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1 INTRODUCTION

1 Introduction

Let Xi,...,X,, bei.i.d. random variables, and let Pg be a parametric model consisting
of probability density functions pg that are indexed by some set ©® C R"™. Assume, for
the moment, that Pg is correctly specified, meaning that there is a unique parameter
0o € O such that py, characterizes the distribution of Xjy,...,X,. Suppose the likeli-
hood function is not explicitly available, but it is possible to simulate from any py (for
a typical situation see (1) below). We then may resort to the method of indirect in-
ference as an alternative to maximum likelihood estimation. The idea underlying this
simulation-based method can be outlined as follows (see also the survey paper of Jiang
& Turnbull (2004) who give a general overview including applications in biostatistics and
epidemiology): For each ¢ € ©, simulate data X;(0), ..., Xy, () according to the den-
sity pg, and observe that the vectors (X1, ..., X;) and (X1(6), ..., Xjn) (o)) are ‘close’
with large probability. This suggests to estimate €y through minimizing some distance
between (X1,...,X,) and (X1(6o), ..., Xi)(0o)), or statistics thereof. One possibility
is to match sample moments of (X1,..., X,) and (X1(6o), ..., Xi(n)(6o)); see McFadden
(1989). Another possibility is to match auxiliary maximum likelihood estimators (i.e.,
maximum likelihood estimators based on auxiliary parametric models that allow doing
maximum likelihood estimation) from the original and the synthetic data. This is the
method of indirect inference as introduced in the literature (in the context of time se-
ries) by A. Smith in his Ph.D. dissertation (Smith, 1990) and later published in Smith
(1993). A slightly more general setup than the one in Smith (1993), allowing for more
general objective functions than auxiliary log-likelihood functions (and including exoge-
neous variables), is given in Gouriéroux, Monfort & Renault (1993). [It is this paper’s
title, ‘Indirect Inference,” that gave the method its name.| There the observations are
explained by

Xi == g(Xz;l, ZZ', Ui, 00) with initial condition Xo, (1)

where the Z; are observed exogenous variables, the U; are unobserved disturbances, 6 is
the unknown true parameter, and g is some known function. Typically, neither an explicit
nor computable form of the densities py is available for data as in (1), but simulated
data are easily obtained by first simulating disturbances U; and then computing X;(6)
iteratively via X;(0) = g(X;-1(0), Z;, U;, §) with starting condition Xy(0) = X.

To explain in detail how parametric auxiliary models are used, suppose for simplicity
that the data Xi,..., X, are i.i.d. and Pp is a parametric auxiliary model consisting of
probability density functions pg that are indexed by some set B C RY. The auxiliary
model may or may not be correctly specified. The auxiliary maximum likelihood estima-
tor given Xi,..., X, is defined as the maximizer of the (scaled) auxiliary log-likelihood
function

Ln(B) = %Zlogm(&)
=1

over B, and is denoted by Bn Similarly, the auxiliary maximum likelihood estimator
given the simulated data X1(0),..., Xj)(0) is defined as the maximizer of

k(n

)
Lun(0.6) = s 3 loxps(Xi(6)
=1
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over B, and is denoted by Bk(n)(Q). By an indirect inference estimator én,k(n) we mean
any minimizer of the weighted distance

(B = By (0)) Wa(Ba = Biny (9))

over © with appropriate weighting matrix W,,. The following asymptotic properties of
O k(n) are well-known in the literature (see, e.g., Gouriéroux & Monfort, 1996): First,

~

On.k(n) 18 consistent if the binding function is injective in a neighbourhood of the true
parameter 0. The binding function is defined by 3(#) = argmingep dkr.(pg, pg), where
dkr, denotes the Kullback-Leibler distance, and relates © to B. [In applications it is
typically hard to verify the injectivity of the binding function; see Lombardi & Calzo-
lari (2008) who address this issue in their paper.| Second, if én,k(n) is consistent and
k(n)/n converges to some x with 0 < k < oo, then (under certain regularity conditions)
\/ﬁ(én,k(n) —fp) converges weakly to the law N (0, (1+x"1)%(6p)), where X(6p) is a pos-
itive definite matrix. Furthermore, ¥(6p) coincides with the Cramér-Rao bound under
the assumption that the parametric auxiliary model is correctly specified. This central
result can be found as Proposition 3 in Smith (1993) and Proposition 3 in Gouriéroux,
Monfort & Renault (1993). The proof for the case k = oo is included, although not made
explicit, in both papers. We see that én,k(n) is asymptotically efficient if the number of
simulations satisfies lim,, .~ k(n)/n = oo and the parametric auxiliary model is correctly
specified. Since k(n) can be chosen freely, the former condition can easily be satisfied.
The latter one, though, is restrictive and led Gallant & Long (1997) to consider a sieve of
parametric auxiliary models whose union is assumed to be correctly specified, an assump-
tion that seems to be more plausible. They claim that their simulation-based estimator
is asymptotically efficient, but they leave aside the simulation step in the formulation as
well as in the proof of their main result (c¢f. Theorem 2 there). This is an unjustified
simplification since choosing the number of simulations to depend on the sample size in
the right way is essential to obtain asymptotic normality results as stated above.

In this thesis, we will develop the theory of indirect inference using non-parametric
auxiliary models. The underlying idea is to consider a non-parametric auxiliary model
that is large enough insofar that it is plausible to assume it contains Pg. This has two im-
portant consequences: First, the binding function will coincide with the parametrization
0 — py, and its injectivity around 0y then follows from the usual identifiability condition
for parametric models. Second, and more importantly, the auxiliary model will be cor-
rectly specified (since the given model is so by hypothesis), allowing us to show that the
resulting indirect inference estimator is asymptotically efficient. For related results that
have been obtained in a parallel development to this thesis, and that make use of spline
density estimators instead of non-parametric maximum likelihood estimators as auxiliary
statistics, we refer the reader to Nickl & Pdotscher (2009). Related results using empir-
ical characteristic functions are given in Carrasco, Chernov, Florens & Ghysels (2007),
whereas Altissimo & Mele (2009) use kernel density estimators. We note, however, that
the proofs of the main results in Carrasco, Chernov, Florens & Ghysels (2007) are highly
incomplete and those in Altissimo & Mele (2009) are fundamentally incorrect.

The thesis is organized as follows. Section 2 introduces notation that is used through-
out the text and defines Sobolev spaces upon which the non-parametric auxiliary models
are based. Section 3 provides the general setup for all subsequent investigations. Section
4 lists a catalogue of assumptions on the parametric model Pg, on the way of simulating
data, and on the auxiliary model P. In Section 5 we follow the basic idea of indirect
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inference outlined above. We define the auxiliary maximum likelihood estimator given
X1, ..., X, as the maximizer of the (scaled) auxiliary log-likelihood function

1 n
=—) logp(X
n -
=1

over P, and denote it by p,. Similarly, we define the auxiliary maximum likelihood

estimator given the simulated data X1(0),. .., Xjn)(0) as the maximizer of
k(n)
Lin)(8,p) Zlogp
=1

over P, and denote it by ﬁk(n)(H). Theorem 6 shows that these maximizers exist and are
unique. They converge at rates slower than k(n)~/2 in certain Sobolev norms (Theo-

rem 16) and at rate k(n)~'/? in the weak sense (Theorem 17).

By an indirect inference estimator Gn,k(n) we mean any minimizer of the weighted
L2-distance )
[ i 0)%-an 2
Pn
over the set ©, where A\ denotes the Lebegue measure. The main result in Section 6 can
be found in Theorem 31, which states that én,k(n) is asymptotically efficient (in the sense
that it is asymptotically normal with variance-covariance matrix equal to the Cramér-Rao
bound) if the number of simulations k(n) is of order n?T% for some o > 0. The classical
way to prove such a result would be to apply the mean-value theorem to the derivative
of the indirect inference objective function given in (2). Since we do not know whether
Pr(n)(0) is differentiable in 6, we split the proof into two steps instead. In the first step,
the problem of finding the asymptotic distribution of én,k(n) is reduced to finding the

one of a related (though infeasible) estimator 6,,, which is defined as minimizer of the
weighted L2-distance

/ (Pn — po)” p—dA (3)

over ©. This is possible due to Lemma 30, which allows to take advantage of the closeness
of the objective functions in (2) and (3) to conclude that \/ﬁ(émk(n) — 6, converges to
0 in outer probability. We point out that establishing closeness of the above objective
functions requires knowledge about the asymptotic behaviour of the stochastic process
VE®) [o Pr(n)(0)—pa) fdX, (0, f) € O F, for specific classes F of functions, and is by no
means trivial. In the second step, we proceed along the lines of the classical proof. This
time we can just require the parametrization 6 — py to be sufficiently often differentiable
in 6. We note that 6, is related to the minimum Hellinger distance estimator introduced
in Beran (1977), which has been shown to be asymptotically efficient and at the same
time robust against small perturbations of Pg.

The aim of Section 7 is to underline the statistical significance of the asymptotic
efficiency result for indirect inference estimators: In point of fact, Theorem 39 states
that 6, i(,) is asymptotically efficient under convergent sequences of parameters.

Section 8 suggests how p, can be computed in principle: Theorem 40 states that p,
(asymptotically) is the solution of a finite-dimensional system of equations in n variables.

In the appendix we gather properties of the relevant objective functions, high-level
theorems, and auxiliary results that are used throughout the text.
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Note that misspecification of Pg is treated from the beginning. Misspecification in
the context of indirect inference is the main issue in Dridi, Guay & Renault (2007).
There the (misspecified) model is meant to capture some parametric aspect of the true
data generating process, which can be estimated consistently if the auxiliary model is
encompassed by the given model.

The main findings of this thesis are collected in the following theorems: Theorem 6
states the uniqueness of the non-parametric density estimator p,, and Theorem 40 cap-
tures its computability; Theorem 31 establishes that any indirect inference estimator
is asymptotically normal and, under correct specification of the underlying parametric
model, asymptotically efficient; Theorem 39 does so under convergent sequences of pa-
rameters.

10



2 PRELIMINARIES AND NOTATION
2 Preliminaries and notation

We will use the set of natural numbers N = {1,2,...} and will denote by || - || the 2-
norm on Euclidean space. For two real-valued functions f,g on (0,00), we will write
f(e) < g(e) if there is a constant C', 0 < C' < oo, such that f(e) < Cg(e) holds true for
all e > 0.

For X a non-empty set and f a real-valued function on X, define the sup-norm of f
by

[fllx = sup | f(z)]
zeX

and ¢°°(X) as the Banach space of all bounded functions on X, equipped with ||-||x. For
(S,.A) some measurable space, let £°(S, A) denote the vector space of all A-measurable
real-valued functions on S. Let L>(S,.A) denote the space of those f € £°(S,.A) that
satisty ||f|ls < oco. Note that any subset F of L°(S,.A) is a metric space with respect
to the metric given by (f,g) — || f — glls, and as such will be denoted by (F,| -||s). For
f € LS, A) and u a non-negative measure on (S, A), define

1/2
1l = [ / f2dﬂ]

and L£%(S, A, n) as the space of those f € £°(S,A) that satisfy ||f|l2,, < co. For any
metric space (T, d), we denote by B(T,d) its Borel o-algebra and by C(T,d) the Banach
space of all bounded, d-continuous real-valued functions on 7', equipped with the sup-
norm.

For © some non-empty Borel set in R, let B(€2) be the trace of the Borel o-algebra
of R on €, and let A be the Lebesgue measure on (2, B(€2)). We will suppress B(Q2) as
well as \ in the notation introduced above, so that £°(Q, B(2)) is replaced by £°(£2),
L2(9,B(2), ) by £2(Q), L=(2, B(Q)) by L>(Q), and || - [|la.x by || - |2. Further, we will
write a.e. instead of A-a.e. For any non-empty subset Q of R, we denote by C(Q2) the
Banach space of all bounded, continuous real-valued functions on €, equipped with the
sup-norm.

2.1 Holder spaces

For € a non-empty open subset of R, f: 2 — R, and s > 0, define

Dlslf(z)—Dlslf e .
ZogagtsJ D flle + sup { | \m(zp—m W R y} if s is non-integer,

Zogags D% fllo otherwise.

1flls.0 =

Here, D f denotes the classical derivative of f of order «, and |s| denotes the integer
part of s. For any non-integer s > 0, let C*(Q2) be the space of all f: Q — R such that
| flls,o < oo; for any integer s > 0, let C*(€2) be the space of all f: Q@ — R such that
| flls,0 < oo and D?f is uniformly continuous.

11



2 PRELIMINARIES AND NOTATION

2.2 Sobolev spaces

For 2 a non-empty open subset of R, s > 0, and f,g: Q2 — R, let

( « e
ZogagLsJ (D3 f1Dg,9)2
+ 1 f (D57 @)= D F@) (D @) =D 9(w)) g () dA ()

|gj—y‘1+2(5*L5J>

(flg)s2 = if s is non-integer,
20§a§3<D10;}f‘D31.g>2

{ otherwise,

and || flls2 = /(f|f)s2. Here, DS f denotes the weak derivative of f of order «, |s]
denotes the integer part of s, and (- |- )2 is the usual (non-negative definite) inner product
on £2(2). We define W3 (Q) as the space of all f:Q — R such that || f|s is finite. For
s > 1/2 and Q a non-empty bounded, open interval in R, each f € W5() is a.e. equal to
exactly one bounded, continuous function on €. For s > 1/2, we consequently define the
Sobolev space W3(€2) = W5 () N C(£2) and note that it is a Hilbert space. The Sobolev
balls {f € W5(Q2) : || f||s,2 < B} of radius B, 0 < B < oo, will be denoted by Us p. The
next proposition collects some properties of Sobolev spaces.

Proposition 1. Let Q be a non-empty bounded, open interval in R.

1. For s > 1/2, the Sobolev space W5(Q2) is a multiplication algebra, meaning that
there is a constant My > 0 such that

1£gll2,s < M| f]

holds true for all f,g € W5(Q2).

2,s/l9l2.s

2. For s > 1/2, the Sobolev space W5(Q) is embedded in C*~Y/2(Q). Consequently,
W35(Q) is embedded in C(Q2) with embedding constant Cs > 0, that is,

”f”ﬂ < CstHs,z
holds true for all f € W5(£2).

3. If0 <r <s, then W5 (Q) is compactly embedded in W5(Q); if 1/2 < r <'s, then
W5(Q2) is compactly embedded in W5(2).

4. Let F be a set of real-valued functions on Q) that are uniformly bounded away from
0. If F is bounded in some Sobolev space W5(Q2) of order s > 1/2, then so is

{1/f:feF}

Proof. Part 1: See, e.g., Part 6 of Proposition 2 in Nickl (2007).

Part 2: See Section 2.7.1, Formula (12), in Triebel (1983) and additionally note that
(by Proposition 3.4.2 in Triebel, 1983) W3(Q) is equal to the space B3 ,(€) (as defined
there) up to equivalent semi-norms.

Part 3: See Theorem 1.16.1 in Lions & Magenes (1972).

Part 4: By Part 2, F is a bounded subset of C*~1/2. If s — 1/2 is integer, then every
f € F has classical derivatives up to order s — 1/2. If s — 1/2 is non-integer, then every

12



2 PRELIMINARIES AND NOTATION

f € F has classical derivatives up to order |s — 1/2]. Furthermore, D5=1/2] f is Holder
of order s —1/2—|s—1/2], and therefore is differentiable a.e. It follows that, for every a
satisfying 0 < o < [s], the weak derivatives D% f of order « coincide with the ordinary
derivatives a.e. With help of the chain rule, this allows to compute D%(1/f) a.e. for
a, 0 < o < |s]. Now, use the definition of the Sobolev norm || - ||s2 together with the
hypotheses on F to see that {1/f: f € F} is a bounded subset of W5(£2). O

2.3 Extension of the logarithm

We extend the logarithm to the left in the usual way by setting log 0 = —oo, and denote
by B([—00,00)) the g-algebra on [—oo,c0) that is generated by B(R) U {{—oc}}. The
resulting mapping is B([0, 00))-B([—00, 00))-measurable and continuous. We also define
log 0o = oo, but will not make explicit use of this right-sided extension.

2.4 Covering numbers and metric entropy

Let (E,| - ||) be a normed space. Let ¢ > 0 and X be a totally bounded subset of E.
Then we denote by N (e, X, E,||-||) the minimal number of closed balls of radius € needed
to cover X. We call N(e, X, E, | - ||) the covering number of X and define the metric
entropy of X as

H(€>X>E7 || ’ H) = logN(z—:,X,E, ” ’ ||)

Let (S, A, ) be a measure space. For any two elements [,u € £°(S, A), the set
[Lul ={feL%S,A): 1< f<u}

is called a bracket and ||u —l||2,, its £?(u)-bracketing size. For € > 0 and F some subset
of £°(S, A), we define Niy(e, Fy || - l2,) to be the minimal number of brackets of L£2(p)-
bracketing size € needed to cover JF; if there is no finite number of such brackets, we
set Ni1(e, F, || - [l2,.) = oo for convenience. The £2(p)-bracketing metric entropy of F is
defined as

H[ }(g,f, H ) HZM) = logN[ }(5)f7 ” ) H2,M)'

Further, Ij (1, F, || - ||2,n) denotes the £2(pu)-bracketing metric integral of F given by

P ) = [T H R o) de
(0,n]

2.5 Weak convergence

Let (Q,, Ay, P,) be probability spaces, Y;, : ,, — S (not necessary measurable) map-
pings with values in some metric space (S,d), and s € S. We say that Y,, converges to s
in outer P,-probability if P (d(Y,,s) > €) converges to 0 for all € > 0.

Let (2, A, P) be a probability space and Y : Q@ — S an A-B(S, d)-measurable map-
ping. We say that Y, converges weakly to Y in (S,d), formally Y,, ~» Y if the outer
integrals [¢, g(Y;)dP, converge to [, g(Y)dP for every g € C(S,d); Yy, converges weakly
to a Borel probability measure L on (S,B(S,d)), formally Y, ~ L, if fgn g9(Y,,)dP,
converges to [ gdL for every g € C(S,d).

13



2 PRELIMINARIES AND NOTATION

Let Y,, be real-valued and 7, a sequence of positive real numbers. We write Y,, =
O*Pn(rn) if r71Y,, converges to 0 in outer P,-probability, and Y, = Op. (rp) if

lim limsup P, (Tlen > M) =0.

M—0 pn—oo

In case the probability spaces (€, A, P,) are the n-fold products of a single probability
space (2, A, P), that is, (Qy, Ay, P,) = (Q", A", P"), we write Y,, = 0} (ry,) instead of
Y, = 0pn(ry) and Y, = Op(ry) for Vi, = Opn(ry).

14



3 THE BASIC SETUP

3 The basic setup

Let ©Q be a non-empty bounded, open interval in R. We observe i.i.d. random vari-
ables Xi,..., X, that take their values in (Q,B(€2)) and each have law P. Let Pg =
{pg : 0 € ©} be a parametric model of probability density functions pg on 2, where O is
a compact subset of R™. Further, let (V,V, ) be a probability space and p: V x 0 — Q
a mapping that is V-B()-measurable in the first argument. We assume that, for every
0 € ©, the law of p(-,60) has density pg, so that p provides a way of simulating data
according to the densities in the parametric model. More precisely, let Vi,..., Vi be
independent random variables with values in (V,V) and law pu, and assume that these
variables are independent from the data. We then obtain simulated data X;(0), ..., X;(0)
via X;(0) = p(V;, 6), simultaneously so for all § € ©.

Since the final statistical results in this thesis will only depend on the probability
measures P and u, we are free to choose the representation of the random variables
X1,..., X, and Vi, ..., Vi, and will take them to be the respective coordinate projections
of the measurable space (QN x VN, B(Q)N®@VN). Furthermore, we consider the probability
measure P @ pN on (QY x VN BN ® VN and will always write Pr for PN @ uV in
the sequel. The empirical measures associated with Xi,...,X,, and Vp,..., Vi will be
denoted by P, and g, respectively.

Finally, we define a class of non-parametric auxiliary models by

Pt.¢.D) = {p e Ws@): [ pdr=1, i ple) > G, lollez < D

Q x
where t > 1/2,( > 0,and 0 < D < co. To ensure that P(¢,(, D) is not empty, we require
that ¢ < A(Q2)~! < D? (which is a necessary and sufficient condition for P(¢,¢, D) to be
non-empty). Throughout the thesis, we will always assume ¢t > 1/2 and ¢ > 0.

Proposition 2. Every auziliary model P(t,(, D) is a non-empty, convex set, which is
compact in C(Q2) as well as in W5(82) for every s satisfying 1/2 < s < t.

Proof. The constant density A(2)~! belongs to P(t,(, D), and so the auxiliary model
is non-empty. Since the defining conditions are convex, it is convex. That P(t,(, D)
is compact as claimed follows from Lemma 3 in Nickl (2007). [Note that the proof of
this lemma does not use that ¢ > 0, as is implicit there, and therefore is also valid for
¢=0] N

For later use we stress that any p € P(t, (, D) is continuous on € and satisfies ||p|lq <
CD in view of Part 2 of Proposition 1. We further note the fact that in any auxiliary
model P(t, ¢, D) pointwise convergence is equivalent to convergence in all Sobolev norms
of smaller order as well as in the sup-norm. This is shown in the next proposition.

Proposition 3. Let p,,p € P(t,(, D). Then the following statements are equivalent: (i)
lpn — plla converges to 0; (ii) p, converges pointwise to p; (iii) p, converges to p a.e.;
(iv) pn converges to p on a dense subset of Q; (v) ||pn — pllr2 converges to 0 for some r
satisfying 0 < r < t; (vi) ||pn — p|lr,2 converges to O for all r satisfying 0 < r < t.

Proof. Clearly, (vi) implies (v). To show that (v) implies (vi), it suffices, in light of Part 3
of Proposition 1, to show that ||p, — pls,2 converges to 0 for arbitrary s > r satisfying

15



3 THE BASIC SETUP

1/2 < s < t. Since P(t,(, D) is a compact subset of W5(Q2) in view of Proposition 2,
for any subsequence p,’ of p, there exists a further subsequence p,» of p, and a p* €
P(t, ¢, D) such that ||p,» —p*||s,2 converges to 0. By Part 3 of Proposition 1, we then have
that also ||p,» — p*||r2 converges to 0 since s > r. Because also ||p,» — p||r2 converges to
0 as a consequence of (v), it follows that p* = p. This shows that ||p, — p||s,2 converges
to 0.

Furthermore, (i) implies (ii), (ii) implies (iii), and (iii) implies (iv). That (vi) implies
(i) is a direct consequence of Part 2 of Proposition 1. It remains to show that (iv) implies
(v). Choose r such that 1/2 < r < t. The same compactness argument as above shows
that for any subsequence p,s of p, there exists a further subsequence p,» of p,, and a
p* € P(t,(, D) such that ||p,» — p*||,2 converges to 0. By Part 2 of Proposition 1, we
have that ||p,» — p*||q converges to 0. Consequently, p and p* coincide on a dense subset
of 2. Since p and p* are continuous, they are identical. This shows that ||p,» — pl|,2
converges to 0, and hence the same is true for the entire sequence p,. O

16



4 A CATALOGUE OF ASSUMPTIONS

4 A catalogue of assumptions

Apart from the maintained assumptions layed out in the previous section, we will make
use of the assumptions listed below. We will often write p(z, 0) for pgp(x), and stress that
p(z,0) is a function from Q x © to R.

The following assumption will be crucial in proving the asymptotic efficiency result
for the indirect inference estimators considered in this thesis.
Assumption P.1 The parametric model is a subset of the auxiliary model:

P@ - P(ta C? D)

Remark 4. If Assumption P.1 is satisfied, then the following statements are equivalent
in view of Proposition 3: (i) Assumption P.4; (i1) 6 — py is continuous as a mapping
into the metric space (P(t,¢, D), || - ||s,2) for every s satisfying 1/2 < s < t; (iii) 6 — pp
is continuous as a mapping into the metric space (P(t, ¢, D), || - [|o)-

Assumption P.2 The sitrict inequality
inf 0) >0
Jnf p(z,0)
holds true.

Assumption P.3 The parametric model is a subset of the auxiliary model, and the strict
inequalities

Jdnf p(z,0) > ¢
as well as

sup [|pgl|¢,2 < D

0cO

hold true.

Assumption P.4 For every x € Q, 0 — p(x,0) is a continuous function on ©.

Assumption P.4 is typically used in maximum likelihood estimation to prove consis-
tency of maximum likelihood estimators.

Assumption P.5 The interior ©° of © is non-empty. Further, for every x € Q, 0§ —
p(x,0) is twice continuously partially differentiable on ©°, and the following domination
conditions hold for all i,5=1,...,m:

op Op

sup |=—(xz,0)—(x,0)| d\(z) < oo,
/Qeeé’o 96,7 %) g, | )‘ )
0%p
/Qeseu(go (m($’0>‘d>\(m)<oo'

In case of correct specification of the underlying model, Assumption P.5 is typically
used to prove equality of the Cramér-Rao bound and the asymptotic variance-covariance
matrix of maximum likelihood estimators.

Apart from the assumed measurability of the simulation mechanism p(v, 6) in the first
argument, we will need assumptions to control its behaviour in the second argument.
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4 A CATALOGUE OF ASSUMPTIONS

Assumption R.1 For every v € V, the simulation mechanism p(v,0) is continuous in

6.

Assumption R.2 For some constant v, 0 < v < 1, and some measurable function
R:V — (0,00) such that [, R*du < oo, the simulation mechanism p : V x © — Q
satisfies

p(v,0") = p(v,0) < R(v)[|6" — 0]
forallv eV and all 6,0 € O.
Assumption Z In the definition of P(t,(, D), C is required to be greater than 0.

Assumption D The probability measure P has a density po.

In the following we treat the probability density pg as a function from € to R, that
is, we let pg denote a fixed representative of the Radon-Nikodym derivative of P with
respect to A.

Assumption D.1 The density function pg belongs to P(t,(, D).

Assumption D.2 The density function pg satisfies the strict inequality
inf po(z) > 0.
z€Q

Assumption D.3 The density function po is an internal point of P(t,(, D) in the sense
of Nickl (2007), meaning that it belongs to P(t,(, D) and satisfies the strict inequalities

iuf (@) > ¢

as well as
llpoll2 < D.

For later use we note the following: (7) If Assumption Z is satisfied, then Assump-
tion P.1 implies Assumption P.2; (4i) If Assumptions Z and D are satisfied, then Assump-
tion D.1 implies Assumption D.2.

4.1 On the interrelation of the simulation mechanism and the density
functions in the parametric model

Assumptions on the density functions in the parametric model Pg and on the simulation
mechanism p are of course related to each other, but the interrelationship is somewhat
intricate. The following proposition collects two important observations.

Proposition 5.

