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Abstract

This Master’s thesis investigates the robustness of quantum nonlocality in the triangle
network—a scenario without input choices—focusing on photonic implementations using
generalized NOON states. We demonstrate that even for N = 2, these states exhibit high
resistance to photon loss, with certified robustness up to 10.3% under realistic conditions.
Additionally, we identify and address experimental challenges, not only including single-
and full-photon loss, but also source imperfection and the challenge those imperfections
pose for reliably generating the desired quantum state. Using heralded SPDC sources, we
propose an experimental scheme that generates the desired state while avoiding global
post-selection, thereby closing the detection loophole in the triangle configuration. Our
results lay the groundwork for a practical realization of network nonlocality in photonic
systems.
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Kurzfassung

Diese Masterarbeit untersucht die Robustheit nichtlokaler Korrelationen im Triangle
Network, mit Fokus auf photonische Implementierungen basierend auf verallgemeinerten
NOON-Zustanden. Wir zeigen, dass bereits fiir N = 2 eine hohe Widerstandsfahigkeit
gegeniiber Photonenverlust erreicht wird, mit nachgewiesener Robustheit bis zu 10,3%
unter realistischen Bedingungen. Neben dem Einfluss von Einzel- und Totalverlust von
Photonen analysieren wir auch die Imperfektionen der Quellen und die damit verbundene
Schwierigkeit einen gewlinschten Quantenzustand zu erzeugen. Durch den Einsatz von
SPDC-Quellen schlagen wir ein experimentelles Konzept vor, welches den gewiinschten
Zustand generiert, und das sogleich ohne globaler Selektion. Somit schliefst sich die
Detektionsliicke in dieser Konfiguration. Unsere Ergebnisse ebnen den Weg fiir eine
realistische, experimentelle Umsetzung von Nichtlokalitdt in photonischen Systemen.

iii



Contents

[Acknowledgements| i

Abstractl .
i
(L__Introduction 1
(L1 ‘T'he Standard Bell Scenariol . . . . . . . .. ..o oo 1
1.2 Expanding beyond the conventional Bell Framework - Quantum Networks] 2
[1.3  "The Topology of the Triangle Network| . . . . . . . .. ... ... ... .. 4
|[1.4  Progress Toward Noise-Robust and Experimentally Implementable Triangle |

| Network Nonlocality] . . . . . ... ... ... .. ... ... 5
[1.4.1 Range of Nonlocality]. . . . ... ... ... ... ... ... .... 6

[1.4.2  Indicating Network Nonlocality] . . . . . .. ... .. ... ... .. 7

[1.4.3  Advancing to Experimental Realizations] . . . . . . . ... ... .. 8

[1.4.4  Closing the Detection Loophole in the Triangle Network| . . . . . . 9

2 Methodological Approaches for analyzing Triangle Networks| 10
[2.1 Token Counting Distributions| . . . . . . .. ... .. ... ... ... ... 10
[2.1.1 Mathematical Framework for Network Subspaces| . . . . . . . . .. 10

[2.1.2 Concept of Token-Counting Strategies| . . . . . . . .. .. ... .. 11

[2.1.3  Rigidity of Token-Counting Strategies| . . . . . . .. ... .. ... 11

[2.2  Network Nonlocality by logical Contradictions (RGB4-Method)| . . . . . . 13
R21 RGB4Distribution| . . . . . . . . .. 13

222 Theorem of RGBA . ... ... ... ... ... ... ... ..... 14

[2.3  Single-Photon Nonlocality] . . . . . . . . . ... ... ... 20
[2.3.1 Setup with passive Optical Elements| . . . . . . ... ... ... .. 20

[2.3.2  Deriving a LHV Model tor the triangle network with passive optical |

| elements having click /no-click detectors] . . . . ... ... .. ... 22
[2.3.3  Proving Nonlocality with Linear Programmingl . . . . . . . .. .. 24

[2.4  Noise Tolerance in the Triangle Network] . . . . . ... ... ... ... .. 28
[2.4.1  Approximate Parity TC Rigidity] . . . . .. ... ... .. ... .. 28

[2.4.2  Deriving Constraints for a Linear Program using PTC Method| . . 31

[2.5  Experimental Implementations] . . . ... .. ... ... ... .. ..... 36
[2.5.1 Experimental Network Nonlocality using the Elegant Distribution|. 36

[2.5.2  Encountering Loopholes| . . . . . . .. ... ... ... ... ... 38

iv



Contents

[3  Noise-Robust Triangle Network Nonlocality|
3.1 Multi-Photon Nonlocality) . . . . ... ... ... ... ... ........
[3.1.1  Constructing LHV - Models for tilted NOON States| . . . . .. ..
[3.1.2  Proving Network Nonlocality for N=2 photons per Source| . . . . .
3.2 Single-Photon-Loss Nonlocality] . . . . . ... .. ... ... ... ...
[3.3  Full Photon Loss Nonlocality via a Geometrical Approach] . . . . . . . ..
[3.3.1 Introducing a new LHV Model accounting for Full Photon Loss| . .
B.32 Constrantsl . . . . . . . ..o
[3.4  Full Photon Loss Nonlocality via PTC Method . . . . . . ... ... ...

[4  Noise-Robustness under Source Imperfection|
4.1 Loophole-Free Analysis of Quantum Networks with Imperfect Sources| . .
4.1.1  Persistence of Nonlocality in the Triangle Networkl . . . . . . . ..
4.1.2  Generalization to a Ring Network with J Parties] . . . . . . .. ..
4.2 Quantum State Generation| . . . . . . . ... ... L
4.2.1  Setup tor Generating Balanced and Tilted Quantum States| . . . .
4.2.2  Experimental Setup and its Practical Challenges| . . . . . . . . ..

[5 Summary and Discussion|

6.1  Computing Probability Distribution| . . . . . . . .. ... ... ... ...
6.2 Construction of the LP using PTC Methodl . . . . . ... ... ... ...
6.3 Code and Data Availability] . . . . . . ... ... ... ... .. ... ...

[List of Figures|

Bibliograp

39
39
40
43
48
51
51
53
58

60
60
60
64
67
67
70

73

75
75
7
78

79

82



1 Introduction

Bell’s theorem, established in 1964, marks an important moment in quantum theory,
showing that local and realistic hidden variables alone do not fully explain quantum
predictions. Research on Bell’s nonlocality surged over decades, driven by curiosity and
advances in quantum information science. Initially focused on simple experiments like
the Einstein-Podolsky-Rosen paradox2, recent years experienced a shift towards studying
Bell’s nonlocality in multi-party scenarios, reflecting interconnected independent sources.
This exploration, known as Bell’s nonlocality in quantum networks, offers a broader
understanding of nonlocality, aiding comprehension of quantum theory’s relation to other
physical models and facilitating quantum information processing, especially within scal-
able quantum networks.

In the following, we give an introduction to locality versus non-locality in the standard
Bell scenario (see section 1.1) and beyond the conventional Bell framework (see section
1.2). We also briefly discuss the motivation for conducting research in this field, introduce
the topology of the triangle network (see section 1.3) and discuss advancements made
concerning triangle network nonlocality (see section 1.4).

1.1 The Standard Bell Scenario

For the purpose of comprehension and convenience, we consider the bipartite scenario. The
parties Alice and Bob independently choose measurements x and y, obtaining outcomes
a and b. The local-hidden-variable theory states that the outcomes of measurements are
determined exclusively by the inputs and local hidden variables, which determine the
observed correlations. This local hidden variable A depends on some unknown probability
density p(\). The correlations admit a local model if they can be written as

p(a,blx,y) = /d)\p()\)p(a]a:, A) - p(bly,A), with /d)\p()\) =1 (1.1)

Note that Alice’s and Bob’s choices of settings (z,y) are independent from the local
hidden variable X\. Any correlation consistent with the no-signaling principle (stating that
information cannot be transmitted faster than light) that does not admit a local model is
nonlocald,

In general, the local scenario is described by a finite set P = {p(ablzy)}. The set of
points P that allows a decomposition of the form corresponds to a local polytope.
A polytope for a standard Bell scenario is a geometric object that is both compact and
convex, characterized by having a finite number of extreme points, known as vertices.
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Hereby, convex refers to a shape where any line segment connecting two points within
the shape lies entirely within the shape. The polytope is bounded by a finite set of
hyperplanes, also addressed as facetsll Those facets of a local polytope delimit the local
region from the non-local one, meaning they coincide to linear inequalities

DD Fabay plasbla,y) < C, (1.2)

ab Ty

with C arising from the maximum classical correlation between measurements and zgpzy
is associated with specific combinations of measurement outcomes (a and b) and settings
(z and y). Those inequalities are called Bell inequalities. A well-known Bell inequality
is, e.g., the Clauser-Horne-Shimony-Holt (CHSH) Bell inequality®. In summary, the
local polytope is the convex hull of these vertices, allowing the determination of nonlocal
correlations by checking Bell inequalities.

In addition to a local polytope, there exists another category known as the no-signaling
polytope, which ensures that no information can be transmitted between partiesm. In
summary, Bell’s Theorem and subsequent experiments demonstrate that quantum theory
cannot be fully explained by any local hidden variable model. This means that the
entangled particles exhibit correlations that defy classical intuition about locality and
realism, highlighting the fundamentally non-local nature of quantum mechanics

1.2 Expanding beyond the conventional Bell Framework -
Quantum Networks

Recently the interest has grown how the effects of the "Standard Bell scenarios" change
when considering Bell scenarios in quantum networks. The definition of a quantum
network is as follows:

Definition 1.2.1 (Quantum Network). A quantum network in the context of Bell’s
nonlocality is a structured arrangement of m independent (quantum) sources that
distribute entangled states or other (quantum) states to a set of n parties, referred to
as nodes.

Unlike the theory of traditional Bell tests, quantum networks generalize nonlocality by
exploring scenarios with complex interconnections and dependencies, such as multipartite
entanglement or nonlocality across independent sources. Also, Bell scenarios in networks
come with a crucial difference: They attribute more than one source. Each source is
assumed to be independent from the rest of the network. This independence is the key
feature, which differentiate it from standard multipartite scenarios. Additionally, it causes
a more complex structure than it is the case for the usual local polytope. Hereby, the
most crucial properties of this local set in networks arell:

1. As in the Standard Bell scenario, the local set is contained in a local polytope.

2. It is not convex.
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3. It is closed and connected by a finite number of polynomial inequalities.

We will not provide a proof for these statements, but rather discuss them briefly. For a
proof, the reader is referred to Tavakoli et al.B. The first point is intuitive as it arises
from loosening the constraint of source independence in equation , reflected in the
structure of the local polytope

p(al,...,an]:vl,...,xn):/d)\1 q()q).../d)\mq()\m)p(aﬂxl,XI)-...-p(an|mn,)\n). (1.3)

Note that equation represents the local model for a network, with m sources, n parties.
X; denotes the collection of local variables received by the party i, with i € {1,...,n}. The
other two properties are fundamentally different from the standard Bell scenario, but can
be intuitively understood when constructing the local polytope for networks, see figure
Non-convexity can be seen when studying the local sets of networks, see figure (right).
Due to this non-convexity, the network Bell inequality is not linear, but polynomial.

Network Bell
: lity

q

Figure 1.1: (left) An illustration depicting the local polytope, the convex quantum set of
correlations, and the no-signaling polytope. Bell inequalities are represented
as hyperplanes corresponding to a facet of the local polytope. (right) Network
local correlations are within network quantum correlations, nested in quantum
correlations without independent sourcesd,

Due to these changes of properties (2. and 3.), the task of characterizing the correlations
in networks is much more challenging than in the "Standard Bell scenarios". Applying
the conventional framework, by using linear Bell inequalities, gives an incomplete char-
acterization of a problem due to the second property. Violating a Bell-like inequality
in a quantum network context carries two distinct interpretations: it could signify the
use of non-classical resources (such as entanglement or other quantum phenomena) if
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the assumed network structure is correct. Alternatively, it might indicate that the as-
sumed network structure itself is incorrect, highlighting the need to carefully consider the
underlying assumptions about the network conﬁguration.

To describe network correlations by utilizing quantum models, the Born rule

P0(a1, s an|21, ooy 2) = Tr|(p1 @ .. @ p)(AY) @ .. A™ ) (1.4)

a1|m1 an|$n

is used. Due to the independence of each source, one can associate to each source an

independent, (perhaps even entangled) quantum state p;,i € {1,...,m}. Each of the
)

parties performs a measurement ASJ 2y j € {1,...,n}, depending on the connection to
their respective sources. Note that the network quantum set is, as the network local set,
non-convex and closed®.

Exploring Bell’s nonlocality in networks bridges foundational quantum theory and practical
quantum information science. On a fundamental level, it deepens our understanding of
quantum mechanics by extending Bell’s theorem to more complex scenarios. Practically,
it holds promise for advancing information processing through scalable quantum networks
and the development of a quantum internet. Theoretical interest is complemented by
experimental efforts to tackle the unique challenges of networked nonlocality, offering new
avenues for both scientific inquiry and technological innovation®.

1.3 The Topology of the Triangle Network

In this section, we provide an overview of the fundamental aspects and topology of the
triangle network. A more detailed mathematical formulation will follow in chapter 2.

C

|
A
i

\Y/?

Figure 1.2: Topology of the triangle network, with three parties A, B and C and three
sources «, 8 and
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The triangle network, a minimal yet powerful model, serves as a foundational framework
for exploring quantum correlations in complex quantum networks. This network comprises
three nodes or "parties" — typically labeled A, B, and C, often addressed as Alice, Bob
and Charlie — interconnected by three independent sources. Each source transmits a
bipartite state shared between two parties. Specifically, source a connects B and C,
source 3 links A and C, and source =y links A and B. Unlike traditional Bell setups, the
triangle network functions without external inputs for each party, making it distinct and
inherently Challengingﬂl.

In studying triangle networks without input, the notion of Bell’s locality is mathematically
the same as in equation , but only m = n = 3. A distribution p(a, b, ¢) in the triangle
network is thus local if it can be expressed in a form reflecting classical causal constraints:

pla.b,c) = / dadfdy pa(alBy) psbha) po(claB) pa(@) ps(B) pr(),  (15)

where the variables «, 8, and ~ represent hidden classical states distributed by each source
pi,i € {a, 8,7}, and each party’s response function px, X € {4, B, C'} depends only on
its locally received information. In contrast, nonlocality is observed when a distribution
p(a, b, c) cannot be decomposed into such a form. Quantum mechanics allows for such
nonlocal correlations, which can be modeled by replacing classical distributions with
quantum states p,, pg, and p,, and response functions with measurements in the form
of Positive Operator-Valued Measures (POVMs). For a quantum model, the probability
distribution is given by:

a b c
po(a,b,c) =Tr (pa ® pg @ py - Hfél) ® Hg_g) ® H(C)> , (1.6)

where Hg?) denotes the measurement operator for the outcome x at party X € {A, B,C'}

with the properties >, Hg?) =[x and Hg‘?) > 0,Vz. In equation , we slightly simplify
the notation by omitting explicit references to the distinct Hilbert spaces where the
operators act, as these are evident from figure .

Throughout this thesis, we explore network nonlocality not by constructing polynomial Bell
inequalities, but by using an alternative approach namely through logical contradictions.
This concept is examined in depth in the following chapter.

1.4 Progress Toward Noise-Robust and Experimentally
Implementable Triangle Network Nonlocality
In recent years, significant progress has been made in the field of nonlocality within the

triangle network. Nine key milestones in this development are illustrated in figure [1.3
below.
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mn Vil IX
] Neural networks V_ Noise-robust proofs Closing the
Introduced indicate quantum Token-Counting creates of network Detection
nonlocality in the nonlocality and noise rigid nonlocal nonlocality Loophole
triangle network robustness correlations in networks (2023) (2025)
(2012) (2020) (2022)

1] v VI Vil
Nonlocality Single-photon Network nonlocality in Experiment demonstrates
demonstrated in entanglementreveals triangle networks using triangle network nonlocality
triangle network network nonlocality in inflation technique (2024)
(2019) triangle network (2023)
(2021)

Figure 1.3: Advancements in Triangle Network Nonlocality

Our timeline represents the milestones by boxes of different colors. The green colored
boxes highlight crucial contributions, each of which will be discussed in detail in dedicated
sections later in the next chapter. However, the three uncolored boxes, which also represent
foundational developments, will be briefly addressed here to provide a complete overview,
but will not be discussed in detail later. This approach ensures that the reader gains the
necessary background while avoiding unnecessary repetition. By following this structure,
we aim to establish a clear narrative that ties together the theoretical and experimental
advancements in the field, setting the stage for a deeper exploration of the concepts and
methodologies that define this area of research. The blue colored box represents our
contribution.

1.4.1 Range of Nonlocality

Over the past 15 years, the concept of Network Nonlocality has garnered significant
attention. In the publication by Branciard et al., one of the earliest uses of network
configurations was presented to demonstrate entanglement swapping. In the work by
FritZ8, the author expanded on this work by exploring scenarios involving multiple sources
but no measurement choices, with a focus on identifying quantum nonlocality and posing
several open questions. In particular, he investigated the triangle scenario, emphasizing
its symmetry, monogamy properties, classical correlation constraints, and the presence of
non-classical quantum correlations (see figure Box I).

A significant advancement in the understanding of non-local correlations has been made
in 2019 by Renou et al B, who demonstrated quantum nonlocality with entangled sources
and measurements in the triangle network using joint statistics of local measurements.
Two of the measurement projectors in their study are defined by the parameter u? € [0, 1],
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which represents the degree of entanglement in the measurement basis. For balanced
quantum states, they proved the presence of nonlocal correlations for u? € (0,0.21551)
and u? € (0.78499, 1), using logical contradictions rather than Bell inequalities. The
results will be thoroughly discussed in section 2.2 (see figure Box II).

In 2023, the study of Pozas-Kerstjens et al® extends the investigation of nonlocality in
quantum networks, proving that certain quantum triangle distributions do not admit
triangle-local models beyond the range initially established. By reducing the distributions
to binary outcomes and applying the inflation technique, the authors additionally
demonstrate network nonlocality for u? € (0.56250, 0.65626) using balanced Bell states,
while also creating a set of network Bell inequalities for the triangle scenario that are of
broader interest (see figure Box VI).

The main result of those two publications is shown in figure [.4]

0,5 0,56250 0,65626 0,78499 1
i | | | w?
| 5 l E
Pozas- Kerstjens et al. (2023) Renou et al. (2019)

Figure 1.4: Range of Nonlocality of the RGB4 distribution for balanced quantum states

Note that the range of nonlocality is symmetric around 0.5, thus only the interval [0.5, 1]
in figure[1.4] is shown.

Lastly, it is important to note that both studies utilized the RGB4-distribution, which
was introduced by Renou et alB. This specific distribution is a token-counting (TC)
distribution®, meaning that a fixed number of tokens are distributed by the sources (see
figure Box V). We will also discuss this type of distributions in detail later in section
2.1.

