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Abstract

In the past few years, Carroll theories attracted some renewed interest, due to the newly
discovered connection to holography, cosmology and dark energy. Those theories stem
from the question what happens if the speed of light goes to zero. Such limits are usually
taken before quantizing the theory. The aim of this thesis is to explore another approach
where we consider the limiting process in the quantum description of a free scalar field.
We continuously deform the fields, while fixing the metric, in order to obtain a Carrollian
theory in an appropriate limit. Further, we acquire a Carrollian Weyl-algebra in the
process where we study possible states that arise from the limit procedure.
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Kurzfassung

In den letzten Jahren haben Carroll-Theorien aufgrund der neu entdeckten Verbindung zu
Holographie, Kosmologie und dunkler Energie erneutes Interesse bekommen. Diese The-
orien basieren auf der Frage, was passiert, wenn die Lichtgeschwindigkeit zu Null tendiert.
Solche Limites werden normalerweise vor der Quantisierung der Theorie durchgefiihrt.
Das Ziel dieser Arbeit ist es, einen anderen Ansatz zu untersuchen, bei dem wir den
Grenzwertprozess in der Quantenbeschreibung eines freien Skalarfeldes beriicksichtigen.
Wir verformen die Felder kontinuierlich, wéhrend wir gleichzeitig die Metrik fest halten,
um eine Carrollsche Theorie in einem geeigneten Limes zu erhalten. Dariiber hinaus
bekommen wir durch diesen Prozess eine Carrollsche Weyl-Algebra, in der wir mégliche
Zustidnde untersuchen, die sich aus dem Grenzwertverfahren ergeben.
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Introduction

Carroll theories, quantum field theories which the Carroll transformations [LL65, SG66,
dBHO™22] as symmetries, have seen renewed interest in recent years. The reason for this
is their connection to flat space holography and the BMS symmetries [FOGP19, DGH14]
as well as to dark energy and inflation [{BHOT22]. There has also been some connection
made to algebraic quantum field theories (AQFT) under the name ultralocal theories
[Kla00, Kla70].

The idea in the construction of Carroll symmetries is to take the Lorentz transformation,
specifically the Lorentz boost, and letting the speed of light ¢ tend to 0. This is then a
conceptual analog to Galilei symmetries, which one obtains by letting ¢ — oo. Morally,
changing ¢ means changing the underlying metric.

Recent works, which look at Carroll theories, start from some action where the appro-
priate Carrollian limit has already been taken, for example [dBHO"23|, which then is
turned in a quantum theory.

We, on the other hand, already start with a quantum field theory and then “contract”,
to borrow the term from group contractions, the theory to get back a Carroll theory.
To be more precise, we start with a regular free complex scalar theory and then deform
the fields, and therefore the equations of motion, in a way that reproduces the Carroll
equations of motion in the titular Carrollian limit. We can see this as taking the limit
“inside” the quantum theory, which allows the use of standard tools for a free scalar theory.
Deforming the fields has the added benefit of leaving the metric as is.

Further, we aim to show that we can translate the net of fields, which we gained through
the deformation, to a family of Weyl-algebras and that there exists another Weyl-algebra,
which we can consider the Carrollian limit of said family. This opens up further connec-
tions to AQFT.

An introduction to the necessary mathematical tools is made in Chapter 1 of this
thesis. In Chapter 2 we motivate the scaling ansatz of the free fields and show how to
construct the family of Weyl-algebras and the limit algebra. Chapter 3 focuses on the
existence of a special state on the limit algebra, which is necessary to give an import-
ant connection to the usual way of handling quantum field theories. This chapter also
proves that this special state satisfies Carroll symmetries and hence allows us to really
consider this a electric Carroll limit of the free complex scalar theory. The purpose of
Chapter 4 is to fill in technical gaps in the arguments used in the preceding chapters
and to better classify the constructed limit Weyl-algebra. Finally, Chapter 5 shows that
the entire construction can be repeated for the conjugated momenta as well, leading to
the similar magnetic Carroll limit. We finish this thesis with a brief discussion in Chapter 6.



Contents

A solid understanding of the theory of operators and C*-algebras as well as quantum
field theory is assumed, since this thesis’ aim is not to introduce these subjects.
For the theory of C*-algebras we point to the first few chapters of [Con00|, chapter 4 in
[KR83| or the lecture notes on “C*-algebras with Aspects of Quantum Physic” [H624].
An introduction to operator theory can be found in [Con90| and the lecture notes on
“Advanced functional analysis” [H625]. For quantum field theory we recommend [NNB82].



1. Preliminary

This first chapter introduces the mathematical concepts necessary to understand the
rest of the thesis. It will consist predominantly of references to existing definitions and
theorems. The purpose is mostly fixing the notation since a deeper understanding of the
ideas presented here needs additional study outside the scope of this thesis.

1.1. Basic Notation and Fourier transform

A key tool for us will be the Fourier transform. In this section we are going to introduce
our notation and convention for the Fourier transform and also some properties, which
we will use throughout the thesis.

This thesis only deals with d 4 1-dimensional Minkowski space, i.e., with R*! together
with the metric

N = diag(1,—1,...,-1).

We will for the most part only use R**! for the notation, since the pseudo-Riemannian
structure of Minkowski space does not play much of a role for us. However, if we want to
specifically point to Minkowski spaces as a pseudo-Riemannian manifold we denote it as
RL4,

We denote elements of R4 as z#. If we need to decompose those elements we write it
as o+ = (20, z), where 2° € R and = € R%. Hence the inner product of z#, y* € R*! can
be written as 2y, = zoyo — xy.

To talk about the Fourier transform, we need to first introduce the Schwartz space.

Definition 1.1.1 (Space of Schwartz-functions)
Let n € N. We call

S(R") := {f € C*(R",C) | Vo, B € N : sup
z€R™

a:aaﬁf(x)] < oo}

the space of Schwartz functions or Schwartz space. [Ste03, p.180]

We denote with C2°(R™) the real-valued smooth functions with compact support on
R™. Clearly, we have the following chain of inclusions C2°(R") C C°(R",C) C S(R™).



1. Preliminary

We can now introduce the convention we are going to use for the Fourier transform.

Definition 1.1.2 (Fourier transform on Minkowski space)
Let f € S(R¥1), g € S(R) and h € S(RY).
Then

Fiw) = [ ditat e

]Rd""l

is called the Fourier transform of f evaluated at p* € R4+
We call

Fig(p’) = /R da® g(a)e "

the time Fourier transform of g evaluated at p° € R, and we call
Fazh(p) ::/ d%z h(z)e®P
R4

the space Fourier transform of h evaluated at p € R

As a shorthand, we will often denote }" =Ff.
The time and space Fourier transform have been introduced because at some point we
need to only Fourier transform part of the variables and it allows as to write F = Fi.F,
as operators for functions on R4, since

FiFuf 0, p) 2/ dJUO/ Az (a0, z)ei PP’
R Rd
= [ @) = F ).
We make sure to always apply F; to the 0**-variable and F, to the other d variables.

The Fourier transform can be defined on a broader class of functions then Schwartz
functions. However, as it turns out, the Fourier transform is a well-defined, linear and
bijective map from the Schwartz space to itself [Ste03, 6.2.2]. The inverse maps are given
as follows.

Definition 1.1.3 (Inverse Fourier transform on Minkowski space)
Let f € S(R™1), g € S(R) and h € S(RY).
dd+1pu

Then
Fof) = /Rd+1 (27)d+1 Fp)e e

is called the inverse Fourier transform of f evaluated at z# € R4+,
We call

_ dpo iﬂCO 0
Fitg(a?) :=/2g(p°)e P
R T
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the inverse time Fourier transform of g evaluated at z° € R, and we call

d .
Fothia) = [ ook b

the inverse space Fourier transform of h evaluated at z € R%.

We finish this section by bringing some properties of the Fourier transform to mind,
which we are going to use extensively.

Let f € S(RIHY).
(i)
0

B
aT)OFJ"(:D“) = —iF[zof](p") and afpjff(p“) =iF[z;fl(p") 1<j<d.

(i)
9 . 0 , .
F [83304 (p") = —ipoF f(p") and F [Mf] (p") =ip;Ff(p") 1<j<d.

(iii) If f is real-valued, then Ff(pt) = F f(—p").

Those properties hold not only for Schwartz functions, instead they hold whenever both
sides of an equation make sense.

From this point forward, whenever we write only | we mean me where n depends on
the context.

1.2. C*-algebra theory

As the title of this thesis suggests, we are going to encounter Weyl-algebras, which are a
special type of C*-algebras. Therefore, in this section, we introduce the basic notions of
C*-algebra theory that we will encounter.

We begin with the basic definition of what a C*-algebra is and some special elements.

Definition 1.2.1 (%-, Banach-, C*-algebra)

A normed algebra A is a complex algebra with a norm || . || such that ||[AB| < [|A| || B]|
for all A, B € A.

We call a normed algebra a Banach algebra if it is complete under its norm.

A (normed/Banach) *-algebra is a complex (normed/Banach) algebra with the addition
of an involution, which means a map * : 4 — A such that

(i) (aA + BB)* = aA* + 3B*
(ii) (AB)* = B*A*
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(ili) A = (A*)* = A

for all a, 3 € C and A, B € A.
A C*-algebra A is a Banach *-algebra fulfilling the C*-relation

|A*A|| = |AI? VAec A.

If a C*-algebra A has a unit 1 and ||1|| = 1, we call A a unital C*-algebra. [Con00, 1.1,
1.2|[H624, 0.1, 0.2, 1.1, 1.2]

Remark. As an example, for every Hilbert space H, B(#), the set of bounded linear
operators on H, is a C*-algebra.

Definition 1.2.2 (Self-adjoint, normal, unitary and positive elements)
Let A be a unital C*-algebra and A € A.

[Con00, 1.6, 3.4][H524, 1.6, 1.8, 2.11]

Next, we are also interested in how different C*-algebras are connected. The following
definitions give one of the most general type of maps between C*-algebras as well as two
special kinds of maps.

Definition 1.2.3 (x-homo-,*-iso-, *-automorphism)

A map ¢ : A — B between two C*-algebras A and B is called x-homomorphism if it is an
algebra-homomorphism and it is compatible with the involution, i.e., p(A*) = p(A)* for
all A e A.

¢ is called unital if A and B are unital C*-algebras and ¢(14) = 13.

A x-isomorphism is a bijective x-homomorphism and a *-automorphism is a x-isomorphism
where B = A. |Con00, p.2]

Remark. Note that x-isomorphisms between unital C*-algebras are automatically unital.

Definition 1.2.4 (Representations)
Let A be a unital C*-algebra.

(i) A representation of A on a Hilbert space H is a unital *-homomorphism 7 : 4 —

B(H).

(ii) A representation m: A — B(#H) is called cyclic if there exists an « € H, called the
cyclic vector, such that 7(A)x := {n(A)x | A € A} is dense in H.
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(iii) A representation m : A — B(H) is called irreducible if {0} and H are the only
closed subspaces of H invariant under all operators from 7(.A).

[Con00, 6.1, 6.7, 16.10][H5624, 3.1, 3.14]

Remark. This definition works without the assumption of A being unital. In that case,
any representation of A also does not need to be unital.

Definition 1.2.5 (States)
Let A be a unital C*-algebra and p : A — C a linear functional.

(i) p is called positive if p(A) > 0 for all A > 0.
(i

) pis called unital if p(1) = 1.
(iii) p is called a state if p is positive and unital.
)

(iv) A state p is called pure if for any two states p1, p2 and t € (0,1) with p = tp1+(1—t)p2
we have p; = ps = p.

[Con00, 7.1][H&24, 1.10, 1.12]

Remark. For any unit vector x in a Hilbert space H we can define a state p, : B(H) — C
as pa(A) = (@] Ala).

One useful property of states is that they satisfy an analog of the Cauchy-Schwarz
inequality.
Proposition 1.2.6 (Cauchy-Schwarz-inequality for positive linear functionals)
Let p be a positive linear functional on a C*-algebra A. Then for all A, B € A we have

p(A*B)[” < p(A*A)p(B*B).

[Con00, 7.2][H524, 1.10]

We finish this chapter by referencing a theorem, which gives a practical connection
between states and representations. This theorem also guarantees the existence of
representations for unital C*-algebras. It is also the reason, why one can for the most
part think of unital C*-algebras as subalgebras of bounded operators.

Theorem 1.2.7 (GNS-representation)
Let p be a state on a unital C*-algebra A. Then there exists a cyclic representation 7, of
A on the Hilbert space H, with cyclic unit vector x, such that

p(A) = (z,,m)(A)z,) VA€ A.
[Con00, 7.7][H624, 3.4]
If we use pure states in the above, we can even say more about the GNS-representation.

Theorem 1.2.8
Let p be a state on a unital C*-algebra A. Then the corresponding GNS-representation
7y is irreducible if and only if p is pure. [Con00, 32.6|[H624, 3.17]
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With the preliminaries out of the way, we can start the main construction of this thesis.
In this chapter, we will first explain the main ansatz of this thesis and then construct a
family of operators which in turn will lead naturally to the construction of a family of
Weyl-algebras. Lastly, we will construct what we call the electric Carrollian limit of the
said family of Weyl-algebras and discuss how we can make sense of this limit.

2.1. Motivating the ¢.-ansatz

Consider the free complex scalar fields ¢ and ¢! with mass m, which both solve the

Klein-Gordon-equation
Py = (02 - V2 +m*)yY =0. (2.1.1)

When moving to a quantum theory one replaces ¢ and ¢! with operator-valued dis-
tributions, which we denote with the same symbol, and supposes that the equal-time
commutator relation hold. In our case, this leads to the following relation,’

[(b(t, x), qﬁT(s, y)} =A(t—s,x—vy) (2.1.2)
where ar | |
A(t,x) == /(27T)d /dpo sgn(po) d(pg — p? — m?) e~ Pottwe (2.1.3)

We understand (2.1.3), and therefore (2.1.2), in the distributional sense. The Hilbert
space, on which ¢ and ¢! act, is at this point not really relevant to us, as we are only
interested in the algebraic relations at the beginning. Thus, we consider the computations
involving ¢ and ¢' in this chapter to be formal. This is why we let the Hilbert space and
the domain of ¢ and ¢! remain ambiguous. In Chapter 3 we will construct a representation
on an appropriate Hilbert space.

The conceptual idea of Carroll theories is that we let ¢ — 0, as outlined in [dBHO"22,
dBHO™23]. We take a different route. Instead of changing ¢, and therefore the underlying
metric, we scale the coordinates. Only we want to scale the time-coordinate differently
from the space-coordinate in a way that “time goes faster to 0 than space”, which resembles
the idea of ¢ — 0. This leads to the following definition,

Ge(t,z) = e_%qb(et,:r) and ¢l (t,x) := e_%qﬁ(et, x). (2.1.4)

'If one is not familiar with this commutator relation, it can alternatively be taken as an assumption at
this point. A calculation showing why this is the right commutator relation is contained in Chapter 4.
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At this point, there is still some arbitrariness here on how fast to scale the time-
coordinate compared to the space-coordinate and the pre-factor. Some of this will be
cleared up in the next section, but some freedom of choice will remain.

The fields ¢, and <Z5i now fulfill a different equation.
Set t' := et. Then

1. 1
0 PLY Py, 2) = (82 — V2 + m2)(t' x) = (507 = V2 + m?)y(et, )

= %(8152 — V2 EmP)Y(et, x) = e*%(af — V2 4 62m2)67%¢(6t, x).
€

The prefactor €3 is irrelevant for the solutions of this equation, hence ¢, and qzﬁz satisfy
the scaled Klein-Gordon-equation

Pap:= (0} — V2 +EmPp = 0. (2.1.5)

We also refer to P, as the scaled Klein-Gordon-operator. Note that for e = 1 we get the
original Klein-Gordon equation, i.e., P, = P.

2.2. Limit of Commutators

In this section, we start by converting the ¢.-field, which is an operator-valued distribution
at this point, to an operator and we will show how the commutator (2.1.2) translates.
This will complete the motivation for the ansatz.
Now for the next few calculations, consider

g})e(t, x) = en(a’ﬁ)gb(eat, eﬁ:c) (2.2.1)
and analogously for qBZ, where « > 8 > 0 and n : R x R — R. This still captures the
idea of letting the time-coordinate going faster to zero than the space-coordinate by the
restrictions on o and 8. We will use this general approach to address the arbitrariness of

(2.1.4) mentioned in Section 2.1.

We will now smear out the fields using
8= [ dettad(t.0) f(0.0 (229)

and analogously for qET (9), for any f,g € C°(R¥1), and calculate the commutator. As a
notation, we are going to use E, := /p? + m?2.

01,3l “27 [ dtats f2,0) [ dsalyg(s.u) [3.(6.2).6l(5,0)

10



2.2. Limit of Commutators

@z1) /dtddm £, x)/dsddyg(s,y)e%(“’ﬁ) {¢(€“t, eﬁx)’qﬁ(f%’eﬂy)]

d
(L2) 2n(a,6) / dtd’x f(t, x) / dsd®y g(s,y) / (;l ])?d
i

: /dpo sgn(po) 5(p(2) — p2 — m2) e—ipoea(t—s)Jripeﬂ(m_y)

= €2n(a7ﬂ)/ ddp
_ 2n(a.f) /

- F(e%po, € p)g( €*po, —€

d/@w@@@mﬁzo—mv&nb%g<wmrﬁm

/ dpo sgn(po) (5(p02;7pE 2 pO + Ep) )
8

p)
1 2n(a,B) / ddp < @
== E ‘E
26 (27T)dEp f( ps € p) ( € 20 )
- }(_6QEP7 6ﬁp)g(6aEP7 _eﬂp))
ps —eBp 1 ddp “ N
= 2/ (27T)d€df6_2n(o‘”8)Ep/ 5 (f(eaEp/eﬁap)g(_ﬁaEp/eﬂv _p)
- }(_EaEp/eﬁa _p)g(eaEp/eﬁap))
1 dp A -
=5 E ’ g(e*E ’
2 / (27T)d6dﬁ_2n(a7ﬁ)Ep/6,8 (f(E p/eP p)g(E p/eP p)
- .}'(eaEp/eﬁ*?p)g(eaEp/eBap)) :
The swapping of integrals in this calculation is in a sense part of the definition of the
distributional representation of Equation (2.1.3). Another argument for why we can ex-

change the integrals is because we only integrate smooth functions with compact support.
This also holds for any subsequent calculations. Note also that E_, = E,.

Looking at the expression, €* s we see that

p/e

Ep/eﬁ = ea\/(p/eﬁ)Q + m2 = \/EZ(af,B)pQ + 20m2 O,
e—0

since o, & — > 0. Similarly, for edﬁ_Q”(O"B)Ep /es we can distinguish four cases.

6dﬁ*2n(a75)Ep/Eﬁ :\/G(Qd—2)6—4n(a,,8)p2 + 2dB—4n(a,8) 2

0 ,if(d-1)8-2n(e,B) >0

E, ,ifdf—2n(o,B)=(d—1)8—2n(a,B) =0
0\ Ipl . ifd8—2n(a.B) > (d—1)8 - 2n(a, B) = 0

oo L ifdp —2n(a,B) <0

11



2. Family of Weyl-algebras

It may seem that those are not all cases, but considering that we always have
(d=1)8—2n(a, 8) < dB —2n(a, B) we can conclude that we have covert every possibility.
Note that the case df — 2n(a, ) = (d — 1)8 — 2n(a, B) = 0 can only happen if § =0
and n(a,0) = 0.

We can now look case by case, how the commutator V)E( ), &Z(g)} behaves in the limit

e — 0. Note that swapping the limit with the integral is justified if the resulting integral
converges, since f and § are Schwartz-functions.

Case 1:
If 6dﬂ_2n(a’6)Ep/€ﬁ — 00, then
e—0

}(EaEp/eﬁvp)g(eaEp/eﬁap) - }(EaEp/erBap)g(eaEp/eﬁap)>

YoumnN

L
2 (27T)d6d5*2"(a:5)Ep/65

— 0,
e—0
since
f(6 E p/eBs D ) (eaEp/eﬁap) - }(EQEP/€57p)g(6aEp/€5, ) }( )g( p) - }(O )g(o p)

Of course, this is not a useful commutator for us.

Case 2:
Similarly, if e‘w*Q"(a’B)Ep/gg — |p|, then
e—0

54080 =3 [ st (H0.950 - FO2a0.0) -

But

L e (7005000 - T0.050.0)

po—pl [ dp gL
= 2/()IM (f(O p)9(0,p) = f(0, —p)4(0, p))

L[ & (50 2305 — 70.0)7
- 2/()\1'% (7(0.9)300.) - J(0,0)300,)) =0,

which again is not a useful commutator.

