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Abstrakt

Die vorliegende Dissertation widmet sich der Lösung von monotonen Inklusionsprob-
lemen mit zusammengesetzter Struktur sowie besonderen Fällen, d. h. der Bestimmung
der Nullstelle der Summe monotoner Operatoren, Minimax-Problemen, konvexen Op-
timierungsproblemen und Variationsungleichungen. Der Hauptfokus dieser Arbeit liegt
auf der Untersuchung von Tsengs Forward-Backward-Forward-Algorithmus mit Extrap-
olation aus der Vergangenheit in verschiedenen Aspekten.

Ein Aspekt ist die Verallgemeinerung von Tsengs Forward-Backward-Forward-
Algorithmus durch die Einführung variabler Metriken und Fehlertermen sowie dessen
primal-duale Splitting-Algorithmen zur Lösung monotoner Inklusionsprobleme und kon-
vexer Optimierungsprobleme. Darüber hinaus wird die Anwendung des vorgeschlagenen
Algorithmus anhand der Bildentzerrung demonstriert. Diese Untersuchung ist in Kapitel
3 zu őnden, und die detaillierten Ergebnisse wurden 2022 in Numerical Functional
Analysis and Optimization veröffentlicht (siehe [89]).

In Kapitel 4 wird Tsengs Forward-Backward-Forward-Algorithmus mit Extrapola-
tion aus der Vergangenheit im Rahmen eines Strafschemas zur Lösung monotoner
Inklusionsprobleme betrachtet, bei denen die Summe dreier Operatoren eine Rolle
spielt. Die schwache (ergodische) Konvergenz wird unter bestimmten Annahmen
zur Fitzpatrick-Funktion nachgewiesen. Zudem enthält das Kapitel Anwendungen
auf Minimax-Probleme, Probleme mit der Komposition linearer stetiger Operatoren
sowie konvexe Minimierungsprobleme. Die numerischen Experimente umfassen die
Anwendung des Algorithmus auf die TV-basierte Bildrekonstruktion. Diese Arbeit
wurde 2024 in Numerical Algorithms veröffentlicht (siehe [88]).

Schließlich wird in Kapitel 5 Tsengs Forward-Backward-Forward-Algorithmus mit Ex-
trapolation aus der Vergangenheit für pseudomonotone Variationsungleichungen unter-
sucht. Das Kapitel enthält einen Konvergenznachweis sowie eine adaptive Schrittweiten-
strategie für die vorgeschlagene Methode. Die Effektivität der Algorithmen wird anhand
numerischer Experimente in endlich- und unendlichdimensionalen Räumen demonstri-
ert. Diese Phase der Studie basiert auf [87] und wurde 2024 in der Taiwanese Journal of
Mathematics veröffentlicht.

Diese wissenschaftliche Arbeit stellt ŕexible Werkzeuge auf der Grundlage von Tsengs
Forward-Backward-Forward-Algorithmus mit Extrapolation aus der Vergangenheit zur
Lösung monotoner Inklusionsprobleme in verschiedenen Kontexten und deren Anwendun-
gen bereit. Darüber hinaus wird die Leistungsfähigkeit von Tsengs Forward-Backward-
Forward-Algorithmus mit Extrapolation aus der Vergangenheit gegenüber der klassischen
Methode von Tseng in einigen praxisnahen Anwendungsfällen begründet.

Schlüsselwörter: Konvergenzanalyse; Iterative Methoden; Monotone Inklusionsprob-
leme; Optimierungsprobleme; Minimax-Probleme; Tsengs Forward-Backward-Forward-
Algorithmus; Variationsungleichungen; Pseudomonotonie.
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Abstract

The thesis is devoted to the solving of monotone inclusion problems involving composite
structure and particular cases, i.e., the zero of the sum of monotone operators, minimax
problems, convex optimization problems and variational inequality problems. The main
focus throughout this manuscript is to investigate Tseng’s forward-backward-forward
algorithm with extrapolation from the past in various aspects.

One is the generalization of Tseng’s forward-backward-forward algorithm endowed with
variable metrics and error terms, and its primal-dual splitting algorithms for solving
monotone inclusion problems and convex optimization problems. In addition, the image
deblurring shows the application of the proposed algorithm. This exploration can be
found in Chapter 3 and the detail of the work is published in Numerical Functional
Analysis and Optimization in 2022, see [89].

Next, in Chapter 4, Tseng’s forward-backward-forward algorithm with extrapolation
from the past is considered in the penalty scheme for solving the monotone inclusion
problem in terms of the sum of three operators. The weak (ergodic) convergence is
obtained under some hypothesis related to the Fitzpatrick function, and the chapter
consists of applications in minimax problems, problems involving the composition of lin-
ear continuous operators and convex minimization problems. The numerical experiment
is also demonstrated by applying the algorithm to TV-based image inpainting. The task
is published in Numerical Algorithms in 2024, see [88].

Finally, in Chapter 5, Tseng’s forward-backward-forward algorithm with extrapolation
from the past is investigated for pseudo-monotone variational inequalities. The chapter
contains the convergent result, and an adaptive stepsize strategy of the proposed method
is also contributed. The effectiveness of the proposed algorithms is demonstrated through
numerical experiments in őnite and inőnite dimensional spaces. This phase of the study
is based on [87], which was published in Taiwanese Journal of Mathematics in 2024.

This academic work provides ŕexible tools based on Tseng’s forward-backward-forward
algorithm with extrapolation from the past for solving monotone inclusion problems in
several contexts and their applications. Furthermore, it justiőes the performance of
Tseng’s forward-backward-forward algorithm with extrapolation from the past over the
classical Tseng method in some practical real-world problems.

Key words: Convergence analysis; Iterative methods; Monotone inclusion prob-
lems; Optimization problems; Minimax problems; Tseng’s forward-backward-forward
algorithm; Variational inequalities; Pseudo-monotonicity.
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1 Introduction and Motivation

When we are talking about the generalized monotone inclusion problems involving
set-valued operators in Hilbert space H, it means the following problem:

őnd x ∈ H such that z ∈ Fx, (1.1)

where F : H ⇒ H is monotone and z ∈ H; see, e.g. [23, 91, 92]. In terms of non-smooth
optimization problems, this monotone inclusion problem links to various problems in
real-world applications, such as signal and image processing [19], positron emission to-
mography [11] and machine learning [83]. In particular case, if z = 0, the problem (1.1)
becomes a special case, namely

őnd x ∈ H such that 0 ∈ Fx, (1.2)

with a monotone operator F (see, e.g. [14,24,25,32,35,62]).
In general, people are interested in őnding an x ∈ H satisfying (1.2) for given maximal

monotone mapping F on H. A traditional method for doing this proposed by Martinet
[63,64] and generalized by Rockafellar [76,79]. It is known as the proximal algorithm,

xk+1 = (Id+αkF )
−1(xk), k = 0, 1, . . . ,

where αk > 0 and Id : H → H is the identity operator. This approach, along with its
dual variant in convex programmingÐthe Hestenes and Powell method of multipliersÐ
has been thoroughly explored (refer to [12, 45, 54, 58] and the associated references). It
is recognized for producing several specialized decomposition techniques, including the
method of partial inverses, the Douglas-Rachford splitting method, and the alternating
direction method of multipliers [1, 38,39,40,59,81,85].

In scenarios where F = A + B, with A and B being maximal monotone mappings
on H and B being single-valued on domB ⊃ domA, we mention the classical forward-
backward (FB) splitting method

xk+1 = (Id+αkA)
−1(Id−αkB)(xk), k = 0, 1, . . . ,

where αk > 0, for solving the problem

őnd x ∈ H such that 0 ∈ Ax+Bx. (1.3)

This approach is introduced by Lions and Mercier [59], further developed by Passty [69],
and presented in a dual form for convex programming by Han and Lou [46]. When A
is equal to normal cone NC , with C representing a nonempty closed convex set in H,
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1 Introduction and Motivation

this method simpliőes to a projection technique suggested by Sibony [84] for monotone
variational inequalities (VIs), i.e.,

őnd x ∈ C such that ⟨B(x), y − x⟩ ≥ 0, ∀y ∈ C. (1.4)

In general, the methods based on forward-backward splitting scheme require the cocoer-
civity of the single-valued operator B for the convergence results, but this property can
be relaxed into the monotonicity and Lipschitz continuity as the extragradient method,
Tseng’s algorithm, and others like below.

When discussing saddle point and minimization problems, one of the simplest and most
natural general method is the gradient method [3, 71]. While effective for minimization
problems, the gradient method often fails to converge when applied to őnding saddle
points (or converges for saddle point problems only under extremely rigid assumptions).
In 1976, Korpelevich [57] proposed an extragradient method. The idea is instead of
directly updating the solution using the gradient at the current point, the extragradient
method őrst takes a "trial" gradient step to an intermediate point. Then, it calculates
the gradient at this extrapolated point and uses that gradient for the actual update. Let
C ⊆ H be a nonempty closed convex set, PC be the projection operator onto C (see
Deőnition 2.4.1 in Chapter 2) and B : H → H a monotone and Lipschitz operator. The
extragradient for solving (1.4) takes the form (see also [41])

EG

{

yn = PC(xn − γB(xn)),

xn+1 = PC(xn − γB(yn)),
(1.5)

for 0 < γ < 1/L and (xn)n∈N converges weakly to some solution of problem (1.4). Notice
that EG method has two projections.

In 2000, Tseng [90] proposed a simple modiőcation to the FB method for solving
the problem in (1.3). This approach draws inspiration from Korpelevich’s extragradient
method [57] for monotone variational inequalities, which enhances Sibony’s projection
method [84] by performing an additional forward step and only one projection step at
each iteration. It can be expressed in the simple formula as shown below

yn = JγA(xn − γBxn),

xn+1 = yn + γ(Bxn −Byn), (1.6)

where γ is a constant parameters satisfying 0 < γ < 1/L and JγA = (Id+γA)−1 is the
resolvent operator.

From Tseng’s algorithm [90], we can see that the algorithm must compute twice both
B(xn) and B(yn), which wastes the algorithm process. To alter this issue, we follow
Popov’s idea [73], which provides a strategy in the extragradient method or EG (also
known as Korpelevich [57]) that only requires a single gradient computation per update
for the problem. We refer to this improved approach as extragradient with extrapolation
from the past, namely EG-EP (the terminology "extrapolation from the past" is taken
from [43]). Indeed, let C ⊆ H be a nonempty closed convex set, and B : H → H be

8



a monotone Lipschitz operator. For some positive parameter γ we have the following
scheme for solving (1.4)

EG

{

yn = PC(xn − γB(xn)),

xn+1 = PC(xn − γ(B(yn))),
and EG-EP

{

yn = PC(xn − γB(yn−1)),

xn+1 = PC(xn − γ(B(yn))).

(1.7)
Notably, we may use prior forward evaluations of B that have been previously com-

puted from the earlier step in the EG-EP method. Then, we refer to this method as
extrapolation from the past, which was proposed and detailed in [43] (see Section 3.4
of [43]).

We can combine this technique with Tseng’s algorithm and call it Tseng’s algorithm
with extrapolation from the past (Tseng-EP) or forward-backward-forward algorithm with
extrapolation from the past (FBF-EP). This approach is also suggested in [14]. One can
consider a general scheme as

Tseng-General

{

yn = JγA(xn − γB(zn)),

xn+1 = yn + γ(B(zn)−B(yn)).
(1.8)

1. For zn = xn, we obtain Tseng’s algorithm, see [90] and Section 2.3 in [14].

For zn = yn−1, we obtain Tseng’s algorithm with extrapolation from the past
(FBF-EP):

Tseng-EP or FBF-EP

{

yn = JγA(xn − γB(yn−1)),

xn+1 = yn + γ(B(yn−1)−B(yn)).
(1.9)

On the other hand, we obtain forward-reflected-backward (see [62]) if we insert xn+1

into the őrst step of Tseng-EP at yn+1:

yn+1 = JγA(yn + γ(B(yn−1)−B(yn))− γB(yn))

or yn+1 = JγA(yn − 2γB(yn) + γB(yn−1)).
(1.10)

In particular, both approaches are identical and become optimistic mirror descent
(see [74, 75]) in the unconstrained case with A = 0, as

yn+1 = yn − 2γB(yn) + γB(yn−1), (1.11)

which, under the term Optimistic Gradient Descent Ascent (OGDA), has been
suggested for the training of Generative Adversarial Network (GANs), see [36, 37]
for more details.

The aim of this thesis is to inspect several algorithms based on Tseng’s algorithm with
extrapolation in the past (Tseng-EP or FBF-EP). The work is based on the publications
[87, 88, 89]. The ordinary basic knowledge and useful preliminaries are introduced in
Chapter 2.
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1 Introduction and Motivation

In Chapter 3 (based on [89]), we engage to solve the monotone inclusion problem,
Problem 3.1, involving composite structure. This kind of problem can be addressed with
Tseng’s algorithm endowed with error terms like in Briceño-Arias and Combettes [23].
The error terms make it more ŕexible in computation. These additional error terms
őx situations when the resolvent operator cannot be computed efficiently. Furthermore,
Vũ [92] introduced a variable metric extension of Tseng’s algorithm endowed error terms,
which enhances efficiency by using metrics. Due to our purpose of studying, we propose
a variable metric extension of FBF-EP with error terms and prove its convergence in Sec-
tion 3.2. This method can be represented as primal-dual solver for monotone inclusions
as in Section 3.3. Moreover, a primal-dual splitting algorithm for convex optimization
problems in the context of Tseng-EP (or FBF-EP) is proposed in Section 3.4. In order to
conőrm the effectiveness of our proposed algorithm in Chapter 3, numerical experiments
in image deblurring are considered in Section 3.5.

In Chapter 4 (based on [88]), we study the general monotone inclusion problem in the
term of the sum of three operators. In fact, it is the monotone inclusion problem rooting
from the problem in (1.2) while in this occasion we consider F = A+D +NC where A
is a maximally monotone operator, D is a monotone and Lipschitz continuous operator,
and C is the set of zeros of another monotone and Lipschitz continuous operator B. As
Tseng-EP (or FBF-EP) is our scope of the study direction, we provide Tseng’s algorithm
with extrapolation and penalization techniques and also prove the weak convergence of
the sequence of weighted averages. The strong convergence can be assured by assuming
the strong monotonicity of A. These aforesaid results belong in Section 4.2. Further,
a penalty scheme version of Tseng-EP (or FBF-EP) for solving minimax problems is
presented in Section 4.3. Apart from the problem of the sum of three operators, we also
develop Tseng-EP (or FBF-EP) and penalty scheme for solving the problem involving
composition of linear continuous operators in Section 4.4. In Section 4.5, the theoretical
results were validated through a numerical experiment in TV-based image information
by comparing the proposed method with the classical Tseng’s algorithm.

In Chapter 5 (based on [87]), we turn our attention to the work in variational problem
(VI) as (1.4) by applying Tseng-EP (or FBF-EP). In Section 5.2, we propose a modiőed
version of Tseng’s forward-backward-forward algorithm incorporating an extraplotion
from the past procedure to solve pseudo-monotone variational inequalities in Hilbert
space. Also, we provide a variational stepsize scheme for the algorithm and investigate
an adaptive stepsize scenario improving the efficiency and applicability of the method,
especially when the Lipschitz constant of the operator is unknown. In Section 5.3, we
contribute numerical experiments to support the chapter’s theoretical results, includ-
ing examples in both őnite-dimensional Euclidean space and the inőnite-dimensional L2

space. The numerical results suggest that Tseng-EP (or FBF-EP) can be more efficient
than the classical Tseng (or FBF) algorithm in terms of CPU time, but its performance
can be sensitive to computer errors or computational power.
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2 Preliminaries

In this chapter, we present essential deőnitions, propositions, and lemmas, many of
which can be found in [8].

Let H and G be real Hilbert spaces with inner product ⟨·, ·⟩ and the asscociated norm
∥ · ∥ =

√

⟨·, ·⟩. The notation N is the set of natural numbers, R represents the set of real
numbers, and R++ serves as the set of all positive real numbers. We denote weak and
strong convergence as symbols ⇀ and →, respectively. Finally, ℓ+ denotes the set of all
sequences in [0,+∞), and ℓ1 (resp. ℓ2) denotes the space of all absolutely (resp. square)
summable sequences in R. Therefore ℓ1+ means the space of all absolutely summable
sequences in [0,∞).

The limit inferior of a sequence (xn) is deőned by

lim inf
n→+∞

xn := sup
n≥0

inf
m≥n

xm = sup{inf{xm | m ≥ n} | n ≥ 0},

and the limit superior of a sequence (xn) is deőned by

lim sup
n→+∞

xn := inf
n≥0

sup
m≥n

xm = inf{sup{xm | m ≥ n} | n ≥ 0}.

Now, we will provide notations regarding sets.

Definition 2.0.1 (Affine Set and Convex Set). A set C ⊆ H is said to be

(i) affine if λx+ (1− λ)y ∈ C for all x, y ∈ C and all λ ∈ R;

(ii) convex if λx+ (1− λ)y ∈ C and all λ ∈ [0, 1];

(iii) a cone if λx ∈ for all x ∈ C and for all λ ≥ 0.

The intersection of an arbitrary family of convex sets (cones, affine sets, linear sub-
spaces) is a convex set (cone, affine set, linear sunspace, respectively). Furthermore, we
provide the following deőnition for the intersection of the set containing C ⊆ H.

Definition 2.0.2 (Linear hull, Affine hull, Convex hull, Conical hull).

(i) linC := ∩{D ⊂ H | C ⊆ D,D is a linear subspace} is called the linear hull of C;

(ii) aff C := ∩{D ⊂ H | C ⊆ D,D is an affine set} is called the affine hull of C;

(iii) coC := ∩{D ⊂ H | C ⊆ D,D is a convex set} is called the convex hull of C;

(iv) coneC := ∩{D ⊂ H | C ⊆ D,D is a cone} is called the conical hull of C.

11



2 Preliminaries

The interior of a subset C of H is the largest open set that is contained in C deőned
as

intC = {x ∈ C | ∃ρ > 0 such that B(0, ρ) ⊂ C − x},

where for all ρ > 0, B(0, ρ) := {y ∈ H | ∥y∥ < ρ} is the open ball with the center at 0
and radius ρ.

Definition 2.0.3. Let C be a convex subset of H. The core of C is

coreC = {x ∈ C | cone(C − x) = H};

the strong relative interior of the set C is deőned as

sriC := {x ∈ C | cone(C − x) is a closed linear subspace};

moreover, it holds intC ⊆ sriC, where the inclusion is strict in general.

Definition 2.0.4 (Relative Interior). Let C ⊆ R
n be a nonempty convex set. The

relative interior of the set C is deőned as

riC := {x ∈ C | ∃ε > 0 such that B(x, ε) ∩ aff C ⊆ C}

and it represents the interior of the set C relative to its affine hull. If intC ̸= ∅, then
aff C = R

n and riC = intC.

Theorem 2.0.5 ( [15, 44]). Let C ⊆ R
n be a convex set. It holds sriC = riC.

2.1 Useful Facts

Fact 2.1.1 (Cauchy-Schwarz Inequality, [8, Fact 2.11]). Let x and y be in H. Then

|⟨x, y⟩| ≤ ∥x∥∥y∥.

Moreover, ⟨x, y⟩ = ∥x∥∥y∥ if and only if there is α ∈ R such that y = αx.

Proposition 2.1.2. Let x, y ∈ H and α ∈ R. Then

∥αx+ (1− α)y∥2 + α(1− α)∥x− y∥2 = α∥x∥2 + (1− α)∥y∥2. (2.1)

Next, we present the fertile lemma conőrming the sequence’s convergence and
summability associated with a speciőc form of inequality. This lemma is essential and
applied multiple times in this thesis, and it has been sourced from [5].

Lemma 2.1.3. Let (an)n∈N, (bn)n∈N and (εn)n∈N be real sequences. Assume that (an)n∈N
is bounded from below, (bn)n∈N is a nonnegative sequence, (εn)n∈N ∈ ℓ1 such that

an+1 ≤ an − bn + εn ∀n ∈ N

Then (an)n∈N is convergent and (bn)n∈N ∈ ℓ1.

12



2.2 Functions and Their Properties

Two more extended general versions of the Lemma above will be used further in Chap-
ter 3, as shown below.

Lemma 2.1.4 ( [33], [72, Lemma 2 in Section 2.2.1] ). Let (αn)n∈N be a sequence in
[0,+∞), let (ηn)n∈N ∈ ℓ1+(N) and let (εn)n∈N ∈ ℓ1+(N) be such that αn+1 ≤ (1 + ηn)αn +
εn, ∀n ∈ N. Then (αn)n∈N converges.

Lemma 2.1.5 ( [30, Lemma 3.1]). Let χ ∈ (0, 1], (αn)n≥0 ∈ ℓ+, (βn)n≥0 ∈ ℓ+ and
(εn)n≥0 ∈ ℓ1+ be such that

αn+1 ≤ χαn − βn + εn, ∀n ∈ N. (2.2)

Then

(i) (αn)n≥0 is bounded;

(ii) (αn)n≥0 converges;

(iii) (βn)n≥0 ∈ ℓ1;

(iv) If χ ̸= 1, (αn)n≥0 ∈ ℓ1.

To demonstrate the weak convergence of our proposed algorithms that will appear in
this thesis, we present a valid theorem known as Opial’s Lemma.

Lemma 2.1.6 ( [67, Opial’s Lemma]). Let S be a nonempty subset of H, and (xn)n≥0 a
sequence of elements of H. Assume that

(i) for every z ∈ S, lim
n→+∞

∥xn − z∥ exists;

(ii) every weak sequential limit point of (xn)n∈N belongs to S as n→ +∞.

Then xn converges weakly as n→ +∞ to a point in S.

2.2 Functions and Their Properties

Now we consider deőnitions and properties of functions with values in the extended-real
line R := R ∪ {±∞}.
Definition 2.2.1. Let f : H → R be a function. Then

(i) The effective domain of f is deőned as dom f := {x ∈ H | f(x) < +∞}.

(ii) The function f is said to be proper if dom f ̸= ∅ and f(x) > −∞ for all x ∈ H.

(iii) The function f is said to be lower semicontinuous (l.s.c) at x ∈ H if

lim inf
y→x

f(y) = sup
δ>0

inf
y∈B(x,δ)

f(y) ≥ f(x)

The function f is called lower semicontinuous if it is lower semicontinuous at every
x ∈ H.
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2 Preliminaries

Definition 2.2.2 (Convex Function). A function f : H → R is called convex if for all
x, y ∈ H and all λ ∈ (0, 1) it holds

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

Theorem 2.2.3 ( [8, Theorem 9.1 (or Theorem 10.23)]). Let f : H → (−∞,+∞] be
convex. Then the following statements are equivalent:

(i) f is weakly sequentially lower semicontinuous.

(ii) f is sequentially lower semicontinuous.

(iii) f is lower semicontinuous.

(iv) f is weakly lower semicontinuous.

Definition 2.2.4. (Separable Sum of Functions, [8, Example 2.1]) Let I be a nonempty
index set and Hi∈I be real Hilbert spaces. Assume that for any i ∈ I, fi : Hi → (−∞,∞]
and that, if I is inőnite, infi∈I fi ≥ 0. Then we deőne

⊕

i∈I
fi :

⊕

i∈I
Hi → (−∞,∞] : (xi)i∈I 7→

∑

i∈I
fi(xi).

2.3 Conjugate Functions, Subdifferentiability and Other Useful

Functions

Definition 2.3.1 (Subdifferential). Let f : H → (−∞,∞] be proper. The subdifferential
of f is the set-valued operator deőned as

∂f : H ⇒ H, x 7→ {u ∈ H | ⟨y − x, u⟩+ f(x) ≤ f(y) ∀y ∈ H} for f(x) ∈ R, (2.3)

and ∂f(x) := ∅ for f(x) ̸∈ R. The elements of ∂f(x) are called subgradients of f at x.

Definition 2.3.2 (Conjugate Function and Inőmal Convolution). Let f : H → R be a
given function. The conjugate function of f is deőned by

f∗ : H → R : u 7→ sup
x∈H

{⟨x, u⟩ − f(x)} , (2.4)

and the infimal convolution of f , g : H → R is

f□g : H → R : x 7→ inf
y∈H

{f(y) + g(x− y)}. (2.5)

Proposition 2.3.3. (Characterization of Subdifferential, [8, Theorem 16.29]) Let f :
H → R be a given function, x ∈ H and u ∈ H. Then

u ∈ ∂f(x) ⇔ f∗(u) + f(x) = ⟨u, x⟩.
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2.3 Conjugate Functions, Subdifferentiability and Other Useful Functions

As the above characterization of the element in subgradient of f , we can see that
the inverse of the subdifferential (in the sense of set-valued operators) can be described
as [8, Corollary 16.30]

(∂f)−1 = ∂f∗. (2.6)

Definition 2.3.4. Let C be a subset of H. Then

(i) The indicator function of C is deőned by ιC : H → R, x 7→
{

0, if x ∈ C;

+∞, if x ̸∈ C.

(ii) The distance function of C is deőned by dC = ιC□∥ · ∥ : H → R, x 7→ inf
y∈C

∥x− y∥.

(iii) The support function of C is σC : H → R : u 7→ sup⟨C, u⟩. Moreover:

σC(u) = sup
x∈C

⟨u, x⟩ = sup
x∈H

{⟨u, x⟩ − ιC(x)} = ι∗C(u), ∀u ∈ H.

Definition 2.3.5 (Normal Cone). Let C be a nonempty convex subset of H and let
x ∈ H. The normal cone to C at x is empty set, if x ̸∈ C, and

NC(x) =

{

u ∈ H
∣
∣
∣
∣
∣
sup
y∈C

⟨y − x, u⟩ ≤ 0

}

, if x ∈ C.

It worth nothing that for x ∈ C, u ∈ NC(x) if and only if σC(u) = ⟨x, u⟩. Note that
a cone is a set that is closed under positive scaling (see Deőnition 2.0.1 (iii)), and the
normal cone is always a cone itself.

Example 2.3.6. Let C ⊆ H be a given set. Then, the (convex) subdifferential of its
indicator function can be written as

∂ιC(x) = {u ∈ H | ⟨u, y − x⟩ ≤ 0, ∀y ∈ C} = NC(x) for x ∈ C.

and ∂ιC(x) = ∅ for x ̸∈ C.

We recall that a proper function f : H → R is said to be Gâteaux differentiable at
x ∈ dom f if there exists u ∈ H such that

⟨u, a⟩ = lim
t→0

f(x+ ta)− f(x)

t
, ∀a ∈ H.

The element u is called Gâteaux differential (derivative) of f at x, and it is denoted by
∇f(x).
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2 Preliminaries

Remark 2.3.7.

(i) We recall that a proper function f : H → R is said to be Fréchet differentiable at
x ∈ int(dom f) if there exists u ∈ H such that

lim
a→0

f(x+ a)− f(x)− ⟨u, a⟩
∥a∥ = 0.

In this case, f is continuous and Gâteaux differentiable at x. The element u is
called Fréchet differential (derivative) of f at x, and is consequently denoted also
by ∇f(x).

(ii) Let f : H → R be proper, convex and lower semicontinuous. If f is continuous and
Gâteaux differentiable on B(x, δ) ⊂ dom f , for δ > 0, and the Gâteaux derivative
∇f : B(x, δ) → H is continuous at x, then f is Fréchet differentiable at x (see
also [95, Corollary 3.3.6], [8, Corollary 17.42]).

Proposition 2.3.8 ( [8, Proposition 17.31]). Let f : H → (−∞,∞] be proper and convex
and let x ∈ dom f . Then the following hold:

(i) Suppose that f is Gâteaux differentiable at x. Then ∂f(x) = {∇f(x)};

(ii) Suppose that f is continuous at x, and ∂f(x) consists of a single element u. Then
f is Gâteaux differentiable at x and u = ∇f .

2.4 Projection and Proximal Point Operator

Definition 2.4.1 (Best Approximation / Projection). Let C be a nonempty subset of
H, let x ∈ H and let p ∈ C. Then p is a best approximation to x from C (or a projection
of x onto C) if ∥x− p∥ = dC(x). If every point in H has exactly one projection onto C,
then C is called a Chebyshev set. In this case, the projector (or projection operator) onto
C is the operator, denoted by PC , that maps every point in H to its unique projection
onto C.

Now, we let Γ0(H) be represented as the class of proper convex lower semicontinuous
functions. We also know that f∗ ∈ Γ0(H) if f ∈ Γ0(H).

Definition 2.4.2 (Proximal Point [8]). Let f be in Γ0(H). Then the proximity operator
(or proximal mapping) is deőned by

proxf : H → H, x 7→ argmin
y∈H

(f(y) +
1

2
∥x− y∥2),

proxf (x) is the unique minimizer of f + 1
2∥ · −x∥2.

Example 2.4.3 ( [8, Example 12.25]). Let C be a nonempty closed convex set of H, and
f = ιc. Then proxf = proxιc = PC .
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2.5 Operators and Their properties

The characterization of the projection mapping is a useful tool that we will employ to
present our main results, as demonstrated in the theorem below.

Theorem 2.4.4 ( [8, Theorem 3.14]). Let C be a nonempty closed convex subset of H.
Then for every x and p in H,

p = PCx ⇔ [p ∈ C and (∀y ∈ C) ⟨y − p, x− p⟩ ≤ 0].