1.4.2 Indicating Network Nonlocality

A powerful method for studying network nonlocality, developed by Krivachy et al.2
involves training neural networks to replicate observed probability distributions. The
key idea is that if a distribution can be accurately learned by the network, it is likely
classical. The approach works by minimizing the Euclidean distance between the network’s
predicted distribution and the actual observed distribution. A larger Euclidean distance
suggests that the distribution cannot be reproduced by classical means, indicating the
presence of quantum nonlocality. In other words, when the neural network struggles to
approximate the distribution (i.e., when the Euclidean distance is large), it points to the
likelihood of quantum nonlocal correlations.

The researchers applied this technique to several examples within the triangle network
configuration, providing strong evidence that certain distributions exhibit nonlocal correl-
ations. There, they also explored the previously mentioned RGB4-distribution proposed
by Renou et alB using the neural network approach to further conjecture nonlocality.
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The study also offers estimates on the noise robustness, shedding light on the resilience
of quantum correlations in the presence of noise (see figure Box III). In figure
the conjectured nonlocality of the RGB4 distribution in the noiseless case is illustrated,
predicting nonlocality throughout almost the entire interval u? € (0.5,1).

0.010 +

0.008

o
o
o
[e2]
1

distance

0.004

0.002 A

0.000 A

0.5 0.6 0.7 0.8 0.9 1.0
u?

Figure 1.5: Indication of network nonlocality for the RGB4-distribution2.

1.4.3 Advancing to Experimental Realizations

We now shift the focus to its experimental realization. In 2021, Abiuso, Krivachy et al.
published an interpretation of the RGB4 distribution®, introducing spatially entangled
photons and providing a theoretical blueprint for an experimental setup to eventually prove
nonlocality withD, This proposed setup relies exclusively on passive optical elements.
Nonlocality with passive tools, such as beamsplitters and photodetectors, is often regarded
as unattainable since these elements fail to preserve the quantum uncertainty essential for
nonlocal behavior. Passive measurements reveal whether a photon reached a given party,
collapsing the quantum superposition into classical-like certainty. Active techniques, e.g.
adding local photons, are conventionally deemed necessary to probe entanglement and
demonstrate nonlocality.

This work challenges that notion, showing that nonlocality can indeed be revealed using
only passive measurements. Furthermore, it addresses crucial aspects of experimental
feasibility, including the handling of noise—such as photon loss, as well as source and
detector inefficiency. Numerical evidence presented by the authors highlights the setup’s
robustness to noise sources (see figure Box IV).

While numerical evidence for noise-robust nonlocality in the triangle network exists, an
analytical proof remains elusive. In 2023, Boreiri, Ulu et al. made significant progress
toward this goal'm. They introduced a novel approach, here referred to as the Party
Token-Counting (PTC) method, which provides an analytical proof of noise robustness
for a more generalized version of the RGB4 distribution, tolerating up to 0.48% loss.
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This method represents a crucial step in understanding the analytical foundations of
noise-robust nonlocality. A detailed discussion of the PTC method and its implications
will be presented in a later section of this chapter (see figure Box VII).
Experimental realizations of network nonlocality without inputs remain limited, but in
2024 Wang et al 1@ successfully demonstrated genuine quantum nonlocality in the triangle
network. Instead of utilizing a TC distribution, their work employed the Elegant distri-
bution™ with an experimental setup consisting exclusively of entangled photon sources
and Elegant Joint Measurements (EJM). Nonlocality was confirmed through inequality
violations and neural network analysis, establishing that the observed distribution lies
outside the local set. However, the approach introduces loopholes as it presents reliance
on global postprocessing of outcomes and data renormalization (see figure Box VIII).
We also address this problem in a later section.

1.4.4 Closing the Detection Loophole in the Triangle Network

This Master’s thesis was prepared simultaneously with the publication by Krivachy et al.
(2025), Closing the Detection Loophole in the Triangle Network with High-Dimensional
Photonic StatesT8. As such, the majority of the results presented here align with those in
the referenced publication, with deviations occurring only in section 4.1. In this section,
we present a distinct proof, as the paper provides a generalization and adopts a different
approach.

In this work, we investigate triangle network nonlocality across both the single-photon
and multi-photon regimes by constructing a local hidden variable model for generalized
NOON states. We demonstrate nonlocality for NV = 2 photons, showing an expansion of
the nonlocality range within the interval u? € (0.761,0.785] for balanced quantum states.
Furthermore, we examine the dominant noise source in the transmission channels—single-
photon loss—and achieve robustness up to 10.3%. Although our initial approach to
addressing full photon loss was unsuccessful. A second approach appears promising, as it
yields results; however, these results are incorrect.

Additionally, we explore the detection loophole in relation to state generation and photon
loss in transmission channels. We successfully resolve the state generation issue and provide
a generalization for a J-party ring network. Moreover, we propose an experimental setup
for generating spatially entangled quantum states via heralded SPDC-based entanglement.
This approach eliminates the need for global post-processing by utilizing failure bits to
certify unsuccessful photon generation, thus ensuring the validity of nonlocality proofs
even in the presence of photon loss.

Ultimately, our goal is to propose a detection loophole-free and feasible experimental
implementation of network nonlocality in the triangle network.



2 Methodological Approaches for
analyzing Triangle Networks

This chapter provides a comprehensive and detailed exploration of the fundamental
concepts and developments essential for understanding the discussions in the subsequent
chapters. To establish a clear framework, we orient ourselves based on the previously
introduced timeline, beginning with the concept of a token-counting distribution. We
then outline the methodological approach used in this thesis to demonstrate triangle
network nonlocality. Subsequently, we introduce the concept of a passive optical setup
that preserves nonlocality within the triangle network. Finally, we address realistic
experimental conditions, such as photon loss and the detection loophole, along with the
associated challenges they present.

2.1 Token Counting Distributions

This section solely focuses on main aspects of the token-counting (TC) approach as
presented in the publication Network Nonlocality via Rigidity of Token-Counting and
Color-Matching™. Emphasis is placed on the TC method’s role in generating nonlocal
correlations across network structures.

2.1.1 Mathematical Framework for Network Subspaces

A network N is constructed of I sources Si,...,S; and J parties Ay, ..., Ay, where each
source connects to a certain number of parties, further denoted as S; — A;. Without
inputs, each party measures the received subsystems, yielding a joint output distribution
P= {P(al,...,aJ)}.

In the context of a network IV, the focus lies on the set of probability distributions
generated when sources transmit either classical or quantum signals to the parties involved.
To provide greater clarity and precision for the subsequent definitions and theorems,
the classical and quantum strategies are presented with more detailed mathematical
formulation.

In a classical strategy, each source S; sends classical information by selecting a value
s; € S; with probability p(s;). Each party A; then receives values {s; : S; — A;}
from connected sources and provides an output a; based on a probabilistic function
p(a;|{si : Si = A;}). The joint distribution of outputs is expressed as

pc(al, R ,aJ) = Z Hp(si) : Hp(aj\{si 1S — AJ})

S1,..,8] 1 7

10
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In a quantum strategy, sources distribute quantum states, with parties performing
projective measurements. Here, each source S; distributes a quantum state [1;) in the
Hilbert space H; = ®jzi%j H; ;, where H;; contains the part sent to party A; by S;.
The arrows represent the flow of quantum information between the different parties,
each associated with its own Hilbert space. Thus, each party A; performs a projective
measurement {Il,; : a;} on the Hilbert space H; = @ H; ;. The resulting joint
distribution of outputs is given by

1:0—]

palar,..,az) = Tr | ) [vi) (¥l - () o,
i J

2.1.2 Concept of Token-Counting Strategies

The concept involves each source S; distributing 7; tokens to its connected parties. Each
party A; counts the number of tokens received and may additionally measure other
degrees of freedom.

Definition 2.1.1 (TC Strategy). A strategy in network N is termed TC if: (i) Each
source S; distributes a fixed number of tokens n; to connected parties, possibly along
with additional information. (i) Each party A; counts the total tokens n; received and
outputs a; = (nj,a;), where aj represents any additional information. The resulting
distribution is referred to as a TC distribution P = {P((n1,a1),...,(ns,ar))}

Note that not accounting for «;, leaves the token-count marginal distribution Pjge,. Such
a TC distribution can always be classically simulated by a TC strategy. Not accounting
additional information «;, can be understood as coarse-graining outcomes.

Additionally to the definition above, we define the notion of a No-Double-Common-Source
network.

Definition 2.1.2 (No Double Common-Source (NDCS) Networks). A network N is
called a NDCS network if each pair of parties do not share more than one common
source.

This essentially means that there do not exist distinct sources S; # Sy such that S; —
Aj,Aj/ and Sy — Aj,Aj/.
2.1.3 Rigidity of Token-Counting Strategies

When speaking of rigidity, we hereby refer to the ability to demonstrate that certain
distributions can only be explained by one unique local hidden variable model. In the
following, we will discuss the rigidity of TC strategies.

11
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Theorem 2.1.3 (Token Counting). Let N be a NDCS network consisting of J
parties and I sources. Consider a strategy where source S; distributes n; tokens,
leading to the corresponding TC distribution P = {P((n1,01),...,(ns,ar))}.
For any possible token distribution t! with the condition that Zj:sz-—mj t] = n;, define
the probability qz(ti) that the source S; distributes {tg}jzgiﬁAj tokens to the connected
parties {A;}j.5,A;-
When considering another strategy that simulates P = {P((n1,a1),...,(ns,az))}
on N, this strategy will also be a TC strategy with the same distribution of tokens.
Essentially, for any strategy that simulates P, there exist functions T} : S; — Z>
for all S; — A;j satisfying the following conditions:
1.

> T(s) =i, (2.1)

jISi—>Aj

S Ti(e) =n, (22

Z':Si—>Aj

3. For any source S; and any tg satisfying ijsi%Aj tf =1, the following holds:

Pr(T(s:) = ] = ai(t)) (2.3)

The theorem argues that any strategy simulating a TC distribution must itself be TC.
This means that there exist functions T; that determine the token allocation, satisfying
three conditions: Firstly, the total number of tokens distributed, equals ;. The second
condition establishes that the total number of tokens received by party A; from the
connected sources is equal to n;. The third condition relates to the probability that
source 5; distributes a specific token configuration tg while maintaining the total token
allocation 7;. It implies that for any token distribution satisfying this condition, the
likelihood of achieving that distribution must align with the probability ¢;(¢]). This
condition ensures consistency in the probabilistic framework governing the simulation of
the token distributions across the network.

Additionally, we need to emphasis that the total number of tokens is fixed, such that

ZnJ = ana if Ptoken > 0.
J i

For a triangle network distribution p(a, b, ¢), this implies that a + b + ¢ is constant.

For a comprehensive understanding of the proof, readers are encouraged to study the
publication on TC strategy for detailed insightsTL.

Specific TC distributions will not be addressed in this section, as they will be covered
later.

12
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2.2 Network Nonlocality by logical Contradictions
(RGB4-Method)

This section examines network nonlocality using logical contradictions (RGB4-method)
introduced in Genuine Quantum Nonlocality in the Triangle NetworkB by Renou et al.
Named after the initials of its authors, the RGB4 method demonstrates a novel form of
quantum nonlocality in input-free networks, exemplified in the triangle network using
entangled states and joint entangled measurements. The resulting quantum distribution
is classified as TC distribution.

A key challenge in analyzing the triangle network is characterizing the set of distributions
p(a, b, c) that arise from independent sources. This independence results in a non-convex
set, making traditional tools such as linear Bell inequalities ineffective. To overcome this,
the authors employ a logical contradiction approach. They construct a family of quantum
distributions pg(a, b, ¢) and prove that no local hidden variable model, can reproduce
these distributions. This is achieved by identifying a set of conditions required for any
local model and demonstrating that these conditions cannot be satisfied simultaneously.
We will discuss the derivations in the following sections.

Also, while the approach of investigating network nonlocality through non-linear Bell

inequalities has certain limitations, it has been employed in several studies, e.g. by Bibak
et al T8,

2.2.1 RGBA4-Distribution

The first step in order to prove nonlocality, is to construct the distribution pg(a, b, c).
Each party, Alice, Bob and Charlie share a two-qubit pure entangled state

|Y) = s]01) + |10}, (2.4)

where s,7 € R and 5% + 72 = 1. Additionally, each party A, B and C perform a projective
measurement. The basis is given by

12) =[11), |x0) = uo|01) + vo [10),

0) =100), [x1) = w1 [01) —v1[10), (2.5)
with u = ug = —v1,v = u1 = vg, u,v € R and u? + v? = 1. The projective measurement
is labeled by |¢;) for ¢; = {2,0, x0,x1}, © € {a,b,c}. The statistic is given by

pQ(av b, C) = ‘ <¢a¢b¢c’qj> |2- (2'6)

|¥) is the global state shared by the parties and is given by

W) = &% [101010) + #° [010101) + s2(|101100) + [001011) + [110010)) + sr2(|110100)
+]010011)+]001101)) = s*(u|x0)+v [x1))#*+7° (v [x0) —u [x1)) > +5°r (u(]02x0) + |2x00)
+[x002))+0(]02x1)+[2x10)+|x102))+5r? (v(|02x0) + [2X00) + [x002)) — u(|02x1) + [2X10) + [x102))) .

13
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Note that the state | V) is permuted, as the last qubit is permuted to the first. Applying
equation to certain projective measurements {|¢;)}, properties of pg(a,b,c) are
obtained, such as

0(2,2,¢) =pg(0,0,¢) =0, Ve (2.7)

10 (0,2,¢) =pg(a,0,2) = 547’2, pQ(0,b,2) = s2rd, (2.8)

By permuting the parties, the results stay equivalent. Other crucial properties of Pg(a, b, c)
are

ro(xi,2,0) = 54r2u?, Po(xi,0,2) = 527‘41)3 (2.9)
P (X X5, Xi) = (SPusujuy, + rivvjup). (2.10)
2.2.2 Theorem of RGB4

Utilizing the quantum distributions pg(a, b, ¢), the theorem regarding the proof of non-
locality can be formulated.

Theorem 2.2.1 (RGB4). The quantum distribution pg(a,b,c) cannot be reproduced
by any local model whenever u2,,,(s) < u? < 1, where Upq(s) is defined by the
following constraint

3(s3u%v — r3uv?)? — 3u (s 4+ r%) 4+ 2(s8 + (s3ud + r303)?) 4+ 58 + (30® —r3ud)? > 0.

For the following proof of theorem 2:2.1] we start by stating a lemma about the fact
that coarse graining ({2,0,x = {x0, x1}}) determines the outputs based on local variable
subsets. Using this approach, another distribution ¢ is defined, which is related to pg.
From this, marginals are derived to analytically establish a bound for wy.x; values above
this are deemed incompatible with the local model and are classified as nonlocal.

Lemma 1 (Coarse Graining Local Variable Outputs). The source sets can be partitioned
into two subsets X = Xo[[ X1, Y = Yo[[Y1, Z = Zo][]Z1 with p(Xo) = p(Yo) =
p(Zy) = 8% and p(X1) = p(Y1) = p(Z1) = r2. The local variables o, 3, determine the
outputs.

pla=0,b=2) = p(Xo)p(Yo)p(Z1),
p(CZQ,GZO) :p(Xl)p(Yb)p(Zl)a (211)
p(b=0,c=2) = p(X1)p(Yo)p(Zo).

Since a similar idea will be explored in the next section, only a sketch of the proof is
provided here.

14
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Proof. (Sketch) The approach involves defining specific sets, namely Xo, X, X1, X7, along
with analogous sets for Y and Z, where each set corresponds to particular outcomes
(0 or 2) associated with the variables a, 3, and 7. By using equations ,,
and , in conjunction with logical contradictions, we are able to assign particular
outcomes to the relevant sets. Specifically, the following conditions hold:

a(B,7) =0 ifandonly if B€Yy=Yy,y€ Z = Z],
a(B,7) =2 ifandonlyif BeY, =Y/, ve Zy=Z|,,
b(y,a) =0 ifand only if ~ € Zy = Z),a € X1 = X7,
b(y,a) =2 ifand only if ~ € Z) = Z],a € Xy = X,
c(a, ) =0 ifand only if a € Xo= X{,8€Y; =Y7,
c(a,8) =2 ifandonlyif o€ X; =X|,8€Yy=Y].

From these relationships, we can directly deduce the equations (2.11]). ]

Figure illustrates an example of how the parties’ outputs are determined given the
defined sets.

b=y

Figure 2.1: For each source, the classical variable set is divided into two equal-weight,
disjoint subsets, where the subsets encode all output information based on
the coarse-grained distribution x = {xo, x1}, grouping two outputs, with
outputs a = 2 for Alice, b = x for Bob, and ¢ = 0 for Charlie, maintaining an
important ordering.

Note that when fine-graining x, it could be that these sets are not enough to describe
the whole distribution, leading to a nonlocal model. As discussed in the section 2.1, this

15
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fine-graining provides the additional information required to reveal potential nonlocality.
Armed with the lemma 1, we now prove theorem [2.2.1}

Proof. (RGB4) We start by introducing a new distribution
q(i, j, k,0) :=

pla=xi, b=xj,c= Xk (€ Xo x Yo X Zo|(¢ € (XoxYyxZy)U(X1 xY1 xZy)),

with ¢ = (o, 8,7). The distribution ¢(i, j, k, 0) represents a probability distribution in
which all parties must output x, with 4, j, k specifying whether yg or x1 is the outcome.
Note that we constraint ¢ to be normalized and semi-positive.

According to Lemma the outcome (x, X, x) is possible if and only if neither 5 € Yp,y € Z;
nor 8 € Y1,v € Zy apply for the output a, and equivalent for b and c¢. Consequently, the
only valid sets for the outcome (x, x, x) are Xg x Yy X Zy or X1 x Y] X Z3.

From here we can derive marginal distributions of ¢(i, j, k,0). First, we simplify the
expression for q. To achieve this, we utilize the concept of conditional probability along
with the fact that p(Xo) = p(Yo) = p(Zy) = s? and p(X1) = p(Y1) = p(Z1) = r2.
Consequently, we obtain

Q(i7j7kuo) = (a:Xi7 b:Xj7 C = Xk, QEXO ><YO X ZO) (212)

56 4 6 ‘P

When summing over o, we use (2.10) to attain

. . 1 sSusuiug, + r3vivvy)?
q(27]7k)_zq(z7]7k70)_W;'p(a_Xiab_Xjac_Xk)_( = = ) .

6 6
5 s S0+ ( |
2.13
When summing alternately over i, j, and k, we get
6 6
S , r
Q(Z,O—O)IW'U?, Q(Zaozl):m'vz‘2>
. 56 2 . 70 2
q(j,0= ):W'ujv q(j,0 = ):m'vj7 (2.14)
q(k,o:0)2756+r6 UL, q(k,o:l):756+r6 - V.

We can derive these marginals directly from equation (2.12]). We also use the fact that
Alice’s answer is independent of the value o and similar for Bob and Charlie.

