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Abstract

This thesis investigates advanced neural network methodologies, with a primary
focus on Physics-Informed Neural Networks (PINNs), Extreme Learning Machines
(ELMs), and hard constrained PINNs and the application to computational mi-
cromagnetism. These methods are developed to solve complex physical problems,
such as the stray field problem, by embedding physical laws directly into the neural
network training process, thereby achieving efficient and accurate solutions without
extensive supervised data. The development of highly scalable models could pave
the way for large scale micromagnetic simulations and its applications to sustainable
technologies such as wind turbines and electric motors.

The initial chapters provide a comprehensive exploration of neural networks, de-
tailing how PINNs and ELMs can be tailored for time-independent partial differential
equations (PDEs) such as the Poisson equation. Emphasis is placed on hard con-
strained PINNs, which enhance optimization by removing constraints, thus achieving
higher accuracies comparable to traditional numerical solvers like the Finite Element
Method (FEM) and Finite Difference Method (FDM). This approach offers mesh-
free optimization without the need for complex discretization schemes, allowing for
flexible, reduced-order modeling that mitigates the curse of dimensionality.

Subsequent chapters introduce Constructive Solid Geometry (CSG) using R-
functions to enforce hard constraints within the PINN framework. This robust
modeling technique ensures the exact satisfaction of essential boundary condi-
tions on intricate geometries, arising in the course of the stray field computation.
Further, the challenges of magnetostatics are addressed. Particularly the computa-
tion of magnetostatic self-energy. By employing the splitting ansatz proposed by
Garcia-Cervera and Roma, the research derives energy bounds on finite domains
and develops an alternating scheme for the efficient computation of scalar or vector
potentials. This scheme facilitates the minimization of magnetostatic self-energy,
essential for precise micromagnetic simulations.

The culmination of this work is the application of hard constrained PINNs to the
full 3D minimization of Gibbs free energy. By incorporating the Cayley transform,
the neural network outputs are constrained to the Lie group of rotation matrices
SO(3), ensuring the physical integrity of the magnetization configuration. This
innovative approach accurately models continuous magnetization distributions while
minimizing total Gibbs free energy, including exchange energy, anisotropy energy,
and magnetostatic self-energy. The thesis demonstrates the efficacy of this method
through the solution of the NIST uMAG Standard Problem #3 and the simulation
of demagnetization processes in hard magnetic materials.

Overall, this thesis makes its contribution to computational micromagnetism by



integrating hard constraint physics informed neural network techniques into energy
minimization frameworks. However, the developed methods have further applicabil-
ity beyond magnetostatics to other areas of physics and engineering.



Deutsche Zusammenfassung

Diese Dissertation untersucht fortgeschrittene neuronale Netzwerkmethoden, ins-
besondere Physics-Informed Neural Networks (PINNs), Extreme Learning Machines
(ELMs) sowie hart beschrénkte PINNs und die Anwendung im computergestiitzten
Mikromagnetismums. Diese Methoden wurden entwickelt, um komplexe physikalis-
che Probleme wie das Streufeldproblem zu 16sen, indem physikalische Gesetze direkt
in den Trainingsprozess des neuronalen Netzwerks eingebettet werden, wodurch ef-
fiziente und genaue Losungen ohne umfangreiche iiberwachte Daten erreicht werden.
Die Entwicklung hochskalierbarer maschineller Lernmodelle konnte grofl angelegte
mikromagnetische Simulationen und deren Anwendung in nachhaltigen Technolo-
gien, wie Windturbinen und Elektromotoren, ermoglichen.

Die ersten Kapitel bieten eine umfassende Einfiihrung in neuronale Netzwerke
und erldutern, wie PINNs und ELMs fiir zeitunabhéngige partielle Differentialgle-
ichungen (PDEs) wie die Poisson-Gleichung angepasst werden kénnen. Der Schw-
erpunkt liegt auf hart beschrinkten PINNs, die die Optimierung durch den Wegfall
von Randbedingungen verbessern und so Genauigkeiten erzielen, die mit herkémm-
lichen numerischen Verfahren wie der Finite-Elemente-Methode (FEM) und der
Finite-Differenzen-Methode (FDM) vergleichbar sind. Dieser Ansatz bietet eine net-
zfreie Optimierung ohne die Notwendigkeit komplexer Diskretisierungsschemata und
ermoglicht flexible, reduzierte Ordnungsmodelle, die das Fluch der Dimensionalitét
mildern.

Die nachfolgenden Kapitel fithren die Konstruktive Festkorpergeometrie (CSG)
mit Hilfe von R-Funktionen ein, um harte Beschrénkungen innerhalb des PINN-
Rahmens durchzusetzen. Diese robuste Modellierungstechnik gewéhrleistet die ex-
akte Einhaltung essentieller Randbedingungen bei komplexen Geometrien, die im
Rahmen der Streufeldberechnung auftreten.

Ein wesentlicher Teil der Dissertation befasst sich mit den Herausforderungen der
Magnetostatik, insbesondere der Berechnung der magnetostatischen Selbstenergie.
Durch die Anwendung des von Garcia-Cervera und Roma vorgeschlagenen Splitting-
Ansatzes werden Energiebeschrankungen auf endlichen Doménen abgeleitet und ein
alternierendes Schema fiir die effiziente Berechnung des Skalar- oder Vektorpoten-
tials entwickelt. Dieses Schema erleichtert die Minimierung der magnetostatischen
Selbstenergie, die fiir prazise mikromagnetische Simulationen unerlésslich ist.

Der Hohepunkt dieser Arbeit ist die Anwendung von hart beschriankten PINNs
auf die vollstandige 3D-Minimierung der Gibbs’schen freien Energie. Durch die
Einbindung der Cayley-Transformation werden die Ausgaben des neuronalen Net-
zwerks auf die Lie-Gruppe der Rotationsmatrizen SO(3) beschréankt, wodurch die
physikalische Integritdt der Magnetisierungskonfiguration sichergestellt wird. Dieser



innovative Ansatz modelliert kontinuierliche Magnetisierungsverteilungen genau und
minimiert die gesamte Gibbs’sche freie Energie, einschlieflich Austauschenergie,
Anisotropieenergie und magnetostatischer Selbstenergie. Die Dissertation zeigt die
Wirksamkeit dieser Methode durch die Lésung des NIST pMAG-Standardproblems
#3 und die Simulation von Entmagnetisierungsprozessen in hartmagnetischen Ma-
terialien.

Insgesamt leistet diese Arbeit einen Beitrag zum computergestiitzten Mikromag-
netismumes, indem sie hart beschrankte physikinformierte neuronale Netzwerktech-
niken in Energie-Minimierungsmethoden integriert. Die entwickelten Methoden
haben jedoch eine weitergehende Anwendbarkeit iiber die Magnetostatik hinaus in
anderen Bereichen der Physik und Technik.
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]. Introduction

The study of magnetostatics, a branch of electromagnetism focusing on magnetic
fields in systems with steady currents, is pivotal for the development and optimiza-
tion of various technological applications. Understanding and accurately modeling
magnetic fields is crucial for the development of magnetic materials and devices.
Traditional numerical methods, such as the finite element method (FEM) and finite
difference method (FDM), have long been used to solve the partial differential equa-
tions (PDEs) governing magnetostatics [58, 81, 29]. However, these methods often
require extensive computational resources, fine discretizations, and intricate mesh
generation, limiting their efficiency and scalability.

The magnetization can be represented by a low parametric ansatz. Kernel meth-
ods can be used to compress magnetization data and learn the magnetization dy-
namics in some lower dimensional latent space for fast prediction of the response
curve to some change in the external field [26, 25, 77, 49]. Multilinear low-rank
tensor methods [22] as well as a spectral decomposition to compute the eigenmode
development of the effective field operator [17, 64] are examples of such models.
Recent advances in machine learning, particularly neural networks, have introduced
new paradigms for solving PDEs. Physics Informed Neural Networks (PINNs) [67]
have emerged as a powerful tool that incorporates physical laws directly into the
learning process, enabling efficient and accurate solutions without the need for large
datasets or extensive supervision. PINNs offer a mesh-free approach, significantly
reducing the computational complexity and eliminating the need for complex dis-
cretization schemes. Especially, automatic differentiation (AD) plays a crucial role
and is used to compute partial derivatives with respect to the input of very complex
models in forward mode, followed by gradient computation with respect to the model
parameters in backward mode (reverse-over-forward). Such models can be applied
in a fully unsupervised fashion or even in a semi-supervised setting by incorporat-
ing additional data from simulations or measurements. In [47], a physics-informed
neural network (PINN) [67] was used to model the magnetostatic vector potential
and minimize an upper energy bound for the magnetostatic energy. Further, it was
shown that such models can be used to approximate an irreversible switching pro-
cess of a NdoFe4B particle in 2d. Neural network models offer some computational
advantages, such as the capability of learning a whole class of solutions with respect
to some conditional parameter [48].

In the course of machine learning, one often deals with the problem of the uncon-
strained minimization of some objective function. However, sometimes, one needs
to deal with additional constraints as often in the case of physics-informed machine
learning, where one needs to account for some initial or boundary conditions. There



are many different frameworks to deal with such kind of problems, and the tradi-
tional PINN ansatz uses inexact constraint optimization. Therefore, a quadratic
penalty term is added to the objective or the Augmented Lagrangian Method [57]
is used, both requiring subsequent optimization problems to be solved until con-
vergence. These frameworks are simple in their implementation but come with
the disadvantage of a more complicated optimization problem where errors in the
constraint fulfillment propagate over the domain. An exact (nonsmooth) penalty
method could also be used in theory, but the objective is usually not differentiable
once the constraint is satisfied. This limits its use for gradient based optimization.
A fully hard constraint formulation will impose the constraints of the optimization
task in the model architecture itself, hence, there is no need for exact constraint
fulfillment. Consequently, one can apply a standard optimizer for unconstrained
optimization. For instance, micromagnetic energy minimization, requires the satis-
faction of the unit norm constraint of the magnetization which needs to be fulfilled
across the domain. In [78] a quadratic penalty method was used to account for
this constraint. The penalty parameter can be increased until the constraint falls
under some tolerance, but exactly satisfying the constraint is not possible since the
penalty parameter is not bounded. This motivated us to further research PINN
architectures, with utilize the Cayley transform to fulfill the unit norm constraint
exactly.

In addition to PINNs, Extreme Learning Machines (ELMs) [41] present another
promising alternative for fast and accurate prediction of the solution. ELMs can
transform complex learning tasks into linear least squares problems, facilitating
faster and more efficient computations. The integration of domain knowledge into
ELMs through a hard constrained ansatz further enhances their applicability and
accuracy.

In micromagnetism, the most expensive task is the computation of the self energy
induced by the magnetization. Traditional methods use some discretization of the
domain. To speed up calculations, a stray field can also be computed from only a few
known points, by using a neural network to fill in the remaining point, in a physically
correct way, as is done in [65]. However, in our research, we use a continuous
PINN model. Recent research [87, 91] showed how implicit functions can be used to
describe the domain and put constraints on the model architecture. The theory of
R-functions can be used as a framework for Constructive Solid Geometry (CSG) to
derive a continuous differentiable implicit function describing the domain of interest.
Even if the function becomes very complex, AD can still be applied, and it can be
used for a hard constraint formulation for all kinds of linear boundary conditions
[72, 91].

We use the theory of R-functions to derive a hard constraint formulation for the
Poisson problem with essential boundary conditions, which arises in the course of
stray field computation. In combination with ELMs, a fast solver, similar to the
idea in [80], is established. Further, the continuous differentiable nature of neural
networks is used for a Taylor Series expansion to create a very accurate solver for
the single layer potential.



This thesis aims to explore and expand the application of advanced neural net-
work methodologies, particularly PINNs and ELMs, in the context of computational
magnetostatics. The primary objectives are:

e Development of hard constrained PINNs: Enhancing the PINN framework
by integrating hard constraints to remove required constraints from the opti-
mization problem, thereby simplifying the optimization process and improving
accuracy.

e Incorporation of CSG using R-Functions: Utilizing R-functions to model com-
plex geometries and ensure exact satisfaction of boundary conditions, making
the neural network outputs physically plausible and accurate while maintain-
ing differentiability.

o Efficient computation of magnetostatic fields: Addressing the computational
challenges in evaluating magnetostatic energy through advanced techniques
such as the splitting ansatz proposed by Garcia-Cervera and Roma, and de-
veloping an alternating scheme for joint optimization of magnetization and
magnetic fields.

e 3D Gibbs free energy minimization: Applying the hard constrained PINN
ansatz to the full 3D minimization of Gibbs free energy, incorporating the
Cayley transform to maintain the physical integrity of the magnetization con-
figuration.

The thesis is structured as follows:

e Chapter 2: Brief overview of micromagnetism and current challenges of tra-
ditional numerical methods, as well as solutions offered by modern machine
learning techniques.

e Chapter 3: An introduction to neural networks, PINNs, ELMs, and the devel-
opment of hard constrained PINNs.

e Chapter 4: Detailed exploration of Constructive Solid Geometry using R-
functions for hard constrained PINNs.

e Chapter 5: Comprehensive study of magnetostatics, energy bounds on the

finite domains, the splitting ansatz of Garcia-Cervera and Roma, and an al-
ternating scheme for magnetostatic field computation.

e Chapter 6: Application of the hard constrained PINN ansatz with the Cayley
transform for 3D Gibbs free energy minimization, including case studies and
practical implementations.

e Chapter 7: Summary of contributions, discussion of the broader impact, and
future research directions.



In conclusion, this thesis demonstrates the power and potential of integrating
advanced neural network techniques with rigorous physical modeling frameworks to
achieve efficient and versatile simulations of complex physical systems.



2 Micromagnetic Background

Micromagnetism is a powerful theoretical framework that provides insights into the
magnetic behavior of materials at the microscopic scale, often encompassing dimen-
sions ranging from nanometers to micrometers. It is particularly crucial in the design
and optimization of advanced magnetic materials and devices, such as magnetic stor-
age devices [4], electric motors [33], efficient permanent magnets [31], to advanced
medical imaging techniques [70, 46] and magnetic sensors [90, 42]. This chapter
delves into the foundational aspects of micromagnetism, focusing on the Gibbs Free
Energy, the Landau-Lifshitz—Gilbert (LLG) equation, and the computation of hys-
teresis using traditional numerical methods. We will also discuss the limitations
of these methods and how machine learning approaches, such as Physics-Informed
Neural Networks (PINNs), could potentially enhance their performance.

2.1 Gibbs free energy in micromagnetism

The Gibbs Free Energy in micromagnetism is a central concept that dictates the sta-
ble and metastable states of a magnetic system. The total Gibbs free energy E with
units [E] = J, of a ferromagnetic system is composed of several key contributions,
each representing a different physical interaction within the material.

e The exchange energy is a fundamental concept in micromagnetism, rooted
in the quantum mechanical interactions between neighboring electron spins.
At the atomic level, the Pauli exclusion principle only allows two atoms at the
same location if they have opposite spins. However, two neighboring electrons
with the same spin can lower the magnetostatic energy and this gain can be
large enough such that the parallel alignment is preferred, as in ferromagnetic
materials [21].

In the continuum model, the exchange energy is conceptualized as a measure
of the spatial variation in the magnetization M = My m within a material,
where M, is the saturation magnetization. It is given in SI-units [M] = A/m
and it satisfies the so-called unit norm constraint ||m|| = 1. The magnetiza-
tion is treated as a smooth, continuous field, which assumes that the varia-
tions in the direction and magnitude of magnetization occur gradually over
space. This approach is effective when the characteristic length scales, such as
the distance over which the magnetization changes, are much larger than the
atomic lattice spacing. The exchange energy penalizes rapid changes in the
direction of magnetization, favoring a more uniform alignment across the ma-
terial. This concept is particularly important in understanding how magnetic



domains form and how they interact with each other. The energy associated
with these variations plays a crucial role in determining the overall magnetic
configuration of a material.

However, this continuum description comes with certain limitations. One of
the primary assumptions is that the material is homogeneous and continuous,
which simplifies the underlying atomic structure into a smooth field. This ap-
proximation holds true in many cases, especially in bulk materials or structures
where the magnetization changes slowly over large distances. However, in sys-
tems where the magnetic variations occur on the scale of the atomic lattice,
or in the presence of defects, this model may not capture the full complexity
of the interactions.

Additionally, the continuum model is most accurate at low temperatures,
where thermal fluctuations are minimal, and the alignment of spins remains
relatively stable. At higher temperatures, thermal energy can disrupt this
alignment, making the model less accurate. This is particularly significant
near the Curie temperature, where the material transitions from a ferromag-
netic to a paramagnetic state, and the continuum approximation breaks down.

The anisotropy energy originates from the crystal structure of the material,
which creates preferred directions, known as easy axes, along which the mag-
netization tends to align. This energy is minimized when the magnetization
aligns with these axes. In uniaxial anisotropy, for example, there is a single
easy axis, while in cubic anisotropy, there are multiple easy axes correspond-
ing to the symmetry of the crystal lattice. The magnitude and direction of
the anisotropy energy dictate the stability of the magnetization direction, in-
fluencing phenomena such as magnetic hysteresis and coercivity. In materials
with strong anisotropy, the magnetization remains stable along the easy axis,
contributing to a high coercivity, which is desirable for permanent magnets.

The magnetostatic self-energy, also known as the demagnetizing energy,
arises due to the magnetic field H; = Mshg with units [H ] = A/m created by
the magnetization itself. The field H 4 is scale invariant and is a linear function
of the magnetization M. Thus, the self-energy depends on the shape and the
magnetic configuration of the material. It tends to favor configurations that
minimize the magnetic field outside the material, such that it reduces the over-
all magnetostatic energy. The demagnetizing field is particularly important in
determining the behavior of thin films, nanostructures, and soft magnetic ma-
terials, where it significantly influences the overall magnetic properties. In
elongated particles or thin films, the shape anisotropy induced by the demag-
netizing energy can dominate over the crystalline anisotropy, leading to an
effective easy axis along the long dimension of the particle or film.

The Zeeman energy describes the interaction between the magnetization
and an externally applied magnetic field H .. It is minimized when the mag-



netization aligns with the external field, thereby favoring the magnetization’s
orientation along the direction of the applied field. This term plays a critical
role during magnetization reversal processes, such as those observed in hys-
teresis loops, where the external field drives the magnetization from one stable
state to another. The Zeeman energy competes with anisotropy and magne-
tostatic energies, leading to the complex magnetization dynamics observed in
many magnetic systems.

The minimization of this energy is crucial in determining the equilibrium config-
uration of the magnetization. Often, for numerical simulations, the reduced form
MO}WE E with units [¢] = m®, where pg = 471077 Tm/A is the vacuum permeabil-
ity, is used. A minimum determines an equilibrium magnetization configuration, bal-
ancing the competing influences of exchange, anisotropy, magnetostatic, and Zeeman
energies. Provided with an uniaxial anisotropy, this energy functional is a quadratic
functional. However, in other functional spaces, such as M € L?(Q)3, accounting for
the unit norm constraint, it is posing a challenging non-linear minimization problem
[30]. During numerical computations, this requires re-normalization and can put a
limit on the step size of first order methods like gradient descent [23]. Minimization
of the energy functional lead to stable or metastable local optimum which might not
correspond to the global minimum. These states are particularly important in the
study of magnetic hysteresis, where the system’s history affects its current state.
Traditional numerical methods, such as finite element methods (FEM) [1, 81]
and finite difference methods (FDM) [58], are employed to minimize the Gibbs Free
Energy. These methods discretize the magnetic material into small elements or grids
and numerically solve for the magnetization configuration that minimizes the total
energy. However, these methods can be computationally expensive, particularly for
complex geometries and 3D problems, and may require significant computational
resources to achieve convergence.

e =

2.2 Landau-Lifshitz—Gilbert (LLG) equation

The LLG equation is given by

%:—Mxﬂeff—aMx(MxHeff), (2.1)
where « is the Gilbert damping parameter and ¢ is time. It is a fundamental equation
in micromagnetism that describes the time evolution of the magnetization vector,
M, under the influence of various effective fields. It incorporates both precessional
motion and damping, leading the magnetization toward a stable equilibrium. The
LLG equation is essential for simulating dynamic magnetic processes, such as mag-
netic switching, domain wall motion, and spin wave propagation, but can also be
applied for energy minimization by fully relaxing the system. The equation takes
into account the effective magnetic field, H ¢y = Msh. ¢, which is derived from the



Gibbs Free Energy by taking the Fréchet derivative:

OoF
Hetr = "5
The effective field encompasses contributions from exchange, anisotropy, magneto-
static, and Zeeman energies, making it a comprehensive descriptor of the forces
acting on the magnetization. The Gibbs free energy can be minimized by fully re-
laxing the LLG equation. In a relaxed state, the damping term is vanishing which
results in Brown’s equilibrium equation

H.spx M =0. (2.2)

FEM and FDM, iteratively solve the LLG equation at each time step. This approach
is highly effective for studying the time-dependent behavior of magnetic materials,
but also computationally intensive, particularly in large or complex systems. Spe-
cialized extrapolation schemes can be used to reduce the computational cost [27].

