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Abstract

There has been an increased use of Machine Learning (ML) practices

in social science as well as other research domains. Many of the now used

ML-models, however, are so called “black box models”. For these, it is un-

clear how the model makes predictions, and it is difficult to single out the

effect of any single variable, which would be important for model assess-

ment and research. Various methods have been thought up to estimate the

effect of single variables in black box models, one of which is permutation

feature importance (PFI). This method, however, has been criticized to

be biased in correlated variables. In this simulation study, the behavior

of PFI was assessed in the context of uncorrelated and correlated pre-

dictor variables. Using a variance-covariance matrix three variables were

created, one of which was used as the outcome variable and two as the

predictor variables. The covariances between the three variables was sys-

tematically varied. It was found that in uncorrelated predictor variables,

PFI accurately captured the underlying correlation between the predic-

tor variable and the outcome and even in cases when the predictors were

correlated and have an equal correlation to the outcome, PFI scores were

predictable from the underlying correlation structure. PFI might even

be able to accurately assess the underlying correlation when the model

fails to grasp it. But in other cases, PFI was biased in correlated predic-

tor variables, both under- and overestimating the underlying connection.

There was further no clear connection between the bias and the magnitude

of the correlation, as the same underlying data structure led to different

estimations of PFI scores. Overall, the results show that PFI should not

be used when predictor variables are correlated.
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Zusammenfassung

In der Psychologie sowie in anderen wissenschaftlichen Disziplinen wer-

den vermehrt Machine Learning Methoden verwendet. Bei vielen dieser

Modelle handelt es sich um “black box models”, bei welchen nicht nach-

vollziehbar ist, wie das Modell Vorhersagen trifft und welchen Einfluss ein-

zelne Variablen auf das Modellverhalten haben. Dies ist relevant, um ein

Modell bewerten zu können, aber auch um daraus Schlussfolgerungen zie-

hen zu können. Daher wurden verschiedene Methoden eingeführt, um auch

bei diesen Modellen den Effekt einzelner Variablen abschätzen zu können,

eine davon ist die Permutation Feature Importance (PFI). Frühere Studi-

en zeigten allerdings, dass PFI bei korrelierten Variablen verzerrte Wer-

te produziert. In der vorliegenden Arbeit wird mittels Simulationen das

Verhalten von PFI bei unkorrelierten und korrelierten Variablen unter-

sucht. Mittels Varianz-Kovarianz-Matrizen wurden 3 Variablen erstellt, ei-

ne Zielvariable sowie zwei Prädiktoren. Die Kovarianzen der drei Variablen

wurden systematisch variiert. Bei unkorrelierten Prädiktoren gab PFI ei-

ne unverzerrte Einschätzung der Korrelationen zwischen den Prädiktoren

und der Zielvariable. Auch bei korrelierten Prädiktoren konnte der PFI-

Wert gut vorhergesagt werden, wenn die Prädiktoren gleichermaßen mit

der Zielvariable korrelierten. Sogar wenn ein Modell nicht die zugrunde

liegende Datenstruktur erfasste, konnte PFI die Korrelation abschätzen.

In anderen Fällen waren die resultierenden PFI-Werte allerdings verzerrt

und die zugrundeliegende Korrelation wurde unter- oder überschätzt. In

diesen Fällen konnte kein systematischer Zusammenhang zwischen der

Korrelation zwischen den Prädiktoren und dem Bias gefunden werden.

Die Ergebnisse zeigen, dass PFI für die Verwendung bei korrelierten un-

abhängigen Variablen nicht geeignet ist.
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1 Introduction

In social sciences, there has been an increase in the usage of new statistical meth-

ods (Rosenbusch, Soldner, Evans, & Zeelenberg, 2021), often outperforming

traditional models in terms of accuracy and predictive value (Hindman, 2015).

These methods have been summarized under the terms machine learning, data

mining, statistical learning, applied mathematics, or data science (Hindman,

2015). Not only in social sciences, but also in other scientific disciplines, for

example in chemistry (Shi et al., 2023), physics (Rodrigues, 2023), medicine

(Sidey-Gibbons & Sidey-Gibbons, 2019), and genetics and genomics (Libbrecht

& Noble, 2015; Alharbi & Rashid, 2022), the use of machine learning (ML)

methods is increasing. One advantage of these methods is that they can tackle

highly complex and high-dimensional data, for which traditional models are

not well adopted (Verikas, Gelzinis, & Bacauskiene, 2011). The term ”curse

of dimensionality”, as coined by Bellman (1966), is often used to describe that

small increases in the number of predictor variables might lead to a large in-

crease in needed sample size. In such high-dimensional cases, and in datasets,

where there are more variables included than observations, the problem is unde-

termined and traditional statistical methods, like ordinary least squares (OLS)

regression, fail to produce meaningful results, but some ML models can still be

used (Hastie, Tibshirani, & Friedman, 2009). For many models, multicollinear-

ity is also a problem. Multicollinearity describes when two or multiple predictor

variables are correlated, and can lead to certain problems. For example, in OLS

regression, the problem is no longer solvable or leads to large variance estimates

for the estimated coefficients (Hoerl & Kennard, 1970). Many ML models can,

however, handle such multicollinearity.

1.1 How ML and Other Statistical Methods Differ

ML practices are rooted in fields outside of statistics, like computer science.

Early application areas were topics, in which traditional data models were not

applicable, such as computer vision or speech recognition. Due to this, ML

methods have a different approach compared to traditional statistics. There

are hardly any assumptions about the underlying data generating process. The

process is seen as a complex black box, which cannot be known, but only ap-

proached and estimated. This, however, does not mean, that ML does not use

statistical models, quite the opposite, just the underlying background and ap-

proach is often different (Breiman, 2001b). Since its early development, ML

now is closer related to traditional statistics, as more theoretical properties of

ML methods are proposed and many statisticians work on ML topics (Hooker

& Mentch, 2021). ML methods often have a different objective from tradi-
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tional statistical models. They fundamentally aim at prediction accuracy as a

benchmark, whereas in traditional methods, model-fit-testing and p-values are

often the focus of attention (Breiman, 2001b). In psychology, it is common

to build models that should validate a proposed theory and the derived hy-

potheses (Yarkoni & Westfall, 2017). Statistical tests are most often used to

show the significance of a predictor variable in explaining the outcome variable.

This has some essential shortcomings. First, given a large enough data set,

almost any variable can be shown to have a significant effect, even if this effect

is marginal (Combs, 2010; Lantz, 2013). Further, practices like “p-hacking”

lead to an increase of false positive findings (Simmons, Nelson, & Simonsohn,

2011; Wicherts et al., 2016). Null-findings are often not published, especially

journals with high-impact factors hardly accept such papers (Head, Holman,

Lanfear, Kahn, & Jennions, 2015). This incentivizes p-hacking and selective

reporting of found results. Such practices can be done with relative ease, as

researchers can make many different decisions in the process of data generation

and statistical analyses, which can influence the outcome of a test. This multi-

tude of decisions has been called the ”researcher degrees of freedom” (Wicherts

et al., 2016). False positive findings are detrimental for a research field, as

they are often hard to debunk, and can take up lots of resources funnelled into

baseless research topics (Simmons et al., 2011). It has even been argued that

most findings are in fact false (Ioannidis, 2005). Further, just because the data

shows a significant relationship, the effect of this relationship might be negligi-

ble (Combs, 2010; Lantz, 2013). A significant predictor variable may explain

almost nothing of the variance of the outcome variable. These problems have

led to a call for the increased reporting of effect sizes (Lantz, 2013) as well as a

rise in preregistration of planned studies (Wicherts et al., 2016). While this is

certainly an improvement in transparency, some authors have argued that even

in such practices similar problems might remain (Head et al., 2015). In ML, not

significant results are the main goal, but prediction accuracy. For a model to

be considered useful, it is generally not important for its components to reach

significance, but for it to be an accurate predictor for future observations. ML

models are often very complex and can learn very complex relationships to ap-

proach the data distribution. However, the models can be too complex and

overfit the data (Hawkins, 2004). Overfitting occurs, when the model performs

well on the training data, but performs poorly on new, previously unseen data

(Ying, 2019). During the learning phase, when the model is trained on the train-

ing data, it may learn the structure of the observations almost perfectly, but it

does not generalize well. To account for this the data is split into a training and

a test set, called a train-test-split, and the test set used to estimate the models

performance to check for overfitting. There are various reasons for overfitting:
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The model might be too flexible, which might lead to the model learning ran-

dom noise that is not part of the underlying data-structure. Also, the model

might include too many predictors. In practice, all models do overfit, so using

a test or evaluation set is important to adequately infer the performance of a

model (Ying, 2019).

Various different approaches have been implemented to combat overfitting.

Regularization is often used and includes various different techniques. For mod-

els trained over multiple iterations, one approach is to stop this process early

on, so the model does not fit the training data too well. For tree-based models,

pruning is often performed, which restricts the complexity of each tree. For

linear models, Ridge (Hoerl & Kennard, 1970) and lasso regression (Tibshirani,

1996) are often used, which shrink the coefficients of the model.

1.2 Ridge Regression

Ridge regression (RR), was first introduced by Hoerl and Kennard (1970). It was

proposed in order to handle within-predictor correlations. In normal OLS, when

within-predictor correlations in the observed data X are present, the matrix

XTX is no longer invertible, making OLS impossible. Even if the matrix is still

invertible, the results are unstable, and vary significantly with small changes in

the data. By adding a penalty term λ multiplied by the identity matrix to the

matrix XTX, the matrix becomes invertible. The Ridge estimator is then given

by the formula

β̂Ridge = (XTX + λI)−1XT y. (1)

Another way to view RR, is to think of λ as a shrinkage parameter for the

coefficients. This is apparent, when writing Ridge as a minimization problem:

β̂Ridge = argmin
β

(y −Xβ)T (y −Xβ) + λ

p∑
j=1

β2
j

 . (2)

In the case of orthonormal variables X, meaning that they are not correlated,

the Ridge estimators are a scaled version of the OLS estimators

β̂Ridge =
β̂OLS

1 + λ
. (3)

From this it is obvious, that the larger the shrinkage parameter λ is, the smaller

the estimated coefficients are.

RR has been used to predict personality factors (Schwartz et al., 2013),

depression (Ghandeharioun et al., 2017), and heart disease mortality (Eichstaedt

et al., 2015).
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1.3 Training a ML Model

As mentioned above, to counter overfitting and make reasonable estimates of

the performance of a model, the data is often split into a training and a test-set.

This split might significantly reduce the data available for training the model.

In cases where not a lot of data is available, this may not be desirable. Further,

due to the randomness of this split, the model might randomly perform poorly or

extremely well on the test set, while the test set might not be representative for

future observations. Because of that, this splitting procedure has been extended

to k-fold cross-validation. The dataset is split into k groups of approximately

equal size. Sequentially, each group is excluded once from the training set and

used as the test set. The model is trained on the k-1 remaining groups and the

desired metric is estimated on the excluded test-set. After each set has been

excluded once, the estimated metric is averaged. While this approach reduces

the randomness induced by the random splitting into train and test set, it can

be computationally very expensive.

For many ML models, so called hyperparameters have to be given to the

model. Most parameters are set by the model itself during the training process.

These include such things as the size of the coefficients in regression models or

the split chosen for decision trees and are learned from the data. But there are

also hyperparameters, which have to be given to the model and influence the

training process. These might be the penalty term in shrinkage regression mod-

els, such as lasso and RR, or the minimum amount of samples required to make

a split in a decision tree, which control the regularization of the models, but can

also be the specific kernel used in support vector machine. While there are some

default hyperparameters given for most models, these might not be the best for

each dataset. So, hyperparameters have to be tuned. This means finding the

optimal setting for each hyperparameter in regard to a given dataset. However,

there is no straightforward way to find this optimum, so there are many different

approaches. One such approach is grid search. For each hyperparameter, a list

of possible values is created. These values are then combined into an exhaustive

grid, containing each possible combination. A model is trained using each possi-

ble combination and tested. The combination with the best performance is then

chosen as the final hyperparameters. To prevent overfitting, this is done using

a training and test set, or k-fold cross-validation. A major problem with this

approach is that it is not efficient. Given the number of hyperparameters to be

tuned and the extent of possible values for each, the grid can become excessively

large, resulting in a lot of time being spent in this process. Further, it is often

not clear how the list of possible values for the hyperparameters should be de-

fined. There is hardly any empirical research done or suggestions given, so this
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is mostly resolved by the user’s experience or examples from other practitioners.

Another approach is called random search. In this sets of hyperparameters are

randomly drawn from a specified distribution. While this gives the user less

control over which combinations of hyperparameters are tried, it can be more

efficient than grid search while still achieving good performance. There are also

other algorithms for optimizing hyperparameters, like Bayesian Optimization

(Snoek, Larochelle, & Adams, 2012), Particle Swarm Optimization (Chuan &

Quanyuan, 2007), and Genetic Algorithm (Wicaksono & Supianto, 2018), which

also have their own advantages and disadvantages.

Hyperparameters have to be set for most ML models, such as RR, Random

Forests, neural networks, or support vector machines.

1.4 Random Forest

Random Forest (RF) is a powerful and widely used model in ML introduced by

Breiman (2001a). It is an ensemble of tree predictors and can be used both for

classification and for regression. The trees are inspired by the Classification And

Regression Tree (CART) methodology. These trees are naturally quite unstable,

so bagging (bootstrap aggregating) is used in order to reduce the variance of

a single tree, meaning that for training each tree, a bootstrap sample is made

(Archer & Kimes, 2008). Individual learners, such as these trees, are often

referred to as “weak learners”, meaning they show low bias, but high variance

(Verikas et al., 2011). Averaging between many weak learners can reduce the

variance depending on the correlation between the weak learners. By using a

random subset of variables at each node for the split, the correlation between

the trees is decreased. For each variable, the best split, which reduces the Gini

index the most, is calculated and the overall best split is then used in the node.

Each tree is fully grown and not pruned (Altmann, Toloşi, Sander, & Lengauer,

2010). An advantage of choosing a random subset of variables for each split

is that this enables RF to also include variables into the ensemble, that would

otherwise be outperformed by other variables. This should allow for interaction

effects to be picked up by RF, as each split depends on the splits above in the

same tree-branch (Strobl, Boulesteix, Kneib, Augustin, & Zeileis, 2008). The

algorithm of RF can be depicted as following:

1. From the original observations, B bootstrap samples X̃b, b = 1, . . . , B are

generated.

2. Each tree is built with one of the samples X̃b.

3. To build a tree, at each node, a random subset m of the p predictor

variables is selected. For each of those the best split is calculated and the
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overall best split selected and used at that node.

4. Trees are fully grown without pruning, however, certain hyperparameters

can be chosen, for example to fix how many samples must remain at each

ending node (Archer & Kimes, 2008).

To make a new prediction the observation is passed down each tree, and each

tree makes a prediction. In classification, a majority vote is done to predict the

class, while in regression, the predictions are averaged. An advantage of RF is

that the test error can be estimated from the out-of-bag (OOB) data, which is

the data, which was not used on a tree to grow this tree.

The good performance of RF has been shown several times (Archer & Kimes,

2008), and it is often applied to select variables (Gregorutti, Michel, & Saint-

Pierre, 2015). It is relatively robust against outliers and noise (Breiman, 2001a).

RF has been used to predict romantic attraction (Joel, Eastwick, & Finkel,

2017), choice prediction (Plonsky, Erev, Hazan, & Tennenholtz, 2017), and

suicide attempts (Walsh, Ribeiro, & Franklin, 2017).

Breiman (2001a) simultaneously introduced two measures for the importance

of each variable for the prediction: the Permutation Feature Importance (PFI),

and the gini importance, based on the gini index. Research has shown that RF

are biased, preferring categorical variables with a large number of categories

(Altmann et al., 2010) or in general variables with more possible split points

(Strobl, Boulesteix, & Augustin, 2007). In continuous variables the number of

possible splits can be up to (n − 1), with n being the number of observations,

if each observation is different, while for categorical variables the number of

possible splits can be (2m−1 − 1) where m is the number of categories. Simi-

larly to multiple testing, when a variable has more possible split points, it is

very likely to have at least one good performing split, simply by chance (Loh,

2014). The bias of RF then carries over to the assessment of variable im-

portance via PFI or the gini index (Altmann et al., 2010; Strobl, Boulesteix,

Zeileis, & Hothorn, 2007). To counter this, a different form of RF based on

conditional inference trees was introduced (Hothorn, Hornik, & Zeileis, 2006;

Strobl, Boulesteix, Zeileis, & Hothorn, 2007). RF were also shown to be biased

in favor of variables with equally sized categories over unequally sized cate-

gories (Janitza, Strobl, & Boulesteix, 2013). Gini index also shows this bias

(Boulesteix, Bender, Lorenzo Bermejo, & Strobl, 2011). Further, it has been

argued that RF has a preference for selecting correlated variables in their tree

building process (Strobl et al., 2008), but other simulation studies found that

uncorrelated variables are preferred when choosing the split variable (Nicodemus

& Malley, 2009). Gini index was also shown to be biased when predictor vari-

ables are correlated (Nicodemus & Malley, 2009). Compared to the Gini index,
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PFI was argued to be more robust and stable when categories are unequally

sized, when they vary in their scale of measurement, or under within-predictor

correlation (Nicodemus & Malley, 2009; Nicodemus, 2011).

