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Abstract

Although there exist instance-dependent regret results for linear Markov decision processes
(MDPs) and low-rank Bandits, extensions to low-rank MDPs remain unexplored. In
this master thesis, we close this gap and provide expected regret bounds for low-rank
MDPs in an instance-dependent setting. Specifically, we introduce an algorithm, called
UniSREP-UCB, which utilizes a constrained optimization objective to learn feature maps
with good spectral properties. We show that for any low-rank MDP with positive minimal
sub-optimality gap, UniSREP-UCB achieves expected regret O(H*d'/?|A|T?/3), after
some warm-up episodes. Furthermore, we demonstrate that optimal policy identification
is possible, as long as the minimal sub-optimality gap and the occupancy distributions of
optimal policies are well-defined and known. To the best of our knowledge, these are the
first instance-dependent regret results for low-rank MDPs.
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Kurzfassung

Obwohl bereits problemabhéngige Regret-Bounds fiir lineare Markov Decision Processes
(MDPs) und Low-Rank Bandits existieren, bleiben Erweiterungen auf Low-Rank MDPs
unerforscht. In dieser Masterarbeit schliefen wir diese Liicke und liefern Expected-Regret-
Bounds fiir Low-Rank MDPs in einem problemabhéngigen Kontext. Konkret stellen wir
einen Algorithmus namens UniSREP-UCB vor, der ein beschrianktes Optimierungsziel
nutzt, um Representationen mit guten spektralen Figenschaften zu lernen. Wir zeigen, dass
fiir jeden Low-Rank MDP mit einem positiven minimalen Sub-Optimalitygap, UniSREP-
UCB nach einigen Aufwéirmepisoden einen Expected-Regret von O(H*d'/?|A|T?/3) er-
reicht. Dartiber hinaus zeigen wir, dass eine Identifikation der optimalen Policy moglich
ist, solange der minimale Sub-Optimalitygap und die Occupancy-Distributions der opti-
malen Policies wohldefiniert und bekannt sind. Nach bestem Wissen sind dies die ersten
problemabhéngigen Regret-Bounds fiir Low-Rank MDPs.
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1. Introduction

Reinforcement learning (RL) is a framework for describing sequential decision-making
problems through the interaction of an agent with an unknown environment. It is often
assumed that the interaction between agent and environment is episodic, i.e., the agent
interacts with the environment in episodes, where each episode terminates in finite time,
upon which the agent returns to a (possibly random) starting state. Additionally, RL
often assumes that the environment is described by an episodic Markov Decision Process
(MDP), which consists of a state space, an action space, a transition operator, describing
the transition probabilities between states after performing some action, a reward function,
providing feedback on actions and a horizon, determining the length of an episode. The
goal is to learn an optimal decision policy from information gained by exploring the
environment.

We can measure the performance of a learning algorithm by the regret; that is, the
cumulative difference in expected total rewards between the behavior policies employed by
the learning algorithm and an optimal decision policy. Generally, regret bounds hold for
all environments of a given class; that is, a set of environments sharing a specific property
(e.g. all environments with a gaussian transition kernel) and hence are 'worst-case’ in
nature. However, whenever additional information about an environment is available,
we would like to perform a more refined regret analysis. We say that the regret is
instance/problem-dependent whenever it depends on properties of the environment, usu-
ally characterizing the hardness of the RL instance/problem. Generally, a RL algorithm
is efficient in learning an optimal decision policy, whenever the regret grows sub-linearly
in the number of learning steps.

In many applications of RL, there is a common expectation that a good RL algorithm
will eventually gain enough knowledge on the environment, such that it will identify an
optimal decision policy in finite time [ZFHG24|. Therefore, a very interesting question for
any RL problem is, under what assumptions this expectation can be confirmed theoretic-
ally. In particular, under which conditions does there exist an algorithm that identifies
the optimal policy in finite time. In that regard, we say an algorithm enjoys constant
regret, whenever the regret does not scale with the number of learning steps.

Nevertheless, when the environment is described by a high-, possibly infinite-dimensional
state space, efficient learning without some form of representation learning, i.e., finding a
meaningful and easy to process representation of the state space, is generally not possible
[OVR16, SJ19]. In RL however, representation learning is particularly challenging when
considering the exploitation versus exploration dilemma [AKKS20|. Intuitively, one re-
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quires a high quality dataset collected from the environment to learn good representations,
but conversely, also requires good representations to efficiently explore the environment
in the first place. Naturally, good representations not only describe the environment
reasonably well but additionally allow for more efficient exploration.

Recently, [JYWJ20] has shown that sample efficient learning in a high-dimensional
state-action space is possible in linear MDPs, where the transition operator P admits
a low-rank decomposition P(s|s,a) = (¢(s,a), u(s)) into (known) features ¢ and (un-
known) signed measures p. In this setting, [PTP*21] showed that, features holding a
spectral property called UniSOFT (see Definition 2.1.2), are necessary and sufficient for
constant instance-dependent regret. Additionally, they provide a representation selection
algorithm that is able to achieve constant instance-dependent regret when provided with
a known set of exact feature maps (these are feature maps that exactly represent the
transition operator) containing one that is UniSOFT.

Similarly, in contextual linear bandits (CLB), where the reward function is linear in
the features ¢, [PTR 21| showed that a diversity condition called HLS [HLS20], is neces-
sary and sufficient for constant instance-dependent regret. In contrast to linear MDPs,
[TPT+22] were able to provide an algorithm that achieves constant instance-dependent
regret for CLBs, even when the true features ¢ are unknown and have to be learned over
some (known) finite function class.

To the best of our knowledge, there exists neither an instance-dependent result nor an
algorithm that identifies the optimal policy for low-rank MDPs; that is, linear MDPs
with unknown features ¢. Nevertheless, many existing works (e.g. [AKKS20, UZS22,
ZSU*2a, MCK"24|) have shown that, given access to an optimization oracle, sample
efficient learning in low-rank MDPs is possible. In that regard, we call an algorithm
oracle-efficient whenever sample efficient learning is made possible, by providing access to
an optimization oracle; i.e. a known function that returns a solution to an optimization
problem. Finally, [ZYW™24] achieved the first sub-linear regret guarantee for low-rank
MDPs.

1.1.1. Research Question & Summary of Contributions

In this thesis, we study low-rank MDPs and aim to close the gap on instance-dependent
regret results. In particular, we address the following important open research question:

Is it possible to define an oracle-efficient RL algorithm that enjoys constant
instance-dependent regret in low-rank MDPs?

As we will see, we can answer the aforementioned question positively. In particular, we
provide an instance-dependent analysis of a slightly augmented version of the recently
proposed REP-UCB algorithm [UZS22|, which serves as a basic framework for many other
works [ZSUT2a, ASSt23, ZYW24] on low-rank MDPs. In our analysis, we leverage



the insights of [CHYL23|, which designed an UCB-style bonus term that serves as a
trajetory-wise uncertainty measure for the approximation of the transition operator.
This allows as to perform an instance-dependent regret analysis, similar to [PTP*21],
by employing UniSOFT feature maps and a double exploration strategy introduced by
[ZYW24]. More specifically:

e We provide an algorithm that achieves O(T%/3) expected regret (Theorem 3.2.1)
whenever the minimal sub-optimality gap exists and we have access to an expressive
enough function space (Assumption 3.2.1);

e We show that optimal policy identification is possible for low-rank MDPs (Theorem
3.2.3), provided that the minimal sub-optimality gap and the minimal optimal
occupancy (Definition 2.1.4) are known;

e We demonstrate that the existence of exact UniSOFT representations is fully
characterized by the RL instance whenever the rank is minimal (Section 3.3).

1.1.2. Related Work

We provide a non-exhaustive summary of related work. For a more thorough discussion
on how this thesis aligns with the literature see Chapter 4.

Linear MDPs

There exists a large body of literature providing regret bounds for linear MDPs, which
assume that the transition operator admits a low-rank decomposition into known features
and unknown signed measures. In this setting, [JYWJ20| proposed the first sample efficient
algorithm without assuming access to a generative model or other restrictive assumptions
on the transition operator. Their model-free algorithm LSVI-UCB combines classical LSVI
with UCB-style bonuses and achieves O(v/T') worst-case regret. Later, [HZG21] provided
the first instance-dependent regret analysis for linear MDPs and provided a logarithmic
O(A;ﬁln log(T)) instance-dependent regret bound, given some minimal sub-optimality gap
Amin - By leveraging features that fulfill a diversity condition, called called UniSOFT (see
Def. 2.1.2), [PTP*21] showed that LSVI-UCB enjoys constant instance-dependent regret.
In particular, they relate the per-iteration regret to confidence intervals, which decrease
uniformly when the features hold the UniSOFT property. Further, they demonstrate
that the UniSOFT property is necessary for constant expected regret, reinforcing the
importance of good features. Nevertheless, [ZFHG24| were able to provide an algorithm
that achieves constant regret without prior assumption on the features. Remarkably,
features are not required to be accurate for the constant regret result to hold, as long as
they have low point-wise misspecification w.r.t. the minimal sub-optimality gap. Their
algorithm employs a phased elimination scheme which eliminates actions based on their
value under decreasing levels of uncertainty.
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Low-rank MDPs

In the much more challenging low-rank MDP setting, where the features are unknown
as well, the seminal work of [AKKS20| provided the first reward-free oracle-efficient
algorithm called FLAMBE. They proposed to learn representations using maximum
likelihood estimation (MLE) and showed that their explore-then-commit style algorithm
achieves polynomial sample complexity, when provided with a MLE oracle. By interleaving
representation learning, exploration and exploitation together, [UZS22| provided an
algorithm called REP-UCB which improves the sample complexity bound of FLAMBE
in every relevant variable under the same MLE oracle assumptions. In particular, they
employ an UCB-style bonus term which provides almost optimism at the initial state
distribution and track the progress of the algorithm through the potential function of the
unknown true features. Recently, [CHYL23] showed that the bonus term of REP-UCB
also serves as a trajectory-wise uncertainty measure. They leverage this insight to design a
value function that encourages exploration in the state-action space where the uncertainty
in the model estimation error is large and subsequently, provide an improved sample
complexity bound. Finally, [ZYW™24| provided the first regret bound for low-rank MDPs,
by employing a double exploration strategy. However, as far as we known, in contrast
to linear MDPs, there exists no instance-dependent regret result for low-rank MDPs.
Furthermore, whether we can identify an optimal policy, such as in linear MDPs, is still
an open problem.

Contextual Linear Bandits

In contextual linear bandits (CLB), the equivalent to linear MDPs with horizon one,
[PTR*21] showed that a diversity condition called HLS [HLS20], similar to the UniSOFT
property for linear MDPs, is necessary and sufficient for constant instance-dependent
regret. Relaxing the assumption of exact feature maps, [TPT*22| provided an algorithm
which achieves constant regret, by introducing a constrained optimization objective which
encourages the HLS property and enforces representations to be exact.

1.1.3. Thesis Structure

The thesis is structured as follows:

Chapter 2 - Preliminaries
Introduces the premise of this thesis.

Chapter 3 - Instance-dependent regret bounds & optimal policy identification
for low-rank MDPs
States the main results of this thesis.

Chapter 4 - Discussion
Compares the results of this thesis with the literature and discusses limitations.



Chapter 5 - Conclusions & Future Work
Summarizes the findings of this thesis and discusses possible directions for future work.

Chapter A - Appendix
Provides the proofs for the results stated in Chapter 3.






2. Preliminaries

We start with some general notations. We let A(A) denote the set of probability distri-
butions over a set A. Further, let ¢/(A) represent the uniform distribution over some
set A and let Ber(p) denote the Bernoulli distribution with success rate p € [0,1]. Ad-
ditionally, [N] := {1,..., N} for any integer N. For some index set Z and any set of
functions {f; : X — Y }iez we denote [, fi as the Cartesian product XT YT with
<f1 X fg X ..o X fI)(xl,.%'Q, vy .TI) = (fl(xl), fQ(Z'Q), ceny fI(xI)) Finallyls denotes inequal—
ities up to absolute constants, O(-) hides absolute constants, and O(-) hides absolute
constants as well as poly-log terms.

We consider a finite-horizon episodic Markov Decision Process (MDP) described by the
tuple M = (S, A, P*,r*, H,d,), where S is the finite state space, A is the finite action
space, P* = [],¢(g) Py where Py : S x A — A(S) is the transition operator (unknown)
at time step h € [HL r* = [Ipepm) v}, where rj; : S x A — [0,1] is the deterministic reward
function (known) at time step h € [H|, di € A(S) the initial state distribution (known)
and H is the episode length. We assume that the reward function is normalized; that is,

H
thl SUPg, Th(sy a)* <L

The agent interacts with the MDP M in episodes. In particular, in each episode t € N,
starting in some initial state s; ~ d, for each time step h € [H], the agent observes a
state sy, chooses some action aj, € A, receives reward 77 (sp, ap) and transitions to some
new state sp+1 ~ Pj(:|sh, ar). The interaction process in each episode terminates at time
step H + 1.

We denote T = {r = [[/_, mp|Vh € [H] : 1, : S — A} as the (deterministic) policy
space in which the elements are decision rules that map states to actions for any time
step h. Given some policy 7, transition operator P, and reward function r, we define the
state value function V75, (s) = E[Zfih ri(si,ai)|sp = s, P, 7| to represent the expected
total reward of policy 7 under P and r starting in state s € S at time step h € [H].
To simplify notation, we define the function PpV7 . ;. 1(s,a) = Egop, (15,0) VA py1 ()],
where Py, should be viewed as an operator on functions f : S — R with f +— Py f.

Additionally, given some initial state distribution d; let V;ﬁhl = Eswa, [V5 .1 (s)] denote
the expected total reward of policy m under P, r and d;. Further, let us define the
Q-function as Q%mh(s, a) = rp(s,a) + Pthm;hH(s,a) which represents the expected
total reward of performing action a € A in state s € S at time step h € [H| and then
following policy m under P and r.
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Another important quantity is the state-action occupancy distribution d%.; (s, a), which
denotes the probability of visiting state s € S at time step h € [H] and performing action
a € A under model P and policy 7. By abuse of notation, let dp, ;,(s) = > ,c 4 dp.;(5,a)
denote the state-occupancy distribution at time step h € [H]. We can sample a state
s € § from df,;, by executing 7 for h — 1 steps starting from state sy ~ dj.

Algorithm 1 Episodic RL Framework
Input: MDP M, Learning Algorithm Alg, Total number of episodes T'
Output: 7p

1: Initialize: D =0, mp = U(A)

2: fort=1,....,T do

3: T = M(m_1) > Agent interacts with environment and collects data 7
4: Dy =Di_1U{r} > Store data
5: m = Alg(Dy) > update policy
6: end for

7: return 7w

The goal of the agent is to learn an optimal policy 7* € arg max e Vw;d;* 1> which
maximizes the expected total reward under P*, v* and dy, by interacting with the en-
vironment as described in Algorithm 1. In each episode ¢, the agents first explores the
environment M with the policy m;—1 and collects data 7 = M(m_1) (e.g. a trajectory
(s1,a1,82,...,am,8m)). Then, the agent updates its exploration strategy m = ALG(D;)
according to some learning algorithm ALG by considering the newly gained experience
Dy = Dy—1 U {r}. Finally, after T episodes, the algorithm terminates and returns the
policy 7.

