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Abstract

This dissertation explores the connection between Heisenberg modules over noncommutative

tori–a well-studied object in noncommutative geometry–and the theories of operator-quantization

along with Banach bundles associated to the deformation of C˚-algebras. This investigation is

motivated by deep results in Gabor analysis.

The well-known fact that Heisenberg modules over higher dimensional noncommutative tori

may be viewed terms Gabor frames allows us to establish the deformation of Banach bundles of

Heisenberg modules over noncommutative tori. Furthermore, we show that the generated Banach

space of this bundle of Heisenberg modules implements the Morita equivalence between the

generated C˚-algebras of bundles of twisted group C˚-algebras coming from lattices in the time-

frequency plane. Furthermore, building on the deformation results of Feichtinger and Kaiblinger

on Gabor frames, we show that the constructed bundle of Heisenberg modules generalizes the

Gabor frame stability results of Feichtinger’s algebra to Heisenberg modules.

Recall that to each lattice in the time-frequency plane there is associated a Heisenberg module.

We provide a detailed description of the adjointable maps of these Heisenberg module. Building

on the observation that these adjointable maps are those that commute with all time-frequency

shifts of the given lattice, i.e. operator-translation invariant in the language of quantum harmonic

analysis. Using techniques from C˚-algebras and von Neumann algebras associated to Heisenberg

modules, we show that every lattice operator-translation invariant map may be characterized

as operator-periodization of finite rank operators with generators coming from the Heisenberg

modules. We also introduce the related notion of operator-modulation invariant operators of

a lattice, and show that these operators can also be characterized as Fourier-Wigner operator-

periodizations of finite-rank operators by generators of the Heisenberg module.
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Zusammenfassung

In dieser Dissertation untersuchen wir die Verbindung zwischen Heisenbergmodulen über nicht-

kommutativen Tori–einem wohl-studierten Objekt der Nicht-kommutativen Geometrie–und den

Theorien der Operator-Quantisierung sowie Banach-Bündeln, die mit der Deformation von C˚-

algebren in Verbindung stehen. Diese Untersuchung wird durch tiefgreifende Ergebnisse in der

Gabor-Analyse motiviert.

Der wohlbekannte Fakt, daßman Heisenbergmodule über mehr-dimensionalen nicht-kommutativen

Tori auch als Gabor Frames interpretieren kann, erlaubt es uns die Deformierungen von Heisen-

bergmodulen über deformierten nicht-kommutativen Tori zu etablieren. Weiters zeigen wir,

daßder konstruierte Banachraum dieses Bündels von Heisenbergmodulen implementiert die Morita-

Äquivalenz zwischen der erzeugten C˚-Algebra des Bündels von verschränkten Gruppenalgebren

assoziert zu den Gittern in der Zeit-Frequency Ebene. Überdies zeigen wir, daßdieses Bündel von

Heisenbergmodulen die Stabilitätsresultate für Gabor Frames von Feichtinger und Kaiblinger für

die Feichtinger Algebra zu den Heisenbergmodulen verallgemeinert.

Bekannterweise gehört zu jedem Gittern in der Zeit-Frequenz Ebene ein Heisenbergmodul.

Wir geben eine detailierte Beschreibung der adjungierten Abbildungen dieser Heisenbergmod-

ule. Basierend auf der Einsicht, dass diese adjungierten Abbildungen genau diese sind, die

mit allen Zeit-Frequenz Verschiebungen des Gitters vertauschen, d.h. sie sind im Sinne der

Quantenharmonischen Analyse invariant unter Operatortranslaten vom Gitter sind. Mit der

Hilfe von Methoden der Theorie der C˚-Algebren und von Neumann Algebren beweisen wir,

dass jede mit Operatortransaten-vertauschende Abbildung eine Operator-Periodisierung von

endlichen Rang-Operatoren von Generatoren des Heisenbergmoduls ist. Wir führen weiters

den Begriff der operator-modulation-invarianten Operatoren eines Gitters ein und karaktererisen

sie als die Fourier-Wigner Periodisierung von endlichen Rang Operatoren der Generatoren des

Heisenbergmoduls.
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Chapter 1

Introduction

This dissertation contains contributions on the link between Gabor analysis and noncommutative

geometry. To set the stage, let us highlight two key motivating results, from [Gel41, Neg71] and

[Ser55, Swa62] respectively:

(Gelfand’s Duality Theorem). There is a duality of categories between locally

compact Hausdorff spaces and commutative C˚-algebras.

(Serre-Swan Theorem). For a fixed compact Hausdorff space M , there is an equiv-

alence of categories between complex vector bundles over M and finitely generated

projective modules over CpMq.

The general principle of noncommutative geometry is to extend such equivalences and dualities

from commutative C˚-algebras to noncommutative ones. To this end, we firstly see that general

C˚-algebras correspond to formal ‘noncommutative topological spaces’. Consequently, finitely

generated projective modules over C˚-algebras must correspond to complex vector bundles over

noncommutative topological spaces.

Perhaps the simplest noncommutative topological spaces are the higher-dimensional noncom-

mutative n-tori, which are C˚-algebras that can be obtained by a straightforward deformation of

the relations between the generators of CpTnq. Studying the vector bundles over these noncom-

mutative spaces lead us to the Heisenberg modules [Rie88], which are finitely generated projective

modules over noncommutative n-tori.

On the one hand, Gabor analysis is a branch of harmonic analysis that studies representations

of functions via time-frequency shifts [Gab47]. On the other hand, the construction method for
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Heisenberg modules involves techniques from harmonic analysis on phase-space. This led to the

establishment of connections between noncommutative geometry and Gabor analysis [Lue07].

The intimate relationship between the two subjects, through Heisenberg modules, will be our

central focus.

A secondary goal of this thesis is to survey the literature surrounding the Heisenberg mod-

ules from the perspective of harmonic analysis. I had found this to be a worthwhile endeavor,

especially because some of the material did not seem quite related at first glance. The next

five chapters will be dedicated to a detailed exposition of the background material. I made the

decision to start studying the foundations from a sufficiently abstract setting, opting to treat the

setting for our results and applications as particular cases of earlier discussions. In this work,

we generally assume basic knowledge of operator algebras and some rudimentary measure space

theory.

The dissertation is structured as follows:

Chapter 2. We introduce Hilbert C˚-modules, the formal complex vector bundles over

C˚-algebras. Imprimivity bimodules will also be studied; they are a special kind of Hilbert C˚-

module that implements Morita equivalences for C˚-algebras. Heisenberg modules are examples

of imprimitivity bimodules. In this chapter we shall also introduce frame theory for Hilbert

C˚-modules, which is general enough to encompass frame theory on the Heisenberg modules,

and frame theory on the Hilbert space of square integrable functions.

Chapter 3. We give a detailed review of abstract analysis on locally compact groups. Our

primary goals in this chapter include: a derivation of Pontryagin duality, to set up notation for

the Fourier transform and its inversion, and Weil’s formula. Since we will eventually be working

with integrated forms of group representations, we shall end with a quick section on vector-valued

integration on locally compact groups.

Chapter 4. We introduce the time-frequency shifts and the time-frequency plane. We also

define the Heisenberg 2-cocycle here. Building up from the language established from the previous

chapter, we look at Fourier analysis on the time-frequency plane, deriving symplectic versions of

some of the relevant results from Chapter 3. Next, we discuss Gabor analysis and Feichtinger’s

algebra, which motivate much of this dissertation. Finally, we touch upon operator quantization

based on Feichtinger’s algebra, where we close with a proof of Janssen’s representation, setting

us up perfectly for the construction of the Heisenberg modules.

Chapter 5. We investigate the theory of twisted C˚-dynamical systems from which we
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can construct twisted crossed-products. We show that twisted group C˚-algebras are twisted

crossed-products. Using Feichtinger’s algebra along with Janssen’s representation, we construct

Heisenberg modules as imprimitivity bimodules between twisted group C˚-algebras. We also

discuss the localization scheme, allowing us to treat Heisenberg modules as square integrable

functions.

Chapter 6. In the sixth chapter, we delve into the theory of Banach bundles, which are

bundles whose fibers are generally infinite-dimensional Banach spaces. Banach bundles provide

the mathematical foundation that would allow us to rigorously define what it means for a family

of Heisenberg modules, indexed by a topological space to ‘continuously vary’. We will also discuss

the special case of Banach bundles whose fibers are all C˚-algebras, called C˚-bundles. One of

the most relevant results in this chapter is an existence theorem ensuring the existence of a

Banach bundle with plenty of continuous sections. All subsequent bundles in the next chapter,

for our results and applications, will be constructed based on this theorem.

Chapter 7. This chapter presents my main contributions to the field. It is split into

two sections (I) "Linear Deformations of Heisenberg modules and Gabor Frames" and (II) "On

Modulation and Translation Invariant Operators and the Heisenberg Modules".

Appendix. I have included a brief appendix with a detailed discussion on universal C˚-

algebras for quick reference. Another entry in the appendix is dedicated to reviewing reformula-

tions of topological properties in terms of nets.

In Chapter 7, results without citations are original work. While Chapters 2-6 cover mostly

established material, I chose to include proofs for the majority of the results in the discussions.

Most of these will be cited, taking on the form of a direct citation in the theorem header, or

somewhere in the preceding paragraph. However, some of these results will be claimed as original

work. These include modified versions of known results, and independent proofs of established

results.

3



Chapter 2

Hilbert C˚-Modules

Here we shall give a detailed discussion of Hilbert C˚-modules, which one can think of as a gener-

alization of Hilbert spaces C˚-algebras are used in place of complex numbers for the coefficients.

We are primarily motivated by the fact that the Heisenberg module is a particular instance

of a Hilbert C˚-module, and so it is imperative that we familiarize ourselves with the general

structure that underpins our object of study. We begin with a general introduction to the basic

theory of Hilbert C˚-modules, briefly examining its parallels with, and divergences from, Hilbert

space theory. Some space will be dedicated to a discussion of the so-called "multiplier algebras",

which we can think of as a unitization scheme for C˚-algebras. These algebras are classically

defined in terms of double centralizers, but we shall exploit the fact that they can equivalently

be constructed from the adjointable maps of Hilbert C˚-modules. We then further examine the

case of Hilbert C˚-modules equipped with symmetry conditions– called imprimitivity bimodules.

The chapter concludes with a section on module frames, where we discuss a version of frame

theory on Hilbert C˚-modules. All our frame-theory related needs will be outsourced from this

section given that module frame encompass classical frame theory.

We shall follow both Lance’s [Lan95] and Williams’s [Wil07] expositions on the basic theory

on Hilbert C˚-modules up to the discussion of imprimitivity bimodules. On the other hand, we

will use the recent article by [AB17] as our main resource for module frames. There, the authors

provided a careful treatment of modules frames for which the coefficient C˚-algebras are not

necessarily assumed to be unital.

4



2.1 Basic Theory

Definition 2.1. Let A be a C˚-algebra and Z a complex vector space. Z is said to be an inner

product left A-module if it is a left A-module compatible with complex scalar multiplication

in the sense that:

λpa ¨ zq “ pλaq ¨ z “ a ¨ pλzq, @pλ, a, zq P C ˆAˆ Z.

Furthermore, there exists Ax¨, ¨y : Z ˆ Z Ñ A such that for all z, w, y P Z, a P A, and scalars

λ, µ P C:

1. Axλz ` µy,wy “ λ Axz, wy ` µ Axy, wy

2. Axa ¨ z, wy “ a Axz, wy

3. Axz, wy
˚

“ Axw, zy

4. Axz, zy ě 0

5. (Positive-Definiteness). Axz, zy “ 0 ùñ z “ 0

An A-submodule of Z is a subvector space of Z that is closed with respect to the A-action.

Remark 2.1.

1. We will usually use the juxtaposition a ¨ z :“ az as a shorthand for the module action.

2. It follows from Items 2 and 3 that Axz, wy a “ Axz, a˚wy for all a P A and z, w P Z.

3. One can see from axioms p2q and p3q, that the linear span AxZ,Zy :“ span tAxz, wy : z, w P Zu

is an ideal in A.

4. Note that axioms p1q and p3q above imply that the module inner-product is module-linear

in the first component, and module-antilinear in the second one. If we omit axiom 5 above,

we call Z a semi inner-product A-module. It is not too difficult to show that there

is a canonical way of constructing an inner-product A-module from a semi inner-product

A-module by quotienting out from Z the A-submodule N “ tz P Z : Axz, zy “ 0u, and

endowing Z{N with obvious operations.

5



5. For the rest of this section, we will use the symbol }¨} to denote the norm on the C˚-algebra

A. Shortly, we will show that inner-product A-modules can also be endowed with a norm.

We again use the same symbol } ¨ } to denote this norm, leaving it to the reader to figure

out which norm we mean by context.

Given a C˚-algebra A, then from a combination of [Dix82, 1.6.8] and [Dix82, 1.6.9], we obtain

that for any a, b P A:

pabq˚pabq ď }a}2b˚b. (2.1)

Proposition 2.1 ([Lan95, Proposition 1.1] ). If Z is a left semi-inner-product A-module and

z, y P Z, then

Axy, zy Axz, yy ď } Axz, zy } Axy, yy .

Proof. For any positive c P A`, and b P A, Equation (2.1) implies that

b˚pc1{2c1{2qb ď }c1{2}2b˚b ùñ b˚cb ď }c}b˚b ùñ bcb˚ ď }c}bb˚. (2.2)

Let z, y P Z and a P A. Suppose WLOG that } Axz, zy } “ 1. If we take c “ Axz, zy in the

inequality above, we have:

0 ď Axaz ´ y, az ´ yy

“ Axaz, az ´ yy ´ Axy, az ´ yy

“ Axaz, azy ´ Axaz, yy ´ Axy, azy ` Axy, yy

“ a Axz, zy a˚ ´ a Axz, yy ´ Axy, zy a˚ ` Axy, yy

ď aa˚ ´ a Axz, yy ´ Axy, zy a˚ ` Axy, yy .

The inequality above is true for all a P A, so take a “ Axy, zy in particular. From this, we find

that 0 ď ´ Axy, zy Axz, yy ` Axy, yy ðñ Axy, zy Axz, yy ď } Axz, zy } Axz, zy as required.

As expected, we can endow an inner-product A module with a norm, similar to how we define

one for a Hilbert space. The following follows easily from definition.

6



Proposition 2.2. Let A be a C˚-algebra and Z be an inner-product A-module, consider

}z} :“ } Axz, zy }1{2. (2.3)

Then } ¨ } is a norm for Z. If Z is only a semi-inner-product A-module, then } ¨ } is only a

seminorm for Z.

From Proposition 2.1, we have the following estimates.

Proposition 2.3 ([Lan95] ). Let A be a C˚-algebra and Z an inner-product A-module.

1. } Axz, yy } ď }z}}y} @z, y P Z.

2. We can define an A-valued analogue of a norm in Z via: |z| :“ Axz, zy
1{2. We have the

following estimate

| Axz, yy | ď }z}|y| @z, y P E,

where |a| “ pa˚aq1{2 for a P A.

3. The norm on Z also makes Z a normed A-module because

}az} ď }a}}z} @pz, aq P Z ˆA.

Proof.

1. Since } Axz, zy } “ }z}2, then exactly from Proposition 2.1

Axy, zy Axz, yy ď }z}2 Axy, yy .

So we have, by the fact that the norm in a C˚-algebra preserves the poset of positive

elements [Dix82, 1.6.9] that:

} Axz, yy }2 ď }x}2}y}2 ðñ } Axx, yy } ď }x}}y}.

2. Recall from [Mur90, 2.2.6] that square roots preserve the poset of positivity. That is, for

7



0 ď a ď b in A, we have a1{2 ď b1{2. It now follows from Proposition 2.1, that we have

pAxy, zy Axz, yyq
1{2

ď p} Axz, zy } Axz, zyq1{2

which is equivalent to what we want to prove.

3. Note that }az}2 “ } Axaz, azy } “ }a Axz, zy a˚} ď } Axz, zy }}aa˚} “ }z}2}a}2. Taking

square roots, we arrive at our desired conclusion.

Notice that the estimates above immediately demonstrate that the definition of the norm (2.3)

on Z gives us continuity of the module inner-product and module action for free.

Definition 2.2. Let A be a C˚-algebra, and Z an inner-product A-module. Z is said to be a

Hilbert A-module or a Hilbert C˚-module over the C˚-algebra A if it is complete with

respect to its norm.

In the sequel, we shall study an important ‘completion scheme’ for a special kind of Hilbert

C˚-module. We shall need a technical lemma which gives a ‘canonical’ way of constructing a

Hilbert A-module from dense subspaces. The next result shall give the details regarding the

construction discussed in Item 4 of Remark 2.1.

Definition 2.3. Suppose that A0 is a dense ˚-subalgebra of A, and Z0 is a left A0-module with

a form A0
x¨, ¨y : Z0 ˆ Z0 Ñ A0 satisfying (an obvious version1) of Items 1 to 4 of Definition 2.1.

Then Z0 is said to be a pre-Hilbert left A0-module.

Lemma 2.1 ([RW98, Lemma 2.16]). Let A0 be a dense ˚-subalgebra of a C˚-algebra A, and Z0

a pre-Hilbert left A0-module, then there exists a Hilbert A-module Z and a linear map q : Z0 Ñ Z

such that qpZ0q is dense in Z such that:

1. qpa0 ¨ z0q “ a0 ¨ qpz0q, @a0 P A0, z0 P Z0;

2. Axqpz0q, qpw0qy “ A0
xz0, w0y , @z0, w0 P Z0.

We call Z the completion of Z0.

1Perhaps it might not be so obvious that the version of Item 4 of Definition 2.1 that we want is that:
A0

xz, zy ě 0 with respect to the completion A.
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Proof. Let N :“ tz0 P Z : A0
xz0, z0y “ 0u. We may only have a semi inner-product A0 structure

on Z0, but Proposition 2.1 still applies in this case. In particular, it implies that for all n P N

and z0 P Z0, we have that

A0
xz0, ny “ 0 “ A0

xn, z0y (2.4)

which further implies that N is a vector subspace and A0-submodule of Z0. Now consider the

canonical vector space quotient map q : Z0 Ñ Z0{N. Let us define on the quotient an A0-valued

inner-product and A0-module action via:

A0
xqpz0q, qpw0qy :“ A0

xz0, w0y ,

a0 ¨ qpz0q :“ a0 ¨ z0

for all z0, w0 P Z0 and a0 P A0. We verify that these are well-defined, suppose that z0, w0 P Z0

such that qpz0q “ qpw0q, then it follows from Equation (2.4) for all a0 P A0:

A0
xa0 ¨ pz0 ´ w0q, a0 ¨ pz0 ´ w0qy “ a0 A0

xz0 ´ w0, z0 ´ w0y a˚
0 “ 0.

Therefore a0 ¨ pz0 ´w0q P N , equivalently a ¨ qpz0 ´w0q “ 0 ðñ a0 ¨ qpz0q “ a0 ¨ qpw0q. On the

other hand, if z1, w1, z2, w2 P Z0 such that qpz1q “ qpz2q and qpw1q “ qpw2q then we have:

A0
xz1, w1y ´ A0

xz2, w2y “ A0
xz1, w1 ´ w2y ` A0

xz1 ´ z2, w2y “ 0 ` 0 “ 0.

Therefore A0
xqpz1q, qpw1qy “ A0

xqpz2q, qpw2qy .

Now, note that for any z0 P Z0, we have

}qpz0q} :“ } A0
xz0, z0y }1{2.

If }qpz0q} “ 0 ðñ } A0
xz0, z0y }1{2, then A0

xz0, z0y “ 0, therefore z0 P N , hence qpz0q “ 0.

This shows that the map } ¨ } : Z0{N Ñ R defined above is a norm on Z0{N . Denote by Z the

completion of Z0{N with respect to the norm just defined.

We can again use Estimate (2.1) to show that for all z0 P Z0 and a0 P A0 :

}a0 ¨ qpz0q}2 “ }a0 A0
xz0, z0y a˚

0}

9



“ }pa0 A0
xqpz0q, qpz0qy

1{2
qpa0 A0

xqpz0q, qpz0qy
1{2

q˚}

ď }a0}2}qpz0q}2.

This implies }a¨qpz0q} ď }a0}}qpz0q}. Therefore the left A0-module action is a linear and bounded

map on the dense subspace Z0{N of Z, therefore the left A0-module action extends to all of Z

satifying the following:

}a0 ¨ z} ď }a0}}z}. (2.5)

However, Estimate (2.5) can be used to show that the left A0-module action can be extended to

all of A via a ¨ z “ limi ai ¨ z for any net taiui Ď A0 converging to a P A.

We can essentially apply the same approach to the inner-products. Since } A0
xqpz0q, qpw0qy } ď

} A0
xqpz0q, qpz0qy }} A0

xqpw0q, qpw0qy } for all z0, w0 P Z0 (via Proposition 2.1) we can define for

all z, w P Z

Axz, wy :“ lim
i A0

xqpziq, qpwiqy

for any nets qpziq Ñ z and qpwiq Ñ w. By arguing using continuity and working on the necessary

dense subspaces, it is routine to check that Axioms 1 to 3 of Definition 2.1 hold for the left A-

module action and the A-valued inner-product on Z. Axiom 4 of Definition 2.1 follows from

the fact that for any C˚-algebra A, the set of positive elements A` is a closed set (which easily

follows from [Mur90, Lemma 2.2.2] and setting t “ 1). Lastly, if z P Z with qpziq Ñ z such

that Axz, zy “ 0, then we have }0 ´ qpziq} “ }qpziq} Ñ }z} “ 0. Therefore qpziq Ñ 0, and by

uniqueness of limits, z “ limi qpziq “ 0 as required.

Example 2.1. Let A be a C˚-algebra and I be a countable index set. Let us define the space

ℓ2ApIq :“

#

a “ taiuiPI Ď A :
ÿ

iPI

aia
˚
i converges in the norm of A

+

Equipping ℓ2ApIq with the obvious left A action and inner-product:

1. a ¨ a :“ paaiqiPI ;

2. Axa,a1y “
ř

iPI aipa
1
iq

˚

10



makes ℓ2ApIq a Hilbert A-module. Note an important special case of this construction is when

|I| “ 1, in which case we see that A itself is a Hilbert A-module.

Proposition 2.4 ([Lan95] ). Let teiui be an approximate identity in a C˚-algebra A, and Z

a Hilbert A-module. We have z “ limi eiz, therefore AZ :“ taz : a P A, z P Zu is a dense

submodule of Z.

Proof. Note that we can write, for each z P Z :

ei Axz, zy ei “ pAxz, zy
1{2 eiq

˚pAxz, zy
1{2 eiq.

Therefore, limi ei Axz, zy ei “ Axz, zy. Now we have

Axz ´ eiz, z ´ eizy “ Axz, zy ´ ei Axz, zy ´ Axz, zy ei ` ei Axz, zy ei,

hence it follows from what we have derived above that limi Axz ´ eiz, z ´ eizy “ 0, which also

implies limi }z ´ eiz} “ 0. Therefore z “ limi eiz as required.

Corollary 2.1 ([Lan95] ). Let A be a unital C˚-algebra with unit 1A, and Z a Hilbert A-module.

Then 1Az “ z.

Proof. Let teiui be an approximate identity in A, then it follows from the definition of an

approximate identity and unitality of A that limi ei “ 1A. Furthermore, from Proposition 2.4, it

follows that 1Az “ limi eiz “ z as required.

Proposition 2.5 ([Lan95] ). Let Z be a Hilbert A- module. Consider AxZ,Zy “ spantAxz, wy :

z, w P Zu, then AxZ,ZyZ “ Z.

Proof. It is not hard to see that I :“ AxZ,Zy is a closed two-sided ideal of A, and therefore

contains its own approximate identity. Let tfiui be an approximate identity of I, and z P Z.

Because Axz, zy P I, then we can run exactly the same computation as in Proposition 2.4 to

conclude that limi fiz “ z. Therefore Z “ AxZ,ZyZ “ Z.

One of the things that carry over from the theory of Hilbert spaces are the following norm

characterizations.

Theorem 2.1 ([RW98, Lemma 2.16]). Let Z be a Hilbert A-module, then for any z P Z,

1. }z} “ supt} Axz, yy } : y P Z, }y} ď 1u;

11



2. }z} “ supt} Axz, yy } : y P E, }y} “ 1u;

3. }z} “ sup
!

} Axz,yy}

}y}
: y P Z, y ‰ 0

)

.

Proof. We will only prove item 1, the proof for the rest of the charaterizations are similar. Let

z, y P Z where }y} ď 1, then we know from Proposition 2.1 Item 1 that:

} Axz, yy } ď }x}}y} “ }x},

so supt} Axz, yy } : y P E, }y} ď 1u ď }x}. On the other hand, suppose z ‰ 0, then

}z} “
1

}z}
}z}2

“
1

}x}
} Axz, zy }

“

›

›

›

›

A

B

z,
z

}z}

F›

›

›

›

ď supt} Axz, yy } : y P Z, }y} ď 1u.

This proves the theorem.

So far, it seems that the theory of Hilbert C˚-modules parallels the theory of Hilbert spaces.

In the sequel, we shall show where the two theories digress. We start by defining orthogonal

complements for closed submodules.

Definition 2.4. Given a Hilbert A-module Z, we define the orthogonal complement of a

closed A-submodule W Ď Z to be

WK :“ tz P Z : Axz, wy “ 0, @w P W u .

Some of the known properties of the orthogonal complement carries over to Hilbert C˚-modules,

like the proposition below.

Proposition 2.6. WK is a closed A-submodule of Z.

Because the module inner-product is also continuous for Hilbert C˚-modules, the proof for the

above proposition is essentially the same as in the Hilbert space case. We shall show below

that the orthogonal complement decomposition for Hilbert spaces no longer hold for Hilbert

C˚-modules in general.
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Example 2.2. Take the Cantor set C, it is a closed subset of r0, 1s which is nowhere dense in it

[SSS78]. This implies that if X “ r0, 1s then XzC “ XzC is dense in X. Consider the unital

C˚-algebra A “ CpXq. By Example 2.1, we know that we can also take Z “ A, so that Z is a

Hilbert A-module. One can see that W :“ CpXzCq is a proper closed A-submodule of Z if we

identify all the functions W to be those in Z that is trivial in C. If we define:

WK :“ tw P W : Axw, zy “ 0 for all z P Zu

“ tw P W : wptqzptq “ 0 for all t P r0, 1s and z P Zu.

we see that any w P WK must be t0u. We can define the direct sum of Hilbert C˚-modules in

a completely analogous way as in Hilbert spaces, but we see from our particular example that

W ‘WK – W fl Z.

The same example also shows another failure of the Hilbert space theory to our setting. One

is not assured the existence of adjoints for bounded linear maps between Hilbert A-modules.

Take Z “ A “ CpXq, W “ CpXzCq as in above. Consider the inclusion map ι : W ãÑ Z,

which is a bounded, A-linear (and complex-linear) map. Suppose that there exists an adjoint

ι˚ : Z Ñ W satisfying:

Axιw, fy “ Axw, ι˚fy , @pf, wq P Z ˆW.

If we take f “ 1 (identity in Z “ CpXq) in particular, then we find that ι˚p1qptq “ 1 for all

t P XzC and ι˚p1qptq “ 0 for all t P C. But this function is not continuous, and therefore is not

contained in W.

Since we cannot take the existence of adjoints for granted, we define the proper maps between

Hilbert C˚-modules to come with an adjoint a priori. We give a formal definition below.

Definition 2.5. Let Z and W be Hilbert A-modules, the map T : Z Ñ W is called an ad-

jointable or A-adjointable map from Z to W if there exists another map T ˚ : W Ñ Z such

that for all z P Z and w P W :

AxTz,wy “ Axz, T ˚wy .

We denote the set of all A-adjointable maps via LApZ,W q.

The Hilbert C˚-modules Z,W are Banach spaces, it is then natural to ask if the adjointable
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maps LApZ,W q has any relation to the space of bounded linear operators LpZ,W q. It turns out

that requiring the existence of an adjoint is strong enough to make the adjointables continuous,

and even respect the A-module structure of the involved Hilbert C˚-modules.

Proposition 2.7 ([Lan95]). For any T P LApZ,W q, T is complex-linear, A-linear, and bounded.

Also, }T ˚} “ }T } (w.r.t. operator norm) for all T P LApZ,W q, and that the adjoint T ˚ is unique.

Proof. Note that for any z P Z, w P W, a P A and α P C, we have

AxT pαzq, wy “ Axαz, T ˚wy

“ α AxTz,wy

“ AxαTz,wy .

We can similarly show that

AxT pazq, wy “ AxapTzq, wy

Therefore AxT pαzq ´ αTz,wy “ 0 and AxT pazq ´ aTz, wy “ 0, so we know from Proposition 2.1

that }tpαxq ´αptxq} “ 0 and }tpxaq ´ ptxqa} “ 0. This proves complex-linearity and A-linearity

of T .

Next, let Z1 be the closed unit ball in Z, consider the collection ttz :W Ñ A |z P Z1u where

tzpwq :“ AxTz,wy @w P W.

We have that for any w P W,

sup
zPZ1

}tzpwq} ď }T ˚w} ă 8.

Therefore by Banach-Steinhaus and Proposition 2.1

sup
zPZ1

}Tz}WÑA “ sup
zPZ1

sup
}w}ď1

} AxTz,wy } “ sup
zPZ1

}Tz} “ }T } ă 8.

Therefore t : Z Ñ W is a bounded operator. We also have

}T ˚} “ sup
}w}ď1

}T ˚w} “ sup
}w}ď1

sup
}z}ď1

} AxT ˚w, zy } “ sup
}z}ď1

sup
}w}ď1

} AxTz,wy } “ }T }.
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Note that we can exchange the order of supremums because t} AxTz,wy } : }z}, }w} ď 1u is a

bounded set.

To show the uniqueness of adjoints, let T ˚
1 , T

˚
2 P LApZ,W q be adjoints of T, then a simple

computation shows that }T ˚
1 w ´ T ˚

2 w} “ 0 for all w P W, this proves uniqueness.

We now know that LApZ,W q Ď LpZ,W q, but it turns out that this inclusion is proper,

meaning one can construct a non-adjointable (in a Hilbert left A-module sense) map in LpZ,W q

for certain Z,W . For a counter example, see [Pas73].

Let Z,W, Y be Hilbert A-modules, it is easy to see that for T P LApZ,W q and S P LApW,Y q,

1. T ˚ P LApW,Zq, and

2. ST P LApZ, Y q.

In particular, LpZq :“ LApZ,Zq is a C˚-algebra because

}T }2 ě }T ˚T } ě sup
}z}ď1

} AxT ˚Tz, zy } “ sup
}z}ď1

}Tz}2 “ }T }2

Proposition 2.8 ([Lan95]). If T P LApZ,W q and z P Z, then |Tz|2 ď }T }2|z|2, hence |Tz| ď

}T }|z|.

Proof. Let q : A Ñ C be a state (positive linear functional of norm 1) in A, then pp¨, ¨q :“

qpAx¨, ¨yq : ZˆZ Ñ C is a positive sesquilinear-form on Z. By repeated application of Proposition

2.3 Item 1, we have for z P Z,

ppT ˚Tz, zq ď ppT ˚Tz, T ˚Tzq1{2ppz, zq1{2

“ pppT ˚T q2z, zq1{2ppz, zq1{2

ď

”

pppT ˚T q2z, pT ˚T q2zq1{2ppz, zq1{2
ı1{2

ppz, zq1{2

“ pppT ˚T q4z, zq
1
4 ppz, zq

1
4

` 1
2

...

ď pppT ˚T q2
n
z, zq

1
2n ppz, zq

řn
i“1

1
2n

ď }T ˚T }p}z}2q
1
2n ppz, zq

1´ 1
2n´1

As n Ñ 8, we have qpAxT ˚Tz, zyq ď }T }2qpAxz, zyq, and because this is true for all states

q : A Ñ C then by the basic theory of C˚-algebras (GNS theorem), AxTz, Tzy ď }T }2 Axz, zy
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which is the same as |Tz|2 ď }T }2|z|2 which implies |Tz| ď }T }|z|.

Lemma 2.2 ([Lan95, Lemma 3.1]). Suppose that Z is a Hilbert A-module, and let T ˚ “ T P

LApZq. If there exists some k ą 0 where

}Tz} ě k}z} @z P Z. (2.6)

Then T is invertible in LApZq.

Proof. Our strategy is to prove that 0 R σLApZqpT q, i.e. 0 is not in the spectrum of T , equivalently

T is invertible in LApZq. Suppose then, for contradiction that 0 P σLApZq. Let IdZ be the

identity in LApZq, and consider the C˚-subalgebra of LApZq generated by IdZ and T , denoted

by C˚pIdZ , T q. By the continuous functional calculus, there is an isometric ˚-isomorphism ΨT :

CpσpT qq Ñ C˚pId, T q such that ΨT pidq “ T for the identity id P CpσLApZqpT qq. Let f : R Ñ R

be the continuous function with the following properties:

1. fp0q “ 1 “ }f};

2. fpλq “ 0 for all |λ| ě 1
2k.

One can use Urysohn’s lemma to construct such a function. Since 0 P σLApZqpT q, then we can

consider the restriction f P CpσLApZqpT qq, so that we can write ΨT pfq :“ fpT q P C˚pIdZ , T q.

Consider the function g “ id ¨f P CpσLApZqpT qq, and it is not hard to see that }g} ď 1
2k.

It follows from the homomorphic property of ΨT that ΨT pgq “ TΨT pfq “ TfpT q, and so

}TfpT q} “ }ΨT pgq} “ }g} ď 1
2k. Choose z0 P Z with }z0} “ 1 and 1

2 ă }fpT qz0}. It follows

that }TfpT qz0} ď 1
2k ă k}fpT qz0}, but this contradicts (2.6). Therefore 0 R σLApZqpT q as

required.

Definition 2.6. Let Z,W be Hilbert A-modules. We say that U P LApZ,W q is unitary if

UU˚ “ IdW and U˚U “ IdZ .

Remark 2.2. If U P LApZ,W q then of course U : Z Ñ W is a A-linear, surjective, and also

isometric. The former two properties are immediate from definition. To show that U is an

isometry, note that for z P Z,

}Uz}2 “ } AxUz, Uzy } “ } Axz, U˚Uzy } “ } Axz, zy } “ }z}2.
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What deserves to be called a theorem is the converse, we shall prove that if T : Z Ñ A is

A-linear, surjective, and isometric, then T is unitary. Interestingly, we do not need to assume

that T P LApZ,W q. Before we proceed, we note that the A-valued norm for a Hilbert A-module

Z satisfies the familiar polarization identity, with similar proof.

Proposition 2.9 (Polarization Identity). For any z, w P Z,

Axz, wy “
1

4

“`

|z ` w|2 ´ |z ´ w|
˘

´ i
`

|z ` iw|2 ´ |z ´ iw|2
˘‰

“
1

4

3
ÿ

n“0

|z ` inw|2.

As a corollary, for any adjointable map T P LApZq,

Axz, Twy “
1

4

3
ÿ

n“0
Axz ` inw, T pz ` inwqy .

Since we know that LApZq is a C˚-algebra, it would be useful to have a criterion that we can check

for positive elements. The result below shows that using the Polarization identity, the criterion

for positive operators in Hilbert spaces also hold for adjointable maps on Hilbert C˚-modules.

Proposition 2.10 ([RW98, Lemma 2.28] ). Let T be a complex linear map in Z. Then T ě 0

in LApZq if and only if for all z P Z, AxTz, zy ě 0.

Proof. If T ě 0, then there exists an S P LApZq such that T “ S˚S, then for z P Z : AxTz, zy “

AxS˚Sz, zy “ AxSz, Szy ě 0.

Conversely, suppose AxTz, zy ě 0 for all z P Z. Then by definition of positivity, we imme-

diately have AxTz, zy “ Axz, Tzy ě 0. It also follows from the Polarization Identity that for all

z, w P Z :

Axz, Twy “
1

4

3
ÿ

n“0

in Axz ` inw, T pz ` inwqy

“
1

4

3
ÿ

n“0

in AxT pz ` inwq, z ` inwy

“ AxTz,wy .

Therefore T P LApZq with T “ T ˚. Denote the spectrum of T on LApZq by, σLApZqpT q, and

the C˚-subalgebra generated by the identity IdZ and T by C˚pIdZ , T q. Then by the continuous
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functional calculus, there is an isometric ˚-isomorphism ΨT : CpσpT qq Ñ C˚pId, T q such that

ΨT pidq “ T for the identity id P CpσLApZqpT qq. Now, we have f “
id`| id |

2 and g “
|id|- id

2 are

both in CpσLA
pT qq, with id “ f ´ g such that fg “ gf “ 0, and f, g ě 0. It follows that

T “ ΨT pf ´ gq, and that for all z P Z

0 ď AxT pΨT pgqzq,ΨT pgqzy “ AxΨT pf ´ gqΨT pgqz,ΨT pgqzy “ ´
A

@

ΨT pgq3z, z
D

.

Because ΨT pgq3 ě 0, it follows from the equation above that
A

@

ΨT pgq3z, z
D

“
A

@

z,ΨT pgq3z
D

“ 0

for all z. It follows from the Polarization identity again that for all z P Z :

}ΨT pgq3z} “
1

4

3
ÿ

n“0

in
A

@

ΨT pgq3z ` inz,ΨT pgq3pΨT pgq3z ` inzq
D

“ 0.

So ΨT pgq3 “ 0 hence ΨT pgq “ 0, but then T “ ΨT pfq ě 0.

Going back to unitary maps, the following lemma will be the result that will bridge us from

our desired converse.

Lemma 2.3 ([Lan95] ). Suppose U : Z Ñ W is an A-linear, surjective map that satisfies the

pseudo-isometry condition:

|Uz| “ |z| @z P Z

then U P LApZ,W q and is unitary.

Proof. The pseudo-isometry condition along with the polarization identity implies that for any

z, y P Z,

AxUz, Uyy “
1

4

“`

|Upz ` yq|2 ´ |Upz ´ yq|
˘

´ i
`

|Upz ` iyq|2 ´ |Upz ´ iyq|2
˘‰

“
1

4

“`

|z ` y|2 ´ |z ´ y|
˘

´ i
`

|z ` iy|2 ´ |z ´ iy|2
˘‰

“ Axz, yy .

Then, we see that AxUz, Uyy “ Axz, yy “
A

@

z, U´1pUyq
D

, since U is surjective, it follows from

the uniqueness of the adjoint that U˚ “ U´1.

Lemma 2.4 ([Lan95, Lemma 3.4] ). Suppose that a, b are positive elements of a C˚-algebra A,

and that }ac} “ }bc} for all c P A, then a “ b.
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Proof. Let us suppose WLOG2 that a, b are in the closed unit ball of A (and are both nonzero

so we exclude the trivial case). Our strategy is to prove that a2 “ b2, since the uniqueness of

square roots will imply that a “ b. Suppose for contradiction that that WLOG a ą b. Let us

further assume for eventual contradiction, that a2 ´ b2 ‰ 0 and WLOG that a2 ´ b2 ą 0 so that

that δ “ 1
2 suptλ : λ P σApa2 ´ b2qu ą 0.

Consider the (possibly non-unital) functional calculus map wrt a2 ´ b2, Ψ : C0pσpa2 ´

b2qzt0uq Ñ C˚pta2 ´ b2uq. Let f P C0pσpa2 ´ b2qq with the following properties:

1. 0 ď fpλq ď 1, @λ P σApa2 ´ b2q

2. λ ď δ ùñ fpλq “ 0

3. fp2δq “ 1.

It is then immediate that }f} “ |fpλq| supλPσApa2´b2q “ 1. Let c :“ Ψpfq “ fpa2 ´ b2q P A, then

}cpa2 ´ b2qc} “ }ΨpfqΨpidqΨpfq}

“ }Ψpf ¨ Id ¨fq}

“ }λ ÞÑ λf2pλq}C0pσpa2´b2qzt0uq (since Ψ is an isometry)

“ sup |λf2pλq|λPσApa2´b2q

“ 2δfp2δq “ 2δ.

Furthermore, by the properties of f , we know that λf2pλq ą δf2pλq for all λ P σApa2 ´ b2q.

Therefore Id ¨f2 ą δf2 in C0pσpa2 ´ b2qzt0uq, and because Ψ is an injective ˚-homomorphism,

we have that (injective ˚-homomorphisms on C˚-algebras preserve positivity)

ΨpId ¨f2q “ Ψpf ¨ Id ¨fq ě Ψpδf2q ðñ ΨpfqΨpIdqΨpfq ą δΨpfq2

ðñ cpa2 ´ b2qc ą δc2.

Let κ be a state in A such that κpcb2cq “ }cb2c} (existence is guaranteed by considering pure

states). Because }b} ď 1, then it follows from (2.1) that cb2c ď }b}2c2 ď c2, which implies that

κpcb2cq ď κpc2q

ùñ κpca2cq ěκpcb2c` δc2q ě p1 ` δqκpcb2cq.

2Otherwise we can divide a and b by their norms.
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It follows that }ca2c} ě p1 ` δq}cb2c}. Therefore, if cb2c ‰ 0, then }ca2c} ą }cb2c}. On the

other hand, if cb2c “ 0, then 2δ “ }cpa2 ´ b2qc} “ }ca2c}. In either case, }ca2c} ą }cb2c} ðñ

}pacq˚pacq} ą }pbcq˚pbcq} ðñ }ac}2 ą }bc}2 ùñ }ac} ą }bc}, which is a contradiction.

Therefore a2 “ b2 as required.

Theorem 2.2 ([Lan95, Theorem 3.5]). Let A be a C˚-algebra, let Z,W be Hilbert A-modules

and let U : Z Ñ W be a linear map, then TFAE:

1. U is A-linear, surjective, and isometric;

2. U is a unitary element of LApZ,W q.

Proof. That 2 implies 1 follows from the remark below Definition 2.6. For the converse, it suffices

to prove that the isometry property follows from the pseudo-isometry property (Lemma 2.3). To

do this, let c P A, z P Z, and recall that |Uz| “ AxUz, Uzy
1{2

P A. We have the following

computation:

}a|Uz|} “ }pa|Uz|qpa|Uz|q˚}1{2

“ }a AxUz, Uzy a˚}1{2

“ } AxUpazq, Upazqy }1{2, (A-linearity)

“ }Upazq}1{2

“ }az}1{2, (Isometry)

“ }a|z|}.

Because the equation above is true for all a P A and, |Uz| and |z| are both positive in A, then

by Lemma 2.4, |Uz| “ |z| as required.

Let Z,W be Hilbert A-modules and z P Z, w P W , then we define an analogous rank-one

operator for LApW,Zq:

θw,zpyq “ Axy, wy z @y P W. (2.7)

Now if u P Z, then

Axθw,zpyq, uy “ AxAxy, wy z, uy
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“ Axy, wy Axz, uy

“ Axy, Axu, zywy

“ Axy, θz,wpuqy .

Therefore θw,z P LApW,Zq indeed, with adjoint θ˚
w,z “ θz,w. We have the following formulae for

rank-one adjointables, they all follow from straightforward computations as in above.

Proposition 2.11. Let Z,W, Y be Hilbert A-modules, z P Z, and w P W , then

Tθw,z “ θw,Tz, @T P LApZ, Y q; (2.8)

θw,zS “ θS˚w,z, @S P LApY,W q.

Definition 2.7. Let Z,W be Hilbert A-modules, we denote by KApW,Zq the closed linear span

of the subset tθw,z : z P Z,w P W u in KApW,Zq. We also define KpZq :“ KApZ,Zq. When we

are talking about adjointable operators with respect to Hilbert A-modules, we call KApW,Zq the

compact operators from W to Z.

Corollary 2.2. KApZq is a closed two-sided ideal of the C˚-algebra LApZq.

Proof. It follows directly from 2.11.

Obviously, the model for the definition above are the actual compact operators in a Hilbert

space, which can be characterized as the limit of finite-rank operators. The characterization,

unfortunately, does not carry over perfectly. There are operators T P KApW,Zq that are not

compact operators from W to Z when they are seen as Banach spaces (recall that compact

operators can be defined for Banach spaces as well, not just Hilbert space).

Recall from Example 2.1 that by taking |I| “ 1, any C˚-algebra A is also a Hilbert C˚-

module over itself. The module A-action is just given by the usual multiplication, while the

module inner-product is given by Axa, by “ ab˚.

Proposition 2.12 ([RW98, Example 2.26]). A – KApAq.

Proof. For each a P A, define the operator Ra : A Ñ A, via Rapbq “ ba for all b P B. We see that

Ra P LApAq when we identify A as a a left Hilbert A-module, with adjoint R˚
a “ Ra˚ . Note that

›

›

›
Ra

´

a˚

}a}

¯
›

›

›
“ }a} ď }Ra} ď }a}, therefore }Ra} “ }a}, therefore the map

R : a ÞÑ Ra (2.9)
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is an isometry from A to LApAq. It follows by elementary computations that a ÞÑ Ra is a ˚-

homomorphism, and so all that remains is to show that the image of the mapping is actually

KApAq. Note that if we take the product ab P A, then for all c P A

Rabpcq “ cab “ Axc, a˚y b “ θa˚,bpcq P KApAq.

However, one can always write any element of a C˚-algebra as a closed linear span of products

like a˚b by the existence of approximate identities. Therefore the image of a ÞÑ Ra is indeeed

KApAq.

Proposition 2.13. If A is unital, then KApAq – LApAq.

Proof. This follows from the proof Proposition 2.12. The ˚-isometric homomorphism a ÞÑ Ra

becomes an isomorphism to LApAq because for all a, c P A

Rapcq “ Ra¨1Apcq “ θa˚,1Apcq.

Let A be a unital C˚-algebra, and if we again consider A as a Hilbert left A-module, then

we see that the identity can be written as a "compact operator" IdA “ θ1A,1A P KApAq, but

it is not an actual compact operator in LpAq unless A is finite-dimensional. This example can

also be seen in [Lan95], which shows that compact operators in KApW,Zq are far from compact

operators in LpW,Zq.

Let us describe a different kind of topology for the adjointables LApZ,W q, similar to the

strong operator topology on bounded linear operators on Hilbert spaces. Let us first recall the

notion seminorm topology.

Definition 2.8. Let V be vector space of F “ R or C and P a family of semi-norms on V .

Consider the family of subsets SP in V where:

SP :“
ď

pp,x,εqPPˆV ˆRą0

tv P V : ppv ´ xq ă εu.

Then SP is a subbase of V, and the topology generated by SP is called the semi-norm topology

corresponding to P. We also call any topological vector spaces whose topology is generated

by a family of seminorms locally convex spaces.
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Remark 2.3. Note that a net txiui in V converges in the seminorm topology with respect to the

seminorms P to x if and only if for all p P P: ppxi ´ xq Ñ 0.

Definition 2.9. Let Z,W be Hilbert A-modules, the ˚-strong topology on LApZ,W q is the

seminorm topology generated by the following family of seminorms:

tT ÞÑ }Tz} : z P Zu Y tT ÞÑ }T ˚w} : w P W u .

Remark 2.4. It follows that a net tTiui in LApZ,W q converges ˚-strongly to T if and only if

for all pz, wq P Z ˆW : Tiz Ñ Tz and T ˚
i w Ñ T ˚w.

Proposition 2.14 ([Lan95, Proposition 1.3] ). Let Z,W be Hilbert A-modules, then KApZ,W q

is ˚-strongly dense in LApZ,W q.

Proof. To start, let tEiui be an approximate identity for the ideal KApZ,W q, we shall first prove

that for any z P Z

lim
i
Eiz “ z.

We do this by showing that it’s true for the dense subset AxZ,ZyZ of Z. Suppose z “ Axu, vyw P

AxZ,ZyZ, then

Eiz “ EλpAxu, vywq “ pEi ˝ θv,wqpuq Ñ θv,wpuq “ z

as required. Now, let T P LApZ,W q, then

}pTEi ´ T qz} ď }T }}Eiz ´ z} Ñ 0, (2.10)

which is true for all z P Z, this shows that tTEiui converges to T in the seminorms tT ÞÑ }Tz} :

z P Zu. For the other half of the family of the seminorms, we can deduce this from (2.10). Let

w P W, take z1 “ pEiT
˚ ´ T ˚qw P Z

}pEiT
˚ ´ T ˚qw}2 “ AxpTEi ´ T qpEiT

˚ ´ T ˚qw,wy “
A

@

pTEi ´ T qz1, w
D

Ñ 0

Therefore }pEiT
˚ ´ T ˚qw} Ñ 0 for all w P W . Hence for any T P LApZ,W q, a net tTEiui Ď

KApZ,W q exists that converges to T. Therefore by net density criterion B.6, the ˚-strong closure
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of KApZ,W q is LApZ,W q.

We emphasize now that Hilbert C˚-modules are also bonafide modules, and so we can borrow

from the basic theory of modules the following notions.

Definition 2.10. We say that a Hilbert A-module Z is finitely generated if there exist finite

elements, say tziu
n
i“1 Ď Z, such that for all z P Z, there exist taiu

n
i“1 Ď A where

z “ a1z1 ` a2z2 ` ...` anzn.

Definition 2.11. Let Z be a Hilbert A-module. Denote by HomApZ,Aq the class of all contin-

uous (i.e. bounded) A-linear maps from Z to A (not necessarily adjointable), then Z is said to

be projective if there exist an index set I, families twiuiPI Ď Z, and tφuiPI Ď HomApZ,Aq such

that for all z P Z, φipzq “ 0 for all but finitely many i P I and

z “
ÿ

iPI

φipzqwi.

Remark 2.5. Note that when |I| ă 8 in the definition above, then Z is both finitely generated

and projective, i.e. finitely generated projective.

The space HomApZ,Aq takes on the role of continuous linear functionals for Hilbert C˚-modules.

In light of this we have the following definition.

Definition 2.12. A Hilbert A-module Z is said to be self-dual if for each φ P HomApZ,Aq,

there exists a w P Z such that φpzq “ Axz, wy for all z P Z.

2.2 The Multiplier Algebra

As one studies the theory of C˚-algebras (or even just Banach ˚-algebras), one quickly finds that

the notion of adjoining an identity to a nonunital algebra is an important idea (for example, we

need unitality to define the spectrum of an element). The usual way of adjoining an identity to

a C˚-algebra A is by defining A1 :“ A ‘ C with the multiplication pa1, λ1qpa2, λ2q “ pa1a2 `

λ2a1 `λ1a2, λ1λ2q, and with involution pa, λq˚ “ pa˚, λq. We see that p0, 1q is the identity in A1.

We can define the C˚-norm for A1 using the language of Hilbert C˚-modules: we can extend

the R : A Ñ KApAq map, to R1 : A1 Ñ LApAq. R1 will be a ˚-isometric homomorphism on the

unitization A1 by sending pa, λq ÞÑ Ra ` λ Id P LApAq. The range of this extended map R1 is
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C Id`KApAq Ď LApAq, and of course it remains to show that this is closed (hence a C˚-algebra).

A proof is supplied in [RW98, Example 2.41]. Once we have done all the necessary verification,

we have A1 with the norm }pa, λq} :“ }R1pa, λq} is a unital C˚-algebra with }a} “ }pa, 0q} “

}R1pa, 0q} “ }Ra}, so we can also see that A – KApAq ãÑ C Id`KApAq – A1. Therefore A

embeds as an ideal in A1 (recall that KApAq is an ideal in LApAq). This embedding turns out

to be a minimal because of the following result.

Theorem 2.3 ([SP21, 2.2.4]). Let A be a non-unital C˚-algebra with unitization A1, and B

another unital C˚-algebra. Every ˚-homomorphism φ : A Ñ B extends to a unique unital ˚-

homomorphism φ1 : A1 Ñ B via φ1ppa, λqq :“ φpaq ` λ1B. If φ is injective, then so is φ1.

A corollary of the result above is that: if there is any embedding of A to some unital C˚-algebra

B, say via ι : A Ñ B, then it is always that case that A1 embeds in B as well (via ι1). So in

this sense A1 is the minimal unitization for A because it is always embedded in every unital

C˚-algebra that A embeds to.

We have recollected the minimal unitization result for A since it motivates the notion of

maximal unitization for A called the multiplier algebra, which is also an embedding of A as an

ideal to a unital C˚-algebra. As noted by Lance [Lan95], one has to be very careful with how we

define our poset, i.e. requiring essentiality of A as an embedded ideal to some unital C˚-algebra,

so that we indeed have an actual maximal unitization. Note that throughout this document,

when we say that I is some ideal of a C˚-algebra, what we mean is a closed two-sided ideal. We

shall keep this standing assumption unless otherwise stated.

Definition 2.13. An ideal I in a C˚-algebra A is essential if I has nonzero intersection with

every other nonzero ideals of A.

Let X,Y be subsets of a C˚-algebra A, then we define XY to be the linear span of elements

of the form xy, where px, yq P X ˆ Y. For the closed linear span, we have rXY s :“ XY .

Proposition 2.15. Let I, J be closed ideals of a C˚-algebra A, then rIJs “ I X J.

Proof. The fact that rIJs Ď I X J is immediate. It is sufficient to show that if a P I X J , then

a P IJ for the specific case when a is positive, since every element can be written as a linear

combination of positive elements (follows from [Mur90, 2.2.2] and from the fact that all elements

in a C˚-algebra can be written is in the linear span of self-adjoint elements). Since the intersection

of ideals is itself an ideal, and ideals are C˚-algebras themselves, then a P pI X Jq` implies that

25



a1{2 P pI X Jq as well. Let teλuλPΛ be an approximate identity for I, then a “ limλpa1{2eλqa1{2,

since a1{2eλ P I for all λ P Λ and a1{2 P J, then a P rIJs.

Proposition 2.16 ([RW98, Lemma 2.36] ). Let I be an ideal of A. The following are equivalent:

1. I is an essential ideal of A;

2. For all a P A, aI “ tab : b P Iu “ t0u ùñ a “ 0.

Proof. ( ùñ ). Suppose I is an essential ideal of A. Let a P A such that aI “ t0u, and consider

the ideal generated by a, Ja :“ spanAaA “ spantbac : b, c P Au. Observe that aI “ t0u if and

only if I X Ja “ rIJas “ t0u. Therefore by hypothesis, I X Ja “ t0u, hence by essentiality of I,

it must be that Ja “ 0, but this implies a “ 0, as required.

( ðù ). Conversely, assume aI “ tab : b P Iu “ t0u ùñ a “ 0 for all a P A. Let J be an ideal

of A such that J X I “ rIJs “ t0u, then for all j P J , jI “ t0u. By hypothesis, j “ 0, therefore

J “ t0u, whence I is essential.

Definition 2.14. Let A be a C˚-algebra, a unital C˚-algebra B is said to be a unitization of

A if there exists an injective ˚-homomorphism ιB : A Ñ B (i.e. an embedding) such that ιBpAq

is an essential ideal in B.

Remark 2.6. This definition captures the idea that there are no nontrivial unitizations for a

C˚-algebra that is already unital. Suppose A is a unital C˚-algebra, then the identity map is

one unitization, and we cannot find anything better than this. Suppose there exists a unital

C˚-algebra B containing A as an ideal, with BzA ‰ H. Choose b P BzA, then b1A P A and

b ´ b1A ‰ 0 (otherwise b P A), but then we have pb ´ b1AqA “ 0, so A cannot be an essential

ideal in B.

With the language of unitization in place, we can finally discuss what we mean by maximal

unitization. Let B1, B2 be unital C˚-algebras which are unitizations of A, we say that B1 ď B2

if and only if there exists an injective ˚-homomorphism ϕ : B1 Ñ B2 such that the following

diagram commutes
B1

A B2

ϕ

ιB2

ιB1

This definition is consistent with what we already know about A1 for a nonunital A.
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Proposition 2.17. If A is a nonunital C˚-algebra, then ι : A ãÑ A1 via ιpaq “ pa, 0q is a

minimal unitization of A.

Proof. We only really need to check that ιpAq is an essential ideal in A1. We can show this

by using Item 2 of Proposition 2.16. Let pb, λq P A1 such that pb, λqιpAq “ t0u, equivalently,

pb, λqpa, 0q “ 0 for all a P A. In the case, λ “ 0, we obtain ba “ 0 for all a P A, and therefore

bb˚ “ 0 in particular, which means }bb˚} “ }b}2 “ 0, hence b “ 0. Otherwise, if λ ‰ 0, then we

obtain that pb, λqpa, 0q “ 0 ùñ ´ 1
λba “ a for all a P A. By involutions in the last equality,

ap´ 1
λbq

˚ “ a for all a P A as well. However, the two last equalities show that (take a “ ´ 1
λb in

the last equality, and take a “ p´ 1
λbq

˚ in the preceding one)

´
1

λ
b “

ˆ

´
1

λ
b

˙ˆ

´
1

λ
b

˙˚

“

ˆ

´
1

λ
b

˙˚

.

This means for all a P A, p´ 1
λbqa “ ap´ 1

λbq, so 1
λb is an identity in A, which is a contradiction.

Therefore λ “ 0, and we are back in the first case where we have shown that b “ 0, i.e. it must

be that pb, λq “ 0 as required. The minimality of the unitization follows from the paragraph

after Theorem 2.3.

Proposition 2.18 ([RW98, Example 2.43]). Let A be a nonunital C˚-algebra, the map R : A Ñ

LApAq defines a unitization of A.

Proof. We already know that RpAq “ KApAq, so all that remains is to show that the ideal of

compact operators KApAq is essential in LApAq. Let T P LApAq such that Tθa,b “ 0 for all

a, b P A (equivalently TK “ 0 for all K P KApAq). This means that for all a, b, c P A:

pT ˝ θa,bqpcq “ Axc, ayTb “ 0. (2.11)

Let teiui be an approximate identity in the closed two-sided ideal AxA,Ay, then the condition

(2.11) implies that for any c P A

Tc “ lim
i
eiTc “ 0,

therefore T “ 0 as required.

Of course we do not know yet where the unitization R : A ãÑ LApAq lands in the poset of all

unitizations for A. Our big claim here is that it is the unique maximal unitization for A.
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Definition 2.15. Let A be a C˚-algebra, the multiplier algebra of A, denoted MpAq, is defined

to be MpAq :“ LApAq.

Remark 2.7. In most references (e.g. [RW98],[Lan95],[SP21]), there is talk of minimal and

maximal unitizations, but interestingly, what seems to get proven is that in the poset that

we have just defined, A1 is not just a minimal unitization, but a least element in the poset.

Meaning, it is comparable to all other unitization, and is less than all of them (recall there is a

difference between least/greatest element and minimal/maximal element, but the former implies

the latter). The proof for the multiplier algebra, i.e. the "maximal" unitization, is actually a

proof of existence of the greatest element in our poset.

Note that the crucial part of the proof for minimality of A1 is Theorem 2.3, our goal is to give

an analogue of this for the multiplier algebra MpAq, but for this we need the following definition.

Definition 2.16. Let Z be a Hilbert A-module, and B a C˚-algebra, a ˚-homomorphism α :

B Ñ LApZq is called nondegenerate if

rαpBqZs “ spantαpbqz : b P B, z P Zu “ Z.

That is, spantαpbqz : b P B, z P Zu is dense in Z.

Note that this definition of nondegeneracy is consistent with the definition for representations

on C˚-algebras. Indeed, this is because if H is a Hilbert space, then it is a Hilbert C˚-module

over the C˚-algebra of complex number C, and LCpHq “ LpHq.

Proposition 2.19. Let A be a C˚-algebra, then the embedding R : A Ñ KApAq Ď LApAq is a

nondegenerate ˚-homomorphism.

Proof. Writing out the ˚-strong density of KApAq in LApAq (Proposition 2.14) gives us our

desired result.

Proposition 2.20. Let A, J,C be C˚-algebras, such that J is an ideal of A, and let Z be a

Hilbert C-module. Suppose α : J Ñ LCpZq is a nondegenerate ˚-homomorphism. Then α

extends uniquely to a ˚-homomorphism α : A Ñ LCpZq. If α is injective and J is essential in A

then α is injective.

Proof. The extension statement above is a rehash of the extension statement for nondegenerate

representations of C˚-algebra, and in fact can be proven almost verbatim. We will only prove

the statement for injectivity of the extension whenever J is as essential ideal of A.
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Suppose that J is essential in A, and that α : J Ñ LCpZq is injective. We shall show that

Kerpαq is the trivial ideal of A. Recall that the extension of α is defined using the nondegeneracy

of it on J : we have on the dense subset αpJqZ, αpaqpαpjqzq “ αpajqz for all a P A, j P J and

z P Z. Therefore if a P Kerpαq, then αpaqrαpJqZs “ t0u. This implies that for all j P J,

αpajq “ 0, and by injectivity of α, we have aj “ 0. Therefore rKerpαqJs “ t0u, so by essentiality

of J, Kerpαq “ t0u, hence α is injective.

We have the following main result. Note that in keeping with the literature, by ‘maximal’ what

we really mean is ‘greatest element’.

Corollary 2.3. Let A be a C˚-algebra, then

1. The embedding R : A Ñ LApAq is a maximal unitization;

2. LApAq is the unique maximal unitization of A, in the sense that if B is another maximal

unitization, then B – LApAq.

Proof.

1. We already know that R : A Ñ LApAq is a unitization, what remains is to prove that it is

maximal. We also know from Proposition 2.19 that R is a nondegenerate ˚-homomorphism.

Now, let α : A Ñ A be another unitization of A, so that by definition α is injective with

αpAq an essential ideal in A . We can then define the map R ˝ α´1 : αpAq Ñ LApAq, but

then R ˝ α´1 must be a nondegenerate injective ˚-homomorphism. Furthermore, αpAq

is an essential ideal in A , and so by Proposition 2.20, we have an injective extension

R ˝ α´1 : A Ñ LApAq. Hence we have constructed a ˚-homomorphism satisfying the

following commutative diagram:

A

A LApAq.

R˝α´1

R

α

2. What we have shown is that LApAq is the greatest element in the poset of unitizations of

A, and so it must be unique. However, to see the explicit isomorphism, let α : A Ñ B be

another maximal (greatest) unitization of A, then it must be that there exists an injective

˚-homomorphism such that ρ : LApAq Ñ B with its own commutative diagram showing
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LApAq ď B. However we can repeat what we have done in Item 1 above, and conclude

that there is an injective ˚-homomorphism such that R ˝ α´1 : B Ñ LApAq satisfying the

commutative diagram above (replace A with B). A rudimentary computation shows that

R ˝ α´1 ˝ ρ is the identity map, and therefore B – LApAq.

This is our main theorem for this section, justifying why we can call MpAq :“ LApAq the

multiplier algebra, making it the unique maximal unitization for A.

Corollary 2.4. Let A,B be C˚-algebras. Let ϕ : B Ñ MpAq :“ LApAq be a nondegenerate

˚-homomorphism, then it extends uniquely to ϕ :MpBq Ñ MpAq.

Proof. Consider the unitization R : B Ñ LBpBq “ MpBq, so that B is embedded as a dense

ideal to MpBq. So that we can identify the mapping ϕ to a mapping ϕ : RpBq Ñ MpAq, we

apply the extension result of Proposition 2.20 to this map.

Corollary 2.5. If A is unital then A – MpAq.

Proof. This follows from the result A – LApAq when A is unital (Proposition 2.13).

The next result will allow us to get a more concrete realization of the multiplier algebra. We

first need the notion of an idealiser.

Definition 2.17. Let A be a C˚-algebra, with subalgebras C Ď B Ď A. We say that BC is the

idealiser of C in B, defined

BC :“ tb P B : bC Ď C and Cb Ď Cu.

Note that the idealiser of C in B is the largest ideal of B containing C.

Theorem 2.4. Let A,C be C˚-algebras and Z be a Hilbert C-module. Suppose that α : A Ñ

LCpZq is a nondegenerate injective ˚-homomorphism and let B be the idealiser of αpAq in LCpZq,

that is:

B :“ tT P LCpZq : TαpAq Ď αpAq and αpAqT Ď αpAqu.

Then B – MpAq.
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Proof. Note that αpAq Ď B, and in-fact, αpAq is an ideal of B, this is pretty much all what is

needed (we used the definition of B here). Our strategy is to first show that A embeds as an

essential ideal in B via α. To do this, we only need to show that αpAq is an essential ideal of B.

Let T P B, and suppose TαpAq “ t0u, this means that TαpAqZ “ t0u, hence by nondegeneracy

of α, T rαpAqZs “ T pZq “ t0u, so T “ 0. Therefore αpAq is indeed an essential ideal of B. What

we have shown is that α : A Ñ αpAq Ď B is a unitization of A, we are done if we can show that

this is maximal.

Let αD : A Ñ D be another unitization of A. We will pretty much use the same technique

as in Corollary 2.3. Via Proposition 2.20, we have a nondegenerate injective ˚-homorphism

α ˝ α´1
D : αpAq Ñ B, since αDpAq is an essential ideal in D, then it extends to an injective

˚-homomorphism α ˝ α´1
D : D Ñ B, where pα ˝ α´1

D qpαDpaqq “ αpaq, so D ď B. Therefore B is

maximal, as required.

The theorem says that simply by existence of a nondegenerate injective ˚-homomorphism α :

A Ñ LCpZq, we can compute the multiplier algebra of A.

Theorem 2.5. If Z is a Hilbert A-module, then LApZq – MpKApZqq.

Proof. We know that KApZq is a (closed two-sided) ideal of the C˚-algebra LApZq and that the

inclusion map ι : KApZq Ñ LApZq is a nondegenerate injective ˚-homomorphism by Proposition

2.14. Therefore by Theorem 2.4, if

B :“ tT P LApZq : TιpKApZqq Ď ιpKApZqq and ιpKApZqqT Ď ιKApZqu,

then B – MpKApZqq. However, B “ LApZq so the result follows.

Example 2.3. If we take the Hilbert space case, Z “ H, then we see that MpKpHqq – LpHq.

The notion of multiplier algebras can be used to generalize the notion of 2-cocycles for C˚-

algebras, which in turn allows us to define twisted C˚-dynamical systems. See Section 5.1 of

Chapter 5.

2.3 Imprimitivity Bimodules

We may have failed to recognize the elephant in the room. So far we have been discussing

Hilbert left C˚-modules, but there must be a notion of a Hilbert right C˚-module, no? Indeed it
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is straightforward to define one, but we need to be careful and precisely identify the differences

in these two related structures. We give an explicit definition below.

Definition 2.18. Let B be a C˚-algebra and Z a complex vector space. Z is said to be an

inner-product right B-module if it is a right B-module compatible with complex scalar

multiplication in the sense that:

λpz ¨ bq “ z ¨ pλbq “ pλzq ¨ b.

Furthermore, there exists x¨, ¨yB : Z ˆ Z Ñ B such that for all z, w, y P Z, b P B, and scalars

λ, µ P C:

1. xw, λz ` µyyB “ λ xw, zyB ` µ xw, yyB

2. xw, z ¨ byB “ xw, zyB ¨ b

3. xw, zy
˚
B “ xz, wyB

4. xz, zyB ě 0 and xz, zyB “ 0 ùñ z “ 0

A B-submodule of Z is a subvector space of Z that is closed with respect to the B-action.

An important distinction of inner-product left modules from the inner-product right modules is

the fact that the module inner-product for the latter are linear in the second component, while

antilinear in the first component. Furthermore, all of the results that we have from the previous

two sections can be modified mutatis mutandis to give a Hilbert right C˚-module versions of

themselves. We can also induce a norm on inner-product right B-modules, and we can also

define Hilbert right B-modules as those where the induced norm is complete. Adjointable maps

can also be defined similarly, and for b1, b2 P B, one can also define the basic rank-one adjointable

operators θb1,b2 : Z Ñ Z via θb2,b1pzq “ b2 xb1, zyB . In the literature, the notation AZ and ZB

are sometimes used to denote that Z is a inner-product A module or an inner-product B module

respectively. We will adapt this convention only when it is needed to be emphasized. Otherwise

we will strive to keep the presentation of the modules as uncluttered as possible. For a fixed

C˚-algebra A, it is also a right Hilbert A-module over itself by proper modifications of Example

2.1.
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Example 2.4. Define

ℓ2ApIq :“

#

a “ paiqiPI Ď A :
ÿ

iPI

aia
˚
i converges in the norm of A

+

Equipping ℓ2ApIq with the obvious right A action and inner-product:

1. a ¨ a :“ paiaqiPI ;

2. xa,a1yA “
ř

iPIpaiq
˚a1

i.

As usual, we get A as a Hilbert right A-module in the case |I| “ 1.

We can then see that the mapping L : A Ñ LApAAq, with L : a ÞÑ La and Lapcq “ ac is the

same map that shows A is isomorphic to the compact adjointables KApAAq. The upshot of all

this is that we could have also defined the multiplier algebra of A as LApAAq.

Having ourselves to the notion of a Hilbert right C˚-module, we are quickly led to the idea

that there must be some useful notion of a bimodule between two C˚-algebras that respect their

own Hilbert left-right C˚-module structures. This leads to imprimitivity bimodules between

C˚-algebras, but we first need to go through the following intermediate definition before we can

give a full definition of these bimodules. We shall closely follow the exposition in [RW98].

Definition 2.19. Let A be a C˚-algebra and Z a Hilbert left A-module, then Z is said to be full

if the ideal AxZ,Zy “ spantAxz, wy : z, w P Zu is dense in A. We have an analogous definition

for Hilbert right C˚-modules.

Definition 2.20. Let A,B be C˚-algebras, if Z be a complex vector space satisfying the follow-

ing:

1. Z is a full Hilbert left A-module and a full Hilbert right B-module;

2. For all a P A, b P B, z, w P Z:

xaz, wyB “ xz, a˚wyB , and Axzb, wy “ Axz, wb˚y ;

3. For all z, y, w P Z:

Axz, yyw “ z xy, wyB , (2.12)
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then Z is called an A ´ B-imprimitivity bimodule.

Proposition 2.21. Suppose Z is an A´B imprimitivity bimodule, then Z is a legitimate A´B

bimodule in the sense that for all a P A, z P Z, b P B, and λ P C:

1. apzbq “ pazqb;

2. pλaqpzbq “ apzpλbqq.

Proof. Take an arbitrary w P Z, we have

xapzbq ´ pazqb, wyB “ xpzbq, a˚wyB ´ xaz, wyB b
˚

“ xz, a˚wyB b
˚ ´ xz, a˚wyB b

˚ “ 0.

Since the equation above is true for all w P Z, and Z is a Hilbert right B-module, then it follows

from (an analogue) of Theorem 2.1 that apzbq “ pazqb. The second formula can be proven

similarly.

For the next few pages, we shall occupy ourselves with various results that would help us

construct an A´B-imprimitivity bimodule.

Lemma 2.5 ([RW98, Lemma 3.7]). Let Z be an A ´ B-bimodule satisfying Axioms 1 and 3 of

Definition 2.20. Z is an A ´ B-imprimitivity bimodule if and only if for all a P A, b P B, and

z P Z

2’. xaz, azyB ď }a}2 xz, zyB and Axzb, zby ď }b}2 Axz, zy .

Proof. Suppose Z is an A´B-imprimitivity bimodule as in Definition 2.20, then Item 2 says that

the left action of A are adjointable maps in LBpZBq, and the right action of B are adjointable

maps in LApAZq. That is, for each pa, bq P AˆB, if Lapzq :“ az and Rb :“ zb, then La P LBpZBq

and Rb P LApAZq. It follows from Proposition 2.8 that for all z P Z

xaz, azyB ď }La}2 xz, zyB ď }a}2 xz, zyB

Axzb, zby ď }Rb}
2
Axz, zy ď }b}2 Axz, zy .

Conversely, if we suppose 21, then the maps z ÞÑ az and z ÞÑ zb are all linear and bounded maps
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on Z such that (via Proposition 2.3 Item 1) for all z, w P Z

} xaz, awyB } ď }az}}w} ď }a}}z}}w}, (wrt norm in B)

} Axzb, wby } ď }zb}}w} ď }b}}z}}w}, (wrt norm in A).
(2.13)

It now follows from 3 of Definition 2.20 that for all z, w, z1, z2 P Z

xAxz1, z2y z, wyB “ xz1 xz2, zyB , wyB “ xz, z2yB xz1, wyB

“ xz, z2 xz1, wyByB “ xz, Axz2, z1ywyB

“ xz, pAxz1, z2yq˚wyB

Therefore xaz, wyB “ Bxz, a˚zy for all in a P AxZ,Zy, but we know from axiom 1 of Definition

2.20 that AxZ,Zy is dense in Z, and since we have Estimates 2.13, we know that the formula

must extend to all a P A. We can prove Axzb, wy “ Axz, wb˚y similarly.

Lemma 2.6. If Z is a full Hilbert left A-module, then Z is a full Hilbert right KApAZq-module,

when equipped with the following structure:

1. z ¨ T “ Tz, @T P KApAZq;

2. xw, zyKApAZq “ θw,z.

Furthermore, the induced norms coincide, i.e. for all z P Z :

} Axz, zy }1{2 “ } xz, zyKApAZq }1{2.

Proof. Let us denote B “ KApAZq to make the computations slicker. Now, first we need to

check the axioms of Definition 2.18 one-by-one. Let z, w, y P Z, and λ, µ P C.

1. It follows from the definition of rank-one operators in KApAZq “ B that: xw, λz ` µyyB “

λθw,z ` µθw,y;

2. Let T P B, then it follows from Equation 2.8 that xw, z ¨ T yB “ xw, TzyB “ θw,Tz “

Tθw,z “ xw, zyB ¨ T ;

3. xw, zy
˚
B “ θ˚

w,z “ θz,w “ xz, wyB ;
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4. We can use Proposition 2.10 to prove positivity of xw,wyB P KApAZq Ď LApAZq. We

compute Axz xw,wyB , zy “ Axθw,wz, zy “ AxAxz, wyw, zy “ pAxz, wyqpAxz, wyq˚ ě 0.

Therefore θw,w ě 0.

5. Lastly, we want to show positive definiteness. Suppose xw,wyB “ θw,w “ 0, then we can use

the computations from the previous item (take z “ w) so that: 0 “ } Axw xw,wyB , wy } “

} Axw,wy }2, therefore Axw,wy “ 0, which implies w “ 0.

We have already shown that Z is a inner-product right B “ KApAZq-module. We still need to

show fullness, but it follows from the fact that KApAZq is the norm completion of the span of

rank-one operators θw,z “ xw, zyB , so indeed KApAZq “ xZ,ZyB. Lastly, we want to show that

the induced norm from B is the same as the induced norm from A. It follows from Proposition

2.1 that:

A

A

z xw,wy
1{2
B , z xw,wy

1{2
B

E

“ Axz xw,wyB , zy “ pAxz, wyqpAxw, zyq “ } Axw,wy } Axz, zy .

Taking the A-norm and supremum over all }z} “ 1, this implies } xw,wy
1{2
B }2 “ } xw,wyB } ď

} Axw,wy }. On the other hand, if we take z “ w above, we find that } Axxw,wyB w,wy } “

} Axw,wy }2, and then it follows from Proposition 2.3 Item 1 that } xw,wyB } ě } Axw,wy },

therefore } xw,wyB } “ } Axw,wy } as required.

Proposition 2.22 ([RW98, Proposition 3.8]). Every full Hilbert left A-module AZ is a A ´

KApAZq-imprimitivity bimodule. Conversely, if Z is an A ´ B-imprimitivity bimodule, then

B – KApAZq, where the isomorphism ϕ : B Ñ KApAZq is fully determined by ϕpxw, zyBq “ θw,z

for each w, z P Z.

Proof. Suppose Z is an full Hilbert left A-module, then we already know from the previous

Lemma that Z is also a full right Hilbert KApAZq-module. We only need to check axioms 2 and

3 of Definition 2.20. For axiom 2, it is trivial that for any T P KApAZq, z, w P Z

Axz ¨ T,wy “ AxTz,wy “ Axz, T ˚wy “ Axz, w ¨ T y .

On the other hand, let a P A, we have, from the definition of rank-one operators that

xa ¨ z, wyKApZq “ θaz,w “ θz,a˚w “ xz, a˚ ¨ wyKApZq
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as required. Next we check axiom 3, let y P Z, so that

z ¨ xw, yyKApZq :“ z ¨ θw,y :“ θw,ypzq “ Axz, wy ¨ y,

as required.

For the converse, assume that Z is an A ´ B-imprimitivity bimodule, consider the map

ϕ : B Ñ LApAZq via ϕpbqpzq “ z ¨ b, which is well-defined by the fact that Z is an A ´ B-

imprimitivity bimodule (i.e. ϕpbq P LApAZq truly). This map is a ˚-homomorphism between

C˚-algebras, and therefore it follows from the basic theory of C˚-algebras that ϕ automatically

is continuous (i.e bounded) and has a closed image. All that remains is to prove that ϕ is a

C˚-isomorphism between B and KApAZq. To prove surjectivity, we have that for all w, z, y P Z:

ϕpxw, zyBqpyq “ y ¨ xw, zyB “ Axy, wy ¨ z “ θw,zpyq “ y ¨ xw, zyKApZq. Therefore ϕpxw, zyBq “

xw, zyKApZq , and therefore it follows from the fact that ϕ has a closed image that ϕpBq “

ϕpxZ,ZyBq “ ϕpxZ,ZyBq “ xZ,ZyKApZq “ KApZq. To show injectivity, suppose b P B such

that ϕpbq “ 0, and ε ą 0. Since xZ,ZyB is a dense ideal in B, we can find an approximate

identity, tbiuiPI in B such that for each i P I, bi P xZ,ZyB . Therefore, we have a j P J such that:

}b´ bjb} ă ε. But then, if we write explicitly bj “
řn
k“1 xwk, zkyB, we have

}b} ď

›

›

›

›

›

b´

n
ÿ

k“1

xwk, zkyB b

›

›

›

›

›

`

›

›

›

›

›

n
ÿ

k“1

xwk, zkyB b

›

›

›

›

›

ă ε`

›

›

›

›

›

n
ÿ

k“1

xwk, ϕpbqpzkqyB

›

›

›

›

›

“ ε.

Therefore }b} “ 0, equivalently, b “ 0. This proves the isomorphism.

As is usual with analysis, the spaces that we encounter in the wild are usually defined via

completion of dense subspaces. Hence it would be useful to have a completion criterion wherein

we only check for certain axioms on the dense *-subalgebras A0 and B0 of A and B respectively,

against a dense subspace Z0 of Z from which we can conclude that Z is an actual A ´ B-

imprimitivity bimodule. The dense subspaces involved are captured in the following definition.

Definition 2.21. Let A and B be C˚-algebras with dense ˚-subalgebras A0 and B0 respectively.

An A0 ´ B0-pre-imprimitivity bimodule is a vector space Z0 which is an A0-B0-bimodule

such that

1. Z0 is a left semi-inner product A0-module via A0
x¨, ¨y : Z0ˆZ0 Ñ A0 and a right semi-inner
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product B0-module via x¨, ¨yB0
: Z0 ˆ Z0 Ñ B0 (i.e. they satisfy all inner-product module

axioms except positive-definiteness);

2. A0
xZ0, Z0y and xZ0, Z0yB0

are dense ideals of A0 and B0 (hence of A and B) respectively;

3. For all a P A0, b P B0, and z P Z0,

xa ¨ z, a ¨ zyB0
ď }a}2 xz, zyB0

,

A0
xz ¨ b, z ¨ by ď }b}2 A0

xz, zy

in the completions B and A respectively;

4. For all z, y, w P Z0

A0
xz, yy ¨ w “ z ¨ xy, wyB0

.