Case 3:
Analogously to Case 2, if edﬁ_Q”(aﬁ)Ep/eﬁ > E,, then
€E—

[6(5),0L9)] = 0.

e—0

12
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Case 4:

A priori, if edﬁ_Q”(a’B)Ep/E@ —0> 0, it looks like the commutator diverges. But there is a
€E—
way to remedy this.

1 ddp (oo O ) — PO 2 (e
2/(27T)d6d’82n(a”8)Ep/6,8 (f(E Ep/eﬁvp)g(e Ep/eﬁyp) —f(é Ep/eﬁup)g(e Ep/eﬁap))

1 d* (o BT s o’ TS
- 2/ (27r)d6d6_2n(a75)E p/e? (f(€ Ep/eﬁap)g(e Ep/eﬁap) - f(—€ Ep/eﬁap)g(e Ep/eﬁap)
- }(GO‘Ep/Eg,p) ( /6’8’ ) + ( Ep/eﬁvp)g(EaEp/e/va))
pa-pl d’p ] AT N (.o YTy o=
- 2/ (27T)d d—2n(a,B) g )8 (f /€B7p)g(€ Ep/eﬁap) - f<_€ Ejp/eﬁvp)g(6 Ep/eﬁvp)
— F( By D)3 Epyesp) + F (€ Epyes. ~p)(e Epyer—p))
— 1 p ¥ ¥ a e E 2 )
- 2 / (27T)d df—2n(c.f) e |:<f /6/37 f(—E Ep/eﬁvp)) g(f Ep/eﬂap)
- f(eoz p/5ﬁ7p> (g(E p/eﬁvp) - g(—eaEp/€57p))] :

Using Taylor’s theorem on any smooth function i : R — R, we get

oh 2h ,
h(z) = h(0) + %(OM + 92 (0)z= 4+ O(x?)
oh 9%h

— %(O)m + 922 (0)z? + O(x?)

for x sufficiently small. Hence,

h(z) — h(—x) = 2%(0)30 +0(2%).

Since any smooth function with compact support is Schwartz and the Fourier-transform
of any Schwartz-function is again Schwartz, and therefore smooth, we can apply this to

f(.,p) and §(.,p). We will use the notion 8%0}(0,]9) for %}(Poap)‘pozd
1 d’p % o ar )
2/(27r)dedﬁ2n(a,ﬁ)Ep/eﬁ [(f(e Ep/ﬁﬂ’p) — f(—e Ep/fﬁ’p)) glerk p/e? P )
— H By p) (3 Eyyensp) = 9~ Fppea.p) )|
1 d?p 9 SN R e
_ 2/ PR T [(25 By 5— e F(0,p) + O((*E,5) )> 9(e*E,)5,p)
p/e
— 0
= T By ) (26 By (0.0) + O By )|

d R -
:ea—d6+2n(a,/3)/(;i7£d [(B(Z)f(o’p)+o((ea p/eﬁ)2)> g(e“E p/eBs P p)

13



2. Family of Weyl-algebras

= FeByenn) (0.0 + OB, )|

This converges to a non-trivial result if « — df + 2n(«, 5) = 0. Hence, if

n(a, ) = —= ;dﬂ (2.2.3)

we get

- -1 d?p J - = g .
5.0.310) = [ s (5 FOPG05) - FO.0) 5 -000.0)) -

The condition (d — 1)8 — 2n(a, §) > 0 is automatically fulfilled with (2.2.3) since

(d—1)8 — 2n(a, B) “2Y

by definition of v and S.

d-—1)p+(a—df)=a—->0,

For the special case a = 1 and = 0 we get n(1,0) = —%, which is exactly what we
choose in (2.1.4). This also yields for the commutator

~ —_— ~

0:0):610) =5 [ el (1B DT )~ B ploeBy ) (220

(27m)deE,
dp (9 . o = P
= [ (509305 - FOn5-a0) - (229

2.3. Family of Weyl-algebras

With the ansatz sufficiently motivated, we can move on to the main construction of this
chapter. We will convert the operator ¢.(f) from the previous section into an element of,
what we will argue to be, a Weyl-algebra.

Consider the integral

dip e
= | ———— f(FE g(F. 2.3.1
Fshe = [ Gyt T By P)iEepop) (231)
for € > 0, where E,, := €E,, which is part of (2.2.4). This is a positive semi-definite
hermitian (R-)bilinear map (., .), : C2(R4H1) x O (R — C.

Indeed, bilinearity follows from the linearity of the Fourier transform and the integral. It
is also hermitian since we only deal with integrals over R¢, which implies

_ dip — dip .
(f,9) = / @7)E., f(Bep;P)§(Eep,p) = / @n)E., J(Eep;0)3(Eep,p)

=9, f). -

14



2.3. Family of Weyl-algebras
Positive semi-definiteness holds also, since F, > 0 for all p € R? and therefore

2
‘20.

d? .
)= [ Gyt [FEp

To justify the notation, we want to mention at this point that we can develop this into a
complex scalar product. A detailed construction will be done in the next chapter.

We can however construct a (real) symplectic vector space by defining

oc(f,9) = —%Im (f:9). (2.3.2)

for f,g € C°(R*1). The prefactor —3 will make sense later on.
If we move to V. := C(RIHT) /Ker o> Where

Kero := {f € CCR¥") | o.(f,g) = 0¥g € CX(RIT)Y, (2.3.3)

we can infer a symplectic form on V; as follows.

Linearity and antisymmetry of o, follow quickly, since C°(R%*1) is a real vector space
and Im ¢ = —Im ¢ for any ¢ € C. Nondegeneracy follows by construction of V; since
o(f,g)e = 0Vg € CX (R implies f € Ker o, that is, [f] = [0] € VL.

Lastly, assume f,g € C® (R and f/, ¢’ € Kero.. We then get

olf + 19+ d) = g {f 4 frg+9) = —sm[(f.g) + (f9), + (Fd), + ()]

@iﬁ_%mmﬂgk=04ﬁw'

Hence, we can regard o, as a well-defined symplectic form on V..

From this point onward, we are going to abuse some notation and interpret f € V as
either the equivalence class of f in V; or the function in C2°(R%t!), depending on the
context. The well-definedness of various statements will be shown regardless if needed.

With our new notation, we are now able to rewrite the commutator (2.2.4).

~

[@wxdwﬂzljk‘“p(ﬂE@m<&pm F(Bopr 2)3(Eep)

2 27T)dEe,p g
(231)1((f, 9). — (g, %(f, —(f, >>=i1m<f,g>e
— 2io(f.q). (2.3.4)

To proceed, we define two new (families of) operators. The first one is

velf) = —= (005 +0L(1)) - (2.3.5)

1
V2

15



2. Family of Weyl-algebras

The factor % is only for normalization, as we will see shortly. The commutator of this
new operator with itself comes up as

el F)oe()) P27 2 [0 + 61(),0u09) + 61(9)] = 5 ([0e),01(0)] + [619). 0x(0)])

L0 2 (“dio(f,9) + 2iolg, 1) = ~i (0c(f,9) — 0elo, ) =
= —i(0c(f,9) +0e(f,9) = —2ioc(f,9) . (2.3.6)

The second family of operators we define is
W(f) := eVl (2.3.7)

for f € C2°(R¥1). Since this is a formal computation we do not need to worry about
the convergence of (2.3.7). For more a more explicit calculation, where we have specified
Ye(f) as a densely defined, unbounded and self-adjoint operator, since (¢.(f))* = gf);r( f)
and (¢! (f))* = ¢c(f), we need to use functional calculus [RS80, VIIL5| to define (2.3.7).
Omitting the details for now, we will revisit them in Chapter 4, but we can use [BGPO07,
Theorem 3.4.7| to imply

Im P, = Kero,, (2.3.8)

which in turn implies that for any h € Kero, we can find a h € C°(R*!) such that
P.h = h. This together with the fact that

¢e(P.f) = / dtd?z o (t,x) P.f(t,x) = / dtd%z P.gc(t,x) f(t,x) =0,
since ¢, is a solution of P, which also implies ¥¢(P.f) = 0, yields
We(h) = V<) = eWelPeh) — 0 = 1 Vh € Kero, . (2.3.9)

We then apply the following theorem to (V, o).

Theorem 2.3.1 (Existence of Weyl-algebras)

Let (V,0) be a symplectic vector space. There exists a C*-algebra W(V, o), uniquely
determined up to x-isomorphism, that is generated by a family of elements W(u), u € V,
such that for all u,v € V,

WO)=1, W(—u)=W(w)*, and W(W@)=ee"“IWu+v).  (2.3.10)
We call W(V, o) the Weyl algebra over (V,o).[Pet90, 2.1|[H624, 5.5]

This yields the Weyl-algebra W, := W(V,,0.). But as it stands, we only get an abstract
C*-algebra from the theorem, which for our purposes is not easy to work with. But luckily
for us, the family {W.(f) | f € V.} also fulfills the Weyl-relations (2.3.10). Indeed, the
first Weyl-relation is satisfied using (2.3.9) and since f +— ¥¢(f) is R-linear, by (2.2.2)
and (2.3.5), we get

We(f)* — e*“ﬁ:(f) — e*iwé(f) — eiwé(*f) p— We(_f) .

16



2.4. Electric Carrollian limit

To show that the last of the Weyl-relations hold we use the Baker-Campell-Hausdorff-
formula

1
XY — BV XY

where X, Y are operators such that [X,[X,Y]] =[Y, [V, X]] = 0.
This can be applied to We(f)We(g) since [10e(f), ¥e(g)] < 1, which yields

W (f)We(g) = ei¥e(Deive(9) = e3live(f)ive(@)lgive(Htive() — =izlmif).cive(f+9)
= 7 VIW(f +g).

This also explains the prefactor in (2.3.2).

Remark. At this point, we need to say, that we can apply the Baker-Campell-Hausdorff-
formula in this context because this is a formal calculation. In a specific case things
become more subtle, as discussed in [RS80, VIII.5]. We would need to consider analytic
vectors [RST5, X.6] for . (f) and ¥(g) to make pointwise sense of the Baker-Campell-
Hausdorff-formula.

However, as we already indicated in Section 2.1, we will show in Chapter 3 that we can find

a Fock space representation of ¥¢(f), where it takes the form ¢.(f) = % (ag(f) + ai(f)),

where a¢(f) and al( f) are annihilation and creation operators. In this case, the Weyl-
relations are implied by [BR97, 5.2.4].

Finally, we address the well-definedness of W.(f) if f € V.. Assume f € C°(R*H1)
and h € Kero.. Then

(23.9)

We(f +h) = e UMW (FYWe(h) = We(f)We(h) We(f).

Therefore, by the uniqueness part of Theorem 2.3.1, we get that the C*-algebra generated
from {We(f) | f € Ve} is #-isomorphic to W,. Hence, without loss of generality, we can
assume that W, is the C*-algebra generated from {W,(f) | f € Ve}.

This construction works for every e > 0, so we gain a family of Weyl-algebras {W, | e > 0}.

2.4. Electric Carrollian limit

In the previous section, we learned that the commutator {qbg(f ) </5Jer (g)} is proportional

to the symplectic form o.(f, g) (Equation (2.3.4)). We have also seen in (2.2.5) that the
commutators have a well defined limit. So similarly to what we did in the last section, we

define

i d =
it =3 [ i (el OO0 - FO0) 5 -300)) . 241)

It is easy to see that this is a (R-)bilinear antisymmetric map og(., .) : C®(R1) x
C®(R¥1) — R. In an analogous process to the previous section, we can turn o into a
symplectic form on Vj := Cc° (RH1) / Ker oy - Applying Theorem 2.3.1 to (Vo, 0¢) yields
a Weyl-algebra Wy := W(Vp, 09).

17



2. Family of Weyl-algebras

Now clearly, by (2.2.5) we have the pointwise convergence o — ¢ as € — 0. This
certainly suggests that there is some connection between Wy and W, but Wy is not
a proper limit of the family {W, | € > 0}, since we do not have a meaningful way of
comparing different abstract C*-algebras. We will revisit this question in the next chapter.
Regardless, we call Wy the electric Carrollian (limit) Weyl-algebra of {W, | € > 0}.

18



3. States and symmetries

In the previous chapter we have constructed a C*-algebra W)y, which can be understood
as some sort of limit of the family {W, | ¢ > 0}. So far W, is an abstract C*-algebra,
which is not very useful for standard physics. The purpose of this chapter is to show
that Wy can be understood as some operator algebra and to add another reason why we
call Wy the limit of {W, | ¢ > 0}. We also show in what sense the Carroll symmetries
|LL65, SG66| hold.

3.1. State of the electric Carrolian limit

As stated above, we want to represent W, as an operator algebra. For that purpose we
want to use the GNS-representation (Theorem 1.2.7), which requires us to have a state
on the C*-algebra.

3.1.1. Constructing a Fock space representations

Our first step in constructing such a state requires us to look again at the maps (., .)_:

CP(RIH) x CX(R™1) — C from Equation (2.3.1). We are going to extend them to
proper inner products.
Consider the map (., >§ : OX (R C) x CX (R, C) — C defined by

(f,9)C = {fro0) + (fa,02) +i ({far 1) — (f1,92)) (3.1.1)

where f1 and g are the real part and fo and go are the imaginary part of f and g,
respectively. This map is positive semi-definite, sesquilinear and hermitian. Indeed,
linearity in the first component follows from

(f +h,g)S = (fi + h1,g1) + (f2 + ha, go) .+ ({fo + ha, g1) — (f1 + 1, g2).)
= (f1,91) + (h1,91) + {f2,92) + (h2,92).
+i((f2: 91)¢ + (h2, 91)c — (f1.92) — (P1, 92),)
= (f.9)¢ + (h,9)¢

and

(@f,9)c = ((an +ia2)(fi +if2), )¢ = ((anfi — azfo) + i(anfi + a1fa), g)¢
= (a1 fi — aafa,g1), + (a2 fi + o1 fa, g2),
+i((aafi + a1 fe, 91), — (1 f1 — aafa, g2).)
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3. States and symmetries

= a1 ((f1,91) + (f2,92) +1((f2,91)c — (f1,92).))
+ a2 ((f1,92)c — (f2; 91) + i ({f1,91) + (f2,92).))

= o1 <f,g>§+0[2’b <f’g>§ :Oé<f,g>§ ;

for « € C and f,g,h € C* (R4, C).

(., )S is hermitian since

(F20)E = (fr, 1) + (f2, 92) +i ({(F2r 1) — (f1,92).)
= (g1, f1)e + {92, fo)e — i (g2, 1) — {91, f2) o) = (g, )5 .

Finally, positive-semi-definitness is implied by

(F, )6 = fi)e + (fo o) 0 ((Fas 1) — (fr, o)) = (o fr)e + (f2s fo) o — 2Im (fo, fu),
2
> (ot U b= 2 U T G o = (/Ui = U ) ) 20,

where we used the Cauchy-Schwarz-inequality for positive semi-definite hermitian sesqui-
linear forms [Con90, 1.4] to get

I (fa. 1) < | fi)ed < U f) (s fo),

All the square roots in the above computation are real-valued due to the positivity of
(o) )e

By construction we have the additional property that (f, g>;C = (f,9). whenever f and g
are real-valued.

We are now able to extend (., ><Ec to a proper inner product on C (R, C) /Kerga

where

Kerl i= {f € CXR™,0) | (£, 1) =0} .
We denote the completion of Ce° (R, C) / Kerg with respect to (., >(6c by He.

The question is now whether V, = C¢° (RF) / Ker o, is somehow part of H.. The
answer is yes but first we need the two following results.
First, for any positive semi-definite, hermitian, sesquilinear map b on a vector space V we

have
{feVI]o(f.f)=0={feV]bfg)=0VgeV}. (3.1.2)

This holds since, on the one hand, for f € {f € V | b(f,g9) =0Vg € V'} we get b(f, f) =0
as the special case g = f, hence f € {f € V |b(f,f) =0}. On the other hand, for
fe{fevi|b(f,f)=0}and g € V we get

b(f,9)[> < b(f, f)b(g,g) =0,

by the Cauchy-Schwarz-inequality for positive semi-definite hermitian sesquilinear forms
[Con90, 1.4], which implies b(f, g) = 0.
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3.1. State of the electric Carrolian limit

Second, we have
Ker o = {f € CXR™N) [ (f,9). = 0Vg € 0§°<Rd+1>} : (3.1.3)

This holds because on the one hand, if f € {f € C°(R¥1Y) | (f,g), = 0Vg € CX (R},
then o.(f,g) := —%Im (f,g). =0 for all g € C°(R41) by (2.3.2), i.e., f € Kero.. On
the other hand, by Equation (2.3.8) we can find for any f € Kero, a f € C®°(R*!) such
that f = P.f. Then, for any g € C°(R¥1), we get

- 3. d¢ — -
<f7g>e = <P€fag>e (zil) /(27‘[')dpE’€’p Pef(EG,pvp)g(EE,pvp)

ddp ~ TN
- [ e 7 02 = v+ ) (B iy
&p

dp = -
= /(27T)dEep (=05 + €p + €m®) o=k, f (Bep, P)3(Ecp,p) = 0.

Now we are ready to show that the map V, — C&° (R, C) /Kerf [f] — [[f]] is an em-
bedding, i.e., injective, linear and well-defined. Here, we temporarily differentiate between
the function f and the equivalence classes [f] € V. and [[f]] € C (R, C) /Kerg

Linearity is easy to see and for well-definedness we need to show that [[f + h]] = [[f]]
whenever h € Ker g.. This is equivalent to showing that h € Ker o implies h € Kerf. By
(3.1.3) and (3.1.2) we know that h € Ker o implies (h,h)_ = 0 and since h € C°(R4+1),
this also implies (h, h>iC = 0.

Lastly, for injectivity we need to show that if [[f]] = [[0]], then [f] = [0]. In other words,
if f e Ker(g, then f € Kero, for any f € C®(R%1!). But this follows quickly since
f € Ker® means 0= (f, /)¢ = (f, f).. By (3.1.2) and (3.1.3) this implies f € Ker o.

Hence, we can consider V. a subset of C¢° (RH1,C) / Kerf and thus also of H..
We shift our focus to the fields ¢ and ¢f now. In physics, one usually writes the solution
of the Klein-Gordon equation as
dp
tr)= | ————
ot ) / (2m)¢\/2E,
d%p

0= [ e

When moving to a quantum theory, the functions A, A, B and BT are also replaced by
operator-valued distributions with commutator relations

4@, At0)] = [BW). Bl(@)| = @n)s"(r — ) (3.1.6)

and all other being 0.

(A(p)e—itEp—‘rip:c + BT (p)eitEp—ipx) (3.1.4)

(AT(p)eitEpfipx + B(p)efitEeripx) ) (3.1.5)
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3. States and symmetries

We define now the operators
dp

A= [ B

ddp f ~
—A €,Ds
(Qﬂ)d\/lf’p (p)f(E(g 119)7)

for f € C°(R%1) and analogously for B.(f) and B{(f). This definition is motivated by
the following calculation.

be(f) = / dtd?x o (t, ) f(t, ) 2.14) / dtdz e 2 (et, 2) f (L, )

d . A B
(3.1.4) e—é/dtdd:v /()dp (A(p)e—“tEP“p“+BT(p)e“tE”_W) f(t,z)
s

A(p)J(Eep,p) and  Al(f) ;:/

o1)d\/2E,
d ~ A
= [ G (AP Eep ) + B0 Eep 1)

(3.L7) \}i (Ae(f) + Bl(f)) (3.1.8)

and similarly .
ol = 5 (Al + BLn)
Thus we can rewrite 1¢(f) as
(235 1 top] G 1 of 1 t L (a

uel) B2 22 [+ al(0)] 2 2o | 2 (4 + BI) + 5 (4l + B)]

= \}i (ae(f) + ai(f)) : (3.1.9)

where for the last step we defined

)= S5 (AN + B and al() = 2= (AHN+BUD) . B110)

Moving to the commutators, we can compute for any f,g € C°(R 1)

40 4100)] 7 [ e [ e [0 VW] ey 93 E

1 de d‘ j 7 Beg )
(3é6) / (QW)d\l;Ei (QW)d\jEi (27T)d(5d(p - Q)f(Ee,P>p)g(Ee,q7 Q)
€,p €,q
dd R -
= | Gyt HEep )i Eepop) 344y
(23.1) Ty (3.1.12)

and similarly [BE( 1), B! (g)} = (f,g). and every other commutator between A, AI, B,
and B! being 0.
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3.1. State of the electric Carrolian limit

This then quickly implies that

[ac().al(o)] O£ [;ﬁ (A1) + B s (4100 + B )]
=2 ([a0). 4l0)] + [B), Alto)] + [Ac). Bl )] + [B). Blw)])
o ’§<<f, 9).+(19)) = (F:a), (3.1.13)

and analogously [ac(f),ac(g)] = [al(f),ai(g)} =0.

