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ABSTRACT

The analysis of large data sets is central to numerous fields, each posing
different requirements on the kinds of analyses that are performed. One
aspect many areas share is the dynamic nature of data: data sets change
as new data arrives and outdated data is removed. Consider, for example,
graphs representing social networks, where edges appear and disappear as
people’s interactions evolve, or communication graphs, where weighted edges
represent changing communication demand. Any kind of continuous data
stream can also be considered dynamic data. Examples are financial data,
physiological data such as in electrocardiography, and seismic data. We study
algorithms for the analysis of dynamic data in different application areas,
namely in topological data analysis, private data analysis and reconfigurable
networks.

Persistent homology is a key concept in topological data analysis, describing
topological features across multiple scales. We introduce a data structure for
maintaining the persistent homology of time series data, based on a novel
tree-like representation called the banana tree. It supports local operations
such as changing the value of an item or inserting a new item, and topological
operations, i.e., cutting and concatenating, which each can be performed in
time linear in the number of changes to the output. We assess its performance
and properties in an experimental study on a variety of synthetic and real-
world time series. The results indicate that banana trees outperform the
state-of-the-art static algorithms on unbiased random and quasi-periodic
data. They also reveal connections between the performance and structure
of the banana trees. Our results suggest practical utility of banana trees on
real-world data sets, as they share structural properties with random walks.

Private data analysis aims to publish analyses of a data set while protecting
the sensitive data of users who contribute their information. Differential pri-
vacy is a framework that offers such protections. We study differential privacy
for graph problems under continual observation, i.e., for dynamic graphs. We
present event-level e-differentially private algorithms for subgraph counting
problems, minimum spanning tree, minimum cut, maximum matching and
densest subgraph on partially dynamic inputs. These are the first differentially
private algorithms for such problems with additive error poly-logarithmic in
the input length T. Finally, we show that on user-level with fully dynamic
inputs the additive error must be linear in the value of the output’s solution
range for a wide variety of graph problems.

Reconfigurable networks in datacenters provide direct connections between
racks, adapted to the communication demand, which form a set of k edge-
disjoint matchings. We propose dynamic algorithms to efficiently maintain
these disjoint matchings while maximizing the demand served. We present
seven (batch-)dynamic algorithms and compare them to static ones in exten-
sive experiments on 176 synthetic and 39 real-world network traces. Our
dynamic algorithms significantly improve the running time and reduce the
number of changes to the network’s configuration, while retaining solution
quality.



ZUSAMMENFASSUNG

Die Analyse von groflen Datensatzen ist auf vielen Gebieten von zentraler
Bedeutung, wobei sich die Anforderungen an die Art der Analyse stark un-
terscheiden konnen. Ein gemeinsamer Aspekt iiber Anwendungen hinweg ist
die Dynamik der Datensétze: neue Daten kommen hinzu und obsolete Daten
werden entfernt. Beispiele finden sich in Graphen, die soziale Netzwerke
reprasentieren, wo Anderungen in den Interaktionen der Teilnehmer Kanten
erscheinen und verschwinden lassen, oder auch in Kommunikationsnetzwer-
ken, deren gewichtete Kanten den fluktuierenden Kommunikationsbedarf
modellieren. Allgemein kann jeder Datenstrom als dynamisch angesehen wer-
den, zum Beispiel finanzielle Daten, physiologische Daten und seismische
Daten. Diese Dissertation behandelt Algorithmen zur Analyse von dynami-
schen Daten in unterschiedlichen Anwendungsgebieten: in topologischer
Datenanalyse, privater Datenanalyse und rekonfigurierbaren Netzwerken.

Persistente Homologie ist ein Schliisselkonzept in topologischer Daten-
analyse, das topologische Eigenschaften auf vielen Skalen beschreibt. Wir
fuhren eine Datenstruktur zur Berechnung der persistenten Homologie von
Zeitreihen ein, die auf einer neuartigen Baum-ahnlichen Struktur, dem Ba-
nanenbaum, basiert. Diese Datenstruktur unterstiitzt lokale Operationen,
wie Anderung eines Wertes und Einfiigen eines Punktes, und topologische
Operationen, die Zeitreihen trennen oder zusammenfiigen. Die Laufzeit fur
diese Operationen skaliert linear mit den Anderungen in der Ausgabe. Eine
experimentelle Studie auf synthetischen und realen Zeitreihen zeigt, dass
Bananenbdume auf symmetrischen Irrfahrten und quasi-periodischen Reihen
Anderungen an der Eingabe schneller verarbeiten als der bisher schnellste
Algorithmus. Die Ergebnisse zeigen auch Zusammenhange zwischen der Per-
formanz und der Struktur der Bananenbaume auf. Bananenbaume auf realen
Zeitreihen dhneln denen auf symmetrischen Irrfahrten in ihren strukturellen
Eigenschaften, was eine gute Anwendbarkeit nahelegt.

Private Datenanalyse zielt darauf ab, Analysen von Datensatzen zu erzeu-
gen und gleichzeitig sensible Daten zu schiitzen. Differential Privacy ist ein
Ansatz, der solche Analysen ermoglicht. Wir betrachten Differential Privacy
fir Graphprobleme im Kontext der Continual Observation; das heif3t, fiir
dynamische Graphen. Wir beschreiben e-differentiell private Algorithmen auf
Event-Level fur die Probleme Zahlen von Subgraphen, minimaler Spannbaum,
kleinster Schnitt, maximales Matching und dichtester Subgraph auf partiell
dynamischen Eingaben. Dies sind die ersten differentiell privaten Algorith-
men fiir solche Probleme mit additivem Fehler der poly-logarithmisch mit
T, der Lange der Eingabe, skaliert. Schliefllich zeigen wir, dass der additive
Fehler von Algorithmen auf User-Level fiir viele Graphprobleme linear im
maximalen Funktionswert ist.

Rekonfigurierbare Netzwerke in Datencentern ermoglichen direkte Ver-
bindungen zwischen Racks, angepasst an den Kommunikationsbedarf. Diese
Verbindungen formen eine Menge an k disjunkten Matchings. Wir prasentie-
ren dynamische Algorithmen, die diese disjunkten Matchings berechnen und
dabei die kommunizierte Datenmenge maximieren. Wir vergleichen sieben

ii



(batch-)dynamische Algorithmen mit statischen in ausfiithrlichen Experimen-
ten auf 176 synthetischen und 39 realen Netzwerk-Traces. Unsere Algorithmen
verbessern die Laufzeit deutlich und reduzieren die nétigen Anderungen an
der Netzwerkkonfiguration, ohne dabei an Losungsqualitat zu verlieren.
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INTRODUCTION

Data plays an essential role in our society. Massive amounts are produced at
any moment, be it through the use of smartphones and cars, or in healthcare,
scientific research and financial markets. This data has tremendous value: in
a 2017 article the Economist called data “the world’s most valuable resource”
[1]. But more importantly, the availability of data impacts society beyond
its economic worth: for example, in healthcare the analysis of medical data
can lead to improvements in diagnosis, prevention, treatment and health
monitoring [2-4]. In any case, data in its raw form is usually meaningless and
its analysis is key to extract value and insight. Given the immense volume of
data, efficient algorithms are necessary to provide analyses in a timely manner
and within reasonable bounds on computational resources.

Data differs vastly across domains, but a common aspect is its dynamic
nature: new data arrives constantly and other data becomes outdated. Graph
structured data offers many examples: in infection networks edges represent
infection events and they appear as the disease spreads through a community;
in social networks edges appear and disappear as participants follow and
unfollow each other; the communication demand in a datacenter fluctuates
and can be modeled by a graph with changing edge weights. Other examples
can be found in healthcare with the monitoring of heart rate and other physio-
logical data, or in financial markets, where the values of assets fluctuate as
trades are made.

Taking this “dynamicness” into account when designing data analysis algo-
rithms has significant benefits. It allows us to avoid recomputation by instead
updating an existing solution, which saves on computational resources and
cuts down on processing time. The former leads to more efficient use of
hardware, and the latter may be crucial in monitoring applications, where a
timely response to an event represented in the data is desired. Additionally,
some problems are inherently dynamic: for instance, when performing a
privacy-preserving analysis of an evolving data set, treating it as a static data
set with each update can leak private information. It appears that there is a
clear need for algorithms that can work with changing input data.

We call such an algorithm a dynamic algorithm, schematically illustrated
in Figure 1.0.1. It maintains (a representation of) a solution to a problem P
while the input data changes. After preprocessing an initial input to construct
its internal state, the algorithm receives updates that modify the input data.
Each update is processed to alter the internal state such that it reflects the
modified input. At any point the algorithm may be queried for the solution to
P on the current input. Some algorithms process updates in groups; these are
the batch-dynamic algorithms.

The requirements on dynamic algorithms differ depending on the problem
and the use case. Fundamentally, there can be differences in the type of input
data: we study problems on real-valued time series and on graphs. Even
when considering one type of input data there are still differences in what
updates are allowed. On graphs, for example, we may have edge insertions
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input X1 @

U Uy us
p(X1)
internal I I I3
state Ay, uq) A(Iy, us) A(lI3,u3)
q(1) q(I3)
output P(X7) P(X3)

Figure 1.0.1: A dynamic algorithm to compute P on inputs X;, Xy,.... The initial
input X; is preprocessed to obtain the initial internal state I = p(X;). The input
X, is changed via a sequence of updates uy,u,,..., yielding X,, X3,.... Based on its
internal state [; and the update u;, the dynamic algorithm computes the internal
state I;,; = A(I;,u;), which represents input X;. At any point the algorithm may be
queried to output the solution g(I;) = P(X;). Not every update needs to be followed
by a query.

and deletions, or only allow changes to edge weights®. In the same vein, we
usually distinguish between partially dynamic and fully dynamic settings. In
the former, data is either only added or only deleted, while in the latter data
may be both added and deleted. Finally, what makes a “good” algorithm
also differs depending on the application. Common quality criteria are the
time to process an update or query the solution, the solution quality, and the
recourse, i.e., the amount of changes to the solution due to an update. Different
applications may prioritize different quality criteria, e.g., an application may
require an exact solution and take increased update time into account, while
others may sacrifice solution quality for faster update times.

This thesis studies dynamic data analysis problems from three application
areas, namely topological data analysis of time series, private analysis of dy-
namic graphs and scheduling reconfigurable datacenters. We focus on the
development of algorithms with good practical performance. Our contribu-
tions are as follows:

1. Topological data analysis of time series (Chapters 3 to 5): a core concept
in topological data analysis is persistent homology and its representation
in the persistence diagram. We introduce the first data structure to
maintain the persistence diagram of a time series under a large set
of updates. It allows changes to the value of a time step, as well as
cutting and concatenating time series. The updates are processed in
time O(logn + k), where k is the number of changes to the persistence
diagram and 7 is bounded by the length of the time series. This data
structure is based on banana trees, which are a novel representation of
path-decomposed binary trees and explicitly represent the persistence
diagram. We demonstrate its practical performance in experiments on
synthetic and real-world data: on random walks and quasi-periodic
series our data structure outperforms the state of the art in terms of

a While the latter can be emulated by the former—delete an edge, then insert it with the new
weight—handling a weight change directly allows for increased efficiency.
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running time by several orders of magnitude. Finally, we analyze how
the performance is connected to structural properties of the banana
trees, and show that banana trees of real-world time series resemble
those on random walks and quasi-periodic series. This indicates strong
performance on real-world data sets and practical utility.

2. Private analysis of dynamic graphs (Chapter 6): we study differential
privacy on graphs under continual observation, that is, on dynamic
graphs. This framework allows to release the results of an analysis with-
out leaking sensitive information contained within the graph. In the
event-level setting we present partially dynamic differentially private
algorithms for several graph problems, including subgraph counting
problems, the degree histogram, minimum spanning tree, minimum cut
and densest subgraph. These are the first such algorithms with additive
error poly-logarithmic in the length of the input sequence, i.e., the num-
ber of queries; the algorithms for minimum spanning tree, minimum cut
and densest subgraph are overall the first dynamic differentially private
algorithms for these problems. We complement these algorithms with
lower bounds, which show that the error has to be at least logarithmic
in the length of the input sequence. For the stronger user-level setting
we show that the additive error has to be linear in the maximum func-
tion value for a wide range of problems, which precludes differentially
private algorithms on sufficiently long inputs.

3. Dynamically scheduling reconfigurable datacenters (Chapter 7): mod-
ern technologies allow networks in datacenters to be adapted to the
communication demand. Determining a configuration of such a net-
work that maximizes the transmitted data requires efficient algorithms.
We give dynamic algorithms for the disjoint matchings problem moti-
vated by this application and are the first to study it in the dynamic
setting. In experiments on real-world instances they outperform the
best known static algorithms, even though the batches update almost
all of the graph, and they yield high quality solutions with fast running
times and small recourse.

In the following chapter we give a brief introduction to each of the three
application areas and summarize the problem statements and our results.



OVERVIEW AND SUMMARY

This chapter provides an overview of the problems studied in this thesis
and of our results. We begin with topological data analysis of time series in
Section 2.1, continue with private analysis of dynamic graphs in Section 2.2,
and finish with reconfigurable networks in Section 2.3. Section 2.4 places our
work in context of later results and briefly discusses some open problems.

2.1 Topological Data Analysis of Time Series

Motivation

Topological data analysis aims to determine the shape of a data set and study
its topological properties. Consider, for example, the set of points in Fig-
ure 2.1.1a, which takes the shape of an annulus. We would like a more reliable
approach than visual inspection to find this shape. Similarly, in the noisy time
series in Figure 2.1.1b we may want to recover the underlying signal. We could
smooth the series by removing small oscillations, but then how do we decide
what is “small”? Topological data analysis offers methods to solve these tasks.
A central tool is persistent homology [5], which considers topological features
at all scales and identifies those that persist over a large range of scales. It is
a versatile methodology that can be applied to many kinds of data, such as
in medicine [6-10], biology [11-13], finance [14], computer vision [15] and
chemistry [16-19], to name a few.

Informally, homology classifies a shape by its number of connected com-
ponents, cycles, holes and higher-dimensional analogs. Persistent homology
considers a representation of a data set parameterized by some scale param-
eter a. For the point set in Figure 2.1.1a this may be a set of balls of radius
a centered on the points, and for the time series in Figure 2.1.1b the set of
times t for which f(t) < a. Persistent homology then tracks how the homology
changes as the parameter « is swept from its smallest to its greatest value. A

t

Figure 2.1.1: a) A set of points sampled from the annulus shaded in red. b) A noisy
time series in blue, with the underlying noiseless signal in red.
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feature, e.g., a cycle, that exists over a large range of a can be considered a key
feature of the data set’s shape.

We are interested in persistent homology for time series. In this context
persistent homology is often applied to an embedding of the time series into
higher dimensions. Examples include the work by Perea et al. [12, 20], who
use persistent homology of a time-delay embedding to detect periodicity
in time series, and that by Chung et al. [8], who use persistent homology
of an embedding to classify sleep stages from heart rate data. However, it
may also be applied directly to the time series itself. This has been used to
detect patterns in gene expression data [11], analyze heart rate data to classify
sleep stages [8] or detect stroke episodes [9], predict weight loss success from
accelerometer data [10], and to engineer topological features for time series
forecasting [21]. The two approaches can, of course, be combined: for example,
Chung et al. [8] use results from both approaches to train a classifier on heart
rate data.

We consider the second approach, i.e., computing the persistent homology
of the time series itself. More precisely, we consider the extended persistent
homology [22] of time series data. We introduce a new data structure to main-
tain a representation of extended persistent homology called the augmented
persistence diagram as the input time series undergoes changes.

Defining Extended Persistent Homology of Time Series

By time series we mean a list ¢y, c5,...,c;,; of real numbers. To define the
augmented persistence diagram for this list we view it as a continuous map
on a closed interval. We write f(i) = ¢; for the value of item i. By linearly
interpolating between consecutive values c; we obtain a piecewise-linear map
f :[1,m] - R. We assume all ¢; to be distinct, which makes f generic. Appro-
priate tie-breaking rules or small perturbations ensure that this assumption
holds in practice?. Extended persistent homology of time series depends
solely on the critical items of the series. These are the minima, whose adjacent
items have greater value, and the maxima, whose adjacent items have smaller
value. The remaining items are called non-critical. Endpoints require special
treatment, but for the purposes of this section we think of them as minima or
maxima.

The extended persistent homology of functions on a closed interval is a
special case of persistent homology and is entirely described by the connected
components of sub- and superlevel sets. In this introduction we provide a
simplified explanation that is sufficient to summarize our contribution. For
details see Section 3.2.1 and we refer to the book by Edelsbrunner and Harer
[24] for a general introduction to persistent homology.

Extended persistent homology is encoded in the extended persistence diagram,
which we can obtain in a two-phase process. This process tracks the evolution
of connected components of the sublevel sets f;, = f~!(—oo, ], the set of x €
[1,m] with f(x) < t, and superlevel sets f’ = f~1[t,c0), the set of x € [1,m] with
f(x) >, as t increases and decreases, respectively. In the first phase we sweep
t from —oo to co and observe how connected components of f; appear and
disappear. When t passes the value f(a) of a minimum 4 a new component

Stability of persistence diagrams with respect to small perturbations, as proved by Cohen-
Steiner et al. [23], guarantees that this has negligible impact on the output.
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PHASE 1 Dgm (f) PHASE 2

Figure 2.1.2: A map f along with its (augmented) persistence diagram Dgm (f). On
the diagonal line birth is equal to death. Tracing the dashed lines shows how com-
ponents relate to points. Blue circles (above the diagonal) are points in the ordinary
subdiagram Ord(f), the green square is the sole point in the essential subdiagram
Ess(f), and red circles (below the diagonal) are points in the relative subdiagram
Rel(f). Arrows indicate that components corresponding to points merged.

is born; when t passes the value f(b) of a non-endpoint maximum b two
components merge into one. We say that the component born at a greater
value of t dies at b. Consider two components, one born at a and one born at p
with f(p) < f(a) that merge at a maximum b: the component born at a dies at
b and the merged component is said to have been born at p. The component
born at the global minimum does not die in phase one. In the second phase
we repeat the process for the connected components of the superlevel sets f*
as we sweep t from oo to —co. Components are now born at maxima and die at
minima that are not endpoints. Alternatively, we can repeat the first phase for
—f and obtain the same information.

From the births and deaths of connected components we obtain the ex-
tended persistence diagram Dgm(f). A component that was born at a4 and
died at b is represented by a point (f(a), f (b)) in Dgm(f). See Figure 2.1.2 for
an example. This diagram is split into subdiagrams: the ordinary subdiagram
Ord(f) containing points representing components with birth and death in the
first phase, the relative subdiagram Rel(f) containing points representing com-
ponents with birth and death in the second phase, and the essential subdiagram
Ess(f). For topological reasons the connected component born at the global
minimum in the first phase is considered to die at the global maximum of f
in the second phase. It is represented by the sole point (min, f(x), max, f(x))
in Ess(f). The component born at the global maximum in the second phase is
not represented in any diagramP. The three subdiagrams are disjoint and

Dgm(f) = Ord(f)URel(f)UEss(f). (1)

To give a brief example, Figure 2.1.3 shows the ordinary and essential sub-
diagram for the series in Figure 2.1.1b. The series has three obvious “valleys”,
which show up as three points away from the diagonal in the persistence
diagram. Points closer to the diagonal correspond to small “wiggles”, which

This is due to the use of relative homology for phase two in the original definition of extended
persistent homology, which is beyond the scope of this introduction. Briefly and informally,
points in the relative subdiagram record the birth and death of relative cycles, and no such
cycle is born when t passes the global maximum in phase two.
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f(t) death 1\ °

t birth

Figure 2.1.3: The time series from Figure 2.1.1b on the left and its ordinary and
essential subdiagrams on the right. The dashed line indicates where birth equals
death. Points close to the diagonal are considered noise; the three “valleys” of the
series correspond to the circled points away from the diagonal.

we can consider noise. We quantify the importance of these features by their
persistence, which is the difference between the death and birth of a component:
a component that is born at 4 and dies at b has persistence f(b) — f(a).

We obtain the augmented persistence diagram Dgm (f) from the extended
persistence diagram by adding arrows that encode the merging of components.
We add an arrow from (f(a), f(b)) to (f(p), f(g)) if the component born at a
dies at b to the component born at p with death at q. In Figure 2.1.2 there
are arrows between points in Ord(f) and Ess(f); there are no arrows in the
relative subdiagram, as they would point to the component born at t in the
second phase, which is not represented in the diagram.

Biswas et al. [25] characterize persistent homology of maps on closed in-
tervals in terms of windows®. They relate points in the persistence diagram
to windows in f, which can be visualized as rectangles in [1,m] x R framing
the component corresponding to the pair of critical items. Windows can be
nested and the nesting relation—more precisely, its transitive reduction—is
represented in the arrows of the augmented persistence diagram. This char-
acterization is fundamental to our data structure, as it reveals some useful
symmetries that our update algorithms exploit.

Related Work

Before we describe our data structure we briefly discuss existing algorithms
that compute the persistence diagram of maps on a closed interval. There is an
O(m) time algorithm by Glisse [26], which computes the persistence diagram
by reading the list from left to right and only storing an item if it cannot be
paired immediately; the resulting list follows a specific pattern which allows
to pair the remaining items in a second pass over the list. However, this
algorithm does not compute the nesting relation of windows, i.e., the arrows
in the augmented persistence diagram. An algorithm that computes the full
augmented persistence diagram, including the nesting relation, is known
[27]: After sorting the critical items by order of increasing function value the
augmented persistence diagram can be constructed using a disjoint-set data

They study persistent homology of maps on closed intervals as a special case of maps on
geometric trees and geometric networks.
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InpuT LisT > Step 1, STEP 2 > STEP 3

Figure 2.1.4: The process to obtain a banana tree (right panel) from a list (left panel).
The critical items g to w are placed in a Cartesian tree (Step 1) with an additional
special root, labeled . This tree is decomposed into edge-disjoint paths (STep 2); see
the colors in the middle panel. There are paths P(g,t) (green), P(s,r) (blue), P(w,v)

(red) and P(u, B) (black) corresponding to points (f(q), f(t)), (f(s), f(r)), (f(w), f (v))
and (f(u), f(t)) in the persistence diagram, respectively. Paths are then split into trails
(SteP 3), resulting in the final banana tree, with bananas B(q,t), B(s,r), B(w,v) and
B(u, B). The bananas B(s,r) and B(w,v) have two empty trails; node r is internal to the
path P(g,t) and hence part of a trail of B(qg, t).

structure. In total, this takes time O(m + nlogn), where n is the number of
critical items.

When the input is represented as a map on a simplicial complex, we can
apply general algorithms for persistent homology. The classical algorithm
computes a reduction of a matrix representation of the complex, which takes
time O(n%) for a simplicial complex with n simplices? [5]. Existing algorithms
to update persistent homology when the input changes are based on this
approach. The first such algorithm is the one by Cohen-Steiner et al. [28],
which handles updates where two simplices that are adjacent in the ordering
by value switch position. Updating the matrix reduction takes time linear in
the number of simplices. Dey et al. [29] show that on graphs this update time
can be improved to O(logn).

2.1.1 Contribution

Given a list cy,...,c,, we aim to maintain the augmented persistence diagram
of the associated piecewise-linear function f as the list changes. We allow local
updates, that is, changes to the value of a single item, and topological updates,
which concatenate two lists or cut a list in two. We denote by n the number of
critical items in the list. In Chapters 3 and 4 we introduce a data structure for
this problem.

Central to our data structure are the banana trees. These are novel tree-like
structures that explicitly represent the augmented persistence diagram. They
are best described by a three-step process, illustrated in Figure 2.1.4:

Step 1: We begin with the unique Cartesian tree [30] constructed on the
critical items of the list. This is a binary tree with items stored in order

In a representation of a time series as a simplicial complex each simplex corresponds to a
critical item, and # is equal to the number of critical items.
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and with the item value increasing on any path from a leaf to the root.
The leaves of the tree are the minima and the internal nodes are the
maxima.

SteP 2: We add a parent to the root, which we call the special root, such that
the tree has as many internal nodes as it has leaves. We decompose the
tree into edge-disjoint paths between the leafs and the internal nodes.
Each path P(a,b) is chosen such that, when following it from the leaf
a towards the special root, b is the first internal node with a leaf in its
subtree that has smaller value than a; if no such internal node exists then
b is the special root. In this decomposition the path P(a, b) between leaf a
and internal node b corresponds to a point (f(a), f (b)) in the persistence
diagram, and for every maximum g on the path from a to b there is an
arrow from the point (f(-), f(g)) to the point (f (a), f ()).

Step 3: Finally, we split each path P(4,b) into two trails: One trail contains
nodes internal to P(a, b) at which a path hangs off to the left; the other
contains nodes internal to P(a, b) at which a path hangs off to the right.
Both trails share the minimum a4 and the maximum b. The trails are
independently ordered by value, increasing from a to b. We call a pair
of trails a banana spanned by a and b, which we write as B(a, b).

The trails of a banana B(a,b) are stored as two doubly-linked lists, one
for each trail. There are further pointers linking the ends of bananas and
representing the nesting of bananas. These pointers allow us to extract the
augmented persistence diagram in time O(n) by iterating over nodes.

We maintain two banana trees: the up-tree Up(f) and the down-tree Dn(f).
Applying the process above to f yields the up-tree; applying it to —f yields
the down-tree. The up-tree represents the ordinary and essential subdiagram;
the down-tree represents the relative subdiagram. There is an important
symmetry between the up-tree and the down-tree: minima in the up-tree are
maxima in the down-tree and vice versa. Our update algorithms exploit this
property and thus we always maintain both banana trees, even if we are only
interested in one of the subdiagrams. Additionally, we maintain two binary
search trees: one for the minima and one for the maxima. In total, we require
O(m) space: O(m) to represent the input and O(n) for the banana trees and
binary search trees.

We give a linear time algorithm to construct a banana tree from a list of
items. It iterates over the list from left to right and processes each item
twice: once to insert it into its banana and another time to correctly assign all
pointers. This algorithm is the first to compute the augmented persistence
diagram in linear time, i.e., the extended persistence diagram along with the
nesting relation of windows. The algorithm by Glisse [26] also runs in linear
time, but does not output the nesting relation.

We allow updates that change the value of an item—the local updates—and
those that cut a list in two or concatenate two lists into one—the topological
updates; see Figure 2.1.5. The former lead to structural changes within the
banana trees; to process the latter we split and glue the banana trees.

We leave the description of the algorithms to Chapter 3 and only discuss
the motivation for splitting the paths and maintaining both banana trees. For
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Figure 2.1.5: Local updates (top) change the value of a single item. Topological updates
(bottom) cut the list in two or concatenate two lists into one.

a comprehensive overview of the algorithms see the technical overview in
Section 3.3.

When changing the value of an item, i.e., when performing a local update,
the position of this item in the order of items by function value changes.
Whenever two consecutive items swap their position in this order, there may
be a change in the augmented persistence diagram. However, most of these
swaps do not lead to any change, and it is imperative that we only process
those that do, in order to achieve a fast update time.

BEFORE LOCAL UPDATE OF v

Figure 2.1.6: A local update increasing the value of item v, which leads to an inter-
change of maxima with t. The state before the update is shown on top; that after the
update is shown below. Maintaining a correct path-decomposed binary tree requires
a rotation; the structure of the banana tree is unchanged.

10
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Swaps between two maxima or two minima are particularly interesting.
These are the interchanges of maxima and interchanges of minima and the reason
for splitting paths into trails. An interchange of maxima only has an effect on
the augmented persistence diagram if the two maxima lie on the same path of
the path-decomposed binary tree. However, this condition is not sufficient:
consider the example in Figure 2.1.6 where maxima v and t interchange; even
though v and t lie on the same path, the augmented persistence diagram is
unchanged, i.e., the pairing of items and the arrows remain identical after
the update. Maintaining the path-decomposed binary tree requires a rotation,
as otherwise the value of nodes along the path P(u, ) is no longer strictly
increasing towards the root. Splitting the path into two trails avoids this
issue: the banana tree—right panel of Figure 2.1.6—is unaffected by the
interchange. In fact, an interchange of maxima only results in a change in the
augmented persistence diagram if the two maxima lie on the same trail. As a
consequence, the splitting of paths into trails makes banana trees oblivious
to any interchanges that do not cause a change in the augmented persistence
diagram, and we do not perform any work for those.

Interchanges of minima are directly connected to interchanges of maxima.
When increasing the value of a minimum 4, detecting the minimum p with
which it interchanges is non-trivial. If a together with a maximum b spans
the banana B(a,b), then p must be the lower end of a banana on a trail of
B(a,b). There are many such minima and searching for the correct one is too
expensive. Instead, we use the fact that whenever two minima interchange in
f, two maxima interchange in —f. We show that an interchange of minima
a and p only leads to changes in the augmented persistence diagram if the
interchange of maxima a and p in —f does. Hence, when updating a minimum
a we perform the corresponding interchanges of maxima in the down-tree and
use those to identify the minimum with which to interchange a. This allows
us to again only pay for interchanges of minima that actually lead to changes
in the augmented persistence diagram, and ignore those that do not.

A local update is decomposed into a sequence of local operations, which are
the cancellations, anti-cancellations and slides, in addition to the interchanges.
Processing an interchange takes time O(k), where k is the number of changes
in the augmented persistence diagram. The remaining operations appear
only a constant number of times in the sequence of operations and take time
O(logn + k), with the exception of anti-cancellations. These insert a new
banana into the banana tree, which requires a search that takes time O(k’),
where k’ is the number of changes in the transitive closure of the augmented
persistence diagram. This is bounded by the height of the path-decomposed
binary tree, which is O(n) in the worst-case. The topological updates, cutting
and concatenating, involve splitting and gluing banana trees, which can also
be done in time O(logn + k).

Our main goal is to obtain a data structure that is performant in practice.
In Chapter 5 we provide an experimental evaluation of banana trees. We
study how the running time is linked to their structural properties, in order
to understand on what kind of data the banana trees perform well. We focus
on two structural properties:

1. The nesting depth, measuring how deep the nesting hierarchy of bananas
is. For a banana B(a, b) it is defined as the smallest number of bananas

11
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Figure 2.1.7: a) Worst-case instance for local updates with n = 20 items. Increasing the
value of the item circled in blue results in an anti-cancellation that takes linear time,
followed by up to /2 interchanges. b) Worst-case instance for topological operations
with n = 21 items. Cutting at the dashed line affects ©(n) bananas. Concatenating the
resulting lists again affects ©(n) bananas.

that need to be traversed from b in order to reach the special root. The
nesting depth bounds the time for the search in anti-cancellations and
the number of processed bananas in the topological operations.

2. The trail length, i.e., the number of nodes internal to trails. This bounds
the time for processing an interchange of minima and operations that
appear in topological updates.

To our knowledge there is no other implementation of a dedicated dynamic
algorithm for the persistent homology of time series. Hence, we compare to
the static linear-time algorithm by Glisse [26] as implemented in Gudhi [31].

We perform experiments on synthetic time series: random walks, quasi-
periodic series and worst-case instances. We define a random walk of length n
with parameters p and o as

r(0)=0; r(t)=r(t—-1)+y,forl1 <t<mn, (2)

where y; ~ N'(y,0) are independent and normally distributed with mean u
and standard deviation o. The parameter y controls the bias: a random walk
with p = 0 is unbiased, a random walk with y = 0 is biased. For quasi-periodic
time series we set y; ~ NV (py, 0) with y; = sin(2rwt). By adjusting the standard
deviation o the series becomes more or less periodic: as o approaches 0 the
noise becomes negligible and the signal resembles a sine wave; for o > 1 the
series resembles an unbiased random walk. Finally, the worst-case instances
are tailored to require update times linear in the input size. We construct
such instances for local updates and for topological updates, as illustrated in
Figure 2.1.7.

Our experiments demonstrate that banana trees can efficiently update the
persistence diagram when performing local or topological changes. On ran-
dom walks and quasi-periodic inputs they are faster than the static reference
algorithm by several orders of magnitude for inputs of length greater than
1000. We connect these results on performance to the structural properties of
banana trees. On unbiased random walks we observe short trails—around 0.5
on average—and small nesting depth logarithmic in the input length; biased
random walks yield banana trees with smaller nesting depth, but the longest
trail contains around 95% of the internal nodes for |y| = 1. Our algorithms

12
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perform best on unbiased random walks and the performance degrades as
the bias increases. We observe a similar trend on quasi-periodic time series.
As we decrease the parameter o the nesting depth decreases and the trail
length increases. Local and topological maintenance also become slower with
decreasing o. With small ¢ the quasi-periodic series are locally similar to
biased random walks; with large o they resemble unbiased random walks.

On the worst-case instances maintaining banana trees is slower than the
static algorithm, with slowdowns between 20 and 50. This is expected, since
both algorithms take linear time, but banana trees perform more bookkeeping.
However, mixing the worst-case instances with random walks shows that these
scenarios are unstable: a small perturbation leads to drastic improvements in
the running time of the banana tree maintenance algorithms.

Finally, we analyze structural properties of banana trees on real-world
time series obtained from electrocardiography, audio recordings and human
physical activity recordings. We observe that these banana trees exhibit
structural properties that are similar to those on random walks and quasi-
periodic series. We thus expect banana trees to perform well in practical use
cases on real-world data.

2.2 Private Analysis of Dynamic Graphs

Motivation

Many data sets, such as medical records or frequently visited locations, con-
tain sensitive information. Revealing this information puts the individuals
contributing their data at risk. Thus, when publishing any information about
the data set or parts of the data set, we have to take care to not leak this
sensitive data.

The traditional approach to anonymize the data is by removing any “person-
ally identifying information”, such as names, addresses, ZIP-codes. However,
this does not stop an adversary from re-identifying entries in the database,
especially if auxiliary data is available. There are many examples where
anonymization fails: Sweeney [32] describes how anonymized medical records
can be re-identified using voter registration data; in a blog post Tockar [33]
demonstrates how an anonymized taxi data set released by the New York City
Taxi and Limousine Commission can be used to identify taxi trips of celebrities
or frequent customers of a nightclub; Narayanan and Shmatikov [34] identify
Netflix users in a data set of anonymized movie ratings by cross-referencing
it with the Internet Movie Database (IMDD); Calandrino et al. [35] present
algorithms to infer a consumer’s behavior from the output of recommender
systems, exploiting their dynamic nature. For further examples see the survey
by Narayanan et al. [36].

While there are many attempts to mitigate such attacks, for example k-
anonymity [37], density-based perturbation [38, 39], I-diversity [40] and ¢-
closeness [41], all of these are prone to privacy leaks, especially in the presence
of auxiliary information. Since it is impossible to control what auxiliary infor-
mation is available to an adversary, an approach to privacy that is independent
of the adversary’s knowledge and computational power is needed [36]. Dif-
ferential privacy [42, 43] was developed to satisfy this requirement and offers
protection against the attacks described above: Tockar [33] explains how to

13
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Figure 2.2.1: The probability density functions for Lap(1/¢) with ¢ = 2 (green), e =1
(yellow) and ¢ = 0.5 (blue). Decreasing the privacy loss ¢ in the Laplace mechanism
increases the variance of the Laplace noise, resulting in higher error.

use differential privacy to protect the taxi customers’ privacy, and Calandrino
et al. [35] list differential privacy among the possible mitigation strategies.
Differential privacy has been applied in a variety of areas, such as commuting
data from the US Census [44], end-user statistics in the Chrome web browser
[45], ad analytics on LinkedIn [46] and general SQL queries [47].

Basic Concepts of Differential Privacy

We now give an overview of differential privacy, focusing on the concepts
relevant to our results. The possible applications of differential privacy are
diverse and thus the space of models and methods is quite large. For broader
overviews we refer to the book by Dwork and Roth [48] and the tutorial by
Vadhan [49].

We are in the setting of centralized differential privacy and take on the role
of a trusted curator, who has sole access to the database and aims to publish
some analysis without revealing sensitive information. Assume that we want
to privately compute a function f : X — R, where X is the set of databases and
R is the space of possible outputs, e.g., the set of real numbers. Differential
privacy requires the output of an algorithm to be similarly distributed when
supplied with adjacent inputs from X. Usually, when speaking of databases,
inputs are considered adjacent when they differ in the presence of a single
entry. The exact definition of adjacency depends on the type of input and
on the attributes to be protected. The similarity of output distributions is
formalized in the following definition, where Range(.A) denotes the set of all
possible outputs of A.

Definition 2.2.1 (Differential Privacy [42]). A randomized algorithm A taking
as input elements of X is e-differentially private if for any R C Range(.A) and
any adjacent x,x" € X

Pr[A(x) € R] < e Pr[A(x") € R], (3)
where ¢ > 0 is the privacy loss.
With lower privacy loss the distributions become more similar, leading to
increased privacy protection. Vice versa, higher privacy loss implies decreased
privacy protection. Consider the case ¢ = 0, where the distributions are

identical and no information can be gained about the database, and the case
€ = 00, where a non-private exact algorithm satisfies (3).

14
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A basic algorithm to achieve differential privacy is the Laplace mechanism
[42]. Assume that we want to release the value of a function f : ¥ — R where
|f(x)— f(x)] < S for any adjacent x,x” € X. The Laplace mechanism outputs

M(x):=f(x)+y, y~Lap(S/e), (4)

where Lap(s) is the Laplace distribution with mean 0 and scale s, whose
density at r is %e"r'/s. The constant S is a bound on the global sensitivity of
the function f, which is defined as max,g;j. xxvex |f (x) = f(x')|. Accuracy of the
output is quantified with the additive error | M(x) - f (x)|, which for the Laplace
mechanism satisfies

Pr[IM(x) - f(x)| < (S/€)-In(1/9)] > 1 - 0. (5)

It quantifies the utility of the algorithm: the lower the additive error, the
more accurate and thus useful the output. Equations (4) and (5) illustrate
how ¢ controls the trade-off between utility and privacy (see Figure 2.2.1):
decreasing € improves privacy protection, as discussed above, but increases
the variance of the Laplace distribution in (4), which increases the error and
lowers the utility. The parameter ¢ in (5) is called the failure probability.

For functions with high global sensitivity the Laplace mechanism adds a lot
of noise, which may render the algorithm useless, in particular if the error is
of similar magnitude as the true function value. Adding noise that is scaled
to the global sensitivity is not always necessary: approaches such as smooth
sensitivity [50] and the propose-test-release framework [51] reduce the scale
of the noise dependent on the specific input and its neighborhood. These are
not directly relevant to our work, but we mention them for completeness.

We now turn to differential privacy for functions on graphs. A graph G =
(V,E) consists of a set of nodes or vertices V along with a set of undirected edges
E CV x V. We also consider edge-weighted graphs, in which case G = (V,E,w)
with w: E — N mapping each edge to its weight. An edge e = {u, v} is said to
be incident to u and v. Two nodes u and v are adjacent if {u,v} € E.

There are two common definitions of adjacency on graphs: two graphs are
edge-adjacent if they have the same set of vertices but differ in exactly one
edge; similarly, two graphs are node-adjacent if they differ in exactly one vertex
and its incident edges. These notions of adjacency give rise to edge-differential
privacy and node-differential privacy. In edge-differential privacy the set of
vertices can be considered public knowledge® and the edges are the sensitive
information. In node-differential privacy both the nodes and the edges are
sensitive information. Which one is preferred in a specific setting depends
on the data that is represented by the graph. If the data associated with the
nodes is public knowledge, such as the users in a social network, then edge-
differential privacy is sufficient. Sometimes however, revealing whether a user
is part of the graph reveals sensitive information, e.g., in infection networks.
Such cases call for node-differential privacy.

Differential Privacy in the Dynamic Setting

We consider a setting where the input changes dynamically over time and the
output is updated regularly. This is the continual observation model introduced

Because edge-adjacent graphs share the same vertex set, an algorithm that outputs the set of
vertices is 0-edge-differentially private.
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Figure 2.2.2: The binary tree used to compute the sums in the binary mechanism.
Each node corresponds to a noisy sum over an interval of the stream, as annotated.
The differentially private sum of the stream up to time step 3 is computed from the
sums at the blue vertically striped nodes; the sum up to time step 7 is computed from
the sums at the yellow horizontally striped nodes.
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by Dwork et al. [52]. It aims to protect privacy in cases where statistics are
released regularly. This model is, for example, applicable in protecting recom-
mender systems against the attacks described by Calandrino et al. [35]. Song
el al. [53] motivate their work on computing graph statistics under continual
observation with the example of HIV transmission networks collected over
several years.

The simplest problem in this model is that of maintaining a binary counter.
The input is a stream of T ones and zeroes, and the objective is to output the
number of ones after each time step. Two streams are considered event-level
adjacent if they differ in a single bitf. A differentially private counter can be
maintained by constructing a binary tree, where leaves represent the items
of the stream and internal nodes represent the intervals spanned by their
children. Each node stores a sum of the corresponding interval with added
Laplace noise. The output can then be computed by summing up to logt of
these noisy sums, where t is the current length of the stream, as illustrated
in Figure 2.2.2. This algorithm is known as the binary mechanism[54, 55].
It provides event-level e-differential privacy and at each time step has error
O(e7!1og¥? T-1og 6~!) with probability at least 1—5. Our results in Section 6.3
build on a more general version of this algorithm, where items in the stream
are bounded integers and streams may differ in multiple time steps.

Dwork et al. [54] show that this error is tight up to a factor y/log T. They
present a lower bound on the additive error of differentially private algorithms
for counting under continual observation, which states that any such algorithm
for streams of length T must have error ((log T), even if ¢ = 1.

Our work also builds on the sparse vector technique (SVT) [56, 57]. SVT
answers threshold queries on a sequence of function values fi,..., fr, i.e.,
whether f; exceeds some threshold t;, where only ¢ < T queries are expected
to exceed the threshold. An e-differentially private algorithm for SVT is

Dwork et al. [54] define continual observation with the stronger notion of user-level privacy in
mind. For simplicity we focus on event-level privacy here, and leave discussion of user-level
privacy to Section 2.2.1.
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described in [48] (Algorithm 2 in Section 3.6). It answers at most ¢ queries
positively, such that with probability at least 1 — § for all positively answered
queries f; > t; — a and for all negatively answered queries before the c-th
positive answer f; < t; + a, where a = O(¢~!c(log T +1log(c/B))). Observe that
the negatively answered queries contribute only a logarithmic factor to the
error.

2.2.1 Contribution

In Chapter 6 we present differentially private algorithms for graphs under
continual observation, i.e., for dynamics graphs, along with lower bounds on
the error. Prior to our work only Song et al. [53] studied differential privacy in
this setting. They gave algorithms for problems in partially dynamic graphs
with maximum bounded degree. Our contribution is three-fold:

1. We generalize the model introduced by Song et al. [53] and give a formal
definition of adjacency;

2. We give two differentially private algorithms for graphs under continual
observation;

3. We give lower bounds for the additive error of differentially private
algorithms on event-level and user-level.

We consider undirected graphs G = (V,E), as defined above, which may
be edge-weighted. In that case, G = (V,E,w), where w: E — N are the edge
weights. The input to our algorithms are graph sequences G = (G, G,,..., Gr),
where each graph G; = (V}, E;) is derived from G;_; = (V;_1,E;_1) by edge and
vertex updates. These updates are given as sets of deletions and insertions,
which are subtracted and added, respectively, to V;_; and E; ;. Whenever
a node is deleted its incident edges are also deleted. The initial graph G, =
(Vo, Eg) is given and may or may not be empty. The number of graphs in the
graph sequence is its length. Here, G has length T. A graph sequence is said
to be fully dynamic if there are both insertions and deletions; otherwise, it
is partially dynamic. An incremental graph sequence has no deletions, and a
decremental one has no insertions.

We define adjacency between two graph sequences by the differences in
their sets of updates. Informally, two graph sequences are edge-adjacent if
they differ in exactly one update to exactly one edge ¢*. Similarly, two graph
sequences are node-adjacent if they differ in exactly one update to exactly one
node v* and its incident edges. Figure 2.2.3 illustrates two edge-adjacent graph
sequences. Taking A" in Definition 2.2.1 to be the set of all graph sequences
and considering these definitions of adjacency yields the definition for edge-
respectively node-differential privacy on event-level.

Definition 2.2.2 (Differential privacy on event-level). An algorithm A taking
as input a graph sequence is e-edge-differentially private (¢e-node-differentially
private) if for any two edge-adjacent (node-adjacent) graph sequences G,G’
and any R C Range(.A) we have

Pr[A(G) € R] < ef - Pr[A(G') € R].
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Figure 2.2.3: Two incremental edge-adjacent graph sequences G and G’. Apart from
the insertion of the dashed green edge ¢* from time t = 1 to t = 2 into G the updates to
both sequences are the same. Newly inserted edges are highlighted in orange.

We also consider a stronger version of differential privacy where graph
sequences are allowed to differ in multiple updates to the same edge e*. This
gives rise to e-edge-differential privacy on user-level. The definition for user-
level node-differential privacy is analogous.

We present two event-level differentially private algorithms for several
functions on partially dynamic graph sequences. These algorithms take as
input a graph sequence G = (G, Gy,...,Gr) and compute the sequence f(G) =
(f(G1), f(G2),..., f(GT)). We also give lower bounds on the additive error of
edge-differentially private algorithms on event-level in the partially dynamic
setting, and on the additive error of edge-differentially private algorithms on
user-level in the fully dynamic setting.

Our first algorithm is based on the difference sequence approach introduced
by Song et al. [53]. Let G and G’ be two adjacent graph sequences of length T
and write f for the function that we compute privately. The sequences f(G)
and f(G’) may differ in arbitrarily many time steps, which implies that the
sequence f has global sensitivity linear in the length T, where global sensitivity
of f is defined as the maximum value of ||f(G)— f(G’)||; over all adjacent graph
sequences G,G’. If we use the Laplace mechanism naively, the output then
has error linear in T. Song et al. [53] observed that the difference sequence
of f,i.e., the sequence Af(G) = (f(G1) — f(Gy), f(G2) — f(Gy),...), has global
sensitivity independent of T for a wide range of functions. Adding Laplace
noise to each element in the difference sequence and computing the sum up
to time step t yields a differentially private approximation to the function
value for time step t. The error of this approach scales with the square root
of the length of the sequence. We compute the differentially private sum
of the difference sequence via the counting algorithms of Chan et al. [55],
which reduces the error by a factor log*? T/V/T. In order to be able to use the
counting algorithm for binary streams we show (1) that it can be generalized
to streams of bounded integers and (2) that it can be applied to difference
sequences.

Theorem 2.2.3. Let €,0 > 0. Let f be a graph function whose difference sequence
has global sensitivity S. There exists an event-level e-differentially private algo-
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rithm to compute f that at each time step, with probability at least 1 — 6, gives an
answer with additive error O(S - 7! -log3/2 Tlog(1/9)).

This algorithm is applicable whenever the difference sequence has global
sensitivity independent of the length of the input. This is the case in several
problems in the partially dynamic setting, such as subgraph counts, the
degree histogram, the number of high-degree nodes in graphs with bounded
maximum degree or the value of a minimum spanning tree in graphs with
bounded edge weight. Other problems, such as the value of a minimum
cut or maximum matching, require a different approach, as in their case the
difference sequence has global sensitivity linear in the length T of the input
sequence. These are examples of non-local problems, whose value cannot be
derived from the frequency histogram of constant-size subgraphs. For these
problems, we introduce a second algorithm, which can be applied to any
function on partially dynamic graphs, independent of the difference sequence,
as long as its values are monotone with respect to updates to the graph.

Consider a function f with range [1,r] that is monotonically increasing
on incremental graph sequences®. The algorithm employs the sparse vector
technique to privately detect when the function value increases by a factor
(14 B), where p > 0 is a parameter. It then outputs the last multiple of (1 + p)
that the function value crossed. That is, if the sparse vector technique answers
k queries positively, the algorithm outputs (1+p). As there are at most log, g7
such increases, the sparse vector technique answers at most O(logr) queries
positively. For the formal statement of this result we need to distinguish
between the global sensitivity of the sequence of function values as used
above and the static global sensitivity GSg,ic With respect to graphs, i.e., the
maximum of |f(G) — f(G’)| over any two adjacent graphs G, G'.

Theorem 2.2.4. Let f be a function that is monotone on any input with range
[1,r] and static global sensitivity p := GSqatic(f). Let € >0, 6,p € (0,1). There
exists an e-differentially private algorithm for computing f with multiplicative
error (1 + ), additive error O(e™! logHﬁ(r)pln(T/é)), and failure probability 6.

While the first algorithm could be applied to any kind of graph sequence, it
is limited to partially dynamic sequences in practice, since for most functions
the global sensitivity of the difference sequence depends on the input length T
in the fully dynamic setting. The second algorithm is also restricted to partially
dynamic inputs in practice, as graph functions are usually not monotone on
fully dynamic sequences and the number of value increases cannot be bounded
in that case. The fully dynamic setting is left as an open problem.

We now turn to lower bounds. Dwork et al. [54] gave a logarithmic lower
bound on the additive error of algorithms for binary counting under con-
tinual observation. By reducing graph functions on incremental sequences
to binary counting we show that differentially private algorithms for these
functions require additive error logarithmic in the length T of the input. For
minimum spanning tree, minimum cut and maximum matching this results
in lower bounds of Q(WlogT), where W is the maximum edge weight; for
subgraph counting problems, the number of high-degree nodes and the degree
histogram we obtain lower bounds of Q)(log T).

The algorithm can also be applied to monotonically decreasing functions or decremental graph
sequences.
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These lower bounds hold on event-level and both for edge-adjacency and
node-adjacency. We also provide lower bounds for edge-differentially private
algorithms on user-level in the fully dynamic setting. Informally, the additive
error has to be greater than the maximum value of the function to guarantee
differential privacy, which makes differential privacy on user-level in the fully
dynamic setting impossible to achieve in practice with acceptable utility. For
minimum spanning tree, minimum cut and maximum matching the resulting
lower bound is QQ(Wn), where W is again the maximum edge weight.

2.3 Dynamically Scheduling Reconfigurable Networks

Motivation

Data intensive applications, such as machine learning tasks on large data
sets, place high communication demands on networks in datacenters [58, 59].
There are usually few large communication flows which account for most of
the transmitted data [59, 60]. Serving these flows via a static network, e.g.,
an electrical packet-switched network, is problematic: either the network
is tailored to the worst-case, in which case bandwidth goes unused, or the
network is tailored to the average case, in which case there will be congestion
and thus decreased application performance. Demand-aware reconfigurable
networks allow to avoid both extremes, by routing the large flows via a network
that provides direct connections between the communicating endpoints.

Many reconfigurable network architectures are based on optical circuit
switches [61-69], which route optical signals without requiring any inter-
mediate conversion to an electrical signal. These switches establish direct
one-to-one connections between communication endpoints, e.g., the racks in
a datacenter, and allow for reconfiguration within microseconds [58]. The
optical network is usually combined with a static electrical packet-switched
network, over which the remaining demand can be transmitted [61, 64-69].
Besides optical circuit switches reconfigurable networks may also be built on
top of free-space optics [70, 71] and wireless [72, 73].

Determining an optimal network configuration based on the current de-
mand is a bottleneck. A key observation is that each optical circuit switch
augments the network with a matching. This motivated Hanauer et al. [74]
to study the problem of computing k heavy disjoint matchings in a graph
representing the network, where each of the matchings then corresponds to
one of k optical circuit switches. They describe algorithms for this problem in
a static setting, which require to recompute the configuration from scratch
with every change in the communication demand. Since datacenter traffic
often exhibits temporal locality and only a small number of changes to the
configuration may be required, recomputing from scratch may be inefficient.
Hence, we study the problem in a dynamic setting, where existing solutions
are updated rather than recomputed.

Reconfigurable Networks via Disjoint Matchings

We assume an architecture as illustrated in Figure 2.3.1: optical circuit
switches form connections between racks, each of which houses multiple
servers; racks are also connected via a static network, which routes any de-
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computes matchings
controller

optical switch A optical switch B

static network

Figure 2.3.1: Left: a datacenter consisting of six racks, labeled 1-6, connected by
a static network and a reconfigurable optical network. A centralized controller
configures the optical switches A and B, which establish direct connections between
pairs of racks. Right: the network is modeled as a graph, where nodes correspond
to racks. The connections established by each switch correspond to a matching in
this graph, shown as dotted blue lines for switch A and dashed red lines for switch B.
Demand along gray edges is not served by the optical network.

mand that is not served by the optical network; a centralized controller
observes the communication demand and configures the optical switches
accordingly.

The network is modeled as an undirected weighted graph G = (V,E,w)
with nodes V, edges E C V x V and non-negative edge weights w : E —
Ny. The nodes correspond to racks in the datacenter and edges describe
their communication demand: an edge {a, b} implies that the communication
demand between the racks associated with a and b is w({a, b}). If w({a,b}) =0
the racks do not communicate and we consider the edge to be absent. We call
an edge e incident to a node u if u € e. Two edges e and e’ are adjacent if they
are incident to the same node, or equivalently, satisfy e N e’ # (). The subgraph
induced by a set of edges S is the graph (U,c5e S, w).

An optical switch can connect arbitrary pairs of racks, limited to one connec-
tion per rack. That is, the connections established by a switch form a matching
M C E, in which no two edges share an endpoint, i.e., for all u,v € M we have
uNv =0. There are k optical switches and for each we want to find a matching
in G to determine which racks they should connect. This leads us to compute
k (edge-)disjoint matchings M = {My,..., My}, a set of k matchings My,..., M,
such that M; "M; =0 for all i, ] € [k], i # j. To maximize the demand served
by the optical switches we aim to maximize the weight of these matchings,
which is defined as

k k
w(M) = Zw(Mi) = Z Z wle).
i=1

i=1 eeM;

We are only concerned with maximizing the demand routed over the optical
network and do not consider the remaining demand further. We assume that
it can be routed via the static network.

This problem is equivalent to computing a partial (edge) k-coloring C : E —
[k]U{L}, which either assigns a color or the symbol L to each edge. If C(e) = L
the edge e is uncolored, otherwise, if C(e) € [k], the edge is colored. Two adjacent
edges do not share the same color, but they may both be uncolored: that is,
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for two adjacent edges e, e’ either C(e) = C(e’) or C(e) =C(e’) = L. We say that a
color c is free at an edge e = {u, v} if there is no edge ¢’ incident to u or v such
that C(e’) = c. Whenever a color c is free at e, setting C(e) = c yields a valid
coloring.

Since two adjacent edges do not have the same color, the set {e € E |C(e) = ¢}
is a matching for any c € [k]. Similarly, given k disjoint matchings M =
{My,..., My} we can obtain a partial k-coloring C,, where Cy(e) =i if e €
M; and Cyp(e) = L if e is not in any matching. Thus, a partial k-coloring
is equivalent to k disjoint matchings. In analogy to the weight of disjoint
matchings we define the weight of a coloring to be the sum of the weights of
the colored edges:

e€E|C(e)=L

Related Work

The k disjoint matchings problem is equivalent to a weighted version of the
maximum k edge-colorable subgraph problem, which has previously been studied
in the static setting. Feige et al. [75] showed that for every k > 2 there exists
an € > 0 such that the problem is NP-hard" to approximate within a factor
1 — €. They give approximation algorithms for general k and for k = 2. Among
these is a greedy algorithm, that in each of k iterations computes a maximum
matching, assigns a color to the matched edges and removes them from the
graph. This algorithm achieves an approximation ratio of 1 —(1 - %)k. Using
greedy matchings instead of maximum matchings yields an approximation
ratio of 1, which is tight [74]. The current best approximation algorithms for
small k are due to Chen et al. [76] (k = 2), and Kaminiski and Kowalik [77]
(3 <k <7). For general k > 7 the best known approximation ratio is ﬁ due to
Feige et al. [75]. The problem has also been studied in the online setting [78]
and in the context of parameterized complexity [79, 80].

