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Abstract

This dissertation explores the connection between Heisenberg modules over noncommutative
tori—a well-studied object in noncommutative geometry—and the theories of operator-quantization
along with Banach bundles associated to the deformation of C*-algebras. This investigation is
motivated by deep results in Gabor analysis.

The well-known fact that Heisenberg modules over higher dimensional noncommutative tori
may be viewed terms Gabor frames allows us to establish the deformation of Banach bundles of
Heisenberg modules over noncommutative tori. Furthermore, we show that the generated Banach
space of this bundle of Heisenberg modules implements the Morita equivalence between the
generated C*-algebras of bundles of twisted group C*-algebras coming from lattices in the time-
frequency plane. Furthermore, building on the deformation results of Feichtinger and Kaiblinger
on Gabor frames, we show that the constructed bundle of Heisenberg modules generalizes the
Gabor frame stability results of Feichtinger’s algebra to Heisenberg modules.

Recall that to each lattice in the time-frequency plane there is associated a Heisenberg module.
We provide a detailed description of the adjointable maps of these Heisenberg module. Building
on the observation that these adjointable maps are those that commute with all time-frequency
shifts of the given lattice, i.e. operator-translation invariant in the language of quantum harmonic
analysis. Using techniques from C*-algebras and von Neumann algebras associated to Heisenberg
modules, we show that every lattice operator-translation invariant map may be characterized
as operator-periodization of finite rank operators with generators coming from the Heisenberg
modules. We also introduce the related notion of operator-modulation invariant operators of
a lattice, and show that these operators can also be characterized as Fourier-Wigner operator-

periodizations of finite-rank operators by generators of the Heisenberg module.
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Zusammenfassung

In dieser Dissertation untersuchen wir die Verbindung zwischen Heisenbergmodulen {iber nicht-
kommutativen Tori—einem wohl-studierten Objekt der Nicht-kommutativen Geometrie-und den
Theorien der Operator-Quantisierung sowie Banach-Biindeln, die mit der Deformation von C*-
algebren in Verbindung stehen. Diese Untersuchung wird durch tiefgreifende Ergebnisse in der
Gabor-Analyse motiviert.

Der wohlbekannte Fakt, dafman Heisenbergmodule iiber mehr-dimensionalen nicht-kommutativen
Tori auch als Gabor Frames interpretieren kann, erlaubt es uns die Deformierungen von Heisen-
bergmodulen iiber deformierten nicht-kommutativen Tori zu etablieren. Weiters zeigen wir,
dafder konstruierte Banachraum dieses Biindels von Heisenbergmodulen implementiert die Morita-
Aquivalenz zwischen der erzeugten C*-Algebra des Biindels von verschrinkten Gruppenalgebren
assoziert zu den Gittern in der Zeit-Frequency Ebene. Uberdies zeigen wir, dafidieses Biindel von
Heisenbergmodulen die Stabilitétsresultate fiir Gabor Frames von Feichtinger und Kaiblinger fiir
die Feichtinger Algebra zu den Heisenbergmodulen verallgemeinert.

Bekannterweise gehort zu jedem Gittern in der Zeit-Frequenz Ebene ein Heisenbergmodul.
Wir geben eine detailierte Beschreibung der adjungierten Abbildungen dieser Heisenbergmod-
ule. Basierend auf der Einsicht, dass diese adjungierten Abbildungen genau diese sind, die
mit allen Zeit-Frequenz Verschiebungen des Gitters vertauschen, d.h. sie sind im Sinne der
Quantenharmonischen Analyse invariant unter Operatortranslaten vom Gitter sind. Mit der
Hilfe von Methoden der Theorie der C*-Algebren und von Neumann Algebren beweisen wir,
dass jede mit Operatortransaten-vertauschende Abbildung eine Operator-Periodisierung von
endlichen Rang-Operatoren von Generatoren des Heisenbergmoduls ist. Wir filhren weiters
den Begriff der operator-modulation-invarianten Operatoren eines Gitters ein und karaktererisen
sie als die Fourier-Wigner Periodisierung von endlichen Rang Operatoren der Generatoren des

Heisenbergmoduls.
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Chapter 1

Introduction

This dissertation contains contributions on the link between Gabor analysis and noncommutative
geometry. To set the stage, let us highlight two key motivating results, from [Gel41, Neg71| and

[Ser55, Swa62] respectively:

(Gelfand’s Duality Theorem). There is a duality of categories between locally

compact Hausdorff spaces and commutative C*-algebras.

(Serre-Swan Theorem). For a fixred compact Hausdorff space M, there is an equiv-
alence of categories between complex vector bundles over M and finitely generated

projective modules over C(M).

The general principle of noncommutative geometry is to extend such equivalences and dualities
from commutative C*-algebras to noncommutative ones. To this end, we firstly see that general
C*-algebras correspond to formal ‘noncommutative topological spaces’. Consequently, finitely
generated projective modules over C*-algebras must correspond to complex vector bundles over
noncommutative topological spaces.

Perhaps the simplest noncommutative topological spaces are the higher-dimensional noncom-
mutative n-tori, which are C*-algebras that can be obtained by a straightforward deformation of
the relations between the generators of C'(T™). Studying the vector bundles over these noncom-
mutative spaces lead us to the Heisenberg modules [Rie88|, which are finitely generated projective
modules over noncommutative n-tori.

On the one hand, Gabor analysis is a branch of harmonic analysis that studies representations

of functions via time-frequency shifts [Gab47]. On the other hand, the construction method for



Heisenberg modules involves techniques from harmonic analysis on phase-space. This led to the
establishment of connections between noncommutative geometry and Gabor analysis [Lue07].
The intimate relationship between the two subjects, through Heisenberg modules, will be our

central focus.

A secondary goal of this thesis is to survey the literature surrounding the Heisenberg mod-
ules from the perspective of harmonic analysis. I had found this to be a worthwhile endeavor,
especially because some of the material did not seem quite related at first glance. The next
five chapters will be dedicated to a detailed exposition of the background material. I made the
decision to start studying the foundations from a sufficiently abstract setting, opting to treat the
setting for our results and applications as particular cases of earlier discussions. In this work,
we generally assume basic knowledge of operator algebras and some rudimentary measure space

theory.
The dissertation is structured as follows:

Chapter 2. We introduce Hilbert C*-modules, the formal complex vector bundles over
C*-algebras. Imprimivity bimodules will also be studied; they are a special kind of Hilbert C*-
module that implements Morita equivalences for C*-algebras. Heisenberg modules are examples
of imprimitivity bimodules. In this chapter we shall also introduce frame theory for Hilbert
C*-modules, which is general enough to encompass frame theory on the Heisenberg modules,

and frame theory on the Hilbert space of square integrable functions.

Chapter 3. We give a detailed review of abstract analysis on locally compact groups. Our
primary goals in this chapter include: a derivation of Pontryagin duality, to set up notation for
the Fourier transform and its inversion, and Weil’s formula. Since we will eventually be working
with integrated forms of group representations, we shall end with a quick section on vector-valued

integration on locally compact groups.

Chapter 4. We introduce the time-frequency shifts and the time-frequency plane. We also
define the Heisenberg 2-cocycle here. Building up from the language established from the previous
chapter, we look at Fourier analysis on the time-frequency plane, deriving symplectic versions of
some of the relevant results from Chapter 3. Next, we discuss Gabor analysis and Feichtinger’s
algebra, which motivate much of this dissertation. Finally, we touch upon operator quantization
based on Feichtinger’s algebra, where we close with a proof of Janssen’s representation, setting

us up perfectly for the construction of the Heisenberg modules.

Chapter 5. We investigate the theory of twisted C*-dynamical systems from which we



can construct twisted crossed-products. We show that twisted group C*-algebras are twisted
crossed-products. Using Feichtinger’s algebra along with Janssen’s representation, we construct
Heisenberg modules as imprimitivity bimodules between twisted group C*-algebras. We also
discuss the localization scheme, allowing us to treat Heisenberg modules as square integrable
functions.

Chapter 6. In the sixth chapter, we delve into the theory of Banach bundles, which are
bundles whose fibers are generally infinite-dimensional Banach spaces. Banach bundles provide
the mathematical foundation that would allow us to rigorously define what it means for a family
of Heisenberg modules, indexed by a topological space to ‘continuously vary’. We will also discuss
the special case of Banach bundles whose fibers are all C*-algebras, called C*-bundles. One of
the most relevant results in this chapter is an existence theorem ensuring the existence of a
Banach bundle with plenty of continuous sections. All subsequent bundles in the next chapter,
for our results and applications, will be constructed based on this theorem.

Chapter 7. This chapter presents my main contributions to the field. It is split into
two sections (I) "Linear Deformations of Heisenberg modules and Gabor Frames" and (IT) "On
Modulation and Translation Invariant Operators and the Heisenberg Modules".

Appendix. I have included a brief appendix with a detailed discussion on universal C*-
algebras for quick reference. Another entry in the appendix is dedicated to reviewing reformula-
tions of topological properties in terms of nets.

In Chapter 7, results without citations are original work. While Chapters 2-6 cover mostly
established material, I chose to include proofs for the majority of the results in the discussions.
Most of these will be cited, taking on the form of a direct citation in the theorem header, or
somewhere in the preceding paragraph. However, some of these results will be claimed as original
work. These include modified versions of known results, and independent proofs of established

results.



Chapter 2

Hilbert (*~-Modules

Here we shall give a detailed discussion of Hilbert C*-modules, which one can think of as a gener-
alization of Hilbert spaces C*-algebras are used in place of complex numbers for the coefficients.
We are primarily motivated by the fact that the Heisenberg module is a particular instance
of a Hilbert C*-module, and so it is imperative that we familiarize ourselves with the general
structure that underpins our object of study. We begin with a general introduction to the basic
theory of Hilbert C*-modules, briefly examining its parallels with, and divergences from, Hilbert
space theory. Some space will be dedicated to a discussion of the so-called "multiplier algebras",
which we can think of as a unitization scheme for C*-algebras. These algebras are classically
defined in terms of double centralizers, but we shall exploit the fact that they can equivalently
be constructed from the adjointable maps of Hilbert C*-modules. We then further examine the
case of Hilbert C*-modules equipped with symmetry conditions— called imprimitivity bimodules.
The chapter concludes with a section on module frames, where we discuss a version of frame
theory on Hilbert C*-modules. All our frame-theory related needs will be outsourced from this

section given that module frame encompass classical frame theory.

We shall follow both Lance’s [Lan95] and Williams’s [Wil07] expositions on the basic theory
on Hilbert C*-modules up to the discussion of imprimitivity bimodules. On the other hand, we
will use the recent article by [AB17] as our main resource for module frames. There, the authors
provided a careful treatment of modules frames for which the coefficient C*-algebras are not

necessarily assumed to be unital.



2.1 Basic Theory

Definition 2.1. Let A be a C*-algebra and Z a complex vector space. Z is said to be an inner
product left A-module if it is a left A-module compatible with complex scalar multiplication

in the sense that:
AMa-z)=(Aa)-z=a-(\z), V(A a,2)eCx Ax Z.

Furthermore, there exists ,(-,-) : Z x Z — A such that for all z,w,y € Z, a € A, and scalars

A peCe
Lz + py,wy = XA 4z, w) + p 4 {y, w)
2. a-z,w)y=a ,{(z,w)
3. 4z )t = 4(w,2)
4. (z,2)=0
5. (Positive-Definiteness). ,(z,2)=0 — 2z =0
An A-submodule of Z is a subvector space of Z that is closed with respect to the A-action.
Remark 2.1.
1. We will usually use the juxtaposition a - z := az as a shorthand for the module action.
2. It follows from Items 2 and 3 that ,(z,wya = ,{(z,a*w) for all a € A and z,w e Z.

3. One can see from axioms (2) and (3), that the linear span ,(Z, Z) := span{ 4,(z,w) : z,w € Z}

is an ideal in A.

4. Note that axioms (1) and (3) above imply that the module inner-product is module-linear
in the first component, and module-antilinear in the second one. If we omit axiom 5 above,
we call Z a semi inner-product A-module. It is not too difficult to show that there
is a canonical way of constructing an inner-product A-module from a semi inner-product
A-module by quotienting out from Z the A-submodule N = {z € Z : ,{z,2) = 0}, and

endowing Z/N with obvious operations.



5. For the rest of this section, we will use the symbol |- | to denote the norm on the C*-algebra
A. Shortly, we will show that inner-product A-modules can also be endowed with a norm.
We again use the same symbol | - || to denote this norm, leaving it to the reader to figure

out which norm we mean by context.

Given a C*-algebra A, then from a combination of [Dix82, 1.6.8] and [Dix82, 1.6.9], we obtain

that for any a,b € A:
(ab)*(ab) < |al*b*D. (2.1)

Proposition 2.1 ([Lan95, Proposition 1.1] ). If Z is a left semi-inner-product A-module and
z,Yy € Z, then

a0, 2) 482 < || a2 2 | 4y )
Proof. For any positive ¢ € AT, and b € A, Equation (2.1) implies that
b* (2 2)b < [ M?Po*h = b¥eb < |¢b*b = beb* < |c||bb*. (2.2)

Let z,y € Z and a € A. Suppose WLOG that | 4{(z,2)| = 1. If we take ¢ = ,(z,2) in the

inequality above, we have:

0< 4{az—y,az —y)
= alaz,az —y) — 4{y,az —y)
= alaz,az) — 4{az,y) — 4y, a2) + 4, y)
=a {2, 2)a* —a 4{z,y) — 4y 2" + 4y, Y

< aa®* — a 4{z,y) — A<y,z>a* + 4y, y) -

The inequality above is true for all a € A, so take a = 4(y, z) in particular. From this, we find

that 0 < — 4y, 2) A<z, 9) + sy, y) <= 1Y, 2) 4{z,y) < | 4{z, 2) | 4{z, z) as required. O

As expected, we can endow an inner-product A module with a norm, similar to how we define

one for a Hilbert space. The following follows easily from definition.



Proposition 2.2. Let A be a C*-algebra and Z be an inner-product A-module, consider
1/2
2l = || a2, 2 |2 (2.3)
Then | - | is a norm for Z. If Z is only a semi-inner-product A-module, then | - | is only a
seminorm for Z.
From Proposition 2.1, we have the following estimates.

Proposition 2.3 (|[Lan95] ). Let A be a C*-algebra and Z an inner-product A-module.

L sz wl<lzllyl  vzyeZ

2. We can define an A-valued analogue of a norm in Z wvia: |z| := A<z,z>1/2. We have the

following estimate

| alzsp I < |zlllyl  Vz,ye B,
where |a] = (a*a)'? for a € A.
3. The norm on Z also makes Z a normed A-module because

laz]| < falllz] ¥(z,a) € Z x A.

Proof.
1. Since | 4(z,2)| = |2|?, then exactly from Proposition 2.1

A, 2) 4z < 27 4y )

So we have, by the fact that the norm in a C*-algebra preserves the poset of positive

elements [Dix82, 1.6.9] that:

| 4l 12 < l2lPlyl* <= || ale, | < Iyl

2. Recall from [Mur90, 2.2.6] that square roots preserve the poset of positivity. That is, for



1/2

0<a<bin A, we have a'/2 < b¥2. Tt now follows from Proposition 2.1, that we have

(a2 4z ) < (| 4Gz 20 | 4z )2

which is equivalent to what we want to prove.

3. Note that [az|* = || s{az,a2)| = [a 4z, 2)a*| < || 4¢z, 2 [laa®| = |2[*]a]?. Taking

square roots, we arrive at our desired conclusion.
O

Notice that the estimates above immediately demonstrate that the definition of the norm (2.3)

on Z gives us continuity of the module inner-product and module action for free.

Definition 2.2. Let A be a C*-algebra, and Z an inner-product A-module. Z is said to be a
Hilbert A-module or a Hilbert C*-module over the C*-algebra A if it is complete with

respect to its norm.

In the sequel, we shall study an important ‘completion scheme’ for a special kind of Hilbert
C*-module. We shall need a technical lemma which gives a ‘canonical’ way of constructing a
Hilbert A-module from dense subspaces. The next result shall give the details regarding the

construction discussed in Item 4 of Remark 2.1.

Definition 2.3. Suppose that Ag is a dense *-subalgebra of A, and Zj is a left Ag-module with
a form 4 ()1 Zo x Zo — Ao satisfying (an obvious version') of Items 1 to 4 of Definition 2.1.

Then Zj is said to be a pre-Hilbert left Ag-module.

Lemma 2.1 ([RW98, Lemma 2.16|). Let Ay be a dense %-subalgebra of a C*-algebra A, and Z
a pre-Hilbert left Ag-module, then there exists a Hilbert A-module Z and a linear map q : Zy — Z
such that q(Zy) is dense in Z such that:

1. q(ao - z0) = ap - q(20), Vag € Ao, 20 € Zo;
2. 4€a(20),q(wo)y = A0<Zo,w0>, V20, wo € Zo.

We call Z the completion of Z.

'Perhaps it might not be so obvious that the version of Item 4 of Definition 2.1 that we want is that:
Ao {z,z) = 0 with respect to the completion A.



Proof. Let N :={z€ Z: 4 (20,20 = 0}. We may only have a semi inner-product Ay structure
on Zy, but Proposition 2.1 still applies in this case. In particular, it implies that for all n € N

and zg € Z, we have that

4,20,m) = 0= 4 (n,z0) (2.4)

which further implies that IV is a vector subspace and Agp-submodule of Z;. Now consider the
canonical vector space quotient map q : Zy — Zp/N. Let us define on the quotient an Ag-valued

inner-product and Ag-module action via:

AO<Q(ZO)aQ(w0)> = A0<207w0>7

ap - Q(Zo) =40 20

for all zg,wg € Zy and ag € Ag. We verify that these are well-defined, suppose that zg,wy € Zy

such that ¢(zo9) = q(wy), then it follows from Equation (2.4) for all ag € Ay:

A0<a0 (20 — wo), ag - (20 — wo)) = ap A0<Zo — wo, 20 — Wo) ag = 0.

Therefore ag - (z0 — wp) € N, equivalently a - q(zo —wp) =0 < ag - q(20) = ag - ¢(wp). On the

other hand, if z1, w1, 29, ws € Zy such that ¢(z1) = ¢(22) and ¢(w1) = g(wz) then we have:
A,$21,w1) — 4 (2o, wa) = 4 (21, w1 —w2) + 4 (21— 22, w2) =0+ 0 =0.

Therefore A0<q(zl),q(w1)> = A0<Q(22)aQ(w2)>-

Now, note that for any zg € Zp, we have

la(z0)l := | 4y <20, 20) 2.

If [g(z0)] = 0 = | 4,{20,20) |'/2, then 4,{%0,20) = 0, therefore 29 € N, hence g(29) = 0.
This shows that the map || - | : Zop/N — R defined above is a norm on Zy/N. Denote by Z the

completion of Zy/N with respect to the norm just defined.

We can again use Estimate (2.1) to show that for all zg € Zy and ag € Ay :

lao - a(20)|* = llao 4,<z0, 20) ag|



= [ (a0 4,¢a(20), a(20))""*) (a0 4,<al20), a(20))"*)*]

< [laol*lq(z0) .

This implies |a-q(z0)| < |ao[¢(20)|- Therefore the left Ag-module action is a linear and bounded
map on the dense subspace Zy/N of Z, therefore the left Ag-module action extends to all of Z

satifying the following:
lao - 2|l < Jlaol]lz]- (2.5)

However, Estimate (2.5) can be used to show that the left Ag-module action can be extended to
all of A via a -z = lim; a; - z for any net {a;}; S Ay converging to a € A.

We can essentially apply the same approach to the inner-products. Since | 4 {q(20), ¢(wo)) || <
I 4,<a(20)5 q(20)) llll 4,<q(w0),q(wo)) | for all 29,wo € Zy (via Proposition 2.1) we can define for

all z,we Z

Az w) = h@m A0<Q(Zi)7 q(w;))

for any nets ¢(z;) — z and ¢(w;) — w. By arguing using continuity and working on the necessary
dense subspaces, it is routine to check that Axioms 1 to 3 of Definition 2.1 hold for the left A-
module action and the A-valued inner-product on Z. Axiom 4 of Definition 2.1 follows from
the fact that for any C*-algebra A, the set of positive elements A" is a closed set (which easily
follows from [Mur90, Lemma 2.2.2] and setting ¢t = 1). Lastly, if z € Z with ¢(z;) — 2z such
that ,(z,z) = 0, then we have [|0 — ¢(2;)| = |lg(2:)|| = [}z = 0. Therefore g(z;) — 0, and by

uniqueness of limits, z = lim; ¢(z;) = 0 as required. O]
Example 2.1. Let A be a C*-algebra and I be a countable index set. Let us define the space

() = {a ={a;liecr S A: Zaia;‘ converges in the norm of A}

el

Equipping ¢4 (I) with the obvious left A action and inner-product:
1. a-a:= (aa;)er;

2. p(a,a’) = e aia))”
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makes ¢4 (I) a Hilbert A-module. Note an important special case of this construction is when

|I] = 1, in which case we see that A itself is a Hilbert A-module.

Proposition 2.4 ([Lan95] ). Let {e;}; be an approximate identity in a C*-algebra A, and Z
a Hilbert A-module. We have z = lim; e;z, therefore AZ = {az : a € A, z € Z} is a dense

submodule of Z.

Proof. Note that we can write, for each z € Z :

ei Al 2yei = (42 V2 ) (42 )2 ).

Therefore, lim; e; 4,{z,2)e; = 4,{z,2). Now we have

Kz —eiz,z —eizy = 4(2,2) — € 4{2,2) — 4{z,2) e; + e; 4{(z,2) €,
hence it follows from what we have derived above that lim; ,{(z — €;z, 2 — e;z) = 0, which also
implies lim; ||z — e;z]| = 0. Therefore z = lim; e;z as required. O

Corollary 2.1 ([Lan95| ). Let A be a unital C*-algebra with unit 14, and Z a Hilbert A-module.

Then 142 = z.

Proof. Let {e;}; be an approximate identity in A, then it follows from the definition of an
approximate identity and unitality of A that lim; e; = 14. Furthermore, from Proposition 2.4, it

follows that 14z = lim; e;z = z as required. O

Proposition 2.5 ([Lan95] ). Let Z be a Hilbert A- module. Consider 4{(Z,Z) = span{ 4{(z,w) :
z,we Z}, then ((Z,Z)7Z = Z.

Proof. It is not hard to see that I := ,{(Z,Z) is a closed two-sided ideal of A, and therefore
contains its own approximate identity. Let {f;}; be an approximate identity of I, and z € Z.

Because ,(z,z) € I, then we can run exactly the same computation as in Proposition 2.4 to

conclude that lim; fiz = 2. Therefore Z = ,(Z,Z)7Z = Z. O

One of the things that carry over from the theory of Hilbert spaces are the following norm

characterizations.
Theorem 2.1 ([RW98, Lemma 2.16|). Let Z be a Hilbert A-module, then for any z € Z,
1 |z] = sup{|| 4<z, ) | :y € Z, |y <1}
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2. |z = sup{]| 4(z, 0 |y € B, |yl =1}

3. Hz\\zsup{%:yez y#O}.

Proof. We will only prove item 1, the proof for the rest of the charaterizations are similar. Let

z,y € Z where |y|| < 1, then we know from Proposition 2.1 Item 1 that:

| aCz | < lzlllyl = [,

so sup{| ¢z, ¥ || :y€ E, |y| <1} <|z]. On the other hand, suppose z # 0, then

1
2l = =1
]
1
= a2
Ellas

L)l

<supf| 4wy e 2yl < 13

This proves the theorem. O

So far, it seems that the theory of Hilbert C*-modules parallels the theory of Hilbert spaces.
In the sequel, we shall show where the two theories digress. We start by defining orthogonal

complements for closed submodules.

Definition 2.4. Given a Hilbert A-module Z, we define the orthogonal complement of a

closed A-submodule W € Z to be

Whi={2eZ: (z,w)y=0, Ywe W},
Some of the known properties of the orthogonal complement carries over to Hilbert C*-modules,
like the proposition below.

Proposition 2.6. W+ is a closed A-submodule of Z.

Because the module inner-product is also continuous for Hilbert C*-modules, the proof for the
above proposition is essentially the same as in the Hilbert space case. We shall show below
that the orthogonal complement decomposition for Hilbert spaces no longer hold for Hilbert

C*-modules in general.
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Example 2.2. Take the Cantor set C, it is a closed subset of [0, 1] which is nowhere dense in it
[SSS78]. This implies that if X = [0,1] then X\C = X\C is dense in X. Consider the unital
C*-algebra A = C'(X). By Example 2.1, we know that we can also take Z = A, so that Z is a
Hilbert A-module. One can see that W := C(X\C) is a proper closed A-submodule of Z if we
identify all the functions W to be those in Z that is trivial in C. If we define:

Whi={weW: (w,z)=0forall z€ Z}

={weW :w(t)z(t) =0 forall te [0,1] and z € Z}.

we see that any w € W+ must be {0}. We can define the direct sum of Hilbert C*-modules in
a completely analogous way as in Hilbert spaces, but we see from our particular example that
WeWt=w % Z.

The same example also shows another failure of the Hilbert space theory to our setting. One
is not assured the existence of adjoints for bounded linear maps between Hilbert A-modules.
Take Z = A = C(X), W = C(X\C) as in above. Consider the inclusion map ¢ : W — Z,
which is a bounded, A-linear (and complex-linear) map. Suppose that there exists an adjoint

V1 Z — W satisfying:

Alw, Y = 4w, f), V(f,w)e Z x W.

If we take f = 1 (identity in Z = C(X)) in particular, then we find that ¢*(1)(¢) = 1 for all
t e X\C and ¢*(1)(t) = 0 for all ¢ € C. But this function is not continuous, and therefore is not

contained in W.

Since we cannot take the existence of adjoints for granted, we define the proper maps between

Hilbert C*-modules to come with an adjoint a priori. We give a formal definition below.

Definition 2.5. Let Z and W be Hilbert A-modules, the map T : Z — W is called an ad-
jointable or A-adjointable map from Z to W if there exists another map T* : W — Z such
that for all z € Z and w e W:

AWK Tzw)y = 4z, T*w).

We denote the set of all A-adjointable maps via L£4(Z, W).

The Hilbert C*-modules Z, W are Banach spaces, it is then natural to ask if the adjointable
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maps L4(Z, W) has any relation to the space of bounded linear operators £(Z, W). It turns out
that requiring the existence of an adjoint is strong enough to make the adjointables continuous,

and even respect the A-module structure of the involved Hilbert C*-modules.

Proposition 2.7 (|[Lan95|). For anyT € LA(Z, W), T is complex-linear, A-linear, and bounded.
Also, |T*| = |T| (w.r.t. operator norm) for allT € LA(Z, W), and that the adjoint T* is unique.

Proof. Note that for any z€ Z, we W, a € A and a € C, we have

AT (az),w) = 4oz, T*w)

=a ,(Tzw)

ATz, w).
We can similarly show that

A<T(az)v w> = A<a(TZ)> w>

Therefore ,(T'(az) —aTz,wy =0 and 4,{T(az) —aTz,w)y = 0, so we know from Proposition 2.1
that [[t(ax) — a(tz)| = 0 and |t(xa) — (tx)a| = 0. This proves complex-linearity and A-linearity
of T

Next, let Z; be the closed unit ball in Z, consider the collection {t, : W — A |z € Z;} where

t.(w) := ,(Tz,w) Yw e W.
We have that for any w e W,

sup [t (w)| < |T"w] < .
Z€Z1

Therefore by Banach-Steinhaus and Proposition 2.1

sup | 1% |w—a = sup sup | 4(Tz,w)| = sup [Tz = |T < o0.
FASYAN 2€Z7 |w|<1 FISYAY

Therefore t : Z — W is a bounded operator. We also have

|T*] = sup [T*w] = sup sup | ,(T"w,2)| = sup sup | ,(Tzwy| = |T].

lwl<1 lwli<1 ]z <1 Iz<1 w]<1
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Note that we can exchange the order of supremums because {| ,(Tz,w)| : |z|, |w| < 1} is a
bounded set.
To show the uniqueness of adjoints, let 77,75 € L4(Z, W) be adjoints of T, then a simple

computation shows that |T7'w — T5w| = 0 for all w € W, this proves uniqueness. O

We now know that £4(Z, W) < L(Z,W), but it turns out that this inclusion is proper,
meaning one can construct a non-adjointable (in a Hilbert left A-module sense) map in £(Z, W)
for certain Z,W. For a counter example, see [Pas73].

