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Abstract

This thesis explores the six persistence diagrams that arise out of persistent homology for
chromatic point clouds. Concretely, for each diagram the expected number and length
of their persistence pairs is being studied under the condition of uniformly distributed
2-colored points in the unit square. In a subset of cases we find explicit formulae for these
very expectations for large enough numbers of points as the probability distribution of
the colors varies.
During the creation of this work, deeper connections to the research area of Euclidean
minimum spanning trees were discovered as well, in the sense that the constant giving the
asymptotic limit of the (expected) length of the Euclidean minimum spanning tree also
presents itself in the computational experiments for the 1-norm in the diagrams.
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Abriss

Diese Masterarbeit erforscht die sechs Persistenz-Diagramme, die aus der persistierenden
Homologie für gefärbte Punktwolken hervorgehen. Konkret wird für jedes Diagramm die
erwartete Anzahl und Länge der Persistenz-Paare unter der Bedingung von gleichmäßig
verteilten, zweigefärbten Punkte im Einheitsquadrat untersucht. In einem Teil der Fälle
finden wir explizite Formeln für ebendiese Erwartungswerte bei genügend vielen Punk-
ten, während die Wahrscheinlichkeitsverteilung der zwei Farben variiert. Bei der Entste-
hung dieser Arbeit wurden zudem tiefere Verbindungen zum Forschungsgebiet rund um
Euklidische minimale Spannbäume festgestellt.
Dies ist in dem Sinne so zu verstehen, dass die Konstante, die den asymptotischen
Grenzwert der (erwarteten) Länge des Euklidischen minimalen Spannbaums bildet, sich
auch in den rechnerischen Experimenten zur erwarteten 1-Norm in den Diagrammen
zeigt.
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1. Introduction

topology of attractors in dynamical systems and introduced the concept of persistent
Betti numbers [25]. Independently, Edelsbrunner, Letscher and Zomorodian established
the framework of persistent homology in combination with a fast algorithm and a cor-
responding visualization [14]. This achievement was grounded on the previous work of
Delfinado and Edelsbrunner on developing an incremental algorithm for Betti numbers
[10] as well as a computational implementation of Alpha shapes, which was done in [18]
by Edelsbrunner and Mücke. In 2005, Carlsson and Zomorodian gave another viewpoint
on persistent homology in algebraic terms [31].

Since then, a lot has been done and persistent homology has found great resonance,
in particular, in the fields of material and life sciences [2], [17], [26]. Especially, the
steadily growing area of spatial biology seems to give another opportunity to make us-
age of persistent homology, see for instance [7]. Motivated by this new field, Cultrera
et al developed a theory of persistent homology for chromatic point sets [5], [8], where
each point can be thought of as a cell with a color indicating its type. Out of this pro-
cess, six di↵erent persistence diagrams, the six-pack, emerged instead of only one. This
thesis explores the expected 0- and 1-norm of these very diagrams with computational
experiments.

In chapter 2, we first give a detailed overview on the usual persistent homology for
non-chromatic point sets and afterwards, introduce all aforementioned concepts in the
colored setting. In the end of this theoretical chapter, we briefly treat Poisson point
processes, which is an essential ingredient for our analysis, and mention Euclidean min-
imum spanning trees and the asymptotic limit of their (expected) length. Chapter 3
serves as a quick guide through the setup of the computational experiments and its im-
plementation. The heart of this thesis lies in chapter 4, where some explicit formulae
are theoretically proven and a tabular summary is presented, including further conjec-
tures and still completely unknown cases regarding the expectation. In the appendix
the underlying empirical results, that initially sparked the deeper investigation of the
already mentioned formulae, can be looked up in a case-by-case fashion. Finally, chapter
5 discusses further open questions and interesting continuations of this thesis.
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2. Mathematical Background

This chapter is devoted to introducing all mathematical concepts that are needed for
understanding the computational setup in chapter 3 as well as the results in the sub-
sequent chapter 4. In section 2.1 we begin with defining the notions of geometric and
abstract simplicial complexes and how they are related to each other. In section 2.2 we
encounter wildly known examples of simplicial complexes.
After a compact summary of the most essential definitions and constructions in sim-
plicial homology1 in section 2.3, we turn to the useful tool of persistent homology in
section 2.4. There, we take the geometrical objects introduced in the first two sections,
construct filtrations of them and apply homology theory to be able to say something
about topological features like connected components or loops. In sections 2.5 and 2.6
everything about Alpha complexes and persistent homology is translated to the chro-
matic setting, which is of great importance for the computational setup as we deal with
colored point clouds. Finally, section 2.7 serves as a quick guide in the topic of Poisson
point processes.

2.1. Geometric and Abstract Simplicial Complexes

In this section we encounter the building blocks for defining Alpha complexes and follow
the contents of [16] and [24].

Definition 2.1.1. Let pi 2 R
d (0  i  k). Then the set {p0, . . . , pk} of k + 1 points is

called affinely independent if for all �i 2 R we get

k
X

i=0

�i = 0 and
k

X

i=0

�ipi = 0 =) �0 = · · · = �k = 0.

Remark 2.1.2. The above implication is equivalent to requiring that the k vectors
pi � p0 (1  i  k) are linearly independent in the usual sense. One consequence of this
observation is that there can be at most d+ 1 a�nely independent points in R

d.

Definition 2.1.3. The convex hull of a point set {p0, . . . , pk} ✓ R
d is defined as the set

of convex combinations

conv{p0, . . . , pk} =

⇢ k
X

i=0

�ipi

�

�

�

�

k
X

i=0

�i = 1, �i � 0

�

.

1First, in a more general way, for coefficients in Z and later on for coefficients in Z2.
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2.1. Geometric and Abstract Simplicial Complexes

the proper face conv{p0, . . . , pk�1} of �, thus x 2 bnd(�).
(ii) ) (i). Assume that each coe�cient �i is positive. Since bnd(�) consists of all
proper faces of �, x cannot lie in any of them as they are convex hulls of proper subsets
of {p0, . . . , pk}. Hence, x 2 int(�).

After introducing simplices we can now use them as our smallest building blocks to
define more sophisticated structures following a specific recipe.

Definition 2.1.10. A (geometric) simplicial complex K in R
d is a finite collection of

simplices that obey the following two rules:

(a) (� 2 K and ⌧  �) ) ⌧ 2 K.

(b) �1,�2 2 K ) (�1 \ �2 = ; or �1 \ �2  �j for both j = 1 and j = 2).

In other words, (a) requires the closedness of K under taking faces and (b) states that
there must not be improper intersections.

Definition 2.1.11. Let K be a simplicial complex in R
d. The dimension of K is given

by

dim(K) = max
�2K

{dim(�)}  d.

The underlying space |K| of K is the union of all of its simplices viewed as a topological
space lying in R

d and equipped with the trace topology.

Lemma 2.1.12. Given a simplicial complex K, then its underlying space |K| ✓ R
d is

compact with respect to the Euclidean topology.

Proof. Boundedness is clear since K is a finite collection of simplices that are compact
by remark 2.1.6/(1). For closedness of |K|, first observe that

|K| =
[

�2K
�.

Since any finite union of closed sets is closed again, the claim follows.

Example 2.1.13. Consider Figure 2.2 and imagine the drawings to lie in R
3. In the first

collection of simplices the rightmost vertex is missing, which clearly violates condition
(a) from definition 2.1.10. Therefore, it cannot be a simplicial complex. Also, the
particular formation with two hollow tetrahedra in the middle of figure 2.2 does not
show a simplicial complex, because their intersection gives a proper face for one of them
but not for both. However, the third drawn example shows a simplicial complex of
dimension 3.

Definition 2.1.14. Let K be a simplicial complex. Then L ✓ K is called a subcomplex
of K if L is a simplicial complex itself.

5





2.1. Geometric and Abstract Simplicial Complexes

Intuitively, we can regard a simplex of an abstract simplicial complex as a collection of
points that will, later on, represent the vertices of a geometric simplex of a geometric
simplicial complex in some well enough chosen ambient Euclidean space. It is, therefore,
not surprising to come up with the following definition.

Definition 2.1.19. Let A be an abstract simplicial complex. The vertex set of A,
denoted by Vert(A), is the union of all simplices of A, so

Vert(A) =
[

↵2A
↵.

Example 2.1.20. Considering A and B to be as in the previous example 2.1.18, we
obtain Vert(A) = {a0, a1, a2, a3, a4} as well as Vert(B) = {a0, a2, a3}.

Up until now, we have introduced two seemingly di↵erent notions of simplicial complexes
– geometric and abstract ones. In the upcoming lemma we will already see some connec-
tion between these constructions as every geometric simplicial complex can be turned
into an abstract one by discarding all of its simplices apart from the 0-dimensional
ones.

Lemma 2.1.21. Let K be a geometric simplicial complex of dimension dim(K) = k in
R
d, then the set

A = {{pm0 , . . . , pmi
} | conv{pm0 , . . . , pmi

} 2 K, 0  m0 < · · · < mi  k}

is an abstract simplicial complex and we call it a vertex scheme of K.

Proof. This is obviously the case, since K is a geometric simplicial complex.

A natural question to ask is whether some converse statement can be formulated as
well. To be more specifc, is it possible to transfer an abstract simplicial complex A with
dimension dim(A) = n into a suitable ambient space R

d such that one can construct a
geometric simplicial complex K out of it with vertex set K(0) = {{a} | a 2 Vert(A)} ?
It turns out, such a geometric realization of A does, indeed, exist for d = 2n+ 1 and in
the following we sometimes denote it by A. However, in order to examine this claim, we
need one more definition.

Definition 2.1.22. Let pi 2 R
d (0  i  k). We say that {p0, . . . , pk} is in general

position if no (d+ 2)-many points of this set lie on a common (d� 1)-sphere.

Remark 2.1.23. Considering definition 2.1.22 we observe that for k  d the set
{p0, . . . , pk} is always in general position.

Theorem 2.1.24 (Geometric Realization Theorem). Every abstract simplicial complex
A with dimension dim(A) = n <1 has a geometric realization A in R

2n+1.

7



2. Mathematical Background

Proof. First notice that Vert(A) = {ai}i2I where I is a finite index set. Now construct
an injection f : Vert(A) ! R

2n+1 whose image is a set of points in general position.
Observe that for any simplex ↵ 2 A we have ↵ ✓ Vert(A), hence the notion f(↵) is
valid. We claim that

K = {conv{f(↵)} | ↵ 2 A}

is a geometric simplicial complex with vertex set

K(0) = {conv{f(↵)} | ↵ 2 A, dim(↵) = 0} = {{f(ai)} | ai 2 Vert(A)}.

For this to show let ↵1,↵2 2 A, then by assumption dim(↵1)  n and dim(↵2)  n. We
have

card(↵1 [ ↵2) = card(↵1) + card(↵2)� card(↵1 \ ↵2)  2n+ 2.

Consequently, all points in f(↵1 [ ↵2) are a�nely independent, which implies that we
can form their convex hull and that every x 2 conv{f(↵1 [ ↵2)} has unique coe�cients.
Now, let �1,�2 2 K be of the form

�1 = conv{f(↵1)}, �2 = conv{f(↵2)}

and suppose �1 \ �2 6= ;. Then

x 2 �1 \ �2 , x 2 conv{f(↵1 \ ↵2)} =: ⌧,

where ⌧ is a face of both �1 and �2. This proves condition (b). For condition (a),
take � = conv{f(↵)} 2 K, then any face of � has to be of the form conv{f(�)} where
; 6= � ✓ ↵ is a face of ↵ and the claim follows. Therefore, K = A is the desired geometric
realization of A.

Because of the Geometric Realization Theorem in most cases it is negligible whether
to have a geometric or an abstract simplicial complex in hand. We, thus, sometimes
simply speak about simplicial complexes, unless we explicitly work with one or the other
definition.

In the introductory chapter 1 we already touched upon the superficial concept behind
persistent homology. We briefly mentioned growing balls and how this idea eventually
changes the homology when taking the union and increasing the radius. Certainly, we
will go through this process step-by-step in the following sections. However, an important
theoretical result is needed for all of the following to work out. This is what we want to
talk about now.

Definition 2.1.25. Let S be a finite collection of sets. We define the nerve of S,
denoted by Nrv(S), to be the set of all non-empty subcollections of S whose elements
have non-empty common intersection. More compactly written, we have

Nrv(S) = {T ✓ S | T 6= ;,
\

X2T
X 6= ;}.

8





2. Mathematical Background

and obtain

Nrv(S) = {T0, T1, T2, T01, T02, T12}

with

T0 = {X0}, T1 = {X1}, T2 = {X2},

T01 = {X0, X1}, T02 = {X0, X2}, T12 = {X1, X2}.

We see that there is no set T012 = {X0, X1, X2} in the nerve of S anymore, since here
the intersection of all disks is empty. When considering the geometric realization Nrv(S)
of Nrv(S), this observation results in a, loosely speaking, unfilled triangle.

From the above example we get the feeling that somehow the union of the elements in
S is in some correspondence to the geometric realization of the nerve of S as both sets
look alike from the perspective of a topologist. Recall that in the language of topology,
this similarity corresponds to being homotopy equivalent.

Definition 2.1.28. Let X, Y be topological spaces, then two continuous functions
f, g : X ! Y are called homotopic if there exist continuous maps Ht(x) : X ! Y ,
t 2 [0, 1], such that H0 = f , H1 = g and such that the map

H : X ⇥ [0, 1]! Y, H(x, t) = Ht(x)

is continuous. Then H is called a homotopy joining f and g and we write f 'H g or
just f ' g.

Definition 2.1.29. The topological spaces X, Y are said to be homotopy equivalent if
there exist continuous maps f : X ! Y and g : Y ! X such that

g � f ' idX , f � g ' idY

and we then write X ' Y .

In fact, we can generalize the insights we gained from example 2.1.27 and arrive at the
powerful Nerve Theorem.

Theorem 2.1.30 (Nerve Theorem). Let S = {Xi}i2I be a finite collection of closed,
convex sets in R

d. Then

Nrv(S) '
[

i2I
Xi.

There are many more versions of the nerve theorem, some of which are even less re-
strictive with the assumptions on the given sets. A hodgepodge on proofs for the nerve
theorem can be found in [4].

10





2. Mathematical Background

a point cloud with hundreds or thousands of points, this soon gets us into trouble as
there are too many simplices forming we have to keep track of. An alternative abstract
simplicial complex that is, in some sense, a simplification of the Čech complex is given
by the Vietoris-Rips complex.