2.3 Hysteresis Curve

The hysteresis curve is a critical characteristic of ferromagnetic materials, depicting
the relationship between the applied magnetic field and the magnetization. To
compute the hysteresis curve using numerical methods, one minimizes the Gibbs free
energy functional under varying external magnetic fields, slowly cycling the field from
positive to negative saturation and back while tracking the resulting magnetization.
Plotting M (H.,) results in a hysteresis loop, where M is obtained by the mean of
the projection onto the axis of the external field.

Key properties of the hysteresis curve include:

o Coercive field (H.): This is the external magnetic field strength at which
the magnetization of the material is reduced to zero after being magnetized
to saturation. The coercive field is a measure of the material’s resistance to
demagnetization. A high coercive field implies that the material is hard to
demagnetize, characteristic of hard magnetic materials like permanent mag-
nets. Conversely, a low coercive field indicates that the material is easy to
demagnetize, typical of soft magnetic materials.

o Nucleation field (H,): At this field strength, the first reverse magnetic do-
main starts to form. This field is associated with the initial instability in the
magnetization direction, leading to the nucleation of a reverse domain. It is re-
lated to the material’s microstructure and is often influenced by imperfections,
grain boundaries, and thermal fluctuations. It signifies the point at which a
small perturbation in the material can cause a significant change in its mag-
netic state, initiating the reversal process. For single domain particles, with a
rectangular hysteresis curve, the nucleation field is equal to the coercive field
and the critical field.
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Figure 2.1: Schematic hysteresis loop.

o Critical field (Hcpit): This value usually corresponds to the external field
strength at which most of the grains reverse their magnetization.

o Remanent magnetization (M,): This is the magnetization remaining in
the material when the external magnetic field is removed. Remanent magne-
tization indicates the material’s ability to retain a magnetized state. For an
ideal permanent magnet, this equals the saturation magnetization.

o Saturation magnetization (M;): The maximum magnetization that the
material can achieve in the presence of a strong external magnetic field, beyond
which further increases in the field do not result in additional magnetization.

Figure 2.1a shows a schematic hysteresis loop with those key properties. The curve
in the second quadrant is usually referred as demagnetization curve.

Similar to the M (Hcy:) loop, the B(H) curve illustrates the relationship between
the magnetic flux density B and the magnetic field H = H.,+ + H4 of a magnet.
In general, one has the relation

The curve is drawn by computing the projection onto the applied field and taking
the mean of those projected fields.

The mazimum energy product (BH )max is a key performance metric for perma-
nent magnets. It represents the maximum value of the product of B and H within
the second quadrant of the hysteresis loop, where the material can provide the
highest magnetic energy per unit volume. Mathematically, the maximum energy
product is given by the point on the B(H) curve where the area BH is largest. This
value is a crucial indicator of the efficiency and strength of a permanent magnet.
In practice, achieving a high maximum energy product requires optimizing both



the material’s intrinsic properties, such as remanent magnetization and coercivity,
and its microstructural characteristics, which can influence the shape of the hys-
teresis loop. Modern permanent magnets, such as NdFeB magnets, are designed to
maximize (BH )max. Figure 2.1b schematically shows both hysteresis loops for an
ideal permanent magnet, where the M (H,,;) loop is characterized by its rectangular
shape. The squareness of the M (Hg,;) curve is an important measure of the quality
of a magnetic material, indicating that the material retains most of its magnetiza-
tion until the critical field is reached, at which point it rapidly demagnetizes. In
real magnetic materials, the presence of microstructures such as grain boundaries,
defects, and domain walls leads to deviations from the ideal square hysteresis loop.
These imperfections create local variations in the Gibbs Free Energy landscape, re-
sulting in an early switching of single grains and a more rounded hysteresis curve.
The shape of the hysteresis curve varies significantly between soft and hard magnetic
materials:

o Soft Magnetic Materials: These materials are characterized by low coer-
civity and a narrow hysteresis loop, indicating that they are easy to magnetize
and demagnetize. Soft magnetic materials are typically used in applications
requiring rapid switching of magnetization, such as in transformer cores and
electromagnetic actuators.

e Hard Magnetic Materials: Hard magnetic materials, in contrast, have
high coercivity and a broad hysteresis loop, making them resistant to de-
magnetization. These properties make them suitable for use in permanent
magnets, where maintaining a stable magnetic field is crucial. Examples in-
clude neodymium-iron-boron (NdFeB) and samarium-cobalt (SmCo) magnets,
which are widely used in motors, generators, and magnetic storage devices.

Modern permanent magnets, such as NdFeB magnets, are engineered to exhibit
high coercivity and a large maximum energy product. Achieving these properties
requires precise control over the material’s composition, microstructure, and pro-
cessing techniques. Additionally, techniques like grain refinement and sintering are
used to optimize the microstructure, improving the material’s remanence and overall
magnetic performance.

2.4 Challenges and Potential Improvements Using Machine
Learning

Machine learning (ML) may be revolutionizing the field of micromagnetism by of-
fering innovative solutions to some of the longstanding challenges associated with
traditional numerical methods. These traditional methods, such as finite element
methods (FEM) and finite difference methods (FDM), are commonly used to mini-
mize Gibbs free energy and integrate the Landau—Lifshitz—Gilbert (LLG) equation.
While effective, these approaches face several significant issues.
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One of the primary challenges is the high computational cost. The accurate simu-
lation of magnetization dynamics requires a fine spatial discretization and small time
steps. This is particularly problematic in complex systems with intricate geometries
or in simulations that involve many grains or extended microstructures.

To address these challenges, data-driven models have gained traction as an alter-
native or complement to conventional methods. Kernel methods or autoencoders, for
instance, offer a powerful way to predict magnetization dynamics. Novel approaches
use machine learning techniques to learn the magnetic evolution in a reduced space,
allowing fast, low-parametric predictor models [26, 49, 77]. These models can ap-
proximate the magnetization behavior by capturing underlying patterns and rela-
tionships in the data without the need to solve the governing partial differential
equations explicitly. This approach can significantly reduce computational costs
and enable faster simulations, especially in scenarios where quick predictions are
essential.

Graph Neural Networks (GNNs) are another promising tool in the micromagnetic
community. GNNs could be used to effectively model the complex interactions
within grain structures, which are crucial in determining the macroscopic magnetic
properties of materials. By representing the microstructure as a graph, where nodes
correspond to grains and edges to their interactions, GNNs could learn to predict
important quantities such as the demagnetization field or the effective field within a
material. This capability would be particularly useful in the study of polycrystalline
materials or systems with intricate microstructures, where traditional methods may
struggle due to the complexity of the interactions.

Physics-Informed Neural Networks (PINNs) offer yet another innovative approach.
PINNs integrate physical laws directly into the neural network’s training process,
allowing for the solution of differential equations governing micromagnetic systems,
such as those arising in the minimization of Gibbs free energy [78, 76]. They can
be used to learn the solution in an unsupervised or semi-supervised setting, while
opening the possibilities to massive parallel computing on clusters. Further, they can
incorporate additional conditional parameters to learn a whole family of solutions
in a reduced order model [48].

In conclusion, while traditional numerical methods remain essential tools in mi-
cromagnetism at this time, the integration of machine learning approaches offers
significant improvements in terms of computational efficiency and the ability to
handle complex, high-dimensional problems. Data-driven models such as kernel
methods and GNNs, along with PINNs, represent powerful opportunities that can
address the limitations of conventional techniques, opening up new possibilities for
the simulation, understanding, and inverse design of magnetic materials.
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3 Neural Network Primer

Parts of this chapter were previously published or submitted for publication as [70,
79]. Permission for use has been granted by the co-authors.

Machine learning and neural networks have recently transformed the field of physics
by offering efficient methods to solve complex and inverse problems that are difficult
to solve with traditional numerical techniques. Neural networks excel at approxi-
mating nonlinear functions, which is crucial for simulating physical systems governed
by differential equations. One significant advancement are Physics Informed Neural
Networks (PINNs), which integrate physical laws directly into the training process,
enabling the solution of partial differential equations with fewer data requirements.
This chapter gives a short overview of neural networks and introduces PINNs as an
alternative approach for solving such problems.

3.1 Neural Networks

A feedforward neural network is a type of artificial neural network that consists of
layers of interconnected nodes, where data flows through the network from the input
layer to the output layer without loops. Each node represents a unit that performs
a simple computation on the data, and the connections between nodes represent the
weights that adjust the influence of the data on the computation. In a feedforward
neural network, the output of each node is determined by the weighted sum of its
inputs, passed through an activation function that determines the output of the
node. Figure 3.1 shows the architecture of a feedforward neural network. It can be
described by a series of affine transformations and nonlinear activation functions,
such as a sigmoid or exponential linear unit (elu), in order to generate a final output.
This can be expressed as a mapping from an input space X to an output space ),
e.g, N(.;w) : X — Y. In more detail, a network with T layers, which maps the
input « to the output y, can be written in a recursive way as

20 =g
20 = cOWO 00 L p0y fort=1,...,T, (3.1)
21 =y,

where W® and b®) are the weight matrix and bias vector of the t™ layer and ¢®)
is the respective activation function. The output of the ¢ hidden layer is denoted
with z(!). The trainable parameters are summarized with w = {(W® b®) |t =
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Input Hidden Hidden Hidden Hidden Ouput
layer Vy layer Vi layer V3 layer Vpr_o layer V4 layer Vr

Figure 3.1: Neural network architecture with input dimension M and output dimen-
sion M.

1,...,T}. Typical activation functions are the sigmoid function o(z) = 1/(1 +
exp(—z)), the Hyperbolic Tangent function tanh(z) = 2/(1 4 exp(—2z)) — 1 or the
Exponential Linear Unit (ELU)

x x>0
alexp(z) —1) z <0,

elu(z, o) = {

where « is an adjustable parameter. The final activation function is often problem
specific. For instance, for regression tasks it might just be the identity mapping.

With traditional supervised learning, the parameters of the network are adjusted
during training in order to minimize an objective function. In a regression frame-
work, this is often the mean squared error (MSE). Given a training set with n
samples S = {(x;,y;)|i = 1,...,N} C X x Y, the neural network parameters w
should minimize

MSE(w) = o 3 (i) -~y (3.2)

‘ | (xz,y)eS

Typically, this objective function is minimized with first order methods. Since the
training set can be very large, it is common to use variants of Stochastic Gradient
Descent (SGD). This requires the computation of the gradient of the objective,
which is usually computed with Automatic Differentiation (AD).

3.2 Physics-Informed Neural Networks
Physics-informed machine learning and in particular a PINN is a novel approach

to numerically solve a number of physical problems. Contrary to the supervised
learning task (3.2), in a physics-informed setting there is only partial or no label
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information available and the objective is designed to minimize the residual of some
governing algebraic or differential equation.

Due to the flexibility of neural networks, it can handle forward as well as inverse
problems and integrate additional experimental or simulation data. PINNs have
diverse applications in scientific and engineering domains such as fluid dynamics
[13, 68], material science [102], and geophysics [45].

For instance, consider a Poisson equation with Dirichlet boundary conditions on
the domain 2 with boundary 92

—Au=f in Q
(3.3)
u=g on 0f.
We can minimize the physics-informed objective
Lomn(w) = /Q Aug (@) + f(@)*da +A /a @) - g@)Pds(@). (34)

LppE(w) Ly (w)

Here u,, = u(-;w) is a PINN model which is parameterized by w and A is a penalty
parameter to account for boundary conditions.

Partial derivatives can be computed by AD either in forward or reverse mode. If
the input is low-dimensional, forward-mode AD can be used efficiently. Hence, the
gradient V,Lpinn can be computed with forward AD followed by reverse mode, i.e.,
reverse-over-forward (see Appendix A).

It is not obvious how to choose the penalty parameter A in (3.4). One could
for instance apply the squared penalty framework and solve successive optimization
problems with increasing penalty parameter. However, the gain in accuracy would
come with increased computational cost and progressively enlarging the penalty
parameter amplifies the condition number of the Hessian, making the problem ill-
conditioned. Instead of the penalty formulation (3.4) one could as well use an
augmented Lagrangian formulation to minimize the PDE residual with respect to
the boundary conditions [57].

A priori and a posteriori error estimates of residual based minimization of linear
PDEs, using PINNs with soft constraints, have been derived by Shin et al. [88]. This
shows that a minimizer of (3.4) is actually a physically meaningful approximation
to the true solution of the PDE. Extensive research was done on the balancing of
the different loss terms in soft constraint PINNs in order to find a good trade-off
between computational cost and performance. In [93] it is shown that gradients of
different loss terms can be very unbalanced, leading to poor convergence. Therefore,
a balancing algorithm is proposed in [93] which is based on the neural tangent kernel
(NTK) perspective. Another approach is a self adapting loss, which was proposed in
[100] and is able to outperform classical PINNs for various problems. An important
insight of NTK theory is the existence of spectral bias of PINNs. The eigenvalues of
the NTK rapidly decay, which leads to extremely slow convergence of high frequency
components of the target function [95]. Fourier Feature Networks are more capable
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of learning such high frequency solutions [92, 94]. Quadratic Residual Networks [12]
might be another important network architecture to capture higher non-linearities
and achieve better performance.

Another example of PINNs would be the minimization of some energy functional
with possible additional constraints in a penalty term, i.e.,

Ew) = /Qg(uw(a:))dm + Penalty, (3.5)

where £ is the energy density.

To compute the respective integrals of the objective function accurately, one
could for instance choose some quadrature rule. For arbitrary geometries it is usu-
ally easier to use Monte Carlo integration and select a set of collocation points
S ={xz;li=1,...,N} C Q, drawn from some distribution, to approximate the
integral. A comprehensive study of different sampling strategies, as well as resid-
ual based sampling algorithms, is given in [98] for various problem settings. It can
be seen that quasi-random low discrepancy sequence leads to a lower relative error
and importance sampling [60] further improves the performance and convergence of
PINNs. However, this study does not take into account hard constraint PINNs (see
section 3.2.2), but it is expected that these results also hold. For an energy func-
tional as (3.5), where the energy density is non-zero, and the sampling distribution
is non-uniform, importance sampling can be applied.

The main challenge is the minimization of the objective function. This is usu-
ally done with some variant of stochastic gradient descent, as well as second-order
optimization methods like L-BFGS or Trust-Region. Further, hyperparameter op-
timization is a very challenging task for PINNs. It is not clear how to choose the
perfect architecture to match the task at hand, and there is very little research re-
garding this issue [86]. Overparametrization of the model is usually required to gain
accuracy, resulting in a more complicated optimization problem which becomes more
ill-conditioned with a growing number of parameters. On the other hand, overfitting
does not seem to be a particular problem for PINNs, since one can always increase
the number of samples. But empirical tests suggest, that even for a small sample
size, the model is still not very likely to overfit.

Example 3.1. Given the Poisson equation on £ = (0,1)?

—Au = sin(27z ) sin(27z2) in Q

(3.6)
u=20 on 01,

and use a PINN u,, with the architecture given in Table 3.1. The analytic solution
of this problem is

sin(27xy)sin(2wzo)
872 '

u(zy,x2) =

(3.7)
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Layer | Activation | Input shape | Output shape

Dense tanh 2 16
Dense tanh 16 16
Dense | identity 16 1

Table 3.1: PINN architecture for the ansatz of equation (3.6)

Figure 3.2: Collocation points for problem (3.6).

The objective function is

Nq Noq

1 4
Lpivn(w) = o Z | Aug,(z) + sin(2mzy) sin(2mzs) |2 + Moo Z lug, ()%, (3.8)
1=1 1=1
Lppr(w) Ly (w)

where Ng = 1024 and Nyg = 256 are the number of collocation points within the
domain and on the boundary, respectively. Figure 3.2 shows those collocation points.
Those are drawn from Sobol sequence [89]. The objective was minimized with a Trust
Region optimizer, where the stopping criteria, |V Lpinnll2 < € = le — 4, was used.
The solution as well as the error is shown in Figure 3.3 and the training curve is
shown in Figure 3.4. It can be seen that the main error comes from the fulfillment
of the boundary conditions.

3.2.1 Conditional PINNs

The curse of dimensionality presents a significant challenge in various computational
tasks, including the modeling of complex physical systems. As the dimensionality
of the problem space increases, traditional numerical methods encounter escalat-
ing challenges due to the exponential growth in computational and data storage
requirements. This phenomenon significantly impacts the accuracy scalability of
these methods, often rendering them impractical for high-dimensional problems.
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PINN solution Analytic solution Absolut error

0.016 0.016
0.012 0.012
0.008 0.008
0.004 0.004
0.000 0.000
—0.004 —0.004
—0.008 —0.008
-0.012 -0.012
—0.016 -0.016

Figure 3.3: Solution of a PINN, with architecture given in Table 3.1, for the 2d
Poisson problem (3.6).
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Figure 3.4: Training curve of a PINN, with architecture given in Table 3.1, for the

2d Poisson problem (3.6) with a Trust Region optimizer. The stopping
criteria, |V Lpinn|l2 < € = le — 4, is reached after 317 steps.
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Layer | Activation | Input shape | Output shape

Dense gelu 7 20
Dense gelu 20 20
Dense gelu 20 20
Dense | identity 20 1

Table 3.2: Conditional PINN architecture for the ansatz of equation (3.9) with 6
conditional parameters. The model has only 1021 trainable parameters.

In contrast, physics-informed neural networks (PINNs) offer a promising alterna-
tive for addressing the curse of dimensionality in the context of physical modeling.
Since the linear ansatz function of traditional methods is replaced by a more pow-
erful non-linear model, there is no exponential growth with respect to the model
parameters. The model simply learns a set of parameters which represents the full
manifold of solutions and hence provides a flexible and data-driven approach to
model complex physical systems across high-dimensional spaces. This is termed as
Conditional PINN [48].

Example 3.2. Consider the following differential equation with mized boundary
conditions:

d?u 9
@:1—2x for x € (0,1)
du
alu(O) + 5[&(0) =M, o) € [087 1}7 Bl € [_170]7 QS [Ov 1] (39)

ahu(l) + Bh%(l) = Yh, op € [087 1]1 Bh S [Oa 1]7 Yh € [07 1]

The explicit solution is given by

2 $4

T
—atbrt+l T 1
u(z) =a+ T+ 5 (3.10)

with
_ vilan + Br) — Bilyw — (o + Br)/3)
apap + Sy — Brag

- ar(vn — (an + Br)/3) — man
ajap + o By, — Biay,

To solve this problem with a traditional method, e.g., finite differences, one would
choose a discretization for the domain and each parameter dimension. Therefore,
the number of parameters would be in O(h"), for a discretization size h. Instead, by
using a PINN ansatz uy, as in Table 5.2, there are only 1021 trainable parameters. To
train this conditional PINN model, the parameter space is sampled, and the strong
residual is computed for all collocation points. The final objective function is the
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mean over the collocation points, as well as over the set of sampled parameters C,
i.€.,

d2uw 2
Lpinn(w |C| Z Z < (zi; ¢i) — 1+ 295?)

CGC

2
+ (aluw(O Cz)-i-ﬁl (0 i) — fyl) (3.11)

2
+ (ahuw(l cz)—Fﬁh dx “(1; ¢) — ’Yh) ;

where ¢; = {ay, B, Vi, Oh, Bryyn} Figure 3.5 shows the solution for multiple different
parameters for a single PINN model, as in Table 3.2. In particular, the PINN was
trained on 200000 patches with a batch size of 100 and each parameter was drawn
from a uniform distribution. With N = 100 equidistantly spaced collocation points,
the training was performed with a AdamW optimizer [55] and exponential learning
rate decay of 0.1. The learning rate was 10~3 at the beginning and reached 10> at
the end of training.

Example 3.2 should demonstrate the clear advantage of PINNs over traditional
numerical methods for high dimensional problems, as well as parameter dependent
PDEs. Even a very complex solution manifold can be compressed by the low para-
metric representation of a neural network.

3.2.2 Hard constraint formulation

Another line of research, contrary to soft constraints, is the hard constraint formu-
lation. Boundary conditions are exactly imposed on the architecture of the PINN.
Hence, the optimization problem becomes unconstrained and is easier to solve in
many applications. For problem (3.3) we can define the model as [78]

uy () = {(x)lu(z) + §(x), (3.12)
where

serves as an indicator function and 4, being a neural network. The function § should
interpolate g on the boundary and be well-defined within the domain. Instead of
(3.4) we can minimize just Lppg since L is zero. One could use a separate neural
network to learn § as in [87] or use other means of interpolation, such as transfinite
interpolation [74, 19]. The former is particularly useful if ¢ is not analytically known
and only pointwise data is available.