Additionally we want the agent to learn an optimal policy efficiently, where we evaluate
the efficiency of an agent by the (expected) regret

T
*.d T ,d
E[R(T)] =E[>_ VZ. o — VAo 1, (2.1)
t=1

which measures the expected cumulative performance loss up to episode T' € N. More spe-
cifically, R(T) denotes the cumulative difference in expected total rewards up to episode
T by following the decision rules of the behavior policy m; instead of 7*. Note that the
expectation in equation 2.1 is taken w.r.t. any extra randomness induced by the algorithm.

Finally, we denote the sub-optimality gap of taking action a € A in state s € S at time
step h € [H] as Ap(s,a) = VA ..(s) — QP ... (8, a), which measures the loss in value
of any sub-optimal action a.



Structural Assumptions

In this thesis we are interested in MDPs with large, possibly infinite state spaces and
hence require some form of structural assumptions, such that efficient learning is possible.
In particular, we assume that P* admits a low-rank decomposition [UZS22, AKKS20,
PTP*21].

Definition 2.1.1. (Low-rank MDP, [AKKS20]) An MDP M is low-rank or equivalently
has low-rank structure with rank d € N if for every h € [H] there exist two embedding
functions ¢7 : S x A — R? and py oS — R? such that

V(s,a,5") € S x Ax S : Pj(s'|s,a) = (¢}(s, a), uy(s)),

where, for normalization, ||¢}(s,a)llz < 1 and || [5 p}(s)g(s)ds|l2 < Vd||glles, for any
function g : S — R, (s,a,h) € S x A x [H].

Remark 2.1.1. We can extend the definition such that the rank d is time step dependent.
The results in the following chapters would then hold with d replaced by maxpye (s dp, where
dp, denotes the rank at time step h.

Remark 2.1.2. Ignoring the normalization conditions of Def. 2.1.1, the existence of
one low-rank representation, implies the existence of an infinite amount of low-rank
representations (see Appendiz A.5).

Note that, in order to efficiently learn in the environment M, we need to have at
least a good approximation of the transition operator P*. Hence, as the embedding
functions ¢; and pj are unknown, we consider the representation learning problem
of finding good representations for state-action pairs and states over (known) finite
function spaces ® = ®; x ... x &y and ¥ = ¥; x ... x Uy where, for each h € [H],
®p, C{dp: S x A— R} and ¥, C {uy, : S — R?}. For notational brevity, we denote
o = Hhe[H] ¢p and p* = Hhe[H} wy. Note that, as mentioned in the introduction,
without some tool to estimate the transition operator, efficient learning is generally not
possible.

To make this representation learning problem tractable, we need to ensure that we
are able to select a low-rank decomposition that exactly represents P*, i.e., ¢* € ®
and p* € W, regularity of the function classes and that all function pairs induce a
distribution over the state space, i.e. for (¢, ) € ® x ¥ we have that (¢, u) € (AS)?
[AKKS20, UZS22, PTP*21].

Assumption 2.1.1. (Realizability) For all (s,a,h) € S x A x [H]|, and any (¢p, up) €
Dy, x Uy, we have that |[¢p(s,a)ll2 < 1, for any function g : S = R, || [5 pn(s)g(s)ds|lz <
Vd||g|lso and Js(on(s,a), pn(s"))ds' = 1. Additionally, there exist (unknown) non-empty
subsets ®* C @ and ¥* C WU such that any (¢*,u*) € ®* x U* fulfills the low-rank
definition 2.1.1.
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Note that any tuple (¢, u) € ® x ¥ naturally induces a distribution over the state-space
in each coordinate and in particular, a transition operator P = (¢, u). In the following
we will introduce good representations and instance-dependent quantities that measure
learnability of an environment.

Good representations and instance-dependent properties

In favor of clarity, the main results of this thesis are formulated under the assumption of
an unique optimal policy. But, as we will see, we can extend them to hold for multiple
optimal policies as well. Let us denote IT* as set of all optimal (deterministic) policies.

Assumption 2.1.2. (Unique optimal policy) There exists an unique optimal (determin-
istic) policy; that is, |II*| = 1.

We consider a feature mapping ¢ € ® as good if it maps the set of state-action pairs
reachable by the optimal policy to a set of vectors that span the whole feature space. In
particular, good representations are non-redundant and UniSOFT.

Definition 2.1.2. (UniSOFT Representation, [PTPT21]) A feature mapping ¢ € ® is
called UniSOFT (Universally Spanning Optimal FeaTures) if for all 7* € II* and h € [H],

span{¢y(s,a)|V(s,a) € S x A: 3m € 11 : dp. p,(s,a) > 0}

= span{¢p (s, 7(s))|Vs € S : dg*;h(s) > 0}
holds. In particular, a UniSOFT feature mapping ¢ is non-redundant if it spans R® in
each coordinate or equivalently \*(¢) > 0 holds, where

* o : . N T
A (d)) T he[hrfﬂjrgeﬂ* Amln(E(SJI)Nd%*’h[qsh(S?a)¢h($7 a’) D

and Amin(+) returns the minimal eigenvalue.

Intuitively, non-redundant UniSOFT features allow an algorithm to efficiently explore
the whole feature space, by only deciding optimally w.r.t. the reward signal. How
efficiently the feature space can be explored, is dependent on A*(-), which, as we will see,
will play a major role in the regret bounds provided in the next chapter. Furthermore,
we will say that a transition operator P admits a non-redundant UniSOFT represent-
ation, whenever there exists a representation (¢, ) = P such that ¢ is UniSOFT and
non-redundant.

We introduce two additional assumptions that will allow us to leverage good repres-
entations and perform an instance-dependent regret analysis. A very natural measure of
hardness is the minimal sub-optimality gap, which captures the difficulty in detecting
sub-optimal actions.

Assumption 2.1.3. (Well-defined minimal sub-optimality gap) The quantity

Apin = min Ap(s,a)
s€S,ac Ahe[H|:Ap(s,a)>0

is well defined.

10



Finally, we suppose that the minimal optimal occupancy exists. More specifically, we
ensure that when playing an optimal decision policy, we will eventually visit all states
reachable by this policy.

Assumption 2.1.4. (Well-defined minimal optimal occupancy) The quantity

de. = min T (5, a)

s€S,a€ A, he[H|,m*€Il* :d;r;;’h (s,a)>0

is well defined.

Note that both assumptions trivially hold whenever S and A are finite, which we
assumed in the beginning. However, introducing the assumptions above allows us to easily
extend most results to infinite state spaces.

11






3. Instance-Dependent Regret Bounds &
Optimal Policy Identification for
Low-Rank MDPs

This chapter provides an algorithm, called UniSREP-UCB (Algorithm 2), that achieves
sub-linear expected regret under an additional simplifying assumption that guarantees
the selection of non-redundant UniSOFT feature maps. Furthermore, we demonstrate
that by introducing a carefully chosen termination criteria to UniSREP-UCB, resulting in
algorithm UniSREP-UCB+ (Algorithm 3), we can identify the optimal policy with high
probability whenever the minimal sub-optimality gap and the minimal optimal occupancy
are known. Finally, we will see that the existence of exact UniSOFT features is fully
determined by the environment, whenever d is minimal.

3.1. Algorithm

In this section, we describe the proposed UniSREP-UCB algorithm. On a high level, the
algorithm is a finite horizon adaption of the REP-UCB algorithm proposed in [UZS22].
However, different from the REP-UCB algorithm, we employ a double exploration scheme,
as proposed in [ZYW24] and augment the representation learning objective to encourage
feature maps with good spectral properties. In each episode ¢, the algorithm runs through
three phases which we explain in more detail below.

Exploration (Lines 4-13)

In the exploration phase, the algorithm carefully collects samples from the environment
which later will be used for learning representations of the environment. In particular, for
each time step h, the algorithm samples from the state-occupancy distribution d;’: b1
(rolls-in at time step h — 1) and continues for the next two time steps (rolls-out to time
step h + 1) based on the outcome of a Bernoulli experiment with success rate 1 — &.
If successful, the algorithm explores with the behavior policy m;_1 of the last episode,
and otherwise, explores by taking actions uniformly at random. This mechanism is key
for enabling a regret bound, as otherwise, the algorithm would explore uniformly at
random in each episode and time step, preventing sub-linear regret. In particular, taking
actions uniformly at random with positive probability is necessary, for employing a crucial
representation learning guarantee (Lemma A.7.6). After time step h + 1 the algorithm

rolls-out to time step H according to 7;_;. Note that we only require the algorithm to

13
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interact with the environment in full trajectories to provide a regret bound. Qualitatively,
the algorithm does not change by resetting after h+1 time steps, provided the environment
allows such an action. Finally, after interacting for H steps, the environment is reset,
we collect the transitions of time steps h — 1 and h in separate datasets and proceed to
roll-in at time step h + 1. The necessity of two separate datasets will be made clear in
the next section.

Representation learning (Lines 16-21)

In the representation learning phase, we learn representations using the samples collected
in the exploration phase, define a UCB-style bonus term and set the estimated transition
operator which will be used for planning. Similar to [TPT*22|, we employ a constrained
optimization objective (Line 18), to learn features that have good spectral properties
and approximate the transition operator well enough. In particular, the representation
learning objective forces representations to be the maximum likelihood solution to fitting
the unknown transition operator, while the feature maps additionally are optimized to
span the feature space. Let us define the objective functions that enforce the desired
properties over some dataset D:

,ChkethOd(Qf)h, MhaD) — Z 10g(<¢h(s,a),,uh(8/)> (3.1)
(s,a,8")€D
ﬁunisoft(th’ D) = —Amin Z ¢h(5’ a)(;ﬁh(s, a)T (32)
(s,a)€D

Then, the set of representations that are the maximum likelihood solution of fitting the
transition operator over some dataset D, are defined as follows:

(I)hMLE(D) — {¢ c (I)h - max ﬁhkethOd(gb,u, D) — max Elikelihood(d)/”u/’p)}
HEWR (¢, ") €Dy Xy,
Similar to previous works on low-rank MDPs [AKKS20, UZS22, CHYL23|, as a com-
putational abstraction, we assume access to an optimization oracle.

Definition 3.1.1. (Optimization Oracle) Consider the function class ® x ¥ and a dataset
D consisting of (s,a,s’) triples, the optimization oracle returns, for any h € [H],

argmin L' (¢ D).
pe@)F (D)

Note that in practice, the above oracle can be approximated reasonably well [TPT*22,
ZRY"22|. In algorithm 2, we leverage the samples of both datasets collected during
exploration to obtain an approximation guarantee for the transition operator on transitions
collected while rolling-out (Lemma A.7.6). We then use the learned features to define
an UCB-style bonus term (Line 20) which intuitively represents the uncertainty in the
direction of some feature vector. In particular, [CHYL23| found that the bonus term
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3.2. Instance-Dependent Regret Bounds

serves as a trajectory-wise uncertainty measure, in the sense of Lemma A.3.2. Note that
the bonus term employs samples collected only from one dataset, which allows us to
leverage the elliptical potential Lemma A.7.4 to show decreasing confidence intervals.
Finally, we define the estimated transition operator in Line 21.

Planning (Line 25)

In the last phase, we find an optimal policy for the bonus augmented reward function
in the estimated environment obtained during the representation learning phase. Note
that this step does not require any interactions with the true environment. However,
we assume access to a planning procedure that returns, for any given reward function r
and transition operator P = (¢, ), an optimal (deterministic) policy argmax, cp V;,’Z |-
We note, that planning in a known linear MDP can be done efficiently by, for example,
LSVI-UCB [JYWJ20].

In the following lemma we provide a baseline worst-case regret bound for algorithm 2,
which only requires the realizability assumption to hold. We denote the regret incurred by
algorithm 2 as R, which differs from the regret incurred by the behavior polices {m 3l
denoted as R.

Lemma 3.1.1 (Regret bound without UniSOFT representations). Let & = t~'/4. Suppose
Assumption 2.1.1 (realizability) holds. Then, for any T € N, algorithm 2 satisfies:

E[R(T)] < H3d*?|AIT3* log?(TH|®||¥|) = O(H3d*/*|A|T3/)
Proof. The proof is given in Appendix A.1l. O

We see that the regret bound does not depend on the size of the state space, which lets
us generalize to infinite state spaces. Additionally, the size of the function space does
only appear in a logarithmic term which would allow us to extend the result to hold for
infinite function classes with bounded statistical complexity [AKKS20|. Importantly, the
regret bound is worst case and holds without leveraging good features.

In the following sections we will see how the result above can be improved for environ-
ments with minimal sub-optimality gap (Assumption 2.1.3). In particular, we will see
how good representations can be leveraged to improve the learning efficiency.

3.2. Instance-Dependent Regret Bounds

Our general strategy for improving the baseline regret given in the previous section, is to
show that there exists an episode after which algorithm 2 only selects good representa-
tions. Then, these good representations provide more efficient exploration and we gain an
improvement in learning efficiency. Hence, the results provided in this chapter will only
improve upon the baseline regret result if we run the algorithm for long enough.
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3. Instance-Dependent Regret Bounds & Optimal Policy Identification for Low-Rank MDPs

We start by introducing representations that approximately represent the ground truth
transition operator over the support of the occupancy distribution of the optimal policy.

Definition 3.2.1. (a*-Approximate Representation) A representation (¢, pu) € & x ¥,
with induced model P, is a*-approximate at level « if for all h € [H],

Efgayea , [IPa(15,0) = P13, a) [1v] < o

Remark 3.2.1. Note that o -approximate representations are closely related to the
notion of e-accurate system identification [CHYL23]. Additionally, note that the set of
a*-approzimate representations @, x Vo C ® X U is non-empty for any o > 0, whenever
the realizability assumption 2.1.1 holds.

Interestingly, we can show that the optimization oracle (Definition 3.1.1) will converge
uniformly over the occupancy distribution of the optimal policy (Lemma A.2.1), provided
that said distribution is well defined for all state-action pairs, i.e., Assumption 2.1.4
(minimal optimal occupancy) holds. The following assumption exploits this convergence
and ensures that we are guaranteed to find a good representation.

Assumption 3.2.1. («a-Expressive Function Space) For all o*-approximate representa-
tions (¢, p) € o X Y, there exists a representation (g?), Q) € ® x U that is non-redundant
and UniSOFT, such that the induced models P and P agree on all (s,a) € S x A, for
which there exists a policy w € 11, such that for any h € [H], we have dp. j,(s,a) > 0.

With this assumption at hand, we can show that the UniSOFT loss in equation 3.2
eventually eliminates all redundant and all non-UniSOFT feature maps (Lemma A.2.4).
Intuitively, if the exploration probabilities & are decreasing and the regret of the behavior
policies is sub-linear, the collected transitions will eventually mostly be drawn from the
optimal occupancy distribution. Then only non-redundant UniSOFT features minimize
the UniSOFT loss, which are guaranteed to exist by the expressiveness assumption above.

Theorem 3.2.1 (Instance-dependent regret with UniSOFT representations). Let & =
t=13 and o € (0,1]. Suppose assumptions 2.1.1 (realizability), 2.1.3 (minimal sub-
optimality gap), 3.2.1 (a-expressive function space) and 2.1.2 (unique optimal policy)
hold. Additionally, if o < 1, suppose assumption 2.1.4 (minimal optimal occupancy) holds.
Then, for any T € N large enough, algorithm 2 satisfies:

E[R(T)] < Hr* + %H‘*dl/?\A\l/?T?/S log(TH|®|| W)
~ 1
N O(» H*\/d|A|T??),

max

where
T SRS log®™ (k3 - ko) V KT - log?™ (k1 - ko) }

H12d9|A|6 |
~ Arnin{Oéd:(nin A )‘?nax}

og'*(THd*?| A||®||¥)),
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3.2. Instance-Dependent Regret Bounds

. H2d3/2| A H2d3/2| A .
with kK1 = Wd‘*.‘, ke = THI|®||V|, k3 = )\*7“ and A ax = Milg<q MaX e punisort A* ().

