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Abstract

This thesis is devoted to the study of phase transitions and the associated behaviour in the
Ashkin-Teller (AT) model on the square lattice Z? and its related models, including the six-
and eight-vertex models, the Potts model and FK percolation. The AT model was introduced
in 1943 as a generalisation of the Ising model and may be represented by a pair of Ising spin
configurations with coupling constants .J, J’ for each and U for their pointwise product, the
latter describing the interaction within the pair. The thesis can be divided into three parts.

The first part is a study of the isotropic (J = J') ferromagnetic AT model on the square
lattice Z2. We confirm the presence of a single phase transition when J > U > 0 and two distinct
ones when U > J > 0. In the uniqueness case, we identify the transition at the self-dual curve.
In the non-uniqueness case, we show that the two distinct transition curves are dual to each
other. A significant part is the detailed study of the self-dual model via its relations to the six-
vertex model and self-dual FK percolation. The main result in this regard is exponential decay
of correlations of the single spins and uniform positivity of correlations of the product, each in
finite volume and under the respective least favourable boundary conditions, when U > J.

In the second part, we investigate the AT model in the presence of negative coupling constants
on the hypercubic lattices Z¢ in any dimension d > 2. Observing that it suffices to study the
case J,J' > 0 > U, we confirm both ferromagnetic and antiferromagnetic behaviour in this
regime. We first establish the existence of a partial antiferromagnetic phase in the isotropic
model in a perturbative sub-regime. In d = 2, we show that the associated staggered six-vertex
height function is localised, although it simultaneously exhibits antiferromagnetic behaviour. We
then demonstrate ferromagnetic behaviour by partitioning another sub-regime into a collection
of smooth curves along which the model undergoes a subcritically sharp order-disorder phase
transition, circumventing the difficulty of the lack of general monotonicity properties in the
parameters.

The third part builds on the first one and deals with the associated self-dual Potts model
with ¢ > 4 states on the square lattice Z?. Under order-disorder Dobrushin boundary conditions
on a square box of size n, we verify that the interface between the ordered and disordered phases
is thin, has fluctuations of order /n and converges when rescaled to a Brownian bridge. This
is achieved by a coupling with a graphical representation of the AT model, which allows to
relate the interface in the Potts model to a subcritical cluster conditioned to be long, and then
developing the celebrated Ornstein—Zernike theory to deduce convergence of the latter. We also
show the analogous statements for self-dual FK percolation with ¢ > 4. In a subsequent work,
which is not part of the thesis, we further build on this project and establish the so-called wetting
phenomenon in the Potts model. We present the relevant coupling of the Potts model under
order-order Dobrushin boundary conditions and a graphical representation of the AT model,
conditioned to admit a pair of long clusters, which turn out to be repulsive to each other.
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Zusammenfassung

Diese Arbeit widmet sich der Untersuchung von Phaseniibergdngen und dem damit verbunde-
nen Verhalten im Ashkin—Teller (AT)-Modell auf dem Quadratgitter Z? und seinen verwandten
Modellen, einschliefslich der Sechs- und Acht-Vertex-Modelle, des Potts-Modells und der FK-
Perkolation. Das AT-Modell wurde als Verallgemeinerung des Ising-Modells eingefiihrt und
kann durch ein Paar von Ising-Spin-Konfigurationen mit Kopplungskonstanten .J, J' fiir jede von
ihnen und U fiir ihr punktweises Produkt, welches deren Zusammenspiel beschreibt, dargestellt
werden. Die Arbeit kann in drei Teile gegliedert werden.

Der erste Teil untersucht das isotrope (J = J') ferromagnetische AT-Modell auf dem Quadrat-
gitter Z?. Wir bestitigen das Auftreten eines einzigen Phaseniibergangs wenn J > U > 0 und
von zwei verschiedenen wenn U > J > 0. Im ersten Fall identifizieren wir den Ubergang an der
selbst-dualen Kurve. Im zweiten Fall zeigen wir, dass die beiden unterschiedlichen Ubergangskur-
ven zueinander dual sind. Ein wesentlicher Teil ist die genaue Untersuchung des selbst-dualen
Modells durch seine Zusammenhénge mit dem Sechs-Vertex-Modell und der selbst-dualen FK-
Perkolation. Das Hauptresultat in diesem Zusammenhang ist die ezponentielle Abnahme der Ko-
rrelationen der einzelnen Spins und die gleichméfige Positivitat der Korrelationen des Produkts,
jeweils im endlichen Volumen und unter den ungiinstigsten Randbedingungen, wenn U > J.

Im zweiten Teil betrachten wir das AT-Modell in der Gegenwart negativer Kopplungskon-
stanten auf den Ganzzahlgittern Z? in beliebigen Dimensionen d > 2 und wir bestitigen sowohl
ferromagnetisches als auch antiferromagnetisches Verhalten. Wir weisen zunichst die Existenz
einer partiellen antiferromagnetischen Phase im isotropen Modell in einem perturbativen Un-
terregime nach. In d = 2 zeigen wir, dass die zugehdrige gestaffelte Sechs-Vertex- Héhenfunktion
lokalisiert ist, wihrend sie gleichzeitig antiferromagnetisches Verhalten aufweist. Anschliefsend
demonstrieren wir ferromagnetisches Verhalten, indem wir ein weiteres Unterregime in eine
Familie von glatten Kurven partitionieren, entlang derer das Modell einen subkritisch schar-
fen Ordnungs-Unordnungs- Phasentibergang durchlauft, wodurch die Schwierigkeit des Fehlens
allgemeiner Monotonieeigenschaften in den Parametern umgangen wird.

Der dritte Teil baut auf dem ersten auf und behandelt das zugehorige selbst-duale Potts-
Modell mit ¢ > 4 Zusténden auf dem Quadratgitter Z2. Unter Ordnungs- Unordnungs-Dobrushin-
Randbedingungen auf einer Box der Gréfte n weisen wir nach, dass die Grenzfliche zwischen den
geordneten und ungeordneten Phasen diinn ist, Fluktuationen der Ordnung /n aufweist und
reskaliert zu einer Brownschen Bricke konvergiert. Dies wird durch eine Kopplung mit einer
graphischen Darstellung des AT-Modells erreicht, die es ermdoglicht, die Grenzfliche des Potts-
Modells mit einem subkritischen Cluster in Relation zu setzen, der darauf bedingt ist lange zu
sein, und dann die renommierte Ornstein—Zernike-Theorie zu entwickeln, um die Konvergenz
des Letzteren zu deduzieren. In einer weiteren Arbeit, die nicht Teil dieser Dissertation ist,
bauen wir auf diesem Projekt auf und weisen das sogenannte Benetzungsphdnomen nach. Wir
présentieren die relevante Kopplung des Potts-Modells unter Ordnungs-Ordnungs-Dobrushin-
Randbedingungen und einer graphischen Darstellung des AT-Modells unter der Bedingung, dass
zwei lange Cluster existieren, welche sich als gegenseitig abstofend herausstellen.






Organisation and included articles

This thesis is organised into five chapters. The chapters 2-5 each cover the parts outlined in the
abstract above.

e Chapter 1 provides a concise introduction to discrete lattice models from statistical me-
chanics and discusses the specific models that are considered in this thesis. It also outlines
the motivation for the studies performed in Chapters 2-5 and presents an informal descrip-
tion of their main results.

e Chapter 2 is devoted to the study of the ferromagnetic isotropic Ashkin—Teller model on
the square lattice Z? and is based on

Yacine Aoun, Moritz Dober and Alexander Glazman, Phase Diagram of the
Ashkin—Teller Model. Commun. Math. Phys. 405, 37 (2024) [ADG24].

e Chapter 3 considers the antiferromagnetic Ashkin-Teller model on the integer lattice Z?
and, in the planar case d = 2, the associated six-vertex height function. It is based on

Moritz Dober, On antiferromagnetic regimes in the Ashkin—Teller model. ArXiv
preprint (2024) [Dob24].

e Chapter 4 treats interfaces in the self-dual Potts model with ¢ > 4 states on the square
lattice Z? and under order-disorder Dobrushin boundary conditions, via couplings with
the six-vertex and AT models. It is based on

Moritz Dober, Alexander Glazman and Sébastien Ott, Discontinuous transi-
tion in 2D Potts: 1. Order-Disorder Interface convergence. ArXiv preprint
(2025) [DGO25a.

e Chapter 5 presents an analogue of a coupling in Chapter 4 for the Potts model with the
same parameters but under order-order Dobrushin boundary conditions, which will be
used in a forthcoming work [DGO25b] to verify the wetting phenomenon.
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Chapter 1

Introduction

Grown out of thermodynamics, statistical mechanics is a branch of theoretical physics that aims
to derive the macroscopic behaviour of large physical systems of particles from the microscopic
description of the properties of individual particles. Its origins trace back to the works of
Maxwell, Boltzmann and Gibbs in the second half of the 19th century.

The complexity of a system, due to the potentially enormous number of variables, complicates
this task immensely, presumably rendering it unachievable. This suggests that the focus should
be directed towards determining the probable state of the system, as opposed to providing a full
deterministic analysis, which constitutes a fundamental principle within this field. The objective
is to identify and study probability distributions on the set of all possible states that effectively
represent the system’s behaviour. This provides a mathematical framework for studying ther-
modynamic phenomena through the statistical treatment of particle systems. Irrespective of
their accuracy in describing the corresponding phenomena in a physically adequate way, the
mathematics behind the probabilistic models that have emerged from these considerations has
proved to be sophisticated and rich, and ultimately relevant to the physics.

Phase transitions. The likelihood of observing a state in such a system decreases with its
total energy. The latter is governed by macroscopic parameters whose variation can lead to
abrupt changes in the system’s properties, known as a phase transition. Classical examples of
this phenomenon are the transitions between the solid, liquid and gaseous phases of water. An-
other, which would provide the motivation for the famous Ising model, was first documented by
Pierre Curie in 1895: certain materials undergo a transition from ferromagnetic to paramagnetic
behaviour once the temperature exceeds a threshold specific to the substance, now known as
the Curie temperature. When a probabilistic model designed to capture this type of behaviour
is considered, one of the first fundamental questions that arises is whether or not the model is
capable of detecting the phase transition.

1.1 Lattice models

The family of probabilistic models in statistical mechanics can be divided according to different
criteria, such as the system’s physical nature (classical or quantum) and whether or not it is
at equilibrium, that is, whether or not its macroscopic properties are constant over time. Only
classical systems at equilibrium are considered in this thesis. Further criteria are the topological
and geometrical features of the particles’ state space and the structure they reside on, as well as
the type of interactions between them. When the underlying structure is discrete and regular,
the model is called a lattice model. Let us describe a generic way to construct such a model:



i) Fix a graph G = (V,E), for example the hypercubic lattice (Z¢ E?), d > 1.
g

(ii) Take a set S consisting of microscopic states placed at the vertices (or alternatively the
edges) of the graph, for example S = {0,1} (absent and present) to model percolation
phenomena, or the N-sphere S = Sy € R¥*! (spins) to model magnetism. This is
referred to as the (single-)state space, and the corresponding configuration spaces are given
by Ly =SV, V C V (or alternatively Qg = S¥, E C E).

(iii) Let v be a finite measure on S, called reference measure and taken as the counting measure
if not specified. Given a finite subgraph G = (V| F) of G, choose a function Hg : Xy — R,
interpreted as energy and called Hamiltonian. For each parameter 8 > 0, interpreted as
and called nverse temperature, define the associated probability measure pg g on Xy by

1
d = —BHe T 4 1.1
HGyB ZG75 € UeHV' V? ( )

where Zg g is the unique normalising constant, called the partition function, rendering ug g
a probability measure. The exponential e #M¢ is called the Boltzmann weight, and the
measure L g is called the Gibbs distribution on G with parameter (3.

The measure jiq, g favours configurations of low energy H¢, with this preference intensifying as 3
is increased. Phase transitions may be detected by considering the averages (f)g g of certain
observables f : ¥y — R under pug g when the finite subgraphs G' grow and exhaust the whole
lattice. Ideally, as G' exhausts the lattice, the measure ug g converges in a weak sense to a
so-called infinite-volume measure pug on Ly.

Boundary conditions, hardcore constraints and multiple parameters. A fundamental
aspect of statistical mechanics is to investigate how assumptions made at the boundary of a
given domain affect the behaviour observed in its interior. In order to incorporate into the above
setting boundary conditions given by configurations n € Xy, one can introduce Hamiltonians ’Hg
that induce interactions between o € Xy and the restrictions of  to V\ V| and then define the
measures iy 5 as in (1.1) but with He replaced by H,.

The measures defined by (1.1) assign positive probabilities to products of events that each
have positive probability under v. So-called hardcore constraints can be imposed by adding
indicators of the respective events as factors of the density in (1.1).

Often the Hamiltonian H is itself subject to parameters, in which case it will be convenient
to vary some of them separately while fixing the others. In these cases, the inverse temperature 3
is taken to be 1 and is replaced by the parameters of the Hamiltonian in the subscript of the
respective measures.

Classifications and terminology. The above setting focuses on models whose configurations
are assignments of certain values to the vertices of the graph, which will henceforth be called
vertez-models. When the underlying state space S is finite or a compact subset of R?, d >
1, we call S the (single-)spin space, its elements the spins, and the elements of Xy the spin
configurations. In this case, the model is also called a lattice spin system.

On the other hand, if the configurations are assignments of values to the edges, the model is
referred to as an edge-model. When the state space is given by S = {0, 1}, the model is termed
a percolation model, and the elements of Qg are called percolation configurations.



1.1.1 Examples of lattice spin systems

This section provides some examples of classical lattice spin systems, most of which will be dis-
cussed in more detail in the subsequent sections. While the formulations are given in the general
setting of an arbitrary fixed graph G = (V,E), one may consider the integer lattices (Z9, E?)
(with E? given by edges connecting nearest neighbours) for later purposes. Let G = (V, E) be a
finite subgraph of G.

The Ising model was introduced in 1920 by Lenz [Len20| to theoretically study the phase
transition from ferromagnetic to paramagnetic behaviour documented by Curie. Ising [Isi25]
further developed what would become known as the Ising model and solved it on a linear chain.

In order to construct a (simple) mathematical model of a magnet, one places +1-valued
spins at the vertices of a lattice. The single-spin space is thus defined as S = {—1,+1}, and the
possible (Ising) spin configurations are represented by o € ¥y = {—1, +1}V, where o, denotes
the spin at vertex x € V. Assuming that only spins at adjacent vertices interact with one another
in the absence of an external magnetic field, the associated Ising Hamiltonian on G = (V, E) is
defined by

Ha(o) == — Z 020y.

{z,y}€E

The associated measure pg g is called the (ferromagnetic) Ising measure on G with inverse
temperature 5 and free boundary conditions and is denoted by Isinng,ﬁ. The constant + con-
figuration n* defined by ;7 = +1 for all z € V constitutes a ground state, that is, a configuration
of minimal energy. The same holds for the constant — configuration, and in fact there is no
other. It is therefore to be expected that, as the inverse temperature 3 increases, the typi-
cal realisations of the measure will increasingly resemble one of these two ground states. This
phenomenon will be discussed further in Section 1.2.1.

In order to add an interaction with a boundary condition 1 € Xy as described in Section 1.1,
we introduce the Hamiltonian

Hl(o) == — Z O20y — Z Tay-

{z,y}€FE zeV,yeV\V:
{z,y}€E

We denote the corresponding measure u”q P by Isinggy P and call it the Ising measure on G
with inverse temperature 8 and boundary condition 7. When 7 is the constant + boundary
condition T, we simply write + in the superscript of the measure, and similarly for the constant
— boundary condition n~.

The Ashkin-Teller (AT) model was introduced in 1943 by Ashkin and Teller [AT43] as
a generalisation of the Ising model to theoretically study phase transitions. Similarly to the
latter, one also places spins at the vertices of the graph but with values in a 4-element set S =
{A,B,C,D}. Given & € R, i =0,...,3, the Hamiltonian is defined by

Hae, (o) = Z 5(0’x,0'y),
{z,y}€FE
where the interaction energy £ : S x S — R is the unique symmetric function that satisfies
E(A,A)=&(B,B) =&(C,C)=&(D,D) = &,
5<A7B):8<07D>:517 g(A7C):g(B7D):527 E(A7D):8(B7C):g3



Fan [Fan72a] noticed that the model can be represented by pairs of Ising spin configurations.
Indeed, representing the state space by S = {—1,+1}? by setting A = (1,1), B= (1,-1), C =
(=1,1), D = (—1,—1), the interaction energy can be written as

E((12,70), (Ty,Té)) = —(Jo+ Jrpry + J'17, o+ UTT,Ty y)

where the so-called coupling constants are given by

Jo=—(Eo+E+E+E), J=—(&+E —E& —E&s),
J == —-&E+E &), U=—(E&—& —&E+Es).

Identifying Xy = SV with {—1,+1}V x {~1,+1}V, the Hamiltonian can be written as

HG,&'(T’T/) = —|ElJo - Z J TeTy + ! / /—i-UTxT TyT, Z/
{z,y}eE

We call the associated measure on {1}V x {£1}V with inverse temperature f = 1 the AT
measure on G with coupling constants J, J’, U and free boundary conditions, and we denote it
by ATgf’J,J,jU. It is called ferromagnetic if J,J',U > 0, and antiferromagnetic otherwise. Fur-
thermore, it is referred to as isotropic when J = J', and anisotropic otherwise. The choice U = 0
leads to a pair of independent Ising spin configurations with potentially different inverse tem-
peratures. When J = J' = U > 0, the interaction depends solely on whether spins at adja-
cent vertices coincide. This is an instance of the Potts model, which we will introduce next.
Given 1,1 € Yy, we define the corresponding AT measure with boundary conditions 7,7’ anal-
ogously to the Ising model above, and we denote it by AT%”} U

The Potts model, proposed by Domb and introduced by Potts [Pot52] in 1952, represents
another generalisation of the Ising model, allowing for an arbitrary integer number of single-spin
values. The state space of the g-state Potts model (¢ > 2 integer) is given by S = {1,...,q}.
As mentioned before, the interaction only takes into account whether or not spins at adjacent
vertices align, whence the Hamiltonian is given by

HG ,q Z 5az,aya

{z,y}€eFE

where d; ; is the Kronecker delta. The associated measure p¢ g is called the g-state Potts measure
on G with inverse temperature 8 and free boundary conditions and denoted by Pottst,qﬂ.
As before, we define the measure PottsG 8 with boundary condition € Xy analogously to
the Ising case. The boundary conditions that take a constant value ¢ € S are referred to as
monochromatic, and the respective measures are denoted by Pottsa 0.5

The case of each particular g can be considered as its own model, resulting in a collection

of Potts models. Observe that the choice ¢ = 2 leads to the Ising model with inverse tempera-
ture 3/2.

Spin O(N) model. The single-spin spaces of the models introduced above share the property
of being discrete. Although only such spin systems are studied in this work, we mention the
Spin O(NN) model as a classical spin system with a continuous single-spin space.

Ising spin configurations are assignments of values in the 0-sphere Sy = {—1,+1} to the
vertices of the lattice. Stanley [Sta68] suggested the generalisation to values in the N-sphere S =



Sy € RN+ with arbitrary N > 0. The reference measure v is chosen as the Lebesgue measure
on Sy, and the Hamiltonian is defined by

Han(S)=— D S:-Sy,

{z,y}€FE

where S, - S, denotes the scalar product in RN,

The eight-vertex model was originally introduced [Sut70, FW70]| as a model of edge ori-
entations on the square lattice (Z2 E2), generalising the siz-vertez (also known as ice-type)
model [Pau35, Rys63]. Both admit so-called staggered versions, introduced in [WL75, HLW75],
which are related to the AT model. The term ‘staggered’ refers to the underlying weights differ-
ing on two sublattices. We will directly introduce the spin representation [Wu71, KWT71, Lis22,
GP23] of the staggered eight-vertex model, choosing the setting in which Ising spins are assigned
to both the vertices of the square lattice and its dual, defined below. In this context, the edge
orientations would be defined on the medial graph of the square lattice.

The vertex-set of the dual square lattice is (Z2)* = (1/2,1/2) + Z? and ist edge-set E* is
given by edges between nearest neighbours, that is, between vertices at a Eucledian distance 1.
Regarded as line-segments between their end-vertices, each edge e € E? intersects a unique edge
in E*, which we denote by e*. Although we could introduce the measures in the previous setting,
we choose to provide a more classical definition. Let A C Z2 U (Z%)* be a finite subset, and
let £ C E? be the set of edges e € E? for which e U e* C A. Moreover, set A®* = AN Z?
and A° = AN (Z?)*. We consider pairs of spin configurations (0, 0°) € Xae X Yo, and define
the sets of disagreement edges as

Ege :={{z,y} € E: 0y # 0y} and E, :={e€ E:e" = {u,v} and o}, # oy }.

Given weights a, b, c,d > 0, the staggered eight-vertex spin measure EightVp 1, cq (With free
boundary conditions) is the probability measure on Yae X Y a0 defined by

# alEdo\Eo" ‘ blEo" \EUOI C‘E\(Ed' UEgo D d‘En" NEgo | .

Eighth7a,b7c7d(J.7UO) = 7
A,a,b,c,d

Boundary conditions are introduced in a similar way to the Ising model, see Section 3.5.1 for
details. When a = b, the model is non-staggered in the sense that the primal and dual lattices
play symmetric roles. When d = 0, it holds almost surely that E,e N E;o = &, which is called
the ice rule. In this case, the model reduces to the (staggered) six-vertex model, which admits
a height function representation. For the possible local configurations, see Figure 1.1.

The six-vertex height function is an assignment of integers to the vertices of the square
lattice and its dual. Suppose that A is connected with respect to the nearest neighbour con-
nectivity of Z2 U (Z?)*. Then a pair (0®,0°) of spin configurations as above that satisfy the ice
rule Eye N Eyo = & uniquely determines the gradient of such a height function by the relation

hy —hy =0 for v € A, u € A° with ||z —ul, = 2=. (1.2)

20 NG
Together with the choice of an integer height h, € Z for some fixed x € A, this relation uniquely
determines a function h € Z* that satisfies |h; — hy| = 1 whenever ||z —ull, = 1/v/2 (see
Figure 1.1). The values of such a function automatically have different parity on Z? and (Z?)*,
and we require them to be even on Z? and odd on (Z?)* by convention. The above six-vertex (d =

0) spin measures then induce measures on six-vertex height functions, see Sections 2.3.2 and 3.1.2.
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Figure 1.1: Top: The eight possible local eight-vertex spin configurations at an horizontal edge e € E?
(solid black) and its dual e* (dashed black) when the spin ¢ is fixed to be +1 at the left endpoint of e.
The corresponding orientations of the edges of the medial graph (solid gray) are obtained by orienting
an edge so that the vertex of Z? (black) is on its left precisely if the spins separated by the edge coincide.

Centre: The corresponding local weights. Bottom: The height function values corresponding to types
1-6 obtained by (1.2) when the height is fixed to be 0 at the left endpoint of e.

Convention. For ease of notation, the same symbols will be used to represent random variables
and their deterministic realisations throughout this thesis.

1.2 Ising, Ashkin—Teller, Potts and six-vertex models

This section provides an exploration of various lattice spin models introduced in Section 1.1.1,
including the Ising, Ashkin—Teller, Potts and six-vertex models. It begins with a discussion
of phase transitions (Section 1.2.1), focusing on the behaviour of correlation functions. The
section then turns to graphical representations of these models (Section 1.2.2), which serve as a
tool for studying them and, in the planar case, allow one to obtain duality couplings and with
them relations between the models (Section 1.2.3). It also covers correlation inequalities and
monotonicity properties (Section 1.2.4), which at the present stage of research are crucial for a
rigorous analysis of phase transitions in these systems.

1.2.1 Phase transitions

The study of phase transitions in lattice spin systems can be conducted through the analysis of
several characteristics of the model. These include the behaviour of correlation functions, the
set of infinite-volume Gibbs measures, and the analytical properties of quantities such as the
free energy or pressure, all considered in dependence on the underlying parameters. We refer
to [F'V17] for their connections in the Ising model. The most probabilistic approach is arguably
through the study of correlation functions, which is the approach presented here.

We will first consider the Ising model, and then explain the analogues in the AT and Potts
models. Subsequently, a different notion of phase transition in the six-vertex height function
model will be informally discussed. We fix the underlying lattice to be (Z¢, E%) with d > 1 to be
specified. For simplicity, let us focus on a specific family of subgraphs A,,, whose vertex-sets are
given by the square boxes {—n, ... ,n}d centred at the origin 0 € Z¢, which we also denote by A,
and whose edge-sets consist of all edges in E? that connect vertices within A,. Recall that we
conventionally use the same symbols for random variables and their deterministic realisations.



Figure 1.2: Simulations of the Ising model with + boundary condition for 8 > 0 very small (left)
and 8 > 0 very large (right). Black squares represent the pluses and white squares the minuses.

Ising model

Recall the definition of the Ising measure Isingf\ g with free boundary conditions, and denote
its expectation operator by (- ) e Clearly, when 8 = 0, the measure is uniform and the spins at
different vertices are 1ndependent In contrast, when 8 > 0, the measure ‘favours’ configurations
in which adjacent spins coincide, with this preference becoming stronger as 3 is increased. As
we mentioned earlier, it is natural to expect that typical realisations increasingly resemble one
of the two ground states given by the constant configurations n* and ™.

Let us describe this effect mathematically. It follows directly from the definition that the
measure is invariant under the global spin flip 0 — —o. In particular, the average of the spin at
a fixed vertex x € A,,, termed the magnetisation at x, vanishes:

(02)h, 5 =0 forall B> 0.
There are essentially two ways to proceed:

e consider instead the 2-point correlations <O'w0'y>5\n_5 of the spins at pairs z,y € V,

e or stick to the magnetisation but under the measure with 4+ boundary condition.

Denote by (- ) A the expectation operator with respect to Ising | A, While intuitively obvious,
it was first proved by Griffiths [Gri67] that both quantities are non-negative:

<O’x0'y>§\mﬁ >0 and <O'I>X 5=0. (1.3)
These are specific instances of the so-called Griffiths’ (or GKS) inequalities for correlation
functions, named after Griffiths, Kelly and Sherman [KS68|. These inequalities can be used to
establish monotonicity of the above quantities in 8 as well as the existence of infinite-volume
limits for the measures with free and 4+ boundary conditions. See Section 1.2.4.

The two proposed strategies turn out to be equivalent in the sense that one will lead to a phase
transition precisely when the other does, with the respective transition points coinciding [LL72].
This is a consequence of the convexity of the free energy or pressure of the Ising model, which
will not be further discussed here. We chose to follow the second one, and define the (potentially
trivial) transition point B = Be"8(d) by

Be = inf {B > 0:3cg > 0 such that Vn >0, <00>Xn 5> 05}, (1.4)



which is also called the critical inverse temperature. The model is said to undergo a order-
disorder phase transition if . is non-trivial, that is, if 8. € (0, 00).

Ising [Isi25] solved the model in dimension d = 1 in his Ph.D. thesis. He verified the absence
of a phase transition and conjectured the same behaviour in any dimension. His result implied
that, for any 8 > 0, the magnetisation <00>Xmﬁ at the origin tends to 0 as n — oo, that
is, Bc = oo. In other words, the model exhibits paramagnetic behaviour for all 5 > 0. For a
decade, the Ising model was considered unsuitable for modelling the ferromagnet. It was not
until 1936 that Periels [Pei36] proved, by means of a what is now known as a Peierls’ argument,
that it exhibits a ferromagnetic phase in the dimension d > 2. To be precise, he showed that the
magnetisation at the origin under the measure with + boundary conditions is uniformly positive
when [ is sufficiently large, that is, 8. < oo.

While it was accepted that the model exhibits paramagnetic behaviour in any dimension
if 4 > 0 is small enough, it was not shown until 1941 by van der Waerden [vdW41|, who
introduced and utilised the high-temperature expansion. In conclusion, the existence of an order-
disorder phase transition in dimension d > 2 has been verified.

Theorem 1 ([Pei36, vdW4l]). For d > 2, . € (0,00).

Furthermore, the phase transition has been proved [ABF87| (seee also |[DT'16a]) to be (sub-
critically) sharp, that is, the magnetisation and correlations decay exponentially with the dis-
tance when 8 < B.. In the above setting, in any dimension d > 2,

for f < fc, there exists cg > 0, such that <00>Xn g e for all n > 0. (1.5)

In the planar case, the sharpness of the phase transition allows to identify the transition
point B"8(2) as the self-dual point Bifimg = In(1 + v/2)/2, predicted by Kramers and Wan-
nier |[KW41] and proved by Onsager and Yang |Ons44, Yan52|. See Section 1.2.3 for planar
duality and Section 1.4 for the behaviour at the transition points.

AT model

The above considerations can be extended to the AT model in a straightforward manner. One
can investigate the presence of a phase transition for each of the spin configurations 7,7, 77/
when varying the parameters J,J’,U. The exact analogues in the AT model of the 2-point
correlations and the magnetisation (1.3) in the Ising model are

£f
(o2oy)s, sy and <UI>X;LTJ,J’,U for o € {r,7', 77"}, (1.6)

where <'>£§i,J,J’,U and <->X7’:J’J,7U denote the expectation operators with respect to the AT mea-

sures AT&i,J, U and ATX:,FJ, U respectively. In Section 1.2.4, we will see that the quantities

in (1.6) are increasing as functions of (J, J',U) € [0,00)3. A convenient way to investigate the

presence of phase transitions is to fix the coupling constants J, J', U and multiply the Hamilto-
nian by an inverse temperature 8 > 0, which results in the measures

ath = aThf and  ATS P = AT f (1.7)

G,B T BGBIBI BU n G,B T "TGBJBIBU '
One can then define, for o € {7,7/, 77}, (potentially different) transition points 37 as in (1.4).
We will continue this discussion in Section 1.3. In Section 1.3.1, we discuss the ferromagnetic

case and present the phase diagram of the isotropic (J = J’) model in dimension d = 2. In
Section 1.3.2, we discuss the problem in the presence of negative coupling constants.



Potts model

In the case of Potts model, the considerations for the Ising model require minor adjustment.
Recall the definition of the Potts measure Pottsgnquﬁ and Potts}\mqﬁ with free and constant
1 boundary conditions, respectively. The analogues of the correlations and the magnetisation in
the Ising model are

and Potts}\n,qﬁ(ao =1)-1 (1.8)

f
Pottsy, ,5(0z = 0y) — .

S

Note that the above quantities vanish for § = 0, since the measures are uniform. As the GKS
inequalities are specific for +1-valued spins, the non-negativity and monotonicity in 8 of the
above quantities must be derived differently. For instance, it can be shown using the positive
association property of the random-cluster representation of the Potts model, which will be
discussed in Sections 1.2.2 and 1.2.4. Again, each of the two types of quantities leads to a
phase transition if and only if the other does, and the respective transition points coincide.
The arguments [Pei36, vdW41| developed for the Ising model can be adapted to apply for
the Potts models or their random-cluster representations to obtain, for ¢,d > 2, the existence
of B = BY%"S(q,d) € (0,00) for which

inf Pottsh =1
inf Pottsy, ¢ 400 = 1)

1 =0 i< B,
7 1>0 if 8> 8.

We will also see in Section 1.2.4 that the above quantity is non-increasing in n, and thus the
infimum can be replaced by a limit. The sharpness of the phase transition for arbitrary g was
proved in the planar case in [BD12|, where it was used to derive the equality of the transition
point and the self-dual point (see Section 1.2.3), and in the general case in [DRT19|. The
behaviour of the model at the transition points depends on ¢ and is discussed in Section 1.4.

Six-vertex height function

Let us consider the planar case d = 2 and describe the phase transition of the six-vertex height
function with weights a = b = 1 and ¢ > 1 in an informal way. Recall the eight-vertex spin
measures from Section 1.1.1. When d = 0, the spin configurations satisfy the ice rule and
the measures reduce to six-vertex measures, which induce measures on (gradients of) height
functions via the mapping (1.2). One of the most fundamental questions that can be asked
about a model of a random height function is whether it remains flat or exhibits fluctuations.
More precisely, the question is whether or not the variance Var(h(z) — h(y)) of the difference of
heights at two vertices x,y remains uniformly bounded. If the variance is uniformly bounded,
the height function is termed localised; otherwise, it is referred to as delocalised.

In the setting of the above six-vertex height function, the smaller the weight c, the more the
model favours flat height functions. It was shown in several works that the model undergoes a
phase transition from delocalisation to localisation at ¢ = 2:

e when c € [1, 2], the height function is delocalised [DCKMO20] (see also [Lis21b, GL23]),
e when ¢ > 2, the height function is localised [DGH 21, GP23].

The height function is also expected to be localised when ¢ € (0,1), but the invalidity of certain
correlation inequalities complicates the rigorous analysis immensely. In Section 1.2.3, we will see
that the six-vertex model is in correspondence with the Potts models at their transition points.
The behaviour at these points (continuous,/ discontinuous transition) is therefore related to the
behaviour of these height functions and will be discussed in Section 1.4.



1.2.2 Graphical representations

All the models introduced above are lattice spin systems, in particular vertex-models. One
approach to study such a model is to relate it to an edge-model, whose configurations can be
regarded as subgraphs given by all the vertices but only those edges of a certain value. This allows
to relate properties and relevant quantities of the spin system to counterparts in the edge-model
that admit an intuitive graphical interpretation such as the existence of a path connecting two
fixed vertices of the lattice. A classical example is the random-cluster representation [FK72] of
the Potts model, also called Fortuin—Kasteleyn (FK) percolation, which will be presented below,
followed by the description of an analogue [PV97, CM97]| for the AT model. In Section 1.2.3, we
will explain how the latter can be used in the planar case to construct a coupling of the AT and
eight-vertex measures. More specifically, we will see that the graphical representation of the AT
model also represents the eight-vertex model, in restricted parameter regimes.

Let us first introduce a bit of terminology and notation regarding percolation configurations.
As before, we formulate in the setting of an arbitrary graph G = (V,E), but one should have
the integer lattices (Z¢,E?) in mind.

Percolation configurations. Given a graph G = (V,E) and w € Qg = {0,1}¥, an edge
is said to be open (in w) precisely if w(e) = 1, and closed otherwise. We identify w with the
set {e € E : w(e) = 1} of open edges in w, as well as with the spanning subgraph (V,w) of G.
For A,B C V, we write A <> B for the event that there exists a path in w that connects a
vertex in A to a vertex in B. In case of ambiguity, we write A <% B. Singletons are denoted
without their braces. The connected components of the graph w are called clusters. We denote
by |w| := )" cpwe the number of open edges in w. Furthermore, when G is a subgraph of (V,E)

and & € Qp, we write k‘f/ (w) for the number of clusters in (V, (wNE)U({\ E)) that intersect V.

FK percolation

Initially invented by Fortuin and Kasteleyn around 1969 with the objective of unifying the
(Bernoulli) percolation [BH57|, Ising and Potts models, and establishing a connection with
electrical networks, FK percolation (also known as the random-cluster model) gained prominence
in the late '80s and '90s due to its successful application as a tool in the study of the Ising and
Potts models [ACCNS8S], as well as for providing a basis for numerical algorithms [SW87].

The FK percolation measures can be introduced in the setting of Section 1.1, but we choose
to provide the classical definition. Let G = (V, E) be a finite subgraph of (V,E), and let ¢ >
0, p € [0,1] and £ € Q. The FK measure on G with cluster-weight ¢, edge-weight p and

boundary condition £ is the probability measure FKgG gp 01 Qp = {0,1}F defined by

1 w w 3 w
FK 0 (@) = —7— P11 = p) P \Ighv (), (1.9)
G,q,p

When ¢ is constant 0 (respectively, 1), we simply write 0 (respectively, 1) in the superscript and
call it the measure with free (respectively, wired) boundary conditions.

Edwards—Sokal coupling. As FK percolation was introduced to accommodate the Potts
model, their relation was already studied in [FK72, For72a, For72b|. It was later extended to
a probabilistic coupling [ES88], now known as the Edwards—Sokal coupling, and described as
follows. In the interest of simplicity, we will first consider the case of free boundary conditions
and then explain the necessary adaptations for the wired case.
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Fix ¢ > 2 integer and a finite subgraph G = (V, E) of G. We say that two configurations o €
Yy ={1,...,¢}V and w € Qg = {0,1}¥ are compatible and write o ~ w if and only if,

foralle={z,y} € E: w.=1 implies o, =0y.

In other words, o ~ w precisely if o takes constant values on clusters of w. Fix § > 0, and define
a measure P = PES on Xy x Qp by setting, for each pair (o,w) € Xy x Qp,

P(0,w) o Ly (e — 1) (1.10)

The measure P is a coupling of Pottsg,qﬂ and FKOG&,p, where p =1 — e P Furthermore, the
conditional laws can be described as follows.

e For o € 3y, the conditional law P(- | o) on Qg is obtained by assigning the values of w,
independently for each edge e = {z,y} € E: if 0, # 0y, set w. = 0; if 0, = 0y, set

1 with probability p,
We =
‘ 0 with probability 1 — p.

e For w € Qp, the conditional law P(- | w) on Xy is obtained by assigning uniformly and
independently values in {1,...,q} to the clusters of w.

We refer to [Gri06, Chapter 1.4] and [Dum17, Section 1.2.2| for proofs.

Monochromatic boundary conditions for the Potts measure on GG induce an interaction
of the spins at vertices in V' with the fixed values at vertices in the complement V \ V' that are
adjacent to a vertex in V. Therefore, the FK measure has to be taken with wired boundary
conditions on the augmented graph G := (V U 9%V, E U 0°%°V), where

O™V :={yeV\V :3z €V with {z,y} € E},
9V :={ecE:enV#@and en(V\V) # o}

The coupling measure Pl is then defined on Sy X Qg geaser, as in (1.10) but with an additional
indicator function of the event that o, = 1 whenever x is connected to 0V in w. It is a coupling
of Pottsy, g5 and FK%—;

I &)

FK relations. Direct consequences of the Edwards—Sokal coupling are the following relations
between correlation functions in the Potts model and connection probabilities in the FK model.
For any x,y € V,

-1
Pottst’q’B(ax =0y) — % == FK 4.p(T 2 1), A1)
Pottsg,4(0, = 1) — 2 = TLFKg (2 < O7V). '
In the Ising case, these identities can be formulated as
f 0 1 X
(020y) 52 = FRGap(T < ) and <0':c>(+;’5/2 =FKg, (T < O7V). (1.12)

Notice that the above relations imply that all quantities are non-negative.

11



Percolation thresholds. Let d > 2, and consider the integer lattices (Z?,E?). Recall the
definition of the transition points B. = BF°'"S(q,d) given in Section 1.2.1, and define p. =
pe(q,d) ;=1 — e~ P The relations (1.11) then imply that

=0 ifp <p,

] (1.13)
>0 ifp>pec.

52% FK}\n,q,p(O © 0% An) {

Clearly, the quantity in (1.13) is defined for any ¢ € (0, 00). We will see in Section 1.2.4 that it is
non-decreasing in p provided that ¢ > 1. We thus define p. = pc(¢,d) € [0, 1] for any ¢ € [1, 00)
by the property (1.13). It is not difficult to show (see, e.g., [Gri99], where it is shown in the
case of Bernoulli percolation, ¢ = 1, and [Gri06] for the derivation of the statement from the
Bernoulli case) that p. is non-trivial, that is, p. € (0,1). The value p, is called the percolation

threshold. The FK relations allow the study of order-disorder phase transitions in the Ising and
Potts models to be transferred to the study of percolation phase transitions.

Random-cluster representation of the AT model

The random-cluster representation of the AT model was introduced in 1997 independently by
Pfister and Velenik [PV97] and by Chayes and Machta [CM97], and we will follow the former
here. Since this representation imposes certain restrictions on the parameters of the model, we
will formulate it for generic parameters K, K/, K” and spin configurations s, s’ in order to apply
a change of variables later. For example, when U > J = J' > 0, we will take s = 7, s’ = 77/
and (K,K',K") = (J,U,J). It should be noted that focusing on only one of the AT spin
configurations allows for a wider range of parameters, see Section 3.3.

Fix a finite subgraph G = (V, E) of G, and set 3y = {1}V and Qg = {0,1}¥. Recall the
definition of the AT measures in Section 1.1.1. As these are measures on pairs (s, s’) € Ly x Xy of
spin configurations, it is natural to consider pairs (w,w’) € Qg x Qg of percolation configurations.
Let po,p1,py,p2 > 0 with po + p1 +p] + p2 = 1, and let £, & € Qp. The AT random-cluster
(ATRC) measure on G with edge-weights p = (po, p1, P}, p2) and boundary conditions &, &’ is
the probability measure ATRC%% on Qg x Qf defined by

’ 1 ’ / ’ ’ 13 3
KIRCES, ) = L P I e i,
G.p

We will use the analogous terminology and notation as for FK percolation.

Edwards—Sokal-type coupling. An analogue of the Edwards—Sokal coupling of the AT
model and the ATRC model can be constructed as follows. Given K, K', K" € R, define

o, 2AKH+K' . _—2K'( —2K" —2K ;. 2K ( —2K" —2K’
poi=e (K+ ), pLi=e (e —e ), pp=e (e —e )

i

P = 1— e—Q(K—f—K//) . 6_2([{/+K!/) i 6_2(K+K/), (114)

These quantities are non-negative and sum up to 1 precisely if (see [PV97, Proposition 3.1])
min{ K, K'} > max{K"” 0} and tanh K” > —tanh K tanh K'. (1.15)

Then, the measure P on Sy x By x Qp x Qp, defined by

E\ (wUw' ’ / W'
Pf,f(s’ Sl,w,wl) o l{sww}ﬂ{slww’}p‘o \(wUw )|p|1w\w ‘plllw \"‘J|p‘2{‘u w'|

i

is a coupling of ATféf K xv and ATRC%OP. Modifications analogous to the FK case allow to
: +,+ 1,1
construct a coupling of ATG K ko Ko and ATRC; o

)

12



FK-type relations. The following relations [PV97, Proposition 3.1] (see also Section 3.3)
between correlations in the AT and connection probabilities in the ATRC models can be derived
from the couplings’ properties. Fix K, K', K" satisfying (1.15) and the associated p, and omit
them from the subscripts. Let <>1;;f and <>2§+ be the expectation operators with respect to ATfG’f
and AT2’+, respectively. Then, for any z,y € V,

£,f 0,0 f,f 0,0 !
(s28y)¢ = ATRCG ( Sy), (5255‘;}@ = ATRC; (x &), (1.16)
<szs;sys;>fc’f = ATRC%O(.%' &y and x & Y),
as well as
(s0)e " = ATRCZ! (2 <% 0%V),  (s,)&F = ATRC! (z 45 0™V, 117

(sxs;>g’+ = ATRCE1 (z <5 0%V and z <& 9%V).

Similar to the Potts model and FK percolation, this facilitates the study of the AT model within
the framework of a percolation model.

1.2.3 Planar duality and relation of the models

In this section, we discuss the concept of planar duality. Consider the square lattice (Z2,E?)
and its dual ((Z%)*,E*) defined by (Z?)* := (1/2,1/2) + Z? with E* given by the edges between
nearest neighbours, that is, between vertices at Fuclidean distance 1. We first consider the Potts
model on the square lattice and utilise its graphical representation, FK percolation, to relate
it to the same model on the dual square lattice. Subsequently, we address the case of the AT
model [MS71, Fan72c|. The duality relation in the Ising model was discovered by Kramers and
Wannier [KW41| using so-called tranfer matrices. It should be noted that, in the case of the Ising
and AT models, these duality relations can alternatively be derived via a combination of the
low-temperature [Pei36| and high-temperature [vdW41] expansions. See [FV17, Section 3.10.1]
and [PV97, Section 2| for modern approaches in the Ising and AT models, respectively.

Regarded as line-segments between their end-vertices, each edge e € E? intersects a unique
edge in E* that we denote by e*. For a subset £ C E? and a configuration w € Qp = {0,1},
set *xF := {e* : e € E'}, and denote by w* the configuration in Qg given by w’. =1 —w,. Given
a finite subgraph G = (V, E) of (Z?,E?), define its dual G* as the subgraph of ((Z?)*, E*) with
edge-set *F and vertex-set given by the endpoints of its edges (see Figure 1.3 below).

Potts model. It can be shown that a random variable w with values in Qp satisfies

W~ FK§G7q’p if and only if w* ~ FKg* (1.18)

,gp*7

where p* = p*(q) is the unique solution of

*

pp _y
(I-p)(A—-p*)

We refer to |[Duml7, Proof of Proposition 2.17] and [Gri06, Section 6.1] for proofs. Together
with the Edwards—Sokal coupling from Section 1.2.2; this allows to couple a Potts (in particular
an Ising) measure on a graph G with free boundary conditions and a Potts measure on the dual
graph G* with monochromatic boundary conditions. The respective inverse temperatures /3
and B* are related to each other via the above formula for p = 1 — e # and p* = 1 — e 7",
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For each ¢ > 0, the maps p — p* and 8 — B* have unique positive fixed points psq = deK(q)
and Bsq = iloms(q), respectively, given by

_ V4
144

They are called the self-dual points, and they were shown [BD12] to coincide with the transition
points p. and ., respectively, whenever ¢ > 1.

Dsd and Bsa = In(1+ /q). (1.19)

AT model. The above approach can be adapted to the AT and ATRC models in a straight-
forward fashion. A random tuple (w,w’) with values in Qg x Qp satisfies

(w,w') ~ ATRC%% if and only if (W™, w*) ~ ATRCgif;, (1.20)
where p = (po, p1, P}, p2) and p* = (p§, p1, i, p5) are related by
p* = C(an 2p1> 2p/15 4p0)7 C = (p2 + 2p1 + 210,1 + 4p0)_1'

This was shown in [PV97, Section 3.4] in the case n = 7 = 0. The proof for arbitrary boundary
conditions is a straight forward modification (compare with [Dum17, Proof of Proposition 2.17]).
As in the Potts case, the Edwards—Sokal-type coupling of the AT and ATRC measures in Sec-
tion 1.2.2 then allows to couple an AT measure on a graph with free boundary conditions and an
AT measure on the dual graph with + boundary conditions. The respective coupling constants
are related by the above and (1.14), see (2.4) for the isotropic case and [PV97, Section 2.3] for
the general case. The invariant manifold [MS71, Fan72c| of this duality map is known as the
self-dual manifold and is given by

¢*Usinh(2(J + J')) = cosh(2J) + cosh(2.J). (1.21)

Based on the assumption of a unique phase transition in the AT model, Fan [Fan72¢| ini-
tially conjectured that the transition points are given by the self-dual manifold. However, as
Wegner |Weg72| subsequently noted, this should only be expected when the largest two cou-
pling constants coincide, see Section 1.3. The intersection of this manifold with the isotropic
plane J = J' is called the (isotropic) self-dual curve and is given by

sinh(2.J) = e~ 2. (1.22)

The duality transformation can also be used to establish a connection with the eight-vertex
model, which in special cases can be further related to FK percolation and the Potts mode. This
will be discussed below.

Relation of the AT, six-vertex, FK and Potts models

In the above setting, applying the duality transformation to only one of the configurations w
or w’ while retaining the other leads to a coupling [Fan72b, Weg72| with the staggered eight-
vertex model introduced in Section 1.1.1. We refer to Section 3.5.1 for details of this coupling
in quite a wide range of parameters. The resulting eight-vertex model is non-staggered when
the associated AT model is self-dual, and it may reduce to the siz-vertex model when two of the
AT coupling constant coincide. If both are the case, the associated (non-staggered) six-vertex
model is further related to FK percolation and the Potts models at their transition points via the
Baxter—Kelland—Wu (BKW) correspondence [BKW76|. Let us describe this procedure in more
detail in the case of the self-dual isotropic AT, in view of its relevance in Sections 1.3.1 and 1.4
as well as in Chapers 2 and 4-5.
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Figure 1.3: Left: A subgraph G (black vertices and solid edges) of (Z2,E?) and its dual G* (white
vertices and dashed edges). Center: ATRC configurations w,,w,, on G satisfying w, C wr,. The
configuration w,,s is drawn on the primal graph G and w? on its dual G*. Right: A pair (0®,0°) of spin
configurations obtained by assigning £1 to the clusters of w,,» and w?.

The self-dual isotropic case. Let J = J',U > 0 with sinh(2J) = ¢ 2V, and assume first

that J < U. Let (wr,w;,/) be distributed according to an ATRC measure on a finite graph
and with weights given by (1.14) with (K, K',K") = (J,U,J). The choice K = K" results
in p; = 0, which implies w; C w;,. We do not specify the boundary conditions. Assigning +1
spin values uniformly at random to the clusters of w,,» and w} as in the Edwards—Sokal coupling
in Section 1.2.2 results in a pair (0®,0°) of spin configurations, with ¢® defined on the original
primal graph (and distributed according to the associated AT product 77') and ¢° on the dual
graph, see Figure 1.3. This pair then follows the law of the spin representation of the six-
vertex model (more precisely, the F' model) with weighs a = b = 1 and ¢ > 2 introduced in
Section 1.1.1. The ice rule is guaranteed since w; C wWyrr.

In the case J > U > 0, the weights of the above ATRC measure become negative, but one
can still make sense of the first marginal (w;) in order to apply duality to it (see Section 3.3).
This leads to a coupling with the six-vertex model with ¢ € (v/2,2]. In fact, this approach does
not rely on U > 0, and the range U < 0 corresponds in the six-vertex model to ¢ € (1,/2].

See Section 3.5.1 for details of this coupling as described above. For the reverse direction,
see Section 2.4.2 (‘modified” ATRC marginal) and Sections 4.4.2 and 5.2 (‘modified” ATRC pairs
under Dobrushin conditions).

The BKW correspondence relates the six-vertex model with ¢ > V2 to FK percolation
and the Potts models with ¢ > 0 at their self-dual points Ssq. The regime ¢ > 2 corresponds
to ¢ > 4, in which case the correspondence can be formulated as a probabilistic coupling.
Let us briefly and informally describe how, in this case, the six-vertex height function can be
obtained from the FK percolation. Given w distributed according to the self-dual wired FK
measure with ¢ > 4 on a box A,,, constant integer values are assigned to the clusters of both w
and its dual w* by increasing (respectively, decreasing) the value by 1 with probability e/ Va4
(respectively, e=*/,/g) when transitioning from the exterior to the interior of nested clusters
(see Figure 1.4), where X\ > 0 is the unique solution of e* + e = /4. The resulting function
has the law of a six-vertex height function with a =b =1 and ¢ = e*2 4+ ¢=*/2 > 2 but with
a modified boundary weight ¢, = e2. We refer to Sections 2.3.6 and 4.5.1 for details on the
BKW coupling with ¢ > 2.

When ¢ < 4, that is ¢ < 2, the weights become complex-valued and the correspondence is
no longer a probabilistic coupling. However, it can still be used to transfer information between
the models, see [Bax89, Chapter 12.4] and [Dubl1, Lis21b, GL23|). The relationship between
the regimes in each model is summarised in the table below.
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Figure 1.4: Visualisation of the BKW coupling on Az. Orange loops separate primal (black vertices and
solid edges) and dual (white vertices and dashed edges) clusters of w ~ FKj, . . Left: The height
is chosen to be 0 on the boundary. Changing it by 1 when traversing a loop can be interpreted as
assigning orientations to them. The arrows then induce the edge orientations of the six-vertex model.
Right: The associated spin configurations chosen to be +1 on the boundary.

isotropic self-dual AT | six-vertex | self-dual FK and Potts
U>J>0 c>2 q >4
J>U>0 ce (V2,2 q € (0,4]
J>0>U cc (1,v2] ¢<0

The BKW coupling is particularly sensitive to boundary conditions. The corresponding per-
colation measure on the FK side only takes the form (1.9) when the six-vertex and AT measures
are considered under specific boundary conditions and with modified weights ¢, and Jy,, Uy, at
the boundary (see Sections 2.3.6, 2.4.2, 4.4.2 and 5.2). Other boundary conditions and unmodi-
fied weights at the boundary lead to a different weight for clusters touching the boundary in the
associated FK model (see [GP23, Section 2.6|), and this weight may even depend on how often
the cluster touches the boundary. As in the AT model, the six-vertex spin (and height function)
measures are subject to pairs of boundary conditions — one on the primal and one on the dual
graph — and we denote them by pairs in {0, 1}?, where 0 stands for free and 1 for fixed constant
boundary conditions. The following table provides an informal description of the effects of the
boundary conditions and boundary weights in the ATRC model.

isotr. self-dual ATRC six-vertex self-dual FK
(0,1), modified Jy, Uy, (1,1), modified ¢y standard
(0,1), normal J, U (1,1), normal ¢ modified constant boundary weight
(1,1), normal J, U (0,1), normal ¢ | modified non-constant boundary weight

It is worth mentioning that, for example, one can use the exploration techniques in the six-
vertex model of Section 2.5.2, the results of [GP23] and the BKW coupling to show that the FK
measure with modified non-constant boundary weight, corresponding to the ATRC measure with
wired-wired boundary condition, converges to the average of the free and wired infinite-volume
FK measures (see Section 1.2.4 below).

1.2.4 Correlation inequalities and monotonicity

This section contains a brief discussion of certain correlation inequalities for the spin systems
and their graphical representations introduced in Sections 1.1.1 and 1.2.2, respectively. Such
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inequalities permit the derivation of monotonicity properties of the measures with respect to the
underlying parameters and systems. These properties ensure that quantities such as correlations
and magnetisations are monotone functions of the parameters, a property vital for studying phase
transitions. Furthermore, they enable the deduction of (weak) convergence of the measures to
infinite-volume or thermodynamic limits as the systems exhaust the entire lattice.

Correlation inequalities in the Ising and AT models

An important tool in the study of the ferromagnetic Ising and AT models are the Griffiths’ or
GKS inequalities named after Griffiths [Gri67|, Kelly and Sherman [[{S68]. When exploring a
potential phase transition in the Ising model by means of correlations and magnetisations in
Section 1.2.1, we already encountered a special case (1.3) of Griffiths’ first inequality, which
confirmed the validity of the intuition that the corresponding quantities are non-negative. This
inequality, together with a second one, which we will state shortly, was initially proved by
Griffiths for the ferromagnetic Ising model and subsequently extended by Kelly and Sherman to
allow for arbitrary n-body interactions. Fix a finite set V', and introduce the notation

o= H Oz, ceYy={*1}V, ACV. (1.23)
z€A
A measure on Xy with expectation operator (-) is said to satisfy the GKS inequalities if
0'A>

{
(oa®)

Y

0 forall ACYV, (GKS1)
(e (oB) for all A, B C V. (CKS2)

Y

This definition will be applied to the setting of the AT measures by identifying ¥y x Xy
with Xy where V' is a disjoint copy of V. Take J = (Ja)acv with J4 € R, and let py y be
the measure on Xy defined by (1.1) with

Hy(o) = -3 Jao™.
ACV

Denote the associated expectation operator by (-)v.3.
Theorem 2 (|Gri67, KS68]|). If J4 > 0 for all A C 'V, then py 3 satisfies the GKS inequalities.

By differentiation, these inequalities can be used to derive that J4 ~ (0P)y 3 is non-
decreasing on (0, 00) for all fixed A, B C V', which in turn can be used to deduce the existence of
weak limits of the measures py g as V' exhausts some infinite set. This will be addressed below
for the Ising and AT measures.

As the Ising and AT measures with free and + boundary conditions can be represented by
measures of the form py 3, we obtain the following corollary.

Corollary 1.2.1. For any finite graph G, the following measures satisfy the GKS inequalities:
Isi f .+ > d f,f +,+ / >
singg g, Ising; 5 for 5 =0, an ATG y s ATG gy Jor T, U 2 0.

The above measures are also positively associated or satisfy the FKG inequality, a property
we will introduce in the subsequent section. We do not use this inequality for spins and do not
discuss it further here. For more details on the GKS and FKG inequalities in the Ising model,
the reader is referred to [FV17, Section 3.6].
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Antiferromagnetic AT model. While negative coupling constants render the GKS inequali-
ties generally invalid, in the AT model, the effect of the negativity of one coupling constant may
be counterbalanced by the positivity of others. For example, the relations (1.16) and (1.17),
which remain valid when K, K’ > 0 > K", clearly imply that the respective 2-point correlation
functions and the magnetisations are non-negative. More generally, the coupling of the AT and
ATRC models from Section 1.2.2 and the positive and negative association properties satisfied by
the latter (see below) can be used to deduce that each of the two AT marginals is still positively
correlated itself, but negatively correlated with the other.

Proposition 1.2.2 ([PV97]). Let J,J' > 0> U be such that (1.15) is satisfied for (K, K', K") =
(J,J',U), and let G = (V, E) be a finite graph. Let (-) be the expectation operator with respect
to Adef,J,J,vU or AT?;:}_,J’,U' Then, for all ACV,

(et >0 for o € {r,7,77'}.

Furthermore, for all A,B CV,
(0h0P) > (M) foro e {r),
(74P} < ().

The first inequality for ¢ = 7 is generalised in Corollary 3.3.5 to hold for J > min{|J'|,|U|},
see also Section 1.3.2 and Section 3.3.2.

IN

Eight-vertex model. As the eight-vertex measures can also be represented by measures of
the form py 3, it can be concluded that they also satisfy the GKS inequalities within a certain
range of the weights. Alternatively, this can be derived in part from the analogue in the AT
model via the coupling presented in Section 1.2.3. Furthermore, again in restricted parameter
regimes, the eight-vertex spin marginals also satisfy the FKG inequality (introduced below), for
which we refer to [GP23, Theorem 2.5] and [GL23, Proposition 3.10].

Positive association in graphical representations

The positive association property or (Harris-) FKG inequality [Har60, FKGT71] of the FK and
ATRC measures is a tremendously useful tool in the study of the respective models, with a
significant proportion of results relying on them.

Let I be an index-set, let S; C R, i € I, and define Q = [[,.; Si. Equip Q with the natural
coordinate-wise order: w < ' if and only if w; < w] for all ¢ € I. A function f : Q@ — R is
called increasing if f(w) < f(w’) whenever w < ’. A measure p on € is said to be positively
associated or to satisfy the (Harris-) FKG inequality if

E.(fg9) > EL(f)E.(g) for all increasing f,g: Q — [0,00). (FKG)

A sufficient condition was given in [FKG71| provided that S and I are finite. In this case, we
say that a measure p on € satisfies the FKG-lattice condition if

plw Vo plw A > p(w)u(w) for all w,w’ € Q, (FKG-L)

where w V w’ and w A w’ denote the coordinate-wise maxima and minima, respectively. There
are several equivalent properties, for which we refer to |Gri06, Chapter 2|.

