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Abstract

The aim of this work is to shine light on the precise processes by which locality is preserved
in (semi-)quantum regimes under the imposition of the Coulomb gauge, by example of a
simple double particle system. One of these two, acting as the sender, is conceptualised
as a classical particle, while the other, acting as a probe and the surrounding field are
treated as quantum objects. A seemingly novel approach of transforming the Dyson
series is employed to garner a representation of the probe particle’s density matrix as an
infinite polynomial in time. The first three degrees, acting as three increasing levels of
approximation, are fully laid out and examined for dependencies on the source particle
that would imply faster than light signalling. Finally, a position measurement is performed,
to see whether any of the terms in question might extend their effect to measurement
results.
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Kurzfassung

Das Ziel dieser Arbeit ist es, anhand des Beispiels eines simplen Zweipartikelsystems die
genauen Prozesse zu beleuchten, wonach die Lokalitét in (Semi-)Quantensystemen, welche
der Coulomb-Eichung unterstehen, erhalten bleibt. Eines dieser Teilchen, der Sender,
wird dabei als klassiches Partikel behandelt, das zweite Empfinger-Teilchen und das
umliegende Feld hingegen als Quantenobjekte. Eine scheinbar neuartige Transformation
zur Dyson-Serie erlaubt es, eine Dastellung der Dichtematrix des Empfangerteilchens
als unendliches Polynom in der Zeitdoméne zu erlangen. Die ersten drei Grade dieses
Polynoms, entsprechend dreier steigender Stufen der Ndherung, werden ermittelt und
dabei auf Einflusse des Senderpartikels untersucht, welche eine superluminale Informa-
tionsiibertragung implizieren konnten. Letztlich wird eine Messung in der Ortsdoméne
durchgefiihrt, um zu sehen ob sich diese etwaigen Terme auch in den Messergebnissen
niederschlagen.
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1. Introduction

1.1. The Coulomb Gauge

For any physical system, the associated Lagrangian will come with some number of
redundant degrees of freedom. These can be regulated via the choice of a gauge. One
area in which this strikes particular relevance is electrodynamics, where the gauge field
takes the form of the electromagnetic four-potential and multiple options for gauges arise,
each pair of which can be transitioned between via a group of gauge transformations.
Even though the various candidates are, in principle, all equal in viability, some have
established themselves as particularly helpful in many aspects and thus the most popular.
Foremost of all stand the Lorentz and Coulomb gauges, the latter of which will be the
primary object of interest in this work, as its manifestation in a quantum regime raises
some questions with regard to causality.[B] The key issue of concern rests on the following
fundamentals [G|[I]:

As every four potential A, consists of a scalar component Ay and a vector potential
ﬁ, to enforce the Coulomb gauge embodies nothing more than the imposition that the
divergence of the latter be zero:

V-A=0 (1.1)

Consider the relations between electric and magnetic fields E and B and the four potential:

E=-VAy— — (1.2)
B=VxA (1.3)

Consider also the Maxwell equations, with p and ; denoting the electric charge and
current density, respectively:

V-E=p (1.4)

V-B=0 (1.5)
. OB

E=_-22 1.

V X o (1.6)
_ . OJE

=7+ = 1.

V x B j—l—at (1.7)

The constraints of keeping the above equations satisfied compounded with the gauge will



1. Introduction

force the four potential into the following shape [G[1:

47 T —

1 1
Ao(Z,1) /Rdf/wp(fct) (1.8)

B(Z,t) (1.9)

A@ 6 =v x/df’ §

R |T—Z

While easily glanced over, these integrals reveal something very peculiar: At each point in
time are both aspects of the four potential dependent on every point in space, implying
an instantaneous transfer of information over great distances and thereby a breach of the
principle of locality. This is commonly placated by the argument that the potential itself
does not directly affect the actors of any given system (e.g. the motions of particles),

only the EM-field given via and does, serving as an intermediary to relay A's
influence to matter. In a classical context, this field can be shown to be local after all,
via one of two ways: One would be to invoke the gauge equivalence principle and defer to
the Lorentz gauge, in which the preservation of locality is more readily apparent. The
other, more involved option would be to simply show it by direct calculation.|I][2]
Another interesting point arises when considering the electric field’s longitudinal compon-
ent E | and transversal component E, individually:

Ej=-VA (1.10)
, o -

E,=-—-4 1.11
T (1.11)

Both are, once again, non-local! The fact that the total field E is provably local then
necessitates that these non-local aspects somehow exactly cancel each other as the two
parts combine into the whole.[I]

E= EH =+ EJ_ = EH,local +M+ El,local +M (1.12)

In the quantum regime, a number of problems arise. For one thing, it is not clear how
the classical gauge equivalence principle is to be translated in the quantum case, making
any proof by reference to the Lorentz gauge unworkable. Further, the electric field’s
longitudinal and transversal aspects will fall into completely different Hilbert spaces -
the former turning into an operator on the space of particles and and the latter into a
quantum field operator - and thus there can be no argument of shared terms cancelling
as they combine along eq. above.[I]

It is widely assumed that locality still holds in the quantum realm, and that this should
be independent of the choice of gauge. For the Coulomb gauge however, the process by
which it is preserved and the point in any procedure beginning with the definition of
a system at its most basic and ending in the obtainment of the relevant measurement
results, at which 'non-locality collapses’, are far from clear. This is precisely what this
work aims to shine more light on.



1.1. The Coulomb Gauge

In the following chapter, a simple double particle system will be introduced. A method
will be developed to gain an expression for the state of one of the particles as it develops
in time, and thereby also the expectation value of its position in space. It will arise that
both will have to take the form of infinite polynomials in time, rising degrees of which
can be investigated individually as approximations of similarly rising detail. Should any
constant of the polynomial then show any influence of the second particles movement, this
would imply an instantaneous transfer of information and violate locality. In subsequent
chapters this investigation is carried out in the first three degrees of approach. This
leads to a couple of general statements that can be made in chapter [6] and in chapter[7] the
findings are discussed, as is the prospect of approaching higher or making modifications
to the system.






2. Preliminaries

2.1. Establishing the System

The system to be examined in the coming pages is, at its heart, very simple. Consider
nothing but two particles, both embedded in the same field F. The probe particle P
and source particle S will act as sender and receiver of one bit of information at some
space-like separation. Let F' and P be modeled as quantum objects and S as a classical
particle with associated currentﬂ j and position 4.

Jul@ 1) = ed(F - (1)) <§,(1t)) (2.1)
A transfer of information between the particles could then take the form of S being sent
on one of two trajectories with corresponding currents j4 and jp, imparting a different
influence on P, whereupon the signal could be appropriately decoded.

As shown in the coming sections, it is possible to derive an expression for the probe
particle’s state as it evolves over an infinitesimal amount of time past ¢t = 0. More
precisely, it will take the shape of a polynomial in time, with constants that may or may
not reference the source’s movement - and thereby a correspondence to either j4 or jg.
Should any such dependencies be found, it would mean that a possible change in currents
and trajectories would spread between the particles instantaneously. This would prove
that the state behaves non-locally, and if the effect continues downstream to the level of
measurement results, it would constitute superluminal signalling.

