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Abstract

In this thesis we treat three topics situated in the Langlands program. Firstly, we prove
rationality results for critical values of L-functions attached to representations in the residual
spectrum of GL4(A). We use the Jacquet-Langlands correspondence to describe their partial
L-functions via cuspidal automorphic representations of the group GL5(A) over a quaternion
algebra. Using methods inspired by existing results of Grobner and Raghuram we are then
able to compute the critical values as a Shalika period up to a rational multiple. For the
second topic, let K, be a local non-archimedean field of residue characteristic p and F
an algebraic closure of a finite field of characteristic £ # p. We extend the results of [82]
concerning O-irreducible representations of inner forms of GL, (K,) to representations over
Fy. As applications, we compute the Godement-Jacquet L-factor for any smooth irreducible
representation over Fy, and show that the local factors of a representation agree with the
ones of its C-parameter defined in [74]. Moreover, we reprove that the classification of
irreducible representations via multisegments due to Vignéras and Minguez-Sécherre is indeed
exhaustive without using the results of [2]. We also characterize the irreducible constituents
of certain parabolically induced representations, as was already done by Zelevinsky over C.
Finally, as the last result of the thesis, we prove a conjecture of Kudla and Rallis, see [72,
Conjecture V.3.2]. Let x be a unitary character, s € C and W a symplectic vector space
over a non-archimedean field with symmetry group G(W). Denote by I(x,s) the degenerate
principal series representation of G(W @W). Pulling back I(, s) along the natural embedding
GW)xG(W) - G(W @& W) gives a representation Iy (x,s) of G(W) x G(W). Let w be
an irreducible smooth complex representation of G(W). We then prove

dime Home wyxcow) (Tww (x, s), 7@ 1) = 1.

We moreover give analogous statements for W orthogonal or unitary. This gives in particular
a new proof of the conservation relation of the local theta correspondence for symplectic-
orthogonal and unitary dual pairs.
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Zusammenfassung

In dieser Arbeit behandeln wir drei Themen, die im Langlands-Programm angesiedelt sind.
Erstens beweisen wir neue Rationalitatresultate iber kritischen Werte fiir L-Funktionen von
Darstellungen von GL4(A) im diskreten Spektrum. Wir verwenden die Jacquet-Langlands-
Korrespondenz, um ihre partiellen L-Funktionen als L-Funktionen von automorphen Spitzen-
formen der Gruppe GL5(A) iiber einer Quaternionenalgebra zu beschreiben. Inspiriert von
Resultaten von Grobner und Raghuram, kénnen wir dann die kritischen Werte als Shalika-
Periode bis auf ein rationalen Vielfaches berechnen. Fiir das zweite Thema sei K, ein lokaler
nicht-archimedischer Korper, dessen Restklassenkoérper Charakteristik p hat und F, ein alge-
braischer Abschluss eines endlichen Feldes mit Charakteristik £ # p. Wir verallgemeinern die
Resultate von [82] beziiglich O-irreduzibler Darstellungen von inneren Formen von GL, (K,)
zu Darstellungen iiber F;. Wir wenden dies an um die Godement-Jacquet L-Faktoren fiir jede
glatte irreduzible Darstellung iiber Fy zu berechnen und zeigen, dass die lokalen Faktoren
einer Darstellung mit denen ihres in [74] definierten C-Parameters iibereinstimmen. Auflerdem
beweisen wir, dass die Klassifikation irreduzibler Darstellungen durch Multisegmente nach
Vignéras und Minguez-Sécherre tatsichlich surjektiv ist, ohne die Ergebnisse von [2] zu
verwenden. Schliellich charakterisieren wir die irreduziblen Unterquotienten bestimmter
parabolisch induzierter Darstellungen, wie dies bereits von Zelevinsky iiber C getan wurde.
Schlussendlich beweisen wir eine Vermutung von Kudla und Rallis, siehe [72, Conjecture
V.3.2]. Sei x ein unitdrer Charakter, s € C und W ein symplektischer Vektorraum tiber
einem nicht-archimedischen Korper mit Symmetriegruppe G(W). Bezeichne mit I(y, s) die
degenerierte Hauptreihen-Darstellung von G(W & W). Schrenkt man I(x,s) entlang der
natiirlichen Einbettung G(W) x G(W) < G(W & W) ein, so erhdlt man eine Darstellung
Iwvw(x,s) von G(W)xG(W). Sei 7 eine irreduzible glatte komplexe Darstellung von G(WW).
Wir beweisen dann

dimc Homewyxaow) (Iw,w (X, 8), T % ') =1.

Wir beweisen auch analoge Aussagen fiir Vektorrdume W, die orthogonal oder unitir sind.
Dies gibt insbesondere einen neuen Beweis der Konservierungsrelation der lokalen Thetakor-
respondenz fiir symplektisch-orthogonale und unitiare duale Paare.
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Chapter 1

Introduction

What do three Apfel and three Birnen have in common? Even without knowing any German,
most people would agree that there is an equal amount of them, both sharing some incarnation
of the number 3. A person familiar with the german variant of the idiom apples and oranges
might even say that this is all they share and hence could, given some courage, define the
number 3 precisely as the thing three Apfel and three Birnen share. This observation elevates
numbers from mere adjectives of objects to objects themselves. When and how humans made
this discovery is unknown, however depending on the interpretation of archeological artifacts
such as the Ishango bone, it would have been well more than 20000 years ago. As with
everything else, humans were not satisfied by the pure existence of numbers, so they were
swiftly given work. Through multiplication and addition we put them to use, to predict the
stars, to tell our neighbour how many Apfel he owes us, and plenty more useful things. But
slowly the realization set in that numbers are not only useful but also surprisingly interesting
in themselves, and thus some further investigation was considered necessary, an investigation
which is still going on and whose end is not in sight.

1.1 Historical Overview

It was Euclid, who over 2300 years ago gave, among many other things, the study of numbers
its logical framework, which nowadays is called the axiomatic method and is still in use to
this day. By doing so, he was able to prove in Books VII-X of his Elements that the prime
numbers hold the key to understanding many of mathematics’s greatest secrets. Recall that a
natural number is called prime if it is greater than 1 and only divisible by itself and 1. One of
the most famous, and by many regarded as one of the most beautiful works of mathematics,
can be found in Book IX of the Flements. In it, Euclid shows via a stunning argument that
there have to exist infinitely many primes. A new age of mathematics has started, which
promised deeper and deeper insights into number theory. However, over the next 2000 years,
only incremental progress in the study of primes and numbers was made. Moreover, number
theoretical problems like Fermat’s last theorem seemed vehemently out of reach. Famously,
Fermat claimed in 1637 to have a proof of his last theorem, i.e. showing that there exist no
positive integers a, b, c and natural number n > 2 such that

a+b" =",



but did not publish his supposed proof. Although this statement by itself would be nothing
more than a mathematical curiosity, it reminded us for many centuries how little we know
about such seemingly easy problems. In 1994 the theorem was finally established as an almost
inconsequential byproduct of the deep conjectures proven in [I3I]. Fermat’s last theorem
is maybe the most prominent example of a diophantine equation, a polynomial equation in
several unknowns with integer coefficients. Whether or not a diophantine equation admits a
solution is generally expected to be an unsolvable problem.

However, this does not mean that all hope is lost. Indeed, in the eighteenth century, a
revolutionary idea emerged. Euler was the first to realize that certain problems about primes
could be translated into an analytical property of a complex function. He achieves this by
introducing the now-called Riemann-zeta function

where s is a real number greater than 1. In 1737 he noticed in his work Variae Observationes
Circa Series Infinitas that ((s) could be written as a product

((s)= T1I

p prime

1
1—p‘5'

A new way of studying prime numbers was found, namely the above product formula shows
that the infinitude of primes is implied by the existence of a pole of ((s) at s =1, i.e. the
fact that

SRS

[ee]
>
n=1

diverges. As we will see this is no coincidence but rather the first instance of one of the great
wonders of modern mathematics. It was slowly discovered that this principle extends far
beyond the study of primes and today plays a crucial role in studying diophantine equations
like the one in Fermat’s last theorem.

This has already started to manifest itself in Euler’s time. One of the first and deceptively
simple-looking diophantine problems is the following: For which natural numbers m does the
equation

r =m

have an integer solution? Although the question seems rather trivial with the answer given
tautologically by the square numbers, a lot of complexity arises at a more careful examination
of the problem. Indeed, if the number m is truly enormous, like m = 10'%° + 1, it is in practice
not feasible to check whether m is a square or not by pure brute force computations. It thus
may seem sensible to look at the solutions of 22 = m modulo some natural number ¢. If one

can find a ¢ such that
2

z°=m mod q
admits no integer solution, one knows immediately that m is not a square number. For
example, if we take as above m = 10 + 1, one could take ¢ = 3 and note that then m = 2
mod 3. It is then not hard to check that 2 is not a square modulo 3, thus there exists no



integer « with 22 = 10'%° + 1. We are thus led to the following definition. If p, ¢ are natural
numbers, we define the Legendre symbol

(

Euler and Legendre were the first to conjecture the following.
Theorem 1 (Quadratic reciprocity law). Let p,q be odd prime numbers. Then

(%)(§)=(—1)“*§rn‘

At first sight, this is a striking statement since it is a prior not clear that ( %) and (%)
should be related at all. Moreover, quadratic reciprocity, together with some easier-to-prove
properties of the Legendre symbol, allows one to give an algorithm to decide whether p is a
square mod ¢ for arbitrary natural numbers p,g. In 1801 Gauss gave the first and second
proof in his Disquisitiones Arithmeticae. Throughout his life, he published another four, and
two more were discovered after his death in his notes. Unfortunately, none of his proofs
easily generalize to higher reciprocity laws, i.e. different equations than z? = m, and only 200
years later Artin reciprocity, the first instance of the Langlands program, was able to give a
satisfactory explanation of quadratic reciprocity.

0 ifg=0 mod p,
1

if there exists an integer n with n?2=¢#0 mod p,

SRES
~———

-1  otherwise.

We now return to the Riemann-zeta function, as its story is far from over. In 1859 Riemann
published his paper Uber die Anzahl der Primzahlen unter einer gegebenen Grésse, where
he shows how one could obtain many more interesting properties of the prime numbers by
carefully studying the analytic properties ((s). In the same year, Hadamard and Poussin
used this philosophy to prove the prime number theorem, stating that the number of primes
lesser or equal to a real number x, denoted by 7(x), grows as ﬁ, i.e.

lim m(z) =1.
= ()

Moreover, Riemann showed that ((s) can be analytically continued to a meromorphic
function on C and famously conjectured that the only zeros of ((s) have, apart from the
trivial zeros

{-2,-4,-6,...},

real part % Finally, he proved the functional equation, for which it is helpful to introduce
the completed version

{(s) =775 (5) (o).
which satisfies R R
C(s)=¢(1-9).

Here we denote as usual by I'(s) the Gamma-function. The factor w‘gf‘(%) might look
artificial, however we will see later that it naturally emerges as the archimedean contribution
to the Riemann-zeta function. Many mathematicians hoped now that attaching functions



similar to the Riemann-zeta function to the many open problems of number theory would
allow them to replicate its success story. This hope was realized gradually over the coming
years by many of the best mathematicians, all of whom to list here would be impossible, so
we will only mention those most important to the topics presented here.

At the beginning of the twentieth century, Artin established the aforementioned Artin
reciprocity. It paved the way for several mathematicians, most notable Langlands, to initiate
the Langlands program in the second half of the century, a far-reaching web of conjectures
and theorems. The Langlands program has proven itself to be one of the most useful guiding
principles in modern number theory. For an example of its success, one does not need to
look further than one of the biggest achievements of modern mathematics, the proof of
Fermat’s last theorem by Wiles and Taylor. At the heart of the Langlands program lie
so-called L-functions, which are the previously mentioned generalizations of the Riemann-zeta
function. As the Riemann-zeta function, they are meromorphic functions, which admit a
representation as a product and satisfy a functional equation. One can associate L-functions
to many objects, not only of arithmetic nature. For example another source of L-functions
comes from automorphic representations, objects closely tied to the subject of Harmonic
analysis. The power of the Langlands program lies then in the fact that objects from different
universes may have the same L-function. Thus one is equipped with the following powerful
technique: Given a problem about, for example, a diophantine equation, one could hope to
translate the problem into a problem of analytic nature about some L-function. Then one
passes to Harmonic Analysis and picks the automorphic representation, whose L-function
agrees with the first one. Reversing the process now allows us to transform the original
problem into a problem on the automorphic side, where it will be hopefully easier to solve.
Today, the Langlands program has grown much beyond what Langlands and his predecessors
initially had in mind. Following the philosophy of Weil and inspired by developments in
physics, the mathematical community found analogous conjectures and theorems in the world
of geometry, which in turn fed back into the arithmetic, original Langlands program. Whether
any of this answers the questions raised by our ancestors about their Apfel and Birnen is not
clear.

The goal of this thesis is not to build up to one final theorem but rather to offer the reader a
selection of several phenomena occurring on the automorphic side of the Langlands program.
We outline in [Section 1.6} [Section 1.7 and [Section 1.8 our novel contributions to this topic.
In we recall the necessary notations, definitions, and preliminary results to finally
present our results rigorously in [Chapter 3| [Chapter 4] and [Chapter 5| and offer the respective
proofs. These three chapters are based on preprints of the author of the thesis, namely [34],
[35], and [36].

1.2 Artin and Dirichlet L-functions

We will now delve more deeply into the Langlands program and its conjectures. For K a field
we denote by K a separable closure of K. At the starting point of our journey lies the absolute
Galois group Gal(Q/Q), or more generally Gal(K/K) for a finite Galois extension K of Q. Its
importance lies in the fact that in many cases the study of arithmetical interesting problems
leads naturally to a class of well-behaved representations of Gal(K/K) with coefficients over
C. The study of rational solutions of multivariate polynomials with coefficients in K is a



prominent source of such representations, as the cohomology groups of the corresponding
variety carry a natural Gal(K/K)—action. Thus, understanding such representations becomes
a central topic in modern number theory. As alluded to in the first part of this introduction,
a natural approach is to associate to every well-behaved representation p of Gal(K/K) an
L-function

L(s, p),

which was carried out by Artin in his three papers [4], [6], [7], where he already studied
the first properties of these L-functions. The representations we will be interested in are
the ones that are continuous with respect to the profinite topology, 7.e. those, which can be
obtained by pulling back a finite-dimensional C-representation of Gal(IL/K), L/K a finite
Galois extension, to Gal(K/K) via the canonical surjection

Gal(K/K) - Gal(L/K).

Motivated by the Riemann-zeta function, one would expect from such a L-function that
firstly it is a meromorphic function on C, secondly, L(s, p) admits a representation as product
of factors index by some set analogous to the primes for Re(s) >> 0 and finally, it satisfies a
functional equation. We will now briefly define Artin L-functions. Let L/K be a finite Galois
extension and p: Gal(L/K) — GL(V') a representation, where V' is some finite dimensional
C-vector space. We denote by Ok the ring of integers of K, let q be a prime ideal of O, lying
over a prime ideal p of Ok and set ky := Ok/p. If Dy is the group of elements in Gal(LL/K)
preserving ¢, we obtain a surjective morphism

Dy — Gal(kq/ky)

whose kernel is called the inertia subgroup I. Since kg is a finite field, one has a Frobenius
morphism Frobg in Gal(kg/kp), whose inverse image in Dy is denoted by 4. It follows that
oq defines a conjugacy class in GL(V14), where V1 are the fixed vectors in V under the
action of I;. Thus the characteristic polynomial of p(c,), denoted by P(p,t,q) over VIr is
well defined. Artin then defines the local L-factor

Lq(svp) = P(p7 Qq_saq)_17 Qq = #kq

and the L-function
L(s,p) = H Lq(svp)'
qprime

Since the product converges for s with real part large enough, this gives a good candidate
for the desired L-function. If . = K = Q and p is the trivial representation, one obtains
precisely the Riemann-zeta function. In order to be able to write the functional equation in a
slightly more elegant fashion, one usually adds several factors consisting of Gamma-functions
to L(s,p) and thus obtaining a completed L-function A(s,p). Now what about analytic
continuation and the functional equation? To answer those questions, we need to go back
a bit further in time. Dirichlet introduced in 1837 in his paper Beweis des Satzes, dass
jede unbegrenzte arithmetische Progression, deren erstes Glied und Differenz ganze Zahlen
ohne gemeinschaftlichen Factor sind, unendlich viele Primzahlen enthdlt a certain class of
meromorphic functions now called Dirichlet L-functions, which generalize the Riemann-zeta
function a priori in a completely different direction than the Artin L-functions. Recall that
a Dirichlet character is a multiplicative character x:(Z/mZ)* — C* for some m € N. Such



a character can be extended by 0 to Z/mZ and then pulled back to Z, thus yielding a
character x:Z — C*, which we denote by the same symbol. To such x one can associate the

L-function - .
Le=3X0_ L ¢

n=1 N p prime 1- X(p)p_s,

As the Riemman-zeta function, the series only converges for Re(s) > 1, however Dirichlet
showed that L(s,x) admits an analytic continuation and a functional equation, something
which we still miss for Artin L-functions. If one could find for a Galois representation
a Dirichlet character such that the respective L-functions agree, one would obtain those
properties for free. Such a bold strategy was first carried out by Artin through his reciprocity
law for one-dimensional representation. This relationship can be best formulated in the
language of adeles, following the beautiful work of Tate [121].

1.2.1 Adeles Let K be a global field, i.e. a number field or the function field of a curve
over a finite field. We will mostly focus on the case where K is a number field, however, most
of what is said here can be straightforwardly extended to the function field case. We denote
by V the set of places of K, i.e. the set of equivalence classes of valuations, or equivalently of
absolute values, of K. We recall that an absolute value is a multiplicative function |-|: K - Ryq
such that

1. |z|=0 if and only if 2 =0,
2. |z +y|< |z|+|y| for all z,y e K.

If the absolute value satisfies instead of (2) the stronger inequality
| + y|< max(|a], [y[)

it is called non-archimedean. We call the non-archimedean places also finite places, denoted
by V¢ ¢V, and the infinite places we will refer to as the archimedean places, denoted by Ve.
There are always only a finite number of infinite places. If K = Q, V; is the set of primes
and Vs = {oo}. Here oo correspondence to the usual absolute value and a prime p to the
valuation given by the order of divisibility by p. Completing K topologically with respect
to the metric associated to the absolute value v € V gives rise to fields K,. If v € V¢, we let
0, € K, be the ring of integers of K,, i.e. the set of elements of absolute value at most 1,
py the ideal in O, of elements with absolute value strictly smaller than 1 and k, = O,/p,
the residue field, a finite field whose cardinality we denote by ¢,. If K = Q, for a prime p,
Ky = Qp, Op = Zp, the p-adic integers and rationals, K, = R and &, = IF,,. Moreover, if v € Vo,
K, 2R or K, 2 C for any global field K. The respective places are called real and imaginary
and if all infinite places of K are real, the number field is said to be totally real. From now on
we mean by almost all all but finitely many. Then the ring of adeles is defined as

Ag = {(av) € [[ Ky : ay € O, for almost all v e Vy}
veY

and the ring of ideles Ix = Ay is the group of units in the adeles. Both Ak and Ix can be
equipped with natural topologies giving them the structure of a locally compact topological
ring respectively group. There are then natural inclusions

K, = Ag, K - Ag,



all of which are continuous, K being equipped with the discrete topology, and the last one is
given by diagonal inclusion. Moreover, the trace and norm map of a finite field extension
L/K can be extended to continuous maps

Trle/KU:H-‘w - KU, NI'[Lw/]KU:]Lw i KU, TrL/]K:A]L - AK, Nr]L/K:A]L - AK.

Here w is any place of L lying over v, i.e. the restriction of w to K equals v. Finally, the
absolute values |-|,: K, - Ry for v € ¥V combine into an absolute value

|_‘:AK - RZOJ

with [K*|= 1. For a group G we write G for its abelinization of G.
Theorem 2 (Artin’s reciprocity law, [5]). Let L/K be a Galois extension of two global fields.
There exists a canonical isomorphism, called the global symbol map,

O K*\Ie /N1y e (I) — Gal(L/K)™.

The Artin reciprocity law also has a "reverse"-direction.
Theorem 3 (Existence theorem). If H is an open subgroup of K*\Ik there exists a finite
Galois extension IL/K such that Nrpx(IL) = H.

Since the symbol maps for different Galois extensions behave nicely with each other one can
summarize them as a continuous morphism

Ox: K*\Ig - Gal(K/K).

Moreover, for v a place, the composition of fx with the natural map K, - Ix/(Nry/k (Ix))
gives rise to an injective map, called the local symbol map,

0, KX - Gal(K,/K,).

Now this map is not an isomorphism but its image is a dense subgroup called the Weil group
Wk, , see [129]. It can be explicitly described as follows. For v € V; recall the surjective map
Gal(K,/K,) - Gal(ky Fo/ky) = Z whose kernel is called the inertia subgroup Iy, . A topological
generator of Gal(k, /ky) is given by the Frobenius and Wy is then the inverse image of Z ¢ 7
in Gal(K,/K,). If v € Voo, we define

(Gl if K, 2 C,
Wk, =1 . o . 5 -
C*ujC* ifK,2Rand j°=1, jzj— =Z.

Now similarly to the local Weil group, there also exists a global Weil group Wk, which
admits a continous map Wy — Gal(K/K) with a dense image. We will not define it here,
for a definition see for example [129], and just remark that it is uniquely determined by
certain natural properties, for example it admits for each v € V inclusions Wx, < W. Finally,
Artin’s reciprocity law gives an isomorphism

K*\Ig - W

This is one of the reasons why it is more natural to work with Weil groups instead of
the absolute Galois groups. They have several other advantages, but we will mention only



one more. Namely, Weil groups are less sensitive to changes of the coefficient field of the
representations we are interested in, e.g. from C to Qp for some prime £. This is an important
feature, especially if one is interested in Galois representations of geometric origin.

The second piece of the bridge between Dirichlet characters and certain Artin L-functions
was best formalized by Tate in his thesis [121]. In it, he considers a Hecke-character, i.e. a
continuous group homomorphism

n:Ixg - C*

such that n(K*) =1, and associates to it its L-function L(s,n). These characters and their L-
functions were initially defined by [51]. As a special case, if K = Q and x is a Dirichlet-character,
one can lift x to a Hecke-character ¥:Ig — C*. On the other hand, every Hecke-character of
finite order comes from a Dirichlet-character. The definition of L(s,7n) is as follows. Define
for v € V the space of Schwartz-functions

locally constant, compactly supported functions ¢: K, - C v eV,

S(Ky) := {

smooth, rapidly decreasing functions ¢: K, - C V€ Voo

We write 7, for the restriction of n to K. Next we fix for each v € V a certain Haar-measure
dz on K and define for ¢ € S(K,) and s € C the integral

Z(¢777v>8) = /];(X 77@(£)¢>(1’)|.’L’|5 dzx.

The main properties of these Zeta-factors are summarized as follows.
1. Z(¢, (n|det]")y, s) = Z(d,my, s + 1) for t e R.
2. If n is unitary, Z(¢,n,,s) converges absolutely for Re(s) > 0.
3. If v € V¢, there exists a non-zero P(n,,s) € C[q;,q,*] such that

P(10,8)Z(¢,m0,5) € Clgp, q,°]
for all ¢ € S(K,).

4. If v € Vo, there exists a non-zero meromorphic function P(n,,s) such that

Z(p,1y,5)

Plns)
for all ¢ € S(K,).

5. In both cases one can choose P(7,,s) such that it is a C-linear combination of
Z(¢,my,s)"s and this fixes P(n,,s) up to a scalar.

We then normalize the P(n,,s) by demanding P(7,,0) =1 and set
L(s,m) := P(nu, 3)_1-

Finally, Tate defines

Lf(S»TI) = H L(Sa%), L(San) = H L(S»Uv)

’UEVf vey



and shows that these products converge for R(s) >> 0, admit a meromorphic continuation
and satisfy a functional equation. The advantages of going through all this work to define
the L-factors are manifold, however, we will highlight at the moment only two. Firstly, the
functional equation is essentially a consequence of replacing the Schwartz-function ¢ by its
Fourier-transform (?) with respect to a suitable additive character and seeing how the integrals
Z(¢p,m,s) and Z ((2), n71,1-s) are related. Secondly, to prove analytic continuation, one can
replace the local L-factors by a product of local Zeta-integrals of the form

Z(¢7777 S) = H Z(%,%,S),

vey

where for almost all v, ¢, is the characteristic function of O;;. Now this product can be written
as an integral of a suitable function over K*\Ag and a clever use of the Poisson formula
shows that Z(¢,n,s) admits a natural analytic continuation. If y is a Dirichlet-character
with Hecke-lift ¥, we also have

L(S7X) = Lf(sv%)

Finally, with some extra work, one can show the following. Let D/ g be the different of K
and C € K*\Ig the elements of absolute value 1.

Theorem 4 ([121]). Let x be a Hecke character. Then L(s,x) is an entire function unless
x 2 |det|t for some t € C. In this case, the two poles are at s = —t and s =1 —t with residues

vol(CL) and vol(CL)| kol 2.

We will now combine this theory of L-functions of Hecke characters with the Artin reciprocity
law and the Existence theorem. Note that the one-dimensional representations of a group G
over C are in one-to-one correspondence with one-dimensional representations of G* and
that in the case K = Q the following goes back to the Kronecker- Weber theorem. We call a
Hecke-character 7 algebraic if its restriction to K, v € Vo is of the form |det|*, a € Z. Thus
we obtained a canonical bijection

ecke-characters o < > 1characters o
Hecke-ch fAg h f Wg

J J

{algebraic Hecke-characters} «+———=—— {characters of Gal(Q/Q)}

J J

{Dirichlet characters} ¢+—=— {characters of finite order of Gal(Q/Q)}

and similarly for other global fields K. By carefully checking the construction of the local
symbol maps, one even obtains that the above bijection respects the local L-factors of
Hecke characters and the local Artin L-factors. We thus can find for every one-dimensional
continuous representation p of Gal(K/K) a Hecke-character 7 of Ag such that

L(S7p) = Lf(3777)> A(Svp) = L(Sﬂ?)

and hence we obtain for those representations the analytic continuation and functional
equation of L(s, p) for free from the respective properties of L¢(s,n)! Moreover, by
one also showed the one-dimensional case of the Artin conjecture, due to its name-sake.
Conjecture 1 (Artin conjecture). Let p be an irreducible, unitary, continuous representation
of Gal(K/K). Then L(s, p) is entire if and only if p ¢ 1.



If p is not a character but a more general representation, the conjecture and many other
questions about L(s,p) remain wide-open. It is therefore natural to look for the right
generalizations of Hecke-characters. And indeed, a good candidate, namely automorphic
forms, has been found. The first appearance of automorphic forms can be traced back to the

famous theory of modular forms, which, as we will see, correspond to automorphic forms of
GLo.

1.3 Modular forms

The simplest incarnation of modular forms can be described as follows. Let h = {z € C:
Im(z) > 0} be the complex upper half plane, which admits an action by SLy(Z) given by

a b L az+b
c d Cez+d
A modular form of weight &k € Z is then a holomorphic function
[5G,

which firstly transforms under the action of SLy(Z) as follows

f((z Z)z) = (cz+d)kf(z).

Any such f can be expanded into a Fourier-series

f(Z) — Z anqn, q:e27riz’

nez

since taking a=b=d =1, c=0 yields f(z+1) = f(z). The second condition a modular form
has to satisfy is that
a,=0if n<0.

It is called cuspidal if a, = 0 for all n <0, 7.e. f is bounded at ic0. To a cuspidal modular
form, Hecke associates in [52] its L-function

a

L =3 o
which converges for Re(s) >> 0, and its completed version
A(s, f) = (2m)°T(s)L(s, f).
Crucially, the Mellin inversion formula allows Hecke to give an integral representation
A(s, f) = /Ooo fliz)x®dx.

This in turn makes it possible to show that firstly, A(s, f) admits an analytic continuation to
an entire function on C and it satisfies a functional equation

A(s, f) =i*A(k -5, f).

10



Hecke manages to prove even more. Let @ = (aq,aq,...) be a series of complex numbers growing
not faster than n* for some k € N and set for all Dirichlet-characters x: (Z/mZ)* — C*

[ee]

Lysa)=3 @ Ay(s,a) = (%)SF(S)LX(S,E).

n=1

Then L,(s,a) converges for Re(s) >> 0 and if for all such x, Ay(s,@) admits an analytic
continuation to an entire function and admits a functional equation,

f(z) = Z anqn7 q= eiﬂ’z
n=1

is a cuspidal modular form. This is the famous Converse Theorem of Hecke, see [52].
Remark. At this point, one cannot but mention the connection between modular forms and
elliptic curves. Recall that an elliptic curve E over QQ is a smooth projective curve of genus 1.
By counting the number of solutions over a finite field

ap:=p+1-#E(F,)

one can define an L-function L(s, F) via an Euler product. It is the famous conjecture of
Taniyama and Shimura, proved by Wiles in order to settle Fermat’s last theorem, which states
that L(s, ) and suitable twists of it by Dirichlet characters y admit an analytic continuation
to an entire function and satisfy a functional equation as those of the L-functions of modular
forms. But as we just saw, this implies that L(s,E) = L(s, f) for some modular form f.
The implications of such a result cannot be overstated. Furthermore, it suggests a natural
extension of Artin L-functions to motivic L-functions, associated with Grothendieck’s motifs,
of which Galois representations are a special case. The L-functions of elliptic curves still
hold many secrets. The most famous question of this sort is the Birch and Swinnerton-Dyer
conjecture, which postulates that the order of vanishing of L(s, F) at s =0 is equal to the
rank of the abelian group F(Q). Moreover, the residue is conjectured to be the product of
a rational number, which contains valuable arithmetic information about F, and a period,
which supposedly stores transcendental information. We will at a later point offer a viewpoint
on this period from the automorphic side.

1.4 Automorphic forms

We now make the conceptual leap from modular forms to automorphic representations, as
was promised earlier. Standard references are [20] and [2I]. For the moment we will just focus
on the theory of GL,. Let K be a number field and v € V. We set

GL,(0,) ifveVy,
K,:=1S0,(R)  ifK, =R,
U, (R) if K, = C.

We set Koo = [Tyep,, Ky As for the adeles, we define

GL, (Ak) = {(av) € [ ] GLn(Ky) : ay € K, for almost all v e Vy},
veY

11



GL, (Ak,f) = {(av) € [] GLn(Ky) : ay € Ky, for almost all v e Vy},
veVy

GLy(Ag,c0) == [] GLn(Ky)

V€ Voo
and we can equip it with a natural topology making it a locally compact, topological group.
We have natural inclusions

GL,(K,) = GL,(Ak), GL,(Ak f) = GL,(Ak), GL,(K) = GL,(Ak).
For g € GL,,(Ak), we define

llgll:= TT max(|(go)ijlos [det(g0)[5")-
vey

Let w be a unitary Hecke character, g the complexified Lie algebra of GL,(Ag ) and
Z, € GL,, the center consisting of diagonal matrices of the form diag(z, ..., z). An automorphic
form with central character w is a continuous function

¢:GLn(Ag) > C
satisfying the following.
1. ¢ is GL,(K)-invariant.
2. p(zg9) =w(z)f(g) for diag(z,...,2) € Z,(Ak).
3. For each gf € GL,(Ag ) the function
goo = P(Joo0y), Goo € GLin(Ax 0o)

is smooth.
There exists an open compact subgroup K ¢ GL,, (Ak r) fixing ¢ under right translation.
The space spanned by K-right translates of ¢ is finite dimensional.

There exists a constant C' and N € Z such that for all g € GL,(Ax), |¢(g)|< C|lg|™.

N o e

Let Z(g) be the center of the enveloping algebra U(g). Then there exists a natural
action of U(g), obtained by deriving the action by right-translation of GL;,(Ak ). We
ask of ¢ that the space generated by Z(g)¢ is finite-dimensional.

At first sight, this definition may seem like a mouthful, however these properties have direct
analoga in modular forms. In particular, each modular form can be lifted to an automorphic
form of GLa(Ag). If ¢ is such an automorphic form coming from a modular form, property
(5) encodes then the weight of the modular form, (6) that the Fourier coefficients a,, vanish
for n < 0 and property (7) is a consequence of the holomorphicity of the modular form. The
first four properties determine then more or less how a modular form is supposed to be lifted
to an automorphic form. The space of such automorphic forms is denoted by A(GL,,(Ak),w).
If a=(aq,...,a1), a; € Zso is a composition of n, i.e. Zle a; =n, we let U, be the subgroup
of GL,, consisting of matrices of the form

1o, = *

0 1g *

0 0 * |,
0 0 0 1., =

0 0 0 0 1o,

12



where 1,, denotes the identity matrix in GL,,. We then say an automorphic form ¢ is cuspidal
if
n)dn=0
[UQ(K)\Ua(AK) e(n)

for all non-trivial compositions of n and some non-trivial Haar-measure dn on U, (K)\U, (Ak).
As the name suggests, the automorphic form associated to a modular form is cuspidal if and
only if the modular form is cuspidal. The subspace of cuspidal automorphic forms is then
denoted by

Ao(GLn(AK), w) c A(GLn(AK), w)

and the automorphic form corresponding to a cuspidal modular form is cuspidal. Finally, if ¢
is a automorphic form and

2
n)|“dn < oo,
Ln(AK)GLn(K)\GLn(AK)|¢( )

we call it square-integrable. The completion of the space of square-integrable automorphic
forms with respect to the L?-norm is denoted

L?*(GLy(K)\GLn (Ax),w)
and every cuspidal automorphic form is square-integrable. The space
L*(GL,(K)\GL, (Ak),w)

is preserved under right translation by GL,,(Ax) and an irreducible subrepresentation of it is
called a discrete series representation. The same cannot be said of the space A(GL,(Ak),w),
it is only preserved under right translation by Ko, GL,(Ak ) and the induced action of g. We
thus define an (irreducible) automorphic representation as an irreducible (g, Koo, GL;, (Ag f))-
subquotient of A(GL,(Ak),w). For v € V¢ we call a representation (m,,V’) of GL,(K,)
smooth if every vector £ € V is fixed by an open, compact subgroup and if moreover for every
open compact subgroup K ¢ GL, (K, ) the space of K-fixed vectors V¥ is finite-dimensional,
we call it admissible. This is equivalent to the statement that for any irreducible repre-
sentation p, of K, the p,-isotypic part of 7 is finite-dimensional. In particular, one can
show that every irreducible smooth representation is admissible. One can define admissi-
bility similarly for (g, K« )-modules and (g, Koo, GL;, (Ag f))-modules. If v € Vs, we call
an admissible representation m, of GL, (K,) unramified if the space of K,-fixed vectors is
one-dimensional.

Let {my,v € V¢} be a set of irreducible admissible representations of which almost all are
unramified. If 7, is unramified, we fix a K,-fixed vector £2 and recall the restricted tensor-
product

/
® Ty,

veVy

i.e. the subspace of the usual tensor product spanned by

{® & : & €V, and for almost all v, &, = £1}.
veVy

13



Theorem 5 (Flath’s theorem, [38]). For any admissible, irreducible (g, Koo, GLp(Ax f))-
module T1 there exists an irreducible (g, Ko )-module mo, and a family of representations
{my,v € Vr} as above such that

Too ® Q) my 211
veVy
are isomorphic as (g, Koo, GLy(Ak ))-modules.
Theorem 6 ([49]). If II is an irreducible automorphic representation, it is an admissible
(9, Koo, GLy, (Ak, f))-module.

Going back to our prime example of automorphic forms, modular forms, the admissibility of
an automorphic representation associated to a modular form is connected to the fact that
the vector space of modular forms of a given weight is finite-dimensional.

This allows one to reduce many problems of automorphic representations from the global to
the local level. For example, we have the following multiplicity one statement.

Theorem 7 (Strong multiplicity one, [104],[62],[61]). Let IT and II" be automorphic represen-
tations of GLy,(Ak) and denote the corresponding local representations by my, ml,, ve V. If I
and II" are discrete series representation and for almost all v € V¢, m, = m,,, then IT 2 IT'.

Crucially, the proof of this theorem given in [62] required a good notion of automorphic
(Rankin-Selberg) L-functions.

We are now in a position to define local and global L-functions of GL,,(Ax). For n =1 this
was first done in Tate’s thesis and, for n > 2, Tate’s approach was generalized in [44]. Indeed,
for a smooth irreducible representation m, of GL,(K,) one can define as Tate in his thesis

local L-factors by defining L(s, m,) to be the generator of a fractional ideal £(m,) ¢ (C(q“liTn)
normalized by the condition L(0,7,) = 1. The ideal £(,) is in turn spanned by Zeta-integrals
very similar to the ones we already saw in the discussions about Tate’s thesis. Analogously
to the situation there, it is not much more work to show that the local L-factors admit a
functional equation. This matter will be discussed in much more detail later in this thesis.
That being said, we can now define for an automorphic representation
Le(s, 1) = ] L(s, ).
veVy
As it turns out, this product only converges in general if Re(s) >> 0 and II is a discrete series
and in particular, if IT is cuspidal. This is done by finding a representation of Ls(s,II) as a
certain integral. Then one can again analogously to the case of Hecke-characters show that
L¢(s,II) can be completed to an L-function L(s,II) = L(s,7e ) L¢(s,II) by also accounting
for the archimedean part and that L(s,II) admits an meromorphic continuation and admits
a functional equation
L(s,11) = €(s,IL,9p)L(1 - s,11),
where ITV is the dual representation of II, € is an entire function, depending on a cho-
sen continuous, nontrivial additive character ¢¥: K\Ag — C. Moreover, one can show the
following.
Theorem 8 ([44]). Let IT be a cuspidal automorphic representation of GL,(Axk). Then
L(s,1I) is entire if and only if IL ¢ |-|* for some s € R.

Of course, it is no coincidence that this is reminiscent of Artin’s conjecture. This brings us to
some of the cornerstones of the Langlands program.

14



1.5 Langlands correspondence

Since Artin’s reciprocity law gave such an elegant way of proving Artin’s conjecture and
understanding Artin L-functions of one-dimensional Galois representations, we will now
briefly describe its conjectural extension to arbitrary irreducible Galois representations. We
will restrict ourselves to the case where K is a number field and start with the local side of
the story. We will not be fully precise in this section, as stating all conjectures and definitions
would go beyond this introduction. In particular, we will not discuss functoriality.

1.5.1 Local Langlands correspondence Let v € ), which will assume for simplicity
to be non-archimedean. Recall that there exists a continuous map Wy, = Gal(K,/K,)
with dense image. We let v, be the unique character of Wi trivial on Ik, sending a lift
of the Frobenius to ¢;!. A Deligne representation of Wy, is a pair (®,U), where @ is a
finite-dimensional representation of Wi, such that an open subgroup acts trivially and U an
element in How, (v,®,®), [31], [T11], [120]. We call (®,U) semi-simple if ® is semi-simple
and let the length of (®,U) be the dimension of ®. As for usual Galois representations, one
can define the local L-factor of a Deligne representation by

P(T7 (pv U) = det((l - T(p(UU)‘Ker(U)IKU )7 L(S7(I)7 U) = P(q;s7(1)7 U)7

where o, is an element in the inverse image of the Frobenius in Wk, . The following corre-
spondence was first conjectured in [76] and formulated in its modern form in [19].
Theorem 9 (Local Langlands correspondence). There exists a bijection

{semi-simple Deligne representations of length n}

{irreducible smooth representations of GLy,(K,)}

which respects the local L-factors on both sides. Moreover, if n =1 this is nothing more than
the local symbol map.

For a proof see [53], [50] and [I13] if the characteristic of K, is 0, and [86] for the non-zero case.
If K, is archimedean the proof is due to Langlands in [80]. Note that a Deligne representation
is nothing but a representation of the Weil-Deligne group WIIKU = Wk, x K, where Wk acts
on K, by

Lo vo(w)z, z e K,

wrw
1.5.2 Global Langlands correspondence In the global setting, a precise conjectural
statement as in the local case does not yet exist. The main problem is that there is currently
no global analogon of the Weil-Deligne group known, there exist only conjectural definitions
of such a group, which is usually denoted by L, see [77], [LI10]. One expects that it is an
extension of Wi by a compact group and a possible construction has been proposed in [3].
We assume for a moment the existence of Li.
Conjecture 2 (Langlands reciprocity). There exists a bijection

{irreducible, n-dimensional representations of Lk}

!

{cuspidal automorphic representations of GL,(Ak)}.
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This bijection, among other things, respects the L-factors, behaves well with respect to passing
to representations of W]’K“ upstairs and to the local components m, downstairs, and if n =1 it
specializes to Artin reciprocity.

Moreover, one can define a certain condition on the infinite part 7o, of an automorphic
representation called algebraicity. Then such algebraic automorphic representations should
correspond to the motivic Galois group, whose existence is also conjectural. If n = 2 the
automorphic forms corresponding to cuspidal modular forms are the algebraic cuspidal
representations.

Some progress has been made on the above conjecture. As we saw before, the case n =1 is
completely settled by Artin reciprocity. Moreover, for certain automorphic representations
one can already construct a corresponding representation upstairs, see for example [30] or
[27]. On the other hand, the passage from downstairs to upstairs has been achieved see for
example [79] in the special cases if n =2, [122], or if K=Q and n = 2 [I31] and [23].

We finish this section with a small remark on the case where K is not a number field but
rather the function field of a curve over a finite field. In this case, much more progress was
made. In [33], for the case n = 2, and in [75], for the case n > 3 the authors managed to
show that there exists a bijection between cuspidal automorphic forms of GL,(Ak) and
n-dimensional continuous representations of Gal(K/K) which are unramified outside a finite
set of places. Moreover, said bijection plays well with the passing to the local representations
and L-factors. What differentiates the function field case from the number field case is that
one can reinterpret both sides of the bijection as certain constructions in the world of algebraic
geometry. To be more precise, the field K corresponds to a curve X and by considering
certain sheaves on the stack of vector bundles over X, one could use geometric methods to
prove the conjecture. This in turn has lead to several attempts of repeating the same success
story for number fields. However, it is not clear a priori what the right replacement of the
curve X in the arithmetic context should be. In recent years, several people, see for example
[37], offered a candidate for such a theory and managed to geometrize the local Langlands
correspondence. This is surprising in the sense that the function field case and the number
field case are usually expected to behave according to similar philosophies, however in this
case, it is the function field case and the case of local, non-archimedean fields of characteristic
0 that have similar features.

Having now presented the Langlands program in very rough strokes, we will in the next three
sections describe the problems treated in this thesis.

1.6 Critical values of L-functions

One of the expected properties of L-functions that we have not yet mentioned is that they
have critical values, which store interesting information about the underlying object. The first
instance of this was the Basel problem, which asked what the precise value of the series

1

((2)=3Y

2
n=11
is. This was answered by Euler in 1735 in his work De Summis Serierum Reciprocarum,

2
s

where he showed that it equals to %-. More generally, one can show that for k a positive
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integer
(_l)k—l(zﬂ)%

C(2k) = 2(2k)!

2k

where B, is the n-th (positive) Bernoulli-number, i.e.

The functional equation then gives an explicit description of the Riemann-zeta function at
negative odd integers. More generally, if II is a discrete series representation of GL,,(Ak), we
recall that L(s,II) satisfies a functional equation

L(s,11) = €(s,IT)L(1 - s,11").

We then call s € ”T_l +7Z a critical value if both L(s, 7 ) and L(1-s,7),) do not have a pole
at s = sg. The expectation is that if sg is a critical value, then L(sg,II) is of the form a - w,
where « is a rational number carrying some form of arithmetical information about Il and w
is a period, which carries transcendental information about II. For a more detailed survey see
for example [70]. Recall that a period is an integral of an algebraic function over an algebraic
domain (over K). For the Riemann-zeta function, we recall that its completed version is of
the form

i) =741 (5 )¢

and has the functional equation ((s) = (1 - s). Since ((s) has no pole except at 1 and the
poles of I' are at the non-positive integers, it follows that the critical values of z are precisely
the even non-negative and odd negative integers. The above conjecture has its root in the
theory of L-functions attached to motives, where it is now known as Beilinson’s conjectures,
see [I5] and builds on conjectures of Deligne, see [32]. We will not state them here as this
would go far beyond the scope of this introduction. Let us only remark on the following.
Firstly, Beilinson’s conjectures not only give a conjectural value for critical values but for all
Sp € "T_l + Z. Moreover, if the L-function vanishes at sg one can also describe the order of
vanishing of L and its residue in terms of the underlying motif. As was already mentioned, the
most famous case of these conjectures is the BSD-conjecture for elliptic curves. The period of
the corresponding L-function is given by an elliptic integral multiplied by a regulator, an
invariant defined using the rational points of the elliptic curve.

By the philosophy of Langlands, we are thus naturally led to look for similar phenomena
in the world of automorphic forms. Here one uses an explicit description of an automorphic
representation, for example, the Whittaker or the Shalika model and we will focus on the
latter. Moreover, we will only be able to express the critical value of the L-function up to a
multiple in a number field, hence we can only pin down the period-part of it. Let us first
recall the already made progress on problems of this kind before we describe in more detail
what the new contribution of the thesis will be.

The authors of [90] and [114] were the first to study the properties of critical values of
L-functions associated to modular forms, which was generalized to cuspidal automorphic
representations of GLo(Ak) in [48] and [55]. The critical restriction, which also will be
present in this thesis, is that one only can consider automorphic representations which are
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cohomological, which, loosely speaking, means that the automorphic representation can be
detected in the cohomology of a certain locally symmetric space. More concretely, this boils
down to the following definition. If II is an automorphic representation of GL,,(Ak), we call
it cohomological if the relative Lie-algebra cohomology

H*(9, Koo, Too ® E},)

does not vanish for some highest weight representation E,. The specific model of the
representation enters in the explicit description of the period. Namely, the period arises by
comparing two different rational structures of the representations, one that can be associated
to the model and one that comes from its cohomological interpretation. This has been
pursued by [68], [89], [108], [109] in the case of Whittaker models and by [47] in the case of
Shalika models, which will also be the model considered in this thesis. More specifically, the
author considers automorphic cuspidal representations of GLa,(Ak), where K is a totally
real number field. Let

S = AGLy x Ut ) = {S ) (h X) theGLy, X € Mn,n}

0 h

be the Shalika subgroup of GLo,. We say that an irreducible cuspidal automorphic represen-
tation IT of GLg, (Ak) with central character w admits a Shalika model with respect to a
Hecke-character n and additive character 1, if " = w and if the Shalika period

gL ()= | ¢ (s9) ¥ (6:()) " (det (k)™ ds,

Zan (Ax)S(K\S(Ak)

for some g € GLa,(Agk) and a cusp form ¢ of II, does not vanish. This gives an inclusion
GLan (Ak)

S(hy (¢ ® n), i.e. the space of functions

into the space of Shalika-functionals IT < ind
f:GLap (Ag) — C satisfying

f(sg) =¥ (tr(X)) n(det(h)) f(g) for all g € GLan(Ak), s € S(Ak)

and some smoothness condition, on which GLs,(Ak) acts by right translation. The image of
this inclusion is denoted by SZ (IT). The reason why one can then compare the so obtained
Shalika-period with critical values of L-functions is the Shalika-zeta integral, see [39],

C(s,0):= /GLn(AK) SZ (0) ((901 (1])) |det (g1) |s’% dg.

In the Shalika-model there exists a special vector in SZ (II), such that the Shalika-zeta

integral computes the partial L-function L(s,II) = [Tyepg L(s,m,) for a finite set S ¢ V.
Now one can reinterpret the Shalika-zeta integral as an instance of Poincaré duality and
hence the claim that the critical values are the Shalika-period up to some rational multiple
follows from the algebraic nature of Poincaré duality.

In the first chapter of this thesis we combine the above ideas together with the Jacquet-
Langlands correspondence, see [11], [13], to obtain new results on critical values of discrete
series. To do so we fix again a totally real field K and a central division algebra of degree 2
over K. We then replace the group GL,, by GL, the invertible matrices over D. Moreover,
one can extend the definition of a Shalika model analogously to cuspidal automorphic
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representations of GL), (Ag). Due to some technical restrictions we are at the moment only
able to treat the case of cuspidal automorphic representations of GL,(Ak). However there
we can show via similar arguments to [47] and using the results of [46] that the critical values
of a cuspidal automorphic representations of GL5(Ak) are, up to a rational multiple, the
Shalika-period. Finally, the Jacquet-Langlands correspondence gives a natural correspondence
between discrete series representation of GL5(Ak) and discrete series representations of
GL4(Ak), which respects the L-functions. This in turn gives the desired result.

1.7 Modular representations

In the second section of the thesis we focus on the local representation theory of GL,,. We
thus fix a local non-archimedean field K, with residue characteristic p.

The classification of irreducible, smooth admissible representations of GL,(K,) over an
algebraically closed field R is of great importance in the Langlands program. This has
been achieved by Bernstein and Zelevinsky in [132], [16], [17] for the case R = C and was
later extended by Tadi¢ in [I18] to the case Gy, := GL,, (D, ), where D,, is a central division
algebra over K, of degree d, and char K, = 0. For char K, # 0, the classification was
completed in [I2]. The main focus of the fourth chapter of the thesis will lie on the case R
of characteristic £ := char R possibly non-zero. Moreover, we restrict ourselves to the case
¢ # p to ensure the existence of Haar measures on reductive groups over K,. The theory of
such representations has been explored and developed in [123], [124]. Passing from the ¢ =0
to the £ # 0 case, many results carry over, however, also several new phenomena appear.
Vignéras [124] and Minguez-Sécherre [101] generalized the classification of Bernstein and
Zelevinsky and Tadic to the case of £ # p. The irreducible representations are classified by
purely combinatorial objects called multisegments, formal finite sums of segments. To each
multisegment m an irreducible representation Z(m) of G, for a suitable n, can be assigned
and every irreducible representation of (G, is isomorphic to a representation coming from
such a multisegment. However, in the case £ # 0 it might happen that two multisegments give
rise to isomorphic representations. Because of this one has to restrict the map m — Z(m) to
so-called aperiodic multisegments to obtain a bijection. The three main results of this section
are the following. Firstly, we extend the theory of p-derivatives, see [83], [64], [66], [67], to R
of non-zero characteristic. We quickly recall the necessary notions to define these derivatives.
If (71, V1), (2, V2) are admissible representations of Gy, and Gy,, we let P, ,,,)(IDy) be the
parabolic subgroup of G, +n, containing the upper triangular matrices with Levi-component
the block diagonal matrices Gy, x Gy, and unipotent component Ug,, ,)(Dy). We then
denote by m; x mo the normalized parabolically induced representation of m; ® w9, 7.e. the
space of locally constant functions f:G, — V; ® V5 such that for g € Gy, m = (mq,mz) €
Gn1 X Gn2, u € U(nl,ng)(KU)

dong
2

f(mng) = [det(m)]y = det(ma)fy = (w1 (my) @ m2(ms)) £ (9).

The group G, acts on this space by right-translation. We call an admissible representation
p square-irreducible if p x p is irreducible. If p is a square-irreducible representation of G,
and 7,0 are irreducible representations of G,, and G_,, respectively, m > n, we call o a left-
respectively right-derivative of m with respect to p if we have non-zero inclusions 7 < p x o
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respectively m < o x p. Then o is, up to isomorphism, unique if it exists, and 7 is the unique
subrepresentation of p x o respectively o x p.

This in turn allows us to achieve two things. Firstly, we are able to compute the L-factors of
irreducible representations defined in [94] explicitly. Let us recall here their definition. Let
M,, n(Dy) be the space of n x n matrices over K,, and denoted by S(M,, ,(D,)) the space of
Schwartz-functions with entries in R. Let ¢ be such a Schwartz-function and f be a matrix
coefficient of an irreducible representation 7 of GG,. One can then define a Laurent-series
Z(¢, f,T) whose k-th coefficient is given by

f(9)é(g)dg.

geGhn, |det(g)|=g5"

It turns out that then Z(¢, f,T) € R(T) and that one can then show that by varying
—dyn
Z (o, f, qu 2 ) over all Schwartz-functions and matrix coefficients of 7, one obtains a

fractional ideal of £(m) € R[T,T']. We then define L(7,T) as the generator of £(7) such
that L(m,0) = 1. In particular, if R = C and one sets T' = ¢~° one obtains the Godement-
Jacquet standard L-factors, which we discussed in In the second part we the give
an explicit description of L(m,T") in terms of a multisegment parametrizing 7. Moreover, we
check that they behave well with the modular Local Langlands correspondence and the L-
factor of the corresponding C-parameters, see [74]. The crucial fact that allows this approach
is that a cuspidal representation has trivial L-factor if it is not square-irreducible and hence
we are able to proceed by an inductive argument. Recall that a cuspidal representation of
G, is an irreducible, smooth representations such that for nq + ny = n, n; € Z.o there exists
no representations my,my of G, x Gy, such that m; x my contains 7 as a subrepresentation.
Secondly, we give a new proof that the map m — Z(m) is surjective, i.e. every irreducible
representation is isomorphic to Z(m) for a suitable multisegment m. Such a new proof is
of interest since the existing on heavily relied on the powerful, but abstract, machinery
developed in [2], [25] of geometric representation theory. Our proof is entirely contained in
the much more elementary setting of the representation theory of G,,.