RF as well as other often used models, such as neural networks and support

vector machines, are so called ”black-box-models”. For these, it is unclear how

the models make predictions (Hassija et al., 2024; Molnar, 2025). These mod-

els do not have a straightforward way to examine how individual variables are

used in making a prediction, as some traditional models do. In methods like

linear and logistic regression the coefficient for each variable could be exam-

ined. Examining coefficients also can be done in some less traditional models,

like lasso and RR, but black-box models, like RF or support vector machines,

often outperform these linear models. Especially, when relationships between

the predictor variables and the outcome variables are not linear, these models

are more appropriate. For many purposes, however, it is essential to estimate

the impact of each variable on the predictions made by a model. This is impor-

tant in auditing the model, to see if there are obvious flaws and if the model

could possibly be improved, and to ensure that the model adheres to regulatory

guidelines and rules and to ensure the fairness of a model. It is also important

in inference and theory building, which is crucial for research in general and

especially in social sciences (Yarkoni & Westfall, 2017; Altmann et al., 2010).

Inference is often done in the form of building models and examining their per-

formance as well as the individual variables and their importance for the built

model. While one might use the overall performance of the model, one might

also be interested in the effect of one specific variable. For these purposes, it is

therefore important to be able to single out the effect of one particular variable.

1.5 Variable Selection

Inspecting the importance of each variable is also necessary for variable selection.

Variable selection is mainly used for two different purposes: building powerful

predictive models and identifying all important connected variables. In many

cases, including too many variables, which do not carry information useable for

prediction, might hinder model performance, so these should be excluded from

the built model (Hawkins, 2004; Gregorutti, Michel, & Saint-Pierre, 2017). The

term “Occam’s Razor” is often used to describe the rationale, that simpler mod-

els should be preferred, using an appropriate minimal number of variables, while

still achieving good predictive performance (Breiman, 2001b). Contrary to this

guideline, it was emphasized that including more variables naturally increases

the information provided to the model (Breiman, 2001b) and it has been shown

that including randomly generated variables in a model can boost performance
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(Mentch & Zhou, 2022). Note that this is also a form of regularization which is

used to limit overfitting and enhance generalization.

Three different approaches for variable selection have been described in lit-

erature: Filter, embedded, and wrapper methods (Pascoal, Oliveira, Pacheco,

& Valadas, 2017; Blum & Langley, 1997).

Filter methods are implemented before a model is built. Using univariate

methods, e.g. correlation coefficients and mutual information, important pre-

dictor variables are selected and then used to build a model (Blum & Langley,

1997; Chowdhury & Turin, 2020; Pascoal et al., 2017). These types of variable

selection criteria do not consider interactions between various predictor vari-

ables and it has been argued that it should be avoided (Heinze, Wallisch, &

Dunkler, 2018).

Embedded methods are implemented in the model building process. Algo-

rithms like Lasso or decision trees only include a subset of the variables into

their prediction process. Decision trees do so by selecting only useful variables

at each split, while Lasso sets the coefficients of some variables to zero by using

a penalty term (Tibshirani, 1996; Hastie et al., 2009).

Wrapper methods are mostly iterated methods, where one tries to approach

the optimal set of variables, optimizing a chosen criteria. Examples for this are

best subset selection, as well as forward and backward stepwise selection, which

either try to optimize the error or some other criteria, like the AIC (Gregorutti

et al., 2017; Blum & Langley, 1997; Guyon & Elisseeff, 2003). Best subset selects

a subset of a smaller number of variables to fit a model. This, however, can get

computationally expensive very fast. For example, choosing 6 predictors out

of 15 possible variables already gives a total amount of 5005 possible subsets.

Choosing 10 predictors out of 120 possible variables results in over 116 trillion

possible subsets. If we checked 1000 subsets each second, it would still take over

35 centuries in order to check each possible subset. Another approach is to at

first build a model and then estimate, how important each feature is for this

model and choose variables based on this importance. In black box models, this

is especially difficult, as there is no clear possible way to estimate the influence of

one variable (Molnar, 2025). To solve this problem, various methods have been

introduced to calculate the effect of each variable on the model performance and

predictions. In RF, the gini index is often used. There are also so called model

agnostic methods, which can be used for any model. These methods include

Sobol Indices, Partial Dependence Plots, Shapley Values, and PFI, as well as

many others (Molnar, 2025).

An issue with all of these approaches for variable selection is instability, as

small perturbations in the training sample might change which variables are

selected. It has been shown that this instability is increased with higher di-
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mensions and correlated predictors (Gregorutti et al., 2017; Tolosi & Lengauer,

2011). Bootstrap sampling methods are often performed to increase and mea-

sure stability. This is connected to the ”Rashomon effect”, which is the oc-

currence that multiple different models using different variables can perform

equally well. In this case, various different sets of variables can be selected and

models using these different sets can still perform similarly well. This makes it

especially difficult to infer and estimate which variables are of importance and

which are not.

1.6 Variable Importance Measures

Methods that try to estimate how important a variable is for a given model are

often called variable importance measures (VIM). A broader movement to tackle

variable importance and interpretability in ML and AI is explainable AI (XAI).

Goals of XAI methods and VIM are to audit a model and debug it, as well

as to learn how a model makes a specific decision (Ribeiro, Singh, & Guestrin,

2016; Freiesleben & König, 2023). Another goal is to learn something about

the modeled phenomenon, make statistical interference and try to find ”ground

truth” about the underlying data generating process (Molnar, Freiesleben, et

al., 2023; Freiesleben & König, 2023). The notion of ground truth is, however,

debated. In an influential paper, Breiman (2001b) argued against focusing on

the underlying data generation process, as it is arguably unknowable. One can

only approach the behavior of it, using predictive accuracy to validate models

as appropriate. This skepticism of finding “truth” in statistical modelling has

been shared by other researchers (Heinze et al., 2018). Trying to only make

estimations about the model itself, without the notion of ground truth, also has

some drawbacks as it is often difficult to isolate the effect of a single variable in

a given model. Many methods retrain the model after deleting or altering one

variable, but it can be argued that they compare different models, which might

not be reflective of the importance of a variable for either of the models. There

has been further substantial criticism that the goals in XAI are often not well-

defined and many explanation models are presented without a specific purpose,

or clear application (Freiesleben & König, 2023). Similarly, it was criticized that

it is often unclear what VIM actually measure, what they mean theoretically, as

well as how they should behave (Debeer & Strobl, 2020). Some authors have,

however, tried to formulate some requirements for VIM. Tolosi and Lengauer

(2011) stated that VIM should reflect the effect of a variable on the outcome and

should not depend on the size of the groups of correlated variables. It has also

been shown that various methods aiming to provide explanations can be misled

and be fooled into giving any arbitrary explanation (Lakkaraju & Bastani, 2020;
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Kindermans et al., 2019; Slack, Hilgard, Jia, Singh, & Lakkaraju, 2020).

In this paper, the behavior of PFI will be further explored, in particular in

connection with RF and RR.

1.7 Permutation Feature Importance

This method was first introduced for RF (Breiman, 2001a), but has since been

used as a model agnostic tool, meaning that it can be used for any model

(Fisher, Rudin, & Dominici, 2019; Hooker, Mentch, & Zhou, 2021; Molnar, 2025;

Zacarias & Boström, 2013). The goal is to break up the association between

the permuted variable and the outcome and then compare the prediction error

(Gregorutti et al., 2015). A variable is randomly permuted, and the reduction

in prediction accuracy or rise in prediction error is measured as an indicator

for the importance of this specific variable. A large increase in prediction error

means that the model performs much worse when the variable is permuted, so

the variable seems to be important for the predictions of the model. While

Breiman (2001a) called this method variable importance, others have called it

mean decrease in accuracy (Chavent, Lacaille, Mourer, & Olteanu, 2021), or

Permutation Feature Importance (PFI) (Molnar, 2025). Throughout the rest of

this paper, PFI will be used.

The original algorithm as proposed by Breiman (2001a) can be summarized

as following:

1. For each tree, the out-of-bag (OOB) observations are identified. OOB

observations are observations not used in building a tree.

2. Each tree makes a prediction based on the OOB observations, and a loss

function is calculated describing the performance, mostly accuracy in clas-

sification and mean squared error in regression.

3. For each predictor variable xj , j = 1, . . . , p, the values of this variable are

randomly permuted. p denotes the number of predictor variables. Again,

each tree makes a prediction based on the OOB data in which the jth but

only the jth variable is permuted. The loss function is calculated and the

two performance measures are subtracted from each other.

4. The average difference between these is calculated and estimates the vari-

able importance measure for xj (Archer & Kimes, 2008).

The OOB-PFI can therefore be defined as:

Î(xj) =
1

M

M∑
m=1

[
L̂(f̂m, Xmj

oob) − L̂(f̂m, Xm
oob)

]
, (4)
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where Î(xj) is the estimated PFI for the jth variable, M denotes the number

of trees in the forest, m = (1, . . . ,M) specifies a specific tree, L̂(a, b) is the

calculated loss function, for the function a using dataset b, f̂m denotes the

model, in this case the specific trained tree, Xmj
oob is the OOB data for the mth

tree, where the jth variable is randomly permuted, and Xm
oob the oob data for

the mth tree. Using the OOB data, there is no need for a train-test-split, as

all estimations can be done on them, which is especially in small data sets an

advantage.

In the model-agnostic version, instead of using the OOB observation in each

tree, the training set or the test set can be used and predictions are made for

the whole model (Hooker et al., 2021). It is generally recommended to estimate

the PFI score using the test set, to avoid elevated results due to overfitting

(Molnar, 2025). The algorithm for the model-agnostic version can be described

as following:

1. The model makes predictions on the train or test data set.

2. The loss function is calculated, again for classification mostly accuracy,

and mean squared error for regression, but other measures are possible as

well.

3. For each predictor variable xj , j = 1, . . . , p, the observations of this vari-

able are randomly permuted. The model makes predictions for the dataset

Xj , where the entries of the jth variable are randomly permuted. Again

the loss function is calculated.

4. The difference between these two measures indicates the PFI score for the

jth variable.

The PFI can be stated as:

Î(xj) = L(f̂ , Xj) − L(f̂ , X), (5)

where Xj is the dataset X, where the jth variable is randomly permuted. Again

either the train or the test set can be used here, but for generalization, it is

recommended to use the test data. To increase stability, the permutation and

subsequent prediction and performance measure are performed and calculated

multiple times, and the resulting difference is averaged (Wang, Yang, & Luo,

2016; Molnar et al., 2022).

Theoretically, PFI is often stated as the difference in the quadratic expected

risk E[(Y − f(X))2], and can be defined as:

I(xj) := E[(Y − f(Xj))2] − E[(Y − f(X))2]. (6)
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It has been shown, that PFI should then be equal to

I(xj) := 2ρ2, (7)

where ρ is the correlation between variable xj and Y (Gregorutti et al., 2017).

To include correlation between variables this formula was extended to:

I(xj) = 2

(
ρ

1 + c

)2

, (8)

where c is the correlation between xj and another variable xk. It is assumed

that the correlation between xk and Y is also ρ. In these cases, both variables

xj and xk might show a lower PFI then another variable, even when this third

variable shows a lower correlation to the outcome variable Y .

Since its introduction, PFI has been widely used (Dı́az-Uriarte & de Andrés,

2006; Datta, Sen, & Zick, 2016), especially in variable selection(Gregorutti et

al., 2017; Genuer, Poggi, & Tuleau-Malot, 2010), and its functionality was of-

ten shown (Archer & Kimes, 2008; Breiman, 2001b). It was emphasized that

this approach can detect interactions, which is not possible in univariate scan-

ning (Auret & Aldrich, 2011; Rodenburg et al., 2008; Strobl & Zeileis, 2008;

Casalicchio, Molnar, & Bischl, 2019)

However, PFI measures have also been criticized. They have been shown

to be unreliable when predictors vary in their scale of measurement or the

number of categories (Strobl, Boulesteix, Zeileis, & Hothorn, 2007), or when

variables are correlated (Strobl et al., 2008). Some have also argued that the

error-rate-based PFI, for example, by using accuracy, is biased when classes are

imbalanced (Janitza et al., 2013). It has both been shown that the importance

of correlated variables can be overestimated (Strobl et al., 2008; Nicodemus,

Malley, Strobl, & Ziegler, 2010) and underestimated (Gregorutti et al., 2017;

Genuer et al., 2010; Tolosi & Lengauer, 2011) when using PFI. In one simulation

study, correlated variables appeared more important in small sample sizes, but

not in larger samples (Hooker et al., 2021). In the same study, linear models were

found to return more accurate estimates, regardless of the correlation structure.

Other researchers, however, have found no bias for PFI when variables are

correlated (Nicodemus & Malley, 2009), and have argued that PFI is reliable,

when predictors vary in their scale of measurement or number of categories

(Nicodemus, 2011).

For underestimation, some researchers argue that correlated features prob-

ably share predictive value, possibly through a common underlying factor, and

information that is normally lost due to permutation is covered by another vari-

able, leading to lower PFI estimates (Tolosi & Lengauer, 2011; Pereira, Stroes,
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Zwinderman, & Levin, 2022).

For overestimation, it has been argued that permuting the variable can lead

to deviations in the joint distribution of the predictor variables, and that this

might artificially increase the importance of the permuted variable (Strobl et al.,

2008). Hooker and colleagues (Hooker, 2007; Hooker et al., 2021) argued that

permuting features breaks the dependencies between features, which creates

data in an unlikely or even impossible region of the feature space, forcing the

model to extrapolate. ML models perform poorly when forced to extrapolate,

explaining why this results in an unlikely high PFI score. Other XAI methods,

like partial dependence plots, use a similar framework, in which variables get

permuted and predictions are done on the permuted dataset. All these models

are likely to over-emphasize correlated features. Therefore, it was argued to

not use regular permutation, but to remove or permute a predictor variable and

retrain the model, which can be computationally much more expensive than

PFI (Hooker et al., 2021).

It was shown that PFI can be unstable due to data perturbations (Calle &

Urrea, 2010). Wang et al. (2016) studied the stability of PFI. The number of

variables per observation was found to be negatively correlated to the intrinsic

stability. This was also shown by another study in which also was shown, that

the variable importance generally decreases with increases in the number of

variables (Genuer et al., 2010). Higher variance in PFI and variable selection

was also shown, when a small number of trees in RF are used (Verikas et al.,

2011).

It should be noted that in most of the studies mentioned above, the OOB

version of PFI was used, with only Pereira et al. (2022) and Hooker et al. (2021)

using the model agnostic version, with Hooker et al. (2021) even using both the

model agnostic and the OOB version. The OOB version is closely related to

the behavior of RF, and might therefore reflect behavior of the RF and not of

the importance measure. It was emphasized that the model agnostic version

and the OOB version are different, have different meaning, and lead to different

conclusions (Bénard, Da Veiga, & Scornet, 2022).

Despite the above mentioned criticism, permutation importance is still widely

used (Cappelli & Grimaldi, 2023; Wu et al., 2023; Verma, 2022; Zhang, Su,

Altaf, Wik, & Gros, 2023; Hier, Do, & Obafemi-Ajayi, 2024; Azarmi, Rezaei,

Wang, & Arabian, 2024; Card, Simpson, Aryal, Gupta, & Islam, 2024; Kucukos-

manoglu, Garcia, Brooks, & Bansal, 2024).

After its initial introduction, different extensions and various alterations were

created. Various researchers have expended PFI to include various variance es-

timates, confidence intervals and p-values for both the oob version (Altmann

et al., 2010; Ishwaran & Lu, 2019) as well as for the model-agnostic version
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(Hapfelmeier, Hornung, & Haller, 2023; Nembrini, 2018). Molnar, Freiesleben,

et al. (2023) tried to establish some statistical properties, find bias-variance de-

compositions, and propose theorems of unbiasedness, standard estimators and

confidence intervals. They also argued that additional variance in PFI comes

from the learning process of the model. To overcome this, they introduce a

learner PFI, which averages over several model fits for the same learning algo-

rithm using different data samples. There have also been efforts to connect PFI

to classical sensitivity analysis and to Sobol indices (Gregorutti, 2015; Bénard

et al., 2022).