2.2. The Hamiltonian

All considerations will occur in the Schrédinger picture and thereby with time-independent
operators. The Hamiltonian of the full system will be the following [II:

2 .
1 S \2 ~ - e 0(z,1) = +
= — 'i' R —-\J Y b d . —
H — o (p eA(q)) + /de E |k|ai€.’)\aky)\ + e Rdw 7o /Rdzvj(:z,t) A(Z)

(2.2)

!The four-current as defined here is itself not relativistic. However, over the following arguments and
calculations it will be quite apparent that the lack of a Lorentz factor makes no difference for the
issues at hand and is therefore omitted in an effort towards simplicity.
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Herein, § and p denote P’s associated position and momentum operators, respectively.
The constants m and e represent the probe’s mass and the elementary charge, while A
will be the potential, defined as follows|[Il:

- - 1 - o
e =\ 3/2 ikZ —ikZ T -
Az = A@) = (27) /R g — (e ap\ +e aE’A) &\ (2.3)

Insert this into equation ([2.2)) to arrive at the Hamiltonian’s definitive form:

1 /. - 2 1
H:%O?—eAg) /deUfya KT m—ey()Am (2.4)

These terms can be referred to, from left to right, as the momentum term(s), the free
field term, the Coulomb term and the interaction term.

2.3. The Initial State

The field is simply taken to be the vacuum field |0). Some notes on other choices of field
can be found in section |f| The initial state of the probe particle |¢) can be taken in its
most general form. The initial state of the full system is then the following:

[bo)pp = 10)p @ [0) p (2.5)
This can also be expressed as a density matrix:
porp = [0) (0 ® |¢) (¢|p (2.6)
The density matrix corresponding to the probe’s initial state will be denoted by ®:
®p =trr(porr) = |0) (lp (2.7)

For the sake of brevity, the indices F' and P will be omitted going forward.

2.4. Time Evolution

2.4.1. The Dyson Series

Note that the Hamiltonian, as defined in eq. , is not constant in time, as the Coulomb
and interaction terms introduce an indirect dependence via the source’s position and
velocity. This makes it somewhat unwieldy, as the time evolution of any state can no longer
be calculated directly, but only via the Dyson series, an infinite sum of progressively
more mtrlcately nested integrals [H]

(T)) = /dtl /“dm /tqldtgHul)H(m)mH(tg)rwo> (28)

By implementlng a number of substitutions, this can be transformed into a polynomial in
time with constant coefficients, yielding a more manageable form of time evolution.



2.5. Decomposing the Density Matrix

2.4.2. Polynomialisation

Begin by substituting ¢, = 7., o;T

_ —\9T9 d . d Q—JH HJ, sT 2.9
QZO( i) /0 o /0 Qg Jl;[l % (IT]_, s T) [abo) (2.9)

Each Hamiltonian can also be expanded around the origin via the Taylor series:

[e.e]

n n d
H(r) = n'HH with H = T (B)li=o (2.10)

n=1

Insert this appropiately into eq. (2.9), reorder the terms and integrate over the now
isolated variables «;:

o0

g
Z (—i ng/ dal---/ldagHag_j
0 paiey

g=0

S Lot st L

ni,ne,...,ng=0k=1

i st 1 1
:Z(_Z’)g Z T(Q+Z§_1nz)/ da1~--/ daovg
g=0 n1,n2,...,ng=1 0 0
g
j+> Nz [n
[T o= L pid
=1 3
N 3 (9+3? - Ll
=) (=) T+25=1ns) — Hy"" [4o)
; nl,ngzngzo 1;[ _]+1+Z )nj‘ 0

(2.11)
This might seem imposing at first glance. A look at section where select terms are
calculated in detail, might help in gaining a more practical understanding.

2.5. Decomposing the Density Matrix

Terms sharing the same exponent G = g+ >.9_, n, on T may be grouped together,
allowing for a decomposition of the wave function into a polynomial over T" with constants

lva):

oo
= > T%%a) (2.12)
G=0
A corresponding density matrix p can also be constructed and similarly decomposed:
o0 o0
p(T) = Y T |ye) (ol = > TVpx (2.13)
G,G'=0 N=0
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A constant py of this polynomial is then defined as follows:

pv= D la) (el (2.14)

G+G'=N

The precise object of interest for this work is found in the reduced density matrix of
the probe particle, which can be uncovered by taking the partial trace on F' over the

equations above:
o0

pp =trp(p(T)) = Z TNtre[py] (2.15)
N=0

This implies that even for the smallest increment of time T = dt, all constants of the
polynomial immediately lay their effects onto p, meaning that if any one of them shows
any dependence on the source’s movementsEl, this equates to immediate signalling between
particles. These constants trp[py] can now be investigated, individually and for rising
N corresponding to increased amount of detail, for any such dependencies. This makes
it possible to structure the search for the mechanisms of locality in a concise manner of
variable precision.

2.6. Measurement

The result pp denotes only the state of the probe particle, a somewhat intangible object
with limited practical applications. To provide a more workable end result, a measurement
on this state will be performed. More specifically, the position measurement will be
produced, at some location 7, with special attention payed to what might happen to any
eventual non-local terms in the density matrix.

(pp) = (Fltre(p(T)) |7) (2.16)

The position domain is chosen as it provides local measurement results with a relatively
clear ontology as opposed to e.g. momentum measurements (and by extension also the
clearest applicability to practical settings). Alternatives are discussed in section

2That is, its initial velocity gjo, acceleration ﬁo, and so on (compare again eq. (2.11)). The source’s
initial position ¥, carries no information about its movement and is not relevant to this point.



3. Linear Order

Consider the density matrix constant relevant to a linear order expansion of p:

p1 = |vo) (Y1 + [¥1) (vbol (3.1)
Reference section for the structure of [¢);):
|th1) = —iHo |¢o) (3.2)

From this, we can derive the explicit form of py:
p1 =ipoHoy + h.c. (3.3)
Take the partial trace on F' to isolate the state of the probe particle.
trr(p1) =itrr(poHo) + h.c. = i® (0| Hy |0) + h.c. (3.4)

Reference the Hamiltonian’s full expression in eq. to see how it interacts with the
vaccum states:

2

1 - - e 1
H — 0l = (= @ t 4 L -
01 H00) = (01 5.~ (F-ed(@) + | AR 3 Rl o+ g =g — €90 AT 0
(3.5)

As established in section uneven numbers of A-instances will disappear between
vacuum states. This immediately eliminates the interaction term, and with it the only
instance of the source’s velocity, barring any possibility of signalling at this order of
approximation. For the sake of completeness and to illustrate the points made in section
[6-2] however, should the following consderations also be noted.
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The 'mixed’ terms of the momentum set will vanish for the same reason stated above. The
free field term will vanish as well, leaving only the Coulomb and remaining momentum
terms. Reference eq. (|A.7.1]) for the relevant vacuum interaction to arrive at the following
result:

1 e? 1 e 1 -1
0| Hol0) = —F* 4+ ——=—= + — /dk_, 3.6

OO0 = 5P+ G iy a1+ 2m 2o Jo ™ (36)
As this is plugged into eq. (3.4)), the last term, being scalar, will vanish in the commutator,
leading to the following result:

1, e 1
2m A |ijo — g

Moving into the position measurement, it is clear that the latter term will promptly

vanish. Reference eq. (A.26) for the measurement result pertaining to the momentum

term.