2.3.1 Contribution

We study algorithms that maintain a solution to the k disjoint matchings
problem under updates to the edge weights. An update U(e, 9) changes the
weight of the edge e by an amount 6 # 0, i.e., it assigns w(e) < w(e) + 6. Edges
may also be deleted or inserted, which we treat as changes of the weight to and
from zero, respectively. The updates arrive in a sequence that is partitioned
into batches, where every edge is updated at most once in a batch. Whenever a
batch ends the algorithms are expected to output the current solution weight
and the change in the solution since the last batch. That is, with solutions C’
and C before and after the batch, respectively, the algorithm outputs w(C) and
{e€ E|C(e) = C’(e)}. The output of the change in the coloring is required to
run in time linear in its cardinality, which is called the recourse.

In Chapter 7 we present seven heuristic algorithms for the problem, with
the focus on practical performance. In our model batches arrive as a sequence

For k > 3 this follows from the NP-hardness of deciding whether a graph is k edge-colorable;
for k = 2 they prove hardness via a reduction from MAX 3 SAT-3.
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of single edge updates and we distinguish the algorithms based on how they
handle this sequence:

1. Batch-dynamic algorithms first collect the edge updates and then process
them all at once when the batch is complete.

2. Fully dynamic algorithms process each update individually as soon as it
arrives.

3. Hybrid algorithms combine fully dynamic algorithms with static algo-
rithms, where the latter are oblivious to the updates and only consider
the graph with the updates already applied.

Our two batch-dynamic algorithms batch-greedy and batch-NC update the
coloring after a batch by first uncoloring any updated edge along with its adja-
cent edges. They then apply the static algorithms GreedyIt and NodeCentered
by Hanauer et al. [74], respectively, to the subgraph induced by these edges,
while respecting the colors of the remaining edges. The batch-greedy al-
gorithm assigns colors to edges by iterating over colors; in each iteration it
computes a greedy matching for the given color on the edges that have not
been processed in a previous iteration. The batch-NC algorithm proceeds node
by node in order of the total weight of the k heaviest incident edges; at each
node up to k incident edges are colored with any currently available color.

We give two fully dynamic algorithms—dyn-greedy and dyn-kEC. Both only
handle weight increases of uncolored edges and weight decreases of colored
edges. Weight increases of colored edges and weight decreases of uncolored
edges are ignored, since a good solution before such an update is also a
good solution after the update. The algorithm dyn-greedy greedily colors
candidate edges by assigning a free color or, if no color is free, after uncoloring
adjacent edges as long as it leads to an increase in weight. Optionally, the
algorithm applies the same process recursively to color any edges that have
become uncolored. Candidates are uncolored edges whose weight increases
and uncolored edges adjacent to a colored edge whose weight decreases. The
second fully dynamic algorithm, dyn-kEC, colors candidate edges using a
subroutine from the static algorithm kEC described by Hanauer et al. [74],
which is an adaptation of the edge-coloring algorithm by Misra and Gries [81]
to the disjoint matchings problem.

Our third set of algorithms are the hybrid algorithms. If the batches update
a large part of the graph, then a static algorithm may outperform dynamic
ones; similarly, on small batches dynamic algorithms tend to be faster. Our
hybrid algorithms recompute from scratch via a static algorithm if the number
of updates is sufficiently large, and otherwise use a dynamic algorithm to
update the existing coloring. The algorithms decide whether a batch is large
by a simple heuristic: the static algorithm is used when more than n edges
are updated, i.e., one edge per node on average. We hybridize the algorithm
KEC, which our experiments confirm to be the fastest static algorithm, with the
fully dynamic algorithms dyn-greedy and dyn-keC. This yields the algorithms
hybrid-greedy and hybrid-kEC, respectively.

In our instances we are confronted with very large batches, which is a
challenging scenario for dynamic algorithms. However, many updates change
edge weights only by a small factor. We introduce an update filtering strategy
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that removes these updates to reduce the batch size. Such updates are expected
to have little effect on the solution weight. Ignoring them should therefore
not impact the solution too much, while simultaneously reducing the time to
process the batch.

Finally, we give a post-processing algorithm, which improves the weight of
any given solution and guarantees a $-approximation factor by maintaining
the following invariant:

Invariant 2.3.1. For any uncolored edge e and any color c, the edges adjacent to e
colored with c are heavier in sum than e.

Uncolored edges are processed in order of decreasing weight and the in-
variant is restored for each by swapping colors with adjacent colored edges
that violate the invariant. It can also be run as a stand-alone batch-dynamic
algorithm batch-2apx, which collects any edge for which Invariant 2.3.1 may
be violated due to an update. These collected edges are then processed in the
same way.

We evaluate the algorithms on 39 real-world and 176 synthetic instances
and compare against the best static algorithm kEC [74]. The instances tend
to be challenging for dynamic algorithms, as the batches are large relative to
the graph. Nevertheless, our fastest algorithms are competitive with kEC in
terms of running time and match its solutions in terms of weight. Compared
to kEC and other static algorithms the dynamic algorithms generally have low
recourse, i.e., the number of edges whose color is changed by the algorithm
is small. In a datacenter application lower recourse implies fewer changes
in the network’s configuration and thus reduced overhead. The filtering and
post-processing routines are crucial to the success of our dynamic algorithms:
filtering leads to significant speedups and any resulting loss in solution weight
is recovered by the post-processing.

For different scenarios we identify the algorithms offering the best trade-off
between our three performance metrics update time, solution weight and
recourse: For small batches and few matchings batch-2apx offers the best
time-weight trade-off; for small batches and many matchings the dynamic
algorithms dyn-greedy and dyn-kEC provide solutions faster without loss in
weight. Finally, when batches are large the hybrid algorithms provide the best
performance when considering all metrics.

2.4 Discussion and Outlook

We present new algorithms for data analysis scenarios where the input can
change over time. A focus of our work is on performance in practical applica-
tions, which we demonstrate with experimental evaluations. An exception are
the differentially private algorithms in Chapter 6. In the following we briefly
discuss open problems and subsequent related work.

In topological data analysis we contributed the first dynamic algorithm to
maintain the persistence diagram of time series. The same approach may be
extended to other maps on 1-dimensional objects, such as those studied in
[25], i.e., cycles, geometric trees and geometric networks. Persistent homology
on such maps has a similar characterization in terms of windows as that
on intervals. Adapting banana trees to these settings should be possible
without excessive modification. In general, a data structure similar to ours
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could be designed for any type of map whose persistent homology admits
a characterization similar to the one in [25]. We designed the banana trees
without a specific application in mind. In principle, any applications that
computes the persistence diagram of a sliding window may benefit from
banana trees, e.g., the topological feature engineering approach described
by Zeng et al. [21]. Furthermore, banana trees can update the persistence
diagram as the time series grows, which should allow applications such as
those mentioned in Section 2.1 to be adapted to dynamic settings.

In private analysis of graphs we presented differentially private partially
dynamic algorithms for graphs under continual observation, that improve on
the state of the art for several subgraph statistics. We also gave partially dy-
namic algorithms for the value of a minimum spanning tree, a minimum cut,
a maximum matching and the densest subgraph. These are complemented by
lower bounds that are tight up to logarithmic factors in the length of the graph
sequence. Furthermore, we showed that differentially private algorithms on
user-level need to have additive error on the order of the maximum function
value for a large class of problems. We did not perform an experimental
analysis to measure performance of these algorithms. However, they only
maintain a small set of counts or thresholds, and their overhead over equiv-
alent non-private algorithms is expected to be negligible. There have since
been more results on differentially private algorithms for partially dynamic
graphs. Fichtenberger et al. [82] showed how to compute a synthetic graph
sequence that approximates all cuts in a graph. Jain et al. [83] presented a
method for projecting general graph sequences onto graph sequences with
bounded maximum degree, which allows algorithms requiring bounded de-
gree to be applied to general graphs. By combining their projection technique
with our algorithms they obtain node-differentially private algorithms under
continual observation, which do not require a bound on the maximum degree.
While our algorithm based on the difference sequence can in principle be
applied to the fully dynamic settings, it turns out that this leads to large
errors on most problems, when following our analysis. Recently, Raskhod-
nikova and Steiner [84] described differentially private algorithms for fully
dynamic graphs, along with stronger lower bounds for the event-level and
user-level settings. Their algorithm for triangle counting in graph sequences
with bounded maximum degree is similar to ours: it employs the difference
sequence approach in combination with the binary mechanism and differs
from ours is in its use of Gaussian noise over Laplace noise. An improved
analysis allows the application to fully dynamic sequences.

In reconfigurable network scheduling we give algorithms to assign pairs of
racks to switches by solving the k disjoint matchings problem. Our algorithms
can be applied to existing datacenter architectures. However, our approach
does not take into account restrictions such as bandwidth of the physical
connections. Both the practical evaluation and improved modeling are left as
open work. While our algorithms perform well in practice—in comparison
to the static baseline—they lack approximation guarantees. Following our
work, El-Hayek et al. [85] gave deterministic and randomized approximation
algorithms for the unweighted k disjoint matchings problem. Incorporating
their ideas into our framework may be of interest. The (weighted) k disjoint
matchings problem has recently also been studied in the semi-streaming
setting: Ferdous et al. [86] presented semi-streaming algorithms along with
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an experimental evaluation, which showed that they are faster and use less
memory than the static algorithms by Hanauer et al. [74] with similar solution
quality. These semi-streaming algorithms provide a new baseline for ours,
and the primal-dual approach may also yield new insight into the dynamic
setting.
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DYNAMICALLY MAINTAINING THE PERSISTENT
HOMOLOGY OF TIME SERIES

3.1 Introduction

Persistent homology is an algebraic method aimed at the topological analysis
of data; see e.g. [24, 87]. It applies to low-dimensional geometric as well as to
high-dimensional abstract data. In a nutshell, the method is the embodiment
of the idea that features exist on many scale levels, and rather than preferring
one scale over another, it quantifies the features in terms of the range of scales
during which they appear. More precisely, the goal of persistent homology is
to compute a representation of the features in a book-keeping data structure,
called the persistence diagram [24].

Importantly, persistent homology has fast algorithms that support the ap-
plication to large data sets. Specifically, for arbitrary dimensional inputs,
persistence is generally computed by analyzing an underlying complex, with
worst-case time cubic in the size of the complex. These algorithms are, how-
ever, observed to run much faster in applications; see e.g. [88] for a survey
on popular implementations. We restrict ourselves to one-dimensional input
data, i.e., a list of m points (or items) in an interval of R with each item i being
assigned a value f(i). Persistent homology has been applied to such time series
data in multiple contexts, for example to heart-rate data [8, 9], gene expression
data [11, 12], and financial data [14].

The persistent homology of one-dimensional data can be derived from the
merge tree [89], which records more detailed information about the structure
of the persistence diagram, called the history of the connected components in
the filtration of sublevel sets. Without recovering this history, the persistence
information can be computed in O(m) time [26]. To the best of our knowledge,
the new O(m) time algorithm in this paper is the first linear-time algorithm
that can also recover the history, which we store in the augmented persistence
diagram of the filtration of sublevel sets. This diagram is the extended persistence
diagram of [22] together with a relation that encodes the merge tree. It is
defined formally in Section 3.2.3.

As the data may change, it is an interesting question whether persistent
homology can be maintained efficiently under update operations. The his-
torically first such algorithm [28] takes time linear in the complex size per
swap in the ordering of the simplices; see also [90, 91]. For one-dimensional
data this corresponds to a change of the value of an item, which reduces to
a sequence of interchanges of f-values, each costing time linear in the size
of the persistence diagram. More recently, [29] has shown that this can be
strengthened to logarithmic time if the input complex is a graph. The current
paper is the first to maintain the persistent homology of dynamically changing
one-dimensional input with a tailor-made data structure under a larger suite
of update operations, which includes the insertion of a new item, the deletion
of an item, the adjustment of the value of an item, the cutting of a list of items
into two, and the concatenation of two lists into one. The running time per
operation is O(logn + k), in which 7 is the current number of critical items,
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and k is the number of changes to the augmented persistence diagram caused
by the operation.

Our novel dynamic data structure is based on the characterization of the
items in the persistence diagram through windows, as recently established in
[25]. The main data structure is a binary tree ordered by position as well as
value (see [30] for the introduction of such a binary tree), a path-decomposition
of this tree dictated by persistent homology such that each path represents a
window, and a final relaxation obtained by splitting each path into a left trail
of nodes with right children on the path and a right trail of nodes with left
children on the path. This split of each path into two trails is crucial for our
results, and without it, the update time would have a linear dependence on
the depth of the tree, which might be ©(n).

OUTLINE. Section 3.2 provides the background needed for this paper: lists
and maps, persistent homology, and the hierarchy of windows that character-
izes the augmented persistent diagram. In Section 3.3 we present a technical
overview of our technique. Section 3.4 introduces the data structures we
use to represent a linear list: a doubly-linked list, two dictionaries, and two
path-decomposed ordered binary trees whose paths are stored as pairs of
trails. Section 3.5 presents the algorithms for maintaining the augmented
persistence diagram of a linear list. Section 3.6 concludes the paper.

3.2 Background

This section explains how a linear list can be viewed as a continuous map
on a closed interval. Looking at the sub- and superlevel sets of such a map,
we define its augmented persistence diagram and review the hierarchical
characterization in terms of windows, as proved in [25]. A modest amount of
topology suffices to describe these diagrams, and we refer to [24] for a more
comprehensive treatment needed to place the results of this paper within a
larger context.

3.2.1 Lists Viewed as Maps

By a linear list we mean a finite sequence of real numbers, cy,c,,...,c,. To
view the list as a continuous map, we set f(i) = ¢;, for 1 <i < m, and linearly
interpolate between consecutive values. The result is a piece-wise linear map
on a closed interval, f: [1,m] — R, with items i and values c;, for 1 <i < m.
Important about the items is their ordering and not their precise positions
along the interval, so we use consecutive integers for convenience. To simplify
discussions, we will often assume that the map is generic, by which we mean
that its items have distinct values. This is no loss of generality since a small
perturbation may be simulated and implemented by appropriate tie-breaking
rules.

Given t € R, the sublevel set of f at t, denoted f; = f~!(—oo, 1], is the set of
points in domain of f such that its value f(x) is not larger than any fixed
point t € R. Since f is defined on a closed interval, the homology of f; is
fully characterized by the number of connected components. A point x in
the closed interval, [1,m] is a (homological) critical point of f if the number of
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connected components of f; changes at the moment ¢ passes f(x). Assuming
genericity, a critical point is necessarily an item of f, and the only two types
in the interior of [1,m] are minima and maxima. When t passes the value
of a minimum from below, then the number of connected components of
f; increases by 1, and if t passes the value of a maximum from below, the
number of connected components decreases by 1. The endpoints of [1,m] are
special: the number of connected components changes at an up-type endpoint
and it remains unchanged at a down-type endpoint. Symmetrically, we call
ft = f7[t, 00) the superlevel set of f at t. Observe that f! is the sublevel set of
—f at —t, and that the minima and maxima of —f are the maxima and minima
of f. Similarly, the endpoints swap type.

3.2.2 Extended Persistent Homology

Persistent homology tracks the evolution of the connected components while
the sublevel set of f grows, and formally defines when a component is born
and when it dies. Complementing this with the same information for the
superlevel sets of f, we get what is formally referred to as extended persistent
homology, which we explain next (see [22] for more details).

Figure 3.2.1: Left: a real-valued map on a closed interval, f, with three minima
and two maxima. Right: the map —f drawn upside-down. Middle: the augmented
persistence diagram with two (blue) points in the ordinary subdiagram Ord(f) above
the diagonal, three (pink) points in the relative subdiagram Rel(f) below the diagonal,
and one (green) point in the essential subdiagram Ess(f).

In Phase One, we track the connected components of the sublevel set, f;,
as t increases from —oo to co. A component is born at the smallest value of t
at which a point of the component belongs to f;. This point is necessarily a
minimum in the interior of [1,m], or an up-type endpoint. The component
dies when it merges with another component that was born earlier. The
point at which the two components merge is necessarily a maximum in the
interior of [1,m]. The ordinary subdiagram of f, denoted Ord(f), records the
birth and death of every component with a point in the plane whose abscissa
and ordinate are those values of t at which the component is born and dies,
respectively; see Figure 3.2.1.

In Phase Two, we track the connected components of the superlevel set, f7,
as t decreases from oo to —co. Birth and death are defined accordingly, and
the components are recorded in the relative subdiagram, denoted Rel(f). By
construction, the points in Ord(f) lie above and those of Rel(f) lie below the
diagonal; see Figure 3.2.1. The component born at the global minimum of
f is special because it does not die during Phase One. Instead, it dies at the
global minimum of —f, which is the global maximum of f. In topological
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terms, this happens because the one connected component still alive at the
beginning of Phase Two dies in relative homology when its first point enters
the superlevel set.? This class is represented by the sole point in the essential
subdiagram, denoted Ess(f); see again Figure 3.2.1. The extended persistence
diagram, denoted Dgm(f), is the disjoint union of the three subdiagrams.
Hence, Dgm(f) is a multi-set of points in R2, and so are the three subdiagrames,
unless the map is generic, in which case the diagram is a set.

3.2.3 Windows and Augmented Persistence Diagram

The points of the persistence diagram can be characterized using the concept of
windows recently introduced in [25]. Let a and b be two (homological) critical
points of f, with values A = f(a) < f(b) = B. Note that f~![A, B] contains all
points in the interval whose values lie between A and B. It consists of one or
more connected components, and it is quite possible that a and b belong to
different components. However, if they belong to the same component, then
we denote by [x,y] the connected component of f~1[A, B] that contains both a
and b and we call [x,y] x [A, B] the frame with support [x,y] spanned by a and
b. There are two orientations of the frame: from left to right if a < b, and from
right to left if b < a. In the former case, we call x the mirror of b and W(a,b)
a triple-panel window if f(y) = A. In the latter case, we call y the mirror of b
and W (a, b) a triple-panel window if f(x) = A. We say a and b span W (a,b). We
distinguish a special type of window, referred to as a global window, whose
support covers the entire interval, [x,y] = [1,m], and which is exempt of the
requirement at x or y.

In [25], the authors prove that there is a bijection between the windows and
the points in Dgm(f). Furthermore, each critical point in the interior of the
interval spans exactly one window in each phase—even though the pairing
may be different in the two phases—while each endpoint spans a window in
only one phase. In Figure 3.2.1, there are five triple-panel windows, two on
the left and three on the right. There is always exactly one global window
spanned by the global minimum, «, and the global maximum, §, of f. What
follows is a special case of a more general characterization of persistence
proved in [25].

Proposition 3.2.1 (Persistence in Terms of Windows [25]). Let f: [1,m] > R

be a generic piecewise linear map on a closed interval, and let a,b be homological
critical points of f, or of —f, with f(a) = A and f(b) = B. Then

(i) (A,B) € Ord(f) iff W(a,b) is a triple-panel window of f,
(i) (B,A) € Rel(f) iff W(b, a) is a triple-panel window of —f,
(iii) (A, B) € Ess(f) iff W(a, b) is the global window of f.

In the original formulation in [22], Phase Two in the construction of the (extended) persistence
diagram tracks the 1-dimensional relative homology groups of the pairs (f., f*), which are
isomorphic to 0-dimensional homology groups of the f!. To appreciate the guiding hand of
algebraic topology, we need to understand how the absolute and relative homology groups
of different dimensions relate to each other. However, for the purpose of this paper, this is
not necessary and we can track the connected components of the superlevel set in lieu of the
relative cycles in the interval modulo the superlevel set.
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Figure 3.2.2: The graph of a generic map on a closed interval. All windows shown are
with simple wave, except for the leftmost window, whose wave is short. The global
window as well as the (tiny) windows caused by the hooks (which will be introduced
in Section 3.4) are not shown. The light-blue shaded out-panels are part of the triple-
but not of the double-panel windows.

Suppose W(a, b) is a triple-panel window, with support [x,y]. Unless a is
an endpoint of [1,m], cutting [x,y] at a and b produces three segments, [x, a],
[a,0], [b,v], in which we assume a < b. We call the corresponding products
with [A, B] the in-panel, mid-panel, out-panel, and the graph within the window
a wave. This wave is simple or short depending on whether the function value
at the mirror is equal to or smaller that at the maximum: f(x) = B or f(x) < B.
In Figure 3.2.2, we have four simple waves (defined by f,g, by h,i, by 1,m, and
by n,k) and one short wave (defined by d,e). Note that a simple wave of f
is also a simple wave of —f, albeit upside-down. A similar statement does
not hold for short waves, which explains the violations of symmetry in the
persistence diagram; see again Figure 3.2.1.

The double-panel version of a triple-panel window consists of the in-panel
and the mid-panel but drops the out-panel. Any two double-panel windows
of f are either disjoint or nested, and all these windows are nested inside
the global window [25, Lemma 3.3]. We use this property to augment the
persistence diagram with the merge tree information; that is: we draw an
arrow between two points if the corresponding double-panel windows are
nested without any other window nested between them. The result is the
augmented persistence diagram, denoted Dgm (f).

In this paper, we consider operations that maintain the augmented persis-
tence diagram to reflect the change from a map, f, to any other map, g. We
quantify this difference by the number of points and arrows that change or,
more formally, belong to the symmetric difference between the two diagrams.
What are typical differences? Every local change in the function reduces to a
sequence of interchanges between two minima or two maxima, possibly ending
in a cancellation or beginning with an anti-cancellation. Every cancellation
removes a point from the diagram, and every anti-cancellation adds a point
to the diagram, so the diagrams before and after differ by a constant amount.
An interchange may or may not swap two critical values between points (two
coordinates, which are values of two critical items) or the reversal of an arrow,
and if it does not, then this should not incur any cost. On the other hand, if
it does, then this can cost a constant amount of time. Our declared goal is to
have operations that run in time O(logn + k), in which #n is the number of criti-
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cal points and k measures the difference between the augmented persistence
diagrams before and after the operations.

3.3 Technical Overview

To achieve this goal, we propose a novel collection of data structures—some
classic and some new—for maintaining nested windows. We show that using
these data structures allows us to maintain the augmented persistence diagram
to reflect the change from one map to another in the desired time bound. We
maintain the following data structures:

(1) a doubly-linked list of all items, critical or not, ordered by their positions
in the interval;

(2) two binary search trees, called dictionaries, one storing the minima and
the other storing the maxima, both ordered by their positions in the
interval;

(3) two banana trees (described next) representing the information in the
augmented persistence diagram by storing the minima and maxima
while reflecting their ordering by position as well as by function value.

Note that the minima and maxima are subsets of all items and are therefore
represented in all of the above data structures. To reduce the special cases in
the algorithms, we add two artificial items, called hooks, at the very beginning
and the very end of the interval. They make sure that the formerly first and last
items are proper minima or maxima, but we ignore them and the technicalities
involved in this overview and give slightly simplified descriptions of the data
structures and the algorithms.

BANANA TREES. We introduce these trees in three stages. In the first stage,
we organize all windows in a full binary tree, whose leaves are the minima and
whose internal nodes are the maxima, such that (i) the in-order traversal of the
tree visits the nodes in increasing order of their positions in the interval, and
(ii) the nodes along any path from a leaf to the root are ordered by increasing
function value. Such a tree always exists and it is unique. In the following,
we do not distinguish between a node in the tree and the critical item it
represents.

In the second stage, we add a special root labeled with value larger than the
global maximum whose only child is the previous root. Call the resulting
tree T and note that it has an equal number of leaves and internal nodes. We
then form paths, each starting at a leaf, 4, and ending at an internal node,
b, such that a and b span a window, W(a, b). Call this path P(a,b). Based on
structural properties of T, this leads to a partition of T into edge-disjoint (but
not vertex-disjoint) paths; see the left drawing in Figure 3.3.1. The node b
ending the path that starts at a is locally determined: it is the first internal
node encountered while walking up from a, such that a and the descending
leaf with minimum function value lie on different sides (in different subtrees)
of this internal node. Hence, every maximum on the path from a to b spans a
window that is immediately nested in W(a, b). It follows that every maximum,
b, belongs to two paths: P(a,b) and P(p,q) such that W(a,b) is immediately

32



3 DYNAMICALLY MAINTAINING THE PERSISTENT HOMOLOGY OF TIME SERIES

Figure 3.3.1: The path-decomposed binary tree associated to the map in Figure 3.2.2
with special root, 8, on the left, and the corresponding banana tree on the right.

nested in W(p, q). This even holds for the root (of the full binary tree), which
spans a path and also belongs to the path that ends at the special root. Given
a map, f, the tree, T, and its partition into paths are unique. The strict
dependence on f may force T to be unbalanced, and indeed have linear depth,
so that efficient maintenance algorithms are challenging. This is why we need
another modification.

In the third stage, we split each path into two trails; see the right drawing
in Figure 3.3.1. The left trail of P(a,b) contains a and every maximum u on
P(a,b) with u < a, while the right trail contains a and every maximum u on
P(a,b) with a < u. A node v on P(a,b) is the right child of its parent, u, in
the binary tree iff u is on the left trail. Furthermore, v is the left child of u
iff u is on the right trail. Thus, to which trail u belongs to can be decided
based on local information at u. To simplify language, we also give a second
name to the trails. If a < b, then W(a, b) consists of the in-panel on the left,
the mid-panel in the middle, and the out-panel on the right. In this case, u
belongs to the left trail iff the window it spans is nested inside the in-panel,
so we alternatively call the left trail the in-trail, and we alternatively call the
right trail the mid-trail. If b < a, then the right trail is the in-trail and the
left trail is the mid-trail. So what happened to the out-trail? It is indeed
needed, but only if W(a, b) is with simple wave. Such a window corresponds
to P(a,b) in the banana tree of f and to P(b,a) in the banana tree of —f. The
out-panel of W(a, b) is the in-panel of W(b, a), so we can get information about
the out-panel from the in-panel of the same window in the other banana tree
when we need it.

To speed up the algorithms, we maintain various pointers, such as between
the occurrences of the same critical item in the banana trees, the dictionaries,
and the doubly-linked list, for example. Importantly, every internal node, b,
stores a pointer to the descending leaf with minimum function value, low(b),
and every leaf, a, stores a pointer to the endpoint of its path, dth(a). Observe
that g = dth(low(b)) is the maximum that spans the window in which W(a, b)
is immediately nested, so this window can be obtained in constant time.

coNsTRUCTION. While the main focus of this paper is the maintenance
of the data structures through local updates, we also consider the construc-
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tion from scratch. It is straightforward to derive the augmented persistence
diagram during a single traversal of the banana trees in linear time, so the
question we study is how fast this diagram can be constructed from a given
one-dimensional input list. Assuming all non-critical items have been re-
moved and we are given the remaining sequence of n critical items, there
are standard algorithms that can be adapted to construct the banana trees
in O(nlogn) time. There is also an O(n) time algorithm for computing the
persistence diagram [26], but this algorithm does not extend to the augmented
persistence diagram. To the best of our knowledge our algorithm is the first to
construct the augmented persistence diagram in O(n) time.

The main structure of the algorithm is a left-to-right scan of the data. We
interpret the item i with value ¢; = f(i) as the point (i,¢;) in the plane and
maintain a decreasing staircase such that all processed items are points on or
below the staircase. Each step of the staircase corresponds to an unfinished
banana. One of the difficulties is that before a banana is completed, we do
not know whether it will be attached to a left or a right trail. We tentatively
assume it will be attached to a left trail but are prepared to move the banana
to the other side when this turns out to be necessary. When we process the
next item, we may remove any number of steps, turning each into a finished
banana, but we can add at most one new step. Since a step that is removed
was added earlier, this proves that the algorithm runs in O(1) amortized time
per item, and therefore in O(n) time altogether.

LOCAL MAINTENANCE. Given a list of m items with real function values,
we consider the operations that insert a new item, delete an item, and change
the value of an item. All three operations reduce to a sequence of interchanges—
which can be between two maxima or between two minima—~possibly pre-
ceded by an anti-cancellation or a slide, and possibly succeeded by a cancellation
or a slide. In a slide, a minimum or maximum next to a non-critical item
becomes non-critical, and the non-critical item becomes a minimum or maxi-
mum, respectively. Similarly in a cancellation, a minimum and a neighboring
maximum simultaneously become non-critical. Here we will focus on the
interchanges, because they are most common as well as most interesting, and
on the anti-cancellations, because they pose an unexpected challenge.

Consider two maxima, b and ¢, of f, and assume f(b) < f(g) before the
interchange. To avoid confusing language, we write g(b) and g(q) for the
values after the operation but assume that f and g agree on all items except
for b. Furthermore, we assume that g(b) > g(q) and that b and g are the only
two items for which the ordering by f-value differs from the ordering by
g-value. In many cases, the interchange of b and g does not affect the banana
trees. Indeed, only if b is a child of g is it necessary to update the order of
the two nodes. And even if b and g are consecutive maxima on a path, there
is no structural change unless b and g also belong to a common trail. This
is the main reason for splitting each path into two trails as explained in the
third stage of the introduction of the banana trees: to avoid any cost to occur
for interchanges that have no structural affect on the augmented persistence
diagram. When b and g interchange while belonging to different trails, then
the banana tree is oblivious to this change and requires no update. On the
other hand, if b and g belong to the same trail, then they swap positions along

34



3 DYNAMICALLY MAINTAINING THE PERSISTENT HOMOLOGY OF TIME SERIES

this trail, and there is a change of the augmented persistence diagram that
pays for the time it takes to update the banana tree.

The interchange of two minima, a and p, is quite different because it does
not affect the ordered binary tree at the first stage of the banana tree. However,
the interchange affects the path-decomposition, so some of the bananas may
have to be updated. To be specific, assume f(a) > f(p) before and g(a) < g(p)
after the operation. As before, we also assume that f and g agree on all items
except for 4, and that a and p are the only two items for which the ordering
by f-value differs from the ordering by g-value. Let b and g be the internal
nodes so that P(a,b) and P(p, q) are paths in the decomposition of the banana
tree of f. The interchange of a and p has no effect on the banana tree, unless
b is a node on P(p,q). If b lies on P(p,q), then we extend P(a,b) to P(a,q) and
we shorten P(p,q) to P(p,b). The nodes u on the path from b to the child of g
change their pointer from low(u) = p to low(u) = a. There can be arbitrarily
many such nodes, but each change causes the adjustment of an arrow in the
extended persistence diagram, to which it can be charged in the running time
analysis.

This shows that it is possible to perform an interchange of two minima
within the desired time bound, but it is not clear how to find them. Consid-
ering the scenario in which a decreases its value continuously, it may cause
a sequence of interchanges with other minima, but since these minima are
not sorted by function value, it is not clear how to find them, and how to
ignore the ones without structural consequences. Here is where the relation
between the banana trees of f and —f becomes important. The minima of f
are the maxima of —f, so the interchange of two minima in the banana tree
of f corresponds to the interchange of two maxima in the banana tree of —f.
We already know how to find the interchanges of two maxima and how to
ignore the ones without structural consequences, so we use them to identify
the interchanges of minima. More precisely, we prove that the interchange
of the minima, a and p of f, affects the structure of the banana tree of f only
if the interchange of the maxima, 4 and p of —f, affect the structure of the
banana tree of —f. The converse does not hold, but the implication suffices
since the interchange of the maxima of —f leads to a change in the augmented
persistence diagram which can be charged for the interchange of the minima,
which costs only O(1) time if there are no structural adjustments.

Next, we sketch what happens in the remaining operations. A slide occurs if
a maximum decreases its value so that it becomes non-critical, while a neigh-
boring non-critical item becomes a maximum. However, if this neighboring
item is a maximum, then both items become non-critical at the same time, in
which case the operation is called a cancellation. There are also the symmetric
operations in which a minimum increases its value and becomes non-critical,
while a neighboring item changes from non-critical to minimum (a slide) or
from maximum to non-critical (a cancellation). The corresponding updates are
easily performed within the required time bounds.

A more delicate operation is the anti-cancellation, in which two neighboring
non-critical items become critical at the same moment in time. Let a and b
be these two items and assume 4 is a minimum and b is a maximum after
the operation, so g(a) < g(b) and, by assumption, f(a’) > f(a) > f(b) > f(b’), in
which a’,a,b,b” are four consecutive items in the list. Hence, a and b are not
present in the banana tree of f, but P(a,b) is a path in the path-decomposed
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tree of g, so a,b form a minimal banana in the banana tree of g. All we need
to do is find the correct place to attach this banana, but this turns out to be
difficult. We first explain why it is difficult, then present an algorithm that
works within the current data structure, and finally sketch a modification
of the data structure that accelerates the anti-cancellation to O(logn) time.
While this leads to a speed-up in the worst case for this type of operation, it
slows down other operations by a logarithmic factor.

We use mirrors to explain in what situation an anti-cancellation is difficult.
Their representation in the banana tree is indirect: the maximum is the upper
end of a mid-trail, and its mirror is the upper end of the matching in-trail. In
the tree, the two upper ends are the same node, but if we traverse the trails
of the banana trees in sequence, we visit them at different times, and these
times correspond to the positions along the interval, which are different for
the maximum and its mirror. Every maximum has at most one mirror, so
adding all mirrors to the list increases it to less than double the original size.
Nevertheless, it is easy to construct a case in which there is a long subsequence
of mirrors, and these mirrors are consecutive with the exception of a and b
appearing somewhere in their midst. In this situation, finding the correct
attachment of P(a, b) in the banana tree of ¢ needs the mirrors immediately to
the left and right of b. The data structure as described provides no fast search
mechanisms among the mirrors, so we find the correct attachment by linear
search starting from the first maximum to the left of a. Suppose we pass k
mirrors before we find this attachment. Then we have a nested sequence of
k windows, and W(a, b) is nested inside all of them. Hence, there is one new
immediate nesting pair, while the transitive closure of the nesting relation
gains k new pairs. The cost of the anti-cancellation can be charged to the
change of this transitive closure. In many cases, the change in the transitive
closure will be comparable in size to that of the transitive reduction, but it
can also be significantly larger, like in the case we just described. We thus
entertain alternatives.

There is a modification of the data structure that allows for fast searches
among subsequences of mirrors: for any consecutive min-max pair in the list,
store the mirrors between them in a binary search tree. In practice, there will
be many very small such trees, but it is possible that the mirrors accumulate
and produce a few large trees. With this modification, an anti-cancellation can
be performed in O(logn) time. Note however, that these binary search trees
have to be maintained, which adds a factor of O(logn) to the time of every
operation, in particular to every interchange, of which there can be many.

TOPOLOGICAL MAINTENANCE. We call an operation topological if it cuts the
list of points into two, or it concatenates two lists into one. More challenging
topological operations, such as gluing the two ends of a list to form a cyclic list,
or gluing several lists to form a geometric tree or more complicated geometric
network are feasible but beyond the scope of this paper.

When we cut the list of data into two, we split the banana trees of the map
and its negative into two each. We mention both banana trees since we need
information from the other to be able to split one within the desired time
bound. Splitting one banana tree is superficially similar to splitting a binary
search tree, but more involved. Let f: [1,m] — R be the map before the
operation and g: [0,£] - R and h: [{+ 1, m] — R the maps after the operation.
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We write z = € + % for the position at which the time series is cut. Since
the banana trees are determined by the maps, we need to understand the
difference between the windows of f and those of g and h. Whether or not
a frame of f is also a window depends solely on the restriction of f to the
support of the frame. To decide about the future of a window of f, let [x,p] be
its support. This window is also a window of g if y < z, and it is also a window
of hif z < x. The windows that need attention are the ones with x <z<y. A
triple-panel window consists of three panels, so we distinguish between three
cases:

* W(a,b) suffers an injury if z cuts through the in-panel. Then a and b lie
on the same side of z and they still span a window, albeit with short
wave.

* W(a,b) suffers a fatality if z cuts through the mid-panel. Then a and b
lie on different sides of z and need to find new partnering critical items
to span new windows.

* W(a,b) suffers a scare if z cuts through the out-panel. These windows
are difficult to find in the banana tree of f, but they are easy to find in
the banana tree of —f, in which W (b, a) suffers an injury.

The splitting of the banana tree proceeds in three steps: first, find the smallest
banana that suffers an injury, fatality, or scare; second, find the remaining
such bananas; and third, split the banana tree of f into the banana trees of g
and h. We address all three steps and highlight the most interesting feature in
each.

The first step is difficult because of the lack of an appropriate search mech-
anism in the banana tree. To explain this, we recall that the banana tree stores
the mirrors implicitly, as the upper ends of the in-trails. Like in the case of
an anti-cancellation, the challenging case is when mirrors accumulate and
we have to locate z in their midst. As before, we locate z by linear search,
scanning the mirrors in the order of decreasing function value. In contrast to
the anti-cancellation, we can now charge the cost for the search to the changes
in the extended persistence diagram. Indeed, every mirror we pass belongs to
a window that experiences a scare. Such a window of f is neither a window of
g nor of h, so its spanning critical items will re-pair and span new windows
after the operation.

The second step traverses a path upward from the smallest affected banana
we just identified. In each step of the traversal, we determine the correspond-
ing window and push it onto the stacks of windows that experience an injury,
fatality, or scare. A window that experiences an injury remains a window, but
now with short instead of simple wave. Whether this window with short wave
belongs to the banana tree of g or that of h depends on whether the spanning
minimum is to the right or the left of the spanning maximum. A window that
experiences a fatality falls apart, with one of the two spanning critical items
in g and the other in h. Finally, a window that experiences a scare stops to be
a window, in spite of having both critical points in g or in h. As mentioned
earlier, such a window is difficult to find in the banana tree of f, but it is
easy to find in the banana tree of —f, where it experiences an injury. We thus
process both banana trees simultaneously, and distributed the windows or
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their corresponding bananas as needed. The upward traversal halts when we
reach the spine of the tree, by which we mean the sequence of left children that
start at the root, or the sequence of right children that start at the root. This is
important because moving further until we reach the root is not necessary and
can be costly because the spine can be arbitrarily long and the steps towards
the root cannot be charged to changes in the extended persistence diagram.

The third step re-pairs the critical items of the windows that experience a
fatality or scare. All new windows are with short wave, for else they would
be windows of f before the splitting, which is a contradiction. Hence, their
bananas belong to the spines of the banana trees of g and h. The bananas in the
spines have the particularly simple structure that their critical items come in
sequence. For the right spine of the banana tree of g, this sequence increases
from right to left, for the left spine of the banana tree of h, the sequence
increases from left to right, and both are consistent with the sequence in
which we collect the corresponding windows in the second step. It follows
that the available critical items can be paired up in sequence, which takes
O(1) time per item.

Corresponding to the concatenation of two lists, we pairwise glue the ba-
nana trees of the two maps. The operation is the inverse of splitting, so we
omit further details. A final word about the cost paid by the changes in the
augmented persistence diagram. How do we compare one diagram with two,
which we get after splitting? To deal with this issue, we consider the maps g
and h to be one map, namely a map on two intervals. Then we still have one
augmented persistence diagram and the symmetric difference between the
diagrams before and after the operation is well defined.

3.4 Data Structures

We use five inter-connected data structures to represent a linear list or, equiva-
lently, the implied piecewise linear map: a doubly-linked list of all items, two
dictionaries storing the minima and maxima for quick access, and two ordered
trees representing the information in the augmented persistence diagram for
quick update. The novel aspect is the implementation of the ordered trees
as banana trees, to be described shortly. There are two such trees, storing the
homological critical points of the map and its negation, which are subsets of
all items. Indeed, the non-critical items are stored only in the doubly-linked
list, but they enter the dictionaries and banana trees when they become critical.
The difference between critical and non-critical items is defined in terms of the
piecewise linear map implied by the items. Let m > 2 and write ¢, ¢y,..., ¢y
for the list of values, which we assume are distinct. We construct the map,
f:[0,m+1] —> R, by setting f (i) =¢;, for 1 <i <m, and adding artifical ends
by setting

f(0)=cy +e-sign(c; — 1), (6)
f(m+1)=c, +e-sign(cy,_1—cn) (7)

in which sign(c) = +1 depending on whether ¢ > 0 or ¢ < 0, and € > 0 is
arbitrarily small and in any case smaller than the absolute difference between
any two of the c;. We call these artificial ends hooks; they make sure that items
1 and m are proper minima or maxima.
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3.4.1 Dictionaries

We maintain the items in a doubly-linked list ordered according to their position
in the interval. For reasons that will become clear shortly, we additionally
store the minima and maxima in a dictionary each, both ordered like the
doubly-linked list. Besides searching, the dictionaries support the retrieval
of the minimum or maximum immediately to the left or the right of a given
x € R. It will be convenient to write n for the number of maxima so that
n—1,n,or n+1 is the number of minima. In addition, we will pretend that
the items—and sometimes just the minima and maxima—are at consecutive
integer locations along the real line. Obviously, this cannot be maintained
as we insert and delete items, but it makes sense locally and simplifies the
notation and discussions without causing any confusion.

An opportune data structure for the dictionary is a binary search tree,
which supports access, insertion, and deletion of an item in O(logn) time
each. Similarly it supports the cutting of a dictionary into two, and the
concatenation of two dictionaries into one—provided all items in one dic-
tionary are smaller than all items in the other—again in O(logn) time. For
comparison, doubly-linked lists can be cut and concatenated in constant
time, provided the nodes where the cutting and concatenation is to happen
are given.

3.4.2 Banana Trees

Let f: [0,m+1] — R be a generic piecewise linear map constructed from a list
of m distinct values. The main data structure consists of two trees, one for
f and the other for —f, which we explain in three steps. In order to ensure
that all critical items are represented in both trees, we require homological
critical points of f to also be homological critical points of —f, and vice versa.
This affects how we treat up- and down-type items: up-type items in f are
already homological critical points; in —f, however, they are down-type items,
which are not homological critical points. We use the hooks at down-type
items to treat them as proper maxima, and ignore the hooks at up-type when
constructing the trees. To describe the tree for f, let ag <b; <a; <...<b, <a,
be the homological critical points of f, and note that the a4; are minima—with
the possible exception of ay and a,, which may be up-type endpoints that are
artificially added as hooks. On the other hand, all b; are proper maxima.

FIRST STEP. We construct a full binary tree whose nodes are the homological
critical values. Among the many choices, we arrange these values such that

I.1 the in-order sequence of the nodes in the tree is the ordering of the ho-
mological critical points in the linear list, i.e. of their position in the
interval;

I.2 the nodes along any path from a leaf to the root are ordered by increasing
values.

It is not difficult but important to see that there is a unique full binary tree
that satisfies Conditions I.1 and I1.2. Indeed, the largest value is a maximum,
bj, which is necessarily the root of the tree. The left subtree is the recursively
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defined tree of ag, by, ..., aj_1, and the right subtree is the recursively defined
tree of aj, bj+1, ...,a,. By induction, the two subtrees are unique, so the entire
tree is unique.

secoND sTEP. We decompose the tree into edge-disjoint paths, each con-
necting a leaf to an internal node. Since there is one extra leaf, we add a special
root, B, whose only child is the root, as an extra internal node. We define f
to be greater than all items, both in terms of function value and along the
interval; that is: f(i) < f(B) and i < § for all items i. With this small change,
the paths define a bijection between the leaves and the internal nodes. Again
there are many choices, and we pick the paths such that

IT each path connects a leaf, a, to the nearest ancestor, b, for which a does not
have the smallest value in the subtree of b, and to the special root, if no
such ancestor exists.

After fixing the tree in the first step, Condition II implies a unique partition
of the edges into n + 1 paths; see Figure 3.4.1. Comparing with the windows
introduced in Section 3.2, we note that each path corresponds to a double-
panel window: the lowest and highest nodes are the minimum and maximum
spanning the window, and all other nodes of the path are maxima of nested
windows in the in-panel or the mid-panel of the double-panel window. The
out-panel is indirectly represented by the requirement that its highest node
is interior to another path whose lowest node has smaller value than the
lowest node of the current path. If the window is with simple wave, then the
triple-panel window is also represented in the down-tree, except that in- and
out-panels are exchanged.

B c e g 1 k m o
0 O
¢

o :
k¢ d

O
P

Figure 3.4.1: Left: the path-decomposition of the binary tree for the map, f, displayed
in Figure 3.2.2. The nodes in its spine (to be defined shortly) are c, e, f, and o. Right:
upside-down drawing of the path-decomposition of the binary tree for —f. The nodes
in its spine are d, j, and S.

THIRD STEP. We split every path into two parallel trails. Let a = q¢,41,...,
qe-1,9¢ = b be such a path, and recall that f(g;) < f(g;41) for 0 <i <€-1.
Assuming a < b, the in-trail consists of a, every g; whose right child is g;_;, and
b, and the mid-trail consists of a, every q; whose left child is g;_;, and b. The
items in the in-trail are smaller than those in the mid-trail, which motivates
the alternative terminology of the left trail for the former and the right trail for
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the latter. If a > b, the in-trail is the right trail and the mid-trail is the left trail,
so the in-trail corresponds to the in-panel and the mid-trail to the mid-panel
in either case. Both trails start at a and end at b. All other g; are interior to the
trails. For the special root, 8, and the corresponding lower end of its path, «,
the order is not defined, so we make an arbitrary choice and call the left trail
the in-trail and the right trail the mid-trail. We call a trail empty if it contains
no interior nodes. In both trails, the items as well as their values are sorted.
To state this formally, assume again that a < b:

L1 writing a = ug,uy,...,u; = b for the nodes along the in-trail, we have
ui>u;q for0<i<j—2and f(u;) < f(u;y1), for0<i<j-1;

II1.2 writing a = vy, vy,...,vx = b for the nodes along the mid-trail, we have
v; <viy1 and f(v;) < f(vjy1), for 0 <i<k-1.

The respective first inequalities in II1.1 and III.2 imply that the nodes of the
in-trail precede the nodes of the mid-trail. In contrast, there is no particular
order between the values of nodes in different trails. We draw the trails
roughly parallel, like the outline of a banana. Letting a,b be the lower and
upper ends, we call the pair of trails the banana spanned by a,b. Except if b
is the special root, b is also internal to another trail, so b is where the banana
spanned by a,b connects to another banana; see Figure 3.4.2. We summarize
the crucial properties of bananas in a lemma whose proof follows directly
from the construction and is thus omitted.

Lemma 3.4.1 (Bananas and Windows). Let a,b be critical points of a generic
map, f, with f(a) < f(b). The two points span a banana in Up(f) iff W(a,b) is
a window of f. Furthermore, another window, W(p, q), is immediately nested in
the in-panel or mid-panel of W (a, b) iff its maximum, q, is an interior node of the
in-trail or mid-trail of the banana spanned by a and b, respectively.

Each node stores pointers to its neighbors along the trails: for a node p,
in(p) and mid(p) point to the first node on the in- and mid-trails beginning at
p, respectively; a maximum g has additional pointers up(g) and dn(g), which
point to the node above and below g on the same trail. The banana tree uses

Figure 3.4.2: Left: the banana tree of the map in Figure 3.2.2, with dotted curves show-
ing the tree before splitting its paths; compare with the left drawing in Figure 3.4.1.
Right: upside-down drawing of the banana tree for the negated map; compare with
the right drawing in Figure 3.4.1.
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additional pointers to connect the ends of its trails: letting a and b be the
lower and upper ends of a trail, we store dth(a) = b and low(p) = 4, in which p
is any node in the banana other than b. For convenience, this includes p =1,
which thus stores a pointer to itself. To obtain the lower end of a banana
from its upper end we define Bth(b) = low(in(b)) = low(mid(b)). Observe that
each of the two banana trees stores exactly one node per critical item and
thus requires O(n) space. The dictionaries and the doubly-linked list require
additional O(m) space and hence the total space used by our data structure is
linear in the total number of items.

We conclude this section with the assertion that the banana tree of a linear
list is unique. This will be useful in proving some of the algorithms in the
subsequent section correct.

Lemma 3.4.2 (Uniqueness of Banana Tree). Given a linear list of distinct values,
there is a unique path-decomposed binary tree satisfying Conditions 1.1, 1.2, and 11,
and a resulting unique banana tree satisfying Conditions I11.1 and II1.2.

Proof. The algorithm that constructs the banana tree of a linear list is de-
terministic and thus computes a unique such tree, which we denote B. It
therefore suffices to prove that no other banana tree satisfies Conditions I.1,
[.2. 11, III.1, and III.2. We have already seen that there is a unique ordered
binary tree that satisfies I.1 and I.2. Similarly, there is a unique decomposition
of this tree into paths that satisfies II.

To get a contradiction, assume B’ # B is another banana tree that satisfies
I.1 to ITL.2. Write B, and B), for the path-decomposed ordered binary tree we
get by merging the two trails of each banana in B and B’, respectively. To
satisfy Condition 1.2, the merging must preserve the ordering by value, and
by Conditions ITI.1 and III.2 this is indeed possible. But the step from B’ to B;,
is deterministic, and so is the step from B to B,. We have already established
that B}, = B,, which implies B’ = B, as claimed. O

The reverse of Lemma 3.4.2 does not hold for the trivial reason that the
banana trees do not store the non-critical items. There is also the more subtle
reason that different path-decomposed ordered binary trees can map to the
same banana tree. Indeed, the banana trees do not specify the order of values
between parallel trails, so merging them can result in different ordered paths.

3.4.3 String and Spine

It is possible to connect the trails of a banana tree into a single curve such that
the homological critical points are listed from left to right according to their
positions in the interval. Considering a banana tree as a graph, the minima
and the special root have two neighbors, and the maxima have four neighbors
each, so the maxima would appear twice, but one appearance is the mirror
of the maximum, namely the upper end of the in-trail. We list the maximum
when we reach the upper end of the mid-trail. Equivalently, we adopt the
following rule for a banana spanned by 4, b: if b < a, we first list b, then walk
down the interior nodes of the left trail, then list a, and finally walk up the
interior nodes of the right trail, and if b > a, we do the same except that we
list b at the end rather than at the beginning. The sub-bananas are listed
recursively when their upper ends are encountered.
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As an example consider the banana tree sketched in Figure 3.4.2 on the left:
after starting at the special root, we first encounter the left hook, then ¢, d, e
and so on until #, 0, and finally the right hook before returning to the special
root. We call this the string of the banana tree. It is not difficult to see that this
is also the in-order traversal of the tree after the first step of the banana tree
construction.

We continue with the definition of an important subset of nodes in a banana
tree. The left spine consists of the special root, , as well as the first interior
node of every left trail with upper end in the left spine. Symmetrically, the
right spine consists of p as well as the first interior node of every right trail
with upper end in the right spine. The two overlap in f, and the spine is the
union of the left and the right spines; see Figure 3.4.1 for an example. The
nodes in the spine can also be characterized in terms of the windows they
span.

Lemma 3.4.3 (Spines and Windows). Let Up(f) be the banana tree of the map f.
Then

(i) the special root B and the global minimum span the unique global window of

f;

(ii) a node b = B of the left spine spans a window with wave that is short on the

left;

(iii) a node b = B of the right spine spans a window with wave that is short on the
right;

(iv) all other internal nodes of Up(f) span windows with simple waves.

Proof. It is not necessary to give an argument for (i). Since (ii) and (iii) are
symmetric, it suffices to prove (ii). By the first step of the construction of a
banana tree in Section 3.4.2, a node b belongs to the left spine iff f(b) > f(q) for
all items g < b. It follows that the window spanned by b is not constrained on
the left, so it extends to the beginning of the list. In other words, the window
is with short wave, and the wave is short on the left.

The condition f(b) > f(q) for all g < b is also necessary to have a short
wave on the left, so all such windows are spanned by nodes in the left spine.
Symmetrically, all windows with short wave on the right are spanned by nodes
in the right spine. Hence, all other internal nodes span windows with simple
wave, which proves (iv). O

According Lemma 3.4.3, the special root spans the global window, the re-
maining nodes in the spine span windows with short wave, and the remaining
internal nodes span windows with simple wave. This holds for Up(f) as well
as for Up(—f) = Dn(f). Since a window with short wave of f is not a window
of —f, and vice versa [25, Theorem 4.2], this implies that the min-max pairs
with the maximum in the spine (other than the special root) are distinct in the
two trees. In contrast, the min-max pairs with the maximum not in the spine
are the same in Up(f) and Dn(f).

The algorithms for splitting and gluing banana trees in Section 3.5.3 need
to recognize nodes in the spine. We thus label these nodes and maintain the
labeling when changes occur.
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3.5 Algorithms

Call the banana trees of a map and its negative the up-tree and down-tree
of f, denoted Up(f) and Dn(f). We describe the construction of both trees,
the extraction of the augmented persistence diagram from these trees, and
operations that maintain the trees subject to local changes of the data. We
begin with the construction of the up-tree, which takes time linear in the
number of items. Together with the extraction, this gives a linear-time algo-
rithm for the augmented persistence diagram; compare with the algorithm
of Glisse [26], which constructs the persistence diagram in linear time but
not the augmentation. We prove the correctness of the local and topological
maintenance operations in Sections 4.1 and 4.2.

3.5.1 Construction

We explain the construction of the up-tree for a generic piecewise linear map
defined by a list of m items: f(i) = ¢; for 1 <i < m. For convenience, we
add items 0 and m + 1 at the two ends, with f(0) =coand f(m+1) =0c0—1.
The algorithm processes the map from left to right and uses a stack to store
a subset of the minima and maxima so far encountered. Specifically, while
processing j, the stack stores pairs (ag, by), (a1, by),...,(ak, bx) such that

* 0=ap=by<a; <by<a,<...<ap<by<j,
* f(i)<f(by)foralll1 <{<kand b, <i<]j,
* f(i)>f(ag)forall1 <f<kandb,_; <i<by.

The first two properties imply that the points (b, f(b,)) form a descending
staircase in the plane, and all points (i, f(i)) with i < j that are not steps of
the staircase lie below the staircase. The third property says that item a,
minimizes the value among all items i vertically below the step of b,.

The only relevant items are the critical points, so we eliminate non-critical
items in a preliminary scan and connect the remaining items with prv- and
nxt-pointers. Here we consider the artificially added items as maxima, so
0 is the first item in this list, followed by nxt(0), nxt(nxt(0)), etc., until we
reach item m + 1. For later use, each remaining item in the list is provided
with the appropriate subset of initially null in-, mid-, up-, dn-, low-, and dth-
pointers. During the main scan the algorithm maintains unfinished bananas,
each corresponding to a pair on the stack, as well as a value A, which, after
the current item has been processed, is the item with the minimum value to
the right of the top-most item on the stack. Whenever we pass a minimum, j,
we set A = j, as the immediately preceding item must have been a maximum.
Whenever we pass a maximum, the stack is accessed through the standard
functions Push and Pop, as well as through function Top, which returns the
item b at the top of the stack, but without removing the pair (a,b) from the
stack.

Suppose (a,b) is the pair at the top of the stack, and we pop it off because
f(b)<f(j). If f(A)< f(a), we now know that the unfinished banana spanned
by a, b is correct, so we finalize it in FixBanana. Otherwise, A, b span a banana,
which must belong to a right trail as b < A. We, thus, detach b on the left,
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attach it on the right, and finalize the banana in FixBaANaNa. Then we set A =a
and push (4, j) on the stack after creating its temporary banana and attaching
it on the left:

dn(0) =1; Pusu(ag =0,by =0); j =0
repeat j = nxt(j);
if j is minimum then A = j endif;
if j is maximum then
while f(j) > f(Topr) do (a,b) = Pop;
if f(A) < f(a) then FixBaANaNA(a, b)
else attach b below j on the right;
FixBANANA(A,D); A=a
endif
endwhile;
attach j below b on the left; Pusu(4, j);
if j =m+1 then FixBaNaNA(4, j) endif
endif
until j=m+1.

To “attach j below b on the left”, where j is the currently processed item and b
is a past item, we create an unfinished banana with upper end j and temporary
in- and mid-pointers, and set the relevant pointers of j, as illustrated in
Figure 3.5.1 on the left:

PrV(J) dn(j) = nxt(j);
Whenever the pair containing j is later popped off the stack, and a comparison

of the values shows that j belongs to a left trail, then these pointers remain
unchanged in the final banana.

up . nxt . nxt
in b L g
p dn L prv — L prv
_.mid, j up Y up
1 . 1 .
o rvRoxt in b | b in
:p 7\ ’ dn | dn .
o . mid, : ‘mid _;

Figure 3.5.1: Left: item j it temporarily attached on the left, which creates a banana
whose upper end, j, is interior to a left trail. Right: the temporary attachment of item
b on the left is resolved, and b is attached on the right, which creates a banana whose
upper end, b, is interior to a right trail.