To counteract unreliability due to correlated data, researchers have proposed

to conditionally permute variables, depending on other variables (Strobl et al.,

2008). This method was computationally much more expensive than normal

PFI (Antoniadis, Lambert-Lacroix, & Poggi, 2021), but has since been revised

to reduce computation time (Debeer & Strobl, 2020) and has been extended to

the model agnostic version of PFI (Molnar, König, Bischl, & Casalicchio, 2023).

It was emphasized that conditional PFI is different from classical PFI, and

answers a different question, and therefore should not be used as a substitute

(Molnar et al., 2022). Conditional PFI has also been shown to perform poorly

when many features are important (Molnar, König, et al., 2023). To account for

underestimation of PFI due to correlated variables, another approach tries to

correct PFI based on covered information (Pereira et al., 2022). König, Molnar,

Bischl, and Grosse-Wentrup (2021) created a general framework called Relative

Feature Importance, of which PFI and conditional PFI are special cases.

As stated above, different loss functions can be used for PFI, like accuracy

and mean squared error, but also AUC has been used (Janitza et al., 2013), as

well as likelihood and entropy (Wood, Papamarkou, Benatan, & Allmendinger,

2024). It was argued that using entropy, the resulting measure does not suf-

fer from correlation bias (Wood et al., 2024). Meng, Yu, Cupples, Farrer, and

Lunetta (2009) used an altered version of PFI, which only averaged over the

number of trees, in which a variable was actually used in a split, while the origi-

nal version averages over all trees (Breiman, 2001a). Another proposed method

averages over all possible permutations (Fisher et al., 2019). In the same paper

the authors argue that many different models might perform reasonably well but

yield different PFI estimates. Therefore, they introduce model class reliance,

as the range of PFI values across various well-performing models. Fumagalli,

Muschalik, Hüllermeier, and Hammer (2023) have argued, that PFI should be

scaled by N
N−1 , with N describing the number of observations. Different au-

thors have extended the PFI for groups of variables (Gregorutti et al., 2015;

Au, Herbinger, Stachl, Bischl, & Casalicchio, 2022). Hapfelmeier, Hothorn,

Ulm, and Strobl (2014) proposed a method to deal with missing data in PFI.

17



PFI has also been implemented for temporal models (Sood & Craven, 2022),

for incremental learning models, where data is progressively sampled, and the

model progressively trained (Fumagalli et al., 2023), as well as for clustering

(Scholbeck, Funk, & Casalicchio, 2023). PFI has also been combined with other

XAI methods, such as counterfactuals (Pfeifer et al., 2023). Based on PFI, a

new type of learning trees was proposed, using PFI for each split (Ruoqing Zhu

& Kosorok, 2015).

In this thesis, the behavior of PFI is examined in the presence of correlated

features. As it is unclear, how exactly the PFI behaves in the presence of cor-

related predictors, as seemingly both over- and underestimation can occur, the

correlation between the predictor variables, as well as the correlation between

the predictor variables and the outcome variable, are systematically varied to

estimate the effect these correlations have on the PFI scores. To see whether

PFI behaves similarly in different models and if there are differences between

linear models and non-linear models, this is done in RF as well as in RR models.

1.8 Propositions

1. When the predictor variable and the outcome variable are not correlated

or connected, the resulting PFI should be 0.

2. In uncorrelated variables, the PFI score should be 2 times the squared

correlation between the predictor and the outcome variable as seen in

formula 7.

3. When two predictor variables carry the same information and one is per-

muted, the other variable can still provide this information, and the result-

ing PFI should be lower by a factor depending on the correlation between

the two predictor variables, as seen in formula 8.

4. When two predictor variables are correlated but carry slightly different

information for the outcome, extrapolation can occur, and the resulting

PFI score is higher than expected.

2 Methods

All the simulations were done in python (Version 3.10; Van Rossum & Drake Jr,

1995) using Jupyter Notebooks (Version 6.5.2; Kluyver et al., 2016), as well as

the libraries pandas (Version 1.5; The pandas development team, 2020), numpy

(Version 1.23; Harris et al., 2020), and scikit-learn (Version 1.1; Pedregosa et

al., 2011). For the graphs, the library matplotlib (Version 3.10; Hunter, 2007)

was used.
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2.1 Data

All the data used was simulated for this study.

For data generation, a multivariate normal distribution was used by defining

a variance-covariance (VC) matrix. For simplicity, two predictor variables and

one outcome variable were created. A 3 by 3 matrix was defined, where the

first generated variable, as defined by the first column, was used as the outcome

variable, and the other two variables as the predictor variables, which will be

called variable 1 and variable 2 from here on. Variable 1 describes the vari-

able, described by the second column of the VC matrix, while the third column

describes variable 2. So, the outcome variable was not defined as a linear com-

bination of variable 1 and variable 2, but was related to those two predictor

variables by the covariances defined by the VC matrix.

The covariance between variable 1 and variable 2 is denoted as COVl, the

covariance between variable 1 and the outcome is denoted as COVk, and the

covariance between variable 2 and the outcome as COVj . The three covariances

were varied individually and set to the values 0, 0.3, 0.5, 0.7, 0.9, resulting in 125

possible combinations. But since the order of variable 1 and 2 did not matter,

only 75 possible combinations are of interest. The resulting VC matrix had the

structure  1 COVk COVj

COVk 1 COVl

COVj COVl 1

 . (9)

Due to all the variances being set to 1, the correlation coefficients between

two variables are equal to the covariances, due to

ρa,b =
COVa.b

V ARa · V ARb
=

COVa.b

1 · 1
= COVa.b. (10)

For extreme values, not all so created matrices were VC matrices, and so

could not be used for data generation. For example, when COVk was set to 0.5

and COVj was set to 0.9, COVl could not be set to 0, as the determinant for this

matrix would then be negative, and it could not be used as a VC matrix. For

these, the third covariance, in this case COVl had to be changed accordingly.

If, for example, COVk was 0.5 and COVj was 0.9, COVl was set to 0.1, for

COVk = 0.7 and COVj = 0.9, COVl was set 0.4, and for COVk = 0.9 and

COVj = 0.9, COVl was set to 0.7. Equivalently, the same was done when other

pairs of those variables reached these values. So, not all possible combinations

could be performed. This lead to a reduction of the number of unique possible

combinations to 66, resulting in 132 unique PFI values.
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2.2 Statistical Analysis

For model building, RF and RR were used. Variable 1 and variable 2 were used

to predict the outcome. For each simulation the following steps were performed:

1. The VC matrix was defined.

2. 5000 datapoints for each variable were generated using the VC matrix and

used for hyperparameter tuning. The datapoints, as defined by the first

column of the VC matrix were used as the outcomes and the datapoints

defined by the other two columns as predictors. Grid search, random

search and cross-validation were performed using the scikit-learn library.

For RF, a grid search was performed as the possible values of hyperparam-

eters was limited, for example for maximum features used for each split,

only the values 1 or 2 were possible and for other hyperparameters only

natural numbers up to a point were possible to be used, while for RR,

for the penalty term any positive rational number can be chosen. The

hyperparameters defining the maximum features used for each split, the

minimum samples per leaf, the minimum samples per split, and the num-

ber of trees in the forest were tuned with 5 fold-cross-validation for RF.

For RR, the regularization term λ, noted α in the scikit-learn library, was

tuned using random search with 5 fold-cross-validation and 100 iterations.

3. Using the best set of hyperparameters for each set of generated data, 5000

new datapoints were generated, and the model was trained on a training

set using 75% of the data, with 25% being the test set.

4. R2 and PFI were then calculated using the test set. For PFI, the predictor

variables were randomly permutated and the increase in prediction error

was calculated, comparing when none of the variables was permuted and

when one was permuted. This process was repeated 50 times in order

to counteract any random fluctuations due to the permutation and the

average of these increases was used to indicate the feature importance.

Steps 3 and 4 were repeated 100 times for each VC matrix, each time using the

same hyperparameters gained in step 2. For these 100 repetitions, mean scores

and standard deviations for R2 and PFI were calculated.

3 Results

The results will be presented as follows: At first, the behavior of PFI will be ex-

amined when there is no correlation between the two predictor variables, setting

COVl to 0. This is at first examined when only one variable is connected to the
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outcome, and then when both variables are connected to the outcome. Then,

correlation between the two predictor variables is introduced. At first, cases are

presented where the PFI underestimates the connection between the predictor

variables and the outcome. Finally, cases are presented where PFI estimates

higher scores than would be expected given the corresponding covariance.

In general, the PFI scores were quite stable. The standard deviations of the

PFI score using a RF model ranged from 0 to 0.22, with 88% smaller than 0.05.

Only in cases, where the two variables are highly correlated and the PFI score

gets very high the standard deviation rises, and in the case of it reaching 0.22,

the PFI score is 4.56. Similarly, using a RR model, the standard deviations of

the PFI score ranged from 0 to 0.44, with 82% smaller than 0.05. In the case

of the standard deviation being 0.44, the PFI score was estimated as 9.3. The

highest PFI score and highest standard deviation were achieved in the same

case for RF and RR.

3.1 Uncorrelated Predictors

As mentioned, at first the behavior of PFI is examined when only one variable is

connected to the outcome and there is no correlation between the two predictor

variables. As an example, the results of the VC matrix 1 0.5 0

0.5 1 0

0 0 1

 (11)

are presented. The mean resulting score of the 100 simulations ± the standard

deviation over these 100 simulations are presented in Table 1.

Table 1

The R2 and PFI scores for Random Forest and Ridge Regression models

R2 PFI score 1 PFI score 2

RF 0.24 ± 0.02 0.47 ± 0.03 0 ±<0.01
RR 0.25 ± 0.02 0.5 ± 0.03 0 ±<0.01

Note. PFI score 1 is the PFI score for variable 1 and PFI score 2 the PFI score for
variable 2. RF stands for Random Forest and RR for Ridge Regression. The number
in the tables are the resulting mean score over 100 iterations ± the standard
deviation.

As seen in the VC matrix, variable 1 is set to have a correlation of 0.5 to the

outcome, which should result in a maximum possible R2 of 0.25. Both models

approximately reached the upper limit of the possible R2 on the test set. As was

noted in formula 7, the PFI score should be equal to two times the correlation
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(a) Random Forest (b) Ridge Regression

Figure 1. Shows the PFI scores and R2 over the 100 iterations of the simulation

using Random Forest and Ridge Regression

Table 2

The R2 and PFI scores for an untuned Random Forest with 100 trees with
varying sizes of COVk

R2 PFI score 1 PFI score 2

COVk = 0.3 -0.08 ± 0.03 0.18 ± 0.03 0 ± 0.02
COVk = 0.5 0.11 ± 0.03 0.5 ± 0.04 0 ± 0.02
COVk = 0.7 0.39 ± 0.03 0.98 ± 0.04 0 ± 0.01
COVk = 0.9 0.77 ± 0.03 1.62 ± 0.03 0 ±<0.01

Note. PFI score 1 is the PFI score for variable 1 and PFI score 2 the PFI score for
variable 2. The number in the tables are the resulting mean score over 100 iterations
± the standard deviation.

squared. In both cases, when using RF or RR, this was approximately reached.

Also, as expected, for the variable not correlated to the outcome, the PFI score

is 0. Figure 1 shows the resulting R2 as a green line, and the PFI scores for

variable 1 and 2 as blue and orange points for both RF and RR models.

Varying COVk shows the same trends regarding the R2 and the PFI scores.

When varying COVk from 0 to 0.9, using the set {0,0.3,0.5,0.7,0.9}, the R2 is

equal to the COVk squared, while the PFI scores are about two times this for

both RF and RR. Figure 2 shows the resulting R2 and the PFI scores for both

RF and RR.

During the simulation process, it was also found, that even when a RF model

did not accurately capture the underlying datastructure, the PFI score still was

approximately equal to two times the correlation squared. This is shown in

Table 2. As can be seen, while the R2 is lower than the COVk squared, the PFI

scores still are about two times the COVk squared.

Next, a second influencing variable is introduced. COVj is no longer set to
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(a) Random Forest (b) Ridge Regression

Figure 2. Shows the PFI score and R2, when only one variable is connected to

the outcome, and there is no correlation between the variables using Random

Forest and Ridge Regression. The correlation between the predictor variable

and the outcome is varied.

0 and variable 2 is correlated to the outcome. For example, COVk and COVj

are set to 0.5, resulting in the following VC matrix: 1 0.5 0.5

0.5 1 0

0.5 0 1

 . (12)

The results are presented in table 3.

Table 3

The R2 and PFI scores for Random Forest and Ridge Regression models

R2 PFI score 1 PFI score 2

RF 0.48 ± 0.02 0.47 ± 0.03 0.47 ± 0.03
RR 0.5 ± 0.02 0.5 ± 0.02 0.5 ± 0.02

Note. PFI score 1 is the PFI score for variable 1 and PFI score 2 the PFI score for
variable 2. RF stands for Random Forest and RR for Ridge Regression. The number
in the tables are the resulting mean score over 100 iterations ± the standard
deviation.

The resulting PFI scores are equal to two times the covariance squared, and

the resulting R2 is equal to the sum of the two covariances COVk and COVj

squared. Varying both COVk and COVj , while leaving COVl at 0, leads to

similar results. However, when both covariances COVk and COVj get higher,

COVl can no longer be set to 0, as the resulting matrix could not be used as a

VC matrix to generate data. When one covariance is set to 0.9, and the other
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(a) Random Forest (b) Ridge Regression

Figure 3. Shows the R2, when there is no correlation between the variables

and the correlation to the outcome is varied using Random Forest and Ridge

Regression. At the top-right corner, above 0.5 - 0.9, the correlation between the

two variables could not be set to 0. At 0.5-0.9 it is 0.1, at 0.7-0.9 it is 0.4, at

0.9-0.9 it is 0.7.

covariance is either 0.5, 0.7, or 0.9, the final covariance, in this case COVl, the

covariance between the two predictors, has to be set to at least 0.1, 0.4, or 0.7

respectively. As in these cases the two variables are no longer uncorrelated, they

will not be discussed here. The resulting behavior when the two variables are

correlated, is discussed below, when COVl is deliberately varied. Figure 3 shows

the behavior of the R2 value depending on the covariances COVk and COVJ .

Figure 4 shows the behavior of the resulting PFI score, which is approximately

equal to two times the correlation squared, when COVl is set to 0.

In the above cases, when there is no correlation, the PFI scores behave as

expected, yielding accurate estimations of the connection between the predictor

variables and the outcome.

3.2 Underestimation in Correlated Predictors

Cases in which PFI underestimates the connection between a predictor vari-

able and the outcome are examined. This occurs, when the information of one

variable is covered by the other when it is permuted.

At first, we set both covariances COVk and COVj to 0.5 and vary the co-
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(a) Random Forest (b) Ridge Regression

Figure 4. Shows the PFI scores, when there is no correlation between the

variables and the correlation to the outcome is varied using Random Forest

and Ridge Regression. At the top-right corner, above 0.5 - 0.9, the correlation

between the two variables could not be set to 0. At 0.5-0.9 it is 0.1, at 0.7-0.9

it is 0.4, at 0.9-0.9 it is 0.7.

variance between the two variables, COVl, resulting in the VC matrix 1 0.5 0.5

0.5 1 COVl

0.5 COVl 1

 . (13)

When there is no correlation between the features, the PFI scores equal two

times the covariance squared, approximately 0.5, and the R2 is the sum of

the squared covariances, which also approximately equals 0.5. However, when

increasing COVl, the achieved R2, as well as the PFI scores shrink, with the

PFI scores shrinking faster. When COVl is set to 0.9, the resulting R2 score is

equal to 0.25 ± 0.2 for RF, and 0.27 ± 0.2 for RR, which indicates that, when

both variables highly correlate, they likely carry mostly the same information

about the outcome. The resulting PFI score is then equal to 0.14 ± 0.2 in

RF, and 0.14 ± 0.3 in RR. So, it seems that in this case, both variables carry

the same information, and when one is permuted, the other variable covers the

information. The resulting PFI score of 0.14 would indicate a lower covariance

than is given by the VC matrix, in this case 0.26. The connection seen above,

where R2 can be depicted as the sum of all PFI scores halved, does no longer

work in this case. The resulting PFI scores, however, do coincide with formula

8. Figure 5 shows the PFI scores as well as the R2, when COVl is varied, with

both COVk and COVj being constant at 0.5.
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(a) Random Forest (b) Ridge Regression

Figure 5. Shows the PFI score and R2, when both variable are equally con-

nected to the outcome with a correlation of 0.5, and the correlation between the

variables is varied

Similar behavior is seen when COVk and COVj are set to 0.3, 0.7, or 0.9, as

depicted in Figure 6. Increasing the correlation between these variables leads

to them carrying the same information, which results in a lower R2 and lower

PFI scores.

