




Abstract - Deutsch
In der vorliegenden Arbeit wurde ein dynamic Flux Balance Analysis (dFBA) Modell 
implemen琀椀ert, basierend auf dem von diCenzo et al. (2020) publizierten ViNE-Modell. Dieses 
Model ist eine genomweite metabolische Rekonstruk琀椀on von Medicago truncatula (Klee) 
und Sinorhizobium melilo琀椀 (Bakterium). Das Modell umfasst drei verschiedene Gewebe: 
Wurzel, Spross und Knöllchen. Die Knöllchen vereinen das metabolische Netzwerk, von 
sowohl der P昀氀anze als auch dem Bakterium. Die Knöllchen sind in fünf Entwicklungszonen 
unterteilt. Das Model besteht aus insgesamt 7297 Reak琀椀onen (diCenzo et al., 2020).
Das dFBA-Modell beinhaltet vier gewöhnliche Diferenzialgleichungen (ODEs), die drei 
dynamisch ausbalancierten Metaboliten – N₂, NH₄ und Stärke – sowie die 
Biomasseproduk琀椀on des Modells beschreiben. Zudem wurde ein das Modell mit einem Tag-
Nacht-Zyklus implemen琀椀ert, welcher über eine anpassbarer Tageslänge verfügt. Die 
Parameter für die ODEs und die Beschränkungen der Aufnahme Reak琀椀onen wurden aus der 
verfügbaren Literatur abgeschätzt. Zur Lösung des dFBA-Problems wurde ein direkter Ansatz 
verwendet (DA), der eine hierarchische Op琀椀mierungsstruktur sowie ein LP-Feasibility-
Problem nutzt. Daraunin folgend wurde eine 昀椀nale Simula琀椀on über 13.000 simulierten 
Stunden durchgeführt. Mit Ende dieser Simula琀椀on ha琀琀e der aus der Systemumwelt 
verfügbare S琀椀ckstof N₂ eine Gleichgewichtszustand erreichte. Die mi琀琀lere Wachstumsrate 
über die gesamte Simula琀椀on betrug 0,028 Tag⁻¹, während im Gleichgewichtszustand von N₂ 
eine Rate von etwa 0,012 Tag⁻¹ beobachtet werden konnte. Über den gesamten 
Simula琀椀onszeitraum zeigte das Model einen Stärkeanteil an der Biomasse von etwa 
Durchschni琀琀lichen 2,5 % auf. Mit Ende der Simula琀椀on erreichte das Model einen Stärkeanteil 
von 40 % in der Gesamtbiomasse. Die in der Simula琀椀on ermi琀琀elte CO₂-Freisetzung pro 
昀椀xiertem N₂ in den S琀椀ckstof 昀椀xirenden Knöllchen des Modells lag im Bereich von 3,5 – 5 g C 
g⁻¹ N, mit einem von etwa 5 g C g⁻¹ N am Ende der Simula琀椀on.



 

Abstract – English 
In this work, a dynamic Flux Balance Analysis (dFBA) model was implemented based on the 
ViNE model published by (diCenzo et al., 2020), a genome-scale metabolic reconstruc琀椀on of 
Medicago truncatula (clover) and Sinorhizobium melilo琀椀 (bacterium). The model comprises 
of three dis琀椀nct 琀椀ssues: root, shoot and nodules. The nodules combine both plant and 
bacteria metabolism and are subdivided in 5 diferen琀椀al zones. In total the model consists of 
7297 reac琀椀ons (diCenzo et al., 2020).
The dFBA model includes four ODEs, modelling three dynamically balanced metabolites N₂, 
NH₄, and starch as well as the biomass produced by the model. The model implements a day-
night cycle with an adjustable day length. The parameters for the ODEs and uptake 
constraints were es琀椀mated from data available in the literature. Moreover, for solving the 
dFBA problem, a direct approach was used, u琀椀lising a hierarchical op琀椀misa琀椀on structure and 
an LP feasibility problem. Therea昀琀er, a 昀椀nal simula琀椀on was run spanning 13,000 simula琀椀on 
hours, during which environmentally available N₂ reached equilibrium by the end of the 
simula琀椀on. The median growth rate over the simula琀椀on was 0.028 day⁻¹, with a rate of 
approximately 0.012 day⁻¹ at the equilibrium level of N₂. The model exhibited a starch 
biomass frac琀椀on averaging about 2.5% over the simula琀椀on span, accumula琀椀ng up to 40% at 
the end of the simula琀椀on. The yield of CO₂ evoked per N₂ 昀椀xed in mature nodules of the 
model, obtained within the simula琀椀on, was within the range of 3.5 - 5 g C g⁻¹ N, showing a 
yield of about 5 g C g⁻¹ N at the end of the simula琀椀on.

 



Für meine Eltern die mir mein Studium ermöglicht haben.



Acknowledgements
I would like to thank my supervisor Ass.-Prof. DI Dr. -Ing. Stefen Waldherr for being so 
pa琀椀ent and suppor琀椀ve. I also want to thank everyone else at MoSys and the 3rd 昀氀oor, I had a 
wonderful  琀椀me being here. 



Abstract – English 3

1. Introduc琀椀on 9

1.1 Aim of the Thesis 9

2. Background 10

2.1 The modelled Organisms 10

2.2 The Nitrogen cycle and rela琀椀on to Legumes 10

2.3 Flux Balance Analysis (FBA) 12

2.3.1 What is FBA 12

2.3.2 Limita琀椀ons of FBA 14

2.3.3 Dynamic Fux Balance Analysis (dFBA): 15

2.3.4 Solving the dFBA problem - direct approach (DA) 16

3. Methods and the Model 17

3.1 The Model 17

3.1.1 Uptake kine琀椀cs and constrains: 17

3.1.2 Intracellular Metabolism – The ViNE Modell 20

3.1.3 ODEs for Extracellular and dynamically modelled Metabolites 21

3.2 Methods used for Construc琀椀ng the Model and execu琀椀ng Simula琀椀ons. 22

3.2.1 Hierarchical op琀椀misa琀椀on: 23

3.2.2 LP-Feasbility Problem: 23

4. Results 26

4.1 Parameters of the Model 26

4.2 Calcula琀椀ons involved in construc琀椀on of the model and for es琀椀ma琀椀ng the parameters
27

4.2.1 Determining Ub CO2 27

4.2.2 Calcula琀椀on of the CO2 昀椀xa琀椀on rate ăÿþ2Ąÿą 30

4.2.3 N-switch Parameter determina琀椀on 32

4.2.4 The parameter a of the func琀椀on modelling day night cycle. 36

4.2.5 Vmax Amylase 38

4.3 Construc琀椀on of the model 39

4.4 Results of the simula琀椀on 40



4.4.1 Solved Problems per hour simulated 47

4.4.2 The growth rate of the model 48

4.4.3 Yield CO2 evoked per N2 昀椀xed 50

4.4.4 Starch content 53

5. Discussion 55

5.1 Growth rate of the model 55

5.1.1 Es琀椀ma琀椀on of the Ăăÿ parameter for NH4 and N2 56

5.2 Starch metabolism and starch content 56

5.2.1 Spli琀�ng the biomass 58

5.3 Performance and stability of the simula琀椀on 59

6. Conclusion 61

7. Literature 62





1. Introduction
The aim of the master's thesis is the implementa琀椀on of a dynamic Flux Balance Analysis 
(dFBA) model. The star琀椀ng point is an already published Genome-Scale Metabolic Model 
(GEM), a model of this type is a mathema琀椀cal descrip琀椀on of a metabolic reac琀椀on network. In 
par琀椀cular, 8genome scale9 means that it is a representa琀椀on of the en琀椀re metabolic network 
of an organism. Such models can describe the metabolism of individual species, but also of 
en琀椀re communi琀椀es of diferent species (Mayali et al., 2016).  The model on which this work 
is based is called 8Virtual Nodule Environment9 (ViNE) (diCenzo et al. 2020). It describes the 
metabolism of Medicago truncatula (clover) and Sinorhizobium melilo琀椀, a bacterium that is 
in symbiosis with this plant.

A Flux Balance Analysis (FBA) is a method for predic琀椀ng the reac琀椀on 昀氀ux distribu琀椀on in a cell.  
In other words, an algorithm to quan琀椀ta琀椀vely determine the reac琀椀on rates in a metabolic 
network. An advantage of FBA simula琀椀ons is that it can be calculated e昀케ciently, with low 
hardware demands. Moreover, it does not require any usually hard to measure kine琀椀c 
parameters. However, simula琀椀ons performed using FBA only represent the system's current 
state under the given constraints. It does not allow to draw any conclusions about 琀椀me-
dependent dynamics, or the concentra琀椀on of metabolites involved (Orth et al., 2010). An 
extension of this applica琀椀on is the dFBA, where, under the basic assump琀椀ons of an FBA 
problem inside the system, reac琀椀ons that are in exchange with the environment are 
modelled by means of diferen琀椀al equa琀椀ons. The general mo琀椀va琀椀on for using dynamic 
modelling is that it allows to study 琀椀me dependent changes, changes in the state of the 
model apart from steady state. More speci昀椀cally, dFBA allows the predic琀椀on of changes in 
metabolite concentra琀椀ons (Mahadevan et al., 2002). 

1.1 Aim of the Thesis
The focus of the project is on se琀�ng up the necessary equa琀椀ons, researching parameters in 
the literature and databases and carrying out simula琀椀ons with ViNE model. As a result, the 
model can react to changes in the system environment that occur over the simulated 琀椀me. 
Therefore, it is possible to predict the changes in concentra琀椀on of the selected metabolites, 
as well as the change in biomass (i.e. growth rate) over a de昀椀ned 琀椀me span. The uptake of 
nitrogen is of par琀椀cular interest, as the symbiont is a nitrogen-昀椀xing bacterium. The aim of 
this work is also to compare the results of the simula琀椀ons with published data. However, it is 
not the goal of this thesis to accurately es琀椀mate the parameters of the model. The model's 
predic琀椀ons are expected to fall within an appropriate range rela琀椀ve to the compared 
metabolite.



2. Background 

2.1 The modelled Organisms
Most of Earth9s nitrogen, in the form of inert N2 is in accessible to plants. To break these 
strong molecular bonds and make it bioavailable, enzymes like nitrogenase are required. 
However, Nitrogenase can only be found in prokaryotes. Legumes (fabacea) can excess this 
type of N source, by forming a symbio琀椀c rela琀椀onship with such bacteria. The legume M. 
Truncatula has been established as model organism for legumes. 
Rhizobia are a group of bacteria, freely living in the soil. When a root nodule of the legume is 
infected by a rhizobia both will undergo a diferen琀椀a琀椀on. The bacterium will grow and 
replicate and eventually diferen琀椀ate into N2-昀椀xing Bacteroide and the nodule will develop 
into a mature Nodule where N is 昀椀xed (Udvardi & Poole, 2013).
There are plenty diferent rhizobia, however not all part of the genus rhizobium. They all 
interact speci昀椀cally with diferent hosts, mostly legumes. Consequently, the number of host 
symbiont rela琀椀onships is limited, the rhizobia Sinorhizobium melilo琀椀, is a well-studied 
symbiont of M. Truncatula (Pfau et al., 2018).

2.2 The Nitrogen cycle and relation to Legumes
Nitrogen is one of the most important (the most in terms of total amount used) fer琀椀lizers, 
used in agriculture. So much so that about 40 % of the food globally, could not be produced 
without the use of ar琀椀昀椀cial N-fer琀椀lisa琀椀on (Rizwan et al., 2024). It is thus crucial for ensuring 
food security. The N-cycle, 昀氀owing through the biosphere, moving N form the air through all 
ecosystems and back into the atmosphere, can be subdivided into 5 steps: 

N-昀椀xa琀椀on
The process of making inert N2 gas in the air bioavailable N-species. In the case of biological 
Nitrogen 昀椀xa琀椀on, this can be only done by prokaryotes with the enzyme nitrogenase, some 
of the are free some symbio琀椀cally living. A small part of Nitrogen can also be 昀椀xed abio琀椀cally 
by lightning; however, most is 昀椀xed biologically. The equa琀椀on below describes the conversion 
of N2  to NH3. The reac琀椀on consumes 8 e-, thus an energy demanding reac琀椀on.N2 + 8 H+ + 8 e2 → 2 NH3 + H2
Mineralisa琀椀on or Ammoni昀椀ca琀椀on:
Mineraliza琀椀on is the process of decomposi琀椀on, which occurs when organisms die or produce 
waste. These biological remains are then metabolized by prokaryotes and fungi. The 
ammonia released as a metabolic byproduct of these decomposers is a crucial element in the 
nitrogen cycle, where it can be taken up by plants and microbiota (Bernhard, 2010). 
However, not all of the nitrogen made available this way can be taken up by plants, as some 
is immobilized by the soil microbiota.  This phenomenon is a琀琀ributed to the u琀椀liza琀椀on of 
nitrogen by microbes for their own sustenance, resul琀椀ng in its immobiliza琀椀on and 
subsequent unavailability for plant uptake. Furthermore, the nitrogen content in undisturbed 



soils is mostly (95%) bound in organic material, therefore inaccessible to plant life (Walworth, 
2013).

Nitri昀椀ca琀椀on 
The Process of microbial conversion of NH3 to NO3 .

Denitri昀椀ca琀椀on
where Nitrate is converted back to gaseous N2 as an ul琀椀mate product, this happens over 
intermediate products like N2O, a strong greenhouse gas. It is thus a reac琀椀on that removes 
bioavailable N from soil or more general the ecosystem and returns it to the atmosphere. 
Denitri昀椀ca琀椀on happens under aerobic condi琀椀ons, promoted by prokaryotes. (Bernhard, 
2010)

All the processes of nitri昀椀ca琀椀on and denitri昀椀ca琀椀on are also regulated by factors which are 
secreted by plants and microbes, Rhizosphere exudates. These exudates act as biological 
nitri昀椀ca琀椀on and denitri昀椀ca琀椀on inhibitors. Thus, regula琀椀ng the amount of N in the ecosystem, 
by controlling the amount of N runof into water bodies and emission of N2O into the 
atmosphere(Lu et al., 2024).

Nitrogen is crucial for ensuring food security, yet the excessive usages of fer琀椀lizers at this 
scale, impacts the environment and ecosystems enormously, both locally as well as on a 
global scale. Furthermore, too much N is accepted as one of the main drivers of biodiversity 
changes across the globe (Sala et al., 2000)

The surplus of reac琀椀ve Nitrogen species, introduced to the biosphere by extensive usage of 
fer琀椀lizer and other anthropogenic ac琀椀vi琀椀es, pollutes the air and water. Further reduces 
biodiversity, harms Human health and accelerates climate change, with NO2 having a around 
300 琀椀mes higher global warming poten琀椀al then CO2 over a reten琀椀on 琀椀me of 100 years.  
(Lammel & Graßl, 1995; Rizwan et al., 2024)

The overabundance of bioavailable N or reac琀椀ve N species in soil, efects diversity by 
favouring <N-loving species= or species that would otherwise be more restricted by the 
availability of N. Also, the over usage of fer琀椀lizer shi昀琀s microbial community composi琀椀on in 
soils, thus shi昀琀ing the balance towards nitri昀椀ca琀椀on and denitri昀椀ca琀椀on. Ul琀椀mately, more 
emission of NO2 into the atmosphere and leaching of NO3 from the soil.

Most of the fer琀椀lizer applied is not u琀椀lized by the plants but lost to the environment. 
Resul琀椀ng in the vola琀椀liza琀椀on of NH3 to NH4 into the Air or the leaching of NO3 in to ground 
water harming health of animals and local popula琀椀on (methemoglobinemia) and causing 
eutrophica琀椀on in rivers and bodies of water.
Overfer琀椀liza琀椀on efects the environment and climate directly by evoca琀椀on of reac琀椀ve 
Nitrogen species into air and water further even causing acid rain leading to over 
acidi昀椀ca琀椀on of soil and water. It efects the climate directly by NOx species ac琀椀ng as 
greenhouse gas but also indirectly since 2% of the global commercially used energy is being 



used by the Haber-Bosch process to produce NH3 from N2 and H2.  (Fuller et al., 2022; 
Rizwan et al., 2024)

Given that legumes, do not relay that much on N fer琀椀liza琀椀on, it is of most relevance to 
understand the Metabolic interac琀椀on between legumes and rhizobia. Since, this could e.g. 
pave the way to gene琀椀cal engineering approaches. For instance, improving the e昀케ciency of 
N-昀椀xa琀椀on, or maybe even engineer other crops like cereals to form symbiosis with rhizobia. 
(Udvardi & Poole, 2013)

It has been hypothesized that legumes will bene昀椀t from rising [CO₂] levels, as their ability to 
exchange carbon for nitrogen with their symbionts suggests they can enhance growth 
through increased photosynthe琀椀c ac琀椀vity—provided they do not experience any nutrient 
scarci琀椀es or drought condi琀椀ons. Experiments indicate that legumes increase their nodule 
biomass (either by producing more or larger nodules) at elevated [CO₂] levels. However, 
there is no evidence that they enhance nitrogenase ac琀椀vity (Libault, 2014; Rogers et al., 
2009).