(Fltre(on) 1) = i (79 [7) + e = 5 (Mo@6) — oBGF)  (38)

2m

10



4. Second Order

Consider the constant relevant to p’s second-order expansion:

p2 = o) (2| + 1) (1] + [2) (o (4.1)

Reference section [A4] for the relevant wave function constants:

|th1) = —iHo [tho)
[42) = — 5 (B + o) o)

4.1. Double Hamiltonian, Single-Sided

Construct [1h2) (| + h.c. to calculate the first and last part of eq. (4.1)):

1 1.
[a) (tho| + h.c. = —§Hg,00 - liHopo + h.c. (4.2)

The partial trace over the these terms will be the following;:

tr(|) (o] + hoc. = —% (0] H2(0) & — z% (0] o [0) ® + h.c. (4.3)
It should be quite apparent that Hg will introduce a great number of terms. It is also
self-evident from first principles that most of these carry no dependence on the source
velocity and are thus ineligible to introduce signalling. In an effort to keep calculations as
streamlined as possible, these terms will therefore be disregarded and only ﬁo—dependent
ones taken for closer evaluation. Others, that is terms only depending on the position of
the source or completely independent of it, will be grouped under the label O(%). The
vacuum interaction (0] H3 |0) can then be written out the following way:

(0] H [0)
= 0l (5 cp? + [ dF 3 Flal, o 2 C LY (e Ay ) 10
N e e ’
1 B 2 9 . (4.4)
—efo- A B —edg)? dE S Flal ar + &
+ 01 (e A5) (g, 0 A0 + | 2 Ml i)
2, 2 5
+ e (0] (3o - Ag,)” 10) + O(3o)

11



4. Second Order

As linear terms in A fall awa the remainders unify via eq. (A.20)):
62 o = - = b = 2 =
(01 Hg [0) = 25— (01 {5, Az} (30 - A5,) 10) + €¢* (0] (o - Az,)" [0) + O(Go) ~ (4.5)

4.2. Hamiltonian’s Derivative

Reference eq. to establish the Hamiltonian’s time derivative. Recall that in the
Schrodinger picture, no operators in H will exhibit any direct dependence on time. Only
terms relating to the source current will thereby be subject to an indirect dependence,
giving the derivative at ¢ = 0 the following form:

e? (Yo — @) - Yo

. . - . =/
Ho= S0 T 0 _ o Ay —edjo- Ay 4.6
am |y0—q!3 Yo Yo ( )

>/ -
Notice the derivative Az = 4 A((t))|¢e=0- As demonstrated in section |A.1} this will
vanish between vacuum states just as well as a non-derived instance of the potential,
leaving only one term in the vacuum interaction:

o1 ooy = - =D o (@7)
4.3. Double Hamiltonian, Double-Sided
The middle term in eq. places operators on both sides of ®:
vh1) (1] = HopHo (4.8)

Taking the partial trace of this necessitates the introduction of a partial transpose on
the field spaceﬂ which will be denoted on the respective operators by the superscript '
Once again, focus only on the terms relevant to signalling:

trpllvn) (il] =D (] Ho [0) @ (0] Ho |j) = > (0] Hy ™ |5) @ (| Hy " |0)
J J
= (0| Hi*®HJ™ |0) = (0| (Ho®Ho) '™ |0) = (0| Ho®Hy |0)

62 . —
— (0] (5= (7 — /dk‘ZW Wit £ &) (—edio- Az, 0) (4.9)

2m 47 |y — q|

S 1 |
+ 0] (=ed - Az)® (- (= eig)? + [ de|k|aEAak/\ )

e (0] (%o - Zlgo)@(f/'o ' 370) 10) + O(¥)

! ..according to section
2See section for a clarification.

12



4.4. Assembly and Measurement

As (gj’o . ‘Zi??o) is freely mobile around ®, a familiar result emerges:

tre(lyr) (Y]
1 2 2 1
_ = 4.2 i 7 o f =7
= <O| (%(p — 6A[1') + /de‘ Z |/€|CLE7)\@E,)\ + E |g0 — Cﬂ)(—eyo ’ A?jo) |0> o
A=1
) (4.10)
+ @ (0| (_6 Yo - Aﬂo) (%(p —edg)" + /]R dk /\Z‘: ’k‘a,;)\a;;,\ + Em) 0)
h t 2 .
+ e (0] (3o - Ag,)” 10) @ + O(Fo)
By the same argument as in eq. ({4.5]), this reduces to the following result:
2
€ o 7 AN -
tre([v1) (il) = o— (01 {P, Az} (¥o - Ag, ) 10) @
2m (4.11)
) :

+ ;—mé (0] {7, Az} (%o - Az, ) 10) + € (0] (5o - ;1;170)2 0) @ + O(¥))

4.4. Assembly and Measurement

Inserting the results above into the full expansion of ps’s partial trace will show that
the results in eq. (4.5) and (4.11]) exactly cancel each other, leaving only a commutator

related to eq. (4.7):

1
trr(pa) = = 5 (0| HG [0) ® — 5@ (0| H{ [0) + (0] Hq " @ Hg " [0)

1
2
1 . 1 .
+Z§‘I)<0|Ho|0> —ig (0| Ho [0) @ (4.12)
2 — — N
e (Ho — @) - Ho -
=l |7/ S5 @ —"_ O Y
g7l gy —gp v+ Ow)
The probe particle’s state is therefore proven to depend on the source particle’s accelera-
tion.

—

2 Un — 0 .
trp(pa(dt)) = i a2 & [Jo— D To

————— ®| + O(y, 4.13
871'[ e ] (Fo) ( )

However, as the Coulomb-derived operator in the commutator is only a construction of

position operators, it is clear that it, and therefore the source-dependence, can only vanish
under a position measurement.

13






5. Third order

The third order aspect of the total state’s density matrix is the following:

p3 = |13) (tbo| + [1b2) (41| + h.c. (5.1)

Reference section to garner [¢)3):

1 1. 1 . 1.
= _H} - —HoHy— -HoHy —i—H 5.2
|13) gHo — gHoHo — cHoHo — iz Ho (5.2)

Use this to expand ps into its full form:
)
p3 :Zé [HO ) PO]
1
+2§ (];I()poffo2 — ngoH())
1 1

1. 1 . 1. . . 1 .
+§HOPOHO + §HOPOHO - gHOHOPO - gPOHOHO - gpoHoHo - éHOHOPO
1
iz

6

(5.3)

[ﬁm PO]

As we take the partial trace over the field aspect and examine the individual terms more
closely, we will have to tackle the whole construction in separate sections.

15



5. Third order

5.1. Triple Hamiltonian, Single-Sided

Start with the first line in eq. . The full extension of these terms would be quite
extensive, yet the effort needed to arrive at the relevant results can be limited somewhat
by a number of considerations. Firstly, focus again only on the terms containing at
least one instance of the source velocity. Due to the nature of the Hamiltonian, such a
dependence can only be introduced via its last term (—e g;jo . Ago) Recall that taking
the partial trace on the field aspect will cause all terms to be in some way bracketed by
vacuum state vectors and that, as was previously established, only terms featuring an
even number of A- 1nstance’ can prevail under such conditions. Thereby, between the
three ’slots’ given by the three instances of the Hamiltonian, only terms that use at least
one for the source term and the other two to raise the number of potential instances to
either two or four need to be considered.

trr(Hipo) = ) (il Hi 0) @ (0lj) = (0] H; |0) @
i

= (0] (=i Agy) (P + o+ A2 (7 g} — - Ay [0)0
0 W om” gy —ql  2m 1 o 0

1 5 e2 1 e? 2
+ (0] (—edp - )( {p7 Az} — ey - )(%P +Em+2m Az) o) @

+<0|(L~2+f;+ B (ediy Ag) (5 Ag) — ey - Agy) 0) @
2mp A |Go —q|  2m 7 5o om P a1 T Yo" A

10 (g gD (et ) (4 o+ 3 A 00
7 Az}) (—edio - om” T dxjo—al  2m Aa
2 1 e? =2 e . = Lo
+ (0] (2m T a 9-A7) (=5 AP Ag}) (—=elio - 45, ) [0) @ (5.4)
e ., = 1 e2 1 e? 22 L7
HO g P AN GrP '+ g, = + 2w (e 4w (000

L...or no instances thereof.

