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Zusammenfassung

Diese Arbeit behandelt Popescus Satz iiber genestete Approximation. Dieser besagt, dass wenn
ein System von algebraischen Potenzreihen in zwei Mengen von Variablen z, y eine formale Losung
y(x) besitzt, die in den z-Variablen genestet ist, es auch eine algebraische Losung gibt, die mit der
formalen Losung bis zu einem beliebig hohen Grad iibereinstimmt und ebenfalls genestet ist. Dies
ist eine Verallgemeinerung des Artinschen Approximationssatzes, der keine genesteten Losungen
erfordert.

Das erste Kapitel wird eine Wiederholung der grundlegenden Begriffe von formalen, konvergen-
ten und algebraischen Potenzreihen sein. Dariiber hinaus werden der Weierstraf3’sche Vorbere-
itungssatz und der Weierstrafy’sche Divisionssatz dieser Ringe eingefiihrt, die in spateren Beweisen
eine zentrale Rolle spielen werden. Am Ende des Kapitels wird eine Wiederholung der Henselschen
Ringe und der Kodierung von algebraischen Potenzreihen erfolgen.

Da die genestete Approximation ein Verallgemeinerung der Artinschen Approximation ist, wird
in Kapitel 3 der Beweis des zweiteren Satzes sowohl im algebraischen als auch im konvergenten
Fall prasentiert. Dazu gibt es einige Vorbereitungen in Kapitel 2. Kapitel 3 beginnt mit einem
einfachen Fall der Artinschen Approximation, um ein Verstdndnis dafiir zu entwickeln, wie der
Beweis funktioniert, gefolgt von dem allgemeinen Beweis.

Eines der Hauptprobleme bei der genesteten Approximation ist, dass sie im Allgemeinen nur fiir
den algebraischen Fall gilt. Ein Gegenbeispiel fiir den konvergenten Fall wird in Kapitel 5 prisen-
tiert. Es gibt jedoch einen Spezialfall, der auf Denef und Lipshitz zurtickgeht: Wenn es nur zwei
Nester gibt und das erste Nest nur aus einer einzigen Variablen besteht, gilt dieser Beweis auch
im konvergenten Fall. Der Beweis findet sich in Kapitel 4. Er hat den Vorteil, dem in Kapitel 3
gegebenen Beweis sehr dhnlich zu sein.

Der allgemeine Beweis von Popescus Satz {iber genestete Approximation ist weitaus schwieriger.
In Kapitel 6 wir eine Riickfithrung des Problems auf Popescus Satz iiber das Glatten von Ringho-
momorphismen gezeigt, dessen Beweis in dieser Arbeit nicht gegeben wird.

Kapitel 7 fithrt den Begriff der starken Artinschen Approximation ein und gibt einen Beweis zu
einer schwéicheren aber allgemeiner giiltigen Version der starken Artinschen Approximation.
Abschlieflend werden in Kapitel 8 zwei Anwendungen von Popescus Satz iiber genestete Approxi-

mation vorgestellt.



Abstract

This thesis is about Popescu’s nested approximation theorem. It states that if a system of algebraic
power series in two sets of variables x, y has a formal solution y(«) that is nested in the x variables,
it also has an algebraic solution that agrees with the formal solution up to an arbitrarily high
degree and which is also nested. It is a generalization of the Artin approximation theorem, which
does not require nestedness.

The first chapter will be a revision of the basic notions of formal, convergent and algebraic power
series. Further, the Weierstrass preparation theorem and the Weierstrass division theorem of these
rings will be introduced, as they will play central roles in some of the proofs given in the later
chapters. At the end of the chapter, there will be a revision of Henselian rings and encoding of
algebraic power series.

As nested approximation is a generalization of Artin approximation, chapter 3 will present the
proof of Artin approximation in both the algebraic and convergent case. To this end, there will be
some preparation in chapter 2. Chapter 3 will start with an easy case of Artin approximation to
get an idea how the proof works, followed by the general proof.

One of the key problems with nested approximation is that it in general only holds in the algebraic
setting. A counterexample for the convergent setting is presented in chapter 5. However, there
is a special case going back to Denef and Lipshitz: If there are only two nests and the first nest
only consists of a single variable, the nested approximation also holds in the convergent case. The
proof will be presented in chapter 4. It has the advantage of being very similar to the proof given
in chapter 3.

The general proof of Popescu’s nested approximation theorem is highly non-trivial. Chapter 6 will
present the proof idea as a consequence of Popescu’s theorem on smoothing ring homomorphisms,
which will not be proven in this paper.

Chapter 7 will introduce the notion of strong Artin approximation and give a proof to a weaker
but more general version of Artin’s strong approximation theorem.

Finally, chapter 8 will give two applications of Popescu’s nested approximation theorem.
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1 Introduction and basic notions

Let K denote a field and let © = (x1,...,2,) and y = (y1,...,Ym) denote multivariables. Then
let K[[z]], K{z) and (if K is valued) K{z} denote the rings of formal, algebraic and respectively

convergent power series. The two central theorems of this paper will be the following:

Theorem 1 (Artin approximation [Art68]). Let f(z,y) € K{z,y}" (or K(z,y)") be a vector of
convergent (or respectively algebraic) power series in two sets of variables x and y. Assume given

a formal power series solution y(x) of f vanishing at 0,

f(@,y(x)) = 0.

Then there exists, for any ¢ € N, a convergent (or resp. algebraic) power series solution y(x) €
K{x}™ (or resp. K(z)™),
fz,y(x)) =0,

which coincides with Y(x) up to degree c,

y(@) = §la) mod ()°.

In other words, the set of convergent (or resp. algebraic) solutions y(x) € K{z} of f(x,y(z)) =0
1s dense in the set of formal solutions of f with respect to the Krull topology.

Theorem 2 (Popescu’s nested approximation theorem [Pop86]). Let f(x,y) € K{x,y}" be a vector
of polynomials or algebraic power series in two sets of variables x and y. Assume given a formal

power series solution y(x) vanishing at 0,

f@,y(x)) = 0.

Furthermore, assume that each y;(x) € K[[z1,...,2n,]] for some 1 < n; < n. Then there exists,

for any ¢ € N, an algebraic power series solution y(x) € K{z)™,

f(x,y(x)) =0,

which coincides with Y(x) up to degree c,

and for which y;(z) € K(z1,...,xn,).

A proof for Theorem 1 will be given in chapter 3, Theorem 2 will be proven in the simple case
that @ = (x1,z2) in chapter 4 and the general proof will be outlined in chapter 7. Also notice
that Theorem 2 only holds for the algebraic case and not for the convergent one. A famous
counterexample by Gabrielov ([Gab71]) will be presented in chapter 5. In order to prove these

theorems, we will need to take a closer look at the rings K[[z]], K{z} and K(zx).

1.1 Basic notions of the power series rings

Let x = (x1,...,2,) be a multivariable. The ring of formal power series K[[z]] is the z-adic

completion of the localization K[z],) of the polynomial ring at the ideal (x1,...,z,). Its elements



can be written in the form f(z) = > c\n caz® with ¢, € K. We call ord(f) := min{a | ¢, # 0}
the order of f and define ord(0) = co.

If K is a valued and complete field with absolute value |.|, one can introduce for every s € K the

|f|9: Z |Ca|5‘a|'

aEN™

following pseudo norm on K[z]]:

A formal power series f is called convergent if there exists an s # 0 € K such that |f]s < oo. If we
denote by K{x}s the Banach-K-algebra of elements f (one can show that this is indeed complete),
such that |f|s < oo, then the ring of convergent power series K{z} can be interpreted as the union
Uszoex K{z}s. A useful fact about the ring of convergent power series needed later on is the
following: (cf. [GR71)):

Lemma 1.1. If f € K{z}; then for 0 < r < s the partial derivatives O, f belongs to K{z},.

Proof. Solet 0 < s < r. Then for k € N the term k- s~' - (£)¥ is bounded as k goes to co. So let
b € K such a bound. Then

10z f1r =D il - Jealr®ml = 3 Jail - fealr!®l- 7t < 3 7 el - feal( )‘“' Tt < bl

aENn aEN? aEN®
and hence, 0, f is convergent. O

A power series is called algebraic if it satisfies a polynomial equation, i.e. if there exists a P(x,t) #
0 € Kz, t] such that P(z, f(z)) = 0. We call such an annihilating polynomial P(z,t) minimal
polynomial of f if it is a polynomial of minimal degree with respect to ¢ annihilating f. As the
set of algebraic power series can therefore also be interpreted as the intersection of K[[z]] and
the algebraic closure of the quotient field of K[x] (i.e. K(x)) they are closed under addition and

multiplication and a ring. We will once again need that the ring K(x) is closed under derivation.
Lemma 1.2. If f € K(x) then af e K(x) fori=1,...n

Proof. Let f be an algebraic power series and let P(z,t) € K[z,t] be a minimal polynomial of f.

We now take the derivative 8%1' on both sides of the equation 0 = P(x, f(x)) to get that

- OP(t,x) of 0P(t,x)
0= T%(xaf(x)) + o, T(x,f(x))

If %(w, f(z)) is non-zero we can write

af  —E(, f(@))
Oui — OLES) (0, f(a))

and hence af € K(z)(f) = K(z)[f] (as f is algebraic over the field K(z)) and hence 8f is algebraic
over K(x). The assertion now follows from the fact that K(z) = K[[z]] N K(z) as BTZ: is clearly an
element of K[[z]]. It only remains to show that 3P t 9P(t.z) (z, f(x)) # 0.

In characteristic 0 the polynomial % can not vanlsh at f(x) as it has smaller degree in ¢ than
P, which is a minimal polynomial. In positive characteristic p the situation is a bit more delicate.
Assume ap(t *) vanishes at f (). Then % = 0 as P is chosen to be minimal and hence P only
contains p — th powers of ¢. It therefore is not irreducible by using the Frobenius-homomorphism,

contradicting P being a minimal polynomial of f. O



For the sake of completion, we want to mention that every algebraic power series is also convergent.
For a proof see [Hau20]. The converse does not hold (cf. [Yur20]): Take the convergent power
series e = Y % € Q{z}. Assume that it is algebraic, i.e. IPi,..., Py € Q[z] such that
P(t,x) = Z?:(; P;(z)t" annihilates e for some non-negative integer d. We may assume that

P(t,z) is irreducible. By Setting z = 1 in both sides of 0 = P(e”, z) we get that
0=Py(1) +... Py(1)(e").

If all P;(1) are zero, P is divided by = — 1 contradicting irreducibility of P. However, this would

give a polynomial over @ annihilating e, which contradicts the transcendence of e over Q.

1.2 The Weierstrass division theorem and its implications

This subsection will introduce the equivalent Weierstrass division theorem and Weierstrass prepa-
ration theorem, which are very powerful tools. They imply many other important properties of
power series rings such as inter alia noetherianess, the inverse and implicit function theorem. The
proofs in this section will, if not stated otherwise, be in line with [Hau20].

For the following, let A, denote any of the rings K[[z1,...,z,]], K{z1,...,zn} and K{xy,...,z,).
An element f(x) of A, is said to be z,-regular of order d if f(0,...,0,z,) = 2%u(x,), where
u(z) € K[[x,]]* is a unit. In other words, the monomial 2¢ appears in the series expansion of f(z)

and d is the smallest such degree.

Theorem 3 (Weierstrass division Theorem (WDT)). Let f € A,, be xy-regular of order d. Then

for any g € A,, there exist unique power series h € A,, and rqo,...,rq_1 € Ap_1 such that
d—1
g(x) = f(z) - h(z) + ) _ri(@) ),
§=0
where ' = (x1,...,Tpn_1).

Equivalent to this is the following theorem

Theorem 4 (Weierstrass Preparation Theorem (WPT)). Let f € A, be x,-regular of order d.

Then there exist unique power series h € AY and ro,...,rq—1 € Ap_1 such that
d—1
h(z) - f(z) = @+ ri(a’) -2,
§=0
where ©’ = (21, ...,2n_1). The right-hand side is then referred to as Weierstrassnormalform of f.

Corollary 1.1. Theorem WDT and WPT are equivalent.

Proof. WDT=WPT: Let f(z) € A, be z,-regular of order d. Now divide, z¢ by f:

d—1 d—1
wd = f(x) - hlx)+ Y i) @) & f(x)-hx) =2l = i) 2.
j=0 §=0

There holds h(0) # 0 as otherwise the expression f(x) - h(z) does not contain a monomial of the

form z¢ because f is x,-regular of order d. Thus, h(z) is invertible.



WPT=WDT: W.L.O.G f is already in the form described, in Theorem 4. By linearity it suf-
fices to show that we can divide a monomial ¢ by f. This can be done by applying the Euclidean

division of A, _1[x,]. O
We will first prove the formal WDT theorem. The proof given is according to [Lan05] and [Yur20].

Proof of formal WDT. We consider the ring K[[z]] as the ring of formal power series in z, with
coefficients in K[[z']]. We then introduce for a power series g = Y, 9:(2")z}, € K[[2']][[zn]] the
maps, 7(g) and a(g): We define « to take the power series g and cut it off at degree d, whereas 7

takes the remaining part of g and divides it by z¢ i.e.

7(9) = T(Z gi(z")x,) = Z gi(2)zid

i>0 i>d

d—1
alg) = a(Y_ gi(@")ay) =) gila')zy,.
i=0

i>0

By construction there holds that g = a(g) + 7(g) - % and furthermore 7(g) = 0 if and only if g is
a polynomial in x,, of degree less than d.

If there exists an h € K[[z]] such that 7(g) = 7(h - f) there are unique ro,...rq—1 € K[[z']] such
that g=f-h+ Z?;é r;(z') - 2 by setting r; the coefficient of ¥, of a(g) — a(h - f). Therefore, it

suffices to show that there is a unique A such that
7(g) = 7(h- f).
We now rewrite f = a(f) + 7(f) - z¢ and use linearity of 7 to get equivalently
(g) = 7(h- (a(f) +7(f) - 27)) = 7(h - a(f)) + h-7(f),

as 7(h-7(f)-z3) = h-7(f) by construction. Then 7(f) is invertible, as f is z,,-regular of order d.

We can therefore replace h with hi=h- 7(f) and rewrite the equation once again:

) = () + = (o (2 + ) o

where Id(,) is the identity map. We now define the map & : K[[x]] — K[[z]], I(x) = 7(I - ol 1f
the map Idy(f,)) + ® has an inverse, then

E = (Idnq[z]] + ‘b)_l o T(f)

is given uniquely and hence there are unique h and 7o, ...rq, satisfying the statement.

