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The aim of this thesis is to show that the minimal size of a maximal cofinitary
group, denoted a, can be of countable cofinality. For this purpose, we present in
detail a forcing construction originally due to Shelah, and subsequently developed
by Brendle, Fischer and Tornquist. We start with defining a forcing notion Q4 ),
which is designed to adjoin a maximal cofinitary group of arbitrary uncountable
cardinality. This forcing notion has key properties, namely it is product-like and
has the strong embedding property, which make it possible to be used within two
sided template construction. In the second part of the thesis, we introduce itera-
tions along two-sided templates and show that a special instance of the construction,
built with the use of the poset Q4 , and the Localisation forcing notion, leads to the
above stated consistency, i.e. the consistency of a, being of countable cofinality.

Das Ziel dieser These ist zu zeigen, dass die minimale Gréfle einer maximal kofinitéaren
Gruppe, bezeichnet als a4, von abzahlbarer kofinalitat sein kann. Zu diesem Zweck
stellen wir detailliert ein Erzwingungskonzept vor, welches urspriinglich von Shelah
stammt und spater von Brendle, Fischer und Térnquist weiterentwickelt wurde. Wir
beginnen mit der Definition eines Erzwingungskonzepts Q4 ,, welches dazu dient,
eine maximal kofinitdre Gruppe beliebiger iiberabzahlbarer Kardinalitit hinzuzufiigen.
Dieses Erzwingungskonzept weist Schliisseleigenschaften auf, namlich seine Pro-
duktahnlichkeit und die starke Einbettungseigenschaft, die seine Verwendung in der
zweiseitigen Template-Konstruktion ermoglichen. Im zweiten Teil der Arbeit fithren
wir Iterationen entlang zweiseitiger Templates ein und zeigen, dass eine spezielle
Instanz der Konstruktion, die unter Verwendung der Halbordnung Q4 , und des
Lokalisierungserzwingungskonzepts erstellt wurde, zur oben genannten Konsistenz
fithrt, d.h. zur Konsistenz von a, als abzéhlbarer Kofinalitat.
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1 Introduction

The goal of this chapter is to introduce the main Theorem and give an outline of
the structure of this thesis.

The goal of this thesis is to show that the minimal size of a maximal cofinitary
group can be of countable cofinality. We formalize this statement.

Definition 1.1. Let S, be the group of all permutations of w. A cofinitary group
G is a subgroup of S, s.t. each non-identity element has finitely many fixed points.

Definition 1.2. A cofinitary group G is called maximal if it is not contained in a
strictly larger cofinitary group. We denote the minimal size of a maximal cofinitary
group by a4

Cofinitary groups were of interest to algebraists in the 80’s who could show
that if a cofinitary group is countable, then it is not maximal and that there is
always a cofinitary group of cardinality ¢. So, they proved X; < a, < ¢. The
consistency of 8y < a, = k < ¢ for x regular uncountable was obtained via finite
support iteration forcing in [BSZ00]. However, the cofinality of a, being of countable
cofinality remained open and was solved in [FT13] with the use of the advanced
forcing method of template iteration. In this thesis we give a detailed presentation
of the following:

Theorem 1.3. Assume CH. Let \ be a singular cardinal of countable cofinality.
Then there ewists a ccc generic extension in which ag = .

In chapter 2 we present auxiliary statements and definitions from [Kunll1] and
[Kun14] such as the forcing notion L.

From chapter 3 onwards we will closely follow [FT13].

In chapter 3 we introduce the forcing notion Q4 ,, which encode permutations and
their finite approximations, and show its key properties, with respect to this thesis,
in particular that Q4 , allows us to adjoins a maximal cofinitary group of arbitrary
uncountable cardinality.

In chapter 4 we introduce the forcing notion P(7,Q,S), which allows the itera-
tion along the two-sided template T of arbitrary representations of the poset classes
Q and S respectively. We show that the forcing notions Q4 , and L, introduced
in the previous chapters, satisfy the definitions of the respective classes Q and S.
Moreover, we establish key properties of P(7,Q,S).

In chapter 5 we show two estimates of a, obtained by plugging Q4 , and L into
P(T,Q,S). We show that those estimates depend on the two-sided template 7 used
to build P(7,Q,S).

In chapter 6 we define a specific two-sided template 7* and show that P(7™, Q4 ,, L)
forces Theorem 1.3.



2 Preliminaries

The goal of this chapter is to introduce definitions and results, relevant for the proof
of Theorem 1.3, which we will not cover in detail. For a detailed discussion, see
[Kunl1] and [Kunl14].

2.1 Set Theory

We will use the notation from [Kunll]. We also assume familiarity with [Kunll]
chapter I ”Background Material” and the general forcing idea as discussed in [Kun11]
chapter IV.2 ”Generic Extensions”.

2.1.1 Delta System Lemma and Knaster Property

Definition 2.1. A family of sets A forms a delta system with root Riff XNY = R
whenever X,Y € A with X #Y.

Lemma 2.2 ([Kunll] II1.6.15 (Delta System Lemma)). Let A\ and k be regular
cardinals s.t. w < X\ < k. Assume that V0 < k[0=<* < k|. Let A be a family of sets
with |A| = k, s.t. |A] < X for all A € A. Then there is a B € [A]* s.t. B forms a

delta system.
Definition 2.3. Let P be a poset. L C P is linked iff for all py,ps € L, p1 £ po.

Definition 2.4. Let P be a poset. P has the Knaster property iff for all E € [P]™,
there is a linked L € [E]™.

2.1.2 Dense open and dense below

Definition 2.5. Let (P, <p, 1p) be a forcing notion with s € P. Then s | denotes
the forcing notion (S, <s, 1g), where S := {p € P : p <p s}, Is = s and <g is <p
restricted to S.

Definition 2.6. Let P be a forcing notion and S C P. Define S |:=J{p |:p € S}
as the open hull of S.

Reducing GN D # () down to GN D |# ) for a filter G and S C P, where P is a
forcing notion, will be useful to show that a filter is generic.

Lemma 2.7. Let P be a forcing notion, G a filter on P and S CP. Then SNG # ()
iff S 1 NG # 0.

Proof. =: Follows from S C S |.
<: Let pe S| NG. Since p € S |, there exists a p’ € S s.t. p’ < p. Since G is a
filter p’ € G. So p' € SNG. O



Definition 2.8. Let (P, <p, 1p) be a poset E C P, p € P. Then E is dense below p
iff
Vg < p(3r < q(r € E)).

A subset of a poset meeting a filter, can be reduced to the subset being dense
below an element of the filter.

Lemma 2.9. Let M be a ctm of ZFC, P € M, E C P and E € M. Let G be
P-generic over M. Then

1. GNE #0 or3¢g e G(¥Yr € E(r L q)).
2. If p € G and E is dense below p, then GNE # ().

Proof. 1. Let
D={p:3IreE(p<r)}u{q:VreE(rLqg}

Let ¢ € P\ D. Since ¢ € D, there exists an r € F s.t. r [ q. Let p be the
common extension of r and ¢. Since r € E, p € D. So D is dense in P.

2. Assume GNE = (). By Lemma 2.9, there exists a ¢ € G s.t. Vr € E(r L q).
Since G is a filter, there exists a ¢ € G s.t. ¢ < g and ¢’ < p. Since E is
dense below F| there exists an r € E s.t. r < ¢'. Then r < ¢. Contradiction
tor L gq.

]

2.1.3 Complete Embeddings

The notion of complete embedding captures that certain parts of the structure of a
poset P are contained in the poset Q.

Definition 2.10. Let (Q, <g, 1g) and (P, <p, 1p) be posets and i : P — Q. Then i
is a complete embedding iff

1. Vp1,p2 € Plp1 <p p2 — i(p1) <g i(p2)].

2. Vp1,p2 € PlprLeps — i(p1) Loi(p2)]-
3. For all A C P: If A is a maximal antichain in P, then i(A) is a maximal
antichain in Q.

We will write P < Q if a complete embedding i : P — Q exists.

We will abbreviate (Q, <@, 1g) as Q whenever it is clear from the context what
we are referring to.

We define the notion of a reduction to describe that given certain structural com-
patibilities for posets Q and P, compatibility with a ¢ € Q might be reduced to
extending an r € P.



Definition 2.11. Let P, Q, ¢ satisfy (1),(2) from Definition 2.10, ¢ € Q. Thenr € P
is a reduction of ¢ to P if for all p € P s.t. p <p 7, i(p) Lo ¢

Complete embeddings can be characterized by reductions.

Lemma 2.12. Let Q,P,i satisfy (1),(2) from Definition 2.10. Then i is a complete
embedding iff every q € Q has a reduction to P.

Proof. (=): Assume there exists a ¢ € Q s.t. for all » € P there is a p € P s.t.
p <p r and i(p) Lg ¢ Then A := {p € P : i(p) Lg ¢} is dense in P. By Zorn’s
lemma, there exists a maximal antichain B C A in P. Since i(p) Lg ¢ for all p e A
and ¢ € i(B), i(B) is not maximal in Q.

(«<): Let A C P be a maximal antichain in P. Assume i(A) is not maximal in
Q. Then there exists a ¢ € Q s.t. i(p) Lo ¢ for all p € A. By assumption there
exists a reduction r of ¢ to P. So for all p € A, p £p r. Assume there exists a
common extension ¢ € P of r and some p € A. Then t <p r. So there exists a

common extension ¢; € Q of i(t) and q. O

Being a reduction is inherited by extension.

Lemma 2.13. Let P and Q be posets s.t. P < Q, ¢ € Q,p € P and ¢ <g p.

1. Any reduction of q to P is compatible in P with p.

2. q has a reduction extending p.

Proof. 1. Let » € P be a reduction of ¢q. Assume r Lp p. Let x <p r. Since r
is a reduction of ¢, Lo ¢. Let ' € Q be their common extension. Then
' <gx <pr. Since P < Q, 2’ <g r. Since 2’ <g q <g p, ¥’ <g p. Sor Lgp.
Since P < Q, r Lg p. Contradiction. So r Lp p.

2. Let r be a reduction of ¢ to P. By (1), » [Lp p. Let o be their common
extension. Since ry <p r and any extension of a reduction is a reduction, rq is
a reduction of ¢ extending p.

]

We define the notion of a nice name to capture the notion of an increasingly
precise approximation for a real. For this purpose we need countably many maximal
antichains containing codes for the approximations. Then we order those antichains
in a manner s.t. being a more precise approximation can be reduced down to
compatibility of codes.

Definition 2.14. Let B be a partial order and y € B. For each n > 1 let B,, be
a maximal antichain below y. We will say that the set {(b, s(b))}sem, n>1 is a nice
name for a real below y if

1. whenever n > 1,b € 9B,, then s(b) € "w,
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2. whenever m >n > 1,b € B, € B,, and b,V are compatible, then s(b) is an
initial segment of s(¥').

The approximations given by nice names can be encoded in a reduction to a
suborder.

Lemma 2.15. Let A be a complete suborder of B, y € B and x a reduction of y to
A. Let f = {(b,5(b)}sess, n>1 be a B-nice name for a real below y. Then there is
g ={(a,s(a))}aex, n>1, an A-nice name for a real below x, s.t. for alln > 1, for all
a € A,, there is b € B, s.t. a is a reduction of b and s(a) = s(b).

Proof. Construct the antichains 2, recursively:

Construction of 2l;: Let ¢ € A be an extension of x. Since z is a reduction of y,
there exists t € B s.t. t < t,y. So there exists £,b € B, s.t. £ <g £,b. By Lemma
2.13, there exists an a € A s.t. a is a reduction of ¢t and a <, t. Since t <g b, a is a
reduction of b. Let s(a) := s(b),a(t) = a. By Zorn’s lemma there exists a maximal
antichain 2; in the dense below x set {a(t) : t < z}.

Construction of 2,1 for n > 1: Assume 2, has been defined. Let a € 2, and
t <s a. By assumption, there exists a b € B, s.t. a is a reduction of b and
s(a) = s(b). So there exists a f € B s.t. £ <g b,t. Sot <g y. So there exists
ate€ B, st [ <ptb Since {(b,5(b))}s,n>1 is a nice name, s(b) is an initial
segment of s(b). Since £ <g ¢, Lemma 2.13 implies that there exists a @ s.t. @ is a
reduction of # and @ <, t. Let a(t) := a, s(a) := s(b). Since £ <g b, a is a reduction
of b. By Zorn’s lemma there exists a maximal antichain 2,41, in the dense below
aset {a(t) : t <pa}. Let A1 = Uyeq, Lntiar O

2.1.4 Two-Step Iteration

Since the construction of M[G] as discussed above yields that M[G] is a ctm, we can
iterate this process to produce a ctm M [G][H] satisfying Z F'C for a suitable filter H.

Let P, Q be forcing notions, s.t. P € M, G is P-generic over M, Q € M[G] and H
is Q-generic over M[G]. Assuming that we want a model of ZFC' satisfying state-
ment ¢, which is attained by forcing in M[G], and statement v, which is attained
by forcing in M[G][H], forcing iteratively in two steps might yield an M[G][H] not
satisfying statement . To circumvent this we define a method, that allows us to
reduce both steps to one.

For this purpose, we define a notion for tangibility of a forcing notion with respect
to another forcing notion.

Definition 2.16. If P is a forcing notion, then a P-name for a forcing notion is a
triple of P-names, (Q, <g, Lg), s.t. 1g € dom(Q) and

1p IFp [Ig € QA <g is a pre-order of Q with largest element 1g)].

We will abbreviate (Q, é@, ]1@) as Q, é@ as < and ﬂ@ as 1 whenever it is clear from
the context what we're referring to.
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We define the forcing notion used for the two-step iteration in a manner that is
compatible with the structure of both underlying forcing notions.

Definition 2.17. Let P be a forcing notion and (Q, ﬁQ, 1g) a P-name for a forcing
notion. Then P x Q is the triple (R, <, 1), where

1. R={(p,4) € P x dom(Q) : p IF § € Q},
2. 1= (]11?’7 j@)v

3. (p1,G1) < (P2, ¢e) iff p1 <p pe and p; IF [Chf@fb]'

We will often write (p, ¢) € P x dom(Q) for (p,q) € R.
Define i : P — P x Q by i(p) = (p, 1g).
This forcing notion is well-defined and well behaved.

Lemma 2.18 ([Kunll] V.3.4). Using the notation from above with po,p1 € P and
(jla 42 S dom(Q) 3

1. PxQ is a forcing notion.

2. po < p1 <> i(po) <i(pr).

8. i(1p) = Lp,p-

4- poLp1 = (po, do) L(p1, d1) whenever (po, o), (P1,¢1) € P x Q
5. poLpy < (po, 1) L(p1, ¢1) whenever (py, ) € P Q.

6. poLp1 <> i(po)Li(py).

7

. 1 1s a complete embedding.

2.2 The forcing notion L

One of the forcing notions we will plug into P(7,Q,S) is the localization L.

Definition 2.19. The forcing notion L consists of pairs (o, ) s.t. o € ~“(<[w]),
¢ € “(“Yw]) st. o C ¢, Vi < |o|(Jo(i)] = i) and for all i € w(|p(i)] < |o]). The
extension relation is defined as follows: (o,¢) < (7,7) iff 0 end-extends 7 and for

all i € w(y(i) C ¢(7)).

Lemma 2.20. The poset I adds a slalom which localizes all ground model reals.

Proof. Since the ground model V' is countable, we can enumerate all reals in V. Let
(fn)new be an enumeration of all reals in V. Then (o, ¢) € L, where

o(0) =0 = ¢(0)
and o(n+1) = {f(i)}i<n = d(n + 1).
Let fn,n € w be areal in V. Then for m > n+1, f(m) € ¢(m). O

12



We define a nice name for an element of L similar to a nice name for a real.