1.8 Theta correspondence

The principle of the Langlands functoriality suggests that comparing automorphic representa-
tions or their local counterparts of different groups offers a promising way of understanding
these representations. One of the most powerful tools of this kind is the so-called theta
correspondence, which had its root in the foundations of quantum mechanics. The theta
correspondence was first formally introduced in [56] and was for example used to show
that the (naive) generalized Ramanujan conjecture is false in non-trivial examples, see [58].
The standard references for this topic are [57] and [97]. For the longest time the theta
correspondence seemed to exist outside of the Langlands program and although useful, did
not immediately connect to the principle of functoriality. However in recent years several
attempts were made to remedy this apparent problem, which, among other things, led to the
development of the relative Langlands program. In this thesis, we will however focus on more
concrete, representation-theoretic question which arise from the theta correspondence. More
precisely, we will study the local theta correspondence in type 1.
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The basic idea of the theta correspondence is the following. Assume we have two groups G
and H, a representation 7 of G, and would like to find a natural recipe of how to construct
from 7 a representation of H. One possibility is to find a large group M containing G x H
and a natural representation w of M such that for all 7 we are interested in, there exists a
non-zero G-invariant map m — w. We can then consider the maximal (7, G)-isotypic quotient
of w, i.e. the maximal representation II of H such that there exists a surjective, non-zero
G x H-equivariant map
w—>Iler.

In such a situation II is usually denoted by ©(7). We now could ask several things from the
map 7 — O(7), for example, if 7 is irreducible, can the same be said about ©(7)? In most
cases this will not be true, but since we are lucky, in what will follow, ©(7) will either be 0
or of finite length and will have a unique irreducible quotient, denoted by (7). The next
question is then how much information about 7 is stored in 6(7), i.e. if (7) 2 6(x') £ 0, is
then 7 = '?

For this introduction, we will now focus on a particular instance of the theta correspondence
and will show how one can implement the above ideas. Let K, be a non-archimedean local
field of characteristic different from 2, residue characteristic p, and ¢,: K, - C* a non-trivial
additive character. The group # in the above motivation will be of the form Sp,,(K,). The
group G(V'), where V is a quadratic space over K, of even dimension n and G(V') is the
group of invertible linear transformations preserving the quadratic form, will play the role
of G in the above motivation. However, as we will see later, if n is small compared to m it
might happen that for 7 an irreducible representation of Sp,,(K,), Q(7) = 0. It will thus be
useful to consider a tower of quadratic spaces {V, r € N} with Vj =V and dimg, V, =n + 2r
and replace V by a suitable V,.. This is done as follows.

Recall that to a quadratic space V over K,, one can associate three invariants. The first
being its dimension, the second its discriminant-character Agise: K, - C* and the third its
Hasse-invariant (V') € {£1}. Recall that the discriminant-character and the Hasse invariant
are defined as follows. For a,b € K}, define the Hilbert-symbol

1 if 22 = ax? + by? has a solution in (KX)3,

-1 otherwise.

(CL, b)Ku = {

After choosing a suitable basis, the quadratic form of V is represented by a diagonal matrix
diag(aq,...,a,). Then one defines

e(V)= TI (aia))x,
1<i<j<n
and .
det(V) =[] a:.
i=1

Finally define
n(n-1)
Adisc(x) = ($, (_1) 2 det(v))KU‘

Then these three invariants are already enough to determine the quadratic space V' uniquely.
Furthermore, denote the hyperbolic space

21




For a given dimension n and discriminant character Agjs. there exist thus two quadratic
spaces with Hasse-invariant +1, denoted by V*, and Witt towers

(VE=V*eH, reN)}.

It is now easy to check that the discriminant character of each V;* is still Agise and the
dimension of V;* is even, as is n. Denote now by (-, —) the quadratic form on V" and by (-, -)
the natural symplectic form on K. Finally, define W :=V ® KT together with its naturally
induced symplectic form

((z1 ® Y1, 72 ® Y2)) = (21, 72){Y1,Y2)-

One thus has an embedding G(V') x Sp,,,(K,) = Sp(W) and thus a natural candidate for the
group M could be Sp(W). It turns out that one cannot find a representation w of Sp(W)
such that ©(7) is most of the time non-zero and if it is non-zero it is well-behaved. However,
nature offers a way out of this dilemma and we only have to pay a small prize. It comes
in the form of the metaplectic group Mp(W) and the Weil representation w,, of Mp(W),
which depends on the fixed additive character ¢,. We will not recall the definition of the
metaplectic group here and refer to [72]. At the moment we just note that it is a non-trivial
extension

1 - {+1} - Mp(W) - Sp(W) - 0

and it admits a natural representation called the Weil representation wy, . Moreover, since
we chose n to be even, the inclusion G(V') x Sp,,,(K,) = Sp(W) factors through Mp(W) and
hence we can take in this case M = Mp(W) and w the Weil representation. Thus if 7 is an
irreducible smooth representation of Sp,,(K,) we denote by Oy, 4, (1) = O(m) its lift to
G(V). It was shown in [71] that Oy, , (7) is either 0 or a smooth representation of finite
length of G(V'). The following was then conjectured in [56], [57] and proven by [128] in the
case p # 2 and in [57] for archimedean fields. In [42] a new proof without the assumption on
p was given and in [40] the remaining case of quaternionic dual pairs was covered.
Theorem 10 (Howe Duality Conjecture for Type I, [128], [42], [40]). Let 7, n" be irreducible
smooth representations of Sp,,(K,). Then the following holds.

1. The representation 0(r) is either irreducible or 0.
2. If O(w) 2 0(n") £ 0, then T2 7'

It thus remains to determine for which quadratic spaces V the theta lift of a given m is
non-zero. This is answered by the following theorem. We denote by mj () the first
occurrence of an irreducible smooth representation 7 of Sp,,(K,) in the theta correspondence
in the Witt tower {V,*}, i.e. the smallest dimg, V,* such that Oy ,, 4, (7) # 0. The following
conservation relation was conjectured in [73] and proven in [I17].

Theorem 11 (Conservation Relation, [I17]). For any irreducible smooth representation m of
S, (K,)

mp, () +mp, (7)=2m+4.

To prove this theorem, Kudla and Rallis proposed in [73] the following strategy, which was in
the end however not the approach used by Sun in [I17], who managed to achieve the result
via different methods. Let x be a unitary character of K; and s € C and equip K" ® K!"* with
the standard symplectic form (.,.) on the first copy of K" and —(.,.) on the second copy of

22



K7*. Let I(x, s) be the degenerate principal series of Spy,, (K, ). This representation is defined
as follows. Let X be the isotropic subspace of Kgm equipped with the standard symplectic
structure given by the first copy of KI* Set P(X) to the stabilizer of X under the action of
Spom (Ky). Then P(X) has a Levi-component isomorphic to GL,,(K,) and we denote its
unipotent part by N(X). Define I(yx,s) as the set of locally constant functions

2m+

1
{f:Spgn(Ky) = C: f(mng) = [det(R)]*" "2~ x(det(h)) f(9),
neN(X), heGL,(Ky,), g € Spy,, (Ky)}-
Consider the natural embedding
2 Spm(KU) X Spm(KU) - Sp2m(KU)

and define the restriction of I(x,s) to Sp,,(K,) x Sp,,(K,) as

Im,m(Xvs) = L*(I(X,S)).

In [73] the authors construct a non-zero morphism I, ,,(x,s) - 7 ® " for all irreducible
smooth representations 7 of Sp,,(K,) and conjectured that this morphism is up to a scalar
unique. The main result of the third section is the following theorem, which positively answers
[72, Conjecture V.3.2], cf. also [73, Conjecture 1.2].

Theorem 12. For all irreducible smooth representations m of G(W),

dim¢ HomSpm(KU)xSpm(Kv)(Im,m(X78)’7‘- ®7TV) =1.

In [73), §4] it was proven that [Theorem 11| holds under the assumption of [Theorem 12| In the
same paper, see [73, Theorem 1.1, Lemma 1.4], [Theorem 12| was verified for 7 = 1 the trivial

representation. In the last part of the thesis we will give a proof of this conjecture.
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Chapter 2

Notations and preliminaries

In the course of this chapter we will fix the necessary notation and recall the preliminary
results on which we will build later on. As the topics discussed can be roughly divided into
local and global phenomena, we will keep the same separation here. However, unlike in the
introduction and the rest of the thesis, we will start with the local side of the story and then
take care of the global side. If a symbol can both appear in the local and global context, like a
division algebra over a field, we will use a subscript v to distinguish the former from the later,
e.g. a division algebra I, over a local non-archimedean field K, of degree d, versus a division
algebra D over a number field K of degree d. The subscript v will denote the valuation of the
underlying local field. Moreover, we reserve capital letters like II for global representations
and lower-case letters like 7 for local representations whenever possible. Thus we will denote
the local representations corresponding to a global representation II usually by .

2.1 Miscellaneous

For n € N we let ¢, be the group of n-th roots of unity in C* and if S is a set we let N(.S) be
the commutative monoid consisting of functions S — N with finite support. Let n € Z.¢ and
denote by S,, the n-th symmetric group. A tuple

a=(ar,a,...,q1), a; € Lsg

will be called a composition of n if ¥!_; a; = n. Note that throughout this text we assume
compositions to be tuples, whereas we use the phrase partition for unordered tuples. The
reverse composition @ of « is denoted by @ := (a4, ..., 1) and we call « ordered if

o120 2... 2 0.
For je{1,...,t} let (B15,P2;,---,Bi;;) be a composition of ;. We then call
(Bl,l?'"7Bi1,17/81,27"'aﬁiz,Qa‘"‘aﬁl,tw"aﬁit,t)

a subcomposition of a. If o/ = (af,...,a}) is a second composition of n we define the
intersection o N o’ recursively as follows.

(a1, (0, ... ap)n (g, ..., ar)) if aq = af,
ana ={(a1, (] -ai,...,al)n(az,...,a1)) if oy <o,
(of, (. ap)n(on—af,...,ar))  if aq > .
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If « and o' are compositions of n we say « < o’ if

for all j € {1,...,min(¢,t")}.

2.1.1 The symmetric group In this section we quickly review the representation theory
of S,, over an algebraically closed field R, not necessarily of characteristic 0. For a more
thorough introduction see for example [63]. Let A = (A1,..., ;) be a partition of n and denote
by 1, the trivial representation of S,,. We set

S,\1=S,\1><...><S)\t,

1,:=1,,®...91,,

and
M* = Ind§ (1,) = Homg, (Sn, 1),

called the Young permutation module. The representation M?* contains the Specht-module S*
with multiplicity 1, cf. [63, §4]. If R = Qy, S* is irreducible for all A and the Specht-modules
parameterize all irreducible representations of S,,, however if R = Fy, S* might be reducible.
To bypass this issue in the case R = Fy, one equips M* with a natural S,-invariant and
symmetric bilinear pairing (-,-). Under this pairing, let (S*)* be the orthogonal complement
of §* in M* and set

Dy = 5(S* n (S)H).

We recall that A is f-regular if for all

ai::#{je{l,...,t}:)\jzi},

a; < L. Now D) is irreducible if it is non-zero and it is non-zero if and only if A is /-regular.
Moreover, if ;1 is a second partition of n, Dy appears in M* if and only if A < p. Finally M*
is contained in M? in the Grothendieck group of R-representations of S,, if and only if p < \.
More precisely, the multiplicity of S* in M* is the Kostka number K A

2.1.2 Locally compact groups We will fix our conventions regarding locally compact
groups and their Haar measures. Let G be a locally compact group, i.e. a Hausdorff topological
group with locally compact topology. Let R ¢ {C,F[,@g}. We denote a left respectively right
Haar-measure on GG with coefficients in R by d;g respectively d,g. The modular character
of GG is denoted by dg and if G is unimodular we denote the left and right Haar-measure
by d. Since these Haar-measure are only well defined up to a scalar multiple, we will fix,
when necessary, a choice by fixing the volumes of certain compact subgroups of G. If G is
unimodular and H is a unimodular subgroup of G, the quotient H\G can be equipped with
a natural choice of a quotient measure, depending on a choice of Haar-measure on both G
and H.

2.1.3 Adelic notation We expand marginally on the notation already introduced in the
introduction.
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Local notation Let K, be a local non-archimedean field and ID,, a central division algebra
over K, of degree d,,. We let O, be the ring of integers of K, and fix a uniformizer w,, i.e. a
generator of the maximal ideal of O,. We extend the valuation v of K, to a valuation v’ of
D, by

1
v (z) = 7Y (NI"DU/KU (z)).
v
Define the ring of integers of D, as

(91'] ={zeDy,:v (x)>0}.

Global notation Let K be a number field with dimg K =7, O its ring of integers, and let D
be a central division algebra of degree d over K. Recall the set of places V, which decomposes
into the finite places V¢ and the infinite places Voo. For v € V, one has D® K, = M, ., (D,),
where D, is a central division algebra of dimension d% over K, and d,r, =d. If D, = K, we
call v a split place of D. From now on we assume that ) is non-split at all infinite places.
Equivalently, for v € Voo, D, = M d d (H), where H denotes the Hamilton quaternions. We
denote the places where D is non—spht by Vp. Finally, let ® be the absolute different of K,
ie. 7= {z e K: Trg q (z0) € Z}.

We will also fix a non-trivial additive character
w: K\AK g CX

as follows. First define

Yo=yYr® & Up:Q\Ag—>C”

p prime

by
5 (0) =y (0= 20N k) - T st

keZ k<0
By composing g with the trace map Trg,g:Ax — Ag, we obtain the desired character
:K\Ag — C*. Note that the finite places where 1) ramifies correspond precisely to the prime
ideals p not dividing ®. We will write from now on A for the adeles of K.

2.1.4 Deligne representations Let K, be as in|Section 2.1.3] We recall Wi, the Weil
group of K, the inertia subgroup I, and v, thg unique unramified character of Wi, acting
on the Frobenius by v, (Frob) = ¢;!. Let R € {F;,Q,} be a field of coefficients, where ¢ is
prime different from the residue characteristic of K,. A Deligne R-representation of Wk, is a
pair (®,U), where ® is a finite-dimensional, smooth representation of Wi, over R and U an
element in Homyy, (v ®, @). We quickly discuss several properties of such representations.
For a more complete discussion, including proofs, see [74]. We call (®,U) semi-simple if ¢ is
semi-simple and if R = Fy, let o(®) be the smallest natural number k such that
dzro.

Let

Z[@] — {éa"') 1(17((1:‘) 1(b} R= ]Ffa

(ke kezy R=Q,.
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We say a semi-simple R-Deligne representation is supported on Z[®] if the underlying
Wk, -representation is the direct sum of elements in Z[®]. We say two indecomposable
representations (®,U) and (®',U’) are equivalent if (®',U") = (®,\U) for some non-zero
scalar A € R and two general semi-simple R-Deligne representations are equivalent if their
respective indecomposable parts are equivalent. We denote by Rep,,(Wxk,, R) the set of
equivalence classes of semi-simple R-Deligne representations and by Repg; ,(Wk,, R) the
subset of representations of length n, where the length is the dimension of the underlying
Wk, -representation. We call an R-Deligne representation (®,U’) nilpotent if U is nilpotent
and recall that over R = Qy, the equivalence classes of semi-simple representations are in
bijections with equivalence classes of nilpotent semi-simple representations. We denote the
latter set by Nilss(Wk,, R) and by Nilgs ,(Wk,, R) its subset consisting of representations
of length n.

For r € Zsi, we let [0, — 1] be the R-Deligne representation whose underlying Wy -
representation is

—_

Nk
V’U

Il
o

and U is defined by
U(aj‘o, N ,.1‘7«71) = (0,1‘0, N ,.%7«,2).

For @ a general irreducible representation of Wi we can then define
[0,r-1]®@®

and these parametrize all nilpotent semi-simple R-Deligne representations up to equivalence.
Over Iy there exists a second class of indecomposable semi-simple representations of the
following form. Let ® be an irreducible representation of Wk, , denote
o(®)-1
U(d)= P Jo
k=0

and pick an isomorphism I: 1/5@)(1) 5 ®. We then define C(I,®) =C(®) as the F;-Deligne
representation with underlying Wi, -representation ¥(®) and

U(20s -+ To(@)-1) = (L(To(@)-1),T0s - - - To(d)-2)-

Then C'(®) depends up to equivalence only on Z_[@] and the underlying morphism U of C'(¢)
is a bijection. The indecomposable semi-simple F;-Deligne representations are then classified
up to equivalence by

[0,r-1]®® and [0,r - 1] ® C (D),
see [74, Main Theorem 1].

We call a semi-simple Q,-representation ® of Wk, integral if it admits a Wk -stable Z-lattice
L, which generates ®. One can then define its reduction mod ¢ r,(®) by taking the semi-
simplification of L ®7, [y, which is independent of the chosen lattice. We let Nil¢, (Wx,, Q;)
be the semi-simple nilpotent representations whose underlying Wx -representation is integral.
One obtains hence a map

Iy Nﬂgs (WKU s @E) - Nﬂss(WKU s F@)

sending
[0,r—1]®@ P~ [0,r —1] @ 1y(D).
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2.2 Reductive groups

We will quickly introduce the reductive groups relevant to us and fix our notation regarding
tori and parabolic subgroups. If P is a parabolic subgroup of GG, we denote the opposite
parabolic subgroup by P.

2.2.1 The general linear group Let K be a field and V' a n-dimensional K-vector space.
Then GL(V) is a linear algebraic group over K. Choosing a basis of V' gives an identification
of GL(V') with GL,,, the n-th general linear group over K. The standard choice of a torus
T, in GL,, is then given by the diagonal matrices with character group X*(7,) = Z", where
w=(p1,...,Hu,) corresponds to

n
HHté‘i.
i=1

ln
The roots of GL,, with respect to T, are then given by
{ei—ej:1<i,j<n,i+j},

i—th
~

where €; := (0,..., 1 ,...,0). A weight p e X*(7},) is called dominant if

,UJZ..Z,un

and regular if
M1 > ... > Un.

To each dominant weight ; one can associate a highest weight representation E,, of GL,(C)
as follows. The weight  induces a line bundle L, on B, (C)\GL,(C) and the space of global
sections

I'(Bn(C)\GLA(C), Ly)

carries a natural action of GL,(C). If u is dominant, the so obtained finite-dimensional
representation of GL,,(C) is irreducible and denoted by E,, and is called the highest weigh
representation corresponding to u. Throughout the rest of this thesis we fix the choice of
positive roots to {e;—e; : 1 <i < j <n}, corresponding to the standard Borel subgroup B,, given
by the upper triangular matrices. Recall that the parabolic subgroups over K, containing B,,
are then parameterized by compositions of n. In other words, to a = («,. .., ) a composition
of n we associate the parabolic subgroup P, of GL,, containing the upper triangular matrices
and having as a Levi-component the block-diagonal matrices M, = GLq, x ... x GL,, and
unipotent component U,. Then P, is conjugated to Py. If V is a finite-dimensional K-vector
space and
fZ{OZF()E...Fk:V}

is a flag in V, the stabilizer P(F) in GL(V) is a parabolic subgroup conjugated to the
standard parabolic subgroup corresponding to the composition

(dlmK Fl/F(], e ,dimK sz/Fk—l)
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2.2.2 The general linear group over a division algebra Let K be a field and D
a central division algebra over K of degree d. Let M, ,, be the variety whose K points are
the n x n matrices with entries in K and let M, ,, be the variety whose K points are the
n x n matrices with entries in D. For A € M;, , (K) define det’ (A) as follows. Choose an
isomorphism ¢: M;, ,, (K) ® K > Mydnd (K) and set det’ (A) := det (¢ (A®1)). This map is
independent of the chosen isomorphism and defined over K. Thus, we can extend it to a map
det': M;, ,, - My ;. Similarly we define a trace map Tr(A) := Tr (¢ (A® 1)) and extended it
to a map Tr: M;m — M 1. Having fixed all of these conventions, let us define the reductive
K-group
GL! ={Ae Mr'm :det’ (A) #0}.

and denote the center of GL! by Z! = GL;. Again we can assign to each composition « of n
a standard parabolic subgroup P, of GL;, defined over K,, containing the upper triangular
matrices and having as a Levi-component the block-diagonal matrices M, = GLg,, x...x GL'ak
and unipotent component denoted by U/,. Then PT; is again conjugated to P%. We extend the
notions of highest weight representations of GL,, to GL!, as follows. If K=R and D=H, a
representation £, of GL; (R) is called a highest weight representation with dominant weight
p € Z2", if the corresponding complexified representation of GLg,(C) is a highest weight
representation with weight p. Define finally H,, = GL,, x GL,,, H} = GL!, x GL/,.

2.2.3 Classical groups Let K, be a field as in [Section 2.1.3| of characteristic different
from 2 and let L, be either L, = K, or a quadratic extension of L,,.. Let ¢ € Gal(LL, /K, ) be the
generator of Gal(LL,/K,). If [, : K,] = 2, we let L} be the elements of norm 1 in L,.

Let € € {1} and W a finite dimensional vector space over L, together with a non-degenerate
e-hermitian and c-sesquilinear form

(o, )W xW > L,

(Az +py, 2) = Ma, 2) + ply, 2), (2,y) = ec((y, ).
Let G(W) be the symmetry group of (.,.), i.e.

G(W):={g e GL(W) : (gz, gy) = (z,y) for all z,y e W}.

Then
symplectic group Sp(W) L, =K,,e=-1.
G(W) =4 orthogonal group O(W) L, =K,,e=1.
unitary group U(W) [L,:Ky]=2.

We call a subspace X of W isotropic if the e-hermitian form vanishes on X. Let gy be Witt
index of W, i.e. the maximal dimension of an isotropic subspace of W. If X is an isotropic
subspace of W, write W =X @ W/ @Y, such that X ® Y and W' are non-degenerate and Y’
is isotropic. Let P(X) be the stabilizer of X in G(W). Then P(X) is a maximal parabolic
subgroup of G(W) defined over K,, and every maximal parabolic subgroup is of this form. The
Levi decomposition of P(X) = M(X)x N(X) has Levi-component M (X) = GL(X) x G(W'),
the stabilizer of Y in P(X). More generally, if

F={0=XocXy¢c...cX,cX,;,1 =V}
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is a flag of isotropic subspaces of W, its stabilizer is a parabolic subgroup P(F) = M (F) x
N (F) with Levi-component

M(F) =GL(X1) x ... x GL(X,) x G(W"),

where W = X, @ W' @ Y, as above. We observe here that the parabolic subgroup P(X) is
conjugated to its opposite parabolic subgroup P(X) by an element which acts on GL(X;)
as g = ¢(*g”!) and on G(W') trivially. From now on we will write by abuse of notation

GW) = G(W)(Ky).

2.2.4 Metaplectic groups Let K, be a local non-archimedean field of characteristic
different than 2 and fix an additive, continous character 1,:K, - C*. For a more precise
treatment of the contents of this section see [72]. Let W be a finite-dimensional symplectic
space over K,. Choose a Witt decomposition W and recall the Heisenberg group H (W) =
W & K,, equipped with multiplication

1
(Ulaxl) ° (/027372) = (Ul + V2,1 + X+ §<U1702))

and center K. The Stone van-Neumann theorem implies that H (/') has a unique irreducible
C-representation wy,, for each choice of central character 1, which can be explicitly described
as a compactly induced representation. Since G(W) acts on H(W) by acting on the W-
component, one obtains for each g € G(W) an irreducible representation wy, o g. From the
explicit description of wy, it can be deduced that the central character of wy, o g is still v,
thus it follows wy,, o g = wy, . Denote by X the underlying vector space of wy,,. Hence there
exists Ay, (g) € GL(X) such that

Ay, (g) 0wy, ©g 2wy, oAy, (9)

and by Schur’s lemma this is up to a scalar unique. Moreover, since one can show that w,, is
unitary, we constructed a map

Ay, :Sp(W) > GL(X)/S".

We then set )
Mp® (W) := Sp(W) xcr(x)/s1 GL(X),

a S'-fibration of Sp(W). It turns out that this S!'-fibration factors through a (s vibration,
which we from now on will denote by Mp(W), and is independent of 1),. The representation
Wy, : Mp(W) - GL(X) is called the Weil-representation.

2.3 Representation theory of local groups

Let K, be as in and with residue characteristic p and absolute value |-|,. Let
¢+ p be a prime and G a connected reductive group over K, with center Z(G). Moreover,
we fix an algebraically closed field R € {IFy,Q,,C}, fix a square root of g, in R, and we let
Repr = Rep(R) be the category of smooth, finite length representations of G(K,) over R
with morphisms the G(K,)-equivariant R-linear morphisms. From now on we assume all
representations to be smooth. For 7 € RRep; we denote by 7" the contragradient representation
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of 7, given by the G(K,)-equivariant morphisms from 7 to the trivial representations, which
admit an open compact subgroup fixing it. Then the contravariant functor

(=)":Repg(R) - Repi (R)

is well-defined, an involution and exact. The set of isomorphism classes of irreducible rep-
resentations in Rep,(R) is denoted by Jrrg(R). If m, 7" € Rep, we write 7 - 7’ if 7 is a
subrepresentation of 7" and m - 7’ if 7’ is quotient of 7. The socle respectively cosocle of ,
i.e. the maximal semi-simple subrepresentation respectively quotient, are denoted by soc()
respectively cos(7).

If :: H - G is a morphism of reducitve groups over K, and 7 € Rep,(R) we write ¢*(7) for
the pullback of 7 to H(K,). We let Rg(R) be the Grothendieck group of Rep,(R) and

denote the natural map
[-]:Repe(R) - Ra(R).

For an element [X] € Re(R), we write [X] > 0 if the multiplicity of all isomorphism classes
of irreducible representations in [X] is greater or equal than 0 and we write [X] > [Y] if
[X]-[Y]=>0.

For P = M x U a closed subgroup of G(K,) such that M nU = {1} and M normalizes U, and

(7,V) a smooth representation of M we let # — Indg(K“)(T) be the compactly supported

induction of the inflation of 7 to P to G(K,). The underlying vector space is the set of all
functions f:G(K,) — V satisfying

1. f(mug) =7(m)f(g) for all me M, u e U and g € G(K,),

2. there exists an open compact subgroup K; ¢ G(K,) such that for all £k € Ky and
g€ G(Ky) f(gk) = f(9),
3. f is compactly supported modulo P.

The group G acts then on # — IndJGD(K“)(T) by right translations. We denote by Indg(K”)(T)

the normalized compactly-supported induction of 7, i.e.
1
md$™ ) (7) == # - md%* ) (527),

where dp is the modular character of P. For (m,V') a representation of G, we denote by
# —rp(7) the reduction of 7w to M. To be more precise, let VY ¢V be the subspace of V
spanned by the vectors of the form

{m(u)v-v, forueU,veV}

and let Vi := V/VU. Then 7 restricted to M gives a well-defined action of M on Vi, which
is by definition the reduction of V. We denote by rp(7) normalized reduction, i.e.

rp(r) = 6,2 (# - rp ().

If P = M xU is a parabolic subgroup of G defined over K, with respective Levi-decomposition,
P(K,)\G(K,) is compact and therefore the third condition on the functions f € Indggﬁvi(ﬂ
is superfluous. In this case we call this induction parabolic induction and denote it by abuse
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of notation Ind% (7). Moreover, we call normalized reduction with respect to U(K,) the
Jacquet-functor, the image of a representation under the Jacquet-functor rp(m) = rpg,(7)
its Jacquet module, and we thus obtain functors

Ind%: Repp(M) = Repp(Q), rp: Repp(G) - Rep (M),

which are exact, send representations of finite length to representations of finite length and
satisfy Ind%(7)Y = Ind%(7") and r5(7") 2rp(7)". Moreover, 7p is left adjoint to Ind% and
Indg is left adjoint to rg, i.e.

Hom;(rp(7),7) = Homg (7, Ind%7), (Frobenius reciprocity)

Homg(Ind% (7), 7) = Hom (7, r5(m)), (Bernstein reciprocity). (1)

for all ™ € Rep; and 7 € Rep,,. Let P be a parabolic subgroup of G with Levi-component
M = Mj x M, and p a representation of M;. If 7 is a representation of G, denote by Jac, () the
(M7, p)-invariant vectors of r5(7), i.e. the maximal representation o such that p®o — r5(7).
An irreducible representation p of G(K,) is called cuspidal if rp(p) = 0 for all nontrivial
parabolic subgroups P of G and supercuspidal if p is not the subquotient of a nontrivially
parabolically induced representation. We denote the corresponding subsets of Jrtg as € resp.
G¢. From Frobenius reciprocity follows immediately that if p is supercuspidal it is cuspidal.
If R is of characteristic 0, also the other implication, i.e. cuspidal implying supercuspidal, is
true. However, if R = Fy, there exist cuspidal non-supercuspidal representations, as we will
discuss in more detail later on.

2.3.1 Geometric Lemma We will now quickly recap the theory of ¢-spaces and their
sheaves in order to state the Geometric Lemma and give a short sketch of its proof. For a
precise treatment see [I6]. A topological space X is called an f-space if it is Hausdorff and
the open compact sets form a base of the topology. The ring of smooth, i.e. locally constant
functions on X is denoted by C'*°(X) and the ring of compactly supported smooth functions,
also called Schwartz-functions, is denoted by S(X). An ¢-sheaf on X is a sheaf .# which is
a module over the sheaf of smooth functions. The category of ¢-sheaves on X is denoted
by Sh(X). For .7 € Sh(X) we let .#(X) be its global sections and .#.(X) its compactly
supported global sections.

Proposition 2.3.1 ([16] Proposition 1.14). The functor .# — F.(X) induces an equivalence
of categories from Sh(X) to S(X)-modules M such that

S(X)-M =M.

Proposition 2.3.2 ([16] 1.16). If U is an open subspace of X, Z = X \U and .F € Sh(X),
there is a short exact sequence

0> Z(U) > F(X) > F(Z) =0
An {-group H is a topological group H, which is an ¢-space. For example, if G is a reductive

group over a K,, then its K,-points are an £-group. An action of an ¢-group H on an f{-sheaf
Z € Sh(X) is a continous action of H on X and a morphism

v:H - Aut(X, .F),
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such that H acts on %.(X) smoothly. For a fixed action vg of H on X, we let Sh(X, H)
be the category of H-sheaves, where the action of H restricted to X is 9. We denote the
functor . — .Z.(X) by

Sec: Sh(X, H) - Repy.
Moreover, if () is closed subgroup of H and Z a locally closed and (-invariant subspace of X
there exists a restriction functor

Res = Resz ¢:Sh(X, H) - Sh(Z,Q).

Proposition 2.3.3 ([I6] Proposition 2.23). Let P be a closed subgroup of H and set X = P\H.
Then the functor
Res:Sh(X, H) — Sh(*, P) =Repp

has an inverse, denoted by
Ind:Sh(*, P) - Sh(X, H).
Moreover, Sec o Ind: Repp — Repy is # — Indg.
Let P = Mp x Np, Q = Mg x Ng be closed subgroups of H with Mp n Np = {1}, Mp

normalizes Np and similarly for @) such that there only finitely many Q-orbits in P\ H. Define
for ro € P\H/Q represented by an element w the groups

M} := Mp nw ™ Mgw, Mg, = wMpw™!, Ng=Mpn w™ Now,

Np = Mg nwNpw ™.
Let

01 := 6% -57%
P

1 1
53 573
Np "Npnw=1Qu’ 02 = 5NQ 0

NonwPw™1

be characters of Mp respectively M. Finally, let w:Rep My, — Rep M, be the pullback by
conjugation by w and set & := 6; o w™ o §y. Order the Q-orbits of P\H as wy,...,t; such
that Oy, = Uicj On,, where Oy, is the Q-orbit in P\H associated to tv.

Define for o € P\H/Q the functor

M,
F(w) = IndM},QDN;) owodoryy Ny Repyr > Repy.

Then the following holds.
Lemma 2.3.4 (Geometric Lemma, [I7] Lemma 2.11). The functor

Fi=rgo Ind2:9Rep,,; - Repy
has a filtration 0 = Fy € Fy € Fy € ... € F} = F with subquotients F;_1\F; = F(w;).

Let us comment on its proof, as the details will be important later on. An induced represen-
tation Ind% (7) corresponds to H-sheaf .# on P\H. Note that we have a filtration of P\H
by
BEO0w, €...€JOw, c...€UOw, = P\H
j<i j<l

inducing a filtration of Q-representations

0¢ Ze(Ow,) ... € Fe(|UOw,) ... cInd} (7).

j<i
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We then set 7y = 70(%:(Oy)), which are the subquotients of the above filtration of
ro(IndZ (1)) by [Proposition 2.3.2L One can then define the isomorphism

A T = F(w)(7)

by
Aw([fD(m) = p(f(wmn))dn,

Np\Ng

where m € Mg, dn is a Haar-measure on Ny, [f] is the equivalence class of a section in 7y,
and p is the projection p: 7 —» TN, (7).

2.3.2 Integral structures Let Z; be the ring of integers of Q, with residue field F,. We
choose the square roots in R in a compatible way, i.e. if R = Q,, we let /g, € Zy, such that
its reduction modulo the maximal ideal in Z, gives the chosen square root in Fy.

A Qy-representation (7, V) of G #(Ky) is called integral if it is admissible and admits an integral
structure, i.e. a G(K,)-stable Zs,-submodule o of V such that the natural map o ®7, Q -V
is an isomorphism. If P=M x U is a parabohc subgroup of G(K,) and ¢ a representatlon
of M with integral structure o, then Ind% (o) is an integral structure of Ind% (o), see [123,
I1.4.14]. For a representation 7 with integral structure o one can consider the reduction mod
£ of 7w, which is defined as

I“g(ﬂ') =0 ®Z€ Fy.

This is not an invariant of 7, it depends on the chosen integral structure. However, its image
in the Grothendieck group is. This leads to the following theorem.

Theorem 2.3.5 ([123] 11.4.12],[102, Theorem A], [123, 11.4.14, I11.5.11]). Let RE(Q,) be
the subgroup of Rq(Q,) generated by irreducible integral representations. The morphism
reduction mod ¢ between the groups

re: RG (Qp) - Ra(Fr)

is well defined. Moreover, r, satisfies the following properties.

1. If P is a cuspidal representation over Qy, it admits an integral structure if and only if
its central character is integral.

2. If p is a supercuspidal representation over Fy then there exists an integral cuspidal
representation p of G(K,) over Q, such that ry(p) = p. We refer to such D as a lift of p.

3. The map ry commutes with parabolic induction, i.e. the natural map
Ind%(0) ®- F; - Ind% (o @~ F))
P Zs P Zo

is an tsomorphism.

2.3.3 Representation theory of the general linear group Let D, be a central
division algebra of degree d, over K,, GL; the general linear group of D, and denote
G, = GL, (K,). We write

sRepn = %epn(R) = mngn (R)v Ry = fj{n(R) = SRGn (R)7

34



Jrry, = Jee, (R) = Jveg, (R).

and
%ep = mepR = U %epGn(R)7 R = 9C{(}2) = U %n(R),
neN neN
Jve = Jve(R) = | Jveg, (R).
neN

Similarly, we define

¢=¢(R) = UNc’:Gn(R), G =6(R) = UNGGTL(R).

We let
Go=Goy X ... x Gy,

and every irreducible representation 7w of Gy, is then of the form

TEMT®...Q g,
for [m;] € Jrry, and @ € {1,...,t}. As above let Rep, be the category of smooth, finite
length representations of G,. The Grothendieck group of representations in Rep,, of finite

length is denoted by R, and we write Jtt, for the set of isomorphism classes of irreducible
representations of Gy. If a = (n) we write rg = rp,, Indg := Indg; and if

Bty Bin 1,812, Bin2s oo Bits - - -5 Bint)
is a subcomposition of a and
T=T11®...0T)1®M2®...0Mp2®...0T®...0 T,
is an object of Repg, we write
TIAX o X T 1 @2 X o X Ty 2 ® .. @MY g X oo X Ty g 0= Indgg(w).
In particular, parabolic induction induces a product
x:RxR >R, ([m],[m2]) ~ [71 x m2],
which equips R with the structure of an commutative algebra, see [123], 1.16] for ¢ > 2, [16),

Theorem 1.9] for the case R = C and [10I], Proposition 2.6] in general. We also use this
opportunity to state that the modular character of the K,-points of the parabolic subgroup

corresponding to a composition a = (aq,...,ax) is given for m = (mq,...,my) €, by
k s i-1 k
5pa(m)=H|det'(mi)| v Z;(Si:_z@j"‘ Z ;.
i=1 j=1 j=itl
k

—_—t~—
If 7 is a representation we will write 7% := 7 x ... x 7.
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Combinatorial Geometric Lemma Finally, we recall the following combinatorial de-
scription of the Geometric Lemma in the case of G, for example [I7]. Let o = (n), ag =
(m1,...,m), ag = (n1,...,np), T ®...0m € Rep,,, and Mat**? the set of txt’ matrices B =
(bi,;) with non-negative integer coefficients such that for all (¢,7) € {1,...,t}x{1,...,t'}

t t
D bij=mi, 3 bij =n;.
j=1 i1

For B e Mat®®? and i € {1,...,t}, BB := (bi4,...,biw) is a composition of m;. Let l; be the
length of 75, ,(m;) and write the irreducible decomposition factors of g, ,(m;) as

ai(k)zoi(ﬁ)@...@a.(k) ke{l,...,0;}

it

with [ai“;.)] € Jrry, . For j e {1,...,t'} and a sequence k = (ki,...,k;) with k; € {1,...,1;}
ot (k1) (kt)
Bk._ _(k k
ThEo @0,
Then
Bk Bk
[Tag(m1 x...xm)] = > [r,"®...07, "]

BeMat®1:92 | |

We will also use this opportunity to state two lemmas, which were proven in [82] over Qy,
but the presented proofs work as well muta mutandis over Fy.

Lemma 2.3.6 ([82, Lemma 2.1]). Let P = M x U be a parabolic subgroup of G = Gy, and
Q1 = N1 x Vi, Q2 = Na x Vy parabolic subgroups of G containing P. Let m € Repy, 71 €
Repy,, T2 € Repy, such that there exist injective morphisms

L1:T > Ind%inP(ﬂ-)’ 19: Ty = Indximp(ﬂ')

and there exists
L3:Indgl(7'1) - Indg2 (12)

such that
Indgl(al) = Inng(bg) 013.

Then there exists a representation T of M and an injective map v: T — w such that 11 factors
through Ind%imP(L) and Ind%;ﬁP(L) factors through to.
Corollary 2.3.1 ([82, Corollary 2.2], [67, Lemma 3.1]). Let ni,no,n3 € Zso and

m; € Rep,, , 1€ {1,2,3}.

Let o be a subrepresentation of m1 x wo and T a subrepresentation of wo x w3 such that as
subrepresentations of m x T X 73
O XT3 >T1 XT.

Then there exists a subrepresentation w of wo such that
0> T XW, WXT3 <> T.

In particular, if w9 is irreducible and o # 0, then o = 7y
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Multisegments We will now fix our notations regarding segments, the central combinatorial

objects in the classification of [I6] and [I01]. Let p, p" be cuspidal representations of G, and
G- Then by [102, § 4.5] there exists an unramified character v, of G, such that p x p’ is
irreducible if and only if p’ = pv, or p’ = pv;l. We set

Zlp) = {lpvgl k€ 2}

and let o(p) be the cardinality of Z[p]. One can associate to p a finite extension k(p) of k,
of cardinality ¢(p), see [102, Section 4], and define a number e(p) as the smallest integer k
such that

L+q(p)+...+q(p)* " =0

as elements in R. If the characteristic of R is 0, we set e(p) = co. Then e(p) satisfies

o(p) ifo(p)>1,
e(p) = .
14 if o(p) =1,
by [102, Lemma 4.41].

There exist surjective maps with finite fibers
cusp : Jrr - N(€) and scusp : Jrr - N(S)
called cuspidal support and supercuspidal support. They are defined by
cusp N ([p1] + ...+ [pr]) = {[7] e Trr:m > Po(1) X - -+ X Po(k) for some o € S},

scusp™ ' ([p1] + ...+ [px]) = {[m] € Tee: [w] <[p1 x ... x pi]}.

We call k the length of the cuspidal support [p1]+...+ [pk]. A cuspidal representation p is
called O-irreducible if o(p) > 1 and we say an irreducible representation has O-irreducible
cuspidal support if its cuspidal support consists of O-irreducible representations.
Lemma 2.3.7. Let w be an irreducible representation and s = cusp(w). We write

§5=61+...+5

with si € N(Z[p;]) and Z]p;] # Z[p;] for i # j. Then there exist irreducible representations
1, ..., T with cusp(m;) = s; and
TET] X .. XTE

Proof. Since parabolic induction is exact, we can find irreducible representations mq, ..., 7k
such that cusp(m;) =s; and 7 < m x ... x m. In [I0I), Proposition 5.9] it was proven that if
k=2, m x...xm is irreducible and their method extends easily to the general case k > 2.
Thus the claim follows. O

For p a cuspidal representation of G,, and integers a < b we define a segment as the

sequence
a+1

[a,b], = (pvg, pvy" . ..,va).
The length of such a segment is

[([a,b]y) ==b-a+1
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and its degree is
deg([a,b],) :=m(b-a+1).

We will also sometimes consider a formal, empty segment [] of length and degree 0. Two
segments [a,b], and [a’,b"],y are said to be equivalent if they have the same length and
[pvg”] =[p UZ,/”] for all ¢ € Z. The set of equivalence classes of segments will be denoted by
Seg and for a fixed p the set of segments of the form [a,b], will be denoted as Seg(p) and
we call them p-segments.

If A =[a,b], is a segment, we let a,(A) = a and b,(A) = b seen as elements in Z/(o(p)Z).
We write

"A=[a+1,b],, AT :=[a,b-1],, AT :=[a,b+1],, "A:=[a-1,b],, [a], = [a,a],

and A" := [-b,—a],v. The operation A — ~A will sometimes be called shortening the segment
A by 1 on the left and similarly for the others. If a + 1 > b, A is the empty segment
and similarly for the other operations. A segment A = [a,b], precedes A" = [a',b'], if the
sequence

b ! b
(v, .y U, 'V pl0p)
contains a subsequence which is, up to isomorphism, a segment of length greater than [(A)

and [(A”). The segments A and A’ are called unlinked if A does not precede A’ and A’ does
not precede A.

A multisegment m = Ay +...+ Ay is a formal finite sum of equivalence classes of segments, i.e.
an element in N[Seg]. We extend the notion of length and degree linearly to multisegments
as well as the dual operation (—)". The set of multisegments is denoted by MS and MS(p)
is the set of multisegments m = Ay +...+ Ay such that the equivalence class of A; is contained
in Seg(p) for all i € {1,...,n}. A multisegment m contains a multisegment m’ if there exists
a multisegment m” such that m is equivalent to m’ + m”’. Moreover, m is called aperiodic if it
does not contain a multisegment of the form

[a,b],+[a+1,b+1],+...+[a+e(p)-1,b+e(p)-1],.

We let M, be the set of aperiodic multisegments and M(p)qp = Mgp N MS(p). Let
m = [a1,b1]y +...+ [ak, br],, be a multisegment. We set

m' = [b1]p1 + .-+ [bi] s

m” = [ag, by — 1, + ...+ [ag, by — 1],

and define recursively m~¢*1) := (m™*)™ and m**! := (m™*)!. Let [ be the largest natural
number such that m! # 0 and define the composition

Hm = (deg(m1)7 s 7deg(ml))
of deg(m).

We call m = Ay +...+Ay, unlinked if A; and A; are pairwise unlinked for all ¢ # j, i, j € {1,...,k}.
As for representations, there exists a surjective map

cusp g : Map = N(C),

which maps [a,b], = [pvg] +... + [pvf;] and is extended linearly to multisegments. We call a
multisegment banal if its cuspidal support does not contain the cuspidal line Z[p].
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Classification We are now going to recall the constructions of [10I] and [123]. Let
p be a supercuspidal representation of G,, and n = e(p)¢" for some r € Zsg. Then the

representation
n-1
P X PUp X ... X pU,

contains a unique cuspidal subquotient, which is denoted by St(p,n) and o(St(p,n)) = 1.
Moreover, every cuspidal non-supercuspidal representation is of the above form and if
St(p,m) = St(p’,n") then n =n’ and Z[p] = Z[p'], see [101, Section 6]. In particular, every
O-irreducible cuspidal representation is supercuspidal. We let €5 be the set of isomorphism
classes of O-irreducible cuspidal representations of G, and € := ,,50 €5 . We write

scusp v M - N(6)

for the linear map sending a segment

n-1 ) )
[a,bls(pm) = 2 ([ovg™ T+ + [0l ]).
=0

Fix a cuspidal representation p of G,,. To each segment [a,b], we are going to associate
two irreducible representations Z([a,b],) and L([a,b],). This requires us to first consider
Ar(n,q(p)), the R-Hecke-algebra generated by Si,...,Sn-1,X1,..., X, satisfying the rela-
tions

1. (Si+1)(Si—-q(p))=0,1<i<n-1
2. .5;5;=95;8:,li-j|>2

3. 8iSi+15i = Si4198iSis1, 1 <i<n -2
4 X;X;=X;X;, 1<i,j<n

5. X;8;=S:X;,i¢{j,j-1}

6. S;XiS;=q(p)Xis1,1<i<n-1

We let Jre(€Q,,)* be the set of all isomorphism classes of irreducible representations 7 of
Gpnm whose cuspidal support is up to inertial equivalence contained in N(Z[p]). By [102,
§4.4] there exists a bijection

Epn TJee(Qpn)” 5 {isomorphism classes of simple J#(n,q(p))-modules}.

Let a,b € Z such that b—a+1 = n. Then Jz(n,q(p)) has two 1-dimensional modules, Z(a,b),
defined by

Si = q(p), X; v q(p)™ ™
and L(a,b), defined by '
Si = -1, X; = q(p)**.

To a segment [a,b], we can associate now an irreducible subrepresentation Z([a,b],) resp.
irreducible quotient L([a,b],) of

a b
PUy X ... X pU,

by demanding
fpm(Z([a, b]ﬁ) = g(avb) and éﬂ,n(L([aa b]P) = ['(avb)'
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For the empty segment, we let Z([]) be the trivial representation of the trivial group.
Note that equivalent segments give rise to isomorphic representations. The representations
Z([a,b],) and L([a,b],) behave very well under parabolic restriction.

Lemma 2.3.8 ([101, Lemma 7.16]). Let k € {a,...,b}. Then

T((k=a)ym,(b-k+1)m) (Z([a,b],)) = Z([a, k - 1],) ® Z([k,D],),
T((b-k+1)m,(k-aym) (L([@,0]5)) = L([k,b],) ® L([a,k - 1],).

The structure of representations induced from representations of the form Z([a,b],) or
L([a,b],) is more complex and will occupy us in later chapters. A starting point is the
following theorem.

Theorem 2.3.9 ([101, Theorem 7.26]). Let m = Ay + ...+ Ag. Then the following are
equivalent.

1. Z(A1) x ... x Z(Ay) is irreducible.
2. L(A1) x...x L(Ayg) is irreducible.
3. m is unlinked.

If some of the segments A; are linked, the induced representation is no longer irreducible. The
following two lemmata already hint how these induced representations might look like.
Lemma 2.3.10 ([I0I), Proposition 7.17]). If p € €% then Z([a,b],) is the socle of

Z([a,b—-1]) x pvz and pvy x Z([a +1,b])

and the cosocle of
Z([a+1,b]) x pvy and pvz x Z([a,b-1]).

Next, we recall the definition of a residually non-degenerate representation. We will use an
alternative definition from the one in [I0I], however it was proven in Theorem 9.10 of said
paper that the following definition is equivalent to theirs. An irreducible representation 7 is
called residually non-degenerate if there exists a multisegment m = Ay +...+Ap, A; = [a;,bi],
for i€ {1,...,k} such that

i

[7] = [L(A1) x ... x L(Ag)]

and [(A;) <e(p;) for i € {1,...,k}. More generally, for o = (aq,....,;) a composition, we
call a representation of the form 7 =m ® ... ® m of G, residually non-degenerate if each of
the m;’s is residually non-degenerate.

Lemma 2.3.11 ([101, Corollary 8.5]). If w is residually non-degenerate and

[7] < [Z(A1) x ... x Z(Ag)]
then 1(A;) =1 for allie{1,...,k}.

Let p be a cuspidal representation of G,,, @ a composition of nm and 7 an irreducible
representation of Gy,,,. We say 7 is a-degenerate if r,, () contains a residually non-degenerate
representation. It follows from the definition given in [101, §8] that if o’ is a permutation of «
then 7 is a-degenerate if and only if it is o/-degenerate. For m = A +...+ A,, we define

I(m) = [Z(A1) x ... x Z(A)],

which is well-defined since x is commutative in the Grothendieck group.
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Theorem 2.3.12 ([I0I], Section 8]). Let m be a multisegment of the form m =[ai], +...+
lak]p,- Then I(m) contains a unique residually non-degenerate representation denoted Z(m)
and any cuspidal representation is residually non-degenerate.

For m a multisegment and I maximal such that m! # 0 we set
St(m) :=Z(m) ®...®Z(m').

We can now define an irreducible representation Z(m) for a general multisegment m.
Theorem 2.3.13 ([I0I, Theorem 9.19]). Let m be a multisegment. Then I(m) contains a
unique irreducible subquotient denoted by Z(m) which is um-degenerate. The multiplicity of
Z(m) in I(m) is 1 and the unique irreducible constituent of ru-(Z(m)) which is residually
non-degenerate is St(m).

If a=(aq,...,qk) is an ordered composition of deg(m) and 7 is an irreducible a-degenerate
subquotient of I(m) then « < pm with equality if and only if m = Z(m).

The theorem gives rise to a map
Z: MS — Jrr.

Proposition 2.3.14 ([I0I, Proposition 9.28]). Let m be a multisegment and write m =
mi +...+myg as a sum of multisegments. Then

[Z(m)] < [Z(my) x ... x Z(my)]
and Z(m) appears with multiplicity 1.

Theorem 2.3.15 ([10I, Theorem 9.36]). The map Z : M — Jrv restricted to aperiodic
multisegments is injective and Z(m)" = Z(m"). Moreover, if m is an multisegment

scusp pq(m) = scusp(Z(m))
and if m is moreover aperiodic, then
cusp pq(m) = cusp(Z(m)).

Lemma 2.3.16. Let m be a multisegment. Then

[ (deg(m-).deg(m1 ) (Z(m))] > [Z(m™) ® Z(m")].

Proof. By |Theorem 2.3.13

[rm(Z(m))] 2 [St(m)].
Let 7 € Jttgeg(m-) such that
[rm=(m)] > [St(m7)],
[T(deg(m‘),deg(ml)(I(m))] 2 [T(deg(m‘),deg(ml))(Z(m))] 2 [7T ® Z(ml)]'

The first inequality implies that 7 is p,--degenerate. On the other hand, the second inequality

implies, using [Lemma 2.3.11| and the Geometric Lemma, that [7] < I(m™). [Theorem 2.3.13]
forces therefore = Z(m™). O
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In the same article it was proven that Z is also surjective, using by passing to the Hecke-
algebra and invoking a counting argument. We will reprove in later sections this surjectivity
for all representations with O-irreducible cuspidal support.

Let us finally remark on how reduction mod ¢ and the above classification interact. The first
thing to note is the following, see [I01, Theorem 9.39]. If p is cuspidal integral representations
of G, over Q, and p is a cuspidal representation of G,, over F, such that ry(p) = p then for
integers a < b, Z([a,b];) admits an integral structure and

re(Z([a,b]) = Z([a; b],)-

A lift of a segment [a,b], over F, to Q, is a segment [a’,b']; such that 7 is a lift of p and
a <V eZwitha-b=a'-b and a =a’ mod o(p). A multisegment & = A; +...+ Ay, over Q,
is a lift of a multisegment m = Aq +...+ Ay, over Fy if A; is a lift of A; for i € {1,...,k}. In
this case we write

l"g(fﬁ) =m.

Theorem 2.3.17 ([101, Theorem 9.39]). Let m be a multisegment and W™ a lift of m. Then
Z(M) admits an integral structure and ro(Z(M)) contains Z(m) with multiplicity 1.

Haar measures revisited If one tries to translate the computation of local L-factors
from Q, to [Fy, one quickly runs into the problem that, contrary to the situation in Q,, for a
compactly supported smooth function f:G,, - R the following identity does not necessarily

have to hold:
[ r@ag= [ [ rer)arap,
Gn n

P K,

where P is a parabolic subgroup of G, K, is the open compact subgroup K, := GL,(O))
anddg, dk, d;p are left Haar-measures on the respective groups, see for example in [94].
However one can save the situation via the following method, cf. [74, §2.2]. For H a closed
subgroup of G, let S(H, R) be the set of smooth, compactly supported functions on H taking
values in R. If H' ¢ H is a closed subgroup, we let S(H'\H) = S(H'\H,J, R) be the space of
smooth functions on H which transform by ¢ := 5[_{16 g under left translation by H'. We let
S(H'\H,6,Z¢) be the functions with values in Z, and we denote reduction mod ¢ by

rp: S((H'\H,6,Z;) - S(H'\H, 5, Fy).

We will denote from now on by d;h a left Haar-measure on H and by d,h a ri_ght Haar-measure
on H, and we choose measures compatible with ry, i.e. for f € S(H'\H,4,7Z;),

[ rdnez,
H\H
and

| [ ormdn]= [ r(rm)dh

NH H\H

and similarly for d;h. In [74, §2.2] the authors show that if one replaces the left Haar-measure
d,p with a right Haar-measure d,p on P and (K, n P)\K,, above identity holds also in
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ff(g)dg=f f f(pk)op (p) dk d,p. (2)
Gn

P (Kn,nP)\Kp

Moreover for H a closed subgroup of G,, and f € S(H\G,,) we can find F € S(G,) such
that

1(9) = [ Flgh)s () d,h
H

and write in this situation f = F. As a consequence we have for f € S(P\G,) and P a
parabolic subgroup of G,

[ Frag- [ [FenF@ded- [ FPma @)
P\Gn, (KnnP)\K,, P (KnnP)\Kp

Finally, we recall the following facts about smooth functions on G,,. Let C*(G,,) denote the
representation of smooth R-valued functions on which G, x G, acts by left-right translation.
Its dual, S(G,) is given by the compactly supported smooth functions often referred to as
Schwartz-functions and such a Schwartz-function ¢ acts on f € C*(G,,) by

o) = [ 1(9)6(9)dg.
Gn

where ¢ € S(G,).