. 1
q(i,0=0) = WP (a = xi,¢ € (Xo, Yo, Z0))
1 P(X s0
- X0) 0= xiC e (X0 Yo Z0) = a2 (215)

s+ 16 P(X7) s6 + 6

In the last step we use equation ([2.9) as well as Lemma 1, since for (X1, Yp, Zp) we get
b =0 and ¢ = 2. We compute the other five marginals in a similar way.
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It is important to note that for any local distribution, there must exist a ¢ that satisfies
the constraints in (2.13]) and (2.14). This set of linear constraints can be solved via a
linear program (LP). However, it can also be solved analytically, as we demonstrate below.
We now introduce a new probability distribution g, in order to achieve symmetrization of
q over 1,7, k,

.1, L .. L .. ..
q=Eﬂﬂ%ﬁkmﬂ+dmkﬂ#ﬁ+ﬂkﬂdwﬂ+ﬂukdwﬂ+ﬂkdwﬂ0+dﬂukﬁn-@l®

q satisfies the same constraints as . We then define a new variable
&k = q(i,7,k,0=0) —§(4, j, k,0 = 1).

in order to relate £ with the derived constraints. We can write

L@k — 1)

1., . .
= 7(Q(Z7,77k1) +£Z]k)’ q(Z,],k‘,O: 1) = 92

q(i,7,k,0=0) 5

Due to the symmetry, we define £ := &ooo, §1 := €100 = Eo10 = o001, &2 = &110 = E101 =
&o11, &3 := &111. Considering equation (2.13]), we can write the marginals

2
~ .. - suzuuk+r V; ViV
Zq(z,j,k,o:O):q(k,o:O):Z( ? u) +§ijk>,

— 56 + 76
2,

> i, g, k0 =1)
Z’hj
We calculated

2
Z (s3u7;ujuk + 7‘3ijvk) = Z(s?’uiujuk)Q + Z(r3vivjvk)2 + Z 2. 83r3u7;ujukv¢vjvk.

B s3 UiUj uk—i-r ViV Vk
Q(k’,O = 1) 72 ( J J ) §Z]k> .

6 476

,J ,J 4, 4,
Recall section 2.3. 1 in which we introduced uy = —v; = u, vg = u; = v, thus obtaining
2,2 _
L ACEDYY v? vj =1and >, ;ujujv;v; = 0. Therefore, we write

1 suk—i-r vk

(NJ(]{?,O = 0) =35 Zgwk 5

2 6 476
5 1 (s6ui
q(k‘,o=1)=§ W Zfzgk

Now, we choose values for k such that the following equations ), j &ijk = §o+26 +&2 and
>ij€ij1 = & + 28 + &3. hold. Using the given marginals of g(k, 0 = 0) and g(k,0 = 1)
from above (see equations ([2.14])), we then deduce the corresponding relationships.

862 6,,2 6

5y r
— 5 2% = 5—
6+ 76 G-¢ s 476

§o = — 261 — 26,
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561}2 _ T6u2 7,6

&3 LG &1 — 28 G &1 — 28
Using the positivity conditions and two specific values of ¢, we write

3,3 1 13,32 3,3 _ ;.33
ogg]((),o,o’l):M_@ 0§@(1,1,1,0):<8U ru)+§£7

2(s5 4 76) 2’ S 2(s6 £ 6) T 2
hence
. P 4 (s%ud 4 riud)? s 6 < S (Sud 4 rht)? w2 é
2(s5 4 r0) 2(s5 4 r0) 2 2

These two inequalities lead to
2 (7“6 + (s30® — r3u3)2) + 50+ (s%0% — r3u3)2
3 (50 +1r9) '
Finally, we again use the positivity condition
(s3u?v — r3uw?)? B é
2(s5 + %) 2

& > u? —

0<4q(0,0,1,1) =
to get
3(83u211 — T3uv2)2 — 3u2(86 + 7”6) + 2(7“6 + (53u3 + 7“31)3)2) +r0 4 (83U3 — T3u3)2 > 0.

This last inequality defines umax(s). Every value of u > upax(s) is considered nonlocal.
The result is plotted in figure

1.0

nonlocal region

0.0 0.2 04 0.0 o8 1.0

Figure 2.2: Nonlocal and local regions defined by measurement parameter u? and degree
of entanglement s?

As discussed in section 1.4.1, the range of nonlocality exhibits symmetrical behavior
around u2 = 0.5. O
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Emphasis is payed to the nonlocality range for balanced quantum states, thus s? = 2
Here we have nonlocal correlations for u? € (0.78499,1).

But one natural question arises: Is the distribution pg local when u? < uZ, ? Not
necessarily. By utilizing different methods, one might discover a larger range of nonlocality,
as Pozas-Kerstjens et al.? did in their study, demonstrating network nonlocality for
u? € (0.56250,0.65626).

N[ =
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2.3 Single-Photon Nonlocality

So far, we have discussed the existence of a range of nonlocality, but these findings remain
purely theoretical. To advance toward experimentally feasible setups and analyses, it is
essential to introduce configurations that are more practical for implementation in the
laboratory. A common and promising platform in this context is photonic setups, which
are frequently used in quantum communication protocols. With such setups in mind,
we require a method to verify whether network nonlocality can be demonstrated using
photonic states. This section focuses on discussing such methods. All derivations and
information presented in this section are based on the work by Abiuso, Krivachy, et al &,

2.3.1 Setup with passive Optical Elements

In figure 2.3] the basic setup for the experimental setup is shown.

Ny

Figure 2.3: The proposed quantum optical experiment involves the parties A, B, and C
sharing single-photon entangled states |1) prepared by the sources «a, § and +.

Each party receives two optical modes, which are mixed using a beamsplitter.
The output modes are measured by photodetectors'm.

For this setup, only balanced quantum states are considered, in particular, single-photon
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entanglement, denoted as
1

¥ =5
The three parties share three states, one state from each source. The initial state of the
entire network is thus given by

(101) + |10)). (2.17)

1) a8, @ 1) By, @ 1) cya, = 19D 4y 408, BsC1Cs -

Attention must be given to ensure that the corresponding Hilbert spaces are correctly
matched, see section 2.1.1.

Furthermore, each party receives two optical input modes, which are processed using
a beamsplitter. The beamsplitter applies a unitary transformation, Ux, x,(t,¢) with
X1, X2 € {A, B,C}, characterized by its transmissivity ¢ and phase ¢. For simplicity,
all parties use the same transmissivity and phase. After the photons pass through the
beamsplitters, they are detected by photodetectors. For each mode, the detection process
is described by operators corresponding to photodetectors with 100% efficiency. These
operators include D_% = |0)(0|x, (no detection) and its complement D).(i = Ix, —|0)(0|x,
(detector is firing). It is assumed that the detectors can only resolve the presence of photons,
but cannot count them. The resulting measurement, combining the beamsplitter’s action
and the photodetectors, is expressed as a Positive Operator-Valued Measure II for each
party, where U = Ux, x, (t, ¢),

% =U" (D" @ DO)U, (2.18)
% = (D" @ DMU,
L —ut(D"e DU,

% = U'(D"™ @ D")U.

The notation of the measurement I1% (x € {0, L, R, 2}) labels at which detector a photon
has been resolved, for 0 both detectors do not fire, for L only the left, for R only the right
and for 2 both, left and right detector is detecting photons. The output distribution is
thus given by

p(a,b,c) = Tr(|¥) (V] (14 @ I} @ II)). (2.19)
The detailed procedure for calculating the output distribution is outlined in section 6.1.
It is important to note that this distribution is a coarse-grained version of the previously
utilized RGB4 distribution. We explain this fact in section 2.3.3.
The method for proving nonlocality is conceptually similar to the RGB4-method but is
conducted numerically rather than analytically, including an enhanced visualization of
the Local Hidden Variable (LHV) model. In the triangle network, classical strategies
are simplified by assuming deterministic local response functions, while indeterminacy
is assigned to uniformly distributed classical sources. Strict constraints, derived from
cyclic symmetry, null components, and photon-number conservation, are expressed as
linear equations on response functions, parametrized by ¢ and ¢. The feasibility of a
linear program (LP) determines the existence of classical models. If infeasibility occurs
for specific t and ¢ values, the absence of a valid Local Hidden Variable (LHV) model
confirms nonlocal correlations.
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2.3.2 Deriving a LHV Model for the triangle network with passive optical
elements having click/no-click detectors

The approach to proving nonlocality involves identifying constraints that any LHV model
must satisfy. Here, we start with an explicit derivation of the LHV model. This process
is conceptually similar to Lemma 1. The classical shared variables {«, 3,7} can be
assumed as real numbers uniformly distributed in the interval [0,1]. By arranging them
orthogonally, a cubic structure with a unit volume is formed. Additionally, all randomness
in the local statistical responses can be absorbed into the distribution of {«, 3,v}, allowing
the local response functions to be considered deterministic. Let X, Y, and Z represent
the sets of possible values for «, 3, and ~, respectively. We define

X§ ={a| Iy :b(v,0) =0}, X3 ={a|Iy:b(y,a) =2},
X§ ={a|3:c(a,8) =0}, X5 ={a|35:c(a,f) =2},
={p | Ja: c(a,B) =0}, YQC:{B|E|a:C(a,B):2},

" " (2.20)
Yo' ={B|3v:a(B,y) =0}, Y5 ={B|Iy:a(B,v) =2},
Z ={y138:a(B,7) =0}, Zs ={v|3B:a(B,7) =2},
7 ={y|3a:b(y,0) =0}, 23 ={y]3a:b(y,a)=2}.

The sets XZ-P , YiP , and ZZ-P represent values of «, 8, and ~ for which party P can achieve
outcome ¢ € {0,2}. The outcomes L and R are coarse-grained as x such that the
possible outcomes reduces to a,b, c € {0, x, 2}, reducing the model to a purely local one.
Constrained by photon conservation and photodetector limits, the possible outcomes with
nonzero probability in this setup are, up to permutations,

abe € {0xx; 02x, xxx}- (2.21)

By using these fundamental properties of these sets, we derive four additional properties,
which enable the construction of the LHV model.
1.Property: XPNX§ =0, XPnxP=10

Proof. These properties directly follow from equation (2.21]). Since it is impossible to
have four (or zero) photons among two parties. O

2.Property: X(? U Xg =X

Proof. The proof goes by contradiction. Assume 3o/ € X\(XPUXE) : b(v,a),c(d/, B) €
{x,2},VB, 7, since o lies outside of X U Xo , not allowing b and ¢ to output 0.

But this means, Alice is never allowed to output ¢ = 2. This, however leads to a
contradiction, since p(a = 2) # 0 is possible. O

3.Property: XPNnXP =0, X§nX{ =0
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Proof. The proof goes by contradiction. Assume o’ € XéB N XQB, then 3v1,v9 s.t.
b(v1,a’) =0 and b(yz,a’) = 2.

Since Charlies does not know ~ and since x is the only output consistent with 0 and 2, it
follows that c(a/, 3) = x, VB.

Assume v = ~,. Since Alice does not know whether o = o/ or not, her response function
must be consistent with « = o’. Having V3, ¢(o/, 8) = x leads to a(8,72) = 0,V3. This,
consequently, means that Y = YOA. But, due to properties 1 and 2, this would imply that
Y = 0. This, however, is impossible, since p(c = 0) # 0. O

4.Property: All sets X* Y*, ZL’ have a probability of 50%

Proof. Since balanced quantum states at the sources are considered, the probability for
one party to output 0 is 25% (e.g. Alice does not receive a photon neither from source g
nor from 7). Additionally, due to the statistical independence of the hidden variables, we

write ,
~=pla=0)<pB Y ye ) =pBeY)plye Z). (2.22)

4
2
Utilizing the inequality zy < %, we can write

=1,due to 1. and 2.
—_——~
A CH\\2

p(Yy") + (Y, 1
p(}/OA)p(Y*OC)S( ( 0) 1 ( 0 )) :Z
When combining equations ([2:22) and (2.23), we obtain p(Y") < p(Zg!). We can repeat
this process cyclically for the other parties, then obtaining p(Y") < p(Z§') < p(X{) <
p(YL), implying that all those probabilities are in fact equal. Using equation (2.22)), we
notice that all p(X{’), with ¥ € {X,Y, Z}, are equal to % O

: (2.23)

It is important to note that all the stated properties are valid for the sets {YiP } and
{ZP}. With this information, we can construct the LHV model (see figure [2.4).

Face A

Face C
Face B

Figure 2.4: LHV Model for one photon per source, beamsplitters and click/no-click de-
tectors
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Since each of hidden variables is distributed on the interval [0,1], the edges of the
cube representation of the LHV model have equal length. As seen in the 4. property,
p(EOP ) = %,VE,P. The labels on the faces are the possible response function of each
party. For example, if we have the sets YOA and Zé‘, we obtain for Alice the output a = 0.
Similar for any other output. Moreover, the subset labeled 2, x, e.g. on the face B can be
further decomposed using the components X2 and Z2.

It is important to note that each face of the cube is not merely divided into four subfaces
but instead consists of n® — n subfaces™, where n represents the number of possible
outcomes. In this case, with n = 4, each local hidden variable is divided into 60 parts if
discrete random variables are used. Thus, each face contains 3600 subrectangles.

Due to the statistical independence of the local hidden variables, it is possible to rearrange
slices of the cube while preserving the structure of the LHV model.

As an example, consider leaving face B unchanged. Along the edge corresponding to the
hidden variable 3, one might select its associated subfaces with respect to faces A and C.
This entire slice can then be relocated elsewhere within the LHV model. However, it is
crucial to note that subcuboids themselves cannot be rearranged arbitrarily, otherwise,
the consistency of the LHV model would be violated.

2.3.3 Proving Nonlocality with Linear Programming

Now, we add additional information to the problem by fine-graining y again into {L, R}.
The idea is the following, if there exists a local model as derived in the previous section for
the probability distribution p(a, b, c), then there should exist a distribution ¢(1;,1;, 1%, 0)
that reproduces the parties collective response function for ¢, j, k = L, R, when the hidden
variables come from Sp = X§ x Y x Zf (0=0) or S1 = X x Y& x Z8 (0 =1).

To achieve this, we derive the marginals of ¢ and relate them to p(a, b, ¢). For certain values
of transmissivity ¢ and phase ¢, these marginals become incompatible. Demonstrating
this incompatibility allows us to conclude that no local model exists for p(a, b, ¢) with the
specified transmissivity ¢ and phase ¢. Now, consider the two disjoint subcubes Sy and
S, with Sp N S; = 0 (see Figure . We define the distribution

Q(]-Za 1j71k70) = p(a’ = 1Z7b: 1j7c = 1/67(@7677) € SO ’ C S SO USl)7 (224)

where 1 stands for the number of photons, the indices ¢, j, k are each either L or R, the
index o, for labeling the subcuboid is either 0 or 1 and ¢ = (o, 8,7). All (x, X, Xx) events
occur only if ¢ € Sy U Sy.

The definition remains consistent with that introduced in section 2.2.2. We now proceed
to derive the constraints. While the constraints are derived in a similar manner, there is
a key difference in the second constraint, which we will clarify during the derivation.
Due to their importance, we highlight the role of these constraints, as they will serve as a
foundation for the analysis in the subsequent chapters.
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1. Constraint: The event (x, x, x) appears only in two disjoint subsets in the LHV
model.

2. Constraint: The output of any given party cannot be influenced by a source to
which it is not connected.

With these definitions in place, we now turn to the detailed derivation of the constraints.
Using the definition of conditional probability and the fact that the sets Sy and S; have
probability % for balanced quantum states, we write

q(li, 1]', 1k,0) =4 'p(a =1;,b= 1]', c= 1k,< S So) (225)
By summing over o, we obtain the first constraintﬂ

q(1i,15,1) =4 -pla=1;,b=1;,c=1j), Vi, j, k. (2.26)

By comparing equation with equations ([2.13]) and ([2.10]) from the previous chapter,
we observe that the 1. constraint is identical.

To understand why the second constraint differs from those of the RGB4 methodB, we
must examine the measurement basis. Recall that the RGB4 distribution is based on
token-counting and uses the following measurement basis

o = 100){00}, Mg = xr) (el
Iy, = xa) (als Iy = [11)(11],

where |x,) = V#[01) — /1 —¢#10), |x;) = v/[10) + /T —t|01). In comparison to the
previous section, we can write v/t = u and /1 —¢ = v. Unfortunately, this does not
conserve the number of photons, but it is necessary to account for situations where, for
example, only the left detector fired while two photons were incident. Consequently, this
issue must be addressed. To do so, the following measurement basis is employed:

1o = |00){00], g = [xr) (el +2¢(1 = 1)[11) (1],
;= |xo) Ol + 2t(1 — £)]11)(11], I, = (2t — 1)2|11)(11].
In this case, photon number is conserved, but the distribution is not token-counting. To
satisfy both conditions, photon-number resolving detectors must be considered. Mathem-
atically, this involves fine-graining the above POVMs to obtain
1Ty = |00)(00], R = ) (el R = 2t(1 — t)[11)(11],
07, = b (al, To = 2t(1 —)[11)(11], 5 = (2t — 1)*[11)(11].
Note that the difference between, for example, II}; and II/, lies in the number of photons

detected: in II7,, there is 1 photon in the left detector, whereas in II},, there are 2
photons in the left detector.

! Alongside the description of the first constraint stated in the grey box, a more intuitive explanation would
be: (x, X, Xx) occurs only when all photons travel exclusively in either the clockwise or counterclockwise
direction; the first constraint only considers this event
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Since II;, and Iz account for different numbers of photons, we can frame the problem as
follows: consider, for example,

q(1;,0=0) ocp(a=1;¢ € (X§ x Y x 2P)).

When applying the same approach (speaking of the constraint that, e.g. Alice’s answer is
independent of the value «) as in the proof of the RGB4 theoremB as shown in equation
, we encounter the issue that we end up in the two different subcuboids of the LHV
model, where the probability p(i,0,c € {2, x}) arises, since click/no-click detectors are
considered. Thus, another approach is needed.

To start, consider p(1;,0, x). We can write

> p(15,0,k) =pla=1,¢ € X§ x Y§* x Z5) +pla=1;,¢ € X§ x Vi x Z7).
ke{x,2}
Similar for p(1;, x,0), we write
> p(14,5,0) =pla=1;,¢ € X§ x Y x Zg') + pla=1;,¢ € X§ x Y x Z§).
je{x,2}

Now, we subtract the second equation from the first. Additionally, it is important to note
that we still can apply the approach used in ([2.15). We thus write

> p(1,0,k) = D p(15,5,0) = (227)
ke{x,2} Jje{x:2}
p(X¢') p(X¢)
=p(XZC)-p(azli,ceX(?x%AxZ(?Hp(XZ)-p(azli,ceX(?x%Cfo)
(X5 (a=1;,Ce XP xYE %z —pla=1;,¢ e X§ x Y x ZP)
p(Xég)p—u 0 0 0 pla = 1, 0 0 0 /-

Since balanced quantum states are used (see equation (2.17))), the 4. property is used to
P(XE) _ p(XP)
p(XF)  p(X§)

> p(15,0,k)— Y p(1i,4,0) =pla=1;¢ € X§ x Y5 x Z§) —pla=1;, (¢ € X§ x Y x Z3').
ke{x,2} je{x.2} N

obtain = 1. Clearly, the two underlined terms cancel out, leaving

=1-q(1;,0=0) =1-q(1;,0=1)

This procedure can similarly be applied to Bob and Charlie, yielding the second constraint,

> (a(li, 15, 15,0) — (15,15, 1, 1)) =4+ (D p(1i,0,k) = Y p(13,4,0)) Vi,

3k ke{x.2} je{x.2}
ik ke{x,2} ie{x,2}

(2.28)
i, ie{x,2} je{x.2}
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In addition to these two constraints, it is important to emphasize that, since ¢ is a
probability distribution, it must be normalized and non-negative,

q(i,j,k,0) >0 Vi jko and Y q(i,jk0) =1 (2:29)
,5,k,0

The existence of ¢(i, j, k,0) is a necessary condition for the local feasibility of p. Thus, if
the linear program fails to find a solution, the nonlocality of p is certified. Conversely,
finding a solution does not directly confirm the locality of p. The linear program becomes
infeasible for ¢ € (0,0.215) U (0.785, 1), which is the same range of nonlocality as shown
in section 2.3. Hereby, the phase ¢ is set to 0. If ¢ > 0, the range of nonlocality is
decreasing.