There are many choices to construct ¢, but as noted in [91] it is useful if £ is a good
approximation to the exact distance function in the vicinity of the boundary (see
section 4.1). In section 5.3 we see how this property leads to a practical simplification
for the computation of the stray field.
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Figure 3.5: True solution and predicted solution of a conditional PINN, as in Ta-
ble 3.2, of equation (3.9) for different parameters.
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Figure 3.6: Training curve of the hard constraint PINN model (3.14) with the archi-
tecture of 4, given in Table 3.1 for the 2d Poisson problem (3.6).
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Example 3.3. Consider again the Poisson equation from FExample 3.1. The same
set of collocation points within the domain is used, and the boundary condition is
satisfied with an ADF { which is normalized to first order (see Chapter J.1). The
model ansatz

Uy (21, 72) = (21, 22) U0 (71, T2) (3.14)

was used to train a hard constraint PINN with the architecture of i, given in Ta-
ble 3.1. A Trust Region optimizer is used to minimize the objective Lppg from (3.8)
with the same stopping criteria (||V,Lppgl|2 < €= 1le—4).

Figure 3.6 shows the solution of the hard constraint formulation and Figure 3.7
shows the training curve. The quality of the solution is considerably higher compared
to the soft constraint PINN in Example 3.1 (see Figure 5.3). On the other hand, it
can be seen that the optimizer needs much longer to reach the required tolerance.

3.3 Physics-Informed Extreme Learning Machines

An Extreme Learning Machine (ELM) is a type of neural network that contains
only a single hidden layer. The input data is randomly mapped onto a latent space,
meaning that only the output layer requires training. Formally, for an input « € R?,
an ELM with M hidden nodes and a scalar output can be described as

M
ug(x) =Y pioi(x) = B z(w), (3.15)
i=1
where z represents the latent embedding of the hidden layer. For instance, o; can
be given by

o an affine map followed by a nonlinear activation o, i.e. 0;(x) = o(w! = + b;),
where the input weights (w;, b;) are drawn from some distribution,

o a radial basis function, centered around a point w; € Q, ie. oi(x) =
exp(—y|l® — w;||?) with kernel parameter ~,
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Figure 3.7: Training curve of the hard constraint PINN model (3.14) with the archi-
tecture of @, given in Table 3.1 for the 2d Poisson problem (3.6) with a
Trust Region optimizer. The stopping criteria, |V, Lppg|l2 < € = le—4,
is reached after 1379 steps.

e or a basis of a B-spline function, leading to a sparse linear regression problem.

Figure 3.8 shows the architecture of an ELM. Note that also an intercept term could
be added to the output layer.

If the MSE (3.2) is to be minimized for some training set & = {(z;,v;)|i =
1,...,N} CR? x R,

MSE(B ZﬁT z(x5) — )%, (3.16)

the solution is given by the least squares problem
HB =y, (3.17)
with
H;j=oj(x)
Yi =Y

for i=1,...,Nand j=1,..., M.

with the solution operator being the pseudoinverse H = (HTH)~'HT. If the size
of the system becomes restrictive, one can use an incremental method to train the
ELM [40]. Nodes are incrementally added to the network, in essence, using gradient
boosting to improve the model. On the one hand this reduces memory requirements
but increases the model size since B is far from optimal. In [39] it is proposed to
recompute the output weights of existing nodes using convex optimization. This
would drastically improve convergence. Application of a random Fourier mapping
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Figure 3.8: An Extreme Learning Machine with d-dimensional input «, M hidden
nodes and scalar output y where only the output parameter 8 is train-
able.

[103] might be beneficial in the presence of high frequency solution components,
hence reducing the required hidden layer size.

For an overparameterized model, computing the pseudoinverse can quickly become
an ill-conditioned problem. Adding a Ridge regression term p|/8]|? to (3.16) can be
very helpful in these cases. The simplest way is by modifying the pseudoinverse,
i.e., when computing the Singular Value Decomposition (SVD) H = USVT, with
singular values o1 > --- > oy, the regularized solution operator is given by

_ —17/T
Hl =VvS U, (3.18)

1 s . . . . —1
where S, ! is diagonal with the i*" diagonal entry given by S i = Oif (02 + p).

3.3.1 Quadratic programming

Any linear operator acting on an ELM only acts on the activation functions, trans-
forming the ELM into another ELM with different activations. For instance, the
Laplace operator applied to an ELM is

M
i=1
To solve a Poisson equation (3.3), the energy functional
) 1
min, / (5 IVu(@)|? ~ f(z)u(z))dz (3.20)
u€Hy JQ 2

can be minimized. Applying the same penalty term as in (3.4), this is known as the
Deep-Ritz Method [101]. Using a linear ansatz ug = M Bioi(x) with B € RM and
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some collocation points {y; € 09Q; for i = 1,... Ny}, the objective (3.19) can be
written in terms of a linear constraint quadratic program:

min £o(8) = 567Q8 b7

ﬂeRJ\J
subject to K8 = z,

(3.21)

with K € RNoaxM () ¢ RMXM ' ¢ RM and
Qij = / Vai(ac)TVaj (x)dx,
Q

b= | f@oi(@)da,
Kij = 0;(y;),
zi = g(y;).

This quadratic program can be computed efficiently and is particularly useful if the
domain, as well as the Dirichlet boundary conditions, are static since all quantities
but b can be precomputed. Especially if b only changes slightly, the previous solution
can be used as initial guess such that the optimizer converges very rapidly.

3.3.2 Hard constraint ELMs

Another possibility is the usage of a hard-constraint ELM ansatz, as in (3.12). The
indicator function £ only acts on the activation functions and the ansatz becomes

ug(x) = l(z)ag(z) + §(z) = BT l(z)z(z) + §(=). (3.22)

To solve (3.3) we can use this ansatz which always satisfies the homogeneous bound-
ary conditions

~Alt(@)ig(@) + §(x) = —BTA (U(2)=(2)) — Ag(e) = f(x) (3.23)
and find the best parameter 8 by minimizing

Lon(B) = [ 1B7A (te)2(2) + Ag(@) + f(e) Fda, (3.24)
or equivalently, by solving the system

HB =b, (3.25)
with

;== [ Alt(@)oi(@)A(w)o;(@))da. for i— 1. M

bi = [ f@)AU@)(@) + Aj@AU@)oi(e)dz 24T 1 M
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For a dataset of collocation points S = {x;|¢ = 1,...,N} C Q we can use
empirical risk minimization and use the objective

N
Leini(B) = 5 D187 A (Uwo)z(w:) + Aglee) + (i) (3.26)

The minimizer of (3.26) is given by the solution to the least squares problem
ApB =b, (3.27)
with

Ay = —A (K >f( D i=1,...,Nand j=1,..., M.

b, = ( i)+ Ag(x;)

If this system is not too large, the pseudoinverse A' defines the solution operator
and can be precomputed using SVD. The best parameter 8 for some right-hand side
f is then given by a simple matrix multiplication. If the problem is ill conditioned, a
Ridge regression term can be added. Further, for good performance and depending
on the hidden layer activation, the input might be rescaled to [—1, l]d.

Example 3.4. Consider once again the Poisson problem from FExample 3.1. The
problem was solved using an ELM with M = 64 hidden nodes and input weights
sampled from a Sobol sequence [89]. Figure 5.9 shows the distribution of the input
weights over the input space. The ELM is given by

ug 1‘1, 1'2 Z Bi tanh ’LU1 Z(xl 0.5) + 'LUQ’Z‘((L'Q - 05) + bz) (328)

Figure 3.10 shows the solution of the quadratic program (3.21) with Nyo = 64.
Figure 3.11 shows the solution of the hard constraint ELM ansatz (3.22) which was
obtained from solving (3.25). All integrals were evaluated with a Newton-Cotes for-
mula and 5" order Gauss—Legendre quadrature.

Howewver, in terms of accuracy, it is usually better to solve (3.27) instead of (3.22).
Empirical risk minimization often performs better than using some quadrature rule
for PINN training in general. Figure 3.12 shows the same hard constraint model, but
trained with a sample set drawn from a Sobol sequence with 256 samples and Ridge
reqularization with u = 1073, It can be seen that the error is significantly lower.
Figure 3.13 shows the error of the ELM (trained with (3.27)) in the Lo norm with
respect to the number of hidden nodes M. It can be seen that even for an ELM with
more hidden nodes than samples M > N, using Ridge regularization, the solution
is still becoming more and more accurate. Hence, training is more stable with this
approach. Also, it can be seen from Figure 3.13, that the convergence rate of the
ELM is about O(M~2). The loss of this convergence rate for M > 27 is most likely
due to ill conditioning, Ridge reqularization as well as single precision arithmetic.
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Figure 3.9:

Distribution of the input weights of the ELM (3.28) for problem (3.6)

over the input space. Note that the input space of the ELM has been
centered. The color represents the bias term.
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Figure 3.10: ELM solution of (3.6) with the quadratic programming ansatz (3.21).
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Figure 3.11: ELM solution of (3.6) with the hard constraint ansatz (3.22).
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Figure 3.12: ELM solution of (3.6) with the hard constraint ansatz (3.22) with em-
pirical risk minimization.
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Figure 3.13: ELM error with respect to the number of hidden nodes M.
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3.3.2.1 Kernel perspective

The regularized solution operator can also be computed with the dual formulation,
ie.,

AT = (ATA+ ul)7PAT = AT(AAT + uD) 7, (3.29)

by application of the push-through identity. This is equivalent to Kernel Ridge
regression (KRR) [59] with the kernel function given by

k(zy, o) = A (U(1)z(21)) " A (U(z2)z(x2)) . (3.30)

Thus, the kernel matrix is given by K = AAT.

There is a clear connection of ELMs and the low-rank KRR [77, 96]. Consider
a KRR with kernel function a(x;, x;) = (x;)Y(x;) - £(x;)(x;), where ¢ : Q —
Fa,x — (x) is a feature map which transforms the input to a reproducing kernel
Hilbert space (RKHS) and - denotes the inner product in this space. The regularized
physics-informed loss is given by

N
Lrnn(®) = = 3 (@) €+ Agled) + [@)P +p(E-€). (331
=1

Let 1y(x) = A (¢(x)1p(x)) and denote WU[S] as the matrix of size N x dim(Fq) which
holds the samples mapped to the RKHS

WIS = [e(@)] - [e(@n)]" (3.32)
The dual solution would then be given by
€ =U[ST(V[S]-V[S] + pul) b = U[S)T(G[S,S] + ul) b, (3.33)

where G[S,S] is the corresponding kernel matrix. If the kernel matrix G[S,S] is
now approximated with a low rank version of rank M, ie, G[S,S] ~ U[S]¥[S]T
with ¥[S] being a low rank matrix of size N x M of W, the solution operator
has the same form as for the ELM ansatz. The problem with this ansatz is the
computation of the Laplace operator, since it is not clear what the corresponding
kernel to A (¢(z;)y(x;)) A ({(z;)Y(x;)) should be. The ELM solves this by mapping
the input directly onto a randomized low-rank RKHS. The feature space mapping
\II[S] is directly given by the ELM’s hidden layer output.

In our experiments, selecting for instance a radial basis activation function with
{(z)o;(x) = £(z) exp(—7|x — w;|?) with w; € Q being the weight of the i** node of
the ELM, achieves similar performance to other activation functions, such as tanh or
gelu with the advantage that the weights can be drawn from the domain and there
is no intercept term required. For difficult functions, such as the approximation
of a vortex state with vector potential (see Section 5.5.3), this kind of ELM even
outperforms ELMs with other activations. The disadvantage lies in the selection
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of the kernel parameter v. Hyperparameter tuning could be performed to select
an appropriate value, but it is still unclear if the selected value would perform
equally well for different input functions f. It has been empirically shown that kernel
learning can achieve similar performance on various regression and classification
tasks [66]. Considering the activation o;(x) = exp(—(x — w;)TE(x — w;)), one
could learn the SPD kernel parameter 3 for even better performance with a smaller
model. This if left for future research.

3.3.2.2 Neural operator perspective

The physics-informed ELM can also be seen as a kind of operator network, like Deep
Operator Networks (DeepONets) [56]. A DeepONet G has the basic structure

G(x; ) = B(u) - T(x), (3.34)

where B is the so-called branch network and 7" the trunk network. The branch net-
work takes as input a function u (or discrete measurements of the function) and the
trunk network takes a point from the input domain. The result is given by the inner
product of the branch and the trunk. The DeepONet can the then be trained in a
physics-informed setting for various input functions u, sampled from some function
space for the goal to approximate the respective inverse operator. For an ELM and
the objective (3.26), the branch is given by B(f,g) = A'b(f,g) and the trunk by
T(x) = {(x)z(x). The main difference is, that only a shallow network is applied
and there is no complicated training procedure required for the determination of
the solution operator. Pre-training a DeepONet might be a versatile alternative
to ELMs. Especially, Graph Neural Networks [99] are of interest for the task of
learning the solution operator [52, 85, 15]. The main challenge lies in the training
of the model, which requires sampling from some function space. ELMs could be
utilized for efficient sampling of such a space. Especially, training of the branch
network can be challenging. But considering also the kernel perspective of ELMs, a
further question emerges. How does the optimal low-rank embedding look like for
some input function f. It is naive to think that a good embedding can be indepen-
dent of f and achieve good performance. One could condition the trunk network
on the function f with the neural network N (z, f(x);w) = z(x, f(x)) and let the
output S of the branch network be given in its implicit form A5 = b. The trunk, or
ELM embedding, could then be trained with SGD with the input functions f being
sampled from some function space. This kind of ELM could be able to learn highly
specialized low-rank kernel functions and remove the intricacy of training a branch
network by removing it completely. The drawback is that the solution operator
could not be pre-computed. However, if the low-rank approximation is good, i.e., M
is low, computing the SVD should not be too expensive and the computational cost
for evaluating the implicit branch network would be O(NM?). It is still unclear if
this approach works well in practice and is left for future research. If this research
shows successful, one could further condition the embedding on the Approximate
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Distance Function (ADF) and thus generalize to arbitrary geometries.

All in all, those seemingly simple ELM models are very powerful function approxi-
mators and are capable to solve quite complex problems with ease. For small scale
problems, the solution can be computed without the need of the weak formulation,
allowing a stable computation without preconditioning. However, for larger irregular
domains, it is still questionable how to select the input weights properly. A Gradient
Boosting technique could be applied to solve for consecutive small ELMs and the
error information might be applied as information for the input weight distribution.
Since ELMs are connected to KRR, a low-rank version of KRR could also be applied
with a Nystrom approximation of the kernel matrix.

Since the hard constrained ansatz formulation allows easy and flexible training of
PINNSs, the next chapter covers the construction of the required indicator functions
for arbitrary domains.

3.4 Second Order Optimization of PINNs

Most research focuses on gradient-based optimization methods to train PINN mod-
els. This approach is particularly powerful in high-dimensional sample spaces, such
as for conditional PINNs. However, PINNs are often trained in relatively simple
2D or 3D domains. In such cases, second-order methods can provide faster and
more accurate training. Despite their potential to improve convergence, achieving a
true quadratic convergence rate with second-order seems intractable. This difficulty
stems from the loss landscape of the objective function [69]. When model param-
eters are far from the optimum, the landscape is typically characterized by a high
number of saddle points, which exponentially increase with the parameter dimen-
sion M [18]. When optimizing an objective function f, the Newton method, which
uses the update —V2f(z)Vf(x), often converges quickly to such a saddle point,
making minimal progress. This phenomenon is directly linked to directions of neg-
ative curvature. While gradient descent naturally avoids saddle points, Newton’s
method dynamics are attracted to them because directions of negative curvature
correspond to ascent directions of the objective. Therefore, for training a PINN,
using the Newton search direction is a bad choice. Gradient descent, on the other
hand, easily gets stuck on large plateaus. The saddle-free Newton method [18] ad-
dresses this by replacing the Hessian V2f with |V2f|, where |V2f| is obtained by
taking the absolute value of the eigenvalues, thus converting directions of negative
curvature into descent directions again. The challenge in large-scale optimization is
that | V2 f] is not easily obtainable if only relying on Hessian-vector products (HVPs)
(see Section A.1).

Subspace methods, such as those in [5] and [35], though practical within a trust
region framework, showed to be inefficient because the random subspace is unlikely
to capture directions associated with small eigenvalues.

L-BFGS circumvents this issue with a positive definite approximation to the in-
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verse Hessian. However, this approximation can be poor, causing the optimizer to
stagnate on large plateaus in the loss landscape. In the trust region method (see
Appendix B), the Steihaug Conjugate Gradient (Steihaug-CG) (see Algorithm 7)
method also avoids negative curvature by halting iterations once negative curvature
is detected. However, in practice, the trust region is often exceeded before negative
curvature is encountered because the Hessian of a PINN loss typically has many
small positive eigenvalues. Especially for hard constrained PINNs as for instance
in Example 3.3, using a trust region framework is particularly effective for opti-
mization. Minimizing the quadratic subproblem automatically avoids saddle points
and allows effective minimization. Figure 3.14 shows a comparison of solving the
Poisson problem in Example 3.3 of the trust region method and L-BFGS. One can
see how L-BFGS stalls, while the trust region method achieves a much better op-
timum. Especially in the beginning, where large negative curvatures are present,
both methods converge very fast. Problems start to arise once the parameters are
closer to the optimum and the energy landscape becomes very flat. This results in
a very ill-conditioned Hessian matrix, which impedes further progress. A quadratic
convergence rate is not achieved, neither for the trust region method nor for L-
BFGS, although this can actually not be seen from Figure 3.14, since the minimum
is unknown.
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Figure 3.14: Comparison of the trust region method and L-BFGS.

Though, trust region performs better in this example, L-BFGS can also be very
efficient in other cases, such as computing a demagnetization process with a hard
constrained ansatz as in (6.8). It seems to be easier for L-BFGS to move along the
path of minimal energy.

One might argue that a quadratic rate is only given if the parameters are already
close to a stationary point. Further, the true solution usually does not lie in the
function space of the PINN model and numerical integration introduces further
errors. Therefore, a simple test was designed, where the true solution lies in the

32



same space as the model. This is done by using a random hard constrained PINN (2
hidden layers and 5 nodes per hidden layer) and use its Laplacian as the right-hand
side of a Poisson problem with homogeneous boundary conditions. The domain is a
square 2 = [—1,1]2. The parameters w = @ + ¢ with € ~ N(0,0.01%), with & being
the solution parameters, are used for initialization. Further, to mitigate errors from
Monte Carlo integration, a 5" order Gauss-Legendre quadrature scheme was used
for each tile in a regular 9 x 9 partitioning of the domain. The objective was then
minimized with a trust region framework with Steihaug-CG and double precision
until the gradient norm satisfied || VwZ|| < 1x10713. Figure 3.15 shows the condition
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Figure 3.15: Condition number of Hessian, gradient norm and objective value of a
hard constrained trial problem to test convergence.

number of the Hessian, the gradient norm of the objective and the objective value. It
can be seen, that the model parameters converge quickly to a critical point with the
same parameters as given by the solution model. Optimization quickly moves into a
positive definite region of the objective with a constant condition number of 2.5 x 108.
It can also be seen that even for this small toy problem, the Hessian is highly ill-
conditioned. So in principle, it could be possible to achieve better convergence rates
for PINNs, but we were only able to achieve this with this simple toy example. Also,
if the solution does not lie in the parameter space of the PINN, verification of the
convergence rate is difficult, since the minimum of the objective is a number bigger
than zero. However, for this toy example, the Hessian is positive definite, which
makes optimization easy. In more realistic settings, this will certainly not be the case
and the Hessian will be indefinite and almost singular. The Steihaug-CG method
does not effectively avoid saddle points in such a case, and a more sophisticated solver
might be the better choice. In this work, we still achieved highly accurate training
with this method. Interestingly, limiting the iteration number for Steihaug-CG can
perform better. It can also be seen from this toy example, that a good initialization
of the network can have a drastic impact on the convergence. Altogether, it is a very
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challenging task to find a global optimal solution for a hard constrained PINN and
that raises the question if there are better architectures with better conditioning or
if the objective function can be posed such that optimization is easier.

Efficient optimization schemes are critical for PINN training and remain one of the
main bottlenecks preventing PINNs from replacing traditional numerical methods.
Although there is extensive research on second-order optimization, efficient Hessian-
free second-order schemes are still rare and lack implementations. In this work,
a trust region method with the Steihaug-CG method as a subproblem solver is
applied. However, as discussed, there is significant room for improvement over the
results achieved in this work. Future research should focus on developing more
effective second-order optimization techniques that can better handle the complex
loss landscapes encountered in PINN training. Also, another line of research could be
the improvement of the network architecture such that the Hessian of the objective
is better conditioned.
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4 Constructive Solid Geometry

Parts of this chapter were previously published as [78, 76]. Permission for use has
been granted by the co-authors.

CSG offers a powerful framework for representing complex. Accurately represent-
ing the domains of PDEs, especially for complex geometries, can be challenging.
CSG provides a systematic approach to define intricate geometries through Boolean
operations on simple geometric primitives such as spheres, cubes, cylinders, and
their combinations. By leveraging CSG techniques, it is possible to efficiently gen-
erate detailed geometries that precisely conform to the requirements of PDE-based
simulations.