If Z is a A ´ B-imprimitivity bimodule, we could have asked earlier if the induced norm on

Z as a Hilbert left A-module coincides with the induced norm on Z as a Hilbert right B-module,

this actually turns out to be the case, but we can prove a stronger result that also includes this.

Proposition 2.23 ([RW98, Proposition 3.11]). Let A,B be C˚-algebras with A0 Ď A and B0 Ď

B as dense ˚-subalgebras. If Z is an A0 ´ B0-pre-imprimitivity bimodule, then the following

seminorms coincide:

A0}z} :“ } A0
xz, zy }1{2 “ } xz, zyB0

}1{2 “ }z}B0 .

Proof. Let z P Z, then we have the following computation:

} A0
xz, zy }2 “ } A0

xz, zy A0
xz, zy }

“ }
A0

@

z xz, zyB0
, z
D

}

“ }
A0

@

z, z ¨ xz, zyB0

D

}

ď A0}z} ¨ A0}z ¨ xz, zyB0
}

“ } A0
xz, zy }1{2 ¨ } A0

xz, zy }1{2} xz, zyB0
}, (Item 3, Definition 2.21)

This gives us, } A0
xz, zy } ď } xz, zyB0

}. We can obtain the reverse inequality by running a similar
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computation starting at } xz, zyB0
}2. Therefore A0}z} “ } A0

xz, zy }1{2 “ } xz, zyB0
}1{2 “ }z}B0 ,

as required.

Remark 2.8. In the case A0 “ A, and B0 “ B, and Z0 “ Z, then we obtain the coincidence

of induced norms result for A ´ B-imprimitivity bimodules since they are also A ´ B-pre-

imprimitivity bimodules.

Finally we give the main result of this section, that A0 ´ B0-pre-imprimitivity bimodules

‘complete’ into actual A´B-imprimitivity bimodules.

Corollary 2.6 ([RW98, Proposition 3.12]). Let A and B be C˚-algebras with dense ˚-subalgebras

A0 and B0 respectively. If Z0 is an A0-B0-preimprimitivity bimodule, then there is an A-B-

imprimitivity bimodule Z and an A0-B0-bimodule homomorphism (meaning it respects the bi-

module structure) q : Z0 Ñ Z such that qpZ0q is dense and for z, w P Z0

xqpzq, qpwqyB “ xz, wyB0
,

Axqpzq, qpwqy “ A0
xz, wy .

(2.14)

Proof. It follows from Proposition 2.23 that N “ tz0 P Z0 : A0
xz0, z0y “ 0u “ tz0 P Z0 :

xz0, z0yB0
“ 0u. Therefore the exact vector space canonical quotient map q : Z0 Ñ Z0{N in

Lemma 2.1 allows us to construct a Hilbert leftA and Hilbert right B module Z as the norm-

completion of qpZ0q, satisfying Equations (2.14). The left A-module action, the right B-module

action, the inner-products Ax¨, ¨y, and x¨, ¨yB are all continuous, and so by density arguments,

the associativity condition Item 3 of Definition 2.20 is satisfied by Z. From the same density

argument, we also have that

xaz, azyB ď }a}2 xz, zyB ,

Axzb, zby ď }b}2 Axz, zy

for all a P A, b P B, and z P Z. Fullness follows from Item 2 of Definition 2.21. Therefore it

follows from Lemma 2.5 that Z is an A´B-imprimitivity bimodule.

Definition 2.22. Let A,B be C˚-algebras such that there exists Z, an A ´ B-imprimitivity

bimodule, then one says that A and B are Morita equivalent.

We shall not get into the details of why Morita equivalence is an actual equivalence relation

on C˚-algebras. However, this notion borrowed from the theory of modules over rings [Mor58],
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turned out to be quite useful when studying C˚-algebras. In particular, one can use the nice

symmetric structure of an imprimitivity bimodule, say between A and B to construct a corre-

spondence between representations (modulo unitary equivalence) and ideals between A and B.

We do not find much use of these facts in this thesis. What will be useful, however, is the picture

that we get from noncommutative geometry. Recall Gelfand’s, and Serre-Swan’s theorems from

Chapter 1. We shall obtain a particular ‘noncommutative’ incarnation of a ‘vector bundle’ over

C˚-algebras in the unital case. We first need the following lemma.

Lemma 2.7. Let I be a two-sided (not necessarily closed) ideal in a unital C˚-algebra B, then

I “ B implies I “ B.

Proof. Since 1B P I, and 1B P InvpBq, where InvpBq is the open set of invertible elements of B,

then we know that I X InvpBq ‰ H, therefore there exists an invertible element in I, say x P I.

However, this means xx´1 “ 1B P I, but 1B P I implies I “ B.

Corollary 2.7. Suppose Z is an A ´ B-imprimitivity bimodule. B is unital if and only if Z is

a finitely generated projective and self-dual Hilbert left A-module.

Proof. Suppose that B is unital. By the fact that Z is full, it follows from Lemma 2.7 that we have

xZ,ZyB “ B. In particular, there exists z1, .., zn, w1, ..., wn P Z such that
řn
k“1 xzk, wkyB “ 1B

for the identity 1B P B. Therefore for each z P Z:

z “ z ¨ 1B “ z ¨

n
ÿ

k“1

xzk, wkyB “

n
ÿ

k“1
Axz, zkywk.

Since for each k “ 1, ..., n, the map z ÞÑ Axz, zky is in HomApZ,Aq, then it follows from

Definition 2.11, that Z is finitely generated and projective as a Hilbert left A-module. Now,

φ P HomApZ,Aq, it follows from the equation above that for all z P Z :

φpzq “ φ

˜

n
ÿ

k“1
Axz, zkywk

¸

“

n
ÿ

k“1
Axz, zkyφpwkq “

A

C

z,
n
ÿ

k“1

φpwkq˚zk

G

Taking w :“
řn
k“1 φpwkq˚zk, we find that φpzq “ Axz, wy , so Z is self-dual.

For the converse, assume that Z is finitely generated projecive, and self-dual as a Hilbert

left A-module. This means there exist a finite family tφkunk“1 Ď HomApZ,Aq and elements
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twkunk“1 Ď Z such that

z “

n
ÿ

k“1

φkpzqwk.

By self-duality, we have tzkunk“1 Ď Z such that φkpzq “ Axz, zky for all z P Z and k “ 1, ..., n.

Therefore we have that:

Idpzq “ z “

n
ÿ

k“1

φkpzqwk “

n
ÿ

k“1

θzk,wk
pzq,

given the identity operator Id : Z Ñ Z. The equation above implies that Id P KApAAq, so from

Proposition 2.22, KApAAq – B is unital, as required.

We end with an important observation of what happens when one of the C˚-algebras involved

is unital.

Corollary 2.8. Let Z be an A´B-imprimitivity bimodule with B unital. Then LApAZq consists

of finite-rank operators.

We proceed as in the previous Corollary. If B is unital, then there exists tzkunk“1 and twkunk“1

in Z such that:

z “ z ¨ 1B “ z ¨

n
ÿ

k“1

xzk, wkyB “

n
ÿ

k“1
Axz, zkywk.

If T P LApAZq, then:

T pzq “

n
ÿ

k“1
Axz, zkyTwk “

n
ÿ

k“1

θzk,Twk
pzq.

So T “
řn
k“1 θzk,Twk

is of finite-rank as required.

Remark 2.9. Note that most of the results that we have shown here are ‘symmetric’, for example,

in the above Proposition: A is unital if and only if Z is a finitely generated and self-dual Hilbert

right B-module.

Proposition 2.24. Let Z be an A´B-imprimitivity bimodule with B unital. Let T “
řn
i“1 θhi,gi

be an operator in LApAZq. Then T is unitary in LApAZq if and only if

ÿ

i,j

xhi, giyB xgj , hjyB “ 1B “
ÿ

i,j

xgi, hiyB xhj , gjyB . (2.15)
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Proof. Let us suppose that Equation (2.6) is true, then

T pT ˚pzqq “ T

˜

n
ÿ

j“1

θgj ,hipzq

¸

“ T

˜

n
ÿ

j“1
Axz, gjy ¨ hj

¸

“

n
ÿ

j“1
Axz, gjy ¨ T phjq

“
ÿ

i,j
Axz, gjy Axhj , hiy ¨ gi “

ÿ

i,j

z ¨ xgj , hjyB xhi, giyB “ z ¨ 1B “ z.

We can make a similar computation to show that T ˚pT pzqq “ z for all z P Z. Hence T is unitary.

On the other hand, suppose that T is unitary, then we still have for all z P Z, z “ T pT ˚pzqq “

z ¨
ř

i,j xgi, hiyB xhj , gjyB . If we let b “
řn
i“1 xhi, giyB, then z “ T pT ˚pzqq “ z ¨ b˚b. Therefore,

for all z, w P Z:

xz, wyB “ xz, T pT ˚pwqqyB “ xz, w ¨ b˚byB .

This implies that for all z, w P Z, } xz, wyB ¨ 1B} “ } xz, wyB ¨ b˚b}, but by fullness of Z as a

Hilbert right B-module, it must follow from Lemma 2.4 that 1B “ b˚b “
ř

i,j xgi, hiyB xhj , gjyB .

We obtain 1B “ bb˚ by considering z “ T ˚pT pzqq instead.

In light of Corollary 2.8, the result above is actually a full-characterization of unitary adjointable

maps in an imprimitivity bimodule when at least one of the coefficient C˚-algebras is unital.

Remark 2.10. Note that we can rewrite Equation (2.6) as

n
ÿ

i“1

xhi, T
˚giyB “ 1B “

n
ÿ

i“1

xgi, ThiyB .

The above equation is equivalent to saying that thiu
n
i“1 and tT ˚giu

n
i“1 as well as tgiu

n
i“1 and

tThiu
n
i“1 are dual pair of generators for Z in the sense that for any z P Z :

z “

n
ÿ

i“1
Axz, giyThi “

n
ÿ

i“1
Axz, hiyT

˚gi.

In the case n “ 1 and T “ IdZ , we recover the so-called Wexler-Raz identity for modules

such as Z, i.e. θh,g “ IdZ if and only if

xh, gyB “ 1B. (2.16)
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2.4 Module Frames

A description of frames was first given by Duffin and Schaeffer in [DS52], and was then pop-

ularized by Debauchies, Grossman, and Meyer in [DGM86]. Frame theory has now become a

household tool for signal processing (harmonic analysis), providing a coherent theory of non-

orthogonal expansions. To expound, frames can be thought of as a (countable) family of thiuiPI

of elements in a Hilbert space H from which all elements h P H can be reconstructed. That

is, h “
ř

iPI cihi for some tciuiPI Ď C, but for which this family of coefficients tciuiPI need not

be unique, in particular thiuiPI need not be a basis. This non-uniqueness of the representation-

coefficients may sound unconventionally unnecessary as it generally introduces redundancy in

the representation of elements in H, that is, we are in effect using more elements than abso-

lutely necessary for such representations. There are practical motivations for this redundancy,

the canonical example comes from signal processing, where one usually samples and analyzes

(coefficients) a signal for perfect reconstruction. Using a redundant sample (a frame) gives ro-

bustness in our reconstruction since any corruption or deletion in our samples do not necessarily

mean that we can no longer reconstruct the signal from our possibly corrupted set.

We shall deal with frames in their various incarnations in this work. In keeping with the theme

of incorporating operator algebras with harmonic analysis, we shall give a brief introduction

to module frame theory in particular. The reader interested in the classical case in infinite

dimensions should consult [Chr03].

Module frames can be thought of as the generalization of the notion of frames as we

have described above, where one replaces the Hilbert space with a Hilbert C˚-module instead.

Naturally, we also replace the scalars with C˚-algebras. Originally introduced and developed

by Frank and Larson in [FL99, FL02]. It has since found itself useful in both the theory of

operator algebras e.g. [RT03] where it has shown connections with Kasparov’s stabilization

theorem, and harmonic analysis e.g. [AE20, AJL20] where module frames provided a natural

intermediary language for the results connecting operator algebras and time-frequency analysis

via Heisenberg modules. We will eventually see the results of this section applied in the latter

example with our dicussion of the Heisenberg modules (c.f. Chapter 5). Throughout the rest of

this document, we will simply refer to module frames as frames, unless we need to emphasize

the module structure of the ambient space.

Definition 2.23. Let Z be a Hilbert left A-module. A countable family z “ tziuiPI Ď Z is said
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to be a (module) frame for Z if there exists two constants C,D ą 0 such that

C Axz, zy ď
ÿ

iPI
Axz, zny Axz, zny

˚
ď D Axz, zy , @z P Z,

where the middle sum converges in the norm of A. C and D are called the lower frame or

upper constants respectively. If only the upper frame constant exists for z, then it is called a

Bessel family of Z. If C “ D, then z is called a tight frame. If A “ B “ 1, then z is called

a Parseval frame.

Remark 2.11. We will generally follow [AB17], defining module frames over not necessarily unital

C˚-algebras, in contrast to the original paper [FL99].

Remark 2.12. If z forms a Parseval frame, we see that
řn
i“1 Axz, zny Axz, zny “ Axz, zy for all

z P Z. This motivates the terminology since it is a generalization of Parseval’s identity in

functional analysis.

Example 2.5. Every Hilbert space H is a Hilbert left C-module. Therefore a family thiuiPI is a

frame if and only if there exists C,D ą 0 such that

C}h}22 ď
ÿ

iPI

| xh, hiy2 |2 ď D}h}22, @h P H.

As expected, we recover the definition of frame theory in Hilbert spaces. We shall also take this

opportunity to emphasize that there is a perfect correspondence of morphisms between H as a

Hilbert C-module and as a Hilbert space. This comes from the fact that every bounded linear

operator on H is automatically adjointable: LCpHq “ LpHq. In particular: compact, positive,

invertible, and unitary operators in LCpHq are exactly the same compact, positive, invertible,

and unitary operators in LpHq.

It will do us well to keep this example in mind, especially when we get into the business of

doing Gabor analysis, which is primarily written in terms of frame theory on the Hilbert space

of square-integrable functions (see Chapter 4).

Recall the Hilbert left A-module ℓ2ApIq given in Example 2.1. We can now define the two

fundamental operators in frame theory.

Definition 2.24. Let Z be a Hilbert left A-module. For a Bessel family z “ tziuiPI Ď Z.

The analysis and synthesis operators with respect to z are denoted by Φz : Z Ñ ℓ2ApIq, and
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Ψz : ℓ2ApIq Ñ Z respectively. For all z P Z and a “ taiuiPI P ℓ2ApIq, we have:

Φzpzq “ tAxz, ziyuiPi

Ψzpaq “
ÿ

iPI

aizi
(2.17)

We still have to justify the well-definedness of both the analysis and synthesis operators.

Our first hint for well-definedness is the requirement that z must be a Bessel family, this means

that for all z P Z, the sum
ř

iPI Axz, ziy Axz, ziy
˚ converges in the norm of A, which is exactly

what it means for tAxz, ziyuiPI to be a member in ℓ2ApIq. Hence Φz is well-defined. Next we shall

show that Ψz is also well-defined. We utilize the module norm characterization from Item 1 of

Theorem 2.1 along with the Cauchy-Schwarz inequality from Item 1 of Proposition 2.3. Let J

be any subfamily of I, in the following computation (partially from [AB17, Theorem 2.1]), we

put explicit subscripts in the module norms involved for easier parsing:

›

›

›

›

›

ÿ

jPJ

ajzj

›

›

›

›

›

2

Z

“ sup

$

&

%

›

›

›

›

›

›

A

C

ÿ

jPJ

ajzj , w

G

›

›

›

›

›

›

2

A

: }w}Z ď 1

,

.

-

“ sup

$

&

%

›

›

›

›

›

ÿ

jPJ

aj Axzj , wy

›

›

›

›

›

2

A

: }w}Z ď 1

,

.

-

“ sup
!

›

›

A

@

tajujPJ , tAxw, zjyujPJ

D›

›

ℓ2ApIq
: }w}Z ď 1

)

ď sup

$

&

%

›

›

›

›

›

ÿ

jPJ

aja
˚
j

›

›

›

›

›

A

¨

›

›

›

›

›

ÿ

jPJ
Axw, ziy Axw, ziy

˚

›

›

›

›

›

A

: }w}Z ď 1

,

.

-

ď D

›

›

›

›

›

ÿ

jPJ

aja
˚
j

›

›

›

›

›

.

Since the computation is valid for all J , we can replace J with IzF for F any finite subfamily of

I. This implies that the estimate above approaches 0 for monotone increasing values of F. This

means Ψzpaq “
ř

iPI aizi P Z as required.

Proposition 2.25. The analysis and synthesis operators with respect to a Bessel sequence are

both adjointable maps, and are in fact adjoints of each other.

Proof. Let z “ tziuiPI be a Bessel family, it follows from the continuity of the inner-products
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that for all z P Z and a P ℓ2ApIq:

AxΦzz,ay “
ÿ

iPI
Axz, ziy a

˚
i “

ÿ

iPI
Axz, aiziy “

A

C

z,
ÿ

iPI

aizi

G

“ Axz,Ψzpaqy .

Definition 2.25. Let Z be a Hilbert left A-module, with z “ tziuiPI Ď Z a Bessel sequence. We

define the frame operator θz P LApZq associated with z to be the composition of the associated

analysis, then the associated synthesis operator:

θz “ Ψz ˝ Φz “ Φ˚
z ˝ Φz “ Ψz ˝ Ψ˚

z . (2.18)

One can also generalize this a bit further by considering different Bessel families for the analysis

and synthesis operators. Suppose w “ twiuiPI is another Bessel family, then the mixed frame

operator θz,w P LApZq is given by:

θz,w “ Ψw ˝ Φz “ Φ˚
w ˝ Φz “ Ψw ˝ Ψ˚

z . (2.19)

Remark 2.13. We shall first agree that, for the rest of the manuscript, we will abbreviate and

refer to mixed frame operators simply as frame operators unless we need to explicitly differentiate

between the two.

If z “ tziu
N
i“1,wi

N
i“1 are finite families in Z, it is easy to see that we can write the associated

frame operators in terms of rank-one operators:

θz,w “

N
ÿ

i“1

θzi,wi .

Therefore in θz,w P KApZq. However, if z or w are countably infinite, we may be tempted3 to

conclude that every frame operator is compact. This is the perfect time to take a pause and

examine how we interpret θz,w as an infinite series of operators.

Proposition 2.26. Let z “ tziuiPI ,w “ twiuiPI be Bessel families of a Hilbert left A-module

Z. Let F be a finite subfamily of I, define zF “ tziuiPF ,w
F “ twiuiPF . Then θ˚

z,w “ θw,z and

θzF ,wF Ñ θz,w in ˚-strong topology of LApZq as F Ñ I (for monotone increasing F )

3I was.
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Proof. We find that θ˚
zF ,wF “ θwF ,zF for any finite subfamily F Ď I. By proceeding to do

an estimate similar to our proof of well-defined of the synthesis operator, we find that both

θzF ,wF z Ñ θz,wz and θwF ,zF z Ñ θwF ,zF z in Z, for all z P Z. Equivalently θzF ,wF Ñ θz,w in ˚-

strong topology. Furthermore, it follows from the definition of ˚-strong topology that the adjoint

operator on LApZq is a continuous map with respect to the ˚-strong topology. Hence it follows

from what we have just shown that θz,w “ θw,z.

Proposition 2.27. Let Z be a Hilbert left A-module, and z “ tziuiPI be a Bessel family. Then

every frame operator θz is positive.

Proof. We have θz,z “ θz, so it follows from Proposition 2.26 that θ˚
z “ θ˚

z,z “ θz,z “ z. Therefore

θz is self-adjoint. To prove positivity of θz, we have that Axθzz, zy “
ř

iPI Axz, ziy pAxz, ziyq˚ ě 0,

so it follows from Proposition 2.10 that θz is positive.

So far we have not really used the the frame condition in any of the operators of interest

that we have introduced. The lower frame bound now makes an appearance in the following

important result regarding the frame operator. To the best of the author’s knowledge, the proof

presented below, especially the backwards direction, is new (although this is a commonly cited

result).

Theorem 2.6. Let Z be a Hilbert left A-module and z “ tziuiPI a Bessel family. We have the

following: z “ tziuiPI is a frame if and only if the frame operator θz is invertible in LApZq.

Proof. Suppose z is a frame in Z with lower frame bound C ą 0. It follows from Item 2 Theorem

2.1 that (again with explicit subscripts in the norms for easier parsing):

}θzz}Z “ sup

#
›

›

›

›

›

A

C

ÿ

iPI
Axz, ziy zi, w

G
›

›

›

›

›

A

: }w}Z “ 1

+

ě

›

›

›

›

›

A

C

ÿ

iPI
Axz, ziy zi,

z

}z}Z

G›

›

›

›

›

A

“

›

›

›

›

›

ÿ

iPI
Axz, ziy pAxz, ziyq

˚ 1

}z}Z

›

›

›

›

›

A

ě C} Axz, zy }A
1

}z}Z

“ C}z}Z .

It follows from self-adjointness of θz and Lemma 2.2 that θz is invertible in LApZq.
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Conversely, suppose that θz is invertible in LApZq. By virtue of θz being adjointable we

already know that for all z P Z,
ř

iPI Axz, ziy pAxz, ziyq
˚

“ Axθzz, zy converges in the norm of

A. Furthermore, θz is positive (so it is also self-adjoint), and therefore θ1{2
z and θ

´1{2
z exists in

LApZq. Using Proposition 2.8 we find that for all z P Z:

ˇ

ˇ

ˇ
θ
1{2
z z

ˇ

ˇ

ˇ

2
ď

›

›

›
θ
1{2
z

›

›

›

2
|z|2 ðñ

Axθzz, zy ď

›

›

›
θ
1{2
z

›

›

›

2
|z|2 ðñ

ÿ

iPI
Axz, ziy pAxz, ziyq

˚
ď

›

›

›
θ
1{2
z

›

›

›

2

Axz, zy .

Therefore z is a Bessel family with upper frame bound D :“
›

›

›
θ
1{2
z

›

›

›

2
“ }θz}. To prove the

existence of lower frame bound for z, we again use Proposition 2.8, so that for all z P Z:

ˇ

ˇ

ˇ
θ

´1{2
z pθ

1{2
z zq

ˇ

ˇ

ˇ

2
ď

›

›

›
θ

´1{2
z

›

›

›

2 ˇ
ˇ

ˇ
θ
1{2
z z

ˇ

ˇ

ˇ

2
ðñ

Axz, zy ď

›

›

›
θ

´1{2
z

›

›

›

2

Axθzz, zy ðñ

1
›

›

›
θ

´1{2
z

›

›

›

2 Axz, zy ď
ÿ

iPI
Axz, ziy pAxz, ziyq

˚ .

Hence z possesses a lower frame bound C :“ 1
›

›

›
θ

´1{2
z

›

›

›

2 “ 1

}θ´1
z }

. Therefore z is a frame for Z.

Proposition 2.28. Let z “ tziuiPI a Bessel family for a Hilbert A-module Z. Then

}θz} “ inf
!

D1{2 : D is a Bessel bound for z
)

.

Proof. We use the fact that θz is positive so that for all w P Z:

Axθzw,wy “
A

A

θ
1{2
z w, θ

1{2
z w

E

ď p}θz}1{2qq2 Axw,wy .

Therefore }θz} is a Bessel bound for z, which implies that

}θz}1{2 ě inf
!

D1{2 : D a Bessel bound for z
)

. (2.20)

On the other hand, if D is a Bessel bound for z, we find that

Axθzw,wy
1{2

ď D1{2
Axw,wy

1{2 , @w P Z
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ùñ }θ
1{2
z w} ď D1{2}w}, @w P Z

ùñ }θ
1{2
z } ď D1{2.

The last inequality, paired with (2.20), finally gives us }θz}1{2 “
␣

D1{2 : D is a Bessel bound for z
(

,

from which the result follows.

Proposition 2.29. Let Z be a Hilbert left A-module, and z P Z. Consider the frame operator

asssociated with a single element z, θz. We have

}z} “ }θz}
1{2 (2.21)

Proof. The required equation follows exactly from Lemma 2.6.

An important corollary of invertibility of the frame operator associated to a frame is that we

have a reconstruction formula for Z.

Corollary 2.9 (Reconstruction Formula). Let z “ tziuiPI be a frame for a Hilbert left A-module

Z, then for all z P Z:

z “ θ´1
z θzz “

ÿ

iPI
Axz, ziy θ

´1
z z

“ θzθ
´1
z z “

ÿ

iPI
A

@

θ´1
z z, zi

D

zi “
ÿ

iPI
A

@

z, θ´1
z zi

D

zi.
(2.22)

An interesting connection between the algebraic structure of Z, and frames in Z, is summa-

rized in the following result, which can be found in [AE20, Proposition 2.6].

Corollary 2.10. Let Z be a Hilbert left A-module. Consider the frame operator associated with

the fmaily z “ tziuiPI . We have that z is a frame if and only if tziuiPI generates Z as a module.

We can now go back to our original motivation. In the Hilbert space case, Z “ H, we find

that a h “ thiuiPI Ď H is a frame for H if and only if for all h P H:

h “ θhθ
´1
h h “

ÿ

iPI

@

h, θ´1
h hi

D

2
hi.

Therefore, we can reconstruct any vector h using the not-necessarily orthogonal family thiuiPI .

Furthermore, we also have a way of computing the non-unique coefficients: ci “
@

h, θ´1
h hi

D

2
.
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In the reconstruction formula (2.22), notice that if we define w “ twiuiPI via wi “ θ´1
z zi then

we can rewrite (2.22) to

θz,w “ θw,z “ IdZ .

The equation above motivates one of the key concepts in frame theory.

Definition 2.26. Let z “ tziuiPI be a frame for a Hilbert left A-module Z, we say that the

family w “ twiuiPI is a dual frame of z if:

θz,w “ IdZ . (2.23)

Dual frames always exist for z, and in particular if we choose w “ tθ´1
z ziuiPI , then w is called

the canonical dual frame of z.

Before we proceed, we need to justify the terminology dual frame. It only makes sense to show

that dual frames are indeed frames.

Proposition 2.30. Let z “ tziuiPI be a frame for a Hilbert left A-module Z with upper frame

bound D. Suppose w “ twiuiPI is a dual frame for z, then w is a frame.

Proof. We need to prove that w is a Bessel family, and subsequently, that θw is invertible.

However, this all follows from the simple computation:

θw ˝ θz “ Ψw ˝ Φw ˝ Ψz ˝ Φz

“ Ψw ˝ θz,w ˝ Φz

“ Ψw ˝ Φz

“ θw,z “ IdZ .

Therefore if we can show that θw is a Bessel family, then it follows immediately it is invertible

with inverse θz from the computation above. However, the Bessel property follows from the exact

same computation. Fix z P Z, find z1 P Z such that θzz1 “ z. Then

Axθwz, zy “
A

@

θwpθzz
1q, θzz

1
D

“
A

@

z1, θzz
1
D

“
A

@

θzz
1, z1

D
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ď D
A

@

z1, z1
D

“ D
A

@

θ´1
z z, θ´1

z z
D

ď D
›

›θ´1
z

›

›

2
Axz, zy .

We have shown that θw is a Bessel family and invertible, as required.

Remark 2.14. Every frame generates a Parseval frame. To see this, let z be a frame so that θz is

invertible. Define wi “ θ
´1{2
z zi, and w “ twiuiPI . The following computation shows everything

that we need to know: z “ pθ
´1{2
z ˝θz˝θ

´1{2
z zqz “

ř

iPI
A

A

z, θ
´1{2
z zi

E

θ
´1{2
z zi “

ř

iPI Axz, wiywi “

θwz for all z P Z. Therefore θw “ IdZ , henceforth Axθwz, zy “ Axz, zy for all z P Z, as required.

From our computation, it also follows that the canonical dual frame of the generated Parseval

frame is itself.

Dual frames are not unique, and one can consult [Chr03] for examples. There is quite a large

amount of literature pertaining to dual frames, and their computation (for the canonical dual

frame case, this is quite tricky as it involves inverting the frame operator) [DHM23, CC00, Sto15].

Another point to note, which ties together some of the concepts discussed in the previous sections,

is that if z is a frame, with dual frame w, then z and w are also dual pair of generators (see

Remark 2.10) for the Hilbert left A-module Z.

As a final remark, note that there is an obvious way of reconstructing all that we’ve done here

to Hilbert right C˚-modules. However, the theory of module frames for Hilbert right C˚-modules

will not play much role in this study.
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Chapter 3

Harmonic Analysis

One of the goals of this monograph is to present results in time-frequency analysis in terms of

abstract harmonic analysis. We shall give an introduction to topological groups, developing the

necessary language to discuss and prove the basic results of harmonic analysis on locally compact

abelian (LCA) groups. We close the chapter with a short discussion of vector-valued integration

on LCA groups.

We shall mostly follow the rapid introduction developed in the first chapter of Williams’ mono-

graph [Wil07] for the introductory material on general topological groups and locally compact

spaces. Once we have established a certain sophistication of our tools, we will follow Folland’s

text [Fol15] as we delve into the abelian case in particular. We invite the reader to consult Ap-

pendix B for a concise overview of necessary net theoretic results. We will use net-convergence

characterizations to capture topological results. We also assume some familiarity with measure

and integration theory.

3.1 Topological Groups

Definition 3.1. A topologial group is a group G together with a topology τ such that

1. Points (i.e. singletons) are closed in pG, τq;

2. The map mult : ps, rq ÞÑ sr is continuous from GˆG to G;

3. The map inv : s ÞÑ s´1 is continuous from G to G.

Regarding Item 1 above, we see that it is satisfied when the topology τ for G is assumed to be

Hausdorff. As it turns out, it is an equivalent condition for Hausdorfness (see Lemma 3.3) below.
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Proposition 3.1. Finite products of topological groups is a topological group.

Proof. We do the proof for two products, the proof can then be extended inductively. Let

G1, G2 be topological groups. The product G1 ˆ G2 will then be equipped with the product

topology, i.e. the initial topology1 with respect to the projection maps proj1 : G1 ˆ G2 Ñ G1

and proj2 : G1 ˆ G2 Ñ G2. Suppose multi, invi are the multiplication and inversion maps for

Gi (i “ 1, 2). We can define2 the group multiplication mult : pG1 ˆG2q ˆ pG1 ˆG2q Ñ G1 ˆG2

and inversion inv : G1 ˆG2 Ñ G1 ˆG2 via following:

multpps1, s2q, pr1, r2qq :“ ps1r1, s2r2q “
`

f1pps1, s2q, pr1, r2qq, f2pps1, s2q, pr1, r2qq
˘

invps1, s2q :“ ps´1
1 , s´1

2 q “
`

g1ps1, s2q, g2ps1, s2q
˘

Note that for i “ 1, 2 :

fipps1, s2q, pr1, r2qq :“
`

pmultiqpproj1ps1, s2q,proj2pr1, r2qq, pmultipproj2ps1, s2q, proj2pr1, r2qq
˘

gipps1, s2q, pr1, r2qq :“
`

inv1pproj1ps1, s2q, inv2pproj2pr1, r2qq
˘

.

Since each fi and gi can be written via continuous functions as above, it follows that they are

also continuous. Therefore mult and inv are also continuous.

The following gives us basic examples of topological groups.

Example 3.1. Let n,m, and d be positive integers:

1. Any group with discrete3 topology is a topological group;

2. The groups Rn, Tm, and Zd are all topological groups.

Lemma 3.1. If G is a topological group, then inversion, s ÞÑ s´1 is a homeomorphism from G

to G, while for any fixed r P G the maps induced by multiplication: s ÞÑ sr and s ÞÑ rs are also

homeomorphisms from G to G.

Proof. The inversion map inv : s ÞÑ s´1 is a continuous map whose inverse is itself, so it is a

homeomorphism in G. Let r P G. For multiplication, we shall only prove the homeomorphic

1meaning the weakest topology that one can endow on G1 ˆ G2 that makes each projection map continuous
2Indeed, for the rest of this document, we will always assume this definition.
3By ’discrete’ we mean a space whose topology consists of all its subsets i.e. all the open (hence closed) sets

are just its subsets.
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property for the map lr : G Ñ G via s ÞÑ rs. We already know lr is continuous because it lifts

through the continuous map constr ˆ id : G Ñ GˆG following the commutative diagram:

GˆG

G G

mult

lr

constr ˆ id

where constr ˆ id : s ÞÑ pr, sq. It can easily be seen that the inverse of lr is lr´1 , we can apply

the continuity result to r´1 P G to conclude that lr´1 is also continuous, which implies that lr is

a homeomorphism. We have a similar proof for the right multiplication s ÞÑ sr.

Definition 3.2. Let X be a topological space. For x P X, a family Nx of neighborhoods4 of x

is called a neighborhood basis of x if for every neighborhood W of x, there exists N P Nx

such that N Ď W.

For a topological group G, we shall use the following notations: for a fixed r P G, V r :“ tvr P

G : v P V u, rV “ trv P G : v P V u, V ´1 “ tv´1 P G : v P V u, and V 2 “ tv2 P G : v P V u, for any

subset V Ď G. Now with the language of neighborhood basis, we have the following corollary

directly following Lemma 3.1.

Corollary 3.1. Let G be a topological group. Let Ne be a neighborhood basis of the neutral

element e P G. Then tNr : N P Neu and trN : N P Neu are both neighborhood bases of r. In

particular, if N consists of open neighborhoods, then β “ tV r : V P N , r P Gu is a basis for the

topology of G.

Lemma 3.2 ([Wil07, Lemma 1.12]). Let V be a neighborhood of e in G. Then we have the

following inclusion V Ď V Ď V 2.

Proof. We only need to prove V Ď V 2. Let s P V , so every neighborhood of s intersects V.

However, we know that sV ´1 is a neighborhood of s, so that sV ´1 X V ‰ H, hence there exist

t, v P V such that st´1 “ v ðñ s “ vt, from which it follows that s P V 2 as required.

Recall that X is a regular space if and only if every closed subset C and a point p P XzC

admit non-intersecting neighborhoods.

Lemma 3.3 ([Wil07, Lemma 1.13]). If G is a topological group, then G is Hausdorff and regular.
4Here we use the definition that W is a neighborhood of x iff x is an interior point of W . This means that W

is not necessarily open.
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Proof. We start with regularity. Let C Ď G be closed and s R C. Without loss of generality we

can assume that e “ s (c.f. Corollary 3.1). The set W :“ GzC is open, then it follows from the

continuity of mult : GˆG Ñ G that there exists an open neighborhood V Q e such that

multpV ˆ V q “ V 2 Ď W.

It follows from Lemma 3.2 that V Ď V 2 Ď W “ GzC. Therefore U :“ GzV is an open

neighborhood of C while V is an open neighborhood of e such that U X V “ H. This shows us

that G is regular. Now by assumption, each singleton is closed in G, so it follows from regularity

that G is also Hausdorff.

3.2 Locally Compact Spaces

Definition 3.3. A Hausdorff topological space X is locally compact if each point x P X has

a compact neighborhood.

Since we always assume Hausdorffness, it is not hard to prove the following equivalent definition.

Proposition 3.2. A Hausdorff topological space X is locally compact if and only if for any

x P X, every open neighborhood of x has a compact closure.

Proof. Let us first do the forward direction, and suppose X is locally compact. Take x P X, and

let Kx Q x be a compact neighborhood. Let intKx be the interior of the compact set Kx, then

x P intKx Ď Kx. Since in a Hausdorff space: closed subsets of a compact set are compact, and

compact sets are closed; it follows that x P intKx Ď Kx, therefore intKx is an open neighborhood

of x with compact closure.

Conversely, let x P X and let us suppose that every open neighborhood of x has a compact

closure. Take Ux Q x an open neighborhood of x, then x P Ux Ď Ux, and Ux is compact by

assumption. Therefore we have constructed a compact neighborhood of x via Ux.

We will use either of these equivalent notions for the rest of the manuscript.

Note that it follows from Proposition 3.2, and the fact that the closure of product of open

sets is the product of closure of open sets that we have the following basic result.

Proposition 3.3. Finite products of locally compact spaces are locally compact.
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We also have the following result which usually runs in the background of proofs regarding locally

compact spaces.

Proposition 3.4. Let X be a locally compact space. Then for every point x P X and every open

neighborhood Ux Q x of x, there exists another open neighborhood Vx Q x such that Vx Ď Ux where

Vx is compact and x P Vx Ď Vx Ď Ux.

Proof. Let x P X, and let Ux be an open neighborhood of x, since X is locally compact then there

exists a compact neighborhood of x, given by Kx such that Kx Ď Ux (by possibly intersecting

any compact neighborhood of x with Ux5) Since Kx is a neighborhood, there exists another open

set Vx Q x such that x P Vx Ď Kx. Because X is Hausdorff, we have the following inclusions:

x P Vx Ď Vx Ď Kx “ Kx Ď Ux.

We are done since Vx must be compact as a closed subset of a compact set.

The hypothesis of Hausdorffness is assumed so that we can define local compactness in terms

of neighborhoods instead of having to work with neighborhood bases. We do not lose much with

this assumption since we will mostly be working with topological groups anyway.

Example 3.2. Speaking of topogical groups, the product G “ RnˆTmˆZdˆF for a finite group

F is an example of a locally compact abelian group. In fact such groups are called elementary

locally compact abelian groups.

The next following results will be useful in generating examples of locally compact spaces coming

from subsets.

Definition 3.4. A subset Y of a topological space X is said to be locally closed if each point

in Y has an open neighborhood U in X such that Y X U is closed in U with respect to the

relative topology.

Lemma 3.4 ([Wil07, Lemma 1.25]). If X is a topological space and Y Ď X, then the following

are equivalent.

1. Y is locally closed in X;

2. Y is open in Y ;

5It is not hard to show that the intersection of a compact set and an open set is compact.
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3. Y “ C XO for some closed set C, and open set O in Y .

Proof. (1 ùñ 2). Let y P Y , we know by local closedness that there exists an open neighborhood

P of y such that P XY is closed in P . Since y P P XY as well, it suffices to show that P XY Ď Y

(i.e. we would then have shown that every point in Y is interior to it with respect to the relative

topology induced by Y ). If x P P XY , so there exists a net txiui in Y such that xi Ñ x, since P

is an open neighborhood of x, txiui will eventually be in P , and so txiui is eventually in P X Y .

We know that P X Y is closed in P , and therefore the limit x P P of the net txiui which is

eventually in P XY must be in it, i.e. x P P XY Ď Y . Therefore we have shown that P XY Ď Y.

(2 ùñ 3). If Y is open in Y , then there exists an open set O Ď X such that Y “ Y X O,

we are done.

(3 ùñ 1). Suppose Y “ CXO as in the hypothesis. Let y P Y , and choose U “ O, an open

neighborhood of y. We want to show that U X Y is open in U , so let txiui be a net in U X Y

that converges to x in U . We are done if we can show that x P Y due to Proposition B.1. Now,

because txiui Ď Y “ C X O, and C is closed, it follows that x P C. Furthermore, by our choice

of U , x P O “ U . Therefore x P C XO “ U X Y , as required.

Lemma 3.5. Let X be a locally compact space. Y Ď X is locally compact if and only if Y is

locally closed.

Proof. Assume that Y is locally closed so that there exists, from Lemma 3.4, a closed set C Ď X

and open set O Ď X such that Y “ C X O. Fix y P Y with U Q y an open neighborhood in X

such that U is compact. It now follows from the fact that the intersection of compact and open

set is a compact set, that y P U X Y “ Y X C X O Ď Y is compact in Y . That is, y P U X Y

is an open neighborhood in the relative topology of Y , whose relative closure U X Y is compact.

Therefore it follows from Proposition 3.2 Y is locally compact.

Conversely, suppose Y is locally compact so that for any fixed y P Y , there exists an open

neighborhood U Q y of X such that U X Y is has a compact closure in Y . That is: CY :“

U X Y X Y Ď Y is closed in Y . By Hausdorffness, CY is compact in Y , therefore closed in Y ,

hence also closed in X. To show local closedness in Y , we shall show that U X Y is closed in U .

Suppose txiui is a net in U X Y that converges in U . Since U X Y Ď CY and CY is closed, then

x P CY “ U X Y X Y , therefore x P Y . We have shown local closedness of Y.

Remark 3.1. Note in particular that any closed or open subsets S of a locally compact space X

are locally compact since they can be trivially written as S “ S X X, so the assertion follows

57



from Lemma 3.4 and 3.5.

Example 3.3. The general linear group GLnpRq of n ˆ n matrices with entries in R is a locally

compact space because it can be seen as an open subset of Rn2
. This follows from the fact that

the determinant map det : Rn2
Ñ R is continuous, and therefore det´1pRzt0uq “ GLnpRq is

open.

In the following, we endow a topology for continuous functions between two topological

spaces. It will be useful in our discussion of the so-called Pontryagin dual (see Definition 3.9) of

an LCA group.

Definition 3.5. Suppose that X and Y are topological space and that CpX,Y q is the collection

of continuous functions from X to Y. The compact-open topology on CpX,Y q is the topology

generated by (i.e. via subbasis) the sets

UpK,V q :“ tf P CpX,Y q : fpKq Ď V u

for each compact K Ď X and open V Ď Y .

In the locally compact space case, we have quite an easy net convergence criterion.

Proposition 3.5 ([Wil07, Lemma 1.30]). Let X,Y be locally compact spaces, endow CpX,Y q

with the compact-open topology. We have the net convergence fi Ñ f in CpX,Y q if and only if

xi Ñ x in X implies fipxiq Ñ fpxq in Y .

Proof. ( ùñ ). Suppose fi Ñ f in CpX,Y q and xi Ñ x in X. Take any open neighborhood

V Q fpxq, and from this construct a compact subset K in X such that x P K, and f P UpK,V q

(these all exist from the fact that f and Proposition 3.4). Then tfiui is eventually in UpK,V q

and txiui is eventually in K, together they imply that tfipxiqui is eventually in V. Since V is an

arbitrary neighborhood of fpxq, we have fipxiq Ñ fpxq as required.

( ðù ). Suppose xi Ñ x in X implies fipxiq Ñ fpxq in Y . We want to show that fn Ñ f

in CpX,Y q, that is, tfiui is eventually in UpK,V q for some compact K and open V . Suppose

for contradiction that fi ­Ñ f , then we can find some (after careful negation of net-convergence

definition) UpK,V q Q f and subnet tfiui (after passing to a subnet and relabeling) such that

fi R UpK,V q for all i. By compactness of K (recall that K is compact iff every net has a

convergent subnet from Proposition B.7), we can find an txiui (again, after passing to a subnet

and relabeling) such that xi Ñ x. By hypothesis fipxiq Ñ fpxq, since tfipxiqu Ď XzV and XzV

is closed, then fpxq P XzV , i.e. fpxq R V , which is a contradiction.
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An important difference between locally compact Hausdorff spaces and compact Hausdorff

spaces is that in the locally compact space case, we no longer have normality and paracompactness

of the space for free, and therefore we do not exactly have: Urysohn’s Lemma, Tietze extension

Theorem, and existence of Partitions of Unity. However there exist separate versions of these

results for the locally compact group case. We shall give their full statement for posterity.

We prove only the version of Urysohn’s Lemma since the proof for the other two are similar

(this assumes that we are familiar with the proofs of the original versions of these results). The

following comes from [Wil07, Lemma 1.41-1.43], and will be relevant in some of our constructions

in Chapter 6.

Lemma 3.6 (Urysohn). Suppose that X is a locally compact space and that V is an open neigh-

borhood of a compact set K in X. Then there is an f P CcpXq such that Im f Ď r0, 1s and that

fpxq “ 1 when x P K and fpxq “ 0 when x R V.

Proof. Due to Proposition 3.4, each point x P K contains an open neighborhood Ux Q x whose

closures are compact, and such that Ux Ď Ux Ď V . Now by compactness of K, there exists

x1, ..., xn P K such that

K Ď

n
ď

i“1

Uxi Ď

n
ď

i“1

Uxi Ď V.

Now, if we take W “
Ťn
i“1 Uxi , then it is a an open neighborhood of K whose closure is compact,

such that K Ď W Ď W Ď V. Because W is a compact Hausdorff space, then it is normal, and

therefore we can use Urysohn’s Lemma for normal spaces on W : there exists an h P CpW q such

that 0 ď h ď 1 on W with h ” 1 on K, and h ” 0 on W zW . We define

fpxq “

$

’

&

’

%

hpxq, if x P W,

0, if x R W.

By Pasting Lemma f P CcpXq, with all the required properties.

The proofs for Tietze Extension and existence of partitions of unity follow the same principle of

constructing a compact set out of X wherein we can use the known compact version of the result

as in the one given for Urysohn’s Lemma above.

Theorem 3.1 (Tietze Extension). Suppose X is a locally compact space and that K Ď X is

compact. If g P CpKq, then there is an f P CcpXq such that f|K “ g.

59



Lemma 3.7 (Existence of Partitions of Unity). Suppose X is a locally compact space and that

tUiu
n
i“1 is a cover of a compact set K Ď X by open sets with compact closures. Then for

i “ 1, ..., n there exist φi P CcpXq such that

1. 0 ď φi ď 1 for all x P X;

2. suppφ Ď Ui;

3.
řn
i“1 φi “ 1 on K and

řn
i“1 φi ď 1 outside K.

3.3 Locally Compact Groups and Their Subgroups

In this section we consider the case when the underlying topology on a topological group G is

locally compact.

Lemma 3.8 ([Wil07, Lemma 1.34]). A locally closed subgroup of a topological group is closed.

Proof. Let H be a locally closed subgroup of a topological group G. Since local closedness

for topological groups must be equivalent to local closedness using neighborhoods of the neutral

element e P G (c.f. Corollary 3.1). Therefore there exists a neighborhood W Q e such that WXH

is closed in W . Next, by continuity of multiplication, we can find let U, V be neighborhoods of

e in G such that

V 2 Ď U Ď U2 Ď W.

Let x P H. Consider a net txiui Ď H such that xi Ñ x. By continuity of inversion, and since

x´1
i P H, then x´1

i Ñ x´1 P H. We know that x´1V is a neighborhood of x´1, therefore

x´1V XH ‰ H, so we can take y P x´1V XH. We now that txiui is eventually in V x, while by

continuity of multiplication, txiyui is eventually in

V xpx´1V XHq Ď V 2 XH Ď U XH Ď W XH.

In particular, txiyui Ď U eventually, and therefore xy P U . Recall from Lemma 3.2 that

xy P U Ď U2 Ď W. So the net txiyui Ď W X H has limit xy P W, but W X H is closed in

W , so xy P W XH, but then

x “ pxyqy´1 P pW XHqpV xXHq Ď H.
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so x P H. Therefore H “ H, hence H is closed.

Corollary 3.2. If H is a subgroup of a locally compact group G such that H is either open,

discrete, or locally compact, then H is closed.

Proof. It suffices for all cases that we prove that H is a locally closed group due to Lemma 3.8.

H being locally compact is equivalent to being locally closed (c.f. Lemma 3.5), every open set is

also locally closed (c.f. Lemma 3.4). Finally, every discrete subset is also locally closed because

all of its subsets are closed in the relative topology, therefore H is also closed in the discrete

case.

Let H be a subgroup of a topological group G, the group of (left) cosets G{H can also be

endowed with a topological group structure via the topology that makes the map

q : G Ñ G{H, g ÞÑ gH.

continuous (aka the final topology on G{H with respect to q). Explicitly, U Ď G{H is open if

and only if

q´1pUq Ď G

is open in G.

Lemma 3.9 ([Wil07, Lemma 1.44]). If H is a subgroup of a topological group G, then the quotient

map q : G Ñ G{H is open and continuous.

Proof. By our definition of the topology on G{H, q is automatically continuous. We only need

to show open-ness. If V is open in G, we want to show that qpV q is open in G{H. We have

q´1pqpV qq “ tg P G : gH P qpV qu

“ tg P G : gH “ vH, for some v P V u

“ tg P G : g P vH, for some v P V u

“
ď

hPH

V h.

Since each V h – V is open, then qpV q is open in G{H.
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At this point, it will be very useful to review the net-criterion for open surjective maps given by

Proposition B.9 in the appendix. A straightforward application of this proposition on q : G Ñ

G{H gives us the following lemma.

Lemma 3.10 ([Wil07, Lemma 1.46]). Suppose that H is a subgroup of a topological group G

and that tsiHuiPI converging to sH. Then there is a subnet ts1
jujPJ of tsiuiPI and another net

thjujPJ such that s1
jhj Ñ s.

Corollary 3.3 ([Wil07, 1.48]). Let H be a subgroup of a topological group G. The left coset

space G{H with the quotient topology is Hausdorff iff H is closed in H. If G is locally compact,

then G{H is locally compact. If G is second countable, then G{H is second countable.

Proof. We first prove that H closed ùñ G{H Hausdorff. Recall that a space is Hausdorff if and

only if every convergent net in it has unique limit (c.f. Proposition B.2). Suppose tsiHui Ď G{H

converges to both sH and rH in G{H. By Lemma 3.10, there exists (after passing to a subnet

and relabeling) a net thsi ui and thri ui in G such that

sih
s
i Ñ s, and sihri Ñ r.

Define thiui “ tphsi q
´1hri u. We have

hi “ phsi q
´1hri “ phsi q

´1 ¨ s´1
i ¨ si ¨ hri Ñ r´1s

by continuity of inversion and multiplication. Since H is closed, then r´1s P H, which implies

that sH “ rH, so indeed the limit is unique, therefore G{H is Hausdorff.

Conversely, assume H is not closed, we want to show G{H is not Hausdorff. Then we negate

the net-criterion for being a closed set (c.f. Corollary B.1), and find some net thiui in H such

that hi Ñ s with s P GzH. Now q is continuous, therefore

eH “ qphiq Ñ qpsq P teHu.

We have found a net, the constant net teHui, to converge to two limits eH and sH, but H ‰ sH

since s P GzH.

Next we want to prove that if G is second countable, then so is G{H. Let tVnun be a countable

basis for G. Define Un :“ qpVnq in G{H for each n. Since tVnun is a basis, and q is continuous,
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for each open W Ď G{H, and s P G such that s P q´1pW q, there is some Vn such that

s P Vn Ď q´1pW q,

which implies that qpsq P qpVnq “ Un Ď W. By arbitrariness of s, we see that tUnun is also a

basis for W , which is countable, so G{H is second countable.

Lastly, suppose G is locally compact, then we can find a basis in G (c.f Proposition 3.4) whose

closures are compact. Now we can run the same argument as in the proof for second countability

of G{H above and find a countable basis of G{H whose closures are all compact (since continuous

functions send compact sets to compact sets). The resulting basis whose closures are all compact

shows that G{H is locally compact.

We can use the same techniques as in the proof above to show that G{H is also a locally compact

group.

Corollary 3.4. Let G be a locally compact group, and H a closed subgroup, then G{H is also a

locally compact group with respect to the usual coset operations.

Proof. We only give proof for continuity of inversion. The proof for multiplication is similar. We

want to show that if we have net-convergence siH Ñ sH in G{H, then s´1
i H Ñ s´1H as well.

We use the priciple of convergence presented in Proposition B.3 Now we can take any subnet of

tsiHuiPI relabel it and call it tsiHuiPI still. By Lemma 3.10, there is a subnet ts1
jujPJ of tsiuiPI

and another net thjujPJ such that s1
jh

1
j Ñ s. But inversion is continuous so that h´1

j ps1
jq

´1 Ñ s´1.

But q is continuous, so

qph´1
j ps1

jq
´1q “ ps1

jhjq
´1 Ñ s´1H.

This implies

ps1
jq

´1H “ hjps
1
jhjq

´1H “ ps1
jhjq

´1H Ñ s´1H.

What we have essentially shown is that every subnet of ts´1
i uiPI has a subnet that converges to

s´1 as required.
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3.4 The Haar Measure

We are now ready to discuss integration on locally compact space.

Definition 3.6. Let X be a locally compact space and BorpXq be its Borel space (i.e. the

σ-algebra generated by open sets of X). A (Borel) measure µ : BorpXq Ñ Rě0 on X is called a

Radon measure if µ satisfies the following:

1. (Inner-regularity). For each open V Ď X, we have

µpV q “ suptµpCq : C Ď V, C compactu;

2. (Outer-regularity). For each E P BorpXq,

µpEq “ inftµpUq : E Ď U, U openu.

In the special case that X “ G is a locally compact group, we call µ a left Haar measure on

G if we further add

3. (Left-Translation Invariance). For all s P G and E P BorpXq : µpsEq “ µpEq.

Remark 3.2. Note that inner-regularity above makes sense because we defined locally compact

spaces to be automatically Hausdorff, therefore all compact sets of X are closed, hence are inside

BorpXq.

We also have an obvious analogous definition for right Haar measure by adding in right-

translation invariance. We shall abbreviate and use the term "Haar measure" to mean left Haar

measure; when we mean right Haar measure, we shall say so explicitly.

Proposition 3.6. Let G be a locally compact group with nontrivial Haar measure µ. Then

1. µpUq ą 0 for all nonempty open set U ;

2. µpCq ă 8 for all compact set C;

3.
ż

G
fpsqdµpsq ą 0 for all f P C`

c pGqzt0u.

Proof.
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1. Suppose for contradiction that there exists a nonempty open set U such that µpUq “ 0.

Let K be any compact set in G, then we can cover K by finite translations of U , i.e. there

exists x1, ..., xn such that

K Ď

n
ď

i“1

xiU.

This implies µpKq ď
řn
i“1 µpxiUq “

řn
i“1 µpUq “ 0. Since K is arbitrary and µ is inner-

regular, we find that

µpGq “ suptµpKq : K Ď G, K compactu “ 0.

Therefore µ ” 0, which is a contradiction to nontriviality.

2. Let C Ď G be compact. Take E P BorpGq such that µpEq ă 8 (exists by nontriviality of

µ). By outer regularity, there exists some open set U Ď G with

µpUq ă µpEq ` 1,

and E Ď U. By Item 1 above,

0 ă µpUq ď µpEq ` 1.

As in the preceeding argument, we can find some x1, ..., xn P G such that

C Ď

n
ď

i“1

xiU.

Therefore µpCq ď
řn
i“1 µpxiUq ď nµpUq ă 8.

3. Let f P C`
c pGqzt0u, define the open set

U :“ f´1

ˆˆ

1

2
}f}8,`8

˙˙

“

"

x P G : fpxq ą
1

2
}f}8

*

‰ H.

We then have that

fpxq ě
1

2
}f}8χU pxq, @x P G.
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By monotonicity of the integral

ż

G
fpsqdµpsq ě

1

2
}f}8

ż

G
χU psqdµpsq “

1

2
}f}8µpUq ą 0. (3.1)

Remark 3.3. Note that the estimate in (3.1) shows us that if
ż

G
fpsqdµpsq “ 0, then we see that

}f}8 “ 0, which implies f “ 0 since f is continuous. We can use this to show that

}f}1 :“

ż

G
|fpsq|dµpsq

is positive-definite on CcpGq, and in fact defines a norm. The notion of integrable space L1pGq

can be extended to 1 ď p ă 8, and we find that

}f}p :“

ˆ
ż

G
|fpsq|pdµpsq

˙1{p

is also a norm on CcpGq. We can define the LppGq space to be the norm-completion of CcpGq

with respect to }¨}p. Unfortunately this does not extend to p “ 8, since the completion of CcpGq

with respect to the sup-norm is C0pGq. The advantage of this definition is that we skip a lot

of measure-theoretic considerations when we just work on the seemingly simpler dense subspace

CcpGq. Of course we are working backwards from the classical results here, one can define each

LppGq space as an actual function space (modulo null-equivalence) which has CcpGq as a dense

subspace, for this point of view we refer to [Rud86].

Remark 3.4. Functions in L1pGq are called, integrable, given a Radon measure ν (which may

be complex or just positive), we can induce another Radon measure by integrating against some

integrable function, say f P L1pGq. For each measurable E P BorpGq, we define the new measure

denoted by fdν via

pfdνqpEq :“

ż

E
fpsqdνpsq. (3.2)

Locally compact groups are well-behaved enough that we basically have uniqueness of Haar

measures on G. Here we shall cite two of the most important results on locally compact spaces,

whose proofs are very technical (the results themselves are enough for us), hence we refer to the

following sources: [Fol15, Theorem 2.10] and [Rud86, Theorem 2.14] respectively.
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Theorem 3.2 (Existence and Uniqueness of Haar Measures on Locally Compact Groups). Every

locally compact group G has a Haar measure that is unique in the following sense: if µ and ν are

two Haar measures on G, then there exists a unique positive real number λ ą 0 such that

µ “ λν.

This existence and uniqueness theorem is usually paired with the following duality result.

Theorem 3.3 (Riesz-Markov-Kakutani Representation Theorem). Let X be a locally compact

space. Then for any continuous linear functional on CcpXq, i.e. ψ : CcpXq Ñ C, there exists a

unique Radon measure µψ : BorpXq Ñ C such that for all f P CcpXq :

ψpfq “

ż

X
fpxqdµψpxq.

Before we derive some corollaries using the previous two major results, let us first set some

notation. Let G be a locally compact group, for each y P G, define for each function f : G Ñ C

and s P G

1. Lyfpsq “ fpy´1sq

2. Ryfpsq “ fpsyq.

For the rest of the manuscript, we shall also reserve the greek letter µ or µG for Haar measures,

and ν for general Radon measures.

Proposition 3.7 ([Fol15, Proposition 2.9]). Let µ be a Radon-measure on a locally compact

group G, and let rµpEq :“ µpE´1q for each E P BorpGq. Then:

1. µ is a Haar measure if and only if rµ is a right Haar masure;

2. µ is a Haar measure if and only if

ż

G
pLyfqpsqdµpsq “

ż

G
fpsqdµpsq (3.3)

for all f P C`
c pGq, and y P G.

Proof.

1. µ is a Haar measure if and only if for all s P G and E P BorpGq, µpsEq “ µpEq “

µppE´1s´1q´1q “ rµpE´1s´1q “ rµpE´1q. This is sufficient.
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2. We only need to prove this for simple functions. Suppose that µ is a Haar measure. Then

for any simple function φ “
řn
i“1 aiχEi , for Ei P BorpGq in each i “ 1, ..., n, we have

ż

G
pLyφqpsqdµpsq “

n
ÿ

i“1

aiµpyEiq

“

n
ÿ

i“1

aiµpEiq

“

ż

G
φpsqdµpsq.

Since any C`
c pGq can be approximated by simple functions6, we know that the formula

extends to C`
c pGq.

Conversely, suppose the Equation (3.3) is true for all C`
c pGq, then by the fact that

spanC`
c pGq “ CcpGq, and that CcpGq, then Equation (3.3) extends to all of CcpGq. Now

if we define for each y P G, the Borel measure µypEq :“ µpyEq for each E P BorpGq. We

find that from the previous computation

ż

G
pLyfqpsqdµpsq “

ż

G
fpsqdµypsq “

ż

G
fpsqdµpsq

for all f P CcpGq. Therefore by Riesz-Markov-Kakutani 3.3, we have that µpyEq “ µpEq

for all E P BorpGq. Since y P G is arbitrary, then µ is left-invariant, hence it is a Haar

measure.

Remark 3.5. We can have a linear functional version of Item 2 in the proposition above. If I is

a positive linear functional on CcpGq, then its corresponding Radon measure is a Haar measure

if and only if IpLyψq “ Ipψq for all y P G.

It will also be eventually useful for us to formally define here what we mean when we apply

the translation transforms Ly and Ry for y P G to a Radon measure. For a Radon measure

ν, Lyν and Ryν respectively are the Radon measures that are completely characterized by the

following: for all ψ P CcpGq,

ż

G
ψpsqdpLyνqpsq “

ż

G
pLyψqpsqdνpsq

6Recall that the approximating sequence in simple approximation theorem in particular is an increasing
sequence, so we can switch limits and integrals by monotone convergence theorem.
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ż

G
ψpsqdpRyνqpsq “

ż

G
pRyψqpsqdνpsq

Studying the scaling factors that appear due to the Haar existence and uniqueness theorem

lead us to the so called modular function ∆ : G Ñ Rě0, where ∆prq is defined to be the unique

scalar such that ∆prqµG “ pRrµGq for each r P G. We note that ∆ is well-defined and does

not depend on the initial choice of the Haar measure. Let us suppose that µ1 and µ2 are Haar

measures for G, then there exists c ą 0 such that cµ2 “ µ1. Let ∆1 and ∆2 be the associated

modular functions for µ1 and µ2 respectively. It follows that c∆2pgqµ2 “ ∆1pgqµ1 for all g P G.

However by uniqueness of Haar measures:

c∆2pgq

∆1pgq
“ c,

which implies that ∆1pgq “ ∆2pgq for all g P G.

The next result is needed to prove continuity of the modular function. We refer the reader

to [Wil07, Lemma 1.62]. We shall focus on its implications.

Lemma 3.11. Suppose that f P CcpGq and that ε ą 0. Then there is a neighborhood V of the

neutral element e in G such that s´1r P V or sr´1 P V implies that

|fpsq ´ fprq| ă ε.

The result above is nothing more than the usual uniform continuity that we are familiar with,

one can see this quite clearly in the case G “ R.

Corollary 3.5. Let G be a locally compact group. If f P CcpGq, then for any net tyiui Ď G such

that yi Ñ y P G we have

}Ryif ´Ryf}8 Ñ 0,

}Lyif ´ Lyf}8 Ñ 0.

Lemma 3.12. Let µ be a Haar measure on a locally compact group G. The modular function

∆ : G Ñ Rě0 is well-defined (i.e. independent of the choice of Haar-measure), is a continuous

(multiplicative) group homomorphism, and satisfies:

∆prq

ż

G
pRrfqpsqdµpsq “

ż

G
fpsqdµpsq (3.4)
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for all r P G and f P C`
c pGq.

Proof. We have already shown well-definedness of ∆ : G Ñ Rą0. The Equation (3.4) also follows

quite easily by considering integrals of simple functions under the Haar measures RrµG and µG

(and extending the result via simple approximation). The homomorphism property also follows

quite easily, let s, t P G and E P BorpGq:

∆pstqµGpEq “ RstpµGqpEq “ µGpEpstqq “ ∆ptqµGpEsq “ ∆psq∆ptqµGpEq.

Hence ∆pstq “ ∆psq∆ptq. Since ∆ ą 0, this is enough to prove that ∆ : G Ñ R˚ is a homomor-

phism7.

Finally, to show continuity, let f P C`
c pGq, and let yi Ñ y in G, it follows from Corollary 3.5

that Ryif Ñ Ryf in where the support of Ryif is eventually in the support of Ryf . Therefore
ż

G
fpsy´1

i qdµGpsq Ñ

ż

G
fpsy´1qdµGpsq. It follows from Equation (3.4) that:

∆pyiq

ż

G
fpsqdµGpsq Ñ ∆pyq

ż

G
fpsqdµGpsq.

Therefore ∆pyiq Ñ ∆pyq, as required.

Definition 3.7. We say that a locally compact group G is unimodular if its modular function

satisfies ∆ ” 1.

The following result is immediate from the definition of the modular function. This also shows us

why it is usually treated informally as a gauge for measuring how close to being right-invariant

a Haar measure is on a given locally compact group .

Lemma 3.13. Let G be a locally compact group, then any Haar measure µ in G is simultaneously

left and right invariant if and only if G is unimodular.

As a quick corollary, we see that an abelian group is always unimodular.

Lemma 3.14. If G is compact, then G is unimodular.

Proof. If G is compact, then by continuity of the modular function, ∆pGq is compact in Rě0,

hence by Heine-Borel, it must be closed and in particular, bounded. Suppose for contradiction

that ∆ ı 1, then there exits s P G such that (WLOG, otherwise take s´1) ∆psq ą 1, then from

7It is important to recall that we treat Rą0 as a subgroup under the multiplicative structure of R˚
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the homomorphic-property of the modular function, ∆psnq “ ∆psqn Ñ `8. We have found a

contradiction to boundedness of ∆pGq.

3.5 The Pontryagin Dual

For the rest of the section, we now assume that our group G is locally compact, abelian (and so

we shall use the additive notation when dealing with the operations in G), and second countable.

Second countability of G assures us that G, and hence GˆG will have a σ-finite Haar measure,

which will readily give us the Tonelli/Fubini theorems for free (i.e. we can switch integrals at

will), along with the fact that LppGq for each 1 ď p ă 8 is separable [Bre11, Theorem 4.13].

Therefore, whenever we deal with density statements involving these spaces, we can comfortably

think of the associated nets as just sequences. In particular, we can invoke Lebesgue dominated

convergence theorem. For our purposes, nothing much is lost when we make this additional

assumption, and in fact we welcome this as we expect "lattices", which are discrete subgroups

of the time-frequency plane Gˆ pG, to be actually countable8

It still takes some time to develop the following result even with Tonelli/Fubini fully available

to us. The following result can be found in [Fol15, Proposition 2.40].

Proposition 3.8. L1pGq is a commutative Banach ˚-algebra with the following multiplication

and involution respectively:

pf ˚ gqpsq “

ż

G
fprqgps´ rqdµprq

f˚psq “ fp´sq,

(3.5)

for all f, g P L1pGq and s P G.

Definition 3.8. A net tuiui of self-adjoint elements in L1pGq whose norm is bounded by 1 is

called an approximate identity for L1pGq if for all f P L1pGq, f ˚ ui Ñ f in } ¨ }1-norm.

Proposition 3.9 ([Wil07, Lemma 1.72]). L1pGq has an approximate identity in CcpGq.

It would be wise to recall one of the fundamental results regarding the Gelfand transform on

commutative Banach algebras. Recall that if A is a commutative Banach algebra, we denote by

MA :“ th : A Ñ C | h is a non-zero complex algebra homomorphismu

8There exists pathological spaces where a discrete subspace is not necessarily countable.
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its maximal ideal space. We can equip MA with the relative topology it inherits from the

continuous dual spaceA˚ equipped with the weak-˚ topology (it can be shown that the functionals

in MA are automatically continuous).

Theorem 3.4 ([Mur90]). Given a commutative Banach algebra A, the maximal ideal space MA

is a locally compact space, and the Gelfand transform Φ : A Ñ C0pMAq defined via

Φpaq “ pa, where

paphq “ hpaq

for all a P A and h P MA is a norm-decreasing homomorphism whose image is dense in C0pMAq.

In the case the A is a C˚-algebra, then Φ becomes an isometric ˚-isomorphism 9.

Definition 3.9. We define pG to be the set of continuous homomorphisms from G to T. Under

pointwise multiplication pG is a group called the Pontryagin dual ofG (a.k.a character group).

The problem of endowment of topology to the Pontryagin dual pG is related to the maximal ideal

space ML1pGq. It turns out that [Wil07, Theorem 1.76] the mapping

Lemma 3.15. The map ω ÞÑ hω where

hωpfq “

ż

G
fpsqωpsqdµpsq, @f P L1pGq (3.6)

defines a bijective function from pG onto ML1pGq. The inverse ML1pGq Ñ pG is denoted by h ÞÑ ωh.

The bijection between the Pontryagin dual pG and the maximal ideal space ML1pGq allows us to

define a topology on pG by identifying all open sets of pG with the open sets of ML1pGq using the

bijection (3.6) (i.e. the initial (resp. final) topology with respect to ω ÞÑ hω (resp. h ÞÑ ωh)). In

terms of nets, we have the following equivalences:

ωi Ñ ω in pG ðñ hωi Ñ hω in ML1pGq. (3.7)

Equivalently,

hi Ñ h in ML1pGq ðñ ωhi Ñ ωh in pG. (3.8)

9One has to redefine MA in this case to be the collection of all φ : A Ñ C of algebra ˚-homomorphisms
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There is, however, a simpler way to describe the topology on pG [Wil07, Corollary 1.79].

Lemma 3.16. The topology on pG identified with ML1pGq coincides with the relative compact-open

topology on pG Ď CpG,Tq

We could have just easily defined the topology on pG to be the relative compact-open topology

on pG in consideration of Lemma 3.16. However, our original definition synergizes well with the

upcoming definition of the Fourier-transform, which makes the explicit connection between pG and

ML1pGq pay-off. Furthermore, it also captures a deeper truth about the representation theory of

locally compact (non necessarily abelian) groups. The characters on G can be seen as irreducible

unitary representations ρ : G Ñ ULpHq for some Hilbert space H, since in the case that G

is abelian, we necessarily have that LpHq – C (i.e. ρ is one-dimensional) hence ULpHq “ T.

Therefore the study of the dual group pG generalizes to the study of the irreducible unitary

representations of G, henceforth denoted by IrrpGq in the non-abelian case. The problem now is

that we no longer have the accessible compact-open topology when working with representations,

however there is still a way to map IrrpGq to ˚-representations of L1pGq that parallels Equation

(3.6). In fact this is implemented by taking the integrated form of ρ. In any case, there is a

way to define an analogous space ML1pGq equipped with its own topology called the Jacobson

topology, when G is non-abelian. There also is a map from unitary irreducible representations

of G to this ‘ML1pGq’, the topology on IrrpGq is now the initial topology induced by the map

IrrpGq Ñ ML1pGq, called Fell’s topology. While interesting , we do not find concrete use of this

generality in our current work aside from the ideas surrounding it, like the construction of group

C˚-algebras (see Section 5.2, Chapter 5).

Remark 3.6. We shall also call any element in pG, a character of G. This ties up nicely with the

identification of pG with ML1pGq as they are also called the characters of L1pGq in the literature.

Corollary 3.6. pG is a locally compact group.

Proof. This follows from the trivial homeomorphism pG – ML1pGq and Gelfand’s Theorem 3.4.

Proposition 3.10. We have the following elementary properties of the dual space In the follow-

ing, G and tGiu
n
i“1 are all LCA groups.

1. If G is compact, then pG is discrete.

2. If G is finite, then G – pG.
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3. {

śn
k“1Gk –

śn
k“1

xGk.

Proof.

1. Let us assume that G is compact. We shall use the compact-open topology in pG (c.f.

Lemma 3.16). To show discreteness, we fix χ0 P pG and show that there exists an open

neighborhood of χ0 not containing any other point in pG. First, we start by proving that

for any ε ą 0, the set

UpG,χ0, εq :“

#

χ P pG : sup
gPG

|χpgq ´ χ0pgq| ă ε

+

(3.9)

is an open set in the compact-open topology. Fix χ P UpG,χ0, εq. Using continuity of χ,

we have that for each g P G, there exists an open neighborhood Vg P G of g such that:

χpVgq Ď χpVgq Ď Bε{4pχpgqq Ď Bε{3pχpgqq (3.10)

where we use the notation Bδpzq for the open ball of radius δ ą 0 centered at z P C. By

compactness of G, there exists g1, ..., gn with corresponding open sets Vg1 , ..., Vgn covering

G that possess Property (3.10). Trivially, χ P
Şn
i“1 UpVgi , Bε{3pχpgiqq. Furthermore, if

η P
Şn
i“1 UpVgi , Bε{3pχpgiqq, it follows from the fact that tVgiu

n
i“1 covers G that for any

g P G

|ηpgq ´ χ0pgq| ď |ηpgq ´ χpgiq| ` |χpgiq ´ χ0pgq| ă
2ε

3
ă ε (3.11)

for some i “ 1, ..., n chosen such that g P Vgi . It follows that χ P
Şn
i“1 UpVgi , Bε{3pχpgiqq Ď

UpG,χ0, εq therefore UpG,χ0, εq is open in compact-open topology of pG for any ε ą 0.

Now take ε “ 1, and suppose for contradiction that UpG,χ0, 1q ‰ tχ0u, then there exists

g0 P G such that χ0pg0q ‰ 1. However, this implies that there exists an n P N such that

1 ă |χ0pg0qn ´ 1| “ |χ0pgn0 q ´ id
pG
pg´n

0 q| “ |χ0pgn0 q
`

χ0pgn0 q ´ χ0pg´n
0 q

˘

| “ 0,

which is a contradiction. Therefore UpG,χ0, 1q “ tχ0u, which shows that pG is isolated.

2. If G is a finite abelian group, then by the structure theorem G – Zn1 ˆ Zn2 ˆ ¨ ¨ ¨ ˆ Znk

for n1, ..., nk P N. For any homomorphism χ : Zn Ñ T we may always find some k “

74



0, 1, ..., n´ 1 such that χpmq “ χkpmq “ e2πi
km
n . The map k ÞÑ χk is an isomorphism from

Zn to pZn. It now follows from the structure theorem that G – pG.

3. The isomorphism is given by
śn
k“1

pGk Q pω1, ..., ωk, ...ωnq ÞÑ
śn
k“1 ωk P {

śn
k“1Gk where

˜

n
ź

j“1

ωk

¸

ps1, ..., sk, ..., snq :“ ω1ps1q ¨ ... ¨ ωkpskq ¨ ... ¨ ωnpsnq,

for all ps1, ..., sk, ..., snq P
śn
k“1Gk. It is not hard to see that the mapping is injective,

consider the equality:
śn
j“1 ω

1
k “

śn
j“1 ω

2
k, then if ej is the neutral element of Gj and

sk P Gk we obtain

ω1
kpskq “

n
ź

j“1

ω1
kpe1, ..., sk, ..., enq “

n
ź

j“1

ω2
kpe1, ..., sk, ..., enq “ ω2

kpskq

for all k “ 1, ..., n. This proves injectivity. To show surjectivity, let χ P {

śn
j“1Gj , then from

the fact that χ :
śn
j“1Gj Ñ C is a homomorphism, it follows that

χ “

n
ź

j“1

ωj , ωj P pGj , for j “ 1, ..., n

where ωkpskq “ χpe1, ..., sk, ..., enq, for each sk P Gk. It is not hard to check that this defines

a group homomorphism, furthermore the continuity of the map and its inverse follow quickly

from considering net-convergence. Hence we have an isomorphism of topological groups.

Proposition 3.11. Let G be a compact abelian group with Haar measure µ. Then for any

nontrivial character ω P pG,

ż

G
ωpsqdµpsq “ 0.

Proof. Let ω be a nontrivial character of G and choose h P G such that ωp´xq ‰ 1 (which

will always exist by nontriviality). Suppose for contradiction that
ż

G
ωpsqdµpsq ‰ 0. Then by

translation invariance of the Haar measure:

ż

G
ωpsqdµpsq “

ż

G
ωps´ xqdµpsq “ ωp´xq

ż

G
ωpsqdµpsq.
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This implies 1 “ ωp´xq, which is a contradiction.

3.6 The Fourier Transform

We define the Fourier transform to be a map whose domain is L1pGq and denote

Fpfq “ pf,

where pf is exactly the Gelfand transform of f , so that

pfphq “ pfphωq “

ż

G
fpsqωpsqdµpsq, @h P ML1pGq

where we use the bijection in Proposition 3.6 to have the representation h “ hω, for a unique

ω P pG, for each h P ML1pGq. The following is immediate from the homeomorphism ML1pGq – pG

and from Gelfand’s Theorem 3.4.

Theorem 3.5. The Fourier transform F is a norm-decreasing ˚-homomorphism from L1pGq to

C0p pGq, and can be defined via:

pFfqpωq “

ż

G
fpsqωpsqdµpsq, @ω P pG.

Furthermore, FpL1pGqq is dense in C0p pGq.

One can see from the mapping F : L1pGq Ñ C0p pGq, that indeed the Fourier transform as it

appears above is the generalized version of Riemman-Lebesgue lemma [Rud86, Theorem 9.6]

since the dual space of Rd is itself by the identification Rn Q x ÞÑ px P Rn where pxpyq “ e2πix¨y

for all y P Rn [Fol15, See pg. 107]. Furthermore, the fact that F is a ˚-homomorphism that we

get for free from Gelfand’s theorem gives us the familiar convolution formula:

zf ˚ g “ pf ¨ pg, @f, g P L1pGq. (3.12)

For the rest of the document we shall interchangeably use either Ff or pf for the Fourier-transform

of f.

We would like to eventually be able to invert the Fourier transform, or at least make it

precise when this is possible. To do this, we need to introduce the measure algebra MpGq
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which is the set of all complex Radon measures10 on the locally compact group G. Note that

there is an extension of Riesz-Markov-Kakutani 3.3 that associates the set of complex Radon

measures on G with continuous linear functionals on C0pGq [Rud86, Theorem 6.19], furthermore

if ν P MpGq and ψν P C0pGq Ñ C is the associated Riesz-Markov-Kakutani linear functional,

then }ν} “ }ψν}, where }ν} :“ sup
ř8
n“1 |νpEnq| with the supremum running over all disjoint

measurable sequences tEnu8
n“1 that covers G. }ν} is called the total variation of ν (it is important

to recall from the definition of complex measures that }ν} ă 8 by fiat, so the total variation is

well-defined). The total variation endows MpGq a norm, and in fact makes it a Banach space

with the obvious operations. We can use this extended Riesz-Markov-Kakutani to show more:

suppose ν, ρ P MpGq, then the map that sends

ϕ ÞÑ

ż

G

ż

G
ϕps` rqdνpsqdρprq (3.13)

is a linear functional that satisfies

ˇ

ˇ

ˇ

ˇ

ż

G

ż

G
ϕps` rqdνpsqdρprq

ˇ

ˇ

ˇ

ˇ

ď }ϕ}8}ν}}ρ}. (3.14)

Therefore we have found a continuous linear functional on C0pGq, and we call the corresponding

measure to be the convolution ν ˚ ρ P MpGq. The estimate in (3.14) shows that }ν ˚ ρ} ď }ν}}ρ},

so barring a basic associativity result (using Fubini) of the convolution operation proof, MpGq

can be seen to be a Banach algebra. As a remark, observe that we can define MpGq for any

locally compact group by simply replacing the addition notation in (3.14) with the multiplicative

notation, but for our purposes, because G is an LCA group, MpGq is a commutative Banach

algebra. The main point here is that L1pGq can actually be embedded into MpGq, explicitly, if

f P L1pGq and µ is the (modulo the scale) Haar measure on G, then

ϕ ÞÑ

ż

G
ϕpsqfpsqdµpsq

defines a linear functional on C0pGq, with

ˇ

ˇ

ˇ

ˇ

ż

G
ϕpsqfpsqdµpsq

ˇ

ˇ

ˇ

ˇ

ď }ϕ}8}f}1,

so the mapping is also a continuous linear function on C0pGq, the corresponding measure is

10See Chapter Six of [Rud86]
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identified with f . We check a bit more to see if the identification respects the actual convolution

in L1pGq : let f, g P L1pGq then for ϕ P C0pGq:

ż

G
ϕpsqpf ˚ gqpsqdµpsq “

ż

G
ϕpsq

„
ż

G
fprqgps´ rqdµprq

ȷ

dµpsq

“

ż

G

ż

G
ϕps` rqfprqgpsqdµprqdµpsq,

which is exactly what we expect looking at the defining linear functional (3.13). An extension of

the Fourier-transform can now then be defined onMpGq, called the Fourier-Stieltjes transform:

given ν P MpGq, we denote its Fourier-Stieltjes transform with pν : pG Ñ C, and define it via

pνpωq “

ż

G
ωpsqdνpsq, @ω P pG

To see that this is a true extension of the Fourier transform on L1pGq, consider f P L1pGq as an

element of MpGq, then for all ω P pG

pfpωq “

ż

G
ωpsqpfpsqqdµpsq

“

ż

G
fpsqωpsqdµpsq,

which is exactly Ff in Theorem 3.5. As an added bonus, we also extend the convolution formula:

let ν, ρ P MpGq, then from the fact that each ω P pG is a homomorphism:

{pν ˚ ρqpωq “

ż

G
ωpsqdpν ˚ ρqpsq

“

ż

G

ż

G
ωps` rqdνpsqdρprq

“

ż

G
ωpsqdνpsq ¨

ż

G
ωprqdρprq

“ pνpωq ¨ pρpωq

as expected. However, we are more interested in defining the Fourier-Stieltjes transform for the

dual group pG. As a preview to duality, we make an important note here,

Lemma 3.17. If g P G, then for each g P G, the map evpgq : pG Ñ C

evpgq : ω ÞÑ ωpgq
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is in p

pG. Furthermore, ev : G Ñ
p

pG defines a homomorphism of groups.