Moreover the different distributions p, p’, and p” (labeled according to the different
measurement bases) give the same range of nonlocality with respect to the parameter t.
Specifically, if one of these distributions is classically reproducible in the triangle network
for a given t, then all of them are. Note that this fact is only true for this LP. From a
physical perspective, this indicates that perfect number-resolving photon detection does
not enhance the nonlocality of the output distribution in the ideal experiment, although
it could improve its robustness to noise, since photon number detectors provide more
accurate information.
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2.4 Noise Tolerance in the Triangle Network

To assess the robustness of nonlocality in the considered optical network, we need to
analyze the effects of experimental imperfections, including state impurity =, photon
loss in the channels 7, and detector efficiency v. Abiuso and Krivachy et al. I3 discuss
a concept for an experimental setup under realistic conditions, for which they used a
neural network to approximate local models and evaluate their deviation from the target
distribution. Their results indicate nonlocality for ¢ € (0.5,0.785) and ¢ € (0.785, 1), with
the strongest indications at t =~ 0.65 and t =~ 0.85. However, nonlocality vanishes when
n,v < 95%. Although it is important to note that modern photon detectors have achieved
efficiencies close to 10072222

Thus, apart from source imperfections, the primary challenge in practical implementations
is photon loss in the channels. In 2023, a method was developed to address photon loss
using an approximate parity TC rigidity approach. In the following sections, we first
introduce the parity TC method (PTC method)™. Section 2.4.1 provides an overview
of the approach, while section 2.4.2 derives the corresponding constraints for a linear
program.

We identified an error in the code associated within the publication of Boreiri and Ulu et
alT A detailed mathematical explanation of this issue is provided in section 2.4.2.

2.4.1 Approximate Parity TC Rigidity

The objective of this section is to implement the PTC method that serves as the foundation
for demonstrating potential noise-robust network nonlocality, focusing is on parity TC
distributions.

The method and constraint derivations described in this and the next section is based
on the paper Noise-robust proofs of quantum network nonlocality by Boreiri and Ulu et
al @ Unless stated otherwise, the content presented here is directly taken over from this
publication, with any other deviations or additional contributions explicitly indicated.
The concept is as follows: each source («a, 8,7) distributes a single token, which it sends
to one of the two parties it is connected to. For example, source « sends the token to Bob
with probability p., or to Charlie with probability 1 — p,. Each party then outputs the
parity of the total number of tokens it receives. Let us define the binary random variables
ta,tg,ty € {0,1} as the number of tokens sent by sources «, §, and v to Bob, Charlie,
and Alice. For instance, Alice receives t, tokens from source v and tg @ 1 tokens from
source 3, where @ denotes addition modulo 2. Alice’s response function is then given by
a(B,y) =t, ®tg® 1, similar for Bob and Charlie.

The resulting probability distribution p(a, b, ¢) generated by the PTC model has binary
outputs (d = 2). By construction, any such distribution satisfies the condition

adbdc=1,
which we refer to as the PTC condition, with a, b and ¢ defined by a token function

T; : ¢ — t¢ €{0,1} such that z(¢, (") =t¢ &t & 1.
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Now assume having a local distribution p(a, b, ¢) for which the PTC condition only holds

approximately, i.e.
Prla®b®c=1)>1—c¢, (2.30)

with a set A, given by

A = {¢la(B,7) @ ble,7) @ ela, B) = 1}. (2.31)

This set contains all the values ¢ = (a, 8,7) for which the parity condition holds. By
assumption, we have Pr(¢ € A) > 1 —e.

This leads to the following question: Is there a subset, where token functions can be
consistently defined to satisfy PTC, despite that condition? If so, then an approximate
parity TC rigidity for local distributions is achieved. Indeed, it can be demonstrated that
such a set exists.

Theorem 2.4.1 (Approximate parity TC rigidity). For any triangle local model lead-
ing to a distribution p(a, b, c) that fulfills the approzimate parity condition Pr(a®bdc =

1) > 1 — ¢, there exists a subset Y of local variable values ¢ = («, 3,v) with

Pr(¢ € ) > 1— f(e) (see equation [2.32))), on which one can define the token

functions that satisfy the PTC rigidity.

The function f(g) is given by

f@>={5+5‘

1
2 &

1—4e 1
V1-de <1

2 =7 (2.32)
g > 1

it is important to note that as € increases, the function f reflects how much the rigidity
weakens. Since the proof of theorem [2.4.1] and the definition of T are not required for the
current discussion, we will focus solely on the result Pr(¢ € T) > 1 — f(e). For further
details, interested readers are referred to Boreiri et al™ Appendix A. We will proceed
utilizing the information provided in the theorem for our subsequent calculations.

The set T leads to the following subnormalized distribution p(a, b, ¢, € T), which satisfies

> pla,be,C€T) =1 f(e). (2.33)

a,b,c

Assuming this bound is tight, thus we can write

pla,b,c,( € )+ f(e)p/(a,b,c) = p(a,b,c), (2.34)

where p/(a, b, ¢) is some (not necessarily local) distribution. Extending the token functions
to all values of the local variables not in Y, by relabeling all outputs, e.g with a 0 (see
figure , we define the new probability distribution

]B(a,b,c): Z p(ta)p(tﬁ)p(t’y)pptc(a’tﬁat'y)pptc(b|taat'y)pptc(c‘tmtﬁ)~ (2'35)
tarta ity
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This distribution is triangle-local and PTC, and since p(a, b, c) and p(a,b,c) agree on
e, we get
p(a,b,c,( € T) + f(e)p(a,b,¢) = p(a,b,¢), (2.36)

for some PTC distribution p/(a, b, c). Figure illustrates the graphical representation
corresponding to equations and . The axes in the figure represent the different
values of the local variables 8 and «. The lighter region represents the set Y. On the left
side, the outer region is represented by p'(a,b,c), and similarly, on the right side, it is
represented by p(a, b, c). Recall that on the right side, the token functions are extended,
for example, by assigning them the value 0.

OaB.rn=0
LY maBrn=1 24
0.
N
|
) I
\
0 —_
0 i 1

Figure 2.5: A graphical representation of the construction to explain the approximate
PTC rigidity™

Combining the relations from equation (2.34) and (2.36)), we obtain the following

p(a,b, ) = p(a,b,c) — f(e)p'(a,b,¢) + f(e)P'(a, b, 0), (2.37)

which, in terms of total variation distance, leads to the inequality

50,7) = 5 3 pl0,b,0) e, b,0)] < F(e). (239)

a,b,c
To justify the validity of the last step, the following lemma is introduced.

Lemma 2. For probability distributions p(x) and q(x), the following statements are
equivalent:

(i) There exist probability distributions p’ and ¢’ such that
p(z) = q(z) + ep'(z) — eq'(2),

(ii) drv(p,q) < e
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Proof. (i) = (ii):
1 €
orv(p,q) = 9 Z Ip(z) — q(z)| = 9 Z P (2) — ¢ ()| = edrv (', q) <,
x €T

since, by definition, o7y (p/,¢') < 1.

(ii) = (i): The idea is that p/(x) is defined as a valid probability distribution, while ¢’(x)
is adjusted in such a way that it satisfies the equation p(z) = q(z) + ep/(x) — ¢/ (). Thus,
let us define r(z) = p(x) — ¢(z). Then, we have

Y r@)=0 and Y |r(2)| <e

T

We define ()| (2)
, r(x , , r(x
P(2) = =5 and ¢(z) =p(z) - —,
2 (@) €
which are valid probability distributions satisfying (i). O

For a noiseless distribution, note that p(a,b, c) is equivalent to the distribution p(a,b, c),
as f(e) = 0. This simplifies equations (2.37) to

p(a,b,c) = pla,b,c).

2.4.2 Deriving Constraints for a Linear Program using PTC Method

For the observed probability distribution, which corresponds to a token-counting distribu-
tion when no noise is considered, a modification is required. Specifically, we express this
as

p(a,b,c) = plai,az, by, ba, c1,c2) = p(x1,22), (2.39)

with x; = (a4, b;, ¢;) and x1 alone satisfying the parity condition a; @ by & ¢; = 1. Here,
x1 represents the token, while 9 is the additional information, thus, by rigidity, there
exist binary token functions for any underlying local model that explains the distribution

plz1) = > p(t) ppro(aft) (2.40)

t

with ¢ = (ta,ts,t,) and pprc(z1|t) = pprc(ailts, ty) pprc(bilta, ty) pprc(ci|ta, tg). The
PTC response function is defined as follow

1 ifa=ts®t, ®1,b=1t,0ta®lc=1t, Stgd1,

0 otherwise.

pprc(r1|t) = {

Furthermore, we introduce the correlators E, , By, , E.,, we write

E,=Pr(x=0)—Pr(z=1), V. (2.41)
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If Eq,, By, E¢, # 0, then the token distribution p(t) = pa(ta)ps(tg)py(ty) can be precisely
determined using equations ([2.42))

palts =1t) = %(1 + (-1 E?E;E ) (2.42)
ot =1) = 5 (14 (1 |22,

The equations are derived in the publication by Boreiri and Girardin et al &
The goal is now to derive two constraints, similar to those in sections 2.3 and 2.4, that
the distribution in must satisfy.

We begin by considering a noiseless distribution to provide a baseline framework. This
serves as the groundwork for subsequently adapting the analysis to a noisy distribution,
using the previously stated theorem

For any local model, we can define the random variable t, which represents the behavior
of the tokens. Due to rigidity, we infer that z; is only a function of ¢t. Applying the chain
rule yields

plar,x2) = 3 plt) ppre (@i t) plaal). (2.43)

To advance the analysis of equation ([2.43)), we introduce a set denoted by C,
C(:El) = C(al, bl,Cl) = {(ta,tg,t7)|a1 =tgDty DO 1,01 =to ® tg ® l,c1 =ty @ tg ® 1}.

It is important to note that this set defines the non-zero output of the response function
pprce(x1|t). By applying p(t) p(x2|t) = p(xe,t) and conditioning on the requirement that
only values of ¢ leading to x1 are considered, we write

> plws,t) = plar,w). (2.44)

(ta,t@,t»y) S C(:L'l)

Furthermore, conceptually equivalent as in the previous sections, the output of any party
(e.g. a2) cannot be influenced by sources not connected to it (i.e., by a and the token value
to). This observation imposes the following constraints on the marginal distributions

plazlt) =32, o, P(2]t):
p(azlta = 0,t8,t,) = plas|ta = 1,15, ty). (2.45)

Here, to simplify this constraint, the definition of conditional probability and the inde-
pendence of the token distributions are used, such that

Palta =1) Y plag,ba,2,0,t5,ty) = palta = 0) Y plag, by, ca, 1, tg,t,).|  (2.46)

ba,c2 ba,c2
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Analogous constraints apply to all permutations of the parties.

When considering a noisy distribution such that Pr(a; @ by @ ¢; = 1) > 1 — ¢, note that
the two distributions p(x1, z2) and p(x1,z2) coincide only on the subset Y of the local
variable values, with Pr(¢ € T) > 1 — f(e). This condition is equivalent to the bound on
the total variation distance, as stated in the previous section (see equation )
Furthermore, by construction, p(z1,z2) aligns with the original distribution p(x1,x2) for
the outcomes x2, implying that p(x2) = p(x2). Additionally, since the token functions are
extended for p(z1,x2), we have

p(x1,22) =0 for a1 @by ey #1. (2.47)

From the previously stated lemma, we know that the condition of the total variation
distance is equivalent to the existence of two probability distributions p/(x1,z2) and
P (x1,z2) fulfilling the equation . By introducing these probabilities as additional
variables and by using equation as well as the set C, we can write the first constraint
for a linear program for a noisy distribution.

p(x1,22) = > p(x2,t) — f(e)p (21, 22) + f(e)D' (21, 22), with
(tastg:ty) €C(z1)

D F(wae) =) P, @), (2.48)
Yo Hlenae) = plaas) =1

x1,T2 1,22

For the second constraint, one modification is required, since p,(t), pg(t), and p,(t)
correspond to the PTC distribution p, rather than the observed distribution p. Therefore,
their values are unknown and are treated as additional variables. The main objective is
to bound these variables using the equations in . It is important to note that, in
fact, we need to bound the correlators Ea:1~ The bound is given by

‘Ea?l - Ejf\l

<2f(e) —e, (2.49)

where Eé\l =plx1 =0,a1 b1 ®dc1 =1)—p(z1 =1,a1 by & c; = 1) is computed from
the PTC part of the observed distribution p(z1,22). In the following we give a proof for

the inequality ([2.49).
Proof. Recall the sets A and T. We can write
p(x1,¢ € A) = p(x1,¢ € T) + (f(e) —e)p"(z1). (1)

Assuming that the bounds are tight, we have Pr(( € A)=1—¢, Pr(( € Y) =1— f(e)
and Pr(¢ € A\T) = f(e) — . Looking at equation (2.36)), we write

plx1) = p(x1,¢ € T) + f(e)p'(w1). (1)
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Combining () and (II), leads to
P(1) = pla1,¢ € A) + f(e)p(x1) — (f(e) — €)p" (1)

Using E,, = p(z1 = 0) — p(z1 = 1), we obtain

1

E, =EA + f(e)E,, — (f(e) — €)E

1 xr1°

The values of E;l and E;f . are not known, but by definition in the interval [~1,1]. Thus,
the minimum and maximum of f(g)E;l —(f(e) = E)E;;1 is given by £(2f(¢) —¢). This
results in the following bound for E,,:

’Eml —BA| < 2f(e) -

O

If all the correlators for the observed distribution satisfy |E2 | > (2f(g) —¢), the inequality
(2.49) can be used to obtain

1 1+\/(!Ezﬁl—(2f(€)—€))(|Eé‘1|—(2f(€)—€))
[E& |+ (2f(e) —¢)

lo =

< pa(0) <

1+\/ (BN + @1 =B +CIE) =) _

|E3| = (2f(e) —¢)

N |

The same approach can be applied to po(1), pg(t), and p,(t). Therefore, the second
constraint can be written as

la Zp(a/%b%c%ovtﬁvt’y) - (1 - la) Z p(a27b27627 1at,37t'7) < 07

b2,c2 ba,c2
Uqy Zp(a27b2702707t67t’}’) - (1 - ua) Zp((l2,b2,02, 17tﬂ7t’7) > 0. (251)
b2,c2 b2,c2

Analogous constraints apply to all permutations of the parties.

An important step in determining the bounds in is the computation of Eé\r As
mentioned at the beginning of this section, the authors of this publication™ made an
error in this part of the calculation—specifically in evaluating the correlators Eé\l, which
are defined in equation . Note that we can write:

Pr(z =0)+Pr(z=1)=Pr(CeT). (2.52)

However, the mistake occurred here: instead of using Pr(¢ € Y), the authors incorrectly
wrote 1. This is incorrect because the correlators Euf,}l are only defined on the subset T,
where the PTC condition holds. As a result, the correct expression for the correlator is:

EY =Pr(CeY) - 2Pr(z=1). (2.53)
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The authors of the PTC method used a generalized version of the RGB4 distribution
to demonstrate robustness against white noise. By introducing the noise parameter 7,
where 17 = 1 corresponds to a noiseless distribution, they established that noise-robust
nonlocality persists for > 99.52%.

Accounting for this mistake, the noise robustness is weakened, yielding noise-robust
nonlocality only for n > 99.56%. This error affects not only the mentioned noise
robustness but also any result in the publication™ that involves the correlators Eé\l.
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2.5 Experimental Implementations

Experimental proofs of quantum network nonlocality remain quite rare. The first ex-
periments, conducted in 2017 by Saunders et al.Z3 and Carvacho et al., explored the
bilocal scenario (entanglement swapping). In 2019, a more rigorous bilocal experiment
addressed several loopholes. Extensions to star networks(with up to four branches)
and triangle networksZZ0 followed. However, these studies are closely tied to standard
Bell’s theorem violations in single-source scenarios and can be realized without requiring
entangled measurements, for instance, Polino et al. B0 only one source is entangled and
the other two sources are classically correlated.

In the following sections, we present an experiment conducted by Wang et all@ demon-
strating experimental genuine quantum nonlocality in the triangle network. More precisely,
they provide experimental verification of nonlocal correlations having entangled states at
each node. Since this thesis is theoretical, the given summary below solely focuses on the
most significant aspects of the study, highlighting key results and addressing the loop-
holes that emerged as a result of the experiment’s execution. For a more comprehensive

explanation, the reader is referred to the publication.

2.5.1 Experimental Network Nonlocality using the Elegant Distribution

In their publication® the authors propose an experimental setup and proof for triangle
network nonlocality using the Elegant distribution. There, each of the three parties is
connected pairwise via polarization-entangled photon sources, and each party performs
an Elegant Joint Measurements (EJM). The resulting correlations (see equation (L.6))
are not linked to Standard Bell’s nonlocality.

The Elegant distribution Pg(a, b, c) is a probability distribution in the triangle network
that provides strong evidence for nonlocality, although this has not been rigorously proven.
It arises when entangled singlet states are distributed, and the parties perform EJMs in a
specific symmetric basis. This distribution is highly structured, characterized by only two
independent parameters, making it simple to analyze. For a more detailed discussion, see
Gisin8,

Building on the characterization of the Elegant distribution Pg(a,b,c), we now turn our
attention to the experimental implementation. Figure 2.6] depicts the singlet source, using
three of them in the entire network (pa, ps, py). They are used to distribute entangled
photon pairs in the triangle network. The figure focuses exclusively on the source, while
details regarding the setup, including EJMs are provided in the text.
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///

QRNG

Figure 2.6: Sketch of the source’s setup: The laser pump passes through a phase shifter
modulated by a quantum random number generator, then a sandwich-like
BBO crystal (SPDC), potentially generating two entangled photons. Both
photons undergo spatial (purple) and temporal (green) compensation, with
the upper photon additionally passing through a half-wave plate (blue). The
half-wave plate is needed to adjust the polarization of the upper photon.