In particular, T must be large enough such that T > O(T) holds.

Proof. The proof is provided in Appendix A.3.
O

Remark 3.2.2. If a« = 1, then all representations are o*-approximate and we don’t
require assumption 2.1.4 (minimal optimal occupancy) to ensure the selection thereof. In

particular, T would loose its dependence in o and d7 ;. .

Remark 3.2.3. The actual regret should be read as the minimum of the baseline result in
Lemma 3.1.1 and the bound given in the Theorem above.

Compared to the baseline result in Lemma 3.1.1, we see that, except for the horizon,
the dependence in each relevant variable has improved. However, we gain an additional
dependence in A,
space by playing optimally. Furthermore, we require additional assumptions that generally
are hard to check in practice. Nevertheless, whenever the function space is expressive
enough, such that we can choose @ = 1, we only require the minimal optimality gap to
exist. The unique optimal policy assumption can be dropped, in exchange for a slightly
stronger assumption on the function space, as we will see in the next section (Section 3.3).

which intuitively captures how efficiently we can explore the feature

On a high level, 7 captures the number of episodes algorithm 2 needs to eliminate all
non-UniSOFT representations. Hence, the theorem tells us, that after interacting with the
environment for some number of "warm-up" episodes 7, during which we incur expected
regret according to the parameter adjusted baseline result of Lemma 3.1.1, we gain an
increase in learning efficiency provided by the properties of good representations. The
duration of the warm-up and the gain in learning efficiency, depend on the "goodness" of
the available representations and in particular, on how sharp the available baseline regret
result is.

In order to eliminate all non-UniSOFT-representations, the algorithm must first elimin-
ate all non-a*-approximate representations, as otherwise, there is no guarantee that any
UniSOFT representation fulfills the MLE constraint. This is captured by 7’s dependence
in o and d};,. Then, the algorithm must collect enough samples from the optimal
occupancy distribution, such that the UniSOFT loss in equation 3.2 leads to the selection
of UniSOFT feature maps. Here, 7 incurs its dependence in A} ..

Whenever the minimal optimal occupancy is well defined, we get an even stronger
result. In particular, we then can show that the behavior policies of algorithm 2 will
eventually be optimal and the only regret we incur is due to the exploration schedule &;.

Theorem 3.2.2 (Instance-dependent sub-linear expected regret with UniSOFT represent-
ations and constant pseudo-regret). Let o > 0, v € (2,4] and & = t=Y7. Suppose assump-
tions 2.1.1 (realizability), 2.1.2 (unique optimal policy), 2.1.3 (minimal sub-optimality
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3. Instance-Dependent Regret Bounds & Optimal Policy Identification for Low-Rank MDPs

gap), 2.1.4 (minimal optimal occupancy) and 3.2.1 (a-expressive function space) hold.
Then for any T € N large enough, algorithm 2 satisfies:

-1

Ese[R(T)] S H(r)V2H/ 4 HT™S S O(HT™S),

where

7 S {RE - 1og™ (k3 - K2) V kY - log®™ (k1 - ka) V KYY -log™ (ks - o))

2y Ay
<( P2 A ) (ot THIE| A9 )
~Y : O
O[)\Elax(Amind;in)z a)‘ﬁlax(Amind;in)2 ’
. H243/2 H243/2 H3d2
with k1 = Wnd‘*:}r‘]’ Ko = TH|®||V], k3 = m&lﬂ’ k4 = ﬁf m= % and

m' = % In particular, T must be large enough such that T > O(7*) holds.

Proof. The proof is given in Appendix A.4. O

Notably, compared to the previous theorem, we can now choose v < 3 to get an
improved dependence in T. However, decreasing v worsens the baseline regret result and
we require more warm-up episodes. The term 7 now additionally captures the number of
episodes we require to fully explore the feature space with UniSOFT representations, and
subsequently identify the optimal policy. Any further improvements in expected regret of
algorithm 2 are limited by the baseline regret result.

However, if we assume the quantities Ay, and d;, to be known, we can design a
termination criteria, which stops the algorithm whenever the behavior policy is optimal.
Algorithm 3 extends algorithm 2 by an evaluation phase, in which we measures the
uncertainty in estimating the transition operator by the maximal value achieved in the
learned model, where the bonus term serves as the reward function. If this uncertainty
is below some threshold we stop the algorithm and return the optimal policy with high
probability.

Theorem 3.2.3 (Optimal policy identification). Let o > 0, v € (2,4] and & = t~1/7.
suppose the quantities Amin and df; are known. Let T' be large enough such that T' > 7*
holds. Then, under the same assumptions as in Theorem 3.2.2, with probability at least
1—2T71, algorithm 3 will return the optimal policy after at most T episodes. In particular,

if v =4,

12 78| )4
TZO( HY2d®|A| ))

)4 (Amind*

(Oé)\* min

max

Proof. The proof is given in Appendix A.4. O

Remark 3.2.4. We can equivalently say that algorithm 3 enjoys constant high-probability
regret, by employing the identified optimal policy in the environment.
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3.3. Further Results

3.3. Further Results

In this section we provide sufficient conditions for the existence of UniSOFT representations
and show that we are able to drop the restrictive unique optimal policy assumption.

Existence of good representations

We start by characterizing the situation in which d coincides with the rank of the transition
operator P*; that is, rank(Pj) = d for all h € [H]. The following Lemma provides a
necessary and sufficient condition for the existence of exact UniSOFT representations. In
particular, the occupancy distribution of the optimal policy must be non-zero for at least
d state-action pairs at every time step h.

Lemma 3.3.1 (Existence of exact UniSOFT representations with minimal dimension).
Assume that rank(P}) = d for each h € [H]. Let Xj, := {(s,a) € S x A|d7r**7h(s,a) > 0}
be the set of state-action pairs reachable by the optimal policy at time step h € [H|. Then,
the following statements are equivalent:

(1) span{P}(|s,a)|(s,a) € X} = RY,
(2) there exists a UniSOF'T representation <&h,ﬂh>R& =Py,

(3) any representation (pp, pin)ga = Py is UniSOF'T.
Proof. The proof is given in the Appendix A.5. O

Remark 3.3.1. We immediately gain (1) as a sufficient condition for values of d >
rank(P*).

Importantly, this is also a negative result for exact representations with minimal dimen-
sion. In particular, whenever we choose d to be minimal, we might not be able to learn
representations that are UniSOFT and exact. As slightly misspecified representations can
still hold the UniSOFT property, we find that good representations are not necessarily
exact.

Since the linear independence property of a set of vectors is robust to small perturbations
(Lemma A.5.1), the above existence result holds for all models that approximate the true
transition model on the support of the occupancy distribution of the optimal policy well
enough.

Lemma 3.3.2. Assume that rank(P}) = d for each h € [H] and that assumption
2.1.4 (minimal optimal occupancy) holds. Further assume that P* admits an UniSOFT
representation. Then, there exists an € > 0 such that all o*-approximate representations

(b, W) pa = P with a < € are UniSOFT.

Proof. The proof is given in the Appendix A.5. O
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3. Instance-Dependent Regret Bounds & Optimal Policy Identification for Low-Rank MDPs

Remark 3.3.2. On a high level, € is upper bounded by the degree of linear independence
between the (unknown) transition vectors corresponding to optimal actions, which can
generally be arbitrarily small.

The Lemma tells us, that whenever we learn representations with minimal dimension,
they are guaranteed to eventually hold the UniSOFT property, provided that the envir-
onment fulfills the necessary condition in Lemma 3.3.1. In the context of the previous
section, we could drop the a-expressiveness assumption, solely optimize the MLE loss
and we would still end up selecting good representations.

Multiple optimal policies

As noted in the preliminary chapter, we can extend our results to hold for environments
with multiple optimal policies as well.

Recall that we denote IT* as the set of all optimal (deterministic) policies. We say that
a feature map ¢ is UniSOFT w.r.t. some policy 7, if 7 € I[T* and ¢ fulfills the UniSOFT
property. We adjust the notion of a*-approximate representations accordingly.

Definition 3.3.1 ((0*, a)-Approximate Representation). A representation (¢, ) € & x U,
with induced model P, is (¢, a)-approzimate if for the finite sequence o* = (7}, 75, ..., T})
of optimal policies and for all h € [H],

E(s.a)maz, [I1Pr(]s,a) = Pi(ls, a)llTv] < o,
where vy, (s,a) = 7 S, d;r;ivh(s, a).

Assumption 3.3.1 (a-Expressive Function Space). Let o* be an arbitrary sequence of
optimal polices of finite length. For all (o*, a)-approzimate representations (¢, u) €  x W,
there exists a non-redundant representation (g?),/]) € ® x VU that is UniSOFT w.r.t. all
7™ € o*, such that the induced models P and P agree on all (s,a) € S x A, for which
there exists a policy m € 11, such that for any h € [H], we have dp. (s, a) > 0.

Compared to the unique optimal policy case, we must ensure the existence of feature
maps that are UniSOFT w.r.t. all optimal policies, as we do not know in advance, to
which distribution of optimal polices the algorithm converges. In exchange for updating
the expressiveness assumption 3.2.1 to the more restrictive assumption 3.3.1, we can
drop the unique optimal policy assumption. We note that, allowing multiple optimal
policies, only worsens the sample complexity in the instance-dependent variables, which
now depend on the 'worst’ deterministic optimal policy.
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Algorithm 2 UniSREP-UCB (Upper Confidence Bound driven Universally Spanning
Representation Learning)

Input: Function spaces {®p}7_ | {¥, L  Parameters A, &y, & deacreasing, T
Output:

1: Initialize: Doy =0, Dy ), = 0, mo,n =U(A), Vh € [H]

2: fort=1,..,T do

3: // Interact with the MDP and collect transition data

4: er ~ Ber(1 — &)

5: for h=1,...,.H do

6: S ~ d;’:;_l

7 if e, = 1 then

8: a=m_1p-1(8), s ~ P ,(-la,s), a =m_1p(s), s ~ Pr(-|d,s)

9: else

10: a~UA), s ~Pr (-a,s), d ~U(A), s" ~ P;(-]d,s)

11: end if

12: Dip=Di-1nU{(s,a,5)}, and Dy, =D;  , U{(s',d’,5")}

13: end for

14:

15: // Learn representations

16: for h=1,...,.H do

17: R > Learn UniSOFT representations via MLE constraint
18: ¢t,h = arg min¢e¢)hMLE(th7hup£,h) ,Cunlsc’ft(¢7 Dy p U Dllt,h)

19: it,h = Z(s,a)eDt,h qAbtvh(s, a)g?)t,h(s, a)l + M\ I > Update covariance matrix
20: bin(s,a) = min{&t\/{bt’h(s, a)TZA];,tg?)mh(s, a),1} > Set bonus
21: Pen(s']s,a) = (¢ (s, a), fi.p(8")) > Update transition operator
22: end for
23:
24: // Update (deterministic) policy

7,d1

25: T = argmax, gy Vf’t,éﬁr*,l
26: end for

27: return m;
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Algorithm 3 UniSREP-UCB+
Input: Function spaces {®,}7_ | {W,}HL  Parameters A, &y, & deacreasing, T
Output: m;
1: Initialize: Dy, = 0, Dé),h =0, mo,, =U(A), Yh € [H]
2: fort=1,...,T do
3: // Interact with the MDP and collect transition data

4: for h=1,...,H do
5: s~dpoy
6: if Ber(1 — &) then
7 a=m_1h-1(8), 8 ~Pr_(-|a,s), a =m_1 (), " ~ Pr(|d,s)
8: else
9: a~UA), s ~ P ((|a,s), d ~U(A), s" ~ Pi(|d, )
10: end if
11: Dip =Di1pU{(s,a,8')}, and D}, =D;_, , U{(s',d,s")}
12: end for 7 7
13:
14: // Learn representations
15: for h=1,...,H do
16: X > Learn UniSOFT representations via MLE constraint
17: brp, = arg mind)e(I,I}\L/ILE(Dt’hup;’h) L£umisoft (¢ Dy, U Dip,)
18: Sip= Z(s,a)eDt,h (Abuh(s, a)gAbuh(s, a)l + \I > Update covariance matrix
19: by (s, a) = min{éy \/qAb,;h(s, a)Ti;}tét’h(s, a),1} > Set bonus
20: Pin(s]s,a) = <q§5t,h(s, a), fig ,(8")) > Update transition operator
21: end for
22:
23: // Update (deterministic) policy
m,dy

24: T = argmax, g Vf);,i)t—&-r*,l
25:
26: // Learn policy for optimality condition

b _ m,d1
27: Ty = argmax,cyg V7A’t,l3t,1
28:

29: // Evaluate policy

4 _ 21/ Y
30: c = 10H (Vf)z,i)z,l + fTCt)
31:

32: // Check for optimality
33: if ¢; < Apindy;, then

min

return m;
34: end if
35: end for

36: return
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4. Discussion

4.1. Comparison with the Literature

Here we compare the optimal policy identification (constant regret) result of Theorem
3.2.3 with related results from the literature. In Table 4.1 we provide an overview of
algorithms achieving constant regret in different learning settings and compare their
critical episodes; that is, the episode after which, with high probability, the respective
algorithm incurs no additional regret.

LSVI-LEADER [PTP21]

The LSVI-LEADER algorithm proposed by [PTP*21] achieves constant instance-dependent
regret, when provided with a set of exact representations containing one exact UniSOFT
representation and the unique optimal policy assumption 2.1.2 holds. Their algorithm
does not scale to large function classes as it learns a different representation for each
state-action pair, which becomes computationally intractable when the function space
is large [TPT*22|. Algorithm 3 does not suffer form this issue, as we learn only one
representation per episode. Additionally, we extend our results beyond the unique optimal
policy assumption as shown in Appendix A.6. However, we need to assume access to
an optimization oracle and that certain instance-dependent quantities are known, which
might be unreasonable in practice.

In Table 4.1 we can see that, in contrast to LSVI-LEADER, the critical episode of
Algorithm 3 depends on the size of the action space, which seems to be unavoidable in
low-rank MDPs [ZYW124]. We additionally incur a dependence on d, , which stems

from bounding average sub-optimality gaps. The overall smaller polynomial dependence

Table 4.1.: Critical episodes for algorithms achieving constant regret.

Algorithm Setting Critical Episode
LEADER [PTR*21] CLB O((x2—)?)
BanditSRL [TPT+22] CLB O (L)

(A* Amin)2 €min

LSVI-LEADER [PTP¥21]  Linear MDP  O(max{ &y, o))

UniSREP (Our) Low-rank MDP Oz il )

min
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for LSVI-LEADER  follows from the overall tighter regret bound available for linear MDPs
compared to low-rank MDPs.

LEADER [PTR*21]

In contextual linear bandits (CLB), the LEADER algorithm enjoys constant regret, when
provided with a set of exact representations containing one exact HLS representation. A
representation ¢ is HLS if

)\min (Eswp[¢(37a)¢(57a)T]) > 0,

where p € A(S) is some distribution over the state space. Note that in CLBs the feature
map ¢ must only linearly represent the reward function.

