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Abstract

The self-consistent motion of an ensemble of collisionless, charged particles under the
effect of its own gravitational and electromagnetic (EM) field as well as the corresponding
metric and EM field can be described by the Einstein-Vlasov-Maxwell system (EVMS), a
system of coupled differential equations consisting of the Einstein equations, the Maxwell
equations and the Vlasov equation. Since this system is rather complicated, we limit
ourselves to the static, spherical symmetric case, including however the cosmological
constant. To prove the existence of solutions to this system, we combine the work of [,
where the proof is done for a vanishing cosmological constant, with the work of [2], in
which the existence of solutions is proven for the Einstein-Vlasov system, so the electrical
neutral case, but with a nonvanishing cosmological constant. Both of the sources consider
the static, spherical symmetric system. In the present thesis we prove the existence
of solutions to the regular system as well as the existence of solutions in presence of a
charged black hole at the center of the spherical symmetry. The proofs in the present
work require weak particle charges, a weak black hole charge and a small absolute value
for the cosmological constant.






Kurzfassung

Die selbstkonsistente Bewegung eines Ensembles von kollisionslosen, geladenen Teilchen
unter Einfluss seines eigenen Gravitationsfeldes und seines eigenen elektromagnetischen
(EM) Feldes sowie das zugehorige Metrikfeld und EM-Feld kénnen durch das Einstein-
Vlasov-Maxwell System (EVMS) beschrieben werden. Dies ist ein System aus gekoppelten
Differentialgleichungen, bestehend aus den Einstein Gleichungen, den Maxwell Gleichun-
gen und der Vlasov Gleichung. Aufgrund der Komplexitdt dieses Gleichungssystems
beschranken wir uns hier auf den statischen, sphéarisch symmetrischen Fall, wobei wir die
kosmologische Konstante aber inkludieren. Um die Existenz von Losungen von diesem Sys-
tem zu beweisen, kombinieren wir die Arbeit von [I], in der der Beweis fiir verschwindende
kosmologische Konstante durchgefiihrt wurde, mit der Arbeit von [2], in der die Existenz
von Losungen fiir das Einstein-Vlasov System, also den elektrisch neutralen Fall, aber
mit nichtverschwindender kosmologischer Konstante bewiesen ist. In beiden Arbeiten
wird jeweils das statische, sphérisch symmetrische System betrachtet. In der vorliegenden
Masterarbeit wird die Existenz von Losungen fiir das regulédre System bewiesen, sowie die
Existenz von Losungen in Anwesenheit eines geladenen, schwarzen Lochs im Zentrum der
Kugelsymmetrie. Die Beweise, wie sie hier gemacht werden, erfordern schwache Teilchen-
ladungen, eine schwache Ladung des schwarzen Lochs und einen kleinen Absolutbetrag
der kosmologischen Konstante.
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1. Introduction

The study of the dynamics of charged particles within the framework of general relativity
is a fundamental problem in gravitational physics. A prominent model that describes
the self-consistent motion of such a particle ensemble under the influence of its own
gravitational and electromagnetic field is the Einstein-Vlasov-Maxwell system (EVMS),
which neglects collisions between the particles, and models the ensemble as a collisionless
gas, describing the evolution of its particle distribution function f(¢,Z, %) by the Vlasov
equation. The Vlasov equation, being dependent on both the metric and the charge
distribution, is coupled to the Einstein and Maxwell equations, which, in turn, depend on
the particle distribution function. Thus, the EVMS forms a complex system of coupled
differential equations that describes the motion of collisionless, charged particles in general
relativity.

Since in many cases collisions between the components of an astrophysical system
happen rarely, it often makes sense to describe the evolution of the particle distribution
function of such systems by the Vlasov equation. While the uncharged Einstein-Vlasov
system can be useful to model objects like globular clusters, galaxies or galaxy clusters,
which are assumed to have zero net charge, the Einstein-Vlasov-Maxwell system can be a
good attempt for the description of objects where charges do play a role for the dynamics.
Such objects are for example charged galactic nebulae which are clouds of ionized matter.
These include planetary nebulae, which are ejected from stars of intermediate mass (about
1 — 8 solar masses) at a late stage of their lives. However an issue here is that it is often
not reasonable to assume static conditions, which makes it hard to study the EVMS. (see

131)

The complexity of the EVMS has prompted to investigate specific cases, where
the system of equations is simplified far enough such that it can be analysed rigorously.
One possibility is to consider spherical symmetry and static conditions of the ensemble
as a whole. These assumptions reduce the dimensionality of the problem significantly
which facilitates the study of the system. Besides the physical applications it is also useful
to investigate this system, because its solutions share some properties with the axially
symmetric, rotating solutions of the uncharged Einstein-Vlasov system. Therefore, we can
possibly learn something about those uncharged solutions with a different symmetry by
finding out about the charged solutions in spherical symmetry. (see [3]) Previous works
on the spherical symmetric, static system have established the existence of solutions in
certain cases. For instance, in 2015 Hakan Andreasson, David Fajman and Maximilian
Thaller studied the electrically uncharged system with a cosmological constant of small
absolute value for which they showed the existence of local solutions, global regular
solutions as well as global solutions with a Schwarzschild singularity, i.e. a black hole, at



1. Introduction

the symmetry center (see [2]). In 2019 Maximilian Thaller proved the existence of local
and global regular solutions for small particle charges, but in absence of a cosmological
constant (see [I]). The objective of the present thesis is to combine the two just mentioned
approaches and establish the existence of local solutions, global regular solutions and
global solutions with a charged black hole at the center, each for the charged EVMS and
in presence of a nonvanishing cosmological constant, where all the charges as well as the
absolute value of the cosmological constant are small.

The thesis is based entirely on theoretical investigations and the proofs will be
mostly constructed by combining methods from the two mentioned works of Thaller and
Andréasson, Fajman, and Thaller. It is divided in two main parts. The first part treats
the regular case, where all the particle properties are non-divergent everywhere, including
at the center. We will start off with the explanation of the setup, where we will use an
appropriate Ansatz for the static, spherical symmetric system and based on this write
down the equations of the EVMS. By choosing suitable boundary conditions, we impose
a regular center. After the setup, we approach step by step the proof for the existence of
global solutions, for the time being with a positive cosmological constant A > 0. At first
we proof the local existence on a radial interval [r, 7+ ] with an arbitrary 7 > 0 and some
small 6 > 0. In the next chapter we establish a continuation criterion, which guarantees
the existence of solutions as long as the denominator of a certain one of the reduced
Finstein equations is positive. Using this and a background solution with vanishing
cosmological constant and a spatial support bounded above by some radius Ry > 0, we
show that there exist solutions to our system of interest at least until Ry + AR with some
positive number AR > 0 and that these solutions also have a bounded spatial support.
To do so it is necessary to assume that A is sufficiently small. As a last step, we show
that beyond the support of the matter region we can extend the solutions by a vacuum
solution in a smooth way, which finally gives us the existence of global regular solutions.
In the last chapter of part I we briefly discuss the case A < 0 and reconsider the parts in
the proof that are affected by the different sign. The second part of the thesis considers
the system with a singularity, specifically with a charged black hole, at the center. In this
case we still use the same setup as in the first part with different boundary conditions
and an effective electric energy as an auxiliary quantity to avoid troubles inside the black
hole event horizon. We initially assume the black hole charge ()¢ and the particle charges
qo to have the same sign to simplify calculations. In the first chapter of part two we
study the scenario where we have a weakly charged black hole surrounded by weakly
charged matter shells and vanishing cosmological constant. We use this result further as a
background solution for the next chapter, where we reintroduce a nonvanishing, positive
cosmological constant and show that staying close to the background solution, i.e. taking
a small value of the cosmological constant, there exist global solutions to this non-regular
system. Then, again we discuss the case for a negative cosmological constant and show
the existence of global solutions with a charged black hole at the center and A < 0. In the
last chapter we treat the case where the black hole charge and the charge of the particles
of the matter region do not have the same sign, that is to say where sgn(Qo) # sgn(qo),
where sgn is the signum function. In this scenario the contribution from the effective



electromagnetic energy will for small enough radii be positive, so there it acts as a binding
energy and we have to reconsider some arguments in the proofs. However, in the end it is
still possible to show the existence of solutions also for the different signs of the charges.






Part I.

Regular solutions






2. Setup

We consider the static, spherical symmetric Einstein-Vlasov-Maxwell system (EVMS)
with positive cosmological constant A > 0. Therefore, we choose the Ansatz

ds? = =2t 4 2N g2 4 42 (d®2 + sin? @dch) (2.1)

for the metric, where pu(r), A(r) € R, ¢ is the time coordinate and (r, ©, ) are the standard
coordinates of a spherical coordinate system. Furthermore, we consider all particles to
be of the same mass and charge (given by ¢g) and their distribution function f to be a
function only of the variables r,w and L, where 7 is the radial coordinate,

w = Mp) (2.2)

is the radial momentum and

L= ((p(9)>2 +sin20 <p<<f’>)2> (2.3)

is the square of the angular momentum. (p("), p©) p(‘p)) denote the momentum com-
ponents in spherical coordinates. We can write the relevant matter quantities, i.e. the
energy density p(r), the radial pressure p(r), the transversal pressure pr(r) and the charge
density pq(r) in terms of integrals over the particle distribution function:

p(r)::2/OOO/_Zf(T,w,L)Vl—{—wQ—kf;dde (2.4)

T [e'e] o0 w2
p(r)=—3 / / f(r,w, L)———=dwdL (2.5)
r 0 —00 2_*_%

V14w

o o L
pr(r) = 7r/ / flr,w, L)———=dwdL (2.6)
27”4 0 _ 2 L
00 1+ w*+ P>
pq(r) = qoeA(’"):;/ / f(r;w, L)dwdL (2.7)
0 —00
With our symmetry considerations the Vlasov equation looks like this:
af L q(T) r)+A(r / 2 L 8f
w8r+<r3+q07"26u() O ) (1402 + 5 ) ) 5L =0 (2.8)

where ¢(r) is the charge contained in a sphere of radius r around the center, determined
by the only non-trivial Maxwell equation of the static, spherical symmetric system
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qd(r) = 47T’l“2pq(7“) (2.9)

There are two independent, conserved quantities along the characteristics of the Vlasov
equation, namely L and the total energy

/ L
E=e""\ 1 +w?+ =~ 1g(7) (2.10)

r s
1,0r) = 0 /D a0 d) (2.11)

where

gives the electric contribution to the particle energy. We note that I,(r) is always positive,
even for negative charges qg, because ¢(r) o qo, as can be seen in the definition of ¢(r)
in the Maxwell equation (2.9) combined with the definition of the charge distribution
function p,(r) in (2.7), while the other factor is positive, so we always have I,(r) = ¢¢C(r)
with some positive function C(r) that is independent of qy. Therefore, any Ansatz
f(r,w, L) = ®(F, L) solves the Vlasov equation. For convenience we define

L
=14/1 24 = 2.12
€:=1/14+w?+ 2 (2.12)

and use in the following the polytropic Ansatz

w_ k
L — Lo, = a [1 - eeEOI‘J] L — Lo\, (2.13)

E k
| +

f(r,w,L) =®(E,L) =« [1— By N

where o, k > 0, l>—%, k<3l+%, Ey >0 and Ly > 0 and

@], = x ,forxz>0
Y710, forz<0

So, Ey defines a cutoff energy in the sense that for £ > FEy we have f = 0 which means
that for total energies higher than Fy the particle distribution function and with it all the
matter quantities in — vanish. As argued in [I], we can set Ey = 1 by rescaling
the time coordinate. Ly is a cutoff radial momentum squared, in the sense that for L < Lg
we have f = 0, so for too small total angular momenta the particle distribution function
and the matter quantities vanish again. With this Ansatz in we can write the

matter quantities (2.4), (2.5) and (2.7) as

p(r) = g(r, u(r), Iy(r)) (2.14)
p(r) = h(r, u(r), I;(r)) (2.15)
pa(r) = qoe* "k (r, u(r), Iy(r)) (2.16)



with functions

e H(Eo+1y) m_ T k I l+%
g(r, p, 1) = acr? . ( - 66Eq> €2 <62 - <1 + 0)> de  (2.17)
V1+8 0

*(Eo+1,) m_ TN\ L +3
h(r, p, I,) O‘c’ < - 66") <62 - <1 + 3) de  (2.18)

1/1+L0 Ey

e M (Eo+1y) m_J k L l+%
k(r,p, I,) = acr? ( - 66Eq> € <€2 - (1 + 0>> de (2.19)
0

with

1 Sl
=2 d 2.20
a 7r/0 Vi s (2.20)

Here we understand g = h = k = 0 if in the integrals in (2.17)-(2.19) the upper integral
limits are smaller or equal the lower integral limits, that is, for

L
“H(Bo+1,) < /14 Tg (2.21)
v/ 1+ %e“ -1,
>1 (2.22)

Ey -

or equivalently

We can express this condition also as

1 L
0>In(Ey + 1) — 3 In (1 + Tg) —p=:7(r) (2.23)

where we defined the new quantity (7). If on the other hand, the upper integral limits
are greater than the lower ones, the integrals in — and therefore also the matter
quantities p(r), p(r) and p,(r) will be positive. This means that we have vacuum, in the
sense that all the matter quantities are zero, at a radius r if and only if v(r) < 0. We note
further some properties of the three functions g, h and & in —. At first, since

for positive g and h we have in their definition in (2.17) and (2.18]) that € > /1 + % >1,
we can conclude that

9
20+ 3

Furthermore, we state the following lemma

Lemma 2.1. The functions g(r, p, 1), h(r,p, 1y) and k(r,p, 1) defined in (2.17)-(2.19)
have the following properties:

h <

(2.24)
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i. They are continuously differentiable
1. They and all their partial derivatives are increasing in the first and third argument

1i. They and their partial derivatives with respect to the first and third argument are
non-increasing in the second argument

w. Their partial derivatives with respect to the second argument are non-decreasing in
the second argument.

Lemma is proven in [I] and we will need it later, in the course of the proof of the
existence of solutions. In the considered system we get two independent, non-trivial
Einstein equations, which read

2
e~ 2A(r) (2rXN(r)—1)+1— r2A = 87rp(r) + qr(; (2.25)
¢*(r)
e A1) (2ri/(r) + 1) = 1+ 72A = 8nr?p(r) — 2 (2.26)
,

We can solve the differential equation (2.25) for u(r) := e=2*"), It takes the form

—ru'(r) —u(r) = -1+ 87T7“2p(7‘) + qi(;) +7r2A (2.27)

This is an ordinary, inhomogeneous, linear differential equation, which we can solve by
conventional methods and we find the general solution

2 2
)y A, % (2.28)

8t [ 1 ("
u(r)=e . /0 sp(s)ds . /0 2 ds 3

with a2n integration constant C. Imposing a regular center with A(0) = 0 and 2 [ s%p(s)ds
L (7 (8) gs = 0 we find

rJo " s2
_ 8r [" 1 ["¢*(s) r2A
2\ _ 2
e =1-— - s“p(s)ds — 7"/0 = ds — 3 (2.29)

Now we can plug this in to the second Einstein equation (2.26)) and, using the expressions
(2.14) and (2.15) for the matter quantities in terms of g and h, we are left with the
reduced Einstein equation

2 r 2
4 (Th(rvﬂ,jq) + r% fOT 529(57H,Iq)ds - %W(:J) + 871'17‘2 0 qs(;)ds B %>

1 8t [T .2 I)d 1 7'q2d r2A (230)
= Jo $29(s,m dg)ds — 3 g ds — 5

o=

where in g(s, u, I;) we understand that ¢ = p(s) and I, = I,(s), so the second and third
argument always depend on the first argument of g and the same holds for the functions h
and k, which we will use later. All in all we have found now, that using the Ansatz (2.13)

10



for the particle distribution function, equation (2.29) for e=2* and solving equations (2.30)
and (2.9) solves the whole EVMS. At the origin we impose the boundary conditions

q(0) =0 (2.31)

1(0) = pc (2.32)

for the system.

