) 91 M) 9 (U'(R) 9 M) ~2ZZ20CRE Ry @ M) @r (VI(R) @1 M)
a(U)J, lam
U(R) ®r (M ®@r (U'(R) @g M)) » (V(R)®r M) ®g (V'(R) ®r M)

drO(Lp@(Pr®1ar))
(4.36)

where we write My, = M for the underlying module of Iy. The bottom morphism from
left to right is given since

drepvn) © ULy ® ¢ly) = o ®
=¢r®
=0¢r®
=9r®

Lvegpviry) © lur) @ (I ® (9 @ 1ar))
Lyer(vi(R)@rM)) © Lum) © (1 @ (9 © 1ar))
1y @ (Lyi(ry ® 1)) 0 1y(r) @ (1 @ (¢ © 1))
Ly ® (0 @ 1u)).

e e N

The diagram commutes for the associators a(V) = QU (R),M,U"(R)@rM a0d alV) =
Qv (R),M,V'(R)@rM Which are isomorphisms by definition. Thus both diagrams and
commute making the diagram commute. This concludes the discussion on
the second point of Proposition .43

Remark. In diagram (4.36|) we omitted the additional structure (o, Iyy) the matrix factor-
ization Iy comes with, since they do not effect the argument.

Representation of matrix factorizations

We turn our attention to the first point of Proposition In order to show that it
holds true we need to perform concrete calculations in a certain representation of matrix
factorizations. We therefore have to explain how matrix factorizations and morphisms
between those can be represented and in particular how we can represent the action of a
fusion functor on matrix factorizations, i.e. representing the resulting matrix factorization
when a fusion functor applied.

Let (Mg, 0q,Q) and (Mg, 00,Q’) be free finite rank (W, W’)-matrix factorizations
with W € Clz] = Clz1,...,2,] and W' € C[z'] = C[z],...,2,]. Let Mg be of rank 2q
and Még be of rank 2¢’, then we can represent @ by an odd 2¢ x 2¢-matrix and an @’ by
an odd 2¢’ x 2¢/-matrix with polynomial entries in C[z, 2'] respectively, i.e.

0 Q1> : ( 0 Qﬁ)
pu— 5 = . 4-37
In this representation a morphism ¢ : QQ — @’ is represented by an even 2¢’ x 2¢ matrix
¢o 0 )
= 4.38
o= (T o (4.38)
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with polynomial entries in Clz, 2'], s.t. Q¢ = ¢Q. Similarly (W', W")-matrix factoriz-
ations (Mp,op,P) and (Mp, 0%, P'), with W” € C[z"] can be represented by an odd
2p x 2p-matrix and an odd 2p’ x 2p’-matrix with polynomial entries in C[z/,z”]. The
tensor product factorization (Q X P can be represented by an odd 4gp x 4gp-matrix with
polynomial entries in C[z, 2, 2”] given by

0 0 Q1®1p 1o, @ P
B 0 0 1o, @ Py —Qo®1p,
QX P = Qoln lo ®P 0 0 (4.39)
1g, ® Py —Q1®1p, 0 0

with the tensor product ® being realised as the Kronecker product. In this representation
a morphism ¢ ® 1) : QX P — Q' X P’ is realised as the matrix

do ® Yo 0 0 0
0 b1 @ Yy 0 0
0 0 ded 0 (4.40)
0 0 0 ¢o ® Y

where 1) : P — P’ and the tensor product is realised as the Kronecker tensor product.
Next we want to understand how we can represent the action of a fusion functor on a
matrix factorization, in particular how we can represent the resulting factorization that

AT
IT" assigns to a fusion functor U. By Definition (#.4.1) and (4.19) we have

. T
" (U) =UMyp,, o1, Iw) = (UR) ®r Mry,, lyr) ® o1y, lury @ Iw).  (4.41)