2.3 Flux Balance Analysis (FBA)

2.3.1  What is FBA
FBA is an algorithm used to calculate the 昀氀ux distribu琀椀on, of the reac琀椀ons through a 
metabolic network. These metabolic networks can be, par琀椀al network e.g. central carbon 
metabolism of a plant, whole genome reconstruc琀椀ons of organisms (GEMs) or even the 
metabolic network of en琀椀re communi琀椀es of diferent species. 
The stoichiometries of the reac琀椀on network can be represented as matrix S.

þ ⋅ ă = 0 (1)

with  þ ∈ ýþ x ÿ
and ă ∈ ý ÿ ą 1

In the above equa琀椀on S is the stochiometric matrix (size m*n) and v is the vector (with 
length n) of all reac琀椀on 昀氀uxes. Where m is the number of metabolites and n the number of 
reac琀椀ons in the metabolic network. The n reac琀椀ons span a n dimensional 昀氀ux space; by 
requiring mass balance, we can further constrain it to a 昀氀ux subspace, which is the null space 
of the matrix S.  Most important a central assump琀椀on of FBA is the steady state assump琀椀on. 
This is implied by eq.(1) , with every v in the null space of S, sa琀椀sfying eq.(1). In other words, 
every of the m metabolites par琀椀cipa琀椀ng in the reac琀椀on of S is mass balanced. No metabolite 
can deplete or accumulate with in the network, this means that the amounts of Carbon or 
Nitrogen for example that go in into the system also must leave the system.



S is a sparse matrix with every metabolite not involved in a reac琀椀on represented by a 0 in the 
corresponding rec琀椀on column n of the matrix. Further metabolites which are produced are 
represented with a posi琀椀ve and integer and metabolites consumed by a reac琀椀on denoted as 
nega琀椀ve integer in the matrix S.

Since there are usually more reac琀椀ons than metabolites (n > m), hence more variables than 
equa琀椀ons, the system is underdetermined. There is no unique solu琀椀on for the system of 
equa琀椀ons given by eq.(1) . 

 Since some reac琀椀ons are irreversible, we can further constrain this subspace into a 昀氀ux 
cone. By limi琀椀ng the capacity of reac琀椀on further, we would obtain (geometrically explained) 
a solu琀椀on resembling a convex 昀氀ux polytope.

(Orth et al., 2010)

Ul琀椀mately, we want to determine the <op琀椀mal= 昀氀ux distribu琀椀on, under a given objec琀椀ve 
func琀椀on. The underlying assump琀椀on is the op琀椀mality hypothesis, that is have evolved to 
op琀椀mize their metabolism for an objec琀椀ve func琀椀on e.g. Biomass (Berkhout et al., 2012). The 
maximisa琀椀on of the biomass reac琀椀on would be a common choice for such an objec琀椀ve 
func琀椀on.  An alterna琀椀ve objec琀椀ve func琀椀on, that has been suggested, where the op琀椀misa琀椀on 
for energe琀椀c e昀케ciency, for example ATP yield per substrate or minimiza琀椀on of 昀氀uxes  
(Harcombe et al., 2013; Schuetz et al., 2007). The Biomass reac琀椀on is a pseudo reac琀椀on 
es琀椀ma琀椀ng the growth rate, or biomass produc琀椀on by the FBA model. A biomass reac琀椀on can 
be constructed by de昀椀ning the macromolecular composi琀椀on of the cell (proteins, RNA, DNA, 
carbohydrates) to es琀椀mate the propor琀椀onal requirements necessary for produc琀椀ons of 
building block precursors. To further detail these equa琀椀ons for the forma琀椀on of biomass, 
biosynthe琀椀c energy requirements are factored in. Finally, a growth rate µ can be calculated 
by using a biomass objec琀椀ve func琀椀on, which accounts for NGM costs (non-growth associated 
maintenance costs) and the growth associated maintenances costs of the cell, for a given 
substrate uptake rate from the environment into the system (Feist & Palsson, 2010).

This objec琀椀ve func琀椀on can be given by:

 J = cT ∙ v 

Where cT  is the vector of weights for each of the reac琀椀ons 昀氀uxes in v,  that is to say how  
much the max- or minimisa琀椀on of a certain 昀氀ux par琀椀cipates to the op琀椀misa琀椀on of J.
As for example when only the biomass reac琀椀on is being op琀椀mized, the vector c would have a 
0 at every posi琀椀on of the vector, except for the posi琀椀on of the biomass 昀氀ux, where it would 
equal 1.

(Orth et al., 2010)

So, in other words, with FBA, we aim to determine the 昀氀ux values of all reac琀椀ons in the 
network, represented by v, given the steady-state constraints S · v = 0 imposed by the 
stoichiometry of S and addi琀椀onal constraints limi琀椀ng the rate and direc琀椀on of reac琀椀ons. 



These constraints are based on knowledge derived from thermodynamic, kine琀椀c, and 
biochemical data. For example, factors such as the limited solvent capacity of cells or the fact 
that many cellular processes operate near the difusion limit (Bordbar et al., 2014) serve as 
important biological constraints. Considering all these constraints further restricts the 
solu琀椀on space, which is necessary to exclude op琀椀mal solu琀椀ons that are inconsistent with 
actual biological reality (Schuetz et al., 2007). 

The problem, therefore, involves solving a system of linear equa琀椀ons þ ⋅ ă = 0 op琀椀mizing a 
given objec琀椀ve J, and sa琀椀sfying an addi琀椀onal set of constraints, resul琀椀ng in an op琀椀miza琀椀on 
problem that can be solved using linear programming (LP) (Orth et al., 2010).

An FBA problem can be formalized as: max  ā(ă)s. t.  Să = 0ăĀ ăÿ f ăÿ f ýĀ ăÿ
  þ ∈ ýþ x ÿă ∈ ý ÿ ą 1

An FBA problem is infeasible if no solu琀椀on can be achieved under the given constrains. 
Conven琀椀onally, uptake reac琀椀ons are represented by a nega琀椀ve 昀氀ux value, so they are 
consumed by the cell from the environment. Consequently, secre琀椀on reac琀椀ons have posi琀椀ve 
昀氀ux. Therefore, a direc琀椀onality for reac琀椀on is given, forward reac琀椀ons are posi琀椀ve while 
reverse reac琀椀ons are described by nega琀椀ve 昀氀ux values. However, in the ViNE model uptake 
reac琀椀ons are implemented with posi琀椀ve 昀氀uxes and secre琀椀on reac琀椀ons with nega琀椀ve 
reac琀椀on 昀氀uxes. 

2.3.2  Limita琀椀ons of FBA 
Genome scale reconstruc琀椀ons of metabolic networks o昀琀en incomplete, there are mostly 
gaps in the knowledge about a modelled organism, thus usually there are reac琀椀ons missing. 
Therefore, FBA can be used to predict missing reac琀椀ons and iden琀椀fy gene essen琀椀ality. 
(Bordbar et al., 2014). FBA mostly relies on constrains, thus an advantage is that only the 
Stoichiometries of the Reac琀椀ons and bounds for these reac琀椀ons are needed. Where other 
modelling approaches require much more in-depth knowledge. For instance, many kine琀椀c 
parameters of reac琀椀ons or concentra琀椀ons of par琀椀cipa琀椀ng metabolites, which are di昀케cult to 
measure (Orth et al., 2010).These advantages due to the conceptual simplicity of FBA, on the 
other side imply limita琀椀ons of the predic琀椀ve capabili琀椀es of this method. Thus, FBA is not 
able to make any predic琀椀ons about concentra琀椀ons metabolites or any other 琀椀me dependent 
dynamics (Mahadevan et al., 2002). Another limita琀椀on of FBA is that it does not account for 
changes in gene expression or any explicit gene regula琀椀on. (Orth et al., 2010).



2.3.3 Dynamic Fux Balance Analysis (dFBA):
The dynamic Flux Balance Analysis (dFBA) is an extension of the FBA method, where under 
the assump琀椀ons of a FBA problem inside the system, reac琀椀ons in exchange with the 
environment are modelled using diferen琀椀al equa琀椀ons. Where these reac琀椀ons are 
constrained dynamically using kine琀椀c parameters, usually using Micahelis-Menten kine琀椀cs. 
Let u0 be the vector of the ini琀椀al concentra琀椀ons of the dynamically balanced metabolites. d Ăd ā = f(ā, h(Ă))Ă0 = ā0
Where u is the concentra琀椀on of the metabolites balanced dynamically, in the system 
environment, h being func琀椀on mapping the concentra琀椀ons of the metabolites in the 
environment u to the op琀椀mal 昀氀uxes of the exchange reac琀椀ons determined by linear 
programming. Lastly t being the 琀椀me of the simula琀椀on. Furthermore h(u) can be obtained by 
solving the linear programming problem or FBA problem below.max  ā(ă)s. t.  Să = 0ăĀ ăÿ  (u(t)) f ăÿ f ýĀ ăÿ  (u(t))
Here ăĀ ăÿ  (u(t)) and ýĀ ăÿ  (u(t)) are the lower and upper bounds of the exchange 
reac琀椀ons with the environment, as a func琀椀on of metabolite concentra琀椀ons(Gomez et al., 
2014). The under-laying assump琀椀on is that reac琀椀ons inside a cell or organism happen at a 
much faster rate than in the surrounding environment, especially since they are catalysed by 
enzymes. Consequently, concentra琀椀ons of metabolites inside the metabolism are assumed 
to be in steady state. While the concentra琀椀ons of metabolites outside the metabolism, react 
much slower and much more 琀椀me is needed to reach an equilibrium. It is thus possible to 
predict the metabolite concentra琀椀ons in the environment, within the simulated 琀椀me frame. 
Two types of constraints are used in dFBA modelling. Steady-state constraints apply to 昀氀uxes 
that are not dynamically balanced, such as intracellular metabolites. These constraints are 
the same as those used in the underlying FBA model. In contrast, dynamic constraints are 
applied to dynamically balanced metabolites and are o昀琀en modelled using Michaelis-Menten 
kine琀椀cs. Thus, they o昀琀en depend on concentra琀椀on of environmental metabolites 

dFBA has been used to study the switch between alterna琀椀ve metabolic pathways, like diauxic 
growth of E. coli. (Mahadevan et al., 2002). What it more is, of striking relevance is the 
capability of dFBA to predict community composi琀椀ons in community models with two or 
more diferent species.  Thus, ecological interac琀椀ons like preda琀椀on, compe琀椀琀椀on coopera琀椀on 



can be modelled. However, for the scope of this Thesis interes琀椀ng would be modelling of 
mul琀椀 琀椀ssue models (Mayali et al., 2016).

2.3.4 Solving the dFBA problem - direct approach (DA)
This sec琀椀on will discuss three approaches, that have been formalized to solve the dFBA 
problem. Further, the approach used for the implementa琀椀on in this thesis, is the direct 
approach (DA).

Sta琀椀c op琀椀miza琀椀on approach (SOA):
In this approach, the total simula琀椀on 琀椀me span is divided into smaller 琀椀me steps. At the start 
of each 琀椀me step, the op琀椀miza琀椀on problems are solved, and a 昀氀ux distribu琀椀on is 
determined. The ODEs are then integrated over this 琀椀me interval, with the 昀氀ux distribu琀椀on 
obtained at the beginning of the 琀椀me step remaining 昀椀xed. The changes in the system's 
state, calculated during one itera琀椀on, are subsequently used to constrain the op琀椀miza琀椀on 
problems at the start of the next 琀椀me interval. An approach like this can easily, be 
implemented using a Euler forward method. However, since most dFBA problem are s琀椀f it is 
necessary to use an implicit algorithm, thus a Euler backward scheme. Thus, the explicit 
solvers used in this approach will most likely fail or require a to small step size in order to 
maintain stability (Gomez et al., 2014).  

Direct approach (DA):
For the direct approach the LP solver is directly include in the right-hand side of the ODE 
evaluator func琀椀on. Every 琀椀me the right-hand side evaluator func琀椀on is called, which is the 
func琀椀on describing the model, one (or more) LP problems need to be solved. In this thesis, 
this will be de昀椀ned as an itera琀椀on, with each itera琀椀on involving the solu琀椀on of three FBA 
problems. This approach has the advantage that exis琀椀ng integrator func琀椀ons can be used 
with adap琀椀ve step size and error control, integrators implemen琀椀ng implicit methods such as, 
backward Euler schemes. Thus, increasing speed and stability of the computa琀椀ons (The 
Economic Cell Collec琀椀ve (2025) et al., 2025, p. 166).

Dynamic op琀椀misa琀椀on approach (DOA):
Objec琀椀ve func琀椀on dependent on the dynamic states over complete 琀椀me horizon is 
formalized and then transformed to an NLP problem which is solved once, op琀椀mizing over 
the en琀椀re 琀椀me horizon of the simula琀椀on. Thereby also dynamic objec琀椀ve func琀椀ons can be 
formulated. However, the NLP problem can become intractable, since it doesn9t scale well 
with size of network and the 昀椀nes of 琀椀me discre琀椀za琀椀on. Thus, computa琀椀onal too expensive 
for large networks like GEMs (The Economic Cell Collec琀椀ve (2025) et al., 2025, p. 166)



3. Methods and the Model 

3.1 The Model
A central part of this Thesis was the implementa琀椀on of a model for dynamic Flux Balance 
Analysis, based on the genome scale metabolic model ViNE, published by di Cenzo and 
colleges (diCenzo et al., 2020). The general structure of the dFBA Modell can be subdivided 
as follows:

1) Uptake kine琀椀cs and Uptake constrains 
2) Intracellular Metabolism 
3) ODEs for extracellular and dynamically balanced metabolites 

(The Economic Cell Collec琀椀ve (2025) et al., 2025)

3.1.1 Uptake kine琀椀cs and constrains:
The constraints on the uptake reac琀椀ons which are implemented dynamically, are modelled 
using Michaelis-Menten and Hill kine琀椀cs. 

Nitrogen uptake
The Nitrogen uptake by the model, is limited to two reac琀椀ons, that is N2 and NH4 uptake in 
the root area. The constrains on these can be formulated by the following 3 equa琀椀ons:

ýĀ ýÿ4 = þþÿąý�4 ⋅ ā(ýÿ4)2Ăþý�4 + ā(ýÿ4)2 (2)

  with c(NH4)  >  0
with

þmax)ý2 = {  
  ăý2ĀĄÿāā/ + þmax)ý2 2 ăý2ĀĄÿāā/�ĀýĀāă ∙  ýĀ)ýÿ4 + 1 (((((((((if(ā(ýÿ4)( f (Ăþ)ý�4þmax)ý2 if(ā(ýÿ4)( f (00 ((((((((((if(ā(ýÿ4)( > (Ăþ)ý�4 (��((ā(ý2) f (0

(4)

Where Ub N2 and Ub NH4 are the upper boundaries for the N2 and NH4 exchange reac琀椀ons. 
Furthermore, c(N2) and c(NH4) being the extracellular concentra琀椀ons, that is the availability 
of these Metabolites in the Soil. Lastly Km being the Michaelis-Menten constant and Vmax 

ýĀ)ý2 = þmax)ý2 ⋅ ā(ý2)2Ăþ)ý2 + ā(ý2)2 (3)



being the maximal reac琀椀on speed (of an enzyme, catalysed reac琀椀on). In this case, it9s the 
maximal uptake rate for N2 and NH4 respec琀椀vely. Lastly ăý2ĀĄÿāā/ is the ini琀椀al N2 up take 昀氀ux 
of þ̅maxý2, and �ĀýĀāă being a parameter controlling the slope of þ̅maxý2 func琀椀on. A 
summary of all parameters used can be found in chapter 4.1, p.26.

Thus eq. (2)  describes the uptake kine琀椀cs of NH4, following a Hill kine琀椀c.  Analogical eq. (3) 
describes the uptake kine琀椀cs of N2, following a Hill kine琀椀c.

The eq. 2) and 3) together, describe an <N-switch=, which ensures a smooth transi琀椀on 
between the two diferent N-sources, at low NH4 concentra琀椀on levels.  Here þ̅maxý2 of eq. 
(3) is described by eq. (4) and not 昀椀xed as þþÿąý�4  in  eq. (2). Thus  þ̅maxý2 is dynamically 
changing with the current upper bound on NH4 uptake, thus dependent on the extracellular 
concentra琀椀on of NH4. Hence, the intend was that at low NH4 concentra琀椀on the uptake rate of 
N2 increases slowly and con琀椀nuously with no abrupt jumps in the uptake rate, this will be 
discussed in more detail in sec琀椀on 4.2.3. 
The 2nd case of eq. (4) describes the situa琀椀on where there is no NH4 available anymore and 
N2 uptake follows Hill Kine琀椀cs. For any case where the extracellular concentra琀椀on for NH4 or 
N2 reach zero, the upper bound for that respec琀椀ve reac琀椀on while be set to zero. While the 
concentra琀椀on of extracellular NH4 is at a higher level, the uptake of bioavailable Nitrogen 
(NH4) is priori琀椀sed over the uptake of N2 from the soil, this is also implied by the 昀椀rst and 
third case of eq. (4).