11






3. Local existence

In this chapter we will show that locally there exists a solution to the EVMS with positive
cosmological constant. We consider the following theorem:

Theorem 3.1 (local existence). Let 7 > 0 and 0 < I,(7) < oo, oo > u(r) > —oo,
oo > A(1) >0 and e 2\ > g with an arbitrary constant 0 < a < 1. In case that 7 = 0,
let X(7) = I,(7) = 0. Let A > 0. Then there exists a § > 0 such that a solution (p, X, q) to

the system of Einstein (2.30)), (2.25) and Mazwell equations (2.9) exists on the interval
[7,7 + 6]. The solution is unique for the chosen polytropic Ansatz (2.13) of the particle

distribution function f.

Proof. The proof of the theorem can be done by a contraction argument similar to the
one in [I], where it is done for the case A = 0. In this proof we will consider the two not

integrated Einstein equations (2.26) and (2.29)), instead of the solution (2.29) for e 2A(r)
and the resulting equation (2.30]) for u(r), to stay close to the proof in [I]. We consider

the set

C= {(u,v,w) € (CO[F, 7 + 0, R))? x CH([F, 7 + 0], R) | Vr € [#,7 + 6] : (B.1) — }

with conditions:

(w0, w)(7) = (e, 1) (3.1)

0 < w'(7) < lgol 7 (3.2)
. . a -
(v, 0)(r) € =1+ 1) x [5,2] x [1.1+1] (3.3)
r r 2 _
877r : s2g(s,u,w)ds + qér/r s (w/(s))gv(s)e_h(s)ds + T?)A < 2 1 a (3.4)
for all r € [, 7 + ¢] and if ¥ = 0 also
1—o(r) < Cr? (3.5)

with a constant C' which does not depend on §. We also define a norm on this set:

l(w,v,w)lle = sup [u(r)]+ sup |o(r)|+ sup |w(r)[+ sup |w'(r)| (3.6)
relf,r+4] relr,r7+4] re[#,f44] re[?,r44]

13



3. Local existence

Now we define the operator

T : C

(u,v,w)

(CO([F, 7 + 8], R))* x CY([F, 7 + 6, R)

(3.7)
(T1, T2, T3) [u, v, w]

%
H
with components

1 —wv(s)
2s

Y 3.8
WP, A> )

o T eu(s) .
E[U,U,’LU](T):I+(]0 9 T~ q

o (3.10)

+4mqo Uik(a, u, w)da) ds
i A/v(s)

where

(5 o
g =D g2 Gt (3.11)

qo0
and we introduced the notation & = z(r). If we set A = 0 this brings us exactly to the
operator defined in [I], which is proven to be a contraction. Furthermore, the set C is the
same, with the only difference, that our condition is a bit more strict, because we
added a A-term. Since the definition of the third component 73 stays exactly the same,
but we have the same (or one even more strict) conditions, 73 still fulfills

dTs [ur,vi,un]  dT5 [ug, va, wo

sup |73 [u1,v1, w1] — Ts [uz, v2, we]| + sup
relf,i+d] relf,i+o] dr dr

< 06| (u1 — uz), (v1 — v2), (w1 —wa)lle
(3.12)

In the definition of 75 we just added a A-term, which is however independent of the variables

(u,v,w) and therefore just cancels out in the difference To(uy, vy, w1) — Ta(us2, v2, ws), S0
we also still have

14



[Sup ; T2 [u1, v1, w1] — T2 [ug, v2, wa]| < C§[(u1 — u2), (v1 — v2), (w1 —wa)llc  (3.13)
relr,r+

Only in 77 we have to work a bit, because the additional A-term here depends on v. We
can do the estimate

sup ‘7-1 [ulavlawl] - 7-1 [UQ,’UQ,’LUQH

rE[# i 46]
<
1 L—wvi(s)  (wi(s))’s “2us(s)
su 4dmsh(s,uy,wy) + — vy1(s)e #4118 3.14
el 1o /r (Ul(s) ( (51, w) 25 245 1) (340
1 L—va(s)  (wh(s)”s  guns)
() (47rsh(s,m,w2) + 5 20 Vo€ ds
o | (e ww) (7))
sup — | == | ds
refiita) 1S \v1(s)  wva(s) 2

The first part corresponds to  sup |7Ti[ug,v1,w1] — Tifug, va, w]| in the case A = 0,
re[# i+6)

which we already know is < C6||(u1 — u2), (v1 — v2), (w1 — we)||c. Thus, it remains to

estimate the second part further:

o [[( L) ()60, 1,
refiivo) |Je \vi(s)  v2(s) 2 2 gpiive) e |vi(s)  va(s)
_(13+5)A/72+62 a __a |,
N 2 s a|2v1(s)  2vy(s) §
(F+ 6 A [02]2 2
< 5 | avl(s)—avz(s) ds

T+ 0)A 4 7+o
< !—2 sup vy (r) — vg(r)|/ ds
2 %l iyl 7

2 .
ZEA(T—F(S)(; sup  |vi(r) — va(r)]

re[r,r+4]
= (C0+C6%) sup |vi(r) —va(r)|
re[r,r+4]
< C(6+6%) (w1 — u2), (v1 — v2), (w1 — wa)|lc

(3.15)

with a finite constant C' independent of 4. In the second line of the latter calculation
we used that the supremum of the integral is of course where the integration interval

15
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is maximal, since the integrand is strictly positive for all s. While in the third line, we
used that vy and vy are bigger equal § according to condition (3.3) and that for z,y > 1
always holds

y—
Ty

<y—=x (3.16)

8=

1_
Y

With this estimate we finally obtain

|7 [u1, 01, w1] = T [ug,va, wo]lle < C (6 +67) [[(u1 — ug), (v1 — v2), (w1 — wa)le (3.17)

which makes 7 a contraction, since we can choose § sufficiently small such that
C (5 + 52) < 1. Then we use Banach’s fixed point theorem which guarantees the existence
of a unique fixed point for 7~ and since T[u, e~} I,] = (u, e~} I,), this fixed point is
precisely (u, 6_2)‘,Iq) solving the two not-yet combined Einstein equations and
, as well as the Maxwell equation , in the sense that I, solves with ¢(r)
solving (2.9). Therefore, the EVMS has a local solution on [F, 7 + §].

O

16



4. Continuation criterion

Having shown that locally there exists a solution, we proceed now to show that the
solution exists at least as long as the denominator of the Einstein equation (2.30) is
positive. We state the following lemma:

Lemma 4.1 (Continuation criterion). Let R¢ be the largest radius such that a, for the
polytropic Ansatz of f unique, local solution (u, \,q) to the EVMS exists on [0, R¢),
in the sense that p solves the Einstein equation , A is given by and q solves
the Mazwell equation with initial values p(0) = pc, q(0) = 0. Let A > 0. Then there
exists a radius Rp < Ro where the denominator of equation (2.30) converges towards
zero, meaning that

r 1 /7 2 2A
lim inf (1 — 87r/ s%g(s, pt, I,)ds — / a (25) ds — 7“) =0 (4.1)
0 T Jo

r—Rp r s 3

Proof. For simplicity we call this denominator in the following d (r, s, I,) or simply d(r)
because 1 = p(r) and I, = I,(r). Since we impose a regular center, per definition we have

d(0)=1>0 (4.2)

Furthermore, d(r) is a continuous function, therefore, considering the case where d(r) > 0
does not hold on the whole interval [0, R¢) it has to become zero at some point on the
interval. So, what is left to proof, is that Lemma also holds for d(r) > 0 on the whole
interval. We do this by assuming the Lemma to be wrong and show that this leads to a
contradiction. So, we assume

d(r) > a (4.3)

for all » € [0, R¢), with an arbitrary positive constant 0 < a < 1, prohibiting d to converge
to zero. We show now that in this case the requirements of the local existence Lemma [3.1
are met for all 7 € [0, R¢) and that therefore, by choosing 7 sufficiently close to R¢, we
can continue the solution beyond R¢c. From we immediately see that e™2* > @ on
the whole interval [0, R¢), since e=?M") corresponds precisely to the denominator d(r).
Per definition we always have e 2* < 1, thus \ is positive and bounded for all
r € [0, R¢) and it is left to show that also p and I, stay bounded on the whole interval.
Let us start with . We can estimate its absolute value to
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4. Continuation criterion

|u(r)] = (s)ds

Mc+/u
0
4dr r2A
< |pe|+ d</0 (5,1, 1 / / g(o,p, I dads—i—g
(s
(%] :

(2w th))

0 S

4 r2A
S!uc|+7r< h(s, u, I, d3+/ / glo,p, I dads—ki

T
11 )
— ds
+87r r / >
Where we used in the first step the Einstein equation (2.30)) along with the assumption

d > a while in the second step we estimated s < r in the first integral and for the charge
terms used the fact that

WA a g () w

Since d > a, neither 87” JSQg(s,,u, I,)ds nor ; OT ‘15(2 )ds can diverge, because it would
make d negative. Consequently, g(r,u,1I,) has to stay finite on the whole interval
r € [0, R¢) and due to inequality (2.24)), also h(r, u, I;) stays finite. Because of the finite
integral limits also the integral of h is finite so, keeping in mind that we consider a finite

radius, all the terms in (4.4)) are bounded and we obtain

d

lu(r)| <C (4.6)

with a positive, finite constant C. For I,(r) we know that it is per definition positive, so

bounded from below and since we assume d > a, it follows that @ < C. As argued
by [I] this implies I, < C. Consequently the requirements of the local existence Lemma
are met for all 7 € [0, R¢) and there exists a solution on [, 7 4 0]. Therefore, we can
choose 7 so close to R such that 7 +§ > Re and thus extend the solution beyond Rc¢.
However, this fails to coincide with the definition of R¢ as maximal radius of existence
and we conclude that the assumption for the denominator of the Einstein equation
was wrong and that instead d(r) does converge to 0 at some point in [0, R¢) and the
Lemma is proven.

O]
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5. Existence beyond the non-vacuum
region

In [I] it has been proven that for a sufficiently small charge parameter gy there exists a,
for the specific Ansatz of f, unique global solution (u, A, ¢) to the EVMS in the case
of a vanishing cosmological constant with initial data ©(0) = pue with a negative central
value pc and ¢(0) = 0 and f is of bounded spatial support with boundary Ry. In the
following we let for each quantity z of the system with A = 0 denote x5 the corresponding
quantity for the EVMS in the case A > 0. In this chapter we use the solution established
in [I] as a background solution and show that if we start with the same initial conditions,
and stay close to this background solution, that is, for a sufficiently small cosmological
constant A, also a solution to the EVMS with nonvanishing cosmological constant exists
at least up to a radius Ry + AR, with some finite AR > 0 and the corresponding particle
density function fj is again of bounded spatial support. We state this in the following
proposition:

Proposition 5.1 (Existence beyond the non-vacuum region). Let (u, A, q) be the unique
global solution to the EVMS for A = 0, u(0) = peo with —oo < pe < 0 and ¢(0) = 0 where
f is of bounded spatial support [0, Ry) with v(Ro) = 0. Let (ua, Aa,qa) be the unique
local solution on [0, 8] to the EVMS for A > 0 and the same initial values pup(0) = pc
and qa(0) = 0 as in the A =0 case. Then the solution (up, An,qn) exists at least on the
interval [0, Ry + AR], with some finite AR > 0, and fy is of bounded spatial support with
boundary Rop < Ro + AR if

A min{ 1 1 g3Ca(Ro+AR) [y(Ro+AR)|  5C,(Ro + AR)}
Cq(Ro +AR) 18 Cq(0) "Cy(Ro+ AR) C,(0)

(5.1)

where there exist functions Cq(r) and C.(r), which are positive, growing in r and inde-

pendent of qo and A, such that

|d(r) = da(r)] < Calr) (A + ¢3) (5.2)
and
A (r) = ()| < Cy(r) (A + g5) (5.3)
Furthermore, we choose the absolute value of qy small enough such that
Cd(O) 18 Cd(Ro + AR) ’
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5. Existence beyond the non-vacuum region

and

@3Cy(Ro+ AR) _ |y(Ro+ AR)|
C4(0) Cy(Ro + AR)

to ensure that the upper bound of A is strictly positive.

(5.5)

Proof. To proof proposition [5.1], we firstly proof the following Lemma:

Lemma 5.1. Let R > 0 be such that |y(R)| # 0 and let (pa, A, qn), (i, A, @) be solutions
to the EVMS on [0, R] with A > 0 and A = 0 respectively, with common initial values
p1(0) = ua(0) = po with 0 > pe > —oo and q(0) = ga(0) = 0. Furthermore, let the
denominator in the differential equation for p in the case of vanishing cosmological
constant be d(r) > a > Tls and in the case A > 0 let da(r) > ap == a — % > 0 and let
lya(r) — ()] < |y(R)| for all r € [0, R]. Then

l9(ry iy In) = g(r o D+ h(ry s In) = h(ry i, T)| < (@5 + A) Con(r) (5.6)
where Cyp(r) is increasing in v and independent of qo and A.

Proof. For convenience we introduce the following notation g¢(r,pa,Ipn) =: ga and
g(r,u, I) =: g and estimate

lgn — gl < |g(rs pas In) — g(ry g, In)| + |g(ry o, In) — g(rpe, I)| (5.7)
=:Aug Arg

Ajg can be estimated further by

Dg(r, i, J
gl < s (P i) - 1)
JE[I,IA}
<g3C(r) (5.8)
=:C(r)
< gC(r)

with some positive function C'(r) which is growing in r. Here we used the fact that the
supremum can be written as such a function C(r), since g € C!, as stated under the
first point in lemma and under the assumptions of Lemma more precisely for
positive denominators of the Einstein equation, both I and Iy are bounded by some
g3C(r) with a positive, continuous function C(r) which is growing in r and independent
of qo, which also makes [I,I5] a finite interval. This bound has been shown in [I] for
I, just that in the present thesis we also pulled out the second go-factor to make C(r)
always positive and independent of gg. Even if this bound has only been shown for I(r),
the same argumentation still works for I, because it is defined in the same way as I, just
with the charge distribution corresponding to the solution with A > 0. The first C(r), so
the one with which we defined the supremum, is also growing in r because of the second
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property in lemma which implies that the partial derivative of g(r, u, J) with respect
to J is an increasing function of r. Consequently also the final C'(r) in the second line is
increasing and positive. For the first term in (5.7) we find

|ALg] < sup Og(r,u, In) A — pl
IS TN ou (5.9)
=: C(r)|ua — p

where due to the condition |[yy — | < |7(R)| and since both, Iy and I are bounded also
|a — p| is bounded, so [u, pa] is a finite interval and due to the first and the last property
of ¢ in lemma we can write the supremum again as some continuous function C(r),
growing in r. For the absolute value of the difference between pp and g we know that
it is bounded, but we want to understand better the dependence on gy, A and r, so we
define the charge terms in the reduced Einstein equation as a new function

1 2(y 1 " % (s
u(r) :== % (_q2£3) + 2702/0 q8(2 )ds> (5.10)

and equivalently ua (r) with ga(r) instead of ¢(r) and da(r) instead of d(r). With this
we do the following estimate, using the Einstein equation (2.30) for A = 0 and A > 0
respectively

in — pl = \ [ i) = s

OT 4 () = un(s) +uals) — (1 (s) — u(s) + u(s)) ds

/Or up(s)ds| +

4ol in, T = s )

< [ ) = ) = (u5) = ute) s +

S/OT 47r)< sA

127

/(: u(s)ds

/ 21g(s, pa, In) — g(s,u,1)|d0) ds

"| 4rm 4 1 [$
+ — | ( sh(s,p, 1 +/ ag(o, ,Ido)ds
/odA<s> d<s>(‘“> 2 ), 79l

"1 (g 1/8 a3 (o)
+/02dA(s)< s3+52 . o2 do | ds
T 1 q2 1 qu((j)
* /0 2d(s) <_s3+32/0 o2 do ) ds

(5.11)

where we subtracted and added the terms dj\l?s) (sh(s, w, D)+ s% fos oo I)da) inside
of the absolute value under the first integral in the third line. We do further estimates for
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5. Existence beyond the non-vacuum region

the terms of the estimation above. It is assumed that d > a and, as we noted before, in
equation (4.5)), the charge terms without the #(S)—factor that appear inside of the integral