We choose an (R ® R)-basis of My, which we denote by {b;}. The canonical R-basis of
U(R) = R"V we denote by {e;}. We have

l®Iw : RV ®r Mr,, - R"Y ® My, (4.42)
€j @ by — €; ® (Iw )ikbr (4.43)
and we calculate
e; @ (Iw)abe = €; @ > (IS (rs @ 7))y (4.44)
= U(rs - 1p)e; © IS (1@ 7)by (4.45)
= (Ut 1 @ 1P (10 1)) (5 @ by, (4.46)

where we sum over equal indices. In the first line we write out Iy in the basis {b;} as a
matrix with entries in R ® R where we denote elements of the first tensor factor by r and
elements of the second tensor factor by r’. In the second line we used the definition of
the balanced tensor product. The last line is just bringing everything back into form so
we can read off the action of 1 ® Iyy. Representing the tensor product as the Kronecker
tensor product, Iy is represented by a matrix with polynomial entries in Clx, 2], i.e. Ty
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4. Connection to Khovanov-Rozansky’s formalism

is represented by a matrix with entries (Iyy);x— Ii(lj) (rsrl), where IZ(;) € C. Then from
the last line using the Kronecker tensor product realisation we can see that the functor
U effectively acts on Iy in this representation by "blowing up" the entries similar as
in the finite rank R-module case, acting on the variables x, but leaving the variables
2’ untouched. In other words starting with a representation of any factorization @, we
obtain a representation of the factorization U(Q) by simply acting on the polynomial

entries.

4.4.1. Representation of the matrix factorizations involved in
Khovanov-Rozansky’s formalism

In this section we review the representation of matrix factorizations in Khovanov-
Rozansky’s formalism. This will give meaning to the factorizations and morphisms

involved in (4.24). In particular we want to understand the objects I;, I; X' I;;1 and
Qi.iv1 and the morphisms x5!, x4 We fix i = 1 for simplicity, not loosing any
generality. For example [; is the factorization of the single variable polynomial x?“

which we represent as

My, = Clzy, 2] ® Clxy, o] (4.47)
and
0 z1 — 1 0
Il = (m;"‘klxi’nﬁ»l 0 > ) 0—11 - <0 _1> * (448)
x1—2)

The identity factorization I; X' Is of the two variable polynomial w’f“ + xSH can be

represented by the matrix

p= (ﬁo ’;1) . Cla]? & Clz]2 — Cla)? @ Cla]? (4.49)
with

Py = <7T14 23 > ’ P = (1'14 23 > (4.50)
T3 —T14
using (4.39) and with

n+l _ . n+l
My = (4.51)
Ty — Ty
Tij = Xy — Ty, (4.52)

where we write ] = x4 and 2, = 3 and thus Clz] = Clxy, x2, x3, 24].
In this scheme the (W, W)-factorization Q1 o with W = 27! 4+ 257! is represented by
the matrix

Q- (go %1> . Cla2 @ Clz]2 — Cla]2 @ Clar]2 (4.53)
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where

QO _ fu1 T1X9 — XT3X4 Ql A + X9 — X3 — T4 T1T2 — T3T4
Uy T3 +T4a—x1—22)" U9 —Uq.

(4.54)

Here, u; and wuo are not uniquely determined. In the original definition of Khovanov and
Rozansky they are given by

w — g(x1 + x2, x122) — g(23 + T4, T122) (4.55)
Tr1+ To — T3 — T4
"y = g(x3 + x4, v122) — g(23 + 4, T324) (4.56)
T1X92 — 374

where the the explicit definiton of g(s1, s2) is given

1) (m—i\ . ,
sy = X (T g )

1 (3
1sis gt

The morphism X(l)’Q = X0 is represented by the matrix

(%0 £1> (4.58)

with
Un — x4 —xo+ p(x; + 29 —3 — 14 O U, — g+ p(xy —xq) plze —x3) — 22
0 — ) 1 — )
aj 1 -1 1
(4.59)
where
ar = (p— 1)ug + U1 T Ttz — a3 (4.60)