Theorem 2.4.5 ( [8, Proposition 16.44]). Let f ∈ Γ0(H), and let x and p be in H. Then

p = proxfx if and only if x− p ∈ ∂f(p).

In other words, proxf = (Id+∂f)−1.

2.5 Operators and Their properties

Definition 2.5.1. An operator T : H → H is called

(i) linear if T (λx+ µy) = λT (x) + µT (y) for all x, y ∈ H and all λ, µ ∈ R.

(ii) affine if T (λx+ (1− λ)y) = λT (x) + (1− λ)T (y) for all x, y ∈ H and all λ ∈ R.

Definition 2.5.2. Let D be a nonempty subset of H and let A : D → H. Then A is
said to be

(i) firmly nonexpansive if

∥Ax−Ay∥2 + ∥(Id−A)x− (Id−A)y∥2 ≤ ∥x− y∥2 ∀x, y ∈ D. (2.7)

(ii) nonexpansive if

∥Ax−Ay∥ ≤ ∥x− y∥ ∀x, y ∈ D,

which is nothing else than 1-Lipschitz continuous with constant 1. Also, we can
notice that every őrmly nonexpansive operator is always nonexpansive.

(iii) Lipschitz continuous (or Lipschitzian) if

∥Ax−Ay∥ ≤ ν∥x− y∥ ∀x, y ∈ H, (2.8)

where ν > 0 is called a Lipschitz constant.

(iv) cocoercive (or inverse strongly monotone) if it satisőes

⟨Ax−Ay, x− y⟩ ≥ β∥Ax−Ay∥2, ∀x, y ∈ H and β > 0. (2.9)

Example 2.5.3 (see [8, Corollary 18.17 (Baillon-Haddad)]). Let f : H → R be convex
and Fréchet differentiable. If ∇f is L-Lipschitz continuous (with L > 0), then ∇f is
(1/L)-cocoercive.
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2 Preliminaries

Definition 2.5.4 (Bounded Linear Operator). Let H and G be real Hilbert spaces. The
space of bounded linear operator from H to G is denoted by

B(H,G) = {T : H → G | T is linear and continuous}

and B(H) = B(H,H). We equipe B(H,G) with the norm

∥T∥ = sup ∥T (B(0, 1))∥ = sup
x∈H
∥x∥≤1

∥Tx∥, ∀T ∈ B(H,G).

The adjoint of T ∈ B(H,G) is the unique operator T ∗ ∈ B(G,H) which satisőes

⟨Tx, y⟩ = ⟨x, T ∗y⟩, ∀x ∈ H, ∀y ∈ G.

2.6 Monotone and Maximally monotone operator

For any arbitrary set-valued operator A : H ⇒ H, we denote by

Gra(A) := {(x, ξ) ∈ H ×H | ξ ∈ A(x)};
Dom(A) := {x ∈ H | Ax ̸= ∅};
Ran(A) := {u ∈ H | ∃x ∈ H such that u ∈ Ax};
zer(A) := {x ∈ H | 0 ∈ Ax};

its graph, domain, range and the set of zeros of A, respectively. The inverse of A, denoted
by A−1, is deőned through its graph such that Gra(A−1) = {(u, x) ∈ H × H | (x, u) ∈
Gra(A)}. Notice that zer(A) = A−1(0).

Definition 2.6.1. Let A : H ⇒ H be a set-valued operator.

(i) The operator A is said to be monotone if

⟨x− y, u− v⟩ ≥ 0, ∀(x, u), (y, v) ∈ Gra(A). (2.10)

(ii) The monotone operator A is said to be maximally monotone (or maximal mono-
tone) if there exits no monotone operator B : H ⇒ H such that GraA ⊂ GraB
and A ̸= B. Furthermore, we have the following characterization: the monotone
operator A is maximally monotone if and only if

(x, u) ∈ H ×H and ⟨v − u, y − x⟩ ≥ 0, ∀(y, v) ∈ Gra(A) ⇒ (x, u) ∈ Gra(A).
(2.11)

Furthermore, a point z ∈ H belongs to zer(A) if and only if ⟨u − z, w⟩ ≥ 0 for all
(u,w) ∈ Gra(A).

(iii) The operator A is said to be γ-strongly monotone with γ > 0 if A−γ Id is monotone,
i.e.,

⟨x− y, u− v⟩ ≥ γ∥x− y∥2, ∀(x, u), (y, v) ∈ Gra(A). (2.12)
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2.6 Monotone and Maximally monotone operator

We know that the subdifferential of f is maximally monotone if f is proper convex
and lower semicontinuous function:

Theorem 2.6.2 (Moreau’s theorem, [8, Theorem 20.25] or [80]). Let f ∈ Γ0(H). Then
∂f is maximally monotone.

Remark 2.6.3. A single-valued linear operator S : H → H is said to be skew if ⟨Sx, x⟩ = 0
for all x ∈ H or, equivalently, if

⟨Sy, x⟩ = −⟨Sx, y⟩ ∀x, y ∈ H.

It is known that skew operators are maximally monotone, and any nonzero single-valued
linear and skew operator is not a (convex) subdifferential. This example provides a
maximally monotone operator, which is not a (convex) subdifferential.

If A is maximally monotone, then zer(A) is a closed and convex set (see [8, Proposition
23.39]), and conditions ensuring that zer(A) is nonempty can be found in Section 23.4
of [8]. Moreover, if A is maximally monotone and strongly monotone, then the set zer(A)
is a singleton and thus nonempty (refer to [8, Corollary 23.37]).

Remark 2.6.4. Notice that every cocoercive operator is monotone and Lipschitz con-

tinuous but the converse is not the case. For example, when A =

[
0 1
−1 0

]

for x =

[x1, x2]
T ,y = [y1, y2]

T ∈ R
2 such that x ̸= y, we can observe that if let z = x− y, then

⟨A(x − y),x − y⟩ = zTAz = [z1, z2]

[
z2
−z1

]

= z1z2 − z2z1 = 0 ̸≥ β∥A(x − y)∥2, ∀β > 0

(furthermore, we have ∥A(x − y)∥ = ∥Az∥ =

∥
∥
∥
∥

[
z2
−z1

] ∥
∥
∥
∥
=
√

z22 + (−z1)2 =
√

z21 + z22 =

∥z∥ = ∥x− y∥).
We now present a basic property of maximally monotone operators, which will be used

in the proof of the main results of the thesis.

Proposition 2.6.5 ( [8, Proposition 20.38]). Let A : H ⇒ H be maximally monotone.
Then the following statements hold:

(i) Gra(A) is sequentially closed in Hstrong×Hweak, i.e., for every sequence (xn, un)n∈N
in Gra(A) and every (x, u) ∈ H×H if xn → x and un ⇀ u, then (x, u) ∈ Gra(A);

(ii) Gra(A) is sequentially closed in Hweak×Hstrong, i.e., for every sequence (xn, un)n∈N
in Gra(A) and every (x, u) ∈ H×H if xn ⇀ x and un → u, then (x, u) ∈ Gra(A);

(iii) Gra(A) is closed in Hstrong ×Hstrong.

Definition 2.6.6. (Resolvent Operator [8]) Let A : H ⇒ H. The resolvent of A is

JA = (Id+A)−1. (2.13)

In addition, for f ∈ Γ0(H) we have J∂f = proxf , and for a given nonempty, closed,
convex set C according to Deőnition 2.3.5, Example 2.4.3 and Proposition 2.4.5: we have
J∂ιC = (Id+∂ιC)

−1 = (Id+NC)
−1 = proxιC = PC .
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2 Preliminaries

Moreover, if A is maximally monotone, then the resolvent operator of A, JA : H → H,
is single-valued and maximally monotone (see [8, Corrollary 23.10]).

The following proposition provides the closed relationship between őrmly nonexpansive
mappings and the monotone operators.

Proposition 2.6.7. ( [8, Proposition 23.8]) Let D be a nonempty subset of the real
Hilbert space H, let T : D → H and A = T−1 − Id. Then the following hold:

(i) T = JA;

(ii) T is firmly nonexpansive if and only if A is monotone;

(iii) T is firmly nonexpansive and D = H if and only if A is maximally monotone.

Corollary 2.6.8. ( [8, Corollary 23.9]) Let T : H → H. Then T is firmly nonexpansive
if and only if it is the resolvent of a maximally monotone operator A : H ⇒ H.
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3 Tseng’s Algorithm with Extrapolation from

the Past Endowed with Variable Metrics and

Error Terms

Various problems in real-world applications, such as signal and image processing [19],
positron emission tomography [11] and machine learning [83], can be expressed in
term of non-smooth optimization problems. These problems can be modelled as
inclusion problems involving monotone set-valued operators in Hilbert space H shown as
Problem 3.1 below. In many situations, the operator F in (1.1) can be represented as
the őnite sum of monotone operators, where compositions with linear transformations
are allowed. In these cases, it is typically preferable to also solve the associated dual
inclusion, see [2, 19, 23, 31, 91]. More precisely, the monotone inclusion problem has the
following form:

Problem 3.1: Let H be a real Hilbert space, let m be a strictly positive integer,
let z ∈ H, let A : H ⇒ H be a maximally monotone operator, let C : H → H be
monotone and v0-Lipschitzian for some v0 ∈ (0,+∞). For every i ∈ {1, . . . ,m}, let Gi
be a real Hilbert space, let ri ∈ Gi, let Bi : Gi ⇒ G be a maximally monotone operator,
let Li : H → Gi be a nonzero bounded linear operator. Suppose that

z ∈ Ran

(

A+
m∑

i=1

L∗
i (Bi(Li · −ri)) + C

)

. (3.1)

The problem is to solve the primal inclusion

őnd x̄ ∈ H such that z ∈ Ax̄+

m∑

i=1

L∗
i (Bi(Lix̄− ri)) + Cx̄, (3.2)

and the dual inclusion

őnd v̄1 ∈ G1, . . . , v̄m ∈ Gm such that (∃x ∈ H)







z −
m∑

i=1

L∗
i v̄i ∈ Ax+ Cx,

v̄i ∈ Bi(Lix− ri), ∀i ∈ {1, . . . ,m}.
(3.3)

The particular case of convex optimization problems can be seen in Section 3.4.
In this chapter, we are interested in developing Tseng’s algorithm with extrapolation

from the past endowed with variable metrics and error terms. Moreover, when the resol-
vent operator cannot be computed efficiently, it is allowed to have errors. For example,
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3 Tseng-EP with Variable Metrics and Error Terms

such modiőcation in the classical Tseng’s algorithm has been proposed in [23]: the algo-
rithm is more ŕexible if we concede it has error terms. Additionally, some works proposed
the use of variable metrics to get more efficient proximal algorithms (see [24,25,33,68]),
which can be applied to the forward-backward splitting algorithm in [32] and Tseng’s
algorithm in [92]. Therefore, we round up the modiőcation algorithm’s beneőts and put
them into our scheme, as shown in this chapter’s details.

In the layout of this chapter, we propose the variable metric Tseng’s algorithm with
extrapolation from the past and error terms shown in Section 3.2. The basic knowledge
and useful tools are presented in Section 3.1, along with various notations. After that,
in Sections 3.3 and 3.4, we employ our main result to propose a variable metric primal-
dual algorithm for the various kinds of composite inclusions for Problem 3.1 (and
Problem 3.2, respectively). Moreover, we illustrate the application of our algorithm to
image deblurring in Section 3.5. All aspects of this work were published in Numerical
Functional Analysis and Optimization in 2022, see [89].

3.1 Preliminaries and Useful Tools

In order to effectively navigate the results and proofs presented in the next sections, it is
essential to establish a solid foundation of key concepts, useful lemmas and propositions.
This section outlines the preliminary materials that underpin our analysis. Together with
the main preliminaries section (see Chapter 2), articulating these essential components
will ensure a comprehensive understanding of the context and framework necessary for
the subsequent discussions.

Let S(H) = {L ∈ B(H) | L = L∗} be the linear subspace of B(H) of self-adjoint
operators. The Loewner partial ordering on S(H) is denoted by

U ≽ V ∀ U, V ∈ S(H) ⇔ ⟨Ux, x⟩ ≥ ⟨V x, x⟩ ∀x ∈ H. (3.4)

Now let α ∈ [0,+∞). We set

Pα(H) = {U ∈ S(H) | U ≽ α Id}, (3.5)

and we denote by
√
U the square root of U ∈ Pα(H). Moreover, for every U ∈ Pα(H),

we deőne a semi-scalar product and a semi-norm (a scalar product and a norm if α > 0)
by

⟨x, y⟩U = ⟨Ux, y⟩ and ∥x∥U =
√

⟨Ux, x⟩ ∀x ∈ H ∀y ∈ H. (3.6)

The proximity (proximal) operator of f ∈ Γ0(H) relative to the metric induced by
U ∈ Pα(H) is [48, Section XV.4]

proxUf : H → H : x 7→ argmin
y∈H

(f(y) +
1

2
∥x− y∥2U ), (3.7)
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and the projector onto a nonempty closed convex subset C of H relative to the norm
∥ · ∥U is denoted by PUC . We have

proxUf = JU−1∂f and PUC = proxUιC , (3.8)

and we write proxIdf = proxf . Note that if U = Id, the projector operator onto C
becomes the standard projector operator: PC (see also Deőnition 2.4.1).

Next, we introduce the useful lemmas giving properties of operators in S(H), properties
of the operator UA and JUA, and the behavior of (Un)n∈N in Pα(H).

Lemma 3.1.1 ( [52, Section VI.2.6], [32], [33]). Let α, µ ∈ (0,+∞) and let A and B be
operators in S(H) such that µ Id ≽ A ≽ B ≽ α Id. Then the following hold:

(i) α−1 Id ≽ B−1 ≽ A−1 ≽ µ−1 Id;

(ii) for all x ∈ H, ⟨A−1x, x⟩ ≥ ∥A∥−1∥x∥2;

(iii) ∥A−1∥ ≤ α−1.

Lemma 3.1.2 ( [32]). Let A : H ⇒ H be maximally monotone, let α ∈ (0,+∞), let
U ∈ Pα(H), and let G be the real Hilbert space obtained by endowing H with the scalar
product (x, y) 7→ ⟨x, y⟩U−1 = ⟨x, U−1y⟩. Then the following statements hold:

(i) UA : G ⇒ G is maximally monotone;

(ii) JUA : G → G is 1-cocoercive, i.e., firmly nonexpansive, hence nonexpansive;

(iii) JUA = (U−1 +A)−1 ◦ U−1.

Lemma 3.1.3 ( [33, Lemma 2.2] ). Let α ∈ (0,+∞) let (ηn)n∈N ∈ ℓ1+(N), and let
(Un)n∈N be a sequence in Pα(H) such that µ = supn∈N ∥Un∥ < +∞. Suppose that one of
the following statements holds:

(i) (1 + ηn)Un ≽ Un+1 ∀n ∈ N;

(ii) (1 + ηn)Un+1 ≽ Un ∀n ∈ N.

Then there exists U ∈ Pα(H) such that Un → U pointwise.

The deőnition of quasi-Fejér sequence with respect to some target set relative to a
sequence (Un)n∈N ⊆ Pα(H) is provided as follows.

Definition 3.1.4 ( [33] Deőnition 3.1). Let α ∈ (0,+∞), let ϕ : [0,+∞) → [0,+∞) ,
let (Un)n∈N be a sequence in Pα(H), let C be a nonempty subset of H, and let (xn)n∈N
be a sequence in H. Then (xn)n∈N is ϕ-quasi-Féjer monotone with respect to the target
set C relative to (Un)n∈N if (∃(ηn)n∈N ∈ ℓ1+(N)) (∀z ∈ C) (∃(εn)n∈N ∈ ℓ1+(N)) (∀n ∈ N),

ϕ(∥xn+1 − z∥Un+1
) ≤ (1 + ηn)ϕ(∥xn − z∥Un) + εn. (3.9)
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3 Tseng-EP with Variable Metrics and Error Terms

The following proposition is a effective tool to guarantee the boundedness and conver-
gence of the sequence.

Proposition 3.1.5 ( [33, Proposition 3.2] ). Let α ∈ (0,+∞), let ϕ : [0,+∞) → [0,+∞)
be strictly increasing and such that limt→+∞ ϕ(t) = +∞, let (Un)n∈N be in Pα(H), let
C be a nonempty subset of H, and let (xn)n∈N be a sequence in H such that (3.9) is
satisfied. Then the following statements hold:

(i) Let z ∈ C. Then (∥xn − z∥Un)n∈N converges;

(ii) (xn)n∈N is bounded.

We require some of the previous lemmas and propositions to provide the necessary
context for the following theorem, which conőrms the weak convergence of our method
in Section 3.2. The theorem states as follows.

Theorem 3.1.6 ( [33, Theorem 3.3]). Let α ∈ (0,+∞), let ϕ : [0,+∞) → [0,+∞) be
strictly increasing and such that limt→+∞ ϕ(t) = +∞, let (Un)n∈N and U be operators
on Pα(H) such that Un → U pointwise, let C be nonempty subset of H and let (xn)n∈N
be sequence in H such that (3.9) is satisfied. Then (xn)n∈N converges weakly to a point
in C if and only if every weak sequential cluster point of (xn)n∈N is in C.

3.2 A Variable Metric Tseng’s Algorithm with Extrapolation from the

Past and Error Terms

Using the product space approach, the primal-dual inclusion problems (3.2) and (3.3)
can be written in an appropriate product space as őnding x̄ ∈ H with 0 ∈ A(x̄) +
B(x̄), where A is maximally monotone and B is monotone and Lipschitz continuous,
see Section 3.3. This is the reason why we start by proposing a method for the problem
0 ∈ A(x) +B(x) in the following theorem.

Theorem 3.2.1. Let A : H ⇒ H be maximally monotone, let α, β ∈ (0,+∞), B :
H → H be a monotone and β-Lipschitz operator on H such that zer(A + B) ̸= ∅, let
(ηn)n∈N ∈ ℓ1+(N) and (Un)n∈N be a sequence in Pα(H) such that

µ = sup
n∈N

∥Un∥ < +∞ and (1 + ηn)Un+1 ≽ Un. (3.10)

Let (γn)n∈N ≤ λ with λ < 1√
10µβ

and lim inf
n→+∞

γn > 0. Let (an)n∈N, (bn)n∈N and (cn)n∈N

be absolutely summable sequences in H. Let x0, p−1 ∈ H and set






yn = xn − γnUn(B(pn−1) + an),

pn = JγnUnA(yn) + bn,

qn = pn − γnUn(B(pn) + cn),

xn+1 = xn − yn + qn.

(3.11)

Then the following statements hold for some x̄ ∈ zer(A+B):

24



3.2 A Variable Metric Tseng’s Algorithm with Extrapolation from the Past and Error Terms

(i)
∑

n∈N
∥xn − pn∥2 < +∞ and

∑

n∈N
∥yn − qn∥2 < +∞;

(ii) xn ⇀ x̄ and pn ⇀ x̄.

Proof. The proof is divided into the steps below because it contains many details.

Step 1: We introduce a new set of sequences in an error-free case, and give their properties
relating to semi-scalar product and semi-norm.

Step 2: We prove a suitable inequality (shown as in (3.42)) and derive
∑

n∈N ∥pn−1−p̃n∥2 <
+∞ by using Lemma 2.1.4 and Lemma 2.1.5, respectively.

Step 3: We prove the inequality (shown as in (3.47)) to assure that the sequence (xn)n∈N is
| · |2-quasi-Fejér monotone (see Deőnition 3.1.4, when ϕ = | · |2) with respect to the
target set zer(A+ B) relative to (U−1

n )n∈N, and later we obtain that
∑

n∈N ∥xn−
p̃n∥2 < +∞.

Step 4: Finally, (i) can be shown with above bounded summable results (in the previous
steps of the proof). Consequently, we will apply the | · |2-quasi-Fejér monotone
setting together with Theorem 3.1.6 to prove (ii) as required.

Now let us present the proof.
Step 1: We introduce new (sequence) parameters in terms of the error-free case of the

algorithm and show the summable properties of involved sequences needed for the rest
of the proof.

It follows from Lemma 3.1.2 that the sequences (xn)n∈N, (yn)n∈N, (pn)n∈N and (qn)n∈N
are well deőned. From (3.10), we obtain that for each x ∈ H

⟨Unx, x⟩ ≤ ∥Unx∥∥x∥ ≤ ∥Un∥∥x∥2 ≤ µ∥x∥2 = ⟨µx, x⟩ implies that Un ≼ µ Id,

and since Un ∈ Pα(H), then Un ≽ α Id. Hence we have that

{

µ Id ≽ Un ≽ α Id,

α−1 Id ≽ U−1
n ≽ µ−1 Id, by Lemma 3.1.1.

(3.12)

For all gn ∈ H, n ∈ N,

∥gn∥
√

1

α
=
√

⟨gn, α−1 Id gn⟩ ≥
√

⟨gn, U−1
n gn⟩

= ∥gn∥U−1
n

=

√

⟨gn, U−1
n gn⟩ ≥

√

⟨gn, µ−1 Id gn⟩ = ∥gn∥
√

1

µ
.

Thus we have that
√

1
µ
∥gn∥ ≤ ∥gn∥U−1

n
≤ ∥gn∥

√
1
α
, ∀(gn)n∈N ⊂ H. Similarly, we

also have that
√
α∥gn∥ =

√

⟨αgn, gn⟩ ≤
√

⟨Ungn, gn⟩ = ∥gn∥Un =
√

⟨Ungn, gn⟩ ≤
√

⟨µgn, gn⟩ = ∥gn∥
√
µ, ∀(gn)n∈N ⊂ H and then

∑

n∈N
∥gn∥ < +∞ ⇔

∑

n∈N
∥gn∥U−1

n
< +∞ ⇔

∑

n∈N
∥gn∥Un < +∞, ∀(gn)n∈N ⊂ H. (3.13)
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Let us set for all n ∈ N,







ỹn = xn − γnUnB(pn−1),

p̃n = JγnUnA(ỹn),

q̃n = p̃n − γnUnB(p̃n),

x̃n+1 = xn − ỹn + q̃n,

and

{

un = γ−1
n U−1

n (xn − p̃n) +B(p̃n)−B(pn−1),

en = x̃n+1 − xn+1 = yn − qn − ỹn + q̃n.

(3.14)
Since p̃n = JγnUnA(ỹn), then ỹn ∈ p̃n + γnUnA(p̃n) and therefore

γ−1
n U−1

n (ỹn − p̃n) ∈ A(p̃n). (3.15)

From (3.14) and (3.15), we have that ∀n ∈ N,

un = γ−1
n U−1

n (xn − γnUnB(pn−1)− p̃n) +B(pn−1) +B(p̃n)−B(pn−1)

(3.14)
= γ−1

n U−1
n (ỹn − p̃n) +B(p̃n)

(3.15)
∈ A(p̃n) +B(p̃n) = (A+B)(p̃n).

(3.16)

We observe that for all x ∈ H:

∥Unx∥U−1
n

=

√

⟨U−1
n Unx, Unx⟩ =

√

⟨x, Unx⟩ = ∥x∥Un , ∀n ∈ N. (3.17)

Applying (3.11), (3.14), (3.6), (3.17) and Lemma 3.1.2 yield ∀n ∈ N,

∥yn − ỹn∥U−1
n

(3.11),(3.14)
= ∥xn − γnUn (B(pn−1) + an)− (xn − γnUnB(pn−1)) ∥U−1

n

= γn∥Unan∥U−1
n

(3.17)
= γn∥an∥Un ≤ λ∥an∥Un ,

and

∥pn − p̃n∥U−1
n

(3.11),(3.14)
= ∥JγnUnA(yn) + bn − JγnUnA(ỹn)∥U−1

n

≤ ∥JγnUnA(yn)− JγnUnA(ỹn)∥U−1
n

+ ∥bn∥U−1
n

Lem.3.1.2
≤ ∥yn − ỹn∥U−1

n
+ ∥bn∥U−1

n

≤ λ∥an∥Un + ∥bn∥U−1
n
,

(3.18)

and

∥qn − q̃n∥U−1
n

(3.11),(3.14)
= ∥pn − γnUn (B(pn) + cn)− p̃n + γnUnB(p̃n)∥U−1

n

≤ ∥pn − p̃n∥U−1
n

+ ∥γnUnB(p̃n)− γnUnB(pn)∥U−1
n

+ γn∥Uncn∥U−1
n
.

(3.19)
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From the β-Lipschitz continuity of B, we obtain ∀n ∈ N,

∥γnUn (B(p̃n)−B(pn)) ∥2U−1
n

(3.17)
= ∥γn (B(p̃n)−B(pn)) ∥2Un

(3.6)
= γ2n⟨B(p̃n)−B(pn), UnB(p̃n)− UnB(pn)⟩
≤ γ2n∥Un∥∥B(p̃n)−B(pn)∥2

≤ γ2nµβ
2∥p̃n − pn∥2

(

since µ = sup
n∈N

∥Un∥ < +∞, β-Lipschitz continuity of B

)

≤ γ2nµ
2β2∥p̃n − pn∥2U−1

n

(since µ−1∥gn∥2 ≤ ∥gn∥2U−1
n

, ∀gn ∈ H)

≤ ∥p̃n − pn∥2U−1
n

(

since γn ≤ λ <
1√
10µβ

≤ 1

βµ

)

.

(3.20)
Then, it follows from (3.19), (3.20), (3.17) and (3.18) that ∀n ∈ N,

∥qn − q̃n∥U−1
n

(3.19),(3.20)

≤ 2∥pn − p̃n∥U−1
n

+ γn∥Uncn∥U−1
n

(3.17),(3.18)

≤ 2
[

∥bn∥U−1
n

+ λ∥an∥Un

]

+ γn∥cn∥Un

≤ 2
[

∥bn∥U−1
n

+ λ∥an∥Un

]

+ λ∥cn∥Un
(since γn ≤ λ, ∀n ∈ N) .

Hence, we have that ∀n ∈ N,







∥yn − ỹn∥U−1
n

≤ λ∥an∥Un ,

∥pn − p̃n∥U−1
n

≤ ∥bn∥U−1
n

+ λ∥an∥Un ,

∥qn − q̃n∥U−1
n

≤ 2
[

∥bn∥U−1
n

+ λ∥an∥Un

]

+ λ∥cn∥Un .

(3.21)

Since (an)n∈N, (bn)n∈N and (cn)n∈N are absolutely summable sequences in H, we derive
from (3.13), (3.14) and (3.21) that







∑

n∈N
∥yn − ỹn∥ < +∞ and

∑

n∈N
∥yn − ỹn∥U−1

n
< +∞,

∑

n∈N
∥pn − p̃n∥ < +∞ and

∑

n∈N
∥pn − p̃n∥U−1

n
< +∞,

∑

n∈N
∥qn − q̃n∥ < +∞ and

∑

n∈N
∥qn − q̃n∥U−1

n
< +∞,

(3.22)

According to (3.11), (3.14) and (3.21), we can derive that ∀n ∈ N,

∥en∥
(3.14)
= ∥yn − qn − ỹn + q̃n∥
≤ ∥yn − ỹn∥+ ∥qn − q̃n∥

(3.21)

≤ (λ∥an∥Un) + 2
(

∥bn∥U−1
n

+ λ∥an∥Un

)

+ λ∥cn∥Un . (3.23)

27
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Since (an)n∈N, (bn)n∈N and (cn)n∈N are absolutely summable sequences in H, we derive
from (3.13), (3.22) and (3.23) that

∑

n∈N ∥en∥ < +∞ and

∑

n∈N
∥en∥ < +∞ ⇔

∑

n∈N
∥en∥U−1

n
< +∞ ⇔

∑

n∈N
∥en∥Un < +∞. (3.24)

Step 2: In this part of the proof, we prove some essential inequalities to show the
inequality (3.42). Afterwards, we can show that

∑

n∈N
∥pn−1−p̃n∥2 < +∞ by using Lemma

2.1.5. This summable sequence will be used in the next steps of the proof.
Let x ∈ zer(A + B). Then, for every n ∈ N, (x,−γnUnB(x)) ∈ Gra(γnUnA), and

(3.15) yields (p̃n, ỹn − p̃n) ∈ Gra(γnUnA). Hence by monotonicity of UnA with respect
to the scalar product ⟨·, ·⟩U−1

n
in Lemma 3.1.2 (i), we obtain that

⟨p̃n − x, p̃n − ỹn − γnUnB(x)⟩U−1
n

≤ 0;

moreover, by monotonicity of γnUnB with respect to the scalar product ⟨·, ·⟩U−1
n

, we also
have

⟨p̃n − x, γnUnB(x)− γnUnB(p̃n)⟩U−1
n

≤ 0.

By the last two inequalities, we obtain that ∀n ∈ N,

⟨p̃n − x, p̃n − ỹn − γnUnB(p̃n)⟩U−1
n

≤ 0. (3.25)

Thus, we derive from (3.14) and (3.25) that ∀n ∈ N,

2γn⟨p̃n − x, UnB(pn−1)− UnB(p̃n)⟩U−1
n

= 2

≤0
︷ ︸︸ ︷

⟨p̃n − x, p̃n − ỹn − γnUnB(p̃n)⟩U−1
n

+ 2⟨p̃n − x, γnUnB(pn−1) + ỹn − p̃n⟩U−1
n

(3.25)

≤ 2⟨p̃n − x, γnUnB(pn−1) + ỹn − p̃n⟩U−1
n

(3.14)
= 2⟨p̃n − x, xn − p̃n⟩U−1

n

= ∥xn − x∥2
U−1
n

− ∥p̃n − x∥2
U−1
n

− ∥xn − p̃n∥2U−1
n
.