The LEADER algorithm suffers from similar issues as its counterpart for linear MDPs
(LSVI-LEADER). However, for CLBs, [TPT*22] were able to provide an algorithm that
achieves constant regret without assuming access to a set of exact representations.

BanditSRL [TPT+22]

The BanditSRL algorithm achieves a constant instance-dependent regret result for CLBs
when provided with a finite function class. However, |[TPT*22| rely on a restrictive
misspecification assumption that allows them to eliminate all point-wise misspecified
representations. In particular, they assume that the following quantity is well defined:

. — . . . o * 2
Cmin i= T min | min L Eova[((9(s,7(s)), 8) — (s, m(s))"] > 0.

Note that this assumption is about representing the reward function, and hence is concep-
tually different to representing a transition model. However, we want to emphasize that by
leveraging the MLE oracle we can deal with misspecified representations without making
additional assumptions on the level of misspecification. In particular, we only need one
realizable representation to exist and can identify the optimal policy with representations
that have low misspecification error on average. Additionally, by leveraging the MLE
oracle, eliminating all point-wise misspecified representations is generally not possible in
the first place, since the MLE objective is unbounded and we can not use any standard
uniform convergence techniques [AKKS20|.

Table 4.1 shows that the critical episode of BanditSRL also depends on an additional
instance-dependent property when compared to the critical episode achieved by LEADER.
This stems from the fact that the LEADER algorithm assumes that all representations
are realizable, whereas BanditSRL first needs to eliminate all non-realizable ones, which
depends on the misspecification level €, introduced above.
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Constant regret with misspecified representations

Interestingly, as far as we know, there exists no algorithm for linear MDPs, that can
identify the optimal policy, when features are only required to have small misspecification
error on average. In fact, only very recently, [ASST23| provided the first sublinear regret
result in this setting. On the other hand, |[ZFHG24| provided an algorithm that achieves
constant instance-dependent regret for linear-MDPs for features that have low point-wise
misspecification w.r.t. the minimal sub-optimality gap.

4.2. Limitations

Infinite Function classes

We note that all results are easily extended to hold for infinite function classes with
bounded statistical complexity (e.g. Rademacher complexity [BM02]) as we leveraged the
finiteness only through uniform convergence arguments [AKKS20].

Infinite Action Space

We can extend the results to hold for an infinite action space if the transition operator
satisfies a Holder smoothness condition w.r.t. actions and the reward function is also
Holder smooth [OBK24|. The complexity bounds would then depend on the order of
smoothness instead of the size of the action space.

Infinite State Space

All results easily generalize to infinite state spaces, by interchanging all sums over the
state space with integrals. The existence results however, require more careful arguments
as P is now a matrix with infinitely many rows and columns. We leave such an extension
for future work.

Redundant Features

Throughout this thesis we have introduced assumptions such that we are guaranteed
to select non-redundant features. We note that, by following a similar analysis as in
[PTP*21], our results would also hold for UniSOFT feature maps that are redundant,
provided that we are guaranteed to select them. In order to learn UniSOFT feature maps
that are redundant, [TPT+22] provided the following loss function

Lot (¢, D) = min o(s,0)" | 3, é(s,a)e(s,a)" | #(s.a).
“ (s’,a’)eD

However, this loss function only leads to selecting UniSOFT feature maps, if we are
guaranteed to visit any state-action pair in finite time. Hence, we would require a
reachability assumption, which guarantees that we will eventually sample all state-action
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pairs reachable by any policy. Otherwise, we can not be sure that the embeddings of
optimal actions actually span the observable feature space. We leave such an extension
for future work.

Unknown reward function

We can additionally estimate an unknown reward function, as long as the reward function
is linear in the feature maps. We then would require an additional UCB-style bonus
term that accounts for the estimation uncertainty, similar to [TPT22]. Note that
any representation that accurately represents the transition operator in R% can easily
be extended to additionally represent the reward function in R4, We leave such an
extension for future work.

Low-rank assumption

Assuming low-rank structure offers a significant advantage in statistical complexity, as it
allows us to provide learning guarantees that scale with the feature dimension instead
of the size of the state space, which can generally be uncountable large. However, as
noted in [LO24|, the set of MDPs that satisfy a low-rank representation with small rank
d w.r.t. |S] is inherently limited. In particular, [LO24] showed that the feature dimension
is lower bounded by L'%'J, where U := max(; g)esxa {8’ € S : P(s'[s,a) > 0}] is the
maximum number of directly reachable states. An immediate consequence is that in
deterministic environments d = |S| holds. We refer to Section 4 in [LO24| for a more

thorough discussion.

Computation

Computationally, algorithm 2 suffers from similar limitations as most other existing works
for low-rank MDPs. In particular, the optimization oracle can not be accurately solved
efficiently, as there exists no practical mechanism for guaranteeing the normalization
conditions for ¢ and p [ZRY122|. This, in particular, makes the constraint optimization
objective in algorithm line 18 intractable. However, as shown in [ZRY 22|, we can
approximate the MLE objective with noise contrastive estimation (NCE) and similar to
[TPT*22], can add the UniSOFT loss as a regularization term, as a reasonable proxy.
Additionally, by Lemma 15 in [AKKS20|, we can leverage the LSVI-UCB algorithm
[JYWJ20] to find, with probability at least 1 — 4, a policy that is e-optimal, after sampling

~. 3 176
O(%‘f@/d)) transitions.
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5. Conclusions & Future Work

In this thesis we studied low-rank MDPs characterized by the instance-dependent prop-
erties Apin (minimal sub-optimality gap) and df,, (minimal optimal occupancy). We
showed that the existing algorithm REP-UCB, augmented with a double exploration
strategy and a constrained optimization objective, can leverage good representations for
more efficient exploration. Additionally, we demonstrated that optimal policy identifica-
tion is possible for low-rank MDPs and provided sufficient conditions for the existence of

good representations.

An interesting direction for future work, would be to design computationally efficient
variants of our proposed algorithms and test them on deep RL benchmarks. Additionally,
our results permit several extensions to more general settings as noted in the section
on limitations. Finally, whether constant regret is possible for low-rank MDPs without
knowledge on the minimal sub-optimality gap or the minimal optimal occupancy is an
important open problem worth investigating.
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Feature map at time step h

Feature map

Signed measure at time step h

Signed measure

Function space

Subspace of exact representations
Subspace of a*-approx. representations
Subspace of UniSOFT feature maps
Exact embedding functions

Estimated embedding functions
Induced transition operator
Occupancy distribution of

policy 7 in model P

Minimal eigenvalue w.r.t
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Minimal sub-optimality gap
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Total variation distance between estimated

and true model
Exploration probability

MLE concentration rate
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MLE guarantee

Bonus Concentration

Eigenvalue bounds

Good events

Constructed optimal policy

Optimal mixture distribution

Table 4.: Notation
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A. Appendix

In this chapter we will provide the omitted proofs of chapter 3. In particular, Section A.1
provides the proof for the baseline result in Theorem 3.1.1, in Section A.2 we show how
we guarantee the selection of good representations and in Section A.3 and Section A.4
we show how good representations can be leveraged to obtain an improved regret bound
(Theorem 3.2.1) and constant regret (Theorem 3.2.3), respectively. Finally, in Section A.5
we discuss the existence of good representations, in Section A.6 we show how our results
can be extended for multiple optimal policies and Section A.7 provides auxiliary results.

We begin by introducing necessary notation and good events. Let us denote

Ten(als) =& - + (1 =&) m-1n(als)

1
Al
as the roll-out policy in episode t, which, with probability &;, explores by taking an
action uniformly at random and otherwise, selects an action according to the behavior
policy m;—1 5, from the previous episode. Importantly, we assume that the sequence (ft)g;l
is decreasing. Note that policy 7} collects the transitions stored in the datasets of
algorithm 2 and only interacts with the environment after sampling a state from dP* he1-
Further, we denote the average roll-out policy as

t—1

Funlals) = 3 (6+ g + (- &) mealals)).

1=0

We define the mixture occupancy distributions

pth de* p\S
t—1

1 A
’Yt,h(su CL) - ; Zd;r)z*’h(‘g?a)?

1=0
thL(S? a’) = pt,h(s)ﬁt7h(a|3)7

the next-state marginal distribution and next-state mixture occupancy distribution

Pg,h(sl): Z prh—1(s,a)Pp(s'|s,a), and
(s,a)ESXA

pin(s,a) = pi p(s)Tenlals),
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A. Appendix

respectively. Denote the total variation distance between the estimated model and the
true model as

fen(s,a) == [Pny(-]s,a) = Pi(-ls, )|y
Additionally, let
Ept,d) = tE(s,a)Npt [¢(87 a)qb(s, a’)T} + A,

where \; = cidlog(4t>H|®|/6), c1 is a constant and p; € A(S x A) is an episode dependent
distribution over the state-action space. Further we define the following two good events:

E1(0)={vVteN,he [H],s€S,ac A:
]E(s,a)wpt’h[ft,h(sa a)2] < Ct and ]E(s,a)~p27h[ft,h(sa a)2] < Ct}
&) ={VteNhe[H],scS,acA:

14 . .
slen(s,allg—r < linls, allgr <3Bllopn(s, g

Pt hPt,h Pt,h>%Pt,h

where (; = 2log(4t2‘fw‘H/6). Finally, let £(0) := &1(6/2) N &2(6/2). The good event &€
guarantees the convergence of the MLE oracle [UZS22| and the concentration of the bonus
term.

Lemma A.0.1. Fiz 6 € (0,1). Suppose Assumption 2.1.1 (realizability) holds and we
run algorithm 2. Then, with probability at least 1 — 9§, the event £(J) occurs.
Proof. By Lemma A.7.6, with probability at least 1 — d/2, event & (d/2) occurs, as

1

2
§E(s,a)~p(s,a) [f(sa CL) ] < I[/E(s,a)w(

holds by the non-negativity of f2. Further, by Lemma 11 in [UZS22|, with probability at
least 1 — /2, event £2(0/2) occurs. Taking an union bound concludes. O

2
%P(S,a)+%p’(s,a))[f(s7 a)’],

A.1l. Sub-Linear Pseudo-Regret without UniSOFT
Representations

In this section we show that the behavior policies of algorithm 2 achieve anytime sub-linear
regret without exploiting the UniSOFT property. On a high level, this ensures that the
algorithm plays optimal actions often enough, such that the MLE constrained oracle
eventually selects UniSOFT features, which we leverage in subsequent sections to improve
upon the baseline result. We note that the analysis in this chapter is purely based on
known results, but provided for completeness.

We start by providing two important results, first introduced by [UZS22|, which we
will use to link the bonus of the learned features to the elliptical potential function of the
true features. This allows us to track the progress of our algorithm through the standard
elliptical potential lemma A.7.4.
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A.1. Sub-Linear Pseudo-Regret without UniSOFT Representations

Lemma A.1.1. (One-step back inequality in the true model) Consider a set of functions
{gn}L | that satisfies gn, : S x A — R such that ||gn||cc < B for all h € [H]. Then, for
allt e N, h > 1 and any 7,

E(sa)naz. , [9n(s, )]
<EGay~ar, ,  lh-1(s,a)llg \/th(g,a)Npt W Lgn (s, a)?] + B2 M\d
PRt Veh—1-%F 1 &t ’
Proof. For h = 2, ..., H we have,
E(sa)maz, ,[9n(s,a)]

=EGa)dy, , ,.s~Pi_y (50)a~my(ls) [9n(5; )]

=Eiapag, , ,[(0h-13,0), Y whoa(s)malals)gn(s, a))]

(s,a)eSxA

()
< Egayar, , , l9h-1(5 )5 H Y. i (s)malals)gn(s,a)lls

%
Tth=1%h— (s,a)eSxA

]7

Ve h—1:¢F 1

where (7) follows from the symmetry of the regularized covariance matrix and an applica-
tion of the Cauchy-Schwarz inequality. Further we have for h = 2, ..., H,

I > wio(s)malals)gn(s, )3

(s,a)eSxA

(%) o e o % 2 2

<G amna (D (Bh-1(5,@), 11 (s))7aals)gn(s, a)’] + B>Ad
(s,a)ESX A

Ve h—1-%F 1

= tE(3.8) 01 [Bsapr (15.8)ammn (1) [90(5, )] + B*Aed
]

< tEszt hyart (-] s) [gn (s, a) +B2\d
(@) p.h(s)mh(als)
axX ——————

m B~ s,a)’) + B2\d
s,a pt,h(s)ﬂ'tﬁ(a‘s) (s.a) pt,h[gh( ) ] .

L 2
E(s.a)mprn [9n(5,0)%] + B*Aed
h Z ( ) Pt,h
(@) | A
< t‘é‘JE(Sva)NPt,h[gh(sa a)Q] + BQ/\td,

where, (i) is by assumptions [|gn(s,a)|lcc < B and || [5p*(s)h(s)p(s)[2 < Vd for any
h:S — [0,1] (realizability, Assumption 2.1.1), (é¢) is by importance sampling and (7i7)
follows from &; being decreasing. O

Lemma A.1.2. (One-step back inequality in the learned model) Consider a set of functions
{gn}L, that satisfies gn, : S x A — R such that ||gnllcc < B for all h € [H]. Then, given
that the event £ occurs, for allt € N, h > 1 and any m,
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E(s,a)wd”f)bh [gh(sv a)]

< E(s a)~d~
Pt,h—1

A
[”¢t h— 1(5 a’)HE_ ]\/QtHE(s,a)Np;h [gh(S; a)Z] + BQ}‘td + 2tB2<t

Pt,h—1%¢,h—1 &t

Proof. Let t € N be arbitrary. For all h = 2, ..., H we have,

IE(s,a)wal’ff)t’h [gh(sv a)]

=B ayay, | snPonca(lia) avm (s 90(5 )]
= Esa)~ar, h71[<¢t,h—1(§’&)7 Z fie h—1(8)Tr(als)gn (s, a))]
v (s,a)eSxA
(0 )
< Egaay, ,_[100n1(3:@)]15- I > maa@milals)onls,alls, oo,

Prh=1:%h—1 (s,a)eSxA

where (i) follows from the symmetry of the covariance matrix and an application of the
Cauchy-Schwarz inequality. Further we have for all h = 2, ..., H,

D funa(s)malals)gn(s,a)l3

(s,a)ESx A

(4) A o

SBGaympn (Y (Pepo1(3,@), i pi(9))mn(als)gn(s, )] + BNid
(s,a)eSxA

= ﬂE(E,&)Npt’h_l [ESNth,h,l(-|§,a),a~wh(-\s) [gh(S, a)]Q] + BQ)\td

(i)

< B a)mp oy [Bsnpr (J5.0)ammn (1) [00(5, @)]2] + B2 Ad + 2t B¢,

< 2tEs~p hvaNﬂ-h(l [gh(S CL) ] + Bz)\td + 2tB2<t

(i)
|
&t

Pt,h—1:Pt h—1

E(s,a)wp;,h [gh(S, a)z] + B2>\td + 2tB2Ct,

where, (i) is by assumptions [|gi(s,a)llcc < B and || [5fi(s)h(s)p(s)|2 < Vd for any
h: 8 —[0,1] (realizability, Assumption 2.1.1), (i) follows from (a + b)? < 2a? + 2b* and
the event £ and (7i7) is by importance sampling. O

The following lemma exploits the one-step back inequalities to relate the bonus and
the estimation error to elliptical potential functions. The formulation of the statement is
inspired by Lemma 3 of [CHYL23]|.
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A.1. Sub-Linear Pseudo-Regret without UniSOFT Representations

Lemma A.1.3. (Bonus relations) Given that the event € occurs, for allt € N, h > 1
and any T,

[16en-1(s,@)l5-1 l

Pt,h—1>Pt h—1

E(s,a)rvd“f)t [ft,h(sv a)] < atE(s,a)Nd"fjt

h Jh—1

]E(s,a)wd [ft,h(sa a)] < O‘tE(s,a)Nd;*’h_l [H@Z)Z—l(sv a) ||2—1 ]a

Ye,h—1-Ph_ 1

l¢h—1 (s, a)ll5-1 B

'Yt,h—l«d’;l,l

where ay = \[AtG 2+ Nd and B = \/'£14003d + Nd. In particular, for h=1,

[|A - d|A
Eswdl,awﬂl(-\s) [ft71(57a)] < ’&‘Ct, ESNdl,aNﬂ'l('|8) [bt,l(sva)] < 15y t’f‘

t

U
P*,h

]E(s,a)wd;*’h [i)th(sa CL)] < BtE(s,a)Nd

T
P*,h—1

Proof. Let t € N be arbitrary. For all h > 1 we have,

E(s,a)wd;f?t [ft,h(87 G)}

h

- A
||¢t,h71(87 a’) ”2_1 ]\/QtHE(s,a)Np;’h [ft,h(57 a)2] + Aed + 2tG

)
<E s,a)~d%
(s,0) Pt Pt h—1-Pt,h—1 &

h—1 [
)
< all(saynar .