Definition 2.21. Let B be a partial order and y € B. Let 0 € ~(““[w]) be s.t.
Vi < |o|(|o(i)| = i), and for each n > 1 let B,, be the maximal antichain below .
We will say that the pair (7, gb) is a nice name for an element of I below y, where
¢ = {(b,0(b)) }rem, n>1, if the following conditions hold:

1. Whenever n > 1 and b € B, then o(b) € "(*“[w]).
2. Whenever 1 <n < |o| and b € B,,, then o(b) = o | n.
3. Whenever n > |o|, then 0 C o(b) and Vi : |o| <1i < n(|o(b)(i)] < |a]).

4. Whenever m > n > |o|, b € B, b/ € B, and b,V are compatible, then o(b)
is an initial segment of o (b').

If (5, ) where ¢ = {b, 0 (b) }pem, n>1 is a nice name for an element of L below y,
then y I (5, ¢) € L and for all n € w, b € B, it holds that b IF ¢ [ n = s(b).

Similar to Lemma 2.15:

Lemma 2.22. Let A be a complete suborder of B, y € B and x a projection of y
to A. Let (5,0), where ¢ = {(b, (b)) }sesm, n>1, be a nice name for an element of L
below y. Then there is an A-nice name (Zf,gb), where 1) = {(a,0(a))}aea, n>1, for
an element in 1L below x s.t. for allm > 1, for all a € 2, there exists a b € B,, s.t.
a is a reduction of b and o(a) = o(b).

Proof. Analogously to Lemma 2.15. O]

2.3 Infinitary Combinatorics

We will use some cardinal estimates.

Definition 2.23. Let A be a non-empty set. Then an ideal Z on A is a subset
Z CP(A) s.t.

1.0eZand AZ T,
2. VX,Y € I[X UY €T,
J.VX,) Y CAXCYANY €T — X eIl

Definition 2.24. N is the ideal of Lebesque null subsets of R.
M is the ideal of first category subsets of R.

Definition 2.25. Let Z be an ideal on A s.t. [A]<¥ C Z. Then

1. add(Z) is the least cardinal  s.t. |J& € Z for some ¢ € [Z]",
2. non(Z) is the least cardinal x s.t. X ¢ Z for some X € [A]",

13



3. cof(Z) is the least cardinal x s.t. (VB € Z)(3B € [Z]*)(B CY).

We will assume Cichoni’s diagram from [BJ95][Chapter 2]:

cov(N) —— non(M) —— cof(M) —— cof(N)
| |
b ———— o0
[
(M

add(N) —— add(M) —— cov —— non(N)

)
In this diagram, x — y should be read as x < y.

Since we will only use

add(N') < non(M) < cof(N),

the other numbers will not be defined here.

Theorem 2.26. [BJ95]

1. add(N) is the least cardinality of a family F C w* s.t. no slalom localizes all
members of F.

2. cof(N) is the least cardinality of a family ® of slaloms s.t. every member of
w® 1s localized by some ¢ € P.

Theorem 2.27. [BSZ00] a, > non(M).
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3

The Forcing Notion Q4 ,

The goal of this chapter is to integrate cofinite groups into a set theoretic framework
in a manner that allows us to add a maximal cofinitary group of size A, where A < c.

We will often refer to finite approximations of permutations. Since the term fi-
nite approximations of permutations is just an auxiliary tool used to understand
the underlying mechanisms of the text below and will never be used in a formal
manner, it will not be formally defined.

Informally: Let o : dom(c) — ran(o) be a permutation. Then o’ is a finite approx-
imation to o if dom(o’) C dom(o), [dom(c”)| < Wy and Vn € dom(c’)(o'(n) = o(n)).

The outline for the rest of the chapter:

1.

3.

Encode elements of the graph of permutations in S, and finite approximations
thereof into sets,

. process the encoded information by adding the smallest amount of encoded

information necessary to construe a permutation in S,

decode the information to attain a maximal cofinitary group.

Definition 3.1. 1. Let A be a set. We denote by W, the set of reduced words

in the alphabet (a’: a € A,i € {—1,1}). The free group on generator set A is
the group F4 we obtain by giving W4 the concatenate-and-reduce operation.
When A = () then F4 is by definition the trivial group. A can be naturally
identified with a subset of [F 4, which generates 4. Every function p : B — G,
where G is any group, extends to a group homomorpism p: Fq — G.

. We denote by /WA the set of all w € Wy s.t. either w = a™ for some a € A

and n € Z \ {0}, or w starts and ends with a different letter. In the latter
case, this means that there is u € Wy,a,b € A,a # band i,j € {—1,1} s.t.
w = a'ub’ without cancelation. Note that any word w € W4 can be written
as w = u'w'u for some w’ € W4 and u € W 4.

. For a partial function f:w — w, let

fix(f) ={new: f(n) =n}.

We denote by cofin(Sy) the set of cofinitary permutations in Sy, i.e. permu-
tations o € Sy s.t. fix(o) is finite.

. For a group G, a cofinitary representation of GG is a homomorphism ¢ : G — S,

s.t. im(p) C {I} Ucofin(Sy). If B is a set and p : B — S, we say that p
induces a cofinitary representation of Fg if the canonical extension of p to a
homomorphism p : Fg — S is a cofinitary representation of Fy.

. To encode a 0 € S, via a set A we allocate elements of the corresponding

graph to an element of the chosen set. We will refer to an (n,m) € o as a path

15



(from n to m). So in the composition f o g of f,g € S, an element n € N
travels along a path n — g(n) — f(g(n)) to its destination f(g((n)) € N.
The uncertainty of the term path, since a path might lead to a dead end, is
chosen on purpose to reiterate that in the composition ¢ € S, with a finite
approximation f to ¢’ € Sy, there will be an n € N s.t. there is a path from
n to o(n) but no path from o(n) to any m € N.

Let A be aset andlet s C A X w xw. Fora € A, let
Sq ={(n,m) € w xw: (a,n,m) € s}.

The set s, decodes the paths encoded to a € A.

Let 0,0 € S. If the path from n to o(n) is encoded in a € A, the path
from o(n) to o’(c(n)) is encoded in @’ € A and the decoding process is ca-
pable of decoding finitely many letters in order, then the path from n to
o'(o(n)) is encoded in d’a (read from right to left). We will say that any set
s 2 {(a,n,o(n)),(d,o(n),o'(c(n)))} is sufficient to describe the path from n
to 0'(o(n)) along the word w = a’a. So with respect to any process capable
of decoding finitely many words in order, the composition of permutations in
Ss can be described by words with letters from the set A, which was used to
encode the permutations.

Let 0,0 € Sy. If the path from n to o(n) is encoded in a € A but the
path from o(n) to o’(c(n)) is not encoded in a’ € A, then the word w = d'a
is not sufficient to describe the path from n to o’(c(n)). To check if a set
s € A X w X w is sufficient to describe if a particular path is in the graph of a
composition of permutations along a particular word w we define the decoding
relation e, |[s].

For a word w € Wy, define the relation e,[s] C w X w recursively by stip-
ulating that for a € A, if w = a than (n,m) € e,[s] iff (n,m) € s, if w=1a""
then (n,m) € e,[s] iff (m,n) € s,, and if w = a’u for some word u € W4 and
i € {—1,1} without cancelation, then

(n,m) € eyls] & (Fk)eqi[s](k,m) A e,[s](n, k).

If s, is a partial injection defined on a subset of w for all a € A, then e, [s] is a
partial injection defined on some subset of w, and we call e, [s] the evaluation
of w given s. By definition, let eyls, p] be the identity in S...

. By encoding an additional path into an element a of A, a word w containing
a might be sufficient to describe a new path along a word w containing a. So
it is useful to define a notation, which can express if a natural number n is in
the domain of the permutations along w.

If s C Axwxwiss.t. s, is always a partial injection, and w € Wy, then we will
write e,[s](n) | when n € dom(e,[s]), and e,[s](n) T when n & dom(e,[s]).
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7. We will work with a set A encoding paths in finite approximations to permu-
tations in S, and a set B encoding paths in permutations in S..

Let A and B be disjoint sets and let p : B — S, be a function. For a
word w € Wyug and s C A X w X w, we define

(n,m) € eyls, p] & (n,m) € e,[sU{(b,k,1): p(b)(k) =1}].

If s, is a partial injection for all a € A, then e,[s, p| is also a partial injection,
and we call it the evaluation of w given s and p. The notations e,|s, p] | and
ewls, p] T are defined as above.

The evaluation function is capable of decoding the concatenation of words.

Lemma 3.2. Fix sets A and B s.t. AN B =0, and a function p : B — S. Let
w € Wauup and s C A X w X w s.t. s, 1s a partial injection for all a € A. Assume
w = uv without cancellation for some u,v € Wa,g. Then

1. n € dom(ey[s, p]) iff n € dom(e,[s, p]) and e,[s, p](n) € dom(e,ls, p]).

2. If moreover w € Wyup then n € fix(ey[s, p|) iff eu[s, pl(n) € fix(ew[s, p]). In
particular |fix(ey[s, p)| = |fix(ewu[s, p])]-

Proof. 1. Follows from iterative application of Definition 3.1(5).

2. Let m := e,[s, p|(n).
(=): Since n € fix(eu[s, p]), evuls, pl(m) = ey[s, pl(n) = m.

<): Assume n & fix(ey[s, p]). Let n # k € w be s.t. ey[s,p](n) = k. By
injectivity of e,[s, p], eu[s, pl(n) # eu[s, p](k). So

eouls; pl(m) = eus, pl(K) # eu[s, pl(n).

~—~

Contradiction.

]

Our next goal is construe a cofinitary representation of AU B, where A encodes
finite approximations to permutations in S, and B encodes permutations in S..
For this, we extend p to a function p' : AU B — S, inducing a cofinitary represen-
tation.

The first subgoal is to encode enough paths into A s.t. we can find a ¢ € S, for
any a € A.

If for two sets of encoded paths s, C A X w X w, t C s holds true, then ¢, C s, for
any a € A. So t might be sufficient to describe the path of a fixed point along w, that
s is not able to describe along w. Since we want to ensure that adding information
will yield an encoded permutation with finitely many fixed points, defining a notion
for adding information without adding a new fixed points is useful.
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Definition 3.3. Let A and B be sets s.t. AN B = () and a function p : B — Sy
s.t. p induces a cofinitary representation p : Fg — S.. We define the forcing notion
Qa,p as follows:

1. Conditions of Q4 , are pairs (s, F') where s C A x w x w is finite and s, is a
finite injection for every a € A, and F' C Wy 5.

2. (5,F) <q,, (t,E)iff s2t, F 2O F and for all n € w,w € E, if ey[s, p](n) = n
then already e, [t, p](n) | and e,lt, p](n) = n.

So extension necessitates that for every fixed point n, that can be described
by s and p along some word w in E, can be described by ¢t and p along the
same word.

If B =0 then we write Q4 for Q4.

We will abbreviate <g a, 38 < whenever it is clear from the context what we're
referring to.

From here on we assume AN B = (), A # () and that p : B — S, induces a
cofinitary representation of Fp.

Lemma 3.4. Q4 , has the Knaster property.

Proof. For w € Wayp, let oc(w) be the finite set of letters occuring in w. For
F C Waup let oc(F) = Uyepoc(w). For C € AU B and w,F as above, let
oco(w) = oc(w) N C and ocao(F) =oc(F)NC. For s C A xw x w let

dom(s) = {a: In,m € w(a,n,m) € s}.

Let ((s*, F*) € Qa4, : @ < wy) be a sequence of conditions.

1st case: There are N; many pairwise different conditions in the above sequence.
Then we may assume that the sequence consists of pairwise disjoint conditions. By
applying the delta system lemma to the sequences (s® : @ < wy), (0ca(F) : o < wy)
and ((dom(s®) Uoca(F?)) : a < wy) respectively, we may assume that there are
finite Ay, A; C A and a finite t € A x w x w s.t. for all @ # B, s*Ns’ = t,
ocs(FY) Noca(FP) = Ay and

(dom(s®) Uocy(F*)) N (dom(s®) Uoca(FP)) = A;.

So dom(t), Ag C A;. Let o, 5 < wy s.t. a # (. Assume there is z € Ay \ dom(¥)
st. x € s,NA; and v € s3N A;. Then = € s, N sg. Contradiction to ¢ being
the root of (s*: a < wp). So each element of A; \ dom(¢) can only be occupied by
one of the pairwise different conditions. Since A; is finite and there are N; many
pairwise different conditions, s* N (A; X w X w) = ¢t must be true for N; many
conditions. Let {(5%, F'%) : a < w;) be the sequence of those conditions. Then
(5°U s, F*UFP) € Qu, and for a # B, 5% N (oc(F’) x w x w) C t. Let w € FP
and e,,[5% U 5%, p](n) = n. Since 3% N (oc(FP) x w x w) C t, e, [t U3® p|(n) = n.
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So €,[5%, p(n)] = n. So (s* U, F*UFF) <q,, (5 F). (s*Us’, F*UFP) <q,,
(57, F#) follows analogously.

2nd case: There are not N; many pairwise different conditions in the above sequence.
By the pigeonhole principle there exists a condition (s, F') in the sequence which
occurs 8y many times. Then the subsequence ((s, F) : @ < wy) is linked. O

For any Q4 ,-generic G we can encode the paths, that are seen by the people in
G, into an extension of p. This will yield the function allocating every a € A to a
0 € Sx.

Definition 3.5. Let G be Qg4 ,-generic over V. Define p; : AU B — S, by

(2) = p(x) N if v € B,
PO =Y Utss : (BF € Waus)(s, F) € G} ifa € A.

The next subgoal is to check that this function is well-defined.

Definition 3.6. Let a € A and 7 > 1. A word w € W, p is called a-good of rank
g if it has the form

w = a¥u;a g - aM

where u; € Way(ayus \ {0} and k; € Z\ {0}, for 1 <7 < 5.

Lemma 3.7. Let s C A X w X w be finite s.t. s, is a partial injection for all a € A.
Let a € A and w € Wayup be a-good. Then for any n € w \ dom(s,) and C C w
finite there are cofinitely many w € w s.t.

(VI € w)ew[s U {(a,n,m)}, p](l) € C < eyls, pl(1) 4 Newls, pl(l) € C.

Proof. Proof by induction over the rank j:

Induction base: Let w = a*u; be an a-good word of rank 1.

Ist case: k3 < 0. Let C' C w be finite. Let n,m € w s.t. n & dom(s,) and m ¢ C.
Assume there exists an | € w s.t. e,[s U {(a,n,m)},p|(l) € C and e,[s, p](l) 7.
Since ey[s U {(a,n,m)}, p](1) | and ey[s, p|(I) T, there is some 0 < ¢ < k; s.t.
Cain [, p](1) = n. If i < kg — 1, then egiv1,, [s U {(a,n,m)}, p|(I) 1. Contradiction to
ewls U {(a,n,m)},p|(l) }. Soi =k — 1. Then e,[s U {(a,n,m)},p](l) = m & C.
Contradiction.

2nd case: k1 < 0. Let m & ran(e’uy[s, p]) for all k; < i < 0. Assume there exists an
[ € ws.t. ey[sU{(a,n,m)}, p|(l) € C and eyls, p|(l) T. Since e, [sU{(a,n,m)}, p](1) L
and ey[s, p](1) T, there is some k; < i < 0 s.t. eqiy,[s, p](1) 4 and egi-1,,[s, p](1) T.
Since eqiy, [S, p](1) # m, eqi-14,[s U {(a,n,m)}, p|(1) 1. Contradiction.