Definition 2.2.3. Given a finite set of closed balls Bx(r) in R
d with center at x 2 R

d

and radius r � 0 and let C be the collection of all the centers. The Vietoris-Rips complex
of C and r is

VR(r, C) = {↵ ✓ C | diam(↵)  2r},

where we denote by diam(↵) the maximal Euclidean distance of two points in ↵.

A major disadvantage of this construction is, however, that, in general, we do not get an
analogous homotopy equivalence as in (2.1). The following simple example shows this
intuitively.

Example 2.2.4. Consider again example 2.1.27/(2) and assume that all Xi (i = 0, 1, 2)
are unit disks, so r = 1. This implies that the centers xi of these disks are exactly at
distance 2r = 2 from each other based on the fact that the pairwise overlapping of the
disks here only happens in one point, respectively. Setting C = {x0, x1, x2}, this gives
us that Čech(1, C) is exactly the unfilled triangle as before.
Speaking now of C instead of T012 = {X0, X1, X2} = S, we get that VR(1, C) corre-
sponds to the filled triangle since C also has diam(C) = 2r.

Nevertheless, the Vietoris-Rips complex serves as a good approximation of the Čech com-
plex and is computationally way better to use, especially for higher dimensions. [30]

We can construct yet another abstract simplicial complex, whose geometric realization
is homotopy equivalent to the union of growing balls, as compared to the Vietoris-Rips
complex, and which does not have that many simplices within its construction like the
Čech complex does. But first, we need one more concept.

Definition 2.2.5. Let C ✓ R
d be a finite set. The Voronoi domain at c 2 C is given

by

V (c, C) = {x 2 R
d | kx� ck2  kx� ak2 , 8a 2 C}.

This definition tells us that V (c, C) consists of all points in R
d which are closest to c.

Example 2.2.6. In order to obtain a better feeling for Voronoi domains, let us go
through an example. Take C = {a, b, c} in the plane R2. We get V (a, C), V (b, C), V (c, C)
by considering the bisectors of a and b, b and c as well as a and c, respectively, and cutting
them o↵ at their first point of intersection.

Generalizing the construction in example 2.2.6 to higher dimensions yields that a Voronoi
domain is the intersection of finitely many closed half-spaces and, thus, a closed convex
polyhedron. Moreover, observe that the topological interiors of the Voronoi domains are
pairwise disjoint and that the family of all Voronoi domains builds a covering of Rd.

12







2.2. Delaunay and Alpha Complexes

which is a property that is visualized in Figure 2.6 as well.
(3) Just as before, we get a geometric realization for Alpha(r, C) in R

d if C is in general
position. By (1) it follows that

Alpha(r, C) '
[

c2C
BV

c (r, C) =

✓

[

c2C
Bc(r)

◆

\
✓

[

c2C
V (c, C)

◆

=
[

c2C
Bc(r), (2.2)

since the Voronoi tessellation covers Rd. Notice that we obtain a homotopy equivalence
between Alpha(r, C) and Čech(r, C) for free out of equations (2.1) and (2.2).
(4) For r  R the diagram

S

c2C Bc(r)
S

c2C Bc(R)

Alpha(r, C) Alpha(R,C)

' '

naturally commutes. This might not seem very exciting at first. Nevertheless, it carries
the important information that unions of growing balls and Alpha complexes share the
same persistences of “holes” which will become clear in section 2.4.2

Again, there is an equivalent description via empty spheres. For this to work, we observe
that an empty sphere, like in lemma 2.2.11, does not have to be unique. However, there
exists a smallest such.

Definition 2.2.14. Let C ✓ R
d be a finite set of points and let ↵ 2 Del(C). We denote

by S↵ the smallest empty (d� 1)-sphere that passes through all points of ↵, which has
the radius r↵ � 0. On top of that, we define a map

Rad : Del(C)! R
+
0 , Rad(↵) = r↵,

which we refer to as the radius function on Del(C).

Lemma 2.2.15. Let C ✓ R
d be a finite set of points, then

Alpha(r, C) = Rad�1([0, r]).

Proof. ✓ First, let ↵ 2 Alpha(r, C). Choose x 2 T

c2↵B
V
c (r, C) 6= ; such that it is

the center of S↵. This we can require because of lemma 2.2.11. Then the radius of this
sphere is r↵  r, hence ↵ 2 Rad�1([0, r]).
◆ Conversely, let ↵ 2 Del(C) such that its smallest empty sphere S↵ has radius r↵  r.
The center x of S↵ has equal distance (namely r↵) to all of the points in ↵ and, by
definition of empty spheres, the same or larger distance to any other point in C. Hence,
x 2 T

c2↵ V (c, C) and, simultaneously, x 2 T

c2↵Bc(r↵). Therefore, ↵ 2 Alpha(r↵, C) ✓
Alpha(r, C).

2The same holds for the Čech complex as well, but we will not focus on that.
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2. Mathematical Background

2.2.1. About the Radius Function

We follow [3], [8] and the introduction given in [19], in order to talk about the ra-
dius function in more detail, as these considerations turn out to be essential in section
2.7.1.

Definition 2.2.16. Let A be a simplicial complex and consider a function f : A! R. If
f(�)  f(↵) whenever � is a face of ↵ 2 A, we say that f is monotonic. If, additionally,
f is constant on the set [�,↵] = {� 2 A | � ✓ � ✓ ↵}, we call [�,↵] an interval of f .
Such an interval is maximal if there is no strictly larger interval that contains it.
We, further, call a maximal interval [�,↵] singular if � = ↵ and non-singular otherwise.
In the singular case, the only simplex ↵ we get is said to be critical. Any other simplex
that is not critical is simply called non-critical.

Definition 2.2.17. Let A be a simplicial complex and let f : A ! R be a monotonic
function. If the collection of all maximal intervals of f yields a partition of A, we say
that f is a generalized discrete Morse function.

Proposition 2.2.18. Given a finite point set C 2 R
d that is in general position. Then

radius function Rad : Del(C)! R
+
0 is generalized discrete Morse. In particular, Rad is

monotonic.

In [8], a proof is given for this statement in an even more general fashion that involves
chromatic point sets, to which we will come in section 2.5.

2.3. Simplicial Homology

Homology theory is a main branch of algebraic topology and is covered in many text-
books. Here, we mainly focus on simplicial homology that works with simplicial com-
plexes as the underlying geometrical object and refer to [22] and [29] as used literature.

2.3.1. Chains and Homology Classes

Definition 2.3.1. Let �k be a k-simplex in R
d spanned by p0, . . . , pk 2 R

d and consider
now the (k + 1)!-many ways to order the vertices of �k.
Take two permutations ⌧1, ⌧2 2 S(k + 1) and define the equivalence relation

(p⌧1(0), . . . , p⌧1(k)) ⇠ (p⌧2(0), . . . , p⌧2(k)), 9⇢ 2 Seven(k + 1) such that ⌧2 = ⇢ � ⌧1,

where Seven(k + 1) denotes the set of even permutations. The equivalence class of some
ordering (p⌧(0), . . . , p⌧(k)) is written as [p⌧(0), . . . , p⌧(k)] and we call it an orientation of �k.
Moreover, a k-simplex �k with a fixed orientation is called an oriented k-simplex.

Remark 2.3.2. (1) Usually, we fix the orientation (p0, . . . , pk) and, in short, this reads

�k = [p0, . . . , pk].

16



2.3. Simplicial Homology

(2) For k � 1, �k has two orientations, whereas for k = 0, we only get one orientation
since �0 defines a single point.

Definition 2.3.3. Let �k be a k-simplex in R
d with k � 1. If �k = [p0, . . . , pk], then

��1
k = [p1, p0, . . . , pk]

is called the opposite oriented k-simplex of �k.

Definition 2.3.4. Let (G,+) be an abelian group. A subset B ✓ G is a basis of G if
any 0 6= g 2 G has the (up to ordering of the summands) unique representation of the
form

g =
X

b2B
nb b, nb 2 Z,

where nb 6= 0 for only finitely many b 2 B.
We call G a free abelian group if it possesses a basis. The cardinality of such a basis B
is named the rank of G.

Definition 2.3.5. Let K be a simplicial complex in R
d. For k 2 Z construct the kth

(simplicial) chain group Ck(K) of K by obeying the following rules:

(a) For k < 0 and k > dim(K), Ck(K) equals the trivial group, so Ck(K) = 0.

(b) For k = 0, C0(K) is the free abelian group generated by the vertices of K.

(c) For 0 < k  dim(K), Ck(K) is the free abelian group generated by all oriented
k-simplices �k of K modulo the relation that opposite oriented k-simplices are
viewed as being inverse to each other in a group theoretical sense.

The elements of Ck(K) are called (simplicial) k-chains in K.

The set Ck(K), indeed, is a free abelian group by construction as the following proposi-
tion summarizes.

Proposition 2.3.6. Let K be a simplicial complex in R
d. For every k-simplex in K

fix an orientation and write them as �
(1)
k , . . . ,�

(mk)
k , where mk 2 N0 is the number of

k-simplices in K. Then any k-chain c 2 Ck(K) has a unique representation as a formal
sum

c =

mk
X

l=1

nl �
(l)
k , nl 2 Z.

Consequently, Ck(K) is a free abelian group of rank mk with basis {�
(1)
k , . . . ,�

(mk)
k }.

Remark 2.3.7. As a group, Ck(K) has the neutral element 0 =
Pmk

l=1 0 · �
(l)
k and by

definition 2.3.5(c) we get that (�
(l)
k )�1 = (�1)�(l)k for every l = 1, . . . ,mk.
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2. Mathematical Background

Definition 2.3.8. Let K be a simplicial complex in R
d and let �k = [p0, . . . , pk] be an

oriented k-simplex in K. The boundary of �k is the following (k � 1)-chain in K:

@k �k =

(

Pk
i=0(�1)i [p0, . . . , p̂i, . . . , pk], 0 < k  dim(K),

0 k = 0.

Here, p̂i means that the point pi is missing, so that [p0, . . . , p̂i, . . . , pk] is an oriented
(k � 1)-simplex in K.

The boundary of a k-chain c =
Pmk

l=1 nl �
(l)
k 2 Ck(K) then is defined as

@k c =

mk
X

l=1

nl @k �
(l)
k 2 Ck�1(K).

This gives a group homomorphism @k : Ck(K) ! Ck�1(K), which is named the kth

boundary operator. In particular, for k < 0 and k > dim(K), @k is set to be the zero
map.

Definition 2.3.9. Let K be a simplicial complex in R
d.

(i) A k-chain c 2 Ck(K) is a k-cycle if @k c = 0. The subgroup

Zk(K) = {c 2 Ck(K) | @k c = 0} = ker(@k)

of Ck(K) is called the kth cycle group of K.

(ii) A k-chain c 2 Ck(K) is a k-boundary if there exists a d 2 Ck+1(K) such that
@k+1 d = c. The subgroup

Bk(K) = {c 2 Ck(K) | 9d 2 Ck+1(K) : @k+1 d = c} = im(@k+1)

of Ck(K) is called the kth boundary group of K.

(iii) Two k-chains b, c 2 Ck(K) are said to be homologous if b�c 2 Bk(K). This defines
an equivalence relation and the equivalence class

{c} = {b 2 Ck(K) | b� c 2 Bk(K)} = c+Bk(K)

is called the homology class of c.

Definition 2.3.10. A chain complex is a system G = (Gk, fk)k2Z of abelian groups Gk

and group homomorphisms fk : Gk ! Gk�1 such that

fk � fk+1 ⌘ 0 8k 2 Z.

Proposition 2.3.11. Let K be a simplicial complex in R
d. Then we have

@k � @k+1 ⌘ 0 8k 2 Z.

In particular, the system C(K) = (Ck(K), @k)k2Z is a chain complex and Bk(K) is a
normal subgroup of Zk(K) for any k 2 Z.

18



2.3. Simplicial Homology

Definition 2.3.12. Let K be a simplicial complex in R
d. We define

Hk(K) = Zk(K)/Bk(K) = {{z} | z 2 Zk(K)}

to be the kth (simplicial) homology group of K.

Remark 2.3.13. (1) Since the group Ck(K) is abelian and finitely generated as every
simplicial complex K is a finite object, so are Zk(K), Bk(K) and Hk(K).
(2) The group Hk(K) is non-trivial if and only if there is a k-cycle that is not a k-
boundary. Thus, the kth homology group measures how many “essential” k-cycles there
are in K.

2.3.2. Intermezzo: From Coefficients in Z to Z2

In computational topology, it is often more useful and intuitive to work with homology
with coe�cients in Z2 = {0, 1} instead of Z. In order to sustain the powerful machinery
of algebraic topology behind it, we are going to derive the kth homology group Hk(K;Z2)
and – before that – the kth chain group Ck(K;Z2) with Z2-coe�cients from a more gen-
eral concept, where we want an arbitrary abelian group (G,+) to be our coe�cient set.
But first we need some more background knowledge on tensor products of abelian
groups.

Lemma 2.3.14. Let X 6= ; and set

F(X) = {f : X ! Z | f(x) 6= 0 for only finitely many x 2 X}.

Then (F(X),+) defines a free abelian group with addition being the pointwise operation
of maps.

Proof. Obviously, F(X) is an abelian group. It is left to show that it possesses a basis
B ✓ F(X). For fixed x 2 X, let x : X ! Z be the indicator function of x and set
nx = f(x) 2 Z. Then we can write any f 2 F(X) uniquely in the form

f =
X

x2X
nx x,

thus B = { x}x2X gives us a basis of F(X).

Definition 2.3.15. Let X 6= ; be a set. We call F(X) from lemma 2.3.14 the from X
freely generated abelian group and instead of x 2 F(X) we write just x 2 X, so that
all elements of F(X) look like

P

x2X nx x.

Definition 2.3.16. Let (G1,+), (G2,+) be abelian groups and consider F(G1 ⇥ G2).
We define R(G1 ⇥ G2) ✓ F(G1 ⇥ G2) to be the subgroup that is generated by the
elements

(g1 + g01, g2)� (g1, g2)� (g01, g2) and (g1, g2 + g02)� (g1, g2)� (g1, g
0
2) (2.3)
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2. Mathematical Background

with g1, g
0
1 2 G1, g2, g

0
2 2 G2. The quotient group

G1 ⌦G2 = F(G1 ⇥G2)/R(G1 ⇥G2)

is the tensor product of G1 and G2.

Lemma 2.3.17. Let (G1,+), (G2,+) be abelian groups. In G1 ⌦G2 we have the
equalities

(g1 + g01)⌦ g2 = g1 ⌦ g2 + g01 ⌦ g2 and g1 ⌦ (g2 + g02) = g1 ⌦ g2 + g1 ⌦ g02.