Proof. Consider the net convergence ωi Ñ ω in pG. By convergence in compact-open topology,

and the fact that singletons are compact in any topological space, we have that for all g P G:

evpgqpωiq “ ωipgq Ñ evpgqpωq “ ωpgq11. We have shown that each evpgq : pG Ñ C is continuous,

and it is obvious that it is a nonzero homomorphism. That ev defines a group homomorphism

is obvious by elementary computations.

Definition 3.10. Given G, the Fourier-Stieltjes transform of a measure ν in Mp pGq is a function

pν : G Ñ C, and is given by

pνpgq :“

ż

pG
evpgqpωqdνpωq

“

ż

pG
ωpgqdνpωq

Remark 3.7. The Fourier-Stieltjes transform on Mp pGq above is well-defind because the integrand

in the definition is continuous owing to Lemma 3.10. Furthermore, the map g ÞÑ pνpgq is con-

tinuous since net-convergence gi Ñ g in G implies ωpgiq Ñ ωpgq in T Ď C, which then implies
ż

G
|ωpgiq ´ ωpgq|dνpωq Ñ 0.

Proposition 3.12 ([Fol15, Proposition 4.15]). The Fourier-Stieltjes transform is a norm-decreasing

linear injective map from Mp pGq to CbpGq

Proof. Linearity is trivial (follows from linear structure ofMp pGq). We have the following estimate

for each ν P Mp pGq:

}pν}8 :“ sup
gPG

ˇ

ˇ

ˇ

ˇ

ż

pG
ωpgqdνpωq

ˇ

ˇ

ˇ

ˇ

ď sup
gPG

|ωpgq| ¨

ˇ

ˇ

ˇ

ˇ

ż

pG
dνpωq

ˇ

ˇ

ˇ

ˇ

ď }ν}.

This simultaneously shows that pν P CbpGq, and that the Fourier-Stieltjes is norm-decreasing.

Lastly, we want to show injectivity: suppose pν “ 0 and f P L1pGq, if µ is the Haar measure in

11In retrospect, we can actually use this argument to show that convergence in compact-open topology implies
pointwise convergence
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G, then

0 “

ż

G
fpgqpνpgqdµpgq

“

ż

G

ż

pG
fpgqωpgqdνpωqdµpgq

“

ż

pG

„
ż

G
fpgqωpgqdµpgq

ȷ

dνpωq

“

ż

pG

pfp´ωqdνpωq

“

ż

pG

pfpωqdνpωq.

Now by the fact that FpL1pGqq is dense in C0p pGq, then the equation above extends to

ż

pG
φpωqdνpωq, @φ P C0p pGq,

finally by Riesz-Markov-Kakutani, ν “ 0.

Along with the measure spaceMp pGq, we need another recipe for the proof of Fourier inversion,

we introduce the positive-type functions.

Definition 3.11. A function ϕ P L8pGq is of positive-type if for all f P L1pGq

ż

G
pf˚ ˚ fqpsqϕpsqdµpsq ě 0. (3.15)

Furthermore, we denote by PpGq the space of all continuous positive-type functions, i.e.

PpGq :“ tϕ P CpGq : ϕ is of positive-typeu .

Remark 3.8. Writing the condition (3.15) explicitly, ϕ is positive-type if and only if for all

f P L1pGq:

ż

G
pf˚ ˚ fqpsqϕpsqdµpsq “

ż

G

„
ż

G
fp´rqfps´ rqdµprq

ȷ

ϕpsqdµpsq

“

ż

G

ż

G
fprqfps` rqϕpsqdµprqdµpsq

“

ż

G

ż

G
fprqfpsqϕps´ rqdµprqdµpsq ě 0.

Lemma 3.18. If g P L2pGq, then g˚ ˚ g P PpGq.
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Proof. We can use Hölder’s inequality and translation invariance of the Haar measure to show

the following for g P L2pGq, and s P G :

|g˚ ˚ gpsq| ď }g ¨Rsg}1 ď }g}2 ¨ }Rsg}2 “ }g}22 ă 8.

Therefore g˚ ˚ g P L8pGq. Also, for a fixed g P L2pGq, the map from G to L2pGq given by

s ÞÑ Rsg

is continuous. Next, the inner product is jointly continuous on L2pGqˆL2pGq, therefore the map

s ÞÑ xRsg, gy

is continuous from G to C. Let us compute the image of the last mapping,

xRsg, gy “

ż

G
gpr ` sqgprqdµprq

“

ż

G
gp´rqgps´ rqdµprq

“ g˚ ˚ gpsq.

We have already shown continuity of g˚ ˚ g then, all we need to prove is that it satisfies the

condition given in (3.15). Let f P L1pGq then we compute12

ż

G

ż

G
fprqfpsqpg˚ ˚ gqps´ rqdµprqdµpsq

“

ż

G

ż

G
fprqfpsq xRs´rg, gy dµprqdµpsq

“

B
ż

G
fpsqRsgdµpsq,

ż

G
fprqRrgdµpsq

F

“ }Rspfqg}2 ě 0,

12That we can do such an interchange between the integral and the inner product will be justified later. What

we have below is what is really called a vector-valued integral: Notice that
ż

G

fpsqRsdµpsq can be interpreted as

a bounded linear operator on L2
pGq that sends g to

ż

G

fpsqRrgdµpsq. In fact the said operator is nothing but

the ‘integrated form’ of the unitary representation R : G Ñ UpL2
pGqq sending r to Rr.
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where Rspfqg P L2pGq with value

x ÞÑ

ż

G
fpsqRsgpxqdµpsq “

ż

G
fpsqgpx` sqdµpsq.

To see that it is a bonafide L2pGq function, we just need to use Young’s convolution inequality.

Lemma 3.19 ([Fol15, Proposition 3.33]). LcpGq :“ spanCpCcpGq X PpGqq includes functions of

the form f ˚ g with f, g P CcpGq. LcpGq is dense in CcpGq, so as a corollary, it is also dense in

LppGq for each 1 ď p ă 8.

Proof. Notice that the convolution pf, gq ÞÑ f ˚ g˚ is a sesquilinear form, hence we can apply the

usual polarization identity on it. In particular, if f, g P CcpGq we find that

f ˚ g “ f ˚ pg˚q˚

“
1

4
rpf ` g˚qpf ` g˚q˚ ´ pf ´ g˚qpf ´ g˚q˚ ` ipf ` ig˚qpf ` ig˚q˚ ´ ipf ´ ig˚qpf ´ ig˚q˚s .

Since f ˚ g can be rewritten as a complex linear span of functions of the form h ˚ h˚ with

h P CcpGq Ď L2pGq, then it follows from Lemma 3.18 that f ˚ g P LcpGq. It follows from the fact

that we can find approximate identities in CcpGq for CcpGqpĎ L1pGqq via Proposition 3.9 that

LcpGq is dense in CcpGq. We are done.

We give below, from [Fol15, Theorem 4.19], a correspondence between positive-type operators

and complex Radon measures in Mp pGq. This will be a useful tool in elucidating the proof of

Fourier-inversion theorem.

Theorem 3.6 (Bochner). Let G be a locally compact Abealian group. A function ϕ on G is of

positive type in PpGq if and only if there is a unique nonnegative measure ν P Mp pGq such that

ϕ “ pν.

We now define the space BpGq :“ tϕ P CbpGq : ϕ “ pν, ν P Mp pGqu. Take ν P Mp pGq (not

necessarily positive measure), and by splitting ν into its real and imaginary parts, and then using

Hahn-Jordan decomposition [Rud86, 6.6], we find positive Radon measures ν1, ν2, ν3, ν4 P Mp pGq

such that

ν “ pν1 ´ ν2q ` ipν3 ´ ν4q.
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Remark 3.9. Since each positive measure correspond to a positive-type function by Theorem 3.6,

we have

BpGq “ spanC PpGq. (3.16)

So any ν P Mp pGq corresponds trivially to BpGq via the Fourier-Stieltjes transform pν “: ϕν . This

correspondence is invertible via Theorem 3.6 and Equation (3.6); if ϕ P BpGq, then there is a

unique corresponding νϕ P Mp pGq with the defining property that xνϕ “ ϕ P BpGq. We will use

these notations from now on.

BpGq Q ϕ ÐÝÝÝÑ νϕ P Mp pGq

Mp pGq Q ν ÐÝÝÝÑ ϕν P BpGq.

We shall put our notations above in practice immediately.

Lemma 3.20. If f, g P BpGq X L1pGq, then for all φ P C0p pGq

ż

pG
φpωq pfpωqdνgpωq “

ż

pG
φpωqpgpωqdνf pωq.

As a corollary, the complex measures pfdνg and pgdνf coincide.

Proof. Let h P L1pGq, so that

ż

pG

phpωqdνf pωq “

ż

pG

„
ż

G
hpsqωpsqdµpsq

ȷ

dνf pωq

“

ż

G
hpsq

„
ż

pG
ωpsqdνf pωq

ȷ

dµpsq

“

ż

G
hpsq {νf p´sqdµpsq

“

ż

G
hpsqfp´sqdµpsq “ ph ˚ fqp0q.

Now then, we do the replacement h ù h ˚ g in the computation to obtain:

ż

pG

phpωqpgpωqdνf pωq “ pph ˚ gq ˚ fqp0q.
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In the same computation, we we do the replacements h ù h ˚ f and f ù g and obtain

ż

pG

phpωq pfpωqdνgpωq “ pph ˚ fq ˚ gqp0q.

By commutativity and associativity of convolution in L1pGq, we have that

ż

pG

phpωqpgpωqdνf pωq “

ż

pG

phpωq pfpωqdνgpωq (3.17)

From the above equation, if φ P C0p pGq, then by density of FpL1pGqq in C0p pGq, we can always

find a sequence thnun Ď L1pGq such that xhn Ñ φ uniformly, therefore along with Equation

(3.17), we find that13

ż

pG
φpωqpgpωqdνf pωq “

ż

pG
φpωq pfpωqdνgpωq.

φ is arbitrary, so by Riesz-Markov-Kakutani for complex measures, we conclude that pgdνf “

pfdνg.

We cite a technical result from [Fol15, Lemma 4.20], which shows that it is always possible to

construct ‘nicely localized’ positive functions.

Lemma 3.21. If K Ď pG is compact, then there exists a compactly supported function f P PpGq

such that pf ě 0 on pG, and pf ą 0 on K.

Here, we can now give a Fourier inversion formula for functions in f P BpGq X L1pGq.

Theorem 3.7 ([Fol15, Theorem 4.22]). If f P BpGq X L1pGq, then pf P L1p pGq. Furthermore, if

the Haar measure pµ in pG is suitably scaled with respect to the Haar measure µ in G, then we

have the following formula:

fpsq “

ż

pG

pfpωqωpsqdpµpωq. (3.18)

Proof. We are going to exploit Riesz-Markov-Kakutani 3.3 again and construct a linear functional

on Ccp pGq that would make Equation (3.18) true. Let ψ P Ccp pGq, then K :“ supppψq is compact,

hence by Lemma 3.21 there exists a function g P PpGq such that pg ě 0 on pG and pg ą 0 on K.

13Recall the uniform convergence theorem for integrals.
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Define

Ipψq “

ż

pG

ψpωq

pgpωq
dνgpωq

We would first like to show that this linear-functional does not depend on which g we choose,

suppose h P PpGq is another such function having the same properties as g, then both g, h P

PpGq X L1pGq and thus by Lemma 3.20:

ż

pG

ψpωq

pgpωq
dνgpωq “

ż

pG

ψpωq

pgpωqphpωq

phpωqdνgpωq

“

ż

pG

ψpωq

pgpωqphpωq
pgpωqdνhpωq

“

ż

pG

ψpωq

phpωq
dνhpωq.

(3.19)

So indeed I does not depend on which g that satisfies Lemma 3.21 is used to define it. What

we have defined here is a nontrivial positive functional, and so our next step is to show that our

functional is translation invariant, i.e. IpLηψq “ Ipψq for all η P pG and ψ P Ccp pGq. Given η P pG,

let us first compute the Fourier-Stieltjes transform of the η-translated measure Lηνg P Mp pGq

zLηνgpsq :“

ż

pG
ωpsqdpLηνgqpωq :“

ż

pG
pηωqpsqdνgpωq

“ ηpsq

ż

pG
ωpsqdνgpωq “ ηpsq pνgpsq

“ ηpsqgpsq “ pηgqpsq.

It follows from Bochner’s correspondence that zLηνg “ xνηg, and by injectivity of the Fourier-

Stieltjes transform, we have that Lηνg “ νηg. We shall also use the fact that the usual Fourier

transform satisfies pgpηωq “ xηgpωq. Now we compute I with g re-picked so that pg ą 0 on the

compact set K :“ supppψq Y supppLηψq instead.

IpLηψq “

ż

pG

ψpηωq

pgpωq
dνgpωq “

ż

pG

ψpωq

pgpηωq
dpLηνgqpωq

“

ż

pG

ψpωq

pgpηωq
dpνηgqpωq “

ż

pG

ψpωq

xηgpωq
dpνηgqpωq “ Ipψq.

Therefore we have constructed a translation invariant nontrivial positive linear functional, hence

I corresponds to a Haar measure on pG. Now, define pµ to be the Haar measure properly scaled

that corresponds to I, then we can take any f P BpGq X L1pGq, so that for any ψ P Ccp pGq, we
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can proceed as in the computation in Equation (3.19)

ż

pG
ψpωq pfpωqdpµpωq “ Ipψ pfq “

ż

pG

ψpωq

pgpωq
pfdνgpωq

“

ż

pG

ψpωq

pgpωq
pgpωqdνf pωq “

ż

pG
ψpωqdνf pωq.

(3.20)

Taking ψ ” 1 in Ccp pGq, we find that pf P L1p pGq. Finally, if we take ψ : pG Ñ C to be the one

induced by the evaluation map ψ “ evpsq for s P G we obtain from Equation (3.20) that

fpsq “ xµf psq “

ż

pG
ωpsqdνf pωq “

ż

pG
ωpsq pfpωqdpµpωq

as required.

Henceforth we shall always choose the Haar measure pµ on the dual group pG to be the one that

makes Theorem 3.18 true, in this case pµ is referred to as the dual measure on pG.

We would like to further refine the Fourier inversion given by Theorem 3.18 so that we could

hide all of the scaffolding that we’ve put up using the space BpGq and Bochner’s theorem. Here

is one corollary around this idea (c.f. [Fol15, Theorem 4.26])

Theorem 3.8 (Plancherel). The Fourier transform extends to a unitary map F : L2pGq Ñ

L2p pGq.

Proof. The idea is to consider the Fourier transform on the dense subspace L1pGq XL2pGq (this

is truly dense because it contains CcpGq in particular). Indeed let f P L1pGq X L2pGq, then by

Lemma 3.18, f ˚ f˚ P L1pGq X PpGq Ď L1pGq X BpGq, therefore by the inversion formula of

Theorem 3.18 applied to f ˚ f˚ :

ż

G
|fpsq|2dµpsq “ pf ˚ f˚qp0q “

ż

pG
ωp0q {pf ˚ f˚qpωqdpµpωq “

ż

pG
| pfpωq|2dpµpωq.

We see that F is an isometry on L1pGq X L2pGq with respect to the L2-norm. Therefore the

completion of the Fourier transform gives us an isometry F : L2pGq Ñ L2p pGq. We only need to

show that the operator F as we have extended is actually surjective. Let g P L2p pGq such that

g P
`

FpL1pGq X L2pGq
˘K then for any f P L1pGq XL2pGq, note that Lyf P L1pGq XL2pGq still,

and so for all y P G

0 “

A

g, yLyf
E

“

ż

pG
gpωqyLyfpωqdpµpωq “

ż

pG
ωpyqgpωq pfpωqdpµpωq “

{

pg ¨ pfdpµqpyq,
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where the last ‘hat’ is the Fourier-Stieltjes transform, owing to the fact that by Cauchy-Schwarz

g, pf P L2p pGq ùñ g ¨ pf P L1pGq ùñ g ¨ pfdpµ P Mp pGq. It now follows from injectivity of

the Fourier-Stieltjes transform 3.12 that 0 “ g ¨ pfdpµ, which implies that g ¨ pf “ 0 a.e. for all

f P L1pGqXL2pGq, but by constructing proper f ’s on a cover of pG consisting entirely of compacts

subsets via Lemma 3.21, we have in fact g “ 0 a.e. on pG. What we have shown is that

t0u “
`

FpL1pGq X L2pGq
˘K

ðñ

L2pGq “
`

FpL1pGq X L2pGq
˘KK

“ FpL1pGq X L2pGqq

“ FpL1pGq X L2pGqq “ FpL2pGqq,

as required.

Corollary 3.7 ([Fol15, Lemma 4.30]). If ϕ1, ϕ2 P Ccp pGq, then ϕ1 ˚ϕ2 “ pg for some g P L1pGq X

BpGq. As a corollary, FpL1pGq X BpGqq is dense in LppGq for each 1 ď p ă 8.

Proof. Using the Fourier-Stieltjes transform, let us define the following g1, g2, g P BpGq via

g1 :“ zϕ1dpµ

g2 :“ zϕ2dpµ

g :“ pϕ1 ˚ ϕ2qdpµ
Ź

.

To show that gi P L2pGq for each i “ 1, 2, let h P L1pGq X L2pGqzt0u, then

ˇ

ˇ

ˇ

ˇ

ż

G
gipsqhpsqdµpsq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

G

ż

pG
ωpsqϕipωqhpsqdpµpωqdµpsq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

pG
ϕipωqphpωqdpµpωq

ˇ

ˇ

ˇ

ˇ

ď }ϕ}2}ph}2

“ }ϕ}2}h}2 ă 8.

(3.21)

Since L1pGq X L2pGq is dense in L2pGq, we have that }gi}2 “ suphPL2pGqzt0u | xgi, hy | ă 8, so

gi P L2pGq for each i “ 1, 2. Now we have

gpsq “ pϕ1 ˚ ϕ2qdpµ
Ź

psq “

ż

pG
ωpsqpϕ1 ˚ ϕ2qpωqdpµpωq
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“

ż

pG
ωpsq

„
ż

pG
ϕ1pηqϕ2pηωqdpµpηq

ȷ

dpµpωq

“

ż

pG

ż

pG
ωpsqηpsqϕ1pηqϕ2pωqdpµpηqdpµpωq

“ {pϕ1dpqµpsq ¨ {pϕ2dpqµpsq

“ g1psq ¨ g2psq.

It then follows from Cauchy-Schwarz that g P L1pGq. Furthermore, g P L1pGq X BpGq, and so

by Fourier-inversion gpsq “

ż

pG
ωpsqpgpωqdpµpωq, comparing this with the first line of Equation

(3.21), along with injectivity of the Fourier-Stieltjes transform, we find that pg “ ϕ1 ˚ ϕ2 a.e., as

required.

We now have most of the required tools needed to prove one of the main results of abstract

harmonic analysis called the Pontryagin duality theorem, which states that any LCA group G is

isomorphic to its own double Pontryagin dual group, i.e G –
p

pG. Before we prove this, we need

one result coming mainly from the representation theory of locally compact groups, however we

will not focus on this, and we shall only state it in the form that is immediately useful for us.

We have slightly touched the theory of unitary representations of G before, we will now give a

detailed definition.

Definition 3.12. Let G be a locally compact (not-necessarily abelian) group and H a Hilbert

space. A pair pH,Uq where U is a map U : G Ñ ULpHq, is said to be a representation14 of G

on H if for all s, t P G:

1. UsUt “ Ust;

2. Us´1 “ U˚
s “ U´1

s ;

3. U : G Ñ ULpHq is strongly continuous.

Note that we use the notation Us :“ Upsq. For a subspace V Ď H, we say that V is an invariant

subspace of H with respect to U if UsV Ď V for all s P G. We say that U is an irreducible

representation of G if for the only closed invariant subspace with respect to pH,Uq are t0u or

H.

14For groups, they will always be unitary representations.
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Below, we have two important results pertaining to the representation theory of LCA groups:

we have Schur’s lemma and Gelfand-Raikov Theorem. Both can be found in most texts dealing

with abstract harmonic analysis [Fol15, Rud17].

Lemma 3.22 (Schur). Let G be an LCA group, then pH,Uq is an irreducible representation of

G if and only if U “ µ IdH for some µ P C.

So in the LCA case, as a corollary, for each irreducible representation U , we have the fol-

lowing identification: UpGq ãÑ C. Since the unitary group of C is T, we can see an irreducible

representation U as a homomorphism U : G Ñ T. In summary, irreducible representations of G

are identifiable with its characters.

Theorem 3.9 (Gelfand-Raikov). If G is any LCA group, then its character group pG separate

points. Explicitly, if s ‰ r P G, then there exists ω P pG such that ωpsq ‰ ωprq. This careful study

of the representation theory of G implies the Pontryagin duality.

If one is familiar with the representation theory of C˚-algebras, then we can perhaps traipse

around it to obtain this result. We use the known result that the collection of irreducible ˚-

representations of any arbitrary C˚-algebra seperate points. Indeed, we apply the fact that

the representation theory of of a Banach ˚-algebra, and its C˚-enveloping algebra (see Example

A.1 for definition) are ‘similar’ [FD88, Proposition 10.5]. In particular, there is a one-to-one

correspondence between irreducible ˚-representations of the Banach ˚-algebra L1pGq and the

˚-representations of its C˚-envelope. Since irreducible ˚-representations of C˚-algebras separate

points, then we deduce that the irreducible ˚-representations of L1pGq must also separate points.

Lastly, there also is a one-to-one correspondence between the irreducible ˚-representations of

L1pGq and the irreducible (unitary) representations of G (this result is subsumed by a more

general result, c.f. Theorem 5.1). However, the irreducible representations of G are exactly its

characters, as a consequence of Lemma 3.22. Hence we obtain Gelfand-Raikov.

Lemma 3.23. Consider the evaluation map ev : G Ñ
p

pG. Let tsiuiPI be a net in G. The following

are equivalent:

1. si Ñ s in G;

2. fpsiq Ñ fpsq for all f P L1pGq X BpGq;

3.
ż

pG
ωpsiq pfpωqdpµpωq Ñ

ż

pG
ωpsq pfpωqdpµpωq for all f P L1pGq X BpGq;
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4. evpsiq Ñ evpsq in p

pG.

Proof. (1 ðñ 2). 1 ùñ 2 is trivial since each function in L1pGqXBpGq is continuous. We shall

prove the converse by contraposition. Suppose that si ­Ñ s, then there exists a neighborhood U of

s and a subnet ts1
jujPJ if tsiuiPI such that s1

j R U for all j P J . We can construct, by Proposition

3.19, a function f P L1pGq X BpGq such that supp f Ď U and fpsq ‰ 0. Then fps1
jq ­Ñ fpsq,

because otherwise we have 0 “ fps1
jq Ñ fpsq ‰ 0. We have found a subnet of tfpsiquiPI that

does not converge to fpsq, so by Proposition (B.3), fpsiq ­Ñ fpsq as required.

(2 ðñ 3). This is trivial in light of the Fourier-inversion theorem 3.18.

(3 ðñ 4). We use the net-convergence criteria in (3.7). We see that evpsiq Ñ evpsq in p

pG if and

only if hevpsiq Ñ hevpsq in M
L1p pGq

in the relative weak ˚-topology, that is, for all rf P L1p pGq:

ż

pG
evpsiqpωq rfpωqdpµpωq Ñ

ż

pG
evpsqpωq rfpωqdpµpωq ðñ

ż

pG
ωpsiq rfpωqdpµpωq Ñ

ż

pG
ωpsq rfpωqdpµpωq.

the equality of 3 and 4 now follows from the fact that FpL1pGq X BpGqq is dense in L1p pGq via

Corollary 3.7.

Theorem 3.10 (Pontryagin Duality). The evaluation map ev : G Ñ
p

pG via evpgq : ω ÞÑ ωpgq is

a topological homeomorphism and group isomorphism at the same time. That is, G –
p

pG as LCA

groups.

Proof. Let s, r P pG such that evpsq “ evprq, then for all ω P pG we have ωpsq “ ωprq, but by

Gelfand-Raikov 3.9, this means s “ r. We have shown that ev is injective. It now follows from

Lemma 3.23 that ev is a homeomorphism to its image. We now only need to show that evpGq “
p

pG.

We know that G – evpGq topologically, and so evpGq is a locally compact group. It follows from

Corollary 3.2 that evpGq is a closed subgroup of p

pG. Suppose for contradiction that there exists

rs P
p

pGz evpGq. Because p

pGz evpGq must be open, we can construct15 V , a neighborhood of the

neutral element re of p

pG such that V “ V ´1 and rsV ¨V Ď
p

pGz evpGq, which implies rsV ¨V XevpGq “

H. Construct ϕ1, ϕ2 P Ccp
p

pGq such that suppϕ Ď rsV and suppϕ2 Ď V , so that ϕ1 ˚ ϕ2 ı 0 since

supppϕ1 ˚ϕ2q Ď suppϕ1 ¨ suppϕ2 Ď rsV ¨V . Hence supppϕ1 ˚ϕ2q X evpGq Ď rsV ¨V X evpGq “ H.

By Corollary 3.7 applied on the double dual p

pG, there must be some g P L1p pGq XBp pGq such that

15These are so-called ‘symmetric’ neighborhoods of the neutral element, they can easily be constructed using
the continuity of the the multiplication and inversion maps.
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ϕ1 ˚ ϕ2 “ pg. Now, if s P G we find that

0 “ pgpevpsqq “

ż

pG
evpsqpωqhpωqdpµpωq “

ż

pG
ωpsqhpωqdpµpωq “ yhdpµpsq.

By the injectivity of the Fourier-Stieltjes transform, it follows that h ” 0 a.e. on pG, which

contradicts the choice of ϕ1 ˚ ϕ2 “ ph ı 0, therefore ev must be surjective. It follows that it is a

topological and group-theoretic (c.f. Lemma 3.17) isomorphism.

We can strightforwardly apply the Pontryagin duality to the results of Proposition 3.10.

Corollary 3.8. If G and tGiu
n
i“1 are all LCA groups, then

1. If pG is discrete, then G is compact. If pG is compact, then G is discrete.

2. If pG is finite, then G – pG.

3.
śn
i“1Gi
Ź

Ź

–
śn
i“1Gi.

Remark 3.10. This is an important result, and from hereon out, by the power vested to us by the

Pontryagin duality, we shall make the following identifications with (almost) reckless abandon:

if h :
p

pG Ñ C, then we shall always identify it as a function h : G Ñ C, which we may explicitly

see using the following identification:

h ù h ˝ ev . (3.22)

This identification synergizes well with the pushforward measure (see [Tao11] for definition) for
p

pG induced by the Haar measure µ of G and the evaluation map ev : G Ñ
p

pG, denoted by ev˚pµq

where if rE P Borp
p

pGq, we define

ev˚pµqp rEq :“ µpev´1p rEqq.

As we are just identifying the Borel measures of p

pG with those of G, this is also a Haar measure

on p

pG. More importantly, the pushforward measure gives us a change-of-variables formula. If

h :
p

pG Ñ C is measurable, then

ż

x

xG
hprsqdpev˚pµqqprsq “

ż

G
ph ˝ evqpsqdµpsq, (3.23)
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which is consistent with (3.22), and so we take all integrals against all such functions h to be the

right-hand side of (3.23).

We will in fact use the pushforward measure whenever we come in contact between two

isomorphic LCA groups. In general if G1 – G2 implemented by Φ : G1 Ñ G2, and if µG1 is a

Haar-measure on G1, then whenever we say that we ‘identify’ G1 with G2, we shall always have

G2 come automatically with the pushforward measure for G2: µG2 “ Φ˚pµG1q. Of course this

goes both ways, since Φ is an isomorphism: µG1 “ Φ´1
˚ pµG2q.

We now obtain as an easy collary, a stronger version of the inversion theorem (c.f. [Fol15,

Theorem 4.33]) from (3.18), one that does not make explicit mention of the space BpGq in its

statement (though one can’t seem to avoid it in the proof).

Theorem 3.11 (Fourier Inversion Theorem). Let f P L1pGq such that f P L1p pGq, then p

pf P L1p
p

pGq

can be identified a.e. with the reflection f r P L1pGq defined via f rpsq “ fp´sq for all s P G.

Furthermore, for a suitably rescaled Haar measure pµ on pG, we have the following formula:

fpsq “

ż

pG
ωpsq pfpωqdpµpωq, a.e. s P G. (3.24)

Proof. If f is chosen as in the hypothesis, then pf P L1p pGq but also

pfpωq “

ż

G
ωpsqfpsqdµpsq “

ż

G
ωpsqfp´sqdµpsq “

ż

G
ωpsqf rpsqdµpsq.

We obtain via Fourier-Stieltjes transform

pfpωq “ zf rdµpωq.

Therefore pf P Bp pGq XL1p pGq. We can then apply the first Fourier inversion result form 3.18, and

use the identifications from (3.22) and (3.23) to obtain

pfpωq “

ż

G
ωpsq

p

pfpsqdµpsq.

We then obtain

0 “

ż

G
ωpsq

„

f rpsq ´
p

pfpsq

ȷ

dµpsq, @ω P pG. (3.25)
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Take the neutral character ω ” 1, and we find that p

pf “ f r a.e. on G. Writing out the equivalence,

fpsq “ f rp´sq “
p

pfp´sq “

ż

pG
ωp´sq pfpωqdpµpωq “

ż

pG
ωpsq pfpωqdpµpωq

as required.

3.7 The Annihilator Subgroup

In the upcoming Chapter 4, we shall see that the annihilator subgroup of a lattice in the time-

frequency plane is identifiable with the so-called adjoint lattice. The adjoint lattice plays an

important role in time-frequency analysis, indeed it will be a crucial recipe in the proof of one

of our major results: Theorem 7.5. We note that some of the results in this section, especially

those pertaining the Weil’s formula, were based on the classic text [RS00].

Definition 3.13. Let H be a closed subgroup of G, then the annihilator subgroup denoted

by HK Ď pG is defined via HK :“ tω P pG : ωpsq “ 1, for all s P Hu.

Proposition 3.13. If H is a closed subgroup of G, then HKK “ H.

Proof. We can use the Pontryagin duality to see that

HKK “ ts P G : evpsqpωq “ 1, for all ω P HKu

“ ts P G : ωpsq “ 1, for all ω P HKu.

From this we can see that H Ď HKK. We still need to prove the reverse inclusion, and we shall do

so by contraposition. Let qH : G Ñ G{H be the canonical quotient map, let eG{H be the neutral

element in G{H, and let s R H, so that qHpsq ‰ eG{H . Because H is closed, G{H is an LCA

group (c.f. Corollary 3.4) we know by Gelfand-Raikov 3.9 that there exists a character ξ P zG{H

such that ξpqHpsqq ‰ ξpeG{Hq “ 1, since ξ ˝ qH P HK, then we have shown that s R HKK.

Proposition 3.14. The annihilator subgroup HK is a closed subgroup of pG. Furthermore, we

have the following isomorphisms:

1. zG{H – HK;

2. pG{HK – pH.
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Proof. As we have pointed out in the proof of Lemma 3.10, convergence in compact-open topology

on pG implies pointwise convergence. Therefore if tωiui is a net in HK such that ωi Ñ ω in pG,

then for all h P H

1 “ ωiphq Ñ ωphq,

implies ωphq “ 1, therefore ω P HK as well. This shows HK is closed. Let qH : G Ñ G{H the

canonical quotient map. We introduce two maps:

Φ1 : zG{H Ñ HK

Φ2 : pG{HK Ñ pH.

Defined by Φ1pξq “ ξ ˝ qH for each ξ P zG{H, while Φ2pωHKq “ ω|H for each ω P pG. It is

not hard to see that Φ1 is well-defined, a group homomorphism, and its image does land in

the intended space. For Φ2 however, we may need to think a little bit to verify that it is

indeed well-defined. Suppose ηω P HK, then for all h P H, pηωqphq “ 1 ðñ ωphq “ ηphq

so indeed Φ2pωHKq “ Φ2pηHKq, hence Φ2 is well-defined. It is also quite easy to see from

the definition that it is a group homomorphism. Now, the strategy of course, is to show that

Φ1 and Φ2 are isomorphisms between topological groups. We start with Φ1. It is a group

isomorphism, whose inverse is easily calculated to be Φ´1pωq “ rω P zG{H for each ω P HK, via

rωps ` Hq “ p rw ˝ qHqpsq “ ωpsq. We only need to show that it is a homeomorphism. Consider

the net-convergence ξi Ñ ξ in zG{H. If si Ñ s is another net in G, then by continuity of qH ,

qHpsiq Ñ qHpsq in G{H. Since ξi Ñ ξ in compact-open topology, then it follows from Proposition

3.5 that ξipqpsiqq Ñ ξpqpsqq in T, but this is equivalent to Φ1pξ1qpsiq Ñ Φ1pξqpsq, since tξiui and

ξ are arbitrary, then another application of Proposition 3.5 implies that Φpξiq Ñ Φpξq converges

in the relative compact-open topology in HK. Conversely, suppose that ωi Ñ ω in HK with the

relative compact-open topology. Fix si ` H Ñ s ` H in G{H. Consider the net trωipsi ` Hqui,

where we pass to a subnet and relabel and call it trωipsi `Hqui still. It follows from Lemma 3.10

that there is a subnet ts1
juj of tsiui and another net thjuj such that s1

j ` hj Ñ s. We see that

ωjps
1
j`hjq “ ωjps

1
jq Ñ ωpsq, but this is equivalent to rωjps

1
j`Hq Ñ rωps`Hq. Therefore it follows

from Proposition B.9 that rωipsi ` Hq Ñ rωps ` Hq, which also implies that Φ´1
1 pωiq Ñ Φ´1

1 pωq

in zG{H. Therefore Φ is an isomorphism of LCA groups.

We can use zG{H – HK to prove the second isomorphism. We have p pG{HKq^ – HKK “ H
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from Proposition 3.13, then by Pontryagin duality

pG{HK – pp pG{HKq^q^ – pH,

if we follow the maps implementing this isomorphism, then we should find that it must be Φ2.

We have a subtle corollary coming from the fact that Φ2 : pG{HK Ñ pH is invertible.

Corollary 3.9. Every character in pH is a restriction of character from pG, and conversely, every

character in pH extends to a character in pG. Therefore, for a fixed Haar measure µH in H, if

f P L1pGq, then yf ||H P C0p pHq and we can always write

yf|Hpωq “

ż

pH
ωphqfphqdµHphq (3.26)

for ω P pG.

So far we have not talked much about the fact that for a closed subgroup H, both H and

G{H are also LCA groups, and therefore have their own Haar measures. Given a Haar measure

µ in G, we have a ‘canonical’ rescaling for the Haar measure pµ of the Pontryagin group pG, i.e.

one that allows us to do a clean Fourier inversion as in either Theorems 3.18 or 3.11. It turns

out we can also properly scale the Haar measures for H and G{H so that we can have what is

called ‘Weil’s formula’, and subsequently, the ‘Poisson summation formula’.

We fixH to be a closed subgroup ofG, µH to be a Haar measure onH, and use qH : G Ñ G{H

for the canonical quotient map.

Proposition 3.15. We denote the H-periodization map by PH and is defined via

pPHfqps`Hq “

ż

H
fps` hqdµHphq, @f P CcpGq.

The H-periodization is well-defined and PH : CcpGq Ñ CcpG{Hq. Furthermore, if ϕ P CcpG{Hq,

then

PHppϕ ˝ qHq ¨ fq “ ϕ ¨ PHf, @f P CcpGq.

Proof. Note that if f P CcpGq, then pRsfq|H P CcpHq, therefore

ż

H
pRsfq|HphqdµHphq “

ż

H
fps` hqdµHphq “: pPHfqps`Hq
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is a well-defined integral. To see that PHf : G{H Ñ C is a well-defined function, let s1 ´ s2 P H,

then by translation invariance of µH , we have

pPHfqps2 `Hq “

ż

H
fps2 ` hqdµHphq

“

ż

H
fps2 ` ps1 ´ s2q ` hqdµHphq

“

ż

H
fps1 ` hqdµHphq “ pPHfqps1 `Hq.

We only need to show that PHf P CcpG{Hq. We can use the continuity of the translation maps

as in Corollary 3.5, the continuity of the restriction map (i.e. }f|H}8 ď }f}8), and the continuity

of the integral to show that PHf : G{H Ñ C is continuous. Since supppPHfq Ď qHpsupp fq, and

qH is a continuous function, then PHf is compactly supported. We prove the last assertion, take

ϕ P CcpG{Hq, then

PHppϕ ˝ qHq ¨ fqps`Hq “

ż

H
pϕ ˝ qHqps` hq ¨ fps` hqdµHphq

“ ϕpqHpsqq ¨

ż

H
fps` hqdµHphq

“ ϕps`Hq ¨ pPHfqps`Hq

as required.

We can now use the well-behaved-ness of the periodization operator to pick a ‘canonical’ Haar

measure on G{H.

Proposition 3.16 (Weil’s Formula). For a fixed Haar masure µ for G and µH for H, there is

a uniquely scaled Haar measure µG{H on G{H that satisfies the following, for all f P CcpGq:

ż

G
fpsqdµpsq “

ż

G{H
pPHfqps`HqdµHps`Hq “

ż

G{H

ż

H
fps` hqdµHphqdµG{Hp 9sq,

where we use the abbreviation 9s “ qHpsq “ s`H.

Proof. Let µ1
G{H be any Haar measure on G{H, and f P CcpGq, then the map

f ÞÑ

ż

G{H
pPHfqps`Hqdµ1

G{Hps`Hq (3.27)

is a positive linear functional on CcpGq. Therefore by Riesz-Markov-Kakutani, there must exist
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a unique λ ą 0 such that

ż

G
fpsqdµpsq “ λ

ż

G{H
pPHfqps`Hqdµ1

G{Hps`Hq.

By choosing µG{H :“ 1
λµ

1
G{H , we obtain our desired formula.

If for fixed Haar measures µ and µH on G and H respectively, we choose the Haar measure µG{H

on G{H such that Weil’s formula is true, then we say that these three measures are canonically

related.

One can actually extend everything to L1, the following is due to [RS00, Theorem 3.4.6]

Corollary 3.10. Let µ, µH , and µG{H be canonically related, then the periodization operator

PH : CcpGq Ñ CcpG{Hq extends to a surjective, linear, and bounded operator PH : L1pGq Ñ

L1pG{Hq satisfying the estimate }PHf}1 ď }f}1 for each f P L1pGq.

Corollary 3.11 (Poisson Summation Formula). Suppose µ, µH , and µG{H are canonically re-

lated. If f P L1pGq, then for all ξ P zG{H

zPHfpξq “ pfpξ ˝ qHq. (3.28)

Therefore zPHf P L1pzG{Hq if and only if the map ξ ÞÑ pfpξ ˝ qHq is in L1pzG{Hq. In this case, we

find that if pµ
zG{H

is the dual measure for zG{H, then for all s P G

PHfps`Hq “

ż

H
fps` hqdµHphq “

ż

zG{H
ξps`Hq pfpξ ˝ qHqdpµ

zG{H
pξq. (3.29)

The formula above allows us to identify zPHf with pf|HK given that we have the isomorphism

Φ1 : zG{H Ñ HK from Proposition 3.14. We choose the Haar measure on pµHK to be identified

with that of pµ
zG{H

. Using these identifications, we can rewrite Equation (3.28) into zPHf “ pf|HK,

and if pf|HK P L1pHKq, we can rewrite (3.29) into

ż

H
fps` hqdµHphq “

ż

HK

ωKpsq pfpωKqdpµHKpωKq, a.e. s P G. (3.30)

By taking s P H in (3.30), we obtain what is called Poisson Summation Formula:

ż

H
fphqdµHphq “

ż

HK

pfpωKqdpµHKpωKq. (3.31)
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Proof. We only need to prove Equation (3.28) and (3.29) since the rest follows from isomorphism

Φ1 of Proposition 3.14. Let f P L1pGq, then we know from Corollary 3.10 that PH P L1pG{Hq,

we can compute its Fourier transform and find that for ξ P zG{H

zPHfpξq “

ż

G{H
ξps`HqpPHfqps`HqdµG{Hp¨sq

“

ż

G{H

ż

H
ξpqHps` hqqfps` hqdµHphqdµG{Hp¨sq

“

ż

G
pξ ˝ qHqpsqfpsqdµpsq “ pfpξ ˝ qHq.

Next, if ξ ÞÑ {ξ ˝ qH is in L1pzG{Hq so that equivalently zPHf P L1pzG{Hq as well, then we can use

the Fourier Inversion Theorem 3.11 so that

pPHfqps`Hq “

ż

zG{H
ξps`HqzPHfpξqdµ

zG{H
pξq “

ż

zG{H
ξps`Hq pfpξ ˝ qHqdpµ

zG{H
pξq,

which proves Equation (3.29).

Lemma 3.24. Suppose µ, µH , and µG{H are canonically related. If pµ
zG{H

is the dual measure

for zG{H, then for all f P L1pGq such that zPHf P L1pzG{Hq, then for all ω P pG

yf|Hpωq “

ż

zG{H
Tω pfpξ ˝ qHqdpµ

zG{H
pξq.

Using the isomorphism Φ1 : zG{H Ñ HK gives us

yf|Hpωq “

ż

HK

pfpωK ¨ ωqdµHKpωKq “ PHK
pfpωq. (3.32)

Proof. The result follows from the following computation:

yf|Hpωq “

ż

H
ωphqfphqdµHphq

“

ż

H
pMωfqphqdµHphq

3.29
hkkikkj

“

ż

zG{H

zMωfpξ ˝ qHqdpµ
zG{H

pξq

“

ż

zG{H
Tω pfpξ ˝ qHqdpµ

zG{H
pξq,

furthermore zPHf if and only if PHK
pf P L1p pG{HKq.
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It is natural to ask if there is such a canonical choice (as in Weil’s formula) of Haar measures

on the ‘dual’ side which synergizes with the isomorphism result of Proposition 3.14.

Proposition 3.17. If we start with canonically related measures µ, µH and µG{H on G,H and

G{H respectively, and we choose the associated dual measures pµ, pµ
pH

and pµ
zG{H

on pG, pH – pG{HK,

and zG{H – HK respectively. Then identifying the measures pµHK ù pµ
zG{H

, and pµ
pG{HK ù pµ

pH
,

gives us a triple pµ, pµHK , and pµ
pG{HK that are all canonically related as Haar measures for pG, HK,

and pG{HK.

Proof. If f P L1p pGq XBpGq, then pf P L1p pGq by Theorem 3.18, and is enough to show that Weil’s

formula

ż

pG

pfpωqdpµpωq “

ż

pG{HK

ż

HK

pfpω ¨ ωKqdpµHKpωKqdpµ
pG{HKp 9ωq, where 9ω “ ωHK.

holds for pf since we have Corollary 3.7. We use the fact that pµ
pH

is a dual measure for pH, and

that we have an isomorphism Φ2 : pG{HK Ñ pH, so that using the inverse Fourier-transform on

f|H P L1pHq we have, for the neutral element eG P H Ď G

f|HpeGq “

ż

pH

xfHpωqdpµ
pH

pωq “

ż

pH

xfHpωqdpµ
pH

pωq “

ż

pG{HK

“

f|HpΦ2pωHKqq
‰

dpµ
pG{HKpωHKq.

We pause here and check: we started with pf P L1p pGq, and therefore PHK
pf P L1p pG{HKq, which

by Lemma 3.24, equivalently means zPHf P L1pzG{Hq. Lastly we have also chosen pµ
zG{H

to be

the dual measure on zG{H, and so we can apply Equation (3.32) of Lemma 3.24 hence by noting

that Φ´1
2 pωHKq “ ω P pH for all ω P pG:

f|HpeGq “

ż

pG{HK

”

pPHK
pfqpΦ2pωHKqq

ı

dpµ
pG{HKpωHKq

“

ż

pG{HK

ż

HK

pfpω ¨ ωKqdpµpωKqdpµ
pG{HKp 9ωq.

However, using Fourier inversion on f P L1pGq, we find that

ż

pG

pfpωqdpµpωq “ fpeGq “ f|HpeGq “

ż

pG{HK

ż

HK

pfpω ¨ ωKqdpµpωKqdpµ
pG{HKp 9ωq

as required.

We have now finished our lengthy exposition on basic abstract harmonic analysis, we shall
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freely make references from this chapter throughout the rest of the document.

3.8 Some notes on Vector-Valued Integrals

While it can be argued that measure and integration theory on vector-valued functions are not

exactly within the realm of abstract harmonic analysis, I choose to include a short section on it

as I believe it is still thematically relevant. After all, in the sequel, all that we will be interested

in will be integrating vector-valued functions over locally compact groups. In which case, we will

only consider the generated measure space of a (second countable) locally compact group G, i.e.

pG,BorpGq, µGq where BorpGq is the Borel σ-algebra generated by G, and µG is a Haar measure

on G. For the rest of this section, we shall fix pG,BorpGq, µGq, but note that the definition and

properties of both the integrals-to-be-defined below apply to any measure space. We shall fix B

to be a Banach space. Our main reference in this section is [DU77].

There are two notions of integration for vector-valued functions, one is the Bochner integral,

while the other is called the Pettis integral. In the literature, sometimes it is not exactly clear

which of these two notions of integration is in use. Our goal, primarily, is to establish a definition

for all the vector-valued integrals that will appear in this work. Secondarily, we would like to

clear up when these two notions of integration coincide, which would further allow us to scrutinize

particular results in the literature where this equivalence is not exactly mentioned.

We shall start with the so-called Pettis integral, also known as the weak integral for vector-

valued functions. To this end, we shall first define a suitable notion of weak µG-measurability.

Definition 3.14. A function f : G Ñ B is said to be weakly µG-measure if for all φ P B˚,

φ ˝ f : G Ñ C is µG-measurable i.e. pφ ˝ fq´1pOq P BorpGq for all open set O Ď G.

Equipped with a notion of weak-measurability, we can now define weak-integrability in an ex-

pected way.

Definition 3.15. A weakly µG-measurable function f : G Ñ B is said to be weakly µG-

integrable if for all φ P B˚, φ ˝ f P L1pGq.

We might expect that this would be enough to obtain Pettis integral of a vector-valued

function. However, we only obtain an integral of an f living in the double dual B˚˚, as described

by the following Lemma.

100



Lemma 3.25 ([DU77, Lemma 2.3.1]). If f : G Ñ B is a weakly µG-integrable function,

then for each E P BorpGq, there exists a (unique) element in B˚˚, which we shall denote by

pDq

ż

E
fpsqdµGpsq P B˚˚ such that:

ˆ

pDq

ż

E
fpsqdµGpsq

˙

pφq “

ż

E
pφ ˝ fqpsqdµGpsq, @φ P B˚. (3.33)

The integral pDq

ż

E
fpsqdµGpsq is called the Dunford Integral of f over E.

The Dunford integral only affords us an integral in B˚˚, while we would expect our weak

integral to be in B. This can be easily remedied in light of the canonical isometric embedding

B ãÑ B˚˚. It is given by b ÞÑ b˚˚ where b˚˚pφq “ φpbq for all φ P B˚ and b P B. We therefore

make the following definition.

Definition 3.16. A weakly µG-integrable function f : G Ñ B is said to be Pettis Integrable

if for all E P BorpGq, pDq

ż

E
fpsqdµGpsq P B. In which case, we also write:

pP q

ż

E
fpsqdµGpsq :“ pDq

ż

E
fpsqdµGpsq P B, (3.34)

and call pP q

ż

E
fpsqdµGpsq to be the Pettis Integral of f over E.

This notion of integration over vector vector spaces was introduce by Pettis in [Pet38]. We

also see that the term "weak-integral" for the Pettis integral is appropriate, given we that can

rewrite the defining property (3.33) into:

φ

ˆ

pP q

ż

E
fpsqdµGpsq

˙

“

ż

E
pφ ˝ fqpsqdµGpsq. (3.35)

Note the it follows quite easily as a corollary of Equation (3.33), Hahn-Banach theorem, and the

fact that sup t|φpbq| : φ P B˚, }φ} ď 1u “ }b}B that we have the usual integral inequality.

Corollary 3.12. For any Pettis integrable f : G Ñ B, and E P BorpGq, we have the following

inequality:

›

›

›

›

pP q

ż

E
fpsqdµGpsq

›

›

›

›

B

ď

ż

E
}fpsq}BdµGpsq. (3.36)

The Dunford integral does not perfectly generalize the usual properties of a classical integral

as it fails the usual countable additivity property. The Pettis integral now shows its value, it
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turns out that one can use Pettis integrability to characterize Dunford integrals with countable

additivity. A weakly µG-integrable function has a countably additive Dunford integral over E if

and only if it is Pettis integrable over E [DU77, Theorem 2.3.5].

In principle, all that we’ll really need in this work is the notion of Pettis integral, and

indeed most of the relevant literature (implicitly) uses this weak definition of measurability and

integrability [Fol15, Wil07] although some paper would mention Bochner integrals in passing

when discussing their notion of vector-valued integral (take [PR89] in particular). We shall

show that for all intents and purposes, these two are ‘equivalent’. For now, we stick with Pettis

integration, where we have the following result from [Wil07, Lemma 1.91]. Note that this result

has been similarly discussed in Folland’s [Fol15, Theorem A.22], though it is slightly less general,

however the proof should still go through mutatis mutandis.

Proposition 3.18. If f : G Ñ B is a function in CcpG,Bq, then f is Pettis integrable. Fur-

thermore, if Y is another Banach space, f P CcpG,Bq, and T P LpB, Y q, then L ˝ f P CcpG, Y q.

We also have the following formula:

T

ˆ

pP q

ż

G
fpsqdµGpsq

˙

“ pP q

ż

G
pT ˝ fqpsqdµGpsq. (3.37)

Indeed, we can build up the theory of twisted crossed products of Section 5.1 purely in terms of

CcpG,Aq when A is a C˚-algebra using Proposition 3.18 alone. In particular, integrated forms

of a strongly continuous unitary ‘representation’ (c.f. Proposition 5.2) can be deduced from

Proposition 3.18. To be more explicit, we first discuss the problem with Proposition 3.18. Fix

a Hilbert space H, it is not defined when we want to integrate over a map π : G Ñ LpHq that

is compactly supported but is only continuous with respect to the strong operator topology on

LpHq (the original proposition requires continuity with respect to the norm-topology). Let us

denote by LspHq the operator space LpHq equipped with strong operator topology. Suppose

π P CspG,LspHqq, then for all h P H, s ÞÑ πpsqh is in CcpG,Hq. It follows from Proposition 3.18

that s ÞÑ CcpG,Hq is Pettis integrable, therefore the map from H to H denoted via:

ˆ
ż

G
πpsqdµGpsq

˙

: h ÞÑ pP q

ż

G
πpsqhdµGpsq (3.38)

is well-defined. The next proposition due to [RW98, Lemma C.11] says that this definition

actually gives us a continuous map in H.

102



Proposition 3.19. The map π ÞÑ

ż

G
πpsqdµGpsq defines a continuous map from CcpG,LspHqq

to LpHq satisfying the following estimate:

›

›

›

›

ż

G
πpsqdµGpsq

›

›

›

›

ď }π}8 ¨ µGpsupppπqq. (3.39)

In this case, we can write
ż

G
πpsqdµGpsq P LpHq, and

ˆ
ż

G
πpsqdµGpsq

˙

h “ pP q

ż

G
πpsqhdµGpsq, @h P H. (3.40)

With this in place, we end with a dicsussion of a few more auxiliary results on the Pettis integral,

in particular, a version of Fubini’s theorem holds. Fixing another locally compact group G1 with

Haar measure µG1 , the following result can be found in [Wil07, Corollary 1.104].

Proposition 3.20. Let F P CcpGˆG1, Bq, then the following maps:

s ÞÑ pP q

ż

G1

F ps, rqdµG1prq and r ÞÑ pP q

ż

G
F ps, rqdµGpsq

belong to CcpG,Bq and CcpG1, Bq respectively.

Let us now give a very brief introduction to the Bochner integral, which was introduced

Bochner in [Boc33]. It can be thought of as a straightforward generalization of integration to

Banach space valued functions. We say that a function f : G Ñ B is simple if there exists finite

Borel sets tE1, ..., Enu Ď BorpGq and b1, .., bn P B such that we can write f “
řn
i“1 bi1Ei where

1Ei is the characteristic function on Ei. The Bochner integral of a simple function f is

pBq

ż

G
fpsqdµGpsq “

n
ÿ

i“1

biµpEiq P B. (3.41)

A strongly µG-measurable function, or Bochner µG-measurable function is now defined reminis-

cent of the simple approximation Lemma from measure theory16 in C.

Definition 3.17. A function f : G Ñ B is said to be strongly µG-measurable or Bochner

µG-measurable if there exists a sequence of simple functions tfnunPN such that:

}fpsq ´ fnpsq}B Ñ 0, @s P G a.e.

16Recall that a map f : G Ñ C is measurable if and only if it can be approximated by simple functions

103



We call tfnunPN a simple approximation of f .

The so-called Pettis’s-measurability theorem, which we give below, shows that the notion of

strong measurability is appropriate.

Theorem 3.12 ([DU77, Theorem II.I.2]). A function f : G Ñ B is strongly µG-measurable if

and only if

1. There exists a Borel set E P BorpGq with µGpEq “ 0 such that fpGzEq is a norm-separable

subset of B. In which case, we say that f is µG-essentially separably valued;

2. f is weakly µG-measurable.

We see that every strongly µG-measurable function is automatically weakly µG-measurable

function. The converse is not true, as there exist weakly µG-measurable functions that are not

µG-essentially separably valued [DU77, Example 2.1.5]. On the other hand, we see that Pettis’s

measurablity theorem imply that weak and strong µG-measurability are equivalent when B is

a separable Banach space! In [PR89], this is the reason why they assume separability in their

C˚-algebras.

We are starting to see the relationship between these two different notions of measurability.

However, we are interested in the integrals themselves. To see this, we first need to define what

a Bochner integral is.

Definition 3.18. A strongly µG-measurable function f : G Ñ B is said to be strongly inte-

grable or Bochner integrable if
ż

G
}fpsq ´ fnpsq}B Ñ 0 for a simple approximation tfnunPN

of f . Consequently, we define the Bochner integral of f to be:

pBq

ż

G
fpsqdµGpsq “ pBq lim

nÑ8

ż

fnpsqdµGpsq, (3.42)

where the right-hand side in the equation above is defined as a limit of limit of Bochner integral

of simple functions via (3.41).

The limit in Equation (3.42) since B is a Banach space, hence complete. A proof of independence

of the Bochner-integral to any simple approximation is also warranted, but one can furnish a

proof similar from Lebesgue integration.

More importantly, the Bochner integral possesses the following properties (c.f. [DU77]).

Proposition 3.21. Consider a strongly µG-mesurable function f : G Ñ B. Then:
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1. f is Bochner integrable if and only if
ż

G
}fpsq}BdµGpsq ă 8;

2. If f is Bochner integrable, then

›

›

›

›

pBq

ż

G
fpsqdµGpsq

›

›

›

›

B

ď

ż

G
}fpsq}BdµGpsq. (3.43)

3. Suppose Y is another Banach space, and T P LpB, Y q. If f : G Ñ B is Bochner integrable,

then so is T ˝ f : G Ñ Y . Consequently:

T

ˆ

pBq

ż

G
fpsqdµGpsq

˙

“ pBq

ż

G
pT ˝ fqpsqdµGpsq. (3.44)

4. If f, g : G Ñ B are both Bochner integrable functions, we have: if pBq

ż

G
fpsqdµGpsq “

pBq

ż

G
gpsqdµGpsq, then f “ g a.e.17

Remark 3.11. If B “ C, everything about Bochner integral above (with the possible exception

of Item 3 in Proposition 3.21) becomes nothing more than the usual integral definition and

properties.

We now fully see, how Pettis and Bochner integrals are related.

Proposition 3.22. Let f : G Ñ B be Bochner integrable, then f is also Pettis integrable, and

the Bochner and Pettis integrals coincide: for all E P BorpGq

pBq

ż

G
pf ¨ 1EqpsqdµGpsq “ pP q

ż

E
fpsqdµGpsq. (3.45)

Proof. If f is Bochner integrable, then it is by definition strongly µG-measurable. Therefore f

must be weakly µG-measurable as well from Pettis’s measurability theorem. For any E P BorpGq,

f ¨1E is also Bochner integrable due to Item 1 and 2 of Proposition 3.21 and
ż

E
pf ¨1EqpsqdµGpsq P

B.

Furthermore, it follows from Item 3 Proposition 3.21 that for any E P BorpGq and linear

functional in B˚:

φ

ˆ

pBq

ż

G
fpsq ¨ 1EdµGpsq

˙

“

ż

E
pφ ˝ fqpsqdµGpsq.

17Equivalence almost everywhere for vector-valued functions also define an equivalence relation.
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Since
ż

G
pf ¨ 1EqpsqdµGpsq for any E P BorpGq, it follows from Definition 3.16 that f is Pettis-

integrable. It also follows from the defining property of Pettis integral (3.35) that for all φ P B˚

φ

ˆ

pP q

ż

E
fpsqdµGpsq

˙

“

ż

E
pφ ˝ fqpsqdµGpsq “ φ

ˆ

pBq

ż

G
pf ¨ 1EqpsqdµGpsq

˙

.

Therefore, we can deduce from the Hahn-Banach theorem that

pP q

ż

E
fpsqdµGpsq “ pBq

ż

G
pf ¨ 1EqpsqdµGpsq

.

In light of Proposition 3.22, we will now be dropping the ‘markers’ in front of the integrals for

vector-valued functions. That is, we no longer distinguish between Bochner and Pettis integrals

(we won’t be dealing with proper Dunford integrals in this work), as all vector-valued integrals

henceforth will now be interpreted as Pettis integrals.

We shall end this section with a definition of Lp-spaces for vector-valued functions. For a

strongly µG-integrable function f : G Ñ B and 1 ď p ă 8, we define the p-norm via:

}f}p “

ˆ
ż

G
}fpsq}BdµGpsq

˙1{p

. (3.46)

We say that f is p-integrable if }f}p ă 8. As in ordinary measure theory, under the p-norm,

the difference of two functions whose p-norm vanishes, are indistinguishable almost everywhere.

Therefore we can define a normed space, in fact a Banach space LppG,Bq, whose elements are

the equivalence classes of p-integrable functions modulo equivalence almost everywhere. Note

again that for p “ 2, L2pG,Bq is a Hilbert space. We will also use the following approxima-

tion theorem, so that we can always ‘concretize’ an L1pG,Bq ‘function’ in terms of compactly

supported continuous functions. A proof of the following can be found in [Wil07, Proposition

B.33]

Proposition 3.23. CcpG,Bq is dense densely embedded L1pG,Bq. That is, for any f P L1pG,Bq,

there exists a net tfiuiPI Ď CcpG,Bq such that limi }f ´ fi} Ñ 0.

We call L1pG,Bq the integrable B-valued ‘functions’, and in Section 5.1 of Chapter 5 we will

invoke Proposition 3.23 to (densely) define a twisted version of L1pG,Bq, along with its twisted

representations.
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Chapter 4

Analysis on the Time-Frequency Plane

This chapter is a direct sequel to Chapter 3, as we continue our study of abstract harmonic

analysis, with a particular emphasis on performing the analysis on the time-frequency plane. We

open the first section by describing the fundamental operators in time-frequency analysis—the

translation and modulation operators. We then proceed with an exploration of Fourier analysis

on lattices in the time-frequency plane. The second section introduces Gabor analysis, which we

shall approach from the framework of frame theory. Afterwards in the third section, we provide

an overview of Feichtinger’s algebra, not only aiming to convince the reader that it is the ideal

function space for Gabor analysis, but also explaining how its properties motivated this thesis.

Lastly, we close the chapter with a section detailing the theory of operator-quantization based

on the kernel theorems afforded by the Feichtinger’s algebra. This will be done in the spirit of

Feichtinger and Kozek [FK04]. We verify that their results also hold for the general LCA groups.

The results of Sections 4.1 and 4.2 are primarily my personal verification of the presentation

of abstract harmonic analysis on the time-frequency plane and Gabor analysis as discussed in

[Jak18, JL20, Grö98, FK04]. For our overview of the Feichtinger’s algebra on LCA groups, our

primary reference is the survey paper [Jak18], and the seminal paper [Fei81] by Feichtinger. The

last section, of course, is another telling of [FK04] using all of the tools that we have built up

from previous sections. So there will be some differences in the presentation of proofs compared

to the original paper.
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4.1 The Time-Frequency Plane

Building up from the language that we have developed in Chapter 3: we always assume that G is

any second countable LCA group equipped with a Haar measure µ, the dual space of characters

pG is then equipped with the dual Haar measure pµ wherein the inverse Fourier transform 3.18

and 3.11 holds.

For s P G, ω P pG, and a complex function f : G Ñ C, the fundamental operators of time-

frequency analysis are the translation and modulation operators, defined respectively:

pTsfqprq :“ fpr ´ sq;

pMωfqprq :“ ωprqfprq.
(4.1)

Given the Fourier transform F on G, it follows from a straightforward computation that the

translation and modulation maps also satisfy the following commutation relations:

MωTx “ ωpxqTxMω;

FTx “ M´xF ;

FMω “ TωF .

(4.2)

It is not hard to see that translation and modulation: s ÞÑ Ts and ω ÞÑ Mω defines isometric

maps from G Ñ LpLppGqq and pG Ñ LpLppGqq respectively. In particular, this means that these

maps also define a unitary map G Ñ ULpL2pGqq and pG Ñ ULpL2pGqq. Finally, we can easily

compute for s, s1, s2 P G and ω, ω1, ω2 P pG that:

Ts1Ts2 “ Ts1`s2 and T´s “ T´1
s ,

Mω1Mω2 “ Mω1ω2 and Mω “ M´1
ω .

We have the following result; note that we are using 0 to denote both the neutral element in G

and pG for the rest of the document.

Proposition 4.1. The translation and modulation operators define unitary representations of

G on the Hilbert space L2pGq. Given by: s ÞÑ Ts : G Ñ ULpL2pGqq, and ω ÞÑ Mω : pG Ñ

ULpL2pGqq respectively.
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Proof. We only need to prove strong continuity of the maps. We shall show that:

lim
sÑ0

}Tsf ´ f}2 Ñ 0

lim
ωÑ0

}Mωf ´ f}2 Ñ 0

for all f P CcpGq. because CcpGq is dense in L2pGq. This is sufficient because CcpGq is dense

in L2pGq. Fix f P CcpGq. To prove the first limit, we first note that for all s, s1 P G: |fps1 ´

sq´fps1q|2 ď 4}f}28χsupp f ps1q. Therefore we can use Lebesgue’s dominated convergence theorem

(LDCT) to justify the computation below:

lim
sÑ0

}Tsf ´ f}2 “

ˆ
ż

G
lim
sÑ0

|fps1 ´ sq ´ fps1q|2dµGpsq

˙1{2

“ 0. (4.3)

We proceed similarly to prove the second limit. Note that for all ω P pG and s1 P G that

|ωps1qfps1q´fps1q|2 “ |ωps1q´1|2|fps1q|2 ď 4|fps1q|. Therefore we can again use LDCT to justify

the computation below:

lim
ωÑ0

}Mωf ´ f}2 “

ˆ
ż

G
lim
ωÑ0

|ωps1q ´ 1|2|fps1q|2
˙1{2

“ 0.

In the dual side, i.e. when we consider some g : pG Ñ C, then by Pontryagin duality there is

an obvious analogue of the translation and modulation operators for ς, ω P pG and s P G, given

respectively by

pTςgqpωq :“ gpωςq;

pMsgqpωq :“ evpsqpωqgpωq “ ωpsqgpωq.
(4.4)

From the translation and modulation operators, the composition

πpx, ωq :“ MωTx (4.5)

is called the time-frequency shift operator. It follows from the definition that it is also an

isometry on the LppGq spaces for 1 ď p ď 8, and in particular a unitary map in LpL2pGqq.

The product G ˆ pG is interpreted as the time-frequency plane, and its elements are
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denoted either simply by a single symbol like χ P Gˆ pG, or we may explicitly denote an element

by px, ωq P Gˆ pG. In either case, the negative elements are denoted by ´χ or ´px, ωq “ p´x, ωq.

One is also usually interested in sampling on G ˆ pG, for this we introduce Λ Ď G ˆ pG to be a

discrete subgroup. We endow G ˆ pG the product measure µ
Gˆ pG

, and since Λ is countable (G

is assumed to be second countable), we give it the counting measure µΛ. Finally we choose the

measure µ
pGˆ pGq{Λq

on pG ˆ pGq{Λ that would make µ
Gˆ pG

, µΛ and µ
pGˆ pGq{Λ

canonically related,

that is, we have Weil’s formula from Proposition 3.10: for each F P L1pGˆ pGq

ż

Gˆ pG
F pχqdµ

Gˆ pG
pχq “

ż

pGˆ pGq{Λ

ż

Λ
F pχ` λqdµΛpλqdµ

pGˆ pGq{Λ
p 9χq

“

ż

pGˆ pGq{Λ

ÿ

λPΛ

F pχ` λqdµ
pGˆ pGq{Λ

p 9χq.

We give one more condition on the discrete subgroup Λ Ď Gˆ pG, and make it a definition.

Definition 4.1. A discrete subgroup Λ Ď G ˆ pG is called a lattice (with respect to G ˆ pG) if

the quotient subgroup pGˆ pGq{Λ is compact.

Defining lattices this way gives us some of the expected results from time-frequency analysis

on G “ Rd. In [Grö01] lattices of the the time-frequency plane G ˆ pG “ Rd ˆ xRd – R2d are

exactly of the form LZ2d Ď R2d for some invertible matrix L P GL2dpRq, and quotienting out

the lattice: R2d{LZ2d – pG ˆ pGq{Λ will always give us a compact subgroup since the quotient

will be homeomorphic to a 2d-product of closed and bounded intervals in R. While subgroups

of the form LZ2d Ď R2d satisfy the definition of a lattice, it is in fact a characterization because

every lattice in R2d are exactly of such form [Grö98].

We shall give a result that characterizes a lattice, but we need an additional lemma for its

proof. It can be seen as a converse to Proposition 3.6:

Proposition 4.2. Let G be a locally compact group with neutral element e, and Haar measure

µ.

1. µpteuq ą 0 if and only if G is discrete;

2. µpGq ă 8 if and only if G is compact.

Proof.

1. If G is discrete, then teu us open, therefore by Proposition 3.6, µpteuq ą 0. Conversely,

suppose µpteuq ą 0, since tranlation is a homeomorphism in G, this implies µpteuq “
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µptguq ą 0 for all g P G. By outer regularity of µ, for ε :“ µpteuq, there exists an open set

U Q e such that

µpUq ă µpteuq ` ε “ 2µpteuq. (4.6)

Assume for contradiction that G is not discrete, then it follows that there exists a point in

G that is not isolated. Again by appealing to the fact that translation is a homeomorphism,

all points in G must not be isolated. In particular, the open set U of e must intersect a

g ‰ e in G. Therefore U Ě te, gu, which implies that

µpUq ě µpte, guq “ µpteuq ` µptguq “ 2µpteuq.

The inequality above contradict Estimate 4.6, therefore G must be discrete.

2. If G is compact, we already know from Proposition 3.6 that µpGq ă 8. For the converse,

suppose µpGq ă 8. Assume for contradiction that G is not compact (so locally compact

but not compact), then there exists an open set U Q e such that U is compact. By

assumption U ‰ G (otherwise G will be compact). Since tgU : g P Gu is an open cover

of G, then it follows by non-compactness of G that no finite subfamily of tgU : g P Gu

can cover G. Set g0 “ e, then we can always find g1 P Gzg0U “ GzU . Similarly, we can

also find g1 “ Gz pg0U Y g1Uq. In general, we can find a sequence tgnu8
n“0 Ď G with

gn`1 P Gz p
Ťn
i“0 giUq for each n P N. It is not hard to see that the collection tgiUu8

i“1

consists of pairwise disjoint sets. Therefore, since µpUq ą 0:

µpGq “ µ

˜

ď

gPG

gU

¸

ě µ

˜

8
ğ

i“1

giU

¸

“

8
ÿ

i“1

µpgiUq “

8
ÿ

i“1

µpUq “ 8,

which is a contradiction to the fact that µpGq ă 8. Therefore G must be compact.

Let us also take the opportunity to discuss the commutation relations between time-frequency

shifts themselves. The so-called 2-cocycles that appear here will have a very important role in

the construction of the Heisenberg module.

Definition 4.2. A continuous map c : pGˆ pGqˆpGˆ pGq Ñ T is called a normalized 2-cocycle

on Gˆ pG if it satisfies the following:
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1. If 0 is the identity element in Gˆ pG, then cp0, χq “ cpχ, 0q “ 1;

2. cpχ1, χ2qcpχ1 ` χ2, χ3q “ cpχ1, χ2 ` χ3qcpχ2, χ3q.

The natural 2-cocycle in time-frequency analysis is the so-called Heisenberg 2-cocycle c :

pGˆ pGq ˆ pGˆ pGq Ñ T given by:

cppx, ωq, pt, νqq “ νpxq (4.7)

For the rest of this chapter, we take c to take on this particular form. We can deduce from

a straightforward calculation that the Heisenberg 2-cocycle appears naturally as a "twist" that

prevents commutation between time-frequency shifts.

Proposition 4.3. The time-frequency shift operator define a strongly continuous map π : G ˆ

pG Ñ ULpL2pGqq such that for all px, ωq, pt, νq P Gˆ pG:

πpx, ωqπpt, νq “ cppx, ωq, pt, νqqπppx, ωq ` pt, νqq. (4.8)

Furthermore, the adjoint of the time-frequency shifts also define a strongly continuous map π˚ :

Gˆ pG Ñ ULpL2pGqq via π˚px, ωq “ pπpx, ωqq˚ for px, ωq P Gˆ pG where

π˚px, ωq “ cppx, ωq, px, ωqqπp´x, ωq. (4.9)

Proof. Formulae (4.8) and (4.9) follow from a straighforward calculation. We will only show

strong continuity of π : px, ωq ÞÑ πpx, ωq. Let f P L2pGq, and let us denote by 0 the neutral

element p0, 0q in Gˆ pG. It follows from Proposition 4.1 that

lim
px,ωqÑ0

}πpx, ωqf ´ f}2 “ lim
px,ωqÑ0

}MωTxf ´ f}2

ď lim
px,ωqÑ0

}MωpTxfq ´ pTxfq}2 ` lim
px,ωqÑ0

}f ´ Txf}2 “ 0 ` 0

“ 0,

as required.

From the Heisenberg 2-cocycle, we can induce the symplectic cocycle cs : pGˆ pGq ˆ pGˆ
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pGq Ñ T via:

csppx, ωq, pt, νqq “ cppx, ωq, pt, νqq ¨ cppt, νq, px, ωqq “ νpxqωptq. (4.10)

It is not hard to verify that

πpx, ωqπpt, νq “ csppx, ωq, pt, νqqπpt, νqπpx, ωq. (4.11)

As an easy corollary of this observation, we have the following lemma.

Lemma 4.1. Let px, ωq, pt, νq P G ˆ pG. The time-frequency shifts πpx, ωq and πpt, νq commute

if and only if csppx, ωq, pt, νqq “ 1.

Before we continue, let us first make some isomorphisms explicit. We know from Proposition 3.10

that the Pontryagin dual of the time-frequency plane satisfies: {

Gˆ pG – pGˆ
p

pG – pGˆG – Gˆ pG.

That is, the time-frequency plane is self-dual. We could chase all the necessary isomorphisms,

and indeed by exactly the isomorphism in Item 3 of Proposition 3.10, the Pontryagin duality,

and the obvious isomorphism G1 ˆG2 – G2 ˆG1 between two (topological) groups, we have the

following result:

Lemma 4.2. {

Gˆ pG “ tΩν,t : pν, tq P pGˆGu where Ων,tpx, ωq “ νpxqωptq for each px, ωq P Gˆ pG.

The map pt, νq ÞÑ Ων,t provides an isomorphism from Gˆ pG to {

Gˆ pG.

Proposition 4.4. Let Λ be a discrete subgroup of Gˆ pG. The following are equivalent:

1. Λ is a lattice;

2. The annihilator subgroup of Λ, given by

ΛK :“

"

Ω P
{

Gˆ pG : Ωpt, νq “ 1, for all pt, νq P Gˆ pG

*

is discrete;

3. The adjoint subgroup with respect to Λ, given by

Λ˝ :“ tpt, νq P Gˆ pG : πpx, ωqπpt, νq “ πpt, νqπpx, ωq, for all px, ωq P Λu

is discrete;
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4. The size of Λ, given by dpΛq “

ż

pGˆ pGq{Λ
1dµ

pGˆ pGq{Λ
p 9χq is finite.

Proof. (1 ðñ 2). The following equivalence follows from Corollary 3.8: Λ is a lattice if and

only if pGˆ pGq{Λ is compact if and only if ΛK – ppGˆ pGq{Λq^ is discrete.

(1 ðñ 4). The following equivalence follows from Item 2 of Proposition 4.2: Λ is a lattice if

and only if ppGˆ pGq{Λq is compact if and only if µ
pGˆ pGq{Λ

ppGˆ pGq{Λq “
ş

pGˆ pGq{Λ
1dµ

pGˆ pGq{Λ
p 9χq “

dpΛq ă 8.

The last sufficient equivalence p2 ðñ 3q will follow if we can prove that ΛK – Λ˝. Let us

define the mapping J : Gˆ pG Ñ
{

Gˆ pG via

J pt, νq “ Ων,´t (4.12)

with Ων,´t given by the same character appearing in Lemma 4.2. By the same lemma, we see

that J is a topological group isomorphism. Now if pt, νq P Λ˝, it follows from Lemma 4.1 that

for each px, ωq P Gˆ pG

J pt, νqpx, ωq “ Ων,´tpx, ωq “ ωptqνpxq “ csppt, νq, px, ωqq “ 1.

Consequently, this means J pt, νq P ΛK, hence Λ˝ – ΛK as required.

We had inadvertently made some definitions along the way as we stated Proposition 4.1,

namely the adjoint subgroup Λ˝, and the size of the lattice dpΛq. Let us expound on their

relevance here. Since we shall always work with lattices for Λ, the proposition tells us that the

adjoint subgroup Λ˝ – ΛK is discrete. However, we know from Proposition 3.13 that ΛKK “ Λ,

so pΛ˝q˝ – ΛKK “ Λ, therefore Λ˝ is also discrete, which means Λ˝ is also co-compact. All-

in-all, if Λ is a lattice, then Λ˝ is also a lattice, and so in our case we also refer to it as

the adjoint lattice. Next, let pµ
ppGˆ pGq{Λq^ and pµ

pΛ
be the dual measures on ppG ˆ pGq{Λq^

and pΛ respectively. We already know that µ
Gˆ pG

, µΛ, and µ
pGˆ pGq{Λ

are all canonically related,

therefore using Λ˝ – ΛK, and by identifying the associated dual measures µΛ˝ ù pµ
ppGˆ pGq{Λq^

and µ
pGˆ pGq{Λ˝ ù pµ

pΛ
. Proposition 3.17 says that µ

Gˆ pG
, µΛ˝ , and µ

pGˆ pGq{Λ˝ are also canonically

related, more specifically, we can do Fourier-inversion on functions in Λ˝. We shall make this

precise in the following Lemma.

Lemma 4.3. The symplectic cocycle cs induces a continuous map ppGˆ pGq{Λq ˆΛ˝ Ñ T which
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we shall denote via cs still, that is:

csp 9χ, λ˝q :“ cspχ, λ
˝q, @pχ, λ˝q P pGˆ pGq ˆ Λ˝

where we used the abbreviation 9χ “ χ`Λ for the cosets. Furthermore, the collections tcsp ¨ , λ˝quλ˝PΛ˝

and tcsp 9χ, ¨q u
χPGˆ pG

can be identified with the characters of pGˆ pGq{Λ and Λ˝ respectively.

Proof. We shall first check for well-definedness: if χ1´χ2 P Λ, then we have that for any λ˝ P Λ˝,

cspχ1 ´ χ2, λ
˝q “ 1.

Equivalently, cspχ1, λ
˝q “ cspχ2, λ

˝q. So the induced map is well-defined, and does not depend

on the coset representative. Continuity of the induced map should follow from continuity of cs

itself.

For the next assertion, recall that ppG ˆ pGq{Λq^ – Λ˝, to see this explicitly, note that all

characters of pG ˆ pGq{Λ is induced by characters from ΛK Ď
{

Gˆ pG (see the inverse of the

isomorphism Φ1 in Proposition 3.14), but we know that all such characters are of the form Ων,´t

for pν, tq P pGˆG. We have already seen this however. The requirement that Ων,´t P ΛK implies

that J pt, νqpx, ωq “ 1 “ J px, ωq for all px, ωq P Λ, hence we conclude that pt, νq P Λ˝. We choose

to identify pt, νq using the inverse isomorphism J : it follows that pt, νq P Λ˝ as a character is

identified with J pt, νq “ Ων,´t “ csppt, νq, ¨ q “ csp ¨ , pt, νqq : pG ˆ pGq{Λ Ñ T as required. We

can similarly obtain the other assertion if we look at the isomorphism xΛ˝ – Gˆ pG
Λ .

As a corollary, we have an explicit form of the Fourier transform on Λ˝ and pGˆ pGq{Λ that takes

into account the duality between these spaces.

Corollary 4.1. The Fourier transforms FΛ˝ : L1pΛ˝q Ñ CppGˆ pGq{Λq and F
pGˆ pGq{Λ

: L1ppGˆ

pGq{Λq Ñ C0pΛ˝q can be written as:

pFΛ˝bqpχq “

ż

Λ˝

bpλ˝qcsp 9χ, λ˝qdµΛ˝pλ˝q,

pF
pGˆ pGq{Λ

τqpλ˝q “

ż

pGˆ pGq{Λ
τp 9χqcsp 9χ, λ˝qdµ

pGˆ pGq{Λ
p 9χq.

For b P L1pΛ˝q and τ P L1ppGˆ pGq{Λq.