1. If Assumption P.1 is satisfied, then Assumption R.1 implies Assumption P.4.
2. In general, Assumption R.1 does not imply Assumption P.J.
Proof. Part 1: For every z € Q and every 0 € O, let F(z,0) = f{zeﬂzx<z} ped)\; and

note that, for every § € ©, F(-,0) is the distribution function on € that is associated with
po. Let 6,,,0 € © be such that 6,, converges to 6. We show that ||py, — psl|o converges
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to 0, which we know to be equivalent to Assumption P.4 by Remark 4. Suppose, on
the contrary, that ||pg, — pellq@ does not converge to 0. Then there is an € > 0 and a
subsequence py , of pg, such that [|py , — pgllo > €. We make two observations: First,
by sup-norm compactness of P(t,(, D), there is a subsequence po,, of pg, and a p* €
P(t,¢, D) such that |pg,, —p*|lo converges to 0. Consequently, for every z € Q, F(z, 0,)
converges to f{wEQ:z<z} p*d), which can be seen using the inequality || - |1 < A(Q)] - |lq-
Second, Assumption R.1 implies that p(-,0,) converges in distribution to p(-,#). Hence,
upon noting that the distribution of p(-,6,) is F'(-,0,) and the one of p(-,0) is F(-,0),
F(z,0,) converges to F'(z,0) for every z € Q by continuity of F(z, -).

It follows that F'(z,0) = f{xeﬂzz<z} p*dX for all z € , and so py must coincide with
p* a.e., hence everywhere on by continuity of py and p*. We arrive at a contradiction,
upon recalling that ||ps , — p*|la converges to 0 and [|ps , — pgll > € at the same time.

Part 2: We provide an example of a simulation mechanism that satisfies Assump-
tion R.1, but where the family of density functions in the underlying parametric model
does not satisfy Assumption P.4. To this end, let Q = (0,1), © = [0,1/4], and (V,V, )
be the unit interval (0, 1) together with its Borel o-algebra and Lebesgue measure . Let
the simulation mechanism p(v, ) be given by

v if0<v<i-—0,
p(v,0) = Q30+ if 5 -60<v<3+9,

1—-0 [ e 1
mv—ﬁ lf§+9<v<1,

and observe that it satisfies Assumption R.1. For each 6 € [0,1/4], the inverse mapping
p~Y(z,0) can easily be obtained and looks as follows:

1—26 : 1-6.

Tg7T if 0 <o <57
-1 _ 1 e 1-0 140.
p(w,0) = 2r — 5 lfTﬁﬁﬁ%a

1-260 [ e 146

Apply the change of variables theorem for densities to conclude that, for every 6 € O,
p(-,0) equals dg—;l( -,0) a.e. on Q= (0,1), where

-1 i 10 140
dp (%0):{2 if 5% <z <7,

Ox Y ffo<r<FH oo Bl <<,

and does not exist for z = (1 —0)/2 and = = (1 +6)/2. We extend ag—;l(x, 6) by setting
it equal to 0 for all (z,0) such that x = (1 —0)/2 or x = (1 + 0)/2, and note that
this extension is measurable on € x ©. For any fixed x € (0,1), we may then look at

ag;l (x,0) as a function in 6, leading to

- 2 iff> |2z 1],
gx (z.0)={0  iff=|2z—1],
=20 9 < |22 — 1]

Observe that, for every x € (3/8,1/2) U (1/2,5/8), the left- and right-sided limits
85;1 (x,0—) and ag_l(x,H—F) at 0 = |2z — 1] exist but are different. It follows that

Ox
a1
dgw (x,0), as a function in both variables, is discontinuous along the line segments

{(z,)20—1]):3/8 <z < 1/2}
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and
{(z,|]20 —1]): 1/2 <z < 5/8}

in Q x 6.

Suppose now that Assumption P.4 is satisfied. Then, by separability of O, p(z, 0) is
jointly measurable, and hence the set

A= {(x,a) EQx0:1/2<z<5/8, plx,) £ 88”;(35,9)}

is a measurable subset of 2 x ©. We claim that there is some 6 € © such that

{r € Q: (z,0) € A} has positive Lebesgue measure. This will contradict the fact that
p(-,0) is equal to ag—;l( -, 0) a.e., and consequently also contradict Assumption P.4. To
prove the claim, first observe the following: For every fixed x satisfying 1/2 < x < 5/8,

there is some (non-empty) open interval U, C © such that p(z,0) is different from

85;1 (z,0) for all @ € U,: Otherwise there are 0, ,0 € © with the following properties:

ni»’n

0, <2x—1,0F >2r—1; 6, and ;" converge to 2x — 1; p(z,0,) = 85;1(3;,9;) and
p(z,0) = ag—:(x, 0;7). Using Assumption P.4, we infer that

_op7t, o pt
HILIQO . (x,6,) = lim " (z,07),

which is in contradiction to what we have observed above.

Now,

/ 14(x,0) dA(0) > / L (0)dA(6) > 0
)

©
for all z € (1/2,5/8), which implies that

/ / La(z, 0)dA(0)dA(z) > 0.
(1/2,5/8) Jo

By Tonelli’s theorem, the Lh.s. of the last display is equal to

/ / 1a(z, 0)dX(z)dA(6),
o J(1/2,5/8)

so that f(1/2 5/8) 1a(z,0)d\(x) must be positive for some § € ©. This verifies that
{z € Q: (z,0) € A} has positive Lebesgue measure. O
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5 Auxiliary maximum likelihood estimators

We now introduce auxiliary maximum likelihood estimators. Define the auxiliary log-
likelihood function on P(t,¢, D) by

La(p) = 3" logp(X,)
=1

for the given data, and on © x P(¢,(, D) by

k
Ly(0,p) = ;Zlogp(Xi@))

for the simulated data. Note that both functions L, (p) and Lg(6,p) are well-defined in
view of Section 2.3 and take their values in [—00,00). In fact, L,(f) and Ly (6, f) are

well-defined and take their values in [—o0, 00) for any non-negative real-valued function
fon Q.

An auxiliary maximum likelihood (AML-) estimator given X1,...,X,, is defined as
an element p, € P(t,¢, D) such that
Ln(ﬁn) - Sup Ln<p)
pEP(t,,D)
holds true. An AML-estimator given X;(6),..., Xx(0) is an element pi(0) € P(t,(, D)
satisfying
Lk(eaﬁk(e)) = sup Lk(eap)
pEP(t,(,D)

In this section we investigate existence, uniqueness, consistency, rates of convergence,
and uniform central limit theorems of AML-estimators. The results obtained here go
beyond Nickl (2007) in three respects: First, we allow for auxiliary models P(¢,(, D)
where the lower bound for the densities, ¢, can be equal to 0. Second, we show that the
corresponding AML-estimators are uniquely defined, thus leading to unique measurable
selections p,, and pg(#), O € ©. Third, we prove that the results in Nickl (2007) on the
consistency of p, and its rates of convergence in different Sobolev norms hold uniformly
over the parameter space for the AML-estimators pi(6), 6 € ©. We further prove a
uniform Donsker-type theorem, which extends Theorem 3 in Nickl (2007) in so far that
the stochastic process f — [, (px(0) — pg) fdA, when indexed by © x F for appropriate
classes F of functions, converges weakly in £>°(0© x F) to a y-Brownian bridge.

5.1 Existence of AML-estimators

In the following theorem we show that the AML-estimators defined above exist and are
unique.

Theorem 6.
1. There exists a unique p, € P(t,(, D) such that

Ln(pn) = sup Ly(p)
pEP(t,(,D)

holds true. The resulting mapping py, : Q" — P(t,(, D) is measurable with respect
to the o-algebras B(Q)"™ and B(P(t,(, D), | - |la)-
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2. For each 0 € O, there exists a unique pi(0) € P(t,(, D) such that

pEP(L,¢,D)

holds true. The resulting mapping pr(0) : V¥ — P(t,(, D) is measurable with
respect to the o-algebras V¥ and B(P(t,(,D),| - ||). Furthermore, if Assump-
tion R.1 is satisfied, then, for any fixed values of the underlying simulated variables,
0 — pr(0) is continuous when viewed as a mapping from © into the metric space

(P(tv Cv D)? H ’ HQ)

Proof. Part 1: Let z1,...,z, be fixed data points. The existence of a maximizer of L,
follows from the facts that L,, is a continuous mapping on the compact space (P(t, ¢, D), ||
|lo): see Proposition 2 and use Part 2(a) of Proposition 43 with F = P(t,(, D). Denote
by S the consequently non-empty set of all p € P(t,(, D) that maximize L,. We have
to show that S has only one element. Since L, is a concave function on the convex set
P(t,¢, D), we conclude from Lemma 59 that S is convex. If S is a subset of the Sobolev
sphere of radius D, then S is a singleton since the Sobolev norm || - |2, being a Hilbert
norm, is strictly convex. It remains to deal with the case when S is not contained in the
Sobolev sphere of radius D. We claim that S = {(} then, and prove this claim in two
steps.

Step 1: We show that any p € S with Sobolev norm less than D equals ¢. [In
particular, it will follow that ¢ belongs to S and has Sobolev norm less than D.] To this
end, let p € S with ||p|l¢2 < D. Assume p # (, so that there is some z € Q with p(z) > (.
By continuity of p we may assume that z is different from any of the finitely many
data points z1,...,x,. We claim that there is a ¢ € P(¢,(, D) such that q(xz1) > p(z1)
and ¢ coincides with p on the remaining (if any) observations, which will contradict the
maximizing property of p. The existence of ¢ can be seen as follows: Choose € > 0
such that I := [z — 2e,2 4 2¢], U = (21 — 2¢e,21 + 2¢), and {z1,...,2,} \ {z1} are
pairwise disjoint subsets of 2 and inf,c;p(z) > (. As A := [z —e,21 + €] is a closed set
contained in the open set U, there is a C*°-function f : Q — R with values in [0, 1] such
that fla =1 and f|g\y = 0. For every y € €, let

fly+z1—2) ify+a1—2€Q,
(y) = :
0 otherwise,

so that f is the translation of f by z — 21; and define g : Q@ — R by g = f — f.
Then g has values in [—1,1], is contained in Wi(£2) since it is C*, and integrates to
0. Since D — ||pllt,2 > 0 and infyerp(z) — ¢ > 0, we can find a scalar § > 0 such
that ||Bglli2 < D — ||pllt2 and B < infyerp(x) — (. Let ¢ = p + B¢ and observe that
lalle2 < |Iplle2 + 1189gllt,2 < D. Further, g(z) > ¢ for every = € £, which can be seen by
distinguishing the two cases x € I and z € Q\ I. For x € Q\ I, we have that g(x) > 0,
and so q(z) > p(z) > (. If x € I, then q(z) > p(z) — 8 > p(z) — infzer p(z) + ¢ > ¢,
where the lower inequality holds true because g(x) > —1 for every x € , the middle
inequality holds true by the choice of 3, and the upper one does so since z € I and
therefore p(z) — inf,erp(x) > 0. It follows that ¢ € P(¢,¢,D). Since § > 0 and
g(x1) = 1, q¢(z1) > p(x1). Further, ¢ coincides with p on the remaining (if any) data
points because g is 0 there. The existence of ¢ contradicts the maximizing property of p,
and consequently p must be equal to (.
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Step 2: We show that S cannot contain any element other than (. For any ¢ € S and
any «, 0 < a < 1, take the convex combination s = a¢ + (1 — a)q, which belongs to S
by the convexity of S. Observe that [|s|[;2 < D since ||C|[t,2 < D by Step 1; hence s = ¢
by Step 1, implying that g = (.

To see that p, : Q" — P(t,(, D) is measurable, we want to apply Lemma A3 in
Potscher & Prucha (1997). Because L, can possibly attain the value —oo, we cannot
directly apply this lemma to L,, and so apply it to the real-valued function h(L,,) instead.
Here, h is defined by

arctan(y) ify € R,

™

h(y) = —5 if y = —oo,

3 if y = o0,

is a monotonous real-valued function, and hence respects maxima.

Part 2: For any fixed 8 € ©, the same arguments as in Part 1 give unique maxi-
mizers py(0) of Ly(, -), resulting in a V*-B(P(t,(, D),|| - ||o)-measurable mapping. To
see that the mapping 6 — pg(0) is continuous as claimed, apply Lemma 60 with X = ©,
Y = (P(t> ¢ D)v H ’ ||Q>7 u(x, y) = Lk(eap)a and U(:E) = ﬁk’(9> Note that (P(t> ¢ D)v H ’ HQ)
is a compact metric space by Proposition 2 and that, under Assumption R.1, Lg (0, p) is
continuous on O x (P(t,(, D), | - o), as can be seen by applying Part 2(b) of Proposi-
tion 43 with F = P(t,¢, D). O

Remark 7. (i) The previous proof in particular shows that if ¢ < A(Q)~!, then p,
must lie on the Sobolev sphere of radius D. If also A(Q)~! < D2, then p, cannot be
constant: Suppose indirectly that p, is constant. It can only be equal to A(2)~! then,
and 5o ||pnllr2 = AM(Q)~1/2. Since A(Q)~! < D? by hypothesis, it follows that f, does not
belong to the Sobolev sphere of radius D, which is contradictory.

Similarly, if ¢ < A(Q)7!, then, for every § € O, pr(6) lies on the Sobolev sphere of
radius D. If also A(2)~! < D?, then pi () cannot be constant.

(ii) The mapping py, : Q" x Q — R is B(2)"-measurable in the first and continuous
in the second argument. Since () is separable, p, is consequently jointly measurable.
Similarly, the mappings 5 (0) : V¥ x Q — R are jointly measurable for all § € ©.

(iii) For any fixed data points x1,...,z,, we have that p,(z;) > 0 for i = 1,... n.
This follows from the observation that for the constant density A(Q)~!, which belongs
to P(t,¢, D), Ly(A(Q)™1) = logA\(2)~! > —o0, whereas L, (p,) = —oo if pn(z;) = 0
for some i, 1 < ¢ < n, which would contradict the maximizing property of p,. By an
analogous argument we have that, for every 0 € O, pi(0)(z;) >0 fori=1,...,n.

5.2 Consistency of AML-estimators
By the law of large numbers, L, (f) and Lg(0, f) converge a.s. to the respective expec-

tations of log f and log f(p(-,#)). These expectations will be important in studying the
limiting behaviour of p,, and px (). So let

L(f) = /Q log fdP

for any non-negative, measurable function f on €0, provided the integral is defined; and
let
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Lo, f) = /V log f(p( - 6))dp

for any 6 € © and any non-negative, measurable function f on €2, provided the integral
is defined. If f € L>°(f2), then both functions are well-defined and take their values in
[-00,00). The restrictions of L(f) to P(¢t,(,D) and of L(f, f) to © x P(t,(, D) are
real-valued in case ( > 0. We will make use of the following facts.

Proposition 8. L(pg) is well-defined and satisfies L(pg) > —oo, provided Assumption D
holds. Similarly, for every 0 € ©, L(0,pg) is well-defined and satisfies L(0,pg) > —o0.

Proof. Observe that

L(po) = / log po podA
{z€Q: po(z)>0}

and that

L(0,pg) = / log pg pedA
{zeQ: p(x,0)>0}

by the change of variable theorem. It is thus sufficient to show that

/ max(—pg log po, 0)dA < 0o
{z€: po(x)>0}

and

/ max(—pg log pg, 0)d\ < oco.
{zeQ: p(x,0)>0}

For every x € ), we have the identities

max(—po(x)logpo(z),0) = {h(l?o(l’)) if 0 < po(z) <1,

0 ifpo(l') > 1,
and

h(p(x,0)) if 0 < p(x,0) <1,

max(—p(z,0)logp(x,0),0) = {O if p(z,0) > 1

where h(y) is defined by h(y) = —ylogy for every y € (0,00). The function h : (0,00) —
R can be continuously extended to [0,00) by setting h(0) = 0, and consequently is
bounded on the compact interval [0,1]. It follows that max(—pglogpo,0) is bounded
on {z € Q:po(xr) > 0} and that max(—pylogpy,0) is bounded on {z € Q : p(x,0) > 0}.
This completes the proof. O

Lemma 9.

1. If Assumptions D and D.1 are satisfied, then py is the unique mazimizer of the
function L(p) over P(t,(, D).

2. If Assumption P.1 is satisfied, then pg is the unique element of P(t,(, D) satisfying

L(0,pg) = sup L(0,p).
pE’P(t,C,D)
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Proof. Part 1: For any p € P(t,(, D) that is distinct from pg, use that p and py are
continuous functions on €2 to verify that the set

{x e Q:po(z) >0} N{xr e Q:p(x)#po(x)}

has positive P-probability. We may therefore apply the strict version of Jensen’s inequal-
ity to see that

L(p) — L(po) /Qlogpd]P’—/QlogpodP

= / log P ap
{z€Q: po(z)>0} Po

< log / P ap
{zeQ: po(x)>0} PO
< 0.

Note that in view of Proposition 8, the expression L(p) — L(pp) is well-defined.
Part 2: Fix § € ©. Note that

L(0,p) = / log p padA
{ze: p(x,0)>0}

by the change of variable theorem. Part 2 now follows by the same arguments as in
Part 1, with po replaced by pg. O

Remark 10. We note that maximizing L(-) over P(t,(, D) is equivalent to minimizing
the Kullback-Leibler distance

dx1(po,p) = / log 22 pod
{z€Q: po(x)>0} b

inp € P(t,(, D). Similarly, maximizing L(0, - ) over P(t,(, D) is equivalent to minimizing

log Po DodA

dx1.(pe,p) = /
{zeQ: p(x,0)>0} p

inpeP(t,( D).
Theorem 11.
1. Let Assumptions D and D.1 be satisfied. Then we have that
lim ||pp, —polls2 =0 a.s.
n—oo
for every s such that 0 < s < t. In particular,
lim ||pp —polla =0 a.s.
n—oo
2. Let Assumption P.1 be satisfied. Then, for every 6 € ©:
lim [|px(0) — polls2 =0 a.s.
k—o00
for every s such that 0 < s < t; in particular,

lim [5(6) = polla =0 as.
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3. Let Assumptions P.1, P.2, and R.1 be satisfied. Then we have that
lim sup [|px(6) — polls2 =0 as.
k=00 geo
for every s such that 0 < s < t. In particular,

lim sup ||pr(0) — polloa =0 a.s.
€O

k—oo g

Proof. Part 1: In view of Part 3 of Proposition 1, we may restrict ourselves to the case
1/2 < s < t. By Kolomogorov’s strong law of large numbers we have that

nlgrolo |Ln(po) — L(po)| =0 a.s. (4)

[Note that |L(po)| < oo by Proposition 8 and Assumption D.1. Furthermore, this shows
that the random variables log po(X;) are a.s. real-valued.| Let ¢; be positive real numbers
that converge monotonously to 0. Apply the uniform law of large numbers in Part 5(a)
of Proposition 43 with 7 = {p+¢;,: p € P(t,(, D)} to see that

lim sup |Lp(p+e)—Lp+e)=0 as. (5)
0 peP(t,¢,D)

for every [ € N. The event where the statements in (4) and (5) hold true has probability
1. In the following arguments we fix an arbitrary element of this event.

We prove that ||p, — pol|s,2 converges to 0 by showing that any subsequence of p,, has
some subsequence converging to po in the Sobolev norm || - ||s 2. To this end, let p, be a
subsequence of p,. Because P(t,(, D) is compact in W5(£2) by Proposition 2, there is a
subsequence p, of p, and some p* € P(t,(, D) such that ||p,» — p*||s2 converges to 0.
We claim that p* = pg, which will complete the proof of Part 1:

Use Assumption D.1, the definition of p,,» as maximizer, and the monotonicity of the
logarithm to obtain

Ly (pO) < Ly» (ﬁn”) Ly (ﬁn” + 5l)

L(pnr +e)+ sup  |Lpn(p+e)— Lp+e)|.  (6)
peP(t,¢,D)

<
<

The first term on the r.h.s. of (6) converges to L(p* + ¢;) since ||p,» — p*||s,2, hence also
|pn. — P*|lq, converges to 0 and L(- + ;) is sup-norm continuous on P(¢,(, D) by Part
4(a) of Proposition 43. Recall that the sup on the r.h.s. of (6) goes to 0, and that L, (pg)
converges to L(pg). It follows that

L(po) < L(p* + &1). (7)

Since g; converges monotonously to 0, the sequence of functions log(p* + £;) is monoto-
nously non-increasing with pointwise limit log p*, and is bounded above by the integrable
function log(p* + £1). Using the theorem of monotone convergence and (7), we conclude
that L(pg) < L(p*). Hence, p* = pg by Part 1 of Lemma 9.

Part 2: For fixed 8 € O, Part 2 follows by the same arguments as in Part 1, with pg
replaced by pyg.

Part 3: In view of Part 3 of Proposition 1, we may restrict ourselves to the case
1/2 < s < t. Let £ = infoxe p(x,0). By hypothesis, { > 0, and so we may apply the
uniform law of large numbers in Part 5(b) of Proposition 43 with F = P(t,£, D) to get
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lim  sup |Lg(0,p) — L(O,p)] =0 as.

k=00 ©xP(t¢,D)
Let g; be positive real numbers that converge monotonously to 0. For each [ € N,
the uniform law of large numbers stated in Part 5(b) of Proposition 43, with F
{p+e :p€P(t( D)}, implies that

lim sup sup |Lx(O,p+e)—L(l,p+¢e) =0 as.
R0 9€0 peP(1,¢,D)

The event where all statements in the last two displays hold true has probability 1. In
the following arguments we fix an arbitrary element of this event.

To simplify notation, set ¢ = supgeg ||Pr(0) — polls,2. We claim that ¢; converges to
0. Assume this is not true. Then there is some 1 > 0 such that for every k € N there are
k' € N, k' > k, and 0y € O that satisfy

|Px (Orr) — Doy, lls,2 > 1 (8)

By compactness of © and compactness of P(t,(, D) as a subset of W5(Q), we find a
subsequence Py (0yr) of prr(0r) such that O converges to 6* for some 6* € ©, and
|prr (O ) — p*|| 5,2 converges to 0 for some p* € P(t,¢, D). So, if p* equals pg- (which we
verify below), then [|pg (0k) — pg+||s2 converges to 0. Consequently, ||pr (Ok) —po,, |52
converges to 0 because py,, converges to pg« in (P(t,(, D), | - [[s;2) in view of Part 1 of
Proposition 5 and Remark 4. This is in contradiction to (8) and therefore in contradiction
to the assumption that c; does not converge to 0.

It remains to show that p* equals pg«. Use Assumption P.1, the definition of pyr (0y~)
as maximizer, and the monotonicity of the logarithm to obtain

Lk// (ek// 5 ﬁk// (91{://))
Lk” (ek//,ﬁk// (Hk//) =+ El)
L(Ogrr, prr (Orrr) + €1) (9)

+sup  sup |Lp/(0,p+¢e) — L(O,p+er)|.
0€O peP(t,(,D)

Lk” (ek" ) pgk,// )

IAIA A

The first term on the r.h.s. of (9) converges to L(0*,p* + ¢;) since O converges to 6%,
|k (Orr) — p*|ls,2, hence also ||pg(0k) — p*|lq, converges to 0, and L(-, - +¢;) is a
continuous function on © x (P(t,(, D), || - |la) by Part 4(b) of Proposition 43. Recall that
the sup on the r.h.s. of (9) goes to 0. Further, the sup on the r.h.s. of the inequality

‘Lku (ek//7p9k”) — L(G*, pg*)’

S sup ’Lk”(evp) - L(67p)‘ + ’L(ek”7p9k//) - L(e*ape*)
OxP(t,E,D)

converges to 0. The second term on the r.h.s. goes to 0 as O~ converges to 6%, Hpgk,, —
Po+||s,2, hence also ||pg,,, — pe-|la, converges to 0, and L(#,p) is a continuous function on
© x (P(t,&,D),] - |lo) by Part 4(b) of Proposition 43. Hence, the 1.h.s. of (9) goes to
L(0*, pg~). It follows that

L(0%,pg-) < L(0",p" + ;). (10)
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Since g; converges monotonously to 0, the sequence of functions log (p* + €;)(p(-,60%))
is monotonously non-increasing with pointwise limit log p*(p(-,6*)), and is bounded
above by the integrable function log(p* + ¢1)(p(-,6%)). Using the theorem of monotone
convergence and (10), we conclude that L(0*,pp<) < L(0*,p*). Hence, p* = pp= by Part
2 of Lemma 9. U

Remark 12. (i) Under the additional assumption Z, Part 1 of Theorem 11 is a direct
consequence of Proposition 6 in Nickl (2007).

For later use we note the following:

(i) Let Assumptions D and D.1 be satisfied, and inf,cq po(z) > x for some x > 0. It
follows from Part 1 of Theorem 11 that there are events A,, € B(£2)™ that have probability
tending to 1 as n — oo on which inf,cq pn(z) > x holds true.

(iii) Let Assumptions P.1 and R.1 be satisfied, and infoxe p(x,0) > x for some x > 0.
It follows from Part 3 of Theorem 11 that there are events By, € V¥ that have probability
tending to 1 as k — oo on which infgcg inf,eq pi(6)(x) > x holds true.

5.3 Rates of convergence for AML-estimators

The main result (Theorem 17) in this section is a uniform Donsker-type theorem for
AML-estimators. It states that the stochastic process f +— \/Efg(ﬁk(e) — pg) fdA, when
indexed by © x F for appropriate classes F of functions, converges weakly in £>°(0 x F)
to a p-Brownian bridge. An important step in proving this result is to establish rates of
convergence for pg () in different Sobolev norms that hold uniformly over ©.

5.3.1 Rates of convergence in Sobolev norms

Rates of convergence (in certain norms) for non-parametric M-estimators, such as AML-
estimators, can be obtained in several distance measures by controlling the difference
between the defining random objective function and its limiting counterpart. Following
the idea of van de Geer (1993), this difference can be viewed as an empirical process over
a certain class of functions, thus allowing to control its size by applying results from the
theory of empirical processes. Along these lines, it was shown in Nickl (2007) that

53 = Oﬁk»(nf(tfs)/(2t+1))

||ﬁn — Po

for every 0 < s < t, provided Assumptions Z, D, and D.1 hold. Clearly, for each 6§ € O,
an analogous result can immediately be obtained for ||pg(0) — pg||s,2 from the result of
Nickl (2007), but we will need the same rates to hold uniformly over the parameter space
©. This leads to the problem of bounding an expression of the form

E* sSup \/E(Lk(evf) - L(va)) ) (11)

OXF
where F is some specific class of functions on 2 and E* is the outer expectation. Letting
]:*:{f(p(,e))QGG,fEJ:},

(11) can be rewritten as
E*

V(. — M)HP
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and then can be bounded by the bracketing metric integral of F* (cf. Theorem 58). Thus,
we are led to investigate the £2(u)-bracketing metric entropy of F*. We start with a
lemma.

Lemma 13. Let A be a bounded, open interval in R. Let F be o bounded subset of the
Sobolev space W5(A) of order s > 1/2. Then the sup-norm metric entropy of F satisfies
the inequality

H(e, F,W5(A), || - [la) S e/

for all e > 0. Furthermore, F is uniformly Donsker.