4.1 R-Functions

R-functions are a fascinating concept of CSG with a rich literature [83, 72, 82].
Implicit functions of the form ¢(x) = 0 are composed to describe geometric objects.
In principle, it is very easy to describe most geometric objects via implicit functions,
but often differential properties are essential for modeling, as is the case for physics-
informed machine learning. A R-function is a function whose sign is fully determined
by its arguments. Such functions can be interpreted as a form of Boolean algebra,
where a positive sign indicates true and a negative sign false. Using respective
logical predicates, those functions can be further composed and since Boolean logic is
closely related to set theory it is no surprise that geometric objects can be described
that way.

Usually the partition of the real axis is chosen to be {(—o00, 0], [0,00)}. Note that
0 is part of both intervals. This definition ensures continuity. If 0 would only be
part of one interval, logical negation would require a discontinuity at 0. However,
there are other definitions. For more details, the reader is referred to [83].

The simplest example of a sufficiently complete system of R;-functions, with their
Boolean companion function in parentheses, is

0=t (logical negation —)
01 N1 g = min({y, ly) (logical conjunction A) (4.1)
01 V1 by = max({y,ly) (logical disjunction V),

which corresponds to R-negation, R-conjunction and R-disjunction. For ¢; being
some exact distance function, the composition with R; results also in the exact
distance function of the composed object. Even though this system is not minimal,
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it is intuitive to define R-conjunction and R-disjunction for geometric modeling [82].
Logical negation is usually always given by real negation, hence, one only needs to
define conjunction and disjunction to form a complete system. All further operations
such as the difference, equivalence or xor operation can be constructed from those
primitives, together with their direct translation to set theory. We can write

1
min(fl,fg) = 5([1 + by — (51 — 52)2)
2 (4.2)
max(ﬁl,fz) = 5(41 + fy + (fl — 52)2)

to see that those operations are not differentiable along ¢; = ¢3. Especially in the
course of machine learning, where we are very concerned about differentiability, we
can generalize the system R; as

1
Rot ro(hitbot VB + 6 - 2ab1t), (4.3)
for -1 < @ <1 and (+4) defining R-disjunction and (—) R-conjunction. By now, the
purpose of the subscript 1 in (4.1) should be clear. For us, one important system,
due to its simplicity and its differentiable properties, is Ry

Ry: f01+45% \/f% + f% (4.4)

The derivative is well-defined everywhere but the origin (0,0). For more information
on different systems of R-functions and logic properties, the reader is referred to [83,
82, 84].

Since we are concerned about differentiability, especially in the course of AD, we
want to select a system of R-functions which satisfy some important properties.
Especially, when describing our respective domain €2, we want this function to be
differentiable everywhere within the domain. The systems Ry satisfy this condition
but R; does not. Differentiation of the system Ry with r(¢1,¢2) being either R-
conjunction or R-disjunction results in

¢ )
Opr=14——u i=12 (4.5)

and is well-defined, except at ¢; = fo = 0. On the boundary of the composed
function, where either ¢; = 0 or ¢; = 0 and the sign switches, we find that 0y, 7| im0 =
1 and the derivative with respect to the other variable is 0. In this work, we denote
the inward pointing normal vector by v and the outward pointing normal vector by
n = —v. We call £ normalized to the k*® order if it satisfies

Uopo =0, Dyllyg=1, Dypf| =0 fork=2...k (4.6)

where D, ¢ the directional derivative in direction v. This implies that the V{ = v,
which is a useful property for computation of the normal vector. If a function £ is
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at least normalized to first order, it approximates the exact distance function in the
vicinity of the boundary. We call such a function an approximate distance function

(ADF).

4.1.1 Exact imposition of homogeneous Dirichlet boundary conditions

For instance, to solve a homogenous Dirichlet problem, an ansatz function

0 ifxeco

u(x) = l(x)u(x), L(x)= { 0 ifxecQ (4.7)

where £ is a fixed indicator function, can be used. The approximation function
can be freely chosen such that w approximates «. In particular, for this solution
structure, it is important that the gradient V¢ does not vanish on the boundary.
In fact, there is the following theorem about the completeness for homogeneous
Dirichlet problems.

Theorem 1 (Completeness for homogeneous Dirichlet problems (Theorem 1 in
[73])). Suppose that Q is a bounded region of d-dimensional space with boundary
0N). Let k and r be positive integers (k > r) and ¢(x) be a function defined in an
open region that contains 2 and satisfying the following conditions:

1. E(m)‘xeaﬁ = 07 E(m)|az¢89 7& 07'

2. U(x) is k times continuously differentiable and its derivatives of order k satisfy
the Lipschitz condition,

3. V)| ,enq # 0.

If the function v(x) is k times continuously differentiable in the region Q and van-
ishes on the boundary OS) together with its derivatives up to order (r — 1), then for
any positive € it is possible to construct a sequence of polynomials P,(x) such that:

v =" Pallcro) <e (4.8)
where p=1,2,...,k.

Completeness for a hard constraint PINN solution follows from the universal ap-
proximation theorem of neural networks [38]. In [73] the completeness for inhomoge-
neous Dirichlet boundary conditions is shown as well. In our case, where r = 1, using
an ADF /¢ which is normalized to first order is therefore sufficient for the solution
structure of the Poisson problem (3.3).

We are only concerned about imposition of Dirichlet boundary conditions. But it
should be noted that R-functions can also be used to exactly impose higher order
or mixed boundary conditions by means of the generalized Taylor polynomial [71,
72, 91].
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Figure 4.1: Simple shape of circle with a square remove from its interior and the
corresponding ADF constructed with Ry.

4.1.2 R-Function modeling

To ensure that an implicit function £ is normalized to first order, one can use

14

4.9
2+ || Ve (4.9)

in order to derive a normalized version of £. This can be useful if we don’t know some
normalized version beforehand but can lead to a complicated ADF if £ is already
very complex. Therefore, the better approach is to construct the ADF from simpler
already normalized distance functions using the system Ry, since normalization is
preserved up to first order. To be more precise, the following theorem describes the
conditions for the directional derivative to be preserved.

Theorem 2 (Theorem 3 from [83]). Suppose that argument xz; appears in the R-
function f(x1,...,x,) only once and has an inversion degree of r. Let the functions
l1,y ... by be in C° and the boundary O = (f(l1,...,4n) = 0). At every regular
point p € 0N where

and some direction v, the following equality holds
[Dof(C1;- - ln)lly, = (=1)" (Dol -

When joining two ADF with R-conjunction or R-disjunction, it is important to
note that those ADF should not partially describe the same boundary, since the
resulting function will not be differentiable on this segment.

Example 4.1. Figure /.1 shows the construction of the ADF { of a circle with a
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Figure 4.2: Zero level-set of a randomly sampled convex grain. Each face is de-
scribed by its exact distance function. The ADF of the grain is given by
the conjunction of all exact distance functions. We sampled 24 normal
vectors and offsets from a uniform distribution to assemble the ADF.
The offsets are drawn from [0.9, 1.0].

square area removed from its interior using Ry, i.e.

Ecirc(w) =2 m
qu(il? = (5131 + 1) No (1 — ml)) No ((1132 + 1) Ao (1 . :122)) (410)

) = (
{= Ecirc \0 ésq = Ecirc Ao E

Example 4.2. For micromagnetic modeling, we could describe a single convex poly-
hedron (grain) by the normal vectors of its surface elements. FEach face could be de-
seribed by its exact distance function and the ADF would be given by R-conjunction,
i.€.,

(k) =—x -n;+b, fori=1,...,8,

(4.11)
=01 Ngbla No-+-Nols,

where S is the number of faces. The non-associativity is neglected since the ADF will
describe the same domain nonetheless. For the i" face, m; is the outward looking
normal vector and b; is the offset from the origin. Figure 4.2 shows a randomly
sampled grain.

A useful feature is the possibility to translate, rotate and scale the ADF without
losing any of its differential properties. For example, to translate any ADF in R by
a vector xg, we can apply the transformation & — x — xg. To rotate the shape in
Figure 4.1 counterclockwise by some angle, we can first rotate the input = (z,y)
clockwise by the same angle. To scale some ADF /() we can use £(x/s)s, where s is
the scaling factor. This preserves the gradient of £. Further, one could also project
the ADF onto some hyperplane or create the body of revolution from a 2d ADF.
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With those primitives, we can create a modeling language which works similarly as
OpenSCAD’s [62] modeling language and, hence, create a powerful framework for
CSG using implicit functions.

To establish a user-friendly framework for CSG with R-functions, one should
consider higher-order functions (HOF) from the functional programming paradigm.
That is, functions which accept other functions as arguments, apply some kind
of transformation and return an altered function. With this in mind, we can de-
fine HOFs for R-conjunction, R-disjunction, and R-negation for some system of
R-functions. All further operations can be composed of these fundamentals. All
transformations, e.g., translation, rotation, scaling, or extrusion can be abstractly
defined as HOF as well and work for any system of R-functions. With basic building
blocks, such as the ADF for a cube, a sphere, or a cylinder, the user can compose
the desired geometry. Further, R-functions are a great way to build toy problems
on complex domains, where the solution is given by the ADF.

Such a functional framework can result in poorly performant code when using an
interpreted programming language like Python. Since JAX offers just-in-time (jit)
compilation, we can use the XLA compiler to generate highly performant XLA-
optimized kernels of the ADF for the respective device. AD and jit compilation can
be arbitrarily composed. Listing 4.1 shows our modeling framework for a “Pac-Man”
Rfunction model. The final ADF can be jit compiled. Figure 4.3 shows the zero
level-set of the same ADF. This example should demonstrate the rich capabilities of
such a modeling framework to describe complex geometries.

Listing 4.1: Modeling of Pac-Man using R-functions.

unit_vec = lambda x: x / norm(x, axis=—1, keepdims=True)
mouth = r0.intersection (
lambda x: x @ unit_vec(jnp.array ([1., 0., —1.8])),

lambda x: x @ unit_-vec (junp.array ([1., 0., 1.8]))
)
left _eye = translate(sphere(0.25), [0.4, —0.5, 0.6])
right _eye = translate(sphere(0.25), [0.4, 0.5, 0.6])

pacman = r0. difference (sphere(1.), mouth)

pacman = r0.union (pacman, left_eye)

pacman = r0.union (pacman, right_eye)

pacman = r0.union(pacman, translate(sphere(0.15),
[1., 0., 0.]))

pacman = r0.union (pacman, translate(sphere(0.15),
[2., 0., 0.]))

pacman = jax.jit (pacman)

There are many other interesting concepts including blending or trimming [82]
which are not mentioned here but can be useful for some modeling applications.
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Figure 4.3: Zero level-set of Pac-Man from Listing 4.1. Visualization of the surface
was done with Marching Cubes [54].

4.1.3 Other systems of R-functions

For solving PDEs with a hard constraint ansatz as in (4.7), the system Ry will often
suffice. However, if the domain has sharp corners or edges (in 3d), it can become
an impediment for training since second order derivatives are unbounded. This can
impair model accuracy and training speed. Using another system of R-functions can
serve as a form of regularization by smoothing the ADF at those areas, i.e., reducing
extreme curvatures. For instance, the system R{' [82] is given by

RIV: b+ 0+ /B + B3 +053)%. (4.12)

With some small value m < 1, this system will smooth the shape of the ADF. Fig-
ure 4.4 shows the ADF of a square constructed with the associative Rj’-equivalence
operation ~,, i.e.,

lg(x) = @1~y (1 — 1) ~oy T2~y (1 — x2), (4.13)

together with the norm of the Jacobian [|Jy, ||2 and the Laplace Aly,. The Ry'-
equivalence operation is the material biconditional: ¢; ~,, lo = —({; ®, £2), where
@y, is the exclusive or operation.

For the system R, the curvature rapidly goes to infinity at the corners of the
square. This effect is reduced for values m > 0, waiving first order normalization.
But it can also be seen, that for very small values of m < 1, normalization is almost
preserved.
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Figure 4.4: ADF of a square constructed with the associative R{j'-equivalence oper-
ation, together with the Jacobian norm |[|.J,, ||2 and the Laplace Ay, for
different values of m (left m = 0, middle m = 0.2, right m = 0.5).
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Another possibility is to keep the ADF normalized, but to change the geometry.
Therefore, a blending system of R-functions can be used. For instance [82]

@%(Sp — I8pl)s (4.14)

B, : £1+£2i\/€%+£3+
with s, = ¢ 4+ (3 — p? will round the corners of the ADF but preserve the nor-
malization. Figure 4.5 shows again the ADF, together with the Jacobian norm and
the Laplace, of a square, but now constructed with the equivalence operation using
the system B,. It can be seen that the corners are rounded and normalization is
preserved. Also, the rounding of the corners reduces the curvature.

Another system, as a generalization of the Ry-system, is given by [84]

Ry: 01+ 0+ (& +B), (4.15)

for some even positive integer p. This comes from restating the triangle inequality
with the Ly,-norm. The system R, preserves normalization up to the (p— 1)th
It is differentiable everywhere, except the corner points.

order.

4.2 Sampled indicator functions

In order to construct an indicator function £ even for complex geometries, one can use
the method described in [87]. For that purpose, the boundary 02 of the domain is
partitioned into K segments {01, ..., 00k}, such that for each segment 0, there
is a non-adjacent segment 02, . For each segment, a spline function is computed
which satisfies

lk(az) =0 if x € 0O,
lk(:v) =1 ifx e 6Qk0, (4.16)
0 <lg(x) <1 otherwise.

According to [87], the indicator function is then given by

K
) =T 1- (1 - l(z)", (4.17)
k=1

where the hyperparameter p > 1 can adjust the shape of ¢. In [87], it is also
suggested to set u = K. The composition (4.17) could be problematic in some
instances, since it might not satisfy the third condition of Theorem 1. Therefore,
it might be better to use some system of R-functions in combination with (4.9) to
assure a normalized distance function.

To compute i, an inverse multiquadric radial basis interpolation [97, 87] is ap-
plied. For Nj sample points {x1,...,zn, } C 0Q U, , I is given by

1

+blx+e 4.18
T =) (4.18)

Ny,
le(x) = Zai N
i=1
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Figure 4.5: ADF of a square constructed with the associative B,-equivalence oper-
ation, together with the Jacobian norm ||Jy, [|2 and the Laplace Al
for different values of m (left p = 0.01, middle p = 0.1, right p = 0.2).
Values corresponding to negative values of the ADF were removed.
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The parameter e is used to adjust the shape of the basis function. In [87] it is
recommended to set e = 1.25R/y/N}, to maintain scale invariance, where R is the
radius of the minimal circle which encloses all sample points. The coefficients can
be determined by solving the following linear system

Ny,
Z A;r; — 07
=1

Ny,

=1

_J 0 if ¢; € 99, .
lk(ml)_{ 1 1fm1€39k0 y i=1,..., N,

which has a unique solution if all sample points are distinct. This construction of
the indicator function is applicable even for complex geometries and only requires a
point cloud representation of the respective surface of the domain.

The constructive modeling approach is a powerful tool for the description of com-
putational domains and, as seen in Chapter 3, can be used to build highly complex
ansatz functions which are capable to capture essential, natural or mixed boundary
conditions and to approximate the solution to PDEs on those domains. They can be
optimized in a physics-informed setting. In the forthcoming chapters, these implicit
functions are used to describe simple domains for micromagnetic modeling to solve
particular problems solely with a data-driven PINN approach.
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5 Magnetostatics with PINNs

Parts of this chapter were previously published or submitted for publication as [79].
Permission for use has been granted by the co-authors.

Magnetostatics focuses on the study of magnetic fields in systems with steady
currents. The fundamental equations governing magnetostatics are derived from
Maxwell’s equations and describe how magnetic fields are generated by steady cur-
rents and magnetic materials. Solving these equations typically involves complex
boundary conditions and interactions between magnetic domains, which has tradi-
tionally required numerical methods such as the finite difference method (FDM) [58]
or finite element method (FEM) [81].

Continuum mechanics provides a framework for describing the behavior of mate-
rials by considering them as continuous media. In the context of magnetostatics,
continuum mechanics principles are applied to model the continuous distribution
of magnetization within a material. This approach facilitates the understanding of
how magnetic fields interact with materials at a macroscopic level, accounting for
phenomena such as stress and strain in magnetic materials.

Recently, the advent of PINNs has introduced a novel approach to solving mag-
netostatic problems. PINNs can be used to model continuous magnetization con-
figurations. This approach not only simplifies the computational process but also
offers flexibility in incorporating additional conditional parameters such as exchange
length. Moreover, as described in this chapter, they can efficiently handle the com-
putationally intensive stray field problem by employing techniques like ELMs and
splitting methods, further enhancing their applicability to magnetostatic simula-
tions.

Overall, the integration of PINNs into magnetostatic modeling is an important re-
search topic, which could allow researchers and engineers to tackle complex magnetic
problems with improved efficiency.

5.1 The magnetostatic self-energy

An important aspect of magnetostatics is the calculation of magnetostatic self-
energy, which represents the energy stored in the magnetic field due to the mag-
netization of the material. This self-energy is a crucial factor in determining the
stability and equilibrium configurations of magnetic systems, influencing how mag-
netic domains form and interact.

The magnetostatic self-energy or demagnetizing energy E,; of a magnet Q C R?
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is usually computed via the stray field Hy; = Mgh, through [11]

M? M?
%i/mMM:%ﬁMm, (5.1)
Q

Eq(m) = —
where m € L%(R3)3 is the magnetization configuration, which is non-zero in the
bounded domain  and zero in the exterior domain Q° = R3\ €, M, the saturation
magnetization, o the vacuum permeability, hy € L?(R3)? the dimensionless stray
field and eg the reduced self-energy in dimensions of volume.

Accurate computation of the stray field is crucial for many numerical algorithms in
micromagnetism. This step enables precise mathematical modeling of magnetic sys-
tem behaviors, which is essential for designing highly efficient devices or permanent
magnets.

The stray field hy = —V¢q4 is the solution of the whole space Poisson problem

Apg=V -m inR3 (5.2)

for the scalar potential ¢4. The Poisson equation (5.2) follows from the magneto-

static Maxwell’s equations,

bd :m+hd
V.-bg =0 (5.3)
V xhg =0,

where by = Bg/(M;spo) is the (dimensionless) magnetic induction (or magnetic flux
density) By. The fields hy = hg(m) and by = by(m) depend (linearly) on m, but
we omit this dependency for the sake of simpler notation. The components by - n
and hy X n, with n denoting the outward unit normal vector, are continuous across
the surface of € [10]. The fields hg and by form a Helmholtz decomposition of the
magnetization m in whole space into a sum of an irrotational and solenoidal part
[10], which are L2-orthogonal in whole space, that is,

/]1{3 hd : bd dx = 0. (5.4)

Using this orthogonality and the relations by = m + hy in (5.3) one can express the
demagnetizing energy (5.1) in the equivalent forms

edhn):—ilﬂn-hddw::A;Hhﬂﬁdm

= [lm? = mbyde = [ JmlPde - [ 1b? da.
Q Q R3

where integration involving m is over Q only and [, ||m||? dz = V the volume of Q.
Opposed to hy being the solution of (5.2), the magnetic induction by = V x Ay is
the solution of the whole space vector Poisson equation

(5.5)

Vx(VxAy)=Vxm inR? (5.6)
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for the vector potential A4. There is freedom of gauge for the vector potential, since
one can add an arbitrary gradient field, i.e., by = V x (A4 + V¥). Usually the
Coulomb gauge

V-A;=0 (5.7)
is chosen, which reduces (5.6) to
AA;=—-V xm inR3 (5.8)

Splitting the interior and the exterior part of the scalar potential, ¢4 = gbfi”t in Q
and ¢4 = ¢S in Q°, (5.2) can be formulated as a transmission problem [14, 21]

—A¢pg=-V-m in Q c R?,
—Apg =0 in Q°,

[¢a) =0 on 0L, (5.9)
[Dnog) = —m-n on 012,

pa(x) = O (H;H) as |x| — oo,

The jump conditions [ -] describe the difference of the exterior and interior behavior
at the boundary of the magnet, i.e.,

[Galoa = (¢ = o")|

. (5.10)
[Dn¢d]8ﬂ = (Dn th - Dn Znt)‘

o’
Further, the normal derivative, with outward unit normal vector m, is denoted by
D,,. For (5.9) to be well-posed, the boundary 02 needs to be Lipschitz continuous.

For grain structure modeling, this is usually true. In the same way, the Poisson
equation of the vector potential (5.8) gives [21]

AA;=-V xm in €,

AA; =0 in Q°,

[Ag4] =0 on 01}, (5.11)
[DnAgl=-mxn on 01},

<A%@»=0(1) as |z = 0o, j = 1,2,3,

]

The transmission problems (5.9) or (5.11) can be solved in different ways numeri-
cally. Finite element methods usually solve the weak formulation for certain splitting
of the potentials [32, 34, 81, 28], finite difference methods approximate the integral
representations of the solution [58],

([ Teml), [ ml) )
outo) = =5 (L = L My ) 12
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However, there are significant challenges in implementing this solution. Firstly, the
computation of the convolution integral across the entire domain is highly resource-
intensive. Secondly, obtaining the gradient of (5.12) is typically done with numerical
differentiation, which can lead to discretization and round-off errors. Recent neural
network methods take a mixed approach [78, 76]. In whatever way the solution
is obtained, the computation of the hg-field (or bg-field) is usually the most time-
consuming part in micromagnetic modelling due to its non-local nature [2].