(16¢.4-1(5, @)l I

h—1 Pt,h—1>Pt h—1

where (i) is by Lemma A.1.2 and || fyn|leo < 1 and (4¢) follows from the event £. Similarly,
for all h > 1,

Etsaynag, ,Lfen(s, a)

© « |A| 2
< E(s,a)~dg*7h_1 [lh—1(s, a)||zv—t1’h1%_1]\/15&E(s,a)Npt,h[ft,h(s, a)?] + M\d
(i) .

< 0B, (0Dl ]

where (i) is by Lemma A.1.1 and || fin|lec < 1 and (iz) follows from the event £. For
h =1 we have,

(2) A A
]Es“’dlva’“m('|5) [ft,l(S, a)] < \/!E(S,Q)Nﬁ?m[ft,l(sa a)2] < \/’&’Cta

where (4) is by importance sampling and Jensen’s inequality. We can bound the bonus by,

Esag,, , brn(s,a)]

Ve h—1-%F 1

A N
< ]E(s,a)wd;*’}Hl [HQbZ—l (Sa a) Hz—l ]\/tgt‘E(s,a)Npt,h [bt,h(57 a)Q] + )‘tda
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which follows from Lemma A.1.1 and HIA)t,hHOO < 1. Further,

tE (5,0)mpen [0 (55 0)]

< tE(s,a)NPt,h [d?||¢t7h(s’ a)H;t_flz]

(@) JP
= tE(S,a)NPt,h[9a3||¢t,h(3aa)”;—l ; ]
Pt Pt

= 90T (B s apmpy , [00(5 @)1 (5, ) NEE s 01y [ (5, )5, @) ] 4+ M) ™)

(i)
< 942d,

where (i) follows from the event £ and (i7) follows from Lemma A.7.3. Therefore,

E(sa~dz, , [0t (5, )]

t’h[

* Al
1 (5, @) s 1 Mlga2d 4 .

< E s,a)~d
(5:0) Ve, h—1:97_1 &t

™
P* h—1

Finally, for h =1,

. W [lA] .
IEsrvcl1,a~7r1(-|s) [bul(sa a)] < 3at\/§E(s,a)~pt,1 [H‘bt,l(sv a)”;—l X ]
t Pt,1:%¢,1

where (7) follows from the event &£, importance sampling and Jensen’s inequality and (i7)
follows from Lemma A.7.3. O

The next result shows that the value function for the estimated environment with the
bonus augmented reward function provides an almost optimistic estimate of the true
value achieved by any optimal policy.

Lemma A.1.4. (Almost Optimism at the Initial Distribution) Given that the event £
occurs, for allt € N,

m™,d1  yymtdy w
Vo e V75,T*+l3t,1 V& G
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A.1. Sub-Linear Pseudo-Regret without UniSOFT Representations

Proof. Let t € N be arbitrary.
md1 _ ymtda
Ve Vf?,r*H}t,l

%

—

()= :

E(s,a)Nd;;* h[(Pit - ﬁt,h)Vﬁ:,r*,hH(sy a) — 6t,h(S, a)l

h=1
(i) H ‘
&S By Uealsa) —min{, L0 (s.a)ls )]
h=1 Peoh Pt.h %t
uz) |A| H-1
: —G+ ZEM g’  [min{1, allgp(s,a)lg—1 )]
t — Pt,hPt,h
H
—ZEsawdw* (min{1, ayl| gy p(s,a) g1 }]
h—1 Pt,h Pt
A
gt Cta

where (i) follows from Lemma A.7.1, (ii) follows from the event & and [|[VZ. .|l <1
and (74i) follows from Lemma A.1.3 and || fi pllec < 1. O

We are now ready to show that algorithm 2 achieves sub-linear pseudo-regret; that is,
the regret of the behavior polices is sub-linear. The actual regret of algorithm 2 might
not be, as we explore uniformly at random in each episode, with positive probability.

Lemma A.1.5. (Sub-linear pseudo-regret without UniSOFT representations) Given that
the event £ occurs, for all T € N,

VT log® (2T H|®||¥|/5) VT
&r &r

Proof. Let T € N be arbitrary. Then, for all episodes ¢t < T we have,

R(T) S Hd*?|A| <O

)

T ,d1 m,d1
Vo1 = Vpilipea

m*.d 7t ,d T™,d m,d
—yrh_pmd g ymd

Probutrs,1 Sl TPy bt 1
SVt
@) };E(s,a%d;ﬁ,h[i)uh(s,a) Py — Ph)VPt "y h+1(s’a)] + |2|
(g) 2H2H:E (s,0)~dh [bt w(s,a) + fin(s,a)] + ’?‘ G,
h=1
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where (i) is by Lemma A.1.4, (i7) follows from Lemma A.7.1 and (iii) follows from

||V7;rr*+i)||oo < 2H. Then, by Lemma A.1.3,

H
ZEsa)th7 [bth S, a +fth(8 a)]

d H—
W LR DL R R

=1

Further, for all h € |

T

T
> Eloapds AUEACH a)Hz 1 w] TZE(s,a)th ¢5(s,a)ll5-1 ]

t=1 t=1 T ho

—_
IN=
=

TZtr Egaynaz, , [97(s:a)d (s, a) 1% )

(41) T
< Tdlog(1l + —
_\/dog( +dA)

1

where (i) follows from the Cauchy-Schwarz inequality and Jensen’s inequality and (i)
follows from Lemma A.7.4 by noting that, ©_1 | —XI = tE,, ,[6¢T] = > i_, B [ppT]

and that )\; is increasing. Finally,

*.d Tt,d
§ :V*r*ll_V'Piril

<2H( \[ |A ary| ?TA + H( ozT+BT)\/leog(1+d)\l)>

flog (2HT|®||¥|/6)
&r

< H2d32| Al

O

We can now proceed to provide an expected regret bound, by leveraging the result
above. Let E¢ and Es denote expectations w.r.t. the exploration probabilities and some
good event £(9), respectively. Additionally, note that we sample from d;;t*,h for each
time step and hence produce H trajectories per episode. Then, the expected regret of
algorithm 2 can be upper bounded as follows:

Lemma 3.1.1 (Regret bound without UniSOFT representations). Let & = t=1/4. Suppose
Assumption 2.1.1 (realizability) holds. Then, for any T € N, algorithm 2 satisfies:

E[R(T)] < H3d*?| A|T? *1og?(TH|®||¥|) = O(H3d/?| A|T3/*)
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A.1. Sub-Linear Pseudo-Regret without UniSOFT Representations

Proof. Let T be given and fixed. Choose § = T~!'. Recall that Algorithm 2 explores
for H time steps, for each h € [H] and episode ¢, by rolling into time step h — 1 with
policy m;_1, taking actions according to s ;—1 and 7, and finally, rolling out to time

~d . .
step H with policy m;—1. Let us denote thh as the cumulative expected reward obtained
by Algorithm 2 in episode t and time step h. Then,

Ese[R(T)]

~—

* d ~
(V;*:r"},l - Vt,h)]

|

&

P
1)
M= 1=

T H
1{e; = LIL{EQ) H (VA 0y = Vin) + EseD D 1{er = 0H(Vaot ) — V)]
t=1 h=1

.
M=

A
&=
(=2

>

,_.
>
Il

—

+
&
.
Mﬂ
M=

L{EO) HVpd ) = V)]

i
5
>
I

I

N
&=

S

™

T H
1{e; = BL{EO) VA ) = Vin) + Eag[d D 1{er = 0} + 1{£°(9)}]

t=1 h=1

10
M=

A
INA =
=

>

Il

—

1{e, = 1IL{E@) (V&) — VRN + H(TS + > &)}

A
s
o~
[M]=
M=

“
Il
—_
>
Il
—

T T

< HEs [ HEGNVRIE, — VR + HO 4 3o /h)
=1 t=1

) T

< HEse[Y  VE@) VRl — VErh |+ HT + 20}
t=1

(4)

where (i) follows from the optimality of 7 and [[V7 ..[[cc <1, (i4) follows from 7 and
m¢—1 agreeing on the event e; = 1 and Lemma A.0.1 and (4¢7) follows from an index shift
and ||V7§,T* lloo < 1. Finally, we can leverage the pseudo-regret result of Lemma A.1.5 to
bound term (A),

T
(A) = Ese[> T{E@ IR — VR ]
t=1
< H2d3/2|.A|flog (2TH|®|[V]/0)

&r
< H24Y?| A3/ log?(2T H|9| W),

and hence, conclude the proof.
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A.2. Selecting Non-Redundant UniSOFT Representations

In this section, we show how the a*-expressiveness assumption 3.2.1 and the constrained
optimization objective (Algorithm 2, Line 18) play together, to guarantee that eventually,
algorithm 2 will select only good representations. The analysis builds on the sub-linear
regret result for the behaviour policies (Lemma A.1.5) provided in the previous chapter.

Selecting a*-approximate representations

We start by introducing an important result provided by [HZQ™ 22|, which states, that
the average occupancy distribution induced by any sequence of deterministic policies
that achieve low regret, eventually provides a good approximation of the occupancy
distribution of the optimal policy (assuming the optimal policy is unique).

Let us denote IT* as set of all optimal (deterministic) policies and II} (s) as the set
of all optimal actions in state s € S and time step h € [H]|. Then, we construct
71 := [nerm 77 1 Where for each h € [H],

7 (s) = men(s) if mpp(s) € I3 ()
b Select(IT} (s)) otherwise

)

where Select is a function which returns a fixed element of some set and 7; is the behavior
policy of algorithm 2 at episode ¢ € N. We define the mixture occupancy distribution of
our constructed optimal policies 7} as

1 t—1

Yin(s,a) = 7 Z d;i’h(s, a).
i=0

Note that 77 ), = dg; ;, whenever there exists an unique optimal policy (Assumption 2.1.2).

Theorem A.2.1. ([HZQ" 22|, Theorem 4.7) Suppose we run algorithm 2. Then, for all
h € [H] and (s,a) € S x A,

t t ¢
i X 1 7hd id
ng*’h(s,a) > ng*’h(s,a) - X (Z Vﬂ*,r*l,l — Vg*ﬂi’l) )
i=1 i=1 N =1
Corollary A.2.1. Suppose we run algorithm 2 and assumption 2.1.3 (minimal sub-
optimality gap) hold. Then, Theorem A.2.1 implies, for all h € [H]|, t € N and (s,a) €

S x A,
R(t)

tAmin

We can leverage the above corollary to show that, whenever there exists an unique
optimal policy, the MLE oracle converges uniformly on the optimal occupancy distribution,
provided that said distribution is well defined for all states. Subsequently, for any given
«, there must exist an episode after which algorithm 2 will only select representations
that are a*-approximate.

:Y:,h(sv a) < fyt,h(sv a) +
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A.2. Selecting Non-Redundant UniSOFT Representations

Lemma A.2.1. (Selecting o*-representations) Fiz any o > 0. Assume there exists
an increasing sub-linear function g such that R(t) < g(t) for all t € N. Suppose we
run algorithm 2 and assumptions 2.1.2 (unique optimal policy), 2.1.4 (minimal optimal
occupancy) and 2.1.8 (minimal sub-optimality gap) hold. Then, given that the event £
occurs, there exists an episode 7o, such that for all t > 1, and h € [H], the learned feature
maps &)t,h are o*-approximate, where

min dmin é t

nﬁ:mmﬁu>i<A9“{ +VMAH%®ﬂ¢MMHMO}

Proof. Let t € N be arbitrary. Then, for all h € [H],

Bz, [fen(sa)l = Y dpej(s,0)fun(s,a)
(s,a)ESX A

> (ven(s,a) +

*

(s,a):d;*’h(s,a)>0

—~
.
~

R(t)
)

IN

ft,h(s?a)

(id) g(t %, (s, a)
< Eppayor i) + 20y st

tAmin min

*

(s,0):dT% h (s,a)>0

< \/ '&'E<s,a>wpt,h[ft,h<s, a2+ 90

tApind},
() J]A| 9(t)
< i} _ JNT
N gt Ct * tAmind:nin7

min
where (i) is by Corollary A.2.1, (ii) follows from ||fisllc < 1, (4ii) is by importance
sampling and Jensen’s inequality and (iv) follows from the event £. Since g is sub-linear,
the above quantity decreases with t. Solving for ¢ yields the result. 0

Selecting UniSOFT representations

Although we now can be sure to select a* approximate representations, we still need to
ensure that the UniSOFT loss in equation 3.2 will lead to Algorithm 2 actually selecting
UniSOFT representations. Hence, we want to relate the eigenvalues of the expected
covariance matrix of the optimal policy, which tells us if a feature map is UniSOFT, to
the eigenvalues of the sample covariance matrix, which are captured by the UniSOFT
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loss in equation 3.2. We define the following good events:

Fi1(8) :=={vt e NJh € [H],¢ € || :

t
St = 150, + M = 21> & — AL g()T — 181/tlog(6tdH|®|/5)}
=1
Fa(0) :={Vt e Nyh € [H]|,¢ € |®| :
t
Sen S50, + M +21> &+ AL g(t) + 181/tlog(6tdH|®|/5)},
=1

where 5f, = E(sayoiz, [6(5,0)6(5,0)7), S = Yompeny (5, a)6n(s, )7 and g is
any increasing function such that R(t) < g(t) for all ¢ € N. Further, define F(0) :=
F1(6/2) N F2(8/2).

Lemma A.2.2. (Eigenvalue bounds) Assume there exists an increasing sub-linear function
g such that R(t) < g(t) for allt € N. Assume that we run Algorithm 2 and that assumption
2.1.8 (minimal sub-optimality gap) holds. Then, with probability at least 1 — 0, the event
F(6) occurs.

Proof. Recall that algorithm 2 produces for each time step h € [H]|, one trajectory 73, in
any episode t. Further, for each trajectory 7, we only employ the transition at time step
h for constructing the empirical covariance matrix ¥ 5.