Proof. [See Nickl & Pétscher (2007) for a definition of the following spaces: B3 ,(R),
B3 2(R)[A, and B3 4(R, (z)P).] Since 52(R)|A coincides with W3(A) up to equiva-
lent norms (cf. Proposition 3.4.2 in Triebel, 1983), and since the restriction mapping
B32(R) — B55(R)[A is a retraction by Theorem 4.2.2 in Triebel (1995), we obtain a
section o : W3(A) — B3 5(R). Consequently, o(F) is bounded in B3 5(R). Now, let h
be a C*°-function on R with compact support such that h(z) =1 for x € A, and define
F' ={ho(f): f € F}. [Note that such a function exists since A is bounded.] Making
use of the fact that B3 5(R) is a multiplication algebra, we conclude that F' is bounded
in B3 5(R, (z)P) for any 8 € R, hence in particular for 8 > s — 1/2. By the choice of h,
F =F'|A, and so

H(Ev}-7W§<A)7H ’ HA) H(57f/|A7W§(A)>H ’ ||A)

< H(e, F, ;72([&), |- Ile) < 5—1/87

where the last inequality follows from Part 1 of Theorem 1 in Nickl & Pétscher (2007).

To prove the uniform Donsker property of F, we verify the premises of Theorem 2.8.4
in van der Vaart & Wellner (1996): The envelope condition is trivially satisfied since F
has a constant measurable envelope, whereas the condition on the convergence of the
bracketing integral is a direct consequence of the first part of the lemma, upon noting
that, by boundedness of F in W5(Q), H (e, F,W5(2), | - ||a) is O for £ large enough. [

Proposition 14. Let F be a bounded subset of some Sobolev space W5(QY) of order
s>1/2.

1. Define the class of functions
Fr=A{fp(-,0)):0€0, feTF}

If Assumption R.2 holds, then the L?(u)-bracketing metric entropy of F* satisfies
the inequality
Hyy(e, 7| - o) S/ (12)

for all e > 0. Furthermore, F* is u-Donsker.
2. Let the elements of F be bounded below by some x > 0. Define the class of functions
log F* = {log f(p(-,0)) : 0 €O, f € F}.

If Assumption R.2 holds, then the L?(u)-bracketing metric entropy of log F* satis-
fies the inequality
H)(e,10g F*, || - o) S7V/°

~

for all e > 0.
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Proof. Part 1: We have that
p [ (p(0,0)) = F(p(0: )| < Lilp(w, ) = plw,6)[ /2
€
(for some Lg > 0)

LSR(’U)HH/ o GH'ymin(s—l/Q,l)

IN

for all v € V and all 0,0’ € ©, where we made use of Assumption R.2 and the fact
that F is a bounded subset of C™(=1/21)(Q) (see Part 2 of Proposition 1). A cover
of F* is obtained from suitable covers of @ and F in the following way: Fix ¢ > 0 and
set 8() = (¢/Ls)'/", where v := ymin(s — 1/2,1). To cover the space ©, note that
it is contained in an m-cube of edge length [ and thus in the union of [I\/m/d(e)]™-
many closed balls B(6;,(¢)) with centers 6; € © and Euclidean radius d(g). [Here,
[lv/m/(e)] denotes the smallest integer not less than l\/m/d(g).] To cover F, we take
N(e, F,W5(2), | - |[)-many sup-norm closed balls [f; — 2¢, f; 4+ 2¢] of radius 2¢ whose
centers f; already belong to F. [Note that this can always be achieved.] We claim that
the family of brackets

{[fj(p( ,0:)) — R(+)e — 2¢, fi(p(-,0;)) + R(-)e + 2¢] : (13)
i=1,...,[Iym/§(e)]™, j=1,...,N(e, F,W5(Q), | - !ﬂ)}

is a cover of F*. To prove this claim, let h € F*, that is, h = f(p(-,0)) for some
0 € © and f € F, implying that there are indices 7,5 such that 8 € B(6;,0(¢)) and
f € lfj —2e, fj + 2¢]. Consequently,

Now,

h(v) < fi(p(v,0)) + 2¢ filp(v,0:)) + | £i(p(v,0)) = fi(p(v, 0:))| + 2¢

<
< fi(p(v,6;)) + R(v)e + 2¢

for all v € V, where the last inequality follows from the first display in the proof and the
choice of d(¢). Similarly,

fi(p(v,0)) — R(v)e — 2e < h(v).

Making use of Assumption R.2 and the norm inequality i, |f|dp < || fll2,u, the £2(u)-
bracketing size of any of the brackets in (13) can be bounded by ¢ times a constant that
only depends on R(-) and p. This leads to the relationship

Ny Fo N o) < max(L, 270 /m ™ LEYe™™ ) N(e, F,W5(Q), | - le)

between the £2(u)-bracketing number of F* and the sup-norm covering number of F.
Apply Lemma 13 with A = Q) to get

Hij(e, 7%, || - ll2s) S 1+ max(0,loge™") +e7/%.
It remains to show that H (e, F*, | - [|2,.) can be bounded by e~/ up to some constant

not depending on €. To this end, we piece together the following observations: First,
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since F* is bounded with respect to || - ||2,4, it can be covered by a single bracket for
€ > &3 for some suitable e2 > 0; hence Hp (¢, F*, || - ||l2,.) = 0 for € > £2. Second, there is
an €1 > 0 such that e~'/% dominates 1 and max(0,loge~") on (0, ;). Note finally that 1
and max(0,loge™!) can be dominated by some multiple of £~'/% on the compact interval
[e1, €2] by monotonicity of the involved functions.

Since F* C L2(V,V, ), it follows from Ossiander’s central limit theorem (see Theo-
rem 7.2.1 in Dudley, 1999) that F* is u-Donsker.

Part 2: For any fixed ¢ > 0, we take for F* the cover given in (13). Since the
elements of F are bounded below by yx, the set of modified brackets

{50 00) = RO Je =29, 100, 00) + R e+ 22
= L TIVRISEN™, = L N F W o)

still covers F*. [Note that infycq fj(x) > x together with R(v) > 0 and € > 0 implies
that

fi(p(v,0:)) + R(v)e + 2e > max(x, f;(p(v,0;)) — R(v)e — 2¢)
for all v € V.| Hence, by monotonicity of the logarithm and since x > 0, the brackets
[log max(x, fi(p(-,0i)) — R(-)e — 2¢),log(f;(p(-,0:)) + R(-)e + 2¢)],

i=1,...,[lym/é(E)|™, 7 = 1,....,N(e, F,W5(Q), || - lla), cover log F*. Making use
of the fact that the logarithm is Lipschitz on [y, o00) with Lipschitz constant x~!, the
L2(p)-bracketing size of any bracket of the form

[log max(x, fj(p(+,0:)) — R(-)e — 2¢),log(f;(p(-,0:)) + R(-)e + 2¢)]

can be bounded by x~! times the £2(u)-bracketing size of the corresponding bracket

Since these brackets are used to establish that

Hj(e, 75 | - ) S &7/

2#)

in Part 1, the proof is complete. O

Part 1 of Proposition 14 provides a general condition under which the £2(u)-bracketing
metric entropy of F* can be bounded by some negative power of its £2(u)-bracketing
size. In special situations, though, F* itself can be identified as a bounded subset of
some Sobolev space of order greater than 1/2. Lemma 13 can then be directly applied to
F* and (up to some constant not depending on the £2(u)-bracketing size) leads to the
same bound for the £2(u)-bracketing metric entropy. This is exemplified in the following
proposition.

Proposition 15. Assume that infoxe p(z,0) > 0 and supqe p(x,0) < co. Let (V,V, 1)
be the unit interval (0,1) together with its Borel o-algebra and Lebesgue measure A. Take
p(v,0) to be the quantile function F~'(v,0), where F(v,0) := f{$€Q:x<U} p(z, 0)dA(x).
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Then, for any bounded subset F of some Sobolev space W5(QY) of order s such that 1/2 <
s < 1, the class of functions

F={f(F7'(-,0):0€0, fcF}

satisfies the inequality
-1
H[ }(E,f*, H : ”2#) S; € /s

for all e > 0. Furthermore, F* is pu-Donsker.

Proof. Let £ = infoxe p(z,0) and B = supq g p(z,0). We first show that
[E7H(w, 0) — F~H (0, 0)] < €7 u— v (14)
for all u,v € (0,1) and 0 € ©. To this end, observe that the densities pg are everywhere

positive, and so the c.d.f.s F(-,0) are invertible mappings from € to (0,1). For u,v €
(0,1) such that u # v we then have

[FM w,6) = F7'(0,0)]  [|F(,6) = F(y,0)[]

lu— vl B |z —y|

for unique z, y € ). By the mean-value theorem, the r.h.s. of the previous display is equal
to 1/p(z,0) for some z on the line segment joining x and y, and can thus be bounded by

&L

Since 1/2 < s < 1, the squared Sobolev norm of any f(F~1(-,0)) in F* can be
bounded as follows:

9 2 )) B f( _1(079))‘2
(0,1)f( v dv+/01 /01 ‘U—U|1+25 dudv
<

< FE v, 0)%do + €717
(0,1)

1 0.0) — {2 (0
/01/01> rF LA —Fi g
(by (14))

/f p(z,0)dx

z) — 2
s ] @) = JOIE )00y, 0) do dy

|x_y‘1+23

(by Tonelli’s and the change of variables theorem)
2 —1-2s p2 f(z) = f()P?
Q ala |z—y[**

Since F is a bounded subset of W5(£2) by hypothesis, it follows that F* is bounded in
W35(0,1). Apply Lemma 13 with A = (0,1) to F* to complete the proof. O
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Theorem 16.

1. Let Assumptions P.1, R.2, and Z be satisfied. Then

sup 151(0) — polls2 = O (k~=/ D) a5 | — o0
S

for every 0 < s < t.

2. Consider the auziliary model P(t,(, D) with ( = 0. Let Assumptions P.1, P.2, and
R.2 be satisfied. Then

sup [P (6) = polls2 = O (k= =)/ By g5 | — o0
S

for every 0 < s <'t.

Proof. Part 1: We first prove the case when s = 0. To this end, we verify the conditions
of Theorem 54 with (A, A, P) = (VN VN i) S =0, T =P(¢t,¢(, D), d(p,q) = |Ip — ql|2,
Hy(s,t) = Li(0,p), H(s,t) = L(0,p), tr(s) = pr(#), and t(s) = pg. Condition (54) is
clear by definition of the AML-estimators p(6). Condition (52) follows from the second-
order Taylor expansion of L(f, -) around the density py:

1
L(0,p) — L(0,ps) = DL(H,pe)(p—pa)+§D2L(9,ﬁ)(p—pa,p—pe)
_ _ 2
_ /p peped/\_l/ (p 7599) Do
Q Do 2Ja P

(by Proposition 45)
1 o
< —5CCD 2 - ml

where p is some density on the line segment joining p and py; note that p € P(¢,(, D)
by convexity of this set, and hence satisfies ||p||q < CyD. This proves Condition (52) in
Theorem 54 with C' = 2_1§C{2D_2 and a = 2, both constants being independent of 8
and p.

Next is the verification of Condition (53). Letting

s = {logp(p(-,0)) —logpo(p(-,0)) : 0 € ©, p € P(t,(, D), [Ip — poll2 < &}

for § > 0, the expression

E*sup  sup ‘\/l;(Lk — L)(8,p) — VE(Ly — L)(6, py)
0€0 peP(t.(,D),
lp—polla<é

can be viewed as
E*

V(g — 12) ;

5

So we are led to deriving an upper bound for the expected variation of the stochastic
process \/E(,uk — u) over the class of functions Gs. For this, we verify the premises of
Theorem 58: the boundedness of G5 with respect to the sup-norm as well as the £2(u)-
norm. By Assumption Z, the logarithm is Lipschitz on [, 00) with Lipschitz constant
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¢~!. Use this to see that G5 is bounded by B := 2¢~'CyD in the sup-norm and by
n(d) = g‘_lCtl/ZDl/Q(S in the £2(p)-norm, so that

E*

V(e — H)H%

B

< (1696 + 64v2) I 8),Gs, || - 14+ ——+1
<( + \[) [}(77( ), G5 ||~ ll2,1) +77(5)2\/E []

(n(6), s, | -

|27u)

in view of Theorem 58. Since

Gs < A{logp(p(-,0)) —logpa(p(-,0)):0 €O, peP(t( D)}
{logp(p( "9)) 10 €0, pe P(f,(,D)}
—{logp(p(-,ﬁ)) 10 € @7 pE ’P(t,C,D)}?

N

we have that

N[ }(57 g5> ” ’ ||2,u) < N[ ](67 {1ng(p( 79)) AS 61 pe P(t,C,D)} ) H ' ||2>#)2'

Use this inequality and apply Part 2 of Proposition 14 with s = ¢ and F = P(¢,(, D) to
get

I[ ](77(5),9& ” ’ ||2,u) 5 I[ ](77(5)»1082]:*7 || ) H2HLL)

/ V1+4e1tde
(0,n(9)]

max(n(5), / e /2 o)

(0.n(3)]
max (3,6 1/2t),

A A

AN

Hence there is some constant L, 0 < L < oo, such that

max(d, 61~ 1/2)
52Vk
holds for all § > 0. Write ¢y(0) for the r.h.s. of the last display and note that § —

6 Ppr(9) is non-increasing for 3 = 1. This establishes Condition (53) in Theorem 54.

Condition (55), with a = 2, is satisfied for rj, = kt/(2*1)_ This gives the desired rate
and completes the proof in case s = 0.

E*

\/%(ﬂk: — 1) g

é

< Lmax(6, 6171/2) [1 +

In case 0 < s < t, we make use of the fact that supgce ||pr(60) — pollt,2 < 2D, and of
the interpolation inequality

||f||s,2 < Cs,t ||f||f,/2t ||f||gtfs)/t

for f € WE(2), where Cs; > 0; see Theorem 1.9.6 and Remark 1.9.1 in Lions & Magenes
(1972).

Part 2: The case s =t is clear in view of Assumption P.1 and the definition of py(6),
so assume 0 < s < t. Choose y > 0such that infoxe p(x,0) > x. Then, by Remark 12(ii),
there are events that have probability tending to 1 on which infpcg infeq pr(0)(x) > x
holds true. Since P(t,x,D) C P(t,(, D), we have that on these events py(f) coincides
with the AML-estimators over the auxiliary model P(¢, x, D). Part 2 now follows from
Part 1. O
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5.3.2 A uniform Donsker-type theorem for AML-estimators

It was shown in Nickl (2007) that, under Assumptions Z, D, and D.3, the stochastic
process f — /1 [o(Pn — po) fdA, when indexed by a bounded subset F of some Sobolev
space of order s > 1/2, converges weakly in ¢*°(F) to a centered Gaussian process. Of
course, this result immediately gives that, for every fized 0 € O, f — \/Efg(ﬁk(ﬁ) —
po) fdA converges weakly in ¢°°(F). It is therefore natural to ask whether there can even
be obtained a weak limit theorem for the stochastic process (6, f) — vk Jo(Pr(0)—po) fdX
in the space £>°(© x F). This question will be answered in the positive by the following
theorem.

Theorem 17. Let Assumptions P.3, R.2, and Z be satisfied. Let F be a non-empty
bounded subset of some Sobolev space W5(Q) of order s > 1/2. Then the following
statements hold true:

1. For all j >1/2,

sup Sup’f/ Pi(0) — po) fdX — V(i — 1) f(p( -, 0))

0€o feF
—(min(s,t)— ])/(2t+1)> as k — 3

n particular,

sup sup‘\f/ Pr(0) — po) fdX — VE(ur — ) f(p(-,6)) =0,(1) ask — oco.

0cO feF

2. Let
F={f(p(-.0): 00, feF}.

Then there exists a p-Brownian bridge G indexed by F*, that is, G is a centered
Gaussian process indexed by F*, which is measurable as a mapping with values in
(> (F), and has covariance function

Cov[G(f(p(-,0))),G(g(p(-,0))]

-/ (f<p<-,9>> / f(p(-,e»du) <g<p<~,e’>> / g(p(-,e’»du) au

and bounded sample paths that are uniformly continuous with respect to the pseudo-
metric

d(f(p(-,0)).9(p(-,0")))
1/2

2
= !/V <f(p('79))_g(p("al))—/V(f(P('a@))_g(p(‘ﬁ/)))du) d,u] ’

such that the stochastic process (0, f) — \/Efv(ﬁk(e) —pp) fd\ converges weakly to
G0, f) in £°(© x F), where G(0, ) := G(f(p(-,0))) for every 8 € © and every
feF, and G(e, -) is measurable as a mapping with values in £>°(0 x F).

3. We have that

sup sup ’\f/ Pr(0) — po fd)\‘ O;(1) ask — co.
0e® feF
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Proof. Part 1: The proof strategy for Part 1 is taken from Nickl (2007).

Step 1: We first consider the case s > t. By Part 3 of Proposition 1, F is then
a bounded subset of W(Q) and therefore contained in U, p for some B, 0 < B < oc.
W.lo.g. we may therefore assume that F equals U p.

We define mg(f) = (f — [q fped\)pe for any function f € WI(Q). Then, for every

0 €O and feF,
—/fped)\
Q

Imo(Flle2 < 1polle.2
t,2

IN

M D

1 flle.2 +

(by Part 1 of Proposition 1)
/ Jpo dA ]
Q t,2
MDB(1+ C|[1]¢2)
(since F = Uy B)

(since pg € P(t, ¢, D))
M;DB(1 + CAQ)"?) < .

IN

IN

Hence,
sup sup ||7o(f)|lr2 < MyDB(1 + C:A(Q)?) < 0. (15)
0cO feF

From Proposition 45 we obtain the relations

| (5106 = po) £ = ~D2L(6. ) 31(6) ~ p0. ()
(1 = 1) £ p(0)) = DL(6, pa) (o)),
so that
[ @6) = po) fix — (= o1, 0)
— —DL(8,p0) (54(6) — po> m0(f)) — DLk(0, po)(mo(f)): (16)
Applying the pathwise mean-value theorem to the function DL (0, - )(me(f)) gives
DLW(0, 54(6)) (mo(£)) = DLx(0, 50)(mo(1)) + D*Li(6, 51(0)) 5x(6) — po, 7o 1))
where pi(0) = £(0, f)pr(0) + (1 — £(0, f))pe for some £(0, f) € (0,1). Hence
2L (0, po) (Pr(0) — po, 7o (f))

= (D*L(6, pg) — D’ Ly, (6, pr(0))) (5x(0) — po, ma(f))
+D? Ly, (0, pr(9)) (Pr(0) — po, ma(f))
= (D*L(0,pg) — D* Ly (0, px(9))) (Br(0) — po, mo(f))

) —
+DLk(9,pk(9))(7Te( )) — DLk(8, po)(ma(f))
= (D*L(6,pg) — D*L(0,pr(9))) (B (6) — po, 7a(f))
+(D2L(97Pk(0)) D? Lk(9 Pk(0)))(Dr(0) — po, mo(f))
+D Ly (0, pr(0))(mo(f)) — DLk(0,pg)(mo(f)),
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which together with (16) leads to the following inequality:

sup sup

/ (5(8) — po) fdA — (i — ) f (o, 0))
0cO feF |JQ

< sup sup |(D*L(0, pg) — D*L(0, pi.(0))) (5x(0) — po, ma([))]
0eO® feF

+sup sup [(D*L(0, px(0)) — D*Li(0, pr(6))) (5r(6) — po, mo(f))]
0cO feF

+sup sup | DL (0, pr(0)) (7o (f))]
0co feF

=1+ 114 I1II.

To complete the proof of Part 1 when s > ¢, we first consider only j such that 1/2 < j < ¢,
and derive bounds for each of the above expressions.

Bound for 1. Use Proposition 45 to compute FExpression I and then bound it by
2¢°CyDsup sup [[|mo(f)ll2 [| (5 (8) — po) (51 () — po)|l2]
0eO feF

(by the Cauchy-Schwarz inequality)
= 2¢°CyDsup sup [[|mo(f)ll2 (8, f)[15x(8) — poll3]
0eO feF

(since pr(0) = £(0, f)(Pr(0) — po))
< 2073C M D* B(1 + CA(Q)Y?) sup 7 (0) - pol?
(by (15)).

Part 1 of Theorem 16 implies that the r.h.s. of the last display, and hence Expression [,
is O;(kf2t/(2t+1))_

Bound for 1I: Clearly,

I1 < sup||pk(0) — pollj2  sup  ||D?L(6,p) — D*Ly(0,p)|,, . :
GEGH () HJ exP(t,c,D)H ( ) ( )Hujylx{m;(f)ﬂe@,fe}‘}

The first supremum in the last display is OZ(k:_(t_j)/ (24+1)) by Part 1 of Theorem 16.

Since the set {mg(f) : € € O, f € F} is bounded in W%(Q) by (15) and Part 3 of
Proposition 1, and U1 is so too, the second supremum in the last display is Ou(k‘_l/Q) by
Proposition 46, when applied with a = 2, H1 = U; 1, and Ho = {mp(f) : 0 € ©, f € F}.
Hence, Expression II is O (k=(=9)/(2t+1)=1/2),

Bound for TII: Let

n = D —sup|lpglls,e,
0cO
which is positive by Assumption P.3,
Uyo = {w € W) : wllez < 7. / wdh = 0} |
Q

and
hi(w,0,€) = e(pg +w) + (1 — )pr(h)  for w € WE() and 0 < e < 1.

We show that, on events that have probability tending to 1, the inclusion
{hi(w,0,€) : 0 € ©, w € Uy 0} C P(t,¢, D)
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holds for every €, 0 < € < ¢*, where £* is non-random and does not depend on k. First,

|wtw,0,0)|| <D

)

by the triangle inequality. Second, by Assumption P.3, there is a § > 0 such that
infoxe p(z,0) > ¢ + B holds. By Remark 12(iii), infoxe pr(z,0) > ¢ + 3 on events
that have probability going to 1. On these events, hy(w,0,¢) > ¢ + § — eCyn (use that
w > —||lw|lq > —Cy||lw|lta > —Cin), and therefore hy(w,6,e) > ¢ if only € > 0 satisfies
e < &* := 3/Cyn. Note that hy(w, 0, ) integrates to 1 since JqwdX =0.

Next, define s : W5(Q) — WE(Q) by

S(f) = {nfnfut,z it 20,

0 otherwise.

Note that {s(mg(f)):0€ O, f € F} C Uyo. Since py(0) maximizes Li(6, -) over the
auxiliary model P(t, ¢, D) and, for all € such that 0 < & < &*, hg(s(mg(f)),0,¢) belongs
to P(t,(, D) on events that have probability tending to 1, we conclude that on these
events

DLk(0,p(0))(po — Pr(0) + s(ma(£))) < 0
holds for all § € © and f € F (see the erratum to Nickl, 2007). This implies

DL (0,pr(0))(s(mo(f))) < DL(0,5%(0))(r(0) — po)
= (DL(0,p(0)) — DL(0,pe))(Pr(6) — po)

for all € © and f € F, where the equality is true since DL(0,pg)(pr(0) — pg) = 0, as
can be seen using Proposition 45. Since Uy also contains —s(my(f)), we can replace
the Lh.s. in the last display by its absolute value. Hence

sup sup | DL (0, px(6)) (s(me(f)))]

9O feF
< Sup |(DLy(0,pr(0)) — DL(0, pr(0))) (Pr(0) — po)|
S
+ Sup [(DL(8, pr(0)) — DL(0,pg))(Pr(6) — Do)l
S
< sup ||pr(0) —poll ;o sup  [IDLy(0,p) — DL(O, p)lly, ,
9o OxP(t.C,D) ’

+¢sup ||px(0) — pall3
9o

where we used Proposition 45. Use Part 1 of Theorem 16 and Proposition 46 with o = 1
and ‘Hi = U;1 to conclude that the r.h.s. of the last display is

*1.—(t—7)/(2t+1)—1/2 * 71,—2t/(2t+1
O (k (t=5)/(2t+1)-1/ ) + O3 (k /@)y,
hence O (k~(t=9)/(H1)=1/2) a5 j > 1/2. Together with (15) and the definition of s(-)
this results in

% (.~ (t—5)/(2t+1)—1/2
III:OM(k( N/@F1-1/2)

The above bounds imply that

sup sup M / (5(8) — po) faX — VE(u — ) f(p(-,0))| = O (k=)L)
0cO feF Q
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for every j, 1/2 < j < t, and hence a fortiori for all j > 1/2. Consequently, the expression
on the L.h.s. in the last display is o;:(k*(t*j)/(%“)) for all 7 > 1/2, hence in particular

0;,(1) as k — oo. This completes the proof of Part 1 when s > ¢.

Step 2: We now consider the case when 1/2 < s < ¢, and assume w.lo.g. that F = U p
for some B, 0 < B < oo. In the proof of Proposition 1 in Nickl (2007) there are defined
approximating sequences ug(f) € W5(Q) for all f € F, with the following properties:

sup k(1) = O~/ s b oc, (17)
S

where sup ¢z ||ug(f)l[¢2 is real for every k € N; and, for every r, 0 <7 < s,

p 17 = k()2 = OO/ ) as = o (18)
S

We have that

sup sup M [ 510) = porgar Vi = o ﬁ))'

0eO feF

< sup sup [V [ Gr(0) — )7 = wn1)

0eO® feF

sup sup [V — 1)(f(p(+,0)) = ux()(p(-6)))|

0cO feF

s sup | VE [ (5100) ~ poyun ()0 = VEGux = e (Dlo(-.6))

0€0 feF
=IV+V+ VL

To complete the proof of Part 1 when 1/2 < s < ¢, we choose an arbitrary j’ such that
1/2 < j' < min(j,s), where j is as in the theorem, and derive bounds for each of the
above expressions.

Bound for TV: By using (18), with » = 0, and Part 1 of Theorem 16,

IV < VEsup||f —ur(f)|2 sup [|k(0) — pal
feF 0cO

(by the Cauchy-Schwarz inequality)
_ Oz(kf(sfl/Q)/(%Jrl))'

Bound for V: Observe that

V= sup sup [VE(u — p)(f — w(£)(o(-,0)

0cO feF

< sup sup |VQu — m)h(p(-,0))| x sup 1f = un(f) 2
0€0© hely , feF

= |VE( = W)l | sup [1f = ur(f)llj2, (19)
Tt feF

where

51 ={h(p(-,0):0€0, helly,}.
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Since j' > 1/2, the class of functions U}, 1 is p-Donsker by Part 1 of Proposition 14, hence
|ViGu = wl|, =0.0)
s

in view of Prohorov’s theorem. Making use of (18), it follows that the r.h.s. of (19), and
hence Expression V, is Ou(k—(s—j’)/(2t+1)).

Bound for VI: Note that Expression VI is bounded by

(VL0 Es W)
x\uk<f>||t,2]
< sup sup f/ 51(8) — po)hd X — V(e — w)h(p(+,0))| x sup [Jue(F)lle.2.
0€0 helly er

Applying Step 1 to the first term on the r.h.s. of the last display, and using (17), we
conclude that
VI = oz(k—(s—j)/(%ﬂ))

for all j > 1/2.
The above bounds imply that

sup sup
0eO® feF

Vi / 54(0) — po) FaA — VE(u — i) F(p( -, 0))| = OF (k=92

for all j > 1/2. Consequently, the expression on the L.h.s. in the last display is

Oz(k—(s—j)/(%ﬂ))

for all j > 1/2, hence in particular oj,(1) as k — oo.