2
of the latter estimate are the derivative of % for qs—(;)ds. Thus, we can estimate

r 1 q2 1 S qQ(O,) 1 T d 1 S qQ(O_)
-+ = do | d — — | - do | d
/02d(s)(s3+320 o2 7 S2a/0ds s/o g2 )%
111 r 2
1 / q (25) ds‘ (5.12)
2a |r Jo s
11 r 2
_ 11 / q (23) ds
2ar Jo s
where in the last step we dropped the absolute value, because the term is anyway positive.
As argued before, during the proof of the continuation criterion, for d > a > 0 we have

1 (" ¢*(s)
: /0 s <o (5.13)

A

we can also pull out the go-factor because ¢(r) o gy as we recognized earlier, and write
1 [7¢%(s) 2
0
with a finite positive constant C that is independent of gy now and it follows that

r 1 q2 1 s q2(0.) q(Q)C 5
—= 4+ = < = = 1
/0 2d(s) ( 3 + 2 o2 do | ds| < 0y — 4 C (5.15)

Since we also have dy > ap > 0, we can do the same estimate for the charge terms of the
solution with A > 0 and also obtain

"1 q/2\ L/ q/Q\(U) 2
-+ — do | ds| < g5C 5.16
/0 2d(s) ( 53 * s2 Jo o2 7)) =0 (5.16)

Furthermore, we observe

[ [ 7 onto) ~stondods < [ [ an(o) ~ g(o)l doris
— [ [ 1ost0) = gto)] doas 1)

=+ [ lasl0) ~ g(o)]do
0

Due to d > a and dp > ap we find
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1_1’: |d —dal _ |d—dal

dyn d dad T apa

1 r2A| 81 [, 1 [%¢*0)
<— [ =]+ - do + |- d
<A [ o) - stotao+ |2 [*T Pas

—_—
s (5.18)

1 s 2
+ / qA(Za)dU‘

S Jo g

<g3C

where in the last step we plugged in the explicit expressions for the denominators of
the Einstein equation for A = 0 and A > 0 respectively. Since we know how the
functions g and h behave with respect to each argument (see Lemma , especially that
they are growing in 7 and I, and that they are non-increasing in u, we can also deduce

g(s;uI) < g <§£[%’§]S ngéri]“(s)’ Srg[gfg]fq(S)>

= g(r, 1(0), Iy(r)) =: C(r)

with an increasing function C(r). In the second line we used the fact that p(s) and I,(s)
are growing functions of s. The same estimate holds for h(s, p1, I;). Plugging in those
estimates in (5.11]), we obtain

(5.19)

i — 1] < AC() + 2C /0 (g — 9] + |ha — h) ds + C(r /|gA—g|do
<(A+g)C +C7’)/ (lga — gl + [ha — h[) ds
0
(5.20)

where all functions C(r) are positive and increasing in r. With this we also have an
estimate of A,g and, using this along with the result for the estimate of A;g, we end up
with the estimate

on =9l < (& +0) C0)+CO) [ (lon =gl +Ia—h) s (521)
where the first function C(r) is positive and growing in r and the second function C(r) is

besides positive and growing in r also continuous. We can do the exact same steps for
|ha — h| and therefore conclude
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5. Existence beyond the non-vacuum region

lgn — gl + [ha — B < (@ + &) C(r) + C(r) /0 “lgs— gl +1ha—BDds  (5.22)

Now we can use a form of Gronwall’s inequality which leads to the inequality

lgr — gl + |ha — h| < (qg + A) C(r) exp /OT C(r)ds = (qg + A) Cyn(r) (5.23)

with Cgp(r) > 0, increasing in r and independent of gy and A and Lemma is proven.
O

With Lemma in mind, we can proceed to proof Proposition We do this by noting
that up to a certain radius, the conditions of the Lemma are fulfilled and then we show
that for sufficiently small |go| and A this radius is bigger equal Ry + AR. We can plug
the last estimate which we had for [ga — g| + |ha — h|, so equation (5.23)), back in the
estimate for |pup — p| in equation and find that under the conditions of Lemma

lua — pl < (A+qd) Culr) (5.24)

with a positive, increasing function C),(r) that is independent of gy and A. Furthermore
we note that for any x > 0

2
e“:1+x+%+...21+x (5.25)

Applying an In to this, we have > In(1 + z) and it follows for the absolute value of the
difference between the gamma functions (where v(r) is defined in (2.23) and () is the
equivalent quantity in the system with nonvanishing A > 0)

A = < |pa — pl +In(Iy +1) +In(I + 1)
<A+ @) Culr) + In+ 1T
< (A +g5) Culr) + 45C(r)
< (A+q5) Cy(r)

(5.26)

where we defined a new function C,(r) := C,,(r) + C(r) that has the same properties as
C,(r) and C(r) meaning that it is positive, growing in r and independent of A and ¢2.
Now we define two radii, namely once

r* :=inf{r € [0, R)|da(r) = ap} (5.27)

which is the smallest radius where dj(r) = ap, where ay is defined as in Lemma as

a constant ay = a — %8 and a is again chosen to be bigger than % such that ap > 0.

This radius 7* is for sure bigger than 0 since we are starting with da(0) =1 and d(r) is a
continuous function. Secondly, we define the radius
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7= inf{r € [0, R)| [ya(r) —(r)| > [v(Ro + AR)[} (5.28)

which is the smallest radius where |ya (1) —7(r)| > |7(Ro+AR)|. This radius is also for sure
bigger than zero since we are starting with 74 (0) = I(0) = 0 and px(0) = u(0) = pe < 0.
Thus, we also get y4(0) = v(0) and therefore, their difference is zero at the beginning.
We further define

*

7 = min{r*, 7} (5.29)

such that for r < 7 we have dy > ap and |ya(r) — v(r)| < |v(Ro + AR)|. These
inequalities along with d > a > 0 are precisely the conditions for Lemma Due to how
the background solution is constructed, namely using a nontrivial Ansatz for the particle
distribution function up to the boundary of the support of the matter functions, which is
at a radius up to which the denominator of the Einstein equation is for sure positive, and
then continuing the particle distribution function with the constant zero function, also
d > a > 0 is guaranteed.

Thus, the requirements for the Lemma are met for all » < #*. Therefore within
this interval [0,7*] we can estimate

|da(r) —d(r)|

IN

A 81 [T, 1 ["q5(s) 1 (" q%(s)
— 4+ — — glds + = A ds + = d
3 + " Os\gA g|s+r/0 2 S+r/0 = ds (5.30)

< (g§ + A) Ca(r)

with the positive, increasing function Cy(r) that is independent of gy and A.

In the next step we show that 7 > Ry 4+ AR, by assuming the opposite and
coming across a contradiction. So, considering 7* < Ry + AR, for all r € [0,7*] we have
r < Ry + AR and thus

dp(r) > d(r) — q%C’d(T) — ACy(r)
1 Cd(T) Cd(T)

2 2
- — 1 A
1 .
>a— Q(%Cd(RO + AR) — 13 + qSCd(RO + AR)
J— 1 J—
BT R

where in the second line we used one of the first upper bound for A in (5.1) and in

the third line the fact that Cy(r) is growing in r and consequently Cd(%éi% <1 and
Ca(r)

A1) > 1. Due to this estimate, we know that du(r) is strictly bigger than a, for all

7 which means that in the interval [0,7*] the da(r) never falls down to the value ap
and consequently, recalling the definition ((5.27) of r*, it follows r* > 7*. Looking at the
absolute value of the difference between y5 and v we found that under the conditions of
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5. Existence beyond the non-vacuum region

Lemma [5.1) and thus for all r € [0,7*] the estimate (5.26) holds. With the second upper
bound for A in (5.1) and the fact that C(r) is a growing function of r, we obtain for all
r < 7*

a(r) = ()] < g5 Cy(r) + AC; (1)

Cy(r) Cy(r)
< @C,(r)+ |7v(Ro+ AR)| ——12  _2C,(Ry + AR) =L
qO ’Y(T) h/( 0 )‘C»Y(RO"‘AR) qO ’Y( 0 )C’Y(O)
N N——
<1 >1
< ¢2C(Ro + AR) + |v(Ro + AR)| — ¢2C(Ro + AR)
= |v(Ro + AR)|
(5.32)

This inequality tells us that for all » € [0,7*] we have |yp — ~| strictly lower than
|7(Ro + AR)| and therefore 7 > 7*. Thus, we have both r* and 7 strictly bigger than
7 which contradicts the definition of 7 and we can conclude that the assumption
7™ < Ro + AR was wrong. Knowing that a solution exists at least as long as d(r) > 0,
which we showed in the continuation criterion we thus showed that there exists a
solution at least up to Ry + AR. We also showed that at least up to that radius we have
fulfilled. This also implies that

I7A(Ro + AR) — y(Ro + AR)| < |7(Ro + AR)| (5.33)

which means that yo(Ro + AR) has the same sign as v(Ro + AR). We know that the
support of the background solution is bounded by Ry, therefore, at Ry + AR we have
vacuum, i.e. 7(Rp+ AR) < 0 and consequently also

va(Ro + AR) < 0 (5.34)

and we can conclude that at Ry + AR there is vacuum also for the solution with positive
cosmological constant and that thus the support of the matter quantities of these solutions
is bounded by some Rgp < Ry + AR.

O

26



6. Global regular solutions with charge
and A >0

In the previous chapter we saw, that under suitable conditions there exists a solution to the
EVMS with positive cosmological constant on [0, Ry + AR] and the particle distribution
function is of bounded support. Beyond the support we can glue a correctly shifted
Reissner-Nordstrom-de-Sitter metric to this solution, which allows us to construct a global
static solution to the EVMS. The Reissner-Nordstrom-de-Sitter metric

oM Q> r2A oM Q> A\ !
_ 1f7+Q7fL dt? + 177+Q777“7 dr2+r2(d@2+sin2@dg@2)
r 1”2 3 r 7“2 3
(6.1)

is a solution to the vacuum Einstein equations. We formulate the above statement in the
following theorem

Theorem 6.1 (Global existence). Let fo be of the form and pa(r), pa(r) and
pq.A(T) of , and , respectively. Then for every central value - co < pc < 0
there exist constants C1 > 0 and Cy > 0 such that for every 0 < |qo| < Cy and every
0 < A < Oy there exists a unique global solution (pua(r), Aa(7),qa(r)) to the static,
spherical symmetric EVMS, which is defined by equations , , and ,
with indtial data pp(0) = pe and Ap(0) = ga(0) = 0. The solution coincides with a shifted
Reissner-Nordstrom-de-Sitter metric in the vacuum region.

Proof. According to Proposition for any —oo < e < 0 there exists a solution at least
up to Rp+ AR for any 0 < AR < oo where the matter quantities are bounded on [0, Ry,
if A and |qo| are sufficiently small and where the background solution is supported on Ry.
Since the particle distribution function vanishes in the vacuum region we drop the original
Ansatz at Roa and instead continue with the constant zero function fp = 0. This
can be done in a continuous way and such that the new function

Y
fgtobal _ « [1 - 66201"L [L — Lol , for 7 € [0, Roa]
global _

0 for r € [0,7¢]

(6.2)

has the same regularity as the original Ansatz . The radius r¢ is the cosmological
horizon until which we construct the solution. We call the solution then global in the
sense that it exists until ro. With this new function, from Rpp on, the matter quantities
are constantly zero, while the charge remains constantly equal the total charge @ of the
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6. Global regular solutions with charge and A > 0

whole particle ensemble. The Einstein equation (2.30) in this vacuum region takes the
form

-1

52

Roa 1 (7 g2 27
,U,/A(T):47T <1_87T/ SZQA(S)dS—/ q/\(s)dS_T>
0 ™ Jo 3
1R Q1 R, A
- ds — ds — — =
< %A/O sgn(s)ds 8mr3 * 8777’2/0 sz 127r>

(6.3)

We note that

Roa
4#/ s2gp(s)ds = M (6.4)
0

is the total mass and that the second line in the vacuum Einstein equation (6.3) corresponds
to the derivative of the inverse of the first line without the 47 factor and divided by 8.
Thus, we can write

r 9 2 —1 r o2 2
uk(r)=47r(1—2M—1/0 qA(;)ds_r3A> ii (1_2‘7\/‘[_1/0 qA(zs)dS_rA>

r r s 8w dr r r s 3
1d 2M 1 [T g3 (s) r2A
=——hn(l-——-= ds — —
2dr n( T 7’/0 sz 0773
d
=——A
dr A7)

(6.5)

where we noted the relation to Ay which we obtained by inspecting equation for
e~ 2 in the vacuum. This means that in the vacuum region the general solution for
pa(r) corresponds to the general solution for Aa(r), given in (2.28)), with a global negative
sign in front. So, we have

r 1 r 2 2A K
eHr =72 =1 — 87T/ s2pa(s)ds — / qA(QS) ds— =4+ = (6.6)
r Jo rJo S 3 T

We note that, since this is valid only in the vacuum region, we can write

r Foa 2M
877T s2pa(s)ds = il s%pp(s)ds = — (6.7)

0 T Jo r

and
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1 r 2 1 r 2
/ QA(QS)ds _ 1 _|_/ QA(QS)ds
0 Roan S

—const

C+ Q2 12ds> (6.8)
1

Since C is a constant, we can just absorb it in the integration constant K and end up
with

Q/J,AZ —2>\A:1_7 _ — — 69
e e - +7“2 3 +7“ (6.9)

which corresponds precisely to the components of a shifted Nordstrom-de-Sitter metric.
We can determine the integration constant C' in such a way to match this vacuum solution
to our non-vacuum solution at the boundary of the support Rga, meaning that we demand
that as the non-vacuum solution approaches Ry from below has to give the same value
than if the vacuum solution approaches Rya from above. This limit for the vacuum
solution is

oM @Q* r’A K R2 AN 2M  Q?
li - — 4= - — 1— -0 6.10
T\l{%t/\( r +7“2 3 +r> 3 R0A+R3A+R0A (6.10)
So, the required boundary conditions read
RZ A 2M Q2 K
lim e =1 - Z0A" + + 6.11
r/\Roa 3 Ron  R%,  Roa (6.11)
and
2 A 2M K
lim e M) =1 — Roah _ © + (6.12)

+
r /' Rona 3 Roa R(Q)A Roa

Since we know that the non-vacuum solution for e=?*4(") and initial condition Ax(0) = 0
is given by (12.29)), we find

8 Roa 1 [Roa g2 R2, A R2, A 2M 2
1— 2 stA(s)ds—/ qA(QS)dS— 0A"" @ _Z0A —|-Q2 +
Roa Roa Jo s 3 3 Ropn  R§y,  Roa
_om
~ Rop
(6.13)
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6. Global regular solutions with charge and A > 0

Solving for K gives

Roa
K = —/ RK0) g @ (6.14)
0

52 Roa

So, at Ryp we can continue our non-vacuum solution in a continuous way by

T VN 2M Cﬁ r2A 1 [Hoa q/Q\(s) B Q?
e =e =1 + ds
0 52 rRop

(6.15)
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7. Negative cosmological constant

In case of a negative cosmological constant A < 0 all the above results are still true as
long as the absolute value of A remains sufficiently small. The proofs for A > 0 can still
be applied with some slight changes, mostly just taking the absolute value of A instead
of A. In the following paragraphs we will discuss in detail what will be different when
changing the sign of the cosmological constant.

In the local existence theorem A(7) > 0 is now not required anymore, because due
to the negative sign of the cosmological constant e~2*") > 1 is possible, as can be seen by
inspecting the formula for e2*. Thus, it is also allowed to start from a negative
A(r) > —oo. In the proof of local existence we then change the fourth condition to

8 T 1 T 2 —
°r s2ga(s,u, w)ds + 2/ 5 (w'(s))Qv(s)e_Qu(S)ds < a (7.1)
r 7 qo’l” 7 4

i.e. we drop the A-term of the condition, which would give a negative contribution for
A < 0 and would therefore relax the condition. However, in the paper [I] where the proof
is done for vanishing cosmological constant, the fourth condition also reads as in (7.1)
and since we strongly rely on this proof, also in case A < 0 condition is sufficient to
show the local existence. The definition of the operator 7 (see equations to (3.11))
remains the same and showing that it is a contraction with respect to the defined norm
(3.6) still works in the same way as we did for positive A, because in the norm only
absolute values matter. So, we do not care about the sign of A, we just need to replace A
with |A] in inequality (3.15).