What this result allows us to do is to represent a. and ai as annihilation and creation
operators on some appropriate Fock space. Given what we computed at the beginning of
this section, the obvious candidate for such a Fock space is F(#H,), the Fock space over
the one-particle Hilbert space He.

We denote with a.(f) and ai(g), for f,g € He, the annihilation and creation operator
and with |0¢) the normalized vacuum vector of F(H.). The annihilation and creation
operator fulfill

£ VfgeH. and (3.1.14)

€

(
ac(f) 0 =0 Ve He. (3.1.15)

Since we have

ac(alle)] Y (1.9)5 = (£.9).

whenever f,g € C° (R, we omit a distinction between the annihilation and creation
(f) and al(f) used in (3.1.9).

Remark. Using Equation (3.1.9) as a definition together with [BR97, Proposition 5.2.3]
gives an abstract argument for why 1¢(f) is essentially self-adjoint and has (2.3.6) as
commutator relation.

operator of F(H,) and ac

3.1.2. Limit of vacuum expectation values

Now that we have constructed Fock spaces on which we can represent ., a very natural
question that arises is what the vacuum expectation value of W,(f) is and what happens
in the limit as € — 0.

So what we want to compute now is (0| Wc(f)|0c). Remembering the power series for
the exponential we conclude that we need to compute (0| ¥?(f) |0c), for n € N, as a first
step. For this we require Wick’s theorem.!

'To be precise, we use here is a slightly different version of Wick’s theorem. The original is written with
fields and time-ordering. However, the proof of the version we use here follows the exact same way as
in [Wich0], as this is essentially a combinatorics problem.

23



3. States and symmetries

The theorem states that for A, As,---, A, operators on a Fock space, where each
operator A; is made up of sums and products of annihilaton and creation operators?, we
can rewrite their product as

AjAgAs -+ A, = AjAsAs - A, i + Z c A1 AgAs - A,

1 contraction

—F = —=
+ Y A A Ag Ay e+ > c AjAgAs -+ Ay

2 contractions L%J contractions

where a contraction of two operators is defined as
[
AB := AB—: AB: (3.1.16)

with : (.) : being the normal ordering, which in turn is defined as a linear map from
operators to operators such that “all creation operators are to the left of all annihilation
operators”. As examples we show four simple cases.

Laga; = aag, aiaj = agaj, : aia;r- = a}ai, : a;ra;[ = aia} . (3.1.17)

We want to compute 9 (f) using Wick’s theorem for which we need to compute the
1

contraction ¥ (f)c(f). This can be straightforwardly calculated. Let f € V,. Then

Do Pe(F) E (£ )
L2 2 (ae(f) + al(N)(acl) + al(5) ~ 3  (acl ) + al (7)) aclF) + a} (1)
= S0 + acal () + af (Nach) +al(1)?)
— 5 @) + adal() + al(Fac(F) +al()?)
CLD (0 + ac £al(1) + al (Paclf) + ol (7))
— (@ + 2] (Pac ) + ol (7))
= L@ Nal() ~ al(Fac(1)) = 3 [ac£).al(5)]
CL i ne= 3 I1E (3..18)

An important point to note here is that ¥ (f)¢(f) o< 1.

2By the construction of the Fock space, the annihilation and creation operators all have the same dense
domain and map said domain to itself [H624, 5.14-5.15|. Hence we have no problem taking sums and
products of annihilation and creation operators.
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3.1. State of the electric Carrolian limit

Applying Wick’s theorem to ¥(f)" now yields

bel ) = ey 4+ (mem) R

2
Lnn—1)(n—2)(n—3) [~ . 2 -
Lot = (0D
N I nn—1)(n-2)(n-3 (m—2[2]+2)(n—2[%]+1)
2] 2 2 2

~ (mem) et

— k
el (VNG AUy (3.1.19)

1

We can pull any power of 9 .(f)1e(f) out of the normal ordering precisely because

Ye(f)e(f) ox 1

Equation (3.1.15) in particular implies a.(f)|0) = 0 and (0| I( f)=0forall feV. It
follows then that (0| : 1(f)¥ : |0c) = 0 for all k > 1 since 1(f), and therefore : 1 (f)¥ :
has no term without either ac(f) or az(f)

Differentiating between even and odd powers of (0Oc|1c(f)™ [0¢) we get

n | — k
O 100 20 32 e g (B ) 0 770

—0, (3.1.20)

sincen—2k>1forallk=0,..., L%J, and similarly

— k
(0 (10 ““”Zk,w@%(w G RURAE S

. l (2n) " . 2n—2n
— iz (500} s w0
(3.1.18) 1 (2n)! " (2n)
Lo LB (Lune) =B () (3.121)
This now allows us to compute the vacuum expectation value of Wc(f).
(Oc| We(f) |0e) = (O elv<f) Z "{0c] e(f)™ |0e)

o0

2n+1 <06| we(f)2n+1 |O€>
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3. States and symmetries

(3.1.20)+(3.1.21) i:: H(uﬂ\) :ii(—im?)n

_ oI (3.1.22)

Finally we can define the linear functional py : Wy — C by

po(Wol 1)) = lim (0| We(f) [02) (3.1.23)

for all f € Vy = C&° (RF) / Ker o+ We now need to show that pg really is a well-defined
state on the C*-algebra W), i.e, positive and normalized.
The first question is whether the limit exists. Since

po(Wo(£)) “E tim (0 We(£)100) “= tim eI, (3.1.24)

e—0

we need to understand what exactly happens with || f||f as € — 0.

3. d? . 2
112 = .00 2 [ it 1)

Since z# — |g(z")|* = g(x*)g(x#) is smooth if g is smooth, we can apply Taylor’s theorem
to ‘JA“(EE,p,p)’, which yields

112 = /( dEg,, H(E
- (2m) dEep ( [
_/(27T)dE€p )f(()p)‘ +/((21;];<p0f(0p)
el [ i)+ [ a2 (i

=/ @i ool + [ g (o

d ) d . _ . .
=+ | oyt 110 + [ 55 (0T 00700 - FO.D18 0.9)

(Eep: >1

f‘(po,p))z}

Ee)p + O(E627p)>

po=0

F(0.p) + F(0.9)05, }(0.9) + O(E.))

F0.p)+ F(0.-p) 9] (0.=p) )
———

811() }(pOa_p)‘

Po=

P0=0>

F(0,p)f(0,p) + F(0.p) Opo f (—p0. p)
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3.1. State of the electric Carrolian limit

d
4 / (j&ow@p)
L[ dlp 2 dd

The 1ntegral f or )d O(E.p) converges to 0, since B¢, — 0 as € — 03. The only divergent

part is ¢ in front of the first integral. So the only way in which || ng does not diverge is,
if [ % |7(0,p)|2 = 0. This however is only possible if f(0,p) = 0 for all p € R% by
continuity and since ﬁ |£(0,p)|2 > 0 for all p € R%. Hence, we conclude that

P

. 0 if f(0,.)=0,
hmufuf={ if £(0,)
e—0

oo else.

But this result immediately translates to

po(Wo(f)) = lim e~ il :{ L if f(0,.) =0, (3.1.25)

e—0 0 else

by the continuity of the exponential function.

The next question is whether pg is well-defined. So we need to show that po(Wo(f+h)) =
po(Wo(f)) whenever h € Keroyp. By our evaluation of py in Equation (3.1.25) this is
equivalent to showing that h(0, .) = 0 if h € Kerog. Now, let h € Ker og. This means
that

i p - -
saltng) 2 L [ (e h0,)300.5] — RO 50.5) ) =0

for all g € C(R¥Y). We set g(t,x) = iF; *[po Frp(po)] (t)Feh(0, x), where

o(t)

p(t) = To(5) a5 (3.1.26)

and @ : R — R is any bump-function, i.e., an even, smooth function with compact support
such that @|p, (o) =1 and Im ¢ C [0, 1]. g is indeed an element of C>®(R4*1) since

g(t, ) = iF; po Fro(po)|(t) Feh(0, z) = %ft_l[fﬁ@(ﬁo)](t)]'—th(o’90)
= ¢/ () Fh(0,7) = cp'(t)/h(s,a:) ds

and everything in the last line is real-valued and has compact support.

3Some caution is advised here. The integral f o )d E., diverges, yet in our case every term in O(FE. ;)

contains some derivative of f(O,p) (and f((),p)), Since f is Schwartz so is f, which implies that E.,
multiplied by any derivative of f(0,p), and therefore also O(E. ), is integrable.
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3. States and symmetries

To go on further, we need to show some properties of .

Fip(0) = /cp(t) dt = fg((gi =1 (3.1.27)

and, although not needed now but important for later,
d —Fp(0) = d /go(t) e~ ot gt — —i/tgo(t) e 7ot i
dpo ' de Po=0 po=0

= i/w(t) dt =0, (3.1.28)

where we used the even-ness of . Calculating the Fourier transform of g yields

F9(po,p) = F (iF;  [po Fre(po)](£) Feh(0, 7)) (po. p)
= FiFe (i, [po Fro(po)](£) Feh(0, z)) (po, p)
= Fi [iF; po Frp(po)](1)] (po) Fu [Fih (0, 2)] (p)
= ipo Fp(po)h(0, p) ,

which implies
g(0,p) =0 and (3.1.29)

o .. 9T ;
87?09(0713) = 37]?0 [ZPO E‘P(Po)h(oap)]

po=0

. 0 -
— i |Figtom) + 0 g Fiplon)]| (0.0
Po po=0
BL2D k0, p) (3.1.30)
for any p € R?. Hence
_ (241) i o
0= ou(hg) *2" L ( 0.0] ~ 10.p)5-3(0.0))

= |h(0

7T
(3.1.29)+(3.1.30) 1/
2

By the non-degeneracy of the L?-inner product we get that fz(O,p) =0 for all p € R?,
which is what we wanted to show.

(3.1.31)

po being normalized follows from the Weyl-relations since

po(L) = po(Wo(0)) =1.
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3.1. State of the electric Carrolian limit

So the last question is whether pg is positive, i.e., pp(A) > 0 whenever A > 0.

First up, consider the relation f ~ g : <= f(O, .)=g(0, .) on Vp. It is easy to see that
this is an equivalence relation on Vj and it is well-defined, since for f’, ¢’ € Ker o¢ we have
by (3.1.31) that f’(O, L) = 5’(0, .) = 0 and therefore f + f' ~ g+ ¢ < f~g. We
denote the equivalence class of f with respect to ~ as [f] € V0 /~ and a representative of
that equivalence class as g € [f].

By Definition 1.2.2, any element A of a C*-algebra is positive if and only if it can be
written as A = C*C for some C. Hence the question becomes if po(C*C) > 0 for all
C € Wy. Any element in the Weyl-algebra Wy can be written as C' =} ;v ¢ Wo(f),
with ¢y € CVf € Vg and ) ey, |ef| < co. Hence

,OO(C*C) = po Z CfW()(f) Z CgWO(g) = pPo Z chWO(_f)WO(g)

feWo 9€Vo f,9€Vo

_ z @Cge—iao(fvg)po Wo(g — f)) = Z @Cge—ioo(f,g)

f.9€Vo 1.9€Vo
F(0,.)-4(0,.)=0
We can now rewrite og(f,g) as

UO(fag) = UO((f - h) + h7 (g - h) + h’) = UO(f - hag - h) + UO(f - h) h) + UO(h7g - h) + Uo(h7h)
= UO(f) h‘) - 00(g7 h) 3
where we mostly used blhnearlty and anti-symmetry of oy and the fact that by f,g € [h]

the functions f":= f —h and ¢’ := g — h satisfy f’( )= F(0,.) = h(0, .) = 0 similarly
¢'(0, .) = 0, which implies

(2.4.1) 7

d o~
wr'0) 2 5 [ 5t (P ODTOD - FOD ;- 70.0) =0.
So we can further write

po(c*c) _ Z Z che*iﬂo(f,g) — Z Z chef’iUO(f:h)eiUO(gvh)

Vo, F9€lh (neVo,~, H9€hl

— Z Z Cfeiao(f,h)cgewo(gvh) Z Z cpeioo(f:h) Z CgeiGO(g’h)
Vo, F9€lh neVo ., \fEM g€lh]

>0.

Therefore pg truly is a state on Wj.
We refer to pg as the electric Carrollian limit state.
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3. States and symmetries

We can even go one step further and show that pg is a pure state.
Assume we have states p; and p2 on W)y such that pg = Ap1 + (1 — \)p2 for some A € (0,1).
What we want to show is that p; = p2 = pp which by linearity and the Weyl-relations
means that we only need to check if they agree on every generating element Wy(f).
So assume f € Vy with j”(O, .) = 0. We have

1= po(Wo(f)) = Ap1(Wo(f)) + (1 = A)p2(Wo(f)) -

Writing p1(Wo(f)) = a + ib and pa(Wo(f)) = ¢+ id, with a,b,¢,d € R, we get two
equations,

A+ (1—Ne=1 (3.1.32)
Ab+(1—N)d=0. (3.1.33)

Since the absolute value of every state evaluated on a unitary element is bounded by
14 we find that a < |p1(Wo(f))| < 1 and similarly ¢ < 1. But then (3.1.32) implies
a = ¢ = 1, otherwise there is a contradiction to 1 = Aa+ (1 —A)c < A+ (1 —A) = 1. But
then |p1(Wo(f))| = a® + b?> < 1 implies b = 0 and similarly d = 0. Hence py (Wo(f)) =
p2(Wo(f)) = po(Wo(f)) = 1.

Now, let f € Vi with f(0, .) # 0. For any element A € Wy and g € Vj with g(0,.) =0
the Cauchy-Schwarz-inequality for states (Proposition 1.2.6) implies

P (A(Wo(g) — 1) < pr(A*A)pr(Wolg) — 1)*(Wo(g) — 1)) =0,

since p1(Wo(g) — 1)*(Wo(g) — 1)) = p1(2 — Wo(—g) — Wo(g)) = 2 — p1(Wo(—g)) —
p1(Wo(g)) = 0. Hence p1(A(Wp(g) — 1)) = 0 and p1(AWy(g)) = p1(A) for all A € Wy.
Using that property twice yields

p1(Wo(£)) = p1(Wo(g)Wo(H)Wo(—g)) = €9 py (Wo(9)Wo(f — 9)
= 27009 py (W (f)) - (3.1.34)
We can now choose a g € Vp with §(0, .) = 0 and o¢(f, g) # 0. Indeed, analogously to

the calculation for the well-definedness of po, g(t, z) = iF; [po Frp(po)](t) Frf (0, z) has

9(0,p) = 0 and z2-3(0,p) = if(0,p) which further yields

i d R - _ d R
war.) 25 [ (5 HO0F00 - 100 5-000) =5 [ 55 [F0n)]

Opo 2
£0.

Hence, by possibly rescaling g we get €/270(/:9) £ 1 and therefore by (3.1.34) we must have
p1(Wo(f)) = 0. An analogous computation for ps then implies p1 (Wo(f)) = p2(Wo(f)) =
po(Wo(f)) = 0.

Thus p1, p2 and pgy agree on every Wy(f), hence on every element in Wy, which makes pg
by Definition 1.2.5 pure.

4For any state p and any unitary element U we have, by the Cauchy-Schwarz-inequality for states
(Proposition 1.2.6), |p(U)* = |p(1*U)|> < p(1*1)p(U*U) = p(1)? = 1.
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3.2. Symmetries of the Limit-State

Remark. The computation for positivity and purity of py follows [Frel3, 2.4.2], which
contains a more general discussion of states wx on W(V, o) of the form

1 forxe K
WK(W(:L')):{O fOI'.ZUgK ;

where K is maximal subset of V' such that o(z,y) = 0Vx,y € K. In our case, K =
{f eVol f(0,.)= O}, which is indeed maximal.

We chose to do the calculation explicitly in order to give a more physically relevant
intuition of the state than referencing some abstract result.

By the GNS-representation (Theorem 1.2.7) we now get a Hilbert space H,, and
a cyclic representation m,, : Wo — B(H,,) with cyclic vector x,, such that po(A) =
(@py, Tpy (A)x ). This means that we finally reconnected Wy to a more common notion,
in physics terms.
Moreover, since pg is pure and by Theorem 1.2.8, we also find that =, is even an
irreducible representation.

3.2. Symmetries of the Limit-State

Usually in a quantum field theory, we have a symmetry group of the underlying space-time,
which is implemented by a unitary representation on the Hilbert space of the theory.
For example, in the Wightman axioms the Poincaré group is represented as a family of
strongly continuous unitary operators. We want to show now that the Carroll group
[LL65, SG66]| is similarly implemented.

The main mathematical backbone for this section will be the following theorem.

Theorem 3.2.1 (Unitary representation of automorphisms)

Let a be a *-automorphism of a unital x-algebra A. If a state w on A is invariant under «,
ie., a*w = w, then « is implemented in the GNS representation of w by a unitary operator
U, on H,, such that U, leaves the GNS vector invariant. Any group of x-automorphsims
leaving w invariant is unitarly represented on H,,.[FR19, Theorem 23|

In our case this shifts the question to which *-automorphisms leave the state pg invari-
ant. We will refer to x-automorphisms, which leave pg invariant as symmetries of pg.

We consider a special class of *-automorphism on Wy. Let a : C°(R+1) — C°(R4+1)
be an automorphism. Then we define the multiplicative linear map & : Wy — Wy by
a(Wo(f)) := Wo(a(f)). We now try to find out under which conditions & is a well-defined
x-automorphism.

We begin by looking at the multiplicativity of &. Let f,g € C°(R4F!). On the one hand
we have

AWo(f)Wo(g)) = e°UIa(Wo(f+g)) = VI Wy(a(f+g)) = €V IWy(a(f)+alg))
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3. States and symmetries

and on the other hand we find

a(Wo(f)Wo(g)) = a(Wo(f))a(Wo(g)) = Wo(a(f))Wola(g))
= 00N IW (o f) + alyg)) .

Therefore, for & to be an *-automorphism, we require

ao(a(f),a(9)) = oo(f.9) Vf.ge CZR™). (3.2.1)

This condition has an additional benefit. It implies that a(h) € Keroy if h € Ker oy.
Indeed, since « is an automorphism it has an inverse a~'. It follows then that

oo(a(h),g) = oola(h),ala™(g))) "2 oo(h,a7 (g)) =0 Vg e CRMY),

provided h € Ker gg. In turn this implies that & is well-defined, as we have
G(Wo(f +h)) = Wolalf) + a(h)) = €7D, (a(£))Wo(a(h) = Wo(alf)).
Compatibility with the adjoint follows from linearity of v and the Weyl-relations.

a(Wo(f)") = a(Wo(=f)) = Wola(=Ff)) = Wo(—a(f)) = Wo(a(f))" = (@(Wo(f)))"-

Hence the only condition for & to be a well-defined *-homomorphism is Equation (3.2.1).
Bijectivity is then implied by the existence of an inverse, which we can explicitly give

with @~ = a~!. However, we need to make sure that the analog of (3.2.1) for a~! holds
as well. But this holds indeed, since

oo(a(£), a1 (g) 2 so(ala(£)), ala () = 0o(f,g) Vf.g € C(RI).

Hence @ is indeed an s-automorphism, given (3.2.1) holds.

If pg should be invariant under &, i.e.,

a po(Wo(f)) = po(a(Wo(f))) = po(Wola(f))) = po(Wo(f))

then, by Equation (3.1.25) we find the condition

—

a(f)(0,.) =0 < f(0,.)=0 VfeC R, (3.2.2)

Therefore, for any automorphism « : C°(R¥+1) — C®(R4*1) which satisfies (3.2.1) and
(3.2.2), we have found a symmetry of the state po.
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3.2. Symmetries of the Limit-State

3.2.1. Carroll symmetries

We go on to consider an even more specific case. Let o : R — R be a diffeo-
morphism, i.e., a smooth bijection with smooth inverse. We claim that the pull back
a*f := f o a defines an automorphism on C°(R4*1).

First, o™ is linear since precomposition is linear. Next, we need to show that a*f €
C®(RI1) whenever f € C°(R¥*1!). By the smoothness of a we get smoothness of a* f
and it is easy to see that supp o* f = supp f. Hence o* f € C°(R41). Lastly, we need to
show that a* : C°(RIH1) — C(R*1) is bijective. Since a~! exists by assumption and
(a*)~! = (a1)* we have explicitly constructed an inverse. Hence o* is an automorphism
on O (R,

One example of such a diffeomorphism is given by the following map. Let h € C*(R%),
R € SO(d) and a € R%. We then define

ahRa: R R (¢ 2) v (t 4 h(z), Rz 4 a). (3.2.3)

This is a smooth map since it can be seen as a composition of smooth maps. The inverse
is then given by o p_1 -1, With h(z) := —h(R™(z — a)). Indeed

O g1 r-1a° ORalt, ) = g1 g, (E+ R(2), Rz + a)
= (t + h(z) + h(Rz + a), R} (Rz + a) — R 'a)
= (t+h(z) — h(R"Y((Rz+a) —a), R'Re + R 'a — R 'a) = (t,2)

and similarly for aj g, o aj, Rl _R-1g-
To show conditions (3.2.2) and (3.2.1) we first look at what happens with the Fourier

transform of the pullback o} 5 . f(po,p).