If, however, this is not the case, we execute “attach b below j on the right”,
which suitably updates these values to reflect the fact that j belongs to a
right trail. Specifically, we detach b on the left and attach it on the right, as
illustrated in Figure 3.5.1 on the right:

dn(up(b)) = in(b); up(in(b)) = up(b);
up(b) = j;in(b) = prv(j);aux = dn(b); dn(b)
prv(j) = up(in(b)) = b.

= mid(b); mid(b) = aux;
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To fix a banana, we set the low-pointers of its interior nodes and the minimum,
as well as the in-, mid-, and dth-pointers of the minimum:

function FixBanana(a, b):
q="b;p=in(b);
while p #a do low(p) = a; g = p; p = dn(p) endwhile;
in(a) = q;
q =b; p=mid(b);
while p #a do low(p) = a; g = p; p = dn(p) endwhile;
mid(a) = ¢;
low(a) = a; dth(a) = .

To argue the correctness of the algorithm, we formulate three invariants
maintained by the algorithm. Let j denote the current item, and distinguish
between past items, b < j, and future items, b > j.

(i) The prv-pointers of the future items are unchanged, except possibly
the first one, which points to j. In contrast, all nxt-pointers remain
unchanged throughout.

(ii) If a pastitem, b, is on the stack, then the banana rooted at b is temporary
and unfinished. The latter means that the in- and mid-pointers of b and
the up- and dn-pointers of b and all interior nodes are in place, but not
necessarily the remaining pointers that define the banana. In contrast,
all its sub-bananas are complete.

(iii) Right before taking b off the stack, it satisfies (ii) except that the banana
rooted at b is no longer temporary. After taking b off the stack, its banana
is complete, which means that all pointers of its nodes are in place.

It is easy to see that (i) is maintained, as there is only one place where a
prv-pointer is altered, and there is no place where a nxt-pointer is altered.
Invariant (ii) holds because all interior nodes of the banana rooted at b have
been taken off the stack in the past, and their bananas are complete by In-
variant (iii). In particular, this implies that each unfinished banana spanned
by a,b has a path from in(b) along dn-pointers to a defining its in-trail, and
similarly from mid(b) along dn-pointers to a defining its mid-trail. Assuming
(ii), function FixBanana adds the necessary pointers to complete the banana,
which implies (iii).

EXTRACTION. We next discuss how to compute the augmented persistence
diagram from the up- and the down-tree of f. Each banana in Up(f) corre-
sponds to a point in Ord(f), with the exception of the banana of the special
root, which corresponds to a point in Ess(f). We find these points and the
nesting relation by recursively walking along the trails from bottom to top.
We are handed the upper end of each pair of trails, so first we jump to the
lower end. The recursive function that enumerates all points and arrows is
called with two parameters: the upper end of two parallel trails, and the point
in the persistence diagram that corresponds to the pair of trails that contain
that upper end as an interior node. Initially, the upper end is the special root,
and the point is empty:
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function WaLk(b, pnt):
a = Bth(b);
output Point(a, b) = (f(a), f (b)) and Arrow(a, b) = (Point(a, b), pnt);
x =in(a); while x # b do WALK(x, Point(a, b)); x = up(x) endwhile;
x = mid(a); while x = b do WaLk(x, Point(a, b)); x = up(x) endwhile.

To complete the augmented persistence diagram, we also construct Dn(f) and
apply the recursive function to its parallel trails, with the only difference that
the banana of the special root does not correspond to any point in Dgm(f).

SUMMARY. After removing all non-critical items, which takes O(m) time,
the construction of the two banana trees as well as the extraction of the
augmented persistence diagram takes only O(n) time. Indeed, the main
scan of the construction algorithm completes each banana only once, and
altogether touches each item only a constant number of times. We summarize
our findings for later reference.

Theorem 3.5.1 (Time to Construct). Let f: [0,m+ 1] — R be a generic piecewise
linear map with n maxima. After removing all non-critical items in O(m) time,
Up(f) and Dn(f) can be constructed in O(n) time, and the augmented persistence
diagram of f can be computed from these trees in O(n) time.

3.5.2 Local Maintenance

Recall that the banana trees store all critical items but none of the non-critical
items. As a temporary exception, we delete items by first adjusting their values
until they become non-critical. To formalize the operation that adjusts the
value of an item, j, from ¢; to d;, we write f,g: [0,m + 1] — R for the maps
before and after adjustment, so g(i) = f(i) for 0 <i=j<m+1,and f(j) = ¢,
g(j) = d;. To avoid complications near the endpoints, assume 3 < j <m—2. We
give details on how to treat endpoints in Section 4.1.6. We modify the trees
while following the straight-line homotopy from f to g, which is the 1-parameter
family of maps h),: [0,m+ 1] — R defined by h,(x) = (1 - A)f (x) + Ag(x) for
0<A<1.Clearly, hg=f and h; = g.

The homotopy reduces to a sequence of interchanges—of two maxima or two
minima—followed or preceded by a cancellation or an anti-cancellation, which
reflect the disappearance or appearance of a point into or from the diagonal of
the persistence diagram, or a slide, which occurs when a critical item becomes
non-critical due to a non-critical neighbor becoming critical. We will discuss
these operations in detail below. Among the adjustments, we consider two
scenarios:

A: item j is non-critical in f and increases its value;
B: item j decreases its value until it becomes non-critical in g.

The scenario in which j is non-critical and decreases its value is symmetric to
A, and either of the two is applied after we insert a new item. The scenario
in which j increases its value until it becomes non-critical is symmetric to B,
and either of the two is needed before we delete an item. Other adjustments
are subsequences or compositions of Scenarios A and B or their symmetric
versions.
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SCENARIO A. We increase the value of a non-critical item, j, and we assume
that it becomes critical, else up-tree and down-tree would not be affected. We
consider the case in which f(j—1)< f(j)< f(j+1)and f(j—-1)<g(j)> f(j+1),
i.e., the item j becomes a maximum in g. If j+1 is non-critical in f, it becomes
a minimum in ¢ and the number of critical items increases by two. If j + 1 is
critical (a maximum), then it becomes non-critical in g and item j replaces it
as maximum; the number of critical items does not change. In the former case
we perform an anti-cancellation to introduce the banana spanned by j+1 and
j; in the latter case we perform a slide. Afterwards we fix the position of j in
the up-tree and down-tree by performing a sequence of interchanges:

if g(j)> f(j+1) then
if f(j+1)< f(j+2) then anti-cancel j and j+1 in Up(f) and Dn(f)
elseslide j+1 to j in Up(f) and Dn(f)
endif;
set 4 = up(j) in Up(f);
while f(g) < g(j) do interchange j and q in Up(f) and Dn(f);
q =up(j) in Up(f)
endwhile
endif.

Note that we iterate with g = up(j) and not with g = up(g). This is not a mistake
because the interchange in Up(f) is of two maxima, j and g, which swaps the
two nodes (see below). In contrast, the interchange in Dn(f) is of two minima,
albeit they are the same two items, j and q. Performing these interchanges
simultaneously, we save the effort of independently finding the next relevant
interchange of minima, which would be costly. The correctness of this strategy
is guaranteed by Lemma 3.5.2, which we will state and prove after formalizing
the notion of an interchange.

sCENARIO B. The symmetric version of Scenario A—in which j decreases
its value—is implemented accordingly, by switching the roles of the up-tree
and the down-tree. We use the simultaneous interchange of maxima and
minima also in the implementation of this inverse of Scenario A. There are
again symmetric cases, and we consider the case in which f(j—-1) < f(j+1)
and f(j—1) < f(j) > f(j +1). Furthermore, we assume that item j is interior to
a left trail. The operation begins with a sequence of interchanges of maxima
in the up-tree and of minima in the down-tree, followed by a cancellation or
by a slide:

Loop g = argmax{f (dn(j)), £ (in(j)), f (mid(j))} in Up(f);
if f(q)> f(j+1) then interchange q and j in Up(f) and Dn(f)
else exit endif
forever;
if f(j+1)< f(j+2) then cancel j with j+1 in Up(f) and Dn(f)
else slide j to j+1 in Up(f) and Dn(f)
endif.

Note that g is either a maximum or its value is less than f(j+ 1) as f(j —1) <
f(j+1), so we will not attempt to interchange a maximum, j, with a minimum,
g, which would be impossible indeed. We continue with the details for the
interchanges and (anti-)cancellations.
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INTERCHANGE OF MAXIMA. An interchange between two maxima with
f(j) < f(q) has structural consequences only if g = up(j), as this is the only
case in which a uniqueness condition, namely III.1 or III.2, is violated. We
will see that the algorithm does not ever get into the situation of attempting
any other interchange. Assume that g is on a left trail, which is the situation
depicted in Figure 3.5.2. Let i and p be such that j = dth(i) and g = dth(p). If
j =dn(q), we distinguish two cases depending on the order of f(i) and f(p).

Case 1: f(i) < f(p). Remove g from its trail and add it right below j in j’s
in-trail, as illustrated in Figure 3.5.2 in the top left. Adjust the pointers
of the involved nodes accordingly.

Case 2: f(i) > f(p). Exchange j and g as upper ends of their respective ba-
nanas, remove q from its trail and add it right below j in j’s mid-trail,
as illustrated in Figure 3.5.2 in the top right. Adjust pointers, and in
particular set dth(i) = g and dth(p) = j. The in-trail of i becomes its
mid-trail and vice versa.

In both cases, j joins the left spine of the up-tree iff 4 is a node of the left
spine already before the operation. The cases where j = mid(g) or j = in(g) are
similar to the reverse of the cases with j = dn(g), and are illustrated in the
bottom row of Figure 3.5.2. There are also the inverse operations (reading
Figure 3.5.2 from right to left), which apply when j = up(g), i.e., the case
f(j) > f(g), and the symmetric cases where g is on a right trail.

Figure 3.5.2: The interchange of two maxima, j and q. In the dotted underlying tree,
the operation corresponds to a rotation. Before the interchange, the pairs are 7, j and
p,q. Top left: f(i) < f(p) which preserves the pairs. Top right: f(i) > f(p) and the pairs
change to i,q and p, j. Bottom left: j = in(q) which preserves the pairs. Bottom right:
j = mid(q) and the pairs change to i,q and p, j.

INTERCHANGE OF MINIMA. An interchange of maxima in Up(f) is always
done in parallel with an interchange of minima in Dn(f). It can, however,
happen that the interchange of j and g has a structural effect on Up(f) but not
on Dn(f). An example is the interchange of nodes i and g in Figure 3.4.1 and
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3.4.2. They are internal nodes in the up-tree, so the effect of the interchange
is as depicted in Figure 3.5.2 on the left. The two nodes are leaves in the
down-tree whose bananas do not meet, so the interchange of minima has no
effect.

In general, the interchange of two minima with f(j) < f(g) has structural
consequences only if p = dth(g) is interior to the banana spanned by j and
i = dth(j), as this is the only case in which g(j) > g(g) leads to a violation
of the uniqueness conditions, namely of II. To describe how the trails are
updated, we assume that p is interior to the left trail. We split this trail
into the upper part above p and the lower part below p (with neither part
including p). Similarly, we split the parallel right trail connecting 7 to j into
upper and lower, with values larger and smaller than f(p), respectively. Then
we concatenate the upper part of the left trail with the left trail connecting p
to g (but without the upper end, which is p), and we concatenate the upper
part of the right trail with the right trail connecting p to g (this time including
p). Finally, we join the two lower parts to form parallel trails connecting p to
j.

Observe that splitting the left trail is easy because it contains p as an interior
node. We split the right trail by traversing it one node at a time from the
upper end until we reach the first node with value less than f(p). Note that all
the travsersed node on the right trail will have a change in their low-pointer
and we will use this fact when we analyze the running-time of the operation
at the end of this subsection.

SIMULTANEITY OF INTERCHANGES. Next, we prove the correctness of cou-
pling interchanges as described in Scenarios A and B. The moment two max-
ima of f interchange is of course also the moment at which they interchange
as minima of —f. However, many interchanges are irrelevant, in the sense
that they cause no structural changes to the banana trees. Many of these
irrelevant interchanges go unnoticed by our algorithm (and fortunately so),
but it is important that no relevant interchange is overlooked. We claim that
every relevant interchange of minima corresponds to a relevant interchange
of maxima.

To formalize this claim, let F: [0,m + 1] — R be a piecewise linear map
determined by its values at the integers, and assume that these values are
distinct, with the exception of F(j) = F(q) at maxima j =g of F. Let f,g: [0,m+
1] — R be piecewise linear maps defined by the same values at the integers,
except that f(j) = F(j)— € and g(j) = F(j) + € for a sufficiently small ¢ > 0. The
straight-line homotopy from f to g is an interchange of maxima, namely of j
and ¢, and that from —f to —g is an interchange of minima, again of j and 4.
We call the former relevant if Up(f) and Up(g) differ by a rotation, namely of j
and g, and we call the latter relevant if Dn(f) and Dn(g) differ by a change in
the pairing.

Lemma 3.5.2 (Coupling of Interchanges). Let f,g: [0,m+1] — R as introduced
above. If the straight-line homotopy from —f to —g, which is an interchange of
minima, is relevant, then so is the straight-line homotopy from f to g, which is an
interchange of maxima.

Proof. We prove the contrapositive: that irrelevant interchanges of maxima
imply irrelevant interchanges of minima. The interchange of the maxima
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j #qof f isirrelevant if there is a banana in Up(f) so that j and g belong to
opposite trails, or to sub-bananas rooted on opposite trails of this banana. Let
this banana be spanned by a,b. Assuming j < ¢, this implies j <a <g and b is
either to the left or the right of the three items. Letting i and p be the lower
ends of the bananas spanned by j and g, respectively, we observe that i <a <p,

fla)<f(i), and f(a) < f(p).

For the negated function, j,q are minima and i,4,p are maxima satisfying
i,j <a<p,q, —f(a) >—f(i), and —f(a) > —f(p). If W(i,j) and W(p,q) are
both with simple waves, then W(j,1) and W(q,p) are triple-panel windows
of —f that are separated by a. It follows that the interchange of minima is
irrelevant. Similarly, if one or both of these windows are with short wave,
then the separation by a implies that the pairing stays constant, so again the
interchange is irrelevant. O

There is a special case to consider when the separating banana is spanned
by the special root, and j, g are the maxima with the two largest values. For
f, we have g = q and for g we have g = j. In words, the interchange of the
maxima j and g does not change the pairing but it causes a replacement of the
special root.

cANCELLATIONS. The last step in Scenario B is the cancellation of items j
and j + 1, which is implemented by removing the two nodes from the up-tree
and down-tree. We argue that the implementation is really this easy.

Recall that the value of j during the homotopy from f to g is h,(j) =
(1- /\)f(j)+/\g(j) By assumption, f(j—1) < f(j+1),so the cancellation happens
at f(j—1)<g(j) < f(j+1). Since f(j) >f]+1 >g(j)and f(j+2)> f(j+1),
there exists 0 < p <1 such that f(j +2) > h,(j) > f(j + 1). At this stage of the
homotopy, j + 1 is a child of j and dth(j + 1) = ] in Up(f). In other words, j +1
and j are the upper and lower ends of a pair of empty trails. We can therefore
simply remove this pair of trails, while forming a direct link between dn(j)
and up(j). The situation is symmetric in Dn(f).

ANTI-CANCELLATIONS. The first step in Scenario A is the anti-cancellation
of items j and j + 1. We describe how to perform the anti-cancellation in the
up-tree; the anti cancellation in the down-tree is symmetric. By assumption,
f(j—1)<g(j)>f(j+1)< f(j+2)and g(j) is such that there is no item with
value between fG+1) and 2(7)- We first identify the maximum b closest to j
such that the new minimum j+1 lies between j and b, i.e., j <j+1<b. Note
that there can be no other critical point between j+ 1 and b.

To insert j, we walk along the path from b to the closest minimum a with
a<j<j+1<b,until we find a node q with smaller value than j. The node j is
then inserted as a parent of g:
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if Bth(b) < j < b then g = mid(b) else g = dn(b) endif;
while f(q) > g(j) do g = in(g) endwhile;
if g is a leaf then if g = Bth(b) then insert j as mid(q)
else if gis the global minimum
and g < j then
insert j as mid(q)
else insert j as in(q)
endif
else insert j as up(q)
endif.

After inserting j, we construct a banana spanned by j+1 and j, which includes
setting in(j + 1) = mid(j + 1) =dth(j + 1) = j and in(j) = mid(j) = j + 1.

sLIDEs. Consider the case in which the value of a maximum, j, is decreased,
and assume that f(j—1) < f(j+1) > f(j + 2). Note that j + 2 is non-critical.
If f(j—1)<g(j)<f(j+1), then j+ 1 becomes a maximum and j becomes
non-critical. The number of critical items remains the same in f and g, but
criticality is transferred from one item in f to a neighboring item in g. As
mentioned earlier, this is what we call a slide.

The same situation occurs when (1) the value of a minimum increases
above the value of a non-critical neighbor, (2) the value of a non-critical item
increases above the value of a neighboring maximum, or (3) the value of a
non-critical item decreases below the value of a neighboring minimum. A
slide has no impact on the structure of the banana-tree and only requires to
update the association between items and nodes.

SUMMARY. We summarize the findings in this subsection by stating the
running-time for adjusting the value of an item in terms of the number of
critical points and the number of changes caused to the augmented persistence
diagram. To this end, we define the accumulated change along a straight-line
homotopy as the total number of changes to the points and arrows in the
augmented persistence diagram that occur during the homotopy.

Theorem 3.5.3 (Time to Adjust). Let f: [0,m+ 1] — R be a generic piecewise
linear map with n maxima. The time to adjust the value of an item is O(logn + k),
in which k is the accumulated change during the adjustment, plus O(k’) if the
adjustment includes an anti-cancellation, in which k' is the difference in the
transitive closures of the nesting relation before and after the anti-cancellation.

Proof. We prove the claimed bound on the running-time by charging most
steps to the change in augmented persistence diagrams they cause.

An interchange of maxima reduces to a rotation plus possibly a swap in
the pairing. The rotation takes O(1) time, which we charge to the changing
arrow, and the swap takes O(1) time, which we charge to the two points in
the diagram that exchange coordinates. An interchange of minima reduces
to a swap in the pairing followed by resetting the low-pointers along the
path connecting the two maxima involved in the swap. As before, the swap
is charged to the two points that exchange coordinates, and each resetting
of a low-pointer is charged to the corresponding change in the arrow. It is
also possible that the interchange of minima has no effect on the binary tree,
namely when the corresponding paths are disjoint. This is detected in O(1)
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time, and this time is charged to the changes caused by the simultaneous
interchange of maxima in the other banana tree. A cancellation takes O(1)
time, and there are at most two cancellations per value adjustment of an item.
In contrast, an anti-cancellation takes O(logn) time to find the maximum, b,
closest to the new pair of critical items. The while-loop in the anti-cancellation
takes as many iterations as there are nodes on the path from b to the newly
inserted node. For each of those nodes an arrow appears in the transitive
closure of the nesting relation. Thus, the time to insert the new banana is
O(k’). The insertion itself takes constant time.

In addition, we take O(logn) time to update the dictionaries whenever an
item changes from critical to non-critical, or the other way round, and there
are only O(1) such changes per value adjustment of an item. All this adds up
to O(logn + k) time, if the adjustment does not requires any anti-cancellation,
and to O(logn + k + k’) time, if it does. O

3.5.3 Topological Maintenance

Given a collection of linear lists, we next study the maintenance of the aug-
mented persistence diagram subject to cutting and concatenating the lists.
Recall that a list ¢, ¢y, ..., ¢, induces a piecewise linear map, f: [0,m+1] > R,
with f(i) =¢; for 1 <i <m. The values at i = 0,m + 1 are added to create the
computationally convenient hooks introduced in Section 3.4. To cut f, we
split the list into ¢y, ¢y,...,c¢ and ¢py1,¢p42,-.., ¢ and let g: [0, +1] - R and
h: [¢,m+1] — R be the corresponding piecewise linear maps. We need at least
two items to construct the hooks, so we require 2 < ¢ < m—1. We describe
the operation for the up-tree, and consider the down-tree only to the extent it
provides information to update the up-tree. For ease of reference, we write x
for the midpoint between ¢ and £+ 1 and set f(x) = %(f(f) +f(€+1)).

SPLITTING A BANANA TREE. We introduce terminology before describing
the splitting algorithm in three steps. A banana suffers an injury, fatality, scare
if x cuts through the in-, mid-, out-panel of the window, respectively; see
Figure 3.5.3. A triple-panel window with simple wave is shared by f and —f,
except that in- and out-panels are exchanged. Hence, a scare in Up(f) is an
injury in Dn(f), so we exploit the down-tree to find the scares in the up-tree.

vaRivagivag)

X p x q

Figure 3.5.3: From left to right: an injury, fatality, and scare. Correspondingly, x cuts
the banana in its in-trail, in its mid-trail, or after the maximum but still above the
value of the minimum.

Step 1: Find smallest banana. To enumerate the bananas that suffer injuries
or fatalities, we first find the smallest such banana. To this end, we search
the dictionaries to locate the smallest interval between two critical points that
satisfy a < x < b. Note however that neither b is necessarily the upper end
nor a is necessarily the lower end of this banana. Assuming b is a maximum,
we use it to find the smallest banana in the up-tree such that x lies between
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its lower and upper ends. The search uses a pair of nodes, ¢,r, maintaining
that the upper end of the desired smallest banana has an ancestor that is an
interior node of the right trail with upper end g, and r with f(r) > f(x) is a
node on this right trail. The iteration advances q and r toward x and halts
when these conditions fail. To repeatedly go down the right trail of r, which
itself is interior to a right trail, we use the in(r) pointer. The iteration is slightly
different in the first case, when b is interior to a right trail, and in the second
case, when b is interior to a left trail:

function SMALLESTBANANA(X):
find a < x < b and assume that b is a maximum;
if dn(b) < b then g = dth(low(b)); r = dn(b) else g = b; r = mid(b) endif;
while r #a and f(x) < f(r)do g =r; r =in(r) endwhile;
return (Bth(qg),q).

The time is O(log n+k), in which k is the number of inspected bananas. Each of
these bananas causes a change in the augmented persistence diagram, which
pays for the visit.

Step 2: Stack bananas. After locating the smallest banana in Up(f) that suffers
an injury or fatality, we find the others by traversing the tree upward. In the
process, we load three initially empty stacks with the injuries and fatalities.
In doing so, we distinguish spanning min-max pair to the left of x, separated
by x, to the right of x, and denote the corresponding stacks Lup, Mup, Rup,
respectively. On its way up, the algorithm pushes each banana on one of the
three stacks, until it encounters the first banana with maximum in the spine.

function LoADSTACKS (x):
(p,q) = SMALLESTBANANA(X);
loop case p < x and g < x: Pust(Lyyp, (p,q));
p <x xor q < x: PusH(Myp, (p,q));
p > x and g > x: PusH(Ryp, (p, q))
endcase;
if g is in spine of Up(f) then exit endif;
p = low(g); q = dth(p)
forever.

Similarly, we load the initially empty stacks Lg,, M4n, R4y, with bananas in
Dn(f). When we split the up-tree, it will be convenient to reverse the pairs
defining the bananas in the down-tree, and when we split the down-tree, we
reverse the pairs defining the bananas in the up-tree. We call a stack with
bananas (pg, qo) at the bottom to (p;, g;) at the top sorted if f(p;) <... < f(po) <
f(g0) <... < f(g;)- The stacks satisfy the following properties:

Lemma 3.5.4 (Sorted Stacks). Let cy,cy,...,c,, be a sequence of distinct values,
f the thus defined piecewise linear map, x such that c; <x <cy,_1, and Lyp, Myp,
Rups Lan» Man, Ran the stacks as returned by LoapStacks holding the bananas

with injury, fatality, and scare in Up(f) and Dn(f). Then

(i) all six stacks are sorted;

(ii) all bananas on the stacks are with simple wave, except for the last banana
pushed onto Lyp, Myp, Ryp, whose maximum belongs to the spine of Up(f),
and the last banana pushed onto Ly, Mgy, Ran, whose maximum belongs to
the spine of Dn(f);
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(iii) the set of simple wave bananas on My, is the same as that on Mgy;

(iv) Lyp, Mup, Lan can be merged into a single sorted stack, and so can Ryp, M

Rdn and Lup: Mupr Rup and Ldn;Mdnerrv

ups “*up’
Proof. Property (i) is implied by Condition II on the path-decomposition and
the fact that the algorithm visits the bananas from bottom to top. Property (ii)
holds because all bananas are with simple wave, other than the ones with
maxima in the spine, and except for the respective last ones, no banana pushed
onto the stacks have their maxima in the spine. To see Property (iii) recall that
a simple wave of f is also a simple wave of —f. Hence, simple wave bananas
belong to both trees, except that they share the mid-trail but not the in-trail.
Each banana on My, and My, suffers a fatality, which cuts cuts the mid-trail
and therefore also the corresponding banana on the other stack. Property (iv)
follows from the fact that all bananas on one of these stacks must correspond
to nested windows. Note, however, that it is not true that all six stacks can be
merged to a sorted stack. The reason is that triple-panel windows of bananas
in Ly, and Ry, can overlap without being nested, and so can triple-panel
windows of bananas in Ly, and R,p; see the windows spanned by f,g and h, i
in Figure 3.2.2. However, if x cuts through any two such overlapping and not
nested windows, then it also separates the critical points that span one from
those that span the other. Such pairs neither exist for Lyp, Myp, Lgn, nor for
any of the other three triplets of stacks. O

There are up to two windows with short wave which need special treatment:
First, the window of —f with its maximum on the spine of Dn(f) and x in its
in-panel; second, the window of f with its maximum on the spine of Up(f)
and x in neither its in-panel or mid-panel. The former appears in Ly, or Ry,
but is not a window of Up(f) and we ignore it when splitting Up(f). The
latter is not loaded into L,p, Myp or Ry, is not a window in Dn(f) and is thus
not loaded onto any stack. However, it may have x in its out-panel, in which
case it suffers a scare and should be pushed onto L4, or R4,. We can identify
this case by examining g’ = in(q;), where (pj,q;) is the topmost banana. If
(Bth(q’),q’) pushed onto Ly, or Ry, preserves the properties of Lemma 3.5.4
and f(Bth(q’)) < f(x) < f(g’), then indeed x is in the out-panel of this window
and we place it on Ly, or Ry, as appropriate when splitting Up(f). Otherwise,
no window with x in its out-panel is missing from the stacks. Symmetrically,
when splitting Dn(f) we ignore in Ly, U R,p the window with maximum on
the spine of Up(f) and push the missing window in Dn(f) onto Ly, or Ryp.

After pushing the bananas onto the stacks, we remove them from the top.
Write (p, q) = Top(Lyp) for the topmost banana on Ly, with (p,g) = (nil,nil)
if Ly, is empty, and similarly for the other stacks. We set f(nil) = —co. The
overall top banana is the one whose maximum has the largest value and is
returned by function TorBaANANA:

function ToPBANANA:
Stack =nil; (p,q) = (nil,nil);
for each S € {Lyp, Rup, Myp, Lan, Ran} do (p’, ") = Tor(S);
if f(q’)> f(q) then Stack = S; (p,q) = (p’,q’) endif
endfor; return (Stack, (p,q)).

Stepr 3: Split up-tree. This operation splits the up-tree into two and in the
process adds at most four new nodes: a second special root, a minimum and a
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maximum if € and €+1 are non-critical points prior to the cut, and the up-type
endpoint of the two new hooks on both sides of the cut. The algorithm uses
the loaded stacks to visit the nodes that need repair from top to bottom, i.e.
from the largest to the smallest banana as determined by the stacks. The
iteration ends when the stacks are empty:

function Sprit(x):
LoADSTACKS(X);
loop (Stack,(p,q)) = TopPBANANA;
if (p,q) = (nil,nil) then exit endif;
case Stack € {Lyp, Ryp}: DolNjury(p, q);
Stack = Myp: DoFarariry(p, q);
Stack € {Lgn, R4n}: DOScARE(p, q)
endcase; Popr(Stack)
forever.

Finally, we add ¢ and ¢ + 1 as new nodes if they become critical in the process,
and we do the final adjustment to the values of the new hooks. In each
iteration, we have two banana trees, one on the left and the other on the right.
An injury transfers part of one tree to the other, and so does a fatality. The
latter also adjusts the pairing between the critical points, while a scare only
adjusts the pairing. To initialize this setting, we construct a second banana
tree consisting of a single banana with two empty trails connecting its special
root with a dummy leaf, a. If we cut the original banana tree on the left
spine or the special banana, then this new tree becomes the left tree and we
define its special root to be at —co along the interval. Otherwise, the new tree
becomes the right tree and we define the special root of the original tree to
be at —o0, swapping in- and mid-trails of the special banana to satisfy the
uniqueness conditions. After splitting is complete, we reset the special roots
to —oo and swap the in- and mid-trails of the special banana as needed.For
reasons that will become clear shortly, we set f(a) = f(p;) — ¢, in which p;,q;
are the nodes that span the top banana on the stacks, and ¢ > 0 is smaller than
the difference between the values of any two items. We observe that the top
banana in the first iteration either suffers an injury or a fatality. Indeed, if
it suffered a scare, then x would cut through its out-panel and therefore lie
between ¢; and low(g;). But then x cuts through the in- or mid-panel of the
banana spanned by low(q;) and dth(low(g;)), and this banana would have been
the top banana on the stacks, which is a contradiction. To see the correctness
of the splitting operation, we note that Function SpLiT maintains the following
invariants:

(i) both banana trees satisfy the uniqueness conditions I.1, 1.2, II, III.1, and
I11.2;

(ii) any node u that is not on any stack and does not have an ancestor on the
stacks is in the left tree, if u < x, and in the right tree, if u > x.

Invariant (ii) implies that once the stacks are empty, all nodes to the left of
x are in the left tree and all nodes to the right of x are in the right tree. By
invariant (i) the right and left trees are the unique trees representing the maps
g and h. Assuming x < b for the root of the banana tree, the first transfer will
be from right to left (as in Figure 3.5.4), so we let the existing banana tree be
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the right tree and the banana with the two empty trails the left tree. We are
now ready to discuss the actions specific to the injury, fatality, and scare of a
banana.

An injury occurs when x cuts the in-trail of the banana spanned by p,q. To
simplify the discussion, assume Stack = Rp, so x < p < g, as illustrated in
Figure 3.5.3, left, and Figure 3.5.4, middle and left. The case Stack = L, and
q <p < x is symmetric.

The injury causes a possibly empty portion of the in-trail to split off and
append to the rightmost banana spanned by a spine node of the tree on the
left; see again Figure 3.5.4. The cut off portion consists of all interior nodes
j < x and their sub-bananas. Note that it is quite possible that x cuts the string
somewhere in a sub-banana with upper end on the in-trail. In this case, the
sub-banana does not transfer as its upper end is to the right of x, and it is
instead subject to a later repair operation. Because the bananas taken from the
stacks are sorted, we have f(i) > f(«) for all transferred nodes i. We maintain
a as an up-type endpoint that spans a banana with b, as before the operation.

Figure 3.5.4: Middle: the banana spanned by p, g suffers an injury (cut in in-trail) or
a fatality (cut in mid-trail). Left: to process the injury, we move the dashed portion
and append it to the rightmost spine banana of the left tree. The up-type node, «, is
paired with the upper end, b, of the expanded banana. Right: to process the fatality,
we move the entire in-trail together with the dash-dotted portion of the mid-trail. The
new up-type endpoint, «, is paired with g in the right tree, and p is paired with the
upper end, b, of the expanded banana. Dotted portions of trails are empty.

A fatality occurs when x cuts the mid-trail of the banana spanned by p, 4.
Hence, Stack = M, and we assume p < x < ¢, which is the case illustrated in
Figure 3.5.3, middle, and Figure 3.5.4, middle and right. The case g <x <p is
symmetric.

The fatality causes the entire in-trail and a possibly empty portion of the
mid-trail to split off and append to the rightmost banana spanned by a spine
node of the tree on the left; see again Figure 3.5.4. The transfer includes the
minimum, p, and all interior nodes, j, with j <x. As in the case of an injury, it
is possible that x cuts a sub-banana with upper end on the mid-trail. This sub-
banana is not transferred and instead subject to later repair operation. Since
p moves from the right to the left, we move a from the left to the right and
adjust the pairing accordingly: p spans a banana with b in the left tree, and «
spans a banana with g in the right tree. To ensure that the path-decomposition
remains correct, we set f(a) = f(p)—e.

A scare occurs when x lies in the out-panel of the triple-panel window
spanned by p, g, so x cuts neither trail of the corresponding banana. However,
there is a banana spanned by ¢,p in Dn(f), and x cuts the in-trail of that
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banana. Assume Stack = Lg,, so p < g < x, which is the case illustrated in
Figure 3.5.3, right. The case Stack = Ry, and x < q < p is symmetric.

The scare does not affect the right up-tree, and it affects the left up-tree
only indirectly, namely by triggering a change in the pairing. In other words,
it preserves the underlying ordered binary tree (First Step of the banana
tree construction), but it changes the path-decomposition (Second Step), and
therefore also the organization of the bananas (Third Step). This is done by
executing an interchange of two minima, namely of p and & = low(dth(p)). To
justify this interchange, we adjust the value of a to f(a) = f(p) + €.

GLUING TWO BANANA TREES. Concatenating the lists cq,cp,...,cp and cpq,
Ce42,---,Cyy 18 the inverse of cutting cy,¢,,...,c,, into these two lists. Equiva-
lently, we can think of concatenating g: [0,{+1] > Rand h: [(,m+1] > R to
get f =g-h: [0,m+ 1] > R. A triple-panel window with simple wave of g is
still a triple-panel window with simple wave of f, and similarly for 4 and f.
Also a triple-panel window whose wave is short at the left end of the domain
of g is still a triple-panel window with short wave of f, and similarly for h
and the right end of the domain of h. It follows that the only windows that
need repair are the global windows of g and h and the windows whose waves
are short at the right end of the domain of g or the left end of the domain of h.
These windows correspond to the bananas rooted at nodes of the right spine
of Up(g) and the left spine of Up(h).

In a nutshell, the algorithm visits the nodes in the relevant portions of
the two spines from bottom to top. For Up(g), we get a sequence of nested
short wave windows ending with the global window, and we list the corre-
sponding critical points from right to left as ag, by, a1, by,...,4;,b; = Bg. Sym-
metrically, we list the critical points we get from Up(h) from left to right as
a;, bé,ai,bi,....a;,b]’. = By. To have a specific setting, we assume that ag is a
proper minimum of g (an up-type endpoint after removing the hook), while
a; is a hook that is an up-type endpoint of h. Because the windows are nested,
we have

flar) <... < flag) < f(x) < f(bo) <... < f(by); (8)
fla}) <...< fla}) < f(x) < f(by) <...< f(b)), (9)

in which the hook, a(), has been removed from the second list; see Figure 3.5.5.
The two orderings imply that the minimum with largest value is either ay or
ay, and the maximum with smallest value is either b, or b. To get a sorted
list of nested windows, the algorithm pairs up the lowest maximum with the
highest minimum, removes the two, and iterates.

b, = ﬁg b; = Bu

Figure 3.5.5: The simplified graph of g to the left of x, which connects the critical
points that span bananas in the right spine of Up(g). The symmetrically simplified
graph of h to the right of x, which connects the critical points that span bananas in
the left spine of Up(h).
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Given gy, the next maximum and then the next minimum to its left are
by = dth(ap) and a; = low(by). Symmetrically, a] = low(b;) and b] = dth(a}).
Assuming the configuration in Figure 3.5.5, namely f(ag) < f(x) < f(b;), a
remains a minimum and b, remains a maximum after connecting the two
items monotonically. In other cases, ay and by may become non-critical. As a
pre-processing step to gluing, we remove up-type and down-type endpoints
that become non-critical when we connect the two lists. Whatever the case,
the algorithm assumes that ay and b, are the first critical points to the left
and right of x, and that a; is a minimum and b; is a maximum. We write
a for the hook at b and use it as a dummy leaf, like in cutting. For the
purposes of this algorithm we define f(f,) < f(B,) for tie-breaking. We also
define low(f,) = nil and low(f),) = nil with f(nil) = —co. Again, we define
the special root of the left tree, B, to be at —co along the interval and swap
the in- and mid-trails of the special banana of the left tree. This is reset after
the gluing is complete.In each iteration, the maximum with lower value is
paired with a minimum to its left or its right. If the maximum in the left tree,
g, is processed, then the candidate minima are p = low(q), which is on the left
of ¢, and p, which is on the same side of g as Bth(g). If the maximum in the
right tree is processed, then the situation is symmetric. The iteration ends
when one of the two trees is empty, i.e., consists only of a special root and the
dummy «a.

function Grug(ay, by, Be, Bn):
setg=by= dth(ao) q’ = b;
repeat 1ff )< f(q’) then
=low(q); if p # a then p = Bth(q) else p = Bth(gq’) endif;
case f(p) > f(p) and p = Bth(g): UnpolNjurY(p, q);
f(p)> f(p) and p = Bth(g’): UnpoFataLITY(D, q);
£(5)> f(p): UnpoScare(p,q)
endcase; g = dth(low(q))
else symmetric cases for f(q)> f(q’)
endif
untilin(fy) = mid(f,) = a or in(By) = mid(By) = a
if in(By) = mid(B,) = & then discard fy, a else discard By, & endif.

The main three subroutines are inverses of the earlier functions and undo
injuries, fatalities, and scares. Function UNDOINJURY extends the short wave
banana beginning at g to a simple wave banana by inserting maxima into
the in-trail beginning at q; see Figure 3.5.4 but read the change backward,
from the left to the middle. Function UnpoFataLiTY extends the short wave
banana beginning at g to a simple wave banana while also changing the
pairing of g; see again Figure 3.5.4 now reading the change from the right
to the middle. Finally, function UNDOScARE adjust the value of the up-type
endpoint, a = Bth(g), to f(a) = f(p) — ¢, thereby extending the out-panel of
the window assoc1ated with q and changing the pairing.

suMMARY. We summarize by stating the running-time for cutting and con-
catenating lists in terms of the number of critical points and the number of
changes to the augmented persistence diagrams.

Theorem 3.5.5 (Time to Cut and Concatenate). Let f: [0,m+1] — R be a generic
piecewise linear map with n maxima, and let g and h such that f = g-h. The time to
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cut f into g and h is O(logn + k), in which k is the size of the symmetric difference
between Dgm () and Dgm (g) LiDgm (h), and so is the time to concatenate g and
h to form f.

Proof. We focus on the algorithm for cutting f at x, and omit the argument for
glueing, which is symmetric. It takes O(log n) time to find the two consecutive
critical points that sandwich x between then, and it takes O(logn) time to
cut the dictionaries accordingly. The time needed to split Up(f) and Dn(f)
is proportional to a constant plus the number of nodes visited during the
iteration.

We argue that we can charge each such node, ¢, to a change in the augmented
persistence diagram in such a way that each change is charged at most twice,
once by a node in Up(f) and once by a node in Dn(f). Let g be a visited
maximum in Up(f), and let p be the minimum with dth(p) = q. Then W(p, q)
is a window with simple or short wave cut by x. If x cuts through the mid-
panel or the out-panel, then W(p,gq) is neither a window of g nor of h, and
we charge g to the disappearance of the point (f(p), f(p)) from the ordinary
subdiagram. So suppose x cuts through the in-panel. If W(p, g) is with simple
wave, W(q,p) is a window of —f and x cuts through its out-panel, so we charge
g to the disappearance of (f(gq), f(p)) from the relative subdiagram. Finally, if
W(p,q) is a window with short wave and x cuts through its in-panel, then the
algorithm has reached the spine of Up(f). By Lemma 3.4.3, all ancestors of g
are of the same type, so we can end the traversal here. Thus, this case causes
only constant work which is charged to the cutting operation directly. O]

We remark that the O(logn + k) time bound for cutting and concatenating
would not hold if in splitting and gluing we traversed the banana trees all the
way to the respective special roots. Let g be the node on the spine where the
algorithm halts. The path connecting g to the special root may be arbitrarily
long, and none of these nodes corresponds to a change in the augmented
persistence diagram. A particular map for which this happens is the damped
sine function, defined by f(x) = xsinx; see the right half of Figure 3.5.5 for
a sketch. We get a triple-panel window for each min-max pair, each with
short wave on the left. If we cut f close to 0, then all these windows get
insubstantially smaller but remain to be spanned by the same min-max pairs.
These changes are not visible in the augmented persistence diagrams of f and
the functions created by cutting f at x.

3.6 Discussion

The main contribution of this paper is a dynamic data structure for main-
taining the augmented persistence diagram of linear lists. The data structure
starts with the Cartesian tree of Vuillemin [30] (see also Aragon and Seidel
[92]), which it decomposes into paths and then splits into pairs of parallel
trails, arriving at an unconvential representation referred to as banana tree.
For the efficiency of the data structure, it is essential to maintain a pair of
banana trees, which store complementary information about the list. The
most important next step is the implementation of the data structure and its
algorithms. With such an implementation, we can deepen our understanding
of the persistence of random lists, which in turn can be used as a baseline for
our understanding of non-random time series.
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The theoretical foundations for our dynamic algorithms are described in
[25], where maps on 1-dimensional domains, which include but go beyond
intervals are described. Can the banana trees be extended to geometric trees
(which allow for bifurcations) and geometric networks (which allow for bifur-
cations as well as loops) without deterioration of the asymptotic running time?
Because of the unconventional representation of trees in terms of bananas
(pairs of parallel trails), we finally ask whether there are other dynamic data
structure questions that can benefit from this representation.

61



DYNAMICALLY MAINTAINING THE PERSISTENT
HOMOLOGY OF TIME SERIES - CORRECTNESS PROOFS

This chapter contains proofs of correctness of the local and topological update
algorithms presented in Chapter 3.

4.1 Correctness of Local Maintenance

In this section, we prove the correctness of the local operations and of the algo-
rithms for Scenarios A and B (see Lemmas 4.1.21 and 4.1.22 in Section 4.1.6).
We also give details on how to treat changes in value that lead to an up-type
item becoming down-type or vice versa. We make extensive use of the homo-
topy hy: [0,m+ 1] — R defined in Section 3.5.2 as h,(x) = (1 — A)f (x) + Ag(x)
for 0 < A <1, where f and g differ in the value of a single item. The change in
function value from f to g can be arbitrary and the transformation of Up(f)
into Up(g) is achieved by a sequence of local operations, ¢ which we define
in terms of small changes in the function value of a single item. To make the
notion of small change more precise, we define contiguity of items in terms of
function value.

Definition 4.1.1 (Contiguity). Items p and g are contiguous in f if there exists
no item u # {p,q} such that f (u) € [min{f (p), f(q)}, max{f (p), f (9)}]-

Each local operation involving items p and g is then defined as the trans-
formation of Up(h,) into Up(hg), where p and q are contiguous in h, and hy.
We prove the correctness of local operations in terms of such a small change,
then show how to extend this to larger changes where items are not neces-
sarily contiguous. This allows us to combine the local operations to form the
Scenarios A and B. It is easy to see that when items remain contiguous upon
exchanging values then they swap places in the order of items by function
value. This is stated in the following lemma.

Lemma 4.1.2 (Local Changes). Let 0 <o <0 < 1. Let p and q be items that are
contiguous in both h, and hg with h,(p) < hs(q) and hg(p) > hg(q). The order of
items by function value is the same in h, and hy except that p and q are swapped.

In some of the correctness proofs, we analyze how a change in the function
value of an item affects the structure of windows and leverage the correspon-
dence between windows and bananas established in Lemma 3.4.1. In other
correctness proofs, we use the fact that there is a unique banana tree satisfy-
ing the conditions proved in Lemma 3.4.2. To this end we reformulate the
uniqueness conditions in terms of individual nodes and their pointers. This
requires the following definitions.

Definition 4.1.3 (Ancestor and Descendant). A node p is an ancestor of an
internal node g if p = up*(q) and of a leaf r if p = up*(in(r)) or p = up*(mid(r)),
where up” denotes a sequence of up(-)-pointers. A node s is a descendant of a
node t if ¢ is an ancestor of s.
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Definition 4.1.4 (Banana subtree). The banana subtree rooted at a maximum
q is the banana tree consisting of the banana spanned by Bth(g) and g and
all bananas whose maximum has an ancestor other than g on the in-trail or
mid-trail starting at Bth(q) and ending at g.

We now state the new uniqueness conditions as Invariants 4.1.5 to 4.1.7.
Invariant 4.1.5. For each maximum q of f, except for the special root, it holds that

1. if Bth(q) < q, then all nodes u # q in the banana subtree rooted at q satisfy
u < q and all descendants v of dn(q), including dn(q), satisfy v > g;

2. if Bth(q) > g, then all nodes u # q in the banana subtree rooted at q satisfy
u > q and all descendants v of dn(q), including dn(q), satisfy v < q.

Invariant 4.1.6. For each minimum p of f, except for the global minimum, it

holds that f(p) > f(low(dth(p))).

Invariant 4.1.7. For each maximum q of f, except for the special root, it holds that

1. f(up(q)) > f(q) > f(dn(q));
2. if g = in(up(q)), then up(q) < q <dn(q) or dn(q) <q < up(q);

3. if q = in(up(q)), then either up(q) < q and dn(q) < q or up(q) > q and
dn(q) > q.

We show that there is a unique banana tree satisfying Invariants 4.1.5
to 4.1.7 for a given map f. We first show that a banana tree satisfying Invari-
ants 4.1.5 and 4.1.7 also satisfies Conditions III.1 and III.2.

Lemma 4.1.8 (Invariants imply Banana Conditions). A banana tree B that
satisfies Invariants 4.1.5 and 4.1.7 also satisfies Conditions I11.1 and I11.2.

Proof. Let p and q be a minimum and a maximum spanning a banana in B.
Assume p < g; the other case is symmetric. The requirement on function values
increasing along the trails from p to q follows immediately from f(dn(u)) <
f(u) < f(up(u)). We now show that the trails are also ordered along the
interval. By Invariant 4.1.5, mid(q) < g and in(q) < g. Write p = vy, vy,...,v,=¢q
for the nodes along the mid-trail with v; = mid(p), v,_; = mid(q) and v; =
up(v;_q) for 2 <i <€ and v; = dn(v;;) for 0 <i <€ -2. If vp_y = mid(q) is
a maximum, then by Invariant 4.1.7 and mid(q) < g it satisfies dn(v,_;) <
ve_1 <up(ve_1) =¢q. If vo_; is a maximum, then it in turn satisfies dn(v,_,) <
ve_p < up(ve_p) = vp_q by Invariant 4.1.7. Repeating this argument for all v;
for 1 <i <{¢-3itfollows that p <v; <---<wp.

Write p = ug, uy,..., uy for the nodes along the in-trail with u; =in(p), uyx_; =
in(gq) and u; = up(u;_q) for 2 <i <k and u; = dn(u;,;) for 0 <i < k-2. By
Invariant 4.1.7 and in(q) < ¢ we have u;_; < dn(ui_;). Following a similar
argument as for the v; we get dn(u;) > u; > up(uy;) forall 1 <i <k-2 and it
follows that p = uy > uy >--- > ug_q. Thus, as required by Conditions III.1 and
II1.2, the trails are ordered along the interval and by function value, i.e., B
satisfies Conditions III.1 and III.2. O]

The next lemma states that a path-decomposed binary tree can be trans-
formed into a banana tree satisfying the invariants.
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Lemma 4.1.9 (Conditions imply Banana Invariants). If a path-decomposed
binary tree T fulfills the Conditions 1.1, 1.2 and 11, then the banana tree obtained
from T as described in Section 3.4.2 satisfies Invariants 4.1.5 to 4.1.7.

Proof. Let T be a path-decomposed binary tree satisfying Conditions I.1, [.2
and II and let B be the banana tree obtained from T as described in Sec-
tion 3.4.2. We begin by proving that the banana tree 3 satisfies Invariant 4.1.7.
Recall that B satisfies Conditions III.1 and III.2 and that by Lemma 3.4.2 it is
unique. To see that this implies Invariant 4.1.7 consider any banana spanned
by a minimum 4 and a maximum b. Assume a < b; the argument for a > b
is symmetric. Let a = ug,uy,...,u; = b be the nodes along the in-trail and
a="vy,vy,...,V = b be the nodes along the mid-trail. By Conditions III.1, III.2
we have

1. u;>u;q forall0<i<j-2and f(u;) < f(u;yy) forall0<i<j-1,
2. v;<vjforall0<i<k-1and f(v;) < f(vj;1) forall 0 <i<k-1.

The pointers dn(-) and up(:) are defined such that up(u;) = u;,1, dn(u;) =
u;q forall 1 <i<j-1and up(v;) =vj;1, dn(v;) =v;_q forall 1 <i <k-1.
Together with Conditions III.1 and III.2 this implies that all maxima g on
a trail between a and b satisfy f(dn(q)) < f(q) < f(up(q)) and, except u;_,
they satisfy dn(q) < g <up(q) or up(q) < g <dn(gq). By Condition III.1 it holds
that dn(u;_1) = uj_» > u;j 1, and by the assumption that a < b it holds that
b =up(uj_1)>u;_;. This shows that Invariant 4.1.7 is satisfied for all u; with
1<i<j-1landv; with1<i<k-1,i.e, for all nodes internal on a trail from
a to b. Since all maxima except the special root are internal to some trail it
follows that B satisfies Invariant 4.1.7.

We now prove that 3 satisfies Invariant 4.1.6. We need to show that for every
minimum p it holds that f(p) > f(low(dth(p))). Assume by contradiction that
for some minimum p this is not the case and let a = low(dth(p)), i.e., we assume
f(a) = f(low(dth(p))) > f(p). The inequality f(low(dth(p))) > f(p) implies that
dth(p) = q is an ancestor of a for which a does not have the smallest value in
the subtree of q. Condition II requires that there is a path P(a,q) and this is
a contradiction as g # dth(a). It follows that f(p) > f(low(dth(p))) for every
minimum p and that B satisfies Invariant 4.1.6.

It remains to show that the banana tree B also satisfies Invariant 4.1.5. Let g
be some maximum except the special root, let Q be the path ending at g and let
p be the leaf at the other end of Q. Assume p < g; the other case is symmetric.
The path Q is contained entirely in a subtree S; of g and the construction of B
is such that this subtree becomes the banana subtree rooted at q. By Condition
I.1 either for all s € S;: s <qor forall s € S;: s> g. Since p € Sy, it follows
that all s € Sy satisfy s < q. The subtree S; becomes the banana subtree rooted
at g in B and thus the condition that u < g for all u in the banana subtree
rooted at g is satisfied. Let S, be the other subtree of 4 in T. By Condition
I.1 for all t € S, we have t > g. The node dn(g) in B is one of the nodes in S,
and thus dn(q) > g. By Conditions III.1 and III.2 all descendants v of dn(q) on
the same trail as dn(q) satisfy v > dn(gq) and thus v > g. All these nodes v are
also nodes in S,, since they are on the same path as dn(g) and have smaller
value. The banana subtree of each v is obtained from the subtree of v in T
and thus these banana subtrees consist of nodes in subtrees of S,. It follows
that every descendant ¢ of dn(q) including dn(q) satisfies ¢t > g, as required by
Invariant 4.1.5. This concludes the proof that B satisfies Invariant 4.1.5. [
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We now give an algorithm that turns a banana tree into path-decomposed
binary tree.

Lemma 4.1.10 (Merging Trails). There exists a deterministic algorithm to merge
the trails of each banana in a banana tree satisfying Invariants 4.1.5 to 4.1.7, such
that the resulting path-decomposed binary tree satisfies Conditions 1.1, 1.2 and 1L

Proof. Let B be a banana tree satisfying Invariants 4.1.5 to 4.1.7. Define the
height of a banana subtree to be the longest simple path from the root of the
banana subtree to a leaf following only in(-), mid(-) and dn(-) pointers and
with function value decreasing along the path. We show by induction over the
height that any banana subtree of B satisfying Invariants 4.1.5 to 4.1.7 can be
merged into a path-decomposed binary tree satisfying Conditions I.1, .2 and
II. Then, since the banana subtree rooted at the special root is equivalent to
the banana tree B, it follows that there is a deterministic algorithm to obtain a
path-decomposed binary tree satisfying Conditions 1.1, .2 and II from B.

We now give the algorithm for merging banana trees into path-decomposed
binary trees. By induction over the height h we show that a banana subtree of
B of height h with root q can be merged into a path-decomposed binary tree
T(q) such that Conditions I.1, I.2 and II are satisfied. To achieve this we also
show that Bth(gq) < g implies that g has no right child in T(gq) and Bth(g) > g
implies that g has no left child in T(g). This is needed to ensure that after
assembling the subtrees of smaller height on a path, the nodes in the resulting
binary tree are ordered correctly. Note that a banana tree consists of at least
two nodes spanning a banana with empty trails, i.e., trails without interior
nodes, so the base caseis h = 1.

Base case: A banana tree of height 1 consists of a single banana spanned by a
minimum p and a maximum g with f(p) < f(g). We obtain a path-decomposed
binary tree as follows: g becomes the tree with p as left child of g if p < g and
right child otherwise. There is a single path between p and g. This tree clearly
satisfies Conditions 1.1, I.2 and II. Furthermore, since Bth(g) = p if p < g, then
g has no right child and if p > g then g has no left child, so the claim holds.

Induction hypothesis: For some h > 1, for all 1 <j < h a banana subtree of
B of height j can be merged into a path-decomposed binary tree T satisfying
Conditions 1.1, 1.2 and II. Furthermore, Bth(g) < q implies that g has no right
child in T and Bth(q) > g implies that g has no left child in T.

Induction step: Assume the induction hypothesis for some h > 1. We show
that the claim holds for banana subtrees of height 1+ 1. Let g be the root
of a banana subtree of B of height 4+ 1 and p = Bth(g). Banana subtrees
rooted at a node on the banana spanned by p and g have height at most 4,
and by the induction hypothesis these banana subtrees can be merged into
path-decomposed binary trees satisfying Conditions I.1, I.2 and II. Write T (u)
for the path-decomposed binary tree obtained from the banana subtree rooted
at node u.

Let so = p,sy,...,5¢ = q be the nodes on the trails between p and g ordered
by function value. This ordering is unique since function values are distinct.
Consider anode s; for 1 <i <€—1. We show that for all 0 < j <i-1, if Bth(s;) <
s; then s; <s; and s; < u for any descendant u of s;, and if Bth(s;) > s; then
s; >s;j and s; > u for any descendant u of s;. Assume Bth(s;) <s;; the other case
is symmetric. By Invariant 4.1.5 we have s; < dn(s;) and for all descendants
u of dn(s;) it holds that s; < u. Note that the nodes s; for 0 <i -1 that are on
the same trail as s; are descendants of dn(s;) or dn(s;). By Conditions III.1 and
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II1.2 the nodes s for k <i—1 that are on the other trail than s; satisfy s; <si
and dn(sy) <s;. For these nodes s; Invariant 4.1.5 implies sy < Bth(sy) and all
descendants v of si satisfy s; < v. This proves that for all 0 < j <i-1 both
si <sj and s; <u for any descendant of u.

We iteratively assemble the path-decomposed binary trees rooted at the s;
for 1 <i <{-1 into a path-decomposed binary tree rooted at q by linking
T(s;) to the tree assembled from the T'(s;) for j <i-1.

We begin with i = 1. Note that dn(s;) = s, since s; must be the bottom-most
node of the in- or mid-trail between p and b. By Invariant 4.1.5, if Bth(s;) <s;
then dn(s;) > s; and if Bth(s;) > s; then dn(s;) < s;. Assume Bth(s;) < s;; the
other case is symmetric. By the induction hypothesis the root s; of the tree
T(s1) has no right child in this tree. We make sy = dn(s;) the right child of s;
and since sy = dn(sy) > s; this ensures that the resulting tree satisfies Condition
[.1. By Invariant 4.1.7, f(dn(s;)) < f(s1), so Condition .2 is also satisfied.