Induction assumption: Assume Lemma 3.7 holds for all a-good words of rank j.
Induction step: Let w = a*u;w be an a-good word of rank j + 1 where @ is a-good
of rank j. Let C" = e -1, -x[s, p|(C). By the induction assumption there is a cofinite

Iy C w s.t. for all m € I,

(VI € w)eg[sU{(a,n,m)}, p|](l) € C" < exls, pl(l) | Newls, p](l) € C".
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Since aF

mefl,

(VI € wegriy,[s U {(a,n,m)}, pl(l) € C & eary, [, pI(1) L Negriy, s, p)(1) € C.

‘u; is an a-good word of rank 1, there exists a cofinite [; C w s.t. for all

Let m € InN1I; and | € w s.t. ey[s U {(a,n,m)}, ](l) E C. Since m € I,
eals U{(a,n,m)}, pl(l) € C". So eq uls, pleals, pl(1)) € C.

Catins (5 P)(ea[s, PI(1)) = ewls, pI(I) €
[l

Let a € A and G be Qg4 p-generic s.t. [J{s, : (IF € /WAUB)(S,F) € G} does not
define a permutation. Since for any (s, F') € G, s is finite, s, contains only finitely
many fixed points for a € A. So adding a path for any n € N without adding
infinitely many fixed points to s, is necessary to show that pg is a function.

The next lemma will show an even stronger statement: adding a path for any n € N
is possible without adding a single new fixed point.

Lemma 3.8. Let A and B be disjoint sets and p : B — Sy a function inducing a
cofinitary representation of Fg. Then

1. ("Domain extension”) For any (s,F) € Qapa € A andn € w st. n &
dom(s,) there are cofinitely many m € w s.t. (sU{(a,n,m)}, F) < (s, F).

2. ("Range Eztension”) For any (s, F) € Qa,,a € A andm € w s.t. m & ran(s,)
there are cofinitely many n € w s.t. (sU{(a,n,m)}, F) < (s, F).

Proof. Both statements hold true for (), (), since any condition extends (), ?) by
vacuosity. Let (s, F') € Qa,, s.t. = {wy,...,w,}. Assume the statements hold true
for (s,wy), ..., (s,wy,) and let M;, N;, 1 < i < n be the cofinite sets with respect to
which the statements hold true respectively. Then M := (), M;, N :=(\;_, N; are
cofinite. Then the statements also hold true for (s,|J;_, w;) = (s, F') with respect
to M, N respectively. So both statements can be reduced to the case F' = {w}. We
may also assume that a occurs in w, since else e, [s U {(a,n,m)}, p] = ey,[s, p].

1. 1st case: w is a-good. Let | € w be a fixed point of e,[s, p]. Then by Lemma
3.7 there are cofinitely many m € w s.t.

ewls U{(a,n,m)}, pl(1) € {1} & ewls, pl(1) 4 Aewls, pl(1) € {1}

Since the other properties are satisfied, (s U {(a,n,m)}, F) < (s, F).

2nd case: w is not a-good. Then w = wwva®, where u € Watayus, v is a-good
and k € Z. Let w = va®u. Then w is a-good. By Lemma 3.7 there exists a
cofinite I C w s.t.

(Vvm € I)(s U{(a,n,m)},{w}) < (s,{w}).

Let [ € w be a fixed point of e,[s U {(a,n,m)}, p]. By Lemma 3.2
ewls U{(a,n,m)}, pl(ear[s U{(a,n,m)}, pl(1)) = evar[s U {(a,n,m)}, pl(1).
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Since w is a-good, Lemma 3.7 implies

ew[s, pl(evar[s U {(a,n,m)}, p(1)) = evar[s U{(a,n,m)}, pl(1).
Applying Lemma 3.2 yields e,[s, p|(l) = .
2. Let (s,F) € Qap,a € A,mg € w\ ran(s,). Define s C A X w X w by
(x,n,m) €S (x#aN(x,n,m)€s)V(xr=aA(x,nm)Es).

Let @ be the word in which every occurrence of a is replaced with a=!. Then
eslS, p] = ewls, p] and my & dom(s,). By 1. there exist cofinitely many n € w
s.t. (5U{(a,mg,n)},{w}) < (5,{w}). So there are cofinitely many n € w s.t.

(s U {(a,n,mo)}, {w}) < (s, {w}).

So pg(x) is a permutation for all z € AU B.

Corollary 3.9. Let w € Wyup and let ) # Ay C A be the set of letters from A
occurring in w. Then for (s, F) € Qa, and finite sets Cy, Cy C w there exists some
t C Apxwxw s.t. (tUs, F) < (s, F'), dom(e,[sUt, p]) D Cy and ran(e,[sUt, p]) 2 C4.

Proof. Let Cy C w be finite , n € Cy \ dom(ey[s, p]). Then there exists an s, € A
s.t. n & dom(s,). By the domain extension part of Lemma 3.8 there exists an m € w
st. (sU{(a,n,m)}, F) < (s, F).

Since Cy is finite, iterative application of the above argument yields the statement
for Cy.

The statement for C; follows analogously by applying the range extension part of
Lemma 3.8. O

Someone from Q4 , witnessing the path from n to m along w with the paths
encoded in pg determines the path from n along w with the paths encoded in s and
the paths from p.

The proof of this statement, and more formally the proof of Lemma 3.10, is done
by induction over the number of letters from a in w.

In the induction step we will formulate an argument by contradiction. In particular,
assuming that someone from Q4 , witnesses the path from n to m along w with the
paths encoded in pg but no path from m along w with the paths encoded in s and
p ending in n. So there must exists an a € A s.t. w = ua’v and the paths encoded
in s and p along v are sufficient to describe a path from n to some n’ € N but n’ is
not in the domain of any paths encoded in a‘.

Then we encode sufficient paths in a’ s.t. the paths from s and p along w can de-
scribe a path from n to m’ # m without adding a new fixed point, which will result
in a contradiction to the induction assumption.

To encode the new paths in such a manner we will employ the algorithm below.
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Algorithm 1 Pseudocode for the algorithm used in the proof of Lemma 3.10

Input: (s, F),w
Output: s

n < number of occurences of a in ua’

141

x4 (s, F)

2 ua

s 0

while : <n do

> s will satisfy the given criteria

> where w = ua'v

> Break condition is used to convey that the algorithm only

attends to the a’s in ua’, the algorithm will always reach a return case.

if u is the empty word then
s« s;
return s’

else

> s1 defined as in the proof

if w = wywy where wy is a-good and a does not occur in w; then

s' < s'U{(a, e, p](n), m")}
r<4 (sUS,F)
[ + rightmost letter after a’
if [ = a' then
if m" € dom(s;) then
z 2
1 1+1
else
s« s U{(a,m"”,n)}
T+ (sUSF)

z+ 72
1+—1+1

end if

else

if [ is a subword of w; then
s+ sy
return s’

else
s s U{(a,m",n')}
T4 (sUS.F)

> m”" defined as in the proof

> 2’ defined as in the proof

> m” redefined as in the proof

> 2" defined as in the proof

> s; defined as in the proof

> m”,n’ defined as in the proof
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2+ u'a > u'a™ defined as in the proof

1 1+1
end if
end if
else > w is of the form w'a’
s« s U{(a,n,m")} > m"” defined as in the proof

r<4 (sUS,F)
[ + rightmost letter in 2 after a’
if [ is a letter in w; then

s« 51 > s; defined as in the proof
return s’
else
s U{(a,n,m")}U{(a,m”,n)} > m"”, n' defined as in the
proof
T4 (sUS,F)
Z’ — w/ak—l
end if
end if
end if
end while

Lemma 3.10. Let w € Waup and assume (5,F) kg, ewlpsl(n) = m for some
n,m € w. Then ey,[s, p|(n) | and eyls, p](n) = m.

Proof. Proof by induction over the number of letter from A occuring in w:
Induction base: No letter from A occurs in w. Then the statement reduces to
ewlp] = ew[p]. Which holds true.

Induction assumption: The statement holds true for all words with at most k letters
from A.

Induction step: Let w be a words with k£ + 1 letters from A occuring. Assume that
ew(s, pl(n) T and (s, F') kg, , ew[psl(n) = m. By the induction assumption, there
exists an a € A s.t. w = ua'v without cancellation, i € {—1,1} and u,v € Wa_p
are s.t. e,[s, pl(n) | and e,[s, p](n) & dow(egi[s, p]).

Applying the following algorithm to the letters of ua® starting from the rightmost
to the leftmost will yield that there exists some finite s; C {a} X w x w satisfying

L. (sUsy, F) < (s, F),
2. eyy[sU sy, pl(n) |,

3. My = €uyls U s1, pl(n) # ew,[s, p] 7 (m) if ey, [s, p] 71 (m) is defined.

1st case: u is the empty word. Apply the domain extension part of Lemma 3.8 to
attain an s; C {a} X w x w satisfying the given criteria.
2nd case: wu is not the empty word.
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1st subcase: We can write w as wjwg, without cancellation, where wy is a-good and
a does not occur in w;. Assume that wy has rank j. Then

wy = akjujakf‘luj_l - aklul,

where a does not occur in any u; for 1 < < j. Since a does not occur in wq, v is
a subword of wy. Let a' occur in a* for some 1 < i < j. By Lemma 3.7 there are
cofinitely many m’ € w s.t.

(VI € weais[s U {(a, euls, pl(n), m)}, pl(1) € {euls, p] 7' (m)}
<:>€a”‘v[57 p](l) \L /\eaiv[sv p](l) S {eu[87 p]_l(m>}
Since eqiy s, p](n) T
eainls U {(a, eu[s, pl(n),m)}, pl(n) & {euls, p] " (m)}

if e,[s, p] 1 (m) is defined. By the domain extension part of Lemma 3.8 there exist
cofinitely many m” € w s.t.

(s U{(a,eufs, pl(n), m")}, F) < (s, F).

So there exist cofinitely many m'” satisfying

caiols U{(a, euls, pl(n),m")}, pl(n) & {eu[s, p]~"(m)}
and (s U {(a,e,[s, pl(n),m")}, F) < (s, F).

Let [ be the rightmost letter after a’ in w.

1st subsubcase: [ = a' for i € {1, —1}.

1st subsubsubcase: m” € dom(s;). Apply the algorithm to the subword 2’ of w and
(s U{(a,e,ls, p](n),m"”)}, F), where z = z'a’.

2nd subsubsubcase: m” ¢ dom(s;). Apply the range extension part of Lemma 3.8
to [ to attain

(s U{(a, euls, pl(n), m™)} U{(a,m",n")}, F) < (s, F),

where n’ € dom(s;), choosing a different m" if necessary. Such an m" exists since
the range extension part of Lemma 3.8 and the subcase 1 part of the algorithm
return cofinitely many m”. Apply the algorithm to 2’ and

(s U{(a, efs, pl(n), m")} U{(a,m",n)}, F),

where z = 2'a’.

2nd subsubcase: [ # a' for i € {1,—1}.

1st subsubsubcase: [ is a subword of w;. Apply the domain extension part of Lemma
3.8, to attain an s; C {a} X w X w satisfying the given criteria.

2nd subsubsubcase: [ is not a subword of w;. Let w’ be s.t. w = v'a"w'a?v where
a not occur as in w'. Since (s, F) IFg, , ewlpsl(n) =m, (s, F) satisfies

(5, F) g, ewaiurlpe)canlpel(n) = m.
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By the induction hypothesis, dom(e,qiw[s,p]) # 0. Let n’ € dom(eyqiw s, p])-
Since e,[s, p](n) & dom(eyi[s, p|), €waiv[s, pl(n) & dom(eqi[s, p]). Apply the domain
extension part of Lemma 3.8, to attain

(s U{(a,euls, pl(n), m")} U{(a,m",n")}, F) < (s, F)

choosing a different m"” if necessary. Such an m’ exists since the range extension

part of Lemma 3.8 and the subcase 1 part of the algorithm return cofinitely many
m"'. Apply the algorithm to u'a® and

(s U{(a, euls, pl(n), m")} U{(a,m",n)}, F).

2nd subcase: w is of the form w'a*, where w’ € Wu p and k € Z\ {0}. Analogously
to case 1, there exist cofinitely many m” satisfying

cai[s U{(a,n,m")}, pl(n) & {ewar-1s, o]~ (m)}
and (s U {(a,n,m")}, F) < (s, F).

Let I be the rightmost letter in w after the rightmost a’.

1st subsubcase: [ is a letter in w;. Apply the domain extension part of Lemma 3.8
to attain an s; C {a} X w X w satisfying the given criteria.

2nd subsubcase: [ is not a letter in w;. Apply the range extension part of Lemma
3.8 to attain

(sU{(a,n,m")U (a,m” ")}, F) < (s, F).

choosing a different m" if necessary. Such an m’ exists since the range extension

part of Lemma 3.8 and the subcase 2 part of the algorithm return cofinitely many
m”". Apply the algorithm to w'a*~! and

(sU{(a,n,m")U (a,m" ,n")}, F).

This algorithm breaks after finite steps, since w contains finite letters.
Since (s, I') kg, , ewlpgl(n) =m and (s U sy, F) IF ey, [pe](n) = na,

(sUs1, F) IF ey, [pe](ni) =m.
By the induction assumption e, [s U s1, p](n1) = m. Since a does not occur in wy,

€, [, p|(n1) = m. Contradiction. O

The first part of the proof of the next proposition will satisfy our current subgoal.
The statement will also satisfy our next subgoal: pg induces a cofinitary represen-
tation.

Proposition 3.11. Let G be Q4 ,-generic. Then pg is a function AUB — Sy s.t.
pc | B = p, and pg induces a cofinitary representation pg : Faup — Seo salisfying
pe 1 B = p.

Proof. Fora € A, n € w, w € Wy define

Doy =A{(5,F) € Qa,: (IM)(a,n,m) € s},
Ron :={(s,F) € Qa,: (Im)(a,m,n) € s},
D, :={(s,F)€Qq,:weF}.
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Let (s, F) € Qa,. Then (s, FU{w}) < (s,F) and (s, FU{w}) € D,. So D, is
dense in Qg .

1st case: (Im)(a,n,m) € s. Then (s, F) € D,,, and (s, F) < (s, F).

2nd case: (Vm)(a,n,m) ¢ s. Then Lemma 3.8 implies, that there exists an m € w
st. (sU{(a,n,m)}, F) < (s,F). Also (sU{(a,n,m)},F) € D,

S0 D, is dense in Qu,. Ry, being dense in Q4 , follows analogously. Since G is
Qu,p-generic, pg : AU B — S is well defined.

Let w € W4_p. Then there exist w' € /WAuB and v € Wy p s.t. w = u'wu. Since
D, is dense in Qg4 ,, there exists a (s, F') € G s.t. w' € F. Assume that for n € w,
VIG] E ew[pc](n) = n. Then there exists a (t,F) € G s.t. (t,E) < (s, F) and
(t,E) IF ew(pc](n) = n. By Lemma 3.10, e, [t, p](n) = n. Since (¢, E) < (s, F),
ew [, p](n) =n. So
[fix(ew [pa])| < [fix(ew (s, p])| < Ro.

Since fix(ew[pc]) = eulpa] ™ (fix(ew[pc])), [fix(ew[pc])| < Ro. So pe induces a cofini-
tary representation. O

The last subgoal is the goal of this chapter: im(pg) is a maximal cofinitary group
under certain conditions.