3.3 Mixed Cases

Underestimation from PFI can also happen, when the two variables do not have

the same correlation to the outcome. But in these cases, PFI can underestimate

or overestimate the importance of a variable. As a first example, COVk is set

to 0.7, COVj to 0.3 and COVl is varied, resulting the VC matrix 1 0.7 0.3

0.7 1 COVl

0.3 COVl 1

 . (14)

When COVl is set to 0.9, COVj was set from 0.3 to 0.4. The results can be

seen in Table 4 and in Figure 7. It can be seen, as COVl is set to higher values,

at first the R2 and PFI scores drop, especially for the variable with a lower

correlation to the outcome. However, as COVl is set to higher values, the R2

as well as the PFI scores rise. Using PFI in RR yields higher scores than in

RF when it overestimates the importance of a variable, but in both models, the

PFI score is unreasonably high. As the R2 rises with higher correlation between

the variables, there is possibly an interaction effect, due to peculiarities in the

data-generating process. While this interaction probably also is reflected in the
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(a) Random Forest

COVk = COVj = 0.3

(b) Ridge Regression

COVk = COVj = 0.3

(c) Random Forest

COVk = COVj = 0.7

(d) Ridge Regression

COVk = COVj = 0.7

(e) Random Forest

COVk = COVj = 0.9

(f) Ridge Regression

COVk = COVj = 0.9

Figure 6. Shows the PFI score and R2, when both variable are equally connected

to the outcome, and the correlation between the variables is varied.
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Table 4

The R2 and PFI scores for Random Forest and Ridge Regression models

RF

COVl R2 PFI score 1 PFI score 2

0 0.56 ± 0.02 0.97 ± 0.03 0.17 ± 0.02
0.3 0.49 ± 0.02 0.92 ± 0.04 0.02 ±<0.01
0.5 0.48 ± 0.02 1.04 ± 0.04 0.01 ±<0.01
0.7 0.54 ± 0.02 1.44 ± 0.05 0.15 ± 0.02
0.9 0.75 ± 0.01 3.11 ± 0.11 1 ± 0.06

RR

COVl R2 PFI score 1 PFI score 2

0 0.56 ± 0.02 0.98 ± 0.04 0.18 ± 0.02
0.3 0.5 ± 0.02 0.9 ± 0.03 0.02 ±<0.01
0.5 0.49 ± 0.02 1.07 ± 0.04 0.01 ±<0.01
0.7 0.57 ± 0.02 1.86 ± 0.07 0.28 ± 0.03
0.9 0.77 ± 0.01 6.41 ± 0.27 2.94 ± 0.186

Note. PFI score 1 is the PFI score for variable 1 and PFI score 2 the PFI score for
variable 2. RF stands for Random Forest and RR for Ridge Regression. The number
in the tables are the resulting mean score over 100 iterations ± the standard
deviation. When the correlation between the two variables is set to 0.9, the
correlation of variable 2 to the outcome is set to 0.4.

PFI score, leading to higher scores, the resulting values do not seem to carry

any reasonable information, especially given that they differ for the two models.

Similar behavior is shown for other combinations, when the correlation be-

tween the two variables is increased. When the correlation between the two

variables is low but not 0, the PFI estimates lower scores for the variables. No-

tably, the variable with a lower correlation to the outcome is estimated to be

quite unimportant, with the PFI score sometimes reaching 0. This can be seen

to make sense, as the information in this variable is probably covered by the

other variable, and the variable is probably not needed for the model. When

correlations between the two variables are high, very high PFI scores are found,

but also higher values for R2, suggesting an increase in information. However,

the PFI scores do not seem to be in any sensible relationship with this increase

in information, exemplified by PFI scores in RR models being higher than in RF

models. In this simulation study, only in cases where the correlation between

the two variables, COVl was higher than either COVk or COVl, these effects

were found. In these cases, the data generation process has to highly correlate

the two variables, but only one of them is also highly correlated to the outcome.

This is seemingly the cause of the found interaction effect and the rise in R2

and PFI scores.
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(a) Random Forest (b) Ridge Regression

Figure 7. Shows the PFI score and R2, when the two predictor variable are

connected in a different magnitude to the outcome, and the correlation between

the variables is varied. Variable 1 is correlated to the outcome at 0.7, and

variable 2 at 0.3. When the correlation between the two variables is set to 0.9,

the correlation of variable 2 to the outcome is set to 0.4

Figure 8 shows other combinations, when both variables are connected to

the outcome.

During the simulation process, some of the variants have been done two

times. For example, the results should be the same, given the VC-matrices 1 0.7 0.3

0.7 1 0.7

0.3 0.7 1

 or

 1 0.3 0.7

0.3 1 0.7

0.7 0.7 1

 ,

with the PFI scores switched, of course. It was found in 5 cases in RF, that

these switches did not yield the same PFI scores. This was the case for the

VC-matrices given in 15, and their switched counterparts. This was only found

in cases where the PFI scores were lower or higher than expected, but not in

uncorrelated predictor variables. For now, only one of the resulting PFI scores

is shown in the diagrams, but in the appendix, altered versions of the diagrams

are shown to compare the results. Note that the resulting R2 was the same or

very similar in all these cases. Possible causes for the different PFI results will

be discussed later in the results section.
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 1 0.7 0

0.7 1 0.7

0 0.7 1


 1 0.9 0.7

0.9 1 0.5

0.7 0.5 1


 1 0.7 0.3

0.7 1 0.7

0.3 0.7 1


 1 0.9 0.5

0.9 1 0.7

0.5 0.7 1


 1 0.5 0.3

0.5 1 0.7

0.3 0.7 1


(15)

3.4 Overestimation in Correlated Predictors

Overestimation is further exemplified when only one variable is correlated to

the outcome and the correlation between the two variables is increased. As an

example, COVk is set to 0.5, COVj to 0 and COVl then varied, leading to the

VC matrix  1 0.5 0

0.5 1 COVl

0 COVl 1

 . (16)

Only the first variable is therefore correlated to the outcome. When a correlation

between the two predictor variables is introduced, the resulting R2 increases as

well as the PFI scores for both variables. The results can be seen in Table 5

and Figure 9.

Similarly to above, very high PFI scores are found, which are in no relation to

the correlation the variable has to the outcome, or the R2. Again, R2 also rises

as the PFI scores rise, however, the PFI scores rise to such extremes, that any

logical connection between the correlation or explained variance of the variable

and the PFI score is destroyed, especially seen as RR and RF yield different

results in such cases.

Also, the second variable shows a higher PFI score than 0, even though it

should have a correlation of 0 with the outcome. When looking at the higher R2

it seems likely, that variable 2 also carries some information about the outcome

variable, so it makes sense, that the PFI score also rises. However, the PFI

score rises as high as 6.79, which is questionably high.

The same trend can be seen, with different values for COVk. Figure 10 shows

when COVk is set to 0.3, 0.7, or 0.9.

3.5 Overview

Figures 11 and 12 summarize how R2 changes depending on the different corre-

lations, for RF and for RR respectively. For each graph the covariance between

the variable 1 and variable 2, COVl, is fixed, and COVk and COVj are varied.
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(a) Random Forest

COVk = 0.5, COVj = 0.3

(b) Ridge Regression

COVk = 0.5, COVj = 0.3

(c) Random Forest

COVk = 0.7, COVj = 0.5

(d) Ridge Regression

COVk = 0.7, COVj = 0.5

(e) Random Forest

COVk = 0.9, COVj = 0.3

(f) Ridge Regression

COVk = 0.9, COVj = 0.3
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(g) Random Forest

COVk = 0.9, COVj = 0.5

(h) Ridge Regression

COVk = 0.9, COVj = 0.5

(i) Random Forest

COVk = 0.9, COVj = 0.7

(j) Ridge Regression

COVk = 0.9, COVj = 0.7

Figure 8. Shows the PFI score and R2, when the two predictor variable are

connected in a different magnitude to the outcome, and the correlation between

the variables is varied. At (e) and (f), when the correlation between the two

variables is set to 0.7, the correlation between variable 2 and the outcome is set

to 0.4, at 0.9, it is set to 0.7. At (g) and (h), when the correlation between the

two variables is set to 0.9, the correlation between variable 2 and the outcome

is set to 0.7.
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Table 5

The R2 and PFI scores for Random Forest and Ridge Regression models

RF

COVl R2 PFI score 1 PFI score 2

0 0.24 ± 0.02 0.47 ± 0.03 0 ±<0.01
0.3 0.26 ± 0.02 0.58 ± 0.03 0.05 ± 0.01
0.5 0.31 ± 0.02 0.79 ± 0.04 0.18 ± 0.02
0.7 0.46 ± 0.02 1.39 ± 0.07 0.61 ± 0.04
0.9 0.87 ± 0.01 4.56 ± 0.32 2.96 ± 0.18

RR

COVl R2 PFI score 1 PFI score 2

0 0.25 ± 0.02 0.50 ± 0.03 0 ±<0.01
0.3 0.28 ± 0.02 0.61 ± 0.03 0.05 ± 0.01
0.5 0.33 ± 0.02 0.9 ± 0.05 0.22 ± 0.02
0.7 0.49 ± 0.02 1.93 ± 0.09 0.94 ± 0.07
0.9 0.89 ± 0.01 9.3 ± 0.44 6.79 ± 0.39

Note. PFI score 1 is the PFI score for variable 1 and PFI score 2 the PFI score for
variable 2. RF stands for Random Forest and RR for Ridge Regression. The number
in the tables are the resulting mean score over 100 iterations ± the standard
deviation. When the correlation between the two variables is set to 0.9, the
correlation between the second variable and the outcome is set to 0.1.

When both variables are correlated to the outcome and to each other, they

might carry redundant information, lowering the explained variance of the out-

come. Interaction can also happen, leading to higher explained variance of the

outcome. Both methods work almost equally well, with RR sometimes perform-

ing slightly better, which is to be expected, as the correlation is linear and so

the task is also linear.

Figures 13 and 14 summarize the PFI scores, depending on the different

correlations, for RF and for RR respectively. For each graph, COVl is again

fixed, and COVk and COVj are varied. Depicted is the PFI score for variable

1, for which the correlation to the outcome, COVk, is depicted on the y-axis.

Without any correlation between the two variables, the PFI score is equal to 2

times the correlation coefficient squared. With rising correlation between the

two variables, PFI scores can either be higher or lower. It is lower, when both

variables are equally correlated to the outcome, or when the correlation between

the two variables is lower than the correlation of either variable to the outcome.

It is higher, when the correlation between the variables is higher than one of

the correlations of the variables to the outcome. However, in these cases one

variable can still have a lower PFI score than would be expected. Also, RR

generally produces higher PFI scores when such an overestimation takes place.
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(a) Random Forest (b) Ridge Regression

Figure 9. Shows the PFI score and R2, when only one variable is connected to

the outcome with a correlation of 0.5, and the correlation between the variables

is varied. When the correlation between the two variables is set to 0.9, the

correlation between the second variable and the outcome is set to 0.1.

As noted above, in some cases, the RF model produced different PFI scores

in different simulations, when COVk and COVl were switched. Since PFI scores

were found to be quite stable, this was somewhat surprising, as in both simula-

tions, the PFI scores seemed very stable, but they still differed. It was suspected,

that the chosen set of hyperparameters in RF was the reason for the different

PFI scores. To explore this, the case COVk = 0.7, COVj = 0, and COVl = 0.7

was picked up again. The simulation using the according VC matrix was run

multiple times, but this time a randomized search was used to extend the space

of possible hyperparameter sets. The hyperparameters setting the maximum

features used for each split, the minimum samples per leaf, and the minimum

samples per split were tuned for this simulation. In all of the 7 simulation runs,

different sets of hyperparameters were used. The R2 ranged from 0.93 ± 0.01

to 0.95 ± <0.01, while the PFI scores for variable 1 ranged from 2.59 ± 0.09 to

3.12 ± 0.11, and for variable 2 from 1.09 ± 0.06 to 1.43 ± 0.09. Interestingly,

when one PFI score was higher, the other was also higher, so both the highest

PFI score for variables 1 and 2 were found in the same simulation run and the

lowest PFI score for variables 1 and 2 were found in the same simulation run.

Using only simulations with a R2 of 0.95, the lowest PFI scores were 2.89 ± 0.1

and 1.27 ± 0.07. As seen, the PFI scores are stable in a set of hyperparameters

but can differ between sets of hyperparameters.
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(a) Random Forest, COVk = 0.3 (b) Ridge Regression, COVk = 0.3

(c) Random Forest, COVk = 0.7 (d) Ridge Regression, COVk = 0.7

(e) Random Forest, COVk = 0.9 (f) Ridge Regression, COVk = 0.9

Figure 10. Shows the PFI score and R2, when only one variable is connected to

the outcome, and the correlation between the variables is varied. In (c) and (d),

when COVl is 0.9, COVj is set to 0.4, in (e) and (f), when COVl is 0.5, COVj

is set to 0.1, when COVl is 0.7, COVj is set to 0.4, when COVl is 0.9, COVj is

set to 0.7.
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(a) COVl = 0 (b) COVl = 0.3

(c) COVl = 0.5 (d) COVl = 0.7

(e) COVl = 0.9

Figure 11. Shows the R2, with a set COVl and varying both COVk and COVl

using Random Forest. Note that when two of the correlations reach a certain

high, the third correlation had to be changed accordingly. When two of the

correlations are set to 0.5-0.9, the third had to be at least 0.1, at 0.7-0.9 it had

to be at least 0.4, at 0.9-0.9 at least 0.7.
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(a) COVl = 0 (b) COVl = 0.3

(c) COVl = 0.5 (d) COVl = 0.7

(e) COVl = 0.9

Figure 12. Shows the R2, with a set COVl and varying both COVk and COVl

using Ridge regression. Note that when two of the correlations reach a certain

high, the third correlation had to be changed accordingly. When two of the

correlations are set to 0.5-0.9, the third had to be at least 0.1, at 0.7-0.9 it had

to be at least 0.4, at 0.9-0.9 at least 0.7.
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(a) COVl = 0 (b) COVl = 0.3

(c) COVl = 0.5 (d) COVl = 0.7

(e) COVl = 0.9

Figure 13. Shows the PFI scores for variable 1, for which the correlation to the

outcome is depicted on the y-axis, with a set COVl and varying both COVk

and COVl using Random Forest. Note that when two of the correlations reach

a certain high, the third correlation had to be changed accordingly. When two

of the correlations are set to 0.5-0.9, the third had to be at least 0.1, at 0.7-0.9

it had to be at least 0.4, at 0.9-0.9 at least 0.7.
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(a) COVl = 0 (b) COVl = 0.3

(c) COVl = 0.5 (d) COVl = 0.7

(e) COVl = 0.9

Figure 14. Shows the PFI scores for variable 1, for which the correlation to the

outcome is depicted on the y-axis, with a set COVl and varying both COVk and

COVl using Ridge regression. Note that when two of the correlations reach a

certain high, the third correlation had to be changed accordingly. When two of

the correlations are set to 0.5-0.9, the third had to be at least 0.1, at 0.7-0.9 it

had to be at least 0.4, at 0.9-0.9 at least 0.7.
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4 Discussion

Different cases were found, in which PFI behaved differently. In some, PFI

accurately captures the underlying data structure, in others, the PFI scores are

higher or lower than the underlying correlation would suggest. The findings

reinforce earlier criticism of the PFI, namely that it is biased in correlated

variables (Strobl et al., 2008; Nicodemus et al., 2010; Gregorutti et al., 2017;

Genuer et al., 2010; Tolosi & Lengauer, 2011; Hooker et al., 2021).

4.1 When PFI does Work

When predictor variables were uncorrelated, the PFI score accurately depicted

the correlation between the predictor variables and the outcome. The resulting

PFI was equal to two times the squared correlation. Even when the model could

not adequately capture the relationship between the predictor and the outcome,

the PFI score still accurately depicted the underlying correlation. It is unclear

why this is the case and should be examined in future research. PFI also was

applicable when both predictor variables were equally correlated to the outcome

and were correlated to each other. In this case the PFI score was lower than two

times the squared correlation, but the resulting score was equal to the formula

given in 8. It is assumed that when one variable is permuted, the other can

cover the lost information. This was also found in previous research (Tolosi &

Lengauer, 2011; Pereira et al., 2022). It is assumed that the two variables carry

the same information, which is also indicated by the lower overall R2 shown in

the simulations.