Part 2: In view of Part 1 it is sufficient to show that (8, f) — VE(ux — i) f(p(-,0))
converges weakly in (0 x F) to G(0, f). To this end, let H(p)(0, f) = ¢(f(p(-,8)))
for every ¢ € f*°(F*), 0 € ©, and f € F; and note that the resulting mapping H :
(®(F*) — £°°(© x F) is continuous since H is linear and

|H(p)lloexr = sup sup |[H(p)(, f)]
0O feF

= sup sup [p(f(p(-,0)))]
€O feF

for all ¢ € £°°(F™*). Since the class of functions F* is pu-Donsker by Part 1 of Proposi-
tion 14, Vk(u, — pu) converges weakly in £2°(F*) to G, and therefore, by the continuous
mapping theorem, in £>°(0 x F) to G(0, f), noting that G(6, f) = H(G). Since G is mea-
surable mapping with values in ¢°°(F*), this also shows that G(e, -) is a measurable
mapping with values in £*°(© x F).

Part 3: In view of Prohorov’s theorem, Part 3 follows directly from Part 2. O
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We will show next that [, (px(0) — pg)(-)dX\ converges in £>°(F) to G(0) uniformly
over O, where G(6)(f) := G(f(p(-,0))) for all f € F, and G is the Gaussian process
in Part 2 of Theorem 17. For this we need the following definitions: (z) For (S, d) some
metric space and h a real-valued function on S, let

h(zx) — h(y
lssisa = Wil +sup { D=0
T,y
(i) Let (Q1,.A1, P) and (2,42, P») be probability spaces, and Y7 : Q3 — S and Y5 :

2y — S be mappings such that Y5 is A2-B(S, d)-measurable and has separable range.
Then, an analogue of the dual bounded Lipschitz metric is defined by

Bis,a)(Y1,Y2) = Sup{ / h(Y1)dPy —/ h(Y2)dPs| :h:S =R, ||h]lpr(s.a) < 1} ;
Qo

971

where fQ )dP; is the outer integral with respect to Pi; cf. the definition on p.115 in
Dudley (1999) We note that, by Theorem 3.6.4 in Dudley (1999), Y,, ~ Y if and only if

Jim fg.q)(Yn, V) = 0.

Corollary 18. Let the hypotheses of Theorem 17 be satisfied. Then, for every 0 € O,
G(0, ) is a measurable mapping with values in (*°(F), where G is the stochastic process
from Part 2 of Theorem 17. Furthermore,

lim sup Bree () f/ [AC (-)d\, G(8, ) = 0.

k—oo gco

Proof. Let 6 € O be fixed, and define Hyp(¢)(f) = (8, f) for every ¢ € {°(O x F)
and f € F. Note that this gives a Lipschitz mapping Hp : £>°(© x F) — (°°(F) whose
Lipschitz constant is 1 and hence is independent of #. Since G(e, -) is a measurable
mapping with values in £>°(© x F) by Part 2 of Theorem 17, this shows that, for every
0 € ©, G(0, -) is measurable in £*°(F). Further, since the composition of Lipschitz
mappings with Lipschitz constant at most 1 is again Lipschitz with Lipschitz constant
at most 1, it follows that

sup e () (VE / 54(0) — po) (- )dA, G(6, -))

0cOe

=supﬁgm(f><H9<¢%/<m<-> pa)(-)dA), Hy(G(s . -)))
0cO Q
< ﬂew<@xf><¢%/9<m<-> —pa)(-)dA (e, ).

The r.h.s., and therefore the Lh.s., of the previous display converges to 0 by Part 2 of
Theorem 17. O

The statement in Corollary 18 is in fact independent of any distance describing the

concept of weak convergence in ¢*°(F). More precisely, we will show below that, under
the same assumptions as in Corollary 18, the following statements are equivalent: (1)

lim sup Byeo (7 \f/ (0 (-)d\,G(, -)) =0;

k—o0 gcO
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(#7) For any 0,0 € © such that 0 converges to 6,
\/%/Q@k(ek) —po,)(-)dX ~ G(0, ) as k — oo.

We first prove an abstract result:

Lemma 19. Let T be a non-empty compact metric space, and (S,d) a metric space.
For every t € T, let Y,(t) be a sequence of (not necessary measurable) mappings with
values in S; furthermore, let Y be a measurable mapping with separable range in S. If
Y (tn) ~ Y (t) whenever t,,t € T are such that t, converges to t, then the following
statements are equivalent: (i)

lim sup f(g,q)(Yn(t), Y (t)) = 0;

N0 teT
(ii) For any t,,t € T such that t,, converges to t, Y, (t,) ~ Y (t).

Proof. We first prove that (i) implies (ii). Let ¢,,t € T such that ¢, converges to t.
Observe that

/B(S,d) (Yn (tn)’ Y(t)) ﬂ(S,d) (Yn(tn)7 Y(tn)) + ﬁ(S,d) (Y(tn)’ Y(t))

ig? ﬂ(S,d) (Ya(t), Y (1)) + ﬂ(S,d) (Y(tn), Y (1))

IA N

The first term on the r.h.s. of the last display converges to 0 by (i), whereas the second
term converges to 0 because Y (t,) ~» Y (t). Hence, the Lh.s. converges to 0, which just
means that Y, (t,) ~ Y ().

That (ii) implies (i) can be seen as follows: Assume that sup,ep Bs.q)(Ya(t), Y (?))
does not converge to 0. Then there is some 1 > 0 such that for every n there are n’,
n’ > n, and t,, € T such that

Bs.dy(Yor (tnr), Y (tr)) > . (20)

Since T is compact, there is a subsequence t,~ of t,, and some t € T such that ¢,
converges to t. It follows that the Lh.s. of the inequality

ﬁ(s,d)(Yn” (tn”)v Y(tn”)> < ﬁ(&d) (Yn” (tn”)7 Y(t)) + ﬁ(s,d)(Y(tn”)a Y(t))

converges to 0 because the r.h.s. does so in view of (ii) and since Y (t,) ~ Y (¢) by
hypothesis. This is then in contradiction to (20). O

We are now able to prove the equivalence of the statements preceding Lemma 19. In
order to do so, we apply this lemma to T = O, (S,d) = (*(F), Y3(0) = Vk [,(Px(0) —
pe)(-)dN, Y(0) = G(6, -), and therefore have to verify that G(0, -) is measurable in
(>*(F) and G(bk, -) ~ G(0, -) for any 0,0 € O such that 0 converges to . Since
G(8, -) is measurable in ¢*°(F) by Corollary 18, it is sufficient to show that G(6, -)
converges a.s. to G(6, -) in £°°(F), that is,

dim sup [G(f(p(+, 0k))) — G(f(p(-,0)))] = 0. (21)
—00 feF
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So fix an arbitrary € > 0. Because the sample paths of G are uniformly continuous
with respect to the pseudo-metric d, there is a d(¢) > 0 such that |G(f(p(-,0))) —
G(g(p(-,0)))| < e whenever d(f(p(-,0)),9(p(-,0))) < d(e). Now, observe that

IN

1/2
Ao 00) F(o( - 0))) [ / \f(p(-,ok»—f<p<-,0>>\2du]

IN

. 1/2
L. [ /V (-1 60) — p(-,e>|2mm<s—1/2ﬂl>d4

for some constant Lg > 0 not depending on f € F. Here, we made use of the fact that,
by Part 2 of Proposition 1, F is a bounded subset of C™in(s=1/2,1),

The r.h.s. of the last display converges to 0 in view of the theorem of dominated
convergence (use Assumption R.1 together with the fact that p takes its values in the
bounded set €2). Consequently, there is an index n(d(¢)) such that it is less d(¢), which
in turn implies that

sup [G(f(p(-,0k))) = G(f(p(-,0)))| <e
fer

for all n > n(d(e)). This establishes (21).
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6 Indirect inference estimators

Based on a given auxiliary model P(¢,(, D) and resulting AML-estimators p, and pg(6),
we define

Qn,k’(e) =

{fQ(ﬁn — pr(0)2LdN if pu(x) > 0 for all w € Q, (22
0

otherwise.

Then Q,, i, takes its values in [0, 0o]. By separability of 2 and continuity of p,,, the event
{pn(x) > 0 for all z € Q} can actually be defined by countably many measurable condi-
tions, and therefore belongs to the g-algebra B(Q)N®@VN. Since p,, and pr(6), respectively,
are jointly measurable by Remark 7(ii), it follows from Tonelli’s theorem that Q,, 1 () is
measurable. That we assign the value 0 on the complement of {p,,(z) > 0 for all z € Q}
is arbitrary and irrelevant for the asymptotic considerations to follow.

Replacing the AML-estimators py(0) in (22) by the densities pp, we define
Qn(0) = {gﬂ(ﬁn —pg)Qﬁ1 d\ if pp(x) > 0 for all x € §,

n

otherwise.

The objective function Q,, corresponds to the hypothetical case in which no simula-
tions are necessary, and serves as an auxiliary device in proving asymptotic efficiency of
simulation-based indirect inference estimators. Note that Q,, takes its values in [0, co]. By
separability of 2 and continuity of p,, we have that the event {p,(x) > 0 for all =z € Q}
belongs to the o-algebra B(Q)N. Since p,, is jointly measurable by Remark 7(ii), it follows
from Tonelli’s theorem that Q, (@) is measurable.

A simulation-based indirect inference (II-) estimator énk is defined as any mapping
from Q" x V¥ to © that satisfies the condition

A~

Qn,k(en,k) = euelg Qn,k (9)

whenever Qy, (0) attains a minimum on ©. By an II-estimator 6,, we mean any mapping
from Q" to © that satisfies the condition

whenever Q,(0) attains a minimum on O.

Finally, let Assumptions D and D.2 be satisfied. Define
1
Q) = [ (w0 dr
Q Po

and note that @ takes its values in [0, c0]. Since, under the additional assumptions P.1
and D.1, p, converges in probability to pp and pi(6) to pg, @ can be considered as the
limiting counterpart of both Q, 1 as well as Q.

6.1 Consistency of II-estimators

It is clear from the definition above that there always exist (simulation-based) II-estima-
tors, but note that they do not necessarily minimize the respective objective function for
all realizations of the data. The existence of (simulation-based) II-estimators that do so,
or at least do so on events that have probability tending to 1, is secured in Propositions 20
and 25.
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Proposition 20. Suppose Po C L2(Q) and § — py is a continuous map from © into
(£2(2), 1 [l2)-

1. Let Assumption Z be satisfied. Then any Il-estimator 6,, minimizes Qy for every
(1,...,2,) € Q™. Furthermore, there exists an II-estimator 0, that is B(€)"-
B(©)-measurable.

2. Consider the auziliary model P(t,(, D) with ( = 0. Let Assumptions D, D.1, and
D.2 be satisfied. Then there are events A, € B(Q)" that have probabilily tending to
1 as n — oo such that any Il-estimator 0,, minimizes Qn on these events. [In fact,
more is true: If x > 0 satisfies infycqpo(x) > x, then, on A,, any Il-estimator
0, coincides with an II-estimator that is obtained by using P(t,x,D) instead of
P(t,¢, D) as the underlying auziliary model.|

Proof. Part 1: By Part 1(b) of Proposition 48, Q, is continuous and real-valued on
O for each (z1,...,x,) € Q7. Since © is compact, any 0, is a minimizer for each
(x1,...,2y) € Q" Since Q, is also a measurable function in (z1,...,x,) for each fixed
0 € O, as shown earlier, the existence of a measurable selection follows from Lemma A3
in P6tscher & Prucha (1997).

Part 2: Let x be as in the proposition. By Remark 12(ii) there are events A,, € B(Q)"
that have probability tending to 1 as n — oo on which inf,cq pp(z) > x holds. Since
P(t,x, D) C P(t,(, D), it follows that on these events p,, coincides with the corresponding
AML-estimator derived from P(t, x, D). Therefore, on these events, Q,, coincides with the
corresponding objective function, and thus the claim follows from the already established
Part 1 applied to the II-estimator based on the auxiliary model P(¢, x, D). O

Since © is compact, the following lemma is an immediate consequence of Lemma 47.

Lemma 21. Suppose Po C L2(Q) and § — py is a continuous mapping from © into
(L2(Q), ]| - l2). Let Assumptions D and D.2 be satisfied. Then Q attains its minimum on
0.

Remark 22. Assumption P.4 together with a uniform integrability condition on
{pg RS @} clearly implies that Po C £2(Q) and 6 — py is a continuous mapping from
O into (L2(2),] - ||l2)- In particular, Assumptions P.1 and P.4 together are sufficient.

Proposition 23. Suppose Po C L2(Q) and 0 — py is a continuous map from © into
(L2(), ||Il2). Let Assumptions D, D.1, and D.2 be satisfied. If Q has a unique minimizer
05 over ©, then any Il-estimator 6, converges to 05 in outer probability as n — oo.

Proof. For ¢ > 0, let
ce) = inf [Q(8) — Q(6p)]-

1665 11>¢

Since @ is a continuous function by Part 3 of Proposition 48, since the set
{0 €©:]|6 —065|| > c} is compact, and since Q(0) > Q(6;) for any 0 # 6, we see that
c(e) > 0. It follows from Part 1 of Proposition 49 that, for any ¢ > 0,

sup |Qn(0) — Q(0)] <0

0cO
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on events having inner probability tending to 1. Choose 6 > 0 such that c¢(e) — 2§ > 0.
With help of the inequality
inf  [Qn(0) —Qu(fp)] = ~inf [Q(O) - Q6)] - 2sup Qn(0) — Q(O)|
€

16—6511>¢ —l16-0511=e

it then follows that

Inf [@n(e) - @n(gg)] = C(E) —26>0
6—6511>¢
on events having inner probability going to 1. Together with Proposition 20 this implies
that 6,, does not belong to the set {§ € © : ||§ — 65| > ¢}, at least on events having inner
probability tending to 1. d

Remark 24. (i) We do not strive for utmost generality here: Possible relaxations lie in
weakening the assumptions that Pg C £2(£2) and that 6 is unique.

(ii) If, in addition to the assumptions in the preceding proposition, Assumption Z
is satisfied and 6, is B(€)"-B(©)-measurable, then 6, converges in probability to 6
by Lemma 3.1 in Potscher & Prucha (1997). More precisely, we apply this lemma to
Ry =Qpn, Ry, =Q, 3, = 0, and 3, = 6}, and thus check its premises: Condition (3.2)
holds by Part 1 of Proposition 49; 6 is identifiably unique since it is the unique minimizer
of @, and @ is a continuous function on the compact set O; finally, Condition (3.3) holds
by Part 1 of Proposition 20.

Note that in the following proposition the statement of Part 3 is stronger than the
one of Part 2, but also requires additional assumptions.

Proposition 25. Let Assumption R.1 be satisfied.

1. If Assumption Z is satisfied, then any simulation-based 11-estimator énk minimizes
Qn i for every (x1,...,2p,v1,...,05) € Q" X V. Furthermore, there exists a
simulation-based II-estimator that is B(Q)" @ V*-B(O©)-measurable.

2. Consider the auziliary model P(t,(, D) with ( = 0. Let Assumptions D, D.1, and
D.2 be satisfied. Then there are events A, € B(2)" having probability converging
to 1 as n — oo such that, for every k € N, any simulation-based 1I-estimator énk
minimizes Q. on A, X Vk.

3. Consider the auziliary model P(t,(, D) with ( = 0. Let Assumptions P.1, P.2, D,
D.1, and D.2 be satisfied. Then, for every constant x > 0 satisfying inf,cq po(z) >
x and infoxe p(z,0) > X, there are events Cyx € B(Q)" x V¥ that have proba-
bility tending to 1 as min(n, k) — oo such that on C,, j any simulation-based I1I-
estimator énk coincides with a simulation-based Il-estimator that is obtained from
using P(t, x, D) instead of P(t,(, D) as the underlying auziliary model.

Proof. Part 1: By Part 2(b) of Proposition 48, Q,  is continuous and real-valued

on © for each (z1,...,Zn,v1,...,vk) € Q" x VF. Since © is compact, any 6, is a
minimizer for each (x1,...,2,,v1,...,v;) € Q" x V¥, Since Qu, is also a measurable
function in (1, ..., o, v1,...,v;) for each fixed 6§ € O, as shown earlier, the existence of

a measurable selection follows from Lemma A3 in Pétscher & Prucha (1997).

Part 2: By Remark 12(ii) there are events A,, € B(Q2)" that have probability tend-
ing to 1 as n — 0o on which inf,eqpn(z) > 27 infieqpo(r) > 0. From Part 2(a)
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of Proposition 48 it follows that @, is continuous and real-valued on © for each
(T1,. .., Ty, v1,...,0%) € Ay x VF. Compactness of © completes the proof.

Part 3: Let x be as in the proposition. Set C,; = A, N By, where A, and
By, are as in Remarks 12(ii) and (iii), and observe that C, j has probability tending
to 1 as min(n,k) — oo. By Remark 12, we have on C,j that infycop,(z) > x
and infoye pi(0)(x) > x. Since P(t,x,D) € P(t,¢, D), it follows that on C,j the
AML-estimators p, and pg(f) coincide with the corresponding AML-estimators based
on P(t, x, D) instead of P(t,(, D) as auxiliary model. Therefore, on Cy, s, the objective
function @, ; coincides with the corresponding objective function, and thus énk coin-
cides with the corresponding simulation-based Il-estimator based on the auxiliary model
P(t,x, D). O

Proposition 26. Let Assumptions P.1, P.2, R.1, D, D.1, and D.2 be satisfied. If Q) has
a unique minimizer 05 over ©, then any simulation-based II-estimator 0, converges to
65 in outer probability as min(n, k) — oo.

Proof. The proof is completely analogous to the proof of Proposition 23: For & > 0, let
cle) = inf [Q(0) —Q(f)].

16—6511>¢

Since @ is a continuous function by Part 3 of Proposition 48, since the set
{0 €©:]|0 —6;]| > e} is compact, and since Q(6) > Q(6f) for any 6 # 6, we conclude
that c(e) > 0. It follows from Part 2 of Proposition 49 that, for any § > 0,

sup |Qnx(0) — Q(0)] < 0
0co

on events having inner probability tending to 1 as min(n, k) — oo. Choose § > 0 such
that c¢(e) — 20 > 0. With help of the inequality

[Qn.1(0) = Qni(6p)] = inf [Q(6) — Q(65)] — 221615 |Qn 1 (0) — Q(6)]

inf =
16—65 (1= 16—65 11>

it then follows that
inf  [Q%(0) — Qpi(05)] > c(e) —20 >0
10—051>¢

on events having inner probability going to 1 as min(n, k) — oo. Together with Proposi-
tion 25 this implies that 6,, ; does not belong to the set {# € © : ||§ — 6| > €}, at least
on events having inner probability tending to 1 as min(n, k) — oc. O

Remark 27. It follows from Part 1 of Proposition 5 together with Remark 22 that the
assumptions of Lemma 21 for ) are satisfied. Hence, () has a minimizer over O, and
the assumption in Proposition 26 that ) has a unique minimizer is in fact a uniqueness
assumption.

6.2 Asymptotic efficiency of II-estimators

Note that under the assumptions of the subsequent theorem, as well as under the as-
sumptions of Theorem 31, the function @ possesses a minimizer (cf. Lemma 21) and

the matrix %(6) exists for every 6 in the (non-empty) interior of © (see Part 2 of
Lemma 51).
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Theorem 28. Let Assumptions P.1, P.4, P.5, D, D.3, and the following conditions be
satisfied:

1. The minimizer 05 of Q) over © is unique and lies in the interior of ©.

2. The m x m matriz with (i,7)-th entry

’Q .
=7 (00)
6,00

is positive definite.

3. Fori=1,...,m, the first-order partial derivatives 889 (-, 65) belong to some Sobolev
space W5(§2 ) of order s > 1/2.

Then
V0, — 03) ~ N(0,%(65))  asn — oo,

where 3(05) is positive definite and is given by

£(65)
[ g o] / Pp el ]
— | [ o g o) an— [ (o0 i), 07) -
2
Ip N 9p peo/ Poy
x[ B ,90)p8dx—/ga o ax [ 20 S

! -
80( 90)80/(700)mdA_/Q<p0 0)@9@0/( 790) d)\:| .

If Po is correctly specified in the sense that there is a parameter 6y € © such that the
density po is a.e. equal to py,, then 05 = 0y and

x[ Op Op 9%p

V(0 — 69) ~~ N(0,171(6p)) as n — oo,

where I71(0p) denotes the inverse of the Fisher information matriz.

Proof. Step 1: We first establish the theorem under the additional assumption Z. By
Proposition 23, 6,, comes to lie in ©° on events whose inner probability goes to 1. We
have that

0Qy,

00

(02) =0

0Qn
a0

(98) + Hn(én - 08) =0

on these events, where H,, is the Hessian matrix of Q,, with i-th row evaluated at some
mean value 6,,; lying on the line segment that joins 63 and 6,,. Since 0,, converges to 0

in outer probability by Proposition 23, 8,,; does so too. Hence, H,, converges to %(98)
in outer probability by Proposition 52 and continuity of % on O©° (see Lemma 51).
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Since the latter matrix is invertible by Condition 2, it follows that H, is invertible on
events that have inner probability tending to 1, which leads to the relation

Vil —0) =~ O

(65) (23)

on events that have inner probability tending to 1. Since inverting matrices is continuous,
we infer from the continuous mapping theorem that H, ! converges in outer probability

to the inverse of %(96), hence to
Op op 1 9%p -
2 6 -, 05)—d\ — 2 — por 0 d)\ 24
2 [ St g 052 [ (o0 g) gl ) (24)

by Part 2 of Lemma 51. To see that \/ﬁag%" (05) satisfies a central limit theorem, we
proceed as follows: Let v € R™ be arbitrary, and use Part 1 of Lemma 51 to obtain

9Qn . Ip
! * _ o 2, 05 * 0
VAT G) = 27 [ (=) 1189( ,Qo)pnpod)\
—Q\F/ ( 90) Od)\
p
8p
~2vn [ (=)o G 65)
= I+ II4I1IL

Convergence of 1: By Condition 3, the expression v ge( ,63) belongs to some Sobolev
space W5(Q) of order s > 1/2 and is thus bounded by Cs||v’ 8p( ,05)] 5,2 in the sup-norm.
Together with the inequality

25 | < ¢cPen
PnDy Il
we get that
,0p _ .
1<20, |0 220,00 ¢ 3D valpn — poll2,
00 592

Now, Expression I converges to 0 in outer probability since \/n||p, — pol|3 does so by
Proposition 6 in Nickl (2007).

Convergence of 1I: Let r = min(s,t). We show that the function

10D e PO

f =2 89( 790)%

belongs to W5(£2): Since W5(€2) is a multiplication algebra by Part 1 of Proposition 1, it
is sufficient to show that each factor of f belongs to W5(): —21/%( -, 05) € W5(Q2) by
Condition 3, and pg; € W5(€2) by Assumption P.1; hence these factors belong to W3 (£2)
by Part 3 of Proposition 1. By Assumption D.1 and Part 3 of Proposition 1, pg € W5(Q);
hence 1/pg lies in W5(Q2) by Part 4 of Proposition 1, where we have used Assumption D.2.

We can now apply Theorem 3 in Nickl (2007) to F = {f} and obtain that

N / — po) fdA ~ N(O,P(f — Pf)?).
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Convergence of 111: Note that, up to the factor \/n, Expression III is equal to v’aQ (65)
by Part 2 of Lemma 51. Since 6 minimizes () and lies in the interior of © by Condltlon 1,
we have that Q(QO) = 0. Consequently, Expression I] is 0.

By the Cramér-Wold device, v/n a(a%” (05) asymptotically follows a central normal dis-
tribution with variance-covariance matrix given by

8p N ap (9p
4 0 —4 % 2% 2
Combine that —H,; ! converges in outer probability to (24) with (25) to obtain
where
%(6p)
I, e Op, 01 / #p .1 7
= —(,05) = (-,05)—d\ — —*7-9—d)\
[ St g [ o p%)%a@,( 05)-
Op w Op peo ap Pog 8p Pog
O ey 00 / 1]
—(-,0 05)— .
<[ m g otan= [ (o= o) g o>pOdA}

If the given model is correctly specified, then 6 coincides with 6y in view of Condi-
tion 1, and X(6j;) simplifies to

1
E(90):[ g];( ‘90)35,( ﬁo)plod)\] :

[Here, we have used that [, %( -, 6p)d\ = 0, which follows from Assumption P.5 and the
inequality [, |fldA < M)Y2||f|l2.] We conclude that in this case

V6, — 0p) ~ N(0,17(0)) asn — oo.

Step 2: We now turn to the case where ¢ = 0. Note that inf,cq po(x) > 0 because of
Assumption D.3. Let x > 0 be such that inf,cq po(z) > x. Then it follows from Part 2
of Proposition 20 that there are events that have probability tending to 1 such that on
these events 6, coincides with an Il-estimator 6, that is based on P(t, x, D) instead of

P(t,(, D). Applying what has already been established in Step 1 to 0,, completes the
proof. O

Remark 29. (i) Beran (1977) defines a minimum Hellinger distance estimator 6, as

minimizer of the function
1 . 2
H, () = 2/Q <\/pn . \/179) A
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and shows that 6, is both asymptotically efficient and minimax robust in a Hellinger
neighbourhood of the given model. This is of interest here as 6, can be viewed as a

minimum distance estimator and as such is related to 6,,. To see this, rewrite H,, as

N PR S L
H,(0) = 2/5;(pn o) 5 (\/ﬁ+\/pj)2d/\

and suppose the given model is correctly specified. Then p,/(v/Pn + /Pg)? approaches
1/4 as n — oo and ||6 — Op|| converges to 0, and so H,, gets close to Q,/8.

(i) A crucial point in obtaining the rate n='/2 for IT-estimators is that the density
estimator p, has precisely this rate in the weak topology; see Theorem 3 in Nickl (2007).

We now turn to the asymptotic theory for simulation-based Il-estimators. Before
stating the main result of this thesis, we prove an important lemma, which will allow
us to reduce the problem of deriving the asymptotic distribution of \/n(6, ) — 05) to

deriving the one of /n(6,, — 65).

Lemma 30. Let U C R™ be a non-empty open, conver set. Let f g : U — R, where g
has partial derivatives up to order 2 and satisfies the following property: There is some
K > 0 such that

inf [y 29 @)y] > Ky (26)
2€U O0x0x’ -

for all y € R™. If u is a minimizer of f and v 1s a minimizer of g, then
lu =] < 2KV f = gllv-

Proof. Let u be a minimizer of f and v be a minimizer of g. As v is an inner point of
U, we have that

dg
—(v) =0.
5 V)
A Taylor expansion of g around v yields
1 , 82g _
= — - - 2
9(z) = 90) + 5z — ) 5 (@) (&~ v), 1)

where v lies on the line segment joining x and v; hence v € U by convexity of U. Using
(26), (27) gives
lz — vl < V2K~12\/]g(x) — g(v)]. (28)

Next, note that the inequalities
flu) =—g(v) < f(v) —g(v) < If —gllv

and
fu) =g(v) = fu) —g(u) = =|f —gllv
imply that
[f(u) = g()| < [If = gllu,

which in turn yields

l9(u) = fw)] + [f(u) = g(v)]
2[|f = gllu-

l9(u) = g(v)]

IA N
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By (28) this results in

lu —oll < 2K~ 2V/||f = gllu-

O]

We are now ready to state the main result of this thesis. It provides the asymptotic
distribution of simulation-based II-estimators for a proper choice of k = k(n). Further-
more, it shows that under correct specification of the underlying model simulation-based
[I-estimators are efficient in the sense that they asymptotically attain the Cramér-Rao
bound.