The only thing that changes in the continuation criterion is that instead of showing
A > 0 on the whole interval [0, R¢), we need to show A\ > —oo according to how we
changed the requirement for the boundary condition A(7) in the local existence theorem.
Since we have a finite radius r € [0, R¢)], we can estimate

2A 21A
6*2A§1—’"—§1+RC‘ ’<oo (7.2)
3 3
which means for A
A > —00 (7.3)

When estimating the absolute value of u, again we need to keep the absolute value for A
when doing the calculation in (4.4]).

In Proposition 5.1 about the existence beyond the non-vacuum region it is necessary
to adapt the requirements a bit. Namely, instead of requiring the upper bound (5.1)) for
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7. Negative cosmological constant

A we require the same upper bound for the absolute value of A and with functions Cy(r)
and C,(r), which are growing in r and independent of go and A, such that

[d(r) = da(r)| < Ca(r) (JA] + 5) (7.4)

and

A (r) = ()] < Cy (r) (JA] + 45) (7.5)

The requirements for Lemma do not have to be changed (apart from A > 0), but the
statement is then that the distance between the g- and h-functions is bounded above by

l9(r, ma, Ia) = g(ry g, D)+ [h(r, s In) = h(r, s, I)] < (g5 + [A]) Con(r) (7.6)

So, compared to the case with positive cosmological constant we changed now A to |A|.
The first part in the proof of this Lemma, where we estimate |Ajg|, can be adopted as it
is for the case A < 0, because it is only about how g changes with the electromagnetic
energy, so the cosmological constant plays no role. In the second part, where we estimate
|A,|, all the A-dependent terms only depend on the absolute value of A, as we can see
in equations (5.11)) and . Hence, we can also leave this part unchanged, just when
collecting the results for the distance between uy and p in , we can not drop the
absolute value of A, instead we have to write

a — < (1A + ) C(r) + C(r) /0 "(lga — gl + 1ha — hl) ds (7.7)

and as a consequence we also get the absolute value of A instead of just A in all the
subsequent inequalities that we derived from the distance between pa and p. This

concerns inequality (5.21)), (5.22) and (5.23)) for the distances between gp and g and
between hp and h, inequality (5.24]) for another estimate for the distance between the

p-functions, inequality and for the distance |yp — 7| and inequality
and for the denominators dy and d. Thanks to the fact that we changed the
condition for A in Proposition to a condition for |A| we can still plug in these upper
bounds in inequality for dy and in for the distance between the y-functions
and finally obtain the same result as we had in the case for positive A.

The global existence theorem also still holds for a negative cosmological constant,
requiring now that |A| < Cy with some positive constant C and with the difference that
in this case we can continue the solution beyond the non-vacuum region by a Reissner-
Nordstrom-Anti-de-Sitter solution. This has the same metric components as the
Reissner-Nordstrom-de-Sitter metric, but given that A is negative now, it does not possess
a cosmological horizon any more, but does exist until » — co. The gluing process works
exactly the same, because the sign of A is not relevant at any point there.
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Solutions with central black hole
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In the second part of this work, we want to prove the existence of static, spherical
symmetric solutions to the system with a black hole singularity at the center. The
metric of a vacuum region surrounding a charged black hole with a nonvanishing, positive
cosmological constant is determined by the Reissner-Nordstrom-de-Sitter solution

2M0 Q(Q) 7“2A

62'LLA(T) =1 . + 7,7 _ T (78)
oM 2 20\ !
62)\/\(7“) _ (1 _ . 0 4 % _ TB) (79)

and is valid in a vacuum region outside the black hole region, where the black hole region
is defined as the region inside the black hole event horizon rpa, which is the second largest
zero of the Reissner-Nordstrom-de-Sitter metric component e2#4(") defined in . Here
My and Qg are the total mass and the total charge of the black hole, respectively. Choosing
these black hole parameters as well as the cutoff angular momentum Lo appropriately,
A positive and the absolute values of the charges gy and Qg sufficiently small, we can
construct solutions with the following features: For small r > rpga, we set fao = 0, such
that there is a vacuum region and the metric is given by the Reissner-Nordstrom-de-Sitter
metric and the charge is constantly equal the total black hole charge ()g. Moving further
out, one comes across a region [r_a, 7], where a nontrivial Ansatz for f, yields vacuum,
so we can continue the zero function continuously by this nontrivial Ansatz and the
vacuum solution continuously by a nonvacuum solution which in a region outside of r4 5
gives us a matter region of bounded support. Beyond the support we can glue again the
constant zero function to the nontrivial Ansatz of fp in a continuous way, leading to
another, now shifted, Reissner-Nordstrom-de-Sitter solution where the mass parameter
equals the total mass of the system, so the black hole mass My plus the total mass of
the matter region and the charge parameter equals the total charge of the system, so the
black hole charge Qo plus the total charge of the matter region.

To investigate the system with a charged black hole in the center we can mostly
take the same setup as for the regular case (see chapter |[2]) with the only difference that
now we do not implement a regular center, so we do not set A(0) = ¢(0) = 0, but instead
we require q(rpa) = Qo and A(rpp) = Ao such that e?** corresponds to the component
of the non-shifted Reissner-Nordstrom-de-Sitter solution at radius rga. Furthermore
we adapt definition of the electromagnetic energy contribution I,(r). Since the
inside of the black hole plays no role, we can choose some radius r, which lies in the
vacuum region between the black hole and the matter region as a lower integral limit and
end up with the new definition

Iz(r) = qo/ qj;gs)e“A(sH/\A(s)ds (7.10)

of course this does not change the r derivative compared to the regular case and we have
I} (r) = I (r). Consequently the adapted energy

35



E .= e“A(r)\/l—{—wz—i—T%—jA(r) (7.11)

defined with I is conserved along the characteristics of the Vlasov equation, because
dE dE
ds ds
and we can choose any Ansatz fy(r,w, L) = ®(E, L) to solve the Vlasov equation. As for
the regular solutions we choose the polytropic Ansatz

(7.12)

~ 1k
- £ [L — Lo’ (7.13)

fa(r,w, L) =« o) .

To prove the existence of solutions to this system with a singularity at the center we
want to use the charged solution with central singularity and with A = 0 as a background
solution, so first we need to prove that this background solution exists.
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8. Charged black holes surrounded by
charged shells for A =0

As proven in [4] there exist global solutions (u(r), A(r)) to the uncharged EVS with A = 0
with a black hole singularity at the center and the matter quantities are supported on a
shell {ry <r < Rp}. We can make use of this result to show that, introducing sufficiently
weak charges to the system, so staying sufficiently close to the uncharged solutions, there
still exist global solutions with matter quantities of finite spatial support. In the following
let for each quantity x in the uncharged case denote z, the corresponding quantity for
the charged solution to the EVMS. We state the existence of charged solutions in the
following theorem.

Theorem 8.1 (Existence of background solution). Let Ey = 1 and qo, Lo, My > 0 as
well as ME > Q3 and Lo > 16M¢. Then there exists a solution (ug(r), A\g(r), q(r)) on
(rBQy, ) to the charged EVMS with A = 0 and where qo and Qo have the same sign and
the absolute value for both of them is sufficiently small, where rpg, is the event horizon of
the charged black hole. The spatial support of fy is contained in a shell {ri, < < Roq}.
In the complement of this shell the solution is respectively given by a correctly shifted
Reissner-Nordstrém metric. The solution is unique if we choose the polytropic Ansatz

(7.13)) in an interval [ro, Rog), where rq is defined as in (8.50)).

Proof. At first we want to show that under the conditions of Theorem there exists a
region [r_g,r44] outside the black hole horizon where a nontrivial Ansatz (7.13) gives us
a vacuum solution, more precisely an unshifted Reissner-Nordstréom solution

2 M, 2
2uq(r) — 1 _ 20 | &0 1
e . + 2 (8.1)
M, 2y 1
62>\"7(r) = <1 — , 0 + 7'20> (82)

so that we can start with a unshifted Reissner-Nordstrom metric and fy = 0 at rpg, and
then glue this to the nontrivial Ansatz inside the interval [r_g, ry,]. Mathematically this
means that we need to check that there exists a region outside of the black hole horizon
where the vacuum condition holds with the adapted electromagnetic energy fqv in
a vacuum region that reads

() = q0 /r: 205 4 q09(rv) (1 - 1) = qoQo (1 - i) (8.3)

52 Ty T T
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8. Charged black holes surrounded by charged shells for A = 0

and where e?* corresponds to the first metric component (8.1) of the Reissner-Nordstrom
metric such that the condition then reads

L 2M, 2 1 1
\/1+§ 1—0+20—q0Q0<—>21 (8.4)
T T T T

We note that fqv(r) is bigger than zero, because gg and Q¢ have the same sign and r is
bigger equal r, and it is bounded above with boundary

= q0Qo

T <
qv(r) =T

(8.5)

which we will use later. Now we start looking only at the first part of the latter inequality
(8.4), so the part with the square roots on the left-hand side and analyze it in terms of
zeros and ones. We define this part as a function

2My | Q3 Lo
aQy(r) :=\/1— +7«20'\/1+7«2 (8.6)

r

a(r) = \/1—2];40.\/1+f§ (8.7)

which serves as a background function to which we stay close by choosing a black hole
charge of small absolute value. Basically, we want to find the following configuration
which is exemplarily depicted in figure 8.1

and define another function

.aQn(r e it V(I‘)

l
reQy [T—q ” | \plql(li)l \ 1 ry

0 TR | L § T

F
vacuum .
ack hole matter region vacuum

O

Figure 8.1.: Sketch of an exemplary configuration of a weakly charged black hole surroun-
ded by a weakly charged matter shell for A =0

It is only a qualitative graphic to help imagine the scenario. On the x-axis the radius
is plotted, while the y-axis is dimensionless. We see in blue the function a(r) for the
background solution and in red the function ag,(r) — I (r). In the region where the
respective function is bigger than one, there is a vacuum region for the corresponding
solution. rpg, and rp are the black hole horizons for the respective solution, r_ and
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r_q the first radius outside of the black hole, where the function takes the value one, 7
and 74, are the second ones outside of the black hole,  is the radius, where a(r) attains
its maximum and Ry, is the boundary of the support of the matter quantities of the
charged solution. In the figure p,(r) is depicted to exemplify the matter quantities, as
well corresponding to the charged solution. To show the existence of this configuration
we define further

o(r) =1 — 2];40 (8.8)
2M, 2
vgu(r) = 1- 200 ¢ % (8.9)

and notice that the zeros of v(r) and vg,(r) coincide with the zeros of a(r) and ag,(r)
respectively and since v(r) and vg,(r) correspond to the first metric components of the
Schwarzschild and the Reissner-Nordstrom metric respectively, their zeros give rise to the
horizons of the corresponding system. Like that, the only zero of a(r) is the Schwarzschild
black hole horizon

rp = 2M0 (810)
Under the condition Ly > 16M¢ the equation a(r) = 1 becomes the quadratic equation
—2Mor? + Lor — 2MyLo = 0 (8.11)

which yields the two positive, finite solutions

Lo L2

— N 8.12
aMy ~ \[16ng (8.12)

T+

We observe that rp < r_ by completing the square inside the square root:

Lo L2 Lo Lo 2
o= - —Lo+4M2 —4M2 = =% — [ =% —2My ) — 4M2
VA \/16M02 0+ &M 07 4My 4M ° 0

Ly Lo > Lo Lo
> — — — — 2M =———|——-2My ) =2My =
AM, \/<4M0 0) 4M,  \4M, 0 0= "B
The condition Mg > Q% makes sure that ag, has two positive, real zeros, namely at

r = My + /Mg — Q3. The black hole horizon for the solution to the charged EVMS
corresponds to the bigger zero and is thus given by

rBQ, = Mo+ \/ MZ — Q3 (8.14)

From there we see immediately that rpg, < rp. The equation ag,(r) = 1 for finite r
becomes a cubic equation. It is known that for a generic cubic equation

(8.13)
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8. Charged black holes surrounded by charged shells for A = 0

ar® + bz’ +cx+d=0 (8.15)

the discriminant is given by

4 (b2 — 3ac)3 — (2b3 — 9abe + 27a2d)2
27a2

whose sign determines the number of real solutions to the cubic equation. Especially, if
the sign of the discriminant is positive, the cubic equation has three distinct real solutions
which are given by

(8.16)

b . 4p 1 q 27
] =—— ——cos | -arccos | —=4/ ——
773,77V 73 3 o\ 3
(8.17)
b 4p 1 q 27 LT
X933 =—— —4/——cos | -arccos [ —=4/—— -
23773,V 73 3 oV " p3) 3
with
3ac — b?
== 8.18
p . (8.18)
and
—9abc + 27a?d + 2b°
= 1
q 7a3 (8.19)
In our case the cubic equation ag,(r) = 1 for finite r reads
—2Mor® + (Qf + Lo) r* — 2MoLor + QLo = 0 (8.20)

Looking at its discriminant

_ 72(Qf + Lo)QFMG L — 64 Mg Li — 108Q5 MG L + 4(QF + Lo)* MG LE — 4(QF + Lo) Q3 Lo

D
1728 M

(8.21)
we can investigate how many real solutions there are to this cubic equation. Since we
only need to find out the sign of the discriminant, we can break it down to the following
expression

~ 3
D =AMLy (—2Q) + 5Q3 Lo — 4M Lo) + MGL§ — QF (Qf + Lo) (8.22)
by dropping a factor 1735244 which has a positive sign, so D and D have the same sign.
0

Imposing the conditions Mg > Q3 and Ly > 16M3 one can show that the expression
in (8.22) is strictly bigger than zero (you can find the calculation in section of the
appendix) which also means for the discriminant D > 0 and therefore, there exist three
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distinct real solutions to the cubic equation. So, ag,(r) has three finite, real values r
with ag,(r) = 1 given by

Q2% + Lo [ 4p 1 q [ 27
7N =——>——+4\/——cos| garccos | ——4/——=
6M, 3 3 2\ p3 (8.23)
T —M— —4—pcos 1arccos e /= +7 |
2% 6 M, V73 3 oV ) T3
with
2
Q3 + Lo
p=rp- BT (8.20)
0
and
.- Lo(Q5+Lo) QLo  Qf +3QpLo+3Q3L5 + Lj (8.25)
6Mo 2My 108M¢ '
Since
li\r(r(l)aQo (r) =00 (8.26)

and aq,(r) is a continuous function as long as vg,(r) > 0, the smallest of the three
solutions is smaller than the first zero of ag,(r) and therefore also smaller than
the event horizon rpg,, so it will not be relevant for our solution. Because of this, we
focus on the two larger radii of the set {r1,72,73}. We call the second largest one r_g,
and the largest one r¢g,. It can be proved that of the following three expressions

Cos T (8.27)
—cos (m - g) (8.28)
—cos (:U + g) (8.29)

at any = the second lowest expression is always bigger equal —%. This allows us to do the
estimate

o > R - (8.30)

plugging in the expression (8.24) for p we get

Q3+ Lo — \/(Qg + L0)2 —12Lo M}
Qo 2 61M,
0

(8.31)
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8. Charged black holes surrounded by charged shells for A = 0

it can be shown (see appendix section |A.3)) that

Q2+ Lo — \/ (Q2 + Lo)* — 12Lo M2
8+ L= /(@ -+ Lo "0 My — M2 - @2 (8.32)

6M)

rqn > Mo — /M3 - Q3 (8.33)

meaning that r_¢, is bigger than the first zero of ag,(r). Furthermore, since vg,(r) is
continuous, between its two zeros it is either strictly positive or strictly negative, so we
only have to check one point between the two zeros which we choose to be the average of