5.2 Brown’s energy bounds

In the 60s, W.F. Brown suggested simple sharp bounds for the magnetostatic energy
only in terms of magnetostatic fields with no dependency on m, free from long-range
interactions [10, 11]. For any irrotational field h € L?(R?)? and solenoidal field
b € L?(R3)3 holds

/ HmHde—/ lh+m|?dz < eq(m) < / b — m|? dz. (5.13)
Q R3 R3

The upper bound is derived by adding [gs [|bs — b||? dz to the energy, while the
lower bound results from subtracting [gs [|ha — h||> dz from the energy [3] and using
bqs = m—+hg as well as the orthogonality of irrotational and solenoidal fields (5.4). In
order to compute the energy as well as the respective stray field hg, one can maximize
the lower bound with respect to a scalar potential ¢ for the ansatz h = —V¢.
Similarly, minimizing the upper bound with b = V x A with a vector potential A
gives the respective magnetic induction by in the optimum.

While those energy bounds have been shown to be applicable in a physics-informed
setting [47] in 2d, in practice however, the integration over whole space in the bounds
(5.13) causes problems. We will come back to this issue in Section 5.4. For now, we
will use those bounds to derive some basic results.

5.2.1 Weak formulation

A variational form of the transmission problem (5.9) involving the scalar potential
is derived by utilizing partial integration and the jump condition [D,¢4] = —m - n
at the boundary:

For m € (H'(2))°, find ¢q € X, such that for all ¢ € X there holds

5.14
/ ngd-ngSdm:/m-qudm, ( )
R3 Q

where X is a suitable weighted Sobolev space [75] which incorporates the continuity
across the boundary and the decay behavior. There exists a unique solution of (5.14)
in Xy [75]. Solving the weak form (5.14) is equivalent to maximizing the following
functional over X

ep(P; m) = _/RS IVo|? da + Z/Qm -Vode. (5.15)
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The variational formulation for the vector potential is derived similarly, using the
jump condition [Dp A4l = —m X n:

For m € (H'())’, find Ay € X4 such that for all A € X4 there holds

(5.16)
/SVAd:VAdw:/m-(VxA)dm,
R Q

where VA, : VA = Tr[V(A4)TVA] denotes double contraction. Solving (5.16) is
equivalent to minimizing

ca(A: m) :/Q||m||2da:+/Rg ||VA||2dx_2/Qm.(vXA)dm (5.17)

over X4, where [, |/m|/?dz is a constant and |[VA|?> = VA : VA.
The energy functionals (5.15) and (5.17) correspond to the lower and upper bound
of (5.13)

eg(9; m) < eq(m) < ea(A; m). (5.18)

In numerical computations, we do not actually solve the potential equations in
the infinite dimensional spaces above, but rather assume a (finite dimensional) ap-
proximation space )Z'¢ C Xg. Hence, assuming an exact solution q~5d € )Z'¢ with
hg = —V¢g of the corresponding weak form (5.14), that is, we solve the (Galerkin)
problem:

for m € (H'())°, find ¢q € X, such that for all ¢ € X4 there holds

- (5.19)
/ Vogq-Voda = / m - Vode.
R3 Q
Or, equivalently maximize the energy functional (5.15) over )~(¢,
¢q = arg max ey(¢; m) (5.20)
$eX,
Applying this solution to (5.15) gives
o m) == [ m-hade. (5.21)

Therefore, by using L2-orthogonality (5.4) and the first relation in (5.3)

lea(m) — eg(Ga; m)| = ]/Qm~(hd—l~zd)da:] _ \/Rg hy- (hy — hy)dz| (5.22)

and the Cauchy-Schwarz inequality, the error of the self energy can be bound by

1

lea(m) — eg(da; m)| =0 2
e < ([ Iha—halPaz) (5.23)
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With the same line of reasoning, for an exact solution Ad with Bd =V x gld of
(5.16) on a finite dimensional subspace X4 C X 4, one finds

1

|€d(m)—eA(;1d; m)| T 1
\/fg Im|2dx — eq(m) : (/nw Iba = bdl ) - (5.24)

Therefore, the deviation of the energy values can be estimated by the LZ-error
resulting from the respective field computation.

Further, since the exact solution on an approximate solution space of the weak
form is in the infinite-dimensional spaces X4 and X4 respectively, the self-energy
for the scalar potential is underestimated while the energy for the vector potential
is overestimated, i.e.,

—/ m-ade < ey(éa; m) = ea(m) = ea(Ag; m) g/ lm|? —m-byda (5.25)
Q Q

However, our assumption of an exact solution of the approximate formulation is
not realistic in numerical computations in general, where the whole space problem
(5.19) will hardly hold exactly, and likewise (5.21). Hence, (5.25) might be violated
from both sides. Nevertheless, in this case where we assume only an approximation
5 ~ %d and A ~ Ad, the lower and upper bounds are still guaranteed to hold,

e(¢; m) < eq(m) < ea(A; m). (5.26)

For the evaluation of the self-energy, it is necessary to compute the stray field
or the magnetic induction within the magnetic domain. However, this requires a
solution to the whole space problem (5.9). One could for instance use a truncation
approach and minimize the upper bound in (5.13). In [47] this was done in 2d.
In 3d, however, it turned out to be much more challenging, and we were not able
to verify this approach. This could be due to the jump conditions which are not
automatically satisfied. Especially the jump in the normal derivative can not be
satisfied with a simple neural network ansatz. It might be possible if those conditions
are incorporated into the minimization problem. Even though the resulting objective
would not be a lower or upper bound, the optimization of this functional would still
give the same result. An easier and more flexible approach is described in the
following section.

5.3 Splitting ansatz of Garcia-Cervera and Roma

To find a solution to the whole space transmission problem (5.9), it can be expressed
as two easier sub-problems which only require the solution within the magnetic
domain. Therefore, the splitting ansatz of Garcia-Cervera and Roma is employed.
It can be used for the scalar and the vector potential alike. For the scalar potential,
it is split into two parts ¢ = ¢1 + ¢ with
b1 = i in 0 by = it in Q)
P70l gt inQ° 7 27 | g5t inQ°
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and ¢, ¢i" € HY(Q) and ¢$*t, ¢5* € H, lloc(ﬁc).

The component ¢; satisfies the homogeneous Dirichlet Poisson problem, i.e.

—A¢pI"™ = -V .-m  inQ,

P =0 on 00 (5.27)
Pt =0 in Q°,
whereas the second component ¢ fulfills the Laplace equation
—Apit = in Q,
— A5t = in Q°,
[¢2] = 0 ‘ on 897 (528)
[Dn¢2] =-m-n+ Dn¢21nt on 952,
1
ext
(@)= O () as ||| — oo,
? ]|

It is easy to verify that a solution to (5.27) and (5.28) satisfies the jump conditions
in (5.9) since [¢1] = 0 and [Dp¢p1] = — Dy ™.
The solution of (5.28) can be expressed with the single layer potential

¢5" () = ¢y (x5 b1, m) = 1/ (m - n = Do) (y) ds(y). (5.29)

4m Joo I — yl|

Likewise, the vector potential can be split in A = A, + Ao with
AA™ = -V xm inQ,

At =0 on 09 (5.30)
A5 =0 in Q°,
and
AAT =0 in Q,
AAS =0 in Q°,
[AQ] =0 ‘ on 89, (531)
[DpAz] = —m xn+ DA™ on 012,

(AS); () = <H ”> i=1,2,3, as|z| — oo,

The solution of AS™ is then given by

Aeazt( ) A (:B Amt ) — 417T/BQ (m X 71‘/‘;?7;1‘?1171 )(y) ds(y) (5'32)

With the single layer potential, the solution of the exterior domain can be pro-
jected onto the boundary. Only the interior domain €2 needs to be considered and
therefor, from now on, we dismiss the superscript int and ext.
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To compute a solution to the stray field, one could proceed as follows. First,
compute a solution ¢ to (5.27). Second, use the retrieved solution to compute
@2 with (5.29) and third, compute hg = —V(¢1 + ¢2). The computation of the
stray field with a hard constrained ELM ansatz is summarized in Algorithm 1. To

Algorithm 1 Computation of the stray field with a hard constrained ELM ansatz

Require: Magnetization m, ADF ¢ : R?® — R, ELM embedding z : § — RM,
collocation points {x1,...,xy} C Q and Ridge regularization parameter p

Phase 1 — Precomputation:
Aijj = -Al(x;)z(x;)j) fori=1,...,Nand j=1,...,. M

USsvT = A > compute truncated SVD
At =V S(S? + ul)~tUT > compute solution operator for ¢;

Phase 2 — Computation of ¢;:

b=—-V -m(x;) fori=1,...,N > compute right hand side
B=Ab

o1(-) =BT0()z(-) > approximate solution to ¢;

Phase 3 — Computation of ¢:

$o(-) = ¢u(-3 01, m) > ¢9 is given by the single layer potential (5.29)
Phase 4 — Automatic Differentiation:

hq=—V(¢1 + ¢2) > compute stray field with forward mode AD

compute the magnetic induction, one would use (5.30) and (5.32) instead. If one
uses a more complicated network structure than an ELM, the computation of ¢
needs to be replaced with the respective minimization problem. Alternatively to
solving the single layer potential, one could compute the Dirichlet boundary data to
train a PINN or an ELM to solve the respective Laplace problem (5.28).

Section 3.2 explains in detail how to solve a problem like (5.27) with PINNs.
Especially the hard constraint formulation ¢ () = £(z)¢1(x) (see section 3.2.2) is
of interest. Here, £ is an Approximate Distance Function, normalized to first order,
ie., = Vl|yq = nlyq (see chapter 4.1), and ¢1 is a neural network model. With this
ansatz, equation (5.29) simplifies to

1 (m-n+ ¢1)(y)
I

P = 4 EE

ds(y). (5.33)

In this work, this integral is solved numerically. Numerical integration can either
be performed with a Monte Carlo approach, as in [78], or with integration over
surface elements forming a partition [76]. The latter method has the advantage
of being more cost-efficient and accurate. Also, it allows for a pre-computation
step, which significantly reduces computational work during the actual computation.
The surface is partitioned into K surface elements 90€2; for ¢ = 1,..., K and the
surface charges are approximated with a Taylor expansion of order p around a point
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y; € 08);, for each element i =1,..., K, i.e.,
— Daf @z — \« —
faw)= Y TI0 w gye o - pir, (5.34)

la|<p

where o denotes the multi-index with |a| = a1 + a2+ a3, a! = a1l as! as! and mixed
derivatives

olelf

DY¥f = —
/ 0x (' 0x5?0xs®

(5.35)

Using th~is expansion for the single layer potential (5.33) with charge f(y) = m(y) -
n(y) + ¢1(y) results in

[ [y o D) [ (- w)° R
P2(x) —84 mds(y) Y > o / ds(y) = F: Z(x).

i=1 |a|<p o0, lz -yl
(5.36)

Let us refer to F' as the charge tensor and Z as the surface tensor.

Both have shape of K x T', where T is the number of terms in the Taylor series.
For a fixed geometry, this representation has the advantage that Z can be pre-
computed for each sample & € S. The result is given by double tensor contraction,
which can then be done in O(K). Since the stray field requires the computation
of the gradient of ¢, we can also pre-compute the Jacobian of the surface tensors
JZ of size (N x T x 3). The gradient is then given by Veqo(x) = F : JZ(x). This
can be done either analytically, but the more convenient way is to use automatic
differentiation, which is of course also used to compute the partial derivatives of
F'. In our implementation, we only use a second order Taylor series approximation,
but higher order approximations can be derived the same way. The computational
effort of repeated automatic differentiation grows exponentially O(2P). Therefore,
for higher order approximations, one can use Faa di Bruno’s formula [16] to auto-
matically compute higher order derivatives efficiently using JAX‘s experimental jet
feature [8]. This would reduce the computational complexity to O(p?). However,
for second order approximation, this does not lead to major improvements. The
quality of the approximation depends on the accuracy of the Taylor series within
each surface element, as well as the solution to ¢1. Storing this tensor may require a
lot of memory, but handling large datasets is of key importance to machine learning
applications and if memory is of concern, one can use out-of-core execution.

If the dataset S has a specific structure, e.g., lies on a tensor grid, this computation
can be further accelerated by means of FFT or for non-rectangular geometries by
Non-Uniform-FFT (NUFFT) [28]. Also, for rectangular geometries, one can use
exponential sum approximation to reduce the computational cost [9, 20]. In our
case, where the dataset is scattered across the domain, such accelerations are not
easily available, although recent advances with hypernetworks [44] could be very
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significant. With parallel computing, however, on modern GPUs, the evaluation is
still very efficient if done naively. Especially, in the course of SGD it is only required
to compute the stray field for a mini batch of the dataset, hence computational
complexity is O(NB), where B is the batch size.

5.4 Evaluation of the energy bounds on the finite domain

For our numerical experiments, we are interested in the evaluation of the lower energy
bound (5.15) and the upper energy bound (5.17). In principle, a truncation approach
could be used to evaluate the respective whole space integrals, but this still requires
a very big domain outside the magnet and further introduces a truncation error. In
the previous section, we used the splitting ansatz of Garcia-Cervera and Roma to
derive a solution to the whole space transmission problems (5.9) and (5.11). This
splitting ansatz can also be used for the computation of the energy bounds without
considering the external domain Q°.

Two important properties can be used to derive a version of the lower bound
(5.13) on the finite domain:

Lemma 3 ([21]). Let ¢1 € HE(Q) and ¢ € (Hl(Q) X Hlloc(ﬁc)) solving the Laplace
equation. Then we have
(i) The gradients V¢1 and Vo are L?-orthogonal, that is,

/Q V61 - Vo da = 0. (5.37)

(ii) Let ¢ be as in (5.29), then the L%*-norm of Vo can be expressed as a double
surface integral

/ Vo |? dz :/ (m -1 — Do) ds(a). (5.38)
R3 o0

]

Using the splitting of Garcia-Cervera and Roma ¢ = ¢1 + ¢2 with ¢y € H ()

and ¢2 = ¢, (x; ¢1, m) being the single layer potential (5.29), as well as property
(1) and (é¢) from Lemma 3 and applying it to the energy functional (5.15) yields

ep(d1; m) = —/Q HV¢1H2dw+2/Qm-(V¢1+V¢2)d:c—/(m(mn—Dn@)-(ﬁg ds(x).

(5.39)

Note that ¢ does not satisfy the Dirichlet Poisson problem (5.27) here, but is a free
function. The surface integral can be transformed into a volume integral using the
divergence theorem, together with property (i),

/ (m -1 — D) - do ds(x) :/(V-m)¢>2+m-V¢>2—(A¢>1)¢2dw (5.40)
o0 Q
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Lemma 3 can be restated for the vector potential, consequently, the upper bound
(5.17), with Ay = A, (x; A1, m) as in (5.32), can be written as

ea(A;m) :/ |m||? dee —|—/ IVA;|?dz — 2/ m- (V x (A1 + Ag)) dx
Q Q Q
(5.41)
+ (mxn— DpAj)- Axds(x).
0N

Again, it is possible to write the surface integral as volume integral like
/ (mxn—DpA,)-Ay ds(x) = — / (Vxm)-Ag—mn-Vx Ag+(AA)-Ag da. (5.42)
o0 Q

Especially for numerical integration of the single layer potential it is useful not to
integrate over the surface, but the volume instead since singularities are easier to
control.

Further, for the unique solution of (5.27), ¢4 = ¢1 + ¢2 defines the unique solution
of (5.9). The field —V (1 + ¢2) defines the stray field hy, where the energy eg(m) =
— Jom - hgdx can also be expressed as [21]

eq(m) :/Q\|V<bl|]2da:+/m(m-n—Dn¢1)-¢2ds(y). (5.43)

5.5 Results

This section includes results of scalar and vector potential for simple domains, and
also computes the energy bounds (5.15) and (5.17), with the respective formulas,
(5.39) and (5.41), introduced in this section. Algorithm 1 is used for the computation
of the scalar potential and the respective stray field. An analogous version of the
algorithm is used for the vector potential. Further, in Section 5.5.2, ¢1 and A; are
also modelled via PINNs to have a comparison to the ELM solution.

5.56.1 Outward magnetized sphere

As a first test for the computation of the micromagnetic self energy and Algorithm 1,

we considered a spherical magnetic particle with radius R = 1 and outward facing

magnetization m(x) = x/||x|| centered at the origin. The exact solution to the
scalar potential is given by
lz|| =1 inQ

= — 44

¢ { 0 in Q°. (5.44)

For this example, the scalar potential is zero at the boundary, hence ¢4 = ¢ and

¢o = 0. The energy is therefore eg = %ﬂ. However, ¢o was also included in the

numerical test since errors in ¢; will propagate. The solution of ¢; was computed

with a hard constraint ELM with the ADF /(z) = (R? — ||=|3)/2R), i.e.,

$1(x; B) = U(z)d1(x; B), (5.45)
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where ¢, is an ELM model. Therefore, the full model for the scalar potential is
given by

dpLm(@; B) = d1(; B) + du( d1(+5 B), m) (5.46)
The stray field was then computed with AD in forward mode
hepyv(®; B) = =VopLu(x; B). (5.47)

From this PINN solution and the exact solution, the error of the scalar potential
and the stray field was computed.

To compute the single layer potential, the surface of the sphere was parameterized
by

sin(p) cos(19)
s(p, ) =R sin(gp)(sir;(z?) v € [0,7], ¥ €[0,2mn]. (5.48)
cos(yp

The input space [0,7] x [0,27] was partitioned into 8 x 8 equal spaced tiles and
mapped onto the surface of the sphere. For each sample point of the domain, the
surface tensor was pre-computed with a 4™ order Gauss-Legendre quadrature and
the charge tensor was evaluated for the center points of the tiles in the parameter
space [0, 7] x [0, 27]. A second order Taylor expansion was used for the computation
of the source tensor. The training data was drawn from a Halton sequence [36]. In
total, there were 4096 collocation points which are uniformly drawn from [0, 1]® and
uniformly mapped onto the sphere with the parametrization

cos(9)y/1 — p?
2(r,0,9) =7 | sin(W)V/I—¢2 |, p=2x-1,9 =212, r = R¥x3, x € [0,1)>.
¥
(5.49)

The ELM solution was computed for a variable hidden layer size M € {8, 16,32,
64,128, 256,512,1024}. The ELM weights were drawn with a Halton sequence from
[—2,2]*, where the 4" dimension stems from the bias term of the ELM. A gelu
activation function was used for all ELMs. Figure 5.1 shows the solution of the
scalar potential as well as the absolute error of an ELM with 256 hidden nodes. It
can be seen that the ELM has problems to approximate the solution at the center,
since the solution is not smooth at the origin, but the model is. This is a general
issue of the continuous PINN ansatz. The error plots for a varying number of hidden
nodes are shown in Figure 5.2. Also, the relative error of the energy is shown. The
magnetostatic energy was computed as in (5.5) with

4(8) = = [ m(@)- hpa(as B)da. (5.50)

on an independent validation data set of the same size as the training data set. It
was drawn from a Halton Sequence as well. It can be seen that the error estimates
(5.23) hold true.
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Figure 5.1: Solution in the x —y plane of the scalar potential for an outward magne-
tized sphere, computed with an ELM with 256 hidden nodes and gelu
activation function, together with the absolute error of the solution.

5.5.2 Flower state

The second test for the computation of the scalar potential, as well as the vector
potential, was a flower state in a unit cube [-0.5,0.5]2. The magnetization was given
by the normalized version of

1 . T
m(z) = (51312113, x2x3 + (5172333)5, 1) (5.51)

For the hard constraint model, the ADF

A~

Ux) = U(xy) ~o U(wa) ~o U(23), (x) = (4 0.5) ~¢ (0.5 — ) (5.52)

was used, where ~q is the Rg-equivalence operation (see Equation 4.13 for com-
parison). Again, a training set with N = 2!2 was drawn from a Halton sequence.
The ELM weights were also drawn from a Halton sequence from [—2, 2]4 and a tanh
activation function was used for the hidden layer. Further, an #s-regularization term
of i = 1072 was added to the ELM (see section 3.3). Each face of the surface is
discretized with 6 x 6 equal sized tiles, and a 10*" order Gauss-Legendre quadra-
ture rule was used to evaluate the single layer potential. The Taylor expansion was
again of second order. By Monte Carlo integration, the magnetostatic energy (5.5)
was computed with an independent validation set with 2'3 samples. Also, the lower
bounds (5.39) and upper bounds (5.41) were computed. The double surface inte-
grals were evaluated with (5.40) and (5.42). The results are shown in Figure 5.3.
The computed solution of the energy with respect to the scalar potential is denoted
with 62 and with respect to the vector potential with e;?. The reference solution is
0.1528[110 M %], which was computed with the demagnetization tensor method with
a discretization of 40 x 40 x 40 cells [2]. The upper bound is slightly lower than the
reference solution. This error originates from numerical integration. It can be seen
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Figure 5.2: Error plots of the scalar potential for an outward magnetized sphere,
computed with an ELM with gelu activation function for a varying
number of hidden nodes.

that the bounds and the respective solution converge to the same value, hence the
bounds, especially the lower bound, might be used as a validation metric for the
model. If the difference between the bound and the energy is too large, the model
performance is likely to be bad.