Note that we know from discreteness of Λ˝ that the measure in Λ˝ must be some positive scalar
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multiple, say spΛ˝q, of the counting measure. Whence L1pΛ˝q “ ℓ1pΛ˝q, and

ż

Λ˝

bpλ˝qdµΛ˝pλ˝q “ spΛ˝q
ÿ

λ˝PΛ˝

bpλ˝q

for b “ tbpλ˝quλ˝PΛ˝ P ℓ1pΛ˝q. We would like to know given that we chose Λ˝ to be identifiable

with the dual measure on ppGˆ pGq{Λq^, what spΛ˝q exactly is.

Proposition 4.5. spΛ˝q “
1

dpΛq
.

Proof. Let τ “ csp ¨ , 0q P L1ppG ˆ pGq{Λq. Then it follows from compactness of pG ˆ pGq{Λ,

Corollary 4.1, and Proposition 3.11 that

pF
pGˆ pGq{Λ

τqpλ˝q “

ż

pGˆ pGq{Λ
τp 9χqcsp 9χ, λ˝qdµ

pGˆ pGq{Λ
p 9χq

“

ż

pGˆ pGq{Λ
csp 9χ,´λ˝qdµ

pGˆ pGq{Λ
p 9χq

“

$

’

’

&

’

’

%

ż

pGˆ pGq{Λ
1 dµ

pGˆ pGq{Λ
p 9χq, if λ˝ “ 0

0, otherwise.

(4.13)

This shows that F
pGˆ pGq{Λ

τ P ℓ1pΛ˝q. By our choice of measure µΛ˝ , we know that we have a

Fourier-inversion formula for τ , in particular

1 “ csp 90, 0q “ τp 90q “

ż

Λ˝

F
pGˆ pGq{Λ

τpλ˝qcsp 90, λ˝qdµΛ˝pλ˝q

“ spΛ˝q
ÿ

λ˝PΛ˝

pF
pGˆ pGq{Λ

τqpλ˝q

It finally follows from
ż

pGˆ pGq{Λ
1 dµ

pGˆ pGq{Λ
p 9χq “ dpΛq and Equation (4.13) that 1 “ spΛ˝qdpΛq,

from which our conclusion follows.

We lastly discuss an analogue of Corollary 4.1 showing the self-duality of G ˆ pG. This is

easily obtained by the isomorphism J : G ˆ pG Ñ
{

Gˆ pG that we have introduced. Technically,

the Fourier-transform on L1pGˆ pGq is given by F
Gˆ pG

: L1pGˆ pGq Ñ C0p
{

Gˆ pGq

pF
Gˆ pG

F qpΩq “

ż

Gˆ pG
F px, ωqΩpx, ωqdµ

Gˆ pG
px, ωq,

for each F P L1pG ˆ pGq and Ω P
{

Gˆ pG. Of course each Ω is actually of the form Ων,t for
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some pν, tq P pG ˆ G so we may as well write pF
Gˆ pG

F qpν, tq, this gives the incarnation F
Gˆ pG

:

L1pGˆ pGq Ñ C0p pGˆGq

pF
Gˆ pG

F qpν, tq “

ż

Gˆ pG
F px, ωqΩν,tpx, ωqdµ

Gˆ pG
px, ωq

“

ż

Gˆ pG
F px, ωqνpxqωptqdµ

Gˆ pG
px, ωq.

We may identify each pν, tq with pt, νq and so we find a Fourier transform that maps L1pGˆ pGq Ñ

C0pGˆ pGq. However, a more interesting identification is given by identifying pt, νq with its image

with respect to the isomorphism J , we obtain the associated Fourier transform Fs : L1pGˆ pGq Ñ

C0pGˆ pGq called the symplectic Fourier-transform

pFsF qpt, νq :“ pF
Gˆ pG

F qpJ pt, νqq

“

ż

Gˆ pG
F px, ωqJ pt, νqpx, ωqdµ

Gˆ pG
px, ωq

“

ż

Gˆ pG
F px, ωqΩν,´tpx, ωqdµ

Gˆ pG
px, ωq

“

ż

Gˆ pG
F px, ωqcsppt, νq, px, ωqqdµ

Gˆ pG
px, ωq.

(4.14)

We can see from the last line above that the symplectic Fourier-transform makes use of

the symplectic cocycles as its characters for this specific incarnation of the Fourier transform.

Explicitly, we are identifying each pt, νq P Gˆ pG with the character csppt, νq, ¨ q. As a last remark

about the isomorphism J : G ˆ pG Ñ
{

Gˆ pG, looking at the identification {

Gˆ pG – pG ˆ G, and

the definition from Equation (4.12), then we can see J as a coordinate transform:

J pt, νq “ pν,´tq (4.15)

for pt, νq P Gˆ pG.

Lemma 4.4. The symplectic Fourier transform extends to a unitary map Fs : L2pG ˆ pGq Ñ

L2pGˆ pGq such that Fs “ F˚
s “ F´1

s , i.e. Fs is self-inverse.

Proof. We already know Fourier-transforms always extend to unitary maps, so it only remains

to show that Fs is self-inverse. However, it easily follows from the identity

xFsF1, F2y2 “ xF1,FsF2y2 , @F1, F2 P L2pGˆ pGq,
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which also easily follows from Fubini’s theorem and the following identities on the symplectic

cocycle:

csppt, νq, px, ωqq “ csppt, νq,´px, ωqq “ csp´pt, νq, px, ωqq “ csppx, ωq, pt, νqq.

for all pt, νq, px, ωq P Gˆ pG.

Following this, we obtain a symplectic version of the relationships in (4.4). We have

M s
χ1Tχ “ cspχ, χ

1qTχMχ1

FsTχ “ M s
χFs

FsM s
χ “ TχFs,

(4.16)

where for χ1 “ px1, ω1q, χ “ px, ωq P Gˆ pG, we have the usual translation TχF pt, νq “ F pt´x, νωq,

and with the symplectic-modulation M s
χF pt, νq “ F pt, νqcsppx, ωq, pt, νqq. Note the subtle

difference between Equation (4.16) with Equations (4.4).

We shall freely wield all the isomorphisms and identifications that we have done here in the

sequel.

4.2 Gabor Analysis

The foundations of Gabor analysis are based on the seminal paper by D. Gabor [Gab47]. The

critical idea of Gabor, in terms of our modern mathematical language, is to represent signals

modelled as functions in L2pRdq in terms of Gabor systems, which are collections of the form:

Gpg,Γq :“ tπpγqg : γ P Γu (4.17)

for a countable subset Γ Ď G ˆ pG and function g P L2pGq called the Gabor atom. In a more

explicit fashion, Gabor analysis is concerned in trying to find conditions which would allow us

to represent every function f P L2pGq in terms of time-frequency shifts of the Gabor atom g

sampled in Γ. That is,

f “
ÿ

γPΓ

cγpfqπpγqg
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where the coefficients tcγpfquγPΓ Ď C depend on f. We have, of course, already seen this problem.

This is exactly the motivation for frame theory, which is the topic of Section 2.4 from Chapter 2.

From Example 2.5, L2pGq can be seen as a Hilbert C-module, and therefore we can use our results

from Section 2.4 to do a particular flavor of frame theory on it. Indeed, the modern approach

to Gabor analysis is to frame it in terms of frame theory. The now classic book of Gröchenig

[Grö01] is an indispensable reference for this section on Gabor analysis. We also recognize the

works of Jakobsen and Lemvig, who studied Gabor analysis on general locally compact groups

[JL16b, JL16a, Jak18].

We start by translating some of the general concepts from (module) frame theory to our

setting.

Definition 4.3. We say that the Gabor system Gpg,Γq is a Gabor frame if it is a frame for

L2pGq. Explicitly, this means there exists C,D ą 0 such that for all f P L2pGq:

C}f}22 ď
ÿ

γPΓ

| xf, πpγqgy2 |2 ď D}f}22. (4.18)

We say that Gpg,Γq is a Bessel system if only the right-most inequality above is satisfied.

If we suppose Gpg,Γq is at least a Bessel family, then we denote the associated analysis operator

Gpg,Γq via Φg,Γ : L2pGq Ñ ℓ2pΓq. It is given explicitly by:

Φg,Γpfq “ txf, πpγqgy2uγPΓ (4.19)

Its adjoint (see Proposition 2.17), the synthesis operator, is denoted by Ψg,Γ “ Φ˚
g,Γ : ℓ2pΓq Ñ

L2pGq is given, for all c “ tcγuγPΓ P ℓ2pΓq by

Ψg,Γpcq “
ÿ

γPΓ

cγπpγqg. (4.20)

Definition 4.4. Let Gpg,Γq be a Bessel system, then the associated frame operator is called the

Gabor frame operator, and is defined by:

Sg,Γ “ Ψg,Γ ˝ Φg,Γ P LpL2pGqq. (4.21)

More generally, we can consider another Bessel system Gph,Γq. The mixed Gabor frame operator
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is defined by:

Sg,h,Γ “ Ψh,Γ ˝ Φg,Γ P LpL2pGqq. (4.22)

Remark 4.1. Similar to what we have done in Section 2.4 of Chapter 2, we will simply refer to

mixed Gabor frame operators as Gabor frame operators. Unless we need to explicitly differentiate

between the two, this will be the case for the rest of the manuscript.

Proposition 4.6. Let Gpg,Γq be a Bessel system for L2pGq, then the frame operator Sg,Γ is a

positive operator in LpL2pGqq and

}Sg,Γ} “ inftD1{2 : D is a Bessel bound for Gpg,Γqu (4.23)

Proof. Applying 2.27 to the Bessel system Gpg,Γq gives us that Sg,Γ is a positive operator.

Similarly, applying Proposition 2.28 to Gpg,Γq gives us Equation (4.23)

In anticipation of the application of the general reconstruction formulae (2.22) using Gabor

systems, we would like to ask what possible conditions we can endow Gpg,Γq so that it forms

a Gabor frame in L2pGq. This would involve either imposing some structure on the countable

subset Γ, or some regularity condition on the Gabor atom g. For this section we shall focus on

the former. We now only consider Γ “ Λ Ď Gˆ pG where Λ is a lattice (see Definition 4.1) in the

time-frequency plane. This means in particular that Λ has a group structure, from which the

next result follows.

Proposition 4.7. Let Gpg,Λq be a Bessel system, then for all µ P Λ,

Sg,Λπpµq “ πpµqSg,Λ. (4.24)

That is, the Gabor frame operator associated with Gpg,Λq commutes with all the time-frequency

shifts on Λ.

Proof. Let f P L2pGq and µ P Λ, recall the Heisenberg 2-cocyle c (4.7) from Section 4.1 then:

Sg,Λπpµqf “
ÿ

λPΛ

xπpµqf, πpλqgy2

“
ÿ

λPΛ

xf, π˚pµqπpλqgy2 πpλqg
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“
ÿ

λPΛ

xf, πpλ´ µqgy2 cpµ, λ´ µqπpλqg

“
ÿ

λPΛ

xf, πpλqgy2 cpµ, λqπpλ` µqg

“
ÿ

λPΛ

xf, πpλqgy2 πpµqπpλqg

“ πpµq

˜

ÿ

λPΛ

xf, πpλqgy2 πpλqg

¸

“ πpµqSg,Λf.

Therefore Sg,Λπpµq “ πpµqSg,Λ as required.

The seemingly innocent result above can be rewritten into πpµqSg,Λπ
˚pµq “ Sg,Λ for all µ P Λ.

From the point of view of Quantum Harmonic Analysis (QHA), the conjugation by time-

frequency shifts can be interpreted as the operator-translation of Sg,Λ by µ. Therefore we can fur-

ther interpret the result above as Sg,Λ being "operator-translation invariant" in Λ (see Definition

4.14). One can then ask if there are other operator-translation invariant operators. Equivalently

are there other operators that commute with all the time-frequency shifts in a lattice? Part of

this dissertation’s major results involve the characterization of all such operators: see Chapter 7

Section 7.2.

Let us now go back to the application of the general reconstruction formulae (2.22) to our

setting.

Theorem 4.1 (Reconstruction Formula). Suppose Gpg,Λq is a Gabor frame, then Sg,Λ is invert-

ible and for all f P L2pGq:

f “
ÿ

λPΛ

A

f, πpλqS´1
g,Λg

E

2
πpλqg

“
ÿ

λPΛ

xf, πpλqgy2 πpλqpS´1
g,Λgq

(4.25)

Representations of f as in (4.25) are called Gabor expansions of f.

Proof. This is a direct application of Corollary 2.9 to our setting, along with the fact that due

to Equation (4.24), we also have that πpµqS´1
g,Λ “ πpµqS´1

g,Λ for all µ P Λ.

We see from the reconstruction formulae (4.25) for Gabor systems that because the inverse

of the Gabor frame operator also commutes with all the time-frequency shifts with respect to Λ
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that the canonical dual frame takes on the form

tS´1pπpλqgq : λ P Λu “ tπpλqpS´1
g,Λgq : λ P Λu “ Gph,Λq,

where h :“ S´1
g,Λg P L2pGq. Therefore the canonical dual frame of a Gabor system, is also a Gabor

system. This motivates us to make the following definition.

Definition 4.5. Let Gpg,Λq be a Gabor frame for L2pGq. Then h :“ S´1
g,Λg is called the canon-

ical dual Gabor atom with respect to g.

As we have seen, the time-frequency shifts in Λ of the canonical dual Gabor atom of h “ S´1
g,Λg

generates the canonical dual frame for Gpg,Λq. What we notice now when we rewrite the Gabor-

frame reconstruction formulae (4.25) in terms of the canonical dual Gabor atom is that for all

f P L2pGq :

f “ pSg,Λ ˝ Sh,Λqf “ pSh,g,Λqf “
ÿ

λPΛ

xf, πpλqhy2 πpλqg

“ pSh,Λ ˝ Sg,Λqf “ pSg,h,Λqf “
ÿ

λPΛ

xf, πpλqgy2 πpλqh

Not only does the canonical dual Gabor atom satisfy IdL2pGq “ Sg,h,Λ “ Sh,g,Λ, but we can also

see from the equations above that the coefficients of the Gabor expansion of f can be computed

in terms of the following map χ ÞÑ xf, πpχqgy2, which is named, as we will give below.

Definition 4.6. Let g P L2pGq, the short-time Fourier transform (STFT) of f , windowed

by g is denoted by Vgf given by:

Vgfpχq “ xf, πpχqgy2 , @χ P Gˆ pG. (4.26)

The motivation for the name "short-time Fourier transform" can be seen when we explicitly

write the inner-product in Equation (4.26):

Vgfpχq “ xf, πpλqgy2 “

ż

G
fptqωptqgpt´ xqdµGptq, χ “ px, ωq P Gˆ pG.

Vgfpχq ‘is’ the Fourier-transform of f at ω, for which the integral is ‘smeared’ by a function g

translated at x. Traditionally, g is taken to be a Gaussian concentrated at the origin 0 (e.g.

in the Euclidean case, take 1
4
?
π
e´

|t|2

2 ). So as we can see, Vgfpχq can now be interpreted as a
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time-frequency ‘localized’ Fourier transform of f at χ “ px, ωq because the window g ‘essentially’

cuts off parts of f that are far away from x, and then takes the Fourier transform of this ‘time-x’

concentrated portion of f at ‘frequency ω’. With this interpretation of the short-time Fourier

transform, we can compare the Gabor expansion of f (4.25) with the Fourier inversion formula of

(3.24) and see that (4.25) is a Λ-sampled (or discretized) version of the Fourier-inversion formula

that uses Vgfpλq as time-frequency localized version of Fourier transforms instead. There is in

fact a continuous (non-sampled) version of the Gabor expansion (4.25), which we state below

without proof. One may consult [Grö01, Theorem 3.2.1] for a proof that one can adapt to the

abstract time-frequency plane.

Theorem 4.2. For any g, h P L2pGq, Vgh P L2pG ˆ pGq. Furthermore, we have the following

representation:

f “
1

xh, gy2

ż

Gˆ pG
pVgfqpχqπpχqhdµ

Gˆ pG
pχq. (4.27)

The STFT is a construction that allows us to do simultaneous time and frequency repre-

sentations for signals, and in fact is only one such scheme in time-frequency analysis (see for

example [Grö01, Dau92, Coh95]). Properly recontextualized, we can now see that the main

problem of Gabor analysis is to find a Λ-sampled, or Λ-discretized version of the time-frequency

representation given by (4.27).

Let us move along and see if we can extract any interesting necessary conditions for Gpg,Λq

to be a Gabor frame. The remaining results will be stated without proof, however, a version of

them that will be relevant for our original contributions (i.e. Chapter 7) will be presented using

operator-algebraic techniques (see Section 5.4 of Chapter 5).

Since we are working with a lattice Λ, we have access to its adjoint lattice Λ˝ (see Definition

4.4). Here we present the so-called Wexler-Raz biorthogonality relations which can be seen

as an orthogonality condition between a Gabor atom and any of its dual atom. A proof of the

following result, which uses only harmonic analysis techniques can be found in [JL16b, Lemma

4.4], and [Grö01, Theorem 7.3.1] in the Euclidean case.

Theorem 4.3 (Wexler-Raz Biorthogonality Relations). Let Gpg,Λq be a Gabor frame with dual

123



atom h, then for all µ˝ P Λ˝:

xh, πpµ˝qgy2 “

$

’

&

’

%

dpΛq, if µ˝ “ 0

0, otherwise.
(4.28)

The reader may realize that the moniker "Wexler-Raz" has already appeared somewhere in

this manuscript, indeed, there is a version of Wexler-Raz relations for imprimitivity bimodules

given in Remark 2.10. We shall prove later (c.f. Corollary 5.10) that we can recover Equation

(4.28) when g and the dual atom h belong to the Heisenberg module.

The following is a fundamental result showing that the lattice Λ must be sufficiently dense

to generate a Gabor frame. This result is well-known in the Euclidean case [Grö01, Corollary

7.5.1], while the general case was proven in [JL16b, Theorem 5.6]

Theorem 4.4. If Gpg,Λq is a Gabor frame for L2pGq, then dpΛq ď 1.

There is a relationship between the Gabor atoms of a Gabor system and the density of the lattice

Λ, whose discussion we shall defer until Section 5.4 of Chapter 5. For the moment, we shall give

the following generalization of a Gabor system on the lattice Λ with finitely many Gabor atoms.

Definition 4.7. Let g1, ..., gn P L2pGq, the collection
Ťn
i“1 Gpgi,Γq is called a multi-window

Gabor system. If it forms a Bessel family, then it is called a multi-window Bessel system. If

it forms a frame, it is called a multi-window Gabor frame.

Remark 4.2. The frame operator associated with a multi-window Gabor system
Ťn
i“1 Gpgi,Γq is

given by
řn
i“1 Sgi,Γ.

The assumption that Γ “ Λ be a lattice has allowed us to introduce elegant algebraic or ‘soft-

analytic’ techniques (e.g. analysis on LCA groups and in the sequel, operator algebras) to Gabor

analysis. We shall restrict ourselves to the lattice case for the rest of the manuscript. However,

note that there is also quite a lot of interesting research being done with in the case where Γ

does not have any algebraic structure– i.e. when Γ is an irregular sampling set for G ˆ pG

(where G is mostly restricted to the Euclidean case Rd). The techniques involved in this case

tend to fall more within the "hard-analysis" variant of mathematical analysis, characterized by

explicit estimates and similar methods. Finally, we also recognize that a natural generalization

of our setting is to remove the assumption of discreteness on Λ, instead consider Λ to simply be

a closed cocompact subgroup of the time-frequency plane Gˆ pG.
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4.3 The Feichtinger’s Algebra: Basic Properties

Throughout the section we fix G to be a second countable LCA group. As we have discussed

in the previous section, given a lattice Λ Ď G ˆ pG, the central problem of Gabor analysis is

to find a g P L2pGq such that Gpg,Λq is a Gabor frame. However, the first obstacle in this

quest if we hope to even have a well-defined Gabor frame operator, is to look for those g’s

where Gpg,Λq is a Bessel system. Bearing this in mind, we shall introduce the function space

which is nowadays called the "Feichtinger’s algebra". Its definition in the general LCA group

case was first given by Feichtinger in [Fei81]. A subsequent survey of the Feichtinger’s algebra

was also recently published [Jak18], where various characterizations of the said algebra can be

found. In the first section of this chapter, we shall quickly go over the crucial properties of the

Feichtinger’s algebra. In the subsequent section, we will mostly focus our attention in revisiting

the paper [FK98] of Feichtinger and Kozek on time-frequency quantization of lattice-invariant

operators using the Feichtinger’s algebra. Through the so-called kernel theorems of Jakobsen

[Jak18, FJ22], we update their results and show that they also hold for lattices on LCA groups

as well. The discussion here will be a good prelude to Quantum Harmonic Analysis, which is a

major component of our main results in Section 7.2 of Chapter 7.

We give an accessible definition of the Feichtinger’s algebra in terms of the Short-Time Fourier

Transform.

Definition 4.8. Given an arbitrary LCA group G, the Feichtinger’s algebra denoted by S0pGq,

is given by

S0pGq :“

"

f P L2pGq :

ż

Gˆ pG
|Vffpx, ωq|dµ

Gˆ pG
px, ωq ă 8

*

.

For a fixed (window function) g P S0pGqzt0u, S0pGq can be made a Banach space via the norm

}f}S0pGq,g :“

ż

Gˆ pG
|Vgfpx, ωq|dµ

Gˆ pG
px, ωq.

Note that any other g0 P S0pGqzt0u induces an equivalent norm on S0pGq [Jak18, Proposition

4.10]. In light of this, we shall generally denote the norm of S0pGq using the following: }¨}S0pGq,g,

}¨}S0pGq, or }¨}S0 . The first one we have already used in the definition above, it will be used when

we want to be explicit about the ambient LCA group G and the window function g. The second

one will be used when we are only concerned with making the LCA group clear, otherwise we

will mostly abbreviate the S0pGq-norm using the third one. Finally, one can use a fixed window
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function as a way to characterize S0pGq.

Proposition 4.8. Fix g P S0pGqzt0u, then

S0pGq “
␣

f P L2pGq : }f}S0pGq,g ă 8
(

.

Before we give a summary of the most important properties of the Feichtinger’s algebra, we recall

another important function space: the Fourier-algebra ApGq, defined

ApGq “

!

f P C0pGq : Dg P L1p pGq where F
pG
g “ f

)

(4.29)

All of the results below can be found in [Jak18].

Proposition 4.9. For general LCA groups G, Gi where i “ 1, 2, S0 has the following properties:

1. S0pGq is continuously and densely embedded in C0pGq, ApGq, and LppGq for all 1 ď p ď 8.

2. For any discrete subgroup ∆ Ď G ˆ pG, and g P S0pGq, Gpg,∆q is always a Bessel system

in L2pGq;

3. S0pGq is time-frequency shift invariant. In fact the time-frequency shift operators restrict to

an isometry still on S0pGq: for any px, ωq P Gˆ pG, }πpx, ωqf}S0 “ }f}S0 for all f P S0pGq;

4. (Periodization). For any closed subgroup H Ď G, for each f P S0pGq, and 9x “ x ` H,

define the periodization operator via PHpfqp 9xq :“

ż

H
fpz`hqdµHphq. It is a linear, bounded

and surjective map from S0pGq to S0pG{Hq.

5. If G is a discrete (countable) locally compact abelian group, then S0pGq “ ℓ1pGq. If G is

compact, then S0pGq “ ApGq.

6. (Restriction). For any closed subgroup H Ď G, the restriction operator RHf “ f|H is a

linear, bounded, and surjective operator from S0pGq to S0pHq.

7. (Poisson Summation Formula for Lattices). If F P S0pGˆ pGq, then

ÿ

λPΛ

F pλq “
1

spΛq

ÿ

λ˝PΛ˝

FspF qpλ˝q. (4.30)

8. (Sufficient Conditions for Isomorphisms). Let T : L2pG1q Ñ L2pG2q be a linear and

bounded bijection. If there exists a topological group isomorphism α : G2 ˆ pG2 Ñ G1 ˆ pG1
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and a map c : G2 ˆ pG2 Ñ T such that for all χ2 P G2 ˆ pG2

πpχ2qT “ cpχ2qTπpαpχ2qq,

then T (resp. the Hilbert space adjoint T ˚) restricts to an isomorphism T|S0pG1q : S0pG1q Ñ

S0pG2q (resp. T ˚
|S0pG2q

: S0pG2q Ñ S0pG1q).

Remark 4.3. We can see from Item 2 above why S0pGq is a good candidate as a function space

for Gabor analysis, the Gabor frame operator Sg,Λ will always be a bounded linear operator on

LpL2pGqq for any lattice Λ when g P S0pGq.

Note that any isomorphism derived from restriction of a bounded linear bijection T : L2pG1q Ñ

L2pG2q via Item 8 above will be denoted by T still. The Fourier transform F : L2pGq Ñ L2p pGq is

one such important example (see Theorem 3.8). Pick G1 “ G, G2 “ pG, so that by Pontryagin du-

ality we can identify pG2 “ G, consider the isomorphism α : G2ˆ pG2 “ pGˆG Ñ Gˆ pG “ G1ˆ pG1

via αpω, xq “ p´x, ωq (i.e. an incarnation of the J -isomorphism as in Equation (4.15)), then

πpω, xqF “ ωpxqFπpαpω, xqq.

If we take c : G2 ˆ pG2 “ pG ˆ G Ñ T to be cpω, xq “ ωpxq, then we find that F satisfies all

condition needed so that we indeed have an isomorphism F : S0pGq Ñ S0p pGq. We shall keep

this example in mind and note that we will encounter more isomorphisms on the Feichtinger’s

algebras in a similar way.

Let G, G1, and G2 be arbitrary LCA groups. For pf1, f2q P S0pG1q ˆ S0pG2q we define their

tensor product via pf1 b f2qpx, yq “ f1pxqf2pyq for px, yq P G1 ˆ G2, and it can be shown that

f1 b f2 P S0pG1 ˆ G2q. In fact we have the following projective tensor product factorization

result from [Fei81, Theorem 7].

Proposition 4.10. S0pG1ˆG2q “ S0pG1qpbS0pG2q where pb denote the projective tensor product.

More explicitly, for each F P S0pG1ˆG2q, there exist (non-unique) sequences tf
p1q

i u8
i“1 Ď S0pG1q

and tf
p2q

i u8
i“1 Ď S0pG2q such that

F “

8
ÿ

i“1

f
p1q

i b f
p2q

i , and (4.31)

8
ÿ

i“1

}f
p1q

i }S0pG1q}f
p2q

i }S0pG2q ă 8. (4.32)
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Furthermore,

}F }S0pG1ˆG2q “ inf

#

8
ÿ

i“1

}f
p1q

i }S0pG1q}f
p2q

i }S0pG2q

+

running over all such sequences tf
p1q

i u8
i“1 Ď S0pG1q and tf

p2q

i u8
i“1 Ď S0pG2q where (4.31) and

(4.32) hold.

Remark 4.4. From hereon out, the adjoint lattice Λ˝ will make quite an extended appearance.

We would like to point out that it is always equipped with the measure µΛ˝ , which is the

counting measure scaled with 1
dpΛq

(see Proposition 4.5). To avoid confusion, we will write out

the sums corresponding to the integral of a particular measure. In particular, this means that if

k “ tkpλ˝quλ˝PΛ˝ P ℓ1pΛ˝q, then

}k}1 “

ż

Λ˝

|kpλ˝q|dµΛ˝pλ˝q “
1

dpΛq

ÿ

λ˝PΛ˝

|kpλ˝q|.

Given what we now know about the Feichtinger’s algebra, there is more to be said about the

symplectic characters in connection with adjoint lattice.

Proposition 4.11. For each λ˝ P Λ˝, we have csp ¨ , λ˝q P AppG ˆ pGq{Λqq “ S0ppG ˆ pGq{Λq

with }csp ¨ , λ˝q}
AppGˆ pGq{Λq

“ 1.

Proof. Let us recall that this incarnation of the relevant Fourier-algebra takes on the form (see

Corollary 4.1)

AppGˆ pGq{Λq “ tτ P CppGˆ pGq{Λq : τ “ FΛ˝b, s.t. b P ℓ1pΛ˝qu.

The equality with S0ppGˆ pGq{Λq follows from compactness of pGˆ pGq{Λ and Item 5 of Proposition

4.9. Now for a fixed λ˝ P Λ˝, define the sequence cλ˝ P ℓ1pΛ˝q to be

cλ˝pυ˝q “

$

’

&

’

%

dpΛq, whenever υ˝ “ ´λ˝

0, otherwise.
(4.33)

We find that

pFΛ˝cλ˝qp 9χq “

ż

Λ˝

cλ˝pυ˝qcsp 9χ, υ˝qdµΛ˝pυ˝q

“
1

dpΛq

ÿ

υ˝PΛ˝

cλ˝pυ˝qcsp 9χ, υ˝q “
dpΛq

dpΛq
csp 9χ, λ˝q
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“ csp 9χ, λ˝q.

Therefore csp ¨ , λ˝q P AppGˆ pGq{Λq, with }csp ¨ , λ˝q}
AppGˆ pGq{Λq

“ }cλ˝}1 “ 1 for all λ˝ P Λ˝

We shall make ourselves well acquainted to the dual space of the Feichtinger’s algebra, and

the maps on it. We shall follow the notation of [Jak18]. In general, we denote the dual space of a

Banach space X via X 1, and define with them the following bilinear form p¨, ¨qX,X 1 : XˆX 1 Ñ C

px, hqX,X 1 :“ hpxq, @px, hq P X ˆX 1.

For a general LCA group G, we denote by S1
0pGq, the dual space of the Feichtinger’s algebra

S0pGq. There is a longstanding strand of ideas (e.g. invariance under most ‘Fourier-analytic

notions’ [Jak18], or as a pre-imprimitivity bimodule for the construction of the Heisenberg module

[Lue07]) that motivates S0pGq to be a good substitute for the Schwartz(-Bruhat) space, and in

keeping with this tradition, we shall also refer to the functionals in S1
0pGq as distributions.

Definition 4.9. The so-called linear complex-conjugate of a functional in S1
0pGq is defined

via:

pf, σqS0,S1
0

“ pf, σqS0,S1
0
, @pf, σq P S0pGq ˆ S1

0pGq (4.34)

The definition above is actually particular to function spaces since it involves the complex-

conjugate of a function. The reason why we call it the linear complex-conjugate for S1
0pGq is

because it results in a linear function. One may contrast the linear complex-conjugate to the

ordinary complex-conjugate of a linear functional which results to an antilinear functional.

Note that with the notation we are using, we do not make explicit which LCA group we are

taking with the bilinear form p¨, ¨qS0,S1
0
, we leave it to be (easily) figured out from context by the

reader.

There are two relevant topologies on S1
0pGq, namely, the norm-topology and the weak ˚-

topology. The norm topology on S0pGq is the one induced by the operator norm

}σ}g :“ sup
}f}S0,g

“1
|pf, σqS0,S1

0
|

for a given window function g P S0pGq. Similar to S0pGq, different choices of window function

g P S0pGqzt0u result in equivalent operator norms for S1
0pGq. The more relevant topology for
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S1
0pGq is the weak-˚ topology, which is the topology of pointwise convergence: i.e. the net

tσiui Ď S1
0pGq converges to σ P S1

0pGq in the weak-˚ topology if and only if for all f P S0pGq,

σipfq Ñ σpfq in S0pGq-norm (this of course just comes from the general definition of weak-˚

topology for any topological vector spaces)

Definition 4.10. Given an arbitrary LCA group G, an open set U Ď G is said to be an open

annihilation set of a distribution σ P S1
0pGq if and only if for all f P S0pGq with supppfq Ď U,

pf, σqS0,S1
0

“ 0.

The support of a distribution σ P S1
0pGq is defined to be the complement of the largest open

annihilator of σ. Equivalently, it is the complement of the union of all the open annihilators of

σ.

Given a bounded and linear operator T : X Ñ Y for Banach spaces X and Y , there exists a

unique map Tˆ : Y 1 Ñ X 1, defined by the following formula

px, TˆyqX,X 1 “ pTx, yqY,Y 1

that is both weak-˚-weak-˚ and norm-norm continuous to the dual spaces, called the Banach

space adjoint operator induced from T [Kre91].

Definition 4.11. Let G be an arbitrary LCA group with closed subgroup H. The distribution

σ P S1
0pGq is said to be H-periodic if for all h P H, Tˆ

h σ “ σ.

The following result summarizes all the relevant properties of the dual space of the Fe-

ichtinger’s algebra, all of which are referenced from [Jak18].

Proposition 4.12. For general LCA groups G,Gi where i “ 1, 2, S1
0 has the following properties:

1. S0pGq and LppGq for 1 ď p ď 8 are both continuously embedded in S1
0pGq. The embed-

ding is explicitly given by the map ι : S0pGq (or LppGqq ãÑ S1
0pGq via: pf, ιphqqS0,S1

0
:“

ż

G
fpxqhpxqdµGpxq. In light of this, we abbreviate via pf, ιphqqS0,S1

0
“: pf, hqS0,S1

0
. Fur-

thermore, the embedding of S0pGq in S1
0pGq is weak-˚ dense.

2. For each s P G, the dirac-masses δspfq “ fpsq for f P S0pGq are all in S1
0pGq;
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3. Each ω P pG induces an element eω P S1
0pGq via

eωpfq “

ż

G
fpsqωpsqdµpsq “ pFfqpωq. (4.35)

4. (Restriction). For a closed subgroup H Ď G, we have the following isomorphism through

the Banach space adjoint operator of the restriction map Rˆ
H : S1

0pHq Ñ S1
0pGq

ImRˆ
H “ tσ P S1

0pGq : suppσ Ď Hu;

5. (Periodization). For a closed subgroup H Ď G, we have the following isomorphism

through the Banach space adjoint operator of the periodization map Pˆ
H : S1

0pG{Hq Ñ

S1
0pGq :

ImPˆ
H “ tσ P S1

0pGq : σ is H-periodicu.

6. (Sufficient Conditions for Isomorphisms). If T P LpL2pG1q, L2pG2qq, then ι ˝ T :

L2pG1q Ñ S1
0pG2q uniquely extends to a weak-˚-weak-˚ (hence norm-norm) T : S1

0pG1q Ñ

S1
0pG2q that satisfies T pιpfqq “ ιpT pfqq for all f P L2pG1q if and only if T ˚

|S0pG2q
P

LpS0pG2q,S0pG1qq. In which case:

pf2, Tσ1qS0,S1
0

“ pT ˚f2, σ1qS0,S1
0
, @pf2, σ1q P S0pG2q ˆ S1

0pG1q.

Furthermore, if T is a unitary operator in LpL2pG1q, L2pG2qq, then the extension above is

an isomorphism.

Remark 4.5. Note that as we can see above, any operator from S1
0pG1q to S1

0pG2q that is obtained

via extension of some T : L2pG1q Ñ L2pG2q as in Item 6 of Proposition 4.12 is denoted simply by

T . Furthermore, if T : L2pG1q Ñ L2pG2q such that T|S0pG1q P LpS0pG1q,S0pG2qq, then we have

the extension T ˚ : S1
0pG2q Ñ S1

0pG1q coincides with the Banach space adjoint Sˆ : S1
0pG2q Ñ

S1
0pG1q of some S P LpS0pG1q,S0pG2qq if and only if Tf1 “ Sf1 for all f1 P S0pG1q.

Example 4.1 (Translation). An example of the above discussion would be the translation operator

Ts : L2pGq Ñ L2pGq for any s P G, which is a unitary operator in L2pGq such that T ˚
s “ T´s

restricts to an isometry in S0pGq. We can see that the extension T ˚
s : S1

0pGq Ñ S1
0pGq satisfies
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for all pf, σq P S0pGq ˆ S1
0pGq the following formula:

pf, T ˚
s σqS0,S1

0
“ pTsf, σqS0,S1

0
“ pTsf, σq “ pf, Tˆ

s σqS0,S1
0

In other words, Tˆ
s “ T ˚

s “ T´s. Note that we can use this fact to redefine H-periodicity of

a distribution for a closed subgroup H of G, so it does not matter if we use the Banach space

adjoint Tˆ
h or the extended unitary map Th : S1

0pGq Ñ S1
0pGq to define H-periodicity.

Corollary 4.2. Let H be a closed subgroup of G. A distribution σ P S1
0pGq is H-periodic if and

only if for all h P H, Thσ “ σ.

Proof. Note that by the example above, Tˆ
h “ T ˚

h “ T´h for all h P H. Therefore σ is H-periodic

if and only if

pf, σqS0,S1
0

“ pf, Tˆ
h σqS0,S1

0
“ pThf, σqS0,S1

0
“ pT´hh, σqS0,S1

0
“ pf, T´hσqS0,S1

0
.

for all h P H. This proves the desired result.

Example 4.2 (Modulation). On the other hand, for ω P pG, we have the modulation operator

Mω : L2pGq Ñ L2pGq, a unitary operator in L2pGq such that M˚
ω “ Mω restricts to an isometry

in S0pGq. Therefore it also extends to a S1
0pGq Ñ S1

0pGq operator. However, becauseMωf “ Mωf

for all f P S0pGq, the Banach space adjoint Mˆ
ω coincides with the extension of the Hilbert space

adjoint M˚
ω “ Mω. Equivalently Mˆ

ω “ Mω, which seems to be one of the rare cases where for an

operator S P LpL2pGqq s.t. S|S0pGq P LpS0pGqq, that an extension S : S1
0pGq Ñ S1

0pGq coincides

with the Banach space adjoint Sˆ : S1
0pGq Ñ S1

0pGq.

Example 4.3 (Time-Frequency shifts). The time-frequency shifts πpχq “ MωTx for px, ωq “ χ P

G ˆ pG are unitary maps in LpL2pGqq such that π˚pχq|S0pGq : S0pGq Ñ S0pGq, hence time-

frequency shifts also have an extension as in Item 6 of Proposition 4.12.

Example 4.4 (Fourier Transform). There are two Fourier-transforms acting on the S1
0pGq, one is

given by the Banach space adjoint Fˆ
pG
: S1

0pGq Ñ S1
0p pGq, and the other is the extension of the

usual unitary Fourier transform FG : S1
0pGq Ñ S1

0p pGq. We would like to know how these two are

related. However, it follows by straightforward computation that for all h P S0p pGq that

F˚
Ghpxq “

ż

pG
hpxqωpxqdpµpωq
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“

ż

pG
hpωqωpxqdpµpωq

“ pF
pG
hqpxq

for all x P G. Therefore it follows from Remark 4.5 that FG “ Fˆ
pG

on S1
0pGq. From this observa-

tion, we have the following corollary.

Corollary 4.3. Let σ P S1
0pGq, then supppFGσq “ supppFˆ

pG
σq

Example 4.5. Let χ P Gˆ pG, consider the delta-function δχ, and we know that δχ P S0pGˆ pGq.

The symplectic Fourier-transform Fs (4.14) also extends to a unitary map in LpL2pG ˆ pGqq,

and whose Hilbert space adjoint restricts to LpS0pG ˆ pGqq (this is similar to the discussion

regarding the Fourier-transform in the paragraph after Remark 4.3). We compute the following

for F P S0pGˆ pGq

pF,FsδχqS0,S1
0

“ pFsF , δχqS0,S1
0

“ pFsF qp´χq. (4.36)

What we find find then, is a symplectic version of (4.35), where we have eχs P S1
0pGˆ pGq defined

via

pF, eχs qS0,S1
0
:“

ż

Gˆ pG
F pχ1qcspχ, χ

1qdµ
Gˆ pG

pχ1q “ pFsF qp´χq, @χ P Gˆ pG.

So from (4.36), we obtain Fspδχq “ eχs for all χ P Gˆ pG. It is not hard to see that for each λ˝ P Λ˝,

eλ
˝

s is a Λ-periodic distribution, therefore by Item 5 of Proposition 4.12, we know that eλ˝

s is in the

image of the Banach space adjoint of the Periodization operator Pˆ
Λ : S1

0ppGˆ pGq{Λq Ñ S1
0pGˆ pGq.

In fact, it follows from Weil’s formula that

eλ
˝

s “ Pˆ
Λ pcsp ¨ , λ˝qq. (4.37)

The formula above will be important for our calculations in the sequel, it says that each of eλ˝

s

is the Banach-space-adjoint-periodization of a distribution induced by a concrete S0ppGˆ pGq{Λq

function. In general, we shall make use of the following notation, if σ P S1
0pGˆ pGq is a Λ-Periodic

distribution, then it can be identified with S1
0ppG ˆ pGq{Λq by the Pˆ

Λ operator, we denote this

identification by

rσ P S0ppGˆ pGq{Λq. (4.38)
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Explicitly, this just means: σ “ Pˆ
Λ rσ. Therefore by our notation, we have Ăeλ˝

s “ csp ¨ , λ˝q.

We have one more result which we cite from [Ber03], obtained using Bounded Uniform Par-

titions of Unity (BUPU) centric arguments, showing the ‘duality’ between periodization and

restriction.

Proposition 4.13. For a closed subgroup H of an arbitrary locally compact group G, σ P S1
0pGq

is H-periodic if and only if supppFGσq Ď HK.

We have symplectic form of the previous result as a corollary.

Corollary 4.4. If σ P S1
0pG ˆ pGq, then supppFsσq “ J ´1ppsuppF

Gˆ pG
σqq. Therefore

supppF
Gˆ pG

σq Ď ΛK if and only if supppFsσq Ď Λ˝.

Proof. Let F P S0pG ˆ pGq, then it follows from definition of the symplectic Fourier-transform

(4.14) that pFsF qpx, ωq “ 0 if and only if pF
Gˆ pG

FJ qpx, ωq “ F
Gˆ pG

pω,´xq “ 0. This proves

that supppFsF q “ J ´1ppsuppF
Gˆ pG

F qq for any F P S0pG ˆ pGq, but this is a weak-˚ dense

subspace of S1
0pG ˆ pGq, so what we have done is sufficient to show the first assertion. The last

assertion follows directly from what we have just shown, from Proposition 4.13, and from the fact

that J is a group isomorphism such that J ´1pΛKq “ Λ˝ (see the proof of Proposition 4.4).

We end our survey of Feichtinger’s algebra with the two motivating results for Operator-

Quantization and Deformation of Heisenberg Modules. We start with the Gabor stability of

linear deformations of Gabor frames [FK04, Thm. 3.8] with windows on Feichtinger’s algebras,

on Euclidean spaces. In this particular case, we have invertible matrices in GL2dpRdq, and any

lattice in R2d is given by Λ “ LZ2d for some L P GL2dpRq. Feichtinger and Kaiblinger’s stability

result now reads:

Theorem 4.5. Let g0 P S0pRdq and L0 P GL2dpRq such that Gpg0, L0Z2dq is a Gabor frame, then

there exist open sets U0 Q g0 in S0pRdq and V0 Q L0 in GL2dpRq such that Gpg, LZ2dq is a Gabor

frame for all pg, Lq P U0 ˆ V0.

This type of deformation is termed linear because the lattice Λ0 “ L0Z2d (or its generating

matrix L0) is perturbed by a linear transformation, namely multiplication with LL´1
0 P GL2d.

A careful reading of the statement, gives us a hint on why the term Gabor stability is used. It

says that once it is shown that Gpg0,Λ0q is a Gabor frame, then it is stable in the sense that the

neighborhood around pg0,Λ0q still keeps the Gabor frame property. Our original contribution in
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Section 7.1 of Chapter 7 deals with extending the deformation result of Theorem 4.5 above to

the Heisenberg modules, however, there are technical problems in doing this extension. Chiefly,

that the Heisenberg modules themselves depend on the lattices, hence we end up with a family

of spaces that needs to be continuously deformed. This further motivates us to introduce the

theory of Banach bundles, which is the subject of Chapter 6.

The next result are the kernel theorems for the Feichtinger’s algebras. The outer kernel

theorem is well-known for the Euclidean case [Grö01, 14.4.1]. A refinement and a statement of

the outer and inner kernel theorems, respectively, to elementary LCA groups can be found in

[FK98, Theorem 7.4.1 & Theorem 7.4.2]. Finally, the result which we will cite, are the general

statements for any LCA groups, due to [Jak18, FJ22].

Proposition 4.14 (The Kernel Theorems). Let G1, and G2 be arbitrary LCA groups.

1. (Outer Kernel Theorem). For each T P LpS0pG1q,S1
0pG2qq, there exists a unique (outer

kernel) κpT q P S1
0pG2 ˆG1q such that

pf1, Tf2qS0,S1
0

“ pf1 b f2, κpT qqS0,S1
0
, @pf1, f2q P S0pG1q ˆ S0pG2q.

The map T ÞÑ κpT q defines a Banach space isomorphism between LpS0pG1q,S1
0pG2qq and

S1
0pG1 ˆG2q.

2. (Inner Kernel Theorem). Let L˚´}¨}pS1
0pG1q,S0pG2qq be the subspace of LpS1

0pG1q,S0pG2qq

that sends S1
0pG1q-norm bounded weak-˚ convergent nets to norm-convergent nets in S0pG2q.

If T P L˚´}¨}, pS
1
0pG1q,S0pG2qq, then there exists a unique (inner kernel) κpT q P S0pG1 ˆ

G2q such that

pTσ1, σ2qS0,S1
0

“ pκpT q, σ1 b σ2qS0,S1
0
, @pσ1, σ2q P S1

0pG1q ˆ S1
0pG2q.

The map T ÞÑ κpT q defines a Banach space isomorphism between L˚´}¨}pS1
0pG1q,S0pG2qq

and S0pG1 ˆG2q.

The kernel theorems are our starting point for Quantum Harmonic Analysis as envisioned by

Werner [Wer84] since we have access to a one-to-one correspondence between functions (techni-

cally these are distributions) and operators. We shall follow the ideas which introduced time-

frequency and Gabor analytic methods to QHA by Luef and Skrettingland in [LS18, Skr20,

Skr21b]. Our original contribution in Section 7.2 of Chapter 7 deals with establishing the role
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of Heisenberg modules to the so-called "lattice translation invariant operators", introduced by

Feichtinger and Kozek in [FK98] via kernel theorems. We will also introduce and study via

Heisenberg modules, a corresponding notion called "lattice-modulation invariant operators", to

complement translation invariant operators.

4.4 Operator Quantization

In this section we revisit in detail the techniques and ideas of Feichtinger and Kozek presented

in [FK98]. We generalize their results to lattices on the abstract time-frequency plane G ˆ pG.

Recall the standard kernel theorem for Hilbert-Schmidt operators on the L2-spaces denoted by

HSpL2pGq, L2pGqq Ď LpL2pGqq, which says that

L2pG1 ˆG2q – HSpL2pG1q, L2pG2qq.

Along with Proposition 4.14, these kernel theorems implement an isomorphism of the triple

operator spaces

L˚´}¨}pS1
0pG1q,S0pG2qq ãÑ HSpL2pG1q, L2pG2qq ãÑ LpS0pG1q,S1

0pG2qq

with the so-called Banach Gelfand Triple1 [GS64, Rob66]:

S0pG1 ˆG2q ãÑ L2pG1 ˆG2q ãÑ S1
0pG1 ˆG2q.

In general, we denote Banach Gelfand Triples based on the Feichtinger’s algebra via pS0, L
2,S1

0qpGq,

for any LCA group G. Any Banach Gelfand triple isomorphisms would take on this format. For

example, the kernel theorem T ÞÑ κpT q implements a Banach Gelfand Triple isomorphism on the

Banach Gelfand Triples pL˚´}¨},HS,LqpG1, G2q to pS0, L
2,S1

0qpG1 ˆG2q in the following sense:

1. At the inner level: L˚´}¨}pS1
0pG1q,S0pG2qq

„
ÝÑ S0pG1 ˆG2q (via inner kernel theorem);

2. At the middle level:HSpL2pG1q, L2pG2qq
„
ÝÑ L2pG1 ˆG2q (via regular kernel theorem);

3. At the outer level: LpS0pG1q,S1
0pG2qq

„
ÝÑ S1

0pG1 ˆG2q (via outer kernel theorem)

1The classical notion is that of a Fréchet Gelfand Triple, where instead of the Feichtinger’s algebra (a Banach
space), one considers the Schwartz(-Bruhat) space, a Fréchet space. These triples also go by the name "Rigged
Hilbert spaces".
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In general, whenever two Banach Gelfand triples appear, morphisms between them means that

the map must respect the corresponding three levels as in the example above.

We again reiterate that Proposition 4.14 was only previously known to hold for elementary

LCA groups as seen in [FK98]. We now have a way of doing pseudodifferential calculus on the

Feichtinger algebras on general LCA groups since we can always apply isomorphisms on the

kernel of operators. We shall give an account of their relevant results in terms purely of the

kernel theorems 4.14. We must expect that results about the Feichtinger’s algebra must have

corresponding results on the operator side.

We now take note of the necessary maps that will act on the kernels to switch between calculi.

We have the following technical lemma which can be deduced from Item 8 of Proposition 4.9

and Item 6 of Proposition 4.12.

Lemma 4.5. On an arbitrary LCA group G, the asymmetric coordinate transform τa :

L2pG ˆ Gq Ñ L2pG ˆ Gq, the coordinate transform A0 : L2pG ˆ Gq Ñ L2pG ˆ Gq, and the

partial Fourier transform F2 : L2pG ˆ Gq Ñ L2pG ˆ pGq are unitary maps. Explicitly, for

F P L2pGˆ pGq they are defined via:

1. pτaF qpx, yq “ F py, y ´ xq

2. pA0F qpx, yq “ F px, x´ yq

3. pF2F qpx, ωq “

ż

G
F px, yqωpyqdµpyq.

These maps restrict and extend to isomorphisms on the relevant S0, and S1
0 spaces respectively.

Remark 4.6. The STFT can be written in terms of the two transform given above. Let g, h P

L2pGq, then it can easily be verified that:

Vhg “ pF2 ˝ τaq
`

g b h
˘

. (4.39)

As a Corollary of Lemma 4.5, we obtain that Vgh P S0pGˆ pGq.

Definition 4.12. Given T P LpS0pGq,S1
0pGqq, its spreading function is denoted by ηpT q P

S1
0pGˆ pGq defined by

ηpT q “ pF2 ˝ τaqpκpT qq.
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The generalized Kohn-Nirenberg symbol of T , denoted by ζpT q P S1
0pG ˆ pGq is defined to

be

ζpT q :“ pF2 ˝A0qpκpT qq.

Remark 4.7. Using the the identity: Fs ˝ F2 ˝ τa “ F2 ˝ A0, we can compute the generalized

Kohn-Nirenberg symbol of T via ζpT q “ pFsqpηpT qq, and conversely, ηpT q “ pFsqpζpT qq using

the fact that the symplectic Fourier-transform is self-inverse in L2pGq (Lemma 4.4).

Example 4.6. For each px, ωq P G ˆ pG, the time-frequency shift can be seen as a norm-norm

continuous operator πpx, ωq : S0pGq Ñ S1
0pGq via Item 3 of Proposition 4.9. For f, g P S0pGq,

A

f, πpx, ωqg
E

2
“: pf, πpx, ωqgqS0,S1

0

“ pf b g, κpπpx, ωqqqS0,S1
0

(4.40)

Observe that substituting κpπpx, ωqq “ τ´1
a ˝ F´1

2 δpx,ωq satisfies the equation (4.40) above,

owing to the fact that
A

f, πpx, ωqg
E

2
“ F2 ˝ τapf b gqpx, ωq. Therefore by uniqueness of ker-

nels, it follows that κpπpx, ωqq “ pτ´1
a ˝ F´1

2 qδpx,ωq. Consequently, we have ηpπpx, ωqq “ pF2 ˝

τaqpκpπpx, ωqqq “ δpx,ωq. Therefore, the spreading function of the time-frequency shift at px, ωq P

Gˆ pG is the dirac-mass at px, ωq P Gˆ pG.

Here we give a direct proof of the so-called shift-covariance formula using the outer kernel

theorem (O.K.T.).

Theorem 4.6. For each T P LpS0pGq,S1
0pGqq and λ “ px, ωq P Gˆ pG, we have: πpλq˝T ˝π˚pλq P

LpS0pGq,S1
0pGqq. Furthermore,

1. κpπpλq ˝ T ˝ π˚pλqq “ Mpω,ωqTpx,xqκpT q

2. (Shift-Covariance Formula). ζpπpλq ˝ T ˝ π˚pλqq “ TλpζpT qq.

Proof. By elementary computation, given f, g P S0pGq :

π˚pλqf b π˚pλqg “ Tp´x,´xqMpω,ωqpf b gq

“ Tp´x,´xqMpω,ωqpf b gq

“ pMpω,ωqTpx,xqq
˚pf b gq.
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Therefore

pf, πpλq ˝ T ˝ π˚pλqgqS0,S1
0

“ pπ˚pλqf, T ˝ π˚pλqgqS0,S1
0

O.K.T.
“ pπ˚pλqf b π˚pλqg, κpT qqS0,S1

0

“ ppMpω,ωqTpx,xqq
˚pf b gq, κpT qqS0,S1

0

“ pf b g,Mpω,ωqTpx,xqκpT qqS0,S1
0
.

By uniqueness of kernels, we have κpπpλq ˝T ˝π˚pλqq “ Mpω,ωqTpx,xqκpT q. Therefore, using what

we have just shown, the shift-covariance formula follows if we can show that: F2 ˝A0 ˝Mpω,ωq ˝

Tpx,xq “ Tpx,ωq ˝ F2 ˝A0. Let F P L2pGˆGq

F2pA0 ˝Mpω,ωq ˝ Tpx,xqF qpt, ξq “

ż

G
pA0 ˝Mpω,ωq ˝ Tpx,xqF qpt, yqξpyqdµpyq

“

ż

G
pMpω,ωq ˝ Tpx,xqF qpt, t´ yqξpyqdµpyq

“

ż

G
F pt´ x, t´ y ´ xqωptqωpt´ yqξpyqdµpyq

“

ż

G
F pt´ x, t´ y ´ xqωpyqξpyqdµpyq.

On the other hand,

pTpx,ωqpF2 ˝A0F qqpt, ξq “ pF2 ˝A0F qpt´ x, ξ ¨ ωq

“

ż

G
pA0F qpt´ x, yqpξ ¨ ωqpyqdµpyq

“

ż

G
F pt´ x, t´ x´ yqωpyqξpyqdµpyq

Hence we see that indeed F2 ˝A0 ˝Mpω,ωq ˝Tpx,xq “ Tpx,ωq ˝F2 ˝A0 for all F P L2pGˆGq. Since

all the involved maps are unitaries in L2 that satisfies the hypotheses of Item 3 in Proposition

4.12, the formula uniquely extends to S1
0pGˆGq. Finally we obtain:

ζpπpλq ˝ T ˝ π˚pλqq “ pF2 ˝A0qpκpπpλq ˝ T ˝ π˚pλqqq

“ pF2 ˝A0 ˝Mpω,ωq ˝ Tpx,xqqpκpT qq

“ pTpx,ωq ˝ F2 ˝A0qpκpT qq

“ TλpζpT qq
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as required.

The shift-covariance formula (4.6), as noted by Feichtinger and Kozek, motivates us to give

the following definition of translation of an operator in LpS0pGq,S1
0pGqq

Definition 4.13. Let T P LpS0pGq,S1
0pGqq and λ P Gˆ pG, we define the operator-translation

of T by χ P Gˆ pG by:

αχpT q “ πpχq ˝ T ˝ π˚pχq.

We see then that the shift-covariance formula tells us that there is a correspondence between the

translation of a function and its associated operator via Kohn-Nirenberg quantization scheme.

Explicitly,

ζpαλpT qq “ TλpζpT qq, (4.41)

so that the Kohn-Nirenberg symbol of the translation of T is the same as the translation of the

Kohn-Nirenberg symbol of T .

Definition 4.14. Given a lattice Λ of G ˆ pG, an operator T P LpS0pGq,S1
0pGqq is said to be

Λ-translation invariant if for all λ P Λ, Tπpλq “ πpλqT , or equivalently, αλpT q “ T for all

λ P Λ.

Remark 4.8. It is important to note that the space of all Λ-invariant operators is in general

a closed subalgebra of the Banach algebra LpS0pGq,S1
0pGqq owing from the fact that operator

composition is a continuous map.

Remark 4.9. Let us try to take a pause and make sense of Definition 4.14. Because πpλq :

S0pGq Ñ S0pGq extends to πpλq : S1
0pGq Ñ S1

0pGq, then T is Λ-translation invariant if and only

if the following diagram commutes:

S0pGq S1
0pGq

S0pGq S1
0pGq

π

T

π

T

We now present a version of a representation for Λ-translation invariant operators of Fe-

ichtinger and Kozek valid for general LCA groups. Crucial to our calculations is the fact that
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the Banach space adjoint of the Periodization operator Pˆ
Λ : S1

0ppG ˆ pGq{Λq Ñ S1
0pG ˆ pGq is

invertible when its codomain is restricted to Λ-periodic distributions (Proposition 4.12 Item 5).

Theorem 4.7. If T P LΛpS0pGq,S1
0pGqq, then ζpT q is Λ-periodic, supppηpT qq Ď Λ˝, and there

exists a unique sequence k “ tkpλ˝quλ˝PΛ˝ P ℓ8pΛ˝q such that we have the following weak repre-

sentation of T :

pg, TfqS0,S1
0

“

ż

Λ˝

kpλ˝qpg, πpλ˝qfqS0,S1
0
dµΛ˝pλ˝q

“
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qpg, πpλ˝qfqS0,S1
0

for all f, g P S0pGq. This weak representation gives an explicit form of the spreading and Kohn-

Nirenberg symbols of T , we respectively have:

ηpT q “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qδλ˝ , ζpT q “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qeλ
˝

s (4.42)

Proof. Λ-invariance of T implies πpλq ˝ T ˝ π˚pλq “ T for all λ P Λ, therefore Shift-Covariance

from Theorem 4.6 implies that ζpT q “ TλpζpT qq for all λ P Λ. In other words, ζpT q is a Λ-periodic

distribution, so it follows from Corollary 4.2 and Proposition 4.13 that supppF
Gˆ pG

ζpT qq Ď ΛK.

Consequently, it also follows from Corollary 4.4 that supppFsζpT qq “ supppηpT qq Ď Λ˝. Therefore

from the Restriction property of Proposition 4.12, ηpT q “ Rˆ
Λ˝ptkpλ˝quλ˝PΛ˝q, for a unique k “

tkpλ˝quλ˝PΛ˝ P ℓ8pΛ˝q – S1
0pΛ˝q we have

pF, ηpT qqS0,S1
0

“ pRΛ˝F, tkpλ˝quλ˝PΛ˝qS0,S1
0

“

ż

Λ˝

kpλ˝qF pλ˝qdµΛ˝pλ˝q

“
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qF pλ˝q

“

˜

F,
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qδλ˝

¸

S0,S1
0

for all F P S0pG ˆ pGq, therefore ηpT q “ 1
dpΛq

ř

λ˝PΛ˝ kpλ˝qδλ˝ . Taking the symplectic Fourier

transform of ηpT q, along with Example 4.5, we obtain ζpT q “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qeλ
˝

s . From Exam-
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ple 4.6, we obtain

η

˜

1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qπpλ˝q

¸

“
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qδλ˝ .

“ ηpT q

Now it follow from uniqueness of kernels, and that τa,F2, A0 are all isomorphisms in their re-

spective S1
0 spaces that T “

1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qπpλ˝q (weakly) as required.

Remark 4.10. If T is Λ-invariant, then the fact that its Kohn-Nirenberg symbol ζpT q is Λ-periodic

means that there is a unique corresponding rζpT q P S1
0ppG ˆ pGq{Λq such that ζpT q “ Pˆ

Λ prζpT qq.

Note that in the original paper, this correspondence was not explicitly pointed out, and the

authors simply treat ζpT q and rζpT q interchangeably. One advantage of a careful tracking of

these correspondence is that we have an explicit expression for rζpT q. We know that ζpT q “

1
dpΛq

ř

λ˝PΛ˝ kpλ˝qeλ
˝

s , and therefore from Equation (4.37), we find that

rζpT q “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qcsp ¨ , λ˝q. (4.43)

Theorem 4.8. Keeping the setting and hypotheses from Theorem 4.7, the following are equiva-

lent:

1. k P ℓ1pΛ˝q;

2. rζpT q P S0ppGˆ pGq{Λq.

If any of the above is true, then we have ImpT q Ď S0pGq, with the following strong representation

for T

T “

ż

Λ˝

kpλ˝qπpλ˝qdµΛ˝pλ˝q “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qπpλ˝q, (4.44)

where the coefficients can be computed via:

kpλ˝q “

ż

pGˆ pGq{Λ

rζpT qp 9χqcsp 9χ, λ˝qdµ
pGˆ pGq{Λ

p 9χq. (4.45)

We also have the following operator norm estimate:

}T }LpS0pGqq ď }k}1.
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Proof. We obtain from Equation (4.37) that rζpT q “ 1
dpΛq

ř

λ˝PΛ˝ kpλ˝qcsp ¨ , λ˝q. If we assume 1,

then Proposition 4.11 implies

}rζpT q}
AppGˆ pGq{Λq

ď
ÿ

λ˝PΛ˝

|kpλ˝q|}csp ¨ , λ˝q}
AppGˆ pGq{Λq

“
ÿ

λPΛ˝

|kpλ˝q| ă 8.

So rζpT q P S0ppG ˆ pGq{Λq “ AppG ˆ pGq{Λq. Conversely, if rζpT q P S0ppG ˆ pGq{Λq, then by the

fact that the Fourier transform F
pGˆ pGq{Λ

: S0ppG ˆ pGqq Ñ ℓ1pΛ˝q is an isomorphism, we have

from Corollary 4.1, computation (4.13), and Equation (4.43) that for λ˝:

pF
pGˆ pGq{Λ

rζpT qqpλ˝q “

ż

pGˆ pGq{Λ

˜

1

dpΛq

ÿ

υ˝PΛ˝

kpυ˝qcsp 9χ, υ˝q

¸

csp 9χ, λ˝qdµ
pGˆ pGq{Λ

p 9χq

“
1

dpΛq

ÿ

υ˝PΛ˝

kpυ˝q

ż

pGˆ pGq{Λ
csp 9χ, υ˝ ´ λ˝qdµ

pGˆ pGq{Λ
p 9χq

“
1

dpΛq
kpλ˝qdpΛq “ kpλ˝q.

From this we obtain the formula tkpλ˝quλ˝PΛ˝ “ F
pGˆ pGq{Λ

rζpT q P ℓ1pΛ˝q. This shows equivalence

of 1 and 2, and also the coefficient formula (4.45). Next, we shall show that 1 implies ImpT q Ď

S0pGq. To do this, fix g P S0pGq, we compute for f P S0pGq:

ż

Gˆ pG
|pπpx, ωqg,TfqS0,S1

0
|dµ

Gˆ pG
px, ωq

ď
1

dpΛq

ż

Gˆ pG

ÿ

px˝,ω˝qPΛ˝

|kpx˝, ω˝q| |pπpx, ωqg, πpx˝, ω˝qfqS0,S1
0
|dµ

Gˆ pG
px, ωq

“
1

dpΛq

ÿ

px˝,ω˝qPΛ˝

|kpx˝, ω˝q|

ż

Gˆ pG

ˇ

ˇ

ˇ

A

πpx, ωqg, πpx˝, ω˝qf
E

2

ˇ

ˇ

ˇ
dµ

Gˆ pG
px, ωq

“
1

dpΛq

ÿ

px˝,ω˝qPΛ˝

|kpx˝, ω˝q|

ż

Gˆ pG

ˇ

ˇ

@

πpx, ωqg, πpx˝, ω˝qf
D

2

ˇ

ˇ dµ
Gˆ pG

px, ωq

“
1

dpΛq

ÿ

px˝,ω˝qPΛ˝

|kpx˝, ω˝q|

ż

Gˆ pG

ˇ

ˇ

@

πpx´ x˝, ωω˝qg, f
D

2

ˇ

ˇ dµ
Gˆ pG

px, ωq

“
1

dpΛq

ÿ

px˝,ω˝qPΛ˝

|kpx˝, ω˝q|

ż

Gˆ pG

ˇ

ˇ

@

πpx, ωqg, f
D

2

ˇ

ˇ dµ
Gˆ pG

px, ωq

“ }k}1}f}S0 .

By the characterization [Jak18, Theorem 6.12], Tf P S0pGq if and only if the left-hand most side

of the computation above is finite. We find from the above estimate that a sufficient condition

is }k}1 ă 8. Now, notice that more is true from the computation, the strong representation of
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T follows from it, and also the following estimate: }T }LpS0pGqq ď }k}1.

The general principle of QHA is to build-up operator-versions of classical notions that hold

for functions on the time-frequency plane G ˆ pG. Take for example, the periodization operator

(Item 4 Proposition 4.9) on the time-frequency plane PΛ : S0pG ˆ pGq Ñ S0ppG ˆ pGq{Λq which

can be written as:

PΛF “

ż

Λ
TλFdµΛpλq “

ÿ

λPΛ

TλF, @F P S0pGˆ pGq.

Building up from this and the notion of operator-translation, we have the following.

Definition 4.15. Let T P LpS0pGq,S1
0pGqq, the operator-periodization of T with respect to

the lattice Λ Ď Gˆ pG is

ÿ

λPΛ

αλpT q P LpL2pGqq. (4.46)

Therefore one can always see PΛT P LpS0pGq,S1
0pGqq.

The verification that operator-periodization lands in LpL2pGqq can be deduced via duality

i.e. by weakly-defining (4.46). An explicit proof of this can be found, albeit only in the Euclidean

case, in [Skr21a]2. For the application that we have in mind though, we do not really have to

deal with the subtleties of this generality.

Operator-periodization extends the following intuition to operators: "Every Λ-periodic func-

tion is Λ-translation invariant". We see this in the following computation, for λ1 P Λ:

αλ1PΛT “ αλ1

˜

ÿ

λPΛ

αλT

¸

“
ÿ

λPΛ

πpλ1qπpλqTπ˚pλqπ˚pλ1q

“
ÿ

λPΛ

πpλ1 ` λqTπ˚pλ1 ` λqcpλ1, λqcpλ1, λq

“
ÿ

λPΛ

αλT “ PΛT.

(4.47)

Corollary 4.5. Let T P LpS0pGq,S1
0pGqq be a Λ-translation invariant operator that satisfies

any of the equivalent hypotheses in Theorem 4.8. Then there exits a "prototype" operator
2It is important to recognize the author of the paper proved this result by a careful consideration of the duality

theory on LpS0pRd
q,S1

0pRd
qq. Furthermore, they have also integrated the theory of operator-Fourier transforms.
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Q P LpS0pGq,S1
0pGqq such that PΛQ P LpS0pGq,S1

0pGqq and rζpT q “ PΛζpQq “ Pˆ
Λ pζpPΛQqq.

Furthermore, T “ PΛQ.

Furthermore, the strong-representation (4.44) can be written in terms of the spreading func-

tion ηpQq P S0pGˆ pGq :

T “

ż

Λ˝

ηpQqpλ˝qπpλqdµΛ˝pλ˝q “
1

dpΛq

ÿ

λPΛ˝

ηpQqpλ˝qπpλ˝q. (4.48)

That is, the coefficients k that appear in Theorem 4.8 satisfy k “ RΛ˝pηpQqq P ℓ1pΛ˝q.

Proof. We first show that T “ PΛQ “
ř

λPΛ αλpQq for some Q P LpS0pGq,S1
0pGqq. To do

this, we use the hypothesis rζpT q P S0ppG ˆ pGq{Λq. It follows from the surjectivity of the

periodization operator and the Outer Kernel Theorem (c.f. Item 4 Proposition 4.9 and Theorem

4.14) that there exists a Q P LpS0pGq,S1
0pGqq such that rζpT q “ PΛpζpQqq. We can now use

the shift-covariance formula (4.6) to conclude that rζpT q “ PΛpζpQqq “ Pˆ
Λ pζpPΛQqq. Finally,

since Pˆ
Λ is an isomorphism to Λ-periodic distributions in S1

0pGˆ pGq, we find from the equation

PˆpζpT qq “ rζpT q “ PˆpζpPΛQqq that T “ PΛQ.

On the other hand, the computation of the coefficients in Theorem 4.8, along with Poisson’s

summation formula (3.31) show that

kpλ˝q “

ż

pGˆ pGq{Λ

rζp 9χqcspλ˝, 9χqdµ
pGˆ pGq{Λ

p 9χq

“

ż

pGˆ pGq{Λ
PΛpζpQqqp 9χqcspλ˝, 9χqdµ

pGˆ pGq{Λ
p 9χq

“

ż

pGˆ pGq{Λ

ÿ

λPΛ

TλζpQqpχqcspλ˝, 9χqdµ
pGˆ pGq{Λ

p 9χq

“

ż

pGˆ pGq{Λ

ÿ

λPΛ

TλζpQqpχqcspλ˝, 9χqdµ
pGˆ pGq{Λ

“
1

dpΛq

ÿ

µ˝PΛ˝

pFsζpQqqpµ˝q

ż

pGˆ pGq{Λ
cspλ

˝, 9χqdµ
pGˆ pGq

p 9χq

“
1

dpΛq
ηpζpQqqpλ˝qdpΛq

“ ηpQqpλ˝q.

It follows that k “ RΛ˝pηpQqq, from which Equation (4.48) further follows.

We denote the rank-one operators generated by g, h P S0pGq by g b h P LpL2pGqq, and will
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be defined in terms of Jakobsen’s notation3:

pg b hqf “ pf, hqS0,S1
0
g “

@

f, h
D

2
g, @f P L2pGq. (4.49)

It also follows from a straightforward computation that the adjoint of a rank-one operator sat-

isfies: pg b hq˚ “ h b g. One may realize that we are using the tensor-product notation for

rank-one operators. It is in general ambiguous whether we mean the function tensor-product

gbh P S0pGˆGq, or if we mean the operator tensor-product gbh P LpL2pGqq, we shall leave it

to the reader to figure out by context. We will however, motivate the use of this notation using

the following result.

Proposition 4.15. The rank-one operator satisfies κpg b hq “ g b h P S0pG ˆ Gq for all

g, h P S0pGq.

Proof. The proof follows from simple computation:

pf1, pg b hqf2qS0,S1
0

“ pf1, pf2, hqS0,S1
0
gqS0,S1

0
“ pf1, hqS0,S1

0
¨ pf2, gqS0,S1

0
“ pf1 b f2, g b hqS0,S1

0
.

Hence κpg b hq “ g b h.

Applications of QHA on Gabor analysis can now be seen by the simple observation that

Gabor frame operators can be written as operator-periodized rank-one operators.

Proposition 4.16. Let g, h P S0pGq, then

Sg,h,Λ “
ÿ

λPΛ

αλppg b hq˚q “ PΛppg b hq˚q “ PΛphb gq. (4.50)

Proof. For f P L2pGq :

PΛphb gqf “
ÿ

λPΛ

αλphb gqf

“
ÿ

λPΛ

πpλq phb gqπ˚pλqf

“
ÿ

λPΛ

πpλq pxπ˚pλqf, gy2 hq

“
ÿ

λPΛ

xf, πpλqgy2 πpλqh

3This generalizes to g, h P L2
pGq obviously, by using the rightmost formula.
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“ Sg,h,Λ.

As a corollary of Proposition 4.16, every Gabor frame operator Sg,h,Λ with g, h P S0pGq

must be Λ-translation invariant and it satisfies the hypotheses of Corollary 4.5– of course this

is consistent with what we already know from Proposition 4.7. Moreover, Sg,h,Λ can be written

as the periodization of the "prototype" operator pg b hq˚ as called by Feichtinger and Kozek

[FK98].

Theorem 4.9 (Janssen’s Representation). For all g, h P S0pGq, we have:

Sg,h,Λ “

ż

Λ˝

xh, πpλ˝qgy2 πpλqdµΛ˝pλ˝q “
1

dpΛq

ÿ

λ˝PΛ˝

xh, πpλ˝qgy2 πpλ˝q. (4.51)

Proof. Given that pg b hq˚ “ ph b gq is the "prototype" operator for Sg,h,Λ in the sense of

Corollary 4.5, it follows from the same result that:

Sg,h,Λ “

ż

Λ˝

ηphb gqpλ˝qπpλqdµΛ˝pλ˝q “
1

dpΛq

ÿ

λPΛ˝

ηphb gqpλ˝qπpλ˝q.

All that remains then, is to compute the spreading function of the rank-one operator h b g.

However, it follows from Proposition 4.15 and Equation (4.39) that ηphbgqpλ˝q “ pF2˝τaqpκphb

gqqpλ˝q “ pF2 ˝ τaqphb gqpλ˝q “ xh, πpλ˝qgy2, which proves our desired result.

We also obtain from Janssen’s representation, the equivalent form, called the Fundamental

Identity of Gabor Analysis (FIGA).

Corollary 4.6 (FIGA). For all g, h, f P S0pGq:

Sg,h,Λf “
1

dpΛq
Sg,f,Λ˝h. (4.52)

Proof. Let φ P L2pGq, then due to Equation (4.51) we have:

xSg,h,Λf, φy2 “

C

1

dpΛq

ÿ

λ˝PΛ˝

xh, πpλ˝qgy2 πpλ˝qf, φ

G

2

“

B

1

dpΛq
Sg,f,Λ˝h, φ

F

2

.
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Since φ P L2pGq is arbitrary, then (4.52) follows.

Equation (4.51) is the celebrated Janssen’s representation, originally proven by Janssen

in [Jan95] in the Euclidean case. Rieffel has also proven as similar representation in [Rie88] which

holds for lattices in abstract time-frequency plane G ˆ pG. However, the Gabor frame operators

in this paper by Rieffel only involve those with windows coming from the Schwartz-Bruhat space

SpGq Ď S0pGq. Our proof above is largely parallel to the ideas of Feichtinger and Kozek, although

the proof shown above is verification that there is a time-frequency analytic proof that is valid for

lattices in the abstract time-frequency planes, and for Gabor frames with windows from S0pGq.

Remark 4.11. We can repeat Proposition 4.16 using
řn
i“1pgi b hiq

˚ “
řn
i“1 hi b gi to obtain a

multi-window versions of Janssen’s Representation and FIGA.

While we have only developed enough to prove Janssen’s representation, we can actually

slightly refine all our results and repackage them in terms of a Banach Gelfand triples.

Proposition 4.17. For any Λ-translation invariant T P LpS0pGq,S1
0pGqq we have rζpT q P

pS0, L
2,S1

0qppGˆ pGq{Λq, and there exists a unique coefficient k P pℓ1, ℓ2, ℓ8qpΛ˝q such that

T “

ż

Λ˝

kpλ˝qπpλ˝qdµΛ˝pλ˝q “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qπpλ˝q

where the convergence is in the weak sense when rζpT q P S1
0ppGˆ rGq{Λq.

Remark 4.12. The theorem says that if we have a Λ-translation invariant operator T as in above,

the association rζpT q ÞÑ k is a Banach Gelfand triple isomorphism. The outer isomorphism is

Theorem 4.7, the inner isomorphism is Theorem 4.8. While we have skipped the proof for the

middle isomorphism, though it can be done in a very similar fashion to the middle isomorphism.

In the next chapter, we shall see that Janssen’s representation will be a crucial ingredient in

the construction of the Heisenberg modules.
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Chapter 5

The Heisenberg Module

We shall introduce the general framework from which we construct the C˚-algebras most relevant

to us. We shall study the so-called twisted C˚-dynamical systems introduced and developed

by Busby, Smith, Packer and Raeburn in [BS70, PR89, PR90]. There also are connections with

the older paper of Green [Gre78] on "twisted covariant algebras" as explicitly pointed out in

[PR89]. However we shall not see much use of twisted covariance algebras in this document

as the "twisted covariant systems" from which such algebras are generated purposefully avoid

working with cocycles. Since we will eventually want to deal with the algebras generated by

the time-frequency shifts which obey a "projective representation" condition given by (4.8) from

which the Heisenberg 2-cocycles appear, then we naturally gravitative towards a theory wherein

the cocycles are explicitly included. We shall follow the development of twisted C˚-dynamical

systems outlined in [MPR05], wherein while the starting definitions are mostly based from the

original references [PR89, PR90], they have chosen to treat their twisted actions as continuous

maps instead of merely Borel maps. Furthermore, the induced ˚-algebras from these twisted C˚-

dynamical systems are chosen to be more concretely defined in the spirit of [Wil07] and [BS70].

Our purpose in Section 5.2 is to study twisted group C˚-algebras, and we obtain them as an

instance of the twisted crossed-product of a twsited C˚-dynamical system with A “ C.

Equipped with a good understanding of twisted group C˚-algebras, we can finally construct

the Heisenberg module in Section 5.3. We will combine insights from the original paper [Rie88]

of Rieffel and [Lue07] of Luef, where the connections of the Heisenberg module with Gabor

analysis was first documented. We note that that we present an original result for the fullness

condition on the Heisenberg module, using only time-frequency analysis and our knowledge of

the Feichtinger’s algebra (see Proposition 5.8). We close the chapter with a detailed exposition
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of the localization scheme of Austad and Enstad [AE20], allowing us to embed the Heisenberg

modules into the space of square-integrable functions.

5.1 Twisted Crossed-Products

Definition 5.1. A C˚-dynamical system is a triple pA,G, αq such that A is a C˚-algebra, G is

a locally compact group, and α is a continuous (group) homomorphism α : G Ñ AutpAq where

AutpAq is equipped with the pointwise convergence topology. The map α is also referred to as a

group action of G on A.

Remark 5.1. Note that AutpAq is the group of all automorphisms on A, and we can characterize

the pointwise-convergence topology on it by saying that a net ϕi converges to ϕ in AutpAq with

the pointwise topology if and only if for all a P A, the net ϕipaq Ñ ϕpaq in A. Furthermore,

given a C˚-dynamical system pA,G, αq, we shall also use the notation αs :“ αpsq for each s P G.

In some of our estimates, we will also make use of the fact that for all s P G, }αspaq}A ď }a}A,

which follows from the fact that all ˚-homomorphisms on C˚-algebras are contractive [FD88,

Theorem 3.7].

In the commutative case we have the canonical example.

Example 5.1. Let G be a locally compact abelian group, and α : G Ñ AutpC0pGqq defined by

the following: for each f P C0pXq and s P G:

αspfqpxq “ fpx´ sq, @x P G.

It is not hard to see that indeed αs P AutpC0pGqq, with pαsq
´1 “ α´s and αs`t “ αs ˝ αt for

all s, t P G. That α is continuous in the required sense can be found from [Wil07, Lemma 2.5].

Curiously, the continuity statement for α is equivalent to the following statement regarding the

translation operator: α is continuous if and only if for all f P C0pXq

lim
sÑ0

}Tspfq ´ f}8 Ñ 0

Therefore pC0pGq, G, αq defines a C˚-dynamical system.

Now that we have a good idea of what C˚-dynamical systems look like, we can compare

them to their twisted versions. The ‘twist’ in a C˚-dynamical system is formally implemented

by introducing a 2-cocycle and having it interact with the group action in such a way that it
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generalizes the homomorphism property into a twisted one. Before we proceed, recall the notion

of unitary elements (which forms a group) in a C˚-algebra: we denote it by UpCq “ tcc˚ “ 1C “

c˚c : c P Cu for a unital C˚-algebra C with identity 1C .