Godement-Jacquet local L-factors We section we will recall the Godement-Jacquet
L-functions for general irreducible representations. Originally due to [44] in the case of R = C,
we will recall the definitions and results as presented in [94] for general R. To formulate the
functional equation we need to fix moreover an additive character ,: K, - C*.

Let (m,V') be a representation over R of Gy, and let for ve V,v¥ e VY
fi=grv(m(g)v)

be a matrix coefficient of 7. In general we say that a smooth function f is a matrix coefficient
of 7 if it is the finite sum of functions of the above form. Let Sr(M,, »(ID,)) be the space of
Schwartz-functions on M, ,,(D,). For H ¢ Gy, we write for N € Z,

H(N):={heH :|det'(h)|= q;N}.
For a matrix coefficient f we denote by
=g flgh)

and for ¢ € Sgp(M, ,(D,)) we let ¢ be its Fourier transform with respect to our fixed additive
character 1, see [94] Section 1.3]. For f a matrix coefficient of 7 and ¢ € Sp(M,, »(IDy)) one
can then construct a formal Laurent series Z(¢,T, f) € R((T)), which is linear in f and ¢.
The coefficient of TV of Z(,T, f) is given by the integral

#(g9)f(g)dg-

Gn(N)

43



Theorem 2.3.18 ([94, Theorem 2.3]). Let (7,V) be a representation of G, which is a
subquotient of a representation induced from irreducible representations.

1. There exists a non-zero P'(m,T) € R[T] such that for each matrix coefficient f of
and ¢ € SR(Mn,n(DU))
P(n,T)Z(¢,T,f) € RIT,T"'].

2. There exists a non-zero Y(T, 1y, f) € R(T) such that for each matriz coefficient f and
¢ € SR(Mn,n(Dv))

dyn+1 dyn—1

Z($, T q 2 1Y) = (T, 7, 40)Z(¢,Tq 2

[

Note that the statement of this theorem in [94] is only stated for irreducible representations,
however the proof that is given there, together with [94, Proposition 2.5], shows that it is
true for all the above representations.

Corollary 2.3.2 ([94, Corollary 2.4]). Let L(m) be the R-subspace of R((T")) generated by

dyn

Z(bq T T, f)

where f ranges over all matriz coefficients of m and ¢ over all Schwartz-functions in
Sr(Mypn(Dy)). Then L(x) is a fractional ideal of R[T, T~'] containing the constant functions.
It admits a generator

1
Py DT € RIT)

which can be normalized by the condition P(mw,0) = 1.

One then defines )

L(m,T) := m

and (T, m,v,) by
L(7rv q—lT—l)
T = ¢(T Aoty - )
’Y( 77r7w1)) 6( 77T7¢’U) L(T(,T)
Then
e(T,mo)e(qy T " 9hy) = w(-1),
where w is the central character of 7 and e(T,m,1y) = C’mvak(“’w”) for some constant
Cry, € R and k(m,1,) € Z. If R = Q; and 7 is an entire representation then P(m,T)
has integer coefficients and hence so do the rational functions (7,7, v,) and €(T, 7, vy).
We write for a rational function F € Z,[T,T1], r,(F) € F,[T,T7!] for the coefficient-wise
reduction mod ¢ of F' and ry (%) = W(LF) if rg(F') # 0. If R = C, setting T = ¢,° gives the
usual Godement-Jacquet L-factors of [44]. -
Lemma 2.3.19 ([94, Corollary 4.2]). Let @ be an entire admissible representation over Qg
and o an integral structure of 7. Assume that both T and o ®7, Fy satisfy the condition of
|Theor’em 2.3.18. Then ro(v(T,7,1y)) is well defined, the polynomial P(o ®7, Fy,T) divides
ro(P(7,T)) inF[T] and

ro(L(7, g, 1))
re((L(7,T))

’Y(Tv 0 ®Z4 F@;w’u) = rf(ﬁ}I(T> ’7?)%)) = I'g(G(T, %71’/}:))
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Another useful lemma is the following:

Lemma 2.3.20 ([94, Proposition 2.5]). Let m be a representation of G, satisfying the
conditions of | Theorem 2.3.18. Moreover, let T be a subquotient of m. Then P(7,T) divides
P(m,T) and

’Y(Ta T, '@Dv) = ’)/(T, 7, Q;Z)v)

2.3.4 Representation theory of classical and metaplectic groups Unlike for
the general linear group, we will say much less about the representation theory of classical
groups. In this section we assume the field of coefficients R = C and use the notation of
Before we start with the classical groups, we need to introduce the following
twist of representations of GL(V'), where V is a finite-dimensional LL,-vector space. Choose an
isomorphism a: V' = L and set ¢(g) := a1 (c(a(g))), where ¢(a(g)) is the natural action of ¢
on GLy,(Ly). We then set for 7 € Repgy,vy, ‘m(g) :=7(c(g)). The isomorphism class of ‘7 is
independent of the chosen isomorphism «, since all of those differ by an inner automorphism
of V.

We put ourselves in the setup of [Section 2.2.3] Fix X a maximal isotropic subspace of W,
W=XaeW'eY as above and assume we can choose a basis of {e1,...,eq, } of X and a
basis {f1,..., fqu } of ¥ such that

1 ifi=j,
(e“m_{o if i+ 7.

Extend then eq,...,eq, fi,..., fqu to a basis of W and consider G(W) in this basis. For

ke {17-'-7QW} let
Xp=(e1,. . er)L,, Yi = (f1,- -, fa)L,

and write W}, := W' for the non-degenerate part in the decomposition
W=X. & wW'e Y.

More generally, for a <b, a,be {0,...,qw} we write X, ; for the subspace of X spanned by
{€a+1,-..,€ep} and similarly for Y, ;. For a composition « of k € {1,...,qw} let P, be the
stabilizer of the flag

0S¢ X, € Xayrag €... S Xp

with Levi-component M,. For =71 ®...® 7, ® 0 € Rep,, we denote

TLX ...XTp X0 = Ind}G,(W)T.
[e%

We take the opportunity to note at this point that

Sp, = |det|” ' & ... ® |det|P(),
N—— ——
Gay Ga,

where p(a); :=n— (2 Z;-j ;) —a;—n and

e if L, = Ky,
T2l i [Ky L] =2.
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If we deal at the same time with classical and general groups, we denote parabolic subgroups
of classical groups by P, and those of general linear groups by Q4.

Let ke {1,...,qw}. An element (m,g) € G x G(W}) of the Levi-component of of P(Xy)
corresponds to an element of the form

m 0 0
0 g 0 eG(W)
0 0 c('m™)

and an element n € Ny in the unipotent part of P(Xy) is of the form

1 =z y- %xc(tx)
0 1 —c(tz) |eG(W)
00 1

for x € Hom(Wy, X) and y € Hom (Y}, Xj) with ¢(‘y) = y. Finally, we denote by P('k) the
stabilizer of the flag X,

w—k,qw -

Maeeglin-Vignéras-Waldspurger involution Recall the Mceglin-Vignéras-Waldspurger
involution MVW:Repg )y = Repgwy, see [97, p.91], which is covariant, exact and satis-
fies

1. MVW o MVW =id,

2. ?MVW ~ 2V if 7 ig irreducible,

3. Forre{l,...,qw}, = (a1,...,ar) a composition of r, 7; € Jtry,, 0 € Jevg(w, ),

) MVW MVW

(1 x...xTpxo 2'rix...x'pxo

As a consequence, if t € {1,...,qw}, T € Jregw), p € Repy, 0 € Trrgy,) the following are
equivalent.

Topxdon o pPxd o P'xi»>mep' 1 >

Indeed, the first equivalence follows from the covariance of MVW and properties 2 and 3.
The second equivalence follows from duality and the third follows again from the covariance
of MVW and properties 2 and 3.

Combinatorial Geometric Lemma Next, we give a combinatorial description of the
Geometric Lemma for classical groups, see [119, Lemma 5.1], [14]. Let ¢t,7 € {1,...,qw },
7 € Rep, and o € Repg(yy,)- We will give a more combinatorial description of the Geometric
Lemma for T‘p(r)(ﬂ' ><10'). Let k1, ko, k3 € N such that k1 +ko+ ks =t and k1 + ks <7, r+ko < qw.
Then the P(,)-orbits in P(4)\G(W) are indexed by above triples and a t-dimensional isotropic
subspace U € P;)\G(W) is contained in the orbit corresponding to k1, k2, k3 if and only if
dimy,, (U n X;) = k1 and dimg,, (py,(U)) = k3, where py, is the projection to Y;. We then
get a description of the semisimplified version of the Geometric Lemma as follows. Write
the semisimplification of r(j, , 1,)(7) as the sum of irreducible representations of the form
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T1®mo®m3 and the semisimplification of r Plriy ko) (o) as the sum of irreducible representations
of the form m4 ® ¢’. Then

c_V !/
[rp(r)(w xo)]= Z[ﬂ'l Xy x Ty @maxo ],
where the sum is over all k1, ko, k3 and 7, mo, w3, 74,0’ as above.

We will now give an explicit representative wg, , k; of the P.)-orbit in the Grassmanian
Py\G(W) corresponding to the triple k1, ko, k3. For ke {1,...,qw} we set

0 1 0 O
1 0 O
oy = Ok 0 0 1 cG(XroX,0Y,0Y)
0 0 1 O
and
0 1z .
G(X @Y} ) symplectic or orthogonal,
el 0
0 1
§ .1 G (X} @ Yy) metaplectic,
By = -1 O
"Tlo 0 1, 0
0 0 0 -1z
G(Xg @ Yy) unitary,
ely, 0 0 0 (Xi & Y2) Y
0 -€elp O 0
where in the last case we fix a basis («1,..., 2, v2], ..., 72, ) g of X} with v ¢ F and similarly

for Yj. Set a := min(¢,7). For a triple k1, k2, k3 decompose W as
W=WieWoeoWseW,e&Wse& Wz Wy,

Wi = X, @ Yy, Woi= Xy kg vk © Yiy kg vk
W3 = Xpy vhy,a @ Xgy—arki+ks,qw s Wa = Y vkga @ Yoy —arkr +hs,qw
Ws = Xat © Xgy—kaqw—a+ki+ks> We = Yar ® Yoy, ko g —a+ky+ks»
W7 = Xi gy ks @ Yi gk ® Woyy-

We have a natural embedding
Lkl,kg,kg:GL(Wl) X GL(WQ) X GL(Wg) X GL(W4) X GL(W5) X GL(W@) X GL(W7) d

- GL(W).
We then set

Wk, ka,ks =
= Why g ki, GOV = Lk ko ks (AW Bhss Qaky —kg> Qa—ky—kss Ct-as Ct—ar LWy )-

We will also define a second representative of the orbit parametrized by k1, ko, k3 denoted by
Uky ko kg a8 follows. Let b = max(t,r) and decompose

W=W1®W2,69W569W469W5,, Wi =Xy, &Yy,
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Wy = Xa ks b © Yok b
W3 = Xiy aky ® Xpbrats—krs Wi = Yiya-ks © Yo bra—kg—kr s
Wy = Woakg—k: -
As above we have an embedding
Uy e kg GL(W1) x GL(W3) x GL(W3) x GL(Wy) x GL(W3) - GL(W).
If G(W) is not metaplectic we set
Vk1,k2,ks = Vky ko k3, r,G(W) *= L;ﬂl,kz,kg(]‘wl y Vs Ca—ky—k3» Xa—ki-ks» 1W5) € G(W)v (4)

where 7 is the matrix S, € Hom(X,_; » @ Yi gy, Xp—kyr ® Yiog,,¢) plus the matrix

Qi € Hom(X’r",t @ }/’r‘—kg,t—k[ga X’I‘,t @ K’—k‘g,t—kg) if r < t?
Qup_t € Hom(Xt—k3,7’—k’3 @ Y;‘/,ra Xt—k:371”—k'3 @ }/;5,7') if r>t.

As a finally remark we note that

1 W symplectic,
1} W orth: 1 and n odd
det(Z(GOV))) = {1} orthogonal and n odd,
1 W orthogonal and n even,

L} W unitary.

v

2.4 Automorphic representations

Let K be a totally real number field with dimgK = r, ring of integers O, and D a central
division algebra over K of degree d. We will highlight the basic properties and constructions
regarding automorphic representations of GL,,(A) and GL/,(A).

For v € Voo, let Z;, , be the center of GL, (K,) and let K be the product of the maximal
compact subgroup of GL!, (K,) and connected component of Zr,m” i.e.
! nd !/ !
Kv = Sp(_)R>O7 Koo = H Kv'
2 V€ Voo

Note that Sp(n) does not denote the standard algebraic symplectic group, we denote it by
Sp,,, rather it denotes the compact symplectic group

Sp(n) = 5p, (C) N Un(R)

or, alternatively the quaternionic unitary group. The group Sp(n) is a real Lie group of
dimension dimg Sp(n) = n(2n + 1), it is compact and simply connected. Similarly, we fix for
V€ Voo
K, :=S0,(R)Rsp, Ko := H K,.
V€ Voo
Moreover, we fix also open compact subgroups K, of GL;, (K,) for v € V; as follows. Note
that GL], (K,) consists of invertible nd, x nd, matrices with entries in D,. We then let K be
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those matrices in GL], (K, ) = GL,4, (D,) which have entries in O). Denote for v € Vo by g,
the Lie algebra of GLj, (K,) and by g, the Lie algebra of GL], , = [Tyep,, GL;,(K,).

To ensure that the periods we will consider in later sections are well defined, we will also
have to fix a Haar measure on H,, (K,) for all v € V. We do this by setting the volumes of
the two copies of K, in H, (K,) with respect to the measures to 1. Taking the product of
those measures over all v € V¢, we obtain a Haar measure dyg; x dygs on H), (A f). This in
turn determines the volume

r

¢ = vol (Zy, (K)\Z5,, (A) /RLy) =27 - vol [ KX\AF x ... x K*\A%

Now for v € Vo, let dyg1 and d,g2 be the Haar measures on the two copies of GL;L (K,) such
that Sp (%d) € GL w4 (H) has volume 1. Set
2

deogri=c¢ H dyg1, deogo = H dyg2,

V€ Voo V€V

which then gives a Haar measure dg; x dgs on H] (A) where

dg; == dygideogi, 1= 1,2.

2.4.1 Discrete series Let us now fix our notations regarding automorphic representations,
automorphic forms, and in particular, discrete series representations. We call an irreducible
(95, KL, GL! (A))-subquotient IT" of the space of automorphic forms A (GL/, (K)\GL., (A))
on GL;, (A) an (irreducible) automorphic representation of GL/, (A). We call IT" cuspidal if it
is generated by a cusp form ¢, i.e. an automorphic form ¢ such that

ug) du =0,
/U(K)\U(A)(b( 9)

for all for all g € GL/,(A) and all non-trivial parabolic subgroups P of GL] with Levi-
decomposition P = MU.

Let
w:Z) (K)\Z/ (A) > C

be a continous, unitary character. As in the introduction we denote the L?-completion of the
square-integrable functions on GL;, (K)\GL!, (A) with central character w by

L* (GL, (K)\GL;, (A) ,w).

This is a representation of GL! (A) via the right regular action. If II is an irreducible
subrepresentation of L2 (GL/, (K)\GL!, (A),w), we will denote by II" the smooth vectors in
II, ¢f. [45, Chapter 11]. Moreover, the subspace of smooth, K’ -finite vectors in II carries
the structure of a (gl., K., GL], (A))-module. The automorphic representations which can
be obtained in this way will be called discrete series representations and every cuspidal
representation is a discrete series representation. If it is clear from context, we will implicitly
use the representation IT" if we talk about (g, K., GL! (A))-modules and the corresponding
representation II if we talk about GL/ (A)-representations.
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Coming with those two ways of looking at a discrete series representation II', we have two
ways of writing it as a restricted tensor product, c¢f. [45, Chapter 14]. We again denote by II
the corresponding subrepresentation of L? (GL!, (K)\GL/, (A),w). Then the smooth vectors

I admit a decomposition
l4

Q. 72 en @ 7

UEVI:: ! veVy !

where @m denotes taking the completed projective tensor product, ®;, denotes the inductive
tensor product and 7° are GL] (K, )-representations. For v € Vo, taking K/ -finite vectors
gives a (g, K, )-module . This gives us a second decomposition II' = ®; ., 7, which now
is a restricted tensor product of (g, K., )- respectively GL/ (K, )-modules. Throughout the
paper we will therefore mean (7,)% if we treat m as a GL], (K, )-representation. We denote
by St € Vs the finite set of places where II' ramifies. The central character of II' will be
denoted by w = wry.

For v € Vo and (p, W), p = p1®...® pi an irreducible representation of M/ (K,) we set

# - Indy (p) = {f € C™ (G, W) : f (mng) = p(m) (),

, , , (5)
meM, (K,),neU, (K,), geGL, (Ky)},

on which GL], (K,) acts by right translation. We equip # —Indgz with the subspace topology
induced from the Fréchet space C*°(GL! (K,),W). The space

el el 1
Indp(}j (p) =#- Indp(iL (p ® 52&)
is called the normalized parabolically induced representation.

If (X,W) is a discrete series representation of M/ (A), with the corresponding M/ (A)-

GL/ (A
P&("A() ) (X ®u) to be the

space of smooth functions f: GL! (A) — W satisfying the normalized global analogon of the
equivariance condition . The so-obtained space admits a natural topology with which the
GL! (A)-action by right translations is continuous. It admits a decomposition

representation (£,W) and p a character of P/(A) we define Ind

/
GL! (A S G/~ 0o Gy,
Indp&(A() ) (E ® N) = ®p1rIndP/l ((UU ® Mv) ) ®in @]i Indp(; (Uv ® ,uv) :
V€Veo vely

Similarly, we define for GL,, parabolic and normalized parabolic induction.

Moceglin-Waldspurger classification We also recall the following well-known description
of discrete series representations known as the Mceglin-Waldspurger classification.
Theorem 2.4.1 ([I1],[99]). Let k,l € Z>1, n =1k and ¥ be a cuspidal unitary automorphic
representation of GLj (A). Then the parabolically induced GL;, (A)-representation

Z'|det'|%>< coX Z'[det'|%

admits a unique irreducible quotient, denoted by MW (X', k). It is a discrete series repre-
sentation of GL,, (A) and moreover for every discrete series representation II' of GL!, (A),
there exists I,k and X' as above such that I @ MW (X', k). The analogous statement for GLy,
instead of GL], holds also true.
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Godement-Jacquet global L-functions For II" a discrete series representation of GL!, (A),
we define
L(s,II') := [ L(s,m,),
vey
which is well-defined for Re(s) >> 0 and admits an analytic continuation to a meromorphic
function, cf. [44, Theorem 13.8]. For v € V; we recalled the construction of the local L-factors

in [Section 2.3.3| for v € Vo we refer to [44), §8]. The local e-factors e(s, 1, ) are equal to 1

for almost all v € V, hence

6(87 HI: ¢) = H 6(87 7Tzl)7 wv)
vey
is well-defined and

L(s,IT") = (s, 11", 9p) L(1 - 5,11").

Moreover, if IT" is cuspidal and not a unitary character of the form |det|”, the L-function
L(s,II') is entire. For S a finite subset of V, we write L% (s,II") = [T,¢g L(s,7,) respectively
for its analytic continuation. In particular, we set L(s,H}) i= LY (s5,11').

2.4.2 Jacquet-Langlands correspondence We will now quickly recall the basic notions
of the Jacquet-Langlands correspondence. For a complete discussion see [11], [13]. Let v eV
be a place and recall that to each irreducible unitary representation of m, of GLg, (K,)
respectively m, of GL;, (K,) we can associate a trace character x, respectively x:. Moreover,
for g € GLg, (K,) and ¢' € GL] (K,) semisimple, we write g <> ¢’ if they have the same
characteristic polynomial. Following [29] we call 7, d,-compatible if there exists a unitary
irreducible representation 7, of GL/, (K,) such that

Xro (9) = €(m) Xz (9) if g ¢,
where € (m,) € {-1,1}.

Let Ug, (GLgy (Ky)) be the set of unitary d,-compatible irreducible representations of

GLgy (K,) and let U’ (GL!, (K,)) be the set of unitary irreducible representations of GL,, (K,).
Moreover, let U, (GLgy (K, )) respectively U (GL;, (K,)) be the set of representations of the
form TI®|det|® respectively II'®|det’|* for IT € Uy, (GLqy (K, )) respectively IT" € U’ (GLy, (K,)).
Then there exists a map called the local Jacquet-Langlands correspondence

LJy:Usp (GLay, (Ky)) = U (GL, (Ky))

with the following properties, see [29]:

1. If 7, = 7, ® |det’|® with 7, a unitary d,-compatible irreducible representations of
GLdn (Kv)a
LJ, (m,) = L1, () ® |det’|*.
2. If v is a split place of D, LJ, is the identity.

3. LJ, restricted to square integrable representations is a bijection onto the square
integrable representations of GL], (K,).

4. LJ, commutes with parabolic induction.
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Similarly, there is a global correspondence going from the unitary discrete series representations
of GL!, (A) into the set of unitary discrete series representations of GL,,4 (A) which is denoted
by JL and called the global Jacquet-Langlands correspondence. 1t satisfies the following
properties:

1. LJ, ((JL(II")),) = m, for all v e V.
2. JL is injective.
3. If JL (IT') is cuspidal, then II" is cuspidal.

Crucially, if TI" is cuspidal JL (II") does not have to be cuspidal.

2.4.3 Cohomological automorphic representation Let us fix our notations regarding
relative Lie algebra cohomology and cohomological automorphic representation. For each
irreducible (g.., K., )-module
! 4
T2 @ m,

V€Voo

we denote by H" (gL, K., 7L, ) the (gl,, K., )-cohomology of degree r of 7. ,. By the Kiinneth
formula

HT(g;o,Kéo,ﬂ'éo)E @ ® HTU (g;7Kzl)77T1l))

Y veVeo Tv=T V€Voo

A (¢', K. )-module 7, is called cohomological if there exists a highest weight representation
E,, of GL] (R) such that H" (gL, K., 7., ® E,,) is nonzero for some r. We call an automorphic
representation IT" = 7/ ® H} of GL/, (A) cohomological if its archimedian component 7. is
cohomological. The analogous definition can be made for GL,,.
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Chapter 3

Critical values of discrete series
representations

Let us concretize the goal of this chapter and give an outlook on the techniques used to
achieve it. All definitions and results will be recalled with more rigour and in greater detail
throughout this chapter. This chapter is based on [34]

3.1 Summary

Let
. !/ !/ _ h . / /
8= AGL;, x U{, , = {(0 ‘hi) theGL, X ¢ Mn,n}

be the Shalika subgroup of GLj,. We say that an irreducible cuspidal automorphic repre-
sentation II" of GLj,, (A) with central character w admits a Shalika model with respect to a
character 7, if n” = w and if the Shalika period
- -1
HOIOENS 6 (s9) ¥ (Tr(X)) ' (det'(h)) " ds %0

20 (A)SEN\S(A)
does not vanish for some ¢ € II" and g € GL),, (A).

In the split case, i.e. D =K, it is well know that IT" admits a Shalika model with respect to 7
if and only if the twisted partial exterior square L-function L° (s, I, A? ®77_1) has a pole at
s = 1. In the non-split case there is currently no analogous theorem known, however, in the
special case n =1 and D a quaternion division algebra the following was proved in [41].
Theorem 3.1.1 ([41, Theorem 1.3]). Assume D is a quaternion division algebra and II'
a cuspidal irreducible automorphic representation of GLS (A). If JL(I') is cuspidal and
irreducible, the following assertions are equivalent.

1. I admits a Shalika model with respect to 1.

2. The twisted partial exterior square L-function L° (S,H',/\2 ®17_1) has a pole at s =1
and for all v € Vp, 7, is not isomorphic to a parabolically induced representation

=

1 _
|det'|2 7 x |det’|, 2 T2,

where 7/ are representations of GL] (K,) with central character n,.
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If JL(IT") is not cuspidal, JL (II") = MW (X, 2) for some cuspidal irreducible representation
Y of GLo(A). Then the following assertions are equivalent.

1. I admits a Shalika model with respect to 7.
2. The central character wy, of X equals 7.
3. The twisted partial exterior square L-function L° (8, ', \? ®n‘1) has a pole at s =2.

For the rest of the introduction assume D is a quaternion algebra and II’ be an irreducible
cuspidal cohomological automorphic representation of GL, (A) with respect to a coefficient
system E;. Note that for a cuspidal II" and o € Aut (C) one can define the o-twist 7II
of the finite part of II';. Following [46] we extend this to a o-twist “II" of II, which is a
discrete series representation of GL/ (A). In [46] it was shown that if moreover JL (IT') is
cuspidal, ?II" is again cuspidal. We prove that the assumption of JL (IT") being cuspidal is
not necessary and extend their argument using the Moeglin-Waldspurger classification to the
case when JL (IT") is residual. Using the above criterion for admitting a Shalika model, we
see that if II" admits a Shalika model then so does “II'. Let Q (H}) be the field fixed by
the automorphisms fixing IT%. In [46] it was shown that Q (H}) is a number field and that
Q (H}) =Q(JL (H')f). Following [65], [47] we define a finite extension Q (II',7) of Q (H})
and a Q (IT', n)-structure on the Shalika model SZ’; (H}) of IT.

As in [47] we will make use of a numerical coincidence, which is together with
[I'heorem 3.6.3| and [I'heorem 3.4.6| the reason why we must limit ourselves to the case D
being quaternion and n = 1. Let ¢o be the lowest degree in which the (g, K, )-cohomology of
Te ® E); does not vanish. Then we have go = dimg K and

dim¢ H* (g, K., , 11, ® E)/) = 1.

By fixing a basis vector of this one-dimensional vector space, we can define an isomor-
phism
.ol / / ’ ! v
Or: S, (If) > H™ (g, Koo, I ® ;)
where the right hand side inherits a Q (I, n)-structure from its geometric realization as
automorphic cohomology. Thus we can normalize the above isomorphism by a factor w (H}),

the so-called Shalika period, such that it respects the Q (II',n)-structures of both sides.
Analogously to [47] we compute how w (H}) behaves under twisting with a Hecke character

x of GL;(A) lifted to GLS (A) via the determinant map. Let G (Xf) be the Gauss sum of x.

Then
U( w(T'y ® xy) ): w ("' © 7xy)
G(xs)'w(y)) G(oxs) w(eTy)

for o € Aut (C).

The next ingredient is the Shalika zeta-integral, first introduced in [39], and extended to
GL5 (A),

0= [ St (3 1)) et an
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and its local analogs. As in [47] we fix a special vector E%,f € SZ’; (H’ f) such that

(3h)o{i)

if v is a finite place at which ¢ and II' are unramified. By [39] the period integral over
Hj = GL] x GL] of a cusp form is precisely the Shalika zeta integral. To show the invariance
of this period integral under the action of a Galois group, we first interpret it as an instance
of Poincaré duality of the top cohomology group of the space

Sic, = Hi (K)\H] (&) (KL n H )7 (KF).

where : H] - GL) is the block-diagonal embedding and Kj'c a small enough open compact
subgroup of GL, (A f). To make the whole story work it is crucial that dimg Slbg = qo, which
f

only works if we restrict ourselves to the case n =1 and D being a quaternion algebra, the
aforementioned numerical coincidence. Since we assume that JL (II") is residual, we then
compute that the critical values of L (s,11") are all half-integers s = % +m, m € Z. We must
moreover assume that for the weight p there exists an integer p such that for all infinite
places v of K the v-th component g, = (fty1,. -, fho,a) of p satisfies —p1 2 < p < —fip 3. In this

case we call u admissible and we say % is compatible with p if we can choose p = 0.

Since we assume K to be totally real, we show as in [47] that a certain representation E _,
of Hi appears in the coefficient system E} of wl if % is compatible with p, which in turn
lets us map the fixed special vector 5%’,« first to

H™ (g, KL, S] (1) & B} )

and then interpret it as an element of

H (sﬁi,gg) ,
f

which we than map to

Hgo (Sgi ) g((],—w))

using the map from above, where £; and & _,,) are the sheaves on Sg} associated to E);

f
and E( _,). Finally, applying Poincaré duality to this last space, we show that the resulting

number is essentially the value of the L-function L(s,II") at s = % Now the final result of

[47] for critical values of the L-function follows analogously in our case, namely if s = % +m

and p is admissible, there exist periods w (H}) and w (7., m) such that
L (5 +m, 1} ®xy) L(L+m, 0} @ 7x;)
R AP i o o e

for all o € Aut (C/Q(IT',n)). Let Q (I, n, x) be the compositum of Q (II',n) and Q (x). This
implies that

g

L(% +m,H}®Xf)
w(H})Q (Xf)4w(ﬂ'{,o,m)

and hence, proves the main result.

eQ(Il',n,x)
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Theorem 3.1.2. Let I be a non-cuspidal discrete series representation of GL4 (A) written as
IT = MW(E|det'|% ><2|det'|7%) via the Meglin- Waldspurger classification, where X is a cuspidal
irreducible representation of GLa (A). Assume moreover that there exists an irreducible
cuspidal cohomological representation TI' of GL, (A) with JL (II") = IT which is cohomological
with respect to coefficient system El and p is admissible. Let x be a finite order Hecke-
character of GL1 (A) and s = % +m a critical value of L (s,11"). Then

L(3+m,I;®xy)
w (H})Q(Xf)4w (ml,,m)

€ Q (H,awZ7X) :

3.2 Cohomological unitary dual

We start by recalling the classification of the cohomological irreducible unitary dual of
GL,, (H) due to [126] and explicitly described in [46]. Let g’ be the Lie algebra of GL,, (H)

and let ¥ be the Lie algebra of (n), which determines a Cartan involution 6’ (X) = -X T of
g’. Moreover, let h’ be a maximal compact, §’-stable Cartan-algebra b’ = a’ @ t’'; with

iwl 0 U1 0
t' = x;€RY and o = 'y R
0 i.fn 0 Yn

Furthermore, let E) be a highest weight representation of GL, (H), where A is a highest
weight with respect to the subalgebra hi. To each composition n = Yi_yn; written as

n=[ng,...,n.]

with ng > 0 and n; > 0 we can associate a §'-stable, parabolic subalgebra q;, of g whose
Levi-decomposition we will denote as qj, = I;, +u,,, cf. [46, Section 4] for more details. We

w =0 and that A can be extended to an admissible character of

further assume that A\
[;, 2 be

Theorem 3.2.1 ([46, Theorem 4.9]). Let Ey be a self-dual highest weight representation of
GL, (H).

1. To each ordered composition n = [no,...,n,] of n with ng >0,n; >0 one can assign an
irreducible unitary representation Ay () of GL,, (H).

2. All such representations are cohomological with respect to Ey and every cohomological
representation is of this form.

3. The Poincaré polynomial of H* (g',( n)Rsg, B\ ® Aﬁ()\)) is

Xdimc(génu’ﬂ) rong 4 no '
P(n,X)=————TJITT(1+X¥ )] (1+x%3).
1+X i=1j=1 J=1
Here g is the —1-eigenspace of §' acting on gg.

For later use, we compute the following.
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Lemma 3.2.2. Let n =[ng,n1,...,n,] be a composition of n. Then

dim@(g(’cmug):Z(T;)+2 > nin.
o=l

O<i<j<r
Proof. We first recall the definition of u;,, cf. [46, §4.2]. Let

x =diag(0,...,0,1,...,1,...,r...,7) €it’
—_—— —,— N——
no ni Ny

and let A(gg, tr) respectively A(gg, t) be the set of roots coming from ti.. We have the
explicit description

A(gé,t(’c) = {iei tej,1<i<y< n}7

where e;(H) = iz; for H = diag(iz1 + y1,. .., 1Ty +Yn)) € h’. Moreover,
uIQ = @D (80)a
A8 te)
a(z)>0

and therefore
ulg n Q(E = @ (g(,C )a .

N
a(z)>0
Hence
dime (gc nuy) = #{ € Age, t), alz) > 0},
which is easily seen to be equal to the above explicit formula. O

Our next step is to showing that if 3 is a cuspidal irreducible representation of GL/ (A)
and k € N, then ¥ is cohomological if MW (X, k) is. The author would like to thank Harald
Grobner for pointing out the argument presented here. Before we start, we need to recall the
following theorem.

Theorem 3.2.3 ([I12, Theorem 1.8]). Let G be a connected, semisimple real Lie group with
finite center and Lie algebra g. Fix a mazximal connected subgroup K of G with Lie algebra
t and moreover, let ™ be an irreducible unitary smooth representation of G with central
character x.. Finally, let U be a finite-dimensional (g, K')-module admitting an infinitesimal
character xuy = xX-v. Then

H*(g,t,7@U) %0.

We denote for a real Lie group G by Zg its center and by Zg the connected component of
the latter.

Lemma 3.2.4. Let G be a connected reductive group over K, v € Vo and G := G(K,). Let
7w be an irreducible unitary representation of G and Ey a finite dimensional highest weight
representation of G over C such that Zg, acts trivially on Ex ® m and xXg, = Xxv. Then

H*(ga (ZG'K)Oaﬂ-®E>\) #0.
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Proof. Note that E) always admits a central character. Recall that
H*(g,(Za-K)", m® Ey) =

=H*(973G@E77T®E)\)7

where 3¢ is the Lie algebra of Zg and we use that K has finite center. Since 3¢ acts trivially
on m ® F), the Kiinneth formula gives a decomposition

H*(GaZﬁG@E,W@E/\) = ® Ha(éGazGaC) ®Hb(g/5G7E77T®E)\) =

a+b=x*

=H*(g/3¢,¢, 7m® E)).

The latter does not vanish by [Theorem 3.2.3] since both 7 and E) admit the right central
characters and the image of g/3¢ under the exponential map generates the connected,
semisimple real Lie group G/Z¢g . ]

Let G be either GL,, or GL!, v € Vo, G = G(K,) and K = K,, or K. Moreover, let P be
a standard parabolic subgroup of G and set P = P(K,) = L x U. Write L = M x A°, where
AV = Z%. Next, let (m,V') be an irreducible, unitary representation of L. Denote now by bc
the complexified Cartan subalgebra of the Lie algebra of M coming from our fixed choice of
Cartan subalgebra of L, i.e. the diagonal matrices if G = GL,, or ' if G = GL/,. Let a},(c be
the complexified dual of the Lie-algebra of A% and fix p € a;VD,c- We let pc be the complexified
Lie algebra of P and let p be the half-sum of all positive roots of pc with respect to our fixed

Cartan subalgebra. Denote by Aj; the simple roots of M, W the Weyl-group of G and
WP ={weW:wl(a)>0 forall ae Ay}

We write
d$(m, 1) = {f:G - V smooth : f(maug) = a”*x(m)f(g),

acA’ meM,uel, geG)}

and use the standard parametrization of infinitesimal characters, i.e. for a highest weight
representation E, XM+p = XE) -

Proposition 3.2.5. If 7 is a non-zero (g, (Zg - K)°)-module, which appears as a quotient of
Indg(ﬂ,u) and is cohomolocigal with respect to some highest weight representation EY, then
7 is cohomological as a (I, (Zr, - (L n K)°)-module with respect to EY, where w is some

w(A+p)-p’
element of WF.

Proof. We notice that without loss of generality A? acts trivially on 7. Moreover, if y, denotes
the infinitesimal character of m, IndIGD(W, p) and hence also 7 have infinitesimal character
Xr+pu- On the other hand, 7 is by assumption cohomological with respect to EY and hence it
has to have infinitesimal character x., by [22, Theorem 1.5.3]. Therefore the infinitesimal
character of 77’ A 18 equal to

X/\+p—u‘
be
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and hence 77‘ ,; has non-vanishing cohomology with respect to EV( ) by [Lemma 3.2.4
w(A+p)—p
b

C

Now for any Konstant-representative w € W7

e e
b be

C

Note now that w(A+ p) —p‘bc is a dominant weight, see [22, II1.3.2], and hence the last
character is equal to

XEY
w(/\+p)*p|
be

We can choose now w as in [22, III. Theorem 3.3] such that Z? = A% acts trivially on

7T®E1\L()\+p)_p.

Hence 7 is by [Lemma 3.2.4] cohomological with respect to E;’)( Nep)—p® ]

Corollary 3.2.1. Let ¥ be a cuspidal irreducible representation of GLn(A) or GL, (A) and
k e N. Then X is cohomological if MW (X, k) is cohomological.

Proof. Since MW (X, k);° is the quotient of

(o]det’|'Z x ... x 0°|det’| 2 ),

for all v € Vo, the claim follows from [Proposition 3.2.5| because

K, = Sp("5 ) Roo = (Sp( "2 )R)", K = SO(m)Rso = (O(n)R)"

O

Lemma 3.2.6. Assume I’ is a cuspidal irreducible cohomological representation of GLS,, (A)
such that JL (II") is not a cuspidal representation of GLag, (A). Let 2dn =kl and let ¥ be a
unitary cuspidal irreducible representation of GL; (A) such that JL(II") = MW (X, k).

Then | is even and o, is cohomological with respect to some highest weight representation

Ey,, Ay = ()\v,l, .. ")\v,é)' For each v € Voo, m, is of the form m, = Anq (N;,) for

v

1
r—gﬁ
nd=1[0,k,... k]
and X, 1 =\, ... In particular, the lowest respectively highest degree in which the cohomology
72 b
group

Hq(g;, Sp(nd)Rzo, 7'('1/) ® E)\;])

does not vanish is

d d
g=nd(nd-1)- %(k—l) respectively ¢ =nd (nd —1) + %(k+1) -1
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Proof. Fix an infinite place v € Vo. By [46, Theorem 5.2] MW (3, k) is cohomological and

thus by |Corollary 3.2.1so is ¥. By [I1), Theorem 18.2], k|d and hence, [ has to be even. Since
the archimedean component of a cohomological cuspidal irreducible unitary representation of

GL; (A) must be tempered we may write

Oy = A[o,2,...,2] (M)
and let
my = Ana (X))

for suitable nd and \,, A, with nd = [ng,n1,...,ny], see [46, Section 5.5]. Furthermore, o,
is fully induced from representations of GL2(R). To proceed with the proof, we are quickly
going to recap the construction of A,4 () in the proof of [46, Theorem 5.2]. Let

2m -1 2m -1
pg["L(H):( 2 AR 2 )
respectively
m-1 m-1 m-1 m-1
pg[m((C):(( 9 gy 2 )7( 2 geeey 2 ))

the smallest algebraically integral element in the interior of the dominant Weyl chamber of
GL;, (H) respectively GL,, (C). Define now

= (ﬂgrm(H)a Pyl (C): -+ Pat,, <<c>)

and let P’ be a certain complex parabolic subgroup of GLg, (H), which we will specify in a
moment, and having Levi-factor [} GL; (H). For any integer s > 0 and u € C we set

D (u,s):=D(s)®|det| 2,

where D (s) is the unique irreducible discrete series representation of SLj (R) of lowest
O (2)-type s+ 1. We also set

F (u,s):=F(s)®|det| 2,

where F () is the unique irreducible representation of SL; (H) of dimension s. Moreover,
recall the Levi decomposition g/, =/ , +u/ , and let p(nd) = (p (nd),...,p(nd), ) be the
half-sum of all roots appearing in u;Ld. Let k; = A\ + p(nd),;. We set

nd-ng

o= F(0,k).

i=1

Then P’ can be chosen such that (P’,o, ;) is a Langlands-datum and A,4 (X)) is the unique

’ k+ .
irreducible quotient of the induced representation Indg,LQ"(K”)(a, ). Since crv|det'|Tl‘J is

essentially tempered for every v € Vo, and j € {1,...,k} and o, is cohomological,
ov|det’|%_jg Indgle(K”) (o)

by [46], Section 5.5], where

1
2
O'j Z@D(Zj—k—l,kid‘)
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for certain k; j € Zso and P; is the standard parabolic subgroup of upper triangular matrices

]MN

with block size (2,...,2). Recall furthermore
Apa (N,) =7, = LI, ((JL(IT')), ) = LIy (MW (04, k) -
By [46] Theorem 5.2] and its proof the last term is equal to the Langlands quotient of
ko3
tnd" | @G 1 (0.kiy) i |

—_——

where now P is the standard parabolic subgroup of type (1,...,1) of GL,4(H) and

l l

L k-1 k-1
w o= 5 Ty 5 5

Comparing p and g’ and using the uniqueness of the Langlands quotient implies then that
no =0 and ny =...=ny = k. Moreover, by we have A\ 1 + 1=k, =kpga=X\, ;+1
) 2 2 b 2

From [Lemma 3.2.2] we obtain that

dime (gz Nuly) = 2(”2‘1) - é(’;) = nd(nd-1) - %l(k;—l).

Therefore, by [Theorem 3.2.1| the lowest degree of non-vanishing cohomology is nd (nd — 1) —

%d (k—1) and the highest degree of non-vanishing cohomology is
!
2k nd
dime (gonupg) =1+ > Y (2i-1) =nd(nd-1) + > (k+1)-1.
T j=1li=1

O]

Remark. To extend the ideas of [47] to the case GL),, (A) we need the following numerical
coincidence. Namely, it will be necessary that either the lowest or highest degree in which
the cohomology group

H* (g, K}, 7 ® EY )

does not vanish is

g = (nd)? = (nd) - 1 = dimg ( 1 (B)/ (Sp (%d) < Sp (%l) y ]R>0)) ,

By the only possible value for n is therefore n =1, d =2 and the composition
2n of 2n = 2 has to be 2n = [0, 2].
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3.3 Rational structures

Next we will recall the action of Aut(C) on representations. Let H} be a representation of

GL;, (A #) on some complex vector space W and o € Aut (C). We define the o-twist 711 as
follows, cf. [127]. Let W' be a complex vector space which allows a o-linear isomorphism
t: W' — W. We then set

”H} =tlo H} ot.

An explicit example of such a space W' is the space
w'=w ®c +C,

where ,C is C as a field but C acts on ,C via o=, Then W’ is a C vector space via the right
action of C on C and the map t: W — W ®c ,C is given by w — w ® 1. Similarly, we define
the o-twist “m, of a local representation m, with v € V. For a highest weight representation
E, of GL; we define

n,00)

(UEN)U = (E:U')o"lov )

where v is seen as an embedding K — C and hence, 0~! o v defines an infinite place of K. For
H} as above let

G (H}) = {0 € Aut (C) : 7IT} = 11} }

and let
Q(H}) ={2eC:0(2)=2foralloe& (H})}

be the rationality field of H}. Analogously we define for a highest weight representation E,,
and a local representation 7, the fields Q (E,) and Q (7). Moreover, if a = (av,...,az) is a
composition of n and p = p; ® ... ® p;, an irreducible representation of M, (Ky), v € Vy,

[ G n v . G n v o
mdpf(ng{) ) (p) = lndpj(ﬂgi ) (%p), 0 € Aut (C)

and therefore

g a o — det'%
(p1x...xpg)=("p1x...x Pk)ﬁinl,eaiz—| |,1 (6)
J(|det |§)

and similarly for the split case GL,,.

Finally, we say that the representation H}, m, or E, with underlying vector space W is
defined over some field LL ¢ C if there exists an L-vector space Wi, ¢ W, stable under the
group action of GL;,(Af), GL;,(Ky) respectively [T,cy.. GL;,(K), such that the natural map
Wi e C — W is an isomorphism. In this case we say W admits an L-structure. Let E, be a
highest weight representation and let . be a minimal field extension of K such that D splits
over L. Then E, is defined over L, see [46, Lemma 7.1] and we set

Q) =L-Q(E,).

Lemma 3.3.1 ([26, Proposition 3.2]). Let v € Vy and m, an irreducible representation of
GL/(K,). Then 7 admits an Q(m))-structure.
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Note that in the reference the lemma is only proven in the case GL,,. However, the proof
carries over analogously, since the Langlands classification via multisegments used in it is
also valid for GL.,.

Theorem 3.3.2 ([46, Theorem 8.1, Proposition 8.2, Theorem 8.6] ). Let I be a cuspidal
irreducible representation of GL! (A) and let u be a highest weight such that 11 is cohomological
with respect to E,,. Then H} is defined over the number field

Q(I') == Q () Q(I1}).

Moreover, let S €V be a finite set containing all places where H} ramifies. Then Q(H}) 18
the compositum of the number fields Q (m,) ,v e Vs - S.

We also have the following theorem by the same authors.

Theorem 3.3.3 ([46], Proposition 7.21] ). Let I be a cuspidal irreducible representation of
GL;, (A) and let pu be a highest weight such that II' is cohomological with respect to E,,. Then
for all o € Aut (C) the representation "H} is the finite part of a discrete series representation
°II" of GL;, (A) which is cohomological with respect to °E,,. Moreover, if E,, is reqular, °II is
cuspidal.

Definition. We say the Aut (C)-orbit of an cuspidal irreducible representation II" of either
GLJ, (A) or GL,, (A) is cuspidal cohomological if “II" is cuspidal and cohomological for all
o € Aut (C).

We will now show that the regularity condition on E,, is not needed.
Proposition 3.3.4. Let II' be a cuspidal irreducible cohomological representation of GL,, (A).
Then °II" is cuspidal for all o € Aut (C). Moreover,

7JL(I1") = JL(“1T")
for all o € Aut (C).

Proof. If I := JL (II") is cuspidal, the two claims are proven in [46, Theorem 7.30]. More
precisely, they are proven under the assumption that II is so-called regular algebraic, which
by |26, Lemma 3.14] is equivalent to II being cohomological. Since JL sends cohomological
representations to cohomological representations, this shows the first claims.

If IT is not cuspidal, it is still a discrete series and we can write IT = MW (X, k) for some

k >1 by [Theorem 2.4.1l Let o € Aut (C). We will proceed by showing that ?II" is cuspidal by
induction on the K-rank of GL.. If n = 1, we already know that “II’ is cuspidal. For n > 1,

let ©,%, s and t be such that
MW (0, s) = “II', MW (X', t) = JL(©)
and hence, by [13], Theorem 18.2]
JL (') = MW (X', st) .

Note that €13 2) &12)
IMW (3, k)p .y, ="IL (1), ) =27 (T, ) == (7)
- ET3(2) 11 (o
= (oI, =B GL (), =MW (s, -

We will need the following intermediate lemma.

63



Lemma 3.3.5. We have
MW (X, k) = MW (“2x4, k)
for some quadratic character x, with ”71)(0 = X;11-

Proof. Let v € V N\ Vp be a place where MW(X, k) and ¥ are unramified. We can write
oy =L(m) and MW(X, k), = L(m’) for some multisegments m and m’ both consisting only of
segments of length 1 and with unramified cuspidal support. Moreover, m and m’ determine
each other and

cos(L(m)|det|"F x ... x L(m)|det|5") = L(m).
by [Theorem 2.4.1l Applying [26, Lemma 3.5(ii)] both to L(m) and L(m') yields
o kot o Lk o !
cos(“L(m)|det| 2 xo x...x “L(m)|det| 2 x,) = “L(m"),

where . is €, if both k£ and dn are odd and the trivial character otherwise. By [78] Lemma
1] MW (?Xes, k), has to be the unique constituent of

kol 1k
(|det] 2 Xxs x ... x|det] 2 xs)o

with a K -fixed vector for almost all places v € V. Similarly, "MW (X, k), has to be the
unique constituent of

7 (det| = S x ... x [det] T %)
v

with a K -fixed vector for almost all places v € Vy. Thus, "MW (X, k) and MW (?Xx,, k)
have to agree at almost all places and the claim follows then from Strong Multiplicity One,
cof. 11, §4.4). O

Hence, it follows from that st = k and “Yx, = ¥’ by Strong Multiplicity One. Assume

now that s > 1. By [Corollary 3.2.1 we know that © is cohomological and since s > 1 the
21

induction hypothesis implies that © © is cuspidal. We thus can consider the discrete series

representation MW ("719, t). Finally,

-1 -1 -1 (B33)
JL(” @)V\VD =7 IL(O) iy, =7 MW (Tx0, )y,
-1
=MW (EU XoXa‘l’t)v\vD =MW (E’t)V\VD :
Therefore,
ot _ _ /
JL (MW ( @,s))v\vm = MW (3, k), = L),
which implies MW "_l@,s = II' by Strong Multiplicity One and the injectivity of JL, a
contradiction by [Theorem 2.4.1} Thus, s = 1 and hence, °II' is cuspidal. Moreover,
7IL (1), = "MW (3, k)yy, = MW (“Seo, k)payy, = JL (T,
and the second claim follows again from Strong Multiplicity One. O
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3.4 Shalika models

Let U, ('n’n) and S be the following two subgroups of GLY,,. We recall

/ _ I, X . ’
o[l )]

and define the Shalika subgroup

S := AGL], « U(,n,n) = {(g )ff) :heGL], X € Mé}

Let 9 be the additive character fixed in [Section 2.1.3] We extend this character to S (A) by
setting

W (s) =9 (Tr (X)), n(s) =n(det’ (b)),

for s = g )]f . Let II" be a cuspidal irreducible representation of GL5, (A) and we assume

there exists a Hecke character n of GL; (A) such that for all a € GL;(A)

n 2n

Let S, be the set of places where 1 ramifies. For ¢ € II" a cusp form and g € GLj, (A) we
define the Shalika period integral by

Sy () (9) = fZ 6 (59) % (s)" n(s)™" ds.

2 (A)S(K)\S(A)
Note that this is well defined since
Zy, (A) AGL;, (K)\AGL;, (A)

has finite measure and U(’n n) (K) \U(’n n) (A) is compact. If there exists a ¢ such that SZ @)

does not vanish for some g € GL),, (A), this gives a nonzero intertwining operator of GL),, (A)-
representations

. GLS, (4)
S~ Indg ™ (@),

where the second space is the vector-space consisting of smooth functions

GLS,,

Indg 75 (@ w) = {f € C (GLY, (4)), f (s9) =n(s)v () f (9),

seS(A))

and GLS, (A) acts by right-translation. In this case we say that II" admits a Shalika model
with respect to 7. For v € V we define local Shalika models of II' = ®!,, 7, as follows.
Set

IndS ) (5, © ) = {f € 0 (GLh, ()., £ (s9) =m0 (5) o () £ (9).

65



seS(Ky)).

If v is a finite place in V, we say 7, admits a local Shalika model if there exists a non-zero

intertwiner GLy ()

Ty = Inds(]é:) (10 ® )
of GL),, (K,)-representations. For v € V,, a priori, 7, is by our conventions not an honest
GL (K, )-representation and therefore we have to consider (7})%, the sub-space of smooth

S(Lﬂéz)(K“) (ny ® 1) and (mr])*° are both Fréchet spaces and admit a

natural, smooth GLS,, (K, )-action. We say 7, admits a local Shalika model with respect to 7,
if there exists a non-zero, continuous intertwining operator of GL5,, (K, )-representations

vectors in 7. Then Ind

(W;)oo - Indggﬂgfggv) (ny ® Uy) .

If TI" admits a global Shalika model with respect to 7, then so does 7, with respect to 7,
for all v € V. Note that the reverse direction, i.e. the existence of a local Shalika model for
each 7., v € V implying the existence of a Shalika model for IT’, is not true in general, see
[41, Theorem 1.4].

3.4.1 Existence In the case of GL, we have the following characterization of Shalika
models.

Theorem 3.4.1 ([60, Theorem 1]). Let II be a cuspidal irreducible representation of GLay, (A).
Then the following assertions are equivalent.

1. There exists ¢ € I1 and g € GLay, (A) such that SZ (¢) (g) 0.

2. Let S c'V be a finite subset of places containing Voo and the finite places where I1 and
n ramify. Then the twisted partial exterior square L-function L° (S,H,/\2 ®7]_1) has a
pole at s =1.

If D does not split over K there is no longer such a nice criterion. In the case n =2 and D
a quaternion algebra we have the following criterion by [41], which is a consequence of the
global theta correspondence.

Theorem 3.4.2 ([41, Theorem 1.3]). Assume D is a quaternion algebra, 1I' a cuspidal
irreducible representation of GL, (A) and n the Hecke character we fized above. Let S <V be
a finite subset of places containing Voo and the finite places where I and n ramify. If JL (IT")
is cuspidal the following assertions are equivalent.

1. II' admits a Shalika model with respect to 1.
2. The twisted partial exterior square L-function L° (S,H', N2 ®77_1) has a pole at s =1

1 _1
and for all v € Vp the representation w,, is not of the form |det’|2 T x |det’|, 212, where
71 and T2 are representations of GL] (Ky) with central character n,.

If JL(IT") is not cuspidal it is of the form MW (3,2) for some cuspidal irreducible represen-
tation 2 of GLa (A). Then the following assertions are equivalent.

1. 1" admits a Shalika model with respect to 1.
2. The central character ws, of X2 equals 7).

3. The twisted partial exterior square L-function L (S,H', A2 ®T)_1) has a pole at s =2.
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Thus, the situation is much more delicate in the case where JL (II") is cuspidal because of
the second, local condition. On the other hand, if JL (II") is not cuspidal we have a priori
n% =w = w%, hence, n and wy, only differ by a quadratic character at most.