Day night cycle 
The model follows a day-night cycle. Thus, the light uptake is modelled as depicted in eq.(3.7) 

Let ÿ(ā) be the light intensity at hour t, which is the frac琀椀on of the maximum light uptake 
possible at simula琀椀on hour t.  Then is ÿ(ā) ∈ [0,1], with  ÿ(ā) = 0  total darkness and
 ÿ(ā) = 1  being the maximum possible solar irradiance.  The light intensity is modelled by a 
sinoid func琀椀on:

ÿ(ā) = max [(1 2 ÿ) ⋅ ĀÿĀ ( π12/ ⋅ ā + ā) + ÿ, 0] (5)

With þ being the simula琀椀on 琀椀me in hours and c being the horizontal shi昀琀 of the func琀椀on 
along the t-axis.  The parameter a is used to determine the length of the day. A formula for 
the calcula琀椀on of the length of the day, considering la琀椀tude and day of the year has been 
described in (Jenkins, 2013).

 The rela琀椀onship between length of the day and parameter a can be described by:



ÿ =  Ā0 + āāĀ ( � 2 ∆ā�24 )1 + āāĀ ( � 2 ∆ā�24 )
(6)

Ąÿā/ Ā0 ∈ [0,1] ∆ā ∈ [0,24]
Where Ā0 , is the light intensity at down or dusk respec琀椀vely. That is the chosen intensity 
level de昀椀ned to begin and end the day light phase.

Thus, the Photon uptake rate of the model in [nmol/ gDW h] is given by:ăĀ ăÿą/ā f  ă�ÿą/ā  f  ýĀ ăÿą/ā ýĀ ăÿą/ā = ϕ21 ⋅ vCO2fix ⋅ ÿ(t)ăĀ ăÿą/ā g 0
(3.7)

With ϕ21 being the Photon / CO2 turnover ra琀椀o (Zakhartsev et al., 2016).

Starch Metabolism:
The degrada琀椀on and synthesis of immobilized Starch is constraint by eq. (8) below. It is 
important to note that, Starch is a metabolite, occurring solely within in the organism. The 
reac琀椀on was implemented as exchange reac琀椀on with the environment. However, Starch is 
not being exported into the environment but rather stored in an abstract starch 
compartment of the model. For more details see sub-chapter 3.1.3. or 3.1.2 . Further its 
should be noted that starch uptake was modelled with Michaelis Menten Kine琀椀c, not with a 
Hill kine琀椀c.

ăĀ þāÿÿā/ =  {21( ⋅ Vmax(Amylase( ⋅ c(Starch)Km(Amylase + c(Starch) ÿĄā(þāÿÿā/) > 00 āā/ăÿĄÿĀă (8)

Where ăĀ þāÿÿā/ is the lower boundary of the Strach sink reac琀椀on of the model.
Vmax Amylase being the maximal rate of Amylase catalysed Starch degrada琀椀on and Km Amylase 

being the Michaelis Menten constant of Amylase. Lastly c(Strach) is the concentra琀椀on or 



amount of immobilized Starch available to the Model. 

While Ub Starch is limited by Ub CO2 = 180000 ÿþĀýąĀÿ/  which is the upper limit for the CO2 

uptake rate of the model.

3.1.2 Intracellular Metabolism – The ViNE Modell
The Virtual Nodule Environment (ViNE), is a genome scale metabolic reconstruc琀椀on, 
consis琀椀ng of 7297 reac琀椀ons and 6702 Metabolites. 
The Intracellular metabolism of this dFBA implementa琀椀on can be fully described by the ViNE 
model. The ViNE model is a lumped community model, that means this model embodies the 
whole intertwined metabolism of two diferent species Medicago truncatula (Clover) and 
Sinorhizobium melilo琀椀 (Bacterium), repented as one en琀椀ty. This means one 
(compartmentalized) metabolic network with one combined biomass reac琀椀on for all 琀椀ssues 
and both organisms. The structural composi琀椀on of the model is comprised of three dis琀椀nct 
琀椀ssues: root, shoot and nodules. The nodule 琀椀ssue integrates both plant and bacterial 
metabolism, the nodule are further subdivided into 昀椀ve dis琀椀nct developmental zones ( I, IId, 
IIp, IZ and III).  Where Zone I is the compartment of uninfected Nodules, the Zones IId, IIp, IZ 
the diferen琀椀a琀椀ng Nodules. Lastly, Zone III represents mature N2 昀椀xing Nodules (diCenzo et 
al., 2020).

Fig. 3.1 Visual depic琀椀on of the ViNE model taken from (diCenzo et al., 2020) )

On the Starch metabolism:
To the exis琀椀ng ViNE model one sink reac琀椀on has been added, which consumes Starch 
metabolite from the Root compartment, this reac琀椀on however is reversible. This means 
consump琀椀on of starch by the reac琀椀on, thus removal of metabolite from the system, is 
equivalent to the synthesis of storage starch as a carbohydrate reservoir. 
Consequently, the uptake of Starch by the system, from the pool (which is the reverse 
reac琀椀on) is the equivalent of amylase reac琀椀on or the mobilisa琀椀on of glucose from 



immobilized starch. Moreover, starch is only mobilized to inform of Glucose metabolite and 
never degraded to maltose, since it is the only degrada琀椀on reac琀椀on present in the model.

Further notes regarding the ViNE model:

Against conven琀椀ons, uptake reac琀椀ons by the ViNE Model are de昀椀ned as posi琀椀ve 昀氀uxes. 
Further NH4 is the only form of bioavailable nitrogen that can be taken up by the model from 
the Environment. Thus, the only N-sources for the Model are N2-Gas and NH4 from the Soil 
and no uptake of e.g. NO3.

3.1.3 ODEs for Extracellular and dynamically modelled Metabolites
The eq. (6)- (12) below, describe the ODEs coupled to the FBA model. The concentra琀椀ons of 
N2 and NH4 in the system environment are given by c(N2) and c(NH4). Further, the amount of 
immobilised Starch in the Plant is given by c(Starch), used as an energy deposit. 
These three concentra琀椀ons are all given in þą�  , with ÿý2 , ÿý�4  and ÿGluc being the 
molecular weights of N2, NH4 and Glucose. Lastly X is the amount of biomass in the system 
environment expressed as  ą� . 
Since the 昀氀uxes in are given with respect to biomass, the eq. (10) - (12) need to be mul琀椀plied 
by X to get the amount of metabolite with respect to system volume. 

ĂĀĂā =  µ ⋅ Ā  [ ÿąąĀÿ / ąă]
(9)  with X and  µ g 0

 The 昀椀rst equa琀椀on eq. (6) describes changes of the biomass, where X is the concentra琀椀on or 
the amount of biomass given in  ą� ,  in the system. The parameter µ in  þąąĀÿ / is the growth 

rate of the model, which is 昀氀ux of the biomass reac琀椀on. Since this growth rate is not given 
as 1h , we need to dived eq. (6) by 103, such that the deriva琀椀ve   ĂĀĂā  is  given in ą� / . which is 

necessary since the Biomass, X is given in ą�.

Ă ā(ý2)Ăā = 2 ăý2 ⋅ ÿý2 ⋅ Ā + Ă�ÿ ⋅ ( ā∗(ý2) 2 ā(ý2))  [ ĀÿāþąĀÿ /   ÿąĀÿāþ   ąă + 1/ ( ⋅ ÿąă ]
(10)Ąÿā/ ā(ý2), ăý2  ÿĀĂ Ā g 0ÿý2 ,  Ă�ÿ  ÿĀĂ  ā∗(ý2) āāĀĀāÿĀāĀ 

The equa琀椀on in (10), describes the c(N2) level in the environment of the system.  Here we 
have an addi琀椀onal difusion term, which de昀椀nes the rate at which N2 replenished in the 



external environment. The difusion of gases is modelled by the Henry law, the term is thus 
given by: Ă�ÿ ⋅ ( ā∗(ý2) 2 ā(ý2))
 Where ā∗(ý2) is the satura琀椀on of N2 in water, given the par琀椀al pressure of N2 in air under 
standard condi琀椀ons. Lastly, Ă�ÿ  is the volumetric gas transfer coe昀케cient  (The Economic Cell 
Collec琀椀ve (2025) et al., 2025, p. 169).

Ă ā(ýÿ4)Ăā = 2 ăý�4 ⋅ ÿý�4 ⋅ Ā   [ ĀÿāþąĀÿ /  ÿąĀÿāþ   ąă] (11)

with ā(ýÿ4), ăý�4 , Ā g 0  ÿý�4  āāĀĀāÿĀā
The availability of NH4 for the Model, by the environment is given by eq.(11) above. It thus 
describes changes in the c(NH4) in the system environment.  

Ă ā(Starch)Ăā = ăStarch ⋅ ÿGluc ⋅ Ā   [ ĀÿāþąĀÿ /  ÿąĀÿāþ   ąă] (12)

with ā(Starch) , Ā g 0ăĀ ÿÿĆþÿĀă f  ăStarch f  ýĀ ÿþ2
The eq.(12 formulates Starch synthesis and degrada琀椀on. Starch is an intracellular metabolite, 
however in this model, immobilised starch is implemented as an extracellular metabolite.  
Thus, the uptake 昀氀ux of the Strach reac琀椀on ăStarch into the system would be the equivalent 
of starch mobiliza琀椀on or amylase ac琀椀vity, which is the degrada琀椀on of immobilized Starch. 
Whereas the, the revers reac琀椀on a secre琀椀on by this sink reac琀椀on is the equivalent of starch 
synthesis from Glucose.

3.2 Methods used for Constructing the Model and executing 
Simulations.

The Model was implemented using Python (v.3.9.20) and more speci昀椀c the python package 
cobrapy (v.0.29.0), a toolbox for constrained based modelling. The FBA op琀椀misa琀椀on 
problem, that is the Linear programming problem - has been solved using the Gurobi solver 
(v.11.0.3,(Gurobi Op琀椀miza琀椀on LLC, 2024)).  

Moreover, for the implementa琀椀on of the dFBA a direct approach (DA)(has been chosen. 
Consequently, a solver for ordinary diferen琀椀al equa琀椀ons had to be chosen. For most of the 
simula琀椀ons SciPy9s solver for ini琀椀al value problems solve_ivp (v.1.13.1) was used. To be more 
precise LSODA algorithm (Hindmarsh, 1982), a maximal step size of 0.5 hours, rela琀椀ve 
tolerance (rtol) of 1e-3 and absolute tolerance of 1e-6 (atol). LSODA is a numerical method 



with adap琀椀ve step size and s琀椀fness detec琀椀on with auto switching, with BDF method for s琀椀f 
problems and Adams for non-s琀椀f problems. 

3.2.1 Hierarchical op琀椀misa琀椀on:
A big problem of dFBA is that the linear programming problems don9t have unique solu琀椀ons. 
Thus, for every op琀椀mal solu琀椀on of the objec琀椀ve, there is usually more than one 昀氀ux 
distribu琀椀on achieving that exact solu琀椀on. This is problema琀椀c since non unique 昀氀ux 
distribu琀椀ons, implies non unique 昀氀uxes for exchange reac琀椀ons including those appearing in 
the right-hand side of the ODEs. Thus, for every itera琀椀on we could have several possible 
昀氀uxes for the dynamically balanced metabolites, sa琀椀sfying the op琀椀mal solu琀椀on.

To overcome the problem of nonunique op琀椀mal 昀氀ux distribu琀椀ons a Hierarchical op琀椀misa琀椀on 
structure was implemented. The 昀氀uxes appearing in the right-hand site of the ODEs are 
ordered in a priority list, then the model is op琀椀mized for these metabolites in the order of 
that list. A昀琀er each solved op琀椀misa琀椀on problem, the objec琀椀ve value is used to constrain the 
next exchange reac琀椀on in the list. Not every 昀氀ux distribu琀椀on for a given op琀椀mal objec琀椀ve is 
unique, but every resul琀椀ng op琀椀mal objec琀椀ve func琀椀on value is unique. Therefore, every 昀氀ux 
in the priority list will be unique and changes in 昀氀ux will happen con琀椀nuously with respect to 
琀椀me(Gomez et al., 2014). 
Moreover, in this thesis the order in the priority list will be described as levels in the range 
[0,2] with Level 0 being highest priority and level 2 being the last op琀椀misa琀椀on in the list. For 
the implementa琀椀on of the hierarchical op琀椀misa琀椀on procedure, the cobrapy func琀椀on 
昀椀x_objec琀椀ve_as_constraint need to be slightly modi昀椀ed. Witch is a func琀椀on implemen琀椀ng 
the hierarchical op琀椀miza琀椀on method. The func琀椀on calls the method slim_op琀椀mize which 
unlike the usually use op琀椀mize func琀椀on, raises an error if op琀椀miza琀椀on failed, thereby 
termina琀椀ng the whole simula琀椀on. More precisely op琀椀misa琀椀on fails, when the LP problem is 
infeasible this happens when no solu琀椀on can be found under the given constraints.
Therefore, the error_value parameter of the func琀椀on needs to be set to 0 instead of Na. 
Thus, the func琀椀on while return 0 instead of NA when an error occurs, which should not be 
occurring with the added LP-Feasbility Problem.

3.2.2 LP-Feasbility Problem:
Another problem is that the op琀椀misa琀椀on may become infeasible while the simula琀椀on moves 
on. There are two cases where this can happen, on the one hand side the problem is truly 
not feasible, that can be due to the current boundary condi琀椀on of the model. However, on 
the other hand the solu琀椀on can be very close to becoming infeasible, so the LP problem 
becomes infeasible in consequence of a lack of numerical precision. 

In order to deal with this problem, the slack variables Ā+ and Ā2 are introduced such that a 
LP-feasibility problem can be constructed (Gomez et al., 2014). Therefore, the hierarchical 
op琀椀misa琀椀on approach used with added LP-feasibility problem can be described in the 
following way.



Level 0:

 þ∗ = min∑(Ā+ÿ + Ā2ÿþ
ÿ=1 )

s. t.  Să + Ā+  2  Ā2 = 0ăþ ăÿ f ăÿ f ýĀ ăÿĀ+ÿ  , Ā2ÿ  g 0
For each metabolite in the Stoichiometric matrix S the two slack variables Ā+ÿ and Ā2ÿ are 
added and the sum over all slack variables minimized. Such that  þ∗ = 0 if and only if there is 
a ă  sa琀椀sfying Să = 0   So in essence it 昀椀nds a solu琀椀on and returns a distance from a feasible 
solu琀椀on.  

The slack variables resul琀椀ng from this op琀椀miza琀椀on are being added as a constraint, to the 
model for the next two op琀椀misa琀椀on steps.

Level 1: µ∗ = maxµþ∗  g  ∑ (Ā+ÿ + Ā2ÿ)ÿÿ=1s. t.  Să + Ā+  2  Ā2 = 0ăĀ ăÿ f ăÿ f ýĀ ăÿ µ g 0;           ă ∈  ýÿ 
Op琀椀miza琀椀on of the growth rate µ. With the given slack variables introduced in level 0, each 
reac琀椀on is mass balanced and always feasible. That is under the given constraints for the 
lower and upper bounds of the exchange reac琀椀ons. The resul琀椀ng growth rate µ∗  is added as 
a lower bound constraint to the model.



Level 2: max ăstarchþ∗  g  ∑(Ā+ÿ + Ā2ÿÿ
ÿ=1 )

s. t.  Să + Ā+  2  Ā2 = 0ăĀ ăÿ f ăÿ f ýĀ ăÿµ =  µ∗  ⋅ 0.99
þ ∈ ýþ × ÿĀ+ , Ā2 ∈  ýþă ∈  ýÿ

In the last step – Level 2 of the hierarchical op琀椀miza琀椀on procedure, the model is op琀椀mized 
for starch produc琀椀on, while being constraint to achieve at least the growth rate of the 
op琀椀misa琀椀on step in level 1.  More precisely, this constrained was slightly so昀琀ened with the 
model being restricted to obtain only 0.99 of the growth rates. The considera琀椀on behind this 
was that in some case the constraint was too strict. This is for instance when N is not limi琀椀ng, 
thus the model a琀琀aining very high growth rates starch would only be consumed never 
produced.



4. Results 

4.1 Parameters of the Model 
The tables below, lists all parameters chosen for the model. Furthermore, these are the 
parameters used for the simula琀椀on discussed in chapter 4.4 Results of the simula琀椀on.  