Let Z,W,Y be Hilbert A-modules, it is easy to see that for T € LA(Z, W) and S € LA(W,Y),
1. T* € LA(W, Z), and
2. ST € LA(Z,Y).

In particular, £(Z) := La(Z, Z) is a C*-algebra because

|T1? > | T*T|| > sup | |(T*Tz 2)| = sup [Tz]* = |T]?

lzl<1 lzl<1

Proposition 2.8 ([Lan95|). If T € LA(Z, W) and z € Z, then |Tz|? < ||T|?|z|?, hence |Tz| <
1Tl

Proof. Let ¢ : A — C be a state (positive linear functional of norm 1) in A, then p(-,-) :=
q(4<-, ) : ZxZ — Cis a positive sesquilinear-form on Z. By repeated application of Proposition

2.3 Item 1, we have for z € Z,

p(T*Tz,2) < p(T*Tz, T*Tz)?p(z, z)/?
= p(T*T)%,2) (= )"
< [p(@*T)22 (@12 2z, 2] e )12

+

N
ol

= p((T*T)*z z)ip(z,z)

no 1

<<T*T>2"z,z>z%p<z,z> o

< |T*T)(|22) 7 p(z, =)' 7T

As n — o, we have q(4,(T*Tz,z)) < |T|*q(4{z,2)), and because this is true for all states
q : A — C then by the basic theory of C*-algebras (GNS theorem), (Tz,T2) < |T|? 4,(z,2)
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which is the same as |T'2|? < |T|%|2|> which implies |Tz| < |T||z]. O

Lemma 2.2 (|[Lan95, Lemma 3.1]). Suppose that Z is a Hilbert A-module, and let T* = T €
LA(Z). If there exists some k > 0 where

Tz = k| 2| Vze Z. (2.6)

Then T is invertible in La(Z).

Proof. Our strategy is to prove that 0 ¢ oz, (7 (T'), i.e. 0is not in the spectrum of T', equivalently
T is invertible in £4(Z). Suppose then, for contradiction that 0 € o, ,(z). Let Idz be the
identity in £4(Z), and consider the C*-subalgebra of £4(Z) generated by Idz and T', denoted
by C*(Idz,T). By the continuous functional calculus, there is an isometric #-isomorphism W :
C(o(T)) — C*(Id, T') such that Wr(id) = T for the identity id € C(o.,(z)(T)). Let f: R — R

be the continuous function with the following properties:

Lo f(0) =1 =fl;
2. f(A) =0 for all |A| > 1k

One can use Urysohn’s lemma to construct such a function. Since 0 € o, ()(T), then we can
consider the restriction f € C(o.,(z)(T)), so that we can write U (f) := f(T) € C*(Idz, T).
Consider the function g = id-f € C(oz,(z)(T)), and it is not hard to see that |g| < k.
It follows from the homomorphic property of Wr that Ur(g) = TUr(f) = Tf(T), and so
ITf(T)| = [Pr(g)| = |lg| < 3k. Choose zp € Z with 20| = 1 and § < || f(T)z. It follows
that |Tf(T)z0] < 3k < k|f(T)zol, but this contradicts (2.6). Therefore 0 ¢ o,z (T) as

required. O

Definition 2.6. Let Z, W be Hilbert A-modules. We say that U € L4(Z, W) is unitary if
UU* =1dw and U*U =1dz .

Remark 2.2. If U € L4(Z,W) then of course U : Z — W is a A-linear, surjective, and also
isometric. The former two properties are immediate from definition. To show that U is an

isometry, note that for z € Z,

[Uz1? = | sU2,Uz) || = | 42, U U | = || a2, 20 | = |12

16



What deserves to be called a theorem is the converse, we shall prove that if T' : Z7 — A is
A-linear, surjective, and isometric, then 7T is unitary. Interestingly, we do not need to assume
that T € L4(Z,W). Before we proceed, we note that the A-valued norm for a Hilbert A-module

Z satisfies the familiar polarization identity, with similar proof.

Proposition 2.9 (Polarization Identity). For any z,w € Z,

[(\z + w\Q |z — w\) —4 (\z + iw\2 — |z - iw[2)]

3
Z |z + i"w|?.

A<Z7w> -

.-M»—l hM

As a corollary, for any adjointable map T € LA(Z),

1z, Tw) = — ZA<Z—|-’L w, T(z+i"w)).
nO

Since we know that £4(Z) is a C*-algebra, it would be useful to have a criterion that we can check
for positive elements. The result below shows that using the Polarization identity, the criterion

for positive operators in Hilbert spaces also hold for adjointable maps on Hilbert C*-modules.

Proposition 2.10 ([RW98, Lemma 2.28] ). Let T be a complex linear map in Z. Then T > 0
in LA(Z) if and only if for all ze Z, ,(Tz,z) >0

Proof. If T' > 0, then there exists an S € L4(Z) such that T' = S*S, then for z € Z: ,(T'z,z) =
4(S*Sz,2) = 4(5%,82) =0
Conversely, suppose ,(T'z,z) = 0 for all z € Z. Then by definition of positivity, we imme-
diately have ,(T'z,z) = ,4(z,T%) > 0. It also follows from the Polarization Identity that for all
Z,WE L :
3

1z Tw)y = Z i" g2+ "W, T(z +i"w))
n—O

3
1
=12 Zz AT (2 + i"w), z +i"w)
- A<TZ7 w> .
Therefore T' € L4(Z) with T = T*. Denote the spectrum of T' on La(Z) by, o, (z)(T), and
the C*-subalgebra generated by the identity Idz and 7" by C*(Idz,T). Then by the continuous
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functional calculus, there is an isometric #-isomorphism ¥ : C(o(7)) — C*(1d,T) such that
U7(id) = T for the identity id € C(oz,(2)(T)). Now, we have f = % and g = MT'id are
both in C(oz,(T)), with id = f — ¢ such that fg = gf = 0, and f,g > 0. It follows that

T =Vp(f —g), and that for all ze Z

0 < ,(T(Y1(9)2), ¥r(9)z)y = ¥1(f — 9)¥1(9)z, ¥1(9)2) = — ,{V1(9)*2,2).

Because Ur(g)? = 0, it follows from the equation above that A<\IJT (9)3z, z> = A<z, \IJT(g)3z> =0

for all z. It follows from the Polarization identity again that for all z € Z :

3
[Wr(9)*z] = 1 Z i (Up(g)®z +i"2, Ur(9)* (Wr(9)’z +i"2)) = 0.
n=0
So U1 (g)? = 0 hence ¥r(g) = 0, but then 7' = Up(f) = 0. 0

Going back to unitary maps, the following lemma will be the result that will bridge us from

our desired converse.

Lemma 2.3 (|[Lan95| ). Suppose U : Z — W is an A-linear, surjective map that satisfies the

pseudo-isometry condition:
|Uz| = |7] Vze Z

then U € LA(Z,W) and is unitary.

Proof. The pseudo-isometry condition along with the polarization identity implies that for any

z,Y € Z,

4U=Uyy = - [(IUGE+y)l? = U =y)|) =i (U +iy)]” = Uz —iy)*)]

L el

[(z+yl? =1z —yl) =i (lz +iyl* — |z —iyl*)]

= A<Zay>'

Then, we see that ,(Uz,Uy) = 4(z,y) = A<z, U_l(Uy)>, since U is surjective, it follows from
the uniqueness of the adjoint that U* = U~ O

Lemma 2.4 (|[Lan95, Lemma 3.4] ). Suppose that a,b are positive elements of a C*-algebra A,
and that ||ac| = |be| for all c € A, then a = b.
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Proof. Let us suppose WLOG? that a,b are in the closed unit ball of A (and are both nonzero
so we exclude the trivial case). Our strategy is to prove that a? = b?, since the uniqueness of
square roots will imply that a = b. Suppose for contradiction that that WLOG a > b. Let us
further assume for eventual contradiction, that a®> — b*> # 0 and WLOG that a? — b*> > 0 so that

that § = 1 sup{\: A € ga(a® — b?)} > 0.
2

Consider the (possibly non-unital) functional calculus map wrt a? — b?, ¥ : Cy(o(a® —
b\{0}) — C*({a® — b?}). Let f € Cy(o(a? — b?)) with the following properties:

L. 0< f(N) <1, VYA e oa(a® —b?)

22.0<6 = f(AN)=0

3. f(20) =1.

It is then immediate that | f| = [f(\)|supyeq , (s2—p2) = 1. Let ¢:= ¥(f) = f(a® — b?) € A, then

le(a® = 6%)e| = W ()W () ¥ (/)]
= [®(f-1d-f)]
=A== APVl co(oaz—s2pop  (since ¥ is an isometry)
= Sup |>‘f2(>‘)|)\eaA(a2—b2)
— 26£(26) = 2.

Furthermore, by the properties of f, we know that Af2(\) > 6f2()\) for all A € o4(a® — b?).
Therefore Id - f2 > §f2 in Co(o(a? — b?)\{0}), and because ¥ is an injective *-homomorphism,

we have that (injective *-homomorphisms on C*-algebras preserve positivity)

V(Id-f?) = U(f-1d-f) > U(3f%) < U(f)PIA)¥L(f) > 5¥(f)*

— c(a® = b*)e > 6.

Let s be a state in A such that k(cb?c) = |cb?c| (existence is guaranteed by considering pure

states). Because |b| < 1, then it follows from (2.1) that cb?c < |[b]?c? < 2, which implies that

r(cb?c) < k()

— k(ca’c) =k(cb’c + %) = (1 + &)r(cb?c).

2Otherwise we can divide ¢ and b by their norms.
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It follows that |lca®c| = (1 + §)|cb?c|. Therefore, if cb?c # 0, then |ca®c| > |cb?c|. On the
other hand, if eb?c = 0, then 2§ = |c(a? — b?)c| = |ca®c|. In either case, |ca’c| > |cb?c| <
l(ac)*(ac)| > [(be)*(be)| <= |ac|?* > |bc|? == |ac| > |be||, which is a contradiction.

Therefore a? = b? as required. O

Theorem 2.2 ([Lan95, Theorem 3.5|). Let A be a C*-algebra, let Z, W be Hilbert A-modules
and let U : Z — W be a linear map, then TFAE:

1. U is A-linear, surjective, and isometric;
2. U is a unitary element of LA(Z,W).

Proof. That 2 implies 1 follows from the remark below Definition 2.6. For the converse, it suffices
to prove that the isometry property follows from the pseudo-isometry property (Lemma 2.3). To
do this, let ¢ € A, z € Z, and recall that |Uz| = A<Uz,Uz>1/2 € A. We have the following

computation:

lalU =] = (alU=])(alU2])*| 2
= a 4 (U=, Uzya"|"?
= | \U(az), Ul@z)) Y%, (Alincarity)
— |U(a2)]?
1/2

= |az|"*, (Isometry)

= [al[]-

Because the equation above is true for all a € A and, |Uz| and |z| are both positive in A, then

by Lemma 2.4, |Uz| = |z| as required. O

Let Z, W be Hilbert A-modules and z € Z, w € W, then we define an analogous rank-one

operator for L4(W, Z):
Owz(y) = 4yswyz VyeW. (2.7)
Now if u € Z, then

A0u 2 (), w) = 4 aly w) 2, 1)
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= A<y7 w> A<Za u>

A, alus 2y w)
= A<y7 0w ().

Therefore 0., . € L4(W, Z) indeed, with adjoint 0}, , = 0. ,,. We have the following formulae for

rank-one adjointables, they all follow from straightforward computations as in above.

Proposition 2.11. Let Z,W.Y be Hilbert A-modules, z € Z, and w e W, then

Tew,z = 6w,TZ; VT € EA(Za Y)7 (28)

9w7ZS = Qs*wvz, VS e ﬁA(Y, W)

Definition 2.7. Let Z, W be Hilbert A-modules, we denote by K 4(W, Z) the closed linear span
of the subset {0, : z € Z,w e W} in K4(W, Z). We also define K(Z) := Ka(Z,Z). When we
are talking about adjointable operators with respect to Hilbert A-modules, we call C4(W, Z) the

compact operators from W to Z.
Corollary 2.2. K4(Z) is a closed two-sided ideal of the C*-algebra L4(Z).

Proof. Tt follows directly from 2.11. O

Obviously, the model for the definition above are the actual compact operators in a Hilbert
space, which can be characterized as the limit of finite-rank operators. The characterization,
unfortunately, does not carry over perfectly. There are operators T' € K4(W, Z) that are not
compact operators from W to Z when they are seen as Banach spaces (recall that compact
operators can be defined for Banach spaces as well, not just Hilbert space).

Recall from Example 2.1 that by taking |I| = 1, any C*-algebra A is also a Hilbert C*-
module over itself. The module A-action is just given by the usual multiplication, while the

module inner-product is given by ,{a,b) = ab*.

Proposition 2.12 (|[RW98, Example 2.26]). A = K4(A).

Proof. For each a € A, define the operator R, : A — A, via R,(b) = ba for all b € B. We see that
R, € LA(A) when we identify A as a a left Hilbert A-module, with adjoint R} = R,+. Note that
HRa (ﬁ) H — lla]l < | Ra| < |al, therefore |Rq| = [af, therefore the map

R:a— R, (2.9)
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is an isometry from A to L£4(A). It follows by elementary computations that a — R, is a *-
homomorphism, and so all that remains is to show that the image of the mapping is actually

K4(A). Note that if we take the product ab € A, then for all ce A
Rap(c) = cab = ,{c,a™)b = O, p(c) € Ka(A).

However, one can always write any element of a C*-algebra as a closed linear span of products
like a*b by the existence of approximate identities. Therefore the image of a — R, is indeeed

Ka(A). O
Proposition 2.13. If A is unital, then K4(A) = La(A).

Proof. This follows from the proof Proposition 2.12. The #-isometric homomorphism a — R,

becomes an isomorphism to £4(A) because for all a,c€ A

Ra(C) = RwlA (C) = ea*,lA (C)

O

Let A be a unital C*-algebra, and if we again consider A as a Hilbert left A-module, then
we see that the identity can be written as a "compact operator" Idg = 01,1, € Ka(A), but
it is not an actual compact operator in £(A) unless A is finite-dimensional. This example can
also be seen in [Lan95|, which shows that compact operators in K 4(W, Z) are far from compact
operators in L(W, Z).

Let us describe a different kind of topology for the adjointables L£4(Z, W), similar to the
strong operator topology on bounded linear operators on Hilbert spaces. Let us first recall the

notion seminorm topology.

Definition 2.8. Let V be vector space of F = R or C and & a family of semi-norms on V.

Consider the family of subsets S% in V' where:

Sp = U {fveV:iplv—x)<e}
(pyz,e)eZ? xV xRs0

Then S is a subbase of V| and the topology generated by S % is called the semi-norm topology
corresponding to &2. We also call any topological vector spaces whose topology is generated

by a family of seminorms locally convex spaces.
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Remark 2.3. Note that a net {x;}; in V' converges in the seminorm topology with respect to the

seminorms & to x if and only if for all p e &2: p(x; —x) — 0.

Definition 2.9. Let Z, W be Hilbert A-modules, the #-strong topology on L4(Z, W) is the

seminorm topology generated by the following family of seminorms:
{T— |Tz|:2€ Z} u{T - |T*w| : we W}.

Remark 2.4. Tt follows that a net {T;}; in L4(Z, W) converges #-strongly to T if and only if
for all (z,w) e Z x W: Tjz —» Tz and T w — T*w.

Proposition 2.14 (|[Lan95, Proposition 1.3] ). Let Z, W be Hilbert A-modules, then K A(Z, W)

is -strongly dense in LA(Z,W).

Proof. To start, let {E;}; be an approximate identity for the ideal K 4(Z, W), we shall first prove

that for any z € Z
lim F;z = z.
7

We do this by showing that it’s true for the dense subset ,(Z,Z) Z of Z. Suppose z = ,(u,vyw €
{2,725 Z, then

Eiz = Ex( 4 u,v)w) = (E; 00y 4) (1) = Oya(u) = 2
as required. Now, let T' e L4(Z, W), then
|(TE; = T)z| < [T Eiz — 2] — 0, (2.10)

which is true for all z € Z, this shows that {T'E;}; converges to T" in the seminorms {T" — |T'z|| :
z € Z}. For the other half of the family of the seminorms, we can deduce this from (2.10). Let
we W, take 2/ = (E;T* —T* ) we Z

(ET* — T*)w|? = J(TE; — T)(ET* — T*)w,w) = ,((TE; —T)2',w) — 0

Therefore ||(E;T* — T*)w| — 0 for all w € W. Hence for any T' € L4(Z, W), a net {TE;}; <

Ka(Z, W) exists that converges to T'. Therefore by net density criterion B.6, the #-strong closure
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of KKA(Z, W) is La(Z,W). 0

We emphasize now that Hilbert C*-modules are also bonafide modules, and so we can borrow

from the basic theory of modules the following notions.

Definition 2.10. We say that a Hilbert A-module Z is finitely generated if there exist finite

elements, say {z;}]~; < Z, such that for all z € Z, there exist {a;}]" | & A where
zZ=a121 +ag22 + ... + ap2n.

Definition 2.11. Let Z be a Hilbert A-module. Denote by Hom4(Z, A) the class of all contin-
uous (i.e. bounded) A-linear maps from Z to A (not necessarily adjointable), then Z is said to
be projective if there exist an index set I, families {w;}ier € Z, and {p}ier € Hom4(Z, A) such

that for all z € Z, p;(z) = 0 for all but finitely many i € I and

z = Z wi(z)wi.
i€l
Remark 2.5. Note that when |I| < oo in the definition above, then Z is both finitely generated

and projective, i.e. finitely generated projective.

The space Hom(Z, A) takes on the role of continuous linear functionals for Hilbert C*-modules.

In light of this we have the following definition.

Definition 2.12. A Hilbert A-module Z is said to be self-dual if for each ¢ € Hom4(Z, A),

there exists a w € Z such that p(z2) = ,{(z,w) for all z € Z.

2.2 The Multiplier Algebra

As one studies the theory of C*-algebras (or even just Banach =-algebras), one quickly finds that
the notion of adjoining an identity to a nonunital algebra is an important idea (for example, we
need unitality to define the spectrum of an element). The usual way of adjoining an identity to
a C*-algebra A is by defining A! := A @ C with the multiplication (a1, A1)(az, \2) = (a1as +
Aoai + A1az, A\1A\2), and with involution (a, A\)* = (a*, \). We see that (0,1) is the identity in A
We can define the C*-norm for A' using the language of Hilbert C*-modules: we can extend
the R: A — Ka(A) map, to R' : A - L4(A). R! will be a *isometric homomorphism on the
unitization A! by sending (a,\) — Ry + AId € L4(A). The range of this extended map R is
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CId+K4(A) € L4(A), and of course it remains to show that this is closed (hence a C*-algebra).
A proof is supplied in [RW98, Example 2.41|. Once we have done all the necessary verification,
we have A! with the norm [(a,)\)| := |R'(a,\)| is a unital C*-algebra with |a| = |(a,0)| =
|RY(a,0)| = |Ra|, so we can also see that A =~ K4(A) — CId+K4(A) = A'. Therefore A
embeds as an ideal in A' (recall that K 4(A) is an ideal in £4(A)). This embedding turns out

to be a minimal because of the following result.

Theorem 2.3 ([SP21, 2.2.4]). Let A be a non-unital C*-algebra with unitization A', and B
another unital C*-algebra. FEvery =-homomorphism ¢ : A — B extends to a unique unital -

homomorphism @' : A — B via ¢'((a,\)) := p(a) + M. If ¢ is injective, then so is @*.

A corollary of the result above is that: if there is any embedding of A to some unital C*-algebra
B, say via ¢ : A — B, then it is always that case that A’ embeds in B as well (via ¢!). So in
this sense A' is the minimal unitization for A because it is always embedded in every unital
C*-algebra that A embeds to.

We have recollected the minimal unitization result for A since it motivates the notion of
maximal unitization for A called the multiplier algebra, which is also an embedding of A as an
ideal to a unital C*-algebra. As noted by Lance [Lan95], one has to be very careful with how we
define our poset, i.e. requiring essentiality of A as an embedded ideal to some unital C*-algebra,
so that we indeed have an actual maximal unitization. Note that throughout this document,
when we say that [ is some ideal of a C*-algebra, what we mean is a closed two-sided ideal. We

shall keep this standing assumption unless otherwise stated.

Definition 2.13. An ideal I in a C*-algebra A is essential if I has nonzero intersection with

every other nonzero ideals of A.

Let X,Y be subsets of a C*-algebra A, then we define XY to be the linear span of elements

of the form zy, where (z,y) € X x Y. For the closed linear span, we have [XY] := XY
Proposition 2.15. Let I,.J be closed ideals of a C*-algebra A, then [IJ] =1 J.

Proof. The fact that [IJ] € I n J is immediate. It is sufficient to show that if a € I n J, then
a € IJ for the specific case when a is positive, since every element can be written as a linear
combination of positive elements (follows from [Mur90, 2.2.2] and from the fact that all elements
in a C*-algebra can be written is in the linear span of self-adjoint elements). Since the intersection

of ideals is itself an ideal, and ideals are C*-algebras themselves, then a € (I n J)T implies that
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al’? e (I nJ) as well. Let {ex}rea be an approximate identity for I, then a = lim,\(al/QeA)al/Q,

since a'/2ey € I for all A € A and a'/? € J, then a € [I.J]. O
Proposition 2.16 ([RW98, Lemma 2.36| ). Let I be an ideal of A. The following are equivalent:
1. I is an essential ideal of A;
2. Forallae A, al ={ab:bel} ={0} = a=0.

Proof. (= ). Suppose I is an essential ideal of A. Let a € A such that al = {0}, and consider
the ideal generated by a, J, := spanAaA = span{bac : b,c € A}. Observe that al = {0} if and
only if I nJ, = [IJ,] = {0}. Therefore by hypothesis, I n J, = {0}, hence by essentiality of I,
it must be that J, = 0, but this implies a = 0, as required.

( <= ). Conversely, assume al = {ab:be I} = {0} = a =0 for all a € A. Let J be an ideal
of A such that J nI = [IJ] = {0}, then for all j € J, jI = {0}. By hypothesis, j = 0, therefore
J = {0}, whence I is essential. O

Definition 2.14. Let A be a C*-algebra, a unital C*-algebra B is said to be a unitization of
A if there exists an injective *-homomorphism tp : A — B (i.e. an embedding) such that tp(A)

is an essential ideal in B.

Remark 2.6. This definition captures the idea that there are no nontrivial unitizations for a
C*-algebra that is already unital. Suppose A is a unital C*-algebra, then the identity map is
one unitization, and we cannot find anything better than this. Suppose there exists a unital
C*-algebra B containing A as an ideal, with B\A # ¢J. Choose b € B\ A, then bl4 € A and
b—0bla # 0 (otherwise b € A), but then we have (b —bl4)A = 0, so A cannot be an essential
ideal in B.

With the language of unitization in place, we can finally discuss what we mean by maximal
unitization. Let Bj, By be unital C*-algebras which are unitizations of A, we say that By < Bs

if and only if there exists an injective #-homomorphism ¢ : By — Bs such that the following

ol

A&)BQ

diagram commutes

This definition is consistent with what we already know about A! for a nonunital A.
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Proposition 2.17. If A is a nonunital C*-algebra, then v : A — A' wia 1(a) = (a,0) is a

minimal unitization of A.

Proof. We only really need to check that 1(A) is an essential ideal in A'. We can show this
by using Item 2 of Proposition 2.16. Let (b, \) € Al such that (b, A\)c(4) = {0}, equivalently,
(b,\)(a,0) = 0 for all a € A. In the case, A = 0, we obtain ba = 0 for all a € A, and therefore
bb* = 0 in particular, which means [bb*|| = ||b]|*> = 0, hence b = 0. Otherwise, if A # 0, then we
obtain that (b,A\)(a,0) = 0 == —}ba = a for all @ € A. By involutions in the last equality,
a(—3b)* = a for all a € A as well. However, the two last equalities show that (take a = —1b in

the last equality, and take a = (—%b)* in the preceding one)

e (B ) - ()

This means for all a € A, (—}b)a = a(—3b), so 3b is an identity in A, which is a contradiction.
Therefore A = 0, and we are back in the first case where we have shown that b = 0, i.e. it must
be that (b, \) = 0 as required. The minimality of the unitization follows from the paragraph
after Theorem 2.3. O

Proposition 2.18 ([RW98, Example 2.43|). Let A be a nonunital C*-algebra, the map R : A —
L A(A) defines a unitization of A.

Proof. We already know that R(A) = K4(A), so all that remains is to show that the ideal of
compact operators KC4(A) is essential in L4(A). Let T € L4(A) such that T0,;, = 0 for all
a,be A (equivalently TK = 0 for all K € K4(A)). This means that for all a,b,c € A:

(T 004p)(c) = 4{c,ayTb = 0. (2.11)

Let {e;}; be an approximate identity in the closed two-sided ideal ,{A, A), then the condition

(2.11) implies that for any ce A
Tc=Ilime;Tc=0,
1

therefore T' = 0 as required. O

Of course we do not know yet where the unitization R : A — L4(A) lands in the poset of all

unitizations for A. Our big claim here is that it is the unique mazximal unitization for A.
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Definition 2.15. Let A be a C*-algebra, the multiplier algebra of A, denoted M (A), is defined
to be M(A) := L4(A).

Remark 2.7. In most references (e.g. [RW98|,[Lan95]|,[SP21]), there is talk of minimal and
mazimal unitizations, but interestingly, what seems to get proven is that in the poset that
we have just defined, A! is not just a minimal unitization, but a least element in the poset.
Meaning, it is comparable to all other unitization, and is less than all of them (recall there is a
difference between least /greatest element and minimal /maximal element, but the former implies
the latter). The proof for the multiplier algebra, i.e. the "maximal" unitization, is actually a
proof of existence of the greatest element in our poset.

Note that the crucial part of the proof for minimality of A' is Theorem 2.3, our goal is to give

an analogue of this for the multiplier algebra M (A), but for this we need the following definition.

Definition 2.16. Let Z be a Hilbert A-module, and B a C*-algebra, a #-homomorphism « :

B — L4(Z) is called nondegenerate if

[a(B)Z] = span{a(b)z :be B,z Z} = Z.

That is, span{a(b)z : be B,z € Z} is dense in Z.
Note that this definition of nondegeneracy is consistent with the definition for representations

on C*-algebras. Indeed, this is because if H is a Hilbert space, then it is a Hilbert C*-module
over the C*-algebra of complex number C, and Lc(H) = L(H).

Proposition 2.19. Let A be a C*-algebra, then the embedding R : A — Ka(A) € La(A) is a

nondegenerate x-homomorphism.

Proof. Writing out the s-strong density of K4(A) in L4(A) (Proposition 2.14) gives us our

desired result. O

Proposition 2.20. Let A, J,C be C*-algebras, such that J is an ideal of A, and let Z be a
Hilbert C-module. Suppose o : J — Lc(Z) is a nondegenerate =-homomorphism. Then o
extends uniquely to a x-homomorphism & : A — Lo(Z). If a is injective and J is essential in A

then @ s injective.