(3.26)

Next, using (3.12), (3.14), (3.26), (3.17), the β-Lipschitz continuity of B and Lemma
3.1.1, for every n ∈ N, we obtain that

∥x̃n+1 − x∥2
U

−1
n

(3.14)
= ∥q̃n + xn − ỹn − x∥2

U
−1
n

(3.14)
= ∥(p̃n − x) + γnUn(B(pn−1)−B(p̃n))∥2U−1

n

= ∥p̃n−x∥2U−1
n

+2γn⟨p̃n−x, Un(B(pn−1)−B(p̃n))⟩U−1
n

+γ2n∥Un(B(pn−1)−B(p̃n))∥2U−1
n

(3.26),(3.17)

≤ ∥p̃n−x∥2U−1
n

+
[

∥xn−x∥2U−1
n

−∥p̃n−x∥2U−1
n

−∥xn−p̃n∥2U−1
n

]

+γ2n∥B(pn−1)−B(p̃n)∥2Un
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(3.12)

≤ ∥xn−x∥2U−1
n

−∥xn−p̃n∥2U−1
n

+γ2nβ
2µ∥pn−1−p̃n∥2 (since α Id ≼ Un ≼ µ Id)

(3.12)

≤ ∥xn−x∥2U−1
n

−µ−1∥xn−p̃n∥2 + γ2nβ
2µ∥pn−1−p̃n∥2 (since α−1Id≽U−1

n ≽µ−1Id).

(3.27)

By Parallelogram law, we have that 2∥xn− p̃n∥2+2∥xn−pn−1∥2 = ∥pn−1− p̃n∥2+∥(xn−
p̃n) + (xn − pn−1)∥2, ∀n ∈ N, then ∥pn−1 − p̃n∥2 ≤ 2∥xn − p̃n∥2 + 2∥xn − pn−1∥2 and so
∥xn − p̃n∥2 ≥ −∥xn − pn−1∥2 + 1

2∥pn−1 − p̃n∥2. This means that ∀n ∈ N,

−∥xn − p̃n∥2 ≤ ∥xn − pn−1∥2 −
1

2
∥pn−1 − p̃n∥2. (3.28)

Now, it follows from (3.27) and (3.28) that ∀n ∈ N,

∥x̃n+1 − x∥2
U−1
n

(3.27)

≤ ∥xn − x∥2
U−1
n

− µ−1∥xn − p̃n∥2 + γ2nβ
2µ∥pn−1 − p̃n∥2

(3.28)

≤ ∥xn−x∥2U−1
n

+µ−1

[

∥xn−pn−1∥2−
1

2
∥pn−1−p̃n∥2

]

+γ2nβ
2µ∥pn−1−p̃n∥2

= ∥xn − x∥2
U−1
n

+ µ−1∥xn − pn−1∥2 +
(

γ2nβ
2µ− 1

2µ

)

∥pn−1 − p̃n∥2.
(3.29)

Then we őnd that ∀n ∈ N,

∥x̃n+1 − x∥2
U−1
n

+

(
1

2µ
− γ2nβ

2µ

)

∥pn−1 − p̃n∥2 ≤ ∥xn − x∥2
U−1
n

+ µ−1∥xn − pn−1∥2.
(3.30)

Since (3.11) gives us that for all n ∈ N, xn+1 = xn − yn + qn = γnUn (B(pn−1) + an) +
pn − γnUn (B(pn)+cn), then we have xn = γn−1Un−1(B(pn−2)+an−1) + pn−1 −
γn−1Un−1(B(pn−1)+cn−1). Therefore ∀n ∈ N,

∥xn − pn−1∥ = ∥γn−1Un−1 (B(pn−2)+an−1)+pn−1−γn−1Un−1 (B(pn−1)+cn−1)−pn−1∥
≤ γn−1∥Un−1B(pn−2)− Un−1B(pn−1)∥+ γn−1∥Un−1 (an−1 − cn−1) ∥
≤ γn−1µβ∥pn−2 − pn−1∥+ γn−1µ (∥an−1∥+ ∥cn−1∥) . (3.31)
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It follows from (3.30), (3.31) and CauchyśSchwarz inequality that ∀n ∈ N,

∥x̃n+1 − x∥2
U−1
n

+

(
1

2µ
− γ2nβ

2µ

)

∥pn−1 − p̃n∥2

(3.30)

≤ ∥xn − x∥2
U−1
n

+ µ−1∥xn − pn−1∥2

(3.31)

≤ ∥xn − x∥2
U−1
n

+ µ−1 [γn−1µβ∥pn−2 − pn−1∥+ γn−1µ (∥an−1∥+ ∥cn−1∥)]2

≤ ∥xn − x∥2
U−1
n

+ µ−1
[
2(γn−1µβ)

2∥pn−2 − pn−1∥2 + 2(γn−1µ)
2(∥an−1∥+ ∥cn−1∥)2

]

≤ ∥xn − x∥2
U−1
n

+ 2γ2n−1β
2µ∥pn−2 − pn−1∥2 + 2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2

≤ ∥xn − x∥2
U−1
n

+ 2γ2n−1β
2µ
[
2(∥pn−2 − p̃n−1∥2 + ∥p̃n−1 − pn−1∥2)

]

+ 2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2

= ∥xn − x∥2
U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2 + 4γ2n−1µβ

2∥p̃n−1 − pn−1∥2

+ 2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2.
(3.32)

Let zn := x̃n+1−x = xn− ỹn+ q̃n−x and Mn := 1
2µ−γ2nβ2µ > 0 (since γn <

1√
2βµ

, ∀n ∈
N), then we derive from (3.32) that ∀n ∈ N,

∥zn∥2U−1
n

+Mn∥pn−1 − p̃n∥2 = ∥x̃n+1 − x∥2
U−1
n

+

(
1

2µ
− γ2nβ

2µ

)

∥pn−1 − p̃n∥2

≤ ∥xn − x∥2
U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+ 4γ2n−1µβ
2∥p̃n−1 − pn−1∥2 + 2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2.

(3.33)

Applying (3.11) and (3.14), we obtain that xn+1−x = x̃n+1−x− x̃n+1+xn+1 = zn−en.
Then we get that

∥xn+1 − x∥2
U−1
n

= ∥zn∥2U−1
n

− 2⟨zn, en⟩U−1
n

+ ∥en∥2U−1
n
. (3.34)

From (3.10), we know that (1 + ηn)Un+1 ≽ Un, ∀n ∈ N. It follows from (3.34) that

∥xn+1 − x∥2
U−1

n+1

≤ (1 + ηn)∥xn+1 − x∥2
U−1
n

= (1 + ηn)
(

∥zn∥2U−1
n

− 2⟨zn, en⟩U−1
n

+ ∥en∥2U−1
n

)

. (3.35)

By using (3.33) and (3.35) yield ∀n ∈ N,

∥xn+1−x∥2U−1

n+1

+Mn∥pn−1−p̃n∥2
(3.35)

≤
(

∥zn∥2U−1
n

+Mn∥pn−1 − p̃n∥2
)

+ ηn∥zn∥2U−1
n

+ (1 + ηn)(−2⟨zn, en⟩U−1
n

) + (1 + ηn)∥en∥2U−1
n

(3.33)

≤
[
∥xn − x∥2

U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2
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+4γ2n−1µβ
2∥p̃n−1−pn−1∥2+2γ2n−1µ(∥an−1∥+∥cn−1∥)2

]

+ ηn
[
∥xn − x∥2

U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+4γ2n−1µβ
2∥p̃n−1−pn−1∥2+2γ2n−1µ(∥an−1∥+∥cn−1∥)2

]

+ (1 + ηn)(−2⟨zn, en⟩U−1
n

) + (1 + ηn)∥en∥2U−1
n

= (1+ηn)∥xn−x∥2U−1
n

+(1+ηn)4γ
2
n−1µβ

2∥pn−2−p̃n−1∥2

+ (1 + ηn)4γ
2
n−1µβ

2∥p̃n−1 − pn−1∥2

+ (1 + ηn)2γ
2
n−1µ(∥an−1∥+ ∥cn−1∥)2

+ (1 + ηn)(−2⟨zn, en⟩U−1
n

) + (1 + ηn)∥en∥2U−1
n
. (3.36)

Now, from (3.33), we obtain that ∀n ∈ N,

−2⟨zn, en⟩U−1
n

≤ 2∥zn∥U−1
n

∥en∥U−1
n

≤ (∥zn∥2U−1
n

+ 2∥zn∥U−1
n

+ 1)∥en∥U−1

= (∥zn∥2U−1
n

+ 1)∥en∥U−1
n

(3.33)

≤
[
∥xn − x∥2

U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2 + 4γ2n−1µβ

2∥p̃n−1 − pn−1∥2

+ 2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2 + 1
]
∥en∥U−1

n

= ∥en∥U−1
n

∥xn − x∥2
U−1
n

+ ∥en∥U−1
n

4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+ ∥en∥U−1
n

4γ2n−1µβ
2∥p̃n−1 − pn−1∥2

+ ∥en∥U−1
n

2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2 + ∥en∥U−1
n
. (3.37)

Consider (3.36) together with (3.37), then ∀n ∈ N,

∥xn+1 − x∥2
U

−1

n+1

+Mn∥pn−1 − p̃n∥2
(3.36),(3.37)

≤ (1 + ηn)∥xn − x∥2
U

−1
n

+ (1 + ηn)4γ
2
n−1µβ

2∥pn−2 − p̃n−1∥2

+ (1 + ηn)4γ
2
n−1µβ

2∥p̃n−1 − pn−1∥2

+ (1 + ηn)2γ
2
n−1µ(∥an−1∥+ ∥cn−1∥)2

+ (1 + ηn)

[

∥en∥U−1
n

∥xn − x∥2
U

−1
n

+ ∥en∥U−1
n

4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+ ∥en∥U−1
n

4γ2n−1µβ
2∥p̃n−1 − pn−1∥2

+ ∥en∥U−1
n

2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2 + ∥en∥U−1
n

]

+ (1 + ηn)∥en∥2U−1
n

= (1 + ηn)

[

∥xn − x∥2
U

−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+ 4γ2n−1µβ
2∥p̃n−1 − pn−1∥2 + 2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2

]
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+ (1 + ηn)∥en∥U−1
n

[

∥xn − x∥2
U

−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+4γ2n−1µβ
2∥p̃n−1−pn−1∥2+2γ2n−1µ(∥an−1∥+∥cn−1∥)2 + 1

]

+ (1 + ηn)∥en∥2U−1
n

≤
[

(1+ηn)
(

1+∥en∥U−1
n

)][

∥xn−x∥2U−1
n

+4γ2n−1µβ
2∥pn−2−p̃n−1∥2

]

+
[

(1 + ηn)
(

1 + ∥en∥U−1
n

)] [
4γ2n−1µβ

2∥p̃n−1 − pn−1∥2
]

+
[

(1 + ηn)
(

1 + ∥en∥U−1
n

)] [
2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2

]

+ 2(1 + ηn)∥en∥2U−1
n

=
[

1+
(

ηn+∥en∥U−1
n
+ηn∥en∥U−1

n

)][

∥xn−x∥2U−1
n

+4γ2n−1µβ
2∥pn−2−p̃n−1∥2

]

+
[

1+
(

ηn + ∥en∥U−1
n

+ηn∥en∥U−1
n

)] [
4γ2n−1µβ

2∥p̃n−1 − pn−1∥2
]

+
[

1+
(

ηn + ∥en∥U−1
n

+ηn∥en∥U−1
n

)] [
2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2

]

+ 2(1 + ηn)∥en∥2U−1
n

. (3.38)

Since γn ≤ λ < 1√
10µβ

(

< 1√
2βµ

)

, ∀n ∈ N, we have λ2 < 1
10µ2β2 and so 5λ2µβ2 < 1

2µ .

Thus, 4γ2n−1µβ
2+γ2n−1µβ

2<4λ2µβ2+λ2µβ2< 1
2µ

(

or 4γ2n−1µβ
2+γ2nµβ

2<4λ2µβ2+λ2µβ2< 1
2µ

)

.

Therefore 4γ2n−1µβ
2 < 1

2µ − γ2n−1µβ
2 =Mn−1.

From (3.38), we let Dn := ∥xn+1−x∥2U−1

n+1

+Mn∥pn−1− p̃n∥2 and Dn−1 := ∥xn−x∥2U−1
n

+

Mn−1∥pn−2 − p̃n−1∥2, then we have ∀n ∈ N,

Dn = ∥xn+1 − x∥2
U−1

n+1

+Mn∥pn−1 − p̃n∥2

(3.38)

≤
[

1+
(

ηn+∥en∥U−1
n

+ηn∥en∥U−1
n

)]




∥xn−x∥2U−1

n
+

<Mn−1
︷ ︸︸ ︷

4γ2n−1µβ
2 ∥pn−2−p̃n−1∥2






+
[

1 +
(

ηn + ∥en∥U−1
n

+ ηn∥en∥U−1
n

)] [
4γ2n−1µβ

2∥p̃n−1 − pn−1∥2
]

+
[

1 +
(

ηn + ∥en∥U−1
n

+ ηn∥en∥U−1
n

)] [
2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2

]

+ 2(1 + ηn)∥en∥2U−1
n

≤ (1 + η̃n)Dn−1 + En, (3.39)

where η̃n := ηn + ∥en∥U−1
n

+ ηn∥en∥U−1
n

, and

En = [1 + η̃n]
[
4γ2n−1µβ

2∥p̃n−1 − pn−1∥2
]

+ [1 + η̃n]
[
2γ2n−1µ(∥an−1∥+ ∥cn−1∥)2

]

+ 2(1 + ηn)∥en∥2U−1
n
. (3.40)
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Since (an)n∈N, (bn)n∈N and (cn)n∈N are absolutely summable sequences in H, (3.22),
(3.23), (3.24), (γn)n∈N is bounded and ηn ∈ ℓ1+(N), then we can conclude that

η̃n ∈ ℓ1+(N) and
∑

n∈N
En < +∞. (3.41)

From (3.39) and (3.41), we know that

Dn ≤ (1 + η̃n)Dn−1 + En with η̃n ∈ ℓ1+(N),
∑

n∈N
En < +∞. (3.42)

Applying Lemma 2.1.4, we have that (Dn)n∈N converges. This means that (Dn)n∈N is
bounded and therefore (∥xn+1 − x∥2

U−1

n+1

)n∈N and (Mn∥pn−1 − p̃n∥2)n∈N are bounded.

Since Mn = 1
2µ − γ2nβ

2µ ≥ 1
2µ − λ2β2µ and λ < 1√

10µβ
< 1√

2βµ
, then lim inf

n→+∞
Mn > 0.

Therefore we also have that (∥pn−1 − p̃n∥2)n∈N is bounded. Consequently, there are θ
and ζ in R such that θ = sup

n∈N
∥xn − x∥2

U−1
n

and ζ = sup
n∈N

∥pn−1 − p̃n∥2, respectively. Now,

we consider again (3.39) and obtain that ∀n ∈ N,

∥xn+1−x∥2U−1

n+1

+Mn∥pn−1−p̃n∥2
(3.39)

≤ (1+η̃n)
[

∥xn − x∥2
U−1
n

+4γ2n−1µβ
2∥pn−2−p̃n−1∥2

]

+En

= ∥xn − x∥2
U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+ η̃n∥xn − x∥2
U−1
n

+ η̃n4γ
2
n−1µβ

2∥pn−2 − p̃n−1∥2 + En

≤ ∥xn − x∥2
U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2

+ η̃nθ + η̃n4γ
2
n−1µβ

2ζ + En. (3.43)

For convenience, we let M̃n−1 := 4γ2n−1µβ
2 and we can show that lim inf

n→+∞
(Mn− M̃n) > 0.

Since γn ≤ λ < 1√
10µβ

, ∀n ∈ N, we have that 4γ2nµβ
2 + γ2nµβ

2 ≤ 4λ2µβ2 + λ2µβ2 < 1
2µ .

Hence lim sup
n→+∞

(
4γ2nµβ

2 + γ2nµβ
2
)
< 1

2µ and so lim inf
n→+∞

[
1
2µ −

(
4γ2nµβ

2 + γ2nµβ
2
)]

> 0, this

means that 1
2µ −

(
4γ2nµβ

2 + γ2nµβ
2
)
> ε > 0 for some 0 < ε ∈ R, or equivalently,

Mn − M̃n =
[

1
2µ − γ2nµβ

2
]

−
[
4γ2nµβ

2
]
= 1

2µ −
(
4γ2nµβ

2 + γ2nµβ
2
)
> ε > 0 for some

0 < ε ∈ R. Then it follows from (3.43) that ∀n ∈ N,

∥xn+1 − x∥2
U−1

n+1

+
(

Mn − M̃n

)

∥pn−1 − p̃n∥2 + M̃n∥pn−1 − p̃n∥2

(3.43)

≤ ∥xn − x∥2
U−1
n

+ 4γ2n−1µβ
2∥pn−2 − p̃n−1∥2 + η̃nθ + η̃n4γ

2
n−1µβ

2ζ + En

= ∥xn − x∥2
U−1
n

+ M̃n−1∥pn−2 − p̃n−1∥2 + η̃nθ + η̃nM̃n−1ζ + En. (3.44)

We apply Lemma 2.1.5 (iii) with the setting of χ = 1, αn = ∥xn − x∥2
U−1
n

+

M̃n−1∥pn−2 − p̃n−1∥2, βn =
(

Mn − M̃n

)

∥pn−1 − p̃n∥2, εn = η̃nθ + η̃nM̃n−1ζ +
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En. It follows from (3.41), the fact that for all n ∈ N, Mn, M̃n are bounded
(

since Mn = 1
2µ − γ2nβ

2µ, M̃n = 4γ2nµ(1 + β2)
)

, and Mn − M̃n > ε > 0 for some

0 < ε ∈ R. We can conclude that
∑

n∈N

(

Mn − M̃n

)

∥pn−1−p̃n∥2 < +∞ and so

∑

n∈N
∥pn−1−p̃n∥2 < +∞. (3.45)

Step 3: This part gives us the | · |2-quasi-Fejér monotone property of the sequence
generated by our method and provides the summable sequence ∥xn − p̃n∥2, which plays
an essential role in the next step of the proof.

It follows from (3.10), (3.27), Lemma 3.1.1, (3.45), (γn)n∈N ≤ λ, and (ηn), (xn)n∈N are
bounded that ∀n ∈ N,

∥zn∥2U−1

n+1

= ∥x̃n+1 − x∥2
U

−1

n+1

(3.10),Lem 3.1.1

≤(1 + ηn)∥x̃n+1 − x∥2
U

−1
n

(3.27)

≤ (1+ηn)
[

∥xn−x∥2U−1
n

−µ−1∥xn−p̃n∥2+γ2nβ2µ∥pn−1−p̃n∥2
]

≤(1 + ηn)∥xn − x∥2
U

−1
n

+ (1 + ηn)γ
2
nβ

2µ∥pn−1 − p̃n∥2

=∥xn − x∥2
U

−1
n

+ ηn∥xn − x∥2
U

−1
n

+ γ2nβµ∥pn−1 − p̃n∥2

+ ηnγ
2
nβµ∥pn−1 − p̃n∥2, (3.46)

hence sup
n∈N

∥zn∥2U−1

n+1

< +∞. It follows from xn+1 − x = zn − en, (3.46) and Cauchy-

Schwarz inequality that ∀n ∈ N,

∥xn+1 − x∥2
U−1

n+1

= ∥zn∥2U−1

n+1

− 2⟨zn, en⟩U−1

n+1

+ ∥en∥2U−1

n+1

(3.46)

≤
[

(1 + ηn)
(

∥xn − x∥2
U−1
n

− µ−1∥xn − p̃n∥2 + γ2nβ
2µ∥pn−1 − p̃n∥2

)]

+ 2∥zn∥U−1

n+1

∥en∥U−1

n+1

+ ∥en∥2U−1

n+1

≤ (1 + ηn)∥xn − x∥2
U−1
n

− (1 + ηn)µ
−1∥xn − p̃n∥2 + Ẽn

≤ (1 + ηn)∥xn − x∥2
U−1
n

+ Ẽn, (3.47)

where Ẽn = γ2nβ
2µ∥pn−1− p̃n∥2+ηnγ2nβ2µ∥pn−1− p̃n∥2+2∥zn∥U−1

n+1

∥en∥U−1

n+1

+∥en∥2U−1

n+1

,

in which
∑

n∈N
Ẽn < +∞, because (3.24), (3.45), (3.46), β ∈ (0,+∞), (γn)n∈N < λ and

ηn ∈ ℓ1+(N).

From Deőnition 3.1.4, the inequality (3.47) shows that (xn)n∈N is | · |2- quasi-Fejér
monotone with respect to the target set zer(A+B) relative to (U−1

n )n∈N. Moreover, by
Proposition 3.1.5, we have (∥xn − x∥U−1

n
)n∈N is bounded.

Now, it follows from (3.31) that

∥xn − p̃n∥2 ≤2∥xn − pn−1∥2 + 2∥pn−1 − p̃n∥2

34



3.2 A Variable Metric Tseng’s Algorithm with Extrapolation from the Past and Error Terms

(3.31)

≤ 2 [γn−1µβ∥pn−2 − pn−1∥+ γn−1µ (∥an−1∥+ ∥cn−1∥)]2 + 2∥pn−1 − p̃n∥2

≤2
(

2
(

γ2n−1µ
2β2(∥pn−2−p̃n−1∥+∥p̃n−1−pn−1∥)2+γ2n−1µ

2 (∥an−1∥+∥cn−1∥)2
))

+ 2∥pn−1 − p̃n∥2

≤4
(
2γ2n−1µ

2β2
(
∥pn−2−p̃n−1∥2+∥p̃n−1−pn−1∥2

))
+2γ2n−1µ

22
(
∥an−1∥2+∥cn−1∥2

)

+ 2∥pn−1 − p̃n∥2

≤8γ2n−1µ
2β2
(
∥pn−2−p̃n−1∥2+∥p̃n−1−pn−1∥2

)
+4γ2n−1µ

2
(
∥an−1∥2+∥cn−1∥2

)

+ 2∥pn−1 − p̃n∥2,

and therefore we use (3.21) and (3.45) to conclude that

∑

n∈N
∥xn − p̃n∥2 < +∞. (3.48)

Step 4: In this step, we will prove our desired results.
(i) It follows from (3.48) and (3.22) that

∑

n∈N
∥xn − pn∥2 ≤ 2

∑

n∈N
∥xn − p̃n∥2 + 2

∑

n∈N
∥pn − p̃n∥2 < +∞. (3.49)

Futhermore, we can derive form (3.14), (3.22), (3.24), (3.45) and (3.48) that

∑

n∈N
∥yn − qn∥2 =

∑

n∈N
∥q̃n − ỹn + qn − q̃n + ỹn − yn∥2

(3.14)
=
∑

n∈N
∥q̃n − ỹn − en∥2

(3.14)
=
∑

n∈N
∥p̃n − γnUnB(p̃n)− (xn − γnUnB(pn−1))− en∥2

=
∑

n∈N
∥p̃n − xn + γnUn (B(pn−1)−B(p̃n))− en∥2

≤ 3
∑

n∈N

(
∥p̃n − xn∥2 + γ2n∥Un∥2∥B(pn−1)−B(p̃n)∥2 + ∥en∥2

)

≤ 3
∑

n∈N

(
∥p̃n − xn∥2 + γ2nµ

2β2∥pn−1 − p̃n∥2 + ∥en∥2
)

< +∞ (by using(3.24), (3.45) and (3.48)). (3.50)

(ii) We want to show that xn ⇀ x̄ and pn ⇀ x̄ for some x̄ ∈ zer(A + B). Let
x be a weak cluster point of (xn)n∈N. Then there exists a subsequence (xkn)n∈N that
converges weakly to x. By (3.48), we know that

∑

n∈N
∥xn − p̃n∥2 < +∞, then p̃kn ⇀

x. Furthermore, it follows from (3.14), (3.16), (3.45), (3.48) and lim inf
n→∞

γn > 0 that

ukn = γ−1
kn
U−1
kn

(xkn − p̃kn) + B(p̃kn) − B(pkn−1
) → 0. By (3.16) we also know that
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(p̃kn , ukn) ∈ Gra(A+B). By Proposition 2.6.5, we obtain that (x, 0) ∈ Gra(A+B) and
then x ∈ zer(A+B). Altogether, it follows from (3.47), Lemma 3.1.3 and Theorem 3.1.6

that xn ⇀ x̄ and hence pn ⇀ x̄, by using (i)

(

namely,
∑

n∈N
∥xn − pn∥2 < +∞

)

.

Remark 3.2.2. We give some remarks below.

(i) From the proposed algorithm, if we put an = cn = 0 but bn still remains, the
algorithm turns into ∀n ∈ N,

{

pn = JγnUnA(xn − γnUnB(pn−1)) + bn,

xn+1 = pn + γnUn(B(pn−1)−B(pn)).

Then, the method is a variation of forward-reŕected-backward (1.10), which has
variable metrics and error terms. In fact, this algorithm is nothing else than OGDA
(1.11) when setting A = 0, an = bn = cn = 0 and Un = Id. Although the shadow
Douglus-Rachford (SDR) method in [35] can be reduced to OGDA (in case A = 0),
our algorithm is different from SDR.

(ii) Because the error terms and variable metrics appearing in this algorithm, they make
our method more ŕexible to handle. Indeed, they can generate a more alternative
variable metric algorithm with error by using a different error model and involved
iteration-dependent variable metrics.

(iii) In the error-free case (an = bn = cn = 0), we can observe that the results hold
when the stepsize fulőlls 0 < γn <

1
2µβ and lim infn→+∞ γn > 0. In fact, we have

that yn = ỹn, pn = p̃n, qn = q̃n, and en = 0, then the inequality (3.38) can be
reduced to ∀n ∈ N,

∥xn+1 − x∥2
U−1

n+1

+Mn∥pn−1 − p̃n∥2 ≤ (1 + ηn)∥xn − x∥2
U−1
n
.

Thus, we can prove the inequality: ∀n ∈ N,

∥xn+1 − x∥2
U−1

n+1

+

M̂n
︷ ︸︸ ︷
(

1

2µ
− γ2nβ

2µ− γ2nβ
2µ

)

∥pn−1 − p̃n∥2 +
(
γ2nβ

2µ
)
∥pn−1 − p̃n∥2

≤ (1 + ηn)∥xn − x∥2
U−1
n

+
(
γ2n−1β

2µ
)
∥pn−2 − p̃n−1∥2.

To apply directly Lemma 2.1.5, we need to assure that lim infn→+∞ M̂n > 0. This
means that it is sufficient to assume that 0 < γn <

1
2µβ and lim infn→+∞ γn > 0 for

this case.

(iv) Although our algorithm becomes forward-reŕected-backward (1.10) in the error-free
scenario (an = bn = cn = 0) and Un = Id, the analysis is not the same. Indeed, we
do not have the inner product terms in the energy as in [62]. Moreover, we observe
that the inequality (3.42) becomes Dn ≤ Dn−1 in this situation. Therefore, Lemma
2.1.4 is no longer required. Our energy is based on the Tseng’s method adapted to
the scenario with extrapolation from the part.

36



3.3 A Primal-Dual Solver for Monotone Inclusion Problems

3.3 A Primal-Dual Solver for Monotone Inclusion Problems

Many non-smooth optimization problems can be written as monotone inclusion primal-
dual problems. By using the product space approach (see the technique used by Briceño-
Arias and Combettes [23]), we are able now to solve Problem 3.1. Therefore we derive
a result which follows from Theorem 3.2.1 as shown below.

Theorem 3.3.1. Let α be in (0,+∞), let (η0,n)n∈N be a sequence in ℓ1+(N), let (Un)n∈N be
a sequence in Pα(H), and for every i ∈ {1, . . . ,m}, let (ηi,n)n∈N be a sequence in ℓ1+(N),
let (Ui,n)n∈N be a sequence in Pα(Gi) such that µ = supn∈N{∥Un∥, ∥U1,n∥, . . . , ∥Um,n∥} <
+∞ and

(1 + η0,n)Un+1 ≽ Un, ∀n ∈ N,

and (1 + ηi,n)Ui,n+1 ≽ Ui,n ∀i ∈ {1, . . . ,m}. (3.51)

Let (a1,n)n∈N, (b1,n)n∈N and (c1,n)n∈N be absolutely summable sequences in H, and for
every i ∈ {1, . . . ,m}, let (a2,i,n)n∈N, (b2,i,n)n∈N and (c2,i,n)n∈N be absolutely summable
sequences in Gi. Furthermore, set

β = v0 +

√
√
√
√

m∑

i=1

∥Li∥2, (3.52)

let x0 ∈ H, let (v1,0, . . . , vm,0) ∈ G1
⊕ · · ·⊕Gm, let (γn)n∈N ≤ λ with λ < 1√

10µβ
and

lim inf
n→+∞

γn > 0. Set ∀n ∈ N,

























y1,n = xn − γnUn

(

C(p1,n−1) +
m∑

i=1
L∗
i (p2,i,n−1) + a1,n

)

,

for i = 1, . . . ,m
⌊

y2,i,n = vi,n + γnUi,n (Li(p1,n−1) + a2,i,n) ,
p2,i,n = JγnUi,nB

−1

i
(y2,i,n − γnUi,nri) + b2,i,n,

p1,n = JγnUnA(y1,n + γnUnz) + b1,n,
for i = 1, . . . ,m
⌊
q2,i,n = p2,i,n + γnUi,n (Li(p1,n) + c2,i,n) ,
vi,n+1 = vi,n − y2,i,n + q2,i,n,

q1,n = p1,n − γnUn

(

C(p1,n) +
m∑

i=1
L∗
i (p2,i,n) + c1,n

)

,

xn+1 = xn − y1,n + q1,n.