In the context of FK and ATRC measures on a graph with edge-set E, we respectively
chose I = F and I = FUFE’ with E’ a disjoint copy of F, and S; = {0, 1} for all i. It was proved
respectively in [FKG71, Section 3| (see also [For72a, Theorem 1|) and [PV97, Lemma 4.1] that
the FK and AT measures under any boundary condition satisfy (FKG-L) and therefore (FKG).
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Proposition 1.2.3 (|[FKGT71, PV97|). Let G be a finite subgraph of (V,E). The following
measures satisfy (FKG-L):

FKS 0 forallp € (0,1), g > 1, § € g,
ATR'C%,EP fOT all pP= (pO,pl,pllpr) with P2Po > plp/17 and 675/ € QE

The FKG lattice condition for the ATRC marginals remains valid when papy < p1p}, but
the two configurations are negatively correlated [PVI7]. In other words, the law of (w,1 — w')
satisfies (FKG-L). Via the relations (1.14), the condition pepy > p1p} translates to U > 0. We
refer to Sections 1.3.2 and 3.3.3 for details.

Together with the couplings from Section 1.2.2; the FKG inequality for the above measures
can be used to derive the GKS inequalities for the Ising and AT measures stated in Corollary 1.2.1
and Proposition 1.2.2. As mentioned before, the ferromagnetic Ising and AT measures under
any boundary conditions also satisfy (FKG-L), see [FV17, Section 3.6] for the Ising case.

Monotonicity and infinite-volume limits

The correlation inequalities (GKS and FKG) are related to the monotonicity properties of the
models, both in the underlying parameters and the graphs. Let us first introduce the notion of
stochastic domination.

Stochastic domination. In the setup of the previous section, given two measures p, v on §2, p
is said to be stochastically dominated by v (or v stochastically dominates u), denoted by p <g v
(or v >4 p) if and only if E,(f) < E,(f) for all increasing f : & — [0,00). Holley [Hol74]
introduced a sufficient condition for verifying stochastic domination. By [Gri06, Theorem 2.27],
the FKG lattice condition that the FK and ATRC measures are stochastically increasing in the
boundary conditions. We refer to [Gri06, Chapter 2] and [GHMO1, Section 4| for surveys.

Monotonicity in the parameters. As a first application, we explain how to derive mono-
tonicity in the parameters of the relevant quantities when studying phase transitions in the
respective models.

Corollary 1.2.4. For any n > 0 and all x,y € A,,, the quantities in
(1) (1.3) and (1.8) are non-decreasing as functions of B € [0, 00),
(ii) (1.6) are non-decreasing as functions of (J,J',U) € [0,00)3.

The statements hold more generally for any finite subgraph G = (V, E) of (Z4,E?) and z,y € V,
for sequences of parameters indezed by the edges, and for arbitrary k-point functions.

In the Ising and AT cases, the statements are derived by differentiating the respective quan-
tities with respect to 8 and J, J', U respectively, and then applying the inequality (GKS2). In
case of the Potts model, one can use the identities (1.11) and differentiate the analogue in the FK
model with respect to § and then apply (FKG). This argument also provides monotonicity of
the associated FK measures in the parameter 8 (or the edge-weight p) in the sense of stochastic
domination, which can alternatively be derived using the Holley criterion [Hol74]. The analogue
holds for the ATRC measures. See Section 1.3.1 and Chapter 2 for the isotropic case.
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Monotonicity in the domain and infinite-volume limits. The FKG and spatial Markov
properties of the FK and ATRC measures directly imply the following monotonicity in the
domains, which in turn implies the existence of infinite-volume limits of the respective measures
with free and monochromatic boundary conditions.

Corollary 1.2.5. Let G be a finite subgraph of (Z¢,E?), and let H be a subgraph of G. Then,

FKg q.p st FKY 0 and FKG.qp <st FKI1 g for allg>1, p€[0,1],
ATRCY)) >4 ATRCY;)  and  ATRCG. <q ATRCy  for all p with papo > piph.

Consequently, as the graph G exhausts (Z¢, E?), each of the above measures converges weakly
(with respect to the natural product topology) to a limiting measure, called an infinite-volume or
thermodynamic limit. In the case of the ATRC measures with papy < p1p}, the positive associa-
tion property of (w,1 —«’), mentioned after Proposition 1.2.3, allows to derive the convergence
of the measures ATRCE)p7 see Section 3.6.1 for details.

Formally, one has to consider all measures on the corresponding infinite configuration spaces.
To lighten notation, we will for example identify the measure FK%,  on {0, 1}¥ with the measure

G.a,p
on {0, 1}Ed defined by setting, for any w € {0, I}Ed,

=0
FKG’,q,p(w) = FKg,q,p(w)ﬂ{we:O for all ecE4\E}- (124)

Via the couplings in Section 1.2.2, the convergence of the FK and ATRC measures can be used
to derive the analogue for the associated Potts and AT measures under free and monochromatic
boundary conditions. This argument relies on the (almost sure) ezistence of at most one infinite
cluster in the infinite-volume FK and ATRC measures (see [Gri06, Section 4.6]), which follows
from the robust Burton-Keane argument |[BK89]. In the cases of the Ising and AT models, al-
ternative approaches are via the monotonicity in the parameters, Corollary 1.2.4, or by applying
the FKG inequality for the spins directly.

1.3 Phase transitions in the Ashkin—Teller model

Relating the partition function of the (ferromagnetic) AT model on the square lattice to that
of the eight-vertex model [Sut70, FW70|, Wegner conjectured that the AT model generally
undergoes two distinct phase transitions [Weg72]. The occurrence of a single one is expected
only if the two largest coupling constants are equal to each other. This issue will be explored in
Section 1.3.1 within the framework of the ferromagnetic model, using the correlation inequalities
from Section 1.2.4 and the graphical representation from Section 1.2.2.

In contrast to the Ising model (without external field), the AT model on bipartite graphs
cannot always be transformed into a purely ferromagnetic one, and the competition between
ferromagnetic and antiferromagnetic interactions has to be considered. Depending on which
type dominates, one may expect either kind of behaviour. Nevertheless, the bipartite structure
still allows the study to be restricted to a certain partial ferromagnetic regime, only in parts of
which certain correlation inequalities still hold. This topic will be addressed in Section 1.3.2.

Recall the spin representation of the AT model with coupling constants .J, J/, U introduced in
Section 1.1.1 and the brief discussion in Section 1.2.1. We consider the model on the hypercubic
lattice (Z? E?) of arbitrary dimension d > 2, restricting ourselves to the case d = 2 only when
planar duality is applied.
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Figure 1.5: Conjectured phase diagram of the isotropic AT model for U > 0. Ordered phase (O):
both 7 and 77/ are ordered. Disordered phase (D): both 7 and 77" are disordered, admitting exponential
decay of correlations. Intermediate phase (I): 7 is disordered, whereas 77’ is ordered. Antiferromagnetic
phase (AF): 7 is disordered, whereas 77’ is antiferromagnetically ordered. The GKS inequalities (see
Section 1.2.4) for the marginals are valid to the right of the dashed green curve. The ferromagnetic part
is fully established in Chapter 2 (see also Section 1.3.1). The existence of AF is verified in Chapter 3
(see also Section 1.3.2), where the presence of a sharp phase transition at the self-dual curve when U < 0
is also supported.

1.3.1 The ferromagnetic case: main results of Chapter 2

Let us first discuss the ferromagnetic case J,J',U > 0 and previous rigorous results con-
cerning the above conjecture. Recall the definition (1.7) of the measures with coupling con-
stants .J, J', U multiplied by an inverse temperature S > 0. In Section 1.2.4, we argued that

these measures admit infinite-volume limits, whose expectation operators we denote by ()gf

and <->;’+, respectively. Recall the monotonicity in the parameters (Corollary 1.2.4) and
observe that it trivially extends to infinite-volume. Then, adaptations of the Peierls’ argu-
ment [Pei36] and the high-temperature expansion [vdW41]| of the Ising model (applied to the
AT or ATRC models) allow to derive, in analogy to (1.4), the existence of non-trivial transition
points 8¢ = BI(J,J',U) € (0,00) for o € {r,7', 77"} that satisty
— M (e
<00>;7+ {_ 0 ?f bt oe{r7 7'} (1.25)
>0 if 8> g7,

To gain some intuition, let us first consider the special case where one of the coupling constants
vanishes, say U = 0, which is known as the XOR Ising model. In this case, the model reduces
to a pair of independent Ising configurations 7 and 7', which undergo a phase transitions at
the multiples 88 /J and Be¢/J’ of the Ising transition point, respectively. In particular,
if J # J', two distinct transitions occur. Moreover, the transition point for the product clearly
satisfies 877 = max{S7, 87 }. Before investigating when else the model undergoes more than
one phase transition, we first rule out the possibility of more than two.

Proposition 1.3.1. For d > 2 and J,J',U > 0, it holds that
Br <max{l, 677}, BT <max{SL,BT}, AT <max{B],50}.
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In particular,

{6, 88,87 H < 2.

Proof. By (GKS2), which holds by Corollary 1.2.1 on finite graphs and extends to the infinite-
volume limit, we have for any 8 > 0

++ o+ by
(ro)g™ = (ro7070) 5™ = (T070)5"™ (T0)5 ™ -
This implies that 87 < max{87’, 57" }. The other inequalities follow by symmetry. O

The first rigorous proof of the occurrence of two distinct phase transitions in the non-
independence case was provided by Pfister [Pfi82] in rather high generality, relying only on
the GKS inequalities and symmetry.

Theorem 3 ([Pfi82]). Let d > 2 and J,J',U > 0.
o IfJ+J <U, then BT = 57 > 377
o IfJ>J +U, then BT < 57 =377
o IfJ > J+U, then BT < BT =77

Observe that, by applying the changes of variables (7,7") — (7', 77') and (7,7") — (7, 777),
the first statement of the above theorem implies the other two. The first statement should hold
more generally when max{J, J'} < U. We will continue this discussion for the isotropic case
below, where we present the full phase diagram. Before turning to the antiferromagnetic case,
let us demonstrate a simple application of the ATRC representation in the study of the above
transition points. It excludes the possibility that the transition for the configuration with the
smallest coupling constant ‘precedes’ any of the others.

Lemma 1.3.2. Ford > 2 and J,J' > U >0, it holds that 377 > max{A7, 57 }.

Proof. Denote by ATRCH' the limit of the ATRC measures associated to AT+;r via (1.14)

with (K, K',K") = g (J,J',U), which exists by Corollary 1.2.5. Also by Corollary 1.2.5,
the relations (1.17) for (s, ") = (7,7') extend to infinite-volume by replacing 0 +» 0°*V with the
event that 0 is part of an infinite cluster, which we denote by 0 <> oo (see [Gri06, Proposition
5.11] for a proof of the analogue in FK percolation). Therefore,

+,4+ 1,1 !
(707'(’)>5 = ATRCy (045 00,0 5 )

< min {ATRC;" (0 <% oc), ATRC4" (0 & 00)}

Yt ++}

= min {( (T0)5 ATh)

which directly implies the claim. O

It is noteworthy that the above proof can be adapted for the case where J,J" > 0 > U
provided that (K, K',K") = - (J,J',U) satisty (1.15). In fact, the same proof applies to all
finite volume ATRC measures, which in the case J,J* > 0 > U converge when the boundary
conditions are + for 7 and free for 7/, or vice versa (see the paragraph under Corollary 1.2.5,
and also Section 3.6.1). Nevertheless, the definition of the transition points is problematic due
to the absence of monotonicity in the parameters (see Section 1.3.2 below).

Together with Propositionl.3.1, Lemma 1.3.2 implies the following corollary.

Corollary 1.3.3. Ford > 2 and J,J' > U >0, it holds that 577 = max{87, 57 }.
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The isotropic case: main results of Chapter 2

Let us restrict to the isotropic regime J = J'. In this case, the marginals (laws of 7 and 7/)
coincide by symmetry, and 8] = 55’ holds trivially. We can therefore disregard ﬂg/ in this
section. Then, Corollary 1.3.2 implies the unigueness of the phase transition in any dimension
when J > U.

Corollary 1.3.4. For d > 2 and J > U > 0, it holds that 57 = BI7".

The verification of the strict inequality 57 > BCTTI when J < U is much more challenging.
Observe that the weak inequality is also a consequence of Proposition 1.3.1, and that the strict
inequality follows from Theorem 3 if 2J < U.

The phase diagrams of the isotropic model in dimensions 2 and 3 were predicted in [DBGKS0)].
We confirm the validity of their predictions in the planar case d = 2 in Chapter 2 and informally
describe below our main results and the methods used to obtain them. We refer to [DBGKS0,
DGO04] and [Bax89, Section 12.9] for the expected behaviour at the transition points.

Main result. Chapter 2 focuses on the planar case d = 2. The main result is the validation of
the strict inequality 87 > 87 ™ for all J < U, with the self-dual point Bsq given by sinh(26J) =
e~28U (see Section 1.2.3) lying strictly in between (Theorem 6). We also verify that the two
distinct transition points are dual to each other (Theorem 7). Furthermore, in the case J > U,
we identify the transition point 87 = 77 as the self-dual point Bsq (Theorem 8). See Figure 1.5
for the phase diagram. We also show that the transitions for the free and monochromatic
measures occur simultaneously (Theorems 7-8), and we establish the sharpness of all transitions
(as in (1.5)) in any dimension d > 2 (Appendix 2.A). Although the locations of the transition
points in the non-uniqueness case were considered in [WL74], there are no precise conjectures.

Methods. All statements are proved via their analogues in the ATRC model and the Edwards—
Sokal-type coupling in Section 1.2.2. For J > U we use the representation with (s, s’) = (7,7'),
whereas for J < U we use it with (s,s’) = (7,77'). The reason for restricting to d = 2
is that the proof goes through couplings that rely on planarity, described in Section 1.2.3.
The first is a duality coupling [Fan72b, Weg72, GP23| of the self-dual AT model and the
six-vertex model |[Pau3b, Rys63]. The second is a version of the Baxter-Kelland-Wu corre-
spondence [BKW76] of the latter with FK percolation and the Potts model. Relying on the
discontinuity of the phase transition in FK percolation when ¢ > 4 [DGH"21] (see Section 1.4
below), we improve the recent result [GP23, Theorem 2.8| on the intermediate behaviour on
the self-dual curve (1.22) in the AT model when J < U. We establish a finite size criterion
(Proposition 2.1.1) and extend the result to an open neighbourhood of the curve. The sharp-
ness statements are proved by adapting the OSSS approach [DRT19]. The equality 57 = S
for J > U is derived from the sharpness and the fact that the free and wired ATRC measures
converge to the same limit for Lebesgue-almost every J,U > 0, which is proved by modifying
the elegant argument for FK percolation in [Duml7, Proof of Theorem 1.12].

1.3.2 The antiferromagnetic case: main results of Chapter 3

Now consider the case where at least one of the coupling constants is negative. The first obser-
vation is that this renders the GKS inequalities generally invalid, which complicates the rigorous
analysis of the model enormously. Recall that we have relied on these inequalities in the ferro-
magnetic case to derive monotonicity in the parameters, the existence of infinite-volume limits,
and even to formally rule out rather obscure behaviour such as the presence of three distinct
phase transitions.
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On a more positive note, like the Ising model, the AT model on bipartite graphs (such
as (Z%,E%)) enjoys a certain invariance under spin flips on the partite classes of the vertices.
A vertex in Z% is called odd if the sum of its coordinates is odd, otherwise it is called even.
Let G = (V, E) be a finite subgraph of (Z¢,E?), and consider the map Fpqq : Xy — Xy that
reverses the sign of Ising spin configurations at the odd vertices in V', defined by

—o, ifz is odd,
(Foaalo)), = o€y, zeV.

Oy if x is even,

Let us first demonstrate the invariance of the Ising measures under Fy4q.

The Ising antiferromagnet. Let n* be the image of the constant + configuration under F,qq,
and simply write 4 in the superscripts of the measures. A simple computation shows that a
random variable ¢ with values in {£1}" has law Isinggﬂ precisely if Fyqq(o) has law Isingéfﬁ.

The transition of the ferromagnetic model at 5. = ;I;Sing(d) therefore implies that

n—oo

O 1f ﬁ € (_/60)0)7
(Jmﬁmﬁ >c3 >0 if B < —pf: and x is even, (1.26)
< —cg<0 if < —f; and z is odd,

in which case we say that the model undergoes an antiferromagnetic order-disorder transition.
We call the above behaviour for 3 < —f. (bipartite) antiferromagnetic order.

Returning to the AT model, another simple computation verifies the following invariances
of the AT measures, which we formulate for free boundary conditions for simplicity. If (7,7') is
distributed according to ATfC’TVf gy then

. (Fodd(T), T’) has law ATfC’;f’_J’J,’_U,
. (7-, Fodd(T’)) has law ATng,_J/,—U’

o (Foad(7), Foaa(r")) has law AT¢ ;.

Therefore, any AT measure can be transformed into another AT measure whose first two coupling
constants are non-negative, whence it suffices to study the regime

J,J'>0>U. (1.27)

It is natural to believe that the ferromagnetic interaction imposed by J,J" > 0 dominates
the opposite one imposed by U < 0 if J,J' > |U|, in which case one might expect order-
disorder phase transitions as observed in the ferromagnetic case. Conversely, for J,J' < |U],
the antiferromagnetic effect becomes dominant, presumably causing disorder in 7 and 7/, and
an antiferromagnetic order-disorder transition in the product 77/, as in (1.26).

Recall the positive and negative correlation inequalities [PV97| from Proposition 1.2.2 that
hold in the restricted part of the above regime where (1.15) holds for (K, K', K") = (J,J',U).
Investigating monotonicity in 3 of the measures ATfG’fﬂ from (1.7) demonstrates the competition
between these positive and negative correlations:

d

a3 as = 2 T Covgs(rtimm) +1 Covgs(r mimy) +U Cov (1 marymymy),

sty
{zy}ek

>0 <0 ?
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where Covgfﬁ denotes the covariance with respect to Ach’fﬁ. By Proposition 1.2.2, the first

summand is non-negative, the second is non-positive, and no conclusions can be drawn about
the third. In order to circumvent this issue, one may search for curves in the phase diagram
along which the model is increasing. This strategy is described further below and implemented
in Chapter 3.

Main results of Chapter 3

In Chapter (3), we verify both ferromagnetic and antiferromagnetic behaviour in the AT model
on (Z* E?) for arbitrary d > 2 in different parts of the regime (1.27). It contains two main
results and a number of by-products that we derive along the way.

(i) The first one is the existence of a partial antiferromagnetic phase in the isotropic model
when J > 0 is sufficiently small and U < 0 is sufficiently large in absolute value (Theo-
rem 10). See Figure 1.5 for the phase diagram. Specifically, in this regime the configura-
tion 7 is disordered, admitting exponential decay of the magnetisation and correlations,
whereas the product 77’ is antiferromagnetically ordered as in (1.26) for 8 < —f3.. The
statement can be proved in exactly the same way for the anisotropic model, provided that
additionally J’ € [—J, J] (see the methods below).

In the planar case, we also prove an analogue of this result for the related staggered six-
vertex |[WL75| height function. We show that it is localised while simultaneously displaying
antiferromagnetic order on one partite class of the graph (Theorem 11). To this end,
we construct a coupling with the staggered eight-vertex model [HLW75] in fairly high
generality.

(ii) The second one is that the anisotropic model accommodates sharp order-disorder phase
transitions for 7 and 7’ in the FKG regime given by (1.15) with (K, K', K") = (J,J',U),
thereby displaying ferromagnetic behaviour (Theorem 12). We partition this regime into a
family of smooth curves along which the model is monotone and undergoes the aforemen-
tioned transition. The validity of monotonicity properties in the isotropic model would
enable us to deduce the presence of such a transition in the antiferromagnetic isotropic
model as well, and we also present some indications of such.

Methods. The main tool for proving these results is the ATRC representation. In the setting
of Section 1.2.2, we consider this representation for s only and extend it to the regime K > |K”|
(see Section 3.3). As a bi-product, we derive (GKS1) for 7 in the regime J > min{|.J'|, |U|}
(Corollary 3.3.5). For (i), we apply classical energy entropy arguments to different versions of
this representation. For (ii), we use the representation in its FKG regime (where it coincides
with the one introduced in Section 1.2.2), and adapt the recent approach [DRT19] utilising the
0OSSS inequality.

1.4 Properties of the Potts models at their transition points

In this section, the behaviour of Potts models (in particular the Ising model) and FK percolation
at their transition points is discussed. We first give a brief summary of known results on (Z%, E%)
in any dimension d > 2 and then restrict ourselves to the planar case, where significant progress
has been made in the last decades. Recall the phase transitions of the Ising and Potts models from
Section 1.2.1 and those of FK percolation from 1.2.2. We simply write . and p. for the respective
transition points and thresholds, as it will be clear from the context which model, parameter and
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dimension is being considered. In Section 1.2.4, we argued that the Ising and Potts measures
with free and monochromatic boundary conditions and the FK percolation measures with free
and wired boundary conditions admit infinite-volume limits on (Z? E?), which we denote by
omitting the graphs from the subscripts of the respective measures. Let us first address the case
of the Ising model. Denote by ();jr the expectation operator with respect to Ising;.

In the Ising model, it isrelatively easy to see that the function g +— <00>;r is right-continuous,
and continuous everywhere except possibly at B.. As it is constant 0 for § < (. by definition,
continuity of the function is equivalent to

(00)4, = 0. (1.28)

We refer to the above property as continuity of the phase transition. It is known to hold in any
dimension d > 2. This was first proved in the planar case d = 2 by Yang [Yan52|, who computed
the limit for any 8 > 0 using the methods of [Ons44, Kau49|. The absence of long range order,
now known [ADSI5] to be equivalent to (1.28), in d = 2 was previously proved in [KO50]. A
short proof for (1.28) in d = 2 was recently provided by Werner [Wer(9]|. Continuity in high
dimensions d > 4 was established in [AF86] relying on reflection positivity. The remaining
case d = 3 was treated in [ADS15|, where a proof for any d > 3 was given using the random
current expansion [Aiz82] of the Ising model and also reflection positivity.

The Potts model offers more variety in the sense that the type of the transition depends on
the dimension d as well as on the number g of states. For d,q > 2, the transition is said to be

. . 1 _
{contlnuous if Potts, ; (00 =

Q= =

0 1)—2= 07
. . . 1
discontinuous if Potts, 5 (09 =1) — ¢ > 0.

In any fixed dimension d > 2, the transition is known [KS82| to be discontinuous for sufficiently
many states ¢ > go(d). On the other hand, it was shown [BCC06] that, for ¢ > 3 fixed, the
transition is discontinuous in sufficiently large dimension d > d.(¢). In fact, the transition in
dimension d > 3 is expected to be continuous exactly when ¢ = 2. In other words, given the
above results on the Ising model, one expects that g.(d) = 3 for d > 3.

For FK percolation with cluster-weight ¢ > 1, the transition is referred to as

continuous if FK;, (0 00) =0,
discontinuous if FKj , (0 > 00) > 0,

where 0 <> oo denotes the event that the cluster of the origin is infinite. By the FK rela-
tions (1.11) and the fact that FK:/L\n,q,p(O < 0A,) converges to FKcllvp(O < 00) as n — 00
(see [Gri06, Proposition 5.11]), the types of the phase transition for the Potts model and FK
percolation with ¢ > 2 integer are the same.

From now on, until the end of this section, we will consider the planar case.

’Assumption: d=2

In the planar case, the type of the phase transition has been determined for any ¢ > 1 [DCST17,
DGH'21]. A fundamental step towards understanding the behaviour at the transition point was
the following dichotomy statement.
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Theorem 4 ([DCST17, Theorem 3|). Let d =2 and g € [1,00). One of the following holds.

e Continuous transition:

1 0 1 o1 0
FK, b, (0 <+ 00) =0, FKyp. = FKg p. and lim >1In FKq’pC(O — 0%A,) = 0.

n—0o0

o Discontinuous transition:

FK;,. (0 ¢+ 00) >0,  FK),  #FK, and  lim 1InFK) (0 ¢ 0%A,) > 0.

%:Pe n—00

The main statement of the above theorem is that the presence of an infinite cluster in FK;J)C is
equivalent to exponential decay of connection probabilities in FKSWC. It should be noted that the
original theorem [DCST17, Theorem 3] is stronger in the sense that it contains more properties
such as Russo—Seymour—Welsh [Rus78, SW78| behaviour in the continuous case, while it also
states that the properties in each case are in fact equivalent. In a previous work [Dum12], the
first scenario was shown to occur when 1 < ¢ < 4 (see also [GL23]). It was later shown [DGH™21]
(see also [RS20]) that the second scenario occurs when g > 4.

Theorem 5 ([DCST17, DGH'21]). Let d = 2. The phase transition of the Potts model and FK
percolation is continuous if 1 < g < 4, and discontinuous if ¢ > 4.

Relation to the transition in the six-vertex model. Recall the transition of the six-
vertex height function from delocalisation to localisation discussed in Section 1.2.1 and the
BKW correspondence with self-dual FK percolation discussed in Section 1.2.3. When ¢ > 4,
which corresponds to ¢ > 2, the self-dual wired FK measure admits a unique macroscopic cluster
on which the six-vertex height function is constant, forcing the latter to be flat. On the other
hand, for ¢ < 4, which corresponds to ¢ < 2, there are macroscopic circuits in both the primal
and dual configurations, leading to fluctuations in the six-vertex height function.

A next step in the study of the properties at the transition points is to examine the behaviour
of interfaces, such as those imposed by non-constant boundary conditions, known as Dobrushin
boundary conditions. In the case of a continuous transition and the resulting critical behaviour,
the fluctuations of the interfaces are of the same order as the size of the system (Russo-Seymour—
Welsh theory), and their scaling limit is expected to be conformally invariant, proved so far only
in the Ising case d = 2 [Smil0, CS12, CDCH"14]. The rotational invariance [DCKK™20] at
large scales was recently proved for all ¢ € [1,4]. We focus here on the discontinuous case.

1.4.1 Interfaces in the discontinuous case: main results of Chapter 4

In this section, we consider the Potts models and FK percolation on (Z2,E?) with ¢ > 4 at
their transition points, and we omit the parameters from the subscripts of the measures. By
Theorems 4 and 5, the free infinite-volume measure FK? admits exponential decay of connection
probabilities, a property of the model below the transition point (sharpness), whereas the wired
infinite-volume measure FK!' admits an infinite cluster, a property of the model above the tran-
sition point. Furthermore they are dual to each other (see Section 1.2.3). The analogue holds
for the corresponding Potts measures Potts’ and Potts! with free and constant 1 boundary
conditions, respectively.

Below, we consider the Potts and FK measures on square boxes and under Dobrushin bound-
ary conditions (b.c.). We will first discuss the case of order-disorder Dobrushin b.c., which in
the Potts model is a combination of monochromatic b.c. in the upper half-plane and free b.c.
in the lower one. Chapter 4 provides a detailed analysis of these measures and we present the
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Figure 1.6: Left: A configuration of the Potts model on A,, n = 4, with order-disorder Dobrushin
b.c. (blue represents the constant 1 b.c. in the upper half-plane). The ‘Peierls contours’ separate the
boundary cluster in star connectivity of the blue colour on top from the rest. Right: The interpolations
of the associated upper and lower envelopes and the area in between (grey). In Chapter 4, we prove that
this area is thin (less than In” n), and the envelopes admit fluctuations of order /7 and each converges
when rescaled to a Brownian bridge.

main results below. Subsequently, we address the case of order-order Dobrushin b.c., which
in the Potts model is a combination of different monochromatic b.c. in the upper and lower
half-planes. The so-called wetting phenomenon is expected to occur in this case. We verify this
conjecture in a subsequent work [DGO25b|, which is not part of this thesis, and present the
relevant coupling with the (modified) ATRC model in Chapter 5.

Order-disorder Dobrushin boundary condition

Let us introduce the Potts measure on the square box A,, with 1/f Dobrushin b.c., that is, with
constant 1 b.c. in the upper half-plane and free b.c. in the lower half-plane. Set H; = Rx [0, 00),

and define the probability measure Pottsllx/nf on ¥p, = {1,...,¢}* by (1.1) with 3 = 3. and

(see Figure 1.6)
1/f
H g 5az,ay - E 50'171‘

z,yEAy, ) €A, yeH L\ Ap
{z,y}cE {z,y}cE2

Intuitively, one might expect that under this measure, the ‘upper part’ of the box A, re-
sembles the ordered phase (described by Potts!) while the ‘lower part’ resembles the disordered
phase (described by Potts"), and the two are separated by a ‘thin interface’ (see the left side of
Figure 1.7). Before presenting the main result of Chapter 4, which provides a complete resolution
of these considerations, let us review the previous results.

In a perturbative regime where q is sufficiently large, the fluctuations of the interface between
the ordered phase at the top and the disordered phase at the bottom were shown [MMSRS91] to
be of order y/n. This was achieved by adapting the theory of Pirogov—Sinai [PS75] to obtain a
description of the interface very close to that of an order-order interface in the Ising model above
its transition point, which was known [Gal72| to admit y/n-fluctuations. It was later shown that
this related order-order Ising interface under diffusive scaling converges in law to a Brownian
bridge — first in a perturbative regime [Hig79| and then down to the transition point [GI05].

By compactness of the configuration space, the above measures admit subsequential limits,
each of which is a linear combination of the ¢ + 1 extremal (translation invariant) Gibbs mea-
sures |GM23] given by the one free and the ¢ monochromatic measures. This implies that the
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Figure 1.7: Simulations of the Potts model on a 1000x1000 box with 25 colours at 8.(25) under different
Dobrushin boundary conditions, created by Sébastien Ott using Metropolis-Hastings. Colour 1 is blue,
colour 2 is red, and colours 3-25 are interpolations between yellow and orange. Left: Blue b.c. in
the upper half and free b.c. (no colour favoured) in the lower half, with the order-disorder interface
in between. The main result of Chapter 4 is that this interface is thin and converges under diffusive
scaling to a Brownian bridge. Right: Blue b.c. in the upper half and red b.c. in the lower half, with
the order-order interface in between. In a forthcoming work, we show that this interface is thick and its
boundaries converge under diffusive scaling to a pair of Brownian bridges conditioned not to intersect.

interface (if defined at all) exhibits divergent fluctuations for all g > 4.

The main result of Chapter 4 is that for all ¢ > 4 this interface, appropriately defined (see
Figure 1.6), is thin and converges under diffusive scaling to a Brownian bridge. More precisely,
we consider the boundary clusters of o = 1 at the top and of o # 1 at the bottom (one taken in
star connectivity, see Figure 1.6 and Section 4.1), and we prove that the region in between is at
most C'In?(n) thick with high probability for some C' > 0, and that their boundary ‘envelopes’
have fluctuations of order /n and converge when rescaled to a Brownian bridge. This is the
content of Theorem 13. We also prove the analogues of these statements for FK percolation
with 1/0 Dobrushin b.c. for all ¢ > 4 (Theorem 14).

This is achieved by couplings with the six-vertex and AT models (see methods below), and we
also derive invariance principles for the corresponding order-order interfaces in the six-vertex and
AT models. For this purpose, we establish exponential mixing properties of the corresponding
ATRC model (Theorem 16) in order to develop a renewal picture for long clusters. Along the
way, we derive sharp Ornstein—Zernike [OZ14] asymptotics for the two-point functions of the
AT and ATRC models, which is the content of Theorems 15 and 18.

Methods. The proof proceeds through a modification of the Baxter—Kelland—Wu [BKW76]
coupling of the FK percolation and six-vertex measures with Dobrushin b.c., and further through
a coupling of the latter with (modifications of) the isotropic AT and ATRC models on the self-
dual curve (see Section 1.2.3), also under Dobrushin b.c.. We relate the area between the ordered
and disordered phases in the Potts model to a cluster conditioned to be long in the ATRC model,
which admits exponential decay of connection probabilities by the results from Chapter 2. We
then apply different versions of these couplings under constant boundary conditions together
with the results of Chapter 2 to derive the uniqueness of the infinite-volume ATRC (Gibbs)
measure and exponential mixing properties, relying on [Ale98, Ott25]. This is necessary to
follow [CIV04, CIV08, AOV24]| for developing a kind of renewal structure, or more accurately a
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Figure 1.8: Left: A configuration of the Potts model on A,, n = 4, with order-order Dobrushin b.c.
(blue and red represent the constant 1 and 2 b.c. in the upper and lower half-planes, respectively). The
‘Peierls contours’ separate the upper and lower boundary clusters (one in star connectivity) of the blue
and red colours from the rest. Right: The interpolations of the associated upper and lower envelopes
and the areas in between (grey). In a forthcoming work [DGO25b], we prove that these areas are thin
(less than Inn for some ¢ > 0), and the, say, uppermost and lowermost envelopes admit fluctuations of
order v/n and converge when rescaled to a pair of Brownian bridges conditioned not to intersect.

sequence of ‘fast mixing kernels’, for clusters in the ATRC model a la Ornstein—Zernike [OZ14].
To conclude the proof, we establish the proximity of the interfaces in the FK percolation and
(modified) ATRC models by showing uniform exponential decay in the latter, using the results
of Chapter 2 and a general argument from [Ale04]. The results for the Potts model are then
derived from the results for FK percolation.

Order-order Dobrushin boundary conditions

Consider now the Potts measure on A,, under 1/2 Dobrushin b.c., that is, constant 1 b.c. in the
upper half-plane and constant 2 b.c. in the lower one. Analogous to the order-disorder case,
setting H_ = R?\ H,, the probability measure Potts/l\/n2 on X, is defined by (1.1) with 5 = 5.
and (see Figure 1.8)

,H1/2 S G - 3 Syt — > S0

z,y€An ) TEA, yEHL\Ayp, TEA, yEH_\Ayp,
{z,y}€E {z,y}€E? {z,y}€E?

Let us first observe that this measure is also interesting for any ¢ > 2 above the transition
point. Indeed, it was shown that the two ordered phases (1 at the top and 2 at the bottom) are
separated by a thin interface (less than C'In(n) thick with high probability) and fluctuations of
order \/n, which converges when rescaled to a Brownian bridge [CTV03, CIV08].

Wetting. In contrast, at a discontinuous transition point, one would expect a thick disor-
dered phase in the middle, separating the two pure phases in the upper and lower parts (see the
right side of Figure 1.7 and Figure 1.8). This phenomenon is referred to as wetting, whereby
the disordered phase in the middle is considered to wet the two pure phases above and be-
low. See [DMMRS88, MMSRS91]| for works on the wetting phenomenon in the Potts model,
and [IOSV22] for the prewetting in the Ising model.
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In a forthcoming work [DGO25b], we verify the occurrence of the wetting phenomenon for
all ¢ > 4. Via another coupling with the AT model, while relying on the results in Chap-
ters 2 and 4, we show the emergence of a disordered layer of thickness y/n between the ordered
phases and establish convergence under diffusive scaling of its upper and lower boundaries to a
pair of Brownian bridges conditioned not to intersect. The coupling is presented in Chapter 5.
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Chapter 2

Phase diagram of the Ashkin—Teller
model

The Ashkin—Teller model is a pair of interacting Ising models and has two parameters: J
is a coupling constant in the Ising models and U describes the strength of the interaction
between them. In the ferromagnetic case J,U > 0 on the square lattice, we establish a
complete phase diagram conjectured in physics in 1970s (by Kadanoff and Wegner, Wu and
Lin, Baxter and others): when J < U, the transitions for the Ising spins and their products
occur at two distinct curves that are dual to each other; when JJ > U, both transitions occur
at the self-dual curve. All transitions are shown to be sharp using the OSSS inequality.

We use a finite-size criterion argument and continuity to extend the result of Glazman-—
Peled [GP23] from a self-dual point to its neighborhood. Our proofs go through the random-
cluster representation of the Ashkin—Teller model introduced by Chayes—Machta and Pfister—
Velenik and we rely on couplings to FK-percolation.

2.1 Introduction

The Ashkin-Teller (AT) model is named after two physicists who introduced it [AT43] in 1943
and can be viewed as a pair of interacting Ising models [Fan72a]. For a finite subgraph Q = (V, E)
of Z2, the AT model is supported on pairs of spin configurations (7,7') € {£1}"V x {£1}V and
the distribution is defined by

1
ATq,, 7, u(T, ) = A exp ( Z JrTuTo + JpTh T + UTuTLTUTI/)), (2.1)
weFE

where J;, J;/,U are real parameters and Z = Z(, J;,J/,U) is the unique constant (called
partition function) that renders the above a probability measure.
In the current chapter, we consider the ferromagnetic symmetric (or isotropic) case

J:JT:JT/ZO, andUZO

and denote the measure by ATq .

Important particular cases: U = 0 gives two independent Ising models; for J = 0, 7 reduces
to a Bernoulli site percolation with parameter 1/2, and 77" to an Ising model, independent of
each other; the line U = J corresponds to the 4-state Potts model. These models are very well-
studied and their phase diagram is known; see [F'V17, Dum17] for excellent surveys. Henceforth
in this chapter, we assume that J,U > 0. A key observation in the analysis of the AT model
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on 7?2 is its relation to the six-vertex model [Fan72b, Weg72|. This gives a non-staggered six-
vertex model (i.e. with shift invariant local weights) only at the self-dual line of the AT model:
it was found in [MS71] and is described by the equation

sinh(2.J) = e 2. (SD)

Outside of this line, the corresponding six-vertex model is staggered and thus the seminal
Baxter’s solution [Bax71] does not apply. Kadanoff and Wegner [KW71, Weg72], Wu and
Lin [WL74], and others conjectured that, when J < U, there are two distinct transition lines
in the AT model: one for correlations of spins 7 (or 7') and the other for correlations of prod-
ucts 77/. In the current chapter, we prove this conjecture and establish a complete phase diagram
of the AT model in the ferromagnetic regime.

It will be convenient to state the results in infinite volume and to consider also plus boundary
conditions. Denote by 92 the set of boundary vertices of €2 — these are all vertices in {2 that are
adjacent to at least one vertex in Z2\ 2. We define the measure with plus boundary conditions
by conditioning all boundary vertices to have spin plus in 7 and in 7'

+,+ — _
ATQ,J,U = ATQ7J7U(‘ ’T‘aQ = T|/BQ = 1)

Expectations with respect to the AT measures are denoted by brackets:
(Va,uu =Eq ul] and v = EBaoll.

The correlations of 7 and 7’ satisfy the Griffiths—Kelly-Sherman (GKS) inequality [[KS68],
which states that for any A, B,C, D C V, one has

(Ta-7p T - Tp)auu = (TA - T, u{TC - Tp)QLU; (GKS)

where 74 1= [[,c4 Tu and 75 := [[,cp5 7/, and the same holds under plus boundary conditions.
This implies that, for any A, B C V,

(Ta-TB)apspu and (74 - Té)éjgj,ﬂ[] are increasing in 8 > 0.

Another standard application of the GKS inequality implies that, as Q, * Z2, the weak
limits under free or plus boundary conditions exist and do not depend on {{,}:

— 3 +7+ — 1 +a+
ATy = nh_{r;o ATq, JU and ATy = nh_)n(f)lo ATS U

Similarly to finite-volume measures, we denote by (-) s and <>JJFJ the expectations with respect
to AT and ATI’J. It is standard (e.g. can be shown by comparing to the Ising model) that the
AT model undergoes a phase transition in terms of correlations of 7 and those of 77'. Moreover,
a general OSSS inequality [DRT19] can be used to show that both transitions are sharp (see
Appendix). That is, for each pair J, U, there exist 7, ﬁZT, € (0,00) and (cg)g>o strictly positive,
such that

++ {S e~erlel if 5 < BT (2.2)

< el if g < g7
+,+ — c
TOT,
AP EY {

/ /
s TOTo Tz T, . ;.
< o'z x>ﬁjﬁU > cs if 5 > 62—7—

Symmetry between 7 and 7" and the correlation inequalities (GKS) imply directly that
B2 B0 (23)

There exists a unique 3, for which (5.J, BU) is on the line (SD). Denote it by Bsq = Bsa(J, U).
The following theorem states our main result:
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Figure 2.1: Left: Phase diagram of the Ashkin—Teller model: when J > U, transitions for 7 and 77’
occur at the self-dual curve (Theorem 8) and when J < U, the transition occurs at two distinct curves .,
and 7, dual to each other (Theorems 6 and 7). There are three regimes: disorder in 7 and in 77/ (gray),
order in 7 and in 7’ (white), disorder in 7 and order in 77’ (dashed gray). Right: Domain 2 (in bold

black) in L and its dual QO (in gray). Notice that Q* is not a domain in L*. The even domain Dg
(dashed) in Z2.

Theorem 6. Let 0 < J < U. Then, 5] > Bsqa > ﬁZT’,

This was previously shown when 2J < U using a direct comparison to the Ising model [Pfi82].
In addition, in the perturbative regime when J is small enough, the critical exponents associated
to the phase transition for the product 77’ have been shown to be the same as for the Ising
model [GMO5]!. This is expected to hold for both transitions whenever J < U, while the
exponents should vary continuously when J > U. The latter has been established in [Mas04]
for U sufficiently small. We refer to [DG04] for a survey on the physics literature on the critical
behaviour of the AT model, as well as predictions on critical exponents using the quantum field
theory. Recently, Peled and the third author have proven that spins 7 (or 7') and the products 77/
exhibit qualitatively different behavior at the self-dual line when J < U [GP23]: products 77’
are ordered, while 7 (and 7’) exhibits exponential decay of correlations. We derive Theorem 6
by extending this statement to an open neighborhood of the self-dual line when J < U. The
continuity ideas do not apply directly, since the rate of decay of correlations might, a priori, not
be a continuous function in the pair (J, U). To circumvent this problem, we establish exponential
decay in finite volume:

Proposition 2.1.1. Fiz 0 < J < U that satisfy sinh2J = e 2V, Then, there exists c :=
c(J,U) > 0 such that

+t -
{T0) gz, < €7

Compared to [GP23], the exponential decay is proven in finite volume and under the largest
boundary conditions. This is crucial for applying the so-called “finite-size criterion” (or ¢3(.5))
argument |[Sim80, Lie80, DT16a, DT16b|, since the Simon-Lieb inequality is not available (the
Simon inequality is valid for U < 0 [Lis21al]). This argument, as well as the proof of Proposi-
tion 2.1.1, use the random-cluster representation of the AT model (that we call ATRC) intro-
duced by Chayes-Machta [CM97| and Pfister—Velenik [PV97]. As in the seminal Edwards-Sokal
coupling for the Potts model [ES88], connectivities in the ATRC describe correlations in the AT
model.

! Although [GMO5| studies the anisotropic case J, # J,» when U is small, applying the change of variables
(r,7") — (r7',7) allows to treat the case described above.
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Other ingredients in the proof of Proposition 2.1.1 are couplings between the AT and the
six-vertex models [Fan72b, Weg72| and between the latter and the FK-percolation [BKW76].
These two couplings were composed for the first time in the work of Peled and the third au-
thor [GP23|. We also use T-circuits introduced in [GP23] to apply the non-coexistence theo-
rem [She05, DRT19].

The next result states that the transition lines are dual to each other (see Fig. 2.1) and that
the critical points for the measures under the free and plus boundary conditions coincide. We
define the critical curves ~; and v, as follows:

v ={(LU)eR?:0< J <U, BT(J,U) =1},

and similarly for ~,,. Given a pair of parameters (J,U), we define the dual set of parameters
(J*,U*) as the unique solutions to the following equations

e—2J42U _ 1 _

* . * 1
oy e e?Vsinh(2J) = |€*" sinh(2J%)| . (2.4)

This defines an involution. When J = U, we replace the first equality by J* = U*. Finally, we
define g7/ and BC”/’f as in (2.2) but under free boundary conditions.

Theorem 7. Fiz 0 < J < U. Then, the following holds:
(i) BT =BT and BT = BT
(i1) v+ and v, are dual in the following sense: (J,U) € 7, if and only if (J*,U*) € ~rrr.
In contrast, when J > U, both transitions in 7 and in 77/ occur at the self-dual line.
Theorem 8. Let J > U > 0. Then, the following holds:
(1) BT = BT and BT = BT
(it) BT =BT = Bua.

Indeed, general approach [DRT19| gives sharpness under plus boundary conditions and
equality of the transition points 8] = ﬁCTT/ =: (.. By standard duality arguments, one de-
duces 8, < Bsq- The bound S, > By follows from Zhang-type arguments provided the transition
points for the free and monochromatic measures coincide. We show the latter by applying to
the marginals of the ATRC a neat reformulation of the classical “convexity of the free energy”
argument due to Duminil-Copin [Dum17, Theorem 1.12].

Open questions. At the self-dual curve (SD), the Ashkin-Teller model is coupled to the
six-vertex model with parameters @ = b = 1 and ¢ = coth 2J (see Section 2.3). When 1 < ¢ < 2,
the height function of the six-vertex model has been recently shown to delocalise [DCKMO20]
(see also |GL23| for an alternative argument that does not use Bethe Ansatz). This implies
that the transition in the Ashkin—Teller model is continuous for all J > U > 0: at the critical
curve, correlations (1o7,) ™" and (ro7)7,75) """ vanish as |z| — oo. However, the type of the
transitions when J < U remains open:

Question 1. Let 0 < J < U. Show that the Ashkin—Teller model undergoes two continuous
phase transitions: one has (to7,) " — 0 at v, and (rom{eL) ™ = 0 at v7p, as |x] = .

As mentioned above [DG04], the correlations should decay like ||~'/4 (as in the Ising model).
It would be natural to extend Theorem 8 to the case of a negative U:
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Question 2. Let J > 0> U. Show that the Ashkin—Teller model undergoes a sharp transition
at the self-dual curve (SD) in terms of correlations of T and 77'.

Note that this would imply that the transition is continuous, since the delocalisation results
cover this part of the self-dual curve. What is missing to apply the general argument of [DRT19]
and prove sharpness is monotonicity of the correlations along some curves in the (J,U) plane
when U is negative.

Organisation of the chapter. Sections 2.2-2.6 treat the case J < U: in Section 2.2, we
introduce the random-cluster representation of the AT model (ATRC) and derive Theorems 6
and 7 from Proposition 2.1.1; Sections 2.3-2.6 are dedicated to proving Proposition 2.1.1. In
Section 2.3, we describe the six-vertex and FK-percolation models and give their background,
including their relation to the AT model. In Section 2.4, we show that 7 exhibits exponential
decay of correlations in finite volume under the boundary conditions 7 = 7/. In Section 2.5,
we show that 7 exhibits no ordering under AT?J. In Section 2.6, we derive Proposition 2.1.1.
Section 2.7 deals with the case J > U: we introduce the ATRC model and prove Theorem 8.
Appendices provide details regarding sharpness for the AT (2.A), exponential relaxation for FK-
percolation (2.B), stochastic ordering of the ATRC with respect to its local weights (2.C) and
uniqueness of the infinite-volume ATRC measure (2.D).

2.2 From Proposition 2.1.1 to Theorems 6 and 7

From now on, we will consider the AT model on a rotated square lattice that we denote by L: its
vertex set is {(x,y) € Z?: x4y is even} and edges connect (z,y) to (x4 1,y 1), see Figure 2.1.
This is more convenient for the coupling with the six-vertex model (Section 2.3).

In this section, we fix J < U and drop them from the notation. In particular, we write ATq g
for the measure ATq g 80 -

We start by defining the random-cluster representation of the AT model (ATRC) introduced
by Chayes-Machta [CM97| and Pfister-Velenik [PV97]. Using a ¢g(S) argument, we prove
that (877 J, 877 U) is strictly above the self-dual line. By duality, this implies that (87.J, 37U)
is strictly below the self-dual line which concludes the proof.

2.2.1 ATRC: defintion and basic properties

The ATRC is reminiscent of the Edwards—Sokal [ES88] coupling between FK-percolation and
the Potts model. Since the AT model is supported on a pair of spin configurations, the ATRC
is supported on a pair of bond percolation configurations.

Percolation configurations. For a finite subgraph  C L, the sets of its vertices and edges
are denoted by Vo and Eq, respectively. We view w € {0,1}72 as a percolation configuration:
we say that e is open in w if w(e) = 1, and otherwise e is closed. We identify w with a spanning
subgraph of 2 and edges that are open in w. Define |w| as the number of edges in w. Boundary
conditions for w are given by a partition n of 9Q. We define £"(w) as the number of connected
components in w when all vertices belonging to the same element of partition in 7 are identified.
Two important special cases: 1 denotes wired b.c. given by a trivial partition consisting of one
element 0€2; 0 denotes free b.c. given by a partition of 0f2 into singletons.
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Definition of ATRC. A configuration of the ATRC model on 2 is a pair (w;,w;,/) of perco-
lation configurations on edges of Q. Formally, the ATRC measure is supported on (wr,w;,/) €
{0,1}F2 x {0,1}F2. For # > 0 and partitions n,, 7, of 9Q, the ATRC measure is defined by

ATRCS, 3™ (wry wrp) = 5 - 227 (wr)+k"rr! (w, ) ] a(w-(e), wrr(e)), (2.5)
ecFE

where Z = Z(Q, 3, J,U,n;,m,,) is a normalizing constant and
a(0,0) := e 2UFU) " 4(1,0) := 0, a(0,1) := e — ¢ 28UHU) q(1,1):=1— . (2.6)

Since J < U, we have a(i,j) > 0 for all 4,5 € {0,1}. We will also use the notation ATRC%T:?{]T’
for the measure with 5 = 1.
It will be useful to express the measure as

ATRC?Ztg?TT/ (WT) wTT’) x WLWT| W‘II_U:;T/\WT‘ 2]?777 (wr)+krr! (wrrr) :ﬂ_{ngwTT/}’ (27)

where
wy = U287 — 7287 and  w,p =20 . (2.8)
In this context, we will refer to the measure as ATRC "™ In Section 2.4.2, we will encounter

. ’ . 2w,
a version of this measure with non-homogeneous weights.

Remark 2.2.1. The representation can be extended to J > U [PV97], see Section 2.7.1.

There are four special types of boundary conditions given by free/wired 1, and free/wired 7, ,:
ATRCSIilﬁ (both wired), ATRC%’(I)B (both free), ATRC?Z’Oﬁ (wired for w;, free for w, /), ATRC%IB (free
for w;, wired for w,,/).

Positive association: general setting. We first introduce the notions of monotone mea-
sures, stochastic domination and positive association following [GHMO1, Section 4.2|. Let E be
a finite set of edges. We introduce a pointwise partial order on percolation configurations on E:
we say that w < ' if and only if w(e) < w'(e) for any e € E. A probability measure y on {0, 1}F
is called monotone if

plwle) =1jw=mnoff e) < p(w(e) =1|w =17 off e (2.9)

for any e € E, and n, 7 € {0,1}”\e} such that n < 7/, ju(w =1 off €) > 0 and u(w = 7’ off €) > 0.

An event A C {0,1}¥ is called increasing if 1 4 is increasing with respect to the partial order.
Given two probability measures p and v on {0,1}¥, we say that u is stochastically dominated
by v (or v stochastically dominates p), and write pu <g v (or v >4 p), if for every increasing
event A € A, we have pu(A) < v(A). Moreover, u is said to be positively associated if, for all
increasing bounded functions f and g on {0,1}¥, we have

p(f - g9) > u(f)u(g). (2.10)

This is called the FKG inequality after the work of Fortuin, Kasteleyn and Ginibre [FKGT1].
Their fundamental contribution consists in introducing the FKG lattice condition (similar to (2.9))
and showing that it implies positive association (2.10) when pu is strictly positive.

The above setting suffices for the ATRC measure, but for our proofs we need a slightly
more general statement. More precisely, we fix K € N* and say that a probability measure pu
on {—K,...,K}¥ is monotone if and only if

plwle) >alw=noff e) < pu(w(e) >alw=n" off e (2.11)

37



for any e € E, a € R and 0,7/ € SPMe} such that n < 7/, p(w = noffe) > 0 and p(w =
7' off ¢) > 0. The notions of stochastic domination and positive association extend in a nat-
ural way. A probability measure u on {—K, ..., K}¥ is called irreducible if, for any w,w’ €
{—K,...,K}¥ such that u(w), u(w') > 0 there exists a sequence wy = w, w, ..., wy = ', for
some N > 0, such that w;_1 and w; differ at one coordinate and both have a non-zero probability,
for i = 1,...,N. Assume that p is monotone, irreducible and the set of w € {~K,..., K}¥
having positive probability contains a unique maximal element. Then, [GHMO01, Theorem 4.11]
states that p is positively associated.

Finally, we mention that the positive association property (2.10) naturally extends to prob-
ability measures on {0, 1} or ZN. Moreover, for any increasing sequence of finite sets F;, if the
sequence of positively associated measures p; on E; converges weakly, then the limiting measure
is also positively associated. Indeed, (2.10) is preserved under weak limits when f and g are
continuous. Then, by Strassen’s theorem [Str65], the same holds for any bounded functions
(see [GHMO1, Theorem 4.6] and the paragraph below [GHMO1, Definition 4.10]).

Monotonicity properties of the ATRC measure Consider a natural partial order on pairs
of percolation configurations: (wr,w;) = (@7, @rp) if wr(e) < @,(e) and w,(e) < @ (e) for
every edge e of 2. By [PV97, Proposition 4.1] (and its proof), the measure ATRCK/’B””’, for
any 8 > 0 and any boundary conditions 7., 7,,+, is monotone and hence is positively associated.

In particular, for any increasing events A and B,

ATRC{, /"' (AN B) > ATRC; ;" (A) - ATRC{, "' (B). (FKG)
It is standard that monotone measures are stochastically ordered with respect to their boundary
conditions. Indeed, for two partitions n and 7 of 02, we say that n > @ if any two vertices
belonging to the same element of 7} also belong to the same element of 1. Then, for any 5 > 0,
and any boundary conditions such that n; > 7, and 0. > 7,7,

ATchf gw > ATRC?{ ’ﬁ”ﬁ’. (CBC)
The Holley criterion [Hol74| also allows to show stochastic ordering of the measures in the
parameter §: if 81 > (2, then, for any boundary conditions n,, 7./,

N1 sNrr! N Nrr!
ATRC) /™" >4 ATRC 1. (MON)

See [Gri06, Lemma 11.14| for a proof. In fact, this proof gives a little more. Indeed, it con-
sists of checking inequalities for quantities that are continuous functions of (5;J, 3;U) and the
inequalities are strict when (1 > (2. This implies that the ATRC measure with parameters in
a small neighbourhood of (8;J, 51U) dominates that with parameters in a small neighbourhood
of (B2, 32U). More precisely, for (x,y) € R?, define B,.(z,y) as the Euclidian ball of radius r
centred at (z,y). If 81 > fa, then there exists € > 0 such that for any (J1,U;) € B:(p1J, 51U)
and (J2,Uz) € B:(B2, 82U),
NNt NrsNrr!

ATRC{ T/ > ATRC T . (MON-+)
This extension will be useful for our proof of Theorem 7.
Domain Markov property. As in the standard FK-percolation, one can interpret a con-
figuration outside of a subdomain as boundary conditions. Indeed, let Q@ C A be two finite

subgraphs of L and ¢ € {0,1}Fa\Ee a percolation configuration on A \ Q. Given boundary
conditions n on A, define a partition n U & of 99 by first identifying vertices belonging to the
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same element of 1 and then identifying vertices belonging to the same cluster of £&. Then, the
following domain Markov property holds:

7! U T TT’U Tr!
ATRCZ,ﬁn ( | (WT’WTT’)\A\Q = (57'757’7”)|A\Q) - ATRC?LBf K - () (DMP)

Thus, by (CBC), for any increasing sequence of subgraphs Qi * L, the measures ATRC 5
form a stochastically decreasing sequence. Thus, the weak (or local) limit exists and is unique,
by standard arguments. Denote it by ATRC};l. Define ATRC%’0 analogously. We write ATRC}]’lU

and ATRC%’OU for the corresponding measures with 8 = 1.

Coupling between ATRC and AT. For XY C L and a percolation configuration w €
{0,1}%2 we define X <5Y as an event that X and Y are linked by a path of open edges in w.
If X = {z} and Y = {y}, we simply write z <> y. We also use the notation = <> oo for the
event of x belonging to an infinite connected component of w.

The key property of the ATRC is that connectivities in it describe correlations in the AT
model [PV97, Proposition 3.1]: for 5 > 0 and any finite subgraph Q C L with z,y € Vg,

(TaTy),8 = ATRCG (z < ), (raThTyTh)0,8 = ATRCG s (w €55 1), 2.19)
(Te) ap = ATRCQB(x &5 00), (ramh) &% ap = ATRCQB(x &y o0N).

By the classical Burton—Keane argument [BK89], infinite clusters in w, and w,,+ are unique (if
they exist). Then, (2 12) and (FKG) imply that 87 and 77/ are percolation thresholds for w;
and w;,,+ under ATRCy 9.0 . Similarly, the same holds for 5 and ,6’” under ATRCY ﬁ

Dual ATRC. Define the dual lattice L* := 1L 4 (1,0). For each edge e of L, there is a unique
edge of L* that intersects it: call this edge dual to e and denote it by e*. Denote by Ey, and
Eyp - the sets of edges of L and LL*, respectively. Given a percolation configuration w € {0,1}#%,
we define its dual configuration w* € {0,1}¥1* by setting

w(e*) :=1—w(e).

For an ATRC configuration (wy,w,) € {0,1}% x {0,1}F, we define its dual (&r,@r) €
{0, 1} x {0,1}F1* in the following way,

N

~ P *
Wr = Wiy and Wrr 1= Wy

(2.13)

We want to emphasize that we are not considering two standard dual percolation configurations
but we also swap the order of 7- edges and 77-edges.

The measures ATRCY JU = ATRC]L U and ATRC}]’%] =: ATRCELU on L can be defined on L* in
the same manner, and we denote them by ISLTRCHOJ’*0 sy and ATRCH{’*1 gy respectively. Recall the
mapping (J,U) — (J*,U*) defined by (2.4) and note its properties: it is continuous, an involu-
tion, identity on the self-dual line (SD), sends every point above (SD) to a point below (SD). The
pushforward of the ATRC measure under the duality transformation is also an ATRC measure
with the dual parameters:

Lemma 2.2.2 (Prop 3.2 in [PVI7]). Let 0 < J < U. Let (wT,wTT ) be distributed according to
ATRCi’BU. Then, the distribution of (W, wr,1) is given by ATRCL* Je U
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2.2.2 Proof of Theorem 7

We first show that ATRCg’?] and ATRC}]’IU coincide for almost every (J,U):

Lemma 2.2.3. There exists D C {(J,U) € R? : 0 < J < U} with Lebesgue measure 0 such that,
for any (J,U) € D¢, one has
ATRCYY, = ATRCY}. (2.14)

Remark 2.2.4. Note that, by (CBC), equation (2.14) implies equality of all Gibbs measures.