Proof. The extension statement above is a rehash of the extension statement for nondegenerate
representations of C*-algebra, and in fact can be proven almost verbatim. We will only prove

the statement for injectivity of the extension whenever J is as essential ideal of A.
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Suppose that J is essential in A, and that a : J — L¢(Z) is injective. We shall show that
Ker(@) is the trivial ideal of A. Recall that the extension of « is defined using the nondegeneracy
of it on J : we have on the dense subset a(J)Z, @(a)(a(j)z) = a(aj)z for all a € A, j € J and
z € Z. Therefore if a € Ker(@), then @(a)[a(J)Z] = {0}. This implies that for all j € J,
a(aj) = 0, and by injectivity of «, we have aj = 0. Therefore [Ker(@)J] = {0}, so by essentiality
of J, Ker(@) = {0}, hence @ is injective. O

We have the following main result. Note that in keeping with the literature, by ‘maximal’ what

we really mean is ‘greatest element’.
Corollary 2.3. Let A be a C*-algebra, then
1. The embedding R : A — LA(A) is a mazimal unitization;

2. LA(A) is the unique mazimal unitization of A, in the sense that if B is another maximal

unitization, then B = L4(A).
Proof.

1. We already know that R: A — L£4(A) is a unitization, what remains is to prove that it is
maximal. We also know from Proposition 2.19 that R is a nondegenerate *-homomorphism.
Now, let o : A — & be another unitization of A, so that by definition « is injective with
a(A) an essential ideal in </. We can then define the map Roa™! : a(A) — La(A), but
then R o a~! must be a nondegenerate injective *-homomorphism. Furthermore, a(A)
is an essential ideal in /, and so by Proposition 2.20, we have an injective extension
Roa™l: o/ — L4(A). Hence we have constructed a x-homomorphism satisfying the

following commutative diagram:

of

e

AT B 5 LA

2. What we have shown is that £4(A) is the greatest element in the poset of unitizations of
A, and so it must be unique. However, to see the explicit isomorphism, let o : A — B be
another maximal (greatest) unitization of A, then it must be that there exists an injective

#-homomorphism such that p : £L4(A) — B with its own commutative diagram showing
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L4(A) < B. However we can repeat what we have done in Item 1 above, and conclude
that there is an injective *-homomorphism such that Ro a1 : B — L4(A) satisfying the
commutative diagram above (replace &/ with B). A rudimentary computation shows that

Roa~1opis the identity map, and therefore B =~ L 4(A).
O

This is our main theorem for this section, justifying why we can call M(A) := La(A) the

multiplier algebra, making it the unique maximal unitization for A.

Corollary 2.4. Let A, B be C*-algebras. Let ¢ : B — M(A) := L4(A) be a nondegenerate

x-homomorphism, then it extends uniquely to ¢ : M(B) — M(A).

Proof. Consider the unitization R : B — Lp(B) = M(B), so that B is embedded as a dense
ideal to M (B). So that we can identify the mapping ¢ to a mapping ¢ : R(B) — M(A), we

apply the extension result of Proposition 2.20 to this map. O
Corollary 2.5. If A is unital then A =~ M(A).
Proof. This follows from the result A = £4(A) when A is unital (Proposition 2.13). O

The next result will allow us to get a more concrete realization of the multiplier algebra. We

first need the notion of an idealiser.

Definition 2.17. Let A be a C*-algebra, with subalgebras C' € B < A. We say that B¢ is the
idealiser of C' in B, defined

Be:={be B:bC < C and Cb < C}.

Note that the idealiser of C' in B is the largest ideal of B containing C'.

Theorem 2.4. Let A,C be C*-algebras and Z be a Hilbert C-module. Suppose that o : A —
Lc(Z) is a nondegenerate injective *-homomorphism and let B be the idealiser of a(A) in Lo(Z),

that 1s:
B:={TeLlc(Z):Ta(A) < a(A) and a(A)T < a(A)}.

Then B =~ M(A).
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Proof. Note that a(A) < B, and in-fact, a(A) is an ideal of B, this is pretty much all what is
needed (we used the definition of B here). Our strategy is to first show that A embeds as an
essential ideal in B via a. To do this, we only need to show that a/(A) is an essential ideal of B.
Let T € B, and suppose T'a(A) = {0}, this means that T'a(A)Z = {0}, hence by nondegeneracy
of a, T[a(A)Z] = T(Z) = {0}, so T = 0. Therefore «(A) is indeed an essential ideal of B. What
we have shown is that oo : A — «(A) € B is a unitization of A, we are done if we can show that
this is maximal.

Let ap : A — D be another unitization of A. We will pretty much use the same technique
as in Corollary 2.3. Via Proposition 2.20, we have a nondegenerate injective x-homorphism
aoap' : a(A) — B, since ap(A) is an essential ideal in D, then it extends to an injective
s-homomorphism ()40704; : D — B, where (aoiofDl)(aD(a)) = a(a), so D < B. Therefore B is

maximal, as required. O

The theorem says that simply by existence of a nondegenerate injective *-homomorphism « :

A — Lc(Z), we can compute the multiplier algebra of A.
Theorem 2.5. If Z is a Hilbert A-module, then LA(Z) = M(Ka(Z)).

Proof. We know that K 4(Z) is a (closed two-sided) ideal of the C*-algebra £4(Z) and that the
inclusion map ¢ : K£4(Z) — L4(Z) is a nondegenerate injective #-homomorphism by Proposition

2.14. Therefore by Theorem 2.4, if
B:={TeLA(Z): TuKa(Z)) € (Ka(Z)) and «(Ka(Z))T < 1La(2)},

then B =~ M(K4(Z)). However, B = L4(Z) so the result follows. O

Ezample 2.3. If we take the Hilbert space case, Z = H, then we see that M (K(H)) = L(H).

The notion of multiplier algebras can be used to generalize the notion of 2-cocycles for C*-
algebras, which in turn allows us to define twisted C*-dynamical systems. See Section 5.1 of

Chapter 5.

2.3 Imprimitivity Bimodules

We may have failed to recognize the elephant in the room. So far we have been discussing

Hilbert left C*-modules, but there must be a notion of a Hilbert right C*-module, no? Indeed it
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is straightforward to define one, but we need to be careful and precisely identify the differences

in these two related structures. We give an explicit definition below.

Definition 2.18. Let B be a C*-algebra and Z a complex vector space. Z is said to be an
inner-product right B-module if it is a right B-module compatible with complex scalar

multiplication in the sense that:
Az -b) =2z (D) =(\z) - b.

Furthermore, there exists (-,-)p : Z x Z — B such that for all z,w,y € Z, b € B, and scalars
A peCe

L {w, Az + pyyg = Mw, 25 + plw, yyp
2. (w,z-byg ={w,zyp-b
3. <w,z>2 = (z,w)p
4. (z,z)p=0and (z,2)p =0 — 2z=0
A B-submodule of Z is a subvector space of Z that is closed with respect to the B-action.

An important distinction of inner-product left modules from the inner-product right modules is
the fact that the module inner-product for the latter are linear in the second component, while
antilinear in the first component. Furthermore, all of the results that we have from the previous
two sections can be modified mutatis mutandis to give a Hilbert right C*-module versions of
themselves. We can also induce a norm on inner-product right B-modules, and we can also
define Hilbert right B-modules as those where the induced norm is complete. Adjointable maps
can also be defined similarly, and for b1, b2 € B, one can also define the basic rank-one adjointable
operators Oy, p, : Z — Z via Oy, p,(2) = ba(b1,2) . In the literature, the notation 4Z and Zp
are sometimes used to denote that Z is a inner-product A module or an inner-product B module
respectively. We will adapt this convention only when it is needed to be emphasized. Otherwise
we will strive to keep the presentation of the modules as uncluttered as possible. For a fixed
C*-algebra A, it is also a right Hilbert A-module over itself by proper modifications of Example
2.1.
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Ezxample 2.4. Define

() = {a = (ai)ier € A: Zaiaj‘ converges in the norm of A}

el
Equipping ¢ (I) with the obvious right A action and inner-product:

1. a-a:= (a;a)er;

2. (a,a’)y, =D (a;)*a;.
As usual, we get A as a Hilbert right A-module in the case |I]| = 1.

We can then see that the mapping L : A — L4(A4), with L : a — L, and L,(c) = ac is the
same map that shows A is isomorphic to the compact adjointables K4(A4). The upshot of all
this is that we could have also defined the multiplier algebra of A as £4(A4).

Having ourselves to the notion of a Hilbert right C*-module, we are quickly led to the idea
that there must be some useful notion of a bimodule between two C*-algebras that respect their
own Hilbert left-right C*-module structures. This leads to imprimitivity bimodules between
C*-algebras, but we first need to go through the following intermediate definition before we can

give a full definition of these bimodules. We shall closely follow the exposition in [RW98].

Definition 2.19. Let A be a C*-algebra and Z a Hilbert left A-module, then Z is said to be full
if the ideal ,(Z,Z) = span{ 4(z,w) : z,w € Z} is dense in A. We have an analogous definition

for Hilbert right C*-modules.

Definition 2.20. Let A, B be C*-algebras, if Z be a complex vector space satisfying the follow-

ing:
1. Z is a full Hilbert left A-module and a full Hilbert right B-module;

2. Forallae A, be B, z,we Z:
laz,wyg = (z,a*w)p, and ,{zb,w) = ,4{(z, wb*);

3. For all z,y,we Z:

Az w=z{y,w)p, (2.12)
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then Z is called an A — B-imprimitivity bimodule.

Proposition 2.21. Suppose Z is an A— B imprimitivity bimodule, then Z is a legitimate A— B
bimodule in the sense that for alla€e A, ze Z, be B, and A e C:

1. a(zb) = (az)b;
2. (Aa)(zb) = a(z(\D)).

Proof. Take an arbitrary w € Z, we have

la(zb) — (az)b,w)z = {(2b),a*w) 5 — {az,w)z b*

={z,a*wyg b* — (z,a*w)z b* = 0.

Since the equation above is true for all w € Z, and Z is a Hilbert right B-module, then it follows
from (an analogue) of Theorem 2.1 that a(zb) = (az)b. The second formula can be proven

similarly. ]

For the next few pages, we shall occupy ourselves with various results that would help us

construct an A — B-imprimitivity bimodule.

Lemma 2.5 ([RW98, Lemma 3.7]). Let Z be an A — B-bimodule satisfying Azioms 1 and 3 of
Definition 2.20. Z is an A — B-imprimitivity bimodule if and only if for all a € A, be B, and
ze s

2. {az,az)g < |al? {z, zyp and 4(zb, zb) < |b]|? 1z,2).

Proof. Suppose Z is an A— B-imprimitivity bimodule as in Definition 2.20, then Item 2 says that
the left action of A are adjointable maps in L5(Zp), and the right action of B are adjointable
maps in L4(4Z). That is, for each (a,b) € Ax B, if L,(z) := az and R} := zb, then L, € Lp(Zp)
and Ry € L4(aZ). It follows from Proposition 2.8 that for all z € Z

(az,az)p < | Lal* (2, 2)p < al® (2. 2)

4$2b, 2) < |Ry|? 4Cz,2) < [[b]? a€z, 2)-

Conversely, if we suppose 2/, then the maps z — az and z — zb are all linear and bounded maps
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on Z such that (via Proposition 2.3 Item 1) for all z,w e Z

I<az, aw)p || < [az||w] < [af|z]]w],  (wrt norm in B)
(2.13)

| 4Cz0, wb) || < ||zbf[w] < [bfllz][w],  (wrt norm in A).
It now follows from 3 of Definition 2.20 that for all z,w, 21,20 € Z
<A<Zl7 Z2> Z, w>B = <Zl <227 Z>B 7w>B = <Z7 ZQ>B <Zla w>B

=z, 22(z1, W) ) = 7, 422, 21) W)p

= <Za (A<Zl7 Z2>)*w>B

Therefore (az,w)p = (z,a*z) for all in a € 4,{(Z,Z), but we know from axiom 1 of Definition
2.20 that 4(Z,Z) is dense in Z, and since we have Estimates 2.13, we know that the formula

must extend to all a € A. We can prove ,{(zb,w) = ,{(z, wb*) similarly. O

Lemma 2.6. If Z is a full Hilbert left A-module, then Z is a full Hilbert right K a(4Z)-module,

when equipped with the following structure:
1. Z'TZTZ, VTEICA(AZ);

2. <w7Z>KA(AZ) - 0w7z.

Furthermore, the induced norms coincide, i.e. for all z € Z :

| 4o 22 12 = 1422y oy M2

Proof. Let us denote B = K4(4Z) to make the computations slicker. Now, first we need to

check the axioms of Definition 2.18 one-by-one. Let z,w,y € Z, and A, u € C.

1. It follows from the definition of rank-one operators in K4(Az) = B that: {w, Az + py)p =
)\ew,z + Mgw,y;

2. Let T' € B, then it follows from Equation 2.8 that (w,z - T)p = (w,Tz)g = Oy1. =
TOy,. ={w,z)g T,

3. (w, 2y =05 = 0.0 = (z,w)p;
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4. We can use Proposition 2.10 to prove positivity of (w,w)z € Ka(uZ) S La(aZ). We

compute ,(z{w,w)p,2) = 4Owwz 2) = ,4Zww,z) = (4{z,w))(4{z,w))* = 0.

Therefore 0y, = 0.

5. Lastly, we want to show positive definiteness. Suppose (w, w)pz = 6y, = 0, then we can use
the computations from the previous item (take z = w) so that: 0 = | ,(w{w,w)z,w) | =

| 4¢w,w) |?, therefore 4{w,w) = 0, which implies w = 0.

We have already shown that Z is a inner-product right B = K4(4Z)-module. We still need to
show fullness, but it follows from the fact that 4(4Z) is the norm completion of the span of
rank-one operators 0y, , = (w, 2y, so indeed K(4Z) = {Z, Z) . Lastly, we want to show that
the induced norm from B is the same as the induced norm from A. It follows from Proposition

2.1 that:

w2,y = 4G w,wyg 2 = (4G ) (4w, 2) = | aCwywy | 4Gz, 2)-

Taking the A-norm and supremum over all |z = 1, this implies || <w,w>}3/2 12 = |{w,w)g | <
| 4¢w,w)|. On the other hand, if we take z = w above, we find that | ,{{w,w)pw,w)| =
| 4¢w,w)|?, and then it follows from Proposition 2.3 Item 1 that ||[{w,w)g| = | 4{w,w) |,

therefore | (w,w)z || = | 4{w,w) | as required. O

Proposition 2.22 ([RW98, Proposition 3.8|). Every full Hilbert left A-module a7 is a A —
Ka(aZ)-imprimitivity bimodule. Conversely, if Z is an A — B-imprimitivity bimodule, then
B = Ka(aZ), where the isomorphism ¢ : B — Ka(aZ) is fully determined by ¢({w,2)g) = Ow,»

for each w, z € Z.

Proof. Suppose Z is an full Hilbert left A-module, then we already know from the previous
Lemma that Z is also a full right Hilbert K 4(42)-module. We only need to check axioms 2 and

3 of Definition 2.20. For axiom 2, it is trivial that for any T € K4(42), z,w € Z
WKz Towy = ;(Tz,wy = (2T 'w) = (z,w-T).
On the other hand, let a € A, we have, from the definition of rank-one operators that

<CL . Z7w>ICA(Z) = gaz,w = ez,a*w = <Za a* - w>/CA(Z)
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as required. Next we check axiom 3, let y € Z, so that

2 <w7y>ICA(Z) =2 Oy = 911),3/(2) = A<va> Y,

as required.

For the converse, assume that Z is an A — B-imprimitivity bimodule, consider the map
¢ : B — La(aZ) via ¢(b)(z) = z - b, which is well-defined by the fact that Z is an A — B-
imprimitivity bimodule (i.e. ¢(b) € L4(4Z) truly). This map is a *-homomorphism between
C*-algebras, and therefore it follows from the basic theory of C*-algebras that ¢ automatically
is continuous (i.e bounded) and has a closed image. All that remains is to prove that ¢ is a
C*-isomorphism between B and K4(4Z). To prove surjectivity, we have that for all w, z,y € Z:
o(w, p)(y) =y -(w,2)p = 4Y,w) 2 = bu:(y) =y - (W, 2),(z) Therefore ¢((w, z)p) =
(w, 2)xc (), and therefore it follows from the fact that ¢ has a closed image that ¢(B) =
m = 0(Z,2)p) = <Z,Z)x,(z) = Ka(Z). To show injectivity, suppose b € B such

that ¢(b) = 0, and € > 0. Since (Z,Z)p is a dense ideal in B, we can find an approximate
identity, {b;}ier in B such that for each i € I, b; € (Z, Z) 5 . Therefore, we have a j € J such that:
|b— bjb|| < e. But then, if we write explicitly b; = >)'_; (wg, 2k g, we have

ol < +

b— Z (wg, 2y b
k=1

> (wp, 21y b
h=1

<t | G d(B) ()] = e
k=1
Therefore |b|| = 0, equivalently, b = 0. This proves the isomorphism. O

As is usual with analysis, the spaces that we encounter in the wild are usually defined via
completion of dense subspaces. Hence it would be useful to have a completion criterion wherein
we only check for certain axioms on the dense *-subalgebras Ag and By of A and B respectively,
against a dense subspace Zy of Z from which we can conclude that Z is an actual A — B-

imprimitivity bimodule. The dense subspaces involved are captured in the following definition.

Definition 2.21. Let A and B be C*-algebras with dense *-subalgebras Ag and By respectively.
An Ag — Bg-pre-imprimitivity bimodule is a vector space Zy which is an Ag-Byp-bimodule

such that
1. Zj is a left semi-inner product Ag-module via Ao<" Y Zox Zy — Ap and a right semi-inner
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product Bp-module via (-, -) B, - 20 X Zy — By (i.e. they satisfy all inner-product module

axioms except positive-definiteness);
2. AO<Z0’ Zyy and (Zp, Z0>Bo are dense ideals of Ay and By (hence of A and B) respectively;
3. For all a € Ay, b€ By, and z € Zj,

(a-za-2)p <la|> 25,

2
40C7 0,2 0) < b7 4 <2, 2)
in the completions B and A respectively;

4. For all z,y,w € Zj
A$2 Yy w=z-{y,w)p -

If Z is a A — B-imprimitivity bimodule, we could have asked earlier if the induced norm on
Z as a Hilbert left A-module coincides with the induced norm on Z as a Hilbert right B-module,

this actually turns out to be the case, but we can prove a stronger result that also includes this.

Proposition 2.23 ([RW98, Proposition 3.11|). Let A, B be C*-algebras with Ay € A and By <
B as dense x-subalgebras. If Z is an Ag — Bg-pre-imprimitivity bimodule, then the following

seminorms coincide:

Aozl := 1 4y 2 12 = (2 29, 12 = |2 B

Proof. Let z € Z, then we have the following computation:

oz 27 = | a2 aglen 2
PRI
S PRCEREP Y
< aolzll - aolz- G2 2 |

= [ 4oz M2 | 422212142, 20, |, (Item 3, Definition 2.21)

This gives us, || 4 {(z,2) | < [{2,2)p, [l We can obtain the reverse inequality by running a similar
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computation starting at | (z, z)p, |*. Therefore 4,[z]| = || 4 {z,2) 1172 = | (z,2)p, 12 = ||z| By,

as required. O

Remark 2.8. In the case Ag = A, and By = B, and Zy = Z, then we obtain the coincidence
of induced morms result for A — B-imprimitivity bimodules since they are also A — B-pre-
imprimitivity bimodules.

Finally we give the main result of this section, that Ag — By-pre-imprimitivity bimodules
‘complete’ into actual A — B-imprimitivity bimodules.
Corollary 2.6 ([RW98, Proposition 3.12|). Let A and B be C*-algebras with dense x-subalgebras
Ay and By respectively. If Zy is an Ag-Bg-preimprimitivity bimodule, then there is an A-B-
imprimitivity bimodule Z and an Ag-Bg-bimodule homomorphism (meaning it respects the bi-

module structure) q : Zo — Z such that q(Zy) is dense and for z,w € Z

<Q(Z)7 q(w>>B = <27 w>Bo )
Aa(2),q(w)) = 4 (zw).

(2.14)

Proof. 1t follows from Proposition 2.23 that N = {2z € Zj : A0<Z0’ZO> =0} = {20 € Zp :
(20,20)5, = 0}. Therefore the exact vector space canonical quotient map g : Zp — Zo/N in
Lemma 2.1 allows us to construct a Hilbert leftA and Hilbert right B module Z as the norm-
completion of q(Zy), satisfying Equations (2.14). The left A-module action, the right B-module
action, the inner-products 4{:,-), and (-, )5 are all continuous, and so by density arguments,
the associativity condition Item 3 of Definition 2.20 is satisfied by Z. From the same density

argument, we also have that

{az,a2)p < |al*(z, 2)p,

4C2, 26y < [bI? 4<z, 2)

for all a € A, b € B, and z € Z. Fullness follows from Item 2 of Definition 2.21. Therefore it

follows from Lemma 2.5 that Z is an A — B-imprimitivity bimodule. O

Definition 2.22. Let A, B be C*-algebras such that there exists Z, an A — B-imprimitivity

bimodule, then one says that A and B are Morita equivalent.

We shall not get into the details of why Morita equivalence is an actual equivalence relation

on C*-algebras. However, this notion borrowed from the theory of modules over rings [Mor58|,
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turned out to be quite useful when studying C*-algebras. In particular, one can use the nice
symmetric structure of an imprimitivity bimodule, say between A and B to construct a corre-
spondence between representations (modulo unitary equivalence) and ideals between A and B.
We do not find much use of these facts in this thesis. What will be useful, however, is the picture
that we get from noncommutative geometry. Recall Gelfand’s, and Serre-Swan’s theorems from
Chapter 1. We shall obtain a particular ‘noncommutative’ incarnation of a ‘vector bundle’ over

C*-algebras in the unital case. We first need the following lemma.

Lemma 2.7. Let I be a two-sided (not necessarily closed) ideal in a unital C*-algebra B, then

I = B implies I = B.

Proof. Since 1 € I, and 15 € Inv(B), where Inv(B) is the open set of invertible elements of B,
then we know that I n Inv(B) # (J, therefore there exists an invertible element in I, say = € I.

However, this means zz~' = 1g € I, but 15 € I implies I = B. O

Corollary 2.7. Suppose Z is an A — B-imprimitivity bimodule. B is unital if and only if Z is
a finitely generated projective and self-dual Hilbert left A-module.

Proof. Suppose that B is unital. By the fact that Z is full, it follows from Lemma 2.7 that we have
(Z,Z)p = B. In particular, there exists z1, .., zn, W1, ..., wy € Z such that >, (zk, wp)p = 1B

for the identity 1p € B. Therefore for each z € Z:

n

n
z=z-1p=2z- Z 2y Wiy = Z 482, 21 Wi
k=1

k=1

Since for each k = 1,...,n, the map z — ,{(z,2) is in Homx(Z, A), then it follows from
Definition 2.11, that Z is finitely generated and projective as a Hilbert left A-module. Now,

¢ € Homa(Z, A), it follows from the equation above that for all z € Z :

= (Z A<Za2k>wk>
Z A<z, 2k p(wy) < Z >

Taking w := >, o(wk)* 2k, we find that p(z) = 4{(z,w), so Z is self-dual.
For the converse, assume that Z is finitely generated projecive, and self-dual as a Hilbert

left A-module. This means there exist a finite family {yx}7_; < Homyu(Z, A) and elements
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{wr}}_, S Z such that

n
z= Z ok (2)wg.
k=1

By self-duality, we have {z;}}_; < Z such that ¢(2) = ,{(z,2;) for all ze€ Z and k = 1,...,n.

Therefore we have that:
Id(z) =z = Z or(z)wg = Z 02wy, (%),
k=1 k=1

given the identity operator Id : Z — Z. The equation above implies that Id € K4(4A), so from

Proposition 2.22, K4(4A) =~ B is unital, as required. O]

We end with an important observation of what happens when one of the C*-algebras involved

is unital.

Corollary 2.8. Let Z be an A— B-imprimitivity bimodule with B unital. Then L4(AZ) consists

of finite-rank operators.

We proceed as in the previous Corollary. If B is unital, then there exists {z}}_, and {wg}}_,

in Z such that:

n n

z=z-1g=2" Z gy Wiy g = Z 4%, 21 w.

k=1 k=1
IfTe ﬁA(AZ), then:

n

T(z) = Y alzi 2y Twi = Y Oz 1y (2)-

k=1 k=1

SoT =3 _ 0, 7w, is of finite-rank as required.

Remark 2.9. Note that most of the results that we have shown here are ‘symmetric’, for example,
in the above Proposition: A is unital if and only if Z is a finitely generated and self-dual Hilbert
right B-module.

Proposition 2.24. Let Z be an A— B-imprimitivity bimodule with B unital. Let T = 3" | 0, 4.

be an operator in La(aZ). Then T is unitary in La(aZ) if and only if

2 Chir 9i)p 95> hi)p = 1B = 2 (gis hi)p <hj> 95 - (2.15)

i,j (2]
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Proof. Let us suppose that Equation (2.6) is true, then

T(T*(z)) =T (Z egj,hi(z)> =T (Z REXDE hj> = > izgi) - T(hy)
j=1

j=1 J=1

= iz 4y hiy - g = Y 2 Lgg (i gidp = 2+ 1 = .
i,j 4,

We can make a similar computation to show that T%(7T'(z)) = z for all z € Z. Hence T is unitary.

On the other hand, suppose that 7" is unitary, then we still have for all z € Z, z = T(T™*(2)) =
223591 hipp Chy, gy - I we let b= 330 Chi, gi)p, then 2 = T(T*(2)) = 2 - b*b. Therefore,

for all z,w e Z:

(zywyp = (2, T(T*(w)))p = (z,w-b*b)p.

This implies that for all z,w € Z, ||{z,w)gz - 18| = | {2z, w)g - b*b|, but by fullness of Z as a
Hilbert right B-module, it must follow from Lemma 2.4 that 15 = b*b = %, . (gi, hi)p (hj, ) -
We obtain 15 = bb* by considering z = T*(7'(z)) instead. O

In light of Corollary 2.8, the result above is actually a full-characterization of unitary adjointable

maps in an imprimitivity bimodule when at least one of the coefficient C*-algebras is unital.

Remark 2.10. Note that we can rewrite Equation (2.6) as
n n
Y <hi, T gy = 1g = > <gi, Thiyg .
i=1 i=1

The above equation is equivalent to saying that {h;}" , and {T™g¢;}?' , as well as {g;}_; and

{Th;}7_, are dual pair of generators for Z in the sense that for any z € Z :

2= K200 Thi = Y. 4(z,hi) T*g;.
=1 i=1

In the case n = 1 and T = Idz, we recover the so-called Wexler-Raz identity for modules

such as 7, i.e. 0p 4 = Idz if and only if

¢h, ) = 1p. (2.16)
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2.4 Module Frames

A description of frames was first given by Duffin and Schaeffer in [DS52], and was then pop-
ularized by Debauchies, Grossman, and Meyer in [DGMS86|. Frame theory has now become a
household tool for signal processing (harmonic analysis), providing a coherent theory of non-
orthogonal expansions. To expound, frames can be thought of as a (countable) family of {h;}cs
of elements in a Hilbert space H from which all elements h € H can be reconstructed. That
is, h = Y},.; cih; for some {¢;}icr = C, but for which this family of coefficients {c;}ic; need not
be unique, in particular {h;};c; need not be a basis. This non-uniqueness of the representation-
coefficients may sound unconventionally unnecessary as it generally introduces redundancy in
the representation of elements in H, that is, we are in effect using more elements than abso-
lutely necessary for such representations. There are practical motivations for this redundancy,
the canonical example comes from signal processing, where one usually samples and analyzes
(coefficients) a signal for perfect reconstruction. Using a redundant sample (a frame) gives ro-
bustness in our reconstruction since any corruption or deletion in our samples do not necessarily
mean that we can no longer reconstruct the signal from our possibly corrupted set.