Now consider any i with 1 <i <{-1. Initeration i—1 we have already linked
the T(s;) for 1 <j <iinto a tree T;_; satisfying Conditions I.1 and 1.2. The
process to combine T;_; with T (s;) is similar to that for i = 1. By Invariant 4.1.5
we have either Bth(s;) <s; <dn(s;) or Bth(s;) > s; > dn(s;). Assume again that
Bth(s;) < s; < dn(s;); the other case is symmetric. The nodes in T;_; are exactly
the nodes S for j <i—1 and their descendants, so as discussed above, for all
t € T;_; it holds that Bth(s;) <s; < t. By the induction hypothesis s; has no right
child in T(s;). We can thus attach T;_; as the right subtree of s; in T(s;) and
the resulting tree T; satisfies Condition I.1. The tree T; also satisfies Condition
1.2, as T;_; satisfies Condition I.2 and f(s;) > f(s;_1).

The algorithm finishes by making T, ; the left subtree of g if p < g and
the right subtree otherwise, which yields the tree T(q). Furthermore, we
make p = s¢,51,...,5¢ = q a path in T(g). Since all nodes u in T, ; are in the
banana subtree rooted at g they satisfy u < g if p <gand u > q if p > q. Thus
T(q) satisfies Condition I.1. Condition 1.2 is also satisfied since T,_; satisfies
this condition and f(gq) > f(sy—1). Note also that T(q) has no right child if
p := Bth(g) < g and no left child if p := Bth(g) > g, since the banana subtree
rooted at g satisfies Invariant 4.1.5.

It remains to show that T(g) satisfies Condition II. There can be no mini-
mum a # p in the banana subtree rooted at g with f(a) < f(p), as otherwise
there would exist a minimum c in the banana subtree rooted at g violating
f(low(dth(c)) < f(c) required by Invariant 4.1.6. This implies that p has the
smallest value in the banana subtree rooted at g. It is connected to the root g
by a path, as required by Condition II. Since all T(s;) for 1 <i <{—1 satisfy
Condition II by the induction hypothesis we now only need to show that the
path ending at each s; satisfies Condition II. Write ¢; for the other end of the
path ending at s;. We need to show that s; is the nearest ancestor to t; such
that s; has a descendant with smaller value than t; in T(g). Since f(p) < f(t;),
as discussed above, s; is indeed such an ancestor, and since ¢; is connected
to the root of T(s;) by a path there exists no other such ancestor in T(s;).
Thus, Condition II holds. This concludes the induction and the proof of the
lemma. O

Finally, we state our result on uniqueness of banana trees.

Corollary 4.1.11 (Invariants Determine the Banana Tree). Given a linear list of
distinct values there is a unique banana tree satisfying Invariants 4.1.5 to 4.1.7.

Proof. By Lemma 3.4.2 there exists a unique path-decomposed binary tree
for the linear list that satisfies Conditions I.1, I.2 and II. By Lemmas 4.1.9
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and 4.1.10 it follows that there is also a unique banana tree that satisfies
Invariants 4.1.5/to 4.1.7. O

4.1.1 Slides

A slide occurs when an internal critical item becomes non-critical and its
non-critical neighbor becomes critical. We distinguish two cases, based on
whether the critical item is a maximum or a minimum.

Max SLipE: Let p be a non-critical item, g a neighbor of p and a maximum.
The value of p increases above the value of g or the value of g decreases
below the value of p.

Min Suipe: Let p be a non-critical item, g a neighbor of p and a minimum.
The value of p decreases below the value of g or the value of g increases
above the value of p.

In both cases, the number of critical items remains unchanged. If the order of
critical items by function value is unaffected by the slide apart from g being
replaced by p, then the banana tree can be updated by replacing the formerly
critical item with the new critical item in the tree, which changes the label
of the node associated with g to refer to p instead. We now prove that this
correctly maintains the up-tree if the slide is caused by a sufficiently small
change in value.

Lemma 4.1.12 (Max-Slide). Let p and q be neighboring items. Let o € [0,1) be
such that in h, the item p is non-critical, q is a maximum and p, q are contiguous.
Let 0 € (0,1] be such that in hg the item p is a maximum, q is non-critical and p,
q are contiguous. The tree Up(hg) is obtained from Up(h,) by replacing q with p.

Proof. By Lemma 4.1.2, the order of maxima by function value is the same
in h, and hg, with g replaced by p. The maps h, are defined such that they
differ in exactly one fixed item j, so either j = p or j = g. Neither pnor gis a
minimum in h; or hy, so all minima have equal value in h, and hgy. It then
follows that the minimum s paired with g in h, is paired with p in hy. That
is, if W(s,q) is a window in h,, then W(s,p) is a window in hy. Furthermore,
W(s,p) is nested into the same window in hg as W(s,q) is in h,. No other
window is affected by the change in value, since the order of critical items by
function value is the same other than g being replaced by p. By Lemma 3.4.1,
s and g span a banana in h, and s and p span a banana in hy. Thus, replacing
g with p in the up-tree for h, yields the up-tree for hg, as claimed. O

Lemma 4.1.13 (Min-Slide). Let p and q be neighboring items. Let o € [0,1)
be such that in h, the item p is non-critical, q is a minimum and p and q are
contiguous. Let O € (0,1] be such that in hg the item p is a minimum, q is non-
critical and p and q are contiguous. The tree Up(hg) is obtained from Up(h,) by
replacing q with p.

Proof. By Lemma 4.1.2, the order of minima by function value is the same
in h; and hg, with g replaced by p. Since the values of maxima are equal in
hs and hg it then follows that the maximum s paired with g in h, is paired
with p in hy. That is, if W(g,s) is a window in h,, then W(p,s) is a window
in hg. Furthermore, W(p, s) is nested into the same window in hg as W(s,q)
is in h,. No other window is affected by the change in value, since the order
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of critical items by function value is the same other than g being replaced
by p. By Lemma 3.4.1, g, s span a banana in h; and p, s span a banana in
hg. Thus, replacing g with p in the up-tree for h, yields the up-tree for hy, as
claimed. O

4.1.2 Cancellations

Let p be a minimum, g be a maximum and a neighbor of p, such that there is
a window W(p, q) without any windows nested into it, i.e., such that p and ¢
span a banana in the banana tree whose trails contain no other critical items.
A cancellation occurs when the value of p increases above the value of g or
the value of g decreases below the value of p. Then, both p and g4 become
non-critical and the window spanned by p and g disappears. To update the
up-tree we remove the banana spanned by p and g by connecting up(q) to
dn(g) and discarding p and 4.

Lemma 4.1.14 (Cancellation). Let p, q be neighboring items. Let o € [0,1) be such
that in h, the item p is a minimum, q is a maximum and p and q are contiguous
and paired in h,. Let 0 € (0,1] be such that in hg the items p and q are non-
critical. Then nodes p and q span a banana in Up(h,) that does not contain any
other critical items and removing this banana yields Up(hg).

Proof. Let y € (0,0] be such that in h,, the items p and q are non-critical and
contiguous. By Lemma 4.1.2, the order of items by function value is the
same in i, and h,,, except that p and g are swapped. In particular, the order
of critical items by function value is the same in h, and h,. Since p, q are
non-critical in h, and in hy it follows that the order of critical items remains
the same. Thus, the order of critical items in h; and hg is identical.

Since p and ¢ are contiguous in h,, there is no critical item with value
between h;(p) and h;(gq). As p and g are neighbors this implies that p and
q are paired in h,: consider the process to obtain the pairing described in
Section 3.2.2; the component born at p in h, dies at g, since the component
on the other side of g must be born at a lower value. Furthermore, there
are no windows nested into W(p, q), since there is no critical item with value
in [hy(p), hs(q)]. All other windows in h, are also windows in hy, since the
critical items have the same order by function value.

As W(p,q) is a window of h,, by Lemma 3.4.1 the nodes p and g span a
banana in Up(h,). There are no windows nested into W(p,q) and thus the
trails between p and g are empty. Since p and g are non-critical in hg they are
not present in Up(hg). Thus, removing the banana spanned by p and g from
Up(h,) yields Up(hg), as claimed. O

4.1.3 Slides and Cancellations Involving Endpoints

When the criticality of the neighbor of an endpoint changes it can also change
the endpoint from up-type to down-type or vice versa. Likewise, a change
in the criticality of an endpoint leads to a change in the criticality of its
neighbor. The operations needed to maintain the up-tree in these cases are
similar to cancellations and slides. Let g € {1, m} be an endpoint and a be its
neighbor. In the following we assume a < g, i.e., that g is the right endpoint
of the interval. The case g < a is symmetric. Let 0 < 0 < 6 < 1 such that
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hs(q) > hs(a), hg(q) < hg(a) or h,(q) < hy(a), hgo(q) > hg(a). There are four
cases:

1. hy(q) > hy(a), ho(q) < hg(a), a is a minimum in h,; and non-critical in hg,
2. hy(q) > hs(a), hg(q) < hg(a), a is non-critical in h; and a maximum in hg,
3. hy(q) < hs(a), hg(q) > hg(a), a is a maximum in h, and non-critical in hg,
4. hy(q) < hy(a), hg(q) > hg(a), a is non-critical in h; and a minimum in hy.

We now give the algorithm for the case a < g.

1 cancel-or-slide-endpoint(a,q):

2 if g changes from down-type to up-type then

3 if a becomes non-critical then

4 remove q and Bth(qg); replace a by g

5 else if a becomes a maximum then

6 let p = Bth(q); replace g by a; replace p by g

7 endif

8 else if g changes from up-type to down-type then
9 if a becomes non-critical then

10 replace g by the hook; replace a by g

11 else if a becomes a minimum then

12 replace g by a; insert g as in(a); add a banana between g and its hook
13 endif;

14 endif.

Lemma 4.1.15 (Changes Involving Endpoints). Let g be an endpoint, a be its
neighbor and let 4 be the hook neighboring q. Let 0 < 0 <0 < 1 such that

1. either ha(q) > ha(é) > ho(a)r h@(q) < h@(q) < h@(a)r

2. or ho(q) <ho(q) <hg(a), ho(q) > ho(q) > he(a),

where q and g are contiguous and § and a are contiguous in h, and hgy. Applying
the algorithm cancel-or-slide-endpoint(a,q) to the up-tree Up(h,) vields the
up-tree Up(hg).

Proof. Assume a < g; the other case is symmetric. We show how the change
in function value from h, to hg affects the windows in each of the cases and
that the algorithm correctly updates the bananas to match the windows of
hg. Recall that the maps h, are defined such that they differ in a single fixed
item. Thus, we can assume that either hy(q) = h,(q) or hg(a) = hy(a) and for
all u # g, a it holds that hg(u) = h,(u).

hy(q) > hy(a), hg(q) < hg(a), a 1s NON-CRITICAL IN hg (LINE 4): There is a com-
ponent in h, born at 4 that dies at g and a component born at a that
dies at an item b. The component born at § merges into the component
born at a. These components correspond to two windows W(4,q) and
W (a, b), where the former is nested into the latter. In hgy there are no
components born at § or 4, as they are no longer homological critical
points. Instead, there is a component born at g, which corresponds to a
window W(q,-). As g, 4 and 4, a are contiguous in h, and hy the order
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of items by function value in h, and hy differs only in that g, § and a
are reversed by Lemma 4.1.2. Since g neighbors a it follows that the
component born at g in hg dies at b, i.e., there is a window W (g, b) in hy.
The algorithm reflects this change in windows: the banana spanned by
4 and g corresponding to W(4, g) is removed; the banana spanned by a
and b corresponding to W(a, b) is replaced by a banana spanned by g
and b corresponding to W(q, b).

hs(q) > hy(a), hg(q) < hg(a), a 1s A MaxiMUM IN hg (LINE 6): Going from h, to
hg can be seen as relabeling g such that it represents item a, relabeling
g4 such that it represents g and removing the item formerly associated
with 4. Changing the function values to reflect the values in hy does
not affect the ordering of items, due to contiguity of g, 4 and 4, a. The
corresponding change in the up-tree is to relabel the node representing
q to represent item a, and relabeling the node representing the hook to
represent item g, as the algorithm does in Line 6.

hs(q) < hy(a), hg(q) > hg(a), a 1s NON-CRITICAL IN hy (LINE 10): Similarly to the
previous case the change from h, to hg can be seen as insertion of an
item a* < a next to a and contiguous with g in h,, then relabeling g to
represent ¢, a to represent q and a* to represent a. Adjusting the values
of the items to reflect the values in hy does not affect the ordering of
items, due to contiguity of g, 4 and 4, a. The corresponding change in the
up-tree is to relabel the node representing g to represent ¢, and relabel
the node representing a to represent g, as the algorithm does in Line 10.

hy(q) < hy(a), hg(g) > hg(a), a 1s A MINIMUM IN hg (LiNg 12): This is the reverse
of the first case: there is a component born at g in hy and it is replaced by
a component born at 4 and another component born at 4 in hg. Reverse
to the case above the window W(g, b) is replaced by the window W (a, b)
and a new window W({, q) appears. The change from W(q,b) to W(a, b)
is reflected by replacing g by a in the up-tree. The new window W(4,q)
must be nested into W(a,b) as hg(a) < hg(q) < hg(b), since a, 4 and g are
contiguous in hg. Furthermore, W (4, q) must be nested into the in-panel,
as b < a. The nesting of W(4, q) into the in-panel of W(a, b) is reflected
in the algorithm by adding a banana spanned by 4 and g into the in-trail
of the banana spanned by 4 and b.

The algorithm updates the bananas to reflect the windows and their nesting
hierarchy in hg, which implies by Lemma 3.4.1 that the new up-tree is Up(hg).
O

4.1.4 Anti-Cancellations

Let p and g be neighboring non-critical items. If the value of one changes such
that both become critical, a new window is introduced. This is the reverse of a
cancellation and we call it an anti-cancellation.

Denote by h, and hy the map before and after the anti-cancellation, respec-
tively, and assume that in both h, and hy the items p and q are contiguous.
Furthermore, assume that p becomes a minimum and g4 a maximum. To
change Up(h,) into Up(hg) we need to introduce a banana spanned by p and
q. We recall the algorithm for the case p < g; the case p > g is symmetric. The
algorithm first identifies the maximum b closest to p such that b<p <g,i.e.,
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such that p becomes the critical item next to b. It then walks down the path
from b to its successor until it reaches the first node t such that hy(t) < hg(q).
The node g is then inserted into this path above ¢, and a new banana spanned
by p and g is attached at q. To insert a node q between some nodes a and b,
where a and b are neighbors on the same trail and f(a) < f(b), we set up(q) = b,
dn(q) = a and make the pointer from a to b and the pointer from b to a point
to g instead.

1 anticancel(p,q):

2 find the maximum b closest to p such that b<p <g

3 if b <Bth(b) then t = mid(b) else t = dn(b) endif;

4 while hg(t) > hg(g) do t = in(t) endwhile;

5 if tis aleaf then if t = Bth(b) then insert g between t and mid(¢)

6 else if tis the global minimum

7 and t < g then

8 insert g between t and mid(t)
9 else insert g between t and in(t)

10 endif;

11 else insert g between t and up(t) into the trail of ¢

12 endif.

13 Set in(p) = mid(p) = g, in(q) = mid(q) = p, dth(p) = g, low(q) = low(dn(q)).

Lemma 4.1.16 (Anti-Cancellation). Let p and q be neighboring items. Let o €
[0,1) such that in h, both p and q are non-critical, h,(p) > hy(q), and p and gq
are contiguous. Let 0 € (0,1] such that in hg the item p is a minimum, q is a
maximum, and p and q are contiguous. Algorithm anticancel(p, q) applied to the
up-tree Up(h,) vields the up-tree Up(hg).

Proof. We prove the lemma for the case where p < g; the other case is sym-
metric. The tree Up(h, ) satisfies Invariants 4.1.5 to 4.1.7. We show that the
tree obtained by anticancel also satisfies these invariants for hy, which by
Corollary 4.1.11 implies that it is the unique up-tree for hy.

The algorithm first finds the maximum b closest to p such that b < p <
g. Since p and g are non-critical in h;, the item p cannot be an endpoint.
Furthermore, h,(p) > h,(g) and thus this maximum b exists. After the while-
loop terminates t satisfies hy(t) < hg(g). Since p and g are contiguous in hy it
holds that hy(t) # hg(q) and thus hy(t) < hg(q) and hg(t) < hg(p).

The node g is inserted above t such that dn(g) = t. As low(q) is set to
low(dn(q)) = low(t), we have hg(low(q)) < hg(p) and it follows that hgy(low(q)) =
hg(low(dth(p))) < hg(p). Since the low(-) and dth(-) pointers of all other nodes
are unchanged between Up(h,) and the new up-tree, the new up-tree satisfies
Invariant 4.1.6.

We now show that Invariant 4.1.5 holds in the new up-tree. Let t; be the
node t as initialized in the first if-statement and ¢; be the node ¢ after the i-th
iteration of the loop. Denote by I the last iteration, such that t; is the node
t after the loop terminates. Note that all ¢; for i > 0 are present in Up(h,).
As Invariant 4.1.5 holds for Up(h, ), the initialization of ¢ guarantees b < .
Furthermore, all ¢; for i > 1 are descendants of ¢y and thus b < ¢; for all i > 0.
By definition of b and since p and g are neighbors it also holds that g < t; for
alli>0and thusb<p<g<t; foralli>O0.

To continue the proof of Invariant 4.1.5 we need the following claim:
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Claim 4.1.17. The while-loop terminates. For all 0 <i <I—1 it holds that t; is
not a leaf, Bth(t;) <t; and t;, <t;.

Proof. There exists a minimum a such that b < p < g < a and such that
hs(a) < hy(q) and such that there are no critical items u with g < u < a. This
follows from a similar argument as for the existence of b: g is non-critical
in h, and thus cannot be an endpoint and h,(q) < h;(p), so the first critical
item greater than g must be a minimum. Note that a must be either f; or a
descendant of t; and that in the latter case it is the leftmost descendant of ¢,
by Invariant 4.1.5. As the algorithm modifies the up-tree after the while-loop
terminated, we only argue about Up(h,) in this proof. Recall that this up-tree
satisfies Invariants 4.1.5 to 4.1.7 and that by Lemma 4.1.8 it also satisfies
Conditions III.1 and III.2.

By Invariant 4.1.5 b = up(t;) < ty and by Invariants 4.1.5 and 4.1.7 in(ty) <
ty <dn(tp), unless t( is a leaf. The while-loop assigns t; = in(ty) and by Condi-
tions III.1, II1.2 and Invariant 4.1.5 this is the leftmost node among the other
nodes on the banana with maximum and their descendants. Invariants 4.1.5
and 4.1.7 again in(f;) < t, unless t; is a leaf. This argument can be repeated
for in(ty),in(in(#y)),... until we reach a leaf. Thus, by following in(-)-pointers
from t; we reach the leftmost leaf that is a descendant of ty, which is a. As
hg(a) = hy(a) < hy(q) < hg(q), there exists a node in*(ty) with hg(in*(tg)) < hg(q)
and hence the while-loop terminates. If the loop terminates in a leaf, then t;
is a leaf and all t; with 0 <7 <I -1 are not leaves. If the loop terminates at an
internal node, then all t; for 0 <i <I are not leaves. We have also seen that
in(t;) <t; for all 0 <i <I and this implies Bth(t;) <t; by Invariant 4.1.5. This
proves the claim. O]

We resume the proof of Lemma 4.1.16. Claim 4.1.17 implies that the t;
are ordered such that tq > t; >--->t;. Forall 0 <i <I -1 the nodes p and ¢
are inserted into the banana subtree rooted at t;, as either g = in(t;) or g is a
descendant of in(t;). Since Bth(t;) <t; and p <g <t; for 0 <i <[ -1, it follows
that no ¢t; for 0 <i <I-1 violates Invariant 4.1.5. Recall that g becomes up(t;);
this implies that neither the banana subtree rooted at t; nor the descendants of
dn(t;) change and thus ¢; satisfies the condition of Invariant 4.1.5 in the new
tree. Finally, b also satisfies the condition of Invariant 4.1.5,as b<p <q <t,
and p and g are inserted into the subtree of b that contains t;. It follows that
there is no node that violates the condition of Invariant 4.1.5 and thus the new
up-tree satisfies Invariant 4.1.5.

We use the same claim to show that Invariant 4.1.7 is satisfied after inserting
g and p. There are two cases: t; # ty and t; = ty. In the first case, g = in(t;_;),
t; =dn(g) and t;_; = up(q). As shown above t; > g and t;_; > q. Furthermore,
since the while-loop did not terminate for t = t;_; we have hg(q) < hg(t;_1). It
also holds that hy(t;) < hg(q), as the while-loop terminated for t = t;. Thus,
q satisfies the conditions in Invariant 4.1.7. In the case t; = ty, t; = dn(g),
up(gq) = b and either g = mid(b) or g = dn(b). We have b < g < t, i.e., up(q) <
g <dn(q). As in the other case hy(t;) < hg(q). It is also true that hg(q) < hg(b),
which follows from p and g being contiguous in hy and the definition of
b. Thus, g again satisfies the conditions in Invariant 4.1.7. For t; and #;_;
the conditions in Invariant 4.1.7 follow from Claim 4.1.17/and the fact that
ho(tr) < hg(q) < hg(t;_1). No other node can violate Invariant 4.1.7 and thus
the new up-tree satisfies Invariant 4.1.7.
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We have shown that the tree constructed by applying anticancel(p,q) to
Up(h,) yields an up-tree that satisfies Invariants 4.1.5 to 4.1.7 for hy. By
Corollary 4.1.11 this is the unique up-tree for hy. O

4.1.5 Interchanges

INTERCHANGES OF MAXIMA. An interchange of maxima occurs when the
value of a maximum j increases above the value of a maximum g or the value
of g decreases below the value of j. This only has structural consequences on
the up-tree if g = up(j), as this is the only case where one of the invariants,
namely Invariant 4.1.7, is violated.

Denote by h, and hg the map before and after the interchange, such that
hs(j) < hy(gq) and hg(j) > hg(g). Assume q < j, which is the situation depicted
in Figure 3.5.2. The case j < g is symmetric. Let i and p be such that j = dth(i)
and g = dth(p) in Up(h,). There are three cases: j = dn(g), j = in(q) and
j = mid(q). If j =in(q) or j = mid(q), then p = low(j) and by Invariant 4.1.6
hy(i) > hy(p). If j = dn(q) we further distinguish two cases depending on
the order of h,(i) and h,(p). We now give the algorithm for processing an
interchange of maximum j with maximum g = up(j) for the case q < j.

1 max-interchange(j,q):

2 Let i =Bth(j), p = Bth(q);
3 if j=in(q) then

4 remove j from its trail; insert j as up(q)
5 else if j =mid(g) then

6 exchange j and g;

7 remove q from its trail; insert q as dn(j);
8 swap in- and mid-trail of i and g

9 else if j=dn(q) then

10 if hs(i) < hy(p) then

11 remove g from its trail; insert g as in(j)

12 else

13 exchange j and ¢;

14 remove g from its trail; insert g as mid(j);
15 swap in- and mid-trail of i and ¢

16 endif;

17 endif.

The next lemma states that this algorithm correctly maintains the up-tree.

Lemma 4.1.18 (Max-interchange). Let j and q be two items. Let o € [0,1)
such that in h, the items j and q are maxima with q = up(j) and such that j
and q are contiguous in h,. Let O € (0,1] such that in hg the items j and q are
maxima with hg(j) > hg(q) and such that j and q are contiguous in hg. Applying
max-interchange(j, q) to the up-tree Up(h,) vields the up-tree Up(hg).

Proof. The tree Up(h,) satisfies Invariants 4.1.5 to 4.1.7. Recall that by
Lemma 4.1.8 this up-tree also satisfies Conditions III.1 and III.2. We show
that the tree obtained by max-interchangealso satisfies these invariants for hy,
which by Corollary 4.1.11 implies that it is the unique up-tree for hg.

Write I, for the nodes internal to the in-trail beginning at g and M, for the
nodes internal to the mid-trail beginning at g in Up(h,); similarly, write I, I;,
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I]- for the nodes internal to the in-trails and M,, M;, M]- for the nodes internal
to the mid-trails at p, i, j.

There are three cases in max-interchange: j =in(gq), j = mid(q) and j = dn(g).

As g = up(j) there is no other case to consider. The case j = dn(q) is further
divided into two cases based on the values of Bth(j) and Bth(g). We describe
for each case how the trails change from Up(h,) to the new tree and show
that Invariants 4.1.5 and 4.1.7 hold in the new tree. Afterwards we prove
Invariant 4.1.6.

Case 1 (j =in(q)): Assume j < g; the other case is symmetric. Note that i =
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Bth(j) < j and p = Bth(g) < g. The in-trail and mid-trail between i and j
remain the in-trail and mid-trail between i and j, and the in-trail and
mid-trail between p and g remain the in-trail and mid-trail between p
and g, with the exception that j is removed from the in-trail between p
and g. In the new tree the nodes internal to the in-trail between i and j
are thus I; and the nodes internal to the mid-trail between i and j are M;.
Similarly, the nodes internal to the in-trail between p and q are I, \ {;}
and the nodes internal to the mid-trail between p and q are M,.

To see that Invariant 4.1.5 holds we analyze the subtrees of j and g to
show that they satisfy the condition of Invariant 4.1.5 in the new up-tree.
For any other node the condition holds in the new tree as the nodes in
the respective subtrees do not change. First, consider the node g. The
node dn(g) is the same in Up(h,) and in the new tree. The algorithm
also does not modify the descendants of dn(g). Thus, for all descendants
u of dn(q) including dn(q) we have g < u by Invariant 4.1.5 for Up(h,),
as p = Bth(g) < ¢. The banana subtree rooted at g in the new tree differs
from that in Up(h,) only by the banana subtree rooted at j, which the
algorithm removes. Thus, for all nodes v in the banana subtree rooted
at g it holds that v < g by Invariant 4.1.5 for Up(h,,), as p = Bth(q) <g. It
follows that g satisfies the condition for Invariant 4.1.5. Now consider
the node j. The algorithm does not change the banana subtree rooted at
j and thus for all v in this subtree we have v < j by Invariant 4.1.5 for
Up(hy), as i = Bth(j) < j. The other subtree of j, i.e., the descendants of
dn(j) differ significantly: in Up(h,) these were the descendants of nodes
on the in-trail below j; in the new tree they are the descendants of g.
For the descendants u; of dn(q) it is easy to see that j <u, as j <gq<uy,
which follows from the discussion for g and the assumption that j <g.
For the descendants u; of nodes on the banana spanned by p and g in the
new tree it follows from Conditions III.1 and II1.2 and Invariant 4.1.5
that j < u,: the node j is the topmost node on the in-trail, and with j < g
this implies that the other maxima ¢ on the banana satisfy j < t; nodes u3
in the banana subtrees rooted at each t are either descendants of dn(j),
which implies j < u3 by Invariant 4.1.5 for Up(h,), or t is on the mid-
trail between p and ¢, which by p < g and Invariant 4.1.5 also implies
j <t <us. It follows that all descendants u of dn(j) = ¢q, including dn(j)
satisfy j < u. Thus, the condition of Invariant 4.1.5 holds for ;.

We now prove that Invariant 4.1.7 holds by again analyzing j and g; for
the remaining nodes the conditions of Invariant 4.1.7 follow directly
from Invariant 4.1.7 for Up(h,). Let u; = up(g) and d,; = dn(q) in Up(h, ).
In the new tree d, = dn(q), u; = up(j) and j = up(g). By the assumption
j <gand Invariant 4.1.7 for Up(h,) we have j < q <d, in the new tree, i.e.,
up(q) <q <dn(q). If g = in(uy) in Up(h,) then q < u, and in the new tree
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CaAsE

CasE

j =in(uy) and j <ug,. Thus, if j = in(up(j)) = in(u,) in the new tree then
j <up(j) and j < dn(j) = q. Otherwise, if q # in(u,) in Up(h,) then u, <q
and u, < j by Invariant 4.1.5 for Up(h,). In the new tree this implies
j = in(up(j)) = in(uy) and u,; = up(j) < j < dn(j) = q. The inequalities
ho(up(j)) > ho(j) > ho(dn(j)) = ho(q) and ho(j) = he(up(q)) > he(q) >
hg(dn(q)) follow directly from the fact that j and g are contiguous in hy
and from Invariant 4.1.7 for Up(h,). Thus, j and g satisfy the conditions
of Invariant 4.1.7 in the new tree and it follows that Invariant 4.1.7 holds
in the new tree.

2 (j =mid(q)): Assume j < ¢q; the other case is symmetric. Note that
i = Bth(j) > j and p = Bth(q) < g. The nodes g and j exchange their
partners, i.e., in the new up-tree Bth(g) =i and Bth(j) = p. The in-trail
and mid-trail between i and j become the mid- and in-trail between
i and ¢ (notice that the trails change from in to mid and vice versa);
the in-trail and mid-trail between p and g become the in- and mid-trail
between p and g, with j removed from the mid-trail. That is, in the new
tree the nodes internal to the in-trail between i and g are the nodes M;
and the nodes internal to the mid-trail between i and g are the nodes
I;. The nodes internal to the in-trail between p and j are the nodes I,
and the nodes internal to the mid-trail between p and j are the nodes
Mg\ {j}.

The proof of Invariant 4.1.7 is identical to that of Case 1. To see that
Invariant 4.1.5 holds we again analyze the subtrees of j and g to show
that they satisfy the condition of Invariant 4.1.5. As in the previous
case the remaining nodes satisfy the condition in the new tree, as their
subtrees are unchanged by the algorithm. For the node g observe that
dn(g) and its descendants are the same in Up(h,) and the new tree.
Furthermore, the nodes in the banana subtree rooted at g in the new tree
are also in the banana subtree rooted at g in Up(h,). The condition of
Invariant 4.1.5 thus holds for g by Invariant 4.1.5 for Up(h,). Now we
consider the node j. The descendants of dn(j) are (1) the descendants of
dn(g), including dn(g), and (2) the node g along with the banana subtree
rooted at q. For the descendants u; of dn(q), including dn(g), it holds
that j < u; by Invariant 4.1.5 for Up(h,). The banana subtree rooted at g
in the new tree is the banana subtree rooted at j in Up(h, ), and for nodes
u, in this banana subtree j < u; by Invariant 4.1.5 for Up(h,), since
j <i=Bth(j). With the assumption j < g it follows that the descendants
u of dn(j) including dn(j) satisfy j < u in the new tree. The nodes v in
the banana subtree j in the new tree are descendants of maxima t # j on
a trail between p and g. By Conditions III.1, IT1.2 and Invariant 4.1.5 for
Up(h,) these nodes satisfy v < j: the node j is the topmost node of the
right trail of the banana spanned by p and g; the nodes #; on the left trail
satisfy t; < j by Conditions III.1 and III.2 and the nodes v; in the banana
subtrees rooted at t; satisfy v; <#; < j by Invariant 4.1.5; the nodes t, on
the right trail below j are descendants of dn(j), and they along with their
descendants v, satisfy ¢, < j and v, < j by Invariant 4.1.5. It follows
that j satisfies the condition of Invariant 4.1.5. Since j and g satisfy the
condition of Invariant 4.1.5 it follows that Invariant 4.1.5 holds in the
new tree.

3.1 (j =dn(q) AND h, (i) < hy;(p)): Assume gq < j; the other case is sym-
metric. Note that i = Bth(j) <j and p = Bth(g) < ¢. The in-trails and
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mid-trails remain the same, with the exception that g is added to the
in-trail between i and j. That is, in the new tree the nodes internal to the
in-trail between i and j are I; U {g}, the nodes internal to the mid-trail
between i and j are M]-, the nodes internal to the in-trail between p and
g are I, and the nodes internal to the mid-trail between p and q are M,,.

To see that Invariant 4.1.5 holds we again analyze the subtrees of j and
q, as in the previous cases. The banana subtree rooted at g is the same
in Up(h,) and the new tree. The set of descendants of dn(g) including
dn(g) in the new tree is a subset of that in Up(h,). Thus, the condition of
Invariant 4.1.5 holds for g in the new tree by Invariant 4.1.5 for Up(h,,).
For the node j the dn(j) and its descendants do not change. The banana
subtree rooted at j in the new tree is equal to that in Up(h,), with the
addition of q and the banana subtree rooted at q. By assumption g < j
and by Invariant 4.1.5 for Up(h,) the nodes v; in the banana subtree
rooted at g satisfy v; < g and thus v; < j. The remaining nodes v, in the
banana subtree of j satisfy v, < j by Invariant 4.1.5 for Up(h, ). Thus, for
all nodes v in the banana subtree rooted at j we have v < j. It follows
that j satisfies the condition of Invariant 4.1.5 and that the new up-tree
satisfies Invariant 4.1.5.

We now show that Invariant 4.1.7 holds. Let i; = in(j), u; = up(q) in
Up(h,). Observe that g is inserted at the top of the left trail between i
and j,i.e., g = in(j) in the new tree. By Invariant 4.1.5 and the assumption
that g < j it follows that g < up(q) = j and q < dn(q). Note that u,; = up(j)
in the new tree. The inequality j < dn(j) holds in Up(h,) since j is on
a left trail, and holds in the new tree since dn(j) does not change. If
g = in(u,) in Up(h,), then g < u, and by Invariant 4.1.5 j < u,. In the
new tree j = in(u,) and thus j < up(j) = u, and j < dn(j). Otherwise,
if q # in(uy) in Up(h,), then u, < g < j. Thus, in the new tree u,; =
up(j) < j < dn(j). The inequalities hg(up(q)) > hg(q) > hg(dn(g)) and
hg(up(j)) > hg(j) > hg(dn(j)) follow directly from Invariant 4.1.7 for
Up(h,) and the fact that j and g are contiguous in hyp.

3.2 (j =dn(g) AND hy(i) > hs(p)): Assume g < j; the other case is sym-
metric. Note that i = Bth(j) <j and p = Bth(q) < g. The nodes g and j
exchange their partners, i.e., in the new up-tree Bth(g) = i and Bth(j) = p.
The in-trail and mid-trail between i and j become the mid-trail and
in-trail between 7 and p (notice that the trails change from in to mid and
vice versa); the in-trail and mid-trail between p and g become the in-trail
and mid-trail between p and j. Note that g is added to the mid-trail
between p and j. Thus, in the new tree the nodes internal to the in-trail
between p and j are I, the nodes internal to the mid-trail between p and
j are M, U {q}, the nodes internal to the in-trail between i and g are M;
and the nodes internal to the mid-trail between i and q are I,.

The proof for Invariant 4.1.7 is identical to that of Case 3.1. The proof
for Invariant 4.1.5 is similar to that of Case 3.1 and we point out the
differences. The banana subtree rooted at g in the new tree is the banana
subtree rooted at j in Up(h,). Since the nodes u in this subtree were
descendants of dn(g) in Up(h,) it follows from Invariant 4.1.5 for Up(h,)
that g < u. The descendants of dn(g) including dn(gq) are nodes formerly
in the banana subtree rooted at ¢, and these nodes v satisfy v < g by
Invariant 4.1.5 for Up(h,). As in the previous case, the descendants of
dn(j) including dn(j) are unchanged. The banana subtree rooted at j in
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the new tree is the banana subtree rooted at j in Up(h,) combined with
the banana subtree rooted at q in Up(h,;). Invariant 4.1.5 follows by the
same argument as above.

It remains to prove that Invariant 4.1.6 holds in the new tree. Observe that
low(-) pointers only change for g and j. Consequently, we need to show that
p and i satisfy hg(low(dth(p)) < hg(p) and hg(low(dth(7))) < hg(i). We consider
the three cases above:

Case 1 (j =in(q)): We have low(j) = p in Up(h,) and low(j) = low(gq) in the
new tree. Recall that j = dth(i) and g = dth(p) in both Up(h,) and
in the new tree. Since Up(h,) satisfies Invariant 4.1.6, we know that
hy(i) > hy(low(j)) = hs(p) > hy(low(q)). As hy(u) = hg(u) for u = j,q, it
holds that hg(i) > hg(low(j)) = hg(low(g)) and hg(p) > hg(low(g)).

Cask 2 (j = mid(g)): We have low(j) = p in Up(h,) and low(j) = low(q) in the
new tree. In the new tree dth(i) = g and dth(p) = j. It holds that
hy(i) > hs(p) > hy(low(q)) by Invariant 4.1.6 for Up(h,) and thus hg(i) >
ho(low(q)). Similarly ho(p) = he(p) > ho(low(q)) = he(low(q)) = ho(low(])),
i.e., hg(p) > hg(low(})).

Caske 3 (j =dn(g)): We distinguish the two cases h,(i) < h,(p) and h,(i) >

] =
ho(p).
h,(i) < hs(p): We have low(q) = low(j) in Up(h,) and low(j) = low(g) =i
in the new tree. Note that low(j) is the same in both trees. In the
new tree it holds that hg(p) = h,(p) > hs(low(q)) = hs (i) = hg(i), i.e.,
hg(p) > hg(i). As low(j) does not change and dth(i) = j in both trees,
hg(i) > hg(low(j)) in the new tree.

hs(i) > hs(p): We have low(gq) = low(j) in Up(h,) and low(j) # low(gq) = p
in the new tree. In the new tree we also have dth(i) = g and dth(p) =
j. Note again that low(j) is the same in both trees. In the new tree
it holds that hg(p) = hs(p) > hy(low(j)) = hg(low(j)), since in Up(h,)
hs(p) > hs(low(q)) and low( ) = low(q). Furthermore, in the new
tree hg(i) = hy (i) > ho(p) = ho(p)-

In all cases p and i satisfy the required condition and thus Invariant 4.1.6 is
satisfied in the new tree. We have shown that the new up-tree obtained by
applying max-interchangeto Up(h, ) satisfies Invariants 4.1.5 to 4.1.7, which
implies that it is indeed the unique up-tree for hy. O]

INTERCHANGES OF MINIMA. Leti be a minimum and p = low(dth(i)). In
an up-tree satisfying Invariant 4.1.6 the function value of i is greater than the
function value of p. If this relation changes such that the function value of p
becomes greater than the function value of 7, Invariant 4.1.6 is violated. To fix
this violation we perform an interchange of minima.

Let 0 € [0,1) such that h, (i) > h,(low(dth(7))) = h,(p) and such that i and p
are contiguous. Let 0 € (0, 1] such that hg(i) < hg(p) and such that i and p are
contiguous. Write j = dth(i) and g = dth(p). We give the detailed algorithm
for the case g < p; the other case is symmetric.
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1 min-interchange(i, p):

2 if low(dth(i)) # p then exit endif.

3 Let j =dth(i), g = dth(p).

4 Letu;=up(j), d; = dn(j), i; =in(j), m; = mid(j).

5 From g down along the trail not containing j find
6 1. first node s~ such that h,(s7) < h,(j)

7 2. last node s* such that h,(s*) > hy(j).

8  Set dn(j) < mj, mid(j) < d;, in(j) < s, up(j) < s*.
9 ifg<j<p then

10 Swap in(i) and mid(i);

11 if i; =i then mid(i;) = uj else up(i;) = u;j endif;
12 if u = q then mid(u;) = i; else dn(u;) = i; endif;
13 if st =g thenin(s")=j else dn(s*) = j endif;

14 ifsT=pthenin(s7)=jelseup(s”)=jendif

15 else ifg<p<j

16 Swap in(p) and mid(p);

17 if ij =i thenin(i;) = u; else up(i;) = u; endif;

18 if uj =q thenin(uj) =i; else dn(u ]) =i; endif;
19  if s =g then m|d( ) —] else dn(s*) —] endif;
20 if sT=p thenin(s7)=j else up(s™) =j endif

21 endif.
22 Set dth(i) =g, dth(p) =j.
23 Set low(u) =i for all u # g between u; and q and j and ¢, including u;, j.

Lemma 4.1.19 (Min-interchange). Let p and i be items. Let o € [0,1) such that
p and i are minima and contiguous in hg, h;(i) > h,(p) and p = low(dth(i)) in
Up(hy). Let 6 € (0,1] such that p and i are minima and contiguous in hgy, and
hg(i) < hg(p). Applying min-interchange(i,p) to Up(h) vields the up-tree for
hg.

Proof. The algorithm defines j = dth(i), ¢ = dth(p). Assume g < p; the other
case is symmetric. We show that by applying min-interchangeto Up(h,),
which satisfies Invariants 4.1.5 to 4.1.7, we obtain an up-tree satisfying Invari-
ants 4.1.5 to 4.1.7 for hg. By Corollary 4.1.11 this is the unique up-tree for hy,
Up(hg). Note that by definition of k) the maps h, and hy differ in either the
value of i or the value of p, and are equal in the values of all other items.

In Line 5 finds two nodes on the trail between p and g that does not contain j:
s~ with h,(s7) < h,(j) and s* with h,(s*) > h,(j), with s~ being the highest such
node and s* being the lowest such node along the trail. Since by Invariant 4.1.7
nodes are ordered by function value along trails, s~ and s* are neighbors along
the trail.

It may be the case that s~ is a node internal to the trail or that s~ = p, and
similarly s* is either internal to the trail or s* = 4. Similar statements hold for
the nodes defined in Line 4:

* u;j = up(j) is either internal to the trail between p and g or u; =g,
* d; =dn(j) is either internal to the trail between p and g or d; = p,
* i; =in(j) is either internal to the in-trail between i and j or i; =1,

* m; = mid(j) is either internal to the mid-trail between i and j or m; =1.
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The if-statement in Line 9 distinguishes two cases: g <j <p and g <p <j. The
cases correspond to j being on the mid-trail between p and g and j being on
the in-trail between p and q. As j = dth(i) and p = low(dth(i)) the node j must
be in one of the trails between p and q. Thus, these two cases are the only
cases that can occur.

We first prove Invariant 4.1.7. Recall that by Lemma 4.1.8, Up(h,) satisfies
Conditions III.1 and III.2. We consider each node for which the up(-) or dn(-)
pointer changes individually.

NobpE j: in the new tree up(j) s* and dn(]) = mj.
holds that h,(s*) = hg(s*) and hy(j) = hg(j). As h ( *)> hy(j) it follows
that hg(up(j)) > hg(j). If m; = i then h,(m;) = hg(m;); if m; = i then
hy(mj) > hg(m;) as either hg(i) = hg(i) or he( ) < hg(p) = hy(p). Thus,
hg(m;) < hg(j). It follows that hg(dn(j)) < hg(j) < hg(up(j)). For the
other conditions of Invariant 4.1.7 we consider the two cases of Line |9
separately:

By definition of h) it

g <j<p: the node j is on the mid-trail between p and g, which by
Conditions III.1 and II1.2 implies that j < dn(j) in Up(h,). It follows
that m; <j by Invariant 4.1.5 for Up(h,), since in that tree m; is in
the banana tree rooted at j. Thus, in the new tree m; = dn(j) < j.
If s* =g, then g = s* = up(j) < j. Since in this case j = in(s") (see
Line 13) in the new tree j satisfies point 3 of Invariant 4.1.7. If
s* # g, then j < s* by Conditions III.1 and III.2, as s* is in the in-
trail between p and g. Thus dn(j) < j < up(j) in the new tree and
hence j satisfies point 2 of Invariant 4.1.7.

g <p <j: the node j is on the in-trail between p and ¢, which by Con-
ditions III.1 and III.2 implies that dn(j) < j in Up(h,). It follows
that j < m; by Invariant 4.1.5 for Up(h,). Thus, in the new tree
j <dn(j)=m;. If s* = q, then g = s = up(j) <j. Since in this case
j =mid(s*) (see Line 19) in the new tree j satisfies point 2 of Invari-
ant 4.1.7. If s* # g, then s* < j by Conditions III.1 and III.2, as s™ is
in the mid-trail between p and gq. Thus, up(j) < j < dn(j) in the new
tree and hence j satisfies point 2 of Invariant 4.1.7.

NopE ij: we only need to consider the case where i; # 7, as i is a minimum and
does not affect Invariant 4.1.7. Since dn(i;) is the same in Up(h,) and in
the new tree, by Invariant 4.1.7 it holds that h,(dn(i;)) < hy (i;). If dn(i;) =
i then h,(dn(ij)) = hg(dn(i;)); otherwise if dn(i;) = i then hg(dn( )
hs(dn(i;)) by the assumptlons on i and p. Hence, we have h@(dﬂ( )
hs(ij) = hg(ij). In the new tree up(i;) = u;. By Invariant 4.1.7 for Up(h
and the deﬁnition of h, it holds that hg( uj) = hy(uj) > hs(j) > he(ij)
hg(ij). Thus, he(dn(i;)) < hg(i;) < hg(up(i;)). For the other conditions of
Invarlant 4.1.7 we con51der the two cases of Line 9 separately:

<
<

)
N

g <j<p: jis on the mid-trail and thus by Conditions III.1 and III.2

j <dn(j) in Up(h,). By Invariant 4.1.5 it follows that in Up(h,) i; =

(]) <j and by Invariant 4.1.7 i; <dn(i;). Also by Invariant 4. 1 7

=up(j) <jin Up(h,). As ij and j are 1n the same subtree of u; in

Up(h ) Invariant 4.1.5 implies that u; <i; since u; <j. Thus, in the
new tree u; = up(i;) <i; < dn(i;).

g <p<j: jisonthein-trail and thus by Conditions III.1 and IT1.2 dn(j) <
j in Up(h,). By Invariant 4.1.5 and Invariant 4.1.7 it follows that in
Up(hy) j = up(ij) <ij and dn(i;) <i;. If u; = q then by Invariant 4.1.7
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uj = up(j) < j in Up(h,) and thus in the new tree u; = up(j) < ij;
in this case i; = in(up(i;)) in the new tree and hence i; satisfies
point 3 of Invariant 4.1.7. If u; = q then by Invariant 4.1.7 u; =
up(j) > j in Up(hs). As j and i; are in the same subtree of u;
in Up(h,) Invariant 4.1.5 implies that u; > i;. It follows that in
the new dn(i;) <i; < up(i;) = u; and hence i; satisfies point 2 of
Invariant 4.1.7.

Nope u;: we only need to consider the case where u; # g, as in the other case

up(u;) and dn(u;) are not changed. Note that only dn(u;) changes and
that up(u;) is the same in Up(h,;) and the new tree. By Invariant 4.1.5 and
the definition of hy we have hg(u;) = hy(u;) < hy(up(u)) = hg(up(u;)).
As shown for i; we have hg(i;) = hg(dn(u;)) < hg(u;) in the new tree and
thus hg(dn(u;)) < hg(u;) < hg(up(u;)). We now consider the two cases of
Line|9:

g <j <p: as shown for node i; it holds that u; < dn(u;) = i; in the new
tree. As j is on the mid-trail between p and ¢ in Up(h,) so is u; and
thus up(u;) <u;. Hence, up(uj) <u; <dn(u;) in the new tree.

g <p <j: recall that u; # g. We have shown for node i; that dn(u;) =

ij <uj. As j is on the in-trail between p and q in Up(h,) so is u;
and thus either g = up(uj) < u; or up(u;) > u;. In the first case u;
satisfies point 3 of Invariant 4.1.7 and point 2 of Invariant 4.1.7 in

the new tree.

Nobpk s*: we only need to consider the case where s* # g, as in the other case

up(s*) and dn(s") are not changed. This implies that in the new tree
dn(s™) = j. The details are similar to those for node j. We have seen
there that hg(s*) > hy(j) and thus in the new tree hg(s*) > hg(dn(s™)).
As the up(s™) is the same in the new tree as in Up(h,) it follows that
hg(up(s*)) > hg(s™) also in the new tree. Now consider the two cases of
Line 9:

g <j<p: as above this implies j = dn(s*) < s*. If up(s*) = g then
s* = in(up(s™)), up(s*) < s* and hence s* satisfies point 3 of In-
variant 4.1.7. If up(s*) # g then s* < up(s*) by Conditions III.1 and
II1.2 and hence s* satisfies point 2 of Invariant 4.1.7.

g <p<j: as above this implies j = dn(s*) > s*. As s* is on the mid-trail
from p to g in Up(h,,) it follows that s* > up(s*). Thus, s* satisfies
point 2 of Invariant 4.1.7.

NobE s7: we only need to consider the case where s~ # p, as p has a minimum
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and does not affect Invariant 4.1.7. This implies that in the new tree
up(s~) = j. The pointer dn(s~) remains unchanged and thus hg(dn(s™)) <
ho(s7). Ashg(s™) =hy(s7) < hy(j) = hg(j) we also have hy(s™) < hg(up(s™)).
Since s~ = in(j) = in(up(s7)) in the new tree it remains to show that
up(s™) = j and dn(s™) are on the same side of s~ in both cases of Line 9.

q <j<p: jisonthe mid-trail and s~ is on the in-trail between p and g,
and thus by Conditions III.1 and III.2 j < s~. These conditions also
imply that dn(s™) <s™.

q<p<j: jison the in-trail and s~ is on the mid-trail between p and g,
and thus by Conditions III.1 and II1.2 s~ < j. These conditions also
imply that s~ <dn(s™)
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In both cases s~ satisfies point 3 of Invariant 4.1.7.

All nodes for which the up(-) or dn(:) pointer changed satisfy the conditions of
Invariant 4.1.7 in the new tree, and thus the new tree satisfies Invariant 4.1.7.

We now show that the new tree also satisfies Invariant 4.1.5. For any
maximum, if the contents of the subtrees of that maximum are unchanged,
then the condition of Invariant 4.1.5 continues to hold for this maximum. That
is, for a maximum b, if the set of descendants of dn(b) is the same in Up(h,,)
and in the new tree, and if the set of nodes in the banana subtree rooted at b
is the same in Up(h,) and in the new tree, and if Bth(b) < b (or Bth(b) > b) in
Up(h,) and in the new tree, then b satisfies the condition of Invariant 4.1.5 in
the new tree, since it also satisfied it in Up(h,). This is the case for most of the
nodes:

* Bth(g) = p in Up(h,) and Bth(q) =i in the new tree, but both g < p and
g <i. The set of nodes in either subtree of g remains unchanged.

* For any node on the trail from u; to q (except u; and ¢q) and any node
on the trail from s* to g (excluding s* and g) the set of nodes in either
subtree remains unchanged, and so does the Bth(:) of these nodes.

* The same holds for any descendant of j in Up(h, ), for s~ and any descen-
dant of 5.

* For any node not in the banana subtree of g the contents of the subtrees
and Bth(:) is unchanged.

Thus, we only need to show that u;, j and s™ do not violate the condition of
Invariant 4.1.5. Furthermore, we only need to consider the case where u; = g
and sT #q.

Nopke u;: the banana subtree of u; is the same in Up(h,) and in the new tree,
as is Bth(u;). The node dn(u;) = i; in the new tree is a descendant of j in
Up(h,) and j = dn(u;) in Up(h,). The descendants of i; are descendants
of dn(u;) in both Up(h,) and the new tree. As u; does not gain any
descendants, it follows that u; satisfies the condition of Invariant 4.1.5
in the new tree.

NobpEe s*: the banana subtree of s is the same in Up(h,) and in the new
tree, as is Bth(s™). Through the change of dn(s*) to j, dn(s™) gains new
descendants in the new tree. These are the nodes on the trail between
p and j, along with their banana subtrees, and the nodes on the trail
from i to j. By Invariant 4.1.5 and Conditions III.1 and III.2 for Up(h,)
these are all on the same side of s* as dn(s*) in Up(h,). It follows that s*
satisfies the condition of Invariant 4.1.5/in the new tree.

Nope j: The two cases g < j <p and g < p <j are symmetric. We give the proof
for the first case and assume q < j < p. The pointers mid(j) and dn(j)
are swapped going from Up(h,) to the new tree (see the assignment
in Line 8). The banana subtree rooted at j in the new tree consists of
descendants of s* and the descendants of dn(j) in Up(h,). By Invari-
ant 4.1.5 and Conditions III.1 and III.2 for Up(h,), each node v in this
set satisfies j <v. Note that Bth(j) = p in the new tree and thus j < Bth(j)
by assumption. The descendants of dn(j) in the new tree are descendants
of nodes on the mid-trail of j in Up(h,). Each node t in this set satisfies
t < j by Invariant 4.1.5 for Up(h,). Thus, in the new tree j satisfies the
condition of Invariant 4.1.5.
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We have shown that all nodes satisfy the condition of Invariant 4.1.5 and thus
the new up-tree satisfies Invariant 4.1.5.

It remains to show that the new up-tree also satisfies Invariant 4.1.6. Invari-
ant 4.1.6 can be violated only by minima for which low(dth(-)) changes. This
changes for i, p and any node u with low(dth(-)) = p in Up(h,).

* In the new tree low(dth(p)) =i, and hg(p) > hg(i) by definition of hy.

* Asthe algorithm sets dth(i) = g (see Line 22) in the new tree low(dth(i)) =
low(g). Since either h, (i) = hg(i) or h,(p) = hg(p) and since i and p are
contiguous in both h; and hy, h;(p) > h,(low(q)) implies that hg(i) >
Iy (low(q)) = ho(low(q)) = g (low(dith(7))).

)
* The nodes u for which we set low(dth(u)) = i have low(dth(u)) = p in
Up(h,). They satisfy h,(u) = hg(u) > h,(low(dth(p)), and contiguity of
i and p in h, they satisfy hg(u) > h,(i). As hg(i) < h, (i), it follows that
hg (1) > hg(i) = hg(low(dth(u)).

All minima satisfy the condition of Invariant 4.1.6 and thus the new tree satis-
fies Invariant 4.1.6. We have shown that the new tree satisfies Invariants 4.1.5
to 4.1.7 for hg, which concludes the proof that it is the unique up-tree for
hg. O

4.1.6 Correctness of Scenarios A and B

So far, we have described the local operations in terms of small changes in
function value, where the involved items are contiguous in function value
before and after the operation. However, Scenarios A and B described in
Section 3.5.2 also need to deal with larger changes in value, involving not
necessarily contiguous items. We start by describing the conditions under
which a change in the value of a maximum (or a minimum by Lemma 3.5.2)
does not affect the corresponding banana tree. This is stated formally in the
following lemma.

Lemma 4.1.20 (Unaffected Banana Tree). Let j be a maximum. Let h, and hg
be maps that differ only in the value of j such that all other items have the same
criticality. If it holds that max{h,(in(j)), h,(mid(j)), hs(dn(j))} < hg(j) < hs(up(j))
then Up(h,) and Up(hg) are identical.

Proof. By Invariants 4.1.5 to 4.1.7, we know that max{h(in(j)), h,(mid(j)),
hy(dn(j))} < hy(j) < hy(up(j)). The up-tree Up(h,) satisfies Invariant 4.1.5 for
the map hy, since the order of items along the interval is independent of h,; and
hg. It also satisfies Invariant 4.1.6 for hy, as h,(u) = hg(u) for all minima u in
h, and hg, and the set of minima is the same in h; and hg. Finally, it also satis-
fies Invariant 4.1.7, which follows from max{h(in(j)), h,(mid(j)), by (dn(j))} <
ho(j) < hs(up(j)) and the fact that the order of items along the interval is
independent of h, and hy. By Corollary 4.1.11 there is a unique banana tree
for hy that satisfies Invariants 4.1.5 to 4.1.7, and thus Up(h,) = Up(hy). O

We now show that the algorithms given for Scenarios A and B indeed
transform Up(f) into Up(g), where the maps f and g differ in the value of
item j. Recall that in Scenario A item j is non-critical in f and f(j) < g(j), and
that in Scenario B item j is a maximum in f and decreases its value until it is
non-critical in g. For Scenarios A and B we assume that j is not an endpoint,
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i.e., j €[2,m—1]and we give an additional algorithm for updating the value
of an endpoint below.

We restate the algorithm for Scenario A, where we now also account for
updates to items that lead to an endpoint changing from down-type to up-type
(see Line 2).

1 if g(j)> f(j+1) then

2 if j+2is a hook then cancel or slide endpoint j+1 to j

3 in Up(f) and Dn(f)

4 else if f(j+1)< f(j+2) then anti-cancel j and j + 1

5 in Up(f) and Dn(f)

6 elseslide j + 1 to j in Up(f) and Dn(f)
7 endif;

8 set g = up(j) in Up(f);

9 while f(q) < g(j) do interchange j and g in Up(f) and Dn(f);
10 q = up(j) in Up(f)

11 endwhile;

12 endif.