The proof goes by applying a version of the classical convexity argument to the marginals
of ATRC on w, and w,,/, see Appendix 2.D for more details. We are ready to prove part (i) of
Theorem 7. Recall that B,(z,y) is the Euclidean ball of radius r centred at (x,y).

Proof of Theorem 7(i). Fix J < U. By (CBC), we have 87 < 7/, Assume for contradiction
that the inequality is strict, and take 3 € (87, 87/). Then, by (MON+), there exists ¢ > 0 such
that, for any (J',U’) € B-(8J,U),

wr wr

ATRC} /(0 %5 00) =0 and  ATRC,';,, (0 <% 00) > 0.
This contradicts Lemma 2.2.3. O

Denote by 17 (resp. H7™') the event that the box [0, 2n—1] x [0, 2n—1] is crossed horizontally
by w7 (resp. w™™ ). Note that the complement of H7, is the event that the box [0, 2n—1]x [0, 2n—1]
is crossed vertically by the dual w?. The following lemma states a standard characterisation of
non-transition points. It is a consequence of Lemma 2.2.3 and sharpness of the phase transition
in the ATRC. The latter can be derived using a robust approach going through the OSSS
inequality [DRT19]; see Appendix 2.A for more details.

Lemma 2.2.5. Let 0 < J < U. Then, (J,U) € v, if and only if, for any € > 0, there exist
points (Jo,Uy) and (J1,Uy) in B:(J,U), such that, as n — oo,

ATRC) [H] — 1 and ATRC}', [H]] — 0. (2.15)
The same holds also when T is replaced everywhere by 77’

Proof. Assume (J,U) € ~,. By sharpness, ATRC};’},@U[HZ] — 0, for any 8 € (0,1). Also, it is
standard that part (i) of Theorem 7 and Zhang’s argument imply that ATRC%’R BU[H;] — 1, for
any 8 > 1. This gives one direction of the statement.

To show the reverse, assume first that 87 := 57(J,U) > 1 and take 5 € (1, 57). By sharpness,
ATRC};’}ﬁU[HTTL] — 0 and, by (MON+), the same holds in some neighbourhood of (J,U). The
case 37 < 1 is analogous. O

Proof of Theorem 7(ii). Let (J,U) € ~, and € > 0. Since the duality mapping is a contin-
uous involution, we can find § > 0 such that the image of Bs(J,U) is inside B.(J*,U*). By
Lemma 2.2.5, we get (2.15) for some (Jy, Up) and (Jq,Ur) in Bs(J,U). By duality and symmetry,

ATRC?,’(;UJ 17— 0 and ATRC%’QUT [(HIT] =1 asn— oco.

Since (J§,Uy) and (J7,UY) are in B.(J*,U*), Lemma 2.2.5 implies that (J*,U*) € v,,.
Proving that (J*,U*) € v, implies (J,U) € ~, is analogous. O
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2.2.3 ¢3(S) argument: proof of Theorem 6
Following [Sim80, Lie80] (see also [DT16a]), for a finite subgraph S C L containing 0, define
(S) = 0S| - ATRCg (0 <5 9S).

The following lemma states a key property of pg(5): if it is less than 1 for some .S, then w,
exhibits exponential decay of connection probabilities. This finite-size criterion allows to use
continuity of pg(S) and Proposition 2.1.1 to extend exponential decay of w, beyond (SD). Let
Ay, be the box of size k in L, that is Ay = {u € L : [Ju||; < 2k}.

Lemma 2.2.6. Let 8 > 0. Assume that ¢3(S) < 1, for some finite subgraph S C L containing
0. Then, there exists ¢ := ¢(B3,5) > 0 such that

ATRC3' (0 <% OAy) < e

Remark 2.2.7. 1) Note that the boundary conditions are free in [DT16a] and wired in our case.
The reason is that an analogue of Lemma 2.2.6 is proven in [DT16a] via a modified Simon-Lieb
inequality [Lie80, Sim80] for the Ising model. Such inequalities are not available in our case.
While Lemma 2.2.6 under wired conditions is elementary, proving exponential decay under wired
boundary conditions in finite volume (Proposition 2.1.1) is the subject of Sections 2.3-2.6.

2) We point an interested reader to the work [DS87] that introduces a finite-size criterion for
the completely analytical interactions.

Proof of Lemma 2.2.6. Let S C L be a finite subgraph containing 0 such that ¢3(S) < 1 and
let k be such that S C Ay. If 0 <5 dA,p, then S <5 OA,;, and 0 <5 9S.
By (CBC) and the union bound,

ATRC3 (0 < OAni) < ATRC' (0 <% S| 0S < O ) - ATRCS (DS < Oy
< ATRCg (0 <75 9S) - > ATRCy (2 <2 OAn)
r€edS
< ATRC 4(0 <% 9S) - [0S|ATRCY" (0 €25 DA (1))
= 05(S)ATRCS" (0 < DA (_1)8).

where we also used translation invariance of ATRCZ’1 and that S C Ag.
Since ¢g(S) < 1, we get that ATRCE’I(O &5 Ag) decays exponentially fast in n by induction.

Since for any m € N, there exists n such that m € [nk, (n+1)k], we get that ATRCE’I(O &5 OA)
decays exponentially fast in m. O

We are now ready to derive Theorem 6 from Proposition 2.1.1 and Theorem 7.

Proof of Theorem 6. Fix J < U. By Proposition 2.1.1 and (2.12), we can take n > 1 such that
., (An) < 1. Since the function 5 — ¢g(A,) is increasing and continuous, there exists ¢ =
e(J,U) > 0, such that ¢g (Ay,) < 1, for all 8’ < Bsq+e. The latter implies exponential decay by
Lemma 2.2.6 and hence 87 > fsq. In other words, all points on " are strictly above the self-dual
curve. Hence their images under the duality mapping (2.4) are strictly below the self-dual curve.
By Theorem 7, these points are exactly the points of ’y”/ and this finishes the proof. O

Remark 2.2.8. Standard arguments similar to the proof of Lemma 2.2.6 show that

. 1 11 wr

exists and is right-continuous in 8, which gives another way to argue that the exponential decay
from Proposition 2.1.1 extends to an open neighbourhood of the self-dual line (SD).
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Figure 2.2: Top: The height representation of the six-vertex model in the four vertices of a unit square
in Z?2, normalized to equal 0 at the lower left vertex. Bottom: The spin representation is derived from
the heights by setting the spin state at each vertex to +1 (resp. —1) if the height modulo 4 equals 0,1
(resp. 2,3).

2.3 Models, couplings and required input

In this section, we introduce the six-vertex model together with its height and spin represen-
tations. We also state couplings of this model with the ATRC model and FK-percolation that
will be crucial to our arguments. A combination of these two couplings has been made explicit
recently in the work of Peled and the third author [GP23] and we summarize the results of that
work that we will rely on.

2.3.1 Graph notation

Dual subgraphs and configurations. For a finite subgraph €2 of L, define its dual graph Q*
in L* formed by edges dual to the edges of ). As for primal graphs, we denote the sets of
its vertices and edges by Vo« and Eq+. The boundary 9Q0* is defined in the same way as for
subgraphs of L. Given a percolation configuration w € {0,1}¥2. its dual configuration w* €
{0, 1}Fo" is defined by w*(e*) = 1 — w(e), e € Eq.

Domains in L. A finite induced subgraph  of L (or IL*) is a domain if it is given by vertices
and edges within a simple cycle (including the cycle itself). We denote the set of vertices on the
surrounding cycle by 9Q and call it the domain-boundary of €. The set of edges on 052 is called
edge-boundary of  and is denoted by Ej,.

Domains in Z?. Given a domain € in L, let Dq be the subgraph of Z? induced by vertices
in QU Q*. We call such a domain an even domain of Z? (see Figure 2.1). Define 9*Dq :=
00U 0Q*. Given a domain €' on L*, we define Doy in the same manner and call it an odd
domain of Z?. In particular, odd domains are obtained from even domains by shift by one to
the right. We emphasize that we only consider even and odd domains.

Remark 2.3.1. These restrictions stem from the coupling to FK-percolation (Section 2.3.6)

that requires two layers of boundary in Dgq: inner layer 9 and outer layer 9Q*.

2.3.2 Six-vertex model and its representations

In this section, we define the siz-vertez model [Pau35] (more precisely, the F-model) and its
different representations in terms of spins [Rys63| and height functions. For the whole subsection,
fix a domain Q in L (or L*) and its corresponding even (odd) domain D = Dg, in Z2.
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Height functions. A function h: D — Z is called a height function (of the six-vertex model)
if it satisfies the ice rule:

e |h(u) — h(v)| = 1 whenever u, v are connected by an edge in Z2,
e h takes even values on DN L.

This constraint implies that, for each edge e of 2, the value of h is constant at the endpoints
of e or at the endpoints of e*. Up to an even additive constant, this leaves six local possibilities
(types), where types 5 and 6 correspond to h taking constant values along both e and e*, see
Figure 2.2.

The siz-vertex height function measure on D with parameters ¢, ¢, > 0 and boundary con-
ditions ¢ € Z9P is supported on height functions h € ZP that coincide with ¢ on 9*D and is
given by

. 1 i nP  (h
HFE (1] = Ecn5,6<h>cbss< ), (2.16)
where Z = Z(D,c,cy,t) is a normalizing constant and njg(h) (resp. nf4(h)) is the number
of edges of type 5 or 6 of Eq \ g, (resp. E5,). When ¢ = ¢, we recover the standard six-
vertex probability measure that will be denoted by HF%, . We write HFQD”’C%H;% for HF%CZ with
t € {2n,2n + 1}9°P. We define HFQ" 21~ analogously.
Finally, we define HFQ" 2nEL 49 the probability measure given by (2.16) and supported on

all height functions in ZD that have a fixed value 2n on 9*DNL. Note that the value on 9*DNL*
is not fixed in this case, so the conditions can be viewed as semi-free.

Spin representation. Given a height function h € ZP, define 0 = o(h) € {£1}? by
o(u) = 1 if h(u) .E 0,1 (mod 4),
—1 otherwise.

++Cb

The siz-vertex spm measures Spingp’ SplnD o Splan are defined as the push-forwards

of HFO’l’C" HFD o HFODjEl under this mapplng. The spin measures are supported on all spin
conﬁguratlons o € {#1}P with the following restrictions: ojg2p = 1 under Sp1n++cb and

+, o

Splnpj, 0j92pnL, = 1 under Spinp’

2.3.3 From Ashkin—Teller to six-vertex

In this section, we describe the connection between the self-dual Ashkin—Teller model on a
domain €2 in I and the spin representation of the six-vertex model on the corresponding even
domain Dq in Z2. This relation has first been noticed in [Fan72a] comparing their critical
properties, it was made explicit in [Fan72b, Weg72] (see also |[HDJS13]), and was upgraded to
a coupling in [GP23, Lis22| (we note that [Lis22] treats a more general case of two interacting
Potts models). We consider two types of boundary conditions that will play an important role
in proving Proposition 2.1.1.

Let Q be a domain of L, J < U be parameters. We will consider the ATRC measures defined
in Section 2.2.1 with boundary conditions on 0 rather than 9Q. We write ATRC%}LU for the

corresponding ATRC measure where 1 refers to the wired boundary condition on 0.

Let 1;, ;- be boundary conditions on 90 or 9€2. Consider the marginal of ATRC?{(’]”{] on wy:

this is the probability measure supported on {0,1}¥2 and defined by
p o (€) == ATRCY i ({wr = €}).
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Figure 2.3: Left: Height function with 0,1 boundary conditions. Right: Its spin representation is given
by o* on L (black circles) and ¢° on L* (white circles).

Also, given o € {£1}P2, we write ¢® and ¢° for the restrictions of o to Q and Q*, respectively
(see Fig 2.3). We define the sets of disagreement edges:

Eye :={uwv € Eq :0*(u) #0°(v)} and FE,o :={u"v" € Eq+:0°(u") # o°(v*)}.
Finally, we define the compatibility relation on pairs of 0® € {1} and w € {0,1}F%:
o Lw ifand onlyif o(u)=o0(v), for any uv € w.

The compatibility relation on pairs of 0° € {#1}¥" and w € {0, 1}F* is defined similarly. The
following is a consequence of [GP23, Proposition 8.1] and a remark after it, or may be proved
along the same lines:

Proposition 2.3.2. Let 0 < J < U be a point on the self-dual line (SD) and ¢ = coth2.J.

1) If Q is a domain in 1L, then we can couple o ~ Spin;g’;c and w; ~ u?)’]{,U by

P o, w.] o ( 1 )\WT\+|E(,-|

c—1 {U‘J-wnUOJ-w;‘-}ﬂ{a'E—i— on 0Q,0°=+ on O0*}*

Thus, c° is obtained by assigning +1 to the clusters of wr that intersect 0" and assigning +1
uniformly independently to all other clusters.
2) If Q* is a domain in IL*, then we can couple o ~ SpinD’Qi* . and wy ~ IU‘;ZJJU by

P [0, w,] o ( L )le‘HEa.l

c—1 {o® Llwr, UOwa;}]l{U‘E—i- on 0N}

Remark 2.3.3. Part 1) of Proposition 2.3.2 is a special case of [GP23, Proposition 8.1] while
part 2) may be proved in the same way. The proof relies on the following identity:

k'(w) — k(w*) = |w*| + const(£),

where w = w? for 1) and w = w, for 2). This follows from Euler’s formula using that either
or * is a domain and our definition of the domain-boundary.
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Corollary 2.3.4. In the setting of part 1) of Proposition 2.3.2, take (0®,0°) ~ Spin;;;:c. Sample
a percolation configuration w on Eq as follows independently at each edge e: if the endpoints
of €* have opposite values in o°, then we = 1; if the endpoints of e have opposite values in o°,
then we = 0; if 0° agrees on e* and o°® agrees on e, then

P(w.=1) =1 (2.17)
Then, the law of w is given by ,uQ JU-

2.3.4 Input from the six-vertex model

In this section, we mention basic properties of six-vertex measures and state some results
from [GP23]. The following proposition is a combination of Theorem 2.2, Proposition 6.1 and
Lemma 6.2 in [GP23]. We remark that we only consider even and odd domains in Z2.

For uw € L, S C L, define u <h—7£0> S to be the event that u is connected (in IL) to S by a path
of heights different from 0. We similarly define u* L7 S* for u* € L*, §* C L*.

Proposition 2.3.5 ([GP23]). Fiz ¢ > 2, and lel A\ be the unique positive solution of ¢ =
. /2

eM2 4 eM2. Then, for any sequence of domains Dy, 7 72, the measures HF%;C and HI:O’l"E

converge weakly to the same limit that we denote by HFO! Moreover, HFY! q.s. ewist unique

nfinite clusters in L of height 0 and in IL* of height 1. Finally, clusters of other heights are
exponentially small: for some a > 0 uniform inn > 1, u e L, u* € L*,

h
HFO'! ueﬂtﬁ—@/&n] <e™ and HFO! [ur L5 w4+ 0A,] < eom,

Let us emphasize that, while existence of subsequential limits is a straightforward conse-
quence of discontinuity of the phase transition in FK-percolation, the ordering of both even and
odd heights is non-trivial. This also implies that the weak limit of HFO’I’P 2 remains the same,
whether it is taken along even or odd domains. Analogously, for any n ' Z, one obtains limit
measures HF2 2" (resp. HFZ™?" 1) of HF% 2n+1 (resp. HF2" 21=1y satisfying the corresponding
properties.

Since the modulo 4 mapping (Section 2.3.2) is local, Propositon 2.3.5 directly implies the

following corollary.

Corollary 2.3.6. Fiz ¢ > 2, and let A be the unique positive solution of c = eMN2 4 e N2
oA/2
Then, for any sequence of domains Dy, increasing to Z2, the measures Sp1nD ' and Splng;rc’e

converge weakly to some Spin'~T, which is independent of the sequence Dy,

The height function measures admit useful monotonicity properties and correlation inequal-
ities when ¢, ¢;, > 1, see [GP23, Proposition 5.1].

Proposition 2.3.7. Let D be a domain in Z?, and let c,cp, > 1. Then, for any boundary
condition t, the measure HF ™ is monotone (2.11) and satisfies the FKG inequality (2.10). In

particular, if t < t', then HF%C’; is stochastically dominated by HF%CC*’.

It has been established in [GP23, Theorem 2.5| that the marginals of SplILD ',ono*® (resp. o°)
satisfy the FKG inequality with respect to the pointwise order on {:l:l}VSZ (resp. {£1}Vor).
Though [GP23] deals only with boundary conditions specified on the whole boundary, the ex-
tension to free or semi-free conditions is straightforward. Indeed, the statement for ¢® holds as
long as spins ¢° on the boundary are not forced to disagree.
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Proposition 2.3.8 (|GP23|). Let Q2 be a domain in 1L, and let ¢ > 1. The marginals of Spinalic
on o® and o° satisfy the FKG inequality (2.10).

It was also shown in [GP23, Corollary 7.3, Proposition 7.5| that the marginals ,U,SO-Z’]}]U converge

to some infinite-volume state ug’lU that admits exponential decay of connection probabilities.

Proposition 2.3.9 ([GP23]). Let 0 < J < U be on the self-dual line (SD) and Qy, be a sequence
of domains increasing to I.. The measures ,u?)’il”]’U converge weakly to some measure pg’}] on
{0, 1YL which is independent of the sequence Q. and admits exponential decay of w,-connection
probabilities: there exist M,a > 0 such that, for any u,v € L,

ug’llj[u &5 p] < Memoluml,
We sketch the argument given in [GP23].

Sketch of proof of Proposition 2.3.9. The couplings in Proposition 2.3.2 and Corollary 2.4.3 im-
ply convergence of ,u?)’}LU, as 2 7 L, to some u?,:lU that satisfies FKG and is invariant under
translations. Thus, it is enough to show that it is exponentially unlikely that w; contains a
circuit surrounding A,. Indeed, on this event, the marginal of Spin}>* at vertices in (A,)* is
invariant under the spin flip. By Proposition 2.4.2, radii of clusters of minuses have exponential
tails and the claim follows. d

We emphasise a difference between Propositions 2.3.9 and 2.1.1: the latter proves exponential
decay under the largest boundary conditions and in finite volume. As we saw in Section 2.2.3,
this is necessary for the proof of Theorem 6.

2.3.5 FK-percolation

Fortuin-Kasteleyn (FK) percolation [FK72| is an archetypical dependent percolation model. It
is well-understood thanks to recent remarkable works; see [Dum17, Gri06] for background. We
will transfer some known results from FK-percolation to the six-vertex model via the BKW
coupling (Section 2.3.6) and further to the self-dual ATRC via the coupling in Proposition 2.3.2.

Definition 1. Let Q@ C L be a finite subgraph and £ a partition of 9€2. FK-percolation on (2
with parameters p € [0,1] and ¢ > 0 is supported on percolation configurations n € {0, 1}EQ
and is given by

1 — £
FKg,p,q(n) = Ep‘m(l — p)|E9| ‘77|qk (7])7

where Z = Z(Q,p, ¢,€) is a normalizing constant and k(1) was defined in Section 2.2.1.

The free and wired FK-percolation measures FK& v

boundary conditions, respectively (as in Section 2.2.1).
We now review several fundamental results about FK-percolation.

and FK) |, are defined by free and wired

Proposition 2.3.10. Let p € [0,1], ¢ > 1 and Qi /"L be a sequence of subgraphs. Then, the
weak limits of Fng v and FKG, p.g €T1SE and do not depend on the chosen sequence:

f . 1 f w1 w

Moreover, these measures are positively associated, extremal, invariant under translations and
satisfy the following ordering, for any finite subgraph Q C L,

f f
FROpq Sst FRpq Sst FKIVJV,q Sst FKgm,q'
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As we will see below, the self-dual AT model with J < U corresponds to FK-percolation
with ¢ > 4 at p = psq, where

/4
Psd = \/\5/;1'
. . Lo f *x [ %\ .__ w
This model is self-dual: if w has law FK}, | ., then w*(e*) := 1 — w(e) has law FK .

Theorem 9 ([DGH'21]). Let ¢ > 4. Then, FKL #FKY  and

(i) FK  ,(there exists a unique infinite cluster) = 1,

(11) there exists a > 0 such that FKzf)sd,q(O — ONy,) <e ", foranyn >1, .

The second item of this theorem implies exponential relazation at pgq:
Lemma 2.3.11. Let ¢ > 4. Then, there exists o > 0 such that, for n > 1 and any finite
subgraph Q C 1L that contains Agy,

an

An) <e

W W
drv (FKQ,psd,q |20 FRG g
where dpy denotes the total variation distance.

The proof is standard and goes through the monotone coupling; see Appendix 2.B.

2.3.6 Baxter—Kelland—Wu (BKW) coupling

FK-percolation and the six-vertex model were related to each other for the first time by Tem-
perley and Lieb [VL71] on the level of partition functions. BKW [BKW76| turned this relation
into a probabilistic coupling when ¢ > 2. We follow |GP23] and describe this coupling using a
modified boundary coupling constant c.

Take ¢ > 4, p = psq- Let A > 0 be the unique positive solution to

e = Vg, and set ¢ := M2 4 e N2,

Let €2 be a domain in L and recall the notations introduced in Section 2.3.1. The measure
FKY et refers to the FK measure with wired boundary conditions on 9. Note that the state-
ments of Proposition 2.3.10 and Lemma 2.3.11 remain valid if we replace w by w.

Consider n ~ FK§ Pedd and draw loops separating primal and dual clusters within 2 as in

Figure 2.4. Given this loop configuration, we define a height function h € ZP2 by:
H1 Set h =0 on 0?Dg NL and h = 1 on 9?>Dg NL*;

H2 Assign constant heights to primal and dual clusters by going from 9%Dgq inside of Dg and
tossing a coin when crossing a loop: the height increases by 1 with probability e/ Va4
and decreases by 1 with probability e/ \/4, independently of one another.

The following result is classical; see e.g. [GP23, Chapter 3| for a proof in this setup.

Proposition 2.3.12 (BKW coupling). The resulting height function is distributed according to
HFQ; <

0Odd domains. Note that, by symmetry, the whole procedure also works on odd domains with
the difference that one needs to replace H2 by

H2’ each time one crosses a loop, the height decreases by 1 with probability e/ V/q and
increases by 1 with probability e/ /4, independently of one another.

O,I;EA/2

N e Tl . -
For a domain € in L*, this gives a coupling of FK Dot and HFDQ/,C
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Figure 2.4: Left: An edge configuration on the domain Q C LL from Figure 2.1 (in black), and its dual
on Q* (in gray). Right: Loops (in red) separating primal and dual clusters within Dy, after opening all
edges in Fy, (dashed).

2.4 Exponential decay for ATRC in finite volume

The goal of this section is to derive exponential decay of connection probabilities for u%’ljU,
which is the marginal of a finite-volume ATRC measure on w,, see Section 2.3.3.
Recall that A,, = {u € L : |lul|; < 2n} is the box of size n in L.

Proposition 2.4.1. Let 0 < J < U be on the self-dual line (SD). There exists a > 0 such that,
for any n > 1 and any domain Q in L containing A4y,

poh o0 €5 9A,) < eom

The proof consists of several steps. We first transfer the exponential relaxation property
from FK-percolation (Lemma 2.3.11) to the six-vertex height function (Proposition 2.4.2) and
then to the marginal v of the ATRC model with modified edge weights on the boundary. Using
Proposition 2.3.5, we also show that the limit of vq is given by ug:%, (Lemma 2.4.4), and that

vq dominates p! Lemma 2.4.7). The statement then follows from exponential decay in 0.1
Ko, u Fiu
(Proposition 2.3.9).

2.4.1 Exponential relaxation for height function measures

As in Section 2.3.6, fix ¢ > 2 and let A\ > 0 be the unique positive solution of ¢ = M2 + e~ /2,
Set q := (e* + ¢=*)? and consider p = pyq. For n > 1, define an even domain Ag, = Dhp,, -

. oA/2 . . .
Proposition 2.4.2. The convergence of HF%lc’e towards HFS admits exponential relaxation:
there exists a > 0 such that, for any n > 1 and any even domain D D Ag,,

/2 _
drv (HF%}C"‘" \A%,HF%HA%) <e o, (2.18)

Proof. We omit g, psq from the notation for brevity. We first construct the limiting measure HFO'!,
Consider 7 ~ FKY on L. Using known results about 1 ~ FKY (Section 2.3.5) we can sample a
height function h as follows. Set h = 0 on the unique infinite cluster of n and sample A in its
holes according to H2 in the BKW coupling (Section 2.3.6).

Define C,, to be the outermost circuit in 1 surrounding A,, and contained in Ag, (if it does
not exist, we set C, := (). Stochastic ordering of FK measures, positive association (2.10) and
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exponential decay in n* imply existence of @’ > 0 such that, for any n > 1 and any domain
Q D) A2n7 o
FKG[Cp # @, Cn <% 9Q] > FKY[Cp, # @, Cp ¢ 00] > 1 — ™™, (2.19)

By exponential relaxation of the wired FK measures (Lemma 2.3.11), there exists o > 0 such
that, for any n > 1 and any domain Q D Ay,,

1"

drv (FKS | Az FKY Ay, ) < €@ (2.20)

. S . . N2 .
Now, given C, = C and C % oo, the law of h within C is precisely HF%;’(Z) . Where Q(C) is

the domain in L induced by the vertices within C' (including C'). Note that (C) contains A,,,
whence Dg ¢y contains Dy, = Agp.

We can also obtain HF%;;(‘?;/; from FK conditioned on C, = C and C' <% 99 by applying
H1 and H2. Together with (2.20) and (2.19), this proves exponential relaxation. O

Recall that the six-vertex spin measures introduced in Sections 2.3.2 and 2.3.4 are the push-
forwards of the height function measures under the local modulo 4 mapping.

oA/2 ) .
Corollary 2.4.3. The convergence of Spinl—;’j’6 towards Spintt admits exponential relaz-

ation: there exists o > 0 such that, for any n > 1 and any even domain D D Ag,,

drv (Sping:j;ek/z‘ﬁznv Spinj’ﬂA%) <e (2.21)

2.4.2 A modified ATRC marginal

Fix J < U on the self-dual line (SD), take ¢ = coth2J and the unique A > 0 such that
¢ =eM24e M2, Let Q be adomain on L and Dg, be the corresponding even domain on Z2. Recall

the definition of the edge-boundary Es, in Section 2.3.1. Sample (0®,0°) from Spina;rfk/z.

Define vq as the distribution of w € {0,1}¥2 sampled independently for each edge e as follows:
if the endpoints of e* have opposite values in ¢°, then w, = 1; if the endpoints of e have opposite
values in ¢°, then w, = 0; if o° agrees on e* and ¢® agrees on e, then

—-A/2 if E-=
e , 1ltec ,

c’

_ (2.22)
otherwise.

We call vqg a modified ATRC marginal as it converges to ,uOJ’}] as Q@ A~ LL. Moreover, this
convergence admits exponential relaxation, which is the content of the next lemma.

Lemma 2.4.4. For any sequence of domains (), increasing to L, the measures vq, converge to
,ug’%]. Moreover, this convergence admits exponential relaxation: there exists a > 0 such that,
for any n > 1 and any domain Q O A4y,

drv (VQ\A",ALOJj(IJIAn> <e (2.23)

Recall the representation (2.7) of the ATRC measures. The previous lemma becomes more

clear once we identify v as the marginal of ATRCSv’i1 w,., On w; where the weights are as in (2.8)

except that w, is modified on the edge-boundary E5,.

Lemma 2.4.5. For any domain Q2 in L, the measure vq coincides with the marginal ofATRC%’]ivT _
on wr, where
22, ife€ By
wr(e) = M- / OV ond wee =2V 1 on Eq. (2.24)
2, otherwise,
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We now derive Proposition 2.4.1 from Lemmata 2.4.4 and 2.4.5. First of all, the ATRC
measure is stochastically increasing in w, (see Appendix 2.C for the proof).

Lemma 2.4.6. Let Q2 be a domain in L. The measures ATRC%’%VT w__, are stochastically increasing
m wr. More precisely, if WT(G) < wr(e) for all e € Eq, then the measure ATRC%’%NTW | is
stochastically dominated by ATRC

Qwr,w_ s

This, together with Lemma 2.4.5, implies the following stochastic domination:
Lemma 2.4.7. For any domain ) in L, the measure vq stochastically dominates “%?J,U'

Proof of Proposition 2.4.1. Fix n > 1 and a domain 2 D Ay, in .. We have
MQJU[O «— OA,] < ,uQJU[O < 0N, < vol0 <> OA,],

where we used (CBC) for the first inequality and Lemma 2.4.7 for the second one.
Now, by Lemma 2.4.4 and Proposition 2.3.9, there exist o, M > 0 such that

vo[0 + OA,] <,uJU[O<—>8A |+e " < 8nMe " + e ™. O
It remains to show Lemmata 2.4.4 and 2.4.5.

Proof of Lemma 2. 4 4. By construction, v can be sampled from Spin;g’;fb using (2.22). By

+,+ +,+5¢

Corollary 2.3.4, MQ s can be sampled from Spinp " using (2.17). The measures Spinp "’

and Sp1nD+ both converge to Spintt, as Q ML, by Corollary 2.3.6. Also, the rules (2.22)
and (2. 17) are local and coincide outside of the boundary (which is irrelevant in the limit). Thus,
vq and MQ s have the same limit and it can be sampled from Spin!"* using the same rules.
Their locahty implies that the convergence inherits the exponential relaxation property (2.21)
(recall that Dy,, = Agy) and, by Proposition 2.3.9, the limit is u?,%] O

Proof of Lemma 2.4.5. Fix a domain Q in L, and take ¢, := 2. Recall that Ege denotes the
set of disagreement edges in o® (Section 2.3.3).
Step 1: The measure v can be written in the following form:

VQ[W]O((H)W\ m‘(cbil)lmﬁﬂlzkw) 3 (ﬁ)'E(’". (2.25)

o c{+1}9
0* Llw,0%50=1

*

For brevity, we write E for Eq and OF for 5. In a slight abuse of notation, we also set (Ey0)* =
{e* : e € Eyo}. The law of (o,w) defined by (2.22) satisfies:

. 5C w E(,o *UOE c— FE\(w Ea' oF
Plo,w] = Splnzggé o] Lige L, 00 Lwr} X (%)' \(Eqo)"UOE)| (Tl)‘ \(WUE+ UOE)|
|wNOEN\(E,0)*| |OE\(wUE,e)|
1 cp—1
< (%) (%)
x (c— 1)—\(quU-)\0E| (Cb_l)—l(wUEg.)de\ Lo|,0p=1} Lo® Lu, 0o Lo}

Note that Eye N OE = & since 0pq = 1. Summing over o then gives

P[w] o (C o 1)—|w\6E|(Cb - 1)—|wﬁ8E\ 2k1(w*) Z (C . 1)—|E0-|‘

ore{£+1}¢
o0® lw,0%5,=1
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Finally, by Euler’s formula (or induction), k'(w*) = k(w) + |w| + const(Dg).
Step 2: The marginal of ATRCq . on w; with weights w;,w;,/ given by (2.24) coincides
with the right-hand side of (2.25). v

Given (wr,wrsr) ~ ATRC%£V77WTT/, define a spin configuration o® € {£1}% by assigning +1 to
domain-boundary clusters of w;,» and 1 to interior clusters of w,, uniformly independently.
Then their joint law can be written as

Plwr, wrpr, 0% o H wr(e) - W‘If-o:-T’T/\WT‘ 2k(wr) ﬂ{ngwTT/} ﬂ{a’LwTT/} IL{a'|5951}~
ecwr

Now, 0® L w,, precisely if 0® L w; and (w;r \ wy) N Eye = &. Sum over w := wrp \ wr:

k(wr |l
Plw;, o H w,(e) - 2k(r) Yoo 1w} Lools,=1} Z W:;_,.
e€wr wCE\(wrUE,»)

The last term equals (w,» + 1)|E|—|wf|—\Ea'|, Finally, summing over ¢°®, we arrive at

Bl
Plo] oc J] ol ok 37 (ﬁ) . (2.26)
cewr e {£1)0
U'J_wf,a'bgzl

Plugging in the weights (2.24) while using that sinh 2J = ¢=2V and ¢ = coth(2.J) gives that (2.26)
agrees with (2.25), which finishes the proof. O

2.5 No infinite cluster in the wired self-dual ATRC

Proposition 2.5.1. Let 0 < J < U satisfy sinh2J = =2V, Then, ATRCJU[O & 0] = 0.

The proof of Proposition 2.5.1 again relies on the coupling with the six-vertex model, Propo-
sition 2.3.2. First of all, by the non-coextistence theorem [She05, DRT19], it is sufficient to show
that ATRC}]’%] admits an infinite w?-cluster. If the latter is not the case, the infinite-volume limit

of the marginals of SpinD’f on {1} can be shown to be tail-trivial. Exploring clusters of 1
and —1 (in T-connectivity) and using the non-coexistence theorem, we obtain that the limit of

HFODjEl is either HFO'' or HFY , thereby contradicting the invariance of HF0 ﬂ under h — h

In the following remark, we summarise some basic properties of the ATRC marginals MQ U
(defined in Section 2.3.3) and their infinite-volume limit that we will use in Sections 2. 5.1
and 2.5.2.

Remark 2.5.2. Recall that, for domains € 7 L, the measures ATRC}Z’i s form a decreasing
sequence and converge to ATRC}]’%]. In particular, the same holds for the marginals on w;:
/‘;1,1 s converges to u}]%] It is then standard ([Gri06, Chapter 4.3]) that u}]b is invariant under

translations and tail-trivial (and hence ergodic). Moreover, ATRC}l’i su (and thus their limit and
its marginals) satisfies the finite-energy property. Therefore, the Burton—Keane argument [BK89)]
and the non-coexistence theorem [She05, DRT'19] apply.
2.5.1 Semi-free measures in infinite volume
In this section, we will show weak convergence for some finite-volume spin and height function

measures defined in Section 2.3.2.
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Lemma 2.5.3. Let 0 < J < U be on the self-dual line (SD) and take ¢ := coth2J. Let w; ~

u}]lU Define Xé“i as the distribution on {£1}" obtained by assigning £1 to every cluster of w:

uniformly and independently. Then, for any sequence of odd domains Dy, 7 72, the marginals
Lt ° +,E ++ g ‘ »

of Sping . on 0° converge weakly to xc' = . Moreover, xc = 1is translation-invariant, positively

associated and satisfies the finite-energy property.

Proof. Fix J < U. Let D;, be a sequence of odd domains on Z? and €, the corresponding
subgraphs of L such that Dy = Dq, ). Let wk be sampled from u}z’l JU- By Proposition 2.3.2,

a851gn1ng +1 to clusters of ( ) uniformly independently gives the marginal of Sp1nD % on o°.
Since qu Ju converges to ,u JU that exhibits at most one infinite cluster in w, the marglnal of
Spina . on o° converges to Xe
Clearly, xd& % inherits translation-invariance and the finite-energy property from ,uljilU By
Proposition 2.3.8, the marginal of Spin%i on ¢° satisfies the FKG inequality. Hence, the same
k>C
holds for its limit Xj x, O

Working with measures on height functions (rather than spins) is more convenient as they
satisfy stochastic ordering in boundary conditions. In the proof of Proposition 2.5.1, we use

an infinite-volume version of HF0 il . We show existence of such subsequential limit in the next

lemma by sandwiching HF between HF U and HF%’lC

Lemma 2.5.4. Let ¢ > 2. For any sequence of domains Dy, increasing to 72, there exists a
subsequence (kg) such that the measures HF%;HC converge weakly to some HFOE! a5 ¢ tends to
27

infinity.

Remark 2.5.5. Proposition 2.5.6 and its proof allow to show that the limiting measure is 5 (HFc +
HFO ™ ) for any (sub)sequence. We do not use this statement and omit the details.

Proof of Lemma 2.5.4. By [Geoll, Proposition 4.9], it suffices to show that (HF .+ )k>1 is locally

equicontinuous: for any finite V' C Z? and any decreasing sequence of local events (Am)m>1
supported on V' and with N,;,>14,, = @, it holds that

lim sup HF jEl[Am] —0 asm — oo.
k—ro00

By Proposition 2.3.7, finite-volume six-vertex height function measures are stochastically ordered
with respect to the boundary conditions, whence

0,-1 041 0,1
HFp, , < HF3 . <q HFp .

0 0,—1

Moreover, by Proposition 2.3.5 j converges to HFY ! and HF . to HFY'! as k tends to
infinity. These statements together easﬂy imply the required local equlcontlnmty O

2.5.2 Proof of Proposition 2.5.1
As we argued in Remark 2.5.2, it suffices to find a dual infinite cluster:

Proposition 2.5.6. Let 0 < J < U satisfy sinh2.J = e2Y. Then, ATRCJU[O M oo] > 0.

Remark 2.5.7. By the duality relation described in Section 2.2.1, this is equivalent to saying
that ATRCJU[O & oo] > 0, for any J < U on the self-dual line (SD).

02



The proof of Proposition 2.5.6 also relies on the non-coexistence theorem — but in the context
of site percolation. Following the notation of [GP23], we let T° be the graph with vertex set L*
where a vertex (z,y) € L* is adjacent to

(z,y) £ (1, 1), (z,y) £ (1,-1) and (z £ 2,y).
Note that T° is isomorphic to the triangular lattice.

Proof of Proposition 2.5.6. Fix J < U. Recall that ,ubb is the marginal of ATRC}]:}] on wsy.
Asgsume for contradiction that u},lU does not admit an infinite dual cluster.
Set ¢ = coth2J. Recall that x. * is obtained from w ~ ,u(l]%] by assigning uniformly inde-

pendently £1 to its dual clusters. Since all of them are finite by our assumption, x. % inherits
ergodicity from M}HIJ Also, by Lemma 2.5.3, xo % is translation-invariant and satisfies the FKG

inequality. Thus, by the non-coexistence theorem, in T°-connectivity, either XZF * admits no
infinite cluster of minuses, whence
*(

x4 * (3 infinitely many disjoint T°-circuits of + around the origin) = 1, (2.27)

or the same holds for T°-circuits of —. By symmetry, we can assume (2.27).
By Lemma 2.5.4, there exists a sequence of odd domains Dy such that HF%Ii converge to

some infinite-volume height function measure HFg’jEl weakly. Recall that Spinz;’iE is the push-

forward of HF%j[C1 under the modulo 4 mapping and, by Lemma 2.5.3, the marginals of SpinJri

D,c
on ¢° converge to xa '+ weakly. Then, (2.27) implies that HFO*! admits infinitely many disjoint

T°-circuits around the origin of constant height that is congruent to 1 modulo 4. By Proposition
2.3.7, the measure HF(C]’il is between HFg’*1 and HF(C)’1 in the sense of stochastic domination. By
Proposition 2.3.5, HFY ' and HFY' admit infinite clusters of —1 and +1, respectively. Hence,

the above implies

HFY*1(3 infinitely many disjoint T°-circuits of 4+1 around the origin) = 1. (2.28)
By a standard exploration argument and FKG inequality (details below), (2.28) implies that HFo="

stochastically dominates and hence equals HF>!. This leads to a contradiction since HFOH! is

invariant under h — —h while HF(C)’1 is not.

It remains to show that (2.28) implies HFo=" = HFY'!. It is sufficient to prove HFo='[A] =
HFS’I[A], for any increasing local event A. Take any ¢ > 0. Since HF%}C converges to HFO! weakly
as D 72, we can find n > 1 such that, for any domain D containing A,,,

[HFp.[A] — HFO![A]] < e. (2.29)
We can find D O A,, large enough such that

‘HFS’il[A] — HFOF'[A |3 T°-circuit of +1 in D surrounding A,]| < e. (2.30)
Let C be the outermost T°-circuit of height +1 in D surrounding A,, (if such circuit does not
exist, we set C := (). By the domain Markov property and stochastic ordering in boundary

conditions, for any T°-circuit C surrounding A,, and contained in D,

0,1

HFQ ™ [A|C = C] > HFg [A], (2.31)

where D¢ is the connected component of the origin in the graph obtained from Z? after removing
all vertices on C or adjacent to it in Z2. Since Do D Ay, by (2.29), the right-hand side in (2.31)

is e-close to HF''[A]. Putting this together with (2.30), we get HFg’il[A] > HFO'[A] — 2e.
Since € > 0 was arbitrary, we obtain HFg’ﬂ[A] > HFg’l[A]. The opposite inequality follows by
the comparison of boundary conditions. O
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2.6 Proof of Proposition 2.1.1

Our goal is to use exponential decay under 0,1 conditions, Proposition 2.4.1, to improve the
non-percolation statement, Proposition 2.5.1, and get exponential decay in finite volume, Propo-
sition 2.1.1. We use the approach of [CM10] and [CIV08, Appendix|. Additional difficulties in
our case come from a weaker domain Markov property of the ATRC measure.

Fix J < U and n > 1. For any vertex x € A,, define

@) =1 enany

The next lemma provides a lower bound on the size of the boundary cluster of w,. Recall
that we denote by u the marginal of the ATRC measure on w;.

Lemma 2.6.1. For any 6 > 0, there exists o := «(0, Bsq) > 0 such that

1,1 _
B (X ez t) <o

TN,

Proof. Fix 6 > 0. It follows from Proposition 2.5.1 that

lim MAn 5,40 &5 OA,) =0

n—o0

This implies that one can find M := M(J) > 0 such that

Eyy g | O M <*
QTGA]\{

Fix n > M. Without loss of generality, assume that n = (2k + 1)M. One has

1
‘Ak’ Z m Z ]ly<—>8(2Mx+AM)
yE2Mz+A s

Denote the expression in the brackets by Y, as. Then,

1
1,1 1,1
A (i 2 0) <t (o X v

z€A, xEA
1,1
S HA, Bug ,Ak|ZYIM>5’BM ’

where By = (e, {wrlo@retn,) = 1} and the last inequality uses (FKG) and that By is

increasing. Note that under ,u}\i 5., (| Bu), the random variables Y; ps are i.i.d. The statement
then follows from Hoeffding’s inequality. O

Proof of Proposition 2.1.1. Recall (2.12). We aim to show that, up to an arbitrary small expo-
nential error, there exists a blocking surface of closed edges around Asn in A,,.

For each £ € [1,n] and = € 9Ay, define ’

fl@):=1  ana, and N (¢ Z f(z

{ax POAn} 2€DA,
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Define Ay as the event that N(¢) < dn. Since f(x) < n(z), Lemma 2.6.1 implies that, up to an

o
error e~ """ event A, occurs for some ¢ € [4n/5,n|, whence

1,1 T T, 1,1
uA’n,lBsd (0 <w—> a/\n/g)) S € an + Z MAn Bsd O &) a/\n/5 ‘ AZ) ) uA’nyﬂsd (Aé)
4n/5<<n

<m0 N (0455 O Mangs 5 OMG | Ag) iy 5 (Af)
4n/5<l<n

= e it (05 Oy, Mg ys 5 OM),

where we used that A, is measurable with respect to edges of w; in A, \ Ay and that, conditioned
on Ay, there are maximum 4dn edges that are incident to vertices on dA, that are connected
to A, and we can disconnect Ay, /5 from 9A;, by closing all these edges.

On the event {Ay,/s & O, there exists a circuit of closed edges in w, that sur-
rounds Ay, /5. Denote the exterior-most such circuit by ¢ an explore it from the outside:

pt 5 (0 €5 0Ny 5, 00y 5 <F5 OA,) Z Bt 5., (0 €5 0Ny 5| ¢ = Oy 4 (C=C)

< ZMQ 5, (085 00, s )yt 5 (=0,

where the sum is over all possible values of { and we define ¢ as the subgraph of L bounded
by C; the inequality relies on (CBC) and on the 0,1 boundary conditions being domain Markov

for u. Note that Q¢ can be turned into a domain by consecutively removing vertices of degree 1 —

denote it by €. Such operations can only increase the measure, whence uQé By Sst ,u?z/l By’

and Ayp5 C Q. Thus, the right-hand side in the last equation is exponentially small by
Proposition 2.4.1. Combining the bounds, we get

"

HX) (0 €25 D, 5) < 7m0 =,

Taking § small enough finishes the proof. O

2.7 The case J > U: Proof of Theorem 8

2.7.1 ATRC for J > U

We fix J > U and a finite subgraph Q of L. The ATRC model is defined via an Edwards—
Sokal-type expansion. Since J > U, the leading terms will correspond to interactions in 7 and
in 7. Thus, the ATRC measure on  with boundary conditions n,, 7,/ is supported on pairs of
percolation configurations (w,,w,) € {0,1}72 x {0,1}F2, and is defined by

ATRCY, 7 (wr wrr) = &+ 28" @R @) TT (- (e), wyr (e), (2.32)
ecF

where Z = Z(Q, J,U,n;,n:) is a normalizing constant and
a(0,0) := e, a(1,0) = a(0,1) := e 2T — e 4(1,1) := 1 — 22UV L o7 (2.33)

Similarly to (2.7), if J > U, we can write the measure as

jwr 4+, Jwrr (/| "
T 1,0 0,0)a(1,1 (W) kT (w0
ATRCY ) (wr, wiv) o (a( )) (%) Ok (wr )+ (w, 1) (2.34)
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Basic properties. The analogues of the properties (FKG), (CBC), (MON), (MON+) and (DMP)
hold in this context as well. In particular, the measures ATRC%’OJ v and ATRCBIJ y converge weakly

to some ATRC?]’% and ATRC}]’%J, respectively, as 0 7 L. As before, if the parameters J,U are
fixed, we write ATRC?{’;T’ for ATRC?{’;}’W and analogously for the infinite-volume measures.

Coupling of ATRC and AT. As mentioned above, edges in w, and in w,s describe interac-
tions in 7 and in 7. In contrast to (2.12), the correlations of the product 77" are described by
simultaneous connections in both w; and w,/: for any x,y € Vo,

T, T, UJT/
(ramy),s0 = ATRCG (2 <5 y), (TamhmyTi)auu = ATRCG (2w <5 y, o <> y).  (2.35)

As in Section 2.2.1, the statement extends to infinite volume in a standard way, and Bg’f
and 877 coincide with the corresponding percolation thresholds under ATRC%)]. Similarly,

the same holds for 87 and 577 under ATRCIJ’%].

Duality. Given an ATRC configuration (wr,w;), we define its dual (Wr,&op) = (Wi, wi).
This extends Lemma 2.2.2 to all J,U > 0.

2.7.2 Proof of Theorem 8

Fix J > U. Positive association (FKG), symmetry and inclusion give
L1, wr 2 1,1y @ W 1,1, wr
ATRCy (0 ¢ 00)” < ATRCy (0 ¢ 00,0 +— 00) < ATRCy (0 <= 00).

Since A7 and ﬁCTT/ coincide with the corresponding percolation thresholds, this implies 57 =
BT =: B.. Analogously, g7/ = g7/ =: p7.

To derive Theorem 8, it remains to show that 8, = BJ = fBsq- The inequality 5. < Bgq follows
from a standard argument once the transition is shown to be sharp: for § < ., there exists
¢ = ¢(B) > 0 such that, for every n > 1,

ATRC3' (0 <% OA,) < e (2.36)

This can be derived via a general approach |[DRT19], see Appendix 2.A.

The reverse inequality is a consequence of Zhang’s argument provided that 8. = g7, i.e.
the transitions for the free and wired measures occur at the same point. This follows from an
analogue of Lemma 2.2.3 (see Appendix 2.D for the proof of both lemmata):

Lemma 2.7.1. There exists D C {(J,U) € R? : J > U > 0} with Lebesque measure 0 such that,
for any (J,U) € D¢, one has
ATRCYY, = ATRCy.

Proof of Theorem 8. Fix J > U. Part (i) follows from Lemma 2.7.1 and (MON+) in the same
way as for J < U, see Section 2.2.2.
Recall the definition of the event H in Section 2.2.2. By duality, symmetry and (CBC),

1

0,0 1,1

ATRCy (H,) < 3 < ATRCj _(H,,)- (2.37)
If 5. > Bsq, then, by (2.36), ATRC};;l (HT) converges to 0 as n tends to infinity, If 5. < fSsq, then
(since 8. = /) Zhang’s argument implies that ATRC%’:i (H7) converges to 1 as n tends to infinity.

Both statements contradict (2.37). O
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2.A Sharpness

The proof of sharpness for FK-percolation via the OSSS inequality [DRT19, OSSS05] adapts to
the ATRC. For completeness, we present a sketch of this argument and give details for the steps
that are specific for the ATRC.

2.A.1 Sharpness for J < U

We start by bounding the derivative in 8 by a covariance:

Lemma 2.A.1. Let 0 < J < U and € > 0. Then, there exists ¢ = c(e, J,U) > 0 such that, for
any finite subgraph Q C L, any increasing event A, and any By € [e,e71],

>c Z Cov|[la,wr(e)] + Cov[la,w(€)].
B=Po eclq

( ddﬂ ATRCY, B[A]>

Proof. Fix J < U. Recall that we can write the measure ATRCé’lﬁ as in (2.7) with weights given
by (2.8). Then, as in FK-percolation, we get a covariance formula:
i Wg’ (6) Wrrt (6)
d/B Wr (5) W (5)
Since J < U, we have w’_, (), w.(3) > 0 and the statement follows. O

KTRCHLA] = Cov |14, 22 B o 4 22200 oo

F1x J < U. We prove sharpness only for w;, since the proof for w,,s is the same. Recall
that MQ 5 is the marginal of ATRCQ 5 on wr. The key step in the proof of sharpness in [DRT19]
is the extension of the OSSS inequality [OSSS05] to dependent measures. The inequality holds
for any monotone (2.9) measure on {0,1}¥, for a finite set of edges E. In particular, it applies
also to ,ujl\’;n’ﬁ on {0,1}F2» with Ey, = Ej,,, for n > 1. Instead of stating the OSSS inequality,
we state its consequence that can be derived in the same way as in [DRT'19]:

Lemma 2.A.2 ([DRT19|, Lemma 3.2). For any n > 1, one has

3" Covlljpoon,ywe > —— iyt 510 ¢ O, (1 — il 0 e 8An]> :
e€ Ean 16 Y puy, 50 <> OAg]
k=0 ’

n

where the covariance is taken with respect to the measure M/l\’;n 5

We proceed as in [DRT19]. Fix 8y > 0. For n,k > 1,e < 1 and 3 € [¢,e 1], define
0k (B) := iy, 5[0 > OAL, Spi=> O

Lemma 2.A.1 applied to A = {0 <% 9A,} and Q = Ay, implies
0,(8)>c Z Cov[la,wr(e)] + Cov[la,w,(e)] > ¢ Z Cov|l 4,w;(e)], (2.38)
ek, eckan,

where we used FKG inequality in the last line. By Lemma 2.A.2,

0, > 0,(1—0,).
ClGS n )

By (CBC) and monotonicty in 3 < ™!, we have 0,,(3) < #1(¢~!). Then, for some ¢; > 0,
/ n
0, = cls—nﬁn. (2.39)

By [DRT19, Lemma 3.1], this inequality implies sharpness of the phase transition.
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2.A.2 Sharpness for J > U

The proof is the same as for J < U and we only show the analogue of Lemma 2.A.1.
Lemma 2.A.3. Let J > U > 0 and ¢ > 0. Then, there exists c = c(e, J,U) > 0 such that, for

any finite subgraph Q C L, any increasing event A, and any Bo € [¢,e71],

>c Y (Cov[la,wr(e)] + CovlLy,wr(e)]).
B=Bo ecEq

d 1,1
(2 st
Proof. For J = U, the model reduces to FK-percolation with cluster-weight ¢ = 4, and the
statement follows from [Gri06, Theorem 3.12|. Fix J > U. Define r(53), s(8) > 0 by

r(B) = a(0,0) — 2(070) and s(8) = a((l)z,((]l)’c(a]()é,l)’

where the a(i, j) are given by (2.33) evaluated at (8J, BU). Recall that we can write the ATRC
measure as in (2.34). Then, for any ¢ > 0 and any increasing event A,

d 1,1
—ATRCj 4|A] — ¢ Cov|lg,w,(e) +wr(e)] = Cov|ly, X,
T a,sl4Al egEﬂ (14, w7 (e) (e)] (14, X]

where

Xo= 3 (% =) (@re) + wr(e) + L wr(e) wr(e).

ecFEq

It is easy to see that X, is increasing in w when 8 € [¢,67!] and c is small enough. Then,
by (FKG), Cov[l4, X.] > 0 and this finishes the proof. O

2.B Proof of Lemma 2.3.11

Proof of Lemma 2.3.11. Fix ¢ > 4 and p = psq(q) and omit them in the notation below. Let n >
1 and Q D Agy, be a finite subgraph of .. By Proposition 2.3.10 and Strassen’s theorem [Str65],
there exists a coupling P of n_ ~ FKY and 74 ~ FK{j such that P(n- <n;) = 1.

Define C to be the outermost circuit of edges in n_ surrounding A,, and contained in As,
(if there is no such circuit, set C := ()). By exponential decay of connections for the dual n*
(Theorem 9), there exists o > 0 such that, for any n > 1,

*

P[C = 2] < FK"[AX <=5 A, ] < 8neo".
Take any event A depending only on edges in A,,. We have

IFKS[A] — FKY[A]| < [Py € A,C# 2] — P - € A,C # ]| + 16ne ™"
=Y P €A[C=C]-P[p- € A[C=C]|P[C=C]+16ne ",
C#0

where the sum runs over all realisations C' # ) of C. Now, the event {C = C'} is measurable
with respect to the exterior of C'. Moreover, on {C = C'}, the circuit C' is open both in 74 and
71—, whence the distributions of 74 and 7n_ in the interior of C' are equal. O
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2.C Proof of Lemma 2.4.6

Proof of Lemma 2.4.6. By a generalization of the Holley criterion, see [GHMO1, Section 4], it
suffices to check that, for all e € Eq and ((r, () € {(0,0), (0,1), (1, 1) }FMe}l both

fe(W7'7 €T7 CTT’) = ATR-C?)”{VﬁWTT/ |:WT<6) =1 ‘ (wvaTT’)’EQ\{e} = (C’ry CTT/):| )
ge(W‘r» Gr C’rr’) = ATRC%,%?VT,WT.,/ |:w7'7'/(6) =1 ‘ (WTaWTT/)|EQ\{e} = (C‘r» (TT/):|

are increasing in ((r, (ro) and w. o
Fix e, (7, (7 as above. Write ¢ and ¢, for the configurations that agree with ¢; on Eq\ {e}
while ¢;(e) = 0 and (;(e) = 1, and analogously for (. Then,

)gk )R (G rr)

fe(Wr,@ZJ,C) = Qk(ci)_i_kl(c

Wr (
<2k(cf> <<T>(2 H(Gpp) k1

& )+WTT( ))H)l’

wr(e)

which is clearly increasing in w,. Moreover k(¢;) — k((r) and k' ({-r) — k' ((-+) are decreasing

in (¢r, (7 ), respectively.
We now check that 1 — g, is decreasing in w, and ({, (;-). We have

Qk(C)+R (¢ )

1= ge(Wr, Gy Grrr) = Cr [
9e(Wr, Grs Crrr) 2k((i)+k1(ﬁ)_|_WT7_/(6)2’€(CT)+’€ Cr) 4w, (€)2k(C)+k ()

= (1 4 9k (G )=k (Cer) (Worr (&) + WT(e)Qk(Cf)—k(&)D -1 ’

which is clearly decreasing in w, and ((r, (o). O

2.D Equality of infinite-volume ATRC measures

In this section, we prove Lemmata 2.2.3 and 2.7.1.

The case J < U. The following statement will imply Lemma 2.2.3.

Lemma 2.D.1. There exist two families of smooth curves (Y7 )yo and (777 )sso such that (i):
for any 0 < J < U, there exist s,r > 0 such that (J,U) € A7 N~ , and ( i): for any r,s > 0,
the set of points (J,U) on 7 (resp. 1™ ) such that the marginals of ATRCJU and ATRCJIU on wr
(resp. wrr) differ is at most countable.

This implies that the set of pairs J < U, for which ATRCOJ’?J and ATRCb’}] have different
marginals on w; or w,/, has Lebesgue measure O By a monotone coupling argument, equality
of both marglnals implies that ATRCY JU — ATRCY JU? and Lemma 2.2.3 follows. We mention that

(Y7 )rs0 and (777 )sso are dual to each other.

Proof of Lemma 2.D.1. We follow a strategy presented in [Duml7, Theorem 1.12] which is a
rephrased version of an argument in [LL72|. For any J < U, any finite subgraph Q C L and any
boundary conditions 7, and 7,,/, we can write

e a(0,0)\ Fel=lererl ) \ ol e o) ke (w0,
ATRCQ,J,U [wWr, wrr] X (a(0’1)> a0 D) ok (wr) (w )]l{ngwTT,}.
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Consider the curves where a(0,0)/a(0,1) is constant (precisely if U — J is constant). Fix an
edge e of L. The Holley criterion [Hol74]| easily gives that the function (J,U) ATRCbi%][wT(e)]
is increasing along these curves, see e.g. the proof of [Gri06, Lemma 11.14]. In particular, the
set of discontinuity points is countable along each of them. Fix C > 0 and (J,U), (J',U’) on the
curve a(0,0)/a(0,1) = C with J' < J (then also U’ < U), and assume that (J,U) is a continuity
point. Define a = ATRC%’% [wr(e)] and b = ATRC}]’,l’U, [wr(e)].

Note that, along the curve a(0,0)/a(0,1) = C, the quantity a(1,1)/a(0,1) is strictly increas-
ing. Using this fact, analogous reasoning as in [Dum17] gives that a > b. Letting (J',U’) tend
to (J,U) along a(0,0)/a(0,1) = C and using that (J,U) is a continuity point of (J',U’) — b,
we deduce

ATRC] ) [w-(e)] > ATRC[w-(e)].

Since the reversed inequality follows from (CBC), we obtain equality. By considering a monotone
coupling of the corresponding marginals on w;, it is easy to see that this implies that the
marginals on w; coincide. The statement for w, . is derived along the same lines when considering

the curves where a(1,1)/a(0,1) is constant.
O

The case J > U. Below is the analogue of Lemma 2.D.1 that implies Lemma 2.7.1.