We shall deal with frames in their various incarnations in this work. In keeping with the theme
of incorporating operator algebras with harmonic analysis, we shall give a brief introduction
to module frame theory in particular. The reader interested in the classical case in infinite
dimensions should consult [Chr03].

Module frames can be thought of as the generalization of the notion of frames as we
have described above, where one replaces the Hilbert space with a Hilbert C*-module instead.
Naturally, we also replace the scalars with C*-algebras. Originally introduced and developed
by Frank and Larson in [FL99, FL02|. It has since found itself useful in both the theory of
operator algebras e.g. [RT03| where it has shown connections with Kasparov’s stabilization
theorem, and harmonic analysis e.g. [AE20, AJL20] where module frames provided a natural
intermediary language for the results connecting operator algebras and time-frequency analysis
via Heisenberg modules. We will eventually see the results of this section applied in the latter
example with our dicussion of the Heisenberg modules (c.f. Chapter 5). Throughout the rest of
this document, we will simply refer to module frames as frames, unless we need to emphasize

the module structure of the ambient space.

Definition 2.23. Let Z be a Hilbert left A-module. A countable family z = {z;};c; € Z is said
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to be a (module) frame for Z if there exists two constants C, D > 0 such that

C 4(z,2) < Z 482, 2n) 4z 2n)* < D 4(z,2), Vze Z,
iel
where the middle sum converges in the norm of A. C and D are called the lower frame or
upper constants respectively. If only the upper frame constant exists for z, then it is called a
Bessel family of Z. If C' = D, then z is called a tight frame. If A = B = 1, then z is called

a Parseval frame.

Remark 2.11. We will generally follow [AB17], defining module frames over not necessarily unital

C*-algebras, in contrast to the original paper [FL99].

Remark 2.12. If z forms a Parseval frame, we see that > | 1{(z, zn) 4{z, 2n) = 4(z,2) for all
z € Z. This motivates the terminology since it is a generalization of Parseval’s identity in

functional analysis.

Ezample 2.5. Every Hilbert space H is a Hilbert left C-module. Therefore a family {h;}ier is a
frame if and only if there exists C, D > 0 such that

Cllhl3 < X, [<h hiy, | < DIB|3,  Vhe H.
iel

As expected, we recover the definition of frame theory in Hilbert spaces. We shall also take this
opportunity to emphasize that there is a perfect correspondence of morphisms between H as a
Hilbert C-module and as a Hilbert space. This comes from the fact that every bounded linear
operator on H is automatically adjointable: Lc(H) = L£(H). In particular: compact, positive,
invertible, and unitary operators in Lc(H) are exactly the same compact, positive, invertible,
and unitary operators in £(H).

It will do us well to keep this example in mind, especially when we get into the business of
doing Gabor analysis, which is primarily written in terms of frame theory on the Hilbert space

of square-integrable functions (see Chapter 4).
Recall the Hilbert left A-module ¢2(I) given in Example 2.1. We can now define the two

fundamental operators in frame theory.

Definition 2.24. Let Z be a Hilbert left A-module. For a Bessel family z = {z;}ie1 S Z.

The analysis and synthesis operators with respect to z are denoted by &, : Z7 — 6124([ ), and
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W, : % (I) — Z respectively. For all z € Z and a = {a;}ies € (4(I), we have:

P,(2) = { 4<%, 2}y
Ua(a) = ) aiz

el

(2.17)

We still have to justify the well-definedness of both the analysis and synthesis operators.
Our first hint for well-definedness is the requirement that z must be a Bessel family, this means
that for all z € Z, the sum Y ,.; 4{z, 2y 4{#, zi)* converges in the norm of A, which is exactly
what it means for { ,(z, z;)}ier to be a member in £%(I). Hence @, is well-defined. Next we shall
show that ¥, is also well-defined. We utilize the module norm characterization from Item 1 of
Theorem 2.1 along with the Cauchy-Schwarz inequality from Item 1 of Proposition 2.3. Let J
be any subfamily of I, in the following computation (partially from [AB17, Theorem 2.1]), we

put explicit subscripts in the module norms involved for easier parsing:

2 2

Z a;zj| = sup <Z ajzj,w> Hwlz <1
jedJ 7 A \JEJ A
2
= sup Z aj 1 zj,wy| clw|z <1
jEJ A

= sup {HA<{CL]'}J‘€J, {A<w,2j>}jeJ>||e?4(I) Cw|z < 1}

<sup [ M ajaz| 1Y) 4w,z 4w, 2| w]z <1
jed a4 ljed A
<D Zaja;‘ )
jedJ

Since the computation is valid for all J, we can replace J with I\F for F' any finite subfamily of
1. This implies that the estimate above approaches 0 for monotone increasing values of F. This

means V,(a) = >, _;a;z € Z as required.

el

Proposition 2.25. The analysis and synthesis operators with respect to a Bessel sequence are

both adjointable maps, and are in fact adjoints of each other.

Proof. Let z = {z;}ier be a Bessel family, it follows from the continuity of the inner-products
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that for all z € Z and a € £4(I):

el el el

1 Prz,a) = ZA<z,zi>af = 2A<z,aizi> = <z,2aizi> = (2, ¥,(a)).
A

O

Definition 2.25. Let Z be a Hilbert left A-module, with z = {z;};c; S Z a Bessel sequence. We
define the frame operator 6, € L£4(Z) associated with z to be the composition of the associated

analysis, then the associated synthesis operator:
O,=V,0P,=00d, =V,0V;. (2.18)

One can also generalize this a bit further by considering different Bessel families for the analysis
and synthesis operators. Suppose w = {w;};es is another Bessel family, then the mixed frame

operator 0, w € L4(Z) is given by:
Opw = ¥y o @, = P, 0P, = Uy 0 U2 (2.19)

Remark 2.13. We shall first agree that, for the rest of the manuscript, we will abbreviate and
refer to mixed frame operators simply as frame operators unless we need to explicitly differentiate

between the two.

If z = {2}, w;lY, are finite families in Z, it is easy to see that we can write the associated
frame operators in terms of rank-one operators:
N
Hz,w = 2 Hzi,wi-

=1

Therefore in 0, € Ka(Z). However, if z or w are countably infinite, we may be tempted® to
conclude that every frame operator is compact. This is the perfect time to take a pause and

examine how we interpret ¢, . as an infinite series of operators.

Proposition 2.26. Let z = {z;}icr, w = {w;}ier be Bessel families of a Hilbert left A-module
Z. Let F be a finite subfamily of I, define z"" = {2;}icr, W = {w;}icr. Then 0w = Owz and

0,7 wr — Ogw in x-strong topology of L4(Z) as F' — I (for monotone increasing F)

31 was.
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Proof. We find that QZF,WF = 0Oy 4 for any finite subfamily /' < I. By proceeding to do
an estimate similar to our proof of well-defined of the synthesis operator, we find that both
O, wrz — 0wz and Oy r ,rz — Oyr ,rz in Z, for all 2z € Z. Equivalently 0,r o r — 0w in *-
strong topology. Furthermore, it follows from the definition of *-strong topology that the adjoint
operator on L£4(Z) is a continuous map with respect to the =-strong topology. Hence it follows

from what we have just shown that 0, +w = 0w 5. O

Proposition 2.27. Let Z be a Hilbert left A-module, and z = {z;};c; be a Bessel family. Then

every frame operator 0, is positive.

Proof. We have 0, = 0,, so it follows from Proposition 2.26 that 07 = 0 , = 0, , = z. Therefore
0, is self-adjoint. To prove positivity of 6,, we have that ,(0,2,2) = > .. 4{2, 2zi) (4{z, 2:))* = 0,

so it follows from Proposition 2.10 that 6, is positive. O

So far we have not really used the the frame condition in any of the operators of interest
that we have introduced. The lower frame bound now makes an appearance in the following
important result regarding the frame operator. To the best of the author’s knowledge, the proof
presented below, especially the backwards direction, is new (although this is a commonly cited

result).

Theorem 2.6. Let Z be a Hilbert left A-module and z = {z;}icr a Bessel family. We have the

following: z = {z;}ier is a frame if and only if the frame operator 0, is invertible in LA(Z).

Proof. Suppose z is a frame in Z with lower frame bound C' > 0. It follows from Item 2 Theorem

2.1 that (again with explicit subscripts in the norms for easier parsing):

Hwlz = 1}
A

162212 = Sup{

Z 482, zi) zi,w>

A \iel

Z 482, 2i) %, ’Z’Z>

A \iel

Z A<z7 Zi> (A<Z> Zl>)

el

=

A
1
I2]

A

1
= C| 4<z,2) HAW

= Oz z.

It follows from self-adjointness of 6, and Lemma 2.2 that 6, is invertible in £4(Z).
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Conversely, suppose that 6, is invertible in £4(Z). By virtue of 6, being adjointable we
already know that for all z € Z, Y., {2, 2i) (42, 2i))* = 4{052,z) converges in the norm of
A. Furthermore, 6, is positive (so it is also self-adjoint), and therefore 0;/ % and 0, U2 exists in

L A(Z). Using Proposition 2.8 we find that for all z € Z:

0;/2,2 <

~

2 2
<[] e =

2
40,2, z) < HH;/zH |2]? —

3 a9 (a2 < [0 a9
i€l

2
Therefore z is a Bessel family with upper frame bound D := 9;/2H = ||0,]. To prove the

existence of lower frame bound for z, we again use Proposition 2.8, so that for all z € Z:

9;/22

9;1/2(0;/22)'2 < H9;1/2H2 ’2

—

2
4z, 2y < 9;1/2H 4022, 2) —
1
1212 A$7,2) < Z A% zi) (4€7s zip)* .
9; / H el

”011”. Therefore z is a frame for Z. O

z

Hence z possesses a lower frame bound C' :=

1 —
5 =
0;1/2“

Proposition 2.28. Let z = {z;};e; a Bessel family for a Hilbert A-module Z. Then
|0,] = inf {Dl/2 : D is a Bessel bound for z} :
Proof. We use the fact that 6, is positive so that for all w € Z:
bwo.wy = (00,05 %w) < (16:]'7)? 1w w).
Therefore |6, is a Bessel bound for z, which implies that
164 *? = inf {D1/2 : D a Bessel bound for z} . (2.20)
On the other hand, if D is a Bessel bound for z, we find that

ABw, W < DV? (w,w) P Ywe Z
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— 67w < DY?|w|, VYweZ

— [6,%] < D'2.

The last inequality, paired with (2.20), finally gives us |6,/ = {DY/2 : D is a Bessel bound for z},

from which the result follows. O

Proposition 2.29. Let Z be a Hilbert left A-module, and z € Z. Consider the frame operator

asssociated with a single element z, 8,. We have
=1 = 6" (2.21)

Proof. The required equation follows exactly from Lemma 2.6. O

An important corollary of invertibility of the frame operator associated to a frame is that we

have a reconstruction formula for Z.

Corollary 2.9 (Reconstruction Formula). Let z = {z;}icr be a frame for a Hilbert left A-module
Z, then for all z € Z:

2 =010,z = Z REEDURE

iel

= 9Z9;12 = Z A<9;1z, zi> Z; = Z A<z,9;12i> Z.

el el

(2.22)

An interesting connection between the algebraic structure of Z, and frames in Z, is summa-

rized in the following result, which can be found in [AE20, Proposition 2.6].

Corollary 2.10. Let Z be a Hilbert left A-module. Consider the frame operator associated with

the fmaily z = {z;}ic;. We have that z is a frame if and only if {z;}icr generates Z as a module.

We can now go back to our original motivation. In the Hilbert space case, Z = H, we find

that a h = {h;};er € H is a frame for H if and only if for all h € H:

h=0n0, " h = (h, 0 iy, i

el

Therefore, we can reconstruct any vector h using the not-necessarily orthogonal family {h;}c;s.

Furthermore, we also have a way of computing the non-unique coefficients: ¢; = <h, 0 1h2->2.
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In the reconstruction formula (2.22), notice that if we define w = {w; };es via w; = 6, '2; then

we can rewrite (2.22) to

ezw = ew,z = IdZ .

)

The equation above motivates one of the key concepts in frame theory.

Definition 2.26. Let z = {z;};c; be a frame for a Hilbert left A-module Z, we say that the

family w = {w; }ier is a dual frame of z if:
I (2.23)

Dual frames always exist for z, and in particular if we choose w = {6, lzi}ie 1, then w is called

the canonical dual frame of z.

Before we proceed, we need to justify the terminology dual frame. It only makes sense to show

that dual frames are indeed frames.

Proposition 2.30. Let z = {z;}ier be a frame for a Hilbert left A-module Z with upper frame

bound D. Suppose w = {w;}icr is a dual frame for z, then w is a frame.

Proof. We need to prove that w is a Bessel family, and subsequently, that 6y, is invertible.

However, this all follows from the simple computation:

Owol,=Vyo0d, 0V, 0d,
=VUy0l,wo P,
=V, oD,

— Owy =1dy.

Therefore if we can show that 0y is a Bessel family, then it follows immediately it is invertible
with inverse 6, from the computation above. However, the Bessel property follows from the exact

same computation. Fix z € Z, find 2’ € Z such that 6,2’ = z. Then

A<0wza Z> = A<0W(9ZZ/)’ ezzl>
= A<z', Gzz’>
= A<QZZ/7 Z/>

20



<D (&)
=D A<9;12, 9;12>

< Do 4.

We have shown that 6, is a Bessel family and invertible, as required. O

Remark 2.14. Every frame generates a Parseval frame. To see this, let z be a frame so that 6, is
invertible. Define w; = 6, Y 222-, and w = {w; };er. The following computation shows everything
that we need to know: z = (9;1/209200;1/22)z = Diel A<z, 9;1/2zi> 0;1/221' = Dier alz W) w; =
Owz for all z € Z. Therefore 0y, = Idz, henceforth ,{(Owz,2) = 4{(z,z) for all z € Z, as required.
From our computation, it also follows that the canonical dual frame of the generated Parseval

frame is itself.

Dual frames are not unique, and one can consult [Chr03] for examples. There is quite a large
amount of literature pertaining to dual frames, and their computation (for the canonical dual
frame case, this is quite tricky as it involves inverting the frame operator) [DHM23, CC00, Stol5].
Another point to note, which ties together some of the concepts discussed in the previous sections,
is that if z is a frame, with dual frame w, then z and w are also dual pair of generators (see
Remark 2.10) for the Hilbert left A-module Z.

As a final remark, note that there is an obvious way of reconstructing all that we’ve done here
to Hilbert right C*-modules. However, the theory of module frames for Hilbert right C*-modules

will not play much role in this study.
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Chapter 3

Harmonic Analysis

One of the goals of this monograph is to present results in time-frequency analysis in terms of
abstract harmonic analysis. We shall give an introduction to topological groups, developing the
necessary language to discuss and prove the basic results of harmonic analysis on locally compact
abelian (LCA) groups. We close the chapter with a short discussion of vector-valued integration
on LCA groups.

We shall mostly follow the rapid introduction developed in the first chapter of Williams” mono-
graph [Wil07] for the introductory material on general topological groups and locally compact
spaces. Once we have established a certain sophistication of our tools, we will follow Folland’s
text [Foll5] as we delve into the abelian case in particular. We invite the reader to consult Ap-
pendix B for a concise overview of necessary net theoretic results. We will use net-convergence
characterizations to capture topological results. We also assume some familiarity with measure

and integration theory.

3.1 Topological Groups

Definition 3.1. A topologial group is a group G together with a topology 7 such that
1. Points (i.e. singletons) are closed in (G, 7);
2. The map mult : (s,7) — sr is continuous from G x G to G;

1

3. The map inv : s — s~ is continuous from G to G.

Regarding Item 1 above, we see that it is satisfied when the topology 7 for G is assumed to be

Hausdorff. As it turns out, it is an equivalent condition for Hausdorfness (see Lemma 3.3) below.
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Proposition 3.1. Finite products of topological groups is a topological group.

Proof. We do the proof for two products, the proof can then be extended inductively. Let
G1,G9 be topological groups. The product Gi x Ga will then be equipped with the product
topology, i.e. the initial topology!' with respect to the projection maps proj; : G1 x Go — G
and proj, : G1 x Ga — G3. Suppose mult;, inv; are the multiplication and inversion maps for
G; (i = 1,2). We can define” the group multiplication mult : (G1 x Ga) x (G1 x Ga) — G x Go

and inversion inv : G1 X Go — G x G via following;:

mult((s1, s2), (r1,72)) := (s171, 52r2) = (f1((s1,52), (r1,72)), fa((51, 82), (11, 72)))

inv(sy,s2) = (57", 85") = (91(s1,52), 92(51, 52))

Note that for i = 1,2 :

fi((slv 52)7 (Tlv T2)) = ((mUIti)(prOjl(Sh 52)’ prOjQ(Tl’ T2))? (mUIti(prOJZ(Slv 52)7 pl"OjQ(?"l, T2)))

9i((s1,82), (r1,72)) := (invl(projl(sl, $9),inve(proja(ri, 7’2))).

Since each f; and g; can be written via continuous functions as above, it follows that they are

also continuous. Therefore mult and inv are also continuous. O

The following gives us basic examples of topological groups.

Ezample 3.1. Let n,m, and d be positive integers:
1. Any group with discrete® topology is a topological group;

2. The groups R”?, T™, and Z? are all topological groups.

Lis a homeomorphism from G

Lemma 3.1. If G is a topological group, then inversion, s — s~
to G, while for any fized r € G the maps induced by multiplication: s — sr and s — rs are also

homeomorphisms from G to G.

Proof. The inversion map inv : s — s~! is a continuous map whose inverse is itself, so it is a

homeomorphism in G. Let r € G. For multiplication, we shall only prove the homeomorphic

'meaning the weakest topology that one can endow on G x G2 that makes each projection map continuous

2Indeed, for the rest of this document, we will always assume this definition.

3By ’discrete’ we mean a space whose topology consists of all its subsets i.e. all the open (hence closed) sets
are just its subsets.
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property for the map [, : G — G via s — rs. We already know [, is continuous because it lifts

through the continuous map const, x id : G — G x G following the commutative diagram:

Gxd

constV Jmult
l

G———C

where const, x id : s — (r,s). It can easily be seen that the inverse of [, is [,-1, we can apply
the continuity result to 7~ € G to conclude that [,—1 is also continuous, which implies that I, is

a homeomorphism. We have a similar proof for the right multiplication s — sr. O

Definition 3.2. Let X be a topological space. For z € X, a family A, of neighborhoods® of
is called a neighborhood basis of x if for every neighborhood W of x, there exists N € N,
such that N ¢ W.

For a topological group G, we shall use the following notations: for a fixed r € G, Vr := {vr €
G:veVhrV={meG:veV},V1i={vleG:veV} and V2 = {v2 € G :ve V}, for any
subset V' < G. Now with the language of neighborhood basis, we have the following corollary

directly following Lemma 3.1.

Corollary 3.1. Let G be a topological group. Let N. be a neighborhood basis of the neutral
element e € G. Then {Nr : N € N} and {rN : N € N} are both neighborhood bases of r. In
particular, if N consists of open neighborhoods, then B ={Vr:V e N, r € G} is a basis for the

topology of G.

Lemma 3.2 (|Wil07, Lemma 1.12]). Let V' be a neighborhood of e in G. Then we have the

following inclusion V<V < V2.

Proof. We only need to prove V< V2. Let s € V, so every neighborhood of s intersects V.
However, we know that sV ! is a neighborhood of s, so that sV=! 1V # ¢, hence there exist

t,v eV such that st7! = v <= s = vt, from which it follows that s € V2 as required. O

Recall that X is a regular space if and only if every closed subset C' and a point p € X\C

admit non-intersecting neighborhoods.

Lemma 3.3 (|Wil07, Lemma 1.13]). If G is a topological group, then G is Hausdorff and regular.

“Here we use the definition that W is a neighborhood of z iff z is an interior point of . This means that W
is not necessarily open.
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Proof. We start with regularity. Let C' € G be closed and s ¢ C. Without loss of generality we
can assume that e = s (c.f. Corollary 3.1). The set W := G\C is open, then it follows from the

continuity of mult : G x G — G that there exists an open neighborhood V' 3 e such that
mult(V x V) = V2 < W.

It follows from Lemma 3.2 that V < V2 € W = G\C. Therefore U := G\V is an open
neighborhood of C' while V' is an open neighborhood of e such that U n' V = ¢J. This shows us

that G is regular. Now by assumption, each singleton is closed in G, so it follows from regularity

that G is also HausdorfI. O

3.2 Locally Compact Spaces

Definition 3.3. A Hausdorff topological space X is locally compact if each point x € X has

a compact neighborhood.
Since we always assume Hausdorffness, it is not hard to prove the following equivalent definition.

Proposition 3.2. A Hausdorff topological space X is locally compact if and only if for any

x € X, every open neighborhood of x has a compact closure.

Proof. Let us first do the forward direction, and suppose X is locally compact. Take z € X, and
let K, 3 x be a compact neighborhood. Let int K, be the interior of the compact set K, then
x € int K, € K. Since in a Hausdorff space: closed subsets of a compact set are compact, and
compact sets are closed; it follows that € int K, < K., therefore int K, is an open neighborhood
of x with compact closure.

Conversely, let € X and let us suppose that every open neighborhood of x has a compact
closure. Take U, 3 = an open neighborhood of z, then z € U, < U,, and U, is compact by

assumption. Therefore we have constructed a compact neighborhood of x via Uy,. O

We will use either of these equivalent notions for the rest of the manuscript.
Note that it follows from Proposition 3.2, and the fact that the closure of product of open

sets is the product of closure of open sets that we have the following basic result.

Proposition 3.3. Finite products of locally compact spaces are locally compact.
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We also have the following result which usually runs in the background of proofs regarding locally

compact spaces.

Proposition 3.4. Let X be a locally compact space. Then for every point x € X and every open
neighborhood U, 3 x of x, there exists another open neighborhood V,, 3 x such that V, < U, where

V, is compact and x € V, <V, < U,.

Proof. Let x € X, and let U, be an open neighborhood of x, since X is locally compact then there
exists a compact neighborhood of z, given by K, such that K, < U, (by possibly intersecting
any compact neighborhood of z with U,°) Since K, is a neighborhood, there exists another open

set V. 3 x such that z € V, € K,. Because X is Hausdorff, we have the following inclusions:

reVocV,c K, =K, cU,.

We are done since V, must be compact as a closed subset of a compact set. O

The hypothesis of Hausdorffness is assumed so that we can define local compactness in terms
of neighborhoods instead of having to work with neighborhood bases. We do not lose much with

this assumption since we will mostly be working with topological groups anyway.

Ezample 3.2. Speaking of topogical groups, the product G = R” x T™ x Z% x F for a finite group
F' is an example of a locally compact abelian group. In fact such groups are called elementary

locally compact abelian groups.

The next following results will be useful in generating examples of locally compact spaces coming

from subsets.

Definition 3.4. A subset Y of a topological space X is said to be locally closed if each point
in Y has an open neighborhood U in X such that Y n U is closed in U with respect to the

relative topology.

Lemma 3.4 (|Wil07, Lemma 1.25|). If X is a topological space and 'Y < X, then the following

are equivalent.
1. Y is locally closed in X;

2.Y is open inY;

5Tt is not hard to show that the intersection of a compact set and an open set is compact.
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3. Y =C n O for some closed set C, and open set O inY .

Proof. (1 = 2). Lety €Y, we know by local closedness that there exists an open neighborhood
P of y such that PNY is closed in P. Since y € PNY as well, it suffices to show that PnY € Y
(i.e. we would then have shown that every point in Y is interior to it with respect to the relative
topology induced by Y). If z € P Y, so there exists a net {x;}; in Y such that z; — x, since P
is an open neighborhood of z, {x;}; will eventually be in P, and so {z;}; is eventually in P nY".
We know that P n'Y is closed in P, and therefore the limit = € P of the net {z;}; which is
eventually in P Y must be in it, i.e. x € PnY < Y. Therefore we have shown that PnY C Y.

(2 = 3). If Y is open in Y, then there exists an open set O € X such that Y =Y n O,
we are done.

(3 = 1). Suppose Y = C'n O as in the hypothesis. Let y € Y, and choose U = O, an open
neighborhood of y. We want to show that U n'Y is open in U, so let {z;}; be anet in U nY
that converges to x in U. We are done if we can show that z € Y due to Proposition B.1. Now,
because {z;}; €Y = C n O, and C is closed, it follows that x € C. Furthermore, by our choice

of U,z € O =U. Therefore rte Cn O =U nY, as required. O

Lemma 3.5. Let X be a locally compact space. Y S X is locally compact if and only if Y is

locally closed.

Proof. Assume that Y is locally closed so that there exists, from Lemma 3.4, a closed set C' € X
and open set O € X such that Y = C n O. Fix y € Y with U 3 y an open neighborhood in X
such that U is compact. It now follows from the fact that the intersection of compact and open
set is a compact set, that ye UnY =Y nC n O C Y is compact in Y. That is, ye U nY
is an open neighborhood in the relative topology of Y, whose relative closure U NY is compact.
Therefore it follows from Proposition 3.2 Y is locally compact.

Conversely, suppose Y is locally compact so that for any fixed y € Y, there exists an open
neighborhood U 3 y of X such that U n'Y is has a compact closure in Y. That is: Cy :=
UnNnY NnY CY isclosed in Y. By Hausdorffness, Cy is compact in Y, therefore closed in Y,
hence also closed in X. To show local closedness in Y, we shall show that U nY is closed in U.
Suppose {z;}; is a net in U n'Y that converges in U. Since U n'Y < Cy and Cy is closed, then

reCy =UnY nY, therefore z € Y. We have shown local closedness of Y. O

Remark 3.1. Note in particular that any closed or open subsets .S of a locally compact space X

are locally compact since they can be trivially written as S = S n X, so the assertion follows
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from Lemma 3.4 and 3.5.
Ezample 3.3. The general linear group GL,(R) of n x n matrices with entries in R is a locally
compact space because it can be seen as an open subset of R"™. This follows from the fact that
the determinant map det : R” — R is continuous, and therefore det™'(R\{0}) = GL,(R) is
open.

In the following, we endow a topology for continuous functions between two topological
spaces. It will be useful in our discussion of the so-called Pontryagin dual (see Definition 3.9) of

an LCA group.

Definition 3.5. Suppose that X and Y are topological space and that C'(X,Y") is the collection
of continuous functions from X to Y. The compact-open topology on C'(X,Y) is the topology

generated by (i.e. via subbasis) the sets
UK, V)= {fe C(X,Y): f(K) S V)

for each compact K € X and open V C Y.

In the locally compact space case, we have quite an easy net convergence criterion.

Proposition 3.5 ([Wil07, Lemma 1.30]). Let X,Y be locally compact spaces, endow C(X,Y)
with the compact-open topology. We have the net convergence f; — f in C(X,Y) if and only if
x; — x in X implies fi(x;) — f(z) in Y.

Proof. ( = ). Suppose f; — fin C(X,Y) and z; — x in X. Take any open neighborhood
V 5 f(x), and from this construct a compact subset K in X such that x € K, and f € U(K,V)
(these all exist from the fact that f and Proposition 3.4). Then {f;}; is eventually in U(K,V)
and {z;}; is eventually in K, together they imply that {f;(x;)}; is eventually in V. Since V' is an
arbitrary neighborhood of f(x), we have f;(z;) — f(x) as required.