Given a set A used to encode paths and a subset Ay C A, it will be useful to
determine which information is lost and which information is retained using only
the paths encoded in Aj.

Definition 3.12. 1. Let s € A X w X w,Ay € A. Then we write s | Ay for
SNA) X w X w.

2. Let p = (s,F) € Qa,. Then we write p [ Ay for (s [ Ay, F) and p |[ Ay for
(S [AU,Fﬂ WAOUB)-

Lemma 3.13. If ) # Ay C A then Qg,, is completely embedded in Q4.

Proof. Let Ay = A\ Ay. If Ay =0, then Qu,, = Qa,. Then Qu,, € Qa,. If
p <qa,, ¢ then p <q,, ¢. Let p Lg, , g. Assume that p Lo, , ¢. Then there
exists an r € Qa, st. r <qg,, p,q. Then r HSQAO,,; p,q. Contradiction. So

P J—@A,p q.

Claim: For every (s, F) € Qu, there exists ) 2 s [ Ay X w X w, s.t. whenever

—~

(t, E) <gayus, (to, F'NWa,) then (sUt, F) <q,, (s, F). So for any q € Q4,, there
is po <qg,, ¢ | Ao s.t. whenever p <q,  po thenp Lo, g

Proof: Let {wy,...,w,} = F'\ Wy,up. Then each word w; can be written as
Wi = Wi f;Vike; « - Ui, 1V5,1U4.0,

where u; ; € Wa,, v;; € Wy, are nonempty except possibly wu;;, and u;o. So
ran(e,, ;[s, p]) and dom(e,, ., [s, p]) are finite for 1 < j < k;. Applying Corollary 3.9
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iteratively to w; yields that there exists a tg C Ag X w X w s.t. for 1 < j < k;

dom(ey, ;[s U to, p]) 2 ran(e,, ,[s, p]),
ran(eui,j [S U to, 10]) 2 dom(evi,j+1 [57 p])
and (s Utg, F) <q,, (s, F).

Lst case: u; is the empty word. Then ran(e,,,[s, p]) = w. So
ran(ey, ,[s U o, p]) 2 dom(e,, ,)

2nd case: u;p is not the empty word. Then ran(e,, ,[s, p]) is finite. So Corollary 3.9
implies that
ran(ey, ,[s Uto, p|) 2 dom(e,, , ).

Analogously
dom(eui,ki [S Uto, P]) 2 ra’n(evi,ki [‘97 P])

We may assume that tg 2 s [ Ag. Assume that (¢, E) <q, , (to,F'N WAouB).
Let n € w be s.it. ey,[s Ut p](n) 4. Since t C Ay X w X w, ey,[s U tg, p](n) J.
So for any n € w s.t. ey[s Ut, pl(n) = n, ey[s U to, p/(n) = n holds true. Since
(sUto, I') <qu, (5, F), ew[s, pl(n) =n. So (sUt, F) <q,, (s, F). O
The reduction property follows from the claim above. O

Lemma 3.14. Let A= AgUA;. If (t,E) € Qa,, and
(t,E) H_QAO«,P (S(),Fo) SQALPG‘ (81,F1>

then (t U S0, Fo) SQA,;J (t U Sl,Fl).

Proof. Let w € Fy and suppose e,[t U sg, p](n) = n. Let G be Qa, ,-generic over V
s.t. (¢, F) € G. Since (t, F) € G,

VIG] = ewlso, pcl(n) = n.
Since (¢, ) IFq,, , (S0, Fo) <Qay 0 (s1, F1),
VIG] = ewlsq, pal(n) = n.
By Lemma 3.10, e, [t U s1, p](n) = n. Since C is absolute for transitive models,
(tUso, Fo) <qa, (tUs, F1).

]

Decomposing the encoding process of pg into a two-step process over a partition
of A is compatible with respect to certain filters.

Lemma 3.15. Let G be Q4 ,-generic over V, A= AyU Ay where Ag N A; =0 and
Ao, Ay #0. Then H =G N Qy,, is Qa, p-generic over V and

K={plA:peGy={(s] A, F): (s, F) € G}

is Qa, oy -generic over VIH|. Also pc = (pu)k-
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Proof. To show that H is a filter on Q4 ,:

1. Let p,q € H. Then p,q € G. Since G is a filter, p £ q. Since Qg4,, < Qa,
and p Lo,, ¢ P Loy, 4-

2. Let p,q € Qa,,p s:t. p >q,,, ¢ and ¢ € H. Since H C G and G is a filter,
qgeG. Soqe H.

So H is a filter on Qg .

Let D € V bes.t. D C Qg,, is dense in Qg ,. Assume that D N H = (). Then by
Lemma 2.7, D | NH = 0.

Ist case: D | is dense in Q4 ,. Then D | NG # 0. So D | NH # (. Contradiction.
2nd case: D | is not dense in Q4 ,. Since D | is dense in Qy, ,, there necessarily
exists a ¢ € Qa,,8.t. Vp € D | (p £qu, q)- By Lemma 3.13 there exists a reduction
r € Qa,,p of g. Since D | is dense in Qy, ,, there exists ad € D | s.t. d <q, ,
Let d’' be the common extension of ¢ and d. Since D | is dense open, d € D |.
Contradiction to Vp € D | (p £q., )

So H is Q4, p-generic.

K being a filter follows from G being a filter.
Let D € V[H] s.t. D C Qu, p,, is dense in Qyu, ,,. Let D" := D | Define

D' :={pe€Qua,:p|l Aslkg,, bl A € D"}

and let py € H be a condition s.t. pg lFg, , "D is dense”. Let (s, F') = p <q,, po-
By the claim used in the proof of Lemma 3.13 there exists a p1 <q, , P |I Ap s.t.
for any ps <g a9 P15 D2 Lq,, p- Since D is dense the truth lemma implies that
there exists ¢ = (s, Fo) € Qa,,p, and (¢, E) <q,, , P1 s:t.

(t,E) Fqu,, 4 € DAG<q,,, pIA.
By Lemma 3.14, (so Ut, Fy) <q,, (s [ A1 Ut, F). Since (I, E) <q,,, P | Ao,
(50 U t, F() U E) SQA,p (S, F)

Since (sg Ut,Fy U E) € D', D" is dense below pg. Since py € G, there exists a
¢ € D'NG. So in V[H] it holds true that ¢ [ A; € D |. So KN D |# (. By
Lemma 2.7 KN D # ()

Let x € AU B.

st case: © € B. Then (py)k(x) = pu(x) = p(z) = pa(x).
2nd case: x € Ag. Then

(pr)K(z) = pu(z)
= L_J{sgC :(3F C /WAOU(AluB))(SaF) €GNQuy,t
= U{sgc :(IF C WAou(thB))(SvF) € G}
= pa(z).
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3rd case: x € A;. Then

(pr)xc(@) = J{sz - OF € Waruiaium)(s, F) € K}
= 50 : BF € Wayuawun) (s, F) € G}
= pc(z).

So (pu)kx = pa- []

The main theorem of this section allows us to add a cofinitary group of size
lim(pe)| in V[G] for certain filter G.

Theorem 3.16. Suppose p: B — S, induces a cofinitary representation of Fg. If
|A| > Ry and G is Qa,,-generic over V, then im(pg) is a mazimal cofinitary group
in V|G].

To prove the above theorem, we will make use of the following Lemma.

Lemma 3.17. Suppose p : B — Sy induces a cofinitary representation p : Fg — S

and that there is by € B s.t. p(bo) # I. Let (s, F) € Qapip\(n} and let ag € A.

Then there is an (s, F) <qu 15y (84 F) and an N € w s.t. for alln > N
(S U {(a07n7p(b0)<n))}7 F) SQA,prB\{bO} <87 F)

Proof. Let wy, .., w; be the words in F' s.t. ag occurs in them. Then each word w; is
of the form

ki j,—1

o ki g, ki1
Wi = Ui j; Qg Ui j;—10g T Ui1Go o Uip

where ; , € Wafag}uB\ (b} are nonempty for m ¢ {j;,0}. By applying Lemma 3.8
if necessary, we may assume that there is an (s, F') <q, , 5, (5F) s.t. for all
Ui m 8.t dom(ey, ,[s, p]) and ran(e,, ,[s, p]) are finite

dom (el [s, o)) 2 ran(e,, [5, o)

and

ran(eq;™[s, p]) 2 dom(ey, ,[s, p])-

Let w; be the word s.t. every occurence of ag in w; has been replaced by by. Since
p induces a cofinitary representation, whenever ey, [s, p| is totally defined, there are
at most finitely many n € w s.t. eg,[s, p](n) = n. Let C; be the set of all words
s.t. at least one occurrence of ag in w; is substituted by by. For every 1 <1 <[ s.t.
ew;|s, p| is totally defined, define

_ . ki m ki1
Wim = UimQqy~ * * - Ui 1Qg " Ui 0

and for w € C;
Ny = max{e,[s, p|(k) :eq,[s, p](k) =k ANv = azign(ki’m“)pwi’m/\

0 <p <sign(kimy1)kimer — LA0 < m < g}
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Let N; := Uweci Ny. Since C; and Ny are finite, N; is finite. Since s,, and the
N; are finite, there exists an N € w s.t. N > max{N;;i < [}, n ¢ dom(s,,) and
p(bo)(n) & ran(s,,) for n > N. Let n > N. Since p(by) ' ({1, ..., N}) is finite, we
may assume that p(by)(n) > N.

Ist case: eg,[s, p] is not totally defined. Then there exists an 0 < m < j; s.t. uim,
contains an a € A\ {ao}. Then dom(e,, ,[s,p]) and ran(e,, ,[s,p]) are finite for all
m < m’ < j;. Assume there exists a ’ ’

ke dom(ewi [S U {(a07 n, p(bo)(n))}, p]) \ dom(ewz‘ [S’ P])
1st subcase: w;;, # 0. Let

ki j;—1

ki ki1
V= 0ay Uij-10g C UG U -

Since dom(e,, , [s, p|) = dom(e,, ; [s U {(ao,n, p(bo)(1))}, p]) and k & dom(ey,[s, p]),

euls U {(ao, n. p(bo)(n))}, p(k) & ran(eas”[s, p)(K)).

Since ran(eq;” [s, p]) 2 dom(eu, , [5, p]),

euls U {(ao, n, p(bo)(n))}, pl(k) ¢dom ey, [s, pl)
:dom(eui,ji [S U {(CLOa n, p(bo)(n))}, p])

Contradiction to k € dom(e,,[s U {(ag,n, p(by)(n))}, p]).
2nd subcase: u;j, = 0. Analogously with dom(e’;g’“ [s,p]) 2 ran(ey,; ,[s,p]) and

Iéan(eui,jil [37 p]) - ran(eui,jiq [S U {(GO’ n, p(bo)(n))}, p])

dom(ew, [s, p]) = dom(ew, [s U {(ao, 7, p(bo) (1))}, p)-

2nd case: ey, [s, p] is totally defined. Assume there exists a k € w s.t.

Cw; [S U {(a()vn:p(b())(n))}’p](k) =k 7£ ewi[87p](k)'

Then there exists a w € C; s.t. ey[s, p|(k) = ew,[s U {(ag,n, p(bo)(n))}, pl(k) = k
and by is only substituted for the leftmost aq at the subwords ajv s.t. w; = uajv for
i € {1,—1} when e, ,[s, p](k) T. Then there exists a subword v of w s.t. w; = uagv
fori € {1,—1} and e,[s, p|(k) € {n, p(by)(n)}. Assume w.l.o.g. that v is the shortest
such. Then

_sign(kim+1)p —
v =aq Wim

for some 0 < p < sign(kimt1)kimer — LA0 < m < ji. So eyfs, p](k) > eyls, p|(k).
Contradiction.

Since e,[s, p| = ewl[s U {(ag,n, p(bo)(n))}, p| for w € F\ {w;}i_,,

(5 U {(CLU?n?p(bO)(n))}’F) SQA,p[B\{bO} (57F)'

We proceed with the proof of Theorem 3.16:
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Proof. Let |A| > Ry and G be Q4 ,-generic. Assume that im(p) is not a maximal
cofinitary group in V[G]. Then there exists a by ¢ BU A s.t. there is a permutation
o € (cofin(Sy) \ Im(pg)) ¢ s.t. pl s BU{by} — Sy

o (b) {pg(b) if b # by,
S e if b= by
and pg; induces a cofinitary representation of Fpyp,y. Let ¢ be a Q4 ,-name for
0. Since o contains countably many pairs of natural numbers, at most countably
many p € Q4 , are used to construct ¢. Since each p € Q4 is constructed using
finitely many a € A, there exists a countable Ay C A s.t. ¢ is a Qgu, ,-name. So
oy = o € V[H] where H := G N Qy,,. Let Ay = A\ Ay and K be defined as in
Lemma 3.15. Define

Doy = {(5,F) € Qay py : (3> N)s(n) = o(n)}.

() = pr(x) if z # bo,
Pule) {p&(m) if x = by

Since p(bo) = p(by) = 0 # I and pj; induces a cofinitary representation of F s},
Lemma 3.17 implies that D, n is dense in Qu, ,,. Since K is Qyu, ,,-generic over
V[H], for any ag € Ay, (pr)k(ao)(n) = o(n)VHIE] holds for infinitely many n € N.
By Lemma 3.15, (pg)x = pg- Since Su is a group, 0! o pg(ag) € Se for ag € A;.
Since (pu)k(ag)(n) = pglag)(n) = o(n) for infinitely many n € N,

o1 o pglag) & cofin(Sy)

for any ay € A;. Contradiction to pg; inducing a cofinitary representation. O]
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4 The Forcing Notion P(7,Q,S)

The goal of this chapter is to define the schema, that will be used to construct the
forcing notion P(7,Q,S), which will be used to force Theorem 1.3.

This construction contains three parts:

1. a good o-Suslin forcing notion S,
2. a finite function forcing notion with the strong embedding property Q,

3. a two sided template T = ((L, <),Z, Lo, Ly).
At first, we define a good o-Suslin forcing notion.

For this we define the more general Suslin forcing notion.

Definition 4.1. A Suslin poset is a poset (S,<s) s.t. S(C w*), <s, Ls have 3}
definitions with parameters in the ground model.

Adjoining a Suslin forcing notion with respect to iterated forcing is compatible
with complete embeddings.

Lemma 4.2 (Folklore). Let P and Q be posets and let S be a c.c.c. Suslin poset. If
P<QthenPxS <Qx*S.

Definition 4.3. Let (S, <g) be a Suslin forcing notion whose conditions can be
written in the form (s, f) where s € ““w and f € “w. We will say that S is n-suslin
if whenever (s, f) <s (t,g) and (¢, h) is a condition in Ss.t. A [ (n-|s|) =g [ (n-]|s|)
then (s, f) and (¢, h) are compatible. A forcing notion is called o-Suslin if it is
n-Suslin for some n.

Note that:

1. If S is n-Suslin and m > n, then S is also m-Suslin.

2. If S is n-Suslin and (s, f),(s,9) € Ss.t. f [ (s-|s]) =g [ (n-]|s]), then (s, f)
and (s,g) are compatible, so every o-Suslin forcing notion has the Knaster
property.

3. Localization is 2-Suslin.

Definition 4.4. Let (S, <g) be a Suslin forcing notion, whose condition can be
written in the form (s, f) where s € <“w, f € “w.

1. The pair (3, f ) is a nice name for a condition in § below y € B if f is a nice
name for a real below y and y IFg (3, f) € S.
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2. Whenever (3, f) is a nice name for a condition in S below y € B, z € Ais a
reduction of y and ¢ is a canonical projection of f below x s.t. x IFg (3,9) € S,
we will say that (8, ¢) is a canonical projection of the nice name (3, f) below
x.