Lemma 2.D.2. There exists a family of smooth curves (Y] )r>o such that (i): forany J > U > 0,
there exists v > 0 for which (J,U) € v, and (ii): for any r > 0, there exist only countably many
points (J,U) on ~] for which ATRC?,’?] + ATRC},’%].

Proof. For J = U, the model reduces to FK-percolation with cluster-weight ¢ = 4, and the
statement follows from |Duml7, Theorem 1.12]. Recall that, for any J > U and any finite
subgraph 2 C L, we can write the measure as in (2.34). Consider the curves where the weight
w = (a(0,0)a(1,1))/(a(1,0)?) is constant. The Holley criterion again allows to show that the
ATRC measures are stochastically ordered along these lines. Moreover, the weight a(1,0)/a(0,0)
is increasing along each of them.

Fixanedge e of L and C > 1, and let (J,U) be a continuity point of (J',U") — ATRC}]’,lU, [wr(e)]
along the curve w = C. Take (J’,U’) on the same curve with J' < J. Analogous reasoning as
in the proof of [Duml17, Theorem 1.12] gives

1,1 0,0
ATRC, 17/[wr (€)] < ATRC ;1 [w-(e€)],

with the only difference that one has to apply (FKG) to control |w;| and |w./| simultaneously.
Letting (J',U’) tend to (J,U) along w = C from below and using (CBC) gives ATRC?,’OU[wT(e)] =

ATRC}]’%][wT(e)}. A monotone coupling argument and symmetry between w; and w,s finish the
proof. O
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Chapter 3

On antiferromagnetic regimes in the
Ashkin—Teller model

The Ashkin—Teller model can be represented by a pair (7, 7’) of Ising spin configurations with
coupling constants J and J’ for each, and U for their product. We study this representation
on the integer lattice Z? for d > 2. We confirm the presence of a partial antiferromagnetic
phase in the isotropic case (J = J') when —U > 0 is sufficiently large and J = J' > 0 is
sufficiently small, by means of a graphical representation. In this phase, 7 is disordered,
admitting exponential decay of correlations, while the product 77’ is antiferromagnetically
ordered, which is to say that correlations are bounded away from zero but alternate in sign.
No correlation inequalities are available in this part of the phase diagram. In the planar case
d = 2, we construct a coupling with the six-vertex model and show, in analogy to the first re-
sult, that the corresponding height function is localised, although with antiferromagnetically
ordered heights on one class of vertices of the graph.

We then return to d > 2 and consider a part of the phase diagram where U < 0 but where
correlation inequalities still apply. Using the OSSS inequality, we proceed to establish a
subcritical sharpness statement along suitable curves covering this part, circumventing the
difficulty of the lack of general monotonicity properties in the parameters. We then address
the isotropic case and provide indications of monotonicity.

3.1 Introduction

3.1.1 The Ashkin—Teller and related models

The Ashkin-Teller (AT) model [AT43] may be represented [Fan72a] by a pair (7, 7’) of interacting
Ising spin configurations, which are random assignments of +1 spins to the vertices of some graph
G = (Vg,Eg). In its general form, the spin representation involves three coupling constants
J,J',U € R, where J and J’' describe the strength of interaction within each of the Ising
configurations 7 and 7/, while U describes the strength of interaction for their product 77/ and
hence the relation between 7 and 7/. Its formal Hamiltonian is given by

! ! ! / !
— E JTeTy +J TeTy + UTmeTyTy.
{I7y}EEG

When J and J’ coincide, the model is referred to as isotropic, and anisotropic otherwise. In the
case U = 0, it reduces to two independent Ising models. For J = J' = U, the 4-state Potts
model is recovered. In the ferromagnetic case, where all coupling constants are non-negative,
it was conjectured in [Weg72| and later on in [WL74| that the AT model on the square lattice
7?2 generally undergoes two phase transitions. This was verified when U > J + J' [Pfi82] and
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when U > J = J' [ADG24]. The phase diagram of the isotropic model on the square lattice
was predicted in [Kno75, DBGKS80], see also [Bax89, Chapter 12.9] and [HDJS13, GP23|. Its
ferromagnetic part was established in [ADG24]|. The presence of negative coupling constants
results in preferential disagreement along the edges, which is referred to as antiferromagnetic
interaction. This further leads to a loss of correlation inequalities and monotonicity properties
in the parameters, thereby significantly complicating the analysis of the model.

In case the underlying graph is bipartite, such as Z¢, performing spin flips for 7, 7/ or both
on one class of the vertices leads to a transformation of the AT measures by reversing the signs
of any two of the coupling constants, while leaving the third one unchanged. Consequently, the
main features of the model when J or J’ are negative can be derived from those when both
J and J’ are positive. The antiferromagnetic regime to be studied is therefore J,J >0 > U,
which is the focus of this chapter. In this regime, the product 77’ is favoured to disagree
along the edges, while both 7 and 7/ are favoured to agree separately. When J, J" < |U|, the
ferromagnetic effect is dominated by the antiferromagnetic one, and one may therefore expect
to observe antiferromagnetic behaviour. In the current chapter, the model is shown to exhibit
an antiferromagnetic phase for 77/ when J = J’ is small and |U] is large, while also displaying
ferromagnetic behaviour through a sharp order-disorder phase transition for 7 when J, J' > |U|.

Planarity and relation to the eight-vertex model. If the underlying graph is planar,
duality transformations [MS71, Fan72c| applied to two of the AT spin configurations 7,7’ and
the product 77/ relate the AT models on the graph and on its dual to one another. Furthermore,
on the square lattice Z2, by keeping one of the AT spin configurations fixed and applying a
duality transformation to one of the other, a connection [Fan72a, Fan72b, Weg72, GP23] is
established with the spin representation [Wu7l, KW71, GM21, Lis22, GP23] of the eight-vertex
model [Sut70, FW70| on the medial graph. Unless the initial AT model is self-dual, the weights
of the corresponding eight-vertex model differ on two sublattices, in which case it is called
staggered [HLWT75]. In special cases when two of the AT coupling constants coincide, a certain
weight vanishes in the related eight-vertex model and it reduces to the (staggered) siz-vertex
model [Pau35, Rys63, WL75]. The latter admits a height function representation, which has
been studied in the self-dual isotropic case [DCKMO20, Lis21b, GP23, GL23|. In this particular
case, the Baxter—Kelland—Wu coupling [BKW76] further relates the corresponding non-staggered
six-vertex model to FK-percolation [FK72], see [GP23, ADG24].

3.1.2 Definition of the models

In this section, we introduce the Ashkin—Teller and the six-vertex height function models in
a way that allows us to present our main results in the following section. See Section 3.2 for
precise definitions regarding graphs and configurations and Section 3.5.1 regarding duality.

The Ashkin-Teller model. We consider the spin representation [Fan72a| of the Ashkin—
Teller model [AT43] on the integer lattice Z¢ whose edge-set we denote by E4. Define the spin
configuration space Yya = {—1,1}Zd. Fix coupling constants J,J', U € R. Let A C Z¢ be
finite, and let 7,7’ € ¥4. Define X7} as the set of all 7 € Xya that coincide with 7 on Z3\ A.
The Ashkin—Teller (AT) measure on A with coupling constants J, J', U and boundary condition
(n,7n') is the probability measure on ;4 X X,a given by

/ 1
AT [T 7] = g exp ( >, Jnmy+ T +U T:cTéTyﬂ;) Limensry (3.0)
{x,y}EIE d:
{m,y}ﬁAi@
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where the normalisation Z = Z(A,J,J,U,n,n') is called the partition function. We write
<>7\Tf]l U for the expectation operator with respect to the above measure. When n or i’ are
constant +1 or —1, we simply write + or — in the superscript, respectively. In the isotropic
case, when J = J', we omit .J' from the subscripts and simply write ATX’Z:U and <>X’?]/U

We will also consider free boundary conditions and define Zf\ as the set of all 7 € ¥4 that
are constant 1 on Z%\ A, where A is the set of vertices in Z¢ that belong to A or that are adjacent
to vertices in A. Notice that the values of 7,7 on Z¢\ A have no influence on the exponential
in (3.1). We then also allow the boundary conditions n = f and ' = f in (3.1). It should be
noted that this definition of free boundary conditions is slightly different from the standard one
in the Ising model, which we comment on in Remark 3.2.1.

The (staggered) six-vertex height function. Consider the dual square lattice with vertex-
set (Z?)* := (3,1) + Z* and edges between nearest neighbours. Regarded as line-segments
between their endvertices, each edge e of Z? intersects a unique edge e* of (Z?)*, and we call
the set e Ue* a quad. A (six-vertex) height function is a function h : Z2 U (Z?)* — Z satisfying

(i) for x € Z? and 2’ € (Z%)* belonging to the same quad, |hy — hy| = 1,

(ii) h takes even values on Z2: for all x € Z2, h, € 2Z.

We write Qpf for the set of all height functions. Denote by h® and h° the restrictions of h to
72 and (Z?)*, respectively. For a height function h and a set E of edges of Z2, the sets of
disagreement edges of h* and h° in E are defined respectively as

Epe :={e € E:e={x,y} and hy # hy},

(3.2)

Epo :={ec E:e" ={2',y'} and hy, # hy,}.
Observe that condition (i) implies that Epe and Eje are disjoint. Fix n > 1, and define the boxes
By :={-n,...,n}? C Z* and B}, := {-—n+3,....,n — 3}? C (Z*)*. Given a height function ¢
and weights a,b,c € (0,00), define the corresponding (staggered) six-vertex height function
probability measure on Qs by

1
HFg, abclh] = - alFnel plPrel IPNER OB g g e hu—ta} Linequ} (3.3)
where Z = Z(n,a,b,c,t) is a normalising constant, and E is the set of edges of Z? that in-
tersect B,. Here, ‘staggered’ refers to the fact that the measure assigns different weights to
disagreements in A* and h® when a # b, see Section 3.5 for details.

3.1.3 Statement of main results

We now present our main results. The proofs of each are based on a graphical representation of
the AT model originally introduced in [PV97, CM97| and extended in the current chapter, see
Sections 3.1.4 and 3.3. We emphasise that only the results based on duality are specific to the
planar case. In particular, Theorems 10 and 12 and Proposition 3.1.1 hold on Z? for any d > 2.
Define the boxes B, := {—n,...,n}% n > 1.

Partial antiferromagnetic phase in the AT model. Let d > 2. We provide the first
confirmation of the presence of a phase in the AT model in which 7 is disordered, admitting ex-
ponential decay of correlations, whereas the product 77/ is antiferromagnetically ordered, which
is to say that correlations are bounded away from zero but have alternating signs, see Figure 3.1.
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This was predicted in [DBGKS80], see also [Bax89, Chapter 12.9] and [HDJS13|. In the corre-
sponding part of the phase diagram, no correlation inequalities such as Griffiths’ second [Gri67]
or the FKG inequality [FKGT71| are available, and we rely on perturbative techniques. To lighten
notation and avoid case distinctions, we restrict to the isotropic case J = J'.

We say that a subset A C Z¢ is connected if its induced subgraph is connected. Define its
even and odd parts by

d
Aeven = {(xi)lgigd eA: ZI‘Z even} and Aodd =A \ Aeven~
=1

Define an alternating boundary condition % by setting, for z € Z¢,

L {+1 if v ezd,
: _ ©
-1 ifzxe Zodd.

We simply write + in the superscripts of the measures.

Theorem 10. Let d > 2. There exists € = £(d) > 0 such that the following holds. For J € (0,¢)
and U € (—o0, —%), there exists ¢ = c(d, J,U) > 0 such that, for any n > 1 and any x € Z,

>c  ifreZd,, (3.4)

0< (r +,+ < e—c(n—HmH) and - +,+
= < :E>Bn7J7U — < T x>Bn7J7U S —c fo c ngd’

where ||z is the mazimum norm of x. Furthermore, there exists a random connected set C C 7.4
satisfying To7. = +1 for all x € Ceyen and TyTZ// = —1 for all y € Coqq, and

ATngU[EIA C 24\ C connected with diam(A) > logn] < n™°, (3.5)

where diam(A) is diameter of A with respect to the mazimum distance.

Ferroelectric phase in the staggered six-vertex model. Let d = 2. We present an
analogue of Theorem 10 for the corresponding six-vertex height function. It states that, within
the corresponding regime, the heights of even parity are antiferromagnetically ordered, whereas
the heights of odd parity exhibit ferromagnetic order, see Figure 3.1. The latter is sufficient to
keep the height function flat, meaning its variance is uniformly bounded in the size of the graph,
which is termed localisation of the height function.

Forn > 1, denote by HF%{iib,c the measure H1~"tB"7<,jl7b7C when t = 21123(1(1—1—1(22)*, see Figure 3.1.

Theorem 11. Let a,b,c > 0. There exists € > 0 such that the following holds for & < e and
% > % The variance of h ~ HF%/f’;bC at the origin 0 € Z? is uniformly bounded: there exists

c==C (%, %) < oo such that, for everyn > 1,
0/2,1
VarB/ma’b’C(ho) <C,
0/2,1 b

where the variance is taken with respect to HFg ™ .. Furthermore, there exists « = o (%, E) >0
and random connected sets C C Z* and C' C (Z*)* such that:

(i) for any x,y € C with {z,y} € Eg2, hy # hy,
(i1) for any 2’ € C', hy =1,

(113) HF%{?’;bC[HA C Z2\C or A C (Z?)*\ C' connected with diam(A) > logn] < n=?.
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Figure 3.1: Left: The unique ground state n* of 77/ with respect to ATJBrf}U on the box By C Z? (black

vertices) with external boundary (grey vertices) and edges of Z? intersecting By. By Theorem 10, a
typical configuration of 77’ is a small perturbation of n*, whereas 7 is disordered. Right: The unique
ground state of HFg/n >1 . on By and its dual By C (Z2)* (black hollow vertices), dual edges (dashed
edges) and their endpoints outside B} (grey hollow vertices). By Theorem 11, a typical height function
is a small perturbation of this ground state. In relation to Theorem 10, the order in the odd heights
corresponds to the disorder in 7, and the antiferromagnetic order in the even heights corresponds to the
same property of 77/

Subcritical sharpness along curves in the antiferromagnetic AT model. Let d > 2.
We consider the part of the AT phase diagram where U < 0 but where certain correlation
inequalities are still valid [PV97], which corresponds to

min{J,J'} >0>U and tanhU > —tanh.JtanhJ'. (AF-FKG)

The equation above will be referred to as both the condition and the set of (J, J',U) € R? that
satisfy it. One major difficulty in the analysis of this regime is the lack of general monotonicity
properties in the coupling constants. To circumvent this issue, we consider the model along
smooth curves covering (AF-FKG), and we show that the AT spin configuration 7 undergoes a
(subcritically) sharp order-disorder phase transition along each of them. The curves are chosen
in such a way that a graphical representation of the model satisfies monotonicity properties and
a suitable Russo-type inequality along them, allowing to run the general argument of [DRT19].

Given a parametrised curve v : (0,1) — R3 and 8 € (0,1), we write <'>K,nv/(ﬁ) for the
expectation operator with respect to the measure in (3.1) with coupling constants given by

v(B).

Theorem 12. There ezists a family of disjoint smooth curves 7y v : (0,1) — R}, 0< k<K <1,
that covers (AF-FKQG) and that satisfies the following. For d > 2 and any k,x € (0,1] with
k < K/, there exists B = B.(d, K, k') € (0,1) such that

o for B < [, there exists cg = cg(d, k, k") > 0 such that 0 < (Tg)gj,y .(8) <ecsn,
e there exists ¢ = c(d, k,Kk') > 0 such that, for 8> [, <T0>;;f,y .(8) > (B —Be)-

The above theorem provides a foundation for validating an analogous statement in the
isotropic model when d = 2. In fact, once monotonicity properties that we conjecture are
confirmed, a sharp phase transition at the self-dual curve sinh 2.J = e~V [MS71] in the isotropic
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Figure 3.2: Left: Part of the regime (AF-FKG) (light grey area) and curves =, ./ (solid black) that
intersect the self-dual isotropic curve sinh 2J = e =2V (dashed black), for ten values of x, x’. Right: Part
of the regime (AF-FKG) (light grey area) in the isotropic phase diagram and curves %,; (solid black) that
intersect the self-dual curve (dashed black), for ten values of «.

model is a consequence of Theorem 12. See Section 3.6.2, where we also show indications of
monotonicity in the isotropic regime, which imply, for example, the following.

Proposition 3.1.1. There ezists a family of disjoint smooth curves 7 : (0,1) — R3, k € (0,1),
covering the isotropic part of (AF-FKG), and smooth, strictly increasing, bijective functions
fr:(0,1) = (0,00), k € (0,1), such that the following holds for d > 2. For any x € (0,1), any
B1, B2 € (0,1) with f.(B1) < k fu(B2), and any A C Z°,

f £
(00 A58 < (1045, (8) (3.6)

We also prove that, along the same curves 7., a sum of infinite-volume edge densities of
the graphical representation is non-decreasing, see Proposition 3.6.4. See Figure 3.2 for an
illustration of the regime (AF-FKG) and the curves v, . and 7.

3.1.4 Overview and organisation of the chapter
The chapter is organised as follows.

e Section 3.2 is devoted to the introduction and clarification of some notation and conven-
tions.

e In Section 3.3, we revisit a graphical representation (GAT) which, in certain parts of the
phase diagram, coincides with those introduced in [PV97, CM97]. This is a percolation
model obtained by means of an FK-Ising-type expansion for one of the AT spin configura-
tions. In contrast to [PV97], where a pair of percolation configurations is considered, we
restrict ourselves to one of them to enable greater generality. An immediate consequence
is the validation of Griffiths’ first inequality [Gri67] for the AT spin configuration 7 when
J > min{|J'|,|U|}, see Corollary 3.3.5. Subsequently, we discuss the property of positive
association of the graphical representation and its relation to [PV97] by constructing a
coupling of a pair of them.
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e In Section 3.4, we utilise the graphical representation to prove Theorem 10.

e In Section 3.5, we make use of the graphical representation again to formulate the connec-
tion between the AT and the eight-vertex models by means of coupling. We then discuss
the special case of the six-vertex model and the relation of Theorems 10 and 11, and we
present the proof of Theorem 11.

e In Section 3.6, we discuss the concept of subcritically sharp order-disorder phase transi-
tions in the AT model. We then use the graphical representation once more to construct
the curves from Theorem 12 satisfying the desired properties, and we prove the theorem.
Following a brief discussion of the isotropic case, we propose a conjecture concerning mono-
tonicity. The confirmation of this conjecture would enable us to deduce the presence of a
sharp order-disorder phase transition in the isotropic model based on our findings for the
anisotropic case. Subsequently, we substantiate this conjecture by presenting indications
of monotonicity within the isotropic model, see Propositions 3.6.4 and 3.6.5.

e Appendices 3.A-3.D contain the proof of the FKG-lattice condition for the graphical
representation (Lemma 3.3.7), the proof of maximality of certain boundary conditions
(Lemma 3.6.1), the construction of the curves for Theorem 12 (Lemma 3.6.2), and the
proof of a ‘jump monotonicity’ statement in the antiferromagnetic isotropic regime (Propo-
sition 3.6.5).

3.2 Notation and conventions

Graph notation. Let G = (Vg,Eg) be a graph. For an edge {z,y} € Eg, we simply write
xy = {x,y}. Given V C Vg, define

Vi=VU{yeVg:3xeV,zycEg},
Eyv:={ecEg:enV # a}.

A path in G is a sequence I' = (zg, ..., x¢) of pairwise distinct vertices x; € Vg such that
xixip1 € Eg fori=0,...,0—1. We call xgz1,...,zs_12, the edges of T', and ¢ =: |T'| the length
of I'. When xy = xy, we call I' a circuit.

The integer lattice has vertex-set Z? = {(x;)1<i<q € R? : x; € Z for all i} and edges between
nearest neighbours, that is, between vertices of FKuclidean distance 1. In a slight abuse of
notation, we will also write Z? for the graph itself. For n > 0, define B,, := {—n,...,n}? c Z¢
and B_; = @, and, for = € Z¢, let B, (z) be the translate of B, by .

Spin and percolation configurations. Let G = (Vg,Eg) be a graph. Given V C Vg, we
call s = (8z)zcv € {—1,1}V a spin configuration on V, and we write Xy, for the set of all such
configurations. When V = Vg, we simply write g or X. Moreover, given n € Xg, define

ST i={s€Xg: sy =ny forallzeVg\V},
shi={seXg:s,=1forallzcVg\V}

Remark 3.2.1. Observe that this definition of free boundary conditions is slightly different from
the standard one in the Ising model, and in fact coincides with the latter on the graph (V,Ey).
The reason for this choice is that the interactions for free boundary conditions and for those
given by a configuration n will then occur along the same edges, thus simplifying the presentation
and avoiding case distinctions.
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The restriction (s;)zey of s to V' is denoted by sy. For a pair s,s € Xy, we write ss’ :=
(828%)zev for their coordinatewise product. Given E C Eg, define Fy as the set of disagreement
edges of s in E, that is,

Es:={zy € E: s; # sy}. (3.7)

We call w = (we)eer € {0,1}F a percolation configuration on E, and we write Qg for the set
of all such configurations. An edge e € F is said to be open (respectively, closed) in w if we =1
(respectively, w. = 0), and a path or a set of edges is open (respectively, closed) if all its edges are
open (respectively, closed). We identify w with the set of open edges {e € F : w. = 1} as well as
with the subgraph (Vg,w). The connected components of w are called clusters. When E = Eg,
we simply write (g or 2. Moreover, given w € Qg, we write 2%, for the set of percolation
configurations on Eg that coincide with w on Eg \ E. The restriction (we)ecr of w to E is
denoted by wg. Given V' C Vg, we denote by ky(w) the number of clusters of w that intersect
V. For V,W C Vg, we write V <> W (or simply V <+ W when no confusion is possible) if there
exists an open path in w that connects a vertex in V to a vertex in W, and we write V <> oo
(or simply V' < oo) if some vertex in V' belongs to an infinite cluster in w. In this context,
singleton sets are denoted without their braces.

The sets of configurations >y and Qp as well as products of them are equipped with the
natural product o-algebra.

Conventions. We use bold letters P, E, Var, Cov to denote probability measures, expec-
tations, variances and covariances, respectively. To lighten notation, we will use the symbols
T, 8,0,w for both deterministic configurations and random variables. More precisely, when we
consider a random variable X, we may express its law by denoting a deterministic element in its
target space by the same symbol X. For a probability measure p on a measurable space (M, M)
and m € M, we write u[m] instead of u[{m}]|. Given in addition a function f : M — [0,00), we
write pu[m] oc f(m), m € M, if p is proportional to f, that is, if there exists a constant C' > 0
such that p[m| = Cf(m) for all m € M.

3.3 Graphical representation of the AT model

3.3.1 The representation

As in the classical Edwards—Sokal coupling [ES88|, we are going to define a percolation model
whose connection probabilities describe correlations of one of the AT spin configurations. It is
obtained by performing an FK-Ising-type expansion for one of the AT spin configurations while
keeping the other fixed. For certain ranges of the coupling constants, this representation was
already considered in [PV97, CM97, Lis22, RS22, GP23, ADG24], see Remark 3.3.3. As the spin
configuration may be either 7, 7/ or the product 77/ and we formulate the coupling only once,
we shall apply a change of variables later on, which reorders the coupling constants J, J', U. For
instance, if (7,7') is distributed according to ATX:; Jru» then (1,77") is distributed according
to ATX,’IU, g~ For this purpose, we will use different symbols s, s’ for spin configurations and
different letters K, K', K” € R for the coupling constants. Define

p=1- e AK—K") and pp=1-— 6_2(K+K“), (3.8)

and, in order for them to be densities, we will make the assumption that
K > |K"|.
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Let A C Z% be finite, and set F = E,. Fix boundary conditions n € {+, f} and ' € ¥4 U {f}
arbitrary, and set # = 1,—1}. Take (s,s) distributed according to AT K K x> and sample
a percolation configuration w € Q4 as follows. Recall the definition (3. 7) of E,. Define w,
independently for each edge e € Eja: if e ¢ E, set we = #. Otherwise, set w, = 0 for e € Ej,
we = 1 with probability py for e € Ey \ Ey, and w, = 1 with probability ps for e € E\ (EsUEy).
Formally, let (Ue)ecr be i.i.d. uniform on [0, 1], independent of (s, s’), and define

# ifed¢ FE,
if e € Ej,
wo= 10 hec (3.9)
],thl]((]é) ifee Ey \ Es,

]{Qpﬂ(Ué) if e E‘E7\(EELJEé0.

We denote the law of w on 74 by GATf KK K" Recall that, by convention, we use the same
symbols for both random variables and their deterministic realisations.

Proposition 3.3.1. (i) The joint law of (s,s",w) on (Xz4)? x Qya is given by

2K =K By| (2K=K") _ q)lwnnBl (KK _ p)los\Byl

P[s,s’,w]oce e

(3.10)
H{QSQEE"XE"}]{weﬁ#}ﬂ{WQEs g}

In particular, conditionally on w, the law of sp is obtained as follows. If n = f, assign +1
uniformly and independently to clusters of w that intersect . If n = +, assign +1 to clusters
of w that intersect Z4\ A and £1 uniformly and independently to the other ones.

(i) When K + K" > 0, the law of w on Qya is given by

.0’ lwp] ok |Eg\w| | Eg Nl
GAT] ' gor o |w] o< wy™#1 2 Aw) Lieaty Z W) Wi , (3.11)
dEZT
where the weights are defined as

o 2K’ (€2K _ 62K”)

2K+K") _ Q2K —K)

wyi=e Wo 1= and wg = (3.12)

2(K+K") _

(113) When K + K" =0, the law of w on Qya is given by

#, aK _ \Iwel ok 2AK+K')|Ey
GATAIU(K’K”[ J o< (e 1) 7l {weQ#} Z HOWE,

sEE".
EwaE

As a consequence of part (i) of the above proposition (see, e.g., [Gri06, Theorem 1.16]),
correlations of s are described by connection probabilities of w.

Corollary 3.3.2. For any z,y € A,

(Sasy) W% s0r son = CATCT o0 sl 3y and (sp) 0% o jon = GATYYe o0 penl 5 Z4\ AL

The above proposition also provides an example of non-uniqueness of graphical representa-
tions. For instance, consider the AT measure in (3.1) with J = J" > U > 0. Then one can
choose both (s,s") = (7,7') and (s,s") = (1,77') to obtain two different percolation models for
which the connection probabilities describe correlations of the AT spin configuration 7. Only
the former enjoys the property of positive association, see Section 3.3.3.
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Proof of Proposition 3.5.1. (i) Write szsy = 1 — 21, 2, ) and analogously for s s} to obtain
that

N e o= 2K+K")|Bs|  —2(K'+K")|Ey| AK"|ENE
ATXT}(K,K,,[S s'] oc e 2EFENIES| o= 2K+ KT By | AKT|ES Slll{(s,s’)ez,"\xzx’}' (3.13)

Moreover, by (3.9), we have

P [Sa Sl? w] = ATS]\’Z/(,K’,K” [57 5/] lUJEmE ' (1 pl) o\ wEUE)]
B, /| ’
|wE\ (1- pz)lE\ wpUESUE /)| ]l{weQ}if} ]l{mes:@}
/ NE, B, ,
_ ATTXZ(,K’,K” [s,8'] p |wE I(1 p1>| \Es|—|weNE_|
pQIwE\ESII 1- )|E\ |Es|—|E\Es|—lwp\E./|

Liveaty Honp,=o}

where we have repeatedly used the fact that wp and F, are disjoint, which is guaranteed by
the corresponding indicator. Plugging in (3.8) and (3.13) and collecting like terms, we arrive
at (3.10).

ii) Writing |wg \ By | = |wg| — |wg N Ey| and collecting like terms, equation (3. urns into
ii) Writing E E d collecting like t tion (3.10) t int
! lwe| [Ea\w| | Egnw|
P [s, s ,w} X Wy T Wy W ((s5)es x5} l{weQﬁ} LionE,=o}-

Summing over (s,s’) while noting that there exist 2Fa(@)Feonst(A#) spin configurations s € 27
with Es Nw = &, we obtain (3.11).
(iii) When K + K” = 0, equation (3.10) turns into

!
¢ 2KTKNIB | (AK

lwgs]
) LiwpcE,) ﬂ{(s,s’)EEXXZX/} ]l{wenjgf} Liwne.=2}
and summing over (s, s’) as in (ii) finishes the proof. O

Remark 3.3.3. Let w be distributed according to GATf’}? k- The following equalities of
laws hold up to boundary conditions and for A chosen accordingly.

(i) When min{K, K’} > max{K"”,0} and tanh K” > — tanh K tanh K’ (which implies K >
|K"|), the law of w coincides with the law of n, “under vi(+]2,2) with J, = K, J, = K’
and J,» = K" in [PV97, Proposition 3.1].

(ii) When K > K’ = K" and e~ 2K = sinh 2K’, the law of wg coincides with [GP23, Equation
(7.2)] with ¢ = coth2K’. Moreover, when K = K” and sinh 2K = e~2X'| it coincides with
the law of ¢* in [GP23, Lemmata 7.1 and 8.1] with ¢ = coth2K.

(iii) When K > K’ = K” > 0, the law of wp coincides with [Lis22, Equation (3.6)] for
a = tanh 2K’ and b = (e*£ cosh2K’)~!, where it appears in the context of the staggered
six-vertex model, see Section 3.5.

(iv) When K > K’ = K" and e 2/ = sinh2K’, the law of w coincides with the marginal
of [RS22, Equation (5.10)] on n° with a = coth(2K’) — 2 and ¢ = 2.

(v) When K = K” > K’ and sinh2K = e~ 2K the law of wg coincides with the law of £°
for a = b =1 and ¢ = coth2K < 2 in [GL23, Section 4], where it is decomposed into
a sum to recover positive association, which w itself does not satisfy in that regime, see
Section 3.3.3.
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The graphical representation satisfies a strong finite-energy property which will be crucial
for the perturbative analyses in Sections 3.4 and 3.5.2.

Lemma 3.3.4. Let K+ K" > 0. For any e € E and any £ € Qﬁ with GAT%’ZK, €l >0,

- / - in{l,w -1
(1wie e ) <ot g e = 1 wm 0 = Sna] < (14w metinah)

min{1,ws3} max{1,ws}

where the weights w; are given by (3.12), and where the quantity on the left side is defined to be
0 when ws = 0, that is, when K = K"

It should be mentioned that, for the case ws = 0, one can also obtain a non-trivial lower
bound, which is omitted as it is not used in this chapter.

Proof. Let F'= E \ {e}. Equation (3.11) implies
#7 / R —
GATY o s [we = 1w (o) = €m0 103

E e E N e -1
B . el G
\(§U1e s MN(EULe
Do Wy © Wi

|[Fo\E| | Fyné| I{EEES/}
= | 14wt 2ka(E{eh—kaleu{ed) S wy Sy W,

3 /W\2FS/\§|W£FS/HE\W;1{56ES/}
S

where the summations are over all s’ € ZX/. The exponent kp(€\ {e}) — ka(§ U {e}) is either O
or 1, and the claim of the lemma follows. O

3.3.2 Griffiths’ first inequality

For this subsection, we return to the terminology of (3.1). As a direct consequence of Propo-

sition 3.3.1, we obtain Griffiths’ first inequality [Gri67] for 7 when J > min{|J'|, |U|}, which

was previously established when J,J',U > 0 [KS68] and more generally when min{J, J'} >

max{U, 0} and tanh U > — tanh J tanh J’ or the same holds with J’ and U interchanged [PV97].
For 7 € Y54 and A C Z¢ finite, define

= H T

€A
Corollary 3.3.5. Let J,J',U € R with J > min{|.J|, |U|}. Then, for AC A C Z% finite,
(it >0 (3.14)

Proof. 1t is classical (see, e.g., [PV97, Proposition 3.1| and its proof) that Proposition 3.3.1(i)
implies that, for K, K', K" with K > |K"|,

1
<SA>X:I—;K’,K” = GATAfiI_(,K’,K” [ka] >0,

where k4 is the event that every finite cluster of w contains an even number of vertices in A.
Applying this for s =7, s’ = 7" and (K, K', K") = (J, J',U) gives (3.14) for J > |U|, while the
choice s =7, s = 77" and (K,K',K") = (J,U, J') gives (3.14) for J > |.J'|. O

Remark 3.3.6. (i) For the isotropic AT model when J = J’, the condition in Corollary 3.3.5
reduces to J > 0, and is therefore optimal.

(ii) Another way to prove Corollary 3.3.5 is to consider 7 as an Ising model with random
coupling constants and then apply [KS68] to the conditional measures.
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3.3.3 Positive association

In some part of the phase diagram, the graphical representation is positively associated. We
point out that we require this property only in Section 3.6. Fix a graph G = (Vg,Eg) and
FE C Eg finite. We equip the set of percolation configurations Qg with a partial order < which
is defined coordinatewise: for w,w’ € Qp, w < W' if and only if w, < W/, for all e € E. A random
variable X : Qg — R is called increasing if X (w) < X (w') whenever w < w’. An event A C Qp
is called increasing if its indicator 1 4 is increasing. Given two measures u, v on g, we say that
w is (stochastically) dominated by v (or v dominates p), and we write p <g v (or v >g u), if
E,[X] < E,[X] for all increasing X : Qg — [0,00). Furthermore, we say that a measure p on
Op is positively associated if it satisfies the FKG inequality:

E,[XY]>E,X|E,[Y] for all increasing X,Y : Qg — [0, 00). (FKG)
Moreover, p is said to satisfy the FKG lattice condition if
plw Vo'lplw Aw'] > plw]pw’] for all w,w’ € Qp, (FKG-L)

where w V w’ and w A W’ refer to the coordinatewise maximum and minimum of w and W/,
respectively. If pu(w) > 0 for all w € Qp, (FKG-L) implies (FKG) [FKG71, Hol74].

In the setting of Section 3.3.1, we can identify GATfKK/ g With GATfKK, xr|lwe € -] and
regard it as a measure on p. Wlth this identification, within a specific range of the coupling
constants, the graphical representation satisfies the FKG lattice condition and, in particular, is
positively associated.

Lemma 3.3.7. Let K,K', K" € R with K > K" and K > —K", and let A C Z% finite. For
# € {0,1} and o' € {+,f}, the measure GATX*L’?{ i o Satisfies (FKG-L) if the weights (3.12)
satisfy max{wy, w3} < 1, which is equivalent to

K'> K" and tanh K” > —tanh K tanh K. (3.15)

These conditions imply K’ > 0. It is useful to note that, once we additionally impose K’ # 0,
the assumptions of the above lemma are symmetric in K and K’. Indeed, it is straightforward
to check that they are then equivalent to

min{K, K’} >0, min{K,K'} > K” and tanhK” > —tanh K tanh K. (3.16)

As we will see below in Section 3.3.4, in the FKG regime ws, w3 < 1, one may perform another
FK-Ising-type expansion for the partition function in (3.11), which leads to a coupling of graph-
ical representations for s and s’. The resulting joint law is precisely that in [PV97]. In this
context, the statement of Lemma 3.3.7 is covered by |[PV97, Proposition 4.1|, and we provide a
proof in Appendix 3.A for completeness.

3.3.4 Coupling of pair of graphical representations in FKG regime

In the setting of Section 3.3.1, fix K, K', K" € R satisfying (3.16), that is, the corresponding
weights in (3.12) satisfy wy > 0, wo € (0,1] and w3 € [0,1] with (w2, w3) # (1,1). Let A C Z¢
be finite, and set E = E,. Fix boundary conditions 1,7 € {+,f}, and set # = Li=1)
and # =1 {n=+}- Then there exist graphical representations for both configurations s and
s'. Performing an FK-Ising-type expansion for the partition function in (3.11), we construct a
coupling of them.
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Define a measure on 274 X Qya by

#.# lwp\wp| |wp\ws| |weNwp| ok N
ATRCA7K7K,7K,/[w7w’] oc uy P\ L DR Aw)+ka (W) l{wng} ﬂ{w’efzif'}’ (3.17)
where the weights u; are given by
Wy = Wws = 2AK-KT) g =L —1=2K-K) _q
T eew N stk e (3.18)
U3 = wi(l—ws) — 62(K+K) o 62(K_K ) 62(K —-K )+ 1.

W2
sis #.,4 : : #.m #'n
Proposition 3.3.8. The measure ATRCY /- 1/ o 15 a coupling of GAT 1 1o/ o and GATY ) 1o jonr-

In Section 3.6.2, we will see how this representation indicates certain monotonicity properties
in the parameters of the isotropic model even when K” = U is negative. Observe that, in the
case K = K", one has u; = 0, whence wg C w/, almost surely in the coupling (3.17), and
analogously in the case K’ = K”. As announced before, the measure in (3.17) is exactly that
in [PVI7], where it is also proved that the pair (w,w’) is jointly positively associated if K > 0,
while the same holds for (w, —«') if K” < 0.

Proof of Proposition 3.3.8. Consider the law in (3.11) and the weights in (3.12). Assume first
that wg > 0, that is, K > K”. Writing |Ey \w| = |E| — |wg| — |E \ (wg U Ey)| and |Ey Nw| =
lwe| — |we \ Ey¢|, we obtain

#, 3\ |wEel ok IE\w UE N (1 \lwe\Ey]|
GATY . g genle] oc (s) P! ka0 g Liveaty > (& )T
s GE"
Now, writing w;l =1+ (W;l — 1) for i = 2,3, expanding and proceeding analogously to the

proof of Proposition 3.3.1(ii), we deduce that

|[E\(weUE)| lwe\Ey| w1l |ws|
> (&) = (w5)"" = Y (E-D"(E DD s awiuy—2)

s'exy w1 CE\wp sex?
whCwg
Z 1 \es\wsl (1 ) WeNwsl oka(w)
X (WQ 1) (W3 1) 2 :
#/
w' et

Therefore, GATf KKK 1S the first marginal of ATRCjzE ;?:K,’ - This remains valid when w3 = 0

(that is, K = K", which is shown by a similar calculation or by taking the limit w3 — 0. Then,

by symmetry, the second marginal is given by GATfI’?, KK 0

3.4 Proof of Theorem 10

The proof of Theorem 10 is a combination of classical energy-entropy arguments [Pei36] applied
to the graphical representation (introduced in Section 3.3.1) of well chosen transformed vari-
ables. We mention that, while the antiferromagnetic order in the product 77’ may be verified
via a low temperature expansion and a Peierls argument without making use of the graphical
representation, a high temperature expansion involves negative weights, see [PV97, Section 2.2].
Before proceeding to the proof, we introduce the spin-flip maps and so-called Peierls contours.
In regard to the latter, we follow [FV17, Chapter 5.7.4] and make appropriate adjustments.
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Spin-flip map. For A C Z¢, define Fy : ¥4 — Yya by setting

—s, ifxeA,

. (3.19)
sy ifxé¢ A

(Fa(s))z = {

For A = ngd, we simply write Fyqq.

Peierls contours. Associate to each z € Z? the closed unit hypercube S, = = + [—5, %]d.
Observe that the faces of S, € Z%, which are (d — 1)-dimensional hypercubes, are in one-one
correspondence with the edges of Z¢. We call these faces plaquettes. For C C Z? finite and
connected, the set M(C) := UgyecS, C R? is bounded and connected. Therefore, there exists a
unique connected component y(C') of the boundary OM(C) (in the Euclidean sense) such that
C is contained in the bounded connected component of R?\ v(C). Let £(C) be the set of edges
of Z% that, when regarded as line-segments between their endvertices, intersect y(C). Observe
that, for a finite cluster C' of some w € Qyq, the set £(C) must be closed in w. We say that a
subset F' C Eya blocks a vertex x € Z® if there exists a connected set C' C Z? with z € C and
E(C)=F. We call F C Eza blocking if it blocks some vertex x € Z¢.

In the proof of Theorem 10, we will need an upper bound on the number of blocking F' C £
with |F'| = k for some fixed E C Ejq. We endow E with a graph structure by declaring two edges
in F to be connected if the corresponding plaquettes share a (d — 2)-dimensional hypercube. Tt
is easy to see that the resulting graph has maximum degree 6(d —1). By construction, the set of
blocking F' C FE of size k is embedded in the set of connected subgraphs with k vertices of this

graph. Using for example [FV17, Lemma 3.38], it is easy to derive the following crude bound.

Lemma 3.4.1. Let E C Eya finite and k > 1. The number of blocking FF C E with |F| =k is
bounded by

|E|(6(d — 1))5¢1F,
We are now ready to prove the theorem.

Proof of Theorem 10. Fix d > 2 and n > 1 and set £ = Eg,. Assume that —U > J > 0 and

let (7,7') be distributed according to ATB - Observe that the statement of the theorem is

trivial for x € Z%\ B,,, whence we fix x € B,,. The proof is divided into two steps.

Step 1. For J > 0 small enough, there exists ¢ = ¢(d, J) > 0 such that <Tx)§ﬁJ,U < e~cn=ll=ll),
First, we apply the change of variables s = 7, s’ = 77/, and observe that (s, s) is distributed

according to AT;’ U The consequence, Corollary 3.3.2; of Proposition 3.3.1(i), applied to
(s,s') and with K = K” = J, K’ = U, implies

=+ 1,4+
(Ta)g oy = GATE ;i jlw > 29\ B, < Y GATg ;[T open],
I:x—Z4\B,,

where we used a union bound, and where the summation index T' : z — Z%\ B,, refers to all
paths connecting = to Z¢\ B,, in B,,. Recall Lemma 3.3.4, and observe that, by our assumption
on J,U, the weights in (3.12) satisfy wo > 1 and w3 = 0. Hence, for a path I' = (xq,...,x¢)
with e; = x;2;4.1, Lemma 3.3.4 gives

—¢

GATBn su.gL open] = HGATBMJUJ we, = 1]we; =1Vj <] < (14 wi') (3.20)
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Bounding the number of T': z — Z%\ B,, of length ¢ crudely by (2d)¢, we obtain

V4
+,+ 1,+ 2d
(argo < D > oAty open] < Y <1+w;1> )

>n—||z|| T:2—24\B,, >n—||z|
T|=¢

and since w; = e*/ — 1 tends to zero as J — 0, the claim follows.
Step 2. For —J — U large enough, there exists ¢ = ¢(d, J + U) > 0 such that

<7. 7./>+7i Zc if z € Zeven’
x
=/ Bn, U < —¢c ifze Zodd,

and C with the desired properties exists.
Recall the definition of Fyqq in (3.19), and apply the change of variables s = Foqq(77'), s’ = 7.
Observe that the law of (s, s’) is given by ATg ’+ _y,s_y and that

+,+ 4,4
(TaTy >Bn JU = (]l{zezmn ]l{xGded})< >B,L, UJ,—J*

Let @ be distributed according to GATE’:LU j_y» and denote by w; the corresponding weights
n (3.12) with K = —U, K/ = —K” = J. Define C, = C.(@) C Z¢ to be the cluster of z in &.
Then, by Corollary 3.3.2,

(se)gtpy_y=1—06ATg ) J[E(C) CE]>1— ) GATg" ,, [F closed],
FCE

where we used that C, C B, if and only if £(C,) C F, and where the summation is over all
non-empty F C FE that block z. The assumption —U > J > 0 implies that wo < 1 < Ww3.
Analogously to Step 1, for any F' C F, Lemma 3.3.4 gives

—|F]

GATlB+_UJ SIF closed] < (1+ %) (3.21)

Furthermore, any ' C E with |F'| = k that blocks = necessarily satisfies ' C Eg, () =: EJ}.
Altogether, we obtain

(Sadp sy =1-3 > (1 T ST IERI6(d — 1))k (1 + Ty,

k>2d FCE: k>2d
|Fl=k

where we applied Lemma 3.4.1 to bound the number of blocking ¥ C E} with |F| = k. Since
|EZ| = O(k?) and w1 = e 20+Y) —1 — oo as J + U — —o0, the first claim of Step 2 is proved.
Finally, define C C Z% as the connected component of Z¢\ B,, in & ~ GATIB’:_U J_j, that is,

C::{yGZd:y@Zd\Bn}.

Then, by Proposition 3.3.1(i), s = Fuqq(77') is constant +1 on C, and hence 77’ is constant
+1 on Ceyen and —1 on Coqq. It remains to show (3.5) for ¢ = ¢(J + U) when —J — U is large
enough. If A C B,, \ C is connected, we can assume without loss of generality that £(A)Nw = &
(otherwise, A may be enlarged). Noticing that |E(A)| is greater than diam(A), bounding the
number of blocking F' C E of a given size by applying Lemma 3.4.1, and using the bound (3.21),
we deduce

AT; iJU[EA C B, \ C connected with diam(A) > logn| < Z |E|(6(d — 1))6(d_1)k(1 + %)_k
k>logn

Since |E| = O(n?) and W1 — 0o as J + U — —oo, the proof is complete. O
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3.5 Coupling with the eight-vertex model

Duality transformations applied to pairs of AT spin configurations relate the AT model on the
square lattice Z2 and on its dual (Z?)* [MS71, Fan72c, PV97|. On the other hand, keeping one of
the AT configurations and applying such a transformation to one of the other, results in a pair of
spin configurations, one of which is defined on Z? and the other on (Z?)*. These configurations
then follow the law of the spin representation [Wu71, KW71, GM21, Lis22, GP23] of a staggered
(i.e. with non-translation-invariant weights [WL75, HLW75]) eight-vertex model [Sut70, FW70]
on the medial graph. In special cases, the latter may be non-staggered or reduces to the six-
vertex model [Pau35, Rys63].

The relation between the AT and the eight-vertex models on the square lattice has first been
noticed in [Fan72a| comparing their critical properties, and it was made explicit in [Fan72b,
Weg72| on a level of partition functions (see also [Wu77, HDJS13] and [Bax89, Chapter 12.9]).
In [GP23], a coupling of the self-dual isotropic AT model and the six-vertex model (more pre-
cisely, the F-model [Rys63|) was constructed.

In Section 3.5.1, we use the graphical representation introduced in Section 3.3.1 to unify the
above approaches and construct couplings of the AT and eight-vertex measures. In Section 3.5.2,
we explain the relation between Theorems 10 and 11 and we prove the latter.

3.5.1 Duality coupling

Before constructing the coupling, we introduce some notation concerning the dual square lattice
(Z?)* and discuss the duality map for percolation configurations.

Dual square lattice. The dual graph of the square lattice has vertex-set (Z2)* = (1,1) 4+ 72
and edges between nearest neighbours, and we again write (Z2)* for the graph itself. Regarded as
line-segments between their endvertices, each edge e € Ez2 intersects a unique edge e* € E(z2)«,
and we call e* the edge dual to e and vice versa. For E C Ey2 and s € Xy with V! C (Z2)*,
write Fs for the set of edges in F dual to disagreement edges of s, that is,

Es:={e€ E:e* =a'y and sy # sy }.
With each percolation configuration w € 2 is associated a dual percolation configuration

w* € Qz2y- given by wlx =1 — we, e € Ezz. We call a finite subset A C 72 a domain if all
bounded faces of the graph (A, E5) are unit squares, as illustrated in Figure 3.3. In this case, we
define its dual A* C (Z?)* as the set of vertices in (Z2)* at which the bounded faces of (A,E,)
are centred, as depicted in the figure. Then, for E = Ej and w € QY the set of faces of (A,w)
is in one—one correspondence with the set of clusters of w* that intersect A* (see Figure 3.3),
and Euler’s formula for planar graphs implies

ka(w) = |A| — |wg| + ks (w*) — 1, (3.22)
see, e.g., |Gri06, Chapter 6.1].

Duality coupling. We formulate the coupling in the setting of Section 3.3.1. Let K, K', K" €
R with K > |K"|, and define the corresponding eight-vertex weights

1" _ / "
a— 2K+K") _ 1 b= 2K (62K+62K )’

(3.23)

1" _ ! "
c = 2KHE") 4 d= 2K (€2K_62K)'

Let A C Z? be a domain, and set E = E,. For convenience regarding Theorem 11, we take
free boundary conditions n = f and arbitrary 1’ € 32. Take (s, s’,w) distributed as in Propo-

sition 3.3.1(i). Sample a pair of spin configurations o = (0*,0°) € 27\, X EX* as follows:
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Figure 3.3: Left: A domain A C Z? (black solid vertices) with external boundary A \ A (grey solid
vertices), the edge set E := E, (black solid edges), and the dual A* C (Z?)* (black hollow vertices) with
external boundary A* \ A* (grey hollow vertices). Right: An edge configuration w € Q% (black solid
edges) and the relevant part of its dual w* (black and grey dashed edges, the grey ones are dual to edges
outside F).

e set 0® =5/,

e sample o° by assigning +1 to the cluster of w* that intersects (Z2)*\ A* and +1 uniformly
and independently to the clusters of w* that are contained in A*.

We denote the law of o on Xz2 X X(72)« by EightVX:’:byc’d, and call it the staggered eight-vertex

(spin) measure on A UA* with parameters a, b, ¢,d and boundary condition (', +). Recall that

we conventionally use the same symbols for random variables and their deterministic realisations.

Proposition 3.5.1. (i) The joint law of (5,8, w,0) on (372)% x Qg2 x (L2 x Y(z2)+) 1s given
by

P [5’ s',w,a] x ez(K”—K')|ES,\ (62(K—K”) o 1)|wEmES/| (62(K+K”) . 1)|wE\ES/\ 9~k (w*)

1 1 1 1 1 1 (3:24)
T (s,s)ext xnY ) Hwep} HownEs=0} Hot=s'} Hooex],} HEpoCw}

It is a coupling of

(s,s') ~ ATL" ~ GAT} d o~ EightV]F

8,8 AK KK W AK K/ K7 Ang o 18ATVA ab,c,d’
where the relation between K, K' K" and a,b,c,d is given by (3.23).
(i4) The law of o on Yiz2 X ¥(z2)- is given by

O\Ea" blEa'\Eo'O‘ C‘E\(EO'.UEO'O)l dlEo" mEo"" 1

EightV] oy . 4lo] oc alPr (3.25)

{ooex} Hocentu)

To obtain a relation with the classical representation of the eight-vertex model in terms of
edge orientations, one may apply the maps in [Wu71l, KW71] or [Lis22, GP23|. In the above
setting, these are orientations of the edges of the medial graph of Z?, which is a rotated square
lattice. We will only comment on this representation in Figure 3.4, and we focus on those in
terms of spin configurations and height functions. We remark that the model is non-staggered,
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Figure 3.4: Top: the eight possible local eight-vertex spin configurations at an horizontal edge e of Z?
(solid black) and its dual e* (dashed black) when the spin ¢ is fixed to be +1 at the left endpoint of e.
The corresponding orientations of the edges of the medial graph (solid gray) are obtained by orienting
an edge so that the vertex of Z? (black) is on its left precisely if the spins separated by the edge coincide.
Centre: the corresponding local weights. For the same sequence of edge orientations at a vertical edge
of Z2, the weights a and b are interchanged. Bottom: the height function values corresponding to types

1-6 obtained by (3.27) when the height is fixed to be 0 at the left endpoint of e. In these cases, the edge
orientations are visualisations of the discrete gradient of the height function.

meaning in our context that the same weights are assigned to disagreements in ¢® and o°,
precisely if a = b, which corresponds to the self-dual manifold of the AT model [MS71, Fan72¢|.

We emphasise that our choice of weights differs from the classical one in [Bax89]. In fact,
the weights (a, b, ¢, d) in [Bax89, Equation (10.2.1)] coincide with our weights (a, b, c,d) on one
sublattice of the medial graph and with (b, a,c,d) on the other, see Figure 3.4.

Proof of Proposition 3.5.1. (i) While ¢® is uniquely determined by s, there are 2Fa*(“")=1 pog-
sibilities for ¢° € ZX* with Eyo C w each of which is equally likely. Hence, the joint law of
(s,s',w,0) is given by (3.24).

(ii) We first sum (3.24) over s € X with w N Ey = @, of which there are 2°4) and then over
s e Zn/, which is uniquely determined by s’ = ¢°, to obtain

Pw,0] x p2(K"—K')|Ege| (62(K7K”) . 1)|wEmEa-| (62(K+K”) . 1)\wE\E0-| ok (@) —kpx (w*)

’ H{WEQ%} ﬂ{aoegxl} l{UOEEX*} R{an Cw}

o K=K Eyal (20K g\ WE0Foel ( a0circ) _y) e\ Foe]
2 2

' l{weg%} ﬂ{g'gEX’} ]l{UOEEX*} H{an Cw}>

where we also used that kj(w) — kax(w*) = —|wg| + const(A), see (3.22) and above. Summing
over w = Fyo Uw) Uwg with w) C Ege \ Eyo and wo N (Eye U Egyo) = &,

P [0_] ~ 62(K//—Kl)|Ecr.‘ 2K-K")_q [EgonEqe| 2 +K) |Ego\Eoe| 1
e -1 e T -1 ,
2 2 {o°ex} {UOEEX*}
Z Q205K _q\ el Z 2K @z
2 2
wlgEJ. \Eo.o wggE\(Eo.oUEo.o)

. 2(K"7K’)|E ol eQ(K_KH)fl |EgoNEe| 62(K+K”)*l [Ego\Ege| 1

=€ 2 2 {oeex'} Hooes))

' (62(K7K")+1>|E0"\E0'°| <62<K+K”)+1)\E\(EU-UEGOH
2 2 .

Collecting like terms and multiplying by 217!, we arrive at (3.25), and the proof is complete. [

78



The six-vertex model can be considered a special case of the eight-vertex model. Its char-
acterisation is based on the ice-rule, which guarantees that the height function observable is
well-defined. Via the map [Lis22, GP23], the ice-rule states that F,e and E,o must be disjoint,
which is to say that

(08 —og)(op —0,) =0  forall e =2y € Bz with e =2y (3.26)

In the above notation, this is equivalent to d = 0, which in turn is equivalent to K = K”. We
then write Sixvx’gh . for the measure EightVX”;b’ .07 and we call it the staggered six-vertex
(spin) measure on A U A* with parameters a, b, ¢ and boundary condition (1, +).

Height function representation of the six-vertex model. Recall the definitions of a
quad and a (six-vertex) height function given in Section 3.1.2. A configuration o = (¢*,0°) €
Yz2 X Xz2)« that satisfies the ice-rule (3.26) defines a height function h up to an additive
constant: for z € Z% and 2’ € (Z?)* belonging to the same quad, define

hy —hg = 05 0. (3.27)

The ice-rule (3.26) guarantees that the sum of the four gradients (3.27) around each quad is
zero. In particular, there is a one—one correspondence between such configurations o and height
functions that take a fixed value at some fixed vertex of Z2 or (Z%)*, see Figure 3.4. Given h
and o related by (3.27), observe that h is constant on a fixed edge of Z? or (Z?)* if and only if
o is: .

L _ D (3.28)
for any 'y’ € Ez2)«, hy =hy ifandonlyif oy =o,.

for any zy € Ez2, h; =h, ifandonlyif o) =0

3.5.2 Relation of Theorems 10 and 11 and proof of Theorem 11

Recall the definition of the +-boundary condition given in Section 3.1.3. In order to understand
the relationship between Theorems 10 and 11, consider the coupling (3.24) with s = 7, s’ = 77/,
where 7 and 77/ are as in Theorem 10 but (for convenience) with boundary conditions taken free

for 7 and + for 77/. The law of the corresponding o is then given by SiXVjB[:ra b Since 0® =77

is antiferromagnetically ordered, the corresponding even heights on Z? vary along edges of Z2.
On the other hand, 7 is disordered, admitting exponential decay of correlations, whence its dual
0° and therefore the corresponding odd heights on (Z2)* are ordered. The latter is sufficient to
keep the height function flat, meaning its variance is uniformly bounded. The first step is to
identify the law of the corresponding height function pinned to 1 on (Z?)* \ B as the measure
HFg/jib,c from Theorem 11.

Lemma 3.5.2. Let a,b,c > 0 and n > 1. Let 0 = (0°,0°) be distributed according to

SiXVjB[;fabc, There exists a unique random height function h related to o by (3.27) and sat-
isfying h = 1 on (Z?)* \ BX. Its law is given by HFg/fgb o
Proof. Since ¢° € Eg*, there is a unique height function h satisfying (3.27) and h = 1 on
(Z?)*\ B%. Clearly, equation (3.27) and o® € Z:Btn then imply that h = 0 on Z2 ., \ B, and h = 2
on Z(Q)dd \ Bn;

Let E = Eg,. By (3.28), we have Eye = Epe and E,o = Ejo. Altogether, we conclude that
the law of h is given by (3.3) with ¢t = 21z 4 1(z2)+, and the proof is complete. O

Although some parts of the proof of Theorem 11 are now analogous to that of Theorem 10,
it is not a direct consequence, whence we provide it for completeness.
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Proof of Theorem 11. Fix a,b,c > 0 and n > 1, and set E = Eg_ . Consider the coupling of
(r,77") ~ ATBmJUJ, W ~ GAT%’:JyUJ and o= (0°%0°) ~ Slxvinfab c

in Proposition 3.5.1 for s =7, ' =77/, K = K" = JJK' = U, A = B, and ¥/ = n*, and
let w; be the corresponding weights in (3.12). Observe that £ = tanh2.J is small enough and

% = Cg;;g 7 is large enough if and only if J > 0 small enough and —U > 0 large enough. We

assume henceforth that —U > J > 0.

By Lemma 3.5.2, there exists a unique height function h related to o by (3.27) and satis-
fying h = 1 on (Z%)* \ BY, and its law is given by HF%{iib,c‘ The proof is divided into three
steps.

Step 1. For £ sufficiently small, the variance of h is uniformly bounded.

Fix N > 0. We are going to show that h has uniformly bounded Nth moment:

E [|ho|N] =D (2k)N P[lho| = 2Kk].
k>1

Agsume \ho\ = 2k. By the definition of height functions, this implies |hy| > 2k — 1, where
0’ = (3, 3). Since, by (3.28), h is constant on e € [E(z2)- precisely if 0° is, we must have that
0° changes its sign at least k — 1 times along any path in (Z?)* connecting 0’ to (Z?)* \ B¥.
However, by (3.24), 0° is constant on clusters of the dual w*, whence there exist at least k — 1
disjoint circuits in w within B,, that surround 0’. One of these circuits must be of length ¢ > k,
of which there exist at most £4°. Thus, by Lemma 3.3.4 (as in (3.20)),

Pllho| = 2k] < > e4* (1 +wi) ™",
>k

and w; =e*/ —1 = 0as J — 0. Since 2 =tanh2J, the claim is proved.
Step 2. Existence of ¢ and C" when 2 is sufficiently small.