It immediately follows then that any element in G1⌦G2 can be written as a (not uniquely
determined) sum with summands of the form g1 ⌦ g2.

Proof. The claim is due to (2.3).

Definition 2.3.18. Let K be a simplicial complex in R
d and let (G,+) be an abelian

group. We define the kth (simplicial) chain group with coefficients in G as

Ck(K;G) = Ck(K)⌦G.

Example 2.3.19. (1) First, observe that for any abelian group (A,+) we can build a
group isomorphism A ⇠= A⌦Z via the mapping a 7! a⌦ 1 and with inverse a⌦ k 7! ka.
Thus, we may identify a with a⌦ 1 and write A = A⌦Z. Hence, setting A = Ck(K) we
end up with

Ck(K;Z) = Ck(K)⌦ Z = Ck(K),

for G = Z, which gives us the ordinary kth chain group that was constructed in definition
2.3.5.
(2) Let (A,+) be a free abelian group of rank m and let {ai}i2I be a basis of A (with
card(I) = m). It can be shown that for any abelian group (G,+) we obtain

A⌦G ⇠=
M

i2I
G.

Therefore, any z 2 A ⌦ G has the unique representation z =
P

i2I ai ⌦ gi where only
finitely many gi 6= 0.
In particular, for A = Ck(K) and G = Z2 this yields that any element c 2 Ck(K;Z2)
looks like

c =

mk
X

l=1

nl (�
(l)
k ⌦ gl)

2.3.17
=

mk
X

l=1

�
(l)
k ⌦ (nl gl) (nl 2 Z),

where gl = 0 or gl = 1. Since then nl gl 2 Z2 and �
(l)
k ⌦ 0 = 0 as well as �

(l)
k ⌦ 1 = �

(l)
k

by (1), this leads us to

c =

m0

k
X

l=1

�
(l)
k with m0

k  mk
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2.3. Simplicial Homology

after some possible rearrangement of indices.
From remark 2.3.7 we, moreover, conclude that

(�
(l)
k )�1 = (�1)�(l)k = �

(l)
k

for G = Z2, which tells us that we do not have to care about orientation anymore. The
corresponding kth boundary operator @k : Ck(K;Z2)! Ck�1(K;Z2) now reads

@k c =

m0

k
X

l=1

@k �
(l)
k ,

where the boundary of some k-simplex is defined to be the sum of all its (k � 1)-
dimensional faces. For k < 0 and k > dim(K), @k is again the zero map.
With those tools in hand, we can define the kth cycle group Z(K;Z2), the k

th boundary
group B(K;Z2) and the kth homology group H(K;Z2) with coe�cients in Z2 in a similar
fashion as already done with integer coe�cients.

Remark 2.3.20. Let A be an abelian group and let (F,+, ·) be a field. Then the tensor
product A ⌦ F equipped with the additional operation of multiplication with elements
in F

x0(a⌦ x) = a⌦ (x0 · x) (a 2 A, x, x0 2 F )

forms a vector space over F . If, further, A is a free abelian group of rank m and with
basis {ai}i2I , then A ⌦ F – seen as a vector space – is of dimension m and has basis
{ai ⌦ 1}i2I . Here, 1 denotes the multiplicative neutral element of F .
In the special case A = Ck(K) and F = Z2, we immediately get that Ck(K;Z2) is a
vector space and so are Zk(K;Z2), Bk(K;Z2) and Hk(K;Z2). The dimension (or rank)
of Hk(K;Z2) is called the kth Betti number

�k = �k(K;Z2) = rank(Hk(K;Z2)).

Moreover, the group homomorphism @k becomes a linear map.

Henceforth, we shall only deal with the case G = Z2 to exploit the vector space nature of
homology groups. For the sake of simplicity and better readability, we will make a slight
abuse of notation and write Ck(K), Hk(K), . . . instead of Ck(K;Z2), Hk(K;Z2), . . . .

2.3.3. Simplicial Maps and Induced Homomorphisms

Definition 2.3.21. Let K, L be two simplicial complexes. A map ' : K ! L is a
simplicial map if the following properties hold:

(a) ' maps vertices of K to vertices of L.

(b) If K 3 �k = conv{p0, . . . , pk}, then L 3 '(�k) = conv{'(p0), . . . ,'(pk)}.
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2. Mathematical Background

If, furthermore, ' is bijective, we call ' an isomorphism and we say that K and L are
isomorphic.

Definition 2.3.22. Let K, L be two simplicial complexes and let ' : K ! L be a
simplicial map. For any k 2 Z we define a group homomorphism

('k)• : Ck(K)! Ck(L)

between the kth chain groups of K and L by requiring the below settings:

(a) For k < 0 or k > dim(K), set ('k)• ⌘ 0.

(b) For 0  k  dim(K), let �k = conv{p0, . . . , pk} 2 K and set

('k)•(�k) =

(

conv{'(p0), . . . ,'(pk)} if '(pi) 6= '(pj) for i 6= j,

0 otherwise.

(c) For 0  k  dim(K), let c =
Pm0

k

l=1 �
(l)
k 2 Ck(K) and set

('k)•(c) =

m0

k
X

l=1

('k)•(�
(l)
k ).

We say that ('k)• is the induced homomorphism of the kth chain groups.

Definition 2.3.23. Let G = (Gk, fk)k2Z, G0 = (G0
k, f

0
k)k2Z be two chain complexes. A

chain map ⇤ : G! G0 is a system ⇤ = (⇤k)k2Z of group homomorphisms ⇤k : Gk ! G0
k

such that
f 0
k � ⇤k = ⇤k�1 � fk 8k 2 Z.

Proposition 2.3.24. Let K, L be two simplicial complexes, let ' : K ! L be a sim-

plicial map and consider the chain complexes C(K) = (Ck(K), @
(K)
k )k2Z and C(L) =

(Ck(L), @
(L)
k )k2Z. Then we have

@
(L)
k � ('k)• = ('k�1)• � @(K)

k 8k 2 Z.

Ck(K) Ck�1(K)

Ck(L) Ck�1(L)

@
(K)
k

('k)• ('k�1)•

@
(L)
k

In particular, '• : C(K) ! C(L) is a chain map and any ('k)• maps k-cycles (resp.
k-boundaries) in K to k-cycles (resp. k-boundaries) in L.

Definition 2.3.25. Let K, L be two simplicial complexes and let ' : K ! L be a
simplicial map. For any k 2 Z we define the group homomorphism

('k)⇤ : Hk(K)! Hk(L), ('k)⇤({z}) = {('k)•(z)}.

We call ('k)⇤ the induced homomorphism of the kth homology groups.
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2.3. Simplicial Homology

Example 2.3.26. (1) Given the identity map ' = idK : K ! K, which is obviously a
simplicial map, we easily obtain

('k)• = idCk(K), ('k)⇤ = idHk(K).

(2) Let L ✓ K be a subcomplex of K. Clearly, the inclusion map ◆ : L ,�! K is a
simplicial map.
(3) Let ' : K ! L,  : L!M be simplicial maps, then

( k � 'k)• = ( k)• � ('k)• : Ck(K)! Ck(M),

( k � 'k)⇤ = ( k)⇤ � ('k)⇤ : Hk(K)! Hk(M).

(4) Let ' : K ! L be an isomorphism, then ('k)• and ('k)⇤ are group isomorphisms.

2.3.4. Relative Simplicial Homology Groups

Definition 2.3.27. Let G = (Gk, fk)k2Z be a chain complex and let, for any k 2 Z,
Hk ✓ Gk be a subgroup such that fk(Hk) ✓ Hk�1. Then the system H = (Hk, fk|Hk

) is
a chain complex and it is called a chain subcomplex. We write H ✓ G for short and we
say that (G,H) is a pair of chain complexes.

Definition 2.3.28. Let (G,H) be a pair of chain complexes, then

G/H = (Gk/Hk, fk)k2Z

is the quotient chain complex with

fk : Gk/Hk ! Gk�1/Hk�1, fk(gk +Hk) = fk(gk) +Hk�1.

Definition 2.3.29. Let K be a simplicial complex and let L ✓ K be a simplicial
subcomplex of K. Clearly, Ck(L) ✓ Ck(K) and the quotient group

Ck(K,L) = Ck(K)/Ck(L) = {c = c+ Ck(L) | c 2 Ck(K)}

is called the kth relative chain group of K relative L and its elements are called k-chains
of K relative L.

Remark 2.3.30. It is easy to see that (C(K), C(L)) is a pair of chain complexes.
Thus, C(K,L) = (Ck(K,L), @k)k2Z is the corresponding quotient chain complex with
kth relative boundary operator

@k : Ck(K,L)! Ck�1(K,L), @k(c+ Ck(L)) = @k c+ Ck�1(L).

Definition 2.3.31. Let K be a simplicial complex and let L ✓ K be a simplicial
subcomplex of K.
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(i) The kth cycle group of K relative L is defined to be

Zk(K,L) = ker(@k)

and its elements are the k-cycles relative L. To be more specific,

c = c+ Ck(L) 2 Zk(K,L) , @k c 2 Ck�1(L).

Thus, if c 2 Ck(K) has the property @k c 2 Ck�1(L), we simply say that c is a
k-cycle relative L, even though we actually mean its equivalence class c.

(ii) The kth boundary group of K relative L is defined to be

Bk(K,L) = im(@k+1)

and its elements are the k-boundaries relative L.

(iii) Two relative k-chains b, c 2 Ck(K,L) are said to be homologous relative L if b� c 2
Bk(K,L). This defines an equivalence relation and the equivalence class

{c} = {b 2 Ck(K,L) | b� c 2 Bk(K,L)} = c+Bk(K,L)

is called the relative homology class of c.

(iv) By remark 2.3.30, C(K,L) is a chain complex, so we can define the kth (simplicial)
homology group of K relative L as

Hk(K,L) = Zk(K,L)/Bk(K,L) = {{z} | z 2 Zk(K,L)}.

Example 2.3.32. In the following, let K always be a simplicial complex with simplicial
subcomplex L ✓ K.

(1) Given L = ;, then
Hk(K, ;) = Hk(K) 8k 2 Z.

(2) Given L = K, then

Hk(K,K) = 0 8k 2 Z,

where 0 indicates that Hk(K,K) is the trivial group.

(3) Let dim(L) < k � 1, then

Hk(K,L) = Hk(K).

Indeed, for j 2 {k � 1, k, k + 1} we obtain Cj(L) = 0 by definition. Hence,
Cj(K,L) = Cj(K) and @j = @j . Since these are the only relevant ones for con-
struction Hk(K,L), the claim follows.
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Definition 2.3.33. Given a sequence of abelian groups Gk (k 2 Z) and group homo-
morphisms fk : Gk ! Gk�1, so

· · · �! Gk+1
fk+1���! Gk

fk�! Gk�1 �! . . .

This sequence is said to be exact at Gk if

im(fk+1) = ker(fk).

If this is true for any k 2 Z, the sequence is exact or we say that this is a long exact
sequence. If the exact sequence is of the form

0! A
f�! B

g�! C ! 0,

we call it a short exact sequence. In addition, if there is a group isomorphism B ⇠= A�C
then the short exact sequence splits.

Proposition 2.3.34. Let A,B,C be abelian groups such that

0! A
f�! B

g�! C ! 0,

is exact. If C is free abelian, then this short exact sequence splits.

Theorem 2.3.35. Let K be a simplicial complex and let L ✓ K be a simplicial subcom-
plex of K. Then there exists the long exact sequence

· · · �! Hk+1(K,L)
(@k+1)⇤�����! Hk(L)

(◆k)⇤���! Hk(K)
(qk)⇤���! Hk(K,L) �! . . .

where we define the group homomorphisms

(◆k)⇤ : Hk(L)! Hk(K), (◆k)⇤({z}L) = {z}K ,

(qk)⇤ : Hk(K)! Hk(K,L), (qk)⇤({z}K) = {z},

(@k)⇤ : Hk(K,L)! Hk�1(L), (@k)⇤({z}) = {@ z}L.

2.3.5. Connection to Singular Homology

Obviously, not every topological space is a simplicial complex. However, we would also
like to have some notion of homology for those spaces. Singular homology gives us a
generalization of simplicial homology to arbitrary topological spaces. In the following,
we briefly describe the most important concepts that are relevant for this thesis.

Definition 2.3.36. Let X be a topological space. A singular k-simplex in X is a
continuos map �k : �k ! X, where �k denotes the standard k-simplex which is the
convex hull of the unit points

e1 =

0

B

B

B

@

1
0
...
0

1

C

C

C

A

, e2 =

0

B

B

B

@

0
1
...
0

1

C

C

C

A

, . . . , ek+1 =

0

B

B

B

@

0
0
...
1

1

C

C

C

A

(2.4)

of Rk+1.
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2. Mathematical Background

Remark 2.3.37. In a similar fashion to simplicial homology we can define the kth

singular chain group of X, denoted by Sk(X), as well as the kth singular homology
group of X, denoted by Hk(X). In addition, for a subspace A ✓ X, there is Hk(X,A),
the kth relative singular homology group of (X,A).

Theorem 2.3.38. Let K be a simplicial complex with its underlying space |K|. Then
there exists an isomorphism between the simplicial homology group Hk(K) and the sin-
gular homology group Hk(|K|).

Theorem 2.3.39. Let K be a simplicial complex and let L ✓ K be a simplicial subcom-
plex. Then for any k 2 Z \ {0} there exists the isomorphism

Hk(K,L) ⇠= Hk(|K|, |L|) ⇠= Hk(|K|/|L|).

For the special case k = 0 we get3

Hk(K,L)� Z2
⇠= Hk(|K|/|L|).

2.4. Persistent Homology

We now come to the part where we want to capture the topological features like clusters
or holes, that appear and disappear within Alpha complexes as the radius increases. This
we will do by studying filtrations of simplicial complexes that give rise to sequences of
vector spaces. After explaining the theory about this method in detail, we give a simple
example on how to apply it, and throughout this section we follow [15] and [16].

Definition 2.4.1. Let K be a simplicial complex. A filtration of K is a collection of
subcomplexes (Ki)i2I , where I is a totally ordered index set, and such that Ki ✓ Kj

whenever i  j.

Example 2.4.2. By the remarks 2.2.2 and 2.2.13, both the families
�

Čech(r, C)
�

r�0
and

�

Alpha(r, C)
�

r�0
are filtrations. In particular, the Alpha complexes build a filtration of

the Delaunay complex of a given finite point set C ✓ R
d.