O ol (00:P) = / dtd’e oy g o f (8, 2)e” PO = / dtd®e f(t + h(z), Rz + a)e#oHiep

v Rz = Rla /dtddx ft+hr(R 'z — R 'a),R(R 'z — R 'a) +a)
. e—itp0+i(R_lr—R_1a)p
= e_iRlap/dtdd:U f(t+h(R 'z — R ta), x)e_itp(’“Ril”Cp
= e_iR_lap/dtddaz f(t+h(R 'z — R7a), x)e tPotickp

t— t:_ h(z) efinlap / dtddx f(t, x)efi(tfh(R7ICL‘*Rfla))POJri:CRp )

We define fl(:(;) := h(R'z — R71a) to make the next few computations more compact.
This leads to

0f qaf(0,p) = 7 Map / dtd®z f(t,z)e ™R = =B P (0 Rp), (3.2.4)
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3. States and symmetries

which automatically implies (3.2.2) since g~iR lap # (0. Furthermore we get

%ai/,zﬁ\af(om) = ;?0 [eiR‘laP / dtd®x f(t,x)ei(th(R_lzR‘la))ponRp}

po=0

= i |:e—iRlap/dtddxf(t,x)e—i(t—ﬁ($))P0+isz:|
dpo

iR e / dtd’s (t — h(2)) f(t, )PP

— iR lap (/ dtd%x (—it)f(t,x)e izRp —}—z/dtdd:v ﬁ(m)f(t,a:)eme>

= ¢ iR lap (a}(o,Rp) + z‘lZf(o, Rp)> . (3.2.5)
Ipo

po=0

We can finally compute

g0 (a*h,R,a /5 aﬁR,@Q)

(2.4.1)'5. dd 8 /\ _ */'\ 6 —
0L | s (o ind 0.9 0(0.0) ~ G 0.5) (0

ifdlp (0 — _ o —
5 [ it (G i O 0. 1) = 67O, 0) a0 )

3.2.4)+(3.2.5) i d¢ ihtan [ O 4 = iR~Lap -
oruzers L[ ok | Rlp(f(o,Rp)Hhﬂo,Rp))eR 40, ~ Rp)

0

. d R :.\
-2/ 4 [af(O,Rp)Q(O,—Rp)+ihf(0,Rp)§(07—Rp)

2] @od |op
~ 0.~ Ro) p3(0. ) = iF(0, ~Ro)ha(0. )
—1, 4 d . I —

I | H.0050.8) - T0.8) - if0.)

+ z’flAf(o,p)g(o, —p) —if(0, —p)@(O,p)}

oo L
W ot.9) - 5 [ s (RF0.00.29) - J0.-p)g(0.))

The second term of the above equation is 0, since
d’p d’p d,. 7 i d —i
[ it = [ oty [adtzi@pene [asdtygsge

:/dtddx /dsddyl}(x)f(t,x)g(s,y)/ (;ij:;d ile—y)p
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3.2. Symmetries of the Limit-State

/dtddl‘ /dsddyiz(a:)f(t,x)g(s,y)5d($—y)
/ dtd’x / dsd®y f(t,x)h(y)g(s,y)5(y — z)

d

— /dtddx /dsddyf(t, x)ﬁ(y)g(s,y)/ (;iﬂ]))d oi(y—a)p

:/(;l?)’d /dtddmf(t,m)e—iwp/dsddyﬁ(y)g(&y)eiyp

dy =
— / (ij)’; 7(0,~p)hg(0.p) . (3.2.6)

Hence (3.2.1) holds true and we have found a family of symmetries for the state po.
In particular, the family {aj pq | h € C*(RY), R € SO(d),a € R} includes the Carroll
group [LL65, SG66] and what is referred to as “supertranslations” [DGH14].

Moreover, by Theorem 3.2.1, the GNS-vector x,, is invariant under the unitary repres-
entations of {ap ge | h € C°(R?),R € SO(d),a € R?}. Hence z,, acts like an invariant
vacuum state, which gives more credit to the notion of W, as the Carrollian limit and
the interpretation of pg as vacuum state of this Carrollian theory.

3.2.2. Conformal symmetries

We finish this section by investigating whether pp has the conformal transformations
[DFMS97, 4.1][Sch08, 1.9] as symmetries.

First, consider the map a,, y : C°(R¥1) — C2(R4L) with s, A € R, K, A # 0, defined
as o\ (f)(t,x) == H%)\gf(/ﬂ}t, Azx), which represents the dilations. This map is clearly
linear and bijective with inverse (o z)™" = a,-1 -1, hence an automorphism. The

calculations below will show why we need the prefactor KIS,

To show (3.2.1) and (3.2.2), similarly to the previous subsection, we first look at the
Fourier transform of a, \(f) for f € C°(RIH).

—

axx(f)(po,p) = /dtddx aN’A(f)(t,x)e*itpoJri“p = /dtddx K%A%f(/ﬁ?t, )\a:)efitpﬁixp

3.4
(t,z) = (1, A1) K22
N KD

d
2

}‘(Kilp(h Ailp) .

/dtdd:c f(t,:c)e’i“_ltpoﬂk‘lmp = KZA™

We immediately get that condition (3.2.2) is satisfied since

— 1. _d~ _
s A()(0,p) = K2A72 (0,7 p)
Further we get
0 — 1._a 0 - 1._a 0 -
—Qy 0,p) = k2A"2 — f(k tpg, A1 =Kk 2AT2—f(0, X7}
oo A()(0,p) apof( Po,A” D) - apof( p)
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3. States and symmetries

Now we simply check if (3.2.1) holds.
oo(axa(f), axa(9))

i d —_ —_ —_— —
a4y L / p (8a,i,xf)(o,p)an,mg)(o,p)—aﬁ,x<f><o,p>fman,mg)(o,p))

2 ) (2m)? \ dpo
(2 a0 pals — o —
~ 5 / ﬁ (M%A(f)((),p)an,x(g)(o, —p) — A (£)(0, _p)a])()aﬁ,A(g)(O’p>>
7 d L ) o
~ 5 / (;lﬂ']))d </<62)\2 ;pof((), Aflp),ia)\*gg(oj _)\flp)

. 0
— RIATEF(0, =X PR EATE 2 (0, A—lp>>
dpo

. d . .
= Ly / p (8f<o,xlp>@<o, “Ap) - F0, —xlm(fm.a(o, xlp))

2 (27T)d Opo
pi)\pi ddp o -~ R ~ 0 .
= 2/(271')51 <8p0f(0,p)g(0, —p) - f(07 _p)gpog(oap))
"2V o0(t.9).

Hence, the dilations «, x satisfy both (3.2.1) and (3.2.2) and therefore we found that
{og | K, A € R, K, A # 0} is another symmetry group of po.

With the rotations and shifts from the previous subsection and now dilations, this
completes the conformal transformations on RM. What is left in the conformal group
are the special conformal transformations,

B ot — btV x,
1 =2z, + Wb,adxs
for b* € R4*+!. However, such maps are not bijective on R4*! [Sch08, 1.9]. For example,

. o
if o = blg—bé then

ot —s 2P

b, b bs
Wh,———2 =1-2+4+1=0,
b3bs * bhb,, bPb,, F1=0

1— 20z, + b b,alzs = 1 — 27

which makes z* is not defined.

If we take a look at what is called the conformal Carroll group [BMN19, DGH14, DFMS97],
we can see that there is a decoupling between the temporal and the spacial special conformal
transformations in the Carroll limit. The temporal special conformal transformations can
be written as (¢, ) — (t +ax?, ), for a € R, which in our case is just a super translation
and therefore part of the symmetries of py.

The spacial special conformal transformations on the other hand still have the singularity
problem. However, special conformal transformations can be defined on compactifications
of R™ [Sch08, 2.1]. Hence, if we consider spacially compact manifold instead of R} as
our underlying manifold, this would not be an issue.

As a last note, although we have found many symmetries of pg, we do not claim that we
have found all possible symmetries.
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4. Green Operators and the Solution
Space

In this final chapter our goal is to better understand those somewhat artificially constructed
spaces V¢ from the previous chapters, as they play a central role in the construction of
the Weyl-algebras and the Carrollian limit. For this we will take a look at the Green
function for the scaled Klein-Gordon operators. At first this seems like a detour, but we
will explain the connection between the Green function and V. subsequently.

4.1. Green function of the scaled Klein-Gordon operator

In this section, we are going to calculate the Green function for the scaled Klein-Gordon
operator P, from Equation (2.1.5). The calculations for the Green function in this sec-
tion will not be very different from the usual procedure for the normal Klein-Gordon
operator (e = 1), but it is interesting to see where exactly we need to mind the parameter e.

The Green function G, of the operator P, is defined as a solution of
P.G(z",y") = (87 — €V? + €m?) Gz, yH) = 6 (zH — yH), (4.1.1)

where P. uses the z# € R4 coordinates. We consider y# € R4t a parameter for the
most part.
Fourier transforming both sides, i.e., applying [ d4tlat e~ @uP"  yields

/ddH:L‘“ €_i$”pu(83—628§+62m2)G6($“, yt) = /dd+1x“ e_ix“puédﬂ(x“—y“) = e Wnr"
which further gives
e~ Pt — /ddﬂx“ (02 — 202 + Em?)e " G (aH, y*)
= /dd+1x“ (—p(Q) + 2p% + Em?)e TP G (zH, yH)
= (=5 + €P* + Em) G (0", ") (4.1.2)
using integration by parts. At this point we need to be careful. We want to find a solution

Ge(p“, y") to the above equation for all p# € R4L. If —p2 + €2p? + 2m? # 0 we easily

find the solution,
. 1 -
Ge(p*,y*) = — e~ Wb 4.1.3
", ") R = e (4.1.3)
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4. Green Operators and the Solution Space

But if —pg + €2p? + €2m? = 0, we have a problem. Luckily, a workaround can be found.
However, there are multiple ways to do this, so we only illustrate the two standard versions
to get the retarded and advanced solution here.

We consider the equation

e = (=(po — i0)* + 9P + )G (0, 4) (4.1.4)

for 7 € R,7) # 0. To be consistent, we require that the limit 7 — 0 of G 5(z*, y*) exists
as a distribution and that the original equation is solved in the distributional limit, i.e.,

/ ATk e P f(ph) = lim / A (—pg + €9+ Em)Geq (0", y") F(p"), (4.1.5)

for f € C°(R%*1).1 The limit should be take either from above or below. We will address
this later.

Now (—(po — i7)? + €2p? + €2m?) # 0 for all p* € R, hence we can find a solution to
(4.1.4),

~ 1 . 3 1 —1 M
Gealt®, ") == (po — )2 — 2p? — 2m?2" = (o — i7)% — B2 ° P, (4.1.6)
E7p
where E.p, := eE, = \/€?p? + €2m?. Hence (4.1.6) is a well-defined solution and we can
apply the inverse Fourier transform, which yields
ddtipe ddtipr -1 -
G€7~(1‘”’y“) :/ ePuT Gﬁ;(p“,y“) = / ePut - e~ P
n (27T)d+1 n (QW)d—H (po _ “7)2 _ E€27p
dd—i—lpu 1 i "
— — — e M_yll)p
/ (2m)a*L (po —im)? — E2,
P H—_pu — dd‘f'lpﬂ 1 *i(ﬂﬁu*yu)lw
- (@)1 (po + )2 — B2,
dp dpo 1 (200
— e y)P/ — e*l(l ) )PO. 4.1.7
/ 2 2r (o + 77)? — EZ, (4-1.7)

Remark. For 77 — 0 we formally get

ddp . dpo 1 20, 0_,0
Ge(zh, y") = Geo(zt, y") = — ife—yp [ 220 % —i(a"=y")po
(35 ") ,0(90 N ) /(QW)de ot pg—Ezpe

This integrand has of course poles at £F ;, and can therefore not be (directly) evaluated.
However, note that for € # 1 we do not seem to have Lorentz invariance of G, i.e.,
G (Ayx”, Ay”) # Ge(a#, y*) for any orthochronous Lorentz transform A. This comes
from the observation that pZ — Ezp = p? — €*p? — em? is not Lorentz invariant for € # 1.

But there is a deformed Lorentz invariance.

!By linearity of the integral it suffices to only consider real valued test function.
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4.1. Green function of the scaled Klein-Gordon operator

To progress further we need to evaluate the pg-integral. The usual way is to consider a
sequence of complex integrals along a sequence of contours, which converge to the original
integral.

We also distinguish the two cases 7 > 0 and 7) < 0. We write n = || and the superscript
+ or — denotes the sign of 7.
So, consider the two complex integrals

dz 1 (00
J:I: - 0(1:0 o yO)/ haiad : efz(z —yY)z
ek vg 2m (2 Fin)? — B2,

dz 1

+0(y° — :UO)/ — _ ez (4.1.8)
v 2m (2 Fin)? — E2,
where 7% := [~R, R] + {Re*|t € [0,7]}? and n > 0.
The integrals
dz 1 (20— 00
It = / = : e @)z (4.1.9)
R rg 2 (2 F)? - B2,
have the limit p 1
. P0o _i(x0_ .0
lim I= o= [ - =3 )po 4.1.10
p = [ e G0

which is exactly the integral that we want. The difference of the two integrals th77 r and

I;En, R can be rewritten, using properties of the contour integral, as
Jei'f] R~ Iein R (B9 0(z" — ) / 5 2 : i
o o (Re—it|te[o,x]} 27 (2 Fin)* — E2,
d 1 -
+0(y° — 2% /{ . ﬁ eI o—i(a®—y°):
_ Q(mo B yo) /Ow % (Reit:i}j;)—;t_ Eg’p efi(xofyO)Rcos(t)ef(xofyo)Rsin(t)dt
+0(y° — 2% /O’T % e ;i;t _ Egype—i(xo—yO)Rcos(t)e(:co—yo)RSin(t)dt'

If we have 20 — ¢° > 0 then e~ (@ =y Rsin(t) < 1 for R large enough and similarly if

2% — 4% < 0 then e(@—y")Rsin(t) < 1 for large R. In either case the dominating term is
iRe™
(Re ¥in)? — E2,

which tends to 0 as R — oo, since the denominator of the integrands contains a higher
power of R then the numerator.

24 s meant as the concatenation of contours, in our case [—R, R], the straight line from —R to R, and
{Rei”‘ t € [0, 7]}, the half circle from R to —R either in the upper or lower half plane, depending on
the sign of the exponent.
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4. Green Operators and the Solution Space

For z° — 4° = 0 we find that

1 —iRe™" T iRe"
9 —it T 52 5-dt + o it )2 2 dt
o 2m (Re~" Fin)? - EZ, o 2m (Re™ Fin)? — EZ2,
vanishes as R — oo by the same argument. Hence

+ +
Jenr =Ly ;72,0 (4.1.11)

To compute Jf,q r we use the residue theorem. The theorem states that for any
meromorphic function f and closed curve v in C we have

/f(z)dz = 2mi Z Ind,(a)Res(f,a) . (4.1.12)
v a pole of f
In our case
) = ! —ita 4z

21 (2 Fin)? — EZpe
are indeed meromorphic functions with poles at afz = +FE., +in for f* and a o =
+FE., —in for f~. Those poles are inside the contour VE and g respectively, if R is
large enough, and outside the respective other contour. How large depends on n, with
the threshold decreasing if 17 gets smaller. This means we do not run into conflict if we
take both the limit R — oo and n — 0.

Hence, for R large enough, we get

Indﬁ(afg) =+1 and Ind - (a1,) =0 (4.1.13)
for the winding number. We can calculate the residues as follows.
1 1 (0,0
Res(f*,af) = lim (z —a)f(2) = lim (2 — af)— e e y0)2
1 1 —i(z0—y0)at 1 1 —i(2®—y0)(Ee pti
_ e L= e V) (Eeptin) 4.1.14
27 (afE — agc) 21 2B, ( )
since ali is a simple pole, and similarly
1 1 . .
Res(f*,ay) = o= —gp—e "W Ferkin, (4.1.15)
€7p

Therefore, for R large enough, we can evaluate Jejc77 R

4.1.8
Thp CEV 00— ) [ ez 60 - a0) T (2)dz
TR TR
(4.1.12)2(4-1-13) 27”0(3/0 . mo)(Res(er,af) + Res(f+, a;_))

(4.1.14)+(4.1.15) 0 0 . 1 —i(20—yO) (Be p+in) 1 —i(20—y0) (= Ee p+in)
— 0 _ 2 Y e,pTU) __ Y e,p T
(y" —a")2mi (47TEEJ,€ inE.,"
1 S 0_,0 . 0.0 .
—O(—(0 _,0 (2 —=y°) (Bep—in) _ ,—i(z®—y°)(Ee p+in)
o=@~y ))2iEE,p (e c >
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4.1. Green function of the scaled Klein-Gordon operator

and analogously for JE_77 - Compactly written we get

JE g =E0(F@" — "))

i(a0—y°) (BepFin) _ —z’(:cO—y(’)(Ee,pim)) 411
%E., (e e . (4.1.16)

In our case, there are two choices, Ijn ror I to compute the Green functions,

R
using Equation (4.1.10). So we define
E T d’p iz i T TE
G (M, y") = — an) e lim lim I .. (4.1.17)

n—0 R—o0

Remark. A crucial detail here is that we do not know a priori if GF(2#, y*) satisfies the
defining equation (4.1.1). Even though

d
GE (@ ) = — ID i jimy 1%
€, ) . (27T)d en,R

R—o0

satisfies Equation (4.1.4), it is not clear at this point whether Ggfn(x”,y“) fulfills the
consistency condition (4.1.5). We will show in Subsection 4.3.1 that both Equation (4.1.1)
as well as Equation (4.1.5) hold for G (x#, y*).

As a final step we compute the limit explicitly.

d .
GE(z",y") R / 9P i@=vp iy fim I

(2m)d n—0 R—oo &M
(4.1.11) ddp (=)D 1s . +
= - 1 |
/ (2m)d © My Jenr

(4.1.16) d?p (T=y)p 1o 1o 0o 0 1 (20 —0) (Ee i
= _ iz lim 1 + — i(2° =y ) (Ee pFin)
/ Emd ¢l fim 0 -y )5 (¢ ’

_ efi(zofny)(Ee,pﬂn))}

dd (T — 1 i(x¥— —i(x®—
= FO(F(* — ")) / ﬁ< o (e i 0By )
€1p

_ d? 1 4 :
P'—>: P 0_,0 p izt —yM)py _ —i(zF—y*)p
FO(F(z" —y ))/ @r) 3E., (e “—e H)

dp  sin((zH —
= 1) [ g T

We call GF (z#, y*) the scaled advanced Green function and G_ (z*, y*) the scaled retarded
Green function. Note that this result is consistent with the unscaled case (e = 1).

po=Fe,p

(4.1.18)

pO:Ee,p

Let us finish this section by mentioning two properties of the Green functions. The

first one is
GE(at, ") = GF (g™, ) . (4.1.19)
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4. Green Operators and the Solution Space

This holds since

R B

27T)d EE,p po=FEe p
dlp sin(—(y" — *)p,)
= (£ — ) / z
(2m)d E., po=Fep
0 ow [ dip sin((yh — 2)p) G118 o
= 40— ") [ ity T LY GF (g 0t
&p pOZEe,p

We already mentioned in the remark after Equation (4.1.7) that for ¢ = 1 we have
Lorentz invariance of Gp(z#,y*). Since we will need this property later, we quickly show
it. We first rewrite G5 (z#, y*).

d sin((a* —
GEmy) B o6 - ) | (jﬂf)’d (( “Epy%)

pO:Ep
dp 1 (200 - (29— 00V
= FO(F(z" — %)) / — (el(w —y")po o —i(z—y)p _ ,—i(z"—y")po i(z—y)p
(2m)d 24E, po—F,
PP 20(7 (2 - yo))/ d’p ey L (ei(wo—yo)po _ i@y )po
(2m)d 2%E, _—

dlp e
- :FG(ZF(:UO _y0)>/ P i y)p/dpoe (z°—y")po (8(po + E,) — 8(po — E))

(2m)d
. dd+1 i il
zﬂFw(ﬂF(ﬂcO—yo))/ (%)pd e =" Pusen (pg)d(pg — E2).

2%E,

Remark. In this form, we can see that G (z#, y*) o< A(z® — 4%, 2 — y) where A is the
same as Equation (2.1.3). This is not a coincidence and we will touch on that later on.