Define C’ as the set of all 2’ € (Z?)* that are connected to (Z?)* \ B}, in w*. Then o° and
thus (by (3.28)) h are constant on C’. Since h = 1 on (Z?)* \ B C (', property (ii) follows. If
A C (Z*)*\ ' is connected, there must exist a circuit of length £ > diam(A) in w within B,, that

surrounds A. Similarly to Step 1 in the proof of Theorem 10, using Lemma 3.3.4, we deduce

P[3A C (Z*)*\ C’ connected with diam(A) > logn] < Z |Bn|4€(1 + Wfl)_e.

{>logn

Step 3. Existence of C when % is sufficiently large.

Recall the definition of the map F,qq given in (3.19). Consider (s,s’) = (Foqq(77'), 7) whose
law is given by ATJrf U and let w be distributed according to GATg Lt _u.j—g- Denote the
corresponding welghts in (3.12) with K = -U, K' = —K" = J by w;. Deﬁne C as the set of
all © € Z? that are connected to Z?2 \ B, in @. Then Foqq(77") is constant on C, and hence
Ec C E.v = Ege. Since h is constant on e € Ez2 if and only if ¢°® is, property (i) follows. If
A C Z?\ C is connected, there must exist a circuit of length ¢ > diam(A) in @* within B}, that

surrounds A. As in Step 2 in the proof of Theorem 10, using Lemma, 3.3.4, we deduce

P[3A C Z?\ C connected with diam(A) > logn] < Z |B, ]48 ) ,
{>logn

and Wy = e 2U+0) 1 5 00 as J+ U — —o0. Since % = the claim follows. O

cosh 2J ’
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3.6 Subcritical sharpness in the AT model

Let d > 2. In the ferromagnetic regime J, J',U > 0, the AT model enjoys monotonicity prop-
erties in the parameters. For instance, the magnetisation at the origin <TO>§;,+J,J’,U is non-
decreasing in J,J',U, which follows from the second Griffiths’ inequality [Gri67] proved in
this generality in [KS68] (see also [PV97]). For fixed J,J',U > 0, this implies existence of
Be = Be(d, J, J',U) € [0,00] (a priori possibly trivial) such that

{H—"%O if B < B,

(T0)g. 5 (3.29)

>cg >0 if B> f,

where <>§n+ﬁ is the expectation operator with respect to the AT measure with parameters
B(J,J',U). Then, the high-temperature expansion and a Peierls’ argument [Pei36] (or compar-
ison to the Ising model) show that 8. € (0, 00), meaning that the model undergoes a non-trivial
order-disorder phase transition. The value of (. is known explicitly only when d = 2 and
J =J >U > 0, where it coincides with the self-dual point [ADG24]. However, the strategy
in [Gri95] (see also [HK23]) allows to show that the function (J,J',U) > f is continuous. The
transition is said to be (subcritically) sharp if,

for 8 < BB, there exists cg = c(d, J, J',U) > 0 such that <To>§7’rﬁ <e ",
The general approach [DRT19] also applies in this setting provided a graphical representation
admits the following: FKG lattice condition, maximal boundary condition, Russo-type inequal-
ity, see Section 3.6.1 for details. When J > min{J’,U} > 0, these conditions are satisfied,
see [ADG24, Appendix A] for the isotropic case. When 0 < J < min{.J’,U}, sharpness for 7
can be derived from the same statement for 7/ and 77’. Here we focus on the regime U < 0.

3.6.1 The case when U is negative: proof of Theorem 12

By Lemma 3.3.7, even when U < 0, there is still a regime in which GAT satisfies (FKG-L).
However, one difficulty in proving sharpness is attributed to the fact that 7 and 7" are negatively
correlated [PV97], e.g., for n > 1 and x € B,

4t 4t +t
(reo)e g v < (Te)e o (TadB) o (3.30)

which is strongly related to monotonicity in the parameters in the sense of stochastic domination,
and which plays a role when deriving the Russo-type inequality. Below, we present a way to
circumvent this issue by applying the strategy of [DRT'19] along suitable curves in the AT phase
diagram when U < 0. From now on, we restrict to the regime (AF-FKG) where U < 0 and
where the graphical representation satisfies (FKG-L), which corresponds to

(min{J,J'} >0>U and tanhU > —tanhJtanhJ') < wy <wg <1, (3.31)

where the weights w; are given by (3.12) with (K, K', K") = (J,J',U). Indeed, we have U < 0
precisely if wo < ws, and the other conditions are those in (3.16). See Figure 3.2 for an
illustration of the corresponding part of the phase diagram.

Before proceeding with the proof of Theorem 12 via the argument in [DRT19], it is neces-
sary to identify the boundary condition (1,f) as maximal and to validate a certain Russo-type
inequality along suitable curves that cover (AF-FKG).
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Maximal boundary condition and infinite-volume limit. In the regime (AF-FKG), the
boundary condition (1,f) is maximal for the graphical representation in the following sense.

Lemma 3.6.1. Let J,J' U satisfy (AF-FKG). Let A C A C Z% be finite, and set Ex = Ex and
EAr =FEa. Forany € € Q}EA,

1,f 1f
GATA,J,J’,U[O‘)EA € ‘ WEA\E;y = éEA\EA] <st GATA7J7J/7U, (332)

and in particular
GATY' , lwe, € -] <o GATY' (3.33)
AL JJ U EA —=st AJJ U :

The proof is via the Holley criterion [Hol74] and is given in Appendix 3.B. Monotonicity in
the domain (3.33) implies existence of the weak limit

1,f . 1.f
GAT,,, ;, := lim GAT.; , ;/, 3.34
LU T R T A LU (3.34)

and that it is translation-invariant and tail-trivial, and hence mixing and ergodic (see, e.g., |Gri06,
Chapter 4.3]).

Russo-type inequality along suitable curves. We introduce a family of curves covering
the regime (AF-FKG) along which the weights wso, w3 in (3.12) remain constant, whereas wy
covers (0,00). A collection of these curves is depicted in Figure 3.2.

Given a curve v : (0,1) — R3 with values in (AF-FKG), let w;(v(3)) denote the weights
in (3.12) evaluated at (K, K’,K") = ~v(B8), and write w;(y) for the corresponding function.
Moreover, we write GATt’zg 5) for the measure in (3.11) with coupling constants given by v(53).
We use the same notational convention for their infinite volume limit.

Lemma 3.6.2. There exists a family of disjoint smooth curves 7, s : (0,1) — R3 0< k<K <
1, that satisfies the following properties:

(i) J,J', U satisfy (AF-FKQG) precisely if there exist k, &' and § such that v, . (8) = (J,J',U),
(i) for any k,rK’, the weights Wo (Vi k) and wW3(7y..) are constant k and k', respectively,

(iii) for any k,K', Wi(Yew) : (0,1) — (0,00) is a bijection, and there exists € = e(k,K’) > 0
such that

d
a5 oW1 (0w (B)) 2 &

The proof is straightforward calculus and is given in Appendix 3.C. By construction, the
following Russo-type inequality holds along each curve v, ..

Lemma 3.6.3. Let k, k' € (0,1] with k < k’. There exists e = e(k, k') > 0 such that the following

holds. For A C Z% finite, E = Ep and any increasing random variable X : QL — [0,00),

d ¢

A3 A (B) [X] > ¢ Cov,” (X, lwgl), (3.35)

Vet (B)

where the expectation and covariance are taken with respect to GAT}X’f 8 In particular,

v 1K,k

Ezlf,fyﬁ ) [X] is non-decreasing in (3.
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Proof. Fix k,r’, A, E as in the statement. For X : QL — [0, 00), define

w E\w E Nw w
Z3(X) = Z Z X(w)wl1 E‘W‘Q o\ |W‘3 N ),

wGQ}E 8/625\

where w; = w;(7y,(8)). Then, since wo and w3 are constant in 8 by Lemma 3.6.2(ii),

d .

@ZB(X) = Zﬁ(Xfﬁ) with fg(w) = (% logwl) lwel.
Differentiating Ekfv .(8) [X] = ZZBB(()f)) and applying the quotient rule gives that the left side
of (3.35) coincides with Covllx’f7 J(8) (X, f3)- By Lemma 3.6.2(iii), there exists ¢ = e(x, ') > 0
such that % logw; > €. Moreover, the covariance of X and |wg| is non-negative since both are
increasing (in w) and GATII\’f7 ,(p) Satisfies (FKG) by Lemma 3.3.7. O

We are now ready to run the argument of [DRT19].

Proof of Theorem 12. Consider the curves v, s in Lemma 3.6.2. Fix d > 2, k,x" € (0,1] with
k < and By € (0,1). For k,n >0 and 3 € (0, ), define Ey := Eg, and

n—1
kg = GATIB’;% Ly Ok(B) = e pl0 & ZU\Bi1l,  Su(B) = 0k(B).
’ k=0

Then, by [DRT19, Lemma 3.2] applied to pu, g,

n
Covy, s (Ligerzig, 1y [9m]) > —— 0,(8)(1— 0,(5)). (3.36)
Amax 3 i gl ¢ 29\ By (2)
2€Bn k=0

For z € B, and 2k < n, Lemma 3.6.1 implies p, g[z > Z¢\ Br_1(z)] < 01(B), and thus

n—1 [n/2]
Y tnple & ZN\ By (@)] €2 ) pnple & Z7\ By ()] < 254(8).
k=0 k=0

Plugging this in (3.36) and combining the result with Lemma 3.6.3, we obtain

9;25£en(1—9n),

where ¢ = £(k,£’) > 0. By inclusion of events and Lemmata 3.6.1 and 3.6.3, 6,,(8) < 6p(53) <
00(Bo) < 1. We deduce that there exists ¢ = ¢(k, ', d, fy) > 0 such that

n
0, > c—0,.
n

S,
By [DRT19, Lemma 3.1] applied to f,, = 6,/¢, there exists 81 = 51(d, k, k') € [0, Bo] such that,
e for B < B, there exists ¢g = cg(d, k, k') > 0 such that 6,(8) < e~ ",

e for 8> p1, 0(B) = limy,—o0 0,,(B) satisfies 6(5) > c(5 — P1),
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where lim, o 0,(8) = GAT#f .(8) [0 <> oo as a consequence of (3.33) (see, e.g., [Gri06, Propo-

sition 5.11]). By Lemma 3.6.Q(iii), the weight w1 (7.,(8)) in (3.12) tends to 0 as 8\, 0, and
it tends to infinity as § ' 1. Thus, taking By close enough to 1, Lemma 3.3.4 guarantees that
B1 € (0, Bp). Finally, Lemma 3.6.1 implies

1,f d
0(8) < GATg, (5[0 ¢ Z7\ Ban] < 0 (6).
Using the consequence, Corollary 3.3.2, of the coupling in Proposition 3.3.1(i), we derive the
statement of the theorem for n even, and the case n odd is treated analogously. O

3.6.2 The isotropic case when U is negative

One of the main difficulties in proving sharpness in the isotropic case when U < 0 is that there is
no known monotonicity in the parameters in the sense of stochastic domination, which is closely
related to (3.30). We conjecture the following property which, in conjunction with Theorem 12,
implies sharpness (as in Theorem 12) along all strictly increasing curves in the isotropic phase
diagram when d = 2. Furthermore, the transition must occur at the self-dual curve defined by
sinh 2J = e~V [MS71], as explained below.

Conjecture 1. Let v : (0,1) — R3 be a curve in (AF-FKG) with all components strictly
increasing. Then, for 1, B2 € (0,1) with 81 < B2, there exists € > 0 such that

f f .
(008" gyt < 008 gy gy, Whenever (i, Jj Us) € Be(v(By)), i =1,2,

where B,.(z) denotes the three-dimensional Euclidean ball of radius v > 0 and centre € R3.

We will only sketch how to use this property to derive sharpness in the isotropic case from
Theorem 12 when d = 2. The main task is to show that, if the curve ~, ,» from Lemma 3.6.2
passes through the self-dual curve in the isotropic phase diagram, then the transition point
Yo' (Be(k, k")) from Theorem 12 coincides with the intersection point with the self-dual curve.
Indeed, the argument in the proof of [Duml17, Theorem 1.12| shows that, on the curve 7, ,/,
there are only countably many points at which there is more than one infinite-volume Gibbs
measure. It is classical (see, e.g., the proof of [ADG24, Theorem 3]) that this property, together
with sharpness, Theorem 12, and monotonicity along 7 ./, Lemma 3.6.3, implies that the self-
dual point coincides with the transition point. Finally, continuity of the curves, Conjecture 1
and Theorem 12 easily imply the desired sharpness in the isotropic model.

We also mention that Conjecture 1 is valid in the ferromagnetic case, that is, when ~ takes
values in (0,00)%. Indeed, differentiating with respect to J, J' and U and using the second
Griffiths’ inequality [KKS68|, one sees that the magnetisation at the origin is non-decreasing in
each of the coupling constants.

Indications of monotonicity. We conclude this section by presenting indications of mono-
tonicity of the graphical representation along suitable curves that cover the isotropic part
of (AF-FKG), by means of the representation in Proposition 3.3.8. Assume henceforth that
J = J', U satisfy (AF-FKQG), which is equivalent to

J=J>0>U and cosh2J>e %, (iso-AF-FKG)
When K = K'=J, K" =U and (n,7') = (+,{), equation (3.17) may be written as
u\leH\wH ( )|WEQ°J;5| ok (w)+ka(w')

ATRC}\’?J’J’U[W, w/} 0.8 :H‘{OJEQ}E} ]]'{w’eﬂ%}7 (337)

us
2
uj

84



where the weights are given by (3.12) and (3.18), and they satisfy

_ . 47 _ 6. 2(J—U)

u =27V 1 and g = 3—% = W (3.38)
Observe that 13 < 1 precisely if U < 0. Now, with respect to this measure, consider the
normalised expectation

1 o0 1 (gLt 0,
E |EBn7J,J,U [|WEn| + |W$En|] = B, (EB,“,],J,U lwg, [] + E IJ,J,U HwEn”) ) (3.39)
n n

where we chose A = B, and E,, = Eg_, and where the expectations on the right side are taken
with respect to GATlB’fh JIU and GAT%’:: JIU respectively, see Proposition 3.3.8. It is easy to see
that the existence of the limit (3.34) and the fact that it is translation-invariant imply

1 1,f — 1,f
E \EBn,J,J,U lwp, |l === GAT;;plwe = 1],
n

where e is any fixed edge of Z?. On the other hand, a proof exactly analogous to that
of Lemma 3.6.1 shows that the boundary condition (0,4) is minimal in the analogous sense,
and hence the limit
0,+ : 0,+
GAT;;,; ;= lim GAT, 3.40
SO g AU (3.40)

exists, and it is translation-invariant and tail-trivial. Altogether, we deduce that

I 10

—
E ’EBn,.J,J,U lwe, |+ lwk, ] =
n

GAT} ylwe = 1] + GATY ] [we = 1]. (3.41)

We will consider the measure in (3.37) and the weights in (3.38) with parameters given by
curves taking values in (iso-AF-FKG), using the same notational conventions as in the previous
section. Similarly to Lemma 3.6.2, there exists a family of curves 7, : (0,1) — R3, x € (0,1),
covering (iso-AF-FKGQG), along which the weight t3(7,) in (3.38) is constant  whereas the weight
ui(7x) is increasing and covers (0,00). Moreover, along these curves, the coupling constants J
and U are strictly increasing and decreasing, respectively. See Figure 3.2 for an illustration.
Differentiating the expectation on the left side of (3.39) along these curves, we obtain

d ~
@Elsfﬁﬁ(/g) [|WEn| + ‘W;E"H = (% loguy ('7/@(5))) VarIB’SﬁH(/B) (|WEn| + |w}5n‘) > 0.

Let us summarise our findings in the following proposition.

Proposition 3.6.4. There exists a family of disjoint smooth curves 7, : (0,1) — R3, x € (0, 1),
covering (iso-AF-FKQG) along which the sum of the infinite-volume edge-densities

caT !

e = 1]+ GAT2 T we = 1]

(B

is non-decreasing in . For each r € (0,1), u1(5.) : (0,1) — (0,00) is strictly increasing and
bijective, whereas U3(7x) is constant k. Furthermore, along 7, the coupling constants J and U
are strictly increasing and decreasing, respectively.

Moreover, the Holley criterion [Hol74] allows to show that, for the same curves 7, the
measures GAT}X’% ) satisfy a kind of ‘jump monotonicity’ in the stochastic sense, and it provides
insight into why the regime U < 0 is problematic.
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Proposition 3.6.5. Let k € (0,1), and consider the curve 75, from Proposition 3.6.4. Let
B, B2 € (0,1) with u1(F(B1)) < kur(Fx(B2)). Then, for any finite A C Z¢,
f
A (B1) w(B2)°
There exist analogues of the curves 7, when U > 0, in which case the weight Gz in (3.38)
satisfies i3 > 1. The conditions for (3.42) imposed by the Holley criterion are then weaker
and reduce to w1(Vx(51)) < wi(Yx(F2)), that is, 1 < P2. In conclusion, the GAT measures
are stochastically ordered along the respective curves when U > 0. However, when U < 0, the
Holley criterion guarantees stochastic ordering only if one ‘jumps a sufficient distance’.
The proof of Proposition 3.6.5 is given in Appendix 3.D. Notice that, together with Corol-
lary 3.3.2, the above propositions imply Proposition 3.1.1.

1, 1,f
GAT, <ot GAT) (3.42)

3.A FKG lattice condition for GAT

Proof of Lemma 3.3.7. Let K, K', K" with K > K” and K > —K", and omit them from the
subscripts. Fix A C Z? finite, and set E = E5. Let # € {0,1} and o/ € {+,f}.

By [Gri06, Theorem 2.22], it suffices to show (FKG-L) for w,w’ € Qﬁ that agree everywhere
except at two edges e, f € E. Regard w € Qg as a set, and assume that e, f ¢ w. We have to
show that

GATT " [w U {e, £}] GATT " [w] > AT [w U {e}] GATH" [w U {f}].

The factor Wlle‘ 2ka(@) in (3.11) satisfies the corresponding inequality (see, e.g., [Gri06, Theorem
3.8]). Setting Z(¢) := 32, o W|2ES/\C| WLES’OQ, it remains to show that

A
Z(wU{e, f}) Z(w) =2 Z(wU{e}) Z(wU{f}). (3.43)
Let F'= E\ {e, f}, and observe that
Liecr \¢3+1 . liecr ,ncy+1 ,
Z(¢) = Z W|2FS,\C\ ngs’mde{ eB N\ T {ser, \<}W3{ eBy Ny Fifer N (3.44)
S’EZX/

Define u as the Ising measure on ZX, given by

1 r Fun . F Fun
—W'Q S'\W|W|3 sl with Z, = E W‘2 o\l Wg of wl.

puls') = Z

s’EEXI
Then, dividing both sides by Zﬁ and inserting (3.44), the inequality (3.43) turns into

1 +1 1 +1
{ecEy}TH{feEy} {ecE }TH{feEy}
E, [W3 } E, {WQ }

1 1 1 1
{feE,} “{e€E s} {ecEy} “HfeEy}
> E, {WQ W } E, |:W2 W } .

Applying elementary manipulations, this inequality is equivalent to
(,u[e,f ¢ Es’] M[e)f € Es’] - /J’[e c€Ey, f ¢ ES’]M[Q ¢ Eg, f € Es’]) (W2 - W3)2 > 0,

which is a consequence of Griffiths’ second inequality [Gri67|, provided that wo,ws < 1. The
latter is equivalent to (3.15). Indeed, wo < 1 precisely if K’ > K", and w3 < 1 precisely if

oK 1 +€—2(K+K')
2K 2T
— 6_2K +€_2K

Applying x — ﬁ—ﬁ, the above inequality turns into — tanh K” < tanh K tanh K’. O
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3.B Maximal boundary condition for GAT
Proof of Lemma 3.6.1. Fix J,J' U A, A, Ex, Ea, € as in the statement, and define

1,f L 1,f
H1 = GATA,J,J/,U[WEA € - |wpa\By = EBa\E,] and g = GATy ; 1 -

By [Gri06, Theorem 2.6|, since uo satisfies (FKG-L) by Lemma 3.3.7, it suffices to show that,
for any e € F) and any w € Qp, (regarded as a set) with e ¢ w,

plwU{e)] _ polwu (e}

3.45
I ™ (349
For ¢ € 244, define
EA) g EA) g Epr)y Ep)y
2= Y wiEDAIGED g gty = 5 Wl EAJEand
s'€X) s'esh
After cancellations, the left side of (3.45) reduces to
£
g 23 UL, £y ) Ra U ) ZA(“; U{e} Uk, \E,) (3.46)
Zp(WUEk \Ey)
Similarly, the right side of (3.45) reduces to
£
vy 262 (WU} UE 0\ Br) ki (WUE,0\En) Zy(wU{e}) ' (3.47)

Zy(w)

It can easily be checked that the exponent of 2 in (3.46) is at most that in (3.47). It remains to
treat the ratios of partition functions. Let Fa = Ea \ {e} and Fy = Ej \ {e}, and let v; and v»
be the Ising measures on EfA and X | respectively, given by

[(Fa) o \(wUE ) 1(Fa) g N(wug l , ,
1/1[8/] 5 Wi A WUEE, 4\ By -y A WUEE, g \Ep and 1/2[8/] O(W|2(FA)S \w|W£(FA)S ﬁw|'

Then, applying elementary manipulations analogous to those in the proof of Lemma 3.3.7 above,
the ratio in (3.46) is at most that in (3.47) if and only if

(vile ¢ (Ea)] — vale ¢ (Ea)v]) (ws — w2) > 0.

The first factor is non-negative as a consequence of Griffiths’ second inequality [Gri67], and the
second factor is non-negative precisely if U < 0. O

3.C Construction of the curves
Proof of Lemma 3.6.2. For k, k" € (0,1] with x < &/, define 7, . : (6;5,,6:’5,) — R3 by
B = — 2 log(kk'), ﬁjﬁ, = —3logk,
T (8) = (3 1og (s ) » B, B+ 4 logr)

It is straightforward to check that these curves satisfy (i) and (ii) in the statement. Moreover,
the image of (8_,,, 8, /) under wq (%) is (0,00), and

d ~ 4k(K — K)e™ 4P 4k
——1 K,k = .
ds 08 W1 (3w (5)) (kK — e=4B) (e~ — K2) Z W —n
Define Ve, * <07 1) — RB by ’Yﬂ,ﬁ’(ﬁ) = ;?H,n’(ﬁ:y,i/ - 6(5:7,4 - B;Hl)) 0
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3.D Jump monotonicity for GAT

Proof of Proposition 3.6.5. Fix x € (0,1) and A C Z? finite, and set £ = E;. As GAle\’f%(ﬁ_)
is the marginal of ATRC/l\’O%( g, on the first component by Proposition 3.3.8, the Holley crite-

rion [Hol74, Theorem 6] states that it suffices to show that, for all £, ¢, ¢, (" € Qp,

ATRCY, () (€ V G €'V CIATRCYS, (5)[€A G, €' A C) 2 AR, (5 [€, ETATRCYT, (5, (€. C)

where V and A denote the coordinatewise maximum and minimum, respectively. Recall that the
measures can be written as in (3.37) and (3.38). The factor 2+« *5(") satisfies the corresponding
inequality (see, e.g., [Gri06, Theorem 3.8]), whence it suffices to check the above inequality for
the edge-weights u|1wE‘+|wE‘ ﬁgwEme|.
obtain the following conditions:

Comparing respective factors for each edge e € F, we

W (e (82)) > w1(@(B1)),  wi(Fa(B2)? 39 (B2)) > wi(Fx(B1))? t3(Fx(B1)),
u1 (Vs (B2)) 13(Vx(B2)) = u1(Vx(P1)), U1 (Ve(B2)) U3(Vk(B2)) = w1 (Ve (B1)) u3(Ve(B1))-

Since U3(Vx(P1)) = t3(Fx(52)) = & € (0, 1), these conditions reduce to u; (7. (52)) & > ui(Vx(51)),
and the proof is complete. O
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Chapter 4

Discontinuous transition in 2D Potts:
I. Order-disorder interface convergence

It is known that the planar g-state Potts model undergoes a discontinuous phase transition
when ¢ > 4 and there are exactly g + 1 extremal Gibbs measures at the transition point: ¢
ordered (monochromatic) measures and one disordered (free). We focus on the Potts model
under the Dobrushin order—disorder boundary conditions on a finite N x N part of the square
grid. Our main result is that this interface is a well defined object, has v/N fluctuations,
and converges to a Brownian bridge under diffusive scaling. The same holds also for the
corresponding FK-percolation model for all ¢ > 4.

Our proofs rely on a coupling between FK-percolation, the six-vertex model, and the
random-cluster representation of an Ashkin-Teller model (ATRC), and on a detailed study
of the latter. The coupling relates the interface in FK-percolation to a long subcritical cluster
in the ATRC model. For this cluster we develop a “renewal picture” a la Ornstein-Zernike.
This is based on fine mixing properties of the ATRC model that we establish using the link
to the six-vertex model and its height function. Along the way, we derive various properties
of the Ashkin-Teller model, such as Ornstein-Zernike asymptotics for its two-point function.

In a companion work, we provide a detailed study of the Potts model under order-order
Dobrushin conditions. We show emergence of a free layer of width v/N between the two
ordered phases (wetting) and establish convergence of its boundaries to two Brownian bridges
conditioned not to intersect.

4.1 Introduction and results

The Potts model is a classical model of statistical mechanics introduced in 1952 [Pot52]. Each
vertex of a graph is assigned one of ¢ states (colours), with states of adjacent vertices interacting
with a strength depending on the temperature T" > 0 of the system. At ¢ = 2, this corresponds
to the seminal Ising model. The Potts model becomes increasingly ordered as the temperature
decreases, and a phase transition occurs on lattices Z¢ with d > 2 at some transition temperature
Te(q,d) > 0. Depending on ¢ and d, the transition is either discontinuous (first-order) or
continuous (higher-order). Such a rich behaviour has brought a lot of attention to the Potts
model.

Interface in the planar Potts model. Our work is restricted to dimension d = 2. In
this case, planar duality and a correlation inequality (available when ¢ > 1) have allowed to a
watershed of progress in the phase diagram of the Potts model in the last two decades:

e the transition occurs at the self-dual point T¢(¢) := [In(1 + ,/g)]~! [BD12];
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Figure 4.1: Sample of a 600x600 Potts model with 25 colours at 7.(25) with Dobrushin boundary
conditions. Left: order-disorder interface; upper part has blue b.c., bottom has white b.c. (no colour
favoured), colours are: blue for the first and interpolate between yellow and red for colours 2 to 25.
Right: colours are: blue for the first, red for the second, and interpolate between yellow and orange for
colours 3 to 25.

e the transition is continuous when ¢ = 2, 3,4, in a sense that, at T.(g), there is a unique
Gibbs measure [DCST17] (see also [GL23] for another argument);

e the transition is discontinuous when ¢ > 4 [DGH'21] (see also [RS20] for a short proof),
and any Gibbs measure can be written as a linear combination of ¢ 4+ 1 extremal Gibbs
measures (¢ monochromatic and one free) [GM23].

We focus on discontinuous transitions (¢ > 4) and study interfaces at T.(q) separating differ-
ent states. The structure of extremal Gibbs measures (described above) leads to two natural
definitions of Dobrushin boundary conditions:

e order-disorder: one half of the boundary is of a fixed colour and the other one is free (no
colour assigned);

e order-order: both halves of the boundary are assigned different fixed colours.

The phenomenology is quite different in the two cases, see Fig. 4.1.

The main result of the current chapter is the convergence of the interface under order-
disorder conditions to the Brownian bridge in the diffusive limit. Results of such precision
were previously proven for 7' < T.(q) and the order-order interface. Indeed, planar duality
transfers this problem to the study of the typical geometry of long clusters at T > T, for
which a quasi-renewal structure was developed in [CIV08]. We do use similar ideas, but the
situation is more involved: duality does not help directly as we work at the transition point with
order-disorder boundary conditions, where duality only maps the problem to itself. Instead, we
build on [BKW76] and [GP23] to construct a sequence of combinatorial mappings relating the
interface in the FK-percolation to a suitable long subcritical cluster in the Ashkin-Teller model.
We extend the study of [ADG24]| to establish mixing properties in the latter model. This opens
a way to obtain a renewal picture and invariance principle for long subcritical clusters in the
ATRC model using the methods developed in [CIV03, CIV08, AOV24|. Finally, we transport
back the convergence result to the FK and Potts models.
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Let us also mention the work [MMSRS91] that showed /N fluctuations when ¢ is taken
to be large enough. Our results imply this for all ¢ > 4. In this generality, the only progress
was a recent complete characterisation of Gibbs measures in the planar Potts model [GM23|.
This work proves that all Gibbs measures are invariant to translations, and this implies that the
interface (if defined at all) exhibits diverging fluctuations.

The case of the order-order conditions is addressed in a subsequent work [DGO25b| (see
Section 1.4.1 and Chapter 5): we show emergence of a free layer of width v/N between the two
ordered phases (wetting) and establish convergence of its boundaries to two Brownian bridges
conditioned not to intersect.

In particular, we prove that, when ¢ > 4, in both cases of Dobrushin conditions, as the mesh
of the lattice tends to zero, the scaling limit of the interface in the Potts model is a straight line.
To compare with what happens in the case of continuous phase transition, let us describe the
expected behaviour for ¢ = 2,3,4. The mesmerizing physics conjecture from 1980s postulates
conformal invariance. Schramm’s [Sch00] geometric interpretation of this conjecture asserts that
as one takes the scaling limit of the Potts model, the interface converges to a random fractal
curve called the Schramm-Loewner Evolution. This has been proven rigorously only at ¢ = 2
(Ising model) by Smirnov et al [Smil0, CS11, CDCH"14].

The “Ornstein-Zernike” (OZ) theory is a (non-rigorous) picture introduced in [OZ14,
Zer16| of how correlation functions in various models behave. Their main idea was to postulate
a suitable renewal structure satisfied by correlation functions, which leads to very precise ex-
pressions for the asymptotics of the said correlations. The first rigorous implementation of this
renewal picture was done by Abraham and Kunz [AK77] using perturbative expansions. The
modern approach, which started with the work of Chayes, and Chayes [CC86] on the self-avoiding
walk (SAW) and of Campanino, Chayes, and Chayes [CCC91] on Bernoulli percolation, is based
on creating a renewal structure a la OZ for elongated subcritical objects (SAW or percolation
clusters containing a distant point). Both these works rely on heavy combinatorial study, and
the renewal steps are “irreducible crossings of slabs”.

This idea was further developed by Ioffe [Tof98] for the ballistic phase of the self-avoiding
walk, introducing key measure-tilting ideas coming from large deviation theory. His strategy was
then extended to Bernoulli percolation in [CI02], to the high-temperature Ising model [CIV03]
and to the FK-percolation [CIV08]. Compared to the cases of SAW and Bernoulli percolation
where the measure factorizes nicely, the structure obtained in the case of Ising and FK, while
still geometrically being a concatenation of “irreducible blocs”, is not a real renewal structure.
Indeed, it is only a sequence of “fast mixing kernels”, which study is heavier and performed
in [CIVO03]. The last step to finally obtain a true renewal structure from the fast mixing kernel
picture was done in [OV18].

These works on subcritical clusters of the FK-percolation all take place in any dimensions.
On Z2, planar duality allows to rewrite the interface of the Potts model at T < T.(q) as a
subcritical FK-percolation cluster conditioned to contain (0,0) and (N, 0).

Our contribution to this line of works is to derive a “renewal picture” for the long clusters of
the planar random-cluster representation of the Ashkin—Teller model, for values of the parame-
ters lying on the self-dual line. This model is then related to the Potts interface using a suitable
adaptation of a coupling introduced in [GP23].

We now formally state our main results for the Potts model, the FK percolation and the
Ashkin—Teller model.

91



Figure 4.2: Left: wired-free Dobrushin boundary condition. Right: the graph Gs.

4.1.1 Potts model

We view Z? both as a set of points on the plane having integer coordinates and as a graph (square
grid) with edges linking points at distance one. Denote by E the set of edges in Z? and write i ~ j
if {i,j} € E. Let G = (V, E) be a subgraph of Z2. Take parameters T > 0, ¢ € {2,3,4,...},
and boundary conditions n € {0,1,...,q}". The Potts model on G with boundary conditions n
is the probability measure on {1,...,¢}" given by

POttSZ;qu(J) = ﬁ - exp [% : ( Z §(oi,04) + Z 5(Ui7nj)>]?

{i,j}€E ieVjeVve:ing

where Zpotts = Zpotts(G, T, q,n) is the unique normalising constant (called partition function)
that renders the above a probability measure, and §(z,y) = 1 if x = y and d(x,y) = 0 otherwise.
Value 0 for n corresponds to free boundary conditions favoring none of the ¢ possible states of
the spins.

We say that n defines the order-disorder (1-free) Dobrushin boundary conditions (and denote
it by 1/f) if n((z,y)) = 1>0(y). Identify A, := {—n,...,n}? with the induced subgraph of Z? on
this set of vertices. The Dobrushin boundary conditions on A,, impose existence of an interface
between color one and the rest. This can be made explicit, but for brevity we choose to define
directly the upper and lower discrete envelopes of this interface: T'q..s and ... Tespectively.
Given o € {1,...,¢}", define & € {0,1,...,q}Z2 to be its extension outside of A, by the
Dobrushin boundary conditions: one on Z x Z>( and zero on Z X Z«g. For k = —n,...,n, define

G#1

Tpots (k) :=max{y € Z: (k,y — 1) <= (Z x Z<o) \ An},
Dot (k) = min{y € Z: (k,y+1) 208 (7 x Zo0) \ An},

where (k,y —1) 7 (Z x Z.<) \ A, states the existence of a path in Z? in going from (k,y — 1)
to (Z x Z<p) \ Ay, and consisting of vertices where ¢ # 1 and (k,y) Z=L dog (Z x Z>0) \ Ap,
states the existence of a path in Z* with diagonal connectivity going from (k,y) to (Z x Z>¢) \ An
and consisting of vertices where & = 1. By Z? with diagonal connectivity we mean a graph with
the vertex-set Z? with edges linking vertices at distance at most v/2. Define the rescaled linear

interpolation of Tor, . and Tpor,. by
T i? -—_
Tpotes(t) = ﬁ ((1 —{2tn — n})]‘_‘l::’totts( [2tn —n]) + {2tn — n}]'_‘l:?’totts( [2tn — n] ))v

where | |, [ ], {} denote respectively lower and upper roundings and fractional part.

Theorem 13. Let g > 4 be integer and take T = Tu(q). For n € N, sample Dol and Dol

from Potts/!

AniTo(a)g described above. Then, as n tends to infinity,
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Figure 4.3: Left: Tile associated to a mid-edge. Right: Tile centred at the middle of a horizontal primal
edge (solid black) or its associated vertical dual edge (dashed black), with its two possible local loop
configurations.

1. both (f;‘;:ts(t))te[[),l] and (fl:égts(t))te[o,l] converge in law to (cgb)sepp], where by is a
standard Brownian bridge and cy > 0 is some constant;

2. the probability that maxy, ‘I’;’?ts(k) — I’;(;:Lts(k)‘ > Cln(n)? tends to zero.

The constant ¢, has an explicit characterization, see Remark 4.8.12.

4.1.2 FK percolation

The main tool in analyzing the Potts model is the Fortuin—Kasteleyn (FK) percolation (or
random-cluster) model [FK72] that allows to express the spin-spin correlation function via con-
nection probabilities. We first define it and then state the relation between the two models.
Take a finite subgraph G = (V, E) of Z?2, parameters p € (0,1), ¢ > 0 and boundary conditions
¢ € {0,1}F. We identify any w € {0,1}¥ with the set of edges e € E for which w, = 1 (open
edges) and with the spanning subgraph of Z? defined by the open edges. The FK-percolation
model on G with boundary conditions ¢ is the probability measure on {0, 1}* given by

k
FKEG;p,q(n) = % : p|nﬂE|(1 - p)|E\n\ q v () ﬂn:f on E\E»

FK

where Zrx = Zrx(G,p,q,§) is the partition function and ky(n) is the number of connected
components (clusters) of (Z?,n) that intersect V.

The free and wired measures correspond to the choices ¢ = 0 and & = 1, respectively, and we
simply write f and w instead of £, respectively. We will be interested in the Dobrushin wired /free
boundary conditions: & = 1if and only if e C Z x Z>( (see Fig. 4.2). We denote these boundary
conditions by 1/0.

For n > 1, define the graph G,, = (V,,, Ey,) by

E,={ecE:eCA}U{ecE:eCZxZspand eNA, #}, V,:= U e.
€€En

The seminal Edwards—Sokal coupling [ES88| states that, when ¢ > 2 is integer and p =

1 — exp[—7], coloring clusters of w ~ FKlg/f,pq independently in colors 1,2,...,q gives a spin
configuration o ~ Potts}\/nf,Tq. We will denote this coupling between the Potts model and the

FK percolation by ES}X/nOT ¢

We define an interface in the FK percolation forced by the Dobrushin boundary conditions
using planar duality. Note that the lattice dual to Z? is again a square lattice and we denote it
by (Z?)*. For each edge e of Z?, denote by e* the edge of (Z?)* that is dual to e, i.e. the unique
edge of (Z2)* that intersects e; see Fig. 4.3. Given w € {0,1}F, define its dual by

*

wer =1 — we.
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The FK percolation at p.(q), given by

Pe(q) =1~ exp[~ 7] = f‘q/ﬁl,

1/0
GniTe
FK-percolation with parameters ¢ and p.(q), but on a dual graph and under dual Dobrushin
boundary conditions. This self-dual nature is also revealed when looking at the loop represen-
tation of the FK percolation model. Specifically, we draw two arcs next to every primal or dual
edge of w, as shown on Fig. 4.3. These arcs link together into loops separating primal and dual
clusters and one interface tracing the boundary of the union of primal clusters attached to the
upper boundary of A,,. Denote this interface by I'ex. Remarkably, a standard application of the
Euler’s formula (see eg. [DGH'21, Lemma 3.9]), allows to rewrite the distribution of w via loops
which are symmetric with respect primal and dual configurations:

is known to enjoy the self-duality: if w ~ FK (@)’ then its dual w* is also distributed as an

FKk/O (W) =

1 # loops
Gnipe(q),q Zioop \/6 ’ (41)

where # loops stands for the number of loops in the loop representation of w. This is a part of the
classical Baxter-Kelland-Wu [BKW76] coupling between the FK percolation and the six-vertex
model; see Sections 4.4 and 4.5.1.

As for the Potts model, we define the upper and the lower discrete envelops of I'px:

Ti"(k) =max{y € Z: (k+3,y— 3 ({Z+1) x{Zoo+ 3\ ALY,
T (k) :=min{y € Z: (k,y +1) <> (Z x Z>0) \ An},

where A := [-n,n]2 N (Z%)*. The rescaled linear interpolations I of T are defined in
the same way as in the Potts model. Our main result for the FK percolation is an invariance
principle for T

Theorem 14. Let ¢ > 4 be a real number and take p = p.(q). For n € N, sample F;EK’H and f‘l_-ix’n

1/0
from FKGn;pc(q),q

Theorem 13 hold for I‘?K’n and f‘fx’n in place of Fpig,?ts and f‘Pio’:ts.

as described above. Then, as n tends to infinity, the convergence results from

We draw attention to the precision of our control of the interface. Previously, at p.(q)
when ¢ > 4 (discontinuous transition), it remained open that I'fx does not exhibit linear fluctu-
ations. Our results imply that this is indeed the case and, moreover, the probability that I'gy
exhibits linear fluctuations is in fact exponentially small. This should be compared to the
behavior of T'fx at p.(q) when ¢ € [1,4] (continuous transition): there it does exhibit linear
fluctuations [DCST17].

Our proof goes via developing a random walk representation for long clusters in the Ashkin—
Teller model. We proceed by introducing the latter model and stating our results for it.

4.1.3 Ashkin—Teller model

Introduced in 1943 [AT43] as a generalization of the Ising model to a four-component system,
the Ashkin—Teller (AT) model can be viewed as a pair of interacting Ising models. Take a finite
subgraph G = (V, E) of Z2, parameters J,U > 0 and boundary conditions o,0’ € {0, +1}%*,
The AT model on G with parameters J,U € R and boundary conditions (o, ¢’) is a probability
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measures on pairs 7,7 € {£1}" given by

ATng/,U(Tv ) = Z%T . exp[ Z J(rimj + 7i7)) + Unimy7iT]
{ijteE

+ Z J(rioj +7l03) + Urioytio
i€V, jeVe: ing

where Zyr = Zy1(G, J,U, 0,0") is the partition function. Taking 0 = ¢’ = 1 we obtain plus-plus
boundary conditions and taking o = a = 0 we obtain free-free boundary conditions; we denote
the corresponding measures by ATG U and ATfC’;f U respectively.

We consider only J > 0, since ﬂlpplng the sign of J corresponds to flipping the sign of 7/
and T at one of the two partite classes of Z2. Using the Ising-duality for 7/ and then for 7, the
self-dual curve of the parameters was identified [MS71]:

sinh 2.J = e~ 2V, (4.2)

A classical GKS inequality [KKS68] implies that the correlations are monotone along the lines of a
constant ratio J/U. The case U = 0 gives two independent Ising models and the line J = U is in
direct correspondence with the four-state Potts model and the FK percolation with the cluster-
weight ¢ = 4. In addition, the three models are related on the self-dual line (4.2), with ¢ > 4
corresponding to U > J. A precise coupling was constructed in [GP23] via the six-vertex (square
ice) model based on the works of Fan [Fan72a] and Wegner [Weg72| and on the seminal Baxter—
Kelland-Wu (BKW) correspondence [BKWT76]; see also [HDJS13|. This coupling is crucial to
the current work and is described in detail in Sections 4.4.2 and 4.5.1.

When U > J > 0, correlation inequalities [KS68] guarantee the existence of the infinite-
volume limits ATf]’fU and AT;’J of the free and monochromatic AT measures ATfG’fn’ gu and

ATZ;’TLJFJ > respectively, as G, Z2. Our first result states that their marginals on the sin-
gle spin 7 coincide.

Proposition 4.1.1. Let 0 < J < U satisfy sinh 2J = e =2V, Then, the measures ATfjf[] and AT}’U+
have the same marginal distribution on 7.

Denote the expectation operators with respect to ATJU and AT++ by (-)jy and <>}FJ,

respectively, and define the inverse correlation length v by setting, for x € R?,
vyu(z) == — lim Ln(rr Vol = — lim L L n(ror s
J,U . oo T 07 nx]/ JU oo 07 nx]/ U >

where | - | is the componentwise integer part. The existence of the limit is derived in a standard
manner from correlation inequalities and a subadditive argument (see Section 4.7 for more details
and references). In [ADG24|, it was shown that ATXT’LJr admits exponential decay of correlations
in 7, which implies that v > 0. The following theorem establishes sharp Ornstein—Zernike-type
asymptotics for the 2-point function.

Theorem 15. Let 0 < J < U satisfy sinh2J = e 2V, The inverse correlation length ViU 18 a
norm on R2. Furthermore, uniformly in |x| — oo,

f,f _
<TOTx>j,U = <TOTI>}_J = gtz/lz]) € v(@) (1 + 0(1))7
where v = vy, and g = gsu 1s a strictly positive analytic function on St.
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Figure 4.4: Dobrushin boundary condition for the six-vertex height function.

4.1.4 Six-vertex model

The six-vertex model [Pau35, Rys63] is a model of edge orientations on a square lattice, which
in the setting of this chapter is taken to be the medial graph of Z2. While it serves merely as
an intermediate step and a tool in the derivation of our main results, Theorems 13-15, we also
obtain some results on the six-vertex model along the way, which we will informally describe in
this subsection. We refer to Sections 4.4.1 and 4.5.1 for precise definitions.

The six-vertex model admits a representation in terms of height functions. In the above
setting, these are assignments of integers to the vertices of both Z? and (Z?)*, satisfying the
following property. A six-vertex height function h : Z2 U (Z?)* — Z takes even values on Z? and,
for all i € Z? and u € (Z%)* at a Euclidean distance of 1/+/2, it holds that |h(i) — h(u)| = 1.
An edge e = {i,j} € E (or its associated tile) with dual e* = {u,v} is said to be of type 5-6 if
both h(i) = h(j) and h(u) = h(v), and otherwise of type 1-4. Given a finite set £ C E and a
parameter ¢ > 0, each height function is assigned a weight given by

WE;c(h) — C\{eGE of type 5—6}\.

Through the introduction of boundary conditions, measures on the set of height functions are
defined by a proportionality relation to the above weight. When 1 < ¢ < 2, the height function
under constant boundary condition is known to delocalise [DCKMO20] (see also [Lis21a, GL23|)
as the system exhausts the whole lattice, whereas it was shown to localise [DGHT21, GP23|
when ¢ > 2.

In relation to the Potts and FK measures under Dobrushin boundary conditions, we consider
six-vertex height function measures with parameter ¢ > 2 on square domains and with the
following Dobrushin boundary condition (see Fig. 4.4): +1 on (Z?)* in the upper half-plane, —1
on (Z?)* in the lower half-plane, and constant 0 on Z2. In analogy to Theorems 13-14, we derive
the convergence under these height function measures of the Peierls contour between +1 and —1
in the odd heights under diffusive scaling. We prove this statement for measures with a modified
parameter ¢y, on the boundary, as they can be coupled with the FK and Potts measures, which
allows us to transfer the result to the latter and derive Theorems 13-14. However, it should be
noted that this boundary weight in fact complicates the analysis in the related AT model. The
derivation of the statement for the measures without the modified boundary weight is simpler
and can be undertaken using the same method.

It is also noteworthy that we establish exponential relaxation results for the height function
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measures with constant boundary conditions and potentially inhomogeneous weights ¢ and cp
at the boundary (see Section 4.5.2).

4.1.5 Summary of the chapter: what is new?

The main novelty of our work is to study the FK percolation and the Potts models via the graph-
ical (or random-cluster) representation of the Ashkin-Teller model (ATRC model) introduced
in [PVI7]. At a first glance, the FK percolation model has been by now much better under-
stood, see the classical book [Gri06] and more recent lecture notes [Dum17|. Moreover, the FK
model has been used to establish some basic properties for the ATRC model [GP23, ADG24].
However, compared to the FK percolation at its transition point when ¢ > 4, the ATRC model
at its self-dual line when U > J remarkably exhibits a unique Gibbs measure. This brings more
symmetries that play a key role in the study of interfaces.

This comes at some cost: the ATRC model is supported on pairs of edge configurations.
Thus, the domain Markov property is significantly weaker than in the FK percolation defined
on a single edge configuration. In particular, it is highly non-trivial to prove mixing properties
of the ATRC model. For this we use a coupling of the ATRC model to the six-vertex model,
whose height function enjoys additional monotonicity properties. Using the classical work of
Alexander [Ale98] and a new general mixing result [Ott25], we prove, for the regime of parameters
considered in the rest of the work, that the ATRC model satisfies

e the exponential ratio weak mixing property (Theorem 16),

e a restricted version of the exponential strong mixing property (Theorem 20).

These mixing properties allow us to extend the arguments of [CTV03, CIV08, OV18, AOV24|
to the ATRC model and provide a renewal picture for the long subcritical ATRC clusters in
infinite volume (Theorem 21).

Regarding the link with interfaces in FK/Potts, we point out a technical issue that the FK
percolation model under standard Dobrushin boundary conditions is directly coupled only to the
ATRC with rather involved “boundary conditions” (modified cluster weight on the boundary, we
call it a modified ATRC model). Fortunately, this model still satisfies the FKG lattice condition
which allows for comparison with normal ATRC measures. Using this, we are able to transfer
the results derived for the infinite volume ATRC to the modified, finite volume, measures. This
is the content of Section 4.8.

Organisation of the chapter. We now provide the structure of the chapter.

Section 4.2: notation and conventions that will be used throughout the chapter.

Section 4.3: definition of the ATRC model, its basic properties and statement of the results
that we establish for this model, including the uniqueness of the ATRC Gibbs measure and
mixing properties.

Section 4.4: coupling between the FK percolation and modified ATRC models. The coupling
is very sensitive to boundary conditions, eg. note appearance of a different boundary-cluster
weight in [GP23]. We extend this coupling to standard Dobrushin boundary conditions in the
FK percolation at a price of rather inconvenient conditions in the ATRC model. In particular,
we obtain a coupling between the FK interface and a crossing cluster under a modified version
of a finite volume ATRC measure.

Section 4.5: proof of new weak mixing properties (Theorem 16) for the ATRC model and,
in particular, uniqueness of the ATRC Gibbs measure. We adapt the classical works of Alexan-
der [Ale92, Ale98, Ale04] and use the recent works on the ATRC model [GP23, ADG24].

Section 4.6: derivation of a restricted version of strong mixing (Theorem 20) from the weak
mixing of Section 4.5, using a general argument from [Ott25].
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Section 4.7: development of the “OZ theory” (renewal picture) for long subcritical cluster in
the ATRC model, in infinite volume, following [CTV08, AOV24|, and using the mixing established
in Sections 4.5 and 4.6. More precisely, we show that the typical geometry of clusters conditioned
on containing two distant points is the same as the one of a directed random walk bridge between
these points (Theorem 21).

Section 4.8: using stochastic comparison and mixing properties, we couple the “crossing
cluster” under the finite volume measures of Section 4.4.2 with an infinite volume long cluster as
studied in Section 4.7 (Theorem 23). From there, an invariance principle follows by importing
the results of [Kov04].

Section 4.9: wrap up of the proofs of Theorems 13, 14, 15, and 18.

4.2 Notations and conventions

General graphs. Let G = (V,E) be a graph. We simply write zy = {z,y} for an edge
{z,y} € E. Given finite subsets A C V and F C E, define

Er :={e€E:eC A}, VE::Ue,
eckl
O :={zxcA:FyecV\A azycE}, 0%A:={ycV\A:3zcA, zycE}
O"E :={ecE:3f cE\E,enf# @}, O0%E:={ccE\E:3fcE,enf# o},
0N = {zyeE:z e A,yc V\ AL

In case of ambiguity, we add G as a subscript (and write, for example, (%?A) to emphasise that
the boundary is taken in G. The interior of A (in G) is given by A\ 9™A. The subgraph induced
by A C V is given by (A,E,), and the subgraph induced by E C E is given by (Vg, E).
Lattices. We will mainly work on Z? with nearest-neighbour edges, and on its dual. We will
denote the primal lattice by Le = Z? and its dual by L, = (1/2,1/2) 4+ Z2. Denote by E® the
nearest-neighbour edges between sites in L, (primal edges), by E° the nearest-neighbour edges
between sites in L, (dual edges).

Duality. Each edge e € E® intersects a unique edge of E°, we denote it by e*. For a set of primal
(or dual) edges E, define xE = {e* : e € E}. We say that E C E® is simply lattice-connected
if both the subgraphs induced by E and by *(E® \ E) are connected. As a convention, sets of
edges or of dual edges will be identified with the corresponding sets of mid-points whenever the
meaning is clear from the context.

Tiles. To each primal-dual pair of edges e, e*, associate a tile t given by the convex hull of their
endpoints and define e; := e; see Fig. 4.3. Define I, as the set of all tiles, and let [E® be the set
of all pairs of adjacent tiles. Note that (LL,,[E®) is the medial graph of (IL.,E®), since tiles can
be identified with midpoints of edges in E®.

Standard rectangular domains. Define the upper and lower half planes by
H+ =R x RZO’ H =R x I&<()7
and, for n,m > 0, set (see Fig. 4.5)

Ay i={—n,....,n} x{—m,...,m},
A= (([-n=1,n+1] x [0,m+1]) U ([-n,n] x [—m,O])) N L.
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Figure 4.5: Left: the sets Ay (solid) and Aj, (hollow). Right: the inner tiles A, (white) and the
boundary tiles 0As 2 (grey).

Define Dy, := Apym U A, ,, and the graph G, = (Vi Enm) by (see Fig. 4.2)

Vn,m = ATL,’H’L U (8exAn,m N H+)7 En7m = EVn,m \E]LQ\AH,,m'

Let Ay, m C Lo be the set of tiles with at least one corner in Dy, ,,, and 0A,, , C Ay (boundary
tiles) be the set of tiles with precisely one corner in D; see Fig. 4.5. Define also 0T A = {t €

OA:tCHT} 0 A=0A\0TAand A, := Ay \ 0Anm.
Define also (see Fig. 4.6 and 4.9)

vr(n) :=(—n—1,0), wgr(n):=(n+1,0).

Augmented rectangular domains. We also introduce E,, ,,, augmented by some upper bound-
ary edges. First, define the set of boundary edges and its upper and lower parts by

Eypm ={e:t € 0A,m} and Ebi,n,m ={e:t e 8iAn,m}.

Then define the augmented sets of edges and vertices by

Epm=EpmUES, . and Vo =Vg .

)

We now define the augmented domain and its dual (see Fig. 4.6):

o Set Ky = (Vim, Enm),

e and let K, be the graph obtained from (V,g . *E, ) by identifying the vertices in
8&? Vg -

Connectivity events. Given A, A C L, and a percolation configuration w € {0, 1}, we write
A <& A for the event that A and A are connected by a path in the graph (Le,w). If A = {i}
and A = {j}, we simply write i <> j. We omit w from the notation when it cannot lead to any
confusion.

Agreements of spins along edges. For an edge e = ij € E® and a spin configuration o. €
{+1, -1} we write 0o ~ € if 04(i) = 04(j); for &€ C E®, we write 04 ~ & if 04 ~ e for
every e € £ (in other words, o, is constant on clusters of ). We use similar notation for edges
in E° and o, € {+1, —1}te.
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Figure 4.6: Left: the graph Ky . Center: the graph K, (vertices surrounded by a circle are identified).
Right: planar duality relation between their edges.

Parameters. The couplings go through standard “expansion-resummation” of Boltzmann
weights combined with extensive use of planarity. As for each step one will write the weight
associated with a given model as a sum of weights for a “more expanded” model, several param-
eters will come into play. Below we list the parameters, as well as the algebraic relations linking
them:

q>4, B=PB¢)=In(1+/q), A>0, ¢>2, U>J>0,
Vi=e+e c=e? 4 e M2 = coth(2J), (4.3)
sinh(2.J) = e 2.

The parameter c also has a “boundary version”
cp, = eV > 1. (4.4)
For the remainder of the chapter, we fix ¢ > 4, along with the corresponding parameters above

(which are uniquely determined by ¢).

Constants. Constants like ¢, c1,C,Cq,C’, ... are constants which can change from line to line
and which can depend on the parameters unless explicitly stated. They are independent of the
system size, n, which will be our main “variable” quantity.

4.3 Ashkin—Teller random-cluster model

Like the Potts models, the AT model has a random-cluster (RC) representation, called the ATRC
model, and introduced in [CM97, PV97]. We will first introduce the model and state some of its
basic properties. This will be followed by the statement of our results.

4.3.1 Definition and basic properties

Let G = (V,E) be a graph, and let G = (V,E) be a finite subgraph of G. Let n;,n.~ €
{0,1}* with 7, C 5,-. The ATRC model on G with parameters U > .J > 0 under boundary
conditions (7;,7,.) is the probability measure on {0,1}* x {0,1}¥ given by

. WL—wfﬂE\ l(wrr \wr)NE]| 2kv (wr)+ky (wyrr)

] Y@= lo 0= (45)
ecE\E

NrsNrr! 1
ATRC; 77 (wrywrr) = 7 - Lo cu W
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where Z = Z/nb' (G, J,U) is the partition function, ky(-) is the number of clusters that
intersect V', and the weights are given by

2U( 2J —QJ)

w, =e"" (e* —e and w,p =2V 1, (4.6)

When 7, = 0 (resp. 1, = 1), we write 0 (resp. 1) instead of 7, in the superscript, and analogously
for 1,,.. Given finite subsets A C V and F C E, we write ATRCXT;(’}?{]/ and ATRCZ{:Z;]’ for the
measures on the graphs (A,E,) and (Vg, E), respectively.

Finite energy. There exists a constant ¢ = ¢(J,U) > 0 such that the following holds. For any
finite subgraph G = (V, E), any e € E and any a,b € {0,1}¥ with a C b

ATRCZTT;:ZTUT/ ((wr(e),wrr(€)) = (e, be) | (wr,wrrr) = (a,b) on E\ {e}) > c. (FE)

“DLR” property. Given asubgraph G’ = (V’, E’) of G and boundary conditions 1, 7., 75,1,
with n, =7, on E\ E' and 1, =7._, on E\ F/,

! 7]7—77] -
ATRC T (- | (wrywrr) = (07, 1s) on BN\ E') = ATRCS,. 7 (-)- (DLR)

Stochastic domination and positive association. We first introduce these notions in a
general setting. Given a partially ordered set S (states) and some index set I (eg. a set of edges
or vertices), consider ST: the set of functions from I to S, i.e. configurations on I with values
in S. A subset A C 8! is called increasing if 14 is increasing with respect to the pointwise
order. Given a o-algebra A on S! and two probability measures ;o and v on A, we say that v
stochastically dominates p, and write p <g v (or v >4 p) if p(A) < v(A) for any increasing
event A € A. We say that p is positively associated or satisfies the FKG property (named
after the seminal work of Fortuin, Kasteleyn and Ginibre [FKGT71]) if, for all increasing events
A, B € A, we have

W(ANB) = p(A)u(B). (FKC)

If I is finite and p(w) > 0 for any w € S’, we say that u satisfies the strong FKG property if
VJCIVw <ws: p(-|w=wionJ)<gpup(-|w=wyonlJ), (strong-FKQG)

where we wrote w = w; on J for the event that w(j) = w;(j) for all j € J. We note that this is
equivalent to the FKG lattice condition; see |Gri06, Section 2] and [GHMOL, Section 4] for the
background.

In order to incorporate ATRCZT;ZZTUT’ into this general framework, note that this is a positive
measure on {(0,0),(0,1), (1, 1)}E Indeed, w; and w;,+ that coincide respectively with 7, and

N on E*\ E can be viewed as elements of {0, 1}¥, and moreover w;(€) < w,(e) for every e € E
by (4.5).

Lemma 4.3.1 ([PV97]). For any U > J > 0, any subgraph G = (V, E) of G and all boundary
conditions 1, Ny, the measure ATRCZT’}]TUT satisfies the strong FKG property.

This is an easy consequence of [PV97, Proposition 4.1] and its proof.