Remark 2.4.3. (1) Another way of viewing a filtration of a simplicial complex K is by
considering a monotonic function f : K ! R and its sublevel sets K(r) = f�1(�1, r].
All K(r) are subcomplexes of K and

�

K(r)
�

r2R becomes a filtration of K. In this sense,

we can also argue that
�

Alpha(r, C)
�

r�0
is a filtration as every Alpha complex is the

sublevel set of the radius function Rad, which is monotonic by proposition 2.2.18.
(2) Since we always regard a simplicial complex K to be a finite object, a filtration,
thus, can only consist of finitely many subcomplexes. More specifically, letting m � 1
be the total number of simplices in K, we get at most m-many non-empty di↵erent

3Beware that we work with the coefficient group G = Z2. For G = Z the additional Z2 for k = 0
changes to Z.
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subcomplexes that are part of a filtration and we arrange them as a nested increasing
sequence

; = K0 ✓ K1 ✓ · · · ✓ Kn = K for some n  m. (2.5)

Here, we added the empty set as the starting point of the filtration. This will be useful
in the next step when applying homology theory on such a structure.

Indeed, we are not so much interested in a sequence of subcomplexes but rather in their
topological evolution. Thus, taking ◆i,j : Ki ,�! Kj to be the inclusion map for any
0  i  j  n, we can, for every integer4 k � 0, view the corresponding induced homo-
morphism

�

◆
i,j
k

�

⇤ : Hk(Ki)! Hk(Kj) and build a sequence of homology groups

0 = Hk(K0) �! Hk(K1) �! · · · �! Hk(Kn�1) �! Hk(Kn) = Hk(K)

connected by the aforementioned homomorphisms, which even are linear maps by what
was stated in remark 2.3.20. This sequence is a persistence module, which essentially is
a sequence of vector spaces connected by linear maps. As we go from one subcomplex in
the filtration to the next, we might gain new homology classes when non-trivial cycles are
added, and we might lose some when they become trivial or merge. We then collect all
homology classes that are “born” at or before a given threshold and “die” after another
threshold in groups.

Definition 2.4.4. Let K be a simplicial complex and let (Ki)
n
i=0 be a filtration of K

like in (2.5). The kth persistent homology group is given by

H i,j
k (K) = im

��

◆
i,j
k

�

⇤
�

= Zk(Ki)/(Bk(Kj) \ Zk(Ki)) (0  i  j  n)

and the rank of H i,j
k (K) is called the kth persistent Betti number

�
i,j
k = rank

�

H i,j
k (K)

�

.

Remark 2.4.5. (1) In the special case j = i, the definition yields H i,i
k (K) = Hk(Ki).

(2) At first glance, the definition of persistent homology groups seems a bit mysterious,
so let us be a bit more concrete about the classes counted by H i,j

k (K).

Given {z} 2 Hk(Ki), we say it is born at Ki if {z} /2 H i�1,i
k (K). Now let {z} 2 Hk(Ki)

be born at Ki, then it dies when entering Kj+1 if
�

◆
i,j
k

�

⇤({z}) /2 H i�1,j
k (K) and if there

exists a {z0} 2 Hk(Ki�1) such that
�

◆
i,j+1
k

�

⇤({z}) =
�

◆
i�1,j+1
k

�

⇤({z
0}), so if we have

�

◆
i,j+1
k

�

⇤({z}) 2 H i�1,j+1
k (K). Put di↵erently, {z} has merged to {z0} – a class that has

been living longer than {z} – and {z0} survives. This is formally known as the Elder
Rule.
In summation, we observe that H i,j

k (K) contains all homology classes of Ki that are still
alive in Kj .

4For k < 0 all homology groups are trivial, so we can ignore them for the sake of simplicity.
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2. Mathematical Background

(3) Given {z} 2 Hk(Ki) that is born at Ki and dies entering Kj+1, we call j + 1� i its
index persistence. If the filtration complexes Ki stem from sublevel sets f�1((�1, ri])
of a monotonic function f : K ! R, the di↵erence rj+1 � ri is the persistence of {z}. If
{z} is born at Ki but lives forever, we set its (index) persistence to infinity.

After this rather lengthy explanation of H i,j
k (K) the construction is still very technical

and abstract. Thus, we would like to have a good visualization of what is going on for
some simplicial complex K and a fixed k � 0, in order to keep track of the (persistent)
Betti number(s) �i,jk and �k.

Definition 2.4.6. Given a filtration (Ki)
n
i=0 of the simplicial complexK via a monotonic

function f : K ! R and an integer k � 0. The kth persistence diagram Dgmk(f) is the

multiset in the extended plane R
2
= (R[ {±1})2 that consists of points (ri, rj+1), each

uniquely corresponding to a homology class that is born at Ki and dies entering Kj+1.

The multiplicity of (ri, rj+1) we denote by µi,j+1
k . Often we combine all kth persistence

diagrams to a big one and we call it the persistence diagram Dgm(f).

Remark 2.4.7. Because of i  j, we see that ri  rj < rj+1 and, hence, for ri � 0 all
points (ri, rj+1) lie above the diagonal in the first quadrant. The persistence rj+1 � ri
is then the vertical distance to the diagonal.

Lemma 2.4.8 (Fundamental lemma of persistent homology). Given a filtration (Ki)
n
i=0

of the simplicial complex K via a monotonic function f : K ! R and an integer k � 0.
Then

�
l,m
k =

X

il

X

j>m

µi,j
k .

What lemma 2.4.8 tells us is how to find �l,mk in the persistence diagram. Recall that

�
l,m
k , specifically, is the number of homology classes that are born at Kl or before and

that are not yet dead in Km (but might be in Km+1). Therefore, such a homology class
has the point representation (ri, rj) with i  l and j > m. Counting all these classes

is like summing up all µi,j
k with i  l and j > m. We have, thus, proven lemma 2.4.8

along the way of interpreting it and conclude that �l,mk is the number of points in the
semi-open5 rectangle with lower right corner point (rl, rm).

Before turning to a simple example that makes all these concepts and definitions more
tangible, we quickly introduce 0- and 1-norms on the multiset Dgmk(f).

Definition 2.4.9. Let K be a simplicial complex and let f : K ! R be a monotonic
function that generates a filtration of K. Fix k � 0. The 0-norm of Dgmk(f) then is
defined to be the number of all persistence pairs

kDgmk(f)k0 = card(Dgmk(f)).

5It is closed along its vertical right side and open along its horizontal lower one.
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2. Mathematical Background

are the cycles that are formed by edges. Such a cycle dies whenever it is fully filled by
triangles.
Finally, we can also compute the 0- and 1-norms of each persistence diagram of dimension
k = 0, 1. Using, for instance, � = 5 as a cut-o↵, we get

kDgm0(f)k0 = 4, kDgm1(f)k0 = 2, kDgm0(f)k1 = 8, kDgm1(f)k1 = 5.

Example 2.4.12. Viewing the same simplicial complex from the last step 11 in Figure
2.7, we notice that it represents a simple Delaunay complex when embedded into R

2.
Running an Alpha complex filtration through it with f being the radius function Rad,
we get a di↵erent persistence diagram, which is illustrated in Figure 2.11 as the codomain
diagram.

Turning back to the wish of modelling unions of balls in a discrete fashion, we already
know that the Alpha complex does the job for each snapshot of time as the radius r
continuously grows. However, we are also interested in the topological changes during a
filtration and so, the question pops up whether the persistences of the Alpha complexes
equal the ones of the unions of balls. The answer to this question is “yes”. We show this
by recalling the commutative diagram from remark 2.2.13/(4). Since homotopy equiva-
lent spaces have isomorphic homology groups, for r  R we obtain the new commutative
diagram

Hk(
S

c2C Bc(r)) Hk(
S

c2C Bc(R))

Hk(Alpha(r, C)) Hk(Alpha(R,C))

⇠= ⇠=

where the horizontal arrows symbolize the respective induced homomorphisms. The
desired result follows now from the Persistence Equivalence Theorem stated next.

Theorem 2.4.13 (Persistence Equivalence). Let (Vi)
n
i=0 and (Wi)

n
i=0 be two persistence

modules and let ( i)
n
i=0 be a collection of isomorphisms  i : Vi ! Wi such that the

diagram

V0 V1 · · · Vn�1 Vn

W0 W1 · · · Wn�1 Wn

⇠= ⇠= ⇠= ⇠=

commutes. Then the persistence diagram defined by (Vi)
n
i=0 is the same as the one defined

by (Wi)
n
i=0.

The last topic we want to touch upon in this section is about stability. Most of the time,
data does not consist of true values but of slightly di↵erent ones due to uncertainties in
measurements or rounding errors. Thus, it is essential to know whether pertubations of
data points change outcomes significantly or not.
This important question also arises for the concept of persistence and it turns out that
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2.4. Persistent Homology

it is stable under such small changes in the data. For further details on this we refer
to [16].

2.4.1. Connection to Minimum Spanning Trees

In the appendix of [9] a connection between the 1-norms of 0th persistence diagram and
the length of Euclidean minimum spanning trees is explained, which plays a crucial role
for providing theoretical proofs of some of the equations in chapter 4. Thus, we briefly
want to mention what a minimum spanning tree is and, later on in section 2.7.2, what
we know about its expected length in a probabilistic setting in particular.

Definition 2.4.14. Given a graph G = (V,E) with vertex set V and edge set E. We
define a spanning tree GT = (VT , ET ) to be a tree and a subgraph of G such that VT = V ,
which means that GT spans over all vertices in G.

Corollary 2.4.15. Every connected graph G = (V,E) contains a spanning tree.

A short proof of this statement can be found in [6].

Definition 2.4.16. A graph G = (V,E) is called weighted if there exists a function
W : E ! R assigning each edge e 2 E a weight W(e). We then write G = (V,E;W)
and call

P

e2E W(e) its total weight.

Definition 2.4.17. Let G = (V,E;W) be a connected, weighted graph. A minimum
spanning tree of G is a spanning tree GMST = (V,EMST ) that has minimal total weight,
so

X

e2EMST

W(e) = min{
X

e2ET

W(e) | T spanning tree of G}

In the following we will restrict our attention to the special case of a Euclidean minimum
spanning tree which is a minimum spanning tree of a weighted graph G = (V,E;W) with
V ✓ R

d and

W : E ! R
+
0 , W(e) = kve,1 � ve,2k2 (2.6)

being the Euclidean distance between the two endpoints ve,1, ve,2 2 V of e 2 E. In this
setting, we write |EMST(V )| for its total weight and say that this is the length of the
Euclidean minimum spanning tree.

Proposition 2.4.18. Let C 2 R
d be a finite point set and take the radius function

Rad : Del(C) ! R
+
0 to produce the Alpha complex filtration of Del(C). We then obtain

for the 1-norm of the 0th persistence diagram the equality

kDgm0(Rad)k1 =
1

2
|EMST(C)|+ �,

where � denotes the cutoff we fix for computing the 1-norm.
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Proof. The construction of the Delaunay complex produces a connected graph as 1-
skeleton, whose edges can be equipped with the radius they map to through the radius
function. For critical 1-simplices this radius is always half their Euclidean length which
easily follows from definition 2.2.14. Moreover, the connected components in the filtra-
tion all have the same birth time r = 0, where they are only vertices, and they die the
moment they are first connected by an edge. The persistence of a connected component,
hence, is half the Euclidean length of the death-giving edge6.
On the other hand, the Euclidean minimum spanning tree of C is clearly given by all the
death-giving edges we encounter in the filtration. Summing up all persistences yields the
length of EMST(C) plus the cuto↵ we chose beforehand, that serves as an alternative
for the infinite persistence of the one connected component that lives forever.

2.5. From Black to Colorful: Chromatic Alpha Complexes

Up to now, we have successfully constructed a way to check point clouds for topological
features like holes or voids. With persistence diagrams we can extract these information
in a compact form and interpret the initial data set. All of this is well-known in the
field of topological data analysis and there are many great examples exploiting this tech-
nique. Next, we want to study point clouds with two or more colors, each of which may
correspond to a specified attribute, so that we can distinguish di↵erent kinds of points.
We will start by defining chromatic versions of the Delaunay and Alpha complexes. All
definitions and constructions in this section can also be looked up in [8] as well as in [5],
where these more general concepts beyond two colors were first established.

Definition 2.5.1. Let C be a finite set of points in R
d. A chromatic point set is a map

� : C ! !

where ! = {0, 1, . . . , s} is a set of (s+ 1)-many colors (s 2 N0). For a fixed color j 2 !,
the preimage Cj = ��1({j}) is the subset of C containing all j-colored points.

Before proceeding with the next definition, let us mention here that the notions of C,!,�
and Cj stay fixed in the following if not stated otherwise.

Definition 2.5.2. Let � : C ! ! be a chromatic point set. The chromatic Voronoi
tessellation is

Vor(�) =
[

j2!
Vor(Cj) = {V (c, C�(c))}c2C .

Remark 2.5.3. Recall that a Voronoi tessellation is always a partition of Rd. In the
chromatic setting, however, overlappings of the interiors of di↵erently colored Voronoi
domains may happen (see Figure 2.8).

6Death-giving edges are part of critical edges.
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Proof. For ↵ 2 Del(�) we get
T

c2↵ V (c, C�(c)) 6= ;. In particular, this means that (i) is
equivalent to

\

c2↵\Cj

V (c, Cj) 6= ;, 8j 2 !.

By lemma 2.2.11, for each j 2 ! there exists an empty (d � 1)-sphere Sj that passes
through ↵ \ Cj , which yields (i) , (ii).

Similarly to the non-colored case, chromatic Alpha complexes are established, but this
time we initially define them through a radius function.

Definition 2.5.8. Given a chromatic point set � : C ! !, we denote by {Sj,↵}j2! the
smallest empty stack that passes through ↵ 2 Del(�) and write r↵ � 0 for its radius.
The chromatic radius function on Del(�) then is

Rad� : Del(�)! R
+
0 , Rad�(↵) = r↵.

Definition 2.5.9. Let � : C ! ! be a chromatic point set in R
d. We call

Alpha(r,�) = Rad�1
� ([0, r])

the chromatic Alpha complex of � and r.

Remark 2.5.10. From our definition of a chromatic Alpha complex we immediately
see its potential for a filtration of the chromatic Delaunay complex. Indeed, for a fixed
chromatic point set � : C ! ! and r � 0, Alpha(r,�) is an abstract simplicial complex
as ↵ 2 Alpha(r,�) implies ↵ 2 Del(�) with radius of the smallest empty stack {Sj,↵}j2!
being at most r. Then any ; 6= � ✓ ↵ is an element of Del(�) as well and, obviously,
{Sj,�}j2! cannot have radius bigger than r, therefore � 2 Alpha(r,�). To see that
�

Alpha(r,�)
�

r�0
defines a filtration of Del(r,�) notice that Rad� is a monotonic function

by the argument in the previous sentence. In fact, Rad is even generalized discrete Morse
like its non-chromatic counterpart, given a chromatic version of general position. For
the quite technical proof, see [8].