1 — T4

and p € Z. Different p give homotopic maps. The morphism X%’Q = 1 is given by the

matrix
Voo 0
(O V1> (4.61)
with
1 0 1 z3+ )\(1‘2 — 1‘3)
Vo = Vi = 4.62
0 <a2 ag) ’ ! (1 x| + /\(5134 - 1’1) ’ ( )
where
as = A\ug + R 7T23, az = )\(1'3 + T4 — 1 — l’g) + 21 — x3. (4.63)

Ty — 1

with A € Z. Different choices of A give homotopic maps. With this we can represent all
the factorizations and morphisms in (4.24) as matrices with polynomial entries choosing
a corresponding representation for the tensor product X’ (4.39).
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4. Connection to Khovanov-Rozansky’s formalism

4.4.2. Two strand case
The braid group for two strands has only one generator o1. Khovanov-Rozansky assign
(4.64)

o= KR(o)= 0 >
o' 2 KR(e™H) =0 y Q X5 P > 0 (4.65)
We will show that HP(C(O'(:H))) ~ KR(O'(:H)). We have
Q120
0 — U(P) —— Via(P) —— 0 (4.66)
and
(4.67)

'
0 —— Via(P) —28 U(P) —— 0

where P is the the representation of the identity factorization Iy of the polynomial

W = x?“ + xg'H, given in (4.49)). The morphisms ®12,/, are given by

12 0 0 O
0 0 0
Prp®lu, = | ¢62 s 0 (4.68)
0 0 0 ¢

due to the Kronecker product realisation of the tensor product and @25 = ¢12 as in
chapter 3. Similarly for Wi9,7,. The factorization Vi2(P) is then

0 Via(Pr)
Via(P) = (4.69
V12<P0) 0 )
where we act on the morphisms by acting on the polynomial entries, i.e.
T4S T12T14A  T23S  T12T234
Via(ma)  Via(x23) HA - g A 238
Via(Py) = = | = 12 (4.70)
Via(mes) Via(—214) M38 X12M23S —T14S5 —T12T14A
T23 A _ T14A _
T T238 T 2148
and
T145 T12714A X238 T12T23A
Via(z1a)  Via(z23) el A VY 234 238
Vig(P1) = = | " 12 (4.71)
Via(mes) Via(—m1a) 23§ T12TM234 —T14§ —T12T14A
T34 _miap _
238 T12 148

xr12
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with

1

T14A = 2 T14 €r24) = 2$12

1 1
148 = §($14 + xoq) = 5(:81 + x9 — 2x4)

|

[ =
8
-
©)

1
TozA = 5(9023 —x13) =

\]

1
To3s = 5(9623 +x13) = = (21 + 22 — 223)
xanrl _ x4n+1 x2n+1 _ m4n+1 (4_72)
A = = (Ta — T4) = —
2 X1 — T4 T2 — T4

N~ N~ N~ N~ N

IL’1”+1 _ x4n+1 x2n+1 _ x4n+1
T148 = 5(T14 + T24) = ( )
2( ) X1 — T4 Tro — T4
1 1 1 1
- 7(7r23 B 71_13) _ (xgn-i- — 1:3n+ _ xw—f— — :c3n+ )
2 To — X3 T1 — X3
x2n+1 _ ZL‘3n+1 ."L‘1n+1 _ :E3n+1
T35 = 5 (ma3 + m13) = + :
2 Tro — I3 1 — I3

We will show that there is an isomorphism V' (P) ~ @ in HM Fyw, which induces an
isomorphism on the cochain complexes in CoChH M Fyy . In other words we find the
matrix factorizations and morphisms of the original definition of Khovanov-Rozansky
again.