Now, let A be any orthochronous Lorentz transform. We write shorthand (Ax)* for
A% x¥. Then by applying the calculation above we get
dd—i—lp,u

(27)

GE((Ax)™, (Ay)") = Fif(F((Az)° — (Ay)o))/ e~ WA = (A0 IPuson (pg) 3 (p} — E2)

Mo (Ap)E . dt1 —q —y))*
O i - ) [ d(;)ﬂ”e A (s (Ap))5((Ap)(Ap) — m?)

d+1
Fif(F(A(z —y))?) / d(;;)];“ e~ 1@ =Y Pugan ((Ap)o)d (pupt — m?).

Since A is orthochronous, it respects the sign of the 0-component, i.e., (Au)? > 0 if u® > 0
and (Au)? < 0if u® < 0. Hence sgn((Ap)o) = sgn(po) and O(F(A(z—y))?) = 0(F (2 —y))
and therefore

G (Ax)", (Ay)") = GE (a*,y"). (4.1.20)
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4.2. Green function of the Carrollian operator

4.2. Green function of the Carrollian operator

Throughout this thesis, we have always dealt with the limit as € approaches 0. So naturally
the next question which arises is what happens to the Green functions in the limit. To do
this, we introduce in this section the electric Carrollian operator, for which we are again
calculating the Green function and compare it to the result of the previous section.

The scaled Klein-Gordon operator P. from Equation (2.1.5) has, at least formally, the

limit
Po=0; Vit em® “—7 0}
e—0

Even though we are not really interested if the operators converge in a proper sense, we
want to note that this can indeed be made more rigorous.
As a sketch of the proof we start by realizing that P. : S(R¥!) — S(R*t!) can be
extended to, for example, P, : H?(R*!) — L2(R¥!), where H?(R%*!) denotes the
Sobolev space over R*! [Brell, 8.2].
Then, for f € S(R!), we have

B = 82y = -9 sy = 92 = 2 g

Since ||(V? — m2)fHL2(Rd+1) < 2max{1,m?} 1f Il gr2(ra+1y < 00 and by density of S(RI+)

in L2(R1) and H?(R¥1), P. converges to 07 in the strong operator topology.
We call
Py =02 : S(RH) — S(RIH) (4.2.1)

the electric Carrollian operator.

Remark. The electric Carrollian equation Py = 0 is the same equation of motion which
one gets from the action of the electric scalar theory used in [dBHO"23| for m = 0. Or,
if we think the other way around, we could counter scale m — e~ 'm and we would get
back the equations of motion Pyt = (02 +m?)1p = 0 for the electric scalar theory.

We proceed, as mentioned before, by computing the Green function of the electric Car-
rollian operator. This will follow almost exactly the same steps as in the previous chapter,
which is why we only highlight the key differences here. The complete computation can
be found in Appendix A.

The computation starts identically with the defining equation
PyGo(zt, y*) = 02Go(z, y*) = 69 (zH — yH).

Using Fourier transform, shifting the poles and inverse Fourier transform we get

ddp : dp 1 (200
= N A A i(z—y)p [ 2P0 —i(x%—y?)po
G5 /(27T)de / 21 (po F in)2 '
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4. Green Operators and the Solution Space

To evaluate the second integral in G({n (z#, y*) we again define

dz 1 (00 dz 1 000
Ji = (Y — / 77_6*1(33 -y )Z+0 0_ .0 / 77'6*1(96 -y )z’
0nr = 0@ =y - 21 (2 F )2 W =) 2k 2w (2 Fin)?

where fyﬁ := [-R,R] + {Re®"|t € [0,7]} and 5 > 0, and

[3: R :_/ @ 1_ e~ i(mo—yo)z
" —R,R) 27 (2 F in)?

By the same argument as in the previous section we conclude that the difference between
J(fn, r and Igtm, p vanishes as R — oo, depending on the sign of 20 — 40, and the latter
converges to the desired integral as n — 0 and R — oo.

To evaluate the former, we use the residue theorem (Equation (4.1.12)) with the integrand

f:i:(z) _ i 1 e—i(:no—yo)z )

21 (z Fin)?

The main difference to Section 4.1 is that the poles a™ = —in for f* and a~ = in for
f~ are now second order poles, which means that we have to use a different formula to
calculate their residue. In the end we get

Indﬁ(ai) =41 and Indﬁ (a*) =0

for the winding number and

1
Res(f*,a%) = o (—i(a® —y°))e v

for the residue. This still requires R to be large enough. This leads to J(fn, r being
evaluated as
T = FOGF( = y°)) (@0 — yo)e=omwln.

Defining
GE(a",y") = _/ ddp VP lim lim IF ..
’ (27T)d n—0 R—oo 0,1
yields
Gy (@, y") = FOF (2" — y°)) (@ — y")o%(z — y). (4.2.2)

We call G{ (z#,y*) the advanced Carrollian Green function and Gy (z#,y*) the retarded
Carrollian Green function.

Lastly, in this section, we show that we also have an analogous symmetry property to
Equation (4.1.19).

GE@ ) "2 203" - 1)) (20 - y°)6w — )
= £0(+(y" — 2°)) (3" — 2°)8%(y — 2)
U22 G (g, o). (4.2.3)
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4.3. Green operators and the Solution Space

In this section, we transition from the Green functions to the Green operators and show
an interesting connection between the Green operators, the vector spaces V. and the
Solution spaces for P..

4.3.1. From Green functions to Green operators

We start by smearing out the Green functions, by integrating it with a test function. To
be more precise, we define the maps G : C°(R1) — C°(R¥+1) by

G f(a) = / ALY GE (k) £ () (43.1)

for any f € C°(R¥1!) and 2 € R4TL. We call GF : OX(RIT) — C®(RI!) the
advanced scaled Green operator and G : C°(R4*H) — C°(R¥1) the retarded scaled
Green operator.

Next up, we want to show that the advanced and retarded scaled Green operators are in
fact Green operators according to the following definition.

Definition 4.3.1 (Green operator)

Let M be a time-oriented connected Lorentzian manifold. Let P be a normally hyperbolic
operator acting on sections in a vector bundle E over M. A linear map G4 : D(M, E) —
C*(M, E) satisfying

(i) Po Gy =idp,p),
(ii) G+ o Plp,p) = idp, k),
(i) supp (G4+¢) C JM (supp ¢) for all ¢ € D(M, E),

is called an advanced Green operator for P. Similarly, a linear map G_ : D(M, E) —
C>*(M, E) satisfying (i), (ii) and

(iii") supp (G_¢) C JM (supp ¢) for all ¢ € D(M, E)
is called a retarded Green operator for P.|BGP07, Definition 3.4.1]
A normally hyperbolic operator is defined as follows.

Definition 4.3.2 (Normally hyperbolic operator)
Let (M, g) be a Lorentzian manifold of dimension n and let E — M be a real or complex
vector bundle.
A linear differential operator P : C*°(M, E) — C*°(M, E) of second order will be called
normally hyperbolic if P has the form

0? 0

B2
DO’ + A (:c)axu + B(z), (4.3.2)

where A¥(x) and B(z) are matrix-valued coefficients depending smoothly on x, after
choosing local coordinates z# on M and a local trivialization of E. [BGPO07, p.33-34]

P =g"(z)
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4. Green Operators and the Solution Space

Remark. This definition uses the metric signature (+,—,...,—). If (—,+,...,+) is used,

then the term g“l’(:c)axf?izxy in (4.3.2) gets a minus in front.

In our case, we have M = R and E = R x R\, The smooth section C*°(M, E) then

becomes the set of smooth real-valued functions C*°(R9*1). Similarly D(M, E) becomes
Cgo (Rd—i-l).
From our derivation of the scaled Klein-Gordon-operator in Section 2.1, we know that, after
rescaling, E%Pe is just the original Klein-Gordon-operator P in coordinates (7,&) = (et, z).
Alternatively, we can consider P. as a normal Klein-Gordon-operator with mass em in
coordinates (7,&) = (¢, 1x),

P.=0; —Vi+em? =092 — Vi + (em)?.

Hence P, : C®(R%*1) — C>®(R¥1) is a normally hyperbolic operator. Note, however,
that it does not matter for our purposes whether P, is or is not normally hyperbolic, as
we will see shortly.

So we proceed by showing that our Green operators G from Equation (4.3.1) for
e € (0,1] fulfill the rest of Definition 4.3.1, i.e., are linear and satisfy (i)-(iii). The
restriction to € € (0, 1] will make sense later on. Since we are mostly interested in the
limit € — 0 this does not hinder us.

Linearity:
Linearity follows from the linearity of the integral.

(1):

To make the next computation a little more compact, we quickly note that

A% sin((@” — y")pu) _ [ d% sin(=(z—y)p) _
/(zﬁ)d Eep ’ _/(27()(1 Eep =0, (4.3.3)

pO:Ee,pva:yO

and hence G (zH, y")|z0=y0 = 0, since this is an odd integrand over a symmetric domain.
Thus, a direct calculation shows

PGE () 2V p, / ALY GE () ()

(4.1.18) d+1 0o_.0 / d'p  sin((z* — y")p,)
= =p 1 _
¥ /d v OFE =) | Goy ey

f")

pOZEc,p

po=FEe,p

=F(0% — VP + 62m2)/dd+1yu 0( (20 — yo))/ dp  sin((z* — y")p,)
f")

(2m)d E.p
20 .
= 0% / dy / dy” / dp sin((z" = y")py)
’ +oo (27r)d Ee’p po=FEep

d sin((zt — y*
q:/dd+1yu9(:F($O_yO))/ (;lﬂ_];d (62p2+62m2) (( EEpy )pu)

f(y")

po=Fep
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4.3. Green operators and the Solution Space
fy")

0. / dy / dp sin v )
x
,p po=Fe,p y0=20

0
@ d?p  sin((z* — y")py)
+ /ddy/ dy’ 0, / £ fy*
+o0 ’ (27T)d E€7p pO:Ee,p ( )

d
- /dd“y“ 9(:!:($0 . yO)) / (;ngd Eap sin((w“ — yu)pﬂ)’pozEe,p f(y“)

/dd / dd sin((@" — y")p,)
Ee,p po=Ee,p

ol are / oy, s i
+oo 7T) &p pOZEe,p

d
; / ot ) [ a5

cos(—(x — y)p)f(fvov y)

d’p sin( (2" — y*)py)
d+1, p 0_,0 Iadl R L
:F/d yro(F(" —y ))/(QW)d Ecp E.,

).

f(y")

po=Eep

d
¥ / Ay O(F (a° _yo))/ (Z:;d Eepsin((@" = y")pu)lpy—p. , f©")
d
= /ddy/ ;iﬂpd cos(—(z — y)p) f(2°,y)

“J ] o

. /ddy2 <5d(—(a: )+ 0w =) £ y) = f(ah),

d
d p 1 e—ile=)p) 4 ilo- y)p)> F(20,y)

for any f € C2°(R%1), which implies (i). This finally implies that G (2, y*) satisfies
Equation (4.1.1), which we commented on in the remark after Equation (4.1.17).

(ii):
For the next calculation we need do distinguish on which variables the operator P, acts.
If it acts on the variables ## will denote this by P?. So let f € C2°(R%*!). Then

GEP f(at) U2 / I GE () (P F) () A / Ly GE (g ) (P F) ()

dy  gin((uh — gzt
S [atnypoe - o) [ty O gy
(2m) Eep po=Ecp
+00 dlp sin((y* — z")p,)
B ; 0 w 2 272 2 2 M
_ /d y/wo dy /(27T)d o . ((8yo eV, + e m?) f)(y")
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4. Green Operators and the Solution Space
Oy f(y")

/dd / sin((y* — z*)py)
E€7P po=Fec,p y0=z0
+oo d%p sin((y* — x")p,)
. d 0 M 1%
/d y/xo dy ayO (/ (27T)d Ee,p po=E. 6y0f(y )
Foo d% sin((y* — z")p,,)
d 0/ 202 , 2.2 w M
+/dy/g;0 dy” ( eVy+em)</(27T)d ., _— f")
(43.3)/ d d'p  sin((y* — z")p,) >
= d*y 0,0 / ")
v < (27r)d EEJ’ po=FEep yO=x0
de sin((y#* — x*
/dd / dy 82 / p ((yE )p,u) f(y“)
( ) €,p pOZEe,p

ioo dy  sin —x
e [ s ([ o |

From this point onward it is the same calculation as for (i). Hence (ii) holds.

With that (ii) we can imply that GZ, (z#,y*) satisfies Equation (4.1.5), by useing
Plancherel’s theorem [Ste03, 6.2.4] on G&P f(z") as a distributional limit and therefore
completing the remark after Equation (4.1.17).

(iii) and (iii"):
To show (iii) (or (iii’)) we first show that GF(x#, y*) = 0 whenever x# and y* are spacelike
to each other, i.e., * — y* is spacelike.
For the next calculation we want to keep track of the parameter m. So we denote
GE(z*, y") as Gi (2t yt). We rewrite

d’p  sin((z" — y")py)
27T)d E.,

G (@ ) Y 2o(F0 - ) / :

pOZEe,p
d’p  sin((z° — y°)po — L(z — y)p)

2m)4 V% + e2m?
1

G:lt€m(( 07 %.I), (y07 ;y)) .

1
PP

= :Fe(jF(IO—yO))eld/(

po=+/p?>+e2m?

Whenever now u* and v* are spacelike to each other we know we can find a Lorentz
transform A, such that (Ay,(u — v))? = 0. This then implies G (u#, v*) = 0 since

(4.1.20)

Gy (u",v") G (Auwtr), (Auw0)")

3Sketch: For any spacelike z* € R we can first find a Lorentz transform A; such that (A1)t =

(z°,]z|,0,...,0). Since lzol 1 for x* is spacelike we can then find a boost As in the 1-direction

||

with velocity v = %\' A2A; then has the desired property.
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4.3. Green operators and the Solution Space

d sin uwo b — U
(4.1:.18) :Fe(q:(Auv(u B ’U))O)/ (;iﬂ-]))d ((A ‘(E‘ap ))“pu) o
B dip  sin((Auw(u—v))p;)
- :|:9(0)/ (2m)d Eep po=FEcp
dyy sin u—v
= $/ (;lw];d (AmiE(E,p v " o

where in the last step we used that the integral has an odd integrand and is over a
symmetric domain.

Hence, what remains to show is that (2%, 1z) is spacelike to (y° 1y) whenever z# is
spacelike to y#. If that is the case, then GZ,, (z#, y") = E%Gfem((:xo, 12), (0, Ly)) = 0
by Equation (4.3.4).

Since we restricted to € € (0, 1] we have that % > 1. Hence

(2% —y°)? - (%w — %y)2 = (2" —y")? - é(w —y)? <@ =y’ - (z-y)?* <0,

0

since z# is spacelike to y*. Therefore (20, 1z) — (y°, 1y) is spacelike.

We have now shown that GF(z*,y*) = 0 whenever x# and y* are spacelike to each other.
Let now f € C°(R4*!) and # ¢ J* (supp f). This means that that there does not exist
a future directed causal curve from any y* € supp f to . Since we are in Minkwoski
space, this means that for all y* € supp f we do not have both (z° — y%)? — (z —y)? > 0
and 20 — 3% > 0. We write

G, f(at) (49/dd“y“GZ(w“,y“)f(y”)=/ Ayt G () f (")

supp f

-/ A G ()T )
{y*€supp f|z+t—yH spacelike}
+ G (T )
{y*Esupp flz*—yH not spacelike}
The first integral vanishes, since G_ (z*, y*) = 0 by the above calculation, and the second
one is also 0 because if z# — y# is not spacelike, we must have 20 — 4% < 0 by the
assumption and

d’p  sin((z" — y")py)

d
Qﬂ-) E€7P pO:Ee,p

(4.1.18)

G () “E g0 — o) / : _0

whenever 2° — " < 0.
Therefore (iii) holds for G, and analogously (iii’) holds for G.

This means that G_ is an advanced Green operator for P, according to Definition
4.3.1 and similarly G7 is a retarded Green operator for P,. This small discrepancy arises
simply because [BGP07] uses a different naming convention as is usual in physics. We
shall carefully ignore that difference and remain with the convention that G} and G_ are
the advanced and retarded scaled Green operator respectively.
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4. Green Operators and the Solution Space

4.3.2. Connection to the Solution Space

So we have finally shown that GF are Green operators according to Definition 4.3.1. We
want to use the following theorem.

Theorem 4.3.3

Let M be a connected time-oriented Lorentzian manifold. Let P a normally hyperbolic
operator acting on sections in a vector bundle E over M. Let G4 and G_ be the advanced
and retarded Green operators for P respectively.

Then the sequence of linear maps

0 — D(M, E) 25 D(M, E) %5 (M, E) X5 ¢ (M, E)

is a complex, i.e., the composition of any two subsequent maps is zero. The complex
is exact at the first D(M, E). If M is globally hyperbolic, then the complex is exact
everywhere. [BGP07, Theorem 3.4.7]

Remark. For example - - - N % I being a complex means that Im ¢ C Kervy. To
be exact at V means Im ¢ = Ker ¢ [Spa66, 4.5].

Some clarifications are in order. CS2(M, E') are the smooth sections, which are “spacially
compact”, meaning that for every ¢ € C52(M, E) there exists a K C M compact such that
suppp C JM(K). The map G is defined as G := G+ — G_ : D(M,E) — C2(M, E).
Note that by property (iii) and (iii’) of G4 we can also write G4 : D(M, E) — CX (M, E)
for the Green operators.

We can now apply Theorem 4.3.3 to P.. To avoid confusion we denote
AG, := GF — G : CX(RT) — C(RIH1). This yields the exact complex

0 — Cgo(Rd+1) £> C?(Rd—kl) A_Gg C;)co(Rd_H) i) Cs:(Rd—H) ) (4.3'5)

Remark. We mentioned before, that contrary to our naming convetion G is the retarded
and G_ is the advanced Green operator for P, according to Definition 4.3.1. This means,
strictly speaking, that we should use AG. := G — G for the exact complex 4.3.5. But
by linearity of AG. = —AG. we have Ker AG. = Ker AG, and Im AG, = Im AG,, which

means for the complex it makes no difference.

Since there are two instances of P, in this complex with different domains, we denote
with Im, P. the image of P. : C2°(R%*1) — C°(R¥*1) and with Kerg. P. the kernel of
P, : C2(RH1) — C2(RH1).

The exact complex (4.3.5) then implies that Im. P, = Ker AG, and Im AG, = Kery, P..
This allows us to do the following.

Ceo (R /Im, P, = Ceo(RHH) /Ker AG, = ImAG, = Ker,. P, (4.3.6)

where we used the isomorphism theorem for vector spaces.
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4.3. Green operators and the Solution Space

We call Sol(FP,) := Kerg. P. the solution space of P, as it contains all spatially compact
functions ¢ such that P.¢p = 0. Since C°(R¥1) C C9(RU), Sol(P.) also contains
all solutions with compact support. For the case e = 1 this has already been done in [FR19].

As the final piece of the puzzle and the last part of this section, we show the connection
to the spaces V., = Ce°(RHH) /Ker o, from Section 2.3.
We begin by setting AG(x#, y*) := GF (z#,y*) — G- (z*,y*) and calculating
AGe(x" yt) = G (M, y") — GZ (a#, yH) =
_9(_(x0 _ yo))/ (ddp sin((z# — y“)pu)

27T)d Ee,p po=FEep
— (2" — ) / dp - sin((@" = y")py)
(27T)d Ee,p pO:Ee’p
(27T)d EE,p po=FEe,p

Clearly AGcf(2#) = [d¥ iyt AG(z*,y") f(y*). We quickly show three properties of
AG(xH, y*). First
AG (2", y!)|z0=yo =0 (4.3.8)

follows from (4.3.7) and (4.3.3). The second one is
030 AG (", y!)| 10—y = —0x —y). (4.3.9)
We can see that this holds by a small calculation.

d?p 5., Sl —y")p,)
2m)d z0 E.,

D0 AG (2, 5" yo_yo 27 / :

pOZEe,p 20 :yO

ddp ddp 1 —i(x— i(x—
:_/(271-)(1 COS(—(ZE’—y)p):—/WQ(e ( y)p+€( y)p)
1
=5 (5d(—(w —y)) + 6%z - y)) = 0%z —y).
Lastly, AG(z", y*) is antisymmetric.