Definition 5.2. Let A be a C˚-algebra with identity 1MpAq for its multiplier algebra, G a locally

compact group with identity e, α : G Ñ AutpAq a continuous map, and c : G ˆ G Ñ UMpAq a

(˚-strongly) continuous map. We say that pα, cq is a twisted action of G on A if they satisfy

the following:

αepaq “ a, cps, eq “ cpe, sq “ 1MpAq, @a P A, s P G (5.1)

cpg, tqcpgt, sq “ αgpcpt, sqqcpg, tsq, @g, t, s P G; (5.2)

pαs ˝ αtqpaq “ cps, tqαstpaqc˚ps, tq, @a P A. (5.3)

A quadruple pA,G, α, cq satisfying the above axioms is called a twisted C˚-dynamical system.

Remark 5.2. For each s P G, αs : A Ñ A can be seen as a nondegenerate ˚-homomorphism

(see Definition 2.16). The nondegeneracy can be deduced from the automorphism property of

αs. Therefore it follows from Corollary 2.4 that we have the extension αs :MpAq Ñ MpAq, but

for the rest of the manuscript we shall suppress the bar above such extensions, hence we have

α :MpAq Ñ MpAq as it appears in in Equation (5.2).

Remark 5.3. A map c : G ˆ G Ñ UMpAq that satisfies (5.2) is called a 2-cocycle, if it further

satisfies the latter half of (5.1), we say that c is normalized. Furthermore, observe that if c

is related to α via Formula (5.3), then in the case that c ” 1MpAq (i.e. we don’t have a twist),

we find that α will satisfy the homomorphism property αt ˝ αs “ αst. Henceforth we see that

pA,G, αq then becomes a normal, ‘untwisted’, C˚-dynamical system. Curiously, we can have a

nontrivial 2-cocycle c : G ˆ G Ñ UMpAq and still have α satisfy the homomorphism property.

In particular, this happens in the case where A is commutative.

We will eventually construct C˚-algebras out of these twisted C˚-dynamical systems, where

some of the concepts from Appendix A will be relevant. We outline the general strategy: we shall

find a way to induce a Banach ˚-algebra out of pA,G, α, cq, then we proceed with completing it

with the universal C˚-norm as in Proposition A.1. Hence it only makes sense that we will be
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interested at the nondegenerate ˚-homomorphisms of this induced Banach ˚-algebra. It turns out

however, as we shall see later, that one can induce the relevant nondegenerate ˚-homomorphisms

of the resulting ˚-algebra on the level of twisted C˚-dynamical systems (see Proposition 5.1).

Definition 5.3. Let pA,G, α, cq be a twisted C˚-dynamical system, we say that the triple

pH, ρ, Uq is a twisted covariant representation of pA,G, α, cq if they satisfy the following

1. ρ : A Ñ LpHq is a nondegenerate ˚-representation of A;

2. U : G Ñ ULpHq is a strongly continuous mapping that satisfies a projective relation with

the 2-cocycle:

UsUt “ ρpcps, tqqUst, @s, t P G. (5.4)

Where we have used the notation Us :“ Upsq for all s P G.

3. A covariant relation between ρ and α, given by:

ρpαgpaqq “ Ug ˝ ρpaq ˝ U˚
g @a P A. (5.5)

We say that pH, ρ, Uq is a nondegenerate covariant representation if ρ : A Ñ LpHq is a

nondegenerate ˚-representation. Furthermore, a subspace V Ď H is said to be invariant with

respect to pH, ρ, Uq if ρpaqV Ď V and UspV q Ď V for all a P A and s P G. We now say that

pH, ρ, Uq is irreducible if its only closed invariant subspace are t0u and H. Finally, two twisted

covariant representations pH, ρ, Uq and pH 1, ρ1, U 1q are said to be unitarily equivalent if there

exists a unitary map U : H Ñ H 1 such that ρ1paq “ UρpaqU˚ and U 1
s “ UUsU˚ for all a P A and

s P G.

We shall next give an important example of a covariant representation on pA,G, α, cq, but

first let us fix µG to be a Haar measure on G, and ∆G : G Ñ Rě0 for the modular function

associated with G (see Lemma 3.12).

Example 5.2. Let pA,G, α, cq be a twisted C˚-dynamical system, and pHρ, ρq be a faithful ˚-

representation of A. We can induce the so-called regular covariant representation p rHρ, rρ, rUq

for pA,G, α, cq with rHρ “ L2pG,Hρq, rρ : A Ñ Lp rHρq, and rU : G Ñ ULp rHρq, where

1. prρpaqφqpsq “ ρpαspaqqpφpsqq
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2. prUtφqpsq “ ρpcps, tqqφpstq

for s, t P G and φ P rHρ. It follows from a straightforward computation that rU and rρ satisfy

Equations (5.4), and (5.5), which follow from Equations (5.2) and (5.3).

Let us now define the ˚-algebra that will be induced by the twisted C˚-dynamical system

pA,G, α, cq as outlined in [Ric14, MPR05], which can be seen to be quite similar to the strategy

in [Wil07]. First, we start with the space

CcpG,Aq :“ tf : G Ñ A | f is continuous and compactly supported in Gu.

Given that } ¨ }A is the norm on A, we fix a Haar measure µG on G, and equip CcpG,Aq with

the norm }f}1 :“

ż

G
}fpgq}AdµGpgq, and this is indeed well-defined when f P CcpG,Aq. Let

us further equip CcpG,Aq with the respective ‘twisted’ convolution and involution: for each

f1, f2 P CcpG,Aq, and s P G:

pf1 ˚c f2qpsq “

ż

G
fpgqαgpf2pg´1sqqcpg, g´1sqdµGpgq; (5.6)

f˚c
1 psq “ cps, s´1q˚αspf1ps´1q˚q∆Gps´1q. (5.7)

We do not delve into the all the tedious details of proving that CcpG,Aq is a ˚-algebra with the

prescribed convolution and involution via (5.6) and (5.7) respectively, but we shall sketch some

of them here. In principle, the arguments will be similar to the one given in [Wil07] with proper

modifications to account for the twist. Since we have }cpt, gq}MpAq “ 1 for all t, g P G (because

the image of c are all unitary elements) and the integral inequality (3.36), then for all s P G, we

have the estimates:

}pf1 ˚c f2qpsq}A ď

ż

G
}fpgq}A}f2pg´1sq}AdµGpgq, (5.8)

}f˚c
1 psq}A ď }f1ps´1q}A∆Gps´1q

The inequalities above show that f1 ˚c f2 and f˚c are compactly supported. As an exercise, we
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shall show the involutive property; take s P G and f P CcpG,Aq

pf˚cq˚cpsq “ cps, s´1q˚αs
`

f˚cps´1q
˘

∆Gps´1q

“ cps, s´1q˚αs

´

“

cps´1, sq˚αs´1 pfpsq˚q∆Gpsq
‰˚
¯

∆Gps´1q

“ cps, s´1q˚αspαs´1pfpsqqcps´1, sqq∆Gpsq∆Gps´1q

“ cps, s´1q˚pαs ˝ αs´1qpfpsqqαspcps
´1, sqq

“ cps, s´1q˚cps, s´1qfpsqcps, s´1q˚αspcps
´1, sqq

“ fpsqcps, s´1q˚αspcps
´1, sqq

“ fpsq,

where the last equality follows from the 2-cocycle condition (5.2). It is also not hard to see that

s ÞÑ f˚cpsq must be continuous given the assumptions on f1 and α, and c. Similarly, the map

ps, gq ÞÑ f1pgqαgpf2pg´1sqqcpg, g´1sq is continuous from G ˆ G to A, and therefore it follows

from Proposition 3.20 that s ÞÑ pf1 ˚c f2qpsq is continuous. The associativity of ˚c follows from

the 2-cocyle formula (5.2). Finally, by taking the integral of Estimate (5.8) it follows from the

invariance of the Haar measure under translations that:

}f1 ˚c f2}1 ď }f1}1}f2}1, (5.9)

so we obtain submultiplicativity with respect to the } ¨ }1-norm. We summarize all that we have

discussed in the following proposition.

Proposition 5.1. Equations (5.6) and (5.7) induce a ˚-algebra structure on CcpG,Aq, which

we shall now formally denote by CcpG,A, α, cq. Furthermore, when equipped with the norm } ¨ }1,

CcpG,A;α, cq becomes a normed ˚-algebra.

Definition 5.4. We define the Banach ˚-algebra L1pG,A;α, cq to be the completion of the

normed ˚-algebra CcpG,A;α, cq under the } ¨ }1-norm.

Proposition 5.2. Let pA,G, α, cq be a twisted C˚-dynamical system. If pH, ρ, Uq is a covariant

representation for pA,G, α, cq, then it induces a ˚-representation on L1pG,A;α, cq denoted by

ρ¸α,c U : L1pG,A;α, cq Ñ LpHq, defined densely via:

pρ¸α,c Uqf “

ż

G
ρpfpgqqUgdµGpgq, @f P CcpG,Aq, (5.10)
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where the vector-integral above in (5.10) is made meaningful by Proposition 3.19. We call ρ¸α,cU

the integrated form of pH, ρ, Uq. Furthermore, ρ¸α,c U is nondegenerate if pH, ρ, Uq is.

Remark 5.4. For each f P CcpG,Aq, we note that the mapping s ÞÑ ρpfpsqqUg belongs to

CcpG,LspHqq, which justifies the use of Proposition 3.19 in the definition of (5.10).

A proof of Proposition 5.2 would be a good exercise to see if everything is working as intended.

We will only sketch the homomorphism property of ρ ¸α,c U , but one can cook up a detailed

proof by mostly following [Wil07, Proposition 2.23], with obvious modifications to accomodate

the twist c. A note of this can also be found in [MPR05, Lemma 5.2.5]. To begin the sketch, let

f1, f2 P L1pG,A;α, cq, then we have:

pρ¸α,c Uqpf1 ˚c f2q “

ż

G
ρppf1 ˚c f2qpsqqUsdµGpsq

“

ż

G
ρ

ˆ
ż

G
f1ptqαtpf2pt´1sqqcpt, t´1sqdµGptq

˙

UsdµGpsq

“

ż

G

ż

G
ρpf1ptqqρpαtpf2pt´1sqqqρpcpt, t´1sqqUsdµGptqdµGpsq

“

ż

G

ż

G
ρpf1ptqq

“

Utρpf2pt´1sqqU˚
t

‰

rUtUt´1sU
˚
s sUsdµGptqdµGpsq

“

ż

G

ż

G
ρpf1ptqqUtρpf2pt´1sqqUt´1sdµGpsqdµGptq

“

ż

G

ż

G
ρpf1ptqqUtρpf2psqqUsdµGpsqdµGptq

“

ż

G
pρpf1ptqqqUtdµGptq ˝

ż

G
ρpf2psqqUsdµGpsq

“ pρ¸α,c Uqf1 ˝ pρ¸α,c Uqf2.

Note that we have used various concepts from the theory of vector-valued integration (c.f. Section

3.8 of Chapter 3) for the derivation above, along with formulae (5.4), and (5.5).

We can now give L1pG,A, α, cq a candidate C˚-norm, which we denote simply by } ¨ }, which

we define below:

}f} :“ sup }pρ¸α,c Uqf}, (5.11)

where the supremum runs over all nondegenerate covariant representation pH, ρ, Uq for pA,G, α, cq.

It is not immediate that the supremum above even exists since the class of all nondegenerate

˚-representations ρ on A is not a set but a proper class (the unitary ‘projective’ representations

U on G satisfying (5.4) run into the same problem). A way to fix this is outlined in [Phi17],
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where instead of the collection of all nondegenerate covariant representations pH, ρ, Uq, we only

consider a single fixed Hilbert space H0 satisfying cardpH0q ď cardpGq cardpAq “: cardpGˆAq,

in which case the set of all nondegenerate covariant representations on H0 becomes a set. After-

wards, one should show that any nondegenerate covariant representation of pA,G, α, cq is always

‘unitarily equivalent’ to some nondegenerate covariant representation pH0, ρ0, U0q. Once we have

gotten over this set-theoretic hurdle, we can now ask if }¨} is an actual C˚-norm on L1pG,A;α, cq.

Since each ρ ¸α,c U is a nondegenerate ˚-representation on L1pG,A;α, cq, it is easy to see that

} ¨ } satisfies all requirements for a C˚-norm except possibly positive-definiteness.

For each g P G, we introduce the map iGpgq : L1pG,A;α, cq Ñ L1pG,A;α, cq via

piGprqfqpsq :“ αrpfpr´1sqqcpr, r´1sq (5.12)

We now have for any twisted covariant representation pH, ρ, Uq of pA,G, α, cq that:

pρ¸α,c UqpiGprqfq “

ż

G
ρpiGprqfpsqqUsdµGpsq

“

ż

G
ρpαrpfpr´1sqqcpr, r´1sqqUsdµGpsq

“

ż

G
ρpαrpfpr´1sqqqρpcpr, r´1sqqUsdµGpsq

“

ż

G
ρpαrfpsqqρpcpr, sqqUrsdµGpsq

“

ż

G
pUr ˝ ρpfpsqq ˝ U˚

r q ˝ Ur ˝ UsdµGpsq

“ Ur

ˆ
ż

G
ρpfpsqqUsdµGpsq

˙

“ pUr ˝ pρ¸α,c Uqqf

From the computation above, we can conclude that:

}pρ¸α,c UqpiGprqfq} “ }pUr ˝ pρ¸α,c Uqqf} “ }pρ¸α,c Uqf} (5.13)

Note as well that ppiGpg1q ˝ iGpg2qqfqpsq “ cpg1, g2qpiGpg1g2qfqpsq for all g1, g2, s P G.

Lemma 5.1. Let pA,G, α, cq be a twisted C˚-dynamical system. Suppose ρ : A Ñ LpHρq is a

faithful ˚-representation of A. Then if p rHρ, rρ, rUq is the corresponding regular covariant repre-

sentation (c.f. Example 5.2), then the integrated form rρ ¸α,c
rU : L1pG,A;α, cq Ñ Lp rHρq is a

faithful ˚-representation of L1pG,A;α, cq.
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Proof. We want to show that if f P L1pG,A;α, cq s.t. f ‰ 0, then prρ ¸α,c
rUqf ‰ 0. Suppose

that f ‰ 0, then there exists x P G such that fpxq ‰ 0 (with x contained in a set of positive

measure). It follows from Equation (5.13) and the sentence after it, that by replacing f with

the (integrable) map s ÞÑ piGpx´1qfqpsq, we may assume WLOG that x “ e, so that fpeq ‰ 0.

By assumption ρ is faithful, meaning ρpfpeqq ‰ 0, so there must exist h1, h2 P Hρ such that

xρpfpeqqh1, h2yHρ
‰ 0. By continuity of the map pr, sq ÞÑ xρpαrpfpsqqcps, rqqh1, h2yHρ

, we can

find an open neighborhood V Q e such that for s, r P V :

| xρpαrpfpsqqcps, rqqh1, h2yHρ
´ xρpfpeqqh1, h2yHρ

| ă
| xρpfpeqqh1, h2yHρ

|

3
.

Construct φ P CcpGq to be a positive function such that its support is contained in a smaller

open set W Ď V Q e where W ¨W Ď V , satisfying W´1 “ W , W ¨W Ď V and

ż

G

ż

G
φpsqφpsrqdµGprqdµGpsq “ 1, @r P W.

Now if we define ξ1 P rHρ :“ L2pG,Hρq, ξ2 P rHρ :“ L2pG,Hρq via ξ1psq “ φpsqh1 and ξ2psq “

φpsqh2 for all s P G, then we have the following estimate:

ˇ

ˇ

ˇ

ˇ

A

pprρ¸α,c
rUqfqξ1, ξ2

E

rHρ

´ xρpfpeqqh1, h2yHρ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

G

ż

G
xρpαrpfprqcps, rqqξ1psq, ξ2psrqyHρ

dµGprqdµGpsq ´ xρpfpeqqh1, h2yHρ

ˇ

ˇ

ˇ

ˇ

ď

ż

G

ż

G
φpsqφpsrq

ˇ

ˇ

ˇ
xρpαrpfprqcps, rqqh1, h2yHρ

´ xρpfpeqqh1, h2yHρ

ˇ

ˇ

ˇ
dµGprqdµGpsq

ă
| xρpfpeqqh1, h2yHρ

|

3
.

Therefore we have shown that
A

pprρ¸α,c
rUqfqξ1, ξ2

E

rHρ

‰ 0, since otherwise we’ll have

ˇ

ˇ

ˇ
xρpfpeqqh1, h2yHρ

ˇ

ˇ

ˇ
ă

1

3

ˇ

ˇ

ˇ
xρpfpeqqh1, h2yHρ

ˇ

ˇ

ˇ

which cannot happen since 1 ­ă 1
3 . What we have shown implies that prρ ¸α,c

rUqf ‰ 0, which is

what we want.

Corollary 5.1. } ¨ } is a C˚-norm on L1pG,A;α, cq dominated by the } ¨ }1-norm

Proof. Let f P L1pG,A;α, cq, since each integrated form ρ ¸α,c U : L1pG,A;α, cq Ñ LpHq of a
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nondegenerate covariant representation pH, ρ, Uq is an actual ˚-representation on L1pA,G, α, cq

as a Banach ˚-algebra, then they are contractive, meaning }pρ¸α,c Uqf} ď }f}1, which implies:

}f} “ sup }pρ¸α,c Uqf} ď }f}1.

The inequality above not only shows that } ¨ }1 dominates } ¨ }, but that } ¨ } is well-defined in

L1pG,A, α, cq.

As discussed, we will only further prove positive-definiteness of } ¨ }. As a corollary of GNS-

theorem, there exists a nondegenerate faithful ˚-representation ρ : A Ñ LpHρq, consequently

we can construct the regular covariant representation p rHρ, rρ, rUq. We know from Lemma 5.1

that rρ ¸α,c
rU : L1pG,A;α, cq Ñ LpĂHρq is a nondegenerate faithful ˚-representation. Now if we

suppose that }f} “ 0, then it follows that:

}prρ¸α,c
rUqf} ď }f} “ 0,

therefore prρ¸α,c
rUqf “ 0, which implies f “ 0, proving that } ¨ } is positive-definite.

Definition 5.5. The twisted crossed-product induced by pA,G, α, cq is the C˚-algebra de-

noted by A¸α,c G, obtained by completing L1pG,A;α, cq with respect to the C˚-norm } ¨ }.

It would be interesting to see how twisted crossed-products can be constructed in terms of

universal C˚-algebras. A relevant result, which we have alluded to earlier, is given below without

proof.

Theorem 5.1. Consider the twisted C˚-dynamical system pA,G, α, cq. Every nondegenerate ˚-

representation on A¸α,cG is an extension of an integrated form ρ¸α,cU : L1pG,A, α, cq Ñ LpHq

to A ¸α,c G of some nondegenerate covariant representation pH, ρ, Uq of pA,G, α, cq. More pre-

cisely, the mapping pH, ρ, Uq ÞÑ ρ ¸α,c U defines an irreducibility preserving one-to-one cor-

respondence between nondegenerate covariant representations of pA,G, α, cq to nondegenerate

˚-representations of A¸α,c G.

A proof can be deduced by obvious modifications on the development shown in [Wil07,

Proposition 2.40], using nondegenerate homomorphisms (c.f. Definition 2.16). This same result

was also noted in [MPR05]. In fact, the map iG that we have introduced in (5.12) densely defines
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a map iG : G Ñ UMpA¸α,c Gq, along with iA : A Ñ MpA¸α,c Gq via

piApaqfqpsq “ afpsq, @a P A, f P CcpG,Aq, s P G. (5.14)

These two define a particular twisted covariant homomorphism for pA,G, α, cq. That is,

they satisfy the following:

1. iG : G Ñ UMpA¸α,c Gq is a strongly continuous map;

2. iA : A Ñ MpA¸α,c Gq is a ˚-homomorphism in the sense of Definition 2.16;

3. iGpsq ˝ iGprq “ iApcps, rqqiGpsrq for all s, r P G;

4. iApαspaqq “ iGpsq ˝ ρpaq ˝ iGpsq˚, for all s P G.

An interesting corollary of Theorem 5.1, in light of universal C˚-constructions, is the follow-

ing.

Corollary 5.2. L1pG,A;α, cq is a ˚-semisimple Banach ˚-algebra, and its enveloping C˚-algebra

is the twisted crossed-product A¸α,c G.

Proof. It follows from Proposition A.1 and Theorem 5.1 that the universal-norm } ¨ }u is equal

to } ¨ }. Therefore the reducing ideal Iu of L1pG,A;α, cq is given by:

Iu “ tf P L1pG,A;α, cq : }f} “ 0u “ t0u,

because } ¨ } is a norm on L1pG,A;α, cq. Therefore by definition L1pG,A;α, cq is ˚-semisimple.

Since L1pG,A;α, cq is ˚-semisimple, its enveloping C˚-algebra is simply its completion under the

universal C˚-norm, which we know is equivalent to } ¨ }, therefore this completion is the same as

A¸α,c G.

5.2 Twisted Group C˚-Algebras

We now reap the benefits of our efforts in describing twisted crossed products. For our applica-

tions, we only really need to focus on the particular case A “ C.

Let us start with the untwisted case. As we have discussed in Remark 5.3, every C˚-dynamical

system is a twisted C˚-dynamical system pA,G, α, cq with trivial 2-cocycle which we denote by 1,

i.e. 1 ” 1MpAq. Let us now further particularize and also take A “ C, then this will also restrict
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our choice of the group action α : G Ñ AutpCq. Take any s P G, then αs : C Ñ C should be an

automorphism on C˚-algebras1, and so for any µ P C we obtain αspµq “ µαsp1Cq “ µ. We see

that if A “ C, then the group action α is also trivial, and we shall rename it with Id “ α. In

this case, if f1, f2 P L1pG,C, Id, 1q, then

pf1 ˚c f2qpsq “

ż

G
f1pgqf2pg´1sqdµGpgq,

f˚c
1 psq “ ∆Gps´1qf1ps´1q.

(5.15)

This is nothing but the usual Banach ˚-algebra structure for L1pGq with G a locally compact

(not necessarily abelian) group. We reiterate that in our current setting, L1pG,C; Id, 1q “ L1pGq

as a Banach ˚-algebra.

Definition 5.6. The resulting twisted crossed-product C ¸Id,1 G is defined to be the group

C˚-algebra associated to G, denoted by C˚pGq.

There is more to be said, especially pertaining to the representation theory of C˚pGq. In our

setting, the group action and the 2-cocycle are both trivial, and in a sense, even the covariant

representations on pC, G, Id, 1q will be trivial. To see this, let ρ : C Ñ LpHq be a ˚-representation,

then it follows that ρpµq “ µ IdH where IdH P LpHq is the identity operator. This is true for all

˚-representations of C. We pair this with the fact that in the untwisted case U : G Ñ ULpHq

satisfying Equation (5.4) just gives us a representation for G. Hence there is a one-to-one

correspondence between covariant representations of pG,C, Id, cq and representations of G. It

then follows from Theorem 5.1 that there is a one-to-one correspondence between representations

of G and ˚-representations of C˚pGq “ C¸Id,1G, where for each unitary representation U : G Ñ

ULpHq, the corresponding ˚-representation is densely defined on L1pGq via:

L1pGq Q f ÞÑ

ż

G
fpgqUgdµGpgq P LpHq.

As a final note in the untwisted case, we further consider the case when G is abelian. We then

have that G must be unimodular: ∆G ” 1. The structure of L1pGq outlined in Equations (5.15)

reduce to Equations (3.5). Our result regarding the correspondence between representations of

G and that of L1pGq in the paragraph after the statement of Gelfand-Raikov Theorem (c.f. 3.9)

is consistent with Theorem 5.1: the irreducible representations of G (i.e. characters) correspond

1All we really need here is that αs is an algebra homomorphism.
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to the irreducible ˚-representations of C˚pGq or L1pGq. It is also interesting to note that the

Fourier-transform F : L1pGq Ñ C0p pGq densely extends to an isometric ˚-isomorphism F :

C˚pGq Ñ C0p pGq due to Gelfand’s theorem 3.4 and Theorem 3.5.

As we have seen, even the untwisted case above welcomes us into the wonderful rabbit hole

that leads to the connections between the theory of locally compact groups and C˚-algebras. We

resist the temptation of going down this rabbit hole.

We finally study our main object of interest, we take A “ C still, and this again forces us

to work with the trivial group action α “ Id : G Ñ AutpCq. C is a unital C˚-algebra, and its

unitary group is T, therefore UMpAq “ UpAq “ UpCq “ T. We take c : GˆG Ñ UMpAq “ T to

be a map such that pId, cq is a twisted action of G on C (so c is not necessarily trivial anymore).

In particular it follows from Definition 5.2, that c : G ˆ G Ñ T is a continuous continuous map

that satisfies the following formulae for all s, t, g P G:

cpg, tqcpgt, sq “ cpt, sqcpg, tsq;

cps, eq “1 “ cpe, sq.
(5.16)

Definition 5.7. Let G be a locally compact group and c : G ˆ G Ñ T be a continuous map

satisfying 5.16, then pC, G, Id, cq is a twisted C˚-dynamical system. The associated twisted

crossed-product C ¸Id,c G is called the c-twisted group C˚-algebra denoted by C˚pG, cq (or

just twisted group C˚-algebras when the reference to the 2-cocycle is not relevant).

Remark 5.5. Every group C˚-algebra is a twisted group C˚-algebra, as taking c ” 1 gives us

C˚pGq “ C˚pG, cq.

It follows from our discussion of the the twisted crossed-products that we can obtain C˚pG, cq

by completing the dense ˚-subalgebra L1pG, cq :“ L1pG,C; Id, cq under the } ¨ }-norm (5.11). We

also note that L1pG, cq is the same as L1pGq equipped with the twisted-convolution and twisted-

involution of Equations (5.6) and (5.7), where:

pf1 ˚c f2qpsq “

ż

G
f1pgqf2pg´1sqcpg, g´1sqdµGpgq

f˚c
1 psq “ cps, s´1qfps´1q∆Gps´1q

(5.17)

for f1, f2 P L1pG, cq. Similar to the untwisted case, because we are working with A “ C, the only

˚-homomorphism of C is the trivial map: IdH : C Ñ LpHq, for each Hilbert space H. Therefore,

all twisted covariant representations of pG,C, Id, cq are uniquely determined by those continuous
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maps U : G Ñ ULpHq which satisfy the following version of Equation (5.4):

UsUt “ cps, tqUst, @s, t P G. (5.18)

It follows from Theorem 5.1 that all ˚-representations of C˚pG, cq are of the form IdH ¸Id,cU .

Instead of the unwieldy notation IdH ¸Id,cU for the integrated form, we will use the following

notation moving forward:

Uf :“ pIdH ¸Id,cUqf “

ż

G
fpgqUgdµGpgq (5.19)

densely defined on f P L1pG, cq. Note that continuous maps satisfying U : G Ñ LpHq Equation

(5.18) are called also called c-projective unitary representations of G.

The following result will be useful in our construction of the Heisenberg module, which follows

as a consequence of Corollary 5.2.

Corollary 5.3. The Banach ˚-algebra L1pG, cq is a dense ˚-subalgebra of the twisted group C˚-

algebra C˚pG, cq under the universal C˚-norm } ¨ } densely defined via:

}f} “ sup }Uf}, @f P L1pG, cq (5.20)

where the supremum runs through all continuous maps U : G Ñ ULpHq satisfying (5.18).

Proof. Everything follows from Proposition 5.2. All that remains is to check that U , for each

strongly continuous c-projective unitary representations of U : G Ñ LpGq, defines a nondegen-

erate ˚-representation of C˚pG, cq so that (5.20) does define the universal C˚-norm on C˚pG, cq.

However, this is trivial in light of Theorem 5.1. Since the map IdH : C Ñ LpHq is nondegenerate,

then it follows that the integrated form U “ IdH ¸Id,cU is also a nondegenerate ˚-representation

on C˚pG, cq.

5.3 Construction of the Heisenberg Modules

We now have the necessary prerequisites to finally construct the main object of this dissertation,

the Heisenberg modules. Our first assumption, which we shall hold for the rest of this section, is

that G is a second countable LCA group. We take Λ Ď Gˆ pG to be a lattice (see Definition 4.1) in

the time-frequency plane Gˆ pG. The Heisenberg module associated with Λ, which we shall denote
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by EΛpGq, will be an imprimitivity bimodule over certain twisted group C˚-algebras. These

twisted C˚-algebras will come from the the Heisenberg 2-cocycle c : pGˆ pGq ˆ pGˆ pGq Ñ T as

defined in Equation (4.7). Technically, what we need is the restriction of the Heisenberg 2-cocycle

on ΛˆΛ, but we shall still denote it via c. We obtain the twisted C˚-dynamical system pC,Λ, Id, cq

since c : Λ ˆ Λ Ñ T is normalized, and satisfies cpλ1, λ2qcpλ1 ` λ2, λ3q “ cpλ1, λ2 ` λ3qcpλ2, λ3q

for λ1, λ2, λ3 P Λ, which is the commutative version of Equations (5.16). Since Λ is countable,

we equip it with the counting measure and define ℓ1pΛ, cq :“ L1pΛ, cq, which is nothing but ℓ1pΛq

as a set. The Banach ˚-algebra structure of ℓ1pΛ, cq is given below, which can be deduced from

Equations (5.17):

a1 ˚c a2pλq “
ÿ

µPΛ

a1pµqa2pλ´ µqcpµ, λ´ µq;

a˚c
1 pλq “ cpλ,´λqa1p´λq,

(5.21)

for all λ P Λ and a1,a2 P ℓ1pΛ, cq. Due to Corollary 5.3, we can now simply take the completion

of ℓ1pΛ, cq in the universal C˚-norm and obtain C˚pΛ, cq, which as we shall see later, will be the

C˚-algebra giving EΛpGq a Hilbert left C˚-module structure.

On the other hand, since Λ is a lattice, it follows that its adjoint lattice Λ˝ Ď G ˆ pG is

also countable (c.f. Proposition 4.4) and that the lattice size dpΛq is finite. Furthermore the

complex-conjugate of the Heisenberg 2-cocycle denoted by c : pGˆ pGq ˆ pGˆ pGq Ñ T defined by

cppx, ωq, pt, ωqq “ cppt, νq, px, ωqq, @px, ωq, pt, νq P Gˆ pG (5.22)

satisfies the 2-cocycle formulae (5.16). Similar to the previous discussion, we denote still by c the

restriction of c on Λ˝ ˆ Λ˝. The quadruple pG,Λ˝, Id, cq defines a twisted C˚-dynamical system.

We now choose to equip Λ˝ with the counting measure scaled by 1
dpΛq

(the reason is outlined by

the paragraph preceding Proposition 4.5). Consider the Banach ˚-algebra ℓ1pΛ˝, cq which has

the following twisted structure:

pb1 ˚c b2qpλ˝q “
1

dpΛq

ÿ

µ˝PΛ˝

b1pµ˝qb2pλ˝ ´ µ˝qcpµ˝, λ˝ ´ µ˝q;

b˚c
1 pλ˝q “ cpλ˝,´λ˝qb1p´λ˝q,

(5.23)

for all λ˝ and b1,b2 P ℓ1pΛ˝, cq. Similar to C˚pΛ, cq, the twisted group algebra C˚pΛ˝, cq is then

the completion of the Banach ˚-algebra ℓ1pΛ˝, cq due to Corollary 5.3.
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At the risk of excessive repetition, we shall summarize our findings with the following propo-

sitions, which follows Corollary 5.3.

Proposition 5.3. The Banach ˚-algebra A0 :“ ℓ1pΛ, cq with structure given by Equations (5.21)

is a dense ˚-subalgebra of AΛ :“ C˚pΛ, cq under the universal C˚-norm denoted by } ¨ }AΛ
densely

defined via

}a}AΛ
:“ sup }Ua} “ sup

›

›

›

›

›

ÿ

µPΛ

apµqUµ

›

›

›

›

›

, @a P ℓ1pΛ, cq (5.24)

where the supremum runs over all c-projective maps U : Λ Ñ ULpHq.

Proposition 5.4. The Banach ˚-algebra B0 :“ ℓ1pΛ˝, cq with structure given by Equations (5.23)

is a dense ˚-subalgebra of BΛ :“ C˚pΛ˝, cq under the universal C˚-norm denoted by }¨}BΛ
densely

defined via

}b}BΛ
:“ sup }Wb} “ sup

›

›

›

›

›

1

dpΛq

ÿ

µ˝PΛ˝

bpλ˝qWµ˝

›

›

›

›

›

, @b P ℓ1pΛ˝, cq (5.25)

where the supremum runs over all c-projective maps W : Λ˝ Ñ ULpHq.

Note that we will keep using the names A0, AΛ, B0, and BΛ throughout the rest of the chapter.

We may want to further investigate the C˚-norm given by Equations (5.24) and (5.25). For

AΛ, this requires in principle, figuring out all the c-projective representations for Λ. There

is, however, a privileged c-projective representation that appears quite ubiquitously in time-

frequency analysis. This is none other than the time-frequency shift operator π : G ˆ pG Ñ

ULpL2pGqq satisfying the c-projectivity as what can be seen from Equation (4.8). If we consider

the restriction of π on Λ now denoted by πΛ, then we obtain from (4.8) that:

πΛpλqπΛpµq “ cpλ, µqπΛpλ` µq, @λ, µ P Λ. (5.26)

So the time-frequency shift πΛ is eligible to be transformed to an integrated form (c.f. (5.19))

πΛ : AΛ Ñ LpL2pGqq densely defined via:

πΛpaq “
ÿ

µPΛ

apλqπpλq, @a P ℓ1pΛ, cq. (5.27)

We have mentioned that π is a privileged projective representation on Λ, but in what sense? The
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following result, shown by Rieffel in [Rie88] answers this question.

Theorem 5.2. The integrated form πΛ : AΛ Ñ LpL2pGqq defines a faithful ˚-representation of

AΛ. In particular, it is an isometry, therefore }a}AΛ
“ }πΛpaq} for all a P AΛ.

The question for an analogous ˚-representation for for BΛ is, for our purposes, slightly subtler.

What we would really like is a faithful map BΛ Ñ LpL2pGqq that is a ˚-antihomomorphism (i.e.

it does not preserve the multiplication, but switches their order instead) instead of the usual

˚-homomorphism. The reason roughly, is that we want BΛ to act to the right of the Heisenberg

module through this map. To this end, our candidate is the integrated form of the adjoint of the

time-frequency shift π˚ : G ˆ pG Ñ ULpL2pGqq, where we denote its restriction to Λ˝ ˆ Λ˝ via

π˚
Λ˝ . The integrated form π˚

Λ˝ : BΛ Ñ LpL2pGqq is now densely defined via

π˚
Λ˝pbq “

1

dpΛq

ÿ

µ˝PΛ˝

bpµ˝qπ˚pµ˝q, @b P ℓ1pΛ˝, cq. (5.28)

But we shall check, since we technically cannot rely on Theorem 5.1 anymore, that it is indeed a

˚-antirepresentation, meaning: it preserves involution, but π˚
Λ˝pb1 ˚c b2q “ π˚

Λ˝pb2q ˝ π˚
Λ˝pb1q

for all b1,b2 P LpL2pGqq. That π˚
Λ˝ preserves the involution on BΛ follows from Equation (4.9),

so we will only check for the antihomomorphism property:

π˚
Λ˝pb1 ˚c b2q “

1

dpΛq

ÿ

µ˝PΛ˝

pb1 ˚c b2qpµ˝qπ˚pµ˝q

“
1

dpΛq2

ÿ

µPΛ˝

˜

ÿ

λ˝PΛ˝

b1pλ˝qb2pµ˝ ´ λ˝qcpλ˝, µ˝ ´ λ˝q

¸

π˚pµ˝q

“
1

dpΛq2

ÿ

µ˝,λ˝PΛ˝

b1pµ˝ ´ λ˝qb2pλ˝qcpµ˝ ´ λ˝, λ˝qπ˚pµ˝q

“
1

dpΛq2

ÿ

µ˝,λ˝PΛ˝

b1pµ˝ ´ λ˝qb2pλ˝qπ˚pλ˝qπ˚pµ˝ ´ λ˝q

“
1

dpΛq

ÿ

λ˝PΛ˝

b2pλ˝qπ˚pλ˝q ˝
1

dpΛq

ÿ

µ˝PΛ˝

b1pµ˝qπ˚pµq

“ π˚
Λ˝pb2q ˝ π˚

Λ˝pb1q.

The crucial step in the calculation above occured from the 3rd to 4th equations, where we used

the adjoint of Equation (4.8).

Even though π˚
Λ˝ does not exactly fit2 into the theory of twisted crossed products as we have

2I surmise that there must be an equivalent twisted C˚-dynamical systems theory from which its has its
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developed in the previous section, it still has an analogue of Theorem 5.2. We mention that the

methods employed by Gröchenig and Leinert in [GL04] can be adapted for a more time-frequency

analytic proof of both Theorems 5.2 and 5.3.

Theorem 5.3. The integrated form π˚
Λ˝ : BΛ Ñ LpL2pGqq defines a faithful ˚-antirepresentation

of BΛ. In particular, it is an isometry, therefore }b}BΛ
“ }π˚

Λ˝pbq} for all b P BΛ.

Remark 5.6. The correct projective representation property for π˚ can be seen when we take the

adjoint of both sides of Equation (4.8):

π˚pλ˝qπ˚pµ˝q “ cpµ˝, λ˝qπ˚pλ˝ ` µ˝q

“ cpλ˝, µ˝qπ˚pλ˝ ` µ˝q.
(5.29)

If we define c˝pλ˝, µ˝q “ cpµ˝, λ˝q, then the integrated form π˚
Λ˝ becomes a faithful ˚-representation

for C˚pΛ˝, c˝q. This has been discussed in [Rie88, Lue07], where C˚pΛ˝, c˝q has been rightly as-

sessed to be the opposite3 C˚-algebra (and vice-versa) for C˚pΛ, cq.

We are now ready4 to construct the Heisenberg module associated with the lattice Λ. Our

strategy here is to exploit the density of ℓ1pΛ, cq and ℓ1pΛ˝, cq on AΛ and BΛ respectively to

scaffold the assembly of the Heisenberg module by first defining an ℓ1pΛ, cq ´ ℓ1pΛ˝, cq-pre-

imprimitivity bimodule (c.f. Definition 2.21). Once this is done, then we are essentially fin-

ished since the Heisenberg module will be the completion of the said ℓ1pΛ, cq ´ ℓ1pΛ˝, cq-pre-

imprimitivity bimodule in the sense of Corollary 2.6. The question now then, is from which

space could we possibly construct this pre-imprimitivity bimodule? It turns out that we can pro-

ceed using the Feichtinger’s algebra S0pGq– another object quite ubiquitous in time-frequency

analysis. In the following, we shall focus on the right5 ℓ1pΛ˝, cq (semi-)inner product structure of

S0pGq; the details for the left ℓ1pΛ, cq (semi-)inner product structure of S0pGq can be obtained

similarly. The proof below takes inspiration from the original paper of Luef [Lue07], especially

the demonstration of positivity of the module inner-product.

own version of anti-covariant (contravariant?) representations, from which their integrated forms become ˚-
antirepresentations for the associated twisted crossed product, with its own version of Theorem 5.1. There
certainly is a categorical flavor to this problem, and I hypothesize that everything that we’ve talked about can
be stated in terms of opposite categories. But alas, this will be distracting us too much, and will only make this
already large document more unwieldy.

3This amounts to b1 ˚c˝ b2 “ b2 ˚c b1.
4Really!
5This is nothing but my personal preference, perhaps owing from the fact that the existing literature has

mostly preferred to work on the left structure of the Heisenberg modules. I consider this to be an exercise that
would fill-in the (negligible) gap in the literature.
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Proposition 5.5. S0pGq is a is a semi-inner product right ℓ1pΛ˝, cq-module. For b P ℓ1pΛ˝, cq

and f, f1, f2 P S0pGq:

1. (Right module action). fb “ 1
dpΛq

ř

µ˝PΛ˝ bpµ˝qπ˚pµ˝qf P S0pGq;

2. (Module Inner-Product). We have x ¨ , ¨ yΛ˝ : S0pGqˆS0pGq Ñ ℓ1pΛ˝, cq via xf1, f2yΛ˝ pλ˝q :“

xf2, π
˚pλ˝qf1y2 .

Furthermore, an alternative way to write the right module action is through the integrated form

(5.3):

π˚
Λ˝pbqf “ fb. (5.30)

On the other hand, we can also alternatively write the module inner-product in terms of sampled

STFT:

xf1, f2yΛ˝ “
1

dpΛq
RΛ˝

`

Vf2f1
˘

(5.31)

Proof. We shall first show that the right module action is well-defined. Note that it follows from

a straighforward application of Hölder’s inequality that fb P L2pGq at least. Now, fix g P S0pGq

and let us compute the following:

ż

Gˆ pG
| xfb, πpχqgy2 |dµ

Gˆ pG
pχq ď

ż

Gˆ pG

1

dpΛq

ÿ

µ˝PΛ˝

|bpµ˝q|| xf, πpµ˝ ` χqgy2 |dµ
Gˆ pG

pχq

“
1

dpΛq

ÿ

µ˝PΛ˝

|bpµ˝q|

ż

Gˆ pG
Vgfpµ˝ ` χqdµ

Gˆ pG
pχq

“
1

dpΛq

ÿ

µ˝PΛ˝

|bpµ˝q|

ż

Gˆ pG
Vgfpχqdµ

Gˆ pG
pχq

“ }b}1}f}S0,g ă 8.

This proves that fb P S0pGq. We shall also show that for b1,b2 P ℓ1pΛ˝, cq, that pfb1qb2 “

fpb1 ˚c b2q. Since we have proven that the right module action takes us to S0pGq, then we can

use the integrated form (5.28) to write fb “ π˚
Λ˝pbqf , and so it follows from the fact that π˚

Λ˝

is a ˚-antirepresentation (c.f. Theorem 5.3):

pfb1qb2 “ π˚
Λ˝pb2qpfb1q “ pπ˚

Λ˝pb1q ˝ π˚
Λ˝pb2qqf “ π˚

Λ˝pb2 ˚c b1qf “ fpb1 ˚c b2q.
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Well-definedness of the module inner-product is trivial, and follows from the Remark 4.6 con-

cerning the property of the STFT, and the property of the restriction map RΛ˝ (c.f. Proposition

4.9 Item 6) on S0pGˆ pGq, and from S0pΛ˝q “ ℓ1pΛ˝q.

We should also check the compatibility of the module inner-product with the module-action,

i.e. check for Item 2 of Definition 2.18. We compute:

pxf1, f2yΛ˝ ˚c bqpλ˝q “
1

dpΛq

ÿ

µ˝PΛ˝

xf2, π
˚pµ˝qf1y2 bpλ

˝ ´ µ˝qcpµ˝, λ˝ ´ µ˝q

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bpλ˝ ´ µ˝qcpµ˝, λ˝ ´ µ˝qπpµ˝qf2, f1

G

2

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bpµ˝qcpλ˝ ´ µ˝, µ˝qπpλ˝ ´ µ˝qf2, f1

G

2

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bpµ˝qcpλ˝ ´ µ˝, µ˝qcpλ˝,´µ˝qπpλ˝qπp´µ˝qf2, f1

G

2

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bpµ˝qcp´µ˝, µ˝qπpµ´˝qf2, π
˚pλ˝qf1

G

2

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bpµ˝qπ˚pµqf2, π
˚pλ˝qf

G

2

“ xf2b, π
˚pλ˝qf1y2

“ pxf1, f2byΛ˝qpλ˝q.

As required, we have xf1, f2yΛ˝ ˚c b “ xf1, f2byΛ˝ . Note that in the computation above, we used

Equations (4.8), (4.9), and (5.29).

Next, we shall show that the module inner-product defines a positive element in BΛ. To do

this, we exploit the faithfulness of π˚
Λ˝ : BΛ Ñ LpL2pGqq (c.f. Theorem 5.3). If we can show that

π˚
Λ˝pxf, fyΛ˝q ě 0 in LpL2pGqq then we have also shown that xf, fyΛ˝ ě 0 in BΛ by faithfulness

of π˚
Λ˝ . To do this, let φ P S0pGq, we have:

A

π˚
Λ˝pxf, fyΛ˝qφ,φ

E

2
“

1

dpΛq

ÿ

µ˝PΛ˝

xf, πpµ˝qfy2 xφ, πpµ˝qφy2

“
ÿ

µPΛ

xφ, πpµqfy2 xφ, πpµqfy2 ě 0,

where we used the Fundamental Identity of Gabor Analysis (FIGA) Corollary 4.6 to obtain the

equality above. Since φ P S0pGq is arbitrary, and S0pGq is dense in L2pGq, then we have shown
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that π˚
Λ˝pxf, fyΛ˝q ě 0 in LpL2pGqq as required.

The rest of the semi-inner product module axioms now easily follow from what we have shown

here. For reference, once should check Definition 2.18 (except positive-definiteness).

We have an analogous result pertaining to the module left inner-product structure on S0pGq.

Proposition 5.6. S0pGq is a semi-inner product left ℓ1pΛ, cq-module. For a P ℓ1pΛ, cq and

f, f1, f2 P S0pGq:

1. (Left module action). af “
ř

µPΛ apµqπpµqf P S0pGq;

2. (Module Inner-Product). We have Λx ¨ , ¨ y : S0pGqˆS0pGq Ñ ℓ1pΛ, cq via Λxf1, f2y pλq :“

xf1, πpλqf2y2 .

Furthermore, an alternative way to write the left module action is through the integrated repre-

sentation (5.2):

πΛpaqf “ af. (5.32)

On the other hand, we can also alternatively write the module inner-product in terms of sampled

STFT:

Λxf1, f2y “ RΛ pVf2f1q (5.33)

For the proof of positivity of the module inner-products above, we have used FIGA 4.6 on the

Feichtinger’s algebra. As we have discusssed in Section 4.4 of Chapter 4, the FIGA is equivalent

to the Janssen’s representation on S0pGq. From the definition of the module inner-products

above, we see that Janssen’s representation is equivalent to the associativity condition of S0pGq

as an ℓ1pΛ, cq ´ ℓ1pΛ, cq-pre-imprimitivity bimodule. More precisely, we have the following.

Proposition 5.7. For all f, g, h P S0pGq:

Λxf, gyh “ f xg, hyΛ˝ .

Proof. The following follows from Janssen’s representation (Equation 4.51) and the cocycle re-

lations (4.9):

Λxf, gyh “
ÿ

µPΛ

xf, πpµqgy2 πpµqh
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“ Sg,h,Λf

“
1

dpΛq

ÿ

µ˝PΛ˝

xh, πpµ˝qgy2 πpµ˝qf

“
1

dpΛq

ÿ

µ˝PΛ˝

xh, π˚pµ˝qgy2 π
˚pµ˝qf

“ f xg, hyΛ˝ .

Corollary 5.4. S0pGq is an ℓ1pΛ, cq ´ ℓ1pΛ˝, cq bimodule.

Proof. The bimodule property

apfbq “ pafqb, @a P ℓ1pΛ, cq,b P ℓ1pΛ˝, cq, f P S0pGq (5.34)

directly follows from the commutation property between Λ and its adjoint Λ˝, in the sense given

by Item 3 Proposition 4.4.

Next, we would like to show the fullness property: Item 2 Definition 2.21. To the best of my

knowledge, this is a new and fully time-frequency analytic proof of the ‘fullness’ property. This

is different from the one presented by Luef and Rieffel in [Lue07] or [Rie88] respectively.

Proposition 5.8. We have the following:

1. ΛxS0pGq,S0pGqy :“ spantΛxf1, f2y : f1, f2 P S0pGqu is dense in ℓ1pΛ, cq;

2. xS0pGq,S0pGqyΛ˝ :“ spantxf1, f2yΛ˝ : f1, f2 P S0pGqu is dense in ℓ1pΛ˝, cq.

Proof. We will only prove Item 2, the proof for Item 1 is similar. Let b P ℓ1pΛ˝, cq, and recall

that as a set ℓ1pΛ˝, cq “ ℓ1pΛ˝q. Therefore by the the surjectivity of the restriction map RΛ˝ :

S0pG ˆ pGq Ñ ℓ1pΛ˝q, there exists an F P S0pG ˆ pGq such that b “ RΛ˝F. Now, recall (c.f.

Lemma 4.5) that the partial Fourier transform F2 : S0pG ˆ Gq Ñ S0pG ˆ pGq, asymmetric

coordinate transform τa : S0pGˆGq Ñ S0pGˆGq, and complex conjugation are all isomorphisms

on their respective Feichtinger’s algebras. Thus there must exist G P S0pG ˆ Gq such that

F “ 1
dpΛq

pF2 ˝ τaqpGq. Finally, due to the tensor-product factorization result of Proposition 4.10,

we can write G “
ř8
i“1 fi b gi for tfiu

8
i“1, tgiu

8
i“1 Ď S0pGq where tfiu

8
i“1, tgiu

8
i“1 satisfies the

admissibility condition (4.32). We finally put everything together using Equations (4.39) and

170



(5.31):

b “
1

dpΛq
RΛ˝ pF2 ˝ τaq pGq “

1

dpΛq

8
ÿ

i“1

RΛ˝pF2 ˝ τaq pfi b giq

“

8
ÿ

i“1

1

dpΛq
RΛ˝Vgifi “

8
ÿ

i“1

xfi, giyΛ˝ .

Hence b is in the closure of xS0pGq,S0pGqyΛ˝ , as required.

We have shown almost all of the axioms required to show that S0pGq is an ℓ1pΛ, cq´ℓ1pΛ˝, cq-

pre-imprimitivity bimodule, except for Item 3 of Definition 2.21. Our proof will follow [Lue07,

Theorem 26], which was done in the Euclidean case, but easily generalizes to arbitrary LCA G.

However, we should first go through a technical lemma which tells us how the module action

behave under the L2-inner product.

Lemma 5.2. We have the following formulae, for a P ℓ1pΛ, cq, b P ℓ1pΛ˝, cq, and φ1, φ2 P S0pGq:

xaφ1, φ2y2 “ xφ1,a
˚cφ2y2

xφ1b, φ2y2 “ xφ1, φ2b
˚cy2 .

Proof. We compute:

xφ1, φ2b
˚cy2 “

C

φ1,
1

dpΛq

ÿ

µ˝PΛ˝

bp´µ˝qcpµ˝,´µ˝qπ˚pµ˝qφ2

G

2

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bp´µ˝qcpµ˝, µ˝qπpµ˝qφ1, φ2

G

2

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bpµ˝qcpµ˝, µ˝qπp´µ˝qφ1, φ2

G

2

“

C

1

dpΛq

ÿ

µ˝PΛ˝

bpµ˝qπ˚pµ˝qφ1, φ2

G

2

“ xφ1b, φ2y2 .

The proof for the first equality is similar.

Corollary 5.5. For all a P ℓ1pΛ, cq, b P ℓ1pΛ˝, cq, and f P S0pGq :

xaf,afyΛ˝ ď }a}AΛ
xf, fyΛ˝
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Λxfb, fby ď }b}BΛ Λxf, fy .

Proof. We will only prove the latter inequality, since as usual, the proof for the former is similar.

The strategy here is similar to the proof of positivity of the module inner-product in Proposition

(5.6), we shall use the faithfulness of π˚
Λ˝ and density of S0pGq in L2pGq to prove an equivalent

statement. Let φ P S0pGq, then we compute:

xπ˚
Λ˝ pΛxfb, fbyqφ,φy2 “ xΛxfb, fbyφ,φy2

“ xfb xfb, φyΛ˝ , φy2

“
@

fb, φ xfb, φy
˚c
Λ˝

D

2

“ xfb, φ xφ, fbyΛ˝y2

“ xfb, Λxφ,φy fby2

“

A

pΛxφ,φyq1{2fb, pΛxφ,φyq1{2fb
E

2

“

A

π˚
Λ˝pbq

´

pΛxφ,φyq1{2f
¯

, π˚
Λ˝pbq

´

pΛxφ,φyq1{2f
¯E

2

ď }π˚
Λ˝pbq} xf, Λxφ,φy fy2

“ }b}BΛ
xΛxf, fyφ,φy2 .

This proves Λxfb, fby ď }b}BΛ Λxf, fy.

We now have all the ingredients for the main result of this section.

Theorem 5.4. S0pGq is an ℓ1pΛ, cq´ℓ1pΛ˝, cq-pre-imprimitivity bimodule. Its completion in the

sense of Proposition 2.6 is the so-called Heisenberg module associated to Λ, denoted by EΛpGq,

which is an AΛ ´BΛ-imprimivity bimodule.

Remark 5.7. For the rest of the manuscript, the Heisenberg module EΛpGq will inherit the nota-

tion for its AΛ ´BΛ-bimodule structure from S0pGq. In particular, Λx ¨ , ¨ y : EΛpGq ˆ EΛpGq Ñ

AΛ and x ¨ , ¨ yΛ˝ : EΛpGq ˆ EΛpGq Ñ BΛ will be the associated module inner-products.

5.4 Localization

In this section we shall follow the paper [AE20] of Austad and Enstad which discusses how to

embed the abstractly constructed Heisenberg module EΛpGq into L2pGq, thereby allowing us to

identify it as an actual function space. This will allow us to do ‘ordinary’ Gabor analysis on
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EΛpGq, serving as the foundation for the original contributions of this dissertation in Chapter 7.

Note that the original paper deals with closed co-compact subspaces Λ Ď G ˆ pG instead of the

special case of lattices, so most of their results actually apply to the case where the associated

twisted group C˚-algebras C˚pΛ, cq and C˚pΛ˝, cq are not necessarily both unital. We shall have

no need for such generality for our purposes, and we will strive to give a detailed account of their

localization results where Λ Ď Gˆ pG is still a lattice as we have defined in 4.1.

To begin, we shall recall some terminology from C˚-algebras. Suppose B is an arbitrary C˚-

algebra, a trace on B, denoted by trB : B Ñ C is a linear functional on B satisfying the trace

property: trBpb1b2q “ trApb2b1q for all b1, b2 P B. We say that the trace is finite or bounded if

trB : B Ñ C is bounded as a linear functional. We say that trB is positive if trBpbq ě 0 for all

b ě 0 in B, and faithful if trBpb˚bq “ 0 ðñ b “ 0. Lastly, in the case where B is unital, we

say that trB is a tracial state if and only if trB is a positive trace and trBp1Bq “ 1, where 1B

is the identity element in B. As an elementary exercise, we have the following characterizations

of the trace, one can find these in the reference [RLL00]

Proposition 5.9. Let B be a C˚-algebra, and trB : B Ñ C, a bounded linear functional. The

following are equivalent:

1. trB is a finite trace on B;

2. For all b P B, trBpbb˚q “ trBpb˚bq.

Furthermore, in the case that B is unital: trB is a tracial state if and only if } trB } “ 1.

We can use finite positive faithful traces on B to embed any right Hilbert B-modules to a

Hilbert space. The following is also quite elementary and follows from rudimentary computations.

Proposition 5.10. If Z is a right Hilbert B-module and trB : B Ñ C is a finite positive faithful

trace, then the map

pz, yq ÞÑ trB pxy, zyBq , @pz, yq P Z ˆ Z (5.35)

defines an inner-product on Z. The completion of Z with respect to this inner-product is a Hilbert

space denoted by locpZq called the localization of Z with respect to trB . We shall denote the

inner-product and induced norm on locpZq by x¨, ¨yloc and } ¨ }loc.

173



Corollary 5.6. If Z is a right Hilbert B-module, and trB is a finite faithful trace, then the

localization-inclusion loc : Z ãÑ locpZq is continuous. The mapping is in fact functorial in the

sense that we can induce an isometric continuous map loc˚ : LBpZq Ñ LplocpZqq.

Proof. For each z P Z, we have

}z}2loc “ trBpxz, zyBq ď } trB } ¨ } xz, zyB } “ } trB }}z}2. (5.36)

This proves continuity of loc . Next, let T P LBpZq, we have from boundedness of adjointable

maps that for all z P Z

xTz, TzyB ď }T }2 ¨ xz, zyB

Now, the trace is assumed to be positive, and therefore we can pass the inequality above to trB

to obtain

}Tz}loc ď }T }}z}loc.

The inequality above implies that we can densely extend T to a bounded linear function on the

Hilbert space locpZq. The extension, we shall denote by loc˚pT q, and if we denote the Hilbert

space operator norm of loc˚pT q by } loc˚pT q}loc, then the same estimate above ensures us that

} loc˚pT q}loc ď }T }, and so the induced map loc˚ : LBpZq Ñ LplocpZqq is continuous. By

the fact that loc˚pT1 ˝ T2qpzq “ pT1 ˝ T2qpzq “ ploc*pT1q ˝ loc*pT2qqpzq for all T1, T2 P LBpZq,

and z P Z implies, by another density argument, that loc˚ respect multiplication of operators.

Finally if z, y P Z, we also have

xTz, yyloc “ xz, T ˚yyloc ,

where T ˚ is the module adjoint of T . Therefore by another density argument, we find that

loc˚pT ˚q “ loc˚pT q˚ , i.e. loc˚ is a ˚-homomorphism between C˚-algebras. Lastly, loc˚ is

obviously injective, therefore loc˚ is actually an injective ˚-homomorphism between C˚-algebras,

and therefore it must be isometric as required.

Remark 5.8. If instead, Z is a left Hilbert A-module with a finite faithful positive trace trA :

A Ñ C, then we shall still recover analogous results as in 5.10, and 5.6. We recall that what
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we want is an inner-product, i.e. a sequilinear form that is linear in the first component and

antilinear in the second-component, then we shall define locpZq, the Hilbert space localization

of Z with respect to trA via the following densely defined inner-product

xz, yyloc “ trApAxz, yyq, @pz, yq P Z ˆ Z. (5.37)

In summary, we shall use the inner-product defined by (5.35) for Hilbert right C˚-modules, while

we use (5.37) for Hilbert left C˚-modules.

Now, we want to know what happens with localization when we apply it to the case where

Z is an A ´ B imprimitivity bimodule between unital C˚-algebras A and B. The proof below

uses a straightforward approach using Corollary 5.6. A more general approach is given in [AE20,

Proposition 3.1].

Proposition 5.11. Let Z be an A´B imprimitivity bimodule for unital C˚-algebras A, B and

trB : B Ñ C a finite faithful positive trace for B, then there exists a unique finite faithful positive

trace trA : A Ñ C for A that satisfies the following

trApAxz, yyq “ trBpxy, zyBq, @z, y P Z.

Furthermore, the Hilbert space localization locpZq of Z with respect to trB coincides with the

Hilbert space localization of Z with respect to the induced trace trA when Z is considered as a

left Hilbert A-module (c.f. Remark 5.8). Consequently, loc˚ also maps every adjointable operator

LApZq isometrically to LplocpZqq.

Proof. Z is an A ´ B imprimivity bimodule between unital C˚-algebras, therefore by fullness:

A “ span tAxz, yy : z, y P Zu and B :“ spantxz, yyB : z, y P Zu and so by linearly extending the

definition

trApAxz, yyq :“ trBpxy, zyBq (5.38)

we obtain a linear functional in A. That the induced trace trA is indeed finite and faithful follows

from Rieffel’s result in [Rie81, Proposition 2.2]. Due to Equation (5.38), the localization of Z

with respect to trB (as a right B-module) and trA (as a left A-module) coincide.

We now apply the localization result in our setting. Consider the twisted group C˚-algebra
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AΛ “ C˚pΛ, cq. We know from Example 2.1 that every C˚-algebra is a (left) Hilbert C˚-module

over itself. We know that we can also define a finite, positive, and faithful trace on C˚pΛ, cq

usually termed as the canonical trace, densely defined [BO18] via

trAΛ
: a ÞÑ ap0q, @a P ℓ1pΛ, cq.

It is important to notice that trAΛ
is a tracial state in AΛ, indeed we know that δ0 is the identity

in AΛ, hence from the following computation:

trAΛ
pδ0q “ δ0p0q “ 1,

and Item 3 of Proposition 5.9, we find that } trAΛ
} “ 1.

The following result allows us to embed the seemingly abstract space AΛ into the square-

summable sequence space ℓ2pΛq.

Proposition 5.12 ([AE20, Proposition 3.3]). Consider locpAΛq, the localization of AΛ as a

Hilbert left AΛ-module with the canonical trace trAΛ
. Then the Hilbert space locpAΛq is isomet-

rically isomorphic to ℓ2pΛq, with the following dense inclusion AΛ ãÑ locpAΛq that satisfies the

following continuous commutative diagram

ℓ1pΛ, cq AΛ

ℓ2pΛq locpAΛq
–

The continuous inclusion satisfies the following estimate:

}a}2 ď }a}AΛ
, @a P AΛ. (5.39)

Proof. Given a1,a2 P ℓ1pΛ, cq, we compute the following:

xa1,a2yloc “ trΛpa1 ˚ a˚
2q “

ż

Λ
a1pλ1qa˚

2p´λ1qcpλ1,´λ1qdµΛpλ1q

“

ż

Λ
a1pλ1qa2pλ1qcp´λ1,´λ1qcpλ1,´λ1qdµΛpλ1q “

ż

Λ
a1pλ1qa2pλ1qdµΛpλ1q “ xa1,a2y .

We find then, that for a P ℓ1pΛ, cq, }a}loc “ }a}2, but ℓ1pΛq is dense in AΛ. So if a P AΛ, we find
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that for an Ñ a under the AΛ-norm with tanun Ď ℓ1pΛ, cq:

}a}loc “ lim
nÑ8

}an}loc “ lim
nÑ8

}an}2. (5.40)

Therefore, we can identify the localization-norm on AΛ with the ℓ2pΛq-norm. This truly makes

sense following the estimate in (5.36):

}an ´ am}2 “ }an ´ am}loc ď } trAΛ
}}an ´ am}C˚pΛ,cq Ñ 0

as m,n Ñ 8, so the right-hand side of (5.40) does converge in the ℓ2pΛq-norm, and so we

can embed AΛ inside ℓ2pΛq by identifying a with the corresponding ℓ2pΛq sequence that tanun

converges to in ℓ2pΛq-norm (and denoting it still by a). Using this identification, if a P AΛ it

follows from the same estimate (5.36) and the fact that } trΛ } “ 1 (it is a tracial state) that

}a}2 ď
a

} trΛ }}a}C˚pΛ,cq ď }a}C˚pΛ,cq.

That the diagram in the statement does commute follows from what we have just discussed, and

the identification of ℓ2pΛq with locAΛq follows from the fact that their inner products agree on

the dense subspace ℓ1pΛ, cq.

We can also consider the twisted C˚-algebra BΛ “ C˚pΛ˝, cq, and we indeed have a result

that is analogous to Proposition 5.12. However, we generally lose the estimate as in (5.39) when

we equip BΛ with the canonical trace given densely via

trBΛ
: b ÞÑ bp0q, @b P ℓ1pΛ˝, cq.

Looking closely, because of our choice of the measure, the identity element in BΛ is given by

dpΛqδ0, and so

trBΛ
pdpΛqδ0q “ dpΛqδ0 “ dpΛq,

so trBΛ
is not a tracial state unless dpΛq “ 1. What we do find from the previous computation

is that the rescaling 1
dpΛq

trBΛ
is a tracial state, and therefore

›

›

›

›

1

dpΛq
trBΛ

›

›

›

›

“ 1 ùñ } trΛ˝ } “ dpΛq.
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As a result, we can run the same program that we did for AΛ (except this time we treat BΛ as a

Hilbert right BΛ-module) which mostly spits out the same result, but with a different estimate.

Proposition 5.13. Consider locpBΛq, the localization of BΛ as a Hilbert right BΛ-module with

the canonical trace trBΛ
. Then the Hilbert space locpBΛq is isometrically isomorphic to ℓ2pΛ˝q,

with the following dense inclusion BΛ ãÑ locpBΛq that satisfies the following continuous commu-

tative diagram
ℓ1pΛ˝, cq BΛ

ℓ2pΛ˝q locpBΛq
–

The continuous inclusion satisfies the following estimate:

}b}2 ď
a

dpΛq}b}BΛ
, @b P BΛ. (5.41)

We can do a similar thing for the Heisenberg module EΛpGq, using the result of Proposition

5.11 instead.

Proposition 5.14 ([AE20, Proposition 3.5]). The localization of EΛpGq with respect to the canon-

ical trace on trBΛ
or the canonical trace trAΛ

, denoted by locpEΛpGqq, is isometrically isomorphic

to L2pGq. The following diagram of dense embeddings commute:

S0pGq EΛpGq

L2pGq locpEΛpGqq
–

We have the following estimate on the norms:

}f}2 ď
a

dpΛq}f}EΛpGq, @f P EΛpGq. (5.42)

Furthermore, the C˚-algebra of BΛ-adjointable (resp. AΛ-adjointable) maps LAΛ
pEΛpGqq (resp.

LBΛ
pEΛpGqq) embed isometrically to the C˚-algebra LpL2pGqq via extension through localization.

Proof. We note that given f, g P S0pGq,

trAΛ
pΛxf, gyq “ xf, πp0qgy “ xf, gy “ xf, π˚p0qgy “ xg, fyΛ˝ “ trBΛ

pxg, fyΛ˝q. (5.43)
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Therefore by density argument, the unique induced trace tr : AΛ Ñ C by trΛ˝ that satisfies

trpΛxf, gyq “ trBΛ
pxg, fyΛ˝q

is exactly trAΛ
. Now by Proposition 5.11, we find that the localization of EΛpGq with respect

to either trAΛ
or trBΛ

coincide. We can safely denote the localization of EΛpGq by locpEΛpGqq

without ambiguity. If f P EΛpGq such that fn Ñ f in EΛpGq-norm with tfnun Ď S0pGq, we can

now further see from Equation (5.43) that

}f}loc “ lim
nÑ8

}f}loc “ lim
nÑ8

}fn}2.

Since

}fn ´ fm}22 “ xfn ´ fm, fn ´ fmy2 “ trBΛ
pxfn ´ fm, fn ´ fmyΛ˝q ď } trBΛ

}2}fn ´ fm}2EΛpGq Ñ 0

(5.44)

as n,m Ñ 8.We can therefore identify the localization-norm on EΛpGq with the L2pGq-norm, and

the previous calculation shows that EΛpGq can be embedded inside L2pGq by identifying f with

the limit of tfnun in L2pGq-norm, which we know converges by 5.44. Using this identification,

we have for f P EΛpGq

}f}22 “ xf, fy2 “ trBΛ
pxf, fyΛ˝q ď } trBΛ

}}f}2EΛpGq “ dpΛq}f}2EΛpGq.

This also implies that the diagram of dense inclusions above does commute, and the identification

of L2pGq with locpEΛpGqq is valid because x¨, ¨yloc and x¨, ¨y coincide in their common dense

subspace S0pGq. The last statement is just the application of the last statement of Proposition

5.11 in the Heisenberg module setting.

Now that we can comfortably see EΛpGq as a dense subspace of L2pGq, we shall see that it

inherits much of the properties of the Feichtinger’s algebra S0pGq.

Proposition 5.15 ([AE20, Lemma 3.8]). Let g, h P S0pGq, consider θg,h P LAΛ
pEΛpGqq. Then

loc˚pθg,hq “ Sg,h,Λ, i.e. the (module) frame operator in EΛpGq can be be extended by localization

to a Gabor frame operator in L2pGq.

179



Proof. If f P S0pGq, we have

loc˚pθg,hqpfq “ θg,hpfq “ Λxf, gy ¨ h “

ż

Λ
xf, πpλqgy2 πpλqhdµΛpλq “ Sg,hf.

Now take f P EΛpGq, and suppose we have tfnun Ď S0pGq such that fn Ñ f in the EΛpGq-norm,

but then Estimate (5.42) implies that fn Ñ f in L2pGq-norm as well. Therefore

loc˚pθg,hqpfq “ lim
n

loc˚pθg,hqpfnq “ lim
n
Sg,h,Λpfnq “ Sg,h,Λpfq.

This shows they agree in EΛpGq, i.e. loc˚pθg,hq|EΛpGq “ θg,h “ pSg,h,Λq|EΛpGq, therefore loc˚pθg,hq “

Sg,h,Λ.

The following is an immediate corollary, when combined with our knowledge of the operator

norm of the frame operator.

Corollary 5.7. For each g P S0pGq, we have the following characterization of the EΛpGq-norm:

}g}EΛpGq “ }θg}
1{2
LAΛ

pEΛpGqq
(5.45)

“ }Sg,Λ}1{2 (5.46)

“ inftB1{2 : B is a Bessel bound for Gpg,Λqu. (5.47)

Proof. It follows from Proposition 2.29, Proposition 5.15, and the fact that localization on ad-

jointable maps is an isometry that: }g}EΛpGq “ }θg}
1{2
LAΛ

pEΛpGqq
“ }Sg,Λ}1{2. All that remains is to

show Equation 5.47. However, it easily follows from Equation (4.23).

What we would like to do is to extend these results fully to the Heisenberg module. Firstly, one

sees that an extension of Equation (5.47) to the Heisenberg module is essentially the following

result.

Proposition 5.16 ([AE20, Proposition 3.11]). If g P EΛpGq, then Gpg,Λq is a Bessel family,

and that

}g}EΛpGq “ inftB1{2 : B is a Bessel bound for Gpg,Λqu (5.48)

Consequently, the Gabor analysis, Gabor synthesis, and Gabor frame operators are all bounded
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linear operators on L2pGq. In particular, Equation (5.46) is true when g P EΛpGq :

}g}EΛpGq “ }Sg,Λ}1{2. (5.49)

Proof. Given g P EΛpGq, we only need to prove Equation (5.49), and the rest of the proposition

will follow.

To start, let tgnunPN Ď S0pGq such that }g ´ gn}EΛpGqq Ñ 0. It follows that tgnunPN is a

Cauchy sequence in EΛpGq-norm, hence in conjunction with Equation (5.46), the sequence of

operators tSgn,ΛunPN is also Cauchy in LpL2pGqq. Since LpL2pGqq is a Banach space, there exists

a T P LpL2pGqq such that T “ limn Sgn,Λ. On the other hand, it follows from Estimate (5.42)

that }g ´ gn}2 Ñ 0 as well, therefore for any f P L2pGq:

}Sg,Λf ´ Sgn,Λf}2 ď lim
n

ÿ

λPΛ

| xf, πpλqrg ´ gnsy2 |}g ´ gn}2

ď
ÿ

λPΛ

ˇ

ˇ

ˇ

A

f, πpλq lim
n

rg ´ gns

E

2

ˇ

ˇ

ˇ
lim
n

}g ´ gn}2.

Hence }Sg,Λf ´ Sgn,Λf} Ñ 0. We can always write:

}Tf ´ Sg,Λf}2 ď }Tf ´ Sgn,Λf}2 ` }Sgn,Λf ´ Sg,Λf}2,

so by taking the limit of the inequality above, we see that Tf “ Sg,Λf . Since f P L2pGq

is arbitrary, we conclude that T “ Sgn,Λ. It now follows that }g}EΛpGqq “ limn }gn}EΛpGq “

limn }Sgn,Λ}1{2 “ }T }1{2 “ }Sg,Λ}1{2 as required.

The last proposition allows us to fully see EΛpGq as a function space inside L2pGq suitable

for time-frequency analysis since we will always get a Bessel family from the time-frequency

shifts of elements coming from the Heisenberg module, just like the Feichtinger’s algebra. We

may even opt to take the definition of EΛpGq to be the norm completion of S0pGq under the

Bessel-bound-norm (i.e. the norm on the right hand side of (5.48)), with the added bonus that

is actually an imprimitivity bimodule between C˚pΛ, cq and C˚pΛ˝, cq.

The proofs [AE20, Theorem 3.15 & Proposition 3.18] for the next results two results are

similar in principle to Proposition 5.16, where they approximate EΛpGq using sequences in S0pGq.

These two are also crucial for the original results of this dissertation (see Chapter 7).

Lemma 5.3. For g, h P EΛpGq, then loc˚pθg,hq “ Sg,h,Λ.
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Corollary 5.8 (Janssen’s Representation for Heisenberg Modules). For all g, h P EΛpGq,

Sg,h,Λ “
1

dpΛq

ÿ

λ˝PΛ˝

xh, πpλ˝qhy2 πpλ˝q (5.50)

Remark 5.9. It is important to realize that (5.50) is a true extension of the Janssen’s represen-

tation (4.51), and at the same time also a concrete realization of the symmetry between the

module inner-products

Λxξ, ηy ¨ γ “ ξ ¨ xη, γyΛ˝ , @ξ, η, γ P EΛpGq.

We summarize the characterization of the Heisenberg module as a function space.

Theorem 5.5. We can characterize EΛpGq by the following: EΛpGq is the completion of S0pGq

on L2pGq with respect to the following norm

}f}EΛpGq “ inf
!

C1{2 : C is a Bessel bound for Gpf,Λq

)

. (5.51)

The characterization also respects the AΛ ´ BΛ-imprimitivity bimodule structure of EΛpGq, so

that for all a P AΛ, b P BΛ, f, g P EΛpGq :

1. a ¨ f “ πΛpaqf P EΛpGq;

2. f ¨ b “ π˚
Λ˝pbqf P EΛpGq;

3. Λxf, gy P AΛ;

4. xf, gyΛ˝ P BΛ.

Since we chose to work with lattices Λ, it follows that C˚-algebra BΛ is unital. Therefore it

follows from Corollaries 2.7 and 2.8 that EΛpGq has further properties, and its adjointable maps

can further be characterized.

Corollary 5.9. The Heisenberg module EΛpGq is finitely generated and self-dual.

We shall end this section with the fulfillment of our promises. Recall in Section 4.2 of Chapter

4 that we skipped the proof of Wexler-Raz biorthogonality relations of Theorem 4.3, and the

density result of Theorem 4.4. We did so because we will only use their Heisenberg module

versions in Chapter 7. Below, we give an operator algebraic proof of these results. Before we

start, let us first clarify that another expected result holds: module frames for EΛpGq are exactly

Gabor frames in L2pGq.
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Theorem 5.6 ([AE20, Theorem 3.16]). The finite set g1, ..., gn P EΛpGq generates a (module)

frame in EΛpGq if and only if
Ťn
i“1 Gpgi,Λq is a multi-window Gabor frame in L2pGq.

Proof. The finite set g1, .., gn is a (module) frame in EΛpGq if and only if given g “ tg1, ..., gnu,

the (module) frame operator θg P LAΛ
pEΛpGqq is invertible (c.f. Corollary 2.10). Localization on

operators loc˚ : LAΛ
pEΛpGqq ãÑ LpL2pGqqq is an embedding of unital C˚-algebras (c.f. Proposi-

tion 5.11), therefore by inverse-closedness of C˚-algebras, θg is invertible in LAΛ
pEΛpGqq if and

only of loc˚pθgq “
řn
i“1 Sgn,Λ is invertible, equivalently

Ťn
i“1 Gpgi,Λq is a multi-window Gabor

frame (see Definition 4.7 and Remark 4.2).

Remark 5.10. It follows from Theorem 5.6 and Corollary 5.9 that multi-window Gabor frames

always exists for L2pGq.

Corollary 5.10 (Wexler-Raz for Heisenberg Modules). Let Gpg,Λq and Gph,Λq be dual Gabor

frames in L2pGq with g, h P EΛpGq. Then

xg, hyΛ˝ “ dpΛqδ0.

Proof. If Gpg,Λq and Gph,Λq are dual Gabor frames in L2pGq with g, h P EΛpGq, then Sg,h,Λ “

IdL2pGq. By restricting the frame operator Sg,h,Λ to EΛpGq, we find that θg,h “ IdEΛpGq . It

now follows from Wexler-Raz identity for modules (2.16) that xg, hyΛ˝ “ 1BΛ
, where 1BΛ

is the

identity element in BΛ. It follows from definition of BΛ that 1BΛ
“ dpΛqδ0. We are done.

Corollary 5.11. Let g P EΛpGq such that Gpg,Λq is a Gabor frame, then dpΛq ď 1.

Proof. Let g P EΛpGq generate a Gabor frame Gpg,Λq, then θg P LAΛ
pEΛpGqq is invertible, in

particular, following Remark 2.14 h :“ θ
´1{2
g g is a Parseval frame. Since the dual frame of

a Parseval frame is itself, then it follows from Wexler-Raz identity from Corollary 2.16 that

xh, hyΛ˝ “ 1BΛ
. Parseval frames correspond to projections in AΛ, as we shall see below:

Λxh, hy Λxh, hy “ ΛxΛxh, hyh, hy “ Λxh xh, hyΛ˝ , hy “ Λxh1BΛ
, hy “ Λxh, hy .

Since the identity 1AΛ
is the maximal projection, we have Λxh, hy ď 1AΛ

. The following com-

putation follows from Proposition 5.11 and the fact that positive traces preserve the poset of

projections:

dpΛq “ trBΛ
p1BΛ

q “ trBΛ
pxh, hyΛ˝q “ trAΛ

pΛxh, hyq ď trAΛ
p1AΛ

q “ 1.
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As required.

Remark 5.11. The original proof in [AJL20, Theorem 3.28] given for Corollary 5.11 actually

holds for a much general case, however it would require us to generalize to matrices of Heisenberg

modules. In any case, it can be shown that if Gpg1, ..., gn,Λq is a multi-window Gabor frame

with g1, ..., gn P EΛpGq then dpΛq ď n.
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Chapter 6

Banach and C˚-Bundles

In this chapter, we lay down the necessary tools that would allow us to precisely define what it

means to have a continuously varying family of Heisenberg modules. Bundles of vector spaces

are ubiquitous in topology and geometry. However, we will be interested in bundles whose fibers

are, in general, infinite-dimensional Banach spaces, with some emphasis in the case when they

are C˚-algebras. The basics of Banach bundles can be found in the first volume of Fell’s tomes

[FD88], and the slightly older book by Dixmier [Dix82] where the essential Banach bundles that

we are interested in are called "Continuous Fields of Banach Spaces". For a more abstract

approach on the C˚-bundle case, one can consult Appendix C of Williams’ book [Wil07].

Definition 6.1. A bundle is a triple B “ pB, ρ,Xq where ρ : B Ñ X is an open continuous

surjection from a Hausdorff space B to a Hausdorff space X. We call X the base space, while

B the bundle space or total space. The map ρ is called the bundle projection map. For

each x P X, we call ρ´1pxq :“ Bx the fiber over x. A section of the bundle B “ pB, ρ,Xq is any

function f : X Ñ B such that ρ˝fpxq “ x for all x P X (which implies that fpxq P ρ´1pxq “ Bx).

We say that f passes through s P B if and only if s P Impfq. A bundle B “ pB, ρ,Xq has

enough sections if for each s P B, there is a section f : X Ñ B that passes through s.

The map ρ : B Ñ X is enough to determine a bundle, and we will usually refer to a bundle

by the bundle projection map itself. To add context, in general, a section of a map q : X Ñ Y

is any other map s : Y Ñ X such that q ˝ s “ IdY . We are generally only concerned in sections

of bundles though, in this case, when the context is clear we talk about sections f : X Ñ B with

respect to the bundle projection ρ. That f is a section of ρ ensures us that pρ ˝ fqpxq “ x, which

implies that fpxq P ρ´1pxq :“ Bx. Furthermore, note that for s, t P X, we have the following
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chain of equalities: ρ´1ptq X ρ´1pxq ‰ H if and only if t “ x if and only if ρ´1ptq “ ρ´1pxq. In

other words Bx “ Bt if and only if x “ t. Since ρ is surjective, we see that we can identify B with

the disjoint union
Ů

xPX Bx.