Lemma 4.4.4

Two matrix factorizations P and @ are isomorphic if the matrices (representations) can
be related by similarity transformations. Proof: Q = SPS™' < QS — SP = 0
PST1-S71Q =0 O]

In our usual block matrix form this reads

0 @\ _ (So 0\/0 P\ /Ss' 0 _ 0 SoPy Syt 173

(o0 B)= (0 8)(a D)CT )= (amse *00)- 0
i.e. @1 is related to P; by a number of row and column transformations encoded by
the matrices Sy and S| 1 respectively. Qg and Py are related by row and column trans-
formations encoded by S1 and Sy 1 For the calculation this means that we perform
transformations on one block matrix, in our case Vi3(P), which already fixes the trans-

formations on the second block matrix Vi2(FPp). One can find the detailed calculation
leading to the following results in the appendix

1 0 0 0
1 _ [0 Wiz — Wy 0 0
SoViz(P1) 51 = 0 0 Tl + Ty —x3— Ty T1x2 — T3T4 | (4.74)
0 0 U2 —up
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Wia—Wsz 0 0 0
L 0 10 0
S1Vi2(Po)Sy = 0 0 o1y — Ty . (4.75)
0 0 us x34+2x4—21— 22

Thus Vi2(P) ~ T @ Q, where T is the direct sum of two trivial factorizations of Wiy — Wy,
represented by the module pair MY = C[z]*> = M} and the module maps

N 1 0 N W12 —W34 0
T, = (0 Wig — W34) : Ty = ( 0 1) : (4.76)

The isomorphism S is represented by the matrices

0 2 0 0
— 2M234 —2ma3s 1 2z145
_ x12
So = 1 22w 0 0 (4.77)
2714 —2mozatusziz _ 2(2M144T145+2T234%235+U2T12T145) 0 2
T12T145+T127235 x12(T145+2235)
and
1 2x149 -1 21935
0 0 0 -2
S, = 4.78
! 0 2z4 1 —2(z145 + x4) ( )
0 —2 0 2

In the homotopy category H M Fyy s a matrix factorization which decomposes into a sum
of trivial matrix factorizations and a non trivial factorization is isomorphic to the non
trivial part, i.e. Q@ & T ~ (). In other words the trivial factorization is isomorphic to the
O-factorization [KR04b].

The isomorphism S : Vi3(P) — T @ @ induces the cochain complex isomorphic

to (L50)

So@lgMP

0 s P TR —— 0 (4.79)
which takes the form
A
0 —— P @ \ 0 (4.80)
XO\HZQ\) Q /

where f is given by the pair

_ 1 0 _ [T14 T23
Jo= <—7r23 1:14) ’ h= ( 0 —1) ’ (4.81)
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As a consequence of T being isomorphic to the zero factorization, f is homotopic to the
zero morphism and therefore (4.81)) is isomorphic to the first Khovanov-Rozansky cochain

complex (4.64]), explicitly this reads

0 — P a5

/T
mQ
I

lQ
X0
0 >y P

(4.82)

> 0

where g : T'® @ — @ is the projection morphism and ¢ : @ — T @ @ the injection
morphism.

Similarly S~! induces the cochain complex (4.83) isomorphic to (4.67))

-1
\I’lgMPoS

0 > Q TeP ——0 (4.83)

which takes the form

P——0 (4.84)

\

where ¢ is a null homotopic map given by the pair

_ (2x14 O (2 2ma3

Explicitly we have the isomorphism to the Khovanov-Rozansky cochain complex (4.64])

\‘ — 0
/2)(%\71

TQ

(4.86)
tQ

X1

“U<‘—“U

<©<7>© @ N

0 0.

~
~

In conclusion we have explicitly shown that in the 2-strand case the first point of the

Proposition [.4.3] holds.
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4. Connection to Khovanov-Rozansky’s formalism

4.4.3. For more than two strands

For more than two strands the computation to show II'" (C(c3!)) ~ K R(07") is not so
easy to handle explicitly. However we will give an argument how the computation for
two strands can be applied in case for more than two strands, i.e. how to reduce the
problem for n > 2 to the case n = 2, by choosing the representation of the factorizations
wisely. First we observe that for Iy =~ I};, we also have II'W (C(cF!)) ~ TI'w (C(07)).
For example for o, !