Model parameters rela琀椀ng to Hill & Michaelis Menten Kine琀椀cs
Symbol Explana琀椀on Value Unit Sourceþþÿą ý�4 Maximal uptake 

rate for NH4 from 
the environment

30000
nmolgDWh  arbitrarily1

Km NH4 Michaelis-Menten 
constant for NH4 
uptake reac琀椀on 

1
mgă arbitrarily1

þmax )ý2 Maximal uptake 
rate for N2 from the 

environment
7000

nmolgDWh Experimentally det. 
(Zamani et al., 2017)Km)N2 Michaelis-Menten 

constant for N2 
uptake reac琀椀on

1
mgă  arbitrarily1

þmax Amylase Maximal starch 
degrada琀椀on rate 23400

nmolgDWh Calculated 

Km(Amylase Michaelis-Menten 
constant for 

amylase 
5800

mgă Calculated 
(Doehlert et al., 1982)

Ub CO2

Upper bound for 
CO2 uptake by the 

model
180000

nmolgDWh Calculated

ăý2ĀĄÿāā/ the ini琀椀al N2 
uptake 昀氀ux of þ̅maxý2 0

nmolgDWh Es琀椀mate taken from 
simula琀椀on 

Model parameters regarding the Day - Night Cycle
Symbol Explana琀椀on Value Unit Source

a Parameter 
controlling day 

length

12 - Calculated 

c Shi昀琀 of the sin 
func琀椀on along the 

琀椀me axis

-

ăÿþ2 Ąÿą Rate of CO2 昀椀xa琀椀on 
in leaves ie. Flux / 
ac琀椀vity of Rubisco

230 000 nmolgDWh Calculated 

Ā0 Light intensity at 
down or dusk. 

Thus, start and end 
of day琀椀me 

0.125 - Minimal light uptake 
necessary for 
op琀椀miza琀椀on to be 
feasible es琀椀mated from 
ViNE model ∆ā Number of daylight 

hours
12 hours -



ϕ21 Photon / CO2 
turnover ra琀椀o

9 mol mol-1 (Zakhartsev et al., 
2016)

Model parameters rela琀椀ng to the ODEs
Symbol Explana琀椀on Value Unit Sourceÿý2 molecular weight 

N2
28 ⋅ 10-6 mgnmol PubChem:

28.014 g/molÿý�4 molecular weight 
NH4

18 ⋅ 10-6 mgnmol PubChem: 
ammonium

18.039g/molÿGluc molecular weight 
glucose 180 ⋅ 10-6 mgnmol PubChem:

D-Glucose
180.16 g/mol

ā∗(ý2)
N2 satura琀椀on 

concentra琀椀on in 
water, under 

considera琀椀on of 
par琀椀al pressure in 

air 

14
mgL (Ba琀�no et al., 1984)

ā∗(ýÿ4) ýÿ4 concentra琀椀on 
found in soil 12.6

mgL (Pinton et al., 2016)Ă�ÿ Volumetric Mass 
Transfer Coe昀케cient 12.5 1h arbitrarily1 /

(Promma et al., 2024)
1arbitrarily chosen parameter value 

4.2 Calculations involved in construction of the model and for 
estimating the parameters

4.2.1 Determining Ub CO2 
To limit the Amount of starch produced by the model an upper bound for the CO2 uptake of 
the model was chosen. For es琀椀ma琀椀ng the parameter Ub CO2 based on experimental data 
available in the literature 3 diferent approaches haven been considered. Finally, the 
arithme琀椀c mean of the 3 parameter es琀椀mates, was chosen for the upper bound Ub CO2.

a) Calcula琀椀ng the Biomass to leaf area ra琀椀o and then determine the 昀氀ux based on infrared 
measurements of leave gas exchange.

Biomass to leave ra琀椀o þ�ý, was calculated based on measurements by (Moreau et al., 2012)
Using a tool to extract data from plots WebPlotDigi琀椀zer (Rohatgi, 2021). data for the low and 
high N-treated groups of M. Truncatula was extracted (n= 175). The data extracted from the 
graphs where, total biomass per plant þÿýÿÿā [ą ĂþÿĀā⁄ ] and the
 leave area per plant ăý [cm2 / plant]. Which was obtained for both treatment groups.



The calculated average leaf area based on the extracted data (based on n=11, data points 
each) was: ăý
 The average total Biomass per Plant was:

The Biomass to leave area ra琀椀o was thus calculated by:

  þ�ý  =  ÿăą.(�ýþ�����   
þ�ý

The photosynthe琀椀c CO2 assimila琀椀on rate, i.e. The CO2 uptake of M. truncatula is given by 
A ambient = 33,32[µÿāþ/Ā ÿ2], measured at PFD = 1800 [µÿāþ Ă/āāāĀĀ / Ā ÿ2]  and 5 weeks 
a昀琀er inocula琀椀on of the plants. As described by Adolfsson et al. (Adolfsson et al., 2015).

Ub CO2 was thus calculated by:  ýĀ ÿþ2  = þ�ý ⋅ ýÿþĀÿăÿāýĀ ÿþ2 = 172 000 ĀÿāþąĀÿ /
b) Based on growth and maintenance respira琀椀on measurements, conducted by 13C labelling.

The speci昀椀c net assimila琀椀on rate of CO₂, as determined by Lötscher and colleagues for 
Medicago sa琀椀va, is denoted as an.  Moreover, an describes the net assimila琀椀on rate of new C 
taken up by the plant per unit C already assimilated into the Shoot of the plant. (Lötscher et 
al., 2004) ÿÿ = 0.16 [ ą(ÿą(ÿ( ⋅ (ĂÿĆ]



According to (Adolfsson et al., 2015) the carbon content of M. truncatula plants 
is 0.24 [g C / plant], where the average weight of the shoot is 0.61 [gDW / plant]. Thus, the 
Carbon share of the biomass dry weight  þÿ is given by:þā = 0.240.61 = 0.393 ą ÿąĀÿ
A CO2 uptake 昀氀ux can thus be calculated by:ăą ÿþ2 = ÿÿ ⋅ þÿăą ÿþ2 =  0.0629 ą ÿąĀÿ ⋅ (ĂÿĆăþĀý ÿþ2 = 0.0525 ÿāþąĀÿ ĂÿĆă ÿþ2 = 5.25 ⋅ 106  ĀÿāþąĀÿ ĂÿĆă ÿþ2 = 2.2 ⋅ 105  ĀÿāþąĀÿ /ýĀ ÿþ2  =  2.2 ⋅ 105  ĀÿāþąĀÿ /
The data on M. truncatula taken from to (Adolfsson et al., 2015) refers to the control group 
cohort, 5 weeks post inocula琀椀on of the plants. The Plants were grown in a 16h light /dark 
cycle with PDF = 350 -400 [µÿāþ Ă/āāāĀĀ/Ā ÿ2]  .

 c) C-uptake calculated from the Growth rate of the ViNE model 
The growth rate µ of the ViNE model, was reported as 0.044 [g day-1gDW-1 ] by diCenzo et al. 
(diCenzo et al., 2020). 

Which is equivalent to:µ = 1.83 ⋅ 1023 ą ÿþ2ąĀÿ/ = 1.53 ⋅ 105 Āÿāþ ÿþ2ąĀÿ /
The 昀椀nal solu琀椀on for ýþ ÿþ2 , is given by mean of the three solu琀椀ons in a) , b) and c) .

ýĀ ÿþ2 = 2.2 ⋅ 105 +  1.72 105  +  1.53 ⋅ 1053 ýĀ ÿþ2  =  1.81 ⋅ 105  ĀÿāþąĀÿ /



4.2.2 Calcula琀椀on of the CO2 昀椀xa琀椀on rate ăÿþ2Ąÿą   
Based on a theore琀椀cal model for Photosynthesis, Poolman et. al. (Poolman et al., 2000), 
described the 昀氀ux of the rubisco enzyme in [µmol / mg Chl h] as a func琀椀on of the light 
ac琀椀vity  [µmol / mg Chl h ]. The 昀氀uxes of rubisco and the amount of irradia琀椀on (PFD) in 
(Poolman et al., 2000) where expressed with respect to the amount of Chlorophyl in mg.
Let thus ÿ�Āā/ý  be the photon 昀氀ux density and   ăÿĂĀÿĀāĀ (ÿ/ý) be the rubisco 昀氀ux with 
respect to the amount of chlorophyll, both in [µmol / mg Chl h ]. The respec琀椀ve data was 
extracted using WebPlotDigi琀椀zer (Rohatgi, 2021). Based on work of (Athanasiou et al., 2010) 
on the acclima琀椀on of A. thaliana to diferent light levels, the rela琀椀onship of mg Chlorophyl 
per m² leave surface is given by: ÿ/þ �ý = 134mg Chlm2
For 4-week-old plants grown at light level of PFD =200 µmol / h m² 

Let þÿ/ý be the chlorophyl share of the biomass in leaves and with the es琀椀mate of biomass 
to leave ra琀椀o,  þ�ý described at page 27 this is given by: þÿ/ý = þ�ý  ⋅ ÿ/þ �ý 

                                  =  1.43 ⋅ 1022 ⋅ 134 m2gDWmg Chlm2
þÿ/ý = 1.95 mg(Chl(gDW

The light intensity for a <usual= controlled environment of a M. truncatula experiment, is 
within the range of PFD = 200 – 600 [µmol photons/s m2] according to (Barker et al., 2006). 
The PFD under which the plants have been grown in the experiments of Adolfson et al. 
was 350 – 400 [µmol photons/s m2]. Which are the experimental condi琀椀ons, for which the 
other parameters have been derived in previous calcula琀椀ons. The Rubisco ac琀椀vity was thus 
es琀椀mated, by 昀椀rstly 昀椀nding the PFD value with respect to leave surface area at about 400 
µmol /h m² given the extracted data:PFD = ÿ�Āā/ý  ⋅   ÿ/þ �ý

PFD = 1089 ⋅ 134 µmolmg Chl hmg Chlm2 j 1.46 ⋅ 105 µmolh m2 = 405 µmols m2

The respec琀椀ve ăÿĂĀÿĀāĀ (ÿ/ý) 昀氀ux at PFDchl =  1089 was:

ăÿĂĀÿĀāĀ (ÿ/ý) =  117 µmolmg Chl h



The rubisco 昀氀ux with respect to biomass at this light ac琀椀vity is thereby:ăÿþ2Ąÿą =  ăÿĂĀÿĀāĀ (ÿ/ý) ⋅ BChl   = 117 ⋅ 1.95 µmolmg Chl hmg Chl gDWăÿþ2Ąÿą = 2.28 ⋅ 105 nmolgDW h
Other calcula琀椀on suppor琀椀ng this es琀椀mate are given by:For a PDF of 350 – 400 [µmol photons / s m2 ], as described in the experiments of 
Adolfson et al.  
this is equivalent to a photon uptake rate of  1.8 ⋅ 106 to 2.07 ⋅ 106[nmol/gDW h] .  
With a maximal photon up take rate of 2.07 ⋅ 106[nmol/gDW h] , we would expect 
according to our light uptake model, a CO2 昀椀xa琀椀on rate of:

With        �21 = 9 nmol Photonsnmol CO2
ÿ�þ� Āþā = 2.07 ⋅ 1069  nmol Photonsnmol CO2  CO2 nmolgDW h = 2.3 ⋅ 105 nmolgDW h

These calcula琀椀ons can be further supported by 昀椀ndings of (Ma et al., 2014), indica琀椀ng that 
the carboxyla琀椀on ac琀椀vity of rubisco is about 1.28 琀椀mes the net CO2 assimila琀椀on rate 
observed in A. thaliana.ă ÿþ2 ⋅ 1.28 = 1.8 ⋅ 1.28 nmolgDW h = 2.3 ⋅ 105  nmolgDW h



4.2.3 N-switch Parameter determina琀椀on 
Determina琀椀on of the ÿý2ýĀþþ�ý and �ý�ýþÿ parameters of the <N-switch=. 

The N-switch are the constrains on N2 uptake, efec琀椀ve during the transi琀椀on between NH4 
and N2 as nitrogen source, when NH4 approaches deple琀椀on. Let nswa be a tuple, de昀椀ned as 
the cartesian product, formed by the combina琀椀on of the parameters ăý-switch ÿĀĂ �slope of 
the N-switch described in the model at (eq. (3, p. 17).ĀĀĄÿ = { (ăý-switch, κslope) ∣∣ ăý-switch ∈ {ăþÿą2 , ăþÿą4 , 1} , (κslope ∈ {1, 0.1, 0.01, 0.005, 0.001} }
Simula琀椀ons of all 15 combina琀椀ons of ĀĀĄÿ have been performed, run琀椀me and results of 
have been compared. All test simula琀椀ons have been performed with star琀椀ng condi琀椀on 
 Ă0 = (1.0, 14.0, 12.6, 50.0). Moreover, the simula琀椀ons were terminated when the 
concentra琀椀on of NH4 dropped below 0.01 mg/L. The average run琀椀me was mean=79.5 and 
median=81.1minutes. The minimum run琀椀me of all tested combina琀椀ons was 72.9 min, which 
difers 2 σ or 2.5 � from mean and median respec琀椀vely (n=15, � =3.26 min). Therefore, the 
run琀椀me of  ĀĀĄÿ = {((1, (1), ((1, (0.1)} difered signi昀椀cantly from the other tested 
parameters. However, for most of the tested parameters there was no visible diference. The 
only combina琀椀ons with vN-switch = 1 and �ĀýĀāă values in the range of [1,0.005], showed a 
diference in simula琀椀on results.

Fig. 4.1 Boxplot of execu琀椀on 琀椀me of N-switch a. The y-axis represents run琀椀me in 
minutes un琀椀l simula琀椀on termina琀椀on, while the x-axis indicates the N-switch 
func琀椀on type. The bar in the blue boxplot represents the median 



For higher  �ĀýĀāă values an increase of starch produc琀椀on is visible. 
More precisely, with an increase of  �ĀýĀāă, we can observe more and more step increase in 
starch produc琀椀on. Since, a higher slope parameter, delays the increase of the  þ̅þÿą ý2  
func琀椀on value. The rise of starch produc琀椀on for these parameters9 pairs, indicates an 
unwanted and ar琀椀昀椀cial limita琀椀on of N-uptake during the 琀椀me span where uptake is 
constrained by the N-switch. Thus, limi琀椀ng the biomass produc琀椀on resul琀椀ng in more starch 
produc琀椀on. As can be seen in the 昀椀gures Fig. 4.2.b and Fig. 4.2.c below,  for the parameters, ĀĀĄÿ = {((1, (1), ((1, (0.1)}  the biomass produc琀椀on is visible impaired at around 300 h 
simulated. 

Fig. 4.2 Simula琀椀on result, depic琀椀ng biomass produc琀椀on with di昀昀erent parameters tested. The 昀椀gure a - c show the concentra琀椀ons 
of dynamically balanced metabolites (x-axis), un琀椀l simula琀椀on was terminated a昀琀er 500 simulated hours (y-axis). The Biomass was 
expressed in [mg/L], to compare dynamics to starch. The used parameters for nswa are in 昀椀g. 琀椀tles a) Simula琀椀on result is iden琀椀cal to 
all other nswa combina琀椀ons not represented in this 昀椀gure. b) simula琀椀on result of the parameters nswa (1, 0.1). c) simula琀椀on result 
of the parameters nswa (1, 1).

Fig. 4.3 Simula琀椀on result with di昀昀erent parameters tested. The 昀椀gure a - d show the 
concentra琀椀ons of dynamically balanced metabolites (x-axis), un琀椀l simula琀椀on was terminated a昀琀er 
500 simulated hours (y-axis). The used parameters for nswa are in 昀椀g. 琀椀tles. a) simula琀椀on result of 
the parameters nswa= (1, 1). b) simula琀椀on result of the parameters nswa = (1, 0.1). c) Simula琀椀on 
result is iden琀椀cal to all other nswa combina琀椀ons not represented in this 昀椀gure. d) simula琀椀on result 
of the parameters nswa = (1, 0.005)

a b

c d



The signi昀椀cant diference in run琀椀me can be explained by the limita琀椀on on þþÿą ý2, the 
uptake of N2 is thus far delayed as there is no change in the N2 concentra琀椀on. Consequently, 
with reducing the number of ODEs the solver takes less 琀椀me to solve the problem. From the 
reaming eligible parameter combina琀椀on �ĀýĀāă  =  0.001 with vN-switch = 1. Seems to be the 
best choice, since there is no notable diference in comparison to the other parameters. 
Finally se琀�ng vN-switch = 0 is the more parsimonious modelling approach, dropping an 
unnecessary parameter. 

Alterna琀椀ve N-switch func琀椀on:
A昀琀er a more thorough considera琀椀on, it became apparent that the N-switch func琀椀on as 
describe in the model (3), is not con琀椀nuous over the en琀椀re interval in ques琀椀on as it was 
intended. Hence, a new func琀椀on was designed. Let the func琀椀on described in the model be 
func琀椀on a, thus the newly described N-switch func琀椀on will be called func琀椀on b.

Ā = ýĀ ý�40.5 ∙ Vmax NH4 (4.1)

ýĀ ý�4  g 0
þmax)ý2  = Vmax)N2Āÿ + 1 2 Vmax)N2Āÿ + 1 ⋅ Āÿ (4.2)

þmax)ý2 = Vmax)N2Āÿ + 1 ⋅ (1 2 Āÿ) (4.3)

Ā >  0
The given b-func琀椀on above ful昀椀ls all requirements set for func琀椀on de昀椀ning þmax)ý2. First, it is 
con琀椀nuous everywhere on the interval [0, Vmax )N2]. Second, the func琀椀on increases faster and 
earlier then all ĀĀĄÿ tuples would allow. This, of course given an appropriate value for the 
parameter n of the b func琀椀on has been chosen.
Thus, a second experiment, has been conducted to compare parameters of the two N-switch 
func琀椀ons. 