(3.53)

Then the following statements hold:

(i)
∑

n∈N
∥xn − p1,n∥2 < +∞ and

∑

n∈N
∥vi,n − p2,i,n∥2 < +∞, ∀i ∈ {1, . . . ,m};

(ii) There exists a solution x̄ to (3.2) and a solution (v̄1, . . . , v̄m) to (3.3) such that the
following statements hold:
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(1) xn ⇀ x̄ and p1,n ⇀ x̄;

(2) vi,n ⇀ v̄i and p2,i,n ⇀ v̄i, ∀i ∈ {1, . . . ,m}.
Proof. All sequences generated by algorithm (3.53) are well deőned by Lemma 3.1.2.
We deőne H = H⊕G1

⊕ · · ·⊕Gm, the Hilbert direct sum of the Hilbert space H and
(Gi)1≤i≤m, the scalar product and the associated norm of H respectively deőned by

⟨⟨⟨·, ·⟩⟩⟩ : ((x,v), (y,w)) 7→ ⟨x, y⟩+
m∑

i=1

⟨vi, wi⟩, and

∥∥ · ∥∥ : (x,v) 7→

√
√
√
√∥x∥2 +

m∑

i=1

∥vi∥2, (3.54)

where v = (v1, . . . , vm) and w = (w1, . . . , wm) are generic elements in G1
⊕ · · ·⊕Gm.

Set






A : H ⇒ H : (x, v1, . . . , vm) 7→ (−z +Ax)× (r1 +B−1
1 v1)× · · · × (rm +B−1

m vm),

B : H → H : (x, v1, . . . , vm) 7→
(

Cx+
m∑

i=1
L∗
i vi,−L1x, . . . ,−Lmx

)

,

Un : H → H : (x, v1, . . . , vm) 7→ (Unx, U1,nv1, . . . , Um,nvm), ∀n ∈ N.

(3.55)

Since A is maximally monotone (see Proposition 20.22 and 20.23 in [8]), B is monotone
β-Lipschitzian (see Equation (3.10) in [31]) with domB = H, A+B is maximally mono-
tone (see Corolarry 24.24(i) in [31]). Now we set ηn = max{η0,n, η1,n, . . . , ηm,n}, ∀n ∈ N,
then (ηn)n∈N ∈ ℓ1+(N). Moreover, we derive from our assumptions on the sequences
(Un)n∈N and (U1,n)n∈N, . . . , (Um,n)n∈N that

µ = sup
n∈N

∥Un∥ < +∞, and (1 + ηn)Un+1 ≽ Un ∈ Pα(H), ∀n ∈ N. (3.56)

In addition, Proposition 23.17(ii) and 23.18 in [8] yield ∀γ ∈ (0,+∞), ∀n ∈
N, ∀(x, v1, . . . , vm) ∈ H,

JγUnA(x, v1, . . . , vm) =
(

JγUnA(x+ γUnz), (JγUi,nB
−1

i
(vi − γUi,nri))1≤i≤m

)

. (3.57)

It is shown in [31] (see Equation (3.12) and Equation (3.13) of [31]) that under the
condition (3.1), zer(A+B) ̸= ∅. Moreover, Equation (3.21) and Equation (3.22) in [31]
yield

(x̄, v̄1, . . . , v̄m) ∈ zer(A+B) ⇒ x̄ solves (3.2) and (v̄1, . . . , v̄m) solves (3.3). (3.58)

Let us next set ∀n ∈ N,






xn = (xn, v1,n, . . . , vm,n),

yn = (y1,n, y2,1,n, . . . , y2,m,n),

pn = (p1,n, p2,1,n, . . . , p2,m,n),

qn = (q1,n, q2,1,n, . . . , q2,m,n),

and







an = (a1,n, a2,1,n, . . . , a2,m,n),

bn = (b1,n, b2,1,n, . . . , b2,m,n),

cn = (c1,n, c2,1,n, . . . , c2,m,n).

(3.59)
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Then, our assumptions imply that

∑

n∈N
∥∥an∥∥ <∞,

∑

n∈N
∥∥bn∥∥ <∞, and

∑

n∈N
∥∥cn∥∥ <∞. (3.60)

Furthermore, it follows from the deőnition of B, (3.57), and (3.59) that (3.53) can be
written in H as








yn = xn − γnUn(B(pn−1) + an),
pn = JγnUnAyn + bn,
qn = pn − γnUn(B(pn) + cn),
xn+1 = xn − yn + qn,

(3.61)

which is (3.11). Moreover, every speciőc conditions in Theorem 3.2.1 are satisőed.

(i) By Theorem 3.2.1(i),
∑

n∈N
∥∥xn−pn∥∥2 < +∞ with the norm in (3.54). This implies

that
∑

n∈N
∥xn − p1,n∥2 < +∞ and

∑

n∈N
∥vi,n − p2,i,n∥2 < +∞, ∀i ∈ {1, . . . ,m};

(ii) There exists a solution x̄ to (3.2) and a solution (v̄1, . . . , v̄m) to (3.3) such that the
following statements hold:

(a) xn ⇀ x̄ and p1,n ⇀ x̄;

(b) vi,n ⇀ v̄i and p2,i,n ⇀ v̄i, ∀i ∈ {1, . . . ,m}.

3.4 A Primal-Dual Splitting Algorithm for Convex Optimization

Problems

Let us consider the case of convex optimization problems with structure where the
optimality conditions lead to Problem 3.1. More precisely, we consider:

Problem 3.2: Let H be a real Hilbert space, let z ∈ H, let m be a strictly positive
integer, let f ∈ Γ0(H), and let h : H → R be convex and differentiable with a v0-
Lipschitzian gradient for some v0 ∈ (0,+∞). For every i ∈ {1, . . . ,m}, let Gi be a real
Hilbert space, let ri ∈ Gi, and let gi ∈ Γ0(Gi). Suppose that Li : H → Gi is a nonzero
bounded linear operator. Consider the problem

minimize
x∈H

f(x) +

m∑

i=1

gi(Lix− ri) + h(x)− ⟨x, z⟩, (3.62)

and the Fenchel-Rockafellar dual problem [78]:
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minimize
vi∈Gi(∀i=1,...,m)

(f∗□h∗)

(

z −
m∑

i=1

L∗
i vi

)

+

m∑

i=1

(g∗i (vi) + ⟨vi, ri⟩) . (3.63)

In this section, we further introduce the primal-dual splitting algorithm that can decou-
ple the involved functions to solve Problem 3.2, as shown in the algorithm’s structure
below.

Theorem 3.4.1. In Problem 3.2, we suppose that

z ∈ Ran

(

∂f +
m∑

i=1

L∗
i (∂gi)(Li · −ri) +∇h

)

. (3.64)

Let α be in (0,+∞), let (η0,n)n∈N be a sequence in ℓ1+(N), let (Un)n∈N be a sequence in
Pα(H), and for every i ∈ {1, . . . ,m}, let (ηi,n)n∈N be a sequence in ℓ1+(N), let (Ui,n)n∈N
be a sequence in Pα(Gi) such that µ = supn∈N{∥Un∥, ∥U1,n∥, . . . , ∥Um,n∥} < +∞ and

(1 + η0,n)Un+1 ≽ Un, ∀n ∈ N,

and (1 + ηi,n)Ui,n+1 ≽ Ui,n, ∀i ∈ {1, . . . ,m}. (3.65)

Let (a1,n)n∈N, (b1,n)n∈N and (c1,n)n∈N be absolutely summable sequences in H, and for
every i ∈ {1, . . . ,m}, let (a1,i,n)n∈N, (b1,i,n)n∈N and (c1,i,n)n∈N be absolutely summable
sequences in Gi. Furthermore, set

β = v0 +

√
√
√
√

m∑

i=1

∥Li∥2, (3.66)

let x0 ∈ H, let (v1,0, . . . , vm,0) ∈ G1
⊕ · · ·⊕Gm, let (γn)n∈N ≤ λ with λ < 1√

10µβ
and

lim inf
n→+∞

γn > 0. Set ∀n ∈ N,


























y1,n = xn − γnUn

(

∇h(p1,n−1) +
m∑

i=1
L∗
i (p2,i,n−1) + a1,n

)

,

for i = 1, . . . ,m
⌊
y2,i,n = vi,n + γnUi,n (Li(p1,n−1) + a2,i,n) ,

p2,i,n = prox
U−1

i,n

γng
∗

i
(y2,i,n − γnUi,nri) + b2,i,n,

p1,n = proxU
−1
n

γnf
(y1,n + γnUnz) + b1,n,

for i = 1, . . . ,m
⌊
q2,i,n = p2,i,n + γnUi,n (Li(p1,n) + c2,i,n) ,
vi,n+1 = vi,n − y2,i,n + q2,i,n,

q1,n = p1,n − γnUn

(

∇h(p1,n) +
m∑

i=1
L∗
i (p2,i,n) + c1,n

)

,

xn+1 = xn − y1,n + q1,n.

(3.67)

Then, the following statements hold:
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(i)
∑

n∈N
∥xn − p1,n∥2 < +∞ and (∀i ∈ {1, . . . ,m}) ∑

n∈N
∥vi,n − p2,i,n∥2 < +∞;

(ii) There exists a solution x̄ to (3.62) and a solution (v̄1, . . . , v̄m) to (3.63) such that
the following statements hold:

(a) z −
m∑

j=1
L∗
j v̄j ∈ ∂f(x̄) +∇h(x̄) and (∀i ∈ {1, . . . ,m}) Lix̄− ri ∈ ∂g∗i (v̄i);

(b) xn ⇀ x̄ and p1,n ⇀ x̄;

(c) (∀i ∈ {1, . . . ,m}) vi,n ⇀ v̄i and p2,i,n ⇀ v̄i.

Proof. Let us deőne

A = ∂f, C = ∇h and (∀i = {1, . . . ,m}) Bi = ∂gi. (3.68)

It is clear that (3.64) yields (3.1). Using (2.6), (3.8) and (3.67) yield (3.53). Moreover, it
follows from Theorem 2.6.2 that the operators A and (Bi)1≤i≤m are maximally monotone,
and Proposition 17.7 in [8] that C is monotone which is a Lipschitzian operator by the
hypothesis of Problem 3.2. Altogether, we can apply Theorem 3.3.1 to obtain the
existence of a point x̄ ∈ H such that

z ∈ ∂f(x̄) +
m∑

i=1

L∗
i (∂gi(Lix̄− ri)) +∇h(x̄), (3.69)

and of an m-tuple (v̄1, . . . , v̄m) ∈ G1
⊕ · · ·⊕Gm such that for some x ∈ H,







z −
m∑

j=1
L∗
j v̄j ∈ ∂f(x) +∇h(x)

(∀i ∈ {1, . . . ,m}) v̄i ∈ (∂gi)(Lix− ri),

(3.70)

with the property that
∑

n∈N
∥xn − p1,n∥2 < +∞, (∀i ∈ {1, . . . ,m}) ∑

n∈N
∥vi,n − p2,i,n∥2 <

+∞, xn ⇀ x̄, p1,n ⇀ x̄, (∀i ∈ {1, . . . ,m}) vi,n ⇀ v̄i and p2,i,n ⇀ v̄i, are satisőed (see
Theorem 3.3.1). Now we can follow the proof in [31] with our setting above and some
tools in [8] to obtain that x̄ solves (3.62) and (v̄1, . . . , v̄m) solves (3.63).

Remark 3.4.2. In order to assure (3.64), we need some similar conditions as given in [31,
Proposition 4.3]: suppose that (3.62) has at least one solution and set

S = {(Lix− yi)1≤i≤m | x ∈ dom f and (∀i ∈ {1, . . . ,m})yi ∈ dom gi}. (3.71)

Then, the equation (3.64) is satisőed if one of the following statements holds:

(i) (r1, . . . , rm) ∈ sri S;

(ii) For every i ∈ {1, . . . ,m}, gi is real-valued;

(iii) H and (Gi)1≤i≤m are őnite-dimentional, and there exists x ∈ ri dom f such that

Lix− ri ∈ ri dom gi, ∀i ∈ {1, . . . ,m}. (3.72)
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3.5 Numerical Experiment in Imaging

For this section, we intend to illustrate the numerical experiments in image deblurring
which is correlated with our proposed primal-dual problem. Throughout this part, we
implemented the numerical codes in MATLAB and performed all computations on a
Window desktop with an Intel(R) Core(TM) i5-8250U processor at 1.6 GHz up to 1.8
GHz and 8.00 GB of RAM. Accordingly, the theoretical result obtained in the previous
section indicates that the algorithm is applicable. It should be noted that we use the
grayscale image which have been normalized in order to make their pixels range in the
closed interval from 0 to 1 for the experiments.

Given matrix A ∈ R
n×n describing a blur operator and vector b ∈ R

n representing the
blurred and noisy image, the task is to approximate the unknown original image x̄ ∈ R

n

fulőlling

Ax̄ = b.

Then, we solve the following regularized convex minimization problem as shown here,

inf
x∈[0,1]n

{
∥Ax− b∥1 + λ(TViso(x) + ∥x∥2)

}
, (3.73)

where λ > 0 is a regularization parameter and TViso : R
n → R is the discrete isotropic

total variation functional. In this context, x ∈ R
n represents the vectorized image X ∈

R
M×N , where n = M · N , xi,j denotes the normalized value of the pixel located in the

ith row, and the jth column, when i = 1, . . . ,M , and j = 1, . . . , N . The isotropic total
variation TViso : R

n → R is deőned by

TViso(x)=
M−1∑

i=1

N−1∑

i=1

√

(xi+1,j−xi,j)2+(xi,j+1 − xi,j)2+

M−1∑

i=1

|xi+1,N−xi,N |+
N−1∑

j=1

|xM,j+1−xM,j |.

The optimization problem (3.73) can be written in the framework of Problem
(3.62). We denote Y = R

n × R
n and deőne the linear operator L̃ : R

n → Y ,
xi,j 7→ (L̃1xi,j , L̃2xi,j), where

L̃1xi,j =

{

xi+1,j − xi,j , if i < M

0, if i =M
and L̃2xi,j =

{

xi,j+1 − xi,j , if j < N

0, if j = N
.

The operator L̃ represents a discretization of the gradient using reŕexive (Neumann)
boundary conditions and standard őnite differences, and fulőlls ∥L̃∥2 ≤ 8. For its adjoint
operator L̃∗ : Y → R

n, we refer to [27].

For (y, z), (p, q) ∈ Y, we introduce the inner product following this equation,

⟨(y, z), (p, q)⟩ =
M∑

i=1

N∑

j=1

yi,jpi,j + zi,jqi,j ,
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and deőne ∥(y, z)∥× =
∑M

i=1

∑N
j=1

√

y2i,j + z2i,j . Once we can check that ∥ · ∥× is a norm

on Y and that for every x ∈ R
n, it holds TViso(x) = ∥L̃x∥×. The conjugate function

(∥ · ∥×)∗ : Y → R̄ of ∥ · ∥× is for every (p, q) ∈ Y given by

(∥ · ∥)∗(p, q) =
{

0, if ∥(p, q)∥×∗ ≤ 1;

+∞, otherwise;

where

∥(p, q)∥×∗ = sup
∥(y,z)∥×≤1

⟨(p, q), (y, z)⟩ = max
1≤i≤M
1≤j≤N

√

p2i,j + q2i,j .

Therefore, the optimization problem (3.73) can be written in the form of

inf
x∈H

{
f(x) + g1(Ax) + g2(L̃x) + h(x)

}
, (3.74)

where f : Rn → R̄, f(x) = ι[0,1]n(x), g1(y) = ∥y − b∥1, g2 : Y → R, g2(y, z) = λ∥(y, z)∥×
and h : Rn → R, h(x) = λ∥x∥2 (notice that terms ri and z are taken to be the zero
vectors for i = 1, 2). For every p ∈ R

n, it holds g∗1(p) = ι[−1,1]n(p) + pT b, while for every
(p, q) ∈ Y, we have g∗2(p, q) = ιS(p, q), with S = {(p, q) ∈ Y : ∥(p, q)∥×∗ ≤ λ}. Moreover,
h is differentiable function with ν0 := 2λ-Lipschitz continuous gradient. To solve the
problem (3.74), we require the following formulae including

proxγf (x) = argmin
y∈Rn

{
γf(y) +

1

2
∥y − x∥2

}
= argmin

y∈[0,1]n

{1

2
∥y − x∥2

}
= P[0,1]n(x)∀x ∈ R

n,

proxγg∗
1
(p) = argmin

y∈Rn

{
γg∗1(y) +

1

2
∥y − x∥2

}
= argmin

y∈Rn

{
γ(ι[−1,1]n(y) + yT b) +

1

2
∥y − x∥2

}

= argmin
y∈[−1,1]n

{
γ(yT b) +

1

2
∥y − x∥2

}
= P[−1,1]n(p− γb) ∀p ∈ R

n,

proxγg∗
2
(p, q) = PS(p, q) ∀(p, q) ∈ Y,

where γ > 0 and the projection operator PS : Y → S is deőned as (see [15])

(pi,j , qi,j) 7→ λ
(pi,j , qi,j)

max
{
λ,
√

p2i,j + q2i,j
} , 1 ≤ i ≤M, 1 ≤ j ≤ N.

According to the deőnition of the proximity operator of f relative to the variable
matrices (3.7) and Lemma 3.1.2 (iii), for γn > 0, we obtain that (see also (3.8))

proxU
−1
n

γnf
(x) = J(U−1

n )−1∂γnf
(x) = JUn∂γnf (x) = (U−1

n + ∂γnf)
−1 ◦ U−1

n ,
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and similarly for i = 1, 2;

proxU
−1
n

γng
∗

i
(x) = J(U−1

n )−1∂γng
∗

i
(x) = JUn∂γng

∗

i
(x) = (U−1

n + ∂γng
∗
i )

−1 ◦ U−1
n .

In Theorem 3.4.1, we choose (τn)n∈N and (σi)1≤i≤m in (0,+∞) such that Un = τnId
and (∀i ∈ {1, 2}) Ui,n = σi,nId. Then, (3.67) reduce to the őxed metric methods (see
also [91]). Then the proximity operators turn into as follows

prox
(τn Id)−1

γnf
(x) =

[
((τn Id)

−1 + ∂γnf)
−1 ◦ (τn Id)−1

]
(x)

=
[
(
1

τn
Id+∂γnf)

−1 ◦ ( 1
τn

Id)
]
(x)

=
[
(
1

τn
)−1Jτn∂γnf ◦ (

1

τn
Id)
]
(x)

= τnproxτnγnf
( 1

τn
x
)
; (∀x ∈ R

n).

Similarly, we obtain that

prox
(σ1,n Id)−1

γng
∗

1
(p) =

[
((σ1,n Id)

−1 + ∂γng
∗
1)

−1 ◦ (σ1,n Id)−1
]
(x)

=
[
(

1

σ1,n
Id+∂γng

∗
1)

−1 ◦ ( 1

σ1,n
Id)
]
(x)

=
[
(

1

σ1,n
)−1Jσ1,n∂γng∗1 ◦ (

1

σ1,n
Id)
]
(x)

= σ1,nproxσ1,nγng∗1
( 1

σ1,n
x
)
; (∀p ∈ R

n),

and

prox
(σ2,n Id)−1

γng
∗

2
(p, q) = σ2,nproxσ2,nγng∗2

( 1

σ2,n
(p, q)

)

= σ2,nλ
(
pī,j̄
σ2,n

,
qī,j̄
σ2,n

)

max
{
λ,
√

(
pī,j̄
σ2,n

)2 + (
qī,j̄
σ2,n

)2
}

=
(pī,j̄ , qī,j̄)

max
{
1, 1

λ

√

(
pī,j̄
σ2,n

)2 + (
qī,j̄
σ2,n

)2
}1 ≤ ī ≤M, 1 ≤ j̄ ≤ N.

To measure the quality of the restored image, we use the tool known as signal-to-noise
ratio (ISNR), which is given by (see [28])

ISNRn = 10 log10

( ∥x− b∥2
∥x− xn∥2

)

,

where x, b, and xn are vectors referred to the original picture, the observed noisy image,
and the reconstructed image at iteration n ∈ N, respectively.
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3.5 Numerical Experiment in Imaging

For the experiment, we consider the cameraman image with 256× 256 pixels and con-
struct the blurred image using a Gaussian blur operator of size 9 × 9 and a standard
deviation 4. In order to obtain the blurred and noisy image, we add a zero-mean white
Gaussian noise with a standard deviation of 10−3. Figure 3.1 shows the original cam-
eraman image and the blurred and noisy one. It also shows the image reconstructed by
the algorithm after 1000 iterations, when the regularization parameter λ = 0.003, all
error terms are zero, the variable metrics Un = τnId, Ui,n = σi,nId and by choosing as
parameters τn = 1, σ1,n = 0.1, σ2,n = 1, a starting point p1,−1 = p2,2,−1 = 1̄ × 0.4660,

p2,1,−1 = (1̄, 1̄) × 0.4660 where 1̄ =








1 1 · · · 1
1 1 · · · 1
...

...
...

...
1 1 · · · 1








256×256

, v0 = 2λ, v1,0 = v2,0 = 0̄

(where 0̄ is a 256× 256 zero matrix), and γ = 1√
10µ(β+1)

where µ = 1, β = 2λ+
√
9 for

i ∈ {1, 2}.

(a) Original image (b) blurred and noisy image (c) Reconstructed image

Figure 3.1: The őgure depicts the original image (a), which turns out to be a blurred and
noisy image (b) by a Gaussian blur operator. Furthermore, it shows the result
after 1000 iterations of our algorithm for deblurring as the reconstructed
image (c).

In the error-free case, the variable matrix is replaced by the identity matrix, and we
consider the cameraman image with the same method of blurring with stopping criteria
that is less than 10−2. For n ≥ 0, ∥xn − xn+1∥, |fvalxn − fvalx∗∗

10000
| and ∥xn − x∗∗10000∥

are the examined criteria, where fvalxn is the objective value at the point xn, and x∗∗10000
is the solution point of the Tseng-EP algorithm after 10000 iterations. Table 3.1 shows
the performance between the classical Tseng’s algorithm and the Tseng’s algorithm with
extrapolation from the past (Tseng-EP) when taking as regularization parameter λ =
0.003, a starting point p1,−1 = p2,2,−1 = 1̄ × 0.4660, p2,1,−1 = (1̄, 1̄) × 0.4660 , v0 = 2λ,
v1,0 = v2,0 = 0̄ and γn = 1/(2β + 0.1) where β = 2λ +

√
9. We have noticed that

our proposed Tseng-EP algorithm requires the CPU-Time less than the classical Tseng’s
algorithm.

To generalize the algorithm, we őrstly choose Un = τnId and (∀i ∈ {1, . . . ,m}) Ui,n =
σi,nId when τn = 1 and σi,n is different values with the same setting of regularization
parameter and initial points includes p1,−1, p2,2,−1, p2,1,−1, v0, v1,0, and v2,0. Inputting
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3 Tseng-EP with Variable Metrics and Error Terms

Criteria Algorithm No.Iteration ISNR CPU-Time*

∥xn − xn+1∥ < 10−2 Tseng 728 7.822241 6.55718
Tseng-EP 728 7.822187 4.53896

|fvalxn
− fvalx∗∗

10000
| < 10−2 Tseng 4802 7.423491 41.7736

Tseng-EP 4802 7.423493 28.72458
∥xn − x∗∗10000∥ < 10−2 Tseng 4729 7.424201 44.25134

Tseng-EP 4800 7.424102 29.23266

Table 3.1: The results of experiment for three different stopping criteria which are less
than 10−2. By using γn = 1/(2β + 0.1) where β = 2λ+

√
9 and λ = 0.003 in

error free case of the algorithm (the variable metrics Un = Id and Ui,n = Id).

γn = 1/(2β + 0.1) where β = 2λ +
√
9, we obtain the results as shown in Table 3.2

(∀n ≥ 0 and i ∈ {1, 2}). The proposed algorithm provides the error free case when
|fvalxn − fvalx∗∗

10000
| < 10−2 is a stopping criteria. Moreover, we notice that the choice of

σi,n for i ∈ {1, 2} can be any constant which is very close to 1. However, if we replace
them by 1.004 and 0.996, then we have seen that the algorithm does not converge easily
even after more than 8000 iterations. Furthermore, Table 3.2 gives us the idea to change
σi,n to the convergent sequences that converges to 1 instead of the constant values. We
consider such sequences as follows: 1

k
, 1
k2

, 1
k5

, 1
kk

and k
k+1 ; subsequently, we demonstrate

some results in Table 3.3.

Criteria No.Iteration τn σi,n fvalxiteration ISNR CPU-Time(s)

7232 1 1.003 97.7279 6.958979 46.0178
5589 1 1.002 97.727654 7.213882 35.0158
5000 1 1.001 97.727931 7.364356 31.1526

|fvalxn− fvalx∗∗
10000

| < 10−2 4802 1 1 97.727766 7.423493 27.87

4992 1 0.9999 97.72766 7.367581 34.8569
5562 1 0.998 97.72766 7.222046 45.7339
7283 1 0.997 97.727572 6.956446 58.8615

Table 3.2: The result of experiment when τn = 1 and σi,n (i ∈ {1, 2}) are some constants
with stopping criteria |fvalxn− fvalx∗∗

10000
| < 10−2 of the algorithm using γn =

1/(2β + 0.1) where β = 2λ+
√
9, and λ = 0.003.

Since σi,n (∀n ≥ 0, i ∈ {1, 2}) can be independent of choice, then we start the experi-
ment with τn = 1, and σ1,n, σ2,n are equal to 1, k

k+1 , (1+
1
k
)k, 1-( 1

k
), 1-( 1

k2
), 1-( 1

k5
). The

experiment results are shown as in Table 3.4. Even though some results give us slightly
better ISNR, they consume the CPU-Time more than the case of σi,n = 1, ∀i ∈ {1, 2}.

In the error case, we solve this problem by using the same setting of initial points,
regularization parameter λ, Un = τnId and (∀n ≥ 0, i ∈ {1, 2}) Ui,n = σi,nId. The error
terms are absolutely summable sequences which include a1,n, b1,n, c1,n, a2,i,n, b2,i,n, c2,i,n.
Then, we need to select γn which satisőes condition in Theorem 3.4.1

(
(γn)n∈N ≤ λ with

λ < 1√
10µβ

and lim inf
n→+∞

γn > 0
)
. Thus, we choose γn = 1√

10µ(β+1)
where β = 2λ +

√
9.
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3.5 Numerical Experiment in Imaging

Iteration τn σi,n fvalxiteration
ISNR CPU-Time(s)

4802 1 1 97.727766 7.423493 27.87
4804 1 1-( 1

k2
) 97.727863 7.423559 31.015

4803 1 1-( 1
k5

) 97.727786 7.423521 30.6754
4802 k

k+1 1 97.727619 7.423555 31.1954

4803 k
k+1 1-( 1

k5
) 97.72767 7.423575 29.1343

4802 1-( 1
k2

) 1 97.727403 7.42298 30.0258
4802 1-( 1

k5
) 1 97.727357 7.422935 30.1102

4804 1-( 1
k5

) 1-( 1
k2

) 97.727494 7.42299 30.055
4802 1-( 1

k
) 1 97.727629 7.423016 30.9404

4803 1-( 1
k
) 1-( 1

k5
) 97.727648 7.422963 29.8768

4803 1-( 1
k
) 1-( 1

kk
) 97.72797 7.423079 30.7497

Table 3.3: The results of experiment when τn, σi,n (for i ∈ {1, 2}) are shuffled between
a constant 1 and the sequences which converges to 1 with stopping criteria
|fvalxn− fvalx∗∗

10000
| < 10−2 of the algorithm using γn = 1/(2β + 0.1) where

β = 2λ+
√
9 and λ = 0.003 for all n ≥ 0.

Iteration τn σ1,n σ2,n fvalxiteration
ISNR CPU-Time(s)

5431 1 1 k
k+1 97.727452 7.256485 33.3473

4804 1 1 1-( 1
k2

) 97.727866 7.423558 29.1967
5432 1 1 1-( 1

k
) 97.727455 7.256488 33.4189

4803 1 1 1-( 1
k5

) 97.727787 7.42352 28.7536
4802 1 k

k+1 1 97.72749 7.423239 30.2019

4802 1 1-( 1
k2

) 1 97.727763 7.423495 29.4369
4802 1 1-( 1

k
) 1 97.727488 7.42324 28.8945

4802 1 1-( 1
k5

) 1 97.727765 7.423495 29.1847
4802 1 k

k+1 1 97.72749 7.423239 30.5509

Table 3.4: the result of experiment when we őxed τn = 1 and shuffled σ1,n and σ2,n
between 1, k

k+1 , 1− ( 1
k
), 1− ( 1

k2
), 1− ( 1

k5
) and (1+ 1

k
)k with stopping criteria

|fvalxn− fvalx∗∗
10000

| < 10−2 and γn = 1/(2β + 0.1) where β = 2λ +
√
9, and

λ = 0.003 for all n ≥ 0, i ∈ {1, 2}.