The formal inverse of Idy,) + ® is given by > is0(=1)i®". So the only thing left to show is
that this formal inverse is well-defined as a power_series. In order to see that, note that as f is
xn-regular of order d, it follows that a(f)(0,...,0,z,) = 0 and hence % is in the ideal generated
by x1,...,2,_1. Thus ® maps (z1,...,7,1)F to (z1,...,2,)"*"! for all k. Hence, by induction

for every | € K[[z]] there holds

(1) € (z1,. .., 2n_1) K[[]].



As K[[z]] is complete in the z-adic topology, the formal inverse Zizo(fl)iqﬂ is well-defined as a

power series. O

For the algebraic version, we will prove WPT for characteristic 0, for a more general proof see
[JP65]. The proof given here will be in line with [LT70] and [Yur20].

Proof of algebraic WPT. So let f € K(x) be z,-regular of order d. As the statement holds for
K[[x]], if there are h € K(x) and ro,...,rq—1 € K(z') such that f-h ==z, + Z?;é r;(2') - 3, then
they are already unique. For reasons of readability, we will write r(z) for z,, + Z;l;é (') -z for
the rest of the proof.

Furthermore, if f1 and f5 are algebraic power series that are z,,-regular of order d; and ds and can be
written as h1 - f1 = Ri(x) and hg - fo = Ro(z) respectively, where h; € K(z)* and R; € K{z')[z,]<4,
for ¢ = 1,2, then

hi-he- fi-fo=Ri- Ra.

Then hq - hs is once again algebraic and a unit, f; - fo is z,-regular of order dy 4+ do and R; - Ry is
a polynomial in z,, of degree d; + ds whose coefficients are algebraic power series in z’. Hence, we
may assume that f is irreducible.

We now apply the formal WPT theorem to f to write
h-f=m,

where once again h € K[[z]]* and r € K[[2']][zn]<q. We now want to show that both h and r
are algebraic. As f is assumed to be irreducible and h is a unit, r is an irreducible element of
r € K[[2']][xn]<q and r(z) is separable as we assumed characteristic 0, i.e. r has d different roots

B; in an algebraic closure of the Quotient field of K[[z']]. Now rewrite
d
f(@)=h- Tz - 5)).
=0

As f is algebraic, there is a polynomial P = Zi’c:o P;(z)t" € K[z, t] such that P(z, f(x)) = 0. We

may assume w.l.o.g. that P is a minimal polynomial of f. By construction
0= P(I/a/Bja f(zla ﬂ])) = Po(LE/, ﬂ])?

as f(a',p;) =0 for j =1,...,d. Furthermore, as P is the minimal polynomial of f its constant
term Py # 0 as otherwise % would be an annihilating polynomial of lower degree. Thus, 3; is a
root of Py(z',t) € K[a’,t] and hence, algebraic over K[z], and therefore z,, — j3; is algebraic over
[K][z] for j =1,...,d. As a consequence, r = H;l:o(:cn — B;) is algebraic.

It remains to show that A is algebraic. We will show the more general statement: if F, R # 0 are
algebraic power series and H := F/R is a formal power series, then H is algebraic. Recall that
K(z) = K[[z]]NnK(x). As F, R are algebraic over K[z], they are algebraic over K(z). Thus, K(x)[F, R]

is an algebraic extension and consequently K(z)[F, R] = K(z)(F, R) implying that H is algebraic

over K(z). As H € K[[z]] by assumption, H € K(z) and the proof is complete. O

Proof of convergent WDT. Let f € K{z} be z,-regular of order d and let K{z'}[x,]<q denote the
K{z'} module of polynomials in x,, with degree less than d, and let (f) = f - K{z} be the ideal



generated by f. The statement is then equivalent to the direct sum composition

K{e} = f - K{z} @ K{' Y] <a.

As f is x,-regular of order d and convergent, it can be written uniquely as f = h(z) - 2¢ +
Zf;ol a;(z")xl, where h € K{z}* and a; € K{2'} with @;(0) = 0. This can be done by expanding
it in f and cutting it into an initial- and a tail-part at degree d. We may assume w.l.o.g. that
h(0) = 1. Now let s € K be small with respect to the valuation on K and k¥ € N. We define for any

a = (o, a,) € N the map |a|; := k- |&/| + a,, and introduce the following pseudo-norm on K{z}.

9lsk = D lealsi®l®.

aeEN™

For g =3 cyn Cax® define

Let K{z}(, k) denote the Banach algebra of power series with finite norm |.|s . The goal is now to
show the existence of sy € K and kg € N such that for all 0 < s < so (with respect to the valuation
on K) and k > ko there holds

K{z}sn) = f K{ztim @M{xl}[xn]éfk)’

where [K{a:’}[xn]é‘fk) = K{a'}zp]<a N K{z}(5,5). We now rewrite f = x? + f’, where f' = (h —
1) -z + ngol a;(z")x!. Notice that for sy small enough and k¢ large enough the following holds
for all 0 < s < sp and k < ko: as both (1 — h) and a; are both convergent power series with no
constant term, both |(1 — h)|s, and |a;|s, for all ¢ = 1,...,d — 1 will tend to zero for sy small
enough. For k large enough they will be dominated by |z%| x by definition of |.|s, hence there

exists a constant 0 < ¢ < 1 such that

|quk S C'|$z|&k~

Now consider the linear map

w: f- M{x}(s,k) X [K{l‘/}[l‘n]éjdk) — [K{x}(&k)

u(a,b) :==a-g+b.

We now want to show that « is an isomorphism of Banach spaces. We therefore write u = v 4+ w,
where v(a, b) = a-z¢+b and hence w(a,b) = f"-z&. It is clear that v is an isomorphism as the inverse
function is given by v=! : g — (7(g), a(g)), with 7(g),a(g) given like in the proof of the formal
Weierstrass division theorem. Therefore, it suffices to show that uwov™ = Idk{a}(sx +wov™'is

an isomorphism. Its formal inverse is given by Zj>0(w owv~1)J. There holds for any g € K{z} s,k

wo v (g)lsk = lw(r(g), a(9))lsk = 1F - T7(@sk < 1f lse - 1T(9)sx < € [anilsi - [7(9) s,

Thus, w o v~" has operator norm smaller than one and hence Y. (w o v™")7 converges to a

continous linear operator on [K{x}(s’k), proving the statement. O]

We will now show that theses two theorems actually imply the properties of the ring A,, mentioned

above:

Corollary 1.2. The ring A, is noetherian.



Proof. Let I be an ideal of A,,. Then, after applying a linear change of coordinates, we may assume
that there is an element f in I that is z,-regular of order d. Now consider the ideal J = (f) C I.
Then I/J is an A,-submodule of A,,/J, which by induction on n and WDT is a finitely generated

A, _1-module and hence a finitely generated A,-module. Therefore, I is finitely generated. O
Corollary 1.3. The ring A, is a UFD.

Proof. Let f € A,,. If f factors into f = g-h, where g, h are not units, then ord(g),ord(h) < ord(f)
and thus there is a factorization into finitely many irreducible parts.

Let f =wu-g1-...-g, besuch a factorization, where u € A and g; are irreducible. We may assume
that all the g; are x,, regular by applying a linear automorphism of A,, of the form z; — z; + %
fori=1,...,n—1. After multiplying with suitable units and their inverse, we may assume that all
the g; are in Weierstrass normal form, i.e. they are polynomial in x,, and can thus be interpreted
as elements of A,,_1[z,], which is a UFD if A,,_; is UFD. By induction, one gets that 4,, is a UFD

as the base case n = 1 is trivial. O

The following two theorems will play an important role in the proof of the Artin approximation

theorem.

Theorem 5 (Inverse function theorem (INFT)). Let f = (f1,...,fn) € A} such that f(0) =0
and the Jacobian matriz Oy f of f is invertible in 0. Then there exists a unique h € A} vanishing

at 0 such that ho f = foh =1d.
Equivalent to this is

Theorem 6 (Implicit function theorem (IMFT)). Let g = (g1,...,9m) € A}y, be a vector of
power series in & = (Z1,...,%,) and y = (Y1, ..., Ym) with g(0,0) = 0 such that dyg is invertible
at 0. Then there exists a unique h € A" vanishing at 0, such that g(x,h(x)) = 0.

Equivalence of INFT and IMFT. First assume INFT and let g = (g1,...,9m) € A}y, 9(0) =0
such that d,g of g is invertible in 0. Now consider the map f(z,y) = (z,g(z,y)) € Al Clearly,
f(0,0) = 0 and the Jacobian matrix J; is of the form

1, 0
Jr = .
0z9 ayg
Hence, the determinant of Jy is the same as the determinant of 0,9 and J; is invertible in 0. By
INFT there exist an element h € A" vanishing at 0 that is inverse to f, i.e. foh = 1Id. It

n+m
will be of the form h = (x, h(z,y)) for some h € ATt
i =1,...,m. Therefore, h(x,0) will satisfy g(z, h(x)) = 0.
Conversely, assume IMFT and let f = (f1,..., fn) € A%, f(0) = 0 such that 9, f is invertible in
0. Let g(x,y) = f(y) —x € A}, ,. Then 0,9 = 0, f is invertible in 0 and thus by IMFT there
exists an h € A? such that g(z, h(z)) = 0. By construction f(h(x)) = x, meaning that f oh = Id.

Furthermore,

By construction g;(z, h(z,y)) = y; for

h(z) =ho(foh)(x)=(hof)oh(x)
implies that ho f = Id. O

While both of these theorems can be proven directly via a Newton algorithm, we will show here

that they are implied by the Weierstrass theorems. This enables us — later on in chapter 4 — to



show for a ring only the analogue of WPT/WDT, getting INFT/IMFT as a consequence. While
the proof below is in line with [Hau20], the idea goes back to [vdE90].

WPT/WDT implies INFT/IMFT. The general idea is to prove INFT by applying induction over
n. However, for the base case, we will show that WPT implies IMFT with only one y variable.
Even though this is more general than the base step, it also gives the base case via the equivalence
of INFT and IMFT.

So let g € A, 41 such that g(0,0) = 0 and 9,g(0,0) # 0. We can therefore write g(z,y) = y+g(z,y),
where g € (y*)A,11. Thus g is y-regular of order 1. Therefore, by WPT, there exist h(z,y) € A%,
and r(z) € A,, such that

h(z,y) - g9(x,y) =y —r(x)

and thus
g(a,r(x)) = h(z.r(x) " (r(z) —r(z) = 0.

This substitution is well-defined as r(0) = 0 because otherwise h(z,y) - g(x,y) would have a con-

stant term, contradicting ¢(0,0) = 0. Thus, r fulfills all the conditions of an implicit solution of g.

We will now show the more general case: let f = (f1,...,fn) € A" be a vector of power se-
ries, such that f(0) = 0 and the Jacobian 9, f is invertible. In this case, we may assume that after
applying a linear automorphism that the linear term of g; is ;. As this is the induction step, let

n > 1 be arbitrary. By assumption, f,, is x,-regular of order 1. If we now introduce a new set of

variables y = (y1,...,Yn), then f,, —y, will once again be x,-regular of order 1. The Weierstrass
normal form is given by z,, — k(a',y,,), where 2’ = (z1,...,2,-1) and k € A,,. Now consider the
ideal

I= <yl _f17"'ayn_fn> = <y1 _f17"'aynfl _fnflaxn_k(xlayn)>

of Ay,. We now divide all generators of I by z, — k(a',y,)) using WDT, i.e. we write f;(z) =
hi(z,yn) - (2 — k(&' yn)) + fi(2',yn). Therefore, the generators can be reduced to

I= <y1 - fl(mla yn>7 sy Yn—1 — fn—l(x/7 yn)axn - k($'7yn)>
Then by induction, there exist power series h;(y)) for i = 1,...,n such that
I'=(x1—=h1(y), s Tn1 = hn1(y), Tn — k(2" yn))-

Now dividing k(2’,y,) successively by the x; regular series z; — h;(y) of order 1 will yield a power

series hy(y) which is independent of = such that

I= <$1 - h‘l(y)7 ceesIp—1 — hn—l(y)vxn - k($'7yn)>

One can show that this is equivalent to (hq, ..., h,) being inverse to (f1,..., fn). For details, see
[vdE90]. O



1.3 Henselian rings and henselization

A local ring R = (R,m, K = R/m) over K is called Henselian if it satisfies the univariate polyno-
mial implicit function theorem in the following sense: for every univariate polynomial P(y) € R]y]
whose reduction P in K[y] has a root a € K with ﬁ/(a) # 0 (that is, « is a simple root of P)
there exists a root a € R of P with reduction @ = « in K. Here, P’ denotes the derivative d, P of

P with respect to y and P’ its residue class in K [y].

An étale extension of aring R is of the form S = R[x1,...,2n]4/(f1,- .., fn), where g € R[z1, ..., 2]
and f; € R[z1,...,2y]g such that the image of the Jacobian determinant det(g—ﬁ) is invertible in
S.

S is called standard étale if it is of the form S = R[t],/f for f, g € R[z] monic with f’ invertible in S.

Theorem 7 (Henselian rings cf. [Hocl7]). For a local ring R = (R, m, K ), the following conditions

are equivalent:

1. Every monic polynomial P € R[y| which factors modulo m, say, P = py - pa in Kly] with
relatively prime p; € Kly|, already factors over R, say, P = Py- Py with P; € R[y| of reduction
P, =p; in K[y].

2. R is Henselian

3. A localization S of an étale extensions of R at a prime Q lying over m such that S/Q = R/m

s a trivial extension of R. This type of extension is called pointed étale extension.

4. For every collection of polynomials P = (Pi,...,Py) in R[y1,...,Yym] whose reductions P;
in K[y, ...,Ym] have a common root « € K™ with invertible 9, P(c) (that is, o is a simple
root of P = (Py,...,Py)) there exists a root a € R™ of P with reduction @ = o in K.

For the proof of this theorem, we will need the following famous theorem of Chevalley:

Theorem 8 (Chevalley). Let R = (R,m, K ) be a local ring and let S be a finitely generated R-
algebra with a prime ideal q lying over m. Then f is étale over R if and only if there exist points
a€ R\m and b€ S\ q such that there is a standard étale Algebra E over R,, such that Sy is an

isomorphic image of E.