Sources: The experiment uses spontaneous parametric down conversion (SPDC) to
produce entangled photon pairs, where ultraviolet pump pulses are generated by a laser.
The entangled photons are produced through a setup involving two beta barium borate
(BBO) crystals and a true-zero-order halfwave plate. The setup generates singlet states
by ensuring that the two-photon state becomes indistinguishable after polarization flips
and compensation. Three such sources are used, with state tomography performed
for characterization. All three sources use the same pump laser. To ensure source
independence, random phase shifts are applied to each pump pulse using quantum random
number generators (QRNG).

Elegant Joint Measurement: The EJM basis projection setup projects the input
state onto one of the four possible entangled bases, one at a time, using optical elements
that manipulate the polarization of photons. After each projection, a loss element is
introduced to adjust the entanglement, and specialized wave plates are used to convert
between the required bases. This process is repeated for each basis, allowing for precise
and controlled projection of the input state.

Method and Result: The publication demonstrates quantum nonlocality in the
triangle network using two methods. First, violations of conjectured, heuristic inequalities
are analyzed by testing whether their experimental data surpasses specific thresholds
distinguishing quantum from local models. Significant violations of these inequalities
are found, particularly for optimized parameters, highlighting the nonlocal nature of
the setup. Second, they use a neural network oracle (see section 1.4.2) to verify if the
experimental distribution lies outside the local set by calculating its minimal distance to
any local model. The oracle confirmed the experimental distribution lies outside the local
set, with a minimal distance of 0.0230 £ 0.0027 from any local model. The results confirm
that the observed distribution cannot be explained by local hidden variable models.
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2 Methodological Approaches for analyzing Triangle Networks

2.5.2 Encountering Loopholes

Although the distribution realized in the experiment simulates the Elegant distribution to
great accuracy and nonlocal correlations are obtained, the approach from Wang et al. @
introduces two loopholes. It requires global postprocessing of both the outcomes and
the measurement settings to reconstruct the Elegant distribution. Also, the experiment
involves renormalizing the data to include only events where all photons successfully arrived
at the detectors, adding another layer of global postprocessing. This reliance on global
postprocessing presents a theoretical challenge, as unconstrained global postprocessing
can, in principle, generate any desired distribution. For example, even if all parties output
random bits, selectively keeping only specific outcomes—such as (0,0,0) and (1,1,1)—can
artificially produce strong correlations, like those seen in GHZ-type scenarios. As a result,
unrestricted postprocessing can fake genuine quantum correlations, making it difficult to
determine whether the observed correlations truly reflect nonlocal behavior or are merely
artifacts of postprocessed noise.

To address the first loophole, it is essential to implement the measurement directly,
without relying on postprocessing that artificially reconstructs the distribution. Using
passive optical elements, the photons states are not modified or altered and we do not
need measurement settings. Instead, these elements simply guide the paths the photons
follow without affecting their intrinsic properties and most importantly, we do not need
to change the measurement during experiment. This approach has been proven to work
by Abiuso and Krivachy et al.I3 as discussed in section 2.3.

To circumvent the second loophole, it is essential to ensure that no experimental rounds
are discarded, even in cases where not all photons are successfully detected. This
necessitates a theoretical demonstration that the setup can tolerate a certain level of
photon loss—particularly at the sources and along the transmission channels—while still
exhibiting nonlocal correlations. Such robustness to noise is a prerequisite for closing the
detection loophole in the triangle network. Consequently, implementing a feasible and
loophole-free experiment within this network requires resolving this challenge.
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Nonlocality

In this chapter, we develop a theoretical framework for network nonlocality in the triangle
network using passive optical elements, addressing the fundamental challenge of photon
loss in transmission channels—an essential consideration in overcoming the detection
loophole. Our approach extends beyond the limitations of the TC method, yielding
network nonlocal correlations under realistic conditions.

To establish a solid foundation, we begin by examining NOON states, focusing on the
case N = 2 in an idealized, noise-free setting. Building upon this, we then systematically
analyze the effects of photon loss, distinguishing between single-photon loss and full
photon loss. For single-photon loss, we further differentiate between scenarios involving
photon-number-resolving detectors and click /no-click detectors.

Several of the results presented in this chapter have been published by Krivachy et al. 0,
Overall, this chapter provides an analysis of noise robustness in the presence of photon
loss, contributing to a deeper understanding of photon loss effects in the triangle network
and marking a step towards closing the detection loophole.

3.1 Multi-Photon Nonlocality

In section 2.3, we explored network nonlocality having balanced quantum states at each
source, consisting of a single spatially entangled photon. We now extend this framework
to describe tilted quantum states with IV spatially entangled photons, referred to as
NOON states, which are represented as

W)Y = s|ON) + 7 |[NOY, (3.1)

where s,r € R and s2 + 2 = 1. It is important to note that the remainder of the setup
for the triangle network remains unchanged, as described in section 2.3.

The number of projectors II; performed by the parties A, B, and C depend linearly on the
number of photons emitted by each source. Since the system involves 3N total photons,
explicitly defining every individual measurement operator becomes impractical. Instead,
we focus on describing the cardinality (number of elements) of the set of projective
measurements, {II;}, for each party.

The cardinality of the set of projectors can be expressed as

Card({IL})(N) = 3+ (N + 1). (3.2)
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3 Noise-Robust Triangle Network Nonlocality

This expression follows from considering how photons are distributed between two detectors
at each party. If a total of N photons enter a party, the possible combinations of
photon distributions are given by the set {(0,N),(1,N —1),...,(N,0)}, resulting in
N + 1 possibilities. Similarly, if 2V photons enter a party, there are 2N + 1 possible
distributions, as the photons can be split across the detectors in all combinations from
(0,2N) to (2N,0). Additionally, it is important to account for the possibility of 0 photons
entering the party, which increases the total cardinality by 1. Thus, the total number of
projective measurements is determined by summing over all these possible distributions.
The explicit derivation of the POVMs and the corresponding probability distribution
p(a,b,c) is provided in section 6.1.

3.1.1 Constructing LHV - Models for tilted NOON States

To initiate the proof of network nonlocality, we first derive the local model for tilted
NOON states. As outlined in section 2.3, we make again a distinction between two types
of detection schemes: photon-number resolving detectors and click /no-click detectors.

Local Hidden Variable Model for photon-counting distributions

When the distributions involve photon-number resolving detectors at the parties, the
TC strategy applies, necessitating theorem , as it forms the basis for constructing
the local model. Before applying the features of the theorem, we first emphasize the
probabilities of obtaining certain outcomes. This can be understood straightforwardly by
following the scheme below.

Note that, regardless of whether we consider photon-counting distributions or only
click /no-click distributions, on the one hand, the probability that one party obtains 0
photons in the noiseless case is always given by

pla=0)=pb=0)=p(c=0)=s*2 (3.3)

pla,b=0,¢c=0)=p(a=0,b,c=0)=pla=0,b=0,¢) =pla=0,b=0,c=0) =0.
(3.4)
With this in mind, we now return to the TC theoremI. We observe that the total
number of input tokens 7; is equal to the total number of output tokens n;, satisfying the

condition
D=
i J

which implies for the outputs a, b, and ¢ that
a+b+c=3N. (3.5)

Furthermore, according to the token-counting theorem, the probability qi(tg ) denotes
the likelihood that source S; distributes a certain number of photons ¢} € {0, N} to the
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3 Noise-Robust Triangle Network Nonlocality

connected party A;. Since there are only two possible ways to distribute the photons,
using equation ([2.3) we write

DRI (i) = 1] = D ailt]) = 45, (0) + 45, (N) =1, Vs, (3.6)
i i
Now, for each LHV we define a corresponding set, e.g. for a we define the set X, :=
XB U X analogously for 3 and v. Utilizing equation (B.6]), we write
acXP=TYa)=0, T*(a) = N 57
ae XS =T a)=N, T?*a) =0, '

with 7" and T2 being the token functions, or in our case the response functions b and ¢

for Bob and Charlie, respectively. We employ equation (2.3 and (3.7) to express these
probabilities explicitly.

Prlb= N]=s* =: |[XD|, Prjpb=0]=r?=:|XC|
«
Prlc= N]=7% = |XS|, Prle=0]=s>=:|X]|
«
l%r[c = N]=s*=: |Y34|, Prlc =0] =% = |YBC\

B
3.8
%r[a =N]=r*= |Yﬁc\, P;r[a =0] = s? = |Y5A| (38)
Prla = N] = s* = |Z:Y4\, Prla = 0] = r* =: \Zf\
gl Y

Pﬂb = N]=r*=:|27|, Eyr[b =0] = = |Z4|
Using equation ([3.6)), we obtain the constraints
X2+ XS = Y +1YF | = 121+ 127 | = 1. (3.9)

Given equations (3.8]) and (3.9)), the local model for a noiseless photon-counting probability
distribution can be constructed straightforwardly.

Face C

Figure 3.1: Local hidden variable model for the noiseless photon-counting probability
distribution with N photons at each source
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3 Noise-Robust Triangle Network Nonlocality

It is important to emphasize that, regardless of the specific quantum state—such as a
generalized state of the form

N N
W)™ =3 w [N~k k), with Y wy = 1, (3.10)
k=0 k=0

as long as photon number-resolving detectors are used, a LHV model can be constructed
by applying the principles of the token-counting approach.

Abiuso and Krivachy et al.¥ examined the construction of a LHV model for a ring
network as well, composed of J sources S; and J parties A; considering click/no-click
detectors and just a single spatially entangled photon per source. In our setup, each pair
of neighboring parties A;A; 1 shares a copy of a tilted NOON state and we solely consider
photon number-resolving detectors, thus the resulting probability distribution corresponds
to the token-counting one. The local coarse-grained strategy p can be expressed as

pla,...,ay) = /da12da23---dOéNlP(aﬂOlNl,0412)17(@2‘0512,0423)---p(aN|04(N—1)N704N1),

(3.11)
where a; represents the outcome of party A;, determined as a local response to the hidden
variables {ai(i_l), a(H_l)i}, which are shared with its adjacent neighbors.

\“k—z,k—l “k+2,k+7

A1 Ags2

A1k Qpi1,k+2

\ a4 A ke+1 /

Ag+1

Figure 3.2: Topology of a ring network: a network composed of J sources S; and J parties
Aj and, due to its topology, party A ;i is identified with A

Note that the constraints can be constructed similarly as for the triangle network.
Local Hidden Variable Model for click/no-click distributions

In constructing a LHV model for a click/no-click distribution with N > 2 photons per
source, two approaches were considered. The first approach was based on a method similar
to that presented in Lemma [l and section 2.3.2. However, this approach did not yield
any successful results. Alternatively, a more straightforward approach is possible due to
simplifications arising from high-dimensional NOON states. The measurement outcomes
are given by a,b,c € {0, L, R, B}, where each value represents a possible detection result:
0 denotes no detection, L and R indicate that the left or right detector clicked, respectively,
and B represents both detectors clicking. As discussed in the section on single-photon
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3 Noise-Robust Triangle Network Nonlocality

nonlocality, a global non-zero outcome (x, X, x) only occurs if photons are detected at
either the left or right detector. Therefore, coarse-graining the outcomes L and R into a
common result y suffices in that case. However, when considering N > 2 photons per
source, the outcome 2 can also contribute to a global non-zero result. As a consequence,
the measurement outcomes can be coarse-grained as follows:

a,b,c € {0,L,R,2} — a,b,c € {0, x}.

This implies that the possible outcomes can be reduced to the coarse-grained results
(a,b,¢) ={(x,x,x), (0,x, x)}. For balanced quantum states, we then have the following
probabilities:

Now, assuming we are in the photon-counting regime again, for balanced quantum states,
the relation above still holds. If we group {N,2N} — x, the resulting structure is
equivalent to a click/no-click distribution, as we cannot move the zero outcomes to other
positions on the LHV model without violating equation . However, this does not
hold true for tilted quantum states. In this case, since there are only two coarse-grained
outcomes, the zero outcomes must not necessarily appear at fixed positions, as in figure
As a result, constructing a local model for tilted quantum states in a click /no-click
regime is not possible with our method.

Face A

Face C

Figure 3.3: Local hidden variable model for the noiseless click/no-click probability distri-
bution with N photons at each source

3.1.2 Proving Network Nonlocality for N=2 photons per Source

In order to prove triangle-network nonlocality for high-dimensional NOON states, we
use the approach of section 2.3, although here we only focus on 2 photons per source.
We derive the marginals for the constraints in a manner that ensures their validity for
both photon-counting and click /no-click distributions. Note that we do the derivations in
the photon number-resolving regime. In order to use the constraints for click /no-click
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3 Noise-Robust Triangle Network Nonlocality

detectors, we set s2 =12 = % We again start by defining two subsets Sg and S7, in which

the collective response function of all parties yields N = 2 photons, i.e. p(2,2,2). When
comparing with figure [3.1] and B.3] these sets are given by

So =X xY§ x ZP

B " " (3.12)

S1:= Xy xYg x 2,

with So NSy =0, Pr(¢ € Sp) =% and Pr(¢ € S1) = s, ¢ = (o, 3,7). Similarly as in
the previous chapter, we define

q(24,24,2,0) :=pla=2;,b=2j,c=2;,( €S | ¢ € SpUS1)

o (3.13)
:W'p(a:2hb:2jac:2kaCE‘S’O) VZ,],k‘,O,
with 4,7,k € {L, R, B}.
0. Constraint (Positivity and Normalization)
q(2ia2j72k70) >0 Vi’j’kao (314)
Z q(2l7 2]> 2k70) =1
i7j7k70
1. Constraint (Common Photon Cycling Direction)
The first constraint is given by
1 .
(2,24, 2) = .6 pla=2,b=25,c=2) Vi jk (3.15)

It is worth noting that choosing s? = r? = % recovers the same constraint as presented in

equation ([2.26)).

Proof. Summing over o in equation ([3.13)), leads to the first constraint. O

2. Constraint (No Influence from Unconnected Sources)
The 2. constraint is given by

32

1 52 . .
J

82 1 82 . .

k i
(2 0—0)—f (2 o—l)—; (ﬁz (4,0,2¢) — > _ p(0,4,2)) Vk
92k, 0 = T.Qq k,© = _36+T6 r2 . p(t, U, 2 - P, 7, 4k .

Note that for photon-number-resolving detectors, the second constraint can potentially
be simplified, as discussed in Section 2.2. However, since our analysis includes both
detector types, we derive it here in a form that also accommodates click /no-click detectors.
Moreover, in the noiseless case, the summation is not required, as each combination of
i, 7,k corresponds to either a 4 in the case of photon-number-resolving detectors or a x
for click/no-click detectors. We nonetheless leave it, as needed for accounting photon loss.
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Proof. We consider the probability that, for example, Alice outputs a non-zero outcome
2;, i € {L,R, B}, while either Bob or Charlie outputs 0. This is captured by the
expressions p(a = 2;,b =0,c = k) and p(a = 2;,b = j,c = 0), where j, k € {4} for photon
number resolving detectors and j, k € {x} for click/no-click detectors. Using figure
(or B.3)), we write

D pla=2,b=0,c=k) =p(2,¢ € XFxVi' x Z28)+p(2,¢ € X xY§ x ZP), (3.17)

> pla=2i,b=j,c=0)=p(2,¢ € X x V5 x Z)+p(2;,¢ € X§ x Y5 x Z0). (3.18)

Similar as in equation ([2.27)), we write

Zp 2;,0,k) Z (2i,5,0) = (3.19)

pla=2;,( € X§ xY§ x Z5)

= pla=2;,¢e X§ x Y5 x Z8) + !

v

Pr(X$)

( 5 N . N
~Pr(x By 0= 200 € X XY x 2 —pla=2.C € X§ < V' x 27)

C
Since we use tilted quantum states, i.e., gigﬁg; = j—z, an additional coefficient appears.

C
Moreover, to eliminate the underlined terms, we multiply equation (3.17)) by gg%;’

yielding;:

2
S .
52 _P(20,0.k) = > _p(2i,5,0) =
k J
2

p(a:2i,C€XgXYBCXZB)—%p(a:%,CEXf x Vit x 72,

~

=(s8+76)-¢(2;,0=0) =(s6+7°)-q(2;,0=1)

Thus, we write

2 1 2
> (a(21,2,21,0) — %q(zi, 2;,2,1)) = 55 - (7% > p(2:,0,k) =Y p(2:,4,0)).
k

ik e j
(3.20)
Applying this procedure similarly for Bob and Charlie yields the second constraint. [

The linear program, formulated in terms of the variables ¢(2;,2;,24,0), consisting of
54 variables, and the probability distribution p(a, b, ¢) derived in section 6.1, yields the
following the first result:
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Result 1. The probability distributions p(a, b, c) exhibit nonlocality in the triangle network
for the (s, ¢,t) parameter regime computed in section 6.1. Specifically, for ¢ = 5§ and
52 = 0.5, nonlocality is observed in the interval 0.761 <t < 1. This specific result holds

for both photon-counting distributions and click/no-click distributions.

The results are equivalent to those by Krivachy et al. 2
Since we have analyzed all values of s?, we can visualize the nonlocal regions within a
given ¢ interval, resulting in figure [3.4]

1.0 = —
0.9 - S.  nonlocal region ,1’
O.B . \\ >

HO?E‘I ————————————— -, il I NE———

0.7 1

0.6 1

0.5 I 1 I T
0.0 0.2 0.4 0.6 0.8 1.0

52

Figure 3.4: Values of t beyond which the probability distribution p(a, b, ¢) fails to admit
a local hidden variable model for a given s i

In the noiseless case, high-dimensional quantum states evidently demonstrate an advantage
over single-photon sources. Specifically, for balanced quantum states, within the range
t € (0.761,0.784], nonlocality cannot be proven when using single-photon sources, see
figure This result highlights the potential of high-dimensional quantum states to
enhance nonlocality.

0,5 0,761 1

- el ¢

0,785

Figure 3.5: The range of nonlocality is extended by t € [0.761,0.784] compared to the
results by Abiuso et al @ and Renou et al.B

In principle, the RGB4 method® can also be applied to demonstrate nonlocality for higher-
dimensional photonic states, as outlined in theorem 2.2.1] and its corresponding proof.
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However, the computational complexity increases significantly with the dimensionality of
the states. Consequently, it is more practical to employ a LP based on the computed set
of probability distributions. This is advantageous because the structure of the constraints
remains unchanged, and only the number of variables in the distribution g grows linearly
with the number of photons N[

We express the total number of variables V;(IN) of ¢ by

V,(N)=2-(N+1)> (3.21)

To compute the needed probability distribution, we follow the method described in section
6.1. The coarse-grained probabilities for the LP can always be expressed in the form:

p(N;, 2N, 0) u?, p(N;, 0,2N) v?, p(Ni, Nj, Ni) o< (ujujuy + v,-vjvk)Q. (3.22)

Thus, it suffices to compute the required v and v, as the indices 1, j, k carry the same
physical meaning in u, v, as in the distribution q.