The following lemma states that this algorithm correctly updates Up(f) to
obtain Up(g).

Lemma 4.1.21 (Correctness of Scenario A). Let f and g be maps with f(j) < g(j)
and f(i) =g(i) forall i #j,and f(j—1) < f(j) < f(j +1). Applying the algorithm
for Scenario A to Up(f) yields Up(g).

Proof. We show how the up-tree Up(f) is modified throughout the algorithm
following the homotopy h, until the up-tree becomes Up(g). If g(j) < f(j +1)
then item j is non-critical in f and g, Up(f) = Up(g), and the algorithm does
not change the up-tree. Assume g(j) > f(j + 1) for the remainder of the proof.
By this assumption there exists an hg, with 0 <6 < 1 such that jand j+1
are contiguous in hg . If j + 2 is a hook, then j + 1 is down-type in f and up-
type in hg and by Lemma 4.1.15 applying cancel-or-slide-endpoint(j,j+1)
yields Up(hg,). If j + 2 is not a hook and f(j + 1) < f(j +2), then jand j +1
are non-critical in f and a maximum and minimum, respectively, in hg . By
Lemma 4.1.16 executing an anti-cancellation between j and j+1 yields the up-
tree Up(hg,). If j+2isnot a hook and f(j+1) > f(j+2), then j+1 is a maximum
in f, non-critical in hg and j is a maximum in hg . By Lemma 4.1.12 executing
a slide from j +1 to j yields the up-tree Up(hg,).

Let g; be up(j) at the beginning of the i-th iteration of the loop in Line 9.
We show by induction that after every iteration i of the loop either (1) the
current up-tree corresponds to a map hg, , where g; and j are contiguous and
ho.,,(qi) < he,  (j) or (2) the current up-tree is Up(g). For the base case i = 1, if
f(q1) > g(j), then the up-tree Up(hg ) = Up(g) by Lemma 4.1.20. Otherwise,
there exists a 0; € (0, 1] such that hg,(q1) < hg, (j) and q; and j are contiguous
in hg . By Lemma 4.1.20 and Lemma 4.1.18 interchanging q; and j yields
Up(hg,). Now assume that at the beginning of some iteration i the current
up-tree is Up(hg, ,), with hg,_, (j) € [max{f (in(j), £ (mid(j)), £ (dn(i))}, £ (q)]. If
f(q;) > g(j), then the up-tree Up(hg,) = Up(g) by Lemma 4.1.20. Else, there
exists a 0,1 € (0;, 1] such that kg, (g;) < hg,,,(j) and q; and j are contiguous
in hg_ . Again, interchanging g; and j yields the up-tree Up(hg_, ).

There exists an iteration I where f(q;) > g(j), at the latest when g is the
special root, and the loop terminates. Then, by Lemma 4.1.20 the Up(hg, ,) =

O

Up(g)-
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The following algorithm updates the banana trees in Scenario B, now in-
cluding updates that change up-type items to down-type items (see Line 5).

Loop g = argmax{f (dn(j)), f (in(})), f (mid(j))} in Up(f);
if f(q) > f(j +1) then interchange g and j in Up(f) and Dn(f)
else exit endif
forever;
if j+ 2 is a hook then cancel or slide endpoint j+1 to j
in Up(f) and Dn(f)
else if f(j+1)< f(j+2) then cancel j with j+1 in Up(f) and Dn(f)
else slide j to j+ 1 in Up(f) and Dn(f)

O 00 NN O U R W =

endif.

The next lemma states that this algorithm correctly updates Up(f) to obtain
Up(g)-

Lemma 4.1.22 (Correctness of Scenario B). Let f and g be maps with f(j) > g(j)

and f(i)=g(i) foralli = j, and f(j—1) < f(j) > f(j +1). Applying the algorithm
for Scenario B to Up(f) yields Up(g).

Proof. The proof is analogous to that of Lemma 4.1.21: after each iteration
i of the loop, there is a 6; such that g; and j are contiguous in hg, and the
current up-tree is Up(hg,). Let Up(h,,) be the up-tree after the loop, where in
h, the items j and g are contiguous in value. If j + 2 is a hook, then j+1 is an
up-type endpoint in h,, and a down-type endpoint in g, since g(j) < g(j +1).
Then, by Lemma 4.1.15 and the fact that non-critical items are not represented
in the up-tree applying cancel-or-slide-endpoint(j,j + 1) to Up(h, ) yields
Up(g). Similarly, if j + 2 is not a hook and f(j+ 1)< f(j+2), then jand j+1
are non-critical in g as f(j—1) < g(j) < f(j +1) < f(j + 2), and canceling j
with j + 1 yields Up(g) by Lemma 4.1.14. Finally, if j + 2 is not a hook and
f(j+1)> f(j+2), then j + 1 was non-critical in f and is a maximum in g, and
sliding j to j + 1 yields Up(g) by Lemma 4.1.12. O]

To conclude, we state an algorithm for updating the banana trees under the
change of value of the endpoint m. The algorithm for the other endpoint of
the interval is symmetric. We assume that m is up-type in f and down-type
in g,i.e., f(m)< f(m—1) < g(m). There is also the reverse case, in which m is
down-type in f and up-type in g.

1 Set g =dn(m)in Dn(f);

while g is a maximum in —f and f(q) < g(m) do
interchange m and g in Up(f) and Dn(f);

3 g = dn(m) in Dn(f)

4 endwhile;

5 if f(m—1) < g(m) then cancel or slide endpoint m to m —1 endif;

6 Set q=up(m)in Up(f);

7

8

9

N

while f(g) < g(m) do interchange m and q in Up(f) and Dn(f);

q = up(m) in Up(f)
endwhile.

In the first loop we exploit the coupling of interchanges between the up-tree
and down-tree: we find the maximum with which to interchange m in Dn(f),
and perform the corresponding interchange of minima in Up(f). The purpose
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of this loop is to prepare the banana tree for switching m from an up-type to a
down-type item, as described in Section 4.1.3. The value of the hook m +1 is
defined to have value f(m+1)=m+¢ and g(m+ 1) = g(m) —¢, i.e., its value is
adjusted alongside that of m, which justifies interchanging m only with dn(m1)
in the first loop, rather than with in(m), mid(m) and dn(m) as we have done in
Scenario B. For completeness we state in the next lemma that this algorithm
correctly maintains the up-tree; we omit the proof, which is analogous to that
of Lemmas 4.1.21 and 4.1.22.

Lemma 4.1.23 (Local Change at an Endpoint). Let f and g be maps differing
only in the value of the endpoint m, such that f(m) < f(m—1) < g(m). Applying
the previous algorithm to Up(f) yields Up(g).

4.2 Correctness of Topological Maintenance
4.2.1 Splitting Banana Trees

In this section we prove that the algorithm Sprit described in Section 3.5.3
correctly splits a banana tree. The proof will be by induction over the iterations
of the loop in Spiit, with the base case in Lemma 4.2.1 and the induction step
in Lemma 4.2.2. We first prove these two lemmas and then state the result in
Theorem 4.2.3.

Given a list of items, its associated map f and an item ¢, the algorithm
Split computes from Up(f) two new up-trees Up(g) and Up(h), where the
former contains the items up to ¢ and the latter the remaining items. We
define x to be the midpoint of € and ¢ + 1 with f(x) = %(f(€) +f(€+1)). We
write Stack;, p;, q; for Stack, p, g returned by TopBaNANA in the i-th iteration
of Sprit. The up-trees Up(g;) and Up(h;) denote the left and right up-trees
after the i-th iteration, with initial up-trees Up(go), Up(hg). One of the initial
up-trees consists of the new special root and the dummy leaf a. We assume
that this is the tree Up(h() with special root 8, and that Up(gy) = Up(f). This
is equivalent to assuming that the top banana on the stacks is on the right
spine of Up(f), where the top banana is the banana closest to the root such
that x lies in some panel of the corresponding window. The other case where
the top banana is on the left spine of Up(f) is symmetric. We further define o
such that it is the rightmost item of Up(g;) if it is in Up(g;) and the leftmost
item of Up(h;) if it is in Up(h;). Finally, let I be the total number of bananas
on the stack, i.e., the number of iterations of Sprir.

Lemma 4.2.1 (Base Case). At the beginning of the first iteration it holds that
1. for all nodes u in Up(gy) and all nodes v in Up(hy) we have u <v,
2. Up(go) and Up(hg) satisfy Invariants 4.1.5 to 4.1.7,

3. any node u that is not on any stack and does not have an ancestor on any
stack is in Up(go) if u < x and in Up(hg) if u > x,

4. f(a) < f(x), f(q;) < f(in(a)) and f(q;) < f(mid(a)) at the beginning of the
iteration for all j € [1,1] with (p;,q;) € Lyp U Ryp U Myp,

5. all bananas (p;j,q;) € Lyp U Ryp U My, for j € [1,1] are in Up(gy) if a is in
Up(hg) and in Up(hy) if a is in Up(gy),
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6. if Stacky € {Lgn, Ran} then qy is in the same tree as «,
7. the in-trail between a and dth(a) is empty and « is on the spine.

Proof. Assume that Up(gy) = Up(f). Claim 1 holds by definition of a and
the special root of Up(hy). The up-tree Up(f) = Up(gp) is the input to the
algorithm and satisfies Invariants 4.1.5 to 4.1.7 by assumption. The topmost
banana (py,¢;) has g; on the right spine of Up(gy) and ¢; < x, which implies
that nodes u that are not descendants of q; satisfy u < q; < x. These are
precisely the nodes in Up(gy) that have no ancestor on any stack. The nodes
in Up(hg) also have no ancestor on any stack, but a > x by definition, and so
is the special root of Up(hy). This implies claim 3. The inequality f(«a) < f(x)
follows from f(a) < f(p1) < f(x), where the last inequality holds since x is in
the in-panel or mid-panel of W(py,4;). The pointers in(a) and mid(«) both
point to the special root of Up(h), which by definition has greater value than
all g; for j € [1,I] with q; € Lyp U Ryp U Myp. Thus, all three inequalities of
claim 4 hold. To see that claim 5 holds simply note that all nodes on the
stacks are in Up(gp) and «a is in Up(hg). Claim 6 holds trivially, as the topmost
banana (p1,4q;) cannot be on Ly, or R4,: this would put x in the in-panel or
mid-panel of the banana that (p;,4;) is nested in, which contradict (p1,41)
being the topmost banana. Finally, « is the only other node in Up(h() besides
the special root, and thus both trails between a and dth(a) are empty and « is
on the spine. O]

Lemma 4.2.2 (Inductive Step). If at the beginning of any iteration i of SpLIT it
holds that

1. for all nodes u in Up(g;_1) and all nodes v in Up(h;_1) we have u <v,
2. Up(gi—1) and Up(h;_y) satisfy Invariants 4.1.5 to 4.1.7,

3. any node u that is not on any stack and does not have an ancestor on any
stack isin g;_y if u <xand in h;_y if u > x,

4. f(a) < f(x), f(gj) < f(in(a) and f(q;) < f (mid(«a)) at the beginning of the
iteration for all j € [i,I] with (pj,q;) € Lyp U Ryp U My,

5. all bananas (p;,q;) € Lyp U Ryp U My, for j € [i,I] are in Up(g;) if a is in
Up(h;) and in Up(h;) if a is in Up(g;),

6. if Stack; € {Lqn, Rgn} then q; is in the same tree as «a,

7. the in-trail between o and dth(«) is empty and « is on the spine,
then after the i-th iteration

1. for all nodes u in Up(g;) and all nodes v in Up(h;) we have u < v,

2. Up(gi) and Up(h;) satisfy Invariants 4.1.5 to 4.1.7,

3. any node u that is not on any stack and does not have an ancestor on any
stack is in g; if u < x and in h; if u > x,

4. fla) < f(x), f(qj) < f(in(@)) and f(q;) < f(mid(e)) for all j € [i +1,1] with
(Pj; Qj) € Lup U Rup U Mupf

5. all bananas (pj,q;) € Luyp U Ryp UMy, for j € [i+1,1] are in Up(g;) if a is in
Up(h;) and in Up(h;) if a is in Up(g;),
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6. if ToPBANANA returns Stack;,1 € {Lqn, Ran} then g;,q is in the same tree as
a,

7. the in-trail between a and dth(«) is empty and « is on the spine.
Proof. There are in total six cases:

1. Stack = Lyp,

2. Stack = Ryp,

3. Stack = Myp and q; <x <p;,
4. Stack = Myp and p; <x<g;,
5. Stack = Lgp,
6. Stack = Ryy,.

The first two cases are symmetric, as are the two cases with Stack = M, and
the last two cases. We prove the claim for cases 1, 3 and 5. In the following we
assume that the seven conditions hold.

Case 1 (Stack; = Lyp): Serit executes Dolnjury. By definition of Ly, q; < p; < x.
The node g; is on a spine, as otherwise the banana it is nested in would contain
x in its in- or mid-panel. This is not possible, since this banana would then be
on the stacks above (p;,g;). Furthermore, g; < p; implies that g; is on a right
spine and it is thus in the left tree. The fourth claim follows immediately from
the fourth assumption, as the value of a remains unchanged and Ly;, Ryp,
My, can be merged into a sorted stack by Lemma 3.5.4.

Nodes j with j > x on the in-trail between p; and g; are removed and inserted
between « and mid(a). These nodes and the nodes in their banana subtrees
are the rightmost nodes of Up(g;), which implies claim 1. Since we do not
modify the in-trail between a and dth(a) and it is assumed to be empty at the
beginning of the iteration, this trail is also empty after the iteration, which
proves claim 7.

Denote by j~ the lowest and highest among the moved nodes in terms of
function value, respectively. Conditions III.1 and III.2 hold in Up(g;_;) and
Up(h;_1), and thus the nodes j form a contiguous section of the in-trail with
j* =in(q;). Write a for the highest node on the in-trail between p; and g; that is
not moved. Both the in-trail originally containing the nodes j and the mid-trail
between a and dth(«) are right trails. By the assumption that nodes in Up(g;)
are less than nodes in Up(h;) it follows that a = dn(j7) <j~ <--- <j* <up(j*).
The item x is in the in-panel of the window W(p;,g;) corresponding to the
banana (p;,¢;) in Up(g;_1), and by Conditions III.1, II1.2 and Invariant 4.1.7
x < j~ also implies f(x) < f(j7). This, together with the fourth assumption
implies that f(a) = f(dn(j7)) < f(x) < f(j°) < - < £(j*) < f(up(j*)). Thus,
Invariant 4.1.7 holds in the new trees.

Since nodes pointed to by low(dth(:)) only change for Bth(j) where j is one
of the moved nodes, namely from p; to a, Invariant 4.1.6 holds in the new
trees by the assumption that f(a) < f(p;).

Invariant 4.1.5 continues to hold in the tree that originally contained the
nodes j, since nodes are only removed from subtrees. The nodes j themselves
only gain « as a descendant of dn(j) or as dn(j) itself. In addition, a < j by
definition of a and j < Bth(j) by definition of right trail. Thus, the nodes
j also satisfy the condition of Invariant 4.1.5. The nodes j are inserted as
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descendants of dn(t), where t = mid(«) before the insertion. Since j < dn(t) by
assumption Item 1, the condition of Invariant 4.1.5 continues to holds for t,
and also holds for the remaining nodes of this tree. It follows that both trees
satisfy Invariant 4.1.5 after the i-th iteration.

The nodes u in Up(h;_;) that are not on any stack and do not have an
ancestor on any stack satisfy u > x. The nodes j and the nodes in their banana
subtrees are also greater than x. Thus, Up(h;_;) contains no node u that is
not on any stack and has no ancestor on any stack with u < x. In the left tree
Up(g;) the node a and the nodes in its subtree are the rightmost nodes of a,
since a is on the right spine. Other nodes in Up(g;) are thus less than x. Note
that a < x by definition of 4. The node a is either a minimum, a maximum and
not on any stack, or a maximum and on some stack. In the first two cases all
nodes in Up(g;) are less than x. In the third case, all nodes except possibly
descendants of a are less than x, and descendants of a have an ancestor on the
stack. Thus, claim 3 holds.

To see that claim 5 holds, recall that the bananas in Ly, Ryp and My, are
nested into each other. Call the topmost banana on these stacks (py, q¢). It must
be nested into (p;,¢q;) and is thus on the in-trail between p; and ¢; in Up(g;),
as otherwise x would be in the mid-panel of W(p;,q;), which contradicts
Stack; = Lyp. This implies q; < p; and g; <x. It follows that g; remains in the
left tree, while a remains in the right tree. This proves claim 5.

We now prove claim 6. Assume that Stack;,; = Lg,. Then, by definition
Pi+1 <4qi+1- Thus, g;,1 cannot be on the in-trail between p; and g;. It can also
not be on any other trail, since then g;,; < p; < x, which implies that x is not in
the out-panel of W(p;.1,4;,1)- It follows that p;,; and g;,; cannot be in the left
tree. Now assume that Stack;,; = Rg,. Then, by definition ¢q;,; <pj;1. If gi11
is in Up(g;), then g;,1 < x, as all maxima greater than x have been moved to
Up(h;). This contradicts W(p;,1,9;41) having x in its out-panel, which implies
that g;,1 must be in the right tree. In both cases, ¢;,; is in the right tree, which
is the same tree as a.

Case 3 (Stack; = M, and g; <x < pi): Sprit executes DoFaraLity. By defini-
tion of My, q; <x <p;. This case is similar to the case Stack; = Ly, and we
mainly point out the differences. As above, g; is on the left spine of Up(g;_1).
Since x is in a panel of the window (p;, g;) it holds that f(p;) < f(x). The fourth
claim then follows immediately from the third assumption, as f(a) < f(p;)
after the iteration and Lyp, Ryp, My, can be merged into a sorted stack by
Lemma3.5.4.

All nodes internal to the in-trail between p; and g; are moved to the right
tree, as are the nodes j with j > x on the mid-trail between p; and g;. The node
a replaces p; as Bth(g;). As g; is on a spine the nodes that are moved to the
right tree are the rightmost nodes of Up(g;_1), and together with assumption
1 this implies claim 1, i.e., that the nodes in Up(h;) are all greater than the
nodes in Up(g;). The in-trail between a and dth(a) in Up(g;) is the in-trail
between a and g;, which is empty as all nodes on the in-trail beginning at g;
have been moved to Up(h;).

Invariants 4.1.5 and 4.1.7 hold in Up(g;) as f(a) < f(p;) < f(q;) by assump-
tion 4 and because the order of maxima and nodes in their subtrees is un-
changed. By the assumption that f(g;) < f(in(a))) and f(g;) < f(mid(a)), where
in(a) and mid(«) are the pointers in Up(h;_;), the nodes j that are moved to
the right tree satisfy f(j) < f(up(j)). Those nodes j that are on a left trail in
Up(g;_1) are on a left trail in Up(h;), and those on a right trail are also on
a right trail in Up(h;). It follows that Up(h;) also satisfies Invariants 4.1.5

up’ Sup-
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and 4.1.7. In Up(g;), only for nodes with low(dth(-)) = p; does this pointer
change, namely to «a, and f(a) is set to f(p;) — €. These nodes satisfy the
condition of Invariant 4.1.6, as does «a itself. In Up(h;) the node p; satisfies
the condition of Invariant 4.1.6, as f(p;) > f (). The nodes that are moved to
the right tree also satisfy this condition, since low(dth(:)) remains unchanged.
Other nodes u with low(dth(u)) = p; in Up(g;) were already on the mid-trail
between a and dth(a) in Up(h;_;). If f(low(dth(u))) < f(p;) then the windows
W(u,dth(u)) would have x in their out-panel, which places them in Ly, or
Rgn. But by assumption 4 f(dth(u)) > f(g;) which implies that they would
have been processed in an earlier iteration. This is a contradiction and thus
f (low(dth(u))) > f(p;), i.e., they satisfy the condition of Invariant 4.1.6. For
no other node of Up(h;) does the node low(dth(:)) change from what it was in
Up(h;_1), so Invariant 4.1.6 holds in Up(h;). This proves claim 2.

For claim 3 observe that nodes u in Up(g;) satisfy u < x, as any nodes with
u > x are moved to h;. Nodes v with v < x in Up(h;) have as ancestor the
highest node that is moved from the mid-trail; if such nodes v exist, then this
highest node itself must be in either Ry, or My, and thus the only nodes in
Up(h;) with v < x have an ancestor on some stack. This highest node can also
be the only next node in Ly, U Ryp U My, so claim 5 follows.

To see that claim 6 holds note that the next banana with x in the out-panel
of the corresponding window can only be on the mid-trail between « and g;
in Up(g;), similar to the case Stack; = Lyp.

Case 5 (Stack; = Ly, ): Serit executes DoScarg, which sets f(a) = f(p;)+ € and
then executes an interchange of minima between a and p;. The nodes g; and
a are in the same tree by assumption, and they must be in Up(g;_;), as x is in
the out-panel of W(p;,q;) and the in-trail between a and dth(«) is assumed
to be empty. Going from Up(g;_;) to Up(g;) and from Up(h;_;) to Up(h;) does
not change the set of nodes contained in each tree. In fact, Up(h;_;) = Up(h;).
Claims 1 and 5 follow immediately from the respective assumption. The set
of nodes internal to the in-trail between a and dth(«) after the interchange of
minima is a subset of the nodes internal to the in-trail between « and dth(a)
before the iteration. The latter is empty by assumption 7. Furthermore, a is
on the spine before iteration i by 7 and it remains on the spine through the
interchange, so the claim 7 holds.

We now show claim 2. Note that q; must be on the mid-trail between
dth(a) and «, i.e., low(g;) = @, as otherwise x would not be in the out-panel of
W(pi,q;). We first show that there is no other minimum with value between
f(a) and f(p;) whose dth(-) pointer points to a maximum on the banana
spanned by a and dth(a). The in-trail between a and dth(«a) is empty by
assumption. Let s be a minimum with f(a) < f(s) < f(p;) and with dth(s)
on the mid-trail between a and dth(a). The banana (s,dth(s)) has x in its
out-panel and s < dth(s), and thus must be on the stack Lg,. It must be on Ly,
below (p;,g;), as otherwise it would have been processed before and f(a) > f(s)
at the beginning of the iteration. Since L4, is sorted by Lemma 3.5.4 this
implies f(s) > f(p;), which is a contradiction. It follows that there is no other
minimum that could be interchanged with a in place of p;. Setting the value
of a to f(p;) + € leads to a violation of Invariant 4.1.6, but this is fixed by
the interchange of minima. Thus, Up(g;) and Up(h;) satisfy Invariants 4.1.5
to4.1.7.

To prove claim 3 we consider the nodes which no longer have an ancestor
on any stack or are no longer on any stack themselves. The nodes no longer on
any stack are p; and ¢;, which were taken of Ly,. These satisfy p; <xand g; < x
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by definition of Lg,. The remaining nodes to consider are nodes with ancestor
g;- Descendants u of g; that were in the banana subtree of g; in Up(g;_1) satisfy
u < q; by Invariant 4.1.5 for Up(g;_;). The remaining descendants have an
ancestor on the mid-trail between & and ¢; in the new tree Up(g;). The window
spanned by this ancestor and its birth has x in its out-panel and is thus on Lg,,.

The interchange of minima does not modify mid(a), but does modify
in(a). More precisely, in(a) = g; after the interchange. By assumption 4 and
Lemma 3.5.4 it follows for all j € [i + 1,I] with (pj,q;) € Lyp U Ryp U My,
that f(q;) < f(in(a)) and f(g;) < f(mid(a)). By Lemma 3.5.4 and for all
j€li+1,1]with (pj,q;j) € Lyp U Ryp U My, it holds that f(q;) < f(g;), which im-
plies f(q;) < f(in(«)). The value ¢ is defined to be smaller than the difference
between the values of any two items, and thus there is no item with value in
[f(pi), f(a)]. Because x is in the out-panel of W(p;,,)q; it holds that f(p;) < f(x)
and thus f(a) < f(x).

For the sixth claim we first prove that Stack;,; # Rg,. If Stack;;1 € Ryn,
then x < g;,1 <p;;1 and x is in the out-panel of W(p;,1,49;,1) by definition of
Rg4n- This implies that g;,; cannot be on the same trail as g; and in order for x
to be in the out-panel of W(p;,1,9;,1) it must in fact be either in the in-trail
between « and dth(a), or in a right spine of the right subtree. The former
is impossible, as the in-trail between a and dth(a) is empty. Now assume
that g;,; is on a right trail in the right up-tree. Then p’ = low(g;;1) < g;41
and dth(p’) must be on the left spine of the right tree, as otherwise x would
not be in the out-panel of W(p;,1,4;+1).- This implies that p’ < x < dth(p’),
which in turn implies that (p’,dth(p’)) € Myp. As M, and Ry, are sorted and
f(p’) < f(piy1) by Invariant 4.1.6, this implies that Stack;,; cannot be Ryj.
Thus, if Stack;,1 € {Lgn,Ran}, then Stack; 1 = Lq,. In this case p;;1 <g;41 <X,
which implies that ¢;,; must be in the left tree and thus in the same tree as a.

This concludes the proof of the inductive step. O]

Theorem 4.2.3 (Correctness of Serit). Given a list of m items and corresponding
map f, and an item € with 2 <€ <m—1, SpLit splits the up-tree Up(f) into two
up-trees Up(g) and Up(h), where Up(g) contains nodes u with u <{ and Up(h)
contains the nodes u > €.

Proof. Recall that we defined x to be the midpoint between ¢ and ¢ + 1.
The proof is by induction over the iterations of the loop in Serir, taking
Lemma 4.2.1 as the base case and Lemma 4.2.2 as the induction step. This
proves the invariants (i) and (ii) introduced in Section 3.5.3, which imply the
theorem. O

4.2.2 Gluing Two Banana Trees

In this section we prove that the algorithm GrLuk presented in Section 3.5.3
correctly glues two banana trees Up(g) and Up(h) into Up(f), where f = g-h.
First, we show how to pre-process the functions g and & to obtain the case
where g ends in an up-type item on the right, 4 begins with a down-type item
on the left and this endpoint of g has lower value than the endpoint of h. Write
¢ for the rightmost item of g and ¢’ for the leftmost item of h. We assume
f(€) < f(€'). In the case f(£) > f({’) we obtain the symmetric case to the one
described in section Section 3.5.3 and the algorithm is symmetric. There are
four cases depending on whether £ and ¢’ are up-type or down-type items: (1)
¢ and ¢’ are up-type; (2) { is up-type and ¢’ is down-type; (3) £ is down-type
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and ¢’ is up-type; (4) € and ¢’ are down-type. Case (2) is the one described in
Section 3.5.3 and we show how to reduce the other cases to this case.

(1) = (2): ¢’ becomes non-critical in ¢-h and we replace it by the dummy leaf
a.

(3) = (2): € and ¢’ become non-critical in g-h. Since € is down-type it is paired
with a hook in Up(g) and we simply remove it along with the hook. As
in the previous case we replace ¢’ by the dummy leaf a.

(4) — (2): ¢ becomes non-critical in g- h. As in the previous ¢ is paired with a
hook in Up(g) and we remove it along with the hook.

Whenever ¢’ is a down-type item it is paired with a hook and we replace the
hook by the dummy leaf a. In all cases we begin with the situation described
in Section 3.5.3.

For the remainder of the section we assume that we are in case (2), and we
now prove that the algorithm Gruk yields the tree Up(f). The proof will be by
induction over the iterations of the loop, with the base case and induction step
in Lemmas 4.2.4 and 4.2.5, respectively. We combine the two and show that
the algorithm terminates correctly in Theorem 4.2.6. Write Up(g;) and Up(h;)
for the left and right tree after iteration i, respectively, with Up(gy) = Up(g)
and Up(hg) = Up(h). Define a to be greater than the other nodes of Up(g;) and
less than the other nodes of Up(h;). Furthermore, we write p;, p;, g;, q; for p,
P, q, q’ in the i-th iteration.

Lemma 4.2.4 (Base Case). At the beginning of the first iteration it holds that
1. Up(go) and Up(hy) satisfy Invariants 4.1.5 to 4.1.7,

2. the in-trail between a and dth(a) is empty, a € {Bth(q;),Bth(q;)}, f(a) >
f(B1), fla)> f(p1),

3. a is the last node on the right spine of Up(gy) or on the left spine of Up(0),
q1 is on the right spine of Up(go) and q; is on the left spine of Up(hy)

4. for all nodes u in Up(g,) and all nodes v in Up(h;) we have u <v,

5. UNDOINjURY(p1,q1) being called implies f(mid(a)) > f(in(qy)) and
UNDOINJURY(p1, q}) being called implies f (mid(ar)) > f(in(q7)),

6. UNDOFATALITY(p1,q) being called implies f(mid(«a)) > f(in(q;)) and
UNDOFATALITY(p1, q}) being called implies f(mid(a)) > f(in(q1)),

7. UNDOSCARE(P1,qy) being called implies Bth(q) = a, f(mid(ar)) > f(in(q7))
and
UNDOScARE(p1,q;) being called implies Bth(q}) = a, f(mid(a)) > f(in(q1)).

Proof. The trees Up(go) and Up(h) are the input to the algorithm, i.e., Up(g)
and Up(h), and thus satisfy Invariants 4.1.5 to 4.1.7. Since « is a hook, the in-
trail between a and dth(a) is empty. By definition & = Bth(b|)) = Bth(q}). The
inequalities f(a) > f(p;) and f(a) > f(p;) also follow from the assumptions
on g and h. The nodes q; = by and q; = b, are on the right spine of Up(g,) and
the left spine of Up(hy), respectively. The node a = Bth(q}) is thus also on the
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spine of Up(hg) and since it is a leaf it is the last node on the spine. Claim 4
holds by the assumption that items in g are all less than items in h.

We now prove claims 5, 6 and 7 If f(q1) < f(q1)’, then p; = ay and by
Invariant 4.1.6 f(p;) > f(p1). Thus Unpolnjury(p;,q;) is executed. Since
Bth(gq1) = a¢ is an up-type item it also holds that in(gq;) = ag. As by definition
f(a)> f(ap) the inequality f(mid(a)) > f(in(q1)) holds. This implies claim 5.
If f(q1)> f(q;), then p; = ay and p; = Bth(g;). Either UnpoFaraLITY(p1,4]) Or
UNDOScARE(p1,q1) is executed. The inequality f(mid(a)) > f(in(q;)) holds as
we have just shown and this proves claims 6 and 7.

We have shown that all claims hold at the beginning of the first iteration
and this proves the lemma. O

Lemma 4.2.5 (Inductive Step). If at the beginning of the i-th iteration the follow-
ing conditions hold

1. Up(gi—1) and Up(h;_y) satisfy Invariants 4.1.5 to 4.1.7,

2. the in-trail between o and dth(a) is empty, a € {Bth(q;),Bth(q;)}, f(a) >
i), fla)> f(pi)

3. aisthe last node on the right spine of Up(g;_1) or on the left spine of Up(h;_1),
q; is on the right spine of Up(g;_) and q_ is on the left spine of Up(h;_y)

4. for all nodes u in Up(g;) and all nodes v in Up(h;) we have u <v,

5. UNDoOINjURY(p;,q;) being called implies f(mid(a)) > f(in and
UNDOINjURY(p;, ;) being called implies f(mid(a)) > f(in

6. UNDOFATALITY(p;, q;) being called implies f(mid(a) >f and
UNDOFATALITY(p;, q;) being called implies f(mid(a)) > f(in

7. UNDOSCARE(p;, q;) being called implies Bth(q;) = «, f(mid(a)) > f(in(
and
UNDOSCARE(P;, q;) being called implies Bth(q;) = , f(mid(a)) > f(in(g;)),

then at the beginning of the next iteration, if it exists, it holds that
1. Up(g;) and Up(h;) satisfy Invariants 4.1.5 to 4.1.7,

2. the in-trail between o and dth(a) is empty, a € {Bth(g;,1), Bth(q;,,)}, f(a) >
f(pAi+1)f f(a) > f(pi+1)i

3. ais the last node on the right spine of Up(g;) or on the left spine of Up(h;)
qis1 is on the right spine of Up(g;) and q_, is on the left spine of Up(h;)

4. for all nodes u in Up(g;,1) and all nodes v in Up(h;,1) we have u <wv,

5. UNDOINJURY(p;i,1,9is1) being called implies f(mid(a)) > f(in q,+1 )) and
UNDOINJURY(pj,1,4;, ) being called implies f(mid(a)) > f(in(q;,,)),

6. UNDOFATALITY(Di1,qi+1) being called implies f(mid(a)) > f(in(q;,,)) and
UNDOFATALITY(p;,1,4;, ) being called implies f(mid(a)) > f(in(gi+1)),

7. UNDOSCARE(pj(1,9i+1) being called implies Bth(q;,1) = «, f(mid(a)) >

flin(q;,,)) and
UNDOSCARE(Piy1,q;,,) being called implies Bth(q;,,) = a, f(mid(a)) >

f(in(gis1))-
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Proof. Assume that the conditions hold. We prove the claims for f(g;) < f(q;)
by considering separately the three cases that the algorithm distinguishes.
The case f(q;) > f(q;) is symmetric.

Case 1 (f(p;) < f(p;) and p; = Bth(q;)): UnpolNjury(p;, g;) is called, which
removes nodes j with f(j) < f(g;) from the mid-trail between a and dth(a)
and inserts them into the in-trail between p; and g;, specifically between the
nodes in(gq;) and g;.

We first prove that Up(g;) and Up(h;) satisfy Invariants 4.1.5 to 4.1.7. By
assumption 1 these invariants holds for Up(g;_;) and Up(h;_;). To see that
they also hold for Up(h;), observe that removing maxima along with its banana
subtree does not affect the invariants. For Up(g;) we first show Invariant 4.1.7.
Write j~ and j* for the lowest and highest of the nodes are moved, respectively.
That is, in Up(g;_1) j~ = mid(a) and j* is the highest node on the mid-trail
between & and dth(a) such that f(j*) < f(q;). Write j, for in(q;) in Up(g;_1)-
In Up(g;) these nodes are inserted such that j~ = up(j;) and j© = in(q;). By the
assumption that f(mid(a)) > f(in(q;)) (assumption 5) we thus have f(dn(j7)) <
f(j7) in Up(g;). Furthermore, f(j*) < f(up(j*)) = f(q;)- By assumption 4 and
Invariant 4.1.7 for Up(h;_;) it holds in Up(g;) that dn(j7) <j~ <up(j7)<--- <
dn(j*) <j" and up(j*) = ¢q; <j*. Thus Invariant 4.1.7 holds in Up(g;). To see
that Invariant 4.1.5 is satisfied note that the j that are inserted into Up(g;)
satisfy g; < j by assumption 4. Since g; is on the right spine q; < p; = Bth(g;)
and thus the condition of Invariant 4.1.5 holds for g; and its ancestors. The
nodes j gain descendants u in the same subtree dn(j), and these nodes u
satisfy u < j, again by assumption 4. Thus, these nodes j also satisfy the
condition for Invariant 4.1.5. For no other node do the subtrees change and
thus Invariant 4.1.5 holds in Up(g;). Finally, we prove Invariant 4.1.6 by
analyzing the nodes for which the nodes at dth(low(:)) changes. These are
the nodes v with dth(v) = j for some moved node j. They originally have
dth(low(v)) = a and this changes to dth(low(v)) = p;. Assumption 2 that f(a) >
f(p;) thus implies f(dth(low(v))) > f(a) > f(p;). This implies Invariant 4.1.6.
In the remainder of the proof for this case we assume Invariants 4.1.5 to 4.1.7
for Up(g;) and Up(h;).

The in-trail between a and dth(a) is empty at the beginning of the i-th
iteration, is not modified by UnpoINjury and is thus also empty at the begin-
ning of the next iteration. As q; , = g; and dth(a) = q; is unchanged it holds
that a = Bth(q;, ) at the beginning of the next iteration. If in the next itera-
tion f(qi;1) < f(4;,,), then p;1 = Bth(g;,1) = low(q;) = p; and p;y; = low(qi41)-
By Invariant 4.1.6 this implies f(p;,1) < f(pi+1) < f(p;) < a, where the last
inequality follows from assumption 2. Otherwise, if in the next iteration
f(qiv1) > f(q;,), then p; .y = Bth(q;;1) = low(q;) (since Bth(g; ;) = @) and
pir1 = low(q;,;) = low(q;). By Invariant 4.1.6 and assumption 2 this implies
f(Pir1) < f(a)and f(p;iz1) < f(pi) < f(a). This proves claim 2. Claim 3 follows
immediately from the assumption 3: a was the last node on the left spine of
Up(h;_1) at the beginning of the iteration, and the removal of nodes from its
mid-trail does not change that; g;,; = dth(low(q;)), which is on the right spine
of Up(g;) since g, is on the right spine of Up(g;_;) and g;,, = q; is on the left
spine of Up(h;) because q; is on the left spine of Up(h;_;).

Since «a is the last node on the left spine of Up(h;_;) and its in-trail is empty,
the nodes that are moved to Up(g;) are the leftmost nodes of Up(h;_;) other
than a. Assumption 4 and the definition of a thus imply the claim 4.

We now prove claims 5, 6 and 7. Recall that g/, | = g;,1 and q;,, = dth(low(g;)).
In total there are six cases, but only three can occur:
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(1) f(qi+1) <f(qis1) f(Piv1) > f(Pis1) and pjsq = Bth(gii1)
— call to UNDOINJURY(P;;1,4i+1)

(i) f(gis1)> f(q1{+1)/ f(pi+1) > f(Pis1) and p;yy = Bth(gii1)
= call to UNDOFATALITY(pi41,4}, )

(iii) f(qis1) >f(Q£+1)l f(Bis1) > f(pis1)

= call to UNDOSCARE(p;, 1, q{+1)

Since p;,1 = Bth(g;;1) # a, if f(qi+1) < f(gi31)’, then UnpoFaTavLiTy will not be
called. By Invariant 4.1.6 it also holds that f(p;.1) < f(pis+1), which implies
that UnpoScare will not be called. Finally, Bth(q/,,) = a implies that if
f(gi+1) > f(q;,,), then UnpoInyury will not be called. We analyze the three
possible cases separately:

(1) f(gi+1) < f(q.,1)s f(pis1)> f(Pis1) and p;yq = Bth(g;,1) and the function
UNDOINJURY(p;11,9;41) is called. We have shown above that g;,; is on

the spine, as is g;, and thus g;,; = dth(low(g;)) implies in(g;,1) = g;. Since
f(mid(a)) was not moved to Up(g;) and dth(a) = f(q;) > f(g;) it follows
that f(mid(a)) > f(q;) = f (in(qi+1)).

(i) f(qiv1)> f(q; 1), f(pix1) > f(Piv1) and p;yq = Bth(g;11) and the function
UNDOFATALITY(pj,1,4;, ) is called. The inequality f(mid(a)) > f(in(gi1))

holds by the same argument as in the previous case.

(iil) f(qiv1) > f(qip1), f(Pix1) > f(piy1) and UNDOSCARE(p;41,4;,,) is called.
Since q;,, = q; and a = Bth(g;) it holds that a = Bth(qg;, ;). The inequality
f(mid(a)) > f(in(g;11)) holds by the same argument as in the other cases.

In all three cases the claims hold.

Case 2 (f(pi) < f(p;) and p; = Bth(q;)): UNDOFaTALITY(p;, q;) is called, which
takes on the in-trail between p; and q; and the nodes j with f(j) < f(gq;) on
the mid-trail between p; and g/ and swaps them with & = Bth(g;), such that
the nodes formerly on the in-trail extend the mid-trail of ¢; and the nodes j
extend the in-trail of g;.

We first prove that Up(g;) and Up(h;) satisfy Invariants 4.1.5 to 4.1.7. By
assumption 1 these invariants hold for Up(g;_;) and Up(h;_;). To see that they
also hold for Up(h;), observe that replacing a part of the banana (p;,q;) by
a does not affect Invariants 4.1.5 and 4.1.7. By assumption 2 f(a) > f(p;)
and thus f(a) > f(p;) > f(low(dth(a)), where the second inequality follows
from Invariant 4.1.6 for Up(h;_1). As low(dth(-)) changes for no other node
Invariant 4.1.6 also holds for Up(h;). Write j* for the topmost node on the
mid-trail between p; and q; in Up(h;_;) that is moved to Up(g;), and k* for
the topmost node on the in-trail between p; and q; in Up(h;_;). As the entire
in-trail is moved to the left tree k* = in(q;) in Up(h;_;). Write m, for the
node mid(«a) in Up(g;_1). In Up(g;) dn(m,) = k*. By assumption 6 we have
f(mg) > f(k™), and by definition of j* we have f(j*) < f(g;). Furthermore, by
assumption 4 it holds that m, < k™ and g; < j*. Since these are the only node
where up(-) and dn(:) pointers change it follows that Invariant 4.1.7 holds
in Up(g;). To see that Invariant 4.1.5 is satisfied note that the nodes u that
are inserted into Up(g;) satisfy u > v for any node v that is already in this
tree from the previous iteration. With g; < Bth(g;) as ¢; is on the right spine
and s < dn(s) for any node on the mid-trail beginning at ¢; Invariant 4.1.5
follows. The nodes for which low(dth(-)) changes are those nodes t with dth(t)
on the mid-trail beginning at g; and the node p;. It changes from a to p;.
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By assumption 2 f(p;) < f(a), so f(low(dth(t))) > f(a) > f(p;). Furthermore,
for p; we have low(dth(p;)) = p; and they satisfy f(p;) > f(p). This implies
Invariant 4.1.6 for Up(g;) and concludes the proof of claim 1. In the remainder
of the proof for this case we assume Invariants 4.1.5 to 4.1.7 for Up(g;) and
Up(h).

After the iteration dth(a) = q;. As the nodes on the in-trail beginning at g;
are removed, this trail is empty. Since g/, , = g; it holds that a = Bth(qg;, ;). For
the inequalities f(a) > f(p;+1) and f(a) > f(p;,1) we refer to the proof for the
previous case. It follows that claim 2 holds. The node g is on the left spine of
Up(hj_1) and thus q; , = q; is on the left spine of Up(k;). Since a = Bth(q/, ) in
Up(h;) it also follows that « is on the left spine of Up(h;). Similarly, in Up(g;_1)
and Up(g;) the node g; is on the right spine and thus g;,; = dth(low(g;)) is also
on the right spine. This proves claim 3. For the proof of claim 4 we again refer
to the previous case, since the proof is similar.

We now prove claims 5, 6 and 7. Again, in the next iteration only three out
of six cases can occur:

(i) f(qi+1) < f(4;41)s f(Pix1) > f(Pis1) and p = Bth(g;,1)
= call to UNpoINJURY(Pi;1,9i11)

(i) f(gis1)> f(q1{+1)' f(piz1) > f(pis1) and p = Bth(g;,1)
= call to UNDOFATALITY(piy1,q}, )

(iii) f(qis1)> f(‘12+1)f f(Pis1) > f(pis1)

= call to UNDOSCARE(p;41,4/, ;)

Note that these are the same cases as in Case 1. The proof that the remaining
three cases cannot occur is identical. The remainder of the proof is also similar
to the proof in case 1:

(i) f(qis1) < f(q;1), f(pis1) > f(Pis1) and p = Bth(g;1) and the function
UNDOINJURY(p;41,49i41) is called. Again, g;;1 and g; are on the spine

and thus in(g;;1) = ¢;. f(mid(a)) is one of the nodes that have not been
moved from the mid-trail, and thus f(mid(a))> f(q;) = f(in(q;4+1)).

(ii) f(qis1) > f(qi,1), f(pix1) > f(Piz1) and p = Bth(g;,1) and the function
UNDOFATALITY(p;,1,4;, ) is called. The inequality f(mid(a)) > f(in(gi1))

holds by the same argument as in the previous case.

(iii) f(qi+1) > f(q;1)s f(Piz1) > f(pis1) and UNDOSCARE(p;.1,4;, ;) is called.
As before a = Bth(q}) = Bth(q;, ). The inequality f(mid(c)) > f(in(g11)
holds as shown in the other cases.

This proves claims 5, 6 and 7.
Case 3 (f(p;) < f(pi)): UNDOScARE(p;, g;) is called, which sets f(a) = f(p;)—¢€
and then performs an interchange of minima. Note that a = Bth(g;), as
f(pi) < f(p;), which by Invariant 4.1.6 for Up(g;) cannot be if p; = Bth(g;).
Thus, a # Bth(g;) and by assumption 2 this implies a = Bth(g;). Claim 4
follows directly from assumption 4, as the contents of the trees do not change.
Invariants 4.1.5 to 4.1.7 immediately follow for Up(g;) from the correctness
of the interchange of minima. As Up(h;) = Up(h;_;) these invariants hold
Up(h;) by assumption 1. In the remainder of the proof for this case we assume
Invariants 4.1.5 to 4.1.7 for Up(g;) and Up(h;).

The in-trail between a and dth(a) is empty in Up(g;_;) by assumption
2. As dth(a) = g; is on a spine the in-trail remains empty after the inter-
change of minima. The interchange also results in dth(a) = g;,1 in Up(g;). If
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f(qi+1) < f(gis1)’, then p; 1 = Bth(q;,,) = Bth(q;) = p;- As f(p;) < f(p;) and ¢
is defined to be sufficiently small it follows that f(p;,1) < f(a). Furthermore,
f(Piz1) < f (@) by Invariant 4.1.6. Otherwise, if f(g;,1) > f(qi+1)’, then p; ;1 =
Bth(q;,,) = Bth(gq;) = p;, which we have just shown to satisfy f(p;,;) < f(a).
By Invariant 4.1.6 f(p;,1) < f(piy+1), which implies f(p;,1) < f (). This proves
claim 2.

The node g;,1 is on the spine since it is already on the spine in Up(g;_1) and
the interchange of minima does not change its ancestors. The node a remains
on the spine since its in-trail remains empty and g;,; = dth(«) is on the left
spine in Up(g;,1). Since it is also a leaf it is the last node on the spine. Finally,
q;,, is on the spine since g/, , = gq/. This proves 3.

It remains to prove claims 5, 6 and 7. Again, in the next iteration only three
out of six cases can occur:

(1) f(qi+1) < f(q;+1)l f(pis1) > f(pis1) and pjyq = Bth(%{“)
— call to UNDOFATALITY(P;,1,qi11)

(ii) f(qi+1) <f(qi1)s f(Pis1) > f(pis1)

— call to UNDOSCARE(P;.1,9is1)

(iii) f(qix1)> f(q£+1): f(pis1) > f(ﬁzl) and pjy1 = Bth(q;+1)
= call to UNDOINIURY(pi+11q£+1)

Since Bth(g;,1) = @ we cannot have p;,; = Bth(g;,1) and thus if f(g;,1) <
f(q;,,) then Unpolnjury is not called. If f(g;+1) > f(q;,,) then f(pis1) >
f(pi+1) by Invariant 4.1.6, and so UNDOScARE is not called. UNDOFATALITY is
not called in this case as p;;; = Bth(g/, ,). We now analyze the three possible
cases:

(i) f(qi+1) < f(qis1)s f(pin1) > f(Piz1) and p;yq = Bth(q;,,) and the func-
tion UNpoOFATALITY(p;,1,g;,1) is called. The node mid(«) is the same in

Up(g1) and Up(g;). Furthermore in(qi.1)’ = in(q)), as Up(h;) = Up(h; 1)
Thus, the assumption that f(mid(a)) > f(in(q;) implies f(mid(a)) >
f(ln(ql/+]))

(i) f(qi+1) < f(qi41) f(Pix1) > f(pis1) and UNDOSCARE(p;1,4;41) is called.
We have shown above that dth(a) = g;,; which implies @ = Bth(g;,1).

(it) £(4i1) > (@) f(pi1) > f(B;,) and pyyy = Bth(ql,,) and the function
UNDOINJURY(p;,1,4;,,) is called. The inequality f(mid(«)) > f(in(q;,,))
holds by the same argument as in the first case.

This concludes the proof of the inductive step. O

Theorem 4.2.6 (Correctness of GLUE). Given two lists of items and correspond-
ing maps g and h GLUE applied to Up(g) and Up(h) yields the up-tree Up(f) =

Up(g-h).

Proof. We show by induction over the iterations of GLUE that at the beginning
of the i-th iteration it holds that

1. Up(gi_1) and Up(h;_y) satisfy Invariants 4.1.5 to 4.1.7,

2. the in-trail between & and dth(a) is empty, a € {Bth(g;), Bth(q})}, f(a) >
f i), fla)> f(pi),
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3. a is the last node on the right spine of Up(g;_1) or on the left spine of
Up(hi_1), q; is on the right spine of Up(g;_1) and g is on the left spine of

Up(h;-1)
4. for all nodes u in Up(g;) and all nodes v in Up(h;) we have u <v,

5. UnpolNjurY(p;, ;) being called implies f(mid(a)) > f(in(g;)) and
UnNpoINjJURY(p;, g;) being called implies f(mid(a)) > f(in(q;)),

6. UNDOFATALITY(p;, q;) being called implies f(mid(a)) > f(in(q;)) and
UNpoFaTALITY(p;, 9;) being called implies f(mid(a)) > f(in(q;)),

7. UNDOSCARE(p;, q;) being called implies Bth(q;) = a, f(mid(a)) > f(in(q;))
and
UNDOSCARE(p;, q;) being called implies Bth(g;) = a, f(mid(a)) > f(in(g;)).

Lemma 4.2.4 proves the base case for the first iteration i = 1, and the induction
step is in Lemma 4.2.5. We assume these claims for all iterations.

We now show that there exists an iteration after which one tree is empty.
Assume that the global maximum of h has greater value than the global
maximum of ¢ and both trees have nodes other than the special root and a.
The case where the global maximum of g has greater value than that of h
is symmetric. Consider any iteration I in which f(q;) > f(u) for any u = g,
in Up(g;-1) and q; = B¢. Since in some iteration q; = Py, this iteration exsists.
In this iteration f(q;) < f(q;), either since gq; is a special root and q; is not,
or since f(By) < f(Bg) by definition. We distinguish two cases: q; # fj, and

q1 = Pn-

q; # Pn: There are three cases to consider: (1) Bth(q;) # a and p; = Bth(q;); (2)
Bth(g]) = a and f(p;) > f(51); (3) Bth(q]) = & and f(p;) > f(p;). In case
(1) f(pr) > f(p;) by Invariant 4.1.6 and thus UnpoINjury(py, q;) is called.
In case (2) UNDOFATALITY(p[, q;) is called. In case (3) UNDOSCARE(py, ;)
is called. If case (1) occurs, then a = Bth(q;) = Bth(f,), the in-trail
between a and f, is empty, and all nodes from the mid-trail between «
and B, are moved to Up(hy). This leaves in(B,) = mid(f,) = @ and thus
the loop terminates. If case (2) occurs, then p; = Bth(q;) = Bth(f,) and
all nodes on trails between p; and B, except 8, are moved to Up(hy),
and « is moved to Up(gr) such that in(B,) = mid(B,) = a. Thus, the loop
terminates. In case (3) f(«) is set to f(p;) — ¢ and an interchange of
minima between « and p; is performed. Thus, both trees are not empty.
However, q;,, = up(q;) is the next node upwards on the spine towards
Br and the next iteration is another iteration where f(q;) > f(u) for all

u = g € Up(g).

q; = Pn: This case is eventually reached, since the g; move upwards on the
spine to ;. We have defined f () < f (B¢)- There are again three cases
to consider: (1) Bth(q;) # @ and p; = Bth(q;); (2) Bth(q;) = @ and f(p;) >
f(pr); (3) Bth(q;) = @ and f(p;) > f(pr). These are the same cases as above
and in case (1) and (2) the loop terminates with in(B,) = mid(B,) = «, as
above. The third case, where f(p;) > f(p;), cannot occur since we defined
f(pr) = f(low(Bp)) = f(nil) = —co. Thus, when gq; = fj,, the algorithm
terminates.

The choice that f(fj,) < f(B,) is arbitrary and we could have also chosen
f(Bg) < f(Bn)- In this case we would get three symmetric cases for q; = f with
the same outcome.
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Once the loop terminates after iteration I with in(f,) = mid(g,) = a, the
tree Up(h}-) contains all items from Up(g) and Up(h) except for the dummy a.
Thus, Up(hy-) = Up(g - h), which concludes the proof. O
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BANANA TREES FOR THE PERSISTENCE IN TIME
SERIES EXPERIMENTALLY

5.1 Introduction

Time series are pervasive across numerous disciplines, ranging from econom-
ics and finance to environmental science and healthcare. Often, time series
data is dynamic, not static; for example, wearable devices continuously moni-
tor health metrics such as heart rate or blood sugar levels, requiring robust
techniques for instant analysis and decision-making. Effective synthesis of
the underlying trends in such dynamic data is crucial for predictive modeling
and strategic interventions.

Within the field of topological data analysis, persistent homology [5,87]
is recognized as a powerful framework for capturing multi-scale features in
complex data sets. Researchers have long considered the challenge of dynamic
persistence, and the vineyard algorithm [28] was the first developed to address
updates in persistence diagrams (defined in Section 5.2.1) as the input data
evolves; see [90] for an implementation. This algorithm, while capable of
handling data more general than just time series, requires time linear in the
size of the input complex per update, which is restricted to swapping the order
of two values. This prompts us to question whether faster processing could be
achieved for one-dimensional data. To address this challenge, we implement
the banana tree data structure [93] (see also Chapter 3), recently introduced
and tailored specifically for the persistent homology of dynamic time series.
Their theoretical analysis promises the processing of each update in time
logarithmic in the number of items plus linear in the number of changes in the
persistent diagram; compare this with the linear time require to recompute
the diagram [26]. This paper investigates what these results mean in practice.
We highlight some of the specific contributions:

* Efficiency at scale: we demonstrate that for large data sets, such as those
containing over 10 items, performing a local or topological update on
an unbiased random walk using banana trees is at least 100 times faster
than recomputing persistence with Gudhi [31], the state of the art static
algorithm (see Figure 5.3.3).

* Structure and performance: we explore how the structure of banana trees,
characterized by parameters such as the number of critical items, the
nesting depth of bananas, and the lengths of trails, directly impacts the
running time of our algorithms. This analysis identifies the types of data
best suited for efficient processing (see Figure 5.3.1).

* Worst-case scenarios: we construct specific examples that challenge our
algorithms, and show empirically that these scenarios are rare and highly
unstable, reinforcing the robustness of our approach (see Table 5.4.1).

* Real-world data: through analysis of three specific data sets, we illustrate
that real-world data can exhibit structural properties similar to those
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of unbiased random walks. Preliminary evidence suggests potential for
the broad applicability of banana trees in practical scenarios (see Table
5.4.2).

In software for topological data analysis, tools like the Gudhi library [31],
Dionysus [94, 95], and Ripser [96] are established for static data sets but
require complete recomputation for updates, making them less suited for
dynamic contexts. We aim for our implementation to set a new standard in
the topological processing of dynamic time series.

OUTLINE. Section 5.2 introduces persistent homology tailored to time series
data and gives an overview of the banana trees data structure. Section 5.3
evaluates the performance of banana trees through experiments involving
time series generated from random walks, with and without a bias. Section
5.4 explores three distinct types of input time series to assess the performance
of banana trees: worst-case scenarios, quasi-periodic signals, and real-world
data. Section 5.5 concludes the paper with a summary of our findings and
their implications.

5.2 Banana Trees for Time Series

We start by introducing persistent homology, a method to discern features of
data across multiple scales [24]. Forfeiting the generality of this theory, we
focus on time series data. We also explain what banana trees are and how they
relate to persistent homology; see Chapter 3 for details on this data structure
and its algorithms.

5.2.1 Persistent Homology of Time Series

By a time series we mean a linear list of real numbers, ¢y, c,,...,c,_1, which we
view as a piecewise linear map, f: [0,n—1] » R, with f(i)=c; for0<i<n-1.
We refer to i as an item and c; its value. A critical item is a local minimum or a
local maximum of this map, and all other items are non-critical, e.g. item i if
f(i—1)< f(i) < f(i+1). To simplify the discussion, we assume that the map is
generic, by which we mean that its items have distinct values. In this case, the
endpoints (items 0 and n — 1) are necessarily critical.