( <= ). Suppose z; — x in X implies f;(z;) — f(z) in Y. We want to show that f, — f
in C(X,Y), that is, {fi}; is eventually in U(K, V') for some compact K and open V. Suppose
for contradiction that f; + f, then we can find some (after careful negation of net-convergence
definition) U(K,V) > f and subnet {f;}; (after passing to a subnet and relabeling) such that
fi ¢ U(K,V) for all i. By compactness of K (recall that K is compact iff every net has a
convergent subnet from Proposition B.7), we can find an {z;}; (again, after passing to a subnet
and relabeling) such that z; — x. By hypothesis f;(x;) — f(z), since {f;(x;)} < X\V and X\V
is closed, then f(x) e X\V, ie. f(x) ¢ V, which is a contradiction. O
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An important difference between locally compact Hausdorff spaces and compact Hausdorff
spaces is that in the locally compact space case, we no longer have normality and paracompactness
of the space for free, and therefore we do not exactly have: Urysohn’s Lemma, Tietze extension
Theorem, and existence of Partitions of Unity. However there exist separate versions of these
results for the locally compact group case. We shall give their full statement for posterity.
We prove only the version of Urysohn’s Lemma since the proof for the other two are similar
(this assumes that we are familiar with the proofs of the original versions of these results). The
following comes from [Wil07, Lemma 1.41-1.43], and will be relevant in some of our constructions

in Chapter 6.

Lemma 3.6 (Urysohn). Suppose that X is a locally compact space and that V' is an open neigh-
borhood of a compact set K in X. Then there is an f € Co(X) such that Im f < [0,1] and that
f(z) =1 when x € K and f(x) =0 when x ¢ V.

Proof. Due to Proposition 3.4, each point x € K contains an open neighborhood U, 3 x whose
closures are compact, and such that U, < U, < V. Now by compactness of K, there exists

x1,..., T, € K such that

Kc OUMQ CJUTZ.QV.
=1 i=1

Now, if we take W = [ J'_; Uy, , then it is a an open neighborhood of K whose closure is compact,
such that K € W < W < V. Because W is a compact Hausdorff space, then it is normal, and
therefore we can use Urysohn’s Lemma for normal spaces on W : there exists an h € C(W) such

that 0 < h<1lon W with h=1on K, and h =0 on W\W. We define

h(zx), if reW,
flz) =
0, if z¢ W.

By Pasting Lemma f € C.(X), with all the required properties. O]

The proofs for Tietze Extension and existence of partitions of unity follow the same principle of
constructing a compact set out of X wherein we can use the known compact version of the result

as in the one given for Urysohn’s Lemma above.

Theorem 3.1 (Tietze Extension). Suppose X is a locally compact space and that K < X is
compact. If g€ C(K), then there is an f € Cc(X) such that fix = g.
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Lemma 3.7 (Existence of Partitions of Unity). Suppose X is a locally compact space and that
{Ui}?_, is a cover of a compact set K < X by open sets with compact closures. Then for

i=1,...,n there ezist p; € Co(X) such that
1.0< ;<1 forallze X;
2. suppp € U;;

3. 30 jpi=1o0onK and 3| ¢; <1 outside K.

3.3 Locally Compact Groups and Their Subgroups

In this section we consider the case when the underlying topology on a topological group G is

locally compact.
Lemma 3.8 (|[Wil07, Lemma 1.34]). A locally closed subgroup of a topological group is closed.

Proof. Let H be a locally closed subgroup of a topological group G. Since local closedness
for topological groups must be equivalent to local closedness using neighborhoods of the neutral
element e € G (c.f. Corollary 3.1). Therefore there exists a neighborhood W 3 e such that W n H
is closed in W. Next, by continuity of multiplication, we can find let U, V' be neighborhoods of
e in G such that

ViecUcCU?>cW.

Let x € H. Consider a net {x;}; € H such that x; — z. By continuity of inversion, and since
xi_l € H, then iL‘i_l — 7' € H. We know that z='V is a neighborhood of z~!, therefore
27V A H # (J, so we can take y € 7'V n H. We now that {x;}; is eventually in Vz, while by

continuity of multiplication, {z;y}; is eventually in
Ve 'VAH) SV AHCUNHCWnH.

In particular, {x;y}; < U eventually, and therefore xy € U. Recall from Lemma 3.2 that
vy € U € U? < W. So the net {z;y}; € W n H has limit 2y € W, but W n H is closed in
W, so xzy € W n H, but then

z=(zy)y te (WnH)(Ven H) < H.
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so x € H. Therefore H = H, hence H is closed. 0

Corollary 3.2. If H is a subgroup of a locally compact group G such that H 1is either open,

discrete, or locally compact, then H is closed.

Proof. It suffices for all cases that we prove that H is a locally closed group due to Lemma 3.8.
H being locally compact is equivalent to being locally closed (c.f. Lemma 3.5), every open set is
also locally closed (c.f. Lemma 3.4). Finally, every discrete subset is also locally closed because
all of its subsets are closed in the relative topology, therefore H is also closed in the discrete

case. O

Let H be a subgroup of a topological group G, the group of (left) cosets G/H can also be

endowed with a topological group structure via the topology that makes the map
q:G—G/H, g— gH.

continuous (aka the final topology on G/H with respect to ¢). Explicitly, U < G/H is open if
and only if

¢ U)c@

is open in G.

Lemma 3.9 ([Wil07, Lemma 1.44]). If H is a subgroup of a topological group G, then the quotient

map q: G — G/H ‘is open and continuous.

Proof. By our definition of the topology on G/H, ¢ is automatically continuous. We only need

to show open-ness. If V' is open in G, we want to show that ¢(V') is open in G/H. We have

¢ (V) ={geG:gH eq(V)}
={9eG:gH =vH, for some ve V}

={ge G:gevH,for some veV}

= |Jvh

heH

Since each Vh = V is open, then ¢(V') is open in G/H. O
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At this point, it will be very useful to review the net-criterion for open surjective maps given by
Proposition B.9 in the appendix. A straightforward application of this proposition on ¢ : G —

G/H gives us the following lemma.

Lemma 3.10 ([Wil07, Lemma 1.46|). Suppose that H is a subgroup of a topological group G
and that {s;H }icr converging to sH. Then there is a subnet {s;}jeJ of {Si}ier and another net

{hj}jes such that s;-hj — 5.

Corollary 3.3 (|Wil07, 1.48]). Let H be a subgroup of a topological group G. The left coset
space G/H with the quotient topology is Hausdorff iff H is closed in H. If G is locally compact,
then G/H s locally compact. If G is second countable, then G/H is second countable.

Proof. We first prove that H closed = G/H Hausdorff. Recall that a space is Hausdorff if and
only if every convergent net in it has unique limit (c.f. Proposition B.2). Suppose {s;H}; < G/H
converges to both sH and rH in G/H. By Lemma 3.10, there exists (after passing to a subnet
and relabeling) a net {h?}; and {h]}; in G such that

sihf — s, and s;hl — 7.
Define {h;}; = {(h§)~'h}}. We have
hi = (h§)7'h{ = (h}) ™" syt si ] — 17 1s

by continuity of inversion and multiplication. Since H is closed, then r~'s € H, which implies
that sH = rH, so indeed the limit is unique, therefore G/H is Hausdorff.

Conversely, assume H is not closed, we want to show G/H is not Hausdorff. Then we negate
the net-criterion for being a closed set (c.f. Corollary B.1), and find some net {h;}; in H such

that h; — s with s € G\H. Now ¢ is continuous, therefore
eH = g(h;) — q(s) € [H].

We have found a net, the constant net {eH };, to converge to two limits eH and sH, but H # sH
since s € G\H.

Next we want to prove that if G is second countable, then so is G/H. Let {V,,},, be a countable
basis for G. Define U,, := ¢(V},) in G/H for each n. Since {V},},, is a basis, and ¢ is continuous,
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for each open W < G/H, and s € G such that s € ¢~ }(W), there is some V,, such that
seV, < qg Y (W),

which implies that ¢(s) € ¢(V,,) = U, < W. By arbitrariness of s, we see that {U,}, is also a

basis for W, which is countable, so G/H is second countable.

Lastly, suppose G is locally compact, then we can find a basis in G (c.f Proposition 3.4) whose
closures are compact. Now we can run the same argument as in the proof for second countability
of G/H above and find a countable basis of G/H whose closures are all compact (since continuous
functions send compact sets to compact sets). The resulting basis whose closures are all compact

shows that G/H is locally compact. O

We can use the same techniques as in the proof above to show that G/H is also a locally compact

group.

Corollary 3.4. Let G be a locally compact group, and H a closed subgroup, then G/H s also a

locally compact group with respect to the usual coset operations.

Proof. We only give proof for continuity of inversion. The proof for multiplication is similar. We
want to show that if we have net-convergence s;H — sH in G/H, then S;IH — s~ H as well.
We use the priciple of convergence presented in Proposition B.3 Now we can take any subnet of

{s;H };cs relabel it and call it {s; H };cs still. By Lemma 3.10, there is a subnet {s}}jej of {s;}ier

-1 1

and another net {h;}je; such that s}h’ — s. But inversion is continuous so that h;l (s)7" — s

But ¢ is continuous, so

a(h7 (571 = (shhy) ™ — 57U

This implies
(s5)""H = hj(s;h;)""H = (s;h;)""H — s 'H.

What we have essentially shown is that every subnet of {s; Wier has a subnet that converges to

s~1 as required. O
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3.4 The Haar Measure

We are now ready to discuss integration on locally compact space.

Definition 3.6. Let X be a locally compact space and Bor(X) be its Borel space (i.e. the
o-algebra generated by open sets of X). A (Borel) measure p: Bor(X) — Rxp on X is called a

Radon measure if 4 satisfies the following:

1. (Inner-regularity). For each open V < X | we have

w(V) =sup{u(C) : C <V, C compact};

2. (Outer-regularity). For each E € Bor(X),

w(E) =inf{u(U): E < U, U open}.
In the special case that X = G is a locally compact group, we call u a left Haar measure on
G if we further add
3. (Left-Translation Invariance). For all s € G and E € Bor(X) : u(sE) = u(E).

Remark 3.2. Note that inner-regularity above makes sense because we defined locally compact
spaces to be automatically Hausdorff, therefore all compact sets of X are closed, hence are inside
Bor(X).

We also have an obvious analogous definition for right Haar measure by adding in right-
translation invariance. We shall abbreviate and use the term "Haar measure" to mean left Haar

measure; when we mean right Haar measure, we shall say so explicitly.

Proposition 3.6. Let G be a locally compact group with nontrivial Haar measure p. Then
1. w(U) > 0 for all nonempty open set U,
2. u(C) < oo for all compact set C,
3. JG f(s)du(s) >0 for all f € CH(G)\{0}.

Proof.
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1. Suppose for contradiction that there exists a nonempty open set U such that u(U) = 0.
Let K be any compact set in G, then we can cover K by finite translations of U, i.e. there

exists x1, ..., &, such that
n
K c U z;U.
=1

This implies p(K) < 30" p(xU) = 237, p(U) = 0. Since K is arbitrary and g is inner-

regular, we find that
u(G) = sup{u(K) : K < G, K compact} = 0.
Therefore p = 0, which is a contradiction to nontriviality.

2. Let C' < G be compact. Take E € Bor(G) such that u(E) < oo (exists by nontriviality of

w). By outer regularity, there exists some open set U € G with
n(U) < p(E) + 1,
and F € U. By Item 1 above,
0<uU) <p(E)+1.
As in the preceeding argument, we can find some z1, ..., z, € G such that
Cc U z;U.
i=1
Therefore p(C) < X7 p(x:U) < np(U) < o0.
3. Let f € CF(G)\{0}, define the open set
_1 1 1
U= 7 (Gl 40) ) = {2 G f@) > Ikt # @
We then have that
1
f@) Z Slflexv(@),  Vzed.
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By monotonicity of the integral
1 1
Gf(S)dM(S) > Sl £le GXU(S)dM(S) = £ lon(U) > 0. (3.1)

O

Remark 3.3. Note that the estimate in (3.1) shows us that if J f(s)du(s) = 0, then we see that
G

[ floo = 0, which implies f = 0 since f is continuous. We can use this to show that

£l = L\f(s)\du(s)

is positive-definite on C,(G), and in fact defines a norm. The notion of integrable space L(G)

can be extended to 1 < p < o, and we find that

i1y = (] \f(S)!pdu(8)>1/p

is also a norm on C.(G). We can define the LP(G) space to be the norm-completion of C.(G)
with respect to |- |,. Unfortunately this does not extend to p = o0, since the completion of C.(G)
with respect to the sup-norm is Cy(G). The advantage of this definition is that we skip a lot
of measure-theoretic considerations when we just work on the seemingly simpler dense subspace
C.(@). Of course we are working backwards from the classical results here, one can define each
LP(@G) space as an actual function space (modulo null-equivalence) which has C.(G) as a dense

subspace, for this point of view we refer to [Rud86|.

Remark 3.4. Functions in L'(G) are called, integrable, given a Radon measure v (which may
be complex or just positive), we can induce another Radon measure by integrating against some
integrable function, say f € L'(G). For each measurable E € Bor(G), we define the new measure

denoted by fdv via

(fdv)(E) = fEﬂs)du(s). (3.2)

Locally compact groups are well-behaved enough that we basically have uniqueness of Haar
measures on G. Here we shall cite two of the most important results on locally compact spaces,
whose proofs are very technical (the results themselves are enough for us), hence we refer to the

following sources: |[Foll5, Theorem 2.10| and [Rud86, Theorem 2.14| respectively.
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Theorem 3.2 (Existence and Uniqueness of Haar Measures on Locally Compact Groups). Every
locally compact group G has a Haar measure that is unique in the following sense: if u and v are

two Haar measures on G, then there exists a unique positive real number A > 0 such that
0= Av.

This existence and uniqueness theorem is usually paired with the following duality result.

Theorem 3.3 (Riesz-Markov-Kakutani Representation Theorem). Let X be a locally compact
space. Then for any continuous linear functional on Co(X), i.e. ¢ : Co(X) — C, there exists a

unique Radon measure jiy : Bor(X) — C such that for all f € Ce(X) :

b(f) = fX F(@)dpuy ().

Before we derive some corollaries using the previous two major results, let us first set some
notation. Let G be a locally compact group, for each y € G, define for each function f: G — C
and s € G

L Lyf(s) = fly~s)
2. R,f(s) = f(sy).

For the rest of the manuscript, we shall also reserve the greek letter y or pg for Haar measures,

and v for general Radon measures.

Proposition 3.7 ([Foll5, Proposition 2.9]). Let p be a Radon-measure on a locally compact

group G, and let fi(E) := uw(E~') for each E € Bor(G). Then:
1. p is a Haar measure if and only if i is a right Haar masure;

2. p is a Haar measure if and only if

j (Lyf)(s)du(s) = f £(5)dp(s) (3.3)
G G

for all f € CF(G), and y € G.
Proof.

1. p is a Haar measure if and only if for all s € G and E € Bor(G), u(sE) = u(E) =
p((E=1s™)™Y = j(E~ts™1) = f(E~1). This is sufficient.
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2. We only need to prove this for simple functions. Suppose that u is a Haar measure. Then

for any simple function ¢ = "' | a;xg,, for E; € Bor(G) in each ¢ = 1,...,n, we have

f (Ly2)(3)duls) = 3 asu(yFr)
G i=1
= Z aipi(Eq)
=1
- f (3)dp(s).
G

Since any C.f(G) can be approximated by simple functions®, we know that the formula

extends to CF (G).

Conversely, suppose the Equation (3.3) is true for all Cf(G), then by the fact that
span C (G) = C.(G), and that C.(G), then Equation (3.3) extends to all of C.(G). Now
if we define for each y € G, the Borel measure j,(E) := p(yE) for each E € Bor(G). We

find that from the previous computation

j (Lyf)(s)dps) = f £(8)dpy (s) = j £(5)d(s)
G G G

for all f € C.(G). Therefore by Riesz-Markov-Kakutani 3.3, we have that u(yE) = pu(E)
for all F € Bor(G). Since y € G is arbitrary, then p is left-invariant, hence it is a Haar

measure.
OJ

Remark 3.5. We can have a linear functional version of Item 2 in the proposition above. If I is
a positive linear functional on C.(G), then its corresponding Radon measure is a Haar measure
if and only if I(Lyy) = I(¢) for all y € G.

It will also be eventually useful for us to formally define here what we mean when we apply
the translation transforms L, and R, for y € G to a Radon measure. For a Radon measure
v, Lyv and R,v respectively are the Radon measures that are completely characterized by the

following: for all ¥ € C.(G),

| vz = [ i)
G G

SRecall that the approximating sequence in simple approximation theorem in particular is an increasing
sequence, so we can switch limits and integrals by monotone convergence theorem.
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f B(s)d(Ryv)(s) = J (Ry)(s)d(s)
G G

Studying the scaling factors that appear due to the Haar existence and uniqueness theorem
lead us to the so called modular function A : G — Ry, where A(r) is defined to be the unique
scalar such that A(r)ue = (Ryug) for each r € G. We note that A is well-defined and does
not depend on the initial choice of the Haar measure. Let us suppose that p; and uo are Haar
measures for GG, then there exists ¢ > 0 such that cuo = p1. Let Ay and Ay be the associated
modular functions for p; and pg respectively. It follows that cAa(g)pe = A1(g)u for all g € G.

However by uniqueness of Haar measures:

cAs(g)
Ai1(g)

:C7

which implies that Aj(g) = Aa(g) for all g € G.
The next result is needed to prove continuity of the modular function. We refer the reader

to [Wil07, Lemma 1.62]. We shall focus on its implications.

Lemma 3.11. Suppose that f € C.(G) and that € > 0. Then there is a neighborhood V' of the

neutral element e in G such that s~ 'r eV or sr—! e V implies that

[f(s) = f(r)] <e.

The result above is nothing more than the usual uniform continuity that we are familiar with,

one can see this quite clearly in the case G = R.

Corollary 3.5. Let G be a locally compact group. If f € C.(G), then for any net {y;}; < G such

that y; — y € G we have

”Rylf - RnyOO — 0,

||Ly¢f - Lyf”oo — 0.

Lemma 3.12. Let p be a Haar measure on a locally compact group G. The modular function
A G — Ry is well-defined (i.e. independent of the choice of Haar-measure), is a continuous

(multiplicative) group homomorphism, and satisfies:

AG) | (£ (s = | rens (3.4)
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for allr € G and f € CF(G).

Proof. We have already shown well-definedness of A : G — R~. The Equation (3.4) also follows
quite easily by considering integrals of simple functions under the Haar measures R,ug and ug
(and extending the result via simple approximation). The homomorphism property also follows

quite easily, let s,t € G and E € Bor(G):
Alstc(E) = Ra(pa)(E) = pal(E(st) = A)uc(Es) = As) Al ua(E).

Hence A(st) = A(s)A(t). Since A > 0, this is enough to prove that A : G — R* is a homomor-
phism”.

Finally, to show continuity, let f € CF(G), and let y; — y in G, it follows from Corollary 3.5
that Ry, f — R, f in where the support of R, f is eventually in the support of R, f. Therefore

J f(sy; Ddpc(s) — J f(sy™Hdug(s). Tt follows from Equation (3.4) that:
G G

Ay:) fo<s>duG<s> — A) Lf(S)duc(S)~

Therefore A(y;) — A(y), as required. O

Definition 3.7. We say that a locally compact group G is unimodular if its modular function

satisfies A = 1.

The following result is immediate from the definition of the modular function. This also shows us
why it is usually treated informally as a gauge for measuring how close to being right-invariant

a Haar measure is on a given locally compact group .

Lemma 3.13. Let G be a locally compact group, then any Haar measure p in G is simultaneously

left and right invariant if and only if G is unimodular.
As a quick corollary, we see that an abelian group is always unimodular.
Lemma 3.14. If G is compact, then G is unimodular.

Proof. If G is compact, then by continuity of the modular function, A(G) is compact in Rx,
hence by Heine-Borel, it must be closed and in particular, bounded. Suppose for contradiction

that A # 1, then there exits s € G such that (WLOG, otherwise take s~1) A(s) > 1, then from

It is important to recall that we treat R-¢ as a subgroup under the multiplicative structure of R*

70



the homomorphic-property of the modular function, A(s™) = A(s)™ — +oo. We have found a
contradiction to boundedness of A(G). O

3.5 The Pontryagin Dual

For the rest of the section, we now assume that our group G is locally compact, abelian (and so
we shall use the additive notation when dealing with the operations in G), and second countable.
Second countability of GG assures us that G, and hence G x G will have a o-finite Haar measure,
which will readily give us the Tonelli/Fubini theorems for free (i.e. we can switch integrals at
will), along with the fact that LP(G) for each 1 < p < o0 is separable [Brell, Theorem 4.13].
Therefore, whenever we deal with density statements involving these spaces, we can comfortably
think of the associated nets as just sequences. In particular, we can invoke Lebesgue dominated
convergence theorem. For our purposes, nothing much is lost when we make this additional
assumption, and in fact we welcome this as we expect "lattices", which are discrete subgroups
of the time-frequency plane G x CA?, to be actually countable®

It still takes some time to develop the following result even with Tonelli/Fubini fully available

to us. The following result can be found in [Foll5, Proposition 2.40].

Proposition 3.8. L'(G) is a commutative Banach #-algebra with the following multiplication

and involution respectively:

(3.5)

for all f,ge L'(G) and s € G.

Definition 3.8. A net {u;}; of self-adjoint elements in L'(G) whose norm is bounded by 1 is
called an approximate identity for L'(G) if for all f € L'(G), f *u; — f in | - |1-norm.

Proposition 3.9 ([Wil07, Lemma 1.72]). L'(G) has an approzimate identity in C.(G).

It would be wise to recall one of the fundamental results regarding the Gelfand transform on

commutative Banach algebras. Recall that if A is a commutative Banach algebra, we denote by

My :={h:A— C| hisanon-zero complex algebra homomorphism}

8There exists pathological spaces where a discrete subspace is not necessarily countable.
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its maximal ideal space. We can equip M4 with the relative topology it inherits from the
continuous dual space A* equipped with the weak-* topology (it can be shown that the functionals

in M4 are automatically continuous).

Theorem 3.4 ([Mur90]). Given a commutative Banach algebra A, the mazimal ideal space M 4

is a locally compact space, and the Gelfand transform ® : A — Cy(M4) defined via

®(a) =a, where

foralla e A and h € My is a norm-decreasing homomorphism whose image is dense in Co(M 4).

In the case the A is a C*-algebra, then ® becomes an isometric *-isomorphism .

Definition 3.9. We define G to be the set of continuous homomorphisms from G to T. Under

pointwise multiplication Gisa group called the Pontryagin dual of G (a.k.a character group).

The problem of endowment of topology to the Pontryagin dual G is related to the maximal ideal

space M1 (. It turns out that [Wil07, Theorem 1.76] the mapping

Lemma 3.15. The map w — h,, where

ho(f) = Lf(S)w(S)du(S% vf e LY(G) (3.6)

defines a bijective function from G onto M. The inverse Mpigy — G is denoted by h — wy,.

The bijection between the Pontryagin dual G and the maximal ideal space M1 () allows us to
define a topology on G by identifying all open sets of G with the open sets of M1y using the
bijection (3.6) (i.e. the initial (resp. final) topology with respect to w — hy, (resp. h+— wy)). In

terms of nets, we have the following equivalences:
wi—innC:’ = hy, = hy in Mpig). (3.7)
Equivalently,

hi — hin Mg < wp, — wp in G. (3.8)

9One has to redefine M. in this case to be the collection of all ¢ : A — C of algebra *-homomorphisms
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There is, however, a simpler way to describe the topology on G [Wil07, Corollary 1.79].

Lemma 3.16. The topology on G identified with Mgy coincides with the relative compact-open
topology on G < C(G,T)

We could have just easily defined the topology on G to be the relative compact-open topology
on G in consideration of Lemma 3.16. However, our original definition synergizes well with the
upcoming definition of the Fourier-transform, which makes the explicit connection between G and
Mpi(q) pay-off. Furthermore, it also captures a deeper truth about the representation theory of
locally compact (non necessarily abelian) groups. The characters on G can be seen as irreducible
unitary representations p : G — UL(H) for some Hilbert space H, since in the case that G
is abelian, we necessarily have that £L(H) = C (i.e. p is one-dimensional) hence UL(H) = T.
Therefore the study of the dual group G generalizes to the study of the irreducible unitary
representations of G, henceforth denoted by Irr(G) in the non-abelian case. The problem now is
that we no longer have the accessible compact-open topology when working with representations,
however there is still a way to map Irr(G) to #-representations of L'(G) that parallels Equation
(3.6). In fact this is implemented by taking the integrated form of p. In any case, there is a
way to define an analogous space My () equipped with its own topology called the Jacobson
topology, when G is non-abelian. There also is a map from unitary irreducible representations
of G to this ‘M1 (), the topology on Irr(G) is now the initial topology induced by the map
Irr(G) - M L1(q), called Fell’s topology. While interesting , we do not find concrete use of this
generality in our current work aside from the ideas surrounding it, like the construction of group

C*-algebras (see Section 5.2, Chapter 5).

Remark 3.6. We shall also call any element in @, a character of G. This ties up nicely with the

identification of G with M L1(q) as they are also called the characters of L'(G) in the literature.
Corollary 3.6. G is a locally compact group.

Proof. This follows from the trivial homeomorphism G~ M r1(q) and Gelfand’s Theorem 3.4.
O

Proposition 3.10. We have the following elementary properties of the dual space In the follow-
ing, G and {G;}?_, are all LCA groups.

1. If G is compact, then G is discrete.
2. If G is finite, then G =~ G.
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3. HZ=1 Gy = HZ=1 G.
Proof.

1. Let us assume that G is compact. We shall use the compact-open topology in G (c.f.
Lemma 3.16). To show discreteness, we fix xo € G and show that there exists an open
neighborhood of yg not containing any other point in G. First, we start by proving that

for any € > 0, the set

U(G, x0,¢€) := {X eG Sup 1X(9) = xo0(9)| < 6} (3.9)
ge

is an open set in the compact-open topology. Fix x € U(G, xo,¢). Using continuity of x,

we have that for each g € G, there exists an open neighborhood V, € G of g such that:

x(Vy) € x(Vy) € B.a(x(9)) € Bejs(x(9)) (3.10)

where we use the notation Bs(z) for the open ball of radius § > 0 centered at z € C. By
compactness of GG, there exists g1, ..., g, with corresponding open sets V;,, ..., V,, covering
G that possess Property (3.10). Trivially, x € ()i U(Vy,, B./3(x(g:)). Furthermore, if
n e ey U(Vy,, Bejs(x(gi)), it follows from the fact that {Vy,}7_, covers G that for any
ge G

1(9) = x0(9)] < In(g) — x(g:)| + [x(g:) — x0(9)| < % <e (3.11)

for some i = 1,...,n chosen such that g € Vy,. It follows that x € (7_, U(Vy,, B./3(x(9i)) <
U(G, xo,¢) therefore U(G, xo,€) is open in compact-open topology of G for any ¢ > 0.
Now take ¢ = 1, and suppose for contradiction that U(G, xo,1) # {xo0}, then there exists
go € G such that xo(go) # 1. However, this implies that there exists an n € N such that

1 < Ix0(90)"™ — 1| = Ixo(g8) —idalg ™I = Ixo(g5) (Xa(9g) — x0(g5™)) | = 0,
which is a contradiction. Therefore U(G, x0,1) = {xo0}, which shows that G is isolated.

2. If G is a finite abelian group, then by the structure theorem G = Z,,, X Zp, X -+ X Zn,,

for ny,...,nr € N. For any homomorphism x : Z, — T we may always find some k =
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0,1,...,n — 1 such that x(m) = xz(m) = 2™ = . The map k ~— X is an isomorphism from

Ly, tO ZL. It now follows from the structure theorem that G =~ G.