16



5.1. Triple Hamiltonian, Single-Sided

Utilising some of the identities in section [A.7] with special consideration of the mobility of

—

(%o - Ag,) and recognising that some terms are self-adjoint leads to the following result of

the partial trace minus its hermitian conjugate.

tTF(ngo) — h.c.

2
=3 (0] (o - Az,)* 10 p*®
3et o2 \2 1
84 =2, - 2
2
€ —, - 7 —
+ 34Tngp2 (0] {p7 Aq} (yo Aﬂo) 0) @
2
e R L= _
+ 34— (01 {7, Az} (4o - Ag, ) |0) P*@
+3—e4 . 01 {p, 43} (g, - 45,) 10) @
8mm [ijo — ° (5.5)
4
€ 1 o
64 =2, = o
+3 5 (01 Ag{, A7} (¥ - Ay, ) [0) @
4
(& . o -
+3 75— (01{F, Ag} (¥ - Ay, ) A710) @

A=1
62 2
_QQm/deA:l\k@(O\ (7. Az}l az (o A5,) 0)
+ O(%o)
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5. Third order

5.2. Triple hamiltonian, Double-Sided

Taking the partial trace of the second line in eq. will induce a operational structure
that is significantly different to that of the first, but roughly equivalent concerning the
ability of limiting the computational effort. The partial transpose in F makes another
brief appearance and the ordering places ® so that operators act on it from both sides,
yet this does nothing to change the fact that all relevant terms must feature at least one
source term and in total either two or four instances of the potential - transposed or not.

trr(HopoH§t) = ) {jl Ho|0) @ (O] H3 |j) = ) {0 Hy" |j) ® (j| Hy " |0)

J 1

= (0| Hy " ©H{™ |0)

s =2 \T 1 e2 1 €2 o7 e . = L = \T
= (0] (—eo - Ay,) F(I)(%pQ_‘_EWO_(ﬂ %Aq) F(—%{p,Aq}—eyo-Ago) 710)
2 \T e ., - s e, 1, 21 ez ar
+ (0] (=edio - Ag, )" ®(—5 AP, Az} —evio - Ay, ) " (5 7" e 5-47) " 10)
1 . 2 1 2 -2 iR - Lo - N
Ol 4 o AR ey ) (g 5 ) e ) )
L AN e (ei AL L €T
+ <0’( Qm{p’ Aq}) (I)( €Yo Ayo) (2m A ’go —Cﬂ + 2. 6) ‘O>
1 e? 1 €2 -2 e . = L=
O g+ o+ g An) (g . AeD) ™ (e Ag) ™ 10)
€ ., =2 \T 1 e2 1 e? Soor L = \T
0] (et Ag) ([ aFYIFlal g ) (— 5 1. A 10
A=1
2
+ 0] (~ 5 ) 0| aF Y Flaf o )" (—edlo - A5,) 7 0
=1
2
+ (0] (—edy AgO)TFCI)(/de:Z|k:|a;%’AaE7/\)TF(—e_'O Ag,) [0y @
A=1
+ O(7o)
(5.6)
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5.2. Triple hamiltonian, Double-Sided

Once again, apply the identities in section [A.7] and identify self-adjoint terms, destined
for cancellation, to arrive at the following result:

tre(HpoH?) — h.c.

(& —

2
N 2 2
qu) (O] (50 - Ag,)"10) p

+ iﬂﬁ (0] (3o - 4,)* 0) ,gol_ 7

+ imoyﬁ;(%-ﬁ%f 0)

+ 4;22@“2 (01 {7, 45} (50 - Ag,) 0)

+ 467;2‘1’ (01 {B, 43} (3o - 45,) 0) 7* (51)
&l 1

_l’_

8mm [ — gl

et - A\ (~ .4 !
+ 5@ OH{F Az} (7o - Ay, ) 10) ==

Note this this result forms an almost complete complex conjugate to the final expression
of the first part, only divided by 3 and leaving the latter’s last two terms unaccounted for.
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5. Third order

5.3. Mixed Terms

Next, turn your attention to the third line in eq. (5.3):

1. 1. 1 .
R = 5 HopoHo — 3 HoHopo — époHoHo + h.c. (5.8)

1 . 1 . 1 .
tTF(R) = §tTF<H0p0H0) - g <0‘ HyH, ‘O> b — ECI) <0| HyH, ‘0> + h.c. (5.9)

To tackle the first trace term, reference eq. for the terms in Hy and consider them
individually.

2 /= — =
- Yo—4a) 9 s g oo ;
tTF(HOPOHO) = Z <]‘ 47T(|(;_j0_)q,|30 — €Yo - A??o — €Yo - Ayo ‘0> P <0| Ho |j> (5.10)
J

Note that the first term of Hy does not act on the field, letting (j| slide right through to
combine with the vacuum and form ;9. Meanwhile, the following two terms only act on
the field, therefore collapsing into a scalar when brought between (j| and |0) and so, in
a manner much alike that of eq. , able to be brought to the rightmost side of @,
where applying y |7) (4| = I will significantly simplify the expression. This leads us to
the following partial result:

. y —q ﬂ 1 1 62
2 - P (5.11)
+e<1>0\( {p,A}+yo Ay )(yo-Ag0+yo'AgO)|0>
+ O(¥o)

To process the other terms in eq. (5.9), reference eq. (2.4) and (4.6) to see which terms
of their product will both feature some dependence on the source’s movement and not
vanish when brought between vacuum states:

. e2 (G — q) - U 1 1 e =2
(0| HoHy |0) :—*w<*p2+62 —— +*<0‘A6|0>)

4 |go —q13 \2m 5o —ql ~ 2m
57 5o 7 1.~ L7 (5.12)
e* (0] (o - Ag, + ¥o - Az) (%{p, Az} + 7o Ay,) |0)
+ O(%)
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5.4. Commutator

As some of their latter terms cance] the results above combine to form the following

expansion of eq. (5.9):

1€ (Wo—q) Yo, 1 o € 1 e? -2
trp(R)=— =—F———O(—p“ + — — (0| A~ |0
re(R) 247 |y —qJ3 (2mp + 47 gy — q| + 2m< 471 >)
1 e? fj—(?-?g 1 e? 1 e? -2
Le” o= do = )_,3 (72?2 ————+ — (0] A5]0))®
34m |y — g 2m A7 |Jo — G| = 2m (5.13)

1e? (Jo—q) Yo, 1 21 >
€ (yO q) yO( =2 € + 67 <0‘ A; |0>)

647 |jo—a° ‘2m’ " Arjo—q  2m

5.4. Commutator

Starting in the bottom line, with the commutator on the Hamiltonian’s second time
derivative. Reference eq. (2.4)) or to obtain the terms therein:

e Yo+ 7o Yo — 7 Yo

Hy=— J oo
4r %o — 413
+36j(§'3?)2*2(67~z?)(§-3?)+(f?-37)2 (5.14)
4m 17— q°

=/

- 6(.?_4.;0 ’ 21170) —2e (go ’ Ai;b) —¢€ (go ’ Ago)