AG (2, y") = GF (o, y) — G (2, y*) " G (g, at) — GF (y, o)
= —AGe(y'u7 x“) . (4.3.10)

Consider now the map
AG(f.9) = [ dlo f(a)AG.g (o)

= /dd+1x”/dd+1y“ AG (z",y") f(2")g(y") . (4.3.11)
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4. Green Operators and the Solution Space

We note immediately, that AG.(f,g) is antisymmetric since

AG.(f,g) “EY / gt / Ly AG (2, ) f () g (")

B0 fatvan [ atye ac ) s @gr) Y -AG0.1).
Equation (4.3.11) can be rewritten as
3 (4.3.11) d+1, .p d+1, p B H H
AG(f,g9) = Al [ ATyt AG (2, y") f (2)g(y")
4.3.7 d%p  sin((z* — y*)p
(: ) _/derlxu/derlyp/ pd (( Yy ) M) f(x,u)g(y,u)
(2m) Eep =E
k Po=Le,p

_ / ddp / dAH1ph / dd+1yu 1 (eiw“pue—iy“m
(2m)d 2B
it M

_ eitpu iy pu)‘pg:Eeﬂp f(xﬂ)g(y/ﬁ)

L R
— i / @;;d%p (FBep, 2)iBepsp) = J (Fep2)3(Fep) )

which is up to a factor of —i the same as [¢€(f), qu;(g)} by Equation (2.2.4). As we have
already announced during the calculation of Equation (4.1.20), this is not a coincidence.
The integral kernel of [qﬁe(f), ¢Z(g)}, ie., [qbe(w“),qﬁl(y“)] is a solution of the scaled
Klein-Gordon equation since ¢, is also a solution.

PE [oc(a), ol (y)| = [Procda), ol(y")] = 0.

By the equal-time commutation relations we have
ESRIIS]
Opo [ #c(a"). ¢l ()]

=0 and

20=g0

= [Bae(a), 01|
= —idl(z —y).

= [ml@), ol ()]

20=g0 20=y0 20=y0

Similarly, iAG¢(x*, y*) is a solution since Equation (4.3.5) implies
0= iPIAG.f (") = [ a1y PHAG " ") (o)

for all f € C°(R*!) and all 2# € R which in turn implies that PZAG,(z#,y*) =0
by the nondegeneracy of the L?-inner product. We also have the initial conditions

IAG (2", y")| o=y =0 and 0 0iAG (2", y")| 00 = —i0%(x —y)

by (4.3.8) and (4.3.9).
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4.4. Solution space for the Carrollian operator

Hence, iAG(xH, yH) = [@(w“) )l (y”)} by the uniqueness of solutions for second order
partial differential equations, which implies iAG(f, g) = [gbe( ) qbi(g)} The € =1 case

then explains our choice for Equation (2.1.3), which was not really a choice for that reason.

So we know that oc(f,g) [qbe(f),qbl(g)] o« AG(f,g) for all f,g € C°(R1), which
implies Kero. = Ker AG, := {f € C®(R¥) | AG(f,9) = 0¥g € CX (R 1)} The
claim is now that Ker AG, = Ker AG,.

If f € Ker AG. then AG.f(z#) = 0 for all z* € R which yields AG(f,g) =
~AGe(g, ) = — [d¥at g(a")AGf(2") = 0 for any g € C(R¥!). Hence f €
Ker AG,.

Conversely, if f € Ker AG, then 0 = AG(f,g) = —AG(g, ) = — [ d™'at g(a*)AG. f(x*)
for all g € C°(R*!), which implies AG.f = 0 by the nondegeneracy of the L2-inner
product. Hence f € Ker AG, and the claim holds.

Therefore, Ker o = Ker AG, = Ker AG, and finally

Ve = C&(R) /Kero, = Cee(RH) /Ker AG,

This, at long last, finishes the argument for Equation (2.3.8).

4.4. Solution space for the Carrollian operator

The same argument from the previous section can be repeated for Py and G(jf, provided
that Gg satisfy Definition 4.3.1. In this final section of Chapter 4 we want to show that
G’OjE really do satisfy Definition 4.3.1 and show explicitly what the isomorphism between
Vo and Sol(F) is.

We start directly by checking Definition 4.3.1 for G& : OX(R*1) — C°(RH!),
defined by

G f(a) = / ALy GE () [ (") (4.4.1)

Linearity:
Linearity follows again from the linearity of the integral.

(i):

For any f € C°(R4*!), we can imply (i) by
+ u (4ﬁ1) d+1, p /i p 0 m
PGy f(a") =" Ry [ d"T gyt Gy (2t y") f(y")
(4.2.2) d+1, p 0 _ .0\ (.0 _  0ys5d "
TP [ dT Y 0(F (2 —y))) (" —y7)0%(x — ) f(y")

0

= [0 @0 )

+o0
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4. Green Operators and the Solution Space

(ii):

Similarly, we can compute

G Py f () Y / dHy Gty (PUF) () 2 / I G (g ) (P F) ()

2 [ty o - ) - 05 - o) (P

+oo
= [ a6 - )6 )

0
+oo0

=~ (1° = 2°) (0 )" )] jo_po — /

T

dyo ayo [(yO - xo)](ayof)(y07 I’)

0

+o0
— [ 4 00 = Flasa)

0

for any f € C°(R¥1), which implies (ii).

(iii) and (iii’):
We again first show that G(jf(x“, y") = 0 whenever z# and y* are spacelike to each other.
But this follows quickly since GF(z#,y*) = 0 whenever z* and y* are spacelike and
lim_o G (2, y*) = GiE(zH, y*).
The rest of the argument follows now identically to the analog for GE. Let f € C°(R+1)
and z# € J*(supp f), i.e., for all y* € supp f we do not have both (z°—3°)2 —(z—5)? >0
and 20 — 90 > 0.
We write

Gy (™) (414'1)/dd“y“Ga(w“,y“)f(y“) —/ fdd“y“Ga(w“,y“)f(y“)
supp

-/ G ) )
{y*€Esupp f|z*—yH spacelike}

+ / Ayt Gy (2 y") (") -
{y*€E€supp flz*—yH not spacelike}

The first integral vanishes, since G (2*,y*) = 0 and the second one is also 0 since if
xH — y* is not spacelike we must have z° — ¢ < 0 by the assumption and

2.2)

G (o) "2 0020 — y0) (20 — y0)0%(z — y) = 0

whenever z° — " < 0.
Therefore (iii) holds for G and analogously (iii’) holds for G .
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4.4. Solution space for the Carrollian operator

Hence Ga—L are Green operators for Py according to Definition 4.3.1.

Remark. Here we quickly note, that Py is not normally hyperbolic. Clearly Py = 830 =+
N OpnOyv. However, as far as we can tell, the proof of Theorem 4.3.3 in [BGP07, p. 91|
does not rely on P being normally hyperbolic as long as G+ otherwise fulfill Definition
4.3.1. Only linearity of P is directly used. Therefore we can still apply this theorem Py.

So by the same argument as before, we get the exact complex
0 — C°(RIH) Ly ooo(Ri+1) 29 oo a1y Lo, cooRd+ly  (4.4.9)

where AGg := Ga“ — G, . We can again write AGof as

AGof (") = / Ly AGo(a, y) f (")

where
AGy(xH, yt) = Gg(a:“,y“) — Gy (2", y")
= —0(—(2" — ")) (a® — )5z — y) — 0((2° — y°)(a® — y*)0% (2 — y)
= () ). (143

We are now able to show that GS—L f is the pointwise limit of GF f as ¢ approaches 0 for
every f € C°(RIH).

+ poopy (43:1) d+1 20 o0 d’p sin((z" — y")pu)
R e R e s
d 1
5 [ ks [ - )0

. (ei(w“*y“)pu - e*i(fC“*y“)Pu>

po=FEcp
- d?
"= ”¢/ (27T];d /ddﬂy“@(ﬂxo—yo))f(y“)

. (ez’(a:O—y(’)Ee,p _ eﬂ(x(’—yowe,p)

1

i(z—y)p
2iF.,

d?p L N
=% [ o [ D)

(142 = y")Eep + O(EZ,) — (1 —i(2® —y*) Ecpy + O(EZ))))

d
- :F/ (;jﬂ_];d /dd—i-ly” O(ZF(xO _ yO))f(y#)ei(m—y)P ((.”L‘O B yO) + O(Ee,p))

i@—y)p

d
=7 [ [ G )60 — ) e e

d
= :F/ (;ZWI)?d /dyo O(ZF(xO _ yO))(:EO _ yo)];xf(yo’ —p)em’
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4. Green Operators and the Solution Space

= ﬂF/dyO 0(F(z* = ") = ") f (v, 2)

= / Ay O(F(2° — ") (@ — )6z — ) F (0, w)

4.2.2 4.4.1
422) / A GE ) f ) MY G . (4.4.)

Note that by (4.4.4) we also have lim. 0 AG¢f(x*) = AGp f(z#) which further implies

0e(f.9) < AG(f.9) = / d*at f(a")AGeg(a") — / d*at f(a#) AGog(«") o< oo(f, 9)

by the uniqueness of the limit. The swapping of the integral and the limit is justified
because f € C2°(RY*T1). This further yields

Vo = CER™) /Ker 5 = Sol(Ry) (4.4.5)

by the same arguments as in the previous section.

We finish this section and this chapter by making the isomorphism in Equation (4.4.5)
more explicit.
First, we take a closer look at Sol(Py) = Kerg. Py. It is very easy to see, that Pyo(t, z) =
0?¢(t,r) = 0, with initial conditions ¢(0,z) = f(x) and 9;4(0,z) = g(x), is solved by

ot x) = f(x) +tg(x) .

For ¢ € Ker,. Py we also require ¢ € CS(R¥+1). This readily implies that f and g are
smooth. By the discussion in [BGPO07, 3.4.5] we gather that ¢ is spacially compact if the
restriction ¢|s has compact support for any Cauchy surfaces S of R, In Minkowski
space, however, we have the time-slices {t = k} for some k € R are Cauchy surfaces.
Hence ¢|;—j needs to have compact support for all k.

For k = 0 this means ¢(0,z) = f(z) needs compact support and g(z) = ¢(1,z) — ¢(0, x)
has support contained in supp ¢(1, ) U supp ¢(0, x), which is also compact.

Therefore we have

Sol(Po) = {f +1tg | f.9 € CZ®RN} (4.4.6)

where tg is the function (tg)(t,z) = tg(x).

We claim now that the AGy : Vi — Sol(Fy), defined by AGy(f + Kerog) := AGyf, is
the isomorphism from (4.4.5).* We check now if AGy : Vo — Sol(Fy) is well-defined and
bijective.

For the well-definedness we remember that Ker oy = Ker AGy by the same argument
presented in Subsection 4.3.2. Hence, for any g € Ker oy we get

AGo(f +g) == AGof + AGog = AG f .

*If one is familiar with the proof of the isomorphism theorem then this is obvious.
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4.4. Solution space for the Carrollian operator

Injectivity in our context means that whenever AGgf = 0 we have f € Kerog. By
Equation (4.4.2) this means that f € Kerog = Ker AGo = Im Py. So let f € C°(RH1)
such that AGof = 0. Since AGy = G; — G|, we have G(J{f =G, f. Setting g := Ga“f =
Gy f yields a smooth function with compact support. Indeed, we have

supp g C supp Go f Nsupp Gy f € J ™ (supp f) N J~ (supp f),

since G(f are Green operators for Fy. The latter being compact Minkowski space
implies that suppg is compact. GaE being Green operators for Py also then yields
Pog = PoGarf = f, hence f € Im Py = Ker ogyg.

For the surjectivity we need to construct for every ¢ € Sol(FPy) a ¥ € Vj such that
AGo = ¢. So let ¢ € Sol(Py). By Equation (4.4.6) there exists f, g € C2°(R?) such that
¢(t,x) = f(x) + tg(x). Define now

Y(t,x) = —F; (g(2) +ipo f(x)) Fep(po)l(t), (4.4.7)

where ¢ is defined the same as (3.1.26). Note that F;¢ is still a Schwartz function and so is
(9(x)+1ipo f(x))Fie(po), which means we are allowed to take the inverse Fourier-transform.
1) is indeed real valued and has compact support since

P(t,x) = —ft_l[(g(w) +ipo f () Fre(po)](t)
i Hg(@)Fep ( 0)](t) = F; Hipo f () Fep(po))(t)

—g(2)(t) — *f (@) Fup(po))(t)
—g(x)p(t) - () (t)

and every term in the last line has compact support. We can then calculate
4.4 4.4.3

AGow(ta) 2 [attypaGo((ta). i) = [ty - 05l - o)
= /dyo(yo—t)i/}(yo,w) = /dy0y°¢(y°7w) —t/dyolb(yow)

= L)% 2)](0) — tR(, 2)](0) = zdjjoftw 2)](0) — tF (., 2)](0)
“an —z‘cgo[(g(x) +ipo £(2)) Fep(po)]lpomo + t{(g(2) + ipo (@) Fp(p0)][po=o

=i [if(x).?’-'tcp(po) + (9(x) + ipo f(w))dioﬂw(po)]

+t [(9(z) + ipo f(2)) Fe(p0)]l o0
(3.1.27) +(3.1.28) F@) +tg(x) = ot ).

Hence, AGy is surjective.

po=0
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4. Green Operators and the Solution Space

The construction in (4.4.7) also gives a clear method to define the inverse of AGj :
Vo — Sol(P), as the equivalence class of 1 is the preimage of ¢, i.e., AGalqﬁ =Y € V.
There is also a very nice connection to py from Equation (3.1.23). By Equation (3.1.25)
we know that po(Wy(¢)) = 1, for ¢ € Vp, if and only if 1]1\((), .)=0.

Taking ¢ = f + tg € Sol(FPp) and constructing ¢ according to (4.4.7) we can compute

D(0,p) = FoFap(0, p) “27

= —Fzlg(x) Fre(0)](p)

— Fal(g(z) + ipo f(2)) Fre(po)l(p)|p=0
(8.1.27)

9(p) -

Hence po(Wp(¢0)) = 1 if and only if ¢ = 0, since the Fourier transform is unitary on
Schwartz functions and therefore g =0 <— ¢g = 0.
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5. Magnetic Carrollian limit

For the entirety of this thesis we have focused on the fields ¢ and have never considerd
what happens to the conjugate momenta 7. In this short chapter we repeat the whole
process and show that we can obtain a different limit algebra.

The bulk of the calculations is done in Appendix B, as they are essentially identical to
what we have done before, and we will only present the main results.

5.1. Magnetic Carollian limit algebra
We consider the scaled momenta
Te(t, x) == 67%7r(6t,3:) and 7l (t,z) = eféﬂT(et,x).

Immediately something interesting arises. The conjugate momentum of ¢, and gbi can be

computed, for € > 0, vial

Fe(t,x) = 0ol (t,x) = € 20,01 (et, 7) = e27(et, x)
Orpe(t, ) = e*%(?t(ﬁ(et, x) = E%ﬂ'T(Gt, x).

=1
p
—~
o~
=
I

The necessary prefactor of 7 (t,z) (and 7l (t,2)) can also be deduced from the equal-time
canonical commutator relations since

[¢(t,$),ﬂ(t, y)] = Z(Sd(l' - y) = [Qbe(t?l')?ﬁ-e(ty)] :

Hence 7. # 7. and 7?1 #* 711, yet we need . and TFI for a convergent commutator, as we
will see shortly. This is an early sign that the results will be different from the electric case.

The commutator is then given by

[W(t, x), WT(S, y)} = —0;0s [qb(t, x), gi)T(s, y)} 212) —0i0sA(t — s,x —y) .

Smearing the fields with f, g € C°(R1) yields

~

~ P —

[m9)7t(6)] = 37 [ ety (FeEBpdleyip) - FeEpplo(cBrer))

'We can consider the Lagrangian £ = 8p¢.80p! — €V Vol — 2m2pe¢!, which yields the scaled
Klein-Gordon equation P.1) = 0 as equations of motion.
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5. Magnetic Carrollian limit

which we can then turn into a proto-symplectic form, i.e., a bilinear antisymmetric map
on C®(R¥1) by defining

| | o A
onelfg) =5 |7l F)mllg)] = 37! / il (FCE D)T(Eyp) = T (eBp,p)i(eEp ) -

(5.1.1)
Hence, if we go to V; ( := Ceo (R /Ker O where

Keran,e = {f € Cgo(Rd-H) | O'ﬂ,e(fa g) =0Vg € C((;o(]Rd—f—l)}7

we get the symplectic space (Vy.c,0r ). Similarly, we can turn

i i d f = 9
rralf.0) = g lim [ 7l0)] = 5 [ 55 B (jzj;(o,pm(o,p) Fon 52 p>>

e—0

Rd—l—l

into a symplectic form on V; g := cer /Ker Or0

Applying Theorem 2.3.1 yields the Weyl-algebras Wy ¢ := W(Vz ¢, 07 ) and Wy o 1=
W(Vz0,0x0). We call Wy g the magnetic Carrollian (limit) Weyl-algebra of {Wr . | € >

0}.

5.2. Connection between underling vector spaces

To construct an analog of pg we first need to represent Wy . on a Fock space. For this
reason we define the operators

Wre(f) i= D)

for f € C°(R¥1). To apply the uniqueness clause of Theorem 2.3.1 we need to show that
the family {Wy (f) | f € Vr €} satisfies Weyl-relations. A crucial ingredient for this
when showing the same for {W,(f) | f € Ve €} was Equation (2.3.8), i.e., Im P, = Ker o,
which we got as a result from Chapter 4. It was used in showing that W.(f + h) = Wc(f),
whenever h € Ker o..

What we are going to show is that Kero. = Keroy . This then implies that Im P, =
Ker o, which allows us to proceed with constructing a representation of Wy . in a
similar manner as we did for W, in the next section. Moreover this implies that

Vie = Cgo(RdH) /Ker Ore = Cgo(RdJrl) /Ker Oc = Ve.
We are also going to show Ker o¢g = Ker o o, which implies that V; o = C* (R / Kerox

= CZ(R*) / Kerog = Vo Hence the classification of Vp, which we did in Section 4.4
applies to Vr o as well.
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5.2. Connection between underling vector spaces

Let z,w € C and we write z = a + ib and w = ¢ + id with a,b,c,d € R. We can then
write

2w — zw = (a +ib)(c —id) — (a — ib)(c + id) = ac + bd + ibc — iad — ac — bd + ibc — iad
= 2i(bc — ad) .

Thus we can write for f, g € C°(R¥+1)

3. 2.4) 1 dl - — .
o(f,9) (2:3.4)+£(22.4) i / 7(%);2&3 <f(eEp,p)g(eEp,p) - (eEp,p)g(eEp,p))
j de , . . . .
— jl/(ZﬂCZEp 2 (Im f(eEp,p)Re g(eEp, p) — Re f(eEp,p)Img(eEp,p)>
1 de . . . .
- _2/(27r)dZZEp (Imf(ﬁEp,p)Reg(EEp,p) —Re f(eEp,p)Img(EEp,p)) :

(5.2.1)

For a fixed f we define

gi(ta) = F [ f] (4o) = 7 [F - F] (4) = o (F6) = F(~t,—2) (522)

21
go(t,z) = iF ! [Re jf] (t,z) = %]—"1 [} +ﬂ (t,2) = = (f(t,2) + f(~t,—x)) , (5.2.3)

_:
2

which are both elements of C°(R%*1) since f is as well. So for f € Ker o, we get

(6.2.1) 1 dp - - - -
0=0cfq1) = _2/(27r)deEp (Im f(eEp,p)Re g1(eEp, p) — Re f(EEp,P)Imm(EEp,P))
(522) 1 d’p ; 2
2 / (2m)deE, (Imf(eEp,p)>

and

52.1) 1 d? - - . -
0= Ue(f7 92> ( = ) -5 / (7]) (Imf(eEpvp)RGQQ(eEp7p) - Ref(eEp,p)Imgg(eEp,p)>

2 2m)4eE,
(523) 1 d’p ; 2
2 / (27)deE, (Ref(eEp,p)) '

Those equations imply that f(eEp,p) = Ref(eEp,p) + iIm}’(eEp,p) = 0 for all p €
R?. Hence we find that Kero. C {f € OX(R1) | f(eEp,p) =0Vpe Rd}. But clearly

{f € OX(RF1) | f(eEp,p) =0Vpe Rd} C Ker o, since if f(eEp,p) = 0Vp € R? then
oc(f,9) =0 for all g € C°(R4*1) by 5.2.1. Therefore

Ker o, = {f € CX(RHY) | F(eE,,p) = 0¥p € Rd} .
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5. Magnetic Carrollian limit

With the same trick as before we can rewrite

1 d? . .
ore(f 9) = —3 / (QT;D% E, <Im f(eEp,p)Re g(eEp, p) — Re f(eEp,p)Img(eEp,p))

and by the same arguments as above, even with he same test functions ¢g; and g2, we find
Ker o = {f € CX(RMY) | F(eE,,p) = 0Vp € Rd} — Ker o, (5.2.4)

For the analogous result for o9 and o, we consider the special functions
hy(t,z) = (;Z()ftf(o,x)@(t) = —icp(t)/sf(s,:n) ds (5.2.5)
ho(t, x) == —iF: f(0,2)F; poFrp(po))(t) = Frf(0,z) /f s,x)ds, (5.2.6)

for some fixed f € C°(R%*!) and ¢ defined as in (3.1.26). h; and ho are again elements
of C2°(R¥1). Their Fourier transform is
Ipo

ha(po, p) = FiFeha(po.p) 2 —iFa [Fof (0,2)] (9)poFip(po) = —ipo (0, p) Fup(po)

which yields

7 (po,p) = FiFelu(po,p) "= F. [8ftf<o,x>] (n)Fip(po) = a‘zo (0,p)Fesp(po)

—~ d - 27) 0
h1 (0, —F(0,p) Frp(0) =" —F(0, 5.2.7
1(0,p) 8p0f( p)Fi(0) apof( p) (5.2.7)
0 — o - d (3.0.28)
—h1(0,p) = = f(0,p)=—Frp(0) ~=""0 5.2.8
D5 1(0,p) 8p0f( p)apo 10(0) (5.2.8)
and
ha(0,p) =0 (5.2.9)
0 —~ 0 o
8—poh2(0,p) = [_ZPOf(Ovp)JTt(P(pO)} ’pozo
- . )
=i | 100 Fagtm) + 0] (0.5) - Fim)|
Po po=0
(3.1.27)+(3.1.28) —if(O P) (5.2.10)
Similarly to before we get, for f € Ker oy,
2.4.1 =
OZUO(fvhl)( )Z <f0ph1017) fO,p 0P>
(GaniGes) i [ dp D, R z/ ddp 9 50 2
2/)8f(0p)af()2()8f()
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5.3. Magnetic Carollian limit state

and

l\.')\@

— oo(f, hy) P ( 70,)(0,5) — 700, )ahz(ovp)>
d

(5.2.9)£(5.2.10) @ = - i d?p
- 2/ L 0nion =5 [ 55

which imply that a%of((],p) = f(0,p) = 0 for all p € R%. Hence we conclude that
Ker oy C {f € OX (R | a%of(O,p) = f(0,p) =0Vp € Rd}. Again, it is quite obvious

from Equation (2.4.1) that {f € OX(RIH1) | aipof(O,p) = f(0,p) =0Vp € Rd} C Ker oy.
Therefore

F(0,p)

:

Keraoz{fGCEO(Rd“Haaf( p) = }(o,p):ovpeuzad}.