By Lemma 4.3.1 and (DLR), for any increasing sequence of subgraphs G * G, the measures
ATRCgi; U form a decreasing sequence in the sense of stochastic domination. Consequently,
the weak Iimit exists and is independent (Gk) We denote it by ATRC%. Analogously, we
define ATRCY JU as the (increasing) limit of ATRCG U

Furthermore Lemma 4.3.1 and (DLR) can be used to compare different boundary conditions:
ifU>J>0,n <n.and 7.~ <7, then

NrsNrr! 77;—777:_7_/
ATRCG. ;7 <st ATRCG ;77 - (CBC)
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FK-type relations on the square lattice. Recall the infinite-volume AT expectation op-
erators () and (-)7 defined in Section 4.1.3 and the notation <> for a connectivity event
introduced in Section 4.2. The essential feature of the ATRC is that its connection probabilities
are related to the correlations in the AT model [PV97, Proposition 3.1]: for U > J > 0 and any
i,] € L,

(rmj) T = ATRCY (1 €5 ), (mr/myr)) T = ATRCY (6 €5 ). (4.7)

The analogous relations for (-)bf and ATRC%’% are also valid.

Duality on the square lattice. Recall the primal and dual square lattices (Lo, E®) and (L., E°)
(Section 4.2) and the notion of a dual percolation configuration n* € {0, 1}E° for each n € {0, 1}%°
(Section 4.1). Choose J,U as in (4.3). Then, for any finite £ C E® and any 7., 7.~ € {0,1}F",
by [PV97, Proposition 3.2],

(wr,wrrr) ~ ATRCE77 implies  (w),,w}) ~ ATRCL3 - (4.8)

Notice the different order in the dual pair.

4.3.2 Results on the ATRC

In this section, we present our main results concerning the self-dual ATRC model on the square
lattice L.

Mixing properties. We establish exponential relaxation for the single edges, which together
with (strong-FKG) implies exponential weak mizing (see Section 4.5).

Proposition 4.3.2. Let 0 < J < U satisfy sinh2J = e=2V. There exists ¢ > 0 such that, for
any edge e € E* with 0 € e, and any n > 1,

max
ce{r,77'}

ATRCY! ) (wo(e) = 1) — ATRCYY |/ (wo(e) = 1)’ <eom,

As a consequence, the measures ATRCZT_E?TUT' converge (as G /" L, ) to a limit measure ATRC s/,
which is independent of the choice of boundary conditions 7;, n,,/. Furthermore, the limit ATRC ;s
is the unique ATRC Gibbs measure. Moreover, applying the classical work of Alexander [Ale9§],
we derive ratio weak mixing.

Theorem 16. Let 0 < J < U satisfy sinh2J = e 2Y. There exist C > 0,¢ > 0 such that,
for any finite subgraph G = (V, E) of L, any F C E, and any F-measurable event A having
positive probability,

NrsNrr!
. ATRCGSE (A)
Nr et M

<0} Y eedwled),

fEF ecE°

N
ATRC;, 77 (A)
whenever the right side is strictly less than 1.

The notion of ATRC Gibbs measures can be defined in an analogous way to the FK model;
see [Gri06, Chapter 4.4]. The following is a direct consequence of Theorem 16.

Corollary 4.3.3. Let 0 < J < U satisfy sinh 2J = e~2Y. It holds that
ATRCYY, = ATRC), =: ATRC,p/.

In particular, ATRCy is the unique ATRC Gibbs measure, and for any choice of boundary

conditions 1, Ny, the measures ATRCZ;T,:?{]T' converge to ATRCjy as G /" L.
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We refer to Section 4.6, for our results on strong mixing properties of the ATRC.

Uniform exponential decay. In Section 4.5, we prove exponential weak mixing (Theorem 19).
It allows to apply the work of Alexander [Ale04] to derive the following uniform decay of con-
nection probabilities:

Theorem 17. Let 0 < J < U satisfy sinh 2J = e=2Y. There exists a constant ¢ > 0 such that,
for any finite simply lattice-connected E C E®, and any i,j € Vg,

ATRCE!, (i 225 ) < emedee(d),

where do s the distance induced by the L™ norm.

Proof. Tt is enough to check the conditions stated in [Ale04, Theorem 1.1]: the push-forward
of ATRC; 7 by wr is translation invariant, has finite-energy for closing edges, exponential decay
of connectivity probabilities [ADG24, Proposition 1.1], and is exponentially weak mixing by
Theorem 19. Finally, for n with E CE,, ,, we have by (DLR) that

ATRC (wr € - | wr(e) = 1for e € By, \ E) = ATRCY! . m

Ornstein—Zernike asymptotics. Recall the definition of the inverse correlation length vy
in the AT model in Section 4.1.3. By the FK-type relations (4.7) and by Corollary 4.3.3,

viv(x) =— li_>m LInATRC; /(0 <5 |nz)).
The following theorem is the analogue of Theorem 15 for the ATRC model.

Theorem 18. Let 0 < J < U satisfy sinh2J = e~ 2V. The inverse correlation length ViU 18 a
norm on R2. Furthermore, uniformly in |x| — oo,

ATRC (0 &5 2) = L/lzD) o =v(0) (1 4 o(1)),

||

where v = vy, and g = gju 15 a strictly positive analytic function on St.

4.4 Couplings and interfaces

This section is concerned with the construction of a coupling of the FK-percolation and the
Ashkin—Teller models, via the six-vertex model, and the derivation of its basic properties. The
coupling of the FK and six-vertex measures is an adaptation of the Baxter—Kelland—Wu (BKW)
coupling to the Dobrushin boundary conditions |[BKW76|. The relation of the six-vertex and
AT measures has first been noticed in [Fan72a| comparing their critical properties, and it was
made explicit in [Fan72b, Weg72] on a level of partition functions. We build on [GP23], where
a coupling of the six-vertex model and a graphical representation of the AT model (a marginal
of ATRC) was constructed.

4.4.1 Different models and combinatorial mappings

This section provides an overview of the combinatorial objects that will be encountered, as well
as a description of their relations. We first discuss oriented loop configurations, which serve as an
intermediate step in the BKW coupling of the FK-percolation and the six-vertex models. This is
followed by a description of two of the representations of the six-vertex model: edge orientations
and spin configurations. The height function representation appears only in Section 4.5, where
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Figure 4.7: Tiles of the oriented loop model and their types and weights, and the mapping from oriented
loop arcs to six-vertex edge orientations.

type

its monotonicity properties are crucial to derive mixing and relaxation properties of the ATRC
measures.

In Section 4.1, we saw that percolation configurations are in bijection with (unoriented) loop
configurations. To make the correspondence w <> w* <> ¢ = loop(w) explicit, we can regard each
of these models as an assignment of a local piece of drawing of an edge and two arcs to lozenge
tiles centred at the mid-edges as depicted in Fig. 4.3. Clearly, retaining only either the primal
or dual edges, or the arcs, provides complete information about all three.

Oriented loop configurations are obtained from unoriented ones by assigning an orientation
to each loop; formally, this is done by means of a sequence of independent uniform random
variables on [0, 1] indexed by the set £ of all loops. Alternatively, one can assign orientations
to the loop arcs on each tile, subject to the constraint that the orientations of neighbouring
arcs match. The eight local configurations that can occur at a tile are referred to as types, see
Fig. 4.7.

The edge orientations of the six-vertex model [Pau35, Rys63] are assignments of orienta-
tions to the edges in [E°, obtained from oriented loop configurations via the natural surjection;
see Fig. 4.7. These edge orientations satisfy the ice rule: at every vertex, there are two incoming
and two outgoing edges of E°. This constraint permits six possible local configurations at a
tile, which are also called types; see Fig. 4.7. The local inverse operation can be considered as
splitting the oriented edges into two oriented loop arcs. While tiles of types 1-4 permit a unique
reconstruction of the loop arcs based on the edge orientations, there are two possibilities for tiles
of types 5-6, giving the latter a special role.

The six-vertex spin representation. The six-vertex model may be represented by pairs of
spin-configurations (c.,0,) € {£1}re x {£1}le [Wu7l, KW71, Lis22, GP23]|, obtained from
the edge orientations via the following two-valued mapping. Fix the value of o4 or o, at some
arbitrary fixed vertex and proceed iteratively: given an edge e € E®, denote the vertices that it
separates by i € L, from a vertex u € LLo; we impose 04(i) = 0o(u) if ¢ is to the left side of e
(with respect to its assigned orientation) and we impose 04(i) = —0(u) otherwise; see Fig. 4.8.
The ice rule ensures that this mapping is well-defined.

This mapping is two-valued due to the liberty to choose the value of o, or o, at one vertex,
and the two images are related to each other by a global spin flip. Furthermore, it is injective,
meaning that the edge orientations can be reconstructed from the spins. The type of a tile with
respect to (o, 0,) is given by the type of the corresponding edge orientations; see Fig. 4.8. It
should also be noted that the ice rule can be translated as follows: for any tile t € L, either o,
is constant on the endpoints of e; or o, is constant on the endpoints of e;. Formally,

(0e(i) — 0e(j)) (00(u) — 06(v)) =0 for any t € L, with e, = ij, ej = uv. (4.9)
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Figure 4.8: The six-vertex types for all representations at a tile corresponding to a horizontal primal
edge e. Top: the spin at the left endpoint of e is fixed to be 4. Bottom: the height at the left endpoint
of e is fixed to be 0.

In the context of spins, this property will henceforth be referred to as the ice rule.

Baxter—Kelland—Wu correspondence [ BKW76]. Given a measure on oriented loops, tak-
ing its push-forwards with respect to the above mappings, one obtains measures on the six-vertex
edge orientations and spin configurations.

4.4.2 Coupling under Dobrushin conditions

The idea is to take the FK measure with Dobrushin boundary conditions and construct from
it first a measure on pairs of spin configurations on L, and L, that satisfy the ice rule and
then a measure on ATRC configurations. We will then identify these two measures as the six-
vertex and the ATRC measures, respectively, under suitable versions of Dobrushin boundary
conditions. This gives a coupling between the FK and a modified ATRC, which will allow us
to transfer the study of the former to the study of the latter. See also Section 4.5.1 for the
BKW coupling [BKW76] without Dobrushin boundary conditions and in the context of height
functions.

Recall the subgraphs G,y = (Vim, Enm) of (Le, E®) given in Section 4.2. As n,m will be
fixed in this section, we will omit them in the notation and simply write G = (V, E). Con-
sider FKlG/O: the FK measure on G under Dobrushin boundary conditions defined in Section 4.1;
see Fig. 4.2.

Coupling measure. To couple FKg O with both a six-vertex spin measure and a modified

version of the ATRC measure, we augment our probability space to incorporate independent
uniform [0, 1] random variables assigned to every loop and every tile. Formally, let £ be the
set of all unoriented loops drawn on the tiles of L, (see the right of Fig. 4.3). Define Q0 :=
{0, 1}%* x [0,1]% x [0, 1]% equipped with the product of Borel sigma algebras. Define Q and
@' respectively as the product measures on [0,1]* and [0, 1]%. Finally, the coupling measure is
defined by

v’ =m0 Qe Q.

In Lemmata 4.4.1 and 4.4.2 below, we describe how to obtain the following two measures as

push-forwards of \Ilgoz the six-vertex spin measure and the modified ATRC measure, both

under suitable Dobrushin boundary conditions (Definitions 2 and 3).

From FK to six-vertex. Recall the parameters c, cp, and A from (4.3) and the standard
rectangular domains from Section 4.2. Below we omit n, m everywhere.
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Figure 4.9: Boundary conditions on oriented loops and on six-vertex spins. The edges drawn are those
induced by the oriented loop boundary conditions.

Definition 2. The six-vertex spin model under Dobrushin conditions is a probability measure
on o = (0s,0) € {1} x {£1}L° defined by

(o)l

_ i TP
Spin%’Jr (U) P C|T5,6(U)| C1|3 5,6 ]IEXXEX/_ (O‘) ]lice(g)a (4.10)

where c, ¢, are defined by (4.3)-(4.4), Tgﬁ and T;G are the sets of tiles of types 5-6 in A' and
DA, respectively (see Fig. 4.8), Ljce is the indicator imposing the ice rule (4.9), and X} and EX,_
are the boundary conditions defined by

Y1 = {0e € {1} 1 04(i) = 1Vi € Lo \ A},
S = {oo € {1} 1 oo(u) = T (u) — T (u) Vu € Lo \ A’}

We now describe how to obtain Spin£’+_ as a push-forward of the coupling measure ﬁ/go.

Lemma 4.4.1. Let (w,U,U’) be distributed according to \IllG/O and let £ be the unoriented loop
configuration associated to w. Orient the loops of £ as follows (see Fig. 4.9):

e cach loop | €  outside of G (i.e. surrounding a vertez (Lo NHT)\ A’ or in (Le NH™)\ A
1s oriented clockwise;

e the unique bi-infinite path is oriented from right to left;

e cach loop | € { inside of G (i.e. surrounding a vertex in AU N') is oriented clockwise if
U < e*/c and counter-clockwise otherwise.

Denote by 0, the obtained oriented loop configuration. Recall the combinatorial mappings intro-
duced above and let (0e,05) be the associated siz-vertex spin configurations with oe((n+1,0)) =
+1. Then, the law of (0e,00) is given by Sping’Jr*.

Proof. We follow the ideas of [BKW76]. One has to examine which values of (w,U) result in
a given (ce,0,) € {:l:l}ﬂ" X {:l:l}]LO. The probability to obtain (o, 0,) € EX X Ej{,_ is the
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sum of the probabilities of all oriented loop configurations £_, that induce the edge orientations
corresponding to (0e,0,). The probability of a given oriented loop configuration ¢_, satisyfing
the boundary conditions in Fig. 4.9 is proportional to

1 R A [loop¢, (€~)|—[loop, (¢-)]
\/a\ oop(€-)] | (e)‘—&e-e—)‘> o e

[loope, (€-)|—[loop (€-)]) (4.11)
where loop,,(¢-) and loop(¢-) are respectively the sets of clockwise and counter-clockwise
oriented loops in ¢_, not imposed by boundary conditions, and loop(?-,) is their union. Indeed,
by 4.1, the first factor on the left side is proportional to FKEV/0 (w(f)), where w(f) € {0,1}E" is the
percolation configuration associated to the unoriented loop configuration £ corresponding to £_,.
The second factor comes from the values of the uniforms necessary to obtain correct orientations
of loops in loop(¢-). The equality holds since /q = e 4+ e~ due to the choice of .

Notice that each loop which is oriented clockwise does 4 more right quarter-turns than left
quarter-turns, that the converse holds for counter-clockwise oriented loops, and that the number
of left and right quarter-turns in the left-right interface differ by a universal constant. Thus, the
expression on the right side of (4.11) is proportional to

exp(A(#~ (6-) = #~(£-))/4),

where # (¢-) and #~((-) are respectively the number of right and left quarter-turns in /.
The key idea is to count these oriented loop arcs locally at each tile in A = Al U AP, Observe
that, for tiles in A!, types 5B,6A correspond to a pair of right-oriented loop arcs and types 5A,6B
to a pair of left-oriented loop arcs, whereas types 1-4 correspond to one right-oriented and one
left-oriented loop arc each. Moreover, due to the boundary conditions (see Fig. 4.9), a tile in
AP contains a right turn precisely if it is of type 5,6, and it contains a left turn otherwise. We
deduce that the probability of £_, is proportional to

_ {)NOA
H (6)\/2 ]lTss,eA(fﬁ)(t) +e M2 ]lTSA,GB(Zﬁ)(t)) ) (BA/Z)\Ts,s( " |7 (4.12)
teTs 6 (0 )NA!

where Tsp 64 (¢-) and Ts54 6p(¢-) are respectively the sets of tiles of types 5B and 6A and the
set of tiles of types 5A and 6B in ¢_,, and T56(¢-,) is their union.

Finally, fix a pair (o, 0,) € ZX X EX,_ that satisfies the ice-rule, and consider its associated
edge orientations. It remains to identify all oriented loop configurations ¢, that satisfy the
boundary conditions in Fig. 4.9 and that induce these edge orientations. Observe that the
boundary conditions and the spins (o, o) uniquely determine the oriented loop arcs at tiles in
(Lo \A)u AP and at tiles in A \ Tgﬁ(a., 0,). For a tile in T5i76(a., 05), one can split the oriented
edges either into a pair of right-oriented loops arcs (types 5B,6A) or into a pair of left-oriented
loop arcs (types 5A,6B). Summing the probabilities (4.12) of all oriented loop configurations
obtained in that way, we obtain that the probability of (o, 0,) is proportional to

(6)\/2 +67A/2>‘T5i,6(00700)‘ . (6)\/2)|T;6(0’o,0’o)|.
Recalling that ¢ = e*2 + ¢=*?2 and ¢}, = e*/? finishes the proof. O
From six-vertex to modified ATRC. We now adapt the coupling described in [GP23] to
the Dobrushin boundary conditions. In particular, we need to define the associated modified

ATRC measure. Recall the parameters from (4.3) and the (augmented) rectangular domains
from Section 4.2. Again, we omit n, m from the notation.
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Deﬁnition 3. The modified ATRC model mATRC,, ,, = mATRCg is a probability measure on
{0,1}F x {0,1}* defined by

ﬂE|( 2 )wamE}j‘(C _ 2)‘w771\w7|

mATRC ¢ Wy, Wrpr) X ]lengT,]leT,\ngEZWT T

) [ (leen +¢/©),
CEClA(wTT/)

where ki (w;) is the number of clusters of w;, clp(w,,) is the set of clusters of w,,» that
intersect A (both w, and w,,s are viewed as spanning subgraph of K), and I(C) := |E, ﬁ@f‘%geC\.
We say that a cluster of w; or w, is an inner clusterif it is entirely contained in A and a boundary
cluster otherwise.

We now describe how to obtain mATRCk as a push-forward of the coupling measure \111/ 0

Lemma 4.4.2. Let (w,U,U’) be distributed according to W/°. Define (0e,0,) as described in
Lemma 4.4.1. Now define w,,w; € {0,1}F as follows using the notation e; = ij € E and
ef = uv for each tile t € ALU T A:

o if 0o(u) # 0o(v), set wr(er) = wrp(er) =1;

o if 0u(i) # 0e(j), set wr(er) = wrr(er) =0 (never happens for t € 0T A);

o if both oo(u) = 05(v) and ce(i) = 0e(j) hold (types 5-6), let

Lo (UD) - (L1) + 11 2T (0,0) + T2y (U) - (0,1) ift € A

(WT(et)7wTT/(et)) = ]1[0 )(Ut) ( )+]l[ 1 1](Ut) (070) ift e Ot A.

K
b

Then, the law of (wr,wrr) is MATRC (- | vy, < vg). In particular, we have w, C wyp and
wrr \wr C{ep:t € Ay = E; also 04 ~ wrpr and 0 ~ wi.

Remark 4.4.3. The above sampling rule for ¢ € A" applied to a six-vertex spin or height measure
without modified boundary weight cp, yields an ATRC measure, as defined in Secton 4.3. See
Section 4.5.1 for details.

Proof. We build on |GP23, Proof of Lemma 7.1|. One has to examine which values of (o, 00, U)
result in a given pair w,,w,;» € {0,1}*. Recall that oo ~ w, and 0, ~ w}. By (4.10), the
probability of a quadruplet (ce, 00, wr, wrs) is
it
SplnD (on O'o) ]lO'.NUJTT/ ]laofiji ]lengT/ ]leT/\ngE
: H (% (Ltew, + ]ltew;,) + %2 ]]-tEwTT,\wT) H (cib Lico, + % Lecor)
tETg’G teT;’gf

I T5s |
X HZX (Uo)]lle— (Uo) ]lo.ww_”_/ ]loowwj ]lw.rngT/ ﬂw N\wrCE Cp

: H (Leew, + Tiewr , + (c— Q)HtEwTT/\wT) H (Ltew, + (cb — Dliew:), (4.13)
1€€T5iy6 tET;’;

where T; ’Gi(a.,ao) is the set of tiles of types 5-6 in 0T A, and where we used the shorthand
Tgféﬁ = Tfﬁ(cf.,ao) and the fact that, for o, € EK and o, € ZX,‘,

ILice(o'n Uo) ]lcr.wwﬂ_/ ]lcroww;ﬁ 1“’79‘-’7—7—’ = ]lcr.waT/ ]laowwji ]lengT, .
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Observe that, on the event {oe ~ wyr/, 06 ~ Wk, wr C Wy},
]lTSi G(t) =1, (t)]lgoNe: + ]lw:T/ (t)]lg.Net + ]leT/\w_r (t)
Moreover, on the same event intersected with {oe € £, 06 € 217, wr \ w; C E},

Lo (t) = Loeme, and 1+ (t) = L, (D) Lggmer + Lz (t).

Tss 5.6
Using this, (4.13) becomes

Lo, (t)
5,6
]121(00)12;*(UO)]IJ.MUTT/ﬂaoni]leQwTT/]leT/\wTQE || (UK

teo— A
1.5 (£ 1, b,+(t)
: H (]lte(.dr + ]ltEw;_/ + (C - 2)]1t6w_”/\w7) T56 H (ﬂtEwT =+ (Cb - 1)]lt€w:) 756
te Al teot A
nc.fve
= ]IEX (00>]12X/— (UO)]la.NwTT/]laoww:]lwrgw”/]leT,\ngE H Cy
eck,

. (C — 2)‘“)7'7—’\"‘)7"((:}) — 1)|E;—\UJTI

Observe that 0, € ¥}, and 0, ~ w? imply that v, and vg are connected in w, (see Fig. 4.9).

To obtain the probability of a pair (wr,w,) satisfying vy, <% vg, we need to sum the last
expression over (o, 0o).

The configurations o, € EX,‘ with o, ~ w are in bijective correspondence with assignments
of +1 to the clusters of w* in K* that are contained in A’, whence there exist 2Fx*@r)=1 of
them. By Euler’s formula,

ke (wr) = 1= ki (wr) + [wr| = V|-

In particular, the probability of a triplet (wy,w, v, 0e) With vy < vy is proportional to

]IEX(a.)]lo,ww”,]lengT,]leT/\ngEQkK(wT)Q\wT\(c - 2)va/\w7|(cb — 1)|E§\wrl H cgawe.
e€b
(4.14)

We now sum this expression over g,: since oo ~ w,,/, the value of o, is constant at each cluster
of w,,r; since o4 € EX, this value is fixed to be +1 on boundary clusters. Denote the sets of
inner and boundary clusters of w,, by cl'(w;./) and clb(wTT/), respectively. If e € B\ wrp,

then o4 ~ e in precisely two cases: (i) if e € 3£(igec for some C € cI®(w,); (ii) if e € 8E(igeC for
some C € cl'(w;,/) on which o4 = +1. Therefore,

S [etw= I ™ I (a0,

U.EEX e€E ceclP(w, 1) cecli(w, 1)
e 11
Substituting the last display in the sum of (4.14) over o, we get mATRCk. O

4.4.3 Properties of the modified ATRC

In this section, we will derive basic properties of the modified ATRC measure that will be
instrumental in its analysis in Section 4.8 and in the proof of Theorem 14. We continue in the
setting of the previous section.
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Positive association. The motivation for sampling the modified ATRC only on E = E U Eg“
(rather than on E'U E}) is that this (marginal) distribution satisfies (strong-FKG). This allows
to “sandwich” the associated modified ATRC measure between unmodified ATRC measures and
deduce convergence to the unique infinite-volume Gibbs measure; see Sections 4.3 and 4.5.

Lemma 4.4.4. The measure mATRCk satisfies (strong-FKG).

Proof. Recall that ¢}, = e with A > 0. We verify the Holley criterion [Hol74], see also [GHMO1,
Section 4]. To shorten notation, given a,b € {0,1}¥ with a C b and a = b on E;, we write
mATRCx (e, be | @ec, bee) for the conditional probability

mATRC ((wr(€),wrr(€)) = (e, be) | (wr,wrr) = (a,b) on (E\ {e}).

Case 1: e =ij € E. Denote by Cj', CY respectively the clusters of ace containing i, j, and
by éf’, 6;’ the clusters of bee U ;" containing i, j. Observe that @b # 6«]1) implies that 65 CAor
C]I? C A. Then, for any a,b € {0,1}PYEy with a Cband a = b on E},

MATRCK (e, be | e, bee) = (2% 587) 195 (e — 2o  LORE (4.15)
where
IO =1ar—cs+ allarsergn + Lagarzes) + Plazaiscica
and _ _
M(CY) 1+ M(CHFNI(CY)
ST T (14 M@ 4 MO

Note first that ¢ > 1 (in fact ¢ > 2) and ]l(;;z:c;_z is increasing in a. Moreover, § < a < 1 and

both « and § are increasing in I(CN’ZZ’) and I(éjb) and hence in b. Therefore f > 1 is increasing
in b. This implies that mATRCk (1,1 | @ec, bec) is increasing in a, b and mATRCx (0,0 | aec, bee) is
decreasing in a, b.

Case 2: e={i,j} € E;. If a, = be, one has

e 1 4= ,q‘ b Qe —
IIlATRCK(ae,be | aec,bec) = (2‘1 ﬁ) Cy=cy (cfb(f)l) bek{_i_}(b)’ (416)

where f(b) is as above. Recall that ¢, = e* > 1 and that ]1(}5:0; and f are increasing in a
and b, respectively. This implies that mATRCx (1,1 | @ec,bee) is increasing in a,b, and hence
mATRC (0,0 | aee,bec) is decreasing in a, b, and the proof is complete. O

Finite energy. The explicit expressions (4.15)-(4.16) of the conditional probabilities readily
imply that mATRCy satisfies the finite-energy property:

Lemma 4.4.5. The exists a constant ¢ > 0 such that, for any e € E and any a,b € {0, 1}EUEb+
with a Cb and b\ a C E,

mATRCk ((wr(€),wrr(€)) = (e, be) | (wr,wrr) = (a,b) on E\ {e}) > c.
The statement also holds for e € E, provided that a. = b,.

Decoupling property. The following decoupling property (and analogues of it), which also
holds for the standard ATRC measures, will be crucial in the derivation of mixing properties in
Sections 4.5-4.6 and the invariance principle in Section 4.8.

Let us first introduce some terminology.
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Definition 4. We identify circuits in L, and L, with their sets of edges as well as with their
planar embedding given by the union of line-segments between consecutive vertices. Given a
simple circuit 7 in Lo or Lo, we say that a subset R C R? is within ~ if it is contained in the
topological closure of the bounded connected component of R? \ v. In this case, v is said to
surround R, or R is surrounded by ~.

Lemma 4.4.6. Let (w,,w;.) be distributed according to mATRC. Let Fy C Fy C E, and let
a,b € {0,112\ with a C b and b\a C E be such that there exist circuits in a* and in b that both
surround the edges in Fy. Then, conditionally on (wr|p\ > Wrr|p\Fy ) = (a, ), the restrictions

(wrlFswrr ) and  (wr|py gy wor |2\ Ry)
are independent.
Proof. Take any a1,b € {0,1}" and ag, by € {0, 1}E\2 and write
a=a;Ualay and b=b LUbL bs.

By Definition 3,

mATRCK((EL, i)) ‘ (MT‘FQ\F17WTT/’F2\F1) = (CL, b)) (417)
2 wnE+ _
x <H ]laigbi]lbi\aigEzmmE' (%)‘ iNEy |(C _ 2)bi\ai|> 9rk (@) H (]ICQA + Ci(c))7
i=1 ceely (5

where the constant of proportionality depends on a, b.

Let 4/ C a* C E° be a circuit that surrounds F;. Let Eivl} C E be the set of edges within 7/,
and set ES = E\ (E,lyr/l Usv'). For # € {in,ex}, let K} be the graph obtained from (VE:#/ , Ejf)
by identifying endpoints of edges in a. As the circuit 4/ is open in a* and separates K" from K¢,
we clearly have

K;K(EL) = Kin (al) + Kgex (ag).
Similarly, let v C b C E® be a circuit that surrounds F;. Let E,iyn C E be the set of edges within v,
and set E5X = E\ Eiyn. For # € {in, ex}, define Kf as the graph obtained from (V 4, Ejf) by
v .
identifying endpoints of edges in b. Let clyin (b1) and clggx (b2) be the sets of clusters of by in K"

and by in KX, respectively. Then, every cluster in cly(b) that does not contain V., belongs to
either clygin (b1) or clggx(b2). Moreover, every cluster C € clgin (b1) except that of the vertex
corresponding to «y satisfies C C A and I(C) = 0. Therefore,

cl _in(b1)|—
H (Teca + Cé(c)) = 2O H (Leca +C£(C))'
CGCIA(Z;) CEC]KEX (b2)

Therefore, the expression in (4.17) factorises, and the proof is complete. O

4.4.4 Interface in the modified ATRC

Recall the coupling measure W'/0 of the six-vertex spin random variable (0e,00) ~ Spin;’Jr_

and the modified ATRC pair (wr,w;,) ~mATRCk (- | vr & vr) (Lemmata 4.4.1 and 4.4.2).

Interface. Since o, is constant on edges in w?, the Dobrushin boundary conditions (o, € Ef\f)
impose the existence of a path in w, that connects v;, and vg.
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Figure 4.10: Left: A realisation of C = C,, (endpoints of solid edges) in K for n = m = 3, the dual

v

*aﬁ‘jgcc of its edge-boundary in L, (dashed edges), and the surrounding polygon P (grey). Right: a path

in *aj;?gec connecting (—n — 2,1) and (n+ 2,1) on which 0, = +1 (red dashed edges), and a path in
+058°C connecting (—n — 3, —1) and (n+ %, —3) on which ¢, = —1 (green dashed edges).

Definition 5. Denote by C =C,, C V the cluster of vy, in w;; see Fig. 4.10. Let v C R? be the
unique closed curve formed by the line-segments between endpoints of edges in *Gﬁlgec C E°
such that C is contained in the bounded connected component of R? \ 4. Denote the closure of
this component by P, and define the interface I' = I'jipc by

F:=PnNnL,CV.

4.5 Weak mixing in the ATRC

The main results proved in this section are the single-edge relaxation of the ATRC, Proposi-
tion 4.3.2, and the ratio weak mixing property for the ATRC, Theorem 16.

In Subsections 4.5.1 and 4.5.2 we define the height function of the six-vertex model and
use [GP23| to show that it relaxes exponentially to its infinite-volume limit. In Subsection 4.5.3,
we show that this implies exponential relaxation for the ATRC measure with “0,1” boundary
conditions, stated in Proposition 4.5.9. In Subsection 4.5.4, we derive Proposition 4.3.2 from
Proposition 4.5.9 and an input from [ADG24], stated in Proposition 4.5.11. In Subsection 4.5.5,
we show how to derive from Proposition 4.3.2 the exponential weak mixing property of the
ATRC, stated in Theorem 19. Finally, we prove Theorem 16 using the classical work of Alexan-
der [Ale98], Theorem 19 and the imput, Proposition 4.5.11, from [ADG24].

4.5.1 The six-vertex height function

The proof of Proposition 4.3.2 relies on exponential relaxation of the ATRC measures with “0, 1”
boundary conditions. The latter will be established via the height function representation of the
six-vertex model and the BKW coupling [BKW76] with FK-percolation, while it also requires
some input from [GP23|. We first introduce the six-vertex height function and provide the
necessary graph definitions.

Six-vertex height function

Recall the edge orientations and spin representation of the six-vertex model introduced in Sec-
tion 4.4.1. A six-vertex height function is an assignment of integers, called heights, to the vertices
in both L, and L,. Given edge orientations that satisfy the ice rule, define h on L, UL, as
follows. Fix an integer height at some arbitrary fixed vertex. Then iteratively define the heights
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at other vertices by increasing the height by 1 when traversing an edge e € E® from its left to its
right (with respect to its assigned orientation) and decreasing the height by 1 when traversing an
arrow from its right to its left; see Fig. 4.8. As with the spins, the procedure is self-consistent due
to the ice rule. Note that the heights on L, and on L, automatically have different parity. By
convention, we set the parity on LLs to be even. The gradient of A is in bijective correspondence
with the edge orientations and hence with the spin representation, up to a global spin flip, as
demonstrated by the following relation (see Fig. 4.8):

h(u) — h(i) = 0e(i)oo(u) for any t € L, with i € e;, u € €f.

On the other hand, up to a global spin flip, the spins are obtained from the height function by
setting, for all ¢ € L, and u € L,,

i) {+1 ith(i) =0 modd {+1 if A(u) =1 mod 4 418

—1 ifh(i))=2 mod4’ —1 ifh(u)=3 mod4
This motivates the following definition.

Definition 6. A function h: Le UL, — Z is called a (six-vertex) height function if it satisfies
the following:

e for any t € Lo, i € t NL,, and u € t N Lo, one has |h(i) — h(u)| =1,
e for any i € L,, one has h(i) € 2Z.

Denote the set of all height functions by y¢. The type of a tile t € L, in a height function h is
given by the type of its gradient function; see Fig. 4.8. Fix g € Qy¢, parameters c,cp > 0 and a
finite subset A C Lg ULL,. The set A := Aa C L, of tiles of A is given by the tiles with at least
one corner in A. The set A C A of boundary tiles of A is given by the tiles with precisely one
corner in A. Let § C OA. The corresponding height function measure on ZFeYLo is defined by

AN (m)| CLTg,a(h)l

HFgA,&;c,cb (h) X C|T5 ]lth (h> ]lh(m):g(:c) Vze(LoeULo)\A » (4'19)

where Tg%\é(h) (resp. T5‘576(h)) is the set of tiles ¢ € A\ J (resp. t € 0) of type 5-6 in h.

If g is constant n on L, and constant m on L, (n even and m = n 4+ 1), we simply write
HF\S.c .- When 6 = 9A, we omit 0 from the subscript. When § = @, we omit § and ¢}, from
the subscript.

Rotated lattice and domains

Consider the rotated square lattice L with vertex-set Lo UL, and edges between nearest neigh-
bours, that is, between vertices of Euclidean distance 1/v/2. Given A C L, we write Ay = ANL,
and A, = ANL,. The augmented graph L has the same vertex-set as L and all edges of L, L,
and Lo, see Fig. 4.11. We restrict the notion of simple circuits in L to those that do not traverse
both e and e* for any e € E®, so that they can be embedded in R%2. We identify such circuits
with their planar embedding.

Definition 7 (L-domains). A finite subset D C L is called an L-domain if there exists a simple
circuit C in L such that D is given by the vertices of L strictly within C, that is, in the bounded
connected component of R?\ C. It is called even (respectively, odd) if 0D C L, (respectively,
0D C Lo); see Fig. 4.11.
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Figure 4.11: Left: part of the rotated square lattice LL. Its faces are the tiles in L. Center: part of the
augmented lattice L. Right: L-domains given by the vertices strictly within simple circuits in L, L,, Lo,
respectively. The lower left and right L.-domains are even and odd, respectively.
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Figure 4.12: Left: a circuit in L, (thick black edges) and the corresponding L.-domain of the first kind
(thin and thick black edges). Right: a circuit in L, (dashed edges) obtained by shifting the left one by
(1/2,1/2) and the corresponding L,-domain of the second kind (black edges). The tiles corresponding to
the edges of the domains are shaded grey, and the vertices of the corresponding LL.-domains are surrounded
by red circles.

Definition 8 (L,- and L,-domains). A subgraph G = (V, E) of L, is called an L,-domain of
the first kind if E = Ey and V is given by the vertices within (see Definition 4) a simple circuit
in L. We define L,-domains of the first kind in the same manner. We say that a subgraph
G = (V,E) of L, is a domain of the second kind if its dual (V,g,*FE) is an L,-domain of the
first kind. It is called an Le-domain if it is an Le-domain of the first or second kind. We define
Lo-domains (of the second kind) analogously; see Fig. 4.12.

Given a subgraph G = (V, E) of L, with dual G* = (V,g,*FE), define Ag as the set of
vertices of degree 4 in G and G*, that is,

Ag:={ieV: |08} =4} U{ue Vg : [958 {u}| = 4}.

Observe that, if G is an L,-domain, then Dg := A¢ is an L-domain. In this case, any tile ¢t € Lo
intersects D¢ precisely if its associated edge e; € E® belongs to E, that is, {e; : t € Ap,} = E}
see Section 4.5.1 and Fig. 4.12.
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Duality coupling with the AT model

The ATRC measures can be sampled locally from the HF measures, which is the content of the
following lemma. We build on |[GP23|, where a marginal of the ATRC measure was sampled.
Given ¢ > 2, a height function h € Z", an edge e = ij € E® with e* = uv, and z € [0, 1], define
Xe(h,e,x) € {(0,0),(0,1),(1,1)} as follows:

o if h(u) # h(v), set Xe(h,e,z) = (1,1),
o if h(i) # h(j), setX(hex):(O 0),
o if h(u) = h(v) and h(i) = h(j), s
Xelhe.) = 1 1) (@) - (L bi1, L 2y(@) - (0,0) + 1z (@) - (0, 1),

(4.20)

Observe that, in order to define X¢(h, e, z), it suffices to know the values of the corresponding
six-vertex spins ce(1), 0e(j), 00(u), 0o(v), defined in (4.18).

Lemma 4.5.1. Let 0 < J < U satisfy sinh2J = eV and take ¢ := coth2J. Let G = (V, E)
be an Le-domain, and let D := Dg be its associated Li-domain. Let h be distributed according to
HF%,lc, and let (Ue)ecr be a sequence of i.i.d. uniform random variables on [0, 1], independent of

h. Define wy,w, € {0,1}E" by setting, for e € E®,

(0,1) ife €E®*\ E,

_ (4.21)
Xe(h,e,Ue) ifeeE.

(WT(€)7 wTT’(e)) = {

Then, the law of (wr,wr,1) is given by ATRC%}LU

Proof. Denote the underlying probability measure by P. Recall that a tile ¢ € L., intersects D
precisely if its associated edge e; € E® belongs to E, see Fig. 4.12. Let (0, 0,) with values in
{£1}Fe x {£1}F° be the spin configurations obtained from h by (4.18). For ease of notation, we
use the same symbols for the random variables and their realisations. For o, € {:l:l}]]“, o, €
{£1}e, w e {0,1}E" and # € {0,1}, define

Z%. (UO) = ]10.51 on Le\De> ElJSO (00) = ]10051 on Lo\ Do > Q#E#(w) = ]le# on E*\E-

Then, the law of the quadruple (ce, 0o, wr,w,,) can be written as follows:
P(0e,00,wr,wrrr) X Lice(0e, 00) Zg. (0s) Ego (06) Lggmuw_s Lo
' (C — 2)|(w,,_7_/\w7—)ﬂE\ ﬂngwTT’ Q%‘(WT) QlE (w‘r‘r/)'

Observe that o¢ ~ wrr, 06 ~ w! and w; C w, imply that (ce,0,) satisfies the ice rule.
Summing over oo and o,, we obtain the law of (w;,w,./):

P(wr,wrr) okv (wWrrr ) +kyr (W7) QOE(wT) Q%E(wﬂ,) Lo, o, (c— Q)I(wﬂ/\wf)ﬂE\,

where V' := V., and where we used that there exist okv (wrpr)—1 spin configurations oe ~ W,/
with ¥ .(0¢) =1, and similarly for oo ~ w;. By planar duality, ky/(w}) = ky (wr) + [wr N E| +
const(G) Since w,, w, from (4.6) satisfy w, = 2 and w,» = ¢ — 2, the proof is complete. [J

Baxter—Kelland—Wu coupling

In Section 4.4.2, we described the BKW coupling by sampling the FK-percolation from the
six-vertex model. We now focus on the reverse direction of the BKW. Fix ¢ > 4 and § =
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Be(q) = In(1 + /q), and let A, c,cy, be as in (4.3) and (4.4). Recall the loop representation of
FK-percolation and the representations of the six-vertex model introduced in Section 4.4.1.
Let D be an even L-domain, and set

E:=xEp, CE*, A:=VpCL, and G:=(AE). (4.22)

The following result [BKW76] is classical. It may be proved through the arguments presented
in the proof of Lemma 4.4.1; see [GP23, Theorem 7| for a proof in a similar setting. We will
construct a height function from a loop configuration by increasing or decreasing the height
whenever we cross a loop, which is the same as orienting the loops as in Section 4.4.2. We chose
the first option for the sake of brevity.

Proposition 4.5.2. Let w be a random element of {0,1}%" distributed according to FKG.5.4-
Consider the corresponding loop configuration loop(w), and define a height function h as follows:

H1 Set h(i) =0 fori e Le\ D, and h(u) =1 for u € L, \ D.

H2 Assign constant values to clusters of w and w* in D by decreasing the height by 1 with
probability e’\/\/a and increasing the height by 1 with probability e_>‘/\/§ when crossing
a loop from outside, independently for every loop.

The height function h is distributed according to HF ;!

Dic,ep
The above procedure also works for odd LL-domains with the difference that one has to take
W ~ FKfD. N and H2 must be replaced by

H2’ Assign constant values to clusters of w and w* in D by decreasing the height by 1 with
probability e*/ v/q and increasing the height by 1 with probability e/ /q When crossing
a loop from outside, independently for every loop.

Input from [GP23]

For the whole section, fix ¢ > 4 and § = B.(q) = In(1 + ,/q), and let A, c,c}, be as in (4.3)
and (4.4). The following proposition is a consequence of [GP23, Proposition 6.1 and Lemma
6.2] and their proofs.

" . 0,1
Proposition 4.5.3. For any sequence of even or odd L-domains Dy, ' L, the measures HFpD, e
converge to some HFO'! which is independent of the sequence (Dy). Moreover, the limiting measure

HFY! can be constructed in either of the following two ways:

(i) Sample w € {0,1}" according to FKj - Set h =0 on the unique infinite cluster of w, and
sample h elsewhere according to H2 in Section 4.5.1.

() Sample w € {0,1}E° according to FKf/B g Set h =1 on the unique infinite cluster of w*, and
sample h elsewhere according to H2’ in Section 4.5.1.

The following lemma is a slight generalisation of [GP23, Eq. (28)] and can be proved in
exactly the same manner.

Lemma 4.5.4. Let D be an L-domain, and let § be a set of boundary tiles of D. Define
DVen = D\ (9"D), and D° = D\ (0"D),, where the boundaries are taken in L. Then,
DV gnd D are disjoint unions of even and odd domains in 1L, respectively. Moreover, the
following stochastic ordering of measures holds:

0,1

0,1 0,1
HFDeven;C7Cb Sst HFD,(;;C,Cb SSt HF'Dodd;c’cb‘

This lemma readily implies that HF%; Spic.cn (in particular HF%i;C) converges to the same
limit, no matter which sequences of Dy and 05 we chose.
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4.5.2 Relaxation of height function measures

The aim of this section is to prove a relaxation statement for the six-vertex height function
measures with modified weight ¢y, on arbitrary boundary tiles, in particular for the measure with
unmodified weight c on all tiles. For the whole section, fix ¢ > 4 and § = B.(¢q) = In(1 + \/q),
and let A, c,cp, be as in (4.3) and (4.4).

Given a measure HF on Z* and A C L, define HF|A as its marginal on Z2.

Proposition 4.5.5. There exist constants ¢, > 0 such that, for every finite A C L, every
L-domain D that contains A, and every set § C L, of boundary tiles of D,

dTV (HF%}J;C,CIJA) HF211|A)) <c |A| (diam(A) + doo(A, Dc))Q e_adoo(A,'Dc)‘

The statement on even or odd L-domains and with modified weight ¢}, on all boundary tiles
can be proven in the same way as [ADG24, Proposition 4.2], which is slightly less general. We
provide only the statement.

Lemma 4.5.6. There exist constants ¢, > 0 such that, for every finite A C I and every even
or odd L-domain D that contains A,

dry (HFRL o [, HEOT[a) < o (diam(A) + dag(A, DF)) e @A),

Before deducing Proposition 4.5.5 from the above and the stochastic ordering of height
function measures, Lemma 4.5.4, we need a general lemma.

Lemma 4.5.7. [HS22, Lemma 2.16] Let p and v be two probability measures on a finite totally
ordered set S with u <g v. Let P be a monotone coupling of X ~ p and'Y ~ v. Then,

P(X #Y) < (IS| - 1) drv(p,v).

Proof. Identify S with {0,...,|S| —1}. Let P, be an optimal coupling of X and Y, that is,
Pop(X #Y) =drv(p, v). Since P(X <Y) =1, we have

P(X#£Y)=P(Y -X >1) <E[Y — X]
= Eop[Y — X] < (|S] = 1) Pop(X #Y),

where we applied Markov’s inequality. ]

Proof of Proposition 4.5.5. Let A C L be finite, let D be an L-domain, and let § C L, be a set
of boundary tiles of D. Assume without loss of generality that A C D\ 0™D. Let D" and
D44 be as in Lemma 4.5.4, and recall the stochastic domination statement therein. Consider a
. _ 0,1 0,1 0,1 .
monotone coupling P of h™ ~ HF Beven. ¢, » ' ~ HF 5.0 o, and ht ~ HF Podd,q o, » that is,

P(h- <h<h™)=1.

Take any vertex v € A and note that, deterministically, the height functions at v take values
in [—m,m], where m := 2(diam(A) + doo (A, D)). By Lemma 4.5.7, we have

P(h™(v) # h(v)) < P(h™(v) # h™(v)) < 2m drv (HF Beven ¢ o, |2, HE e a) (4.23)

DOdd;C,Cb
< 2m (dry (HFBe A) + dry (HFO!

0,1
Deven;c’Cb ‘A; HFC

A HF%})dd;qu ‘A))

Now, D" is a disjoint union of even L-domains Dj,...,D, with 0%D; N D; = & for any
i # j. There exists an i with A C D; and doo (A, D§) > doo (A, D) — 1. Moreover, the definition
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of the height function measures (4.19) readily implies that, for any event A C Z" depending

only on values in A, we have HF%&VCD, e (A) = HF%’Z_I,C o, (A). Similar reasoning applies to podd,

By Lemma 4.5.6, there exist ¢,a > 0, such that the right-hand side of (4.23) is bounded by
2 —adeo(A,D°)

cme . The union bound gives
0,1 0,1 — _
A1y (BF B e, |0 BF B e o [8) < P(A7|a # hla) < D P (0) # h(v)).
vEA
Another application of the triangle inequality and of Lemma 4.5.6 finishes the proof. O

Remark 4.5.8. Using that h~, h™ have uniformly bounded second moment (localisation) and
adapting Lemma 4.5.7 allow to remove the square of (diam(A) + d (A, D¢))? in the bound in
Proposition 4.5.5.

4.5.3 Relaxation of ATRC measures

The proof of Proposition 4.3.2 is based on Proposition 4.5.11 and another one below, which is a
consequence of Proposition 4.5.5.

The following proposition establishes exponential relaxation of the ATRC measures on do-
mains and with “0,1” boundary conditions. Once Proposition 4.3.2 is proven, it can be concluded
that the limit coincides with the unique ATRC Gibbs measure. Recall the definition (4.20) of
Xe.

Proposition 4.5.9. Let 0 < J < U satisfy sinh2J = e 2V, There exists a measure ATRC;u
on {0,1}E x {0,1}%" and constants c,a > 0 such that, for any Le-domain G = (V, E) and any
FCE,

drv (ATRC%J,U[(WAFMTT'!F) € |, ATRCu[(wr|F, wrr| ) € ])

< | V| (diam(Vi) + duo(Vp, V)% o401V,

where diam denotes the diameter with respect to doo. Furthermore, the measure ATRC;y is
constructed as follows. Let ¢ = coth2J, let h be distributed according to HFg’l, and let (Ug)ecrs
be a sequence of i.i.d. wuniform random wvariables on [0,1], independent of h. The measure
ATRCy is given by the law of (wr,w,r) € {0,1}E° x {0,1}E° defined by

(wr(e),wrr(€e)) = Xe(h,e,Ue), e € E°.

Remark 4.5.10. It is possible to improve the bound in Proposition 4.5.9 and remove the square
in (diam(Vg) + deo(Vp, V)2, see Remark 4.5.8.

The above proposition follows from the analogous statement for the height function measures,
Proposition 4.5.5, and the fact that the ATRC measures can be sampled locally from these
measures, which is the content of Lemma 4.5.1.

Proof of Proposition 4.5.9. Let 0 < J < U satisfy sinh2J = ¢ 2V and ¢ = coth2J. Let
G = (V, E) be an Le-domain and D := D¢ be its associated L-domain. Recall that a tile ¢ € L
intersects D precisely if its associated primal edge e; € E® belongs to E, see Fig. 4.12. Let
FCFE andset A:=VpUV,p.

Take h ~ HF%}C and h/ ~ HFg’l, and consider an optimal coupling of h|a and h'|a. Let
(Ue)ecre be a sequence of i.i.d. uniform random variables on [0,1], independent of (h,h’).
Denote the corresponding probability measure by P. Define w,,w, € {0, 1}“3' from h and
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(Ue) as in (4.21). Define w.,w’_, from h' and (Ue) by setting (w’.(e),w] ,(e)) = Xc(h', e, Ue) for
e € E*. Then, clearly

(wrlp,wrr|F) # (wr|p Wi |F)  implies  hla # 1A
Therefore, by the definition of an optimal coupling and by Proposition 4.5.5,

P ((wrlp, wrrr| 1) # (@, 0l [#)) < ¢|A] (diam(A) + doo(A, D)% e~ d(AP)
< ¢ |F| (diam(Vp) + doo(Vpp, V)2 e @ e (VeV),

for some ¢,d/;a > 0. By Lemma 4.5.1, the law of (w;,w,,/) is given by ATRC%}(LU. Finally,
denote the law of (w.,w! ) by ATRC; s, and the proof is complete. O

4.5.4 Proof of Proposition 4.3.2

Finally, we derive Proposition 4.3.2 from Proposition 4.5.9 and the following one that we import
from [ADG24].

Proposition 4.5.11. [ADG2/, Proposition 1.1] Let 0 < J < U satisfy sinh2J = eV, There
exists ¢ > 0 such that, for every n > 1,

ATRCy' ;17 (0 5 9%A,) < e

Proof of Proposition 4.53.2. Let o € {r,77'}. Assume without loss of generality that n = 2k is
even (the other case is treated similarly). We proceed in two steps.
Claim 1. There exists a > 0 such that

ATRCy | ylwo(e)] — ATRCY | /[wo (€)] < e

Let (wr,w;,) be distributed according to ATRCZI\’;JU. Define C to be the outermost (dual)
circuit in w? that surrounds A and is contained in Agy if it exists, otherwise set C = @. By
exponential decay of connection probabilities in w,, Proposition 4.5.11, there exist ¢, @ > 0 such
that

ATRCy ! ) ylwo(e)] < ATRCY s [wole) | € # @] + ATRCY ) [ Ak <5 0™ Agy]
< ATRCY ;1 [wole) | C # @] + cke ™,

where we also used the strong FKG and DLR properties of the ATRC measures (Lemma 4.3.1
and (DLR) in Section 4.3). Now, again by the strong FKG and (DLR) and by exponential
relaxation, Proposition 4.5.9, there exist ¢/, o’ > 0 such that

ATRCy! ;s [wo(e) |C # 2]
= ATRCy';; [wo(e) |C = C]ATRCY , , [C = C'|C # 2]
C

< ) ATRCY, ., ylwo(e)] ATRCY ; [C = C'|C # 2]
C
< ATRCY ;1 [wo(e)] + ke 'k,

where the summation is over all realisations C' of C, and where G¢ is the largest Lo-domain of
the first kind within C' that contains Ag. This proves Claim 1.

119



Claim 2. There exists « > 0 such that
0,1 0,0 —an
ATRCy ;rrlwo(€)] — ATRCy " ; 1rwo ()] < e™ .

We use the same strategy as in Claim 1. Indeed, let (@;,@,,) be distributed according to
ATRCY A v Since, by self-duality (4.8), @, has the same law as w; (but on the dual graph of
Ay) from Claim 1, Proposition 4.5.11 allows to find a circuit in @, that surrounds A; and is
contained in Agk. For a realisation C of an outermost such circuit, consider the largest ILo-domain
of the second kind within C that contains Ag. The remainder of the argument is analogous to
Claim 1. O

4.5.5 Ratio weak mixing: proof of Theorem 16

We first derive the exponential weak mixing property from the single edge relaxation, Proposi-
tion 4.3.2. Given F C E® and a measure ATRC on {0,1}F" x {0,1}"°, we write ATRC|r for its
marginal on {0, 1} x {0, 1}

Theorem 19. Let 0 < J < U satisfy sinh2J = €72V, There exists ¢ > 0 such that, for any
finite subgraph G = (V, E) of Le and any F C E,
sup  dpy (ATRC”ij}fg’ |7 ATRC;, 77| F) <2) emedeleV?)
777’77]7—7-/777;-777:.7_1 ecl
where do s the distance induced by the L™ norm.

As a consequence, the measures ATRCZTT jTUT converge (as G /" L,) to a limit measure ATRC j 1/,

which is independent of the choice of boundary conditions 7;, n,,/. Furthermore, the limit ATRC ;s
is the unique ATRC Gibbs measure.

Proof By the strong FKG property, Lemma 4.3.1, the supremum is attamed for n, =m0 =1
and 77, = 7., = 0. Let ¥ be a monotone coupling of ATRCG v and ATRCG s and let (X,Y) =

(X, X7rr), (Y, Yors)) ~ W, Then,

dry (TR o ATRCYY, 1) < W(X|F £ Yr)
= \II(XT‘F 75 YT|F) =+ \IJ(XTT’|F 7& YTT’|F)-

Now, for o € {7, 77"},

U(Xo|r # Yolr) < Z\I/(Xo(e) # Yo (e)) = Z ¥ (X, (e) > Ys(e))

eck ccF
=) (U(Xole) = 1) = U(Yy(e) = 1)) < Y e (V)
ecF eF

for some ¢ > 0 by Proposition 4.3.2, where we also used strong positive association and the DLR
property of the ATRC measures. O

A less trivial consequence is the ratio weak mixing property, Theorem 16. This follows from
the study performed in [Ale98], relying on Theorem 19 and Proposition 4.5.11.

Proof of Theorem 16. This is a direct application of [Ale98, Section 5|. The reasoning there
requires two properties of the measure. The first is exponential weak mixing, which is the
content of Theorem 19. The second is the admittance of exponentially bounded controlling
regions in the sense of [Ale98], and we argue its validity as follows.
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Let (wr,wrp) ~ ATRCE /77, fix F C E, and define

H(F)={e€ E\F:e &5 Vpor " <275 V,p}.

Conditionally on the states of the edges in H(F'), the values of the field in F' and E'\ (FUH(F))
are independent. Moreover, the probability that e € E'\ F' belongs to H(F') decays exponentially
in de(e,Vp) by uniform exponential decay in w, and in the dual of w,,». The former is the
content of Proposition 4.5.11 and the latter follows from self-duality. One can then apply [Ale98,
Section 5] to obtain the desired claim. O

4.6 Strong mixing

In this section, we use [Ott25] to push the mixing properties derived in the previous section to
strong mixing properties for finite volume ATRC measures.

4.6.1 Setup

For k > 1, let Ty, = ((2k + 1)Z)%. Given x € Z? or V C Z?, denote [x]y == x + {—k,..., k}?
or [V := Ugev(z + {—F, ..., k}?) respectively.
Path decoupling property. Let £ > 1. For a simple closed nearest-neighbour path ~ on I',
denote by Fin(7y), Fout(7y) the sets of edges in E® that are, respectively, in the finite connected
component of E® \ E[,}, , in the infinite connected component of E® \ E,), .

Let (a,b) € {(0,0),(0,1),(1,1)}E°, and F C E* finite. Say that ATRC%" has the k-decoupling
path property if for any simple closed nearest-neighbour path « in 'y, and any configuration
(&,€) € {(0,0),(0,1), (1,1)} 01k such that

e the dual of the configuration {pOpe (€ on F and constant 0 on F'¢) contains a simple closed
path of open dual edges surrounding [¥]x, where ¥ is the set of sites in I'y surrounded by

7

e the configuration {i1pe (¢ on F' and constant 1 on F) contains a simple closed path of
open edges surrounding [y]x,

one has that if
(WryWrpr) ~ ATRC‘;b( |wr(e) = &(e), wrr(e) = E'(e) Ve € By, ),

then the restriction of (w;,wr.) to F'N Fiy(7y) is independent from the restriction of (wr,wr/)
to F'N Fout(y)- A configuration (£,¢’) as above is said to contain a pair of decoupling paths for
v F.

One has this property in, for example, the case of constant boundary conditions (0, 1), or in
the case of F' simply connected and constant (0,0) or constant (1,1) boundary conditions. More
generally, to check if the property holds, it suffices to check that cluster count is factorized by
the presence of the required paths in Ef,}, , as in Lemma 4.4.6.

ATRC as a model on sites. The setup of [Ott25] is a collection of site models indexed by
finite volumes and some index set T'. Cast ATRC as a model on sites by taking the spin space at

site x to be
Q, = {(0,0), (0,1), (1, 1)}{zatery {zatea}}

Ie. store the value of the field at a given edge in its left /bottom endpoint. Let
¥ :{(0,0),(0,1), (1, D}* = X

xE€Z>?
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be the natural bijection induced by the above. Let
Epr(A) = {{z,z + e}, {z,x +e2} : w €A}

Bloc Percolation. For p,q € [0,1], let X;,Y;, i € Z? be an independent family of Bernoulli
random variables with parameters

P(X;=1)=p, PYi=1)=q ViecZ
For k> 1, F C E*, x € Z2, define i, € I'y to be the unique point with = € [i], and

Xi, i Epr([iz]aks+1) C F,
Ne =14 Y; if v € Vp, and Epr([iz]sk+1) N F° # 9,

0 else.

Let Ppikpq be the law of (13),cz2.

4.6.2 Strong mixing: main Theorem

Then, the main result of the section is the next Theorem. To get it, we will apply the main
theorem of [Ott25] (see Section 4.6.3). For F_,F, C F C E*, (a,b) € {(0,0),(0,1),(1,1)}F",
define

V;il;?_7F+(~) = ATRC‘}’b( | wr(e)=0Ve € F_, wr(e) =1Vee Fy). (4.24)

Theorem 20. Let 0 < J < U be such that sinh(2J) = e 2V. There is | > 1 such that: for any
p >0, there are L < oo and q < 1 such that for any F C E*, any (a,b) € {(0,0),(0,1), (1,1)}E*
such that ATRC%’b has the l-decoupling path property, any F_, F, C O™F, any Fy, Iy C F disjoint,
and any (f,9), (f',g") € {(0,0),(0,1), (1,1)}" having positive probabilily under V%’l}_ P (defined
in (4.24))

dTV(V;:l;L,F+ (W|F2 S ‘ W|F1 = (fa g)), VZ“”I;L’FJF (W|F2 € } W|F1 = (f,ag,)))

< PF\(F+UF_);L7p,q([VF1]L S [VFz]L)’
where W = (wr,wrr), and <+, means x-connections (connections with || ||, nearest-neighbours).