Theorem 31. Let Assumptions P.1, P.5, R.2, D, D.3, and the following conditions be
satisfied:

1. The minimizer 05 of Q) over © is unique and lies in the interior of ©.

2. The m x m matriz with (i,7)-th entry

0%Q
0
aeiaej( 0)
is positive definite.
3. Fori=1,...,m, the first-order partial derivatives gg’ (-,65) belong to some Sobolev

space W5(§2 ) of order s > 1/2.

Let, in addition, either (1) Assumption P.2 be satisfied, and choose k(n) such that
liminf, o k(n) /0>t > 0; or (ii) Assumption P.3 be satisfied, and choose k(n) such
that lim inf,, . k(n)/n?T® > 0 for some (arbitrarily small) o > 0. Then

V1O ) — 05) ~ N(0,5(63)) as n — oo,
where X(05) is positive definite and is given by

%(65)

([, e Op ] p el
= [ 980(-,00)&0,(-,00)dA—A(po—Pag>(W('79o)dA
Op Op 0 Ip 0 Op peg
x[ 89( 00)89’( 90) d)\ 89( 90)p d\ 89’( 90) dX

dp O, ol &p o117
X[ 89( 90)89’("90)]70d)\ /Q(po peg)m(‘ﬂo)%d}\ .

If Po is correctly specified in the sense that there is a parameter 6y € © such that the
density po is a.e. equal to py,, then 05 = 6y and

\/ﬁ(én,k(n) — 90) ~ N(O, 171(90)) as n — 00,

where I71(0p) denotes the inverse of the Fisher information matriz.

53



6 INDIRECT INFERENCE ESTIMATORS

Proof. Step 1: We first establish the theorem under the additional assumption Z. The
key step lies in proving that
V10 pin) — 0n) = 0pe(1)  as n — o
With help of Lemma 30 this can be achieved by exploiting the closeness of the objective
2

functions Q,, x and Q,,: The matrix %(98) exists by Part 2 of Lemma 51 and is positive
definite by Condition 2. Use this together with the continuity of % on the interior ©°
of © (see Part 2 of Lemma 51) and the fact that, for all 4,5 =1,...,m,

peoe | 00;00; 96,00,

(9)‘ =op(1) asn— oo

(see Proposition 52) to conclude that there are events E,, having probability tending to
1 as n — oo such that

2
inf {y’ge(gg,@y} > K|ly||* forally € R™

holds true for some open, convex neighbourhood U of 6 and some constant K > 0, where
neither U nor K depends on n or the data. By Propositions 23 and 26, 6,, and én,k(n) both
come to lie in U on events E/, whose inner probability goes to 1 as n — oo. For the rest
of the proof of Step 1 we restrict our reasoning to the events E,, N E},, and note that they
have inner probability tending to 1 as n — oo. Since, by Part 1 of Proposition 20 and
Part 1 of Proposition 25, 6,, and én,k(n)? respectively, minimize the objective functions

Qn and Qy, (n), we may apply Lemma 30 with f = Q, 1)U, 9 = Qu|U, u = émk(n),
and v = 0, to get

Hén,k(n) - én” < 2K71/2\/HQn,k(n) - @nHU
It follows from Part 3 of Proposition 49 and the choice of k(n) that

\/ﬁ(én,k(n) - én) = O;’r(l) as 1 — o0

holds under (i) as well as under (ii). The proof of Step 1 now follows from Theorem 28,
noting that Assumption P.4 follows from Assumption R.2; cf. Part 1 of Proposition 5.

Step 2: We now prove the theorem in case ( = 0. Note that inf,cqpo(x) > 0 and
infoxe p(x,d) > 0 by Assumptions D.2 and P.2. Let x > 0 be such that inf,cq po(z) > x
and infoxe p(x,0) > x. Then it follows from Part 2 of Proposition 20 and Part 3 of
Proposition 25 that there are events C,, 1(,) having probability tending to 1 as n — oo
such that on these events én,k(n) coincides with a simulation-based Il-estimator én,k(n)
based on P(t, x, D) instead of P(¢,(, D). Applying what has already been established in
Step 1 to 9n’k(n) gives the result. O

Remark 32. (i) The classical way to derive the asymptotic distribution of \/ﬁ(én’k(n) —

6;) would be to apply the mean-value theorem directly to the ‘score’ %, but this
requires knowledge about the differentiability of the mapping 6 — p,)(0) that we do
not have. The usual way to show that 6 +— py(,)(0) is differentiable (or higher-order
differentiable) is to make use of the fact that py,)(¢) is implicitly defined as the maximizer
of Lymy(0, -) over the auxiliary model P(t,(, D), and to apply the implicit function
theorem based on the equation
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This approach is not feasible here since py(,)(0) lies on the ‘boundary’ of P(t,¢, D) by
Remark 7(i), so that we only know that

D L) (0, Doy (0)) <0

is satisfied. To circumvent this problem, we make use of Lemma 30 to conclude that
V(O k() — On) = 0p,(1), and only then apply the mean-value theorem to dé%" to get

an explicit expression for /n(6, — 65). Now, we need to differentiate 6 — py instead of
6 — Dr(n)(0), which is possible simply by assumption.

(ii) The use of Lemma 30 in the proof of the preceding theorem entails that k(n)
has to be chosen such that at least liminf, .o k(n)/n?T® > 0 for some a > 0. Whether
this can be weakened to requiring that liminf, . k(n)/n!T® > 0 for some a > 0 by
another method of proof is unclear for the reasons outlined above. For indirect inference
estimators based on other non-parametric auxiliary estimators this can be established;
see Nickl & Pétscher (2009).

(iii) When using parametric auxiliary models, the resulting simulation-based II-
estimators are only asymptotically efficient under the somewhat restrictive assumption
that the auxiliary model is correctly specified. This is in stark contrast to the situa-
tion here: The requirement that pg and all pg belong to the non-parametric auxiliary
model P(¢,(, D) amounts to imposing a certain common degree of smoothness (slightly
more than continuity) on these density functions and is already sufficient to establish
asymptotic efficiency.
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7 Moving-parameter asymptotics for indirect inference es-
timators

In this section we investigate the asymptotic behaviour of én,k(n) under convergent se-

quences of parameters. More precisely, we will prove that én k(n) 18 asymptotically normal
with variance-covariance matrix equal to the Cramér-Rao bound whenever the parame-
ters 0, converge to 6 o and Oy, belongs to the interior of the parameter space ©. This
implies that the estimator is regular and asymptotically efficient. While so far the data
X1, ..., X, have been assumed to be i.i.d. with fized law P, we now let P vary in certain
subsets of the class of all probability measures on (€2, 3(£2)). For any probability density
function ¢ on Q we will write P(q) for the associated probability measure on (92, B(2)),
and Pr(q) for the probability measure P(¢)" @ p on (ON x VN, B(Q)N @ VN). We only
consider auxiliary models that satisfy Assumption Z in this section.

7.1 AML-estimators: uniformity in the underlying probability mea-
sure

Recall from Section 5 that
1 n
La(f) = - > log f(X:)
=1
for any non-negative real-valued function f on Q. If Xy,..., X, are i.i.d. with law P and

f € L>(Q), then L,(f) converges a.s. to [, log fdP by the strong law of large numbers.
We thus define

Lo(f) = /Q log fdP

for any non-negative f € L°°(Q) and any probability measure P on (2,5(Q2)). The
functions Lp take their values in [—o00, 00).

Theorem 33. Under Assumption Z,

lim limsup sup Pr(q)* <n(t_r)/(2t+1)Hﬁn —q|lr2 > M> =0
M=co n—oo qeP(1,D)

for every r, 0 <r <t. In particular,

lim sup  Pr(q)* (||pn —qlloa >n) =0
=00 geP(t,¢,D)

for every n > 0.

Proof. Throughout the proof we denote by Ef@( 9) the outer expectation with respect to
the probability measure P(¢)N on (QN, B(Q)N).

We first prove the case when » = 0. To this end, we verify the conditions of The-
orem 55 with (A, 4) = (@Y, BQ)Y), B = {P(@)" : ¢ € Pt,(, D)}, T = P(t,(, D),
d(p.q) = llp — qll2, Hn = Ln, Hp = Lp(y), tn = pn, and tp = ¢. Condition (58) is clear
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by definition of p,,. Condition (56) follows from a second-order Taylor expansion of Lp(g)
around the density g¢:

1 B
Lpg)(p) — Lpq) (@) = DLpgy(q)(p—q)+ §D2LP(q) (P)(p—a,p—q)

— 1 —q)?
_ /p qqu—/(p _2q) 4d)
o 4 2Ja D

(by Proposition 61)
Lo o
—5¢C D |Ip — g3,

IN

where p is some density on the line segment joining p and ¢; note that p € P(¢,(, D)
by convexity of this set, and hence satisfies ||p||q < C¢D. This proves Condition (56) in
Theorem 55 with constants C = 2_ICCf2D_2 and a = 2, which are both independent
of Po-

Next is the verification of Condition (57). Letting

Fos5 ={logp—logq:peP(t,(,D), |lp—qll2 <0}

for & > 0, the expression

sup  Epy  sup |V (Ln — Lpg)) (p) — V(L — L)) (q))|
q€P(t,¢,D) PHGP(tlvlC»Eg,
pP—q|i2>

can be viewed as

E: P, —P
oo B [[vn( @)l £, ,

and can be bounded above by

sup Er VP, —P()|| -,
o B I .5,
where
-;E(S = {lng - Iqu b, q € P(t7<7D)v ||p - q||2 S 5}

So we are led to deriving an upper bound for the expected variation of the empirical
process /n(P, —P(q)) over the class of functions Fg. To this end, we verify the premises
of Theorem 58: the boundedness of Fs with respect to the sup-norm as well as the
L2(P(¢q))-norm. By Assumption Z, the logarithm is Lipschitz on [(, 00) with Lipschitz
constant (~!. Use this to see that Fs is bounded by B := 2¢~'C;D in the sup-norm and
by n(d) := CilCtl/le/Qd in the £2(P(q))-norm. We conclude from Theorem 58 that

D P,—P
e e [[v/n( @)l £,

< (1696 +64v2)  sup I;(n(6), Fs. || -
qEP(t,C,D)

l2.p(q)) (30)

B
|1t o= sup I (n(0), Fs. | -
77(5)2\/ﬁ EP(LC.D) H( () I ||2,]P’(q))

for all 6 > 0. Letting F = {logp — logq : p,q € P(t,(,D)},
sup  Npj(e, Fo, [l - [l2pg) < sup  Npj(e, F [ - ll2p(q)

qeP(t,¢,D) q€P(t,¢,D)
< N, F, L), [ - [la)- (31)
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In order to bound N(e, F,L*(),] - ||o) above, observe that F = logP(t,(,D) —
log P(t,(, D), so that it is sufficient to control the covering number

N(e,log P(t,¢, D), L=(), | - [[a)-

To cover log P(t, ¢, D), first take N (e, P(t,(, D), WL(Q), || - |o)-many sup-norm closed
balls [p; — 2¢,p; + 2¢] of radius 2e whose centers p; already belong to P(t,(, D). [This
can always be achieved.| Since the elements of P(¢,(, D) are bounded below by (,

{[maX(QPi —2e),p;+2]:i=1,...,N(,P(t, ¢, D), Wi(Q), ]| - ||Q)}

forms a cover of P(t,(, D). Hence, by monotonicity of the logarithm and since ¢ > 0,
the brackets

[log max((, p; — 2¢),log(p; + 2¢)],

i =1,...,N(g,P(t,(, D), W), - [|a), cover logP(t,{, D). Making use of the fact
that the logarithm is Lipschitz on [, 00) with Lipschitz constant (~1, these brackets are
bounded by 4¢ !¢ in the sup-norm. It follows that

N(Eva LOO(Q)v H : ”Q) S N(E,'P(t,C,D),Wé(Q), ” ’ ||Q>2

Use this inequality and apply Lemma 13 with A =  to P(¢,(, D) to see that

VITHEFE@ [ ode 5 [ Vitetia
(0,n(9)]

(0,7(3)]

< max(y(o), / /2 gy
©1(6)

< max(d,61/2),
By (31) this bound is also valid for

sup I 1(n(9), Fs, || - ll2,p(q))
q€P(t,¢,D)

and can be used to bound the r.h.s. of (30), so that there is some constant L, 0 < L < oo,
such that

FEN

holds for all § > 0. Write ¢,(6) for the r.h.s. in the last display and note that ¢ +—
6B, (8) is non-increasing for § = 1. This shows Condition (57) in Theorem 55.

Condition (59), with @ = 2, is satisfied for r,, = n/(2#+1) This gives the desired rate
and completes the proof in case r = 0.

N _ max(J, 611/
sup amwwmmfvab5Smewﬁlmnb+()]
q€P(t,(,D) -

In case 0 < r < t, we make use of the fact that sup,ep( ¢ py [Pn — ¢llt2 < 2D and of
the interpolation inequality

[fllr2 < Cry Hf”;/zt Hngf*T)/t

for f € W(Q2), where C,.; > 0; see Theorem 1.9.6 and Remark 1.9.1 in Lions & Magenes
(1972). O
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Part 2 of the next theorem is a modification of Theorem 3 in Nickl (2007) allowing
for moving true densities pg . It states that the stochastic process

fef/ ~ Do) fA

converges weakly to a Gaussian process that is determined by the pointwise limit of the
densities po . The proof of this fact needs a non-trivial result from Giné & Zinn (1991);
see Corollary 2.7 there.

Theorem 34. Let Assumption Z be satisfied. Let pon,poco € P(t,¢, D), pon converge
pointwise 1o po.oo, and suppose that the strict inequalities

inf pooo(z) > ¢ and ||posollt,2 < D
z€Q

as well as

inf inf p()n( )>(  and
neN xeQ

hold true. For each n € N, consider the stochastic processes
fro Vi [ Gu=ma)fiX and o V(P — B

n (Q",B(Q)",P(pon)"). Then, for any non-empty bounded subset F of some Sobolev
space W5(Q) of order s > 1/2, the following statements hold true:

1. Forallj > 1/2,

sup
feF

Vi [ (ba = poa) FiA = VAP, (pOn))f'

= O]P(po,n)” (n—(mln(s,t)—j)/(2t+1)) as n — o0;

. particular,

sup
feF

\F/ — po,n) fAX — v/n(Py, — P(po, n))f' = ofp(po,n)n(l) as n — oo.

2. There ezists a P(po,o0)-Brownian bridge G indexed by F, that is, G is a centered
Gaussian process indexed by F, which is measurable as a mapping with values in
(>°(F) and has covariance function

Cor&(1.600) = [ (7= [ rmtn) (5= [ gpodr) poscar

and bounded sample paths that are uniformly continuous with respect to the pseudo-

metric
1/2

a(f,9) = ! /Q <f—g— /Q <f—g>po,oodA)2po,oodA] ,

such that \/n [o,(Prn—pon) (- )dX converges weakly to G in £>°(F). Up to the probabil-
ity space on which G is defined, weak convergence refers to the underlying probability
spaces (Q", B()", P(pon)").
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3. Let G be the Gaussian process from Part 2. Then

Jn / (Bn — o) fud ~ G(fo)
Q

whenever fn, fo belong to F and f,, converges pointwise to fo. Up to the probability
space on which G is defined, weak convergence refers to the underlying probability
spaces (Q", B()", P(pon)").

Proof. Throughout the proof, convergence in probability (as n tends to infinity) always
refers to the underlying probability spaces (2", B(2)",P(po,)").

Part 1: The proof strategy for Part 1 is as in Nickl (2007).

Step 1: We first consider the case s > t. By Part 3 of Proposition 1, F is then
bounded in W5(£2) and hence is contained in U; g for some B, 0 < B < co. W.Lo.g. we
may therefore assume that F equals U; g. We define

TI'n(f) = (f - /pr()md)\) Po,n

for any function f € W4(Q). Then, for every f € F,

A

0 (Pl < My

f- /Q FPomdA

(by Part 1 of Proposition 1)

1£llz + H /Q oo dN ]
t,

(since pon, € P(t,¢, D))
MiDB(1 + Ci[[1]|z,2)

(since F = Uy B)
M;DB(1+ CA(Q)Y?).

[P0,n|t,2
2

IN

M,D

IN

IN

Hence,

sup sup |7, (f)|lr.2 < MyDB(1 + C:A(Q)Y?) < . (32)
neN feF

Use Proposition 61 with P = P(pp,) and the first part of Proposition 44 to infer the
relations

/Q (P — pon) fdN = ~DLyy, (Pon) (B — poms 7n())
(Pn - P(pO,n))f = DLn(pO,n)(Wn(f»-
Therefore,
/Q (P — Do) FdA — (B — B(po.n))f

= _DQLIP’(poyn)(pOm)(ﬁn — Po,n; Wn(f)) - DLn(pO,n)(ﬂ'n(f))' (33)

Applying the pathwise mean-value theorem to the function DL, (-)(m,(f)) gives

DLn(ﬁn)(Trn(f)) = DLn(pD,n)(Trn(f)) + D2Ln(ﬁn)(ﬁn — Po,n, Wn(f))7
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where p, = &(n, f)pn + (1 —&(n, f))po,n for some &(n, f) € (0,1). Hence
D?Lpp ) (P0,n) (Bre — Pon> T (f))
= (D*Lep(py,,) (Po,n) = D*Ln(pn)) (Bn — pons T () + D? L (bn) (Pr — Po > T (f))
= (D*Lp(py.,,) (Po,n) — D*Ln(pn)) (Pr — o ®n(f))
+D Ly (pn)(mn(f)) — DLn(pon)(mn(f))
= (D*Lep(py.,,)(Pon) — D* Ly, ) (Pn)) (Pr — Pons Tn(f))
+(D?Lp(py ) (Pn) = D* L (pn)) (Br — Po.n> T (f))
+D Ly (pn) (7 (f)) = DLy (pon)(mn(f)),

which together with (33) leads to the following inequality:

sup | [ (= o) fiA = (P = P(po.)f
feF1JQ
< ]Scug_)_ | (DQLIP(pO,n)(pO,n) - D2LP(p0,n)(]§n))(ﬁn — Po,ns Wn(f))’
(S
+ ?UE_ ‘(DQLIP(pO,n)(ﬁn) - DQLn(ﬁn))(ﬁn — Po,ns Wn(f))‘
€
=+ sup ’DLnQan)(ﬂ—n(f))’
feF
= I+ II+1III

To complete the proof of Part 1 when s > ¢, we first consider only j such that 1/2 < j < ¢,
and derive bounds for each of the above expressions.

Bound for 1. Compute Expression I by making use of Proposition 61 with P = P(pg )
and then bound it by
QC_3CtD Jscug_)_ H|7Tn(f>H2 H(ﬁn - p(),n)(ﬁn - pO,n)HQ}
€

(by the Cauchy-Schwarz inequality)
= 207°G,D sup [ (P2, F)IBn — ponll3]
€

(since pn = &£(n, f)(Pn — po.n))
20 CiMyD*B(1+ CMQ)'?) [1pn — Pon
(by (32)).
We conclude from Theorem 33 that
lim_TimsupP(po,.)" (n/ @[5, = poull§ > M) = 0;

M—c0 p—oo

(n—2t/(2t+1)).

IA

2
2

hence I = Of@(po D
Bound for 1I: We have

< ||pn — ; 2 - D? .
IT < [|pn — po.ullj2 pESEE,D)HD Ly(po.)(p) — D Ln(p)Huj,lx{ﬂn( et fer)

Now, ||pn, — po.n —_— (n=(t=9)/@H1)) by Theorem 33. Since {m,(f) :n €N, f €
F} is bounded in W(Q) by (32) and Part 3 of Proposition 1, and Uj1 is s0 too, it follows
from Proposition 62, with a =2, H1 =U;1, and Hy = {m,(f) : n € N, f € F}, that

Y -1/2
po.) (P) Hu]-,lx{nn(f):neN, fery O (g, (0™ 7)-

: *
7,2 1S O]P’(

sup HDQLn(p) - DZLP(
peP(t,¢,D)
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Hence, 11 = OI?’(po n)n(n—(t—j)/(2t+1)—1/2)_
Bound for III: Let

n = D —sup||ponllt2,
neN

which is positive by hypothesis,

Ueo = {1 € W) [l < 0. [ war=o,
Q
and R
hn(w,€) = e(pon +w) + (1 — €)pp,  for w € WE(Q) and 0 < ¢ < 1.
We show that, on events that have probability tending to 1, the inclusion

{ﬁn(w,s) Tw e ut,'r],()} - P(t7<7D)

holds for every ¢, 0 < € < ¥, where £* is non-random and does not depend on n. First,
|hn(w,€)||s2 < D by the triangle inequality. Second, by the hypothesis on the lower
bound for the densities pgy, there is a 8 > 0 such that inf,cy infyeqpon(z) > ¢+ 0
holds. Using the second statement in Theorem 33, we see that inf,cq pn(z) > ¢+ 3 on
events with inner probability going to 1. On these events, h,(w,e) > ¢ + 8 — eCyn (use
that w > —||wllq > —Cy||wl|s2 > —C4n), and therefore h, (w, ) > ¢ if only & > 0 satisfies
e < e* := 3/Cyn. Note that hy,(w,¢) integrates to 1 since JowdX=0.

Next, define s : W(Q) — Wi(Q) by
o(f) = {nﬂf\t; if £ #0,

0 otherwise.

Note that
{s(mu(f)) :n €N, feF} CUyo-

Since p,, maximizes L,, over P(t,(, D) and, for all € such that 0 < e < ¥,

BN(S(Wn(f))aE)

belongs to P(t,, D) on events with inner probability tending to 1, we conclude that on
these events

DLn(ﬁn)(pO,n - ﬁn + S(Wn(f))) <0
holds for all f € F (see the erratum to Nickl, 2007). This implies

= (DLn(ﬁn) - DL]II(p(),TL)(pO,n))(ﬁn - pO,n)

for all f € F, where the equality in the last display is true since DLp(y, .)(Po.n)(Dn —
po,n) = 0, as can be seen using Proposition 61 with P = P(pg ). Since Uy y o also contains
—s(mp(f)), we can replace the Lh.s. in the last display by its absolute value. Hence

sup |DL(bn) (s(mn (/)] < |(DLu(Pn) = DLp(p, ) (Bn)) (Bn — Pon))|

+ [(DLp(py,,) (Bn) = DLp(py,) (P0.0)) (Br — P0.n) |

1Pn — Po,n ‘J)Q sup HDLn(p) - DLIP’(PO,n)(p)Hu.
PEP(t,(,D) at

+ C_l ||ﬁn — Pon

IN

5
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where we used Proposition 61 with P = P(pg,). Use Theorem 33 and Proposition 62
with o = 1 and H; = U1 to conclude that the r.h.s. of the last display is

Of;’(p )n(nf(tfj)/(QtJrl)fl/Q)_’_Of;(p )n(n72t/(2t+1))
0,n 0,n ’

hence Op, (n~(t=9)/(2H1)=1/2) hecause j > 1/2. Together with (32) and the definition

of s(+) this results in '
11 = O3y, g (™ 7D,

The above bounds imply that

sup‘\f/ — pon) fAA = Vn(Py = P(pon)) | = Op g,y (n~ 7/ 1HD)

fer

for every j satisfying 1/2 < j < t, and hence a fortiori for all j > 1/2. Consequently,
the Lh.s. of the last display is 0p, (n=(t=9)/H1) for all j > 1/2, hence in particular

OI}(pO n)"(l) as n — oo. This completes the proof of Part 1 when s > t.

Step 2: We now consider the case when 1/2 < s < ¢, and assume w.l.o.g. that
F = Uy p for some B, 0 < B < co. In the proof of Proposition 1 in Nickl (2007) there
are defined approximating sequences u,(f) € WL(Q) for all f € F, with the following

properties:

sup [|tn(f)]lr2 = OnE/EHDY a5 n — oo, (34)
feF

where sup sz [[un(f) |12 is real for every n € N; and, for every r, 0 <r < s,

sup || f — tn(f)|lr2 = O(n=C/CHFDY a0, (35)
feF

We have that

sup | [ o= moapir— Vi, —P(pOn))f'
§§g§ f/ — pon)( —un(f))d)\'

+sup’fﬁ” _P(pOn))(f_un(f))‘

fer

500 [V [ G a0 VB~ Bl 1)

fer
=IV+V 4+ VL

To complete the proof of Part 1 when 1/2 < s < ¢, we choose an arbitrary j' such that
1/2 < j/ < min(j, s), where j is as in the theorem, and derive bounds for each of the
above expressions.

Bound for IV: By (34), with » = 0, and by Theorem 33,

IV < Vnllpn = ponll2 sup [1f = un(f)ll2
feF

(by the Cauchy-Schwarz inequality)
- Of;’(po,n)n(n7(8*1/2)/(2t+1))'
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Bound for V: Expression V' can be bounded by

IV (Pr = P(pos))ller,, , sup 1f = un ()72,
feF

so that, by Proposition 62, with o =1 and H; = U} 1, and by (35), with r = j/,

V=03, )n(n—(s—j’)/(2t+1))‘
0,n

Bound for VI: Note that

— un(/f) _ un(f)
b= Hf/ ~ PO ot s~ VP = Plpon )
[lwn (f)l¢,27#40
X\un(f)\lt,z]
< sup |V / — pos)hdA = Vi (Br = P(po.n))h| x sup Jun(f) e
hely 1 feF

Applying Step 1 to the first term on the r.h.s. of the last display, and using (34), we

conclude that 4
VI = Of@(pom)n(”_(S_])/(Qtﬂ))

for all j > 1/2.
The above bounds imply that

sup ’\F/ — pon) fAX — /n(Pp —P(pon))f| = Oﬁ’;(poyn)n(n*(sfj)/(QtJrl))

feF
for all j > 1/2. Consequently, the 1.h.s. of the last display is O?E’(po ) (n~(s=2)/ 1) for
all j > 1/2, hence in particular OB (po n)"(l) as n — oo.

Part 2: Note first that the empirical process v/n(P, —P(pon))(-) converges to G in
(>(F), where G is a centered Gaussian process indexed by F with covariance function

Covl6(/), (o) = | (f /| fpo,oodA> (g /| gpo,oodA> Do sod

and bounded sample paths that are uniformly continuous with respect to d. This follows
from Corollary 2.7 in Giné & Zinn (1991) since F is uniformly Donsker by Lemma 13
and (in view of Proposition 3)

lim [P(pon) — Plposo)llc = lim sup g(po,n—po,ww\
n—oo n—oo gcg
<A@ suplglla lim [pos — posclio
geg
= 0.

for any class G of functions that is bounded in the sup-norm. Since the difference

f/ — pon)()AA — V(P — P(pon)) ()
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converges in outer probability to 0 in the space ¢°°(F), as shown in Part 1, we have
verified Part 2.