3. S is called good if every nice name for a condition in S below y has a canonical
projection below x, whenever x € A is a reduction of y € B.

By Lemma 2.22; Ll is a good o-Suslin forcing notion.
Next, we define a finite function poset with the strong embedding property.

The next definition contains generalizations of the forcing notion Q4 , from the
previous chapter.

Definition 4.5. Let A be a set and Q a poset of pairs p = (sP, F?) s.t. s C AXwXw
is finite, for every a € A, s = {(n,m) : (a,n,m,) € sP} is a finite partial function
and F? € [W]<“. For p € Q let

oc(s’) ={a:3In,m e ws.t. (a,n,m) € s"}

and oc(p) = oc(s”) U{a: a is a letter from a word in F” }.
For B C A let
plB=(s"NB xwxXw,F?)
pI B=(s"NB xwxw,F’NWpg)

and let dom(Q) = A. Then Q is a finite function poset if:

1. 'Restrictions’ whenever p,q € Q, B C () then

(a) pI B,p|IBeQandp|B<p|l B,
(b) if p<gq, thenp |l B<q|l B.

2. 'Extensions’ whenever p = (s, F) € Q
(a) and t € A X w X w is finite s.t. oc(p) Noc(t) =0, then (sUt, F) < p,
(b) and F € [Wj”] contains F, then (s, E) < (s, F).

If B C dom(Q), then we define the suborder Qp := {p || B : p € Q}.

Finite function posets are closed with respect to hard restrictions.

Lemma 4.6. Let Q be a finite function poset and B C dom(Q), then Qp is a finite
function poset.

Proof. By definition Qg C Q. Let p,q € Qp. Since Qp C Q, Qp satisfies all
assumption on the elements of Qp.
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1. Let p,q € Qp,C C B = dom(Qp).

(a) Since Q is a finite function poset and C' C dom(Q), p [ C' € Q. So

([ B)I1C=(lC)|l BeQs.

Analogously (p || B) |] C € Qp.
Since Qg C Q and C Cdom(Q), (p | B) [C < (p|I B) |l C.

(b) Let p < g. Since Qp € Q and €' C dom(Q), p |} C < ¢} C.

2. Let (8,F> € Qp.

(a) Follows from Qp C Q and B C dom(Q).
(b) Follows from Qp C Q and B C dom(Q).

The strong embedding property entails a stronger version of reduction.

Definition 4.7. Let Q be a finite function poset. We say that Q has the strong
embedding property if whenever Ay C dom(Q), and p = (s, F') € Q, then there is
to C (oc(s) N Ap) X w X w s.t.

L. s [ Ag C to,

2' (t07 F m WAO) S(@oc(p)ﬁz“io p ‘r AO’

3. whenever (¢, E) <qg (to, F' N /WAO) is s.t. oc(t) and oc(F) are disjoint from
oc(p) \ Ao, then (tUs, F) < (s, F) and (tUs, F) < (t, F).

We say that (to, F'N /I/I?AO) is a strong reduction of p and (s Ut, E U F') a canonical
extension of (s, ') and (¢, E).

Note that for any finite function poset with the strong embedding property Q,
whenever A C B C dom(Q),C € dom(Q) are s.t. CNB = A, foreveryp e Q | B
there is a pg <ga p | A s.t. oc(py) = oc(p) N A and if g is a Q | C-extension of py,
then qq is compatible with p.

Definition 4.8. Let pg,p,Q, A be as above, then pq is called a strong Q [ A-
reduction of p.

Since we want to plug Q4 , into our schema, Q4 , must be a finite function poset
with the strong embedding property.

Lemma 4.9. Q4 , is a finite function poset with the strong embedding property.

Proof. Q4,, being a finite function poset follows immediately from the definition.
Q4,, having the strong embedding property follows from t, = s [ A,. O
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The construction of P(7,Q,S) will be done recursively along a two-sided tem-
plate 7. In particular, the forcing notion S will be adjoined in a not necessarily
linear manner.

For the purpose of constructing P(7,Q,S), referring to the elements of L up to
a certain x € L and a notion for a subset A C L containing all elements of L below
A is useful.

Definition 4.10. Let (L, <) be a linearly ordered set, x € L. Then

L, ={yel:y<u},
L, ={yeL:y<z}.

xT

Let Ly, A C L, then
clry(A) =AU | L. N Lo

€A

is the Ly closure of A. We will call A L, closed, if ¢l (A) = A

At last, we define two-sided templates as a tool to split a linear order L into two
disjoint sets Lo and L, which are entangled in a manner, that is described by a set

I CP(L).

Definition 4.11. A two-sided template is a 4-tuple T = ((L,<),Z, Lo, L1) s.t.
(L, <) is a linearly ordered set, Z C P(L), and Lo, L; is a disjoint decomposition of
L satisfying:

1. T is closed under finite intersections and unions and 0, L € Z.
2. lfxeL,ye Ly st. v <y, then thereis A€ ZTst. AC L, and z € A.

3. MfAeZ,x e L1\ A then ANL, € L.

W

. {ANL,: AeT}is well founded with respect to inclusion.

5. All A € T are Ly-closed.

For a two-sided template T, x € L, A € T define

Zy:={Be€Zl:BCA}
I, ={Be€Z:BCL,}
Ty =TsNT,.

Some proofs in the following text will employ induction over the rank of a two-
sided template. The rank of a two-sided template captures how the structural
composition of L; is tangible to the set Z. For this purpose, we define the depth
function, which gives us a notion of how the elements of Z are build up with respect
to L.
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Dp : T —s ON
Dp(A) =sup{Dp(B)+1: B€eZABNL CANL} else.

If for example, A € 7 contains two elements of L; but all subsets of A in Z contain
no element of Ly, Dp(A) = 1. This example is highlighted to illustrate that the
depth function is not a measure of the amount of elements of L; an A € Z contains,
but rather a notion of the construction of A with respect to L; tangible to Z.

Define the rank of a two-sided template Rk(7) = Dp(L). For A C L, define
Ta=((A<),T]A LiNA L NA),
where Z | A:={ANDB:BeT}

Note that in the calculation of Rk(7,), we refer to the function Dp : Z [ A — ON.
This function is not necessarily the same as the function Dp : Z — ON. Since it will
always be clear from the context which function we are referring to, we will continue
to abuse this notation.

The recursive construction of P(7,Q,S) will be over the subtemplates 74. For this,
it is necessary that the subtemplates are well-defined and that the rank function is
well behaved.

Lemma 4.12. Let T be a two-sided template A C L, then Ty is a two-sided template.
Also Rk(Ta) < Rk(T). And if A € Z, Rk(T4) = Dp(A).

Proof. Since A C L and (L, <) is linearly ordered, (A, <) is linearly ordered. Let
BNAeZ] A then BNAe€P(A). Since Ly, Ly is a disjoint decomposition of L,
LoNn A, Ly N A is a disjoint decomposition of A.

1. Let By, By € T. By Definition 4.11, B1 N By, By U By, @, LeT. So

(AﬂBl)ﬂ(AﬂBg):Aﬂ(BlﬂBQ)GI[A,
(AﬂBl)U(AﬂBQ):AU(BlﬂBQ)EIrA,
DNA=0cI|ALNA=AcT]A.

2. Let x,y € A,y € AN L,z < y. By Definition 4.11, there exists B € 7 s.t.
BCL,and xz € B. So

ANBET [ A ANBCANL, x€ANB.

3. Let ANBeZ[Axel1NnA\BNA. Thenz € L;\ Band B € Z. By
Definition 4.11, BN L, € Z. So

(ANB)NA,=AN(BNL,) €eZ|A
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4. Let
XC{BN(ANL)):BeZI]|A}#0.

Then
X' :={BNL :BN(ANLy)eX}#0.

Since X' C {BN Ly : B € I}, it contains a minimal element C' with respect
to inclusion by Definition 4.11. Then CNA € X and CNA C C'N A for all
C" e X'. So C'N A is the minimal element of X with respect to inclusion.

5. Let B € Z. Then by Definition 4.11

B=BU(| (L. N Ly)).

reB

Let x € BNA. Since L,N Ly C B, (L,NLy)NACBNA. So

ANB=(ANB)U( | 4.n(LynA))).

r€EBNA

Proof that for all B € Z, Dp(B N A) < Dp(B), by induction over A = Rk(7T4):
Induction base: A = 0. Then Dp(A) = 0. So Dp(B’) =0 for all B € Z [ A. So
Dp(BNA)=0<Dp(B) forall BeT | A.

Induction assumption: For any B € Z be s.t. Dp(B) = p < A, Dp(BNA) < Dp(B).
Successor step: Let B € Z be s.t. Dp(B) = p+ 1. Then by induction assumption
Dp(B'N A) < Dp(B’) for any

B e{C:CeINCNL CBNL}.

Since any
Ae{D:DeT|ANDN(ANL)CBN(ANL)}
is of the form B’ N A for some B’ € {C : C € ZANCN Ly C BN Ly}, it holds true
that Dp(B N A) < Dp(B).
Limit step: Let B € Z be s.t. Dp(B) = v < A for some limit ordinal v. Then

Dp(A N B) < Dp(B) follows analogously to the successor step.
So Rk(T4) < Rk(T). Rk(T4) = Dp(A) follows from the definition of Dp. O

Now we are ready to define P(7,Q,S).

Definition 4.13. Let 7 = ((L,<),Z, Lo, L1) be a two-sided template, Q a finite
function forcing with the strong embedding property s.t. Ly = dom(Q) and S a good
o-Suslin forcing notion. The poset P(7,Q,S) is defined recursively along Rk(7):

1. If Rk(7) =0, then P(T,Q,S) = Qy,.

2. Assume P(7,Q,S) has been defined for all 7 with Rk(7) < k. Let T be a
two-sided template of rank xk and Pg = P(75,Q,S) for B € Z s.t. Db(B) < k.
Then P = (7,Q,S) is defined by:
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(a) P consists of all pairs P = (p, F?) where p is a finite partial function with
dom(p) C L, P | Ly := (p | Lo, F?) € Q and if z, := max{dom(p) N L}
is defined, then there is B € Z,, (called a witness that P € IP) s.t.

Pl Ly, = (p| La, F" N W;g) € Pg,
p(x,) = (37, fP), where s? € <“w, f? is a P name for a real and
(P |I L, p(z,)) € Pp +S.

(b) For P,Q € P, let Q <p P iff dom(p) C dom(q), Q [ Ly <g¢ P | Lo, and if
x, is defined then either

i. r, < x, and there exists a B € I, s.t. P || L,,,Q || Ly, € Pp and
QI Ly, <p, P | Ly, or
ii. z, =z, and dB € 7, witnessing P, € P, and s.t.

@I Ly,, q(z4)) <SP (P szap(xp))'
We will call B as in i. or ii. a witness to Q) <p P.

In the following text we will often show inclusion of some P in P(7,Q,S) or some
Q) extending some P in P(7,Q,S). The simplified process:
Check

1. compatibility with respect to the domain,
2. that the Ly part(s) satisfying the respective property,

3. that if the L; part is not empty, then the part below the maximal point in
the L part satisfies the respective property for some subtemplate build up by
some A € 1.

This construction is well behaved with respect to inclusion of the underlying sets
and inclusion of the underlying orders.

Lemma 4.14. Let A € T and Py, P, <p,,<p be as above. Then P4 C P and
<p, C<p.

Proof. Follows from AC L and LiNAC L. O

The main theorem of this chapter shows that the construction is compatible with
complete embeddings. It also shows that P is well-defined and satisfies a stronger
version of reduction.

Lemma 4.15. Let T = ((L,<).Z, Lo, L1) be a template, Q a finite function forcing
notion with Ly = dom(Q) which satisfies the strong embedding property and S a
good o-Suslin poset. Let B € T,A C B be closed. Then Pg is a partial order,

Py C Pp and even Py < Pp. Also any P = (p, F?) € Py has a canonical reduction
Py = (po, F™) = po(P, A, B) € P4 s.t.
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1. dom(py) = dom(p) N A, FP* = FP N W,
2. sP0 = sP for all x € dom(py) N Ly,

3. Py | Lo= (po | Lo, F*°) is a strong Qa-reduction of P | Lo = (p | Lo, F?)

and whenever D € Z,B,C C D,C' is closed, C N B = A and Qo € P¢c extends Py,
then there is Q € Pp extending both )y and P.

The proof of Lemma 4.15 requires four lemmas. For the proofs of those lemmas
we will assume that 7,Q,S are as above and that Lemma 4.15 holds true for all

templates 7' s.t. Rk(7") < Rk(T"). We work with P :=P(7,Q,S).

One condition extending another can always be traced down to the smallest x € L
above the occurrences of both conditions.

Lemma 4.16. If P = (p, F?) and Q = (q, F'?) are conditions in P s.t. oc(P) and
oc(Q) are contained in L, for some x € Ly and Q) <p P, then there is B € T, s.t.
Q <p, P.

Proof. 1st case: z, is defined and z, = x4 (z, < x,). Since dom(q) C oc(Q) C L,,
x4 < x. By Definition 4.13, there exists a B’ € Z,,, (B’ € 1,,) s.t. B’ is a witness to
Q <p P. Since z, € L,x € Ly,x, < z, there exists A € Tst. ACL, andz, € A
by Definition 4.11. Let y € oc(Q) U oc(P). Since oc(Q) Uoc(P) € L, and = € L,
Definition 4.11 implies that there exists C,, € Z such that C,, C L, and y € C}. Let

C = U L,.

y€oc(Q)Uoc(P)
Since oc(Q) Uoc(P) is a finite set, C' € Z. Let
B:=B UAUC.

Since A C L,,B"' € I,, € Z,,C C L, and Z is closed under finite unions, B € Z,.
Since v, € Aand B'C L, ,B' C B. So B’ € Ip,,.
Now we want to show that B’ is a witness for ) <p, P. Note that

dom(Q) C oc(Q) C B.
Since Q € P,Q | Ly € Q. Since BC Land Q | Ly € P,
QI (LoNB)=(Q Ly [ BeQ.

Since oc(Q) C B,
dom(Q)N LN B =dom(Q) N Ly.

So the z, in T is the same as the z, in Tp. Since dom(Q) € B,q | L,, = q | B,,.
So

Q |l Lo, = Q|| Bs,
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Analogously
Q [l Lo = Q [I (BN Ly).

Pl L,, = P|| B,, and P || Ly = P || (BN L) follow analogously. So B’ satisfying
all the conditions to witness Q <p, P follows from B’ satisfying all the conditions
to witness ) <p P.

2nd case: x, is not defined in 7. Then z, is also not defined in 7. Since is holds
true that oc(Q) Uoc(P) € B,

gl (LonB)=q [ Lyand p | (LyNB)=p ]| L.

Since @ <p P, P,Q € Pg,dom(p) C dom(q) and (q [ Lo, F'?) <p, (p | Lo, F?). So
Q <p P. O

Inclusion and extension in P are compatible with hard restricting below and
below-equal any xy € L.

Lemma 4.17. Let P = (p, F?) € P, Q = (¢, F'?) € P and let xy € L. Then
QI Loy €P, QI Ly, €P

and if Q) <p P then

QI Ly <o P | Loy and Q |1 L7, <o P | L.
Proof. The statements @ |[ L,, € Pand Q |[ Ly, <p P |[ Ly, follow from induction
over n, := |dom(q) N L4].
Induction base: n, = 0. Then dom(q) C Ly = dom(Q) and z, is not defined. Since
QeP Q| Ly=Q€Q. Since L,, N Ly C Ly = dom(Q), Definition 4.5 implies

(Q [T Lag) T Lo = (Q[I Lay) |I Lo = @ | (Lay N Lo) € Q.