The ini琀椀al concentra琀椀on Ă0 and the parameters ĀĀĄÿ for func琀椀on-a were chosen as 
described in the 昀椀rst experiment. However, this 琀椀me the simula琀椀ons were terminated once 
c(NH4) f 0.001 mg L-1, therefore the simula琀椀on run琀椀me was longer for all tested parameters. 
The b-func琀椀on has been tested with the n parameters n = (0.5,1, 1.5, 2, 3, 4). Lastly, a 
simula琀椀on with no implemented N-switch func琀椀on has been conducted as a control.

 From the results depicted in Fig. 4.4 we can generally conclude, with respect to run琀椀me the 
simula琀椀ons with N-Switch func琀椀on outperformed, the model without such a func琀椀on. 
Furthermore, the func琀椀on b performed on average be琀琀er than the func琀椀ons in group a. That 
is if one compares the blue and green boxes, with group a showing more spread, and a 
skewed distribu琀椀on as the median bar is not in the middle of the box, indica琀椀ng that most of 
the values are located closer to the 75% quar琀椀le than to the 25 % quar琀椀le of the box plot.  
Lastly, in group a-we can see two outliers of the parameter combina琀椀ons nswa = (1,1) and 
(1,0.1). This is consistent with the 昀椀ndings in the previous experiment. With respect to 
simula琀椀on results thus now par琀椀cular diferences between the simula琀椀ons where visible. 
With excep琀椀on for nswa = (1,1) and (1,0.1) where we can see same behaviour as in the 
previous experiment, depicted in Fig. 4.3.a. 

A follow up experiment was performed where same set of func琀椀ons and under iden琀椀cal 
condi琀椀ons were tested, with the excep琀椀on that the simula琀椀ons were terminated when 
c(NH4) f 0. However, because of a technical failure test series was aborted prematurely and 
the data stored lost due to a disk failure. Nevertheless, what collude be observed was that 
the execu琀椀on 琀椀me for each simula琀椀on series was in the rage of 15 -16 hours run琀椀me. The 
simula琀椀on for all b-func琀椀ons, the control group and func琀椀on a with nswa = (1,1), was 
performed before appor琀椀oning of the test series. Most strikingly was that nswa = (1,1) which 
was consistently an outlier with respect to run琀椀me in previous experiments. Did not difer 

Fig. 4.4 Boxplot comparing the execu琀椀on 琀椀me of N-switch func琀椀ons. The y-axis represents run琀椀me in 
minutes un琀椀l simula琀椀on termina琀椀on, while the x-axis indicates the N-switch func琀椀on type. The blue boxplot 
represents the b-func琀椀on run琀椀mes, the green boxplots correspond to type a-func琀椀ons, and the bar between 
two boxplots depicts the run琀椀me of the control with no switch. Whiskers generated by IQR∙1.5.



visible but was somewhere with range run琀椀mes of the other func琀椀ons tested. Lastly, the 
control with no N-switch func琀椀on, was the only func琀椀on exhibi琀椀ng erroneous results thus 
starch concentra琀椀ons spiking and dropping notably below 0. Most likely caused by numerical 
issues encountered by the solver. This absolutely 昀椀ts the expecta琀椀on and con昀椀rms the 
purpose of these N-switch func琀椀ons. Nevertheless, with all func琀椀on of group a and b are 
expected to by con琀椀nues in the interval [0.5 ∙ Vmax )N2, Vmax )N2], thus con琀椀nuous at the end 
of the tested simula琀椀on interval. It is unexpected that func琀椀on a outperforms func琀椀on b at 
the beginning of the simula琀椀on. With only b func琀椀on having a þmax)ý2 de昀椀ned con琀椀nuous at 
the interval at the beginning of the simula琀椀on. it can be speculated that this higher 
performance of this func琀椀on nswa = (1,1), at beginning is due to the virtual absence of N 
uptake. There for the most computa琀椀on intensive steps are just delayed. Or it is the 
behaviour of these func琀椀on very close to 0 or the machine precision. 

 However, all these 昀椀ndings suggest that the purpose of these func琀椀ons is not performance 
but stability, thus correctness of the simula琀椀on results. Unfortunately, the results of the a-
func琀椀on, could not be validated or compared anymore.

4.2.4  The parameter a of the func琀椀on modelling day night cycle. 
Given the func琀椀on describing the light intensity during the day:

ÿ(ā) = max [(1 2 ÿ) ⋅ ĀÿĀ ( π12 ⋅ ā + ā) + ÿ, 0]
With c = 0 ÿ(ā) = (1 2 ÿ) ⋅ ĀÿĀ ( π12 ⋅ ā ) + ÿĀÿĀ ( π12 ⋅ ā ) = Ā0 2 ÿ1 2 ÿ

π12 ⋅ ā =  ÿÿāĀÿĀ (Ā0 2 ÿ1 2 ÿ)
π12 ⋅ ā =  ÿÿāĀÿĀ (ý)

With t = 12 π12 ⋅ 12 =  ÿÿāĀÿĀ (ý)



π =  ÿÿāĀÿĀ (ý)
 With t1 being the start of the day and t2 being the end of the day.

π12 ⋅ ā2 = π 2  ÿÿāĀÿĀ(ý)
∆ā = ā2 2 ā1

π12 ⋅ ∆ā =  π 2  ÿÿāĀÿĀ(ý)  2  ÿÿāĀÿĀ(ý)
With arcsine(k) = z

∆ā = 12(π 2 2 ć)π
∆ā� 2  12� = 224ć
ć = 12� 2 ∆ā�  24
ć = �2 2  ∆ā�  24ĀÿĀ(ć)  =  ý 
ĀÿĀ(ć)  = Ā0 2 ÿ1 2 ÿ
ÿ = Ā0 2 ĀÿĀ(ć)1 2 ĀÿĀ(ć)



ĀÿĀ (�2 2  ∆ā�  24 )  = 2 āāĀ (� 2  ∆ā�  24 )
ÿ = Ā0 + āāĀ(ć)1 + āāĀ(ć)

ÿ = Ā0 + āāĀ (� 2  ∆ā�  24 )1 + āāĀ (� 2  ∆ā�  24 )
Thus, describing the rela琀椀onship between length of the day and parameter a, as shown in eq.(5) on page 18 .
4.2.5 Vmax Amylase 
In their work on rhythmic oscilla琀椀ons of starch concentra琀椀ons in M. Sa琀椀va nodules, Henson 
and colleagues  (Henson et al., 1986) measured the ß-amylase ac琀椀vity. The measurements 
were conducted on Plants exposed to a dark light cycle of 12h each. Thus    
The MESOR of the analysed amylase ac琀椀vity was given by: þÿþĆýÿĀă = 2.3 µmol maltose/ ą�ÿ
Which is (stoichiometrically) equivalent to:þÿþĆýÿĀă = 4.6 µmol glucose/ ą�ÿ
The MESOR, (Midline Es琀椀ma琀椀ng Sta琀椀s琀椀c of Rhythm) is a measure of central tendency 
adjusted to a func琀椀on of circadian rhythm, thus to a 24-hour period(Cornelissen, 2014).
To Calculate the 昀氀uxes with respect to dry weight (gDW),  þ�ÿ Āÿ⁄  the frac琀椀on of FW that is 

DW, was calculated. This has been done based on the measurements of  et al. (Hdira et 
al., 2021). The reported average Biomass [g] for the control group was given by

avg. [g] Fresh weight (FW) Dry weight (DW)
Arial
Root 
Total Plant 

Where AFW and RFW are the avg.  Arial and Root fresh weight of a plant [g FW / plant]. 
Consequently, ADW and RDW are the Arial and Root dry weight [gDW / plant].FWTotal = AFW+ RFWDWTotal = ADW+ RDW



þ�ÿ Āÿ⁄ = FWTotalDWTotal = 0.2 ą�ÿąĀÿ
Moreover, the Arial þ�ÿ Āÿ⁄  was  gFW/gDWþ�ÿ Āÿ⁄ =   0.14 [ gFW/gDW]
Thus, assuming 1 gFW = 0.2 gDW then a Vmax for the starch mobiliza琀椀on rate is es琀椀mated to 
be:

þþÿą ýþĆýÿĀă = 23 400 nÿāþ ąþĂāāĀă / ąĀÿCorrection: þ�ÿ Āÿ⁄ = FWTotalDWTotal = 4.86 gFWgDW
þþÿą(ýþĆýÿĀă = 5.75( ⋅ (105 nmol glucoseh(gDW

However, this is not the value used in the model!

4.3 Construction of the model
The 昀椀rst simula琀椀ons performed with the model included 3 metabolites Biomass, N2 and O2.  
Further Major changes the in development of the model where:

• Changed numerical method for solving ODEs
• Removed dynamically balanced O2 uptake from Model
• Rescaling the whole model 

In the development process of the model the numerical method to solve the ODEs was 
changed from BDF to LSODA. Moreover, a benchmarking of numerical integra琀椀on methods 
for ODE models of biological systems (Städter et al., 2021), indicated that although for most 
models BDF outperformed LSODA, the later one had almost 3 琀椀mes lower failure rate then 
BDF. This is consistent with the experiences in the development of this model. Although 
ini琀椀ally a switch from BDF to LSODA was taken because of be琀琀er performance, at later model 
development steps BDF, failed to solve the problem and was not able to correctly replicate 
the simula琀椀on results obtained with LSODA. Further, the authors highlighted absolute and 
rela琀椀ve tolerances as important hyperparameters. Recommending tolerances between 10-8 

and 10-16 as appropriate and sugges琀椀ng that tolerance should not be relaxed more then to a 
value of 10-6. However, when more strict tolerances where applied most simula琀椀ons tested 
failed or showed almost intractable execu琀椀ons 琀椀mes. 



Rescaling of the model.   
Since 昀氀uxes in the ViNE model where assumed to be given in mmol gdW-1 h-1 , thus dFBA 
model was scaled accordingly. However, the 昀氀uxes are given in nmol gdW-1 h-1 and growth 
rate µ is given in mg gdW-1 h-1 instead of h.-1. 

Dynamically balanced O2 uptake
Within the process of construc琀椀ng the model a琀琀empts of modelling other metabolites like 
O2 have been taken. The dynamically balanced O2 uptake reac琀椀on was removed from the 
model, since its servery destabilised the simula琀椀on. A Flux variability analysis revealed that, 
at the 琀椀me steps which where most problema琀椀c for the solver, there where mul琀椀ple O2 
uptake 昀氀uxes for ful昀椀lling the objec琀椀ve, even though the range of possible 昀氀uxes was very 
琀椀ght. The absolute diference of lower and upper bound of that range of possible 昀氀uxes was 
0.002 nmol gDW-1 h-1. Also worth no琀椀cing is that ini琀椀ally CPLEX was used to solve the LP 
problem but later switched to the use of Gurobi, dependent on so昀琀ware installa琀椀on of the 
used computer. 

4.4 Results of the simulation 
The simula琀椀on was performed with the parameters as described in chapter  4.1. Let u0 be 
the vector of the ini琀椀al concentra琀椀ons of the dynamically modelled metabolitesĂ0 = (ą, ā(ý2), ā(ýÿ4), ā(Āāÿÿā/))
Then, the ini琀椀al concentra琀椀on is given by Ă0= (0.1, 14.0, 12.6, 5.0) [gL ,mgL ,mgL ,mgL ].  
The simulated 琀椀me span was,  āĀÿþ = (0;  1.3 ⋅ 104) [/]. The overall run琀椀me of the 
simula琀椀on was 4d 11h 18 min. The concentra琀椀on at the end of the simula琀椀on was given by  Ăāþ�ý = (2.1 ⋅ 104, 0.2, 0, 1.2 ⋅ 107) .

X  gL ā(ý2) 
mgL ā(ýÿ4) 

mgL ā(Āāÿÿā/) 
mgLĂ0 0.1 14 12.6 5Ăāþ�ý 2.1 ⋅ 104 0.2 0 1.2 ⋅ 107

Further the solver needed to go trough   1.6 ⋅ 105 ÿtera琀椀ons, to run the simula琀椀on under 
condi琀椀ons described above. Moreover, an Itera琀椀on is here de昀椀ned as every 琀椀me the solver 
calls the func琀椀on de昀椀ning the dFBA model, to de昀椀ne the state of the model when the solver 
takes a step. More precisely one itera琀椀on involves the solu琀椀on of 3 FBA problems. 



In Fig. 4.5a, the concentra琀椀on of the two N-Sources NH4 and N2 and the log transformed 
biomass are shown. The NH4 concentra琀椀on depletes a昀琀er ca. 1000 h (green) of simula琀椀on, 
this is also re昀氀ected by the biomass, showing a slight decrease in its slope at āĀÿþ j 1000 h. 
The blue area, which is the N2 concentra琀椀on shows the 昀氀uctua琀椀ng pa琀琀ern of the N2 level in 
the day-night cycle. The oscilla琀椀ons of the curve exhibit increasing amplitude. The 
replenishing of N2 in the system environment is solely difusion controlled; It is thus 
recovering back to ā(ý2)∗ at nigh琀�me, when there is no or only very li琀琀le growth. 
Furthermore, as shown in Fig. 4.5c the day琀椀me N₂ levels decrease further as biomass 
increases, with the minima of the daily oscilla琀椀ng N₂ curve following a sigmoidal trend. 
Which is to be expected since reac琀椀ons described hill kine琀椀cs, which usually also describes 
coopera琀椀ve binding substrates, follow a sigmoidal trend. While reac琀椀ons modelled by MM-
kine琀椀cs follow a hyperbolic trend. 
The plot in Fig. 4.5b shows a spike in c(N₂) far exceeding c(N₂)*, which is only possible in the 

a b
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Fig. 4.5 The results of the simula琀椀on. The plots show the concentra琀椀ons of the dynamically balanced metabolites in the system 
environment (y-axis), over the respec琀椀ve simula琀椀on 琀椀me in simulated hours (x-axis). a) N-source and Biomass, the scale on the 
le昀琀 y-axis depicts the concentra琀椀on of N2 and NH4 in [mg / L], the right scale shows the log transformed Biomass concentra琀椀on 
in [g/L]. The plot illustrates the whole simula琀椀on 琀椀me of 13,000 hours. b) A magni昀椀ed view of the N₂ peak observed in (a) at 
6000 h, with the y-axis represen琀椀ng N₂ concentra琀椀on in [mg/L]. c) Starch and N2, scale on the le昀琀 shows the N2 (purple) right the 
starch concentra琀椀on (orange) both in [mg/L]. The plot shows sec琀椀on of the results, scale depic琀椀ng starch is limited to 5∙105 
[mg/L] instead of the full 1.2∙107 [mg/L], at the end of the simula琀椀on. plot shows only segment of simula琀椀on 琀椀me d) A magni昀椀ed 
view of the starch peak observed in c) around 6000 h, with the y-axis represen琀椀ng starch concentra琀椀on in [mg/L].



case of a solver error. Addi琀椀onally, the daily maxima of the oscilla琀椀ng curve—represen琀椀ng 
c(N₂) at night—drop below c(N₂)*. Over several day-night cycles (~500 hours simulated), the 
N₂ level does not recover over night to its former level c(N2)*.
As depicted in Fig. 4.5c, the rela琀椀onship between starch produc琀椀on and N₂ consump琀椀on can 
thus be characterized as follows: starch produc琀椀on increases when nitrogen availability 
decreases. The produc琀椀on of starch, i.e., the level of the starch pool, rises signi昀椀cantly when 
the minima of the 昀氀uctua琀椀ng c(N₂) curve approach the equilibrium [N₂]. 
Furthermore, when starch produc琀椀on exceeds nigh琀�me consump琀椀on, this leads to a starch 
overproduc琀椀on, thus its concentra琀椀on never reaches zero. This overproduc琀椀on occurs 
precisely when the N₂ concentra琀椀on ceases to oscillate in a diurnal cycle (tsim ≈ 11,500 h).  A 
stop of oscilla琀椀on in N2 concentra琀椀on at exactly that moment, is most likely to be explained 
as there is su昀케ciently starch available at nigh琀�me, to support growth in the dark phase. 
Consequently, N is taken up by the system constantly and never replenished back to its 
satura琀椀on state c(N2) *, as shown in Fig. 4.5a and Fig. 4.5c 
In Fig. 4.5c a sudden peak in starch level appears, at approx. same 琀椀me as in c(N). It is 
however not clear if it is re昀氀ec琀椀ng the current situa琀椀on of the system in par琀椀cular the level 
of N2 or, if it is due to a failure of the solver. However, the consecu琀椀ve drop of starch 
concentra琀椀on below zero Fig. 4.5d can only be caused by a solver failure, probably caused by 
numerical instability of the method. 