The sublevel set of f at t € R, denoted f; = f~!(~co,¢], are the points x €
[0,n — 1] that satisfy f(x) < t. When ¢ passes the value of a minimum from
below, then the number of connected components of f; increases by 1, and
if t passes the value of a maximum from below, the number of connected
components decreases by 1, unless the maximum is a endpoint, in which
case the number does not change. Symmetrically, we call ff = f~![t,c0) the
superlevel set of f at t. Observe that f' is the sublevel set of —f at —t, and that
the minima and maxima of —f are the maxima and minima of f. Persistent
homology tracks the evolution of the connected components while the sublevel
set of f grows, and formally defines when a component is born and when it
dies. Complementing this with the same information for the superlevel sets
of f, we get what is formally referred to as extended persistent homology; see
[22] for details. It is best constructed in two phases:
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* In Phase One, we track the connected components of the sublevel set, f;,
as t increases from —oo to co. A component is born at the smallest value
of t at which a point of the component belongs to f;, which is necessarily
a minimum. The component dies when it merges with another compo-
nent that was born earlier, which is necessarily at a maximum in the
interior of [0, — 1]. The ordinary subdiagram of f records the birth and
death of every component with a point in the plane whose abscissa and
ordinate are those values of t at which the component is born and dies,
respectively; see Figure 5.2.1.

* In Phase Two, we track the connected components of the superlevel set,
f!, as t decreases from oo to —co. Birth and death are defined accordingly,
and the components are recorded in the relative subdiagram.

By construction, the points in the ordinary subdiagram lie above and those
of the relative subdiagram lie below the diagonal. The component born at
the global minimum of f is special because it does not die during Phase One.
Instead, it dies at the global minimum of —f, which is the global maximum of
f. In topological terms, this happens because the one connected component
still alive at the beginning of Phase Two dies in relative homology when its
first point enters the superlevel set. This class is represented by the sole point
in the essential subdiagram. The extended persistence diagram is the disjoint
union of the three subdiagrams. Hence, the diagram is a multi-set of points in
R?, and so are the three subdiagrams, unless the map is generic, in which case
the diagram is a set. See the left panel in Figure 5.2.1 for an example but note
that it only shows a small number of points in the ordinary subdiagram. An
important property of persistence diagrams is their stability with respect to
small perturbation of the input data, which was first proved in [23].

The points in the persistence diagram can be characterized using the concept
of a window introduced in [25]: start with a rectangular frame spanned by a
minimum and a maximum in the graph of f such that the minimum lies on
the lower edge, and extend the frame horizontally as long as the graph does
not intersect the upper edge in its interior. Call the initial frame the mid-panel,
its extension the in-panel, and the symmetric extension for —f the out-panel.
As proved in [25], the min-max pair defines a point in the persistence diagram
iff the graph of f reaches the lower edge in the out-panel. In this case, we call
the twice extended frame a triple-panel window. The corresponding double-
panel window consists of the mid-panel and the in-panel but not the out-panel.
Any two double-panel windows of f are either disjoint or nested, a property
not shared by the triple-panel windows. We use this property to augment
the persistence diagram by drawing an arrow from a point to another, if the
double-panel windows of the first point is nested inside the double-panel
window of the other point, without any other window being nested between
them. See Figure 5.2.1, which shows four double-panel windows and the
corresponding points and arrows in the augmented persistence diagram. The
displayed frames are indeed windows because each has an out-panel—next to
the mid-panel and thus opposite to the in-panel—which extends as far as the
horizontal projection of the minimum (a maximum of —f) to the graph of the
function.
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5.2.2 Banana Trees

We sketch the banana trees while referring to Chapter 3 for the details. Suffice
to say that they are based on the Cartesian tree introduced by Vuillemin [30],
which stores a list of items in order such that each path from a leaf to the
root is ordered by value. This tree has a unique decomposition into paths that
correspond to double-panel windows, and the banana tree splits each path
into two trails representing the windows nested inside the in-panel and the
mid-panel of the corresponding window.

([(a) £ ()

death

O
e f@)”
 Ff)
G fs),

mid—panel

birth

Figure 5.2.1: Middle: a piece of the graph of f with four double-panel windows of which three
are nested inside the fourth. Left: the corresponding points in the persistence diagram and the
arrows that reflect the nesting relation among the windows. Right: the four corresponding
bananas in the up-tree of f.

A time series represented by a piecewise linear function, f, is stored in two
banana trees together with a linked list and two standard dictionaries. We call
the first banana tree the up-tree of f because it corresponds to Phase One of the
persistence diagram construction. The second banana tree is the down-tree of
f, which is the up-tree of —f. Because of this symmetry, it suffices to describe
the up-tree of f. Its leaves are the minima of f, and its internal nodes are the
maxima of f, with the exception of endpoint maxima, if they exist, since they
are not critical in Phase One. Each point in the ordinary persistence diagram
is a min-max pair, (a,b), and it is represented by a banana that connects the
leaf a to the internal node b with two parallel trails. The mid-trail is a doubly-
linked list connecting a to b with the maxima that span windows nested in the
mid-panel of the window of 4, b, and the in-trail is symmetrically defined; see
the right panel in Figure 5.2.1. The tree structure arises because the maxima
belong to the similarly defined bananas of the nested windows. Each trail is
sorted in the order of value but also in the order of location along the time
series. For example, the mid-trail of the big banana in Figure 5.2.1 stores
a,s,q,b, which montonically increases in value and monotonically decreases
in location. Compare this with the in-trail storing a,v, b, which monotonically
increases in value and in location after we discard b. Indeed, we think of b as
part of the min-trail while only connecting the in-trail to the rest of the tree
without properly belonging to it. The global minimum of f (not shown in
Figure 5.2.1) is special because it is not paired in Phase One. Indeed, it is the
extra leaf whose path upward does not end at an internal node. We therefore
add a special root as the parent of the root, connected to the global minimum
by the root banana. While there is only one root banana, there are possibly
many leaf bananas, which are the bananas with two empty trails (beside the
minimum and maximum they connect). Indeed, we call the number of nodes
between the minimum and maximum the length of the trail, which for trails of
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leaf bananas is necessarily zero. Another important concept is the nesting depth
of a banana, which is the number of windows that contain the corresponding
window. The root banana has nesting depth zero, and all other bananas have
positive nesting depth.

Each update to a time series stored in a banana tree reduces to a sequence
of elementary operations, which we name by their impact on the function, f.
An interchange happens when two maxima or two minima swap the order of
their values. Unless their locations are near each other, there is a good chance
that an interchange does not have any effect on the banana tree. Otherwise,
it is akin a rotation in a binary search tree, if the interchange is between two
maxima, and akin a local rearrangement of the path decomposition, if the
interchange is between two minima. A cancellation removes a min-max pair or,
equivalently, the corresponding leaf banana, an anti-cancellation is the inverse
of a cancellation, and a slide swaps the criticality type of a critical item with
that of a neighboring non-critical item. The latter three operations appear
only a constant number of times in the sequence of operations whenever we
adjust a value. Nevertheless, anti-cancellations present challenges to fast
implementation as we have to find out where the new banana is to be inserted,
and this search is not supported by any special purpose data structure. On the
other hand, multiple interchanges may happen in sequence, so it is important
to charge the time for processing each to a change in the persistence diagram.
We refer to Chapter 3 for details.

5.3 Experimental Results for Random Walks

This section studies the structural properties of banana trees for random
walks, both biased and unbiased. In addition, it compares the running times
of local and topological operations with the static algorithm in Gudhi [31]. We
do not compare it with vineyards [28], which lack optimized software for the
one-dimensional case.

We implemented the banana trees data structure in C++20, using the binary
search trees provided by boost.intrusive [97]. When performing topological
operations we use splay trees, otherwise we use AVL trees. The experiments
were run on a machine with two AMD EPYC 9534 64 core CPUs and 1.5
terabyte of main memory.

5.3.1 The Experimental Set-up

We write y ~ N (y, 0) for a normally distributed random variable with mean y
and standard deviation o. Given y, 0, a random walk of length n is a real-valued
function r =1, , defined by

r(O):O and T(i):T(i_1)+7/i forl<i<mn, (10)

in which the y; ~ N (p,0) are independent. The random walk is unbiased if
p =0 and biased if y # 0. We assume o =1 unless stated otherwise.

To evaluate the performance of local updates, we change the value of a
single item, and since it depends on the amount, we fix parameters A € R and
k € N and change the value of the i-th item from r(i) to r(i) + 9;, with o; = %A
for —k < j <k. For the experiments, we pick A = 5.0 or 50.0 and k = 10, while
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doing the update on a random walk of length between 10? and 10° generated
for y € [-1.1] and o0 = 1. Each experiment is repeated one hundred times
and averages as well as deviations from the average are reported. For each
experiment, we also measure the time to run Gudhi on the walk after the value
change. This provides the appropriate reference time, since Gudhi needs to
recompute the persistence diagram from scratch after each update.

To evaluate the performance of topological updates (split or glue), we pick
a fraction, c € (0,1), generate a random walk of length n, and then cut it into
a left walk of length |cn| and a right walk of length [(1 —c)n]. To split, we
first construct the banana tree of the entire random walk, which we then cut
into two banana trees, one for the left and the other for the right walk. To
glue, we first construct the banana trees of the left and right walks, which we
then combine to a single banana tree for the walk of length n. Doing this for
fractions c € {0.1,0.3,0.5,0.7,0.9}, we compare the time to split with the time
used by Gudhi to construct the persistence diagrams of the left and right walks,
and the time to glue with the time used by Gudhi to construct the persistence
diagram of the entire random walk.

5.3.2 Structural Properties

We focus on three structural properties of banana trees, which have direct
implications for the running time of our algorithms: the number of critical
items, the nesting depth of bananas, and the lengths of trails. Since a banana
tree does not store non-critical items, its number of nodes is the number of
critical items. In an unbiased random walk, the expected number of critical
items is 50% of all items. This fraction decreases when the bias increases,
with about 27% for p = £1; see the left panel in Figure 5.3.1 for more detailed
information.
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Figure 5.3.1: Left: the average fraction of items that are critical as a function of the bias.
Middle: the average nesting depth of leaf bananas in banana trees of unbiased random walks
with n items. The ribbon extends from the minimum to the maximum observed value for each
n; the dots mark the mean. The red line is the graph of a constant times log n obtained by linear
regression. Right: the average length of in-trails (orange dots) and mid-trails (blue triangles) in
banana trees of random walks with bias y, averaged over all input sizes.

The middle panel of Figure 5.3.1 shows the average nesting depth of a leaf
banana for an unbiased random walk, which appears to scale like the loga-
rithm of the number of items. In the unbiased case, even the maximum nesting
depth seems to be small (about 13 on average for a random walk of length
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Figure 5.3.2: Left: the maximum nesting depth of the leaf bananas in the up-tree of
an unbiased random walk (u = 0) of size n. The ribbon extends from the minimum to
the maximum observed value for each n; the dots mark the mean. The red line is the
graph of constant times logn obtained by linear regression. Right: Maximum nesting
depth of 100 up-trees for biased random walks of size 2-10°. The ribbon extends
from the minimum to the maximum for each value of the bias parameter y; the dots
mark the mean.

2-10°), and scale logarithmically in the number of items; see Figure 5.3.2.
With increasing bias, the maximum nesting depth decreases, to about 4 at
p = x1. This is because in the biased case, there are fewer critical items but
also the bananas tend to arrange in parallel rather than inside each other. We
observe that the nesting depth is about the same on average in up-trees and
down-trees, both for biased and unbiased random walks, so our results hold
for both trees.

Regarding trails, we observe that the length of the in-trails in the up-tree
and the mid-trails in the down-tree are equal on average. By symmetry, the
same holds for the mid-trails in the up-tree and the in-trails in the down-
tree. Let us therefore focus on the up-tree. The right panel in Figure 5.3.1
shows how the average length of in- and mid-trails depends on the bias. In
the unbiased case, both types of trails have the same length on average. For
positive y, the mid-trails tend to be longer than the in-trails, while the reverse
happens for negative p. The main cause for this trend is the longest trail,
which starts to dominate the others in length as the bias increases. Assuming
p >0, the global minimum and maximum tend to lie to the left and right of
the middle, respectively, with the majority of the items between them. By
convention, the connecting in-trail and mid-trail contain the items to the left
and right of the global minimum, respectively. This explains why the mid-trail
dominates in this case, and why the in-trail dominates when y < 0. Indeed,
for y = +1, we observe about 95% of the internal nodes (the local maxima) on
the longest trail.

5.3.3 Local Maintenance

We evaluate the performance of banana trees when the value of a single
item changes by 6. Note that the corresponding update is a combination
of some number of interchanges and at most one cancellation, at most one
anti-cancellation, and at most two slides [93], see also Section 3.5.2. Not
surprisingly, the time increases with the amount of change. For example, there
is no effect at all on the persistence diagram for about 70% of the updates with
0 = £0.26, for about 36% of the updates with 6 = £0.79, but only about 1%
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for updates with 6 = £3.4. Taking this into account, it is not surprising that
banana trees are faster than Gudhi when 6 = +0.26 for all lengths of random
walks we tried.
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Figure 5.3.3: Comparing the maintenance of banana trees with reconstructing the persistence
diagram with Gudhi, in which the baseline of no speedup (10° = 1) is marked with a horizontal
gray line. Left: the speedup for updating a value with 6 = +£5.0 depending on the length of the
random walk, n. The ribbon spans the minimum and maximum observed speedup, with the
black curve tracing the median speedup. Middle: the speedup for using banana trees to cut
a random walk with bias y in half. The type and color of the curve encodes the amount of
bias, and each curve shows the median speedup over a hundred repeats for each n. Right: the
speedup for using banana trees to concatenate two equally long random walks with bias .

The left panel in Figure 5.3.3 focuses on the case 0 = +5.0. As indicated by
the vertical dashed and dotted lines, banana trees are faster than Gudhi for
all random walks of length n > 1059, and faster in the median for all n > 144.
Not shown in the panel is that the speedup decreases with increasing bias. In
particular, for n = 10°, the speedup of 612 at y = 0 decreases to 258 at =1,
and for n = 1059, the speedup of 6.0 at y = 0 decreases to 2.9 at y = 1. This can
be explained by recalling that for large bias the majority of the internal nodes
belong to the longest trail, which connects the global minimum to the global
maximum. Hence, items with similar values are likely to be near each other
and thus require interchanges when an update is performed. However, even
for a large change, such as for 6 = +50.0, maintaining the banana tree is still
faster than reconstructing the persistence diagram with Gudhi. For example,
the median speedup for n = 10* exceeds 10 and for 1 = 10° it exceeds 100.

5.3.4 Topological Maintenance

We call the operations of cutting a list into two, and concatenating two lists to
one topological because they change the number of lists in the overall orga-
nization of the data. We begin with evaluating the performance of cutting a
random walk. The middle panel in Figure 5.3.3 shows the speedup over Gudhi
when we cut a biased or unbiased random walk in half. In the unbiased case,
the speedup increases with the length of the walk. Recalling the discussion of
structural properties, this can be rationalized by noticing that the maximum
nesting depth bounds the number of bananas that need to be split, and the
trail length bounds the time to reorganize bananas. The maximum nesting
depth scales like logn and the average trail length is only 0.5, so we anticipate
logarithmic time for splitting, which we indeed observe in our experiments.
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Altering the position of the cut increases the speedup, namely by about 2%
for c = 0.5+ 0.2 and by about 7% for c = 0.5+ 0.4.

The advantage of the banana tree over Gudhi diminishes when the random
walks get progressively more biased. The reason is again that the larger
the bias, the larger the fraction of internals nodes in the longest trail of the
banana tree. Splitting the corresponding banana requires the resetting of
many pointers stored in nodes along this trail, which in some cases costs time
proportional to the number of critical items, which we indeed observe in our
experiments. Unfortunately, this more than compensates for the low nesting
depth, which guarantees that only a small number of bananas need to be split.
The upper half of Table 5.3.1 shows the running time and the speedup over
Gudhi for cutting a random walk in half.

Table 5.3.1: Upper half: the average time for cutting a random walk of length # = 10° in half,
and the speedup over Gudhi. Lower half; the average time for concatenating two random walks
of length 1 = 10%/2 each, and the speedup over Gudhi. All times are measured in micro-seconds.

u=0 pu=004 p=008 wu=02 pu=1

Cut time 93 1417 2807 5350 1683
speedup 105.00 7.24 3.54 1.68  2.15
Concatenate time 90 1809 3041 5138 1228
speedup  105.00 5.31 3.12 1.74  3.22

We finally address the reverse operation, that of concatenating two random
walks or, correspondingly, of gluing two banana trees. The curves in the right
panel of Figure 5.3.3 are similar to those in the middle panel, which suggests
that the performance is similar to that of cutting, which is confirmed by the
numbers in Table 5.3.1. For n < 104, gluing appears to be slightly fast than
splitting, but the difference is less clear already for n = 10°.

5.4 Special Time Series

This section considers three types of time series: worst-case examples to expose
when banana trees underperform, quasi-periodic data to illustrate how banana
trees reflect periodicity, and real-world data to demonstrate that banana trees
are not just theory. While banana trees struggle for data of the first type, they
mirror the performance observed in unbiased random walks for the latter two

types.
5.4.1 Worst-case Examples

The size of the augmented persistence diagram (number of points and arrows)
is proportional to the number of critical items. There are configurations in
which a single update changes almost the entire diagram and thus takes time
at least linear in the number of such items. We construct such worst-case inputs
and study the performance of banana trees when confronted with such data.
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Figure 5.4.1: Worst-case examples for local and topological maintenance. Left: to increase
the value of the marked item triggers a linear number of interchanges. Right: to cut the list at
the dashed line affects every persistent pair. Both operations take time linear in the number of
critical items, which for the two time series are all or almost all items.

The worst-case inputs are displayed in Figure 5.4.1. For local maintenance
we define a function wy : Z — R over n items for some even n > 5 as

we(=2)=n, wpe(-1)=0.5, wp(0)=-0.5, wp(n—-3) =-n

wli) = (=1)' - {%J for 0<i<n-3.

(11)

The linear-time case for topological maintenance is a function w; : Z — R
defined over n items for some odd n > 4, which we give below. First, we define
an auxiliary function

s(i):(—l)i-(BJ+1). (12)
The function w; consists of two stages derived from s:
w, (i) =—5(H—1—i) forosi<H,
2 2
. " (13)
wi (i) :s(i—bJ)+0.l for bJ <i<n.

Consider first the operation that increases the value w,(0) of the marked
item in the left panel of Figure 5.4.1. When its value passes that of its left
neighbor, an anti-cancellation adds the banana they span to the banana tree.
As we increase the value further, the marked item interchanges with the
maxima to its right, each time moving up one level within the sequence of
windows within which its window is nested. When the marked item finally
becomes the global maximum, it will have interchanged with all other maxima,
which takes ©(n) time. For n = 102 and n = 10°, we measured 3.4us and 4.7ms
on average, respectively. This corresponds to a median speedup of 0.05 and
0.02 if compared with Gudhi, which is really a slowdown by a factor of 20 and
50, respectively.

Consider second the operation that cuts the time series in the right panel
of Figure 5.4.1 in the middle, which is marked by the vertical dashed line.
We observe an average running time between 14us at n = 10> and 98ms at
n =10°. Compare this with an average running time of 10us at n = 102 and
80ms at n = 10° for concatenating the two lists back to the original length.
This comparison agrees with the earlier observation that gluing banana trees
is slightly faster than splitting them. Table 5.4.1 lists the speedup if compared
to Gudhi, which for a number less than 1 is really a slowdown. To create
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Table 5.4.1: Performance of splitting and gluing banana trees for the example time series in
the right panel of Figure|5.4.1, showing the median slowdown/speedup if compared to Gudhi.

The parameter interpolates between these time series at A = 0 and unbiased random walks at
A=1.

split glue
A=0 107% 1072 100 | A=0 10% 1072 100

n=102 0.04 0.04 0.04 0.30 0.07  0.07 0.09 0.55
n=10* 0.02 0.02 4.60 10.00 0.05 0.06 7.80 18.00
n=10° 0.04 3.60 41.00 100.00 0.05 3.70 55.00 102.00

a more informative experiment, we interpolate between these time series
and unbiased walks, with drastic improvements even for small A > 0; see
Table 5.4.1. Indeed, the noise quickly flattens the banana tree by decreasing
the length of trails, which explains the improvement.

5.4.2 Quasi-periodic Data

Random walks are not periodic, but real-world time series often exhibit some
amount of periodicity, at least approximately. To study banana trees under
these conditions, we construct what we call quasi-periodic inputs. This term
does not have a mathematical definition, and for our experiments just means
a periodic signal that is randomly perturbed. Specifically, we generate such
input by modifying the iterative construction in (10):

r(()):() and T(i):T(i—1)+77i forl <i<mn, (14)

in which the #; ~ N(p;,0) are independent and normally distributed, with
the mean changing periodically, #; = sin(2rwi), as governed by the frequency
parameter 0 < w < 1, which we fix to @ = 5/n. It will be useful to compare the
influence of the standard deviation, so we no longer assume o = 1.
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Figure 5.4.2: Measuring trail lengths. The in-trails and mid-trails are marked with orange dots
and blue triangles, respectively, and the ribbons extend from the minimum to the maximum
observed values. Left: the average length of in-trails and mid-trails depending on the standard
deviation and averaged over all input sizes. Middle and right: the fraction of nodes on the
longest in-trail and mid-trail, again depending on the standard deviation but now averaged
over inputs of size 104 and 2-10°, respectively.

For large o, the banana trees of the time series show the features we have
seen for unbiased random walks, while for small o, they locally behave like
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biased random walks. For example, for o = 1, we observe about 37% of the
items to be critical, while for 0 = 0.5 and o = 0.02 only about 21% and 1% of
the items are critical, on average. Like the number of critical items, also the
maximum nesting depth for quasi-periodic signals is similar to that of random
walks: it scales like logn for large o and decreases as o goes to 0. In constrast,
the average nesting depth is independent of #, ranging from 2 to 4.7 with mean
2.4. The behavior of the trail length is illustrated in Figure 5.4.2. As shown in
the left panel, the average trail length is about 0.5, with consistently shorter
in-trails than mid-trails, on average. This difference is more pronounced for
small o, when the quasi-periodic signal behaves more like a biased rather than
unbiased random walk. The middle and right panels show how the fraction
of internal nodes on the longest trail increases as o goes to 0.

We conclude that banana trees on quasi-periodic signals with large stan-
dard deviation resemble unbiased random walks in terms of their structural
parameters, and drift toward biased random walks as the standard deviation
goes to 0.

5.4.3 Real-World Examples

We analyze structural properties of banana trees constructed on three types of
real-world time series:

* electrocardiography (ECG) data from PhysioNet [98-100]; limiting our-
selves to recordings of length at least 10°, each separated into up to 12
leads, gives 32443 time series in total;

* audio data from EasyCom [101], of which we use 1336 audio files;

* physical activity data from PAMAP2 [102] (temperature, heart rate along
with recordings from accelerometers, gyroscopes, and magnetometers),
of which we use 560 time series.

We preprocess the data by first replacing multiple consecutive occurences
of the same value by a single one, then adding uniformly distributed noise
to ensure all values are distinct, making sure the noise is small enough so it
breaks ties but does not otherwise alter the ordering.

Table 5.4.2: Structural properties of the banana trees constructed for time series from three
databases. The maximum nesting depth is measured relative to the depth we observe for
unbiased random walks with the same fraction of critical items.

fraction of =~ max nesting depth average length

critical items avg min max in-trail mid-trail
PhysioNet 0.24 1.2 0.8 6.3 0.48 0.52
EasyCom 0.22 2.7 1.6 4.9 0.48 0.52
PAMAP?2 0.48 1.9 1.2 3.2 0.49 0.51

We observe that the average max nesting depth for the three data sets is
only a small factor larger than for unbiased random walks; see the middle
three columns in Table 5.4.2. The largest maximum nesting depth for Phy-
sioNet data is a bit higher, by a factor 6.3, but 99% of the time series from
this data have maximum nesting depth at most 1.68 times that for unbiased
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random walks. The average trail lengths are again similar to those of unbiased
random walks—see the last two columns, with standard deviation about 0.05
throughout—and so are the fractions of items in the longest trails, whose geo-
metric means are 0.8%, 0.008%, 0.1% for the in-trails and 0.8%, 0.008%, 0.2%
for the mid-trails in the three data sets, compared with about 0.3% and 0.4%
in unbiased random walks.

5.5 Discussion

We provide an implementation of the banana tree data structure and supply
experimental evidence demonstrating its efficiency. The work reported in this
paper confirms the theoretical advantages of banana trees over static alter-
natives and opens up avenues for further theoretical inquiries and practical
applications. One intriguing question that arises in the context of quasi-
periodic data is whether we can determine the (possibly varying) period of
the data without prior knowledge, or provide meaningful quantification of
the extent to which a signal deviates from being periodic.

The potential applications of banana trees extend beyond academic research
into practical, real-world scenarios. Comparisons with other methods and
identifying impactful use cases represents a promising next step to provide
valuable insights in fields such as healthcare, where real-time analysis of
patient data is crucial, or finance, where the swift analysis of market data is
essential.
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DIFFERENTIALLY PRIVATE ALGORITHMS FOR GRAPHS
UNDER CONTINUAL OBSERVATION

6.1 Introduction

Differential privacy aims to protect individuals whose data becomes part of
an increasing number of data sets and is subject to analysis. A differentially
private algorithm guarantees that its output depends only very little on an
individual’s contribution to the input data. Roughly speaking, an algorithm
is e-differentially private if the probability that it outputs O on data set D is
at most an e®-factor of the probability that it outputs O on any adjacent data
set D’. Two data sets are adjacent if they differ only in the data of a single
user. Differential privacy was introduced in the setting of databases [42, 43],
where users (entities) are typically represented by rows and data is recorded
in columns. An important notion that allowed for the development of generic
techniques and tools (like the Laplace and the exponential mechanism) is
the sensitivity of a function f: the static sensitivity p of f is the maximum
|f (D) — f(D’)| over all adjacent pairs D,D’. Differential privacy was later
generalized to a more challenging setting, where data evolves over time [54,
55]: a differentially private algorithm under continual observation must provide
the same privacy guarantees as before, but for a sequence (or stream) of data
sets instead of just a single data set. Often, this sequence results from updates
to the original data set that arrive over time. In this setting, the presence or
absence of a single user in one update can affect the algorithm’s output on all
future data sets, i.e., two adjacent databases can differ on all future outputs
and, thus, have infinite sensitivity.

In this paper, we study differentially private graph algorithms under con-
tinual observation, i.e., for dynamic graph problems. The input is a sequence
of graphs that results from node or edge updates, i.e., insertions or deletions.
Partially dynamic algorithms only allow either insertions or deletions, fully dy-
namic algorithms allow both. After each update, the algorithm has to output a
solution for the current input, i.e., the algorithm outputs a sequence of answers
that is equally long as the input sequence. For differentially private graph
algorithms two notions of adjacency of graph sequences exist: node-adjacency
and edge-adjacency. Two graph sequences are edge-adjacent if they only differ
in a single insertion or deletion of an edge. Similarly, two graph sequences are
node-adjacent if they only differ in an insertion or deletion of a node.?

We initiate the study of differentially private algorithms for non-local par-
tially dynamic graph problems. We consider a problem non-local if its (op-
timum) value cannot be derived from the graph’s frequency histogram of
constant-size subgraphs and call it local otherwise. Non-local problems in-
clude the cost of the minimum spanning tree, the weight of the global and s-t
minimum cut, and the density of the densest subgraph. We also give improved

Of course, a graph can also be represented by a database, where, e.g., every row corresponds
to an edge, but as we present algorithms that solve graph algorithmic problems we use the
graph-based terminology through the paper.
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algorithms for local graph problems and show various lower bounds on the
additive error for differentially private dynamic graph algorithms.

LocaL PROBLEMS. The only prior work on differentially private dynamic
algorithms is an algorithm by Song et al. [53] for various local graph prob-
lems such as counting high-degree nodes, triangles and other constant-size
subgraphs. We present an algorithm for these local problems that improves
the additive error by a factor of VT/log®? T, where T is the length of the
update sequence. We also give the first differentially private partially dy-
namic algorithm for the value of the minimum spanning tree. Table 6.1.1 on
Page 114 lists upper and lower bounds for these results, where n is the number
of nodes in the graph, W is the maximum edge weight (if applicable), D is the
maximum node degree, € is an arbitrarily small positive constant, and ¢ is the
failure probability of the algorithm. We state below our main contributions in
more detail. The update time of all our algorithms is linear in log T plus the
time needed to solve the corresponding non-differentially private dynamic
graph problem.

Theorem 6.1.1 (see Section 6.3). Let €,0 > 0. There exist an e-edge-differentially
as well as an e-node-differentially private algorithm for partially dynamic min-
imum spanning tree, edge count, the number of high-degree nodes, the degree
histogram, triangle count and k-star count that with probability at least 1 — 6 give
an answer with additive error as shown in Table 6.1.1.

NON-LOCAL PROBLEMS. For non-local problems we present an algorithm
that, by allowing a small multiplicative error, can obtain differentially private
partially dynamic algorithms for a broad class of problems that includes the
aforementioned problems. Table 6.1.2 lists our results for some common
graph problems. The algorithm achieves the following performance.

Theorem 6.1.2 (see Theorem 6.4.1). Let ¢,8,0,r > 0 and let f be a function
with range [1,r] that is monotone on all input sequences and has sensitivity p.
There exists an e-differentially private dynamic algorithm with multiplicative error
(1 + B), additive error O(plog(r)log(T)/log(1 + 6)) and failure probability o that
computes f.

Note that for partially dynamic graph algorithms it holds that T = O(n?).
Thus for local problems the bounds presented in Table 6.1.1 are superior to
the bounds in Table 6.1.2.

LOWER BOUNDS. We complement these upper bounds by also giving some
lower bounds on the additive error of any differentially private dynamic
graph algorithm. For the problems in Table 6.1.1 we show lower bounds of
Q(WlogT), resp. Q(log T). Note that these lower bounds apply to the partially
dynamic as well as to the fully dynamic setting.

The above notion of differential privacy is also known as event-level dif-
ferential privacy, where two graph sequences differ in at most one “event”,
i.e., one update operation. A more challenging notion is user-level differential
privacy. Two graph sequences are edge-adjacent on user-level if they differ
in any number of updates for a single edge (as opposed to one update for a
single edge in the case of the former event-level adjacency). Note that requiring
user-level edge-differential privacy is a more stringent requirement on the

113



6 DIFF. PRIVATE ALGORITHMS FOR GRAPHS UNDER CONTINUAL OBSERVATION

Table 6.1.1: Additive errors for partially dynamic e-differentially private algorithms with failure probability 6. We use D for the maximum degree and W for
the maximum edge weight, n for the maximum number of nodes of any graph in the input sequence, and A =log(1/6)/e. The upper bounds follow from
Corollary 6.3.5 and Table 6.3.1, See Section 6.5 for results on event-level lower bounds and Section 6.6 for user-level lower bounds.

Graph function partially dynamic fully dynamic

edge-adj. event-level node-adj. event-level edge-adj. event-level edge-adj. user-level
min. spanning tree  Q(WlogT), O(Wlog*?T-A) Q(WlogT), O(DW1log¥?T-A) Q(WlogT) Q(nw)
min. cut, Q(WlogT) Q(WlogT) Q(WlogT) Q(nW)
max. matching
edge count Q(logT), Oﬁomu\m T-A) Q(DlogT), O(D Homw\w T-A) Q(logT), Oﬁomw\w T-A) Q(n?)
high-degree nodes Q(logT), O(log®? T - A)) Q(DlogT), O(Dlog®*T - A) Q(logT) Q(n)
degree histogram Q(logT), O(D _omw\M T-A)) Q(DlogT), O(D? Homw\w T-A) Q(logT) Q(n)
triangle count Q(logT), O(Dlog®?T-A))  Q(DlogT), O(D*log¥*T - A) Q(logT) Q(n?)
k-star count Q(logT), O(Dk _omw\m T-A) Q(DlogT), O(DF Homw\w T-A) Q(logT) Q(nk+1)
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Table 6.1.2: Private algorithms with failure probability ¢ with additional multiplica-
tive error of (1+ ) for arbitrary g > 0. We use A = 1/(edlog(1+p)), D for the maximum
degree, W for the maximum edge weight and # for the maximum number of nodes of
any graph in the input sequence.

Graph function partially dynamic, event-level
edge-adjacency node-adjacency
minimum cut O(Wlog(nW)log(T)-A) O(DWlog(nW)log(T)-A)
densest subgraph O(log(n)log(T)-A) O(log(n)log(T)-A)
minimum s, -cut O(Wlog(nW)log(T)-A) O(DWlog(nW)log(T)-A)
maximum matching O(W log(nW)log(T)-A) O(Wlog(nW)log(T)-A)

algorithm than event-level edge-differential privacy.® We show strong lower
bounds for edge-differentially private algorithms on user-level for a broad
class of dynamic graph problem:s.

Theorem 6.1.3 (informal, see Theorem 6.6.3). Let f be a function on graphs, and
let Gy, G, be arbitrary graphs. There existsa T > 1 so that any e-edge-differentially
private dynamic algorithm on user-level that computes f must have additive error
Q(f(Gy) - f(Gy)|) on input sequences of length at least T.

This theorem leads to the lower bounds for fully dynamic algorithms stated
in Table 6.1.1.

Technical contribution.

LocaL PROBLEMS. Our algorithms for local problems (Theorem 6.1.1) in-
corporate a counting scheme by Chan et al. [55] and the difference sequence
technique by Song et al. [53]. The difference sequence technique addresses the
problem that two adjacent graphs might differ on all outputs starting from
the point in the update sequence where their inputs differ. More formally, let
fg(t) be the output of the algorithm after operatlon t in the graph sequence
G. Then the continuous global sensitivity Y I |f5(t) — fg((t)| might be ©(pT).
Using the “standard” Laplacian mechanism for such a large sensitivity would,
thus, lead to an additive error linear in T. The idea of [53] is to use instead
the difference sequence of f defined as Af(t) = f(t)— f(t—1), as they observed
that for various local graph properties the continuous global sensitivity of the
difference sequence, i.e., Zthl |Afg(t) — Afg((t)| can be bounded by a function
independent of T. However, their resulting partially dynamic algorithms still
have an additive error linear in VT. We show how to combine the continuous
global sensitivity of the difference sequence with the binary counting scheme
of Chan et al. [55] to achieve partially dynamic algorithms with additive error
linear in log®? T.

Furthermore we show that the approach based on the continuous global
sensitivity of the difference sequence fails, if the presence or absence of a
node or edge can significantly change the target function’s value for all of the
subsequent graphs. In particular, we show that for several graph problems
like minimum cut and maximum matching changes in the function value
between adjacent graph sequences can occur at every time step even for
partially dynamic sequences, resulting in a continuous global sensitivity of

b Node-adjacency on user-level is defined accordingly but not studied in this paper.
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the difference sequence that is linear in T. This implies that this technique
cannot be used to achieve differentially private dynamic algorithms for these
problems.

NON-LOCAL PROBLEMS. We leverage the fact that the sparse vector tech-
nique [56] provides negative answers to threshold queries with little effect
on the additive error to approximate monotone functions f on graphs under
continual observation (e.g., the minimum cut value in an incremental graph)
with multiplicative error (1 + f): If r is the maximum value of f, we choose

thresholds (1 + f),...,(1 + ﬂ)lOg”/f(r) for the queries. This results in at most
log, , 4(r) positive answers, which affect the additive error linearly, while the at
most T negative answers affect the additive error only logarithmically instead
of linearly.

LOWER BOUNDS. Dwork et al. [54] had given a lower bound for counting in
binary streams. We reduce this problem to partially dynamic graph problems
on the event-level to achieve the event-level lower bounds.

For the user-level lower bounds we assume by contradiction that an e-
differentially private dynamic algorithm A with “small” additive error exists
and construct an exponential number of graph sequences that are all user-level
“edge-close” to a simple graph sequence G’. Furthermore any two such graph
sequences have at least one position with two very different graphs such that
A (due to its small additive error) must return two different outputs at this
position, which leads to two different output sequences if A answers within
its error bound. Let O; be the set of accurate output sequences of A on one of
the graph sequences G;. By the previous condition O;NO; =0if i #j. As G;
is “edge-close” to G, there is a relatively large probability (depending on the
degree of “closeness”) that O; is output when A runs on G’. This holds for all
i. However, since O; N O; =0 if i # j and we have constructed exponentially
many graph sequences G;, the sum of these probabilities over all i adds up to
a value larger than 1, which gives a contradiction. The proof is based on ideas
of a lower bound proof for databases in [54].

Related Work.

Differential privacy, developed in [42, 43], is the de facto gold standard
of privacy definitions and several lines of research have since been inves-
tigated [51,103-107]. In particular, differentially private algorithms for the
release of various graph statistics such as subgraph counts [108-112], degree
distributions [113-115], minimum spanning tree [50], spectral properties
[116,117], cut problems [106, 117, 118], and parameter estimation for special
classes of graphs [119] have been proposed. Dwork et al. [54] and Chan et
al. [55] extended the analysis of differentially private algorithms to the regime
of continual observation, i.e., to input that evolves over time. Since many data
sets in applications are evolving data sets, this has lead to results for several
problems motivated by practice [120-124]. Only one prior work analyzes
evolving graphs: Song et al. [53] study problems in incremental bounded-
degree graphs that are functions of local neighborhoods. Our results improve
all bounds for undirected graphs initially established in [53] by a factor of
T/ 10g3/ 2T in the additive error.
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6.2 Preliminaries

6.2.1 Graphs and Graph Sequences

We consider undirected graphs G = (V, E), which change dynamically. Graphs
may be edge-weighted, in which case G = (V,E,w), where w : E — N. The
evolution of a graph is described by a graph sequence G = (G1, G,...), where
G; = (V}, E;) is derived from G;_; by applying updates, i.e., inserting or delet-
ing nodes or edges. We denote by |G| the length of G, i.e., the number of
graphs in the sequence. At time ¢ we delete a set of nodes dV;” along with the
corresponding edges dE; and insert a set of nodes dV;* and edges JE; . More
formally, V; = (V,_1\dV,)UJdV," and E; = (E;_; \ JE;) U JE/, with initial node
and edge sets V;, Ey, which may be non-empty. If a node v is deleted, then all
incident edges are deleted at the same time, i.e., if v € dV;7, then (u,v) € JE;
for all (u,v) € E;_;. Both endpoints of an edge inserted at time t need to be in
the graph at time ¢, i.e., dE; C ((V;_1 \ AV, )U IV, ) x ((V;_1 \ IV, )UIV['). The
tuple (dV;", 90V, ,dE[, dE;) is the update at time t. For any graph G and any
update u, let G® u be the graph that results from applying u on G.

A graph sequence is incremental if JE; = dV;” = () at all time steps t. A graph
sequence is decremental if JE; = dV," = ( at all time steps ¢. Incremental and
decremental graph sequences are called partially dynamic. Graph sequences
that are neither incremental nor decremental are fully dynamic.

Our goal is to continually release the value of a graph function f which
takes a graph as input and outputs a real number. In other words, given
a graph sequence G = (Gy, G,,...) we want to compute the sequence f(G) =
(f(Gy1), f(G3),...). We write f(t) for f(G;). Our algorithms will compute an
update to the value of f at each time step, i.e., we compute Af(t) = f(t)—f(t—1).
We call the sequence Af the difference sequence of f.

Given a graph function g the continuous global sensitivity GS(g) of g is
defined as the maximum value of ||g(S) — g(S’)|l; over all adjacent graph se-
quences S, S’. We will define adjacency of graph sequences below. In our case,
we are often interested in the continuous global sensitivity of the difference
sequence of a graph function f, which is given by the maximum value of
Y L IAf5(t) = Afg (1), where Afg and Afg are the difference sequences of f
corresponding to adjacent graph sequences G and G'.

Two graphs are edge-adjacent if they differ in one edge. We also define global
sensitivity of functions applied to a single graph. Let g be a graph function.
Its static global sensitivity GSgayic(g) is the maximum value of |g(G) — g(G')]
over all edge-adjacent graphs G, G'.

6.2.2 Differential Privacy

The range of an algorithm A, Range(.A), is the set of all possible output values
of A. We denote the Laplace distribution with mean y and scale b by Lap(p, b).
If u =0, we write Lap(b).

Definition 6.2.1 (e-differential privacy). A randomized algorithm A is e-
differentially private if for any two adjacent databases B, B’ and any S C
Range(.A) we have Pr[A(B) € S] < e®-Pr[.A(B’) € S]. The parameter ¢ is called
the privacy loss of A.
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To apply Definition 6.2.1 to graph sequences we now define adjacency for
graph sequences. First, we define edge-adjacency, which is useful if the data
to be protected is associated with the edges in the graph sequence. Then, we
define node-adjacency, which provides stronger privacy guarantees.

Definition 6.2.2 (Edge-adjacency). Let G, G’ be graph sequences as defined
above with associated sequences of updates (dV,"), (dV,"), (dE;), (JE) and
(Vi) (@V;), (E;’), (PE}). Let dV; = dV;” and dV;' = dV; for all t. Let
the initial node and edge sets for G and G’ be V|, = VO’ and Ey = E(’). Assume
w.l.o.g. that dE;’ C JE; and JE;’ C JE; for all t. The graph sequences G and
G’ are adjacent on " if |G| = |G|, there exists an edge ¢* and one of the following
statements holds:

1. dE; = 9E;’V t and It* such that JE.\ dE;:" = {¢*} and JE; = 9E; 'Vt = t*;
2. OEf = 0E/’VY t and At* such that JE;: \ dE;’ = {e*} and JE; = JE; 'Vt = t*;

Remark. If G and G’ are edge-adjacent, then for any index i the graphs at
index i in the two sequences are edge-adjacent.

Two edge-adjacent graph sequences differ in either the insertion or the
deletion of a single edge e*. There are several special cases that fit into this
definition. For example, we may have dV;” = dV," = dV;* =9V} =0, so only
edge updates would be allowed. Similarly, we can use the definition in the
incremental setting by assuming dV;” = dV;" = dE; = JE;" = 0.

The definition of node-adjacency is similar to that of edge-adjacency, but
poses additional constraints on the edge update sets.

Definition 6.2.3 (Node-adjacency). Let G, G’ be graph sequences as defined
above with associated sequences of updates (dV,"), (dV,"), (dE;), (JE]) and
V'), (aV})), (IE;”), (IE;’). Assume w.l.o.g. that dV,”" C 9V, and JV;*' C
dV," for all t. The graph sequences G and G’ are adjacent on v* if |G| = |G|, there
exists a node v* and one of the following statements holds:

1. dV; = dV, 'Vt and It* such that IV;* \dV;'" = {v*} and 9V,;" = dV,;* 'Vt =

t;
2. dV;t =9V;'Vt and At* such that IV, \ V' = {v*} and dV; =V, 'Vt =

t*;
Additionally, all edges in JE] and JE; are incident to at least one node in

dV; and dV;, respectively. Lastly, we require that dE; (dE;”) is the maximal
subset of JE; (JE; ) that does not contain edges incident to v*.

We define the following notions of differential privacy based on these defi-
nitions of adjacency.

Definition 6.2.4. An algorithm is e-edge-differentially private (on event-level)
if it is e-differentially private when considering edge-adjacency. An algorithm
is e-node-differentially private (on event-level) if it is e-differentially private
when considering node-adjacency.

When explicitly stated, we consider a stronger version of e-differential
privacy, which provides adjacency on user-level. While adjacency on event-
level only allows two graph sequences to differ in a single update, user-level
adjacency allows any number of updates to differ as long as they affect the
same edge (for edge-adjacency) or node (for node-adjacency), respectively.
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Definition 6.2.5. Let G = (Gy,...),G’ = (Gi,...) be graph sequences. The two se-
quences are edge-adjacent on user-level if there exists an edge e¢* and a sequence
of graph sequences S = (Gy,...,Gy) so that G =G,G, = G’ and, for any i € [{—1],
G, and G, are edge-adjacent on e*. An algorithm is e-edge-differentially
private on user-level if it is e-differentially private when considering edge-
adjacency on user-level.

6.2.3 Counting Mechanisms

Some of our algorithms for releasing differentially private estimates of func-
tions on graph sequences rely on algorithms for counting in streams.

A stream 0 = 0(1)0(2)--- is a string of items o (i) € {Ly,...,L,} C Z, where the
i-th item is associated with the i-th time step. A binary stream has Ly = 0 and
L, = 1. We denote the length of a stream, i.e., the number of time steps in the
stream, by |o|. Stream ¢ and ¢’ are adjacent if |o| = |0| and if there exists one
and only one t* such that o(t*) # ¢’(t*) and o(t) = o’(t) for all t = t".

A counting mechanism A(c) takes a stream o and outputs a real number for
every time step. For all time steps ¢, A’s output at time ¢ is independent of all
o(i) for i > t. At each time t a counting mechanism should estimate the count
c(t)y =Y, oli).

Following Chan et al. [55] we describe our mechanisms in terms of p-sums,
which are partial sums of the stream over a time interval. For a p-sum p

we denote the beginning and end of the time interval by start(p) and end(p),
end(p)

t=start(p
privacy we add noise to p-sums and obtain noisy p-sums: given a p-sum p, a

noisy p-sum is p = p + y, where y is drawn from a Laplace-distribution.

respectively. With this notation the value of p is }_ )O'(t). To preserve

6.2.4 Sparse Vector Technique

The sparse vector technique (SVT) was introduced by Dwork et al. [56] and was
subsequently improved [125, 126]. SVT can be used to save privacy budget
whenever a sequence of threshold queries f,..., fr is evaluated on a database,
but only c < T queries are expected to exceed the threshold. Here, a threshold
query asks whether a function f; evaluates to a value above some threshold ¢;
on the input database. Using SVT, only queries that are answered positively
reduce the privacy budget. We use the following variant of SVT, which is due
to Lyu et al.

Lemma 6.2.6 ([57]). Let D be a database, €,p,c > 0 and let (f1,t1),... be a sequence
of mappings f; from input databases to R and thresholds t; € R, which may be gen-
erated adaptively one after another so that p > max; GSgatic(f;). Algorithm 6.2.1
is e-private.
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Algorithm 6.2.1: SVT algorithm [57]

1 Function InitializeSvt(D,p,¢€,c0):

2 | e «€/2,C < Lap(p/e}), €, — e —€y,count «— 0
3 Function ProcessSvtQuery(f;, t;):

4 v; < Lap(2cp/e;)

5 if count > c then

6 | return abort

7 if f;{(D)+v; > t; + C then

8 | count < count+1, return T

9 else

10 | return L

6.3 Mechanisms Based on Continuous Global Sensitivity

Some of our mechanisms for privately estimating graph functions are based
on mechanisms for counting in streams. In both settings, we compute the sum
of a sequence of numbers and we will show that the mechanisms for counting
can be transferred to the graph setting. However, there are differences in the
analysis. In counting, the input streams differ at only one time step. This
allows us to bound the difference in the true value between adjacent inputs
and leads to low error. In the graph setting, the sequence of numbers can
vary at many time steps. Here however, we use properties of the counting
mechanisms to show that the total difference for this sequence can still be
bounded, which results in the same error as in the counting setting.

We first generalize the counting mechanisms by Chan et al. [55] to streams
of integers with bounded absolute value, and then transfer them to estimating
graph functions.

6.3.1 Non-Binary Counting

We generalize the counting mechanisms of Chan et al. [55] to streams of
numbers in {-L,...,L}, for some constant L. We view these algorithms as
releasing noisy p-sums from which the count can be estimated. The generic
algorithm is outlined in Algorithm 6.3.1 on page 121.

The algorithm releases a vector of noisy p-sums over T time steps, such that
at every time step the noisy p-sums needed to estimate the count up to this
time are available. Each of the noisy p-sums is computed exactly once. See
the proof of Corollary 6.3.5 for an example on how to use p-sums.

In order to achieve the desired privacy loss the mechanisms need to meet
the following requirements. Let A be a counting mechanism. We define
Range(A) = R¥, where k is the total number of p-sums used by A and every
item of the vector output by A is a p-sum. We assume that the time intervals
represented by the p-sums in the output of A are deterministic and only
depend on the length T of the input stream. For example, consider any two
streams o and ¢’ of length T. The ¢-th element of A(c) and A(c”) will be
p-sums of the same time interval [start(€),end(¢)]. We further assume that the
p-sums are computed independently from each other in the following way:
A computes the true p-sum and then adds noise from Lap(z-¢!), where z is
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a sensitivity parameter. To analyze the error of the algorithms we need the

Algorithm 6.3.1: Generic counting mechanism

1 Input: privacy loss ¢, stream o of items {Ly,...,L,} with |o|=T

2 Output: vector of noisy p-sums a € R¥, released over T time steps
3 Initialization: Determine which p-sums to compute based on T
4 Ateach timestep te{l,...,T}:

5 Compute new p-sums p;,...,p; for

6 For(=1,...,j:

7 pe=pe+ye ve~Lap((Ly—Ly)e™)
8 Release new noisy p-sums p;, ..., p;

following Corollary from Chan et al. [55]:

Corollary 6.3.1 (Corollary 2.9 from [55]). Suppose y; are independent random
variables, where each y; has Laplace distribution Lap(b;). Let Y :=} ; y; and by =

max; b;. Let v > /Y ; biz. Suppose 0 <6 <1 and v > max{\/zi biz,bM\/ln%}.

Then, Pr[IYl >V, ISIn%] <.

To simplify our presentation and improve readability, we choose v := [Y ; b? -

A lln% and use the following slightly weaker result: with probability at least 1 -9,
the quantity |Y| is at most O(,/}_; bi2 log %).

The next lemma is stated informally in [55].

Lemma 6.3.2 (Observation 1 from [55]). Let A be a counting mechanism as
described in Algorithm 6.3.1 with Ly = 0 and L, = 1 that releases k noisy p-sums,
such that the count at any time step can be computed as the sum of at most y
p-sums and every item is part of at most x p-sums. Then, A is (x - €)-differentially
private, and the error is O(¢ ™ \fylog %) with probability at least 1 — 6 at each time
step.

Proof. The error follows from Corollary 6.3.1 since the noise at each time
step is the sum of at most y independent random variables with distribution
Lap(1/e).

We show that the vector of all noisy p-sums output by A preserves (x - ¢)-
differential privacy. Then, since the count is estimated by summing over
(x - €)-differentially private noisy p-sums the count itself is (x - ¢)-differentially
private. As described above, Range(A) = R¥, where k is the number of p-sums
that the algorithm computes in total.

Let 0, 0’ be two adjacent streams. We consider the joint distribution of the
random variables Zy, ..., Z; that correspond to the noisy p-sums output by A.
Let p;(z;), p(zi) for z; € Range(Z;) be the probability density function of Z;
when the input to A is 0 and ¢”, respectively. Note that each of these densities
is the probability density function of a Laplace distribution. Let p(zy,...,z2),
p’(2z1,...,z) be the joint probability density when the input to A is ¢ and ¢”,
respectively. Note that the random variables Z; are continuous, since the noise
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added to the p-sums is drawn from a continuous distribution over R. Since
the Z; are independent, we have

p(zi,--z) = | |pi(zi)

-
Il =
—_

and
k
p'(zuz) = | i),
i=1

We now show that these joint densities differ by at most an exp(x - ¢)-factor
for all possible outputs of A. Let s = (s1,...,5¢)" € Range(A). Note that A
outputs a vector of noisy p-sums from which the count can be computed, so
each item in s is a noisy p-sum. Let ¢ = (cq,...,¢x)" be the noiseless p-sums of
stream o corresponding to the noisy p-sums computed by A. Let I be the set
of indices to (noisy) p-sums involving time t’. By assumption, |I| < x, since
any item participates in at most x (noisy) p-sums.

MQ4ﬁmm:Hmw
p'(s) 1 _lpisi pi(si)

! i€l

_ I_[ exp(—¢lc; —s;)
| exp(=elei =1 -si))

1€

= ﬂexp(eﬂci +1-si|—lc; —sil)

i€l
< ]_lexp(elci +1-s5;—c;+s;|)
iel
= exp(e)”| <exp(x-e). (15)

The first equality follows from the assumption that the noisy p-sums are
independent, as discussed above. Since all noiseless p-sums that do not
involve the item at " are equal, the densities p;(s;) and p]’-(sj) cancel out for
j €1, so we can take the product over just the noisy p-sums corresponding to
indices in I. Plugging in the density function of the Laplace distribution and
applying the reverse triangle inequality yields the first inequality. The second
inequality follows from the assumption |I| < x.
Now, for any S C Range(.4) we have

Pr[A(c) € S] = J

p(s)ds < J- e cp’(s)ds = e“*Pr[A(c”) € S],
S S

where the inequality follows from (15). Thus, A is indeed (x - ¢)-differentially
private. U

To extend the counting mechanisms by Chan et al. to non-binary streams of
valuesin {-L,...,L}, we only need to account for the increased sensitivity in the
scale of the Laplace distribution. By Lemma 6.3.3, we can use the mechanisms
of Chan et al. [55] to compute the sum of a stream of numbers in {-L,...,L},
but gain a factor 2L in the error.
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Lemma 6.3.3 (Extension of Lemma 6.3.2). Let A be a mechanism as in Algo-
rithm 6.3.1 (see page 121) with Ly = —L and L, = L that releases k noisy p-sums,
such that the count at any time step can be computed as the sum of at most y
p-sums, and every item is part of at most x p-sums. Furthermore, A adds noise
Lap(2L/¢) to every p-sum. Then, A is (x - €)-differentially private, and the error is
O(Le ' yylog %) with probability at least 1 — 6 at each time step.

Proof. The error follows from Corollary 6.3.1.

We proceed as in the proof of Lemma 6.3.2. Let o, 0’ be two adjacent
streams that differ only at time t’, i.e., o(t) = ¢’(t) for all t # t" and o (t’) = o’(t’).
We denote by 6" = ¢’(t') — o(t’) the difference in the items at time #’. Note
that |0’] < 2L, since o(t), 0’(t) € {-L,...,L} for all t. Let ¢ = (cy,...,cx) " be the
noiseless p-sums of stream o corresponding to the noisy p-sums computed
by A. Let I be the set of indices to (noisy) p-sums involving time t’. By
assumption, |I| < x, since any item participates in at most x (noisy) p-sums.

As in the proof of Lemma 6.3.2 we consider the joint probability density
of the output of A when the input is 0 and ¢’. Note that the noisy p-sums
output by A are independent continuous random variables with range R. We
have

and

k
') =] |piz),
i=1
where the p; and p; are the probability density function of the individual noisy
p-sums with input stream o and ¢’, respectively.
Let s =(sy,...,5¢)" € Range(.A).

k
p(S) :]_[pz(sz)
P L)
_ T Pilsi)
icl Pi(Si)
-1 exp (- 157
et exp (-Hezi=u)
3 e(lc; + 0" —si| —|c; —si])
P 20
iel
Ele; + 6 —s; —¢; + 4]
<
<| exp( =
i€l
N
=exp o] ||<exp(x €)
2L

Thus, A is x - e-differentially private, since

Pr[A(0) € S] = Lp(s)ds < Lex"gp'(s)ds =e"*Pr[A(c’) € S]

for any S C Range(A). O
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6.3.2 Graph Functions via Counting Mechanisms

Algorithm 6.3.2: Generic graph sequence mechanism

Input: privacy loss ¢, contin. global sensitivity I, graph sequence
g = (Gl,...,GT)

Output: vector of noisy p-sums a € R¥, released over T time steps
1 Initialization: Determine which p-sums to compute based on T
2 Ateach timestep tef{l,..., T}
Compute f(t) and Af(t)=f(t)- f(t—1), f(0):=0
Compute new p-sums p;,...,p; for the sequence Af
For(=i,...,j:

pe=pe+vye ye~Lap(Te™)

Release new noisy p-sums p;, ..., p;

N N g bW

We adapt the counting mechanisms to continually release graph functions
by following the approach by Song et al. [53]. Algorithm 6.3.2 outlines the
generic algorithm. It is similar to Algorithm 6.3.1, with the difference that
the stream of numbers to be summed is computed from a graph sequence G.
The algorithm is independent of the notion of adjacency of graph sequences,
however the additive error is linear in the continuous global sensitivity of the
difference sequence Af.