D i1 My,

0 —— Viirmi(Iw)
Vz‘,z’+1(<P)l

0 —— Vi1 (L)

~

U(Ly) — 0
| (4.87)

‘1%‘,1'+1MI,
L U(ljyy) — 0,

~

where ¢ denotes the isomorphism from Iy to I{/V. The diagram commutes due to ®; ;41
being a natural transformation. Let Iy = (...((I; X' I) X' I3) X' - - - X' I,,) be bracketed
from the left as in [CR10]. In this case the cochain complex we obtain for the generator

-1

g, 1S

D5 i1
0 — Vit (o (L B L) R B L)) — % U(((L B L)’ .. K 1,)) — 0.
(4.88)

Let 11 = (I, ® Ti11) & TR0 where 180 = [} &/ ... R/ [ ) & T, & - - - &' T,, bracketed
from the left again. We have II(;/) ~ Iy . And with (4.87)) we have that (4.88)) is isomorphic
to

Diit1p, @)

0 — Vi1 (I R I 41) X TEO)Y) W U((L; R L) ) TE@)) — 0. (4.89)

Under the realisation of the tensor product X' according to (4.39) and further the
Kronecker tensor product one finds that (4.89) is equal to

(2)
i1 g ®1MIR(i)

y UL Iy ) R TRO —— 0,
(4.90)

0 —— ‘/;57,23-1([1 X/ Ii,i+1) X/ IR(z) LR

where we denoted the functors which occur in the two strand case as VZ(E_)H and U®.
From it is now clear that the isomorphisms we found in the two strand case which
where denoted and realised by the matrices S and S~! are realising the isomorphisms
' (C (Jgﬂ)) ~ K R(oiil). Everything else one does is using the obvious isomorphisms
rearranging the factors in the X’ tensor products or taking different bracketing. In the

case ([4.90)) the isomorphism to K R(o;” 1) is given by S ® 1?(i), where S will be represented
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by the matrix we had for the two strand case just in the corresponding variables x; and
Zit+1. A similar argument can be given for the cochain complexes involving the generators
;. This lets us conclude that for n > 2 we also have II'W (C(cF')) ~ KR(oi!) for
1=1,...,n.
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5. Discussion

We have shown that we can describe braid invariants in the language of fusion functors
in section . In section [4| we have shown that there exists a functor II'W | which allows
us to switch back to Khovanov-Rozansky’s formulation in terms of matrix factorizations.
Khovanov and Rozansky’s formalism describes also link and even tangle invariants.
Especially link invariants have been of great interest. The question arises to what extent
the formalism in terms of fusion functors can be applied to compute link invariants.
Alexander’s Theorem tells us that every link can be brought into the from of a closed
braid. This leads to the fact that one can obtain link invariants from the description
of braid invariants, by finding an assignment to the closing of a braid such that the
Markov moves hold [GKS23|. In HCoCh(End(R — mody)) such an assignment for a
closing does not seem to exist, but this is something that could still be investigated or
even proven further. From what we know there seems to be at least two options to extend
the formalism on links.

The obvious one is to go back to the formalism of matrix factorizations by Khovanov
and Rozansky using the functor II’W. In this case the computer algorithm of [CM14]
could be applied. In a nutshell one would proceed as follows. Firstly one considers the
representation of a link as a closed braid. For the corresponding non closed braid one then
obtains a cochain complex of fusion functors like in section To this cochain complex IT/'W
associates a cochain complex of matrix factorizations. The matrix factorizations can then
be represented by matrices with variables z;, 2} with i = 1,...,n, where n is the number
of strands of the braid considered. By identifying x; = 2} one obtains a cochain complex
associated to the closing of the braid, i.e. a cochain complex of the underlying link. To
compute the homology of Khovanov Rozansky one would have to find isomorphism to
the finite rank matrix factorizations. This operation has been implemented in a computer
program developed by Nils Carqueville and Daniel Murfet [CM14]. Solutions thereof are
limited by the computational power, so it would be interesting to analyse whether the
computational power needed to compute the link invariants can be reduced when using
matrix factorizations and morphisms obtained from IT/w .