Taking the partial trace over the commutator will lead all the terms linear in A to vanish
and only the two Coulomb-derived terms to remain:

9 2
e” Yo+ Yo Yo —q- Yo

t’I"F(Hpo) —h.c.=——]| " > , @]
A |50 — dl® (5.15)
n 312[(@0 - J0)2 = 2(7 - §o) Wo - To) + (- ¥o)? @]
47 5o — al ’

Qreference section
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5. Third order

5.5. Assembly

When inserting the results of the previous four sections into eq. (b.3]), most terms of the
first and second parts will cancel, leaving a comparatively manageable final result for the
state:

t?“F(P:%)

_1527 dk2|k| (01 {7 Ag}al, ag , (0 - Az,) 10) @
1 €% (5, — Q) - Yo 1 e? 1 ¢’ A2

%@(—Zﬁ — =+ — (0 Ac‘j |0>)

C 247 |ijy — om A |jo —ql = 2m
16 (y _(?)go ]___‘ 62 1 62 =2

+747%<27p2 A |7 — dl <O’A‘Y|O>>(I)
34 |jo — 4| m” " Ar [y — ] (5.16)
1> Go—@) Yoy 1 5, & 1

+ *7¢f(7p T —a 0 A 0 )
647 [Go—aq° \2m 47T|yo—Q| < 4100

Zle yo+yo yo q- yoq)
6 4m %o — qI?

- =

1 e* (Jo - yo) —2(G - Yo)(Wo - Yo) + (7 o) b
"2ar |50 — qI°
4 hee. + O(F,)

N

5.6. Position Measurement

Note that all the terms stemming from the fourth part, and many of the third part feature
no momentum operators and will thus, under a position measurement, cancel with their
own conjugates. The remainders will compile into the following form:

(Fltre(ps) )

1 e2 L o S = =
=~ 'Som dkg; k10,71, Az}ag oz (50 - Ag, ) @ [0,7)
I L g -
5o L. = K[ (0, 7] {7, Aa}a;z,xazz,x(yo - Ag,) 10,7) (5.17)

1 e (§o—7) 1o 1 e (§o—17) 4
- A Ay
68mm gy — 7|3 brdr + 68rm |7, — r|3 S0l

1 €2 — 1 e? B T
~ea (% - bo o e ggomoed (TG,
™m |y0 ’ 6 8mm |yo - 7”’
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5.6. Position Measurement

Consider the distribution of the Laplace operator as it appears in eq. (5.17)’s final line:

5o — 77 5o — 77 |G — 77 |50 — 7

A(Bo=Ddoy )y A( Db, D)y, o (D)),
(5.18)

The gradient and Laplace operator act on the Coulomb term in the following way:

(yo—T) '?jo (?70—?) '?jo o s (go)j
9, = = == (Jo )i — oo (5.19)
T g — 7P 5o — 7I° T gy — 7P
Jo —7) - Yo To—7)Jo,. - (%0);
= U g o~ O T
Fo—7)To o (Fo—PDTo); o Fo—7) o
_15W( 0= 7); =6 G g (520

2
(| trr(ps) 7)) = i/deZVf\ (0,71{p, Ag a%7)\a;;7)\(gO'Agjo)(I)‘07?>
=1

38mm

1 €2 7o —7) - U . 2\ =
N ( Yo g o~ 1) yo(yo_r))aﬁ%

At this point it is not at all obvious how these terms should be able to cancel, yet a last
transformation ramains to be done.
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5. Third order

24



5.7. Final Transformation

5.7. Final Transformation

Reference eq. (|A.25) to perform the first transformation, then apply the measurement
identities in section [5.17} expand and simplify:

2
/R aES" R (0,71 {5, Ag}al, a, (5o - Ag,)2[0.7) — hec.
A=1

1 7 kg, /= - 5 —i =
~ 2(2m)3 /dee "o (7 { (B Fo),e "} |7)
B 1 _’(;0 ) E) ko /= - —ikq —
2] /de 0E o (7| { (- k),e "} |F)
— h.c

1 *(yo%) ik(Go—T) (1. B(o—ikT 1 VY7o
+Z2(27r)3/de Tk 0T 6r)) (5.22)

2(2m)3 k|2
-2
1 K e e L —
+ ——— [ dk—=—e*0 ) (G- k) broy
sy o e o By

bt / dﬁweig(go_ﬂ(ﬁ-@)@;
R k2
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5. Third order

The integrals over k act as Fourier Transforms, whose identities are given in section
Their application reduces the result to the following:

2
[ E SR 0715 Apbal g G- Ay ) 2107 — e
A=1

— i3 — 1o - ) s (.29
1 o Ho—7) Yo, - ﬁ>
ti—| =3 3=y —T7) |0zPr
47r<y0—r|3 |50 — 71 (o o

When inserted into eq. (p.21]), the latter term of the above equation will exactly cancel
out the other remainder, leaving only one term behind:

2

o _, le 5 VAN =2 -
(Fltre(ps) |F) = 5%5(3/0 - 7“)(1/0 : 6;)(1); + O(%o) (5.24)
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6. Summary and Final Considerations

6.1. Conclusion of First Three Orders

Gather all previous results, specifically equations ({4.12) and (5.16]) to compile the full

density matrix of the probe particle up to the third order of approximation:

trr(p)

e (Ho—q)- yo<I>
87 Yo — qI3
2

= idt?

2
sl e INCE 0l L5 L4
+idt 35m de: |k] (0| {p, Ag}a;%’AaE’/\(yU . Aﬂo
A

=1

_dt3}ﬁ(§o q) - ?jo ( 1 — i 1 —i—i
24m |y —ql® 2m AT |G — G| 2m
1e* (§o—q) Z;jo 1, @ 1 e? %2
de3= 7<— — — (0] A~ |0 ><I>
T go—a® \em? T axlf -4 2m<’ il0)
+dt377<1>(y07q) Yo (iﬁQ e? 1 e?
6 47 \yo—CJI3 o’ il —al

31 e? yo+yo Go— - yo@

+idt
6 4 50 — ql®
dt:ale (Fo - o) — 2@ - Go) (o - Fo) + (@ qo)QcI)
24m |50 — al°
Yl + -

(6.1)

As demonstrated in sections and this will, under a position measurement, almost

completely collapse and leave only the following term:

. le nn R
(7| trr(p) |7 >—dt3f—5( r)(yo-(%)q)?-i-

32m

(6.2)

Evidently, there would be some superluminal influence of 7y, were in not for the delta
function §(yy — 7). This limits the result cases where g, = 7, i.e. where the source and
probe particles occupy the same point in space. Instant signalling through a spatial

distance of 0 does not violate locality, and so it remains intact.