3. The isomorphism is given by [ [;_, G 2 (W1, eeey Wk, o) = | [heq wi € [ [4—; Gk Where

(H wk> SlyeveySky ooy Sn) 1= wW1(S1) * ov - Wi(SE) * vov - Wi (Sn),

for all (s1,..., Sk, ..., 8n) € [ [—y Gk- It is not hard to see that the mapping is injective,
consider the equality: H?zlw,i = H?:l w,%, then if e; is the neutral element of G; and

s € G, we obtain
n n
wl%:(sk) = 1_‘[(4)]1,(61, ey Sky ee- = H 617 -8 "'7671) = Wz(sk)
i=1 i=1

for all k = 1, ...,n. This proves injectivity. To show surjectivity, let x € H 1G, then from
the fact that x : []7 i1 Gj — C is a homomorphism, it follows that

n
XZij, WjGGj, forjzl,...,n

where wg(si) = x(€1, ..., Sk, ---, €n), for each s € G. It is not hard to check that this defines
a group homomorphism, furthermore the continuity of the map and its inverse follow quickly

from considering net-convergence. Hence we have an isomorphism of topological groups.

O

Proposition 3.11. Let G be a compact abelian group with Haar measure p. Then for any

nontrivial character w € G,

L w(s)dpu(s) = 0.

Proof. Let w be a nontrivial character of G and choose h € G such that w(—x) # 1 (which
will always exist by nontriviality). Suppose for contradiction that J w(s)du(s) # 0. Then by
G

translation invariance of the Haar measure:

|| todnts) = | wts—2)dute) = (o) | wls)auto)
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This implies 1 = w(—=z), which is a contradiction. O

3.6 The Fourier Transform

We define the Fourier transform to be a map whose domain is L!(G) and denote

where f is exactly the Gelfand transform of f, so that

f(h) = f(he f f(s u(s),  VYhe Mpq

where we use the bijection in Proposition 3.6 to have the representation h = hg, for a unique
wE é, for each h € M1 (). The following is immediate from the homeomorphism My (g) = G

and from Gelfand’s Theorem 3.4.

Theorem 3.5. The Fourier transform F is a norm-decreasing *-homomorphism from L*(G) to

C’O(C:’), and can be defined via:
@ = | Fe@Edue), et
G

Furthermore, F(LY(G)) is dense in Co(G).

One can see from the mapping F : L'(G) — C’O(CA?), that indeed the Fourier transform as it
appears above is the generalized version of Riemman-Lebesgue lemma [Rud86, Theorem 9.6]
since the dual space of R? is itself by the identification R" 3 & — Z € R™ where Z(y) = e>™*¥
for all y € R™ [Foll5, See pg. 107|. Furthermore, the fact that F is a *-homomorphism that we

get for free from Gelfand’s theorem gives us the familiar convolution formula:

Frg=F-9, VfgeL'Q). (3.12)

For the rest of the document we shall interchangeably use either F f or f for the Fourier-transform
of f.
We would like to eventually be able to invert the Fourier transform, or at least make it

precise when this is possible. To do this, we need to introduce the measure algebra M (G)
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which is the set of all complez Radon measures'” on the locally compact group G. Note that
there is an extension of Riesz-Markov-Kakutani 3.3 that associates the set of complex Radon
measures on G with continuous linear functionals on Cy(G) [Rud86, Theorem 6.19], furthermore
if v € M(G) and ¢, € Cyo(G) — C is the associated Riesz-Markov-Kakutani linear functional,
then |v| = |¢,|, where ||v]| := sup Y. > |[v(Ey)| with the supremum running over all disjoint
measurable sequences {E, }~_; that covers G. ||v| is called the total variation of v (it is important
to recall from the definition of complex measures that |v| < oo by fiat, so the total variation is
well-defined). The total variation endows M (G) a norm, and in fact makes it a Banach space
with the obvious operations. We can use this extended Riesz-Markov-Kakutani to show more:

suppose v, p € M(G), then the map that sends

PR L L 6(s + r)dv(s)dp(r) (3.13)

is a linear functional that satisfies

< [lolvloll- (3.14)

L L 6(s + r)dv(s)dp(r)

Therefore we have found a continuous linear functional on Cy(G), and we call the corresponding
measure to be the convolution v * p € M(G). The estimate in (3.14) shows that || = p|| < |v|||p],
so barring a basic associativity result (using Fubini) of the convolution operation proof, M (G)
can be seen to be a Banach algebra. As a remark, observe that we can define M(G) for any
locally compact group by simply replacing the addition notation in (3.14) with the multiplicative
notation, but for our purposes, because G is an LCA group, M(G) is a commutative Banach
algebra. The main point here is that L'(G) can actually be embedded into M (G), explicitly, if

f € LYG) and p is the (modulo the scale) Haar measure on G, then

b L 6(5) £ (3)dp(s)

defines a linear functional on Cy(G), with

< [ @l £,

j 6(5) £ ()dp(s)
G

so the mapping is also a continuous linear function on Cy(G), the corresponding measure is

10See Chapter Six of [Ruds6]
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identified with f. We check a bit more to see if the identification respects the actual convolution

in L1(Q) : let f,g € L'(G) then for ¢ € Co(G):
[ s+ a@ante) - [ o [ [ #0965 = ryau >] du(s)
_ f f 6(s + 1) F(r)g(s)dpu(r)dp(s),
G JaG

which is exactly what we expect looking at the defining linear functional (3.13). An extension of
the Fourier-transform can now then be defined on M (G), called the Fourier-Stieltjes transform:

given v € M (G), we denote its Fourier-Stieltjes transform with v : G — C, and define it via

D(w) = Lw(s)du(s), Vwe G

To see that this is a true extension of the Fourier transform on L'(G), consider f € L'(G) as an

element of M (G), then for all w e G

Flw) = f S(F(s))dp(s)

- | reatans)

which is exactly F f in Theorem 3.5. As an added bonus, we also extend the convolution formula:

let v, p e M(G), then from the fact that each w € G is a homomorphism:

as expected. However, we are more interested in defining the Fourier-Stieltjes transform for the

dual group G. As a preview to duality, we make an important note here,

Lemma 3.17. If g € G, then for each g € G, the map ev(g) : G—C

ev(g) : w— w(g)
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is in G. Furthermore, ev : G — G defines a homomorphism of groups.

Proof. Consider the net convergence w; — w in G. By convergence in compact-open topology,
and the fact that singletons are compact in any topological space, we have that for all g € G:
ev(g)(w;) = wig) = ev(g)(w) = w(g)**. We have shown that each ev(g) : G — C is continuous,
and it is obvious that it is a nonzero homomorphism. That ev defines a group homomorphism

is obvious by elementary computations. O

Definition 3.10. Given G, the Fourier-Stieltjes transform of a measure v in M (C:‘) is a function

v:G — C, and is given by

2(g) = L ev(g) (w)dv(w)
_ ﬁw(g)du(w)

G

~

Remark 3.7. The Fourier-Stieltjes transform on M (G) above is well-defind because the integrand
in the definition is continuous owing to Lemma 3.10. Furthermore, the map g — 7(g) is con-

tinuous since net-convergence g; — ¢ in G implies w(g;) — w(g) in T < C, which then implies

| ta) - w(@lave) 0.
G

Proposition 3.12 (|[Foll5, Proposition 4.15]). The Fourier-Stieltjes transform is a norm-decreasing

~

linear injective map from M(G) to Cy(G)

Proof. Linearity is trivial (follows from linear structure of M (@)) We have the following estimate

~

for each v e M(G):

[P]loo := sup

[t

geG |JG
< supluto)] | [ du(w)\
geG G
<.

This simultaneously shows that U € Cp(G), and that the Fourier-Stieltjes is norm-decreasing.

Lastly, we want to show injectivity: suppose = 0 and f € L'(G), if i is the Haar measure in

11n retrospect, we can actually use this argument to show that convergence in compact-open topology implies
pointwise convergence
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G, then

=Lf P(g)du(g)
:ka (@)du(g)
[ oo
=Lﬂm v(w)

- | Fwavte

Now by the fact that F(L(G)) is dense in C’O(CAJ), then the equation above extends to

| e, voe @)

finally by Riesz-Markov-Kakutani, v = 0. O

Along with the measure space M (CA}), we need another recipe for the proof of Fourier inversion,

we introduce the positive-type functions.

Definition 3.11. A function ¢ € L®(G) is of positive-type if for all f e L'(G)
| e n@stsauts = o (3.15)
Furthermore, we denote by P(G) the space of all continuous positive-type functions, i.e.
P(G) :={¢ € C(G) : ¢ is of positive-type} .

Remark 3.8. Writing the condition (3.15) explicitly, ¢ is positive-type if and only if for all
fe LYG):

Jor s o= | || 70

| J;.f £ (s + 1) (s)du(r)dp(s)
J

f o(s —r)du(r)du(s) = 0.
G
Lemma 3.18. If g € L*(G), then g* g € P(G).

s = o) | o)t

Q

Q
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Proof. We can use Holder’s inequality and translation invariance of the Haar measure to show

the following for g € L?(G), and s € G :

9% g(s)] < [ Rsgl1 < [g]2 - | Rsgl2 = |gl5 < oo
Therefore g* * g € L®(G). Also, for a fixed g € L?(G), the map from G to L?(G) given by
s — Rsg
is continuous. Next, the inner product is jointly continuous on L?(G) x L?(G), therefore the map

s— (Rsg,9)

is continuous from G to C. Let us compute the image of the last mapping,

(Rug,g) = f (r + 8)5(r)du(r)
- f a(=r)a(s — r)du(r)
G

=g *g(s).

We have already shown continuity of g* * ¢ then, all we need to prove is that it satisfies the

condition given in (3.15). Let f € L'(G) then we compute'?

f j FF(5)(g" * 9)(s — r)du(r)du(s)
”f $) (Ro_r9, 6) dpu(r)du(s)

- <JGf(5)ngd,u(s), Lf(r)Rrgdu(S)>

= [Rs(f)gl2 = 0,

2That we can do such an interchange between the integral and the inner product will be justified later. What

we have below is what is really called a vector-valued integral: Notice that J f(s)Rsdu(s) can be interpreted as
el

a bounded linear operator on L?(G) that sends g to f f(s)Rrgdu(s). In fact the said operator is nothing but
G
the ‘integrated form’ of the unitary representation R : G — U(L?*(G)) sending r to R..
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where R,(f)g € L?(G) with value

wff Rag(z)dp(s jf gl + 5)du(s).

To see that it is a bonafide L?(G) function, we just need to use Young’s convolution inequality. [

Lemma 3.19 ([Foll5, Proposition 3.33]). L.(G) := spanc(C.(G) nP(G)) includes functions of
the form f = g with f,g € C.(G). L(G) is dense in C.(G), so as a corollary, it is also dense in
LP(G) for each 1 < p < 0.

Proof. Notice that the convolution (f,g) — f*g¢* is a sesquilinear form, hence we can apply the

usual polarization identity on it. In particular, if f, g € C.(G) we find that

= i[(f + ) +9°) = (=9 —g")" +i(f +ig")(f +ig")" —i(f —ig")(f —ig")*].

Since f = g can be rewritten as a complex linear span of functions of the form h % h* with
h e C.(G) € L*(G), then it follows from Lemma 3.18 that f * g € L.(G). It follows from the fact
that we can find approximate identities in C.(G) for C.(G)(< L'(G)) via Proposition 3.9 that
L.(G) is dense in C.(G). We are done. O

We give below, from [Foll5, Theorem 4.19], a correspondence between positive-type operators
and complex Radon measures in M (C:’) This will be a useful tool in elucidating the proof of

Fourier-inversion theorem.

Theorem 3.6 (Bochner). Let G be a locally compact Abealian group. A function ¢ on G is of

positive type in P(G) if and only if there is a unique nonnegative measure v € M(@) such that

We now define the space B(G) := {¢p € C4(G) : ¢ = D, v € M(G)}. Take v € M(G) (not
necessarily positive measure), and by splitting v into its real and imaginary parts, and then using
Hahn-Jordan decomposition [Rud86, 6.6], we find positive Radon measures vy, vo, v3,v4 € M (é)

such that

v= (1 —w)+i(vs — ).
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Remark 3.9. Since each positive measure correspond to a positive-type function by Theorem 3.6,

we have

B(G) = spang P(G). (3.16)

~

So any v € M (G) corresponds trivially to B(G) via the Fourier-Stieltjes transform v =: ¢,,. This
correspondence is invertible via Theorem 3.6 and Equation (3.6); if ¢ € B(G), then there is a

unique corresponding vy € M(G) with the defining property that v, = ¢ € B(G). We will use

these notations from now on.

~

B(G) 3 ¢ «—— vy € M(G)

M(G)sv o € B(G).

We shall put our notations above in practice immediately.

Lemma 3.20. If f,g € B(G) n L'(G), then for all p € Co(G)

jA () F(w)dy(w) = L ()7 (w)dip ().

G

As a corollary, the complex measures fdyg and gdvy coincide.

Proof. Let h e L*(Q), so that

_ L h(s)f(=s)dp(s) = (h = £)(0).

Now then, we do the replacement h v~ h * g in the computation to obtain:

| H)ns ) = (@r 9) < 00

G
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In the same computation, we we do the replacements h v~ h % f and f v g and obtain

| e @iny (@) = (< 1) = 9)(0)

G

By commutativity and associativity of convolution in L'(G), we have that

f hw)f(w)dvs(w) = L (@) @) dvy () (3.17)

G

From the above equation, if ¢ € Co(G), then by density of F(L*(G)) in Cy(G), we can always
find a sequence {h,}, < L'(G) such that h/\n — ¢ uniformly, therefore along with Equation
(3.17), we find that'?

~

ﬁ pw)g(w)drs(w) = ﬁ p(w)f (w)dvy(w).
G G

¢ is arbitrary, so by Riesz-Markov-Kakutani for complex measures, we conclude that gdv; =

fd Vg. O

We cite a technical result from [Foll5, Lemma 4.20|, which shows that it is always possible to

construct ‘nicely localized’ positive functions.

Lemma 3.21. If K < G is compact, then there exists a compactly supported function f € P(G)
such thathZO oné, andf>0 on K.

Here, we can now give a Fourier inversion formula for functions in f € B(G) n LY(G).

Theorem 3.7 ([Fol15, Theorem 4.22]). If f € B(G) n LY(G), then fe LY(G). Furthermore, if
the Haar measure [i in G is suitably scaled with respect to the Haar measure p in G, then we

have the following formula:

5) = | Flopts)dnte). (3.18)

Proof. We are going to exploit Riesz-Markov-Kakutani 3.3 again and construct a linear functional

~ ~

on C.(G) that would make Equation (3.18) true. Let ¢ € C.(G), then K := supp() is compact,

hence by Lemma 3.21 there exists a function g € P(G) such that § > 0 on G and § > 0 on K.

13Recall the uniform convergence theorem for integrals.

84



Define

I(y) =

We would first like to show that this linear-functional does not depend on which g we choose,
suppose h € P(G) is another such function having the same properties as g, then both g,h €
P(G) n LY(G) and thus by Lemma 3.20:

w(w)ywz Yw) h(w)dvy(w

& ) 1) L S
= 711)(('0) g(w)dvy(w
—J%ﬂwﬁ@0m>dh<> (3.19)
[ ),
f@ B(w)d n(e)

So indeed I does not depend on which g that satisfies Lemma 3.21 is used to define it. What
we have defined here is a nontrivial positive functional, and so our next step is to show that our
functional is translation invariant, i.e. I(Lyy) = I(¢) for all n e G and ¢ € Co(G). Given n € G,

let us first compute the Fourier-Stieltjes transform of the n-translated measure L,v, € M (é)

Tovg(s) = f<$@%waMM@%w>

G

f $)dvg(w) = T(s)7(5)
— 7(s)a(s) = (Mg)(s).

It follows from Bochner’s correspondence that L/n;g = Ugg, and by injectivity of the Fourier-
Stieltjes transform, we have that L,v, = vz,. We shall also use the fact that the usual Fourier
transform satisfies §(nw) = 7g(w). Now we compute I with g re-picked so that § > 0 on the
compact set K := supp(t)) U supp(L,1) instead.

Wﬁ“’)d () = ég(f;:))d@ny
P(w)

I(Ln¢) =

d(vgg)(w) = I(¥).

d(vng

& g(nw ) é mg(w)

Therefore we have constructed a translation invariant nontrivial positive linear functional, hence
I corresponds to a Haar measure on G. Now, define i to be the Haar measure properly scaled

that corresponds to I, then we can take any f € B(G) n L*(G), so that for any 1 € CC(CAT‘), we
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can proceed as in the computation in Equation (3.19)

| perfedit) - 16:7) - f ‘Z’((‘*’))A
@Z"" w)dv(w f Y (w)dvy(w

Vg(w)
(3.20)

Taking ) = 1 in Cc(@), we find that f € LI(C:’). Finally, if we take 1) : G — C to be the one

induced by the evaluation map ¢ = ev(s) for s € G we obtain from Equation (3.20) that

75) = 759) = | wle)dvy (@) = | (o) Fw)ai)

as required. O

Henceforth we shall always choose the Haar measure fi on the dual group G to be the one that
makes Theorem 3.18 true, in this case fi is referred to as the dual measure on G.

We would like to further refine the Fourier inversion given by Theorem 3.18 so that we could
hide all of the scaffolding that we’ve put up using the space B(G) and Bochner’s theorem. Here

is one corollary around this idea (c.f. [Foll5, Theorem 4.26])

Theorem 3.8 (Plancherel). The Fourier transform extends to a unitary map F : L*(G) —
L2(@).

Proof. The idea is to consider the Fourier transform on the dense subspace L'(G) n L?(G) (this
is truly dense because it contains C.(G) in particular). Indeed let f € L'(G) n L?(G), then by
Lemma 3.18, f % f* € LYG) n P(G) < LYG) n B(G), therefore by the inversion formula of
Theorem 3.18 applied to f = f*:

| 1R = (£ 7900) = [ O F))dnw) = | |Fw)Pdae

We see that F is an isometry on L'(G) n L?(G) with respect to the L?norm. Therefore the
completion of the Fourier transform gives us an isometry F : L2(G) — L%(G). We only need to
show that the operator F as we have extended is actually surjective. Let g € LQ(CA?) such that
ge (F(LYG) n LQ(G))l then for any f € L'(G) n L*(G), note that L, f € LY(G) n L*(G) still,
and so for all y € G

0= (0. 1yF) = [ o) = [ wg Tt = o i)
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where the last ‘hat’ is the Fourier-Stieltjes transform, owing to the fact that by Cauchy-Schwarz
g.f € Lz(@) — g-fe LY(G) = g¢g- ?dﬁ, € M(C:‘) It now follows from injectivity of
the Fourier-Stieltjes transform 3.12 that 0 = g - ?d,il, which implies that g - ? = (0 a.e. for all
f € LY(G)nL?(G), but by constructing proper f’s on a cover of G consisting entirely of compacts

subsets via Lemma 3.21, we have in fact ¢ = 0 a.e. on G. What we have shown is that

{0} = (F(L'(G) n IX(@))" «—

I3(G) = (F(L'(G) n L3(G)
= F(LY(G) n L2(G))
= F(IX(G) n I2(G)) = F(IX(@)),
as required. .

Corollary 3.7 ([Foll5, Lemma 4.30]). If ¢1,¢2 € C'C(CAJ), then ¢1 % ¢ = § for some g € L (G) n
B(G). As a corollary, F(LY(G) n B(G)) is dense in LP(G) for each 1 < p < o0,

Proof. Using the Fourier-Stieltjes transform, let us define the following g1, g2, g € B(G) via

g1 := ¢1dfi
g2 = ¢odpi

~ (61 % 02)dp

To show that g; € L?(G) for each i = 1,2, let h € L'(G) n L?(G)\{0}, then

] [ atoits)a

h(s)dfi(w)dp(s)

U Pilw)hw )‘ (3.21)
< [ ¢]2]17]2
= |¢[2[hl2 < oo.

Since L'(G) n L?(G) is dense in L?*(G), we have that |gi|2 = SUPher2(a)\fo} | (9i, )| < o0, so
gi € L*(Q) for each i = 1,2. Now we have

9(s) = (B = o) dls) = jéms)(m  62)(W)d(w)
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It then follows from Cauchy-Schwarz that g € L'(G). Furthermore, g € L'(G) n B(G), and so

by Fourier-inversion g(s) = JAw(s)ﬁ(w)dﬁ(w), comparing this with the first line of Equation
G

(3.21), along with injectivity of the Fourier-Stieltjes transform, we find that g = ¢1 = ¢2 a.e., as

required. O

We now have most of the required tools needed to prove one of the main results of abstract
harmonic analysis called the Pontryagin duality theorem, which states that any LCA group G is
isomorphic to its own double Pontryagin dual group, i.e G =~ é Before we prove this, we need
one result coming mainly from the representation theory of locally compact groups, however we
will not focus on this, and we shall only state it in the form that is immediately useful for us.
We have slightly touched the theory of unitary representations of G before, we will now give a

detailed definition.

Definition 3.12. Let G be a locally compact (not-necessarily abelian) group and H a Hilbert
space. A pair (H,U) where U is a map U : G — UL(H), is said to be a representation'* of G
on H if for all s,t € G:

1. USUt = Ust;
2. Uy =UF = U
3. U:G— UL(H) is strongly continuous.

Note that we use the notation Us := U(s). For a subspace V' € H, we say that V is an invariant
subspace of H with respect to U if U,V < V for all s € G. We say that U is an irreducible
representation of G if for the only closed invariant subspace with respect to (H,U) are {0} or

H.

MFor groups, they will always be unitary representations.
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Below, we have two important results pertaining to the representation theory of LCA groups:
we have Schur’s lemma and Gelfand-Raikov Theorem. Both can be found in most texts dealing

with abstract harmonic analysis [Foll5, Rud17].

Lemma 3.22 (Schur). Let G be an LCA group, then (H,U) is an irreducible representation of
G if and only if U = pldy for some p € C.

So in the LCA case, as a corollary, for each irreducible representation U, we have the fol-
lowing identification: U(G) < C. Since the unitary group of C is T, we can see an irreducible
representation U as a homomorphism U : G — T. In summary, irreducible representations of G

are identifiable with its characters.

Theorem 3.9 (Gelfand-Raikov). If G is any LCA group, then its character group G separate
points. Explicitly, if s # r € G, then there exists w € G such that w(s) # w(r). This careful study

of the representation theory of G implies the Pontryagin duality.

If one is familiar with the representation theory of C*-algebras, then we can perhaps traipse
around it to obtain this result. We use the known result that the collection of irreducible -
representations of any arbitrary C*-algebra seperate points. Indeed, we apply the fact that
the representation theory of of a Banach =-algebra, and its C*-enveloping algebra (see Example
A.1 for definition) are ‘similar’ [FD88, Proposition 10.5]. In particular, there is a one-to-one
correspondence between irreducible #-representations of the Banach #-algebra L!(G) and the
x-representations of its C*-envelope. Since irreducible =-representations of C*-algebras separate
points, then we deduce that the irreducible *-representations of L!(G) must also separate points.
Lastly, there also is a one-to-one correspondence between the irreducible #-representations of
L'(G) and the irreducible (unitary) representations of G (this result is subsumed by a more
general result, c.f. Theorem 5.1). However, the irreducible representations of G are exactly its

characters, as a consequence of Lemma 3.22. Hence we obtain Gelfand-Raikov.

Lemma 3.23. Consider the evaluation map ev : G — G. Let {si}ier be a netin G. The following

are equivalent:
1. s, > sinG;
2. f(si) — f(s) for all f € LN(G) ~ B(G);
5. | ws0F@)dit) — |_wl)f@)dtw) for all £ £ L1G) 0 BG):
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4. ev(s;) — ev(s) in é

Proof. (1 <= 2). 1 = 2is trivial since each function in L*(G) nB(G) is continuous. We shall
prove the converse by contraposition. Suppose that s; s, then there exists a neighborhood U of
s and a subnet {59 }jes if {s;}ier such that 3;- ¢ U for all j € J. We can construct, by Proposition
3.19, a function f € L'(G) n B(G) such that supp f € U and f(s) # 0. Then f(s5) + f(s),
because otherwise we have 0 = f(s}) — f(s) # 0. We have found a subnet of {f(s;)}ics that
does not converge to f(s), so by Proposition (B.3), f(s;) + f(s) as required.

(2 «< 3). This is trivial in light of the Fourier-inversion theorem 3.18.

(3 <= 4). We use the net-convergence criteria in (3.7). We see that ev(s;) — ev(s) in é if and

only if hey(s;) = Pev(s) in MLI(G) in the relative weak #-topology, that is, for all f € L (C:’)

~

| v @) = | evis)w) flw)ine) —

G

| wtsdF@in) — [ w@Fwiae).
G G

the equality of 3 and 4 now follows from the fact that F(LY(G) n B(G)) is dense in L*(G) via
Corollary 3.7. O

Theorem 3.10 (Pontryagin Duality). The evaluation map ev : G — G via ev(g) : w— w(g) s
a topological homeomorphism and group isomorphism at the same time. That is, G = G as LCA

groups.

Proof. Let s,r € G such that ev(s) = ev(r), then for all w € G we have w(s) = w(r), but by
Gelfand-Raikov 3.9, this means s = r. We have shown that ev is injective. It now follows from
Lemma 3.23 that ev is a homeomorphism to its image. We now only need to show that ev(G) = é
We know that G = ev(G) topologically, and so ev(G) is a locally compact group. It follows from
Corollary 3.2 that ev(G) is a closed subgroup of é Suppose for contradiction that there exists
S e é\ ev(G). Because é\ ev(G) must be open, we can construct'® V, a neighborhood of the
neutral element € of é such that V = V=t and 3V.V < é\ ev(G), which implies sV -V nev(G) =
. Construct ¢1, ¢9 € Cc(é) such that supp ¢ € 5V and supp ¢o S V, so that ¢ * ¢9 £ 0 since
supp(¢1 * ¢2) S supp ¢1 - supp ¢2 S SV - V. Hence supp(¢p1 = ¢2) nev(G) € 5V -V nev(G) = &.

By Corollary 3.7 applied on the double dual G, there must be some g € Ll(@) N B(@) such that

5These are so-called ‘symmetric’ neighborhoods of the neutral element, they can easily be constructed using
the continuity of the the multiplication and inversion maps.
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@1 * ¢ = g. Now, if s € G we find that

0= 3(ev(s) = | ev(s) @A) = | w(s)h(w)dil) = df(s).

G G

By the injectivity of the Fourier-Stieltjes transform, it follows that h = 0 a.e. on CA?, which
contradicts the choice of ¢ * o = h # 0, therefore ev must be surjective. It follows that it is a

topological and group-theoretic (c.f. Lemma 3.17) isomorphism. O
We can strightforwardly apply the Pontryagin duality to the results of Proposition 3.10.
Corollary 3.8. If G and {G;}!'_, are all LCA groups, then

1. IfC:Y 18 discrete, then G is compact. IfC:Y 18 compact, then G is discrete.

2. IfC:Y 18 finite, then G =~ G.

3. [Ti1 Gi = T[iZ G-

Remark 3.10. This is an important result, and from hereon out, by the power vested to us by the
Pontryagin duality, we shall make the following identifications with (almost) reckless abandon:
ifh:G— C, then we shall always identify it as a function h : G — C, which we may explicitly

see using the following identification:
h > hoev. (3.22)

This identification synergizes well with the pushforward measure (see [Taoll] for definition) for
G induced by the Haar measure i of G and the evaluation map ev: G — C:’, denoted by ev, (1)

~
~

where if E € Bor(G), we define

~ ~

evi(W)(E) = plev(E)).

As we are just identifying the Borel measures of G with those of G, this is also a Haar measure
on G. More importantly, the pushforward measure gives us a change-of-variables formula. If

h:G—Cis measurable, then

Jﬁh(gﬁd(ev*(u))(g) = J (hoev)(s)dpu(s), (3.23)
G G

91



which is consistent with (3.22), and so we take all integrals against all such functions h to be the

right-hand side of (3.23).