3.4.2 Shalika zeta-integrals The connection between L-functions and Shalika models

can first be seen from the next two theorems, which are extensions of [39, Proposition 2.3,

Proposition 3.1, Proposition 3.3].

Theorem 3.4.3. Let IT' be a cuspidal irreducible representation of GLS, (A). Assume II'

admits a Shalika model with respect to n and let ¢ € II' be a cusp form. Consider the integrals
det' (hl)

hi 0
U (s,0):= f
(5:) Zén(A>H4L(K)\H4L<A>¢(( 0 h2)) det’ (h2)

C(s,9):= fGL,n(A) Sy (6) ((%1 (1))) |det” (g1) |S_% dg;.

Then W (s,¢) converges absolutely for all s and  (s,¢) converges absolutely if Re(s) >> 0.
Moreover, if ( (s,¢) converges absolutely, ¥ (s,¢) = (s,¢).

In [39] this statement was proven for D = K, and we will show in [Section 3.7| that their
proof extends with some small adjustments to the case of D being a division algebra. Let

1
$73

n (h2) ™" dhy dhs,

e 8" (IT') and choose an isomorphism S” (II') > @yey S™ (7))). Assume the image of
¢ =y b V Oy, Vv ¢
can be written as a pure tensor
&~ Q& e QS ().
veY veY

We can now consider the local version of the above integral

0 o1
(5600 [ o (5 1)) et a2

where &, € SZU (m]). The local Shalika integrals are then connected to the local L-factors by
the following theorem.

Theorem 3.4.4. Let I’ be a cuspidal irreducible representation of GLS5, (A) and assume I’
admits a Shalika model with respect to n. Then for each place veV and &, € SZZ”: (7)) there

11y
exists an entire function P (s,&,), with P (s,&) €Clqy 2,q2 | ifve Vs, such that
Co (Safv) =P (S,fv) L (577Tv)

and hence, , (s,&) can be analytically continued to C. Moreover, for each place v there
exists a vector &, such that P(s,&) =1. If v is a place where neither 11" nor 1 ramify this
vector can be taken as the spherical vector & normalized by & (id) = 1.

In the case K =D this the existence of such a holomorphic P was proven in [39] and in [85],

1_
2

_1
Corollary 5.2] it was shown that P is actually a polynomial in (C[qf) 2.q2 8]. Theorem 3.4.3

and [Theorem 3.4.4 imply for £, 5 = ®;€Vf 5,5 and Re(s) >> 0

G 00) = g ) 0 ((go1 (1))) det’ (91) [ dgg1 =
= H P(8,£¢7U)L(S,ﬂ'v).

veVy
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3.4.3 Aut(C)-action Let II' be a cuspidal irreducible representation of GL,, (A) and
assume II' admits a Shalika model with respect to 7. It is natural to ask whether “II" admits
a Shalika model with respect to n assuming that °II’ is cuspidal. In the split case it was
proven in the appendix of [47] that if TI" admits a Shalika model with respect to 7, then 71T
admits one with respect to 7.

Definition. We say the Aut (C)-orbit of IT" admits a Shalika model with respect to n if “II’
is cuspidal and admits a Shalika model with respect to 77 for all o € Aut (C).

In the case of n = 1 and D a quaternion algebra [Theorem 3.4.2] allows us to prove the
following.

Lemma 3.4.5. Let D be a quaternion algebra and I1' a cuspidal irreducible cohomological
representation of GLS (A). If 11" admits a Shalika model with respect to n then °1I' admits
one with respect to 7.

Proof. Note first that by [Proposition 3.3.4| °II" is cuspidal. Assume first that JL (IT") is not
cuspidal, i.e.

JL(II') = MW (%,2)

for some cuspidal irreducible representation of GLg (A). From |Corollary 3.2.1} [Proposi{

[tion 3.3.4] and [Lemma 3.3.5] it follows that

JL(°I") =JL(II') = MW (“%,2) .

Since the central character wy of ¥ equals by assumption 7, the central character of 7%

equals 77. Thus we are done by

Next assume JL (IT') is cuspidal and hence, JL (II") admits a Shalika model with respect
to n by [Theorem 3.4.1| and [Theorem 3.4.2| Thus, “JL (II') = JL (°II") admits also a Shalika
model with respect to “n by [47, Theorem 3.6.2] and hence,

2
L (S,C’H, /\®U771)
has a pole at s = 1. Moreover, if v is a non-split place of D and “ =, were of the form

1 _1
7y 2 |det’|2 T x |det’], 2 7o,

where 7; are representations of GL'l (K,) with central character 7. This would lead to the
contradiction, since by @
oL I % / —%
=7 (|det’|2 T x |det’|,272) =

_|d t/ %0‘1 l‘%a‘l
=|det’|27 7 x|det’|, .

O

Remark. We have currently no proof in the general case n > 2 and unfortunately the methods
of [41] do not generalize well beyond the quaternion case. Hence, we can only conjecture the
following.
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Conjecture 3.4.1. Let II' be a cuspidal irreducible cohomological representation of GL!, (A)
such that JL (I1") is residual. If IT" admits a Shalika model with respect to n, then so does the
Aut (C)-orbit of II'.

In [47] the authors define an action of Aut (C) on a given Shalika model and we will generalize
this now to our setting. Let vy be the finite part of the additive character v, which takes
values in po, € C*, the subgroup of all roots of unity of Q*. We will associate to an element
o € Aut (C) an element t, € A* such that for all z € A

o (¢ () =¥ (tox).

More explicitly, we construct ¢, by first restricting o to Q (piee) and sending it to [T, Z; via
the global symbol map of Artin reciprocity

At (Q (1) /Q) = Z" = ] Z,

p prime

then embed the so obtained element into A via the diagonal embedding Zj, < [, Oy. Next
we define the action of o € Aut (C) on the finite part S:Z’; (H}) by sending &y to

g7~ 765 (97) = o (& (t5195)) » 95 € GLo, (Af),

where
n n

—_——
t, =diag| ty,...,t5,1,...,1

This gives a o-linear intertwining operator
" GL5, (Ay) GLY, (Af) (o o
o*:Ind_, 2\ ® —1Ind_,? ® LEp &g, 8
sty (ny @) sy Cnp@dy), &g (8)
Completely analogously we define a o-linear intertwining operator

« 1. GL (Ko GLY, (Ky) /o
o :Inds(ﬂév)( ) (ny @ Uy) — Inds(ﬂéu)( ) ("1 ® y)

for every finite place v, where we use ¢5, and t,, instead of ¢, and t,.

3.4.4 Uniqueness Let I’ be a cuspidal irreducible cohomological representation of
GLj,, (A) which admits a Shalika model with respect to 7. Let v € V; be a finite place. In
order to proceed we need the local uniqueness of the Shalika model, i.e. for every irreducible
representation 7, of GLS, (K, ) the claim that

) GLY,, (K,
dim¢ Homgyy (k) (”z’n Inds(ﬂéf)( : (0 ® w”)) <l

By Frobenius reciprocity every such map corresponds uniquely to a Shalika functional
A€ HomS(KU) (7T1,)7 Ny ® %) s

i.e. a map

Al - C
such that A (7,,(s)@) =n (8) ¥y (s) A(¢) for s € S(K,) and ¢ € 7, and vice versa.
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Definition. We say that the Aut (C)-orbit of I has a unique local Shalika model if 77} has
a unique Shalika model for all v € V¢ and o € Aut (C).

In the split case or when D is a quaternion algebra the following was proven in [103].
Theorem 3.4.6 ([103, Theorem 3.4]). Let D be a field or a quaternion algebra. Then

. GLS, (K,
dime Homgyy (s, ) (0, 2 (g, 0,)) < 1.

This is yet another reason why we will have to restrict ourselves to the case D being quaternion
in the end. Combining [Proposition 3.3.4], [Lemma 3.4.5] and we have proved
the following.

Theorem 3.4.7. Let I be a cuspidal irreducible cohomological representation of GLS (A)
which admits a Shalika model with respect to n and assume that D is a quaternion algebra.
Then the Aut (C)-orbit of II' is cuspidal cohomological, admits a Shalika model with respect
to n and has a unique local Shalika model.

For the rest of the chapter let us collect the following decorations of a cuspidal irreducible
representation I of GL (A):

1. I is cuspidal irreducible cohomological representation of GLS,, (A).

2. The Aut (C)-orbit of IT" is cuspidal cohomological and admits a Shalika model with
respect to 7.

3. The Aut (C)-orbit of II" has a local unique Shalika model.

Moreover, we also fix a splitting 711" = 77, ® 711, 711} 5® ?r/ and a Shalika model of

O'ﬂ.v

!

veVy
T GLY, (Ko

S¢Z R AR IndS(sz)( ) (“my ® )

for all o0 € Aut (C), veVy.
Lemma 3.4.8. For II' as in v eV and the action of (@) we have

o (S (7)) = S, ()
for all o € Aut (C). For any finite extension K of Q (], n,) we have a K-structure
v . N Aut(C/K)
SZv (W;)K = SZU (’R’;)
on SZZ ().

Proof. For the first assertion, note that the representation “r, has on the on hand the unique
Shalika model S wf” ?7,) with respect to 77, but on the other hand, the o-linear map

N o* GL,, (Kv) /o
w5 81 () S Indgp ) (T, @ 14,)

b

gives rise to a linear map
GLY, (Ko
L VAT Inds(ﬂz:)( ) (“my ®1y) .

Therefore, the assumed local uniqueness of the Shalika model implies that up to a scalar
those two maps have to agree and hence, their image is identical.
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For the second assertion, we follow the line of reasoning of [65, Theorem 3.1]. We fix the
following Shalika functional

Oy = )‘(QZ)U) = SZZ (@bv) (1) :

First we show that there exists a Q (7, )-rational structure oy Of 7, such that
A qeery) €@

Let 7}:’, be a Q (7, )-rational structure of 7, see [Lemma 3.3.1] Therefore, 7}:’) ®Q(!) Qisa

Q-rational structure of .. Since both n, and 1, take values in @*,
=7 = -1 -1 -1 -1
(771,) ®Q(7r;) Q) ® (% ® 1/}1; )S(KU) ®@C = (77; ®1n, ® 1/}11 )S(KU) )

where the subscripts indicate that we take the S (K, )-invariant vectors. Frobenius reciprocity
ensures that the right-hand side is one dimensional, hence, so is the left-hand side. Thus,

i raY -1 -1
(Wz'; ®Q(r,) @) ® (1, ®U, )S(Kv)
is non-zero and we can apply Frobenius reciprocity again to obtain a Shalika functional \’
on 7, which by the local uniqueness differs by some constant ¢ from A, i.e. X = ¢\. Setting
/ T
To.Q(y) = T

we obtain the desired rational structure. We define an action of Aut (C) on the space of
ny-Shalika functionals of 7, by setting

A (u) = (A(B," (7 (t55)u)))
where f,:7. — m is defined by
Bo (2u) =0 (2) u, u € m, g ry, 2 €C.

It is easy to see that for o fixing Q (7, 7,), 7\ is again a n,-Shalika functional of ..

Since A # 0, we can fix a vector ug € 7, Q1) such that A (ug) # 0. Then there exists an open

subgroup T' ¢ Aut (C/Q (=), 1n,)), in the usual profinite topology on Aut (C/Q (=}, n,)), such
that
touo = ug, o (A (uo)) = A (vo)

for all o €I, since A takes values in Q. By the uniqueness of the local Shalika model we have
constants ¢, such that 7\ = ¢, for all o € Aut (C/Q (7}, 7,)). Then one easily computes

oA (up) =A(up) =0 ()\ (,6’;1 (W{,(t;h’v)uo))) = A (up)

and therefore ¢, = 1, which shows that T" fixes A. Recall the action of Aut (C) on SZZ ()
given by 7€ (u) = o (f (W;(t;}l U)u)) Using the embedding of

v GLY,, (K
Sprimy o Indg 2 (ny © 14,),
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we can pull this action back to 7, and denote it by u — o (u). It is clear from how A was
defined that for u € 7, g € GL),, (K,) and o € Aut (C)

A (W;(g)a (u)) =0 ()\ (7‘(‘; (tU_lyvg) u)) .

Thus, for 0 €T, uen/ Q(ny and g € GL),, (K,) we deduce

A (9) (0 () = A (9)u)

But the irreducibly of 7} now implies that o (u) —u = 0, since otherwise 7, would be spanned
by GLS,, (K,)- (0 (u) —u) and therefore we arrive at the contradiction A = 0. Hence, o (u) = u

/Aut((C/@)

for all u € 771')7@(”7,)) and o € I'. This implies that 7, Q) is contained in m, and therefore

Aw(C/T) _
Ty = Trv,(@(w{)) ®Q(7FZ,77U) Q

But now every vector in 7, Q@) ® Q is fixed by an open subgroup of

Aut (Q/Q (7))

and therefore by [I15, Proposition 11.1.6]
rAut(Q/Q(m mv)) _ raut(c/g) A (@, 7))
T -

1Aut(C/Q)

is a Q (m,,,n,)-rational structure of 7, and hence, of 7. We set

v v Aut(Q/Q(x}, 1))
Sy, (”L)Q(m,m) = (SZU (”5))

)

Aut(Q ! e
which is the image of ml, ut(Q/Q(m 1) under the map

SZZ:W; =N SZZ (7‘(1,]) .

Since this map respects the actions of Aut (C) and w;Aut(Q/ Q) is defined over Q (7, ny),

S0 is S,Zz (W;)Q(ﬁ;m). Moreover, it follows that the canonical map

SZ)Z (W;)Q(ﬂ;mv) ®Q () € = quz (Wzlf)
is an isomorphism and hence, the claim is proven. ]
We introduce the following notation. Let v € V¢, 0 € Aut(C) and

_1 1_
feClgn 2,q2°).

We denote by f¢ the rational function obtained by applying o to all coefficients of f for
some o € Aut (C), which is the same as applying o to the coefficients of f considered as a

Laurent-series. Moreover,
1 (1
(1(3)) -7 (3)
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Lemma 3.4.9. Let I’ be a cuspidal irreducible automorphic representation of GLS,, (A) with
local representations m, of GLY,, (K,) for veV. Then for every finite place v

L’ (S,?T:}) =L (S,UT(':)) ,

and hence, if L(s,m) has no pole at s = %, L(%,m’)) eQ(n)).

Proof. For the first claim, note that by [I1, Theorem 6.18], we have an explicit description of
the local L-factors and that for 7/ a representation of GL!, (K,), L(s + ™4 1, ) eC(gs,q).
We denote then for f e C(q},q;) by f the coefﬁment -wise application of o. Note that for m
even we thus have that “L(s + md Loal)=Lo(s+md 2 ,7,,). One can then carry over the proof
of [26, Lemma 4.6] muta mutandzs from the case GL,, to GL;, to obtain that

-1 -1
UL(s+md ,ﬂ;):L(s+md ,‘777').
2 2

Thus, for m = 2n,
L?(s+nd,m,) = L(s+nd, )

and since qf}d € Q, the first claim follows. For the second claim, it is enough to observe that

in this case 1 1 1
(1 (3m)) =2 (5m) =25 om) = 2 (5om)
2’ 2 2 2

for any o € Aut(C/Q(7,)). O
Lemma 3.4.10. For Il' as in and v € Vy there exists a vector 510], € S77 " () m)
such that

G (5 €m0) = L (s,m,)
ifvé Sn}w and
P?(s,&1,0) = P(s, 7€)
for all o € Aut (C/Q(IT',ny)) if v e SH},w

Proof. We again follow the proof of [65, Theorem 3.1]. For v ¢ SH},zp we choose 5101, , to be

the normalized spherical vector of |Theorem 3.4.4} Note that f%, v € S:ZZ (W;)@(H, ne)s Since

for v ¢ SH}AZ) the normalization 5%,71} (1) = 1 implies that U&%,w (1) = 1 and hence, because
o* (SZZ (7)) = SZZ (), Uﬁ%,m = f?r;. Thus, P(s,{%}w) =1 for all v ¢ SH}’w and therefore

Co (8,60 ,) = L(s,m,
For v € SHW/” pick any non-zero f%',u € SZ“; (w;)@(n,m and recall that

1

_1 1
P(S7£IQI’,U)€(C[Q1SJ 27Q5 8]7

see [Theorem 3.4.4} and the L-function L (s, ) does not vanish at s = %, as it is the reciprocal
of a polynomial. Since

C’U (87 5%’71;) 0 1 S— 3
W_P(Svgﬂ’,v)7 WGC[% N

73



we have L

0 =3 378
C’U (Sagn’,v) eC Qv 54y .
_1
From the definition of ¢, (875%’,11) it follows that the k-th coefficient of qi 2in (s,ﬁ%,ﬂ)) is

0
Ck (fl(_)[’,v) = ‘/GL%(KUL 61(_)[’,11 ((gol 1)) dvglv

|det’(g1)|=¢~"
which vanishes for k << 0 and is a finite sum, see the proof of Hence, by a
change of variables,
0 0
o (7€) = o (ek (€,0))

for all o € Aut(C/Q(n,)). It follows that for all s € C, o € Aut (C/Q (1)) ¢7 (5.} ,) =

Co (s, "5%%) by analytic continuation. shows then that
P (s,6,) L7 (5,m,) = ¢ (5,€100) = Go (5, €1r ) =

=P (s, o) L(s,7m,) = P(s,7& ) L7 (s,m,,)
for all o € Aut (C/Q(IT',7n,)) and hence,

P? (s, 5101’,1;) = P(s, Uf%,w).

We let §H} o€ SZ’; (H}) be the image of ®yey, 5%,71} under the fixed isomorphisms of [SecH

3.5 Periods

In this section we will closely follow the strategy of [47]. Throughout the rest of the section
let II" be an automorphic representation of GL5,, (A) as in Let 1 be the highest weight
such that I1" is cohomological with respect to E; and assume that JL (II') = MW (%, k) for
some k> 1 and ¥ a cuspidal irreducible representation of GL;(A) with Ik = 2nd. Note that
we also fixed a splitting isomorphism

' =, eIl > Q m, eIl

V€Voo

and JL (7II") = "MW (X, k) = MW (?%, k) by [Lemma 3.3.5[ and [Proposition 3.3.4, We also
have that

(UH,)OO - ® 7r<,7‘10v'

1€Voo

Indeed, by [Theorem 3.3.3| “II" is cohomological with respect to °E); and therefore
rem 3.2.1| and [Lemma 3.2.6| show that for v € Voo 7w, = A,r(\y), where A, is determined
by piy-16, and n' is determined by k and [. For o € Aut (C) we thus can fix a splitting
isomorphism

(‘) _ e 5 @ 7, ® 1)
€Voo

Let us give an example that satisfies all of those properties.
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Example. Let for a moment K = Q. Then in [46], § 6.11] the following representation was
constructed. Set 7 to the Langlands quotient of F'(1,s+2) x F'(-1,s+2) for s a positive

integer. This representation is cohomological with the coefficient system given by the weight

vector (%, 3 =5 —%) Moreover, 7o can be extended to a cuspidal irreducible automorphic

representation of GL, (A) with D a quaternion algebra and is regular algebraic if k is even.

3.5.1 Orbifolds Let K} be a compact open subgroup of GL), (Af) and denote the block
diagonal embedding by ¢: H] < GL,,. We set

GLY, _

f

and
Sy = H, (K)\H;, (A) [ (K n o) 7 ().

Let r = dimg K and note that if we consider st 7 as an orbifold, its real dimension is
Ky

dlmRS n :T((nd)Q—nd— 1).

Lemma 3.5.1. The embedding ¢ induces a proper map

L SH, SGLQ”.

Proof. Tt follows from [8, Lemma 2.7] that

Hy (K)\H,, (4) )7 (K}) > S

is proper. But this map factors as

- H‘I’"L GL,’!L
H;, (R)\H;, (8) 174 (K}) = St = S

Since the first map is surjective and the composition is proper, the second map is proper. [

Next let El be a highest weight representation of GL’zn,oo and consider the locally constant
sheaf El on SS;I,“Q”, whose espace étalé is
A
GLg, (A)/ Koo K} xcry, (k) Epis
We consider its cohomology groups of compact support

GLn * n
H (SK}Q SV) (SK,,gg)

Both carry a natural structure of a module of the Hecke algebra

HEtn = 5 (K\GLh, (A7) /K))

respectively
ng; = S (THED\HL (Ap) N (EKD)),

75



where the product is as usual given by convolution. Now since ¢ is proper, it defines a map
between compactly supported cohomology groups

i H (SG?% )~ H; (usl,g;)

Recall that for all o € Aut(C) there exists then a o-linear isomorphism o:E; - E; of
GL),,(K)-representations. Thus, there exist natural o-linear isomorphisms of Hecke algebra-
modules
otu, H; (sf;% 5V) - H (SGL% “5V)
n f Ky
and
v H* Hy, oeov
UH/ H (SK,,(S‘#) (SK7’ g )

as well as a morphism
o' *, * GLS n ooV * ;L ooV
(S5 ogy) 1 (S o).
Then the following diagram commutes.

H; (sf;?n "SV) — S H; (SK,,elj)
f

|7é, |7 (9)

GLn g * ;10'
H; (SK,2 5V) — 5 H; (SK,, 5;)

G

Lemma 3.5.2 ([46, Lemma 7.3]). The ’HG > -module H} (S’ Lo SV) and the H[}gb -module
Kj !

K’ Cp
action given by above UGL, respectively O';I, .

H (S 7 EV) are defined over Q (u) by takmg Aut(C/Q(p))-invariant vectors under the

If K/ = c K’ ¥ consider the canonical map SG n S?(IZZ"
f

space !
SGLon .= Jim SGL%
iy f

A
K

. This allows us to define the

as a projective limit. Note that Elf naturally extends to SGL2n and hence, the cohomology
H (SC%n,£Y) is a GL(Ay)-module.
Proposition 3.5.3 ([46, Proposition 7.16, Theorem 7.23]). There exists an inclusion of the
space
GLy,, E),) := o H (90, Kl mh ® E)) @ 11

I’ cuspidal

into H} (SGL’%,SL/) respecting the GL),, (Af)-action. We denote by

H; (S0 £y) (117)

cusp (

the image of
H* (g0, Kl ,ml, @ E) ® IT}
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under this inclusion.

If K} fizes H}, we obtain an inclusion H} (SGLén,EL\L’) (H}) > H} (S%’?n,gl) and we de-

Gy, respects the

note its image again by H} (SGL,%,SZ) (H}) Moreover, the isomorphism o

decomposition, i.e. if II' and °II' are both cuspidal then
Oy, (HZ (S £7) (1)) = Hy (890, &) (711)

for o € Aut (C) and thus if the Aut(C)-orbit of Il is cuspidal, the cohomology group

H; (85 e) (1)
is defined over Q (I1").

Let go be the lowest degree in which the cohomology
H® (g, KL, 7, ® E)

does not vanish. Thus, by

q0

C= HY (g, Ky SI= (n) 0 BY) - (/\ (oo E.) @™ (L) @ E;)Kw |
We fix once and for all a generator of
H™ (g, Kl S)= (vl.) ® E}))
as follows. First fix an Kiinneth-isomorphism
R H (ggo,K;o,s;;: (7l,) ® E;) 3 @9 o (g;,K;,s;;g (m)® Elv),
which is determined by the already fixed isomorphism

Spz(me) 2 @ 8 (m),

V€Voo

and let go, be the lowest degree in which the cohomology

q0,v . K,f)
H™ (g}, K}, 8] (7)) @ B}, ) = (/\ (a,/¢,) @S] () ® Elv)
does not vanish and similarly we fix Kiinneth-isomorphisms 8, for all o € Aut(C). For v € Vo,

we then choose a generator of this space of the form

: v
dim EM

[7)] = Z Z X ®&pa,i® o (10)

. . a=1
1:(21,“.,7410’,0 )

where
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1. Pick a L-basis {Y;} of b, /(h, n€).

2. Extend {Y;} to a L-basis {X;} of g, /¢, set {X;} to the corresponding dual basis of
(g,/€,)" and X := Nigy X

3. A Q(u)-basis e, of E .
4. For each o and i a vector &, o, € SZZ (7).

We then set [72.] = 81 (Quev.[7)]). We further assume that the X;’s are a extension
of a basis of b,/ (b, Nn€.), where b, is the Lie algebra at infinity of H) (A). Finally for
o € Aut (C) we set

() = (), )= @ ).

V€Voo
Let K} be an open compact subgroup of GL), (Af) which fixes II'. A choice of such a

. . GL)
generator [7,] fixes an isomorphism of H 7, *"-module
f

O S (1)) 5 HE© (894, ) (1T}

defined by
SU () % 87 () @ H® (ol KL, I (wl) @ B7)

S H® (g, KL, S} (1) @ By ) 5 H® (ob, KL, @ By) =
5 o (SGLgn,gg)(H}),

where the first isomorphism is the one induced by [7s ] and the third isomorphism is the one
induced by the inverse of 1" > SZ (1.
Theorem 3.5.4. For each o € Aut (C/LL) there exists a complex number

w (°I}) = w (710}, [77l,]) € C*

such that )
601‘[/70 =w (UH}) @an/

is Aut (C) invariant, i.e.
) M0, g (SGLh, £Y) (1T

la'* l”ELgn
S”ﬁf oTr O, qu SGLIQn aevy(o1r
vy (7117) & (85, 7€) (7117)
commutes. Hence, O o maps the Q (II', n)-structure of S,Z’; (I1") to the Q (1T, n)-structure of

2 (89, (1)

and w (H}) is well defined up to multiplication by an element of Q (II',n).
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Proof. Since
. QN s GLY,
OS] (I1}) > HE (89, &) (11))
is a morphism of irreducible GL5,, (A f)—modules it follows from Schur’s Lemma that there

exists a complex number w (H}) such that Oy g =w (Hf)_l O maps one Q (II', n)-structure
onto the other, since rational structures are unique up to homothethies, see [26, Proposition

3.1]. Consider now the vector {%} from [Lemma 3.4.10| which generates S;Zf (H}) as a

GLS,, (A f)—module. After rescaling w ("H;c by an element of Q (II',n) we have the equality

i (ool -0 )

since both sides of the equation lie in the same Q(II',n)-structure. Thus we proved the
assertion. O

3.5.2 Behavior under twisting As in [47] we discuss now how the above introduced
periods behave under twisting with an algebraic character x = (X o det’) - |det’|’, where ¥ is a
Hecke character of GLi(A) of finite order and b € Z. In particular, for v € Vo, the character
X(det"), is the trivial one. For the rest of this section fix such a character x. The following is
an easy consequence of the respective definitions.

Lemma 3.5.5. The representation II' ® x is cohomological with respect to (E, )" = E)j ®
®ues., [det! |, If TI' admits a Shalika model with respect to 1 then T ® x admits one with
respect to x*n and hence, w (H} ® Xf) is well defined up to a multiple of Q (I, x,n)".

We fix a splitting isomorphism

X = Xoo ® X7 = & |det) @/,

V€Voo

which extends to a splitting isomorphism

112

II'®x > 7, ® Xoo ® 1T} ® X S ® 7T1',®|det;|b®H}®xf.

V€Voo
Having already fixed the generator [ ] we set
dim Ey; |
[ryexu]= ) >, X[ eldety[Ea @y

. . . a=1
z=(21,...-,zq07v)

and

[T ® Xoo] = &' ( & [, ®xv]),

V€ Voo

where £, is defined as the map
2
Ry HD (g;o,Kgo,S;f:nw (Tl ® Xoo) ® (E,Hb)v) -

2
- ® qu(g,oo7Kgo’SfZva (771,;®Xv)®(E v+b)v)a

V€Voo
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corresponding to the splitting isomorphism

T ® Xoo > ) 7 @ |det! |

v€Voo

Note that for [7]] as in we have then

v
dimExu
[moexo]l=" X > X[ @& aldet)"oey.

.. . a=1
1:(21,....,7,(1071))

We quickly recall the definition of the Gauss sum of x, see [I30, VII, §7]. For v € V¢ let ¢,
be the conductor of y, and choose ¢ € GL; (Af) such that for all v e Vy

ord,(cy) = —ord,(c) — ord, (D).

Set
G (Xvs v, ¢0) = /(;X Xv (uv)_l (0 (C;;luv) dy,

where d, is a Haar measure on O, normalized such that O} has volume 1. Then G (x4, ¥y, )
is nonzero for all finite places and 1 at the places where y and % is unramified, see [43],
Equation 1.22]. Hence, the global Gauss sum

g(Xf7C) = H g(Xvﬂ/Jv,Cv)

veVs

is well-defined. From now on we fix one such ¢ and write G (Xf) =G (Xf: c). If x = (Xodet')-
det’|’ is a character of GL}, as above, we set

G (xs) =G (Xel- 1)

The periods we defined in behave under twisting with such a character as
follows.

Theorem 3.5.6. Let I’ be a cuspidal irreducible representation of GLS,, (A) as in .
Let x = (X odet’) - |det’|’ with X a Hecke character of GL1(A) of finite order and b€ Z. For
each o € Aut (C/Q(u)) we have

w(H}@Xf) ~ w(UH}®UXf)

G(x)" w (1)) G (oxg) " w (7).

In order to prove this we need three lemmata about the following maps. The first map
is

SX:SZ

() - s (I ® x)
E— (g x(det’ (9))€(9)),

which splits under our fixed splitting isomorphisms into the two maps

2
S8y (117) > 8,77 (11} @ xy)

&+ (g7 = xs (det’ (97)) &5 (1))
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and
S SJz (W) = SJ2 (o @ xy)
Eoo = (goo = Xoo (det’ (goo)) oo (9o)) -
Moreover, we define
ATl - I'® x
¢ — (g~ x(det’ (9)) 6 (9)),

where we consider ¢ € IT' as a cusp form.
Lemma 3.5.7. With Sy, as above,

-nd
- * g g *
J*oSsza((Xf(tg)) d)Sonoa :(%) Soy, 00"

Let 1py be the identity map on E,; and let (Ax ®1 E»VL)* be the induced map on cohomol-

ogy
(Ay® 1py) : HE (Son, £Y) (1)) > HEP (8910, £7) (I ® x1)

Lemma 3.5.8. With A, as above,
(Ay®1gy) 0O = Omgy oSy,
Lemma 3.5.9. For any o € Aut (C/Q(u)) we have
UaL’Z" o(Ax® 1EX)* = (Ao ® 1"Ex)* ° UéLgn
We will first show how follows from the above lemmata.

Proof of [Theorem 3.5.6. We compute
(AUX ® L’E;\i) o O'aL/Qn o @H

in two different ways. On the one hand

. I )
(A0X®1UEZ) OUaL,zn O@HI M (AUX®]‘UE‘\Z) 0("‘)01‘[/00'* 3-2-8

w (o)

HI
_ ag (w ( f)) @UH’@,UX ° S‘TXf ° 0_>(-.
w ("H})

But on the other hand, we see

3.5.9 3.5.8
(AGX®1UEZ)*OO-;;L’2 O@H/ i (AX®1EI\1)*O@H/

= O-GLén o =

P xx:
&

_ *
=%aLy, ° Orrey © Sy

81



o (w (117 ® x7))

- @JHI@JX ooc¥o SXf
w (OH} ® GXf)
T’ ® -nd
) CLC ) R
w(meoxy) J\ G(7xy)
Hence, the desired equality follows. ]

Proof of[Lemma_3.5.7. The first equality follows by inserting the definition of ¢* and noticing
that the determinant of det(t,) = t?%. The second equality follows from [24, Theorem 2.4.3],
which states

(G (xs)) =0 (xs (1)) G ("xz)-
O

Proof of[Lemma 3.5.8, We proceed as in the proof of [109, Proposition 2.3.7]. It is enough
to show that the following three diagrams commute. The first one is

s, ()
n oo
Sy (1)) —————— @H™ (ggo,K;o,s;;w (w;o)®E;)
ks 2
Siixf (W @xs)®

2 2
S (1) — ot (gl KL, S (1L, © x) 8 (Fet)))

Here the map on the right is
Sxs ® (Sx. ®1my)

where (SXOQ ®1 Eﬁ)* is the map on cohomology induced by the isomorphism
. Qoo oo X2 v
wa®1Ex-SZm (71'(,)0)®E;:—>8¢00 (7T<,>0®X00)®(E;L+b) .

From this, it follows that by our choice of generators, [T« ] is mapped to [Teo ® Yoo ], and
hence, this diagram commutes. The second diagram is

s (my)e

®H™ (gL, KL, 817 (n) ® E)) ———————— H (gL, KL,,5) (II') ® E})

2
sl?xf () exy)e ‘

2
@H® (g;” KL, 817X (1l @ Xoo) ® E;) —— H? (gL, KL,S7 (Wex)® (Bur)")

It is induced from the following commutative diagram, and hence, commutative itself.

Sy (1) @ 83 (7) ® S () © I

! |

2 2
S (I @ X7) @ SIZ (7 @ x) @ By — S (@) © (B)”
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Here the left respectively right map going from top to bottom is
Sy; ® Sxe ® gy respectively S, ® lgy.

And the third diagram is

H™ (g, KL, S) (1) ® E},) H® (SGL'%,gg) (11})

!
K

| |

H (ghe, Kb, SP° (1 ® %) ® (Eyes)” ) ———— HE (Sf{%fén, gﬂ,) (I} @ xs),
where the left respectively right map going from top to bottom is
(SX ® 1Elz)yr respectively (Ax ® IEX)yr ,

which therefore clearly commutes. Thus, all three diagrams commute, and the lemma is
proven. O

Proof of[Lemma 3.5.9. We will proceed as in the proof [I09, Proposition 2.3.6]. Recall that
the cuspidal cohomology H} (SGL27L,S;{)(H}) embeds injectively into the cohomology

(535

for a suitable small open compact subgroup K } If moreover K } fixes x, we can extend the
map A, to
GLY, GLY,
Ay HE (SEHn 1) 1O (S5 61,4)
coming from the map &, — El Lp given simply by twisting with x... After passing to the
projective limit, we thus obtain a map
I, GL5, eV GL, eV
A HE (8910, £Y) > HE (89 67, ).

s Cu+b

Recall for o € Aut(C/Q(u)) the o-linear morphism
ol HI (S ) > HI (89 63

which is induced by the o-linear morphism [,: E;j - "E;j which permutes the places according
to 0. We now identify H{ (SGL/%,EZ) with the de Rahm cohomology H, (SGLén,Sl). The
maps A, and o have then analogous incarnations A, gz and UE;L’Q 4p for the de Rahm

GLS,,
cohomology. It therefore suffices to prove that A, 4r is o invariant. Now for w €

*

GL,,,,dR
Hp (SClan, £Y) ted b ti h
dR 1 Cpu represente Yy a section one nas

oGy, ar(Axdr(@))(9) = lo o Ayar(ogr, ar(w))(9), g € SGL2n,

2n>

By fixing again a small enough compact open subgroup K ]'c as above, we get the explicit
description

lo 0 Ay it ar(w)(9) = 0 (x(9)) - lo 0 w(9) = As(y,ar, it (0C1y, ar(w))(9)
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for g € Sg“é”. Passing again to the inductive limit, we therefore obtain that
J
Ué}Lgn,dR(Ax,dR(w)) = As(x),dr(W)-
Finally,
a(x) ="x (11)
since both 7 (X o Nrd) and X o Nrd are trivial at infinity by [Theorem 3.2.1] and

|det’|"= “|det’|P= o (|det/[?)

for all o € Aut(C). O

3.6 Ciritical values of of L-functions and their cohomological
interpretation

Let IT' be a cuspidal irreducible cohomological representation of GLj, (A) as in
and consider the standard global L-function L(s,II") of IT'. Recall that a critical point of
L(s,I') is in our case a point so € 3 + Z such that both L (s,7},) and L(1-s,7L) are
holomorphic at sg. Write for v € Vo,

Mo = (ﬂv,la ceey Mv,Qnd) .

We further assume that JL (IT') is residual, i.e. JL(II') = MW (X, k) for some cuspidal
irreducible representation ¥ of GL; with [k = 2nd, k > 1. Recall that [ is even by
To calculate the critical values of the L-function it suffices to consider the meromorphic
contribution of the local L-factors from the infinite places. Let p’ be the highest weight
such that X is cohomological with respect to E},. Therefore, the L-factor of L (s, 7l.) is by
Lemma 3.2.6, [46, Theorem 5.2] and |13 Theorem 19.1.(b)] up to a non-vanishing holomorphic
function of the form

k % l k
I Hnr(sw;ﬁﬁ_ﬂi_iu)

veVeo i=1 j=1

and the one of L (1-s,7.) is of the form

1
k 3

/ L
HHHP(—S—MU’%_],+1+§—j+§—l+2).

V€V 1=1 j=1

Recall that the poles of the Gamma function lie precisely on the non-positive integers and it
1

is non-vanishing everywhere else. We say s = 5 is compatible with p if for all v € Vs

!
l
/U’i

/
v,

- 1 <0< —p

+1
and we say u is admissible if there exists p € Z such that
/ !/
_’uv,% sps _Mv,%-d

for all v € V. If k is even, all half integers are critical values

Crit (I') == {3=%+m:meZ}.
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If k is odd, a critical value sg = % +m of L(s,1I') has to satisfy

, I . . k+1 , I . . k+1
—,uw-—§+j+z— Sms—uvvl_j+1+§—j—z+ 5

for all v e Voo, j € {1,..., %} and i€ {1,...,k}. Since i1 >... >y, the critical values of IT’
are in this case

. 1 k-1 1-k
Crit (I') == {S:§+m:_'u;,é+ 5 Sms—u;7é+1+ ,MEZL, VE Voo
Note that if £ is odd and there exists a critical value, p is admissible and that by
,U/; 1 = Mond and ,UJ; 1 = Mynd+l-
’2 2

Following [47] we define a map 7.
Proposition 3.6.1 ([47, Proposition 6.3.1]). Let II" be an irreducible representation as in
and assume moreover that n =1. Assume % is a critical value of L(s,11") and compatible
with p. Denote by w, the weight such that E,,, = Elv ® det"™ for each v € Soo. Let E,-w,)

be the representation 1 ® det™* of H' (C) = GLy (C) x GLg (C). Then
dim(c HOmHI((C) (EZU’E(O,—wv)) =1

for all ve Sy

We then let EO,—w = Queve, E(0,-w,) and write & ) for the corresponding locally constant

sheaf of S . Since % is assumed to be compatible with p and since Q (u) contains the

splitting ﬁeld of D, [65, Lemma 4.8] shows that there exists a map 7 = ®,es.. Top in above
space which is defined over Q(u) and we fix a choice of such a map. Lifting this map to
cohomology we obtain a morphism

T*IHZ (SKT,L,E:I\;) (SK,,S(O w))
For o € Aut (C) we define the twist of 7 as
T = ® 7:7‘1011
V€S oo

and denote the corresponding morphism on the cohomology by 7. Since T is defined
over Q(u), we therefore obtain for all o € Aut(C/Q(u)) that 27 = T*. We then have the
following commutative diagram for all o € Aut(C/Q(u)).

(sKv,eg) — T (SK,,S(O w))
la;‘lh l/U;I;l (12)
H (sKé,Uf:V) S AN H(SK "g0 w))
f

The next step consists of translating the computation of a critical value of L(s,II") into an
instance of Poincaré duality. But in order to apply Poincaré duality, the highest or lowest
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degree in which H* (ggo, K .1I'® Eﬁ) vanishes has to equal the dimension dimg S;.7, which
f

implies n =1,d = 2 and k = 2. Indeed, implies that

nd
r((nd)2 ~nd-1)= 7"((7161)2 -nd - o (k- 1)) or

r((nd)Q—nd—l) :r((nd)Q—nd+%l(k—l)+l)

and only the first equation can be satisfied, which leads to the above restriction.

3.6.1 Poincaré duality We therefore let II’ be a representation as in [3.5( and assume
moreover that D is quaternion and n = 1 and p is admissible. By the respective
conditions on the Aut(C)-orbit on II" hold unconditionally in this case and we set qq := r,

which is the real dimension of Sg} and the lowest degree in which H* (g5, K., II'® E);) does
f
not vanish.

If I’ is as above and % is a critical value of L(s,II") which is compatible with u, we choose
K} small enough so that ¢! (K}) can be written as a product Ky x K¢, 1y is trivial on

det’ (Kﬁg) and K fixes I Let C be the set of connected components of Sﬁ% Using [I8,

Theorem 5.1] we see that C is finite and each C € C is a quotient of

H oo/ (K N HY o)
by a discrete subgroup of Hj (K). Recall that the Y;’s from in [Section 3.5.1| give a basis of
hoo!/ (hoo NE). Thus, they give an orientation on Hj ./ (K., n Hj ), since i,/ (ho NE)

is parallelizable and therefore on each C € C we can now consider 1 x 7! as a global section
of £(9,-w) and denote the corresponding cohomology class as

Hl
) e H (818 £ ).

. , . H] . . . .
Poincaré duality on each connected component of S ; gives rise to a surjective map
f

[

HQO (Sgi 78(0,710)) - C
f

defined by
eaf,eA[n]:z /eA[n]
si; czec c

Lemma 3.6.2. This map commutes with twisting by an automorphism o € Aut(C), i.e.

o\ S0 | = f i 0 L)

4
Ky f
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Proof. Indeed,

o\ L0t | = fo i O D) = Lo g (0) Ay (D))

KI

! ! !
Finally, by we have that a}'{i([n]) =[7n]. O

The goal now is to compute the composition of maps

He (st ) — o w1 (si0.6x) T 1 (81 £ )
f

AR K “p
@“"OT fSHi
Ky
ng /
S (105) C,

i.e.

o7 szi T O (&s,) A [1]
K’
¥

and relate this expression to the critical values of the L-function. To proceed we need the
following non-vanishing result. Recall for v € Vo

dim El\:v

[7] = Z Z X; ® &pai ® €.
(s a=1

For each i write

V(X)) =s(@OV AL AY
where s (2) is some complex number. If % € Crit(II') is compatible with p, we know that T
exists and (,(s, -) = P(s, -)L(s,n) for v € Vo by [Theorem 3.4.4 Since % is critical, we know
that Q,(%, -) is well defined for all vectors in the Shalika model. We thus can set

. dim E,,,, T , 1
¢ (7Tv) T ; o; s (Z) (ea) Cv (57 fv,a,g)
and () i= Ty, ¢(7)).

For s = % +m € Crit (IT"), the assumption on p being admissible gives an integer p such that

I’ ® |det’|P has critical value % and % is compatible with p—p. We fix a smallest such p, which
exists, since —fu, 2 < p for all v € Vo, and set

I (m) = I’ ® |det|? (13)

and
c(w(’,o,m) = c (I (m)oo) .
Theorem 3.6.3 ([116, Theorem A.3]). For II' as in and s =  +m € Crit (I'), the

expression ¢ (mwl,,m) does not vanish.
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Proof. We will assume without loss of generality that s = % is critical. Since c¢(7l,) =
[Tyey, ¢ () we fix a place v € Vo. We set H := GL; (H) x GLy (H) and G := GLg (H)
with maximal compact subgroup Kj; respectively K'. Since % is critical, it follows from

Theorem 3.4.3| that the local zeta integral at v gives a functional
1 /
CU 57 . EHOH]H (ﬂ-v?X)v

where x = Lgr, (my ® det’. Tt is nonzero, since (,(s, - ) = P(s, - )L(s,m,) and there exists by
&, such that P(s, &) = 1. Since the L-factors at infinity are products of
Gamma-functions and non-vanishing holomorphic functions, ¢, (s, &) also never vanishes.
Thus (y(s, - ) never vanishes and hence Cv(%, -) is non-zero. Let jo be the inclusion

j2: b [€h > o' ¥
and consider now the map
Hom (¢'/¥', 7, ® E}/ ) » Hom (b'/t}, x ® E(_u,))
f= (a5 )em)ere
By [116, Theorem A.3] the induced map
cH' (gh, K", 7, ® E) ) > H" (b, Ki7, X ® E(0,—,))

does not vanish on the one dimensional space H* (gfm, K' 7 ® E;:U) Since it is generated by
[7],] we conclude that ¢ () # 0. O

We set
¢ (oo, m) ! i= W (oo, m) .

Remark. The proof of [I16, Theorem A.3] relies crucially on the numerical coincidence, i.e.
that either the lowest or highest nonvanishing degree of the (g.,, K., )-cohomology

H* (g KLy 7 © E)
is dimpg Sgé
f
Theorem 3.6.4. Let II' be a cuspidal irreducible representation of GL, (A) as in |3.6. 1|
Assume s = % e Crit (II') is compatible with i and let &), be the vector of |Lemma 3.4.10
f
Then

o - o I P i)
’ L ’ ’ /\77 =
Sii oS w (H})w (m’,) vol ([,_1 (K}))

for every small enough open compact subgroup K} of GL, (Af).

Proof. The proof of this theorem can be carried out in the same way as the proof of [47],
Theorem 6.7.1]. We only include it for completeness. Recall from that

¢ =vol (K*\A*/RL,).
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We choose K’} such that it fixes 5%}.

Plugging fIOI, in the definition of the terms of the integral and using the K }—invariance of 5%,
f

we obtain the following identity.

s T O o (f%;,) Aln] =
Ky

=vol (v (K}))_l clw (H})i1 ;; s(2) T (ea)

Hi(A) dr,

/H{(K)\H;(A)/Rd 15

where

0= (s1) ( ® o ®EY )
V€Voo
We compute now the latter integral over H| (K)\H/ (A) /R? for fixed i and a. Again plugging
in the definitions yields

H;(A)dh:

(]9},

HY (K)\H{ (A) /RS

/Z’(A)H{(K)\H{(A) —/Z’(K)\Z’(A)/Rﬁ

(é?,a ((%1 }?2) z) ! (det’ (h22)) dz) dhy dhs.

We can now pull the z = diag (a, a)-contribution out of ¢2a and 17! (det’), which yields a
factor of w(z)n (det'(a))_1 =1 and hence, the integral simplifies to

0 hi 0 -1 /
; det’(h2)) dhq dho.
CL’(A)H{(K)\H{(A)¢Z’Q((O hy) )" (det'(h2)) dha dha

Recall the equality of [Theorem 3.4.3| and the properties of the special vector 5101,
f

J, Hallo )
2/ (A)H} (K)\Hj (4) 2 0 ha

G (5:8200) G (560 ) = e (5.2 0 £ TT P (50680,

veSs
Hfﬂb

1
573

det’(hl)

-1 /
—_— det'(hy)) dhidhs =
det’(hz) (det!(h2)) s dh

for Re(s) >> 0. But the integral converges absolutely for all s hence, we obtain the equality

for all s. Recall that L(s,II) is an entire function and hence, L (%,H}) e C since s = 1 is

2
critical. Therefore,

0 hl 0 -1 !

' det'(ho)) dhy dhe =
fZ’(A)H{(K)\H{(A) W((O py) 7)1 (det'(R2)) dhadhy
:Coo(_ ooza) ( Hf) H P( ,51(-)[/70).

UES }'17/)

Plugging this in the above sum over i and «, we obtain the desired identity. O
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We are now ready to prove our analog of [47, Theorem 7.1.2].

Theorem 3.6.5. Let D be a quaternion algebra and let II' be a cuspidal irreducible coho-
mological representation of GLS (A) which admits a Shalika model with respect to 7. Let
i be the highest weight such that 11" is cohomological with respect to El and assume (i 1S
admissible. We further assume that JL (II") is residual, i.e. JL (II") = MW (X,2) for ¥ a
cuspidal irreducible cohomological representation of GLa (A). Let moreover x = X odet’, where
X is a Hecke-character of GL1(A) of finite order. Then, for % +m a critical value of II,

L(%+m,H}®Xf)

W(H})Q(Xf)4w(7rgo,m) E@(H ,X,n).

Proof. Again the proof can be adapted from [47] to the situation at hand. To show the claim
it is enough to show that the ratio stays invariant under all o € Aut(C/Q(Il', x,n)). First
assume that m =0, % is compatible with p and y = 1. We are going to compute

o| Lo T 0o () AT (14
KI
f

for some o € Aut(C/Q(II',x,n)) in two different ways, where K is a sufficiently small

open compact subgroup of GL(A;). On the one hand, equals by and
’ L) s, P (el
o (1) (e ol (i~ (567))
(L) 'HUGSH}WP(%’EIQI’,H)
o ()w )] vl (171 (x6))

where we used that vol(s ™ (K})) € Q*. On the other hand , by pulling ¢ into the integral
, we compute

‘s B52)
ol [ T Oy (51%/ ) Al | =
S f
K

= in o (T O g (5101})) N
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By [Theorem 3.4.7| °II" admits a Shalika model with respect to “n and is cohomological and
therefore the last integral equals by

L(semy) ey, P(580)
w(”H})w(Uﬂgo) Vol(r1 (K})))

which proves the assertion.

If 1 +m is an arbitrary critical value and y = 1, consider II' (m) = II' ® [det|P, where p is as in

and hence, % is compatible with ©—p. Recall also that G (|det' \7}) =1, thus|Theorem 3.5.6

proves the claim. Finally, to obtain the result for %er is an arbitrary critical value and y # 1,
we apply [Theorem 3.5.6 again and note that 7/ = 7. ® X0, since x is of finite order. O

Recall that since JL(IT") = MW(X, 2), the partial L-functions of the discrete series represen-
tations II" and MW (33,2) coincide. We therefore obtain a new result on critical values for
residual representations of GL4. Note that for any place v € Vg,

L(%+m,7r1',®xv) EQ(H',X)

by [Lemma 3.4.9| and by [Theorem 3.4.2| II" admits a Shalika model with respect to wy. The

following is therefore an easy consequence of
Theorem 3.6.6. Let I = MW (X,2) be a discrete series representation of GL4 (A) such that

there exists a cuspidal irreducible representation I of GL, (A) with JL (IT') = 1, which is
cohomological with respect to the coefficient system El and i admissible. Let x be a finite
order Hecke-character of GL1 (A) and let s = % +m be a critical value of II'. Then

L(3+m,I;®xy)
w (H}) g (Xf)4w (ml,,m)

€ Q (H,,WE,X) .

3.7 Proof of Theorem (3.4.3| & Theorem |3.4.4

We will now show how to adapt the proof given in [39] to the situation at hand. Almost all
of the arguments remain unchanged and we only include them for completeness. Throughout
this section ITI" will be a cuspidal irreducible representation of GL(A) which admits a Shalika
model with respect to n and ¢ € II will be a cusp form.

If H is an algebraic subgroup of GLj,, containing Z) we denote by
H®(A) ={heH(A):|det' (h)|=1}.
Given a Haar-measure dh on H(A), there exists a Haar measure dz on the center
24 (K\Z, (A)
such that for all s € C and f a smooth function on H(A)

h)|det’(h)|* dh =
[Zzn(A)H(K)\H(A) f(Rldet (R)]

det’(2)|° f(hz)dhdz,
fZén(K)\Zén(A)| (=) H(K)\HO(A) (h)

91



assuming the first integral converges. Indeed, this follows from the fact that H°(A)\H(A)
can be identified with Zy0 (A)\Z5, (A) x Z,2 (A)\Z5,,(A) and that the integral of |det’|* over
Z2 (A)\Z5, (A) is the same as the integral of |det’|* over Z5, (K)\Za2n(A). We will denote by
1,, the n-dimensional identity matrix. Let ¢, p € Z* be such that p + ¢ = 2n, let U(/q,p) c P(’q’p)
be the corresponding unipotent subgroup of GL5,, and let A be the group of diagonal matrices

of GLg,, embedded into GL),,. We identify U, (’q ) from time to time with the linear space of
p x q matrices M, ,,. To each 3 € M, ,(K) we associate the character 0 of U(’q ») (A)

1, wv ,
s )-sirvom

Moreover, let H = GL;, x GL;, be the Levi-component of P, ). Then for

v:(”(; 32)eH<K)

it is straightforward to see that

05 (v ur) = Osrom ()

The additive group M, , (A) is isomorphic to Mgy ap (A). It is well known that the ad-
ditive characters of the latter group are parametrized by the space of linear functionals
Hompy (qu,dp (K) ,K) by identifying X € Homg (qu,dp (K) ,K) with the additive charac-
ter

v P(X(v))).
Identifying Mg qp (K) with My, (K) again, we obtain that all characters of U('q ) (A) are of

the form g and 63 = 0 if and only if 5. This allows us to consider for a cuspform ¢ € IT" its
Fourier expansion

o(9)= Y. ¢3(9),

M}, (K)
where
LR PN O LIOLE
It is again easy to see that
¢5(79) = d1515,, (9)
and ¢g = 0, since ¢ is cuspidal.

Lemma 3.7.1.
¢z (h)|dh < oo
/J;I(K)\HO(A) ,BEM%(KJ B ( ) |

Proof. Tt suffices to show that the integral is finite over a standard Siegel set of H, i.e. let
Hy,, be the Cartan subgroup of GL), consisting of the diagonal matrices with entries in a
fixed maximal subfield E ¢ D, let 2 be a compact subset of GL5,, (A), let C be a positive
constant and let S (C') be the connected component of 1, of the diagonal matrices

a=diag(ai,...,ap,aps1,...,a02,)
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a,=| 2 C for i+ p,2n and %, a; = H?fpﬂ a; =1, see [105, Theorem
4.8]. Hence, we have to show that there exists a constant D such that

Y. s (aw)|< D

BeMy,p

with a € Ho, satisfying |

for all a € S (C) and w € 2. We consider the function u — ¢ (uaw), u € U(’q’p)(A) as a smooth,
periodic function in u for fixed a and w. Then its Fourier series is also smooth and converges
absolutely. To prove that this convergence is uniform, i.e. independent of a and w, it suffices
to show like in the proof of [39, Lemma 2.1] that firstly, there exists a compact open subgroup
Up € U(, ,(Ag) such that

¢ (uu'aw) = ¢ (uaw)

for all u’ € Uy and secondly, there exists a constant D’ independent of @ and w such that for
any X of the enveloping universal algebra of 1, ) o, the Lie algebra of [T,ey. U(qp) (Ko),

IAN(X) ¢ (uaw)|< D'

Here we denote by A the left action of Us, and p its right action. The existence of Uy as above
follows immediately from the smoothness of ¢, since 2 is compact and S(C') normalizes

U(lq,p) (Af)'

To prove the second claim, we fix v € Vo, a root a of Ho, in U(’qp and a root vector X, of a
in the Lie algebra of u(, ;) - Recall that since Hy, is a Cartan subgroup, such root vectors
Span U(y ;) oo Lhen

MM(=X0) ¢ (uaw) = a (ap) ™ p (ad(w_l)Xa) o (uaw) .