The proof of this theorem, which requires Zariski’s Main theorem among others, goes beyond the
scope of this thesis. We therefor will not prove it here. If interested, one can find proofs in [Hoc17]
pp. 27, [Stal8] Proposition 10.144.4 or [Mil80] pp.25. We can now use it to give a proof of theorem
T

Proof of theorem 7. “(1)=>(2)”: Let P be a polynomial in R[y]. Let 8 € R (with reduction
Bmod m) be the leading coefficient of P and let « € K be a simple root of P € K[y (i.e.
P(a) = 0 and P'(a) # 0). Therefore, P = B(y — a)q(y) where ¢(y) € K[y] monic. Since a is a
simple root, y —a and q(y) are relatively prime. By (1) this lifts to a factorization P = S(y—a)Q(y)
for some a € R and some @ € R[y] such that @ = a and Q = q. Therefore, a is a root of P with

reduction « as required.

“(2)=(3)”: Let S be a pointed étale extension of R. We may assume by theorem 8 that S is

a localization of a standard étale extension of R near ) lying over m and therefore of the form



S = (R[z]|4/F)q where F,g € R[z], F is monic, F’ is invertible in S, and @ lies over m. Let
kan : S — S/Q = K and let \ :=kan(z) € K. Then for f = F € K[z], we get f(\) = 0, and since
F' is invertible in S, we know that f’ ¢ @, and f’(\ # 0). This means X is a simple root of f in
K and therefore by (2) 3r € R such that 7 = X and F = (z — r)G(z) for some G € R[z]. Since A

is a simple root of f, the image of G(z) in S has to be invertible in S. Hence,

S = (Rlzly/F)q = (Rlz]y/(x — )G (x))q = (Rlz]y/(z = 7))q-

Therefore, S is a localization of R[z]/(x — r) & R and, since R is local, S = R.

“(3)=(4)”: Consider a collection of polynomials P = (Py,...,Py) in R[y1,...,Ym], whose re-
ductions P; in K[y, ..,¥ymn] have a common root a = (az,...,q,) € K™ with d,P(«a) invertible
in K like in (4), and let @ be the kernel of ¢ : R[y1,...,yn] — K with ¢|, = R — K and
#(y;) = a;. Since 9, P(«) is invertible, S := R[y1,...,ymlo/(P1,. .., P,) is a pointed étale exten-
sion of R and therefore S = R. Lifting the solution « is equivalent to giving an R-algebra mapping
Rly1,-- - ym]/(P1,- -, P,) — R such that under the composite R[y1, ..., ym]/(P1,..., Py) = R —
K the elements y; map to the ;. This is again equivalent to mapping () into m and, therefore, to

giving a local algebra map S — R. However, since S = R there exists a unique such map.

“(4)=(1)": Now let P = y"™ + c,_1y" 1 + ... + ¢o for some ¢; € R be a monic polynomial in
R[y] with factorization P = p; - po for some monic coprime pq,ps in K[y] of degrees d and e. Let
p1 = Z?:o g:y' and py = Z?:o hiy® for some g;, h; € K with g4 = h, = 1. We want a factorization
P = P; - P, in R]y] such that the residues of Py, P in K[y] are p1,ps. We assume G;, H; € R are
the coefficients of P, and P, respectively. This leads to

Y ey o= (W Gy L+ Go) W+ He oyt L+ Hy).
Comparing the coefficients leads to a system of n = d 4+ e equations in n indeterminates:

co = GoHy
c1 = GoHi + G1Hp

Cn—1=Gg_1+Hey.

However, since P = p; - pa, we know that this system of equations has a solution in K[y] given by

(g,h) = (goy---y9ds ho, .-, he). In order to lift this solution using (3), we have to show that the
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Jacobian determinant does not vanish at (g, k). The Jacobian determinant here is:

Hy H, Hy --- H.,_ 1 0 0
0 HO Hl He—2 He—l 0
S| o 0 Hy H Hyo Heq 1
Go Gi1 Gy - Gg_1 1 0 e 0
0 Gy Gy Gi—2 Ga-1 0
0 s 0 GO Gl s Gd,Q Gd,1 1
Then
ho hi hy -+ he_q 1 0
0 hO hl e he—2 he—l
0O --- 0 h h . he—o he_1 1
T(g,h) = 0 1 2 1
go 91 92 -+ Gd-1 1 0 0
0 g0 g1 - Gd—2 Yd—1 1 o0
0O -« 0 g0 & oo gd—2 Ga-1 1

is the transpose of the Sylvester matrix of po and p;. Since pi,ps are relatively prime, their
resultant res(pa,p1) # 0. But res(pa,p1) = det(Syl(pz,p1)) (for details see [vdW13] pp. 102)
and therefore J(g, h) is invertible. Finally, (4) gives a solution (G1,...,Gq4, Hi,..., H.) such that
P=P P. [

It is very easy to show with what we have established so far that the ring A,, satisfies condition
(2) of theorem 7:

Lemma 1.3. The ring A, is Henselian.

Proof. Let P(y) € A,[y] whose reduction P in A, /(z)[y] = K has a root a € K with F/(a) # 0.
After applying the automorphism y — y + « of A,, we may assume that « = 0. As P can
be interpreted as an element of A, .1, there exists an element a € A, with P(a) = 0. By the
uniqueness of IMFT, there also holds a(0) =a = . O

Another important construction is the Henselization R" of a local ring R = (R,m, K). It is the
smallest extension of R such that one of the conditions of theorem 7 holds. It can be proven
that every local ring admits a Henselization that is unique up to isomorphism (cf.[Hoc17] pp.46).
Condition 3 of theorem 7 suggests constructing the Henselization of R as the direct Limit R" =
lig Ser S, where R is the directed set containing one representative of each isomorphism class of
pointed étale extension of R. One can show that this definition of R" actually leads to the smallest
Henselian ring containing R (for details, see [Hoc17] pp.46).

One can show the following property of K{x)

Theorem 9. The ring K(x) is the Henselization of the ring K[z1,...,z,]/(z1,. .., 2s).

For a proof, see [Yur20].

11



1.4 Encoding algebraic power series

Theorem 9 will enable us to find a useful way to encode algebraic power series, which can be used
to prove that a system of algebraic power series like in theorem 1 can be replaced with a system of
polynomial equations (see lemma 2.2 in chapter 2). Even though we will only need theorem 10, we
will also prove theorem 11 for the sake of completeness. The problem one encounters when trying
to encode algebraic power series f is that the minimal polynomial Py is not a good way to do so,
as it could also encode all the conjugated roots of P;. The following idea goes back to [AMG65]
and is often referred to as Artin-Mazur theorem (for example cf. [AMR92]). The idea is to show
for any f € K(z) with f(0) = 0 the existence of a natural number k and a vector of polynomials
called mother code P(x,y1,...,yx) € K[z,y]* that satisfies the assumption of IMFT (i.e. the
Jacobian matrix of P with respect to y is invertible at 0) such that there exist some algebraic
power series hg,...,h; € K(z) with h;(0) = 0 such that P(x, f(x), he(x),...,hi(x)) = 0. The
vector (f,ha,...,hi) is called the baby series vector of the mother code P. Notice that it makes
sense to call it the baby series verctor, as it is unique by IMFT. While there are constructive
proofs of the mother code of an algebraic power series f, if given a Taylor expansion of f to
an arbitrarily high degree (cf. [AMR92] p.36 or [ACJH14|p.11), we will give a non-constructive
proof. We will need the following theorem from [DL80] p.60. For that, we call an algebraic power
series e(z) € K(z) étale algebraic if e(0) = 0 and for its minimal polynomial P.(z,t) there holds
0¢P.(0,0) # 0 (i.e. it is the unique solution of P(x,t) = 0 by IMFT). The proofs given are in line
with [Yur20] pp.42.

Theorem 10 ([DL87]). Let f € K(x) be an algebraic power series. Then there exist polynomials
C(z,t),D(x,t) € K[z, t] with D(0,0) # 0 and an étale algebraic power series e(x) such that

O e(a))
= Dla.elw))

Proof. Theorem 9 states that K(z) is the Henselization of R := K[z],, i.e. K({z) = lim, - S,
where R is a set of pointed étale extensions of R. Thus, there is a pointed étale extension Sq of
R containing f, i.e. there is an étale R-algebra S with a prime q lying over z,...,x, such that
f € S,. By applying theorem 8, there exist elements ¢ € R\ (z) and b € S\ q such that S; is
isomorphic to a standard étale algebra over R,. As R is a local ring, R, = R. Hence, there exist

monic g,l € R[t] with [’ invertible in R[t], and an isomorphism ¢ such that
o S =5 Rit],/(1):
As localization commutes with taking quotient rings, we can rewrite this to
¢Sy = (R[t)/(L))a

where L € R[t] and G € R[t]/(L) such that neither J;L nor G is in the image of g under @.

Thus, S; = (R[t]/(L))g(q)- Then R[t]/(L) = R[e] for some algebraic power series e with minimal
polynomial L. Hence, the theorem is proven if we can show that e is étale algebraic. As 0;L is not
in ¢(q) and q lies over (x), there holds 9;L(0) # 0 (and also the denominator of f does not vanish
at 0). If e(0) # 0, one can replace L with €(x) = h(e) — e(0). One can easily see that this € will

verify all the conditions needed. O
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This theorem now enables us to give a non-constructive proof of the Artin Mazur theorem. It will

even enable us to show that k = 2 always suffices:

Theorem 11 (Artin-Mazur). Let f € K(x) be an algebraic power series with f(0) = 0. Then there
exists a mother code P = (Py, P2) € K[z][y1,y2] and by IMFT an algebraic power series h € K{z)
with h(0) = 0 such that (f,h) is the baby vector of P.

Proof. Let Q5 € K[x,y1] be the minimal polynomial of f. If 9,,Q¢(0,0) # 0, a mother code for f
is trivially given by P = (Qy,y2). As the Jacobian of P with respect to y = (y1,y2) is given by

0,,Q; 0
Jp = Y1 ,

and P is a mother code as the determinant of this Jacobian matrix does not vanish at 0.
So the interesting case is if d,, Q(0,0) = 0. In this case, we can use theorem 10 to find an étale

algebraic power series e(z) and polynomials C(x,y2), D(x,y2) € K[z, y2], D(0,0) # 0 with
D(z, h(z)) - f(z) = C(z, h(z)).

Now let Q. be the minimal polynomial of e. We claim that P = (y; - D(x,y2) — C(x, y2), Qe (x, y2)
is a mother code with baby vector (f, h) as P(z, f(z),e(x)) = 0 and the Jacobian of P with respect
to y is
Jp = (D(x,y2) Y1~ ayzD(x’y2) + 87420(37’?42)) .
0 Oy, Qe(, y2).
By assumption, det(Jp)(0,0) = D(z,32)(0,0)-9y,Q(0,0) # 0 and thus P is indeed a mother code
for f. 0
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2 Basic techniques for working with systems of power series

In this section we will show some basic techniques for working with systems of equations like in
theorem 1. We will need the existence of a large enough minor of the Jacobian matrix of the systems
of equations that does not vanish at the formal solution 7. After applying a suitable automorphism
to make this minor x,, regular, one can then use Weierstrass division to prove theorem 1 in chapter
3. We will therefore show that there also exists a system of equations for our y with such a minor.
The statement below is only stated and proven for algebraic power series, however, the convergent

case is completely analogous.

Lemma 2.1. Let K be an arbitrary field, and let f(x,y) € K{z,y)" be a vector of algebraic power
series in two sets of variables x and y. Assume given a formal power series solution y(z) vanishing
at 0,

fz,y(x)) = 0.

Then there exists a system of algebraic equations F = (Fy(z,y),..., Fs(z,y)) € K{x,y) such that
F(x,y(x)) = 0 with an s x s-minor g of O, F that does not vanish on y(x) (i.e. g(x,y(x)) #0) and
such that if y(x) is an algebraic solution of F approximating y(x) up to an arbitrarily high degree

¢, then y(x) is already a solution of f.

Proof of Lemma. Let I be the ideal generated by (f1,..., f) in K(z,y). We may replace I by the
kernel of the substitution homomorphism K{(z,y) — K[[z]], where I(x,y) — l(x,y(x)). Therefore,
we may assume that [ is prime. Let s be the height of I. In other words, if Y denotes the
analytic germ (K"*™ 0) and X = V(I) then s = codimy (X), as I being prime implies that all the
components of V(I) have the same dimension. We now use the following proposition:

Proposition 1 ([Mum99] p.44 Cor.4). Let U be an affine Variety and U a closed irreducible subset
and let s =codimy (Z). Then there exists a reqular sequence Fy, ..., Fy such that Z is a component,

of the complete intersection V (Fy,. .., Fy).

We can therefore assume that X is an irreducible component of a complete intersection variety X*
and there exists an ideal I* C I generated by a regular sequence F' = (F1,..., Fs) of length s of
elements of I such that I is a prime component of I*, and let J be the intersection of the other
prime components of I*. By the Jacobian Criterion ([Mum99] p.168 Cor.1 to Prop 2) there exists
an (s x s)-minor g of the Jacobian DF such that g is not in I* meaning g(x,y(z)) # 0. The partial

derivatives of 0 = F(z,y(x)) with respect to the x; are

and equivalently

We may therefore assume that g can be chosen within the relative Jacobian 0yF with respect to
the y variables. If X = X* we have already found the minor g we were looking for.

Now assume that X # X* and y(z) is an algebraic solution of F' that approximates y(x) up to a
chosen degree. Our goal is to show that g(z) is also a solution of f for all f € I. As X # X*,
there is h(z,y) € K(z,y) that does not vanish on V(I) but on V(J). Therefore, h(z,y(z)) # 0
and as y(z) approximates y(x), to a high degree also h(x,y(z)) # 0.

14



Now consider the map II : K{(z,y) — K(zx), where I(z,y) — l(z,y(x)) and let P = ker(II). Then
P is a prime ideal, as K(x) is an integral domain. However, as g(z) is a solution of Fi,..., Fs we
get

I«sJCInJ=1I"CP

As h(z,y(x)) # 0 we have J ¢ P and hence, as P is Prime, I C P. (This can be interpreted
geometrically as y(x) having to ultimately end up in one of the components of the complete
intersection.) Therefore, f(z,y(x)) =0Vf € I. O

The second basic technique we want to show is that if we have a system of algebraic equations like

in theorems 1 and 2, it can be replaced with a system of polynomials.

Lemma 2.2 (Reduction to the polynomial case). Let f(z,y) € K{z,y)" be a vector of algebraic
power series in two sets of variables x and y. Assume given a formal power series solution y(x)
of f vanishing at 0,

[z, y(x)) = 0.

Then f can be replaced by a vector of polynomials, in the sense that if there is an approximating

solution of the polynomial system, it will yield an approximating solution of the algebraic system.

Proof. Using theorem 10 we get that f € (K[z,y,2]4/h)", where h is irreducible, monic with
respect to z, 9,h(0,0,0) #0 and g € 1+ (z,y, 2)K[z,y, 2]". Now let a be the highest power in the
denominators of the f; and let f* := g°f € K[z, y, 2].