Fig. 4.6 Deriva琀椀ves of dynamically modelled metabolite with respect to 琀椀me. 
a) deriva琀椀ve of Biomass concentra琀椀on in system environment with respect to 琀椀me (y-axis). b) deriva琀椀ve of Starch 
concentra琀椀on in system environment with respect to 琀椀me (y-axis). c) deriva琀椀ve of N2 concentra琀椀on in system 
environment with respect to 琀椀me (y-axis). d) deriva琀椀ve of NH4 concentra琀椀on in system environment with respect to 
琀椀me (y-axis). The deriva琀椀ves are the current hourly change rates of state of the system (concentra琀椀ons), at 
respec琀椀ve hour simulated (x-axis).
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Fig. 4.6 , shows Deriva琀椀ves of dynamically modelled metabolites, thus the hourly change 
rates of metabolite concentra琀椀ons in system environment. A important diference of the 
deriva琀椀ves as shown above in Fig. 4.6 and 昀氀uxes as shown e.g. in Fig. 4.7, is that the 
deriva琀椀ves are scaled with respect to the systems volume. In Fig. 4.6.a we see the change 
rate of the biomass, re昀氀ec琀椀ng the exponen琀椀al growth of the biomass. It expresses the 
produc琀椀on of biomass per hour in absolute numbers. Since there is not enough starch 
available at nigh琀�me yet, we see strong 昀氀uctua琀椀ons in that 琀椀me span of tsim=[6000,11500]. 
The change rate drops with the N2 concentra琀椀on approaching its equilibrium; Then, the rate 
stops oscilla琀椀ng since the system has reached a state where there is enough starch available 
at nigh琀�me, to support growth.  The Fig. 4.6.b shows the change rate of the starch 
concentra琀椀on. At about tsim  = 11000 the starch consump琀椀on and produc琀椀on accelerates 
strongly however the speed of produc琀椀on increases faster, then the consump琀椀on, thus 
ini琀椀a琀椀ng over produc琀椀on of Starch. Moreover, the change rate for the concentra琀椀on of N2 is 
described by Fig. 4.6.c. The larger amplitude observed here indicates a faster N-uptake at the 
day琀椀me, when it is u琀椀lized leading to greater deple琀椀on of the N pool at day琀椀me as can be 
seen in Fig. 4.5a and Fig. 4.5c.  Consequently, more N can be replenished by difusion at 
nigh琀�me, which explains an increase in N change rate.  In other words, during the period of 
high amplitude between tsim = [10,000, 11,500], an increase of the N2 change rate does not 
indicate that addi琀椀onal nitrogen is being produced; rather, more nitrogen is required or able 
to difuse into the system environment at night to compensate for the increased day琀椀me 
deple琀椀on. Most importantly, at the end phase of the simula琀椀on star琀椀ng at about tsim=11500 
h, the change rate remaining at zero indicates that the N concentra琀椀on int environment has 
reached its equilibrium concentra琀椀on [N2]. Thus, the rate of N-uptake equals the rate of N 
difusion replenishing the Nitrogen in the environment. Finally, Fig. 4.6.d illustrates the 
model9s NH₄ consump琀椀on. The data show that NH₄ uptake increases as biomass in the 
system environment grows, un琀椀l NH₄ is fully depleted at approximately tsim = 1,000.



In Fig. 4.7.a, the increase in starch produc琀椀on around t = 1,000 is caused by NH₄ deple琀椀on in 
the system environment. Addi琀椀onally, the drop in starch 昀氀ux at t = 6,000 hours, which 
corresponds to a sudden spike in starch uptake, appears to be a reac琀椀on to an error—
speci昀椀cally, the abrupt increase in starch concentra琀椀on visible in Fig. 4.5d at the same 琀椀me 
point. Furthermore, the sudden drop in starch 昀氀ux around t = 11,000 hours in Fig. 4.7.a 
suggests that more starch may be u琀椀lized at night in response to a corresponding increase in 
starch produc琀椀on during the day. The availability of carbon at night leads to increased 
growth rates and nitrogen consump琀椀on, preven琀椀ng nitrogen replenishment. Consequently, 
starch consump琀椀on follows a hyperbolic decrease at night, likely due to reduced nitrogen 
availability, which limits growth and, in turn, lowers starch consump琀椀on. At the same 琀椀me, 
starch produc琀椀on exhibits a hyperbolic increase, likely due to nitrogen limita琀椀on on 
growth—causing excess carbon to be converted into starch instead of biomass.
The radial plots in Fig. 4.7 illustrates the average starch 昀氀ux at diferent 琀椀mes of the day. The 

Fig. 4.7 Strach 昀氀uxes over span of the whole simula琀椀on. The 昀椀gures show the Starch 昀氀uxes of the ViNE model, 
posi琀椀ve 昀氀uxes are starch produc琀椀on, nega琀椀ve 昀氀uxes are starch degrada琀椀on. a). starch 昀氀uxes in nmol gDW-1 h-1 (y-axis), 
at given simulated hour (x-axis). b) Mean starch 昀氀ux grouped by day琀椀me. The line in orange depicts the avg. 昀氀ux in in 
nmol gDW-1 h-1. c) The line in brown shows starch 昀氀ux in span of whole simula琀椀on at respec琀椀ve day 琀椀me. For b) and c) 
the day琀椀me within simula琀椀on is given by the numbers around edge of the radial plots. The blue shaded area 
represents nigh琀�me, the yellow highlighted area the day琀椀me.
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昀氀ux values from the simula琀椀on (160,000 data points over 541 days) were grouped into 1-
hour bins, with the mean 昀氀ux calculated for each bin and plo琀琀ed Fig. 4.7b-c.
In Fig. 4.7.b, a sharp decrease in starch 昀氀ux is observed at 15:00, indica琀椀ng that consump琀椀on 
begins before nigh琀�me, while produc琀椀on appears to start at dawn. Moreover, starch 
consump琀椀on peaks around dusk, with the uptake 昀氀ux being lower on average for the rest of 
the night. This might suggest that starch is not consumed at a constant rate throughout the 
night. But might just be caused by varia琀椀ons in consump琀椀on at nigh琀�me occurring across 
the simula琀椀on. The plot in Fig. 4.7.b depicts all starch 昀氀uxes over the simulated 琀椀me, the 
biggest varia琀椀on is visible around dusk, par琀椀cularly between 15:00 and 19:00.

In the early phase of the simula琀椀on (Fig. 4.8.a) one can see that starch is being u琀椀lized over 
the whole span of the nigh琀�me, however the produc琀椀on of starch starts rela琀椀vely late in 
day 琀椀me, that is  starch is being consumed 琀椀ll about 2h a昀琀er dawn. Except for the outlier 
visible in Fig. 4.8.a at tsim= 6000 hours, there is no visible diference for the two radial plots of 
the early simula琀椀on phase. In the middle phase of the simula琀椀on (Fig. 4.8.b), a diference 
between median and mean radial plot at can be no琀椀ced at nigh琀�me. In the plot where 

Fig. 4.8  Mean and median starch 昀氀ux grouped by day琀椀me in di昀昀erent phases of the simula琀椀on. The line in red depicts the 
avg. 昀氀ux in in nmol gDW-1 h-1. The day琀椀me within the simula琀椀on is given by the numbers around edge of the radial plots. The 
blue shaded area represents nigh琀�me, the yellow highlighted area the day琀椀me. a) Mean and median starch 昀氀ux grouped by 
day琀椀me over simula琀椀on interval of t0=0 to the 6500th hour simulated. b) Mean and median starch 昀氀ux grouped by day琀椀me 
beginning with 6500th hour simulated un琀椀l hour 11500. c) Mean and median starch 昀氀ux grouped by day琀椀me of the interval 
star琀椀ng with tsim > 11500 un琀椀l end of simula琀椀on at 13000 hours simulated.
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starch was grouped by median (bo琀琀om), we can see that starch uptake already stops at 
midnight. Indica琀椀ng that there is not enough starch being produced at day琀椀me, to support 
biomass produc琀椀on throughout the nigh琀�me. 

Nigh琀�me is where light intensity is that low such that no or not enough CO2 can be 昀椀xed 
thus no growth is possible. Consequently, no feasible solu琀椀on can be achieved and there is 
no metabolic ac琀椀vity of the model possible without uptake of starch as carbon source
The minimal required light uptake by the model, is the amount of light (nmol photons / gDW 
h) or any other C-source necessary for the op琀椀miza琀椀on to be feasible. The minimal uptake 
required (without any starch available), by the model was determined to be 12.5% of 
maximal light intensity. Consequently, dawn and dusk are the two points on the sine func琀椀on 
where it equals i(t)=0.125 within each period. Thus, the sine func琀椀on was calculated such 
that the distance between these two points exactly equals the day length  Δā. However as 
e.g. shown by Fig. 4.7.b, the avg. starch 昀氀ux by day琀椀me indicates, that in fact not the whole 
琀椀mespan of Δā = 12 h is being u琀椀lized by the model to produce starch. Rather the 琀椀me span 
of 6:00 to 15:00 (9 h), shows a posi琀椀ve starch 昀氀ux that is a net produc琀椀on, as opposed to 
consump琀椀on of starch represented by a nega琀椀ve 昀氀ux value.  
That behaviour, of starch degrada琀椀on star琀椀ng at late a昀琀ernoon can observed throughout 
most of the simula琀椀on. This is most likely caused by the way hierarchical op琀椀misa琀椀on is 
structured with biomass produc琀椀on being priori琀椀zed over starch produc琀椀on. Therefore, to 
achieve the highest growth rate possible starch is being consumed if available even though 
not it is not necessary, since photosynthe琀椀c ac琀椀vity provides enough carbon to sustain 
metabolism. Consequently, starch is not only being consumed when strictly necessary and 
depletes too early in the night. This is of course not as intended, but it is however 
ques琀椀onable if this efects the simula琀椀on result anyway. To be more speci昀椀c it could be 
argued that this is just reloca琀椀on of biomass produc琀椀on poten琀椀al. More growth in twilight 
phase in return for less or no produc琀椀vity in the second half of the night. In this dFBA 
implementa琀椀on the growth rate is only op琀椀mized instantaneously, that is for the current 
琀椀me step and not op琀椀mized over the whole 琀椀me horizon of the simula琀椀on. Thus, using 
dynamic objec琀椀ve func琀椀on as possible with dynamic op琀椀miza琀椀on approach, we might see a 
diferent behaviour. With the op琀椀miza琀椀on of the model not being blind for future. 

In the Late phase (Fig. 4.8.c) we can see that starch consump琀椀on starts later in the day, a 
possible reason for that might be with N being more limi琀椀ng to growth. Consequently, less 
carbon uptake is necessary to support biomass produc琀椀on, achievable under given N 
limita琀椀on. Moreover, we can see that the produc琀椀on of starch precisely starts at dawn at 
6:00. Considering the starch over produc琀椀on at the end phase of the simula琀椀on this unlikely 
caused by an exhaus琀椀on of starch reserve, but most likely due to the fact that the low 
growth rate at end of the simula琀椀on can already be sustained with I0 = 0.125 light intensity 
available at dawn. Consequently, we can also see that the uptake phase of starch starts later 
in the day then in earlier phase of the simula琀椀on. 



4.4.1 Solved Problems per hour simulated

The run琀椀me behaviour of the simula琀椀on was analysed, that is with respect of increases in 
itera琀椀ons necessary to calculate the current state of the system. Furthermore, to locate 
<regions= with in the span of the simula琀椀on that posed problema琀椀c for the solver. 
In order to pursue this analysis, the documented itera琀椀ons were grouped with respect to 
their simula琀椀on 琀椀me in bins of size 1h. Worth no琀椀ng is that the solver can take step back in 
琀椀me to 昀椀nd the right trajectory for the solu琀椀on. The plot in Fig. 4.9.a shows the total number 
of itera琀椀ons per simulated hour. To the le昀琀 of the plot at about 1000 - 2000 h a strong 
increase in computa琀椀ons is visible. This coincides with the deple琀椀on of NH4 and the switch to 
N2 as Nitrogen source. This is consistent with the 昀氀uctua琀椀ons in growth rate in Fig. 4.10.b. 
The number of itera琀椀ons necessary for the solver per simulated hour, increase strongly 
within the 琀椀me span tsim= [4000, 10000], at tsim = 4000 h is where the daily growth rate 
shows an sudden increase as seen in Fig. 4.10.b, at around tsim= 5500 the amplitude of the N2 

昀氀uctua琀椀ons start to increase notably, as shown in . Moreover, a drop an increase in the trend 
is also visible at tsim = 6000 h this is where the solu琀椀on of the simula琀椀on shows unreasonable 
spikes in concentra琀椀on of environmental metabolites, indica琀椀ng possibly numerical 
problems of the solver. However, the plot in Fig. 4.9.a doesn9t indicate extreme changes in 
computa琀椀ons necessary at this step in the simula琀椀on. More general speaking a local increase 
is visible, but it is not an event diferen琀椀a琀椀ng from the global trend. 
The biggest increase can be seen at tsim = [10000, 12000]. This is where we can see an 
increase in oscilla琀椀on in starch and N2 levels. A rapid decline in itera琀椀ons taken can be seen 
at the end of the simula琀椀on where N2 is close to equilibrium. 
In the radial plots of  Fig. 4.9.b and Fig. 4.9.c we can see the mean and median number of 
itera琀椀ons by day琀椀me over the whole simula琀椀on 琀椀me. In comparison the plot to the le昀琀 Fig. 
4.9.b, shows a much higher average of itera琀椀ons in the 昀椀rst quarter of the day琀椀me, then the 
plot to the right.  Therefore, we can say that not all calcula琀椀ons in the span of the simula琀椀on 
happen uniformly during same 琀椀me of day. A subdivision of the simula琀椀on 琀椀me into shorter 
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Fig. 4.9 Number of itera琀椀ons per simulated hour. 
a) the number of itera琀椀ons per bin of size 1h (x-axis), plo琀琀ed against respec琀椀ve simula琀椀on 琀椀me, the simulated hour (y-axis). 
The binned data from a) was used to generate plots in b) and c). The line in red depicts the mean or median number of 
itera琀椀ons per day琀椀me over the whole span of 琀椀me simulated. The day琀椀me within the simula琀椀on is given by the numbers 
around edge of the radial plots. The blue shaded area represents nigh琀�me, the yellow highlighted area the day琀椀me. b) 
mean number of itera琀椀ons grouped by day琀椀me. c) median number of itera琀椀ons grouped by day琀椀me. 



intervals, depic琀椀ng diferent phase of the simula琀椀on with a dedicated radial plot would be 
bene昀椀cial for further inspec琀椀ng the diferences in Fig. 4.9.b and Fig. 4.9.c . #However, due to 
a technical failure almost all data necessary for further analysing the results of the simula琀椀on 
is lost.
Of course, the mean as a measure of central tendency is more sensi琀椀ve to extreme values 
then the median. Therefore, the outlier  Fig. 4.9.b  between 6:00 and 9:00 might indicate 
that much of the ac琀椀vity at tsim = [10000, 12000] shown in Fig. 4.9.a, happens early in the 
day. Most likely, this is caused by rather abrupt decline in N2 concentra琀椀on in the 
environment, coupled with starch produc琀椀on and increased biomass produc琀椀on.

Overall, most of the ac琀椀vity happens during the day琀椀me, also visible in both plots b and c is a 
dent during the noon. A behaviour that that can also be seen in the amount of CO2 evoked in 
N-昀椀xing nodules (see Fig. 4.14). Worth no琀椀cing is that the max step size of the solver is set to 
0.5, this means that the lower bound itera琀椀ons per simulated hour is exactly 2. As can be 
seen at nigh琀�me in Fig. 4.9.c.