Now ad(w™!)X, is a linear combination of basis elements of g/, whose coefficients are
bounded, because 2 is compact. Since a € S (C), « (av)_1 is bounded by a constant multiple
of |a,|™|ag,|M for some M > 0.

Therefore, A (-X4) ¢ (uaw) is bounded above by

> lapl ™ |aza |1 (uaw) |,
J

for ¢; € II. The following lemma will be useful in this and the following proof.

Lemma 3.7.2 (|39, Lemma 2.2]). Let ¢ be a cusp form of a reductive group G, which is
invariant under the split component of the center of G. Let R be a mazimal proper parabolic
subgroup of G, let 6r be the module of the group R(A) and let 2 be a compact subset of
G (A). Then for every M >0 there exists a constant D such that

o (1) |6 (rw) < D
for all v € R(A) and w e Q.

Since ua is contained in P(’q_1 v +1)(A) and P(’ with respective modules

g+1,p-1)
-2nd ond
5P(’p71,q+1) (ua) = |ap|~™", 5P('p+1,q71) (ua) = |ap|™,
we deduce that |ap|_Mj |agy, |Mi |¢; (uaw) | is bounded above. This finishes the proof. O
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The next step is to observe that even though we are dealing with matrices over a division
algebra, Gauss elimination still holds true in M, , (K). Therefore, the H(K) = GL;, (K) x
GL; (K)-orbits on My, (K) under the action -8 = v, 131 are precisely given by the possible
ranks of the matrices. To be more precise, we say a matrix 8 has rank r if it is in the orbit

of
(10
B’“_(O 0)'

The stabilizer Hy, (K) of the matrix 3, is the subgroup of matrices of the form

g O . a; b az O
th g1 = = 1
(0 92) W1 g1 (0 dl)’gz (Cl dl ) ( 6)
where d; is a square matrix of dimension 7, a; is a square matrix of dimension ¢ —r and as is

a square matrix of dimension p —r. Now we can write

min(q,p)

o(9)= D, >, b5, (79) -

=l ey, (K)\H(K)

Next comes the proof of the generalization of [39, Proposition 2.1].
Proposition 3.7.3. Let ¢ > p. Then for any cusp form ¢ € 1T,

g O
dgy = 0.
L;(K)\G@O(A)(b((o 1:0)) o

Proof. By we can exchange the integral and sum in the Fourier series of ¢, i.e.

g1 O B
memﬁ«ou»@“
V4
- [ 5w o8 1)) -
P

GoENGP(A) 130 e, (K)\H(K)
q

g1 O
: o (o(5 1))
;vemr%\ml&)/G%(K“G’qo(**) Mo 1,))

q

g O
dg1,
Z%mewww%«“'g)m

r=1

This equals by

a2

where 72 is a matrix of G (K) modulo matrices of the form (c
1

107« ) Taking the integral
first over
Ulgerry BONU oy py (A)
and then over
Pgry () Uyr,py (A)\R(A)

shows that the claim follows if

1, 05, (vg) dv ()

(grr) BT 1y (A)
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vanishes for all g € GL(A). To see this, observe first that the character 6, can be extended to
U/ p)(A)U(q rr )(A), trivially on U(’q_m), since U(,q—w) normalizes U(/q,p)' Thus, the integral
1.) can be written as

f ¢ (u'g) 03, (u') du'.

Uéq P) q rr)(K)\U(q P) q T,T)(A)

This integral however factors through an integral over

U(Ip—'r,p—r) (K) \U(,p—r,q—'r) (A) )

on which 6 is trivial. Since ¢ is cuspidal, the assertion follows. O

3.7.1 Proof of Theorem Before we begin the proof, let us remark the follow-
ing.

Remark. If I’ admits a Shalika model with respect to 7, 7, admits a Shalika model with
respect to 1,, 7.e. a continous intertwining map

00 GLS, (K,
()" = WS ™) (o)

if v € Voo and a morphism of GL(IK, )-representations

GL), (K,
w, > Indg 2" (v, @ 1.)

ifve Vf.
In both cases Frobenius reciprocity gives us a continuous morphism

Ay € Homg(x, )(( ) ,z/)v®77v) respectively A, € Homg g, )( U,@Dv@%)-

If v € V& the so obtained map is a priori just an intertwiner of group actions, but not necessarily
continuous. However, the space of smooth vectors satisfies the Heine-Borel property, i.e. a
subset of (7)) is compact if and only if it is bounded on bounded sets and closed. Since a
linear map of Fréchet spaces is continuous if and only if it is bounded, the claim follows. If
v € Vy we obtain A, without any extra steps.

For a cuspform ¢ = Quey ¢ € II” we have that |¢ (g)|< B(4), where [ is a semi-norm on
(ml)* II 7 K5 for any open compact subgroup K ¥ since cusp forms are of rapid decay. Letting
A be the Shalika functional associated via Frobenius reciprocity to our Shalika model, we
obtain that g — A (IT' (g) ¢) is bounded. Thus, if restrict A to smooth vectors obtain so the
local Shalika functionals \,, v € V, we also have that g, = A\, (7, (g») ¢») is bounded for all
veV.

Theorem 3.7.4. Let IT' be a cuspidal irreducible representation of GLS,, (A). Assume I’
admits a Shalika model with respect to n and let ¢ € II' be a cusp form. Consider the integrals

det' (hl)

hi 0
W (s, @) := / e
(5:9) Zén(A>H;<K)\H;<A>¢(( 0 hz)) det’ (h2)

v [ St (4 9)) e @ ban

Then W (s,$) converges absolutely for all s and  (s,¢) converges absolutely if Re(s) >> 0.
Moreover, if ( (s,¢) converges absolutely, ¥ (s,¢) = (s,¢).

o1

n (h2) ™ dhy dhs,
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Proof. We apply [Lemma 3.7.2| to the case R’ = P('nm) c GLS,, to see that

oA sl

is bounded above for any M, hence, U(s, ¢) converges absolutely. Indeed, recall that

det’ (hl)
det’ (hg)

Z,(A)GL,,(K)\GLy,(A)
has finite volume and hence
Zyn (A) H,, (K)\Hy, (A) = (1, x Z,,(A))Q,

where €2 has finite volume. Since above M can be chosen arbitrarily small, the claim follows.
For a suitable measure dz on Zj, (K)\Zj5,, (A) we have by

7 - det’ (2)[°72
5= [ s 0t G

hlz 0
hy) dhy dhy dz.
fGL@(K)\GLZ?(A) /GL;L<K>\GL:?<A>¢(( 0 hz))n( 2) i dz dz

Inserting the Fourier series we see that the contribution of the matrices with rank » <n is 0
by [Proposition 3.7.3| and hence,

hlz 0
hy) dhy dhy =
fGL@(K)\GL:?(A) [GL;L<H<>\GL;°<A>¢(( 0 hz))"( 2) i dhs

B fGL;(K)\GL;O(A)xGL;(K)\GL;O(A) WG%% ®) (18)

o5 ((’hlouz }?2))77@2) dhy dhs.

Contracting the sum and the integral and performing a change of variables, it follows that

is equal to
f st (% 2 ))n) dg
aLo(a) ¥ 0 1, '
Thus,
U (s,0)=
— ! s—% gr 0 B
- fZén(K)\Zén(A)met (2)] fGL;O(A) 817} (¢) (( 0 1n))"7(9) dgdz = (19)
=((s,9),

where the last equation is valid only once we show that ( (s,¢) converges absolutely for
Re(s) >> 0. To show the convergence we use the Dixmier-Malliavin theorem.

Theorem 3.7.5 (Dixmier-Malliavin theorem). Suppose G to be a Lie group and m a con-
tinuous representation of G on a Fréchet space V. Then every smooth vector v e V> can be
represented as a finite sum

v =7 (fr) vk,

k
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with v, €V, fi. a smooth, compactly supported function on G and

ﬂ(f)w::fo(x)ﬂ(a:)wdx

for some fized Haar measure on G.

Remark. Note that if G is a reductive group over K and (H}, V) is a smooth representation
of G(Ay), we can write v = II}(v) := fG(Af) ¢ (z)II' () vdx for some smooth, i.e. locally
constant, function ¢ as every vector in Vy is fixed by some open compact subgroup.

We consider the action of GLj,(A) on S} (I'). The cusp form ¢ is a smooth vector in IT',

where we consider I’ as a proper GL), (A)-subrepresentation of the corresponding L?-space.
Applied to our case this yields that SZ (¢) (g) can be written as a finite sum

1, u
2 Jo ((0 1n))¢’“(“)d“’

where the ¢j, are compactly supported, smooth functions on U('n ) (A) and & € SZ) (1).
Moreover, all & satisfy the equivariance property under n and v and are therefore bounded
by the remark of Applying this, we deduce

alls £)-5ells L

where ¢y, is the Fourier transform of ¢,. Recalling the definition of ¢ (s,¢), we obtain

SCORN WP ((% fn))@(gl) det’ (91) % dgy

Since the gk are bounded, C(S, ¢) is thus bounded by a multlple of
(Z) de d
- L7 (A) kg1 g9 g1,

which converges absolutely for s with real part sufficiently large by [44, Theorem 13.8] and
thus ((s,¢) converges for Re(s) >> 0. O

3.7.2 Proof of Theorem
Theorem 3.7.6. Let I’ be a cuspidal irreducible representation of GLY, (A) and assume I’
admits a Shalika model with respect to n. Then for each place veV and &, € SZ: (7)) there

11l
exists an entire function P (s,&,), with P(s,&,) € (C[qf; 245 S] if veVy, such that

CU (37511) =P (Svév) L (8771-1,))

and hence, Cy, (s,&) can be analytically continued to C. Moreover, for each place v there
exists a vector &, such that P(s,&,) =1. If v is a place where neither 11" nor v ramify this
vector can be taken as the spherical vector & normalized by & (id) = 1.

We follow closely the proofs of [39, Proposition 3.1, Proposition 3.2]. We denote by S (Msy) re-
spectively S (M . t) the space of Schwartz-functions on M ; (K, ) respectively My, (K,).
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Proof. The first step is to prove the following lemma

Lemma 3.7.7. There exists, depending on &,, a positive Schwartz-function © € S (My, ),

such that
g1 O
+(((5 1))
a 0

_ fa O , , /
g—u(o b)k7U€U(n7n)(K’U)7(O b)eHn(Kv),keKv.

<O (bilgla)

for the Iwasawa decomposition

Proof. We first assume that we are in the archimedean case. Using the Dixmier-Malliavin
theorem, it is enough to prove the claim in the case £, being of the form

w1 (gh) W (h) dyh,
Jors e Gt (o) ¥ ()

where U is smooth function of GL),, (K,) with compact support. Write g as

1, u ar O 1, u as 0
h:(o 171)(01 bl)kl’g:(o 12)(02 bQ)kQ'
g O
(& 2)))-

giaza; 0
= (Tr v k
¥ (Tr (g1u2)) GL;(KU)XGL;(KIJ)XK{;‘S ! (( 0 bel) 1)

= (b3 graz; k, ko, a1, b)) [det), (a1by") | dyar dypby ok,

where = (v; k1, k2, a1,bs) is the Fourier transform of

N 1{1n ur\far O
U1 \I/(k2 (O 1n 0 bl kQ

This function and its derivatives have compact support, which is independent of the parameters
ko, a1, b1, k1. Thus, the respective Fourier transform are contained in a bounded set in the
space of Schwartz-functions on U('n’n) (K,). Hence, there exists a positive Schwartz-function
©1 and a function ©2 with compact support such that

= (v5 k1, ko, a1,b1) < ©1 (v) O2 (a1,b1) .
This is enough to show the majorization, since &, 1 is bounded by the remark of

We compute

In the case where K,, is non-archimedean we do not need the Dixmier-Malliavin lemma, since
we automatically can write &, in integral form by the remark after ]

In the next step we let v € V be a place and consider integrals of the form

Z (60,5 |

2n.

60 (9) ¥ () ldet, (9) > dyg

for &, € SZZ (m) and W « S(MZIn,2n)' Since &, is bounded, this integral converges for
Re(s) >> 0, see for example the proof of [44, Theorem, 3.3].
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Lemma 3.7.8. The function
Z (&,V¥,5)
L (s,

is meromorphic and if v e Vy

Z (&, ¥, 8) s-1 1os
2350 22 e Clgy 2,42 ).
L(S,ﬂ’,{) € [qU q'U :|

Moreover, there ewists &, ; € SZZ (my,), U, € S(Mén,Qn) such that we can write the local
L-factor as a finite sum of the form

L(S,Tr;]) = Zz(fv,j>\1’j,5)-
j

Proof. We first assume that K, is non-archimedean. Let I(7]) be the C vector-space spanned
by the integrals of the form

2n

Z(0s) = [ W(9) f(9) et ()7 dug,

GLY, (%)

where f is a smooth matrix coefficient of 7, and ¥ € S (M2’n2n) To be more precise, the
integrals converge for Re(s) >> 0 and admit a meromorphic continuation. By [44, Theorem

-1 14 s—L
3.3] I(w!) is a C[qy 2,¢2 " J-ideal in C(q, 2) generated by L(s, ).

We will now show that the C-vector space spanned by the Z(&,,V¥,s) is I(m,), which
consequently will show the claims of the lemma. To do so we introduce the space % consisting
of smooth matrix coefficients of the form

9w [ & (k)e (@) dk, g OL(K.), € < 8, ()
where e is an idempotent under the usual convolution product on the functions supported on
Given &, and ¥, we define

g f(g) = fK & (27'9) e (k) dyk, g € GL(K,),

which is a smooth matrix coefficient of 7, and hence, for such f

2nd-1

2= [ PP (9) et (g) 72

dpge .

On the other hand, for every f € % and Schwartz-function ¥ there exists &, € SZZ (m), ¥ e
S (M3, 5,) such that Z (f,¥,s) = Z (&, ¥, s). Indeed,

2n

2G9.9)= [ o S & (7 0) e (0 W () det (9) 15 dukdg -

2n

=fGL,2n(KU)£v (9) /K; (e (k)W (kg)|det;, (9) """ 2 dokdug = Z(&, ¥, s),
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where ¥'(g) := fK{, e (k) ¥ (kg) dyk. This shows that the space spanned by the Z(&,,V,s) is
the space spanned by % . It therefore suffices to show that the span of % is I(n). But since
% is closed under right translations under GL(K,) and = is irreducible, any smooth matrix
coefficient f of 7], can be written as a finite sum

f(g)= Zfi (9i9)

for some suitable g; € GL(K,) and f; € % . Therefore, the final claim follows because then

2n

_2nd-1
Z(108) = [ ey 227 (09) W (g) [det g™ = dug =

= :(99:) ¥ (g5 gg:) |det Siznd_ldv
ch(Kv);f(gg) (9;"99:) [det g "2 duyg,

where the last expression is of the desired form. In the case where K, is archimedean, we
argue as above, replacing the action of GLj,, (K,) by the action of the Lie algebra and K,
and using the Dixmier-Malliavin lemma. ]

We return now to the proof of and assume from now on that v is archimedean,
since the non-archimedean case can be dealt with analogously. We start with the second
assertion. We will only prove the archimedean case, since the non-archimedean case follows
analogously. Let SL, := {g € GL),, : det, (g) = 1} and K, := SL),(K,) n K. Using the
Iwasawa decomposition we can write

a X a X
Z ’U7\D7 = v k ‘l’ k
(&0 9) H;(&)xvgn,n)(Kv)xKog ((0 b) ) ((0 b) )

nd

7 dyadybdyz d,k.

det], (a) "2 |det/, () |*~
We introduce the function
= (u,t,w; k) := f

HI

n

0 w

r y / ’
. v (( ) k) (T (yt) - Tt (2u)) dpz dyy. (20)

If we put issues of convergence aside for a moment, the Fourier inversion formula and a
change of variables imply that

a

Z (&, f,8) = [S 0 10n) x) |det! (a) |S_% dpg (z) dya, (21)

L, (Ko ) xGL, (K, ) S ((

where we define the measure puy on SLS, (K,) by

)\ d =
[% ey ¥ () ity (2)

_f fb_l()lnu L, 0) .
T JGLL (Ko)xU! (Ko)xK!, 0 1,J\0 1,J\0 &

(n,n)

Z (u,b,b7 k) [det), (b) " dubdyudyk.
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Let us now argue how to put the issues of convergence to rest in the integral of . Following
[39] we consider the unimodular subgroup @ of GLY,, consisting of matrices of the form

-1
Q= {(bo Z) :beGL;, ueM,'m}

Thus, duy = py (¢, k) dyg dyk, where pg is a smooth function on Q(K,) x K and it and its
derivatives are rapidly decreasing, i.e.

llall™ | (g, k)]

is bounded for all natural numbers N, where ||¢|| denotes the usual height of ¢. Recall the
majorization « of the beginning of the proof and the remark before and that
we obtained from [Lemma 3.7.7 that

&[5 1)) aet@r

O(b™"ab™")[det] ()72 g (g, k)| dug duk dua

dpg (z) dya <

fSL’Qn(KU)xGL;(KU)

<

[GL%(KU)XQ(KU)
for a suitable Schwartz-function ©. After changing a — bab, we can bound this integral for
Re(s) >> 0 by a multiple of

S [t PO o (0. ) dug dk

which converges since py is rapidly decreasing. Thus, we justified the rewriting of the integral
and showed that the operator

' (qk k) dygd.k 22
‘/C‘ZXKI’)FU(q )MSO(qa ) q ( )

preserves the local Shalika model, since a priori the operator does not preserve smoothness.

By collecting the results so far, we can prove the following. By we find
vj€ SZ’; (m,), Ui €S (MQInZn) such that

B3 s—nd-1 (@)
L(somt) SV E [ e G (0) W5 () et (9) 2 dug 'S
J niTv

gl 0 !/ 5—l
-3 [ 6(( ))|detfu<g)|  dugn,
j GLn(KU) v 0 177,

51’%]' (9) = /b:L’Qn(KU) &u,j (9) M (z) dy.

Since we showed that |D preserves S’ (m;,), we have & ; € " (7,) and therefore we proved
the second claim of [Iheorem 3.7.6l

Next, we show the first claim of We apply the Dixmier-Malliavin lemma, to
Q x K/ and write

bt 0\ (ln uw)(l. O
v = v,J y y k:
g (g) %:\[GL:L(KU)XUERJL)(KU)XKf,g ) (g( 0 17’L) ( 0 1n) ( 0 b) )

where
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T (u,b, k) |det! (b) " dyb dyu dyk,
where I'; are smooth functions with compact support on GL;, (K,) x (’n n) (Ky) x K. Let
A; be the projection of the support of I'; to U(’n n) (Ky) and let ¥ e S (M;m) be such that

W (b7') =1 for belU; Aj, where we identify U(,n,n) with My, ,,. Define

(6 )

= T (u,b, k)W (v Tr (zu —yv)) dyudyv.
Jor ey, gy 0BV (00 (T o= 3o

Then (, (s,&,) can be written as

Co (576'0) =

a I a I
= v y k F" .k
;f ;(KWU('W(KU)XKﬁa((o b) ) ((0 b)’ ) (23)

Idet!, (@) |2 ||det’, (b) "2 dya dybdya duk.

Let
Q1 = {(a,b) € M} 5, : (a,b): D?" - D" surjective}.

The group GL, (K,) acts from the left and the group K from the right on Q;(K,). The
resulting action of GL,,(K,) x K, is transitive. The stabilizer of (0,1,) is the group (k3*, k),
where

0 ke

a b
Q= {(C d)EMénQn:(c,d)Eﬁl}.
Let .7 (§2) be the space of smooth functions ¢: Q(K,) - C such that

ki 0
k= ( ! ) € K, n P, ) (Ky)

for some kp. Let

L. |a|*™b*"¢(g), g = (Z 2) is bounded for all n € ZZ,

2. The projection of the support of ¢ to 21(K,) is compact,

3. If D is a differential operator which commutes with additive changes in (a,b) then
Dpe.s(Q).

Analogously we define the space

Qo = {(g Z) € My, 5, : det, (d) # 0}
and .7 (o x K)). The natural map

r:Qo(K,) x K, - Q(K,), (p,k) = pk

is surjective, proper, and a submersion and the inverse image of pk is

r (k) = {(pk'" K'k) 1 k' e K n Py (Ko)}
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Lemma 3.7.9. Let p e . (Qyx K'). Then
 (pk) = f KRR dyk!
¢+ (k) Kmp(m)(KU)so(p )

belongs to & (2).

We postpone the proof of this lemma to see how it finishes the proof of the first claim of

Mheorem 3.7.6 Recall
)@y [ o »)*
C(S,ﬂ—’u) %: H;L(KU)XU(/n,n)(KU)XK{)gUJ((0 b) )

r, ((g 5;) ; k:) det!, (a) [**"42||det!, (b) [**""2 dya dybdya dyk.

Observe that changing I'; by
(p.k) ~ T (pk'™", K'k)

for some fixed k' € K] n P(,n,n) (K,) does not change the integral. Thus,

a T
y k
/I‘{;l(KU)xU(’n’n)(KU)xK{,g 7 ((0 b) )

r ((g ”b”) ;k:) (det!, (a) [*2||det!, (b) [**"2 dya dybdyz dyk =

= . / s—nd—lf 1A =1, 1./ ’
LO(KU)XK{)gv,J(T(pak’)Ndetv(p)| . ) " (k' K'k) Ak’ dp dk,

v (n,n
where we extend &, ; trivially to Q(K,) and dp is a right P('n N
Q0(K,). Thus,

)(Kv)—invariant measure on

Co(s,70) = €5 (9) T, (9)|det!, () """ 2 dyg =
( ) ;/S:Z(KU) J 7

1
=Y [ & (@ (9)ldet] (9) " dug,
~ JGL(K,) J

for a suitable GL (K, )-invariant measure on Q(K,). Extending I'; to a Schwartz-function of
M, (K,) proves the first claim of [Theorem 3.7.6| by [Lemma 3.7.8]

Proof of[Lemma 3.7.9. 1t is easy to check that ¢, is well defined and that the first two
properties are satisfied, so it remains to check the third. Let D be a differential operator of
order 1 on €2, which is independent of (a,b). Since r is submersive, there exists a pullback
differential operator D* on Qy(K,) x K| such that (D*¢), = D¢., hence, it is enough to
show that D* leaves . (o x K') invariant. Assume that D is an operator in (a,b), hence,
without loss of generality it acts on a function ¢’ by

i fa+tX b+tX
dtgp c d

103

t=0



at a matrix X. Then we can choose D* such that it acts on a function ¢ by

d ((m +tXkTL y+ tYk—l) k)

)

- ¥
dt 0 m =0

which is a differential operator in the variables z,y, whose coefficients depend only on k.
Therefore, the obtained function stays in .7 (Qg x K)).

The second possibility is that D is a differential operator on ;. Since any such operator is
the linear combination of operators defined by invariant vector fields on GL, (K,) and K.
First assume that D acts on ¢’ by

i, a b
at? exp (tX)c exp(tX)d)|,_,

where X is an element of the Lie algebra of GL],(K,). Then we can choose again D* such

that it acts on ¢ by
d x Y )
%4)0((0 exp (tX)m)’k)

which clearly leaves .7 (2o x K') invariant.

)

t=0

Finally, for an element Y € £/, the value of D on ¢’ is the difference, of the two operators Dy

and D applied to ¢’, given by
d ,{fa b
i ((C d) exp(tY))

d (a exp (tY) bexp (tY))

t=0

and

dt c d

t=0
We can then choose D7i to act as

d
Ed) (p7 kexp (tY)) |t:07

which preserves . (Qp x K'). By the first case we considered, Do* does so too, since it is a
differential operator in (a,b) with polynomial coefficients. O

The last step in the proof of [Theorem 3.7.6| concerns the special case of 7, and v, being
unramified. Thus, assume 7, is unramified and let &, o be the corresponding vector in the

Shalika model, i.e. the one fixed by GLag,,, (O.). Then, using [44, Lemma 6.10], we know
that

L ’ :[ det’ s—nd-2 dv ’
(s,7}) GLQW(ODJ‘(Q)I ety (9) "2 dug

where f is a spherical function attached to 7, i.e. the matrix coefficient of 7, is of the form
g+~ vy (m(g)vo), where vy and vy are non-zero vectors of 7, and 7’ fixed by by the maximal
open compact subgroup GLag,, (O)). Let ¥, be the characteristic function of GLag,,, (OL).

Then following the proof of shows that

_nd-1
L(sim) = /GL’Q i,y S0 (9) 00 (9) [dety, () 17> dug
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Recall, that ¢ (s,&,,0) can by also be written as

C’U(S7£’U,0)=
_[ ¢ a O\[(v! o\(1, w\(1, O k:
 JH )R, () K wOllo 1) o 1,J\0 1,)J\o0 o
= (u,b, b5 k) [det!, (a) [ 2|det!, (b) [* dyadybdyud,k, (24)

where we plugged in the definition of py, and = is defined by . It is easy to see that =
vanishes unless u, b and b~! have entries in O, since the conductor of 1, is O,. Therefore,

[24) equals to
—nd-1
fGLmﬂ) €00 (9) Ty (g)Idet] (9) 702 duy,

which proves the claim. O
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Chapter 4

Modular representations of the
general linear group

Again we will start by giving an outline of what awaits us in this chapter and sketch the main
ideas and techniques used to achieve our results. We use the conventions of [Section 2.3.3
This chapter is based on [35].

4.1 Summary

Following [83], we call an irreducible representation 7 of G,, O- irreducible if wx 7 is irreducible.
We study these representations in using the theory of intertwining operators
introduced in [28], which we recall in The main proposition of this section is
then the following.

Proposition 4.1.1 (cf. [83], [66], [67]). Let w € Jrve. The following are equivalent.

1. m s O-irreducible.
2. For all o € Jvr, soc(m x o) is irreducible and appears with multiplicity 1 in © x o.
3. For all o € Jvr, soc(o x ) is irreducible and appears with multiplicity 1 in o x 7.

If any of the above statements hold true, the maps
o~ soc(o x ), o~ soc(mxo)

are injective.

Note that over Qy, this was already proven in [83]. We adapt their argument, which is
originally due to [66], [67]. The proposition allows us to give the following definition. Let
7’ € Jee and 7 as in the proposition. If 7’ 2 soc(o x ) respectively 7" 2 soc(7w x o), we define
the right-r-derivative D, »(7") := o respectively the left-m-derivative Dy (7) := 0. If 7’ does
not lie in the image of these maps, we set the derivatives to 0.

One of the main differences between the Fy-case and the complex case is that not all
cuspidal representations are O-irreducible. Recall that if p is a cuspidal representation, then
p is O-irreducible if and only if o(p) > 1. The behavior of O-irreducible and O-reducible
cuspidal representations differs quite drastically. For example, if p is a O-reducible cuspidal
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representation, its L-factor will always be trivial, and p x p it is of length 2 and semisimple if
¢>2 and of length 3 if ¢ = 2. We say an irreducible representation has O-irreducible cuspidal
support if its cuspidal support consists of O-irreducible cuspidal representations.

In [Section 4.3 we study the specific situation where p is a O-irreducible cuspidal representation.
The notion of p-derivatives was first introduced independently in [93] and [64] and further
developed in [81] in the case G, and R = C. Moreover, the theory was extended to classical
groups in [9]. Here we extend the notion of derivatives to the case R = F, and observe that
most of the results carry over.

Corollary 4.1.1. If D, ,(7) =2 D, ,(7") # 0 or Dy ,(7) =2 Dy p(n") # 0, then w = w'. Further-
more,

D, p(m) 2Dy v (7).

For p a O-irreducible cuspidal representation, we moreover define four maps

SOC(p7 ’ )7SOC( : 7p)7DT,p7Dl,p:MG«p(p) - Map(p)

using a combinatorial description such that

Dy ,(soc(p,m)) =m =D, ,(soc(m,p)).

We then can compute the p-derivatives of the corresponding representation Z(m) simply as
follows.

Proposition 4.1.2. Let m be an aperiodic multisegment and p a O-irreducible cuspidal
representation.

Drp(Z(m)) = Z(Dyp(m)), Drp(Z(m)) = Z(Ds p(m)).

As a corollary we obtain that Z(soc(p,m)) =soc(p x Z(m)). In particular, this is used to give
a new proof of the following theorem.

Theorem 4.1.3. Let w be an irreducible smooth representation of G, whose cuspidal support
is O-irreducible cuspidal. Then there exists a multisegment m such that Z(m) = 7.

Remark. There are two main reasons why such a new proof could be of interest. The first is
that the original proof is quite involved and relies heavily on the techniques from geometric
representation theory. Secondly, the existing proof does not give much information on the
inverse Z~! of Z, which is something that we will need in the computations of the L-factors.
Let us now expand on both of these points. We start by recalling the existing proof of the
surjectivity of Z in [I0T]. One first reduces the claim to the situation where all representations
and multisegments involved have cuspidal support s contained in the cuspidal line spanned
by p. Let M(s) be the set of aperiodic multisegments with cuspidal support s and Jre(s) the
set of isomorphism classes of irreducible representations with cuspidal support s. It is then
possible to define a central character x; of the affine Hecke-algebra .#%(n,q(p)) with the
property that there exists a bijection between Jrr(s) and

Jee(Ar(n,q(p)), ),

the set of isomorphism classes modules of #%(n,q(p)) with central character xs. The proof
of the classification of simple modules of the Hecke algebra has two very different flavors,
depending on whether o(p) > 1 or o(p) = 1. If o(p) = 1, the central character of #%(n,1)
is always trivial and hence the representation theory of the Hecke-algebra reduces in this
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case to the representation theory of the group algebra R[S,] or said differently, to the
modular representation theory of the symmetric group. Although some questions on modular
representations of the symmetric groups remain to this day unsolved, the classification of
irreducible representations falls not among them. It is a classical result that the irreducible
representations are classified by f-regular compositions and there is an explicit construction

of these, see |Section 2.1.1l Thus one has an explicit description of the inverse map Z~! in
this case.

On the other hand, if we assume that o(p) > 1, the situation is much more involved.
Here one uses [2, Theorem B] to show that M(s) and Jre(#%(n,q(p)),s) have the same
cardinality and hence obtains as a consequence that the irreducible representations are
classified by aperiodic multisegments. In the proof of Theorem B of [2] the author first uses
the geometric representation theory of [25] to show that in the case R = Fy, Jee(#z(n, q¢(p)),5)
is parametrized by simple modules with a particular central character , of an affine Hecke-
algebra ¢ (n, &) over C at a root of unity £. Using geometric representation theory again, the
author then argues that those are classified by the aperiodic multisegments. Thus we proved
that Jve(s) is finite and of the same cardinality as M(s). Since the map m — Z(m) induces
an injective map between these two sets, it has to be bijective. This gives unfortunately not
the kind of information on the inverse map Z~' we need later on. However, since a cuspidal
representation is O-irreducible if and only if o(p) > 1, this second, harder, case is covered by
our new surjectivity proof, and thus gives us a more representation-theoretic description of
z™.

Let us now return to the remaining contents of this chapter. We continue by discussing how
the Aubert-Zelevinsky dual of an irreducible representation interacts with taking derivatives.
Recall that the Aubert-Zelevinsky dual, see for example [132], [10], [98], [96], is a map

()T > T, m> 77

preserving the cuspidal support. For m an aperiodic multisegment, we write (m) := Z(m)*.
Using derivatives we then compute in the Godement-Jacquet local L-factors
mod /¢ introduced in [94].

Theorem 4.1.4. Fiz an additive character v, of K, and let A =[a,b], be a segment over R.
If p = x for an unramified character x of K, and ¢® # 1, then

1
L((A).T) = e
l_X(wv)Qv ) ? T
Otherwise
L((A),T) = 1.

More generally, if m= Ay + ...+ Ay is an aperiodic multisegment then
k k
L((m>7T) = H L(<A’L>7T)a E(Ta <m>7¢v) = H €(T7 (Az>a¢v)
i=1 i=1

and

k
’Y(Tv <m)7 1/%) = q 7(T7 (Az>7 %)
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In [74] a map
C:Jrr, > {C - parameters of length n}

was introduced, where the right-hand-side consists of certain semi-simple R-Deligne represen-
tations. For a precise definition see In [74] to each such C-parameter (®,U)
an L-factor L((®,U),T), an e-factor (T, (®,U),v,) and a y-factor v(7', (®,U),1),) is then
associated.

Corollary 4.1.2. The map C respects the local factors, i.e. for m e Jer

L(m,T) = L(C(m),T), e(T,m,1y) = e(T,C(), 1),
7(T7W7¢v) = 7(T7 C(ﬂ-)awv)'

In|Section 4.5|we describe the structure of the representations of the form I(m), which is heavily
motivated by the analysis done in [132] in the case R = Q,. Fix a cuspidal representation p
and a cuspidal support s of the form

5= do[P] oot do(p)—l [pvg(p)—l]’

where d; be the multiplicity of pvf), i€{0,...,0(p) -1} ins. Let Q = AZ(p)—l be the affine
Dynkin quiver with o(p) vertices numbered {0,...,0(p) — 1} and an arrow from ¢ to j if

j=1+1 mod o(p). Hence s gives rise to a graded vector space

o(p)-1

V(s):= @ C%.

i=1

We let N(V (s)) be the C-variety of nilpotent representations of () with underlying vector
space V(s). Then N(V(s)) admits an action by

GLdO (C) X ... X GLdO(p)71 ((C),

whose orbits are in bijection with irreducible representations Z(m) whose cuspidal support is
5. We write Xy, for the orbit corresponding to Z(m) and write n <m if X, ¢ X,

Theorem 4.1.5. Let m,n € M(p) not necessarily aperiodic. Then Z(n) appears as a subquo-
tient of I(m) if and only if the cuspidal supports of n and m agree and n <m.

It is thus expected that the singularities of the space N(V (s)) allow one to obtain a deeper
understanding of the irreducible representations with cuspidal support s. In this spirit, we
extended [82] Conjecture 4.2] to representations over Fy.

4.2 Intertwining operators & square-irreducible representa-
tions

We will quickly discuss the intertwining operators of [28] and O-irreducible representations,
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4.2.1 Intertwining operators We start with the intertwining operators in arbitrary
characteristic introduced in [28, §7] and state some lemmas, which are probably already well-
known to the experts. Fix for the rest of the section a parabolic subgroup P = F(,,, ,,,) = M xU
with Levi-component M = G,, x G, of G = G,, and o a smooth representation of M of
finite length. We write R(T") and denote by op(ry = 0 ®g R(T) the basechange of o to
R(T). Moreover, we equip R(T") with a valuation v: R(T") - R which restricts to 0 on R and
satisfies v(7T") < 0. Finally, we denote by 1y, : M — R(T') the generic unramified character

sending
(ml ’ m?) — T lquU (‘det’(ml )|v ) .

We write P’ = Py, ,,,) = M' U with Levi-component M’ = G, x Gy, and we write &
for the representation obtained by twisting o with the inner automorphism given by the

element
[0 1,
w = (1n2 0 ) . (25)

For example, if 0 = 01 ®09, we have 01 ® 09 = 09®07. We define the R(T')-representation

Oun = UR(T) ® wun

The representation o, is admissible. Indeed, for any open compact subgroup K ¢ G, we have
|det’( K)|,= 1, and hence the character 1, does not play a role when considering K-fixed
vectors. The claim follows then from [54, Lemma IIL.1(ii)]. By [28, Lemma 3.7]

Homg,, (Indg (oun), Ind&, (Gun))

is non-zero and contains a certain class of non-zero morphisms Jp(o)’s in it, which are up to
a choice of a Haar-measure uniquely determined by the following condition. If f € Indg(aun)
is compactly supported in PwP’, cf. , then

(@) () = [ flwd1)du.
J

For k € Z we denote by I := 0 ®r (T - 1)kR[T:|(T_1) ®R[T](T_1) Yun.-
Lemma 4.2.1. Let 0 € Rep,,. Then there exists a morphism

Jp(0):Ind%(0yn) » Ind% (Gun),
which sends Ind% (o) to Ind%, (o) and defines a non-zero morphism Ry

md$ (1) 22 md$, (1)

lTHl lTHl

Ind% (o) LN Ind% (7)

Such Ry is called an intertwining operator.

Proof. Recall that the Geometric Lemma gives inclusions

Gon — rp/(Ind$ (oun))

] J

lp —— rp/(Ind%(lp))
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which are determined by a suitable choice of Haar-measures, i.e. up to a scalar in R[T](p_y).

We will use the notation of [28, §2] and note that by [28, Lemma 3.7] oy, is (P, P)-regular.
Following |28, Lemma 2.10], we can therefore define a retraction r of the inclusion

Tan > rpr(Ind%(oun)) —— Tan,

1

Moreover, this retraction defines by Frobenius reciprocity the intertwiner Jp(o) up to scalar
multiplication in R(T").

The lattice rp(Ind%(lp)) is an integral structure of rp/(Ind% (o)) in the sense of [123,
1.9] by [28, Proposition 6.7]. The image of rp/(Ind%(lp)) under r is an R[T](p-1)-integral
structure o of G, by [123, 1.9.3]. We can now fix the maximal k € Z such that o € [;. The
existence of such k follows from [123, Remark p.80], in which it is shown that any two integral

structures of an admissible representation are commensurable. We thus obtain the following
diagram.

E — Tpl(Indg([O)) — E,

L

where ¢: g = [, is the natural inclusion and in particular k£ < 0. We now multiply r by (T-1)7*
and hence the image of ' = (T - 1)7% is contained in Iy but not in [;. We thus have a
diagram
E — Tpl(Indg([O)) L) E
(T-1)7*

and we fix Jp(o) to the intertwiner coming from Frobenius reciprocity applied to /. Moreover,

we set r(o) := —k > 0, which is well defined. Indeed, the only possible choice we made is
choosing the inclusion

Fan = rp(Ind% (oun))

up to a scalar in R[T](T_l), which does not affect k. Next observe that the sequence

0 — Ind$(l1) —— Ind% (1) =% IdG(c) — 0

is exact since the representation in the sequence are admissible. We thus have the following
commutative diagram.

IndIGg (oun) ﬂ IndIGg, (Tun)

J

Ind3(lo) ——— Ind% ()

lTHl lT»—»l

md%(0) —=— md%, (7)

Jp(o)

Now if R, vanishes, Jp(o)(Ind%(lp)) ¢ Ind%,(17), however applying Frobenius reciprocity
would give a contradiction to the construction of Jp(o). t
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Note that Jp(o) in the above lemma is unique up to a unit in R[T](r_1y and R, is unique
up to a unit in R. We call (o) the order of the pole of the intertwining operator at o. Note
that (o) = 0 if and only if for all f € Indg(a) with support contained in PwP’,

Fo(£)(9) = [, fluwn)au'

If 0 = m ® mo, we will also denote by
Ry rpi 1 X g = g X T

the so obtained morphism and 7z, , the order of vanishing. The next lemma is the general-
ization of the list of properties needed to deal with square irreducible representations and
collected for R = C in [82, Lemma 2.3].

Lemma 4.2.2. Let 0 - 01 = 0 > g9 = 0 be a short exact sequence of representations of M
and my, w2, w3 representations of Gy,, i € {1,2,3}.

1. If M =G, R, is a scalar.
2. The order of the poles satisfies (o) >r(o1) and
JP(O')LH _ (T _ 1)7‘(0’)—7’(0'1)JP(0-1)‘

3. R, restricts either to an intertwining operator or to 0, i.e. up to a scalar
R | _ Ry, ifr(o)=r(o1),
oy 0 otherwise.
4. If 0 =T X T2 ® T3, Tryxmyms < Ty yma + Trgimy @M
(T - 1) mome Tmamg=rmixmams (o) = (Jp(m @ w3) X 1) © (1gy x Jp(me @ 73)).

Therefore,

R, if r =r +7r
1X72,7TT3 T XT2,7T3 1,72 2,739
(Rry g % Lmy) o (14, % sz,m) = ’ .7 ' 7

0 otherwise,

up to a scalar.

5. Moreover, Tr xmy.ms = T'mmo + o,y Uf at least one of the Ry, r., i € {1,2} is an isomor-
phism or if w3 is irreducible.

6. If R, is an isomorphism, then Rz o R, is a scalar.

Proof. The first point is trivially true. Since the following diagram commutes up to a non-zero
scalar in R(T'), (2) and (3) also follow immediately.

Indg (02un) M Ind$, (72un)

I
Jp (o)

md%(oun) ——% Ind$ (Fun)

J J

S (010) 7 10dS, (57,m)
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The first part of (4) follows from the following, up to multiplication by some non-zero element
of R(T), commutative diagram.

J X
Ind%((m1 x T2 ® 73)un) rimmen) Indg, (73 ® 71 % 72)un)

17r1><Jp(7r2®7r3)l JP(W
IndG ((71 ® T3 ® T2)un)

Prq kg, kg

To see that it commutes, apply [28, Proposition 7.8(ii)] to the bottom two arrows and [28)
Proposition 7.8(iii)] to the top arrow. Then the commutativity follows from [28, Proposition
7.8(i)]. For (6), [28, Proposition 7.8(i)] tells us that Jp(o) o Jp/(7) is a scalar in R(T'). Thus,
after multiplying by the suitable normalization factors and setting 1" =1, the claim follows.
Moreover, it also is easy to check that this diagram implies the claims regarding the poles.

It remains to prove (5) and here we argue as in [82, Theorem 2.3]. If one of the Ry, , is an
isomorphism, the composition

(Rryms * 1rp) © (L X Ry y) # 0
and hence 7 xry,m3 = Ty o + Tra g - If w3 i irreducible and 77wy s < Ty iy + Tra g, then
(Rﬂ'l:T"B X 171'2) °© (17T1 x Rﬂ'2,ﬂ’3) =0

and hence
1 X Im(Rryxrmy) = Ker(Ry, 75) X Mo = T X T3 X 2.

Twisting with the inner automorphism given by

0 0 1
w=[0 1, 0|,
le, 0 0

we obtain that

w w:
Im(Ryyxmy ) x w1 = my x Ker(Ryy 7y )% = mp x T3 X 701,

where #*" denotes the twist by the inner automorphismg - w’gw’™!

we = 0 1k2 W = 0 lkS
AL, o )PP\, o)
By |Corollary 2.3.1] the irreducibility of 73 implies that Ker(Ry, r,) = m3 x 71, a contradiction.
O

, and

4.2.2 Square irreducible representations Using the above mod ¢-analogous of the
results of [82] , one can arrive via the same arguments to the following results. We say
IT € Rep,, is ST if II is socle-irreducible, and its socle appears with multiplicity one in its
composition series. Similarly, we say Il is CSI, if is cosocle-irreducible, and its cosocle appears
with multiplicity one in its composition series. A representation 7 € Rep,, is called square-
irreducible or O-irreducible if 7w x 7 € Jrty,. The following three theorems follow muta mutandis
as in [82], thanks to [Lemma 4.2.2 and [Corollary 2.3.1{
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Lemma 4.2.3 ([82, Corollary 2.5], [67, Corollary 3.3]). A representation of m € Rep,, is
O-irreducible if and only if one of the following equivalent conditions holds.

1. mxm is irreducible.

2. wxmis SI.

3. dimp Endg,, (7 x ) = 1.
4. Ry is a scalar.

Note that a cuspidal representation is square-irreducible if and only if it is O-irreducible
cuspidal and we denote the subset of square-irreducible representations of Jrt,, by Jrth. More
generally, for A =[a,b], a segment, Z(A) is O-irreducible if and only if b—a +1 < o(p).
Lemma 4.2.4 ([82, Lemma 2.8], [66, Theorem 3.1]). Let 7 € Jvt)) and 7 € Jre,,. Then both
mxT7 and T xmw are SI and CSI.

Lemma 4.2.5 ([84, Theorem 4.1.D]). Let m € Jvrl). The maps

soc(m x +) =cos(- xm):Jee - Jre, soc( - x 7) = cos(m x - ):Trr — Jre

are injective.
Lemma 4.2.6. If 7 € Jutl then n* € Jue, for all k € Zso.

Proof. By it is enough to show that R« . is a scalar. We start by showing
that R« , 1s a scalar for all k, which we do by induction on k. By assumption, we know that

Ry r is a scalar. By [Lemma 4.2.2(4) and (5)
Rﬂ.k’ﬂ. = (Rnk—lﬂr x1z)o (k-1 X Re )
is a scalar by the induction hypothesis on k. By [Lemma 4.2.2(6) also R, .« is a scalar. Next

we prove by induction on k that R . is a scalar. Again by [Lemma 4.2.2(4) and (5), we
know that

Rﬂkmkq = (Rﬂkquq x1z)o0 (1ﬂ.k—1 X Rﬂ_m_k—l)

is a scalar. By [Lemma 4.2.2(6) also R x-1 .+ is a scalar. Applying a third time [Lemma 4.2.2(4)

and (5) we see that
Rﬂ.kﬂrk = (Rﬂ.k—lﬂrk X 17r) (] (lwk—l X Rmﬂk),

which therefore is a scalar. O

Lemma 4.2.7. Let p be a cuspidal representation such that o(p) =1 and m € M(p)ap. Then
Z(m) is not square-irreducible.

Proof. Assume otherwise that Z(m) is square-irreducible. Then by for all k € Zg
we have that Z(m)¥ is square-irreducible and in particular irreducible. Hence Z(m)* = Z(km)
by [Proposition 2.3.141 But if k > £ = e(p), the multisegment km is no longer aperiodic, and
hence its cuspidal support is no longer contained in N(Z[p]). But on the other hand, the
cuspidal support of Z(m)* must be contained in M(p), a contradiction. O
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4.2.3 P-regular representations Motivated by the notion of (P, Q) -regularity intro-
duced in [28, §2], we will introduce a similar condition called P-regularity. Note that being
(P, Q)-regular is a slightly more fine-tuned notion, but for our purposes the following more
blunt definition is sufficient.

Let P be a parabolic subgroup of G = G,, with Levi-decomposition P = M x U and opposite
parabolic subgroup P. A representation o of M of finite length is called P-regular if the
natural restriction map

Homgyq(S(G), Ind%(a) ® Ind%(c")) -

~ Homp, ,(S(PP),Ind%(0) ® Ind3(a"))

is an isomorphism of R-vector spaces.
Lemma 4.2.8. Let o0 € Rep,,.

1. If 0 is irreducible and P-regular, then

dimp Homeg(S(G),Ind%(J) ®Ind% (")) = 1.

2. If o is irreducible and it appears in rﬁ(Indg(a)) with multiplicity 1, it is P-regqular.
Proof. For the first claim, note that by Frobenius reciprocity, we have
dimp Homp ,(S(PP), Ind%(a) ® Ind%(c")) =
= dimp Homp/ (r5, o (S(PP)), 0 ®0") =
= dimg Homp; (S(M),0c ® 0”) = dimg Homy(0,0) = 1.

For the second claim, note that by the first part and the existence of intertwining operators,
it follows that it is enough to show that a non-zero map f:S(G) ~ Ind%(a) ® Ind%(a")

restricts to a non-zero map on S(PP). We now apply Frobenius reciprocity with respect to
rp to obtain a non-zero map

P aep(S(6))) 2 dZ (S(M)) —» i) © 0¥
and Frobenius reciprocity with respect to r5 to obtain a non-zero map
715y (MAERS D)) > 7 @ 0",

After applying the Geometric Lemma to the left side, we will show that f” restricts to a
non-zero map on

F(1)(S(M)) = S(M) = rp, 1, (IndEX}7 (S(M))) > 0@ 0"

Indeed, let w; € G be a permutation matrix and assume that Pw;P is the smallest element in
P\G/P such that f’ does not vanish on F'(w;)(S(M)), i.e. we obtain a non-zero map

fEF(wi)(S(M)) 0@’
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Using the specific form of F(w;), cf. [I7, Geometric Lemmal, and applying first Bernstein
reciprocity and then Frobenius reciprocity we obtain a non-zero morphism

S(M) - F(w; (o) ® 0o,

where here F(w;1)(o) is now the subquotient coming from the Geometric Lemma applied to
rﬁ(Ind%(a)). This in turn gives a non-zero morphism

o~ F(ui") (o).

By assumption o appears only with multiplicity 1 in rﬁ(Ind%(a)) and F(1)(o) 2 0. Thus
w;! € P and hence Pw; P = PP. We therefore showed that f” does not vanish on F/(1)(S(M)).
But now F(1)(S(M)) = r5,p(S(PP)) and thus by Frobenius reciprocity f does not vanish
on on S(PP). O

Assume now P = P, »,), 0 = 01 ® 02 is P-regular, irreducible and either o1 or o2 is O-
irreducible. In this case we call o strongly P-regular. By [Lemma 4.2.4] 7 := cos(Ind% (o)) =

SOC(IHd%(O’)) is irreducible. Moreover, by [Lemma 4.2.8(1), the only morphism up to a scalar
in

Homg(Ind (o), Ind$(0))

is given by
md% (o) » 7 = Ind%(a),

since
dim g Home(Ind$% (o), Ind%(a) )=

= dimp Homgy (S(G),Ind%(0) @ Ind(0")) = 1.
For the next corollary, we identify for every admissible representation o of M
Ind%(a) ®Ind%(c") = Ind%(av)v ® Ind% (o)

Corollary 4.2.1. Let o € Jerys be a strongly P-regular representation and define m =
soc(Ind%(o)). Let

T e Homp, p(S(PP),Ind%(0) ® IndG (")),

written as
¢ (f1® fa> T($)(f1© f2)), f1 ® f2 € Ind%(0”) ® IndB (o).

Then for all f1 ® fo € Ind%(av) ® Ind%(0) there exists a matriz coefficient f of © such that
for all ¢ € S(PP)

T(@) (18 f2) = [ 6p)f () dp.
PP

Proof. Since o is irreducible, [Lemma 4.2.8(1) tells us that the natural inclusion

Homgxa(S(G), 7 ®71") = Homgxa(S(G), Ind%(a) ® Ind%(0)")
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is an isomorphism. Note that every morphism in the former space is given by sending a
matrix coefficient f and a Schwartz-function ¢ € S(G) to

[ H@e9)ag.
G

Now by P-regularity every map in

Homp, ,(S(PP),Ind%(c) @ Ind%(c"))
is just the restriction of a map in

Homgx(S(G),Ind%(0) ® Ind%(0)"),
hence it has to be of the form

o< S(PP) = [ 6(p)f(p)dp.
PP
O]

Next, we see that strongly P-regular representation will interact nicely with L-factors. Recall
that for m an irreducible representation, we had

1

P(n,T) = L)

Proposition 4.2.9. Let P = P, ,,) = M x U be a parabolic subgroup of Gy, and o =01 ® o9
a strongly P-regular representation. Set w = cos(Ind% (o). Then P(o9,T) divides P(w,T).

Before we come to the proof, let us observe some parallels between this statement and a
special case of it, namely [59, Theorem 2.7]. In there Jacquet uses the following fact, which
only holds true over Q, in full generality. For a multisegment m over Q, let (m) be the
representation associated to m via the Langlands classification. If pvg a cuspidal representation
in the cuspidal support of m with b maximal, let A1 + ...+ Ag be the sub-multisegment of m
consisting of all segments of the form [a,b],. Then

2
X{A)
i=1
is square-irreducible and
k k
0= X(Az) ® <m_ ZAz)
i=1 i=1

is strongly-P regular with
cos(Ind$™ (o)) = (m).

Thus [Proposition 4.2.9| can be seen as a generalization of this fact over Q, and as we will see,
also its proof follows essentially the same idea.

Before we start with the proof, we define the following. Let H:G,, x G, > R be a smooth
function such that

H(uimgi,uamge) = H(g1,92)
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for all uy € U, us € U, m € M, g1, g2 € G,, and
m ~ H(g1,mgs)
is a matrix coefficient of o ® (5§ . Then for ¢ € S(PP), define the integral
Ty(9) := f H(1,m)¢( 'um) du dudm.
UxMxU

Lemma 4.2.10. The integrals Tw(9) are well defined for ¢ € S(PP) and define a non-zero
P x P-equivariant morphism

S(PP) - Ind%" () ® Ind§ (V).