Now consider the system of equations

[ (z,y,2) =0 (1)
h(z,y,z) =0, (2)

with formal solution (y(x), z(z,y(x))). Assume (y(z), z(x)) is an algebraic solution approximating
the formal solution to a given degree. By construction, we have both h(z,y(z),z(z,y(z))) = 0 and
h(z,y(z),z(z)) = 0. As h satisfies the conditions for IMT, we get that z(z) = Z(z,y(x)). Thus,

0= f"(z,y(@)mz(z,y(2))) = g° (2, y(x), 2(x, y(x))) - f(,y(2)). (3)
As g is a unit in K(z)" there holds f(z,y(x)) = 0. O

Thirdly, we want to show that in theorem 1, it would be enough to show that every algebraic (or
convergent) system f with a formal solution g(z) also has an algebraic (or respectively convergent)

¢ can be expressed in

solution y(z), meaning that one can show that the approximation mod{x)
terms of another formal or respectively algebraic equation. The proof and definitions below are
in line with 2, and we will only show the case that f is polynomial (and thus this includes the
case that f is algebraic), however, the case for f convergent is analogous. For that, let R be
a commutative noetherian ring with identity, m C R be a maximal ideal, and R be the m-adic

completion of R. Then we say (R, m) has the

e weak approximation property if for every finite system of polynomials f € R[y]" with a

solution g in ]’%m, there exists a solution y € R™.

e approximation property if for every finite system of polynomials f € R[y]” with a solution §

in R™ and for every ¢ € N, there exists a solution y € R™ such that y =y mod m¢.
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Furthermore, there is a notion of a strong approximation property, for details see chapter 6.
It is obvious that the approximation property implies the weak approximation property, however

as mentioned above, we will show that these two notions are equivalent.

Lemma 2.3. If (R,m) has the weak approximation property, it also has the approzimation prop-

erty.

Proof. Let m generated by x1,...,2, and let f € R[Y] be a finite system of equations with a
formal solution ¥y € R™. Furthermore, let ¢ € N. Then choose any elements ¥, ..., ¥, such that

Ui = y; mod meR. In other words, each y; has the form
Yi=Yi+ Z Zi - 2.
aEN", |a|=c

Zio - 1% — §i € R[Y, Z].

Then f,g € R[Y,Z]"™™ is a finite system of polynomial equations with formal solutions (7, z),

Thus, we can look at the polynomial equations g; = Y; — > yn o =c

where 7; and z; € }A%, and thus by the weak approximation property, there exist y;, z; € R giving a
solution to f,g. By construction of the g;, there holds y; = ¥; = 7; mod m¢ and hence R also has

the approximation property. O
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3 Proof of Artin’s approximation theorem

This section will present the proof of theorem 1. We will first give the proof for the simplest case,
where there is only one equation f and two binary variables x = (21, z2) and y = (y1,y2). We do
this because the general case (which is proven below) is more tedious, and it is easier to lose sight

of the key ideas of the proof because of the many variables and indices.

3.1 Proof for the simplest case

Proof of Artin approximation in the case r = 1, m = n = 2. The proof consists of two main steps:
Step 1 We will first show that whether a formal, convergent or algebraic power series y(z) is a
solution of f (i.e. f(z,y(z)) = 0) can be reduced to a system in just z1. So let z = (z1,z2),
y = (y1,92) and f € K(z,y) (or K{z,y} respectively), and let y(z) € K[[z]] (or K(z) and K{z}
respectively) with y(0) = 0 be a solution f(z,y(z)) = 0. We may assume using lemma 2.1 that
Oy, f(z,y(x)) # 0 and let g = 0y,. For readability reasons, we will leave out the x arguments of y
for the rest of the proof.

After applying a linear change of coordinates xy +— x1 + lz9,29 +— x5 for a suitable [ € K we
may assume that g(x,y) is xe-regular of order d. We now apply formal (or respectively conver-

gent /algebraic) Weierstrass division by dividing y1 by z2 - g(z,y) and y2 by x3 - g(z,y)? to get

yi(z) = vi(z) - g(z,y) + 21(2) @)
y2(z) = va(@) - gz, y)* + 22(2),
where zi(z) € K[zi]]lze]<a, 22(z) € K[[z1]][z2]<24, and v;(x) € x - K[[z]]. There will hold
z1(z) € K(z1)xel<a, z2(z) € K(z1)[xre]<oa, and v;(z) € z - K(z) in the algebraic case and
z1(z) € K{z1}wel<a, 22(x) € K{z1}[r2]<24, and v;(x) € x - K{z} in the convergent case. Once
again, for readability reasons, we will leave out the x arguments of z and v. These z; are only

polynomial in z9, so we now show that we can express everything in terms of z = (21, 22):

Lemma 3.1. The ideals generated by g(x,y) and g(x, z) are the same in K[[z]] (or K{z) and K{x}

respectively).

Proof. Let v = (v1, g(z,y)v2) and consider the Taylor expansion of g(z, z) = g(z,y — g(z,y) - v) in
the point (x, g(z,y)):

9(x,2) = g(z,y) — g(z,y) -v- Oyg(z,y) + g(z,y)* - h(x) (5)

where h(z) € z-K[[z]]? (or - K(x) and = - K{x} respectively). We can now factor out g(z,y) to get

g(x,2) = g(z,y)(1 +v- dyg(x,y) + h(z)) (6)
and (1+v-9dyg(z,y) + h(x)) is invertible. Hence, the two ideals are the same. O

We can therefore rewrite (4) as
y1 = ai(z) - g(@,2) + =1
4 (7)
Y2 = ag(ﬂj) -g(x,z) + 22,
where the a;(x) are once again elements of x - K[[z]] (or z - K(z) and x - K{z} respectively). We will

also leave out the x arguments of the a; for the rest of the proof.
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Let a = (a1, g(x, 2)az) and consider the Taylor expansion of f(z,y) = f(z,a - g(x,z) + 2) in the
point (z, 2):

flx,z2)+a-g(x,2) -0y f(z,2) + g(x,2) - q(x,a,9(x,2)) =0 (8)
where ¢(z,w,t) is an algebraic respectively convergent power series in = (1, 232), w = (w1, w2)

and t, and where ¢ is at least quadratic in w. Now use the fact that g(x,z) = 0y, f to get

g(w,2)? - q(z,a,9(x,2)) =
g(.fl?,Z) : 6y1f(1:7z) ' q(x,a,g(x,z))

and
a-g(x,z) Oy f(x,2) =

g(x,z) ’ [8Y1f(xaz) s ap +8y2f($az) s az - g(maz)} = (10)
g(:c,z) : ay1f(x7z) : [al + ayzf($vz) : a2]'
Combine this with (8) to get
flx,2) +g(x,2) - Oy, f(x,2) - ®(x,a1,a2,2) =0, (11)
where
Oz, w1, wo,2z) = (w1 + Oy, f(x,2) - w2 + q(x, w1, 9(x, 2) - wa, g(x,2))). (12)

Then @ is algebraic, vanishing in zero, and 9,,, (0, 0,0, 0) does not vanish and is therefore invert-

ible. Setting b(z,z) = ®(x, a1, as,2z) we get, that
f(x,z)—l—g(x,z) : 8}’1f<xvz) : b(xaz) 207 (13)

and equivalently
flw,2) +g(z,2)* - bz, 2) = 0. (14)

Thus f(z, 2) is in the ideal generated by g(z, z)2. This ideal membership can be reformulated to a
system of equations by dividing f(x,z) by g(z,z)? (with respect to z3) and setting the remainder,
which is polynomial in x5, to zero. By comparing coeflicients in x5 this leads to a finite system
of equations in ;. Now assume we are given an algebraic or formal solution of this system of
equations. It will give rise to a power series z = (21, 22) that is polynomial in 25 and a power series
b(x,z) € K{z,z) (or K{z,z} resp.) such that

fla,2) +g(z,2)* - b(z,2) =0 (15)

and equivalently

f(x,2) +g(x,2) - Oy, f(x,2) - b(x,2) =0. (16)

Now consider the algebraic respectively convergent equation
U(x, wy,ws) = Bz, wy,ws, 2) — bz, z) = 0. (17)

As mentioned above 0, ® is invertible, hence J,, ¥ is as well. If we now choose any algebraic

respectively convergent power series as we can apply the implicit function theorem to ¥(z, w1, az, 2)
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to get a unique algebraic respectively convergent power series a1 € K(z) (or K{z} resp.) such that
q)(z7a17a27z) = b(.ﬂU,Z) (18)
Setting a = (a1, g(x, 2) - az) we can repeat (9) and (10) in reverse order to get

flz,2)+a - g(x,z) - Opf(x,2) +g(x,z)2 - q(z,a,9(x,2)) = 0. (19)

Finally setting y; = a; - g(z, 2) + 2; and repeating the proof of the lemma 3.1, we get that the
left-hand side of (48) is the Taylor expansion of f(z,y). Therefore, our newly constructed y is an
algebraic or respectively convergent solution of f.

Step 2 Now let © = (x1,22), y = (y1,¥y2), f € K(z,y), and let y(z) € K[[z]] with §(0) = 0 be a
formal solution f(x,7(z)) = 0. As seen in Step 1, this leads to a system of equations in x;, to

which the coefficients /k\:ij(ml) of

d 2d

7= (Z Ell(xl)xé, Z EQI(:rl):cé)

=0 =0

give a formal solution. For the following, let Z(x) and @”(z) be derived from g(x) like in step 1. We
can now apply induction to get an algebraic respectively convergent solution given by k;;(x1) where
the k;; approximate the Eij up to degree c. Now, Setting z;(x) = 21220 Ell(xl)xé and choosing
az(x) to be the truncation of as(x) at degree ¢, we will get an algebraic respectively convergent
solution y(z) of f(z,y) that approximates gy(x) up to degree ¢ by construction. O

This completes the proof of the simplest case, where we just divide by a 0y, f(x,y) that does not
vanish on y(z). However, in a more general setting this will have to be replaced by a maximal
minor, which exists by lemma 2.1. This makes all the calculations longer, however, the proof will

essentially be the same.

3.2 The general proof

Proof of algebraic Artin approzimation theorem (cf. .[Haul7[p. 603-607). Like above, the proof con-
sists of two steps:

Step 1 We will once again first show that whether a formal, convergent or algebraic power se-
ries y(z) is a solution of f (i.e. f(z,y(z)) = 0) can be reduced to a system in just z’. So let
z= (21, Tn), Y= Y1,- -, Ym), [ € K{z,y)" (or K{z,y}" respectively), and let y(x) € K[[z]]™
(or K{z)™ and K{z}™ respectively) with y(0) = 0 be a solution f(z,y(x)) = 0. Using Lemma 2.1,
we may assume that there is a minor g of dy f such that g(x,y(z)) # 0. Let y’ denote the y; used
for g and let y” denote the others. For readability reasons, we will leave out the x arguments of y
for the rest of the proof.

We may once again assume that g(x,y) is x,-regular of order d by applying a suitable linear change
of coordinates. We now apply formal (or respectively convergent/algebraic) Weierstrass division
by dividing y; by z,, - g(x,y) if y; € ¥y and by z,, - g(z,y)? if y; € y” to get

yi(z) = vi(x) - g(z,y) + 2i(x) fory; €y
yi(z) = vi(x) - g(z,9)* + zi(x) fory; €y,
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where z;(z) € K[[2]][xn]<2q and v;(x) € x - K[[z]]. There will hold z(z) € K(z')[zp]<2q and
v;(z) € x - K(x) in the algebraic case and z;(z) € K{z'}[z,]<24 and v;(z) € x - K{z} in the con-
vergent case. Once again, for readability reasons, we will leave out the x arguments of z and v.

These z; are only polynomial in x,, so we now show that we can express everything in terms of

z2=1(21,-,2m):

Lemma 3.2. The ideals generated by g(x,y) and g(x,z) are the same in K[[z]] (or K{z) and K{z}

respectively).

The proof of this lemma is completely analogous to the proof of lemma 3.1. We can therefore
rewrite (34) as

y; = ai(z) - g(x,2) +2; fory; ey (21)

yi = ai(z) - g(x,2)> + 2 fory; €y”,

where the a;(x) are once again elements of x - K[[z]] (or z - K(z) and x - K{z} respectively). We will
also leave out the x arguments of the a; for the rest of the proof.
Let a’ be the vector of all a; for which the corresponding y; € y’ and a” denote the vector of those
for which the corresponding y; € y”. Furthermore, let a = (a/, g(z, z)a’’). Now consider the Taylor

expansion of f(z,y) = f(x,a- g(z,z) + z) in the point (z, 2):

f(ac,z) +a- g(xwz) 8yf(x,z) —|—g(x,z) ' Q('Taavg(xaz)) = Oa (22)

where ¢(z,w,t) is an algebraic power series in z, w = (w’,w”) and ¢ and ¢ is at least quadratic in
w. As g = Oy f is a maximal minor of d; f, we can write the diagonal matrix ¢ - 1, as the product

of Oy f and its adjoint matrix 8;,‘, f. We can use this fact to get

g9(x,2)* - q(x,a,g(x,2)) = (23)
9(z,2) - Oy f(m,2) - Oy, f(x,2) - q(z,a,9(x,2))
and
a-g(x,z) Oy f(x,2) =
g(x,z) : [Z 8yif(l',2:) ©a; + Z 6yif(xvz) © Qg -g(m,z)] = (24)
yi€y’ yi€y”
9(x,2) - Oy f(x,2) - [0 + Oy f(x,2) - " - 0y f(,2)].
Combine this with (38) to get
f(xﬂz) +g(1’,z) ' (9y/f(I,Z) ! fl)(x,a/,a",z) = Ov (25)

where
®(x,w', 0", 2) = (W' + 0y f(x,2) - q(x,w', g(x,2) - w", g(x,2)) + 05 f(x,2) - Oy f(2,2) - w". (26)

Then ® is algebraic, vanishing in zero, and 9,,®(0, 0,0,0) does not vanish and is therefore invert-
ible. Setting b(z,z) = ®(z,a’,a”,z) we get, that

f(x,z) +g($7z) ’ 8y’f($7z) ) b(xaz) =Y (27)

20



and equivalently

Thus, 0 f(x,2) - f(z,2) is in the ideal generated by g(z,2)%. This ideal membership can be
reformulated to a system of equations by dividing f(x,z) by g(x,z)? (with respect to x,) and
setting the remainder, which is polynomial in z,, to zero. By comparing coefficients in z,, this
leads to a finite system of equations in x’. Now assume we are given an algebraic or formal solution
of this system of equations. It will give us a power series z = (21, ..., z,) that is polynomial in z,,

and a power series b(z,z) € K(x,z) (or K{x,z} resp.) such that
fz,2) 4+ g(x, 2)* - b(x,2) = 0. (29)
Now consider the algebraic respectively convergent equation
U(z,w w") =®(z,w, v, z)—blx,z)=0. (30)

As mentioned above, 0,,® is invertible, hence 0,V is as well. If we now choose any algebraic re-
spectively convergent power series a’’, we can apply the implicit function theorem to ¥ (z,w’, a”, 2)
to get a unique algebraic respectively convergent power series a’ € K(x)™ (or K{z}" resp.) such
that

®(z,ad',ad",2) = b(z, 2). (31)

Setting a = (a’, g(x, 2) - @’’), we can repeat (39) and (40) in reverse order to get

f(l‘,Z) +a- g(x,z) : 6yf(l‘,2’) +g(.73,2)2 : q(a:,a,g(a:,z)) =0. (32)

Finally, setting y; = a; - g(x,2) + 2; and repeating the proof of the lemma 3.2, we get that the
left-hand side of (48) is the Taylor expansion of f(x,y). Therefore, our newly constructed y is an
algebraic or respectively convergent solution of f.