4.2 When PFI does Underestimate the Importance of a

Predictor

As mentioned, in cases, when multiple predictors are correlated to the outcome

and to each other, the resulting PFI score is lower than expected. In some cases,

the difference can still be depicted by the given formula. In other instances, PFI

score was also lower than two times the squared correlation but could not be

depicted in any clear formula. This occurred, when one predictor variable was

correlated stronger with the outcome than the other predictor variable, and the

predictors were correlated. In some cases, one of the variables reached a PFI

score of 0 despite being connected to the outcome. It is probable that in the

tree building process at every split the variable with a lower correlation simply

was outdone in Gini reduction by the other variable, so it was hardly used at all

during the tree building process. So, even when the variable was permuted, some

splits might result in going down the wrong branch of each tree, but since the
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other variable was still more important, the information given was still enough

to make adequate predictions. Similarly, in RR, the model might have only used

the predictor variable with the stronger correlation to the outcome during the

model training process and ignored the other predictor.

4.3 When PFI does Overestimate the Importance of a

Predictor

In some instances, when one predictor has a higher correlation to the outcome

than the other predictor, but they are correlated to each other, seemingly an

interaction effect arises, as the achieved R2 was higher than expected, and at the

same time the PFI scores were higher than expected for one or both variables.

This is also similar to previous studies, which found overestimation in correlated

variables (Strobl et al., 2008; Nicodemus et al., 2010). In these cases, it is

assumed that extrapolation occurs, and because of this, the model performs

very poorly, leading to high PFI scores. It is also likely that an interaction

occurs between the two predictors, and it has been argued previously that PFI

can detect interactions (Auret & Aldrich, 2011; Rodenburg et al., 2008; Strobl

& Zeileis, 2008; Casalicchio et al., 2019). However, it is unclear how exactly this

interaction is reflected in the PFI score, as in this study, when an interaction

was present, the PFI scores were often much higher than reasonable, even when

accounting for some interaction effect.

Contrary to previous research, we did not find that overestimation disap-

peared in larger samples (Hooker et al., 2021), but sample size was not varied

in this simulation, so nothing conclusive can be stated. Based on the simula-

tion, it is also unclear, if extrapolation is the reason for the overestimation in

PFI scores, as previously suspected (Hooker et al., 2021). However, contrary to

earlier criticism, we did not find, that linear models suffer less from the extrap-

olation bias (Hooker, 2007; Hooker et al., 2021), as RR produced even higher

PFI scores than RF in most cases.

4.4 Further Criticism of PFI

Previous research also pointed at instability of PFI due to data perturbations

(Calle & Urrea, 2010). In this study, however, PFI was found to be quite stable,

producing a standard deviation of 0.05 or less in most cases over 100 iterations.

This dissimilarity might also reflect that RF may be intrinsically unstable (Wang

et al., 2016), and different RF models might place different emphasis on different

variables due to data perturbations. Therefore, the suspected instability of PFI

might only reflect the instability of the RF, without leading to any conclusions

about the behavior of PFI. This is further exemplified by the dependency of the
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PFI score on hyperparameters in correlated variables. This instability might be

more pronounced in the presence of more variables, but in this simulation only

two variables were used. It was also found that this instability decreases with

rising number of trees in a forest but does not disappear (Wang et al., 2016).

As PFI studies are closely connected to RF, it is possible that much of the

criticism related to the behavior of PFI might reflect the behavior of RF. Most

studies so far on PFI are done on a RF model and most use the OOB-version

of PFI, which is only applicable in RF models (Strobl, Boulesteix, Zeileis, &

Hothorn, 2007; Strobl et al., 2008; Janitza et al., 2013; Nicodemus et al., 2010;

Gregorutti et al., 2015; Genuer et al., 2010; Tolosi & Lengauer, 2011; Nicodemus

& Malley, 2009; Nicodemus, 2011; Calle & Urrea, 2010; Wang et al., 2016;

Verikas et al., 2011). It was argued that PFI might be preferring variables with

a large number of categories (Strobl, Boulesteix, Zeileis, & Hothorn, 2007), but

similar criticism was connected to RF (Altmann et al., 2010). It was also argued

that PFI are biased in imbalanced classes, but the same criticism is extended

to RF in general (Janitza et al., 2013) Further, while it was found that PFI can

both over and underestimate the importance of correlated variables (Nicodemus

et al., 2010; Gregorutti et al., 2017), it was also found that the tree building

algorithm in RF might prefer correlated variables (Strobl et al., 2008), or even

uncorrelated variables (Nicodemus & Malley, 2009). Therefore, the bias of PFI

might just reflect the bias of RF. The simulation in this paper, however, has

shown, that the over and underestimation of correlated variables is not exclusive

to RF, as a similar bias was shown in RR. Other mentioned biases were not

assessed in the present simulations.

4.5 Applications of PFI

Possible applications for PFI are auditing and debugging a model. Despite the

shown bias of PFI, this might still be a useful application, if one has some

previous knowledge about the relationship captured by the model and thereby

can use PFI to expose some obvious flaws, for example when a variable that

is known to be important is not seen as important by the model, or a variable

known to not be important is seen as important. This is however still very

limited in correlated data. PFI is further not useful for giving insight into how

a model makes a specific decision, as it always uses the whole dataset and can

only be used to infer how important a variable is for the general performance of

the model.

Another application for PFI is testing and as mentioned above, many differ-

ent attempts to make tests for PFI have been made (Hapfelmeier et al., 2023;

Nembrini, 2018; Molnar, Freiesleben, et al., 2023). The possibility of using PFI

42



for tests is however limited, as PFI scores are potentially misleading, with both

over and underestimation happening. Especially in correlated features, PFI is

not reliable, so neither is any test and test statistic derived from the PFI score.

Further, it is often unclear what is even tested. In linear regression, it is as-

sumed that the data generating model is a linear model, which is then estimated

given the observed data. Then a coefficient and therefore the variable as a whole

can be tested if it influences the outcome given the linear model and the ob-

served data. When using ML methods, hardly any assumptions are made for

the data and the underlying data generating process. This makes them widely

applicable, but also significantly limits the scope of possible conclusions which

can be drawn from the model. Since there are no assumptions made about the

underlying data generating process, it is also not assumed, that the trained ML

model resembles this process. All that is expected of the model, is that it makes

accurate predictions. So, even when understanding the ML model and which

variables are placed more emphasis on than others (which is also a difficult goal

to achieve), it cannot be argued that the true underlying data generation pro-

cess also places importance on this variable. In fact, it was shown that various

different models might work equally well, but place emphasis on different vari-

ables, this being called the “Rashomon-effect” (Breiman, 2001b). To sidestep

this, some researchers have argued, that while singular models might place em-

phasis on different variables than the underlying data generation process, using

a multitude of different models to estimate which variables are used in the un-

derlying data generation process might lead to selecting the most important

variables (Fisher et al., 2019). This, however, also relies on some assumptions,

which might not be given. For example, it relies on the assumption that models

are more likely to choose the “real” important variable. The authors themselves

also recognize this problem and only claim that their method can show how im-

portant or unimportant the variable in question can be to any well-performing

model, disregarding any connection to the true data generating process.

4.6 Alternatives for PFI

A possible alternative to PFI, which was developed to deal with correlated

variables, is conditional PFI (Strobl et al., 2008; Debeer & Strobl, 2020; Molnar,

König, et al., 2023), but was not explored in this simulation. While it has

been argued, that conditional PFI leads to different conclusions than regular

PFI (Molnar et al., 2022), conditional PFI might still be a reasonable VIM for

correlated variables, although it should not be used as a simple substitute.

There are also other VIM which suffer from similar problems as PFI, espe-

cially when they are also based on permutations. SHAP is one possible alter-
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native to PFI, but in many implementations it is also based on permutations,

as it would not be feasible to calculate the exact SHAP value, but only to

approximate it (Mase, Owen, & Seiler, 2019).

Other methods that retrain the model without the variable or with a per-

muted variable could give a remedy but are computationally much more ex-

pensive (Hooker et al., 2021). There is also more instability and uncertainty

introduced by retraining a model, especially in models that have an inherent

randomness built in their algorithm, such as RF. These methods might then

compare two different models, which might be built very differently and lead to

different conclusions when compared.

4.7 Limitations

In this simulation, as well as in previous works, only linear correlations between

the predictors and between the predictors and the outcome were examined.

Different types of correlation might lead to different behaviors of the PFI score.

In the given regression task, the PFI score depicts the squared correlation, when

the predictors are uncorrelated, however, it was not examined, what the PFI

score depicts in classification tasks. Also, the used predictors were linear as

well, and PFI might behave differently for categorical predictors. For example,

the PFI has been argued to be biased towards variables with many different

categories (Strobl, Boulesteix, Zeileis, & Hothorn, 2007).

As the loss function, the measure R2 was used, but different measures can

be used to estimate PFI. Using different loss functions, PFI might behave dif-

ferently, as for example it was argued that using entropy, PFI does not suffer

from correlation bias (Wood et al., 2024).

For this simulation a different data-generating process was used compared to

other studies, where the outcome variable is generated via a linear combination

of the predictors and random noise (Hooker et al., 2021). The defined VC

matrices could lead to weirdly structured data, as the data-generating process

is forced to make the predictor variables highly correlated but one is hardly

or not at all correlated to the outcome. This might have led to the observed

interaction effect, increasing the R2 and the PFI scores.

In the present simulation study, RF models often achieved slightly lower

R2 than RR models. While RR might be more appropriate in this context, as

the relationship between the predictor variables and the outcome was linear,

and RF can only approach a linear relationship by making smaller and smaller

steps, it could also be due to not ideal hyperparameters. In the simulation, a

grid search was performed to choose the best hyperparameters for RF, while

a random search was performed to choose the best penalty term for RR. Due
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to the strict predefinition of possible values in grid search, the optimal or even

near optimal combination of hyperparameters might not have been in the set

of possible hyperparameters, as defined by the grid. Using a different approach

for hyperparameter optimization might have led to a better performance of the

RF.

4.8 Conclusions

The question remains whether PFI can be useful in applications. From the

results seen, only in cases where the variables are not correlated, PFI should

be used. In cases where predictor variables are correlated, PFI is biased, and

can produce highly unrealistic values. So, either for model auditing, variable

selection, or testing, the use of PFI is highly restricted based on the distribution

of the predictor variables used in a model. Alternatives either suffer from similar

problems or cannot be counted as a simple substitute but rather provide different

information.

It seems that new methods are needed to find solid variable importance

tools, however, as often stated “There is no free lunch” (Wolpert & Macready,

1997), and no single method is best for all use cases. This might also be the case

for variable importance, and for different applications, different methods might

be used and useable. In this regard, PFI might still have a place in certain

applications, but only under the restriction that the predictor variables are not

correlated.
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C Alternate plots

(a) Alternate plot (b) Used plot

(c) Alternate plot (d) Used plot

(e) Alternate plot (f) Used plot

55



(g) Alternate plot (h) Used plot

(i) Alternate plot (j) Used plot

Figure 15. Compares the plots shown in the results section, with plots created

with the results found, when a redone simulation did not find the same resulting

PFI scores as the initial simulation. In all the plots the correlation between the

two variables was varied. In (a) and (b) COVk = 0.7 and COVj = 0.0, in (c) and

(d) COVk = 0.5 and COVj = 0.3, in (e) and (f) COVk = 0.7 and COVj = 0.3,

in (g) and (h) COVk = 0.7 and COVj = 0.5, in (c) and (d) COVk = 0.9 and

COVj = 0.7.
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D Code

import pandas as pd
import numpy as np
import matp lo t l i b . pyplot as p l t
from matp lo t l i b import rcParams
import matp lo t l i b . cm as cm
from s k l e a rn . met r i c s import mean squared error , r 2 s c o r e
from s k l e a rn . ensemble import RandomForestRegressor
from s k l e a rn . i n s p e c t i o n import permutat ion importance
from s k l e a rn . m o d e l s e l e c t i o n import t r a i n t e s t s p l i t
from s k l e a rn . m o d e l s e l e c t i o n import GridSearchCV
from s k l e a rn . u t i l s . f i x e s import l oguni form
from s k l e a rn . l i n ea r mode l import Ridge
from s k l e a rn . m o d e l s e l e c t i o n import RandomizedSearchCV

# Due to s imp l i c i t y , a l l p o s s i b l e combinat ions are c a l c u l a t e d at once
# I t i s recommended to s p l i t up the matr ices
# Esp e c i a l l y in RF, t h i s w i l l t ake a very long time o therw i s e

# de f i n e a l l p o s s i b l e VC−matr ices
mats = [ ]
# choose the p o s s i b l e covar iances
k = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
j = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
l = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
for q in j :

for i in k :
for m in l :

matrix = [ [ 1 , i , q ] , [ i , 1 , m] , [ q , m, 1 ] ]
i f a l l (np . l i n a l g . e i g ( matrix ) [0 ] >=0):

mats . append ( matrix )
else :

va lue s = np . array ( [ q , i , m] )
# Find the minimum index
min index = np . argmin ( va lue s )
va lue s [ min index ] = 0 .1
matrix = [ [ 1 , va lue s [ 1 ] , va lue s [ 0 ] ] ,
[ va lue s [ 1 ] , 1 , va lue s [ 2 ] ] ,
[ va lue s [ 0 ] , va lue s [ 2 ] , 1 ] ]
i f a l l (np . l i n a l g . e i g ( matrix ) [0 ] >=0):

mats . append ( matrix )
else :

va lue s [ min index ] = 0 .4
matrix = [ [ 1 , va lue s [ 1 ] , va lue s [ 0 ] ] ,
[ va lue s [ 1 ] , 1 , va lue s [ 2 ] ] ,
[ va lue s [ 0 ] , va lue s [ 2 ] , 1 ] ]
i f a l l (np . l i n a l g . e i g ( matrix ) [0 ] >=0):

mats . append ( matrix )
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else :
va lue s [ min index ] = 0 .7
matrix = [ [ 1 , va lue s [ 1 ] , va lue s [ 0 ] ] ,
[ va lue s [ 1 ] , 1 , va lue s [ 2 ] ] ,
[ va lue s [ 0 ] , va lue s [ 2 ] , 1 ] ]
mats . append ( matrix )

print ( matrix )

# de f i n e the number o f da tapo in t s to c r ea t e n
# and the number o f i t e r a t i o n s f o r each s imu la t i on n
n = 5000
m = 100
#se t parameters f o r p l o t s
p l t . rcParams . update ({ ’ f on t . s i z e ’ : 15})

#For Random Forest
#crea t e empty l i s t s to s t o r e
# the b e s t e s t imator
# the R−squared f o r each i t e r a t i o n and s imu la t i on
# the PFI score s f o r both v a r i a b l e s
best es t imator RF = [ ]
r 2 l i s t R F = [ [ 0 ] ∗m for in range ( len ( mats ) ) ]
imp1 l i s t RF = [ [ 0 ] ∗m for in range ( len ( mats ) ) ]
imp2 l i s t RF = [ [ 0 ] ∗m for in range ( len ( mats ) ) ]
# loop through a l l the matr ices
for q in range ( len ( mats ) ) :

# de f i n e the means and the matrix
mean = [ 1 , 1 , 1 ]
matrix = mats [ q ]
# crea t e the da tapo in t s f o r the hyperparameter tuning
# s p l i t them in to X and y
datamat = np . random . mul t iva r i a t e norma l (mean , matrix , n )
y = datamat [ : , 0 ]
X = pd . DataFrame ( datamat [ : , ( 1 , 2 ) ] )
# de f i n e the d i s t r i b u t i o n f o r the hyperparameter
parameters = { ’ max features ’ : [ 1 , 2 ] ,

’ m in samp l e s l e a f ’ : [ 1 , 10 , 20 , 30 , 40 , 5 0 ] ,
’ m i n s a m p l e s s p l i t ’ : [ 2 , 5 , 10 , 15 , 2 0 ] ,
’ n e s t imato r s ’ : [ 1 00 , 250 , 400 , 550 , 700 ]}

r f r e g r = RandomForestRegressor ( )
CV = GridSearchCV ( es t imator = r f r e g r ,
param grid = parameters , cv = 5)
CV. f i t (X, y )
best es t imator RF . append (CV. b e s t e s t i m a t o r )
# I f de s i r ed p r i n t the VC matrix and the found b e s t e s t imator
print ( matrix )
print ( ’ bes t  e s t imator : ’ , CV. b e s t e s t i m a t o r )

for i in range (m) :
# crea t e new da tapo in t s f o r each i t e r a t i o
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datamat = np . random . mul t iva r i a t e norma l (mean , matrix , n )
y = datamat [ : , 0 ]
X = pd . DataFrame ( datamat [ : , ( 1 , 2 ) ] )
# s p l i t the da tapo in t s i n t o a t r a i n and a t e s t s e t
X train , X test , y t ra in , y t e s t = t r a i n t e s t s p l i t (X, y )
# f i t a r i d g e r e g r e s s i on model
r f r e g r = CV. b e s t e s t i m a t o r
r f r e g r . f i t ( X train , y t r a i n . va lue s . r a v e l ( ) )
# ca l c u l a t e the R−squared and the PFI score s
r e s u l t = permutat ion importance ( r f r e g r , X test ,
y t e s t , n r epea t s =50)
r2 = round( r f r e g r . s c o r e ( X test , y t e s t ) , 2)
#in s e r t them in to the above crea t ed l i s t
r 2 l i s t R F [ q ] [ i ] = r2
imp1 l i s t RF [ q ] [ i ] = r e s u l t . importances mean [ 0 ]
imp2 l i s t RF [ q ] [ i ] = r e s u l t . importances mean [ 1 ]