Upper bound: Let 7" denote the trajectory produced by rolling in with the behavior
policy m¢—1 and then taking action according to 7, in episode ¢ € N for time step h € [H].
Additionally, (s}, a}) denotes a state-action pair at time step h € [H] of trajectory 7. We
define the set of trajectories of length h € [H] under which the (deterministic) behaviour
policy in some episode t € N is optimal:

bt = AT €Tpim14(s]) = fj_q,(s7) for i = 1,...;h},

where I'j, denotes the set of trajectories of length h € [H]. The distribution over trajectories
induced by any (deterministic) policy 7 is given by

pp = di(s1)1ar = m1(s1)] Py (s2la1, s1)... Py_1(Snlan—1, Sh—1)L]an = wr(sp)].

Additionally, for any (deterministic) policy 7, we denote

pré = di(s1)L]ar = m1(s1)]Pf (sala, s1)- Py (snlan—1, sn—1)7n.e(anlsn),
where 7, ¢(ap|sp) = 1[‘6;‘0} + 1le = 1]1[ap, = mr(sp)] and e ~ Ber(1 — &), as the trajectory

distribution induced by algorithm 2. Finally, we denote Tl(f]’,bh)

as the trajectory 7" cut
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A.2. Selecting Non-Redundant UniSOFT Representations
off at time step h € [H|. Then,

t
(2,h) (i,h) (i,h) (2,h)
Eh,t - )\tI = Z (b(s;; 7&; )(ﬁ(sg 70’;; )T
=1

'7h (i,h) (i,h) (i,h) (i,h)
<> 1fes = YuprY e Ty letsh ™ o Ve ag )T

(4)

i,h (i,h) (i,h) (i,h) (i,h)
+ 31 ¢ vy e ar el )T

=1
(B)
t
(i,h) (2,h) (2,h) (i,h)
+3 dlei =0)o(sh iap T )o(sh T ap )T
=1
(€)

Then, with probability of at least 1 — /6, for all ¢ € N and all h € [H] and ¢ € P,

i,h (i,h) (4,h) (4,h) (4,h)
(A) =" 1fe; = N1 e T dotsy ™ ap " olsy e

=1
t
i,h (i,h) . (i,h) (i,h) . (i,h)

=S " 1les = U1l e Thdosh " wraalsh Dok wran(sh )T

=1

t
=Y B -orsllle = ULl € T} 1007, 711 (s7)6 (T, 711 (7))

1=1

i,h (i,h) - (i,h) (i,h) . (i,h)
+ 3 1fes = [ e Thdelsh " wralsh NeGsE " wryalsh )T

t
= ZEmpZHsi [Lle = 1]1[r € T 1o (sf, Ti_1 n (529 (T, i1 (57)) "] +81/tlog(6dH|®[/5),
i=1

(A1)

where (i) follows from ||¢n||2 < 1 and Proposition A.7.1 in combination with a union
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bound over all episodes ¢ € N, time steps h € [H] and feature maps ¢ € ®. Further,

t
(A1) =3B, «ivi[Lle = 117 € T Jo (67 7105705k 771(57) ]

i=1
t

©) * T % T T % T

= ZETW’}?% [1[r € Ph,ﬂ‘f’(sh»Wt—l,h(sh))¢(3h77Tt—1,h(5h))T]
i=1

(@) t T T T T\T

< E Ty 1h[¢(3h7ah)¢(5h7ah) ]
i=1 P

where (i) follows from pZ’g and p} agreeing on the event e = 1 and (i7) follows from
the occupancy distributions d;i p and d7, , agreeing on I'y , and for (4ii) recall that

Yin(s,a) = ! il d;;{ ,(s,a). Similarly, with probability of at least 1—0/6, for all t € N
and all h € [H], ¢ € D,

i, h (i,h) (i,h) (i,h) (i,h)
(B) =Y 1l ¢ T3 Jo(sh " ap Vo  af )T

i=1

() &

< DE,rovalLlr ¢ ThJOGT, af)é(sh, af)"] + 81v/Floa(6dH|2]/0)
i=1

(i) <
SIY B civa[U[r € T7,]] +811/tlog(6dH|D]/6),
i— | Pn

(B1)

where (i) follows, similarly to before, from Proposition A.7.1 in combination with an
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A.2. Selecting Non-Redundant UniSOFT Representations

union bound and (i7) is by ||¢n|l2 < 1. Further,

(B1) —IZIE v (LT & T3]

mivg [Le = 01T ¢ T7, ]}

=1 TNph

(M) & :

< IZET "’L 1[ [ ¢ F + IZEeNBer(lf&)[l[e = OH
=1 =1

(42)

<IZZESM(¢*}IL a ¢ T} (s +IZ§2
i=1 h=1

IzzEsaNdl 1 Ah(sa >Amm +IZ£7’

) 11h 1t o .

< IA Z ZE(Sﬂ)Nd;i;l [Ah(’S’ CL)] + Izgt

T G—1 h=1 ’ i=1
(i) R(t !
B AIEliBII—i_I.Zf“

where (i) follows from p’,:’é and pj agreeing on the event e = 1, (i7) follows from the
definition of 7?;;,1 and (ii7) follows from Lemma A.7.2. Finally, with probability at least
1—-46/6, for all t € N and h € [H],

t

(C) Zﬂ[el_0]¢h( (zh)’ (zh))(bh( (zh)7 h(l,h))T

EeBer(1-¢,)[1[e = 0]] + /tlog(6tH /0))

(
-
< I &+ \/tlog(6LH/S),
where (7) follows from ||¢p|l2 < 1 and (i7) is by Hoeffding’s inequality with a union bound

over episodes and time steps.

Lower bound: The lower bound is easily derived by similar arguments. With
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probability at least 1 — §/2, for all t € N, and all ¢ € ®, h € [H]:

Shi — Ml = (A)
= (A1) — 81+/tlog(6tdH|®|/6)
=t

E(s.a)n3, [0(s,@)8(s,0)"] — (B) — (C) — 81/t log(6tdH|2|/5).

We conclude the proof by performing an union bound over the results for the lower and
upper bound. ]

By the lower bound of the previous result, we immediately obtain the following, which
will be crucial to show uniformly decreasing confidence intervals:

Lemma A.2.3. Consider a feature map ¢ € ® that is non-redundant. Assume there
exists an increasing sub-linear function g such that R(t) < g(t) for all t € N. Suppose
assumptions 2.1.2 (unique optimal policy) and 2.1.3 (minimal sub-optimality gap) holds.
Then, given that the event F occurs, there exists a constant Tiny Such that, for all t > Ty,
h € [H] and (s,a) € S X A,

16n (s, a)ll;-1 < (EAmmin (S +)\t—2Z§z AL g(t) — 18+/tlog(6tdH|®|/5)) /2.

Proof. Let Tiny be large enough such that,

t
Amin (575) + A > 2> & + ALl g(t) + 18/t log(6tdH|®]/3)
=1

holds. Then, for all ¢ > 7,y, h € [H] and (s,a) € S x A

lon(s @)l 1 = (6n(s,a) S,y dn(s, )2

(@)
<

(Amin (2 th)¢h(5 a) ¢h(s,a))1/2
)\min(it7h) 1/2,

IN

where (7) follows from the symmetry of the covariance matrix. We conclude the proof by
substituting Et,h with lower bound provided by the event Fj. O

Note that Apin(27,,) > 0 holds whenever there exists an unique optimal policy and the
feature map is UniSOFT. The final lemma of this section shows that we are guaranteed
to eventually select only good representations.

Lemma A.2.4. (Selecting non-redundant UniSOFT representation) Fixz any o > 0.
Assume there exists an increasing sublinear function g such that R(t) < g(t) for all
t € N. Suppose we run algorithm 2 and assumptions 2.1.2 (unique optimal policy), 3.2.1
(expressiveness) and 2.1.3 (minimal sub-optimality gap) hold. Additionally, if o < 1,
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suppose that assumption 2.1.4 (minimal optimal occupancy) holds. Then, given that
the events £(0) and F(J) occur, there exists an episode Tunisoft > Ta Such that for all
subsequent episode t > Tynisoft and time steps h € [H], the learned feature maps gAbuh are
UniSOFT and non-redundant, where

2
A

t
Tunisoft := min{t|t > ( (A;}HR(t) + Z &+ 18\/25 log(6tdH|®|/d)) V Ta> }.

=1

Proof. Note that, by Lemma A.2.1, given that £ occurs there exists an episode 7, such
that for all t > 7, and h € [H], the learned features ¢, ), are a*-approximate.

Let ®uisoft € @ denote the set containing only non-redundant UniSOFT feature
mappings. By Lemma A.2.2, given that the event F occurs, for all t € N, h € [H],
(ZS cd \ (I)unisoft and (z)unisoft c (punisoft

t
Amin (Se,p (@) — M) > tA*(¢) — 2> & — Ajl g(t) — 18\/tlog(6tdH|®]/5),
=1

t
Amin(Sep(9) = MI) 2> & + ALl g(t) + 181/tlog(6tdH|®|/5),
=1

where X, (¢) = Z(M)E,Dm on(s,a)én(s,a)’. Let & < a be arbitrary and non-negative.
Let us denote &5 x U5 C & x W as the set of &*-approximate representations. Additionally
denote

cI)gmsoft % \I/ngOft — ((I)d % \I’&) N ((I)umsoft % \I/> ,

as the set containing all &*-approximate representations such that the feature map is
non-redundant and UniSOFT, which is non-empty by Assumption 3.2.1. A non-redundant
UniSOFT representation ¢"°f is selected at episode t > 7, if for all & < «,

Tmax  Apin(Zea (M) — N T) > max Awmin(Sen(@) — M),
¢unlsoft€q>lémsoft ¢€‘I’&\¢gn130ft

or equivalently,

t
EAG(6") > 203 &+ ALig(t) + 18V/tlog(6tdH [ @]/5)),
i=1

where A}, := ming<, MAX junisoft ¢ punisoft N*(pumisofty, 0
«

A.3. Improved Pseudo-Regret with UniSOFT Representations

In this section, we show how we can leverage good representations to improve the pseudo-
regret result A.1.5 provided in the section A.1. Subsequently, we can provide an improved
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expected regret result.

On a high level, we show that the bonus terms can be used to provide an almost
optimistic estimate for the expected sub-optimality gaps incurred by the behaviour polices
of algorithm 2. We can then exploit the UniSOFT property, of the good representations
we are guaranteed to select as show in the previous section, to show uniformly decreasing
confidence intervals. Let us start by providing two results that are adapted from [CHYL23|
which show that the bonus term can be employed to provide a trajectory-wise uncertainty
measure for the model estimation error over the occupancy distribution of the behavior
policies.

Lemma A.3.1. (Value difference of transition operators) For all t € N, any policy 7, state
s €S, time step h € [H] and set of reward function {rp}_, such thatr, : S x A — [0,1]
and Z}IL{ZI rp <1,

VR wn(8) = VE &< VE g n(s),

where P € {Py, P*}.
Proof. We give a proof by induction. For h = H+1 and any s € S, we have |V7§*7T7H+1(s)—

Vgﬂﬂﬂ(s)\ =0=Vg gy for P e {75t,73*}. Suppose the induction hypothesis,

VBt (8) = VB O] S VB g i (s) for P e {P¢,P*} and any s € S. Then, for
any h € [H] and s € S,

VA () = VE(9)]

< E(ZNT(('lS)HQ%*,T,h(S7 CL) - %t,’/‘,h(s’ a)”

= Ea~7r(-|s)H,Pf):v’g*,r,thl(‘g? a) - ,Pt,hvff;rtﬂ,’h_i_l(sv a)” = (A)

Then, the first claim (P = P;) follows from:

(4) = Eqmn(i) 1Pea (VB s — VB, a1 (5:0) + (Ph = Pei)VE. i (s5,0)]
(@)

< anﬂ(-|s) [fptvhvgt,ft,h-i-l(s’ a) + ft,h(sﬂ a)]
= Ve sns)

where (i) follows from the induction hypothesis and ||V, [lcc < 1. The second claim
(P = P*) follows from:

(4) = Eon(i IPE (Vi1 = VE o) (5:0) + (PE = PLiVE, | (s.a)]
(@)

< Eorn(19)[PrVPe g ps1(8:a) + fen(s, a)]
= Vg*,ft,h(s)’

where (7) follows from the induction hypothesis and ||V, ;[lcc < 1. O
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Lemma A.3.2. (Uncertainty bounded model estimation error) Given that the event £
occurs, we have for all t € N and any policy ,

m,d ‘ ‘ 7,d
VP*}t1§2H1/£ G+ 2HVZS | and

7,d1 |A|C m,d1
gl = & Prbe,1’
Proof. For all h > 1,
(1)
E(say~ay  [fen(s:0)] < E(saynar — [min{l, by p1(s,a)|lg }]
t; Pih—1

Pt h—1:Pt,h—1
(i) .
< E(s,a)wd"f)t;h_l [bt,h—l(sv a)]’
where (i) is by Lemma A.1.3 and || f; p]|cc < 1 and (i¢) follows from the event £. Addi-
tionally, by Lemma A.1.3, we have,

Al

E(S’G)Nd;[?t;l [ft,l (57 a)] > 3

Ct?

which gives the second claim. Additionally,

m,dy 7,dy 7rd1 1 m,d1
‘7 I < ‘}A ’ ’I . . I
Prfel = TPy il | 73* Sl [ P finl

(4)
< 7,d1 7,d1
VPt,fm + HVPt,ft,

(@) ’A‘ 7,d1
< 2\ [T G 2HVE S

where (i) is by Lemma A.3.1 and (ii) follows from the second claim. O

Next we introduce an optimism result similar to that of Lemma A.1.4, which holds
locally on the state-occupancy distribution of the behavior policies.

Lemma A.3.3. (Almost Local Optimism) Given that the event € occurs, for all t € N
and h € [H],

: * |A’ wb.d
By, VBern(8) = VB iy n (9] < 2H TG+ 2HVE R

& Prbi,1’

,d
where w? = arg max,ery V.24

Pebe,1
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Proof. We have for all h € [H]:
B VA o8) = VE o ()] < Bgry VA () = VB, (9)

<Eoa, (VB pon(s) =V, ()]
(@) .
S By, VP pn(s)] = (4),

where (i) follows from Lemma A.3.1. Now, let ft(?:)(s,a) = fri(s,a)1{i > h} and

Trt(’z (als) = m(a|s)1{i < h} + 7*(a|s)1{i > h} for any h € [H|. Then,

() ()t (i) A R g
_ ™ a1 T ,a1 TI't ,di
() = Vo gy = Vpigpa = 2 & g TV

where (i) follows from f;;, > 0 being non-negative for all h and ¢ and (i7) follows from
Lemma A.3.2. Now, the claim follows by the definition of 7. O

We continue by providing a local simulation lemma.
Lemma A.3.4. For allt € N and h € [H], we have
T o Tt ﬂ't,dl
ESNd;t*,h[Vﬁt,rurbt,h,h(s) Vi n (S S 2HV G -
Proof. We have,
Eswd;t [Vg:,r*—i-l}t,h(s) - V7§£7r*,h(5)]
= E(s a Nd t [Q;tt 7‘*+b h(S, a) - Qg*7r*7h(87 a)}
< E(s7a)~d;§7h[bhvt(87 )+ B gymars,  [(Pen = PRV g (8]l
+E(s0)wdy e [Ph(vpf r* by b1 = Vpt e npa)(s:0)]

(@) .
< E(s a)~dgy ), n [bt,h(sv a’)] + 2HE(s,a)~d;t*7h [ft,h(sv a)]

T s
+ ]E P* Jh+1 [VPI r*+bt,h+1( ) Vpi,r*,h—kl(s)]a

where (7) follows from ||[V7

F lloo < 2H. Unraveling the recursion gives the result. [
) t

The previous four lemmata combined are enough to show that the bonus terms provide
an almost optimistic estimate of the expected sub-optimality gaps from the behavior
policies of algorithm 2.