We will in fact use the pushforward measure whenever we come in contact between two
isomorphic LCA groups. In general if G; = G2 implemented by ® : G; — G2, and if ug, is a
Haar-measure on (31, then whenever we say that we ‘identify’ G with G4, we shall always have
G2 come automatically with the pushforward measure for Ga: pg, = ®«(ng,). Of course this

goes both ways, since ® is an isomorphism: ug, = @ (ug,)-

We now obtain as an easy collary, a stronger version of the inversion theorem (c.f. [Foll5,
Theorem 4.33]) from (3.18), one that does not make explicit mention of the space B(G) in its

statement (though one can’t seem to avoid it in the proof).

Theorem 3.11 (Fourier Inversion Theorem). Let f € L'(G) such that f € L'(G), then fe LY(@)
can be identified a.e. with the reflection f™ € LY(G) defined via f"(s) = f(—s) for all s € G.

Furthermore, for a suitably rescaled Haar measure [i on é, we have the following formula:

f(s) = féw(s) fw)diilw),  a.e seG. (3.24)

Proof. If f is chosen as in the hypothesis, then f € Ll(@) but also

flw) = | ws)s)dut) - |

G

w(8) f(—8)dp(s) = f w(s) £ (3)du(s).

G

We obtain via Fourier-Stieltjes transform
f(w) = frdp(w).

Therefore f € B(CA}) N Ll(@). We can then apply the first Fourier inversion result form 3.18, and
use the identifications from (3.22) and (3.23) to obtain

~
~

Flw) = Lw(S)f(S)du(S)-

We then obtain

~
~

0= Lw(s) [ Fr(s) — (5)} du(s), Vwed. (3.25)



Take the neutral character w = 1, and we find that f = f"a.e. on G. Writing out the equivalence,

f(s) = f7(~5) = f(=s) = ﬁw(—s)f(w)dﬁ(w) - fAcu(s)f(w)dﬁ(w)

G G

as required. O

3.7 The Annihilator Subgroup

In the upcoming Chapter 4, we shall see that the annihilator subgroup of a lattice in the time-
frequency plane is identifiable with the so-called adjoint lattice. The adjoint lattice plays an
important role in time-frequency analysis, indeed it will be a crucial recipe in the proof of one
of our major results: Theorem 7.5. We note that some of the results in this section, especially

those pertaining the Weil’s formula, were based on the classic text [RS00].

Definition 3.13. Let H be a closed subgroup of GG, then the annihilator subgroup denoted
by HL < G is defined via H+ := {we G:w(s) =1, forall s€ H}.

Proposition 3.13. If H is a closed subgroup of G, then H'+ = H.
Proof. We can use the Pontryagin duality to see that

HY = {se G :ev(s)(w) =1, forallwe H'}

= {seG:w(s) =1, forallwe H'}.

From this we can see that H < H+. We still need to prove the reverse inclusion, and we shall do
so by contraposition. Let gy : G — G/H be the canonical quotient map, let e g be the neutral
element in G/H, and let s ¢ H, so that qu(s) # eq/y. Because H is closed, G/H is an LCA
group (c.f. Corollary 3.4) we know by Gelfand-Raikov 3.9 that there exists a character £ € (?/?I
such that {(qu(s)) # &(eq/u) = 1, since { o qp € H*', then we have shown that s ¢ HL. O

Proposition 3.14. The annihilator subgroup H* is a closed subgroup of G. Furthermore, we

have the following isomorphisms:
1. CT/T{ ~ H+;
2. G/H+ ~ H.
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Proof. As we have pointed out in the proof of Lemma 3.10, convergence in compact-open topology
on G implies pointwise convergence. Therefore if {w;}; is a net in H L such that w; — w in C:‘,

then for all he H
1 =w;(h) - w(h),

implies w(h) = 1, therefore w € H* as well. This shows H' is closed. Let qy : G — G/H the

canonical quotient map. We introduce two maps:

o, : G/H — H*

®,: G/H+ — H.

Defined by ®1(§) = £ o gy for each £ € G//?{, while ®o(wHL) = wyg for each w € G. Tt is
not hard to see that ®; is well-defined, a group homomorphism, and its image does land in
the intended space. For ®9 however, we may need to think a little bit to verify that it is
indeed well-defined. Suppose flw € H*, then for all h € H, (w)(h) = 1 <= w(h) = n(h)
so indeed ®o(wH™L) = ®o(nH?'), hence ®y is well-defined. It is also quite easy to see from
the definition that it is a group homomorphism. Now, the strategy of course, is to show that
®; and P9 are isomorphisms between topological groups. We start with ®;. It is a group
isomorphism, whose inverse is easily calculated to be ®~!(w) = & € Cj/-ﬁ for each w € H', via
W(s+ H) = (Woqy)(s) = w(s). We only need to show that it is a homeomorphism. Consider
the net-convergence & — & in GT/?I . If s; > s is another net in G, then by continuity of gy,
qr(si) — qu(s) in G/H. Since & — & in compact-open topology, then it follows from Proposition
3.5 that &(q(s;)) — &(q(s)) in T, but this is equivalent to ®1(&1)(s;) — P1(€)(s), since {&;}; and
¢ are arbitrary, then another application of Proposition 3.5 implies that ®(&;) — ®(£) converges
in the relative compact-open topology in H+. Conversely, suppose that w; — w in H+ with the
relative compact-open topology. Fix s; + H — s + H in G/H. Consider the net {@;(s; + H)};,
where we pass to a subnet and relabel and call it {@;(s; + H)}; still. It follows from Lemma 3.10
that there is a subnet {s}}; of {s;}; and another net {h;}; such that s + h; — s. We see that
w;j(s5+hj) = w;(s;) — w(s), but this is equivalent to &; (s’ +H) — &(s+H). Therefore it follows
from Proposition B.9 that &;(s; + H) — &(s + H), which also implies that ®;*(w;) — ®(w)

in 5/?[ . Therefore ® is an isomorphism of LCA groups.

We can use CT/]\'{ ~ H' to prove the second isomorphism. We have (C:*/Hi)A ~ gt =H
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from Proposition 3.13, then by Pontryagin duality
G/H* = (G/HM)")" ~ H,

if we follow the maps implementing this isomorphism, then we should find that it must be ®5. [

We have a subtle corollary coming from the fact that &, : é/H L, H is invertible.

Corollary 3.9. Every character in H is a restriction of character from é, and conversely, every
character in H extends to a character in G. Therefore, for a fired Haar measure pg in H, if

feLYG), then f/||:1 € C’o(ﬁ) and we can always write
Fia(w) = [ @)1 t)duan(h) (3.20)
bzg

forwe G.

So far we have not talked much about the fact that for a closed subgroup H, both H and
G/H are also LCA groups, and therefore have their own Haar measures. Given a Haar measure
w in G, we have a ‘canonical’ rescaling for the Haar measure /i of the Pontryagin group CA}, ie.
one that allows us to do a clean Fourier inversion as in either Theorems 3.18 or 3.11. It turns
out we can also properly scale the Haar measures for H and G/H so that we can have what is
called ‘Weil’s formula’, and subsequently, the ‘Poisson summation formula’.

We fix H to be a closed subgroup of G, pp to be a Haar measure on H, and use g : G — G/H

for the canonical quotient map.

Proposition 3.15. We denote the H-periodization map by Pr and is defined via

(Purf)(s + H) = fH fs 4 Bdun(h),  Vf e CulG).

The H -periodization is well-defined and Py : Co.(G) — C.(G/H). Furthermore, if ¢ € C.(G/H),
then

Pa((poqu)-f)=¢-Puf,  VfeClG).
Proof. Note that if f € C.(G), then (Rsf) i € Cc(H), therefore

f (Re sz () () = f f(s + h)dps(h) = (Puf)(s + H)
H H
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is a well-defined integral. To see that Py f : G/H — C is a well-defined function, let s; — sy € H,
then by translation invariance of pgr, we have
(Puf)(s2-+ H) = | fs2+ B)dun(h)
H
= f f(s2+ (s1 —s2) + h)dug(h)
H
= [ (o W) = (Pug)(ss + H).
H
We only need to show that Py f € C.(G/H). We can use the continuity of the translation maps
as in Corollary 3.5, the continuity of the restriction map (i.e. |fz /o < [f]w), and the continuity
of the integral to show that Py f : G/H — C is continuous. Since supp(Pg f) S qg(supp f), and

qy is a continuous function, then Ppy f is compactly supported. We prove the last assertion, take

¢ € C.(G/H), then

Pu((¢oqu) - f)(s + H) = f (b0 qu)(s+ ) F(s+ W)dus(h)

H

— $lan(s))- fH £(s + ) (h)

=¢(s+H) (Puf)(s+H)

as required. O

We can now use the well-behaved-ness of the periodization operator to pick a ‘canonical’ Haar

measure on G/H.

Proposition 3.16 (Weil’s Formula). For a fired Haar masure p for G and pg for H, there is
a uniquely scaled Haar measure /g on G/H that satisfies the following, for all f € Cc(G):

j f(s)du<s>=j <PHf><s+H>duH<s+H>=j f £(s + h)dpg (W) dpy i (3),
G G/H G/H JH

where we use the abbreviation $ = qu(s) = s+ H.

Proof. Let ,u'G/H be any Haar measure on G/H, and f € C.(G), then the map

f— (P f)(s + H)dug, (s + H) (3.27)
G/H

is a positive linear functional on C.(G). Therefore by Riesz-Markov-Kakutani, there must exist
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a unique A > 0 such that
| 7dn) =X [ (Pubs+ Hdul s+ 1),
G G/H

By choosing pg/p = % //G i We obtain our desired formula. O

If for fixed Haar measures p and py on G and H respectively, we choose the Haar measure ug, g
on G/H such that Weil’s formula is true, then we say that these three measures are canonically
related.

One can actually extend everything to L!, the following is due to [RS00, Theorem 3.4.6]

Corollary 3.10. Let p,pup, and pg/g be canonically related, then the periodization operator
Py : C.(G) — C.(G/H) extends to a surjective, linear, and bounded operator Py : L'(G) —
LY(G/H) satisfying the estimate | Py f|1 < |f|1 for each f e LY(G).

Corollary 3.11 (Poisson Summation Formula). Suppose p, pg, and HG/a are canonically re-

lated. If f € LN(G), then for all € € G/H

~

Puf(€) = f(€oan). (3.28)

Therefore ]5150 € Ll(C?/?I) if and only if the map & — f(gqu) s 1n Ll(@?{). In this case, we
find that if ZZG/FI is the dual measure for C?/?{, then for all s € G

Pyf(s + H) = fH fs + h)dug(h) = Lﬁ E(s+ H)f(€ o amdiig (©). (3:29)

The formula above allows us to identify ﬁ;f with ﬁHl given that we have the isomorphism
Dy : CT/?I — H* from Proposition 3.1/. We choose the Haar measure on jigyL to be identified
with that of ﬁcf/?[ Using these identifications, we can rewrite Equation (3.28) into F]—[\f = .];.\‘HL,

and if ﬁHL e L'(H"Y), we can rewrite (3.29) into

~

J F(s+ h)dpu () = f () Fwh)dig Wb, ae seG. (3.30)
H HL
By taking s € H in (3.30), we obtain what is called Poisson Summation Formula:

jfmmme—j Flw) g W), (3.31)
H HL
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Proof. We only need to prove Equation (3.28) and (3.29) since the rest follows from isomorphism
®; of Proposition 3.14. Let f € L'(G), then we know from Corollary 3.10 that Py € L'(G/H),

we can compute its Fourier transform and find that for £ € G/H

Prf(e) = fG/Has TH)(Puf)(s + Hdpe(-5)

[ | Eats + 1565 + W)
G/H JH
- | E ) fs)duts) = Fico an).
Next, if £ — @ is in Ll(Cj/?{) so that equivalently ]TH? € LI(CT/ET) as well, then we can use
the Fourier Inversion Theorem 3.11 so that

~

(Puf) o+ H) = | o+ I Pl ) = | elo+ i€ iy ©)

which proves Equation (3.29). O

Lemma 3.24. Suppose u,pup, and pg g are canonically related. If ﬁG/ﬁ{ 1s the dual measure

for CT/?I, then for all f € L(G) such that Pyfe Ll(CT/?I), then for allw e G

Fin) = [ uF(€ o an)digr ©).

G/H

Using the isomorphism ® : GT/?{ — H*t gives us

~

Fialw) = | Pt -@)du () = P f@) (3.32)

Proof. The result follows from the following computation:

—

() = wam)f(h)duH(h)
_ f (M ) (B)dprs (1)
H

~

= | et amdny @)

furthermore Py f if and only if PHL]?E Ll(@/Hl). O
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It is natural to ask if there is such a canonical choice (as in Weil’s formula) of Haar measures

on the ‘dual’ side which synergizes with the isomorphism result of Proposition 3.14.

Proposition 3.17. If we start with canonically related measures p, pp and pg/p on G, H and
G/H respectively, and we choose the associated dual measures [i, i z and ﬁ@ on é, H =~ G/HL,
and Cj/_T{ ~ H' respectively. Then identifying the measures figL v~ ﬁGT/T_I, and ﬁé/Hl ol
gives us a triple fi, iy, and ﬁ@/Hl that are all canonically related as Haar measures for CAJ, Ht,

and G/H*.
Proof. If f € Ll(é) N B(G), then fe Ll(CA}) by Theorem 3.18, and is enough to show that Weil’s
formula

J fw)di(w) = J A Flw-wh)diig: (@) dfig, g (@), where & = wH™".
G G/HL JHL

holds for f since we have Corollary 3.7. We use the fact that ji; is a dual measure for H , and
that we have an isomorphism @, : G‘/ HY > # , so that using the inverse Fourier-transform on

fiu € L'(H) we have, for the neutral element eg € H € G

fir(eg) = Jﬁ E{(w)dﬁg(w) = Jﬁfﬂ(w)dﬂﬁ(w) = J@/HL | fir (®2(@H?'))] diig 1 (wH?).

We pause here and check: we started with f € L!(G), and therefore Py.fe LY(G/HYL), which
by Lemma 3.24, equivalently means F]:f € Ll((T/TJ ). Lastly we have also chosen /75/?1 to be
the dual measure on G/H, and so we can apply Equation (3.32) of Lemma 3.24 hence by noting
that ;' (@HL) =w e H for all w e G:

ftea) = [ [P D@l dig s o1")
- f@/m | Fl- ot n g @),
However, using Fourier inversion on f € L'(G), we find that
| Fwia) = f(ee) = fintea) = | Pl )l gy ()
G G/HL JHt

as required. O
We have now finished our lengthy exposition on basic abstract harmonic analysis, we shall
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freely make references from this chapter throughout the rest of the document.

3.8 Some notes on Vector-Valued Integrals

While it can be argued that measure and integration theory on vector-valued functions are not
exactly within the realm of abstract harmonic analysis, I choose to include a short section on it
as I believe it is still thematically relevant. After all, in the sequel, all that we will be interested
in will be integrating vector-valued functions over locally compact groups. In which case, we will
only consider the generated measure space of a (second countable) locally compact group G, i.e.
(G,Bor(G), ug) where Bor(G) is the Borel o-algebra generated by G, and ug is a Haar measure
on G. For the rest of this section, we shall fix (G,Bor(G), ug), but note that the definition and
properties of both the integrals-to-be-defined below apply to any measure space. We shall fix B
to be a Banach space. Our main reference in this section is [DU77].

There are two notions of integration for vector-valued functions, one is the Bochner integral,
while the other is called the Pettis integral. In the literature, sometimes it is not exactly clear
which of these two notions of integration is in use. Our goal, primarily, is to establish a definition
for all the vector-valued integrals that will appear in this work. Secondarily, we would like to
clear up when these two notions of integration coincide, which would further allow us to scrutinize
particular results in the literature where this equivalence is not exactly mentioned.

We shall start with the so-called Pettis integral, also known as the weak integral for vector-

valued functions. To this end, we shall first define a suitable notion of weak pg-measurability.

Definition 3.14. A function f : G — B is said to be weakly ug-measure if for all ¢ € B,
@wo f:G — Cis ug-measurable i.e. (po f)~1(O) € Bor(G) for all open set O € G.

Equipped with a notion of weak-measurability, we can now define weak-integrability in an ex-

pected way.

Definition 3.15. A weakly pg-measurable function f : G — B is said to be weakly ug-
integrable if for all ¢ € B*, g o f € L}(G).

We might expect that this would be enough to obtain Pettis integral of a vector-valued
function. However, we only obtain an integral of an f living in the double dual B**, as described

by the following Lemma.
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Lemma 3.25 (|[DU77, Lemma 2.3.1]). If f : G — B is a weakly pg-integrable function,

then for each E € Bor(G), there exists a (unique) element in B**, which we shall denote by

D) JE f(8)duc(s) € B** such that:
((D) | f(S)duG(S)> )= [ o nGanets. o (3.33)

The integral (D)J f(s)dug(s) is called the Dunford Integral of f over E.
E

The Dunford integral only affords us an integral in B**, while we would expect our weak
integral to be in B. This can be easily remedied in light of the canonical isometric embedding
B — B**. It is given by b — b** where b**(¢) = ¢(b) for all ¢ € B* and b € B. We therefore

make the following definition.

Definition 3.16. A weakly pg-integrable function f : G — B is said to be Pettis Integrable
if for all E € Bor(G), f f(s)dpa(s) € B. In which case, we also write:

ff )dpc(s Jf )duc(s (3.34)

and call (P)f f(s)dug(s) to be the Pettis Integral of f over E.
E

This notion of integration over vector vector spaces was introduce by Pettis in [Pet38]. We

n

also see that the term "weak-integral" for the Pettis integral is appropriate, given we that can

rewrite the defining property (3.33) into:

e (P)| f(s)dua(s) | = | (po f)(s)duc(s). (3.35)

Note the it follows quite easily as a corollary of Equation (3.33), Hahn-Banach theorem, and the

fact that sup {|¢(b)| : ¢ € B*, |¢| < 1} = b that we have the usual integral inequality.

Corollary 3.12. For any Pettis integrable f : G — B, and E € Bor(G), we have the following

inequality:
< | st (3.36)

s

The Dunford integral does not perfectly generalize the usual properties of a classical integral

as it fails the usual countable additivity property. The Pettis integral now shows its value, it
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turns out that one can use Pettis integrability to characterize Dunford integrals with countable
additivity. A weakly ug-integrable function has a countably additive Dunford integral over F if
and only if it is Pettis integrable over E [DU77, Theorem 2.3.5].

In principle, all that we’ll really need in this work is the notion of Pettis integral, and
indeed most of the relevant literature (implicitly) uses this weak definition of measurability and
integrability [Foll5, Wil07] although some paper would mention Bochner integrals in passing
when discussing their notion of vector-valued integral (take [PR89| in particular). We shall
show that for all intents and purposes, these two are ‘equivalent’. For now, we stick with Pettis
integration, where we have the following result from [Wil07, Lemma 1.91]. Note that this result
has been similarly discussed in Folland’s [Fol15, Theorem A.22|, though it is slightly less general,

however the proof should still go through mutatis mutandsis.

Proposition 3.18. If f : G — B is a function in C.(G, B), then f is Pettis integrable. Fur-
thermore, if Y is another Banach space, f € C.(G,B), and T € L(B,Y), then Lo f € C.(G,Y).

We also have the following formula:

T ((P) | f(S)duG(S)) - )| (@ Ducts) (3.37)

Indeed, we can build up the theory of twisted crossed products of Section 5.1 purely in terms of
C.(G,A) when A is a C*-algebra using Proposition 3.18 alone. In particular, integrated forms
of a strongly continuous unitary ‘representation’ (c.f. Proposition 5.2) can be deduced from
Proposition 3.18. To be more explicit, we first discuss the problem with Proposition 3.18. Fix
a Hilbert space H, it is not defined when we want to integrate over a map 7 : G — L(H) that
is compactly supported but is only continuous with respect to the strong operator topology on
L(H) (the original proposition requires continuity with respect to the norm-topology). Let us
denote by L (H) the operator space L(H) equipped with strong operator topology. Suppose
e Cs(G,Ls(H)), then for all he H, s — mw(s)h is in C.(G, H). Tt follows from Proposition 3.18

that s — C.(G, H) is Pettis integrable, therefore the map from H to H denoted via:

< L w(S)duG(S)> th— (P) L (s)hdpc(s) (3.38)

is well-defined. The next proposition due to [RW98, Lemma C.11] says that this definition

actually gives us a continuous map in H.
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Proposition 3.19. The map 7 — J w(s)duc(s) defines a continuous map from C.(G, Ls(H))
G

to L(H) satisfying the following estimate:

fGﬂs)duG(s) < [7llo - rc(supp(m)). (3.39)

In this case, we can write f m(s)dug(s) € L(H), and
G

(JGW(S)dMG($)> h = (P) JG m(s)hdpc(s), Vhe H. (3.40)

With this in place, we end with a dicsussion of a few more auxiliary results on the Pettis integral,
in particular, a version of Fubini’s theorem holds. Fixing another locally compact group G’ with

Haar measure ugr, the following result can be found in [Wil07, Corollary 1.104].

Proposition 3.20. Let F € C.(G x G', B), then the following maps:

s— (P) f ,F(s, rYdug (r) and 71— (P) jG F(s,m)duc(s)

belong to C.(G, B) and C.(G’', B) respectively.

Let us now give a very brief introduction to the Bochner integral, which was introduced
Bochner in [Boc33]. It can be thought of as a straightforward generalization of integration to
Banach space valued functions. We say that a function f : G — B is simple if there exists finite
Borel sets {E, ..., E,} < Bor(G) and by, .., b, € B such that we can write f = >} | b;1p, where

1g, is the characteristic function on E;. The Bochner integral of a simple function f is

(B) | )dnc(s) = Y bl € 1. (3.41)
i=1

A strongly pug-measurable function, or Bochner pg-measurable function is now defined reminis-

cent of the simple approximation Lemma from measure theory'S in C.

Definition 3.17. A function f : G — B is said to be strongly pg-measurable or Bochner

pg-measurable if there exists a sequence of simple functions {f,}nen such that:

[£(s) = fu(s)llB — 0, Vs e G a.e.

16Recall that a map f : G — C is measurable if and only if it can be approximated by simple functions
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We call {f,}nen a simple approximation of f.

The so-called Pettis’s-measurability theorem, which we give below, shows that the notion of

strong measurability is appropriate.

Theorem 3.12 ([DU77, Theorem I1.1.2]). A function f : G — B is strongly ug-measurable if

and only if

1. There exists a Borel set E € Bor(G) with pg(E) = 0 such that f(G\FE) is a norm-separable

subset of B. In which case, we say that f is ug-essentially separably valued;
2. f is weakly pwg-measurable.

We see that every strongly pg-measurable function is automatically weakly pg-measurable
function. The converse is not true, as there exist weakly pg-measurable functions that are not
pg-essentially separably valued [DU77, Example 2.1.5]. On the other hand, we see that Pettis’s
measurablity theorem imply that weak and strong pg-measurability are equivalent when B is
a separable Banach space! In [PR89], this is the reason why they assume separability in their
C*-algebras.

We are starting to see the relationship between these two different notions of measurability.
However, we are interested in the integrals themselves. To see this, we first need to define what

a Bochner integral is.

Definition 3.18. A strongly pug-measurable function f : G — B is said to be strongly inte-

grable or Bochner integrable if J |f(s) — fn(s)|B — O for a simple approximation {f,}nen
G

of f. Consequently, we define the Bochner integral of f to be:

n—oo

(B) L f(8)dpa(s) = (B) lim | fr(s)duc(s), (3.42)
where the right-hand side in the equation above is defined as a limit of limit of Bochner integral
of simple functions via (3.41).

The limit in Equation (3.42) since B is a Banach space, hence complete. A proof of independence
of the Bochner-integral to any simple approximation is also warranted, but one can furnish a
proof similar from Lebesgue integration.

More importantly, the Bochner integral possesses the following properties (c.f. [DU77]).

Proposition 3.21. Consider a strongly pg-mesurable function f: G — B. Then:
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1. f is Bochner integrable if and only sz [ f(s)|Bdpa(s) < oo;
G

2. If f is Bochner integrable, then

) [ et

< f 1£(s) | pdc(s). (3.43)
B G

3. Suppose Y is another Banach space, and T € L(B,Y). If f : G — B is Bochner integrable,
then soisT o f : G — Y. Consequently:

T\(B) | f(s)dua(s) | = (B) | (T'o[f)(s)dua(s). (3.44)
G G

4. If f,g : G — B are both Bochner integrable functions, we have: if (B)J f(s)dug(s) =
G
(B)J g(s8)dug(s), then f =g a.e.'”
G

Remark 3.11. If B = C, everything about Bochner integral above (with the possible exception
of Item 3 in Proposition 3.21) becomes nothing more than the usual integral definition and

properties.

We now fully see, how Pettis and Bochner integrals are related.

Proposition 3.22. Let f : G — B be Bochner integrable, then f is also Pettis integrable, and
the Bochner and Pettis integrals coincide: for all E € Bor(QG)

(B) Lu 1) (8)duc(s) = (P) jE F(8)duc(s). (3.45)

Proof. If f is Bochner integrable, then it is by definition strongly pug-measurable. Therefore f
must be weakly pg-measurable as well from Pettis’s measurability theorem. For any E € Bor(G),
f+1g is also Bochner integrable due to Item 1 and 2 of Proposition 3.21 and f (f-1g)(s)duc(s) €
B. :

Furthermore, it follows from Item 3 Proposition 3.21 that for any E € Bor(G) and linear

functional in B*:

o (0 [ 16 16dua(s)) = [ (00 Nt

"Equivalence almost everywhere for vector-valued functions also define an equivalence relation.
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Since J (f - 1g)(s)duc(s) for any E € Bor(G), it follows from Definition 3.16 that f is Pettis-
G

integrable. It also follows from the defining property of Pettis integral (3.35) that for all ¢ € B*

e\ (P) | f(s)dua(s) | = | (wof)(s)dua(s) = ¢ ((B) | (f-1e)(s)duc(s) ).
(0], semtcto) - |, (], )

Therefore, we can deduce from the Hahn-Banach theorem that

(P)J;,f@»due<s>::<B>J;<f-1E>@»duc<s>

O

In light of Proposition 3.22, we will now be dropping the ‘markers’ in front of the integrals for
vector-valued functions. That is, we no longer distinguish between Bochner and Pettis integrals
(we won'’t be dealing with proper Dunford integrals in this work), as all vector-valued integrals
henceforth will now be interpreted as Pettis integrals.

We shall end this section with a definition of LP-spaces for vector-valued functions. For a

strongly pg-integrable function f: G — B and 1 < p < o0, we define the p-norm via:

1/p
!mb=<LJﬂ$mmm$0 . (3.46)

We say that f is p-integrable if | f[|, < c0. As in ordinary measure theory, under the p-norm,
the difference of two functions whose p-norm vanishes, are indistinguishable almost everywhere.
Therefore we can define a normed space, in fact a Banach space LP(G, B), whose elements are
the equivalence classes of p-integrable functions modulo equivalence almost everywhere. Note
again that for p = 2, L?(G, B) is a Hilbert space. We will also use the following approxima-
tion theorem, so that we can always ‘concretize’ an L'(G, B) ‘function’ in terms of compactly
supported continuous functions. A proof of the following can be found in [Wil07, Proposition

B.33]

Proposition 3.23. C.(G, B) is dense densely embedded L' (G, B). That is, for any f € L*(G, B),
there exists a net {fi}ier  Co(G, B) such that lim; || f — fill — 0.