Mo++/MZ—Q3+Mo—+/ME—Q%
5 =

so we have

the two zeros My and we obtain

2M, 2 Q2
U(Mo):1—ﬁo+ﬁ%=—l+ﬁ%<0 (8.34)

where we used the condition MZ > Q3. So, vg,(r) is strictly negative between its two

zeros and consequently, ag,(r) is not defined in R for My — /Mg — Q% < r < rpg,-
Therefore, we can conclude that

T—Qo = TBQo (8.35)

There is also a lower bound on the largest of the three cosines in (8.27) - (8.29) which is
given by —1—%. From that, we can derive a lower bound on r g, and find

T+Qy > T— (8.36)

(see appendix section for the calculation). In the interval (r_,r;), we have a(r) > 1
as can be easily verified for example by calculating

_ L M2 16M2L
o=t (Lo (- 8Mg 1+6730
2 4M, Lo 2

16M2  8M? 16M2
— 1+ 0o _ 0 1+ 0
Lo Ly Ly (8.37)
16 M2 1 M2
= |1+ 0Mg (1 8My > 1
Lo 2 Lo
——
<3

One can conclude that due to this result along with continuity reasons a(r) > 1 in the
whole interval (r_,r1). Since ag,(r) > a(r) at any r, also ag,(r) > 1 in this region.
Furthermore, due to continuity of ag,(r) in the positive plane, we get
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r_Qo < T— <1y <TriQ (8.38)

In the next step, we establish an upper bound on 5. To this end we note that v'(r) = %
and keep in mind that rpg, < rg. We estimate

fv(rBQO) = /TB U’(s)ds —v(rp)

o
TB
2/ inf  /(s)ds (8.39)
TBQO SE[TBQoa"'B]
2M
=53 (TB_TBQO)
"B
Since
0 o
_U(TBQO):_ UQO(TBQO)_T = 5 (8-40)
T TBQO TBQO
we find
Q B _ Q rh

B —TBQo S 2 (841)

- 2
"BQo 2Mo (MO + /M3 — Q%) 2Mo

where we plugged in the explicit expression (8.14) for rpg,. So, decreasing Q%, or
equivalently the absolute value of g, decreases the numerator on the right hand side of
(8.41)), while it increases the denominator and especially we find

. Q3 rh
lim T 0 (8.42)
0
Q0 (M + M= QF) M0
This allows us to make the distance between rp and rpg, by choosing |Qo| sufficiently

small, namely so small that we obtain rp < r_g,. All together we now have the
configuration

TBQy < TB < T—-Qy < T— <74 < T4Q, (8.43)

In the end we want to find a region, where we can continue the initial Ansatz f; = 0 by a
nontrivial Ansatz , i.e. a region where also the nontrivial Ansatz yields vacuum. To
do so, we still need to take the second term in condition (8.4), i.e. the I, (7)-term, into
account. We remember that inside of a vacuum region [r_,, 71,] we have the estimate
for the electromagnetic energy contribution. Furthermore, we note that a(r) has a
unique maximum
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8. Charged black holes surrounded by charged shells for A = 0

Lo L2
U i Y 5 8.44
oM, \[4n2 7 (8.44)

P =

between r_ and ry and estimate the difference between a(#) and a(7) — I3, (7) to

a(#) = (a(F) = Tn(F)) = Tou(F) < el (8.45)

Ty

Thus, in this step it is sufficient to choose either the absolute value of gy or of Q)¢ small

enough, such that a(#) — (a(#) — Io (7)) < a(#) —1, which means that a(7) —Iqu(f’) > 1 and
guarantees the existence of exactly two ones {rq,rp} of the function a(r) — I (r) between
r— and 4. Since a(r) — Iy (1) < aQ,(r) — Igw(r) < ag,(r) for all r, ag,(r) — Iq(r) has
exactly two ones r_, and 74, in the interval [r_q,, 7+, such that

Py S T—g S Ta <7< Tiq < T1qo (8.46)

and ag, (r) — Iu(r) > 1 between r_, and r4,. In this region [r_,, 4] we have

- L -
agy(r) — Ip(r) = ey /1 + Tg —I(r) > 1 (8.47)

2
with eta(”) = /1 — 2]1\510 + 9 which is precisely the condition (8.4) for having a vacuum

r2

ok
and thus, also an Ansatz fy(r,w, L) = « { — E%] . [L — LO]ZJr yields vacuum in the interval
[7_q,T4+q]. This allows us to continue f, by such a nontrivial Ansatz at any radius inside

this interval.

In the second part of the proof we show now that for such a nontrivial Ansatz
there exists a unique solution to the system at least up to a radius Ry + AR,
where Ry is the boundary of the support of the uncharged background solution and AR
is a constant bigger zero. The matter quantities of the solution have bounded support
such that beyond the support we can glue another trivial Ansatz f; = 0 to the particle
distribution function and get again a (now shifted) Reissner-Nordstrom solution which
exists until r — co. Since

T_Qo ST— <1q <1y <1 <14, (8.48)

we have

max{r_,r_,} < min{ry,ri,} (8.49)

So we can use the smaller radius of 7 and 7, to perform the gluing process, because
this will allow us to do the gluing at the same radius for the uncharged solution. For this
purpose, we define

ro := min{ry,ry.} (8.50)
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After integrating the Einstein equation (2.25)) for A\;(r) from ry to r and setting A = 0
we get

T S

r 2
e~ Palr —1—/ ds—l/ 1 (j)ds+5 (8.51)
T0 r

with an integration constant K which we fix by imposing instead of a regular center now
the condition

e Palro) — 1 _ QO (8.52)

to match the non-vacuum solution to the unshifted Reissner-Nordstrom solution at rg.
This leads to the constant

2
K = oMy + & (8.53)
0
and we can write
E _ 7'70 (—QMO QO) — @ (e—Qz\q(To) _ 1) (854)
T T 70 7”0 T

and consequently

T r 2
e P =1 — il 5%g4(s)ds — 1/ a(s) ds + 2 (6_2’\‘1(”’) - 1)
r T Jro r

2
T0 &)

1 2" ~2g(r0) e L[e
=1 7“(2(1 e N )+47T sgq(s)ds+2 Sst

T0 To

(8.55)

plugging this in to the second nontrivial Einstein equation (2.26) for u/(r) we end up
with the single Einstein equation

) = Arrhg(r) + 9% (1 — e~ 22a(0)) 4 47 o 52g4(s)ds — 2r(3) +52 qs(zs)ds
4 1= 2 (% (1= e2M00) 44 [7 52g,(s)ds + § [ L)
(8.56)
for r > r¢ with boundary condition
2
e2H0q . — 21q(ro) — 1 _ 2Mo + Q72(J (8.57)

Since the right-hand side of the Einstein equation is regular for all » > rg, a solution
exists locally. Furthermore, the equation only differs from the Einstein equation
with regular center by some additional terms depending on rg, My and (g, which are
however bounded and well behaved on any finite interval. Therefore, also the continuation
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8. Charged black holes surrounded by charged shells for A = 0

criterion applies, which guarantees a solution at least as long as the denominator is
positive. Now we show, similar to what we did in the proof for regular solutions, that the
maximum radius of existence R¢ is bigger equal Ry + AR, with some finite and positive
AR, if we choose the absolute value of the charges gy and @)y small enough. We call the
denominator in the uncharged Einstein equation

2 T
dp,(r) :==1— = <MO +47T/ s2g(s)ds> (8.58)
70
and in the charged case
2 ’ QF 1 ["d(s)
=1—=My+4 2 =0 _ .
dnoQo (7) " ( o+ ﬂ—/?“o s gq(s)ds) + or T /TO 2 ds (8.59)
and define
2M 2
Ady = a - dpgy0,(ro) = o (1 0 Q20> (8.60)
To TO

with a positive constant o < 1. Similar to the proof for regular solutions we define the
radii

r* = inf{r € (ro, Rc)|dmyq, (1) = Ado} (8.61)
and
Fim inf{r € (ro, Re) 34(r) — 2(1)] > r(Ro + AR)|} (5.62)
and their minimum
7 = min{r*, 7} (8.63)

and note that there exists a solution for all r € (g, 7"), because the continuation criterion
applies. So, we want to show that 7 > Ry + AR. To do so we estimate the distance
between pg4(r) and p(r) for » < 7. For the uncharged solution we also glue the trivial
Ansatz for the particle distribution function to a nontrivial one at ry and impose the
conditions

2 M,
To

6—2)\(7”0) -1

(8.64)

and

2 M,
To

2o = 21ro) — 1 (8.65)

to match the solution to the nonshifted Schwarzschild metric at rg. Firstly, we calculate
the difference between the initial values of p and g
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1 oM, Q2 oMo\
|M0—M0q|:21n<<1_ +20> <1_
o ?"0 To

1 Q2 oMo\
=-In(14+ 20 (122 = C
2n<+7“3< 70 00

where Cog, is a constant growing in Q2 or equivalently in |Qo| and vanishing as Qo — 0.
For computational convenience we set gq, g, hy and h equal to 0 for € (0,79). With this
we estimate

(8.66)

() = (1)) < Cogy + [ 1'(5) = iy (s)lds

< Cigy + | 0 5 <4mrhq<s> ~h(s)]

dr % 4 Q2
+ 5 [ o) = glo)l o + | 52
2 s 2
¢ 1 [*¢(o)
B do| ) d
+' 253 252 [, o U) °
4m 4

-
v
o

where we plugged in the Einstein equation for the charged an uncharged case re-
spectively and then subtracted and added a term m (sh(s) + & [y o%g(0)do + Mo)
OQO S S
inside of the absolute value under the integral. We note that there is a part which is really
similar as in for the regular solutions and we can still make use of estimate
just with ga replaced by g,. Also estimate (5.19) still applies for h and g, however now
without the third argument of the functions, because h and g belong to the uncharged
Einstein-Vlasov system and thus do not depend on any electric energy. When estimating
the charge terms we can also still make use of estimates and (5.13). However, we
have to be a bit careful when pulling out the g factor and can not directly adopt estimate
as it was in the regular case, because there we had ¢(r) o< qo, while now we have
q(r) < (Qo + qoC(r)) with some positive, continuous function C(r). Instead we have now

<sh(s) + ?12 /0 o?g(o)do + ];420) ds
(8.67)

Ao (s)  dar ()

qi(;) <(Qo+q)*C (8.68)

for r > rg with a finite positive constant C' which is independent of the charge parameters
Qo and qp. So, we can estimate for r € (rg, ")
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8. Charged black holes surrounded by charged shells for A = 0

¢ 1 ["¢(o)

2 2
253 252 [, 0o

r 1
/7“0 dMoQo (5)

with a positive, continuous function C'(r), growing in r and independent of Qp and qo.
Since we are considering r < 7, we have dagq, () > Adp > 0. Furthermore, we have
Vlasov matter, defined in (2.4)-(2.7), and therefore

1
da‘ ds < m(@o + 0)*C(r)

<(Qo + q0)*C(r)

(8.69)

T 00 e8] w2
b + 2pT = 3 / / f(T7w> L)—dde
r 0 —00 2

14w +T%
0o [foo
L
L ey
r 0 —00 1+w2+£

—dwdL (8.70)

-5 L f’““"LW

14 w? —|—
2/ / flr,w, L) ———L—=dwdL
r 1+w2+L

w [ [ L
:72/0 /_oof(r,w,L)\/1+w2+r2dde:p

Consequently the generalized Buchdahl inequality with Schwarzschild singularity at the
center holds for all r € [QMO 00) (see [2]) which reads

dwdL

| /\

2Mo + 87 f:o s2pds -
. <
Since rg > 7 and using the definition (8.44) for 7 we find

NelNoe)

(8.71)

o | (g ) o
=0 (2 -3y ) -9,
2Mo \/ 2Mo ’ ’ (8.72)
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where in line two we completed the square by adding and subtracting a factor of 9M02
under the square root. This inequality means that r¢ > 9M0 , so the generalized Buchdahl
inequality (8.71) holds in the EVS with central black hole on all r € [rg,00). Using this

result we get for the denominator of the uncharged system

T2 7o 0 (8.73)
_ _2M0+87Tf:0$pds 81
r - 9 9
Thus, we can estimate again similarly to what we did in the regular case,
‘ 1 . 1 _ |ty — Ao < 9 |daty — dnioQo (8.74)
droQe Ay doQodn, Ady

In difference to the regular case, we have now in estimate (8.67) for the difference between
p and piq additional terms depending on Qo and My. We find

QF | . Q8

2rgs2| — 27“

= Cg, (8.75)

with a constant again growing in Q| and vanishing as Q9 — 0 and for the black hole
mass term we get

200 o (8.76)

We still need an estimate for the difference between the two denominators, so we calculate

o (r) = (1)) < T [ lay ) = a(s)lds

r| 2 2
n 1/ q (28) ds Qo
S ror
0 (8.77)
< 87rr/ lgq4(s) s)lds + (Qo + QO) C(r) + 720
0
= 87rr/ lg4(s) s)lds + (g5 + 0Q0)C(r) + Caq,

with a positive, continuous function C(r), growing in r and independent of gy and @ and
a positive constant Cg, that is independent of  and go, growing in |Qo| and converging
to zero as (Jp does. Collecting all the estimates, we obtain

lu(r) = pg(r)| < rCqq + (45 + 0Q0)C(r) + C(r) /0 (l9¢ — gl + [hq — hl)ds  (8.78)
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8. Charged black holes surrounded by charged shells for A = 0

where the constant Cg, is still positive, independent of gg, growing in |Qo| and vanishes
at Qo = 0 and both C(r) are continuous, positive, independent of all charges and growing
in r. As in equation the difference between the p-functions gives us an estimate for
the absolute value of A, g. However, to get an upper bound for |g, — g| we still need to
estimate |Azg|, which now changes a bit because I is due to the presence of the charged
black hole not proportional to qg anymore and can also not be estimated by q%C’ (r) as an
upper bound anymore. This is because the total charge ¢(r) is now a sum of the black
hole charge and the particle charge inside the radius r. However, we are considering all
charges to be of the same sign, so ¢(r) has still the same sign as qq, especially we find

I,(r) = qo/ (](22)6“(3)4')‘(8)(15

r S 52
_ QO/ Qo +47Tfrug pq(a)daeu(3)+)\(s)d8 (8.79)

2
o qoQoC(r) + g C(r)

which is positive because of the same sign of Qg and gp with two positive functions C(r)
that are independent of ¢y and Q9. Thus, we can estimate

|Arg] < (90Qo + ¢3)C(r) (8.80)

and it results for the difference between the g- and h- functions that

94— 91+ g —h| < (20Qo + 45) C(THTCQO(THC(T)/O (lgg — gl + |hg — hl) ds (8.81)
Again, a Gronwall argument leads to

19 — gl + |hg — Bl < (90Q0 + ¢5)C(r) + rCq, (8.82)
Plugging this estimate in (8.78) gives

|14(r) = 1 (r)| < (90Q0 + 45)C(r) + Co (1) (8.83)
As in (5.26)) this also means for the distance between the -functions

Yq(r) = ()] < (20Q0 + ¢3)C(r) + Cqo () (8.84)

Thus, choosing the absolute value of the charges ¢y and Qg small enough we can assure

Yq(r) = 7(r)| < [y(Ro + AR)| (8.85)

for all r € (rg, Ry + AR). Looking at the distance (8.77)) of the denominators and keeping
in mind estimate (8.82)) for the difference between the g-functions, we obtain
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|dato (1) — daieQo ()] < (90Qo + 45)C(r) + Co (1) (8.86)

and see that by choosing |qo| and |Q| small enough, we can reach on all r € (rog, Ry+ AR)
1

|y (r) — dMoQo (r)] < 9 Ady (8.87)

where we choose the constant « in (8.60) small enough, such that % —Ady > C > 0. Due
to the Buchdahl inequality we have dps, > % and consequently we get

1
dagy (r) — 9 +Ady < dre, (1) (8.88)
—_——
>0
and thus
Ady < dpyg,(T) (8.89)

for all ro < r < Ry + AR which, together with (8.85) means that

7 > Ro+ AR (8.90)