Step 2 We can now use this reduction to use induction on the number n of x variables to prove the
general statement. The case n = 0 is trivial, as in this case the formal solution 7(z) is constant
and therefore already algebraic. Now assume the statement proven for all natural numbers smaller
than n — 1 and let @ = (z1,...,2,), ¥y = (Y1,-.-,Ym) and f € K(z,y)". Assume we are given a
formal solution y(z) € Kl[z]]™ with y(0) = 0. For the following, let Z(z) and a@”(z) be derived
from g(x) like in step 1. This once again leads to a system of equations in z’ to which the vector

of coefficients E-j(x’ ) of

2d 2d
2= ku(@)zl, ... k(a2
=0 =0

is a formal solution. We can now apply induction to get an algebraic respectively convergent
solution given by k;;(z"), where the k;; approximate the Eij up to degree c. Setting z;(z) =
zzio ki(z')x!, and choosing a”(z) to be the truncation of @”(x) at degree c, we will get an
algebraic respectively convergent solution y(z) of f(z,y) that approximates y(z) up to degree ¢ by
construction.

O
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4 Popescu’s nested approximation theorem in the simplest

case

This chapter will be about theorem 2 in the case where there are only two components of x
variables. For clarity, we will call them x and ¢ and the different components of the solutions will
be called y and z, where y will only depend on ¢ and z will depend on t and z. In this setting
x=(x1,- - &n),y = Y1,--+,Ym), 2 = (21,...,2;) may be multivariables but ¢ has to be a single
variable. The upside of this simple case is that it is also true for convergent power series, hence we
will prove this case. The algebraic case works analogously. The following proof goes back to ideas

of [DL80]. The exact statement we want to prove is the following:

Theorem 12 (Popescu’s nested approximation theorem [Pop86]). Let f(t,x,y,2) € C{z,y}" be a
vector of convergent power series in a single t variable and some multivariables x = (x1,...,2p),y =
(Y1, --5Ym), and z = (z1,...,2;). Assume given a formal power series solution y(t),z(t,z) van-
ishing at 0 (i.e. § € (t)C[[t]]™, Z € (¢, z)C[[t, z]]*),

ft,z,y(t),z(t,z)) = 0.

Then there exists, for any ¢ € N, a convergent power series solution y(t) € C{t}™, z(t,z) €
C{t,z}*,
f(ta l‘,y(t), Z(t,l’)) = 07

which coincides with Y(t),z(t, z) up to degree c,
y(t) = 5(t) mod (1)°*!

2(t,x) = 2(t,2) mod (t,x)“T .

The general idea is to use repeated approximation in suitable rings that “separate” our variables
and try to repeat an analogon of the proof in the previous section. Hence, the rings used should

have a Weierstrass division. We therefore look at the following:
Cliell“a” == {a(ha,... hs,x) € C[[t, 2]}, q(Hr, ..., Hs,x) € C{Hy, ..., Hs,x}, ha,... hs € (¢)C[[E]]

for some s € N}.
Lemma 4.1. Let R = C[[t]]“x”. Then
e R is a ring,
e R is closed under partial derivatives with respect to the x;,
o R has a Weierstrass division algorithm.

Proof. For the rest of the proof let q(hi(t),...,hs(t),z) and p(i1(t),...,ir(t),z) be two elements
of R, i.e. hj,i; € (t)C[[t]], g € C{Hy,...,Hs,a}, and p € C{I1,..., I, x}.

(1): Both p, g can also be seen as elements of C{H1,...,Hs, I1,...,I.,z} and thus p+ g and p- ¢
are elements of C{H1,...,Hs, I1,...,I.,x} as well. Hence, (p + ¢)(h1,...,hs,01,...,%-,2) and
(p-q)(h1,...,hsyi1,...,ir,x) are elements of R.

(2): As 0,,p € C{Hy,...,H,,z} by lemma 1.1, 9,,p € C{h1,...,hs,z} € R.
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(3) Now let ¢ be x,-regular of order d. We once again interpret p and ¢ as elements of

C{Hi,...,Hs, I ,...,I.,2} and can use the Weierstrass division of this ring to write

p(Hl,...,HS,Il,...,IR,J?) :A(Hl,...,HS,Il,...,IR,I)'Q(Hl,...,Hs,Il,...,IR7J))

d—1
+Y Bi(H,... Ho L, Ip,2') - i,
i5=0
where A € C{H1,...,Hs,1,...,I,,z} and B; € C{Hy,...,Hs, I1,...,I,,2'}. As this equality will
hold after substituting the h; and ¢; for the H; and I; respectively, the claim holds. O

Note that (3) also implies that INFT and IMFT hold in the ring C[[t]]“2”. The problem with
replicating the proof of section 3 is that the existence of a minor that does not vanish at the formal
solution will not be sufficient. We can not just use a linear automorphism to assume this minor to
be x,-regular at the formal solution, as it might temper with ¢ as well. To illustrate, consider the

following two simple examples:
f1 =t+x '.I‘Q),fg =t-x1+1t-29.

f1 can be made x5 regular by applying the automorphism xz; — x; + x2. However, for fs no such
automorphism exists that fixes . This could create problems if we look at the variables seperately.
To circumvent this, we will be able to show that if ¢ is a single variable, one can use blow ups (in
this case so-called Neron blow ups) to show the existence of a minor of 9, f that is not congruent
zero modulo (¢) at the formal solution z. We can thus apply a linear automorphism of the form
t—t, x, — x;+ xfl fori=1,...,n—1 and x, — x, to assume this minor to be x, regular.
Before doing so, we note that after substituting y for g(¢) in the defining equation, the proof of
lemma 2.1 also works in this case, so we assume that we have a minor of the Jacobian matrix of

our system which does not vanish at the formal solution.

4.1 Neron-desingularisation

Let t,z = (z1,...,%n),2 = (21,...,2m) be variables and let Z € C[[t]][[x]]. Furthermore, let
¢ Cl[e]) e, 27 — ClI]][[X]]

be given by z + Z. Assume for I =kerp = (q1,...,q,) there exists an r X r-minor of gg’f that does
J

not vanish at z.

We now want to show that there even exists an r x r-minor M of ggj such that M(t,z,z(t,x)) #
0 mod (t).
Assume the opposite: Le. for all 7 X r-minors M of gg; there holds M (¢, z,Z(t, z)) € (t)C[[t]][[=]]-

Consider the map

¥« Cl[t)]“z, 27 — C[[a]]
Y =mop,

where 7 : C[[t]][[x]] = C][z]], t — O.
Let J = ker(¢) and let R = C[[t]]“X, Z” /I and 2" = Spec(R).
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Claim J C Sing(Z"): By assumption, for all r x r-minors M of gz; (M) e )C[[t][[z] and
hence (M) = 0. Therefore, if M is the ideal generated by these minors, then M C J and thus
V(J) C V(M). The claim holds as Sing(2) = V(M).
Let ¢,b1,...,b; be the generators of J. The idea is now to resolve the singularity at J using
blowups. So let 2 be the t-chart of the blow up of 2" at J, i.e. X = Specé, where

b1 b;

R:=C[[t]“X, Z" /(q,- .., q)|—,

£ 77] = C[[t]]“szw[W]/(qlP"aqT’7tW1 7b1a"'7th 7b])

Note that 2~ — 2 is an isomorphism for ¢ # 0 using the relation ¢ - W; — b; = 0. Using the
definition of J, we get that b;(t,z, Z(t,z)) = t - w;(t,z) for some w; € C[[t]][[z]]. Hence, the
morphism s, :Spec(C[[t]][[z]]) = £ can be extended to a morphism sz :Spec(C[[t]][[x]]) = Z

with commutating diagrams

& < T Spec(C[[t))[[z]]) —2— T
o (GIIES) P

We now introduce a measure of singularity on ¢:

l(p) = min ordy M(t, z,z(t, x)).
MeM

It follows from above that if I(¢) > 0 then 2 is singular at ¢. Equivalently, if 2 is regular at ¢,
then I(p) = 0. On the contrary, if I(s) = 0, then 2" is regular at (.

Theorem 13 (Neron-desingularisation). Let ¢ and @ be given like above. Then

(@) <)
with equality if, and only if, l(p) = 0.

Proof. Using algebraic geometry, we can assume that J = (¢, Z1,..., Z,,) (for details see [Art69]).
Solet Z'=V(q1,...qr), qi € C[[t]]“x, Z”. As the blow up is given by the equations

one can eliminate the Z variable and interpret 2 as Zero set of polynomials in W over C[[t]][[z]].
Now let

@(Z) =t ap+ Zaiij + (degree > 2)
j=0

and substitute Z; with ¢ - W;:
qi(t-W)=t-ap+ Zt - a;jW; + t*(degree > 2).
§=0

Note that the constant term with respect to W is in (¢) as ¢;(¢ - W) = 0 and thus it is sensible to
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write ¢ - a;o. We can therefor rewrite ¢;(t - W) =t - v;(W), where

v (W) = a0 + Z a;;W; + t(degree > 2). (33)
j=0

Hence, 2 is the vanishing set of the v; and some additional relations to eliminate ¢-torsion.
Deriving the equation ¢;(t - W) = ¢ - v;(W) leads to
8vi 0 6qi

dq;
W)= —qt-W);, =t t-W)y=t-
7 (W) = gralt- Wy =t 2t W) =t

t

(2).

Therefore, the Jacobian of 2 is a submatrix of the Jacobian of 2 if we use generators ¢; and v;

respectively and hence [($) < I(p). Let .° denote reduction modulo ¢. Then by (33) the

m
o__ o o .
v; = azy + g a;; Wi
Jj=0

and thus for the Jacobian matrix J = ?/VLJ(W) = BZ—‘Z;(Z) there holds that J° is the matrix a7
(note that here the af; are power series in z). Hence, there also holds that J° = (ag;) at ¢. If
we assume 2 to be not smooth at ¢ (i.e. I(p) # 0), this matrix can not be of full rank (= r)
as otherwise there would be a minor with ord; = 0 at ¢. Now let M be a r x r-minor of %”(Z)

such that I(¢) = ord; M (t,x,z(t,x)). And without loss of generality, let it be the minor ani (2)

for 1 <4,j <r. As the matrix (af;) does not have full rank, we can perform an invertible linear

transformation of qi, ..., ¢ such that aj; =0 (i.e. a1; = 0mod t). With this new system one gets

q(Z) =t a0+ Zt a1 Z; + t*(degree > 2)
§=0

ql(t . W) =1- aig + tQ(Z Oquj + (degree > 2))
7=0

As ¢ € I, there holds ¢ (t,x,2(t,z)) = 0 and thus aio(¢, ) = 0 mod ¢. This implies that vy (W) =
0 mod ¢t. One can therefore replace v; with = and this new polynomial will still vanish on 2.

This replacement will also give for all minors using ;’V—lj that {(p) <I(¢) — 1. O

4.2 The approximation Property of C|[t]]“z”

We can now prove the following theorem:

Theorem 14. [[DL80]] The ring C[[t]]“x” has the approzimation property, i.e. if ¢ € C[[t]]“x,2""
with formal solution Z(x) € (t,z)C[[t]][[x]]¥, then there exists for every ¢ € N a solution z(z) €

C[[t]]“z”* agreeing with Z up to degree c.

The proof is essentially the same as the one given in chapter 3 using the fact that the ring C[[t]] “x”

has a Weierstrass division:

Proof. Step 1 We will first show that whether an element z(t,z) of C[[t,z]]* or C[[t]]“2”* is a
solution of g (i.e. ¢(t,z,z(t,x)) = 0) can be reduced to a system in just 2’ = (x1,...,2,-1). So
let £ = (21,...,%n), 2 = (21, .., 2), ¢ € C[[t]]“x, 2", and let 2(¢,z) € (t,x)C[[t, x]]* be a solution
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q(t,z,z(t,x)) = 0.

Using the lemma above, we may assume that there is a minor g of d,¢ such that g(t, z, 2(t,x)) #
0 mod (t). This means that in the series expansion of g(¢, z, z(t, )) there appears a term of the form
X-x9 X\ € C. Therefore, we can apply a linear change in the z-variables and assume g(t, z, z(¢, r))
to be x,-regular of order d. Let z’ denote the z; used for g and let z” denote the others. For
readability reasons, we will leave out the x and ¢ arguments of z for the rest of the proof.

We now apply formal Weierstrass division of C[[¢, z]] by dividing z; by x,, - g(¢, z, 2) if z; € 2’ and
by x, - g(t,x,2)? if z; € 2" to get

zi(t,z) = vi(t,x) - g(t,m, 2) + w(t,z) forz; € 2’ (34)
2i(t, ) = vi(t,x) - g(t,x, 2)* + wi(t,x) forz; € 2",

where w;(t,z) € C[[t, z]][xn]<24 and v;(x) € x - C[[t,z]]. Once again, for readability reasons, we
will leave out the ¢ and x arguments of w and v. These w; are only polynomial in x,,, so we now

show that we can express everything in terms of w = (wq, ..., wg):

Lemma 4.2. The ideals generated by g(t,z,z) and g(t,z,w) are the same in K[[t, z]].