As a further test, the solution was also approximated with a hard constraint PINN
ansatz for the scalar potential as well as for the vector potential. The network struc-
ture given in Table 5.1. Figure 5.4 shows the energies and energy bounds during

Layer | Activation | Input shape | Output shape

Dense gelu 3 16
Dense gelu 16 16
Dense | identity 16 t

Table 5.1: PINN architecture for the flower state model. The output dimension was
t = 1 for the scalar potential and ¢t = 3 for the vector potential.

the training process. A trust region optimizer with Steihaug-CG as a subproblem
solver was used for training (see Appendix B.

Table 5.2 shows the computed self energies and energy bounds of the final model
of the PINNs and the largest ELMs with M = 1024, i.e., the rightmost values of
Figure 5.3 and Figure 5.4. It can be seen that the ELM and PINN both compute
the solution very accurately, but training time for the ELM was only a fraction of
a second, while for the PINN it takes minutes. However, this strongly depends on
the optimizer and the required accuracy.

5.5.3 Vortex state

For this test, a vortex state within a cubic domain is solved via vector potential.
The scalar potential is not considered since it has a trivial solution ¢; = 0. The
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Figure 5.3: Magnetostatic energy and energy bounds (5.39) and (5.41) for a flower
state computed with an ELM with a variable number of hidden nodes,
and tanh activation. The energy was computed with the scalar potential
(left) and with the vector potential (right). The horizontal line marks the
reference solution of 0.1528[uoM?] computed with the demagnetization
tensor method with a discretization of 40 x 40 x 40 cells [2].

e | et |

€d €d €o ‘ €A
ELM M =1024 | 0.15256 | 0.15290 | 0.15253 | 0.15268
PINN 0.15249 | 0.15287 | 0.15256 | 0.15273

Table 5.2: Computed self energies and energy bounds of a flower state in a cube for
a hard constraint ELM and a hard constraint PINN model. The refer-
ence solution is 0.1528[uoM?2], computed with a demagnetization tensor
method with a discretization of 40 x 40 x 40 cells [2].

magnetization is given by the normalized version of

T
2 2 2
my(x) = (—?\/1 — exp (—4:2),exp (—2;) , 3;1\/1 — exp (—4;)) , (5.53)

with r = (/x? + @3 and r. = 0.14. The domain, ADF, evaluation of the single
layer potential and the sample set is the same as for the flower state. A hard
constrained ELM with rbf activation o;(x) = exp(—v||x — w;||*) with w; € Q and
~v = 10 was solved for a variable number of hidden nodes. The reference solution is
0.0219[uo M s%], which was computed with the demagnetization tensor method with a
discretization of 40 x40 x40 cells [2]. Figure 5.5 shows the result of this computation.
The energy for the ELM with 210 hidden nodes was ¢4 = 0.0237[uoM?] and the
upper bound e4 = 0.0229[1oM?2]. This problem is quite difficult to solve and we were
not able to solve this problem with other ELM activations. This indicates that rbf
activations are very powerful function approximators, however, for easy functions
other choices also work increadible well. Previous results for energy minimization in
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Figure 5.4: Magnetostatic energy and energy bounds (5.39) and (5.41) for a flower

state computed with a hard constraint PINN. A trust region optimizer
was used, and the curves display the energies and energy bounds during
the training process. The network architecture is given in Table 5.1. The
energy was computed with the scalar potential (left) and with the vector
potential (right). The horizontal line marks the reference solution of
0.1528[1gM?2] computed with the demagnetization tensor method with
a discretization of 40 x 40 x 40 cells [2].

Chapter 6 were still achieved with tanh activations.
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Figure 5.5: Magnetostatic energy and the upper energy bound (5.41) computed with
an ELM via vector potential with a variable number of hidden nodes,
and RBF activation, where the kernel parameter v = 10 was used. The
horizontal line marks the reference solution of 0.0219[uoM?2] computed
with the demagnetization tensor method with a discretization of 40 x
40 x 40 cells [2]. The energy for the ELM with 20 hidden nodes was
e = 0.0237[pM2] and the upper bound e4 = 0.0229[uoM?2].
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§ Micromagnetic Energy Minimization

Parts of this chapter were previously published or submitted for publication as [78,
76, 79]. Permission for use has been granted by the co-authors.

Micromagnetic energy minimization aims to minimize the Gibbs free energy [29] of
the magnet  C R3 which is given in reduced units as

1 ~
e=-eq —I—/ -m- hewtda:—l—/ Q(l—(m- a)2)da:—|—/ AexHVmH%d%
2 Q Q Q (6.1)

€zee €a €ex

with the four fundamental energy terms: magnetostatic energy eq as in (5.5), Zeeman
energy e,.., anisotropy energy e, and exchange energy ee,. The reduced energy has
units [¢] = m3. The energy functional in reduced units is derived by dividing the
Gibbs free energy with the energy density K, := uoM2 ([uoM2] = J/m3). The
quantity pp = 471077 Tm/A is the vacuum permeability and M; (in units of A/m)
is the saturation magnetization. Therefore, the reduced uniaxial anisotropy constant
is denoted with @ := K, /K,, with K, being the dimensionful uniaxial anisotropy
constant and a is the easy axis of the magnet. Further, /Nlew = Ay /Km is the
reduced exchange stiffness constant. One can for instance apply LaBonte’s method
to minimize the energy and perform a curvilinear steepest descent optimization
with the projected gradient of the energy to find a local minimum [23], or variants
of nonlinear conjugate gradient methods [30, 24]. For a nonlinear PINN ansatz,
optimization is more intricate and one encounters similar problems as described in
Section 3.4.

6.1 Optimization of the Gibbs free energy functional

Let the magnetization be parameterized by the model m( - ;8), it is possible to use
AD to compute the gradient Vge of the energy functional with respect to the model
parameters 6 and use (stochastic) gradient descent to update the model parameters.
Also higher order methods can be applied. However, two major problems arise. The
first problem is the satisfaction of the unit norm constraint, ||m/|ls = 1, which will
be explained later on. The second one arises from the non-local interaction due to
the stray field.

When approximating the integral in (6.1), the integrand needs to be computed
pointwise. The stray field is a function of the magnetization, hgy = hy( - ;m,0),
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thus, computing the self energy for instance with
ca(0) = — / (2 0) - ha(w; ™, 0)de (6.2)
Q

requires AD through the stray field solver. This can be done with ease with modern
AD libraries but comes with a big computational burden. Using the splitting ansatz
of Garcia-Cervera and Roma in Section 5.3, hy = —V(¢1 + ¢2), and for instance a
PINN to compute the approximate solution to #1 and the single layer potential (5.29)
¢2 = ¢u( - ; 1, m) makes AD very expensive and prohibitive. If ¢; is computed via
an optimization process, it would require implicit AD [7] of the solver. Further, AD
of the single layer potential requires AD of the integral operator, which is expensive
for large domains or grain structure models. To our luck, it is not necessary to
compute the gradient of the stray field with respect to the model parameters 8, since
the stray field is a linear function of the magnetization, hy(-;m,0) = D(-)m/(-;0),
with D being the constant demagnetization tensor which is only dependent on the
geometry. Hence, the partial derivative of eg with respect to some parameter of the
model 0, is given by

dey o om
__ - Dide =2 | h . .
90, _ 90, /Q v /Q 159, 1® (63)

Using a first order optimization method such as SGD, only the gradient is re-
quired to update the model parameters. Therefore, one can compute the stray field
pointwise, before evaluating the gradient Vg(eq + €zee + €4 + €cz). Note that the
factor % is missing before the self energy term.This approach results in Algorithm 2,
where

q(z, h; 0) = —m(x;0)-h—1(x; 0) - heat () +Q(1—(M(x; 0)-0)?)+ Acy | ViRr (3 0) | 1
(6.4)

is the corresponding integrand of eg + €,ee + €4 + €cx, and h € R? is the pointwise
stray field. All other terms of (6.1) can be computed pointwise using automatic
differentiation. All this also holds for the vector potential and the magnetic flux
density b;. The algorithm can be formulated analogous.

This algorithm also perfectly fits into a conditional framework, where the magneti-
zation model includes additional conditional parameters. They can be incorporated
into the model by appending them to the input vector of the neural network [48].
In that case, one can draw a full batch or minibatch of the domain €2 as well as a
minibatch of the conditional domain and compute the stray field for each conditional
sample. The ADF which is used for computation of the scalar potential can also
be parameterized, accounting for different geometries. However, one should note
that the sample space grows exponentially with the dimension and therefore, the
computational load of evaluating (6.1) over all conditional parameters also grows
exponentially. Note that the computation of the magnetostatic fields can also be
done with any other method. For instance, MagTense [6] is one such framework.
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Algorithm 2 Energy minimization with first order methods

Require: Iteration limit N,,
for1,...,N,, do
1. Draw batch X € Q from the computational domain
2. Compute hgy; = hy(x;) for all z; € X. > e.g. with Algorithm 1
3. Compute updates using AD

1
9=V m Z q(xi; hay, 0)
:l:iEX

4. Update the parameters @ with g using some first order optimizer
end for

The remaining problem of Algorithm 2 is that it does not deal with the satis-
faction of the unit norm constraint. In the following, two different approaches are
introduced. The first one uses a penalty framework and therefore changes the algo-
rithmic framework, while the second one imposes the constraints on the model level
and can apply Algorithm 2 as given.

6.1.1 Penalty framework

A penalty framework can be used to account for the unit norm constraint [78], i.e.,
ea(0) = e(0) + a/(”m(w; 0)|| — 1)*dx — ming (6.5)
0

with the penalty parameter «. Starting with a low value for the penalty parameter,
after minimization of the objective, it is increased for each consecutive optimization.
The constrained is fulfilled if o — oco. However, this caused the problem to be
more ill-conditioned [61]. Therefore, one needs to stop the algorithm if the penalty
parameter becomes prohibitively large. Algorithm 3 gives a pseudocode for such a
framework. It builds on Algorithm 2 and adds an outer loop to control the size of
the penalty parameter.

6.1.2 Cayley transform

Another possibility to account for the unit norm constraint is the utilization of
the Cayley-transform [50]. This assures that the model output is given on the Lie
algebra of the SO(3) rotation group, and this rotation can be applied to some initial
magnetization 1 [76]. More formally, consider the isomorphism between R3 and
the Lie algebra so(3) of 3 x 3 skew symmetric matrices

D1 0 —p3 p2
p=|p2|—=D=|p3s 0 -—-p1], (6.6)
D3 P2 D1 0
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Algorithm 3 Penalty framework for Gibbs free energy minimization

Require: Iteration limits N, N,; initial penalty «q; increase factor ¢ > 1
o < O
for1,...,N, do
for 1,...,N,, do
1. Draw batch X € Q from the computational domain
2. Compute hg; = hqy(x;) for all z; € X. > e.g. with Algorithm 1
3. Compute updates of penalized objective using AD

9=V ()1( > q(@iihai, 0) + a||m(z;; )| — 1)2>

| ’ x,eX

4. Update the parameters 8 with g using some first order optimizer.
end for
a <+ Ca > increase penalty parameter
end for

and use the Cayley transform

cay(p) = (I =)' (I + D) (6.7)

to get the respective rotation. Given some input x € €2, a neural network N :
Qx RM - R3, (x,0) — N(x;0) with parameters & € RM and some initial magne-
tization myg, the hard constraint model takes the form

m(x,0) = cay (N (x;0)) my(x). (6.8)

This model architecture will preserve the magnitude of the initial magnetization
and allows energy minimization of (6.1) using Algorithm 2 without the need of any
framework for constrained optimization.

6.2 Optimization of the energy bounds on the finite domain

Up to this point, only first order optimization method were considered. If using sec-
ond order optimizers, not only the gradient but also the objective value is important,
and they need to be consistent. This can be problematic for implementation of sec-
ond order methods, since one need to consider the objective e = %ed + €.ee + €4 + Eex
but with gradients given by Vg(eq + €ee + €q + €cz), assuming the stray field is
independent of the magnetization and the gradient of the self energy is given by
(6.3). In a first version, it was thought that the objective eg + €,ec + €4 + €cx can
replace e and AD of the stray field can simply be prevented on a code level with
the JAX directive stop_gradient. However, this does not work for second order
methods, since the gradient corresponds to e but the value does not. This issue can
probably easily be resolved on a code level, but the study on energy bounds opened
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a new viewpoint. It turns out, that the minimization of € = eq + €,ee + €4 + €ex,
without the factor % for the self energy, corresponds to minimization of the lower
bound ey in (5.15) with respect to the magnetization. In essence, this means that
one can consider the value of € instead of e. Therefore, in this section, the joint
optimization of m and the energy bounds is explained and results in a sophisticated
alternating minimization algorithm.

Equation (5.39) and (5.41) give a computable formulation of the energy bounds on
the finite domain and could be tackled, for instance, with Monte Carlo integration.
However, we were not able to use those bounds directly for energy minimization in
a physics-informed setting. It would require AD over the single layer potential, and
minimization of the energy functional with PINNs does not seem to be numerically
sound.

When training a physics-informed model like a PINN, in essence, we are only
interested in the updates of the model parameters. Considering again the lower
bound (5.15) of the self energy

csldim) == [ [Vo|Fde+2 [ m-Vod.

The goal is the maximization of this functional with respect to the scalar potential
¢, but minimize it with respect to the magnetization m. Hence, this leads to a
min-max problem. Computing the variational derivative with a variation d¢ with
[0¢] = 0 across the boundary 9f yields

dgeq(d; m) = 2(/]Rg(A¢)5¢dac — /Q(V -m)o¢ dx

(6.9)
+ [ (1Dad] +mm)b6ds(a) ).
onN
The Fréchet derivatives, and hence the local updates, are given by
0 .
a—¢e¢(¢; m) =2(A¢—V-m) in Q, (6.10)
a—¢e¢(¢; m) =2A¢ in 0, (6.11)
i?a(;ﬁe¢(¢; m) =2([D,d] + m-n) on 012, (6.12)
and variation of m yields
0 .
—ep(p;m) =2(Ve) in Q. (6.13)

om ©
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Decomposing ¢ into ¢ = ¢ + ¢2 with ¢; zero at the boundary and extended with
zero in Q° and ¢ satisfying Laplace equation in © U Q°, continuous across 99 and
fulfilling the jump in the normal derivative as [D,¢2] = Dypdo — m - n, we arrive at
the following gradients

aise‘f’((b;m) =2(A¢1 —V-m) in ©, (6.14)
0 ~c

8—¢e¢,(¢; m) =0 in Q, (6.15)
0

8—¢e¢(¢;m) =0 on 90f). (6.16)

Therefore, only ¢1 but not ¢2 needs to be updated to maximize the energy functional
with respect to ¢1. Let ¢,(-; ¢1, m) be the single layer potential (5.29). If ¢ is
parameterized by a hard constraint PINN ¢1(-;w) (see section 3.2.2) with model
parameters w and m is parameterized by the model m/( -; 8) with parameters 8, we
can consider the following objectives

Lor(,6) = [ |Adi (@5 w) - V - i(a: 6)*de (6.17)

6(,0,0) = = [ V(@i w.0)|*dw+2 | Vi(a: w.0) - m(w; 0)da.
(6.18)

with gz?(a:, w,0) = ggl(a:; W)+, (x; qgl( w),m(-; 0)). The update for ¢ is replaced
by the update resulting from the strong residual of (5.27) and 6 is independent of
0. The derivatives with respect to some model parameters w; and 8; are given by

) ~ __ OAGy (x;
8wi£¢1(w,9):2/9(A¢>1(a:; w) =V -m(z; 0)) %S‘:“’)dm (6.19)
) o _ o om(; 0)

&oje¢(w,0,0)—2/gv¢(m, L (6.20)

Both (6.17) and (6.18) need to be minimized. Exactly the same can be done for the
vector potential A = Aj + Ay with parametrization A;(-;w) with the objectives

EAl(w,G):/ IAA (z; w) + V x m(z; 0)|2de (6.21)

Q

ea(,0.0) = [ me; )P de+ [ [VA@: w,0)]*da
Q R3

) i (6.22)
_2 /Q (V x Az w,0)) - m(x; 0) de,

with A(z; w,0) = Ai(z; w) + A, <cc;;11(~;w),?ﬁ(-; é)) and A, as in (5.32).
Again, only the last term is relevant for the optimization of m.
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Comparing (6.20) with (6.3) and setting hy = —V¢, we see that the gradients
match. The magnetostatic energy e4 in (6.1) can be replaced by (6.18) or (6.22)
which yields the objectives

£(w,0,0) = %ed,(w, 0.8) + 2ee(0) + ca(8) + con(0) (6.23)
£(w,0,8) = %eA(w, 0,0) + e.ee(0) + €a(8) + e0n(8) (6.24)

Those formulations still include a whole space integral. The evaluation on the
finite domain is explained in Section 5.4. However, since ey, and e4 are minimized
with respect to @ but not @, the whole space integral can be treated as constant and
be removed from the objective. Algorithm 4 shows the minimization of the energy
functional using an arbitrary first or second order optimizer, assuming that the unit
norm constraint is satisfied via hard constraint formulation. This algorithm is a
generalization of Algorithm 2, where the stray field is not computed explicitly.

Algorithm 4 Energy minimization with lower energy bound for the self-energy

Require: é, w, 0, tolerance €,
Ensure: ||Vgé(w,0,0)| < em
0«6
loop
1. Find approximate solution gz~51 with parameters w > ELM or PINN solution
2. Perform minimization step with objective é(w, 0, é) with respect to 6
0«06
end loop

When using a hard constraint PINN ansatz for ¢1 and 2, an alternating optimiza-
tion scheme can be used for energy minimization. First, the solution to 51 is replaced
with the respective PINN minimization problem, and second, we observe that more
than one steps can be performed for each iteration. This leads to Algorithm 5.

All the introduced algorithms can equally be applied with the vector potential and
the upper bound instead. Minimization of the vector potential can be performed
with the same algorithm by just replacing L4, with L4, and by using é. If ¢ or
A7 is modeled with a hard constrained ELM ansatz, with a precomputed solution
operator, the inner loop to update w can be replaced with the solution of the ELM.
Further, if the unit norm constraint is modelled with a penalty framework, one needs
to add the respective penalty term and gradually increase the penalty parameter
during optimization.

The proposed energy minimization method can be applied for the computation
of a hysteresis curve (see Section 2.3). The hysteresis depends on the history of
previous magnetization states as a function of the external field. Incorporating the
external field as conditional parameter can therefore be difficult and might lead to an
optimization problem which is not well-posed. Moreover, a simple continuous neural
network model cannot approximate discontinuities well and the energy functional
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Algorithm 5 Alternating scheme for energy minimization

Require: ¢, Ly, , w, 6, tolerances ¢, and €4, , iteration limits N,, and Ny,
Ensure: ||V,Lg, (w,0)| < es, and ||Veé(w,0,0)|| < em
0«6
loop
for 1,..., Ny, do
w < Perform minimization step for Ly, (w,0) w.rt w
if |VoLy, (w,0)| < €y, then
break
end if
end for
for 1,...,N,, do
0 < Perform minimization step for é(w, 6, 80) w.r.t 6
if |Vgé(w,8,0)|| < €, then
break
end if
end for
0«6
end loop

needs to be properly minimized for each external field. Therefore, a better choice
of optimization might be the application of a full batch second order optimizer such
as the Trust Region method and increase/decrease the external field step-by-step.

To minimize grain structure models, one could use a separate small scale PINN to
model the magnetization for each grain. Further, and ELM or PINN for each grain
would be required to model scalar or vector potential. The training for the scalar or
vector potential model can be performed in parallel on many computational units.
The same holds true for the magnetization. Only the charge tensor F in (5.36)
needs to be shared and synchronized. Therefore, better evaluation strategies for the
single layer potential are of particular importance.