# I f des i red , the mean PFI score and R−squared
# the standard d e v i a t i on
# p lu s a diagram can be d i s p l a y ed
# a f t e r each s imu la t i on
mean imp1 = round(np . mean( imp1 l i s t RF [ q ] ) , 2 )
std imp1 = round(np . std ( imp1 l i s t RF [ q ] ) , 2 )
mean imp2 = round(np . mean( imp2 l i s t RF [ q ] ) , 2 )
std imp2 = round(np . std ( imp2 l i s t RF [ q ] ) , 2 )
mean r2 = round(np . mean( r 2 l i s t R F [ q ] ) , 2 )
s t d r 2 = round(np . std ( r 2 l i s t R F [ q ] ) , 2 )
print ( ’ mean r2 :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean r2 , s t d r 2 ) )
print ( ’ f e a t u r e 1  importances :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean imp1 , std imp1 ) )
print ( ’ f e a t u r e 2  importances :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean imp2 , std imp2 ) )
a= p l t . f i g u r e ( )
axes= a . add axes ( [ 0 . 1 , 0 . 1 , 0 . 8 , 0 . 8 ] )
maxylim = max(1 , max(max( imp1 l i s t RF [ q ] ) ,
max( imp2 l i s t RF [ q ]))+ 0 . 2 )
minylim = min(1 , min(min( imp1 l i s t RF [ q ] ) ,
min( imp2 l i s t RF [ q ] ) ) − 0 . 2 )
axes . s e t y l i m ( [ minylim , maxylim ] )
p l t . p l o t ( imp1 l i s t RF [ q ] , marker=’ o ’ , l i n e s t y l e=’None ’ )
p l t . p l o t ( imp2 l i s t RF [ q ] , marker=’ o ’ , l i n e s t y l e=’None ’ )
p l t . p l o t ( r 2 l i s t R F [ q ] , l i n e s t y l e = ’− ’ )
p l t . x l a b e l ( ” S imulat ion  i t e r a t i o n ” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )
p l t . show ( )

#For Ridge Regress ion
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#crea t e empty l i s t s to s t o r e the b e s t e s t imator
# the R−squared f o r each i t e r a t i o n and s imula t ion ,
# and the PFI score s f o r both v a r i a b l e s
best est imator RR = [ ]
r 2 l i s t R R = [ [ 0 ] ∗m for in range ( len ( mats ) ) ]
imp1 l i s t RR = [ [ 0 ] ∗m for in range ( len ( mats ) ) ]
imp2 l i s t RR = [ [ 0 ] ∗m for in range ( len ( mats ) ) ]
# loop through a l l the matr ices
for q in range ( len ( mats ) ) :

# de f i n e the means and the matrix
mean = [ 1 , 1 , 1 ]
matrix = mats [ q ]
# crea t e the da tapo in t s f o r the hyperparameter tuning
# s p l i t them in to X and y
datamat = np . random . mul t iva r i a t e norma l (mean , matrix , n )
y = datamat [ : , 0 ]
X = pd . DataFrame ( datamat [ : , ( 1 , 2 ) ] )
# de f i n e the d i s t r i b u t i o n f o r the hyperparameter
parameters = { ’ a lpha ’ : loguni form (1 e −10 ,1 e10 )}
# tune the hyperparameter
r eg r = Ridge ( )
RcV = RandomizedSearchCV ( es t imator = regr ,
pa ram d i s t r i bu t i on s = parameters , cv = 5 , n i t e r = 100)
RcV. f i t (X, y )
best est imator RR . append (RcV. b e s t e s t i m a t o r )
# I f de s i r ed p r i n t the VC matrix and the found b e s t e s t imator
print ( matrix )
print ( ’ bes t  e s t imator : ’ , RcV. b e s t e s t i m a t o r )

for i in range (m) :
# crea t e new da tapo in t s f o r each i t e r a t i o
datamat = np . random . mul t iva r i a t e norma l (mean , matrix , n )
y = datamat [ : , 0 ]
X = pd . DataFrame ( datamat [ : , ( 1 , 2 ) ] )
# s p l i t the da tapo in t s i n t o a t r a i n and a t e s t s e t
X train , X test , y t ra in , y t e s t = t r a i n t e s t s p l i t (X, y )
# f i t a r i d g e r e g r e s s i on model
reg = RcV. b e s t e s t i m a t o r
reg . f i t ( X train , y t r a i n . r a v e l ( ) )
# ca l c u l a t e the R−squared and the PFI score s
r e s u l t = permutat ion importance ( reg , X test ,
y t e s t , n r epea t s =50)
r2 = round( reg . s c o r e ( X test , y t e s t ) , 2)
# in s e r t them in to the above crea t ed l i s t
r 2 l i s t R R [ q ] [ i ] = r2
imp1 l i s t RR [ q ] [ i ] = r e s u l t . importances mean [ 0 ]
imp2 l i s t RR [ q ] [ i ] = r e s u l t . importances mean [ 1 ]

# I f des i red , the mean PFI score and R−squared
# the standard d e v i a t i on
# p lu s a diagram can be d i s p l a y ed
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# a f t e r each s imu la t i on
mean imp1 = round(np . mean( imp1 l i s t RR [ q ] ) , 2 )
std imp1 = round(np . std ( imp1 l i s t RR [ q ] ) , 2 )
mean imp2 = round(np . mean( imp2 l i s t RR [ q ] ) , 2 )
std imp2 = round(np . std ( imp2 l i s t RR [ q ] ) , 2 )
mean r2 = round(np . mean( r 2 l i s t R R [ q ] ) , 2 )
s t d r 2 = round(np . std ( r 2 l i s t R R [ q ] ) , 2 )
print ( ’ mean r2 :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean r2 , s t d r 2 ) )
print ( ’ f e a t u r e 1  importances :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean imp1 , std imp1 ) )
print ( ’ f e a t u r e 2  importances :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean imp2 , std imp2 ) )
a= p l t . f i g u r e ( )
axes= a . add axes ( [ 0 . 1 , 0 . 1 , 0 . 8 , 0 . 8 ] )
maxylim = max(1 , max(max( imp1 l i s t RR [ q ] ) ,
max( imp2 l i s t RR [ q ] ) ) + 0 . 2 )
minylim = min(1 , min(min( imp1 l i s t RR [ q ] ) ,
min( imp2 l i s t RR [ q ] ) −0 .2)
axes . s e t y l i m ( [ minylim , maxylim ] )
p l t . p l o t ( imp1 l i s t RR [ q ] , marker=’ o ’ , l i n e s t y l e=’None ’ )
p l t . p l o t ( imp2 l i s t RR [ q ] , marker=’ o ’ , l i n e s t y l e=’None ’ )
p l t . p l o t ( r 2 l i s t R R [ q ] , l i n e s t y l e = ’− ’ )
p l t . x l a b e l ( ” S imulat ion  i t e r a t i o n ” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )
p l t . show ( )

#The p l o t shows the R−square f o r RF model , when COVj = 0
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 08 , 0 . 24 , 0 . 48 , 0 . 8 ] ,

[ 0 . 0 8 , 0 . 17 , 0 . 32 , 0 . 56 , 0 . 8 9 ] ,
[ 0 . 2 4 , 0 . 32 , 0 . 48 , 0 . 72 , 0 . 9 7 ] ,
[ 0 . 4 8 , 0 . 56 , 0 . 72 , 0 . 97 , 0 . 9 4 ] ,
[ 0 . 8 , 0 . 89 , 0 . 97 , 0 . 94 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
p l t . rcParams . update ({ ’ f on t . s i z e ’ : 15})
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)
cp f = ax . contour f (X,Y, z , cmap=cm. Blues )
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , f o n t s i z e =15, c o l o r s = ’ k ’ )
ax . s e t x l a b e l ( r ’$COV { j }$ ’ , f o n t s i z e = 15)

= ax . s e t y l a b e l ( r ’$COV {k}$ ’ , f o n t s i z e = 15)
CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)
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#The p l o t shows the R−square f o r RR model , when COVj = 0
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 09 , 0 . 24 , 0 . 49 , 0 . 8 2 ] ,

[ 0 . 0 9 , 0 . 17 , 0 . 34 , 0 . 58 , 0 . 9 ] ,
[ 0 . 2 4 , 0 . 34 , 0 . 5 , 0 . 74 , 0 . 9 8 ] ,
[ 0 . 4 9 , 0 . 58 , 0 . 74 , 0 . 98 , 0 . 9 5 ] ,
[ 0 . 8 2 , 0 . 9 , 0 . 98 , 0 . 95 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)
cp f = ax . contour f (X,Y, z , cmap=cm. Blues )
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )
ax . s e t x l a b e l ( r ’$COV { j }$ ’ )

= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )
CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RF model , when COVj = 0.3
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 08 , 0 . 26 , 0 . 52 , 0 . 8 8 ] ,

[ 0 . 0 8 , 0 . 13 , 0 . 26 , 0 . 49 , 0 . 8 ] ,
[ 0 . 2 6 , 0 . 26 , 0 . 36 , 0 . 57 , 0 . 8 6 ] ,
[ 0 . 5 2 , 0 . 49 , 0 . 57 , 0 . 74 , 0 . 9 4 ] ,
[ 0 . 8 8 , 0 . 8 , 0 . 86 , 0 . 94 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RR model , when COVj = 0.3
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
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y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 1 , 0 . 28 , 0 . 54 , 0 . 8 9 ] ,

[ 0 . 1 , 0 . 14 , 0 . 28 , 0 . 5 , 0 . 8 1 ] ,
[ 0 . 2 8 , 0 . 28 , 0 . 38 , 0 . 58 , 0 . 8 7 ] ,
[ 0 . 5 4 , 0 . 5 , 0 . 58 , 0 . 75 , 0 . 9 5 ] ,
[ 0 . 8 9 , 0 . 81 , 0 . 87 , 0 . 95 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RF model , when COVj = 0.5
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 1 , 0 . 31 , 0 . 63 , 0 . 9 7 ] ,

[ 0 . 1 , 0 . 11 , 0 . 24 , 0 . 48 , 0 . 8 3 ] ,
[ 0 . 3 1 , 0 . 24 , 0 . 32 , 0 . 51 , 0 . 8 1 ] ,
[ 0 . 6 3 , 0 . 48 , 0 . 51 , 0 . 64 , 0 . 8 8 ] ,
[ 0 . 9 7 , 0 . 83 , 0 . 81 , 0 . 88 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )
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CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RR model , when COVj = 0.5
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 12 , 0 . 33 , 0 . 65 , 0 . 9 7 ] ,

[ 0 . 1 2 , 0 . 12 , 0 . 26 , 0 . 49 , 0 . 8 4 ] ,
[ 0 . 3 3 , 0 . 26 , 0 . 33 , 0 . 52 , 0 . 8 2 ] ,
[ 0 . 6 5 , 0 . 49 , 0 . 52 , 0 . 65 , 0 . 8 9 ] ,
[ 0 . 9 7 , 0 . 84 , 0 . 82 , 0 . 89 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RF model , when COVj = 0.7
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 16 , 0 . 46 , 0 . 95 , 0 . 9 ] ,

[ 0 . 1 6 , 0 . 09 , 0 . 24 , 0 . 55 , 0 . 9 ] ,
[ 0 . 4 6 , 0 . 24 , 0 . 28 , 0 . 48 , 0 . 8 3 ] ,
[ 0 . 9 5 , 0 . 55 , 0 . 48 , 0 . 57 , 0 . 8 1 ] ,
[ 0 . 9 , 0 . 9 , 0 . 83 , 0 . 81 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 1 5 , 0 . 2 5 , 0 . 4 5 , 0 . 5 5 , 0 . 8 5 , 1 ] ,
cmap=cm. Blues )

# Make p l o t and customize axes
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cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 1 5 , 0 . 2 5 , 0 . 4 5 , 0 . 5 5 , 0 . 8 5 , 1 ] ,
c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RR model , when COVj = 0.7
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 17 , 0 . 49 , 0 . 96 , 0 . 9 1 ] ,

[ 0 . 1 7 , 0 . 11 , 0 . 25 , 0 . 57 , 0 . 9 1 ] ,
[ 0 . 4 9 , 0 . 25 , 0 . 3 , 0 . 49 , 0 . 8 4 ] ,
[ 0 . 9 6 , 0 . 57 , 0 . 49 , 0 . 58 , 0 . 8 2 ] ,
[ 0 . 9 1 , 0 . 91 , 0 . 84 , 0 . 82 , 0 . 9 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 1 5 , 0 . 2 5 , 0 . 4 5 , 0 . 5 5 , 0 . 8 5 , 1 ] ,
cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 1 5 , 0 . 2 5 , 0 . 4 5 , 0 . 5 5 , 0 . 8 5 , 1 ] ,
c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RF model , when COVj = 0.9
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 44 , 0 . 87 , 0 . 75 , 0 . 8 6 ] ,

[ 0 . 4 4 , 0 . 08 , 0 . 34 , 0 . 75 , 0 . 8 6 ] ,
[ 0 . 8 7 , 0 . 34 , 0 . 25 , 0 . 56 , 0 . 8 6 ] ,
[ 0 . 7 5 , 0 . 75 , 0 . 56 , 0 . 51 , 0 . 8 6 ] ,
[ 0 . 8 6 , 0 . 86 , 0 . 86 , 0 . 86 , 0 . 8 5 ] ]
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rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the R−square f o r RR model , when COVj = 0.9
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 47 , 0 . 89 , 0 . 77 , 0 . 8 7 ] ,

[ 0 . 4 7 , 0 . 09 , 0 . 37 , 0 . 77 , 0 . 8 7 ] ,
[ 0 . 8 9 , 0 . 37 , 0 . 27 , 0 . 58 , 0 . 8 7 ] ,
[ 0 . 7 7 , 0 . 77 , 0 . 58 , 0 . 51 , 0 . 8 7 ] ,
[ 0 . 8 7 , 0 . 87 , 0 . 87 , 0 . 87 , 0 . 8 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RF model , when COVj = 0
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
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z = [ [ 0 , 0 , 0 , 0 , 0 ] ,
[ 0 . 1 7 , 0 . 17 , 0 . 17 , 0 . 17 , 0 . 1 7 ] ,
[ 0 . 4 7 , 0 . 47 , 0 . 47 , 0 . 48 , 0 . 3 3 ] ,
[ 0 . 9 8 , 0 . 97 , 0 . 97 , 0 . 96 , 0 . 3 1 ] ,
[ 1 . 6 1 , 1 . 61 , 1 . 47 , 1 . 11 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 1 7 , 0 . 4 7 , 0 . 9 5 , 1 . 5 , 2 ] , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 1 7 , 0 . 4 7 , 0 . 9 5 , 1 . 5 , 2 ] , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RR model , when COVj = 0
z = [ [ 0 , 0 , 0 , 0 , 0 ] ,

[ 0 . 1 7 , 0 . 18 , 0 . 18 , 0 . 18 , 0 . 1 8 ] ,
[ 0 . 5 , 0 . 5 , 0 . 5 , 0 . 45 , 0 . 3 4 ] ,
[ 0 . 9 7 , 0 . 98 , 0 . 97 , 0 . 98 , 0 . 3 1 ] ,
[ 1 . 6 1 , 1 . 62 , 1 . 48 , 1 . 09 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 1 8 , 0 . 4 7 , 0 . 9 5 , 1 . 5 , 2 ] ,
cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 1 8 , 0 . 4 7 , 0 . 9 5 , 1 . 5 , 2 ] ,
c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )
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CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RF model , when COVj = 0.3
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 02 , 0 . 05 , 0 . 09 , 0 . 1 6 ] ,