Proof. Let v = (v1, g(t, x, z)ve) and consider the Taylor expansion of g(¢, z, w) = g(t, x, z—g(t, x, z)-
v) in the point (¢, z,g(x, 2)):

gt z,w) = g(t,x,2) — g(t,x,2) -v-0,9(t,x,2) +g(t,z,2)* - h(t,z), (35)

where h(t,z) € x - C[[t,z]]*. We can now factor out g(t,x, z) to get
g(t,z,w) =g(t,z,2) (1 +v-0q(t,x, 2) + h(t,x)), (36)
and (14 v -0,9(t,x, z) + h(t,x)) is invertible. Hence, the two ideals are the same. O
Note that this also shows that g(¢,z,w) is z,-regular of order d. We can therefore rewrite (34) as

zi = a;(t,x) - g(t,x,w) +w; forz; €2
2 " (37)
zi = ai(t,z) - g(t,x,w)* +w; forz; €z",

where the a;(¢, ) are once again elements of z-K][[t, z]]. We will also leave out the ¢ and x arguments
of the a; for the rest of the proof.

Let a’ be the vector of all a; for which the corresponding z; € z’, and a” denote the vector of
those for which the corresponding z; € z”’. Furthermore, let a = (¢/, g(¢,x, w)a”). Now consider

the Taylor expansion of ¢(t,z,2) = q(t,z,a - g(t,x,w) + w) in the point (¢, z, w):
q(taxa w) +a- g(tvxaw) ' azq(taxa w) + g(tv'raw) ! u(taxa a7g(‘ra w)) =0 (38)

where u(t,z, A, G) is a convergent power series in t,z, A = (A’, A”), and G. Furthermore, v is at

least quadratic in A. As g = 0,/q is a maximal minor of 0,q, we can write the diagonal matrix
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g - 1, as the product of 0,-¢ and its adjoint matrix 0},q. We can use this fact to get

g(t,l’,ﬂ))2 : u(t,x,a,g(t,x,w)) =

(39)
g(t,z,w) - Oxq(t,x,w) - Oq(t,z,w) - u(t,z,a,9(t,z,w))
and
a-g(t,x,w) - Oq(t,x,w) =
g(t,l’,lﬂ) : [Z 8qu(t7x?w) Cai + Z azi‘](tax,w) © Qg 'g(t,iL’,’lU)] = (40)
z;, €z’ z;€2"
g(t,x,w) ! 821Q(t7xaw) ' [CL/ + az//q(ta‘T,w) : a// : a;"](t’wi)}

Combine this with (38) to get

Q(taxaw) + g(t7I,IU) : 8z/q($,'LU) : ‘I’(t,x,a’,a”,w) = 07 (41)

where

O(t,x, A", A" w) = (M +0%q(t, x,w) -u(t, x,w, g(t,x,w)-A" g(t,x,w))+0%q(t,x,w) - Oprq(t,x,w)- A"
(42)
Then @ is convergent, vanishing in zero, and 94, ®(0,0,0,0,0) does not vanish and is therefore

invertible. Setting b(t,z,w) = &(t,x,a’,a",w) we get, that
Q(t7 xz, ’LU) + g(ta Z, w) ' az’Q(ta z, ’U)) . b(t7 Zz, U}) = 07 (43)

and equivalently
85q(t,z,w) - q(t,z,w) + g(t, x,w)* - b(t,z,w) = 0. (44)

Thus, 87,q(t,z,w) - q(t,z,w) is in the ideal generated by g(¢,z,w)?. This ideal membership can
be reformulated to a system of equations by using the Weierstrass division in the ring C[[¢]]“z” to
divide q(t,z,w) by g(t,x,w)? (with respect to x,) and setting the remainder, which is polynomial
in x,, to zero. By comparing coefficients in z,, this leads to a finite system of equations in z’. Now
assume we are given a solution in the ring C[[t]]“z’” of this system of equations. It will give us a
power series w = (wy, ..., ws) that is polynomial in z,, and a power series b(t, z,w) € C[[t]]“x,w”
such that

q(t, z,w) + g(t, z,w)? - b(t, z,w) = 0. (45)
Now consider the algebraic respectively convergent equation
U(t,z, A A") =d(t,x, A, A", w) — b(t,z,w) = 0. (46)
As mentioned above d4/® is invertible, hence 04/ V¥ is as well. If we now choose any power series
a'’ € C[[t]]“=”, we can apply the implicit function theorem to ¥(¢,z, A’,a”, w) to get a unique
algebraic respectively convergent power series a’ € C[[t]]“z”* such that
O(t,x,a’,a",w) = b(t, z,w). (47)
Setting a = (a, g(z, w) - a’"), we can repeat (39) and (40) in reverse order to get

g(t,z,w) +a - glt,z,w) - Opq(t, x,w) + g(t,z,w)* - u(t,z,a,g(t,z,w)) =0. (48)
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Finally setting z; = a; - g(¢, ¢, w) + w; and repeating the proof of the lemma 4.2, we get that the
left-hand side of (48) is the Taylor expansion of (¢, x, z). Therefore, our newly constructed z is a
solution of q.

Step 2 We can now use this reduction to use induction on the number n of x variables to prove
the general statement. The case n = 0 is trivial, as in this case the formal solution z(¢t, z) is only

dependent on ¢ and therefore this case is covered by Artin’s approximation theorem (cf. [Art68]).

Now assume the statement proven for all natural numbers smaller than n — 1 and let x =
(x1,...,2pn), 2 = (21,...,2k) and ¢ € C[[t]]“x,y"". Assume we are given a formal solution
Z(x) € (t,z)K[[x,t]]*. For the following, let w(x) and @”(x) be derived from Z(z) like in step

1. This leads to a system of equations in 2’, to which the vector of coefficients €;;(x’) of

2d 2d
0= en()al,. ... el
=0 =0

is a formal solution. We can now apply induction to get a solution given by e;;(z’) € C[[t]]“z"”
where the e;; approximate the €;; up to degree c. Setting w;(z) = 21210 eq(x")z!, and choosing
a”(z) to be the truncation of a”(z) at degree ¢, we will get a solution z(z) € Cl[[t]]“z” of ¢(z,y)

that approximates z(x) up to degree ¢ by construction. O

4.3 The proof of theorem 12

We are now finally prepared to prove theorem 12:

Proof. So let f(t,z,y,z) € C" be a system of equations with a nested solution %(¢),z(¢,x) and
let ¢ be a natural number. f can be interpreted as an element of C[[t]]“z,2” by fixing the 3(¢)
and therefore theorem 14 can be applied to approximate Z(¢,z) within C[[¢]]“2”. This leads to a

solution Z(¢,z) € C[[t]]“2”*, where
Zi(t,r) = Z;(t,z) mod (t,z)°*

for i = 1,...,k. These z;(t,z) can be written as >, gji(ﬁ)mi, where Yo 9;i(Z)z" € C{H,z}
and h = (ﬁl(t), o ,ﬁs(t)) € (t)C[[t]]. We can rewrite these as Zi>0pi(ﬁ(t))xi, where ﬁ(t) =
(h1(t), ..., hs(t)) € C[[H]]".

We can now insert 2 into f(t,z,y, z) to get f(t,x,y,> ,~opi(h(t))xz") and expand this power series
in z to get Y. ;5 Pi(t,y, h)x’, where the P; are clements of C{t,y,h} as f is convergent. As the
ring C{¢,y, h} is noetherian, there is a finite J C N such that P; can be reduced to a finite system
{P; | j € J} for which (§(t),?) is a formal solution. We now apply theorem 1 to get a convergent
(y(t), h(t)) such that

7i(t) mod ()T fori=1,...,m

yi(t)
hji(t) = ﬁj(t) mod (t)Tforj=1,...,s

and such that P;(t,y(t),h(t)) = 0Vj € J and therefore P;(t,y(t),h(t)) = OVi. Set z(t,xz) =
>is0gji(h)a’ fori =1,... k. Then by construction z(t,z) = (21(t,x),. .., zx(t,2)) is a convergent
power series vector with f(t, z,y(t), 2(t,z)) = 0 and

zi(t,x) = Z(t,x) = Zi(t,z) mod (¢, )T fori=1,...,k.
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Hence, z(t,x) and y(¢,z) are as required.
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5 (Gabrielov’s counterexample for convergent nested approx-
imation

As mentioned above, the convergent case of theorem 2 does not hold in general. Thus, this section
will present Gabrielov’s (cf. [Gab71]) counterexample. It is given by looking at relations between
convergent power series:

Let K be a valued field and let fi(x),..., fm(x) € K{z} be algebraic equations. We denote by

Rel(fi,..., fm) = {r(y) € K{yr,.. ., ym} [ 7(f1, -, fm) = 0)}

and
Rel(fi,..., fm) =A{7(y) € K[y, ..., ym]] | T(f1, .-, fm) = 0)}
the module of analytic and respectively formal relations of (f1,..., fm)-

By looking at the homomorphism

Q: [K{Z,y} - [K{l‘}, h(m’yla cee 7ym) = h(mafl(x)a < -vfm(x))a

one can see that Rel(f1,...,fm) C kera, i.e. r € Rel(fi,..., fm) is an element of the ideal
I generated by (y1 — fi(x),...,ym — fm(x)) of K{z,y}. One can show in the same way that
7€ Rel(f1,. .., fm) is in the ideal T of K[[z, y]] generated once again by (y1— f1(z), . . ., Ym — fm (z)).
Therefore for r(y) € Rel(f1,..., fm) and 7(y) € I/{a(fl, .+« fm) there holds

= Zai(x,y) “(yi — fi(x))

- Za}(:my) (yi — fi(x)),

for some convergent power series a; € K{z,y} and formal power series a; € K[[z,y]]. Now as-
sume there is a convergent power series r(y) and some formal power series @;(x,y) such that
r(y) = Yot ai(z,y) - (yi — fi(z)). If we can find an example where there are no convergent
a1(z,y),...,am(z,y) such that Y1, a;(x,y) - (y; — fi(x)), then this leads to a counterexample of
theorem 2 with the convergent equation E(z,y, R, A) = R—>."" | A; - (y; — fi(x)), which has the
formal nested solution r(y) and ay(x,y),...am(z,y).

Gabrielov found an explicit example. Let @ = (z1,x2) and let f1, fo, f3 be the following convergent

functions:

fi(z) =21, folz) =z1- 22, f3(x) =21 22 €™

Then there are no non trivial relations between f1, f> and f3 (cf. [E65]) p.115). We now define the

power series
—1 i

y .
O (y1, Y2, y3) = y1 ! y3—z L 2-

‘We now note that

k=1 7,+k+1

k R Zt .
O (f1(2), fo(@), f3(x)) = af - $2e$2_z(i1_71)2!:$1'x2'(z Z? Zi Z +I<:

i=1 i>0 i=0 i>0

I\DN
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Thus setting P(y1,v2,93) = Y1 k! - @r(y1,92,93) € Clly1, 2, y3]], we can define

fa(@) = P(fi(2), fal2), f5(2)) = 3 Y (Zf'k)'xk i

k>1i>0

Then f4(z) is a convergent power series, however, P(y1,y2,ys) is only formal and not covergent.
Thus

(Y1, 92,93, y4) = ya — P(y1,92,y3)

is a formal realtion between the convergent power series fi(x), fa(x), f3(z) and f4(z). The claim
is, that there exists no non-trivial convergent solution. Therefore, we assume the existence of such
a convergent relation r(y1,y2,ys, y4), which without loss of generality is irreducible (otherwise if
0 = r(fi(z), f2(2), fs(2), fa(@)) = r1(f1(2), fa(z), f3(x), fa(2)) - r2(f1(2), f2(2), f5(2), fa(x)) and
thus, as rings of power series are an integral domain, either r1(f1(z), f2(z), f3(x), fa(x)) = 0 or
ro(f1(x), fa(x), f3(x), fa(x)) = 0). As T is ys-regular of order 1, we can use Weierstrass division to

write r(y) uniquely as

(Y1, ya) = alyr, -5 ya) T, -5 ya) +0(Y1, y2, ¥3),

for some formal power series a € C[[y1,...,y4]] and b € C[[y1,...,ys]]. Substituting y; for f;(z)
leads to 0 = b(f1(x), fa(x), f3(x)), as both r and 7 are relations of the f;(z). However, as mentioned
before, there are no relations between the f;, and thus b = 0 and 7 divides r. Consequently, a(y)
is a unit, as r was assumed to be irreducible. This implies furthermore that r(y) is ys4-regular of

order 1 as well and hence by WPT there is a unit ¢(y) such that r can be uniquely written as

c(y) - r(y) = ya — P(y1,92,y3)-

The unigeness implies that P = P and thus r(y) is not convergent, contradicting the assumption.
While this counterexample may seem random, there is actually a way to construct such counter
examples. For details see [ACJHK18].
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6 A proof-sketch for Popescu’s nested approximation theo-

rem

The goal of this chapter is to give a sketch of how theorem 2 is proven in general. The proofs in
this chapter are in line with [Spi99]. The proof relies on Popescu’s theorem on smoothing ring
homomorphisms, which will not be proven here but rather taken as a blackbox. Proofs can be
found in [Pop86] and [Spi99]. In order to state said theorem, we need the following definitions of

smooth and regular ring extensions:

Definition 6.1 ([Mat70] p.34). Let A be a commutative ring and B an A-module. Furthermore,
let
S:...oN—=>N > N'"— ...

be a sequence of A-modules. B is called flat A-module if the sequence
S®AMI...—>N@AM—>N/®AM—>NH®AM—>...

1s exact whenever S is exact.
Let ¢ : A — C be a homomorphism of commutative rings. ¢ is called flat if it makes C a flat
A-module.

Definition 6.2 ([Mat70] p.89). Let (A,m) be a noetherian local ring. A is called regular if the
minimal number of generators of m is the same as the Krull dimension of A.

A noetherian ring B is called regular if the localization at every of its prime ideals is reqular.

Definition 6.3 ([Mat70] p.248). Let A be a commutative ring containing a field K. A is called

geometrically reqular over K if for any finite extension K' the ring A @y K’ is a regular ring.

Definition 6.4 ([Mat70] p.249). A homomorphism ¢ : A — B between commutative rings is called

reqular if
1. ¢ is flat

2. and for every p primeideal of A the fibre B®4 K(p) is geometrically regular over K(p), where
K(p) denotes the residue field of p.

In this case we also say that B is regular over A.

A noetherian ring A is called a G-ring if for all p primeideals of A the canonical map
o:A, = :4\,3
s reqular, where ;1; denotes the p-adic completion of A,.

With these definitions we can now state Popescu’s theorem:

Theorem 15 (Popescu’s Theorem [Pop86]). Consider the following commutative diagram of ring

homomorphisms:
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o

A——— B

3

o)
—
N
©
S~—

C

Assume that C is a finitely generated A-algebra and o is reqular. Then there exists D a smooth
finitely generated A-algebra and ring homomorphisms ¢ : C — D and ¢ : D — B such that the

commutative diagram (49) can be extended to:

Sy

Q——F—=n
Je\ = J(q
<
_
=
=

!