Another immediate consequence of this definition is formulated in the below lemma.

Lemma 2.5.11. Given a chromatic point set � : C ! ! in R
d and take a subset of

colors !0 ✓ !.
(i) Let ⌘ : ! ! !0 be a merging of colors. Then

Alpha(r, ⌘ � �) ✓ Alpha(r,�), 8r � 0.

(ii) Let �0 : ��1(!0)! !0 be the restriction of � to colors in !0. Then

Alpha(r,�0) ✓ Alpha(r,�), 8r � 0.
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Proof. (i) Take ↵ 2 Alpha(r, ⌘ � �). We obtain its smallest empty !0-stack {Si,↵}i2!0

with radius at most r. Then {S⌘(j)}j2! is an empty !-stack of ↵ with radius at most
r, so the radius of the smallest such empty !-stack of ↵ cannot exceed r. Therefore,
↵ 2 Alpha(r,�).
(ii) Take ↵ 2 Alpha(r,!0). Consider again its smallest empty !0-stack {Si,↵}i2!0 with
radius at most r. Then we can build an empty !-stack with radius at most r by adding
(d� 1)-spheres for each color in ! \!0 with zero radius. Therefore, ↵ 2 Alpha(r,�).

Remark 2.5.12. Notice that lemma 2.5.11 yields

Alpha(r, C) ✓ Alpha(r,�) and Alpha(r, Cj) ✓ Alpha(r,�) 8j 2 !

by considering the maps ⌘ : ! ! {0} and �0
j : Cj ! {j}, respectively.

By now, we are aware of the “filtration-type” nature of Alpha(r,�), but equally impor-
tant to us is wanting to view it as a discrete space homotopy equivalent to the union
of balls emanating from the points in C that grow as r increases. Recall that we even
defined Alpha complexes this way in section 2.2.
However, we must be careful as with colors there comes more structure and information
that we want to preserve. In fact, we are not only interested in the individual di↵erently
colored topological spaces but also how they are in relation to one another.

Definition 2.5.13. Let � : C ! ! be a chromatic point set in R
d. We define the

chromatic clipped Voronoi domain at c 2 C of radius r � 0 as

BV
c (r,�) = Bc(r) \ V (c, C�(c)).

Lemma 2.5.14. Given a chromatic point set � : C ! ! and r � 0, then we have

Alpha(r,�) = {↵ ✓ C |
\

c2↵
BV

c (r,�) 6= ;}.

Proof. ✓ Let ↵ 2 Alpha(r,�), then {Sj,↵}j2! has radius r↵  r and, thus, the center
of the smallest empty stack has distance at most r↵ to any of the points in ↵, resulting
in x 2 T

c2↵Bc(r) 6= ;. Also, ↵ 2 Del(�) which yields
T

c2↵ V (c, C�(c)) 6= ; by definition.
In the end we get

\

c2↵
BV

c (r,�) =

✓

\

c2↵
Bc(r)

◆

\
✓

\

c2↵
V (c, C�(c))

◆

6= ;. (2.7)

◆ Let ↵ ✓ C such that
T

c2↵B
V
c (r,�) 6= ;. Especially,

T

c2↵ V (c, C�(c)) 6= ; by (2.7),
which means that ↵ 2 Del(�). Construct an empty stack that passes through ↵ by
taking the common center to be x 2 T

c2↵B
V
c (r,�), then x 2 T

c2↵Bc(r), so its radius
is at most r. We conclude that its smallest empty stack, therefore, has radius r↵  r
and ↵ 2 Alpha(r,�).
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Remark 2.5.15. All chromatic clipped Voronoi domains are closed and convex and by
lemma 2.5.14 it follows

Alpha(r,�) ⇠= Nrv({BV
c (r,�)}c2C).

Moreover, by the Nerve Theorem 2.1.30

Alpha(r,�) '
[

c2C
BV

c (r,�) =

✓

[

c2C
Bc(r)

◆

\
✓

[

c2C
V (c, C�(c))

◆

=
[

c2C
Bc(r)

where the last equality is due to the fact that for each color j 2 ! the Voronoi tessellation
Vor(Cj) is a covering R

d.
Finally, we observe that Alpha(r,�) ' Alpha(r, C) by remark 2.2.13/(3).

Because of the usage of di↵erent colors, everthing becomes more sophisticated. This
is certainly true for the commutative diagram we had encountered first in remark
2.2.13/(4). The following lemma gives the chromatic analogue and a proof can be found
in [8].

Lemma 2.5.16. Let � : C ! ! be a chromatic point set in R
d and fix some color j 2 !

and some radii 0  r  R. Then we have the commutative diagram

S

c2Cj
Bc(r)

S

c2C Bc(r)

S

c2Cj
Bc(R)

S

c2C Bc(R)

Alpha(r, Cj) Alpha(r,�)

Alpha(R,Cj) Alpha(R,�)

'
'

'
'

2.5.1. Lifting

Computing the chromatic Delaunay complex and, out of this, the chromatic Alpha
complexes, first appears to be very complicated, but there is a neat way how to obtain
the former which gives another way of viewing chromatic complexes at the same time.
The trick we use is to lift all points of the same color to an a�ne subspace of appropriate
dimension in a higher-dimensional Euclidean space. More precisely, let us embed the
points in C of a chromatic point set � : C ! ! in R

d into R
d+s = R

d ⇥ R
s, where

s 2 N0 indicates how many colors ! = {0, 1, . . . , s} we have. Now, for each j 2 ! lift
the subset Cj ✓ C to the a�ne subspace R

d ⇥ {ej} where ej denotes the jth unit point
in R

s for j 6= 0 (see also equation 2.4) and e0 represents the origin in R
s. Figure 2.9

shows the lifting of two distinct 2-colored point clouds in R
2 to R

3 that were already
illustrated in Figure 2.8. In order to di↵erentiate Cj from its lifted version, we borrow
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imagine what happens for the other ones. In the hope of giving a good understanding of
the relative case in particular, we nevertheless draw a filtration of a collection of simplices
that visualize the situation of Hk(Ki, Li) for any i = 0, . . . , 11. This is depicted on the
right in Figure 2.10. Notice that this filtration corresponds to restricting fK to K \ L
which we write as fK,L.

Let us now go through each of the diagrams in the six-pack separately (see Figure 2.11),
starting with the codomain. This is the simplest one since it represents exactly the
same information we got for the non-chromatic example in section 2.4. Going to the
domain, we see that its persistence diagram comes to no surprise either. In the same
fashion as for the codomain we read o↵ the lifespans of k-dimensional holes for k = 0, 1.
The relative diagram appears to be more interesting. From its filtration we extract one
0-dimensional hole that is born in step 2. Its time of death is not noticeable so easily,
on the other hand. In fact, it dies the moment we add the first half-edge to the vertex,
making it the boundary of exactly this half-edge. The 1-dimensional hole is even more
hidden. Observe in step 6 that we have two half-edges connected by the orange point.
Naming the respective edges in the codomain e1 and e2, we get that

@1(e1 + e2) = @(e1 + e2) + C0(L) = 2vo + vb,1 + vb,2 + C0(L) = 2vo + C0(L) = C0(L),

where vb,1, vb,2 denote the blue boundary vertices of e1 respective e2 and where vo is the
shared orange boundary vertex. We conclude that e1 + e2 defines a relative 1-cycle and
it gets filled with a half-triangle in step 11. Since this half-triangle has e1 + e2 as its
boundary, the 1-dimensional hole dies then.
The image diagram is again easier to explain. The first observation we make is that it
cannot have persistences of holes other than the ones that are in the codomain diagram
because im(|i)⇤ ✓ Hk(Ki). Secondly, by the very definition, the image reflects all holes
of the domain that are still holes in the codomain. The best way to digest this in our
example is to pick the specific blue vertex that gets born at step 3 and dies entering step
7 within the domain. However, when embedding the simplicial complex from step 6 in
the domain filtration into the one in the codomain, we notice that it is already connected
to the orange vertex. It already has died in the codomain at this point. This results in
the death in the image diagram. Since death of a homology class always means becoming
trivial in some way, the dead 0-dimensional in the image diagram suddenly pops up in
the kernel diagram. Only when merging with the color of its own, this 0-dimensional
hole disappears completely – both in the kernel diagram and in the one of the domain
since ker(|i)⇤ ✓ Hk(Li).
Finally, the cokernel diagram gives all persistences of holes in the codomain that do not
appear in the image. In our case, this corresponds to the single orange vertex and the
mixed-colored triangle.

Remark 2.6.2. The more complex the point cloud, the harder it gets to still understand
what is going on in the relative diagram since we have to compute relative homology.
But there is another way how to view it. This is done through the isomorphism we got
in theorem 2.3.39. It tells us that we can also look at the singular homology group of
the quotient Hk(|Ki|/|Li|) to determine Hk(Ki, Li).
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abelian group. By proposition 2.3.34, (2.8) yields Hk(Li) ⇠= ker |i,k � im|i,k and we can
replace Hk(Li) in the long exact sequence from theorem 2.3.35 by ker |i,k ! 0! im|i,k.
The same procedure can be done for (2.9), where we exchange Hk(Ki) in the long exact
sequence with im|i,k ! 0! coker|i,k. In the end, this leaves us with

· · ·! ker |i,k ! 0! im|i,k ! im|i,k ! 0! coker|i,k ! Hk(K,L)! ker |i,k�1 ! 0! . . .

containing the desired last short exact sequence.

Theorem 2.6.4. Let K be a simplicial complex with simplicial subcomplex L ✓ K.
Moreover, let fK : K ! R be a monotonic function with fL respective fK,L being the
restrictions of fK to L respective K \ L. Fix a cut-off � � 0. Then for any dimension
k 2 Z we have the equalities

kDgmk(fL)k1 = kDgmk(ker fL ! fK)k1 + kDgmk(im fL ! fK)k1 (2.11)

kDgmk(fK)k1 = kDgmk(im fL ! fK)k1 + kDgmk(coker fL ! fK)k1 (2.12)

kDgmk(fK,L)k1 = kDgmk(coker fL ! fK)k1 +
�

�Dgmk�1(ker fL ! fK)
�

�

1
(2.13)

Proof. We only prove the first equality 2.11. The other two can be shown analogously.
Let r0 < 0  r1  r2  · · ·  rn be the values such that Ki = f�1

K ([0, ri]). Set the
cut-o↵ to be � = rn+1 � rn and let Li = f�1

L ([0, ri]). Observe that for any r 2 [ri, ri+1)
we still have Li = f�1

L ([0, r]). Therefore, the ranks of Hk(Li), ker |i,k and im |i,k all stay
constant within such a half-open interval and

kDgmk(fL)k1 =
n
X

i=0

(ri+1 � ri) rank(Hk(Li)) (2.14)

kDgmk(ker fL ! fK)k1 =
n
X

i=0

(ri+1 � ri) rank(ker |i,k) (2.15)

kDgmk(imfL ! fK)k1 =
n
X

i=0

(ri+1 � ri) rank(im |i,k) (2.16)

Because the short exact sequence (2.8) even splits by the proof of lemma 2.6.3, the rank
of Hk(Li) is the sum of the ranks of kernel and image and the result follows.

2.6.1. Filtration of the Chromatic Delaunay Complex

We have thoroughly introduced the concept of chromatic persistent homology and proved
some useful connections between the 1-norms of persistence diagrams. In example 2.6.1
we constructed very simple filtrations for K and L ✓ K and analyzed its six-pack. Now
we want to apply our knowledge of chromatic Delaunay and Alpha complexes to this
setting. Recall from remark 2.5.10 that

�

Alpha(r,�)
�

r�0
defines a filtration of Del(�)

induced by the chromatic radius function Rad�. Moreover, by remark 2.5.12 we know
that for every r � 0 and j 2 ! we have Alpha(r, Cj) ✓ Alpha(r,�), which results in
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tetrahedron spanned by all four points get born. In the six-pack this happening is not
recognizable because the simplicial complexes in step 7 and 8 are homotopy equivalent.

Beware that for a 2-colored chromatic point set in R
2 it may happen that the 2nd

persistent homology of the relative filtration is non-trivial, by which we mean that there
may appear 2-holes or voids in the respective persistence diagram. A great example of
such a case can be found in [8].

2.7. A Spoonful of Poisson Point Processes

The last ingredient we need for the computational part is a bit of probability theory as
we want to investigate the six-pack for randomly distributed colored point clouds. In
particular, we are interested in stationary Poisson point processes. Since the definition of
such one requires some measure theoretical background, we first provide a quick overview
of the most necessary terms and follow the content of [27].

Definition 2.7.1. A measure space is a triplet (⌦,⌃, µ) consisting of a set ⌦, a �-
algebra ⌃ and a measure µ : ⌃ ! [0,1] on ⌦. If µ is defined on the Borel �-algebra
⌃ = B(⌦) of ⌦, then µ is called a Borel measure. If µ(⌦) = 1, then µ is a probability
measure and we write P instead of µ. The triplet (⌦,⌃, P ) is then a probability space.
A measurable space is merely tuple (⌦,⌃), where ⌦ is a set, ⌃ is a �-algebra for which
a measure exists.

Definition 2.7.2. Let (X,A), (Y,B) be two measurable spaces. A function f : X ! Y
is called (A� B)-measurable if

f�1(B) 2 A, 8B 2 B.

In case it is clear which �-algebras are meant, we drop the prefix (A�B) and say that f
is measurable. If B equals the Borel �-algebra B(Y ), we say that f is Borel-measurable.
In the special case where f has values in R, f is usually named random variable.

Definition 2.7.3. Let (X,A), (Y,B) be two measurable spaces and let f : X ! Y be a
measurable function. For every possible measure µ : A! [0,1] on A we define the set
function

f(µ) = f⇤µ = µ � f�1 : B ! [0,1],

which turns out to be a measure on B and is called the pushforward measure of µ and f .

For the remainder of this section, let E denote a locally compact, second countable,
Hausdor↵ topological space and turn it into a measurable space (E,B(E)) with its Borel
�-algebra B(E).

Definition 2.7.4. We define M(E) to be the set of all Borel measures µ on E that are
locally finite, which means that µ(C) <1 for any compact subset C ✓ E.
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Remark 2.7.5. (1) From the above definition and because E is Hausdor↵ we conclude
that any µ 2M(E) is �-finite.
(2) We equip M(E) with the �-algebra M(E) that is generated by evaluation functions

M(E)! [0,1], µ 7! µ(A) (A 2 B(E))

to obtain the measurable space (M(E),M(E)).