Proof. By the assumption on ¢ the integral converges. Note that above H’s are precisely
linear combinations of functions of the form

H(g1,92) = " (91)(f(92))
for f* ed%" (o), f € Ind" (o). O

Proof of |Proposition 4.2.9. Having introduced the above machinery, we can now mimic the
proof of [59, Theorem 2.7]. We recall

5p(mi1,ma) = [det’ (m1)[¢"|det’ (ma)[, "
Note that the claim of the proposition is equivalent to

L(og) € L(T),

cf. |Corollary 2.3.2| To show this, we need to find for each ¢ € Sp(M,, ,,,(K,)) and matrix
coefficient fp of 02, a ¢ € Sp(M,, ,,(K,)) and a matrix coefficient f of 7 such that

dyn

22_1 ) f2)

(K,)) supported in a suitable neigh-

dyn

5 ) = Z(¢9, Tq

Choose now a coefficient f; of o1 and ¢y € Sg(M),

Z(9,Tq”

1,11
dyn

bourhood of 1,, such that Z(¢1,Tq" = , f1) =1 and choose

¢12€S(U), ¢p21€SU)

which are supported in a suitable neighbourhood of 1,, such that

¢(uum) = ¢1,2(w)p2,1(u)p1(m1)p2(mz), m = (m1,ms)

satisfies
[ o um) dadu = g1 (m1)éa(mo).
UxU
Note that in particular for all N € Z,

dXG,(n) € S(PP),
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where X, () is the characteristic function of G,(N) and ¢ can be extended by 0 to a
function on Sg(M,,,(ID,)). Moreover, the coefficient of TV in

dyn dyn

21_17f1)Z(¢27Tq_ 22_17f2)

dyn

Z(60,Tq "% o) = Z(61, Tq”

is
dyni-1 dyng—1

et Gmoly 7 et/ (ma)l ? fi(ma) fa(ma)
M(N)

f &(@ tum) dudud(my, ms),

UxU
which can be rewritten as
dyn—1
- f (et (m)]y 2 8p(m)? f1(m1) fo(ms) f o(T tum) da du dm. (26)
M(N) UxU

Note that here we used that ¢1(mq) is supported in a sufficiently small neighborhood of 1 and
hence in the support of ¢1, we have |det’(m1)|,= 1. We can now find H as in [Lemma 4.2.10

such that H(1,m) = f(ml)f(mQ)(;P(ml,mQ)% and hence we find by [Corollary 4.2.1{a matrix
coefficient f of 7, which is independent of IV, such that above integral equals

dyn—1 dyn—1

S, Jaet @ f@)oxe, )@ dug = [ ldet @)l T Fla)élg) do.
This in turn is nothing else than the coefficient of TV in
dyn

Z(,Tq "5, ).
Thus L(o2) € L(). O

4.3 Derivatives

In this section we define derivatives with respect to a O-irreducible cuspidal representation,
following the ideas of [93] and [64], who establish all results in this section in the case R = Q.
Derivatives will also give rise to most of the P-regular representations we will encounter
throughout the rest of the chapter.

4.3.1 Basic properties of derivatives Let p,7 € Jrr. We call a representation 7’ € Jrr
a right-p-derivative respectively a left-p-derivative of m if

! . !
w7 x p respectively m <> px 7.

As a consequence of [Lemma 4.2.4] and [Lemma 4.2.5] we obtain the following lemma and its
corollary.

Lemma 4.3.1. Let p € Jut” and w € Jve. The left- and right-p-derivative of ™ are up to
isomorphism unique. We denote them by Dy ,(m) and D, ,(m) respectively and set them to 0
if no such representation exists.

Moreover, if D, ,(7) # 0, then 7 = soc(D,.,(7) x p) and it appears in its decomposition series
with multiplicity 1. Analogously, if Dy ,(m) # 0, then m =soc(p x Dy ,(m)) and it appears in its
decomposition series with multiplicity 1.
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Corollary 4.3.1. Let w1, w2 € Jev and p € Ju®. If Dy ,(m) = Dy ,(m2) # 0 or Dy ,p(m) =
D, ,(m2) # 0, then m = .

Lemma 4.3.2. Let p € €] and m € Jre,. Then D, () # 0 if and only if there exists an
irreducible representation 7' € Jrt,_,, such that

[ﬂJ ® p] < [r(nfm,m) (ﬂ')]

Similarly, Dy ,(m) # 0 if and only if there exists an irreducible representation ©' € Jtv,_p, such
that

[p ® 7Tl:l < [r(m,nfm) (W)]

Proof. We only prove the claim for right-derivatives, the one for left-derivatives follows
analogously. Note that if 7 admits a right-derivative 7/, we obtain by Frobenius reciprocity
T(n-m,m)(m) = 7' ® p. On the other hand, let 7’ be such that

[ﬂ—l ® p] < [T(nfm,m) (71')]

We now argue inductively on n that then 7 admits a right derivative. Choose p’ a cuspidal
representation of G,,» and 7 € Jtt,,_,, such that m = 7 x p'. If p’ 2 p we are done, thus we
assume from now on otherwise. Choose k& maximal such that there exists 7/ € Jvt,_gm_rm’

T‘—>T,><pk.

We thus have 7 < 7/ x o, where ¢ is an irreducible subquotient of p* x p’. By induction we
note that the maximality of & implies that there exists no 7" € Jtt,,_(j4+1)m—ms Such that

[7" ® p] < [ (n-(s1ym-mrm) (7)1 (27)

We will now show that ¢ admits a right-derivative with respect to p, which would show the
claim. Firstly,

[71-, ® p] < [r(n—m,m) (71-)] < [T(n—m,m) (7_, x U)]

The Geometric Lemma, the fact that p is supercuspidal and imply therefore that k>0
and there exists o’ € Jvr such that

[0" ® p] < [7((h=1)msm,m) (0)]-

We first note that if p’ % pvjl, by [Lemma 2.3.7|0 = p* x p’ = p’ x p¥ in which the claim would

follow immediately. Therefore we assume from now on p’ € {pv),, pv;l} and we differentiate
two cases, namely o(p) > 2 and o(p) = 2.

Case 1: o(p) >2

Then p x p’ has two subquotients o1 and o9 such that p’““‘1 x o1 and pk_1 x 09 are irreducible
by [Theorem 2.3.9, Thus if £ > 1, the claim follows from the commutativity of parabolic
induction. If k£ =1,

o' ® p < [1(m,m)(0)]
implies thus by [Lemma 2.3.8|that o < p’ x p.
Case 1: o(p) =2
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Then p x p" has three subquotients o1 = Z([0,1],), o2 = Z([1,2],) and o3 = St(p,2) cuspidal.

Note that p*~! x o3 is irreducible by [Lemma 2.3.7|and hence if o = p*~! x o3, we have that

k > 1 and the claim follows from the commutativity of parabolic induction. If k = 1, it follows

again from |[Lemma 2.3.8| that ¢ = g9 — pv;l x p. Thus we assume k > 1 and also note that if

o < p*! x oy, then we are done since, oo pv;l x p. We are therefore in the situation where
o = p* ' x o1. Next we show that

[P X Jl] = [Z([Oa 2].0)] + [Z([Oa 1],0 + [07 0]/))] (28)

and
T(Zm,m)(z([oa 2]0)) = Z([Ov I]P) ® p,
T(2m7m)(z([07 1]p +[0, 0][))) =pxpO pup.

Indeed, note that by the Geometric Lemma

(29)

[72m,m) (Z([0,1],) x p)] = [Z([0,1],) ® p] + [p x p ® pv,].

Since furthermore Z([0,1],) x p does not contain a cuspidal representation by [Lemma 2.3.11
it is at most of length 2. On the other hand, by [Lemma 2.3.10] and [Theorem 2.3.13| it also

contains the two representations of as subquotients. Since by [Lemma 2.3.8| the parabolic
restriction of Z([0,2],) is of the above-mentioned form, the claim follows. In particular, if

o= p"2x Z([0,2],) we are done by |Lemma 2.3.10| and therefore we can assume that

o = p*? < Z([0, 1], +[0,0],).
From (29)) we obtain that k > 2. It is now enough to show that
pxZ([0,1],+[0,0],)
is irreducible, since then
px Z([0,1], +[0,0],) = Z([0,1], + [0,0],) x p.

To see this note that by [Proposition 2.3.14]

[Z([O’ 1]P + 2[07 0]/7] < [P X Z([O’ 1]P + [07 OJP)]

and by [Theorem 2.3.13|

[T(m,3m)(z([07 1]p + 2[0’0]0))] 2 [P ® Z([L 1]P + 2[07 O]P)]7

Z([0,0],+[1,1],+[0,0],) 2 Z([0,0], + [1,1],) x p,

since Z([0,0], + [1,1],) = St(p,2) is cuspidal. By Frobenius reciprocity we thus have

[r(m,2m7m)(z([O7O]P + 2[07 OJP))] 2 [P ® Z([Oa O]P + [17 1]p) ® p]a

and hence there exists an irreducible 73 such that

[7(3m,m) (Z([0,1], +2[0,0]5))] 2 [w3 ® p].
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On the other hand the Geometric Lemma and imply

[ (3m,m) (Z([0, 1], +[0,0],) x p)] > [0° ® pu,].

Since p® ® pv, is residually non-degenerate, |Theorem 2.3.13| implies that the irreducible
subquotient of

Z([0,1], +[0,0],) x p,
whose parabolic restriction contains p® ® pv, must be Z([0,1], +2[0,0],). But
[7(3m.m) (Z([0, 1], + [0,0],) x p)] = [p* ® pv,] + [Z([0, 1], +[0,0],) ® p]

by the Geometric Lemma and and hence 73 = Z([0,1], + [0,0],) and therefore

[T(3m,m)(z([07 1]p + [07 O]p) X P)] = [T(3m,m)(z([07 1]p + 2[07 O]p))]

This implies that any other possible subquotient 74 of Z([0,1],+[0,0],) x p must satisfy

T(3m,m) (7T4) =0.

But this yields a contradiction as follows. The cuspidal support of my is either 3[p] + [pv,]
or Z([0,0], +[1,1],) + 2[p]. In both cases, it follows that either the right-derivative of
m4 with respect to p or pv, is non-zero. But then Frobenius reciprocity gives the desired
contradiction. O

Remark. Note that for p a cuspidal non supercuspidal representation of G,,, the if-direction

of [Lemma 4.3.2| does not hold in general. For example, let p € €7 and
7= Z([-1,00, + [1, 1]+ . + [e(p) ~ 1,¢(p) - 1],).

Then the cuspidal support of 7 is

[p] + ..+ [pv 2] + 2 [pugt) ]

and therefore does not contain the cuspidal representation St(p, e(p)), but by [Theorem 2.3.13]
T (m,e(p)m) () contains pv;l ® St(p,e(p)).

Recall that p' is irreducible if p is O-irreducible for all [ € Z. by [Theorem 2.3.9

Lemma 4.3.3. Let w € Jrry, pe €l 1€ Zso and ©' € Jvey,_yyy, be such that

/ l
T Xp

and 7" admits no right derivative with respect to p. Then ©' ® p! is strongly Plim,n-1m)-regular.
Moreover, if ' is an irreducible representation such that ' ® p' appears in T (n-tm,im) () o
T(n-lm,lm) (7T, X pl); then m'" =
Finally, © appears with multiplicity 1 in ©' x pl.

7', and 7' ® p' appears in T (n—tm,im) (77" o) with multiplicity 1.

Proof. To prove the first claim, we observe that for such maximal [,

T (n-tm,lm) (ﬂ-, X pl)
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contains the representation 7’ ® p! with multiplicity one by [Lemma 4.3.2| and the Geometric
Lemma. Thus it is Py, n—im)-regular by [Lemma 4.2.8(2), since P, n-im) is conjugated to

P —im,im)- Moreover, it is also clear that if 7”7 ® p' appears in 7(,,_j, ) (7" x o), " =

Since by Frobenius reciprocity 7(;,—jm im)(7) contains 7' ® pl, m appears with multiplicity 1

in 7’ x p! and it is the only irreducible subrepresentation.

Finally, to see that 7’ ® p! is strongly P n-im)-regular, recall that

T(n—zm,zm)(ﬂ)v = Tm(ﬂv)

by Bernstein reciprocity. Thus
[T‘J ® pl] < [r(n—lm,lm) (77)]

if and only if
[*" @ (p")]<[ ()]

Since P(y,_jm,im) is conjugated to Py, n_im) this is equivalent to

r _
P(nflm,lm)

[(p\/)l ® ﬂ-lv] < [T(lmm—lm)(ﬂ-v)]'

Now one can prove completely analogously to above that this is equivalent to 7¥ < (p¥)! x 7Y
and 7"V does not admit a left derivative with respect to pV. But this is implies that p' x 7/ —
. O

Remark. Note that allows one to give an alternative proof of

and |Corollary 4.3.1| for O-irreducible cuspidal representations.

‘We now define
k k
k k 0 0
,Dr,p(ﬂ—) = Dr,p o-0 ,Dr,p("r)v ,Dl,p(ﬂ) = Dl,p 0-0 ,Dl,p(ﬂ)7 ,Dr”o = Dl,p =1,

dr,p(7) the maximal k such that D,,]ip(ﬂ') #0, Dy pmaz(T) = chfll;”(ﬂ)(w), d; »(7) the maximal

k such that Df,p(w) # 0 and Dy pmaa(m) = Di;f(ﬁ)(ﬂ). As a corollary of [Lemma 4.3.2| we
obtain the following.

Corollary 4.3.2. For m € Jvv, and p € €}, d, ,(m) is the maximal k such that there exists
7w’ € Tty i With

|:7TI ® pk] < [r(n—km,km) (W)]

In this case ©' = Dy mae(7) and 7' ® p* appears with multiplicity 1 in the parabolic restriction.
Analogously, d; () is the mazimal k such that there exists ©' € Jvt,_pp with

k
[P ® 77,] < [r(km,n—km) (77)]
In this case 7' = Dy p maz (™) and pF@n’ appears with multiplicity 1 in the parabolic restriction.

Finally,
Dy pmaz(T) ® pd”’(”) respectively pdlvﬂ(”) ® Dy pmax ()

are strongly P, ,(xymmn—d,.,(x)m)- respectively P(n—d,,p(pi)m,dl,p(n)m)‘7"69“1“7’-
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Lastly, dualizing behaves well with respect to taking derivatives.
Lemma 4.3.4. Let 7 € Jvr,, and p € €5 Then

Dr,p(ﬂ—)v = Dl,pv(ﬂv)a dr,p('fr) = dl,pV (77\/)7 Dr,p,ma:p(ﬂ—)v = Dl,pv,max(ﬂ—v)-
Proof. By the contravariance of dualizing we have

7" 2 (soc(Dyp(m) x p))¥ = cos(Dyp(m)" x p*) > soc(p” x Dy ,(m)"),

therefore D, ,(7)" = Dy ,v(7") and from this, the other claims follow straightforwardly. [

4.3.2 Derivatives and multisegments In this section we will answer the following
question: Given an aperiodic multisegment m and p € €, what is D, ,(Z(m)) and D; ,(Z(m))?
To answer this we will define four maps

Di,p, Dr,pys0¢( -, p), s0¢(p, - ): Map = Map.

In the case R = Q, this has already been done independently in [64, Theorem 2.2.1] and [93,
Theorem 7.5].

Best matching functions Similarly to [81) §4.3], we make the following definition. Fix
peCandlet m=Y", A; be a multisegment. A best matching function for m with respect to
p is a tuple (A, f), where Ac {1,...,n}, possibly empty, and f: A - {1,...,n} an injective
function satisfying the following properties.

1. If a e A, then A, € Seg(p) and b,(A,) = 0.
2. If ae A, then A,y € Seg(p), by(Agy) = -1 and I(Ag) <I(Af(q))-

3. Ifae A, be AC={1,...,n}\ A such that Ay € Seg(p), b,(Ap) =0 and I(A,) <1(A) <
Z(Af(a)), then Ay = A,.

4. If ae A,ce f(AC = {1,....,n} N f(A) such that A, € Seg(p), b,(A;) = -1 and
I(Ag) <U(AL) < Z(Af(a)), then A, = Af(a)'

5. For be AC, ce f(A)C such that Ay, A, € Seg(p),b,(Ap) =0, by(Ac) = -1, then 1(A,) <
I(Ap).
Example. Let p e €7, If

m= [_1’ O]P + [_17 0]P + [_37 0]/) + [_27 _1]P + [_37 _1]P + [_3’ _1],0a

setting A = {1,2}, f(1) =4, f(2) =5 gives a best matching function with respect to p.

We will assosciate to a best matching function (A, f) of a multisegment m the multisegments
my = Yoeadg and f(my) = Yoea Apg)- If mym’ are two multisegments and (A, f) and
(A, f) are two best matching functions of m and m’ with respect to p, we say f and f’ are
equivalent if my =m’, and f(my) = f'(m},).

Lemma 4.3.5. Given m a multisegment and p € €7 there exists a best matching function
(A, f) of m with respect to p, which can be constructed explicitly. Moreover, all best matching
functions of m with respect to p are equivalent.
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Proof. Write m = Y. A;. First assume that either there exists no p-segment A € m with
b,(A) =0 or for every p-segment A € m with b,(A) =0 there exists no p-segment A’ € m with
b,(A") = -1 and [(A) <I(A"). Then properties (1) and (2) force A to be empty. Moreover, if
we take A to be empty, the properties (1), (2), (3), and (4) are trivially true, and property
(5) is true by assumption, thus we are done in this case.

If above assumption is not satisfied, we can fix a copy A of the longest p-segment in m with
b,(A) =0 such that there exists a p-segment A" e m with b,(A’) = -1 and [(A) <I(A'). We
also fix T, a copy of the p-segment of minimal length such that b,(I') = -1 and [(A) < I(T").

Let us first construct a best matching function of m via induction on the number of segments.
Without loss of generality, we can assume I'= A, and A =A,. Let f=A" > {1,...,n-2}
be a best matching function of m - A,,.; - A,,. We set A = A" U {n} and extend f’ to
frA—={1,...,n} by setting f(n) =n—1. We now show that f is a best matching function.
Note that since f’ is a best matching function, properties (1), (2), and (5) are trivially
satisfied. For properties (3) and (4), the only non-trivial cases occur if a = n. If there would
exist A, or A, as in property (3) and (4) such that

I(A) <1(Ap) <I(An-1) respectively 1(A,) <I(Ae) <I1(An-1),
we would obtain a contradiction to the maximality of A respectively the minimality of I'.

Finally, to show that m; and f(ms) are uniquely determined by m, we will argue also
inductively on the number of segments. We start by showing that if (A, f) is a best matching
function then A emy and I' € f(my). Note that by property (5) at least one of n—1,7n has to
be an element of A respectively f(A). If n € A, property (4) implies f(A,) =T =A,_; by the
minimality of T'. If on the other hand n—1¢€ f(A), we let a’ € A be such that f(a’) =n-1 and
assume A ¢ my. By the maximality of A, we have that [(Ay) <I(A) <I(T"). Now property (3)
implies A, = A, a contradiction. We thus can assume without loss of generality that n e A
and n—1¢€ f(A). Next, we show that every best matching function (A, f) of m is equivalent
to a best matching function (A4, g) of m such that g(n) =n—1. We let a’ € A be such that
n—1= f(a"). Define

n-1 ifa=n,
gA->{1,....,n},g(a)={f(n) ifa=d,
f(a)  otherwise.

It is clear that f and g are equivalent, it thus remains to show that g is a best matching
function. Property (1) is trivially satisfied. Property (2) is non-trivial only for a’. But since
by the maximality of A = A, [(Ay) <I(A,), it follows from property (2) of f. Property (3)
and (4) are trivially true for all a except a € {a’,n}. Let Ay, A. be like in properties (3) and
(4). For a =n, if

I(An) <U(Ap) < Z(Ag(n)) =U(I),

the maximality of A = A,, implies A, = Ay. If
1(An) <U(Ac) <U(Agrny) =U(T),

the minimality of I" implies I' = A.. For a = d/, if

I(Aar) <U(A) <U(Ageary) =LA pn))
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the maximality of A = A,, implies
1(Ap) <U(Ap) <UT) =1(Apry)
and hence by property (3) of f, Ay = Ay. Finally, if

Z(Aa’) < Z(AC) < Z(Ag(a’)) = Z(Af(n))a

we first show [(A;) > 1(A,). Indeed, if I(A.) <1(A,), we would obtain that [(Ay) <I(A,) <
I(T') = 1(Af(qry), contradicting property (3) of f. Thus I(A,) <I(A:) <I(Afpy) and hence
by property (3) of f, Ac= A

Thus we can replace f by an equivalent best matching function sending n to n — 1 and hence
we can restrict f to a best matching function

AN {n} - {1,...,n-2}

of m—-A,_1 - A,. By the induction hypothesis, we know that all best matching functions of
m-—A,_1 — A, are equivalent and hence all best matching functions of m are equivalent. [J

Let m be a multisegment and p € €7 with a corresponding best matching function (A, f).
The above lemma allows us to make the following definition. A p-segment A € m —my with
b,(A) =0 is called free and a p-segment A e m — f(my) with b,(A) = -1 is called extendable.
We then set

1. dy,(m) to the number of free p-segments in m,

2.
0 if there exists no free p-segment in m,

m-A+A~ otherwise,

D, ,(m) := {

where A is the shortest free p-segment of m,

3. Dr pmazr(m) to the multisegment obtained from m by replacing all free p-segments A
by A7,

m+[0,0], if there exists no extendable p-segment in m,

soc(m, p) = {

m+ A" - A otherwise,

where A is the longest extendable p-segment,

5. dlyp(m) = dr,pv (mv), Dm(m) = 'anv (mv)v,
Dy pmaz(M) := Dy pv maz(mY)Y, soc(p, m) := soc(m”, p¥)".
Lemma 4.3.6. Let m be a multisegment and p € €2. Then any best matching functions with
respect to p of m and soc(m, p) are equivalent. If D, ,(m) # 0, its best matching functions
with respect to p are also equivalent to those of m.

Proof. We only show the claim regarding soc(m, p), the claim regarding D, ,(m) follows

analogously. Let m = Y7 ' A; + A~ and soc(m, p) = ¥, A;. We fix a best matching function
(A, f) of m.
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Since by construction my and f(my) are contained in soc(m, p), it is enough by [Lemma 4.3.5
to show that (A, f) satisfies the 5 properties of being a best matching function soc(m, p).

The properties (1), (2), and (4) of are trivially satisfied.
The properties (3) and (5) of are satisfied for all b except for b = n. We start with
property (3). Assume there exists a € A such that

l(Af(a)) 2 Z(An) > Z(Aa). (30)

Firstly, this implies that A,, cannot be of length 1, hence we can assume A, to be non-zero.
Thus we have [(A}) > I(A,). In this case, we can apply property (3) of f to a and n since
f is a best matching function of m and A is an extendable segment. Thus we obtain that

Af(a) = A}, contradicting .

For property (5), if there exists an extendable segment A, such that I(A;) > 1(A,,), we would
obtain that [(A.) > [(4,,), which would contradict the maximality of A~ . O

Lemma 4.3.7. Let m be a multisegment and p € €2. Then
D, ,(soc(m,p)) = m.
If moreover D, ,(m) # 0,
soc(Drp(m), p) =m
and similarly for Dy, and soc(p,-).
Proof. We only prove,
D, ,(soc(m,p)) =m,

the other claims follow analogously. Then the claim is equivalent to the following claim.
If A is the shortest free p-segment in soc(m, p), the segment A~ is the longest extendable
p-segment in m.

Let A~ be the longest extendable p-segment in m. By |[Lemma 4.3.6| A is a free p-segment of
soc(m, p). If A” would be a shorter free p-segment of soc(m, p), it would be a free p-segment of

m by [Lemma 4.3.6| and [(A’) <1(A7). This would contradict property (5) of a best matching
function. 0

Finally, we show that the four maps indeed take aperiodic multisegments to aperiodic
multisegments.
Lemma 4.3.8. If m is aperiodic,

Dr,p(m)> Dl,p(m)a soc(m, p)> SOC(ﬂa m)
are aperiodic.

Proof. Write m =Y.', A; and let (A, f) be a best matching function of m with respect to p.
We only show the claim for D, ,(m), the others follow completely analogously. We assume by
contradiction otherwise, i.e. D, ,(m) contains a multisegment equivalent to

(0,01, + ...+ [a+e(p) ~ 1.e(p) - 1],,
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for a suitable a € Z.. If [a +e(p) - 1,e(p) — 1], appears in m, m cannot be aperiodic, since
by the construction of D, ,(m), m also has to contain

[a,0],+...+[a+e(p)—2,e(p) —2],.

Thus we assume now that [a +e(p) - 1,e(p) — 1], does not appear in m and will produce a
contradiction.

Let A be a the shortest free p-segment in m, i.e. the segment such that D, ,(m) =m+ A~ - A,
Since we assumed that [a+e(p) —1,e(p) — 1], does not appear in m, we have A~ = [a+e(p) -
1,e(p) —1], and hence A = [a—1,0],. Since m contains then both [a,0], and [a - 1,0], and

[([a,0],) <l([a—-1,0],),

the minimality of A implies that [a,0], € my. Let a’ € A be such that Ay = [a,0],. By
property (2) and (3) of we obtain that

2—a-= l([a - 170)]p) > Z(Af(a’)) > l([a,O]p) =1-a
and hence I(Ay,)) = —a + 1. This implies that
Af(a’) = [a -1, _1]0 = [a + e(p) - 1,€(P) - l]pv

a contradiction. O

Lemma 4.3.9. Let m and k €{0,...,d,,(m)}. Then D,’f’p(m) is the multisegment obtained
from m by shortening the shortest k free p-segments in m by one on the right.

Proof. Note that by we have that a best matching function of m is a best
matching function of Dﬁ ,(m) and from this the claim follows straightforwardly. O

Corollary 4.3.3. Let m be an aperiodic multisegment and p € €2. Then
Dy pmaz(m)” = Dr,pvgl,maz(m_)-
Set [ = d,q’pv# (m7) and k to the largest positive integer such that
m' - (1+k)[0,0], +1[-1,-1],
contains at least as many copies of [-1,-1], as of [0,0],. Then
dyp(m) =1+ K, Dy pmaz(m) =m' = (1 +£)[0,0], +1[-1,-1],.

Proof. Write m = Y1 | A; such that there exists m e {1,...,n} with [(A;) =1 if and only if
i >m. Let (A, f) be a best matching function of m with respect to p. Set A~ := An{1,...,m}.
Then the restriction of f

A= {1,....,m}

is a best matching function of m™ with respect to pv;l. Note that (A7, f) is well defined since
I(Aq) <1(Afq)) and hence if I(A,) > 1, then also I(Af,)) > 1. Thus a € A,a < m implies

f(a) <m. Moreover, by [Lemma 4.3.5|it is enough to show that the 5 properties of are

satisfied, which is easy to check.
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By we can compute the above quantities in two steps. First dealing with the
free segments of length 1 and then with the ones of length greater 1. Namely, let k be the
number of free segments with respect to p of length 1 in m. Then

k _ _
Dw(m) =m

and Df,p(m) has no free segments with respect to p of length 1. Denote the number of
free segments in Dﬁp(m) with respect to p by I. Now [ = dnm;l(m_) since (f7,A) is a best
matching function of m~. Moreover, we obtain by the same reason that

r,pv

D™ (m)” =D} (m)” =D, (m)

and
Dm,,r,mc(m)1 =m! - (k+1)[0,0], +1[-1,-1],.

Finally, if D, ) maz(m)! would contain more copies of [0,0], than of [-1,~1],, Dy maz(m)
would have to contain a free segment with respect to p, since every best matching function
of Dy p maz(m) pairs up the segments ending in 0 and ending in —1. Thus if there are more
copies of [0,0], than of [-1,-1], in Dy, maex(m)?, there needs to exist a free segment in

D, pmaz(m). This however contradicts [Lemma 4.3.9| . O

We will now make the relation between derivatives of multisegments and derivatives of
representations explicit.
Theorem 4.3.10. For m an aperiodic multisegment and p € €2, we have

Drp(Z(m)) = Z(Dy,p(m)), Dip(Z(m)) = Z(D1,p(m)),

drp(Z(m)) = dyp(m), dip(Z(m)) = dy p(m)
and
Dr,p,max(z(m)) = Z(Dr,p,max(m))7 Dl,p,mam(z(m)) = Z(Dl,p,max(m))'

We will take great care in the proof not to use the surjectivity of Z for representations of
O-irreducible cuspidal support over F,, since we want to eventually use the above theorem to
give a new proof of it. We also remark that the theorem is already known over Q, cf. [64,
Theorem 2.2.1] and [93, Theorem 7.5]. Let m = 3i*; A; be an aperiodic multisegment over
Fy and p a supercuspidal representation. We call a lift @ = Yl E of m, Z; a lift of A; for
all i € {1,...,n}, p-right-derivative compatible if there exists a lift 7 of p such that for all
p-segments in m ending in 0 respectively —1, their lift in m ends in 0 respectively —1 and is
a segment over p. Similarly, a lift m of m is said to be p-left-derivative compatible if there
exists a lift p of p such that for all p-segments in m starting in 0 respectively 1, their lift in
m starts in 0 respectively 1 and is a segment over p. If p € €7, there exists for all m € M(p)
such lifts since p is supercuspidal. The following is then easy to see.

Lemma 4.3.11. Let m be a p-right-derivative compatible lift of an aperiodic multisegment m
and P the corresponding lift of p. Then r¢(Dyz(W)) = D, ,(m). More precisely, if (A, f) is a
best matching function with respect to p of m, (A, f) is a best matching function of m with
respect to p.

A similar statement holds for p-left-compatible lifts.
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Lemma 4.3.12. Let pe €5 @ be a p-right-derivative compatible lift of an aperiodic multi-
segment m and p the corresponding lift of p. Let moreover o = (deg(Dr.p maz(m)), mdy ,) and
7 € Jve. Then the multiplicity of
™ pd”’
mn

1(ra(Z(Dr pmaz () x p7))

is the multiplicity of m in 1¢(Z(Dypmaz(M))). An analogous statement holds for p-left-
derivative compatible lifts.

Proof. We will only deal with the case of the p-right-compatible lift m. Recall that parabolic
restriction commutes with reduction mod ¢ on the level of Grothendieck groups. Now since
fil is a p-right-compatible lift M and [Theorem 4.3.10|is known over Q,, there exists no lift 7’
of p such that

Dr,ﬁ’(Z(Dr,p,maw(‘T‘))) #0.
Thus [Lemma 4.3.2| and the Geometric Lemma show that the (G4, p?re)-invariant part of
[re(ra(Z(Dr,pmac () x 77))]

[ré(Z(Dr,p,mam (m)))® pdhp]'

From this the claim follows immediately. O

Before we start with the proof of [Theorem 4.3.10] we need the following lemmas.

Lemma 4.3.13. Let Z(n) be a residually-degenerate representation and p € €2 of G,,. Let
d; be the multiplicity of [i,i], in n, i€ {-1,0}. Then D, ,(Z(n)) # 0 if and only if d_1 < dp.
Similarly, Dljpv?(Z(n)) 0 if and only if d_y > dp.

Proof. Via we can reduce the lemma to the case where n has cuspidal support
in N(Z[p]). Thus n is an aperiodic, banal multisegment consisting of segments of length 1.
Let m be a p-right-derivative compatible lift of n. Since n is banal, it follows that n can be
chosen such that ry(Z(W)) = Z(n) by [100} §6]. Let d = min(d-1,dp) and write

d_1 do

n=[-1,-1],+...+[-1,-1],+[0,0],+ ...+ [0,0],+. ...

Setting A={d_1+1,...,d1+d} and f(d_1+1i) =4 forallie{l,...,d} gives a best matching
function (A, f) of n with respect to p. We let 7 be the lift of p in the definition of 7.

Thus d-; < dp if and only if D, ,(n) # 0 which is equivalent to D, (1) # 0 by [Lemma 4.3.11}
Since the lemma holds over @y, we have by [Lemma 4.3.2[that this is equivalent to the existence

of 7 € Jrr such that 7®p appears in 7(geg n—m,m)(Z(1)). Because parabolic restriction commutes
with reduction mod ¢, we obtain from [Lemma 4.3.2| that this is equivalent to Z(n) admitting
a right p-derivative. The second claim follows from an analogous argument. O
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Lemma 4.3.14. Let m be a non-residually degenerate representation of G, such that there
exists p € €Y with

[ (man-m) (M) 2 [pv," @ Z(n)]
and n is residually degenerate. Then

[r(n—m,m)(ﬂ-)] 2 [Z(n+ [_17_1]1) - [070]/)) ®p]'

Proof. Using it is easy to see that it is enough to show the claim for m having
cuspidal support contained in N(Z[p]). If [7] < I(m) with m a multisegment containing at
least one segment not of length 1, [Theorem 2.3.13] shows that above situation can happen
if and only if m = n+[-1,0],-[0,0], and 7 = Z(m). In this case it is also easy to see
that the only (deg(n), m)-degenerate representation appearing in the parabolic restriction
T(deg(n),m) (I(m)) is Z(n +[-1,-1], - [0,0],) ® p. Since the parabolic restriction of 7 must
contain a (deg(n), m)-degenerate representation, we are done in this case.

We thus assume that m does not appear as a subquotient of such a I(m). We write n’ :=
n+[-1, —1_]p and let d; be the multiplicity of [,7], in n’, i € {-1,...,0(p) —2}. Choose a lift
D of p to Q, and set

n:= d_1 [—1, —1]’5 + do[o, 0]’/5 + ...+ do(p)—Q[O(p) - 2, O(p) - 2]'5.
Then T is a pv,'-left-derivative compatible lift of n’ and [x] < I(n') = ry(I(%)). Let 7’ € Jre
be such that [7] <I(n) and [7] <1y(7). Since over Q, we already have the subjectivity of Z,
we have 7 2 Z(#) for some multisegment €. Since

[7] < 1e(F) <re(1(8)) = L(xe(F)),

the observations of the previous paragraph imply that € = 1. By|Lemma 4.3.13/and [Lemma 4.3.2|
we have that d_; > dp and

[pv,t @ (pv, )0 @ Z(n' — (doy = do)[-1,-1],)] <

< [P ((m(dos—do—1)m.deg(m)—(d1—doym) (PV, - ® Z(1))] <
< [ ((mo(dos—do-1)m.deg(m)~(d_1~do)m) () ]-
Thus
[(pu, )70 @ Z([n = (d-1 = do)[~1,~11,)] < [(d_~doym.deg(m)~(d—1~doym) (T) ]
Since we already know [Theorem 4.3.10| to be true over Q,, we know by |Corollary 4.3.2| that
(Fo; )P @ Z([F — (d-1 - do)[-1,-1]5)

appears with multiplicity 1in 7y, _qo)m,deg(m)—(d_1—do)m) (Z(1)). Furthermore, since parabolic
restriction commutes with reduction mod ¢, |Corollary 4.3.2| also shows that

(o, )0 @ Z(n' = (d-y — do)[-1,-1],) (31)

appears in
T(d_1~do)ym.deg(m)~(d_ ~doym) (Te(Z(1))). (32)
By [Lemma 4.3.12 and [Theorem 2.3.17] appears with multiplicity 1 in . Moreover,

by |[Lemma 4.3.13 appears also in the parabolic restriction of Z(n"), which appears
in r,(Z(W)) by [Theorem 2.3.17] Thus 7 = Z(n'), a contradiction to the fact that 7 is not

residually degenerate. O
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Lemma 4.3.15. Let m be an aperiodic multisegment, p € €5 and define the composition

Q= Qg = (Mm, mdy. ,(m)). Then

[ra(Z(m))] > [St(Dr.pmaz (m)) ® p™ro(™].

Proof. We argue by induction on ¢, the maximal length of a segment in m. Note that we have

by [Lemmia 2,31
(7 et desmy (Z(m))] > [Z(m7) @ Z(m")]

and hence by the induction hypothesis, we know that
- - d'r v,
[T(am,7pvf_)1,deg(ml))(z(m))] 2 [St(Dr,pv;l,mam(m )) ® (pvpl o ® Z(ml)]
Let e Jvey, N:i=m- dwv;l(m_) +deg(my), [:= d,ﬂ,pv;l(m_) be such that
[T(degmfN,N) (Z(m))] 2 [St(IDr,pvgl,mam(m_)) ® 7T:|, (33)

[ (N -deg(m1) deg(mi)) ()] 2 [(p0; ) ® Z(m")]. (34)

From [Theorem 2.3.13|it follows that ml < degm; and the maximal composition o’ such that
7 is a’-degenerate is

(deg(my), ml).
Since we know from that
[ (... deg(mr ) (T)] 2 [pv, " @ . pv, ' @ Z(m')]
we can just apply I-times and obtain
(7 (deg(m1)m,....m) (T)] 2 [Z(m! +1[-1,-1],-1[0,0],) ® p®...® p].
Now since o(p) > 1 and p is supercuspidal, this implies
[T (deg(my) N—deg(mt)) (T)] > [Z(m' +1[-1,-1], - 1[0,0],) ® p']. (35)

Write n=m! +1[-1,-1], - 1[0,0],. Combining and (35| shows that

[ (degm-N,deg(my), N-deg(m1 )) (Z(m))] 2 [SE(D pu-1 imae (M) ® Z(n) @ o'l (36)

Write now n =n’+ k[0, 0], such that n’ contained at least as many copies of [-1,-1], as of

[0,0],. Applying [Lemma 4.3.13| k-times in combination with [Lemma 4.3.2] we see that
[7 (deg(ym.m) (Z(W)] 2 [Z(n) @ p® ... ® ]

or equivalently
[ (aeg(ayom) (Z())] 2 [Z(n") ® p"]. (37)
Combining and , we obtain that

l+k]

[T(degm—N,deg(n’),N—deg(n’))(Z(m))] 2 [St(DT,pv,‘,l,max(mi)) ® Z(n,) ®p
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Now [ + k is the number of free p-segments in m since [ is by [Corollary 4.3.3| the number of
free p-segments of length greater than 1 and k is the number of free p-segments of length
precisely 1. Moreover, [Corollary 4.3.3| also shows that

Dy pmac ()™ = Dy ot mae (M7), Drpmaz(m)t = m' = (k +1)[0,0], +1[1,1],,.

Thus
St(Dr,pvgl,max(mi)) ® Z(n/) = St(DT,p,max(m))v ka = pdr’p(W)’

which finishes the induction step. O

Proof of [Theorem 4.3.10L We will only proof D, ,maez(Z(m)) = Z(D; pmaz(m)), the other
claims follow then quickly using [Corollary 4.3.2] and [Lemma 4.3.4]

We will show that Z(m) = soc(Z(Dy.pmaz(m)) x p@»(™). To do so we first can reduce the

claim via [Lemma 2.3.7| to the assumption that m has cuspidal support contained in N(Z[p]).
We choose a p-right-derivative compatible lift m of m. Then 1¢(D; p maz(M)) = Dr pmaz (M)

and from the Q,-case we already know that
Z(Dr,p,max (m)) = Dr,p,maw(z(ﬁi))'

We set 7 = s0¢(Z(Dy,pmaz(m)) x p»(M) and a := (deg(D; pmaz(m)),m - d,,(m)). By
LL'heorem 2.3.17|

(7] < [50C(Z(Dr (1)) x )] < [10(Z(D 5mar (7)) x 7))

and
[Z(m)] < [r(Z(W))] < [re(Z(Dr5,max (M) xﬁdr,p(m))].

Moreover, Frobenius reciprocity implies 7, (7) contains

Z(Dy pmaz(m)) ® Pdr’p(m)- (38)

and implies there exists ' € Jve which is um—degenerate such that
[ra(Z(m))] 2 [7' ® p™e™].
shows that
[7'] <1e(Z(Drmaz(W))) < 1e(I(Drmac (W))) = (Drp,maz(m))-

Hence [Theorem 2.3.13| shows that 7 2’ Z(D,. 5 maez(m)). But [Lemma 4.3.12| also shows that
appears with multiplicity 1 in

ra(re(Z( Dy maa () x phre (™)), (39)

Therefore 7 = Z(m). O

4.4 Applications of p-derivatives

In this section we give several applications of the above developed machinery.
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4.4.1 Surjectivity of Z The first consequence is the surjection of the map Z for represen-
tations with O-irreducible cuspidal support over Fy.

Theorem 4.4.1. Let 7 € Jre, (Fy) with O-irreducible cuspidal support. Then there exists an
aperiodic multisegment m such that m = Z(m).

Proof. We argue by induction on n. Let m be an irreducible representation of G,, with O-
irreducible cuspidal support and let 7’ € Jrr and p be a O-irreducible cuspidal representation
such m < 7’ x p. By the induction hypothesis, we know that there exists an aperiodic
multisegment m’ such that 7’ = Z(m’). By [Theorem 4.3.10| we have then that

7 2 soc(n’ x p) = Z(soc(m’, p)).
]
4.4.2 Aubert-Zelevinsky dual We will now give an explicit description of the Aubert-

Zelevinsky dual 7 using the theory of derivatives. Recall the Grothendieck group R = Uy R
In [I32] the Aubert-Zelevinsky involution

D:R - $R,
which sends [7] € Jrt, to

D([]) := X3(=1)"[Indq o 74 ()]

«

was introduced, where the sum is over all compositions of n and r(«) is the number of
elements of a. For 7 a representation of finite length, we write

D(7) = ) kqlr] kr€Z,

mwedre

where all but finitely many k, are non-zero. We say 7 € Jvr appears in D(7) if k; # 0. The
map D satisfies the following properties.
Theorem 4.4.2. Let D be the Aubert-Zelevinsky involution.

1. If w1, mo are irreducible representations then

D([m1 x m2]) = D([m1]) x D([m2]).

2. If B is a composition of n and w an irreducible representation then

D([rg(m)]) = Ad(wg) e r5(D([7)])),

where wg is the longest element of the Weyl group Pﬁ\Gn/P(l,.‘.,ly

3. If 7 is irreducible, there exists a unique irreducible representation ©* with the same
cuspidal support as 7 appearing in D([7]) with sign (=1)"), where r(r) is the length
of the cuspidal support of m.

Proof. For (1) and (2) see [10, Theorem 1.7] and [I00, Proposition A.2]. For (3) see [98] for
the case R = Q, and [96], Theorem 2.5] for the general case R € {Fy,Q,}. O
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Theorem 4.4.3. Let w € Jrr, and p € €2, Then

D, p(m)" =Dy p(m™).

Proof. If © = p¥, the claim follows from |[Theorem 4.4.2(1). Thus we can assume that
D, pmaz(m) # 0. By Frobenius reciprocity

[r(n*d»r’p(ﬂ)m’d,r’p(ﬂ')m) (7()] Z [an’max(ﬂ—) ® pdr,P(ﬂ')]

and hence by [Theorem 4.4.2 (2)
T(dy.p(rymon—dy.p(rym) (D([7]))]
contains the representation pd“f’(”) ® Dy pmaz (7)™ with a non-zero coefficient

(_1)dr,p(ﬂ') (_1)T(Dr,p,max(7r)) .

Recall that (~1)"(™)[7*] is the unique constituent of D([x]) with cuspidal support the same
as 7, therefore it follows that

(1) e rymmnedey (rym)y ()] 2
2 (1) (1) Promec [0 @ Dy (1) =

= (_1)T(7r)[pdr,p(ﬂ) ® D) pmaz ()],

where the last equality follows from the induction hypothesis. The claim then follows from
[Corollary 4.3.2, 0

If m is an aperiodic multisegment m, we set m* to the aperiodic multisegment such that
Z(m)* =Z(m*).

For m an aperiodic multisegment with O-irreducible cuspidal support we can thus offer
the following algorithm to compute m*, where m”* is the aperiodic multisegment such that
Z(m)* = Z(m*). It works recursively on deg(m). Let p € €7 such that D, ,(m) # 0. We
then compute m* by first computing D, ,(m). From this we can already compute D,. ,(m)*

recursively. But by [Theorem 4.4.2| and [Theorem 4.3.10| D, ,(m)* = D; ,(m*). By [Lemma 4.3.1
and [Theorem 4.3.10

soc(p, Dy p(m)") =m™.

Note that we thus rediscover the algorithm of computing the Aubert-Zelevinsky dual of
[87].

4.4.3 Godement-Jacquet local factors In this section we will compute the local
L-factors associated to an irreducible smooth representation over F, and show that the
map

C:Jrr, - {C - parameters of length n}

defined in [74] respects these local L-factors. We start by proving the following lemma, which
in the case R = Q, was proved in [59, Proposition 2.3].
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Lemma 4.4.4. Let 01,...,01 be irreducible representations of G, ..., Gy, over R. Then

k
Loy x...x05,T) =[] L(0:,T)
i=1

and

k
7(T7 op X...X% O'k:ﬂvbv) = HV(T,Ui,%)-
=1

Proof. We can mimic the proof of [59 Proposition 2.3] more or less muta mutandis. We start
by showing the inclusion

k
L(o] %x...x0%)C Qﬁ(m).

Set 0 :=01 x...x0f, a=(ny,...,ng) and P := P, with Levi-component M and unipotent
component U. Recall that

k
5p(m) = H|det'(mi)|gvéi, 0= =M1 — .o =My +Njy1 + ... + Ny
i=1

Moreover, recall that as in [59, Proposition 2.3] the matrix coefficients of o are exactly given
by integrals of the form

f(g) = f H(g'g,9")dg’, (40)

P\Gn
H(g1,92) =h"(g1)(h(g2)), heoy x ... xop, h¥ €a{ x...x 0.
Note that H is smooth, it satisfies for all p e P, g1,92 € Gy,

H(pg1,pg2) = 0p(p)H (91, 92)

1
and m + H(mgi, g2) is a matrix coefficient of 01 ® ... ® 0}, ® § 2. Furthermore, given such H,
the function

f(g) = f H(g'g,9")dg" = f H(kg, k) dk

P\G», (KnnP)\Kp,
is a matrix coefficient of ¢. Fix now ¢ € Sz, (Mpn(Dy)) and as in [59, Proposition 2.3] we sce

that the coefficient of TV in Z(¢,Tq" =

-1

2, f)is

dyn—1
2

f o(k~ pk")op(p)~Idet (p)ly * H(pk',k)d,pdkdk’  (41)
(KnnP)\Kn (KnnP)\Ky, P(N)

We write for

1n1 ce ui,j my ... ui,j
m=(my,...mg),u= 0 -~ |, p(mu):=] 0 :
0 0 1, 0 0 mg
and express d,p as
k d(n-86;,-n;)
d,p = dudm H|det'(mi)|v 2
i=1
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Thus equals to
[ [ ot pm, ) du

(KnnP)\Kn (KnnP\Kn M(N) U

dy(n;—n-94;)

-1
H|det (mi)l, 2 |det’ (m)|v H(mkK' k)dmdkdk'.
For m e M and k, k' € (K,, n P)\K,, we set

d(m;k k') = [ ok~ p(m, w)k) du, h(m; k, k) = H(mk',k)é;ﬁ (m). (42)
U

Thus the coefficient of T is

dun -1
f d(m; k, k' )h(m; k k)H|det (m)ly * dmdkdk’.  (43)
(KnnP)\Kn (KnnP)\K, M(N)

As in [59, Proposition 2.3] one sees then that this is the coefficient of TV of a finite sum of
elements of the form

k dyn;
HZ(¢27Tq_ 9 )
i=1

with f; a matrix coefficient of o; and ¢; € S, (M, ,,,(Ky)) and hence

nz ng

k
L(o]x...x0%)C I}E(ai).

Next we show that
k
[T1£(0i) € L(o1x...x0p).

i=1

Given ¢; € Sg, (M, »,(Ky)), we can find ¢ € S5 (Mnn(Dy)) such that

?’LZ,TLZ

k
_/ d(p(m,u))du = 1—{@(77%), m=(my,...,my) € M.
U =

Moreover, we choose two smooth functions &, ¢’ € S((K,, n P)\K,) such that for all p e P and
N eZ

[ @Xu) (KoK )ER)E ()37 () drp b i =

(KnnP)\Ky, (KnnP)\K,, P

- [ ow)5F @) dp,
P(N)

where x¢, (v) denotes the characteristic function of G, (V). For example, one could take the
characteristic functions of sufficiently small open compact subgroups in G,, whose pro-order
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is invertible in R and rescale them appropriately. Projecting them into S((K, n P)\K,) gives
then the desired functions. Then the coefficient of T% in

k dyn;-1
[12(¢:,Tq 2, fi)
i=1
is ) .7
[ Hfi(mi)¢i(mi)|det’(mi)|v+dm:
My =l
) _[ / /|det,(29)|zvgil51%(m)¢(k_1pk')5131(p) (44)

(KnnP)\Kn (KnnP)\Kn P(N)

k
1} fi(mi)e(k)E (k') dk A& d,p.
Setting
k
Hi(p,k, k') = q fi(ma)E(R)E (K

and choosing H as in with H(pk,k") = Hi(p, k, k") shows that is the coefficient of
n-1

TV in Z(¢,Tq_dv2 ,f) asin .

Finally, to prove the equality of the y-factors, we go back to and define analogously
for of x...x o), h(m;k, k") and ¢V (m;k,k"). Observe that if h" is defined via fV, the dual
matrix coefficient of f, then

RY (m;k, k') = h(m ™t k, k)
and if @Y (m;k, k") is defined using the Fourier-transform of ¢, then

¢" (m;k, k') = (@) (ms ke, k).

The claim follows then by writing Z (¢, T'q” g Jf) and Z(9, T g dpt , fV) in the form of
[@). 0

We write for m an aperiodic multisegment (m) := Z(m)*.
Theorem 4.4.5. Let A =[a,b], be a segment over R. If p = x for an unramified character x
of K, and ¢% 1, then

L(<A>7T): 1—d by 1od
l-x(@w)q ~ * T
Otherwise
L((A),T) =1.

More generally, if m= A1 + ...+ Ag is an aperiodic multisegment then
L((m)) = L((A1) x... x (Ag))

and
k

L({m),T) = L({A1) x ... x (Ag), T) = [T L({A:), T).

i=1
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If R = Qy this is [59, Theorem 2.7] and the case m a banal multisegment was covered in [94,
Theorem 3.1, Theorem 5.7]. From now on we thus assume that R = F,.

Proof of [Theorem 4.4.5. The idea of the proof is to apply [Proposition 4.2.9] together with
[Corollary 4.3.2] Indeed, note that this shows that

P(Dr.pmaz (), T)|P(m,T) (45)

for all O-irreducible cuspidal unramified representations p. Furthermore, note that by [The]

we have a precise description of D, ,mae({m)) in terms of the multisegment
m.

We start by proving the claim that
1

L({[0,],).T) - e
l-x(@)qw = * T
if p is unramified and O-irreducible and 1 otherwise. We proceed by induction on I([0,b],).

Note that the base-case is [94, Theorem 3.1] and if p is either ramified or not O-irreducible,
implies

P(([0,b],), T)|, P(p*", 1) Temme2dd

which proves the claim. Thus we assume p unramified and O-irreducible. Then the claim
follows from the induction-hypothesis since

Dr,p,maw(<[07 b]P)) = <[17 b]P)

by [Theorem 4.4.3| and [Lemma 2.3.10[ and hence by

1- p(wn)gs ™" TIP(([0,6],).T).

On the other hand, since p is supercuspidal, we can find a lift [0, b]; with 7 unramified and
hence r;(([0,b]5)) contains [0,b],. By [Lemma 2.3.20| and [Lemma 2.3.19| also

~dyb+ 54

P(([0,b]p), T)1 = p(@v)qu T,
proving the claim for a segment.

Next we compute the L-function of (m). Let us argue by induction on deg(m) and assume that
we have proven the claim already for all multisegments of degree lesser than deg(m), the base
case being [94], Theorem 3.1]. We can write (m) = 71 x7mg, where 7} has O-irreducible unramified
cuspidal support and 7 has O-reducible or ramified cuspidal support by Since a
representation induced from O-reducible cuspidal representations or ramified cuspidal support

has trivial L-factor by [Lemma 4.4.4) L(72,T") =1 by [Lemma 2.3.20} Again by [Lemma 4.4.4
L((m>7 T) = L(ﬂ-la T)L(ﬂ'Qv T) = L(ﬂ'lv T)

and hence we can assume that (m) has O-irreducible cuspidal unramified support.
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From the Q-case we obtain that for any lift f of m

e

[TP(A:), T) = (P(()), T),

i=1

since we assumed (m) to have O-irreducible unramified cuspidal support. From (45) and

[Theorem 4.3.10| we know that

P(Dr.pmaz({m)), T)[P((m), T)

and from [Lemma 2.3.20] and [Lemma. 4.4.4] it follows that

k
P((‘“)ﬁ)ﬂ} P({A;),T).

Fix now a O-irreducible cuspidal unramified character p such that D, ,(7) # 0. Let moreover
(A, f) be a best matching function of m" with respect to p¥. By|[Theorem 4.3.10, [Theorem 4.4.2
and the induction-hypothesis we then have that

N

EP(<Ai)7T)P(Dr,p,max((m))»T)_l = P(p,T)",

where k is the multiplicity of [0,0], in m — (m})". Similarly, for a fixed a € Z such that
Dpvsar((m¥)) # 0, we let (A’, f') be a best matching function of m with respect to pv. Set
k' to the multiplicity of [-a,-a],v in m¥ — (ms)". We thus obtain that

k
P((m), T)P(p,T)" = I_—{P((Ai),T)
for some [ < k and

k
P((m"), T)P(p"0,",T)" = IIP(MZ-V),T)

for I” < k'. We will now show that [ =1’ = 0. By [Lemma 2.3.19(2)

15, P((A).T)
e, PAY). ;' )
re(L((§),q,' T 1))
re(L((®). T))

Rewriting, we obtain that

rg(E(T, <ﬁi)7 %)) =

L({m"),q,'T"")

ro(e(T, (f), ) = L({m),T)

e(T', (m), Py).