So Q || Ly, € P. Analogously P || L,, € P.
Since @ <p P,dom(p) C dom(q) and

Q=(ql Lo, F?) <q (p | Lo, F?) = P.

Since L., N Ly C Ly = dom(Q), Definition 4.5 implies

(Q I Lay) [ Lo = (Q [ L) |T Lo
= Q |I (La, N Lo)
<q Pl (Lz, N Lo)
= (Pl L) I Lo.

So Q ”on §]P’P HLIO‘

Induction assumption: Q |[ L,, € P and Q || Ly, <p P || Ly, hold true for n, < n.
Induction step: Let n, = n. Since ng, > 0, x4 is defined.

Ist case: z, < x9. Then Q |[ L,, € Q follows analogously to the induction base.
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Since @ € P, there exists a witness B € Z,, for Q € P. Let Q' := @ | Ly,. Since
Ty < Tg,

z, = max(dom(q’) N L)

= max(dom(q) N L,, N Ly)
= max(dom(q) N L)

So B € Z,,. So B satisfying the conditions to witness Q' € P follows from B
satisfying the conditions to witness () € P.
2nd case: zg < x,. Since z; € L,

NgiL,, = |dom(q [ Lz,) N Ly

< |dom(q) N L]

=n.
So by the inductive assumption, @ || L,, € P.
SoQ || Ly, € P. P|| L,, € P follows analogously.
Ist case: dom(p [ Ls,) € Lo = dom(Q). Then zpz, is not defined. Since it
holds true that dom(p) C dom(q), dom(p | L.,) € dom(q [ L,,). Since @ <p P,
QI Lo<q P Ly Since Q [ Lo, P | Lo € Q, Lyy N Lo € Lo and Q [ Ly <q P | Lo
Definition 4.5 implies

(Q 1 Luy) [ Lo = (Q I Lo) |I L,
= (Q I Lo) |I (Lay N Lo)
<q (P T Lo) [ Lay
= (P |I Ls,) | Lo.

SOQ' La, <QP’ Ly,

2nd case: dom(p [ Ly,) & Lo = dom(Q). Then zpz, is defined. Let B € Z,, be a
witness to Q@ <p P

Lst subcase: z, < xo. Then z, = 4L, . S0

dom(p | Lg,) = dom(p) C dom(q) = dom(q [ L,,).

(Q |l Lyy) [ Lo <g (P || Ly,) | Lo follows analogously to above. B satisfying the
other propertles of a Wltness to Q | Lz, <q P |I Ly, follows from z, = 24, ,
Tp = TpiL,, and B satisfying the properties of a witness to () <q P

2nd subcase: x¢ < 4. By Definition 4.13 Q | Ly, <p, P |[ L,,- And Lemma 4.14
implies that @ || L, <p P || L

Ist subsubcase: xy = x,. Then Q |[ Ly, <p P |[ L

2nd subsubcase: x¢ < x,. Since z, € Ly, NgL,, < Ng = N So by the induction
assumption,




So Q || Lyy <o P || Ly,
Q |l Ly, <p P || L, follows analogously by changing the case distinctions in the
induction step from z, < oy and zy < z, to 7, < o and zy < z,. []

For any two conditions P,Q € P s.t. w.l.o.g. dom(P) C dom(Q), @ extending P
can be reduced to the restrictions below-equal the maximal point in L; N dom(P).

Lemma 4.18. Let P = (p, F?) € P and Q = (¢, F?) € P. If dom(p) C dom(g),
QI Ly<qgPlLyand Q| Ly <p P[] L, then Q <p P.

Proof. Since dom(p) C dom(q), =, < z,.
Ist case: r, = x,. Let B be a witness to @ || L, <p P || L, . By assumption
Q, P € P, dom(p) C dom(q) and Q [ Lo <q P [ Lo. Let Q" :=Q | L, . Then

zy = max(dom(q’) N L)

= max(dom(q) N L, N Ly)

= max(dom(q) N L)

= z,.
Analogously z,, = x, for P' = P || L3,. So xg = xy. B satistying all the properties
of a witness for () <p P follows from B satisfying all the properties of a witness for
Q <p P
2nd case: x, < 7, Let v := x,, (dom(q) N L1) \ Ly, = {z;}}_; be increasing
and let H € Z,, be a witness to @ [[ Ly <p P || L. Since y < x; € L, for
y € oc(Q | Ly;) Uoc(P || Ly,), Definition 4.11 implies that there exists A, € Z s.t.
AC L, andy € A,. Let

Hy:=H and A; := U A,
y€oc(Q|[La,)Uoc(P|[La,)
Define H; := H; 1 U Aj for 1 < j <n. Then {H;}}_, is an increasing sequence of
elements of Z s.t. H; C L,; and oc(Q || La,),0c(P || Ly;) € H;. By Lemma 4.17,

J

Q |l Ly, Q| Ly, € P for all 1 < j <n. Since dom(p) C dom(q),
dom(p [ Ly;) € dom(q [ L)
for all 1 < j <mn. Since Q |[ Ly <q P || Lo and Ly N L,; C Ly,

(Q I La;) [ Lo = (Q [ Lo) [ La,
= (Q | Lo)
<q (P I Ls,) I Lo
forall 1 < j <n. Let Q) :=Q || Ly;. Since x; € Ly,

xq, = max(dom(q’) N Ly)
= max(dom(q) N Ly, N L)
= max(dom(q) N Ly)

= T,
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for all 1 < 57 < n. Analogously Ty = Tp for all 1 < j < n. Since H; € Z,, for
1 < j < n, Lemma 4.14 implies that H;_; is a witness for @ || Ly, ngj P I L,
for all 1 < 7 <n. In particular H,, is a witness for Q) <p P. O

Let @ € Q be s.t. it has an element z € L; as the maximal point of its domain.
Then the tail above L of any P € P, s.t. () extends the part of P below-equal x
and extending P in Q can be reduced to extending P in Q below z, can be adjoined
to ) in a manner that yields a common extension of () and P.

Lemma 4.19. Let Q = (¢, F7) = Q || L be s.t. x = max{dom(q) N L} is a
condition in P with witness D. Let P = (p, F?) be a condition s.t. (P || L;) | Lo is
a strong Qponr, -reduction of P | Lo and s.t. Q <p P || L, with witness D. Then

QX P = (qxzp, F1U FP)
18 a common extension of () and P where
qxzp=qUp [ L\ L.

Proof. Since qX,p | Lo = q | LoUp | Lo\ Ly and (P || L,) | Lo is a strong
Qrynr,-reduction of P | Ly,

(Qx.P) | Lo <g P | L.
Since Q € P, Q | Lo € Q. Since Q || L; = Q,
dom(p | Lo\ L7) Noc(Q | Lo) = 0.

By Definition 4.7, P | Ly € Q |] (L, N Lo). So F? € [Wy,,]<%. So FIUF? € [Wy,]<“.
By Definition 4.5,

(@xoP) [ Lo=(q [ LoUp [ Lo\ Ly, F'UF?)
<q(q [ LoUp [ Lo\ Ly, F?)
SQ (q rL(]qu)
=Q I Lo.
Let n, := |dom(p) N Ly \ L7 |. Show that (X, P is a common extension of P and @

by induction over n,:
Induction base: n, = 0. Then

dom(p) C dom(qUp | L\ L,) = dom(gx,p)

and
dom(q) C dom(qUp [ L\ L) = dom(gx.p).
(Qx.P) | Ly <g Q [ Lo and (Qx,P) | Ly <g P | Ly were shown above. Since
dom(p) N Ly \ Ly =10,
max{dom(q) N L, } = max{(dom(q) N L) U (dom(p) N Ly \ L)}
= max{dom(gX,.p) N L1 }.

43



and

max{dom(p) N Ly} < max{(dom(q) N L) U (dom(p) N Ly \ L;)}
= max{dom(gX,p) N L1}

if defined.

Ist case: x4x,p is not defined. Then z, and z, are not defined. So @x,P <p @, P.
2nd case: Z,z,, is defined. Since D witnesses Q € Pand Q <p P || L7, D witnesses
Q&xp <p P; Q

Induction assumption: Qx,P <p P and Qx,P <p @ is true for every P € P with
0<n, <n.

Induction step: Let P € P with n, = n. Since dom(q) C dom(p [ L7) C dom(p)
and dom(q) C L7,

z, = max{dom(p) N L}
> max{dom(p) N L; N L;}
> max{dom(q) N Ly}

=1z
Since Q || L7 = Q <p P || L7, Lemma 4.17 implies
Q:<Q Hpr) HL: g]P’ (PHLIP) ”L:

Since z,, ¢ dom(q) and z, ¢ dom(p [ L), the induction hypothesis yields

x

QP |l L; <¢ Q
and QP || Ly <p P[] L.

Since Q || L; =Q, (P |l L) || L; = P || L; and z, > z,
oc(Q)Uoc(P |I L) € Ly,.

By Lemma 4.16, there exists a B € T, s.t. QX(P |[ L,,) <p, Q and a B’ € T,
s.t.
Qxz(P [l Ly,) <p,, P|I Ly,

Since By := BUB' €1, and B,B' € 1,, | By,
QD—(m(P Hpr) SFP’BO Q

and
Q&z(PHpr) SIP’BO P ”L:vp-

Let By € Z,, be a witness to P € IP. Since ((P || L,,), p(;,)) € Pp, * S,
Pl Ly, € Pp, and P || Ly, Ik, p(z,) €.

Let C':= By U B;. Since By, By € Z,,, C € 1,,. Since By, B € Z | C, Lemma 4.14
implies that <ps, C<p¢- So

QX(P |l Ly,) <po @, P || La,.
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So
(QX.P) | Ly, = Q%o(P || Ly,) e p(a,) €.

So C'is a witness for Qx, P € P¢. Since dom(q) € L7 and z, > z,

Tgi,p = max{dom(gXx,p) N Ly}
= max{(dom(q¢) Udom(p [ L\ L)) N Ly}
= max{dom(p) N L1}

= ).
Since By C C' and Qx,(P | L,,) <pg, P Il Ly,

Qxo(P |l Ly,) <pe P |I L,
So C'is a witness for Qx,P <p P. Since z, < Z4x,p, Bo is a witness for

QX P <p Q.

Explanation to the figure appearing on page 46:

In the proof of Lemma 4.15 we will find a condition T s.t.
T ”_PD” (5,207 f:(clo) <s (‘élx)o’ faI:JO)
AP = gho

AP Tnem = 20 [
for some poset D. The diagram below shows where those statements are inherited.

We will denote extensions with arrows, reductions with dashed arrows and canon-

ical reductions with arrows with double lines. p A q, q—A>p and ¢ A p should be

understood as ”condition p extends condition ¢ in A” or ”condition p is a reduction
of condition g to A” respectively.
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Proof of Lemma 4.15:

Proof. Proof by induction over Rk(75).

Induction base: Rk(7g5) = 0. Then B C Ly and Pg = Qp. Let A C B be closed.
Then Pp = Qp is by definition a partial order. Since A C B, Rk(T4) < Rk(7g) =0
by Lemma 4.12. So P4 = Q4. So P4 < Pg. Let P = (p,F?) € Py = Qp,
Py =P || A. Since P € Qp, Py € Q4 =P4. Then

1. dom(py) = dom(p) N A and FP = FP N A,
2. sP0 = sP for all x € dom(pg) N Ly,

3. By | Ly = P, is a strong Q4-reduction of P [ Ly = P.

Let D eZ, B,C C D, Cclosed, CNB = A and Qg € Pc be s.t. it extends F.
Since Qo |[ Oc(FRy) <g, Q.

Qo [I Oc(F) <q, P || Oc(Ry) = Ry

and Py is a strong Q4-reduction of P, Qo || Oc(Fy) extends both @)y and P.
Induction assumption: Lemma 4.15 holds true for all templates of rank < a.
Induction step: Let Rk(75) = a and P = Pp.

Transitivity of <p: Let Fy, P, P, € Ps.t. P, <p P, and P, <p F,.
1st case: xp, is not defined. Since

dom(Fy) € dom(P;) C dom(Fs)
and Py [ Lo <q P [ Lo <q Py | Lo,

Py <p .
2nd case: xp, is defined. Then zp, and xp, are defined. Let B; € prl be a witness
for P, <p Py and B, € IxPQ be a witness for P, <p P,.
Since Dp(B; U By) < «, the induction assumtion implies that Pg,,Pp, < Pp,up,-
So P, [me =P, | BiUDB;y € Pg,up, for 0 <7 <2 and

PIL

Tpo SPBluBQ Pl H L;tp2 SPBluBQ PO ” me2'

Since <p, , is transitive by assumption, P || Ly, <p, 5, o |l L
1st case: xp, = Tp,. Then By U By witnesses P, <p F.

2nd case: Then p;(z,,) is a Pg,up,-name for 0 <i < 2. Since Pp,,Pp, C Pp,us,,

.',Ep2 .

P H LIpQ ”_IP’BluBQ pl(xm) <g po(xpz)
and P ” L:Bp2 H_]P’Blu}32 p2(mp2) <g pl(xpz)'

Since Py || L P |l L

Tpy SPBIUBQ Tpgy )
P2 H pr2 “_PBluBQ pl(l‘p2) SS p0<mp2)'
So

P ” prQ ”_PBlLJBQ pz(l’m) <g p0<xpz)’
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So
(P2 |r pr27p2(xp2)) SPBIUBQ*S (PO |r pr27p0(xp2>)'
So P2 S]P’ P().

Suborder: Let B € Z and A C B be closed. Let R = (r, F") € P4 and x = z,. By
Definition 4.13, there exists A € Ty, s.t. R || (AN L,) € P4 and fT is a P4-name.
Since A € T | A, there exists By € Z s.t. A = ByNA. Since A C B, AC B. So
ByNA = ByNnBNA. Since T is closed under finite intersections, B := ByNB € L.
So there exists a B € Zg s.t. A= AN B. Since A € Loz €1, ACL, Soz¢B.
Since x € Ly \ B, Definition 4.11 implies BN L, € Zg. So we may assume that
BC L,. Sincex € L;, BNL; € BNL;. SoDp(B) < Dp(B) = a. By the induction
assumption, Pz < Pz. So fa’; is a Pg-name and R || L, € P5. So R € Pg.

Complete embedding: Let P = (p, F?) € Pg,x = x,. By definition, there is a
BeIp,st P||L,=P¢cPsand f?is a Pg-name. Let A= AN B. Then

AcT|AACB ,AcP(L,).

Since A € T, A is Ly-closed. Since B € T and Dp( 3) < «, the induction hypothesis
implies that P has a canonical reduction Py = po(P, A, B).

Construction of the canonical reduction Py = ( P A B) of
Let 7 = F» 0 W,. Since (p | Lo, F?) € Q and AC Ly C dom(@), Definition 4.8
FPo) of (p | Lo, FP). Since Py is a
A

implies that there exists a strong Q 4-reduction (p’, F*°) of
C A, forpg [ Lo :=p'Upo | Lo

canonical extension of P, oc(py) = oc(P)NA. Smce
we have that

(po | Lo, ) is a strong Q4-reduction of (p | Lo, F?) and py | LoN A D py | L.