!Note that this is also true for the analytical RGB4 method®
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3.2 Single-Photon-Loss Nonlocality

The most dominant noise factor in the transmission channels is single photon loss.
Throughout this section, we set the number of photons per source to N = 2. Using a
single photon loss noise model, we describe the noise using Kraus operatorsLZ:

Ko = 10) (0] +n2) (2], Ky =V1-n21) (2], (3.23)

where each mode can lose at most one photon, and the probability of successfully
transmitting a single photon is 7, thus we obtain our noiseless model if n = 1. The
corresponding noisy measurement operators are given by

0 = 3 KL o KUK, 0 K, 2
J:J’

where i1,i3 € {0,...,2N = 4} for photon-number-resolving detectors and i, i2 € {0, x}
for click /no-click detectors. The probability distribution for single photon loss (SPL) is
given by

Py (a,b0) = Tr (1) V=2 (V=2 () @ ) @ ™)) (3.25)

The results are presented here as equivalent to those by Krivachy et al although the
approach as well as the LP differs.

To derive the LHV model in the context of single photon loss, for a start we begin by
considering balanced quantum states. In this model, the probability of obtaining outcome
0 for each party is fixed and given by

PP a=0) = p§P (b = 0) = p§PHe = 0) = | (3.26)
The structure of the LHV model must therefore reflect this constraint. However, complic-
ations arise when considering the post-processed outcomes corresponding to the original
coarse-grained outcomes 2 and 4 as in the noiseless scenario. Specifically, in the presence
of noise, an original coarse-grained outcome of 2 can lead to an observed outcome of
either 1 or 2 in this noise model, and an original outcome of 4 can lead to 2, 3, or 4. We
denote these outcome classes as

2 — é = {1, 2—>2}7 4— Zl = {2—>47 374}7 (327)

where the subscripts indicate whether the outcome 2 originates from an original 2 or an
original 4 outcome in the noiseless case.

This distinction becomes problematic when further analyzing the probability distribution.
For instance, when evaluating, e.g. p,%PL(Q, 2,0), it is ambiguous whether the two outcome-
2 entries stem from original outcome-2 events or from original outcome-4 events. Without

access to this information, the LHV model cannot resolve this ambiguity directly.
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To address this, we simplify the labeling of outcomes in the LHV model. We redefine the
outcome alphabet as
x ={1,2,3,4}, (3.28)

treating all outcomes as indistinguishable with respect to their noiseless origin.

Since the T'C approach is not applicable in this scenario—since we account for noise
in the communication channels—we require to go beyond the TC framework in order
to construct a consistent model. Let us focus on the 0 outcomes. Consider Alice’s
measurement outcomes and let us construct the smallest possible square—aligned with
the coordinate axes—that contains all of her outcome-0 events. Let the side lengths of
this square be denoted by Yﬁc and Z,’;‘. This square may also enclose outcomes labeled
differently. It follows that

YBCZ;4 > pgpL(a =0).

Analogous considerations for Bob and Charlie yield the additional constraints:

27X 2 p)"(b=0), XJVi=py"H(e=0).

Furthermore, since p;jp L(0,0) is impossible, the regions corresponding to 0 outcomes on

each face must be mutually exclusive. This implies that the projections of these squares
onto the shared axes cannot overlap, resulting in the following conditions:

xP+x$<1, v§+vi<t, z0+2z8 <1
Given equation ([3.26)), the above set of inequalities has a unique solution:

szxgzyﬂczygzz;“zzfzé
Because this solution saturates all the inequalities, we can conclude that the minimal
enclosing squares of the 0 outcomes do not contain any other output labels, leaving us
with a LHV model as in figure [3.3] with y labeling all the outcomes except 0, in both
photon number resolving and click /no-click regime.

To account for tilted quantum states, it becomes necessary to impose bounds on the
hidden variables—analogous to the procedure outlined in the next section (see equation
(3.56]) )—since the previous argument used to construct the LHV model no longer applies.
However, introducing such bounds and solving the resulting LP leads to numerical
problems and yields only weak results. This highlights the need for developing a more
refined LHV model to properly capture the structure of the tilted scenario. We will not
further investigate this issue in this work.

Due to the structure of the LHV model, we can apply the same linear program to check for
infeasibility as discussed in the previous section. However, special attention must be given
to the correct labeling of the terms being summed over in equation Additionally,
for the noise robustness results we used the coarse-graining scheme {0, (1,0), (0,1), (2,0),

(1,1), (0,2), 4}.
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Result 2. When applying the single-photon loss noise model to evaluate noise robustness

the following results are obtained (see also figure @) For photon number resolving
detectors, for t = 0.97, s> = 0.5 and ¢ = 5, the robustness reaches its mazimum at

1 = 0.897, corresponding to a noise tolerance of up to 10.3%. In the case of click/no-click
detectors, the mazimum robustness with n = 0.933, is achieved for t = 0.94, s> = 0.5 and
¢ = 5, resulting in a maximum robustness of 6. 79413,
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Figure 3.6: Single-Photon Noise Robustness: In the noiseless case, nonlocality was proven
above the blue dashed line. However, when s? deviates from 0.5, the linear
program no longer produces reliable results, and noise robustness could not
be proven. The left panel shows the results for the photon-number resolving
regime, while the right panel displays the results for the click /no-click regimem.

A few remarks on our results: We could have applied the PTC rnethod'ﬂl7 as discussed
in section 2.4, but we failed to prove nonlocality for both, balanced or tilted quantum
states, we discuss this issue in section 3.4 in greater detail. It is important to note that
the PTC method does not work for balanced quantum states in general, whereas our
approach provides significant noise robustness. Specifically, their method yields less than
1%, while ours achieves an improvement of more than an order of magnitude. Although
we observed no robustness for tilted quantum states, the results remain strong. The
observed robustness can be attributed to on the one hand the zero outcomes, since they
impose relatively strong constraints, and on the other hand to the fact that the constraints
in the LP are mostly equalities, and approximate inequalities are not needed.
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3.3 Full Photon Loss Nonlocality via a Geometrical Approach

In this and the next section we study full photon loss occurring in the channels between
the sources and the parties. Note that we again focus on NOON states, but considering
solely N = 2 photons per source and photon number resolving detectors. When using the
full photon loss noise model, we again define it by the Kraus operatorst:

Ko = 10) (0] +n12) 2,
Ky =v/2n(1 —n)[1) (2], (3.29)
Ky = (1=n)[0)(2[,

where 1 — 7 denotes the probability of a single photon being lost. The corresponding
noisy measurement operators are given by

) =N Kl e KK @ K, (3.30)
7,3
where i1,i9 € {0,...,2N = 4} for photon-number-resolving detectors. The terms propor-

tional to |-) (1| have been omitted, as we assume that the source state does not contain
single-photon components. The probability distribution for full photon loss (FPL) is
given by

Py a b, ) = Tr (J)N=> (V= (ALY @ TEL o TE)) . (3.31)

3.3.1 Introducing a new LHV Model accounting for Full Photon Loss

When considering full photon loss, constructing a local hidden variable model presents
a challenge, as it allows pg PL (0,0,0) > 0. This deviates from the structure of the LHV
models discussed in the previous sections of this chapter, where such outcomes were
strictly excluded. But in certain subsets A; we can still find outcomes that satisfy the
condition

a(B,7) + b(a,7) + c(a, B) =6, (3.32)
as well as preserving the intrinsic structure as in figure Assume we have M \; sets,
then they all must fulfill the following definition

A = {Cla(8,7) + blaw ) + cla, B) = 6. (3.33)

Here, each set \; consists of all triplets («, 8,7) such that the sum of a(f,7), b(a, ), and
c(a, B) equals 6 for each triplet. Since we are allowed to rearrange the cubic structure as
stated in section 2.3.2, we can create a region A, such that

A= (3.34)

Projecting this set onto the faces F'X of the cubic representation of the LHV model yields,
for relatively small noise (i.e., n < 1), a comparatively large projection area PX. The
complement of this projection area is referred to as the Hole Regions.
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3 Noise-Robust Triangle Network Nonlocality

Definition 3.3.1 (Hole Regions). Given the set A, then the projection of A onto the
face FX of the LHV model is denoted by PX := Projpx(A). Due to the intrinsic
structure of the set A, we have four sub-regions on each face for different outputs, we
can divide each face FX into four parts Fé( ¢ namely, ng , Ff{ , F2)§ and FQ)f , and
similar for PX, we can thus define the hole regions (hé,gj)

ey = (G GG G) € Férer (G Gg) & Pire, ) (3.35)

G =1, ¢ = j denote a specific segments, e.g. a1 and B2 for face C' give the notation
hes.

Figure 3.7] gives an illustration of the hole region.

TN

B

Figure 3.7: Illustration of the Hole Regions: (Left) The dark grey region represents the
set, A, depicted within the cubic representation of the LHV model. The blue
contours on the faces of the cube illustrate the projections of A along the
three hidden variables. (Right) The light grey region indicates the noiseless
area where the condition [3.32]is satisfied. The dark grey areas highlight the
hole regions hé,cj‘

However, using this LHV model leads to a problem. When rearranging the cubic structure
to construct the set A, it may occur that certain sets, called )\ are included which does
not satisfy the condition specified in , but they do not result from a hole region as
well. Therefore, it is necessary to appropriately adjust the set A

A= A= nuUX, (3.36)
( J

While we are able to adjust the LHV model geometrically, we did not succeed in finding a
fully consistent formulation of the constraints for the adapted LHV model. Nevertheless,
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3 Noise-Robust Triangle Network Nonlocality

we derived the necessary constraints associated with the initially constructed LHV model
in the following section, with the hope that the model can either be corrected or utilized
in a later work.

3.3.2 Constraints

Since the intrinsic structure of the LHV model is preserved only within the set A, it is
necessary to derive constraints not only for the LHV model itself but also for all o, B, Vi,
as well as for the hole regions.

Constraints on the Hidden Variables

To ensure a normalized local model, we write

ainjufyk: > O) Vi7j7k7 (337)
2 2 2
3 SR
i=1 j=1 k=1

In order to derive bounds on each of the hidden variables, we relate them to observable
probabilities. Specifically, we consider instances where certain terms, such as aq - 82 - 1
and as - f1 - 1, yield noiseless outputs, see figure This effectively corresponds to fixing
the outcome e.g. labeled ‘4’ on face C. We write:

as - B1 > p(024) 4+ p(042) = p(c = 4). (3.38)
Furthermore, by examining another part of C, we obtain:
(g — 1) - B2 < — (p(240) + p(420)) . (3.39)

To approximate 31, we substitute one inequality into the other and make use of equation
(3.38), resulting in:

("5

It is important to note that, within the set A, the equality p(a = 4) = p(b=4) = p(c = 4)
holds. However, this symmetry does not persist in the set A’. It does not apply to
p(a =0) =p(b=0)=p(c=0) within A and A" as well, since the total probability of
obtaining outcome ‘0’ increases under the full photon loss noise model.

The resulting quadratic inequality yields the following bounds on Si:

>0 =0

- 1) By < — (p(240) + p(420) & B2 — B+ ple=4) <0.  (3.40)

=

(3.41)
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3 Noise-Robust Triangle Network Nonlocality

Since #; must remain non-negative, the derived bounds hold as long as 1 — 4p(c = 4) > 0.
This condition is however satisfied because, by construction of the LHV model, p(c =
4) < %. This procedure can be applied to all variables (;, where i € {1,2}, by considering
analogous conditions that fix the outcome ‘4’ on each face. The general result is then:

< —v1—-dp(z=4), V¢, (3.42)

Constraints on the Hole Regions

The constraints are given by

0< Z héigj <1- P’I"OjFX (A)a VX, Gis C] (343)
1]

0<hEe <G-Gy VX6, G (3.44)

It is worth noting that if we consider the adapted set A’, the resulting constraints remain
identical, except that in equation , one must account for the projection of A’.
Moreover, when working with A’, it becomes necessary to also impose bounds on the
subsets )\;-. However, due to the intricate structure of X, only trivial bounds can be
formulated, which would additionally require the introduction of a new variable without
providing significant analytical insight.

Constraints on the LHV Model - LP Constraints

Due to the structural modifications of the LHV model and the additional constraints,
deriving suitable conditions to demonstrate non-locality, becomes considerably more
challenging than in the original framework. The definition of the distribution ¢(2;,2;, 2, o)
remains consistent with the previous sections and is explicitly given by:

q(24,25,25,0) :=pla=2i,b=2j,¢c =24, € So|( € SpUS1).

Here, i,j,k € {L, R, B} as before. The sets Sy and S; are defined by ;8171 and s fB2v2
respectively.
0. Constraint (Positivity and Normalization)

q(24,24,25,0) >0 Vi, j,k,0 (3.45)

p(222
i GkO 1P171 20272

It is important to note that this constraint is non-linear. To express it in linear form, we
need to bound the hidden variables o, 85, v, by applying equation (3.42). This procedure
yields bounds that are linear.
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3 Noise-Robust Triangle Network Nonlocality

Proof. The first part is due to the definition of ¢(2;, 2,2y, 0). The second part is computed
as follows

pa_217b—2],0—2k’C€SO)
Z (24,24, 2, 0) ZZ p(C € SoU Sy) -

i7j7k70 7] k O

_ Z p(a = Qi, b = 2j7 CcC = Qk) . p(222) (3.46)

a1B171 + a2 @117 + aafays

i7j7k
O

1. Constraint (Common Photon Cycling Direction)
The 1. constraint is given by

P(2:,25,2)
2,2:, 25, 0) = 3.47
EO:Q(z 52 24:0) 18171 + )2 (3.47)

As before, we need to bound the hidden variables in order to obtain a linear constraint.
For the proof, we proceed as follows:

Proof.
p(a:2i7b22j5022k7CESO) p(2252j72k)
2.2 2.0 :Z = . (3.48
50 q( jy 4k ) S p(¢C € SoU Sy) a1 8171 + a2B272 ( )

O]

These two constraints hold equivalently even when the set A’ is considered for the LHV
model. However, for the second constraint, this is not the case.

2. Constraint (No Influence from Unconnected Sources)

The 2. constraint is given by

L, i{m (2;,0,4) < q(2i,0 =0) < uy, 7;&2 (Uastipy iy, — hiblay — p(2,0,4) + p(2:,0,4))
(3.49)
l,.@ia;p(%él, 0) <q(25,0=1) < uﬁ% (ualugluv2 — hg‘llm1 —p(2,4,0) + p(2;, 4, 0)) :
(3.50)
l,@fiip(& 25,0) < q(2j,0=10) < uﬁ?sl (e tugytny — W15, — p(4,2,0) + p(4,2;,0))
(3.51)
l,.gzlf;p(o, 2,4) < q(25,0=1) < u;;i (Uay gty — hE5lg, — p(0,2,4) +p(0,2;,4)),
(3.52)
I iw (4,0,2;) < q(2,0=0) < unll:? (e ugyting — WGy, — p(4,0,2) +p(4,0,2;))
(3.53)
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3 Noise-Robust Triangle Network Nonlocality

l
lmu&p(O,él, 2;) <q(2k,0=1) < un% (umuglu71 — hQClln,2 —p(0,4,2) +p(0,472k)) )
Y1 7
(3.54)
[, and u, are bounds on the hidden variables, the full notation is given in the following
proof.

Proof. As in previous sections, we consider that, e.g. Alice outputs a non-zero outcome
2;, with i € {L, R, B}, while one of the other parties outputs 0. We take the marginal
of the g-distribution, i.e. ¢(2;,0 =1) = k- p(2;,¢ € S1). We write k := m
for brevity. We use the following notation for the lower and upper bound of x and ¢,
respectively:

lp <k < ug. (3.55)
lgi S CZ S UQ Vi (3.56)

We calculate those bounds using equation . We derive the constraints as in section
2.2 and afterwards properly bound them, since we leave out the need to explain this
constraint for click/no-click detectors. We can swap the subsets of X without changing
the subset Y and Z, thus if S; is given by the S; in equation 312} we define a set
C:=X¢ x YﬁA X Z:?, with p(X2) = as such that

4(2i0=1) =K Z—jp@i,c €Q), (3.57)
with p(X$) = a;. Now we run into a problem, normally if we project from one subcuboid
to another, we know the probability output, but since we must also consider the hole
regions, it might happen, although in S; we initially had p(i, 2, 2) for some given 4, that
in the subset C' we might not get for b and ¢ values from the projections of the set A, but
obtain values from the hole regions. Thus we write

with the subscript H and A denoting the hole region and the region of Projpa(A),
respectively. To establish an lower and upper bound for the term pg(2;,¢ € C), we
analyze its properties.

Considering no noise, this term would vanish, setting the lower bound to 0. As for the
upper bound, we can simply take Pr(¢ € C') = a1 8172 and subtract everything unrelated
to py, we write

0<pu(2i,C €C) < arfrya — iy a1 — > p(2:,4,0). (3.59)

(2

We thus obtain the following bound for ¢(2;,s = 1)

l U
llﬁﬂp(2ia4a 0) < Q(ino = 1) < u"fﬂ (ua1U51U»Y2 - h1241l011 _p(27470) +p(217470)) .

Uy lay
(3.60)
The other constraints are derived similarly. O
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3 Noise-Robust Triangle Network Nonlocality

When considering the adapted set A’, the derivation of the second constraint remains
incomplete. This is because the subsets ): introduce additional regions that include
noise contributions. Consequently, equation must be adjusted to account for these
effects. Moreover, appropriate bounds are required to avoid introducing an additional
variable, which is necessary to preserve linearity. However, we have not identified a
suitable approach.
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3 Noise-Robust Triangle Network Nonlocality

3.4 Full Photon Loss Nonlocality via PTC Method

Although our initial approach proving noise robustness against full-photon loss was not
successful, we can apply the Parity Token Counting (PTC) method instead, introduced in
section 2.4, utilizing its associated constraints and . To this end, we followed
the same strategy as by Boreiri el at. by directly implementing the constraints in the
general defined form for a LP, see . There, they use the standard definition of a

linear program.

minimize: ¢z
subject to: Az <b (3.61)
z>0
b is a vector of dimension R™ containing the information of the probability distribution
and A is a matrix of dimension R™*"™ containing all the information of the in section
2.4.2 stated constraints. For our noise model, introduced in the previous section 3.3, we

need to adjust the dimensions correctly. For the first constraint (see equation ([2.48))), we
define three matrices

Ap N f)(%]) c R13824X41472, Anorm(i7j) c R1X41472, A1‘2:y2 (Z,]) c R1728X41472. (362)

These three matrices are vertically concatenated, obtaining

Ap —p
Acq = | Anorm | € R(13824+1+1728) x 41472 (3.63)

A=y,
The second constraint (see equation (2.51))) is given by six submatrices,
Anp(isj) € RASXAAT2 A (G 5) € R wy € L) b, ¢} (3.64)
Again, these matrices are vertically concatenated

Alp (i, )

Aineq = Adowa(Z’]) c R(48-6)><41472‘ (365)

Aéown (Z’ ])

Each submatrix is associated with a corresponding vector b. The vector b,_,5(7)
encodes the computed probability distribution pf; PL(a,b,c). bporm = [1] enforces the
normalization condition, while all other b-vectors

c R13824

bay—yy (1) € RYT?8, B2 (i), b7 (i) € R*® (3.66)

» Yup

consist solely of zeros. In section 6.2, we outline the calculation of the components needed
to construct the LP.
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3 Noise-Robust Triangle Network Nonlocality

Furthermore, recall that we relabeled the indices from p(a;, b;, cx) — p(ai, a2, b1, b2, c1, c2)
p(x1,x2), while 1 € {0,1} represents the tokens (number of photons), i.e., a,b,c €
{0,4} - 21 =0and a,b,c € {2} = 1 =1. 29 € {0,1,2,..., 11} represents the additional
information, i.e, which and how many photons go either to the left, the right or both
detectors, leading to twelve possible outcomes.