Lemma A.3.5. (Sub-optimality gap to bonus) Given that the event € occurs, we have
for allt € N and h € [H],

o [Bn(s )] < 10m2( | Al s vzt )

E
(Sva)N P*.h - é‘ Pt,bt7
b m,dy
where T = argmax em V.’

ptabt7
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A.3. Improved Pseudo-Regret with UniSOFT Representations

Proof. We have for all h € [H] and ¢t € N:
E(s,a)wd;t [Ah(sv CL)]

*.h

(@) .

S Eogm, VP pen(s) = Vil ey (s)]
@ e oy N
— SNd;r,t*‘h[ 'f)t,?“*-‘ri)t,h(s) 'P*,r*,h(s) + P*,r*,h(s) 75t,7’*+i)t,h(s)]
(22) 2Hv7rt,d1 2HV7T,5, E Vﬂ* B Vﬂ_*

P*be1 + - + sNd;;t*,h[ P*,r*,h(s) ’th,T*+l;t,h(S)]
(iv)
< 2H V;j";l +2H V”’f’d1 1 +2H\/|>’<t + 2HV7;rf :

H/i’ H/—/ f t,b¢,1
=:(A) =:(B)

where (i) follows from the optimality of 7*, (i) by the optimality of 7, (iii) follows
from the local simulation Lemma A.3.4 and (iv) follows from the local optimism Lemma

A.3.3. Further,

d
A — ﬂ-t:AI
() = vz
d roud | R—
< yreh H tdi = ymedi
mebt, T ’HVP* be,1 HVPt,bt»l

(4)
< 7Tt,d1 ﬂ't,dl
th bt,1 * HV'Pt,fm

(i) d ’ ’ d
Tt,a1 Tt,a1
= Vf’méml + H( \/ & g ot VPt7bt7 )
(414) b d |A|
< ¢+ a1
2HVE" + H /—& ¢,

where (i) follows from Lemma A.3.1, (ii) follows from Lemma A.3.2 and (éiz) by the

optimality of 7%. Similarly,
s 7d

® |A’ e
< 2H( & T Ve )
(Zl) | ’ ﬂ-t 7d1
< 2H( 3 GV ),

where (i) follows from Lemma A.3.2 and (ii) follows from the optimality of 7?. Finally,

we get:

A mg.d
E(Sva)Nd;t*,h[Ah(S’a)] = 10H2( ft C + VP:,btly )
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We can now leverage the fact that we eventually select only good representations, which
leads to the following improved pseudo-regret bound.

Lemma A.3.6. (Sub-linear pseudo-regret with UniSOFT representations) Let & = /3
and o > 0. Suppose assumptions 2.1.1 (realizability), 2.1.2 (unique optimal policy), 2.1.3
(minimal sub-optimality gap) and 3.2.1 (a-expressive function space) hold. Additionally,
if a < 1, suppose that assumption 2.1.4 (minimal optimal occupancy) holds. Then, given
that the events £(5) and F(0) occur there exists a constant T, such that for all T > T, the
behaviour policies {m}1>1 learned by algorithm 2, enjoy sub-linear regret:

R(T) < ﬁ H3dl/2|Ayl/2T2/3 log (4T |®||¥|H/5) < O(T?/?)

~Y é—
T max

Proof. Let 7 := {Tunisoft V Tinv}. Let t > 7 be arbitrary. Then, since the event £ occurs
by assumption, by Lemma A.3.5, we can bound the expected sub-optimality gaps for all
h € [H],

b
Bpoayea,, [Bn(ss0)] < 1082 2l + VIR ) oo ()

Further, by Lemma A.1.5, under the event £, R(t) < g(t) = O(Vt& 1) with & =
O( t_ 1 2). We note that, if & = 1, then all representations are a*-approximate and hence
we do not require assumption 2.1.4 (minimal optimal occupancy) to guarantee their
selection in Lemma A.2.1. By Lemma A.2.4 and the events F and &, for all h € [H], the
learned feature maps <2’t,h are non-redundant and UniSOFT. Then, by Lemma A.2.3 and
the event F,

H
ﬂf,dl ~
P S0 E o (190a(s0)l]
h=1 Pt.h
< éltH
T Mot + M — Y & — g(ALL — 18\/tlog(6tdH| D[ /5))1/2
<oty Z o
- (t1/2) (t )

Since t was chosen arbitrarily, we get, for all T' > 7:

T T H

R(T) =D (Vhoyly = VR )+ D0 ) By, , [Als0)]
(1) _
< o@[) L B3 A T2 o (4|0 0| H ),

where (i) follows from the pseudo-regret bound without UniSOFT representations given
in Lemma A.1.5. O
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A.3. Improved Pseudo-Regret with UniSOFT Representations

Remark A.3.1. The choice for & = t=1/3 is somewhat optimal when considering the
expected regret, as, in expectation, a faster exploration rate worsens the pseudo regret result,
but reduces the number of episodes in which we have to explore uniformly at random.

Theorem 3.2.1 (Instance-dependent regret with UniSOFT representations). Let { =
t=1/3 and a € (0,1). Suppose assumptions 2.1.1 (realizability), 2.1.3 (minimal sub-
optimality gap), 3.2.1 (a-expressive function space) and 2.1.2 (unique optimal policy)
hold. Additionally, if o < 1, suppose assumption 2.1.4 (minimal optimal occupancy) holds.
Then, for any T € N large enough, algorithm 2 satisfies:

~ 1
E[R(T)] £ Hr*/® + S —Hd"2| A[T log(TH|®||¥])

max

< O —H'VALATT),

max

where

TSRS - long(ﬁg ko) VR logzm(m “K2)}
H12d9‘¢4|6
~ Arnin{afdfnin A A;(naux}

log'?(TH3d/2| A\ @ W)),

. B H2d3/2‘A‘ . . H2d3/2|A| N . N
with K1 = m, R9 = TH|(I)H\I/|, K3 = m d)\max = MNaG<q maX¢€¢gnisoft A (Qb)

In particular, T must be large enough such that T’ > O(T) holds.

Proof. Let 7 := {Tunisoft V Tinv} and T' > 7 be given and fixed. Choose § = T-1. Recall
that Algorithm 2 explores for H time steps, for each h € [H] and episode ¢, by rolling
into time step h — 1 with policy m;_1, taking actions according to 7 ,—1 and 7y and

. . . . ~d .
finally, rolling out to time step H with policy m—1. Let us denote Vt,lh as the cumulative
expected reward obtained by Algorithm 2 in episode ¢ and time step h. Then,

T H
<Bse[D0 D" e = H{EGI{FO)HVE S, — Vo)

t=1 h=1

T H T H
+Eaed D e = 03(VE R = Vel + Ese[d > H{EOIVER = Vi)
t=1 h=1 t=1 h=1
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T H
< Esel) D> 1{er = I{EG)  {F ()} (VA2 = Vi)l
h=

t=1 1
T H
+Ese> ) 1{e, =0} + 1{€°(8)} + L{F°(5)}]
t=1 h=1
(@) LI *.,d T—1,d d
< Eseld D Ler = LIL{E@G) Y L{F (O} (Vah — VRV + H2To + ) &)}
t=1 h=1 t=1

d T
< HEse[S H{EG{FO) VA S —VEL M + B2+ S +71/%)

t=1 t=1
(@7) d w*,d Tt,d 3 2/3
< HEE,&[Z 1{5(5)}11{;(5)}(‘/73*}*1,1 - V’Pf:ri,l] +§HT 3+ 3H},
t=1
(4)

where (i) follows from [[VF .|l < 1, (i) follows from 7; and 71 agreeing on the
event e; = 1, Lemma A.0.1 and Lemma A.2.3 and (i:7) follows from an index shift and

[VB s+lloc < 1. Now, we can leverage the pseudo-regret result of Lemma A.3.6 to bound
term (A),

T
(A) = Ese[> L{EG@)IL{F(O) VA — VELD ]
t=1
< { b B AN og(uT o[ H )
T max

S04 O(T).
Substituting 7 with the sufficient condition from Lemma A.4.3 with v = 3 and using
T 2 alog"(ab) as a sufficient condition for T' > alog™(bT"), concludes the proof. O
A.4. Constant Pseudo-Regret with UniSOFT Representations

In this section we provide a further improved pseudo-regret result that translates the
uniform convergence of the confidence intervals to the expected sub-optimality gaps. We
start by providing a sufficient condition that renders a deterministic policy to be optimal.

Lemma A.4.1. Let w be any deterministic policy. Whenever,
E(&G)Nd%*yh[Ah(sa CL)] < d:ninAmin

holds for all h € [H] simultaneously, there exists an optimal policy 7 € II*, such that,
for all h € [H],

T g
P*,h — “P*,h-
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A.4. Constant Pseudo-Regret with UniSOF'T Representations

Proof. We give a proof by induction. For h = 1 we have,

E(sayndg, [A1(s,0)] = Eswa, [Ar(s, mi(s))]
= di(s)A1(s,m1(s))

seES

> Y, Ai(s,m(s)

s:d1(s)>0
Hence, for all s € S such that di(s) > 0,
Ai(s,7m1(5)) < Amin,
and therefore, 7 (s) € IIj(s) for all s € S such that d;(s) > 0. Equivalently, there exits a
policy 7* € II* such that,
Pra =dpey.

Suppose the induction hypothesis, that for any time step h € [H| there exists a optimal
policy 7* € II* such that, d;g** p = dps , holds. Then, for an arbitrary h € [H],

@)
%*,thl [Ah+1 (S, a)] = ESNd;;’;‘thl [Ah—‘rl (S, 7Th+1($))]

= Z d?;i,h-i—l (S)Ah—i-l (S, 7Th+1(3))

seS
>dhn Y Anga(s,mhaa(s),

s:df,;i’h_H(s)

E(s,a)wd

where (i) follows from the induction hypothesis. Therefore, for all s € S such that
d%**’hﬂ(s) > 0, we have, m,11(s) € 1T}, (s). O

Lemma A.4.2. (Constant pseudo-regret with UniSOFT representations) Let « € (0, 1],
v € (2,00) and & = t~Y7. Suppose assumptions 2.1.1 (realizability), 2.1.2 (unique
optimal policy), 2.1.8 (minimal sub-optimality gap), 2.1.4 (minimal optimal occupancy)
and 3.2.1 (a-expressive function space) hold. Then, given that the events {&:}i>1 and
{]-"(t)(dt)}tzl occur, there exists a constant T, after which, the behaviour policies {m}1>1
learned by algorithm 2, incur no additional regret and hence, for oll T € N:

R(T) $ R(+*) = O(1)

Proof. Let t be arbitrary and large enough. Then, since the event £®) occurs by as-
sumption, by Lemma A.3.5, we can bound the expected sub-optimality gaps for all
h € [H],

o [An(sa)] < 1082 [ Ble, a2 ),

E "
(S’a)NdP*,h & Pi,be,1
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~ 24y

Further, by Lemma A.1.5, under the event &, R(t) < g(t) = O(vVt& ") = O(t 27 ) with

Oy = 0(5;1/2) = O(t%) By Lemma A.2.4 and the events F® and £ for all h € [H],

the learned feature maps ¢, ;, are non-redundant and UniSOFT. Then, by Lemma A.2.3,
v > 2 and the event F®,

H
d <4, SR ¢ -
Pebet = " hz::l (S,a)Nd;éh[H(ﬁt’h(Sy a)HEt,}lL]
< aH
T (Nt + A = iy & — 9(D) AL, — 18/tlog(6tdH[D[/6))1/2
1
13

< O() = O("7) =0
- t1/2 t—oo

Additionally, we have

M~ o 1079) — 0

gt t—o00

Hence, there must exist an episode 7* such that
E(s,a)Nd;t*yh[Ah(s’ a)] < Amindﬁnin
for all t > 7*. Then by Lemma A.4.1, we get:

oo H
R(T) < Z ZE(Sﬂ)Nd;t*JL [A(s,a)]

t=1 h=1

™ H
<D Eaear, ,[A(s,0)] = R(T) = O(1).

t=1 h=1
O

Theorem 3.2.2 (Instance-dependent sub-linear expected regret with UniSOFT represent-
ations and constant pseudo-regret). Let o > 0, v € (2,4] and § = t=17. Suppose assump-
tions 2.1.1 (realizability), 2.1.2 (unique optimal policy), 2.1.3 (minimal sub-optimality
gap), 2.1.4 (minimal optimal occupancy) and 3.2.1 (a-expressive function space) hold.
Then for any T € N large enough, algorithm 2 satisfies:

Es¢[R(T)] S H(9)YV*YY + HT™S S OHTS ),
where

7 S{RY - log? (ks - k2) V KT - 10g?™ (k1 - ko) V &Y - 1og™ (ka - K2)}

2y Ay
< ( H A > <1 (TH' AT )
~Y ' O
aAEiax(Amind?nin)Q 8 aAEiax(Amind?nin)2 ’
. H2d3/2| A H2d3/2|A H3d?|A
with kK1 = W’ ke = TH|®||V|, k3 = KALJ’ K4 = m’ m = % and

m = % In particular, T must be large enough such that T > O(7*) holds.
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Proof. Let T be given and fixed. Choose 6 = % Then

Ese[R(T)]

(¥ r wdi e d

< HEs5e[>  H{EG){FO) VA S = VEELTI + H2TS + ) &)}
t=1 t=1

(i) T
SHE)PA L Y 717 42l
t=1

-1
S H()V2HY L HT5 +4H +2H

where the details of (i) can be found in the proof of Theorem 3.2.1, (i7) follows from the
constant pseudo-regret result of Lemma A.4.2. We conclude the proof by substituting
7* with the sufficient condition provided in Lemma A.4.3 and using 7" 2 alog"(ab) as a
sufficient condition for 7" > alog™(bT"). O

Lemma A.4.3. (Critical episodes) Let o € (0,1], v € (2,4] and & = t='/7. Suppose as-
sumptions 2.1.1 (realizability), 2.1.2 (unique optimal policy), 2.1.3 (minimal sub-optimality
gap), 2.1.4 (minimal optimal occupancy) and 3.2.1 (a-expressive function space) hold.
Supppose we run algorithm 2. Then, given that the events £(0) and F(8) occur:

(1) all non-UniSOF'T representations are eliminated after at most
7 < {RY - log¥™ (k3 - ko) V KT - log?™ (k1 - K2)}
(2) the behavior policies {m:}1>1 are optimal after at most

™ <SA{rv &T/ . logm/(m “K2)}

) _ H2d3/2| A _ _ H243/2| A . H3d2| Al
episodes, where K1 = CBmmds . 2 = H|®||V|/§, k3 = Mo’ = Bomdr PN
— 2 —
m= 3 and m' = =

Proof. By Lemma A.1.5, for all t € N,

Vi log?(4¢H|®|| | /5)
& ’

R(t) < esH2d3?| A|

R / A
oy = 4t<t|£| + )\td,
t

where c3 is some universal constant. In the following, we will use ¢ > 3alog(ab) as a
sufficient condition for ¢ > alog(bt) with reasonable values for a and b and ¢ > 0. See

Lemma 20 in [PTP*21] for details. In particular, by substituting ¢ with u = a%tﬁ, we
get that for any n > 1 and m > 1:

t > (mn)"a™(3log(ab))™" = tm > alog"(bt). (A.1)
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We divide the analysis in four parts, where in each part we derive a sufficient condition

for 7*.
Part 1. 7* must satisfy the a*-selection criteria in Lemma A.2.1.