P(p,T)l _ €(T7 (m);wv)
P(p¥ v, g T ry(e(T, (), )

Recall now that the right side is a unit in Fy[7,77'] and hence so has to be left side. But

1-dy
P(p, 1) _ (1-p(@)go* T)'
p(pvvga’qalT—l)l’

ad“.ﬂ

(1-p¥ (V) = Ty
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and in order for this to be a unit either [ =1’ = 0, in which case we are done, or [ =1’ >0 and
—-a+1=0 mod o(p). We let now dy be the multiplicity of [0,0], and d; be the multiplicity
[1,1], in m. By property (5) of [Section 4.3.2| and [Theorem 4.4.2| we obtain that if [0,0],
appears with non-zero multiplicity in m — (m})v, then there have to exist more copies of
[0,0], in m than copies of [1,1],. Thus if k> >0, we have d; < dy. But on the other hand,
the same argument shows that if [-1,-1],v = [-a, -a],v appears with non-zero multiplicity in
m" — (my)", then there have to exist more copies of [-1,-1],v in m" than copies of [0,0],v.
Thus if k' > 1" > 0, we have dy < d;. But since we already showed that [ = I’, the only possibility
isl=10"=0. ]

We obtain as a corollary the following.
Corollary 4.4.1. Let m = Ay +...+ Ay be an aperiodic multisegment. Then

k
E(Tv <m>’wv) = l_—{ E(T’ (Az>7 77[)1))

and

k
V(Tv (m>a 7vb'v) = EV(Ta (Az>7wv)

Proof. Notice that if 7 is a subquotient of ©', v(T,7,,) = v(T,7’,4,) and hence the claim
for the ~-factor follows from By the functional equation, the claim also follows
for the e-factors. O

LLC and local factors In this subsection assume D, = K,. We recall the map

C:Jrr,, > {C - parameters of length n}

defined in [74]. We recall the local Langlands correspondence The local Langlands correspon-
dence gives then a well-known canonical bijection

LLC: Nilg, ,(Wk,, Q) = Jrr,(Qp)
and the following surjection introduced in [I125} 1.8.6]. We denote by Jrt,, (Q,). the isomorphism
classes of integral irreducible representations. For m in this set, choose a the maximal

composition such that 7 is a-degenerate. Then map 7 to the unique irreducible constituent
in [ry(m)] which is a-degenerate. The so-constructed map is surjective and denoted by

Jo: Teen(Qp)e = Tre, (Fy).
Theorem 4.4.6 ([125, Theorem 1.6, Theorem 1.8.5]). There exists a bijection
V:Jee, (Fy) > Nilgs o (Wi, F),
which is uniquely characterized by the equality

V(J¢(LLC(®,U)*)*) =14(®,U).
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We recall next the map
CV: Nilss(WKv7FZ) g Repss(WKU,Fg),

cf. [14, §6.3]. A nilpotent Fy-Deligne representation supported in Z|®] can always be written
in the form
Doy ® Dy
with
o(®)-1

Dop=@ P cipl0i-1]0vr,
>1 k=1

Cik € Lo, ci, = 0 for i >> 0 and for each ¢ there exists at least one k such that ¢;; = 0.
Furthermore, ®.y. is of the form

o(®)-1

Doy = Pai[0,i-1]® P vio
121 k=1

with a; € Zsg, a; =0 for ¢ >> 0. Then

CV(Pyp @ Deye) i= Pap ® P a;[0,i - 1] ® C(P).

i>1

Finally, for a nilpotent Fy-Deligne representation (®1,U;) @ --- ® (®y,, Uj,) with each of the
summands supported in another Z[®'],

CV({(®1,U1) @& (P, Ug)) :=CV(P1,U1) & --- & CV (P, Ug).
One can then finally define the map
C = CV o V:Jrr, (Fy) » Rep,s(Wk, , Fy).

We note the following properties of C, see [74, Examples 6.5]. If p is supercuspidal, C(p)
is banal if and only p € € and in this case C(p) is unramified if and only if p is. On the
other hand, if p is O-reducible, C(p) = (®, I3 ) for some bijective map I. More generally,
if 7 = (m) € Jrr, for an aperiodic multisegment m = Ay + ... + Ay with A; = [a;,b;],, we

have
k

C(m) = P[0, b; — a;] ® v, C(p;)-

i=1

For
(CI)a U) € Repss(WKu ) R),

one can associate to the Deligne-representation a local L-factor
L((®,U),T) :=det(1 - T@(Frob)‘Ker(U)IKu )t e R(T),

an e-factor

e(T,(®,U),4,) € R[T,T7']*

and v-factor
YT, (®,U), ) € R(T)
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to (®,U), cf. [74, §5]. Moreover, the v-factor does only depend on @, all three factors are
multiplicative with respect to @ and for

(57 U) € Nﬂ:s(WKv ) @5)7

one has
I‘g(’}/(T, (57 U)’ %)) = ’Y(T, I‘g(%, U)a %)7

see [74, Proposition 5.6, Proposition 5.11].
Theorem 4.4.7. The map C respects the local factors, i.e. for m € Jrr,,
L(Tr7 T) = L(C(W)7 T)7 6(T7 7T7 wv) = 6(T7 C(ﬂ-)7 wv)?
7(T7 7T7 1/}7)) = fY(T7 C(T['), ¢v)

Proof. We start with the equality of the y-factors. Since the ~-factor of m does only depend on

the supercuspidal support of 7 by [Lemma 2.3.20(and the « factor of C(7) depends only on the
underlying Wy, -representation, the multiplicativity of the y-factor of Rep,,(Wk,,F,) and

show that it is enough to show the equality for a supercuspidal representations
p. But by picking a lift p of p, we see that

'7(T7 Ps 1/%) = l"g(’}/(T,’,b', %)) = l"g(’}/(T, LLC_l(ﬁ)v%)) = 7(T7 C(P),%)-

For the L-factor, note that by [Iheorem 4.4.5| both sides are multiplicative and hence it
is enough to show the claim for a segment 7 = ([a,b],). It is now easy to check from the
definition and the discussion above the theorem, that

L([0,b-a] ® C(pv%),T) = L(C(pv}), T).

Now if p is either non-banal, i.e. O-reducible, or not an unramified character, it follows from
the above discussion that either the underlying morphism in C( pvllj) is bijective or there exists
no I, -fixed vector, hence the L-factor is trivial. On the other hand, if p is an unramified
character,

C(pvp)(Frob) = p(w)q,".
We thus arrive at
if o(p) =1 or p is ramified,

L([O,b—a]@C(pvz),T):{1 1

1-p(w@0) g, oT if pe ¢ and p is unramified.

By [Theorem 4.4.5| this concise with L({[a,b],),T"). Finally, the equality of e-factors follows

from the functional equation [74], Definition 5.5]. O

4.5 Quiver varieties

In this section we will describe certain quiver varieties and explain how they relate to the
representation theory of G, over Fy. We start by setting the following geometric stage.
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4.5.1 Quiver varieties We fix a cuspidal representation p. Let Q = A;’(p)% be the affine

Dynkin quiver with o(p) vertices numbered {0,...,0(p) — 1} and an arrow from ¢ to j if
j=i+1 mod o(p), i.e. of Q is of the form

0 o(p) -2
KO(p)—

If o(p) = o0, we let Ao = AL

>i—1 > 4 > i+ 1 >

A finite dimensional representation of () is a graded vector space

o(p)-1
V= V

=0

over some algebraically closed and complete field K (e.g. C) and a linear map Tj; €
Hom(V;, V;) for each edge i — j. Fixing V' we denote by E (V') the affine space of representa-
tions of () with underlying vector space V' and equip it with the natural topology coming
from K. The group

GL(V) = GL(Vp) x ... x GL(V,(p)-1)

acts on F(V) by
(905 cee 7go(p)—1) ’ (1:0’ cee 7xo(p)—1) = (915009617 glegl_lv s 790%(;;)—19;(1,,)_1)-

We denote by N(V) ¢ E(V) the space of nilpotent representations, i.e. the collection of
all T € E(V) such that for large enough N € N, T = 0, where T is seen as an element of
Hom(V, V). Set

sy 1= (dimg Vo) - [p] + ... + (dimg Vy(,)-1) - [pv®?7].

The GL(V)-orbits of N(V') are parametrized by multisegments with cuspidal support sy as
follows, see [88] §15].

First assign to a segment A = [a,b], with cuspidal support

CuSpM(A) = dO : [P] +...+ dO(p)fl . [pvo(p)_l]

the vector space

o(p)-1 J
V(A):= @ K%
i=0
together with a basis eq, €441, -- -, €p, €; € Vi, where the index of e; is seen modulo o(p). The

linear map A(A) associated to A sends e; to e;41 for a <i<b and e to 0.
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To a multisegment m = Aj +...+A,, we then associate the linear maps A(m) := A\(A) ®... ®
MAR) of V(m):=V (A1) ®...eV(A,). It is easy to see that if cusp(m) = sy then V(m) 2V
as graded vector spaces and that A\(m) and A\(m') lie in the same orbit of Gy if and only if
m and m’ are equivalent. Denote the orbit of A(m) in V as X,. We define an order on the
set of multisegments by setting n < m if

Xm Eyna

where X, is the closure of X, in N(V) with its topology being the one coming from
E(V).

To motivate the next definitions we recall first the case R = Qy, which was treated in [132].
Assume for a moment that R = Qy, let p be a cuspidal representation of G, and let A = [a,b],
and A’ = [a',b'], be two segments in Seg(p) such that A precedes A', i.e.

a+l<a <b+1<V.
Define the union and intersection of A and A’ as
AuA':=[a,b'],, AnA":=[d,b],
and observe that they are unlinked. In [I32] §4] the following decomposition was proven.
[Z(A) x Z(AN] = [Z(A U A) x Z(An A)] + [Z(A + AN)]. (46)

Let m € M(p) be a multisegment. Then in [I33] and [132], §7] the authors proved that in this
case [Z(n)] <I(m) if and only if n <m, see [Section 4.5.1} In this section we are going to prove

the analogous statement over [Fy.

4.5.2 Elementary operations We recall the following combinatorial description of
X € X, in terms of the underlying multisegments. Fix a cuspidal p, @ and V = V(m) = V(n)
as in [Section 4.5.1] We define the notation of an elementary operation on a multisegment
as follows. Pick two p-segments A and A’ in m, which are by definition only defined up to
equivalence. Next pick two representatives for A and A’

[avb]p = (pU27 ce 7:0’02)7 [a,7b,]p = (PUZ (A apvz )

such that
a+l<a <b+1<b (47)

and define the elementary operation with respect to (A, A”)
mem-A-A"+[a,b],+[d,b],.

If there do not exist representatives satisfying , we cannot perform an elementary operation
with respect to (A, A’). If we can perform an elementary operation we call the segments
linked.

Lemma 4.5.1 ([69], [L06, Theorem 3.12)). Let m and n be two multisegments with the same
support contained in M(p). Then n<m if and only if n can be obtained from m wvia finitely
many elementary operations.
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The next lemmas will allow us to have a better grip on elementary operations and their
proofs are rather straightforward.

Lemma 4.5.2. Let Ay, Ay, T'1, I'y be segments in Seg(p), where Ay or Ay are also allowed
be the empty segment and A1 + Ao <I'y + I's. Then either

AL+ AL <T1+T% and (A + A5 = (T +T3)! or (48)
AT + Ay <T1 + T4 and (AT + Ag)' = (I +T3) % (49)

If in the first case Ay is the empty segment, we mean by A} the segment [b+1,b+1],, where
b is such that I's = [a,b], and analogously in the second case for Ay. Moreover,

AT+ A3 <TT+T3 and (A7 + A5 = (7 +T5).
Proof. We will prove the first claim by induction on the number of elementary operations
necessary to obtain Aj + Ag from I'y + I's. We can moreover assume without loss of generality

that [(A1) > 1(As). Assume first that they differ by one and write the representatives of I'y
and I'y as [a,b], and [a',b'], such that the elementary operation is performed by

I+ Ty e [a,b'],+[d,b],
and the representatives satisfy (47)). Now, since (A1) > I(As),
Ay =[a,b'],, Ag = [d',b],.
We have a+1<a’ <b+1<b +1 and therefore
I +05 & [a,b +1],+[d,b],

is an elementary operation, implying . Next we assume that again they differ by one
clementary operation but this time the representative of I'y is [a’,b], and the representative
of Ty is [a,b],, again satisfying (47). Again by [(A1) > I(As),

Ay =[a,b'],, Ay =[d,b],.
Note that a+1<a’ <b+2. If b+2< ¥, we are in the situation of , since
I +03 & [a,b'],+[d,b+1],
is an elementary operation. On the other hand, if b+ 1 =0', then
I +05 =A1+A;

and we have .

If they differ by more than one elementary operation, choose n = A} + Af, such that n <T'; +T'y
differ by one elementary operation and A; + Ag < n. By the base case A} + AYf <T'; +T'j or
A"+ Al <T'y +T'5 and hence we obtain by the induction hypothesis Ay + A3 <T'y + '3 or
AT +Ag <Ty +T3. The claim regarding (-)! follows easily by the same induction argument.

For the second claim, we will also proceed on the number of elementary operations necessary
to obtain Ay + Ag from I'y + T's. of I'y and I'y as [a, b], and [a’,b’], such that the elementary
operation is performed by

Fl + FQ = [a,b']p + [a',b]p
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and the representatives satisfy (47). Then a +1<a’<b+2<b +1 and hence
1+05 > [a,b' +1],+[d',b+1],
is an elementary operation. The induction step follows now as in the second claim. O

Next, we need the following lemma, which can already be found in [I32] for complex
representations. The argument presented there works analogously, however we will write it
out for completeness.

Lemma 4.5.3. Let ny, ng, my, mo be multisegments with n% = m% and n] +ny <mj +my. Then
there exists n' = n} +n) with n' <my +my, nil = nl and n}” +n) =ny +ny.

Proof. Assume first that n] +ny and mj + my differ by one elementary operation. Let Aq + Ay
resp. I'1 +I'y be the multisegments contained in mj +my resp. n; +ny involved in the elementary
operation. Applying m gives multisegments A} + Aj resp. I'] +I'; such that I'] +I';
is contained in my + mg, A7 + AJ <I'] +1'3,

AI € {AlvAI}a A; € {A27A§}7 FI € {Flar_{}v F; € {F27F5}

and (er,T5 +er,T5)! = (e, AT +ea,A%)! with

{1 if A* = A*,
EA =

0 otherwise.

Set
n = A7+ A +my +my -] -T3.

It is clear by construction that n’ < mj+mg via one elementary operation. Write A7+A3-I'7-T'5
as £ + 2, where we allow that the coefficients of the segments in ¢;’s are not necessarily
positive integers and

El = EAlA>€ + GAQA; - EFIFI - 61’*21_‘5.

Note that & + € =T'; + 'y — A — Ap and £} = 0, where we extended the operations (-)~ and
(-)! in the straightforward way to multisegments with integer coefficients.

We now define nf := my + € and nj, := mg + £5. By construction, the coefficients of all segments
in n} and nf are positive integers because er, =1 if and only if I'; was a segment of m; and
similarly for I's. Thus nj and n), are well-defined multisegments. We therefore obtain

n4nh=mi+me+ A1+ Ay -1 -To=n] +ny
since €] + €3 = A + Ay —-I'; —T'y and n’ll = m% = ni, since €} = 0. Therefore we constructed
n’ =nf +n) as desired.

If n] + ny differs by more than one elementary operation from mj + my the claim follows
by induction on the number of elementary operations. Indeed, pick € such that mj + my is
obtained from & via one elementary operation and € < m; + my. By the induction hypothesis
we know that there exists ¢ = €] + €, £ + €, = ¢/, £ = m{ with £ <my + my. Moreover, by
applying the induction hypothesis a second time, we obtain n’ = nj +nj, ni” +n} = n] + ng,
n <# <my +my and n! = €} =mi =nl. O

147



We are now ready to prove the result announced at the beginning of the section.
Theorem 4.5.4. Let m and n be two multisegments with the same cuspidal support contained
in M(p). Then Z(n) appears in Z(m) if and only if n <m.

Proof. First direction: n <m = [Z(n)] < I(m)

By [Lemma 4.5.1] and [Theorem 2.3.13|it is enough to show that if n is obtained from m via
one elementary operation, then I(n) < I(m). By the exactness of parabolic induction, it is
thus enough that if A = [a,b], and A" =[a’,'], satisfying (47), then

I([a,b"],+[a',b],) <I(A+A").
If p is supercuspidal, we can use [Theorem 2.3.5|to find p such that ry(p) = p. By we have

that

I([a,b']5 + [d',b]5) < I([a,b]5 + [a',0']5).

Since parabolic restriction commutes with ry, we have thus that
I([a, 0], +[a',0]p) = re(I([a,b']5 + [a', b]5)) <1e(I([a,b]5 + [a',']5)) = T(A + A).

If p is not supercuspidal, o(p) = 1 and we argue as follows. Write n = [a,b], + [a,b], and
m=A+A’. Observe first that if Z(n) does not have its cuspidal support contained in N(Z[p])
then it follows by [I0I, Proposition 9.32] that n consists of two segments of equal length and
¢ =2. For such an n, [Z(n)] <I(n) <I(m) implies therefore n = A + A’ by [Theorem 2.3.13| Tt
thus follows that it is enough to show that the multiplicity of any irreducible representation
with cuspidal support in N(Z[p]) in I(n) is lesser or equal than its multiplicity in I(m). Let n
be the length of m. We can therefore utilize the map §, ,, between irreducible representations
with inertially equivalent to representations having cuspidal support n - [p] and irreducible
modules of #°(n,1). Note that this map can be upgraded in the following way, see [102,
Proposition 4.19]. If a = (ag,...,q) is a composition of n and 7 = 7 ® ... ® 7w is an
irreducible representation of M, with cuspidal support in n-[p], then there exists a bijection
between between the irreducible constituents of

Hom%%é(al,l)&..@ﬁ%e(ak,l)(%(na 1)7 é-p,oq (771) ®...® gp,ak (Trk))

and the irreducible constituents of w1 x ... x 7, with cuspidal support n - [p]. Moreover, the
map respects multiplicities. Now for any irreducible representation with cuspidal support
n-[p], the F[ X3!, ..., X ]-part of the Hecke-algebra acts trivially, see [91, Theorem 3.7].
Thus we can regard &,.q,(m) and &,,(7) as F,[S,]-modules and as well as the induced
Hom-spaces. We are thus in the realm of the modular representation theory of S,,, which was
already discussed in The desired claim is then the last remark of this section.

Second direction: n <m < [Z(n)] < I(m)

We will proceed inductively and assume the statement to be true for all G with k < deg(m).

By
[T (deg(m-).deg(mt ) TM))] > [T (deg(m-) deg(mi)) (Z(0)] > [Z(n7) ® Z(n')].

We apply the Geometric Lemma applied t0 7(geg(m-),deg(m?)) (I(m)) and observe that then
implies that there exist m;, mo with m = m; + mo such that

[Z(n) ® Z(n')] < I(m] + my) ® I(m}).
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Thus m% =n! by [Theorem 2.3.12| and by the induction hypothesis n~ < mj +my. We apply
to the case ny = n,ng = 0 and obtain therefore the existence of n’ = nj + n} such
that n’ <m, n}' = n! and n~ = n}” +n). For any multisegment & we will write [1] for the
multisegment obtain from € by replacing every segment A in it by ~(A*) and ¢* for the
multisegment obtain from ¢ by replacing every segment A in it by A*. Note that (¢7)! = €![1].

Because n” =n}~ +nj, it follows that n is of the form
n=(n)"+(ng)" + ¥,

where £ € M(p) is some multisegment consisting of segments of length 1. Thus n! is of the
form
nl=nP[1]+nll[1] + ¥,

But on the other hand n! = nf! and hence
n = nP[1] +nfl 1] + ¥
Therefore
ny = (n)" +nf 1]+ ¥,
Since (n})* < nfy +nfl[1], it follows that
n=mD) T+ () € < () n el 1]+ € =0,
Thus n<n’ <m. O

Corollary 4.5.1. A multisegment m in M(p) is unlinked if and only if Xy is an open orbit
of N(V(m)).

Proof. Since there are only finitely many multisegments n € M(p) with

cusp y(n) = cusp  (m),

we have

N(V)\Xu=U Xu= U Xu,

nxm nxm

U Xu = N(V)\ X

n¥m

Now Unem Xn = Upem Xu if and only if Xy, is not contained in X, for any n # m. By
[Theorem 4.5.4] and [Lemma 4.5.1] this is equivalent to m being unlinked. ]

Recall the following theorem of [95].

Theorem 4.5.5 ([95, Theorem 6.1]). Let p be an unramified character of G1 and m an
aperiodic multisegment in M(p). Then Z(m) is unramified if and only if m is unlinked.
Moreover, if € Jev(Qy ) is an unramified representation for some cuspidal p', then p' is
an unramified character and there exists and an unlinked multisegment m € M(p") such that
Z(m) 2.

Observe that an unlinked multisegment in M(p) is automatically aperiodic. Therefore,
if m € M(p) is unlinked, the cuspidal support of Z(m) is contained in N(Z[p]) by [101
Proposition 9.34].
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Corollary 4.5.2. Let m = Z(m) € Jre(Q, ) be a representation. Then 7 is unramified if and
only if the orbit Xy is open and p is an unramified character.

We will also use the opportunity to give a formula for the number of unramified representations
with given cuspidal support. One has yet to find a use for it though.
Proposition 4.5.6. Let p an unramified character,

s=dolp] +... + dogyy1[0" 1], di € g

a fixed cuspidal support, D := min;d; and m = #{i : d; = D}. The number of unramified
irreducible representations m with cuspidal support s, or equivalently, the number of irreducible
components of N(V(s)), ism if D>0 and 1 if D =0.

Proof. If D =0 the space N(V') = E(V) has precisely one irreducible component and thus
only one open orbit. Therefore there exists a unique unramified irreducible representation with
cuspidal support s. We will now give a precise description of the corresponding multisegment
mg. Let di = max; d; and j < k be such that

dj,1<dj= j+1:--':dk>dk+1-

Set
s =dolp]+...+(d; - 1)[pvj] +.oo+ (dg - 1)[pvk] +.o+ do(p)_l[pvo(p)_l].

Then we can compute m; iteratively by noting that ms = mg + [, k].

If D >0 let mg be the set of irreducible unramified representations with cuspidal support s.
Let

s = (do+1)-[p]+...+ (do(py-1+1)- [pv°P)~1]
Then we construct an injective map i:my - mg+1 by sending an unlinked segment m =

Aq+...+ A with Z(Al) > Z(Al) forie {1,...,k} and Aq = [a,b] to [a,b+0(p)]+A2+.. A A,
which is unlinked since m is.

There exists also a map p:mg+1 — m, constructed as follows. Note that for Aj +...+ Ay =me
mg+ there exists a unique A; with [(A;) > o(p). Indeed, pv°®)~1 and p must be contained
in the same segment, which is then of length greater than o(p), since otherwise the two
segments would be linked. Since any two segments of length greater than o(p) — 1 are linked,
uniqueness follows. Assume without loss of generality that [(A1) > I(4;) for i e {1,...,k}
and write A; = [a,b]. The map then sends m to [a,b—o0(p)] + Az + ...+ Ay, which is again
unlinked. Because D > 0 it follows that p is injective.

Since both ¢ and p are injective if D >0 and poi =id, #ms = #mg+1 if D > 0. Thus it suffices
to prove the claim for D = 1. Write

s=5+[p]+...+[pp°P]
We know from the case D =0 that we can write
My =My +...+my (50)

where m; = Al + ...+ A%, Al = [al,b]] with o Sa{l Sb{l <b! for j<j', A :Ag' if and only
if =4 and b} +1<a}, ifi<i
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We now construct m many unlinked segments with support s as follows. For c € {0,...,0(p)-1}
such that either ¢ <a} —2 or ¢ b} +2 for all i it is easy to check that ms + [c,c+o0(p) — 1] is
unlinked. If b; + 1 =cor c= al — 1 then the multisegment

my + . +my +[al, b} +o(p)]+ [aZ, 2] + ...+ [al bl ]+ miy + ..+ my

R AR )

is unlinked. Thus #ms > m. On the other hand if m € mg; then p(m) = mgy which shows that
m has to be of the form and hence showing #mg < m. O

4.5.3 O-irreducible representations revisited We will use the opportunity to ex-
tend [82, Conjecture 4.2] to representations with O-irreducible cuspidal support and give a
conjectural classification of square-irreducible representations. Using we can
quickly reduce the classification to a classification for representations Z(m) for m € M(p)qp
for some cuspidal representation p. By o(p) > 1 if Z(m) has to have any chance
of being square-irreducible. We fix for the rest of the section an aperiodic multisegment
m e M(p)ap for some p e €. We set Q* := A, -1 Moreover, we recall the quiver represen-
tation (V(m),A\(m)) over C of Q* as in Next, we denote by @~ the quiver
obtained from @) by inverting the arrows. For a ﬁxed graded vector space V = EBO(p )= 1VZ

over C as in [Section 4.5.1| we write E* (V") respectively E~ (V') for the representations of QF
respectively @~ with underlying vector space V and by N*(V) and N~ (V') the subvariety of

nilpotent representations. The third quiver of this story is denoted by @ and of the form

TN

o(p) -2 .

N

We let E(V) be the affine variety of representations of @ with underlying vector space V.
Again F (V') admits an action of

GL(V) = GL(‘/O) X ... X GL(‘/:)(p),l).

Moreover, there exist two Gy -equivariant maps
E*(V) 7= E(V) ——» E"(V).

The preimage of N*(V) x N™(V) is denoted by N (V). Finally, we recall the moment
map
[ JN(V) = gl (V),
(Xinis1, Yis1o0)ie(0,....000)-13 = (Ximis1Yir1oi = Yieic1 Xi-101)ie{0,... 0(p)-1}
Let A(V') be the kernel of [-,-].

Recall now above fixed multisegment m and V := V(m), A(m) and Xy, from
To avoid confusion we denote the map A(m)* in N*(V(m)) and A\(m)~ in N™(V(m)) and
similarly for X, and X . We now let M(V'),, be the aperiodic segments n € M(p)q, with
the same cuspidal support as m. For n € M(V),, denote the closure of p;! (X)) n A(V) in
A(V) by C and the closure of p~*(X;)n A(V) in A(V) by C;.
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Lemma 4.5.7 (|88, Proposition 15.5]). The maps n — C. respectively n — C; induce a
bijection between M(V')qp and the irreducible constituents of A(V').

Moreover, the interaction of C* and C~ is governed by the Aubert-Zelevinsky duality.
Lemma 4.5.8 ([87, Propostion 5.2]). For n e M(V)q,

C:{ = CI;* .

We thus can generalize [82, Conjecture 4.2] as follows.

Conjecture 4.5.1. Let m € M(p)ap for some p € €7, Then Z(m) is square-irreducible if and
only if Cy, contains an open GL(V')-orbit.

At this point, some remarks are in order.

Remark. (1). If m is banal, i.e. the cuspidal support of m does not contain [p]+.. .+[pvz(p)_1],
then above conjecture reduces to [82, Conjecture 4.2].

(2). The conjecture is true for segments. First of all note that Z(A), A = [a, b],, is O-irreducible
if and only if b—a+1 < o(p). Thus if b—a+1 < o(p), we know from the banal case that
CA admits an open orbit. On the other hand, if b—a +1 > o(p), we can reduce the claim
by [1, Corollay 8.7] to the case b—a+ 1 = o(p). Indeed, if we assume b—a+1 > o(p), let
in the Corollary Cy = CA- and C3 = C[J“b’b]p. In the language of the above Corollary, it is
then not hard to see that Cy * Cy = CX. Thus we can assume without loss of generality that
a=0,b=o0(p) - 1. Then the claim that C{ contains not an open orbit is equivalent to the
claim that

T}y Xa = {y € N (V(A)) s [A(A), 4] = 0}
does not contain an open orbit of the centralizer of A\(A). But in this case the centralizer
is equal to {(a,...,a) € (C*)°P}, which acts trivially on T;(A)XA. However, T ) Xa is
one-dimensional and hence C{ does not contain an open orbit.
Example. Let us give the following family of examples of non-banal O-irreducible representa-
tions. Let p € €, and consider m = [0, 0(p) — 1], +[0,0],. We claim that Z(m) is O-irreducible
and €} admits an open orbit.

Let us first check that €} admits an open orbit. Note that

m” =[0,0],+...+[o(p) = 2,0(p) = 2], + [0(p) = 1,0(p)],

We set
z:=((1,0),1,-,1,0) e X, z* == ((0,1)T,0,...,0) € X,...

Here the i-th coordinate represents the map from V;_i(m) — V;(m) respectively V;(m) —
Vi—1(m). It suffices now to show that the stabilizer of 2 admits an open orbit in

Ty Xm={ye N"(V(m)): [z,y] = 0}.

To see this, we observe that the stabilizer of x equals to
. ::{((Z (c)),a...,a)EGLQ((C)X((CX)O(p)}.

Moreover, the set {(z,4)7,0,...,0} : 3 # 0} is an open subset of T} Xy, which is equal to
G, - x*, finishing the argument.
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We continue by showing that Z(m) is O-irreducible. To do so, we prove the following three
lemmata.

Lemma 4.5.9. Let p e €7 and m,n e M(p) such that n+m is aperiodic. Then Z(m) x Z(n)
is irreducible if and only if

[7 (=) (Z(m 4+ 1)) ] = [7 (- ) (Z(m) x Z(n)) ]

Proof. One direction is trivially true by |[Proposition 2.3.14l For the other one, assume that the
above equality holds and Z(n) x Z(n) is not irreducible. Then there exits either an irreducible
quotient or subrepresentation 7 of Z(n) x Z(m) different from Z(n+m). Since 7 has the same
cuspidal support as Z(n+m), the claim follows from the exactness of parabolic restriction. []

Lemma 4.5.10. Let a € {0,...,0(p) - 2}. Then

Z([O’ a]p) x Z([O’ O(P) - 1],0 + [07 O:Ip)

1s irreducible.

Proof. We argue by induction on a.[Theorem 4.3.10] and [Lemma 4.3.2] allow us to compute

[P (o(pym+(a+1ym,m) (Z([0,a], +[0,0(p) = 1], +[0,0]5))] =
= [Z([0,a - 1], +[0,0(p) = 1], +[0,0],) ® pvy]+
+[Z([0,a], + [0,0(p) — 2], + [0,0],) ® pv,'].
On the other hand, the Geometric Lemma gives that
[7(o(pym+(a+1ym,m) (Z([0,a]p) x Z([0,0(p) = 1], +[0,0],))] =
= [2([0,a - 1],) x Z([0,0(p) - 1], +[0,0],) ® pv, ]+
+[Z([0,a],) x Z([0,0(p) ~ 2], + [0,0],) ® pu,'].
If a = 0, implies
px Z([0,0(p) = 2], +[0,0],) = p* x Z([0, 0(p) ~ 2],) =

= Z([O, 0]p + [07 O(p) - 2]P + [Oa O]P)

and hence the parabolic restrictions of the two representations agree. If a > 0, the induction
hypothesis and imply that the parabolic restrictions of the two representations
agree, hence the claim follows by O

Lemma 4.5.11. The representation

pxpxZ([0,0(p) -1],+[0,0],)

s irreducible.
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Proof. We proceed analogously to the proof of the above lemma. Namely, the Geometric
Lemma and [Corollary 4.3.2 show that

[r(o(p)m+2m,m) (P X pXx Z([0,0(p) - l]p + [07 O]ﬂ))] =

= 2 Z([0,0(p) ~ 1], + [0,0],) ® p] + [p x p x Z([0, 0(p) - 2], + [0,0],)] ® pv3"].
On the other hand [Lemma 4.3.2 shows that

[ (o(pym+2m,m) (Z([0,0(p) = 1], +3[0,0]5))] 2
[Z([0,0(p) ~ 1], +2[0,0],)) ® p] + [Z([0,0(p) ~ 2], + 3[0,0],)) ® pu,'].
By [Lemma 4.5.10
2([0,0(p) ~ 11, + 2[0,01,) 2 p x Z([0, 0(p) ~ 11, + [0,01,)
and by [TTicorem 2.3
2([0,0(p) ~ 21, + 3[0,01,)) 2 ([0, 0(p) - 21,) x p* = p x p x Z([0,0(p) ~ 2], + [0,0],,)-
Thus if 7 is another subquotient than Z([0,0(p) - 1], +3[0,0],) of
pxpxZ([0,0(p) - 1], +1[0,0],),

it is either cuspidal, which cannot happen, or Frobenius reciprocity implies that =« is a
subrepresentation of

Z([0,0(p) = 11, +2[0,0],)) = p,
implying 7 = Z([0,0(p) - 1], + 3[0,0],) by the theory of derivatives. But
Z([0,0(p) - 1], +3[0,0],)
appears with multiplicity 1 in
pxpxZ([0,0(p) — 1], +[0,0]))

by [Proposition 2.3.14] thus proving the claim. ]
Lemma 4.5.12. Let be {1,...,0(p) —2}. Then

px 2([0,b],) x Z([0,0(p) - 11, + [0,0],)

s irreducible.

Proof. The proof proceeds analogously to the one of [Lemma 4.5.10] by showing inductively
on b that

[T(o(p)m+(b+2)m,m)(p X Z([07 b]ﬁ) X Z([Ov O(p) - 1]P + [07 OJP))] =
= [T(o(p)m+(b+2)m,m)(z([07 0]0 + [07 b]p + [07 O(p) - 1]/7 + [07 0]/)))]
The base case is [Lemma 4.5.111 For b>0

[T(o(p)m+(b+2)m,m)(p x Z([O’ b]p) x Z([Oa O(p) - 1]P + [07 OJP))] =
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= [2([0,b],) x Z([0, 0(p) - 1], + [0,0],)) ® p]+
+lpx 2([0,b-1],) x Z([0, 0(p) — 1], + [0,0],) ® pv*]+
+[p x Z([0,b],) x Z([0,0(p) = 2], + [0,0],) ® pv,']

and
[T(o(p)m+(b+2)m,m)(z([07 0:|p + [0’ b]p + [07 O(p) - 1]9 + [07 O]p))] =

=[Z([0,b], +[0,0(p) - 1], +[0,0],)) ® p]+
+[Z([0,b— 1], + [0,0(p) - 1], +[0,0], + [0,0],) ® pv°]+
+[Z([0,b], + [0,0], + [0,0(p) - 2], + [0,0],) ® pv;'].

We use the induction hypothesis, [['heorem 2.3.9|and [Lemma 4.5.10] to show that the parabolic
restrictions agree. We are now done by O

We now come finally to the O-irreducibility of Z(m), m =[0,0(p) — 1] + [0,0],. Note that by
[Theorem 4.3.10l and [Lemma. 4.3.2]

T(o(p)m,m)(z(m)) = Z([O’ O(IO) - 2] + [07 0][)) ® pv/;l'
Thus the Geometric Lemma and imply that
[7(20(pymem,m) (Z(m) x Z(m))] = 2[Z([0,0(p) ~ 2] + [0,0], + m) ® pv,'].

If Z(m) x Z(m) is not irreducible, it has an irreducible subquotient 7 different from Z(m +m)
with the same cuspidal support. But by above computation and Frobenius reciprocity, we
conclude that anv#(w) = anvgl(Z(m +m)) # 0 and hence 7 % Z(m +m). Since Z(m +m)
appears only with multiplicity 1 in Z(m) x Z(m), the claim follows.
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Chapter 5

On a conjecture of Kudla and
Rallis

Again, we start by sketching the main results and their proof. For this section we return
again to the classical case with coefficients R = C and use the conventions of [Section 2.2.3

and [Section 2.3.4] This chapter is based on [36].

5.1 Summary

We assume W in this introduction to be a symplectic vector space over K, of dimension m.
Thus m = 2m/ is even and we can decompose W as X,y ® Y,,,/, such that on X,,» and Y,/
the symplectic form vanishes. To be more precise, we pick a basis {x1,...z,} of X, and

{y1,...Ym} of Yy with
( > 1 ifi=y,
2o =
PUTT0 iy,
and set for k € {0,...,m'},
X = (@1, Tk)ys Ye = (Y1s o Uk Wh = Tkt Tt Yk 1o+ Y MLy -
Here we use the notation (S)r,, for the L,-sub-vector space spanned by a set S ¢ W.

The proof builds on three ingredients, the first being a well-known filtration, see [73, §
1],
OZI_lEIQE...EImIZImw(X,S) (51)

of Iw,w (x, s) with subquotients

X ot et
o= I \Iy = Indg((gzzjg(w)(ﬂdeth "2 @ x|det|,* 2 ® S(G(W}))).
~—— ~——
Gt Gt

We say that m € Jvegayy does not appear on the boundary if every non-zero morphism
Iww — m®m" does not vanish on Ij.

The second ingredient is motivated by the filtration of the Jacquet module of the Weil
representation in [71, Theorem 2.8] and [92], Proposition 3.2]. For 7,5 € N let 0; ; be the space
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of locally constant, compactly supported functions Hom(F7, F*) — C on which G x G acts
by
((91,92) - ) (@) = [ (g7 xg2)-

Furthermore, for r € N, k € {0, ..., 7} recall that we denoted by Q (k,r—k) the standard parabolic

subgroup of G, corresponding to the composition (k,r — k) of r and for ¢t € {1,...,m'} let
(t) be the parabolic subgroup fixing the flag (xy—¢+1, ..., Tm/)L, S W. We then prove the

following.

Theorem 5.1.1. Let P = Py x G(W) € G(W) x G(W),r € {1,...,m'} be a standard

parabolic subgroup. The representation

rp(Iw,w (X, 8))
admits a filtration whose subquotients 1y, j, k€ {1,...,7}, je{r,....,m'} admit isomorphisms

GrxG(Wy)xG(W) (X|det|i+§ ®

Ap 17 - Ind
kgt Thg Qk,r—) <Py *F ()

—_———
Gy

v (et T oyldetS ) @ vldet S 0S(G(W;)))
| S —
Gy

of Gy x G(W;) x G(W)-representations, where P('j_T) is the parabolic subgroup of G(W,)
defined above.

The main idea of the proof of this theorem is the following. The representation Iy w (X, s)
corresponds to a sheaf .#*X on the Lagrangian Grassmanian Ly := P(Y)\G(W & W),
where P(Y') is the Siegel parabolic subgroup in G(W @ W'). We find for each k, j a certain
Py x G(W)-right-invariant, locally closed subset I' ; of Ly and show that for each point
x €'y, ; the stabilizer of x under the action of the unipotent part N, x 1y of P,y x G(W) is,
up to conjugation, independent of x. This allows us to write down an explicit isomorphism
from 7 ;= rp «gw)(F*(Ljk)) to the representation

IndGrXG(Wr)XG(W) ( |d t|v

P/ xP,
Qk,r—k)*FP(;_ iy xP5) ,

Gy,

80,y (ldetl, ™" oxdet]y ) © xldet; T @S(G(W)))).
Gy

Here .#.X(T; 1) denotes the compactly supported sections on Iy j. Moreover, since we also
show that U, I'x ; = Lw, it follows straightforwardly from the definition of 7 ; that they are
the subquotients of a filtration of TP(T)XG(W)(IW’W(X, s)).

Finally, the third ingredient is the following theorem of [92].
Theorem 5.1.2 ([92, Theorem 1)). Let i,j € N,i < j and let w € Jve;. Then there exists
n’ € Jvr;, unique up to isomorphism, such that

Homg,xg,(0ij, 7 ® 7))+ {0}.

Moreover, for such a ',
. !
dimc Homg,xg, (0ij, 7 ®m) = 1.
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Let now 7 € Jregwy. If m® 77 does not admit a morphism from any o; with ¢ > 0, the
claim follows straightforwardly. Otherwise we can find r € {1,...,m’} and suitable irreducible

smooth representations p of G, and 7 of G(W,) such that 7 is a quotient of Indg((zv)(p ®T).

The MVWe-involution then allows us to realize m as a subrepresentation of Indg((‘?/)(pv ®T)
and hence every morphism
frlww(x.s) > Tmen’

induces a morphism
i Iww(x,s) > Indg((‘;v)(pv eT)®m .

Having done this, we can apply Frobenius reciprocity and use the filtration of

TPyxGw) Hw,w (X))

to obtain some restrictions on f’ and subsequently on f. Combining these with the first
filtration and the theorem of [92], allows us to reduce the claim of to the
following proposition.

Proposition 5.1.3. Let o, be as above and let 7 € Jevgyy. Then

dimc Homg(W)Xg(W) (o4, T® 7Tv) <1.

This can be proven by induction on dimy,, W using a variant of a trick of [92]. Furthermore, we
prove an analogous statement to [Theorem 12|in the case G(W') being unitary or orthogonal,

see ['Theorem 5.5.3| for the precise statement.

Let us remark that to prove the Conservation relation in Type I in its full generality for above
spaces V and W, one would have to extend also to the case W symplectic and
G (W) replaced by Mp(W), the metaplectic cover of G(W). Indeed, to handle the case where
L, = K,, W is symplectic and dimg, V =n is odd, the metaplectic group Mp(W') appears.
In this case we are able to reduce the claim to an analogous statement of [Theorem 5.1.2|
for metaplectic covers of the general linear group, of which we however do not have a
proof at the moment. Finally, the case W and V being right D,-vector spaces, i.e. the
quaternionic case, has not been considered in this chapter. The main obstruction here is that
the MVW-involution, cf. [97, p.91], does not extend easily to this setting.

5.2 Preliminary results

In this section we will collect several lemmas, which will be useful throughout the later parts
of the proof. We start by recalling Howe-duality in type II as treated in [92].

5.2.1 Howe duality in type II Let o, ,, be the space of Schwartz-functions on
My = End(E™, E™).
It carries a natural action of G,, x GG, by

(91,92) f = (x = f(g7 " 2g2)).
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and admits a filtration 0 = Sg1 € ... € Sp = 0y m, t = min(n,m), where S; = S(Mfzm) denotes
the space of Schwartz-functions on M?

n,m» the linear maps of rank greater than or equal to i.
The subquotients are of the form

wj = Si+1\SiES(Mn7m7i) # - IndG xGm ( 1 ® 1 ®S(Gz)),
Q(n 11)XQ(m i) G‘V"

where S(M,,m,;) denotes the space of Schwartz-functions on M, p, ;, the linear maps of
precisely rank i, see [97, 3.I1.2]. The morphism

S(Mnmz)ﬁ# Ind&rxCm (1 ® 1 ®5(Gy))
Q(n zt)XQ(m i,4) inad

n—i Gmfi

sends f to (g1 x g2) = f(g7"14g2), where

(0 O
(0 9)

Theorem 5.2.1 ([92, Theorem 1]). Let n,m € N, n < m and m € Jrr,. Then there exists
7’ € Jvvy,, unique up to isomorphism, such that

Homg, ¢, (Cnm,m®7") # {0}.

Moreover, dimec Homg, «a,, (0nm, 7 ® ©') =1 and 7’ is a quotient of

det)y 2 x... x|det]y? x|det|. T

Note that for o a composition of n, the representation

% o
|detl,® x...x|detl® =Z([1,en] 1) x...xZ([Lax] 1) e€Trry,
—— —_—— |det|,, 2 |det|,, 2

Gay Gy

is square-irreducible by

Lemma 5.2.2. Let a,k € N;s € C, n = ka and p = |det|Z, 7 = o e Jve,. If T is a
—
Ga

smooth representation, not necessam’ly irreducible, such that either T(n—a,a)(ﬁ) > TQp or

pPOT > Tp - (7r) then T = pk~

Proof. We will only show the first claim, the second follows by duality. First of all, it is easy
to see from the Geometric Lemma that each irreducible subquotient of 7 is isomorphic to
p*~1 thus it suffices to show that 7 is irreducible. It is enough to assume 7 is of length 2.
Moreover, since p is square-irreducible, it was shown in the proof of [83, Theorem 4.1.D] that
the intertwining operator R, ;:p x 7 — 7 x p has image isomorphic to 7 and the so obtained
map 7 < p x T is the map obtained by Frobenius-reciprocity from T’(n,ma)(ﬂ') > 7® p. Now
if 7 is an irreducible subrepresentation of 7 and 1o = 7/7; the corresponding irreducible
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quotient, we obtain a commutative diagram

PXT] —> TLXpP

[y, ]

PXT — Txp

l |

PXTy —> T2 Xp

where the top and bottom arrows are either 0 or the intertwining operator by 3).
By above observation we know that the bottom arrow has to be non-zero and hence the order
of the pole of R, - and R, -, are equal, again by [Lemma 4.2.2|(3) This implies that also the
pole of R, ;, is equal to the pole of R, ;, since 71 £ p""* = 75 and hence also the top arrow
is non-zero by [Lemma 4.2.2|(3). This however contradicts the fact that R, ; has irreducible
image . [

Next, we prove the two following corollaries of therefore we assume G,, = GL,
in this section.

Lemma 5.2.3. Letn<meN, a=(aq,...,axr) a composition of n, p € Z and 7 an irreducible
representation of the form

3 G nop L
mi=|det], 2 " x...x|det]|, * .
[ — [ —

Gay Ga,

Let a := max; o;, b := min; oy and assume p > a or p < b—n. Let @ be the irreducible
representation such that there exists a unique up to a scalar, non-zero morphism f

!
fiopm—>m®T.

Then [ does not vanish on S, and there exists no morphism w; - 7 @ for l<n.

Proof. Tt is enough to show that for [ < n, there exists no morphism w; > 7 ® 7’. We note
that

A _1 l=n m=l
w; 2 IndGn>xGm (|det|2 ®|det], 2 ®(|det|,? ®|det],2 )S(G))).
Q(n—l,l)xQ(m—l,l)

and apply first with respect to Q-1 x Gy, and then [Lemma 2.3.8| together with the

Geometric Lemma to obtain a non-zero morphism

A _a1=ly  neag _OgTly ooy
|det|Z — |det|)(|det], 2 2 x...x|det|, 2 2
————— [ ——
G G

1 k

for some composition (I1,...,lx) of n—1 with [; < o;. By |[Theorem 2.3.9|all but one [; are 0

and there is one ¢ such that [ =n —[;. But this implies

l Oéi—li n-—o;
—_— . ——+
2 2 2
and hence
n>l=n-a;+p2n-a+pand 0<l=n-a;+p<n-b+p,
a contradiction. O
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Lemma 5.2.4. Let neN, a=(ay,...,ax) a composition of n and mw the irreducible repre-
sentation

noog nooy
7= |det|, 2 x...x|det|, * .
S — NS —
Gy G,

Let a := max; o; and f the, unique up to a scalar, non-zero morphism
. \%
fiopp >m®T".

Then f vanishes on Syp_qg+1 and does not vanish on Sy_,.

Observe that by the representation 7 of the corollary is indeed an irreducible

representation.

Before we start with the proof, let us recall from [97, 3.III. 7], see also [Section 2.3.3| how one

constructs a morphism
Popp->moT’ (52)

for general irreducible representations 7. For s € C let fs be a matrix coefficient of 7|det|?
and let ¢ be an element of 0, ,. Let dg be a Haar measure on G,, and define for Res >> 0
the Godement-Jaqcuet zeta integral

P(s,9,fs)= L(S_;%/;n fs(9)é(g)dg,

where L(s,7) is the standard L-function of m, see for example [44]. Then P(s,¢, fs) is a
polynomial in ¢° and ¢~® and can be analytically continued to s = 0. By specifying s = 0, one
obtains a morphism oy, > T®7".

Proof of[Lemma 5.2.4. We first show that if there exists a non-zero morphism w; - 7 ® 7"
thenl=norle{n-aj,...,n-ax}. As in|Lemma 5.2.3| recall that if [ <n

-1

I _1 l-n n=l
w; & IndGn*CGn (|det|2 ®|det], > ®(|det|,> ®|det],> )S(G})).
Qn-1,)*Q(n-1,1)

Applying first with respect to (-1 x G, and then [Lemma 2.3.8| together with the

Geometric Lemma gives a non-zero morphism

L _oqthy oy _oplg  noag
|det|Z — |det|, 2 2 x...x|det|, 2 2
| —— —_—
Gy Gy

1 k

for some composition (I, ...,l;) of n—1 with [; < ;. By [Lemma 2.3.8| it follows that all but

one [; are 0 and hence for this one non-zero [; =n — [ we have

l Oél'—li n— oy
—_ = — +
2 2 2

which implies [ = n — ;.

In order to show the lemma, it thus suffices by [Theorem 5.2.1] to show that for the map
P of , P vanishes on S, for n —a; >n —a and S),. Since 7 is an irreducible induced
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representation, we can assume without loss of generality that a7 < ... < ap = a. We start
with the case k =1 and hence 7 is the trivial representation. Then L(s — %, 7) has poles at

s=1,i1€{0,...,n—1} and therefore L(s— ”T_l,w)_l vanishes at 0. Since for f € S,, < 0y, , the

integral [, f(g)do(g)dg converges and L(s - "Tfl,ﬁ)fl vanishes at 0, P(0, f,¢) vanishes for
all f € S,. This finishes the case k = 1.

If k> 1, we can use [59, Proposition 2.3|, which shows that for fixed ¢ € 0y,, and matrix
coefficient f of m we can write P(0, ¢, f) as the finite linear combination of functionals of the
form

k
HP(07¢i7fi)v

for ¢; € 0q,,0; and f; a matrix coefficient of the trivial character of G,,. Moreover, in the
proof of [59, Proposition 2.3] the author shows that

k
HP(07¢’L7f2) = P(07¢qu,)
i=1

for f" a matrix coefficient of = and ¢’ € oy, ,, satisfying

/U ¢ (xmu) du = ¢1(z1my) - ... ¢ (xpmy)

for all m = (mq,...my) in the Levi-component of Q,, x; € My, q,,

7 0 O
z:=]10 - 0
0 0 T

and a suitable Haar-measure du on the unipotent part U, of Q. In particular, if we assume
that P(0,¢’, f) does not vanish for ¢’ € Sy, for k > n —a, we know from the case k =1 that
each of the ¢; does not vanish on 0. Therefore we obtain from the specific form of ¢ that it
does not vanish on some element of rank at most

max rank(u) =n - a.
uelUq

This contradicts ¢ € Sy. O

5.2.2 Derivatives for classical groups The following lemma will be useful later

on.
Lemma 5.2.5 ([42) Lemma 5.2]). Let § be a character of Gy such that ¥ £&, re{1,...,qw}
and 0 € Jregy,) such that r%(é) does not contain an irreducible subquotient of the form

§®0'. Then & » 6 has a unique irreducible quotient denoted by 0¢,, £ ® § appears in
rﬁ(gr x §) with multiplicity 1 and there exists no 0" £ 6, 6" € Jevgw,) such that £'®" appears

in rm(g" x0).

Moreover, if m € Jregyy is such that T%(TF) does contain an irreducible subquotient of the

form x ® 6", then there exist r and § € Jrvg(yw,) such that m = 0y .
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Let G’ be now either G,, or G(W). We denote by S(G’) the regular representation of G’ x G,
i.e. the space of Schwartz-functions on G’ with action

(91,92) - f = (h~ f(g1" hg2)).

If G’ is metaplectic we consider (o-equivariant Schwartz-functions: See also [97, 3.11.3] for the
next lemma.
Lemma 5.2.6. For w,n’ € Jregr, the space

Homgrxa (S(G'),r®7') #0

if and only if ¥ 27" and in this case it is 1 dimensional. More generally, if w1, 7o € Repy
of finite length, then

dimc Homgryar (S(G'), 11 ® m2) = dime Homgr (7Y, 72).
If x is a character of G', then there exists an isomorphism

S(G") > (x¥ @ x)S(G).

Proof. Let C*°(G") = S(G")" be the vector space of smooth functions on G’ on which G’ x G’
acts by left-right translation as on S(G’). Then

dimg¢ HomG’xG’(S(G,)v 7Ti/ ® 7-‘—;) =dim¢ HomG’xG’(ﬂ—l ® 2, ce (G’))

Note now that C*°(G") is the trivial representation of AG’ non-compactly induced to G’ x G".
The claim then follows from Frobenius-reciprocity. The last isomorphism is given by sending
a function f +~ xf. O

Lemma 5.2.7. Let G’ be as above and P a parabolic subgroup of G' with Levi-decomposition
P=MwxN. Then
rpxc(S(G")) = IndjfE (S(M))

Proof. Since S(G') = IndgGX,G "1 we can apply the Geometric Lemma and note that AG'\G'xG’
is a single P x G'-orbit. O

If P is a maximal parabolic subgroup of G’ with Levi-component M = M; x My and two
representations of finite length of M of the form m ® ma, 7] ® 7 we recall

Hom /(7 ® T2, 7] ® 75) = Homyy, (1 ® 71) ® Hompy, (72 ® 75)

as C-vector spaces, see for example [I07, Theorem 1.1].

Lemma 5.2.8. Let P be a parabolic subgroup of G with Levi-decomposition P = M x N,
™ € Repy,; not necessarily of finite length and T € Rep a representation of finite length. Let
f:Indg(Tr) — 7 be a non-zero morphism. Then there exists an irreducible subquotient o of ™
and a non-zero morphism Ind% (o) — 7.

Proof. Assume first G = P and take o to be an irreducible subrepresentation of Ker(f)/m < 7.
Since f factors through 7 - Ker(f)/m we obtain the desired morphism by restricting to o.
For general P, we obtain by Frobenius reciprocity a non-zero morphism © — rp(7). Applying
the first case to M and P = M yields an irreducible subquotient o of 7w together with a non-
zero morphism o — rp(7). Again by Frobenius reciprocity, we obtain a non-zero morphism
Ind% (o) - 7. O
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5.3 Filtrations

In this section, we study filtrations of Iyyw (X, s) and its Jacquet module along a maximal
parabolic subgroup. The first filtration was already introduced in [73].

Consider the space W & W where the second copy of W is equipped with the inner product
—(.,.). This induces a natural morphism

tGW)xGW) - G(W e W),

which is an embedding except when G(W) = Mp(W). In this case it restricts to an embed-
ding
:Sp(W) x Sp(W) = Sp(W @ W)

and we choose it so that (¢,¢’) = (¢¢’) on the (-part. We write from now on W' X!
X, Yy, Y, for the i-th copy of the respective space in W & W for suitable a,b. Let x be a

ab’ T ar
unitary character of G,,, s € C and Y := X;W @ quw ® AW,,, €W & W and decompose the
corresponding parabolic subgroup as P(Y) = M(Y) x N(Y'). We consider the representation,
called the degenerate principal series representation of G(W) x G(W),

* G(WeW
Lww (x, 8) = " (Ind 5" (xldet]})).