Definition 2.7.6. We define N(E) to be the set of all counting Borel measures µ on
E, which means that µ(B(E)) ✓ N0 [ {1}.

Remark 2.7.7. By definition, such a counting measure is always locally finite, hence
N(E) ✓ M(E) and one can even show that N(E) 2 M(E). Out of this knowledge
we construct the �-algebra N (E) = {N \ U | U 2M(E)}, so that (N(E),N (E)) also
becomes a measurable space.

Lemma 2.7.8. For any µ 2 N(E), there exist measurable functions ⇠i : N(E) ! E
(i = 1, . . . , µ(E)), such that

µ =

µ(E)
X

i=1

�⇠i(µ), (2.17)

where �x denotes the Dirac measure for x 2 E.

Definition 2.7.9. We define Ns(E) to be the set of all counting Borel measures µ on
E that are simple, which means that µ({x})  1 for each x 2 E.

Definition 2.7.10. Let µ 2 M(E). The support of µ is the smallest closed set A ✓ E
such that µ(E \A) = 0 and we write suppµ = A.

Remark 2.7.11. (1) It can be shown that Ns(E) 2 N (E), so Ns(E) is a measurable
subset of N(E). Similarly to remark 2.7.7, we define Ns(E) to be the trace �-algebra
and (Ns(E),Ns(E)) becomes a measurable space.
(2) Let µ 2 N(E). We then obtain that

suppµ = {x 2 E | µ({x}) � 1} ✓ E

is a locally finite subset. Going one step further, for simple counting measures we get
the non-trivial isomorphism

Ns(E)! ⌃loc, µ 7! suppµ

into the set ⌃loc of all locally finite subsets of E. In particular, notice that µ 2 N(E) is
simple if and only if µ can be written in the form of (2.17) where ⇠i(µ) 6= ⇠j(µ) whenever
i 6= j. Writing xi = ⇠i(µ) 2 E, This yields,

suppµ = {x 2 E | µ({x}) = 1} = {xi}
µ(E)
i=1
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which may be a finite or infinite sequence of distinct points in E. Surely, an analogous
result is achievable for µ 2 N(E). However, beware that, in this case, the sequence does
not necessarily consist of distinct points and we lose the isomorphism.

Definition 2.7.12. A random measure X on E is a measurable functionX : ⌦!M(E)
from a probability space (⌦,⌃, P ) into the measurable space (M(E),M(E)). In this
case, we equip (M(E),M(E)) with the pushforward measure of P and X and we call
X(P ) the distribution of X.
If a random measure X on E satisfies {X 2 N(E)} P -almost surely, then we say that X
is a point process in E. If such a point process X meets the condition that {X 2 Ns(E)}
holds P -almost surely, we call X a simple point process.

Remark 2.7.13. By remark 2.7.11/(2), we make the following observation:
Let X be a point process in E with ! 2 {X 2 Ns(E)}, then X(!) can be considered as
a simple counting measure or as a finite or infinite sequence in E depending on whether
X(!)(E) < 1 or X(!)(E) = 1. If X(!) is simple, the above ways of viewing are
equivalent. Now the reason of calling X a (simple) point process has a solid justification.

Definition 2.7.14. Let X be a random measure on E. Then the set function

⇤ : B(E)! [0,1], ⇤(A) = E[X(.)(A)]

is a measure on E and it is called the intensity measure of X.

Definition 2.7.15. Let X be a point process in E with intensity measure ⇤. We say
that X has Poisson counting variables if for every A 2 B(E) such that ⇤(A) < 1 the
random variable X(.)(A) : ⌦! N0 [ {1} has a Poisson distribution, so

P ({X(.)(A) = k}) = e�Λ(A)⇤(A)k

k!
(k 2 N0)

Definition 2.7.16. Let X be a point process in E. For each choice of pairwise disjoint
Borel sets A1, . . . , Am 2 B(E) (m 2 N), let the random variablesX(.)(A1), . . . , X(.)(Am)
be independent. Then we say that X has independent increments.

Definition 2.7.17. Let X be a simple point process in E. We say that X is a Poisson
point process if it has both Poisson counting variables and independent increments.

Corollary 2.7.18. Let X be a simple point process in E such that X has Poisson
counting variables. Then X is a Poisson point process.

From now on we focus on the special case where E = R
d.

Definition 2.7.19. Let X be a random measure on R
d. Then X is called stationary if

the distribution of X and its translate X + x coincide for all possible x 2 R
d.
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2. Mathematical Background

Remark 2.7.20. For a stationary random measure X on R
d with locally finite intensity

measure ⇤ we obtain that ⇤ has a particularly nice form. Indeed, first observe that,
within this setting, ⇤ is a measure on R

d which is translation-invariant. The only locally
finite and translation-invariant measure on R

d, however, is a multiple of the Lebesgue
measure k.k, which yields

⇤ = � k.k
for some constant � 2 [0,1) that is refered to as intensity of X.

Within the scope of this thesis we exclusively need stationary Poisson point processes
in R

2. Since we can do experiments only on a finite data set, we are going to focus our
attention on an observation window W inside R

2 and we always choose W = [0, 1]2 to
be the unit square. The question that is unanswered yet is how to simulate a stationary
Poisson point process X that is restricted to this region.
Consider the following construction:
First, take a random variable ⌫ : ⌦ ! N0 equipped with a Poisson distribution with
parameter ⇤ = � kWk = �. We have

P ({! 2 ⌦ | ⌫(!) = k}) = e���
k

k!

and for the outcome ⌫(!) = k, we generate k-many independent random variables
⇠̂1, . . . ⇠̂k : ⌦ ! W which are uniformly distributed in W . The point process X̂ in
W we construct in this way has the property X̂(!)(W ) = ⌫(!) and is of the form

X̂(!)(Â) =

⌫(!)
X

i=1

�
⇠̂i(!)

(Â)

Notice that for Â = A \W with A 2 B(R2) we have the equality

P ({! 2 ⌦ | X̂(!)(Â) = k}) = e��kÂk (�
�

�

�Â
�

�

�)k

k!
= e��kA\Wk (� kA \Wk)k

k!
= P ({! 2 ⌦ | X(!)(A \W ) = k}),

so X̂ has the same distribution as X restricted to W .

2.7.1. On the Poisson-Delaunay Complex

Taking a realization X(!) of a stationary Poisson point process X in R
2 with intensity

� = n, we can construct its Delaunay complex7, restrict our region of interest to the unit
square [0, 1]2 and ask ourselves about the expected number of critical and non-critical k-
simplices8 we have there. However, since we started with an infinitely large and random

7Initially, we defined the Delaunay complex for finite point sets only, but it is also possible to build it
with an infinite, but locally finite one. For X(!), this is the case due to the isomorphism stated in
remark 2.7.11/(2).

8See section 2.2.1 for the definition of these types of simplices.
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Delaunay complex, in this case sometimes called the Poisson-Delaunay complex, some
simplices get cut o↵ at the boundary of the unit square. In order to deal with this issue,
we consider all k-simplices that have their center inside [0, 1]2, by which we mean the
center of their smallest empty sphere. For an interval [�,↵] this is the common center
of all of its elements.

Before stating the result on this question, that was given and proven as Theorem 1 in
[19], we need to remind ourselves what the (incomplete) Gamma function is.

Definition 2.7.21. The Gamma function � is given by the integral

�(a) =

Z 1

0
sa�1e�s ds

and the incomplete Gamma function � is written as

�(a, x) =

Z x

0
sa�1e�s ds.

Clearly, we have the relation �(a, x)! �(a) as x!1.

Theorem 2.7.22. Let X be a stationary Poisson point process with intensity n > 0 in
R
2 and let X(!) be a realization viewed as a locally finite set of points scattered in R

2.
For each R > 0, the expected number of intervals [�,↵] of the Poisson-Delaunay complex
with center in the unit square [0, 1]2 and radius at most R is given by

�(a, n⇡R2)

�(a)
Cb,an, (2.18)

in which b = dim(�), a = dim(↵) and in which Cb,a are specific coefficients that take the
values

C0,1 = C0,2 = 0, C0,0 = C1,2 = C2,2 = 1, C1,1 = 2. (2.19)

A direct consequence of theorem 2.7.22 is summarized in the following corollary.

Corollary 2.7.23. In the same setting as in theorem 2.7.22, view the Poisson-Delaunay
complex of intervals with center in the unit square [0, 1]2.

(i) In expectation there are 2n critical edges and n non-critical ones.

(ii) In expectation there are n critical triangles and n non-critical ones.

(iii) In expectation out of all critical edges it follows that n of them are death-giving
to connected components and n are birth-giving to loops. Moreover, all critical
triangles are death-giving to loops.
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Proof. We look at the Poisson-Delaunay complex itself, thus we imagine R to go to
infinity. Consequently, the incomplete Gamma function cancels and becomes the Gamma
function at a and we are left with Cb,an. Hence, the number of critical edges is C1,1n = 2n
and the number of non-critical ones is C1,2n = n, which proves (i). For the non-critical
triangles we again have C1,2n = n and C2,2n = n gives the number of critical triangles,
which shows (ii).
We are left to prove (iii). For this we construct a bijective correspondence between
critical edges that give birth to loops and critical triangles, since every of the latter fills
a loop created of the former at some radius. We conclude there are n such birth-giving
critical edges, which results in n death-giving critical edges.
Finally, all critical triangles contribute as death-giving ones because we do not have
any tetrahedra in the Poisson-Delaunay complex in the plane, so there cannot be any
triangles that give birth to tetrahedra.

2.7.2. The Euclidean Minimum Spanning Tree Problem

Imagine n isolated electricity networks that you want to connect together. You hire
a company that lay cables, but of course you want it to be cost-e�cient. Thus, you
construct a Euclidean minimum spanning tree with the networks forming its vertex set
embedded in R

2 and compute its length. In this way, the amount of needed cables is
kept to a minimum.
Now we further suppose that these electricity networks are uniformly distributed random
variables within the unit square [0, 1]2. For each realization of these random variables
we most likely obtain a di↵erent vertex set V and so, also |EMST(V )| might vary. For
a larger number n of electricity networks, however, the distances to nearest neighbors
necessarily decrease and we can ask ourselves whether there exists an asymptotic limit
the length of the Euclidean minimum spanning tree tends to.
In 1988 this question was successfully answered by Steele in [28]. He not only showed a
specific asymptotic behavior for the Euclidean minimum spanning tree in 2 dimensions
but more general in d dimensions. He even considered weight functions like in (2.6) with
integer powers a 2 (0, d). For the purpose of this thesis, it su�ces to consider the case
where d = 2 and a = 1, which we state next.

Theorem 2.7.24. Let G = (V,E;W) be a complete, weighted graph with W like in
equation (2.6) and where the vertex set V consists of the realization of n independent
and uniformly distributed random variables ⇠̂1, . . . , ⇠̂n in the unit square [0, 1]2 ✓ R

2.
Then with probability 1 we obtain that

lim
n!1

✓

|EMST(V )|p
n

◆

= c (2.20)

where c > 0 is a constant. Furthermore, we even obtain the same behavior

lim
n!1

✓

E[|EMST(V )|]p
n

◆

= c (2.21)
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for the expected length of the Euclidean minimum spanning tree.

Up until now, nobody has derived an explicit value of c, although there was some partial
success in developing a formula for computing this constant by Avram and Bertsimas [1].
Unfortunately, this formula contains a series expansion whose summands are increasingly
harder to calculate analytically. Nevertheless, Avram and Bertsimas achieved the current
best lower bound by approximating the series up to the fifth summand and we have

0.6008  c 
p
2

2
⇡ 0.7072, (2.22)

where the best upper bound is due to a theoretical argument of Gilbert [21].

49





3. Computational Setup

In this chapter we explain the computational pipeline that was needed for the experi-
mental investigation of both 0- and 1-norm of the six-pack on a random 2-colored point
cloud in the unit square with varying number of points (n) and varying probability of
the colors (t). By random we mean a stationary Poisson point process X : ⌦! Ns(R

2)
restricted to the observation window W = [0, 1]2, which we can model as described in
section 2.7.

The intensity we use is the number of points inside the unit square, so � = n. Since we
do many experiments and are only interested in the average cases of the computed data,
we further simplify the situation as we fix the number of points to be n, instead of intro-
ducing a random variable ⌫ : ⌦! N0 that in expectation gives us the outcome n.

Dealing with randomness always leads to large amounts of data because each experiment
has its own unique point cloud structure that is obtained by a uniform distribution and
that we like to store somehow, in order to always be able to connect computational
outcomes with a visualization of the points’ positions in W . We use pseudo-randomly
generated seeds for this matter. Each experiment is assigned such a seed, which is a
uniformly chosen integer between 0 and 230, and it serves as a key for reconstructing the
point cloud to the corresponding experiment. We cannot assure that no two experiments
have the same seed and, therefore, have the same point clouds. However, we argue that
this possibility does not occur within our experiment series as its probability is 2�30,
hence e↵ectively 0. Algorithm 1 shows the construction of a list of seeds seed list, which
we feed into the main algorithm 3 as one of many input parameters.

Algorithm 1 create seedlist

Require: number exps
Ensure: Creation of seed list
seed list  create list of (number exps)-many random seeds lying between 0 and 230

The reason why we first construct all seeds and only then run the individual experi-
ments, depending on these seeds, is because we also want to compare di↵erent choices
of filtration settings with each other. Recall from section 2.6 that we can fix a filtration
by choosing a simplicial complex K and a subcomplex L ✓ K. In this thesis, K always
refers to the chromatic Delaunay complex K = Del(�). The mapping � : C ! {0, 1}
refers to the random chromatic point set that is constructed by equipping each random
point in C (that we get out of our simulated and simplified Poisson point process) with
the label 0 or 1, which should always be understood as the colors blue or orange in this
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context. For the subcomplex L, three obvious choices appear in this framework:
(i) L = Del(C0), (ii) L = Del(C1) or (iii) L = Del(C0) tDel(C1).

The first two cases are symmetric to each other, so we choose (i) to work with, which is
the subcomplex of Del(�) consisting of all blue simplices. The third case is interesting
on its own again. There, L contains all simplices that are of exactly one color. In other
words, a simplex lies in L if it is either blue or orange. This is why we sometimes call
choice (iii) the mono-chromatic case, even though the vertex set of L is far from being
one-colored!
Coming back to our list of seeds, we construct random 2-colored point clouds in the
unit square with the fixed parameters n and t and still be flexible with our choice on
L. Looking at Algorithm 3, we pick filtration to be one of the cases (i) - (iii) ahead of
any computation, but since we generated seed list beforehand, we may apply Algorithm
3 multiple times – one for each choice of filtration.