Repeating that argument for o o yields

0

—f(O,p) = f(O,p) =0Vpe Rd} =Kerog. (5.2.11)

Keroqo = {f € C’é’O(RdH) | o
0

5.3. Magnetic Carollian limit state
With the result from the previous section we can conclude that {Wr (f) | f € Vae}
satisfies the Weyl-relations. Hence, by Theorem 2.3.1, we can assume that Wy . is the

C*-algebra generated by {Wr (f) | f € Vze}.

The next step is to represent Wr (f) on a Fock space. To follow the same path as in
the electric case, we define the map (., .) _: C®(RI) x C®(RI) — C as

dp . —_—

-1 =

et i= " [ G2 B p(eEy 7).

This map is a R-bilinear, hermitian, positive semi-definite map, which we can ex-
tend to a sesquilinear, hermitian, positive semi-definite map (., >S ., CP(RHL C) x

C®(R*1,C) — C, defined by

o) = (o) me (2020 8 (U291 — (f1o92)n)

where f1 and g; are the real part and fo and go are the imaginary part of f and g,
respectively. Therefore (., .)Se is a scalar product on C¢° (R*, C) / Ker® _, where

KeiS, = {f € C2®™*,0) | (£, 1)F, =0} ,
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5. Magnetic Carrollian limit

and we can complete Co° (RH1,C) / Kerﬁe to a Hilbert space Hr.. Hence, we can
construct a Fock space F(Hr). Again, V; . is embedded in Hy .

By the definition of the conjugate momenta 7 = 9;¢! and 77 = 9;¢ and Equation
(3.1.4) and (3.1.5) we conclude that

n(t,x) = 3,:¢T(t z) (315) \[/ S \/> (AT eitEp—ipz _ B(p)efitEp+ipx>
T( ) = 6td>(t3: = f/ zﬂd\ﬁ —itEp+z‘p:c+Bf(p)eztEp—ipx)_

This yields the expression

where
d R d =
Aedr)i= [ 0 B a0y e L) = [ A A ) Egop)

for f € C°(R¥*1) and analogously for By ((f) and B;e(f). Hence II.(f) can be rewritten
as

(1) = 5 (anel) +ab(1)

with

aw,e(f) =

—1
V2
are(f) and ajm(g) satisfy the commutator relation

ane())sah(9)] = (£ 9)ne  [r9 € CERIY)

(Are(f) + Br(f)) and air,e(f)

which allows us to represent them on F(#.). We denote with ar (f) and a;e(g) the
annihilation and creation operator, for f,g € Hr , and with |0 ) the normalized vacuum
vector of F(#H.). The distinction between the annihilation and creation operator and
(5.3.1) is omitted, since after the representation they agree for f € V.

We can now define the linear functional pr o : Wy o — C as

pW,O(WmO(f)) = hm( 7r6| W 6( ) |07r ) = lime™ 4Hf”“€

e—0

for all f € Vig= C&(R*1) /Ker o+ This is, similarly to its electric counter part, a
convergent well-defined pure state on Wy o with

pw,O(Wﬁ’O(f)) — { Lif f(ov ) = 0,

0 else.
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5.3. Magnetic Carollian limit state

We refer to pro as the magnetic Carrollian limit state.
This state is invariant under the *-automorphisms generated by the family

{avralbER RSO, acRr} (5.3.2)

where we understand generated in the same way as in Section 3.2. Hence (5.3.2) are
symmetries of pro which, by Theorem 3.2.1, are unitarily implemented on the GNS
Hilbert space H,,_ , leave the GNS vector x,_, invariant.

However, (5.3.2) does not contain the full Carroll symmetry group [LL65, SG66]| as the
maps (t,x) — (t + b, x), for b € R%, are missing. This makes calling W, o the magnetic
Carrollian Weyl-algebra and pr o the magnetic Carrollian limit state rather misleading.
We did this purely as an analogy to the electric case. We will discuss in the next chapter
how one might fix that issue.
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6. Discussion

Let us summarize and discuss what was done in this thesis. Since this chapter is about in-
terpretations of our results, we omit the details on the mathematical part of the arguments.

After introducing mathematical concepts in the first chapter, we showed in Chapter 2
that if we rescale and dilate a free complex scalar field (Equation (2.1.4)) in the following
way

Oe(t,x) == efé(j)(et, x) and (;Sl(t, x) = efégi)T(et,:c), e>0,

which resembles the ¢ — 0 idea of Carollian theories, we can achieve a non-trivial limit of
the commutators (2.2.5), after smearing out the fields with smooth, compactly supported
functions,

[6490.60)] = 5 [ g (FBwDByp) ~ FeBpupialeEpn)

dp (9, — = )
— | —— | =— f(0,p)3(0,p) — f(0,p)=—g(0 .
— [ a2 (5100305 - 1000 a0
Rescaling the commutators yields bilinear, antisymmetric maps, which can be made into
a symplectic forms (2.3.2),(2.4.1)

i d 5 -
08,90 = [ Gy (FeBn By p) = F(eEy pieEy )

i d ; p
wr.9) =3 [ a5l 005 - F0.0) 300

on the respective vector spaces (2.3.3)

V. = O (R /Kero, and Vp:= G (R /Ker ag -

Further, we associated a Weyl-algebra W, to the symplectic space V, for every € > 0, as
well as the Weyl-algebra Wy to Vj, using Theorem 2.3.1. We called the latter the electric
Carrollian Weyl-algebra W,.

The main idea why we were interested in the construction of W, and subsequently W, was
that the operators e'¥<(/) with t.(f) := ﬁ (qﬁe(f) + ¢I(f)), satisfy the Weyl-relations

(2.3.10). Since the main ingredient for Weyl-algebras is the sympelctic form, i.e., in our
case the commutator, and the symplectic forms o. converged, we had a much better
chance of finding a “limit” algebra.
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6. Discussion

In Chapter 3 we then constructed for each W, a representation on a Fock space. This
allowed us to ask, what the vacuum expectation value of any generating element is and
furthermore what the limit of said vacuum expectation values is. This led to the definition
(3.1.23) of the linear functional

po: Wo—C,  po(Wo(f)) := 11_{% (O] We(f) |0e)

We showed that the limit existed and that py was a pure state on Wy with

1 if f(0,.) =0,
0 else,

po(Wo(f)) = {

for which we can find a GNS representation on a Hilbert space.

But what does this state mean physically? Is this even a reasonable state? To answer
these questions we consider first the quantum mechanical analog. This will also function
as quick a argument why one is interested in Weyl-algebras in the first place.

Let @; and P}, for 1 <4, j < n be position and momentum operators on L?(R™) with
dense domain S(R™). They are defined as Q; f(z) := x; f(x) and P; f(x) := —i0; f(x). For
a,b € R" we write a- Q=31 a;Q; and b- P:= 377 b;P;. Since a-Q and b- P are
self-adjoint operators, we can look at the corresponding strongly continuous unitary groups
U(a) := €% and V(b) := e P, It can be shown [H624, 5.4] that U(a)f(z) = €' f(x)
and V() f(x) = f(x + b) as well as that the operators W (a,b) := e2%U(a)V (b) satisfy
the Weyl-relations over the symplectic space R x R™ with o((a,b), (¢,d)) := 3(bc — ad).
If we would like, we can also use the Baker-Campell-Hausdorff formula to write

i . . i 1 .
W(CL, b) _ egabem-Qezb-P _ eiabefiabez(a-C}#b-P) .

The quantum field theoretical analog of W (a,b) would be

W(f,g) = esFaem3(ha) et [ foti[gm — 3(19)e=3(19)cid())+in(s) (6.1)
Let n = 1 and consider the state corresponding to the wave function
1 a2
17[16(:[;) = e 2
(we)t
which is a state for the quantum harmonic oscillator with angular frequency w = # The

expectation values of ) and P can be computed and we find (Q),, = (P),,_ = 0. However,

wefind (Q), = §and (P?), = L. Thisimplies that AQ = \/<Q2)¢€ . (<Q>¢6>2 o /e

and similarly AP % If we let € — 0 then ¥2(x) — 6(z) in the distributional sense,
hence the wave function is localized at = 0. This is also seen as AQ — 0. Simultaneously,
the state gets maximally uncertain in the momentum, since AP — co. However, if we

consider the expectation value of the Weyl-operator W (a, b) we find that

(W(a,b)),, = ez / dz e (2)e Qe Py (z) = 3% / da e (z)e"““ e (z + b) ,
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which has the well-defined limit

1 ifb=0
lim (W (a,b = ’
eg%< (2,0))y { 0 else.

Therefore, also in quantum mechanics we can encounter limit cases where such singular
expectation values arise. This makes pgy a little more reasonable to consider.

If we take another look at (6.1) the question arises why we did not consider Weyl-
operators of the form
W(f,g) o e?N)tima)

Thanks to the equations of motion, we know that (¢, z) = 0;¢(t, z). Therefore we can
express 7(g) as

m(g) = /dtddxﬂ(t,x)g(t, x) = /dtddas ho(t,x)g(t,z) = —/dtdd:v o(t,x)0g(t, )
= ¢(—dy9),

hence W (f, g) o e/¢/=9:9) This means that the information about 7 is already encoded
in ¢. This holds for every e, so every W.(f — 9;g) = e™¥<(/=2%9) contains the information
about the conjugate momentum II(g). The value of po(Wo(f — dsg)) depends on f — dyg.

More precisely, we have f/—Eg(po,p) = f(po,p) — ipog(po,p). In this form it is easy
to see, that g does not contribute to the evaluation, since f/—th(O, )= f(0, .). This
means, that g and therefore I, (g) can be omitted in the Weyl-operator.

If we interpret pg as a vacuum expectation value, since we have the GNS representation
available, we essentially have

po(Wo(f — Brg)) = (0g| &P Fimo(9) |gg) .

This is of course not precise but it gives us a better intuition about the state. Hence, by
the above argument, we have

(00| €™ |09) = po(Wo(—Brg)) = 1,

for any g. The quantum mechanical analog would be <eib'P > =1 for all b € R". But if we
differentiate this result with respect to b multiple times, we can conclude that <Pk > =0
for all k € N™. If the P was a random variable, this would imply P = 0. We can interpret
this as that P = 0 for the state we used for the expectation value. However, there is no
Schwartz function f with Pf = 0 other than f = 0. Hence, a state satisfying <eib'P > =1
exists outside the domain of P, possibly even outside of L?. In the example from above,
the analog would be that
<€za~Q>¢O = lg% <eza'Q>¢6 = ll_{% (W(a, O)>we =1.

The “state” g then has Q = 0. The idea that g as a limit “state” of 1 is consistent in a
sense with the distributional limit ¥?(x) — §(x) as § is also not an element of S(R").
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6. Discussion

Hence we interpret pg, or the corresponding GNS vector, as a physical state! outside the
usual domain of states for free complex scalar fields, with conjugate momentum equal to 0.

We also showed a way to check what symmetries the state pg has in Chapter 3, using
Theorem 3.2.1. We have found that pg has the Carroll group as well as supertranslations
and dilations as symmetries. This is what really allowed us to see pg as a state for a
Carroll theory and subsequently interpret the Weyl-algebra Wy as the electric Carroll
Weyl-algebra.

Those symmetries also include the conformal transformations of R1¢. The special con-
formal transformations, which are also part of the conformal group, are not conformal
transformations of R1¢ and therefore did not yield a symmetry. We already mentioned in
Subsection 3.2.2 that we believe for (spacially) compact manifolds we could recover the
special conformal transformation as a symmetry.

Two interesting questions for further research, which arise at this point, are what other
symmetries are and what the complete symmetry group for pg is. The framework we
outlined in this thesis does not necessarily provide a way to find every symmetry.

Chapter 4 was for the most part a technical chapter. We computed the Green functions
for the scaled Klein-Gordon equation (2.1.5) and showed that we can interpret the Green
functions as operators. Those operators then satisfied Theorem 4.3.3 which provided an
isomorphism between the vector spaces V. and the solution spaces Sol(P;) := Kerg. Pk.
The process was then repeated for the electric Carroll operator (4.2.1), which again yielded
an isomorphism between Vj and Sol(F). The isomorphism in this case was then also
explicitly constructed.

This chapter provided a classification for the fairly abstract vector spaces V. and Vj used
in the construction of the Weyl-algebras.

We repeated the entire process in Chapter 5 for the conjugate momenta
me(t, x) == e_%w(et, z) and 7l (t,x) = 6_%7TT(€t,$), e>0,

leading to the family of Weyl-algebras {W; . | € > 0} and the magnetic Carrollian
Weyl-algebra Wy g. On the latter, we again were able to define a pure state

1 if f(0,.) =0,

pr0 i Wro — C, PW,O(Ww,O(f)) 0 else

= lg% (O,el Wi e(f) |0me) = {
We would like to apply the same argument as above for pg to get an interpretation for
pr,0- The key ingredient for the interpretation of pg was the insight that we can encode
the information about 7(g) as ¢(—0:g), with help of the equations of motion. For the
same idea to work on pr o, we would need to use the equations of motion for 7, i.e.,
Oy = V29 — m?¢. We would need to find for every g a § such that g = (V2 —m?)g.

!To make a distinction from states of C*-algebras.
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If s0, we could encode the information of ¢(g) as
o9) = [ dta'a ot )g(t.) = [ dedta o(t,2)(V? - m)g(t,)
:/ﬁm%mvl—m%aa@mu@:i/ﬁﬁx@ﬂu@aa@
= —/dtddm 7(t, 2)0g(t, x) = 7(—03) .

Hence, we have a similar situation as for py and we could interpret p, g as a physical state
outside the usual domain of states for free complex scalar fields, with position equal to 0.
However, there is a problem. We only consider smooth functions with compact support
as inputs for the fields. But the solution § to g = (V2 — m?)g will generally not have
compact support, even if g has compact support. Therefore, the same argument does
not hold and we have lost the analogous interpretation. If we would consider (spacially)
compact manifolds as the underlying manifold instead of Minkwoski space, we could find
non-trivial solutions to g = (V? — m?)g with compact support.

Another strange thing about the magnetic case is that we do not have the full Carroll
group as symmetries. The transformations (t,z) +— (t + bz, x) for b € R? are missing.
This may be because we did only consider m(f) and not 7w(f)+ ¢(g). We can find a strong
hint in favor of this if we look at the action of a free complex scalar field in Hamiltonian
form?

Slg, 7] = / 1o+ 00T —H (g, ¢, wh) = / T +T 0! — T = VoVl —m?¢el .

After deforming the fields to m. = 67%71'(615, x) and = 67%777(615, x), we get
y 1 y taat 2+ o woif_ .27 3t
S[¢ev WE] - g 7[-6815(;56 + e at¢e € TeTe — v¢ev¢e -—m ¢e¢e ’
where ¢_(t,z) = e%gb(et, x) and analogously for g~bi This notation is used to avoid confusion

with ¢, and d)l, as they are different. 7. and q~b€ still satisfy the equal time commutation
relations. Rescaling the action and taking the limit € — 0 gives us

ﬂ%mdz/m@%+ﬂ@%—v%v%—m%&b (6.2)

which is a typical magnetic Carroll action [{BHO"23]. We can check that the trans-
formation (t,2) — (t + h(z),z), for some smooth function h : R* — R? can only be
implemented as a symmetry of the action (6.2) if together with the transformation
do(t, ) — ¢yt + h(x), ) the momentum transforms as

mo(t, ) v mo(t + h(x), ) + Vh(z)Ven(t + h(z), ).

2The Euler-Lagrange-equations in this form recover the Hamiltonian equations of motion.
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6. Discussion

Hence, a mixing of the fields ¢ and the conjugate momenta 7w seems natural for this
transformation to hold, even in the simple case h(z) = bz.

So an interesting investigation for the magnetic case would be what state we get if we
consider Weyl-algebras generated by W,(f, g) oc eMe(H+ive(a),

We have seen throughout this discussion that it would also be interesting to consider
this procedure for (spacially) compact manifolds. This would especially be useful for
considering one of the motivations for Carroll theories, flat space holography [dBHO'23].
Moreover, an interesting follow-up research would be to apply this procedure to interacting
theories.
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A. Appendix: Green function of the
Carrollian operator

In this appendix we calculate the Green function Gq of the operator
Py =07,
which is defined as the solution of
PoGo(at,y") = 9% Go(at,yt) = 67 (' — y#)
where Py uses the z# € R4 coordinates. Fourier transforming both sides yields
/dd+1x“ e_i"”“pﬂﬁioGo(x“,y“) = /dde“ e_m“pucsdﬂ(az“ —yt) = e Wnp"
which further gives
e~ Wup* — /dd“x“ e’ix“p“c?fGo(x“,y”) — /ddﬂxu afe*ixup“go(xu7yu)
= / ATt (—pg)e” P Go (ot yt) = —ppGo (P, y)
using integration by parts. Similarly to the € # 0 case, we consider the shifted equation
e~ WP = —(po — i) 2o (P, y")

with 77 € R, 77 # 0, which is solved by

. 1

Goi(pH, y*) = — —yup*
Oyﬁ(p y) (pO*iﬁ)ze

Now we just apply the inverse Fourier transform, which yields

ddtipr dttipr . —1
Go (=", y" =/ e Go (", " =/ et —————e
W= |y R B T R TR
p# ._;_pﬂ_/ dd+1p/1/ 1.~ e_i(ru_yu)p”
(2m)* (po — i7)?

_ _/ dp ei(x_y)p/dﬂ)le—i(zo—yo)po'
(2m)d 21 (po — i7)*

_iyupl"
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A. Appendix: Green function of the Carrollian operator

We again distinguish the two possible signs of 77 and consider the four complex integrals

dz 1 0.0 dz 1 00
+ o 0o_,0 Ge 2 —i(2P—yY)z 0_,.0 G+ —i(2"—y9)z
=0 0
Jomn =0y )/w,; or (zF )2 e )[yg 21 (¥ in)? ’
(A1)
where 7% := [~ R, R] + {Re*"|t € [0,7]} and 1 > 0, and

IOi = / dz #e*i(:ﬁryo)z'
" —RrR 27 (2 Fin)?

The latter has as the limit the integral

. dpg 1 T
lim If o= [ o= ———e (ool A2
Risoo  OMFR / 27 (pOZFiT])Qe (4.2)

The difference of the two integrals J(;—Ln p and Igcn R can be rewritten as

dz 1 0.0
JE T L =0(z0 —4° / 1 L L s
O,k 0.n.R ( ) {Re—|t€[0,7]} 27 (Z + ”7)2
dz 1

+0(y° — 2° / —
( ) (Re+it|teo,q]) 27 (2 Fin)?