Remark 4.6.1. We will systematically apply this result in cases where {x € Vg : Epp([iz]sr+1)N
F¢ # @} is a very elongated one dimensional object, so exponential decay of the connection
probability can be obtained by a coarse-graining argument as in [OV18, Lemma 3.2].

4.6.3 Verifications of the mixing and decoupling hypotheses

In this section, we apply [Ott25] to obtain Theorem 20. The setup of [Ott25] is a family of
site models satisfying a collection of hypotheses, denoted Mix1, Mix2, Marl, Mar2, Mar3. We
cast our model in that setup, and check that these hypotheses hold. Theorem 20 then follows
from [Ott25, Theorem 1.1]

Family of site measures Let [ > 1 be some number to be fixed large later (it will depend only
on J,U). In [Ott25], a family (v})acz2e7 is considered, with T some index set. We take T to
be the set of quintuplets (F,a, b, F_, F) such that (a,b) € {(0,0),(0,1),(1,1)}**, F C E*® finite
such that ATRC%’b has the I-decoupling path property, and F_, F, C O"F.
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The family (v})acz2 e is then given by

Z/X7b7F7F+7F* (') . —

{ATchsb(w—l(.) |wo(e) =0Ve € F_, wyp(e) =1Ve € Fy)  if A =Vp, (4.25)

ATRCY, (¥71(-)) else .

Note the small abuse of notation: we used the same notation as in (4.24) for the measure on
sites rather than on edges. We are only interested in the first case, the second is only there to
fit the setup of [Ott25].

Mixing hypotheses. The hypotheses Mix1 and Mix2 are exponential mixing hypotheses which
are weak versions of the ratio weak mixing property (Theorem 16).

Markov-type hypotheses. To avoid lengthy displays, introduce the shorthand

P F ifVp =A,
B Epn  else.

Hypotheses Marl, Mar2, Mar3 ask for

a family of local events, Ma;, i € I';, supported on Epr,([i]3141);

a family of local events, Maf;A, i€y, t=(FabF_  F,)eT, ACZ? supported on
Epr([ilsi+1) N FY

configurations a; € {(0,0), (0,1), (1,1)}Ese{d) 4 e Ty;

configurations aj , € {(0,0), (0,1), (1, 1) }EsL (DN e 1y
These should satisfy:

1. if v is a simple closed nearest-neighbour path in I';, and (&,&’) is a configuration on
F' N Egy such that for any i € v with Ef;,, ., C F' one has

31+1

(faél)hﬁl[i] € May,

3l+1

and for any i € v with By, ., & F', E,,,, N F' # &, one has

31+1

(6,€)ls,

t
+ € Ma,.
s GA

then (§,&’) contains a pair of decoupling paths for v in F’. This is Marl.

2. The probability of Ma; conditionally on the configuration outside of Ep,  is lower

bounded by pp < 1 fixed universal, uniformly over the configuration outside of E,, .
This is Mar2.

3. If w € May, and j € I'; with || — j||,, < 2{+1, then the configuration obtained by swapping
the value of w|g,,, ((;),) to a; is still in Ma;, and similarly for a’;’A. Moreover, the probability
of a;, a} , conditionally on the configuration outside of their respective supports is greater
than 6 > 0 for some 6 > 0 uniform over the configuration outside of the support. This is
Mar3.

Take the events/configurations (I is taken large enough):
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Figure 4.13: Left: a path in I’y (black disks), the blue edges have their state forced to be (0, 1), the black
disks in a green square imply the realization of Ma,; at that place. Right: a realization of Ma; (blue edges
are open in w,,, while the dashed red path represent the dual of edges closed in w,).

e Ma; is the event that E[i]:sl/z \IEC[i]l+1 contains both a simple closed path of edges open in

wr, surrounding [i];41, and a simple closed path of dual edges open in w? surrounding
[i]i41-

e a!,, and a; are the constant (0,1) configurations.
e Maj , contains only the constant (0,1) configuration.

See Fig. 4.13. Marl follows by Jordan’s curve Theorem. Mar2 follows (once [ is fixed large
enough) from exponential mixing (Theorem 19) and uniform exponential decay of connectivities
in wr, and w?_, (Theorem 17). Finally, Mar3 follows from finite energy (FE).

4.7 Random Walk picture in the ATRC

We start this section by introducing the objects necessary to the development of the “Ornstein-
Zernike theory” (renewal picture of connection probabilities). We follow the general strategy
used in [CI02, CIV03, CIV08, OV18, AOV24], most results will be imported when their proof
is a repetition of existing arguments. To keep notations readable, we will use the following
short-hand throughout this section:

_ ab __ a,b
@ = ATRC{LU, (I)A = ATRCA;J,U’

where ATRC ;7 is the unique infinite-volume measure for the ATRC model (recall Proposition 4.5.9).
The theorems that will be used in other sections will be stated with the notation matching the
rest of the chapter. Moreover, again to lighten notations,

connections are in w, unless explicitly stated otherwise.

We will denote Cy the cluster of 0 in w;.
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4.7.1 Decay rate, Cones, and Diamonds

Start by introducing some objects.
Norm induced by the decay rates and associated sets. For s € S!, define

v(s) = — lim 1 In®(0 ¢ ns). (4.26)

n—o0

Existence of the limit follows in the standard fashion by Fekete’s Lemma, using sub-additivity
which follows from FKG inequality. We now extend v to R? by positive homogeneity of order
one: for any s € S' and r > 0, define

v(rs) :==rv(s).

Using existence of the limit and the FKG inequality, one can show that v is a non-degenerate
norm as soon as it is non-zero: v is positive homogeneous by definition; exponential decay of
connection probabilities in ® (the ATRC model) implies positivity; the FKG inequality for ®
implies the triangular inequality for v. See [Ale01, Section 2| for details. Clearly, v inherits
the symmetries of the lattice, that is axial and diagonal reflections and rotations by 7/2. From
these symmetry considerations, one has that for any s € S*,

Tsvler) S w(s) < Vav(er),
with e; = (1,0). Moreover, one has
(0 ¢ ) = e V@ UHol) (4.27)

As v is a norm, there are two convex sets naturally associated to it: the equi-decay set U, and
the convex set of which v is the support function, W.

U={zecR?: v(z) <1}, W= m{xGRd: z-s<v(s)}. (4.28)
sest

It is easy to see that U and W are dual to each other, that is: W is the equi-decay set of the norm
dual to v, and the norm dual to v is the support function of U. We say that (s,t) € S' x OW is
a dual pair if v(s) =t - s. From the definitions, one has, for any = € R?,

v(z) = ggv}\{/t - . (4.29)

We refer to [Roc70] for details on convex duality. From the last display, it is also easy to see
that W is the closure of the convergence domain of

G(t)= > B0 z)e"™. (4.30)
T€Z2

Cones and Diamonds. Let t € OW,§ € (0,1). Let us introduce the geometric objects used
in the interface study. We first define the cones and the associated diamonds (see Fig. 4.14):

V%= {zeR?: z-t>(1-0)v(z)}, Vis =~V
Diamondy 5(u, v) := (u + y;(;) N(v+ yt:;).

As § goes to 1, the cone y;(s converges to the half-plane that contains ¢t and whose boundary
is orthogonal to t. As § goes to 0, the cone y;5 converges to the convex cone generated by the
directions dual to ¢t. The latter set is a line when v is strictly convex.

Let V C Z2. We will say that V is:
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Diamond(u, v)

Figure 4.14: Forward and backward cones, and the associated diamond.

o (t,0)-forward-confined if there exists u € V such that V C v+ V;%. When it exists, such
a u is unique; we denote it by f(V').

o (t,0)-backward-confined if there exists v € V such that V' C v + Y¥;. When it exists, such
a v is unique; we denote it by b(V).

e (t,0)-diamond-confined if it is both forward- and backward-confined.
We will say that v € V is a (t,0)-cone-point of V if

Vv Cv+(y;5UJJ;5).

We denote CPts; 5(V') the set of cone-points of V. When speaking about cone-points of graphs,
we mean cone-points of their vertex set.

We call a graph with a distinguished vertex a marked graph. The distinguished vertex is
denoted v*. Define (see Fig. 4.15)

e The sets of confined pieces (all are sets of finite connected sub-graphs of (Z2,E)):

B (t, ) = {7y marked backward-confined with v* = 0},
Br(t,0) = {y marked forward-confined with f(v) = 0},
A(t,d) = {7 diamond-confined with f(v) = 0}.

To fix ideas we shall, unless stated otherwise, think of 2 as of a subset of B, that is, by
default the vertex f(y) = 0 is marked for any 7 € 2. Note that 2 can alternatively be
viewed as subset of B by marking b(y).

e The displacement along a piece:

X() =

{b('y) if v € B, in particular, if v € 2, (4.31)

v* if v € Bp.

e The concatenation operation (see Fig. 4.16): for 1 € B and v9 € B define the concate-
nation of v9 to 1 as
Yo7z =7 U XM) +72)-
The concatenation of two graphs in 2l is an element of 2, the concatenation of a graph in
2 to an element of B} is an element of B, and the concatenation of a element in By to
an graph in 2 is an element of B . The displacement along a concatenation is the sum of
the displacements along the pieces.

These sets can be seen as equivalence classes of general marked forward /backward /diamond
confined graphs modulo translations. A general such graph, v} ,7%,7/, can then be recovered
uniquely from an element ~y,,vg, v of B, Br, A by specifying the translation vector.
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B

Figure 4.15: Backward, forward, and diamond confined marked graphs,with their displacement.

P

Figure 4.16: Concatenation of confined graphs. Red dots are the marked vertices of the marked graphs.

4.7.2 Main result of the section

Our main goal is to prove the following “coupling with random walk” in infinite volume for long
connections in the ATRC model. Recall that e; = (1,0),e2 = (0,1) are the canonical basis

vectors.

Theorem 21. Let 0 < J < U be such that sinh(2.J) = e™2Y. Let so € S, t € OW dual to sg
and § € (0,1) be such that the interior of Y% contains an element of {£ey, xes}. Then, there
exist constants C,C1,Cy > 0,c1,c0 > 0,€ > 0 and probability measures pr,p,pr on Br(t,9),

Br(t,d), A(t,0) respectively such that

1. renewal structure: for any x € Z? such that x - so > (1 — ¢€)|z|, and any f real valued

function of the cluster of 0,

’CZPL’YLPRVRZZf )X (5)= H()

YLYR k>071557k

— et'zATRCJ,U (f(co)]IO(i)x) ) S Cl ||f||oo e_Cllfﬁ" (432)

where ¥ =y, 041 0...09; 0YR, and the sums are over v € BL(t,9), vr € Br(t,d), and

Yiye ooy Vk te(t,é);

2. exponential tails and “finite energy” for the steps:

(p*v D*) € {(pLa %L(tv 5))’ (pR7 SBR(ta 6))’ (pam(t’ 6))};

Z p* ]1||X(’Y YI>¢ < Cge cat W4 > 0, (433)

'YGD*

pe(7) > a*t vy e D, (4.34)

for some a > 0 depending on J,U only,

3. mean value of a step is proportional to sg: there is a > 0 such that

> p()X(y) = aso. (4.35)

~veU(t,9)
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Moreover, U, OW are analytic manifolds and the norm v is uniformly strictly convez, that is
U is strictly convex and OU has uniformly lower bounded curvature. In particular, each direction
s € S! has a unique dual vector ty € OW and there exist k > 0 such that the following sharp
triangle inequality holds:

v(x) +v(y) — vz +y) = sz + [yl = |z +yl).

The rest of the section is devoted to the proof of Theorem 21. Subsections 4.7.3, 4.7.4,
and 4.7.5 are preparations for the core of the proof. The proof itself is then divided in two main
steps, presented respectively in Subsections 4.7.6, and 4.7.7.

Remark 4.7.1. We use the value of J, U through only two inputs: the exponential decay
in w; and w?_,, and the mixing of Theorems 16 and 20 (which follows from edge relaxation,
Proposition 4.3.2, and exponential decay in w, and w? ). In particular, if one can extend these
properties beyond the self-dual line (part of which is done in [ADG24]), Theorem 21 extends

directly.

4.7.3 The coarse-graining procedure

The first step is to analyse the typical geometry of long connections. The analysis of [CIV08,
AOV24] is based on a coarse-graining of the cluster of 0. Introduce the cells: for K,k > 1 and
AcC 72

[A]k = U ($+ {_k’ . .,]C}2),

z€A
Ag =KUNZ?, Ay =[Ag]nm)e

The scale parameter K will be picked large enough in the course of the proof.

We then coarse-grain the cluster of 0 using the same algorithm as in [CIV08]. Denote
A = Ak and A" = A For C a realization of Cy define Sk(C) via the next algorithm (see also
Fig. 4.17).

Set vg = 0, Sky = {’Ug}, Skp =92,V = A/, 1=1;

while A= {z€ 0™V : z LN, IM(z+A)} £ do
Set v; = min A;
Let v* be the smallest v € Sky such that v; € (A + v*);
Update Sky = Sky U {’UZ'}, Skg = Skg U {{’U*,Ui}}, V=VU(v+ A/), 1=1+4+1;
end
return (Sky, Skg);
Algorithm 1: Coarse graining of a cluster containing 0.

The output Sk(C) = (Sky (C), Skg(C)) of Algorithm 1 is a tree with Sky (C) C Z2. use the
shorthand |Sk(C)| := |Sky (C)| for its size.
4.7.4 Energy-Entropy estimates

The next step is to establish energy bounds which control the probability to see a given tree as
the skeleton of the cluster.

Lemma 4.7.2. For any 0 € ACZ?, and K > 1,

AgNA  qin - o
@[171KHA]111(K)2 (0 <K—m> 9 AK) g € K+ K(l))7 (436)

where ox (1) is a quantity that goes to 0 as K goes to oo.
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Figure 4.17: From top to

graining; the connections implied by the presence of the cells; the skeleton (in black).



Note that the wanted probabilities are zero whenever AN Ak does not contain a path going
from 0 to O™ Af.

Proof. By the definition of U, the ratio weak mixing property (Theorem 16) and monotonicity:

AKOA AgNA

DAl e (0 OAR) < (L4 CEPO MBI (0555 07 A)
< 28(0 25 9 A )
<C @) 1ok (D) — Ogin A |~ K (+ox (1)
TEOM A
as soon as K is large enough. O

As a direct consequence of Lemma 4.7.2 and of the definition of the coarse-graining procedure,
one gets the following:

Lemma 4.7.3 (Energy bound). There exists Ko > 0 such that, for any K > Ky, and any
T C 72,
P(Sky(Co)=T) < e KITIA+ox (1))

where the ox is uniform over T

Indeed, every new vertex of the tree away from the boundary induces a connection of the
form (4.36) in the complement of the neighbourhood of the previously explored vertices (See
Fig. 4.17). We do not provide further details, see for example [CIV08, Display (2.2)] for the
implementation of the bound.

Recall that Sk(C) is a tree rooted at 0. Denote by Treey the set of all possible values
of Sk(C) if |Sk(C)| = N. We now state a general combinatorial lemma that bounds the size
of Treey.

Lemma 4.7.4 (Entropy bound). There ezists a universal ¢ > 0 such that
|TreeN| < 6cln(K)]\/ — KCN.

This Lemma, follows from the fact that, for some C' > 0, the size of Treey is smaller or equal
to the number of N-vertex connected sub-trees of the C'K2-regular tree containing 0. The latter
is bounded by e“"FIN for some ¢ > 0 by Kesten’s argument [Kes82, page 85].

4.7.5 Input from [CIV08, CIV03]: skeleton and cluster cone-points

The main result that we import from [CIV08, CIV03| is [CIVO08, Theorem 2.1| that describes a
typical geometry of skeletons (|CIVO08] builds on [CIV03]). The result in [CIVO08] is stated for
the FK-percolation, but the proof is general and relies only on Lemmata 4.7.3 and 4.7.4.

Lemma 4.7.5 (Skeleton Cone-points). Let (2, F, P) be a probability space, v € Z2, and let C
be a random finite connected subset of Z? containing v defined on (0, F, P). Suppose that for
any tree T in the image of Sk, K > 0,

P(Sk(C—v)=T) < e~ KITI(1+ox (1))
Then, for any 6 > 0, there are c1,ca > 0, Ko > 0 such that, for any K > Ko, t € OW, w € 72,
et-(w—v)P(w eC, |CPtSt75(Sk(C — ’U))‘ < Cl|w _ U|/K) < 6—62|w—v|.

Moreover, by monotonicily, c1,co, Ko can be taken uniform over § > §y > 0.
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| Ll \
Figure 4.18: Left: a cone-point that is not regular. Right: a regular cone-point.
Remark 4.7.6. Note that the Lemma holds directly when w is not in v+Y;%: then P(w € C)

e~v(w=v)(1+o(1)) (35 the event w € C implies that [Sk(C)| > v(w—v)/K) but t-(w—v) —v(w—v)
—dv(w — v) by definition of V5.

<
<

The second result we import is a simple but notationally heavy use of finite energy. Omne
can find two different implementations of this argument in [CIV08, Section 2.9], and [AOV24,
Section 6.1]. Introduce a small variation on the notion of cone-points which will be convenient
later (one could work directly with cone-points, but the equations become a bit heavier).

Recall e = (1,0), e3 = (0, 1).

Definition 9 (Regular Cone-points). Let C' = (V, E) be a connected sub-graph of (Z2,E). Say
that v € V is a regular (t,d)-cone-point of C (see Fig. 4.18) if it is a (¢, §)-cone-point of V and, if
{£ei}NYS # 2, {v,vt+e}, {v,v—ei} € Fand {v,v+e2}, {v,v—e2} ¢ E. Denote rCPts; 5(C)
the set of (¢, d)-regular cone-points of C.

Note than when ;% contains exactly one element of {£e;, ey}, all cone-points are neces-
sarily regular. ’

The idea for going from Lemma 4.7.5 to the next lemma is simple: when v < w, up to
an exponentially small error, there must be at least c¢|Jv — w|/K cone-points of the skeleton by
Lemma 4.7.5. Up to anther exponentially small error, a positive fraction of these cone-points
must then be regular cone-points of C by uniform finite energy.

Lemma 4.7.7 (Cluster Cone-points). Let (Q, F, P) be probability space, v € Z%, and w :  —
{0,1}E be a bond percolation random variable. The cluster of v in w is denoted by C = C(w)
Suppose that

e w has uniform finite energy (for opening and closing edges): for e € E, let Fee be the
sigma-algebra generated by (wy)rse. Then, there is € € (0,1) such that for every e € E,

€< E(we | Fee) <1—k,
P-almost surely.
e the conclusion of Lemma 4.7.5 holds for C.

Then, for any 6 > 0, there are cj,cy > 0, Ly > 1 such that, for any t € OW such that the
interior of Y% conlains an element of {£e1, tes}, and any w € Z* N Y& with |w —v| > Ly,

e" WP (w € C, [rCPts;5(C)| < hw —v|) < e~calv—ul,

By monotonicity, ¢y, cy, Lo can be taken uniform over § > &y > 0.

131



See [CIV08, Section 2.9] or [AOV24, Section 6.1] for two different proofs of Lemma 4.7.7 via
local surgery arguments.
For these two lemmas we can deduce our main cone-point estimate.

Theorem 22. Let § € (0,1). There exist C > 0,c¢1,co > 0 such that for any t € OV such that
the interior of Y contains an element of {£ey, xes}, and any x € 72,

e""®(0 > z, [rCPts; 5(Co)| < cilz]) < Ce—lzl

Proof. When z ¢ V%, the claim is trivial, see Remark 4.7.6. For z € ), the result follows from
Lemmata 4.7.5, and 4.7.7: Lemma 4.7.3 provides the required bound on the probability of a given

skeleton, and the model has finite energy, which are the needed hypotheses for Lemmata 4.7.5,
and 4.7.7. O

This concludes our preparations. We are now ready to attack the proof of Theorem 21.

4.7.6 Proof of Theorem 21 part I: Cone-points and pre-renewal structure

We now fix sg € St, tg € W dual to sg, § € (0,1) such that the interior of yt; s contains and
element of {+e;,+es}, and we set

rCPts = rCPtsy, 5, YV = yt:ﬁ, > = yt;ﬁ,

4.37
B = %L(t()ad)v Bpr= %R(t075)7 ‘2152[(150,5) ( )
From Theorem 22, typical long clusters have many cone-points: having a non-linear (in |x|),
number of cone-points is exponentially more unlikely than {x € Cy}. The idea is now to write
a realization of Cy containing many cone-points as a concatenation of “irreducible graphs” by
splitting it at its regular cone-points. This will lead to a structure that, graphically, looks like
a renewal structure. This is what we will do in this subsection. The last step will then be to
extract a real renewal structure (at the level of the measure) from this graphical one. This will
be Subsection 4.7.7. To this end, introduce the notion of irreducible graphs. Let e = {£e;} N Y
if the intersection is not empty, and e = {£ey} N Y else. Say that

e A marked backward-confined graph (yp,v*) is irreducible if the diamond
Diamond(v*,b(7yr)) does not contains a regular cone-point of 77, and b(yz) is a regu-
lar cone-point of the graph vz, U{b(vz),b(yr) + e} (see Fig. 4.19).

e A marked forward-confined graph (yg,v*) is irreducible if the diamond
Diamond(f(yg),v*) does not contains a regular cone-point of yg, and f(yg) is a regu-
lar cone-point of the graph vr U {f(yr),f(vr) — e}.

e A diamond-confined graph -~y is irreducible if it does not contains a regular cone-point,
and if f(v),b(y) are regular cone-points of v U {{f(7),f(v) — e}, {b(y),b(y) + e}} (see
Fig. 4.19).

In words: irreducible graphs are those that cannot be written as the concatenation of two
non-trivial graphs, with the concatenation point being a regular cone-point, and so that the
concatenation of two irreducible graphs leads to a regular cone-point. We will denote the sets
of irreducible marked graphs in, respectively, B, Br, /A by

By, B, A
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Figure 4.19: From left to right. 1) Backward confined graph which is not irreducible: the graph can be
written as the concatenation of two graphs so that the concatenation point is a regular cone-point. 2)
The graph is not irreducible as its endpoints will not generate regular cone-points when concatenated.
3) The graph is not irreducible as it contains a regular cone-point. 4) An irreducible graph.

For x € Y*NZ2, and Cy 3 x a realization of Cy containing at least two regular cone points
vy, v2 with 0 € v; + Y™, x € v; + Y, we can introduce the splitting into irreducible components:

Co=mnrUmnU---Uny Ung,

where M > 1, (n1,0), (ng, ), m,...,na are all irreducible, confined, (marked) graphs, and U
means disjoint union of edges (there are sites overlap at cone-points). Now, as mentioned in the
end of Section 4.7.1, there is a bijection between pairs (7,v) € 2 x Z? and diamond-confined
connected graphs (translate 4 by v to obtained the graph v = v + 4). Similar considerations
hold for marked forward/backward confined connected graphs. In particular, for n; in the above
decomposition, there is a unique w; € Z? and a unique 7; € A" such that n; = w; + 7;. Similarly
for ny,nr. As the marked point of 5y, is 0, one has directly

wL:0, w1 :X(’IN]L), wQZX(ﬁLOﬁl),... wR:X(ﬁLO’th...OﬁM),
and the equivalent writing of Cp:
77L|_|?71|_|"'U??]V[U?]R:ﬁLOﬁlo...Oﬁ]\/[OﬁR, X(ﬁLoﬁlo O’I7R) 37,
with f1,...,90 €A™, 7, € , and g € B.
By our definition of * regular cone points”, each 77 € 2™ contains a unique edge incident to
f(77), and the same for b(7). Denote these edges f.(7), be(7).

For 7,7, iz as above, and v € Z?2, introduce the percolation events A,(7) to be the event
that

e the edges in (v + 7\ {fe(77),be(7)}) are open in w;,
e v+ f.(7), and v + b.(7) are open in w,,+ and closed in w,
e 0(v+7) are closed in w;.
Define the edges b.(71), f.(7r), and the events A, (1), Ay(nr) similarly. See Fig. 4.20.

Claim 1. One has

sinh(2J) \2(M+1) ) ) )
( ) ) AwL(nL)7A1U1 (771)7 7AU)R(77R))'

(I)(COZULUmUI—lnMUnR):<m
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Figure 4.20: Top: A cluster with its irreducible decomposition. Bottom: the corresponding percolation
events. Bold black edges are open in w, (hence also in w.,/); golden edges are closed in w, but open
in wy,/; thin lines are the dual of edges that are closed in w,, but for which the state of w,,/ is not
prescribed.

Proof. Under Cy = ng Un U---Uny Ung, every edge of the form b, f. always separates two
distinct clusters of w;. Swapping the state of such an edge from open to close in w, (while
keeping w,,+ open) brings a factor

wr _ 2¢?Usinh(2J)
QW 2(e2U-J) — 1)’

by definition of the measure: closing e in w, creates a cluster in w;, hence the factor 2 in the
denominator, and swaps the value of (w.(e),w’.(e)) from (1,1), which has weight w,, to (0, 1),
which has weight w,,/. The claim follows from the definition of w,, w, ./, see (4.6), the fact that
there are 2(M + 1) edges of the form b, f. (2 per regular cone-point, M + 1 regular cone-points),
and that the event obtained from {Cy = nr Un U---Uny Ungr} by closing the edges of the form

be, f. is precisely Ay, (r) N Ay, (1) N - - N Awg (TR)- O
For 77, € B}, and 7 € A" U B, introduce the conditional weights

qr(7z) == ®(Aw, (71)),

o ) ) ) (4.38)
Q<77 | 77L77717~~-777k) _CJU@(AX 77 ‘A’LUL 77L) A (771)7"‘7Awk<77k))7

_ ~ ~ ~ sinh(2J 2
where =7 on1o...0Mn, and ¢y = (76_2J£6_2U) .

Using Claim 1, this leads to the following conditional weight decomposition:

®(Co=1nromo...onNoMNR)
=qr(r)a(m | 7o)q(2 | 7r, M) - q(nr | ey - Iv—1). (4.39)

Let us describe informally the second part of the proof: one has represented the probability of
a given cluster participating to the event 0 <> x as a product of dependent weights, which one
can see as a product of conditional kernels (which are not probability kernels). The idea is now
to represent this product of dependent kernels as a mixture of independent (factorized) kernels
defined on diamond-confined graphs, which will then be suitably normalize by a factor efoX(?)
to obtain probability kernels.
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4.7.7 Proof of Theorem 21 part II: Mixing of weights and renewal structure

We will use the same procedure as [AOV24, Section 7| with the tricks from [OV18, Appendix
C| to compensate for the lack of monotonicity in the conditional kernels. We only describe the
needed inputs, and will refer to [AOV24, Section 7| once we arrive at a stage where the remaining
arguments is a copy-pasting of [AOV24, Section 7).

The first step is to prove that the conditional kernels of (4.39) have good mixing properties.
This is the content of the next lemma.

Lemma 4.7.8. With the notations and definitions of Subsection 4.7.6, there exist p > 0,C >
0,c > 0, such that

o for every 1 € B U DBY, one has that

inf inf inf g | o) > ol (4.0
n20 fio €BI 71,...,7n €A

o for any n,k k'

>
77 777k+n77711 7"’7

0, any 7no,ny, € Bi, any 7 € By U A", and any
Emlr

‘ q(ﬁ ‘ 77077717 = '7ﬁk7ﬁ]€+17 s 7ﬁ]€+n)

ML Bl 1] < cenen, (4.41)
Q(U‘770,7717~~777k/777k+17~-ﬂ?k—m

Proof. The first point is by definition of ¢, see (4.38), and finite energy for ®: the support of the
event Ax (s (7]) in (4.38) is of size at most 47j|. Focus on the second point. We implicitly always
work in a large finite volume, Ay = {—N, ..., N}, with 0, 1 boundary conditions and take limits
(everything being uniform over the large enough volume). Let 7, ; = 74 for i = 1,...n. For
[>0,let

v = X(ﬁl)a U; = X(ﬁ;)v wp = X(”f]o Oﬁl oo Oﬁl)7 w; = X(ﬁ() Oﬁll s OﬁZ)

Let also
~ ~ / /
Up = Wyt — Wi = X(py1 0+ O Mkp) = Wiy gy — Wi

For v € Z2, introduce the (translations of) the events corresponding to a given chain of irreducible
graphs:

B, = Ay m Aptw; o (1), Bj:,u = )N ﬂ Av+w (7;),

n

ﬂ v+ug 77k+l BR,U = Av+un, (ﬁ)

Now, that by definition of ¢ (see (4.38)),

q(7 | 70y 1, - - -y s Tt 1s - -+ Tlhm)
a(7 ] 50 T - - -3 Ty 1 - - - Tem)
CI?’(Aan ] ‘ AO )v Awo( ) ﬂA”LUk71 (ﬁk)) o (I)(BR,w;C ‘ BL,O N Bwk)
®(Auy, (1) [ Ao(io), Awy (i), - Aw;+k,,1(ﬁé+k/))  O(Bray | BloN Buy,)

135



Then, using translation invariance of @,

®(BRruw, | BLo N Bu,) _ ®(Bryo | Br,—w, N Bo)
(I)(BR,w;c BIL,[) N Bw;,) q)(BR,O | B’ ;N BQ)

L,—wk,

_ (I)(BR,O N BL,—wk ‘ Bo) (I)(BRvO ‘ Bo)q)(B}/,fw;/ | BO) (4 42)
®(Bro| Bo)®(BL,—w, | Bo) q)(B’Lﬁ% NBgro|Bo)

Now, Bpg, is supported on the edges with at least one endpoint in u, + V<, denoted Eq(uy),
whilst B, _,, B} _,, aresupported on the edges with at least one endpoint in —Y<, denoted
El k‘/

E,. Looking at (4.42), (4.41) will follow from
1. uniform upper and lower bounds on (4.42) (which deals with the small n case),

2. a suitable form of ratio mixing for P(-) := ®(- | By) (which deals with the case n large
enough).

Start with the uniform bound on the ratios.

Claim 2. There ewists ¢ € [1,00) such that for anyn >0, any v € Z%, any i1, . .., Ny € AT with
X(f1o...0M,) =v, any F, C By, Fqy C E4(v) finite, and any o € {(0,0), (0,1), (1,1)}<,

P(Yp, =a | Y =) < sup P(Yp, =a | Y =)
& PYp,=a | Yp, =¢) " ¢o PYp,=a | Yg =¢)

<c

)

where the sup/inf are over &, &' having positive probability, P = ®( | By), and Yr = (wr|p, wrr| 7).

Proof. By symmetry of the expression, it is sufficient to prove the upper bound. Let M > 1
be a large enough integer and Ay = {—M,..., M}, Ey = Ep,,. Let & & have positive P-
probability. Then, there are non-empty events Dy, Drg, D}, D', Dpo, Dr, Dro, Dr with
Dy, D} supported on Ey \ Ep,,, Drp, Dr supported on Eg\ Ea,,, and Do, D}, Do, Dro
supported on E,,,, such that

By = DpoNDpr, {Yr, =a}=DproN Dk,
{YF|> = 5} = DL N DL07 {YFD - 5,} = ‘DIL N D/LO

Now, by finite energy applied to lower bound the probability of the events with supported in
Ey,, conditionally on the others, one has that for some ¢ € (0, 00),

P(Yp, = | YR =¢)
P(Yp,=a | Yr =¢)
@(DRO NDrNDroN Dy, NDpgyN DBR)(b(DILO N DIL N DpgoN DBR)
(I)(DLO NDrNDpgyN DBR)(I)(DRO NDgrN D,LO N D/L N DpgoN DBR)
< (I)(DR NDgN DBR)(I)(D/L N DBR) GCM2
B (I)(DLQDBR)(I)(DROD/LQDBR) ’

But, by exponential ratio weak mixing (Theorem 16), for M large enough (depending only on
the angular aperture of Y9),

®(Dr,NDrN DpR)

®(D)®(DrN Dpr)1+e~M < ,®(Dr)
(D(D;L NDrN DBR)

2 ;
®(D})®(DrNDpr)1—eM = "&(D))

<
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Figure 4.21: Black edges have state (1,1), gold ones have state (0,1), thin lines are dual to edges where
w; is 0. Left: the percolation event one conditions on. Right: the boundary conditions it effectively
imposes.

and
(D}, Dr) _ B(DYS(Dpr) 1+ _ (D))
@(DL N DBR) - (I)(DL)(I)(DBR) 1—e<M — (I)(DL).
This concludes the proof of the claim. O

Divide the proof of ratio mixing into two claims. We start by proving a mixing bound for
P. We will use the following observation: let v be the simple closed dual path surrounding the
connected graph njo0...07,. Let xv be the set of primal edges that are crossed by ~, and denote
V, the set of sites surrounded by «. Then,
1,1 o 0,1 _
Ple\g,, = ATRCEg,, |wrley =0) = ATRCg s, ( |wrley =0), (4.43)
where w4y is the restriction of w; to v, see Fig. 4.21.

For i1, ..., 7, u1,...,uy as before, let E¢ « (71, ...,7,) be the edges with both endpoints in
R\ ((upnys) + V540 U (an/3) + Vs 510)) (to, 6 are fixed in (4.37)).

Claim 3. For any € > 0, there exist ng > 1, C' > 0,c¢ > 0 such that, for any n > ng,
any mi,...,Mn € A", any finite sets of edges F, C E,, Fq C Eq, Fx C Ecx(M1,...,7n), any
Fl € {FD5F<17F><}; and any 576/ € {(070)’ (07 1)7(131)}F27 wher@ F2 = (FD UF‘<1UF‘><) \F;

dTV(P(XFl € | Xp=¢),P(Xp €| Xp, = 5,)) <Ce™ ™,
where P, X are defined as in Claim 2.

Proof. The idea is simple but the details of the percolation estimate are a bit tedious to write
down, so we only sketch the percolation argument. Looking at (4.43), P|E\EV7 has the I-path
decoupling property of Section 4.6.1 (it falls in the family of ATRC measure for which Theorem 20
applies). One can therefore use Theorem 20 to obtain the claim. Indeed, one can bound the
wanted total variation distance with a connection probability in a Bernoulli block percolation
model. The model one compares with is at worse of the type depicted on Fig. 4.22. The n/3
cone-points between the different regions each provide an opportunity to disconnect F} from Fy:
each induce a bottleneck in the orange chain illustrated on Fig. 4.23, and each bottleneck gives
a positive probability to disconnect Fi from Fb. O

We then turn this into ratio mixing using Appendix 4.A.1.

Claim 4. There exists C > 0,¢ > 0,n9 > 1 such that for any n > ng, any v € Z?, any
Myenoyiin € AT with X(M1 0 ...07,) = v, any Fy, C E,, Fq C E (v) finite, and any o €
{(0,0),(0,1), (1, 1)},

P(Xp, = Xp =
sup ( Fyq - ‘ F {)

—1| < Ce™ ",
¢e | P(Xp,=a | Xp, =¢) -

where the sup is over &,& having positive probability, P, X are defined as in Claims 2, and 3.
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Figure 4.22: The grey grid represent the blocks of the block-percolation of Theorem 20. The orange
squares have a strictly smaller than one probability to be open. The white squares have a probability as
small as wanted to be open. The red regions represent E,, ¢ », Eq.

Figure 4.23: The grey grid represent the blocks of the block-percolation of Theorem 20. The orange
squares have a strictly smaller than one probability to be open. The light blue squares have a probability
as small as wanted to be open. By exponential decay in the blue blocks, a positive density of bottleneck
have the property that the two orange sides of the blue square are not connected in the blue blocks.
Then, with positive probability, the blocks in the square are closed, cutting the orange chain at that
bottleneck.
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Proof. The proof will be an application of Lemma 4.A.1. Recall (4.43).
Let 1 =0 > ¢ >0, and let Ex = Ec «(M1,...,7,). We apply Lemma 4.A.1 with

e ) = {(070)7 (07 1)7 (17 1)}F<17 Qg = {(070)7 (0, 1)? (17 1)}EX7

i :u:P( | XFD :§)|F<1L|E><7 V:P( | XFD :él)’Fql—’Ex7

e D C )y is the event that there is an open path in w,,/ from the top boundary of Ay (the
implicit finite volume we work in) to its bottom boundary staying in E, and that there
is a dual path of open edges in w from the top boundary of Ay to its bottom boundary
using only edges dual to edges in Ex.

The hypotheses of Lemma 4.A.1 hold with € = e~ (when n is large enough) by Claim 3, and
the uniform exponential decay of w?*_,, w, (Theorem 17). O

This concludes the proof of (4.41). O

This Lemma is the needed input to put ourself in the framework of [AOV24, Section 7]. Let
us describe the needed modifications (which all take place in the beginning of the argument).
The main difference is that our conditional weights ¢ are not monotonic, we thus need to define
the pi’s used there in a slightly different way.

For k>1>1,10€ B}, M,...,Mk—1 € A", and 7 € A" U B, set

ao(7] | 7o - -, flk—1) = ao(7) g)cogg <1,...1,r§lnfemirq(n | C0sCrs- -5 Gn)s

ak’(ﬁ | ﬁ0>"'7ﬁk’—1) ZQ(ﬁ | ﬁ07"'7ﬁk—1)7

and

ar( | 7oy s k—1) = (i | o=, - -+ k—1)
= inf lnf inf . Q(ﬁ‘CO)"'?anﬁk—lv"'aﬁk—l)
20 (oEBY C1,...rCn AT
In worlds: ag records the minimal mass given by a conditional probability to an irreducible
graph for a fixed frozen “recent” past, and any “less recent” possible past. Introduce then the
mass increments (pg has the same definition domain as ay)

Po = ap, Pr=0ar — ak—1-

Note that by definition of the ax’s, the pp’s are always non-negative. This property is what
compensates the lack of monotonicity of ¢(7 | 7o, ..., 7k—1) (monotonicity is property P6 there).
One can now duplicate [AOV24, Section 7| to conclude the proof of Theorem 21 with the
following adaptations: use the pg’s defined above in place of the ones defined in [AOV24|, and
use Lemma 4.7.8 as a replacement for [AOV24, properties P5, P7| (these are the only properties
used in the argument).

4.8 Invariance principle for the modified ATRC cluster

4.8.1 Notations and main result of the section

Asin Section 4.7, we will describe the geometry of the cluster of vz, under mATRC,, 1, ( | v, <> vR)
(defined in Section 4.4) using a coupling with a random walk bridge in such a way that the cluster
is included in diamonds with endpoints at the random walk steps. We will focus on direction ey
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vL UR

Figure 4.24: me (black circles), Ey, », (black lines), and E;‘ (red lines).

for simplicity, but the analysis can easily be adapted to other directions at the cost of slightly
heavier notations. For notational convenience, we define the relevant objects with explicit n,m
dependency, but will only stress the m dependence, as the n one is obvious (n with therefore
usually be omitted from the notation).

Recall the setup of Section 4.4: let Ay, p, = {—n,...,n} x {—m,...,m},

En,m = EA U {e S aedgEEA 1 eC H+}7
Vn,m - VEn,'m U {<_n - 17m + 1)’ (n + 17m + 1)}’
Ef ={{i,j} €E: i,j € Ni,j € Vo),

see Fig. 4.24.
Recall also ‘
O_AN={ic0"A: icH_}.

As in the previous section, & = ATRC. We will denote

®,, = P, = mATRC,, s

®,, is supported on Q,, = Qum = {(0,0), (0, 1), (1,1)}F x {(0,0), (1, 1)}E; Denote also for
FC EmuE;, and (a,b) € Qy,

q)?r;?F = (I)m( | wr(e) = ae,wrr(e) = be Ve € FC) Ia (4.44)

its conditional version. Recall its main properties (we will use them without referring to a precise
statement each time):

1. The probability of a given pair (a,b) € §2,, is given by

(I)m(a, b) x H zac(C—Q)beiae H ( 2 )ae .2”+(G) H (]lccAm_{_CbX:iea,Ammc di)

c, — 1
ek ccBr Cecl(b)

where:

e d; =1 for all i in O_A,, but the lower corners, and equals 2 at the corners;

e k4 (a) is the number of connected components in the graph (V,, a);

e cl(b) is the set of connected components in the graph (V;,,b).

2. &, is strong-FKG (satisfies the FKG-lattice condition).
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a,b 1,1
3. @, < ATRCy'.

In particular, for any F C Ex F’' C E, and any (a,b) € ,, one has

n—1,m—17

a,b

0,0 b 1,1
ATRC. < @7, @) < ATRC, . (4.45)

For the lower comparison: use the monotonicity for ®,, to closed edges in F° and note that
when all edges of F'¢ are closed, the measure on F' is ATRC?;’O. The upper comparison follows
from strong-FKG and ®,, < ATRC}EJ.

Recall that v, = (—n — 1,0) and vg = (n + 1,0), and that we wish to study the cluster of
vy, under <I>m( | vr & vR). For the sake of readability, all connections will be understood to
take place in w, if not specified otherwise. We denote (w;,w;,/) a sample from ®,,, and C the
cluster of vy, in the w, marginal (see Section 4.4.4).

We will use the probabilistic description of long clusters from Theorem 21 with a suitable
choice of cones. First, note that by symmetry the (unique by Theorem 21) ¢t € OW dual to e; is
t = v1e1. Then, by strict convexity and symmetry, the cones :)7;1 ey,6 r€ invariant under reflection
through {x : x9 = 0}, and have an angular aperture continuous in 4, strictly increasing, which
converges to 0 as 6 — 0 and to 7w as § — 1. In particular, for any 0 € (0, 7/2) there is a unique
6 € (0,1) such that Y;' = V! s where

vierl,
V' ={z e R?: tan(0)z; > |z2|}

is the symmetric cone with angular aperture 26. Similarly to Section 4.7, say that z is a 6-cone-
point of Aif A C xz+ (Y;*UY)). We (re-)introduce

Yy =-Y;', Diamondy(u,v) = (u+ Y ) N(v+I}),
CPtsp(A) = {x € A: =z is a O-cone-point of A}.

When omitted from the notation, € is set to be m/4. Denote B, B g, A the sets of backward-
confined, forward-confined, diamond-confined graphs (see Section 4.7.1) for § = 7/4. Let then
PL,PR, P be the measures given by Theorem 21 for (d,v1e1) with Y4 = yz/:ehci‘ Denote Q the
positive measure (not probability measure) on pairs length + sequences of graphs given by

M

Q(M; v, ;- -y, YR) = Cor(vn)pr(vr) [ [ p()
i=1
where C is the constant given by Theorem 21. If is worth stressing that whenever f vanishes
when the displacement of v, 01 o...0vy ovg becomes larger than some constant, integrating
f against Q is just a finite sum. We will write

/de(M;vLm,--~,7M,7R)

M
=CY Y > > f(Mivp, o vr)pn()pr(ve) [ p(). (4.46)
M>0~v,€BL YREBR V1, YTMEA i=1
Let ~v1,792,... be an i.i.d. sequence of random diamond-confined graphs with law p, and

define
T, =inf{k >1: X(y10...09) =0},
where the inf of an empty set is set to be 400 by convention. Let @, be the law of (v1,v2,...,v7,)
conditioned on {7}, < oc}.
The main Theorem of this section is the following “representation as a mixture of random

walk bridges”. From this result, it is mostly an exercise to prove the invariance principle, and it
will be done in Section 4.8.6.
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Theorem 23. There are ¢ > 0,Cy > 0,¢c9 > 0,n9 > 1 such that for any n > ng, m > Cyn,
there is a probability measure Mey, ,,, on B, X Br such that

1. Mey, 1, is supported on pairs of graphs with displacement sup-norm at most g 1n2(n);

2. for any f function of C,

‘ D Menm(Cr,CRVEQy ¢, o (F(0r +Cromo . oqmo(r))
CLGR

— @, (f(C) v & 'UR)‘ < fllo et

where (Y1,52, - -+, VM) ~ Qu(ccr)s Eq, denotes expectation with respect to Q,, and v((r,CRr) =
vr — X(Cr) —vr — X(CL)-

Remark 4.8.1. This theorem gives the existence of a coupling between the law of C under
<I>m( ‘vL > vR) and a product law on chains of diamond confined graphs, such that the chain
and C are equal with a probability going to 1 as n — oo. The law of the sequence of cone-
points of this chain is then a random walk bridge, and the distance (e.g. Hausdorff) between the
linear interpolation of this bridge and the actual cluster is at most a constant times the norm
of the largest step. In Subsection 4.8.6 (Lemma 4.8.11), we prove that this linear interpolation
converges to a Brownian Bridge under diffusive scaling and that the maximal step size is C'In?(n)
with probability going to 1 as n — oco. This therefore implies an invariance principle for the
upper/lower envelopes of C.

4.8.2 Basic properties of the measure

We start with some general observations on ®,, before going to the heart of the argument. In
the course of the proof, we will introduce several constants, denoted

Co,C1y - - -

They depend only on J,U. As this quantity appear several times, it is worthwhile to define it
in advance

ny =n— [c1In(n)]. (4.47)
First, from Theorem 17, we can deduce the exponential decay for ®,,.

Lemma 4.8.2. There is ¢ > 0 such that for any n,m > 1, any simply connected F C EU E;f,
and any x,y € Vg,

sup @, (z & y|wr(e) =n(e) Ve € F°) < el
U

In particular, there is an integer co > 0 such that for any m > con,
®,,(3x €C: |aa| > con) < e,

Proof. The second point follows from the first and a union bound. We focus on the first. The
claim with & = ATRC replacing ®,, is Theorem 17. In particular, by the stochastic domina-
tion (4.45), for any F C E,

D (- |wr(e) =n(e) Ve € F°) < ATRCE' = &( | wy(e) = 1Ve € FF),

so the first equation holds for ®,, when F N Elf = . The case where F N E;r #+ T is a
simplification of the arguments of [Ale04, Section 2] (F'N Egr having a simpler geometry than
what is treated in [Ale04, Section 2]). O
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Then, from 16, we obtain fast relaxation of ®,, towards ®.

Lemma 4.8.3. There are ¢ > 0,C > 0 such that for every n,m > 2, any F C Ep and

any event A supported on F with ®(A) > 0,

n—1lm—1’

(I)m(A) - —cdoo (A7, 1 1)
E 1’§C;6 e

In particular, there is ¢y > 0,n9 > 1 such that for any n > ng, m > Con—i—lnz(n), and any event
B supported in Ep, one has

1,con’

O (B)

= 3(B)

< 2.

DN |

Proof. This follows from the stochastic domination (4.45) and from the exponential ratio weak
mixing of ATRC (Theorem 16). O

Recall that Ay = {—k,...,k} x {—I,...,l}. Define

. Cross,%? the event that there is at least two disjoint clusters in (Ajx,wr NEy, ) crossing
Aj from left to right;

. Cross,lﬁl the event that there is exactly one cluster in (Ajx,w; NEy,, ) crossing Ay from
left to right.

Lemma 4.8.4. There are ¢ > 0,n9 > 1, such that for any n > ng, m > In(n), k < min(m —
In?(n),n?), one has

D, (Cross%fk) < 2(2k + 1)2(;V127H717
@y, (Crossy, ;) < 2(2k + 1)%e™ 2™,

n

where ny is defined in (4.47) (and c1 is given by Lemma 4.8.3).

Proof. Note that the events Cross%fk, Cross}11 , are supported on Fj, = Eps, x- Given the

constraints on k, one can apply Lemma 4.8.3 to reduce the problem to proving the same bound
for ® instead of ®,,, (the cost for passing from ®,, to ® is the factor 2 in the claim). Now, by
a union bound,

®(Cross=2,) < Z Z O(x PRI Yy & s v)

n1,k
—k<zo<ua<k —k<ya<v2<k

where connections are understood in w,, and © = (—ny,22), u = (—n1,u2), y = (N1,y2), and
v = (n1,v2). Denote then Ci , the cluster of x in the restriction of w, to Fj, and, for C' a
realisation of Cy, with y € C, .F,;"(C) the set of edges in Fj above the union of C' and its
boundary. ]-",j (C) is then a simply connected set, so by Theorem 17,

F. F, F 1,1
P(x Sy ducho) < Z O(Cry = C)ATRCF:(C)(u )
CCRﬁl’k
z,yeC

< e_c|“_”|<I>(ac —y) < e~ e VW),
Now, by convexity and symmetry, v(y — z) > 2n1v((y — z)/|ly — x|) > 2n114, so for n large

enough,
<I>(Cross;>“2k) < (2k + 1)26—0716—2711/1’
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which is the first half of the claim. The second follows from the same argument:

B(Crossh, 1) <2 Y BB y) <22k +1)0(x o y) < 22k +1)2e 72
—k<ma,ya<k

O]

Lemma 4.8.5. There is ¢ > 0 such that for any € > 0 there is ng > 1 such that for any n > nyg,
m > en + In?(n),

(I)m(UL o UR) > S_CIH(H)G_QTLW.

Proof. Let N =n — [C'ln(n)] with C large enough. Let wy, = (—N,0), wg = (N,0) Then, by
inclusion of events and FKG inequality,
R €en
q)m(UL — UR) > @m(U)L <~ UL)(I)m(wR — UR)(I)m(wL (M wR)
R €en
> 2(19(ZUL (M wR)ém(wL <~ UL)(I)m(wR <~ UR)

where we used Lemma 4.8.3, C' and n large enough in the second line.

R €n .
We can then use Theorem 21 to lower bound the first probability: ®(wp, PREELCN wg) is

equal to e 21N times the probability for a random walk with step distribution supported on the
whole of Y*N Z?2, exponential tails, and mean proportional to e; to hit wp — wy, while having
second component less (in modulus) than en. The probability of hitting wgr —wy, is greater than
C/+/n by the Local Limit Theorem in dimension 2 (see for example [AOV24, Section 8.1]). The
probability that the second component less than en is greater than 1 — e~ “" by standard large
deviation bounds.

Finally, we use finite energy to bound the last two probabilities: let F = {{:U,z +e}:
rn=-n—1,...,—N — 1}. Opening the edges of Fy, has probability at least e~ ¢lFzl = ¢=cIn(n)
for some ¢ > 0. So @,,,(wg <> vp) > e~cn(m)  Same with wg < vg. O

This leads us to a first notion of “good configurations”

Good! = {vy, < vg} N Cross} N{Vz € C: |x2| < con}, (4.48)

n1,c0M

where cg is given by Lemma 4.8.2. Then, by Lemmas 4.8.5, 4.8.4, and 4.8.2, there are ¢ >
0,19 > 1 such that for any n > ng, m > con + ln2(n),

®,,(Good! | vy <> vg) >1—e ", (4.49)

Define C., to be the unique crossing cluster of Ap, ¢,n when there is a unique cluster, and

Cer = Ay con else. Under Good,ll, one has C.; C C. The general plan for the next subsection

will be to study C by first proving that it is close (in Hausdorff distance) to Cer, and then by
studying C¢; using the infinite volume study of Section 4.7.

4.8.3 Geometry of crossing cluster

We start with the proximity between Ce, and C. Introduce
ﬁL(C):Cﬂ{—'fll} X 7, ER(C)ZCﬂ{ﬁl} X 7, ﬁ(C)Z[,L(C>U[,R(C)

Lemma 4.8.6. Let cg be given by Lemma 4.8.2. There are ca > 0,¢ > 0,n9 > 1, such that for
any n > ng, m > con + In%(n), one has that for any K > co1n(n),

o, (Elx €C\Cq: doo(z,L(Cer)) > K ’ Good,ll) < e K,
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Figure 4.25: The open cluster C,, (in black) and the edge forced to be closed by its presence (dual of the
red). The blue points are where connections to C., have to arrive.

Proof. Let co be large enough and K > coln(n). Let C # & be a realisation of C.;. Now,
under the event Co; = C, x ¢ C'is connected to C only if = is connected to L1,(C)ULR(C) (see
Fig. 4.25). So, by Lemma 4.8.2,

Pz C | Cor =0C) < Z e—Cldoo(@9)]
y€L(O)
In particular, for C' a realisation of C¢, such that C C Az, ¢on, and n large enough,
@, (Fz: d(z,C) > K,z C | Cox =C)
< Z Z e~ Cldeo(@y)l < omcK/2
YEL(C) 2EL doo (z,y) > K

as |L£(C)] < 2con, and ¢y is large enough. In particular,

@, (321 d(z,C) > K, 2 > C | Cross} N{Vz € Cor : |m2| < con})

n1,c0M

ni,con

< Z D, (Ccr = C | Cross. N{Vz € Cr = 22| < con})e_CK/2 — e~ K/2,
C

where Z?} is over realisation of C., such that C' C Ag, ¢on- To conclude,

d,, (EI:U €C\Ce: doo(w, L(Cer)) > K, Good}l)
®,,(Good})

e~ K P, (Crossy, opn N{VZ € Cor : |m2] < con}) -

- ®,,(Good}) -

as cg is taken large enough, where the numerator is bounded using the bound we just derived,

inclusion of events, and Lemma 4.8.4, and the denominator is bounded using Lemma 4.8.5,

and (4.49). O

— / —
e cKec In(n) <e cK/2

We then turn to the geometry of C.;. Introduce, with co given by Lemma 4.8.6,
Good? = {Vz € C\ Cyr : doo(z, L(Cer)) < caIn(n)} N Good?.
By Lemma 4.8.6, and (4.49),
@, (Good? | v <> vg) > 1 —e (), (4.50)

for some ¢ > 0 and n large enough.
Introduce the slabs: for [ € Z,k > 0,

Slij{l,l—i-l,...,l—i-k}XZ.
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Lemma 4.8.7. There are cg3 > 0,¢ > 0,ng > 1,0 > 0 such that for any n > ng, m >
con +1n%(n), K > c3ln(n), I € {-n1,...,71 — K}

P (|1, N CPts/5(Cer)| < 'K, Good2) < e Ke 21m,

Proof. Under Good?, C.; contains both a point in Az, ¢on N (vz, + {—[c2In(n)], [c2In(n)]}) and
a point in Ap, con N (VR +{—[c2ln(n)], [c2In(n)]}). So, by a union bound and Lemma 4.8.3, we
have the following upper bound on the target probability

222@(35 < ¥, |S1,x N CPsyg(Ca)| < P'K)
z oy

where the sum is over x € Ag, con N (v + {—[c2ln(n)], [c2In(n)]}), ¥ € Aa;con N (VR +
{—[c2In(n)], [c2In(n)]}), and C; is the connected component of x. By Theorem 21, the proba-
bility inside the sum multiplied by e”(*=%) is less than e K as the distances between cone-points
have exponential tails. In particular, by symmetry of v, for c3 fixed large enough,

(I>(x <y, |Sir N CPtsﬁ/g(Cm)\ < p/K) < e 2ngmek
which gives the claim. O

The next Lemma combines Lemma 4.8.7 and a deterministic observation to control the
cone-points of C.

Lemma 4.8.8. There are c4 > 0,p > 0,c > 0,n9 > 1 such that for any n > ng, m >
con +1n%(n), K >cyln(n), 1 € {-n4,...,71 — K}

D, (IS, N CPts(C)| < pK, Good) < e HKe 21,
Proof. First note that under Good?, one has that
Cc (ccru U (@+[~coln(n),cy ln(n)]2)>.
2€L(Cer)
In particular, there is C' > 0 large enough such that if there are x,y, z € CPts;/g(Cer), and
z-e1+Cln(n) <y-e; <z-e; —Cln(n),

then y € CPts(C) (see Fig. 4.26). In particular, if K > 5CIn(n), then by the above observation
and Lemma 4.8.7, one has, with p = p//5,
®,,, (|1, N CPts(C)| < pK, Good?)
< @ (S, 5c/5 N CPts, /5(Cer) = @, Good?,)
+ ®,, (Sl+4K/5,K/5 N CPts;/3(Cer) = 9, Goodi)
+ @ (Sp, 1 /5 N CPsys(Cor) # D, Sivarcss iys N CPsrs(Car) # 2,
|42k /5,575 N CPts s(Cer)| < p'K /5, Goody)

< 3e—cK6—2uln
when n is large enough. d

Let ¢,, = £,,(r) = [rIn(n)]. We are now in position to introduce the set of good clusters: let
GCl(r) = GCly, () be the set of realizations C of C such that (see Fig. 4.27)
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vr,

> C'ln(n) > C'ln(n)
Figure 4.26: The presence of z,y,z in CPts;/s(C.;) forces C to be included in the union of the blue

diamonds/cones and of the orange rectangles. Enlarging the aperture of the cones at y allows to ensure
that the orange rectangles are included in the cones started from y.

e S it +1.0, NCPts(C) # &, Sp—20, 41,4, N CPts(C) # &
o |S_ni20,+1,0, NCPts(C)| > In(n), |Sp—30,+1,6, N CPts(C)| > In(n);
o |S_ 40,410, NCPts(C)| > In(n), |Sp—s50,+1,, N CPts(C)| > In(n);
o S_nis0,+1.0, NCPts(C) # &, Sp—6t,+1,0, N CPts(C) # @5
o S_niot, i1, NCPS(C) £ D, Sp_mg, 410, N CPts(C) £ 2.

Lemma 4.8.9. There are cs > 0,c > 0 such that for any r > c5, there is ng > 0 such that for
any n > ng, m > con + In*(n),

P, (C € GCI(r) | v +>vg) >1— e~ein(m),

Proof. By Lemma 4.8.8 and a union bound, for r large enough (and n large enough),
®,,,(C ¢ GCI(r), Good?) < ge~cln(r)e=2m,

Then, fixing r large enough, for n large enough,

®,,,(C ¢ GCl(r), Good?)

P, (UL <~ UR)

®,,(C ¢ GCI(r) | vp, > vR) = + @m((Goodi)c | vg, > vR)

< efcln(n) + efc’ In(n)
by the previous display, Lemma 4.8.5, and (4.50). O
Lemma 4.8.9 gives that for any fixed r > cs,

®,,(C € GCI(r) | vp, 3 vg) > 1 — e e, (4.51)

for some ¢ > 0 and any n large enough, m > con + lnz(n).
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Figure 4.27: For C € GCl, the blue stipes contain both In(n) cone-points, the yellow stripes each contain
at last one cone-point, W, (C), Wr(C) are in the green stipes. The decoupling event D lives in the orange
part.

4.8.4 Cluster decomposition and density swapping

Now that we have a good control over the typical geometry of C, we can turn to the precise study
of its law. Recall GCl = GCI(r), ¢, = £,,(r) where r is some parameter than we can adjust. For
any C € GCl, the slabs S_,, 164, 41,6, Sn—7,+1,0, both contain a cone point of C'. Let

o Wi =WL(C) be the leftmost cone-point of C in the slab S_,, 160,414,
e Wgr = Wg(C) be the rightmost cone-point of C in the slab S, 7, 41,4,

Let B}, B, be the subsets (depending on r) of B, B respectively such that for every ny, € B},
nr € BL, there is n € A such that

C = (vp +nrononr) € GCI,
Wi(C) =vr +X(nr), Wr(C) =vr —X(ng).