Part 3: For any f € F, define 65 : £>°(F) — R by d¢(¢) = »(f). We apply
Theorem 1.11.1 in van der Vaart & Wellner (1996) with D, =D = ¢*°(F), Dy = C(F,d),
E =R, gn = 05,5 9 = 0fp, Xn = V0 Jq(Pn — Pon)(-)dA, and X = G. To verify
its premises, note that G takes its values in C(F,d) and is measurable. Further, for
on € L°(F) and ¢ € C(F, p) such that ||¢, — ¢|| £ converges to 0, we conclude from

[on(fn) —@(fo)| < Sup on(f) = (P + [(fn) = ¢(fo)]

that 0y, (pn) converges to s (¢). |[Clearly, o(f,) converges to ¢(fo) since pointwise
convergence of f, to fo implies that d(f,, fo) goes to 0 by the theorem of dominated
convergence.| Since X, ~» X by Part 2, we conclude that dy, (X,,) ~» d4,(X), which just
means that

Jn / (Pn — Doun) fndA ~ G(fo)-
Q

7.2 Il-estimators: regularity and asymptotic efficiency

Maintaining Assumption Z, we define

for every q € P(t,(, D).

Proposition 35. Suppose Po C L2(Q) and § — py is a continuous map from © into
(L2(Q), ] - |l2). Let Assumption Z be satisfied. Let pon,poce € P(t,, D) be such that
Pon converges pointwise 10 pooo, and let 05 . € © be the unique minimizer of Qp, ...

Then any Il-estimator 0,, converges to g ., in outer probability as n — oo, where the
underlying probability spaces are (2", B(Q)",P(pon)™).

Proof. For any fixed € > 0, let

C<5) = inf [Q;Do,oo (9) - on,oo (98,00)]'

160-05 oo 12

Since @Qp, ., is a continuous function by Part 1 of Proposition 64, since the set
{6 €©:]160—0;,|l > e} is compact, and since Qp, ., (0) > Qp, . (0%) for any 0 # 65 .,
we see that ¢(e) > 0.

Observe that

/(p(),n - pO,oo) 8 dA
Q P0,nP0,c0

sup |@py ,, (0) — Qpo o ()] = sup
0cO 0cO

< ¢ ?llpo;n — po,colle sup [Ipsll3-
ISC)

Since, by hypothesis, © is compact and 6 — pg is a continuous mapping from © to
(L2(Q),]l - [l2), we have that supyeg |lpoll2 < oo. Since ||pon — Po.coll converges to 0
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in view of Proposition 3, we see that the r.h.s. of the previous display, and therefore
SUPgeo |@po.n (0) — Qpo.o (0)], converges to 0 as n — oo. This together with Part 2 of
Proposition 64 shows that, for any § > 0,

sup |Qn (0) — @po . (0)] <6
9co

on events whose inner P(pg ,,)"-probability tends to 1 as n — oo. Choose § > 0 such that
c(e) — 26 > 0. With the help of the inequality

inf [Qn(0) — Qn(%,oo)]

1666, 00 12€

> nf [Qpy o (0) = Qpo e (00,00)] = 25up [Qn(0) — @y . (0)]
160=05 oo 12 =G

it then follows that

[Qn(0) — Qn(05,00)] = cle) =26 >0

inf
10-65 o[>

on events having inner P(pg ,,)"-probability going to 1. This implies that, on these events,
0, does not belong to the set {6 € © : |6 — 65 || > e} since §, minimizes Q, by Part 1
of Proposition 20. O

Proposition 36. Let Assumptions P.1, P.2, R.1, and Z be satisfied. Let pon,Poco €
P(t,¢,D) be such that py, converges pointwise to pp oo, and let 05,0 be the unique

minimizer of Qp, .. Then any simulation-based Il-estimator én,k converges to 0 ., in
outer probability as min(n, k) — oo, where the underlying probability spaces are (Q™ X
VE B(Q)" @ VE P(pon)" @ uk).

Proof. The proof is completely analogous to the proof of Proposition 35: For any fixed
e >0, let

c(e) = [@po,00 (0) = Qo o (65,00)]-

inf
1065 o |1=€

Since @Qp, ., is a continuous function by Part 1 of Proposition 64, since the set
{6 €©:]10—06;,| >e} is compact, and since Qp, ., (0) > Qp, . (0%) for any 0 # 65 .,
we see that c(e) > 0.

Observe that

2
—p
Sup | Qo (0) = Qpo ()] = sup / (Pom — Posse) — 20— dx
I=S) PO |JQ Po,nP0o,00

< (?|lpo.n — Po,soll sup |pell3-
[USC)

Since, by hypothesis, © is compact and € — pyg is a continuous mapping from © to
(L2(Q), ]| - ||2), we have that supgeg [[polla < oo. Since ||pon — Po.collo converges to 0
in view of Proposition 3, we see that the r.h.s. of the previous display, and therefore
supPgeo |@po., (0) — Qpo.o (0)], converges to 0 as n — oo. This together with Part 3 of
Proposition 64 shows that, for any § > 0,

sup |Qp 1 (0) — Qpo o (0)] <6
(USC]

67



7 MOVING-PARAMETER ASYMPTOTICS FOR INDIRECT INFERENCE ESTIMATORS

on events whose inner P(pg )" @ u*(")-probability tends to 1 as min(n, k) — co. Choose
d > 0 such that c(g) — 26 > 0. With help of the inequality

\\e—gfi\\zg[ank(e) — Qnk(05,00)]

> i*nf [on,oo (9) - QpO,oo (08,00)} — 2sup |Qn,k(9) - on,oo (0)|
10—05 o ll=€ fco

it then follows that

inf  [Qur(6) — Qui(B0)] > c(e) —26 > 0

1665, 12€

on events having inner P(py,)" ® pF™) probability going to 1 as min(n, k) — co. This
implies that, on these events, 6,5 does not belong to the set {6 € © : [0 — 05 || > ¢}
since 0, , minimizes Q,, ; by Part 1 of Proposition 25. O

Note that under the assumptions of the following theorem, as well as Theorem 39, the

. s .o
functions @p,,, and @Qp, . have minimizers (cf. Lemma 47) and the matrix %(9)

exists for every € in the (non-empty) interior of © (see Lemma 66).

Theorem 37. Let Assumptions P.1, P.4, P.5, and Z be satisfied. Let pon,Poco €
P(t,(, D) and po, converge pointwise to pp . For each n € N, let 05.n, € © be a mini-
mazer of Qp, ,,; let 0 o, € © be the unique minimizer of Qp, ., and suppose it belongs to
the interior ©° of ©. Furthermore, let the following conditions be satisfied:

1. The densily function po o salisfies the strict inequalities

inf pooo(z) > ¢  and  ||posollte < D.
e

2. The m x m matriz with (i,7)-th entry

82Qp0 0 *
W (05.00)

18 positive definite.

3. The set
/TN W px . o o
{%(-,90700):z:l,...,m}u{%(',Goyn):ﬁo,ne@ ,z:l,...,m}
is bounded in some Sobolev space W5(QY) of order s > 1/2.

Then
Vil — 03,) ~ N(0,5(850)) a5 n— oo,
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where 3(0; ,) is positive definite and is given by

26 )
1
- Q§§<-,es,m>§§i<~,esm>@dx—/Qm]m—peg,g;};;a,(-,eaw)po;w
| Q§§<-,63,w>§5<-,esm>ffgjtdA
Qgg(.,egm);“:dA 2 ,95,00)];’:2:614
| [ G50 ) - B

0%p 1 }1
[ oo —por )P (o ——ar|
/Q(p 000 = P05 ) g e )

Here, weak convergence refers to the underlying probability spaces (", B(2)™,P(po.n)").
If there is a parameter 0y, € © such that po o equals py, ., a.e., then 05 , = 6o o and

Vil — 05 )~ N(0,1 " (0p.00)) asn — oo,
0,n s

where I71(00.00) denotes the inverse of the Fisher information matriz.

Proof. By Proposition 35, 0,, comes to lie in ©° on events that have inner P(po,n)"-
probability going to 1. We have that

8@71 A -
o (6,) =

on these events.
0Qy
00

on these events, where H,, is the Hessian matrix of Q,, with i-th row evaluated at some
mean value 0, ; lying on the line segment that joins 05, and 0,. Since 05, converges

to 0 o, by Lemma 65 and 0, converges to 06,00 in outer P(pg,,)"-probability by Propo-
sition 35, we see that 9,” converges to 6 ., in outer P(po,n)"-probability. Hence, H,

62
converges to %(60 ) in outer P(pg ,)"-probability by Proposition 67 and continu-

82
ity of % on ©°. Since the latter matrix is invertible by Condition 2, it follows that

H,, is invertible on events that have inner P(pg ,)"-probability tending to 1, which leads
to the relation

A _ o0Q
Vi(ln = 05,) = —Hy ' /n=s (05 ) (36)
on these events. Since inverting matrices is continuous, we infer from the continuous
mapping theorem that H,, ! converges in outer probability to the inverse of aQegOe,w (6’5 o)
hence to
Op 9?p . 1 -

Op
2 ; =2 [ (Pooo =165, ) 5557 (+ 06.00) ——
|: 80( 00 oo) o0’ ( ) 90700)]?0 . dA / (pO, peovo") 0006’ ( 00700)170,00 i

(37)
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by Lemma 66. To see that \/ny O (65.,) satisfies a central limit theorem, we proceed as
follows: Let v € R™ be arbltrary, and use Part 1 of Lemma 51 to obtain

8@71 _ 2 /8p pgn
—Q\F/ pOn 82('a‘93,n) p2 =dA
0,n
,0p 1
-2 n/ n — Dox 00.n dA
NG Q(Po, pog,, )V 80( 0 )po,n

= I+ II+1IL

Note that since 6, converges to 6 ., there is an index n° such that 65, lies in ©° for
every n > n°.

Convergence of I: By Condition 3, the set

(G- CURRETY:

is bounded in W5(2) and thus bounded by

Cy sup {

in the sup-norm. Together with

Doy
o <(°CD
pnpo,n

Q

we see that Expression [ is bounded by

VL6 )

in > n} ¢3CD/n||pn —
$,2

and thus converges to 0 in outer P(pg )"-probability by applying Theorem 33 with = 0.

Convergence of II: We will use Part 3 of Theorem 34 with F = {f, : n > n°}U{fx},
where

Op

Doy .
fn = _21},80( 00 n) -

O,n

and 5 »
/4 x 09,00
foo 1= =20 ' ( 790 ) 1

00 o0 paoo
For this, we first show that f,, belongs to W5(Q2), where » = min(s,t): Since W5(Q) is
a multiplication algebra by Part 1 of Proposition 1, it suffies to show that each factor
of f, belongs to W5(): —21}’%( -, 05.,) € W5(Q2) by Condition 3, and pe;, € Wi(Q)
by Assumption P.1; hence these factors lie in W3 (€2) by Part 3 of Proposition 1; 1/pg
lies in W5(€2) by Parts 3 and 4 of Proposition 1. The same arguments also apply to the
function fs and show that foo € W5(£2). Using Assumption P.1 and Condition 3, we
thus see that F is a bounded subset of W5(£2).
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7 MOVING-PARAMETER ASYMPTOTICS FOR INDIRECT INFERENCE ESTIMATORS

To see that f, converges pointwise to foo, use that 0, converges to 0 ., together

with Part 1 of Proposition 5, the continuity of %(x, ) in the second argument, and the
hypothesis that pg, converges pointwise to pg oo-

Finally, we conclude from Part 3 of Theorem 34 that
II = \f/ pOn fnd)\ ~ N( P(po,oo)(f - P(po,oo)f)2)'

Convergence of III: Since 6, minimizes Q)p,, and, for n > n°, lies in the interior

0
of ©, we have that Qgg’” (605,,) = 0 for every n > n°. Since, up to the factor /n,

Expression III is equal to v’ QPO *(05.,,) by Lemma 66, it is 0 for n > n°

By the Cramér-Wold device, \/ﬁa(%" (68.00) asymptotically follows a central normal
distribution with variance-covariance matrix given by

2
Op Op Poy Op Pos, Op P,
41 —=(,0500)==(,0 ——=d\—4 6 —=d\ 005.00) ——d.
989( ’ 0,00)80/( ) 0,00) pg’oo 80( Ooo) P00 80/( ) 0,00) P00
(38)
Combine that —H,,; ! converges in outer probability to (37) with (38) to obtain
V(0 = 65,,) ~ N(0,5(65 ),
where
2(65,00)
Op Op 1 0%p 1 !
= 0 05.00) ——dX — o — Do )i (00 o) ——dA
= [ 5 G0 g et = [ (= 0;) B
2
Op Op Py
O S P QLR I Y
| 300 o i B
Op Do; Op Doy,
0 dA 05.00) ——=d\
89( OOO)pOoo 80/( ’ O,OO)pOOO
ap Op 1
9P g VP gr ) d)
[ [ S ) G Bie)
0%p 1 -1
— [ oo —por V(0 —d| .
/Q(po, Po5...) 3 L+ 9. )po,oo }
If there is a parameter 6y € © such that po oo equals pg, ., a.e., then 67 ., coincides
with 0 oo in view of Condition 1, and (6 ) simplifies to
dp op 1 -1
S0l0s) = | | L 002 (0 0p0)——dN| .
(o) = | [ S 0) G- )

[Here, we have used that [, %( -,00,00)dX = 0, which follows from Assumption P.5 and
the inequality [, [f]d\ < AM)Y2|| fll2.] We conclude that in this case

V(0 — 05,) ~ N0, (0p00)) asn — oo.
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7 MOVING-PARAMETER ASYMPTOTICS FOR INDIRECT INFERENCE ESTIMATORS

Theorem 38. Let Assumptions P.1, P.5, R.2, and Z be satisfied. Let pon,Pocc €
P(t,(, D) and pon converge pointwise to pooo. For each n € N, let 05, € © be a
mansmizer of Qp, ., let 05, € © be the unique minimizer of Qp, ., and suppose it
belongs to the interior ©° of ©. Further, let the following conditions be satisfied:

1. The density function py ~ satisfies the strict inequalities

inf pooo(z) > ¢ and  ||posollte < D.
e

2. The m x m matriz with (i,7)-th entry

82Qp0,oo ( )
90;00; * >

18 positive definite.

3. The set

8]7 % L 8p . . o .
{%(-,90700).Z—l,...,m}u{%(.,Ho’n).ﬂo,nee) ,z—l,...,m}

is bounded in some Sobolev space W5(QY) of order s > 1/2.

In addition, either (i) let Assumption P.2 be satisfied, and choose k(n) such that
lim inf, oo k(n)/n?t1/t > 0; or (i) let Assumption P.3 be satisfied, and choose k(n)
such that liminf, . k(n)/n?T for some (arbitrarily small) a > 0. Then

\/ﬁ(én,k’(n) - eg,n) ~ N(()? 2(03700)) asn — oo,

where 2(98700) 18 posilive definite and is given by

(65 )
—1
[ 2 05 2 )= [ (i 1 ) g )
2
IR NSRS
[ Sty [ ZEC 6505
| Q?g(-, o) 7 ()=l

0?%p 1 }_1
| wose —per )P (or ) ——aN|
/Q(p 000 = P05 ) g (.00

Here, weak com)ergence refers to the underlying probability spaces (Q" X Vk(n) ,B(Q)" ®
VE®) P(po )" @ k™). If there is a parameter 0 o € © such that py equals DYoo 0-€-,
then 90700 = 00,00 and

V1O jny = 05.) ~ N(0,1 7 (00,00)) asn — oo,

where I71(0p,o0) denotes the inverse of the Fisher information matriz.
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Proof. The key step lies in exploiting the closeness of the random objective functions
Qu,k(n) and Q,, to prove that

\/ﬁ(en,k(n) - en) = 01?(1’0,71)"@#“”)(1) as n — oQ.
This will be achieved through L By Condition 2, th Tz (05 .)
is will be achieved through Lemma 30: By Condition 2, the matrix —55557 (67 o) is

positive definite. Use this together with the continuity of 66(360' on O©° (see Lemma 66)
and the fact that, for all 2,7 =1,...,m,

aQQTL (0) _ 8262170,00
09,00; 00,00,

sup
fco°

(0)‘ = OE"(po,n)”(l) as n — oo

(see Proposition 67) to conclude that there are events E, that have inner P(pg,)"-
probability tending to 1 as n — oo such that

92
inf 0" Qy
0cU [ 0006’

O] = KLyl foray € B”

holds true for some open, convex neighbourhood U of 6 ., U C ©°, and some constant
K > 0, where neither U nor K depends on n or the data. By Propositions 35 and
36, 6, and én,k(n) both come to lie in U on events E), that have inner P(pg )" ® k)
probability going to 1 as n — oo. For the rest of the proof we restrict our reasoning to
the events E,, N EJ,, and note that they have inner P(pg,)" ® pF™)_probability tending
to 1 as n — oo. Since, by Part 1 of Proposition 20 and Part 1 of Proposition 25, 6,, and
9n ,k(n)> Tespectively, are minimizers of the objective functions Q, and Qy, x(n), we may
apply Lemma 30 with f = Q, y(n)|U, g = Qu|U, u = 9n K(n), and v = 0, to infer the
inequality

18n iy = Ol < 272, /Qu iy — Qullr

It follows from Part 3 of Proposition 49 and the choice of k(n) that

~

V(O k(m) = ) = 05 yrggpron (1) a5 — 00

holds under (i) as well as under (ii). The proof now follows from Theorem 31, upon
noting that Assumption R.2 implies Assumption P.4 (cf. Part 1 of Proposition 5). O

We are now ready to state the following asymptotic efficiency result for simulation-
based II-estimators.

Theorem 39. Let Assumptions P.3, P.5, R.2, and Z be satisfied. Let 0y, € © and
Oo,n converge to 0y o, where Oy o is assumed to lie in the interior of ©. Further, let the
following conditions be satisfied:

1. The m x m matriz with (i,7)-th entry

2
a ng(),:x}

W(GO,OO)

is positive definite.
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2. The set
Op . Op o .
— (- i=1,... — (- : =1,...
{aez( 790700) 4 bl 7m} U {aez( 79077’1) 00,71 e 6 ) ? 9 7m}
is bounded in some Sobolev space W35(QY) of order s > 1/2.

If k(n) is of asymptotic order n>*t® for some (arbitrarily small) o > 0, then
V10 kmy = Oo.0) ~ N0, (0p,50))  asn — oo,

where I~ (00.00) denotes the inverse of the Fisher information matriz and weak conver-
gence refers to the underlying probability spaces (Q" x VE™) B(Q)" @ Vk(”),]P’(pgo’n)” ®

pm).
Proof. Note that 6, and 0y «, respectively, are the unique minimizers of the functions
Qp%n and ngo o Since pg,, converges pointwise to pg, . in view of Part 1 of Propo-

sition 5, we can apply Theorem 38 with Pon = Doy, and pocc = Py, ., 10 complete the
proof. O
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8 ON THE COMPUTATION OF AUXILIARY MAXIMUM LIKELITHOOD ESTIMATORS

8 On the computation of auxiliary maximum likelihood es-
timators

This section provides a numerically feasible computation of p,,, at least on events whose
probability tends to 1. Recall from Section 5.1 that p, is the unique solution of maxi-
mizing

Lalp) = 3" logp(X,)
=1

over Wi(Q) under the constraints

/pd)\zl,
Q

Iplle2 < D,
inf >
;ggp(w) > ¢,

where 0 < ¢ < A(Q)~! < D2 We know from Remark 7(iii) that p,(X;) > 0 for all
1 =1,...,n, so that dividing by these terms in the subsequent theorem does not make
any difficulties on any event. As is discussed below, the following theorem provides the
key for computing pi,.

Theorem 40. Let Assumptions D, D.1, and the strict inequalities ¢ < \(Q)~! < D?
and infyeq po(x) > C be satisfied. Then there are events that have probability tending to
1 such that P, satisfies

n

M) = 7 i 5tz

1 3 Xi
n 2= pu(X5) ANQ)D2 — 1

(hn(-) — D*) =1 =0, (39)

where X denoles the Riesz representer of the point evaluation dx, : W5(Q) — R, given

Proof. Throughout the proof derivatives are always Fréchet derivatives taken with re-
spect to the Sobolev norm.

Step 1: By Remark 12(ii), the inequality inf,cq pn(z) > ¢ holds on events that have
probability tending to 1. Therefore, p,, necessarily maximizes L,, over

{p e Wé(Q) : / pd\ =1, ||p|lt2 = D, Hégzp(m) > C} ,
Q x

upon noting that the constraint [|p[|;2 < D is active by Remark 7(i). Put differently, py,
maximizes L, : Y — R under the side conditions

/ pdh—1=0,
Q
Ipllf2 — D* =0,
where U := {p € WL(Q) : inf,ecq p(z) > (} is easily seen to be open with respect to the

sup-norm topology on W5(€). Tt follows from Part 2 of Proposition 1 that U is open
with respect to the topology that is induced by the Sobolev norm.
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8 ON THE COMPUTATION OF AUXILIARY MAXIMUM LIKELITHOOD ESTIMATORS

Step 2: 'To solve the optimization problem in Step 1 with help of Lagrange multipliers,
we first define Gi(p) = [opd\ — 1, Ga(p) = |Ipllf2 — D?, and G(p) = (G1(p), G2(p))"
We then have that

DGL(p)(f) = /Q fdx (40)

since [,(-)dA is a continuous linear functional on W5(Q) in view of

/Q Pl < MY Fll2 < MYz

Since (-|-)¢2 is bilinear and continuous with respect to the Sobolev norm, Gy is differ-
entiable with respect to the Sobolev norm with derivative given by

DGy(p)(f) = 2(plf)12- (41)

Step 3: We claim that there is some h € Wi(Q) such that DGy (p,)(h) = 0 and
DG (prn)(h) # 0. Suppose, on the contrary, that DGa(p,)(h) = 0 implies DG4 (py)(h) =
0 for all h € WE(Q), meaning that ker DGo(p,) C ker DG1(p,). Then DG1(p,) factors
over DGa(py). That is,

DGl(ﬁn) = ’VDG2(ﬁn) (42)

for some v € R, and « # 0 since DG1(py,) is clearly surjective. In view of (40) and (41),
(42) can be rewritten as

(12 =2v(Bnlf)r2  for all f € W5(Q).

Consequently, 2yp,, = 1, so that p,, is constant. But we know from Remark 7(i) that this
is impossible.

Step 4: Next, we show that DG (p,) : Wi(Q2) — R? is surjective. To this end, let
(v,w)" € R2. Since Py, is not constantly equal to 0, DG(p,) is surjective, and hence there
is some g € W5(92) such that DG2(py,)(g) = w. Let h € W}(Q) such that DGa(p,,)(h) =0
and DG1(pn)(h) # 0. We know from Step 2 that such a function exists. Clearly, there is
some ¢ € R with DG4 (py)(ch) = v. But then f = g + ch satisfies DG(p,)(f) = (v, w)".

Step 5: It follows from Theorem 43.D in Zeidler (1985) that there are Lagrange
multipliers «, 6 € R such that

DLn(ﬁn)(f) - O‘DGl(ﬁn)(f) - BDGQ(ﬁn)(f) =0 (43)

holds true for all f € W5(Q2). Computing the derivatives in (43) leads to

n

igﬁ{g?) - “/Qf A\ —28(pal )12 = 0 "

for all f € WL(Q). Since W}(Q) is a reproducing kernel Hilbert space, we may reformulate
(44) in terms of Riesz representers and get

n

1 X
— — — —a—20p, =0, 45
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8 ON THE COMPUTATION OF AUXILIARY MAXIMUM LIKELITHOOD ESTIMATORS

upon noting that the Riesz representer of DG1(py,) is the constant function 1, whereas
that of DG2(py) is 2p,. By taking the Sobolev inner product both with 1 and p,, we
can solve for o and (3:

MO -3 St

23 —
b AMQ)D? -1 ’
a=1-23D%
Plugging this into (45) proves the theorem. O

Remark 41. (i) Evaluation of (39) at X1, ..., X}, leads to the following finite-dimensional
system of equations in the variables Z; = p(X1),..., Z, = p(X,):

noxEX;) A -y oL
lzXz(XJ)— & ”Z“lzi(zj—DZ)—1:0, j=1,...,n,
nz_l ZZ

QD2 - 1

where the Z; are positive. Once Z1, ..., Z, are known, we may compute p,, directly from
(39), which leads to the formula

o (1K X (2) MQ)D? — 1

n £wi=17Z;

for all z € Q.

(ii) In case t = 1 and ¢t = 2, explicit formulas for the Riesz representers X are pro-
vided in Thomas-Agnan (1996); see Proposition 2 in combination with Corollary 2 and 3
there.
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9 APPENDIX

9 Appendix

Appendix A: Properties of AML-objective functions

Lemma 42.

1. (a) z > log f(x) is B(Q)-B([—o0, 0))-measurable for any non-negative, B(2)-
measurable real-valued function f.

(b) v — log f(p(v,0)) is V-B([—00,00))-measurable for every 6 € © and every
non-negative, B(Q))-measurable real-valued function f.

2. Let F be a set of non-negative, bounded real-valued functions on €.

(a) Then for every x € Q, f +— log f(z) is a continuous mapping from (F,| - |lq)
to [—00,00).

(b) If the elements f € F are also continuous and Assumption R.1 is satisfied,
then for every v € V, (0, f) — log f(p(v,0)) is a continuous mapping from
© x (7, |- lle) to [-o0,00).

Proof. Part 1: Part 1(a) is clear as f is B(92)-B([0, c0))-measurable by hypothesis and
the extended logarithm is B([0, 00))-B([—00, 00))-measurable.

For Part 1(b), additionally use that p: V' x © — Q is V-B(£2)-measurable in the first
argument for every 6 € ©.

Part 2: Fix z € Q. Let f;, f € F be such that || f; — f|lq converges to 0. Then f;(x)
converges to f(x). Since setting log0 = —oo continuously extends the logarithm to the
interval [0, 00), log fi(x) converges to log f(x). This shows Part 2(a).

To prove Part 2(b), let 6;,0 € © and f;, f € F be such that |6; — 6| and || f; — f|lo
converge to 0. Use the triangle inequality to obtain

[ filp(v, 61)) = f(p(v,0))|
< [filp(v,60)) = f(p(v,00))] + | f(p(v, 00)) — f(p(v,0))]
< |lfi = flla + 1 (p(v,00)) — f(p(v, 0))]. (46)

The first expression on the r.h.s. of (46) converges to 0 by hypothesis. Making use of
Assumption R.1 and the continuity of f, the second one converges to 0 as well. Now use
the continuity of the extended logarithm on [0, 00). O

Proposition 43.

1. (a) Ly(f) is B(Q)"-B([—00, 00))-measurable for any non-negative, B(§)-measurable
real-valued function f.

(b) Li(0, f) is VE-B([—o0, 00))-measurable for every 6 € © and every non-negative,
B(§2)-measurable real-valued function f.

2. Let F be a set of non-negative, bounded real-valued functions on €.

(a) Then, L,(f) is a continuous mapping from (F,| - ||a) into [—o0,00).
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(b) If the elements f € F are also continuous and Assumption R.1 is satisfied,
then L(0, f) is a continuous mapping from © x (F,|| - ||q) into [—00,00).

3. Let F be a set of non-negative, bounded, B(S2)-measurable real-valued functions on

Q.

(a) Then, L(f) is an upper semi-continuous mapping from (F, ||-||q) into [—oo, 00).
(b) If the elements f € F are also continuous and Assumption R.1 is salisfied,

then L(0, f) is an upper semi-continuous mapping from © x (F,| - |l) into
[—00,00).