The second option to extend the formalism might be to consider the cochain complexes
in R— M od one obtains by "applying" a cochain complex of fusion functors on the ground
module R. The closing might then be given by a Hochschild homology. This is motivated
by [GKS23|. Their description of Khovanov Rozansky’s link homology is based on Soergel
bimodules. One may investigate how exactly the formulation in terms of fusion functors
is connected to the formulation in terms of Soergel bimodules.

Another aspect or benefit of the formulation in terms of fusion functors is that in contrast
to Khovanov-Rozansky’s formulation in terms of matrix factorizations the potential W
does not enter at all. In Khovanov-Rozansky’s formulation one could already observe that
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5. Discussion

the power k of the polynomials W = x’f +-+ a:fl for an n-stranded braid does not enter
the computation of verifying the braid relations. The definition of braid invariants in
terms of fusion functors allows to consider a different polynomial W’(z1, ..., z,), which
only condition is to be fully symmetric in all its variables, since this is the only condition
for the functors given in section [3|to be W', W’-fusion functors. One may investigate what
kind of invariants one obtains by applying the functor II/w’ on the cochain complexes of
fusion functors. By this one would still obtain some kind of braid invariants that might
differ from Khovanov-Rozansky’s invariants.

As we have remarked in section M| the functor II'W is expected to be a monoidal functor.
We did not investigate this any further since it was not necessary for our purpose, however
it would still be interesting to investigate if II'W is indeed monoidal. We suggest that the

Ny
way to prove so would be to first investigate if I " is a monoidal functor. If that is the
case, then the step to show that I’V is also monoidal should be straightforward.
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A. Appendix

In the following we want to explain how the isomorphism S was found, by giving the
concrete row and column transformations performed on Vio(P;), and making sure all the
transformations involved on the way are legitimate.

1,..2 1.2
T1458 2%712 L2385 —3%712
1
5 T148 -3 238
Vie(P1) = 2 2
T23S X127234 —T145 —T12T144
T23 A _T4A4 _
z12 m233 z12 Ti4s
1R+—2R
20+—3C
3R+—4R
1 1
5 -3 T1458 r235
1,..2 2
X148 238 52712 —5%79
234 _ T14A _
Y Tia T238 T148
23S 7148 T23A4T12 —T14A712
20—2C+1C
30'—)30—(23}145)10
40'—)407(22?235)10
: 0 0 0
1,2 90 2 _rly 9
T145 T148 + T238 3T12 T14g 2 T145%238
T23 A T23A—T144 _ 27234%145 _ 2ma3AT235
T12 T1a G2 T 7238 T1a Ti4s

M35 T235 — M14S T23AT12 — 2M235%148

—T14AT12 — 2T235%238

2R—2R—(2z145)1R

3R—3R—(2124)1R
12

4R’—>4R*(27‘(235)1R

: 0 0 0
1.2 2 3y
0 z145 + wa3g 3%19 — 2%143 —5% — 2r145%235
M23A—T14A _ 2m234T145 _ 2m234%235

0 12 xr12 + 238 12 148
0 mo3g9 — Mi4s T234T12 — 2M235T145 —T14AT12 — 2235235
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A. Appendix

4CP—)4C+(2:E145)2C+30
i 0 0 0
0 a2, — 22142 0
T148 + Z235 RGP L14g
M23A—T14A4 _ 2m234T145 . 214 AT145 _ 2T23 AT23S
0 =4 =, - tmag 235 — 145 1 1
0 mo3g — Tias T23AT12 — 2M235T145 T234%12 — T144%12 — 2(TM145%145 + T235%235)

(A1)

Using the definitions (4.72))we simplify the (3,4) entry

21447148 2T23 AT235
(3,4) =ma3g — Tiag — -

T12 T12
1
:?12((331 - $2)(7T235 - 77145) — 27714/435145 — 271-23141;235)
1
:%((m - xz)(ﬂzs + T3 — T4 — 7T24) — (xl + x9 — 2x4)(7r14 — 7r24)
1
:%(m:s(%l —2x3) — m14 (221 — 24) — Me3(222 — 223) + W24 (222 — 224))
1
=@ -y et e -t e eyt - )
=0

and the (4,4) entry further

(4,4) =ma3 412 — T1aaT12 — 2(M145%145 + T235T235)