27



6. Summary and Final Considerations

6.2. Higher Orders

The derivation of p’s first three orders of approximation clearly shows that the effort re-
quired in doing so rises quasi-exponentially with each order. From this position, examining
the forth or any further orders in a similarly detailed fashion seems inexpedient and will be
omitted. However, some pattern can be discerned, in which each order of approximation
will invariably contribute one term of a certain structure to the density matrix. An
analytical expression for these terms can be found via some select considerations.
Recall, once again, the full extension of the Dyson series via eq. :

o0

:Z(_i)g Z g+Z nz)H _]+1+Z ' )7H0 ;] |,(/}>

g:O n17n27---7ng:0

Consider the full derivation in sections 2.4] and [2.5] to see that the exponent G = g +
S  nyin Y(t)) = >0 9=0 TC [4g) is determmed by the contributions of two sources: The
initial integral reformulation produces g and the products of Hamiltonian Taylor expansions
add the sum >_Y_; n,. Note that in the index summation proces&ﬂ of determining any
wave function constant [¢)g) for G > 1, there is invariably a step, the natural starting
point even, of setting g = 1. The constraint of G will then ’spawn’ only a single index n;
that is bound to the value ny = G — 1. This, in turn, will induce only a single instance
of the Hamiltonian operator, derived G — 1 times in the time domain and evaluated at
t = 0 to act on the ground state. The fixedness of indices will also bring the respective
prefactor into a controlled form. It can therefore be said that each wave function constant
must contain the following term:

Ya) = iy IS o) + (6.3)
Reference eq. for the full expression of the Hamiltonian and recall that in the
Schrodinger picture, it is only the last two terms which through their dependence on the
source also exhibit one on time. Any time derivative of the Hamiltionian will then take
the following form:

del 2 del 1 del

it = et G ) oo~ o 0O

Ay) L:O (6.4)

As the last term is linear in A, it will vanish between vacuum states, making the result
for the G — 1-nth derivative of the Hamiltonian equivalent to that of the same derivative
on its coulomb term.

dG—l 62 dG—l 1 62 dG—l 1

<O| dtG— 1H ’0 ‘t:O = A <O’ d1G-1 (\g_j(t) — §|) ‘O>|t:0 = A dtG-1 (]gj(t) — q")‘t:O (6'5)

! Again, reference section to see this illustrated.
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6.2. Higher Orders

Via equation ([2.14)), it is clear that that any density matrix constant pg will contain the
term |Yg) (¢p| and its conjugate:

pe = ) (ol + [vo) (| + - = —im HIE gy 44

G-1 1 G—1
Q! 0 ijH[ ]+:7’a[p0’H([) }]

(6.6)
Taking the partial trace on F' will then amount to bracketing all terms in vacuum states.
Inserting eq. (6.4]) finally leads to the following result:

€2 1 461! 1

G—1] _;c 4 s .
~dr Glate T ([(I)’ |g(t) — (j’|]> ‘t:O e (6D

1
trr(pa) = iz (O [po, Ho™ "] [0) + -

This is precisely the term that appeares in equations (3.7), (£.13) and (5.16) as the
respective pre-measurement result for the reduced density matrix in all three orders of
approach. Via eq. ([2.13)), it will appear in any and all layers of approximation:

[es) 62 00 G—1
tre(p(T)) = ) _ Trr(pc) = Ly > TGéthq ([‘I)» |*(t)1— (ﬂ]) ‘t:() +o (6.8)
G=0 G=0

Y

However, as it contains no instance of momentum operators, the commutator and thereby
the whole terms will collapse under position measurements.
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7. Discussion

7.1. General Conclusion

Via the process shown in section[6.2] the reduced density matrix denoting P’s state exhibits
an instantaneous dependency on S’s movement, arising as early as the second order of
approximation. All terms of this sort do, however, cancel under a position measurement.
In fact, all non-local contributions to the measurement result have been shown to cancel
up to the third order. In the case of the latter, the non-local terms of the density matrix
are quite extensive, and their cancellation is, from a purely mathematical standpoint, not
obvious and even somewhat surprising relative to the initial impression. These findings all
point towards the conjecture that while P’s quantum state is non-local, the cancellations
in the measurement process happen at all orders and locality is preserved, just as in the
classical case. A look into the fourth order approximation might be interesting in this
regard, yet given the effort required in processing its projected scale and the weight of all
previous findings, its pursuit seems neither worthwhile nor advisable. The final conclusion
will thus have to land on a tentative conjecture that locality is preserved, with a more
systematic investigation left for future work.

7.2. Modified Hamiltonians

The system as it was introduced in section [2.1] supposes free particles, without any
additional potential acting upon them. In any realistic application, such a potential V'
would have to be accounted for, and implemented into the Hamiltonian as follows:

H=H+V(@Q (7.1)

For example, the probe could take the form of the nucleus of an atom resting at the
coordinate origin, with an electron circling around it, giving a potential V(g) = %ﬁ.
Any such scenario would increase the computational effort even further, yet as V can
only ever depend on particle locations, its behaviour with regard to cancellations during
the measurement process can be expected to resemble that of the Coulomb term in H.
That is, the two of them could be combined into a single term that is marked by only
featuring constructions of ¢ on the probe particle space, and any terms stemming from it
can be assumed to be more or less equivalent in conduct under a position measurement
to those previously introduced by the Coulomb field, only with the latter switched out
for the new sum. This equivalent behaviour would be, as previously demonstrated, to
cancel, and thus there is at least a strong indication that the stated conclusion regarding
signalling is invariant under V.
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7. Discussion

Another alternative would be to use, as the probe, not a particle but a complex scalar
field or a Dirac field. This would complicate the structure of the system significantly,
but would bring the benefit of presenting fully relativistic theory. The Lagrangian of the
probe as a complex scalar field would be the following [B]:

Lp= / &Pz (—Zf“(m +m?)A —ied, (4 (8,4) - (9,4)A) + 62121\214“#) (7.2)

As the system’s formation would be so fundamentally different, it is not possible to draw
any strict conclusions from the results gathered here. Should another non-relativistic
setup lead to evidence of non-local behaviour, though, one would have to check whether
this follows into a fully relativistic frame via a system such as this.

7.3. Alternative Field States

The main argument of this work unfolds under the imposition that F’s initial state be
the vacuum |0). To somewhat generalise the results, the same procedure of calculations
cam be repeated with other choices of field states. This raises the computational effort
by a considerable margin, as the field-potential interactions can no longer depend on
uneven numbers of A-instances going to zero, and the sums of resulting ladder operator
permutations grow even larger. To illustrate, consider the following:

A~ (a+a) (7.3)
la) = D() |0), DY (a)aD(a) =a+ « (7.4)

Therefore, while (0] A" [0) ~ (0| (a + a!)™ |0) remains comparatively controlled at 2™
terms and only needs further examination for even m as per the argument in section [A.1}
the switch to coherent states introduces the constant « and its conjugate as objects for
possible permutations with the ladder operators, leading to many more terms needing to
be considered:

(o] A" |a) ~ (a| A" D() D' (@) AD () |0)

-m—1

(7.5)
=(a|A" D(a)(a+a"+a+a@)|0) = (0|(a+a +a+a)™|0)

Of the resulting 4™ states, many will vanish as ladder operators and vacuum states
combine, yet the added terms’ computational impact remains significant, especially in
the more complex arrangements that appear in the advanced stages of the calculation.
Note that no aspect of this argument can be accused of being based in mere speculation,
as the author has worked though this entire scenario in all three orders of approximation.
In special consideration of the reader’s sanity and, with regard to the printing effort, the
integrity of global forest reservesﬂ such a detailed treatment will have to be omitted at
this point and the reader is asked to lend their trust towards the conclusion that the final

!The needed additions of auxiliary calculations to the (already extensive) appendix alone would be an
unreasonably excessive undertaking.
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7.3. Alternative Field States

results for coherent states are, in all relevant aspects, equivalent to those for the vacuum
state, as presented throughout this work. At various points, some terms might be added
to the probe particle’s density matrix and some of the respective constants might be
shifted around, yet for all source-dependent instances, these variations will either vanish
or cancel each other out during the measurement process, leading to an end result that is
qualitatively identical. For a simple example, consider the linear order as per section
The respective approximation of the system’s density matrix is the following:

p1 = i[po, Ho| (7.6)