4. Let F be a set of non-negative, bounded, B(Q))-measurable real-valued functions on
Q that are uniformly bounded away from 0.

(a) Then, L(f) is a continuous real-valued function on (F,| - |la).

(b) If the elements f € F are also continuous and Assumption R.1 is salisfied,
then L(6, f) is a continuous real-valued function on © x (F,| - |la)-

5. Let F be a sup-norm compact set of non-negative, B(S))-measurable real-valued
functions on § that are uniformly bounded away from 0. Then we have the following
uniform lows of large numbers:

(a) limp, oo supser [Ln(f) — L(f)| =0 a.s.
(b) If the elements f € F are also continuous and Assumption R.1 is satisfied,
then

lim sup [Lg(0, f) — L(0,f)|=0 a.s.
k—oco gxF

Proof. Part 1: Parts 1(a) and 1(b) follow from Parts 1(a) and 1(b) of Lemma 42,
respectively.

Part 2: Parts 2(a) and 2(b) follow directly from Parts 2(a) and 2(b) of Lemma 42,

respectively.

Part 3: Since the elements f € F are bounded,

/ max(log f,0)dP < oo
Q

and

/V max(log (o -,6)), 0)du < oo,

and therefore both L(f) and L(6, f) are well-defined mappings with values in [—o0, 00).
To see that L(f) is upper semi-continuous, let f;, f € F be such that || f; — f||q converges
to 0. By Part 2(a) of Lemma 42 and continuity of taking the maximum,

’ maX(lOg fl(x)7 O) - max(log f(x)v 0)’

and

| max(—log fi(x),0) — max(—log f(z),0)]
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converge to 0 for every « € €). This has two consequences: First,

/ lim inf max(—log f;,0)dP < liminf [ max(—log f;,0)dP
Q =00 Jo

l—00

by Fatou’s lemma, and thus

/maX(—Ing, )dIP’<hm1nf/maX —log f;,0)dP (47)
Q

Second,

/ max(log f,0)dP = hm max(log f;, 0)dP (48)
Q

by the theorem of dominated convergence. Recall that fQ max(log f,0)dP < oo and that
{max(log f;,0) : | € N} is bounded in L*°(2) since f is bounded, ||f; — f||q converges to
0, and thus {f; : [ € N} is bounded in L*(£2). From (47) and (48) we conclude that

L(f) = /Qmax(logf,O)dIP’—/Qmax(—logf,O)dIF’

> lim [ max(log fi,0)dP — lim inf/ max(— log f;,0)dP
Q

l—oo J l—o00

= limsup L(f}).

l—o0

To see that L(#, f) is upper semi-continuous, let 6;,0 € © and f;, f € F be such that
|60, — 0] and || f; — f|lo converge to 0. By Part 2(b) of Lemma 42 and continuity of taking
the maximum,

| max(log fi(p(v,01)),0) — max(log f(p(v, 0)), 0)]|
and
| max(—log fi(p(v, 0)),0) — max(—log f(p(v,0)),0)]
converge to 0 for every v € V. This has two consequences: First,

/ lim inf max(—log fi(p(-,6;)),0)du < hmmf/ max(—log fi(p(-,6:)),0)du
\%4

l—o0

by Fatou’s lemma, and thus

l—o00

/V max(—log f(p(-,0)),0)du < lim 1nf/ max(—log fi(p(-,0;)),0)du. (49)

Second,

/ max(log f(p(-,0)),0)du = hm / max(log fi(p(-,6;)),0)du (50)

by the theorem of dominated convergence. Recall that [, max(log f(p(-,0)),0)du < oo
and that {max(log fi(p(-,6;)),0) : I € N} is a bounded subset of L>°(V,V) since f is
bounded, ||fi — f|la converges to 0, and thus {f; : [ € N} is bounded in L*(2). From
(49) and (50) we conclude that

10.) = [ mx(og f(p(-.0).0)dss — | max(=1og f(p(-.0)).0)d
> llim max(log fi(p(-,6;)),0 du—hmlnf/max log fi(p(-,61)),0)du
= limsup L(6;, f1).
l—o0
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Part 4: Denote by ¢ the lower uniform bound of all elements in F. By hypothesis,
¢ > 0. To prove Part 4(a), let f;, f € F be such that ||f; — f|lo converges to 0. Then
{f1:1 € N} is bounded by some B, 0 < B < oo. Since the logarithm is bounded on
[€, B], the domination condition

[ suwliog @)l dPla) < oc
Q leN

is satisfied. By Part 2(a) of Lemma 42, log f;(z) converges to log f(x) for every x € Q.
Part 4(a) then follows from the theorem of dominated convergence.

To prove Part 4(b), let 6,0 € © and f;, f € F be such that [|6; — 8] and ||f; — f|lo
converge to 0. Then {f; : I € N} is bounded by some B, 0 < B < co. Since the logarithm
is bounded on [, B, the domination condition

| sup sup log fulplo. )] duto) < o0
V €O leN

is satisfied. By Part 2(b) of Lemma 42, log fi(p(v,6;)) converges to log f(p(v,0)) for
every v € V. Part 4(b) now follows from the theorem of dominated convergence.

Part 5: The uniform law of large numbers stated in Part 5(a) follows from Mourier’s
strong law of large numbers: Apply Corollary 7.10 in Ledoux & Talagrand (1991) with
B = C(F,| - lla), X(f) = log f(X1) — [o fdP, and | - || = || - |[#. Note that X has
values in C(F,| - ||q) as can be seen by using Part 2(a) of Lemma 42, Part 4(a), and
the sup-norm compactness of F. Since X is a random variable with values in (£2, B(Q2))
and z — log f(z) is B(2)-B(R)-measurable by Part 1(a) of Lemma 42, we see that X is
measurable with respect to the cylindrical o-algebra on C(F, || - [|q). It follows from the
equivalence of the cylindrical with the Borel o-algebra on C(F, ||-||a) (see, e.g., Section 2.1
in Ledoux & Talagrand (1991), and observe that C(F, || ||q) is a separable Banach space)
that X is a random variable with respect to the latter one. The integrability condition
E || X]| < oo translates into the domination condition

/ sup |log f(z)|dP(z) < 0o
Q feF

and holds true since the elements of F are uniformly bounded and uniformly bounded
away from 0 by hypothesis.

The uniform law of large numbers stated in Part 5(b) also follows from Mourier’s
strong law of large numbers: Apply Corollary 7.10 in Ledoux & Talagrand (1991) with
B the separable Banach space of all bounded, continuous functions on © x (F, || - ||q),
X(0, f) =1log f(p(V1,0)) — [y, log f(p(-,0))dp, and || - || = || - [lexz. Note that by Part
2(b), Part 4(b), and compactness of © x (F,| - |lq), X takes its values in the space of
(bounded) continuous functions on © x (F,| - ||q). Since V; is a random variable with
values in (V, V) and log f(p(-,0)) is V-B(R)-measurable by Part 1(b) of Lemma 42, X is
Borel measurable by the equivalence of the the cylindrical with the Borel o-algebra on
the space of bounded, continuous functions on © x (F, || - |q) (see, e.g., Section 2.1 in
Ledoux & Talagrand, 1991). The integrability condition E || X|| < co reads as

/ sup sup | log £(p(v, 6))]du(v) < 0o
V 0€O feF

and holds true since the elements of F are uniformly bounded and uniformly bounded
away from 0 by hypothesis. O
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The following proposition provides explicit formulas for the derivatives of L, (f) and
L(f) with respect to f. It can be found as Proposition 3 in Nickl (2007) and is stated
here (without proof) for easy reference.

Proposition 44. Let £ > 0 and define U = {f € L°(Q) :infyeq f(x) > £} Let o
be a non-negative integer, f € U, and fi,..., fo € L(Q). The a-linear functionals
representing the a-th Fréchet derivative of L, : U — R and L : U — R are given by

DaLn(f)(fla ceey fa) - (_1)a_1(04 — 1)' Pn(f_afl e fa)
— (—1)0“*1(05 —1)! %Zfﬁa(Xi)fl(Xi) o fal( X,
i=1

DYL(f)(f1,-+ fa) = (1) Ha=DIP(ffi-- fa)
= (1Mo [ F e b,
Q

The following proposition gives explicit formulas for the derivatives of Ly(0, f) and
L(0, f) with respect to f.

Proposition 45. Let £ > 0 and U as in Proposition 44. For € ©, f € U, o some
non-negative integer, and fi,..., fo € L°°(Q), the a-linear functionals representing the
a-th partial Fréchet derivative of Ly, : © xU — R and L : © xU — R, with respect to the
second variable, are given by

Dng(g)f)(flu ce afoa) = (_1)0{71(& - 1)'
X,U/k'(fia(p( ’ 70))f1(p( : 79)) o 'fa(p( : 79)))

= (-1)* N a-1)!
k
X0 PO ACKH6) - fa(X:(6)),
=1

DSL(9, f)(frs--- fa) = (=1)*Ha—1)!
xu(f~*(p(+,0) fr(p(+,0)) - falp(-,0)))

= 0=t U fapedh
Proof. Adapt the proof of Proposition 3 in Nickl (2007) by replacing n by k, X; by

p(Ui, 0), Ln by Li(0, -), Ly by L(0, -), Py by pg, and P by p. The last equality in the
display above follows from the change of variable theorem. O

The next result is a uniform version of Lemma 2 in Nickl (2007). It provides rates

of convergence for all derivatives of the auxiliary log-likelihood function, which hold
uniformly over the parameter space.
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Proposition 46. Let a be a non-negative integer, and let Hy, ..., Hy be bounded subsets
of some Sobolev space W5(Q) of order s > 1/2. If Assumptions R.2 and Z are satisfied,
then

Sup HD%Lk<07p) - DgL(Qap)H'Hl X XHe OZ(k71/2) as k — oo.
OxP(t(,D)

Proof. Note that
sup  [|DSLi(0,p) — DSL(O, p) |3, ... x 7.,

OxP(t,(,D)

=(a—1)!'sup sup sup
0cO peP(t,(,D) hi€H1

s (e = 1) (0~ (p(+,0)) 1 (p( -, 0)) - - - halp(+.0)))

(by Proposition 45)
= (o= D!l = pllg,

where

G- {p“<p<-,e>>h1<p<-,e>>---ha<p<~,e>>:
0O, peP(t( D), h eHl,...,haeHa}.

The classes of functions P*(¢,(, D) = {p(p(-,0)) : 6 € ©,p € P(t,(,D)} and H} =
{hi(p(-,0)) : 0 € ©, h € H;},i=1,...,«, are p-Donsker by Part 1 of Proposition 14.
Since ¢ > 0 by Assumption Z, it follows from Example 2.10.9 in van der Vaart and
Wellner (1996) that {1/p(p(-,0)) : p € P(t,(, D)} is u-Donsker. Now, since G is the
product of p-Donsker classes, it is p-Donsker by Example 2.10.8 in van der Vaart and
Wellner (1996), and hence ||u — /g is bounded in outer probability at rate k—/2 by
Prohorov’s theorem. O

Appendix B: Properties of II-objective functions

Lemma 47. Suppose Po C L2(Q) and § +— pg is a continuous mapping from © into
(L2(Q), ]| - l2). Let f:Q — R be an integrable function satisfying inf.cq f(x) > 0. Then

1) = [ (7 =p 5

is a continuous real-valued function on ©.
Proof. Rewrite the integrand as f — 2pg + pz/f, and note that each term is integrable

by the hypotheses. Hence, H is real-valued. For continuity, let 6;,0 € © be such that
|61 — 0|| converges to 0. Letting ¢ = inf,cq f(z),

/peld)\ /p%u
< [ 19h, ~ sl ix
Q

< ¢ Mipg, — poll2(llpe, — pell2 + 2llpoll2)-

|H(6:) — H(0)|

IN
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Note that the r.h.s., and therefore also the L.h.s., of the previous display goes to 0 as
[ — 0. O

Proposition 48.
1. Suppose Po C L2(Q) and 0 — pg is a continuous map from © into (L2(Q),] - ||2)-

(a) On the event where inf, cq pn(x) > 0,
R 1
S

holds and Q, s a continuous real-valued function on ©.
(b) If Assumption Z is satisfied, then, for each (x1,...,x,) € Q",
R 1
Qul6) = [ (bn = p0)*-dr
Q Pn

holds and Q, s a continuous real-valued function on ©.
2. Let Assumption R.1 be satisfied.

(a) On the event where inf,cq pp(z) > 0,
. N 1
Qual6) = [ (B0~ 5ul6) 5 A
Q DPn
holds and Qy, 1. is a continuous real-valued function on ©.
(b) If Assumption Z is satisfied, then, for each (z1,...,Tp,v1,...,v) € Q" x VF,
R N 1
Qual6) = [ (B0~ 5ul6)? 5 A
Q DPn

holds and Qy, 1 s a continuous real-valued function on ©.

3. Suppose Po C L2() and 0 — py is a continuous map from O into (L2(Q), || - |2).
If Assumptions D and D.2 hold, then Q is a continuous real-valued function on ©.

Proof. Parts 1 and 3 are immediate consequences of Lemma 47.

We next prove Part 2(a). Since p, and pg(6) belong to P(t,(, D) by construction,
these densities are sup-norm bounded by C;D. Hence, Q, is real-valued whenever
infrcqpn(z) > 0. Since the map 6 — pi(0) is continuous by Part 2 of Theorem 6,
continuity of Q,, ; then follows from the theorem of dominated convergence.

Part 2(b) immediately follows from Part 2(a). O

Proposition 49. We have the following uniform convergence properties of Il-objective
functions:

1. Suppose Po C L2(Q) and 0 — py is a continuous map from © into (L2(Q),] - ||2).
Let further Assumptions D, D.1, and D.2 be satisfied. Then

sup |Q,(0) — Q(0)] = op(1) asn — oo.
0eO
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2. Let Assumptions P.1, P.2, R.1, D, D.1, and D.2 be satisfied. Then

sup |Qnx(0) — Q(0)| = op,(1) as min(n, k) — oo.
0cO

3. Let Assumptions P.1, R.2, and Z be satisfied. Then

sup sup sup |Qp . (0) — Qu(0)] = O (k™) a5k — oo.
neN Qn O

If Assumption P.1 is strengthened to P.3, then

sup sup sup |Qpx(0) — Qu(0)| = 05, (k~Y2)  as k — occ.
neN Q7 0eO

Proof. Part 1: Set y = 27 inf,cq po(z) and observe that x > 0 by Assumption D.2. In
view of Remark 12(ii) there is a sequence of events A,, that have probability converging
to 1 as n — oo such that inf,cq pp(z) > x. On these events we then have

sup [Qn(0) — Q(6)] = sup

2 2
/p‘)cm—/ pedA‘
0cO 0co |Ja Pn Q Po

< x"Zsup|poll3 15n — polle-
0O

Since © is compact, the assumptions on Pg imply that supgeg ||poll2 < co. Part 1 of
Theorem 11 now completes the proof.

Part 2: Let xy = 2 !inf,cqpo(z), and observe that x > 0 by Assumption D.2. By
Remark 12(ii) there is a sequence of events A, that have probability tending to 1 as

n — oo on which inf,cq pn(x) > x. On A,, we have, substracting and adding fQ ﬁd)\,

Dn
~ 2 2
/p’f@ d)\—/ped)\l
Q DPn Q Po

Sug\Qn,k(G)—Q(ﬁ)\ < sup

Oe 0cO
- p1.(0) + 1 1
< sup /(pk(e)—pe)wdwr/pg <—> d/\‘
0cOe |JQ DPn Q DPn Po

< 2x7'CDA(Q) Sup 15k (8) — polle
S
+x " 2D? sup ||po|3 1P — polla-
0O

The result then follows from Parts 1 and 3 of Theorem 11.

Part 3: Note that pg(0) € P(t,(, D) by construction and py € P(t,(, D) by Assump-
tion P.1. Hence, these densities are sup-norm bounded uniformly in 6 (and vy,..., v, € V
in case of pg(#)). Observe now that

. pr(0) +p
Quel0) = Qu(0) = [ (50(0) - po) L2045
Q n
Using Assumption Z, Part 4 of Proposition 1 applied to {py : z1,...,z, € Q, n € N}
shows that {1/py : z1,..., 2, € Q, n € N} is bounded in Wi(2). By Assumption P.1
and the construction of pg(#), it follows from Part 1 of Proposition 1 that

A~

Pn

55 (0
{pk()*p":eee,xl,._,,xneﬁ,vl,--.,vkeV,n,kEN} (51)
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is contained in a Sobolev ball U; p for some B satisfying 0 < B < oo. The first claim then
follows from Part 1 of Theorem 16 with s = 0, where we have made use of the inequality
Jo IfldX < AM)Y2||fll2 and the fact that the set in (51) is bounded in the sup-norm.
If Assumption P.1 is strengthened to P.3, we may apply Part 3 of Theorem 17 with F
equal to the set given in (51) to obtain the second claim. O

Remark 50. If Assumption Z holds, then the events A, in Parts 1 and 2 of the above
proof are the entire sample space and Q, — @, respectively Q,, 1 — @, is continuous on
©. By separability of ©, the measurability of the respective suprema then follows.

Lemma 51.
1. Let Assumptions P.1 and P.5 be satisfied. Then, on the event inf,cq pp(z) > 0, the

following 1s true: For every 0 in the interior ©° of O, the objective function Q,, is
twice continuously partially differentiable on ©° and

o0Q, ) Op 1
0) = —2 [ (pn—po)ar(-,0)—d\
- © [ =) 0)
82Qn 8p 8]? 1
aax%%(e) gzaei("e)aej("a)EEdA
9?p 1
2 [ (o — - 0)—d),
= 0) g (0
wherei=1,... mand j=1,....,m.

2. Let Assumptions P.1, P.5, D, and D.2 be satisfied. Then, for every 0 in the interior
O° of O, Q is twice continuously partially differentiable on ©° and

0Q Op 1
- 9 o 2P
Z(0) [ 0= g 0)—an
0%Q Op Op 1
mwﬁ)_ Q%“”%“ﬂgﬁ
0%p 1
-2 — <, 0)—d\,
/Q(po p0)39¢89j( )Po
wherei=1,...,mand j=1,...,m.

Proof. Part 1: Use the domination conditions listed in Assumption P.5 in combination
with Assumption P.1 and the hypothesis that inf,cq pn(x) > 0 to interchange differ-
entiation and integration. For continuity of the partial derivatives, use the theorem of
dominated convergence.

Part 2: Use the domination conditions listed in Assumption P.5 in combination with
Assumptions P.1 and D.2 to interchange differentiation and integration. For continuity
of the partial derivatives, use the theorem of dominated convergence. O

Proposition 52. Let Assumptions P.1, P.5, Z, D, and D.1 be satisfied. Then, for all

1,7 =1,...,m,

__%%Q
00,00,

9’Qn
su 0
ee@po 00,;00; ©)

(@) =op(l) asn— oo,

where ©° is the interior of ©.
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Proof. Make use of Lemma 51 to see that

8*Qn *Q

6) — 0
e @eiaaj( ) aeiaaj( )’
R dp dp 1
p =o)L e ——an
sun [ (5, =gy (.0 o5 05

d°p Po '
+ D, — -, 0)——d\
=) 00222
o[ o
Q 0cO°

Op Ip
20, o7 (@,0) o 20, (z,0)
+CyD [ sup
Q 6co°

d\(x)

2p
00; 80 96,00,

x 9)‘ dA(:c)] [n — polla-

By Assumption P.5 and the fact that ||p, — pollq converges to 0 in probability by Part 1
of Theorem 11, the L.h.s. in the last display does so too. O

Remark 53. Consider the auxiliary model P(¢,(, D) with ¢ = 0. The assertion of the
preceding proposition still holds true in outer probability when Assumptions P.1, P.5, D,
D.1, and D.2 are satisfied and gegg”, (0) is replaced by the matrix

2 . A~
H,(0) — %(9) on the event inf,cq pn(x) > 0,
Omscm, otherwise.

Appendix C: High-level theorems on uniform rates of convergence

The next two theorems give conditions under which random maximizers are uniformly
rg-consistent for the respective limiting maximizers when k tends to infinity. In The-
orem 54 the uniformity is with respect to some parameter set, whereas in Theorem 55
the uniformity is with respect to some set of probability measures. Both theorems are
modifications of Theorem 3.2.5 in van der Vaart & Wellner (1996).

Theorem 54. Let (A, A, P) be a probability space, S a non-empty set, and let T be a
non-empty set together with a non-negative function d : T x T — R. We consider a
sequence of real-valued stochastic processes (Hy(s,t) : s € S, t € T) defined on (A, A)
and a function H : S x T — R with the property that for every s € S there exists a
t(s) € T such that, for allt €T,

H(s,t) — H(s,t(s)) < —Cd*(t,t(s)), (52)
where C, a0 > 0 are constants neither depending on s nor t. Suppose, for all 6 > 0,

Epsup sup  ([VE(Hy — H)(s,t) — VE(H), — H)(s,t(s))| < or(6) (53)
seS T,
) d(t;%S))Sé

is satisfied for real-valued functions oy, such that & — §Ppp(8) is non-increasing in & for
some 3 < a. Assume further that, for every s € S, t3(s) : A — T satisfies

Hy(s,tp(s)) > Hy(s,t) forallt €T, (54)
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and let 1 be a sequence of positive reals such that

re rit
sup ka’k( k )

keN vk

Then, for every s € S, t(s) is a mazimizer of H(s, - ), and we have that

< 0. (55)

sup d(t(s),t(s)) = Op(r;,") as k — oo.
seS

Proof. We have to prove that

lim limsup P* <7’k sup d(tx(s),t(s)) > 2N> = 0.

N—oo 00 ses
For k,j € N, set Vi, ;j = {(s,t) : 2771 < rid(t, t(s)) < 27}. Then

7y sup d(fy(s), t(s)) > 2V
ses

implies that there is some so € S such that rpd(x(s0),t(s0)) > 2V, which in turn gives
(50, tk(50)) € Vi, for some jo > N. Combine this with (52) and (54) to get

(Hy, — H)(50,1k(50)) — (Hx — H)(s0,(50))
= Hy(s0,1k(50)) — Hi (0, t(50)) + H (50, t(s0)) — H (50, k(50))
> Cd*(i(s0), t(50))
> Oy oo

This implies

P (m sup d(fy(s), t(s)) > QN)

seS

gZP*( sup ‘f Hy — H)(s,t) — Vk(H}, — H)(s,t(s)) zc@rk%aﬂ'—a).

§>N (StGVkJ

Via Markov’s inequality (for outer probability) and (53), the r.h.s. in the previous display
can be bounded by

‘Pk(2j7“/;1)""1? < Z Qﬂjwk(rk_l)rk < 2¢ s rk Pk ""k Z o(8
Cvk2ei—e = £ OVk2ei—e = Oy

j>N j>N

where the last expression does not depend on k. Here, the lower inequality follows from
or(cd) < cPor(d) for ¢ > 1. Since B < a, dsN 2(8=)j converges to 0 as N — oo, and,
by (55), this completes the proof. O

Theorem 55. For (A, A) some measurable space and T' some non-empty set, let (Hy(t) :
t € T') be a sequence of stochastic processes defined on (A, A). Let P be a set of probability
measures on (A, A) and d: T x T — R a non-negative function. Suppose that for every
P € B there exists a function Hp : T — R and tp € T such that

Hp(t) — Hp(tp) < —Cd*(t,tp) (56)
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holds true for all t € T with constants C,«a > 0 that neither depend on t nor P. For all
4 >0,

sup Ep  sup  |v/n(H, — Hp)(t) — v/n(Hn — Hp)(tp)| < ¢n(9) (57)
eR (tftepT)ga

shall be satisfied for real-valued functions o, such that § — 6P, () is non-increasing
in § for some B < a. Assume further that there are t, : A — T satisfying

H,(t,) > Hy(t) forallt €T, (58)
and let v, be a sequence of positive reals such that

a -1
supw < 0. (59)

neN \/ﬁ

Then, for every P € B, tp is a mazimizer of Hp, and we have that

lim limsup sup P*(r,d(tn,tp) > M) = 0.
M—0co n—oo pPep

Proof. That tp is a maximizer of Hp follows immediately from (56), so it remains to
prove that
lim limsup sup P* (rnd(fn,tp) > 2N) =0.

N—oo n—ooo Pep

Forn,je Nand P € B,set V,,;p={t €T : 2971 < rpd(t,tp) < 27}, Then r,d(t,, tp) >
2N implies that , belongs to V,, j, p for some jo > N. Hence

(Hyn — Hp)(tn) — (Hy — Hp)(tp)
= Hn(tAn) — Hy(tp) + Hp(tp) — HP(fn)
> Cd*(in, tp)
> Cr, @200

by (56), (58), and the definition of V;, j, p. This implies
pP* (rnd(fn,tp) > 2N)

<) P ( sup |vn(Hn — Hp)(t) — Vn(Hy, — Hp)(tp)| > Cﬁrﬂ‘”’“)-

>N tevnyij

By Markov’s inequality (for outer probability) and (57), the r.h.s. of this inequality can
be bounded by

« 20é

Bi
en (27" 22 en(r rn<—su n%pn 22

>N Cf?aj “ C\FZQJ ‘o CneN j>N

where the last expression does neither depend on n € N nor P € 3. Note that the lower
inequality follows from ¢, (cd) < c®¢,(8) for ¢ > 1. Since 8 < a, the sum disN 2(f—a)
converges to 0 as N — oo. Using (59) completes the proof. O
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Appendix D: An entropy bound for empirical processes

Let (S,A, P) be a probability space, Yi,...,Y,, be the coordinate projections of the
product space (S™, A", P™), and denote by P, the empirical measure associated with
Y1,...,Y,. In the theory of empirical processes there exist well-known upper bounds for
expressions of the form E* ||\/n(P, — P)||+ over classes of functions F that are bounded
in the sup-norm. We will now derive such bounds separately for finite and infinite F.
Furthermore, we will provide explicit universal constants in each case.

The following lemma originated from a convexity argument of Pisier (1983). In the
form presented it is a refinement of (2.5.5) in van der Vaart & Wellner (1996).

Lemma 56. Let f1,..., fn be bounded, A-measurable real-valued functions on S. Then
the mazimal inequality

Elgagv |v/n(P, — P)f|

maxi<;j<n || fjlls
< IPlf. — PF.|2 <GSN /5
8Lr<njz?<]v P|fj — Pf;j|>\/1+1log N + n (1+1log N)

holds true.

Proof. Let n = maxi<j<n /P|fj — Pf;|?> and B = maxi<j<n || fj|ls. Since the asser-
tion of the lemma is satisfied when 7 = 0, as is easily seen, assume that n > 0. We first

derive a tail bound for /n(P, — P)f;, which will be independent of j. To this end, let
& = fi(Yi) — Pfj for any fixed j, 1 < j < N, and note that

VISR )
i=1

The random variables &;1,...,&, are i.i.d. with expectation 0 and variance P|f; —
Pf;|?> < n? and they are bounded in the sup-norm by 2||f;|s < 2B. Consequently, for

every y > 0,
1 2
Pr( 2y> < 2exp [— Y

2 2B
2?2 + 3/nY
by Bernstein’s inequality; see, e.g., 1.3.2 in Dudley (1999). Note that the above inequality
trivially holds for y = 0. Letting §; = ﬁ o1 &4, it follows that, for every y > 0,

1 n
7n Z;fj,i

. 2
2exp [~y /4n?] 0 <y < 5l (60)

Pr(‘fﬂ > y) < . 2

Note that the r.h.s. in the previous display is well-defined and does not depend on j.