1
=—((z1 — z2)(ma3 — M3 — 14 + T2u) — (X1 + 2 — 224) (M14 + T24)
2
— (xl + 10 — 2:E3)(7T23 + 7r13))
1
Z*(—’/T23(2x2 — 2%3) — 7T13(21‘1 — 21‘3) — 7r24(2x2 — 2.%'4) — 7r14(2x1 — 2374))
2
=—xy+a5 —o) +ay —xy +y —x] +ay
= — Q(Wm — W34).
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Thus we continue with writing Wz, xze) = Wi, W(zs,24) = Way

3 0 0 0
1,.2 2
0 145 + 2235 322, — 2x14% 0
T23A—T144 _ 2723 AT1458
0 T12 T2 T 7238 0
0 mo3g — Tias T234T12 — 2M235%145 —2(Wi2 — Way)
l 4R—4R+ (2214 S)3R7(2’;2%)2R
i 0 0 0
1,.2 2
0 145 + 235 5T19 — 2X14g 0
O 23 A~ T14 A _271'23A3314S + 7T23S 0
12 12
_ _ 2M144AT148 272347235 _ _
0 w35 — s o o 0 2(Wi2 — W)
l3Sr—>3S><%
3 0 0 0
0 z1+22—23—24 X124 — X122 + ToTy — mi 0
T23A—T14A _ T234%148 1
0 z12 12 + 272358 0
0 0 0 —2(W1i2 — Way
39535 (24)29 ( 34)
1R—1RXx2
4R—4Rx (-2
1 0 g2 0
0 z1+20—23— 24 —21T9 + T3T4 0
M3 A—T144 _ m3a(T1astTa)—miaaTs | 1
0 T12 Z12 + 3m238 0
0 0 0 Wio — Way
l 3C—3C% (—1)
3R—3Rx2
1 0 0 0
0 x1+20— 23— 24 T1Ty — XT3T4 0
T23A—T144 234 (T149+T4)—T144T4
0 271:12 2 o1 239 0
0 0 0 Wi — Way
1 57234 T144
lSPu—)SR+ Ty (2 AR
1 0 0 0
T T9 — T3 — X4 T1T2 — T34
0 + 0
234 (T145+T4)—T14424 T1T2—T3T4 T23A—T144
0 u2 2 T12 T35 + T1+T2—23—T4 (u2 +2 12 ) 0
0 0 0 Wio — Way

(A.2)
A long calculation gives for the (3,3) entry

Wig — W- -
(3,3) = Wiz = Wa +ug(z122 — 2374) Cu (A.3)
X1+ T2 —x3 — T4
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where the last equality in (A.3) can be shown by combining the definitions of u; and us
(4.55). To make sure that the last transformation of (A.2)) is legitimate we need to show
that A = uy + 2% factorizes in x1 + 29 — £3 — 24, i.e. A=0 for 21 + x9 = 23 + 4.

T23A — T14A

z12
(A4)
:9(333 + x4, x122) — g(x3 + X4, T3T4) L 97284~ A
T1Tg — T3Ty Z12

A:’UQ+2

and using x1 + 9 = T3 + 4 in us we get that

n n n n
Ty + x5y — X3 — Ty

+ 2772314 — T14A (A5)

Amodiﬁed -
T+ Xy — X3 — T4 12

this is now in a form mathematica can handle. Converting fractions of Apncdified tO a
common denominator one finds that Aodified 18 proportional to x1 + xo — T3 — 4, i.€.

B

T12T14L24T13723 ($1$2 - $3$4)

Amodified = (21 + 22 — 3 — 24) (A.6)

Thus A|m1 twg—zstzy = 0 and the last transformation applied in (A.2) is legitimate.
Thus we have shown that the isomorphism S exist. The concrete matrices for S and
S~1 which encode the transformations are given in ([3.29)
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