We will first prove an analogon of theorem 1 using Popescu’s theorem, which will later on be used to
prove theorem 2. For that, let (A, m) be a Henselian G-ring and let f = (f1,..., fr) € A[Y1,...,Yn]
be a system of polynomial equations with “formal” solutions ¥, ..., Jm € A where A is the m-adic
completion of A. Let J be the ideal defined by fi,..., fr € A[Y1,...,Y,,] and let C denote the
ring A[Y1,...,Y,,]/J. Notice that the solutions ¥1, ..., Jm define a homomorphism p: C' — g, ie.

the setting is the following commutative diagram:

o)

Qe b
w
=

The ring A has the approximation property if there exists a homomorphism p : C' — A agreeing
with p modulo m¢ for every ¢ € N. Notice that p is of the form Y; — y; for some y; € A. If
such a p exists that means that f(y1,...,4m,) = 0 for all f € J. Hence, p gives a solution to the
approximation problem.

As we have assumed A to be a G-ring we can — after applying theorem 15 — replace C with a
smooth ring D. In the following, we will once again assume that D is a complete intersection —
for details see [Spi99] p.407. The algebraic concept of smooth is related to that of submersions in
geometry. The idea is now to replace the smooth ring D with an étale E which corresponds to

what is the local normal form of a submersion in geometry.

Proposition 2 ([Spi99] p.438). Let o : A — B be a homomorphism of commutative rings and D
be a smooth A algebra of finite type, which is a complete intersection. Furthermore, let ¢ : D — B
be an A-algebra homomorphism and let J be an ideal of A such that (D) C 6(A) 4+ JB and such
that elements of (D) N (1 + JB) are units in B. Let A[Y1,...,Y,,]/I be a representation of D

33



and let r be the height of I.
Then there exists a smooth finite Type A Algebra that is étale over the polynomial ring A[Yr41,...,Yn].

Proof. Let D be given as above,I = (f1,..., f.), and g—i denote the matrix (gi ). As D is smooth,

there holds AyD = D and hence there is a matrix G = (¢;;)1<i<n,1<j<r such that %G =1Id, is
the identity matrix.

Now introduce new variables t = (¢1,...,t,) and consider the ring D[t]. Then ¢ can be extended
to DJt] via t; — 0.

By assumption, ¢(D) C ¢(A) + JB and thus there are elements a;; € A such that ¥(g;;) =
o(a;;) mod JB. Let Gy be the matrix with entries a;;, then by construction there holds w(%)GO =
Id, mod JB. Hence, the determinant of ¢(%)Go = 1 mod JB and is thus by assumption a unit
in B. Now let z :detg—iGo. As (x) is invertible, 1 can be extended to DJ[t];. One can then
easily verify that DJt], has the required properties after applying a linear change of variables

r
U; = Uy — Zj:l aijtj. O

Note that this step is explicitly done using Neron-desingularization in [Art69]. We can now use

this to show theorem 1 in the following case:

Theorem 16 (Approximation property of Henselian rings). Let (A,m) be a Henselian G-ring
and let C = AY1,..., Y]/ (f1,..., fr) correspond to a system of equation with formal solution
p:C— A. Then for every ¢ € N there exists a solution p : C' — A that agrees with p modulo m®.

Proof. Using theorem 15 we can first assume C to be smooth over A as A is a G-ring and C'
is of finite representation. As said above, we can assume (fi,..., f.) to be a complete inter-
section. The maximal ideal @ of A satisfies the required properties of J in the assumptions of
proposition 2. Hence, we can assume C' to be étale over A[Y,41,...,Ys] (i.e. C is of the form
AlYri1, - Yllte, - tkln /(g1 - - -, gs), where h € A[Y 41 ..., Y, t1,...,t;] and the determinant

of the Jacobian matrix (gfi) is invertible in C).
J

Now fix ¢ € N and choose elements z, 11, ..., T, € A such that z; —p(¥;) € mcA. We then consider

C'=C/(Yr41 — Trg1s-- -, Y — Ty). It is of finite representation over A and its Jacobian matrix

<Idm—r+1 0 >
dg; :
M o

Thus, its determinant is invertible in C’ and C’ is an étale algebra over A. We now define p via
p(Y;) = a; for r+1 < ¢ < m. Note, that as C is étale over A[Y,;1...,Yy], the values of p(x;)

is of the form

for 1 < j < r are already determined by the values of p(xy41),...p(2m). As pis a solution and
p(x;) = p(z;) mod m, the map p defines a section C' — A/m°. It therefore especially defines a
section C' — A/m which lifts to A by the Henselian property of A. O

The goal is now to use this method of proof to show theorem 2. This is done by first generalizing
theorem 15 and proposition 2 to a “nested” system. For that we consider diagrams of the following

form:
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- - -

c, — 0, —2 oy =C (52)
A P P

B —2 g, P v P g _p

In the notation of theorem 2, the k£ will correspond to the number of nests, the A; will corresponds
to the K(z1,...,2,,) and the B; will correspond to the according rings of formal power series.
Finally, the g; will induce the p; and the C; will be A;_1[y;]/J, where J is the ideal generated by
the kernel of the substitution homomorphism y; — 7;. As all the proofs and arguments below are
induction arguments, we will consider the case k = 2. We first generalize Popescu’s theorem and

proposition 2 in the following way:

Theorem 17 (Teissier cf.[Spi99] p.439-441). Consider the following diagram of noetherian rings

A1L>A2:A

c, —21 5 c=C (53)
p1 P

B, —" . B,=B
Assume that the C; are of finite type over the A;. Further, let A} = Ay and Ay = Ay ®4, By
and assume that A, is noetherian and the induced o; : A, — B; are regular. Then there exist Dq

smooth of finite type over A1 and Dy smooth of finite type over D1 ® o, Aa such that the diagram
can be extended to

$q o5 (54)

D, —2 s Dy=D

vy Wy

B —" . B -8B
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If there once again exists an ideal J C A such that for J; = A;NJ: Elements of 1 + J;B; are units
of B; and % & JiBéi then D1, Dy can once again be replaced by D7, Dy such that Dy is étale over
A1Yri 41y - - s YUmy | and Da is étale over D1 @4, Aa[Yrot1,-- -, Ymy), Where r; is the height of the

ideal defining D;.

For k > 2 one generalizes to A; = A; ® 4,_, B;—1, D; smooth of finite type over D;_1 ®4, , A; and
D; étale over D;—1 ®4, | AilYrit1s- -3 Yms)-
As mentioned above, the general proof is via induction on k, where the base case k = 1 is exactly

theorem 15 and proposition 2. We therefore only prove the induction step for k = 2.

Proof. Consider the diagram

po (55)
Cy®4, B1

where 71, py are the maps induced by 71, p; and ¢4 = pl, o 7{. Then by assumption the map o}
is regular. As C5 is of finite type over As, the ring Cy ® 4, Bj is of finite type over Af. By the
base case, there exists a D’ smooth over A) (or respectivly étale over A;[yr11,...,ym]) such that

P4 factors through D’:

’
O3

A, "

—~

g (56)

Co®a, By —2— D/

The idea is to replace By with a finite type p;(C1) subalgebra C’ of B, such that both the maps

71 and @’ are defined over C’, i.e. we consider the diagram

Ay ®4, C' —— By

(57)
Co®a, O —2 D

where D is smooth over Ay ® 4, C' (resp. étale over Ay ®4, C'[y] where y is like above). We can

finally consider the diagram
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Ay

B,y

and use induction to get a Dy of the wanted form. We can now set Dy = D ®Qcr D1. As Dy is
smooth over C” (or respectively étale over a suited polynomial ring C'[y]) and D is smooth over
Ao ®4, C" (resp. étale over a suited As ®4, C'[y]), the ring D is smooth over As ® 4, Dy (or
respectively étale over As @4, D1[UYrg, - - s YUms))-

Hence, the statement is proven if we find maps Co — Dy and Dy — Bs making the diagram 54
commute. For the first map consider the composition of the maps Co — Cy ®4, C',z — 2 ® 1,
®:Cy®4, C'Dand D — Dy, x® 1. The map Dy — By is obtained from the maps Dy — By
and D — Bs. O]

As said above, the general case is proven via induction on k. However, one always just uses the base

step using the obvious replacements except in the step 58 where one would consider the diagram

A1 A2 A Ak_g e Ak—l
C1 CQ Ck72 — (59)
Bl BQ e Bk,Q e Bk,1

Under the right assumptions, this nested “smoothing” now gives us a way to finally prove theorem
2:

Theorem 18 (Nested approximation for Henselian systems, cf. [Spi99] p. 441). Consider a
diagram like in 53 with all the assumptions made in theorem 17. Furthermore, assume that there
18 an ideal m C A such that for m; = m N A; the m;-adic completion Ez of A; and the m;B;-adic
completion §1 of B; satisfy A; = B; and such that (4;,m;) is a Henselian G-ring. Then for any
¢ € N there exists a p: C — A such that

1. p agrees with p mod m¢ and
2 p(Ch) C (A)).

Once again the theorem has been stated for the case kK = 2 but the proof works recursively over k

and we will hence only indicate the case k = 2.
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Proof. As the (A;,m;) are Henselian G-rings, we may assume using theorem 17 that C is étale
over A1 [Yri41,---,Ym,) and Cy is étale over C1 ®4, A2[Yryt1,- - Ym,)- We can now — after fixing
¢ € N — construct p; : C1 — A; agreeing with p3 mod m§ the same way as in the proof of Artin
Approximation for Henselian rings. The map ayop; : C7 — Az induces a map p3 : C1®4, Ag — As.
As Cs is étale over Cy ®4, A2[Yryt1s- -, Yms), One can extend pa to ps : Cy — As by prescribing
values for y; for ro +1 < j < mg. This is once again done in the same way it was done for the
case k = 1: Take elements z; € As such that z; = p(y;) mod m§ and use the Henselian property of

As to lift the section Co/(Yry41 — Tryt1y- -« s Ymg — Tmy) — Aa/m§ to p: Cy — As. O

It only remains to show that this actually proves theorem 2: Consider a system of equations with
formal solutions like in the assumptions of said theorem. After applying lemma 2.2, we may assume
that f is a polynomial system. Let y = (y1,...,Ymys-- -, Ym,) be a numbering such that 41, ..., Ym,
only depend on z1,...,x,, (ie. Y1,...,Um; € Kl[x1,...,2n,]] = B;). We can then consider 4;
to be the rings K(z1,...,x,,) with the maximal ideals m; = (z1,...,%,,). Then there holds that
(A;,m;) are Henselian G-rings and A\Z = Ei = B;, where 21\1 is the m;-adic completion of A; and

B; is analogous. Furthermore, (z1,...,2,,) satisfies the assumption of theorem 17 that the units

of B; are the elements of the form 1+ m;B; as (K[[z1,...,Zn,]], (1,...,2s,)) is a local ring and

Ai - [K<.’E17... [K[[xlvvx’m]] _ BZ

A Tn) oy _
m; (371,...,337”) (371,...,337”) miBi

2

Now consider I; to be the ideal generating the kernel of K{z1, ..., Zn,, y1,. -, Ym,) = K[[z1, ..., 20,]],
y; — Yi(z). After applying theorem 10 we can assume the I; to be generated by Polynomials. Now
let C; := A;[y1,...,Ym,;]/I;- Then the C; are of finite representation over A; and have a morphism
pi : C; — B; defined once again via y; — 3;(z).

Finally, let A} = Ay and Ay = A; ®4,_, Bi—1 for 2 <i < k. Le.

Ait = K{x1, ..., Tn,) O (1. Em,_,) K[[z1, .- @n;_,]]-

Thus, the maps o : A, — B, are regular (cf. [Sta24]). Hence, the theorem above holds and there
is a solution morphism p : K(x)[y]/f = K(x) agreeing with p up to an arbitrarily high degree such
that p(C;) C A;, which means the solution y(x) induced by the images of the y; under p is nested.
Note that in the convergent case the rings which would correspond to the C; above must not be

of finite representation and thus the proof does not work in this case.
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7 Strong Artin approximation

When talking about the approximation property of rings, one should mention also the notion of

the strong approximation property.

Theorem 19 (Strong Artin approximation [Art69]). Let f(x,y) € K{x,y}" be a vector of conver-
gent (or resp. algebraic) power series in two sets of variables x and y. Then there exists a function
B : N = N such that for any ¢ € N and any solution y of f at order (c), i.e.

f(@,y(z) = 0) mod (z)”,
there exists a convergent power series solution y(z) € K{z}™ (or resp. K(z)™),
fz,y(x)) =0,
which coincides with y(x) up to degree c,
y(z) = §(z) mod (x)°+.

This theorem holds also in a much more general setting than just in power series rings over fields.
[Gre66] showed that for any Henselian discrete valuation ring V such that Quot(V) — Quot(\/}) is
separable, the strong approximation property holds in V[y]. [Pop86] and [PP75] proved that also
polynomial rings over complete local rings have the strong approximation property, while [Wav75]
showed that the same holds for systems of analytic equations. [DL80] proved that Weierstrass
systems also have the strong approximation property. For a proof of theorem 19 see [Art69] or
[Ron18] pp.34.

We will only give a proof for the following theorem, telling that if we have a solution to an
arbitrarily high degree, we have a solution in general. But first we need some new notions: Let
x = (x1,...,2n) and z = (21,..., zn) be two sets of multivariables, and let G : C[[z]]? — C[[#]]?

be a map. Then G is called polyfinite if
1. G is continuous with respect to the Krull-topology and

2. for every [ € N there exists a k € N such that the restriction
G+ Cl[]]P/(x)*+! — C[[])7/ (=)™

is a polynomial map.

Let y = (y1,...,Yp) € C[[x]]P, where y; = > cpn Yiox'. One can expand G(y) as power series in
z to get Gj(y) = D 550 Gj,B(y)z? for j = 1,...,q. Then condition 2) implies that G (y) is a
polynomial in only finite many y,,.

For example, if 2 = z and n = m = 1 the map y(z) — g(z,y(z),y' (z),...,y D (z)) with g €
Clz,Y1,...,Ya41] is a polyfinite map. This means the following theorem holds for more general
system of equations then theorem 19, however it just tells us the existence of a solution, that does

not have to approximate the solutions to a given degree.