Next, we split |;] into

&1 = Ifjll{ 2 }+I£j|1{‘£j|> 2

1&1<55/57m 3B/3vn
= &5+ &y
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and prove a moment bound for each of the two summands. First, for every A; > 2, we
have

& 1 y
Eexp ] = 1+ E/ —— exp [] dy
[nzA? 0g2,) 1AL A

1 [y
=1 +/ exp } Pr(&; > y) dy
0.00) 1AL LPA] 1=V
(by Tonelli’s theorem)

| )l
5 exp |~ (= — 5 || dy
000) WA P \4 A2

(by (60) and the definition of & ;)

IA

8
- 14 _° 1
T4 (61)
(because A1 > 2).
Second, for every Ay > 4, we have that
1%
E s ¥
P [23/3\/5 X o
1+E / ! e { g ]d
= — X —_—mm
0.6, 2B/3vn x A PN
1 y
=1 Pr(én; > y)d
* /[Om) 2B/3/m x Ay T [23/3\/5 x AJ r(6m 2 y) dy
(by Tonelli’s theorem )
1 y 11
<1 - - ([ —=]|d
<1 [ B s (1)
(by (63) below)
8
=1 62
M (62)
(because Ay > 4).
The inequality
Y
P ;> <2 L — 63
g 2 y) < 2exp [ 8B/3\/ﬁ] (63)

is satisfied for every y > 0: It is trivial for y = 0. If 0 < y < then the event

,’72
2B/3vn’
{&1,; > y} is contained in the event {|£j] > %} by definition of &1 j, and therefore

2
Pr(éu; 2 y) < Pr(fj‘>237m)

_ 2373\/5
8B/3/n

in view of (60))

< 2exp

~—~
, =

< 2exp

y
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Finally, if y > 2377;/57 then (63) holds true in view of (60) and the inequality & ; < |€;].
Now,
g DaX1<G<N &5\’ < E &\’
—_— = m —_
b N1 - exp 1<ja<)§\7 N1
(by Jensen’s inequality)
< E max ex €I2’j
- 1<j<N P n2\2
ol
8
(i)
(by (61));
hence,
E &, < g flog N (14— (64)
e AT Vi N _—4)
Further,
maxi<;<n &I, maxi<j<n &I,
E——m—> E —_——=
P I 9B/3vn x A ] P {23/3\/6 X o ]
(by Jensen’s inequality)
&
< E Sy
= 13?2?\/ P {23/3\/5 X Ao
§II 7
< E :
= Z P [23/3\/ﬁx)\2
8
< N1
< ( )
(by (62));
hence,
8
E log N .
[max & < S\F/\Q og ( " _4) (65)

Combine (64) with (65) to get

8 2B 8
| < .
Elgljz;)%v]fj\ _nAl\/IogN (1+ )\%_4> + SﬁAZIOgN<1+ )\2_4>

Choosing A; = 2v/3 and Ay = 12 then leads to the inequality

B
E <8 I+log N+ —(1+1logN
@%\&I_ [n +1log N + —=(1+log )],

vn

upon noting that log2N <1+ log N. O
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Remark 57. The proof of Lemma 56 actually shows that

E max lvVn(P, — P)fjl

1<5<

8
= 1gjen V Plf; = Pl A11n>f2 [Al\/IOgN <1 * M — 4)]
2maxi<j<n || fills

8
< £ [AalogN (1 .
NG N [2 o8 ( +A2—4>}

The following theorem can be found as Lemma 3.4.2 in van der Vaart & Wellner
(1996). We give a complete proof and thereby ensure that the constant in the inequality
appearing there does not depend on the underlying probability measure.

Theorem 58. Let F be a non-empty class of A-measurable functions on S, which are
bounded by B, 0 < B < 0o, in the sup-norm and by n, 0 < n < oo, with respect to ||-||2,p.
Then

E* [|Vn(Py — P)|| 7 < (1696 + 64v/2) I 1 (0, F, || - |12,

p) |1+ —5—

\/* (777‘7:7||"2,P) :

Proof. The notation and way of reasoning draw on the proof of Theorem 6.7 in Giné
(2007).

If Niy(e, F, || -[l2,p) = oo for some € > 0, then it is also infinite for all smaller values of
e. Hence, I[1(n,F, || - [[2,p) = 0o, and the inequality in the theorem is trivially satisfied.
So assume that Np (e, F,| - [l2,p) < oo for all € > 0. Denote by j the unique integer
satisfying 2-U*1 < 5 < 277, We can find a sequence of partitions {Ap;:i=1,..., Ny}
of F with the following properties:

LY isjin 27"V +log N < 410y(n, F, || - [l2.p)

2. Hsup;heAki lg(+) —h(‘)]HMD <2k forali=1,...,Nyand k > j + 1. [Here,
SUpPy hea,; 19(-)—h()| denotes any measurable envelope function of supy e 4, ; 19(+)—

h(-)I]
3. The {Ay;} are nested, meaning that {A;;} is a refinement of { A, ;} whenever ¢ > s.
This is achieved as follows: For each integer k > j + 1, choose N (27, F,|| - [l2,p)-

many brackets that cover F and disjointify them. This gives a sequence {1}; : i =
L., N }(2*]“,.7:, |- ll2.p)} of partitions of F satisfying

Z 2*'“\/1 +H (275, F | - llzp) <0200 F - Ml2,p) (66)
k>j+1
(by the integral test)

and Property 2 above. For k > j 4+ 1 and

sivt € {1 NOE@TIDF e fose € {1 NGRS E - ) } s
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set Ag sy, s, = ﬂf:jﬂ T} s, Enumerate (sj41,...,s;) by natural numbers and call Ny,
the cardinality of {A;}. Since

Nk < N[}(Q_(j—’—l),f,H . ‘|2,P)"'N[](2_k7fv‘| ’

Q,P)a

Property 1 follows from

k
St itlgNe < Y 2t S i H e F - ar)

k> 41 k>j+1 m=j+1
— Z \/l—i-HH(Q_m,f,H'HZP) Z2ik
m>j+1 hzm
= 2 Z 2_m\/1+H[](27m,7:7H “|l2,p)
m2j+1
< 41 F - llzp)
(by (66));

Properties 2 and 3 are clear by construction.

For k > j+1and i =1,..., N, choose fr; € Ay, and define mf = fi,; as well
as Arf(x) = SUDY he A, s lg(x) — h(z)| for f € Ag; and x € S. Note that as f varies in
F, Apf varies in a set of cardinality at most Nj. By Property 3, all f € Ay ; have the
same i1 f, ..., TS, Djp1f, .., Apf, and Apf < ... < Ajiif holds true. For f € F
and x € S, define

(7f)(x) = min{k >j+1:Apf(x) > nay}
(with the convention that min () := c0),

where ay, := 1/(2871,/1 4+ 1og Ny41). By definition we have the relations
{rf=J+1}={Ajnf > Vnaju}
and, for k > j + 1,

{rf=k} = {Ajif <Vnajp, ..., A1 f < Vnag_1, Apf > Vnag},
{rf >k} {Ajf <Vnajyr, .., A f < Vnag—1}

For every r > j + 2, we have that

f = muaf+f—mjf

T

= mf =Tl Y (mf - mef)

k=j+2
= mnf+f-mf+ Z (i f = M1 ) rpary + Z (Trf = Tr—1f) Lz pony-
kg2 k=) +2
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Combine this with

r

> (et = T ) pany

k=j+2
T T T
= Z TS paky — Z -1 Lrpan1y — Z Th—1fLrp=t—1}
k=j+2 k=j+3 k=j+2
T
= fl{rp<ry — Z Th—1f1{rp=k-1}
k=j+2

and 7, f = m flirp<py + T fl{7p>py to arrive at the following decomposition of f:

r

fo= mf+f=mflgpsny — Y mif ey + > (Tef = Te1 ) lrpsn

k=jt2 kg2
r—1

= minf + (f =7y + (F = D) lpsn + Y (F = T =iy
k=jt2

+ > (Tef = T ) psny-

k=j+2

Hence

E* |Vn(P, — P)|l#
<E|Vn(P, = P)mjtafllF
+E* V(P — P)(f — mjr1 f) Lz p=jayllF
+E" V(P — P)(f — 7 )l rponyll 7

r—1

+E [V(Po = P) Y (f = e f)lrp_ny
ke=j+2 .

+E|(Va(Po = P) D (mef — o1 /)L pony
k=j+2 r
=I14+II4+III+IV+V.

In order to prove the theorem, we now derive bounds for each of these expressions. In
doing so, we will make use of the observation that |f| < g implies that

(P, — P)f| < Pog + Pg = (P, — P)g + 2Pg. (67)
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Bound for 1. By Lemma 56 and the assumptions about F,

B
I < 8 77\/1+lOgNj+1—|—\/ﬁ(1+10gNj+1):|

. 2(j+1) .
< 8l2x 20" /T log Nyay + 2\/5322(]+1)(1+10g]\7j+1)]
r 64B
< 8[$1 N ) + i B )]
(by Property 1)
< 51211 (n, F, || - ll2,p) |1 ff[ 1(n, F | - Hap)}

Bound for 11: By (67),

I <EVn(Pn = P)Ajyi fllr + 20| PAj i [l syl 7.

Using Properties 1-2 and Lemma 56, the first term can be bounded by

; 2B
8 [2_(J+1) 1+ log Nj+1 + ﬁ(l + log Nj+1):|
. 22j+3 )
<8 [2—(J+1) 1+1log N1+ 72—20—&-1)(1 + log Nj+1>]

2p)+ o B0 F ] L)

For the second term observe that

PAj i flp=jrny = PO Sl > e
P(Ajf)®

Vnaj i1

4

%2_(j+2) A/ 1 —+ log N]J’_Q

(by Property 2 and the definition of a;41)
16
%I[ ](n7f7 H . 2,P)

(by Property 1)

IN

IN

IN

Hence

I1 <1024 1 y(n, F, || - [l2,p) |1+ I, Foll - ll2,p) |-

B
772\/ﬁ [
Bound for I1I: It follows from Property 3 that

{Tf > T} - {Arflf < \/ﬁarfl} c {Arf < \/ﬁarfl}-

This together with (67) yields

I < E|Vn(P, = P)Arflia, t<vmar 3 |7 + 2V 0| PA f1A, t< Jma, 13| 7
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By Lemma 56 and Property 2, the first term can be bounded by

NG 1
2ry/1 +1log N, v/n

whereas the second term is less or equal than 2v/nsupscr||Ar fll2,p < 2y/n27". Conse-
quently, Expression III is bounded by

C(r):=16 x 27"y/14+1log N, + 27" \/n,
which converges to 0 as r — o0.
Bound for TV: Using (67),

8127"y/1+1log N, + (1+1logN,)| =16 x 27"/1 + log N,,

r—1

IV < Z [E[[Vn(Pny — P)Apflgrppyll7 + 200l PALf1 p—py |l 7]
k—j+2

On {7f =k}, Anf < Ap_1f < Vnap_1 = /n/(28/T+1og Ny). Further, using Prop-
erty 2,

Varp[Ap f1(;p=r)] P(ARf)1grpory

Vnag 1 PARflia, > Jna}

VANV

ak—1 o _ 2/ 141logNpy1 o 14+10g Ngt1 opyq
P(A < < 2 .
ak (Aef)” < V14 log Ny, — 1+ log N

IN

So, by Lemma 56,
E[vn(P, — P)ApflirpeiyllF

9-2k+1(1 4 log N 1
<8 \/ (1+108 Nit1) A oa N, + vn (1 + log Ny,)

1+ log Ny, 2k /T + log Ny, /1t
=8 (VB x 27 /T Tog Nir +27%4/T+ log Ny (68)
Next,
V|| PARFL il < 8 x 27FFD /T4 log Njoyy (69)

since, using Property 2,

P(Akf)z < 2—k+1 \/1 + log Nk+1

PAkfl{Tf:k} < PAkfl{Akf>\/ﬁak} = W \/ﬁ

Combine (68) with (69) to obtain

r—1 r—1
IV < (8V8+8) > 27" /T 4log Niyr +8 > 27%/T+1og Ny

k=j+2 k=j+2
< 64(14+V2) I (0, 7, || - ll2.p)
(by Property 1).

Bound for V: Property 3 implies that as f varies in F, (mpf — Wk,lf)l{Tka} varies
in a set of cardinality at most Ni. Each of these functions is bounded in absolute value

by Jn
n
Ak*lfl{Ak-fmcﬁ\/ﬁakfl} < m
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and satisfies

Varp|(mif — mh-1f)lirrory] < Plmf — mo1f)? < P(Ap_y f)? < 272D

by Property 2. Apply Lemma 56 to conclude that

! 1
Z [2—(’9—1)\/1 +log Nj, + vn (1 + log Ny

Vv < 8 v
a kej12 2k\/1 +log Nj, /1

T
= 24 ) 275/1+1og N,

k=j+2
< 96[[ ]("7»7'—» H ’ ||2,P)
(by Property 1).

All in all,

Ep |[vVn(Pn — P)llF

B
< (1696 + 64v2) I |(n, F. || - ll2,p) |1 +

n*v/n

Letting » — oo completes the proof. O

Iy, Fo - llzp) | +C(r).

Appendix E: Convexity of level sets

The following lemma states that the maximum set of a concave mapping that is defined on
a convex set is convex. The result is standard in optimization theory (see, e.g., p.263f. in
Rockafellar, 1970).

Lemma 59. Let E be a real vector space, C' a convex subset of E, and f : C — [—00,0)
a concave mapping. Denote by S the set of all c € C' that satisfy

f(c) = sup f(x).

zeC

Then S is convex.

Proof. If S is empty, it is convex, and we are done. So let S be non-empty. Pick ¢,d € S
and set & = sup,¢c f(x). For A € (0,1), we conclude from the concavity of f that

a> fhe+ (1 =Nd) > Mf(e)+ (1 =N f(d) =a.

Hence, Ac+ (1 — \)d € S. This shows the convexity of S. O]

Appendix F: Continuous selections

The following lemma is a special case of Berge’s maximum theorem.

Lemma 60. Let X be a metric and Y a compact metric space. Letu: X XY — [—00,00)
be a continuous function that for every x € X, has a unique mazimizer, say v(zx), on the
fiber {(z,y) :y € Y}. Then the mapping v: X — Y is continuous.
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Proof. Suppose, on the contrary, that v is not continuous at some point x € X. Then
there is a sequence x,, converging to x such that y, := v(x,) does not converge to v(x).
Hence there is an € > 0 and a subsequence y,s of y, such that y,, does not belong to
the open ball of radius € around v(z). Since Y is compact, there is a subsequence y,,»
of y,» converging to some y € Y. Since the y,» are at least e-far away from v(z), y has
to be different from v(z). Making use of the continuity of u, we see that w(x,,yn)
converges to u(z,y) and u(z,r,v(x)) converges to u(z,v(x)). Combine this with the
strict inequality u(z,y) < u(z,v(z)) to conclude that w(z,y,yu) < w(z,y,v(z)) for
some index n{. This is a contradiction to Ynly being the unique maximizer of u over the
fiber {(zny,y) 1y €Y} O

Appendix G: Auxiliary results for Section 7

Proposition 61. Let £ > 0 and define U = {f € L>°(Q) : infrecq f(x) > &} . Let o be a
non-negative integer, f € U, and fi,..., fo € L(Q). For any probability measure P on
(Q,B()), the a-linear functionals representing the a-th Fréchet derivative of Lp : U — R
are given by

DYLp(f)(f1s-- fa) = (1) Ha=D)'P(f~f1--- fa)
= (Va1 [ f e fadP
Q

Proof. The proof is the same as that of the corresponding part of Proposition 3 in Nickl
(2007). O

Proposition 62. Let pg n,po.co € P(t,C, D) be such that pg , converges pointwise t0 pp oo -
Let o be a non-negative integer and Hy, ..., Hq be non-empty bounded subsets of some
Sobolev space W35(QY) of order s > 1/2. If Assumption 7 is satisfied, then the following
statements hold true:

1. \/n(D*L,(p) —D‘D‘L]Pu(po,n)(p))(h17 ...y ha) converges weakly in £°°(F) to a P(po,co)-
Brownian bridge indexed by F, where

F = {(a—l)!p‘o‘hl'--ha:pGP(t,C,D), hi GHl,...,hQEHQ};

lim (70)

M—oo

limsup P(po,n)"" (\/ﬁ sup  ||D*Ln(p) — DaLP(Po,n)(p)HHlx---xH > M) = 0.
n—00 peP(t,(,D) “

Proof. Part 1: For any probability measure P on (£, 5(f2)), we have
sup || DLy (p) — DLp (D)3, 5. xm1.,

pEP(t,(,D)

=(a—1)! sup sup --- sup (P, —P)(p %h1---hq)
pEP(t,(,D) hi€H1  ha€Ha

(by the first part of Proposition 44 and by Proposition 61)
= ||Pn — PH]—"
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The class of functions F is uniformly Donsker by the following arguments: Let r =
min(s,t). Assumption Z ensures that the densities p € P(t,(, D) are bounded below
by ¢ > 0, and so {1/p:p € P(t,{,D)} is a bounded subset of W(Q) by Part 4 of
Proposition 1. Consequently, {1/p:p € P(t,(,D)} is bounded in W5(Q2) by Part 3 of
Proposition 1. Since Hi,...,Hqs are also bounded in W5(Q2) by Part 3 of Proposition 1,
we conclude that F is a bounded subset of W5(€2), and hence is uniformly Donsker by
Lemma 13.

Since, in view of Proposition 3,

lim [[P(po,) — Pposo)lg = lim sup / (Do — pooc)dA

A(Q> sup ”g”Q lim ”pO,n _pO,ooHQ
g€eg n—o0

IN

= 0

for any class G of functions that is bounded in the sup-norm, it follows from Corollary 2.7
in Giné & Zinn (1991) that /n(P,, — P(po,n)) converges weakly in £°°(F) to a P(pp o )-
Brownian bridge indexed by F.

Part 2: In view of Lemma 1.3.8 in van der Vaart & Wellner (1996) and by continuity
of the sup-norm || - || 7 on £°(F), ||v/n(Pr, — P(po,n))|| £ is asymptotically tight in R, which
in turn is equivalent to (70). O

Remark 63. Inspection of the proof of Proposition 62 shows that (70) still holds true
when Hi, ..., H, are bounded subsets of L*(€2) that are uniformly Donsker. The only
important property we need is a permanence result: Any finite product of classes of
functions that are uniformly Donsker is itself uniformly Donsker.

Proposition 64.

1. Suppose Po C L2(Q) and 0 — py is a continuous mapping from © into (L2(Q), || -
ll2). Let Assumption Z be satisfied. Then, for every g € P(t,(, D), Qq is a contin-
uwous real-valued function on ©.

2. Suppose Po C L2() and 0 — py is a continuous map from © into (L2(Q), || - |2)-
Let Assumption Z be satisfied. Then

lim sup Pr(g)* (sup |Qn(0) — Qq(0)] > 77> =0
=00 4eP(t,¢,D) 0coO
for every n > 0.

8. Let Assumptions P.1, P.2, R.1, and Z be satisfied. Then

lim sup  Pr(gq)* <sug |Qn x(0) — Qq(8)] > 17) =0

min(n,k)—oo a€P(t,C,D) 0e

for every n > 0.

Proof. Part 1: Part 1 is an immediate consequence of Lemma 47.

Part 2: A straightforward calculation shows that

2
Qu(0) - Q(0) = /Q (5o~ 0) 522
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Consequently,
sup |@n (6) — Qq(6)] < ¢~ sup [Ipal3 15n — alle- (71)
0cO SS]

We have that supycg ||poll2 < oo by compactness of © and the assumptions on Pg. By
Theorem 33,

lim sup  Pr(q)* (||pn —qlloa >n) =0
00 4eP(t,(,D)

for every n > 0, and so Part 2 is true in view of (71).

Part 3: A straightforward calculation shows that

_n2 -
0uk(®) = Qu0) = [ = 2ar+ [ (51(6) ) D20,

Hence,
sup [Qn, k() = Qq(0)] < ¢72D”[Ipn — dllg
fcO
+2¢7'CiDsup [|pk(0) — pollq »
0cO
where we have used Part 2 of Proposition 1. Theorem 33 states that

lim  sup Pr(¢)" (|Ipn —¢lloa >n) =0

7 qeP(t(,D)
for every n > 0, whereas Part 3 of Theorem 11 implies that supycg ||Dr(#) —polla converges
to 0 in probability as k — oo. This proves Part 3. 0

Lemma 65. Suppose Po C L2(Q) and § — py is a continuous mapping from © into
(L2(Q), ] - l2). Let Assumption Z be satisfied. For pon,poce € P(t,(, D), let 05, € ©
be a minimizer of Qp,,, and let 05 ., € © be the unique minimizer of Qp, .. If pon
converges pointwise 0 poco, then 65, converges to 6 .

Proof. By Part 1 of Proposition 64, the functions @, , and @y, ., are continuous on
the compact set © and consequently attain their respective infima. We claim that the
assertion follows from Lemma 3.1 in Potscher & Prucha (1997), and apply this lemma
to Ry = Qpo.n> R, = Qpo.oo> ﬁn = 65, and B, = 05,00~ We have to check its premises:
Condition (3.2) in Pétscher & Prucha (1997) reads as

hm sup ‘Qp(),n (6) - QpO,oo (6)’ = O (72)
n—0o0 9co
We have that
51D @y (6) = Q@) = 5> [ (b~ prcc) 20—
0eO 0co |JQ P0,nP0,c0

< ¢7sup [Ipoll3 lpo.n — Po.coll;
6cO

Since O is compact, the assumptions on Pg imply that supgeg [|poll2 < 0o. Now, (72)
holds in view of Proposition 3.

Next, observe that 0f ,, is identifiably unique in the sense used in Pétscher & Prucha
(1997) because it uniquely minimizes @Qp, ., and Qp, ., is a continuous function on the
compact set ©.

Finally, Condition (3.3) in P6tscher & Prucha (1997) holds by choice of 6 ,,. O
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Lemma 66. Suppose Po C L2(Q) and 0 — py is a continuous mapping from © into
(L2(Q),] - ||2). Let Assumptions P.1, P.5, and Z be satisfied. Let ¢ € P(t,(,D). Then
Qq 1s twice continuously partially differentiable on ©° and

0Qq o _ _ BN/
500 = =2 [ =g 0 i
9%Q, Op Jdp 1
80i80j() = Qaiai(ve)afoj(‘a@)gd)\
0*p 1
_2/q_p '707d)\7
wheret=1,... mandj=1,...,m.

Proof. Use Assumptions P.1, P.5, and Z to interchange differentiation and integration.
For continuity, use the theorem of dominated convergence. O

Proposition 67. Let Assumptions P.1, P.5, and Z be satisfied. Let po .y, poco € P(t,(, D)
be such that po, converges pointwise to pooc. Then

82@71 8QQpO,oo
sup | 5059 ~ ~59.00,
6ecO° 1YV 1~V

(0)| = Op(py (1) asn— oo

for alli,j =1,...,m, where the underlying probability spaces are (2", B(2)",P(pon)").

Proof. Combine Part 1 of Lemma 51 and Lemma 66 to obtain

= (0) — —pe(0)
96:00; 9600,
. dp Op 1
— 2 [ (= o) ()L (e —an
/Q(p Po. )59@'( )593'( )pO,npO,oo

d*p Do
—2/pn—p,oo-,9A ax
Q( 0 )89i89j( )pnpo,oo

for every 6 € ©°. Hence,

62@n 82@?0,00
seer | 00,00, (9) - 86,00, (9)‘
~ op dp
<92 9P )P (2,0)| dr
=2 [/QGSGHGPO 391'(% )aej(x’ )‘ (@)
+C,D | su Op (x Q)Id)\(m)} |, — |
t QGGGI))O 89,8% s Pn — P0,o|I2-

Using Assumptions P.1 and P.5, it remains to show that ||p, — po ~o|/q converges to 0 in
probability. Clearly,

[P — Po,ccll < [[Dn — Ponlla + [[Pon — Po,colla-

Now, it follows from Theorem 33 that ||p, — pon|lq converges to 0 in outer P(pg,)"-
probability. Further, ||po.» — Po,col|o converges to 0 by Proposition 3. This completes the
proof. O
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Abstract

We extend the method of indirect inference by using non-parametric auxiliary models
of densities. Suppose we observe i.i.d. random variables Xi,...,X,, and are given a
(possibly misspecified) parametric model with parameter set © C R™. The auxiliary
maximum likelihood estimator given X7,..., X, is defined as the maximizer of the aux-
iliary likelihood function and is denoted by py. Similarly, for data X1(0), ..., Xp,)(0)
that are simulated according to the parametric model, define py,)(¢) as the maximizer
of the corresponding auxiliary likelihood function. We show that p, and pj)(0) are
unique, thereby allowing to define an indirect inference estimator émk(n) as minimizer of
an appropriately weighted L2-distance between p,, and Pi(n)(0). We prove that én’k(n)
is asymptotically normal if k(n) is chosen of order n?T® for some o > 0; and that it
is asymptotically efficient under correct specification of the parametric model. We also
investigate the asymptotic behaviour of én k(n) under convergent sequences of parameters
and again obtain asymptotic efficiency. Finally, we show that the auxiliary maximum
likelihood estimators are solutions of finite-dimensional systems of equations, thereby
suggesting how to compute them.
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Zusammenfassung

Es seien X,...,X,, unabhingige, identisch verteilte Zufallsvariablen, und es liege ein
(moglicherweise misspezifiziertes) parametrisches Modell mit Parameterraum © C R™
vor. In dieser Arbeit erweitern wir die ‘Indirect Inference’-Methode durch Verwen-
dung nicht-parametrischer Auxiliarmodelle. Dazu definieren wir den sogenannten auxil-
iaren Maximum-Likelihood-Schéitzer p,, als Maximierer der Likelihood-Funktion iiber das
gewdhlte Auxiliarmodell. Fiir Daten X1(0), ..., Xy, (0), die nach dem gegebenen Mod-
ell simuliert werden, definieren wir analog pj,)(¢) als Maximierer der entsprechenden
Likelihood-Funktion. Wir zeigen zunéchst, dass p, und py(,)(0) existieren und eindeutig

sind, und definieren dann én,k’(n) als Minimierer einer geeignet gewichteten L2-Distanz

zwischen p,, und py,(6). Wir beweisen, dass 0, () asymptotisch normalverteilt ist, so k(n)

von der Ordnung n?T® mit a > 0 gewihlt wird. Weiters zeigen wir, dass émk(n) asymp-

totisch effizient ist, wenn das gegebene Modell korrekt spezifiert ist. Dariiber hinaus
untersuchen wir das asymptotische Verhalten von émk(n) unter beliebigen konvergenten
Parameterfolgen und erhalten wiederum asymptotische Effizienz. Schliefslich zeigen wir,
dass die auxiliaren Maximum-Likelihood-Schétzer Losungen von endlich-dimensionalen
Gleichungssystemen sind, was deren Berechnung ermdoglicht.
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