Table 3.5 shows the result when all of error terms equal to the following sequences: 1/k2,
1/k5, 1/kk, (1/2)k by őxing τn = σi,n = 1 for all n ≥ 0, i ∈ {1, 2}. We observe that their
performances are not much signiőcantly different and they also use double time of the
error-free case.

If we őx the iteration number of 5000, τn = 1, σi,n = 1, then we differ the error
terms as 1/k2, 1/k5, 1/kk, and (1/2)k. We can see in in Table 3.6 that the modiőcation
of error in our experiment hardly affect on the result. However, when we consider the
ISNR values, they deliver more than 8 with the highest being 8.344218. In addition, the
function values are slightly higher than previous results for γn = 1/(

√
10µ(β + 1).

From the last trial, we plot the graph for 10000 iterations using őxed values as follows:
τn = 1, σi,n = 1 (i ∈ {1, 2}), the error term to be 1/k2, γn = 1/(

√
10µ(β + 1) where
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3 Tseng-EP with Variable Metrics and Error Terms

Iteration τn σi,n Error fvalxiteration
ISNR CPU-Time(s)

9976 1 1 1/k2 97.727773 7.415526 65.3116
9972 1 1 1/k5 97.727751 7.415609 64.946
9973 1 1 1/kk 97.727652 7.415548 65.146
9971 1 1 (1/2)k 97.727843 7.415333 65.8735

Table 3.5: the result of experiment when we őxed τn = 1, σi,n = 1 (for n ≥ 0, i ∈ {1, 2})
and various errors with stopping criteria |fvalxn− fvalx∗∗

10000
| < 10−2 and γn =

1/(
√
10µ(β + 1) where β = 2λ+

√
9, and λ = 0.003.

Iteration τn σi,n Error fvalxiteration
ISNR CPU-Time(s)

5000 1 1 1
k2

99.465867 8.344218 32.5193
5000 1 1 1

k5
99.459621 8.342828 32.4141

5000 1 1 1
kk

99.459901 8.34304 32.5323
5000 1 1 ( 12 )

k 99.460987 8.342093 32.5181

Table 3.6: the result of experiment after 5,000 iterations by őxing τn = 1, σi,n = 1
(i ∈ {1, 2}) and varying errors as 1/k2, 1/k5, 1/kk, (1/2)k of the algorithm
using γn = 1/(

√
10µ(β + 1) where β = 2λ+

√
9 and λ = 0.003 for all n ≥ 0.

β = 2λ +
√
9 and λ = 0.003 for all n ≥ 0 shown in Figure 3.2. We detect the peak

point by using findpeaks in MATLAB to őnd the local maximum point. Lastly, we can
őnd that the maximum point is presented at 3736 iterations with the ISNR = 8.467.
However, we cannot conőrm that this is the highest value of ISNR because the highest
ISNR values probably change depending on the control parameters such as error terms,
τn , σi,n (∀n ≥ 0, i ∈ {1, 2}), and the stepsize γn.

Remark 3.5.1. In all our examples, we investigate only the cases Un = Id or Un = τn Id
and Ui,n = σi,n Id for n ≥ 0, i ∈ {1, 2}. Typically, the non-trivial case of Un might
be examined. The non-trivial choices for the operators Un can be analyzed within the
framework of optimization methods that combine proximal methods with quasi-Newton
techniques. This is an interesting research approach, and because both the theory and
the investigations are involved (as shown in [10, 93]), This can be regarded as a future
research topic.
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3.5 Numerical Experiment in Imaging

Figure 3.2: The graph illustrates the ISNR value after 10000 iterations when we őxed
τn = 1, σi,n = 1, and error terms is 1/k2. By setting γn = 1/(

√
10µ(β + 1)

where β = 2λ+
√
9 and λ = 0.003 for all n ≥ 0, i ∈ {1, 2}.
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4 The Forward-Backward-Forward Algorithm

with Extrapolation from the Past and Penalty

Scheme for Solving Monotone Inclusion

Problems and Applications

In the last decade, penalty schemes have become a popular approach for studying con-
strained or hierarchical optimization problems in Hilbert spaces, particularly for solving
complex problems (see [5, 6, 7, 17, 18, 20, 66]). In this chapter, we intend to study the
general monotone inclusion problem in the term of the sum of three operators as follows:

0 ∈ A(x) +D(x) +NC(x), (4.1)

where A : H ⇒ H is a maximally monotone operator, D : H → H a (single-valued)
monotone and η−1-Lipschitz continuous operator with η > 0, and NC : H ⇒ H is the
normal cone of the closed convex set C ⊆ H which is the nonempty set of zeros of another
operator B : H → H, which is a (single-valued) µ−1-Lipschitz continuous operator with
µ > 0. If the involved operators are subdifferentials, the situation can be framed as a
specialized convex bilevel optimization problem. In this context, the feasible set of the
upper-level problem corresponds to the set of solutions for the lower-level problem, and
both sets are characterized by convexity (see (4.3) and (4.4) below).

If D = 0, the problem (4.1) is the generalized version of the monotone inclusion
problem

0 ∈ A(x) +NC(x), (4.2)

where C = argminΨ ̸= ∅, and Ψ : H → R is a convex differentiable function with a
Lipschitz gradient satisfying minΨ = 0, which introduces a penalization function with
respect to the constraint x ∈ C. Implicit and explicit discretized methods to solve the
problem in (4.2) were proposed in Attouch et al.’s work [5,6]. Several subsequent penalty
type numerical algorithms in the literature are inspired by the continuous nonautonomous
differential inclusion investigated in Attouch and Czarnecki’s paper [4].

In the case where A and D are the convex subdifferentials of the proper, convex, and
lower semicontinuous functions Φ : H → R̄ and ϕ : H → R̄, respectively, then any
solution of (4.1) solves the convex minimization problem

min
x∈H

{Φ(x) + ϕ(x) : x ∈ argminΨ}, (4.3)
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4 Tseng-EP and Penalty Scheme for Solving Monotone Inclusion Problems and Applications

and a solution of (4.2) solves the problem

min
x∈H

{Φ(x) : x ∈ argminΨ}, (4.4)

respectively. Consequently, a solution to these convex minimizations can be approxi-
mated by using the same iterative scheme as in [5, 6, 18]. Furthermore, there are other
methods for solving such optimization problems which are studied by several authors in
the literature (see, for instance, [7, 20,66,70]).

The iterative algorithms for solving both monotone inclusion problems (4.1) and (4.2)
in the penalty scheme have been proposed by several researchers (see [5, 6, 7, 17, 18]).
They could provide the weak ergodic convergence of the iterates for their proposed al-
gorithms. In particular, they must suppose the strong monotonicity of A to prove the
strong convergence. For the (ergodic) convergent results, one has to assume the following
hypothesis:

• For solving the problem (4.2) in case C = argminΨ ̸= ∅ with the algorithm
proposed by Attouch et al. [5,6], the Fenchel conjugate function of Ψ (namely, Ψ∗)
needs to fulőll some key hypotheses in this context, as shown below:

(H)







(i) A+NC is maximally monotone and zer(A+NC) ̸= ∅;
(ii) For every p ∈ Ran(NC),

∑

n∈N λnβn
[

Ψ∗
(
p
βn

)

− σC

(
p
βn

)]

< +∞;

(iii) (λn)n∈N ∈ ℓ2 \ ℓ1,
where (λn)n∈N and (βn)n∈N are sequences of positive real numbers. Note that the
hypothesis (ii) of (H) is satisőed when

∑

n∈N
λn
βn

< +∞ and Ψ is bounded below
by a multiple of the square of distances to C, as described in [6]. One such case is
when C = zer(L), where L : H → H is a linear continuous operator with closed
range and Ψ : H → R is deőned as Ψ(x) = 1

2∥Lx∥2, see further in [5, Section 4.1 ].

• For solving the problem (4.1) with a forward-backward type or Tseng’s type (or
forward-backward-forward) algorithm proposed by Bot, et al. in [7, 17, 18], the
required hypotheses involve the Fitzpatrick function associated to the maximally
monotone operator B and reads as:

(Hfitz)







(i) A+NC is maximally monotone and zer(A+D +NC) ̸= ∅;
(ii) For every p∈Ran(NC),

∑

n∈N
λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

−σC
(
p

βn

)]

<+∞;

(iii) (λn)n∈N ∈ ℓ2 \ ℓ1.
where (λn)n∈N and (βn)n∈N are sequences of positive real numbers. Note that when
B = ∂Ψ and Ψ(x) = 0 for all x ∈ C, then by (4.5) one can see that condition (ii)
of (H) implies the second condition of (Hfitz), see [17,18].

For solving the monotone inclusion problem (4.1), if we use the approach involved
with the forward-backward algorithm, then some of the operators in the iterates are
cocoercive. For instance, (see [18])

Choose x1 ∈ H. For n ∈ N, set xn+1 = JλnA(xn − λnD(xn)− λnβnB(xn)),
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4.1 Preliminaries

with the sequences of positive real number, (λn)n∈N and (βn)n∈N, and the operators D
and B are cocoercive. We know from the deőnition of the cocoercivity (see Section 2.5)
that every cocoercive operator is a monotone and Lipschitz operator, but the converse
argument is not the case, see Remark 2.6.4. One of the research directions is to develop
an algorithm for inclusions involving monotone and Lipschitz operators, which has known
as Tseng’s type algorithm (or forward-backward-forward algorithm), see further [90]. In
the penalty scheme, Bot, and Csetnek [18] relaxed the cocoercivity of B and D to mono-
tonicity and Lipschitzian and the convergence properties of Bot, and Csetnek’s algorithm

are studied under (Hfitz) and the condition lim supn→+∞
(
λnβn
µ

+ λn
η

)

< 1.

Motivated by the extrapolation technique used for Tseng’s algorithm (see introduction
Chapter 1), we investigate Tseng’s forward-backward-forward algorithm with extrapola-
tion from the past involving a penalty scheme under certain hypotheses for solving the
generalized inclusion problem in terms of the sum of three operators (4.1). We propose
the algorithm and prove its weak ergodic convergence. Moreover, strong convergence is
also demonstrated when the operator A is a strongly monotone operator in Section 4.2.
Furthermore, we can extend our results in Section 4.2 to solve minimax problems as elab-
orated in Section 4.3. In Section 4.4, our proposed algorithm can be extended to solving
more intricate problems involving őnite sums of monotone operators and composition
with linear operators, by using the product space approach, and the convergence results
for our modiőed iterative method are also provided.

To broaden the applicability of our scheme, we also provide the iterative scheme and
its convergence result for the convex minimization problem expressed in Section 4.5.
Finally, we demonstrate a numerical experiment in TV-based image inpainting to ensure
theoretical convergence results in Section 4.6. This chapter is based on [88], published
in Numerical Algorithms.

4.1 Preliminaries

The following notation was introduced by Fitzpatrick in [42] and has proved to be a
useful tool for investigating the maximality of monotone operators using convex analysis
techniques (see [8, 9]). For a monotone operator A : H ⇒ H, we deőne its associated
Fitzpatrick function φA : H×H → R as follows:

φA(x, u) = sup
(y,v)∈GrA

{⟨x, v⟩+ ⟨y, u⟩ − ⟨y, v⟩}.

This function is convex and lower semicontinuous, and it will be an important tool for
investigating convergence in this scheme.

If A is a maximally monotone operator, then its Fitzpatrick function is proper and
satisőes φA(x, u) ≥ ⟨x, u⟩ for all (x, u) ∈ H×H, with equality if and only if (x, u) ∈ GrA.
Furthermore, for f ∈ Γ0(H) we have the inequality (see [9])

φ∂f (x, u) ≤ f(x) + f∗(u) ∀(x, u) ∈ H ×H, (4.5)
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4 Tseng-EP and Penalty Scheme for Solving Monotone Inclusion Problems and Applications

where f∗ is the convex conjugate of f .
Before we enter on a detailed analysis of the convergence result, we introduce a def-

inition of a particular sequence and an Opial’s lemma for the weighted averages. Let
(xn)n∈N∪{0} be a sequence in H and (λk)k∈N∪{0} be a sequence of positive numbers such
that

∑

k∈N∪{0} λk = +∞. Let (zn)n∈N∪{0} be the sequence of weighted averages deőned
as shown in [6, 17,18]:

zn =
1

τn

n∑

k=0

λkxk, where τn =

n∑

k=0

λk ∀n ∈ N. (4.6)

Lemma 4.1.1 ( [67, Opial’s Lemma]). Let S be a nonempty subset of H, and (xn)n∈N∪{0}
a sequence of elements of H. Assume that

(i) for every z ∈ S, lim
n→+∞

∥xn − z∥ exists;

(ii) every weak sequential limit point of (zn)n∈N∪{0} belongs to S as n→ +∞.

Then (zn)n∈N∪{0} converges weakly as n→ +∞ to a point in S.

4.2 Forward-backward-forward with extrapolation and penalty

schemes

In this section, we will begin by presenting a problem introduced in [17, 18], which
can be formulated as follows:

Problem 4.1: Let H be a real Hilbert space, A : H ⇒ H be a maximally monotone
operator, D : H → H be a monotone and η−1-Lipschitz continuous operator with η > 0,
B : H → H be a monotone and µ−1-Lipschitz continuous operator with µ > 0, and
suppose that C = zer(B) ̸= ∅. The monotone inclusion problem that we want to solve is

0 ∈ A(x) +D(x) +NC(x). (4.7)

Some methods to solve Problem 4.1 have been already studied in [17, 18] by using
Tseng’s algorithm and penalty scheme. The iterative scheme presented below for solving
Problem 4.1 draws inspiration from Tseng’s forward-backward-forward algorithm with
extrapolation from the past as explained in the introduction (see [14,62,89]).

Algorithm 4.1:

Initialization : Choose y−1, x0 ∈ H with y−1 = x0.

For n ∈ N ∪ {0} set : yn = JλnA [xn − λnD(yn−1)− λnβnB(yn−1)] ;

xn+1 = λnβn [(B(yn−1)−B(yn))] + λn [D(yn−1)−D(yn)] + yn,
(4.8)

where (λn)n∈N∪{0} and (βn)n∈N∪{0} are sequences of positive real numbers.
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Of course, in order to demonstrate the (ergodic) convergence results we need to assume
the hypotheses (Hfitz) for every n ∈ N ∪ {0}.
Remark 4.2.1.

(i) When the operator B satisőes B(x) = 0 for all x ∈ H (which implies NC(x) = 0 for
every x ∈ H), the algorithm outlined in Algorithm 4.1 reduces to the error-free
scenario with the identity variable matrices of the forward-backward-forward with
extrapolation method, as introduced in Chapter 3.

(ii) Actually, we can choose y−1 as any starting point in H. This starting point affects
the algorithm’s performance, but we can not specify which vector is the best choice
for the problem. This freedom of choice has the pros and cons to consider. As
in Section 4.6, we will compare our proposed method with the classical Tseng’s
algorithm in the penalty scheme, which requires only one starting point x0. To be
fair, the starting point y−1 is selected the same as x0.

Prior to establishing the weak ergodic convergence result, we shall prove the following
lemma, which serves as a valuable tool for our main outcome.

Lemma 4.2.2. Let (xn)n∈N∪{0} and (yn)n∈N∪{0,−1} be the sequences generated by Algo-

rithm 4.1 and let (u,w) ∈ Gra(A + D + NC) be such that w = v + p + D(u), where
v ∈ A(u) and p ∈ NC(u). Then the following inequality holds for n ≥ 1:

∥xn+1 − u∥2 − ∥xn − u∥2 +
(

1

2
−
(
λnβn
µ

+
λn
η

)2
)

∥yn−1 − yn∥2

≤
(
λn−1βn−1

µ
+
λn−1

η

)2

∥yn−2−yn−1∥2+2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

−σC
(
p

βn

)]

+2λn⟨u− yn, w⟩.
(4.9)

Proof. From Algorithm 4.1 and the deőnition of the resolvent, we can derive that we
have xn−yn

λn
− βnB(yn−1) − D(yn−1) ∈ A(yn) for ever n ∈ N. Since v ∈ A(u), then we

can guarantee by using the monotonicity of A that

⟨yn − u,
xn − yn
λn

− βnB(yn−1)−D(yn−1)− v⟩ ≥ 0

⇔ ⟨yn − u, xn − yn − λnβnB(yn−1)− λnD(yn−1)− λnv⟩ ≥ 0.
(4.10)

By using the deőnition of xn+1, we obtain that ∀n ∈ N,

⟨u− yn, xn − yn⟩
(4.10)

≤ ⟨u− yn, λnβnB(yn−1) + λnD(yn−1) + λnv⟩
= ⟨u− yn, [λnβn(B(yn−1)−B(yn)) + λn(D(yn−1)−D(yn)) + yn]

+ λnβnB(yn) + λnD(yn) + λnv − yn⟩
= ⟨u− yn, xn+1 − yn + λnβnB(yn) + λnD(yn) + λnv⟩
= ⟨u− yn, xn+1 − yn⟩+ ⟨u− yn, λnβnB(yn)⟩+ ⟨u− yn, λnD(yn)⟩+ ⟨u− yn, λnv⟩.

(4.11)
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For any a1, a2, a3 ∈ H, we know that 1
2∥a1 − a2∥2 − 1

2∥a3 − a1∥2 + 1
2∥a3 − a2∥2 =

⟨a1 − a2, a3 − a2⟩. Then, it follows from (4.11) that

1

2
∥u− yn∥2−

1

2
∥xn − u∥2+1

2
∥xn − yn∥2

(4.11)

≤ 1

2
∥u− yn∥2−

1

2
∥xn+1 − u∥2+1

2
∥xn+1 − yn∥2

+ ⟨u− yn, λnβnB(yn)⟩+ ⟨u− yn, λnD(yn)⟩
+ ⟨u− yn, λnv⟩.

Because v = w−p−D(u) and the fact that D is monotone, we have that for every n ∈ N

∥xn+1−u∥2−∥xn−u∥2 ≤ ∥xn+1−yn∥2−∥xn−yn∥2+2λnβn⟨u−yn, B(yn)⟩+2λn⟨u−yn, D(yn)⟩
+ 2λn⟨u− yn, w − p−D(u)⟩

= ∥xn+1 − yn∥2 − ∥xn − yn∥2 + 2λnβn⟨u− yn, B(yn)⟩

+ 2λnβn⟨u− yn,
−p
βn

⟩+ 2λn⟨u− yn, D(yn)−D(u)⟩+ 2λn⟨u− yn, w⟩

= ∥xn+1 − yn∥2 − ∥xn − yn∥2

+ 2λnβn

(

⟨u,B(yn)⟩+ ⟨yn,
p

βn
⟩− ⟨yn, B(yn)⟩− ⟨u, p

βn
⟩
)

+ 2λn ⟨u− yn, D(yn)−D(u)⟩
︸ ︷︷ ︸

≤0

+2λn⟨u− yn, w⟩

≤ ∥xn+1 − yn∥2 − ∥xn − yn∥2

+2λnβn

[

sup
u∈C

{

sup
(s,B(s))∈Gr(B)

{⟨u,B(s)⟩+⟨s, p
βn

⟩−⟨s,B(s)⟩}
}

−σC
(
p

βn

)]

+2λn⟨u− yn, w⟩

= ∥xn+1 − yn∥2 − ∥xn − yn∥2 + 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

+ 2λn⟨u− yn, w⟩.
(4.12)

By the Lipschitz continuity of B and D, it yields

∥xn+1 − yn∥ = ∥λnβn(B(yn−1)−B(yn)) + λn(D(yn−1)−D(yn))∥
≤ λnβn∥B(yn−1)−B(yn)∥+ λn∥D(yn−1)−D(yn)∥

=

(
λnβn
µ

+
λn
η

)

∥yn−1 − yn∥.
(4.13)

It follows from (4.12) and above inequality that

∥xn+1 − u∥2 − ∥xn − u∥2 ≤
(
λnβn
µ

+
λn
η

)2

∥yn−1 − yn∥2 − ∥xn − yn∥2

+ 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

+ 2λn⟨u− yn, w⟩.

(4.14)
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By Parallelogram law, we know that 2∥xn − yn∥2 + 2∥xn − yn−1∥2 = ∥yn−1 − yn∥2 +
∥(xn − yn) + (xn − yn−1)∥2. Then we have

−∥xn − yn∥2 ≤ ∥xn − yn−1∥2 −
1

2
∥yn−1 − yn∥2.

So, we can derive from (4.14) that

∥xn+1 − u∥2 − ∥xn − u∥2 ≤
(
λnβn
µ

+
λn
η

)2

∥yn−1 − yn∥2 +
[

∥xn − yn−1∥2 −
1

2
∥yn−1 − yn∥2

]

+ 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

+ 2λn⟨u− yn, w⟩.

It follows from (4.13) that ∥xn − yn−1∥ ≤
(
λn−1βn−1

µ
+ λn−1

η

)

∥yn−2 − yn−1∥. Thus,

∥xn+1 − u∥2 − ∥xn − u∥2 ≤
(
λnβn
µ

+
λn
η

)2

∥yn−1 − yn∥2

+

[(
λn−1βn−1

µ
+
λn−1

η

)2

∥yn−2 − yn−1∥2 −
1

2
∥yn−1 − yn∥2

]

+ 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

+ 2λn⟨u− yn, w⟩.

Therefore

∥xn+1 − u∥2−∥xn − u∥2+
(

1

2
−
(
λnβn
µ

+
λn
η

)2
)

∥yn−1 − yn∥2

≤
(
λn−1βn−1

µ
+
λn−1

η

)2

∥yn−2−yn−1∥2+2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

−σC
(
p

βn

)]

+2λn⟨u−yn, w⟩.

Subsequently, we state the convergence of Algorithm 4.1 below.

Theorem 4.2.3. Let (xn)n∈N∪{0} and (yn)n∈N∪{0,−1} be the sequences generated by Al-

gorithm 4.1 and (zn)n∈N∪{0} be the sequence defined in (4.6). If (Hfitz) is fulfilled

and lim supn→+∞
(
λnβn
µ

+ λn
η

)

< 1
2 , then (zn)n∈N∪{0} converges weakly to an element in

zer(A+D +NC) as n→ +∞.

Proof. The proof of the theorem is divided into three parts as the following statements:

(a)
∑

n∈N∪{0} ∥yn − yn−1∥2 < +∞ and the sequence (∥xn − u∥)n∈N∪{0} is convergent
for every u ∈ zer(A+D +NC);

(b) every weak cluster point of (z′n)n∈N∪{0} lies in zer(A+D +NC), where

z′n =
1

τn

n∑

k=0

λkyk and τn =

n∑

k=0

λk ∀n ∈ N;

57



4 Tseng-EP and Penalty Scheme for Solving Monotone Inclusion Problems and Applications

(c) every weak cluster point of (zn)n∈N∪{0} lies in zer(A+D +NC).

Every step of proof can be shown as follows.
(a) Let u ∈ zer(A+D +NC). For n ∈ N, we take w = 0 in (4.9), so we have

∥xn+1 − u∥2 − ∥xn − u∥2 +
(
1

2
−M2

n

)

∥yn−1 − yn∥2

≤M2
n−1∥yn−2 − yn−1∥2 + 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

,

(4.15)

where Mn = λnβn
µ

+ λn
η

. Rearranging the inequality, we have that

∥xn+1 − u∥2 +M2
n∥yn−1 − yn∥2 +

(
1

2
− 2M2

n

)

∥yn−1 − yn∥2

≤ ∥xn − u∥2 +M2
n−1∥yn−2 − yn−1∥2 + 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

.

(4.16)

By the hypothesis we have that lim infn→+∞
(
1
2 − 2M2

n

)
> 0, hence it follows from

Lemma 2.1.3 that the sequence En := (∥xn − u∥2 +M2
n−1∥yn−2 − yn−1∥2)n∈N converges

and
∑

n∈N ∥yn−1 − yn∥2 < +∞. This means that (∥yn−1 − yn∥)n∈N∪{0} → 0 and so
(∥xn − u∥)n∈N∪{0} is a convergent sequence.

(b) Let z be a weak cluster point of (z′n)n∈N. Take (u,w) ∈ Gra(A+D+NC) such that
w = v+p+D(u), where v ∈ A(u) and p ∈ NC(u). Let K ∈ N with ∀n0 ∈ N, K ≥ n0+2.
Summing up for n = n0+1, . . . ,K the inequalities in (4.9) (it is nothing else than (4.15)

with the additional term 2λn⟨u− yn, w⟩) with lim supn→+∞
(
λnβn
µ

+ λn
µ

)

< 1
2 , for n ∈ N

and Mn = λnβn
µ

+ λn
η

we get that

K∑

n=n0+1

∥xn+1 − u∥2 −
K∑

n=n0+1

∥xn − u∥2 ≤
K∑

n=n0+1

M2
n−1∥yn−2 − yn−1∥2

+ 2

K∑

n=n0+1

λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

+ 2

〈
K∑

n=0

λnu−
K∑

n=0

λnyn −
n0∑

n=0

λnu+

n0∑

n=0

λnyn, w

〉

.

This leads to the following inequality.

∥xK+1 − u∥2 − ∥xn0+1 − u∥2 ≤
+∞∑

n=n0+1

M2
n−1∥yn−2 − yn−1∥2

+ 2

+∞∑

n=n0+1

λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

+ 2

〈
K∑

n=0

λnu−
K∑

n=0

λnyn −
n0∑

n=0

λnu+

n0∑

n=0

λnyn, w

〉
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= R+ 2

〈
K∑

n=0

λnu−
K∑

n=0

λnyn −
n0∑

n=0

λnu+

n0∑

n=0

λnyn, w

〉

,

where R =

+∞∑

n=n0+1

M2
n−1∥yn−2 − yn−1∥2 + 2

+∞∑

n≥n0+1

λnβn

[

sup
u∈C

φ

(

u,
p

βn

)

− σC

(
p

βn

)]

∈ R.

Discarding the nonnegative term ∥xK+1 − u∥2 and dividing by 2τK = 2
∑K

n=1 λn we
obtain

−∥xn0+1 − u∥2
2τK

≤ R+ 2⟨−∑n0

n=1 λnu+
∑n0

n=1 λnyn, w⟩
2τK

+
2⟨∑K

n=1 λnu−∑K
n=1 λnyn, w⟩

2
∑K

n=1 λn

=
R̃

2τK
+ ⟨u− z′K , w⟩,

where R̃ := R+2⟨−∑n0

n=1 λnu+
∑n0

n=1 λnx,w⟩ ∈ R. By passing to the limit as K → +∞
and using that limK→+∞ τK = +∞, we get

lim inf
K→+∞

⟨u− z′K , w⟩ ≥ 0.

Since z is a weak cluster point of (z′n)n∈N∪{0}, we obtain that ⟨u− z, w⟩ ≥ 0. Finally as
this inequality holds for arbitrary (u,w) ∈ Gra(A+D+NC), z lies in zer(A+D+NC)
(since A+D +NC is maximally monotone, see also (2.11)).

(c) Let n ∈ N∪{0}. It is enough to prove that limn→+∞ ∥zn−z′n∥ = 0 and the statement
of the theorem will be a consequence of Lemma 4.1.1. Taking u ∈ zer(A + D + NC)
and w = 0 = v + p +D(u) where v ∈ A(u) and p ∈ NC(u), it follows from the proof of
(a) and the proof of Lemma 4.2.2 (see (4.13)) that

∑

n∈N∪{0} ∥yn−1 − yn∥2 < +∞ and

∥xn+1 − yn∥ ≤
(
λnβn
µ

+ λn
η

)

∥yn−1 − yn∥, respectively. For any n ∈ N ∪ {0} it holds

∥zn − z′n∥2 =
1

τ2n

∥
∥
∥
∥
∥

n∑

k=0

λk(xk − yk)

∥
∥
∥
∥
∥

2

≤ 1

τ2n

(
n∑

k=0

λk∥xk − yk∥
)2

≤ 1

τ2n

(
n∑

k=0

λ2k

)(
n∑

k=0

∥xk − yk∥2
)

≤ 1

τ2n

(
n∑

k=0

λ2k

)(
n∑

k=0

(2∥xk − yk−1∥2 + 2∥yk−1 − yk∥2)
)

=
1

τ2n

(
n∑

k=0

λ2k

)(

2

n∑

k=0

∥xk − yk−1∥2 + 2

n∑

k=0

∥yk−1 − yk∥2
)

≤ 1

τ2n

(
n∑

k=0

λ2k

)(

2

n∑

k=0

(
λk−1βk−1

µ
+
λk−1

η

)2

∥yk−2 − yk−1∥2 + 2

n∑

k=0

∥yk−1 − yk∥2
)

.
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We know that lim sup
n→+∞

(
λnβn
µ

+ λn
η

)

< 1
2 , (λn)n∈N∪{0} ∈ ℓ2 \ ℓ1, and

∑

n∈N∪{0} ∥yn −
yn−1∥2 < +∞. Taking into consideration that τn =

∑n
k=0 λk → +∞ (n → +∞), we

obtain that ∥zn − z′n∥ → 0 (n→ +∞).

As observed in the forward-backward-forward penalty scheme discussed in [17, 18],
strong monotonicity of the operator A guarantees the strong convergence of the sequence
(xn)n∈N∪{0}. However, it remains to be seen whether this result extends to the forward-
backward-forward with extrapolation from the past and the penalty scheme under con-
sideration. The following result provides the necessary clariőcation.