One can then uniquely decompose a cluster C € GCI as

C=vr+nLonong

with nz, € B}, nr € BL, n € A, X(n) = WL(C) — v, X(nr) = vg — Wgr(C). Now, notice that
by the cone constraint, b(nz) has degree one in 7y, b(nr) has degree one in ng, and f(n), b(n)
both have degree 1 in 7. Let

fo(n) = {f(n),f(n) +e1}, be(n) = {b(n),b(n) —e1},
fe(nr) = {f(nr), f(nr) +e1}, be(nr) = {b(nw),b(nL) —e1}.

Introduce percolation events associated with 7, € %1L, NR € ’B}%, n e let up = vp—X(nR)
and define (these are the finite volume versions of the events defined in Section 4.7.6)

e Ar(nr) is the event that edges of vy, + 1y, are open in w,,/, edges of (vy, +n5) \ be(vr, +11)
are open in wy, edges of (vy, +0%n) N (EU E;) are closed in wy, be(v + 1) is closed in
wr;
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e ARr(ng) is the event that edges of ur +npr are open in w, ./, edges of (ur +nr) \ fe(ur +n1r)
are open in w-, edges of (ug +0%ngr) N (E U E;") are closed in w,, f.(ug + nr) is closed
in wr;

e A,(n) is the event that edges of v+n are open in w,,/, edges of (v+n)\{be(v+n), fe(v+n)}
are open in w;, edges of (v + ) are closed in w;, be(v + 1), fe(v + 1) are closed in w;.

Using the same trick as in Section 4.7.6: swapping the state of f.(n), be(n), fe(nr), be(nr) from

open to close in w; brings a weight Cjy = (%)4 (see Claim 1), one gets

©(C = vp + 11 0n0nR) = CruPm(AL(nL) N Ay, 4x(,) (1) N Ar(R)).- (4.52)
Now, define the infinite volume events corresponding to the pieces nr, ng:

. flL(nL) is the event that edges of vz, + 1, are open in w,,, edges of (vr, +nr) \ be(vr +n1)
are open in w;, edges of vy, + 0 are closed in w;, be(v + np) is closed in wy;

o Apr(ng) is the event that edges of ug +ng are open in w,,, edges of (ug+ng) \f.(ur+ng)
are open in w;, edges of ur + 0°ng are closed in w;, f.(ur + Nr) is closed in w;.

As for @, (see (4.52)),
®(Cy, = v +nronong) = Cru®(AL(nn) N Ayy+x(my) (1) N Ar(MR))- (4.53)
Define, for i = 1,...,7 (the volumes corresponding to the slabs of Fig. 4.27)
AL ={—n+4il,+1,...n—il, —1} x {—con + i[In%*(n)],...con — i[In*(n)]}.

In particular, for any C' = vy, +ng onong € GClL, W, (C), Wg(C) € AS\ AT and W, (C) + 17
is a subset of the edges in Ex¢.

Lemma 4.8.10 (Density swapping). There are ¢ > 0,cg > 0 such that for any r > cg, there is
no > 1 such that for any n > ng, m > con + In?(n), any 0y, € Bl nr € BL, and any event B
with support in Exe, one has

’<I>m(B | Ar(nz) N Ar(nr))

: : . 1‘ < eclnn), (4.54)
®(B | Ar(nr) N Ar(nr))
Proof. We will use Lemma 4.A.1 with the following inputs:

e () is the set of elements in {(0,0), (0, 1),(1,1)}EA% having positive probability under
@y (| AL(nL)NARg(nr)) restricted to Ens, Q2 is the set of elements in {(0, 0), (0, 1), (1, 1)}]EA%\A%
having positive probability under (I>m( | Ar(np)N AR(nR)) restricted to Eas\as;

e u is the restriction of @, ( | AL(nz) N Ar(nr)) to Eas UEA3\A1;
e v is the restriction of ®( | Ap(nz) N zle(nR)) to Eas UEA3\A1;

e D is the event that there is a path of open edges in w;/ in Ex3\a4 surrounding A2 and
two paths of edges dual to edges in Ex3\ a4, open in w7, one joining the upper boundary of
nL in Eas\a4 to the upper boundary of ng in Ex3\ a4, and one joining the lower boundary
of n, to the lower boundary of ng (in Eas\as). See Fig. 4.28.
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Figure 4.28: Decoupling paths imposed by the event D.

We check the required bounds. First, note that the paths imposed by D split the cluster
weights (as in Lemma 4.4.6) and therefore the third condition of Lemma 4.A.1 is fulfilled with
€5 = e~ °"(™ by uniform exponential decay in wr,w?, (Theorem 17), once r is taken large
enough (¢ being uniform over 7, nR).

Let then v7,/r be the closest dual path surrounding 77/, and let F,/p be the sets of edges
that are surrounded by vy /g. Let kr = ki (n1) be the first coordinate of the leftmost cone-point
of nr in Al and kp = kr(nr) be the first coordinate of the leftmost cone-point of g in A>. Let
kY, = Kk} (n) be the first coordinate of the rightmost cone-point of 7y, in A}, and k, = k(nr)
be the first coordinate of the rightmost cone-point of ng in Al see Fig. 4.27. Let

Ry ={kp,...,kx} x {—con + [In®(n)],...con — [In*(n)]},
Ro = {k},...,kr} x {—con + 5[In*(n)],...con — 5[In*(n)]},
SZERI\’RQ\(FLUFR), F:(*’YLU*’yR)ﬂg.

Let then (a_,b_), (ay,by) € {(0,0),(0,1),(1,1)}* be given by

@by = {(0,1) if e € (F, UFgp)NEg,,

(0,0) else,
and
(a b ) _ (0,1) ifeE(FLUFR)ﬂE’Rl,
e (1,1)  else.

By the lattice-FKG property of ®,,, ®, the first point of Lemma 4.A.1 is true with ¢; =
e~¢In(") if one has
b
dTV(ATRCg_‘— +( ’ w-r(e) :OVQEF)‘]EA%\A%,

which follows from the strong mixing property of ATRC (Theorem 20) once r is fixed large
enough as in the proof of Lemma 4.7.8 (recall that nr,ngr are forced to have at least In(n)
cone-points in the slabs S_p,120, 41,6, S—ntat,+1,6,, a0d Sp_30. 410, Sn—s¢,+1,0, Tespectively).

ATRCE " (| wr(e) =0Ve € F)|g
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The second point follows in a similar fashion with €2 = €;: by monotonicity (FKG-lattice)
the distance between ug and o (notations of Lemma 4.A.1) is again bounded by (4.55).

For r fixed large enough, and n large enough, one can therefore apply Lemma 4.A.1 with
e =e (™ ¢ >0 to obtain the result. O

4.8.5 Proof of Theorem 23
From now on, let
r=c¢, LIn=[cgln(n)],

where cg is the one given by Lemma 4.8.10. In particular, one has that for any n; € %i,
1R € %}%)
IX(nL)lloe < 8lcgIn(n)], [ X(nr)llo < 8[csIn(n)]. (4.56)
For n, € B}, ng € BL, and C a realization of C containing vg, define Loy, n, to be 1 if
C = v + ng onong for some diamond-confined 7, and 0 else. Also, introduce

@ (AL(ne) N Ar(nr))
®(AL(ne) N Ar(nr))

From Lemma 4.8.10 (and using (4.52) and (4.53)), we get that for any f function of C with
|| flloo <1, we have

rm(NL,MR) =

@ (£(C)1car(€) = D rmlm )@ (€ aa(C)emns )

NLsMR

<e Mg, (C € GC), (4.57)

where the computation goes by 1) partitioning over the realisation of C = ny o n o ng in both
expectations of the L.H.S., 2) using (4.52) and (4.53) on each of the obtained summand, 3) apply
Lemma 4.8.10 and

CI)N(f(C) ]ICMZL 777R)
(AL(nL) N Agr(nr))’

D (f(C)Laar(C)lemn, mp | AL(nr) N Ag(ng)) = o

to each summand, 4) re-sum to obtain the R.H.S..
Now, by Theorem 21 and translation invariance of ®, there is ¢ > 0 independent of n such
that (recall (4.46)) for any n;, € B}, nr € B, and f with [|f]|, <1,

| [ 407 (0n + DLy 9 — B O e )| < (4.5%)

where ¥ =y, 0y10... 09y 0ygr (we used that if 1(,, 45
For s > 0, introduce

=1, then X(¥) = vg —vp).

~NLMR

Tr(s) =min{k>0: [X(yL0710...0%)|. > sn*(n)},

and
Tr(s) =min{k >0: [|X(yam—kt10---0VR)|l > sln2(n)},

where v0 = v, Ym+1 = YR, and we put +oo for the min of an empty set by convention.
From the exponential tails of pr,pr,p, one obtains that (¥ =~ o...09g)

/dQ]lTL:-FOOﬂX(:/)vR—’UL S e_'m, (459)
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and the same for Tg, and that, for c; fixed large enough, any K > c7In(n), and any O €
{L,R}yU{L,...,M},

—cK
/dQ]l||X(7LO"'07TL)HOOZK]IX(’Y)=URvL <e

(4.60)
/ QX (30 | 2 IX(7)=0m—vs, < €0

The first bound also holds for ypr—74410...07vr.
Let then By,(s) be the set of sequences (yr,71,---,v:m,Yr) such that

e 0<TR(s) <o0,0<TL(s) < o0,

e X(yLo...0vR) =vRr — L,

e maxpe(r, pyu{i,.. .M} [1IX(0) e < sIn’(n),

o IX(v20.+.097,) e < 2510%(n), and [[X(vas 101 - 0 7)oy < 25In3(n).
From (4.59), (4.60), and the definition of By (s), one directly obtains the next claim.
Claim 5. There is cg > 0,c¢ > 0,n9 > 1 such that for any s > cg, n > ng,

1. for any (yr,V1s--->,YMsVR) € Bu(s), [[X(yro... oy )|l = 8lceIn(n)], and | X(var—1z+10--- 0 YR) o
8[ceIn(n)];

2. fdQ]lﬁéBn(s) < e—csln2(n)'
Let then

B1(s) = {CL € Br: sn*(n) < [X((L)llo < 25In*(n) and Ing € By, n € A, (L =nLon},
%%(s) = {CR € Bp: san(n) <X(CR) | < 2sln2(n) and dng € %}%,n e, (gr= 77077R}-

Introduce two weights that will be our new boundary weights: for ny € ‘B}—J, nNR € %}3,
(L € B2(s), and (g € B%(s), define (where C is the normalization constant in the definition of

Q)

bL(CL;nL) :\/EZZ Z ]lfyLo...Ofyk:(Lﬂﬂl:'yLo...o'yl:nL

YL k=171,

k
X poom Dll<sm( - PLO) [[p(0), (461)
=1
and
bR(CR;T/R) = \/EZZ Z ]]-Hl:’ylo...owlo’yR:nRﬂyko...o'ylo'yR:CR
YR k?21 Vise-+yY1
k
X romonm)l<sin?(my - PLOE) [ [ P(30), (4.62)
=1

where the sums are over v, € B, v1,--- €A, 7r € Br.
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Also introduce one measure (the normalized version of it is our Random Walk bridge mea-
sure): for v € Z*\ 0, M > 1,

M

Q’U(M; iy - 77M) = ]IX(ylo...oyM):v Hp('Yi)a Zy = /Q’U) Qv = QU/Z’U' (463)

=1

From the above considerations, partitioning over the realizations (r,, (g of, respectively, v, o
.07, and YA/ —Tp+1© ... © YR, one has that for any s > cg, and function f,

Z Z (Cr;ne)br(Crs MR) /dQv(gL,gR)f(vL +Crovio...ovm oCR)

CLE‘BQ( )CRE‘B2

- /de(UL + 7)1(’0[,4-’7)/)’\/77[,777]{13”(8) (7[/7 tee 7’7R)7 (464)

where v((r,Cr) = vr — X((r) — vz — X({L).

Claim 6. With the notations above, there are ¢ > 0,c9 > 0,19 > 1 such that for any n > nyg,
and any f with || ]l <1

‘ Z Z (L, nr)e 2" (CLinn)br(Cri MR) /dQv(CL,CR)f(UL +Crovio...ovo(R)

NLsMR CL.CR
— B f(C)]lGCl(C))‘ < ®,,(C € GCl)e™  (4.65)

where the sums are over ng, € B}, nr € B, and {1, € B2 (cy), (r € B%(co).
Proof. Start by observing that by (4.51), and Lemma 4.8.5, one has
B, (C € GQI) > ¢~ 21mecln(n)

for some ¢ > 0. First, from (4.57), one has, for some ¢ > 0,

“I’m(f(c)]lGCI(C)) = > rm(nL,nr)®( f(C)nCN,,L,nR)] <e~clg,, (C € cQl),
nL>"MR

where the summation over 5y, € ‘Bi, MR € ‘B}DL. Then, using (4.58), and

P (A NA
Z Tm<’l’]L77”’R> — Z (~ L(TZL) ‘ R(nR)) S 601112(71)7
NLIR LR ®(Ar(n) N Ar(nr))

for some ¢ > 0, as <I>(/~1L(7]L) N flR(nR)) > ¢=<0*(") by finite energy (and control over the
maximal size of 7y, ng: they contain at most ¢In?(n) edges each), one has

> o )@ (F(C) Ly )

NLMR

o Z Tm(nLanR)em/m/de(UL +:Y)]1'UL+:/N77L777R
NLMR

< e N () < €V20,(C € GO,

nL>"MR
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for n large enough. Then, using Claim 5, one obtains that for s large enough,

‘ Z Tm (1L, 77R)€_2V1n / dQf(vr + ﬁ)n(vLﬁ-’Y)NULmR]an (YL>--»YR)
NL,"MR

- > rm(nLanR)e_2V1n/de(vL+’7)]1(UL+’7)N77L777R
nL,"MR
< e N (g, mp)e @M < eme g, (€ € GO,
NLs"MR

for n large enough, once s has been fixed large enough. A look at (4.64) and triangular inequality
finishes the proof. O

We are now in position to conclude the proof of Theorem 23. Define a measure Me,, ,,, on
%L X EBR via

Men,m(CL, Cr) = L2 (cg) (CL) L2, (c0) (CR)

6—21/171,

" ®,,(C € GCI) > rnne, nr)br (Cosne)br(Cri MR) Zucy cr) - (4:66)

nL"R

where the sum is over n;, € BL ngp € BL, and v((r,(r) = vr — X(Cr) — v — X(CL) (Zy is
defined in (4.63)). From (4.65) with f = 1, one obtains

DR IR 1’ < emeln(m), (4.67)
CLCR
Letting
_ 1
Men,m (CL, CR) = Men,m(CLa CR)? (468)

- >¢r.cn Menm(CLy CR)

one has the final “mixture of random walk bridges” representation: for f a function of the cluster
of 0,

‘ > Menmn(CLyCr) /dQv(CL,CR)f(UL +C¢royio...ovmo(R)
CL.Cr

— 3, (f(C)|C e GCI)‘ < |If]l., e=en,

In particular, as ®,,(C € GCl | vg, > vg) > 1 — e (") (see (4.51)), for any f,

‘ Z Mepm (¢, Cr) /dQv((jL,(R)f(UL +Crovio...ovo(R)
CL.CR

=~ 0 (£€) |1 vr)| < 1l e, (469)

which is the statement of Theorem 23.

4.8.6 Convergence to the Brownian Bridge

From Theorem 23, one can use the result of [Kov04] to obtain the wanted invariance principle.
We introduce the notations and state the result which one obtains from [Kov04].
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Let m, be any sequence with m, > Cyn, Cy given by Theorem 23. Recall the laws p,
Mey, m, of Theorem 23. Let p, be the push-forward of p by X (it is a probability measure
on Z2 N YY). Let ¢ be the push-forward of Me,, ,, by X (it is a probability measure on
({=Teom2(n)], ..., [coIn®(n)]}2 N V4.

Define all random variables on a common probability space (Q, F,P). Let X1, Xo,... be an
i.i.d. sequence of random variables with law p,. Let

a:E(Xl'el)v Ug:E((Xl'el)2)_a27 U;IE((Yl-e2>2), X =

2 |

By reflection symmetry of ® (and thus of p and p.), the mean vector and covariance matrix of
P« are given by
2
I et _foz O
(), o= (7 1) a0

So = (0,0), Sk = Sp—1 + X (4.71)
Let (V,W) ~ ¢ be independent of the X;’s. Define

Define

Tn:min{kz 1: Sk:vR—UL—V—W}
with T, = co when the set is empty. When T}, < o0, let
Zy=1(0,0), Z1 =V, Zy=V 4851, k=2,...T,+1,
2112 = 21,41+ W =vr —vp.
For s € [0,2n + 2], let
7_(s) =max{k>0: Zy-e; <s}, 74(s)=min{k >0: Zy-e; > s}.
Define the linear interpolation for s € [0,2n + 2]

ZT s)” - - ZT s)’
SR K R AN AU R
(ZT+(S) - Z’r,(s)) €1 (ZT+(S) - Z’r,(s)) €1

LIS(Z) = Z’T+(S) - €2

when T}, < oo, and LI;(Z) = 0 else. Define then the properly re-scaled version of (LIs(Z))sc(0,2n+2)"

1
I''"=T%2) = —=LI Z t 1].
t t( ) \/m t(2n+2)( )7 € [07 ]
Define
Py = B( | Tp < o).

The next Lemma concludes our study of the invariance principle for the (modified) ATRC
cluster.

Lemma 4.8.11. The sequence of random functions (I'?).c(0,1) under Py, n > 1, converges weakly
to a standard Brownian Bridge. Moreover, with probability going to 1 as n — oo, the mazimal
step of Z has norm less than C'In%(n) for some C' > 0.

Proof. This is the main result of [Kov04| with a slightly simpler setup: the mean of our steps
is proportional to a coordinate axis, which is a particular case of the setup of [Kov04]. The
estimate on the maximal step size is a simple large deviation estimate combined with the Local
Limit Theorem. O

Remark 4.8.12. Note that the value of the diffusivity constant x can be identified with the
curvature of OW at v(ej)er, exactly as in [TOSV22, Appendix B].
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Figure 4.29: For n = m = 3. Left: vertices of G (solid) and its dual (hollow) with “1/0” boundary
conditions (black solid and dashed edges), the dual cluster ¢’ = C’ (endpoints of dashed edges), and the
lowermost path pl., (blue solid edges). Center: the set Dc (solid and hollow vertices), the tiles in Ac
that intersect them, with boundary tiles in A2, in grey. Right: The associated edges in EC”, with those
in EC" contained in grey tiles.

4.9 Proofs of Theorems 13, 14, 15 and 18

Previous sections establish coupling between the FK-percolation and the (modified) ATRC mod-
els and several results for the latter: mixing properties, Ornstein—Zernike theory, invariance
principle for the interface under suitable Dobrushin boundary conditions. In order to transfer
the invariance principle to the FK-percolation, we need to show proximity of interfaces in the
two models.

Consider the coupling measure W/0 constructed in Section 4.4. A crucial feature of this
coupling is that the respective interfaces stay close to each other with high probability. To
measure the distance between interfaces, we will work with the one-sided Hausdorff distance
defined by

dy(R, S) := sup inf doo (2, y), R,S C R
z€RYES

Let us also formally define the concept of sets being ‘above’ and ‘below’ each other.

Definition 10. Given a bi-infinite connected set C' C Lo N (R X [—¢, ¢]), we say that a subset
R C R? is (weakly) above C if it is contained in (the closure of) the connected component of
the point (0,c + 1) in R? \ C, where we identify C' with the union of line segments between
the endpoints of the edges in Ec. We say that R is (weakly) below C' if it is contained in (the
closure of) the connected component of the point (0, —c — 1) in R?\ C. We make the analogous
definitions for finite connected sets by extending them to bi-finite connected sets by attaching
left-infinite horizontal lines to all the leftmost points of the finite set and right-infinite horizontal
lines to all the rightmost points; and, analogously, for connected subsets C' C L.

Recall the upper and lower envelopes 'z in G, defined in Section 4.1. Define g™
in G = Gy, analogously. Recall also the definition of I'jspe in Section 4.4.4.

Lemma 4.9.1. There exist constants C,c > 0 such that, for any n,m,k > 1,
\I’I/O(dH(FFiI{n’m, Tyr) > k) < Cnime .

Proof. Let us fix n,m > 1 and omit them from the notation. We present the argument for
T'fx. The statement for T'g is proved in an analogous fashion. Consider the coupling ¥'/0
of w ~ FKgO, (Cey00) ~ Spinzg’Jr* and (wr,w;,) ~ mATRCx described in Section 4.4.2. Let
C'= C;,L be the cluster of v} := (—n — 3, —3) in w*; see Fig. 4.29. Note that

du(Tag, Tatae) < du(Tag, €') + du(C’, Tatre) < 5 + du(C, Tamre)- (4.72)
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Let p_ C V,g be the uppermost path connecting v} to v}, := (n+ 3, —3) on which oo = —1.

Recall the definition of C = C,, in Section 4.4.4. Since *0°8°C contains such a path, as well as

a path connecting (—n — 3, 5) to (n+ 3,1) on which 0, = 1 (see Fig. 4.9 and 4.10), we have

du(C’, Tatec) < du(C’,p-) + du(p—, Tatec) < du(C’,p-) + % (4.73)

Fix a realisation C’ of C'. By the coupling, 0o = —1 on C' = C’ (see Fig. 4.9). Thus, the path
p— cannot contain vertices below C’. Hence, the random variable dg(C’, p—) is measurable with
respect to o, restricted to the vertices in DN L, above C’. Let us determine the conditional law
of (s, 00) restricted to the vertices in D above C'.

Let pTC, be the lowermost path in w connecting vy, to vg above C’ and D¢ be the subset of
vertices in D above pTC,. Denote by Acr the set of tiles with at least one corner in D¢, and by
Ag, the set of tiles with precisely one corner in Dgr; see Fig. 4.29. Define the associated sets of
edges

EY ={e,:teAx}, EY ={e :te A2} and EY = B9\ EC".

Set Gor = (VEC’,EC/), Ko = (VEC/,EC/), and let K}, be the graph obtained from K¢ by
identifying vertices in aﬂl.VEc/ and those connected by pg,.
By Lemma 4.4.1 and the domain Markov property of FK-percolation,

VO] por = wp | €= C") = FR (@] per = wo | €' = C') = FKG, (] por = w)

for any wp € {0, 1}EC/_ The FK-percolation measure with wired boundary conditions can be
coupled to the six-vertex spin measure with (+,+) boundary conditions. This version of the
BKW coupling was presented in [GP23, Lis21a] and is very closely related to our Lemma 4.4.1
that deals with the Dobrushin boundary conditions. We provide only the statement.

We first define the six-vertex spin measure on D¢ under (+, +) boundary conditions (com-
pare to (4.10)): for o = (0e,0,) € {£1}Fe x {£1}L° it is defined by

+,+

. b
spinj’” T} 5(0)] CLT5,6(U)\

(0) o c Lo—11 on (LeULo)\Des Lice(0),

where Tgﬁ(a) and T;()-(O') are respectively the sets of tiles in Acv\ AR, and AP, that are of types
5,6 in 0. Then, as in Lemma 4.4.1,

\Ill/o((o—.|'DC/ﬁL.>O-O|'DC/P|]LO) € - ‘ Cl = C/) = SplnD ’DC’

In the same vein, we determine the conditional law of (w;, w,,/) on EY by adapting Lemma 4.4.2
to 4+, + boundary conditions. We now define a modified ATRC measure on K¢ by taking Def-
inition 3 and replacing (E E'E; ) with (B¢, EC", @) (in particular, I(C) = 0 for all clusters):

for any (a,b) € {0,1}5° x {O,I}E , define

+k !
mATRC?(cl (CL, b) X ]lagb]lb\aCEclz (a) Kl ( )2|a|( 2)|b\a|(cb _ 1)|E§ \b|

Since C' = C’, we have 0, = 1 at all endpoints of edges in Eg'. Then, as in Lemma 4.4.2,
U0 ((wr,wrr)|ger € € = C') = mATRCE,
We claim that this measure satisfies (strong-FKG). Indeed, all local terms in the right side

of the display trivially satisfy the property and the non-local terms assign weight two to the
clusters in a and b. It is standard that such terms satisfy (strong-FKG): see the classical [Gri06,
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Theorem 3.8] for the case of the random-cluster model; alternatively, the proof of Lemma 4.4.4
applies by setting o = 8 = 5. Thus,

c’ 1,1
mATRC?(C/ <st mATRC?(c/ (- | wr(e) = 1forall e € Ey) = ATRCG -

Asin the proof of Lemma 4.8.2, uniform exponential decay of connection probabilities in ATRCE%
(Theorem 17) and the arguments of [Ale04, Section 2| imply that connection probabilities
in mATRC?(C, decay exponentially as well.

Finally, since 0, ~ w¥ and 0, = 1 on L, \ D¢v, any connected component of {0, = —1} must
be surrounded by a circuit in w,, whence

e0dy(Cp ) >k | C'=C") < mATRCR. (30 € ply © i €5 i+ 0™ Ay) < Cmke™ .

Averaging over C’ and inserting this in (4.72) and (4.73) completes the proof. O

4.9.1 Proof of Theorem 14

We will derive Theorem 14 from the analogous statement for the cluster C = C,, of vy, in w;
with law the first marginal of mATRCf, ,,, (- | vr &7 wR) (Theorem 23 and Lemma 4.8.11) and
the proximity statement (Lemma 4.9.1).

Proof of Theorem 14. To lighten the notation, we omit p.(q), ¢ from the subscripts. Recall the
definition of the upper and lower envelopes sz in G,, defined in Section 4.1, and of I'5z™™ in

G = Gy, defined analogously. We will first show the statement for the FK measure FKé{?Cn

for C sufficiently large, and then from it derive the statement for FK Lo,

By Theorem 23 and Lemmata 4.8.11 and 4.9.1, there exists C' > 1 such that the statement
holds for T&™%™ under the measure FKG/ . The derivation for T';" under FKG/ follows from
the FKG and DLR properties of FK percolatlon and we only sketch the argument. Define the
graphs Gn On = (VniC'rN Ei(hz) by

A, op={-n,...,n} x{-Cn,...,n}, A:,Cn ={-n,...,n} x{-n,...,Cn},
+ + x A £ +
Vn,Cn = An Cn (ae A N H+)7 En,Cn = EVfOn \E(Ai

ce
n,Cn n, Cn)

Then, by the FKG and DLR properties of the FK measures, it holds that

1/0

1/0 1/0 0
FKG/n’Cn > FK G/ <ot K" <yt FK/ Vo s FK(

n,Cn n,Cn

1/0 +,n,Cn
K I'eg

If w is distributed according to F " by the statement for under this measure, there
exists a left-right crossing above [ n,n} x {0} in w and one in w* below it at arbitrary small
linear distance from [—n,n] x {0}. A chain of classical monotone coupling arguments finishes

the proof. n

4.9.2 Proof of Theorem 13

We will derive Theorem 13 from Theorem 14. Recall the definition of the one-sided Hausdorff
distance dg, and the notion of a subset of R2 being above or below a connected set in L, or L,
introduced above Lemma 4.9.1.
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Proof of Theorem 13. To simplify the notation, we omit n,q,7.(q),p.(q) from sub and super-
scripts. Consider the Edwards—Sokal coupling ES/l\/ Oof o ~ Potts/l\/ Pand w ~ FKé{? described in
the introduction; see [Gri06, Section 1.4] for details. Observe that the FK and Potts envelopes
deterministically satisfy

FF_‘K(k) S F;K(k% I_‘P_otts(k) S F;_otts(k)7 F1:3‘:otts<k) S FF:!:K(k) Vk € {_nv s ,TL}-

In particular, T4, is “sandwiched” between I'5,,.. and T'z. By Theorem 14, it suffices to show
the existence of ¢, C' > 0 for which, for any k > 1,

ESY *(du (Troses, Trx) > k) < Cne k.

Let C be the cluster of the lower boundary in {o # 1}, that is, the set of i € A for which
there exists a path (ig, ...,i) in A with ig =, iy € O"ANH" and o(i}) # 1 for 0 < k < {. By
definition, each point in the lower envelope I'p .. is weakly above C. Therefore, it suffices to
show that 'z is not far above C. Fix a realisation C of C, and define Ac = A\ (CU9**C). By
the coupling and the spatial Markov property of the Potts model, it holds that

ESy%(0lae € | C=C) =Pottsy (o], € | C=C) = Potts) .
Let Go = (Vo, Ec) be defined by Ec = Ep, UddeeA - and Vo = VE.. Then, by the above and
by the coupling,
By (wlpe € | C=C) = FrG (wlpe € ).

Now, conditional on C = C, if du(C,T'z) > k, then there exists a dual path of length % in
w* |« Eo- Since FKéC stochastically dominates the infinite-volume measure FKl, which admits
exponential decay of connection probabilites in its dual [DGH'21, Theorem 1.2], the proof is
complete. n

4.9.3 Proof of Theorems 15 and 18

Finally, the Ornstein-Zernike asymptotics for the two-point function of the AT and ATRC models
(Theorems 15 and 18) are direct consequences of Theorem 21.

Proof of Theorems 15 and 18. Theorem 21 gives, in particular, that for s € S!, one can find

t € OW,6 € (0,1) such that (sums are over pieces confined in the cones/diamonds obtained
: <

using V%)

k

‘C Z pL('YL)pR(’YR)Z Z ]IX(:y):nsHp(’Yk:)

YL,YR E>0 7157k i=1

wWr _
- e””(s)ATRCJ,U(O > ns)| < Cre” 4",

which is a comparison between e™()ATRC;7(0 <+ ns) and the Green functions of a directed
random walk on Z?2 (the push-forward of pr,pr,p by X). One can then use the local limit
theorem in dimension 2 as in [AOV24, Section 8.1] to obtain

c(s)

e IATRC ;17(0 <> ns) = —= (1 4 0,(1)), (4.74)

NG

which is the wanted asymptotics for the ATRC model. The claim for the AT model follows from
the coupling (4.7) between AT and ATRC, . O
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4.A Mixing to ratio mixing

We prove here a technical Lemma whose use is recurrent in the proof that mixing implies ratio
mixing under suitable conditions. It is a simplified version of the argument in [Ale98, Section
5].

Lemma 4.A.1. Let Q;, i = 1,2 be finite sets. Let @ =Q; x Qo and F; ={AC i}, F={AC
Q}. Let p,v be positive probability measures on (2, F). Let

mi Q= Qi m((w,we)) =wi, = ,uow;l.
Let €1,€9,€3 € [0,1). Suppose that all of the following hold:
1. Mizing of p,v: for every £, € Q1, A C Qo, p€{p,v}

o x A | {€} x Q2) = p( x A | {€'} x Q)| < e

2. Proximity between second marginals: dpy(p2,v2) < €2;

3. Conditional equality: there exists an event D C o such that for p € {p2,v2}, p(D) >
1 —e3, and for any y € D,

pa(y) — va(y)

w(x,y)  v(z,y) Vo e Q.

Then, if € = max(eq, /€2, €3) < 0.1, then, for any x € Q,

pafe) 1

1-9¢< .
€= vi(x) = 1—9¢

Proof. The proof goes by constructing a suitable coupling of u,v. Let @ be a maximal coupling
of 12 and vy. Then, sample a random vector (X,Y) = ((X1, X»), (Y1,Y2)) as follows:

1. sample (X3,Y>) using Q;
2. sample X; using p( | Q1 x {Xo}) o

3. if Xo=Y2 € D, set Y1 = X;. Else, sample Y1 ~ v( | Q1 x {Ya2})o 7r1_1 independently of
X;.

Denote W the law of (X,Y).

Claim 7. All the following points hold.
1. U is a coupling of i and v.
2. (Xo=YeeD) = (X1 =11).

3. X1 and Yy are independent conditionally on Xo, and Y7 and Xy are independent condi-
tionally on Ys.

Proof. The second point is by construction. We check the first point. For x = (z1,22) € Q,

V(X =1x)= Z Q(z2,y2) V(X1 =21 | Xo = 22,Y2 =y2)

Y2820
1,T
= > Q(l“z,yz)'u(zx;) = p(@1,22).
y2€Q02 H2iT2
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Also, for y = (y1,y2) € Q,

(Y =y) = Z Qz2,y2)¥ (Y1 =1 | X2 =32, Y2 =12)

z2ENs
HAYL, T2 VY1, Y2

=2 Q(xz’y2><]ly2_”€]3((w)) +- ]ly2_ﬂ?2€D)’(/()))

22€Qy H2{T2 2(Y2

viy1, Y2

- Z Q(xQ,yQ)i()) = Z/(ylayQ)a

T2€Q9 2\Y2

1(y1,x2) wlyi,y2) _ V(Y1)

as, by hypotheses on D, 1y,—z,ep 12 (22) = 1y—soepD a(in) = 1y,—2.eD Vs () -
Let us finally check the third point. First, for any z; € Q1,22,y2 € Qo,

x1,T
U(Xy=m2 | Xo=22, Yo =12) = (1, 72) =V(Xy =21 | Xo=12).
pi2(2)
Then, for any y; € Q1,x9,ys € Qo,
UV = g1 | Xo= a0 Yo = ) = Dypmaep™ U072 (g, )P 2)
’ BTEEE g (wg) TR ()
14 b
ZMZ‘I’(EZM | Yo =ya),
v2(y2)
by hypotheses on D, as before. O

Introduce then g, h : Q2 — R, defined by

g&) =V (Xo £ Yz | Xo =),
h(€) =V (Xa #Ys | Yo =¢).

Define the event H by
H={X; = Y2} N {Xs € D} {% € D} 1 {g(Xa) < V& } 1 {h(Y2) < vazh.
Claim 8. One has
U(HC | X1 = <9
e, VUH | X1 =) <0
U(H® | Y7 = < 9e.
s U I =) =0
Proof. Let a = \/e3. First, let {g > a} = {x2 € Q2 : g(x2) > a}, one has
p( x {g > a}) = U(9(X2) > a) <a™ ' V(g(X2)) = a ' U(U(X2 £ Y2 | X2))
=0 N U(Xy £ V) < 2,
a

as U(Xg # Ys) = Q(X2 # Y2) = dpv(pe, 12) < €2, and the same for v(2; x {h > a}). Now, by
our first hypotheses,

U(9(X2) >a | X1 =m1) =p( x{g>a} | {a1} x Q)
SM(le{g>a})+61=%+€1,
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and the same for ¥(h(Y2) > a | Y1 =y1). Also,
\I/(XQ e D° ‘ X; = xl) = /J(Ql x D¢ ’ {.731} X QQ) < ,U,(Ql X DC) + €1 = €3+ €71,

and the same for U(Yy € D¢ | Y7 = y1).
Then, as X; and Y3 are independent conditionally on X, (by Claim 7),
U(Xe #Y2,9(X2) <a | X1 =)
= Y U(Xo=m | Xi=a)U(Ys A | Xo = 1)

z2:g9(x2)<a

= Z U(Xo =122 | X1 =21)9(22) <0

z2:9(z2)<a
In the same fashion, ¥(Xg # Y2, h(Y2) < a | Y1 = y1) < a. Finally,

‘I’(Xg =Y, € D,h(Yg) > a ‘ X = a;l)

~1—2 —€e3—e/a—a’

where the second equality is because Xo = Yo € D — X; = Yi, and the inequality is the
previous bounds, and a union bound on V({X2 =Y € D}¢ | Y1 = x;). Putting things together,

\I/(Hc | Xi = :L’l) < \IJ(XQ e D° ‘ X1 = a:l) +\I/(g(X2) >a | X1 = 1?1)
+U(Xo #Y2,9(X2) <a | X1 =)
+UY(Xo=Yo € D,h(Ys)>a | X1=11)

€2/a+ €

1—2€¢ —e3—€e/a—a

€
geg+el+f+el+a+

One obtains the same bound on U(H¢ | Y1 = y1) in the same way (with h <> g and Y2 <> X»).

Plugging in a = /€2 and using the definition of € gives that the last display is upper bounded
by

He +

<9
1—5e =0

as € < 0.1 by hypotheses. O

Let us now see how Claims 7 and 8 imply the wanted result. As ¥ is a coupling,

pm§)  ¥(Xi=¢§) WX =HYM=¢H) Y(H | Y =¢)

n(€)  YM=¢ YW =U(Xi=¢H) Y(H | Xi=¢)

where the second equality is because {X; = Y1} under H (as {Xy =Y> € D} C H). But now,

o U(H | V=€) 1 1
1-9<1-VY(H ‘Yl_g)S\I’(H | Xlzf)él—\I’(HC | X1:§)§1—96.
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Chapter 5

Discontinuous transition in 2D Potts:
II. Order-order coupling

This chapter considers the FK measures under wired-wired Dobrushin boundary conditions
corresponding to the Potts measures under order-order Dobrushin boundary conditions,
both with ¢ > 4 and at their transition points. We present the analogue of the coupling
with the six-vertex spin and the ATRC measures in Section 4.4. On the ATRC side, a pair
of ‘interface clusters’ will naturally appear, and we will show that they behave repulsively
towards each other. In a subsequent work [DGO25b], we use this coupling to verify the
wetting phenomenon (see Section 1.4.1).

5.1 Setting

5.1.1 Graph definitions

We use the graph definitions from Section 4.2 and modify the respective domains accordingly.

Standard rectangular domains. Define the upper and lower half planes by
H" ;=R x Rsp, H :=R xR,
and, for n,m > 0, set

Brm = Apm = {—n,...,n} x {—m,...,m},

Bhm ={-n—-3%...n+itx{-m—-%. ... m+i}

Define the subgraph G, . = (Vim, Enm) of 72 by (see Fig. 5.1)
Vi = Brm U0™Bny  and  E,p = Eg, ,, U9B,, .

Moreover, set Dy, := By m U B) and let A, ;, C Lo be the set of tiles with at least one

n,m1
corner in Dy, ,, and 0A;, ,,, C Ay (boundary tiles) be the set of tiles with precisely one corner
in D; see Fig. 5.2. Define also (see Figs. 5.3 and 5.4)

vr(n) := (

=({—"n-—- 17 70)1
vp(n) = (—n—3%,-3), vR(n) =

7_%)‘

0), vr(n) :=(n+

Augmented rectangular domains. We also introduce E, ,, augmented by some boundary
edges. First, define the set of boundary edges by

Nl

Eb,n,m = {et 'te 8An,m} - EBn+1,nL+l \ ET‘L,TFL'
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Figure 5.2: Left: the sets By 2 and B’Q’Q. Right: the boundary tiles Az 5.

Then define the augmented sets of edges and vertices by

En,m = En,m U Eb,n,m = EBn+1,m+1 and Vn,m = VEn’m = Bn+1,m+1a
and the corresponding augmented graphs (see Fig. 5.3) as follows:

o set K, i= (\_/mm, I_En,m), and let K}Lm be the graph obtained from K, ,,, by identifying
the vertices in 9"V, ,, NHT and those in 8™V, ,, NH~,

o set K, := (V,g  *Enm), and let (K], ,)! be the graph obtained from K, by identi-
fying the vertices in 8inV*En _NH* and those in 8inV*En NH™.

5.1.2 FK percolation with wired-wired Dobrushin boundary conditions.

Recall the definition of the FK percolation measures in Section 4.1. Consider the subgraph
Gnm = (Vnm, En,m) defined in Section 5.1.1 above. Define the wired-wired Dobrushin boundary
condition &; /1 € Ez2 by (see Figure 5.1)

1/1 L FK51/1

{1/1(6) =1ocm+ + Lecn-, and set FKGn,m;p,q =FKe, o

Analogously to the order-disorder case in Section 4.1, the Edwards—Sokal coupling relates this

measure to the Potts measure PottslB/an_Tq with p = 1—e/7

and where the boundary condition
is given by 1/2(7) = Lyem+ + 21 e (see also Section 1.4.1 and Figure 1.8).
We will use the following representation. For w € {0,1}E°, define loopg , (w) as the set of

loops surrounding vertices in V, ,, obtained from w by the mapping in Figure 4.3.
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Figure 5.3: The graphs Koo (left), K5, (middle), and the planar duality relation between their edges
(right). Solid vertices surrounded by a black circle and solid vertices surrounded by two red circles are
identified in K§,2, respectively. Hollow vertices surrounded by a blue circle and hollow vertices surrounded
by two green circles are identified in (K5 ,)!, respectively.

Lemma 5.1.1. If T =T,(q) = In(1+ \/q)"", one has that

1/1

[loop ()]
FKGn,m;q,T,ﬁ(w) o< \/a Gn,m ]lwznl/l on E'\En.,m'

5.2 Coupling under wired-wired Dobrushin conditions

The idea is analogous to the order-disorder case in Section 4.4.2. Take the FK measure with
wired-wired Dobrushin boundary conditions and construct from it first a measure on pairs of spin
configurations on L, and IL, that satisfy the ice rule and then a measure on ATRC configurations.
We will then identify these two measures as the six-vertex and the ATRC measures, respectively,
under suitable versions of Dobrushin boundary conditions. This gives a coupling between the
FK and a modified ATRC, which will allow us to transfer the study of the former to the study
of the latter.

Recall the definition of the subgraphs Gy, . = (Vim, Enm) of (Le, E®) given in Section 5.1.1.
As n,m will be fixed in this section, we will omit them in the notation and simply write G =
(V,E). Recall also the definition of the FK measure FKé/ !

wired Dobrushin boundary conditions in Section 5.1.2 ‘above (see Fig. 5.1). Since ¢ and p.(q)

will also be fixed, we will simply refer to it as FKé/ '

(), O G with ¢ > 4 and under wired-

Coupling measure. To couple FKlG/ ! with both a six-vertex spin measure and a modified
version of the ATRC measure, we augment our probability space to incorporate independent
uniform [0, 1] random variables assigned to every loop and every tile. Formally, let £ be the
set of all unoriented loops drawn on the tiles of L, (see the right of Fig. 4.3). Define Q'/1 :=
{0, 1} x [0,1]% x [0,1]% equipped with the product of Borel sigma algebras. Define Q and
Q' respectively as the product measures on [0,1]* and [0, 1]%. Finally, the coupling measure is
defined by

v/ = 2 Qe Q.

In Lemmata 5.2.1 and 5.2.2 below, we describe how to obtain the following two measures as

push-forwards of \Ilé/ ' the six-vertex spin measure and the modified ATRC measure, both
under suitable Dobrushin boundary conditions (Definitions 11 and 12).

From FK to six-vertex. Recall the parameters c, cp, and A from (4.3) and the standard
rectangular domains from Section 5.1. Below we omit n, m everywhere.
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Figure 5.4: Boundary conditions on oriented loops and on spins.

Definition 11. The six-vertex spin model under double Dobrushin conditions is a probability
measure on o = (de,0,) € {1} x {£1}"° defined by

T3 6(o)]

Spin$_’+_(0) x C|T5i,6(0')| c, ]IZJBr’xE;,’ (O’) ﬂice(U), (5.1)

where ¢, ¢, are defined by (4.3)-(4.4), T5i’6 and T5h:6 are the sets of tiles of types 5-6 in Al and
OA, respectively (see 4.8 and Fig. 5.2), Ljc is the indicator imposing the ice rule (4.9), and S~
and Eg,_ are the boundary conditions defined by

g = {0 € {£1} 1 0(i) = Ny (3) — Iy (i) Vi € Lo \ B},
Sg = {oo € {1} oo(u) = T (u) — T (u) Vu € Lo \ B}

We now describe how to obtain SpinJDr_’+_ as a push-forward of the coupling measure \IflG/ '

Lemma 5.2.1. Let (w,U,U’) be distributed according to \I/é/l and let £ be the unoriented loop
configuration associated to w. Orient the loops of £ as follows (see Fig. 5.4):

e cach loop | € £ outside of G (i.e. surrounding a vertex in L, \ B') is oriented clockwise;
e the two bi-infinite paths are oriented from right to left;

e cach loop | € ( inside of G (i.e. surrounding a vertex in B UB') is oriented clockwise if
U < e/c and counter-clockwise otherwise.

Denote by 0 the obtained oriented loop configuration. Recall the combinatorial mappings intro-
duced above and let (0e,05) be the associated siz-vertex spin configurations with oe((n+1,0)) =
+1. Then, the law of (0e,00) is given by Spin$7’+7.

The proof is very similar to that of Lemma 4.4.1, but we provide it for completeness.

Proof. We adapt the proof of the order-disorder case, following the ideas of [BKW76]. One has to
examine which values of (w,U) result in a given (e, 05) € {£1}1* x {41} . The probability to
obtain (s, 0,) € T~ x X%, is the sum of the probabilities of all oriented loop configurations ¢_,
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that induce the edge orientations corresponding to (o, 0,). The probability of a given oriented
loop configuration ¢_, satisyfing the boundary conditions in Fig. 5.4 is proportional to

A )Iloopo(fﬁ)\*lloopo(fﬂ)\ ~ eA(\loopo(é—»ﬂ—“OOPo(e—*)D (5.2)

1 2N
\/a‘ OOP( )| . (exi67k

where loop,,(¢-) and loop(¢-) are respectively the sets of clockwise and counter-clockwise
oriented loops in £, not imposed by boundary conditions, and loop(¢-,) is their union. Indeed, by
Lemma 5.1.1, the first factor on the left side is proportional to FKlG/l(w(ﬁ)), where w(f) € {0, 1}E°
is the percolation configuration associated to the unoriented loop configuration ¢ corresponding
to £_,. The second factor comes from the values of the uniforms necessary to obtain the correct
orientations of loops in loop(¢-). The proportionality holds since /g = et + e due to the
choice of A.

Notice that each loop which is oriented clockwise does 4 more right quarter-turns than left
quarter-turns, that the converse holds for counter-clockwise oriented loops, and that the numbers
of left and right quarter-turns in the two bi-infinite paths differ by a universal constant. Thus,
the expression on the right side of (5.2) is proportional to

exp(A(#~ (6-) = #~(£-))/4),

where # (¢-) and #~((-) are respectively the number of right and left quarter-turns in /.
The key idea is to count these oriented loop arcs locally at each tile in A = Al U AP. Observe
that, for tiles in Al, types 5B,6A correspond to a pair of right-oriented loop arcs and types 5A,6B
to a pair of left-oriented loop arcs, whereas types 1-4 correspond to one right-oriented and one
left-oriented loop arc each. Moreover, due to the boundary conditions (see Fig. 5.4), a tile in
AP contains a right turn precisely if it is of type 5,6, and it contains a left turn otherwise. We
deduce that the probability of £_, is proportional to

_ T5.6(£=)NOA
H (6)\/2 ]1T5B,6A(L)(t) +e M2 ]1T5A,6B(L)(t)) ’ (eA/Q)l ol |7 (5.3)
tET{),@'(fﬂ)f\lAi

where Tsp 64 (¢-) and T4 6p(f-) are respectively the sets of tiles of types 5B and 6A and the
set of tiles of types 5A and 6B in ¢_,, and T56(¢-,) is their union.

Finally, fix a pair (ce,0,) € Eg_ X E’g,_ that satisfies the ice-rule, and consider its associated
edge orientations. It remains to identify all oriented loop configurations ¢, that satisfy the
boundary conditions in Fig. 5.4 and that induce these edge orientations. Observe that the
boundary conditions and the spins (o, o) uniquely determine the oriented loop arcs at tiles in
(Lo \ A)UAP and at tiles in Al \Tgﬁ(a., 05). For a tile in T5176(0'., 05), one can split the oriented
edges either into a pair of right-oriented loops arcs (types 5B,6A) or into a pair of left-oriented
loop arcs (types 5A,6B). Summing the probabilities (5.3) of all oriented loop configurations
obtained in that way, we obtain that the probability of (o, 0,) is proportional to

(6)\/2 +€7A/2>‘T5i,6(0'070'0)‘ . (6)\/2)|T;6(0’o,0’o)|.

Recalling that ¢ = e"2 + ¢=?2 and ¢, = e*/? finishes the proof. O

From six-vertex to modified ATRC. We now adapt the coupling described in [GP23]| to the
double Dobrushin boundary conditions. In particular, we need to define the associated modified
ATRC measure. Recall the parameters from (4.3) and the (augmented) rectangular domains
from Section 5.1. Again, we omit n, m from the notation.
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Deﬁn_ition 12. The modified ATRC model mATRC,, ,, = mATRCk is a probability measure on
{0,1}F x {0, 1}F defined by

mATRCK (CUT s Wrrt )

9lw-NE] ( 2 )\wTﬁEbl (c— 2)\w”/\wf\ ok (wr)+kg1 (wrrr) (54)

X ]lengT/ ]leT/\ngE cp,—1

where kk(w;) and kgi(wr,v) are the numbers of clusters of w,; and w,, viewed as spanning
subgraphs of K and K, respectively. We say that a cluster of w, or w,, is an inner cluster if it
is entirely contained in B and a boundary cluster otherwise.

We now describe how to obtain mATRCk as a push-forward of the coupling measure \Ill/ '

Lemma 5.2.2. Let (w,U,U’") be distributed according to WY/'. Define (0s,0,) as described in
Lemma 5.2.1. Now deﬁne wr,wr € {0,1}F as follows using the notation e; = ij € E and
ef = uv for each tile t € A = Al LOA:

o if oo(u) # oo(v), set wr(er) = wrr(er) = 1;
o if 04(1) # 0e(j), set wr(er) = wrr(er) =0;
o if both oo(u) = 05(v) and oe(i) = 0e(j) hold (types 5-6), let

n(er). wmr(er)) = Lio,1y(U7) - (1,1) + Ly 2)(T7) - (0,0) + Lz y(U7) - (0, 1) ift €Al
T\€t), Wrr(€t)) = ]1[0 1)(Ut) ( )+]1[1 1](Ut) ( ) if t € OA.

w*
Then, the law of (wr,wrp) is MATRCK (- | v <5 wp, v vg). In particular, we have
wr Cwrr and wr \wr C{ep:t € A} =E; also 04 ~ wrp and 0o ~ w?.

Remark 5.2.3. The above sampling rule for ¢ € Al applied to a six-vertex spin or height measure
without modified boundary weight c}, yields an ATRC measure, as defined in Secton 4.3.

The proof is again very similar to that of Lemma 4.4.2, but we provide it for completeness.

Proof. We adapt the proof of the order-disorder case, building on [GP23, Proof of Lemma 7.1].
One has to examine which values of (0,00, U) result in a given pair wy,w, € {0,1}E. Recall
that o4 ~ w, and o, ~ wi. By (5.1), the probability of a quadruplet (oe, 00, ws,w ) is

-
SP111D (007 UO) ]la.wa,r/ ]laowwji ﬂwTQwTT/ ]leT/\wTQE

1 c—2 1 cp—1
: H (z(]ltewf+]ltew;,)+7 ]ltGwTT/\wqr) H (g Licw, + =6~ Tecws)
teTy 6 teTP,

X ]IEJBri (U.)]IE;/7 (UO) ]IU.NwTT/ ]IUONwi ]legw‘rT’ 1wTT’\wT§E

T (Meewr + Liewr, + (€= 2DMiew_nw.) [] (Tiewr + (66 = Dliewz),  (5.5)
teT} teTP

where we used the shorthand Tgé’é6 = T5#6(0., o) and the fact that, for o, € Eg* and o, € ng,
]lice(ao; Uo) ]lcr.wwﬂ_/ ]lcroww;ﬁ ]1“’79‘-’7—7—’ = ]la.wwﬂ_/ ]laowwji ]1‘*’79*’7—7—’ .
Observe that, on the event {oe ~ Wypr, 0o ~ W, wr C Wy}, for any tile t € Al

Ly (8) = Lo, (D Logne; + Lur, (D Loume, + Lo e, (8).
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Let t1,t2 € OA be the two boundary tiles that intersect both H* and H~. Then, on the same
event as above intersected with {oe € Zg_, 0o € Z'E’;,_, wrr\ws C E}, for any tile t € OA\{t1,t2},

Lyp (1) = Lo, () Logme; + Loz (D).

Notice also that, due to the boundary condition g, € ng, the two boundary tiles ¢1, t2 cannot
be of type 5,6. Moreover, since o, ~ w;./, the associated edges e, e, € E;, most be closed
in wyr (and wy, as they coincide on Ey,). Altogether, (5.5) becomes

]IZ-BF— (Uo)]lE-BF/— (Uo)ﬂo.wwﬂ_/]IUONw;]leQwTT/ﬂwTT/\ngE
1 (t) 1.p (t)
' H (Ltew, + Tiewr , + (c— Q)Htew”,\wf) 5.6 H (Ltew, + (cp — Dlyeyr) 56
teAl tedA

= ]lEJBr* <U')]12;/7 (O’O)]lg.ww”,]lgoww¢ ]lengT,]lw”,\ngE (c— 2)|W77l\w7\ (cp — 1)\Eb\w7\*2.

Observe that o, € Z'g,_ and o, ~ w? imply that v, and vy are connected in w, (see Fig. 5.4). To

obtain the probability of a pair (wr,w ) satisfying vy, <% vg, we need to sum the last expression
over (0e,0,). The configurations o, € Z"é'/_ with o, ~ w} are in bijective correspondence
with assighments of £1 to the clusters of w? in (K’)! that are contained in B’, whence there

exist 2801 (@7 =2 of them. By Euler’s formula,
kg (wr) = kk(wr) + wr| — const(K').

Similarly, if v} and v/, are connected in w?_,, then there exist 2kt (Wrr)=2 gpin configurations o, €

E‘BF* with 04 ~ w;.. Therefore, the probability of a tuple (wr,w;) with vy < vg in w;
and v}, <> v in W’ is proportional to

o, cow, Do \w.cE (c— 2)\WTT/\WT| (cp — 1)\Eb\wr\ kK (wr)+lwr| okk1 (ww/)’

which is proportional to mATRCk (w;,w,,) as defined in (5.4), and the proof is complete. O

5.2.1 Positive association and repulsiveness

We continue in the setting of the previous section. The measure mATRCk is strongly positively
associated.

Lemma 5.2.4. mATRCk satisfies the FKG-lattice condition: for any a,b,a’,b" € {0, 1}E,
mATRCk (a U @', b U b ) mATRCk (a Na’,bNb') > mATRCk (a, b) mATRCk (a’, V). (5.6)
Proof. First observe that the indicators Lo, cuw_,» Lo \w,cE satisfy (5.6). Indeed,
eaCbhandd CV implyaUad CbUV andand CbNY,
e b\aCEand ¥ \d CEimply (bUV)\ (aUd) CEand (bN¥)\ (and) CE.

From now on, assume that a C b and a’ C o’ (otherwise, the right side of (5.6) is zero). We now
check (5.6) for each factor of (5.4). For the factor 217"l in (5.4), the exponent on the left side
of (5.6) is

(aUd)NE|+|(and)NE|=]|(aNE)U(a’NE)|+ |(aNE)N (a’ NE)]
=laNE|+|a' NE|,
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which is the exponent on the right side. Replacing E by Ej in the above computation gives
the same for the factor (2/(cp — 1)) Bl in (5.4). For the factor (¢ — 2)l“r\*rl in (5.4), the
exponent on the left side of (5.6) is the sum of the following two:

(GUB)\ (aUd)| = b\ (aUd)|+ [P\ (pUa)[+[(BNY)\ (aUd),

(6NN (and)|=|0NY)\ (aUd)+][@nd)\a'[+](bNa’)\al

On the other hand, the exponent on the right side is the sum of the following two
b\ al=[b\ (@U)[+[BNY)\ (aUd)|+[(bNd)\al,
P\ | =B\ (bUa)+[(BNY)\ (aUd)| +[(anb)\d].

Clearly, these sums coincide. It remains to check the inequality for the last factor 2/ («Wr)+rkt (Wrr1)
in (5.4). It is classical (see, e.g., [Gri06, Proof of Theorem 3.8]) that

kk(aUd') + rk(ana’) > kk(a) + rk(d),
and analogously for ki (w;/). This completes the proof. O

This lemma implies that connections in w; induce ‘maximal boundary conditions’. Recall
first the notion of sets being above and below each other, introduced in Definition 10.

Corollary 5.2.5. Let p be a deterministic set of edges forming a simple path that connects v,
to vr. Let py and p, be the sets of edges in E\ p that are above and below p, respectively. For
any ag,bo € {0,1}P, ay,by € {0, 1}P7 with ap U ay C by U by,
mATRCK((wT’pivaT”pl) G ° ‘ (w’r‘p;w‘r"r"p) - (0/0, b0)7 (wT’pvaTT"pT> - (GT, bT))
Sst mATRCK((“T’pwaT’bl) S ‘ wrlp =1, (wWrlpy, wrrlpy) = (aTabT))
= mATRCK ((wr|p, » wrrlp,) € - | wrlp = 1).
Remark 5.2.6. In regard to Lemma 5.2.2; the corollary implies that the connection imposed

- . . . Wi
by vy, <% vp has a repulsive effect on the dual connection imposed by v} += v’

Proof. Since mATRCk (wr C wr,) = 1, the stochastic domination statement is a consequence
of Lemma 5.2.4 and [Gri06, Theorem 2.27]. The equality follows if, for ay,b; € {0,1}P" and
a;,b, € {0,1}P+, the probability
mATRCK((wT‘puwTT’ ’pl) = (ai’bl)v wT‘p = 17 (WT’IJMWTT’ |pT) = (aT7bT))
factorises into two parts that depend only on (a;,b;) and (at, bt), respectively.
Recall that mATRCk (w, C w,/) = 1, and set
(a,0) = (a; UpUat, b UpUby).

Then, by the definition (5.4) of the measure, the above probability equals

mATRCK ((w7_7 wTT’) — (a, b)) X 2|aﬂE| (%) |amEb| (C _ 2)‘b\a|2NK(a)+HK1 (b)

Cp—
= QlaLﬁE\HPﬂEHlamE\( 2 )|aﬁEb|+\pﬂEb\+|a¢ﬁEb|(C _ 2)\b¢\a1|+|bT\aT\QHK(G)'F“Kl (®)

Cb—l

For # € {@,1}, let KffL (respectively, Kfﬁ) be the graph obtained from K# by identifying all
vertices on and below p (respectively, on and above p). Since p divides K# into two disjoint
parts and since p C a, b, we clearly have

rk(a) = ki (ay) + kg (ar) =1 and kg (b) = kg (b)) + R (br) — 1.

Therefore, the probability factorises, and the proof is complete. O
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