Using the linear program, we obtain an unintuitive result (see Figure : as the degree
of tilt increases, the robustness of nonlocality appears to increase as well. In particular,
for 2 = 0.95, the maximum robustness is reached at n = 3.3%. Even for s> = 1, which
corresponds to a product state without entanglement, the result suggests some level of
noise robustness—an evidently incorrect outcome, as quantum correlations should vanish
in the absence of entanglement.
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Figure 3.8: Estimated noise robustness 1 for different values of the tilt parameter s,

obtained from the linear program. The result suggests that nonlocality
becomes more robust as the state approaches a product state (s> — 1).
However, this behavior is nonphysical, as no quantum nonlocality should exist
without entanglement.

Furthermore, it is important to note that the PTC method was also unsuccessful when
applied to the noise model involving single-photon loss.

Various approaches were explored in an attempt to obtain correct results. These included
adapting the code implementation, applying different coarse-graining strategies, and recal-
culating the probability distributions. Furthermore, the linear program was reformulated
to use p(xe,t) as variables, in accordance with the constraints given in equations
and . Despite extensive efforts, no reasonable infeasible solution could be identified,
although using this formulation is expected to be viable.
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4 Noise-Robustness under Source
Imperfection

In this chapter, we extend our analysis of network nonlocality by addressing the impact
of source imperfection, building upon our previous results concerning photon loss in
transmission channels. Specifically, we aim to close the detection loophole by considering
spontaneous parametric down-conversion (SPDC) sources. Unlike the approach taken
by Krivachy et al. T2 which presents a more generalized framework, our analysis remains
focused on the probability distribution relevant to our setup.

A similar investigation was recently published by Boreiri et al B however, our work goes
beyond theoretical considerations by providing a concrete proposal for an experimental
realization. In particular, we first establish a theorem demonstrating that network
nonlocality can persist despite source imperfections and extend our findings to a generalized
ring network with J parties. Additionally, we outline a detailed protocol for generating
quantum states with two spatially entangled photons and discuss the key experimental
challenges associated with such an implementation. Finally, we present a complete
experimental setup for realizing a network nonlocality test within the triangle network,
bridging the gap between theoretical predictions and practical feasibility.

4.1 Loophole-Free Analysis of Quantum Networks with
Imperfect Sources

4.1.1 Persistence of Nonlocality in the Triangle Network

We consider the triangle network with realistic sources, allowing for the possibility that a
source may fail to produce the desired NOON state. In this scenario, we focus on the case
where either the intended state, a tilted NOON quantum state, is successfully created,
or no photons are generated at all, corresponding to the vacuum state |00). We assume
that the source can certify that the state generation was successful. The probability of
successfully generating the desired state

W)Y = s|0N) +r|NO),

is denoted by =, with the probability of failure given by 1 — =, where = € [0, 1].
For our analysis, we demand our distribution to be a TC distribution,

p = {p((n1, a1, B1), (n2, a2, B2), (n3, a3, 43)) },
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4 Noise-Robustness under Source Imperfection

with its properties characterized in theorem @ Here, n; denotes the number of tokens,
o represents additional information indicating in which of the two detectors the photons
has been detected, and §; indicates successful state generation.

To account for potential losses, we introduce classical bits that the parties count without
affecting the additional information o;. This adjustment ensures adherence to a TC
strategy. The resulting density matrix, incorporating both successful state generation
and failure events, is expressed as

p= = (1 - E)-00) (00| p @ |9) (d] 5 + - [)" (|} ©1]00) (00| 5, (4.1)

where the subscript P refers to the photonic state, and B represents the classical bits.
The state |¢) is purely classical and acts as a compensation for the quantum state. For
an even number of photons, each source distributes % classical bits to the parties it
is connected to. In the case of an odd photon number, a different strategy is needed:
each source sends a fixed number of bits (/V in total) to the right with probability, e.g.
Psource = 2 and to the left with probability 1 — psource = 2. The number of bits and the
probability values must be identical across all sources; otherwise, misalignment in the
local model would prevent a proper construction.

The measurement performed by each party are given by the POVM’s {H?é(Ci)’a(gj )}. We
define

x,6(¢i),0(C5 z 6(¢i),0(¢5
(% () (CJ)} — {HX,P & HX(,CB) (gj)}xﬁ’ (4.2)

as the tensor product of the computational basis for the photonic and bit compensation
POVM’s, respectively. §(¢) € {0, 1} denotes if the source fails (6({) = 1) to generate the
state [1) or succeeded (0(¢) = 0), with ¢ € (a, 8,7). The probability distribution is given
by

P (@,5,8) = Tr ( §23 . [aE30) g [oSla)60) g Hcda(a),aw)) . (4.3)

To construct the LHV model, we use the following approach. Let us denote the set of
local hidden variables as (). Since there is a nonzero probability that all three sources
generate the desired state |1), we define the corresponding subset of @ as

K :={C|d(a) =6(p) =d(y) = 0}, (4.4)

with Pr(¢ € K) = 2% and K C Q. This subset retains all additional information c;, while
outside of it, we consider only the tokens.
Conversely, there is also a possibility that all three sources fail, leading to the subset

Fi={C|d(a) =6(8) =d(v) =1} (4.5)
, which occurs with probability Pr(¢ € F) = (1 — Z)3. Given K N F = () and utilizing a

TC strategy, the LHV model is constructed similarly as in chapter 3. Figure provides
an example for N = 2 photons per source.
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4 Noise-Robustness under Source Imperfection

Figure 4.1: Due to TC strategy, the LHV model can be easily constructed. When setting
= =1, we attain again the original LHV model as in figure [3:1} otherwise it
remains a subcube (K C Q). As an example, we chose balanced quantum
states, with NV = 2 photons. The notation of the superscript (0, 1,2) to denote
the addition of classical bits to the amount of photons, arriving at the parties.

For further computation, we will further describe the hidden variables «, 3,7 using
sets. E.g., a will be replaced by X, X and X3, with . X; =1, Pr(X;) =1-E,
Pr(Xs) = Z-s? and Pr(X3) = Z-r?, where each Pr(X;) represents a segment in the
model. This definition is similar for § and 7, having P(Y;) and P(Z;) respectively.
Based on this information, we present the following theorem concerning a loophole-free
analysis of the triangle network in the presence of imperfect sources.

Theorem 4.1.1 (Network Nonlocality having Imperfect Sources). Consider a tri-
angle network in which each source — a, B, and v — distributes the mized state given
mn equation , while using a TC strategy. Each source is designed to generate
a state, characterized by the same number of photons and the same degree of tilt.
Under these conditions, the network exhibits nonlocal correlations for the same values
of t and ¢ as those corresponding to the pure state py, = ) (|, V 2 € (0,1].

Proof. We begin with the noisy probability distribution pfoise (a, b, ¢), where a, b, ¢ are
coarse-grained variables representing the photons with the additional information j;.
When fine-graining p%oise(d, b, ¢) with respect to the success/failure of each source, we
write

pgoise(E% B’ 5) = pEoise(a7 ba Gy 6(a)7 6(5)7 5(’7))
= pnoise(a7 b, C|5(Oé), 6(/8)3 6(’7)) ’ pE(é(a)’ 5(ﬁ)a 6(7))
with (@) = (a,8(83),8(y)), and respectively for b and ¢ Additionally, note that if

(4.6)
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(1]

p=(8(a) =0,6(8) = 0,6(7) =0) =

and we obtain for ppeise(a, b, c|0,0,0), the original probability distribution p(a,b,c),
independent of =.

With these definitions and the help of the LHV-model, we consider the two sets So =
X3 % Ya x Z3 and S; := Xo x Y3 x Zs, with Sp N S; = 0 and

-82’

2, (4.7)

PT(Xg) = PT'(Y2) = PT‘(Zg)
Pr(Xy) = Pr(Ys) = Pr(Zs)

I
(11

I
(1]

All (NNN) events only happen iff ¢ € Sy U S;. We define
q(Ni,Nj,Nk,O) = pgoise(a = Ni,b = Nj,C = Nk,C € §0’C S §0 U §1)

1

= S Phe(e = Neb= Nje= NeC € So). ijke{LRB}  (45)

The transformation step utilizes the probabilities Pr(¢ € 50) and Pr(¢ € gl), which are
defined by the equations . Consequently, we obtain the probability for the union of
the sets §0 and §1

Pr(¢ € SouS;) =23 (5 +r9).

Using equation , we sum over s, thus obtaining the first constraint

1 =
zO:Q(NiaNjaNkaO) =5 (5400 * Phoise(Ni; Nj, Ni)
1 =
= m 'pnoise(NiijkamaOaO) .p“((‘)‘(a) = Oad(ﬁ) = 075(’7) = 0) (49)

= 55,6 PWVi NG, Nk), Vi, g k.

For the second constraint, we write

1 =
S (N, Nj, Niyo = 0) = g(Ni,0 = 0) = — Posise(a = Ni,C € So)  (4.10)

m 23 (s5+10)

Assume, we fix some specific 7 on the face of Alice. Extending along, e.g. So, this
probability can be expressed as a volume Vi, with V} C Sp. We want to find relation to
the volume (V%) underneath it, that still is in K. Since the area of the chosen i on the
face of Alice is the same, only the height of the volume V5 might change, thus we write

1 PT(XQ; 'pgoise(a =Ni,C € C)

(4.11)

1 _ _
- yE (a=N; Sh) = )
=3 (s6 + 10) Phoise(@ = Ni, € € 50) = =57 (6 +16)  Pr(X;
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4 Noise-Robustness under Source Imperfection

, with C = X3 x Y3 x Z3 (Vo € C C K) denoting the subcube With the output
P= o (N,2N,0). We know that Pr(X;) = Z-s% and Pr(X;) = Z - 72 and since the
probability in ([#.11)) has again the prefactor =3, we obtain

1 s _
1,6 j2 Pla=Ni,CeC) Vi (4.12)

q(NZ‘, o0 = 0) =
Note that this procedure holds also for all j, k and for o = 1. Thus, all constraints are
independent of =, and thus we have the same constraint structure as we would have for
Z = 1. We can conclude that we obtain non-locality for all = beside 0 as long as we have
non-locality for specific t and ¢ values. O

Remark 1: Intuitively, this can be understood as follows: Any nonlocality region within
(@) must originate from the subset K. This is because only within K can the faces be
distinguished based on the additional information a;;. Outside of K, such information
does not exist, as we solely count the tokens n;.

Remark 2: Note that this theorem only is correct for N > 2 photons per source. For
one photon, it is not possible to well-define equation [1.1] due to |¢) (¢|, since the token
counting theorem does not allow sending non-integer tokens into the network.

4.1.2 Generalization to a Ring Network with J Parties

Theorem can be extended to a ring network consisting of J sources S; and J parties A;.
Those J parties share a copy of the tilted NOON state for each couple of neig hboring parties
A;Aj+1.The measurement basis {115 A0 } is identical as in equatlon Additionally
note that this distribution is again a TC distribution, p = {p((n1, a1, 1), ..., (ns, a5, 81))}-
Since we employ a TC strategy, constructing the LHV model becomes straightforward, as
discussed in section 3.1.

Proof. Due to these constraints, we define a set K’, which is a subset of the set of the
local hidden variables Q':

K= {('|6(ar2) = 6(ags) = ... = 8(ay1) = 0}, (4.13)

where ¢/ = (a12, @23, ..., ay1), with Pr({’ € K') = 2/ and K’ C Q'. Again, the subset
K retains exclusively all the additional information ¢;. Similarly as before, each source
defines again a set. We denote them as P/, with g = {1,2,...,J} and ¢ € {1,2,3}. These
sets have equivalent properties as in the previous section:

Pr(P/) =% Vi,
Pr(P}) =% 7"2, Vi,
Pr(P{ Vi, (4.14)

Zlu

7

|
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4 Noise-Robustness under Source Imperfection

Similarly, we denote the noisy probability distribution as pZ,,. (a1, d2,...,ds). When
fine-graining with respect to the success/failure of each source, we write

pioise(dl’ ) dJ) = pioise(alv —s A, 5(0412), ey 5(04]1))

_ (4.15)
= Pnoise(@1, -y ag]|d(a12), ..., (1)) - p=(0(a12), ..., d(aey1)).

Hereby, note that p=(§(a12) = ... = §(ay1) = 0) = E7.
In the ring network the (a3 = N,ay = N, ..,ay = N) event is again only possible, if either
all photons move to the left or to the right. We define the sets S{, and S as follows

J

Shi= X P! (4.16)
pn=1
J

S = X PL. (4.17)
pn=1

Subscripts 1 and 2 are simply chosen for simplicity. We define
q(ihig, ey iN,O/) = p(a1 = i1, ag = iQ, AN = iN, CI € S(/)/K/ c 56 U Si) (4.18)
Simplifying equation (18] using Pr(¢’ € K') = 27/ - (s?/ + r?7), leads to

o . 1 . . .
Q(7'17Z2a "'7ZN70,) - =7 ] (82‘] +7“2J> 'p(al =11,02 = 12,...,aN = ZN,CI € S(/)/) (419)

When summing over o’, we obtain

1

anl?“'?ibho,) - =J 27 2] 'pgoise(il,...,ij)
o’ = ‘(S +r )
1 . : =
= =7, (SQJ T TQJ) 'pnoise(zly --~:ZJ‘07 -~-70) ~p“(5(a12) =..= 5(aJ1) = O)
1 . . . .
:m‘p(ll,...,lj), VZl,...,ZJ.
(4.20)
For the second constraint, we sum over all ¢; except for iz, yielding
Z Q(il,...,ik,...,iN,O/:O)ZQ(ik,O/ZO)
U1 yeeey bl — 1,8k 15050
1 - o
= =J . (82J + TQJ)pnoise(ak =1, ¢ € SO)
(4.21)
Now, we define a set
Vi=1{C | 8(a1z) = =8(an) =0, € K"\ (SHuUS)}.
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4 Noise-Robustness under Source Imperfection

This set is defined to include all possible outcomes in which all sources successfully
generate the desired quantum state, while not all of the parties necessarily receive N
photons as an outcome.

We transition from the subset Sp to an element in ), denoted as Y (Y C V). We write

k
Ty P08 = 6 € 0 = Sy o P04 = € )
(4.22)
with Y := P} x ... x P¥ x ... x P{. With equations we can simplify the term on
the right side, obtaining

. 1 52 .
q(ir, 0 = 0) = 2T 27 2 -plar =i, ¢ €Y). (4.23)

This procedure holds for all iy,...,4; and o/ = 1. Once again both constraints are

independent of =, leading to the same constraints necessary to have in order to prove
potential nonlocality in a ring network with J parties and with perfect sources. O
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4 Noise-Robustness under Source Imperfection

4.2 Quantum State Generation

Based on theorem 4.1.1, we presents in this following section an experimental setup in
order to generate NOON states. Building upon the analysis conducted in chapter 3, we
consider the case of N = 2 photons per source. However, we also allow the quantum state
to be tilted, thereby introducing two distinct setups: one for balanced quantum states
and another for tilted quantum states. In addition to the theoretical analysis, we address
the practical challenges that may arise when implementing the quantum state generation
setup. These include potential issues such as photon loss, detector efficiency, and the
required independence of the three sources for the setup.

It is important to highlight that while the proposed setup is a concrete example, other
setups could also be considered as long as they align with the principles outlined in
theorem [L1.1]

Section 4.2.1 contains the same content as the publication by Krivachy et al.Z

4.2.1 Setup for Generating Balanced and Tilted Quantum States

In this section we propose a setup using heralded single-photon sources at each node of
the triangle network in order to generate spatially-entangled quantum states of the form

) o |02) + [20) . (4.24)

Figure [£.2] illustrates the fundamental setup for generating spatially entangled photon
pairs.

Detector

Beamsplitter

Detector

Figure 4.2: Generating balanced quantum states: two SPDC sources generate photon
pairs, of which two interfere at a 50:50 beamsplitter, harnessing the Hong-Ou-
Mandel effect. The detectors measure the remaining two photons to ensure

a classical communication channel to those parties the source is connected
withI2,
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4 Noise-Robustness under Source Imperfection

In this setup, each source is equipped with two heralded single-photon emitters (SPDC
crystals). Each of them has a probability of £ to create a pair of photons. When two
photons are successfully created at a given source, they can be used to generate the
state. While a naive implementation would still require global post-selection to ensure
simultaneous photon generation across all sources, we exploit the theorems 2.1.3 and [£.1.]]
to eliminate this need.

The key insight is that each source can locally communicate its heralding information to
the two parties it is connected with. This ensures that the resulting distribution adheres to
a token-counting structure, where the presence of photons in specific modes follows strict
combinatorial constraints. As a result, the experiment remains robust against imperfect
sources while maintaining triangle network nonlocality. Crucially, due to theorem [4.1.1
this approach preserves the integrity of the nonlocal correlations without introducing
experimental loopholes arising from global post-processing.

To ensure consistency between the experimental setup and the underlying theoretical
framework, we address the following key aspects: Firstly, the noise parameter = is now
denoted by &, since two SPDC crystals are involved and as they may not have identical
probabilities of heralding a photon pair, we refine the noise parameters’ definition as

Secondly, since each source is assumed to communicate with its connected parties, it
is essential that one photon per pair is detected by a photon detector. This detector
classically transmits information about whether a photon pair has been generated. Only
if both detectors—one for each crystal—register a photon, we can confirm that the state
|1) has been created. In all other cases, no photons are allowed to reach the parties, as
each source is equipped with a shutter that blocks the photonic paths. Nevertheless, each
party then receives a classical bit, thereby ensuring the conservation of the total number
of tokens.

Finally, we emphasize that the photons produced by the two SPDC sources and but not
measured by the detectors must be indistinguishable. This requirement allows us to direct
them to a balanced 50:50 beam splitter, where, due to the Hong-Ou-Mandel effect, the
resulting state is given by

1
V2
Note that a phase shifter must be applied in the second mode to obtain the desired state.

To generate tilted quantum states, we modify the setup to allow for controlled variation
of a tilt parameter. Figure depicts the setup for generating tilted quantum states.

[Vpar) = —=(102) + [20)).
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4 Noise-Robustness under Source Imperfection

Detector

Detector

Beamsplitter

Beamsplitter

Detector

Figure 4.3: Generating tilted quantum states: an additional beam splitter is introduced
in one of the output modes, while the third mode is measured to post-select
the desired outcome, providing control over the degree of tiltTD.