™1 —iRe™ " (200 0_ 9\ R
_ e(xo o yO)/ - : e—z(:c —y )Rcos(t)e—(a: —y )Rsm(t))dt
o 27 (Re™™ Fin)?

™1 iRe' (00 0_,0\Rsi
0(° — 2 / - ‘ —i(z?—y")Rcos(t) ,(z"—y )Rsm(t))dt )
+oly" ) o 2m (Re® F in)Qe c

(00
e i(z%—yY)z

If we have 20 — ¢ > 0 then e~ (@ =y Rsin() < 1 for R large enough and similarly if
2% — 4% < 0 then e@=y")Rsin(t) < 1 for large R. In either case the dominating term is
; —it
m‘@llff;m)z, which tends to 0 as R — o0, since the denominator of the integrands contains

a higher power of R then the numerator. For 2 — y° = 0 we find that

T1  —iRe " ™1  iRe"
— ————dt + — —————dt
o 2m (Re™® Fin)? o 2m (Re® Fin)?
vanishes as R — oo by the same argument. Hence

— 0. (A.3)

Joor— I
0’777R O:an R*)OO

To compute JgEn » We use the residue theorem (Equation (4.1.12)) . In our case

R
271 (2 Fin)?

e—z(aso—yo)z

()

)

are indeed meromorphic functions with second order poles at a™ = in for f+ and a= = —in
for f—, which are inside the contour 71+2 and v respectively, if R is large enough (R > 7).
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Hence, for R large enough, we get
Indﬁ%(ai) =+l and Ind & (a*) =0 (A.4)

for the winding number. The residue for second order poles can be calculated as follows.

Res(f%,a%) = tim, 47 (= P75 = T (6= 0P e =

z—a® dz 2—at dz 21 (2 —a*
1 : —i(z0—y0)2 1 . —
= im - (i - go)e 07 = L (CiGag - o). (a5)

Therefore, for R large enough, we can evaluate chn R

(A1)
Jogr = 0" —y") [ [T(z)dz+0(y" —a°) /+ FH(z)dz
Tr TR
(4.1.12) 2mif(z° — yO)Indvlg (af)Res(fT,a™) + 2mif(y° — xO)Indvg(af)Res(fJ“, at)

(A4) (A.5)

1
21i0(y° — 2°)Res(fT,a™) =" 0(y° — m0)27m'2— (—i(xo — yo))elTo—von
T

— Q(yo _ l’o)(ffo _ yo)e(%*yo)fi .

and analogous for J;_ R Compactly written we get

JE = E0(F (2" — ")) (wo — yo)et 0w, (A.6)
We define g
E P A D i(z—y)p 1; . +
Gy (2", y") : / 2y e 7%13%)31520 Ioor (A.7)

and compute the limit explicitly.

P ite—yp y; ; +
/ Erd ¢ R o

(A7)
@8 _ dp VP lim lim JF
(27T)d n—0 R—o0 0m,R

Gy (@, y")

a / 2m)d © %1_%1%15%0 [ie(jF(x y))(zo — yo)e ]

—~

= F0E — o —w) [ e

= FO(F(2° — %)) (0 — y0)%(z — y) .
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B. Appendix: Magnetic Carrollian limit

In this appendix we give the detailed calculations we omitted in Chapter 5.
Consider the scaled conjugate momenta (¢, z) and (¢, ), for € > 0, with

Te(t, x) == e*%W(et,x) and 7l (t,z) = e*%WT(et,m). (B.1)

We have the commutator relation

|:7T(t, z), 7 (s, y)} = —010:;A(t — s,z —y), (B.2)
where ity o
Aty x) = / 2n)d /dpo sgn(po) 0(pg — p? — m?) e~ PO (B.3)

Smearing out the fields with f, g € C°(R%*1) allows us to calculate
me(£).wl(o)] = [ deate fie,) [ dsatyg(s,y) [o).7l(s,0)]
(51 /dtddm ft,z) /alsdalyg(s,y)e_1 [W(et,x),ﬂ'T(es,y)]
(B2)+(B3) _ d d 1 d’p
= € /dtd xf(t,x)/dsd y9(s,y) e2atas/(27r)d
. /dpo Sgn(po) 6(p(2) —_ p2 — m2) e—iPOG(t_5)+iP($_y)

= e_l/dtddcz: f(t,fE)/dedyg(Say)/(;lgi

/dpo sgn po) 5(p p - m )pge_ipoﬁ(t_5)+ip(a:—y)

i

/dposgn po) 5P — p* — m*)p3 f(epo, p)d(—epo, p)

1 d D pO - pO + E
=€ dpg sgn(po) 6p07 —€po, —P)
(27T)

d . N

d . -
r= 31/ élﬁ;dEp (J(Ep. p)3( By, p) — J(€Ey p)i(Ey,p)) -
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B. Appendix: Magnetic Carrollian limit

Using again the trick, that for smooth functions A : R — R we can apply Taylor’s theorem
to get

h(z) — h(—z) = QgZ(O)x + 0%,
allows us to compute the € — 0 limit of the commutator.
m() i) = 3¢t (jf’;dE (F(eEp. D)3y ) = F(eEp,P)3(eEy.p)
= ;Glféjngp (J(€Byp. p)3(—cBp, —p) = F(~€Ep, ~p)i(€Ey,p))
< | (jf;E (F(eBpp) = F(—eBp.p)) §(=cEp, —p)

— F(=€Ey,=p) (3(cEy,p) — §(~cEp.p)|

y - .
= ;e_l/(;lﬂp;dEp _<2eE g}{ (0,p) + O((eEp) )) g(—€eEp,, —p)

-/ (jfjd B, i(o,mw((eEp)?)) §(cEp.p)
FeBnr) (5200 + OB )|
— (;ljf))d E; (gg; (0,p)§(0,p) — f(O,p)gzi(O p))
We define
F)re=< [ (;ld)d By F(cEy.p)3(eEpp) and (B.4)
orelf,9) = ¢ [me(f). (o) (B.5)

By the same arguments as in Section 2.3 we conclude that (.,.) _ : C®(RI*!) x
C>®(R4*1) — C is an R-bilinear, hermitian, positive semi-definite map and o (., .) :
C®(RH1) x C°(R!) — R is R-bilinear antisymmetric map since

i i d . —
rrcl9) = 5 [m0)7it0)] = 37 [ 53y (FeEy p)ileBm) ~ FeByep)ileEp)
= (0~ (g 1)) = S (fg),, =~ (f.0), (3.6)
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Similarly

. . d T ~
= lim © )] = 2 4P g2 [ 9F o Ve - 7020
oro(f,0) = lim 3 [ wll0)| = 5 [ 550 B | 5, O P30.2) = FO.0) 5 - (0.1)
(B.7)
is a R-bilinear antisymmetric map from C2°(R¥*+1) x C°(R4*1) to R. Hence oy and oy g
are symplectic forms on Vi . := CSO(Rd“) /Ker op. and Vig = cee (RH1) /Ker Or0°

respectively.

Next we define the operator
1

(f) = 5 (wel) +7(1) (B:3)

for f € C°(R¥1). Tt has a the following commutator with itself.

() 1) 2 3 [l + 7 (), melo) + 7 0)] = 5 ([rel £, (9)] + [ (1), me9)])
0 (i o(f,0) + 2i0r.e(9, £)) = i (0ne(F,0) ~ 09, 1)) =
=—1 (Uw,e(fa g) + Uw,e(fa g)) = _2iaw,e(fv g) . (B9)

Similar to the electric case, we are only interested in the formal calculations, which means
we can just define

Wio(f) =) feoe®rit!, (B.10)

In concrete applications, where II(f) is a densely-defined self-adjoint unbounded operator,
we use functional calculus [RS80, VIIL5|. The family {Wx (f) | f € Vr.} is well-defined
and satisfies the Weyl-relations in Theorem 2.3.1.

To show this, we first need to recognize that 7. and 7Ti satisfy the scaled Klein-Gordon
equation. Indeed, we have

P (t, x) (21 (0} — V2 — 62m2)e_%7r(et,:c) = (02 — &2V2 — e2m2)e_%16t¢T(et,x)
€

1 14 1 N
— 007 — V2 — Em?)e 20t (et ) P2V 20, Pl (1, 2) P2 0
€ €

and analogously for 77. We also find, by (2.3.8) and (5.2.4), that Im P, = Kero. =
Ker o ¢, which means for every h € Kero, . we find a h € Cgo(RdH) such that h = P.h.
Hence 7¢(h) = 0 since

7e(h) = me(P.h) = / dtde 7 (t, ) P.h(t, x) = / dtds Porc(t, z)h(t,z) = 0.
Of course, this holds for Wi(h) as well. This implies that II(h) = 0Vh € Ker o, and

Wee(h) = el =0 — 1 Vh e Keroy,,. (B.11)
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B. Appendix: Magnetic Carrollian limit

This immediately implies the first of the Weyl-relation, i.e., W (0) = 1. The second and
third Weyl-relations hold too, since

Wae(—f) = el = i) = (140) " = 3w, ()"
Wi () Wie(g) = eMelPille(@) = ¢3liTle(f).lle(g)] gille(f)+ilLe(g)

= 67%[Hé(f)vnﬁ(g)]eine(f+g) (B:9) eiaw,e(fvg) Wﬂ_ﬁ(f + g) ,

for f,g € C°(R™1), where we used linearity and self-adjointess of II. and the Baker-
Campell-Hausdorff-formula. Note that this works as a formal calculation. We discussed
the issues and solutions for concrete applications in Section 2.3.

The third Weyl-relation then also implies well-definedness, since for f € C>°(R%*!) and
h € Ker o we have

Woo(f +h) = e mENW, (AW (h) P20 We (£

Therefore, by Theorem 2.3.1, we get a Weyl-algebra Wy . := W(Vy ¢, 0x ) and by the
uniqueness part of that theorem we can assume that Wy . is the C*-algebra generated
by the family {W, (f) | f € Vz}. From the same theorem we get the Weyl-algebra
W7r,0 = W<V7r,07 0'77,0)~

The extension of (., .}, : C2(R!) x CX(RIL) = Cto (., )5, : CX(RL,C) x
C® (R, C) — C, defined by

o 0)5 e = g+ (s g2) e 1 (P20 00) e = (o920 )

where f; and g; are the real part and fo and g9 are the imaginary part of f and g respect-
ively, follows exactly the same steps as in Subsection 3.1.1, which is why we will not repeat

them again. We gain a Hilbert space H, . as the completion of C*(RH,C) / Kergga
where Kerge = {f € CX(R*L,C) | (f, f>£6 = O}, with respect to (., .>£76. It remains
to show that Vi . is embedded in H ..

We can follow the same steps as we did for V.. Again, we temporarily differentiate
between the function f and the equivalence classes [f] € Vi . and [[f]] € Cc° (R*1,C) / Ker®
and consider the map V; . — C&(RT1,C) /Ker;(s6 Sf] = 1A

Linearity is obvious and for well-definedness we need to show that [[f+h]] = [[f]] whenever
h € Ker o ¢, which is equivalent to showing that h € Ker o, . implies h € Kerge.
As an intermediate result we need to show

Ker oe = {f € CR“Y) | (f,9), . =0Yg e ch(Rd“)} : (B.12)

which is the analog to Equation (3.1.3). {f € C(R*YY | (f, 9)ne=0Vg € C(?O(Rd+1)} C
Ker o . holds because of (B.6), i.e., o ¢(f,g9) = —%Im <f,g>7r75.
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The other direction holds since by (2.3.8) and (5.2.4) we can find for any f € Ker oy,
a f € C®(R¥1) such that f = P.f. Then, for any g € C°(R1), we get

- 3. dp E, = ——
Pt = (RFag), 2 [ G 2RIy pilEep

= / (;ijr])) Ee {(at V2 + 627712)}] : (Ee,pvp)g(Tp?)

d%p E, =~ S
= [ G "t ot ) T (BB )

dép E, = -
= [ i b+ (Bl (B 2)i o) = 0.

By (B.12) and (3.1.2) we know that h € Keror. implies (h,h), . = 0 and since
h € O (R4*1) this also implies (h, h>£76 =0.

For injectivity we need to show that if [[f]] = [[0]] then [f] = [0], i.e., if f € Kerg’6
then f € Kero,, for any f € CX(RY!), which is true by (3.1.2) and (B.12) and

0={f f)se="{ffre

Hence, we can consider V. a subset of cee (Rdﬂa C) / Kerge and therefore also of Hy .
To further represent Wy . on the Fock space F(Hr ) we need to rewrite m. and 772. We

use the definition of the conjugate momenta 7 = d;¢! and ©f = 9;¢ and Equation (3.1.4)
and (3.1.5) to get

W(t,x) _ at¢T(t (3i5 \/»/‘ d \/7 AT ztEpfipx _ B(p)efitEeripx) (B.l?))
i (t, ) = 8,p(t, x) (3i4 \f/ 7 \/»( —itEp+ipz+BT(p)eitEp—ipm> .

If we define

d . d JE—
A= [ 0 B a1 B v AL 1) = [ o Y 4] ()
(B.14)

for f € C°(R¥*1) and analogously for By ((f) and B;,E(f), we can rewrite m(f) as

(B.1)

e (f) = /dtddxwe(t,x)f(t,x) = /dtddazeéw(et,a:)f(t,x)
(B.13) _1 i ddp iet Ep—ipx —iet Bp+ipx
13 zﬂ/dtd%/(%)d\/ﬁp(m(p)e tEy=ipz _ B (py)eictEptip >f(t,x)
117 d? : : . .
= b [ VB [t (AT B = B f(n e )

P2 (AL() - BrelD) - (B.15)

83



B. Appendix: Magnetic Carrollian limit

Analogously we get

wl(1) = 75 (~Ancl$) + BLAD) - (B.16)
We can then rewrite
(B.8) 1
() = (me( )+ 71 (9)
(B.15)+(B.16) ') 7
L0 (o (AL0) = Br) + 5 (~Anel) + BLAD) )
1
= 5 (nct) +al ()
with
arell) 1= 75 (Anclf) + Brof) and al (f) = ﬁ (AL +BLp) - (BT)

For the commutators we compute, for f,g € O (R4,
e [ VB [ d N
|:A7T7€(f)7A7r,e(g)} = /(27r)d Ve (2m)d \/Eq { ()} f(Eep,p)§(Eeq,q)
@1e) [ d'p VE, [ dq VEgq o g Up— q)] YA Y
2 [ G | e 8 - ) (B D e

d
- | G 1 E) ™ ()., (1.15)

and similarly [Bme(f), B}Lne(g)} =(f, g>7r76. Every other commutator between A , A;rr,e, Br.e
and B;rr’e is 0. This then implies that

| w

im0 @] 27 | 2 A+ Bl 1) 5 (40) + BL0)]
= 5 ([AreD: AL ()] + [Bre(£), AL L(9)]

1
2
+ [AreD). BL9)] + [Bre(D). Bl (9)])
% ((f, e+ <f,g>7r,e) = ([ 9)rc

(B.18)

and amalogously [axq(f),ar.(9)] = |ahe(f). ake(9)] = 0.
Hence we can represent a, . and a;rr,e as the annihilation and creation operators on the Fock

space F(Hn,e). We denote with ar(f) and a;rne(g), for f,g € Hy e, the annihilation and
creation operator and with |0, ) the normalized vacuum vector of F(Hx ). A distinction

between the annihilation and creation operators of F(Hr) and ar(f) and ajng( f) from
Equation (B.17) is again omitted, since they agree on f € C°(R 1),
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Due to the similar structure of ¥(f) and Il.(f), the computation of the vacuum
expectation value for Wy ((f) is exactly the same as for W,(f) in Subsection 3.1.2. Hence
we quickly conclude that

_1 2
(Oe| Wi () |0g.c) = e dlMlxc

This means that in order to calculate the value of the linear functional pr o : Wy o — C,
defined as
Pro(Wro(f)) == hm< mel Wre(f) [Ore)

forall f € Vzo= C* (R /Ker o We need to compute lim,_o e illflze.

First, we look at Hf||72r’6 = (f, f)me. Here we use Taylor’s theorem on ‘}’(po,p)‘2 =
f(po,p)f(po,p), since it is smooth.
dip E, |, 2
<fa f>7r7e = / (271-]))d ?p f(EEpvp)‘
dip E, (|- . 2
= | G 2 ( Fonf + o |[fonp[ ]| B 0<<eEp>2>>
1 [ d 2 d? . s .
= e/(Q ’f (0,p ’ +/ (zﬂl;d Ez <3pof(07p)f(0,p) f(0,p) pof( ))

d
+ / (;lﬁ)d E} O(cEp)

P pl/ dp
(2m)d B

d
+/ dp E2O(¢E,)

. d _ R E—
H0.0[ + [ 555 B2 (07000700 + 0. -0, F0. 1)

2’
-/ éljf;d B liop| + [ (Zf?;d B2 (3, 1(0.0)F(0,5) ~ F(0.0)3y 7 (0.))
ddp 9
+/ (27)d E, O(cEp)
:1/(2dd ’f0p’2+/(g?))dE§0(6Ep)-

The integral | g %’d E‘2 O(eE,) converges to 0, since €F, — 0 as ¢ — 0'. Similarly to the

electric case, the only divergent part is % in front of the first integral. So the only way in

d
! Again, similarly to the electric case, the integral J (;de Ef,p diverges, yet in our case every term in

E? O(E.;) contains some derivative of 7(0,p) (and f(0,p)). Since f is Schwartz so is f, which implies
that E?ﬁp multiplied by any derivative of }‘(O,p), and therefore also O(Eip)7 is integrable.
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B. Appendix: Magnetic Carrollian limit

~ 2 A
which Hfore does not diverge is, if [ % E, )f(O,p)’ = 0, hence if f(0,p) = 0 for all

p e R So )
hmeHQ _ 0 if f(0,.)=0,
e—0 e oo else,

which yields

1 if f(0,.)=0,

— 1 — Tim e 1l —
pﬂ,O(WW,O(f)) 11_1)% <O7r,e| Wﬂ,s(f) ’07r,5> 21_% e 4 0 else.

Next we show that pr o is well-defined, i.e., pro(Wro(f + h)) = pro(Wxo(f)) for all
h € Ker oy . By the same argument as in the electric case, this means we need to show
that E(O, .) =0 for all h € Kero, . But this holds by the classification of Kero, ¢ in
Equation (5.2.11).

The proofs for normalization, positivity and pureness are also the same as for the electric
case, hence pr o is a well-defined pure state on W .

Lastly, we show that the x-automorphism generated by
{ab,R,a |beR,R € SO(d),a € Rd} ,

where oy po(t,z) = (t + b, Rz + a), are indeed symmetries of pr . By the same analysis
done in Section 3.2 we need to check two conditions

0—7T70<O‘Z,R,af7 a?;,R,ag) = O-W,O(f7g) Vf,g€Wo (Blg)
0 ral(0,.)=0 = J(0,.)=0 Vfe . (B.20)

Since a constant can be seen as a smooth function, we can conclude that Equation (3.2.4)

and (3.2.5) still hold. Hence

o pof(0,p) = e (0, Rp)  and (B.21)
0 —iR™ a 9 Y
aipoa;;’R’a‘f(O’p) = e R 1 P <8p0f(0,Rp) —|— be(()?Rp)) (B22)

and the first one implies Equation (B.20). For (B.19) we compute
0,0 (aZ,R,af7 aZ,R,ag)
(B.7) & d%p of 0 —— — — 0 ——
B 2/ 2m)? Er \ gpg Cbad (0P 2a9(0:0) = 4 g oS (0:P) 5 et 090, )

BantB22) i [ d o[ g1, (0 P iRlap~in
- 2/(27T)d Ep |:€ apof(ova)+be(07Rp) € 9(07 Rp)

o einlapJAc(O’ _Rp)e—inlap < 9

—4(0, Rp) +ibg(0, R
apOg( p) + ibg( p))}
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g 5
- ;/(g&Eﬁ {ap()f((),Rp)?}(O, —Rp) + ibf(0, Rp)§(0, —Rp)

— 10, Rp) =400, Fp) — (0.~ R0, Rp>]

pHi{_lpi ddp 9 0 - _ — 9 R

+ibf(0,p)5(0, —p) — i (0, —p)bE(O,p)]

d —~ A
(]3:7) Uﬂ,O(f?Q) - ;/ (;l,n.};d Ez (bf(ovp)g(ov _p) - f(()’ —p)b/g\(07p))

d ~ ~
" aralta) = 5 [ o B (bF(0.003(0.~0) = FO.p)5(0.-1)

= Uﬂ,O(f’g) .
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