We may assume that pg [ Ly N L, = po | L1 N L,. Then define Py := (po, F?°). So
Py |l Ly <p . P,. So P, | L, is a canonical reduction of P. We may assume that
p(z) is a nice name for a condition in S below P.

st case: © ¢ A. Then define py(z) = p(x). Then s£° = s for all x € dom(py) N L;.
2nd case: x € A. Then let po(x) be a canonical projection of p(x) below Fy || L,.
Then po(z) = p(x). So sP° = s for all z € dom(py) N Ly.

Since we may assume that po [ L1\ L, = p | (L1\ Lz)NA, Py is a canonical reduction
of P.

Let D € Z,C C D closed st. BUC C D,A = BNC and Dp(D) = «a. Let
Qo = (q0, F*) <p, P.

Construct a common extension of (g and P:

st case: = ¢ A. Since x € B, z ¢ C. Let y = max{dom(qp) N L, N L;1}. Then
y = max{dom(qo) N L, N L1} < x.

By Lemma 4.17, Qo [ L, <p. Fy [ L, . So there exists E € (Z]C), witnessing

QoI L, <p. Fo | L,.
Y )
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By Definition 4.11 there exist an F € Ip, st. E = FNC and there exists a
G e€Zp,st. dom(q)NL,\ L, CG. Let

D=BUFUGand C=(GNC)UEUA.

Since B, F,G € Ip,, D € Ip,. Since E,A€ (Z [ C),and G €Z,, C e (Z|O),
Since £ C Fand A C B, C C D. SlnceACBandAg :,flgBﬂC*. Since
BQB,E,(GHO)QCandA BNC,CNBCA. SoCnNnB=A.

Since E witnesses Qg <p. P, E witnesses
Qo = Qo || Ly <p, Po | Ly
We may assume that Qq | Lo is a strong Qg-reduction of Qg | Lg. Since
DpI[C<é) < Dpz(D) < Dpz(D) = a

and A, B,C C D, we may apply the inductive hypothesis to A, B,C, D. So there
exists a common extension Q = (g, F7) <p_, Qo, P || L,. Define Q = (g, F) the
common extension of )y and P as follows:

Let ¢ = qU {(x,p(2))}, F* = F7 and Q' = (¢/, F*). Then z, = 2. So D witnesses

Q €Ppand Q' <p, Qo=Qo |l L

By Lemma 4.19 Q" = (¢", F¥ U F®) := Q'x,(Qo is a common extension of ¢ and
QoinPp. Let p=p | Lo\ Oc(Q”) and Q = (¢, F?) where ¢ = ¢"Uq, F? = F? U F,
Since Oc(Q") N'dom(p) = 0, Definition 4.5 implies that for

Q= ({"Up, F© U F?)

it holds true that Q | Ly <qg Q" [ Lo. Since pNLy =0, 2, = zp. So Q <p Q". So
Q) <@ Qo. Since Q" [ Ly <g Qo | Lo <@ P and P, [ Ly is a strong Q-reduction of
P [ Ly,

QI Lo=(¢" I LoUp [ Lo, F*) <q P [ Lo.
So by Lemma 4.18, @ <p P
2nd case: x € A. Then

z,, = max{dom(pg) N Ly}
= max{dom(p) N AN L}
=z

= Ip.

Since x € A, x € C. So thereis a C € (Z | O), witnessing Qo || L7 <p. P || L;.
S0

Qo= Qo |l Ly <p_ Po |l L. <p. Po
and Qo || L, IFps 7810, 510) <g (8P0, $P0)7.

x ' x x )X
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Since C' € (Z | C), there exists Cj € Zs.t. C = C;NC. Then = ¢ Cj. So by
Definition 4.11, Cy = C{ N L, € Z, and C = Cy N C. We may assume that @) is a
strong Qg&-reduction of Qg [ Lg. Since

AUC € (T10), and Rk(Tanc) < RK(T),

Pes < Pine. So f;’o is a Pjc-name. So we may assume that A C C. Then
A=CnNB. For D:=DnNC, € Ipg, C = DN C. We may assume that B C D.
Since Dp;(D)yDpz(D) = a and A, B, C C D we may apply the induction hypothesis
to A, B,C, D.
Let n € w be s.t. S is n-Suslin, m = |[s©], Qo <pgs Qo and s’ € ""Mw s.t.

QolF7fP [ n-m=3".

Let G be Pgs-generic s.t. Qo € G. Since fg;o is a Pg-name and Pz < Pgs the
inductive hypothesis implies that G N A is a IP;-generic filter and there is U € GN A
st. Ulkp, fr 1 (n-m) =§. Since U, Py || Ly € G N A they have a common
extension £/ € GN A s.t.

E'lre, fo [ (n-m)=34.

Since E’, QO € (G, they have a common extension Qg € (G. Since Qo <p. E', Qg has
a reduction Qo € Pz s.t. Qo <p, E'. So

Qo”‘m;ffo [n-m=3§

and QO <r, P |1 L. So QO is compatible with some a € A,,.,,. We may assume
that f? = {(b,s()) }res,m>1 and f2° = {(a,s(a))}aca,n>1- Let Py be a common
IP 5-extension of a and Q. Since a lkp, f2° [ n-m = s(a),

PrIF s = s(a).
So s’ = s(a) in the ground model. Then P; <p, a and Fj is a reduction of Qo.
Also a is a reduction of some b € B,,., s.t. s(a) = s(b). So there exists a common

P-extension Pt of By and b. Since by the induction assumption Pz < Pg, Pt has a
canonical reduction Pt € P;. By Lemma 2.13 there exists a common P z-extension

By of P* and Py. Since Py <p, Py and Pj is a reduction of Qp, there exists a

common Pg-extension Qg of Py” and Q. Since Qy <p, P;” and Py is a canonical
reduction of P, there exists a common Ps-extension T of P™ and Q. Then

T “_PD”(EE:O’ f';lo) <s (52:07 fa}ZO)

N&P = gbo

AP Tnm = f2 [ n-m.
Since S is n-Suslin, 7' IFp, Jt(z) € S(t(z) <¢ qo(x), p(x)). Let (g7, FT) = QT <pg
T and (52, f#) be a nice name for a condition below Q7 s.t.

Q e, (30, f1) <5 (320, f0), (32, f2)".

Let ¢ = ¢ U {z,q(x)}, F" = F7 and Q' = (¢, F"). Define Q”,p,Q as in case 1.
Then analogously to case 1, Q <p, Qo, P. n
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Lemma 4.20. Let Q be Knaster. Then P(T,Q,S) is Knaster.

Proof. Let (Q, : @ < wy) be a sequence of conditions in P. Since Q is Knaster, we
may assume that (Q, | Lo : @ < wy) is linked. Since all conditions are finite by the
A-system lemma we may assume that for all «, 8 < wy, dom(g,) Ndom(gg) = F for
some finite set ' C L and Q, [ Lo L Qp | Lo. We may also assume that for all
x € F'N Ly there are s, € <“w and t, € "1*lw s.t. for a witness B to Q, |l L7 € P,

Qa |1 La IFp, mo(ga(2)) = 52 Ami(ga(@)) T (n - |sa]) = Lo

Let o, € wy. Since dom(q, ), dom(gg) are finite, we depict (dom(g,)Udom(gg))N Ly
as {z;}%, in increasing <y, order. Let z,,41 € L be s.t. Oc(Qa) UOc(Qp) C L, .
Proof of Q, £ @3 by induction over m + 1:

Induction base: Let R = (7, F) be a common extension of Q, [ Lo and Qs | L.
Then (r,F) = R := R | Ly € Q is a common extension of Q, | Ly and Qs | L.
Since Qq, Q3 € P, Lemma 4.17 implies Q. || L ,, Qs |I Ly, € P. So

Qa ” on H_]P’LIO qoc(xo) = (éom fa) € S
and Qg || Ly, Ik qs(w0) = (35, f5) €S

Since R | Ly, is a common extension of Q, || Ly, and Qg || Ly,

R Ly, FeL,, Ga(0) €S
Aqs(to) €S
N Sq = 83 = Sy,
Ao T (- Jsagl) = fo 1 (0 [s2,]) = Ty,
Since S is n-Suslin there exist R = (%, F¥) <p R || Ly, and t(z0) € S s.t.

Ry lre,, t(zo) <s gal(20), gs(20).

Let
RO = (To,Fo) = (?"8 U {(l’o,t(l’o))} Ur rL \ LQUO?F(T U F)

Since R € Q, R || L., is a strong QronL,,-reduction of R. So Ry SPLIO R. By
Lemma 4.17, Ry || L, <p.,, R |l L. Since R || L, <r.,, Qo |l L, Qs |l L,
Lemma 4.18 implies

RO HLxl SPQ&”LCL’l and ROHL:Q S]P’QB HLxl

Induction assumption: For ¢ < j there is R; <p R s.t.

Lo [ L\NL: =r [ L\ L7,
2. (Ri | L) | Lo is a strong Qr, -extension of R;,

3. Rz HLm, SPL% Qa ” La:pQB HLIZ
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Induction step: Let ¢ = j. Analogously to the induction base there exist t(x;1) € S
and R} = (r}, F}) € Py, s.t. R} <p, Ri|[[ L, and

Bilre,, H(it1) <g qa(®i1), 4s(Tita).
Since (R; [[ Lz,) [ Lo is a strong Qr, -reduction of R;,
Ry = (risa, Fina) o= (i U{(ig, 8(@i)) U [ LN Loy, YU E) <p,, R
Since Pp, witnesses Ri1 || Ly, <p Qo || L ,, Qs || L ,, Lemma 4.18 implies

Ri-‘rl ” L:Ei+1 SP QO& H L:D7;+17 Qﬁ ” L$i+1'

R, <p Qq, Qs follows from i = m. O

We end this chapter by showing three properties of iterations along a two-sided
template. Those will be used in the next chapters once we plug in particular forcing

notions into P(7,Q,S).

Whenever an A € 7 of a two-sided template is below an element y € L;, we can
adjoin S to P4 s.t. it can be completely embedded into P. In particular, we will
choose z as the coordinate in P, i.e. for any P € A and any (s, f) € S we will add

(z, (5, 1)) to p.
Lemma 4.21. Let x € L, A € T,. Then the two-step iteration Py xS completely

embeds into P.

Proof. Let B := cl(AU{z}). By Lemma 4.15, P completely embeds into P. We
will show that Py xS < Pp:
Define

i :PyxS = Pgi((P, (5 f) = (pU(z, (3 f)), FP).
Since v € Ly, P || L, = P for all P € P4 and A € 7, i is well defined.

Let (Pv <§7f)) SIP’A*S (Q> (f,g)) Then

Ti(ps,f)) = T = Ti((Q.(79)))

S0 i(P, (3, f)) = P <p, Q =i(Q, (7,9)) and i(P, (5, f)) = P Irp, (3, f)<s(7,§). So
A witnesses i(P, (3, f)) <p, 1(Q (f, ).

Let (P, (5,/)),(Q.(7,9)) € PaxS st. i((P,(5 f)) Loy i((Q.(7,§))) with com-
mon extension R. Since R <p, i((P, (3, f))) and x, = x = x,, there exists an
A eI, st.

(RID La, (@) <p s (P35, ) 1T L, (3, 1))
= (P, (3, f)).
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We may assume w.l.o.g. that A’ = A. So

(Rl Lo, r(2)) <p .6 (P (3, 1))

Analogously
(BT Le,7(2)) <p,u5 (@, (7,9))-

So (P, (3, f)) L, (@ (7,9))-

Let P = (p’Fp> S ]P)B'

1st case: z, is defined. Then there exists B’ € 7., s.t. P:=P| L., € Pp and
fp is a Pg-name for a real. Then the same holds true for B := B’ U A. Since
A C B, Lemma 4.15 implies P4 < P5. So P has a canonical reduction Py, € Py4.
Also there exists a canonical projection fp0 of fp to P4. Define Py € P4 %S by
Py = (P, (32, fa{’O)) Analogously to the 2nd case in the proof of Lemma 4.15, any
Qo € Py S extending P, is compatible with P. So F, is a reduction of P to P4 % S.
2nd case: x, is not defined. Then P € Qp. So Py := (P, ﬂg) c Py S is a reduction
of P to Py % S. O

AU{z} is not necessarily closed, so taking the closure is necessary for the proof.

We will work with two-sided templates, where the underlying set L is uncount-
able. So any countable A C L can not be cofinal in L. So for any J C L cofinal
in L, there exists an x € J st. A € L,. Since L, € T, L, is Ly closed. So
cl(A) € L,. So Paay < Pr,. So reducing certain properties, such as inclusion or
being a name, down to a countable subset of L shows that Py is sufficient to apply
those properties.

Lemma 4.22. For any P € P(T,Q,S) there is a countable set A C L s.t. P € Pya).
Similarly, if T is a P-name for a real then there is a countable A C L s.t. T is a
Peicay-name.

Proof. Proof by simultaneous induction on Dp(L).

Induction base: Dp(L) = 0. Let A := {P}. Then A C L is countable. Since L = Ly,
CI(A) = {P} U Lp = LIZ;. So P € ]P)CI(A)'

Induction assumption: Lemma 4.22 holds true for all L [ A s.t. Dp(L [ A) < a.
Induction step: Let Dp(L) = a.

Ist case: x, is not defined. Then P € Ly and the statement follows from the
induction assumption.

2nd case: z, is defined. Then there exists C' € Z,, s.t. P |1 L., € Pc and ff is
a Pc-name for a real. Since z, ¢ C, Dp(C) < a. So by the induction assumption
there exists Ay C C' countable s.t. P || L., € Pqa,) and fgj is a Pg(ay)-name. Let
A = Ay Udom(p), B := cl(A). Since cl(4y) C cl(A), P € Pp.

Let f be a P-name. By Lemma 4.20, there exists {p,; : i,n € w} C P and there
exists {k,; € w:i,n € w} s.t.

1. pn,i ”_[p) f(n) = knﬂ',
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2. {pn; 11 € w} is a maximal antichain in P for all n € w.

So there exist countable sets A, ; s.t. pn; € Peya, ). Let A := Um A, B = cl(A).

By Lemma 2.15, f can be contructed as a Pg-name. O]

Definition 4.23. Let ((L,<),Z, Lo, L1), ((L, <), J, Lo, L1) be two-sided templates
s.t. J CZ. We say that Z is cofinal in J if for all x € S and all A € ZNP(L,),
there exists a B € J NP(L,) containing A.

The next lemma will be used in a variation of the isomorphism of names argu-
ment. The proof of this isomorphism of names argument is beyond the scope of this
thesis.

Lemma 4.24. Let J C T be s.t. Ty = ((L,<),T, Lo, L1) is a template. Suppose
J is cofinal in Z. Then P(T7,Q,S) is forcing equivalent to P(T,Q,S).

Proof. Proof by induction over Dp(L).

Induction base: Let Dp(L) = 0. Then L C Ly. So P(77,Q,S) = Q = P(T7,Q,S).
So P(77,Q,S) is forcing equivalent to P(T,Q,S).

Induction assumption: Lemma 4.24 holds true for all L s.t. Dp(L) < a.

Induction step: Let Dp(L) = «. Let P € P(T,Q,S).

1st case: z, is defined. Then there exists A € Z, s.t. P = P || L, € P4 and fa{’ is
a Py-name. Since J is cofinal in Z, there exists a B € J, s.t. A C B. By Lemma
4.15, P(T4,Q,S) < P(75,Q,S). Since z ¢ B, Dp(A) < Dp(B) < Dp(L) = a. By
the induction assumption, P(77 g, Q,S) is forcing equivalent to P(75,Q,S). So we
can construct P as a condition in P(7 5,Q,S) and f? as a P(T7.5,Q,S)-name. So
P e P(Tj, Q, S)

2nd case: z, is not defined. Then P € Q. So P € P(7,,Q,S).