Specifically, we introduce an additional beam splitter after the first one in e.g. the left
mode.
Initially, the system produces the state:
1 1020y + 21200,
V2 V2
By adding an extra beam splitter, an additional degree of freedom is introduced, leading
to the transformed state

1 1
—=(a|011) + b|002) + ¢|020)) + —=200).
75al011) +b]002) +020)) + = 200
We then measure the newly introduced third mode. If the measurement outcome is 0,
we consider the process to be successful. However, if the measurement yields 1 or 2, the
attempt is discarded. This post-selection results in the state

L 020y 4+ 2
L. L
V2 V2

After discarding the now-trivial third mode and renormalizing the coefficients, we obtain
a tilted quantum state

1200).

c 1
V2 +1 V2 +1

The degree of tilt can be adjusted by altering the transmissivity of the second beam
splitter, which is effectively controlled by the coefficient ¢ in the final expression.

[Wtie) = 02) 120) . (4.26)
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4 Noise-Robustness under Source Imperfection

4.2.2 Experimental Setup and its Practical Challenges

Given the results of this and the previous chapter, we can now propose an experimental
setup that eliminates the need for global postprocessing and, consequently, the associated
loopholes. In particular, we note that two of the three noise parameters—detector efficiency
(v) and source imperfections (Z)—are not expected to pose fundamental obstacles to a
realistic experimental implementation. The assessment concerning detector efficiency is
supported by several experimental studies2IZI2A While photon loss in the transmission
channel remains a significant challenge, our analysis nonetheless indicates a certain degree
of robustness against the dominant form of noise.

By utilizing our source setup into the triangle framework introduced in chapter 2 (see
figure , we arrive at the following experimental configuration:

Figure 4.4: Triangle Network Experimental Setup with Refined Source Implementation:
The experimental setup considered here is based on the proposal by Abiuso and
Krivachy et al with an important refinement regarding the implementation
of the sources. We introduce the setup shown in figure in which each
source «, 3,y generates balanced quantum states. This choice is motivated
by two main factors: balanced quantum states have been shown to offer the
best robustness to noise in the channels, and their experimental realization is
more straightforward. For simplicity and clarity of presentation, we omit the
phase shifter from the sketch, as it plays no essential role in this schematic
setup. The figure shown is intended as a conceptual illustration.
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4 Noise-Robustness under Source Imperfection

Although the generation of the quantum state appears promising, several theoretical
challenges must still be addressed. These include photon loss at the sources, detector
failures, the production of additional photons, and the independence of the sources. In the
following, we will discuss five potential issues from a theoretical perspective and present
corresponding solutions.

Issue I: Detector Efficiency

Although modern detectors achieve very high efficiencies — up to 99%EIIEA _ 4 gmall
possibility of photon loss during detection still remains. Given that each source may
involve up to three detectors, this issue must be taken into account. Fortunately, there is a
simple solution: whenever a photon is not detected, the underlying mechanism informs the
parties that state generation was unsuccessful, even when it actually succeeded. We note
that this introduces an additional probability piess det into equation , accounting for
potential photon loss at the detectors.

Issue II: Generation of two-photon Pairs

When using a nonlinear crystal to herald a photon pair, there remains a very small
probability of generating two-photon pairs, occurring with probability £2 (and £3). Since
our protocol strictly requires an equal number of photons at each source «, 3, , this issue
must be addressed. A solution is to use photon-number-resolving detectors: whenever a
detector registers more than one photon, the connected parties are informed that state
generation was unsuccessful. To account for higher-order photon generation, we introduce
another additional probability pe2 into our analysis.

Issue III: Independence of the Sources

In the context of the triangle network, a fundamental requirement is that the sources must
be independent, ensuring there is no hidden coordination or correlation between them.
To achieve this independence, one potential method is to employ a technique similar
to that used by Wang et al.I8 Specifically, they utilized a Quantum Random Number
Generator (QRNG) to produce random numbers. Each QRNG generates values between
0 and 1, which are then mapped to specific angles, with a precision of 0.01°. These angles
are used to tilt an optical window in the system. This random variation in the optical
window’s tilt results in random phase shifts being applied to the pump beam, with phase
shifts ranging from 0 to 27. By employing such a method, the sources’ actions remain
statistically independent, ensuring that the network operates without any unintended
correlations between the source elements.

Issue IV: Using Hong-Ou-Mandel Effect (Creating Spatially-entangled Photons)
In the context of our current understanding and the ability to generate spatially entangled
photons, we can affirm that the state [¢) is achievable, as demonstrated by several
experimental worksBZEBIEA - Thege studies confirm that the generation of spatially
entangled photons is nowadays experimentally feasible.

Issue V: Photon Loss during Quantum State Generation
Photon loss at the sources can occur both during transmission to the detectors and in
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4 Noise-Robustness under Source Imperfection

the process of generating the quantum state |¢). In order to distinguish these cases, we
define two types of photons: the heralding photons, which travel to the detectors, and
state-photons, which are the actual entangled state. In both scenarios, photon loss is a
potential concern. Therefore, the photons are emitted into free space at the point of state
generation, as there are no further interactions.

To minimize photon loss in free space, we consider the probability of photon loss:

Ploss = 1 — Toptical * Tnedium (4.27)

where Tiptical accounts for diffraction and aperture losses, and Tinedium represents trans-
mission efficiency in the medium. Since the photons move in free space, we can set
Tnedium ~ 1. To maximize Typtical to 1, diffraction must be minimized, alignment needs
to be optimized, and proper mode matching must be ensured.

For detector-photons, occasional loss is inconsequential since undetected photons simply
result in the detectors informing the parties that state generation was unsuccessful. In
this case, no photons enter the connected parties, ensuring that lost detections do not
disrupt the experiment.

A more critical issue arises in rare cases where one SPDC crystal produces an unwanted
2-2 photon pair. If one of the detector-photons is lost when entering the fiber, the detector
register only a single photon instead of both. This results in the source generating a
three-photon state, and since the first two detectors confirm detection, the remaining
photons are allowed to enter the system. This scenario violates theorem [f.1.1] While this
event is unlikely, it remains possible over many experimental rounds. Unfortunately, we
have not found a solution to resolve this issue.

Thus, most of these issues can be resolved or ruled out, but the probability of successful
state creation, decreases

== §1 : 52 * DPloss,det * p§2 : (1 - ploss) ~ 51 . 62 * Ploss,det * Pg2 . Toptical- (428)
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5 Summary and Discussion

In this work, we investigate network nonlocality in the triangle scenario from the single-
to the multi-photon regime by constructing a local hidden variable model for generalized
NOON states and demonstrating nonlocality for two photons per source. We analyze
the effect of single-photon loss in transmission channels and show robustness to noise up
to 10.3% in the photon number resolving and up to 6.7% in the click/no-click regime.
Although our initial attempt to address full photon loss is not successful, it provides
valuable insights into constructing such models. We also address source imperfections
and show that, even when the sources fail to produce the desired states, nonlocality can
still be observed, independent of the amount of noise. Together with the noise-robustness,
we manage to resolve the detection loophole. Moreover, we show the same results for a
ring network with J parties. Furthermore, we propose an experimental scheme based on
heralded spatial entanglement via SPDC, which circumvents the need for global post-
processing by using failure bits to certify unsuccessful events. These results advance the
feasibility of a loophole-free experimental demonstration of triangle network nonlocality.

As mentioned in section 1.4.4, the content of this work has been prepared simultaneously
with the publication Closing the detection loophole in the triangle network with high-
dimensional photonic states by Krivachy et al T 1t is important to note that the results
formulated in this thesis are included in this publication if they have led to new significant
insights. In the publicationlm, the authors demonstrate noise robustness by introducing a
critical output, defined as a specific measurement outcome—either 0 or 4 photons—that
plays a crucial role for constructing a LHV model. While in this thesis, except for section
3.3 and 3.4, we consider scenarios in which the probability of the critical output appearing
simultaneously for any two parties in a given round is always zero, the authors show that
nonlocality can still be certified without imposing such constraints. In particular, they
demonstrate this for tilted quantum states under single-photon loss, as well as in the
regime of full photon loss. Notably, in the case of full photon loss, they achieve maximum
noise robustness at n = 99.86%. Moreover, using the method briefly discussed in section
1.4.2, it is shown that for a realistic noise model, neural network-based heuristics give
approximately 50% robustness. Furthermore, theorem has been generalized to apply
to any distribution in the publication by Krivachy et al 0, collectively reinforcing the
results of this thesis.

To extend the findings of this work, we could explore the possibility of detecting nonlocal-
ity for higher orders of N, and evaluate this within the context of our single-photon noise
model, or perhaps an N — 1 photon noise model, which on the one hand preserve the
probabilities of the zero outcome while on the other hand potentially increases nonlocality.

73



5 Summary and Discussion

Additionally, we could apply the inflation technique as described by Pozas-Kerstjens et
al® to extend or enhance the range of nonlocality for N = 2 photons per source.

Although we are able to close the detection loophole, several other issues remain unresolved,
leaving room for future investigation. For instance, throughout this work, we consistently
assume independent and identically distributed (i.i.d.) behavior across each experimental
round. However, in realistic scenarios, this assumption may not hold. Deviations from
the i.i.d. assumption give rise to so-called memory attacks, in which hidden internal
memory introduces correlations between rounds. As a result, the observed correlations
can no longer be reliably interpreted as genuine nonlocality, as they could potentially be
mimicked by classical mechanisms that exploit these inter-round dependencies.

Finally, demonstrating such robustness to photon loss would be valuable not only for
the specific distribution studied here, but also for the implementation of other types of
distributions. While source imperfection has already been addressed in recent worksBIZ,
it would be interesting to explore the impact of other loss parameters. In light of the
rapid advancement of quantum technologies, it remains an open and compelling question
whether analogous robustness can be achieved.
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6 Appendix

In this chapter, we present supplementary discussions that are not included in the main
text to maintain readability. Section 6.1 covers the computation of the probability
distribution, based on Krivachy et al. @ Section 6.2 discusses the fundamental components
required to construct the linear program used in the publication by Boreiri et al

6.1 Computing Probability Distribution

We present the method used to compute the noiseless output distribution p(a, b, c) for
NOON states, where a,b,c € {0, N,2N} (or a,b,c € {0, L, R, 2} in the case of click/no-
click detectors). The transformation of a beamsplitter with transmissivity ¢ and phase ¢
is described in terms of the creation operators a! as follows:

ag _ Vit —e 701 — ¢ ag (6.1)
) izt v )\ '
(2 o
Using this transformation, we express the state transformation as
1 ) moro. n
Vi — 7 VT=ta]|" VT —tal + Via]| "J00).  (62)
vml!n!

For practical convenience, we define u := /¢, I* := e7*/1 — t and I* := €'*\/1 — ¢, and
rewrite the equation using the binomial theorem:

G m! n! !
|mn>i:kzzk!(m—k)!q' !\/(ern—(kJrC]))!i

=0q=0 (n N (])

mn) =

MR g om 4 — (k4 q))o. (6.3)

The output state |.), represents the photon number distribution at the output ports. To
obtain the relevant POVMs {II:X} for N = 2 photons per source, we derive equations

€9 - ©D-

|00); = |00)o, (6.4)
02); = £]02), 4+ V2t7e|11), + T7€%¢|20),, (6.5)
120); = 7]02), — V2tTe |11), + te~2%|20),, (6.6)

22); = VBtr (e729/04), + €2|40), ) + V6 (Virt — 15v/7) e 13),+
(82 = atr + 72) [22), + V6 (37 = Vir?) ¢p31),. (6.7)
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Those equations allow us to construct the POVMs {II% }. As initial state we write tilted
NOON-state as

1) = s|ON) + 7 |NO), (6.8)
with s + 72 = 1 and s,7 € R. The global initial state is given by

|\I]>]X1A231320102 = |7/)>%2B1 ® |¢>g201 ® |¢>g2A1
The distribution p(a, b, ¢) is given by
plab.e) = Tr (1N (@Y (115, 4, @ 10, 5, @ T, 0, )) (6.9)
» 1,A2 Bi1,B2 C1,C2 ) ) - :

By applying equations 1} for N = 2 photons per source, in conjunction with
equation , we obtain the probability distribution p(a, b, ¢):

p(21,21,21) = %% + 7078 4 253134373 cos(6¢)

P(2R, 2R, 2R) = 575 4+ 1515 4+ 253131373 cos(6)
p(2L, 2R, 28) = t*7° (8672 + %% + 25%r3t7 cos(6¢) )
p(2r,2R,21) = 272 (56752 + 7972 4 283r3¢r cos(6¢) )

p(2B, 2R, 2R) = 2t7 (r 644 1 074 — 25373272 cos(6¢))
p(2B,21,21) = 2tT (r674 + $0tt — 253131272 s(6¢))
p(2,28,21) = 48277 (rO7% + s% + 25337 cos(6¢))
p(25,2B,2R) = 4t°7° ( 642 4+ 072 4 253r3¢r cos(6¢))
p(2B,21,2r) = p(2B, 2R, 21) = 26373 (rﬁ + 5% — 25%r7 cos(6¢))
p(2B,2pB,2B) = 8373 (7“6 + 55 — 263 cos(6¢))

p(25,0,4) = 25t  p(2p,4,0) = 2sr2tr
p(21,4,0) = s*r?t? p(21,0,4) = 242 p(2R,0,4) = s2ri? p(2g.4,0) = strir?

Note that we coarse-grain p(a, b, ¢) into the outcome set {0,2r,2g,25,4}. Furthermore,
when formulating the LP, we can further simplify the notation and the calculation of the
probability distribution by utilizing equations and . Specifically, by deriving
the corresponding u; and vl Values as in equations and , we recover the same
probability structure as in and ( -

By incorporating the noise parameter 71 through the Kraus operators into the calculation
of the probability distribution, it suffices to modify equations (|6.4)—(6.7), while the
remaining procedure remains unchanged.
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6.2 Construction of the LP using PTC Method

In this section we define the exact construction of the matrices and the vector by, intro-
duced in section 3.4. Recall that x; = {a;, b;, ¢;}, with 21 € {0,1} and x5 € {0,1,...,11}.
Note that |a1] - |az| - |b1] - |b2] - |c1] - |e2| = 13824.

(

1 if j = 1152a9 + 9602 + 8co + 4t, + 2ty + Lo,
1 = 6912a1 + 576as + 288b1 + 24by + 12¢1 + c2,
and parity conditions hold;

A, _5(i,7) =
pop(i:J) fle) ifj =i+ 13824;
—fle) ifj=i+13824-2;
L0 otherwise.
if j =6912a; + 576ao + 288by + 24bs + 12¢1 + co + 13824,
. 7 =6912a1 + 576as + 288b1 + 24by + 12¢1 + ¢ + 13824 - 2 and
Anorm(L]) = .
1 =0,
0 otherwise.
1 if 7 =6912ay + 576as + 288b1 + 24by + 12¢1 + co + 13824,
1 = 144a9 + 12by + c2,
Apyyo(i,§) = =1 if j = 6912a1 + 576as + 288by + 24by + 12¢; + ¢ + 13824 - 2,
1 = 144a9 + 12by + c2,
0 otherwise.
[\ if j = 1152as + 96by + 8ca + 4 x 0+ 24y, + to, i = dag + 2t + te;
Azp(i,j) =491 q&%) if j = 1152a9 + 96bg + 8co + 4 X 1 + 2ty +t., @ = 4dag + 2ty + t¢;
0 otherwise.
. if j = 1152a + 96by + 8¢y +4 X 0 4 2tb+ te, i = dag + 2ty + te;
Gown(id) = —(1—q\® ) if j = 1152ag + 96y + 8z + 4 X 1+ 2tb+ te, i =dag + 2ty + te;

0 otherwise.
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—q) if j = 1152ap + 96by + 8y + Aty + 2 X 0+ te, i = by + 2ty + to;
A (i,7) = 1= g if j = 115200 + 96by + 8cg + Aty + 2 x L+t i = dby + 2 +t;
0 otherwise.
P if j = 1152ag + 96by + 8y + 4ty +2 X 0+ te, i = 4by + 2ty + to;
Ao (i) = —(1— ¢\ ) if j = 115245 + 96Dy + 8y + Atq + 2 x 1+ te, i = dby + 2ty + Lo}
0 otherwise.

\

—gl) if j = 1152a + 96by + 8y + Aty + 2y +0, i = dby + 2ty + ty;
A (i,7) == {1 —¢i) if j = 1152an + 96by + 8co + Aty + 2t + 1, i = dby + 2, + 1y
\0 otherwise.
o if j = 1152as + 96by + 8co + Aty + 2, + 0, i = dby + 2ty + ty;
Ao (3) = 4 —(1 = ¢ ) i § = 1152a0 + 96Dy + 8co + 4tq + 2ty + 1, i = by + 2ty + ty;
0 otherwise.

\

ql(ff,), ql(g)), ql(fg, q((i?wn, q((ilz))wn and q((ﬁ))wn are calculated using equations (2.42) and ([2.50)).
Lastly we define b,_,5(i).

bp_>i,(i) = p(al, ag,b1,be, cq, CQ), where ¢ = 6912a1 + 576as + 288b1 + 24bs + 12¢1 + cso.

6.3 Code and Data Availability

A reference implementation for setting up and solving the linear program is available at
[GitHub Repository: Master’s Thesis LP Code All necessary data can be reproduced
using the information provided in this thesis, together with the accompanying code.
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highlight the hole regions hévcj. ........................

.8

Estimated noise robustness 1 for different values of the tilt parameter s,

obtained from the linear program. The result suggests that nonlocality

becomes more robust as the state approaches a product state (s* — 1).

However, this behavior i1s nonphysical, as no quantum nonlocality should

exist without entanglement. | . . . . . . . ... ... .. ... ... ...

AT

Due to TC strategy, the LHV model can be easily constructed. When

setting = = 1, we attain again the original LHV model as in figure [3.1}

otherwise it remains a subcube (K C ()). As an example, we chose balanced

quantum states, with N = 2 photons. The notation of the superscript

(0,1,2) to denote the addition of classical bits to the amount of photons,

arriving at the parties.| . . . . . . . ...

62

2

Generating balanced quantum states: two SPDC sources generate photon

pairs, of which two interfere at a 50:50 beamsplitter, harnessing the Hong-

Ou-Mandel effect. The detectors measure the remaining two photons to

ensure a classical communication channel to those parties the source is

connected with®d] . . . . . .

67

a3

Generating tilted quantum states: an additional beam splitter is introduced

1n one of the output modes, while the third mode 1s measured to post-select

the desired outcome, providing control over the degree of tilt™| . . . . . .
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List of Figures

4.4 "Triangle Network Experimental Setup with Refined Source Implementa-

tion: The experimental setup considered here is based on the proposal by

Abiuso and Krivachy et al.™¥ with an important refinement regarding the

implementation of the sources. We introduce the setup shown in figure

[4.2] in which each source «a, 5,y generates balanced quantum states. This

choice 1s motivated by two main factors: balanced quantum states have

been shown to offer the best robustness to noise in the channels, and their

experimental realization i1s more straighttorward. For simplicity and clarity

of presentation, we omit the phase shifter from the sketch, as it plays no

essential role 1n this schematic setup. The figure shown is intended as a

conceptual illustration). . . . . . .. .. 000000
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