The main purpose of Algorithm 3 is to build a dictionary with di↵erent keys, each
of which becoming the column of a .csv data frame structure in the last step within
Algorithm 4. Notice that we always set number exps = 100, number colors = 2 and
spatial dim = 2. Moreover, norms = [0, 1] and diagrams = [“kernel”, “relative”, “cok-
ernel”, “domain”, “image”, “codomain”] since we want to have 0- and 1-norms for all
six persistence diagrams. For better readability, we further set number pts = n and
prob colors = [t, 1� t].

Algorithm 2 add value to dict

Require: dict, key, val, current step, total steps
Ensure: Add the value val to position current step in list with (total steps)-many

elements that lies inside the dictionary dict within the key key
if key is not in dict then

dict [key ] create list with (total steps-1)-many 0’s and the value val at position
current step

else

dict [key ][current step]  val
end if

At first, we create the key “seed” and use the method add value to dict (see Algorithm
2) to do so. In lines 7 and 8 in Algorithm 3 we construct for each experiment pair (exp,
seed) a random 2-colored chromatic point cloud in [0, 1]2. The next lines of code are
responsible for computing the filtration functions of the six-pack and all their persistence
pairs. For this, we use the free PyPI package chromatic tda (version 1.1.6). For further
background on this package and a great manual for first use, see [12]. With the help of
the last three for-loops we get to the bottom of calculating the 0- and 1-norm for each
kth persistence diagram of the six-pack where k can go up to 2 for spatial dim = 2.

In the end, we obtain the dictionary exps dict, which we pour into the shape of a data
frame structure in Algorithm 4.
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Algorithm 3 create exps dict

Require: number exps, number pts, number colors, prob colors, filtration, spatial dim,
diagrams, norms, seed list

Ensure: Creation of exps dict
1: exps dict  {}
2: experiments  list of integers with range number exps
3:

4: for (exp, seed) in zip(experiments, seed list) do
5: activate random seed seed
6: add value to dict(exps dict, “seed”, seed, exp, number exps)
7: points  list of (number pts)-many randomly chosen coordinates with respect to

uniform distribution inside [0, 1]spatial dim

8: labels  list of (number pts)-many elements, each being an integer between 0 and
number colors with weight prob colors

9:

10: /⇤ From line 11 to 16 we work with methods from the package chromatic tda ⇤/
11: alpha complex  compute alpha complex with input points, labels
12: simplicial complex  get filtration simplicial complexes out of alpha complex with

input filtration
13: compute persistence of simplicial complex
14:

15: for dgm in diagrams do

16: persistence dict  dictionary with possible dimensions k as keys and all kth

persistence pairs with finite values as corresponding values
17: k list  list of keys of persistence dict
18:

19: for k in k list do

20: persistence array  array of persistences of kth persistence pairs
21:

22: for p in norms do

23: p norm  array with pth norm for each element in persistence array
24: add value to dict(exps dict, “dgm k -dim p-norm”, p norm, exp,

number exps)
25: end for

26: end for

27: end for

28: end for

29: exps dict  dictionary with all the data
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Algorithm 4 create csv

Require: number exps, number pts, number colors, prob colors, filtration, spatial dim,
exps dict, filepath

Ensure: Saving the data in exps dict as .csv file
dataframe  create data frame structure with content of exps dict

/⇤ The method filename from input is used for constructing a string with all the
important information inside to distinguish the di↵erent experiment series and their
data ⇤/
filename filename from input(number exps, number pts, number colors,

prob colors, filtration, spatial dim)
Save dataframe as filename.csv with file path filepath

In Table 3.1 we illustrate an example of such a data frame of the configuration with
100 experiments, two equally likely colors, 1000 points in the unit square and in the
mono-chromatic case. Apart from the first two, all column captions are of the form
“dgm k -dim p-norm” like we have it in Algorithm 3, line 24.

exp seed kernel 0-dim 0-norm kernel 0-dim 1-norm . . . codomain 1-dim 1-norm

1 515938188 491.0 4.4562. . . . . . 2.1021. . .

2 362593555 510.0 4.4936. . . . . . 2.0135. . .

3 802025811 541.0 4.5496. . . . . . 1.9995. . .
...

...
...

...
...

...

98 633635510 498.0 4.2411. . . . . . 1.9617. . .

99 642053118 520.0 4.4501. . . . . . 2.0066. . .

100 489887328 500.0 4.5637. . . . . . 1.9787. . .

Table 3.1.: An excerpt of the file exp100 n1000 col2 prob50-50 mono dim2.csv

Remark 3.1. Since we work with many di↵erent parameters, let us fix the notation of
a triple (n, t, L) which defines the setting we work in, where n indicates the numbers of
points, t gives the probability that we color a point blue1 and L represents the type of
filtration, just like before.

1Abstractly speaking, this corresponds to color 0 for ! = {0, 1}.
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Recall from chapter 3 that for each of the 100 experiments, we are given a random
2-colored point set � : C ! ! inside the unit square [0, 1]2, where we use a uniform
distribution to simulate the realizations of a Poisson point process within our observation
window. For a specific combination (n, t, L) we generate the persistence pairs of all kth

persistence diagrams of the six-pack, we apply the 0- and 1-norm, respectively, and
calculate their means.

Remark 4.1. For obtaining reasonable values with the 1-norm, we only take finite
persistence pairs into consideration and drop the usage of any cuto↵. For better compa-
rability, we further use no infinite persistence pairs for the computation of the 0-norm
as well. This di↵erent way of viewing, however, does not a↵ect the validity of the three
equalities we get in theorem 2.6.4.

To give a concrete example of the outcomes, let us turn to Figure 4.1. It shows two
graphics, both for the 0th persistence diagram of the domain L. We plot the number
of points against the average 0-norm on the left and the average 1-norm on the right
for three di↵erent values of t and for the two interesting cases we have for L, which
are L = Del(C0) (abbrev. “0-filt”) and L = Del(C0) t Del(C1) (abbrev. “mono-filt”).
For better visualization, the settings with the former choice of L are always depicted by
empty markers, whereas the ones of the latter are given by solid markers.

We extract two major observations out of these plots now: firstly, for each choice of L
we have the same behavior of the means for increasing numbers of points and, secondly,
this behavior appears to be that of a linear function for the 0-norm and that of a square
root function for the 1-norm. In fact, these observations stay true for the 1st persistence
diagrams of the six-pack as well, and all these plots can be looked up in appendix
A.1. Coming back to Figure 4.1, we further highlight that we get similar curves for
di↵erent probability distributions and in the following, we are going to state and prove
explicit equations for the expected 0- and 1-norms for some kth persistence diagrams
in dependence of n and t. Moreover, the theoretical results will be supported by our
experimental data.

Since we work in the plane, the interesting cases appear for k = 0, 1, 2, where k = 2
only a↵ects the relative filtration fL,K .1 However, we are going to focus on k = 0
(corresponding to connected components) and k = 1 (corresponding to loops) only.

1See also the last paragraph in section 2.6.
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Going from 0 = r(0) to R = r(x), r goes through all possible radii in between and so,

Cb,an

�(a)

Z x

0
r(s)sa�1e�s ds

yields the expected sum of radii of all considered intervals [�,↵]. Rewriting the above
brings us to the desired formula

1

�(a)

Cb,ap
⇡

Z x

0
sa+

1
2
�1e�s ds =

�(a+ 1
2 , n⇡R

2)

�(a)

Cb,ap
⇡

p
n.

0th homology, 0-norm

Proposition 4.3. Let � : C ! {0, 1} be a random 2-colored chromatic point set inside
the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0) and K = Del(�). More-
over, let fK denote the corresponding filtration function of K with fL respective fK,L

being the restrictions of fK to L respective K \ L. Then

E[kDgm0(fK)k0] = n, (4.3)

E[kDgm0(fL)k0] = E[kDgm0(im fL ! fK)k0] = tn, (4.4)

E[kDgm0(ker fL ! fK)k0] = t(1� t)n, (4.5)

E[kDgm0(fL,K)k0] = E[kDgm0(coker fL ! fK)k0] = (1� t)n. (4.6)

Proof. Notice that kDgm0(fK)k0 gives us the number of connected components in the
codomain filtration, which can be considered as without any memory of the colors on
the points because of the lifting property (see 2.5.1). In expectation, this number of
connected components is n as we have n points in the filtration. This yields (4.3).
In the filtration of the domain observe that we expect tn blue points in there, which
means tn blue connected components. The second equality in (4.4) follows because out
of all expected tn blue points in the domain, each one remains a connected component
in the image.
In the relative filtration, on the other hand, there are (1� t)n orange points in expecta-
tion. This is also true for the cokernel, where we view the codomain without the image.
Thus, we have shown (4.6). Equation (4.5) is a bit more work. This is the only case,
where vertices are not yet born in the first step of the filtration but only in the moment
they die in the image by getting connected with another vertex. Since the domain L
consists of all blue points, we are just interested in those.
Concretely, take an arbitrary point of our chromatic point set. The probability that this
point is colored blue equals t. Now, if this blue point is first connected with another blue
point, it dies in the image as well as in the domain, so nothing2 happens in the kernel.

2Actually, the blue point then has same birth and death time in the kernel diagram. But we do not
take such cases into consideration.
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4. Results

The other option is that our blue point is first connected with an orange point. In the
domain, the blue point still lives on but in the image it dies, so it appears in the kernel.
This birth in the kernel is realized by a mixed edge. The probability that a death-giving
edge with the first boundary vertex being blue is a mixed one equals, therefore, t(1� t)
and since there are n-many death-giving edges in expectation (see corollary 2.7.23), the
equality in (4.5) follows.

Proposition 4.4. Let � : C ! {0, 1} be a random 2-colored chromatic point set inside
the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0)tDel(C1) and K = Del(�).
Moreover, let fK denote the corresponding filtration function of K with fL being the
restrictions of fK to L. Then

E[kDgm0(fK)k0] = n, (4.7)

E[kDgm0(fL)k0] = E[kDgm0(im fL ! fK)k0] = n, (4.8)

E[kDgm0(ker fL ! fK)k0] = 2t(1� t)n. (4.9)

Proof. Because the codomain K has stayed the same as in proposition 4.3, equation (4.7)
immediately follows from (4.3). Also, (4.8) comes from an analogous argumentation.
Here, L consists not only of the set of all blue points but of the disjoint union of blue
and orange points. Therefore, we have tn + (1 � t)n = n many connected components
in expected in the domain filtration as well as in the image.
For the last equality, we already know that we have t(1�t)n connected components in the
kernel stemming from blue points by the proof of proposition 4.3. Now, we go through
the same logic by starting with an orange point. The probability that we pick an orange
one to begin with is (1� t) and the probability that this is a connected component in the
kernel is given by t(1� t) due to a death-giving mixed edge that has an orange vertex as
its first boundary vertex. In the end, the expected number of connected components in
the kernel is equal to t(1� t)n+ t(1� t)n = 2t(1� t)n, which is also exactly the expected
number of mixed death-giving edges in total.
For the relative filtration or the cokernel we do not get any results as there are no
connected components in either of them.3

0th homology, 1-norm

Proposition 4.5. Let � : C ! {0, 1} be a random 2-colored chromatic point set in-
side the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0) and K = Del(�).
Moreover, let fK denote the corresponding filtration function of K with fL being the
restrictions of fK to L. Then for large enough n,

E[kDgm0(fK)k1] =
c

2

p
n, (4.10)

E[kDgm0(fL)k1] =
c

2

p
t
p
n, (4.11)

3At least no connected components with finite persistence.
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where c > 0 is the constant from theorem 2.7.24.

Proof. By proposition 2.4.18, we already know that the 1-norm of connected components
in the codomain diagram is half the length of the Euclidean minimum spanning tree of
the vertices within the filtration.4 In expectation and for large n this yields

E[kDgm0(fK)k1] =
1

2
E[|EMST(C)|]

2.7.24
=

1

2
c
p
n.

The same procedure also leads us to the proof of the second equality with the only
di↵erence being that we have C0 as the underlying point set of L instead of C. Again,
for large enough n we obtain

E[kDgm0(fL)k1] =
1

2
E[|EMST(C0)|]

2.7.24
=

1

2
c
p
tn

in the expected case.

Proposition 4.6. Let � : C ! {0, 1} be a random 2-colored chromatic point set inside
the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0)tDel(C1) and K = Del(�).
Moreover, let fK denote the corresponding filtration function of K with fL being the
restrictions of fK to L. Then for large enough n,

E[kDgm0(fK)k1] = E[kDgm0(im fL ! fK)k1] =
c

2

p
n, (4.12)

E[kDgm0(fL)k1] =
c

2
(
p
t+
p
1� t)

p
n, (4.13)

E[kDgm0(ker fL ! fK)k1] =
c

2
(
p
t+
p
1� t� 1)

p
n, (4.14)

where c > 0 is the constant from theorem 2.7.24.

Proof. The expected 1-norm of connected components in the codomain filtration follows
immediately from (4.10). Notice now that the set of connected components in the image
is C0 t C1 = C and they are all born at r = 0 and die as soon as they get merged with
another vertex regardless their color. We conclude that the 0th persistence pairs of the
image equal the ones of the codomain, which gives us (4.12).
For (4.13), recall that the underlying point set of L is the disjoint union of C0 and C1,
so we view these sets separately and obtain

E[kDgm0(fL)k1] =
1

2

�

E[|EMST(C0)|] + E[|EMST(C1)|]
�

=
c

2
(
p
t+
p
1� t)

p
n.

The last equation (4.14) about the kernel can be easily deduced from (2.11) in theorem
2.6.4. Like in the proof of proposition 4.4, neither are there connected components
present in the relative filtration nor in the cokernel. Thus, we do not get any results for
these two cases.