Due to the same argumentation as in the case of regular solutions, using the properties
of the solution to the uncharged system, we obtain the result, that a solution (i, Ag, q)
exists at least until Ry + AR and that the matter quantities are of bounded support
with boundary Ro, < Ry + AR. Beyond the support there is again a vacuum region,
where we can glue the nontrivial Ansatz (with the modified energy) for the particle
contribution function continuously to the constant zero function and thus continue the
solution by a correctly shifted Reissner-Nordstrém solution with total mass parameter M
which corresponds to the sum of the black hole mass My and the mass 47 frfoq s2g,(s)ds
of the matter shell and with total charge parameter ) which corresponds to the sum of
the black hole charge Qg and the total charge 47 f::oq 32pq(s)ds of the matter region with
boundary conditions

oM  @Q* K
- —+ = 4+ _— = lim e
Rog  Rj, Rog r/Rog

Ro 1 Roq 2 IM. 2
:1—87T/ qs2gq(s)d5—/ qQ(S)ds— 04+ 0

—2Xq(r)

R(]q 70 Roq o 82 R(]q ’r'oRoq
(8.91)
This fixes the constant K to
Ro Roq 2 2 2
4 7q°(s) Q5 Q
K:—87r/ 2 sds—/ ds+ 20 - *_ 8.92
ro QQ( ) ro 32 ,',_0 R(]q ( )

and the components of the shifted Reissner-Nordstrém solution beyond the support of
the matter quantities read
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8. Charged black holes surrounded by charged shells for A = 0

) ) _q _ 2M @2 8w [T (s)ds — - Mog’(s) o QF @
2 9q 3 4° R

r r T Jro T Jro s T Z“ Oq)

8.93

We can use this metric until r — oo. O
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9. Charged black holes surrounded by
charged shells for A > 0

Having proven the existence of the background solution of the system with a central
black hole with A = 0, but nonzero charge parameters, we now use this result to proof
the existence of solutions in the case A > 0. The procedure will be the same as in the
previous chapter (chapter . We state the existence of solutions in the following theorem

Theorem 9.1 (Global existence with central black hole). Let Ey = 1 and Lo, My > 0
as well as MZ > Q3 and Lo > 16MZ. Furthermore, let (1q(r), Ay(r),q(r)) denote the
background solution, which exists under suitable conditions as we proved in Theorem
and has matter quantities supported on a shell {ry, < r < Roq}. Then there exists a
unique solution (pua, An, qa) on (rea,rcn) to the EVMS if A > 0 is small enough and
the charges qy and Qo have the same sign and their absolute values are small enough,
where rpp is the black hole horizon and roa the cosmological horizon of the system. The
spatial support of fa is contained in a shell {ryn <1 < Rop}. In the complement of this
shell the solution is given by a (correctly shifted) Reissner-Nordstrom-de-Sitter metric.

Proof. At first we proof again that we can construct the desired configuration under the
conditions of theorem to guarantee the existence of a region where we can continue
fa = 0 by a nontrivial Ansatz . To be more precise, we want to show that there exists
an interval [r_, 4] outside of the black hole horizon, where a nontrivial Ansatz (7.13)
for the particle distribution function gives us a vacuum solution, namely an unshifted
Reissner-Nordstrom-de-Sitter solution. As we did in the case with A = 0 we do this by
showing the existence of a region outside the black hole horizon where v4 < 0 where
va is the gamma function (2.23) with the adapted electromagnetic energy I, given in
and where e* corresponds to the first metric component of the unshifted Reissner-
Nordstrom-de-Sitter solution . As we have seen at the very beginning, that is in the
chapter Setup |2, the condition y54 < 0 is equivalent to the condition , which in this

case now reads
2M 2A 1
\/1+¢ =+ Qo_r_quO(_T>21 (9.1)

where we used the to equation (8.3)) equivalent definition

Ino(r) = qo /T: q/;(;) ds = qoga(rv) (: - i) = q0Qo <r1 - i) (9.2)

v v
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9. Charged black holes surrounded by charged shells for A > 0

of the electromagnetic energy in the vacuum region, which is still positive and bounded
above by QOQO as we found in the previous chapter for qu( ). Another time we start off
looking at the first part of the left-hand side and define it as an own function

aA(r)::\/1_2M° QO_TQA-\/HLO 9.3)

In figure there is again depicted an example of the desired configuration. Another
time, it only serves as a relief to visualize the scenario.

aQn(r) il iqv(l‘)

| ||| TiT gl
aa(n) — Iu(r) T——

\
A(T)
'BQ{ r'.q L 114 | \r

AT—AR TiA I'iq OA
L) 3 v
vacuum matter region vacuum

charged
black hole

Figure 9.1.: Sketch of an exemplary configuration of a weakly charged black hole surroun-
ded by a weakly charged matter shell for A > 0

As before, we see in red the function ag, () — I, (r), which plays here however the role
of the background solution with the corresponding black hole horizon and the two ones
{r_q, 744} of the function that are bigger than rpg,. Moreover, the radius 7 indicates now
where the maximum of ag, (r) — Iyy(r) is. In green it is shown the graph for ax (1) — In, (r)
with the black hole horizon rpp and the two ones r_p and r;p that are bigger than
rpa. Furthermore, we can see pa(r) as an example for one of the matter quantities with
boundary of the support at Rga. In the following we are going to show this configuration
of the radii. We define

oa(r) =1-204 =0~ 2 9.4
ar)=1- 20 0T (9.4)
and notice again, that the zeros of va(r) coincide with the zeros of ax(r) and because
va(r) is the first metric component of the Reissner-Nordstrom-de-Sitter metric its zeros
give rise to the horizons of the system. The first component of the Schwarzschild-de-Sitter
metric

2 M, 2A
o _ra (9.5)
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possesses a black hole event horizon for A sufficiently small, which is given by the second
largest zero of vp g—o(r). From the existence proof of the background solution, we
also know that vg,(r), defined in (8.9), has a black hole horizon rpg, (8.14). Since
vQ, (1) = vA (1) > vA @=0(r) for all r, and vA(r) is a continuous function, this implies that
for small A also va(r) has a finite black hole horizon, which we call rgp. We want to find
bounds on this radius and therefore calculate

2My  2Q2
v, (r) = o T—SO (9.6)
and at rpg, we find

/ 1 2

VQo (TBQO) = 7“37 (2M0TBQ0 - 2Q0)
BlQO (9.7)

= <2M3 +2Mo\/ M2 — Q2 — 2Q3> >0
BQo

where in the second line we plugged in the explicit expression for rpg,- So, in
a neighbourhood of rpg, the function vg,(r) comes from the negative plane, crosses
zero at rpg, and moves to the positive plane. Due to the fact that vg,(r) > va(r), this
means that rpg, < rpa and that also v/ (rga) > 0. Together with the fact that va(r) is
decreasing in A this implies that

drpa
dA

>0 (9.8)

which we will need later. In order to find an upper bound on g, we do the following
estimate

TBA
00y (rBA) = / vy (5)d5 + 10, (r5y)

BQg 5
/T’BA L)
> inf Vo, (s)ds
TBQ SE[T’BQO,T‘BA} QO (99)

TBA
_ / min{vl, (5o ) Vo, (15a) }ds

TBQO

= min{vg, (rBQy): Vg, (TBA) }(TBA — TBQ,)

: / _ : / / /
where inf g (s) =min{vg, (1BQ,): Vo, (rBA)}, because vy (r) possesses only one
s€[rpqy.TBA]
extremum, which is however a maximum. To see this, we determine the finite radius

where vggo =0
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9. Charged black holes surrounded by charged shells for A > 0

4My  6Q3
M _ 0
0= vg,(r) = — 3 T
302 (9.10)
= r=_-20
2My
and check that the second derivative of v'(r) is negative at this radius
o (3Q3) _ <12M0 B 24@3) _ 20 12Mp5 2 - 24Q5 M
F M S A ¥ 9.11)
2t 12Mi(3-2)  2Y-12M “0
N 3°Q5 R
For the difference between the black hole horizons we thus obtain
vQy (rBA)
TBA — TBQy < (9.12)

min{v,QO (TBQO ), UIQO (rBa)}

2
Since va(rpa) = 0 we find vg,(rpa) = TB?)AA. Now we look at the cases U(T‘BQO) <
Vg, (rBa) and vy (1BQ,) > vg, (TBA) separately. In the first case inequality (9.12) becomes

TBA — TBQy < (9.13)
vQ,(r) and therefore also vg, (r) does not explicitly depend on A and also rpg, is
independent of A. Furthermore, according to , rga is growing in A, so the right-
hand-side of inequality (9.13) is growing in A. In the case that vy, (rBQ,) > vg, (rBA),
the inequality reads

Al , B Al
3 2Moyrga — 2@8 - G(M()TBQO — Qg)
Now the denominator is again independent of A and the numerator is growing in A. So

in both cases, we have the same behaviour and can reach a really small distance between
rga and rpg, by choosing A really small. Doing so, we can reach

TBA — TBQy < (9.14)

TBA < T—q (915)

where we defined r_, as the lower for us relevant one of the function ag,(r) — Ipo(r) in
the existence proof of the background solution. In the next step we want to establish
the existence of two radii r_p and r1p both bigger than the black hole horizon rpy, at
which a (r) — I, (r) = 1 with definition . In the proof for the background solution we

saw that ag, (1) — I4(r) has two ones 7_4 and 744 between which the function is strictly
bigger than one. Due to continuity reasons, the function has in this interval a unique
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2 -
maximum 7. The distance between (aQO (7q) — qu(fq)) and (a,\(fq) —1I Av(fq)) is
bounded above by

+2 aq,(Pq) Igu(7q)
—_—— ——
=const.>1 S‘IOQO

A

+2 |aa(7y)] INAU("’A’q) + jgv(rq) + I?\v("f’q)
—_—— — T —— Y——

=const.>0 S% gq(iﬁ ngriga
fg + Lo 9 0
SAT——+ (20Qo + 6 Q5) C
(9.16)

with a positive constant C. Choosing A and either the absolute value of gy or of Qg small
enough we can reach

(a0 () ~ Ton())” — (an () — Fnal)) | < (ago(ig) — (7)) —1 (917

and consequently

ap(Tq) — Iap(Pg) > 1 (9.18)

where the possibility

ap(7q) — Ino(fy) < —1 (9.19)

is excluded because choosing A and |go| or |Qo| small makes the solution remain close
to the background solution. Especially, since ag,(7) > 1 + I (7,) > 1 and we choose
A small we have at least ap(7y) > 1 — € with a really small number e this means then
that ap(7y) — Ine(7g) > 1 — € — % which is by choosing also |go| or |Qo| small for
sure bigger than —1. Recording that ax(r) < ag,(r) everywhere and therefore of course
also ap (r) — Iny(r) < ag,(r) and that r_g, < r_y < 7y < 744 < 71Q, this implies that
ap(r) — Iny(r) has exactly two ones between r_g, and g, of which the first one is
smaller than 7, and the second one is bigger than 7,. We call the smaller one r_, and the
bigger one r; . Thus, condition is fulfilled in this region and we can at any radius
inside this interval glue a nontrivial Ansatz for the particle distribution function
fa to the initial constant zero function in a continuous way.

Now, we move on to prove that for the nontrivial Ansatz ((7.13]) under the conditions
in Theoremthere exists a unique solution to the system at least until a radius Ro,+AR,
where Ry, is the boundary of the support of the background solution with A =0, and AR
is a positive constant. Furthermore we show that the matter quantities are of bounded
support and that beyond the support we can again continue the particle distribution
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9. Charged black holes surrounded by charged shells for A > 0

function continuously by a trivial Ansatz fo = 0 and get again a (now shifted) Reissner-
Nordstrom-de-Sitter solution which makes sense at least until the cosmological horizon
rop- For the first gluing, which we have to do between r_j and r; A we want to choose
a radius within this interval, where we can also perform the gluing process for the
background solution. We have found

r_Qy < T—q < Tq <Tiq <T4Q (9.20)

as well as

r_Qy <T-A <Tq<TiA <TiQq (9.21)

Due to this configuration of the radii, we know that

max{r_q,7_a} <min{riq,rya} (9.22)

and define the minimum of ., and ry, as

roA = min{riq, 74} (9.23)

At this radius we can continue the trivial Ansatz f,,, = 0 for both, the system with
nonvanishing cosmological constant as well as for the background solution, by a nontrivial
Ansatz of the form . Thus, rga is our radius of choice to perform this first gluing
processes. Integrating the Einstein equation for A (r) from rop to r leads to

8 s 1 T 2 2A K
e~2alr) — 1 _ ﬂ/ s%ga(s)ds — / QA(;) ds — =+ = (9.24)
T Jroa T Jron S 3 r

We impose the boundary condition

672)\/\(7‘0/\) — 1
TOA ToA 3

(9.25)

to match the solution resulting from the nontrivial Ansatz (7.13)) for fx to the unshifted
Reissner-Nordstrom-de-Sitter solution at rgp. This fixes the integration constant K to

2
K = —2M0 + %
ToA
2M 2 p2 A r3 A
o <_ 0+%— 0A >+ 0A (9.26)
TOA TOA 3 3

r%AA
3

= oA (6_2’\A(T°A) - 1) +

So, we have
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3

T r 2 2
e=2Ma(r) — 1 _ 8l/ s2ga(s)ds — 1/ q/\(25> ds — r'A + Toa (6*2&\(7‘01\) _ 1) + Toad
r T Jron S 3 T 3

_ A 2 rgl\ 2 ToA —2XA (roA) " 2 1 " q12\(8)
_1—3<r—r - 7(1—6 >+47r/ sgA(s)ds+§/ . ds
2

2
TOA ToA
(9.27)

Plugging this result in the second Einstein equation (2.26) for s, we obtain

(1 _ —2)\A(T‘UA)) i 529A( )ds — qé\T(;“) + #fr S)ds

drrha(r) — A (% + ZS’T’}) + 7

, 2 5 T2 Jroa TOA 82
MA(T) = A 73 9 r r g2
3 (o) 2 (0 ) b e 1, B
(9.28)
for r > rop with boundary condition
e2ron .— 2pA(ron) — 1 _ 2Mo % _ T(Q)AA (9.29)

ToA TOA 3

Like in the proof for the background solution, the right-hand side of the Einstein equation
(9.28) is regular for all r > rpap, so a solution exists locally and the additional terms
including rga, My and @)y are bounded and well behaved on any finite interval. Therefore,
also the continuation criterion applies, which guarantees a solution at least as long as the
denominator is positive. Now we show, also similar to what we did in the proof for regular
solutions as well as for the background solution, that the maximum radius of existence
Rc is bigger equal Ry, + AR if we choose A small enough. We call the denominators in
the Einstein equation for A = 0 and A # 0 respectively

day (1) =1 (Mo +4m / s%ﬂs)ds) b % 1/T qz(;)ds (9.30)

oA TOAT T Jrgy

and

r 2 T2 72
dpoa(r) = =1 — % (Mo + 47r/ 829A(8>d8> + G _ 1/ qA(2 )ds _rA (9.31)

on TOAT T Jpy S 3
and define
2M,
AdoA = QA dMoA(TOA) = (YA <1 — 0 QO) (932)
ToA rOA

with a positive constant oy < 1. Like in the proof for regular solutions and also for the
background solution we define the radii

ri = inf{r € (roa, Rc)|daa(r) = Adon } (9.33)

and
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9. Charged black holes surrounded by charged shells for A > 0

7p = inf{r € (ron, Re)|ya(r) —(r)| > [7(Rog + AR)|} (9.34)

and their minimum

7 := min{rj, 7a} (9.35)

For the background solution we also glue the trivial Ansatz to a nontrivial one at rgp
and thus have the conditions

2
lim 20 g 2Mo | QF (9.36)
T\roA ToA ToA
and
2 M, 2
62“04 ‘= lim eQM(T) =1 0 =+ % (937)
T\ ToOA  Toa

Again we estimate at first the distance between the initial values of the full solution and
the background solution