4.4.2 The growth rate of the model
 The 昀氀uctua琀椀ons of the growth rate in the day night-cycle can be seen in Fig. 4.10

The model exhibits a daily growth rate of about 0.05 day-1 ,  in the 琀椀me span where NH4 is 
available as N-source and is primarily used as such by the model. As can be seen in Fig. 4.10.a 
the model achieves a peak growth rate of 0.125 day-1  which is slightly higher than the 
experimental determined growth rate for M. Truncatula of 0.1 day-1  (Lötscher et al., 2004). 
However, the daily average is about half of this rate indica琀椀ng, that the starch available at 
nigh琀�me is insu昀케cient to support this growth rate.
At around 1000 hours simulated a signi昀椀cant drop in the daily growth rate can be observed in  
Fig. 4.10.b. Followed by increased 昀氀uctua琀椀ons in growth rate probably within the 琀椀me span 
simula琀椀on where both N2 and NH4 is available, with NH4 close to 0.
A sudden increase on growth rate is visible at around 3500 h, further the daily growth rat 

Fig. 4.10 Growth rate of the model.  a) The growth rate of the model at each itera琀椀on [day-1], calculated from the growth 
rate in mg gDW-1 h-1 achieved by the ViNE model, thus showing 昀氀uctua琀椀ons in day night-cycle (y-axis) plo琀琀ed against the 
simulated 琀椀me in hours (x-axis). b) avg. growth rate from a) grouped by day, expressing daily growth rate (y-axis) at 
respec琀椀ve day in simula琀椀on (x-axis)
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oscillates strongly however the overall trend shows an increase in growth un琀椀l about 6000h. 
Moreover, a昀琀er around 7000h simulated the oscilla琀椀ons stabilize, 昀氀uctua琀椀ng slightly below 
the growth rate value of 0.04 day-1. 
In Fig. 4.10.a, one can see in the Interval of tsim = [1000,10000], that the upper limit for the 
growth rate is about 0.044 [1/d] at day 琀椀me, which is the reported growth rate of the ViNE 
model in (diCenzo et al., 2020). A昀琀er about 9000 h simulated, the trend of the growth rate 
curve is declining. It is not clear what is causing this decline, since the growth rate is yet no 
limited by N uptake. At around 11500 h we can see that growth drops and raises very quickly, 
the sudden raise might indicate that growth is no longer limited by carbon availability, with 
the onset of starch overproduc琀椀on. In the end phase of the simula琀椀on in the interval 
tsim= [11500,13000], a gradual decline of growth in accordance with the concentra琀椀on of N2 
in the system environment. Thus, it marks the transi琀椀on of growth being limited by carbon to 
being limited by Nitrogen.

In Fig. 4.11.we can see that growth is only possible during day琀椀me since not enough starch is 
available in the pool at night. In Fig. 4.11.b we can see some growth at nigh琀�me but not 
enough to support biomass produc琀椀on over the whole night period. It also shows a slight 
dent in the avg. growth around noon. This complies with number of itera琀椀ons in Fig. 4.9.b 
and c and observa琀椀on of the Nodule III CO2 secre琀椀on at noon in Fig. 4.14. 

Fig. 4.11 Mean growth rate grouped by day琀椀me. The line in red depicts the avg. growth rate [day-1] 
calculated from the rate mg gDW-1 h-1 given by the ViNE model. The day琀椀me within the simula琀椀on is given 
by the numbers around edge of the radial plots. The blue shaded area represents nigh琀�me, the yellow 
highlighted area the day琀椀me. a) Mean growth rate grouped by day琀椀me over simula琀椀on interval of t0=0 to 
the 6500th hour simulated. b) Mean growth rate grouped by day琀椀me beginning with 6500th hour simulated 
un琀椀l hour 11500. c) Mean growth rate grouped by day琀椀me of the interval star琀椀ng with tsim > 11500 un琀椀l 
end of simula琀椀on at 13000 hours simulated.
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4.4.3 Yield CO2 evoked per N2 昀椀xed

(Frank R. Minchin & John F. Wi琀琀y, 2005)The plo琀琀ed yield in Fig. 4.12a, which represents the 
amount of CO₂ released by nodules per N₂ 昀椀xed over the en琀椀re simula琀椀on period, exhibits a 
pronounced peak around tsim =[9000,11000]. In fact, the highest ac琀椀vity of can be observed 
within this 琀椀me interval of the simula琀椀on. The yield displayed in this interval far exceeds the 
experimentally determined range for the respiratory carbon cost of N₂ 昀椀xa琀椀on, which is 
reported as 3 – 5 [ g C g-1 N], by  (Frank R. Minchin & John F. Wi琀琀y, 2005). 
In Fig. 4.12b, pronounced 昀氀uctua琀椀ons in the yield are observed, with a no琀椀ceable rise in the 
lower envelope of the oscilla琀椀ons around 10 500 h. This transi琀椀on occurs as the model shi昀琀s 
form the state of biomass produc琀椀on to the state of starch produc琀椀on, due to N₂ becoming 
increasingly depleted. The 昀氀uctua琀椀ons cease at 12 000 h, with N2 reaching its equilibrium.
It should be noted that the ini琀椀al 1,000 h are not displayed in the plots of Fig. 4.12 and  Fig. 
4.13. This is due to the absence of N2 昀椀xa琀椀on, concurring with the availability of NH4.

Fig. 4.12 Yield of CO2 evoked per N2 昀椀xed in mature 
Nodules (NodIII). The yield was calculated as the 
frac琀椀on of CO2 evoked by Nodule III per N2 昀椀xed in 
Nodule III. The respec琀椀ve 昀氀uxes in g C and g N where 
calculated. a) The yield given by the ra琀椀o g C g-1N 
(y-axis) plo琀琀ed against the hours simulated (x-axis). 
b)  The Yield data from a) with yield values > 
median+4 MAD removed from the plot (y-axis) 
against the simula琀椀on 琀椀me in hours (x-axis).c) & d) 
radial plots of yield data from a) in plot c) (le昀琀) and 
data from b) for the radial plot in d) (right). The line in 
red depicts the mean or median yield [g C g-1N]. The 
day琀椀me within the simula琀椀on is given by the 
numbers around edge of the radial plots. The blue 
shaded area represents nigh琀�me, the yellow 
highlighted area the day琀椀me.
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The radial plots in Fig. 4.13 show the median yield per day琀椀me, at diferent stages of the 
simula琀椀on. In the radial pots in the middle (Fig. 4.13b &e) we can see a sever diference 
between the 昀椀ltered and un昀椀ltered data, as is described in the 昀椀gure cap琀椀on. 
It remains unclear whether the outliers visible in the middle of the simula琀椀on are genuine 
proper琀椀es of the system9s dynamics, re昀氀ect an underlying biological reality, or are merely 
numerical ar琀椀facts—possibly noise generated by very low levels of N₂ 昀椀xa琀椀on. However, no 
evidence was found for signi昀椀cant outliers or abrupt changes in the amount of CO₂ released 
by the nodules. It is therefore most likely that the observed varia琀椀on re昀氀ects diferences in 
N₂ 昀椀xa琀椀on.

Fig. 4.14 Median of CO2 evoked by mature Nodules per day琀椀me. The line in red depicts the median 昀氀ux of CO2 in nmol gDW-1 h-1 

grouped by day琀椀me. The day琀椀me within the simula琀椀on is given by the numbers around edge of the radial plots. The blue shaded 
area represents nigh琀�me, the yellow highlighted area the day琀椀me.
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Fig. 4.13  Radial plots of Yield of CO2 evoked per N2 昀椀xed in mature Nodules (NodIII) grouped by day琀椀me over di昀昀erent 
intervals of the simula琀椀on. The line in red depicts the median yield in g C g-1N. The day琀椀me within the simula琀椀on is given 
by the numbers around edge of the radial plots. The blue shaded area represents nigh琀�me, the yellow highlighted area the 
day琀椀me. a) to c) The 昀椀rst row describes the Yield in the intervals as described by tsim at top of the plots in hours simulated. 
d) to f) The second row of plots depict same intervals as described in 昀椀rst row, but data 昀椀ltered with yield values > 
median+4 MAD removed from the plo琀琀ed data.
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The plot in Fig. 4.13.c shows an equal yield at all day琀椀mes, with a yield of ca. 4.5 g C / g N 
昀椀xed. This is within a usual range, slightly higher than the reported yield for the ViNE model 
of 4.2 g C / g N 昀椀xed by(diCenzo et al., 2020). A decrease in CO2 emission, could already be 
observed in the ViNE model outside the context of this dFBA model. That is only for the 
mature Nodules III, has been observed that the emission of CO2 would increase with 
increasing light intensity, like in all other Nodules and the roots system. However, once 
photons uptake threshold of 1 ⋅ 106 nmol / gDWh has been reached the N-昀椀xing Nodules III 
exhibit a steep decline of CO2 emissions. This can be seen in Fig. 4.14, where the amount of 
CO2 evoked at noon dras琀椀cally decreases.  

Comparing the radial plots of Fig. 4.13, we can see excluding the outliers present in the 
period tsim=[8000, 11 500], the yield at earlier phases and mid phase Fig. 4.13.b seem to 
agree.  The exhibited range of yield also most agrees with the plots of the end phase of the 
simula琀椀on The slightly higher yield can be a琀琀ributed to the lower N2 昀椀xa琀椀on compared to 
the amount of CO2 evoked. The most prominent diference, however, is the yield at day琀椀me 
of the late stage of the simula琀椀on compared to the yield before tsim= 11,500 hours.  In the 
earlier phases we see a con琀椀nuous yield consistent with the end phase, but a lower yield at 
day琀椀me around the noon, a behaviour already discussed. Nevertheless, assuming the 
decrease in yield or CO2 evoked is caused by the availability of a C-source would imply that 
we could see same behaviour in end phase as well at night as at day琀椀me, with starch being 
available thus C not limi琀椀ng. So, one might conclude that it is speci昀椀cally rela琀椀ng to CO2 
昀椀xa琀椀on as carbon source or the uptake of photons by the model. For, instance it could be 
possible that under higher irradia琀椀on the model u琀椀lizes a diferent pathway. But why don9t 
we see this dent at noon not in the late pashes of the simula琀椀on? A possible an answer 
might be that it9s the lower N2 昀椀xa琀椀on rate due to limited N availability. In this case it would 
be necessary to test if the model shows the same behaviour of reduced CO2 emissions by the 
nodules under restricted N2 uptake. Unfortunately, due a technical failure all data resul琀椀ng 
from the simula琀椀on where lost, thus it could not be inves琀椀gated further. 



4.4.4 Starch content

In Fig. 4.15 we see the frac琀椀on of biomass that is starch in percent of total biomass in the 
system environment, that is the biomass plus the starch concentra琀椀on in the environment of 
the system. Further the simula琀椀on starts with 5% starch and drops at tsim=1000, where NH4 
depletes. This can be explained by the frac琀椀on of starch is only decreasing rela琀椀ve to 
biomass. Since during that 琀椀me span, the model shows almost twice the growth rate then 
without addi琀椀onal NH4. Unclear what the rise and fall of the starch frac琀椀on of biomass 
between tsim =[1000,5500], is caused by, but in Fig. 4.10.b we see an increase in the average  
daily growth rate. Thus, what we can conclude is that the starch frac琀椀on drops when growth 
rate is high and vice versa. At tsim=[ 5500, 6000] h we see the outlier consistently present in 
all simula琀椀on results. This is followed by rather stable 昀氀uctua琀椀on of starch frac琀椀on in the 
day-night cycle. Un琀椀l the model switches from biomass produc琀椀on to starch produc琀椀on, 
when N2 approaches equilibrium. Finally with the start of starch over produc琀椀on at 
tsim=11500, the starch frac琀椀on starts to raise from below 10 % up to 40% of Biomass. 
Experimental data on A. Thaliana suggest that 5% of overall pant biomass is starch (Williams 
et al., 2010),, however the frac琀椀on of starch in leaves is assumed to be 2.5 % (Ramonell KM, 
2001). At the beginning of the simula琀椀on the avg. starch content is about in that range. 
However, in the mid of the simula琀椀on, compare Fig. 4.15.c  the amount of starch rela琀椀ve to 
the total biomass in the system is way below that value, at about a median of 0.5 %. In the 

Fig. 4.15 Starch content in system environment. That is the 
propor琀椀on   biomass that is starch in the total amount of 
Biomass in the system environment. a) starch content over 
whole span of simula琀椀on. The starch percentage of total 
biomass (biomass + starch concentra琀椀on) is shown on the y-axis, 
at respec琀椀ve simula琀椀on 琀椀me (x-axis). The radial plots b) to e) 
depict the median starch frac琀椀on in % of total biomass grouped 
by day琀椀me. Thus, the plot in b) for the simula琀椀on 琀椀me interval 0 
to 5500 hour simulated, c) the interval 0 to 6500 h, d) the 
interval 6500 -11500 h and e) the interval 11500 - 13000 the end 
of the simula琀椀on. The line in red depicts the median starch 
frac琀椀on in % of Biomass. The day琀椀me within the simula琀椀on is 
given by the numbers around edge of the radial plots. The blue 
shaded area represents nigh琀�me, the yellow highlighted area 
the day琀椀me.
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late phase of the simula琀椀on the starch content rela琀椀ve to the biomass is way too high.  With 
higher availability of N in equilibrium of the model, we would see higher growth rate with 
less starch produc琀椀on, thus it is possible the chosen value for KLA is inaccurate. This would 
however only delay this dispropor琀椀onately high frac琀椀on of starch in the total Biomass. 
Therefore, this re昀氀ects a limita琀椀on of the model. First it there is only on starch pool, not 
diferen琀椀a琀椀ng between transitory starch in leaves and long-term stored starch in storage 
roots. Also, the produced starch is biomass but is not accounted for in the biomass reac琀椀on 
of the Model. What more is, the model does not constrain how much of biomass can be 
starch. In other words, there is no limit on how much starch can be accumulated, especially 
with respect to biomass.

At the end of the simula琀椀on only 40% of starch produced at day琀椀me is being consumed at 
night. This is an es琀椀mate derived from Fig. 4.7.a and Fig. 4.8.c, the 昀椀gures depict a 
produc琀椀on 昀氀ux of 25 µmol gDW-1 h-1 and a consump琀椀on of around 10 µmol gDW-1 h-1 thus 
the produc琀椀on is about 2.5 琀椀mes the consump琀椀on. Further in Fig. 4.6.b  the hourly change 
rate of starch, shows a produc琀椀on of up to 100 g L-1 h-1 but only a consump琀椀on of up to 40 g 
L-1 h-1.  Thus, at the end of the simula琀椀on 60 % of starch remains in the pool at dusk, which 
would be transported to the roots for long term storage. A frac琀椀on which considerably to 
high given the literature indicates that 5-10% of transitory starch remains at the end of the 
night in A. Thaliana leaves (Gibon et al., 2009).    



5. Discussion 

5.1 Growth rate of the model
The growth rate of the model is ether limited by the availability of carbon or limited by 
Nitrogen. The 昀椀rst case is par琀椀cularly true in early simula琀椀ons but also in middle phase. 
Moreover, there is not enough Starch available at nigh琀�me, so growth is mostly limited to 
day琀椀me. The second case, where the growth rate is reduced by the availability of N, can be 
seen in the end phase of the simula琀椀on, where there is more starch produced then 
consumed in the day-night cycle. The average growth rate of 0.026 [1 /day], by the model 
over the whole simula琀椀on 琀椀me, is about half of rate reported by (diCenzo et al., 2020), for 
the ViNE model of 0.044 [1 /day]. The reported rate, refers to the model with N2 being the 
only N-source and light uptake limited to 1000 µmol / gDW h. The photon uptake at noon for 
this model is about twice as high. Consequently, we can see signi昀椀cantly higher growth at the 
start where NH4 is available. So, for most of the simula琀椀on span µ is limited by carbon not N, 
thus it can be expected that mean growth rate is about half the rate of the ViNE model, or in 
the rage of mean growth rate ±1 std (mean = 0.026, median = 0.028, std = 0.023). However, 
for the end phase of the simula琀椀on the rate drops to around 0.014[1/day] due to N in 
equilibrium being limited by difusion. In other words, by the chosen value of the parameter Ă�ÿ. This rate is low, but s琀椀ll in a reasonable range in under considera琀椀on of rate reported 
for the ViNE model. Yet, it is about one order smaller than the experimentally determined 
value of 0.1 [1/day] for Medicago sa琀椀va reported in (Lötscher et al., 2004). These 
measurements were conducted under a 16/8-hour day-night cycle with a light intensity of 
350 µmol m-2s-1, resul琀椀ng in a day light Integral (DLI) of 20.16 mol m-2day-1. To put this in 
comparison with the condi琀椀ons of the simula琀椀on, the 12/12 hours day-night cycle, with a 
PFD of 400 µmol m-2s-1 at noon resul琀椀ng in a DLI of 17.28 mol m-2day-1, this is diference of 
about 17%. Nevertheless, this diference in carbon uptake does not afect the growth rate of 
the end of the simula琀椀on where it is limited by N uptake. 
Note the DLI values were calculated with an online calculator (Rafay, n.d.) and not calculated 
based on the model light func琀椀on, it is thus only an es琀椀mate of the diference in light 
exposure. Also the light exposure can be adjust, by not only change the day length itself, but 
also by de昀椀ning the start of the day with the I0 parameter. 

The availability of N can be adjusted in two possible ways, 昀椀rstly by adjus琀椀ng the parameter Ă�ÿ controlling N difusion. Secondly, by modelling regenera琀椀on of bioavailable N in the soil. 
This can be done be introducing a difusion term Ă�ÿ for NH4 concentra琀椀on. 

With Ă�ÿ being a parameter determining gas transfer from gaseous to liquid phase in 
Bioreactors. Thus Ă�ÿ values like the one found in (Promma et al., 2024) refers to the 
amount of gas being transferred in a reactor tank of a certain size, shape at certain 
temperature, pressure and amount of agita琀椀on (Kraakman et al., 2011). This might be 
meaning full for simula琀椀ons of bacterial batch growth in bioreactors as described in  
(Mahadevan et al., 2002), but doesn9t necessarily translate well to N-difusion in soil. 