Theorem 4.2.4. Let (xn)n∈N∪{0} and (yn)n∈N∪{0,−1} be the sequences generated by Al-

gorithm 4.1. If (Hfitz) is fulfilled, lim supn→+∞
(
λnβn
µ

+ λn
η

)

< 1
2 and the operator A

is γ-strongly monotone with γ > 0, then (xn)n∈N∪{0} converges strongly to the unique
element in zer(A+D +NC) as n→ +∞.

Proof. Let u be the unique element of zer(A+D+NC) and w = 0 = v+p+D(u), where
v ∈ A(u) and p ∈ NC(u). We can follow the proof of Lemma 4.2.2 under A is γ-strongly
monotone with γ > 0. This means that we obtain xn−yn

λn
−D(yn−1)−βnB(yn−1) ∈ A(yn),

and one simply shows that for each n ∈ N

2γλn∥yn − u∥2 + ∥xn+1 − u∥2 − ∥xn − u∥2 +

(

1

2
−
(
λnβn
µ

+
λn
η

)2
)

∥yn−1 − yn∥2

≤
(
λn−1βn−1

µ
+
λn−1

η

)2

∥yn−2 − yn−1∥2 + 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

,

equivalently,

2γλn∥yn − u∥2 + ∥xn+1 − u∥2 − ∥xn − u∥2 +

(

1

2
− 2

(
λnβn
µ

+
λn
η

)2
)

∥yn−1 − yn∥2

+

(
λnβn
µ

+
λn
η

)2

∥yn−1 − yn∥2

≤
(
λn−1βn−1

µ
+
λn−1

η

)2

∥yn−2 − yn−1∥2 + 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

.

Let Ēn =

(

∥xn+1 − u∥2 +
(
λnβn
µ

+ λn
η

)2
∥yn−1 − yn∥2

)

n∈N
, ∀n ∈ N. Then:

2γλn∥yn − u∥2 + Ēn +

(

1

2
− 2

(
λnβn
µ

+
λn
η

)2
)

∥yn−1 − yn∥2

≤ Ēn−1 + 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

.
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The hypothesis

(

lim sup
n→+∞

(
λnβn
µ

+ λn
η

)

< 1
2

)

implies the existence of n0 ∈ N such that

for every n ≥ n0

2γλn∥yn − u∥2 + Ēn − Ēn−1 ≤ 2λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

.

Then, the inequality can be used for őnite summation as: for some N ≥ n0

2γ

N∑

n=n0

λn∥yn − u∥2 + ĒN ≤ Ēn0−1 + 2

N∑

n=n0

λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

.

Since ĒN ≥ 0, then we can omit this term on the left-hand side of above inequality.
Hence, we derive the following inequality:

2γ
∑

n≥n0

λn∥yn − u∥2 ≤ Ēn0−1 + 2
∑

n≥n0

λnβn

[

sup
u∈C

φB

(

u,
p

βn

)

− σC

(
p

βn

)]

< +∞.

(4.17)

It follows that
∑

n∈N
λn∥yn − u∥2 < +∞. (4.18)

From (4.13), we can derive

∥xn − yn∥2 ≤ 2∥xn − yn−1∥2 + 2∥yn − yn−1∥2
(4.13)

≤ 2

(
λn−1βn−1

µ
+
λn−1

η

)2

∥yn−2 − yn−1∥2 + 2∥yn − yn−1∥2.

Since we have already known from Theorem 4.2.3 (a) that
∑

n∈N ∥yn − yn−1∥2 < +∞
and

(
λn−1βn−1

µ
+ λn−1

η

)2
is bounded from above by the hypothesis, then

∑

n∈N
∥xn−yn∥2 ≤ 2

∑

n∈N

(
λn−1βn−1

µ
+
λn−1

η

)2

∥yn−2−yn−1∥2+2
∑

n∈N
∥yn−yn−1∥2<+∞.

(4.19)

It follows from (4.18), (4.19), and λn is bounded from above that

∑

n∈N
λn∥xn − u∥2 ≤ 2

∑

n∈N
λn∥xn − yn∥2 + 2

∑

n∈N
λn∥yn − u∥2 < +∞.

Because
∑

n∈N λn = +∞, and lim
n→+∞

∥xn − u∥ exists (proof of Theorem 4.2.3 (a)), we

can conclude that lim
n→+∞

∥xn − u∥ = 0.
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4.3 Minimax problems

The minimax problem is a classical problem where the goal is to őnd a saddle point
for a function in two variables. This problem arises in many applications, including game
theory [82], control theory [60], and robust optimization [50,61]. In recent years, there has
been a growing interest in the study of minimax problems in modern machine learning,
such as Generative Adversarial Networks(GANs) [14], data-driven optimization [94] and
furthermore in [96].

In this section, we will consider a class of minimax problems with a convex-concave
structure, which can be solved using Tseng’s forward-backward-forward method with ex-
trapolation from the past and penalty scheme. We will present the problem formulation,
discuss the properties of the objective function, and introduce some numerical methods
for solving the problem.

Let f : H × G → R be convex-concave and differentiable, where f(·, y) is convex for
all y ∈ G and f(x, ·) is concave for all x ∈ H (H and G are real Hilbert spaces). The
Min-Max problem (or minimax problem) is the problem in the form:

min
x∈H

max
y∈G

f(x, y). (4.20)

A saddle point of (4.20) is a vector (x̄, ȳ) ∈ H × G fulőlling:

f(x̄, y) ≤ f(x̄, ȳ) ≤ f(x, ȳ) ∀x ∈ H, ∀y ∈ G. (4.21)

Let F : H × G → H × G deőned by F

(
x
y

)

→
(

∇1f(x, y)
−∇2f(x, y)

)

, where ∇1f , ∇2f are

the gradients of f with respect to the őrst and second component, respectively. Then,
writing the optimal conditions for the inequalities in (4.21), we get

(
0
0

)

=

(
∇1f(x̄, ȳ)
−∇2f(x̄, ȳ)

)

, i.e., (x̄, ȳ) ∈ zer(F ). (4.22)

Moreover, F is monotone and also is Lipschitz continuous (if we impose Lipschitz
continuous properties on ∇1f,∇2f ), see in [8, Proposition 17.7] and [77, Theorem 35.1].

In the constrained case, the problem in (4.20) can be written as

min
x∈X

max
y∈Y

f(x, y), (4.23)

where X ⊂ H,Y ⊂ G are nonempty closed convex sets and a saddle point (x̄, ȳ) ∈ X ×Y
satisőes:

f(x̄, y) ≤ f(x̄, ȳ) ≤ f(x, ȳ) ∀x ∈ X , ∀y ∈ Y. (4.24)

The characterization of saddle points of (4.23) follows from the considerations:

f(x, ȳ) ≥ f(x̄, ȳ) ∀x ∈ X ⇔ 0 ∈ ∂(f(·, ȳ) + δX )(x̄) = ∇1f(x̄, ȳ) +NX (x̄),
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4.3 Minimax problems

f(x̄, y) ≤ f(x̄, ȳ) ∀y ∈ Y ⇔ 0 ∈ ∂(−f(x̄, ·) + δY)(ȳ) = −∇2f(x̄, ȳ) +NY(ȳ),

equivalently,

(
0
0

)

∈
(
NX (x̄)
NY(ȳ)

)

+

(
∇1f(x̄, ȳ)
−∇2f(x̄, ȳ)

)

= NX×Y(x̄, ȳ)
︸ ︷︷ ︸

maximally monotone

+ F (x̄, ȳ)
︸ ︷︷ ︸

monotone (Lipschitzian)

. (4.25)

Further we consider more involved minimax problems with constrained sets described
by linear equations:

min
x∈X

K1(x)=b

max
y∈Y

K2(y)=b′

f(x, y) ⇔ min
{x∈X | K1(x)=b}

max
{y∈Y | K2(y)=b′}

f(x, y), (4.26)

where Q, Q′ are other real Hilbert spaces, K1 : H → Q,K2 : G → Q′ are linear continuous
operators with closed ranges such that b ∈ Q, b′ ∈ Q′ and

{x ∈ X | K1(x) = b} ≠ ∅, {y ∈ Y | K2(y) = b′} ≠ ∅ (4.27)

are nonempty sets. This kind of minimax constrained problem was studied with plenty
of applications, for instance in [94]. In this case, we have the following characterization
of saddle points of (4.26)

(
0
0

)

∈
(
NX∩{x∈H | K1(x)=b}(x̄)
NY∩{y∈G | K2(y)=b′}(ȳ)

)

+

(
∇1f(x̄, ȳ)
−∇2f(x̄, ȳ)

)

︸ ︷︷ ︸

:=F (x̄,ȳ)

. (4.28)

Note that NC1∩C2
= ∂(δC1

+ δC2
) = NC1

+NC2
, if a constraint qualiőcation is satisőed,

for example ∅ ≠ C1 ∩ intC2 (see in [8, Corollary 16.38]). Then

(
0
0

)

∈
(
NX (x̄)
NY(ȳ)

)

︸ ︷︷ ︸

maximally monotone

+

(
N{x∈H | K1(x)=b}(x̄)
N{y∈G | K2(y)=b′}(ȳ)

)

+

(
∇1f(x̄, ȳ)
−∇2f(x̄, ȳ)

)

︸ ︷︷ ︸

:=F (x̄,ȳ),
monotone (Lipschitzian)

. (4.29)

The solution of the linear equations

K1(x) = b, K2(y) = b′, (4.30)

can be described by means of the functions ψ1 : H → R, ψ2 : G → R deőned by

ψ1(x) =
1

2
∥K1(x)− b∥2 and ψ2(y) =

1

2
∥K2(y)− b′∥2. (4.31)
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Namely, the solution of (4.30) can be obtained by solving the following optimization
problem:

x ∈ argmin
x∈H

1

2
∥K1(x)− b∥2 = argmin

x∈H
ψ1(x) ⇔ ∇ψ1(x) = 0,

y ∈ argmin
y∈G

1

2
∥K2(y)− b′∥2 = argmin

y∈G
ψ2(y) ⇔ ∇ψ2(y) = 0.

For every x ∈ H and y ∈ G, let

Ā(x, y) =

(
NX (x)
NY(y)

)

, B̄(x, y) =

(
∇ψ1(x)
−∇ψ2(y)

)

, C̄ = zerB̄, D̄(x, y) =

(
∇1f(x, y)
−∇2f(x, y)

)

(4.32)

Therefore, (4.29) can be written as
(
0
0

)

∈
(
NX (x̄)
NY(ȳ)

)

+

(
Nzer(∇ψ1)(x̄)

Nzer(∇ψ2)(ȳ)

)

+

(
∇1f(x̄, ȳ)
−∇2f(x̄, ȳ)

)

⇔
(
0
0

)

∈Ā(x̄, ȳ)+NC̄(x̄, ȳ)+D̄(x̄, ȳ).

(4.33)

Due to the above setting, the problem (4.29) turns into the monotone inclusion in
(4.7). The iterative pattern in Algorithm 4.1 can be transformed into for each n ≥ 0
as
(
rn
sn

)

= J
λn

(

NX

NY

)

[(
xn
yn

)

− λn

(
∇1f(rn−1, sn−1)
−∇2f(rn−1, sn−1)

)

− λnβn

(
∇ψ1(rn−1)
∇ψ2(sn−1)

)]

;

(
xn+1

yn+1

)

=λnβn

[(
∇ψ1(rn−1)
∇ψ2(sn−1)

)

−
(
∇ψ1(rn)
∇ψ2(sn)

)]

+λn

[(
∇1f(rn−1, sn−1)
−∇2f(rn−1, sn−1)

)

−
(

∇1f(rn, sn)
−∇2f(rn, sn)

)]

+

(
rn
sn

)

,

where ∇ψ1(x) = K∗
1 (K1(x)− b) and ∇ψ2(y) = K∗

2 (K2(y)− b′).
Recall from Example 2.3.6, Example 2.4.3 and Deőnition 2.6.6 , we can notice that if

G is a nonempty closed convex set subset of H, then JNG
= (Id+NG)

−1 = proxιG =
PG. Therefore, we are able to construct a relevant algorithm for solving the monotone
inclusion scheme in (4.33) (i.e., for solving problem (4.26)) demonstrated as:

Algorithm 4.2:

Initialization : Choose r−1, x0 ∈ H, s−1, y0 ∈ G (with r−1 = x0, s−1 = y0).

For n ∈ N ∪ {0} set :

rn = PX [xn − λn∇1f(rn−1, sn−1)− λnβnK
∗
1 (K1(rn−1)− b)];

sn = PY [yn + λn∇2f(rn−1, sn−1)− λnβnK
∗
1 (K2(sn−1)− b′)];

xn+1 = λnβn[K
∗
1 (K1(rn−1)− b)−K∗

1 (K1(rn)− b)]

+ λn∇1f(rn−1, sn−1)− λn∇1f(rn, sn) + rn;

yn+1 = λnβn[K
∗
1 (K2(sn−1)− b′)−K∗

1 (K2(sn)− b′)]

+ λn∇2f(rn, sn)− λn∇2f(rn−1, sn−1) + sn,

(4.34)

where (λn)n∈N∪{0} and (βn)n∈N∪{0} are positive real numbers.
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4.3 Minimax problems

Thus, we can use condition (ii) in (H) (in the introduction of this Chapter) to get the
convergent results. We deőne Ψ : H× G → R,

Ψ(x, y) := ψ1(x) + ψ2(y) =
1

2
∥K1(x)− b∥2 + 1

2
∥K2(y)− b′∥2. (4.35)

Then, we have (see in [8, Proposition 13.30])

Ψ∗(x, y) = ψ∗
1(x) + ψ∗

2(y). (4.36)

From the considerations above (see also (4.27)), we have:

C̄ =

{

(x, y) ∈ H × G :

(
∇ψ1(x)
−∇ψ2(y)

)

=

(
0
0

)}

=

{

(x, y)H× G :
K1(x) = b
K2(y) = b′

}

and

C̄ = argmin(ψ1)× argmin(ψ2) = argmin(Ψ).

Furthermore, we also have

σC̄ = σargmin(ψ1)×argmin(ψ2) = σargmin(ψ1) + σargmin(ψ2)

and

NC̄ = Nargmin(ψ1) ×Nargmin(ψ2) = Nargmin(Ψ).

Thus, if we impose for i = 1, 2

∀pi ∈ ranNargmin(ψi),
∑

n∈N∪{0}
λnβn

[

ψ∗
i

(
pi
βn

)

− σargmin(ψi)

(
pi
βn

)]

< +∞, (4.37)

then, it follows that

∀(p1, p2) ∈ Ran(NC̄),
∑

n∈N∪{0}
λnβn

[

Ψ∗
(
(p1, p2)

βn

)

− σC̄

(
(p1, p2)

βn

)]

< +∞,

is exactly the condition (ii) in (H) that we need for convergence.
In this context, we assume the following condition:

(Condition A) (intX × intY) ∩
{

(x, y) ∈ H × G :
K1(x) = b
K2(y) = b′

}

̸= ∅.

which is a constraint qualiőcation of our considered problem (see in [8, Corollary 16.48]
and (4.28)-(4.29)).

Hence, we can propose the ergodic convergence results which follow from Theorem
4.2.3 as below.
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Corollary 4.3.1. In the framework of (4.26), let X ⊂ H,Y ⊂ G be nonempty closed
convex sets and the operators Ā, B̄, C̄ and D̄ be given as in (4.32) where Ā is maxi-
mally monotone, D̄ is monotone and η−1-Lipschitz continuous with η > 0, B̄ is mono-
tone and µ−1-Lipschitz continuous operator with µ > 0 (i.e., µ−1 := K̄, where K̄ =
max{∥K1∥2, ∥K2∥2},K1 ̸= 0,K2 ̸= 0), C̄ := zer(B̄) ̸= ∅, and (Condition A) is satis-
fied. Consider the sequences generated by Algorithm 4.2, and the sequence (zn)n∈N∪{0}
defined as

zn =
1

τn

n∑

k=0

λk

(
xk
yk

)

, where τn =

n∑

k=0

λk ∀n ∈ N,

where (λk)k∈N∪{0} is a positive sequence such that
∑

k∈N∪{0} λk = +∞. If we suppose

the following hypotheses:

(Hmin−max)







(i) Ā+NC̄ is maximally monotone and (4.33) has a solution;

(ii) For every pi ∈ Ran(Nargmin(ψi)),
∑

n∈N∪{0} λnβn

[

ψ∗
i (

pi
βn

)−σargmin(ψi)(
pi
βn

)
]

<+∞,

i = 1, 2, where ψi are defined in (4.31);

(iii) (λn)n∈N∪{0} ∈ ℓ2 \ ℓ1,

and lim supn→+∞
(
λnβn
µ

+ λn
η

)

< 1
2 , then (zn)n∈N∪{0} converges weakly to a saddle point

of (4.26).

Remark 4.3.2.

(i) Considering the condition (i) in (Hmin−max), notice that Ā + NC̄ is maximally
monotone if a regularity condition is fulőlled, for example (Condition A) (see in [8,
Corollary 24.4]). In addition, (4.33) has a solution if the (Condition A) holds and
(4.26) has saddle points.

(ii) Notice that (ii) in (Hmin−max) is fulőlled when
∑

n∈N∪{0}
λn
βn
< +∞ and b = b′ = 0.

(iii) We can show the Lipschitz property of B̄ as follows:

∥B̄(x, y)− B̄(u, v)∥ =

∥
∥
∥
∥

(
∇ψ1(x)
−∇ψ2(y)

)

−
(

∇ψ1(u)
−∇ψ2(v)

)∥
∥
∥
∥

=

∥
∥
∥
∥

(
∇ψ1(x)−∇ψ1(u)
∇ψ2(v)−∇ψ2(y)

)∥
∥
∥
∥

=

∥
∥
∥
∥

(
K∗

1 (K1x− b)−K∗
1 (K1u− b)

K∗
2 (K2v − b′)−K∗

2 (K2y − b′)

)∥
∥
∥
∥

=

∥
∥
∥
∥

(
K∗

1K1 (x− u)
−K∗

2K2 (y − v)

)∥
∥
∥
∥

≤ K̄ ∥(x, y)− (u, v)∥,

where K̄ = max{∥K1∥2, ∥K2∥2}.
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4.4 The Forward-Backward-Forward Algorithm with Extrapolation

from the Past and Penalty Scheme for the Problem involving

Composition of Linear Continuous Operators

In this section, we propose forward-backward-forward algorithm with extrapolation
from the past and penalty scheme utilized to address the inclusion problem involving the
őnite sum of the compositions of monotone operators with linear continuous operators.
To this end, we begin with the following problem:

Problem 4.3: Let H be a real Hilbert space, A : H ⇒ H be a maximally monotone
operator, D : H → H be a monotone and ν-Lipschitz continuous operator with ν > 0.
Let m be strictly positive integer and for any i ∈ {1, . . . ,m}, let Gi be a real Hilbert
space, Bi : Gi ⇒ Gi be a maximally monotone operator, and Li : H → Gi be a nonzero
linear continuous operator. Assume that B : H → H is a monotone and µ−1-Lipschitz
continuous operator with µ > 0, and suppose C = zer(B) ̸= ∅. The monotone inclusion
problem to solve is

0 ∈ A(x) +
m∑

i=1

L∗
i (Bi(Li(x))) +D(x) +NC(x). (4.38)

The monotone inclusion problem Problem 4.3 can be reformulated into the same
form as Problem 4.1 by using the product space approach with a pertinent setting.
To address this problem, we work with the product space H × G1 × · · · × Gm, where
the inner product and associated norm are deőned for every element (x, v1, . . . , vm)
by ⟨(x, v1, . . . , vm), (y, w1, . . . , wm)⟩ = ⟨x, y⟩ + ∑m

i=1⟨vi, wi⟩ and ∥(x, v1, . . . , vm)∥ =
√

∥x∥2 +∑m
i=1 ∥vi∥2. We proceed to deőne the operators on the product space H ×

G1 × · · · × Gm as follows: for every (x, v1, . . . , vm), (y, w1, . . . , wm) ∈ H × G1 × · · · × Gm,
Ã : H× G1 × · · · × Gm ⇒ H× G1 × · · · × Gm,

Ã(x, v1, . . . , vm) = A(x)×B−1
1 (v1)× · · · ×B−1

m (vm);

D̃ : H× G1 × · · · × Gm → H× G1 × · · · × Gm,

D̃(x, v1, . . . , vm) =

(
m∑

i=1

L∗
i (vi) +D(x),−L1(x), . . . ,−Lm(x)

)

;

and B̃ : H× G1 × · · · × Gm → H× G1 × · · · × Gm,

B̃(x, v1, . . . , vm) = (B(x), 0, . . . , 0
︸ ︷︷ ︸

m−elements

).

Note that the maximal monotonicity of A and Bi, i = 1, . . . ,m, implies that the
operator Ã is also maximally monotone, as stated in [8, Proposition 20.22 and 20.23].
Moreover, according to in [31, Theorem 3.1], it is possible to demonstrate that the op-
erator D̃ is monotone and β-Lipschitz continuous where β = ν +

√∑m
i=1 ∥Li∥2 (in this
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context, the monotonicity and Lipschitzian of D is a special case of [17, 31]). Moreover,
we also have that B̃ is monotone and µ−1-Lipschitz continuous with

C̃ := zer(B̃) := zer(B)× G1 × · · · × Gm = C × G1 × · · · × Gm,
and

NC̃(x, v1, . . . , vm) = NC(x)× {0} × · · · × {0}
︸ ︷︷ ︸

m-elements

.

One can show (see [17]) that x is a solution to Problem 4.3 if and only if there exists
v1 ∈ G1, . . . , vm ∈ Gm such that (x, v1, . . . , vm) ∈ zer(Ã+ D̃ +NC̃). On the other hand,

when (x, v1, . . . , vm) ∈ zer(Ã+D̃+NC̃), then x ∈ zer(A+
∑m

i=1 L
∗
iBiLi+D+NC). This

means that determining the zeros of Ã + D̃ +NC̃ will automatically provide a solution
to Problem 4.3.

By using the identity given in [8, Proposition 23.18], which provides that for
any (x, v1, . . . , vm) ∈ H × G1,× · · · × Gm and λ > 0, JλÃ(x, v1, . . . , vm) =
(JλnA(x), JλB−1

1

(v1), . . . , JλB−1
m
(vm)), it can be observed that the iterations of Al-

gorithm 4.1 are given for any n ∈ N ∪ {0} as follows:

(yn, q1,n, . . . , qm,n) = JλnÃ[(xn, v1,n, . . . , vm,n)− λnD̃(yn−1, q1,n−1, . . . , qm,n−1)

− λnβnB̃(yn−1, q1,n−1, . . . , qm,n−1)],

(xn+1, v1,n+1, . . . , vm,n+1) = λnβn[B̃(yn−1, q1,n−1, . . . , qm,n−1)− B̃(yn, q1,n, . . . , qm,n)]

+ λn[D̃(yn−1, q1,n−1, . . . , qm,n−1)− D̃(yn, q1,n, . . . , qm,n)]

+ (yn, q1,n, . . . , qm,n).

This leads to the algorithm below:

Algorithm 4.3:

Initialization : Choose (x0, v1,0, . . . , vm,0), (y−1, q1,−1, . . . , qm,−1)∈H×G1,×. . .×Gm
with y−1 = x0, qi,−1 = vi,0 ∀i = 1, . . . ,m.

For n ∈ N ∪ {0},

set : yn = JλnA[xn − λn(D(yn−1) +

m∑

i=1

L∗(qi,n−1))− λnβnB(yn−1)];

qi,n = JλnB
−1

i

[vi,n + λnLi(yn−1)], i = 1, . . . ,m, ;

xn+1=λnβn[B(yn−1)−B(yn)]+λn[D(yn−1)−D(yn)]

+λn

m∑

i=1

L∗
i (qi,n−1 − qi,n)+yn;

vi,n+1=λnLi(yn − yn−1)+qi,n, i = 1, . . . ,m,
(4.39)

where (λn)n∈N∪{0} and (βn)n∈N∪{0} are positive real numbers.
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To consider the convergence of this iterative scheme, we need the following additional
hypotheses, similar to the hypotheses in [17, Section 2]:

(Hsum
fitz )







(i) A+NC is maximally monotone and zer(A+
∑m

i=1 L
∗BiL+D +NC) ̸= ∅;

(ii) For every p ∈ ranNC ,
∑

n∈N∪{0} λnβn[sup
u∈C

φB(u,
p
βn

)− σC(
p
βn

)] < +∞;

(iii) (λn)n∈N∪{0} ∈ ℓ2 \ ℓ1.
The Fitzpatrick function of B̃ (i.e., φB̃ ) and the support function of C̃ (i.e., σC̃)

can be computed in the same way as demonstrated in [17, Section 2] for arbitrary el-
ements (x1, v1, . . . , vm), (x

′
1, v

′
1, . . . , v

′
m) ∈ H × G1,× · · · × Gm. Moreover, the satisfac-

tion of condition (i) in (Hsum
fitz ) guarantees that Ã + NC̃ is maximally monotone and

zer(Ã+ D̃+NC̃) ̸= ∅. As a result, we can apply Theorem 4.2.3 and 4.2.4 to the problem

of őnding the zeros of Ã + D̃ +NC̃ . Thus, we can establish the convergence results for
the scheme of the sum of monotone operators and linear continuous operators, which are
given below.

Theorem 4.4.1. Let (xn)n∈N∪{0} and (zn)n∈N∪{0} be sequences generated by Algorithm

4.3. Assume (Hsum
fitz ) is fulfilled and lim supn→+∞(λnβn

µ
+ λnβ) <

1
2 , where

β = ν +

√
√
√
√

m∑

i=1

∥Li∥2.

Then (zn)n∈N∪{0} converges weakly to an element in zer(A +
∑m

i=1 L
∗
iBiLi + D + NC)

as n → ∞. If, additionally, A and B−1
i , i = 1, . . . ,m are strongly monotone, then

(xn)n∈N∪{0} converges strongly to the unique element in zer(A+
∑m

i=1 L
∗
iBiLi+D+NC)

as n→ ∞.

4.5 Convex Minimization Problems

Let us discuss the case of constrained optimization problem as follows:

Problem 4.4: Let H be a real Hilbert space, f ∈ Γ0(H), and h : H → R be a convex and
differentiable function with ν-Lipschitz continuous gradient for ν > 0. Let m be a strictly
positive integer, and for any i = 1, . . . ,m, let Gi be a real Hilbert space, gi ∈ Γ0(Gi), and
Li : H → Gi be a nonzero linear continuous operator. Furthermore, let Ψ : H → R be
convex and differentiable with a µ−1-Lipschitz continuous gradient, fulőlling minΨ = 0.
The convex minimization problem under investigation is

inf
x∈argminΨ

{

f(x) +
m∑

i=1

gi(Li(x)) + h(x)

}

. (4.40)

In order to solve this problem in our context, we can follow Problem 4.3 in section
4.4. We know that any element belonging to zer(∂f +

∑m
i=1 L

∗
i ∂giLi +∇h+NC) is an
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optimal solution for (4.40) if we substitute all of operators with

A = ∂f, B = ∇Ψ, C = argminΨ = zer(B), D = ∇h, and Bi = ∂gi, i = 1, . . . ,m,
(4.41)

where B is a monotone and µ−1-Lipschitz continuous operator (see in [8, Proposition
17.7 and Theorem 18.15]). However, the converse is true only if a suitable qualiőcation
condition is satisőed. Necessary conditions, namely that (4.40) leads to Problem 4.3

with (4.38), have been previously given in [17] (for example, see in [31, Proposition 4.3
and Remark 4.4])

(0, . . . , 0) ∈ sri

( m∏

i=1

dom gi − {(L1(x), . . . , Lm(x)) | x ∈ dom f ∩ C}
)

. (4.42)

Moreover, the condition in (4.42) is fulőlled if

• dom gi = Gi, i = 1, . . . ,m or

• H and Gi are őnite dimensional and there exists x ∈ ri dom f ∩ riC such that
Li(x) ∈ ri dom gi, i = 1, . . . ,m (see [31, Proposition 4.3]).

At this point, we are equipped to state the iterative method based on Tseng’s forward-
backward-forward algorithm with extrapolation from the past and penalty scheme and
its convergent result.

Algorithm 4.4:

Initialization : Choose (x0, v1,0, . . . , vm,0), (y−1, q1,−1, . . . , qm,−1)∈H×G1,×. . .×Gm
with y−1 = x0, qi,−1 = vi,0 ∀i = 1, . . . ,m.

For n ∈ N ∪ {0},

set : yn = proxλnf [xn−λn(∇h(yn−1)+
m∑

i=1

L∗
i (qi,n−1))−λnβn∇Ψ(yn−1)];

qi,n = proxλng
∗
i
[vi,n + λn(Li(yn−1)], i = 1, . . . ,m,

xn+1=λnβn(∇Ψ(yn−1)−∇Ψ(yn))+λn(∇h(yn−1)−∇h(yn))

+λn

m∑

i=1

L∗
i (qi,n−1 − qi,n)+yn;

vi,n+1 = λnLi(yn − yn−1) + qi,n, i = 1, . . . ,m,
(4.43)

where (λn)n∈N∪{0} and (βn)n∈N∪{0} are positive real numbers.