6.3 Results

The algorithms described above are applied for full 3d micromagnetic energy min-
imization. We performed energy minimization to solve the NIST uMAG Standard
Problem #3 [43] with stochastic first order methods and the computation of a de-
magnetization loop for a spherical and cubic domain using second order full batch
optimization schemes.

e In Section 6.3.1.1, the NIST uMAG Standard Problem #3 is solved with a
penalty framework and Algorithm 3, where both parts, ¢; and ¢2, of the
scalar potential are modeled via hard constraint ELMs.
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e In Section 6.3.1.2, the NIST uMAG Standard Problem #3 is solved with the
hard constraint ansatz in Section 6.1.2 and Algorithm 2, where the stray field

is computed with Algorithm 1 adapted for the vector potential and upper
bound.

e In Section 6.3.2, the demagnetization curve of a hard magnetic sphere is com-
puted with a hard constraint PINN ansatz for A; and the hard constraint
ansatz in Section 6.1.2 for the magnetization. Energy minimization is per-
formed with Algorithm 5.

e In Section 6.3.3, the demagnetization curve of a hard magnetic cube is com-
puted and compares the scalar and vector potential approach for the computa-
tion of the self energy. The magnetization is modelled with the hard constraint
ansatz in Section 6.1.2. First, in Section 6.3.3.1, ¢1 and A are modeled via a
hard constraint ELM ansatz and minimization is performed with Algorithm 4.
Optimization is performed once with a trust region framework and once with
L-BFGS. Second, in Section 6.3.3.3, ¢1 and A; are modeled via a hard con-
straint PINN ansatz and minimization is performed with Algorithm 5. The
algorithms are adapted for the vector potential and the upper bound.

6.3.1 NIST xMAG Standard Problem #3

The methodology described above gives us a powerful framework for micromagnetic
energy minimization. We tested our algorithmic framework on the NIST yuMAG
Standard Problem #3 [43]. The primary goal is to find the single domain limit
between the flower and the vortex state of the magnetization. This is the size of a
cube L with equal Gibbs free energy (6.1) for both states, and is given in units of
the intrinsic length lo, = \/2Aesz/ K. The reduced functional e as in (6.1) was used
as the target objective, but without an external field applied (he¢yt = 0) and L being
a conditional parameter, i.e.,

e(L; 8) = %ed(m( 3 L,0)) +eq(m(-;L,0)) + eer(L,m(-;L,0)). (6.25)

However, results of the energy terms are given in units of %Km due to the exam-
ple specification. The uniaxial anisotropy is K, = 0.1 [%MOMSQ] with the easy axis
directed parallel to the xz-axis of the cube.

Here, the mean over the conditional domain is denoted by (- ). Hence, (e) was min-
imized with respect to the network parameters 8 by variants of SGD. For this prob-
lem, the self energy was directly computed with ELMs and no alternating scheme is
required.

6.3.1.1 Penalty framework

As a proof of concept, the problem was solved with a penalty framework to account
for the unit norm constraint. The objective function (6.5) was minimized with a
stochastic optimization framework with an increasing penalty parameter a.
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The sample set included the spatial domain sample points as well as the lengths
of the cube, i.e. S = {x1,...,xN,} X A, where the interval A = (8,9) was chosen.
The spatial domain sample set X 4o, includes Ng = 2!3 samples which were drawn
from a Sobol sequence [89].

The evaluation of the scalar potential was done naively. First, a hard constraint
ELM was trained to solve for ¢, where the indicator function ¢ was computed using
a sampling method as described in section 4.2. The surface was partitioned by the
6 faces of the cube and in total 256 sampling points on 92 were used to build the
indicator function. Note that the indicator function is not an Approximate Distance
Function since it is not normalized to first order. Second, the single layer potential
(5.29) was evaluated for each point of another sample set Xp,q C 09 with 2!
samples (also drawn from a Sobol sequence and mapped onto 92). The solution of
the single layer potential was computed by Monte Carlo sampling with another 214
uniform samples. This boundary data was used to fit a second ELM to approximate
the boundary solution ¢s|yq. Last, a final ELM was trained to approximate ¢ as
in the ansatz (3.22). All ELMs shared the same input weights with a hidden layer
size M = 256, which were drawn from a Sobol sequence from a hypercube [—4,4]%.
A tanh activation function was used. For fast evaluation, the solution operators to
the linear least squares problems were precomputed using SVD.

A batch size of 50 sample points, together with a single instance L € A of the
conditional parameter, which were drawn from a uniform distribution, was used.
Therefore, for each batch, there was a single stray field computation required. Min-
imization was perfomed with Algorithm 3. A RAdam optimizer [53] with a constant
learning rate of le—5 was used to train the model for N, = 10 cycles with the
dataset X jo;m. After each 1000 epochs, the penalty parameter o was increased by a
factor of ¢ = 1.7. The initial penalty parameter was ag = 10. Note that we refer to
an epoch as an iteration over all batches (Np, = 1000B for B batches).

The network architecture for the magnetization is shown in Figure 6.1. It is
important to set an appropriate initial magnetization for the energy minimization
procedure, since there exist multiple local minima. Therefore, before the actual
training process, the model was trained to approximate an initial magnetization.
For the initial magnetization, we used the normalized version of

my(x) = (z123, T2w3,1)" (6.26)

for the flower state and
T

2 2 2
() = <_j\/1 ~op (<45 ) e (—2@) “’”\/ 1 —exp (—41})) , (6.27)

with r = /@2 + % and r. = 0.14, for the vortex state.

Figure 6.2 shows the total energy with respect to the cube length L [I.,] for the op-
timized flower and the vortex state. Note that each line is evaluated from one single
low-parametric neural network and the solutions are continuous. We found the single
domain limit at L = 8.4729 with a total reduced energy of e = 0.3038 BHOME}-
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Input Hidden Hidden Hidden Ouput
layer Vo layer V; layer V3 layer V3 layer Vj

Figure 6.1: Neural network architecture for m with 3 hidden layers and 50 nodes
per hidden layer. There were 5503 trainable parameters.

0.325
0.320 1
0.315

T 03101

3 0305 T T T e

wosoof eI
0.295
0.290

0.285 T T T T
8.0 8.2 8.4 8.6 8.8 9.0

L [lex]

—=—flower state
vortex state

(8.4729,0.3038)

Figure 6.2: Energy crossing for the uMAG Standard Problem #3. The model was
trained with a penalty framework. The Single Domain Limit is at
(8.4729,0.3038). Each line is evaluated from a single low-parametric
neural network that represents the local energy optimum at the respec-
tive exchange length.
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Flower State Vortex State
€aq 0.0052 (0.0052) 0.0519 (0.0522)
Cex 0.0159 (0.0158) 0.1724 (0.1696)
es 0.2827 (0.2839) 0.0795 (0.0830)
(mq) 0.0078 (-) 0.0107 (-)
(ma) 0.0005 (-) 0.3461 (0.351)
(ms) 0.9733 (0.973) 0.0086 (-)
Il erre || max 0.0040 (-) 0.0062 (-)
MSE(err.) 9.2e—07 (-) 1.4e—06 (-)

Table 6.1: Energies, mean magnetization and constraint violation in the single do-
main limit. The model was trained with a penalty framework. The values
in brackets are here stated for reference and were previously published in
[37].

Table 6.1 shows the reduced anisotropy energy e, the reduced exchange energy
eer, the reduced magnetostatic energy e, as well as the mean magnetization for the
single domain limit. Here, err.(x) = ||m(x)|| — 1 is the norm constraint violation.
The values are in excellent agreement with previously published results [37].

The training curves for the total energy (Figure 6.3) and the norm constraint
violation (Figure 6.4) show the effect of the increasing penalty term in (6.5). As
the penalty parameter is scaled up, the norm constraint violation is punished more
severely and the energy increases. It is important that the initial penalty is not too
small, since this would make it easier during training to jump out of a local minimum
and converge to another state. We note that the total energy in Figure 6.3 is the
stochastic mean over the domain of A.

6.3.1.2 Hard constraint PINN ansatz

Here, a hard constrained neural network ansatz with Cayley transform as in (6.8)
was used to approximate the magnetization over the full conditional domain A,

mg(x, L) = cay (Ng(z, L)) mo(x). (6.28)

To describe the domain 2 = [~0.5,0.5]3, the ADF from (5.52) was used. A train-
ing set S of 213 samples was drawn from this domain using a Halton sequence [36].
For computation of ¢; an ELM with 512 hidden nodes, tanh activation function, and
weights drawn from a Halton sequence within [—2, 2]4, for the 3d input and the bias
term respectively, was established. We note that tanh is more suitable as activation
function for this ELM since it has non-vanishing second derivative for positive val-
ues, contrary to elu like activations. However, also elu works quite well but might
require some fo regularization. A second order Taylor series was used for the single
layer potential in (5.36). Each face of the cube was equidistantly split into 4 x 4
squares, and the Jacobian of the surface tensor was precomputed for the full training
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Figure 6.3: Learning curve of a penalty framework for the total Gibbs free energy
for the flower and the vortex state.

Flower State

0

e

€10

o

@

5 1075

o

£

S 1070+ : : : : .
0 2000 4000 6000 8000 10000

epochs

- Vortex State

L1073

2

£

© 1074

@

c

8 105

£

e T . . . . T
0 2000 4000 6000 8000 10000

epochs
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Layer | Activation | Input shape | Output shape
Dense gelu 4 50
Dense gelu 50 50
Dense gelu 50 50
Dense gelu 50 50
Dense gelu 50 50
Dense gelu 50 50
Dense | identity 50 3

Table 6.2: Neural network architecture for the magnetization model in (6.8). The
model had 13153 parameters.

Flower | Vortex || Twisted Flower | Vortex
€a 0.0058 | 0.0520 0.0203 0.0519
Cex 0.0177 | 0.1738 0.0424 0.1723
ed 0.2804 | 0.0781 0.2386 0.0771
(m1) | -0.0008 | -0.0005 -0.0014 0.0014
(mg) | -0.0034 | 0.3464 -0.0002 0.3419
(ms) | 0.9700 | -0.0068 0.8911 -0.0021

Table 6.3: Energies and mean magnetizations in the single domain limit for the hard
constraint ansatz.

set S. The surface integrals in (5.36) were computed with a Newton-Cotes formula
and a 5 order Gauss-Legendre quadrature. Each sample required the storage of a
tensor of shape 16 x 6 x 6 x 3. Note that for a cuboid geometry, after removing zero
terms and taking symmetry of second partial derivatives into account, each face has
only 6 terms in the quadratic Taylor series approximation. This reduces the required
storage space significantly at the expense of a more complicated implementation.
Table 6.2 shows the architecture which is used for the magnetization model (6.8).
In total, the model had 13153 parameters. The model had three input nodes for a
vector from the physical domain, as well as one input node for the conditional cube
length parameter L from which the exchange constant could be computed. The cube
length parameter is uniformly drawn from A = [8,9] during training. The weights of
the network were initialized with the default initializer of JAX, which is the LeCun
Normal initializer. The initial magnetization was as in (6.26) and (6.27).
Algorithm 2 was used for minimization with the AdamW optimizer [55] and an
exponential learning rate decay of 0.1. For the vortex state, the initial learning rate
was 107% and reached 1076 by the end of training. For the flower state, a lower
initial learning rate was used since the metastable flower state is very sensitive to
a higher learning rate, which can cause faster transition to the more stable twisted
flower state. Therefore, the initial rate was set to 107> and the learning rate reached
1078 by the end of training. Both models were trained for 6000 epochs. A batch
size of 200 samples and 5 samples for the conditional parameter was selected. For
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Figure 6.5: Evolution of different energy terms of (6.25) of the training dataset dur-
ing the training process for the vortex state. The energy terms were
averaged over the conditional domain A = [8,9]. Note that this is only
approximating (6.25) with minibatches of the dataset, and for each epoch
the energies of the batches were averaged. The minimization was done
with exponential learning rate decay. The initial learning rate was le—4,
the final rate 1le—6, and the exponential decay rate was 0.1.
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Figure 6.6: Evolution of different energy terms of (6.25) of the training dataset dur-
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Figure 6.8: Energy crossing of the vortex and flower state for the pMAG Standard
Problem #3. The Single Domain Limit was found at (8.4709, 0.3039).
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Figure 6.9: Energy crossing of the vortex and twisted flower state for the uMAG
Standard Problem #3. The Single Domain Limit was found at (8.5303,
0.3013).

each conditional parameter, the mean over all 200 samples was computed, and the
result was averaged to compute the stochastic gradient. Note that 5 evaluations of
the stray field per batch were required, one for each conditional parameter. This is
a more sophisticated evaluation strategy for the stray field, which allows a bigger
batch size for the conditional parameter without using too much memory.

Figure 6.5 and Figure 6.6 show the energies for vortex and flower state during
the training process. It can be seen that the vortex state converged very rapidly to
a very good solution. Optimization for the flower state was more intricate, since a
higher learning rate or even longer training may cause a transition to the more stable
twisted flower state. For comparison, a second model for the flower state was trained
with the same learning rate as for the vortex state but for 30000 epochs in order
to see the long term evolution for the flower state. This is depicted in Figure 6.7.
Figure 6.8 shows the energy crossing of vortex and flower state. The single domain
limit was found at (8.4709,0.3039). The energy crossing for the twisted flower state
is shown in Figure 6.9 and the single domain limit was found at (8.5303,0.3013). For
the computation of the energies, a separate test set with 2'* samples, drawn from a
Halton sequence, was used. Table 6.3 summarizes the results for the single domain
limit. The computation took around one hour for the flower and vortex state and
5 hours for the twisted flower state respectively. All computations were done with
single precision on a Geforce RTX 2080 Ti.

The computational cost to compute the solution of the ELM for ¢; is O(|S|MC),
where M is the number of hidden nodes of the ELM and C' denotes the batch
size of the conditional parameter. Computation of ¢o with a second order Taylor
approximation requires O(BCR) operations, where B is the batch size regarding the
dataset S of the physical domain and R is the number of surface elements. Energy
minimization with SGD in total requires O(E(BC + |S|MC + BCR)) for E epochs.

Also, the convergence with respect to the number of model parameters is of inter-
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Figure 6.10: Training curves for the vortex state and different model architectures
(left), converged values (right). Note that input and output layer were
included in the number of layers. Each model had a constant width of
50 nodes per hidden layer, as in Table 6.2. The energy was computed
with respect to a validation dataset. The minimization was done with
exponential learning rate decay. The initial learning rate was le—4, the
final rate 1le—6, and the exponential decay rate was 0.1.
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Figure 6.11: Training curves for the flower state and different model architectures
(left), converged values (right). Note that input and output layer were
included in the number of layers. Each model had a constant width of
50 nodes per hidden layer, as in Table 6.2. The energy was computed
with respect to a validation dataset. The minimization was done with
exponential learning rate decay. The initial learning rate was le—4,
the final rate 1le—6, and the exponential decay rate was 0.1. Note that
the model with 4 layers did not converge to the twisted flower state for
some reason.
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est. To that end, energy minimization for neural networks with increasing number
of hidden layers and constant width of 50 nodes per layer, was performed. Fig-
ure 6.10 shows the training curves of the different models for the vortex state and
Figure 6.11 for the flower state respectively. The curves show that the model per-
formance increases for larger models. Hyperparameter validation for PINNs is still
an important topic and, to our knowledge, there is no simple method. Ideally, one
wants to select a model with enough parameters to learn the full solution space up
to some error tolerance. However, since the solution is usually not known, this can
not be achieved. A recent work [88] derives a priori and a posterior error estimates
for PINNs which could be an important step forward for hyperparameter validation.
On the other hand, overfitting does not seem to be a particular problem for PINNs,
since one can always increase the sample size. Therefore, also a model much larger
than required can be selected on expense of computational cost.

6.3.2 Demagnetization of a hard magnetic sphere

The second test involved the computation of the demagnetization process of a hard
magnetic NdyFe14B sphere with radius R = 10nm. The main purpose was to
test the capabilities of the hard constrained neural network model to capture the
demagnetization and the switching of the magnetization. The sphere had uniaxial
anisotropy in z-direction, with the anisotropy constant K, = 4.3 x 106J/m. Satura-
tion polarization for the hard magnetic material was Js = 1.61 T and the exchange
stiffness for NdoFei4B was selected to be Ay = 7.3 x 10712 J/m. Therefore, the
reduced uniaxial anisotropy constant was @ = K, /K, ~ 2.085. The demagnetiza-
tion was computed with an applied field along the anisotropy axis (0,0, 1) with the
analytic value of the switching field given by hg, = 2Q and with the applied field
in a 45° angle to the anisotropy axis with the analytic value of the switching field
hsw = @ [51]. The micromagnetic self energy was computed with the vector poten-
tial, which is modeled with a PINN as given in Table 6.4. The ADF was given by
{(x) = (R* —||z||3)/2R). A hard constrained ansatz, as in (6.8), was used to model
the magnetization and the network architecture for Ny was the same as in Table 6.4.
The initial magnetization mg was uniform along the anisotropy axis. The compu-

Layer ‘ Activation | Input shape ‘ Output shape

Dense gelu 3 12
Dense gelu 12 12
Dense | identity 12 3

Table 6.4: Neural network model for the vector potential of a hard magnetic
NdyFeiyB particle.

tational domain was scaled to the unit sphere. The scaled exchange constant was
given by ﬁ’w = Aoy /R2. Energy minimization was performed with Algorithm 5 but
with the vector potential and é. For the evaluation of the single layer potential, the
parametrization (5.48) was used, with the input space partitioned into 6 x 6 equal
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Figure 6.12: Demagnetization process of a hard magnetic sphere with the applied
field along (0,0,1)7 and (0, cos(w/4),sin(w/4))T. The mean magneti-
zation was computed by projection onto the axis of the applied field.
The horizontal line in the last plot highlights the magnetostatic energy
of a uniformly magnetized sphere.
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Layer | Activation | Input shape | Output shape

Dense gelu 3 16
Dense gelu 16 16
Dense | identity 16 3

Table 6.5: Neural network model for the computation of a demagnetization process
for a NdoFe14B cube.

spaced tiles. Each tile was integrated with a 5" order Gauss-Legendre quadrature
rule. In total, there were 4096 collocation points, drawn from a Halton sequence
[36], and are mapped to the domain with the parametrization (5.49). A Trust Re-
gion optimizer, with Steihaug-CG method as a sub-problem solver, was used for
minimization and the parameters for Algorithm 5 were: €4, = 1072, €y = 1072,
N, = 10 and N4, = 20. Also, a damping factor of 1072 was applied to regularize
the Hessian matrix. In the beginning of the demagnetization process, the particle
was uniformly magnetized in the direction of the anisotropy axis and the applied
field was set to zero. For each step, the applied field was reduced by 5e — 3.

Figure 6.12 shows the demagnetization and the corresponding energy terms for
both trials. The self-energy of a uniformly magnetized sphere is 47 /18 [poM?Z]. It
can be seen from the figure that the magnetostatic energy is very close to this value.
From this and the exchange energy, we can conclude that the model performs quite
well in approximating the magnetization reversal, which is a homogeneous rotation
of the uniform magnetization. The computation was performed with single precision
on a Geforce RTX 2080 Ti.

6.3.3 Demagnetization of a hard magnetic cube

This test involved the computation of the demagnetization process of a hard mag-
netic NdsFe14B cube with an edge length of L = 70nm. The material parameters
and anisotropy axis were the same as for the sphere, and the scaled exchange con-
stant was given by A’ew = ﬁex/LQ. With energy density K,, = poM?2 J/m, we
had an exchange length of ¢.;, = \/2A.;/K,, ~ 2.6nm, the material parameter
Q = K,/K,, =~ 2.08 and a wall width parameter of \/A¢z/K, ~ 1.3nm. If the
exchange length is larger than the wall width, we are usually in the hard magnetic
realm. The external field was applied along the vector (1,0, 10)T and was nearly
parallel to the anisotropy axis.

The neural network architecture of Ny to model the magnetization is given in
Table 6.5. The initial magnetization was uniform along the anisotropy axis. The
training set contained 2'? samples from a Halton sequence. For a decreasing ex-
ternal field hegr = ||Rext]] € [—3.5,1], an equilibrium state was computed for each
step using a trust region method. The constrained quadratic trust region problem
was solved with Steihaug-CG method and a damping factor of 10™3 was used for
Hessian regularization. At each step hey was reduced by Ahey = 5 x 1073, The
magnetostatic energy was modeled via scalar and vector potential.
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6.3.3.1 ELM ansatz

In a first trial, an ELM with 512 hidden nodes, tanh activation and the input weights
drawn from [—2,2]*, was applied to model ¢; and A;. The solution operator was
precomputed with a small Ridge regularization of 1072 and was the same for scalar
and vector potential. The ADF and the evaluation strategy for the single layer
potential was the same as in Section 5.5.2. Algorithm 4 with €, = 1073 was used
for energy minimization. Figure 6.13 shows the demagnetization process for the
ELM ansatz for vector and scalar potential. Also, lower (5.39) and upper bounds
(5.41) were computed, and it can be seen that energies and bounds were almost
identical, which indicates that the model for computation of the self-energy was
sufficient. The switching field was found at h, = —2.772 for the scalar potential
version and at h, = —2.767 for the vector potential, which is the same as given
in the reference [22]. The scalar potential missed the switching by a single step,
which is still a very good result. One can see that the exchange energy of the vector
potential simulation is higher than the one of scalar potential simulation, which is
an artifact of the optimization process.