The reduced density matrix for the probe is once again given by the partial trace of
the above, which will, now that the initial state of the entire system is defined as
po = |a) (o] @ @, take the following form:

trr(p1) =1i® (o] Ho |a) + h.c. (7.7)

Recall Hy’s full expression in equations (2.4) or (3.5) to see that (o Ho |r) will take the
terms found in (0| Hy |0), as shown in section |3} and add a number of others:

1, € 1 e 1 1
OéHoOé :7]_j + =+ — /dk’ﬂ
ol Holo) =0 P o —a T 2m ey o MR

R

2
e _ - 1 kG ikd— .
~om 27 3/2/ dk Yy ——=A{(eMag, + e Mag ), (5- &)}

A=11/2|k|

) (7.8)
+/dk2|kua“12
R =1
2 1 -
—e(2m)73? | dk (€®ag, +e Mag ), (- &)
R a=114/2]k|

Note that the last term even contains the source velocity and is therefore relevant with
regard to signalling. However, it is also completely scalar and will therefore drop out in eq.
(7.7). The same goes for the second-to-last row and, as shown before for the vacuum-case,
the third term of the first row. The second line will prevail both in the density matrix
and the position measurement result, yet has no effect towards signalling.

For another alternative, substituting a general number state |n) for the vacuum in the
relevant equations of chapters reveals a result completely identical to the one at hand.
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7. Discussion

7.4. Alternative Measurement Domains

While it has been established that there is no chance of superluminal signalling in a first
order approximation of the probe’s density matrix, the second order approximation, as
seen in section [} will yield the following commutator:

0 (Fo— @) - do -

trp(p2(dt)) =idt oy [ o — a° , @] + O(5,) (7.9)
Only under the location measurement is the dependency on Z?o lost. Under a momentum
measurement however, the commutator would not vanish but turn into some construction
of a derivative on ®, and the source velocity would survive! Unfortunately though,
momentum measurements on non-relativistic particles are not localised in general. This
result is therefore not exceptional under the stated construction and does not contradict
the previous findings. It might, however, present a worthwhile avenue for further research
in a modified (fully relativistic) system!
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A. Appendix - Clarifications and Auxillary
Calculations

This section serves to establish some general points and prove certain identities where
they might have distracted from the main line of argument in the main text.

A.1l. Vacuum Interaction of the Potential

Reference eq.([2.3) to recall the definition of the potential:
2 - -
Ay = @) = 202 [ aB Y~ (Fag, + Wl )
R =14/2|k]

Over the course of many equations throughout this work, one is frequently confronted
with products of local evaluations of the potential, referring to either the source or probe
particle’s position, all ’caught’ between vacuum states. As shown above, each instance
of ;19—5 features one of each ladder operator, in addition, as the only field operators, and
so a larger number m of instances will, with regard to field space, form a sum of every
possible permutation of m ladder operators. Bracketing these permutations with vacuum
states will cause all uneven-numbered (and even most even-numbered) combinations to
cancel. By extension, this means that any even-numbered amount m of local potentials
will vanish under the states vacuum interaction. B _
At other points, the same scenario arises, only with some instances of Az switched for Az,
the time derivative of the potential’s evaluation at Z. Of course, A} exhibits no direct
dependence on time, but Z(¢) may. The seond time derivative also appears briefly in
section [5.4] See the full expressions below and note that taking this derivative does not
change the potentials structure with regard to operators.

A;I:(t) %A(f(T))‘th = Vﬁ(f(ﬂ) T(T)|r=t
= (271')73/2i / dEZQ: #V<aﬂ eRET) 1 g, 67i%§(7)> (TN =
arJe = gl A A
2 —
= Z(27r)3/2/ dk ! = (aE )\e”“z 2 a}%)\efik’”(t» (Z(t) E)E’)\
R NZ14/20k ’
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‘=14 /2/K] ’
2
(2m)~3/2 / &y ! (amei’“ﬂ“uagf ikx(ﬂ)(fm F)*E\lrmt
R x=14/2|k] ’
2
— (2m) %2 / dk —ap O (i(F () - F) — (#(0) - F)*) @
R x=14/2|k]
2
~ (2m)73/2 / &y ! —al ¢RI (i(%(t) ) + (#(@) - E)Q)EA
R x=14/2|k] 7

Appropriately, the argument laid out regarding odd numbers of potential instances
vanishing between vacuum states extends fully to these derivatives. That is, any assortment
of Zl, A" and A" whose total number is not amultiple of two vanished when bracketed
by vacuum state vectors. Note that even most even-numbered permutations of ladder
operators vanish between vacuum states. Reference section [A5]for the explicit calculation
of interactions between the vacuum and relevant ladder operator combinations and section
[A7 to see them applied in practice application.
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A.2. Third Order Cancellations

The calculation below proves the mutual cancellation of some terms as they occur in

section more explicitly in the assembly of eq. (5.13).

e? 1 .. - L 52 2
Eq)«)‘ (%{p’Aﬁ}_{_yO'Ago)( 0'Aﬁo_k O'A?jo) |O>
(

@

®
V)

—

1. = . 5= L=
(5,17 Ag} + 30 - Ay,) (Fo - Ay, + T - Az, ) 0) @

| T e
=

=]

1 .., - Loz A =
(%{p, A@} + Yo A?jo)(yo ’ A?jo + Yo~ A?jo) 10)

+
=)
o
—~
o>
O
S—

62

wW |
[N}
o

L s g
_§2€Tn (0] {P. Ag} (Fo - Ag, + o A;Jo) 0) @
+h.c.

=0

A.3. The Partial Transpose

Take any arbitrary operator O, defined the following way, by some appropriate choice of
bases states across field- and probe particle space:

0= Z |a) (b ® [} {d] p Oabed (A.3)
a,b,c,d

Its partial transpose with regard to the field space will then be denoted O'F, and defined
the following way:

o' = Z b) (alp @ |c) (d|p Oabed (A.4)
a,b,c,d
Also note the following;:
(011077 Jug) = (v2] O [on) (A.5)

This entire concept makes only a rather brief appearance in sections and in the
process of examining the partial trace of any construction of the form O1pyO5:

trp(01p002) =) _ (j10110) @ (0] O2[j) = Y~ (01 O1F [j) ® (j] O, [0) = (0] O1F 20," [0)

J J
(A.6)

If O1 and Oy would only act on the field space, the above would simplify quite neatly
to (0| O2®01 |0), but their probe-particle related aspects make the construction slightly
more convoluted. However, in all relevant applications of this work, these aspects turn
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out to be very neatly defined and separable, making it possible to isolate the field aspects
and apply eq. (A.5) only to them. To illustrate, consider a separation O = Op ® Op:

T
trr(01p902) = (0] (01,5 ® O1,p) " ®(Oa,p @ Og,p) 277 |0)
T
= (0] O1T,FO2T,F 0) ® O1,p®02,p = (0] (O2,pO1,r)" |0) ® O1 pPOs p (A7)
= (0] O2,rO1,r [0) ® O1, p®O2 p
As demonstrated in section@, all relevant choices of O1 r and O3 r turn out to commute
between vacuum states, allowing for the simplifications seen in section 5.2} In section 3}

the entire set of states and operators is palindromic, allowing for a simplification via eq.
(A.5) that circumvents any need for a more detailed treatment altogether.
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A.4. Derivation of Wave Function Constants

Recall the equation for the Polynomialised Dyson Series from eq. (2.11):

o0

> 1 1 .
— _; (g+37_ )79 L ong]
!MT»—E (—i)? E 9 ! Ibﬂg_j+1+zg#nﬂwﬂbjww

g=1 n1,12,...,ng=0

As discussed, this sections the wave function into sections [¢(T)) = Y52, T¢[tbg). The
individual wave function constants |14) can be calculated by fixing d =g+ >.7_;n, in
the equation above, then summing over individual indices g, and the sub-indices n that
this constraint induces.