[ 0 . 2 , 0 . 1 , 0 . 06 , 0 . 02 , 0 ] ,
[ 0 . 5 8 , 0 . 36 , 0 . 29 , 0 . 21 , 0 . 1 2 ] ,
[ 1 . 1 3 , 0 . 92 , 0 . 68 , 0 . 56 , 0 . 1 3 ] ,
[ 1 . 9 2 , 1 . 59 , 1 . 39 , 1 . 11 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 0 7 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 1 , 1 . 3 , 2 ] ,
cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 0 7 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 1 , 1 . 3 , 2 ] ,
c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RR model , when COVj = 0.3
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 02 , 0 . 05 , 0 . 11 , 0 . 1 8 ] ,

[ 0 . 2 1 , 0 . 11 , 0 . 05 , 0 . 02 , 0 ] ,
[ 0 . 6 1 , 0 . 41 , 0 . 29 , 0 . 2 , 0 . 1 3 ] ,
[ 1 . 1 9 , 0 . 9 , 0 . 73 , 0 . 57 , 0 . 3 3 ] ,
[ 1 . 9 6 , 1 . 58 , 1 . 36 , 1 . 09 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
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l e v e l s = [ 0 , 0 . 0 7 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 1 , 1 . 3 , 2 ] ,
cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 0 7 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 1 , 1 . 3 , 2 ] ,
c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RF model , when COVj = 0.5
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 05 , 0 . 18 , 0 . 34 , 0 . 3 8 ] ,

[ 0 . 2 5 , 0 . 08 , 0 . 02 , 0 . 01 , 0 . 0 6 ] ,
[ 0 . 7 9 , 0 . 36 , 0 . 22 , 0 . 06 , 0 . 0 1 ] ,
[ 1 . 5 5 , 1 . 04 , 0 . 79 , 0 . 43 , 0 . 1 9 ] ,
[ 2 . 4 3 , 1 . 89 , 1 . 54 , 1 . 17 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

#l e v e l s = [ 0 . 0 7 , 0 . 2 , 0 .5 , 0 .9 , 1 . 1 , 1 . 3 , 2 ] ,

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 1 , 0 . 3 , 0 . 9 , 1 . 3 , 1 . 8 , 2 , 3 ] , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 1 , 0 . 3 , 0 . 9 , 1 . 3 , 1 . 8 , 2 , 3 ] ,

c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RR model , when COVj = 0.5
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
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z = [ [ 0 , 0 . 08 , 0 . 22 , 0 . 44 , 0 . 4 4 ] ,
[ 0 . 3 2 , 0 . 08 , 0 . 01 , 0 . 01 , 0 . 0 9 ] ,
[ 0 . 9 , 0 . 44 , 0 . 22 , 0 . 08 , 0 . 0 1 ] ,
[ 1 . 7 5 , 1 . 07 , 0 . 72 , 0 . 44 , 0 . 2 2 ] ,
[ 2 . 5 8 , 2 , 1 . 5 , 1 . 08 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

#l e v e l s = [ 0 . 0 7 , 0 . 2 , 0 .5 , 0 .9 , 1 . 1 , 1 . 3 , 2 ] ,

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 1 , 0 . 3 , 0 . 9 , 1 . 3 , 1 . 8 , 2 , 3 ] ,
cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 1 , 0 . 3 , 0 . 9 , 1 . 3 , 1 . 8 , 2 , 3 ] ,
c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RF model , when COVj = 0.7
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 18 , 0 . 61 , 1 . 42 , 0 . 2 7 ] ,

[ 0 . 4 2 , 0 . 06 , 0 . 01 , 0 . 15 , 0 . 2 7 ] ,
[ 1 . 3 9 , 0 . 44 , 0 . 17 , 0 . 03 , 0 . 0 8 ] ,
[ 3 . 1 2 , 1 . 44 , 0 . 74 , 0 . 33 , 0 . 0 2 ] ,
[ 2 . 5 , 2 . 5 , 2 . 04 , 1 . 43 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 3 , 2 , 2 . 4 , 3 , 4 ] , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 3 , 2 , 2 . 4 , 3 , 4 ] ,
c o l o r s = ’ blue ’ )
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ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RR model , when COVj = 0.7
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 0 . 34 , 0 . 94 , 1 . 85 , 0 . 4 1 ] ,

[ 0 . 7 , 0 . 06 , 0 . 02 , 0 . 28 , 0 . 4 1 ] ,
[ 1 . 9 3 , 0 . 64 , 0 . 17 , 0 , 0 . 1 3 ] ,
[ 3 . 7 8 , 1 . 86 , 0 . 94 , 0 . 34 , 0 . 0 4 ] ,
[ 2 . 9 5 , 2 . 95 , 2 . 32 , 1 . 3 , 0 . 5 6 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 3 , 2 , 2 . 4 , 3 , 4 ] ,
cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,
l e v e l s = [ 0 , 0 . 2 , 0 . 5 , 0 . 9 , 1 . 3 , 2 , 2 . 4 , 3 , 4 ] ,
c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RF model , when COVj = 0.9
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 1 . 34 , 2 . 96 , 1 , 0 . 2 1 ] ,

[ 1 . 8 4 , 0 . 05 , 0 . 36 , 1 , 0 . 2 1 ] ,
[ 4 . 5 6 , 1 . 33 , 0 . 14 , 0 . 28 , 0 . 2 1 ] ,
[ 3 . 1 1 , 3 . 11 , 1 . 88 , 0 . 27 , 0 . 2 1 ] ,
[ 2 . 5 6 , 2 . 56 , 2 . 56 , 2 . 56 , 0 . 4 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)
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cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 3 , 0 . 9 , 2 , 3 , 4 , 5 ] , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,

l e v e l s = [ 0 , 0 . 3 , 0 . 9 , 2 , 3 , 4 , 5 ] , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#The p l o t shows the PFI f o r RF model , when COVj = 0.9
x = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
y = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
X, Y = np . meshgrid (x , y )
z = [ [ 0 , 4 . 08 , 6 . 79 , 2 . 94 , 0 . 6 6 ] ,

[ 5 . 0 2 , 0 . 05 , 1 . 24 , 2 . 94 , 0 . 6 6 ] ,
[ 9 . 3 , 2 . 92 , 0 . 14 , 0 . 95 , 0 . 6 6 ] ,
[ 6 . 4 1 , 6 . 41 , 3 . 49 , 0 . 27 , 0 . 6 6 ] ,
[ 4 . 0 2 , 4 . 02 , 4 . 02 , 4 . 02 , 0 . 4 5 ] ]

rcParams [ ’ f i g u r e . f i g s i z e ’ ] = 10 , 7 # se t s p l o t s i z e
f i g = p l t . f i g u r e ( )
ax = f i g . add subplot (111)

#l e v e l s = [ 0 . 0 7 , 0 . 2 , 0 .5 , 0 .9 , 1 . 1 , 1 . 3 , 2 ] ,

cp f = ax . contour f (X,Y, z ,
l e v e l s = [ 0 , 0 . 5 , 2 , 4 , 6 , 8 , 1 0 ] , cmap=cm. Blues )

# Make p l o t and customize axes
cp = ax . contour (X, Y, z ,

l e v e l s = [ 0 , 0 . 5 , 2 , 4 , 6 , 8 , 1 0 ] , c o l o r s = ’ blue ’ )
ax . c l a b e l ( cp , c o l o r s = ’ k ’ )

ax . s e t x l a b e l ( r ’$COV { j }$ ’ )
= ax . s e t y l a b e l ( r ’$COV {k}$ ’ )

CBI = p l t . c o l o rba r ( cpf , o r i e n t a t i o n=’ v e r t i c a l ’ , sh r ink =0.8)

#p l o t s wi th e r ro r ba r s
# COV j = 0 , COV l = 0
# vary ing COV k
# RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
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r2 = [ 0 , 0 . 08 , 0 . 24 , 0 . 48 , 0 . 8 ]
r 2 e r r = [ 0 , 0 . 01 , 0 . 02 , 0 . 02 , 0 . 0 1 ]
feature imp1 = [ 0 , 0 . 17 , 0 . 47 , 0 . 98 , 1 . 6 1 ]
f ea ture imp1er r = [ 0 , 0 . 0 2 , 0 . 0 3 , 0 . 0 3 , 0 . 0 3 ]
feature imp2 = [ 0 , 0 , 0 , 0 , 0 ]
f ea ture imp2er r = [ 0 , 0 , 0 , 0 , 0 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  outcome” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = 0 , COV l = 0
# vary ing COV k
# RR
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
r2 = [ 0 , 0 . 09 , 0 . 24 , 0 . 49 , 0 . 8 2 ]
r 2 e r r = [ 0 , 0 . 01 , 0 . 02 , 0 . 02 , 0 . 0 1 ]
feature imp1 = [ 0 , 0 . 17 , 0 . 5 , 0 . 97 , 1 . 6 1 ]
f ea ture imp1er r = [ 0 , 0 . 0 2 , 0 . 0 3 , 0 . 0 3 , 0 . 0 2 ]
feature imp2 = [ 0 , 0 , 0 , 0 , 0 ]
f ea ture imp2er r = [ 0 , 0 , 0 , 0 , 0 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  outcome” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = 0 , COV k = 0.5
# vary ing COV l
# RF
r2 = [ 0 . 2 5 , 0 . 26 , 0 . 31 , 0 . 46 , 0 . 8 7 ]
feature imp1 = [ 0 . 5 , 0 . 58 , 0 . 79 , 1 . 39 , 4 . 5 6 ]
feature imp2 = [ 0 , 0 . 05 , 0 . 18 , 0 . 61 , 2 . 9 6 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 1 ]
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f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 4 , 0 . 0 7 , 0 . 3 2 ]
f ea ture imp2er r = [ 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 4 , 0 . 1 8 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = 0 , COV k = 0.5
# vary ing COV l
# RR
r2 = [ 0 . 2 4 , 0 . 28 , 0 . 33 , 0 . 49 , 0 . 8 9 ]
feature imp1 = [ 0 . 4 7 , 0 . 61 , 0 . 9 , 1 . 93 , 9 . 3 ]
f eature imp2 = [ 0 , 0 . 05 , 0 . 22 , 0 . 94 , 6 . 7 9 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 5 , 0 . 0 9 , 0 . 4 4 ]
f ea ture imp2er r = [ 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 7 , 0 . 3 9 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r ,
marker=’ o ’ , c a p s i z e =4)

p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = COV k = 0.5
# vary ing COV l
#RF

r2 = [ 0 . 4 8 , 0 . 36 , 0 . 32 , 0 . 28 , 0 . 2 5 ]
feature imp1 = [ 0 . 4 7 , 0 . 28 , 0 . 22 , 0 . 17 , 0 . 1 4 ]
feature imp2 = [ 0 . 4 7 , 0 . 28 , 0 . 22 , 0 . 17 , 0 . 1 4 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 ]
f ea ture imp2er r = [ 0 . 0 3 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 ]
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p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = COV k = 0.5
# vary ing COV l
#RF

r2 = [ 0 . 5 , 0 . 38 , 0 . 33 , 0 . 3 , 0 . 2 7 ]
feature imp1 = [ 0 . 5 , 0 . 29 , 0 . 22 , 0 . 17 , 0 . 1 4 ]
feature imp1 = [ 0 . 5 , 0 . 29 , 0 . 22 , 0 . 17 , 0 . 1 4 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 3 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 3 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.7
# vary ing COV l
#RF

r2 = [ 0 . 5 6 , 0 . 49 , 0 . 48 , 0 . 54 , 0 . 7 5 ]
feature imp1 = [ 0 . 9 7 , 0 . 92 , 1 . 04 , 1 . 44 , 3 . 1 1 ]
feature imp2 = [ 0 . 1 7 , 0 . 02 , 0 . 01 , 0 . 15 , 1 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 4 , 0 . 0 4 , 0 . 0 5 , 0 . 1 1 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 . 0 1 , 0 , 0 . 0 2 , 0 . 0 6 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
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p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.7
# vary ing COV l
#RR

r2 = [ 0 . 5 8 , 0 . 5 , 0 . 49 , 0 . 57 , 0 . 7 7 ]
feature imp1 = [ 0 . 9 8 , 0 . 9 , 1 . 07 , 1 . 86 , 6 . 4 1 ]
feature imp2 = [ 0 . 1 8 , 0 . 02 , 0 . 01 , 0 . 28 , 2 . 9 4 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 4 , 0 . 0 3 , 0 . 0 4 , 0 . 0 7 , 0 . 2 7 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 , 0 , 0 . 0 3 , 0 . 1 8 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = COV k = 0.3
# vary ing COV l
#fo r RF

r2 = [ 0 . 1 7 , 0 . 13 , 0 . 11 , 0 . 09 , 0 . 0 8 ]
feature imp1 = [ 0 . 1 7 , 0 . 1 , 0 . 08 , 0 . 06 , 0 . 0 5 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )
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# COV j = COV k = 0.3
# vary ing COV l
#fo r RR

r2 = [ 0 . 1 8 , 0 . 14 , 0 . 12 , 0 . 11 , 0 . 0 9 ]
feature imp1 = [ 0 . 1 8 , 0 . 11 , 0 . 08 , 0 . 06 , 0 . 0 5 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = COV k = 0.7
# vary ing COV l
#fo r RF

r2 = [ 0 . 9 7 , 0 . 74 , 0 . 64 , 0 . 57 , 0 . 5 1 ]
feature imp1 = [ 0 . 9 6 , 0 . 56 , 0 . 43 , 0 . 34 , 0 . 2 7 ]
r 2 e r r = [ 0 , 0 . 01 , 0 . 01 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 4 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = COV k = 0.7
# vary ing COV l
#fo r RR