So both P(7,Q,S) and P(77,Q,S) have a dense embedding into P(77,Q,S). O
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5 Estimates for q,

For the main result of this thesis, Theorem 1.3, we will plug Qr, into Q and L into
S. For this, we show two auxiliary lemmas in this chapter. Each will plug exactly
one of Qr, and L into P(7,Q,S).

S = L gives a lower bound for a; depending on the two-sided template used.

Lemma 5.1. Let T be a template, Q a finite function poset with the complete
embedding property and Ly = dom(Q), S = LL localization forcing and let p be a
reqular uncountable cardinal. Assume p C Ly (as an order), p is cofinal in L and
L, €T forall « < p. Then P(T,Q,S) forces non(M) = p and a, > f.

Proof. Let G be P(T,Q,S)-generic over V and work in V[G]. Let a € u. Since
p € Ly is cofinal in L, there exists a 8 € p C L; s.t. L, € Zg. Then Lemma
4.21 implies that Py * L. completely embeds into P(7,Q,S). Lemma 2.20 implies
that for each av < p there exists a slalom ¢, € I which localizes all reals in V. Let
f € “wbe areal in V[G] and f its P(T,Q,S)-name. By Lemma 4.22, there exists
a countable A C L s.t. fisa P(Taca), Q, S)-name. Since p is regular and cofinal in
L, cf(L) = cf(u) = p. Since p is uncountable sup(A) # L. So there exists an o <
st. AC L,. Socl(A) C L,. So f € V[GNPL,]. By Theorem 2.26, cof(N) < p.

Let F' C w* be a family of size < p in V[G]. Since for any real f in V|[G] there exists
an a < ps.t. f € VI[GNPr,], the pigeonhole-principle implies that there exists an
a < ps.t. any real in F'isin VGNP ]. So ¢, localizes all real in F. By Theorem
2.26, add(N) > p.

By Cichoni’s diagram from chapter 2.3, non(M) = p. By Theorem 2.27, a, > p. O

Q = Qg gives an upper bound for a, depending on the two-sided template used.

Lemma 5.2. Let T be a template, and let Q = Qp, be the poset for adding a
cofinitary group with Ly generators. Assume that L has uncountable cofinality and
that Lo is cofinal in L. Then P(T,Q,S) adds a mazimal cofinitary group of size
| Lo|.

Proof. Let G be P-generic over V. Define
pa Lo = Sospala) = J{s2: PEG AP Lo = (s, FP)}.

Then
pa(x) = J{sh: Pe GNP}

By Proposition 3.11, ps induces a cofinitary representation pg of Fr, .

Assume that im(pg) is not maximal. Then there exist o € cofin(Sy) and by & Lo
s.t.

p/G Lo U {bo} — Sooa
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o if x = by.

() = {p(a:) if x € Ly,

induces a cofinitary representation. Let ¢ be a P-name for ¢ in V. Since every
permutation is a real, Lemma 4.22 implies that there exists a countable A C L s.t.
0 is a Pgea)-name. Since Ly is cofinal in L and cf(Lg) > Ny, cf(L) = cf(Ly) > R;.
So there exists an « € Ly s.t. cl(A) € L,. By Lemma 4.15, P4y < Pr,. Let
H=GNP,.

Claim:

VIH| E'Dyn. ={P € (P/H) : 3n > N(s2(n) = o(n)),
where P | Ly = (s?, F?)} is dense in P”

Proof: Let Py = (s*,F™) € (P/H). Then P | LyNL, € Hy := HNPryz,-
Analogously to the proof of Theorem 3.16,

VI[Ho] =" Do no = {p € (Qro/Qrorz,) : (3n 2 N)s(n) = o(n)} is dense in Qz,”.

So w.lo.g. there exists a (t,E) < (s* [ Lo\ Lg, F™) st. (t,E) € DYy, ie.
tz(n) = o(n) for some n > N. Define P; by

Py [ L, =Fy | Lg,
Pyl (Lo\ L) = (L, E),
Pyl (L \ L) = Fo [ (L1 \ Ly).

Since (t, F) € (Qr,/Qronr,) and Py € (P/H), P, € P/H. So in V[H] P, < By and
Pre€D,ng. 0
By the truth lemma,
VIG| E'Dynz=4{P € (P/H):3n> N(sh(n) =c(n)),
where P [ Ly = (s*, F?)} is dense in P”.

Let P € P. So there exists an = € Ly s.t. pg(x)(n) = o(n) for infinitely many
n € N. But then p(z) o 0 € cofin(Sy). Contradiction. O

Note that both estimates depend on the underlying two-sided template. In the
next chapter, we will define the two-sided template used to show Theorem 1.3.
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6 Isomorphism of Names Argument

The goal of this chapter is to proof Theorem 1.3. We will do so by defining a specific
two-sided template, plugging it into P(7,Q,S) and using an isomorphism of names
argument.

The isomorphism of names argument used in the proof of Theorem 1.3 is beyond the
scope of this thesis. We will present a simpler version of an isomorphism of names
argument from [Fis25].

Proposition 6.1. Assume CH, and let A\ = A\ be a cardinal. In the forcing ex-
tension gotten by adding A Cohen reals, every mad family has either size Ry or size
c= A

Proof. Let wy -2 < k < A and assume that A% o < k are names for countable
subsets of w. Fix a < k. Let C, denote the forcing notion adding A Cohen reals.
Let n € w,p, € C,.

st case: p, lFc, n € A®. Then let Do = Dn-

2nd case: p, I, n € A* does not hold.

1st subcase: There exists a p, <c, pn s.t. P, lFc, n € A®. Then let Do = Dn-

2nd subcase: There does not exists a p, <c¢, pn s.t. p, lFc, n € A, Then let
Do *= Pn-

Since 2 is countable, C, = F,(A X w,2) is ccc. By Zorn’s lemma there exists a
countable maximal antichain countaining pj; 5. Repeat the process above for pj, ; and
find a countable maximal antichain containing {p ng}- By iterative application
of the above process we can find countable maximal antichains {p}, : i € w} C C,,
n€wand {ky; €2:i,n € w} st.

prilbe, e A iff k2, =1

and p2; Ik, 7 ¢ A” iff k2, = 0.
Let B* = (J{dom(py;) : 4,n € w}. Since the p; are finite for n,i € w, B* is at
most countable. So ||J, BY| < & < A\. By CH, R[° = ®;. So the A-system lemma
implies that {B® : @ < wy} forms a A-system with root R, where |B%| = |B?| for

a, 8 < wy. We may assume that the bijection ¢, 5 from B to B fixes R. Then
$a,5 induces a function ¢, g : Cga — Cpgs where ¢, 5(f) = ¢ iff

dom(g) = ¢a,s(dom(f)) and
g(x) = f(gbglﬁ(:c)) for any x € dom(g).

Then 1,5 is an isomorphism between the restrictions of Cohen forcing Cpo and
Cpgs as well as between Cpga-names and Cgs-names. Since there are only 2% = R,
many isomorphism types of names, by the pigeonhole principle we may assume that

¢ identifies A* with A®. So k,,,; := k= k;f:z and Y (p ;) = @Z)(pgl)
Define a new name A* for a countable k C w by setting
B*n|)B*=R
a<k
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Any B% a < wy, is mapped to B" by a bijection ¢, fixing R. Let p;; ; be the image
of py ; under the induced isomorphism 9, and ky; ; = ky, ;.

Let B < k. Since B? is countable and C'H holds, there exist oy # s s.t.
BN B’ =B>nB° = A

Since A C B N B*? = R, there exists an a < wy s.t. B*N B? C R.
Claim: BF N B? = B*N B

Proof: Since R C B“,
RNB°’CB*NnBP CR.

So RN B? = BN BP. Since R C B* and (B*\ R)N B? =0,
B*NB°=(RUB*\ R)N B”?

= RNB?U(B"\ RN B")

=RNB°

=B*NB°.

O
Since B = BP°NRUBP\ R and B? = B°NB*UB?\ B, B?\ R = B?\ B®. Since
B*=ALUR\AUB*\R
B*\ B’ =A\B°U(R\A)\B°U(B*\ R)\ B?

=QUR\AUB*\R
=R\ AUB*\R.
So
BPUB*=AUB’\RUB*\RUR\ A
= AUB°\ B*UB*\ B°
=AUR\AUB’\RUB“\R.
Also

B°uUB*=B°uUB"\ B
=(B°URUB’\ R)UB"\ B*
=AUB’\RUB*\RUR\A
=pB°uBr\ B°
=AUR\AUB’\RUB"\R.

Define ¢ : B*U B® — B*U B” by

x ifz€ BPUR
plz) =
Yar(T) else.
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Let ¢ : Cgayps — Cpgeyups be the isomorphism induced by ¢. Since Ic,, s IF
| A, N Ag| < R, ' ‘

V(e 0 b)) IF [9(Aa) NP(Ag)| < Ro.
By definition of 1,

w(]l(CBauBB> - LCBHUBB’
U(Ag) = Ag,
¢(Aa) - wa,n(Aa) - A/@-

So Ic,, .. b [Ac N Agl < Ro. So Ig, I [A, N Ag| < Ro. So {Ag}ack is not
maximal. ]

Assume CH for the rest of this chapter. Also let A\ be an uncountable cardinal s.t.
A = U,pew An, where {A; }ne, is a strictly increasing sequence of regular cardinals,
Ao > Ny, AR = )\ for all n € w and Y < \, for K < A, for the rest of this chapter.

We begin to work on the definition of the two-sided template used to proof Theorem
1.3. For this purpose, we need a notion of negative ordinals \*.

Definition 6.2. Let y be an ordinal. We denote by p* a disjoint copy of pu with the
reverse ordering. Let <, denote the ordering of p. We will refer to the elements of
1 as positive and the elements of u* as negative.

If a # € XU\, we will say that a <,y S if:

1. ae X and B € A,
2. a,f e Xand a <) S,

3. a, 0 € X and a <)« (.

For each n € w fix a partition A}, = U, S5

« where the S¢’s are co-initial in A},
and for m <n, SY N, = S55.

We define the underlying linear order, the sets Lg, L; partitioning L and the struc-
tural description Z of the two-sided template.

Definition 6.3. Let L = L(\) consist of all finite, nonempty sequences z s.t.

1. l’(O) € )\0,
2. z(n) € Af UM, for 0 <n < |z| -1,

3. for |z| = 2, if z(|z| —2) is positive, then z(|z[ —1) € A, _; UA and if z(|z| —2)
is negative, then z(|z| — 1) € A* U A\-1.

Let x,y € L. Define z < y iff
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1. x C y and y(|z|) is positive or
2. y € z and z(|y|) is negative or

3. n=min{k : z(k) # y(k)} is defined and x(n) < -ur y(n).

Note that (L, <) is a linear order.
Definition 6.4. Let Ly := {z € L: [z] = Lorz(lz] — 1) € A[;_; U Az -1} and
LO =L \ Ll.

So x € Lo iff |z| > 2 and if (|x| — 2) is positive, z(|z| — 1) € [Ajz-1,A) and if
z(|z| — 2) is negative, z(|z| — 1) € (A", A, _;]. Also Lo and Ly are cofinal in L and
uncountable.

Definition 6.5. Let L, be the subset of L; of all x s.t. |z| > 3 is odd, z(n) € A}
for odd n, x(n) € A\, for even n, x(|z| — 1) € w; and whenever n < m are even s.t.
z(n), z(m) € wy, then there are 8 < a s.t. z(n—1) € S, and z(m — 1) € §°_,.
We refer to the elements of L., as relevant.

Forz € Liglet J,:={z€ L:x| (Jz|-1) <z <z} If z <y are relevant, then
J.NJy=0or J, CJ,. If J, C J,, then |y| < |z|,z | (Jly| —1) =y [ (Jy] — 1) and
z(lyl = 1) < y(lyl —1).

Definition 6.6. Let Z = Z(\) be the collection of all sets of the form:

(U Lo u (Y d))u Y ddah) v (| Lo 0 Lo,

a€ly xely x€ls x€l3

where Iy € [Ao U {Ao}]<¥, I1 € [La] and Iy, I3 € [L1]<“.

To plug 7 into P(7,Q,S), we need to check that it is well-defined.
Lemma 6.7. [FT13][Lemma 5.7.] T = ((L,<),Z, Ly, L1) is a two-sided template.

Proof. Similar to [Bre03][Lemma 2.1.] O

For the rest of this chapter, let P = P(7,Qy,,L).

In Chapter 5, we have shown two estimates for a,. Those estimates depend on
the underlying two-sided template in P(7,Q,S). For the two-sided template T,
defined in this Chapter, we obtain the following estimate.

Lemma 6.8. In V¥ there is a mazimal cofinitary group of size X and X\ < a,,.

Proof. Since Ly is uncountable and cofinal in L, Lemma 5.2 implies that P adds
a maximal cofinitary group of size |Lg|. Since we can allocate every o € A in an
injective manner to an x € Lo, A < |Lg|. Since

Lol < Y (TT2'I\D =,

new =0
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Let # € L. Then y := z(0) +1 € Ap. So & < y. So Ay is cofinal in L. Since
Lo, €7 for all @ < A\g, Lemma 5.1 implies that Ay < a,. ]

Note that the construction of 7 depends on A, where A is an uncountable cardi-
nal satisfying a certain construction.

At last, we proof Theorem 1.3 via an isomorphism of names argument.

Definition 6.9. Let g be a real. Then ¢ is a good name for g, if there are pre-
dense sets {pn,}tic, Where n € w and sets of integers {k;;}ic, Where n € w s.t.
P lF g(n) =k, for all n,i € w.

Whenever ¢ is a good name for a real, we will refer to J
L-domain of ¢ and denote it domy(g).

dom(p,;) as the

n,iEw

We can assume that all P-names for reals are good.

Lemma 6.10. [FT13/[Lemma 5.8.] Let \g < k < X and for every 8 € k let
BP = dom(§”) be a countable subtree of L, where §° is a good name for a cofinitary
permutation. Then there is a countable subtree B and a good name for a cofnitary
permutation ¢~ s.t.

1. kp g% # ¢° for all B < K,
2. domg(¢") = B",
3. for every F € [k]<¥ there is o < k and a partial order isomorphism
XFa : Pe,e, Bousey = Pay,. . BeuBs)
which maps ¢* to §* and fizes ¢° for B € F.

Proof. Similar to [Bre03][Main Theorem|(pp.2646-2648) O
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7 a, can be of countable cofinality

We are finally ready to obtain the main result discussed in this thesis and complete
the proof of 1.3:

Proof. Let G be a P-name for a cofinitary group of size x, where \y < k < X\ and
let {¢”}sex be an enumeration of G. Let B® = domy,(¢?) for 8 < k. Then B” is at
most a countable subset of L and w.l.o.g. a tree. Let B® and §* be as in Lemma
6.10 after application to {B”}s¢, and {¢”}.

Show that ‘H := (G U {g¢"}) is a cofinitary group :

Let h € #/G and Fy U {x} be the indexes of the permutations involved in h, where
Fy € [k]=¥. By Lemma 6.10, there exist o < & s.t. the partial order isomorphism

X = X - Pa,p BUB) = PaU,e, B2UBR);

maps §% to ¢® and fixes ¢ for any 8 € F,. Then x~!(h) is a name for an element
of g So ‘ﬁX(X_l(h»’ < No. Since ]P)Cl(UBeFO BAUB®); PC](UﬁeFO BAUBF) < ]P,

VE = |fix(h)| < No.

So Theorem 1.3 is proven.
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