To analyze the convergence, we need to assume the hypotheses similar to those in [17,
Section 3], which are as follows:

(Hopt)







(i) ∂f +NC is maximally monotone and (4.40) has an optimal solution;

(ii) For every p ∈ RanNC ,
∑

n∈N∪{0} λnβn[Ψ
∗( p
βn

)− σC(
p
βn

)] < +∞;

(iii) (λn)n∈N∪{0} ∈ ℓ2 \ ℓ1.
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For the hypothesis (Hopt), some observations have already been presented in [17],
which are as follows:

Remark 4.5.1.

(i) Due to [8, Corollary 24.4], ∂f +NC is maximally monotone, if 0 ∈ sri(dom f −C).
This condition is fulőlled if the conditions in [8, Proposition 6.19 and Proposition
15.24] hold, for instance, 0 ∈ int(dom f − C) or f is continuous at a point in
dom f ∩ C or intC ∩ dom f ̸= ∅.

(ii) The condition (ii) of (Hopt) is similar to the condition (ii) of (H) which implies to
the second contion of (Hfitz). Hence, we can apply our proposed convergent results
in Section 4.2 for this context.

With the same effort as in Section 4.4, we may continue and provide the convergence
results for Algorithm 4.4 as shown below.

Theorem 4.5.2. Let (xn)n∈N∪{0} be the sequences generated by Algorithm 4.4 and
(zn)n∈N∪{0} be the sequence defined in (4.6). If (Hopt) and (4.42) are fulfilled and

lim supn→+∞
(
λnβn
µ

+ λnβ
)

< 1
2 , where

β = ν +

√
√
√
√

m∑

i=1

∥Li∥2,

then (zn)n∈N∪{0} converges weakly to an optimal solution to (4.40) as n → +∞. If,
additionally, f and g∗i , i = 1, . . . ,m are strongly convex, then (xn)n∈N∪{0} converges
strongly to the unique optimal solution of the problem in (4.40) as n→ +∞.

Remark 4.5.3.

1. According to in [8, Proposition 17.10 and Theorem 18.15], g∗ is strongly convex
whenever g : H → R is differentiable with Lipschitz continuous gradient.

2. If Ψ(x) = 0 for all x ∈ H, then Algorithm 4.4 reduces to the error-free version
of the iterative scheme investigated in Chapter 3 where all of the variable matrices
involved are identity matrices. This scheme is used to solve the convex minimization
problem given by

inf
x∈H

{

f(x) +
m∑

i=1

gi(Lix) + h(x)

}

.

4.6 A Numerical Experiment in TV-Based Image Inpainting

In this section, we demonstrate the application of Algorithm 4.4 for solving an image
inpainting problem, which involves recovering lost information in an image. We compare
the classical Tseng’s type (or the forward-backwards-forward (FBF) algorithm) penalty

71



4 Tseng-EP and Penalty Scheme for Solving Monotone Inclusion Problems and Applications

system, which Bot, and Csetnek proposed in [17], with our modiőed Tseng’s type penalty
scheme. Because our algorithm can reduce the redundant computed terms in the typical
Tseng’s method (see introduction), then we expect to gain less time consumption in the
next numerical experiment. The computations presented in this part were carried out
with Python (version 3.7.9) on a Windows desktop computer powered by an Intel(R)
Core(TM) i5-8250U processor that operated at speeds between 1.6 GHz and 1.8 GHz,
and was equipped with 8.00 GB of RAM.

We represent images of size M × N as vectors x ∈ R
n̄, where n̄ = M · N , and each

pixel denoted by xi,j , 1 ≤ i ≤ M, 1 ≤ j ≤ N , takes values in the closed interval from 0
(pure black) to 1 (pure white). Given an image b ∈ R

n̄ with missing pixels (which are set
to black in this case), we deőne P ∈ R

n̄×n̄ as the diagonal matrix with Pi,i = 0 if the i-th
pixel in the noisy image b is missing, and Pi,i = 1 otherwise, for i = 1, . . . , n̄ (noting that
∥P∥ = 1). The original image is reconstructed by solving the following TV-regularized
model:

inf{TViso(x) | Px = b, x ∈ [0, 1]n̄}. (4.44)

The function TViso : R
n̄ → R, which we use as our objective function, is deőned as the

isotropic total variation:

TViso(x)=

M−1∑

i=1

N−1∑

j=1

√

(xi+1,j−xi,j)2+(xi,j+1−xi,j)2+
M−1∑

i=1

|xi+1,N−xi,N |+
N−1∑

j=1

|xM,j+1−xM,j |.

It is possible to express the problem presented in (4.44) as an optimization problem of
the form of Problem 4.4 in (4.40). This can be achieved by introducing the set Y = R

n̄×
R
n̄, and deőning the linear operator L : Rn̄ → Y as L(xi,j) = (L1(xi,j), L

2(xi,j)),where

L1(xi,j) =

{

xi+1,j − xi,j if i < M,

0 if i =M
and L2(xi,j) =

{

xi,j+1 − xi,j if j < N,

0 if j = N.

The operator L represents a discretization of the gradient in the horizontal and vertical
directions. It is worth noting that ∥L∥2 < 8, and its adjoint L∗ : Y → R

n̄ is as easy
to implement as L itself (see [27, 89]). Furthermore, the inner product on Y, given by
⟨(y, z), (p, q)⟩ =

∑M
i=1

∑N
j=1(yi,jpi,j + zi,jqi,j), induces a norm deőned as ∥(y, z)∥× =

∑M
i=1

∑N
j=1

√

y2i,j + z2i,j for (y, z), (p, q) ∈ Y. It can be shown that TViso(x) = ∥L(x)∥×
for every x ∈ R

n̄.
Moreover, by considering the function Ψ : Rn̄ → R,Ψ(x) = 1

2∥Px − b∥2, problem in
(4.44) can be reformulated as

inf
x∈argminΨ

{f(x) + g1(L(x))}, (4.45)

where f : Rn̄ → R̄, f = δ[0,1]n̄ , g1 : Y → R, g1(y1, y2) = ∥(y1, y2)∥×. The problem given in
(4.45) can be written as Problem 4.4 (or (4.40)) when we set m = 1, L1 = L, and h = 0.
It is worth noting that ∇Ψ(x) = P (P (x)−b) = P (x−b) for all x ∈ R

n̄, which makes ∇Ψ
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Lipschitz continuous with a Lipschitz constant of µ = 1. Therefore, the iterative scheme
in Algorithm 4.4 can be written as follows for every n ≥ 0 in this particular case:









yn = proxλnf [xn − λnL
∗(q1,n−1))− λnβnP (yn−1 − b)],

q1,n = proxλng∗1 [v1,n + λnL(yn−1)],

xn+1=λnβnP (yn−1−yn) +λnL∗(q1,n−1 − q1,n)+yn,

v1,n+1 = λnL(yn − yn−1) + qi,n,

(4.46)

To implement this iterative method, we need the following formulas:

proxγf (x) = P[0,1]n(x) ∀γ > 0 and ∀x ∈ R
n̄,

and

proxγg∗
1
(p, q) = PS(p, q) ∀γ > 0 and ∀(p, q) ∈ Y,

where S =






(p, q) ∈ Y | max

1≤i≤M
1≤j≤N

√

p2i,j + q2i,j ≤ 1






. The projection operator PS : Y → S

is deőned via

(pi,j , qi,j) 7→
(pi,j , qi,j)

max{1,
√

p2i,j + q2i,j}
, 1 ≤ i ≤M, 1 ≤ j ≤ N.

The quality of the reconstructed images was compared using the Improvement in Signal-
to-Noise Ratio (ISNR), deőned as follows:

ISNR(n) = 10log10

( ∥x− b∥2
∥x− xn∥2

)

,

where x, b and xn denote the original, the image with missing pixels and the recovered
image at iteration n, respectively.

We evaluated the performance of the algorithm on a 256 × 256 pixel image of the
Pisa Tower, using the parameters λn = 0.9 · n−0.75 (see [17]), λn = 0.9 · 2−1 · n−0.75 and
βn = n0.75 for all n ∈ N. The original image, as well as an image with 80% randomly
blacked-out pixels, were used in the test. Fig. 4.1 displays the original image, the noisy
image, the non-averaged reconstructed image xn, and the averaged reconstructed image
zn after 2000 iterations using both the Forward-Backward-Forward (FBF) in the penalty
scheme with λn = 0.9 · n−0.75, FBF in penalty scheme with λn = 0.9 · 2−1 · n−0.75

and Forward-Backward-Forward with Extrapolation from the Past(FBF-EP) in penalty
scheme with λn = 0.9 · 2−1 · n−0.75 . Note that λn = 0.9 · n−0.75 can not be used for
FBF-EP in penalty scheme because there is no theorem to support its convergence. In
addition, since the parameters λn and βn play a role in the methods as the stepsize of
the algorithm, then we decided to choose these parameters, which have value close to
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Table 4.1: The table presents the results of ISNR and CPU time (in seconds) for both
averaged and non-averaged reconstructed images obtained through 2000 iter-
ations of the FBF and FBF-EP methods.

FBF FBF FBF-EP
λn = 0.9 · n−0.75 λn = 0.9 · 2−1 · n−0.75 λn = 0.9 · 2−1 · n−0.75

average non-average average non-average average non-average

ISNR 11.41243 10.92022 11.36461 8.78285 11.39179 8.77024
CPU-time (sec) 91.59540 88.66624 91.33789 88.41237 77.89488 74.59753

the upper bound of their conditions (namely, either lim supn→+∞
(
λnβn
µ

+ λnβ
)

< 1 or

lim supn→+∞
(
λnβn
µ

+ λnβ
)

< 1
2).

Fig. 4.2 and 4.3 depict the evolution of the ISNR values for both the averaged and
non-averaged reconstructed images using FBF and FBF-EP algorithms (in both two
values of λn in FBF, respectively). The theoretical outcomes concerning the sequences
involved in Theorem 4.5.2 are illustrated in the őgure, indicating that the averaged
sequence exhibits better convergence properties than the non-averaged sequence. We
notice that the behavior of ISNR values in both algorithms carries out similarly when
we use the same value of λn. Table 4.1 reveals that the FBF-EP approach produced the
averaged reconstructed image with an ISNR value of 11.39179, while it was 11.36461 for
the averaged case of the FBF with λn = 0.9 · 2−1 · n−0.75 and 11.41243 for the averaged
case of the FBF with λn = 0.9 · n−0.75. However, the non-averaged reconstructed image
using the FBF-EP method had the lowest ISNR value of 8.77024. Furthermore, the
FBF-EP method was faster than the FBF method by around 13 seconds (compared
with both two various of λn in FBF), indicating that it can offer time-saving beneőts in
image reconstruction.
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Figure 4.1: TV image inpainting was performed on four images, including the original im-
age, an image with 80% of its pixels missing, the non-averaged reconstructed
image denoted as xn, and the reconstructed image zn obtained after 2000
iterations.
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Figure 4.2: The őgure illustrates the ISNR curves for both the averaged and non-averaged
reconstructed images using the FBF method with λn = 0.9 ·n−0.75 and FBF-
EP method with λn = 0.9 · 2−1 · n−0.75.
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Figure 4.3: The őgure illustrates the ISNR curves for both the averaged and non-averaged
reconstructed images using the FBF and FBF-EP methods with the same
value of λn = 0.9 · 2−1 · n−0.75.
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5 A Modified Tseng’s Algorithm with

Extrapolation from the Past for

Pseudo-monotone Variational Inequalities

Variational inequalities (VIs) are beneőcial mathematical models for solving various
problems, like saddle problems, equilibrium problems, obstacle problems, and others;
see [41, 53] and reference therein.

In this chapter, we are concerned with the variational inequality (VI) in the type of
Hartman-Stampacchia (Stampacchia type) [47] :

őnd x∗ ∈ C ⟨F (x∗), x− x∗⟩ ≥ 0 ∀x ∈ C, (5.1)

where C is a nonempty closed convex subset of Hilbert space H endowed with an inner
product ⟨·, ·⟩ and the corresponding norm ∥ · ∥ and F is monotone and L-Lipschitz
continuous operator for L ≥ 0. We denote the inequality of (5.1) by V I(F,C) and
assume that its solution set is represented by Ω ̸= ∅.

The projected-gradient algorithm is the simplest method for solving variational in-
equalities, and it is deőned as follows: for a starting point x0 ∈ H,

xn+1 = PC(xn − λF (xn)), ∀n ≥ 0,

where PC denotes the projection operator onto the closed convex set C ⊆ H and λ > 0.
However, this method does not necessarily provide the convergence if F is only mono-
tone (see [41, Example 12.1.3], for example). In order to converge, the method requires
additional assumptions like F being cocoercive (or inverse strongly monotone, see also
(2.9) or [8, 97]) or strongly (pseudo) monotone (see [41,55]).

Recall the extragradient method proposed by Korpelevich in [57], which is used to
solve variational inequalities governed by Lipschitz continuous and pseudo-monotone
operators, reads as (1.5) (see introduction, Chapter 1) where λ ∈ (0, 1/L). We can see
that the algorithm needs to compute the projection onto C two times, which sometimes
affects the method’s efficiency if the projection is not easy to calculate. The extragradient
method has gained overwhelming attention from several authors to modify this method
in multiple ways; see, e.g., [26, 49, 56]. The work of Popov [73] gives us a sophisticated
idea that we can reuse and store the computation of the projection term in each iterative
scheme for extragradient shown as (1.7) where λ ∈ (0, 1/3L). This modern concept called
the extrapolated technique or extrapolation from the past is given in [43] and note that
the latter approach is working within a smaller stepsize.
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As an alternative extragradient method applied to solving the monotone inclusions,
Tseng [90] proposed the forward-backward-forward (FBF) algorithm. Tseng’s forward-
backward-forward method has been studied in variational inequality in various aspects
by many researchers, see [21,29]. Furthermore, the combination of Tseng’s algorithm and
the extrapolated technique is also suggested in [14,89] as known as Tseng’s algorithm with
extrapolation from the past (FBF-EP), see also (1.8). Both FBF and FBF-EP require
only one projection per each iterative computation and provide the weak convergence
of (xn)n≥0 to a solution of V I(F,C) for monotone Lipschitz operator F , see [23, 89, 90].
Because of its simplicity and generality, this algorithm has attracted a lot of attention
from many researchers, for example in [16, 23, 89]. The improvement of Tseng’s method
(FBF) goes further in the relaxation version for the pseudo-monotone and sequentially
weak-to-weak continuous operator F based on FBF, proposed by Bot, et al. in [21].
This work has shown that the convergence result holds when F is a pseudo-monotone
(not necessary to be monotone), Lipschitz continuous and sequentially weak-to-weak-
continuous operator. Sometimes, the Lipschitz constant L is unknown or is not simple
to calculate. Therefore, Bot, et al. [21] introduced an adaptive stepsize scenario for the
their method.

The work of Bot, et al. [21] motivates us to investigate the convergence of Tseng’s
algorithm with extrapolation from the past (FBF-EP) in case the operator F is pseudo-
monotone, Lipschitz continuous and sequentially weak-to-weak-continuous. In addition,
we propose an adaptive stepsize approach for FBF-EP, which does not depend on the
knowledge of the Lipschitz constant. We also prove that the convergence statement holds
in őnite dimensional spaces under weaker assumptions on F . In the őnal section of this
work, we additionally perform a numerical experiment on pseudo-monotone variational
inequalities.

We would like to note that the full scope of this topic was published in Taiwanese
Journal of Mathematics in 2024, as detailed in [87].

5.1 Preliminaries on Pseudo-Monotone Variational Inqualities

Before we present our main results for this chapter, let us give the relevant background
knowledge.

We describe various properties of the operator F as follows:

Definition 5.1.1. Let C be a nonempty subset of the real Hilbert space H. The mapping
F : H → H is said to be pseudo-monotone on C if it holds that for every x, y ∈ C

⟨F (x), y − x⟩ ≥ 0 ⇒ ⟨F (y), y − x⟩ ≥ 0.

Note that every monotone operator is pseudo-monotone but the pseudo-monotone
is not necessarily monotone see for example [51, Deőnition 3.1.] the operator F (x) =
1/(1 + x), C = {x ∈ R | x ≥ 0}, which is a pseudo-monotone operator on C, but not
necessarily a monotone operator (we provide other examples in Section 5.3).
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Recall that the operator F : H → H is called Lipschitz continuous with Lipschitz
constant L > 0, if for every x, y ∈ H it holds that ∥F (x) − F (y)∥ ≤ L∥x − y∥, and we
say that the operator F is sequentially weak-to-weak continuous, if for every sequence
(xn)n≥0 that converges weakly to x the sequence (F (xn))n≥0 also converges weakly to
F (x).

Now, we present a result for continuous pseudo-monotone operators on a nonempty,
convex, and closed set. Additionally, this proposition establishes an identical relationship
between the Stampacchia and Minty types of variational inequality (VI).

Proposition 5.1.2 ( [34, Lemma 2.1]). Let C be a nonempty, convex and closed subset
of the real Hilbert space H and let F : H → H be an operator which is pseudo-monotone
on C and continuous. Then for every x ∈ C we have

⟨F (x), y − x⟩ ≥ 0, ∀y ∈ C ⇔ ⟨F (y), y − x⟩ ≥ 0, ∀y ∈ C.

Another version of variational inequality is called Minty type:

Find x∗ ∈ C such that ⟨F (x), x− x∗⟩ ≥ 0, ∀x ∈ C.

Notably, Proposition 5.1.2 implies that the solution sets of two variational inequalities
in both Stampacchia type (5.1) and Minty type are the same when they are performed
over a nonempty closed convex set and governed by pseudo-monotone and continuous
operators.

5.2 Tseng’s Algorithm with Extrapolation from the Past for

Pseudo-Monotone Variational Inequalities

In this section, we introduce Tseng’s algorithm with extrapolation from the past for
pseudo-monotone variational inequalities, and we show a weak convergence result using
Opial’s lemma.

Theorem 5.2.1. Let Ω ̸= ∅ be the solution set of the variational inequality problem of F
on C, namely V I(F,C), let F : H → H be pseudo-monotone on H, Lipschitz continuous
with constant L and sequentially weak-to-weak continuous. Let C be a nonempty, convex
and closed subset of the real Hilbert space H. Let x0, y−1 ∈ H. Assume that the sequence
(xn)n≥0 is generated by the following algorithm

yn = PC(xn − λnF (yn−1)),

xn+1 = yn + λn(F (yn−1)− F (yn)),
(5.2)

with 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn <
1
2L . Then the sequence (xn)n∈N converges weakly to a

point in Ω.

Proof. The idea of the proof: we őrst show the inequality (5.12) by using Ω ̸= ∅, the
pseudo-monotonicity of F , Theorem 2.4.4 (property of the projection operator) and the
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Lipschitz continuity of F . Then we rearrange formula (5.12) and apply Lemma 2.1.3
to conclude that lim

n→+∞
∥xn − x∗∥2 exists which is the őrst condition of Opial’s lemma

(Lemma 2.1.6). For the rest of the proof, we need to verify the second condition of
Opial’s lemma, namely, if x̂ is a weak sequential cluster point of (xn)n≥0, then x̂ ∈ Ω.

Let x∗ be an arbitrary element in Ω and let n ≥ 0 be őxed. Then we have

⟨F (x∗), y − x∗⟩ ≥ 0, ∀y ∈ C.

Substituting y := yn ∈ C into the inequality yields

⟨F (x∗), yn − x∗⟩ ≥ 0.

From the pseudo-monotonicity of F on C, it follows that

⟨F (yn), yn − x∗⟩ ≥ 0. (5.3)

Since yn = PC(xn − λnF (yn−1)) according to Theorem 2.4.4, we get

⟨y − yn, yn − xn + λnF (yn−1)⟩ ≥ 0, ∀y ∈ C, (5.4)

which yields for y = x∗ ∈ C:

⟨x∗ − yn, yn − xn + λnF (yn−1)⟩ ≥ 0. (5.5)

Multiplying both sides of (5.3) by λn > 0 we have

⟨λnF (yn), yn − x∗⟩ ≥ 0 (or ⟨x∗ − yn,−λnF (yn)⟩ ≥ 0).

Adding the above inequality to (5.5) yields

⟨x∗ − yn, yn − xn + λnF (yn−1)− λnF (yn)⟩ ≥ 0,

or, equivalently,

⟨x∗ − yn, xn+1 − xn⟩ ≥ 0.

Then, using (5.2) we obtain that

⟨xn+1 − x∗, xn+1 − xn⟩ ≤ ⟨xn+1 − yn, xn+1 − xn⟩
= ∥xn+1 − xn∥2 + ⟨xn − yn, xn+1 − xn⟩

(5.2)
= ∥xn+1 − xn∥2 + ⟨xn − yn, yn + λnF (yn−1)− λnF (yn)− xn⟩
= ∥xn+1 − xn∥2 − ∥xn − yn∥2 + λn⟨xn − yn, F (yn−1)− F (yn)⟩.

(5.6)

On the other hand, we have

∥xn+1 − x∗∥2 − ∥xn − x∗∥2 + ∥xn+1 − xn∥2 = 2⟨xn+1 − x∗, xn+1 − xn⟩. (5.7)
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Combining (5.6) and (5.7), we obtain that

∥xn+1 − x∗∥2(5.6)= ∥xn − x∗∥2 − ∥xn+1 − xn∥2 + 2⟨xn+1 − x∗, xn+1 − xn⟩
(5.7)

≤ ∥xn−x∗∥2−∥xn+1−xn∥2

+2[∥xn+1−xn∥2−∥xn−yn∥2 +λn⟨xn−yn, F (yn−1)−F (yn)⟩]
= ∥xn − x∗∥2 + ∥xn+1 − xn∥2 − 2∥xn − yn∥2
+ 2λn⟨xn − yn, F (yn−1)− F (yn)⟩.

(5.8)

Using the Lipschitz continuity of F and (5.2), we obtain that

∥xn+1 − xn∥2
(5.2)
= ∥yn + λnF (yn−1)− λnF (yn)− xn∥2

= ∥yn − xn∥2 + 2λn⟨yn − xn, F (yn−1)− F (yn)⟩+ λ2n∥F (yn−1)− F (yn)∥2

≤ ∥yn−xn∥2+2λn⟨yn−xn, F (yn−1)−F (yn)⟩+λ2nL2∥yn−1−yn∥2.
(5.9)

From (5.8) and (5.9), we derive

∥xn+1−x∗∥2≤∥xn−x∗∥2+
[
∥yn−xn∥2+2λn⟨yn−xn, F (yn−1)−F (yn)⟩+λ2nL2∥yn−1−yn∥2

]

− 2∥xn − yn∥2 + 2λn⟨xn − yn, F (yn−1)− F (yn)⟩
= ∥xn − x∗∥2 − ∥yn − xn∥2 + λ2nL

2∥yn−1 − yn∥2.
(5.10)

By Parallelogram identity, we know that ∥yn − yn−1∥2 + ∥(xn − yn) + (xn − yn−1)∥2 =
2∥xn− yn∥2+2∥xn− yn−1∥2, hence together with the Lipschitz property of F we obtain
that

∥xn − yn∥2 ≥ −∥xn − yn−1∥2 +
1

2
∥yn − yn−1∥2

(5.2)
= −∥yn−1 + λn−1(F (yn−2)− F (yn−1))− yn−1∥2 +

1

2
∥yn − yn−1∥2

≥ −(λn−1L)
2∥yn−2 − yn−1∥2 +

1

2
∥yn − yn−1∥2.

(5.11)

It follows from (5.10) and (5.11) that

∥xn+1 − x∗∥2 ≤ ∥xn − x∗∥2 −
[
− (λn−1L)

2∥yn−2 − yn−1∥2 +
1

2
∥yn − yn−1∥2

]

+ λ2nL
2∥yn−1 − yn∥2.

Thus, we have

∥xn+1−x∗∥2+
(
1

2
−(λnL)

2

)

∥yn−yn−1∥2≤∥xn−x∗∥2+(λn−1L)
2∥yn−2−yn−1∥2. (5.12)

Since lim sup
n→∞

λn <
1
2L , then we have lim sup

n→∞

{
2(λnL)

2
}
< 1

2 . This means that

lim inf
n→∞

{
1

2
− 2(λnL)

2

}

> 0,
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and so there exists n0 ∈ N such that

1

2
− 2(λnL)

2 > η > 0, ∀n > n0, for some η ∈ R++. (5.13)

Now, from (5.12) we can derive the following inequality, for all n > n0,

∥xn+1 − x∗∥2 +
(
1

2
− 2(λnL)

2

)

∥yn − yn−1∥2 + (λnL)
2∥yn − yn−1∥2

≤ ∥xn − x∗∥2 + (λn−1L)
2∥yn−2 − yn−1∥2.

(5.14)

By (5.13), (5.14) and Lemma 2.1.3, we obtain that ∥xn−x∗∥2+(λn−1L)
2∥yn−2−yn−1∥2

converges (hence it is bounded) and
∑

n∈N
(
1
2 − 2(λnL)

2
)
∥yn−yn−1∥2 < +∞. Moreover,

from (5.13) we have

∑

n∈N
∥yn − yn−1∥2 < +∞, (5.15)

which implies yn − yn−1 → 0 as n → +∞. Recall from (5.10) that ∥xn+1 − x∗∥2 ≤
∥xn−x∗∥2−∥yn−xn∥2+(λnL)

2∥yn−1−yn∥2. Since lim sup
n→+∞

λn <
1
2L (and 0 < lim inf

n∈N
λn)

and (5.15) by using Lemma 2.1.3 again, we obtain

∑

n∈N
∥yn − xn∥2 < +∞, (5.16)

and lim
n→+∞

∥xn − x∗∥2 exists. Furthermore, we also obtain that lim
n→+∞

∥yn − xn∥2 = 0.

In this part of the proof we will show the second part of Opial’s Lemma. We proceed
similarly as in [21, Theorem 2.1]. Let x̂ ∈ H be a weak sequential cluster point of xn as
n → +∞. Since lim

n→+∞
∥xn − yn∥ = 0, we also have yn ⇀ x̂ as n → +∞. Furthermore,

since F is Lipschitz continuous, ∥F (yn−1)− F (yn)∥ → 0 as n→ +∞. We want to show
that x̂ ∈ Ω. We assume that F (x̂) ̸= 0, otherwise the conclusion follows automatically.
Since (yn)n≥0 ⊆ C, and C is weakly closed (because C is a closed convex set), then we
have x̂ ∈ C. Let n ∈ N, n ≥ 0. From (5.4), for all y ∈ C,

⟨y − yn, xn − λnF (yn−1)− yn⟩ ≤ 0,

or, equivalently,

1

λn
⟨xn − yn, y − yn⟩ ≤ ⟨F (yn−1)− F (yn), y − yn⟩+ ⟨F (yn), y − yn⟩. (5.17)

Considering the inequality (5.17) and taking into account that lim
n→+∞

∥xn − yn∥ = 0,

∥F (yn−1)− F (yn)∥ → 0 (as n→ +∞), (yn)n≥0 is bounded and lim inf
n→+∞

λn > 0, it follows

0 ≤ lim inf
n→+∞

⟨F (yn), y − yn⟩, ∀y ∈ C.
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On the other hand, we have that (yn)n≥0 converges weakly to x̂ as n → +∞. Since
F is sequentially weak-to-weak continuous, (F (yn))n≥0 converges weakly to F (x̂) as
n → +∞. Because the norm mapping is convex and continuous, by Theorem 2.2.3 it
is weakly sequentially lower semicontinuous. So we have 0 < ∥F (x̂)∥ ≤ lim inf

n→+∞
∥F (yn)∥.

Then there exists n−1 ≥ 0 such that F (yn) ̸= 0 for all n ≥ n−1. Let (εk)k≥0 be a
positive strictly decreasing sequence which converges to 0 as k → +∞ and y ∈ C. Since
sup
N≥0

inf
n≥N

⟨F (yn), y − yn⟩ = lim inf
n→+∞

⟨F (yn), y − yn⟩ > −ε0, there exits N0 ≥ 0 such that

inf
n≥N0

⟨F (yn), y − yn⟩ > −ε0. Taking n0 > max{N0, n−1}, we have ⟨F (yn0
), y − yn0

⟩ +
ε0 > 0 and F (yn0

) ̸= 0. We can continue this construction inductively and assume to
this end that n0 < n1 < · · · < nk are given. Then there exists Nk+1 ≥ 0 such that
inf

n≥Nk+1

⟨F (yn), y − yn⟩ > −εk+1 (> −ε0). Taking nk+1 > max{Nk+1, nk}, we have

⟨F (ynk+1
), y − ynk+1

⟩+ εk+1 ≥ 0 and F (ynk+1
) ̸= 0.

In this way, we obtain a strictly increasing sequence (nk)k≥0 with the property that

⟨F (ynk
), y − ynk

⟩+ εk ≥ 0 and F (ynk
) ̸= 0, ∀k ≥ 0. (5.18)

Setting for every k ≥ 0,

zk :=
F (ynk

)

∥F (ynk
)∥2 ,

it holds that ⟨F (ynk
), zk⟩ = 1. According to (5.18) we have that

0 ≤ ⟨F (ynk
), y − ynk

⟩+ εk = ⟨F (ynk
), y − ynk

⟩+ ⟨F (ynk
), εkzk⟩

= ⟨F (ynk
), y + εkzk − ynk

⟩, ∀k ≥ 0 ∀y ∈ C.