1 M, 2 oM, 2 2 AN
’MOq_NOA|:1n<<1— 0+C§O> <1—0+QO— OA)

2 TOA T TOA r2 3
2 0A 2 2 0A 1 (9.38)
1 réa A 2My Q rEA A
=_—In|14+-2—(1- 0 _ T0A = C
2 n( 3 ( roa 12,3 oA

which we called Cypp, a positive constant growing in A and vanishing as A — 0. We note
that this constant also depends on |Qg|. However, as long as the absolute value of Q)
does not diverge, the constant Cyp shows the desired behaviour with A, meaning that
we can make it arbitrarily small by choosing A small. As we did in the proof for the
background solution, we set ga, gq, ha and hy equal to 0 for r € (0,795). With this we
estimate for rop < r < 7*
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1a(r) = (7)< Con + | "l (s) — i (s)]ds

ToA

< Con + / ! (4wshA<s>hq<s>|

0OA dMOA(S)
sA

47 [*
+ 5 [ 0 lon(o) - o)l dor+
0

2 s 2
az 1 QA(U)
“zsﬁzsz Tz do))ds

0OA

" 4T 47 1 [°
+ — shs+—/02 o)do +
[ x| (0 + 3 [ ot

T 4 2 1 s 2

+/ 4 _q(?_% 3/"Q(§hw

ron A0t (8) | 87s 8wsd Jo o
Similar to what we did in previous chapters, in the latter calculation we at first plugged
in the Einstein equation (9.28) with A = 0 and A > 0 respectively and then subtracted

2

and added a term m (47Thq(8) + % Iy 9q(0)do + % - 28622190/\) inside of the absolute
value under the integral. There is again a part similar to the regular case (5.11)) and we
can use some of our previous estimates. The estimate (8.69) for the charge terms can be
adopted from the previous chapter. Also the My- and Qp-terms we already estimated

in the proof for the existence of the background solution. Now there is one additional
A-term, which we estimate to

" 1
/’V‘QA dMOA (8)

with C'(r) > 0 continuous and growing in 7. For the denominators we note that for r < 7
we have dp,a(r) > Adop and per construction of the background solution we always have
dpr, (1) > b > 0 with some positive constant b, because we used a nontrivial Ansatz
only in the interval [rg, Ros] where the denominator is strictly positive. Thus, we obtain

2
My G

52 25219

) s

(9.39)

ds

sA

. A <T2 - TgA) = AC(r) (9.40)

ds < — >
"= 3Adoa \ 2 T 2

_ |dMo - dM0Q0| < |dMo - dMoQo| (9'41)
dMoQodMo bAdy

and it is left to estimate the difference between the denominators

’ 1 1

dMoQo - dMo

|dasoa(r) = dirg (7)] <

,r.QA r
3|+ m [ o) - ol

1 r 2 1 T
+/ q@)%+/
r TOA r TOA

52
< AC(r) + 472 /OT]gA(s) — gq(s)|ds + (g0 + Qo)C(r)

g (s)
52

ds (9.42)
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9. Charged black holes surrounded by charged shells for A > 0

Collecting all the estimates, we obtain for all r € [rop, 7*] that

1a(r) — 1a(r)] < Con + (A + (Qo + 90)%) C(r) + C(r) /0 "(lga — gl + ha — hy) ds

T

= CA(r) + (Qo + 0)2C(r) + C(r) /0 (I9 — ol + | — hal) ds
(9.43)

with a positive function Cy(r) that is growing in A and in r and vanishes as A — 0 and
this behaviour is not influenced as long as |Qg| < co. Moreover, it is independent of gq.
The two positive functions C(r) are growing in r and independent of A, Qo and gy. Due
to the same argument as in the proof of the previous chapter, it results

T

lga—ggl+1ha—hy| < 0QoC (1) +(Qo + q0)° C(T’)-FCA(TH‘C(T)/O (lgan — gl + |ha — h|) ds
(9.44)

where we can combine

0QoC(r) + (Qo + ¢0)*C(r) = qoQoC(r) + QFC(r) + 2¢0QuC(r) + ¢ C(r)

< (Qo + 0)2C(r) (8-5)

and finally

194 = 9ql +1ha = hg| < (Qo + q0)* C(T)+CA(7’)+C(T)/ (lga — gl + |ha — h[) ds (9.46)
0
Again, a Gronwall argument leads to

|98 = gql + |ha = hgl < (Qo + q0)*C(r) + Ca(r) (9.47)
Plugging this estimate in ((10.17)) gives

l11q(r) = pa(r)] < (Qo + q0)*C(r) + Ca(r) (9.48)
As in (5.26)) this also means for the distance between the -functions

A (1) = Y4 (r)] < (Qo + ¢0)*C(r) + Ca(r) (9.49)

Thus, choosing |Qol, |go| and A small enough we can assure

7a(r) = Y4 (r)] < |7(Rog + AR)] (9.50)

for all r € (rop, Rog + AR). Next, we use estimate (9.47) for the difference of the
g-functions to consider the distance (9.42)) between the denominators. This results in
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|daty () — darga ()] < (Qo + q0)°C(r) + Ca(r) (9.51)

So, choosing A, |Qo| and |go| small enough, we can reach

|dato (1) = dagea (r)] < b — Adoa (9.52)

for all € [roa, Roqg + AR], where we recall that b is a lower bound on djy, (1) and Adpa
a lower bound on dpz,a(7) on the given interval and we choose the constant ay in (8.60)
small enough, such that b — Adygpy > C' > 0. Consequently we get

dato (1) = b+Adon < dagoa(r) (9.53)
———
>0
and thus
Adon < dpgya(r) (9.54)

for all rop < r < Roq + AR which, together with (9.50) means that

s > Rog + AR (9.55)

Due to the same argumentation as in the case of regular solutions, using the properties of
the background solution, we obtain the result, that a solution (pa, Ap, qa) exists at least
until Ry, + AR and that the matter quantities are of bounded support with boundary
Roax < Rog + AR. Beyond the support there is again a vacuum region, where we can
continue the nonvacuum solution by a correctly shifted Reissner-Nordstrom-de-Sitter
solution up to the cosmological horizon. Here we have the boundary condition

2M 2 RGN K
1— 622 — CA = lim e 2% (9.56)
Ron Ry 3 Ron  r/'Roa
which again determines the constant K.
O
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10. Charged black holes surrounded by
charged shells for A <0

The global existence theorem with central black hole can also be proven with a
negative cosmological constant, if the absolute value of A is sufficiently small. Then,
in the complement of the matter shell we continue the metric by a (correctly shifted)
Reissner-Nordstrom-Anti-de-Sitter metric, which in its unshifted form is given by and
does, in contrast to the Reissner-Nordstrom-de-Sitter metric, not possess a cosmological
horizon, so we can use it until 7 — co. We need to adapt the proof of the global existence
theorem for A > 0 a bit.

Especially in the first part where we show the existence of a vacuum region
[r_a, 4] outside of the black hole horizon for a non-trivial Ansatz of form (7.13), we
have to change the argumentation in some parts, because the functions as(r), va(r)
and vp g—o behave quite differently if we change the sign of A. The scenario looks then
something like in figure [10.1}

| aplr —‘j.A-: T i
| PRS- i NRAR T NN A TR AR
ag,(r)— I T—F—1
A(r
rug v AT e f
0 I'BQ, ) RS Tyqg THA s
5
charged St i matter region vacuum
black hole

Figure 10.1.: Sketch of an exemplary configuration of a weakly charged black hole sur-
rounded by a weakly matter shell for A < 0

We recognize that the main difference to the case for A > 0, which is illustrated in figure
is that there the background function ag, (r) — I,»(r) was bigger than aa (1) — In,(r),
while now it is the other way round. This means that when estimating quantities for
our function of interest (so the one with the A index) we have to take care when we
use the background solution for the estimates and we can not just adopt the arguments
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10. Charged black holes surrounded by charged shells for A < 0

we used for A > 0. Let us go through the configuration of the radii again. For positive
A we argued that vg,(r) > va(r) > va,=0(r) and both, vg,(r) and va,g—o(r) possess
a zero which corresponds to the black hole horizon. From this follows then that also
vA(7) has to possess such a zero. However, for a negative sign of A we have the situation
vQ, (1) < wa(r) and also vy g=o(r) < va(r), so the argument does not work anymore. So,
we are going to argue that vy g—o(r) possesses a zero, functioning as a black hole horizon,
and that we can then make the distance between vy g—o(r) and va(r) sufficiently small
by choosing a weak black hole charge Qq, such that also vs(r) has a zero, corresponding
to the black hole horizon rp, of the charged black hole of our solution of interest. The
equation vy g—o = 0 becomes for finite r a cubic equation

3A
—2M0+T—% =0 (10.1)

which for a negative cosmological constant we can write as

Al
— =

The discriminant A, of this equation reads according to formula (8.22])

—2My+1r+

0 (10.2)

L (—6Mo|A|)°
’ 3|A|

(10.3)

Given that this is strictly negative, there exists only one real solution to the cubic equation.
Investigating the behaviour of the function vy g—g for » ~, 0 and r — oo, we see that
in the positive plane it comes from —oo and goes to +oo and because it is continuous
in the positive plane, the only zero of the function has to be at some radius rpgg with
0 < rgog < oo. This corresponds to the black hole horizon for the Schwarzschild-Anti-
de-Sitter metric and is the only horizon that exists in this uncharged system. At any
radius that lies between 0 and rpgg and that is located at a finite distance from 0 and rpgg,
we have v g=o(7) < a < 0 with some finite negative constant a. Now, by choosing Q)
sufficiently small, we can make the distance

Q3
UA(T) — va,Q=0(r) = 2 (10.4)
at a radius r < rpg situated at a finite distance from 0 and 7pg, so small, such that
also va(r) < 0 at this radius. Note however that li{(r(l)v/\(r) = +00. Moreover, we know
T

that va(r) > vp @=0(r) at any r, so in the interval [rpg, oc0) we have for sure va(r) > 0.
Due to continuity in the positive plane, it follows that v (r) possesses two zeros in the
positive plane, of which the bigger zero is the black hole horizon rg,. We also note
that there is no zero bigger than rga, so there is also no cosmological horizon for the
Reissner-Nordstrom-Anti-de-Sitter metric. Due to the negative sign of A, we have for all
r that va(r) > vg,(r) and consequently rpa < rpg,. Now let us look at the ones of the
functions. We can estimate the distance between a3 (r) and CLQQO (r) by
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r2A Ly 72| A Lo
— 1+ ]| = 14+ — 10.

after bringing CL2QO (r) to the other side and taking the square root, we obtain

aA<r>|s\/T2£A' (1478) + a0 < \/'A' ) +lagul  (100)

where in the last step we used the fact that for two positive numbers a,b > 0 it holds that

Va+b<va+ Vb (10.7)

. 2 . 2
Then, for the distance between (aQO (r) — qu(7’)> and (a,\(r) — Ipy (7")) in the intervals

|ad (r) — ag, ()] <

[TBQysT—q) and (744, 00), where we already know that 0 < ag,(r) — I (r) < 1 we find

2

(0g0(r) — Tu(r)) "~ (ar(r) — Fnulr)

2 +L()

< [A|

+2ag, (r) Lo ()
—— ——
<1 <4 Q
+2 |aa(r)] Ino(r) + I3, (r )+IAU( )
N N — ——

see(|10.6) S‘I(Lﬂ <q8Q8 <q0Q2
" 0%

+L A L
S (L
+ (quo +¢Q3) C
(10.8)

with a constant C independent of A, gg and Q. At a finite distance from the interval
limits, we have ag, (r) — I,(r) < a with a finite number 0 < a < 1 and thus, by choosing
a sufficiently small absolute value for A and a sufficiently small absolute value for ¢y or
Qo we can reach

2

(a00(r) ~ ()" = (aalr) — Fnulr)) | < 1 - a2 (10.9)

and it follows

(3) = )" <1 =+ (0u() = nfr))

(10.10)
<1- a?+a’=1

Taking the square root gives then

—1 <ap(r) —Ipn(r) <1 (10.11)
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10. Charged black holes surrounded by charged shells for A < 0

On the other hand, inside of the interval (r_,,74,) we have ag, () — I(r) > 1 and the
function has because of its continuity a unique maximum inside of this interval which we
call 7 just as we did in the case for A > 0. Also the estimate is almost the same as in
equation for a positive cosmological constant, with the difference that now we keep
the absolute value of A and finally end up with

~ ~ 22 L
(aQo(fq) - qu(fq))2 - (aA(fq) - IAv(fq))Q‘ < |A|rq J; o4 (20Qo + 4 Q%) C (10.12)

So, choosing |A| and |gg| or |Qp| sufficiently small, we can, by performing the same steps
as we did it for the positive cosmological constant reach

an(fq) — Tpy(fg) > 1 (10.13)

Together with the previous result and due to continuity reasons we have now found that
ap(r) — I a(r) possesses exactly two ones in the interval [rpg,,00), especially they are
also bigger than the black hole horizon rgp, because of rpy < rpg,. We name them
again r_p and r4a like in the A > 0 case and note that the smaller one is situated below
7 and the bigger one above 74, so we can write

TBA < TBQy S T—p < Tg < T4 (10.14)

The interval [r_a,744] is again a region, where a nontrivial Ansatz of the form (7.13)
gives vacuum, and where consequently it is possible to continue the constant zero function
fa = 0 by such a nontrivial Ansatz in a continuous way.

The second part of the proof is really similar to the one with positive A, with the
main difference that we need to work with the absolute value of A instead of just A. Due

to the configuration (10.14)) and

TBQy S T—q < Tq <Tiq (10.15)

we can again choose the radius rop = min{r;4,r4a} to perform the gluing process of
the trivial Ansatz to the nontrivial Ansatz of the particle distribution function. The
Finstein equations and their boundary conditions stay the same as for A > 0 and also
the definitions of r*, 7 and 7* remain unchanged. The first time where there is some
modification required is when estimating the distance between the initial values for p for
the background solution and the full solution. For negative A we have

1 2M, 2 2M, 2 2 AN\
1n<<1— °+%0><1_ 0+%0—T0A> )‘—:COA

ltog — Hoal = 3
2 TOA ToA TOA ToA 3

(10.16)

where the behaviour of Cyp is now different, because as A has a negative sign, the
denominator inside the logarithmic function is compared to the numerator bigger because
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2
it has an additional positive term +T°AT|A|. Therefore, the argument of the logarithm is

smaller equal one which makes the logarithm itself negative. The lower the argument
of the logarithm, the lower is the logarithm and thus the bigger its absolute value. So,
the absolute value of the logarithm grows as we raise |A|. This means that Cpy is a
constant that grows with the absolute value of A and vanishes for A = 0. In all the further
estimates ((9.39) - (9.42))) we just have to keep writing |A| instead of just A and then

everything works the same and leads to

11q(r) = pa(r)] < Con + (IA] + (Qo + @0)*) C(r) + C(r) /OT (l9a = gal + [ha = hyl) ds

= CA(r) + (Qo + 20)°C(r) + C(r) /0 (I9a — gal + | — hyl) ds
(10.17)

with a positive function C (r) that is growing in |A| and r, vanishing for A = 0 and shows
this behaviour for any finite (J9. Furthermore, it is independent of gy. The two positive
functions C(r) are growing in r and independent of A, Qy and gp. The next steps can
be again performed as in the case for positive A and give us estimates for the difference
between the g- and h-functions (see (9.47)), for the difference between the p-functions
(see(9.48)), for the difference between the y-functions (see (9.49)) and for the difference
between the denominators (see (9.51))). Finally, it is possible to choose |Qol, |go| and |A|
sufficiently small to obtain

A(r) = 7(r)] < Y (Rog + AR))| (10.18)

as well as

|dato (1) = dagoa (r)] < b — Adoa (10.19)

on all r € [roa, Rog + AR]. We recall that b is a lower bound on djy, (1) and Adoa a
lower bound on dpz,a(7) on the given interval. Furthermore, we choose the constant ay
in (8.60) small enough, such that b — Adgp > C > 0 to find

Adop < dpoa(r) (10.20)
in the latter interval. With inequality (10.18)) it follows again that

7:;'; > Ry, + AR (10.21)

Another time the argumentation in part I for the regular solutions applies and leads to
the result that a solution (pa, Aa,qa) exists at least until Ry, + AR, that the matter
quantities are of bounded support with boundary Rox < Roq + AR and that beyond
the support we can continue the solution by another Reissner-Nordstréom-Anti-de-Sitter
solution, which is now shifted in such a way that we can perform the gluing process
continuously at the radius Rgp. Now the Reissner-Nordstrom-Anti-de-Sitter solution can
be used until » — oco, because there is no cosmological horizon.
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11. Black hole and matter region with
opposite sign of charge

In part I for the regular solutions we did not make any assumption about the sign of qq.
The only restriction that we put on gy was that its absolute value should be sufficiently
small, but whether the particles are positively or negatively charged did not matter for
the existence of regular solutions. Also in part II of the present thesis, when investigating
charged black holes of total charge Q)¢ surrounded by charged matter shells, again of
particle charge qg, we did not limit ourselves to a fixed sign of the charges. However,
we always let ¢p and Qg have the same sign, so we only considered the cases where the
black hole and the matter region are either both positively or both negatively charged
and where consequently there is a repulsive electric force between them. This assumption
was just to keep the calculations simple, but in reality we can still proof the existence
of solutions for two different signs of ¢y and Qg as long as both their absolute values
stay low. Let us go through this case. The main thing that changes is that the sign
of the electric energy contribution can now also be negative, because the total
charge ga(r) (or g(r) for the background solution) has for a sufficiently small radius a
different sign than gy due to the central black hole which has an opposite sign of the
charge compared to the matter region. In the vacuum region r € [rga, 4] between the
black hole and the matter region we especially have a strictly negative adapted electric
energy

- 1 1
IAU(’I“) = QQQO ( — ) <0 (11.1)
Ty T
However, the expression is still bounded where now we estimate its absolute value by
IZAU(r)‘ < |0 (11.2)
Ty

The same holds for the background solution, so also there we have equation and
where we replace Iy, by I:qv. Due to the different sign of I, (r) compared to the
case where sgn(qo) = sgn(Qo), also the graphs of ag, (r) — I,»(r) and ap(r) — In.(r) look
a bit different. Namely all function values are slightly higher, and the effect gets stronger
the higher r becomes, but is restricted by . So, since we still choose |gyQo| small,
the fundamental behaviour of the graphs do not change. However, we have to reconsider
some arguments in the proofs taking into account the sign of the electric energy.