5.1.1 Es琀椀ma琀椀on of the Ă�ÿ parameter for NH4 and N2

The parameter Ă�ÿ for NH4, can be es琀椀mated based on the rate of mineraliza琀椀on occurring 
in soil. The 昀氀ux rate could be further determined by subtrac琀椀ng the rate of N-immobiliza琀椀on 
through microbial community in the soil. Moreover, the mineraliza琀椀on and immobiliza琀椀on of 
bioavailable nitrogen depend on several factors, including temperature, soil type, pH, 
moisture levels, and the composi琀椀on of degrading organic ma琀琀er (cite) For the last 
men琀椀oned, the C:N ra琀椀o in degrading soil organic ma琀琀er, determines if and how much 
Nitrogen is immobilized by soli microbes. A C:N ra琀椀o below 40:1 favours nitrogen 
mineraliza琀椀on, whereas a higher ra琀椀o promotes nitrogen immobiliza琀椀on by soil 
microbes(Vigil & Kissel, 1991).

The net mineraliza琀椀on rate is di昀케cult to determine experimentally, if even possible. 
Therefore, a rate describing mineraliza琀椀on could be obtained from theore琀椀cal models. There 
is a whole plethora of models, documented theore琀椀cal modelling a琀琀empts describing N-昀氀ow 
in the soil, reach back at least 80 years (Manzoni & Porporato, 2009). A good star琀椀ng point 
for searching for the right model might by reviews about soil management (Kwiatkowska-
Malina, 2018) or meta studies, in this case comparing 230 diferent models (Manzoni & 
Porporato, 2009). It is further of course important to choose a model at right spa琀椀al and 
temporal scale. At the example of the Verberne Model (Verberne et al., 1990), the 
decomposi琀椀on rate for decomposable ma琀琀er by microbial biomass is given as 0.2 day-1 
although here it is unclear if this rate can be directly used as Ă�ÿ, which is given as h-1 when 
this parameter is scaled down from days to hours. What it more is, this rate doesn9t account 
for immobiliza琀椀on of N. However, in the work of Verberne and colleagues, the 昀氀uxes of net 
mineraliza琀椀on are also expressed as kg N ha-1, the parameters soil type (clay and sand), 
amount and C:N ra琀椀o of decomposable ma琀琀er added to the system. The rate of difusion in 
this dFBA model is given with respect to system volume (compare difusion of N2 in eq. (10) ), 
as described below. Ă ā(ý 2 ĀāĂÿāă )Ăā = Ă�ÿ ⋅ ( ā∗(ý 2 ĀāĂÿāă) 2 ā(ý 2 ĀāĂÿāă))   [1/ ( ⋅ ÿąă ] (5.1)

Thus, we would need to es琀椀mate the system volume per soil area to be able the calculate 
the difusion 昀氀ux value, described by le昀琀 hand side of eq. (5.1). With the 昀氀ux es琀椀mate in the 
le昀琀 hand side of the equa琀椀on and in this case ā(ý 2 ĀāĂÿāă)  ĀăÿĀą  c(NH4) = 0 , we can the 
solve for Ă�ÿ, to es琀椀mate a value  Ă�ÿ NH4. In a similar way this can be done to es琀椀mate the Ă�ÿ value for the difusion of N2.

5.2 Starch metabolism and starch content 
The starch frac琀椀on of the total biomass is overes琀椀mated by far at the end of the simula琀椀on. 
With total biomass being the biomass plus the starch in the environment of the system. 



The simplest yet most efec琀椀ve solu琀椀on would be a constraint on the amount of starch that 
can be accumulated in the starch compartment. This could be implemented by allowing 
starch produc琀椀on only if the frac琀椀on of starch is not surpassing 5% within the total biomass 
Moreover 5% is the frac琀椀on of starch in the dry weight of A. Thalian plants.

One could argue that this par琀椀ally comes down to the simplicity of the model, with only one 
starch pool. A possibility could be spli琀�ng the pool, with leaves starch pool for transitory 
starch and a root pool for storage starch. 
Moreover, transitory starch is the surplus of Starch being produced during the day and stored 
in the chloroplasts of the leaves, which is then used by the plants at nigh琀�me (Zeeman et al., 
2006). Depending on implementa琀椀on, spli琀�ng the Biomass reac琀椀on and the biomass of the 
model might not be necessary if more than one starch pool is implemented. However, the 
point being made here this solu琀椀on might only be of relevance if the biomass is split up. 
Nevertheless, spli琀�ng the biomass of the diferent Tissues in the ViNE model would allow to 
address interes琀椀ng ques琀椀ons with respect to mul琀椀 琀椀ssue models and will be discussed later 
in sec琀椀on 5.2.1. 

Other than the structure of the model, it could be reasoned that the chosen þmax Amylase ,does not re昀氀ect the speed at which starch is being consumed, amylase might not 
be rate limi琀椀ng. The mobilisa琀椀on of starch in leaves is a complicated process where a whole 
series of enzymes is involved. Furthermore, the degrada琀椀on of starch in the chloroplasts 
happens by network of enzymes rather than it being catalysed by a linear series of enzymes. 
However, the starch degrada琀椀on process can be subdivided into three steps amorphiza琀椀on 
by GWD (glucan water dikinase), dephosphoryla琀椀on by a Glucan phosphatase (SEX4, LSF2) 
and cleavage by hydrolysing enzymes like ß-amylases (BAM 1-3). On a molecular level the 
rate of starch synthesis is most likely regulated or heavily dependent on the ac琀椀vity of 
AGPase, for the rate of starch degrada琀椀on it is not that clear.  There seems to be evidence 
that transports out of the chloroplast like Mex1 for maltose and pGlcT for the transport of 
glucose play a vital role in limi琀椀ng the rate of starch degrada琀椀on  (Lloyd et al., 2005; LU & 
SHARKEY, 2006)

Evidence indicates that transitory starch metabolism is governed by the circadian clock and 
in昀氀uenced by temperature and day length, although unclear how the degrada琀椀on rates of 
starch are controlled. However there seems to be a broad consensus in literature, that 
concentra琀椀on of transitory starch declines linearly, so much so that the rate is controlled, in a 
way that almost all starch is consumed with end of night, based on the assumed day or night 
length of previous cycle (Graf & Smith, 2011; S琀椀琀琀 & Zeeman, 2012; Webb & Satake, 2015). 
Therefore, plants exposed to a sudden change in day length, would s琀椀ll adjust their starch 
degrada琀椀on rate based on the assumed length of the night. Moreover, evidence for the 
regula琀椀on of the degrada琀椀on rate is given by the observa琀椀on that in short photoperiods and 
long nights the synthesis of starch happens fast and degrada琀椀on slow, in short photoperiods 
it is reversed. For neutral photoperiods (12h/12h), as used for this simula琀椀on in this work, 
the rates are equal (Streb & Zeeman, 2012). Moreover, in A. thaliana leaves, 昀椀ndings indicate 



that under a 12h/12h day-night cycle, the transitory starch synthesis and degrada琀椀on rate is 
139 µmol gDW⁻¹ h⁻¹ (Gibon et al., 2009). This is close to the es琀椀mated upper bound for CO2 
uptake, which is about 180 µmol gDW-1h-1, which is limi琀椀ng starch produc琀椀on in this model.   

Furthermore, varying ra琀椀os of starch degrada琀椀on to synthesis, depending on day and night 
length, proposes that changes in starch metabolism rates may be regulated by the circadian 
rhythm. However, literature seem to be sugges琀椀ng that circadian control is mostly 
orchestrated on the level of diferen琀椀al gene expression (Mortada et al., 2024; Venkat & 
Muneer, 2022). Furthermore, around 30% of A. Thaliana transcripts show oscillatory 
expression pa琀琀erns in a day night cycle(Davis et al., 2015).  To get to the point dFBA does not 
consider regula琀椀on at the level of gene expression. Therefore, such changes in starch 
metabolism might not be accounted for in this model.

Lastly, it should be noted that þmax Amylase was wrongly calculated, the corrected value is not 
a 昀氀ux value achievable by the model. Of course, Vmax is only a theore琀椀cal upper limit, from 
which the upper bound of a 昀氀ux is calculated. However, the scale of this Vmax would probably 
result into a nonac琀椀ve upper bound. This might suggest that starch degrada琀椀on in leaves is 
indeed not rate limited by amylase ac琀椀vity. Certainly, this only specula琀椀on since the correct 
parameter value for þmax Amylase  has not even been tested with the model.  

Addressing the starch content, in the end phase of the simula琀椀on is limited by N, it is thus 
ques琀椀onable if higher Vmax for amylase would lead to a lower starch frac琀椀on of the biomass. 
A昀琀erall, the model can only consume as much starch at night as there is growth.  

5.2.1 Spli琀�ng the biomass
Spli琀�ng the biomass reac琀椀on, thus separa琀椀ng the biomass of the 琀椀ssues and species of the 
model into separate independent Biomass pools, would allow to u琀椀lize the advantages of 
dFBA in community modelling. Especially with respect to mul琀椀 琀椀ssue plant models, where 
metabolism is strongly afected by a diel cycle. In the current implementa琀椀on the propor琀椀on 
of the biomass reac琀椀ons of 琀椀ssues to the overall biomass reac琀椀on of the model is 昀椀xed. 
Simple, spli琀�ng up the biomass reac琀椀on of the model and op琀椀mising each biomass reac琀椀on 
independently would not be a meaningful approach. The maximiza琀椀on of biomass for all 
species in the community independently, might be meaningful in the case of microbial 
communi琀椀es. For mul琀椀-琀椀ssue models however, a diferent more sophis琀椀cated objec琀椀ve 
func琀椀on, would be required.  Moreover, the 琀椀ssues of a plant are not in compe琀椀琀椀on with 
each other. Thus, an objec琀椀ve func琀椀on would need to be developed that op琀椀mises the 
overall biomass of the system, without hardcoding the propor琀椀onal contribu琀椀on of diferent 
琀椀ssues to the overall biomass and without obtruding compe琀椀琀椀on between the diferent 
琀椀ssues. The objec琀椀ve func琀椀on should therefore imply a coopera琀椀ve and coordinated 
behaviour, where each compartment has the goal to improve the overall performance or 
wellbeing of the organism. An example for such an objec琀椀ve func琀椀on has been described by 
(de Oliveira Dal9Molin et al., 2015). The proposed objec琀椀ve func琀椀on minimizes the energy 
consumma琀椀on of the whole metabolic network, which is photon capture of the plant.  



Furthermore, spli琀�ng up the biomass would allow to analyse behaviour like plant nodule 
biomass ra琀椀o under diferent environmental constraint. For example, does nodule biomass 
increase when constantly exposed to increased [CO2] in the air, as has been discussed in 
(Libault, 2014).

5.3 Performance and stability of the simulation
It worth no琀椀cing, that many measures taken to improve the performance and stability of the 
implementa琀椀on, where introduced while the model was scaled to 昀氀uxes of completely 
diferent dimension. Thus, the 昀氀uxes where wrongly assumed to be given in µmol gDW-1 h-1 
instead of nmol gDW-1 h-1. Further, most of these measures showed a bigger efect in earlier 
version of the model then, could be observed in the present implementa琀椀on.

One of the major challenges afec琀椀ng the accuracy of simula琀椀on results was numerical 
round-of error in the es琀椀ma琀椀on of the Jacobian matrix. The Integrator func琀椀on computes 
the Jacobian numerically using 昀椀nite diferences, a method that is computa琀椀onally expensive 
and prone to numerical instability. In par琀椀cular, if the step size h becomes too small (h <  ϵ), 
the method becomes numerically unstable due to round-of errors growing in propor琀椀on to 
the step size. When h approaches or falls below the numerical precision limit of the 
computer, the accuracy of the Jacobian es琀椀ma琀椀on deteriorates, leading to instability. This is 
a limita琀椀on of the 昀氀oa琀椀ng-point arithme琀椀c performed by the computer (Tolsma & Barton, 
1998).

An a琀琀empt to replicate the simula琀椀on described in Sec琀椀on 4.3 failed a昀琀er approximately 
10,500 hours of simulated 琀椀me, which required about three days of computa琀椀on. The error 
message indicated that the LSODA solver9s step size had become too small, likely due to a 
failure in Jacobian matrix es琀椀ma琀椀on, causing the simula琀椀on to terminate.

A poten琀椀al solu琀椀on to this issue is automa琀椀c diferen琀椀a琀椀on (AD), which provides numerically 
exact and more e昀케cient Jacobian es琀椀ma琀椀on, then possible by 昀椀nite diferences (Tolsma & 
Barton, 1998). Ini琀椀al tests using ODE solvers from the SciML so昀琀ware ecosystem (Rackauckas 
& Nie, 2017) showed promising results. While the SciML solver outperformed SciPy9s 
solve_ivp func琀椀on in short simula琀椀ons, this advantage could not be veri昀椀ed for longer 
simula琀椀ons. One challenge encountered was the incompa琀椀bility of automa琀椀c diferen琀椀a琀椀on 
with the exis琀椀ng data structures of the model implementa琀椀on, requiring adapta琀椀ons to the 
model. However, SciML ofers signi昀椀cantly more customiza琀椀on op琀椀ons for numerical 
methods, making it a promising direc琀椀on for future improvements.

An even more promising approach to improving the performance and stability of the 
simula琀椀on would be, by implemen琀椀ng the model with a direct op琀椀miza琀椀on approach (DA), 
as it has been proposed in(Gomez et al., 2014; Harwood et al., 2016). This approach is far 
more e昀케cient and stable then the sta琀椀c op琀椀miza琀椀on approach and the implementa琀椀on of 
the direct approach used in this work.



The most important improvement is, that the LPs no longer need to be solved in every 
itera琀椀on of the solver func琀椀on, when the ride hand side is evaluated. It only needs to be 
solved when concentra琀椀ons in the environment change, more precisely if the system 
changes its state, which could be for instance when a metabolite depletes in the 
environment (De Becker et al., 2020).
This means, future op琀椀mal solu琀椀ons can be predicted from ini琀椀al FBA solu琀椀ons, this is 
achieved by compu琀椀ng an op琀椀mal basis for the FBA solu琀椀on, most likely to stay op琀椀mal 
during the simula琀椀on. Moreover, a basis is a collec琀椀on of basic variables, where basic 
variables are 昀氀uxes which are non-zero. Thus, an op琀椀mal basis are the nonzero 昀氀uxes of an 
op琀椀mal solu琀椀on of an LP problem. If a one of these variables drops and crosses zero, the 
basis is no longer op琀椀mal. Therefore, a new op琀椀mal basis needs to be determined, this is 
done by solving the LP problem, from which new a new op琀椀mal basis can be determined. 
Followingly, the LP problem needs to be solved at least once. Eventually it is possible to 
calculate the whole trajectory of the simula琀椀on, with solving just a few LP problems. 
(Harwood et al., 2016; The Economic Cell Collec琀椀ve (2025) et al., 2025, pp. 166–167)

A simulator using a direct approach has been implemented in DFBAlab by (Gomez et al., 
2014), with a python implementa琀椀on available by (Tourigny et al., 2020). Unfortunately, this 
implementa琀椀on of the direct approach is not compa琀椀ble with the ViNE model. For 
comparison, as reported by (Gomez et al., 2014) for a simula琀椀on of 24 hours with two 
species yeast (2191 reac琀椀on) and algae (1266 reac琀椀ons) and about 5 dynamically balanced 
metabolites, the simula琀椀on took 30 sec. to execute. Thus, a simula琀椀on of 500 days would 
have taken approximately 4 hours, instead of the 4.5 days with this implementa琀椀on.



6. Conclusion 
This work demonstrates the successful implementa琀椀on a working dFBA model. With in the 
scope of the limita琀椀on both inherited from the ViNE model and due to the simplicity of the 
model, the predic琀椀ons made by the model are reasonable. The growth rate compared to the 
ViNE model is within a meaning full range for most of the simula琀椀on. However, the µ in 
equilibrium of the N concentra琀椀on is whole magnitude, 10 琀椀mes smaller than the 
experimentally determined rate. This indicates the model's limita琀椀ons or degree of 
incompleteness. The other experimental values carbon cost for N2 昀椀xa琀椀on and starch frac琀椀on 
of biomass are predicted fairly well by the model. Most of the short coming in the predic琀椀ve 
capabili琀椀es of the model, a more detailed / nuanced modelling of N availability in the soil 
and an accurate es琀椀ma琀椀on of the parameters would be necessary. Lastly, given the current 
implanta琀椀on the model is of very limited prac琀椀cal use. The execu琀椀on 琀椀me is way too high to 
be used in prac琀椀ce, at least if not run on a high-performance compu琀椀ng cluster. Performing 
the simula琀椀on on a HPC cluster would, however, not solve instability issues of the 
simula琀椀ons. Nevertheless, the most interes琀椀ng ques琀椀on that could be addressed with the 
ViNE model would require a spli琀�ng of the biomass of the diferent 琀椀ssues and organisms.



During the prepara琀椀on of this work the author used ChatGPT in order to improve readability 
and language of this work. A昀琀er using this tool, the author reviewed and edited the content 
as needed and takes full responsibility for the content of this work.
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