Since F is pseudo-monotone on H, it yields

⟨F (y + εkzk), y + εkzk − ynk
⟩ ≥ 0, ∀k ≥ 0. (5.19)

Using that (F (ynk
))n≥0 is bounded (since (F (yn))n≥0 converges weakly to F (x̂)), we have

lim
k→+∞

∥εkzk∥ = lim
k→+∞

εk
∥F (ynk

)∥ = 0.

Taking the limit in (5.19) as k → +∞, we obtain

⟨F (y), y − x̂⟩ ≥ 0, ∀k ≥ 0.

As y was arbitrarily chosen in C, if follows from Proposition 5.1.2 that x̂ ∈ Ω. Hence, by
Opial’s lemma (Lemma 2.1.6), we can conclude that the sequence xn converges weakly
to a point in Ω.
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Remark 5.2.2.

(i) Following the proof of Theorem 5.2.1, we can demonstrate the őrst part of Opial’s
lemma ( lim

n→+∞
∥xn−x∗∥ exists) by using the assumption that F is pseudo-monotone

on C (not necessary on H) and Ω ̸= ∅. Moreover, we also obtain from this part of
the proof that

∑

n∈N ∥yn − yn−1∥2 < +∞ and
∑

n∈N ∥yn − xn∥2 < +∞.

(ii) For the second part, the sequentially weak-to-weak continuity and pseudo-
monotonicity on H of F are essential to prove that every weak cluster point of
(xn)n≥0 belongs to the solution set of V I(F,C).

(iii) Notice from the proof of Theorem 5.2.1 that if we suppose D is an open set of H
containing C, then from y ∈ C ⊂ D there exists δ > 0 such that B(y, δ) ⊂ D.
Since εkzk → 0, then y + εkzk → y ∈ C ⊂ D (as k → 0). Hence, there is k′ > 0
such that y+ εkzk ∈ B(y, δ) ⊂ D, ∀k ≥ k′. Therefore, we can relax the assumption
of F as a pseudo-monotone on D.

Remark 5.2.3 (adaptive stepsize strategy). On the other hand, when (an upper bound
of) the Lipschitz constant of F is not available, we can use in our algorithm the following
stepsize strategy, see also [21]:

λn+1 :=

{

min
{ µ∥yn−1−yn∥
∥F (yn−1)−F (yn)∥ , λn

}
, if F (yn−1)− F (yn) ̸= 0,

λn, otherwise,

where µ ∈ (0, 12) and λ0 > 0. The sequence (λn)n≥0 is nonincreasing. If F (yn−1) −
F (yn) ̸= 0, for n ≥ 0, then it holds

µ∥yn−1 − yn∥
∥F (yn−1)− F (yn)∥

≥ µ∥yn−1 − yn∥
L∥yn−1 − yn∥

=
µ

L
,

which shows that (λn)n≥0 is bounded from below by min{λ0, µL} (this means lim
n→+∞

λn

exits). Notice that, if λ0 ≤ µ
L
, then (λn)n≥0 is a constant sequence, which leads to a őxed

stepsize strategy. Consequently, the lim
n→+∞

λn exists and it is a positive real number. We

can adapt the proof of Theorem 5.2.1 to the new adaptive stepsize strategy. Indeed, from
(5.9), we can write

∥xn+1 − xn∥2
(5.9)
= ∥yn − xn∥2 + 2λn⟨yn − xn, F (yn−1)− F (yn)⟩+ λ2n∥F (yn−1)− F (yn)∥2

≤ ∥yn − xn∥2 + 2λn⟨yn − xn, F (yn−1)− F (yn)⟩+
λ2nµ

2

λ2n+1

∥yn−1 − yn∥2.

Then it follows from (5.8) and the above inequality that

∥xn+1 − x∗∥2 ≤ ∥xn − x∗∥2 +
[
∥yn − xn∥2 + 2λn⟨yn − xn, F (yn−1)− F (yn)⟩

+
λ2nµ

2

λ2n+1

∥yn−1 − yn∥2
]
− 2∥xn − yn∥2 + 2λn⟨xn − yn, F (yn−1)− F (yn)⟩

= ∥xn − x∗∥2 − ∥xn − yn∥2 +
λ2nµ

2

λ2n+1

∥yn−1 − yn∥2.

(5.20)
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By Parallelogram identity, we know that ∥yn − yn−1∥2 + ∥(xn − yn) + (xn − yn−1)∥2 =
2∥xn − yn∥2 + 2∥xn − yn−1∥2, then

∥xn − yn∥2 ≥ −∥xn − yn−1∥2 +
1

2
∥yn − yn−1∥2

(5.2)
= −∥yn−1 + λn−1(F (yn−2)− F (yn−1))− yn−1∥2 +

1

2
∥yn − yn−1∥2

= −∥λn−1(F (yn−2)− F (yn−1))∥2 +
1

2
∥yn − yn−1∥2

≥ −
(
λn−1µ

λn

)2

∥yn−2 − yn−1∥2 +
1

2
∥yn − yn−1∥2. (5.21)

It follows from (5.20) and (5.21) that

∥xn+1 − x∗∥2≤∥xn − x∗∥2 −
[

−
(
λn−1µ

λn

)2

∥yn−2 − yn−1∥2 +
1

2
∥yn − yn−1∥2

]

+
λ2nµ

2

λ2n+1

∥yn−1 − yn∥2.

Thus

∥xn+1−x∗∥2+
(

1

2
−
(
λnµ

λn+1

)2
)

∥yn−yn−1∥2 ≤ ∥xn−x∗∥2+
(
λn−1µ

λn

)2

∥yn−2−yn−1∥2.

Hence

∥xn+1−x∗∥2+
(

1

2
−2

(
λnµ

λn+1

)2
)

∥yn − yn−1∥2+
(
λnµ

λn+1

)2

∥yn−yn−1∥2

≤ ∥xn−x∗∥2+
(
λn−1µ

λn

)2

∥yn−2 − yn−1∥2.

Since µ ∈ (0, 12), then

0 <
1

2
− 2µ2 = lim

n→+∞

(

1

2
− 2

(
λnµ

λn+1

)2
)

.

This means that there exists n00 ∈ N such that 1
2 − 2

(
λnµ
λn+1

)2
> η > 0, ∀n > n00 for

some η > 0.
The proof of convergence is similar to the proof in Theorem 5.2.1. By using Lemma

2.1.3, we have that the sequence (xn)n≥0 is bounded and
∞∑

n=2

(

1
2 − 2

(
λnµ
λn+1

)2
)

∥yn −
yn−1∥2 < +∞ and moreover

∑

n∈N ∥yn − yn−1∥2 < +∞. Now from (5.20), the fact that
lim

n→+∞
λn exists and

∑

n∈N ∥yn − yn−1∥2 < +∞, by using Lemma 2.1.3 again, we obtain

that
∑

n∈N ∥yn−xn∥2 < +∞. Furthermore, we also get that lim
n→+∞

∥x∗−xn∥2 = 0. The

rest of the proof is similar to one of Theorem 5.2.1.
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Next, we will show that the convergence result in Theorem 5.2.1 holds in őnite dimen-
sional spaces under a weaker assumption: F is pseudo-monotone only on C(⊂ H) instead
of H.

Theorem 5.2.4. Let H be a finite-dimensional real Hilbert space. Assume that the
solution set Ω is nonempty, F is pseudo-monotone on C and Lipschitz continuous with
constant L > 0, and 0 < lim inf

n→+∞
λn ≤ lim sup

n→+∞
λn < 1

2L . Then the sequence (xn)n≥0

generated by (5.2) converges to a solution of V I(F,C).

Proof. Let x∗ ∈ Ω be őxed. The őrst part of Opial’s lemma follows directly from Remark
5.2.2 (i). Thus we have lim

n→+∞
∥xn−x∗∥ exists. In addition, we have also that

∑

n∈N ∥yn−
xn∥2 < +∞, hence lim

n→+∞
∥yn − xn∥ = 0 (see also (5.16)). Let us prove the second part

of Opial’s lemma. Let x̂ be a cluster point of (xn)n≥0. Then there exists a subsequence
(xnk

)k≥0 of (xn)n≥0, which converges to x̂ as k → +∞. Since lim
n→+∞

∥yn− xn∥ = 0, then

(ynk
)k≥0 also converges to x̂ as k → +∞. Let y ∈ C be őxed. It follows from (5.4) that

⟨y − ynk
, ynk

− xnk
+ λnk

F (ynk−1)⟩ ≥ 0, ∀k ≥ 0. (5.22)

Because the sequence (λnk
)k≥0 is bounded, it has a subsequence which converges to λ̃ > 0

(since 0 < lim inf
n→+∞

λn). Taking the limit along this subsequence in (5.22) and using that

F is continuous, we obtain

⟨y − x̂, F (x̂)⟩ ≥ 0. (5.23)

Since y ∈ C was chosen arbitrarily, it follows that x̂ is a solution of V I(F,C). Now we
can apply the Opial’s Lemma (Lemma 2.1.6) to complete the proof.

5.3 Numerical Experiments for Pseudo-Monotone Variational

Inequalities

In this part, we consider a numerical experiment which is carried out in order to
compare the classical Tseng’s algorithm (FBF) and our algorithm (FBF-EP) for solving
pseudo-monotone variational inequalities. We implemented the numerical codes in MAT-
LAB and performed all computations on a Windows desktop with an Intel(R) Core(TM)
i5-8250U processor at 1.60 GHz up to 1.8 GHz and RAM of 8 GB. In this experiment,
we considered variational inequalities governed by a pseudo-monotone operator, which is
not monotone.

Example 5.3.1.

We follow the construction of the experiment in [21] and give our example in a higher
dimension (10 and 20 dimensions). It will be shown as below.
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We consider the V I(F,C) with

C =

{

x ∈ R
m

∣
∣
∣
∣

m∑

i=1

xi ≤ 5, 0 ≤ xi ≤ 5, ∀i = 1, . . . ,m

}

and

F : Rm → R
m, F (x) = (e−∥x∥2 + α)(Mx+ p),

where ∥ · ∥ denotes the Euclidean norm on R
m, α = 0.1, p is a given vector in R

m, t 7→ et

is the exponential function and choose the matrix M as: for m = 10, we pick

M10 :=



















25 −5 10 0 10 5 15 5 10 0
−5 37 −8 18 −2 5 −3 11 −8 0
10 −8 14 −3 7 1 3 6 14 9
0 18 −3 34 0 −2 10 21 2 0
10 −2 7 0 21 6 17 0 7 11
5 5 1 −2 6 5 6 −1 1 1
15 −3 3 10 17 6 31 2 7 3
5 11 6 21 0 −1 2 29 15 6
10 −8 14 2 7 1 7 15 56 10
0 0 9 0 11 1 3 6 10 41



















,

and for m = 20, we choose

M20

:=































































25 −5 10 0 10 5 15 5 10 0 25 −5 10 0 10 5 15 5 10 0
−5 37 −8 18 −2 5 −3 11 −8 0 −5 37 −8 18 −2 5 −3 11 −8 0
10 −8 14 −3 7 1 3 6 14 9 10 −8 14 −3 7 1 3 6 14 9
0 18 −3 34 0 −2 10 21 2 0 0 18 −3 34 0 −2 10 21 2 0
10 −2 7 0 21 6 17 0 7 11 10 −2 7 0 21 6 17 0 7 11
5 5 1 −2 6 5 6 −1 1 1 5 5 1 2 6 5 6 −1 1 1
15 −3 3 10 17 6 31 2 7 3 15 −3 3 10 17 6 31 2 7 3
5 11 6 21 0 −1 2 29 15 6 5 11 6 21 0 −1 2 29 15 6
10 −8 14 2 7 1 7 15 56 10 10 −8 14 2 7 1 7 15 56 10
0 0 9 0 11 1 3 6 10 41 0 0 9 0 11 1 3 6 10 41
25 −5 10 0 10 5 15 5 10 0 41 −5 10 0 10 5 15 5 10 0
−5 37 −8 18 −2 5 −3 11 −8 0 −5 46 −8 18 −2 5 −3 11 −8 0
10 −8 14 −3 7 1 3 6 14 9 10 −8 18 −3 7 1 3 6 14 9
0 18 −3 34 0 −2 10 21 2 0 0 18 −3 35 0 −2 10 21 2 0
10 −2 7 0 21 6 17 0 7 11 10 −2 7 0 25 6 17 0 7 11
5 5 1 −2 6 5 6 −1 1 1 5 5 1 −2 6 14 6 −1 1 1
15 −3 3 10 17 6 31 2 7 3 15 −3 3 10 17 6 47 2 7 3
5 11 6 21 0 −1 2 29 15 6 5 11 6 21 0 −1 2 54 15 6
10 −8 14 2 7 1 7 15 56 10 10 −8 14 2 7 1 7 15 72 10
0 0 9 0 11 1 3 6 10 41 0 0 9 0 11 1 3 6 10 50































































,

which are positive deőnite matrices (the matrices were constructed from the upper
triangular matrices in both 10 and 20 dimensions and followed Theorem 8.3.3 in [65]). In
general, the operator F is not monotone (see Bianchi et al. [13]). Moreover, we can show
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that this operator is pseudo-monotone (see Bot, et al. [21]), i.e., for all x,y ∈ R
m such

that ⟨F (x),y − x⟩ ≥ 0 and since g(x) := e−∥x∥2 ≥ 0 then we have ⟨Mx+ p,y − x⟩ ≥ 0
and thus

⟨F(y),y − x⟩ = g(y)⟨My + p,y − x⟩
≥ g(y)(⟨My + p,y − x⟩ − ⟨Mx+ p,y − x⟩)
= g(y)(⟨M(y − x) + p,y − x⟩) ≥ 0.

We computed the unique solution x∗ (x∗ is unique since F is strongly pseudo-monotone,
see [21, Example 2.1 and Example 2.2]) of the variational inequality V I(F,C) by running
10000 iterations of Tseng’s algorithm for all n ≥ 0 and stepsize λn = 0.49

L
.

In the őrst trial, we give p = 1̄m, a vector in R
m which all elements are equal to

one. We compared the performances of the Tseng’s algorithm (FBF) and the Tseng’s
algorithm with extrapolation (FBF-EP) by considering the random initial points

For 10 dimensions:

x0
10 = (−4, 1, 8,−9, 0,−1, 8, 3, 10, 2)T ,

y10
−1 = ŷ10

−1 := (8,−10,−8, 5,−2,−2, 2,−10,−2,−9)T ,

For 20 dimensions:

x0
20 = (−5, 1, 3,−9, 0,−1, 8,−5, 3,−2,−1, 0, 2,−8, 4, 0,−3,−10, 1, 2)T ,

y20
−1 = ŷ20

−1 := (11,−2, 10, 7,−8, 4,−6, 7,−1, 10,−17, 9, 13,−1, 0, 3, 12,−8, 9, 15)T ,

and ∥xn − x∗∥ ≤ 10−6 as stopping criterion. The projection on C was computed by
using the quadprog function in MATLAB. Figure 5.1, Table 5.1 and Figure 5.2, Table 5.2
show that at the őrst implementation of this trial for 10 dimensions and 20 dimensions,
respectively. We can see that our algorithm (Tseng’s algorithm with extrapolation from
the past or FBF-EP) spends less time than the classical Tseng’s algorithm (FBF), whereas
at the second implementation it is not the case. Therefore, one may see that our algorithm
is quite sensitive with respect to computer errors or engine computational power.

Table 5.1: [10 dimensions] The table of the performances for 2 attempts of FBF and
FBF-EP with x0

10 = (−4, 1, 8,−9, 0,−1, 8, 3, 10, 2)T and y10
−1 = ŷ10

−1 (when
the stepsize is λn = 0.49

L
).

Attempt
FBF FBF-EP

∥xn − x
∗∥ No. iter CPU-time ∥xn − x

∗∥ No. iter CPU-time

1 3.567× 10
−7 464 0.44943 2.6077× 10

−7 456 0.42628

2 3.567× 10
−7 464 0.43565 2.6077× 10

−7 456 0.43983
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Table 5.2: [20 dimensions] The table of the performances for 2 attempts of FBF and FBF-
EP with x0

20 = (−5, 1, 3,−9, 0,−1, 8,−5, 3,−2,−1, 0, 2,−8, 4, 0,−3,−10, 1, 2)T

and y20
−1 = ŷ20

−1 (when the stepsize is λn = 0.49
L

).

Attempt
FBF FBF-EP

∥xn − x
∗∥ No. iter CPU-time ∥xn − x

∗∥ No. iter CPU-time

1 4.0665× 10
−7 1976 1.9663 2.295× 10

−7 1973 1.9147

2 4.0665× 10
−7 1976 1.9194 2.295× 10

−7 1973 1.9293

(a) First execution (b) Second execution

Figure 5.1: [10 dimensions] A őgure of two graphs for comparison between the clas-
sical Tseng’s algorithm (FBF) and Tseng’s algorithm with extrapola-
tion from the past (FBF-EP) for two different executions with x0

10 =
(−4, 1, 8,−9, 0,−1, 8, 3, 10, 2)T and y10

−1 = ŷ10
−1 (when the stepsize is λn =

0.49
L

).
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(a) First execution (b) Second execution

Figure 5.2: [20 dimensions] A őgure of two graphs for comparison between the clas-
sical Tseng’s algorithm (FBF) and Tseng’s algorithm with extrapola-
tion from the past (FBF-EP) for two different executions with x0

20 =
(−5, 1, 3,−9, 0,−1, 8,−5, 3,−2,−1, 0, 2,−8, 4, 0,−3,−10, 1, 2)T and y20

−1 =
ŷ20
−1 (when the stepsize is λn = 0.49

L
).

In order to conőrm the effectiveness of our method, we designed the experiment as
follows. We randomise an initial vector x0 in which each coordinate is an integer shuffled
from the interval [−10, 10], denoted by rand[−10,10] (in MATLAB). We also select y−1

to be x0, ŷ−1 and rand[−10,10], and put vector p (from the deőnition of F ) as following
vectors:

For 10 dimensions:

p1
10 = 1̄10;

p2
10 = (1, 2, 1, 0,−1, 2, 0, 1,−1, 2)T ,

p3
10 = (5, 1, 0,−2,−1, 0,−5, 4,−5,−1)T ,

For 20 dimensions:

p1
20 = 1̄20;

p2
20 = (1,−2, 1, 2,−1, 2, 0, 1,−1, 2, 1,−2, 1, 0,−1, 2, 0, 1,−1, 2)T ;

p3
20 = (5, 1, 0,−2,−1, 0,−5, 4,−5,−1, 5, 1, 0,−2,−1, 0,−5, 4,−5,−1)T .

Then, we run 100 executions for FBF and FBF-EP algorithms. Finally, we collect the
achievements when FBF-EP takes less time than FBF and call this value "satisfaction".
As a result, we could deduce from Table 5.3 (and Table 5.4) that the FBF-EP algorithm
overcomes the FBF algorithm by more than half of 100 executions. In 10 dimensions,
the highest satisfaction value is 70 (62 in 20 dimensions), and the lowest is 57 (51 in 20
dimensions) for this experiment.

92



5.3 Numerical Experiments for Pseudo-Monotone Variational Inequalities

Table 5.3: The table shows the result of satisfaction after 100 executions in 10 dimen-
sions by choosing x0 = rand[−10,10] (for 10 dimensions), y−1 = x0

10, ŷ10
−1,

rand[−10,10] (for 10 dimensions) and p = p1
10,p2

10 and p2
10(when the step-

size is λn = 0.49
L

)

x0 y−1 vector p satisfaction1

rand[−10,10] x0
10 69 out of 100

rand[−10,10] ŷ10
−1 p1

10 65 out of 100

rand[−10,10] rand[−10,10] 66 out of 100

rand[−10,10] x0
10 66 out of 100

rand[−10,10] ŷ10
−1 p2

10 70 out of 100

rand[−10,10] rand[−10,10] 57 out of 100

rand[−10,10] x0
10 61 out of 100

rand[−10,10] ŷ10
−1 p3

10 60 out of 100

rand[−10,10] rand[−10,10] 60 out of 100

1 The number of executions in which the CPU time for

Tseng-EP algorithm is less than the Tseng algorithm, within

100 executions.

Table 5.4: The table shows the result of satisfaction after 100 executions in 20 dimensions
by choosing x0 = rand[−10,10] (for 20 dimensions), y−1 = x0

20, ŷ20
−1 and

rand[−10,10] (for 20 dimensions), and p = p1
20,p2

20,p3
20 (when the stepsize

is λn = 0.49
L

).

x0 y−1 vector p satisfaction1

rand[−10,10] x0
20 62 out of 100

rand[−10,10] ŷ20
−1 p1

20 61 out of 100

rand[−10,10] rand[−10,10] 56 out of 100

rand[−10,10] x0
20 51 out of 100

rand[−10,10] ŷ20
−1 p2

20 53 out of 100

rand[−10,10] rand[−10,10] 53 out of 100

rand[−10,10] x0
20 58 out of 100

rand[−10,10] ŷ20
−1 p3

20 55 out of 100

rand[−10,10] rand[−10,10] 51 out of 100

1 The number of executions in which the CPU time for

Tseng-EP algorithm is less than the Tseng algorithm, within

100 executions.
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We show next another example in inőnite dimensional Hilbert space. We consider our
proposed algorithm for solving the variational inequality problem in L2-space as below.

Example 5.3.2.

Let H = L2([0, 1]) with norm ∥x∥ :=
(∫ 1

0 |x(t)|2dt
) 1

2

and inner product ⟨x, y⟩ :=
∫ 1
0 x(t)y(t)dt, ∀x, y ∈ H. Deőne an operator F : H → H by (see [86, Example 5.3])

(Fx)(t) = max{x(t), 0}, x ∈ H, t ∈ [0, 1]. (5.24)

It is easy to show that F is monotone (hence, pseudo-monotone) and Lipschitz
continuous with Lipschitz constant L = 1. We provide the feasible set as the ball
C := {x ∈ H | ∥x∥ ≤ 2}. To implement, we consider either the FBF or FBF-EP
methods, including their adaptive stepsize strategy (see Remark 5.2.3). We represent
FBF and FBF-EP with adaptive stepsize strategy by aFBF and aFBF-EP, respectively,
and the stopping criterion is ∥xn − xn−1∥ ≤ ε with ε = 105. Note that the aFBF
algorithm is obtained from [21]. The parameter values of the algorithm in Example
5.3.2 are determined as follows.

Case I.

FBF : x0 = t3, λn = 0.49;

FBF-EP (our proposed algorithm) : x0 = y−1 = t3, λn = 0.49;

aFBF [21] : x0 = t3, µ = 0.49, λ0 = 0.7;

aFBF-EP(our proposed algorithm) : x0 = y−1 = t3, µ = 0.49, λ0 = 0.7.

Case II.

FBF : x0 =
cos(−3t) + sin(−10)

200
, λn = 0.49;

FBF-EP (our proposed algorithm) : x0 = y−1 =
cos(−3t) + sin(−10)

200
, λn = 0.49;

aFBF [21] : x0 =
cos(−3t) + sin(−10)

200
, µ = 0.49, λ0 = 0.7;

aFBF-EP(our proposed algorithm) : x0 = y−1 =
cos(−3t) + sin(−10)

200
, µ = 0.49, λ0 = 0.7.

Case III.

FBF : x0 = (10t3 − 3t2)/20, λn = 0.49;

FBF-EP (our proposed algorithm) : x0 = y−1 = (10t3 − 3t2)/20, λn = 0.49;

aFBF [21] : x0 = (10t3 − 3t2)/20, µ = 0.49, λ0 = 0.7;

aFBF-EP(our proposed algorithm) : x0 = y−1 = (10t3 − 3t2)/20, µ = 0.49, λ0 = 0.7.
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Case IV.

In this case, we use the same values of starting points (x0, y−1), µ and λn in the
methods without adaptive stepsize strategy as in Case III, and we replace instead λ0 = 0.9
in the adaptive stepsize scheme.

Table 5.5: The result of computation in Example 5.3.2

Algorithms
Case I Case II

∥xn+1 − xn∥ No. iter CPU-time ∥xn+1 − xn∥ No. iter CPU-time

FBF 7.980980× 10
−6 38 15.9776 8.472908× 10

−6 20 79.437

FBF-EP*
9.608509× 10

−6 32 7.9064 6.706328× 10
−6 18 53.6874

aFBF 8.405511× 10
−6 38 18.2491 8.923607× 10

−6 20 85.596

aFBF-EP**
8.08286× 10

−6 32 9.7161 9.771265× 10
−6 16 47.0231

Algorithms
Case III Case IV

∥xn+1 − xn∥ No. iter CPU-time ∥xn+1 − xn∥ No. iter CPU-time

FBF 8.823636× 10
−6 34 14.9177 8.823636× 10

−7 34 14.7945

FBF-EP*
6.640949× 10

−6 30 7.59 6.640949× 10
−6 30 8.0234

aFBF 9.292991× 10
−6 34 16.8252 8.029509× 10

−6 35 17.3107

aFBF-EP**
5.520665× 10

−6 30 9.4287 9.317460× 10
−6 90 28.3885

* our proposed algorithm

** our proposed algorithm with adaptive stepsize strategy

Table 5.5 and Figure 5.3 depict the results of the experiment by showing ∥xn+1−xn∥,
the number of iteration (No. iter), CPU-time (second) in the table, and plotting between
∥xn+1 − xn∥ and their iteration numbers in different cases. One can notice that our
proposed algorithm, FBF-EP, is always faster than FBF method, which sometimes
consumes twice the CPU-time more signiőcantly than the CPU-time of FBF-EP.
Further, the number of iterations of FBF-EP is less than the iteration numbers of FBF.
For this numerical experiment, we know that the Lipschitz constant L equals to 1
(L = 1). Therefore, we have to choose λn <

1
2L(=

1
2 , because L = 1) for the FBF-EP

method (see Theorem 5.2.1). Nevertheless, the constant L might not őgure out in
certain cases. Then, we can use the adaptive stepsize strategy described in Remark
5.2.3 with µ = 0.49 < 1

2L and λ0 > 0. We have seen that the starting stepsize λ0 have
a signiőcant effect in both aFBF-EP and aFBF. If the stepsize is a suitable one, it can
reduce the CPU-time and turn the method to the fastest one, for example, the FBF-EP
in Case II; however, since the time of the process to őnding λn in the next iteration
of the adaptive stepsize strategy has been counted in computation then the method
with adaptive stepsize strategy can give the time performance, which is slower than the
normal method without the adaptive stepsize strategy. In addition, the adaptive stepsize
strategy can provide a small stepsize, which then impacts the number of iterations of
the iterative method shown in Case IV.
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(a) Case I (b) Case II

(c) Case III (d) Case IV

Figure 5.3: The graphs plot the value between ∥xn+1 − xn∥ and the iteration number of
the experiments in Case I, Case II, Case III and Case IV.
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[92] B. C. Vũ, A variable metric extension of the forward-backward-forward algorithm
for monotone operators, Numerical Functional Analysis and Optimization 34(9),
1050ś1065, DOI: 10.1080/01630563.2013.763825, 2013.

[93] S. Wang, J. Fadili, P. Ochs, Inertial Quasi-Newton Methods for Monotone Inclusion:
Efficient Resolvent Calculus and Primal-Dual Methods, arXiv:2209.14019, 2022.

[94] S. Yang, X. Li, G. Lan, Data-Driven Minimax Optimization with Expectation Con-
straints. Operations Research, DOI: 10.1287/opre.2022.0110, 2024.

[95] C. Zălinescu, Convex Analysis in General Vector Spaces, World Scientiőc, 2002.

[96] G. Zhang, Understanding minimax optimization in modern machine learning, Doc-
toral dissertation, University of Waterloo, UWSpace, http://hdl.handle.net/

10012/17157, 2021. Accessed 12 April 2024

[97] D. L. Zhu, P. Marcotte, Co-coercivity and its role in the convergence of iterative
schemes for solving variational inequalities, SIAM Journal on Optimization 6(3),
DOI: 10.1137/S1052623494250415, 714ś726, 1996.

104


	Introduction and Motivation
	Preliminaries
	Useful Facts
	Functions and Their Properties
	Conjugate Functions, Subdifferentiability and Other Useful Functions
	Projection and Proximal Point Operator
	Operators and Their properties
	Monotone and Maximally monotone operator

	Tseng's Algorithm with Extrapolation from the Past Endowed with Variable Metrics and Error Terms
	Preliminaries and Useful Tools
	A Variable Metric Tseng's Algorithm with Extrapolation from the Past and Error Terms
	A Primal-Dual Solver for Monotone Inclusion Problems
	A Primal-Dual Splitting Algorithm for Convex Optimization Problems
	Numerical Experiment in Imaging

	The Forward-Backward-Forward Algorithm with Extrapolation from the Past and Penalty Scheme for Solving Monotone Inclusion Problems and Applications
	Preliminaries
	Forward-backward-forward with extrapolation and penalty schemes
	Minimax problems
	The Forward-Backward-Forward Algorithm with Extrapolation from the Past and Penalty Scheme for the Problem involving Composition of Linear Continuous Operators
	Convex Minimization Problems
	A Numerical Experiment in TV-Based Image Inpainting

	A Modified Tseng's Algorithm with Extrapolation from the Past for Pseudo-monotone Variational Inequalities
	Preliminaries on Pseudo-Monotone Variational Inqualities
	Tseng-EP for Pseudo-Monotone Variational Inequalities
	Numerical Experiments for Pseudo-Monotone Variational Inequalities

	Bibliography