This representation will preoccupy us throughout the remaining chapter. Define the Grass-
manian

Ly = PY)\G(W @ W)

as the space of n-dimensional isotropic subspaces of W & W. The above embedding gives a
G(W) x G(W)-action on Ly with locally-closed orbits € for ¢ € {0,...,qw} given by

Q= {U : dimg(U n Wl) =dimpg(U n WQ) =t}.

Set Q! := Up<; Qp, which is an open subset of Lyy. By [Proposition 2.3.2] we have a filtra-
tion

O0=I,¢clyc... gI(IW =IW,W(X78)7

where

It = {(b € IW,W(Xas) : ¢|Qt+1 = 0}

Define
gt = It—l\It-

The following theorem was already proved in |73 §1]. To make later arguments clearer, we
write it out.
Lemma 5.3.1 ([73, §1]). The subquotients oy := I;_1\1; are of the form

- G(W)XG(W) s+t s+l
702 (10 Xy IAE ) (det], ™ @ x|det], ™% @ S(G(W2))).
Gt Gt

Proof. We introduce the following notation. If A, B, C, D are vector spaces over E,

a € Hom(A,C), b e Hom(B, (), c e Hom(A, D), d € Hom(B, D),
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we denote by

(i Z) ¢ Hom(A® B,C @ D)

the corresponding linear map. Pick §; € G(W & W) with P(Y)d; € € as follows. Recall

gy —t, B¢ of [Section 2.3.4 and for V := (X}, oY )& (X2, &Y?2 ) let

0 agy-
Toy = (5 Lt ) e Hom((X{,, V72, )e (X7, oY, ). V).
t 2qw—2t

We now set V' := X} @Y, 1@ X} @Y ® quw ® WqQW and define d; to be the image of 1y xzq v
(respectively (1y7, 1) xxg v in the metaplectic case) in G(W @ W) under the natural morphism

G(V')x G(V) - G(W & W).

In the metaplectic case we again take the morphism respecting the multiplication. The
stabilizer of P(Y)d; in Ly under the action of G(W') x G(W) is the subgroup

Ry = Gy x Gy x AG(W) x (Ng x Nit) € Py x Py, (53)
where N; denotes the unipotent component of F;). Next, let us recast the representation

1
Iwvw(x, s) in the language of ¢-sheaves by sending the representation y|det|;d ]Qz,(y) through

the following diagram.

Repp(yy —20 Sh(Lw, G(W @ W)) =5 Sh(Ly, G(W) x G(W))

T <

Repg, Repow)xaw)

By [Proposition 2.3.3| this computes precisely Iy (x,s). Using this, we denote by .#*X the
sheaf in Sh(Ly/, G(W) x G(W)) such that Sec(.#X) = Iyy,w (X, s). The filtration of Ly by
Q! gives by [Proposition 2.3.2| a filtration of Sec(.#*X) via the short exact sequence

Sh(Q", G(W) x G(W)) —— Sh(Q', G(W) x G(W)) —— Sh(Q:, G(W) x G(W))

] ! |

FIN@T) FIN) o

Sec

But Sh(Q¢, G(W) x G(W)) — Repew)xcw) is by [Proposition 2.3.3| equivalent to the
following composition.

Sh(Q, G(W) x G(W)) ——25 - Repp,

lSec llnd

Repow)xaw) oo Sh(, G(W) x G(W))
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This gives the claimed induced representation. Namely, for

g= (mlam2ugvg’n17n2) € Rt7

we have
5:95; = ( m ,n)eP(Y)
H(Y)

1
and by an easy calculation |m|= |mima|. Then G; x G; acts by X|det|f]5123(y) on Res(FX),

AG(Wy) acts by X‘Z(G(Wz)) and N; x N; acts trivially. Moreover,

RepRy 2% Sh(Qy, G(W) x G(W))

factors as
Ind Ind
RepRy — Sh(Rt\P(t) X P(t)) — Sh(Q, G(W) x G(W)).

Since the image of a character x under

Repac(wy) — SHAGWNG(Wr) x G(Wh), G(Wh) x G(W)) =5

= RePowy)xa(Wh)

is the regular representation twisted by (1 ® x~!), the final assertion follows by noting that
1 1

Sec o Ind gives # — Ind and writing 1 = 5153(1&))( P(t)é;i)x Pu) to normalize the induction. O

The isomorphism

5,X 2 G(W)xG(W) s+t st
FIX(Q) > (1@ X\Z(G(W))Indp(t)xp(t) (x|det],**2 ® x|det],*"2 ® S(G(W}))).
Gy Gt

can therefore be written out explicitly as

fe((g1xg2) = h = f(0u(g1,hg2))))-

cwyxaw) W)

An irreducible representation 7 € Jrvgw is said to appear on the boundary component if
there exists a non-zero morphism f: Iy w (x,s) - m® 7" which vanishes on I;_; and does not
vanish on I; for some t > 0. Note that in this case there exists then a non-zero morphism
o> T,

Remark. Note that one could a prioi hope that one gets a similar statement for Iy (X, s)
as for o, , in the sense that if there exists a non-zero morphism Iy (x,s) - 7 ® 7', then
this implies 7’ = x7V. However, if for example W is symplectic, o4, does not have to be
cosocle irreducible, indeed for s = —qTW, Oqy is semisimple of length 4.
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5.3.1 Filtration of the Jacquet functor Let r € {1,...,qw}, P = Py x G(W) ¢
G(W) x G(W) be a standard parabolic subgroup and define the following subsets of Ly for

kEe{l,...;r}, je{r,...;qw}.
I = {U : dimp(U n X}) < k, dimg(py: (U)) > 7 - k,

dimpg(pxn\w1(U)) > 2qw - j -k},
where py1 respectively pxi\p1 is the projection to Y;} respectively X}\Wl. This subspace is
P-invariant and T'*7 is open since dimg(-n X) is upper semicontinous and dimg(px(-)) is

lower semicontinous for a suitable vector space X. We write (k,j) < (k',7") if k<K', j<j".
Then T%J ¢ T*J" if and only if (k, ;) < (K, j'). Define

T =T\ | T ={U:dimg(UnX})=k, dimg (py1(U)) =7 -k,
(K',5")<(k.5)
dimpg(px\w1(U)) = 2qw — j - k}.
It is then clear that Uy ; I'x ; = Ly and the union is disjoint. Hence this gives a stratification
of Ly by P-invariant locally closed subspaces of Lyy. Recall the parabolic subgroup P('j_r)

defined in
Theorem 5.3.2. The representation rp(Iw,w (X, s)) has a filtration with subquotients Ty, ;, k €

{1,...,r}, je{r,...,qw} such that there exists isomorphisms
= GrxG(Wy)xG(W) s+h
A it~ (1® X)IndQ(k,T‘_k)xP(’j_T)xP(j)(deet|” ®
Gk
—s—j+% s+% s+k+j%
®0;—,; (x|det|, ®x|detf, *) ® x|det], ®5(G(Wj))),
[ S —

Gy
where P(;_yy is a parabolic subgroup of G(W,).

Proof. We write the Levi-decomposition of P as P = M x N. Let .#%X be the sheaf in

Sh(Lw,G(W) x G(W)) such that Z2X(Lw) = Iy, (x. ) as in the proof of [Lemma 5.3.1

Observe that I'y ; is covered by
Lije =Ty = xwy joppar—j-rt(P), te{j—r+k,....j}.
To see this it is enough to note that for U = xywg p t—q-pt(p), a,be N, a+b<t, pe P
dimp(Un X)) = q, dimg(pxn\w1(U)) =2qw —-r-b-a,
dimpg(py(U)) =7 -a.
We now set )
# -1 = FXChj)IN, Thj = 5;5# — Thj

and since the I'y, ; cover Ly and are locally closed, we obtain a filtration of p(Iw,w (X, s))
with subquotients 7 ;’s by |[Proposition 2.3.2} Next, we will define a morphism

G xG(W, ) xG(W 3
A;’j: #-mp; > (1OX)#- IndQ i (XP,)_ ip) (X\det\fﬁ;(y) ®
kyr=k 280y ()
[ —

Gy
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_1 . 1 1
00,15 (xIdet]; 02, ety F Mo detl3 53, ) @ XI55, ) @S(C(W))).

—_—
Gjr
To do so we first define a morphism ¢ : M,_, ; x G(W;) - G(W @ W). This is done as follows.
Let h = (x,g) be an element of the left side and let [ be the rank of x and set t = j —[. We
then write
x =my ' 1jtmy (54)

0 0
12 = (0 11) € Mr—k,j'

Next let ¢1:G; - G(W) be the multiplicative morphism sending m; € G; to the element
(my, 1y, ) in the Levi-subgroup of the standard parabolic F,). Similarly, we define t2: G, —

G(W) by sending first
e > 1z O
2 0 mo

and then embedding this element into the Levi subgroup of the standard parabolic P,
of G(W). Finally, let v3:G(W;) — G(W) by sending g to the element (1;,9) in the Levi
subgroup of the standard parabolic subgroup F;y of G(W). We then set

with mq € G, mo € G,_;, and

d(h) = t(t2(c("m2)), t1 (mi")) St (W jortsr—iot, L )e(t2(m2), e1(m1)es(g)),

where Wy j_y t4r—j-k = Wk jort+r—j—kr is the element we introduced in We need
to show that this is independent of the choice of mq and ms. Recall that the stabilizer of 1;
under the action of G,_j x G; in the sense of is of the form

r (p3 O P11 P2
= eGrp,p= e Gy,
P (p’g p’l) ko P (0 p3) J

where p1 € Gy, p2 € My, p3 € Gy, Py € Gropi, Db € M y_p—1- A straightforward calculation
shows then that if p3 = 1;

V(w1 (p™))6et (Wi jrger—joks Iw )e(Lw, 01 (D)) = 64t (Whjrter—joks L)
and
(e2(c("p") s 1w ) et (W jmper—jaks 1w ) e(e2(P"), 1w ) = Bpt( Wi jmpter—joks L)
Moreover, if p1 = 14, p} = 1,-k-1, p2 = 0, p = 0 one has the identity
W(e2(e("p"))s 1 (D)) Set(Whejr ks 1) =

= 04t Wh jor ter—j+ks L )e(ea(@ ™), u(p™)).

Combining these three equalities gives ¢(p' " 1;p, 1y ) = (11, 1) and hence shows that ¢ is
well defined. Note moreover, that if we restrict the morphisms to those elements of a fixed
rank [, it is continuous and for a = (m,g) € G,_, x G(W;),b=(m',¢") e G; x G(W})

o(a™ hb) = (uz(c('m)), 1 (' a(g™ S ()i (m)ia(g), (). (55)
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We then define A;“ ; as the morphism sending a section
feFIX(Tyy), f1P(Y)y; - C

on the left hand side to

g moomf b e [ F@mg)dn],

N — —~ k,
G(W) GrxG(Wy) Mr—k,jXG(W]')

where we fix the choice of a Haar-measure on N and Ny, ; := Ni ; ; with

Nigg = N, Iw) 0 e gir g 1w )05 N (V) Set(W g gr—jores 1))
forte {j—r+k,...,j}. Putting now all issues of well-definedness aside for a moment, it follows

from the properties of a Haar-measure that this morphism factors through .%; ’X(I‘;w-) N-

Several things need now to be checked in order for this morphism to well defined. We start
with the following lemma.

Lemma 5.3.3. Forallt,t' e{j-r+k,...,j}

Nk7j7t = Nk)j)t, :

Proof. Recall from the proof of [Lemma 5.3.1| that the stabilizer of z; = P(Y)d; under the
action of G(W) x G(W) is equal to

Rt = Gt X Gt X AG(Wt) X (Nt X Nt)

Here we denote now by N; = N(X;) again the unipotent part of the parabolic subgroup
P4y = P(Xy) in G(W) and we write from now on w(H) := w™' Hw for any closed subgroup
H of G(W). Thus Ny j, is

Niji = Ne 0wp jop par—j-k(Ne).

Note the following equalities. Let a,b € {0, ..., qw — 1}. Firstly, N(X,) n N(Xpq,, ) consists
of those elements in N (X,) which are the identity except on Yp 4, and induce the 0-map in
Hom(Y3, X3). Moreover,

N(Xap) " N(Yop) = {1}

and if a <b N(X,)n N(Xp) consists of those elements in N(X,) which are the identity on
X4p ®Y,p. Using this, the claim follows easily. Indeed, note that

wk,j—r,t+r—j—k(Nt) = N(Xk @ Yk,t—j-H“ @ qufjJrr,qW)-

It follows that therefore N, nwy, j_y1ir—j—i(IN¢) consists of the following elements of N,. If
Jj—r+#0,k #r they are the identity except on X, @ Y}, @ Yy, —j+r g, and induce the 0-map
in Hom(Ygy, —jsr, X —j+r) - If j =7,k # 7, it consists of those elements in N, which are the
identity everywhere except on X @ Y. Finally, if k = then j = and it consists of those
elements in /N, which are the identity on X, ; ® Y, ;. This description is independent of ¢. [J
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It implies that n — f(¢(h)c(nm,g)) is invariant under Ny ; and hence the integral makes
sense. Let us check now that the integral converges. Indeed, let K be the compact support of
fon Ly = P(Y)\G(W @W). From the definition of Ny, ; it follows that x (N}, j\IV) defines a
closed subspace of Ly for all x € I'y, ; and hence K nz Ny, ;\N is again compact and therefore
we have convergence. Next, it is easy to see that A;% j( f) is also compactly supported with
respect to h and A;% j( f) is locally constant with respect to g and m. A priori it is however only
given that A;% j( f) is locally constant with respect to h when we restrict it to elements h whose
rank in M,y ; is I for some fixed I. Indeed, for a = (a’, 1w, ) € G, x G(Wj), be G x G(Wj)
both close to the identity, we have thanks to the P(Y")-invariance, f being locally constant,
and a change of variables

[Vk,j\Nr f(o(h)e(nm,g))dn = /Nk,j\NT (b~ ha)u(nm, g)) dn.

To show that A j( f) is locally constant with respect to h without this restriction to a fixed

rank, we argue as follows. Fix a rank [ and let i€ {{+1,...,r—k} and for ee F’
0 0 O
me: =10 el;.; 0]= 1;né
0 0 1
with
s 0 0
n,= 0 el O
0 0 1

Note then that the centralizer of w,;lj_r T_k_léjf_lléj_iwk’j,r’r,k,i contains ¢(G, x Ny, 1y ), as it

is the identity plus a morphism in Hom(X,Y") represented by the matrix (;_;, where
1 2 2 1
X =Yg ® X550 Y = Y7500 X e

Thus for all p € G x N,
L(p_lv 1W)¢(127 1Wj )_1¢(m€7 1Wj)[’(p7 1W) =

= o(1, 00 (/. )1 1w, ) (L, L, )e( L, e (nl)).

We can describe the last element explicitly as 1y gw plus a morphism in Hom(X,Y") repre-
sented by the matrix ef;_; and for any open neighborhood of the identity we can choose e
such that the above element is contained in it. Using that f is locally constant and a change
of variables we thus obtain that that

[Vk,j\N f((ﬁ(l;, 1Wj )L(nm7 g)) dn =
) ﬁvk \N F(@(13 L, )e(nm, g)d (13, Tw, )~ e(n ™, Tw ) d(me, 1w, Je(n, 1w)) dn =

i fzvk,jw (@ (me, 1w, )i(nm. g)) dn

and hence A} ;(f)(g,m) (L1, 1w;) = A ;(f)(g,m)(me, Lw;) for all g and m. If h is another
element in M, _j, ; of rank ¢ different from (me, 1Wj) such that A is close to 1; we can use that
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f restricted to a fixed rank is locally constant together with the fact that ¢ is continuous on
those elements to show that Ay ;(f) is locally constant with respect to h.

Next, we need to check that A;“ j( f) behaves under left translation with respect to g and
m as is required by parabolic induction. For the invariance regarding the unipotent part of
Pys Qi,r-k) and P('j_r) we argue as follows. Firstly, for n in the unipotent part of Q)

or P('J;T), we have that for t € {j —r+k,...,j}, wk7]4_,“7,5_]-_;%,"nw;}j%tijfkw € t(Ng, 1)
and hence the invariance follows from (53). For n in the unipotent part of P(;), then
k7j_r7t_j_k+rnw,;1]._r tmjmkir € t(N¢, N¢) which again implies the invariance by .

Next, we discuss the required equivariance properties by the Levi-components. First, for
my = (a1,b1) € Gj x G(Wj),ma = (az,b2) € Gp_i, x G(W;) we observe that by (55) and the
equivariance properties of f

S

1 _1
x(mama)|det(ma)|y0 5y (ma)|det(ma)],*6 piy (m1)-

f(@(R)e(e2(ma)nm, 1(mi1)g)) =
= f(t(ea(e(ad)e3(b2), 11 (a7h))d(h)e(ra(az), 1 (ar)ea(br)))e(nm, g)) =
= F(e(ea(e(ad), 3 (b3 )er (i) p(h)e(e2(az), 11 (ar)ea(br))e(nm, ) =
= f(¢(m3"hmy)u(nm, g)),
where we used for the second equality . Therefore

F(@(h)e(ez(ma)nm, 11 (ma)g)) =

= X(mams)|det(ma) 362, (ma)|det(m) ;"5 (ma) f (6 (mi b )(nm. ).

Finally,
ka AN f(o(h)e(nea(ma)m,g))dn =

= maf 50 [ h d
[m NN f(@(h)e(t2(ma)nm, g)) dn
by a change of variables and the explicit form of N, ;\IN we give in the proof of [Lemma 5.3.3
The required invariance thus follows. Furthermore, for m’ an element in Gy, x G,_ x G, X
G(W;) of the form m' = (my, g, my, lw,;) € G x L, x Gjp x Ly, and t e {j—r+k,...,j}
'wk,j—r,t—j—k+rm,wl;,1j—r,t—j—k+r € (G, Gy)
and therefore we have by
1
F(@(h)e(a(m)nm, g)) = x(mymy)|det(myms)[36 5y (mima) f ($(h)e(nm, g))

and hence a change of variables shows that

Ak,j(f)(ga m,ma h) =

1 1
= x(my)ldet(m})[*63 . (m})x(my)|det(m3)[*" 52 . (m3) Ay ; () (g, m. h).
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Finally, it is not hard to see that A} ; is an G, x G(W;) x G(W)-intertwiner, since the
morphism respects right translation.

Therefore Aj . is a well-defined morphism. Note that after normalizing both the Jacquet
module and 1nduct10n we obtain a morphism

GrxG(Wyp)xG(W)

Apiimh; > (1@ x)ImdQ(}C <Pl XP(J)(x|det|v
Gy,
- r_g i 2 s+hk+LC >
®0'7-_k’j(X|det|U ®X|det|v ) ® x|det]s, ®S(G(W;))).
|
Gir

Next we stratify I'y, ; by Ty js, te {j—r+k,...,j}, where
Lrji = Q0T = 2pwp jor per—j-rt(P)

and set [ := j —t. Recall from that

GrxG(W)xG(W —j+ Ik s+1
(1 ®X)IndQ(:T (IC)XI)D(X (X;(J)(x|det|v 3 ®C,_ k](x|det|v 2 @x|det], ?)®
—_——

Gy,
@ xldetls™ " 0S(G(W))))
G,

has a filtration by the rank of the linear maps in o,_y, ;, i.e. by representations of the form

GrxG(Wy)xG(W)

/ .
Th.j,l = (1 ® X)IndQ(k,r—k)XP(j—'r')XP(J)

kE gy Tk J
(x|det]s"? ®@w;(x|det],” "2 @y|det]; ?)®
N——_——

Gy

@ xldetls™ T 0S(G(W))))
———
Gjr

for 1 €{0,...,r —k}. We will show that Ay, ; restricts to an isomorphism rp(F*X (T ;1)) >
7']2 it Note that by construction of Ay ; and ¢, the Ay ; restricts a priori to a morphism
r p(ﬁ *X(Dk,jt)) = 71, ; 4 To show that it is an isomorphism we use the Geometric Lemma.

Namely, we can compute rp(.F*X(I'y j+))) by applying the Geometric Lemma to

G(W)xG(W)

Ot = InthththlthxAG(Wt

t t
 (xldet], > @x|det], > 1)
and obtain isomorphisms

Apjprp(FX (L)) >

z GexG(Wy)xG(W 5 5
= F (ke orggoker) GGG ) (cldetl™ @xdet], ™ 01)) =

/ s+t s+t
= Ind VD C o 1ndl (wie i 4 i ker 0 6 0 rg(|det]y 2 8ldet]y 2 1)), (56)

where

P'=Qir-k-1) X Plj_py x Pjipys B=AG x AG(Wj),
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R =G x Gy x G(W;) x G(Wj), Q = Qi jort—j—t+r) X Gj—i x AGp x AG(W).

Plugging in the definitions yields that above representation is

1 4GexG(Wr)xG(W) s+% —s—j+ ik s+t
Tt = IndQZk,r—k—l,l)XP(,j—r)XP(tvl) (x|det]s ? ®x|det], 2 @x|det]|y, 2®
G Grok-1 Gt
—s—j+% s+j—% s+k+j%
®S(Gy)(|det]s ®|det|, ) ® x|det|, ®S(G(W5))).
—~———
Gy

Recall from our discussion of the Geometric Lemma we saw that Ay, ;; is precisely

Apje(f)= g x m = p(f 6wk j—rr-k—1, 1w )t(nm, g))) dn
— - Ni it \N
G(w) GrxG(Wr)
where
Nijt = Ni

by and p is the projection to

S L X S L
T (X|det|v+ 2 ®Indg((:)/ztiGGE%)) (X|det|UJr 2®1))

with
H, = (N, 1w) n (wl;,ljfr,t&rfjfk? 1W)Gt X Gt X AG(Wt)(wk,jfr,tH"fjfky 1w))

In this case, this means we just forget the H'-action. Thus

Agji(f)(g,m) =

- [Nk,j\N (W j—r it Iw ) e(nm, g)) dn = Ag, ;(f)(g,m)(1]).

Comparing the two group-actions on each side of the equation, we obtain a commutative
diagram of the following form

A
rp(FIX(Thin)) —25 Th s

B,
\LA}C,/

!
7j7l

where By: 7y, il 5 Tk, ;¢ is the following parabolically induced isomorphism. Namely,
GrxG(Wy)xG(W) ( B ® 1

Q(k,r—k)xG(WT)xP(j) - e )’
GrpxGj  GpxG(Wr)xG(Wy)

Bl :=1Ind

and B is the composition
_g_jir=k I~
wi(x|det],” "2 @x|det]y *) >

G'rkaGj

5 Ind
- Qrk-1,1%Q;y,

L L
(|det|2 ®|det],* ®
1
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—s—j+555

@(ldet], * @ldet|? )S(G1))(xldet]; 2®x|detwv 53

luz

md% =% (|det],” " S ®|det|s" T 7 ©5(C))).
Qr_k-1,1xQj-1,1

The last isomorphism in this composition is obtained by sending a function f’ on S(G;)

ik
to x|det|,” 72,4 and then parabolically inducing this morphism to G,_g x G. Therefore
Ay,j(f) induces an isomorphism from to rp(Fc(T'k, ;1)) = 74 ;, and the 5-Lemma shows
then that Ay ; is an isomorphism. O

As a corollary of the proof, we obtain the following. Let Qf = U!_Qy, Ty ;= QN T ; and
I";m. = Q' n T ;. Moreover, set

Tt = 7P(F (Tryt))s Thj = rp(F (Th )
Furthermore, 7 ; has a filtration by

GrxG(Wr)xG(W)

k
s+5
Skj (1®x)In dQ(k,r—k)XP(/j_T.)XP(j)(X’det|v ®
G
_s—i k
@i (xldetl; ™" oxdet]y ?) © xldet; ™7 > ®S(G(W))))
—_—

Gt

coming from the filtration of o,y ; by Sj, 1 € {0,...,r - k}.
Corollary 5.3.1. Then Ay ; restricts to an isomorphism

ot 5 it
AkjiThj = Sk

5.4 Behavior on a boundary component

Let £ be a character of the form
_1
€= xldet]y 7, seC, x* =1

and set for k € N, pg:=7Z([1,k]¢) =X|det|3+§. More generally, for m € {0,....qw}, o =
(a1,...,ax) a composition of m, define

a1 %k
o= x(ldetly 2 x..ox|detfy 2 ) = Z([1, a1 ]¢) x ... x Z([1, o0 ]e),
N—— N——_— —
e Gay,

which is irreducible by Define
o =" 2™ (g 0 pr 0 S(G(W)))

and write &, := £|det|¢ for a € C.

In this subsection, we prove the following proposition.
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Proposition 5.4.1. Let 7 € Jrvgyy. Then

dim¢ Homg(w)xg(W)(Jé,’iT ® 7Tv) <1

Proof. We prove the claim by induction on dimg W, the case t = 0 being Thus
assume that ¢t > 1 and let d := —2s be such that {; = {&;. We also can assume without loss
of generality that a; > ... > a; and set t := a;. Depending on d we will differentiate several
cases.

Case 1: de{l,...,t-1}

Note that in this case & 2 &. Indeed, if £ = & we would obtain that 2t = d + 1 and therefore
2t < t + 1, which gives a contradiction. Observe moreover, that if there exists a non-zero
morphism

op—>TeT,

there exist by [Lemma 5.2.8] representations 7 € Jregw,) such that ppx 7 - 7. Since by

Lemma 2.3.10[ & x p—1 - p; we can find by [Lemma 2.3.10| 1 <r € Z.o and ¢ € Jrrgyy,) such

that

(&) %0 »m

and ¢ is not a quotient of a representation of the form & = ¢’ for ¢ € Jevg(w,,,). Using the
MVW-involution and the fact that & % &’ we obtain that

T2 0, (fg/)r x0, 6%/,5,7* — (g;/)r XY

by where we also introduced this notation. We now have by Frobenius reciprocity
that

dim¢ Homg(W)Xg(W)(O'z, T™® 7TV) <
< dimg Homg ey (01, (&) 26 ® (§)" = 6") =

dime Homg, «aw, )xaw) (Tp, xaw)(01), (&) ® 9 @ (§)" = 6")

Next we apply the Geometric Lemma to r p(r)xc(w)(ag ) and show that the only subquotient

G(Wr)xG
F (0 o ) (01 @ Ind G50 (0 0 S(G(W))))

admitting a morphism to (£')" ® d ® 77 corresponds to ki =0, ko =7 — 1, k3 = 1. Here we use
the representative vy, i, r, chosen in . Indeed, if there would exist a non-zero morphism

F(0hy k) (p® Ind G (0@ S(G(W))) = (€) 9@ ()7 % 6%),

we would obtain a morphism Z([1,k1]¢) x p’ x Z([k1 + k2 + 1,t]¢)¥ - (&)" and a morphism
Z([k1+ 1,k1 + ko]¢) x p"" — 6 for suitable representations p’ € Jte, i, _x, and p” € Jrtgwy,)-
From the first morphism we obtain that ki + ko is either ¢ — 1 or ¢. From the second morphism
we obtain that k; + ko cannot be ¢, since otherwise, we would have a surjective morphism

gt X Z([k‘l + 1,t— 1]5) X p" - Z([k?l + 1,]{21 + k‘Q]g) X p” >0
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and hence we obtain a contradiction to the assumption on d by the MV W-involution. Moreover,
k1 <1 with equality if and only if d = ¢, which we excluded. We thus showed that

dime Homewyxa(w) (01, (§)" 2 6 ® (&) % 0") <

dimg¢ HOmGTXG(Wr)XG(W) (

GrxG(Wr)xG(W
Indgy 0 (S(Gr1) ©& @ i1 ® pr ® S(G(Wir)),

(&) ®d® (&) xd").
Applying with respect to Q1 ,_1) yields that the dimension of the last space is equal to
the dimension of

Home, 14,y xc(w,)xGw)

ro1xG1xG(W,)xG
& ®Indy o 1)%@1 1)(W)(S(Gr_1) ® pr1 ® p® S(G(Wiir_1)),

rQi_((gg/)r) ®I® (&) xd").

We thus get a morphism &’ ® S(G,-1) — oy ((ft )"), which by [L is up to a

scalar unique and factors through the 1nclu31on

& ®8(Gr1) » & ® (&) o

((&9)")-

Applying this to our Hom-space we obtain that the dimension is bounded by

Q(l,r—l)

dim¢ HomGT_le(Wr)xG(W)(

ro1XG(Wr)xG(W
I d Gr_ 1XP((t I)XP(t(r 1))( ( r— 1) ®pt*1 ®p®S(G(Wt+T‘71)))7

(&) Tede (&) «dY).
Applying first with respect to the parabolic subgroup P(X¢ ¢+r-1) contained in the second

copy of G(W), then [Lemma 5.2.6{and then again with respect to P(X}4r-1), it follows

that the dimension is equal to

G(W)xG(W)
Po1yxP(i,r-1)

0@ (&) %0").
Since & Lxpppp x & ~1 by [Theorem 2.3.9] the dimension of the last space is equal to

dim¢ Homg(w, )« (w) (Ind (p1®pr ®& " ®S(G(Wisr1)),

. G(W)xG(W r—
dim¢ HomG(WT)xG(W)(Indp((tfl))xp(il’t)) (pr-1© &7 ® pr ® S(G(Wisr1))

0@ (&) ndY) <

. G(W,)xG(W
dim¢ Homgw, )xq(w) (Indp((t_l)lp(r(’t_l)) (pi-1 ® & ® pi-1 ® S(G(Wisr-1)),

08 (&) x4,

where we used for the second inequality again that & x p;_1 - p. Applying , we see that
this is equal to

dim¢ Homg, «q(w, )xa(w,) (&) ® IndJG:((K:)XXp%??) (pt-1® pr-1 ® S(G(Wiir-1)),
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5@ rp— (&) %0")) =
dime Homg, a(w,)xcw,) (&))" ® 01-1,6 @ rp (&))" » 6¥)).
Since & 2 &’ we can apply to see that the dimension is equal to
dimc Homg, xq(w, yxaw,) (&) ® 01-1, (&) ®d ®07).
The induction hypothesis on dimg W shows then that this space is 1-dimensional.
Case 2: d¢ {1,...,t} or t=d:

Note that if there exists a morphism
o >TRT’

then there exists by [Lemma 5.2.8 7/ € Jregaw,) such that pg x 7" > 7. Therefore there exists

p € Itty, p:=po for a=(ai,...,ax), max;a; =t and 7 € Jrrgy,,) with px 7 - 7 such that
there exists no b e {1,...,t} and 7" € Jrvgy,,,,) with ppx 7" = 7. We write p = p; x p’. Using
the MV W-involution, we obtain that m < p¥ » 7.

We have

dime Homgwyxgw)(op,p" n 7@ ) =

. G xG
dimc Homg, g (w,)xaw) (ot ® IHdG%Z;xpgv) (pt ® S(G(W))),

Tm(ﬂv nT)@T') =
. G xG
dime Homg, xa(w,)xaw) (pf ® Indggjﬁxpftfv) (ot ® S(G(Wh))),

TRy, (P  xT)®T").
We now apply the Geometric Lemma to rp,,, (px 1) and see for which ki, k2, k3 a morphism
from the left side exists to the respective subquotient. We claim now that if d ¢ {1,...,t}
itiski=t,ks=m-t,ks=0and if t =d it is either k1 =t, ko =m—t, k3=0o0r k1 =0, ko =
m—t, k3 =t. Assume

. (W)W
dime Homg, xw,)xaw) (Pt ® Indggngp((t) (o ® S(G(WL))),

F(’Ukl,k%kg)(pv ® T) ® 7Tv) # 0.
Plugging in the definition of

_ GtXG(Wt)
- IndQ(klvt*krkz,ks) *Pky)

F(Ukhk’z,ks)(pv ® T) © Vky ko k3 ®

V
OTQ(kl,kQ,k3)XP(m—k1—k3)(p ®7)

and applying Frobenius reciprocity together with we obtain pg, = ,0%3 and
hence k3 = d. Thus k3 =0 if ¢t # d and if k3 # 0, k3 = d and hence k1 =0 and ko =m —t in
this case. Moreover, if ks = 0 then ko cannot be different from m — ¢ as it otherwise implies
the existence of an irreducible representation 7" € Jtvgy, rky) and a non-zero morphism

Z([k1 -t,-1]¢ ) ® 7" > rp,_, () and hence a morphism Z([1,t - ki]¢) ® 7" = 1 (7).

12

Pli-ky)
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By this contradicts the assumption on 7. Thus, we have shown the claim that if d # ¢
kl Zt,kg =m—t,]{?3 =0andifd=t kl Zt,kg :m—t,kgzo or k?l ZO,kQZm—t,kg =1.

Case 2.1. d¢{1,...,t}:

We just showed
dime Homgewyxaw)(op,p' n 7@ 1) <

. G(W)xG(W

dime Homg, < (wy)<a(w) (pf ® Indagngp((t) (o ® S(G(W1))), (57)
Ttm-t)(p )@ T®T").

We note that the p" is irreducible and that Jac v(p ), ¢f. end of [Section 2.3.3| is irreducible.

Indeed, since p" is irreducibly induced, we can write it as p” = (py')" x pj, where max; j3; <t.

Then the Geometric Lemma gives that Jac,v(p*) = Jac,v((p{ )Y x pg, which by [Lemma 5.2.2

and [Theorem 2.3.9|is irreducible and equal to p’ = (p} )*! x pj- Thus every morphism in 1'
factors through a morphism in

G(W)xC(W
Homg, «awi)xaw) (pf ®Iﬂdggngp( (e ® S(GW))), 0 ® p" 5T @ 7Y),

whose dimension is by and [Lemma 5.2.6| equal to

. G xG
dimg Homg(Wt)Xg(W) (IndGE%;ng‘/) (Pt ® S(G(Wt)))’ p’V XT® 7TV) =

= dime Home i, yxc,xc(wi) (01 ® S(GW)), p 2T @ rp (7)) =
= dime Homg,wa(w,) (o1 ® p' 2 775 rp (7)) =

= dime Homg ) (pr x p' % 77, 7") = dimg Homg oy (r, p” % 7).

But on the other hand, for each morphism o, > 7 ® 7¥ and each embedding 7 = p" x 7 we
have a morphism
!/ \% \% \%
Oy >»>TRT —=>p XTRT,

and hence
dimc Homgyy (m, p* % 7) 2 dime Home gy (0f, p" @ 7@ 77) 2

> dimc Homewyxgw) (o, 7 ® 77) - dime Home oy (m, p* x 7).
In particular, we have Homgyxaw)(op, 7@ ") < 1.
Case 2.2: t=d:
Note that this is equivalent to p; = p; .
Since t = d

. G t XG
dimg¢ HOInG,g><G(Wt)><G(W)(ptv ® Indg%% )XP(W) (P ® S(G(Wt)))

F(vom-aa)(p’ ®T)@T") =

. G t XG
= dimc Homg, x(w,)xa(w) (pf ® IndG%t)xp((?/)(Pt ® S(G(Wh))),
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F(vam-d0)(p" ®@T)@T") =
. G(Wy)xG(W
= dime Homg, g (wy)<a(w) (07 ® Indggngp((t) (o ® S(G(WY))),

T(d,m—d)(l)v) xTeT).

As in Case 2.1 we see that

. G(Wy)xG(W
dimc Homg, «a(wi)<aw) (p( ®IndGEW3Xp((t) (o ® S(G(WY))),

T(dm-dy(p )@ T®T") =
dime Homg oy (p x 77, 7") = dime Homg ) (7, p* % 7).

Using the same arguments as in the beginning of Case 2 and Case 2.1 we obtain
dime Home <) (o, p* x 7@ 1) < 2dime Homg ) (m, p* % 7). (58)
In a completely analogous fashion, we can show that
dime Homegwyxagw) (o1, p° x 7 ® p’ 3 77) < 2dime Homgpy (px 77, p" x 7).

On the other hand, for each morphism 7 ® 7 = p¥ x 7 ® p¥ x 7" and morphism o, » 7 ® 7’
we obtain a map in dime Homgwyxcwy(or, p” » 7 ® p¥ x 7V) and hence

2dimc Homgwy(px 77, p" x 77) 2
dimc Homg(W)X(;(W) (O’é, ™ 7Tv) -dim¢ Homg(w) (71', pv X T)2.

Next we prove the following lemma.

Lemma 5.4.2.
dime Homgyy(px 77, p" x7¥) < 2.

Proof. We write p = pf x p, where p = pg and max; ; <t = d. Applying Frobenius reciprocity,
and the Geometric Lemma, to

Homg ) (px7*,p" x7")
we obtain as above that
dime Homg gy (p = 7V, p" » 7V) < 2dime Homg,, « (i) (0f ® D2 77, pf @ p¥ 0 7Y).
Thus it is enough to show that
dimc Homg o,y (px 77, p" x77) < 1.

But this follows by applying Frobenius reciprocity and using the Geometric Lemma completely
analogously as in the beginning of Case 2 and 2.1. O
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We thus proved that
4 > dim¢ Homgwyxawy (o, 7 ® ) - dime Homg ) (7, p* % 7)?
and hence either dimc Homgwyxaw)(op, 7 ®7¥) <1 or
dime Homg oy (m, p” 1) = 1. (59)
We assume from now on the second case and thus by we obtain that
dime Homewyxgow) (o, @ 1) < 2. (60)

Fix an irreducible subrepresentation o1 of Jac,, (7). Firstly, by and the MVW-involution,
7 < pt @ 0. Applying Frobenius reciprocity to the map px7 - 7 < p; x 01 and using the
Geometric Lemma, gives with the usual argument p’ x 7 - 1. We thus obtain a map

PXNT = pp X 01 —> T.

If Jac,, (m) admits a second subrepresentation of, i.e. has a socle of length at least 2, the
exact same argument would give a map

/
PANT = P X0 > T

and hence dim¢ Homgyy(p = 7,7) > 1, which contradicts our assumption of by the
MVW-involution.

Now we distinguish two cases, namely 7 2 p; x o1 or 7 is a proper quotient of p; x o1. The
latter is easy to deal with. By (58]) it suffices to construct a non-zero map o; —» p¥ x 7@ 7"
which has image not isomorphic to 7 ® 7¥. This we can do as follows.

O > RO @pxa] »pxo @ > p'xTRT.

Thus we assume from now one that m = p; xo1. We first assume that Jac,, (7) is not irreducible.
It thus contains a non-semi-simple subrepresentation ¢ of length 2. Applying we obtain a
map p¢ ¥ 0 - 7 such that the composition 7 2 p; x 01 = p; x 0 - 7 is non-zero and hence a
scalar since 7 ¢ p; x 1. Therefore

Pt XO 2T D P X O, (61)
where o3 is the unique quotient of 0. Next we denote the image of the map
S(G)) ~ (W) oMYV

corresponding to the identity map oMYV - eMVW ' ¢f [Lemma 5.2.6 by 1.

Lemma 5.4.3. The representation I is of length 3 and isomorphic to the kernel of the map
(UMVW)\/ Q cMVW _, o1 ® 05/'

Proof. 1t is straightforward to see that I has to be contained in the kernel. Moreover I admits
01 ® 0] and 02 ® 0y as a quotient. Indeed, the composition

S(G(Wt)) N (O_MVW)\/ ®O_MVW s (O_MVW)\/ ®O’§/

has image oo ®0y. We can argue similarly for oy ®y. Thus if I is not the kernel we obtain that
it is isomorphic to o1 ® ) ® o2 ®0y, which cannot be a subrepresentation of (eMVW)Y @ MVW
since it contradicts the assumption that o and hence MYV are not semi-simple. O
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We thus have a surjective map

G(W)xG(W)

02—»Indp(t)xp(t) (pt®p®I) 2T T @ Py x02@p; X0y ®pxoa®T.

The last isomorphism stems from . In particular we have that m 2 p; x o9 by and we
constructed surjective maps

o » pinaa@n’, o) - px (MW eV, (62)

Note that by (61), p; @ (eMYW)Y = p,; xo. Now applying the Geometric Lemma to the inclusion
PO = rﬁt)(pv x 7) implies that at least one of o or o9 is a subrepresentation of p'" x 7. We

pick one which is and denote it by ¢’. We can now construct a non-zero map o, — p¥ x 7@ "
which has an image not isomorphic to 7 ® 7". Namely, by (62]) we have

op»>pxo @ >p'xTeT.
and thus we are done by .
Finally, assume Jac,,(7) is irreducible and hence isomorphic to o;1. By and [Lemma 5.2.6

we have

dimc Homgwyxaw) (o, 7 @ 1) = dime Homg ey (pr @ Jacy, (1), 7¥) = 1.

5.5 Proof of Theorem

Let 7 € Irr(G(W)) be an irreducible representation, x a unitary character and s € C. In this
section, we study the space

Homewyxaw) Tww (X, 8), 7@ x7*).

Proposition 5.5.1 ([73, §1]). The above space is non-empty, i.e.

dimc Homegwyxaowy (Iww (x; 8), 7@ x7’) > 1.

We quickly recall the construction of a functional in this space. For v € m,v" € 7¥ write the
matrix coefficient ¢(g) :=v"(7w(g)v). For ¥ e Iy (X, s) we then define

Z(s,x,0,¥) = f

- ?(g)¥(zot(g,1))dg.

The integral Z(s, x, ¢, V) converges for Res >> 0 and admits a meromorphic continuation
to the whole complex plane. Moreover, it can be written as a rational function in ¢~° and
the leading term of the Laurent polynomial of Z(s, x, ¢, ¥) at s = so defines then an element
in

Homewyxaow) Tw,w (X, 50), @ 7").

In the same paper the authors deal with the case 7 = 7¥ = 1 and 7 not appearing on the
boundary if W is symplectic.
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Theorem 5.5.2 (|73, Theorem 1.1, Lemma 1.4]). Let W be a symplectic vector space and
T € Jeegawy either trivial or not appearing on the boundary. Then

dimc Homgwyxaow)(Iww (X, s), @) = 1.

We will now generalize [Theorem 5.5.2| to arbitrary representations.

Theorem 5.5.3. Let W be now either a symplectic, orthogonal or unitary vector space over E
and G(W) € GL(W) the corresponding symmetry group. Let m an irreducible representation
of GAW). Then

dimc Homgwyxaw) (Iw,w (X, 8), 7@ x7') = 1.

Proof. In the light of [Proposition 5.4.1]it would be enough to show that there exists a unique
t€{0,...,qw}, depending on 7, such that every non-zero morphism in

Home wyxaowy (Tww (X, 8), 7 ® x7*)

does vanish on I;_; and does not vanish on I;. Indeed, assuming this and given two non-zero
morphisms

fu failww (X, 8) > m@ X7,

both would induce a non-zero morphism on

fls farla\ly 2 0 > @ x7”

and hence there would exists by [Proposition 5.4.1| A € C such that f{ = Af5. The morphism
f1=Af2 is then again an element of Homewyxaw)(Iw,w (X, s), 7 ® xm"), which vanishes on
I; and hence must be identically 0, proving that the Hom-space is 1-dimensional.

To show that every non-zero morphism vanishes on I;_1 and does not vanish on I; for some ¢
depending on 7, we have to fix some notation. We set for a € C, k e N

_1 k
€a = xldetly 2, p = Z([1, kg, ) = x|det|**2.

Moreover, let d := —2s € C be such that {z = &} as in the proof of [Proposition 5.4.1] If = does
not lie on the boundary of Iy (x, s), the claim follows immediately. On the other hand, if it
does, there exists j € {1,...,qw} and some morphism Iy (x,s) > 7 ® x7" which vanishes
on ;1 and not on I;. It thus induces a morphism o; - 7 ® x7" and hence there exists by
o € Jtrgw,) such that pj x o - 7. In this case, let p € Jrty,, 7 € Jregay,,) be
irreducible representations satisfying the following conditions.

1. There exists 1 <k eN, t1,...,tx € {1,...,qw} such that

PEPt XX Py
and we set ¢ := max;t;.
2. We can realize m as a quotient p x 7 — 7.
3. There does not exist ¢ € {1,...,qw} and 7’ € Jvegqy, ) such that py x 7" — 7.

4. There does not exists ¢ > ¢ and a non-zero morphism Iyyw(x,s) > 7 ® x7" vanishing
on Iy_q.
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Note firstly that by a representation p of this form is indeed irreducible and
secondly such p and o exist. Indeed, choose ¢; to be the maximal j such that there exists a
morphism f € Homgyyxqw)(Iw,w(X,s), ™ ® x7*) such that f vanishes on I; 1 and does
not vanish on I;. The so obtained morphism oy, - 7 ® x7" gives then o € 3“G(Wt1) such
that p;, x o - m. We then can write o as the quotient of p;, x ... ps, 7 for a suitable 7
which satisfies above requirement. Then 7 is the quotient of p x 7 of the desired form. The
maximality of ¢ implies that it suffices to show that every morphism Iy (x,s) > 7 ® x7"’
vanishes on I;_q.

By the MVW-involution we can therefore realize 7 as a subrepresentation of p¥ x 7 and hence
we obtain a non-zero morphism

filww(s,x) = p' xT®xT"

for each morphism in Homgyyxcw)(Iw,w (X, s), 7 ® x7"). Applying Frobenius reciprocity
to this morphism we get a morphism

frp, ey Iww (s,Xx)) = p' @ T@ X7,

where

TPy xG(W) Iw,w (8, X))
admits a filtration with subquotients 7 ;, k € {0,...,m}, j € {m,...,qw} and 7;; has a
filtration

j-r+k jt J ~ Q0
Thej Sk’] C...CTk; TkJ_S - C T 25k

with subquotients 7 ;4 = T,i‘] \Tkj, te{j-r+k,....j} by |Theorem 5.3.2| and |Corollary 5.3.1}
Recall that

G xG (W) xG(W)
(1® X)IndQ(k DRl xP )(X|det|v

®0 -k (x|det],” " E ®X|d€t|v 2)®X|01€t|v = ® S(G(Wj))) =75
and X
xG’(Wm)xG(W) stk
om0 (e

st+k+iZm

0wy (ldetl, T @xldet]y"?) @ xldetly ™ 2 @ S(G(W)))) 2 7

Assume now that f does not vanish on I;_;. We have to differentiate three cases, depending
on the value of d and ¢.

Case 1: t ¢ {1,...,d}:

We will now show that f’ does not vanish on 79, and there exists no non-zero morphism
Tk = p’ ® T ® xm’ for all other subquotients. Assume there exists a non-zero morphism
Tk = p’ @ T ® xm". We apply first with respect to P;) to

G xG(Wi)xG(W)

(1® X)IndQ(k,m Pl P

(xldetlu

80 (ldetly™ T oxldet]s"?) © yldets ™ 0 S(GW)))) 2 7rj
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>p'®@T® YT’
and obtain a non-zero morphism

GmxG; —j+ gk +4
Indg"™" . (xldetly” 7 80,1y (et T @xldet]s"$)) > 5 @,
—_——

Gy

for some suitable irreducible representation p’. If k& > 0, applying with respect t0 Q (x m-k)s
and the Geometric Lemma show that p;, = p/ and hence k = d, which contradicts
the assumption on d. Thus k = 0. Moreover, if j > m, we obtain from an
irreducible representation 7’ such that p;j_, » 7" - 7 contradicting the assumption on 7.
Indeed, the parabolic subgroup P(’] m) is conjugated to the standard parabolic subgroup
Pj_m) and twisting an irreducible representation by an inner automorphism does not change
its isomorphism class. Note that the exact same proof shows that if there exists a non-zero
morphism 7y ;» - p¥ ® 7 ® xm" for some t’ then k=0 and j =m. Thus if f does not vanish

on I;_1, f’ does not vanish on 7, é 1

Thus f’ restricts to a non-zero morphism on 7 ,,, which is a subrepresentation of
TPy xG(W) Hw,w (8, X))

since I'g , = =T%™ is an open subset of Ly, see the preamble of Theorem 5.3.2, However by
Lemma 5.2. 4| and |Corollary 5.3. 1|, /' vanishes on S50'm il Té n%, a contradiction.

Case 2: t=d:

Recall that this is equivalent to p; = p;. We will now show that f’ does not vanish on 7 ,,, or
T4,m and there exists no non-zero morphism 7y, ; — p¥ ® T ® xm” for all other subquotients.
Assume there exists a non-zero morphism 7, ; = p' ® 7® x7". We apply first (1)) with respect
to P(j) to

X G (Wi )xG(W) s+&
(1® x)In dQ( i Pl xP(j)(x|det|v ®

—-s—j+ w4+
@01 (xldetl, T “@xdet]y” 2) @ xldetls™ 7 © S(G(W)))) 271 -
- p RT® X7r
and obtain a non-zero morphism
GmxGj -k +1
Indy"™ ", (x|det];” > 00y (xldetly” "7 @xldet]s ) - p¥ © 1,

Gy

for some suitable irreducible representation p’. Applying with respect to Qkm-k)
and the Geometric Lemma show that p, = p; and hence k = d or k = 0.
Moreover, if j > m, we obtain as in Case 1 an irreducible representation 7’ such that
pj—m ¥ 7' = 7 contradicting the assumption on 7. Observe that the exact same proof shows
that if there exists a non-zero morphism 75 ;- p¥ ® 7 ® x7" for some t' then k=0 or k=d

and j = m. Note that by the preamble to [Theorem 5.3.2| T%™ = o, is an open subset of

Ly and hence 79, is a subrepresentation of Tp(m)xg(w)(IWW(S X)) If f does not vanish

on I;_1 it therefore induces a non-zero morphism on 7’8 L or Tdm But 'y 0 nQ41 = g so
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Tfl_nll = 0 and therefore f’ induces a non-zero morphism 7, - p" ® 7 ® xy7". However, by

(Corollary 5.3.1| and [Lemma 5.2.4| this implies that f’ vanishes on 5’6%“1 > 5’"11 Thus we also

arrive in this case at a contradiction.
Case 3: de{l,...,t-1}:

We will first show that then f does not vanish on I;_1. Indeed, assume otherwise. We set in
b+d

this case for d <beN p; :=Z([d + 1,b]¢,) = x|det]s” 2 . Since p} x pg - p; by [Lemma 2.3.10}
we can define p’ € Jrr,, and § € Jeegw, ) as follows.

1. There exists 1 <leN, d<by,...,b € {1,...,qw} such that
Py, XXy

2. We can realize 7 as a quotient p’ x § - 7 and set b := max; b;.
3. There does not exist b' € {d,...,qw} and 6" € Jregaw, ,,) such that pj, x5 = 4.

Note that we can assume that b > t. Indeed, by [Theorem 2.3.9] we can assume without loss of
generality that ¢; = ¢ = max; t; and hence there exist by [Lemma 5.2.8/ 7" € Jregewy,) such that
pe @ T' = 7. Since py x pg x 7' = pyx 7" = 7, we obtain 7" € Jreg(w, ) such that pj x 7" = 7.
Writing 77 as the quotient of py, x ... pj % § as desired shows that we can assume b > ¢.

By the MVW-involution we can therefore realize 7 as a subrepresentation of p’¥ x§ and hence
we obtain a non-zero morphism

filww(s,x) = p" ndexm”.

Applying Frobenius reciprocity to this morphism we get a morphism

Frpxcovy (Iww (8,x)) = p @ d @ X7,

where
TP xGw) Tww (8, X))

admits a filtration with subquotients 73 ;, k € {0,...,m'}, j e {m/,..., qw} by [Theorem 5.3.2

As in the previous cases one sees that the only 74 ; admitting morphisms to p’v ® 7 ® x7"
have to satisfy k = 0. Moreover, if j > m’+d, we would obtain from [Lemma 5.2.8/ a morphism
Pj—m % 6" — & for a suitable 6" and since pi_,., X pg = pj_m’ by @ we would
contradict the assumption on . Thus j < m'+d. For j < m'+d, a morphism 7o ; - p'V @T@x7"

does not vanish on ng]’- = Tg ;.m/ by [Lemma 5.2.3[and hence does not vanish on 7'5{;1. By exactly
the same argument we obtain that f” has to vanish on all 74 with k# 0 or j # m' +d.

This implies that if f vanishes on Iy, f” restricts to a non-zero morphism on 7,744 and
vanishes on all other 7, ;’s. But here we can again apply |Corollary 5.3.1 and [Lemma 5.2.4] to

. /_ — .
see that then f” vanishes on Sgilm,lf;ll = (l)),rr%“rd and hence f” vanishes on rp(m,)xg(w)(fb,l).

Since we showed that b >t, f vanishes on I;_1.

Therefore f does not vanish on I;_;. We now apply this restriction to f’. As in Case 1
and 2, we see that the subquotients 7 ; of Tp(m)xG(W)(IW’W(S,X)) and the subquotients
Tk,j¢ of 7; 1 admit a morphism to p¥ ® 7® x7¥ only if k=0 and j=m or k=d and j > m.
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Since for k =d, I'y ; N Q%1 = &, we obtain that f’ must restrict to a non-zero morphism on

Té{:nl ~ Sg?,;ﬂ*l and in particular it does not vanish on 7g,,, which, as we observed before,
is a subrepresentation of rp(m)x(;(w)(lmw(s, x))- But f’ restricted to 79 ,, does vanish on
ngn‘f*l x 7'57‘”10 by |Corollary 5.3.1| and |Lemma 5.2.4l Since 7'57‘”11 contains T&;nl we arrive at a

contradiction. ]
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