4The cutoff � disappears in this case as we are only interested in the finite persistence pairs by remark
4.1.
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4. Results

1st homology, 0-norm

Proposition 4.7. Let � : C ! {0, 1} be a random 2-colored chromatic point set inside
the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0) and K = Del(�). More-
over, let fK denote the corresponding filtration function of K with fL respective fK,L

being the restrictions of fK to L respective K \ L. Then

E[kDgm1(fK)k0] = n, (4.15)

E[kDgm1(fL)k0] = tn, (4.16)

E[kDgm1(fL,K)k0] = (2t+ 1)(1� t)n. (4.17)

Proof. First of all, there exists a bijective correspondence between the number of loops
within a filtration of the Delaunay complex and the number of critical triangles. In the
expected case, by corollary 2.7.23 the number of critical triangles is equal to n in the
codomain filtration and tn in the domain filtration, which provides the proof of (4.15)
and (4.16) simultaneously. The last equation (4.17) is a bit more work. Observe that
the expected number of critical triangles in the relative diagram also includes triangles,
which are non-critical in the codomain.5 Moreover, there can be critical triangles in
the codomain that are no death-giving triangles in the relative but birth-giving to 2-
dimensional holes instead.6 Thus, we tackle this problem by counting all critical birth-
giving edges in the relative filtration. To begin with, it is easily checked that all critical
edges in the relative have to be critical in the codomain. By corollary 2.7.23, there are
2n of them in expectation. Since L = Del(C0), all blue-colored edges are mod out in the
relative, so the only remaining critical edges have to be purely orange or mixed. This
results in (1� t2) · 2n = (2� 2t2)n critical edges in the relative on average. Subtracting
from this number all expected critical death-giving edges in the relative, which are (1�t)n
by proposition 4.37, gives the claim.

Proposition 4.8. Let � : C ! {0, 1} be a random 2-colored chromatic point set inside
the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0)tDel(C1) and K = Del(�).
Moreover, let fK denote the corresponding filtration function of K with fL respective fK,L

being the restrictions of fK to L respective K \ L. Then

E[kDgm1(fK)k0] = E[kDgm1(fL)k0] = n, (4.18)

E[kDgm1(fL,K)k0] = 4t(1� t)n. (4.19)

Proof. The expected number of loops in the codomain filtration follows immediately
from (4.15). Moreover, since the number of critical triangles in the domain filtration
equals tn+(1� t)n = n, this shows the second equality in (4.18). The relative filtration

5As an example, consider a mixed-colored obtuse triangle where the hypotenuse has two blue endpoints.
6For instance, take a critical orange-colored triangle in the codomain that is surrounded by many blue
points.

7To be precise, there are (1− t)n− 1 such, but we want we want to exclude the one infinite persistence
pair we have in the relative in the end of our argumentation, so we add +1.
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is again more interesting. According to theorem 2.3.39, H1(Kr, Lr) ⇠= H1(|Kr| / |Lr|)
in each filtration step r � 0 and we can think of |Kr| / |Lr| as the underlying space of
the lifted chromatic Delaunay complex, where we shrink all blue simplices to one point,
all orange ones to another and identify these two remaining points. In the end, only
mixed-colored simplices are not mod out and what first were edges in the codomain
filtration become loops in the relative filtration. In fact, those are all loops there are.
Therefore, the expected number of loops in the relative case equals the number of critical
mixed-colored edges, which is 2t(1� t) · 2n = 4t(1� t)n.

1st homology, 1-norm

Proposition 4.9. Let � : C ! {0, 1} be a random 2-colored chromatic point set in-
side the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0) and K = Del(�).
Moreover, let fK denote the corresponding filtration function of K with fL being the
restrictions of fK to L. Then for large enough n

E[kDgm1(fK)k1] =
✓

c

2
� 1

4

◆p
n, (4.20)

E[kDgm1(fL)k1] =
✓

c

2
� 1

4

◆p
t
p
n. (4.21)

Proof. To begin with we want to fully concentrate on proving (4.20). To compute the
expected length of loops in the codomain filtration, we have to sum up all persistences
of individual 1-holes. That is

X

(ri,rj) loop

(rj � ri) =
X

(ri,rj) loop

rj �
✓

X

(ri,rj) loop

ri

◆

.

The first sum on the right hand side is only contributed by death values of loops whereas
the second one adds up all birth values of loops. By corollary 2.7.23, the appearance of
a critical triangle always marks the death of an existing 1-hole.
With the help of proposition 4.2, the first sum on the right hand side in expectation is,

thus,
Γ( 5

2
)

Γ(2)
C2,2p

⇡

p
n = 3

4

p
n.

The other sum on the right hand side, on the contrary, consists of the radii of all critical
birth-giving edges. In proposition 4.2 we cannot separate expected birth-giving from
death-giving persistences and so the trick is to subtract the expected lengths of all
critical edges and to add back the ones of all death-giving ones. In the end, we obtain
the desired equality

E[kDgm1(fK)k1] =
3

4

p
n� �(32)

�(2)

C1,1p
⇡

p
n+ E[kDgm0(fK)k1] =

✓

c

2
� 1

4

◆p
n.

Going through the same thinking with the domain filtration, this yields

E[kDgm1(fL)k1] =
3

4

p
tn�

p
tn+ E[kDgm0(fL)k1] =

✓

c

2
� 1

4

◆p
tn.
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4. Results

Proposition 4.10. Let � : C ! {0, 1} be a random 2-colored chromatic point set
inside the unit square [0, 1]2 in the setting (n, t, L) with L = Del(C0) t Del(C1) and
K = Del(�). Moreover, let fK denote the corresponding filtration function of K with fL
being the restrictions of fK to L. Then for large enough n

E[kDgm1(fK)k1] =
✓

c

2
� 1

4

◆p
n, (4.22)

E[kDgm1(fL)k1] =
✓

c

2
� 1

4

◆

(
p
t+
p
1� t)

p
n. (4.23)

Proof. Equation (4.22) immediately follows from (4.20). To show (4.23), we again notice
that the underlying point set of L is the disjoint union of C0 and C1, which yields

E[kDgm1(fL)k1] =
✓

c

2
� 1

4

◆p
tn+

✓

c

2
� 1

4

◆

p

(1� t)n.

In appendix A.2, all outcomes of the computational experiments are given and compared
to the theoretical results if available. In some instances, where we could not come up
with a proof for the corresponding expectation, we state conjectures of possible explicit
formulae. In Tables 4.1 and 4.2 we compactly list all current theoretically proven results
on expected 0- and 1-norms (blue) opposed to conjectures due to the experiments we
have done (yellow). White boxes with a question mark indicate the cases where we
neither have a theoretical idea nor a concrete computational hint to what the explicit
form could look like.

The first table is about the 0th homology, so connected components, whereas the second
one is about the 1st homology, meaning loops. Each big row stands for one diagram
and is divided into two smaller rows – one for the 0-norm and the other one for the
1-norm. The two columns are the two kinds of interesting filtrations there are for two
colors.

Observe that nearly all di↵erent cases are worked out in Table 4.1. Also, due to the
symmetry in t for L = Del(C0) t Del(C1), we obtain rather simple functions. This
changes for L = Del(C0), where the conjectured explicit formula seems to be way more
delicate in the 1-norm setting. The good news is, though, that once we are able to show
either one of these conjectures in Table 4.1, we can deduce the rest of them with the
help of the powerful relations we have in (2.11), (2.12) and (2.13).
In Table 4.2 roughly half of the boxes are still given with a question mark, most of
which are regarding the expected length of loops in some persistence diagrams. The
computational experiments, however, shed light on some very simple and, at the same
time, also well-fitting functions that might be rigorously provable. Especially intriguing
seems to be the expected number of loops in the kernel diagram for both filtrations.
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0th homology mono-filt 0-filt

0 2t(1� t)n t(1� t)n
kernel

1 c
2

�p
t+
p
1� t� 1

�p
n

�

( c2 � 1
4)t

2 � c
2 t+

1
4

p
t
�p

n

0 (1� t)n
relative

1
�

( c2 � 1
4)t

2 � c
2 t� ( c2 � 1

4)
p
t+ c

2

�p
n

0 (1� t)n
cokernel

1

—

�

( c2 � 1
4)t

2 � c
2 t� ( c2 � 1

4)
p
t+ c

2

�p
n

0 n tn
domain

1 c
2

�p
t+
p
1� t

�p
n c

2

p
t
p
n

0 n tn
image

1 c
2

p
n

�

� ( c2 � 1
4)t

2 + c
2 t+ ( c2 � 1

4)
p
t
�p

n

0 n
codomain

1 c
2

p
n

Table 4.1.: Explicit proven formulae (blue) or conjectures (yellow) for expectations in 0th

persistent homology. Each row for the diagrams is subdivided into 0-norm
(upper part) and 1-norm (lower part).

1st homology mono-filt 0-filt

0 3t(1� t)n t(1� t)(1 + t)n
kernel

1 ? ?

0 4t(1� t)n (2t+ 1)(1� t)n
relative

1 ? ?

0 µt(1� t)n, µ ⇡ 2.8 ?
cokernel

1 ? ?

0 n tn
domain

1
�

c
2 � 1

4

��p
t+
p
1� t

�p
n

�

c
2 � 1

4

�p
t
p
n

0 1� t(1� t)n,  ⇡ 2.4 ?
image

1 ? ?

0 n
codomain

1
�

c
2 � 1

4

�p
n

Table 4.2.: Explicit proven formulae (blue), conjectures (yellow) or completely unknown
cases (white with question mark) for expectations in 1st persistent homology.
Each row for the diagrams is subdivided into 0-norm (upper part) and 1-norm
(lower part).
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5. Outlook

It is noticable from the previous two tables that this thesis was the starting point for
many more open questions that we have on the six-pack. First of all, it would be
interesting to verify or falsify the mentioned conjectures. Secondly, it seems as if the
boundary e↵ects that influence the number of critical triangles might be the reason why
it is di�cult to come up with concrete theoretical conjectures out of the experiments for
the 1st persistent homology. Going from the unit square to the torus could resolve this
issue and lead us to better guesses on the expectations for loops. We close this thesis
with even further questions:

1 Can we also find formulae for the 2-norm?

2 Instead of using two colors, consider now three. Then we are suddenly confronted
with essentially four di↵erent filtrations. Moreover, we have two varying parameters on
the probability. Can we still derive general explicit formulae for the expectations in 0-
and 1-norm?

3 Instead of having a chromatic point cloud in the plane, we could go one dimension
higher and ask the same questions within the unit cube. Will the 3-norm then be
interesting to look at, too? And what about three colors in three dimensions?

4 Is there any way to generalize Theorem 1 from [19] and our modified version for the
expected length (see proposition 4.2) to the chromatic setting?

5 In our results, the unknown asymptotic constant c crossed our way many times. Is
it possible to improve lower or upper bounds on c due to the relations of the persistence
diagrams and proven formulae we have?
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A. Appendix

A.1. Behavior of Means of Norms

On the next four pages we present figures in the style of a six-pack, where we plot the
number of points against the mean of a specific norm – either 0- or 1-norm. Depending
on the 0th or 1st homology as well as on the choice of filtration for L we obtain di↵erent
results. For each fixed setting of these parameters we, moreover, choose three proba-
bility distributions for coloring the points in two colors, namely [0.3, 0.7], [0.5, 0.5] and
[0.8, 0.2]. Being of the form [t, 1� t], the variable t denotes the probability of picking a
0-colored point out of all points in the chromatic point set � : C ! {0, 1}.
In appendix A.2 we further investigate the relation between changing values of means
with varying probability distributions and increasing number of points.

HARD FACTS:

Number of experiments: 100
Number of points: parameter (n) on x-axis with values
100, 1000, 2000, 5000, 7000, 10000, 12000, 15000, 20000
Number of colors: 2
Probability of colors: [0.3, 0.7], [0.5, 0.5], [0.8, 0.2]
Filtrations:

K = Del(�) with L = Del(C0) (“0-filt”) or L = Del(C0) tDel(C1) (“mono-filt”)
Spatial dimension: 2
Distribution of points: uniform
Location of points: unit square
Diagrams: six-pack fashion
Homology: 0th, 1st

Norms: 0, 1
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A. Appendix

A.2. Best Fitting Curves for Means of Norms

Notice that we have a linear behavior with respect to n when taking the 0-norm and
a square root behavior with respect to n when taking the 1-norm (see appendix A.1).
Thus, we see that for n points the means of the . . .

. . . 0-norm form a curve of the form

n 7! c1 · n+ c0,

. . . 1-norm form a curve of the form

n 7! c1 ·
p
n+ c0,

where c1 and c0 might depend on the probability t that a point is 0-colored. For 1st

homology the parameter c0 may even depend on n due to boundary e↵ects. Concretely,
points that lie near the boundary of the unit square are more likely to form obtuse
triangles than acute ones. This results in an imbalance that is possibly the reason why,
for instance, E[kDgm1(fK)k0] empirically only reaches 0.9747n+ c0 instead of n as the
theory suggests.

In the following pages we illustrate the best fitting curves that we obtain when plotting

the experimentally computed c
(exp)
1 against the probability t. Note that for better visu-

alization, all values c
(exp)
1 are rounded up to four decimals. The goodness-of-fit is given

by the root mean square error or rmse for short.

HARD FACTS:

Number of experiments: 100
Number of points: parameter (n) on x-axis with values
100, 300, 500, 700, 1000, 1200, 1500, 1700, 2000, 3000, 4000, 5000, 6000, 7000, 8000,
9000, 10000, 12000, 15000, 17000 20000
Number of colors: 2
Probability of colors: parameter ([t, 1� t])
[0.01, 0.99], [0.05, 0.95], [0.07, 0.93], [0.1, 0.9], [0.15, 0.85], [0.2, 0.8], [0.25, 0.75], [0.3, 0.7],
[0.35, 0.65], [0.4, 0.6], [0.45, 0.55], [0.5, 0.5], [0.55, 0.45], [0.6, 0.4], [0.65, 0.35], [0.7, 0.3],
[0.75, 0.25], [0.8, 0.2], [0.85, 0.15], [0.9, 0.1], [0.93, 0.07], [0.95, 0.05], [0.99, 0.01]
Filtrations:

K = Del(�) with L = Del(C0) (“0-filt”) or L = Del(C0) tDel(C1) (“mono-filt”)
Spatial dimension: 2
Diagrams: kernel, relative, cokernel, domain, image, codomain
Distribution of points: uniform
Location of points: unit square
Homology: 0th, 1st
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All figures were designed by the author and, apart from the ones in the appendix, with
the help of the Software program Wolfram Mathematica. [23]
Some of them were created with source code from the specific Wolfram Demonstration
ProjectAlpha Complex and Union of Union Disks contributed by Ondrej Draganov. [11]
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tische Leitfäden. Vieweg+Teubner Verlag, 2013. isbn: 978351912265.

[30] Afra Zomorodian. “Fast construction of the Vietoris-Rips complex”. In: Computers
& Graphics 34 (June 2010), pp. 263–271.

[31] Afra Zomorodian and Gunnar Carlsson. “Computing persistent homology”. In:
Proceedings of the Twentieth Annual Symposium on Computational Geometry.
SCG ’04. Brooklyn, New York, USA: Association for Computing Machinery, 2004,
pp. 347–356.

98