r2 = [ 0 . 9 8 , 0 . 75 , 0 . 65 , 0 . 58 , 0 . 5 1 ]
feature imp1 = [ 0 . 9 8 , 0 . 57 , 0 . 44 , 0 . 34 , 0 . 2 7 ]
r 2 e r r = [ 0 , 0 . 01 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 4 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 4 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
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p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.5
# vary ing COV l
#RF
r2 = [ 0 . 3 2 , 0 . 26 , 0 . 24 , 0 . 24 , 0 . 3 4 ]
feature imp1 = [ 0 . 4 7 , 0 . 36 , 0 . 36 , 0 . 44 , 1 . 3 3 ]
feature imp2 = [ 0 . 1 7 , 0 . 06 , 0 . 02 , 0 . 01 , 0 . 3 6 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 7 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 4 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.5
# vary ing COV l
#RR
r2 = [ 0 . 3 4 , 0 . 28 , 0 . 26 , 0 . 25 , 0 . 3 7 ]
feature imp1 = [ 0 . 5 , 0 . 41 , 0 . 44 , 0 . 64 , 2 . 9 2 ]
feature imp2 = [ 0 . 1 8 , 0 . 05 , 0 . 01 , 0 . 02 , 1 . 2 4 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 3 , 0 . 0 5 , 0 . 1 7 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 . 0 1 , 0 . 0 0 , 0 . 0 1 , 0 . 1 1 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = 0.5 , COV k = 0.7
# vary ing COV l
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#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 7 2 , 0 . 57 , 0 . 51 , 0 . 48 , 0 . 5 6 ]
feature imp1 = [ 0 . 9 7 , 0 . 68 , 0 . 79 , 0 . 95 , 1 . 8 8 ]
feature imp2 = [ 0 . 4 8 , 0 . 21 , 0 . 06 , 0 , 0 . 2 8 ]
r 2 e r r = [ 0 . 0 1 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 4 , 0 . 0 2 , 0 . 0 3 , 0 . 0 3 , 0 . 0 7 ]
f ea ture imp2er r = [ 0 . 0 3 , 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 3 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = 0.5 , COV k = 0.7
# vary ing COV l
#RR
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 7 4 , 0 . 58 , 0 . 52 , 0 . 49 , 0 . 5 8 ]
feature imp1 = [ 0 . 9 7 , 0 . 73 , 0 . 72 , 0 . 94 , 3 . 4 9 ]
feature imp2 = [ 0 . 5 , 0 . 2 , 0 . 08 , 0 , 0 . 9 5 ]
r 2 e r r = [ 0 . 0 1 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 3 , 0 . 0 4 , 0 . 1 7 ]
f ea ture imp2er r = [ 0 . 0 3 , 0 . 0 2 , 0 . 0 1 , 0 . 0 0 , 0 . 0 9 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.5 , COV k = 0.9
# vary ing COV l
#RF
myl i s t = [ 0 . 1 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]
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r2 = [ 0 . 9 7 , 0 . 86 , 0 . 81 , 0 . 83 , 0 . 8 6 ]
feature imp1 = [ 1 . 4 7 , 1 . 39 , 1 . 54 , 2 . 04 , 2 . 5 6 ]
feature imp2 = [ 0 . 3 3 , 0 . 12 , 0 . 01 , 0 . 08 , 0 . 2 1 ]
r 2 e r r = [ 0 . 0 0 , 0 . 01 , 0 . 01 , 0 . 01 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 3 , 0 . 0 4 , 0 . 0 6 ]
f ea ture imp2er r = [ 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.5 , COV k = 0.9
# vary ing COV l
#RR
myl i s t = [ 0 . 1 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 9 8 , 0 . 87 , 0 . 82 , 0 . 84 , 0 . 8 7 ]
feature imp1 = [ 1 . 4 8 , 1 . 36 , 1 . 5 , 2 . 32 , 4 . 0 2 ]
feature imp2 = [ 0 . 3 4 , 0 . 13 , 0 . 01 , 0 . 13 , 0 . 6 6 ]
r 2 e r r = [ 0 . 0 0 , 0 . 01 , 0 . 01 , 0 . 01 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 3 , 0 . 0 5 , 0 . 1 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 . 0 1 , 0 . 0 0 , 0 . 0 1 , 0 . 0 4 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.7 , COV k = 0.9
# vary ing COV l
#RF
myl i s t = [ 0 . 4 , 0 . 5 , 0 . 7 , 0 . 9 ]
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r2 = [ 0 . 9 4 , 0 . 8 8 , 0 . 81 , 0 . 8 6 ]
feature imp1 = [ 1 . 1 1 , 1 . 17 , 1 . 43 , 2 . 5 6 ]
feature imp2 = [ 0 . 3 1 , 0 . 19 , 0 . 02 , 0 . 2 1 ]
r 2 e r r = [ 0 . 0 0 , 0 . 01 , 0 . 01 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 3 , 0 . 0 3 , 0 . 0 6 ]
f ea ture imp2er r = [ 0 . 0 1 , 0 . 0 1 , 0 . 0 0 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.7 , COV k = 0.9
# vary ing COV l
#RR
myl i s t = [ 0 . 4 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 9 5 , 0 . 8 9 , 0 . 82 , 0 . 8 7 ]
feature imp1 = [ 1 . 0 9 , 1 . 08 , 1 . 3 , 4 . 0 2 ]
feature imp2 = [ 0 . 3 3 , 0 . 22 , 0 . 04 , 0 . 6 6 ]
r 2 e r r = [ 0 . 0 0 , 0 . 01 , 0 . 01 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 2 , 0 . 0 3 , 0 . 1 ]
f ea ture imp2er r = [ 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 4 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.9
# vary ing COV l
#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 8 9 , 0 . 8 , 0 . 83 , 0 . 9 , 0 . 8 6 ]
feature imp1 = [ 1 . 6 1 , 1 . 59 , 1 . 89 , 2 . 5 , 2 . 5 6 ]
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f eature imp2 = [ 0 . 1 7 , 0 , 0 . 06 , 0 . 27 , 0 . 2 1 ]
r 2 e r r = [ 0 . 0 1 , 0 . 01 , 0 . 01 , 0 . 0 1 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 3 , 0 . 0 5 , 0 . 0 6 ]
f ea ture imp2er r = [ 0 . 0 1 , 0 . 0 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.9
# vary ing COV l
#RR
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 9 , 0 . 81 , 0 . 84 , 0 . 91 , 0 . 8 7 ]
feature imp1 = [ 1 . 6 2 , 1 . 58 , 2 , 2 . 95 , 4 . 0 2 ]
feature imp2 = [ 0 . 1 8 , 0 , 0 . 08 , 0 . 41 , 0 . 6 6 ]
r 2 e r r = [ 0 . 0 1 , 0 . 01 , 0 . 01 , 0 . 0 1 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 3 , 0 . 0 4 , 0 . 0 6 , 0 . 1 ]
f ea ture imp2er r = [ 0 . 0 1 , 0 . 0 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 4 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0 , COV k = 0.3
# vary ing COV l
#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 0 8 , 0 . 08 , 0 . 1 , 0 . 16 , 0 . 4 4 ]
feature imp1 = [ 0 . 1 7 , 0 . 2 , 0 . 25 , 0 . 42 , 1 . 8 4 ]
feature imp2 = [ 0 , 0 . 02 , 0 . 05 , 0 . 18 , 1 . 3 4 ]
r 2 e r r = [ 0 . 0 1 , 0 . 02 , 0 . 02 , 0 . 0 2 , 0 . 0 2 ]
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f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 3 , 0 . 0 9 ]
f ea ture imp2er r = [ 0 . 0 0 , 0 . 0 1 , 0 . 0 1 , 0 . 0 2 , 0 . 0 8 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0 , COV k = 0.3
# vary ing COV l
#RR
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 0 9 , 0 . 1 , 0 . 12 , 0 . 17 , 0 . 4 7 ]
feature imp1 = [ 0 . 1 8 , 0 . 21 , 0 . 32 , 0 . 7 , 5 . 0 2 ]
feature imp2 = [ 0 , 0 . 02 , 0 . 08 , 0 . 34 , 4 . 0 8 ]
r 2 e r r = [ 0 . 0 1 , 0 . 02 , 0 . 02 , 0 . 0 2 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 2 , 0 . 0 3 , 0 . 0 6 , 0 . 3 2 ]
f ea ture imp2er r = [ 0 . 0 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 4 , 0 . 3 1 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0 , COV k = 0.7
# vary ing COV l
#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 4 8 , 0 . 52 , 0 . 63 , 0 . 95 , 0 . 7 5 ]
feature imp1 = [ 0 . 9 8 , 1 . 13 , 1 . 55 , 3 . 12 , 3 . 1 1 ]
feature imp2 = [ 0 , 0 . 09 , 0 . 34 , 1 . 42 , 1 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 0 0 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 4 , 0 . 0 5 , 0 . 1 2 , 0 . 1 1 ]
f ea ture imp2er r = [ 0 . 0 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 8 , 0 . 0 6 ]
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p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0 , COV k = 0.7
# vary ing COV l
#RR
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 4 9 , 0 . 54 , 0 . 65 , 0 . 96 , 0 . 7 7 ]
feature imp1 = [ 0 . 9 7 , 1 . 19 , 1 . 75 , 3 . 78 , 6 . 4 1 ]
feature imp2 = [ 0 , 0 . 11 , 0 . 44 , 1 . 85 , 2 . 9 4 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 0 0 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 4 , 0 . 0 6 , 0 . 1 4 , 0 . 2 7 ]
f ea ture imp2er r = [ 0 . 0 0 , 0 . 0 1 , 0 . 0 3 , 0 . 0 9 , 0 . 1 8 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0 , COV k = 0.9
# vary ing COV l
#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 8 , 0 . 88 , 0 . 97 , 0 . 9 , 0 . 8 6 ]
feature imp1 = [ 1 . 6 1 , 1 . 92 , 2 . 43 , 2 . 5 , 2 . 5 6 ]
feature imp2 = [ 0 , 0 . 16 , 0 . 38 , 0 . 27 , 0 . 2 1 ]
r 2 e r r = [ 0 . 0 1 , 0 . 01 , 0 . 00 , 0 . 0 1 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 4 , 0 . 0 5 , 0 . 0 5 , 0 . 0 6 ]
f ea ture imp2er r = [ 0 . 0 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 2 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
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marker=’ o ’ , c a p s i z e =4)
p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,

marker=’ o ’ , c a p s i z e =4)
p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] , bbox to anchor =(0.4 , 0 . 4 5 ) )
p l t . g r i d ( )

#COV j = 0 , COV k = 0.9
# vary ing COV l
#RR
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 8 2 , 0 . 89 , 0 . 97 , 0 . 91 , 0 . 8 7 ]
feature imp1 = [ 1 . 6 1 , 1 . 96 , 2 . 58 , 2 . 95 , 4 . 0 2 ]
feature imp2 = [ 0 , 0 . 18 , 0 . 44 , 0 . 41 , 0 . 6 6 ]
r 2 e r r = [ 0 . 0 1 , 0 . 01 , 0 . 00 , 0 . 0 1 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 4 , 0 . 0 7 , 0 . 0 6 , 0 . 1 ]
f ea ture imp2er r = [ 0 . 0 0 , 0 . 0 1 , 0 . 0 3 , 0 . 0 2 , 0 . 0 4 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = COV k = 0.9
# vary ing COV l
#RF
myl i s t = [ 0 . 7 , 0 . 9 ]
r2 = [ 0 . 9 5 , 0 . 8 5 ]
feature imp1 = [ 0 . 5 6 , 0 . 4 5 ]
r 2 e r r = [ 0 . 0 0 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 1 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )

85



p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = COV k = 0.9
# vary ing COV l
#RR
myl i s t = [ 0 . 7 , 0 . 9 ]
r2 = [ 0 . 9 5 , 0 . 8 5 ]
feature imp1 = [ 0 . 5 6 , 0 . 4 5 ]
r 2 e r r = [ 0 . 0 0 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.7 , COV k = 0.9 # a l t e r n a t e p l o t
# vary ing COV l
#RF
myl i s t = [ 0 . 4 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 9 4 , 0 . 8 8 , 0 . 81 , 0 . 8 6 ]
feature imp1 = [ 1 . 1 1 , 1 . 02 , 1 . 43 , 2 . 5 6 ]
feature imp2 = [ 0 . 3 1 , 0 . 25 , 0 . 02 , 0 . 2 1 ]
r 2 e r r = [ 0 . 0 0 , 0 . 01 , 0 . 01 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 3 , 0 . 0 3 , 0 . 0 6 ]
f ea ture imp2er r = [ 0 . 0 1 , 0 . 0 1 , 0 . 0 0 , 0 . 0 2 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.7 #a l t e r n a t e p l o t
# vary ing COV l
#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

86



r2 = [ 0 . 5 6 , 0 . 49 , 0 . 48 , 0 . 54 , 0 . 7 5 ]
feature imp1 = [ 0 . 9 7 , 0 . 92 , 1 . 04 , 1 . 5 , 3 . 1 1 ]
feature imp2 = [ 0 . 1 7 , 0 . 02 , 0 . 01 , 0 . 17 , 1 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 4 , 0 . 0 4 , 0 . 0 5 , 0 . 1 1 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 . 0 1 , 0 , 0 . 0 2 , 0 . 0 6 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# COV j = 0.5 , COV k = 0.7 # a l t e r n a t e p l o t
# vary ing COV l
#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 7 2 , 0 . 57 , 0 . 51 , 0 . 48 , 0 . 5 6 ]
feature imp1 = [ 0 . 9 7 , 0 . 68 , 0 . 79 , 0 . 74 , 1 . 8 8 ]
feature imp2 = [ 0 . 4 8 , 0 . 21 , 0 . 06 , 0 . 04 , 0 . 2 8 ]
r 2 e r r = [ 0 . 0 1 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 4 , 0 . 0 2 , 0 . 0 3 , 0 . 0 3 , 0 . 0 7 ]
f ea ture imp2er r = [ 0 . 0 3 , 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 3 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0.3 , COV k = 0.5 # a l t e r n a t e p l o t
# vary ing COV l
#RF
r2 = [ 0 . 3 2 , 0 . 26 , 0 . 24 , 0 . 24 , 0 . 3 4 ]
feature imp1 = [ 0 . 4 7 , 0 . 36 , 0 . 36 , 0 . 59 , 1 . 3 3 ]

87



f eature imp2 = [ 0 . 1 7 , 0 . 06 , 0 . 02 , 0 . 01 , 0 . 3 6 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 02 , 0 . 0 2 ]
f ea ture imp1er r = [ 0 . 0 2 , 0 . 0 2 , 0 . 0 2 , 0 . 0 3 , 0 . 0 7 ]
f ea ture imp2er r = [ 0 . 0 2 , 0 . 0 1 , 0 . 0 1 , 0 . 0 1 , 0 . 0 4 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

#COV j = 0 , COV k = 0.7 #a l t e r n a t e p l o t
# vary ing COV l
#RF
myl i s t = [ 0 , 0 . 3 , 0 . 5 , 0 . 7 , 0 . 9 ]

r2 = [ 0 . 4 8 , 0 . 52 , 0 . 63 , 0 . 93 , 0 . 7 5 ]
feature imp1 = [ 0 . 9 8 , 1 . 13 , 1 . 55 , 2 . 81 , 3 . 1 1 ]
feature imp2 = [ 0 , 0 . 09 , 0 . 34 , 1 . 24 , 1 ]
r 2 e r r = [ 0 . 0 2 , 0 . 02 , 0 . 02 , 0 . 0 1 , 0 . 0 1 ]
f ea ture imp1er r = [ 0 . 0 3 , 0 . 0 4 , 0 . 0 5 , 0 . 1 , 0 . 1 1 ]
f ea ture imp2er r = [ 0 . 0 0 , 0 . 0 1 , 0 . 0 2 , 0 . 0 7 , 0 . 0 6 ]

p l t . e r r o rba r ( myl ist , feature imp1 , ye r r = feature imp1err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , feature imp2 , ye r r = feature imp2err ,
marker=’ o ’ , c a p s i z e =4)

p l t . e r r o rba r ( myl ist , r2 , ye r r = r2er r , marker=’ o ’ , c a p s i z e =4)
p l t . x t i c k s ( myl i st , my l i s t )
p l t . x l a b e l ( ” c o r r e l a t i o n  v a r i a b l e  1  and  v a r i a b l e  2” )
p l t . y l a b e l ( ”R−squared /PFI  s co r e ” )
p l t . l egend ( l a b e l s = [ ”PFI  s c o r e  v a r i a b l e  1” ,
”PFI  s co r e  v a r i a b l e  2” , ”R−squared ” ] )
p l t . g r i d ( )

# add i t i o n a l s imu la t i on s f o r COV k = 0.7 , COV j = 0 ,
# and COV l = 0.7 in RF
m = 100
n = 5000
k = 7
r 2 l i s t a d d = [ [ None ]∗100 for in range ( k ) ]
i m p 1 l i s t a d d = [ [ None ]∗100 for in range ( k ) ]
i m p 2 l i s t a d d = [ [ None ]∗100 for in range ( k ) ]
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for q in range ( k ) :
mean = [ 1 , 1 , 1 ]
matrix = [ [ 1 , 0 . 7 , 0 ] , [ 0 . 7 , 1 , 0 . 7 ] , [ 0 , 0 . 7 , 1 ] ]
datamat = np . random . mul t iva r i a t e norma l (mean , matrix , n )
y = datamat [ : , 0 ]
X = pd . DataFrame ( datamat [ : , ( 1 , 2 ) ] )

parameters = { ’ max features ’ : [ 1 , 2 ] ,
’ m in samp l e s l e a f ’ : range (1 , 256) ,
’ m i n s a m p l e s s p l i t ’ : range (2 , 256)}

r f r e g r = RandomForestRegressor ( n e s t imato r s = 500)
CV = RandomizedSearchCV ( es t imator = r f r e g r ,
pa ram d i s t r i bu t i on s = parameters , n i t e r = 100 , cv = 5)
CV. f i t (X, y )
print (CV. b e s t e s t i m a t o r )
print (CV. b e s t s c o r e )

for i in range (m) :
datamat = np . random . mul t iva r i a t e norma l (mean , matrix , n )
y = datamat [ : , 0 ]
X = pd . DataFrame ( datamat [ : , ( 1 , 2 ) ] )

X train , X test , y t ra in , y t e s t = t r a i n t e s t s p l i t (X, y )
r f r e g r = CV. b e s t e s t i m a t o r
r f r e g r . f i t ( X train , y t r a i n )
r e s u l t = permutat ion importance ( r f r e g r ,

X test , y t e s t , n r epea t s =50)
r2 = round( r f r e g r . s c o r e ( X test , y t e s t ) , 2)
r 2 l i s t a d d [ q ] [ i ] = r2
i m p 1 l i s t a d d [ q ] [ i ] = r e s u l t . importances mean [ 0 ]
i m p 2 l i s t a d d [ q ] [ i ] = r e s u l t . importances mean [ 1 ]

mean imp1 = round(np . mean( i m p 1 l i s t a d d [ q ] ) , 2 )
std imp1 = round(np . std ( i m p 1 l i s t a d d [ q ] ) , 2 )
mean imp2 = round(np . mean( i m p 2 l i s t a d d [ q ] ) , 2 )
std imp2 = round(np . std ( i m p 2 l i s t a d d [ q ] ) , 2 )
mean r2 = round(np . mean( r 2 l i s t a d d [ q ] ) , 2 )
s t d r 2 = round(np . std ( r 2 l i s t a d d [ q ] ) , 2 )
print (CV. b e s t e s t i m a t o r )
print ( ’ mean r2 :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean r2 , s t d r 2 ) )
print ( ’ f e a t u r e 1  importances :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean imp1 , std imp1 ) )
print ( ’ f e a t u r e 2  importances :  {} ,  standard  d ev i a t i on :  {} ’
. format ( mean imp2 , std imp2 ) )
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