Remark 6.1. Suppose that f is a section of ρ : B Ñ X that passes through s P B. We have some

x P X such that

fpxq “ s.

By definition of a section, this means that ρpfpxqq “ x “ ρpsq, therefore

fpρpsqq “ s.

That is, f passes through s P B if and only if fpρpsqq “ s.

Definition 6.2. A Banach bundle B over X is a bundle B “ pB, ρ,Xq over X, together with

operations and norms making each fiber Bx px P Xq into a Banach space, and satisfying the

following conditions:

1. The map s ÞÑ }s}Bx is continuous from B to R;

2. The operation ` is continuous as a function on tps, tq P B ˆ B : ρpsq “ ρptqu to B for each

s, t P X;

3. For each complex λ, the map s ÞÑ λ ¨ s is continuous from B to B;

4. If x P X and tsiui is any net of elements in B such that }si}Bxi
Ñ 0 and ρpsiq Ñ x, then

si Ñ 0x where 0x is the additive identity on Bx and si P Bxi for each i.

Furthermore, if each fiber Bx is a C˚-algbera, then with the added hypothesis that

5. The multiplication ¨ is continuous as a function on tps, tq P B ˆ B : ρpsq “ ρptqu to B;

6. The involution s ÞÑ s˚ is continuous from B to B,

then B is called a C˚-bundle. We shall drop the subscripts Bx when the context is clear that

we are taking norms with respect to fibers.

Explicitly, the Banach space structure on the fibers gives our projection map some basic

mapping properties, for example, if s P B such that ρpsq “ x, then it is in the fiber s P Bx, but
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in particular Bx is a linear space, and so λs` b P Bx for any λ P C and b P Bx (this is implicitly

used to make sense of Axiom 3 above). This linear structure gives us

ρpλs` bq “ x “ ρpsq “ ρpbq. (6.1)

For the rest of the manuscript, given a bundle ρ : B Ñ X, we denote the collection of

continuous sections by Γpρq. As an immediate exercise on the definitions, we have the following

result.

Proposition 6.1. Let ρ : X Ñ B be a Banach bundle, then the zero section that maps 0 : x ÞÑ 0x

for each x P X is in Γpρq.

Proof. Let txiui be a net in X that converges to x. Consider the net t0xiui in B, then trivially

}0xi} Ñ 0. Because 0pxiq “ 0xi by definition, then ρp0xiq “ ρp0pxiqq “ xi Ñ x by hypothesis.

However, ρ : X Ñ B is a Banach bundle, this means that the Axiom 4 of Definition 6.2 implies

that 0xi “ 0pxiq Ñ 0x. Therefore by net criterion, the zero section 0 : X Ñ B is continuous, that

is, 0 P Γpρq.

Corollary 6.1. The collection Γpρq is a complex linear space.

Proof. The zero element is the map 0 : x ÞÑ 0x, as in the proposition above. The rest of the

linear structure axioms immediately follow from Items 2 and 3 in Definition 6.2.

The axioms of the Banach bundle actually afford us a stronger continuity condition as we

shall see below.

Proposition 6.2 ([FD88, 13.10]). Let ρ : X Ñ B be a Banach bundle, then the map pλ, sq ÞÑ λ¨s

is continuous from C ˆ B to B.

Proof. Let tλiui Ď C, and tsiui Ď B be nets that converge to λ P C and s P B respectively. Using

Equation (6.1) and continuity of the bundle projection map

ρpλisi ´ λsiq “ ρppλi ´ λqsiq “ ρpsiq Ñ ρpsq.

Furthermore, }λisi´λs} “ |λi´λ|}si} Ñ 0 via continuity Axiom 1 in Definition 6.2. Althogether,

with Axiom 4 of Definition 6.2, we have shown that λis´ λs Ñ 0ρpsq. Finally, combine this with
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Axioms 2 and 3 of Definition 6.2, we conclude that

λisi “ pλisi ´ λsiq ` λsi Ñ 0ρpsq ` λs “ λs

as required.

Corollary 6.2. Let ρ : X Ñ B be a Banach bundle, f P Γpρq, and φ P CpXq. Then φ ¨ f P Γpρq

where pφ ¨ fqpxq “ φpxq ¨ fpxq.

Proof. The map x ÞÑ pφpxq, fpxqq is continuous from X to C ˆ B (since the map to each factor

is continuous), therefore by Proposition 6.2, the map x ÞÑ φpxq ¨ fpxq is also continuous.

Here we also have a basic result result which would help us verify continuity of a section.

Lemma 6.1. Let ρ : B Ñ X be a Banach bundle. Let tsiuiPI be a net of elements in B such that

s P B with ρpsiq Ñ ρpsq. Suppose further that for each ε ą 0, there exists a net tuiuiPI Ď B, and

an element u P B such that

1. ui Ñ u;

2. ρpsiq “ ρpuiq;

3. }s´ u} ă ε;

4. }si ´ ui} ă ε for large enough i,

then si Ñ s in B.

Proof. Note that Item 2 above imply that the nets ρpsiq and ρpuiq converge to the same limit,

and therefore ρpsq “ ρpuq, which further implies that u and s belong to the same fiber, hence

Item 3 above makes sense.

Take any subnet of tsiuiPI , relabel it and call it tsiuiPI still, using Proposition B.5, it is

enough that we find another subnet of tsiuiPI that converges to s. Now note by hypothesis that

ρpsiq Ñ ρpsq. From open-ness of ρ, there exists (here we avoid the ‘relabeling’ argument to avoid

confusion) txjujPJ Ď X, a subnet of tρpsiquiPI and ttjujPJ such that

1. ρptjq “ xj ;

2. tj Ñ s.
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If the subnet above is implemented by the map N : J Ñ I, then we have ρptjq “ xj “ ρpsNpjqq Ñ

ρpsq as well from Proposition B.3. Now pick an arbitrary ε ą 0, and choose the net tuiuiPI Ď B

and u P B as in the hypothesis. We find that from continuity of addition in the total space and

the fact that all the terms involved below are in the same fibers that:

tj ´ uNpjq Ñ s´ u.

Since }s´ u} ă ε, then }tj ´ uNpjq} ă ε eventually for large enough j P J. Therefore

}sNpjq ´ tj} ď }sNpjq ´ uNpjq} ` }upjq ´ tNpjq} ď 2ε,

since ε is arbitrary, then }sNpjq ´ tj} Ñ 0. We use the fact that ρpsNpjq ´ tjq “ xj Ñ ρpsq, finally

we have from Axiom 4 of Definition 6.2 that sNpjq ´ tj Ñ 0ρpsq. From which we can conclude

that

sNpjq “ psNpjq ´ tjq ` tj Ñ 0ρpsq ` s.

Therefore we have found a subnet tsNpjqujPJ of tsiuiPI that converges to s as required.

Remark 6.2. A bit of comment regarding the proof above: It is important to notice that ttjujPJ

is not a subnet of tsiuiPI as it is not even necessarily true that sNpjq “ tj (we even went through

the painstaking task of proving that the best that we can do is sNpjq ´ tj Ñ 0ρpsq).

As we have noted above, we can now use Lemma 6.1 to prove that a section that is the

uniform limit of continuous sections is itself a continuous section.

Corollary 6.3. Let ρ : B Ñ X be a Banach bundle and tfiui Ď Γpρq a net of continuous sections,

if f is a section of ρ such that

sup
xPX

}fpxq ´ fipxq} Ñ 0

then f P Γpρq.

Proof. Let pxjqj be a net in X and x P X such that xj Ñ x. We will use Lemma 6.1, set

psjqj “ fpxjq, and s “ fpxq. We know that ρpsjq “ xj and ρpsq “ x since we are dealing with
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sections, therefore ρpsjq Ñ ρpsq. For ε ą 0, choose β such that

sup
zPX

}fβpzq ´ fpzq} ă ε.

We set uj “ fβpxjq, with u “ fβpxq.

1. By continuity of fβ, we know that uj Ñ u;

2. ρpujq “ ρpsjq “ xj for all j;

3. }fpxq ´ fβpxq} “ }s´ u} ă ε, and;

4. }sj ´ uj} “ }fpxjq ´ fβpxjq} ď supzPX }fpzq ´ fβpzq} ă ε.

Therefore by the previous theorem, fpxjq “ sj Ñ s “ fpxq as required.

We denote by Γ0pρq the Banach space (it is a subspace of Γpρq) of continuous sections that

vanish at infinity, equipped with the supremum norm. Precisely, f P Γ0pρq if and only if for

each ε ą 0, there exists a compact subset Mε Ď X such that }fpxq} ă ε whenever x P XzMε.

Because X is Hausdorff, this is equivalent to: for each ε ą 0, the set tx P X : }fpxq} ě εu

is compact. Note that when ρ : B Ñ X is a C˚-bundle, then Γ0pρq is a C˚-algebra with

the obvious operations defined pointwise. We will also make use of the following notation:

Γxpρq “ tγpxq P Bx : γ P Γpρqu, and similarly Γx0pρq “ tγpxq P Bx : γ P Γ0pρqu. For the rest of

the manuscript, we shall call Γ0pρq the section space, or the section C˚-algebra, if B is a

C˚-bundle.

We can now start with the proper discussion of construction of Banach bundles. The following

result is from [FD88, Theorem 13.18]. Let us work with the following setting, we let X be a

Hausdorff space, B a generic untopologized set, and ρ : B Ñ X a surjective map such that for

each x P X, the preimage ρ´1pxq :“ Bx is a complex Banach space. We see here that ρ : B Ñ X

is not a bundle, because B is untopologized, and hence ρ does not have any coherent notion

of open-ness, nor continuity. Our goal here is to endow a topology on B such that the triple

pB, ρ,Xq becomes a Banach bundle. To this end we have the following theorem, which we shall

prove for the C˚-bundle case since the proof for the Banach bundle case can easily be modified

from the one that we are about to present below.

Theorem 6.1. If ρ : B Ñ X is a surjective map such that ρ´1pxq :“ Bx is a C˚-algebra (complex

Banach space) for each x P X, and there exists a ˚-algebra (complex linear space) of sections Γ

of ρ, with the added properties that
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1. For all γ P Γ, the function x ÞÑ }γpxq} is a continuous function from X to R;

2. For each x P X, Γx :“ tγpxq | γ P Γu is dense in Bx.

Then there exists a unique topology on B that makes ρ : B Ñ X a C˚-bundle (Banach bundle)

over X such that the elements of Γ are continuous sections of ρ, i.e. Γ Ď Γpρq. Explicitly, a

basis for the topology on B is given by

W pf, U, εq “ ts P B : ρpsq P U, }s´ fpρpsqq} ă εu (6.2)

for f P Γ, U an open set in X and ε ą 0.

Proof. We first show that if we assume that there is indeed a topology for B such that ρ : B Ñ X

is a Banach bundle with Γ Ď Γpρq, then the topology musst be uniquely determined by Γ. To

do this, let us suppose there is some topology τ on B where our statement holds. It follows from

hypothesis and Lemma 6.1 that the net tsiuiPI converges to s P B in the topology τ if and only

if ρpsiq Ñ ρpsq and that for each ε, there is an f P Γ such that }fpρpsqq ´ s} ă ε and that

}fpρpsiqq ´ si} ă ε (since }fpρpsiqq ´ si} Ñ }fpρpsqq ´ s}) for a large enough i. Notice that one

side of this equivalence is independent of whichever topology we have for B, and so if τ1 and τ2

are two topologies in B where our statement holds, then we have the net convergence si Ñ s in

τ1 if and only if it also converges in τ2.

It still remains to show that such a topology exists and that we have all the property that

we want. We will subdivide the rest of the proof into three steps: (1) Show that (6.2) defines a

base for a topology of B; (2) Show that this topology makes ρ : B Ñ X a C˚-bundle, and; (3)

Show that every Γ is continuous in this topology.

1. (Step 1). It is immediate from the properties of Γ that the collection of all W pf, U, εq in

(6.2) covers B, so it only remains to show that given W pf1, U2, ε1q and W pf2, U2, ε2q in

the collection, we have that if s P W pf1, U1, ε1q X W pf2, U2, ε2q, then there exists some

W pf3, U3, ε3q in the collections such that s P W pf3, U3, ε3q Ď W pf1, U1, ε1qXW pf2, U2, ε2q.

We start with s P W pf1, U1, ε1q X W pf2, U2, ε2q, so that }s ´ pf1pρpsqq} ă ε1 and }s ´

f2pρpsqq} ă ε2 holds. Choose 0 ă ε1
1 ă ε1 and 0 ă ε1

2 ă ε so that both }s´ f1pρpsqq} ă ε1
1

and }s ´ f2pρpsqq} ă ε1
2. Then define ε3 “ 1

2mintε1 ´ ε1
1, ε2 ´ ε1

2u, so that if we choose

f3 P Γ where }s´ f3pρpsqq} ă ε3, we find that

}hpρpsqq ´ f1pρpsqq} ď }hpρpsqq ´ s} ` }s´ f1pρpsqq} ď ε3 ` ε1
1
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}hpρpsqq ´ f2pρpsqq} ď }hpρpsqq ´ s} ` }s´ f2pρpsqq} ď ε3 ` ε1
2.

f3 ´ fi P Γ for i “ 1, 2 so that x ÞÑ }f3pxq ´ fipxq} is continuous, therefore there exists an

open U3 Ď U1 X U2 such that ρpsq P U3 and that for all x P U3 :

}f3pxq ´ f1pxq} ă ε3 ` ε1
1

}f3pxq ´ f2pxq} ă ε3 ` ε1
2.

We see that s P W pf3, U3, ε3q. If b P W pf3, U3, ε3q, we have ρpbq P U3, and we find that for

i “ 1, 2

}b´ fipρpbqq} ď }b´ f3pρpsqq} ` }f3pρpsqq ´ fipρpsqq}

ă ε3 ` pε3 ` ε1
iq ď pεi ´ ε1

iq ` εi ă εi

Therefore s P W pf3, U3, ε3q Ď W pf1, U1, ε1q X W pf2, U2, ε2q as required, hence we have a

base for a topology of B.

2. (Step 2). We shall first show that ρ : B Ñ X is an open continuous map in this topology.

Consider W pf, U, εq in the collection (6.2), we have that if x P U , then fpxq P W pf, U, εq

with x “ ρpfpxqq so that U Ď ρpW pf, U, εqq. The reverse inclusion obvious from definition

of W pf, U, εq. Therefore ρpW pf, U, εqq “ U , which shows that ρ is open. Let s P B and

ρpsq P U for some open set U , choose f P Γ such that }s´fpρpsqq} ă 1, then ρpW pf, U, 1qq Ď

U with s P W pf, U, 1q, so ρ is continuous at s, and since s P B is arbitrary, ρ : B Ñ X must

be a continuous function. We have shown that ρ : B Ñ X is a bundle projection map. We

still have to verify that Items (1)-(6) of Definition 6.2 all hold.

(a) (Item 1). To show that s ÞÑ }s} is continuous, fix s0 P B and ε ą 0 such that }s0} ă ε.

Choose 0 ă ε1 ă ε such that }s0} ă ε´ 2ε1 ă ε. Let f P Γ such that }s0 ´ fpρps0qq} ă

ε1. Therefore }fpρps0qq} ď }s0 ´ fpρps0qq} ` }s0} ă ε1 ` pε ´ 2ε1q ă ε ´ ε1. Since

x ÞÑ }fpxq} is continuous, we can find an open set U Q ρps0q such that }fpxq} ă ε´ε1.

Finally, we have the open set W pf, U, ε1q Q s0 such that if s P W pf, U, ε1q we have

}s} ď }s´ fpρpsqq} ` }fpρpsqq} ă ε1 ` ε´ ε1 ă ε.
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By possibly ‘translating’ the open sets involved, we have shown that s ÞÑ }s} is

continuous.

(b) (Item 2). We want to show that the addition map Bfiber :“ tps, bq P B ˆ B : ρpsq “

ρpbqu Ñ B is continuous. To set notation, if B1,B2 Ď B, then we define B1 ` B2 “

ts1 ` s2 P B : s1 P B1 s2 P B2 and ρps1q “ ρps2qu. Now let ps, bq P Bfiber with

s ` b P W pf, U, εq, and set ρpsq “ ρpbq “ ρps ` bq “: x P X. Choose 0 ă ε1 such that

}ps` bq ´ fpxq} ă ε´ 2ε1. From hypothesis we can also pick gs, gb P Γ such that

}s´ gspxq} ă
ε1

2

}b´ gbpxq} ă
ε1

2
.

So }ps` bq ´ pgspxq ` gbpxqq} ă ε1. Alltogether

}fpxq ´ pgspxq ` gbpxqq} ď }fpxq ´ ps` bq} ` }ps` bq ´ pgspxq ` gbpxqq}

ď pε´ 2ε1q ` ε “ ε´ ε1.

Since f ´ pgs ` gbq P Γ, we find that there exists an open neighborhood V Q x such

that V Ď U and for all y P V

}fpyq ´ pgspyq ` gbpyqq} ă ε´ ε1.

Note that ps, bq P W pgs, V,
ε1

2 q ˆ W pgb, V,
ε1

2 q. Let pa, cq P W pgs, V,
ε1

2 q ˆ W pgb, V,
ε1

2 q

with ρpaq “ y “ ρpbq, then

}pa` cq ´ fpyq} ď }pa` cq ´ pgspyq ` gbpyq} ` }fpyq ´ pgspyq ` gbpyq}

ď ε1 ` pε´ ε1q “ ε.

Thus we have shown that s ` b P W pgs, V,
ε1

2 q ` W pgb, V,
ε1

2 q Ď W pf, U, εq. Therefore

fiberwise addition is continuous in the total space B.

(c) (Item 3). If λ ‰ 0, then s P W pf, U, εq if and only if λs P W pλf, U, |λ|εq. So s ÞÑ λs

is continuous.

(d) (Item 4). Fix x P X and a net tsiuiPI such that }si} Ñ 0, and ρpsiq Ñ x. Take an open

set W pf, U, εq Q 0x, we want to show that tsiuiPI is eventually in W pf, U, εq. Choose
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0 ă ε1 ă ε such that }fpxq} ă ε ´ ε1. By hypotheses, for a large enough i: tρpsiquiPI

is eventually in U because x P U , }fpρpsiqq} ă ε ´ ε1, and }si} ă ε1. Alltogether, for

a large enough i

}si ´ fpρpsiqq} ď }si} ` }fpρpsiqq} ă ε1 ` pε1 ´ εq ă ε.

Therefore tsiuiPI is eventually in W pf, U, εq as required.

(e) (Item 5). We want to show that the multiplication map from the space (with relative

topology) Bfiber “ tps, bq P B ˆ B : ρpsq “ ρpbqu Ñ B is continuous. To set notation,

if B1,B2 Ď B, we define B1B2 :“ ts1s2 P B : s1 P B1, s2 P B2, and ρps1q “ ρps2qu.

Now let ps, bq P Bfiber such that sb P W pf, U, εq. Note that we can set ρpsq “ ρpbq “

ρpsbq “: x P X. We choose ε1 such that

}sb´ fpxq} ă ε´ 2ε1.

By hypothesis in Γ, there are gs P Γ and gb P Γ such that

}s´ gspxq} ă εs :“ min

"

ε1

2p}b} ` 1q
,
1

2

*

}b´ gbpxq} ă εb :“ min

"

ε1

2p}s} ` 1q
,
1

2

*

These choices give us }gspxq} ď εs ` }s} ă 1
2 ` }s}, and similarly }gb} ă 1

2 ` }b}.

Alltogether,

}sb´ gspxqgbpxq} ď }sb´ sgbpxq} ` }sgbpxq ´ gspxqgbpxq}

ď }s}}b´ gbpxq} ` }s´ gspxq}}gbpxq}

ď }s}

ˆ

ε1

2p}s} ` 1q

˙

`

ˆ

ε1

2p}b} ` 1q

˙ˆ

1 ` }b}

2

˙

ď
ε1

2
`
ε1

4
ă ε1.

Therefore

}fpxq ´ gspxqgbpxq} ď }fpxq ´ sb} ` }sb´ gspxqgbpxq} ă pε´ 2ε1q ` ε1 “ ε´ ε1.

Now we use the fact that gb, gs, f ´ gsgb P Γ to find an open neighborhood V Q x such
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that V Ď U and for all y P V

}gbpyq} ă
1

2
` }b}

}gspyq} ă
1

2
` }s}

}fpyq ´ gspyqgbpyq} ă ε´ ε1.

Note that ps, bq P W pgs, V, εsq ˆ W pgb, V, εbq, and that if pa, cq P W pgs, V, εsq ˆ

W pgb, V, εbq with ρpaq “ y “ ρpcq, then we can repeat much of the estimate above to

conclude that

}ac´ fpyq} ď }ac´ gspyqgbpyq} ` }gspyqgbpyq ´ fpyq}

ď ε1 ` pε´ ε1q ă ε.

Therefore sb P W pgs, V, εsqW pgb, V, εbq Ď W pf, U, εq, and we have shown that fiber-

wise multiplication in the total space is continuous.

(f) (Item 6). Note that s P W pf, U, εq if and only if s˚ P W pf˚, U, εq, so s ÞÑ s˚ is

continuous.

3. Let f P Γ, we want to show that f : X Ñ B is continuous. Pick x0 and an open set

W pg, U, εq Q fpx0q, therefore x P U and }fpx0q ´ gpρpfpxq0qq} “ }fpx0q ´ gpx0q} ă ε. We

know that x ÞÑ }fpxq ´ gpxq} is continuous, therefore there exists some open set V Q x0

with V Ď U such that }fpxq ´ gpxq} ă ε for all x P V. We now have for each x P V ,

ρpfpxqq “ x P V Ď U and

}fpxq ´ gpρpfpxqqq} “ }fpxq ´ gpxq} ă ε.

Therefore fpxq P W pg, U, εq. We have shown that f is continuous.

Theorem 6.1 above will be the most relevant result for the subsequent Chapter, as all bundles

that we shall construct will be done through it.

Definition 6.3. Let ρ : B Ñ X be a C˚-bundle (or Banach Bundle) constructed through

Theorem 6.1 with initial section Γ P Γpρq. We call Γ the local approximating sections for ρ.
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Remark 6.3. Local approximating sections are not unique, it is not hard to see that it is possible

to find another family of sections that would induce the same Banach bundle through Theorem

6.1. For an original example, compare Theorems 7.3 and 7.4 with Proposition 7.10 in Chapter 7

The local approximating sections given by Γ above play an important role, as they are used to

verify that a section is indeed continuous if only if they can be locally approximated by sections

that belong in Γ (see Proposition 6.3 below). Note first that there is a refinement of Proposition

6.2 for Banach bundles constructed from Theorem 6.1, whose proof is essentially the same.

Lemma 6.2. Let ρ : X Ñ B be a Banach bundle via Theorem 6.1 with local approximating

sections Γ. If φ P CpXq and f P Γ, then φ ¨ f P Γ.

Proposition 6.3. Let ρ : X Ñ B be a Banach bundle via Theorem 6.1 with local approximating

sections Γ. Then for any section γ : X Ñ B, γ P Γpρq if and only if for each x0 P X and ε ą 0,

there exists a γ1 P Γ such that for some open neighborhood U0 Q x0

}γpxq ´ γ1pxq} ă ε, @x P U0.

Proof. To start with, we can apply Theorem 6.1 to the triple B “ pB, ρ,Xq with Γ. Because our

Γ satisfies the hypothesis of Theorem 6.1, we have an explicit basis for the topology on B:

W pγ2, U, εq :“ ts P B : ρpsq P U, }s´ γ2pρpsqq} ă εu

for γ2 P Γ, U an open set in X and ε ą 0.

If γ P ΓpBq i.e., if γ is continuous, then the conclusion is trivial. Suppose now that the

converse hypothesis holds for the section γ : X Ñ B. We want to show that γ is continuous at

any point, we take x0 P X and take a basic open set W pγ2, U0,
ε
2q Q γpx0q. By hypothesis, there

exists γ1 P Γ and an open set V 1
0 Q x0, we have for all x P V 1

0 :

}γpxq ´ γ1pxq} ă
ε

2
.

Now, we know that γ1 P Γ Ď ΓpBq, therefore it is immediate that there exists an open set V 2
0 Q x0

such that γ1pV 2
0 q Ď W pγ2, U0,

ε
2q. Now, take the open set x0 P V0 :“ V 1

0 X V 2
0 , then we have for

all x P V0 :

}γpxq ´ γ2pxq} ď }γpxq ´ γ1pxq} ` }γ1pxq ´ γ2pxq} ă
ε

2
`
ε

2
“ ε.
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Therefore γpV0q Ď W pγ2, U0, εq, hence γ is continuous.

Using a simple application of triangle-inequality for Banach bundles defined via Theorem 6.1,

we can show that if a section can be locally approximated by a continuous section, then it must

also be a continuous section.

Corollary 6.4. Let ρ : X Ñ B be a Banach bundle via Theorem 6.1. We have that γ P Γpρq

if and only if for each ε ą 0 and x0 P X, there exists a γ1 P Γpρq such that for some open

neighborhood U0 Q x0:

}γpxq ´ γ1pxq} ă ε, @x P U0.

Remark 6.4. As we have mentioned, we shall construct all the relevant bundles in the next

chapter this way. Practically we start with, again, a Hausdorff space X, and a family of Banach

space or C˚-algebras indexed by X, i.e. tBxuxPX . Hence if

B :“
ğ

xPX

Bx :“
ď

xPX

tps, xq : s P Bxu,

we simply define ρ : B Ñ X to be the usual projection i.e. ρps, xq “ x. In practice, we shall omit

the index x in ps, xq P B and work with the implicit understanding that each s is an element in

some unique Bx. So, we shall write ρpsq “ x ðñ s P Bx. This definition will give us fibers that

we want, that is: ρ´1pxq :“ Bx. A section γ : X Ñ B with respect to ρ satisfies γpxq P Bx for

each x P X, and can be succinctly denoted by the product notation: γ P
ś

xPX Bx.

The previous proposition shows that γ : X Ñ B is a continuous section if and only if we

can locally uniformly approximate γ by some continuous section γ1 P Γ. This characterization

of continuous sections appears in Dixmier’s book [Dix82] (they are called vector fields), and in

fact are taken to be part of the definition of the so-called "Continuous Fields of Banach Spaces".

A major question whenever one has a Banach bundle is if it has enough continuous sections, it

turns out that this is true for bundles via Theorem 6.1. We first recall the following basic result

for Banach spaces.

Lemma 6.3. Let E0 be a dense linear subspace of a Banach space E, then for each b P E, there

exists a sequence tbnun Ď E0 such that
ř8
n“0 bn is absolutely convergent and b “

ř

n bn.
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Proof. Indeed let b P E, then for each n P N, there exists an en P E0 such that

}b´ en} ă
1

n2
.

By triangle inequality, we know }en`1 ´ en} ă 2
n2 , and therefore the series

ř8
n“0 bn absolutely

converges for bn “ en`1 ´ en. The limit of the series is in fact b, we see this in the following

computation:

b “ lim
NÑ8

eN`1 “ lim
NÑ8

N
ÿ

n“0

pek`1 ´ ekq “

8
ÿ

k“0

bn.

Corollary 6.5 ([Dix82, Proposition 10.1.10]). Every Banach bundle constructed by Theorem 6.1

will always have enough continuous sections.

Proof. Let ρ : X Ñ B be a Banach bundle constructed by Theorem 6.1 with local approximating

sections given by Γ. Let x0 P X, we want to show that for any s0 P Bx0 , there exists a continuous

section f : X Ñ B such that fpx0q “ s0. To construct this, we know from Lemma 6.3 that there

exists a sequence of sections tγnun Ď Γ such that
ř8
n“0 }γnpx0q} ă 8 and

s0 “

8
ÿ

n“0

γnpx0q.

Define for each n P N,

φn :“

$

’

’

&

’

’

%

1, }γnpxq} ď }γnpx0q},

}γnpx0q}

}γnpxq}
, }γnpxq} ě }γnpx0q}.

We can deduce from the Pasting Lemma that φn P CpXq, and therefore gn :“ φn ¨ γn P Γ due to

Proposition 6.2. Now for each x P X,

8
ÿ

n“0

}gnpxq} ď

8
ÿ

n“0

}γnpx0q} ă 8.

Hence
ř8
n“0 gnpxq is absolutely convergent, and thus convergent in Bx. We then define f :“

ř8
n“0 gn. Certainly fpx0q “

ř8
n“0 gnpx0q “

ř8
n“0 γnpx0q “ s0, thus we only need to prove that
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f is a continuous section, but we know that for any ε ą 0, there exists an N P N such that

›

›

›

›

›

fpxq ´

N
ÿ

n“0

gnpxq

›

›

›

›

›

ă ε

for all x P X. We know
řN
n“0 gn P Γ, therefore by Proposition 6.3, f P Γpρq.

Remark 6.5. Corollary 6.5 is an important result, as it gives us nontrivial continuous sections

that passes through whichever point in the bundle space that we want. In the sequel, this will

have an important application for Gabor frame stability of Heisenberg modules.

While Γ offers a local approximation family for the continuous sections Γpρq, the next result

tells us that if Γ0 is some linear subspace of the Banach space Γ0pρq with certain algebraic and

analytic properties, then Γ0 can always globally approximate Γ0pρq. Note that this result holds

in general even if the Banach bundle is not constructed from Theorem 6.1. The proof given

below is similar to the one given in [Wil07, Proposition C.24], although it was originally proven

only for C˚-bundles.

Proposition 6.4. Let ρ : B Ñ X be a Banach bundle such that there exists linear subspace Γ0

of Γ0pρq that satisfy:

1. For all φ P C0pXq, and g P Γ0, we have φ ¨ f P Γ0.

2. For each x P X, tfpxq : f P Γ0u is dense in Bx.

Then Γ0 is dense in Γ0pρq.

Proof. Let f P Γ0pρq and ε ą 0, we want to show that there exists g P Γ0 such that supxPX }fpxq´

gpxq} ă 8. To do this, let M “
␣

x P X : }fpxq} ě ε
3

(

, which is a compact set because f vanishes

at infinity. As a general property of M , for any x P M we know from Axiom 2 in the hypothesis

that there exits a gx P Γ0 such that }fpxq ´ gxpxq} ă ε
3 . Because the map y ÞÑ }fpyq ´ gxpyq} is

continuous about x, we know that there exists an open neighborhood Ux Q x such that

}fpyq ´ gxpyq} ă
ε

3
, @y P Ux.

Note that the open neighborhoods tUxuxPM covers M , and so by compactness of M , there exists

finitely many tUiu
n
i“1 Ď tUxuxPM and finitely many tgiu

n
i“1 Ď Γ0 such that

}fpyq ´ gipyq} ă
ε

3
, @y P Ui.
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Let tφiu
n
i“1 Ď CcpX, r0, 1sq be a family of partition of unity subordinate to tUiu

n
i“1, so that

řn
i“1 φi ” 1 on M ,

řn
i“1 φi ď 1 outside M , and the support of φi is contained in Ui. We now

define g :“
řn
i“1 φi ¨ gi, which is in Γ0 by hypothesis. Suppose x P M, then

}fpxq ´ gpxq} “

›

›

›

›

›

n
ÿ

i“1

φipxq pfpxq ´ gipxqq

›

›

›

›

›

ď

n
ÿ

i“1

φipxq}fpxq ´ gipxq}

ď

n
ÿ

i“1

φipxq ¨
ε

3
ă ε.

If x P Xz
Ťn
i“1 Ui, then g ” 0, and }fpxq ´ gpxq} “ }fpxq} ă ε

3 ă ε. Note that if x P UizM for

some i, then }gipxq} ď }gipxq ´ fpxq} ` }fpxq} ă ε
3 ` ε

3 “ 2ε
3 . Finally if x P

Ťn
i“1 UizM , we have

}fpxq ´ gpxq} “

›

›

›

›

›

fpxq ´

n
ÿ

i“1

φipxqgipxq

›

›

›

›

›

ď }fpxq} `

n
ÿ

i“1

φipxq}gipxq}

ď
ε

3
`

2ε

3
¨

n
ÿ

i“1

φipxq

ă ε.

Hence we conclude that supxPX }fpxq ´ gpxq} ă ε.

We shall now explore results where the C˚-algebraic structure of a C˚-bundle actually matter.

From now on, we shall use the total space A (hence with fibers ρ´1pxq “ Ax) instead of B when we

are talking about C˚-bundles in particular. Note that if A is an arbitrary C˚-algebra, and a P A,

we shall use specpaq to denote the spectrum of the element a. Recall then that if ρ : A Ñ X is a

C˚-bundle, then the space of Γpρq continuous sections is closed with respect to multiplication and

involution due to Items 5 and 6 of Definition 6.2. From this observation we have the following

result based from [Dix82, Proposition 10.3.3]

Lemma 6.4. If P : z ÞÑ P pz, zq is a polynomial in C that has no constant term i.e. P p0q “ 0,

then for each f P Γpρq, P ˝ f P Γpρq where

pP ˝ fqpxq “ P pfpxq, fpxq˚q P Ax.

Proposition 6.5. Let ρ : A Ñ X be a C˚-bundle. If f P Γpρq such that ff˚ “ f˚f , and

θ : Cf Ñ C is a continuous function where Cf Ď C is a subset such that specpfpxqq Ď Cf for all
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x P X. Furthermore, suppose that θ can be continuously extended so that θp0q “ 0, then the map

X Q x ÞÑ θpfpxqq P Ax is in Γpρq (i.e. a continuous section).

Proof. The hypotheses on θ allow us to define θpfpxqq P Ax for each x P X via continuous

functional calculus on arbitrary C˚-algebras. We shall show that x ÞÑ θpfpxqq is pointwise

continuous from X to A at all points.

To start, pick x0 P X, we know that there exists an open neighborhood U0 such that there is

an M ą 0 where

}fpxq} ď M, @x P U0.

We know from the complex Stone-Weierstrass theorem, that inside the disk Ωf,M :“ Cf X tz P

C : |z| ď Mu, we can find a sequence of complex polynomials tpnunPN such that

sup
zPΩf,M

}θpzq ´ pnpzq} Ñ 0.

The choice of the disk Ωf,M means that θpfpxqq is well-defined for each x P U0, furthermore

sup
xPU0

}θpfpxqq ´ pnpfpxqq} ď sup
zPΩf,M

}θpzq ´ pnpzq} Ñ 0.

We know that each pn ˝ f is a continuous section within U0 by Lemma 6.4, so it follows from

Corollary 6.3 that θ ˝ f is a continuous section within U0, in particular this means θ ˝ f is

continuous at the point x0, but x0 is arbitrary, so we are done.

Remark 6.6. A slight modification of the argument above gives us a version of the same result

above for the specific case where the section f satisfies fpxq ě 0 (instead of just fpxqfpxq˚ “

fpxq˚fpxq) for all x P X, in which case we apply the continuous functional calculus to some

continuous function θ : Rf Ñ C with Rf Ď R such that specpfpxqq Ď Rf extendable so that

θp0q “ 0. We also note that we can again modify the argument above to accommodate a result

for C˚-bundles that are constructed via 6.1. We write these observations as corollaries below for

posterity.

Corollary 6.6. Let ρ : A Ñ X be a C˚-bundle constructed via Theorem 6.1 with local approx-

imating sections given by Γ. If f P Γ such that ff˚ “ f˚f , and θ : C Ñ C is a continuous

function such that θp0q “ 0, then the map X Q x ÞÑ θpfpxqq P Ax is in Γ.
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Corollary 6.7. Let ρ : A Ñ X be a C˚-bundle, if f P Γpρq such that fpxq ě 0 for all x P X,

then the section g : x ÞÑ fpxq1{2 is in Γpρq, and it satisfies g “ g˚, g2 “ f. This implies that if

f P Γ0pρq, such that fpxq ě 0 for all x P X, then f is a positive element in the C˚-algebra of

sections Γ0pρq

Proof. We apply a modified version of Proposition 6.5 and use the continuous map θptq “ t1{2.

The next result will be useful, it tells us that ideals of the continuous sections that vanish

at infinity Γ0pρq of a C˚-bundle behave as expected. The following proof is based on [Dix82,

Lemma 10.4.2].

Proposition 6.6. Let ρ : A Ñ X be a C˚-bundle. If I is a closed two-sided ideal of Γ0pρq, and

Ix :“ tγpxq P Ax : γ P Iu, @x P X.

Then

I “ tγ P Γ0pρq : γpxq P Ixu.

Proof. One direction of the equality is trivial, in particular, I Ď tγ P Γ0pρq : γpxq P Ixu. We

will work on containment in the other direction. The proof will be reminiscent of the proof of

Proposition 6.4. Suppose γ P Γ0pρq and γpxq P Bx “ Ix for each x P X. Fix ε ą 0, then the

set M “ tx P X : }γpxq} ě ε
3u is compact. By definition, we know that for each y P X, there

exists an fy P I such that γpyq “ fypyq P Ay. Since I is a closed two-sided ideal, we know from

existence of approximate identities on ideals that there is a gy P Γ0pρq such that

}fy ´ fygy} ă
ε

3
.

Now note that the map x ÞÑ }γpxq ´ fypxqgypxq} is continuous, in particular, at the point y, and

so we can find a neighborhood Uy of y such that

}γpxq ´ fypxqgypxq} ă
ε

3
, @x P Uy. (6.3)

Since y is arbitrary in the estimate (6.3) above, we can now find a finite open cover tUiu
n
i“1 of
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M , finite collections tfiu
n
i“1 Ď I, and tgiu

n
i“1 Ď Γ0pρq such that

}γpxq ´ fipxqgipxq} ă
ε

3
, @x P Ui.

Take the family tφiu
n
i“1 Ď CpX, r0, 1sq to be a partition of unity subordinate to tUiu

n
i“1. We can

now define the section f “
řn
i“1 φi ¨ fi ¨ gi, and we know that this is contained in I from the fact

that I is an ideal and from Corollary 6.2. In a completely similar way to the proof of Proposition

6.4, we find that }γ ´ f} ă ε, which means that γ P I “ I (since I is closed). We are done.

Corollary 6.8. Let ρ : X Ñ A be a C˚-bundle. If I is a closed two-sided ideal of Γ0pρq such

that for each x P X,

Ix :“ tγpxq : γ P Iu “ Ax

then I “ Γ0pρq.

Proof. We know from Proposition 6.6 that I “ tγ P Γ0pρq : γpxq P Ixu, but Ix “ Ax, so

I “ tγ P Γ0pρq : γpxq P Axu which is exactly Γ0pρq.
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Chapter 7

Results and Applications

We present original contributions in this chapter, divided into Section 7.1 and Section 7.2, corre-

sponding to the papers [GLL24] and [LM24], respectively. Our results in Section 7.1 rely heavily

on the fact that the Heisenberg module is a Hilbert C˚-module over the higher dimensional

noncommutative tori. On the other hand, the integration of operator-quantization and Heisen-

berg modules in Section 7.2 follows the development of quantum harmonic analysis in which the

so-called Weyl quantization scheme is the preferred rule for operator-distribution correspondence

as opposed to the Kohn-Nirenberg and Spreading schemes (see 4.12). In both cases, our chosen

settings necessitate working in the Euclidean space G “ Rd.

All results in Sections 7.1 and 7.2 that are presented with proofs but without citations are

original contributions.

As mentioned, we will restrict ourselves in the Euclidean case G “ Rd in this chapter. The

Haar measure is just the Lebesgue measure (up to a positive constant), and hence we shall denote

integrals on Rd via

ż

Rd

fpxq dx. (7.1)

for f : Rd Ñ C. For any n P Ną0, we implicitly identify elements of Rn as either a column

vector or a row vector. The standard inner product of x, y P Rd is denoted by x ¨ y. In formulae

involving matrices, the standard interpretation of vectors in Rd is as a column vector, row vectors

are indicated by a transpose, e.g. xTJy “ x ¨pJyq for x, y P Rd and J a dˆd-matrix. We shall use

the fact that xRn – Rn (as LCA groups) by identifying τ P Rn, with the character x ÞÑ e2πix¨τ for

each x P Rn [Fol15, See pg. 107]. In this case, the Heisenberg 2-cocycle (4.7) c : R2d ˆ yR2d Ñ T
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reads

cppx, ωq, pt, νqq “ e´2πix¨ν “ e´2πiχ1¨Kχ2 (7.2)

for χ1 “ px, ωq, χ2 “ pt, νq P R2d and K “
`

0 Id
0 0

˘

P M2dpRq. Keeping the foregoing notation, let

J “

´

0 Id
´Id 0

¯

P GL2dpRq, we find that the symplectic cocycle (4.10) can be computed via:

csppx, ωq, pt, νqq “ e´2πipx¨ν´t¨ωq “ e´2πipχ1¨Kχ2´χ2¨Kχ1q “ e´2πipχ1¨Jχ2q. (7.3)

For the sake of completeness, let us also write here the time-frequency shifts operator in the

Euclidean case. For f : Rd Ñ C and χ “ px, ωq P R2d, we have:

πpχqfpyq “ fpy ´ xqe2πiy¨ω. (7.4)

Let us also collect handy explicit formulae for the cocycles and the time-frequency shifts. For

χ1, χ2 P R2d

cpχ1, χ2q “ cp´χ1, χ2q “ cpχ1,´χ2q (7.5)

πpχ1qπpχ2q “ cpχ1, χ2qπpχ1 ` χ2q; (7.6)

πpχ1qπpχ2q “ cspχ1, χ2qπpχ2qπpχ1q. (7.7)

The adjoint of the time-frequency shift is related to its reflection via:

π˚pχ1q “ cpχ1, χ1qπp´χ1q. (7.8)

These will be relevant in our discussion of noncommutative tori later.

As remarked in Section 4.1 Chapter 4, lattices in R2d are always of the form Λ “ LZ2d for

some L P GL2dpRq where L is called the matrix generator of Λ. Later on, it will be important

that we explictly distinguish the spaces generated by different matrix generators. We denote the

2-cocycle on Z2d associated with the lattice generated by L to be cL : Z2dˆZ2d Ñ T, it is defined

in terms of the Heisenberg 2-cocycle c, and it follows from (7.2) that:

cLpn,mq “ cpLn,Lmq “ e´2πipLnqTKpLmq. (7.9)
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Therefore cL is essentially the restriction of the Heisenberg 2-cocycle c to the lattice LZ2d.

Furthermore, notice that ℓ1pΛq “ ℓ1pLZ2dq – ℓ1pZ2dq, and so we have that the following twisted

group C˚-algebras are isomorphic: C˚pΛ, cq “ C˚pLZ2d, cq – C˚pZ2d, cLq.

The adjoint lattice Λ˝ with respect to LZ2d, can similarly be described in terms of a lattice

in GL2dpR2dq. We choose L˝ “ JpL´1qTJT , to denote the associated matrix that generates Λ˝,

i.e. it can be checked that L˝Z2d “ Λ˝. Note that the choice L˝ is not unique, and Λ˝ can also be

generated by JpL´1qT (see [FK04]). If for k ą 0, we denote kZ2d to be Z2d with the usual counting

(Haar) measure scaled by k, then it follows from the fact that dpΛq “ dpLZ2dq “ | detL|, that we

have C˚pΛ˝, cq – C˚
´

1
|detL|

Z2d, cL˝

¯

. We now make explicit the dependence of the associated

twisted C˚-algebras to the generating matrices. Using our notation from Chapter 5, we take

AL :“ C˚pZ2d, cLq – AΛ and BL :“ C˚pZ2d, cL˝q – BΛ for Λ “ LZ2d, L P GL2dpRdq.

Let us also collect here the explicit structure on AL and BL. Respectively, they are the C˚-

enveloping algebra on ℓ1
`

Z2d, cL
˘

and ℓ1
´

1
|detL|

Z2d, cL˝

¯

. Given a1,a2 P AL, and b1,b2 P BL

the respective twisted structures on AL and BL are given by:

pa1 ˚cL a2qpnq :“
ÿ

kPZ2d

a1pkqa2pn´ kqcLpk, n´ kq;

a
˚cL
1 pnq :“ a1p´nqcLpn, nq,

(7.10)

pb1 ˚cL˝ b2qpnq :“
1

| detL|

ÿ

kPZ2d

b1pkqb2pn´ kqcL˝pk, n´ kq;

b
˚cL˝

1 pnq :“ b1p´nqcL˝pn, nq.

(7.11)

For g, h P L2pRdq, Gabor frame operator Sg,h,Λ will be denoted by Sg,h,L instead, given by:

Sg,h,Lf “
ÿ

kPZ2d

xf, πpLkqgy2 πpLkqh, @f P L2pRdq. (7.12)

If Λ “ LZ2d, we shall also use the abbreviation

Gpg, Lq :“ Gpg, LZ2dq “ Gpg,Λq

to emphasize that Gabor systems with repect to a lattice in R2d also depend on generating

matrices.

The faithful ˚-representation and ˚-antirepresentation that appear in Theorems 5.2 & 5.3

will be denoted by πL : AL Ñ LpL2pRdqq and π˚
L˝ : BL Ñ LpL2pRdqq respectively. Explicitly,
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they are given by:

πLpaq “
ÿ

kPZ2d

apkqπpLkq

π˚
L˝pbq “

1

| detL|

ÿ

kPZ2d

bpkqπ˚pL˝kq

(7.13)

for all a P AL and b P BL.

Finally, still with Λ “ LZ2d, we denote the Heisenberg module associated with Λ via ELpRdq.

Using the characterization of Theorem 5.5 we have the following.

Proposition 7.1. ELpRdq is the completion of S0pRdq in L2pRdq with respect to the following

norm

}f}ELpRdq “ inf
!

C1{2 : C is a Bessel bound for Gpf, Lq

)

. (7.14)

It is an AL ´BL-imprimitivity bimodule where for all a P AL, b P BL, f, g P ELpRdq :

1. a ¨ f “ πLpaqf P ELpRdq;

2. f ¨ b “ π˚
L˝pbqf P ELpRdq;

3. Lxf, gy P AL;

4. xf, gyL˝ P BL.

where Lxf, gy pnq “ xf, πpLnqgy2 and xf, gyL˝ pnq “ xg, π˚pL˝nqfy2 for n P Z2d.

Remark 7.1. It follows from faithfulness of πL and π˚
L˝ that we can also compute the norm of

an arbitrary element f P ELpRdq using the formulae below:

}f}ELpRdq “ } Lxf, fy }
1{2
AL

“ }πL pLxf, fyq }1{2 “

›

›

›

›

›

ÿ

kPZ2d

xf, πpLkqfy2 πpLkq

›

›

›

›

›

1{2

“ } xf, fyL˝ }
1{2
BL

“ }π˚
L˝ pxf, fyL˝q }1{2 “

›

›

›

›

›

1

detL

ÿ

kPZ2d

xf, π˚pL˝kqfy2 π
˚pL˝kq

›

›

›

›

›

1{2

.

(7.15)

Remark 7.2. For the rest of the chapter, we will make references to a generic window function

ϕ P S0pRdq, so that

S0pRdq :“ tf P L2pRdq : Vϕf P L1pR2dqu.
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7.1 Results Part I: Linear Deformation of Gabor Frames and

Heisenberg Modules

In this section, we establish that there is a notion of topological "nearness" between Heisenberg

modules. We address this by using the concept of Banach bundles and the fact that Heisenberg

modules in the Euclidean case are actually imprimitivity bimodules over higher dimensional

noncommutative tori. The strategy now is to use the deformation results on the noncommutative

tori, and lift them into deformation results in the Heisenberg modules. This lifting is done by also

exploiting the result showing that Heisenberg modules can be seen as Gabor frames for lattices in

the time-frequency plane, and from there the seminal results by Feichtinger-Kaiblinger on linear

deformations of Gabor frames [FK04] can be integrated into our work. We shall establish that

the approach of Feichtinger-Kaiblinger also works for functions in Heisenberg modules, which

further relies on the work of Austad and Enstad in [AE20], where they show that the Janssen

representation holds for functions in Heisenberg modules.

Recall that for g P L2pRdq and for a countable set (a.k.a ‘sampling set’) Γ Ď R2d, we study

Gabor systems Gpg,Γq “ tπpγqg : γ P Γu as a way to represent functions in L2pRdq. In case

that the sampling set Γ has some additional structure, then the associated Gabor system Gpg,Γq

inherits extra features. We are going to study Gabor systems where the sampling set is a lattice

Λ in R2d, i.e. Λ “ LZ2d for some invertible 2dˆ2d-matrix L (i.e. L P GL2dpRq).

In the case that the Gabor atom g P S0pRdq is an element of the Feichtinger’s algebra S0pRdq,

then we have a class of "nice" Gabor systems Gpg,Λq. Recall that for any such Gabor system

Gpg,Λq is always a Bessel family for any lattice Λ [FZ98, Theorem 3.3.1]. A myriad of other

properties of S0pRdq (see Proposition 4.9) make it an ideal function space for time-frequency

analysis, but we shall focus on Feichtinger and Kaiblinger’s stability result [FK04, Thm. 3.8]

that allows deformations of the Gabor atom and of the lattice:

Theorem 7.1. Let g0 P S0pRdq and L0 P GL2dpRq such that Gpg0, L0q is a Gabor frame, then

there exist open sets U0 Q g0 in S0pRdq and V0 Q L0 in GL2dpRq such that Gpg, Lq is a Gabor

frame for all pg, Lq P U0 ˆ V0.

This type of deformation is termed linear because the lattice Λ0 “ L0Z2d (or its generating matrix

L0) is perturbed by a linear transformation, namely multiplication with LL´1
0 P GL2d. Note

that Gabor stability in terms of generalized deformations has been considered. In [GOCR15], a

generalized notion of "deformation" of non-uniform sampling sets (e.g. Λ Ď R2d possibly not a
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lattice) which encompasses linear deformations on lattices as a special case, was studied. On the

other hand, linear deformations for lattices on the abstract time-frequency plane Gˆ pG for G a

locally compact abelian group was studied in [EJLO22] by considering the Braconnier topology

on the automorphism group of Gˆ pG.

In this paper, our main concern is to extend Theorem 7.1 to the so-called Heisenberg modules.

Recently, it was shown by Austad and Enstad in [AE20] that the Heisenberg modules can be seen

as function spaces, in that they can be constructed by completing Feichtinger’s algebra S0pRdq

in the following norm:

}f}ELpRdq :“ tC
1
2 : C is a Bessel bound for Gpf, Lqu,

for each f P S0pRdq and L P GL2dpRq. In this description, it is now apparent that the Heisenberg

module, which we denote by ELpRdq, depends on the generating matrix L P GL2dpRq. Unfor-

tunately, we are now also met with an immediate ambiguity trying to implement our idea of

extending Theorem 7.1 to the Heisenberg modules. Suppose gL0 P EL0pRdq such that GpgL0 , L0q

is a frame, it is not clear what we mean for values g such that g is in some Heisenberg module

"near" gL0 , where we have that Gpg, Lq are all frames in L2pRdq whenever L is close to L0. In

general, because the construction of a Heisenberg module depends on the generating matrix L,

we should expect the ‘nearby’ g’s to vary continuously with the matrices L P GL2dpRq as well.

With this in mind, what we would like to do is to look at families of the Heisenberg modules

tELpRdquL for L ‘near’ L0 such that there also are families of elements gL P ELpRdq that are

‘sufficiently near’ gL0 P EL0pRdq. What we mean by ‘nearness’ between different Banach spaces

is not clear at this point, but it can be made rigorous by the language of bundles. To make it

precise, what we want is to be able to define a Banach bundle

κ : E Ñ GL2dpRq, E “
ğ

LPGL2dpRq

ELpRdq

such that, for each L P GL2dpRq, we have the fiber κ´1pLq “ ELpRdq and such that the (constant)

sections associated with f P S0pRdq Ă ELpRdq are continuous. The construction of such a

Banach bundle is lifted directly from corresponding deformation results on higher dimensional

noncommutative tori (in this case, the noncommutative tori generated by the unitaries Tx,Mω

with px, ωq P Λq. Once κ : E Ñ GL2dpRq has been constructed, we now have access to its

continuous sections Γpκq, which are ‘continuous’ maps Υ: GL2dpRdq Ñ E with the following
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property: ΥpLq P ELpRdq for all L P GL2dpRq. The Gabor-stability theorem for the Heisenberg

modules can now be stated in terms of these continuous sections, which is one of our main results

(see Theorem 7.5). As a corollary, we shall obtain a no-go Balian-Low type [AFK14] result for

Heisenberg modules. We will also study the algebraic properties of the space Γ0pκq, the space

of continuous section of κ that vanish at infinity. We shall show that we can equip it with a

structure which shows that it is an imprimitivity bimodule over certain C˚-algebras.

7.1.1 Intermission: Heisenberg Modules from Weighted Spaces

In the sequel we shall need a technical result which involves weighted spaces. For a fixed L P

GL2dpRq, recall from Section 5.3 of Chapter 5 that one can construct the Heisenberg modules

by considering S0pRdq as a pre-imprimitivity bimodule over ℓ1pZ2d, cLq and ℓ1
´

1
|detL|

Z2d, cL˝

¯

.

Our goal in this intermission is to discuss that we can also construct the Heisenberg modules as

a pre-imprimitivity bimodule over weighted version of the aforementioned spaces.

We denote the ℓ1-norm of x “ px1, . . . , xnq P Rn by |x|, and define the weight ν : Rn Ñ R

by

νpxq “ 1 ` |x|, x P Rn. (7.16)

In particular for n “ 2d, we now obtain the weighted Feichtinger’s algebra S0,νpRdq:

S0,νpRdq :“
!

f P L2pRdq : Vϕf ¨ ν P L1pR2dq

)

. (7.17)

Some of the properties of the unweighted case are inherited by S0,νpRdq, in particular we have

the following [AL21]:

Proposition 7.2. S0,νpRdq is a Banach space with the norm }f}S0,ν :“ }Vϕf ¨ ν}1. If ϕ is

replaced with any g P S0,νpRdq, then we obtain an equivalent norm. Furthermore, S0,νpRdq is

continuously and densely embedded in S0pRdq satisfying

}f}S0 ď }f}S0,ν , for all f P S0,νpRdq. (7.18)

Next, we introduce the weighted ℓ1-space:

ℓ1νpZ2dq :“

"

a “ tapkqukPZ2d : }a}ℓ1ν :“
ÿ

kPZ2d

|apkq|νpkq ă 8

*

(7.19)
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(recall that νpkq “ 1` |k|). We have a result analogous to Proposition 7.2, which is significantly

easier to obtain (i.e. one can prove density in exactly the same way as proving density of finite-

sequences c00pZ2dq in ℓ1pZ2dq).

Proposition 7.3. The weighted space ℓ1νpZ2dq is a Banach space with norm } ¨}ℓ1ν , and is densely

continuously embedded in ℓ1pZ2dq satisfying:

}a}ℓ1 ď }a}ℓ1ν , @a P ℓ1νpZ2dq. (7.20)

We can equip ℓ1νpZ2dq with relevant twisted structure such that it becomes a Banach ˚-algebra,

whose C˚-enveloping algebra coincide with our C˚-algebras of interest. We summarize this idea

in the following results, which can both be found in [AL21].

Proposition 7.4. For a fixed L P GL2dpRq, ℓ1νpZ2dq becomes a Banach ˚-algebra when equipped

with twisted convolution and involution as in Equations (7.10), which we denote by ℓ1νpZ2d, cLq.

The C˚-enveloping algebra of ℓ1νpZ2d, cLq coincides with AL.

Proposition 7.5. For a fixed L P GL2dpRq, ℓ1νpZ2dq becomes a Banach ˚-algebra when equipped

with twisted convolution and involution as in Equations (7.11), which we denote by ℓ1ν
´

1
|detL|

Z2d, cL˝

¯

.

The C˚-enveloping algebra of ℓ1ν
´

1
|detL|

Z2d, cL˝

¯

coincides with BL.

We finally obtain the result from [AL21, Proposition 3.14], which, along with Proposition

7.1, gives us a concrete version of Heisenberg modules that also takes the weighted spaces into

consideration.

Proposition 7.6. S0,νpR2dq is a ℓ1pZ2d, cLq ´ ℓ1
´

1
|detL|

Z2d, cL˝

¯

pre-imprimitivity bimodule

using the structure defined exactly in Proposition 7.1 whose completion in the sense of Proposision

2.6 coincides with ELpRdq.

Remark 7.3. The module structure of ELpRdq respects the continuous dense embeddings

S0,νpRdq ãÑ S0pRdq ãÑ ELpRdq.

For example, if f, g P S0,νpRdq and a P ℓ1νpZ2dq, then Lxf, gy P ℓ1νpZ2dq and af P S0,νpRdq.

7.1.2 Noncommutative Tori

We denote by SkewnpRq the set of skew-symmetric matrices in MnpRq.
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Definition 7.1. Let Θ P SkewnpRq, then the noncommutative n-torus determined by Θ

is the universal unital C˚-algebra generated by n-generators U1pΘq, . . . , UnpΘq satisfying the

relations:

1. U˚
i pΘq “ U´1

i pΘq for all i “ 1, . . . , n;

2. UipΘqUjpΘq “ e2πiΘijUjpΘqUipΘq for all i, j “ 1, . . . , n.

We denote by AΘ the noncommutative n-torus determined by Θ.

Remark 7.4. There is an equivalent way of determining a noncommutative n-torus by just looking

at elements of Tnpn´1q{2 Q λ “ pλi,jq1ďiăjďn, and from here we can define the relations on the

generators U1pλq, . . . , Unpλq of noncommutative n-torus determined by λ P Tnpn´1q{2 to be

1. Uipλq˚ “ U´1
i pλq for all i “ 1, . . . , n;

2. UipλqUjpλq “ λi,jUjpλqUipλq for all 1 ď i ă j ď n.

Similar to the original definition, we denote by Aλ the noncommutative n-torus determined by

λ P Tnpn´1q{2. Note that one can go from Θ P SkewnpRq to λ “ Tnpn´1q{2 simply by the map

Θ ÞÑ λ “ pe2πiΘ1,2 , e2πiΘ1,3 , . . . , e2πiΘn´1,1q, so that AΘ – Aλ. Note however that while Θ ÞÑ λ is

surjective, we will never find a global inverse for this map since the complex exponential function

itself is not globally invertible.

There is yet another way to see these higher dimensional noncommutative tori. Fix the

following: Let ζ : Zn ˆZn Ñ T be a normalized 2-cocycle on Zn (i.e. it satisfies formulae 5.16 on

Zn), equip Zn with the counting measure1 and construct the twisted group C˚-algebra C˚pZn, ζq

(see Definition 5.7). Recall that the twisted ˚-algebra structure on C˚pZn, ζq is defined densely

by:

pa1 ˚ζ a2qpmq :“
ÿ

kPZn

a1pkqa2pm´ kqζpk,m´ kq,

a
˚ζ

1 pmq :“ a1p´mqζpm,´mq

for all k,m P Zn, and a1,a2 P ℓ1pZnq.

1The construction can be done for any Haar measure on Zn of course.
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Remark 7.5. For M P MnpRq, we shall use the notation ζM : ZnˆZn Ñ T to denote the 2-cocycle

induced by M :

ζM pk,mq “ e2πik
T ¨Mm, @k,m P Zn. (7.21)

Before we proceed, we recognize, and we will make references to the work of Gjertsen in

[Gje23], who carried out very explicit computations on the noncommutative tori and twisted

group C˚-algebras on Zn. Now, if we have a noncommutative n-torus AΘ, then by definition of

AΘ as a free ˚-algebra generated by tUipΘquni“1 and its inherent commutation relations, a typical

element in AΘ consists of

ÿ

kPZn

apkqUk11 pΘq ¨ . . . ¨ Uknn pΘq (7.22)

with k “ pk1, ..., knq P Zn, and a “ tapkqukPZn P c00pZnq. If we use the notation UkpΘq “

Uk11 ¨ . . . ¨Uknn pΘq, then by a careful book-keeping of the appearing phase-factors, as was done in

[Gje23, Lemma 4.2.3], one finds that

UkpΘqUmpΘq “ exp

˜

2πi
n´1
ÿ

i“1

n
ÿ

j“i`1

miΘj,ikj

¸

Uk`m. (7.23)

Notice that

n´1
ÿ

i“1

n
ÿ

j“i`1

miΘj,ikj “ ´

n´1
ÿ

i“1

n
ÿ

j“i`1

miΘi,jkj

“ ´mTΘupk

“ kT p´ΘupqTm “ kTΘlowm

where Θup and Θlow are the strictly upper and lower triangular parts of Θ respectively. We then

obtain ζΘlow : Zn ˆZn Ñ T, the 2-cocycle induced by Θlow using the notation of (7.21). We now

see an emerging structure on AΘ, consider now two typical elements apΘq :“
ř

kPZn apkqUkpΘq

and bpΘq :“
ř

mPZn bpmqUmpΘq, then we find that

apΘq ¨ bpΘq “

˜

ÿ

kPZn

apkqUkpΘq

¸

¨

˜

ÿ

kPZn

bpmqUmpΘq

¸
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“
ÿ

k,mPZn

apkqbpmqUkpΘqUmpΘq

“
ÿ

k,mPZn

apkqbpmqζΘlowpk,mqUk`m

“
ÿ

k,mPZn

apkqbpm´ kqζΘlowpk,m´ kqUm.

The last expression should remind us of twisted convolutions, in fact if we make the identi-

fication δk ÞÑ Uk for all k P Zn then we find that the multiplication above is exactly the

multiplication on the twisted C˚-algebra C˚pZn, ζΘlowq. The explicit isomorphism is provided by

πΘ : C˚pZn, ζΘlowq Ñ AΘ, densely defined via:

πΘpaq “
ÿ

kPZn

apkqUkpΘq, @a P ℓ1pZnq ãÑ C˚pZn, ζΘlowq. (7.24)

We can easily verify this by checking that the map is a ˚-homomorphism on the generators. Let

i, j “ 1, ..., n then we compute:

πΘpδei ˚ δej q “ πΘpζΘlowpei, ejqδei`ej q “ ζΘlowpei, ejqπΘpδei`ej q.

Suppose i ď j, then we find that ζΘlowpei, ejq “ e2πi0 “ 1, and so πΘpδei ˚ δej q “ 1 ¨ πΘpδei`ej q “

UiUj “ πΘpδeiqπΘpδej q. On the other hand, if i ě j, we find that ζΘlowpei, ejq “ e2πiΘi,j , and so

πΘpδei ˚ δej q “ e2πiΘi,jUjUi “ UiUj “ πΘpδiqπΘpδjq. Furthermore, we also have:

πΘpδ˚
eiq “ ζΘpei,´eiqπΘpδ´eiq “ e´2πiΘlow

i,i U´1
i “ U˚

i “ πΘpδeiq
˚.

We summarize what we have in a proposition:

Proposition 7.7. The map πΘ of Equation (7.24) extends to an isomorphism πΘ : C˚pZn, ζΘlowq Ñ

AΘ.

On the other hand, if we consider an arbitrary 2-cocycle ζ : Zn ˆ Zn Ñ T, it is well-known

that C˚pZn, ζq is isomorphic to some noncommutative torus. In fact it follows by an elementary

computation that:

δei ˚ζ δej “ ζpei, ejqζpej , eiqδej ˚ζ δei , @i, j “ 1, ..., n.

We can always find Θ P SkewnpRq such that Θi,j “ ζpei, ejqζpej , eiq. Merely by looking at
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the generators tδeiu
n
i“1, we find that C˚pZn, ζq – AΘ. However for our purposes, we want to

find an explicit isomorphism that respects the typical presentation (7.22) of an element in a

noncommutative torus. By also carefully keeping track of the appearing 2-cocycles, it can be

shown, as was done in [Gje23, Lemma 4.2.4] that for any 2-cocycle ζ : Zn ˆZn Ñ T, there exists

a unique Pζ : Zn Ñ T such that for all k “ pk1, . . . , knq P Zn

δk “ Pζpkqδk1e1 ˚ζ . . . ˚ζ δ
kn
en

where aki denotes ki-exponentiation of a in C˚pZn, ζq. The map Pζ is explicitly given by:

Pζpkq “

n´1
ź

i“1

ζ

˜

kiei,
n
ÿ

j“i`1

kjej

¸

ˆ

n
ź

i“1

ki´1
ź

j“1

ζpei, pki ´ jqeiq (7.25)

and it can be seen, that as expected, Pζpeiq “ 1 and Pζpei ` ejq “ ζpei, ejq whenever i ă j for

all i, j “ 1, . . . , n. Each a P C˚pZn, ζq can be written as:

a “
ÿ

kPZn

apkqPζpkqδk1e1 ˚ζ . . . ˚ζ δ
kn
n . (7.26)

The map

a “
ÿ

kPZn

apkqPζpkqδk1e1 ˚ζ . . . ˚ζ δ
kn
en ÞÑ

ÿ

kPZn

apkqPζpkqUkpΘq, a P ℓ1pZnq ãÑ C˚pZn, ζq

extends to a C˚-isomorphism, mapping C˚pZn, ζq to AΘ. Note that this is consistent with Propo-

sition 7.7, given that in the case ζ “ ζΘlow , we have Pζ
Θlow

pkq “ 1 for all k P Zn. We do not find

much practical use for the general isomorphism C˚pZn, ζq – AΘ for an arbitrary ζ. It is enough

for us that we always have the general presentation (7.26) for twisted C˚-algebras, and that we

know Proposition 7.7.

Definition 7.2. Two (continuous) 2-cocycles ζ1, ζ2 : Zn ˆ Zn Ñ T are said to be cohomolo-

gous2, denoted by ζ1 – ζ2, if and only if there exists a (continuous) map ρ : Zn Ñ T called a

1-cochain such that

ζ1pk,mq “ ζ2pk,mq
ρpk `mq

ρpkqρpmq
, @pk,mq P Zn ˆ Zn. (7.27)

2This definition actually extends to any locally compact abelian groups
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It is not hard to see that cohomology on 2-cocycles is an equivalence relation. Since we con-

sider normalized 2-cocycles, it follows that 1-cochains satisfy ρp0q “ 1. Now, for two normalized

2-cocycles ζ1, ζ2 : Zn ˆ Zn Ñ T, it turns out that ζ1 – ζ2 implies C˚pZn, ζ1q – C˚pZn, ζ2q. This

is known (e.g. see the discussion on twisted C˚-algebras in [EL08]), and it will be useful for us

to write out the exact isomorphism that identifies the two.

Proposition 7.8. If ζ1 – ζ2 by a 1-cochain ρ as in (7.27), define for each a P ℓ1pZnq ãÑ

C˚pZn, ζ1q:

rρpaq “ a ¨ ρ.

Then rρ extends to a C˚-isomorphism rρ : C˚pZn, ζ1q Ñ C˚pZn, ζ2q. Furthermore, for each k “

pk1, . . . , knq P Zn, fix:

ρk :“ ρk1pe1q ¨ . . . ¨ ρknpenq,

then Pζ1pkqρpkq “ Pζ2pkqρk for all k P Zn.

Proof. rρ is obviously linear, injective, and surjective as a map from ℓ1pZnq to itself. Next we

show that it is a ˚-homomorphism on ℓ1pZnq respecting the relevant twisted structures, and it is

enough to show this property on the generators. Let i, j “ 1, . . . n. The following computations

are valid due to (7.27):

rρpδei ˚ζ1 δej q “ rρpζ1pei, ejqδei`ej q “ ζ1pei, ejqδei`ejρpei ` ejq

“ ζ1pei, ejqζ2pei, ejqρpei ` ejqpδei ˚ζ2 δej q

“ pρpeiqδeiq ˚ζ2 pρpejqδej q “ rρpδeiq ˚ζ2 rρpδej q.

Furthermore,

rρpδ
˚ζ1
ei q “ rρpζ1pei,´eiqδ´eiq “ ζ1pei,´eiqδ´eiρp´eiq

“ ζ2pei,´eiqρpeiqδ´ei “ ρpeiqδ
˚ζ2
ei

“ pρpeiqδeiq
˚ζ2 “ rρpδeiq

˚ζ2 .

Therefore, rρ extends to an injective and surjective ˚-homomorphism rρ : C˚pZn, ζ1q Ñ C˚pZn, ζ2q.

Recall that injective ˚-homomorphisms on C˚-algebras are automatically isometric, therefore rρ
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is a C˚-isomorphism. Next, we write δk “ Pζ1pkqδk1e1 ˚ζ1 . . . ˚ζ1 δ
kn
en , hence we have:

rρpδkq “ δkρpkq “ rρpPζ1pkqδk1e1 ˚ζ1 . . . ˚ζ1 δ
kn
en q “ Pζ1pkqρkδk1e1 ˚ζ2 . . . ˚ζ2 δ

kn
en “ Pζ1pkqρkPζ2pkqδk,

therefore Pζ1pkqρpkq “ Pζ2pkqρk.

Remark 7.6. Regarding cohomology, the 2-cocycle c that we used to give ℓ1pZ2dq a twisted

structure is different from the one suggested in some references, e.g [FK04, GL04]. This is

because the time-frequency shifts considered in these papers were of the form TxMω, amounting

to a cocycle c1pχ1, χ2q “ e2πi χ
T
2 Kχ1 instead of the one given by (7.2). The difference however

is inconsequential since c and c1 are cohomologous via the 1-cochain ρpχq “ e´2πiω¨x for χ “

px, ωq P R2d. Therefore they generate isomorphic C˚-algebras.

7.1.3 Deforming the Noncommutative Tori

Consider the noncommutative n-tori determined by skew-symmetric matrices Θ P SkewnpRq (or

by λ P Tnpn´1q{2, see Remark 7.4). We see that as we vary Θ (or λ) we find possibly different

C˚-algebras, hence it is a reasonable question to ask if families of noncommutative n-tori define a

C˚-bundle over the space SkewnpRq (or Tnpn´1q{2) as in Definition 6.2. The answer is affirmative,

but the precise formulation can be quite technical, there are related ‘deformation’ results in this

direction. The case n “ 2 is quite well studied in the past, note that in this case there really is just

one parameter λ P T fully determining the noncommutative 2-torus Aλ. It was noted by Elliot

in [Ell82] that the C˚-algebras tAλuλPT do form a C˚-bundle, but the associated C˚-algebra of

sections (that vanish at infinity) was not really expounded on. It turns out, due to Anderson and

Paschke [AP89], that if H3 is the so-called discrete 3-dimensional Heisenberg group, then the

group C˚-algebra C˚pH3q is the section C˚-algebra for the C˚-bundle of noncommutative 2-tori.

H3 is an example of a 2-step nilpotent group of rank 3, but more generally we can consider

Hn, the 2-step nilpotent group of rank n. As expected C˚pHnq is the section C˚-algebra of

a C˚-bundle over Tnpn´1q{2 whose fibers coincide with the noncommutative n-tori Aλ for each

λ P Tnpn´1q{2 [Oml15].

There are, on the other hand, explicit results regarding 1
2 -Hölder continuity of the unitary

generators of the noncommutative n-tori. Let us again go back to the n “ 2 case, the classic

Haagerup and Rørdam result [HR95] is that for a fixed Hilbert H, there exist paths u, v : r0, 1s Ñ

LpHq of unitary operators such that for all θ P r0, 1s, upθqvpθq “ e2πi θvpθqupθq and there exists
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a C ą 0 where maxt}upθq ´ upθ1q}, }vpθq ´ vpθ1q}u ď C|θ ´ θ1|1{2. This 1
2 -Hölder continuity

generalizes to n ą 2, as was shown by Gao in [Gao18]. The deformation results on the unitary

generators can be lifted to a deformation result of their noncommutative polynomials (see the

proof of Theorem 7.2 below), which would allow us to construct a C˚-bundle whose fibers coincide

with the higher dimensional noncommutative tori. We shall also borrow techniques from the

theory of dilations [GS20].

Let us recall the isomorphism πΘ : C˚pZn, ζΘlowq Ñ AΘ from Equation (7.24), we have the

following estimate involving the weighted sequence space ℓ1νpZnq (treated as a dense subspace of

C˚pZn, ζΘlowq).

Theorem 7.2. There is a constant C ą 0 such that for all a P ℓ1νpZnq and Θ,Θ1 P SkewnpRq :

ˇ

ˇ}πΘpaq} ´ }πΘ1paq}
ˇ

ˇ ď C}a}ℓ1ν }Θ ´ Θ1}1{2.

Let us present two proofs, a short one with bad control on C and a slightly longer one with

C “ 2
?
π ă 4.

Short Proof. By [Gao18, Theorem 1.1], there exist (automatically faithful) representations UipΘq ÞÑ

VipΘq P LpHq on the same Hilbert space H such that

}VipΘq ´ VipΘ
1q} ď Ĉ

´

n
ÿ

j“1

pΘij ´ Θ1
ijq

1
2

¯

ď C}Θ ´ Θ1}
1
2

for some constants Ĉ, C P R`, which may depend on n, and all Θ,Θ1 P SkewnpRq. Let a P ℓ1νpZnq,

ν ě 1. Note that }πΘpaq} “ }
ř

kPZn apkqV kpΘq}. By an elementary estimate (cf. [GS20, Lemma

4.1]), for each k P Zn we have

}V kpΘq ´ V kpΘ1q} ď |k|max
i

}VipΘq ´ VipΘ
1q} ď C|k|}Θ ´ Θ1}

1
2

and therefore

ˇ

ˇ

ˇ

ˇ

›

›

›

ÿ

kPZd

apkqV kpΘq

›

›

›
´

›

›

›

ÿ

kPZd

apkqV kpΘ1q

›

›

›

ˇ

ˇ

ˇ

ˇ

ď

›

›

›

ÿ

kPZd

apkqV kpΘq ´
ÿ

kPZd

apkqV kpΘ1q

›

›

›

ď
ÿ

kPZd

|apkq|}V kpΘq ´ V kpΘ1q} ď C}a}ℓ1ν }Θ ´ Θ1}
1
2 ,

as claimed.

218



Proof with C “ 2
?
π. Fix Θ,Θ1 P SkewnpRq. By [GPSS21, Theorem 5.4], there exist faithful

representations UipΘq ÞÑ WipΘq P LpHq of AΘ on some Hilbert space H and UipΘ1q ÞÑ WipΘ
1q of

AΘ1 on a Hilbert spaceH 1 containingH as a subspace such that compression ofWipΘ
1q toH yields

PHWipΘ
1q|H “ cWΘ with c “ expp´π

2 }Θ1 ´ Θ}q.3 Denote by Ri :“ PHKWipΘ
1q|HK P BpHKq

the corresponding compression of WipΘ
1q to HK Ă H 1, so that WipΘq ‘ Ri P BpH 1q. Note that

}Ri} ď }WipΘ
1q} “ 1, so each Ri is a compression. From [GS20, Lemma 4.3] and the elementary

inequality 1 ´ e´x ď x for x P R, we conclude that

}WipΘ
1q ´WipΘq ‘Ri} ď 2

a

1 ´ c2 ď 2
a

1 ´ e´π}Θ´Θ1} ď 2
?
π}Θ ´ Θ1}

1
2 .

Let a P ℓ1νpZnq, ν ě 1. By faithfulness, }πΘpaq} “ }
ř

kPZn apkqW kpΘq} and }πΘ1paq} “

}
ř

kPZn apkqW kpΘ1q}. As in the first proof, it follows that for each k P Zn we have

}W kpΘ1q ´W kpΘq ‘Rk} ď |k|max
i

}WipΘ
1q ´WipΘq ‘Ri} ď 2

?
π|k|}Θ ´ Θ1}

1
2

and therefore

›

›

›

ÿ

kPZn

apkqW kpΘ1q ´
ÿ

kPZn

apkqpW kpΘq ‘Rkq

›

›

›
ď 2

?
π}a}ℓ1ν }Θ ´ Θ1}

1
2

This yields

}πΘpaq} “

›

›

›

ÿ

kPZn

apkqW kpΘq

›

›

›

ď max

˜

›

›

›

ÿ

kPZn

apkqW kpΘq

›

›

›
,
›

›

›

ÿ

kPZn

apkqRk
›

›

›

¸

“

›

›

›

ÿ

kPZn

apkqpW kpΘq ‘Rkq

›

›

›

ď

›

›

›

ÿ

kPZn

apkqW kpΘ1q

›

›

›
`

›

›

›

ÿ

kPZn

apkqpW kpΘq ‘Rkq ´
ÿ

kPZn

apkqW kpΘ1q

›

›

›

ď }πΘ1paq} ` 2
?
π}a}ℓ1ν }Θ ´ Θ1}

1
2 .

Since the roles of Θ and Θ1 are interchangeable, we also have

}πΘ1paq} ď }πΘpaq} ` 2
?
π}a}ℓ1ν }Θ ´ Θ1}

1
2

3In comparison to [GPSS21], there is a discrepancy in the normalization of the matrices Θ parametrizing
noncommutative tori by a factor of 2π, which explains the different value of c.
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and the proof is complete.

This result is enough to give us a C˚-bundle over SkewnpRq whose fibers coincide with AΘ

via Theorem 6.1 with a local approximation section that we can identify with ℓ1νpZ2dq (by seeing

sequences inside it as constant sections since we have a dense embedding ℓ1νpZ2dq ãÑ AΘ for

each Θ). However, we have no need for such a general result in the current manuscript, and

we would rather defer the relevant constructions to the sequel where the resulting bundles come

from noncommutative tori generated by lattices in the time-frequency plane.

Remark 7.7. With the same methods, one can prove a useful estimate for the Hausdorff distance

between the spectra specpπΘpaqq of selfadjoint operators πΘpaq. Since we have limited use for

it, we sketch the argument only roughly and leave the details to the ambitious reader. Suppose

that Θ,Θ0 P SkewnpRq and a,a0 P ℓ1νpZnq such that πΘpaq and πΘ0pa0q are selfadjoint (note that

rarely happens for a “ a0). Then, in the notation of the second proof of Theorem 7.2,

specpπΘpaqq “ spec
´

ÿ

kPZn

apkqW kpΘq

¯

Ă spec
´

ÿ

kPZn

apkqpW kpΘq ‘Rkq

¯

Ă specpπΘ0pa0qq ` r´1, 1s ¨

›

›

›

ÿ

kPZn

apkqpW kpΘq ‘Rkq ´
ÿ

kPZn

a0pkqW kpΘ0q

›

›

›

Ă specpπΘ0pa0qq ` r´1, 1s ¨ p2
?
π}a}ℓ1ν }Θ ´ Θ0}

1
2 ` }a ´ a0}ℓ1q.

7.1.4 The Noncommutative Tori Generated by Lattices

Our goal here is to generate a skew-symmetric matrix ΘL P Skew2dpRq such that AΘL
–

C˚pZ2d, cLq “ AL. To start, let te1, e2, . . . , e2du be the standard basis for R2d, consider the family

of unitary operators via time-frequency shifts tπpLe1q, πpLe2q, . . . , πpLe2dqu Ď LpL2pRdqq. The

commutation-relations (7.7) for this family say that

πpLeiqπpLejq “ cspLei, LejqπpLejqπpLeiq, @i, j “ 1, . . . , 2d.

where cspLei, Lejq “ e´2πi pLeiq
T JpLejq, and so we define the skew-symmetric matrix associated

to L via pΘLqi,j “ pLejq
T p´JqpLeiq “ ´eTj pLTJLqei, i.e. ΘL “ ´LTJL. For the rest of the

section, we now make the identification AΘL
“ C˚ptLeiu

2d
i“1q Ď LpL2pRdqq. As we have discussed

in Section 7.1.2, by taking Θ “ ΘL, we know that πΘL
: C˚

´

Z2d, ζΘlow
L

¯

Ñ AΘL
of Equation
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(7.24) is a C˚-isomorphism, but for our purposes, we want to be able to lift the deformation

results on πΘL
to the faithful ˚-representations, say πL. To this end, we have the following

result.