In our trials, we found that the improper evaluation of the single layer potential
can have a negative effect on the computation and stability of the minimization,
leading to early switching. Some validation metric of an accurate evaluation would
therefore be of interest.

During the switching process, the energy landscape has a saddle point. Therefore,
we assume that the quadratic form of the trust region method can capture this
behavior very well during optimization. Figure 6.14 shows the total energy after
each optimization step at the top and the minimum recorded curvature p’ Hgep
during the optimization at the bottom, Hge is the Hessian matrix of e w.r.t. the
model parameters 8 and p is the update direction. There is a strong negative
curvature when the optimizer reaches the switching point.

The computational cost for the full batch trust region method is O(EI|S||0|?),
where I is the number of iterations for the Steihaug-CG method, E the number
of total trust region iterations and |@| is the number of model parameters. The
term |S||@|? arises from the Hessian vector products. This shows why an efficient
implementation of those products is of importance, such that it is computed in
parallel and can be treated as being of constant complexity. The computational
cost for the stray field can be neglected here since in essence it is O(F|S|), assuming
constant cost for the ELM and Taylor approximation.

6.3.3.2 L-BFGS Optimizer

Although the trust region framework works reliably for energy minimization, the
high computational cost to solve the subproblem is problematic. Also, if the pa-
rameters are already close to the optimum, the method struggles to find a good
optimum in the flat energy landscape, leading to slow convergence. Therefore, line
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Figure 6.13: Demagnetization curve of a 7T0nm NdsFei4B cube. The magnetization
was projected onto the axis (1,0,10)” of the applied field. The com-
putation was performed with a hard constrained ELM model for scalar
and vector potential.
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Figure 6.14: Total energy at the end of each optimization step at the top and
recorded minimum curvature p’ Hgep during the optimization at the
bottom.

search methods, especially L-BFGS [61], seem to be more suitable for this task. The
same test was performed with an L-BFGS optimizer and the same ELM ansatz for
scalar and vector potential. While for the trust region method, the scalar and vector
potential was evaluated every iteration, N,, = 20 L-BFGS iterations are performed
before re-evaluating the potential. Figure 6.15 shows the result of the computa-
tion. The switching occurred at h, = —2.772 for the scalar potential ansatz and at
he. = —2.802 for the vector potential, while the computation took only about 90s.
This shows that also a positive definite Hessian approximation with line search can
capture the switching. However, occasionally, the switching might not be completed
after a single optimization step, which can cause the optimizer to stall since the
history does not match. The information saved in the history of the previous iter-
ates are a very poor approximation of the Hessian. This requires a restart of the
optimizer, which is also necessary after the switching is completed. The trust re-
gion method seems to be the better choice to compute the switching field accurately,
whereas L-BFGS outperforms the trust region method in terms of computation time.
This suggests that both optimizers could be applied together. This could be done
by switching to the trust region scheme close to the switching point. Another pos-
sibility would be the usage of a sampled version of L-BFGS as in [5] which should
eliminate this issue. It might also be possible to intelligently sample the respective
objective function during line search.

6.3.3.3 PINN ansatz

The same test was performed with a hard constrained PINN ansatz for scalar and
vector potential. The model was the same as for the magnetization in Table 6.5 (the
scalar potential has scalar output). Minimization was performed with Algorithm 5
for the scalar potential and the respective version for the vector potential and trust
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region optimization. The parameters were Ny, = 1, Ny, = Na, = 20, 6, =
1072 and €4, = €4, = 5 x 1072, Figure 6.16 shows the result for this version.
The switching field is the same for the scalar potential as in the last trial, but is
slightly off for the vector potential, h, = —2.782. The plot for the self energy shows
that the upper bound is slightly lower than the computed energy with the vector
potential. This could explain why the result was worse. The vector potential might
not be accurate enough and one would need to decrease €4, or use another network
architecture to improve the result.
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Figure 6.15: Demagnetization curve of a 70nm NdyFe14B cube computed with an
L-BFGS optimizer. The magnetization was projected onto the axis
(1,0,10) of the applied field. The computation was performed with a
hard constrained ELM model for scalar and vector potential.
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Figure 6.16: Demagnetization curve of a 7T0nm NdsFei4B cube. The magnetization
was projected onto the axis (1,0,10)7 of the applied field. The compu-
tation was performed with a hard constrained PINN model for scalar
and vector potential.
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7 Conclusion

This thesis explores various neural network methodologies, focusing primarily on
Physics Informed Neural Networks (PINNs). PINNs emerged as a powerful tool due
to their ability to incorporate physical laws directly into the learning process, thus
enabling efficient and accurate solutions without the need for extensive supervised
data. In the beginning, the foundational concepts of neural networks are explored,
and it is described how they can be tailored to solve certain time-independent PDEs
such as the Poisson equation. This development is enhanced with hard constrained,
PINNs which remove required constraints from the optimization problem. There-
fore, optimization becomes easier, and it is possible to achieve much higher accura-
cies which can compete with traditional numerical solvers such as the finite element
method (FEM) or the finite difference method (FDM). Further, optimization is
performed mesh-free, without the need of any complex discretization scheme and
hence, there is no restriction to a minimum mesh size. The non-linear models allow
for a highly flexible optimization, which can also incorporate additional conditional
parameters and represent the solution with a reduced order model. Traditional nu-
merical models grow exponentially in size to represent the solution, but the reduced
order models break this curse of dimensionality.

Extreme Learning Machines (ELMs) were introduced as a complementary tech-
nique, particularly useful in reducing the complexity of learning tasks by transform-
ing them into linear least squares problems. Further, they also allow incorporation
of domain knowledge via a hard constrained ELM ansatz, which further allows the
pre-computation of the solution operator. This can be seen as a kind of operator
network and also connections to Kernel Ridge regressions (KRRs) are drawn.

Constructive Solid Geometry (CSG) using R-functions is presented as a robust
framework for modeling complex geometries within the context of hard constrained
PINNs. This approach allows for the exact satisfaction of essential boundary con-
ditions, which is critical for accurately simulating physical systems. By leveraging
R-functions, we demonstrated how intricate geometrical constraints can be seam-
lessly integrated into the PINN framework, ensuring that the neural network outputs
remain physically plausible and adhere to the specified boundaries. It is shown that
the hard constrained PINN ansatz is complete, in the sense that the ansatz can
approximate the solution of the PDE up to any accuracy, provided that the network
has required capacity. Last but not least, other systems of R-functions, such as
blending R-functions, are introduced, and it is explained how such a function can
even be constructed by a sampling approach.

Since the accurate evaluation of the magnetostatic self-energy is crucial for nu-
merical simulations, the thesis emphasizes the significance and challenges associated
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with computation of magnetic fields. With the splitting ansatz proposed by Garcia-
Cervera and Roma, energy bounds on the finite domain are derived. By decomposing
the problem into manageable sub-tasks, the splitting approach facilitates the effi-
cient calculation of the scalar or vector potential and the subsequent minimization
of magnetostatic self-energy. The alternating scheme is developed which allows the
joint optimization of the magnetization and the respective magnetic fields, making
it a valuable technique for micromagnetic simulations.

The culmination of this work was the application of the hard constrained PINN
ansatz to the full 3D minimization of Gibbs free energy. By incorporating the Cayley
transform, we ensure that the neural network outputs remained on the Lie group
of rotation matrices SO(3), which is essential for maintaining the physical integrity
of the magnetization configuration. This innovative approach enabled us to model
continuous magnetization distributions accurately while minimizing the total Gibbs
free energy, including contributions from exchange energy, anisotropy energy, and
magnetostatic self-energy. An alternating scheme was applied for the computation of
the solution of the NIST uMAG Standard Problem #3, where exchange length was
included as a conditional parameter, and the PINN was able to learn and represent
the magnetic configuration for the full conditional domain with a low-parametric
model. Energy minimization was then utilized to perform the computation of a
demagnetization process for a hard magnetic sphere and cube. ELMs and PINNs
are used to model scalar or vector potential, showing the versatility of the approach.

This thesis makes several significant contributions to the field of computational
magnetostatics. The utilization of Automatic Differentiation (AD) allows the train-
ing of highly efficient models. By integrating PINNs with hard constraints and ad-
vanced geometric modeling techniques, we developed a robust framework for solving
complex physical problems. The application of the Cayley transform within the
PINN framework represents a novel approach that ensures the physical plausibility
of the solutions, thereby enhancing the reliability of the simulations. The methods
and techniques developed in this work have broad applicability, extending beyond
magnetostatics to other areas of physics and engineering where accurate and efficient
modeling of physical systems is required.

The research presented in this thesis opens several avenues for future exploration.
Further refinement of the hard constrained PINN approach could involve the inte-
gration of additional physical constraints, such as Neumann boundary conditions,
and the exploration of more sophisticated neural network architectures. Expanding
the application of R-functions to other types of boundary conditions and physical
problems could provide new insights and enhance the versatility of the proposed
framework. Additionally, the computational techniques developed for magnetostat-
ics could be adapted and applied to other fields, such as fluid dynamics and elas-
ticity, where similar challenges in modeling and computation are encountered. The
main challenge lies in non-linear numerical optimization. Hence, novel optimization
schemes, which allow fast, and accurate training are of particular interest.

In conclusion, this thesis demonstrates the power and potential of combining ad-
vanced neural network techniques with rigorous physical modeling frameworks. The
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innovations presented here pave the way for more accurate, efficient, and versatile
simulations of complex physical systems, contributing to the ongoing advancement
of computational science and engineering.
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A Automatic Differentiation

Automatic Differentiation (AD) is a computational technique to efficiently and accu-
rately evaluate derivatives of programs or computational graphs. Unlike numerical
differentiation, which introduces errors in the form of round-off errors, truncation
errors, and discretization errors, AD exploits the chain rule to compute exact deriva-
tives with high numerical precision. This makes AD invaluable in various fields such
as optimization, machine learning, and scientific computing. By automating the
process of calculating derivatives, AD enables faster and more reliable gradient-
based optimization algorithms, leading to significant advancements in algorithmic
efficiency and performance.
For a simple composition of three functions f, g, h

y = flg(h(x))) = f(9(h(20))) = f(9(z1)) = f(z2) = 23

20 =2
21 = h(zp) (A.1)
z2 = g(=1)

z3 = f(z2) =,

the chain rule results in

Oy _ Oy 9230z _ Of(z) dg(z1) Oh(z1) (A.2)
Oxr  0z90z1 Ox Ozy 0z Ox '

This decomposition can be traversed from the inside to the outside in forward-mode
AD or from outside to inside, resulting in reverse-mode AD.

Forward-mode Reverse-mode
0f(z2) (89(Z1) 3h(Z1)) <8f(Zz) 89(Z1)) Oh(21)
0z2 0z1 oxr 0zo 0z1 ox

During forward-mode AD, each variable z; is computed together with its deriva-
tive Z; using the chain rule. A seed (Z1,22) is required for the computation of the
derivative, and the result is the directional derivative along (%1, 22). Hence, to com-
pute the gradient Vf, two evaluations along (1,0) and (0,1) are required. Given
the computational graph, the derivative of the output 2; of the i*® node is given by

5 = 3 9z, . (A.3)

0zj
j€{predecessor of i} ~ I

The products within the sum can be generalized with Jacobian-vector products.
Forward-mode AD is particularly useful for functions f : R™ — R™ if m < n, since
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there are only m evaluations required to compute the full Jacobian. Hence, each
pass using forward AD recovers a single column of the Jacobian of f. The whole
process can be seen as the Jacobian-vector product Jy(x)&o with the seed .

On the other hand, during reverse-mode AD, we require the computation of the
adjoint, denoted with Z;. To compute Z;, of the i** node, the successors of z; in the
computational graph are used

— _ 8ZZ'

j€{successors of i}

Again, this can be generalized with vector-Jacobian products and for each pass
one column of the Jacobian can be recovered. Reverse-mode AD computes the

vector-Jacobian product fTJ #(x) with the seed f. This computation requires the
specification of adjoint f of the output which is usually set to 1 for scalar valued
functions.

While forward-mode AD can compute the value and the derivative concurrently,
reverse-mode AD requires a forward propagation step to compute the value as well
as a backpropagation step to compute the derivatives. Further, during the forward
propagation, intermediate values are stored which are required by the backward
propagation. This can make the process costly in regard to storage requirements.
In general, for a function with output dimension n, there are n evaluations required
to compute the full Jacobian. This is particularly useful for scalar valued functions,
such as an objective function like (3.2).

Since both methods create a new computational graph, forward and reverse-mode
can be arbitrarily combined to compute higher order derivatives.

3 E
E g
o' 2
= o
= )
"-% = Zg = Zse®s Zy, = —Zgsin(zy)
g <
Z A
o
= 4 )z x )2 + )23 L * ) 2
. . 222 = %3
iy 2 _ _ B B
% [ [22 11 = %3 221 = 2471
f12 = A4
z | % Ty | 2o 21| * Ty | 29
T1=Z11+ % Tp =17y + Zn
(a) Forward mode (b) Reverse mode

Figure A.1: AD of equation (A.5).
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Example A.1. Consider the equation
f(x1,22) = ™72 4 cos(ry22)

= e 4 cos(2122) (A5)

= €™ 4 cos(24) '

= 2Z5+ 26 = 27.

Figure A.1a shows the computational graph to compute the value and derivative using
forward-mode AD (compare with (A.3)) and Figure A.1b shows the same graph using

reverse-mode AD (compare with (A.4)). Setting (21,22) = (1,0) computes % and
(21,%22) = (0,1) computes 8‘%, while for reverse mode, z;y = 1, gives both partial

derivatives in one backpropagation step.

A.1 Hessian-vector products

Hessian-vector products (HVPs) [63] are important for many optimization algo-
rithms, particularly in second-order optimization methods like Newton’s method
and its variants.

Computing the entire Hessian matrix can be computationally expensive, especially
for large-scale problems. HVPs offer a more efficient alternative by computing the
product of the Hessian matrix with a given vector without explicitly constructing the
entire matrix. Optimization routines using this approach are often called Hessian
free second order methods.

Let f : R®™ — R be twice differentiable function with continuous derivatives,
i.e., the Hessian matrix is symmetric. The Hessian at some input @ is denoted as
Hg(x) = J[Jf|(x). For some vector v € R", the HVP computes

v i— Hy(x)v. (A.6)

To evaluate this product without instantiating the full Hessian, AD of the Jacobian-
vector product can be performed, i.e.,

Hy(x)v = J[x — Jp(x)v]. (A7)

This approach offers several advantages. It reduces memory requirements and
computational costs compared to computing the entire Hessian matrix, especially for
high-dimensional problems. Further, seamlessly integrates with existing automatic
differentiation frameworks, and the HVP can be computed using any combination
of forward and reverse-mode AD. Listing A.1 shows the abstract implementation to
compute the HVP using forward-over-reverse AD.

Listing A.1: Hessian-vector product in JAX using forward-over-reverse mode AD.

def hvp(f, primals, tangents):
return jvp(grad(f), primals, tangents)[1]
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A.2 Differential operators

Differential operators can be abstractly defined as HOF using forward-mode AD.
Listing A.2 shows a basic implementation of the divergence operator. Only a single
Jacobian-vector product is required to evaluate the divergence operator. Listing A.3,
on the other hand, shows the implementation of the Laplace operator, where the
diagonal of the Hessian is extracted using Hessian-vector products.

Listing A.2: Basic implementation of the divergence operator for a vector valued
function f, such as the magnetization, using forward mode AD.

def divergence(f):
def div(x, *args, xxkwargs):
g = lambda x: f(x, xargs, sxkwargs)
return jvp(g, [x], [ones_like(x)])[1]
return div

Listing A.3: Basic implementation of the vector Laplace operator as HOF using
forward mode AD. The function f can have tensor output of arbitrary
order (shape). The partial derivatives are extracted from the Hessian by
repeated application of Hessian vector products to avoid instantiating
the full Hessian matrix.

def hessian_diag(f, primals):
primals = primals.ravel(
vs = eye(primals.shape[0
comp = lambda v: dot (hvp
diag_entries = vmap(comp
return diag_entries

)
1)
(f, [primals], [v]), v)
) (vs)

def laplace(f):
def lap(x, xargs, sxkwargs):
H_diag = hessian_diag(
lambda x: f(x, *args, sxkwargs), x)
return jnp.sum (H_diag, axis=0)

return lap
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B Trust Region Optimization

Trust region optimization [61] is a powerful technique in nonlinear optimization
that iteratively approximates the objective function within a local region around the
current estimate, known as the “trust region”. This method contrasts with line search
methods by focusing on a neighborhood where the model is trusted to be an accurate
representation of the objective function. The approach is particularly effective for
handling complex, non-convex problems where global optimization methods may
struggle.

The fundamental idea behind trust region methods is to construct a simpler model,
typically a quadratic approximation of the objective function, and solve this approx-
imate problem within the trust region. The size of the trust region is dynamically
adjusted based on the agreement between the model and the actual objective func-
tion. If the model accurately predicts the behavior of the objective function, the
trust region is expanded; otherwise, it is contracted.

Given an objective function f(x), trust region methods iteratively solve the sub-
problem:

mpin mg(p) = f(xk) + Vf(xk)Tp + %pTv2f(Xk:)p

subject to: ||p|| < Ak

(B.1)

Here, my(p) is the quadratic model of the objective function at iteration k, xj, is the
current estimate of the solution, V f(xy) is the gradient of the objective function,
V2f(x}) is the Hessian matrix, p is the step direction, and Ay is the radius of the
trust region. Figure B.1 illustrates the minimization of the quadratic model in 2d
within the trust region framework.

The success of the step p is evaluated by comparing the actual reduction in the
objective function to the predicted reduction given by the model my(p). This ratio
pr is defined as:

f(xk) — f(Xx + Pr)

k pr— B.2
P my(0) — mk(Pk) (B-2)
Based on py, the trust region radius Ay is updated as follows:
QEVAVS if pp <m
A1 =9 Ay ifm < pr <m2 (B.3)

min(y2Ag, Amax) if pr > m2
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Trust Region
® Initial Point
=== Quadratic Model
—» Update Step

Figure B.1: Illustration of a trust region step.

where 0 <m; <m2 < 1,0 <y <1< 7, and Anax is the maximum allowable trust
region radius. In this work we used v = n; = %, Yo =2, 19 = % and Apax = 2. A

pseudocode for the Trust Region method is given in Algorithm 6.

Common algorithms within the trust region framework include the Cauchy point
method, which considers a direction along the steepest descent, and the dogleg
method, which combines the steepest descent and Newton’s direction. Another
notable method is the Steihaug Conjugate Gradient, which is particularly effective
for large-scale optimization problems. The pseudocode for the Steihaug-CG method
is given in Algorithm 7. For each iteration, an evaluation of the Hessian-vector
product V2f (x1)d; is required. The computation of those products is explained in
detail in Appendix A.1.

Trust region optimization provides a robust and powerful framework for solving
nonlinear optimization problems by iteratively refining local models within a dy-
namically adjusted region. By balancing the accuracy of the model with the size of
the trust region, these methods achieve reliable and efficient convergence for well-
conditioned problems. In the case of ill-conditioning, as often present in PINN
training, the convergence rate may suffer, but optimization is still very robust. To
mitigate ill-conditioning, a damped trust region method can be applied. This is sim-
ply done by replacing V2 f(x;) with V2f(x;) + al, where o denotes the damping
factor. However, in our experiments this does not really improve convergence, but
can help to converge to a suboptimal solution which might be good enough for the
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Algorithm 6 Trust Region Method

Require: Function f: R"™ — R
Initialize xg, Ag, and tolerance e
for k=0,1,2,... do
Compute pg by solving the trust region subproblem

Ingn mi(p) = f(xx) + VF(xx) p+ %pTVQf(xk)p

subject to ||p|| < Ak

Evaluate pj, = %

if pr <m then

Apy1 = 1Ak
else if 11 < pi < 12 then
Ap1 = Ag
else
Ak—i—l = min('YQAkv Arnax)
end if

if pr > m then
Xk+1 = Xk + Pk
else
Xp41 = Xg
end if
if |V f(xk41)|| < € then
break
end if
end for
return xj41

problem setting.
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Algorithm 7 Steihaug Conjugate Gradient Method

Require: Function f: R" — R, iterate x; € R™ and tolerance €
Initialize ro = —V f(xy), dp = rg, and set p =0
for 7=0,1,2,... do
if d] V2f(xx)d; <0 then
Compute 7 such that ||p + 7d;|| = Ag
p=p+7d;
break
end if

. r;.rrj

= A V2 f(xp)d;

if [|p - ad,|| > Ay then
Compute 7 such that ||p + 7d,;|| = Ay
break

end if

P=p+ Oédj

rji1=1; - aV2f(x)d;

if rj1 < c then
break

end if

T
8= Fjp1Ti+1
=TT

r. I‘J

J
dji1 = rj41 + fd;
end for
return p

(07
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