Let us start with chapter |8, where A = 0. The first time that I, (1) plays a role there
is in equation (8.45) where we estimated the distance between a(7) and a(7) — I, (7) to
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11. Black hole and matter region with opposite sign of charge

show that we can make this distance so small, such that also a(#) — I, (#) > 1. Then from
a(r) —Ip(r) < agy(r) — Ip(r) < ag,(r) we deduced that ag, (1) — I,,(r) possesses exactly
two ones in the interval [r_g,,r1Q,]. Now we can not argue like that any more because
I,(r) < 0 and consequently a(r) — I, (r) > a(r) and also ag,(r) — I (r) > ag,(r).
However from the last inequality it follows that between the two ones r_g, and ryg, of
ag, (1) also ag, (1) — Iy(r) is for sure bigger than one. In this case we want to show that
ag,(r) — Ip(r) < 1 at some point in the interval (rpg,,”_q,) and at another point in
the interval (r4¢q,,0), because then due to continuity the existence of two ones follow.

So, we estimate

q0Qo

Ty

laqu(r) = (ago(r) = In()| < (11.3)

This enables us to make the distance between ag, (1) and ag, () — I,o(r) so small, such
that inside of the above mentioned intervals, at a finite distance from the interval limits,
where ag,(r) < a with some finite number a < 1, we can reach

ag,(r) — fqv(r) <1 (11.4)

and the existence of two ones r_; and r, follows with

T g <T_Qy <T— <74 <T4Qy < Tiq (11.5)

So, the first part of the proof is complete. In the second part not a lot is changing. We
can estimate the charges (cf. equation ({8.68])) now by

q¢*(r)

5 < (Qo+ )’ C < (QF +a)C (11.6)

and consequently also get the upper bound (Q3 + ¢2)C(r) for the charge terms (8.69)
which occur in the distance between the p-functions. Furthermore, also for the distance
between the denominators (8.77) we obtain

|ty (1) — daro ()] < 871 /0T|gq(s) — g(s)|ds + @ C(r) + Cq, (11.7)

where we absorbed the Q2 term in the constant Cpy,. Then for the distance between the
p-functions (8.78) we also find

(1) = p1g(r)] < rCqy + g3C(r) + C(r) /OT (lgg = gl + [hg = hl) ds (11.8)

When estimating |Azg|, we can still use equation (8.79) which gives a proportionality of
I,(r) to goQoC(r) + g3C(r). With that we can estimate

|Argl < (lq0Qol + ¢3) C(r) (11.9)
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which is the same as we had for the case that sgn(qo) = sgn(Qp), just with the absolute
value of gg@Qo. The rest of the proof works analogously to chapter [§ just that we always

take |goQo| instead of goQo. This concerns estimate (8.81) - (8.84) and (8.86]).

In the proof of the global existence theorem with black hole [9.1] in chapter [9] with
positive cosmological constant we have to do similar changes. Another time we need to
adapt the argument when showing the existence of two ones outside of the black hole
radius. Similar to estimate (9.16) we find

2

(ago(r) = ()~ (ar(r) — Tno(r)

T2+L0

<A

+2 ag,(1) |Tn(r)|
—— —_—

=const.>1

+2 Jax(n)] [ Tao(r)| + 22 + R (r)
~—— —— =

202 202
5 Q 90%0
<%+ <030

-
Y v

r?+ L
< 3 L. (loQol + 5 Q3) C

(11.10)

Again at the unique maximum 7 of ag,(r) — I4,(r) we can take A and either |go| or |Qo|
sufficiently small to reach

an(fq) — Ipy(7g) > 1 (11.11)

Moreover, at a finite distance from the interval limits inside the intervals (rpa,r—4) and
(r4q,7C), where ag,(r) — Iq(r) < a with a finite number a < 1, we can also reach

an(r) — Ino(r) < 1 (11.12)

Then again, due to continuity reasons the existence of two ones r_p and 7 5 is guaranteed
where

roA < Tqg <TiA (11.13)

For the second part of the proof we estimate this time

1A ()] < a0QoC (r) + g5 C (r)| < g5C(r) (11.14)
and the same holds for I,(r) which then leads to

|Arg| < g5C(r) (11.15)

and we can proceed with the proof analogously to the case with the same sign of the
charges in chapter [9]
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11. Black hole and matter region with opposite sign of charge

For chapter @] for the negative cosmological constant, estimate ((11.16|) becomes
now

(a00(r) = F))” = (an(r) = Taol)) | < IN22 4 2.0, 1) [ o 1)
<1 <q7;:?0

+2 an ()] [Taolr)| + T2,() + BRo (1)
e~ ) =~ =

see([10.6) <[220 S@ S@
2
4 Lo Al Lo\ |q0Qo
< |A — |1+ —
< |A] 3 +r 3 + 2 -
+ (|goQo| + 6 Q3) C
(11.16)

and we can draw the same conclusions as for the case where gy and ()¢ had the same sign.
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12. Conclusions and outlook

In the present thesis we have studied the Einstein-Vlasov-Maxwell system under static
and spherical symmetric conditions. We have investigated it in terms of the existence of
solutions under certain conditions. In the first part of the thesis we treated the regular
case, where we imposed a regular center with the initial conditions A(0) = ¢(0) = 0 and
1(0) = pe with some finite constant pe. It could be proved that under these assumptions
there exist local solutions and that if we additionally require a negative central value uc,
a weak particle charge gy and a small absolute value of the cosmological constant, there
exist also global solutions. For the global solutions we have seen that the matter quantities
are of bounded support and that beyond the support we can continue the solution by a
vacuum solution. Depending on the sign of A this is either a Reissner-Nordstrom-de-Sitter
metric (for A > 0), which can be used until the cosmological horizon r¢ beyond which
we have no access to any information, or a Reissner-Nordstrom-Anti-de-Sitter metric
(for A < 0), which can be used until 7 — oo because for a negative sign of A there is no
cosmological horizon and we can in theory get information from every point in spacetime.
The second part of the thesis concerned the system with a black hole singularity at
the center. Also here we needed to assume a small absolute value for the cosmological
constant, a weak particle charge go and a weak black hole charge (Qy. It has been shown
that then outside of the black hole event horizon there exists a radial interval [r_x, 7]
where a nontrivial Ansatz for the particle distribution function that solves the Vlasov
equation leads to a vacuum region. Therefore, it was possible to start with a trivial
Ansatz fp = 0 and a Reissner-Nordstrom(-Anti)-de-Sitter solution outside of the black
hole horizon and then continue f inside of the vacuum region [r_x, 7] by a nontrivial
Ansatz, which eventually gives a matter region starting from ry,. Again it could be
proved that the matter region has a bounded support and beyond the outer boundary the
particle distribution function can be continued again by the constant zero function and
the solution can be continued by another Reissner-Nordstrom(-Anti)-de-Sitter metric.

Further research of the spherical symmetric EVMS with nonvanishing cosmological
constant could treat the massless case m = 0, as has been for example done by [I] for
the EVMS without cosmological constant. Another idea could be to investigate different
global topologies on which solutions to the system exist, such as they have been studied
in paper [2] for the uncharged EVS, but with nonvanishing cosmological constant. In
the present thesis we have made a few assumptions on the system, especially restricting
ourselves to spherical symmetry and static conditions. Future research projects could also
try to relax these conditions. For example one could move to a stationary, axial symmetric
system. There have already been some investigations with these symmetry assumptions
of the uncharged Einstein-Vlasov system with vanishing cosmological constant. Paper [5]
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12. Conclusions and outlook

provides a summary of the present situation and open problems for this case. According
to the authors the stationary, axisymmetric system has been studied numerically, where
many different morphologies could be generated depending on the specific form of the
Ansatz for the particle distribution function. Especially toroidal solutions have been
studied further numerically where a different behaviour has been discovered depending on
whether the total angular momentum is greater or smaller than the total mass squared.
Analytically it has been proved that there exist solutions to the static axial symmetric
EVS where the matter region is compactly supported in the radial direction. Moreover,
the existence of solutions to the stationary, axial symmetric EVMS, so where the particles
are also considered to be charged, has been proved for the case that the solutions only
slightly differ from spherical symmetric solutions. Additionally, another analytic approach
has shown that stationary solutions can be constructed as bifurcations from the Kerr
spacetime, representing a more general case of a black hole surrounded by Vlasov matter.
Some open problems concerning the stationary, axial symmetric EVS are the existence
of stationary, axial symmetric solutions that are far from spherical symmetry, highly
relativistic solutions, the massless case, and solutions with a central black hole. All these
results and open questions can also be investigated in the charged case, so extending
the Einstein-Vlasov system to the Einstein-Vlasov-Maxwell system. Another attempt
could be to include the cosmological constant in the equations and study its effects in the
stationary axial symmetric scenario.

To conclude, there remains significant potential for a further exploration of the
Einstein-Vlasov-Maxwell system beyond the conditions studied in this thesis. Particularly
in the stationary, axial symmetric case there are a lot of open problems. These concern
also still the uncharged case, for which the results found in this thesis could provide some
assistance, due to the parallels between the charged, static system and the uncharged
rotating system as we noted in the introduction.
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A. Appendix

Here you can find some of the calculations and arguments whose results we used in the
thesis, but which have not been carried out in the main body to avoid disrupting the flow
of reading. At the corresponding points in the text a reference is made to the appendix.
A.1. Gronwall’s inequality

During the proof of Lemma in chapter [5| about the existence beyond the non-vacuum

region, we made use of a form of Gronwall’s inequality whose statement is the following:
For any real-valued and continuous function u(x) with

u(z) < alz) + /93 B(s)u(s)ds (A1)

with a constant lower integral limit a < z, a real, continuous function (x) and a real,
non-decreasing function «(x) whose negative part is integrable on [a, z], it holds that

u(x) < a(x)exp /x B(s)ds (A.2)

A.2. Proof that D >0
To show that the equation ag,(r) = 1 has three distinct, real solutions we need to show

that D, defined in (8.22)) is strictly positive. For this aim, at first we expand the brackets
and find

D =AM Lo (—2Q4 + 5Q3 Lo — AMFLo) + ML} — Q3 (Q3 + Lo)”
= —8LoMZQy — 16LAM; — Q5 — L3Q3 — 3LoQ5 — 3L2Q4 + 20LEMZ Q3 + L3ME
(A.3)
then we split up the second last term to remove step by step the negative terms. We write
20L3 M5 Q% = 3LEME QS + LLEMGQF + 16 L5 MG Qf (A.4)

and do the following estimates
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A. Appendix

LEMEQ? > 16Lo My Q3 > 16 LoMiQg > 8LoMiQg + 8LoQY
> 8LoMZQo4 + 3LoQ5 + 5 - 16 MZQS > SLoMZQo4 + 3LoQS + 5 - 16Q5
> 8LoM2Qo4 + 3LoQS + QF

(A.5)
and
BLEMGQE > 3L5Q, (A.6)
This means for D that
D > —16L3M{ — L3Q3 + 16 LAMEQ3 + LM
— —16L3F (M3 - @3) + L§ (MG - @) "

= I3 (M~ Q}) (Lo~ 16M3) > 0

>0 >0

and the proof is complete.

A.3. Proof that r_g, > My — /M3 — Q3

To prove that r_g, > My — /Mg — Q2, it is sufficient to proof the inequality in (8.32)),

o 24 Lo—y/(Q2+Lo)° —12Lo M2
because we already realized in (8.31)) that r_g, > Qo+l \/(Qg MOO) 270 To proof

that this latter expression is bigger than My — \/Mg — Q%, we firstly realize that

12M§ (3M§ — QF) >0 (A.8)
and that
12M3 (3MZ — Q3) = 12LoMZ — (Lo + Q2)* + (Lo + Q2)° — 12M7 (Lo + Q2) + 36 M
(A.9)
plugging this equality into inequality (A.8) and bringing the first two terms to the
left-hand side, we obtain
(Lo + Q3)° = 12MZ (Lo + Q) + 36M¢ > (Lo + Q2)” — 12Lo M (A.10)
Since

(Lo + Q2)% — 12LoMZ > L3 — 12LoMg > 16Lo Mg — 12LoMZ > 0 (A.11)
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A.4. Proof that rig, > r_

we can take the square root of inequality (A.10). For this purpose we note that

(Lo + Q3)% — 12M2 (Lo + Q2) + 36 M = (Lo + Q3 — 6M¢)°
and find

Lo+ Qf — 6M§ > \/(Lo +Q32)° — 120 M2

> \/(Lo +Q2)% — 12Lg M2 — 6 Mo/ M2 — Q2

We rearrange this to

2
Lo+ Qf — \/(LD +Q3)” — 12Lg M2 > 6M§ — 6 Mo/ M — Q3

and divide as a last step by 6My which results in

2
Lo+ Q(Q) — \/(Lo + Q%) — 12LOM§ > Mo \/m
6M, 0 0 0

and proves (8.32)) and thus r_g, > My — \/m.

A.4. Proof that r g, > r_

In order to show that r, g, > r_, we estimate

6 Mo 3 12M2 16]\42

s Lo . ﬂ L
- 6Mg 2 9]\/[2 16]\42
1 _4Lo
2 9M0 3 12M0

1 ( L2 4L0> Ly L} L} Ly 3L Lo
4

2.1, 1 |4 2 1 10)? L L2
rog -1 > %0t Lo oJr (@8 +Lo)” _ |- Lo - 0

Y

Since

9oMZ 3

144M2 ~ 36MZ2  144M7 3 144MZ 3
A8MZLy Lo Lo Lo

44aMZ 3 3 3

we have

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)
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1/ L3 4L L2
z — > A.18
4 (9M3 3 ) 144 M2 (A.18)

Due to positivity we can take the square root which leads to

1 [ 12 4Ly L
e B A19
o\lon2 ~ 3 7 120y (A-19)

Using this in inequality (A.16) yields

T+Qq — T— >0 (AQO)

and we are done.
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