In counting binary streams we considered adjacent inputs that differ at
exactly one time step. In the graph setting however, the stream of numbers
that we sum, i.e., the difference sequence Af, can differ in multiple time
steps between two adjacent graph sequences. We illustrate this with a simple
example. Let f be the function that counts the number of edges in a graph and
consider two node-adjacent incremental graph sequences G, G’. G contains an
additional node v*, that is not present in G’. Whenever a neighbor is added to
v*in G, the number of edges in G increases by more than the number of edges
in G’. Thus, every time a neighbor to v* is inserted, the difference sequence of
f will differ between G and G'.

To generalize this, consider two adjacent graph sequences G, G’ that differ
in an update at time t". Let Afg and Afg be the difference sequences used to
compute the graph function f on G and G’. As discussed above we may have
Afg(t) = Afg(t) for all t > t’. Thus, more than x p-sums can be different, which
complicates the proof of the privacy loss. However, we observe that the set P
of p-sums with differing values can be partitioned into x sets P,,..., P,, where
the p-sums in each P; cover disjoint time intervals. By using a bound on the
continuous global sensitivity of the difference sequence Af, this will lead to a
privacy loss of x - e. We now prove that the results on privacy loss and error
transfer from the counting mechanisms to the graph mechanisms.

Lemma 6.3.4 (Lemma 6.3.3 for graph sequences). Let f be a graph function
whose difference sequence has continuous global sensitivity I'. Let 0 < 6 <1 and
e>0. Let A be a mechanism to estimate f as in Algorithm 6.3.2 that releases k
noisy p-sums and satisfies the following conditions:

1. at any time step the value of a graph function f can be estimated as the sum
of at most y noisy p-sums,
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2. Aadds independent noise from Lap(I'/¢) to every p-sum,

3. the set P of p-sums computed by the algorithm can be partitioned into at most
x subsets Py,..., P, such that in each partition P, all p-sums cover disjoint
time intervals. That is, for all P, € {Py,...,P,} and all j,k € P,, j # k, it holds
that (1) start(j) = start(k) and (2) start(j) < start(k) = end(j) < start(k).

Then, A is (x - €)-differentially private, and the error is O(I‘eil\/flog%) with
probability at least 1 — 0 at each time step.

Proof. As before the error follows from Corollary 6.3.1 and condition 1.

Let G =(Gy,...,Gr), G’ =(G},...,G}) be two adjacent graph sequences and
let f(t) = f(Gy), f'(t) = f(G;). By definition of adjacent graph sequences (see
Definitions 6.2.2 and 6.2.3) we have f(0) = f'(0) = f((Vy, Eg)). At every time
step the algorithm computes Afg(t) = f(t)—f(t—1) and Afg (t) = f'(t)—f'(t-1).

Note that the noisy p-sums computed by A are independent continuous
random variables with joint distribution

and

aS
—
N
)
I
—I-
=
I
N
=

i=1

when the input stream is G and G, respectively. As in the proofs of Lem-
mas 6.3.2 and 6.3.3, the p; and p; are the marginal probability density func-
tions. The random variables are continuous, since the noise added to the
p-sums is drawn from a continuous distribution over R.

Furthermore, let ¢ = (¢q,...,c,)" and ¢’ = (ci,...,cl’c)T be the noiseless p-
sums corresponding to the noisy p-sums output by A on inputs G and &,
respectively. For each time step t € {1,..., T} we define o(t) = Afg/(t) — Afg(t).
Note that Y’ |5(t)] < T, by definition of the continuous global sensitivity T of
the difference sequence. In this proof we use start(i) and end(i) to denote the
beginning and end of the time interval corresponding to the p-sums with index

i. Foreachie({l,...,k} we define 0; = ¢/ —¢; = Zfzigt(i) o(t). Let I ={i | 9; # 0}
be the indices of p-sums where the values for the two graph sequences are

different. Lastly, let s = (s1,...,5¢) T € Range(A).

k
p(S) _ l_[pl(sl)
p'(s) 1_Lpilsi)
_ T Pilsi)
iel pi(si)
et
- exp(_€|cl+5i*5i|)
&
:]_[exp(f'(lcz+6l Sll |Cz Sz|))
i€l
& ~
<[ Jexp (s loi) (16)
i€l
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Figure 6.3.1: For a stream of length 8 the binary mechanism computes p-sums as
shown. The leaves of the tree correspond to p-sums over the individual time steps; the
root corresponds to a p-sum over the full stream. Now assume that in Algorithm 6.3.2
Af differs at time steps 2, 4 and 5 (marked in bold) for adjacent graph sequences.
The p-sums involving these time steps (shaded circles) can be partitioned into 4 sets
Py, P, P, P3, indicated by dashed rectangles. P; contains the p-sums of length 2.

We use condition 3 and partition I into sets of indices Iy,...,I, such that for
all j €{1,...,x} the p-sums corresponding to indices in I; cover disjoint time
intervals. For each set I j we then have

end(i) T
Ylsl<) ) lsbl<) Is(e)<T. (17)
ZEI] ZGIJ t:start(i) t=1

Combining (16) and (17) yields

iel
X
:I_[]_[exp(r |bll)
j=1 iel;
X
€ .
= I_IEXP f'Zlbil
jzl ]GI]
X
< ]_[exp(% -F) =exp(x-¢).
j=1

Thus, A is x - e-differentially private, since

Pr[A(c) € S] :J

p(s)ds < J e p’(s)ds = e“*Pr[A(0’) € S]
S S

for any S C Range(.A). This concludes the proof of Lemma 6.3.4. O]

We can compute the p-sums in Algorithm 6.3.2 as in the binary mechanism
[55] to release e-differentially private estimates of graph functions.
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Corollary 6.3.5 (Binary mechanism). Let f be a graph function whose difference
sequence has continuous global sensitivity I'. Let 0 < 0 <1 and € > 0. For each
T € N there exists an e-differentially private algorithm to estimate f on a graph

sequence which has error O(Te™! -1og®? T -1og ™1 with probability at least 1 - 6.

Proof. We show that the binary mechanism by Chan et al. [55] can be em-
ployed to construct an algorithm as in Algorithm 6.3.2.

The binary mechanism divides the T time steps of the input sequence
into LT/ZiJ intervals of length 2! for each i = 0,...,logT. For each interval
the binary mechanism computes a p-sum. The p-sum of length 2 used to
compute the output at time step ¢ is indexed as

—_

i—

=51 2}e 3]

]

Il
o

Let a = (ay,...,a;) be the noisy p-sums of the difference sequence of a graph
function f for any graph sequence of length T. The value f(t) at time ¢ is
computed as the sum

where bin;(t) is the i-th bit in the binary representation of t, with i = 0 for the
least significant bit.

We have y =log T, since the sum at any time ¢ is computed from at most
log T noisy p-sums corresponding to the at most logT bits of the binary
representation of t. Every time step t participates in p-sums of length 2
forall i =0,...,logT. Thus, x =logT + 1. The set P of all p-sums can be
partitioned into x subsets of disjoint p-sums as illustrated in Figure 6.3.1: for
eachi=0,...,log T the set P; contains the p-sums of length exactly 2'. Thus,
using the binary mechanism to sum the noisy p-sums we obtain an algorithm
that satisfies the conditions of Lemma 6.3.4.

To obtain an e-differentially private algorithm we set the privacy parameter
in Lemma 6.3.4 to ¢/x. The error is then O(Te ™! -x-/y-log 6~!) with probability
at least 1 — 6. The claim follows from x,y = O(log T). O

6.3.3 Bounds on Continuous Global Sensitivity

Song et al. [53] give bounds on the continuous global sensitivity of the dif-
ference sequence for several graph functions in the incremental setting in
terms of the maximum degree D. Table 6.3.1 summarizes the results on the
continuous global sensitivity of difference sequences for a variety of prob-
lems in the partially dynamic and fully dynamic setting, both for edge- and
node-adjacency. Note that bounds on the continuous global sensitivity of
the difference sequence for incremental graph sequences hold equally for
decremental graph sequences as for every incremental graph sequence there
exists an equivalent decremental graph sequence which deletes nodes and
edges in the reverse order.

In the partially dynamic setting, the continuous global sensitivity based
approach works well for graph functions that can be expressed as the sum
of local functions on the neighborhood of nodes. For non-local problems the
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Table 6.3.1: Global sensitivity of difference sequences

Graph Function f Continuous Global Sensitivity of Af
Partially Dynamic Fully Dynamic
node- edge- node- edge-
adjacency adjacency adj. adj.
edge count? D 1 >T 2
high-degree nodes? 2D +1 4 >T >T
degree histogram?® 4D%?+2D+1 8D >2T >2T
triangle count® (12) ) D >T >T
k-star count? D(f__ll) + (Ik)) 2-((%)—(13,:1)) >T >T
minimum spanning 2DW 2W -2 >T >T
tree
minimum cut >T >T >T >T
maximum matching >T >T >T >T

4Bounds for partially dynamic node-adjacency from Song et al. [53]

approach is less successful. For the weight of a minimum spanning tree the
continuous global sensitivity of the difference sequence is independent of
the length of the graph sequence. However, for minimum cut and maximum
matching this is not the case. In the fully dynamic setting the approach seems
not to be useful. Here, we can show that even for estimating the number
of edges the continuous global sensitivity of the difference sequence scales
linearly with T under node-adjacency. When considering edge-adjacency we
only have low sensitivity for the edge count.

Using Corollary 6.3.5 we obtain e-differentially private mechanisms with
additive error that scales with log¥? T, compared to the factor VT in [53].
Note that we recover their algorithm when using the Simple Mechanism II by
Chan et al. [55] to sum the difference sequence.

For edge-adjacency we obtain the following bounds on the sensitivity of the
difference sequence.

Lemma 6.3.6. When considering edge-adjacency in the incremental setting, the
continuous global sensitivity of the difference sequence of the

1. number of high-degree nodes is 4;
2. degree histogram is 8D;

3. edge count is 1;

4. triangle count is D;

5. k-star count is 2 - ((%) - (Dk_l)).

Proof. In the following, G and G’ are edge-adjacent incremental graph se-
quences that differ in the insertion of an edge e* = {u",v"}.

1. In G, the endpoints of e may cross the degree-threshold 7 as soon as e*
is inserted, increasing the number of high-degree nodes by 2. In G’, the
same nodes may become high-degree nodes at a later update, increas-
ing the number of high-degree nodes by 1 each. Thus, the difference
sequences differ by at most 4.
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2. The degrees of u* and v* are one less in G’ compared to G, once e* is
inserted. There are up to D insertions of edges incident to u*, v*. For
each of these updates, the increase in the degree of u* affects 2 histogram-
bins in G and G’, each. The same holds for the increase in the degree of
v*. Thus, the continuous global sensitivity of the difference sequence of
the degree histogram is 8D.

3. The edge-update sets JE; and JE; " have exactly the same size at all
times, except when ¢” is inserted. Thus, the global sensitivity of the
difference sequence the edge count is the number of edges that are
inserted into G, but not into G’, which is 1.

4. In G’, the u* and v* are not part of shared triangles. In G however, they
may become part of up to D triangles. Thus, the continuous global
sensitivity of the difference sequence of the triangle count is D.

5. In G, after inserting e, u* and v* may be the center of up to (?)—many

k-stars. Then, they were the center of (Dk_l)—many k-stars before the

insertion of e*. Any k-star in G’ is also present in G. Thus, the continuous
global sensitivity of the difference sequence of the k-star count is the

number of k-stars that the insertion of e* can contribute, which is 2( (1,? )—
D-1
(%)) 0

The following lemmata provide evidence that the difference sequence based
approach is not useful for fully dynamic graphs.

Lemma 6.3.7. Let f,((V,E)) = |{v e V |deg(v) > t}|. The difference sequence of
fr has continuous global sensitivity at least T when considering edge-adjacent or
node-adjacent fully dynamic graph sequences.

Proof. For the edge-adjacency case consider two graph sequences G, G’, where
the initial graph is a 7-star with two edges e, e, removed. At time ¢ = 1 insert
ey into G, but not into G’. At odd times, insert e, into both sequences; at even
times delete e, from both sequences. The sequence G’ never has a node of
degree at least 7, whereas G has one such node at odd, but not at even time
steps. Thus, Zthl IAfrg(t)—Afrg(t)=T.

For the node-adjacency case we again consider two graph sequences G, G’,
where the initial graph is a 7-star with two nodes a, b and their incident edges
removed. At time f = 1 insert 4 and its incident edge into G, but not into G'.
At odd times, insert b and its incident edge into both sequence; at even times
delete b from both sequences. As in the edge-adjacency case it follows that

YL IAf o)~ Af, o (t) = T. 0

Lemma 6.3.8. The difference sequence of the degree histogram has continuous
global sensitivity at least 2T when considering edge-adjacent or node-adjacent fully
dynamic graph sequences.

Proof. We refer to the adjacent graph sequences introduced in the proof of
Lemma 6.3.7. In one of the graph sequences, the bins in the degree histogram
corresponding to degrees 7 — 1 and 7 are alternatingly zero and one. In the
other graph sequence the same is true for the bins corresponding to degrees
T—2and 7. Let hg(t), hg (t) be the degree histograms of the former and latter
sequence at time t, respectively. The corresponding difference sequences
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are Ahg(t) = (d;,...,d; 1) and Ahg (t) = (dt'O, dt 4_1), where d;; and d, .
is the change in the number of nodes of degree i from time t -1 to . For
odd t, we have d; =1, d; 1 = -1, d’T 1 =1,4d] —1; for even t, we

tr-2 =
haved, =-1,d;,1=1,d; _,=-1,d/ _,=1. Notethatd,; =d/, fort>2
and d;; =2=d;+1. All dt,i not exphc1tly given are 0. It follows that
Zthl |Ahg(t) — Ahg (t)lly = 2T, which concludes the proof. O

Lemma 6.3.9. Let H be a connected graph with at least two edges (nodes) and
fu(G) be the function counting occurrences of H in G. When considering edge-
ad]acent (node-adjacent) fully dynamic graph sequences of length T, GS(Afy)>T.

Proof. To show the edge-adjacency case consider adjacent graph sequences
G, G’ of length T, where the initial graph is a copy of H with two edges, say
{a,b}, {c,d}, removed. In the first time step (¢t = 1), insert {a, b} into G, but not
into G’ and insert {c,d} into both sequences. Thus, we have fy(G;) =1 and
fu(Gy) = 0. In time steps where t is even, delete {c,d} from both sequences; if
is odd, insert {c¢,d} into both sequences At all time steps twe have fu(G)) =0
and |Afy o(t)] = 1, which implies ¥ I, |Afiy g(t) = Afry g/ (t)] =

For the node-adjacency case consider again ad]acent graph sequences G, G’
of length T, where the initial graph is a copy of H with two nodes, say a, b,
removed. At time step t = 1 insert a along with the incident edges into G, but
not G'. At every odd time step, insert b along with the incident edges into both
sequences; at every even time step delete b from both sequences. Again, G’
never contains a copy of H, whereas G contains a copy of H at every odd time
step, but no on the even time steps. Thus, Y’ L, |Afr g(t) = Afy g (t) = O

Corollary 6.3.10. The difference sequence of triangle count and k-star count has
continuous global sensitivity > T when considering edge-adjacent or node-adjacent
graph sequences. The difference sequence of the edge count has continuous global
sensitivity > T when considering node-adjacent graph sequences.

Proof. The claim follows from Lemma 6.3.9, by observing that triangles and
k-stars have at least two edges and nodes, and noting that for the edge count
= ({a, b}, {{a, b}}). H

Lemma 6.3.11. The difference sequence of the weight of a minimum spanning
tree has continuous global sensitivity at least T when considering edge-adjacent or
node-adjacent fully dynamic graph sequences.

Proof. Let A= (Vy4,E4) and B = (Vp, Eg) be connected graphs with |V,|,|Vp| > 3
and w(e) = 1 for all e € E4 U Eg. We denote nodes in V4 by a;, nodes in
Vg by bi with index i =0,1,.... Let GO = (VA U Vg E4UERU {{ao, bo}}) with
w({ag, bg}) = W > 3. Let G, G’ be graph sequences of length T with initial graph
G-

At time t = 1 we insert the edge e* = {a;, b;} with weight w(e*) = 1 into G.
Then, if ¢ is even, we insert the edges e’ = {a,, b,} with weight w(e’) =W -1
into G and G’. If t is odd, we delete ¢’ from both sequences.

The sequences G and G’ are edge-adjacent. The weight of the minimum
spanning tree in Gg is wg = |V4|—1+|Vp|-1+W = |V4|+|Vp|+ W—-2. Forall t > 1,
the weight of the minimum spanning tree in Gis wg =1+ |V4| -1+ |Vp| -
|[Val+|Vp|—1.If t is even and t > 2, then the weight of the minimum spanning
tree in G’ is wy — 1; if t is odd it is wg. Thus, we have

|AwnpsTg(t) — Awpmstg (1) > 1
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forallt=1,...,T, where wystg and wystg denote the weight of the minimum
spanning tree in G and G’, respectively. Summing over all t proves the claim
for edge-adjacent sequences.

To show that the bound holds for node-adjacent sequences, we replace the
edge-insertions by node-insertions as follows: instead of e* we insert a node v*
along with edges e] = {a;,v*} and ¢}, = {v", b, }, where w(e]) = w(e}) = 1; instead
of ¢’ we insert a node v’ along with edges e] = {a,,v’} and e} = {v’, by}, where
w(e;) = 1 and w(e)) = W — 1; where we delete ¢’ in the edge-adjacency case
we delete v’ and the incident edges. We use the same initial graph G, and
obtain node-adjacent graph sequences where the weights of the minimum
spanning tree are increased by 1 compared to the weights in the corresponding
node-adjacent graph sequences. The claim for node-adjacent graph sequences
follows as for edge-adjacent graph sequences. O]

For maximum cardinality matching and minimum cut the continuous global
sensitivity of the difference sequence scales linearly with the length of the
input even in the partially dynamic setting.

Lemma 6.3.12. Let M(G) be the size of a maximum cardinality matching of G.
The difference sequence of M has continuous global sensitivity at least T when
considering edge-adjacent or node-adjacent partially dynamic graph sequences.

Proof. First, we construct edge-adjacent graph sequences G, G’, where [AMg(t)-
AMg (t)|=1forall t. Let V ={0,...,T}. At time t = 1 insert the edge {0, 1} into
G and insert no edge into G’. AMg(1) =1, since G; has a maximum cardinality
matching of size 1. AMg /(1) = 0, since G| has no edges. At every time t > 1
insert the edge {t — 1,t} into both G and G’. If t is even, then AMg(t) = 0 and
AMg (t) = 1. If t is odd, then AMg(t) = 1 and AMg (t) = 0. Thus, we have
Y11 |AMg(1) - AMg ()| = T.

For node-adjacency, both graph sequences start with the node 1. In G, we
insert node 0 along with the edge {0,1} at time 1. Then, at every time step
t > 1 we insert node t and the edge {t,f — 1} into both graph sequences. The
difference sequence is the same as in the edge-adjacency case. Thus, the
continuous global sensitivity of the difference sequence is also at least T. [

Lemma 6.3.13. Let weyr(G) be the weight of a minimum cut of G. The difference
sequence of wcyr has continuous global sensitivity at least T when considering
edge-adjacent or node-adjacent partially dynamic graph sequences.

Proof. We show that for any T € N there exist edge-adjacent graph sequences
G, G, such that Y[ [Awcyrg(t) - Awcyrg (1] = T.

Let A = (V4,Ey), B = (Vp,Ep), C = (V¢,Ec) be graphs on at least T + 2
nodes with minimum cut of weight at least W - (T + 1). We denote nodes
in V4 by a;, nodes in Vg by b; and nodes in V¢ by ¢;, with index i = 0,1,....
Let Gg = (V4 U VUV, E4 UEgUE- U ey, epc}, where ey, = {ar,1,bri1} and
epe = {bry1, 0741} with w(eyy) = 1 and w(e,) = 2. Let G, G” be graph sequences
with initial graph G,.

At time t = 1 we insert the edge e* = {ag, by} with w(e*) = W into G. Then, if
t is even, we insert the edge e; = {a;, b;} with w(e;) = W into both G and G’; If ¢
is odd, we insert the edge e; = {b;, ¢;} with w(e;) = W into both G and G’.

These graph sequences are edge-adjacent since they differ only in the in-
sertion of e*. At any time t the minimum cut in G; is (V4 U Vg, V¢). In G/, the
minimum cut is (V,4, Vg U V() for odd ¢ and (V4 U Vg, Vo) for even t.
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In G, the value of the minimum cut increases by 1 at time t = 1 due to
insertion of e* and by W for odd t > 3, since an edge of weight W across the
minimum cut is inserted. That is,

1 ift=1,
Awcyrg(t) =40 if tis even, (18)
W if tisodd and t > 3.

In G’, the value of the minimum cut does not change at time t = 1, since no
edge is inserted. At even times, the cut switches to the edges between Vy and
V¢ and the weight of the minimum cut increases by 1. At odd times, the cut
switches to the edges between V, and V3, and the weight of the minimum cut
increases by W — 1. The difference sequence for G’ is thus,

0 ift=1,
Awcyrg(t) =41 if t is even, (19)
(W-=1) iftisoddandt> 3.

From (18) and (19) we get |[Awcyrg(t) — Awcyrg (t)] = 1 for all t. Summing
over all t we get the proposed bound on the continuous global sensitivity.
We obtain the same bound for node-adjacent partially dynamic graph se-
quences by modifying the above construction as follows: we start with the
same initial graph G, as above. We replace an insertion of the edge {a;, b;} by
an insertion of node a; along with edges {a;, b;} and edges {a;, a;} for all a; € V;
all these edges have weight W. Similarly, we replace an insertion of the edge
{bj, c;} by an insertion of node c; along with edges {c;, b;} and edges {c;, c;} for
all ¢j € Vc; all these edges have weight W. By counting the nodes a; and c;
to V4 and V, respectively, we obtain the same sequence of minimum cuts
as in the edge-adjacency case. Thus, we get the same lower bound on global
sensitivity for the node-adjacency case. O

The difference sequence approach can be employed to privately estimate
the weight of a minimum spanning tree in partially dynamic graph sequences.
If the edge weight is bounded by W, then the continuous global sensitivity
of the difference sequence is O(W) and O(DW) under edge-adjacency and
node-adjacency, respectively. In Theorems 6.3.14 and 6.3.15 we prove these
bounds and use Corollary 6.3.5 to derive edge- and node-differentially private
algorithmes.

Theorem 6.3.14. There exists an e-edge-differentially private algorithm that
outputs the weight of a minimum spanning tree on an incremental graph sequence
G with edge-weights from the set {1,..., W}. At every time step, the algorithm has
error O(We™'-1og®? T -log6~') with probability at least 1 — 5, where T is the
length of the graph sequence.

Proof. We will show that the difference sequence for the weight of a minimum
spanning tree has global edge-sensitivity 2W — 2 in the incremental setting.
The claim then follows by Corollary 6.3.5.

Let G =(Gjy,...,Gr), G =(G{,...,G}) be two adjacent graph sequences with
initial graphs Gy and G;. We are considering edge-differential privacy and
thus edge-adjacency (Definition 6.2.2). This means that G and G’ differ in
the insertion of an edge e*. Without loss of generality, we assume that e" is
inserted into G. For estimating GS(AwysT) we can further assume that e* is
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inserted into Gy to obtain Gy, since Awygstg(t) = Awpstg (t) for all times ¢
before the insertion of e*. For all t =0,..., T the edge set of G; is a superset of
the edge set of G;. This implies wys7(G;) < wyst(G) for all ¢t.
Note that wys7(Go) = wMST(G(’)) = wMST(Gi ), which 1mp11es AwMSTg’(l) =0.
As ¢" might either not replace any edge in a minimum spanning tree or
might replace an edge of weight W, it holds that 0 < AwpspG’(1) < W - 1.
Thus, it follows that 0 < Awpstg(1) — Awpstg (1) < W - 1.

It remains to bound Zthz |AwpmsTg(t)—Awpstg (). Any edge inserted into G
is also inserted into G’. If inserting an edge into G at time t reduces the weight
of the minimum spanning tree of G at time ¢, then the weight of the minimum
spanning tree in G at time t is reduced by at least the same amount. Thus there
are two cases: (1) the weight of the minimum spanning tree in G and G’ change
by the same amount; (2) the weight of the minimum spanning tree in G’ is
reduced more than the weight of a minimum spanning tree in G. It follows that
for all t > 0, Awyistg(t)—Awmstg (t) > 0. Thus, ¥ [, [Awnstg(t) - Awnstg ()] =
Y12 Awyistg(t) - Awyistg () = 1, Awyistg(t) - L1, Awnstg (). But then it
follows that

T T
ZAwMSTg(t) - ZAwMSTg’(t)
t=2 t=2

=wpstT(Gr) — wmst(G1) — wmst(GT) + wmst(G)
SW - ]-;

where the last inequality follows from wyst(G]) — wmst(G1) < W —1 and

wmsTGT < wpsT G-
Combining the results for t =1 and t > 1, we get

T

ZlAwMSTg(t) —Awystg (H) < 2W -2,
=)

which implies GS(Awpgt) < 2W - 2.

We now show that this bound on the sensitivity is tight. Let A = (V4 =
{ai,...},E4), B= (Vg ={by,...}, Eg) be arbitrary connected graphs with |A|,|B| >
W+1and w(e)=1forallee EUEg. Let G=(V4UVg,Eq4UEgU{a;,b;}) and
w({ay, b1}) = W. Note that the edge {a, b } is guaranteed to be in any minimum
spanning tree.

We construct adjacent graph sequences G, = (G,1, G2, G,3), Gy = (Gp1, Gpo,
Gy3) with G,; = Gp; = G, such that Z'tg:al |AWMSTga(t) - AwMSTQb(t)l =2W-2.

Starting with G,; = G we insert the edge {a,, b,} with w({a,,b,}) =1 into
G, to obtain G,,. In G, we insert no edges, i.e., Gy, = G; = G. Inserting the
unit-weight edge into G, reduces the weight of a minimum spanning tree by
W —1. In Gj, the weight of a minimum spanning tree does not change. Thus,
we have |AwM5Tga(2) - AwMSTgb(2)| =W-1.

In the subsequent time step we insert the edge {a3, b3} with w({a3,b3}) =1
into G, and Gy, which yields the graphs G,3 and Gy3, respectively. This does not
change the weight of the minimum spanning tree in G,, but reduces the weight
of the minimum spanning tree in G, by W — 1, since {a3, b3} replaces {a;, b} in
the minimum spanning tree. Thus, we have [Awpstg (3)-Awnmstg, (3) = W-1.

This concludes the proof. O
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Theorem 6.3.15. There exists an e-node-differentially private algorithm that
outputs the weight of a minimum spanning tree on an incremental graph sequence
G with edge-weights from the set {1,..., W}. At every time step, the algorithm has
error O(DWe™! -1og¥? T -log 1) with probability at least 1 — 9, where T is the
length of the graph sequence and D is the maximum degree.

Proof. We will show that the difference sequence for the weight of a minimum
spanning tree has continuous global sensitivity 2DW under node-adjacency
in the incremental setting. The claim then follows by Corollary 6.3.5.

Let G=(Gy,...,Gr), G" =(Gy,...,G}) be two adjacent graph sequences with
initial graphs Gy and G|;. We are considering node-differential privacy and
thus node-adjacency (Definition 6.2.3). This means that G and G’ differ in the
insertion of a node v*. Without loss of generality, we assume that v* is inserted
into G. For estimating GS(AwysT) we can further assume that v* is inserted
into G to obtain Gy, since Awystg(f) = Awypstg () for all times f before the
insertion of v*.

The node v* has degree at most D, so we have |[Awypsrg(1) — Awpstg (1) <
DW.

We now bound Zthz |AwnsTg(t)—Awpmstg (t)| =: To. Let E” be the set of edges
incident to v*. Note that |[E*| < D. For each edge e € E* there are three cases:
(1) e is not in the minimum spanning tree when it is inserted; (2) e replaces a
heavier edge; (3) e increases the weight of the minimum spanning tree.

In case (1), there always exists a minimum spanning tree that does not
contain e, since no edges are ever deleted. Thus, e does not contribute to the
continuous global sensitivity of the difference sequence. To analyze case (2),
let ey be the edge replaced by e. This edge may be replaced in G’ at times
different from the time at which e was inserted. However, this contributes
at most w(ey) < W to I,. In case (3), the weight that e contributes to the
minimum spanning tree in G can be reduced by at most W — 1. However, the
edge used to replace e may increase the weight of a minimum spanning tree
in G’ by 1. Thus, e contributes up to W to I;.

With |[E*| < D, we thus have I, < DW. This implies

T
GS(Awpst) = ZlAwMSTg(t) — Awystgr (1)
=
= [Awpstg(1) — Awnstg (1) + T
<2DW. ]

6.4 Upper Bound for Monotone Functions

In Section 6.3.3, we show that privately releasing the difference sequence
of a graph sequence does not lead to good error guarantees for partially
dynamic problems like minimum cut. Intuitively, the reason is that even for
neighboring graph sequences G, G’, the differences of the difference sequence
can be non-zero for all graphs G;, G;. In other words, the difference of objective
values for the graphs G; and G/ can constantly fluctuate during continual
updates. However, the difference of objective values, regardless of fluctuations,
is always small. We show that, by allowing an arbitrarily small multiplicative
error, we can leverage this fact for a broad class of partially dynamic problems.
In particular, we prove that there exist e-differentially private algorithms
for all dynamic problems that are non-decreasing (or non-increasing) on all
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valid input sequences. This includes, e.g., minimum cut, maximum matching
and densest subgraph on partially dynamic inputs. See Algorithm 6.4.1
for the details and Table 6.1.2 on page 115 for explicit upper bounds for
applications. We state the result for monotonically increasing functions,
but it is straightforward to adapt the algorithm to monotonically decreasing
functions.

Algorithm 6.4.1: Multiplicative error algorithm for monotone func-
tions
1 Function Initialize(D,p,€,r,p):

2 ko< 0

3 InitializeSvt (D,p, e,logHﬁ(r)) // see Algorithm 6.2.1
4 Function Process(f;):

5 ki “— ki—l

6 while ProcessSvtQuery(f;, (1 + ﬂ)ki) =T do// see Algorithm 6.2.1
7 ‘ ki «— ki +1

8 return (1 + ﬁ)ki

Theorem 6.4.1. Let r > 0 and let f be any monotonically increasing function
on dynamic inputs (e.g., graphs) with range [1,r] and static global sensitivity
0 := GSgatic(f)- Let € (0,1),0> 0 and let a = 1610g1+ﬁ(r)p -In(2T/d)/¢e. There
exists an e-differentially private algorithm for computing f with multiplicative
error (1 + B), additive error a and failure probability 6.

Proof. We reduce the dynamic problem to a problem that can be solved using
the sparse vector technique: Assume that we are given the whole sequence of
dynamic updates as a database D in advance. We will remove this assumption
later.

Formally, let D := G = (Gy,...,Gr) be the input to the dynamic problem and
let f; be the function that evaluates f on the i-th entry G; (e.g., graph) of such
a database. To initialize our algorithm, we run Initialize(D,p,¢,r, ). Then
we call Process(f;) for all f;, i € [T]. We claim that the output of Process(f;) is
an approximation to f;(D) = f(G;) with multiplicative error (1 + ), additive
error « and failure probability 6 over the coins of the whole algorithm, and
that the algorithm is e-differentially private.

ERROR. We condition on the event that all noises in Algorithm 6.2.1 are
small, i.e., |C| < a/4 and, for all i, |v;| < a/4. Tt follows from the definition of the
Laplace distribution and a union bound over all queries that this event occurs
with probability at least 1 — e=@61/(4p) _ T . o~@¢2/B1081.4(00) 5 1 _ 5 Consider
query f;(D) and let f:= f;(D) + v; — C. After the while-loop of Process(f;), we
know that f;(D) - a/2 < (1+ g)k and fi(D)+ a/2 > fi_1(D)+a/2 > (1 + p)ki~!
due to the monotonicity of f;(D),..., fr(D). We analyze the return value of
Process(f;) and show that it is a (1 + ) approximation with additive error a:

fi(D)_aS((1+ﬁ)ki+%)—as(1+ﬁ)lﬂ
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=(1+ ﬁ)lOg“ﬁ(r), it follows that the algorithm has a multiplica-

Since f(Gr)<r
+ B) and an additive error of at most a with probability at least

tive error (1
1-0.

PrIvAacY. The privacy follows directly from Lemma 6.2.6 because the return
value (1 + )k is derived from the answers of Algorithm 6.2.1, which is e-
private, and public knowledge (i.e., the fact that ky = 0).

REMOVING THE ASsSUMPTION. Observe that to answer query f; on D, Al-
gorithm 6.2.1 only needs access to G; or, equivalently, access to the first i
updates of the dynamic update sequence. In other words, G; is read for the
first time after answering query f;_;. Therefore, we may ask all previous
queries fj, j <1i, even if G; is not available yet, e.g., when processing update j.
For dynamic graph sequences and edge-adjacency or node-adjacency, any pair
of same-length prefixes of two graph sequences Gy, G, is neighboring if G; and
G, are neighboring (see Definitions 6.2.2 and 6.2.3). Therefore, privacy is not
affected by making G; only available to Algorithm 6.4.1 just before the i-th
query, as required by the dynamic setting. O]

6.5 Lower Bounds for Event-Level Privacy

In this section we show lower bounds for the error of edge-differentially
private algorithms in the partially dynamic setting. We consider the problem
of releasing the weight of a minimum spanning tree, the minimum cut and
maximum weight matching. To derive the bounds we reduce differentially
private counting in binary streams to these problems and apply a lower bound
of Dwork et al. [54], which we restate here.

Theorem 6.5.1 (Lower bound for counting in binary streams [54]). Any differ-
entially private event-level algorithm for counting over T rounds must have error
Q(logT) (even with e =1).

Note that any lower bound for the incremental setting can be transferred to
the decremental setting, using the same reductions but proceeding in reverse.

6.5.1 Minimum Spanning Tree

We show a lower bound for the error in ¢-edge-differentially private estimation
of the weight of a minimum spanning tree when the weights are bounded by
W.

Lemma 6.5.2. For any pair of adjacent binary streams o, o’ of length T there exists
a pair of incremental edge-weighted graph sequences G, G’ that are edge-adjacent,
such that the weights of minimum spanning trees in G and G’ are

t
wmst(Gy) =W Zﬁ(i) +T
i1

and
t

wyst(G) =W ) o'(i)+T,
i=1

respectively, at all time steps t € {1,..., T}, where edge weights are in {1,..., W}.
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Proof. We construct graph sequences on the node set
V={0,..TIu{T+1,...,2T +1}. (20)

The nodes 1,..., T will form a path in these graph sequences. To achieve this
we use the edge set Eg = {{i —1,i}|i=1,..., T} with weight 1 for each edge and
initial the graph sequences with the graph Gy = (V, Ey). The edges in E form a
minimum spanning tree of G, of weight T.

For any two adjacent binary streams o, 0’ we construct corresponding graph
sequences G, G’ with initial graph Gj. At all times the node set of the graphs
in G and G’ is V, as defined in (20). We now define for each time ¢t the sets of
edge-insertions for G and G'. Let ef, = {t,(t + 2) mod T} with w(ey) = W and
ey ={T+t,T+t+1} with w(e]) = W. At time t we insert

into G and G/, respectively. Note that dE;" = JE;” only if o(t) # o’(t). Thus, G
and G’ only differ in the insertion of a single edge and are adjacent.

Inserting an edge ¢f never changes the weight of a minimum spanning
tree, since the edges ¢’ defined above make up a spanning tree of the nodes
{1,..., T} and have lower weight. Inserting an edge ¢} increases the weight of
the minimum spanning tree by W. Thus, at any time ¢, the weights of the
minimum spanning trees in G and G’ are

t

wymst(Gy) =W Za(i) +T
i1

and

t

wst(G) =W ) o'(i)+T,
i=1

respectively, which concludes the proof. O]

Lemma 6.5.3. For any pair of adjacent binary streams o, o’ of length T there exists
a pair of incremental edge-weighted graph sequences G, G’ that are node-adjacent,
such that the weights of minimum spanning trees in G and G’ are

t
wyst(G) =W ) _o(i)

i=1
and

wyst(G) =W ) a'(i),

i=1

respectively, at all time steps t € {1,..., T}, where edge weights are in {1,..., W}.
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Proof. Let Gy = (v(,0). Let G, G’ be graph sequences with initial graph G,.
At time t we insert the node sets

[} ifo(n=0,
W= {{ut,vt} if o(t)=1,

th+’ — {{ut} lf O'/(t) =0,
{ug,v,} ifo’(t)=1,

(21)

into G and G, respectively. When inserting v; we also insert the edge {v(, v;}
with weight W. The nodes u, stay isolated throughout the graph sequences.
The weight of the minimum spanning tree is the number of nodes v; that were
inserted into the graph sequence, multiplied by the maximum edge weight W.
That is, at any time ¢, the weights of the minimum spanning trees in G and G’
are

and

wyst(G) =W ) a’(i)

i=1
respectively, which concludes the proof. O]

Theorem 6.5.4. Any ¢-edge-differentially private algorithm to compute the weight
of a minimum spanning tree in an incremental graph sequence of length T must
have additive error (Q(W log T) when the edge weights are in {1,..., W}, even with
e=1.

Proof. Suppose there exists an e-edge-differentially private algorithm to com-
pute the weight of a minimum spanning tree in an incremental graph se-
quence with error o(WlogT) at all time steps. Using this algorithm and the
reduction from Lemma 6.5.2, we can compute the sum of any binary stream
with error o(log T) while preserving e-differential privacy. This contradicts
Theorem 6.5.1. O

Theorem 6.5.5. Any e-node-differentially private algorithm to compute the weight
of a minimum spanning tree in an incremental graph sequence of length T must
have additive error (Q(W log T) when the edge weights are in {1,..., W}, even with
e=1.

Proof. Suppose there exists an e-node-differentially private algorithm to com-
pute the weight of a minimum spanning tree in an incremental graph se-
quence with error o(WlogT) at all time steps. Using this algorithm and the
reduction from Lemma 6.5.3, we can compute the sum of any binary stream
with error o(log T') while preserving e-differential privacy. This contradicts
Theorem 6.5.1. O

6.5.2 Weighted Minimum Cut
We can prove a similar lower bound for edge-differentially private weighted
minimum cut in incremental graph sequences. We again reduce differentially

private counting in binary streams to differentially private minimum cut in
incremental graph sequences.
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Lemma 6.5.6. For any pair of adjacent binary streams o, o’ of length T there exists
a pair of incremental edge-weighted graph sequences G, G’ that are edge-adjacent,
such that the weights of the minimum cut in G and G’ are

t
weur(G) =W ) ali)

i=1

and

t
weur(G =W ) _o’(i)

i=1
respectively, at all time steps t € {1,..., T}, where edge weights are in {1,..., W}.

Proof. At the core of our reduction is a (T + 1)-edge-connected graph with suf-
ficiently many missing edges. We use the (T +1)-dimensional hypercube graph
Q = (V,Eq). Each node v € Vj; is associated with a vector v € {0, 117+ We
associate every time step t € {1,..., T} with two nodes in Q, which correspond
to the following vectors:

by = (by,...,br,0)
and b, =(1-by,...,1-bp,1),

where by,..., by €{0,1} such that t = ZiTzl b;-2i-1. Since b; and ?)\t differ in at
least 2 elements, they are not connected by an edge in Q.

In the following, every edge has weight W, including the edges in Q. Let
Go = ({v*},0) U Q. Gy has a minimum cut of weight 0, since v* is isolated. Let
G, G’ be incremental graph sequences with initial graph G,. For every time

step we define the edges e}, = {b;, b} and ¢! = {v*,b,). At time t we insert

{eb) if o(t) =0,

JEF =00
' {{eg,eg} ifo(t)=1,
e feb) if o’() = 0,
' feb,el) ifo’(t)=1,

into G and G’, respectively. Note that these graph sequences differ in exactly
one edge exactly when o (t) = o’(t).

Denote by degg(v*, t) the degree of v* in G at time t. We observe that the
degree of v* increases by 1 in the graph sequence if and only if thereisa 1 in
the corresponding binary stream. Otherwise, its degree does not change. The
minimum cut is always the trivial cut around v*, since the degree of v* never
exceeds T and Q is (T + 1)-edge-connected. Thus, the weight of the minimum
cut at time ¢ is

t

weyr(G) =W Y ali)

i=1
and

t

weyr(G =W ) _a'(i),

i=1

which concludes the proof. O]
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Lemma 6.5.7. For any pair of adjacent binary streams o, o’ of length T there exists
a pair of incremental edge-weighted graph sequences G, G’ that are node-adjacent,
such that the weights of the minimum cut in G and G’ are

t

weur(G) =W ) _a(i)

i=1
and

t
weur(G) =W ) _a'(i)

i=1
respectively, at all time steps t € {1,..., T}, where edge weights are in {1,..., W}.

Proof. Let Gy = ({ug,vo},0). Let G, G’ be graph sequences with initial graph G,.
In the following all edges have weight W.
At time f we insert the node sets

t
t

v+ = {us} if o 0,
! 1
v = {ut} if O'/(t) =0,
! (uy,v,) ifo’(t)=1,

(t)
(t)

{ut,vt} lfO'

7

into G and G’, respectively. Along with every node u;, we insert the edges
{u, uj} for all 0 < j < t. If we insert v;, we also insert the edges {v;, v;} for all
0 <j <t and the edge {v;, ug}.

Let U; = {ug,...,us} and V; = {vy,...,v;}. The subgraphs induced by U; and
V; are always complete. The cut (U, V;) always has minimum weight. The
weight of this cut in G increases by W only if o(t) = 1; otherwise, it does not
change. The same holds for G’ and ¢’. Thus, the weight of the minimum cut
at time ¢ is

t

weur(G) =W ) _a(i)

i=1
and

t

weur(G) =W ) a'(i),

i=1
which concludes the proof. O]

Theorem 6.5.8. Any ¢-edge-differentially private algorithm to compute the weight
of a minimum cut in an incremental graph sequence of length T must have additive
error (QQ(W log T) when the edge weights are in {1,..., W}, even with € = 1.

Proof. Suppose there exists an e-edge-differentially private algorithm to com-
pute the weight of a minimum cut in an incremental graph sequence with
error o(WlogT) at all time steps. Using this algorithm and the reduction from
Lemma 6.5.6, we can compute the sum of any binary stream with error o(log T')
while preserving e-differential privacy. This contradicts Theorem 6.5.1. [

140



6 DIFF. PRIVATE ALGORITHMS FOR GRAPHS UNDER CONTINUAL OBSERVATION

Theorem 6.5.9. Any e-node-differentially private algorithm to compute the weight
of a minimum cut in an incremental graph sequence of length T must have additive
error (Q(Wlog T) when the edge weights are in {1,..., W}, even with ¢ = 1.

Proof. Suppose there exists an ¢-node-differentially private algorithm to com-
pute the weight of a minimum cut in an incremental graph sequence with
error o(WlogT) at all time steps. Using this algorithm and the reduction from
Lemma 6.5.7, we can compute the sum of any binary stream with error o(log T')
while preserving e-differential privacy. This contradicts Theorem 6.5.1. [

6.5.3 Maximum Weighted Matching

Lemma 6.5.10. For any pair of adjacent binary streams o, o’ of length T there
exists a pair of incremental edge-weighted graph sequences G, G’ that are edge-
adjacent, such that the weights of the maximum weighted matching in G and G’
are
3
w(Gy) = W Za(i) +W-T
i=1
and
t
w(G)) =W Za'(i) +W-T,
i=1
respectively, at all time steps t € {1,..., T}, where edge weights are in {1,..., W}.

Proof. Let Gy = (U U V,E), where U = {uy,...,up.r}, V = {vy,...,vo.7} and
E = UiT:1{”i:“(i+1) mod T}- All edges have weight W. Let G and G’ be graph
sequences with initial graph G.

For all times t € {1,..., T} we define the edges 66 = {u;, v} with w(ef]) =1 and
el = {ury,vior} with w(e]) = W. At time t we insert

into G and G’, respectively. Note that these graph sequences differ in exactly
one edge exactly when o (t) = o’/(t).

Gy has a matching of weight W-T, which consists of the edges in E. Inserting
an edge e, for any t does not change the weight of the maximum matching.
Inserting an edge e} however increases the weight of the matching by W, since
two previously isolated nodes are now connected by this new edge. Thus, the
weight of the maximum matching at time ¢ is

t

wm(Gy) = W Za(i) +W-T
i=1

and
t

w(G)) =W Za’(i) FW-T,
i=1

which concludes the proof. O]
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We can also reduce differentially private binary counting to node-differen-
tially private maximum weight matching in incremental graph sequences.

Lemma 6.5.11. For any pair of adjacent binary streams o, o’ of length T there
exists a pair of incremental edge-weighted graph sequences G, G’ that are node-
adjacent, such that the weights of the maximum weighted matching in G and G’
are

and

respectively, at all time steps t € {1,..., T}, where edge weights are in {1,..., W}.

Proof. Let Gy = ({vy,...,v7},0). Let G, G’ be graph sequences with initial graph
GO.

At time ¢, we insert a node u; into G and G'. If o(t) = 1 we additionally insert
node v; along with the edge {v;, v;} with weight W into G. Similarly, if o’(¢) = 1
we insert node v/ along with the edge {v/, v;} with weight W into G’.

Then, the weight of the maximum matching in G at time t increases by W if
o(t) = 1; otherwise, it does not change. The same holds for ¢’ and G’. Thus,
the weight of the maximum matching at time ¢ is

and

which concludes the proof. O

Theorem 6.5.12. Any e-edge-differentially private algorithm to compute the
weight of a maximum weight matching in an incremental graph sequence of length
T must have additive error (Q(W log T) when the edge weights are in {1,..., W},
even with e = 1.

Proof. Suppose there exists an e-edge-differentially private algorithm to com-
pute the weight of a maximum weight matching in an incremental graph
sequence with error o(WlogT) at all time steps. Using this algorithm and the
reduction from Lemma 6.5.10, we can compute the sum of any binary stream
with error o(log T) while preserving e-differential privacy. This contradicts
Theorem 6.5.1. O

Theorem 6.5.13. Any e-node-differentially private algorithm to compute the
weight of a maximum weight matching in an incremental graph sequence of length
T must have additive error (Q(W log T) when the edge weights are in {1,..., W},
even with € = 1.
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Proof. Suppose there exists an e-node-differentially private algorithm to com-
pute the weight of a maximum weight matching in an incremental graph
sequence with error o(WlogT) at all time steps. Using this algorithm and the
reduction from Lemma 6.5.11, we can compute the sum of any binary stream
with error o(log T) while preserving e-differential privacy. This contradicts
Theorem 6.5.1. O

6.5.4 Subgraph Counting, High-Degree Nodes and Degree Histogram

We show that, for the number of high-degree nodes, the degree histogram and
the subgraph counting problems adjacent binary streams can be reduced to
adjacent incremental graph sequences. This implies a lower bound of Q(log T)
on the error for these problems.

Lemma 6.5.14. There exist functions G, 4y, G, %, that map a binary stream to
an incremental graph sequence of the same length, such that the following holds:
At time t

~

the number of nodes of degree at least T in (o),
2. the number of nodes of degree 2 in (o),

3. the number of triangles in Gx(o) and

4. the number of k-stars in (o)

is equal to Y !_, o(i). Furthermore, all functions map adjacent binary streams to
edge-adjacent graph sequences.

Proof. Let o be a binary stream.

1. ¢, outputs a graph sequence with initial graph G, = UiTZISi. Each §; is
a t-star with one missing edge. At time ¢, if o(¢) = 1, then the missing
edge is inserted into S;.

2. ¢, outputs a graph sequence on the nodes V), = UiTzl{a,', b;, c;}. Initially,
there are edges {b;,c;} foreach i € {1,..., T}. Attime t, if o(t) = 1, then the
edge {a;, b;} is inserted. Note that deg(b;) = o(t)+ 1 and deg(a;),deg(c;) <
1 for all ¢.

3. ¢, outputs a graph sequence on the nodes V) = LJZ‘T:1 {a;, b, c;}. Initially,
there are edges {a;,b;} and {b;,c;} for each i € {1,...,T}. At time t, if
o(t) =1, then the edge {a;,¢;} is inserted.

4. 9, outputs a graph sequence with initial graph Gy = UZ-TZISi. Each §; is
a k-star with one missing edge. At time ¢, if o(t) = 1, then the missing
edge is inserted into S;.

In all graph sequences no edge is inserted if o(t) = 0; if o(¢) = 1, then a
single edge is inserted. Thus, the functions map adjacent binary streams to
edge-adjacent graph sequences. O]

Lemma 6.5.15. There exist functions 9;,%,, 9,, 9., 9, that map a binary stream
to an incremental graph sequence of the same length with maximum degree D > 3,
T,k < D, such that the following holds: Let ¢ be a binary stream. At time t

1. the number of nodes of degree at least T in 4;(0),
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2. the number of nodes of degree 2 in 4, (o),

3. the number of edges in 4,)(0),

4. the number of triangles in 9, (o),

5. the number of k-stars in (o)

is equal to D th-:l o(i). Furthermore, all functions map adjacent binary streams to
node-adjacent graph sequences.

Proof. Let o be a binary stream.

1.

¢/ outputs a graph sequence with initial graph G, = UiT:1 S;. Each §; is
the union of (D —1)-many (7 — 1)-stars. At time t, if o(f) = 1, then a node
v, is inserted into S;, along with edges from v, to the central node of
each (7 —1)-star in S;. Since D > 7, the number of t-stars in S; is D if
o(t) =1 and zero otherwise. In S, the centers of the t-stars have degree
> 1, all other nodes have degree < 7.

. %, outputs a graph sequence with initial graph G, = UiTlei, where

M; consists of D pairwise connected nodes, i.e., M; = (U?Zl{a]-,bj},
U?Zl{{a]-,b]-}}). At time ¢, if o(¢t) = 1, then a node v, is inserted into

M; along with edges {v;, aj} forall j=1,...,D. The number of nodes of
degree 2 is D in M; if o(t) = 1 and zero otherwise.

. ¢ outputs a graph sequence with initial graph G, = UZ-T:1VZ-, where

Vi=(1,...,D},0). At time t, if o(t) = 1, then a node v, is inserted into V;
along with edges from v; to all nodes in V;. The number of edges is D in
V; if o(t) = 1 and zero otherwise.

. 9, outputs a graph sequence with initial G, = UiTzlci, where C; is a

cycle of D nodes. At time t, if o(¢) = 1, then a node v; is inserted into
C; along with edges from v, to every node in C;. Thus, if o(t) =1 the
number of triangles in C; is D; otherwise, it is zero.

. @/ outputs a graph sequence with initial graph G, = Ul.Tzlsi. Each §; is

the union of (D — 1)-many (7 —1)-stars. At time ¢, if 0(t) = 1, then a node
v; is inserted into S;, along with edges from v, to the central node of
each (t —1)-star in S;. Since D > t, the number of t-stars in S; is D if
o(t) =1 and zero otherwise.

In all graph sequences no node is inserted if o(t) = 0; if o(t) = 1, then a
single node is inserted. Thus, the functions map adjacent binary streams to
node-adjacent graph sequences. O]

Theorem 6.5.16. Any e-edge-differentially private algorithm to compute

1.

2.

S
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in an incremental graph sequence of length T must have additive error ()(logT),
even with e = 1.

Proof. By Lemma 6.5.14, adjacent binary streams can be encoded in edge-
adjacent incremental graph sequences of the same length. Counting the
number of edges is equivalent to binary counting. The claim follows by
Theorem 6.5.1. O

Theorem 6.5.17. Any e-node-differentially private algorithm to compute
1. the number of high-degree nodes,
2. the degree histogram,
3. the number of edges,
4. the number of triangles,
5. the number of k-stars

in an incremental graph sequence of length T must have additive error QQ(DlogT),
where D is the maximum degree, even with € = 1.

Proof. By Lemma 6.5.15, adjacent binary streams can be encoded in node-
adjacent incremental graph sequences of the same length. The claim follows
by Theorem 6.5.1. O]

6.6 Lower Bound for User-Level Privacy

We show that for several fundamental problems on dynamic graphs like
minimum spanning tree and minimum cut, a differentially private algorithm
with edge-adjacency on user-level must have an additive error that is linear
in the maximum function value. Technically, we define the spread of a graph
function as the maximum difference of the function’s value on any two graphs.
Then, we show that any algorithm must have an error that is linear in the
graph function’s spread. We write this section in terms of edge-adjacency but
the corresponding result for node-adjacency carries over. See Table 6.1.1 on
page 114 for the resulting lower bounds.

Definition 6.6.1 (adjacency transformation). Let G; and G, be a pair of graphs.
We define 7(Gy, G;) to be an update sequence uy,..., 4y of minimum length
that transforms G; into G,. We denote the graph sequence that results from
applying (G, G;) to Gy by T(Gy,Gy), i.e., T(G1,G;) = (G, G1 D uy, (G ®up) @
Uzy..., Gz)

Definition 6.6.2 (spread). Let 5,{: N — {2i | i € N} be functions. A graph
function f has spread (s(n),£(n)) on inputs of size n if, for every n, there exist
two graphs Gy, G, of size n so that |f(G;) — f(G;)| > s(n) and |7(Gy, G;)| = €(n).
Furthermore, f spares an edge e if e € E(Gy) N E(G,).

Theorem 6.6.3. Let €,6 > 0 and let f be a graph function with spread (s,{)
that spares an edge e. For streams of length T on graphs of size n, where T >
2€log(e4€€/(1—5)) € O(el?+L1og(1/(1-9))), every e-differentially private dynamic
algorithm with user-level edge-adjacency that computes f with probability at least
1 — 6 must have error Q(s(n)).
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Proof. For any update u, let u~! be the update that reverses u. For the sake
of contradiction, assume that there exists an e-differentially private graph
algorithm A with edge-adjacency on user-level that with probability at least
1 — 0 computes f with error less than s(n)/2. Let n > 0, s := s(n), £ = {(n)
and let Gy, G, be graphs of size n with spread (s,£) on f that spares an edge
e. We assume below wlog that ¢ is even, if it is odd the proof can be easily
adapted. Let u be the update operation that inserts e into the current graph
(see below). Let (og,...,00-1) := 7(Gy,G,) and let (og,...,0, ;) := ©(G, Gy).
Without loss of generality, assume that T is a multiple of 2. Let B be the set
of bit strings of length T/(2¢€). For every bit string b = (by,...,br/20)-1) € B, we
construct a unique graph sequence G, = (Hy,...,Hr) as follows, resulting in
2T/20) different graph sequences.

The sequence is partitioned into phases of length 2¢. Each phase has a
type: it is either a forward phase or a backward phase. The sequence starts
with a forward phase and alternates between forward and backward phases.
Intuitively, forward phases transform G; into G,, while backward phases
transform G, into G;. This takes ¢ updates. To generate an exponential
number of different but “close” graph sequences each phase also contains ¢
placeholder updates. The purpose of a placeholder update is to basically not
modify the graph in any of the graph sequences. Thus the first placeholder
update updates e and the next update is the inverse operation. This is repeated
¢/2 times. For every phase, a corresponding bit in b decides whether the
transformation happens before the placeholder updates or after placeholder
updates. Thus, 27/(20 different graph sequences are generated, where the
graphs at position 2i¢ for any integer i > 0 in all these sequences are identical.