Lemma 7.1. For a fixed L P GL2dpRq, consider the skew-symmetric matrix ΘL “ ´LTJL P

Skew2dpRq. The induced 2-cocycle ζΘlow
L

is cohomologous to the 2-cocycle cL by the 1-cochain

ρL : Z2d Ñ T given by ρLpkq “ expp´πikT pLTKL` Θlow
L qkq for all k P Z2d. It satisfies:

cLpk,mq “ ζΘlow
L

pk,mq
ρLpk `mq

ρLpkqρLpmq
, @k,m P Z2d.

Proof. It follows from a straightforward computation that

ρLpk `mq

ρLpkqρLpmq
“ exp

´

´πikT pLT pK `KT qL` pΘL ` pΘlow
L qT qqm

¯

Therefore we have

ζΘlow
L

pk,mq
ρLpk `mq

ρLpkqρLpmq
“ expp2πikTΘlow

L mq exp
´

´πikT pLT pK `KT qL` pΘL ` pΘlow
L qT qqm

¯

“ exp
´

πikT p2Θlow
L ´ LT pK `KT qL´ Θlow

L ´ pΘlow
L qT qm

¯

We compute that: 2Θlow
L ´ Θlow

L ´ pΘlow
L qT “ ΘL since ΘL is skew-symmetric. But then, ΘL ´

LT pK ` KT qL “ ´LTJL ´ LT pK ` KT qL “ ´LT pJ ` K ` KT qL “ ´2LTKL. Finally, we

obtain

ζΘlow
L

pk,mq
ρLpk `mq

ρLpkqρLpmq
“ eπik

T p´2LTKLqm “ e´2πikT pLTKLqm “ cLpn,mq.

Let us now take note of the collected 2-cocycles PcL and Pζ
Θlow
L

as in (7.25) generated by cL

and ζΘlow
L

. We obtain:

PcLpkq “

2d´1
ź

i“1

c

˜

Lkiei,
2d
ÿ

j“1`1

Lkjej

¸

ˆ

2d
ź

i“1

cpLei, Leiq
nipni´1q{2. (7.28)

On the other hand, we have Pζ
Θlow
L

pkq “ 1 for all k P Z2d. Consider now the induced isomorphism

rρL : AL “ C˚pZ2d, cLq Ñ C˚pZ2d, ζΘlow
L

q (see Proposition 7.8), we have two representations

that we want to compare: πL : AL Ñ AΘL
and πΘL

˝ ĂρL : AL Ñ AΘL
. They do not exactly
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give commutative maps, but they still behave in an expected way. We shall fix the following:

ρ
p¨q

L : Z2d Ñ T is the map k ÞÑ ρkL.

Proposition 7.9. Define, for each a P C˚pZ2d, cLq “ AL, then

aL :“ ĂρLpa ¨ ρ
p¨q

L q P C˚pZ2d, ζΘlow
L

q.

Explicitly, we have

aL “
ÿ

kPZ2d

apkqPcLpkqpδk1e1 ˚ζ
Θlow
L

. . . ˚ζ
Θlow
L

δk2de2d
q “ a ¨ PcL P C˚pZ2d, ζΘlow

L
q. (7.29)

Furthermore,

πLpaq “ πΘL
paLq (7.30)

Proof. We have

aL “ ĂρLpa ¨ ρ
p¨q

L q “ ĂρL

˜

ÿ

kPZ2d

apkqPcLpkqρkLδ
k1
e1 ˚cL . . . ˚cL δ

k2d
e2d

¸

“
ÿ

kPZ2d

apkqPcLpkqρkLĂρLpδk1e1 ˚cL . . . ˚cL δ
k2d
e2d

q

“
ÿ

kPZ2d

apkqPcLpkqρkLρL
kpδk1e1 ˚ζ

Θlow
L

. . . ˚ζ
Θlow
L

δk2de2d
q

“
ÿ

kPZ2d

apkqPcLpkqpδk1e1 ˚ζ
Θlow
L

. . . ˚ζ
Θlow
L

δk2de2d
q

“
ÿ

kPZ2d

apkqPcLpkqδk “ a ¨ PcL P C˚pZ2d, ζΘlow
L

q

Next we compute:

πΘL
paLq “

ÿ

kPZ2d

apkqPcLpkqπΘL

ˆ

δk1e1 ˚ζ
Θlow
L

. . . ˚ζ
Θlow
L

δk2de2d

˙

“
ÿ

kPZ2d

apkqPcLpkqπpLe1qk1 ¨ . . . ¨ πpLe2dqk2d

“ πL

˜

ÿ

kPZ2d

apkqPcLpkqδk1e1 ˚cL . . . ˚cL δ
k2d
e2d

¸

“ πLpaq.
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as required.

Lemma 7.2. For each fixed n P Z2d, the map L ÞÑ PcLpnq is continuous.

Proof. Looking at Equation (7.28), PcLpnq is a finite product of the Heisenberg 2-cocycles of the

form cpLk,Lmq for some fixed k,m P Z2d. The lemma follows if we can show that L ÞÑ cpLk,Lmq

is continuous for any fixed k,m P Z2d. We have from Equation (7.2) that

cpLk,Lmq “ e´2πi pLkqTKpLmq.

Since the complex exponential function is continuous, then it is sufficient to show that L ÞÑ

pLnqTKpLmq is continuous. Now it follows from a simple application of triangle-inequality that:

}pLnqTKpLmq ´ pL0nqKpL0mq} ď }nT pL´ L0qKLm} ` }nTL0KpL´ L0qm}

ď }n}}m}p}L} ` }L0}q}L´ L0}.

Therefore pLnqTKpLmq Ñ pL0nqTKpL0mq as L Ñ L0 as required.

Now we are ready to apply Theorem 7.2 to the noncommutative 2d-tori generated by lattices

in R2d. To make sense of our computations below, recall that the weighted sequence space ℓ1νpZ2dq

is densely embedded inside all C˚pZ2d, ζq for arbitrary 2-cocycle ζ.

Lemma 7.3. For each a P ℓ1νpZ2dq and L P GL2dpRq: }a}ℓ1ν “ }aL}ℓ1ν . Moreover, the map

GL2dpRq Q L ÞÑ aL P ℓ1νpZ2dq is continuous.

Proof. Since each PcLpkq P T, we have that

}aL}ℓ1ν “
ÿ

kPZ2d

|apkqνpkqPcLpkq| “
ÿ

kPZ2d

|apkq|νpkq “ }a}ℓ1ν .

Note that for all L,L0 P GL2dpRq and k P Z2d, |PcLpkq ´ PcL0
pkq| ď 2, so it follows from the

continuity result Lemma 7.2 and the Lebesgue-dominated convergence theorem4 that

lim
LÑL0

}aL ´ aL0}ℓ1ν “ lim
LÑL0

ÿ

kPZ2d

|apkq|νpkq|PcLpkq ´ PcL0
pkq|

“
ÿ

kPZ2d

|apkq|νpkq lim
LÑL0

|PcLpkq ´ PcL0
pkq| “ 0

4The usual dominated theorem works because GL2dpRq is second countable, therefore limLÑL0 }aL
´aL0}ℓ1ν

“

0 if and only if for all sequence Ln Ñ L0, limnÑ8 }aLn ´ aL0}ℓ1ν
“ 0.
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as required.

Remark 7.8. Lemma 7.3 is also true if we consider the unweighted case. That is, GL2dpRq Q L ÞÑ

aL P ℓ1pZ2dq is continuous for all a P ℓ1pZ2dq.

Now as a corollary of Theorem 7.2, we have that:

Corollary 7.1. There is a constant C ą 0 such that for all a P ℓ1νpZ2dq and L0, L P GL2dpRq:

ˇ

ˇ}πLpaq} ´ }πL0paq}
ˇ

ˇ ď C}a}ℓ1ν }LTJL´ LT0 JL0}1{2 ` }aL ´ aL0}ℓ1

ď C}a}ℓ1ν p}L} ` }L0}q1{2}L´ L0}1{2 ` }aL ´ aL0}ℓ1

As a corollary, for each a P ℓ1νpZ2dq, the map L ÞÑ }πLpaq} is continuous.

Proof. Fix a P ℓ1νpZ2dq, and L,L0 P GL2dpRq. An application of triangle-inequality gives us,

along with Equation (7.30):

ˇ

ˇ}πLpaq} ´ }πL0paq}
ˇ

ˇ ď
ˇ

ˇ}πΘL
paLq} ´ }πΘL0

paLq}
ˇ

ˇ `
ˇ

ˇ}πΘL0
paLq} ´ }πΘL0

paL0q}
ˇ

ˇ

ď
ˇ

ˇ}πΘL
paLq} ´ }πΘL0

paLq}
ˇ

ˇ ` }πΘL0
paL ´ aL0q}.

Time-frequency shifts are unitary, so it follows that }πΘL0
paL ´ aL0q} ď }aL ´ aL0}ℓ1 . On the

other hand, an application of Theorem 7.2 implies

ˇ

ˇ}πΘL
paLq} ´ }πΘL0

paLq}
ˇ

ˇ ď C}aL}ℓ1ν }ΘL ´ ΘL0}1{2.

Because }aL}ℓ1ν “ }a}ℓ1ν , we finally obtain

ˇ

ˇ}πLpaq} ´ }πL0paq}
ˇ

ˇ ď C}a}ℓ1ν }ΘL ´ ΘL0}1{2 ` }aL ´ aL0}ℓ1 . (7.31)

Similar to what we did in the proof of Lemma 7.2, we can estimate }ΘL ´ ΘL0} “ }LTJL ´

LT0 JL0} ď p}L}`}L0}q}L´L0}. If we combine this estimate with the continuity result of Lemma

7.3, and Remark 7.8, then we find that as L Ñ L0, we have
ˇ

ˇ}πLpaq} ´ }πL0paq}
ˇ

ˇ Ñ 0. This

proves continuity of L ÞÑ }πLpaq}.

We are now ready to define our C˚-bundle over GL2dpRq whose fibers coincide with non-

commutative tori generated by lattices. To start, define C “
Ů

LPGL2dpRq AL, then define the

obvious bundle projection map ρ : C Ñ GL2dpRq, i.e.ρpsq “ L ðñ s P AL. Recall that a map
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a : GL2dpRq Ñ C is a section of ρ if and only if apLq P AL for all L P GL2dpRq, in which case we

write a P
ś

LPGL2dpRq AL. An important observation is the fact that we have a dense inclusion

ℓ1νpZ2dq ãÑ AL for all L P GL2dpRq, this motivates us to identify ℓ1νpZ2dq as a section space for

ρ, since for each a P ℓ1νpZ2dq, we can define the constant section, which we shall also denote by

a so that a P
ś

LPGL2dpRq AL via:

apLq “ a P ℓ1pZ2dq ãÑ AL, @L P GL2dpRq. (7.32)

Theorem 7.3. The bundle ρ : C Ñ GL2d, whose fibers are ρ´1pLq “ AL for all L P GL2dpRq,

defines a C˚-bundle via Theorem 6.1 whose local approximating sections are identifiable with

ℓ1νpZ2dq. As a consequence, a section a P
ś

LPGL2dpRq AL is continuous, i.e. a P Γpρq, if and only

if for all ε ą 0 and L0 P GL2dpRq, there exists a0 P ℓ1νpZ2dq such that for some open neighborhood

U0 Q L0:

}apLq ´ a0}AL
ă ε, @L P U0.

Proof. We only need to find local approximating sections for a bundle to make it a C˚-bundle

(or a Banach bundle) using Theorem 6.1. We identified ℓ1νpZ2dq as the constant sections for ρ

defined via (7.32). For ℓ1νpZ2dq to be a space of local approximating sections, we need to show

two things:

1. For each a P ℓ1νpZ2dq, L ÞÑ }a}AL
“ }πLpaq} is continuous, and;

2. For all L P GL2dpRq, ℓ1νpZ2dq is dense in AL.

We already know that Item 2 is true. Item 1 is covered by Corollary 7.1. The last statement

about the continuous sections follows from Proposition 6.3, using ℓ1νpZ2dq as the space of local

approximating sections.

7.1.5 Deforming the Heisenberg Module

The C˚-bundle ρ : C Ñ GL2dpRq of Theorem 7.3 can be used to construct a corresponding

Banach bundle of Heisenberg modules. In fact, the argument made to construct ρ almost holds

mutatis-mutandis for the Heisenberg modules using an analogous observation that for all L P

GL2dpRq, we have a dense embedding S0,νpRdq ãÑ ELpRdq. To make our construction precise, let

E “
Ů

LPGL2dpRq ELpRdq and define the bundle κ : E Ñ GL2dpRq using the usual projection map.
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We see from our observation that S0,νpRdq can be identified as a space of constant sections for

κ by defining for each f P S0,νpRdq, the section f P
ś

LPGL2dpRq ELpRdq such that

fpLq :“ f P ELpRdq, @L P GL2dpRq. (7.33)

Theorem 7.4. The bundle κ : E Ñ GL2dpRq whose fibers are κ´1pLq “ ELpRdq for all L P

GL2dpRdq, defines a Banach bundle via Theorem 6.1 whose local approximating sections are

identifiable with S0,νpRdq. As a consequence, a section Υ P
ś

LPGL2d
ELpRdq is continuous, i.e.

Υ P Γpκq, if and only if for all ε ą 0 and L0 P GL2dpRq, there exists f0 P S0,νpRdq such that for

some open neighborhood U0 Q L0:

}ΥpLq ´ f0}ELpRdq ă ε, @L P U0.

Proof. As in the proof of Theorem 7.3, we only need to prove that the identification of S0,νpRdq

as sections of κ actually defines a space of local approximating section. We need to show that:

1. For each f P S0,νpRdq, the map L ÞÑ }f}ELpRdq is continuous, and;

2. For each L P GL2dpRdq, the space S0,νpRdq is dense in ELpRdq.

We already know that Item 2 is true. Due to (7.15), Item 1 follows if we can show that the map

L ÞÑ }πLpLxf, fyq} is continuous. Using the estimates in Corollary 7.1, we find that:

ˇ

ˇ}πLpLxf, fyq} ´ }πL0pL0
xf, fyq}

ˇ

ˇ

ď
ˇ

ˇ}πLpLxf, fyq} ´ }πL0pLxf, fyq}
ˇ

ˇ ` }πL0pLxf, fy ´ L0
xf, fyq}

ď C ¨ }Lxf, fy}ℓ1ν ¨ p}L} ` }L0}q1{2 ¨ }L´ L0}1{2

` }Lxf, fy
L

´ L0
xf, fy

L0}ℓ1 ` } Lxf, fy ´ L0
xf, fy }ℓ1

(7.34)

It can be deduced from the proof [FK04, Lemma 3.5] that, for any h P S0,νpRdq, L ÞÑ Lxh, hy “

ř

kPZ2d VhhpLkq is continuous with respect to both the ℓ1 and ℓ1ν norm. It follows from a standard

triangle-inequality argument that L ÞÑ Lxf, fy
L is also continuous in ℓ1 norm. All these imply

that, as L Ñ L0, the right-most expression in (7.34) approaches 0. This proves continuity of the

map L ÞÑ }f}ELpRdq. On the other hand, the proof for Item 2 is trivial since S0,νpRdq is dense in

ELpRdq.

The statement about the continuous sections follows from Proposition 6.3, using S0,νpRdq as
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the space of local approximating sections.

So far we have exploited the results involving the weighted spaces ℓ1νpZ2dq and S0,νpRdq for

an initial construction of the C˚- and Banach bundles ρ and κ respectively. The following result

shows that the uweighted spaces ℓ1pZ2dq and S0pRdq can also be identified as spaces of continuous

(constant) sections for ρ and κ respectively. We first give a technical lemma that we can use

throughout our computations.

Lemma 7.4. Let f P S0pRdq, then for any window ϕ P S0pRdq, we have the following estimate

for any L P GL2dpRq:

}f}ELpRdq ď }ϕ}
´1
2 }f}S0,ϕ. (7.35)

Proof. The result follows from a straightforward computation along with [Jak18, Proposition

4.10]:

}f}ELpRdq “ }πL pLxf, fyq }1{2

ď }Lxf, fy}
1{2
ℓ1

“

˜

ÿ

kPZ2d

|Vff |pLkq

¸1{2

ď

ˆ
ż

R2d

|Vff |px, ωq dx dω

˙1{2

“ }f}
1{2
S0,f

ď
`

}f}S0,ϕ ¨ }ϕ}
´2
2 }f}S0,ϕ

˘1{2

ď }ϕ}
´1
2 }f}S0,ϕ

as required.

Proposition 7.10. ℓ1pZ2dq Ď Γpρq and S0pRdq Ď Γpκq.

Proof. We shall prove S0pRdq Ď Γpκq, the proof for ℓ1pZ2dq Ď Γpρq is similar. Suppose f P

S0pRdq, and ε ą 0. For this problem, we use a particular window ϕ P S0pRdq for our S0pRdq-norm.

It follows from Proposition 7.2 that there exists f0 P S0,νpRdq such that }f ´ f0}S0,ϕ ă ε ¨ }ϕ}2.

Now, for any L P GL2dpRq, we use Estimate (7.35) to obtain

}f ´ f0}ELpRdq ď }ϕ}
´1
2 }f ´ f0}S0,ϕ ă ε.
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Therefore, if we consider f P S0pRdq as a constant section in κ with fpLq :“ f P S0pRdq ãÑ

ELpRdq, we see from Theorem 7.4 that f P Γpκq.

Corollary 7.2. a P Γpρq if and only if for any L0 P GL2dpRdq and ε ą 0, there exists an open

set satisfying U0 Q L0 and a0 P ℓ1pZ2dq such that }apLq ´ a0}AL
ă ε for all L P U0.

Similarly, Υ P Γpκq if and only if for any L0 P GL2dpRdq and ε ą 0, there exists an open set

U0 Q L0 and f0 P S0pRdq such that }ΥpLq ´ f0}ELpRdq ă ε for all L P U0.

Proof. The result follows from Corollary 6.4 and Proposition 7.10.

Corollary 7.2 above shows what we should expect for a map that continuously varies along

Heisenberg modules should look like, it should locally behave as if it is any other element in a fixed

Heisenberg module – we must be able to approximate it by some function in Feichtinger’s algebra.

To get a better grasp of what these continuous sections look like, we have the following Lemma

regarding the space CpGL2dpRdq,S0pRqq of continuous functions from GL2dpRq to S0pRdq. Note

that any map Υ P CpGL2dpRq,S0pRqq will define a section with respect to κ, since its image

will always land in S0pRdq, and as we have repeatedly emphasized, is always embedded in all

ELpRdq, for L P GL2dpRq. Therefore the norm }ΥpLq ´ ΥpL0q}ELpRdq makes sense. In fact,

}
řn
i“1ΥpMiq}ELpRdq makes sense for all M1, . . . ,Mn, L P GL2dpRdq.

Lemma 7.5. We have the following inclusion: CpGL2dpRq,S0pRdqq Ď Γpκq.

Proof. Fix a window function ϕ P S0pRdq. Let Υ P CpGL2dpRq,S0pRdqq, we must show that Υ

satisfies the characterization in Corollary 7.2 to show that Υ P Γpκq. Let ε ą 0 and L0 P GL2dpRq,

choose f0 :“ ΥpL0q P S0pRdq. Since Υ P CpGL2dpR,S0pRdqq, we can choose an open set U0

containing L0 such that }ΥpLq ´ ΥpL0q}S0,ϕ ă }ϕ}2 ¨ ε for all L P U0. If we take L P U0, then by

Lemma 7.4:

}ΥpLq ´ f0}ELpRdq “ }ΥpLq ´ ΥpL0q}ELpRdq

ď }ϕ}
´1
2 }ΥpLq ´ f0}S0,ϕ ă ε.

This shows Υ P Γpκq.

There is a corresponding statement for the space Γ0pκq of continuous sections that vanish at

infinity.

Lemma 7.6. We have the following inclusion: C0pGL2dpRq,S0pRdqq Ď Γ0pκq.
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Proof. Let Υ P C0pGL2d,S0pRdqq. We already know that Υ P Γpκq, we only need to show that

L ÞÑ }ΥpLq}ELpRdq vanishes at infinity. However, this follows from the same estimate as in Lemma

7.36. For a window ϕ P S0pRdq:

}ΥpLq}ELpRdq ď }ϕ}
´1
2 }ΥpLq}S0,ϕ. (7.36)

So for any fixed ε ą 0, we can find by hypothesis, a compact subset Mε Ď GL2dpRq such that

}ΥpLq}S0,ϕ ă }ϕ}2 ¨ ε whenever L P GL2dpRqzMε. Therefore

}ΥpLq}ELpRdq ď }ϕ}
´1
2 }ΥpLq}S0,ϕ ă ε, @L P GL2dpRqzMε.

So L ÞÑ }ΥpLq}ELpRdq vanishes at infinity, as required.

In the case of the Heisenberg module on a fixed lattice, S0pRdq serves as space of ap-

proximating functions (with respect to the module-norm), and we see in turn that the space

C0pGL2dpRq,S0pRdqq takes this role for the Banach space Γ0pκq. That is, C0pGL2dpRq,S0pRdqq

acts as a global approximating space for Γ0pκq.

Corollary 7.3. C0pGL2dpRq,S0pRdqq is a dense subspace of Γ0pκq.

Proof. It is not hard to see that for any φ P C0pGL2dpRqq and Υ P C0pGL2dpRq,S0pRdqq, we

have that the pointwise product satisfies φ ¨ Υ P C0pGL2dpRq,S0pRdqq. Furthermore, we shall

prove that:

tΥpLq P ELpRdq : Υ P C0pGL2dpRq,S0pRdqqu “ S0pRdq. (7.37)

Fix f P S0pRdq and L0 P GL2dpRq. Let M0 be a compact neighborhood of L0 and U0 be an open

neighborhood of L0 that containsM0, so we have L0 P M0 Ď U0. By Urysohn’s Lemma for locally

compact spaces [Wil07, Lemma 1.41], there exists a continuous function φ : GL2dpRq Ñ r0, 1s

such that φ|M0
” 1 and φ ” 0 outside U0. Now define

ΥpLq “ φpLq ¨ f, @L P GL2dpRq.

We see that Υ P C0pGL2dpRq,S0pRdqq while ΥpL0q “ f . Since f and L0 are both arbitrary, this

proves Equation (7.37). We see that C0pGL2dpRq,S0pRdqq satisfies the hypotheses of Proposition

6.4, therefore it must be dense in Γ0pκq.
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There are analogues of Lemma 7.5 and 7.6 for ρ, and the proof is easier owing to the fact that

the norm of AL is always dominated by the ℓ1pZ2dq-norm for all L P GL2dpRq.

Lemma 7.7. CpGL2dpRq, ℓ1pZ2dqq Ď Γpρq and C0pGL2dpRq, ℓ1pZ2dqq Ď Γ0pρq.

Notation. Now would be a good time to take a pause to set some notations in place. It would

be helpful to review the module action and inner-product on each Heisenberg module given in

Proposition 7.1. For any sections (not necessarily continuous) Υ1,Υ2 P
ś

LPGL2dpRq ELpRdq of κ,

we define a section ρxΥ1,Υ2y P
ś

LPGL2dpRq AL via:

ρxΥ1,Υ2y pLq :“ LxΥ1pLq,Υ2pLqy P AL, @L P GL2dpRq. (7.38)

If we also have the section (again, not necessarily continuous) a P
ś

LPGL2dpRq AL, then we define

a ¨ Υ1 P
ś

LPGL2dpRq ELpRdq via:

pa ¨ Υ1qpLq :“ apLq ¨ Υ1pLq P ELpRdq, @L P GL2dpRq, (7.39)

Furthermore, we shall fix a notation for the norm on the Banach space Γ0pκq. If Υ P Γ0pκq, we

write:

}Υ}κ :“ sup
LPGL2dpRq

}ΥpLq}ELpRdq. (7.40)

Similarly, we denote by the norm on the C˚-algebra Γ0pρq via:

}a}ρ :“ sup
LPGL2dpRq

}apLq}AL
, (7.41)

for each a P Γ0pρq.

Proposition 7.11. If we again identify ℓ1pZ2dq and S0pRdq as the space of local approximating

sections of ρ and κ respectively, then for all a P ℓ1pZ2dq, and f1, f2 P S0pRdq :

1. ρxf1, f2y P Γpρq; 2. a ¨ f1 P Γpκq.

Consequently, if a P Γpρq, Υ1,Υ2 P Γpκq, then:

3. ρxΥ1,Υ2y P Γpρq; 4. a ¨ Υ1 P Γpκq.
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Finally, if a P Γ0pρq, Υ1,Υ2 P Γ0pκq, then:

5. ρxΥ1,Υ2y P Γ0pρq; 6. a ¨ Υ1 P Γ0pκq.

Proof. We have already seen the sufficient techniques to prove Items 1 and 2. For Item 1, we

need to show that ρxf, gy satisfies the continuous section characterization from Corollary 7.2.

Let ε ą 0 and L0 P GL2dpRq, choose a0 “ ρxf, gy pL0q :“ L0
xf, gy P ℓ1pZ2dq. We know from

[FK04, Lemma 3.5] that the map L ÞÑ tVgfpLkqukPZ2d is continuous from GL2dpRq to ℓ1pZ2dq.

So choose the open set U0 Q L0 of GL2dpRq such that

} Lxf, gy ´ L0
xf, gy }ℓ1 ď

ÿ

kPZ2d

|VgfpLkq ´ VgfpL0kq| ă ε, @L P U0.

It follows that for all L P U0

}ρxf, gy pLq ´ a0}AL
“ }Lxf, gy ´ L0

xf, gy}AL

“ }πLpLxf, gy ´ L0
xf, gyq}

ď }Lxf, gy ´ L0
xf, gy}ℓ1

ă ε.

Therefore ρxf, gy P Γpρq as required.

For Item 2, it is sufficient that we show a ¨ f P CpGL2dpRq,S0pRdqq, following Lemma 7.5.

Let L,L0 P GL2dpRq, we have:

}pa ¨ fqpLq ´ pa ¨ fqpL0q}S0 :“

›

›

›

›

›

ÿ

kPZ2d

apkq pπpLkq ´ πpL0kqq f

›

›

›

›

›

S0

ď
ÿ

kPZ2d

|apkq|}pπpLkq ´ πpL0kqqf}S0 .

It follows from [FK04, Proposition 2.7 (ii)] that as L Ñ L0, }pa ¨ fqpLq ´ pa ¨ fqpL0q}S0 Ñ 0.

Therefore a ¨ f P CpGL2dpRq,S0pRdqq as required.

We next prove Item 3. To do this, fix a window function ϕ P S0pRdq, ε ą 0, and L0 P

GL2dpRq. By local compactness of GL2dpRq, we can fix a compact neighborhood K Q L0. Since

Υ2 : GL2dpRq Ñ E is a continuous section, then is L ÞÑ }Υ2pLq}ELpRdq continuous, therefore

supLPK }Υ2}ELpRdq ă 8. Now, by the continuous section criteria, there exist f1, f2 P S0pRdq such
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that for some open sets U1, U2 Q L0

}Υ1pLq ´ f1}ELpRdq ă
ε

2 ¨ supLPK }Υ2}ELpRdq

, @L P U1

}Υ2pLq ´ f2}ELpRdq ă
ε

2}ϕ}
´1
2 }f1}S0,ϕ

, @L P U2.

Using Proposition 2.3 Item 1, we obtain the following estimate for L P intpU1 X U2 XKq:

}ρxΥ1,Υ2y pLq ´ ρxf1, f2y pLq}AL
“ } LxΥ1pLq,Υ2pLqy ´ Lxf1, f2y }AL

ď } LxΥ1pLq ´ f1,Υ2pLqy }AL
` } Lxf1,Υ2pLq ´ f2y }AL

ď }Υ1pLq ´ f1}ELpRdq ¨ sup
LPK

}Υ2}ELpRdq ` }ϕ}
´1
2 }f1}S0,ϕ}Υ2pLq ´ f2}ELpRdq

ă ε.

Since ρxf1, f2y P Γpρq by Item 1, it follows from Corollary 6.4 that ρxΥ1,Υ2y P Γpρq.

The proof for Item 4 is basically a rehash of Item 3, where we use the estimate in Proposition

2.3 Item 3 instead.

The proofs for Items 5 and 6 are also similar, we shall show one of them. To start, note that

because of Proposition 2.3 Item 1, we have for all L P GL2dpRq:

} ρxΥ1,Υ2y pLq}AL
: “ } LxΥ1pLq,Υ2pLqy }AL

ď }Υ1pLq}ELpRdq}Υ2pLq}ELpRdq.

So if both Υ1 and Υ2 vanish at infinity, then so does ρxΥ1,Υ2y. Since we already know from Item

3 that ρxΥ1,Υ2y P Γpρq, then it follows from what we have just shown that ρxΥ1,Υ2y P Γ0pρq.

This shows Item 5.

Corollary 7.4. The Banach space Γ0pκq defines a full Hilbert left Γ0pρq-module.

Proof. We define Γ0pκq as a Hilbert left Γ0pκq-module exactly by the module inner-product

and action given by Proposition 7.11 Items 5 and 6. The pointwise nature of the definition

immediately shows that the Axioms 1, 2, 3 and 5 of Definition 2.20 are satisfied with the defined

operations. Now, if Υ P Γ0pκq, then we know that ρxΥ,Υy pLq :“ LxΥpLq,ΥpLqy ě 0 in AL for

all L P GL2dpRq. It follows from Proposition 6.7 that ρxΥ,Υy ě 0 in the C˚-algebra Γ0pρq. Now

let us look at the induced module norm on Γ0pκq, for Υ P Γ0pκq, if we denote it by } ¨ }ind, then
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using Equations 7.40 and 7.41:

}Υ}ind :“ } ρxΥ,Υy }1{2
ρ

“

˜

sup
LPGL2dpRq

} ρxΥ,Υy pLq}AL

¸1{2

“

˜

sup
LPGL2dpRq

} LxΥpLq,ΥpLqy }AL

¸1{2

“ sup
LPGL2dpRq

} LxΥpLq,ΥpLqy }
1{2
AL

“ sup
LPGL2dpRq

}ΥpLq}ELpRdq

“: }Υ}κ.

We see that the induced module norm coincides5 with the norm for Γ0pκq and since } ¨ }κ is

complete, then the induced module norm is also complete. This shows that Γ0pκq is a Hilbert

left Γ0pρq-module. All that remains is to show fullness. Let us first define

I :“ span
!

ρxΥ1,Υ2y P Γ0pρq : Υ1,Υ2 P Γ0pκq

)

.

We know that I is an ideal of Γ0pρq by basic Hilbert C˚-module theory. Our goal is to show that

I “ Γ0pρq. Define for each L P GL2dpRq, the ideal IL Ď AL via:

IL :“ tapLq P AL : a P Iu “ span
!

ρxΥ1,Υ2y pLq P AL : Υ1,Υ2 P Γ0pκq

)

.

By Corollary 6.8, we are done if we can show that IL “ AL, because it will follow that I “ ta P

Γ0pρq : apLq P ILu “ ta P Γ0pρq : apLq P ALu “ Γ0pρq. However, it follows from Proposition 5.8

and the density of ℓ1pZ2dq in AL that under the AL-norm:

AL “ span
!

Lxf1, f2y : f1, f2 P S0pRdq

)

.

We can proceed similar to the proof of Corollary 7.3 to show that

!

Lxf1, f2y : f1, f2 P S0pRdq

)

Ď tLxΥ1pLq,Υ2pLqy : Υ1,Υ2 P Γ0pκqu .

5And therefore we shall never make use of the notation } ¨ }ind ever again.
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Therefore

AL “ spantLxΥ1pLq,Υ2pLqy : Υ1,Υ2 P Γ0pκqu :“ IL,

as required. Hence we have shown that Γ0pκq is a full Hilbert left Γ0pρq-module.

Now that we have shown that there is a full Hilbert left Γ0pρq-module structure on the

continuous sections Γ0pκq that vanish at infinity, it is natural to ask if Γ0pκq is actually an im-

primitivity bimodule implementing a Morita equivalence between Γ0pκq and another C˚-algebra

of sections. Knowing that at each L P GL2dpRq, the corresponding fiber of κ, the Heisenberg

module κ´1pLq “ ELpRdq is a Morita equivalence between AL and BL motivates us to construct

C˝ “
Ů

LPGL2d
BL with the corresponding bundle projection map ρ˝ : C˝ Ñ GL2dpRq. We now

have a bundle which has the fiber pρ˝q´1pLq “ BL for each L P GL2dpRq. Our goal now is to

prove that ρ˝ is also a C˚-bundle. There is no need to make this harder than it should be, we

already have the tools that we can use from the construction of ρ available to us, and it now all

boils down to restating our problem in a familiar way. Let L P GL2dpRq, with the correspond-

ing matrix L˝ “ JpL´1qTJT that generates the adjoint lattice, then using the cocycle-adjoint

relations (7.8), for each b P ℓ1pZ2dq

π˚
L˝pbq “

1

| detL|

ÿ

kPZ2d

bpkqπ˚pL˝kq

“
1

| detL|

ÿ

kPZ2d

bpkqcpL˝k, L˝kqπp´L˝kq

“
1

| detL|
π´L˝

´

L˝

b
¯

,

where L˝

b P ℓ1pZ2dq is the sequence whose terms are:
´

L˝

b
¯

pkq “ cpL˝k, L˝kqbpkq for each

k P Z2d. The computation above now opens us for an analogue of Corollary 7.1 for ρ˝. In fact, all

of the results that we have derived for ρ, also have analogues for ρ˝, and we shall not repeat the

associated proofs for these results. Most of them boil down to the fact that the maps L ÞÑ L˝

and L Ñ detL are continuous, with the occassional use of the triangle inequality. If one is

truly interested in repeating the proofs for ρ˝, then it is also instructive to know that for each

L P GL2dpRq, b P ℓ1pZ2dq and f1, f2 P S0pRdq that:

}b}BL
ď

1

| detL|

ÿ

kPZ2d

|bpkq|;
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xf1, f2yL˝ pkq “
1

| detL|

ÿ

kPZ2d

Vf2f1pL˝kq.

Using the same observation that we did for the bundle ρ, we have a dense inclusion: ℓ1pZ2dq ãÑ BL

for all L P GL2dpRq, and so we can identify ℓ1pZ2dq as a space of sections for ρ˝ so that each

b P ℓ1pZ2dq can be seen as b P
ś

LPGL2d
BL via

bpLq :“ b P BL.

As a corollary, using exactly the same kind of argument as in Theorem 7.4 and Proposition 7.2,

we have that ρ˝ can be promoted to a C˚-bundle with the following continuous sections:

Corollary 7.5. The bundle ρ˝ : C˝ Ñ GL2d, whose fibers are pρ˝q´1pLq “ BL for all L P

GL2dpRq, defines a C˚-bundle such that every section b P
ś

LPGL2dpRq BL is continuous, i.e.

b P Γpρ˝q if and only if for all ε ą 0 and L0 P GL2dpRq, there exists b0 P ℓ1pZ2dq such that for

some open neighborhood U0 Q L0:

}bpLq ´ b0}BL
ă ε, @L P U0.

Proposition 7.12. CpGL2dpRq, ℓ1pZ2dqq Ď Γpρ˝q and C0pGL2dpRq, ℓ1pZ2dqq Ď Γ0pρ˝q.

Notation. We now introduce the following notation for the ρ˝. For sections (not necessarily

continuous) Υ1,Υ2 P
ś

LPGL2dpRq ELpRdq of κ, we define a section xΥ1,Υ2yρ˝ P
ś

LPGL2dpRq BL:

xΥ1,Υ2yρ˝ pLq :“ xΥ1pLq,Υ2pLqyL˝ P BL, @L P GL2dpRq. (7.42)

If we also have the section b P
ś

LPGL2dpRq BL, then we define Υ1 ¨ b P
ś

LPGL2dpRq ELpRdq via:

pΥ1 ¨ bqpLq :“ Υ1pLq ¨ bpLq P ELpRdq, @L P GL2dpRq, (7.43)

We denote by the norm on the C˚-algebra Γ0pρ˝q via:

}b}ρ˝ :“ sup
LPGL2dpRq

}bpLq}BL
, (7.44)

for each b P Γ0pρ˝q.
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Proposition 7.13. If we again identify ℓ1pZ2dq and S0pRdq as the space of local approximating

sections of ρ˝ and κ respectively, then for all b P ℓ1pZ2dq, and f1, f2 P S0pRdq :

1. xf1, f2yρ˝ P Γpρ˝q; 2. f1 ¨ b P Γpκq.

Consequently, if b P Γpρq, Υ1,Υ2 P Γpκq, then:

3. xΥ1,Υ2yρ˝ P Γpρ˝q; 4. Υ1 ¨ b P Γpκq.

Finally, if b P Γ0pρ˝q, Υ1,Υ2 P Γ0pκq, then:

5. xΥ1,Υ2yρ˝ P Γ0pρ˝q; 6. Υ1 ¨ b P Γ0pκq.

Corollary 7.6. Γ0pκq is a full Hilbert right Γ0pρ˝q-module with respect to the Γ0pρ˝q-valued

inner-product and right module action defined by (7.42) and (7.43). As a consequence Γ0pκq is

a Γ0pρq-Γ0pρ˝q imprimitivity bimodule.

Proof. That Γ0pκq is a full Hilbert right Γ0pρ˝q-module follows from the same argument as

in Corollary 7.4 using Proposition 7.13. It is almost immediate that Γ0pκq is a Γ0pρq-Γ0pρ˝q

imprimitivity bimodule, but we shall explicitly write what Items 2 and 3 of Definition 2.20 mean

in our setting. Let Υ1,Υ2,Υ3 P Γ0pκq, a P Γ0pρq, and b P Γ0pρ˝q, we have from the pointwise

definition of the section operations and the fact that ELpRdq is an AL´BL-imprimitivity bimodule

for each L P GL2dpRq, that:

1. xaΥ1,Υ2yρ˝ “ xΥ1, a
˚Υ2yρ˝ ,

2. ρxΥ1b,Υ2y “ ρxΥ1,Υ2 b˚y,

3. ρxΥ1,Υ2y Υ3 “ Υ1 xΥ2,Υ3yρ˝ .

7.1.6 Applications to Gabor Analysis

Before we proceed, we note that there is a fundamental obstruction regarding the continuity

of the map GL2dpRq Ñ LpL2pRqq given by the integrated representations L ÞÑ πLpbq (resp.

L ÞÑ π˚
L˝pbq) for a fixed b P ℓ1pZ2dq. As discussed in [FK98], these maps are in general not

globally continuous, and it remains so even if we consider our continuous sections. However, the

local continuity of such maps on points of interest remain true in our setting.
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Lemma 7.8. Let b P Γpρ˝q. If λ P Czt0u and L0 P GL2dpRq are such that bpL0q “ λδ0 P ℓ1pZ2dq,

then L ÞÑ π˚
L˝pbpLqq is a continuous map at the point L0.

Proof. We shall show the proof for continuity of L ÞÑ πL˝pbpLqq at the point L0. Fix ε ą 0,

choose an open set U1 Q L0 and b P ℓ1pZ2dq such that

}bpLq ´ b}BL
ă
ε

4
, @L P U1.

With these fixed, we take note of the fact that b ´ bpL0q P ℓ1pZ2dq and so the map

L ÞÑ }π˚
L˝pb ´ bpL0qq}

is continuous by Proposition 7.12. In particular, there exists an open set U2 Q L0 such that:

|}π˚
L˝pb ´ bpL0qq} ´ }π˚

L˝
0
pb ´ bpL0qq}| ă

ε

4
, @L P U2.

Now, take note of the fact that because bpL0q “ λδ0, we have

π˚
L˝pbpL0qq ´ π˚

L˝
0
pbpL0qq “ λ

ˆ

1

| detL|
´

1

| detL0|

˙

.

Hence we finally take the open set U3 Q L0 such that

ˇ

ˇ

ˇ

ˇ

1

detL
´

1

detL0

ˇ

ˇ

ˇ

ˇ

ă
ε

4dpΛq
, @L P U3.

Since

}π˚
L˝pbpLqq ´ π˚

L˝
0
pbpL0qq} ď}π˚

L˝pbpLqq ´ π˚
L˝pbq} ` }π˚

L˝pb ´ bpL0qq}

` }π˚
L˝pbpL0qq ´ π˚

L˝
0
pbpL0qq},

we can estimate the terms individually, so that if L P U1 X U2 X U3, then

}π˚
L˝pbpLqq ´ π˚

L˝pbq} “ }bpLq ´ b}BL
ă
ε

4
;

and

}π˚
L˝pb ´ bpL0qq} ď |}π˚

L˝pb ´ bpL0qq} ´ }π˚
L˝
0
pb ´ bpL0qq}| ` }π˚

L˝
0
pb ´ bpL0qq}
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ď |}π˚
L˝pb ´ bpL0qq} ´ }π˚

L˝
0
pb ´ bpL0qq}| ` }bpL0q ´ b}BL0

ă
ε

4
`
ε

4
;

and

}π˚
L˝pbpL0qq ´ π˚

L˝
0
pbpL0qq} “ dpΛq

ˇ

ˇ

ˇ

ˇ

1

detL
´

1

detL0

ˇ

ˇ

ˇ

ˇ

ă
ε

4
.

Therefore, L P U1 X U2 X U3 implies:

}π˚
L˝pbpLqq ´ π˚

L˝
0
pbpL0qq} ă ε

as required.

Remark 7.9. An analogous result holds for L ÞÑ πLpapLqq with a P Γpρq.

It is now important that we recall that for each L P GL2dpRdq, ELpRdq ãÑ L2pRdq via

Proposition 7.1. This means that for any section Υ1,Υ2 P
ś

LPGL2dpRdq ELpRdq, we have for each

L P GL2dpRdq, that

SΥ1pLq,Υ2pLq,L P LpL2pRdqq.

So every section in κ defines a GL2dpRdq-indexed family of mixed Gabor frame operators on

L2pRdq. Now, in the case where Υ1,Υ2 are continuous sections that form dual frames on some

L0, we have a crucial result.

Lemma 7.9. Suppose Υ1,Υ2 P Γpκq, and L0 P GL2dpRdq such that Υ1pL0q and Υ2pL0q form

dual Gabor frames with respect to the lattice L0Z2d, then the map GL2dpRq Ñ LpL2pRdqq via

L ÞÑ SΥ1pLq,Υ2pLq,L is continuous at the point L0.

Proof. It follows from the Janssen’s representation for Heisenberg modules, Corollary 5.8, that

for all L P GL2dpRdq:

SΥ1pLq,Υ2pLq,L “ π˚
L˝pxΥ2pLq,Υ1pLqyL˝q “ π˚

L˝pxΥ2,Υ1yρ˝ pLqq. (7.45)

Since Υ1pL0q and Υ2pL0q are dual Gabor frames with respect to L0Z2d, then it follows from the
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Wexler-Rax relations for Heisenberg modules, Corollary 5.10, that:

xΥ2,Υ1yρ˝ pL0q “ detL0δ0.

Since xΥ2,Υ1yρ˝ P Γpρ˝q by Proposition 7.13 Item 3, then it follows from Lemma 7.8 that

L ÞÑ π˚
L˝pxΥ2,Υ1yρ˝ pLqq is continuous at L0. The result now follows from (7.45)

Theorem 7.5. Let L0 P GL2dpRdq, and suppose f0 P EL0pRdq such that Gpf0, L0q generates a

Gabor frame, then for every continuous section Υ P Γpκq that passes through f0, there exists an

open set U0 Q L0 such that GpΥpLq, Lq generates a Gabor frame for all L P U0.

Proof. It follows from Lemma 5.3 that the canonical dual frame h0 “ S´1
f0,L0

f0 is in EL0pRdq.

Let Υ,Ω P Γpκq such that ΥpL0q “ f0 and ΩpL0q “ h0. We see that Υ and Ω form dual Gabor

frames at the point L0, and therefore by Lemma 7.9, L ÞÑ SΥpLq,ΩpLq,L is continuous at L0. This

means there exists an open set U0 Q L0 such that

}SΥpLq,ΩpLq,L ´ IdLpRdq } ă 1, @L P U0.

Therefore SΥpLq,ΩpLq,L is invertible for all L P U0. Since pSΥpLq,ΩpLq,Lq|ELpRdq : ELpRdq Ñ ELpRdq,

we define the section:

ΦpLq :“ S´1
ΥpLq,ΩpLq,LΩpLq P ELpRdq ãÑ L2pRdq, @L P U0. (7.46)

Therefore if L P U0, then for all f P L2pRdq :

SΥpLq,ΩpLq,LSΥpLq,ΦpLq,Lf “ SΥpLq,ΩpLq,L

ÿ

kPZ2d

xf, πpLkqΥpLqyπpLkqΦpLqf

“
ÿ

kPZ2d

xf, πpLkqΥpLqyπpLkqSΥpLq,ΩpLq,LΦpLqf

“
ÿ

kPZ2d

xf, πpLkqΥpLqyπpLkqΩpLqf

“ SΥpLq,ΩpLq,Lf,

hence SΥpLq,ΦpLq,L “ IdL2pRdq for all L P U0, which implies ΦpLq is a dual Gabor atom for ΥpLq

in L P U0 and that GpΥpLq, Lq generates a Gabor frame in L2pRdq for all L P U0.

The following proposition shows that the ‘local section’ (it is only defined inside the open
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set U0) implementing a local dual Gabor atom for Υ above, denoted by Φ in Equation (7.46), is

continuous at the point L0. Its precise meaning is given below.

Proposition 7.14. The section Φ P
ś

LPU0
ELpRdq in (7.46) satisfies: for each ε ą 0 there exists

an open subset W0 Q L0 of U0, and a g0 P S0pRdq such that

}ΦpLq ´ g0}ELpRdq ă ε, @L P W0.

Proof. Fix ε ą 0 and consider a compact neighborhood K0 Q L0 inside U0. Since we have

} IdL2pRdq ´SΥpLq,ΩpLq,L} ă 1 for all L P U0, it follows from the Neumann and geometric series

that

}S´1
ΥpLq,ΩpLq,L} ď

1

1 ´ } IdL2pRdq ´SΥpLq,ΩpLq,L}

for all L P U0. It follows that }S´1
ΥpLq,ΩpLq,L} ď C for some C ą 0 in K0. Because Ω P Γpκq, there

exists W1 Q L0 an open subset contained in K0 such that for L P W1:

}ΩpLq ´ g0}ELpRdq ă
ε

2C
.

We know that L ÞÑ SΥpLq,ΩpLq,L is continuous at the point L0, and since operator inversion is

continuous in LpL2pRdqq, we find that U0 Q L ÞÑ S´1
ΥpLq,ΩpLq,L P LpL2pRdqq is also continuous.

Choose W2 Q L0 contained in K0 such that for L P W2 :

}S´1
ΥpLq,ΩpLq,L ´ S´1

ΥpL0q,ΩpL0q,L0
} “ }S´1

ΥpLq,ΩpLq,L ´ IdL2pRdq } ă
ε

2}g0}2
.

Finally we can estimate, for L P W0 :“ W1 XW2 Ď K0:

}ΦpLq ´ g0}ELpRdq “ }S´1
ΥpLq,ΩpLq,LΩpLq ´ g0}

ď }S´1
ΥpLq,ΩpLq,LpΩpLq ´ g0q} ` }S´1

ΥpLq,ΩpLq,Lg0 ´ g0}

ď C}ΩpLq ´ g0}ELpRdq ` }S´1
ΥpLq,ΩpLq,L ´ IdL2pRdq }}g0}2

ă ε.

As a Corollary of Gabor-stability of Heisenberg modules, we derive that these modules exhibit

a version of the Balian-Low Theorem [AFK14] when considered as a function space.

Corollary 7.7 (Balian-Low for Heisenberg Modules). Let L0 P GL2dpRq such that detL0 “ 1.
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If f0 P EL0pRdq, then Gpf0, L0q cannot be a Gabor frame for L2pRdq.

Proof. Suppose for contradiction that with f0 P EL0pRdq and detL0 “ 1, that Gpf0, L0q generates

a Gabor frame for L2pRdq. Let Υ P Γpκq be a continuous section that passes through f0 at L0.

Then it follows from Theorem 7.5 that there exists an ε ą 0 such that GpΥpLq, Lq generates a

Gabor frame for all L P GL2dpRq where }L´ L0} ă ε. Now take δ ą 0 such that 0 ă δ}L0} ă ε,

then L “ p1 ` δqL0 satisfies }L ´ L0} “ δ}L0} ă ε, so GpΥpLq, Lq generates a Gabor frame for

L2pRdq. However, detL “ det pp1 ` δqL0q “ p1 ` δq2d ą 1, which contradicts the basic density

result given by Corollary 5.11.

7.1.7 Modulus of Continuity of Local Approximating Sections

In order to establish a Banach bundle structure, it was enough that the the norm varies con-

tinuously along the local approximating sections, which we obtained for the sections associated

with f P S0,νpRdq, where νpkq “ 1 ` |k|. However, there are actually much better estimates for

sections associated with f in the weighted Feichtinger’s algebra

S0,νspRdq :“ tf P L2pRdq : Vϕf ¨ νs P L1pR2dqu,

with νspkq “ p1 ` |k|qs for s ě 2. The weighted ℓ1 space ℓ1νspZ2dq is analogously defined (see

Equation (7.19))

Recall that a function f : X Ñ Y between normed spaces X,Y is called α-Hölder continuous

(α-Hölder for short) for 0 ă α ď 1 if there is a constant C ą 0 such that }fpx1q ´ fpx2q} ď

C}x1 ´ x2}α for all x1, x2 P X. More generally, f is called locally α-Hölder if for every x P X

there exists a neighborhood x P M Ă X such that f |M is α-Hölder. In the special case of α “ 1,

we say that f is (locally) Lipschitz instead.

Let us summarize some well-known facts on Hölder continuity.

Observation 7.1.

• if 0 ă α ă β ď 1, then every locally β-Hölder map is locally α-Hölder;

• if f : X Ñ Y is locally α-Hölder and g : Y Ñ Z is locally β-Hölder, then g ˝ f : X Ñ Z is

locally pα ¨ βq-Hölder;

• if f : S Ñ B with S Ă Rn and B a Banach space is differentiable, then f is locally Lipschitz.
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Lemma 7.10. For each fixed n P Z2d, the map L ÞÑ PcLpnq fulfills the estimate

|PcLpnq ´ PcL0
pnq| ď p2d` 1qπ}K}ν2pnqp}L} ` }L0}q ¨ }L´ L0}.

In particular, it is locally Lipschitz.

Proof. Looking at Equation 7.28, we find that

PcLpnq “ exp

¨

˝2πi

¨

˝

ÿ

jăk

njnkpLejq
TKpLekq `

ÿ

k

nkpnk ´ 1q

2
pLekqTKpLekq

˛

‚

˛

‚

Combining the estimates |eia´eib| ď |a´b|, |
mpm´1q

2 | ď |m|2 for all m P Z, and }pLejq
TKpLekq´

pL0ejq
TKpL0ekq} ď }K}p}L} ` }L0}q}L´ L0}, we obtain

|PcLpnq ´ PcL0
pnq| ď π}K}p}L} ` }L0}q}L´ L0}

¨

˝

ÿ

j‰k

|nj ||nk| ` 2
ÿ

k

n2k

˛

‚.

We estimate the last term further

ÿ

j‰k

|nj ||nk| ` 2
ÿ

k

n2k “

ˆ

|n1| . . . |n2d|

˙

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

2 1 . . . 1

1
. . . . . .

...

...
. . . . . . 1

1 . . . 1 2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˝

|n1|

...

|n2d|

˛

‹

‹

‹

‹

‹

‹

‹

‚

ď }n}2

›

›

›

›

›

›

›

›

›

›

›

›

›

›

›

›

›

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

2 1 . . . 1

1
. . . . . .

...

...
. . . . . . 1

1 . . . 1 2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

›

›

›

›

›

›

›

›

›

›

›

›

›

›

›

›

›

ď ν2pnq ¨ p2d` 1q;

indeed, the norm of the symmetric matrix coincides with its largest Eigenvalue 2d ` 1 and

}n}2 “
ř

n2k ď ν2pnq.

Lemma 7.11. For each a P ℓ1ν2pZ2dq and L P GL2dpRq: The map GL2dpRq Q L ÞÑ aL P ℓ1pZ2dq
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fulfills the inequality

}aL ´ aL0}ℓ1 ď p2d` 1qπ}K}p}L} ` }L0}q}a}ℓ1ν2
¨ }L´ L0}.

In particular, it is locally Lipschitz.

Proof.

}aL ´ aL0}ℓ1 “
ÿ

kPZ2d

|apkq||PcLpkq ´ PcL0
pkq|

ď
ÿ

kPZ2d

|apkq|p2d` 1qπ}K}ν2pkqp}L} ` }L0}q ¨ }L´ L0}

“ p2d` 1qπ}K}p}L} ` }L0}q}a}ℓ1ν2
¨ }L´ L0}

Lemma 7.12. For f, g P S0,νspRdq, s ě 2r ě 2, the function L ÞÑ Lxf, gy is continuous as a

map to ℓ1νspZ2dq and r-times differentiable as a map to ℓ1νs´2r
pZ2dq.

Proof. The continuity statement is contained in [FK04, Lemma 3.5]. Consider the partial deriva-

tives

B

Bxℓ
πpx, ωqgptq “ ´e2πi ωtpBℓgqpt´ xq “ ´πpx, ωqpBℓgqptq,

B

Bωℓ
πpx, ωqgptq “ 2πi tℓe

2πi ωtgpt´ xq “ πpx, ωq2πiptℓ ` xℓqgptq.

Put

zm :“

$

’

&

’

%

xm 1 ď m ď d,

ωm´d d` 1 ď m ď d;

Dmpgq :“

$

’

&

’

%

´Bmg 1 ď m ď d,

2πiptm´d ` xm´dqg d` 1 ď m ď d.

so that z “ px, ωq and B
Bzm

πpzqg “ πpzqDmpgq. Note that Bng and tng, and therefore all Dmpgq,

belong to S0,νs´1pRdq (the 1-dimensional case is treated in [DJLL21], the multidimensional ana-

logue can be proved along the same lines). By [FK04, Lemma 2.2 (ii)], z ÞÑ B
Bzm

πpzqg “

πpzqDmpgq is a continuous map to S0,νs´1pRdq. By the chain rule,

B

BLm,n
Lxf, gypkq “

ÿ

ℓ

Bxf, πpzqgy

Bzℓ

ˇ

ˇ

ˇ

ˇ

ˇ

z“Lk

BpLkqℓ

BLm,n
“
ÿ

ℓ
Lxf,Dℓpgqypkqδm,ℓ ¨ kn

“ Lxf,Dmpgqypkq ¨ kn.
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We know that f and the Dmpgq lie in S0,νs´1pRdq, therefore

L ÞÑ Lxf,Dmpgqy

is a continuous map into ℓ1νs´1
pZ2dq and, consequently,

L ÞÑ
B

BLm,n
Lxf, gy “ pLxf,Dmpgqypkq ¨ knqkPZ2d

is a continuous map into ℓ1νs´2
pZ2dq, i.e. L ÞÑ Lxf, gy is differentiable as a map to ℓ1νs´2

pZ2dq.

The same arguments can be iterated to show that the function L ÞÑ Lxf, gy is r-times

differentiable as a map to ℓ1νs´2r
pZ2dq as long as s ě 2r.

Corollary 7.8. Let f, g P S0,ν2pRdq. Then L ÞÑ }Lxf, gy}ℓ1ν is continuous and L ÞÑ Lxf, gy is

locally Lipschitz as a map GL2dpRq Ñ ℓ1pZ2dq.

Proof. Since S0,ν2pRdq Ď S0,νpRdq, L ÞÑ Lxf, gy is continuous as a map to ℓ1νpZ2dq by [FK04,

Lemma 3.5] and thus the first statement follows. From the Lemma 7.12 applied to s “ 2, we

conclude that L ÞÑ Lxf, gy is differentiable as a map to ℓ1pZ2dq and, therefore, locally Lipschitz.

Theorem 7.6. Let f, g P S0,ν2. Then the map L ÞÑ }πLpLxf, gyq} is locally 1
2 -Hölder continuous.

In particular, the map L ÞÑ }f}ELpRdq “ }πLpLxf, fyq}1{2 is locally 1
2 -Hölder continuous.

Proof. Put a :“ Lxf, gy and a0 :“ L0
xf, gy. Then, using triangle inequality, opposite triangle

inequality, and Corollary 7.1

ˇ

ˇ}πLpaq} ´ }πL0pa0q}
ˇ

ˇ

ď
ˇ

ˇ}πLpaq} ´ }πL0paq}
ˇ

ˇ `
ˇ

ˇ}πL0paq} ´ }πL0pa0q}
ˇ

ˇ

ď
ˇ

ˇ}πLpaq} ´ }πL0paq}
ˇ

ˇ ` }πL0pa ´ a0q}

ď C}a}ℓ1ν p}L} ` }L0}q1{2}L´ L0}1{2 ` }aL ´ aL0}ℓ1 ` }a ´ a0}ℓ1 .

The first statement thus follows from Lemma 7.11 and Corollary 7.8 and the fact that every

locally Lipschitz map is locally 1
2 -Hölder.

The second statement if trivial for f “ 0. Let f ‰ 0. For all L P GL2dpRq, faithfulness of the

integrated representation and positive definiteness of the inner product imply that πLpLxf, fyq ‰
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0, hence }f}ELpRdq ą 0. Since the square-root function is differentiable on Rą0, we get the claimed

local Hölder continuity.

Remark 7.10. By [GL16, Proposition 3.5], ℓ1ν2pZ2dq is an inverse-closed subalgebra of AL, in

particular specpLxf, fyq “ specpπLpLxf, fyqq “ specpπΘL
pLxf, fy

L
qq for all f P S0,ν2pRdq. With

the generalization of Theorem 7.2 to spectra mentioned in Remark 7.7 and arguments parallel

to the ones we just performed, one can also show that the map L ÞÑ specpLxf, fyq is locally
1
2 -Hölder continuous for every f P S0,ν2pRdq. Indeed, for a “ Lxf, fy and a0 “ L0

xf, fy,

specpaq Ă specpa0q ` r´1, 1s ¨ p2
?
π}a}ℓ1ν }ΘL ´ ΘL0}

1
2 ` }aL ´ aL0

0 }ℓ1q

by Remark 7.7. Therefore, for the Hausdorff distance dH we find that

dHpspecpaq, specpa0qq ď 2
?
π}a}ℓ1ν }ΘL ´ ΘL0}

1
2 ` }aL ´ aL0

0 }ℓ1

ď 2
?
π}a}ℓ1ν p}L} ` }L0}q1{2}L´ L0}1{2 ` }aL ´ aL0}ℓ1 ` }a ´ a0}ℓ1

and the claimed 1
2 -Hölder continuity follows exactly as in the proof of Theorem 7.6.

Of course, everything also works for the right Hilbert module structure and, thus, we get

that the map L ÞÑ specpxf, fyL˝q is 1
2 -Hölder. Finally, recall that according to the Janssen repre-

sentation (Corollary 5.8), we have Sf,L “ π˚
L˝pxf, fyL˝q. Since L ÞÑ L˝ “ ´JpL´1qTJ is locally

Lipschitz, we may conclude that for f P S0,ν2pRdq the map L ÞÑ specpSf,Lq “ specpxf, fyL˝q is

locally 1
2 -Hölder.

7.2 Results Part II: On Modulation and Translation Invariant

Operators and the Heisenberg Modules

In this section, we establish some connections between the Heisenberg modules and Quantum

Harmonic Analysis (QHA). We shall do this by following the recent developments primarily from

the papers of Luef and Skrettingland [LS18, Skr20, Skr21b], where time-frequency and Gabor

analytic techniques have taken a major role. In light of this, we briefly introduce the Weyl

quantization scheme (compare with the Kohn-Nirenberg and Spreading schemes c.f. Definition

4.12), which is the preferred scheme for QHA in the time-frequency plane R2d. There are reasons

for this preference, and the case for it will be made stronger in the introduction of lattice-
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modulation invariant operators. As expected, lattice-modulation invariant operators will be

the natural counterpart for lattice-translation invariant operators (c.f. Definition 4.14), and

would require a notion of operator-modulation analogous to Definition 4.13. The introduction

of operator-modulation subsequently paves the way for "Quantum Time-Frequency Analysis"

(QTFA), as we now have access to operator time-frequency shifts. An exploration of such ideas

has already started with [LM24].

We will be motivated by the simple observation that all adjointable maps of the Heisenberg

module associated to the lattice Λ are exactly finite sums of Gabor frame operators on Λ (Lemma

7.7). It then follows that adjointable maps of the Heisenberg module associated to the lattice Λ,

are Λ-translation invariant operators. Conversely, we shall use techniques from operator algebras

to show that we can characterise Λ-translation invariant operators as limits (under different

operator topologies) of periodizations of finite rank operators, generated by functions from the

Heisenberg module. Our operator algebraic techniques necessitate that we go beyond the usual

Banach Gelfand triple framework for sequences, and in turn, we also obtain characterisation

results beyond the usual setting of LpS0pRdq,S1
0pRdqq for Λ-translation invariant operators.

We then introduce the notion of Λ-modulation invariant operators, using the concept of

operator modulation similar to the operator translation invariant setting. In examining such

operators the parity operator naturally arises as the only R2d-modulation invariant operator.

The Parity operator allows us to identify Λ-modulation invariant operators with Λ{2-translation

invariant operators. The identification allows us to formulate (analogous) characterisations of

Λ-modulation invariant operators in terms of a new kind of operator-periodization based on

operator-modulation, called the "Fourier-Wigner operator-periodization" applied on finite-rank

operators generated by the Heisenberg modules. We shall also consider the discrepancy between

the densities of the lattices Λ{2 and Λ, along with its implications on the minimum number

of generators required to obtain the aforementioned characterisations for Λ-translation versus

Λ-modulation invariant operators.

7.2.1 Intermission: The Weyl Quantization Scheme and QHA

Similar to the Kohn-Nirenberg symbol and the spreading function of Definition 4.12, the so-

called Weyl-symbol can be obtained by applying an isomorphism to the kernel κpT q of an

operator T P LpS0pRdq,S1
0pRdqq. Let us first define the symplectic phase-multiplication
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map ph : L2pR2dq Ñ L2pR2dq via:

pphF qpx, ωq “ eπix¨ωF px, ωq, @px, ωq P R2d. (7.47)

Note that ph is a unitary map on L2pR2dq, satifying

pph´1 F qpx, ωq “ e´πix¨ωF px, ωq.

Furthermore, it can be restricted in the Feichtinger’s algebra and extended to its dual, both as

isomorphisms, using Item 8 of Proposition 4.9 and Item 6 of Proposition 4.12.

Definition 7.3. For each T P LpS0pRdq,S1
0pRdqq, the Weyl-symbol of T is given by:

σpT q :“ pFs ˝ phqpηpT qq P S1
0pR2dq, (7.48)

where ηpT q is the spreading function of T .

Recall that the motivation for the spreading function is that the rank-one operators f b g

give us the STFTs Vgf “ ηpf b gq (c.f. (4.39)). This implies that:

phpηpf b gqqpx, ωq “ eπix¨ωVgfpx, ωq “: Apf, gqpx, ωq, @px, ωq P R2d.

The equation above is the so-called cross-ambiguity function for f, g P L2pRdq. The Weyl

quantization scheme can now be seen to be the quantum correspondence that allows us to recover

the so-called cross-Wigner distribution W pf, gq P L2pR2dq which is another time-frequency

representation defined via:

W pf, gqpx, ωq “

ż

Rd

f

ˆ

x`
t

2

˙

g

ˆ

x´
t

2

˙

e´2πit¨ω dt. (7.49)

It is well-known [Grö01, DG11] that the cross-ambiguity function and the cross-Wigner trans-

forms are related via the symplectic-Fourier transform:

W pf, gq “ FspApf, gqq. (7.50)
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Therefore it follows that indeed:

σpf b gq “ pFs ˝ phqpηpf b gqqq “ FspApf, gqq “ W pf, gq.

On the other hand, the Kohn-Nirenberg symbol of T P LpS0pRdq,S1
0pRdqq is related to its Weyl

symbol via:

σpT q “ pFs ˝ ph ˝FsqpζpT qq. (7.51)

Remark 7.11. Equation (7.51) is obtained through the relationship of the spreading function and

the Kohn-Nirenberg symbol. However, one can also obtain the Weyl symbol straight from the

kernel κpT q of T by the following formula:

σpT q “ pF2 ˝A1qpκpT qq (7.52)

where A1 is the coordinate transform pA1F qpx, yq “ F
`

x`
y
2 , x´

y
2

˘

for any F : R2d Ñ C.

Indeed Equation (7.52) is usually taken to be the definition of the Weyl-symbol, but one can of

course show that we obtain Definition 7.3 by the following formulae:

F2 ˝A1 “ Fs ˝ ph ˝F2 ˝ τa.

The Weyl correspondence is merely an application of isomorphisms to the kernel of an op-

erator T , so this quantization scheme implements a Banach-Geldand triple isomorphism from

the operator space pL˚´}¨},HS,LqpRd,Rdq to pS0, L
2,S1

0qpRd ˆ Rdq (see opening paragraph of

Section 4.4 of Chapter 4) exactly via T ÞÑ σpT q. The Weyl correspondence is well-studied, the

following gives the inverse to the Weyl-calculus map (see [LS18]).

Proposition 7.15. For σ P ppS0, L
2,S1

0qpRd ˆ Rdqq, the Weyl-transform Lσ is an operator

in pL˚´}¨},HS,LqpRd,Rdq acting as an inverse for the Weyl-calculus T ÞÑ σpT q. It is explicitly

given by the following vector-valued integral:

Lσ “

ż

R2d

Fspσqpχqe´πiχ1¨χ2πpχq dχ. (7.53)

Remark 7.12. Note that when σ P S1
0pR2dq in Equation (7.53), then Lσ is interpreted via duality.
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In fact, using the brackets p¨, ¨qS0,S1
0

pg, LσfqS0,S1
0

“ pW pf, gq, σqS0,S1
0

(7.54)

for f, g P S0pRdq.

The following result is also one of the reasons for the interest in the Weyl-quantization scheme:

it possesses a property similar to the Kohn-Nirenberg symbol.

Proposition 7.16 (Shift-Covariance for the Weyl-Symbol). For any χ P R2d:

σpαχT q “ TχσpT q. (7.55)

Proof. Let χ P R2d, recall that αχ denotes the operator-translation in Definition 4.13. It is also

straighforward to show that the symplectic modulation commutes with the phase-multiplication

map: ph ˝M s
χ “ M s

χ ˝ ph. The following computation now follows from (4.16) and the shift-

covariance formula for the Kohn-Nirenberg symbol Equation (4.41) that :

σpαχT q “ pFs ˝ ph ˝FsqpζpαχT qq

“ pFs ˝ ph ˝Fs ˝ TχqpζpT qq

“ pFs ˝ ph ˝M s
χ ˝ FsqpζpT qq

“ pFs ˝M s
χ ph ˝FsqpζpT qq

“ TχpFs ˝ ph ˝FsqpζpT qq

“ TχσpT q.

Since the Weyl-symbol also possesses shift-covariance similar to the Kohn-Nirenberg symbol,

if T P LpS0pGq,S1
0pGqq, then its Weyl symbol σpT q P S1

0pGˆ pGq is also Λ-periodic, meaning there

exists rσpT q P S1
0ppG ˆ pGq{Λq such that σpT q “ Pˆ

Λ prσpT qq (see Remark 4.10). It also follows

that we can use the Weyl-quantization scheme to reprove Theorem 4.7 and all its subsequent

corollaries (including Janssen’s representation) for lattice-translation invariant operators. This

was properly explored in [Skr21a] where the representation for Λ-translation invariant operators

are slightly different. We give an analogue of Proposition 4.17 for the Weyl-quantization scheme.
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Proposition 7.17. Provided a Λ-translation invariant operator T P LpS0pGq,S1
0pGqq we have

rσpT q P pS0, L
2,S1

0qppG ˆ pGq{Λq, and there exists a unique coefficient k P pℓ1, ℓ2, ℓ8qpΛ˝q such

that

T “

ż

Λ˝

kpλ˝qeπiλ
˝
1¨λ˝

2πpλ˝qdµΛ˝pλ˝q “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qeπiλ
˝
1¨λ˝

2πpλ˝q (7.56)

where the convergence is in the weak sense when rσpT q P S1
0ppGˆ rGq{Λq.

Remark 7.13. We shall use the notation λ˝ “ pλ˝
1, λ

˝
2q P Λ˝ or more generally, χ “ pχ1, χ2q P R2d

for the rest of the manuscript. Notice that there is an extra phase-factor representation 7.56.

This is in keeping with the interpretation that Λ-translation invariant operators are Λ-periodic,

we refer to the unique sequence k “ tkpλ˝quλ˝PΛ˝ in representation (7.56) the operator Fourier-

coefficients of T.

Example 7.1. Λ-translation invariant operators observe a pleasing symbol calculus, namely if
1
ab “ n and S, T are Λ-translation invariant operators where Λ “ aZd ˆ bZd, then

σpSq ¨ σpT q “ σpST q. (7.57)

A fact that we have avoided discussing until now, since our focus mostly lied on operator-

quantization (i.e. correspondence between operators and distributions/functions on the time-

frequency plane) is that QHA should necessarily have a version of Fourier transform for operators.

Indeed, such a notion exists, it is called the Fourier-Wigner transform denoted by FW . It

is defined on the trace-class operators T 1 on L2pRdq so that for S P T 1, FW pSq is a function in

the time-frequency plane. Explicitly, if we denote by tr : T 1 Ñ C the trace on the trace-class

operators:

FW pSqpχq “ eπiχ1¨χ2 trpπp´χqSq, χ P R2d. (7.58)

In QHA the trace-class operators T 1 take on the role of L1pRdq, and indeed one can define a

suitable notion of operator convolution for them. For S, T P T 1, the operator convolution S ‹ T

is a function on the time-frequency plane Rd given by:

pS ‹ T qpχq “ trpSαχ qT q (7.59)
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where qT “ PTP is called the operator-parity with P : L2pRdq Ñ L2pRdq given by the parity

operator pPfqptq “ fp´tq. Note that (7.58) and (7.59) makes sense because T 1 is an ideal in

LpL2pRdqq [Sim05] and T 1 is invariant under time-frequency shifts and operator-parity [LS18].

We have the following results concerning QHA-centric concepts, and the interested reader is

referred to [Skr21b, LS18, Skr20]. Note that T p appearing below is the Schatten-p class of

operators [Sim05, BLPY16] in LpL2pRdqq for 1 ď p ă 8. The Schatten-1 class is the trace-class

operators, as the notation suggests.

Proposition 7.18. For S, T P T 1, S ‹ T P L1pRdq. One can also extend operator-convolutions

with a Young’s inequality type-estimate. If S P T p and T P T q, then S ‹T P T r for 1
p ` 1

q “ 1` 1
r

with 1 ď p, q, r ď 8. We have the estimate }S ‹ T }T r ď }S}T p}T }T q . The Schatten-2 class is a

Hilbert space, which is exactly the Hilbert-Schmidt operator space.

Proposition 7.19. The Fourier-Wigner Transform possesses the following properties

1. FW pSq P C0pRdq if S P T 1;

2. We can extend the Fourier-Wigner transform (by duality) to any S P LpS0pRdq,S1
0pRdqq so

that FW pSq P S1
0pRdq.

3. FspS ‹ T q “ FW pSqFW pT q for S, T P T 1

4. The Fourier-Wigner transform and the Weyl-symbol are related via: FW pSq “ FspσpSqq

whenever S is well-defined in FW . As a corollary, the Fourier-Wigner transform is a

Gelfand triple isomorphism:

T P pL˚´}},HS,LqpRd,Rdq ðñ FW pSq P pS0, L
2,S1

0qpRdq.

It follows as a consequence of the properties of presented above, that the convolution of two

operators, is the convolution of their Weyl-symbols.

We see that certain properties from classical harmonic analysis survive in the QHA set-up,

for example, in Proposition 7.19: Item 1 is an analogoue of Riemman-Lebesgue Lemma, Item

3 can be construed as an operator-version of Fourier-convolution product (3.12). On the other

hand, the Fourier-Wigner and Weyl-symbol relation will be relevant in our discussion of operator-

modulation in Subsection 7.2.3, and indeed is another reason to work with the Weyl quantization

scheme.
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Before we proceed to the next subsection, let us first recall one of the main motivations for

our line of inquiry regarding the Λ-translation invariant operators. The canonical example of

Λ-translation invariant operators are the Gabor frame operators with respect to Λ. Recall from

Equation that given f, g P L2pRdq: (4.50)

Sg,h,Λ “
ÿ

λPΛ

ppg b hq˚q “ PΛppg b hq˚q. (7.60)

From the Equation above, Gabor-frame operators can are exactly Λ operator-periodized rank-one

operators. In the next subsection, we shall show that Gabor-frame operators and rank-operators

occupy a fundamental spot in the space of Λ-translation invariant operators.

7.2.2 Λ-Translation Invariant Operators via Finite-Rank Operators Gener-

ated by the Heisenberg Module

In [Skr21b] a Janssen-type representation formula was found for general trace-class operators,

from which one can then prove a correspondence between Λ-translation invariant operators (as

they should be amenable to an operator-periodization representation) T P LpS0pRdq,S1
0pRdqq and

their operator Fourier coefficients k as in Theorem 7.17. We further investigate the theory of Λ-

translation invariant operators through a combination of this Janssen-type correspondence and

the characterisation of adjointable maps of the Heisenberg modules as Gabor frame operators.

We shall make the case here that the Gabor frame operators do not only give us ‘canonical

examples’ of Λ-translation invariant operators, but they can be used to topologically characterise

all Λ-translation invariant operators not only in LpS0pRdq,S1
0pRdqq, but in L

`

L2pRdq
˘

as well.

As a corollary of Equation (7.60), we must be able to characterise all Λ-translation invariant

operators in LpS0pRdq,S1
0pRdqq and L

`

L2pRdq
˘

in terms of some topological limit of operator-

periodization of finite-rank operators.

For the rest of this manuscript, we will refer to the Heisenberg module as EΛpRdq as originally

notated in Theorem 5.5, with the difference that we work in particular with G “ Rd. We go

back to this notation moving forward since the generating matrices GL2dpRdq for the lattices do

not play any significant role in in this section, unlike the case in Section 7.1.

We first start with making the connection between Λ-translation invariant operators and

AΛ-adjointable maps of the Heisenberg module EΛpRdq explicit. Let T P LAΛ
pEΛpRdqq, then it
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follows that for all a P ℓ1pΛq and f P S0pRdq that:

T pafq “ apTfq

ðñ T

˜

ÿ

λPΛ

apλqπpλqf

¸

“
ÿ

λPΛ

apλqπpλqpTfq

If we take a “ δλ in particular, then Tπpλqf “ πpλqpTfq for all f P S0pRdq. If we combine this

with the fact that EΛpRdq ãÑ L2pRdq ãÑ S1
0pRdq, then we obtain that T|S0pRdq P LpS0pRdq,S1

0pRdqq

and is a Λ-translation invariant operator. Subsequently T|S0pRdq is eligible for a representation

as in (7.56). We may ask, where exactly do the operator Fourier-coefficients k of T|M1pRdq lie

within ℓ8pΛ˝q? To answer this, we have the following lemma regarding the AΛ-adjointable maps

of EΛpRdq.

Lemma 7.13. There exists an n P N such that for any T P LApEΛpRdqq, we have T “

řn
i“1pSgi,hi,Λq|EΛpRdq, where g1, ..., gn, h1, ..., hn P EΛpRdq.

Proof. Since we are working with a lattice Λ, then as previously noted, the coefficient C˚-

algebras A and B are unital. In particular, similar to the proof of Corollary 2.7, the uni-

tality of B and fullness of EΛpRdq with respect to B implies that there exist an n P N and

g1, ..., gn, ψ1, ..., ψn P EΛpRdq such that
řn
i“1 xgi, ψiyΛ˝ “ 1B for the identity 1B P B. It follows

that if T P LAΛ
pEΛpRdqq and f P EΛpRdq, we have Tf “ T pf1Bq “ T p

řn
i“1 f xgi, ψiyΛ˝q “

T p
řn
i“1 Λxf, giyψiq “

řn
i“1 Λxf, giy pTψiq “

řn
i“1 θgi,hif where we took hi “ Tψi. Finally, it

follows from Lemma 5.3 that: T “
řn
i“1pSgi,hi,Λq|EΛpRdq as required.

We need to introduce another 2-cocyle so that we can make sense of the connection between

the adjointable maps and the canonical representation (7.56) of Λ-translation invariant operators.

We define c1 : R2d ˆ T2d Ñ T via:

c1ppx1, ω1q, px2, ω2qq “ eπipx2¨ω1´x1¨ω2q.

We denote by B1
Λ the enveloping C˚-algebra obtained from the Banach ˚-algebra ℓ1pΛ˝, c1q.

Lemma 7.14. Let ρ : Λ˝ Ñ T via ρpλ˝q “ eπiλ
˝
1λ

˝
2. Then the map rρ : ℓ1pΛ˝q Ñ ℓ1pΛ˝q

rρpbqpλ˝q “ bp´λ˝qρpλq “ bp´λ˝qeπiλ
˝
1¨λ˝

2 , @λ˝ P Λ˝ (7.61)

extends to a C˚-isomorphism rρ : B1
Λ Ñ BΛ.
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Proof. rρ : ℓ1pΛ˝q Ñ ℓ1pΛ˝q is obviously a Banach space automorphism with inverse

prρq´1pbqpλ˝q “ bp´λ˝qe´πiλ˝
1¨λ˝

2 .

It also follows from a straight-forward computation that: rρpb1 ˚c1 b2q “ rρpb1q ˚c rρpb2q and

rρpb
˚c1

1 q “ rρpb1q˚c , for each b1,b2 P ℓ1pΛ˝, c1q. Therefore on the common dense subspace ℓ1pΛ˝q,

we have that rρ : ℓ1pΛ, c1q Ñ ℓ1pΛ, cq is a Banach ˚-algebra isomorphism, hence rρ must extend to

a C˚-isomorphism.

Remark 7.14. The isomorphism B1
Λ – BΛ can be explained by the fact that the 2-cocycles c and

c1 are cohomologous as we have discussed in Subsection 7.1.2.

We now reiterate that from the localization result Proposition 5.13, we have the following

continuous norm-dense embeddings:

ℓ1pΛ˝q ãÑ BΛ – B1
Λ ãÑ ℓ2pΛ˝q ãÑ ℓ8pΛ˝q. (7.62)

From this observation we obtain the following result.