Theorem 20. Let G : C[[z]]? — C[[2]]? be a polyfinite map. Then there exists h € N depending
on G such that:
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if there is a solution y € Cl[z]]P of G(y) =0 up to degree h+ 1, i.e.
G(§) =0 mod ()1,

then there already exists a solution y € C[[z]]? with G(y) = 0.

While there is a shorter proof of this theorem using non standarad algebra (cf. [AvdDvdH23]) we

want to give a proof going back to [Mor01]. It requires the following theorems:

Lemma 7.1 (Chevalley). Let a: X =Y be a dominant morphism of finite type of affine schemes
X and Y over a field K. Then a(X) contains a non empty open set of Y.

A proof for this Lemma can be found in [Mat70].

Proof of theorem 20. Let R = C[[z]]P, Ry, = R/(2**1), and 7, : R — Ry, be the projection map.

As G is continuous, there holds
v —y—=0=G) - Gy) =0,
i.e. there exists a sequence (myg)gen — 00 such that
Y =y mod (1) = G(y') = Gly) mod (:)™+1.

Now let
Vie=me({y € R|ord G(y) = (mx)}).

Then Vi, C Ry, is a Zariski-closed set as G is a polyfinite map.

Let [ > k be a natural number and y € R; and let m : By — Ry be the projection map.
Then 71 (y) = § = y mod (zF*!) and therefore G(y) = G(y) mod (2™**1). Now if y € V;., then
ordG(y) > m; > my,. Hence, the restriction 7 : Vi — Vi is well-defined. Therefore,

Vie O M1, (Vier1) 2 Trgok(Vier2) 2 ...

is a descending chain of closed sets in V. As the Z-topology on Vj is noetherian, there exists
sk € N such that VI > sg, : Wy, := 7, £ (Vs ) = m.6(V1).

Now let [ > k and W) = 7y (Vi) with I’ > s;, si,. Then

m(Wh) = m (e (Vi) = mp 1o (Vir) = W

Hence, the restriction m;  : W; — W, is well-defined and dominant (has dense image).

Now look at the case k = 0 and choose h > sg. By assumption, 3y € R such that G(y) = 0 mod
(2"*1). Le. ord G(y) > h+1 > so. Hence, 4, () € Vs, and therefore, 70(9) = Tso.0(7s, (7)) € Wo.
This shows that Wy is non-empty and consequently all W, are non-empty, as they have dense
image in Wj.

Using lemma 7.1, the image of m; ¢ : W; — W, contains an open set as it is dominant. As W)
with the Zariski topology is a Bair-space, Uy = |J;~ m1,0(W;) is non-empty and dense. If & is once
again arbitrary, similarly for [ > sj the V; are closed and have dense image in W}, and once again
by Chevalley’s theorem Uy = UIZSk m,6(Wi) C Wy, is dense. Now let I’ > k. We can assume that

sy > sk, and as m (V) is a descending chain in Wy, one can rewrite U = UlZSu me(Wy) =
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Ulzsl/ m (M, (W)). Thus, the restriction m  : Uy — Uy is onto, and hence, any element of Uy,
successfully lifts to an element of U; C V; for all L > k. By construction of V;, this limit is a power
series and a solution as m; — oo.

O
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8 Application

8.1 Polynomial systems with one catalytic variable

This chapter will be about 2 applications of Popescu’s nested approximation theorem. The first
of these will be about showing algebraicity of certain generating functions in combinatorics. The
notions will be in line with [BMJ05]. We begin this chapter with an easy example for motivation:
Generalized Dyck paths. We want to count the number of walks with n steps consisting of (1,1)
and (1,-1) in N?. Let a, be the number of such walks with n steps ending in (n,k) and let
F(t,z) := a1 t"x" be its generating function. One easily sees that the generating function satisfies

the following equation
t
F(t,z) =1+ txF(t,z)+ — (F(t,z) — F(t,0)), (60)
x

One arrives at this formula at considering the last step of a walk. The one corresponds to the empty
path, the second term corresponds to the case where the last step taken was (1,1) and the third
term corresponds to (1, —1) taking in account that at this point k¥ can not be zero. Furthermore,
the case £ = 0 is well known as the Dyck paths, for which it is known that as, ¢ is the n-th catalan

number. With similar argumentation, one gets that

1—+1—4¢2

F(t,O) = 242 »

which is clearly an algebraic function, as it satisfies the equation
4t4F(t,0)% — 482 F(t,0) + 4t°.

We are interested whether F'(t,z) is an algebraic power series as well.

We now consider the equation 60 but replace F(¢,0) with an arbitrary F(¢) and end up with

F(t,z) =1+ tzF(t,x) + t (F(t,z) — Fi(t)) .

xT

We can see that this already determines F'(t,z) uniquely as multiplying both sides with = and

setting © = 0 we get that Fy(¢t) = F(¢,0). However, this means we have the algebraic power series
P(t,z,F,F\) =z + t2*F + 2(F — F|) — zF

with formal nested solution F'(¢,z) and F}(t). Using Popescu’s nested approximation theorem, we
get that for any ¢ € N the existence of algebraic solutions .F(t, ), .Fy(t) agreeing with F' and F}
up to degree c. However, as P uniquely determines F' and Fy, we get that .F'(¢t,2) = F(t,z) and
F1(t) = Fi(t) and thus F(t,x) is algebraic as well.

We now generalize the motivational example: We consider m-tuples of power series

F(t,z), Fi(t),..., Fn(t) determined uniquely by a polynomial equation P in x and t. We call such

systems a polynomial system in one catalytic variable z. Then we have the following:

Lemma 8.1 (Bousquet-Mélou, Jehanne). Let P(t,z, F, Fy,..., Fy,) be a polynomial system in one

catalytic variable x. Then F(t,z) and Fi(t),..., Fy(t) are algebraic power series.

The proof is analogous to the case of the generalized Dyck paths.
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This is indeed a useful theorem as these polynomial systems in one catalytic variable arise in
several cases in combinatorics, e.g. planar maps and quadrangular dissections of the disk (for
details see [BMJO05] chapter 3). The proof given by Bousquet-Mélou and Jehanne actually does
not use popescu’s nested approximation theorem, and is therefore longer. However, it has the
advantage of giving an explicit minimal polynomial for F(t, z), Fi(t),..., F,(t). As we always
only have a single variable ¢ and two nests, here one can actually use the simpler version of nested
approximation stated in chapter 4. Furthermore, by nature of these generating functions, one
usually has an equation of the form z?F(t,x) = P(t,x, F(t,z), Fi(t),..., Fyn(t)). Thus, the first
derivative with respect to F' contains the term 2% and is hence z-regular. Therfore, one does not

even need the Neron-desingularisation.

8.2 Decomposition of algebraic space germs

A second application of nested approximation comes in the field of decomposition of analytic germs.
Tt is in line with [Haul7] p.623. We call an analytic germ (X, 0) over a valued field K decomposable
if it can be written as a Cartesian product (X, 0) = (Z1,0) x (Z2,0) for some (Z1,0), (Z2,0) positive
dimensional analytic germs. We call (X, 0) incomposable if no such (Z,0), (Z2,0) exist. One can
show that such decompositions are unique up to isomorphism (for more details, see [Hau90]).

We are now interested in the following question: Let (X, 0) be an analytic germ defined by algebraic
power series and assume that (X,0) = (Z1,0) x (Z2,0) where (Z;,0) are formal spaces. Does there
also exist a factorization of (X,0) into a product defined by algebraic equations. The answer to
this question is affirmative, and the proof will use nested approximation.

Let (X,0) be defined by the algebraic equations, fi, ..., f, and let J C K(x) be the according ideal.
Further, let I be the completion of J in K[[z]]. By assumption, we can separate x into two sets of
variables x1, zo such that there is a formal automorphism ¢ of K[[z]] with ¢(I)(x) = I (z1) + Iz(x2)
for some ideals I; C K][[z;]]. We encode the components of ¢(x;) in a vector ¢(x). Then the above
decomposition is equivalent to the existence of a 2r x r matrix A = (A1, Az) € Ma, . (K[[z]]) such
that

Ay - fle(z) = f(p(21,0)),
Ay flo()) = fp(1,0)).

Both these equations are examples of nested systems of equations (the first one is nested with
(z1) C (21, x2) and the second with (x2) C (x1,x2)). As the f; are algebraic, we can use Popescu’s
nested approximation theorem to get two automorphisms v, 12 of K(z) with corresponding vectors
01,02 and two matrices By, Bo € M, (K[[z]] such that

Bj - flo(x)) = f(o(x;)).

Taking the inverses ¥; of ¢, and writing them as ¥; = (¥, Uy;) one can show that (¥, U22)

is once again an automorphism with inverse p that satisfies
BjoWjop-(fop)=foo,

and thus the claim follows as the o; are algebraic.

43



References

[ACJH14]

[ACJHK18]

[AMG65]

[AMRO2]

[Art68]

[Art69)

[AvdDvdH23|

[BMJO5)]

[DL8O]

[DL87]

[E65]

[GabT1]

[GRT1]

[Gre66]

[Hau90]

[Haul7]

[Hau20)

M.E. Alonso, F.J. Castro-Jiménez, and H. Hauser. Encoding algebraic power series.
2014.

Mariemi E. Alonso, Francisco J. Castro-Jiménez, Herwig Hauser, and Christoph
Koutschan. Echelons of power series and gabrielov’s counterexample to nested lin-
ear artin approximation: Echelons of power series and gabrielov’s counterexample.
Bulletin of the London Mathematical Society, 50(4):649-662, 2018.

M. Artin and B. Mazur. On periodic points. Annals of Mathematics, 81(1):82-99,
1965.

Maria Emilia Alonso, Teo Mora, and Mario Raimondo. A computational model for

algebraic power series. Journal of Pure and Applied Algebra, 77(1):1-38, 1992.

Michael Artin. On the solutions of analytic equations. Inventiones mathematicae,
5:277-291, 1968.

Michael F. Artin. Algebraic approximation of structures over complete local rings.
Publications Mathématiques de l’IHE’S, 36:23-58, 1969.

Matthias Aschenbrenner, Lou van den Dries, and Joris van der Hoeven. Maximal
hardy fields, 2023.

Mireille Bousquet-Mélou and Arnaud Jehanne. Polynomial equations with one cat-

alytic variable, algebraic series, and map enumeration, 2005.

J. Denef and L. Lipshitz. Ultraproducts and approximation in local rings. ii. Math-
ematische Annalen, 253:1-28, 1980.

J Denef and L Lipshitz. Algebraic power series and diagonals. Journal of Number
Theory, 26(1):46-67, 1987.

M. Erwe. Functions of Several Complex Variables [Russian translation]. Mir,
Moscow, 1965.

Andrei Gabrielov. Formal relations between analytic functions. Functional Analysis
and Its Applications, 5:318-319, 1971.

Hans Grauert and Reinhold Remmert. Analytische k-Stellenalgebren. Springer
Berlin Heidelberg, Berlin, Heidelberg, 1971.

Marvin J. Greenberg. Rational points in henselian discrete valuation rings. Publi-
cations Mathématiques de l’IHE’S, 31:59-64, 1966.

Miiller Gerd Hauser, Hedwig. The cancellation property for direct products of
analytic space germs. Mathematische Annalen, 286(1-3):209-224, 1990.

Herwig Hauser. The classical artin approximation theorems. Bulletin of the Amer-
ican Mathematical Society, 54(4):595-633, 2017.

Herwig Hauser. Algebraic and other nice power series. 2020.

44



[Hocl7]

[JP65]

[Lan05]

[LT70]

[Mat70]

[Mil80]

[Mor01]

[Mum99]

[Pop86]

[PP75]

[Ron18]

[Spi9g)]

[Stal8]

[Sta24]

[vdE90]

[vdW13]

[Wav75]

[Yur20]

Mel Hochster. Lecture 615 on commutative algebra.
http://www.math.lsa.umich.edu/~hochster/615W17/615.pdf, 2017. last vis-
ited: 13.07.2023.

Lafon J.-P. Series formelles algebriques. Comptes rendus de I’Académie des sciences,
260:3238-3241, 1965.

S. Lang. Algebra. Graduate Texts in Mathematics. Springer, Berlin, third, revised
edition, 2005.

F. Lazzeri and A Tognoli. A. alcune proprieta degli spazi algebrici. Annali della
Scuola Normale Superiore di Pisa - Scienze Fisiche e Matematiche, 24.4:597-632,
1970.

Hideyuki Matsumura. Commutative Algebra. W.A. Benjamin, 1970.
J. S. Milne. Etale Cohomology (PMS-33). Princeton University Press, 1980.

Shigefumi Mori. On a hyperplane section theorem of gurjar. Mathematische An-
nalen, 319(1):533-537, 2001.

David Mumford. The Red Book of Varieties and Schemes, volume 1358 of Lecture

Notes in Mathematics. Springer, Berlin, second, expanded edition, 1999.

Dorin Popescu. General néron desingularization and approximation. Nagoya Math-
ematical Journal, 104:85-115, 1986.

G. Pfister and D. Popescu. Die strenge approximationseigenschaft lokaler ringe.
Inventiones mathematicae, 30:145-174, 1975.

Guillaume Rond. Artin approximation. https://arxiv.org/pdf/1506.04717.
pdf, 2018.

Mark Spivakovsky. A new proof of d. popescu’s theorem on smoothing of ring

homomorphisms. American mathematical society, 12(2):381-444, 1999.

The Stacks Project Authors. Stacks Project. https://stacks.math.columbia.
edu/tag/00UE, 2018.

The Stacks project authors. The stacks project. https://stacks.math.columbia.
edu, 2024.

A.v.d. Essen. A criterion to decide if a polynomial map is invertible and to compute
the inverse. Communications in Algebra, 18(10):3183-3186, 1990.

Bartel Leendert van der Waerden. Algebra, volume 1. Springer, Ziirich, 2013.

John J. Wavrik. A theorem on solutions of analytic equations with applications to

deformations of complex structures. Mathematische Annalen, 216:127-142, 1975.

S. Yurkevich. Algebraic power series. 2020.

45



	Introduction and basic notions
	Basic notions of the power series rings
	The Weierstrass division theorem and its implications
	Henselian rings and henselization
	Encoding algebraic power series

	Basic techniques for working with systems of power series
	Proof of Artin's approximation theorem
	Proof for the simplest case
	The general proof

	Popescu's nested approximation theorem in the simplest case
	Neron-desingularisation
	The approximation Property of C[[t]]``x"
	The proof of theorem 12

	Gabrielov's counterexample for convergent nested approximation
	A proof-sketch for Popescu's nested approximation theorem
	Strong Artin approximation
	Application
	Polynomial systems with one catalytic variable
	Decomposition of algebraic space germs