1 R(t t|A
> LR [ oo

min

1, csH2d3?| A[t0/2+1/) log? (43 H|®|| W)

t>— + 1/ 2t1 17| Al log (4t|®| | V| H /6
Hl A /20107 Al log (411 | /9))
42 H2B2Al -,

t>t2 '036m -log™(t - 4 H|®[|W[/5)

—_——— Ko
K1
@ 2pm m,.m 2m =
t > (2m)“6™c5 k" log™™ (k1 - 4K2) = R1,
where (i) follows from the condition A.1 with m = %

Part 2. 7 must satisfy the UniSOFT-selection criteria in Lemma A.2.4.

t
2
t> 5 (AL R() + & +181/tlog(6tdH|®[/5))
max i=1
2 H2d3/2| At 2417 Jog? (442 H | ®| | W
t> (& A o8 ( ] ’>+ 7 17 1184/t log(6t|®[H/6))
)‘;(nax Amin Y — 1
i) 244 H2d3/2
Qs o AL 26 o)) 0)
)\?naxAmiH —_—————
K2
K3

(i4)
t> (2m)?2Mm el kT 10g?™ (k3 - 8Ky) = Ra,

where (i) follows from v < 4 and (i) follows from the condition A.1 with m = %

Part 3. 7 must satisfy the invertibility condition from Lemma A.2.3.

b o AERMAL + iy & + 8y/tlog(GtdH|®]/5)
)\*

max

)

Note that the condition is fulfilled if ¢ > Ro. By taking, 7 := max{&,R2}, we gain
statement (1).
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Part 4. First note we can upper bound,

Al

ar =5 4t<t£

+ \d

- 5\/4 log (4[| F1#2/8) " '“‘” + e1d? log (412 H|®| /)

< 5\/8c1t’ log(4]8]W|H1/0)|A
< 5dt77 /3] Ale; log(4]®[|U|HL/9).

For now we assume that ¢t > k1. Then,

Amlnd‘rkmn > 20H2( + atH ‘A|Ct)
Ml + A — S, & — R(OALL — 18, /tlog(6tdH|D] /5))1/2 &
Amlﬂd;knm > 20H2( 1 dtH |A|C )
(Mt + A — 2577 = R()ALL — 18/t log(6tdH[D[/5))1/2 &
1
(i) & H 2| A[t7 log(4¢|®||W|H/5)
Amind’, > 20H2(———0 \/
NESTRGIEN : )
_1 H3d|AY/?
Biny > 172070 22 e T BALC foa il i),
(M) Y/

where (i) follows from t > K;. After rearranging, we get:

H3d|./4| 1/2
Amlndﬁnn(kfnax
H3d?|A|
1 * 2\ x
(Apind A

min ) max

00 5 912 /o log'/?(t - 4|®||W|H/6)

)1/2

log(t -4 |®|[W|H/3)
—_———

K2

K4
t (;) m224m Ky log™ (kg - 4K9) 1= R3
where (i) follows from condition A.1 with m = %1 Finally, by taking
7% = max{R1, ke, R3}

we conclude. 0

Theorem 3.2.3 (Optimal policy identification). Let a > 0, v € (2,4] and & = t~1/7.
suppose the quantities Apin and d* . are known. Let T be large enough such that T > 7*

min
holds. Then, under the same assumptions as in Theorem 3.2.2, with probability at least
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1—2T71, algorithm 3 will return the optimal policy after at most T' episodes. In particular,
if v =4,

12 78| )4
Tz@( HY2d®|A| ))

(@A) (Amindy 5,

max

Proof. We know, by the proof of Lemma A.3.6, that given that the events £ and F hold,
there exists an episode 7* such that, for all ¢ > 7% and h € [H],

A 7r57d
B, [Bn(s.0)] < 1022 [ 2 vzt ) (A2)

< Amind:(nin- (A3>
In particular, we know from Lemma A.4.1, that any deterministic policy satisfying the
chain of inequalities above is optimal. Furthermore, the event £(J) N F(d) holds with
probability 1 — 2§ by Lemma A.0.1 and Lemma A.2.2. Hence, with probability at least
1 — 24, algorithm 3 returns an optimal policy after at most 7* episodes. The requirement
on T follows from the complexity bound of Theorem 3.2.2 and the choice § = T, O

A.5. Existence of UniSOFT Representations

Here we restate and prove the existence results from section 3.3.

Theorem A.5.1. ([PO99]) Every matriz A € C"*™ with rank(A) = r > 0 has infinitely
many full rank factorizations. However, if A= FG = FG are two full rank factorizations
of A, then there exists an invertible matriz R € C™" such that F = FR and G = R™'G.

Lemma 3.3.1 (Existence of exact UniSOFT representations with minimal dimension).
Assume that rank(P}) = d for each h € [H]. Let X, := {(s,a) € S x .A|dg*,h(s, a) > 0}
be the set of state-action pairs reachable by the optimal policy at time step h € [H]. Then,
the following statements are equivalent:

(1) span{P;(]s,0)|(5, 0) € Xn} = RY,
(2) there exists a UniSOFT representation <$h7ﬁh>[@& =Py,

(3) any representation (pp, jin)ga = Py is UniSOF'T.

Proof. Let us start by constructing a full rank factorization of ;. Note that P} has rank
d by assumption and hence we can select d columns of P} such that they form a basis
for the column space of P;. We collect them in a matrix ® € RISIMIXd  placing them
in the same order as they appear in P;. Now each column of P} can be expressed as a
linear combination of the columns of ®. We denote U € R4*IS| as the matrix uniquely
determined by the coeflicients in the linear combinations such that P; = ®W¥. Then,
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A.5. Existence of UniSOFT Representations

(1) = (2). By construction, the rows of ® corresponding to elements in A}, form a basis
of R and hence ®V is a non-redundant and UniSOFT representation of Pr.

(2) = (3). Let Py = ®*U* such that the representation is non-redundant and UniSOFT.
By Theorem A.5.1 there exists an invertible matrix R € R4*? such that ® = ®*R and
U = R~10* for any other full rank factorization Py = ®W. Therefore, rows in ®* that
form a basis of R? also form a basis of R? in ®.

(3) = (1). The claim follows by the construction of ®.
O

Lemma A.5.1. Suppose (X, |- |) is some normed space. Let {v;}%_, be a set of linear

independent vectors in X. Then, there exists some € > 0, such that any set of vectors

{u}d , in X with |jv; — wi|| < € for all i = 1,...,d is linear independent as well. In
. . d

particular, € < M (0. 0q): 24 o] =1 H Zz’:l 057,1)7,”/2

Proof. Let S := {(a1, ..., aq) € RY| 2?21 la;| = 1}. Suppose {u;}%_; are linear dependent,
then there exists some tuple (a, ..., og) € R? such that

d
0= aiul.
=1

In particular, w.l.o.g. we can assume that (a1, ...,aq) € S. But then,
d d d
0= ol = 1> v+ Y ailus —vy)|
i=1 i=1 i=1
0 & d
=S el = 11 aawi — v
i=1

=1

. d

(i)

> 26— € E lai| > e,
i=1

leads to a contradiction, where (i) follow from the reverse triangle inequality and (ii) by
the choice of e. ]

Remark A.5.1. The statement is generally not true for a set of linear dependent vectors.

Lemma 3.3.2. Assume that rank(P}) = d for each h € [H] and that assumption
2.1.4 (minimal optimal occupancy) holds. Further assume that P* admits an UniSOFT

representation. Then, there exists an € > 0 such that all o -approximate representations
(b, W)ga = P with a < € are UniSOFT.

Proof. Let a < € be arbitrary and &), := {(s,a) € S x A|d%. ,(s,a) > 0} be the set of
state-action pairs reachable by the optimal policy. Then, since P* is assumed to admit an
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UniSOFT representation, by Lemma 3.3.1, there exist at least d state-action pairs in X},
such that their transition vectors in model P} span R<. Denote X, as the set containing
those d state-action pairs. Further, for any a*-approximate representation with induced
transition operator P, any h € [H] and (s',a’) € A},

€2 B,z [IPaC1s,0) = PiC1s, ) rv]

= Y dpp(s,0)||Palls,a) = Pi(ls,a)lmy
(s,a)eSxA

> diinl|Pa(:ls", a') = Pr(ls', ) v

Then, by Lemma A.5.1, if € is small enough, the vectors in {Py(-|s,a)|(s,a) € X}

are linear independent and hence, by Lemma 3.3.1, all representations inducing P are
UniSOFT. In particular,

€< I ZO"LUZHTV mm
E |ai|=1

(a1,.,0

where {v;}, = {P;(:|s,a)|(s,a) € X}}. O

A.6. Multiple Optimal Policies

We provide two results, that ensure the selection of good representations under multiple
optimal policies.

Lemma A.6.1. (Selecting (67, a)-representations) Fiz any o > 0. Assume there exists
an increasing sub-linear function g such that R(t) < g(t) for all t € N. Suppose we
run algorithm 2 and assumptions 2.1.4 (minimal optimal occupancy) and 2.1.3 (minimal
sub-optimality gap) hold. Then, given that the event € occurs, there exists an episode T,
such that for all episodes t > 7, and time steps h € [H], the learned feature maps qAbt,h are
(67, a)-approzimate, where

1 t t
To := min{t|t > Q(Arfn(d;mn + \/ |£4| log(4¢2|®||W|H/J))}.
Proof. Directly follows from Corollary A.2.1 and the proof of Lemma A.2.1. O

Lemma A.6.2. (Selecting non-redundant UniSOFT representation) Fiz any o > 0.
Assume there exists an increasing sub-linear function g such that R(t) < g(t) for allt € N.
Suppose we run algorithm 2 and assumptions 3.53.1 (expressiveness) and 2.1.83 (minimal
sub-optimality gap) hold. Additionally, if a < 1, suppose assumption 2.1.4 (minimal
optimal occupancy) holds. Then, given that the events £(0) and F(8) occur, there exists
an episode Tunisoft = Ta SUch that for all subsequent episodes t > Tunisoft and time steps
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h € [H] the learned feature maps a’t,h are UniSOFT w.r.t. any optimal policy ™ € &7,
where

Tanisoft = min{¢[t > ( " (AL R(t) + 18y/tlog(6dtH || /3)) A Ta>}

Proof. Let q)ums‘)ft C @ denote the set contalmng only non-redundant feature mappings
that are UmSéFT w.r.t. at least one 7 € 7. By Lemma A.2.2, with probability at least
1—6,forallteN, he[H]|, pecd)\ <I>3‘t“s°ft and gunisoft ¢ @g?s"ﬁ,

t
Amin (Ze1,1 (M) = M T) > XS (™) = Y "¢ — AL R(t) — 18\/tlog(6dtH|®|/5),

i=1

t
Amin(Ser1n(0) = M) < D& + ALl R(t) + 18y/tlog(6dtH|®|/6),

where 3, 141(¢) = Z(S@)Ept’h on(s,a)n(s,a)’ and

* R : R T
A (¢) = e Amin(Bg )iz | [0n(s, a)én(s, a)7])

< }fél[ln] Amin (E(s a)w:)/;h [¢h(sv a)¢h(37 a)T])'

Let @ < a be arbitrary and non-negative. Let us denote @5 X V5 C ® x U as the set
of (67, &@)-approximate representations. Additionally denote

(bunlsoft % \Ijunlsoft ((I) w U ) ((I)grgisoft % ‘I/> ,

as the set containing all (6}, &)-approximate representations such that the feature map
is non-redundant and UniSOFT w.r.t. at least one m € &}, which is non-empty by
Assumption 3.3.1. A desired feature map is selected at episode t > 7, if for any & < «,

_max Amin(zz‘ﬂH,h(¢uniSOft) - AtI) > max )\min(zt+1,h(¢) - )‘tI)a
¢unlsofteq>gmsoft (256‘1)&\@311150&

or equivalently,

ENS (@M% S 9A ] R (1) + 22& +324/tlog(6dtH|2|/5),

mln
=1

Where )\; = mlndga maX¢unisoft eq)lgnisoft A*(¢un150ft). D
&
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Lemma A.7.1. ([ZSU* 2a/, Simulation Lemma) Given two transition models P and P’,
we have:

7,d 7r d
VP’,rl—i-b,l 73 rll - Z E (s,a)~df, bh(s a) + (Pllz - /Ph)vg,r,h+1(57 a)]?
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m,d T
VP’,rl+b,1 79 7 1 = Z E, a)~dp, [br(s,a) + (Pp, — Pr)Vps rybnra (s, a)l.
h=1

Lemma A.7.2. (/HZG21]) For any h € [H], s € S, and w € 1I:

Vp* r*.h ( ) pr* r*h Z Ah/ Sh/ ah/)|sh =S, P*]
h'=h

Hence the regret after T episodes can be expressed as:

T T H
=3 VRO VR = Eana, [Y Anlsnan)|s1 = s, 7m0, P
= t=1 h=1

T H
=> > Eay~dy, , [Bn(s,a)]
t=1 h=1
Proof.

VB2 e i (8) = Ve e ()

= Ap(s,71(8)) + QP pw (8, Th(5)) = Vs o 1 (3)

= An(5,7h(5)) + 75 (5, 70 (8)) + PiVpe oo 1 (8,70 (8)) = 175 (5,7h(5)) = PEVEe e pyr (5,70 (5))
= An(s,m(s)) + Pr(Viity = Vi) (s, 7n(s))

Unravelling the recursion gives the result. O

Lemma A.7.3. ([JYWJ20], Lemma D.1.) Let $y = X + 3_t_, ¢i¢7 where ¢; € R? and

A > 0. Then,
t

t
doolsiten=Te(31 ) diol) < d
=1

i=1
Lemma A.7.4. (Elliptical potential lemma, [AYPS11]) Consider a sequence of d x d
positive semidefinite matrices X1, ..., Xp with tr(Xy) <1 for allt € [T]. Define My = Aol
and My = My_1 + X;. Then

d T
> (XM < 2dlog(1+ ——)
pa dXo

Proposition A.7.1. (Matriz Azuma, [Tro12]) Let {X;}._, be a finite adapted sequence
of symmetric matrices of dimension d, and {Cy},_, a sequence of symmetric matrices
such that for all k, Ex[ Xy =0 and Xk; Ck almost surely. Then, with probability at least
1-4:

)‘max(z Xy) < /802 log(d/d),

where 0% = I 22:1 C;%H
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Lemma A.7.5. (Azuma’s inequality) Let (X;),_; be a finite adapted sequence such that
for all k, Ex[Xx] = 0 and | X¢| < a almost surely. Then, with probability at least 1 — 4

1) Xl < ay/tlog(2/90)

k=1

Lemma A.7.6. (MLE guarantee, [CHYL23]) Fix 6 € (0,1). Then, with probability
1-4/2,

(1) for allh=2,....H and t € N,
E(s,a)N(%pt,h(s,a)ﬁp;’h(s,a))[||75h,t('!57a) — Ph(ls, a)l3v] < G,
(2) forh=1 and allt € N,

E(s,a)wpt,h(s,a)[H,fjh,t('|sa CL) - P;(’S') G)H'QFV] < Cta

2log(4t2|®||W| H/5)
; )

where (; =
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