Theorem 7.7. T P LpS0pRdq,S1
0pRdqq is a Λ-translation invariant operator whose Fourier co-

effients k lie in B1
Λ, equivalently rρpkq P BΛ, if and only if T extends to an AΛ-adjointable map.

In this case, there exists an n P N such that T is a finite sum of n Gabor frame operators, and

further extends to a map in L
`

L2pRdq
˘

with }T }LpL2q “ }k}B1
Λ

“ }rρpkq}BΛ
.

Proof. Suppose that T P LpS0pRdq,S1
0pRdqq is a Λ-translation invariant operator with Fourier

coefficients k “ tkpλ˝quλ˝PΛ˝ P B1 so that

T “
1

dpΛq

ÿ

λ˝PΛ˝

kpλ˝qe´πiλ˝
1¨λ˝

2πpλ˝q “
1

dpΛq

ÿ

λ˝PΛ˝

k´λ˝eπiλ
˝
1¨λ˝

2π˚pλ˝q “
1

dpΛq

ÿ

λ˝PΛ

rρpkqpλ˝qπ˚pλ˝q.

We then obtain that T “ π˚
Λ˝prρpkqq|S0pRdq. Now it follows from the fact that B is unital and

EΛpRdq is full with respect to B, that there exists g1, ..., gn, h1, ..., hn P EΛpRdq such that rρpkq “

řn
i“1 xgi, hiyΛ˝ . We obtain T “

řn
i“1 π

˚
Λ˝ pxgi, hiyΛ˝q

|S0pRdq
. It now follows from the Janssen’s

representation for the Heisenberg modules (5.8) that T “
řn
i“1pSgi,hi,Λq|S0pRdq, from which we

can conclude that T extends to an AΛ-adjointable map via Lemma 5.3.

The converse easily follow from the uniqueness of the operator Fourier coefficients, Equation

(7.56), Lemma 7.13, and the Janssen’s representation for the Heisenberg modules (5.8). In par-
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ticular, T “
řn
i“1pSgi,hi,Λq|EΛpRdq “ π˚

Λ˝ p
řn
i“1 xgi, hiyΛ˝q for some g1, ..., gn, h1, ..., hn P EΛpRdq

and rρpkq “
řn
i“1 xgi, hiyΛ˝ for some k P B1

Λ. It follows from Proposition 5.3 that T extends to

L
`

L2pRdq
˘

, and that }T }LpL2q “ }π˚
Λ˝p

řn
i“1 xgi, hiyΛ˝q}LpL2q “ }rρpkq}BΛ

“ }k}B1
Λ
.

Lemma 7.15. For each Λ-translation invariant operator T P LpS0pRdq,S1
0pRdqq with Fourier

coefficients k P ℓ8pΛ˝q, we have the following estimate:

}T }LpS0pRdq,S1
0pRdqq ď

}k}8

dpΛq
.

Proof. We compute

}T }LpS0pRdq,S1
0pRdqq “ sup

!ˇ

ˇ

ˇ
pg, TfqS0,S1

0

ˇ

ˇ

ˇ
: }f}S0 “ }g}S0 “ 1

)

“ sup
!
ˇ

ˇ

ˇ
pg, TfqS0,S1

0

ˇ

ˇ

ˇ
: }f}S0 “ }g}S0 “ 1

)

Using Equation (7.56) we obtain:

}T }LpS0pRdq,S1
0pRdqq ď

1

dpΛq
}k}8 sup

#

ÿ

λ˝PΛ˝

|Vfgpλ˝q| : }f}S0 “ }g}S0 “ 1

+

ď
1

dpΛq
}k}8 sup

"
ż

R2d

|Vfgpx, ωq|dx dω : }f}S0 “ }g}S0 “ 1

*

ď
1

dpΛq
}k}8,

where the last inequality follow from [Jak18, Proposition 4.10].

Theorem 7.8. There exists an n P N such that every Λ-translation invariant operator in

LpS0pRdq,S1
0pRdqq is the norm-limit of operator-periodizations of rank-n operators generated by

functions coming from EΛpRdq.

Proof. Suppose T is a Λ-translation invariant operator in LpS0pRdq,S1
0pRdqq with Fourier coeffi-

cients k P ℓ8pΛ˝q. We know from the continuous norm-dense embeddings (7.62) that there exists

a sequence tkmumPN Ď B1
Λ such that }k ´ km}8 Ñ 0. For each m P N, define the Λ-translation

invariant operator Tm P LpS0pRdq,S1
0pRdqq via Tm :“ 1

dpΛq

ř

λPΛ˝ kmpλ˝qe´πiλ˝
1¨λ˝

2πpλ˝q. It then

follows from Lemma 7.15 that }T ´ Tm}LpS0pRdq,S1
0pRdqq ď

}k´km}8

dpΛq
Ñ 0. But then we know from

Theorem 7.7 that there exists a fixed n P N such that each Tm is in fact a finite sum of Gabor

frame operator Tm “
řn
i“1pSgi,hi,Λq|S0pRdq for g1, ..., gn, h1, ..., hn P EΛpRdq. By Equation (7.60),

Tm “
ř

λPΛ αλ p
řn
i“1phb gq˚qq “

ř

λPΛ αλ p
řn
i“1pg b hqq, which is what we wanted to prove.
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We have seen that the C˚-algebraic aspects of the theory coming from the Heisenberg modules

has allowed us to fully characterise Λ-translation invariant operators in LpS0pRdq,S1
0pRdqq where

we have gone outside the usual confines of the Banach Gelfand triple setting pℓ1, ℓ2, ℓ8qpΛ˝q by

considering the intermediate sequence spaces BΛ and B1
Λ. We now consider the von Neumann

algebraic aspect of the theory by going out of the the LpS0pRdq,S1
0pRdqq setting. We denote the

space of Λ-invariant operators in L
`

L2pRdq
˘

via:

LΛ

´

L2pRdq

¯

:“
!

T P L
´

L2pRdq

¯

: T “ αλpT q,@λ P Λ
)

.

The following lemma is immediate.

Lemma 7.16. T P LΛ

`

L2pRdq
˘

if and only if it is an extension of a Λ-translation invariant

operator in S P LpS0pRdq,S1
0pRdqq such that ImpSq Ď L2pRdq. In this case, T can be represented

as in (7.56), with operator Fourier-coefficients k P ℓ2pΛ˝q.

Proof. The characterisation for LΛ

`

L2pRdq
˘

as stated above is immediate. We only show that

T P LΛ

`

L2pRdq
˘

will necessarily have operator Fourier-coefficients satisfying k P ℓ2pΛ˝q. We

have from (7.56) that for all f, g P L2pRdq

xTf, Tgy2 “
1

dpΛq2

ÿ

λ˝,ν˝PΛ˝

kpλ˝qkpν˝qe´πipλ˝
1¨λ˝

2´ν˝
1 ¨ν˝

2 q xπpλ˝qf, πpλ˝qgy2 .

By letting f “ g, and taking the supremum over all }f}2 “ 1 in the equation above, we obtain

8 ą }T }2LpL2q
ě 1

dpΛq2

ř

λ˝PΛ˝ |kpλ˝q|2, which shows k P ℓ2pΛ˝q.

Remark 7.15. Note that all of our results on Λ-translation invariant operators in this section

have an analogue for when we replace Λ with its adjoint Λ˝. Relevant to this is the fact that we

can construct the Heisenberg module again by switching the roles of the lattice Λ and its lattice

Λ˝, giving us EΛ˝pRdq. It is in fact also true that EΛ˝pRdq “ EΛpRdq [AE20, Proposition 3.17].

Next, if S Ď L
`

L2pRdq
˘

, we denote the commutant of S in L
`

L2pRdq
˘

via S1 :“ tT P

L
`

L2pRdq
˘

: Ts “ sT, @s P Su. The double commutant of S is S2 “ pS1q1. We use S, SSOT, SWOT

to denote the closure of S with respect to the norm, strong-operator, and weak-operator topolo-

gies respectively. Finally, von Neumann’s double commutant theorem [Dav96, Theorem I.7.1]

will feature prominently in the subsequent proofs.
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Lemma 7.17. We have:

π˚
Λ˝pℓ1pΛ˝qq2 “ π˚

Λ˝pBΛq2. (7.63)

Proof. Note that π˚
Λ˝pℓ1pΛ˝qq is a unital ˚-subalgebra of L

`

L2pRdq
˘

, therefore it follows from the

double commutant theorem and the fact that the norm-topology contains the strong operator

topology, which further contains the weak operator topology, that:

π˚
Λ˝pℓ1pΛ˝qq Ď π˚

Λ˝pℓ1pΛ˝qq Ď π˚
Λ˝pℓ1pΛ˝qqWOT “ π˚

Λ˝pℓ1pΛ˝qqSOT “ π˚
Λ˝pℓ1pΛ˝qq2. (7.64)

However, π˚
Λ˝ is a ˚-homomorphism, and thus has a closed range, from which it follows that

π˚
Λ˝pℓ1pΛ˝qq “ π˚

Λ˝pℓ1pΛ˝qq “ π˚
Λ˝pBΛq. (7.65)

Therefore Equations (7.64) and (7.65) imply that π˚
Λ˝pBΛq Ď π˚

Λ˝pℓ1pΛ˝qq2, from which it fol-

lows that π˚
Λ˝pBΛq2 Ď π˚

Λ˝pℓ1pΛ˝qq2. The reverse inclusion follows easily from the fact that

π˚
Λ˝pℓ1pΛ˝qq Ď π˚

Λ˝pBΛq, whence π˚
Λ˝pℓ1pΛ˝qq2 Ď π˚

Λ˝pBΛq2. We have proved π˚
Λ˝pℓ1pΛ˝qq2 “

π˚
Λ˝pBΛq2.

Lemma 7.18. We have:

LΛ

´

L2pRdq

¯

“ LΛ˝

´

L2pRdq

¯1

(7.66)

Proof. Suppose T P LΛ˝

`

L2pRdq
˘1, because πpλq P LΛ˝

`

L2pRdq
˘

for all λ P Λ, then T commutes

with all πpλq P Λ, so T P LΛ

`

L2pRdq
˘

. We obtain LΛ˝

`

L2pRdq
˘1

Ď LΛ

`

L2pRdq
˘

. For the reverse

inclusion, we use 7.16 adapted for Λ˝-translation invariant operators, so that T ˝ P LΛ˝

`

L2pRdq
˘

can always be written

T ˝ “
1

dpΛ˝q

ÿ

λPΛ

kλe
´πiλ1¨λ2πpλq (7.67)

for some tkλuλPΛ P ℓ8pΛq. On the other hand, if T P LΛ

`

L2pRdq
˘

, we find due to (7.67) that

TT ˝ “ T ˝T, whence LΛ

`

L2pRdq
˘

Ď LΛ˝

`

L2pRdq
˘1. We now have LΛ

`

L2pRdq
˘

“ LΛ˝

`

L2pRdq
˘1

We now obtain a von Neumann algebraic version of the Theorem 7.8.
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Theorem 7.9. We have:

LΛ

´

L2pRdq

¯

“ π˚
Λ˝pBq2. (7.68)

As a corollary, there exists an n P N such that every operator in LΛ

`

L2pRdq
˘

is a weak-operator,

or strong-operator limit of periodizations of rank-n operators generated by functions coming from

EΛpRdq.

Proof. Suppose T P π˚
Λ˝pℓ1pΛ˝qq1, because πpλ˝q P π˚

Λ˝pℓ1pΛ˝qq for all λ˝ P Λ˝, then T commutes

πpλ˝q for all λ P Λ˝. Therefore

π˚
Λ˝pℓ1pΛ˝qq1 Ď LΛ˝

´

L2pRdq

¯

.

Taking the commutant of the inclusion gives us

LΛ

´

L2pRdq

¯

“ LΛ˝

´

L2pRdq

¯1

Ď π˚
Λ˝pℓ1pΛ˝qq2.

On the other hand, we note that πpλq P π˚
Λ˝pℓ1pΛ˝qq1 for all λ P Λ, hence if T P π˚

Λ˝pℓ1pΛ˝qq2,

then Tπpλq “ πpλqT for all λ P Λ. We have obtained

π˚
Λ˝pℓ1pΛ˝qq2 Ď LΛ

´

L2pRdq

¯

.

All-in-all, we have shown that

LΛ

´

L2pRdq

¯

“ LΛ˝

´

L2pRdq

¯1

“ π˚
Λ˝pℓ1pΛ˝qq2.

Equation (7.68) now follows from Equations (7.63) and (7.66).

As a corollary of Equation (7.68) and the double commutant theorem:

LΛpL2pGqq “ π˚
Λ˝pBq2 “ π˚

Λ˝pBqSOT “ π˚
Λ˝pBqWOT.

As a consequence of unitality of B and fullness of EΛpRdq, there exists a fixed n P N such that the

operators in π˚
Λ˝pBq (similar to the proof in Lemma 7.13) are exactly of the form

řn
i“1 Sgi,hi,Λ

where g1, ..., gn, h1, ..., hn P EΛpRdq. The result now follows from Equation (7.60).
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7.2.3 Operator-Modulation

Let us again look at the shift-covariant formula for the Weyl-symbol:

TχσpT q “ σpαχT q, @χ P R2d.

Motivated by shift-covariance, we expect that the correct notion of operator-modulation map βχ

must satisfy:

M s
χσpT q “ σpβχT q, @χ P R2d (7.69)

where M s
χ is the symplectic modulation operator that appears in Equations (4.16). Explicitly,

we have for χ “ px, ωq P R2d and pt, νq P R2d:

pM s
χF qpt, νq “ F pt, νqcsppx, ωq, pt, νqq

“ F pt, νqe2πipt¨ω´x¨νq.

Below, we give a definition of operator-modulation formally defined in [LM24] that would give

us the required relation from (7.69).

Definition 7.4. Let T P LpS0pRdq,S1
0pRdqq, we define the operator-modulation of T at

χ P R2d to be:

βχpT q :“ e´πipχ1¨χ2q{2π
´χ

2

¯

Tπ
´χ

2

¯

“ π
´χ

2

¯

Tπ˚
´

´
χ

2

¯

(7.70)

We see that the equivalence of the two equations in (7.70) follow quite easily from the fact

that π˚
`

´
χ
2

˘

“ c
`

´
χ
2 ,´

χ
2

˘

π
`

χ
2

˘

and writing explicitly the value of the appearing Heisenberg

2-cocycle in the terms of the Euclidean coordinates χ “ pχ1, χ2q. A proof that βχ satisfies (7.69)

can be found in [LM24, Proposition 3.11] where they used the Fourier-Wigner transform and

its relation to the Weyl-symbol (c.f. Item 4 Proposition 7.19). This essentially boils down to

showing that

FW pβχT q “ TχpFW pT qq (7.71)

259



which is already something that one should expect given that the operator Fourier-transform

acting on a modulated operator should give us a translated Fourier-transform of the said operator.

In any case, an application of the symplectic Fourier-transform yields:

FspFW pβχT qq “ FspTχFW pT qq

ùñ σpβχT q “ M s
χFspFW pT qq

ùñ σpβχT q “ M s
χFspFspσpT qqq “ M s

χσpT q

as required.

We treat the Fourier-Wigner transform as an ambient tool with which we can re-contextualize

our discussion on operator-modulation within the broader framework QHA theory. Note that

there should be an alternate proof of Equation (7.69) that does not use the Fourier-Wigner

transform, whose idea is similar in spirit to the original shift-covariance formula from Theorem

4.6.

We now introduce the concept of Λ-modulation invariant operators using operator-modulation,

analogous to Λ-translation invariant operators.

Definition 7.5. An operator T P LpS0pRdq,S1
0pRdqq is called Λ-modulation-invariant if

T “ βλpT q (7.72)

for every λ P Λ.

Remark 7.16. Equivalently, it follows from (7.70) that T is Λ-modulation invariant if and only

if Tπ
`

´λ
2

˘

“ π
`

λ
2

˘

T .

There are parallels between operator-translation and operator-modulation results that we

can, again, re-contextualize as a greater part of QHA theory. In particular, let us revisit the

result that says: the operator-periodization with respect to Λ of any operator is a Λ-translation

invariant operator (c.f. Computation (4.47)). The following is an analogue involving operator-

modulation.

Proposition 7.20. Let T P LpS0pRdq,S1
0pRdqq, then

ÿ

λPΛ

βλpT q (7.73)
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is a Λ-modulation invariant operator.

Proof. Let µ P Λ. We compute:

βµpT q “
ÿ

λPΛ

e´πipµ1µ2`λ1λ2q{2π
´µ

2

¯

π

ˆ

λ

2

˙

Sπ

ˆ

λ

2

˙

π
´µ

2

¯

“
ÿ

λPΛ

e´πipµ1µ2`λ1λ2`µ1λ2`λ1µ2q{2π

ˆ

µ` λ

2

˙

Sπ

ˆ

λ` µ

2

˙

“
ÿ

λPΛ

e´πipµ1`λ1qpµ2`λ2q{2π

ˆ

µ` λ

2

˙

Sπ

ˆ

λ` µ

2

˙

“ T.

Given T , we call the
ř

λPΛ αλpT q the operator-periodization of T since αλ is interpreted as

the operator-translation. In a similar way, we have the following peridization-type concept for

operator-modulation.

Definition 7.6. For T P LpS0pRdq,S1
0pRdqq, the Fourier-Wigner periodization of T with

respect to Λ is given by
ř

λPΛ βλpT q.

The definition above is motivated by the fact that the Weyl quantization scheme sends
ř

λPΛ βλpT q

to
ř

λPΛM
s
λσpT q via (7.69), however Equation (7.71) shows that

Fs

˜

ÿ

λPΛ

M s
λσpT q

¸

“
ÿ

λPΛ

TλFsσpT q “
ÿ

λPΛ

TλFW pT q, @z P R2d.

Therefore,
ř

λPΛM
s
λσpT q is exactly the symplectic Fourier transform6 of the operator-periodization

of the Fourier-Wigner transform of T , which corresponds to the operator
ř

λPΛ βλpT q.

There is an important difference between Λ-translation invariant operators and Λ-modulation

invariant operators. It is not hard to see that if S, T are both Λ-translation invariant, that their

composition ST is also Λ-translation invariant:

πpλqST “ SπpλqT “ STπpλq, @λ P Λ.

This, however, breaks for Λ-modulation invariant operators.

6...which is a self-inverse map, so we can consider it as another "correspondence".
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Theorem 7.10. Let S, T be two Λ-modulation invariant operators such that ST is well-defined

(e.g. ImpT q Ď S0pRdq). Then the composition ST is a Λ{2-translation invariant operator.

Proof. Let S, T P LpS0pRdq,S1
0pRdqq be Λ-modulation invariant operators such that ST is well-

defined. Then for λ P Λ;

π

ˆ

λ

2

˙

STπ

ˆ

λ

2

˙˚

“ π

ˆ

λ

2

˙

Sπ

ˆ

λ

2

˙

π˚

ˆ

λ

2

˙

Tπ˚

ˆ

λ

2

˙

“ e´πipλ1¨λ2q{2π

ˆ

λ

2

˙

Sπ

ˆ

λ

2

˙

π

ˆ

´
λ

2

˙

Tπ˚

ˆ

λ

2

˙

“

ˆ

e´πipλ1¨λ2q{2π

ˆ

λ

2

˙

Sπ

ˆ

λ

2

˙˙ˆ

π

ˆ

´
λ

2

˙

Tπ˚

ˆ

λ

2

˙˙

“ ST

where we simply used the unitarity of πpχq and the definition of Λ-modulation invariant opera-

tors. Hence ST is Λ{2-translation invariant.

We now turn our attention to a particular operator, the parity operator P which we in-

troduced in the previous subsection. Again, it is defined as the map that sends f : Rd Ñ C

to

pPfqptq “ fp´tq

The parity operator has the property

Pπpχq “ πp´χqP, (7.74)

since for χ “ px, ωq P R2d:

Pπpχqfptq “ Pe2πiω¨tfpt´ xq

“ e´2πiω¨tfp´t´ xq

“ πp´χqPfptq.

We then find that

αχpP q “ πpχqPπpχq˚
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“ e´2πix¨ωπpχqPπp´χq

“ e´2πix¨ωπpχqπpχqP

“ e´4πix¨ωπp2χqP. (7.75)

The following Lemma will also help with some of our characterisation results in the sequel:

Lemma 7.19. The parity operator is a self-inverse unitary map in L
`

L2pRdq
˘

, and restricts to

an isometric isomorphism P|S0pRdq : S0pRdq Ñ S0pRdq.

Proof. That P P L
`

L2pRdq
˘

is self-inverse is obvious, while unitarity follows from:

ż

R2d

fpχq dχ “

ż

R2d

fp´χqdχ, @f P L1pRdq.

That P restricts to an actual isometric isomorphism on S0pRdq can be found in [Jak18, Equation

(4.11)].

Before we proceed, we note that the symplectic Fourier transform on R2d can be written in

terms of the symplectic form Ωpχ, χ1q;“ χ1
1 ¨ χ2 ´ χ1 ¨ χ1

2, so that

Fspfq “

ż

R2d

fpχ1qe´2πiΩpχ,χ1q dχ1. (7.76)

Now we claim the following.

Proposition 7.21. We have the following equation:

ż

R2d

e2πiΩpχ,χ1q´iπχ1
1χ

1
2πpχ1q dχ1 “ 2dαχpP q.

Proof. To show this we consider the integral weakly:

B

f,

ż

R2d

e2πiΩpχ,χ1q´iπχ1
1χ

1
2πpχ1q dχ1 g

F

2

“

ż

R2d

e´2πiΩpχ,χ1q`iπχ1
1χ

1
2xf, πpχ1qgy2 dχ1

“ FspApf, gqqpχq

“ W pf, gqpχq.

Substituting the identity (c.f. [Grö01, Lemma 4.3.1])

W pf, gqpχq “ 2de4πixωVPgfp2χq,
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into the original equation then gives

B

f,

ż

R2d

e2πiΩpχ,χ1q´iπχ1
1¨χ1

2πpχ1q dχ1, g

F

2

“ 2de4πixωxf, πp2zqPgy2

and the result follows from (7.75).

From here we find a spreading-type quantization of a Weyl symbol directly, without needing

to take the symplectic Fourier transform:

Proposition 7.22. Given σ P S1
0pR2dq, the Weyl quantization Lσ can be expressed as

Lσ “ 2d
ż

R2d

σpχqαχpP q dχ,

or equivalently

Lσ “

ż

R2d

σp
χ
2 qe´πiχ1¨χ2πpχqP dχ.

Proof. We know from Equation (7.53) that

Lσ “

ż

R2d

e´iπχ1¨χ2Fspσqpχqπpχq dχ

“

ż

R2d

e´iπχ1¨χ2

ż

R2d

e´2πiΩpχ,χ1qσpχ1q dχ1 πpχq dχ

“

ż

R2d

σpχ1q

ż

R2d

e2πiΩpχ1,χq´iπχ1¨χ2πpχq dχ dχ1.

Inserting the result of Proposition 7.21 then gives

Lσ “ 2d
ż

R2d

σpχ1qαχ1pP qdχ1.

The second form follows from the identity (7.75).

The above representation of an operator is also discussed in [Teo18]. In this manuscript we

consider operator-modulations, and Λ-modulation invariant operators. The above quantization

intuition serves as a motivation of this approach; while in the case of Λ-translation invariant

operators we have spreading quantizations in the form (c.f. [FK98]) of T “

ż

R2d

ηpT qpχqπpχqdχ

of functions supported on the lattice Λ, in this work we find that Λ-modulation invariant operators

are precisely those operators which are quantizations of the form (7.22) of functions supported
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on the lattice Λ.

Proposition 7.23. The parity operator P is a R2d-modulation invariant operator.

Proof. It follows from Equation 7.74 that for all χ P R2d:

Pπ
´

´
χ

2

¯

“ π
´χ

2

¯

P

ùñ P “ π
´χ

2

¯

Pπ˚
´

´
χ

2

¯

“ βχpP q.

Since Λ Ď R2d, it follows that P is also Λ-modulation invariant for any lattice Λ. It follows

then that the parity operator is in fact the only R2d-modulation invariant operator (up to a

constant):

Proposition 7.24. If S P LpS0pRdq,S1
0pRdqq is a R2d-modulation invariant operator, then S “

c ¨ P for some constant c P C.

Proof. Let S P S P LpS0pRdq,S1
0pRdqq be a R2d-modulation invariant operator. Then (7.71)

implies that FW pSqpzq “ FW pSqp0q, and so FW pSqpzq “ c for some c P C. By the uniqueness of

Fourier-Wigner transform, this implies S “ c ¨ P , since FW pP q “ 1.

Since Λ Ď R2d, it follows that P is also Λ-modulation invariant for any lattice Λ. In turn, we

have that for any Λ-modulation invariant operator, SP is a Λ{2-translation invariant operator

by Theorem 7.10. This gives us a way to identify each Λ-modulation invariant operator with a

Λ{2-translation invariant operator by composing with the parity operator, and vice versa:

7.2.4 Decompositions of Λ-Modulation Invariant Operators

The periodicity of the Fourier-Wigner transform of Λ-modulation invariant operators means they

can be described in terms of a trigonometric decomposition.

Proposition 7.25. Given an operator T P LpS0pRdq,S1
0pRdqq which is Λ-modulation invariant,

the Fourier-Wigner transform FW pT q can be decomposed as

FW pT qpχq “
ÿ

λ˝PΛ˝

σpT qpλ˝qe2πiΩpλ˝,χq.
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Furthermore, the mapping T ÞÑ tσpT qpλ˝quΛ˝ is a Gelfand triple isomorphism;

FW pT q P
`

S0, L
2,S1

0

˘

pR2d{Λq ðñ tσpT qpλ˝quΛ˝ P
`

ℓ1, ℓ2, ℓ8
˘

pΛ˝q.

Proof. By the definition of Λ-modulation-invariant along with (7.71), the Fourier-Wigner trans-

form of some Λ-modulation invariant T P LpS0pRdq,S1
0pRdqq is a Λ-periodic function. By the

definition of the Fourier-algebra ApR2d{Λq (c.f. (4.29)) and Proposition 4.9 Item 5, the trigono-

metric decomposition follows. Again, we have: S0pR2d{Λq “ ApR2d{Λq, since R2d{Λ is compact

and hence the Fourier series is absolutely convergent, and conversely an absolutely convergent

Fourier series implies FW pT q P ApR2d{Λq. The S0pRd{Λq and S1
0pRd{Λq results then follow. The

L2pR2d{Λq case is Parseval’s identity.

Using Proposition 7.19 Item 5, we can formulate (7.25) as a statement on the support of the

Weyl symbol.

Corollary 7.9. Given an operator T P LpS0pRdq,S1
0pRdqq which is Λ-modulation-invariant, the

Weyl symbol σpT q is given by

σpT qpχq “
ÿ

λ˝PΛ˝

σpT qpλ˝qδλ˝pχq,

where the sum converges in the weak-˚ topology of LpS0pRdq,S1
0pRdqq. That is, the Weyl symbol

is supported on the adjoint lattice.

Proposition 7.26. Given an operator T P LpS0pRdq,S1
0pRdqq which is Λ-modulation invariant,

such that FW pT q P ApR2d{Λq, then T can be expressed as

T “
ÿ

λPΛ

e´πiλ1λ2{2π
´λ

2

¯

Sπ
´λ

2

¯

“
ÿ

λPΛ

βλpSq (7.77)

for some S P L˚´}}pS0pRdq,S1
0pRdqq.

Proof. Since T is Λ-modulation-invariant and FW pT q P ApR2d{Λq, the surjectivity of the peri-

odization operator onto ApR2d{Λq means there must exist some g P S0pRdq such that
ř

λPΛ Tλg “

FW pT q. Defining FW pSq “ g then gives an appropriate operator, where S P L˚´}}pS1
0pRdq,S0pRdqq

due to Proposition 7.25.

Remark 7.17. Notice that the decomposition result above is the exact analogue of Corollary 4.5

for Λ-modulation invariant operators.
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Recalling the definition of the convolution of two operators:

T ‹ Spzq :“ trpTαzpqSqq,

it is an interesting question in which cases one can reconstruct an operator T from samples of

T ‹ S on, for example, a lattice. This problem appears in several settings: In the case of two

rank–one operators T “ f b f , S “ g b g for f, g P L2pRdq, the operator convolution gives the

spectrogram;

pT ‹ Sqpzq “ |Vgfpzq|2,

while for a rank one S “ g b g but arbitrary T , the discretisation of T ‹ S corresponds to the

diagonal of the Gabor matrix

T ‹ Spλq “ xTπpλqg, πpλqgy2.

In the former case it is known (cf. [GL22]) that there exists no g such that T ÞÑ S ‹ T |Λ is

injective for the space of Hilbert-Schmidt operators. On the other hand in the latter case, an

operator T with a symbol in some Paley-Wiener space can be reconstructed from a discretisation

of S ‹ T , for an appropriately chosen g and Λ [GP14].

This line of inquiry motivates Λ-modulation invariant operators, since such operators can

be reconstructed from samples of convolution with an appropriate S. In what follows we let K

denote a compact neighborhood of the origin not containing any λ˝ P Λ˝ apart from the origin.

Theorem 7.11. Let S P LpS0pRdq,S1
0pRdqq such that σpSqp0q ‰ 0, and supppσpSqq Ď K. Then

given any Λ-modulation invariant operator T P LpS0pRdq,S1
0pRdqq;

T “
1

σpSqp0q

ÿ

λ˝PΛ˝

pT ‹ Sqpλ˝q ¨ e´4iπλ˝
1λ

˝
2πp2λ˝qP

Proof. We will use the fact that the convolution of two operators is equal to the convolution of

their Weyl symbols (c.f. Proposition 7.19). By Corollary 7.9, the Weyl symbol of T is supported

on the lattice Λ˝, and can be expressed as

σpT qpχq “
ÿ

λ˝PΛ˝

σpT qpλ˝qδλ˝pχq.
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Given our conditions on S and K, it then follows that

pT ‹ Sqpλ˝q “ pσpT q ˚ σpSqqpλ˝q

“ σpT qpλ˝q ¨ σpSqp0q,

and so we can rewrite

σpT qpχq “
1

σpSqp0q

ÿ

λ˝PΛ˝

pT ‹ Sqpλ˝qδλ˝pχq.

By the second statement of Proposition 7.22, the Weyl quantisation of δχ is the operator

e´4iπχ1¨χ2πp2χqP , and so

T “
1

σpSqp0q

ÿ

λ˝PΛ˝

pT ‹ Sqpλ˝qe´4iπλ˝
1¨λ˝

2πp2λ˝qP.

For the canonical example of Λ-translation invariant operators, the frame operator Sg,Λ,

the Janssen’s representation can be interpreted as Poisson’s summation formula applied to the

periodization of the Weyl symbol of g b g. Since it can be deduced from Equation (7.77) that

the Weyl-symbol of every Λ-modulation invariant operator T with FW pT q P ApR2d{Λq can be

written as the periodization of the Weyl-symbol of some S P L˚´}}pS1
0pRdq,S0pRdqq, we can follow

the same approach for Λ-modulation invariant operators. However, we find a subtle difference

in the lattices of reconstruction due to Equation (7.75). We begin by considering the spreading

quantisation of e2πiΩpχ,χ1q.

Lemma 7.20. For any χ P R2d, the Fourier-Wigner transform of e´πiχ1¨χ2πpχqP is the function

fpχ1q “ 2´deπiΩpχ,χ1q.

Proof. From the second form of Weyl transform in Proposition 7.22, the Weyl symbol of e´πiχ1¨χ2πpχqP

is the Dirac delta distribution δ2χ. Using the correspondence of Weyl symbol and Fourier-Wigner

via the symplectic Fourier transform, the Fourier-Wigner transform of e´πiχ1¨χ2πpχqP is thus

given by

FW pe´πiχ1¨χ2πpχqP qpχ1q “ Fspδ2χqpχ1q

“ 2´deπiΩpχ,χ1q.
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Note that for some λ P Λ, the Fourier-Wigner transform of e´πiλ1¨λ2πpλqP is Λ{2-periodic as

opposed to merely Λ-periodic, as a result of (7.75), and we see the result of this in the Janssen

type representation of Λ-modulation invariant operators:

Theorem 7.12. Let S P L˚´}}pS1
0pRdq,S0pRdqq. Then

ÿ

λPΛ

βλpSq “
2d

|Λ|

ÿ

λ˝PΛ˝

σpSqpλ˝q ¨ e´4πiλ˝
1¨λ˝

2πp2λ˝qP,

or equivalently

ÿ

λPΛ

βλpSq “
2d

|Λ|

ÿ

λ˝PΛ˝

σpSqpλ˝q ¨ αλ˝pP q.

Proof. We consider the Fourier-Wigner transform of the left hand side sum;

FW
´

ÿ

λPΛ

βλpSq

¯

pχq “
ÿ

λPΛ

FW
`

βλpSq
˘

pχq

“
ÿ

λPΛ

Tλ
`

FW pSq
˘

pχq.

By Proposition 4.9 Item 4, the sum converges absolutely for every χ P R2d, for S P L˚´}}pS1
0pRdq,S0pRdqq.

The symplectic Poisson summation formula (4.30) then gives

ÿ

λPΛ

Tλ
`

FW pSq
˘

pχq “
1

|Λ|

ÿ

λ˝PΛ˝

FspFW pSqqpλ˝qe2πiΩpλ˝,χq

“
1

|Λ|

ÿ

λ˝PΛ˝

σpSqpλ˝qe2πiΩpλ˝,χq.

The result the follows from (7.20), and the equivalent form from (7.75).

For the next result, we need to introduce modulation spaces. By taking a Schwartz function

window g P S pRdq Ď S0pRdq, the STFT can be extended to the space of tempered distributions

S 1pRdq (with S pRdq being the Schwartz space). By taking a L2pRdq normalised Gaussian

φ0 P S0pRdq, the Banach space called modulation spaces can then be defined as

Mp,qpRdq “ tf P S 1pRdq : }f}Mp,q :“ }Vφ0f}p,qpR2dq ă 8u

269



where } ¨ }p,q is the norm of the space Lp,qm pR2dq, the mixed-norm Lebesgue space (cf. Chapter

11 [Grö01]). All functions in S0pRdq can be used as windows to define the same spaces with

equivalent norms, and the dual of Mp,qpRdq is Mp1,q1

pRdq for 1 ď p, q ă 8. Furthermore, for

1 ď p1 ď p2 ď 8 and 1 ď q1 ď q2 ď 8, we have the continuous inclusions [Grö01]: Mp1,q1pRdq ãÑ

Mp2,q2pRdq. Finally, we have the equality S0pRdq – M1,1pRdq, making the Feichtinger’s algebra

the minimal modulation space. Note that we shall write MppRdq when p “ q.

Given that S0pRdq ãÑ Mp,qpRdq for all 1 ď p, q ď 8 means that all modulation spaces are

embedded inside S1
0pRdq. In fact we have M8pRdq – S1

0pRdq. This means we can define an

operator version of these modulation spaces:

Mp,q :“ tT P LpS0pRdq,S1
0pRdqq : κpT q P Mp,qpRdqu, (7.78)

where κpT q is the (outer) kernel that appears in Theorem 4.14 Item 1. We shall also write

Mp “ Mp,q when p “ q. It follows that

pL˚´}},HS,LqpRd,Rdq “ pM1,M2,M8q.

Theorem 7.13. Let T P M8 be a Λ-modulation-invariant operator, such that FW pT q P ApR2d{Λq.

Then T is bounded on all modulation spaces Mp,qpRdq, with

}T }LpMp,qq ď CΛ}FW pT q}ApRd{Λq,

where CΛ “ 2d

|Λ|
.

Proof. Since FW pT q P ApR2d{Λq, by (7.25) and (7.20) we can write T as

T “ CΛ

ÿ

λ˝PΛ˝

σpT qpλ˝q ¨ e´4πiλ˝
1¨λ˝

2πp2λ˝qP,

where tcλ˝uΛ˝ P ℓ1pΛ˝q. Since the modulation spaces Mp,qpRdq are invariant under time-

frequency shifts, then for any f P Mp,qpRdq;

}Tf}Mp,q “ CΛ

›

›

›

ÿ

λ˝PΛ˝

σpT qpλ˝q ¨ e´4πiλ˝
1¨λ˝

2πp2λ˝qPf
›

›

›

Mp,q

ď CΛ

ÿ

λ˝PΛ˝

|σpT qpλ˝q|}πp2λ˝qPf}Mp,q
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“ CΛ

ÿ

λ˝PΛ˝

|σpT qpλ˝q|}f}Mp,q

“ CΛ}FW pT q}ApRd{Λq}f}Mp,q .

7.2.5 A Calculus for Λ-Modulation Invariant Operators

We now consider the composition of Λ-modulation-invariant operators. We reiterate that these

will no longer be Λ-modulation invariant, but rather Λ{2-translation invariant. We also restrict

our attention to operators in LpL2pRdqq, so that their composition is well defined. We now find

the following calculus.

Theorem 7.14. Let S, T P LpS0pRdq,S0pRdqq be two Λ-modulation invariant operators such that

ST is well-defined. Suppose 2ΩpΛ˝,Λ˝q Ă Z, that is 2Ωpλ˝, µ˝q “ n P Z for every λ˝, µ˝ P Λ˝.

Then S and T satisfy the spreading function calculus

FW pST qp2zq “ 22dσS ˚ σ̌T pzq,

where ˚ is the usual convolution in L1pR2dq.

Proof. Let S, T P LpS0pRdq,S1
0pRdqq be Λ-modulation invariant operators where ST is well-

defined and 2ΩpΛ˝,Λ˝q Ă Z. Then by (7.9) we can consider the discrete representations

σpSq “
ÿ

λ˝PΛ˝

cλ˝δλ˝

σpT q “
ÿ

µ˝PΛ˝

dµ˝δµ˝ .

We then use the second representation given by Proposition 7.22, giving

S “ 2d
ÿ

λ˝PΛ˝

cλ˝e´4πiλ˝
1λ

˝
2πp2λ˝qP

T “ 2d
ÿ

µ˝PΛ˝

dµ˝e´4πiµ˝
1µ

˝
2πp2µ˝qP.
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We then calculate the composition to find

ST “ 22d
ÿ

λ˝,µ˝PΛ˝

cλ˝dµ˝e´4πipλ˝
1λ

˝
2`µ˝

1µ
˝
2qπp2λ˝qPπp2µ˝qP

“ 22d
ÿ

λ˝,µ˝PΛ˝

cλ˝dµ˝e´4πipλ˝
1λ

˝
2`µ˝

1µ
˝
2qπp2λ˝qπp´2µ˝q

“ 22d
ÿ

λ˝,µ˝PΛ˝

cλ˝dµ˝e´4πipλ˝
1λ

˝
2`µ˝

1µ
˝
2qe8πiλ

˝
1µ

˝
2πp2λ˝ ´ 2µ˝q.

Note that

´4πipλ˝
1λ

˝
2 ` µ˝

1µ
˝
2q ` 8πiλ˝

1µ
˝
2 “ ´4πipλ˝

1 ´ µ˝
1qpλ˝

2 ´ µ˝
2q ´ 4πiΩpλ˝, µ˝q,

so by our assumption 2ΩpΛ˝,Λ˝q Ă Z, the exponential e´4πiΩpλ˝,µ˝q of the last twisting term will

be 1. Hence, using the change of variables γ˝ :“ λ˝ ´ µ˝ we find

ST “ 22d
ÿ

λ˝,µ˝PΛ˝

cλ˝dµ˝e´4πipλ˝
1´µ˝

1qpλ˝
2´µ˝

2qπp2λ˝ ´ 2µ˝q

“ 22d
ÿ

λ˝,γ˝PΛ˝

cλ˝dλ˝´γ˝e´4πiγ˝
1γ

˝
2πp2γ˝q

It follows from Proposition 7.19 Item 4, Equation (7.48), and the fact that the spreading function

of a time-frequency shift is the dirac-delta that: FW pπp2γ˝qqpχq “ eπiχ1¨χ2δ2γ˝pχq.We now obtain

the following formula by taking the Fourier-Wigner transform of ST above:

FW pST qp2γ˝q “ 22d
ÿ

λ˝,γ˝

cλ˝dλ˝´γ˝

“ 22dσpSq ˚ qσpT qpγ˝q,

as required.

Remark 7.18. The above calculus holds in general for S, T P LpS0pRdq,S1
0pRdqq where ImpT q Ă

S0pRdq so that ST is well-defined.

We collect some simple corollaries of the perfect spreading function calculus. We collect

some simple corollaries of the spreading function calculus. Firstly, since a bounded operator

is uniquely determined by its spreading function, we have the following composition property

of Λ-modulation invariant operators. Note that the Corollary below follows directly from the

272



formula σp qT q “ qσpT q (see for example [LS18])

Corollary 7.10. If S, T and Λ are as in (7.14), then S qT “ T qS.

Secondly, using Proposition 7.19 Item 4 along with the fact the symplectic Fourier transform

has its own convolution formula, and FW p qT q “ FW pT q (e.g. see [LS18] or [FK98]). We can

reformulate (7.14) as a relation of Weyl symbols:

Corollary 7.11. For S, T and Λ as in (7.14);

σpST q

´χ

2

¯

“

´

FW pSqFW pT q

¯

pχq,

These characterisations of Λ-modulation invariant operators gives a way to identify each Λ-

modulation invariant operator with a Λ{2-translation invariant operator by composing with the

parity operator, and vice versa:

Theorem 7.15. The map Θ : S ÞÑ SP is a self-inverse isometric isomorphism on LpS0pRdq,S1
0pRdqq.

It identifies Λ-modulation invariant operators with Λ{2-invariant operators. Moreover, in terms

of symbols

FW pΘpSqqp2χq “ 2dσSpχq, @χ P R2d

Proof. We will only show that Θ is an isometry on and LpS0pRdq,S1
0pRdqq, as this will be enough

to show that Θ is a self-inverse isometric isomorphism on these spaces following Lemma 7.19.

Let S P LpS0pRdq,S1
0pRdqq, then it follows from the fact that P|S0pRdq : S0pRdq Ñ S0pRdq is an

isometric isomorphism via Lemma 7.19 that we have the following:

}SP }LpS0,S1
0q “ sup

!ˇ

ˇ

ˇ
pg, SPfqS0,S1

0

ˇ

ˇ

ˇ
: }f}S0 “ }g}S0 “ 1

)

“ sup t|xSf, gy2| : }Pf}S0 “ }g}S0 “ 1u

“ }S}LpS0,S1
0q.

It follows that Θ is an isometric isomorphism on LpS0pRdq,S1
0pRdqq.

Let S be a Λ-modulation invariant operator. We recall that the parity operator P is a R2d-

modulation invariant operator, and consequently a Λ-modulation invariant operator for any Λ.

Hence by Theorem 7.10, SP is a Λ{2-translation invariant operator. Conversely, given some
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Λ{2-translation invariant operator T , the operator TP is a Λ-modulation invariant operator,

since

TPπ
`

λ
2

˘

“ Tπ
`

´λ
2

˘

P

“ π
`

´λ
2

˘

TP,

and so the result follows from Remark 7.16. Moreover since the Weyl symbol of P is the

Dirac delta distribution, by the same argument as the proof of Theorem 7.14 and Remark 7.18,

2dσpSqpχq “ FW pSP qp2χq for all χ P R2d.

Remark 7.19. This Λ to Λ{2 correspondence between the translation invariant operator and

modulation invariant operators is one of the reasons why we remain in the Euclidean case R2d,

where rescaling is possible. To be more precise, χ ÞÑ χ{2 is an automorphism in R2d. In fact,

this aligns well with our choice of working with Weyl quantization, as noted in [FK04], since

one encounters difficulties reproducing the properties of Weyl quantization in a general time-

frequency plane (a.k.a. phase space) when it cannot be equipped with the said automorphism.

7.2.6 Λ-Modulation Invariant Operators via Finite-Rank Operators Gener-

ated by the Heisenberg Module

We revisit the characterisation results of Section 7.2.2 now equipped with the correspondence

result of Theorem 7.15. Just like how we consider the Gabor frame operator Sg,h,Λ as the

canonical Λ-translation invariant operator equivalent to the operator-periodization
ř

λPΛ αλpgb

hq˚, we analogously find that Λ{2-periodization of pgbhq˚ “ hbg pre-composed with the parity

operator gives us:

ÿ

λPΛ

αλ{2ppg b hq˚qP “
ÿ

λPΛ

βλphb Pgq “ Sg,h,Λ{2P. (7.79)

Since P is unitary in L
`

L2pRdq
˘

, Equation (7.79) motivates us to consider operators of the form

M “
ÿ

λPΛ

βλpg b hq (7.80)

as the canonical form of Λ-modulation invariant operators. Indeed we shall show, just like in

the case of Section 7.2.2, that Λ-modulation invariant operators can be characterised in terms of
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Fourier-Wigner periodizations of finite-rank operators with generators coming from the Heisen-

berg module.

Lemma 7.21. Fix any lattice Λ Ď R2d. If ψ1, ψ2 P L2pRdq, then

SPψ1,Pψ2,Λ “ PSψ1,ψ2,ΛP “ ­Sψ1,ψ2,Λ.

As a corollary, the parity operator restricts to an isometric isomorphism P|EΛpRdq : EΛpRdq Ñ

EΛpRdq on the Heisenberg module.

Proof. We compute for any g P L2pRdq :

SPψ1,Pψ2,Λg “
ÿ

λPΛ

xg, πpλqPψ1y2 πpλqPψ2

“ P

˜

ÿ

λPΛ

xPg, πp´λqψ1y2 πp´λqψ2

¸

“ PSψ1,ψ2,ΛPg “ ~Sψ,Λg.

Since P is a unitary map in L
`

L2pRdq
˘

, it follows in particular that for any ψ P L2pRdq:

}SPψ,Λ}2 “ sup
}g}2“1

xPSψ,ΛPg, PSψ,ΛPgy2

“ sup
}g}2“1

xSψ,ΛPg, Sψ,ΛPgy2

“ sup
}g}2“1

xSψ,Λg, Sψ,Λgy2 “ }Sψ,Λ}2.

(7.81)

It then follows from (7.81) and (5.49) that if f P EΛpRdq, then:

}Pf}2EΛpRdq
“ }SPf,Λ} “ }Sf,Λ} “ }f}2EΛpRdq

. (7.82)

The above only shows that P is an isometry on EΛpRdq, we still have to show that Pf P EΛpRdq.

To do this, we need to find a sequence tgnunPN Ď S0pRdq such that }Pf ´ gn}EΛpRdq Ñ 0. Let

tfnunPN Ď S0pRdq such that }f ´ fn}EΛpRdq Ñ 0. Due to Lemma 7.19, we can choose gn :“ Pfn P

S0pRdq for each n P N. Now it follows from the isometry property (7.82) that }Pf ´ gn}EΛpRdq “

}Pf ´ Pfn}EΛpRdq “ }f ´ fn}EΛpRdq Ñ 0 as required.

Theorem 7.16. There exists an n0 P N such that every Λ-modulation invariant operator in
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LpS0pRdq,S1
0pRdqq is the norm-limit of Fourier-Wigner operator-periodization of rank-n0 opera-

tors generated by functions coming from EΛ{2pRdq.

Proof. Fix n0 P N as in Theorem 7.8 applied to Λ{2-translation invariant operators. Let T P

LpS0pRdq,S1
0pRdqq be a Λ-modulation invariant operator. It follows from Theorem 7.15 that

there exists a Λ{2-translation invariant operator S P LpS0pRdq,S1
0pRdqq such that T “ SP. It

follows from Theorem 7.8 that there exists a sequence of operators tSmumPN Ď LpS0pRdq,S1
0pRdqq

where }S ´ Sm}LpS0pRdq,S1
0pRdqq Ñ 0. Furthermore for each m, Sm “

řn0
i“1pSψ1,hi,Λ{2q where

ψ1, ..., ψn, h1, ..., hn0 P EΛ{2pRdq. But then it follows from Equation (7.79) that

SmP “

n0
ÿ

i“1

βλphi b Pψiq “

n0
ÿ

i“1

βλphi b giq,

where gi :“ Pψi P EΛpRdq by Lemma 7.21. Therefore each SmP is the Fourier-Wigner operator-

periodization of a rank-n0 operator generated by functions coming from EΛ{2pRdq. Lastly, we

have from Theorem 7.15 that }T ´ SmP }LpS0pRdq,S1
0pRdqq “ }SP ´ SmP }LpS0pRdq,S1

0pRdqq “ }S ´

Sm}LpS0pRdq,S1
0pRdqq Ñ 0.

Following the results for Λ-translation invariant operators, we shall also consider Λ-modulation

invariant operators in L
`

L2pRdq
˘

, which we shall denote by

MΛ

´

L2pRdq

¯

:“
!

T P L2pRdq : T “ βλpT q, @λ P Λ
)

.

Here we have a crucial observation regarding the map Θ of Theorem 7.15, it is well-defined as a

map in L2pRdq, in fact we have the following result.

Lemma 7.22. Θ is a self-inverse isometric isomorphism in L
`

L2pRdq
˘

. As a map in L
`

L2pRdq
˘

it is also strong-operator and weak-operator continuous. Finally, it identifies MΛ

`

L2pRdq
˘

with

LΛ{2

`

L2pRdq
˘

.

Proof. We shall only show that Θ is an isometry as a map in L
`

L2pRdq
˘

. Let S P L
`

L2pRdq
˘

,

because P P L
`

L2pRdq
˘

is unitary, we obtain

}SP }2 “ sup
}g}2“1

xSPg, SPgy2 “ sup
}Pg}2“1

xSg, Sgy2 “ }S}2.

In light of Lemma (7.19), this is enough to show that Θ is an isometric isomorphism on L
`

L2pRdq
˘

.
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Next, let tTiuiPI be a net in L
`

L2pRdq
˘

that converges to T P L
`

L2pRdq
˘

in the weak-

operator topology, that is: xTif, gy2 Ñ xTf, gy2 for all f, g P L2pRdq. It follows from unitarity of

P P L
`

L2pRdq
˘

that xTiPf, gy2 Ñ xTPf, gy2 for all f, g P L2pRdq, equivalently ΘpTiq Ñ ΘpT q in

the weak-operator topology. The proof for continuity of Θ : L2pRdq Ñ L2pRdq in strong-operator

topology is similar.

The proof showing the identification of MΛ

`

L2pRdq
˘

with LΛ{2

`

L2pRdq
˘

via Θ is the same

as in Theorem 7.15.

Theorem 7.17. There exists an n0 P N such that every operator in MΛ

`

L2pRdq
˘

is a weak-

operator, or strong-operator limit of Fourier-Wigner operator-periodizations of rank-n0 operators

generated by functions coming from EΛ{2pRdq.

Proof. Fix n0 P N as in Theorem 7.68 applied to Λ{2-translation invariant operators. Let T P

MΛ

`

L2pRdq
˘

, then by 7.22, there exists a Λ{2-translation invariance operator S P L
`

L2pRdq
˘

such that T “ SP “ ΘpSq. We know from Theorem 7.68 that there exists a sequence tSmumPN P

L
`

L2pRdq
˘

such that Sm Ñ S in weak-operator or strong-operator topology. We can proceed

similarly to the proof of Corollary 7.16 to show that each SmP “ ΘpSmq is a Fourier-Wigner

operator-periodization of a rank-n0 operator generated by functions coming from EΛ{2pRdq. We

are now done since Θ is continuous with respect to the weak-operator and strong-operator topolo-

gies, and we obtain ΘpSmq Ñ ΘpSq “ T in either of these topologies.

Fix a lattice Λ and consider the Heisenberg module EΛpRdq, it actually follows from the proof

of Lemma 7.13 that the integer n can be fixed to be the minimum number of elements required

to generate EΛpRdq as a finitely generated projective left A-module. We couple this with the

fact that the generators of EΛpRdq as a left A-module are exactly multi-window Gabor frames

for L2pRdq [AE20, Theorem 3.16], and that the existence of n-multi-window Gabor frames on

L2pRdq with atoms from EΛpRdq implies that the volume of the lattice Λ must necessarily satisfy:

dpΛq ď n (see Remark 5.11); we then have the following Lemma.

Lemma 7.23. For a fixed Λ, if n P N is the minimum number of elements required to generate

EΛpRdq as a left A-module, then dpΛq ď n.

We can interpret this result to mean that the sparser the lattice Λ is (i.e. larger dpΛq), the

greater number of elements are required to generate EΛpRdq.

Throughout this study, we have seen that there is a fixed integer n P N that would allow us

to characterise Λ-translation invariant operators as operator-periodizations of rank-n operators.
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We have just discussed that this very same n can be fixed to be the minimum number required

to generate EΛpRdq. Following Lemma (7.23), we see that there is a discrepancy between the

lowest possible rank of operators that we can use to characterise Λ-translation invariant operators

via operator-periodization versus that of Λ-modulation invariant operators via Fourier-Wigner

operator-periodization.

Proposition 7.27. For a fixed lattice Λ Ď Rd, we have the following:

1. If n is the minimum number that makes the characterisation of Λ-translation invariant

operators as in Theorem 7.8 and Theorem 7.9 true, then dpΛq ď n.

2. If n0 is the minimum number the makes the characterisation of Λ-modulation invariant

operators as in Theorem 7.16 and Theorem 7.17 true, then dpΛq

4d
ď n0.

Proof.

1. We know that n is the same as the minimum number of generators required to generate

EΛpRdq, therefore it follows from Lemma 7.23 that dpΛq ď n.

2. The proof here is similar to Item 1, however n0 is the minimum number of generators

required to generate EΛ{2pRdq. Therefore it follows from 7.23 that |Λ{2| ď n0. Since we

always consider lattices here, there must exist some L P GL2dpRq such that Λ “ LZ2d,

therefore dpΛ{2q “ |detpL{2q| “
`

1
2

˘2d
| detL| “

`

1
4

˘d
dpΛq. We then obtain dpΛq

4d
ď n0.

We see from the result above that Λ-modulation invariant operators generally require less genera-

tors from the Heisenberg module to be represented as a Fourier-Wigner periodization, compared

to representations of Λ-translation invariant operators via operator-periodization. In fact, in

one special case, we have an exact result concerning these generators. Let te1, ..., e2du be the

standard basis for R2d and Ω : R2d ˆ R2d Ñ R be the standard symplectic form:

Ωppx, ωq, pt, νqq “ t ¨ ω ´ x ¨ ν, @px, ωq, pt, νq P R2d.

Note that csppt, νq, px, ωqq “ e2πiΩppx,ωq,pt,νqq. We say that a lattice Λ “ LZ2d, L P GLp2d,Rq

is non-rational if there exists i, j P t1, ..., 2du such that ΩpLei, Lejq is not rational. A curious

result concerning non-rational lattices due to [JL20, Corollary 5.6] states that the Heisenberg

module EΛpRdq with non-rational lattice Λ satisfying n ´ 1 ď dpΛq ă n for n P N has exactly n
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generators. Therefore, in terms of the integer ceiling function r ¨ s : R Ñ Z, we have the following

result, by an argument similar to Proposition 7.27.

Proposition 7.28. If Λ is non-rational:

1. Every Λ-translation invariant operator is characterized as the topological limits of operator-

periodization in the sense of Theorem 7.8 and Theorem 7.9, of exactly rank-rdpΛqs operators

generated by EΛpRdq.

2. Every Λ-modulation invariant operator is characterized as the topological limits of Fourier-

Wigner operator-periodization in the sense of Theorem 7.16 and Theorem 7.17, of exactly

rank-rdpΛ{2qs operators generated by EΛ{2pRdq.

7.2.7 Discussion

The interesting appearance of the Λ{2 lattice in the correspondence between translation and

modulation invariant operators seems peculiar at first glance, as one may initially suspect a

Λ to Λ type correspondence. However, the Λ{2 arises directly as a result of using the Weyl

quantization, as considered in 7.22. In fact the need for automorphisms of the type x ÞÑ 2x can

cause problems for Weyl quantization on compact or discrete locally compact abelian groups.

However, since in this work we consider phase space as the underlying group, we are free to scale

lattices as required. Nonetheless, it is instructive to consider how the concept of modulations

looks for other quantization schemes than Weyl. Consider Cohen’s class quantizations, that is

to say those defined in terms of a convolution with the Wigner distribution:

xpa ‹ Lσqf, gy “ xa ˚ σ,W pf, gqy.

quantization schemes of this type include τ -Weyl quantization, itself encompassing Kohn-Nirenberg

quantization and operators “with right symbol”, as well as the Born-Jordan quantization (cf.

[BDDO10]). Since these quantization schemes relate to Weyl quantization via a convolution,

operator translations given by αz correspond to translations on the symbols of all of these quan-

tization schemes as a result of the Weyl case;

xπpzqpa ‹ Lσqπpzq˚f, gy “ xTzpa ˚ σq,W pg, fqy

“ xa ˚ Tzσ,W pg, fqy.
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However, considering modulations instead of translation, we clearly lose this universality. For

some τ -Weyl quantization where τ ‰ 1{2,

aτ “
2d

|2τ ´ 1|
e
2πi

2
2τ´1x¨ω

so we have the identity

σpSqτ “
2d

|2τ ´ 1|
e
2πi

2
2τ´1x¨ω

˚ σpSq

(cf. [BDDO10]). Modulation in the sense of τ -Weyl quantization must then correspond to a

translation of

FΩpσpSqτ q “
2d

|2τ ´ 1|
FΩpe

2πi
2

2τ´1x¨ω
q ¨ FΩpσpSqq.

In this sense Weyl quantization, where the planar wave disappears, can be seen as the natural

setting for quantum time–frequency analysis.
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Appendix A

Universal C˚-algebras

The construction of objects in terms of generators and relations is a common technique in algebra.

Let us recall the general idea here: using only generic elements in some set G satisfying certain

relations, say R, can we generate an algebraic object from the pair pG,Rq? One of the easiest

example is from group theory, suppose we have a single generator G “ tau, satisfying a single

relation R “ tan “ eu for the generic neutral element e. Then the group generated by the pair

pG,Rq, denoted by xG|Ry “ xa|an “ ey is nothing more than the cyclic group of order n, or Zn.

The main idea is that we want xG|Ry to be the ‘minimal’ group containing G that also satisfies

all the relations stipulated by R. Note that for groups, all relations are essentially equations

on G, and can then be always arranged as equating expressions on G to the neutral element

e. Therefore we may as well just denote our set of relations to be expressions in G. So in our

example, we have xG|Ry “ xa|any – Z. Staying in the realm of groups, if R “ H, we say that

the group xG|Ry is free in the sense that the group is simply generated by G and these elements

are free from any stipulated relations between themselves. Still in the single generator case, we

have the following example of a free group: xay :“ xa|Hy – Z. It is a basic result of group theory

that all groups can be described in terms of generators and relations, i.e. G – xG|Ry, from some

generators and relations G,R respectively. Equivalently every group is the quotient of some free

group i.e. G – xGy{NR for xGy :“ xG|Hy and NR a normal subgroup which one can construct

from the relations R. As a final example, the cyclic group Zn is the quotient of the free group

Z, given explicitly by Zn – Z{nZ – xa|any

Most algebraic structures (e.g. rings, algebras, etc.) can be constructed in terms of generators

and relations as in above, i.e. as a quotient of some free object, and we may want to ask if

we can also do the same for the C˚-algebras. The problem with simply following this scheme
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is that C˚-algebras are not purely algebraic objects, and they come equipped with (unique! )

norms (they even need to be isomorphic to some closed ˚-subalgebra of bounded linear operator

on a Hilbert space c.f. GNS Theorem) and so the notion of free C˚-algebra via generators G

is not quite well-defined1. However, as we shall see, by completing quotients of free ˚-algebras

(so no norms) with respect to a prescribed universal norm, we may get a useful notion of what

C˚-algebras constructed by generators and relations should be.

We shall follow the notes of S. Sundar [Sha20], where the given notion of universal C˚-algebras

is general enough to encompass the one presented by [Bla85].

Definition A.1. Let A be a ˚-algebra. A C˚-seminorm ρ : A Ñ r0,8q on A is a seminorm on

A that also satisfies:

1. For all a P A, ρpa˚aq “ ppaq2, (C˚-condition);

2. For all a, b P A, ρpabq ď ρpaqρpbq, (Submultiplicativity).

Define for each a P A:

}a}u :“ suptρpaq : ρ is a C˚-seminorm on Au.

We say that A is admissible if }a}u ă 8 for all a P A, in which case } ¨ }u is itself a C˚-

seminorm on A. For an admissible ˚-algebra A, let us define the ideal (sometimes called the

reducing ideal) Iu :“ ta P A : }a}u “ 0u. If the canonical quotient map is denoted by

qu : A Ñ A{Iu, then the Universal C˚-algebra generated by A, denoted by C˚pAq, is the

completion of the quotient ˚-algebra qupAq “ A{Iu with respect to the C˚-norm induced by } ¨ }u

(i.e. }qupaq} “ }a ` Iu}u :“ }a}u for all a P A). Lastly, we say that A is a ˚-semisimple or

reduced ˚-algebra, if its reducing ideal satisfies Iu “ t0u.

Remark A.1. We see from the definition that C˚pAq exists if and only if A is admissible. In the

sequel we shall show examples of non-admissible ˚-algebras.

The definition of the Universal C˚-algebra generated by a ˚-algebra should remind us of the

GNS-theorem, in fact this can be made apparent by the following result.

Proposition A.1. Let A be a ˚-algebra, then the following holds for all a P A:

}a}u “ supt}πpaq} : π is a ˚-homomorphism from A to a C˚-algebrau

1In the language of category theory, there are no free objects in the category of C˚-algebras.

290



“ supt}πpaq} : π is a nondegenerate ˚-representation of Au.

Recall that π is a ˚-representation of A if it is a ˚-homomorphism of the form π : A Ñ LpHq for

some Hilbert space H, and it is nondegenerate if spantπpaqh : a P A, h P Hu is dense in H.

Proof. For any ˚-homomorphism π : A Ñ C to a C˚-algebra C, the map a ÞÑ }πpaq} is a C˚-

seminorm on A. If we can show the converse, that is, if we can show that every C˚-seminorm on

A comes from ˚-homomorphisms to a C˚-algebra, then the first equation is proven. The second

equation follows basically from the GNS-construction.

Suppose ρ : A Ñ R is a C˚-seminorm, define the ideal (follows from submultiplicativity)

Iρ :“ ta P A : ρpaq “ 0u on A, then ρ induces a C˚-norm on the quotient A{Iρ. The completion

of A{Iρ under the induced C˚-norm }a ` Iρ} “ ρpaq is a C˚-algebra, which we denote by

C˚
ρ pAq. We are done since what we have really shown is that every C˚-seminorm ρ sastisfies

ρpaq “ }πρpaq} for some ˚-homomorphism πρ : A Ñ C˚
ρ pAq where πρpaq “ a ` Iρ (i.e. the

quotient map).

Example A.1. One of the ways of generating a C˚-algebra is to start with a Banach ˚-algebra, and

take its so-called C˚-enveloping algebra (c.f. [Dix82]). The C˚-enveloping algebra is exactly

the universal C˚-algebra of a given Banach ˚-algebra. Note as well that the C˚-enveloping

algebra of a Banach ˚-algebra B is also called the C˚-completion of B (c.f. [FD88]).

The following fact seems to be exploited in the literature quite commonly, and is usually

referred to the ‘universal property’ of C˚pAq.

Proposition A.2. Let A be a ˚-algebra, and qu : A Ñ A{Iu the quotient map as in Definition

A.1. Let π : A Ñ C be a ˚-homomorphism where C is a C˚-algebra, then there exists a unique

˚-homomorphism rπ : C˚pAq Ñ C such that the following diagram commutes:

C˚pAq

A C

rπ

π

qu (A.1)

that is, rπpqupaqq “ πpaq for all a P A.

Proof. The proof is almost trivial. We define rπpqupaqq “ πpaq on the dense ˚-subalgebra qupAq

of C˚pAq. All that remains to prove the existence (and well-definedness) is to show that rπ is
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bounded on qupAq. However, because a ÞÑ }πpaq} is already a C˚-seminorm on A, then it follows

from the definition of the universal C˚-norm that

}rπpqupaqq} “ }πpaq} ď }a}u.

Therefore rπ extends to all of C˚pAq, and satisfies Diagram A.1. If rπ1 : C˚pAq Ñ C is another

˚-homomorphism that satisfy:

rπpqupaqq “ πpaq “ rπ1pqupaqq, @a P A,

then they both extend to the same ˚-homomorphism on C˚pAq, so rπ is unique.

Remark A.2. As an abuse of notation, the canonical quotient map qu : A Ñ A{Iu is usually

dropped, so that the universal property above reads: rπpaq “ πpaq (as if A Ď C˚pAq) for all

a P A. We shall keep this notation for the rest of the document.

Since the construction of a universal C˚-algebra works on any ˚-algebra (a purely algebraic

object), then we may resume our quest of defining C˚-algebras out of generators and relations

by the following: let G be a set of generators and R a set of ˚-algebra generators on G, we can

identify the free ˚-algebra FpGq to be elements of the form

ppgi1,, ..., gid , g
˚
i1 , ..., g

˚
id

q

for gi1 , ..., gid P G for any d P Ně0, where p is a noncommutative polynomial in 2d-variables

(multiplication is essentially noncommutative polynomial multiplication). The set of generators

R, we can identify as R Ď FpGq since they are always of the form:

ppgi1 , ...., gid , g
˚
i1 , ..., g

˚
id

q “ 0

for some noncommutative polynomial p on 2d-variables. Denote by JpRq the two sided ideal (as

a ˚-algebra) generated by R with respect to the ˚-algebra FpRq. Now, when we say that A is a

˚-algebra generated by generators and relations G and R respectively, we mean

A :“ FpGq{JpRq.

To mimic the notation from group theory, we denote FpGq{JpRq “ xG|Ry, so that we finally
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have the following definition.

Definition A.2. Let G and R be a pair of generators and relations for a ˚-algebra, we define

the universal C˚-algebra defined by G and R to be C˚pxG|Ryq.

We are now led to the question of existence of universal C˚-algebras, first it follows from the

definition that if A is a ˚-algebra, then C˚pAq exists if and only if }a}u ă 8 for all a P A.

Example A.2 (Enveloping C˚-algebras always exists). If A is a Banach ˚-algebra (not just a

˚-algebra!) with its own norm } ¨ }. It follows from Proposition A.1 and the fact that all ˚-

representations of a Banach ˚-algebra is contractive [FD88, Theorem 3.7] (i.e. π : A Ñ LpHq

satisfies }πpaq} ď }a}) that for all a P A :

}a}u “ supt}πpaq} : π is a nondegenerate ˚-homomorphism of Au ď }a} ă 8. (A.2)

Therefore A is in particular, admissible, as in Definition A.1. Hence C˚pAq exists.

Example A.3 (The Universal C˚-algebra of a C˚-algebra is itself). Perhaps a silly exercise that

one may think of is to try and compute the C˚-envelope of a C˚-algebra. If A is indeed a

C˚-algebra with C˚-norm } ¨ }, then it follows from definition that }a} ď }a}u for all a P A.

In a completely similar way, as in the Banach ˚-algebra case, we also have }a}u ď }a} by

contractiveness of all C˚-algebra representations, therefore the universal C˚-norm on A coincides

with its own C˚-norm. This implies A “ C˚pAq as expected.

Example A.4 (A Nonadmissible Example). To give an example of a nonadmissible ˚-algebra,

consider A :“ xa | a ´ a˚y (or xa | a ´ a˚ “ 0y), i.e. the ˚-algebra generated by a single self-

adjoint element. For each λ ą 0, we can find a C˚-algebra Cλ with a self-adjoint element xλ such

that }xλ}Cλ “ λ. Then by self-adjointness of a, the map πλ : a ÞÑ xλ defines a ˚-homomorphism

from A to Cλ, but then

}a}u “ supt}πpaq} : π is a ˚-homomorphism from A to a C˚-algebrau ě sup
λą0

}πλpaq}Cλ “ 8,

(A.3)

so }a}u ę 8. Therefore A is not admissible.

Remark A.3. Note that while admissibility of A, i.e. }a}u ă 8 for all a P A is enough for the

existence of C˚pAq, it may so happen that it is trivial, that is C˚pAq “ t0u (happens when every
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C˚-seminorm ρ on A is trivial). To show that one has a non-trivial universal C˚-algebra, we

have to construct at least one nontrivial C˚-seminorm on A.

Let us give one more detailed example where we have an admissible ˚-algebra coming from

explicitly given generators and relations. Before we proceed let us recall a common notation for

C˚-algebras generated ‘internally’ by subsets. Suppose B is a C˚-algebra, and S is a subset in

B, we define

C˚
BpSq :“ tppsi1 , ..., s1d , s

˚
i1
, ..., s˚

1d
q P B | tsikudk“1 Ď S, d P Ně0, p P NCP2du

where NCP2d is the set of all polynomials of 2d-noncommuting variables. C˚pSq is a C˚
B-

subalgebra of B.

Example A.5. Let A “ xu, 1 | u˚u´ 1, uu˚ ´ 1y (or A “ xu, 1 | u˚u “ 1, uu˚ “ 1y), that is, A is

the unital ˚-algebra generated by a single unitary element. To show that this is nontrivial, let

us take any C˚-seminorm ρ : A Ñ R` on A, then we find that ρp1q2 “ ρp1˚1q “ ρp1q. Since

ρp1q ě 0, then either ρp1q “ 1 or ρp1q “ 0. Therefore ρpuq “
a

ρpu˚uq “
a

ρp1q “ 1 or 0. If we

define the ρpuq “ 1 “ ρp1q, then we have found a nontrivial C˚-seminorm on A, whence C˚pAq

exists and is nontrivial. We shall now proceed to prove the following

C˚pAq – CpTq :“ tf : T Ñ C | f is continuousu.

Note that the (multiplicative) identity on CpTq is the constant 1 function 1T : z ÞÑ 1. Now, we can

define a ˚-homomorphism j : A Ñ CpTq which is fully determined by the following: jp1q “ 1T

and jpuq “ IdT . From the universal property Proposition A.2, we have a ˚-homomorphism

rj : C˚pAq Ñ CpTq satisfying jp1q “ rjp1q “ 1T and jpuq “ rjpuq “ IdT. We are done if we

can construct an inverse for rj, but all this requires is a recollection of the continuous functional

calculus and the spectrum of a unitary element. Once this recollection is done, then it follows

from the fact that unitarity of IdT implies sppIdTq “ T, so that there is a ˚-isomorphism ΨIdT :

CpTq Ñ C˚
CpTq

pIdT, 1Tq where ΨIdTpIdTq “ IdT and Ψ1T “ 1T. Now, the ˚-homomorphism

i : C˚
CpTq

pIdT, 1Tq Ñ C˚pAq can be fully determined by ipIdTq “ u and ip1Tq “ 1. By a simple

computation, we find that prjq´1 :“ i ˝ ΨIdT : CpTq Ñ C˚pAq, as required.

We remark the following regarding the almost-obvious relationship between the universal C˚-

algebras and internal C˚-subalgebras generated by subsets.
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Lemma A.1. Let G be a set of generators and with relations R. Suppose B is a C˚-algebra with

subset S Ď B. If there is a ˚-isomorphism on the free ˚-algebras say ψ : FpGq Ñ FpSq, then

C˚pxG | Ryq – C˚
BpSq.

Let us further discuss the last example, we found that the C˚-algebra C˚pxa | a´a˚yq is exactly

CpTq, and with a little more work, we can generalize this result to even more unitary generators

satisfying some commutativity relations. In particular for two unitary generators:

C˚pxa, b | a´ a˚, b´ b˚, ab´ bayq – CpT2q.

Through Gelfand’s theorem, we see that, T2, the 2´torus is categorically dual-equivalent to

C˚pxa, b | a ´ a˚, b ´ b˚, ab ´ bayq. This motivates us to define the noncommutative 2-torus

associated with θ P R, by replacing the commutativity relations on a, b above: where instead

of ab ´ ba “ 0, we stipulate ab ´ e2πiθba “ 0 for θ P R. In short, if we denote by Aθ the

noncommutative 2-torus associated with θ, we define

Aθ :“ C˚pxa, b | a´ a˚, b´ b˚, ab´ e2πiθbayq,

where of course Aθ – CpT2q when θ P Z.We end this lengthy appendix section here, and for those

that want to see the continuation of this story, then please read the main document. Subection

7.1.2 of Chapter 7 is dedicated exactly to the generalization of the noncommutative 2-torus to

higher dimensions.
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Appendix B

Nets

We give a brief discussion of nets here, as we shall periodically use the general principle of

determining topological behavior in terms of net convergence throughout the dissertation. We

assume that all ambient topological spaces here are Hausdorff, unless otherwise stated.

Definition B.1. A directed set is a nonempty set I together with a reflexive and transitive

binary relation ď, i.e. a preorder, with the additional property that every pair of elements has

an upper bound.

Definition B.2. Let I be a directed set with preoder relation ď and X a topological space with

topology T . A mapping f : I Ñ X is said to be a net. For a net f : I Ñ X, we also usually

write txiuiPI , which expresses that fact that each i P I is mapped to xi. It is also reminiscent of

the usual sequence notation.

If Y is a subset of X, we say that the net txiuiPI is eventually in Y if there exists an i0 P I

such that for all i P I with i0 ď i, we have xi P Y. We can use this as a way to define the limit

of a net. We say that the net txiuiPI converges towards, or has a limit x and write

lim
i
xi “ x, or xi Ñ x

if for any neighborhood Ux of x, txiuiPI is eventually in Ux. We say that a net is convergent if

it has a limit.

We also have the related notion, we say that txiuiPI is frequently in Y if for any i P I, there

exists a i0 P I such that i ď i0 and xi0 P Y . We say that txiuiPI accumulates to, or has an

accumulation point x if for any open set Ux of x, txiuiPI is frequently in Ux.

296



Definition B.3. Let X be a topological space, given a net txiuiPI and a net tx1
jujPJ in X, we

say that tx1
jujPJ is a subnet of txiuiPI of there exists a function T : J Ñ I such that

1. For all j P J , x1
j “ xT pjq;

2. For each i2 ď i1 in I, T pi2q ď T pi1q in J ;

3. For each i0 P I, there is a j0 P J such that j0 ď j ùñ i0 ď T pjq.

Following the definitions, we have the following basic result.

Proposition B.1. Given a net txiuiPI , every limit point of a net is an accumulation point.

Furthermore, if there exists a subnet of txiuiPI that converges to x, then it is an accumulation

point of txiuiPI .

The reason for assuming Hausdorffness of our ambient topological spaces is to preserve the

uniqueness of limits for nets. However, unlike the in the case of sequences, the converse turns

out to be true for nets.

Proposition B.2. Let X be a possibly non-Hausdorff topological space. X is Hausdorff if and

only if every convergent net in X has a unique limit.

Proof. ( ùñ ). Suppose X is Hausdorff and suppose for contradiction that there exist two

distinct limits x ‰ y for txiuiPI . X is Hausdorff, therefore we can find disjoint open sets x P Ux

and y P Uy. It follows that there exists ix P I such that ix ď i ùñ xi P Ux and iy P I such

that iy ď i ùñ xi P Uy. Since I is a directed set, let i0 P I be an upper bound for ix and iy

so that ix ď i0 and iy ď i0. However, the choice of i0 implies xi0 P Ux X Uy “ H, which is a

contradiction. Therefore the limit of txiuiPI must be unique.

( ðù ). Suppose every convergent net in X has a unique limit. For contradiction, assume X

is not Hausdorff, so that we can find two distinct points x ‰ y such that U X W ‰ H for any

open sets U Q x and W Q y. Define

I :“ tpU,W q : U,W open and x P U , y P W u.

A preorder can be endowed to I via pU1,W1q ď pU2,W2q ðñ U2 Ď U1 and W2 Ď W1. With this

order, any pU1,W1q, pU2,W2q P I has an upper bound given by pU1 X U2,W1 X W2q. Therefore

I is a directed set. We again use the fact that each U X W with pU,W q P I is non-empty,

therefore there exists a choice-function (c.f. axiom of choice) f : I Ñ
Ť

pU,W qPI pU XW q with
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fpU,W q P U X W. We see that this choice-function gives us a net, we can rewrite f as the net

txU,W upU,W qPI . Our claim is that txU,W upU,W qPI converges to x and y, which is a contradiction.

To show xU,W Ñ x, we can take an arbitrary open set Ux Q x, so that for any pU,W q P I

satisfying pUx, Xq ď pU,W q, we have U Ď Ux so that:

xU,W P U XW Ď Ux XX Ď Ux

This shows txU,W upU,W qPI is eventually in Ux, hence xU,W Ñ x. The proof for xU,W Ñ y is

similar, and we obtain our contradiction.

Below, we compile a sequential criterion-like characterization of topological properties. We

start with something expected.

Proposition B.3. Let X be a topological space. If a net txiuiPI in X converges to x, then every

subnet of X converges to x.

Proof. Let tx1
jujPJ be a subnet of txiuiPI . Let Ux be an open set of x, then we know that there

exists a i0 P I such that i0 ď i ùñ xi P Ux. Let j0 P J be the element satisfying Item 3

of Definition B.3. We then obtain that for j P J such that j0 ď j, then i0 ď T pjq, therefore

xT pjq “ x1
j P Ux. Therefore tx1

jujPJ converges towards x.

It also turns out that all accumulation points occur as in the latter part of Proposition B.1.

Proposition B.4. The net txiuiPI accumulates to x if and only if there exists a subnet of txiuiPI

that converges to x.

Proposition B.5. Let X be a topological space. A net txiuiPI in X converges to x P X if and

only if every subnet of txiuiPI has a subnet that converges to x.

Proof. The forward direction is trivially true due to Proposition B.3. To prove the converse, we

notice that the latter statement, due to Proposition B.4, is equivalent to every subnet of txiuiPI

accumulating to x. Suppose for contradiction that txiuiPI does not converge to x. By carefully

negating the definition of convergence, we see that there is an open set Ux Q x such that for any

i P I, there is an i0 P I such that i ď i0 and xi0 R Ux. We can therefore define a nonempty

directed set:

J :“ tj P I : xj R Uxu,
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which gives us a subnet txjujPJ of txiuiPI which does not accumulate to x. A contradiction.

Proposition B.6 ([Ped01, Proposition 1.3.6]). Let X be a topological space with subspace Y ,

then x P Y if and only if there exists a net in Y that converges to x.

The following then immeditely follows.

Corollary B.1. A subset Y of a topological space X is closed if and only if every convergent net

in Y converges in Y .

Proposition B.7 ([Ped01, Theorem 1.6.2]). Let X be a topological space with subset C, then C

is compact if and only if every net in C has a convergent subnet.

Proposition B.8 ([Ped01, Proposition 1.4.3]). Let f : X Ñ Y be a map between topological

spaces, then f is continuous if and only if for all xi Ñ x in X implies fpxiq Ñ fpxq in Y .

Proposition B.9 ([FD88, Proposition 13.2]). Let X,Y be topological spaces and f : X Ñ Y a

surjective map. The following are equivalent

1. f is an open mapping;

2. Given a point x P X and a net tyiuiPI Ď Y such that yi Ñ fpxq, there exists a subnet

ty1
jujPJ based on some directed directed set J , and a net tx1

jujPJ Ď X such that

(a) fpx1
jq “ y1

j for all j P J ;

(b) xj Ñ x in X.
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