Formally, for integer i = 0,1,...,T/(2¢) — 1, the bit b; corresponds to the
phase Hyj¢,..., Hy(i+1)¢-1 in the sequence G;,. Bit b; corresponds to graphs in a
forward phase if and only if i is even. We define G;, as follows:

FORWARD PHASE, b; = 0: For any j, 0 < j < ¢ (i.e., the first half of the phase),
we define Hyjoij1 = Hajeyj @ 0j. The second half of the phase, i.e.,
Hzi1)e---» Ha(ix1)e-1, is defined by alternating between H(;,1)r and
H(3i41)¢ ® u, which are placeholder updates.

FORWARD PHASE, b; = 1: This phase results from swapping the first and the
second half of the forward phase with b; = 0. In particular, the first half
of the phase, i.e., Hyj¢,...,Hp2i+1)¢-1, is defined by alternating between
H,;p and Hj;r ® u, which are placeholder updates. For any j, £ <j < 2¢,

Hyigiji1 = Haiesj @ 0j.

BACKWARD PHASE, b; € {0,1}: The graphs Hyjy,..., Hy(i+1),-1 are defined analo-
gously to a forward phase with b; = 0 or b; = 1, respectively. The only
difference is that instead of oy,...,00_1, the updates 06,...,0271 are used.

It follows from the construction that for any bit string b and its corresponding
graph sequence (H,...,Hr), it holds that H; = G; if i mod 4¢ =0and H; = G,
if i mod 4¢ = 2¢. However, for every pair of bit strings b,b’, b # b’, and their
corresponding graph sequences (Hy,...,Hr_1) and (Hy,..., Hr_1), there exists
an i with i mod 2¢ = ¢, so that |f (H;) — f(H/)| > 5. This stems from the fact
that f has spread (s,¢) and that b and b’ must differ in at least one bit, say
b; =0 and b; = 1. Thus, by construction, H;,1)¢ = G, (as 7(Gy, G;) has already
been executed in this phase) and H(,2i+1)€ = Gy (as 7(Gy, G,) has not yet been

executed in this phase).
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Next we show that any graph sequence Gy, is on user-level “edge-close” to
a very generic graph sequence. More specifically, let G’ be the sequence of
graphs that alternates between Gy and Gy ®u, i.e,, (G1,G1®u,G;,G; ®u,...).
We argue that there is a (short) sequence I3,I5,...I5,,; of graph sequences
such that I} and I}, are user-level edge-adjacent graph sequences with I} =G,
and Iy, = G’. In other words, the sequence of graph sequences transforms G,
into G’. Instead of talking about a transforming graph sequence we use below
the notation of user-level edge-adjacency operation: It takes one operation to
transform a graph sequence I; into a user-level edge-adjacent graph sequence
L1

We now give the details: For any b, each phase of G, can be divided into two
halves (Hy;y, . "’H(2i+1)€71) and (H(2i+1)€!- . 'H(Z(i+1)€71)): in one half (the first
if b; = 0, the latter if b; = 1), the updates are already alternating between u,
i.e., inserting e, and u~!, i.e., deleting e. Therefore, we only need to transform
the updates on the other half into a sequence that alternates between u and
u~!. The other half is either T(G;,G,) (in forward phases) or T(G,,G;) (in
backward phases). By Lemma 6.6.4 (see below), there is a sequence of 2¢ + 2
graph sequences g(’),...,g;€+1 that starts with G, = T(G;, G;) and ends with
Gyroq = G- Furthermore, for each 0 < i < 2£ there is an edge ¢; such that
G/ and G/ , are event-level edge-adjacent on e;. Similarly, such sequence and
edges (e,. .., e),) exist for T(G,, G;). Recall that user-level edge-adjacency allows
to modify a graph sequence by updating an arbitrary number of graphs in
the sequence using the same edge e, inserting e into some graphs that do not
contain e and removing it from some of the graphs that contain e. Also recall
that G, consists of many repetitions of T(G1,G;). Thus one user-level edge-
adjacency operation using the edge e; allows to modify all occurrences of
T(Gq, Gy) to reflect the update of edge e;. Afterwards a second user-level edge-
adjacency operation using e, modifies the resulting sequence etc. After 2¢ +1
user-level edge-adjacency operations all occurrences of T(Gy, G;) have been
transformed into sequences that alternate G; and G; @ u. The same can be
done for the repetitions of T(G,, G;). This shows that at most 2¢ + 1 user-level
edge-adjacency operations suffice to transform G, into G'.

Recall that we assumed the existence of an e-differentially private graph
algorithm A on user-level that, with probability at least 1 —9, computes f with
error less than s/2. After each update A has to output f, i.e., the sequence of
outputs has the same length as the sequence of updates. Let O, be the set of
output sequences of A with additive error at most s/2 when processing G, with
G as initial graph. Now we consider the family of output sets Oy, for all b € 5.
For any two b,b” € B with b # b’ consider the value of f applied to the two
graph sequences G, and G, and recall that there is at least one index in these
two graph sequences where the f-value applied to the two graphs at this index
differs by at least s. Thus, the event that A gives an answer with additive error
less than s/2 on G, (i.e., returns a sequence from O,) and the event hat A gives
an answer with additive error less than s/2 on G, (i.e., returns a sequence
from Oy ) are pairwise disjoint. However, for any b € B by e-differential
privacy, the probability that A outputs an sequence from O, when run on
G, i.e. PrA(G’) € Op), is at least e~ 2(+1e . Pr[ A(G,) € Op] > e~4¢¢(1 - 5). Since
T > 20log(e*¢/(1 - 5)), we have that |B] = 27/2¢ > e%¢¢/(1 - 5). Tt follows that
Pr[A(G’) € UpepOyp] = Y peg e ¢ Pr[A(Gy) € Op] = |Ble#¢¢(1 - 6) > 1, which is
a contradiction. O

Lemma 6.6.4. Let n> 0 and let f be a graph function with spread (s,{) that spares
an edge e on Gy, G, according to Definition 6.6.1. Let u be the update that inserts
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e, and let G’ :=(G,G1®u,Gy,G ®u,...,) of length € + 1 :=|t(Gy, G,)|+ 1. Then,
there exists a sequence of graph sequences (Gg := T(Gy, Gy),...,Gyeiq :=G') and
a sequence of edges (eg,e1,...,e41) S0 that, for any 0 <i < 2¢, G; and G;,, are
event-level edge-adjacent on e;.

Proof. Fori e {0}U[20+1], we construct sequences G; = (Gj 1,...,Gj¢41). Define
Go :=T(G1,G;). We transform G, by alternatingly applying u (i.e. we insert
e) and u~! (i.e. we delete e) to its graphs (in addition to the existing updates).
Forie{l,...,£}, we define

Gi=(Gi-1,15-- Gic1,i, Gic1in1 ® i, Gi1iv2,--, Gi1e41),

where

u~l  otherwise.

{u if i odd

u; =

For example, for i = 1, G; is the graph sequence where u is applied to the
graph G ;. The remaining sequences Gy,1,...,Gy¢,1 remove the updates made
by applying 7(G;,G,). Let (uj,...) :=1(Gy,G;). Forie{l+1,...,20+ 1}, we
define

i -1 -1 -1
Gi:=(Gi1,1,-- G,y Giin1 ®u; ,Gi,i2®u; ,...,Gi_1c®u; ).

In other words, in G;, the first i updates of T(Gy, G,) are not present compared
to Gy. Since T(Gy, G,) is a shortest sequence that transforms G; into G,, an
edge is either inserted or deleted at most once. Thus, reverting u; by executing
@u{_l for all graphs G;_; ; with j > i + 1 cannot invalidate the graph sequence.
The claim follows because u; only affects a single edge. O

Fact 6.6.5. Minimum spanning tree has spread (©(nW),®(n)). Minimum cut has
spread (©(nW),0(n?)). Maximal matching has spread (©(n),®(n)). Maximum
cardinality matching has spread (©(n),®(n)). Maximum weight matching has
spread (©(nW),©(n)).
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DYNAMIC DEMAND-AWARE LINK SCHEDULING FOR
RECONFIGURABLE DATACENTERS

7.1 Introduction

The performance of many cloud-based applications critically depends on the
underlying network, requiring high-throughput datacenter networks which
provide extremely large bandwidth [127-129]. For example, in distributed
machine learning and data mining applications that periodically require
large data transfers, the network is increasingly becoming a bottleneck. High
network throughput requirements are also introduced by today’s trend of
resource disaggregation in datacenters, where fast access to remote resources
(e.g., GPUs or memory) is critical, and the trend to hardware-driven workloads
such as distributed training [127].

The stringent throughput requirements of modern datacenter applications
have led researchers to propose innovative datacenter network designs which
rely on reconfigurable topologies [61-64, 70-73, 130, 131]: emerging optical
technologies allow to enhance existing datacenter networks with reconfig-
urable optical matchings. In particular, optical circuit switches can provide
direct connectivity between datacenter racks, in the form of one matching per
optical circuit switch. This technology enables demand-aware networks [132]:
the optical matchings, and hence the datacenter topology interconnecting the
racks, are adjusted depending on the current communication traffic.

Such demand-aware topology optimizations are attractive as datacenter
traffic typically features much spatial and temporal structure, and most trans-
mitted bytes belong to a small number of so-called elephant flows [59, 60, 133].
Thus, throughput may be significantly increased by optimizing the topology
towards the current traffic matrix and elephant flows. This can be achieved,
for example, by providing direct connectivity between frequently communi-
cating racks rather than serving traffic along multiple hops, which introduces
a “bandwidth tax” [64, 134].

However, demand-aware topology optimizations are computationally ex-
pensive. In fact, state-of-the-art algorithms [65, 69, 70, 135-138] to compute
optimized demand-aware switch matchings for a given demand matrix can

éz%'\@\@ |

optical switch 1 ) optical switch 2
. reconfigures .
matching 1 T matching 2

controller

observes demand

Figure 7.1.1: Two optical switches establishing direct connections between nodes
v1,...,vg, as instructed by the network controller, and the demand graph with the
corresponding two matchings.
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Figure 7.1.2: Updating vs. recomputing a solution from scratch for k = 2: The two
matchings are visualized in dotted green and dashed blue, the line width of an edge
corresponds to its weight. Shaded edges have been changed.

Center: Initial situation. Two updates arrive, one increases an edge weight @, another
decreases an edge weight @. Left: The result after processing the updates. Only four
edges are affected. Right: The potential result after a full recomputation from scratch.
The whole network is reconsidered and also unaffected edges may have change, which
can be inefficient.

Recompute

O

have a running time that is significantly higher than the actual reconfigura-
tion time provided by the state-of-the-art optical technologies (which is in
the order of microseconds or even less [74, 139]). Thus, the computation of
the demand-aware topology can be the bottleneck for demand-aware datacenter
networks.

Formally, the problem of optimizing the topology of a demand-aware net-
work is a novel variant of a matching problem consisting of “heavy” disjoint
matchings [74] (see Figure 7.1.1): given k optical switches and a traffic de-
mand (a.k.a. demand matrix) represented as a weighted graph where each
node corresponds to a datacenter rack and weighted edges represent demands,
compute k (edge-)disjoint matchings of high weight. The weight of these match-
ings hence corresponds to the amount of traffic which can be offloaded to
the reconfigurable network, and hence to the throughput achieved by the
datacenter network. In most existing reconfigurable datacenter architectures,
including Helios [65], c-Through [69], or recently Google’s Gemini [140],
among many others [135-138], this topology optimization is performed by a
centralized software controller. Computing such a set of matchings of maxi-
mum weight is NP-hard and cannot be approximated with arbitrary precision
for all k > 2 [74, 75].

The goal of this work is to improve the running time for computing k
disjoint matchings to allow datacenter networks to react to changes in the
demand more quickly and improve throughput further. Our main idea is
as follows: Since traffic exhibits much temporal locality, it can be inefficient
to recompute the datacenter topology from scratch for each traffic matrix.
Rather, we study dynamic algorithms, i.e., algorithms which update the topology
incrementally, as a reaction to shifts in the demand matrix. Besides speeding
up the computation, such dynamic algorithms may also require fewer changes
in configurations to achieve a given throughput. The latter benefits ongoing
flows as fewer of them will be interrupted.

We illustrate our motivation with a simple example network, see also Fig-
ure 7.1.2: Assume the communication demand, i.e. edge weight, of a node
to two of its neighbors changes. A dynamic algorithm, which processes the
updates itself, has the possibility to adjust the configuration locally and to
leave most of the old solution untouched. By contrast, a static one, which does
a full recomputation from scratch, needs to process the entire network and, as
it is unaware of the old configuration, may additionally introduce unnecessary

150



7 DEMAND-AWARE LINK SCHEDULING FOR RECONFIGURABLE DATACENTERS

changes. This can negatively affect both the running time of the algorithm
and the number of changes to implement on the optical switches.

Thus, we study the following dynamic weighted k-disjoint matching problem:
Given an undirected graph G with edge weights representing the current
communication demands, process a sequence of batch updates, each consisting
of a set of (edge) updates, where each (edge) update either inserts or deletes an
edge or changes the weight of one edge. The main goal is to process each batch
as quickly as possible and deliver an up-to-date configuration, i.e., k edge-
disjoint matchings, after each batch such that the total weight is maximized.
A secondary goal is to keep the recourse small, i. e., to minimize the number of
changes to the matchings.

coNTRIBUTIONS. We develop and evaluate a diverse set of algorithmic tech-
niques for the weighted k-disjoint matching problem arising in the context
of reconfigurable datacenter networks. Based on the best static algorithms
in [74], we design two dynamic algorithms, which process each update indi-
vidually, three batch-dynamic algorithms, which process a batch of updates
collectively, and two hybrid algorithms, which combine subroutines of static
and dynamic approaches. Furthermore, we introduce a universal speedup tech-
nique that filters out insignificant updates, as well as a universal post-processing
routine that ensures an at least %—approximation of the maximum weight and
can also be run standalone. We compare these algorithms and their speedup
and postprocessing versions in detail with respect to solution weight, run-
ning time, and recourse in theory and practice to the best static algorithms
from [74].

MAIN EXPERIMENTAL RESULTS. Our extensive study on 39 real-world and
176 synthetic instances shows that our batch-dynamic and dynamic algo-
rithms can beat the best static algorithm w.r.t. running time and recourse,
while essentially retaining the solution weight. The combination of the post-
processing and speedup technique proved to be particularly important for
the solution weight of the dynamic algorithms. On instances where batches
are small, their advantage over static algorithms is even more pronounced.
Our two hybrid algorithms successfully combine the advantages of static and
dynamic algorithms and are a good general-purpose choice.

We note that our approach is compatible with most existing reconfigurable
datacenter architectures, including [65, 69, 135-138, 141, 142], which can
hence directly benefit from these performance improvements.

7.2 Preliminaries

BAsIics. We model the communication demand between peers as an undi-
rected, weighted graph G = (V,E,w) with node set V, edge set E, and use
n := |V|, m := |E|. The function w : E — Ny maps each edge to a weight,
which corresponds to the respective communication demand. An edge e with
w(e) = 0 is considered absent. The maximum edge weight is W := max,cg w(e).
The weight of a set of edges S is w[S] =) ,.5 w(e). Edges sharing an endpoint
are adjacent. For two sets of vertices X,Y C V, E(X,Y) = E(Y,X) := {{x,p} €
E|x e X,y €Y} is the set of all edges between X and Y. The neighborhood
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N(e) of an edge e is N(e) := E({u,v}, V) \ {e}. Adding a set S C E as subscript
restricts the neighborhood to Ng(e) := N(e)NS. The degree deg(v) of a vertex v
is the number of edges incident to v, and A := max,cy deg(v) is the maximum
degree.

A matching in G is a subset of E such that no two edges are adjacent. A k-
disjoint matching M is a set of k matchings (My,..., M) such that M; "\ M; =0
for all i,j € [k], i # j. The weight of a k-disjoint matching M is w(M) :=
Z;‘:l w[M;]. We can alternatively view a k-disjoint matching as a partial (edge)
k-coloring. Such a coloring C : E — [k]U{_L} assigns to each edge one of k colors
or the symbol L, where for each pair of adjacent edges e, e’ either C(e) = C(e’)
or 1L €{C(e),C(¢’)}. An edge e is uncolored if C(e) = L and colored otherwise.
A color ¢ € [k] is free at vertex v (resp. edge e) if there is no edge e’ incident
to v (resp. adjacent to e) such that C(e”) = c. The set of all neighboring edges
of an edge e that have color c is denoted by N,(e). The weight of a coloring
Cis w(C) := X ecp(e)=L W(e), i€, the sum of the weights of all colored edges.
We mainly use the coloring perspective and k always refers to the number of
colors, i. e. disjoint matchings.

DYNAMIC SETTING. Our algorithms maintain an partial k-coloring under
edge updates, where an (edge) update U(e, 9) is a change in the weight of an
edge e by some amount 6 # 0, i.e., w(e) « w(e) + 6. The weight may either
increase or decrease. We consider a change from 0 to a positive weight to be an
insertion and a change from a positive weight to 0 to be a deletion. The updates
are presented to the algorithm in a fixed order, and no information about
the updates themselves or the length of the update sequence is known to the
algorithms beforehand. Additionally, the sequence of updates is partitioned
into consecutive subsequences, each forming a batch. For each edge e if there
are multiple updates of e in a batch, we add up the weight of the corresponding
updates creating at most one update per edge per batch. The set of edges
updated within a batch B is referred to as Eg. We assume that after each
batch the algorithms are required to (i) output the value of an up-to-date
solution, and to (ii) be able to output the update to the solution itself (i.e.,
the differences in the coloring) in time linear in the recourse. The recourse
corresponds to the total number of changes in the coloring over a batch, i.e.,
if ¢’ and C are the edge colorings before and after a batch of updates B,
respectively, the recourse is [{e € E | C’(e) = C(e)}].

We consider four types of algorithms: Dynamic algorithms update their
solution after every individual update; batch-dynamic algorithms process the
entire batch at once and in self-chosen order; static algorithms recompute
from scratch after each batch. Hybrid algorithms decide on the basis of the
observed updates whether they update the solution like a dynamic algorithm
or recompute from scratch like a static one.

RELATED WORK. The study of the k-disjoint matching problem is motivated
by emerging datacenter networks which augment a static (fixed) topology,
with a dynamic topology implemented with k optical (circuit) switches. Each
optical switch provides a set of exclusive direct connections between top-
of-rack switches that form a matching. For a recent survey of the field see
Hall et al. [58].
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Our work builds upon a recently suggested approach by Hanauer et al. [74],
who showed that the static version of the problem is NP-hard and no FPTAS
can exist. They evaluated a variety of algorithms in theory and practice.

The matching problem has been intensively studied in the dynamic setting,
see [143] for a survey. For the dynamic edge coloring problem, only algorithms
for the unweighted setting exist, which are not applicable to our setting.

Bienkowski et al. [144] studied a problem in the online setting that is similar
to k-disjoint matchings, but can be solved to optimality in polynomial time.

7.3 Algorithms

Our algorithms are in part based on static algorithms described in [74], specif-
ically GreedyIt, NodeCentered, and kEC. We will first review these algorithms
briefly. We then present our dynamic, batch-dynamic, and hybrid algorithms,
as well as a speedup technique and a postprocessing routine. Table 7.3.1 gives
a compact overview over their asymptotic running time and recourse.

Below we use the two functions SwapIn(e, ¢) and SwapOut(e), where e is
an edge and c € [k] is a color. SwapIn(e, c) colors e with ¢ and uncolors e’s
neighbors N.(e) if w(e) > w[N(e)], otherwise it does nothing. SwapOut(e) looks
for up to two non-adjacent, uncolored edges e’ and e” in N (e) such that (i) C(e)
is free for both ¢’ and e” and (ii) their total weight w’ is maximum over all
such edge pairs. If and only if w’ > w(e), SwapOut(e) colors these edges with
C(e) and uncolors e.

7.3.1 Static Algorithms

We use the best static algorithms from Hanauer et al. [74], which we refer to
for more details. They are rerun from scratch after each batch of updates. As

they are ignorant of previous colorings, they have a worst-case recourse of
O(m).

Table 7.3.1: Running times and recourse for a batch of b updates.
m, n and A refer to the cardinalities afterwards.

Algorithm Batch Update Time Recourse
GreedyIt O(mlogm + km) O(m)
NodeCentered O(nlogn+mlogA+km) O(m)
KEC O(mlogm + kn?) O(m)
dyn-greedy(a, )" O(b(k-2%+B%) O(b-2%)
dyn-kEC* O(b-n) O(b-n)
batch-greedy-1 O(Ablog(Ab) + kA?b) O(b-A)
batch-greedy O(Ablog(Ab) + kAb) O(b-A)
batch-NC O(b(logb + Alog A+ kA)) O(b-A)
batch-2apx O(m(k +logm)) O(m)
hybrid-greedy(a, ) see Lemma 7.3.5 O(m)
hybrid-kEC O(mlogm + kn*) O(m)

*for b calls to AttemptColor or DecreaseWeight

153



7 DEMAND-AWARE LINK SCHEDULING FOR RECONFIGURABLE DATACENTERS

The GreedyIt algorithm is a “greedy” matching algorithm: For each color
¢, all uncolored edges are processed in non-increasing order of their weight
and colored with c if admissible. At the end of the iteration for c, it optionally
performs a LocalSwaps procedure, where SwapOut(e) is run on each edge of
color c.

The NodeCentered algorithm is also greedy, but proceeds node by node. The
nodes are processed in non-increasing order by their rating, which corresponds
to the sum of the weights of the k heaviest incident edges. For each node, up to
k incident edges are colored with any available color in order of non-increasing
weight. To avoid an overly greedy coloring, the algorithm defers the coloring
of edges with weight below 8- W, where 0 is a threshold parameter, until after
all nodes have been processed. We use 0 = 0.2, as suggested in [74].

The kEC algorithm is based on the edge coloring algorithm of Misra and
Gries (MG) [81]. Hanauer et al. [74] adapted this algorithm to consider edge
weights and to limit the number of colors to k, and considered different
speedup techniques. The key observations that allow a modification of the
algorithm without compromising its correctness are that MG (i) colors the edges
in arbitrary order and (ii) never uncolors an already colored edge. We use
KEC as suggested [74] with the flags CC and RL enabled. kEC tries to color the
edges in non-increasing order according to their weight, using a procedure
kColorEdge, which largely follows the routine in MG, as follows: To color an
edge e = {u, v}, kEC first checks whether u# and v both have at least one free
color each, and leaves e uncolored otherwise. If a common free color exists, it
is used for e (CC flag). Otherwise, following MG, kEC constructs a fan F, around
u. A fan is a maximal sequence F, = (fy = v, fi,..., fr) of distinct neighbors of
u, where for all 1 <i </, if {u, f;} has color ¢;, then color ¢; is free on f;_;. Note
that 7, is not necessarily unique. Now we pick a color c that is free at # and a
color d that is free at f,. In MG, d always exists, whereas in kEC, the number of
colors is limited to k. Thus, if kEC does not find a free color at f,, kColorEdge
has failed for u and kEC repeats kColorEdge symmetrically at v. If kColorEdge
failed at both u and v, {u, v} remains uncolored.

Otherwise, assume that f, in fan 7, has a free color 4. We consider two cases.
(1) If d is free at u, kEC rotates the full fan F, (RL flag),i.e., forall 1 <i </, the
edge {u, f;_1} is recolored with the color of {u, f;}, and {u, f;} receives the color
d. (2) Otherwise, as d was free at f; and the fan is maximal, there must be a
neighbor f; in F, such that {u, f;} has color d. Like MG, kEC constructs a path in
the graph of maximal length that starts with the edge {u, f;} and whose colors
alternate between d and c. The colors d and ¢ are then swapped along this
path, which guarantees that d is free both at u and at at least one vertex in
F. [81]. kEC (and MG) now rotate F, as in (1), but only up to the first vertex f,
where d is free, and then recolor {u, f,} with d.

7.3.2 Dynamic Algorithms

The algorithm dyn-greedy is a dynamic enhancement of GreedyIt and takes
two parameters a and . Each update is treated separately, where the subrou-
tines AttemptColor and DecreaseWeight handle weight increases of uncolored
edges and weight decreases of colored edges, respectively. Nothing is done on
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weight increases of already colored edges or weight decreases of uncolored
edges.

AttemptColor: If there is a free color on e, we color e with this color. Oth-
erwise, we try to find a color ¢ where SwapIn(e, c) is successful. If yes, we
recursively call AttemptColor on the newly uncolored edges up to a recursion
depth of a. To determine ¢, if § >k, c is the color of the edges adjacent to e that
have minimum total weight. If g <k, we pick a subset of § colors uniformly
at random from [k] and just among these, we use the color where the edges
adjacent to e have the minimum total weight.

DecreaseWeight: We first call a modified SwapOut(e) which only considers a
random subset of  incident edges per end node. If this changed the coloring,
the algorithm tries to recolor e using AttemptColor with @« = 0 and g as given.
The procedure is deterministic for = A.

Lemma 7.3.1. dyn-greedy processes an edge weight increase in time O(k-2%) and
a decrease in O(B? + k). The recourse is O(2%), respectively O(1).

Proof. In AttemptColor, finding a free color for edge e = {u, v} takes time O(k).
If this fails, determining c¢ takes O(f), as we can obtain the mates of u and
v in each matching in constant time. The total number of recursive calls is
24+1 _ 1, which yields a worst-case update time of O(k - 2%).

In DecreaseWeight the call to SwapOut(e) takes O(f?) time to find the pair
with maximum weight among the sampled edges. The call to AttemptColor
takes time O(k), since the parameter « is set to zero here. In total, the worst-
case update time for DecreaseWeight is O(B2 + k).

For the recourse observe that in AttemptColor without recursion at most
two edges are uncolored and one edge is colored. Thus, the number of changes
to the coloring is O(2%), i.e., the number of recursive calls. DecreaseWeight
colors at most two edges and uncolors at most one edge in addition to the
changes by a call to AttemptColor with @ = 0, so the recourse is constant. [

Picking B edges uniformly at random does not affect the asymptotic running
time of AttemptColor. However, in practice we observe a speedup when setting
B < k.

The dynamic k-edge coloring algorithm dyn-kEC uses the kColorEdge proce-
dure of the static kEC algorithm to color edges. Similar to dyn-greedy, it tries
to color a previously uncolored edge if its weight increases, and the heaviest
uncolored edges adjacent to an updated, colored edge in case of a weight
decrease. Weight increases of colored edges and weight decreases of uncolored
edges are again ignored.

Before calling kColorEdge for an edge {u, v}, the algorithm ensures that both
u and v have at least one free color each (cf. Section 7.3.1): Let E,, = @ if u has
a free color and let E,, otherwise be the singleton containing the colored edge
incident to u with the smallest weight. E, is defined likewise for v. If E, UE, =
0, kColorEdge is called immediately. Otherwise, if w[E, UE,] < w({u,v}), the
edges in E, U E, are uncolored before kColorEdge is called. The uncoloring
is undone if kColorEdge failed to color {u,v}, otherwise, the algorithm just
tries to recolor an edge in E, U E, with a free color. No action is taken if
w[E, UE,] > w({u,v}).

Lemma 7.3.2. Algorithm dyn-kEC processes each update in time O(n) and has a
recourse of O(n).

155



7 DEMAND-AWARE LINK SCHEDULING FOR RECONFIGURABLE DATACENTERS

Proof. Finding E, and E, can be done in time O(k) by iterating over the
incident colored edges. The call to kColorkEdge takes time O(n): constructing
a fan and the alternating path as well as rotating the fan and inverting the
path can be done in time O(n). The running time follows from k < n. A call to
kColorEdge on edge {u,v} changes the coloring of up to A edges when rotating
the fan and O(n) edges when swapping colors along the path. Additional
changes to the coloring only concern two edges incident to {u,v}. Thus, the
total recourse is O(n). O

7.3.3 Batch-Dynamic Algorithms

The algorithm batch-greedy is a batch-dynamic adaptation of the static
GreedyIt algorithm. For each batch, it processes only those edges that are
present and either updated or adjacent to at least one updated or deleted edge.
The latter ensures that an edge with large weight increase can be colored at the
expense of an unchanged neighboring edge. The edges to be processed are first
uncolored and then treated like the set of all edges in GreedyIt, including the
optional LocalSwaps procedure. We refer to the algorithm by batch-greedy-1
with LocalSwaps and by batch-greedy without.

Lemma 7.3.3. For a batch of size b, batch-greedy and batch-greedy-1 run in
time O(bAlog(bA) + kbA) and O(bAlog(bA) + kbA?), respectively. The recourse is
O(bA).

Proof. There are b updated edges and up to 2A edges adjacent to each updated
edge. This yields a total of O(bA) edges to be processed. The running time
and recourse follow from the running time and recourse for GreedyIt (see
Table 7.3.1). O

The batch node centered algorithm batch-NC is an adaptation of the static
NodeCentered algorithm and, similar to batch-greedy, processes only updated
edges and their adjacent edges. For every node that is incident to an updated
edge, its rating is computed as in NodeCentered and all its incident edges are
uncolored. These nodes are then ranked and processed as in NodeCentered,
using the same threshold parameter 6 = 0.2.

Lemma 7.3.4. For a batch of size b, batch-NC runs in time O(b(logb + Alog A +
kA)). The recourse is O(bA).

Proof. There are at most 2b nodes incident to updated edges and each of these
nodes has up to O(A) incident edges. Thus, the algorithm processes O(b)
nodes and O(bA) edges. The running time and recourse then follows from the
running time and recourse for NodeCentered (see Table 7.3.1). O

7.3.4 Hybrid Algorithms

If a large fraction of the edges in the graph is updated, it can be better to
recompute a coloring from scratch instead of processing each update in the
batch individually. To this end, we combine the static algorithm with the best
time-for-weight tradeoff [74], kEC, with the update procedures of our two dy-
namic algorithms, dyn-greedy and dyn-kEC, and thus obtain a hybrid-greedy
and a hybrid-kEC algorithm.
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The hybrid algorithms choose between the static and dynamic algorithm
with the goal to minimize the running time. For the decision, they use a simple
heuristic that can be computed quickly and relates the size of the batch b to
n: if b < n, the dynamic algorithm should be faster; otherwise, we expect the
dynamic algorithm to do much more work than the static one, in part due to
bookkeeping, so the static algorithm should be faster. To run the procedures
of the dynamic algorithms at the time the update is observed, the decision
needs to be made before the next batch arrives. We hence use the batch size b’
of the previous batch as an estimate for the current batch.

The following lemma states the running time and recourse, which follow
from those for kEC, dyn-greedy, and dyn-kEC (see Table 7.3.1).

Lemma 7.3.5. hybrid-greedy, parameterized by a and B, and hybrid-kEC process
a batch of updates in O(n- (k- 2% + p2)+ mlog m+ kn?) and O(mlogm+ kn?) time,
respectively. The recourse is O(n).

7.3.5 Reducing Work by Filtering Updates

Minor changes in the weight of an edge do not have a large effect on the overall
solution weight. This holds particularly in large graphs, where the contri-
bution of an individual edge to the solution weight is small by comparison.
We filter such updates with the goal of improving the running time without
degrading the weight of the solutions.

Our strategy is parameterized by a threshold ¢t > 1. Let ¢/(e, 0) be an update
that changes the weight of e from w to w’ = w + 6. With the filtering enabled,
updates with w, w’ # 0 and % € [1/t,t] are not processed by the dynamic algo-
rithms. Insertions and deletions are never discarded. We suffix an algorithm
with -f if filtering is used.

7.3.6 Post-Processing and Approximation Guarantees

To improve the weight of a given coloring, we consider a post-processing
routine that performs local optimization in the neighborhood of uncolored
edges. It ensures that for every color i, an uncolored edge has either one or
two edges with color i in its neighborhood that are (in sum) at least as heavy
as the uncolored edge. It establishes the following invariant:

Invariant 7.3.6. For every uncolored edge e € E and each color ¢ € [k], w[N¢(e)] >
w(e).

The post-processing algorithm places all uncolored edges in a priority queue,
ordered by decreasing edge weight. For each edge e that is removed from the
queue, it (1) colors it with a free color c if one exists, or (2) finds a color ¢’
for which the invariant is violated and performs a SwapIn(e, ¢’), which must
succeed due to the violation. The newly uncolored edges are then pushed onto
the queue for an invariant check. Due to the violated invariant, they must
both be strictly lighter than e. Thus, each edge can be enqueued and dequeued
at most once and the procedure terminates after at most m iterations. (3) If
the invariant is satisfied for all colors, e remains uncolored.

The post-processing can be combined with any of the aforementioned algo-
rithms by applying it to the coloring after a batch is complete. We suffix an
algorithm with -p if post-processing is used.

157



7 DEMAND-AWARE LINK SCHEDULING FOR RECONFIGURABLE DATACENTERS

Lemma 7.3.7. The post-processing algorithm outputs at least a %—approximation
for the weighted k-disjoint matching problem.

Proof. Let M* = (M’{,M;,...,M;) be an optimal solution, let M = (M, M,,...,
M) be a solution computed by the algorithm and consider an edge e € M*\ M.
Let i € [k] such that e € M. As e ¢ M, there is either adjacent edge ¢’ €
N(e) N M; with w(e’) > w(e) or two adjacent edges e¢’,e”” € N(e) N M; with
w(e’) +w(e”) > w(e) by Invariant 7.3.6. We charge e’ a cost of w(e) in the first
case and ¢’ and e” together a cost of w(e) in the second case, such that the
respective cost shares do not exceed w(e’) and w(e”).

Conversely, consider an edge e € M\ M" and let j € [k] such that e € M;.
Then, there can be at most two edges ¢’,e¢” € N(e) that are contained in M}-‘,
but not in M, so e can be charged at most a cost of 2w(e).

Hence, w(M*) = w(M* N M)+ w(M*\ M) < wM* N M)+ 2w(M\ M) <
2w(M). O

The post-processing can also be run on its own as a batch-dynamic algo-
rithm, which we refer to as batch-2apx. This algorithm collects those edges
for which the invariant may have been violated by an update. At the end of a
batch, it processes the collected edges as described above.

Lemma 7.3.8. The post-processing algorithm and batch-2apx run in time O(m(k+
t, +1t_)), where t, and t_ are the times for enqueuing and dequeuing an edge. The
recourse is O(m).

Proof. The algorithm first enqueues O(m) uncolored edges in a priority queue
Q. For each edge e that is dequeued it takes O(k) time to find a free color
or a color for which Invariant 7.3.6 is violated. If the invariant is restored,
then up to two previously colored edges are enqueued in Q, which are strictly
lighter than e. It follows that each edge is enqueued and dequeued at most
once. Thus, the total time is O(m(k + t, +t_)). Only edges that were in Q at
some point during the algorithm change their color and thus the recourse is
O(m).

O

7.4 Experiments

We evaluate the running time, solution weight, and recourse of the algorithms
from Section 7.3 in practice on a large and diverse set of instances for k
(2,4,8,16,32}.

7.4.1 Instances

To perform a thorough analysis we include both real-world as well as large
synthetic instances. All real-world instances were generated from measured
or simulated network traffic on real-world networks. Synthetic instances are
random dynamic weighted graphs generated according to different models.

REAL-WORLD INSTANCES. We obtained dynamic instances from three real-
world data collections that have been used to analyze network communication
before [74, 144].
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Table 7.4.1: Real-world and split instances: max. #edges M at any point in time, max.
batch size B, max. #batches b, max. #nodes n, percentage of insertions I, deletions D
and weight changes C among updates, and the number of instances in each data set.

data set M B b n I D C #
FB 66423 66421 1399 367 6% 4% 90% 9
hpc 9330 16755 5000 1024 36% 36% 28% 12
pfab 1390 2588 4999 144 33% 33% 33% 9

FB/s 62799 64777 27980 367 48% 47% 5% 26

The facebook (FB) [133] data sets consist of IP packet information from
Database, WebService and Hadoop clusters. Each packet is associated with a
Unix timestamp, the packet size, and the source and destination server. We
construct our instances as follows: (1) We group x timestamps into one batch
of updates. (2) For each source-destination pair (a,b), we sum the size of all
packets occurring in this batch, which defines the new weight of the edge (a, b)
in the graph. This may result in an edge insertion or deletion if the old or new
weight, respectively, is zero. From each of the three clusters we obtain three
instances by choosing x € {60,1800,3600}.

The three pfab [60, 145] and four hpc [60] data sets consist of source-
destination pairs, each of which is associated with a unique sequence number.
We proceed similarly to the FB data set, with the sequence number as time-
stamp and the number of packets per batch as the packet size and edge
weight. We obtain three instances per data set by choosing the group size
x €{10,100,1000}.

SPLIT INSTANCES. The FB instances are based on traces with a temporal
resolution of one second. To simulate instances with higher resolution and
more frequent reconfigurations of the optical network as well as to study the
influence of edge weights, we generate a set of split instances as follows: We
distribute the weight of an edge in a batch over multiple “sub-batches” such
that its new weight never exceeds a threshold z € {10°,10°)} and set the number
of sub-batches that are created from each original batch to y € {5,10, 15, 20}.
For an original batch B, we create exactly y sub-batches 3y, ..., By and, for each
edge that is updated to weight w in B, we randomly select [%] consecutive
sub-batches from By, ..., B, and create the corresponding update operations.
For example, for y =5, and z = 103, if there is an edge e that is updated to w =
215342 in B, e will have weight z during two sub-batches and the remaining
weight r = 15342 in a third. If the three randomly chosen consecutive sub-
batches are B,, B3, B4, we create update operations that set e’s weight to z in
B,, reduce it to r in By, and to weight 0 in B5 (zeroing), which means to delete
e. Note that e keeps its weight of z during B3, so no update is required. The
zeroing is omitted if the last sub-batch is among the randomly chosen ones
and e’s weight is updated in the first sub-batch B; of the following (original)
batch B’. Thus, we create at most three updates for each update in the original
instance. As a split instance has y times as many batches as the one it was
created from, the batch sizes in the split instances are decreased. Smaller
values for z increase the number of sub-batches [ 2] that need to be selected,
which reduces the number of zeroings and further decreases the batch sizes.
For each combination of s and I and each instance in FB, we create a split
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Figure 7.4.1: Weight distributions of the four data sets on a log-log scale.

instance, but only if its maximum edge weight is at most v - z. The resulting
data set FB/s contains 26 instances.

Table 7.4.1 summarizes the properties of the real-world and split instances.
On average over the batches, 47 % of the updates in FB, hpc, and pfab are
weight changes, 28 % are insertions, 25 % are deletions and 130 %? of the
edges are updated. Splitting the batches and distributing the updates over
sub-batches in FB/s greatly increases the relative number of insertions and
deletions. Figure 7.4.1 shows the weight distributions.

SYNTHETIC INSTANCES. To diversify our test set and to further study the al-
gorithms’ behavior on large instances, we generated synthetic dynamic graphs
from RMAT [146] instances, which have also been used to evaluate the static
algorithms [74]. Following [74], the initiator matrices for the RMAT gen-
erator are (0.55,0.15,0.15,0.15) (rmat_b), (0.45,0.15,0.15,0.25) (rmat_g), and
(0.25,0.25,0.25,0.25) (rmat_er), with a number of nodes n = 2* and 14 < x < 18.
Whereas each edge is equally likely for the rmat_er (Erdés-Rényi) graphs,
rmat_b and rmat_g instances have skewed normal degree distributions, small-
world properties, and larger clustering coefficients [147]. The weights follow
an exponential distribution with values between 1 and 500000. We create the
dynamic instances as follows: In the first batch, all edges of the static graph
are inserted. In every subsequent batch, a fraction f €{0.1,0.3,0.5,0.7,0.9} of
edges is updated. If the edge currently has positive weight, its weight is set
to zero with probability p € {0.1,0.3}, i.e., the edge is deleted. Otherwise we
assign a new weight uniformly at random from the weights in the original
instance. We obtain 150 instances altogether, which we group by graph size n.
Every group contains 30 instances (3 x 5 x 2), each of which has 30 batches of
updates.

On average over all synthetic instances, a batch consists of 17 % insertions,
16 % deletions and 67 % weight changes.

7.4.2 Setup and Methodology

We implemented the algorithms in C++17 on top of the Algora library®, We
record the running time and weight of the solution for each batch of updates.
When applying a batch, the Algora framework notifies the algorithms of
every update individually. The dynamic algorithms dyn-greedy and dyn-kEC

a W.r.t. the number of edges after the batch. Deletions can cause values above 100 %.
b https://libalgora.gitlab.io|
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immediately update the disjoint matching; the batch-dynamic algorithms
batch-greedy, batch-NC, and batch-2apx use these notifications to prepare
the batch, i.e., to build up the sets of (nodes incident to) updated edges.

We obtain the number of changes to the coloring over a batch by comparing
the coloring before and after the batch. This is done by explicitly storing the
state of the coloring before the batch and counting the changes in a separate
run, where no running times are measured.

We run our experiments on a machine (A) with two Intel Xeon Gold 6130
CPUs (16 cores each) and 256 GB of main memory, and a machine (B) with
two Intel Xeon E5-2643 CPUs and 2x750 GB of main memory. Machine A was
used for all experiments on real-world and synthetic instances, whereas exper-
iments for the split instances were run on machine B. For each experiment, the
process was pinned to a NUMA node and its local memory. We focus on the
time to obtain a new configuration, i. e., the running time of our algorithms,
which are designed to be run on a central server.

To obtain reliable running times, we repeated each experiment three times.
For the analysis, we take the median time over each batch for the deterministic
algorithms and the arithmetic mean for the randomized algorithms, using
different seeds. For the average per-update time t;(A) of an algorithm A on
an instance I, we divide the time per batch by the batch size and take the
arithmetic mean over all batches. The average solution weight 6;(.A) is the arith-
metic mean over all batches. In case of deterministic algorithms, the average
recourse 0;(A) is defined analogously, whereas for randomized algorithms, we
first take the mean recourse per batch over all repetitions and then the mean
over these means.

We compare the algorithms relative to each other w.r.t. speedup, solution
weight, and recourse. When comparing algorithm A to a reference algorithm

R for an instance I, we obtain (1) the speedup as %, (2) the relative solution
weight as gjzg;, (3) the relative recourse as ngé; To average over a data set, we

always use the geometric mean.

7.4.3 Results

We analyze our algorithms first in smaller groups on the set of real-world
instances, then consider their performance in terms of running time, solution
weight, and recourse on the split and synthetic instances.

FILTERING SMALL UPDATES. The update filtering strategy described in
Section 7.3.5 aims at ignoring small updates that are not expected to lead to
large changes in the coloring. A preliminary parameter study demonstrated
that the decrease in running time due to filtering roughly matched the decrease
in solution weight. Combined with post-processing, the speedup was retained,
but the solution weight was not impaired. Hence, we present only results for
filtering together with post-processing.

PARAMETERS FOR dyn-greedy. Preliminary results showed that increas-
ing the recursion-depth parameter @ beyond a =1 yields no significant im-
provement in the solution weight, but increases the running time. Similarly,
when comparing the randomized version of dyn-greedy with f < max{k, A} to
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Figure 7.4.2: Average per-update times (left axis, boxes and 4) and weight (right axis,
x) for k = 8 on all real-world instances.

the deterministic version with = max{k, A}, we observed that setting f =1
yields the best trade-off between running time and solution weight for the
randomized algorithm. In the following we thus consider only two versions:
a randomized one with g = 1, which is identified by the suffix -r, and a
deterministic one without this suffix.

Real-World Instances

Figure 7.4.2 provides an overview over per-update times and solution weights
for selected algorithms.

BATCH-DYNAMIC AND STATIC ALGORITHMS. We evaluate the performance
of these algorithms relative to each other. Our results confirm the earlier study
for the static setting [74] and show that kEC is on average the fastest static
algorithm. The same applies to batch-greedy, batch-greedy-1, and batch-NC.
For all instances and all k, the speedup of NodeCentered and GreedyIt-1 is
between 0.2 and 1.5. However, for each value of k, the average speedup across
all instances does not exceed 0.9. GreedyIt is faster than kEC only on the pfab
data set with speedups up to 1.3, but takes more than twice as long as kEC
on the other data sets. Only batch-2apx achieves significant improvements
over kEC, with the average speedup over all pfab instances ranging from 1.3
to 1.7. On average across all instances, however, kEC remains faster than all
batch-dynamic algorithms.

In terms of solution weight, the algorithms differ by no more than 2.5 %
from the solution weight of kEC. We conclude that among the static and
batch-dynamic algorithms, kEC performs best and that batch-2apx is the only
batch-dynamic algorithm that is competitive on some data sets. In the following,
we hence use KEC as reference for comparisons.

DYNAMIC ALGORITHMS. We compare the algorithm dyn-greedy and the
randomized algorithm dyn-greedy-r to the respective variants with both
filtering and post-processing, dyn-greedy-pf and dyn-greedy-rpf. The latter
two achieve equal solution weight, which is in all cases at least 98 % of the
weight achieved by kEC. dyn-greedy-pf is always slower than dyn-greedy-rpf,
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which achieves speedups between 0.6 and 3.3 relative to kEC across all k and
instances. The close performance in solution weight of dyn-greedy-pf and
dyn-greedy-rpf suggests that the post-processing contributes significantly to the
solution weight and can compensate for low-weight solutions produced by the
base algorithm.

The randomized dyn-greedy-r cannot match kEC in terms of solution weight.
For each k, the average solution weight across all instances in FB is below 89 %
relative to kEC. Also dyn-greedy does not provide an advantage over kEC: it is
either significantly slower or its solutions are more than 10 % worse. Among
the dyn-greedy variants, dyn-greedy-rpf thus offers the best trade-off between
solution weight and running time.

The dynamic version of kEC, dyn-kEC, only becomes competitive with kEC
when combined with filtering and post-processing. Without either its solu-
tions are about 10 % worse than that of kEC on average for each k and it takes
up to three times as long as kEC, except for k < 4 on FB, where the speedup is
up to 1.7. Enabling post-processing (dyn-kEC-p) improves the solution weight
slightly, but makes it even slower. The combination with filtering (dyn-kEC-pf)
again compensates the loss in running time: dyn-kEC-pf is faster than dyn-kEC
overall, but still slower than kEC, however by only 4 % on average. Its solution
weight is comparable to dyn-greedy-rpf (cf. Figure 7.4.2).

HYBRID ALGORITHMS. KEC and hybrid-kEC perform similar in terms of
solution weight, differing in no more than 2 % on any instance. hybrid-kEC
also tends to be at least as fast as kEC: On average over all k and all instances, it
is equally fast on FB, 40 % faster on pfab and 8 % faster on hpc. Both algorithms
do not benefit from post-processing, which increases the running time but not
the solution weight.

Hybridizing kEC and dyn-greedy-rpf yields hybrid-greedy-rpf, which pro-
duces solutions that are for each k on average no more than 1 % worse. It is
also faster than kEC, with average speedups up to 40 %.

sUMMARY. KkEC is clearly the best static algorithm on the real-world in-
stances, and also superior to all batch-dynamic algorithms except batch-2apx.
Among the dynamic algorithms, dyn-greedy-rpf provides the best perfor-
mance overall, with large speedups and solutions close in weight to those
of kEC. hybrid-greedy-rpf and hybrid-kEC are also faster than kEC and have
comparable solution weight.

Split Instances

On the FB/s instances, we see a similar, though not identical picture in com-
parison to the real-world instances (cf. Figure 7.4.3). One notable difference is
that due to the limited maximum edge weight, filtering remains essentially with-
out effect. As the number of updates per sub-batch decreases as the number of
sub-batches increases or for a smaller weight limit, the speedup achieved by
the dynamic algorithms relative to kEC improves in these cases.

The speedups are more pronounced on average for small k. The fastest
algorithms across all values of k are dyn-greedy-rp and batch-2apx, both with
a mean speedup across all k of 2.5 and with a maximum speedup over kEC on
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Figure 7.4.3: Average per-update times (left axis, boxes and 4) and weight (right axis,
x) for k = 8 on all split instances.

an instance of 5.1 and 6.0, respectively. The hybrid algorithms show a similar
performance as kEC with a speedup between 0.85 and 1.2.

All algorithms perform similar w.r.t. solution weight, only dyn-greedy-r
and dyn-keC (both without post-processing) fall significantly behind the others
with a weight relative to kEC in the ranges 0.7-0.9 and 0.5-0.9, respectively.

Synthetic Instances

KEC is the fastest static algorithm on the synthetic instances. It is also faster
than the greedy and node-centered batch-dynamic algorithms batch-greedy,
batch-greedy-1, and batch-NC. batch-2apx is faster than kEC if at most 10 %
of the edges are updated, and for k = 2 even if up to half of the edges are
updated. The average speedups of batch-2apx over kEC for each k are between
4% and 2.9.

Figure 7.4.4 shows the speedup of (batch-)dynamic and hybrid algorithms
over kEC. The dynamic algorithms are on average faster than kEC if 10 %

—&—  dyn-kEC—pf -4\ batch-2apx —} - dyn-greedy-rpf

—O— hybrid-kEC - 3% - hybrid-greedy

2 8 32

speedup over k-EC

T T T T T
03 05 07 09 0.1

fraction of updated edges

Figure 7.4.4: Speedup of (batch-)dynamic algorithms over keC for k = 2,8,32 on the
synthetic instances, where fraction of updated edges = #updates / m.
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of the edges are updated in a batch. For k = 2, the dynamic algorithms
dyn-greedy-rpf and dyn-kEC-pf achieve a maximum speedup of 5.2 and 4.0,
respectively, even if 70 % of the edges are updated. hybrid-kEC takes on
average the same time as kEC unless only 10 % of edges are updated. Here, it
is significantly faster as it uses the dynamic routine to update the solution.
Similarly, hybrid-greedy-rpf is faster if k = 2 and 10 % of edges are updated,
but slower if at least half of the edges are updated.

As k increases, the solution weights generally improve relative to kEC and,
e.g. for k = 8, they are already within 6 % for all algorithms. The worst case
arises for k = 2 and we discuss it next in more detail: batch-2apx produces
solutions that differ from those of kEC by no more than 3 % on average. Both
hybrid-keC and hybrid-greedy-rpf match the solution weight of kEC on in-
stances where they mainly employ the static algorithm. However, when only
10 % of the edges are updated the solution weight drops off by 10 % relative to
kEC. This matches the performance of their dynamic counterparts: dyn-kEC-pf
and dyn-greedy-rpf yield solutions that are at least 10 % lighter than those
of kEC when only 10 % of edges are updated. With increasing batch size the
solution weight improves, but for dyn-kEC-pf does not get within less than
8 % of kEC for k = 2.

In conclusion, while the dynamic algorithms are generally faster than kEC on
instances with smaller batch size, the speedup comes at the cost of a somewhat
decreased solution weight. For k = 2, this decrease can be quite significant,
but it improves for larger k. batch-2apx produces high-weight solutions even
for k = 2, which are within 3 % of kEC’s. Thus, batch-2apx is the recommended
choice for small k, whereas hybrid-kEC and hybrid-greedy-rpf are faster for
larger k without sacrificing solution weight.

Recourse

We compare the best algorithms from the previous sections. As the static
algorithms differ in recourse by no more than 2 %, we use kEC as reference.

REAL-WORLD INSTANCES. dyn-greedy-rpf and batch-2apx have similar
recourse on FB and hpc, which is between 56 % and 69 % of kEC’s. On pfab,
batch-2apx is slightly better than dyn-greedy-rpf and clearly better than kEC.
dyn-kEC-pf performs similarly well as dyn-greedy-rpf on hpc and pfab, and
even better on FB with a recourse of at most 39 % relative to kEC.

The recourse of the hybrid algorithms tends to be between kEC and their
dynamic subroutine. hybrid-keC performs equal to kEC on FB, better on hpc,
but worse on pfab. hybrid-greedy-rpf has lower recourse than kEC on all
instances and matches that of dyn-greedy-rpf on pfab.

SYNTHETIC INSTANCES. We expect the recourse of the dynamic and hybrid
algorithms to be less than that of kEC for small batch sizes. The results
on the synthetic instances confirm this. dyn-greedy-rpf, dyn-kEC-pf, and
batch-2apx show similar results in terms of recourse: for k = 2 the recourse
ranges between 50 % and 95 % relative to kEC and between 22 % and 36 % for
k = 32. As expected, the recourse increases with the batch size. Surprisingly
on first sight, the recourse relative to kEC decreases as k increases. However,
for larger k more edges are colored and, thus, a larger percentage of edges
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keep their color during an update. The hybrid algorithms hybrid-kEC and
hybrid-greedy-rpf have the same recourse as kEC if at least half of the edges
are updated in a batch. If only 10% of edges are updated, the recourse
is similar to their dynamic counterparts. This behavior reflects the above
discussion of running times and solution weights.

SPLIT INSTANCES. We observe a similar reduction in recourse for small
batches on the split instances FB/s. The hybrid algorithms hybrid-kEC and
hybrid-greedy-rp showed the same performance with respect to running time
and solution weight, and they also produce the same recourse as kEC, regard-
less of batch size. The dynamic algorithms’ recourse is on average at least 20 %
lower than that of kEC. Post-processing has a significant impact on recourse:
for dyn-greedy-rp has average recourse up to twice that of dyn-greedy-r. A
similar trend can be seen for dyn-kEC-p compared to dyn-kEC, but the effect
is not as pronounced. Filtering, on the other hand, has no significant impact
on the recourse, which also matches our observations w.r.t. running time and
solution weight. In general, the recourse relative to kEC increases for dynamic
algorithms as the batches become larger. For k = 2 dyn-greedy-rp produces
an average recourse between 51 % and 73 % and 44 % to 74 % for k = 32.
dyn-kEC-p, dyn-greedy-rp and batch-2apx have a recourse roughly equal to
dyn-greedy-rp.

suMMARY. The (batch-)dynamic and hybrid algorithms generally have a
smaller recourse than the static algorithms, which leads to fewer changes in
the network configuration. On instances where the hybrid algorithms mainly
use the static kEC, they have no advantage in terms of recourse.

Summary of Experiments

Our results show that dynamic algorithms are particularly good on instances
with smaller batches, while static algorithms perform well on large batches.
This suggests the following recommendations: (1) When dealing with small
batches and small numbers of matchings, i.e., frequent reconfigurations of the
network and a small number of switches, batch-2apx exhibits the best trade-
off between running time and solution weight. (2) For a larger number of
matchings, the dynamic algorithms dyn-greedy-rpf and dyn-kEC-pf provide
faster running times and high-weight solutions. (3) When dealing with large
batches, e.g. if the intervals between reconfigurations are longer, the hybrid
algorithms hybrid-kEC and hybrid-greedy-rpf provide the best performance
if running time, solution weight, and recourse are considered. They are also
well-suited for other situations and thus are a very good general-purpose
choice. (4) If the solution weight has the top priority and sacrifices w.r.t.
running time and recourse are acceptable, the best choice is kEC. Generally,
the dynamic and hybrid algorithms have a lower recourse than the static
algorithms, with dyn-kEC-pf giving recourse as low as 30 % relative to kEC.
Note that reduced recourse implies less reconfiguration cost in the optical
network and, thus, less overhead.
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7.5 Conclusion

We studied efficient algorithms to maximize the amount of traffic which can be
offloaded to the optical topology in a demand-aware manner. In particular, we
presented several dynamic algorithms which exploit the temporal structure of
workloads, by computing the disjoint matchings offered by optical switches in
an adaptive manner.

Our work opens several interesting avenues for future research. In particu-
lar, we have so far focused on algorithms running on a centralized controller,
which matches the predominant architectural datacenter network model to-
day [58, 140, 148]. Still, it would be interesting to explore distributed versions
of our algorithms: emerging reconfigurable datacenter architectures support a
distributed control, e.g., performed directly on the switches. Furthermore, we
have so far focused on online algorithms which do not require any knowledge
of future traffic demands. This is attractive, as the predictability of such
traffic demands is application-specific. Nevertheless, it would be interesting
to explore how a dynamic scheduler can benefit from headroom, as it may be
available for repetitive applications (e.g., related to learning): such knowledge
may be exploited to pre-compute solutions dynamically to some extent and
hence to further improve the algorithms. Our algorithms may also be adapted
to the related problem of scheduling connections in satellite-based commu-
nication networks, where colors correspond to time slots [75]. The problem
differs in that the matchings are unweighted and bounded in cardinality.
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