A.4.1. Derivation of [1)

Set g+ >.7_, n, = 1. This limits the range of indices for g to g = 1 and thereby ’spawns’
only one n-index n; = 0. Inserting this into the Dyson Polynomial gives the following
result:

A YA

‘1/}1>_( Z) (1_1+1+n1n1|H0 >‘n1:0|¢0>
_ L lyo (49
= Ty Mo

= —iHy [v0)

A.4.2. Derivation of |¢)

Set g+ >.9_,n, =2. For g = 1, this will spawn one sub-index n; = 1. For g = 2, two
sub-indices with constraint ny 4+ ne = 0 are created, translating to ni,ne = 0. Inserting
this into the Dyson Polynomial gives the following result:

_ (A1 1 L [n;]
|¢2> - ( Z) (1—1—!—1—1—711 7”L1!H0 )‘nlzl |¢0>
i) 1 1 11 ) pyine)
+( Z) (2—1+1—|—n1+n22—2+1+n2n1!n2!H0 HO nl,n2:0’¢0>
b1 A9
=TT rrinte Mo (A.9)
1 1 11
— ——HY H o)

2-1+14+0+02—-2+1+00'0!
1 .
:—§@HO+H@
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A.4.3. Derivation of |¢3)

Set g+ >.7_,n, = 3. For g = 1, this will spawn one sub-index n; = 2. For g = 2, two
sub-indices with constraint ny + no = 1 are created, giving two possible combinations

ni

= 0,n9 = 1 and n; = 1,ny = 0. For g = 3, three sub-indices with constraint

n1 + ng + ng = 0 appear, translating to ni,ns,ng = 0. Inserting this into the Dyson
Polynomial gives the following result:

42
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) 1 1 ma] gylea)
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L ! Hmwﬂmo

+(_)<3—1+1+nq+nr+m

1 1 1 11H[n1]H0[n2]H(gn3]>

3—2+1+ns+n33—3+1+n3n1! na! nal ng! [%0)

ni,n2,n3=0

_ 1 Hp
- 1—1+1+2m [%0)
1 : 1} 1 o)
2—1+1+1+02—2+1+0vm Hy
1 1 11 [O] WJ >
2—1+1+0+12—2+1+1mv
1 1 1 1111
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A.5. Interactions of Vacuum states and Ladder Operators

A.5. Interactions of Vacuum states and Ladder Operators

It is self-evident that every permutation of an odd-number of ladder operators will cancel
when acted upon from both sides by the vacuum state.
All permutations of two or four ladder operators will similarly go to zero, except for the
following exceptions. Note the identity [a, ag] = alag — agal = 012, which will be applied
liberally.

(0] ayad |0) = (0| alay + 612]0) = 612 (A.11)

<O’ alagagal ‘0> = <0‘ (a,;al + (512)(0,1&3 + (534) ‘0> = 012034 (A.12)

(0 arazafal [0) = (0] a1(alas + da3)al [0) = (0] aralasal [0) + b2 (0] aral 0)
= 013024 + 014023 (A.13)
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A.6. Calculation of Vacuum-Potential Interactions

A.6.1. Type |

(0] A(Z1) - A(@2) |0)

1 - o 1 o ) )
= 2(271')3 / dky dko Z T <0| cee 4 aElAla%z )\zel(k’wcl ko®2) ’0) (ElAl . €2>\2)
R Axe=11/|k1]||k2] ’
1 2 1 - -
— 7 7 — Bid —Fod
—2(27)3 /del dk §(ky — ko)onn e’ F1T1 k2Tl | gy

(A.14)

A.6.2. Type ll

(0] (71 - A(71)) (v - A(Z2)) |0)

2 1

1 / IR i
=~ [ dkydky Y —— (0] +ag ,al (5
3 — k1,
2(27)° Jr Moo=t 4/ |k1||Ka| P e

2
: fiy ! ki1 — k 5oz VT (g 2 \e—ikaE
= 2(2)3/ dkldk2 Z ié(kl - k’2)5/\1/\2(vl . 1)\1)6 k1 I(UQ . 62>\2)€ koXo
" R Ae=1 1/ |k1||ke]

81, )M (@ - By, )e ) 0)

(A.15)
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A.6.3. Type lll
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2

1 oL 1
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(A.16)

45



A. Appendix - Clarifications and Auxillary Calculations

A.6.4. Type IV

(0] (71 - A(Z1)) (A(Z2) - A(F3)) (81 - A(Z4)) |0)

2
1 4 4 45 1
- G/dkldkgdkgdk4 >
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A.6.5. Type V
(0] (71 - A@@ Z/dk:|k:|aﬁ ag (V2 - - A(Z2)) |0)
1 2 K| ~ .
= 2(2m)? / dkidkodK Z f({)‘l,gl/\l)ezlmm({)é.E‘QAQ)e*lkzm
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A.7. ldentities of Vacuum-Potential Interactions

A.7.1. Type |
9 1 & 1
1A.14) = 0| A () 10) = —— /dlgq A.19
eq (0] A™(q) ]0) 2(27)3; M (A.19)
A.7.2. Type ll
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A.7.4. Type IV

eq.(A.17) — (0 {7, A(@)} A

-~ 2(2m

= (0| {@A@)}(yo m)ﬁ (d)10)
- - -2
= (0] (5o - A(50)) {P, A(@) } A () |0) + eq.(A.22 A
23
. (A.23)
eq-(A.17) — (0] (o - A(Fo)) A (@) (Fo - AFo)) 10)
— 1 zg:/dkl de(_‘O _’1A)2
2(271')6 1 R |k1” 2| ey
TR 22: /dk: a0 E o &, iR 00— (2, 2, ) -
1 2 = 1 2
2000, 2~ Je e | o
= (01 (3o - ()" A"(@) 10)  eq.(A.22
A.7.5. Type V
Note that T3, [63) (&) = 1 - A i) <E‘
. — N 2 = -
eq.(A.18) — (0| (“O‘Aao)/deZ\km%)\aE,)\{ﬁ,Ag} 0)
A=1
1 & : s
_ 7 = iky - —ikq
_Q(QW)g/de;(yo &) e [ (5.2, ek}
_ 1 7 iky - 5 —ikg\ _ 1 / L Lo\ kg, - kg
_2(27-‘-)3/de6 0{(}9 y0)76 } 2(2%)3 Rd |E’2(y0 k‘)e O{(p k)76 }
— (0] {7 47} /R aF S Fl ol az (o - A7,) 10
A=1
(A.25)

48



A.8. Position Measurement

A.8. Position Measurement

Let f7 be any construction of position operators.

A.8.1. Type |
@17 = [ a7 (717 7] 716) (ol
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A.9. Fourier Transform

A.9.1. Type |
/ dk @) = (27)35(@ — b) (A.29)
—00
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A.9.3. Type lll
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