We call L'(G, B) the integrable B-valued ‘functions’, and in Section 5.1 of Chapter 5 we will
invoke Proposition 3.23 to (densely) define a twisted version of L'(G, B), along with its twisted

representations.
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Chapter 4

Analysis on the Time-Frequency Plane

This chapter is a direct sequel to Chapter 3, as we continue our study of abstract harmonic
analysis, with a particular emphasis on performing the analysis on the time-frequency plane. We
open the first section by describing the fundamental operators in time-frequency analysis—the
translation and modulation operators. We then proceed with an exploration of Fourier analysis
on lattices in the time-frequency plane. The second section introduces Gabor analysis, which we
shall approach from the framework of frame theory. Afterwards in the third section, we provide
an overview of Feichtinger’s algebra, not only aiming to convince the reader that it is the ideal
function space for Gabor analysis, but also explaining how its properties motivated this thesis.
Lastly, we close the chapter with a section detailing the theory of operator-quantization based
on the kernel theorems afforded by the Feichtinger’s algebra. This will be done in the spirit of
Feichtinger and Kozek [FK04]. We verify that their results also hold for the general LCA groups.

The results of Sections 4.1 and 4.2 are primarily my personal verification of the presentation
of abstract harmonic analysis on the time-frequency plane and Gabor analysis as discussed in
[Jak18, JL20, Gro98, FK04|. For our overview of the Feichtinger’s algebra on LCA groups, our
primary reference is the survey paper [Jak18|, and the seminal paper |Fei81| by Feichtinger. The
last section, of course, is another telling of [FK04] using all of the tools that we have built up
from previous sections. So there will be some differences in the presentation of proofs compared

to the original paper.
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4.1 The Time-Frequency Plane

Building up from the language that we have developed in Chapter 3: we always assume that G is
any second countable LCA group equipped with a Haar measure u, the dual space of characters

G is then equipped with the dual Haar measure ji wherein the inverse Fourier transform 3.18

and 3.11 holds.

For s €e G, w € C:’, and a complex function f : G — C, the fundamental operators of time-

frequency analysis are the translation and modulation operators, defined respectively:

(T f)(r) := f(r —s);
(Mo f)(r) := w(r) f(r).

(4.1)

Given the Fourier transform F on G, it follows from a straightforward computation that the

translation and modulation maps also satisfy the following commutation relations:

M,T, = w(x)T;M,;
FT, = M_,F; (4.2)

FM, = T,F.

It is not hard to see that translation and modulation: s — T and w — M, defines isometric
maps from G — L(LP(G)) and G — L(LP(@)) respectively. In particular, this means that these
maps also define a unitary map G — UL(L*(G)) and G — UL(L?(G)). Finally, we can easily

compute for s, s1, 82 € G and w,wq,wy € G that:

T Tsy =Tsyrs, and T =T

My, M, = M,,., and Mg= M;"

We have the following result; note that we are using 0 to denote both the neutral element in G

and G for the rest of the document.

Proposition 4.1. The translation and modulation operators define unitary representations of
G on the Hilbert space L2(G). Given by: s — Ty : G — UL(L*G)), and w — M, : G —
UL(L*(Q)) respectively.
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Proof. We only need to prove strong continuity of the maps. We shall show that:

lim |72 = fl2 = 0
tim M, f = fl2 = 0
for all f € C.(G). because C.(G) is dense in L?(G). This is sufficient because C.(G) is dense
in L?(@). Fix f € C.(G). To prove the first limit, we first note that for all s,s’ € G: |f(s' —

s)— F(8)]? < 4] f% Xsupp £ (). Therefore we can use Lebesgue’s dominated convergence theorem

(LDCT) to justify the computation below:

1/2
ing 7.~ flz = ([ 17 = 5) = 1) Pdnc(s)) o (1.3
Ss—> G s—>

We proceed similarly to prove the second limit. Note that for all w € G and s’ € G that
lw(s) f(s') = f(s")|? = |w(s") —112|f(s")|? < 4] f(s")]. Therefore we can again use LDCT to justify

the computation below:

1/2
i 1027 = = ([ i o(s) < 1P1R) <o

In the dual side, i.e. when we consider some g : G — C, then by Pontryagin duality there is
an obvious analogue of the translation and modulation operators for ¢,w € G and s € G, given

respectively by

(Tcg)(w) := g(w?);

(4.4)
(Msg)(w) == ev(s)(w)g(w) = w(s)g(w).
From the translation and modulation operators, the composition
m(x,w) = M,Ty (4.5)

is called the time-frequency shift operator. It follows from the definition that it is also an
isometry on the LP(G) spaces for 1 < p < 00, and in particular a unitary map in £(L?(Q)).

The product G x G is interpreted as the time-frequency plane, and its elements are
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denoted either simply by a single symbol like xy € G x C:’, or we may explicitly denote an element
by (z,w) € G x G. In either case, the negative elements are denoted by —y or —(z, w) = (—z,w).
One is also usually interested in sampling on G x C:’, for this we introduce A € G x G to be a
discrete subgroup. We endow G x G the product measure p ., &, and since A is countable (G
is assumed to be second countable), we give it the counting measure up. Finally we choose the
MeAsUTe /g, &y/p) ON (G x @)/A that would make p1, &, pa and H(GxGy/n canonically related,

that is, we have Weil’s formula from Proposition 3.10: for each F € L'(G x @)

| Fe0dng. a0 - j( o RS NG

= F(x+Ndu, 2, (X)-
J(Gxé)//\é\ ( LECRONNSY

We give one more condition on the discrete subgroup A € G x @, and make it a definition.

Definition 4.1. A discrete subgroup A € G x G is called a lattice (with respect to G x @) if

the quotient subgroup (G x CAJ)/A is compact.

Defining lattices this way gives us some of the expected results from time-frequency analysis
on G = R% In [Gro01] lattices of the the time-frequency plane G x G = R% x Re =~ R? are
exactly of the form LZ>? < R?? for some invertible matrix L € GLog(R), and quotienting out
the lattice: R??/L7Z2? =~ (G x @) /A will always give us a compact subgroup since the quotient
will be homeomorphic to a 2d-product of closed and bounded intervals in R. While subgroups
of the form LZ?*?  R?? satisfy the definition of a lattice, it is in fact a characterization because
every lattice in R?? are exactly of such form [Gr598].

We shall give a result that characterizes a lattice, but we need an additional lemma for its

proof. It can be seen as a converse to Proposition 3.6:
Proposition 4.2. Let G be a locally compact group with neutral element e, and Haar measure
L
1. u({e}) > 0 if and only if G is discrete;
2. u(G@) < oo if and only if G is compact.
Proof.

1. If G is discrete, then {e} us open, therefore by Proposition 3.6, u({e}) > 0. Conversely,

suppose u({e}) > 0, since tranlation is a homeomorphism in G, this implies u({e}) =
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1({g}) > 0 for all g € G. By outer regularity of yu, for € := p({e}), there exists an open set
U > e such that

p(U) < p{e}) + & = 2u({e}). (4.6)

Assume for contradiction that G is not discrete, then it follows that there exists a point in
G that is not isolated. Again by appealing to the fact that translation is a homeomorphism,
all points in G must not be isolated. In particular, the open set U of e must intersect a

g # e in G. Therefore U 2 {e, g}, which implies that

w(U) = u({e, g}) = p({e}) + u({g}) = 2u({e}).

The inequality above contradict Estimate 4.6, therefore G must be discrete.

. If G is compact, we already know from Proposition 3.6 that u(G) < oo. For the converse,
suppose i(G) < 0. Assume for contradiction that G is not compact (so locally compact
but not compact), then there exists an open set U 3 e such that U is compact. By
assumption U # G (otherwise G will be compact). Since {gU : g € G} is an open cover
of G, then it follows by non-compactness of G that no finite subfamily of {¢gU : g € G}
can cover GG. Set ggp = e, then we can always find g1 € G\goU = G\U. Similarly, we can
also find g1 = G\ (goU v g1U). In general, we can find a sequence {g,}r_, S G with
gn+1 € G\ (Uj—y 9:U) for each n € N. It is not hard to see that the collection {g;U}7,

consists of pairwise disjoint sets. Therefore, since u(U) > 0:

w(G) =M<U gU) 2#( 9¢U> = > nlgil) = D wU) = o,
=1 =1

gelG i=1

which is a contradiction to the fact that pu(G) < co. Therefore G must be compact.

O

Let us also take the opportunity to discuss the commutation relations between time-frequency

shifts themselves. The so-called 2-cocycles that appear here will have a very important role in

the construction of the Heisenberg module.

Definition 4.2. A continuous map ¢ : (G x G) x (G x @) — T is called a normalized 2-cocycle

on G x G if it satisfies the following:
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1. If 0 is the identity element in G x G, then c(0,x) = ¢(x,0) = 1;

2. ¢(x1, x2)elxt + x2, x3) = c(x1, x2 + x3)c(x2, X3)-

The natural 2-cocycle in time-frequency analysis is the so-called Heisenberg 2-cocycle c :

(G x G) x (G x G) > T given by:

c((z,w), (t,v)) = v(x) (4.7)

For the rest of this chapter, we take ¢ to take on this particular form. We can deduce from
a straightforward calculation that the Heisenberg 2-cocycle appears naturally as a "twist" that

prevents commutation between time-frequency shifts.

Proposition 4.3. The time-frequency shift operator define a strongly continuous map 7 : G X

G — UL(L*(Q)) such that for all (z,w), (t,v) € G x G:
m(x,w)r(t,v) = c((z,w), (t,v))r((z,w) + (t,v)). (4.8)

Furthermore, the adjoint of the time-frequency shifts also define a strongly continuous map 7* :

G x G > UL(LA(G)) via 7 (z,w) = (7(z,w))* for (z,w) € G x G where
™ (z,w) = c((z,w), (z,w))r(—z, ). (4.9)

Proof. Formulae (4.8) and (4.9) follow from a straighforward calculation. We will only show
strong continuity of 7 : (z,w) ~— 7(z,w). Let f € L*(G), and let us denote by 0 the neutral
element (0,0) in G x G. It follows from Proposition 4.1 that

im |x(z,w)f = fl2 = (mlim |MoTef = fll2

(z,w)—0 ,w)—0

< Jim M, (Tof) = (Tof)l2 T lil)n M = Tafl2=0+0

(z,w)—

=0,

as required. O

From the Heisenberg 2-cocycle, we can induce the symplectic cocycle ¢, : (G x C:’) x (G x
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@) — T via:
es((z,w), (t,v)) = c((z,w), (t,v)) - c((t, V), (z,w)) = P(z)w(?). (4.10)
It is not hard to verify that
(@, W) (t,v) = cs((,w), (t, )7 (t, V)7 (@, w). (4.11)

As an easy corollary of this observation, we have the following lemma.

Lemma 4.1. Let (z,w), (t,v) € G x G. The time-frequency shifts m(x,w) and w(t,v) commute
if and only if cs((z,w), (t,v)) = 1.

Before we continue, let us first make some isomorphisms explicit. We know from Proposition 3.10

that the Pontryagin dual of the time-frequency plane satisfies: G x G =~ G x é ~ GxG=~GxG.
That is, the time-frequency plane is self-dual. We could chase all the necessary isomorphisms,
and indeed by exactly the isomorphism in Item 3 of Proposition 3.10, the Pontryagin duality,
and the obvious isomorphism G1 x G2 = Gy x G1 between two (topological) groups, we have the

following result:

Lemma 4.2. G x G = {Qus: (v, t) € CAJXG} where Q,1(z,w) = v(z)w(t) for each (z,w) € GxG.

—_—

The map (t,v) — Q¢+ provides an isomorphism from G x G to G x G.
Proposition 4.4. Let A be a discrete subgroup of G x G. The following are equivalent:
1. A is a lattice;

2. The annihilator subgroup of A, given by

A= {QEGX@:Q(t,u) =1, for all (t,l/)erCA?}

is discrete;

3. The adjoint subgroup with respect to A, given by
A= {(t,v) e G x G m(x,w)n(t,v) = n(t,v)n(z,w), for all (x,w)e A}

1s discrete;
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4. The size of A, given by d(A) = J R

(GxG)/A 1d’u(Gxé)/A(50 is finite.

Proof. (1 <= 2). The following equivalence follows from Corollary 3.8: A is a lattice if and
only if (G x CAJ)/A is compact if and only if A+ = ((G x @)/A)A is discrete.

(1 <= 4). The following equivalence follows from Item 2 of Proposition 4.2: A is a lattice if
and only if ((GxG)/A) is compact if and only if M(Gxé)/A((Gx@)/A) = ldu
d(A) < o0.

(GxG)/A (G’x@’)/A(X)

The last sufficient equivalence (2 <= 3) will follow if we can prove that A+ =~ A°. Let us

—

define the mapping J : G x G — G x G via
J(t,v) =0 ¢ (4.12)

with Q, _; given by the same character appearing in Lemma 4.2. By the same lemma, we see
that J is a topological group isomorphism. Now if (¢,v) € A°, it follows from Lemma 4.1 that

for each (z,w) € G x G

j(tv V)(.’L',Ld) = Qu,—t<$7w) = w(t)u(x) = Cs((ta V)v (wi)) =1
Consequently, this means J(t,v) € AL, hence A° = At as required. O

We had inadvertently made some definitions along the way as we stated Proposition 4.1,
namely the adjoint subgroup A°, and the size of the lattice d(A). Let us expound on their
relevance here. Since we shall always work with lattices for A, the proposition tells us that the
adjoint subgroup A° =~ At is discrete. However, we know from Proposition 3.13 that A-+ = A,
so (A°)° = A+t = A, therefore A° is also discrete, which means A° is also co-compact. All-
in-all, if A is a lattice, then A° is also a lattice, and so in our case we also refer to it as
the adjoint lattice. Next, let ﬁ((Gxé)/A)A and iz be the dual measures on ((G' x CA?)/A)A
and A respectively. We already know that p.., a, 1, and H(Gxéya are all canonically related,
therefore using A° =~ A', and by identifying the associated dual measures fipc v~ ﬁ((Gxé) Ay~
and BGxéyne fiz. Proposition 3.17 says that P s oae s and H(Gx@y/ae are also canonically
related, more specifically, we can do Fourier-inversion on functions in A°. We shall make this

precise in the following Lemma.

Lemma 4.3. The symplectic cocycle cs induces a continuous map ((G x @)/A) x A° — T which
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we shall denote via cg still, that is:
es(6 A7) 1= e X), V6A) € (G x G) x A°

where we used the abbreviation x = x+A for the cosets. Furthermore, the collections {cs( -, A\°)} xoepe

and {cs(x, *) }xer@ can be identified with the characters of (G x @)/A and A° respectively.

Proof. We shall first check for well-definedness: if x1 —x2 € A, then we have that for any A\° € A°,

cs(x1 — x2,\%) = 1.

Equivalently, ¢s(x1,A°) = ¢s(x2,A°). So the induced map is well-defined, and does not depend
on the coset representative. Continuity of the induced map should follow from continuity of ¢,
itself.

For the next assertion, recall that ((G x CA?)/A)" ~ A°, to see this explicitly, note that all

characters of (G x CAT’)/A is induced by characters from A+ < G x G (see the inverse of the
isomorphism ®; in Proposition 3.14), but we know that all such characters are of the form €2, _¢
for (v,t) € G x G. We have already seen this however. The requirement that €2, _; € At implies
that J(t,v)(z,w) = 1 = J(x,w) for all (z,w) € A, hence we conclude that (¢,v) € A°. We choose
to identify (¢,v) using the inverse isomorphism 7: it follows that (¢,v) € A° as a character is

identified with J(t,v) = Q.+ = cs((t,v), - ) = cs( -, (t,v)) : (G x G)/A — T as required. We

can similarly obtain the other assertion if we look at the isomorphism A° > G%XC*' O

As a corollary, we have an explicit form of the Fourier transform on A° and (G x @) /A that takes

into account the duality between these spaces.
Corollary 4.1. The Fourier transforms Fpo : L1 (A°) — C((G x CA?)/A) and Fiax@yn LY (G x
G)/A) — Co(A°) can be written as:

(Fab)00 = [ BOC)ETE M- (1),

Fos o T)(A° —f T(X)es (X, A2)dpt, o Anx (X)-
Faam?O) = [ AR gy a0

Forbe L*(A°) and 7 € L ((G x G)/A).
Note that we know from discreteness of A° that the measure in A° must be some positive scalar
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multiple, say s(A°), of the counting measure. Whence L!(A°) = ¢1(A°), and

| b () = sa4) 3 000)

A°eA°
for b = {b(A\°)}roenc € £1(A°). We would like to know given that we chose A° to be identifiable
with the dual measure on ((G x G)/A)”*, what s(A°) exactly is.
1
a0y
Proof. Let 7 = ¢s( - ,0) € LY((G x G)/A). Then it follows from compactness of (G x G)/A,
Corollary 4.1, and Proposition 3.11 that

Proposition 4.5. s(A°) =

Froi TX’—J ()¢5 06 AV dpt s o 1 (X
(Flaxdya™(X) GxyA (X)es (6 A7) iy a (X)
= s(X = A7)y ey n (X
J(Gx@/A =) (4.13)
Vdp,. A (), if A° =0
— f(GxG‘)/A @x6)a)
0, otherwise.

This shows that F, a7 € ?1(A°). By our choice of measure ppo, we know that we have a

Fourier-inversion formula for 7, in particular

1 - CS(O, 0) = T(O) = Ao f(GXé)/AT(AO)CS(O’ )\o)d/.,[/AO (AO)
= 5(A%) X} (Fianayam)(X)
A°eA°
It finally follows from J 1 d,u(GX@)/A()'() = d(A) and Equation (4.13) that 1 = s(A°)d(A),
(GxG)/A
from which our conclusion follows. O

We lastly discuss an analogue of Corollary 4.1 showing the self-duality of G x G. This is

easily obtained by the isomorphism J : G x G — G x G that we have introduced. Technically,

the Fourier-transform on L'(G x CA?) is given by F, 4 : L*(G x CAJ) — Cy(G % CA;)

(‘FGX@F)(Q) = JGXGF(wi)Q(xaw)d,qu@(x’w)v

for each F € L'(G x é) and Q € G x G. Of course each  is actually of the form €, ; for
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some (v,t) € G x G so we may as well write (Faxal)(v,t), this gives the incarnation F, 4 :
Ll(G X é) — Co(é X G)

(.FGX@F)(V, t) = JGXéF(:c,w)Q,,t( )dquG(m w)

= ché F(z,wv(z)w(t)dpg, a(2,w).

We may identify each (v, t) with (¢, ) and so we find a Fourier transform that maps L'(G x G) —
Co(G x é) However, a more interesting identification is given by identifying (¢, v) with its image
with respect to the isomorphism 7, we obtain the associated Fourier transform Fs : L' (G x @) —

Co(G x @) called the symplectic Fourier-transform

(FsF)(t,v) := (JerG )T (t,v))

Jo. e

(4.14)
| Pt g, e

J(t,v)(z, W)dp gy a7, W)

Il
Q)

Q)

_ LXGF(x w)es (6 1), (@ @) dpi e, (1 ).

We can see from the last line above that the symplectic Fourier-transform makes use of
the symplectic cocycles as its characters for this specific incarnation of the Fourier transform.

Explicitly, we are identifying each (¢,v) € G x G with the character cs((t,v), - ). As a last remark

about the isomorphism J : G x G— G x @, looking at the identification G x G=~G x G, and

the definition from Equation (4.12), then we can see J as a coordinate transform:
j(tv V) = (Va _t) (415)

for (t,v) e G x G.

Lemma 4.4. The symplectic Fourier transform estends to a unitary map Fs : L*(G x C:') -

L?(G x CA?) such that Fs = F¥ = F; 1, i.e. Fs is self-inverse.

S

Proof. We already know Fourier-transforms always extend to unitary maps, so it only remains

to show that Fy is self-inverse. However, it easily follows from the identity
(FoF1, Fy)y = (F1, FsFayy,  VF, Fye L}(G x G),
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which also easily follows from Fubini’s theorem and the following identities on the symplectic

cocycle:

CS((tvy)v (a:,w)) = CS((t7V>7 _(‘Tﬂw)) = CS(_(t7 V)? (:z:,w)) = CS((wi)v (tv V))

for all (t,v), (z,w) € G x G. O

Following this, we obtain a symplectic version of the relationships in (4.4). We have

M3, Ty = cs(x, X' )Ty My
FoTy = MJF, (4.16)

FM = T\ Fs,

where for Y = (#/,w'), x = (2,w) € Gx G, we have the usual translation T\ F(t,v) = F(t—z,vw),
and with the symplectic-modulation M{F(t,v) = F(t,v)cs((z,w), (t,v)). Note the subtle
difference between Equation (4.16) with Equations (4.4).

We shall freely wield all the isomorphisms and identifications that we have done here in the

sequel.

4.2 Gabor Analysis

The foundations of Gabor analysis are based on the seminal paper by D. Gabor |[Gab47|. The
critical idea of Gabor, in terms of our modern mathematical language, is to represent signals

modelled as functions in L?(R%) in terms of Gabor systems, which are collections of the form:

G(g, 1) :i={m(v)g:vel} (4.17)

for a countable subset I' € G x G and function g € L?(G) called the Gabor atom. In a more
explicit fashion, Gabor analysis is concerned in trying to find conditions which would allow us
to represent every function f € L?(G) in terms of time-frequency shifts of the Gabor atom g

sampled in I". That is,

f= Z e (fm(v)g

~yell
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where the coefficients {c,(f)},er  C depend on f. We have, of course, already seen this problem.
This is exactly the motivation for frame theory, which is the topic of Section 2.4 from Chapter 2.
From Example 2.5, L?(G) can be seen as a Hilbert C-module, and therefore we can use our results
from Section 2.4 to do a particular flavor of frame theory on it. Indeed, the modern approach
to Gabor analysis is to frame it in terms of frame theory. The now classic book of Grochenig
|Gro01] is an indispensable reference for this section on Gabor analysis. We also recognize the
works of Jakobsen and Lemvig, who studied Gabor analysis on general locally compact groups
[JL16b, JL16a, Jak18].

We start by translating some of the general concepts from (module) frame theory to our

setting.

Definition 4.3. We say that the Gabor system G(g,T") is a Gabor frame if it is a frame for
L?(G). Explicitly, this means there exists C, D > 0 such that for all f € L*(G):

CIfIB < X5 1<fm(Mg)a I> < DI fI3- (4.18)

~yel

We say that G(g,I") is a Bessel system if only the right-most inequality above is satisfied.

If we suppose G(g,T') is at least a Bessel family, then we denote the associated analysis operator

G(g,T) via @, : L*(G) — ¢%(T'). It is given explicitly by:

©g.r(f) = {,7(ND2}er (4.19)

Its adjoint (see Proposition 2.17), the synthesis operator, is denoted by Wy p = @7 . : 2(T) —
L*(G) is given, for all ¢ = {cy}er € *(T) by

Uyr(c) = Y, eym(1)g. (4.20)
el

Definition 4.4. Let G(g,T") be a Bessel system, then the associated frame operator is called the

Gabor frame operator, and is defined by:
Syr =V, o®,r € L(L*(G)). (4.21)

More generally, we can consider another Bessel system G(h,I"). The mixed Gabor frame operator
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is defined by:
Synr = Vpro®, 1 € L(LA(G)). (4.22)

Remark 4.1. Similar to what we have done in Section 2.4 of Chapter 2, we will simply refer to
mixed Gabor frame operators as Gabor frame operators. Unless we need to explicitly differentiate

between the two, this will be the case for the rest of the manuscript.

Proposition 4.6. Let G(g,I') be a Bessel system for L*(G), then the frame operator Syt is a
positive operator in L(L*(G)) and

|Sg.r| = inf{D'/? : D is a Bessel bound for G(g,T)} (4.23)

Proof. Applying 2.27 to the Bessel system G(g,I") gives us that S, is a positive operator.
Similarly, applying Proposition 2.28 to G(g,T") gives us Equation (4.23) O

In anticipation of the application of the general reconstruction formulae (2.22) using Gabor
systems, we would like to ask what possible conditions we can endow G(g,I") so that it forms
a Gabor frame in L?(G). This would involve either imposing some structure on the countable
subset I', or some regularity condition on the Gabor atom g. For this section we shall focus on
the former. We now only consider I' = A € G x G where A is a lattice (see Definition 4.1) in the
time-frequency plane. This means in particular that A has a group structure, from which the

next result follows.

Proposition 4.7. Let G(g,A) be a Bessel system, then for all u € A,

Sqam (1) = 7(1)Sg.n- (4.24)

That is, the Gabor frame operator associated with G(g, A) commutes with all the time-frequency

shifts on A.

Proof. Let f e L?(G) and p € A, recall the Heisenberg 2-cocyle ¢ (4.7) from Section 4.1 then:

Sgam(p)f =Y m(p) f,m(N)g)y

AEA

= 2 L ()TN g m(N)g

YN

120



- Z fym(N = ) gy c(p, A — p)m(N)g

AEA

= > (N gy clp, Nr(A + p)g

AEA

= Y TN gy () m(N)g

AeA
(Z (fim(N)gam(N)g ) = m(p)Sgf

AEA

Therefore Sy am(p) = m(1)Sg A as required. O

The seemingly innocent result above can be rewritten into m(u)Sgam* (1) = Sg.a for all p e A.
From the point of view of Quantum Harmonic Analysis (QHA), the conjugation by time-
frequency shifts can be interpreted as the operator-translation of Sy o by . Therefore we can fur-
ther interpret the result above as S, A being "operator-translation invariant" in A (see Definition
4.14). One can then ask if there are other operator-translation invariant operators. Equivalently
are there other operators that commute with all the time-frequency shifts in a lattice? Part of
this dissertation’s major results involve the characterization of all such operators: see Chapter 7
Section 7.2.

Let us now go back to the application of the general reconstruction formulae (2.22) to our

setting.

Theorem 4.1 (Reconstruction Formula). Suppose G(g, A) is a Gabor frame, then Sy A is invert-

ible and for all f € L*(G):

f= Y (£:7N85h9), 7N

AEA

= > (N (NS, 19)

AEA

(4.25)

Representations of f as in (4.25) are called Gabor expansions of f.

Proof. This is a direct application of Corollary 2.9 to our setting, along with the fact that due
to Equation (4.24), we also have that W(M)Sg_/l\ = TF(/J,)Sg_/l\ for all p e A. O

We see from the reconstruction formulae (4.25) for Gabor systems that because the inverse

of the Gabor frame operator also commutes with all the time-frequency shifts with respect to A
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that the canonical dual frame takes on the form
{571 (m(A\)g) : A€ A} = {m(N)(S, 19) : A€ A} = G(h, A),

where h := S;}Xg € L%(G). Therefore the canonical dual frame of a Gabor system, is also a Gabor

system. This motivates us to make the following definition.

Definition 4.5. Let G(g, A) be a Gabor frame for L?(G). Then h := S;}\g is called the canon-

ical dual Gabor atom with respect to g.

As we have seen, the time-frequency shifts in A of the canonical dual Gabor atom of h = Sg_/l\ g
generates the canonical dual frame for G(g, A). What we notice now when we rewrite the Gabor-

frame reconstruction formulae (4.25) in terms of the canonical dual Gabor atom is that for all

feL*q):

J = (S0 Sha)f = (Sngn)f = D (f,m(Nh), m(N)g

AEA

= (Sha © Sga)f = (Sgan)f = D (f,m(N)gdy m(M)h

AEA

Not only does the canonical dual Gabor atom satisfy Id2(q) = Sgna = Shga, but we can also
see from the equations above that the coefficients of the Gabor expansion of f can be computed

in terms of the following map x — {f,m(x)g),, which is named, as we will give below.
Definition 4.6. Let g € L?(G), the short-time Fourier transform (STFT) of f, windowed

by g is denoted by V, f given by:

Vof () = (709, ¥xeGxG. (4.26)

The motivation for the name "short-time Fourier transform" can be seen when we explicitly

write the inner-product in Equation (4.26):

Vo f () = m (Vg = L fOBMFE - Dduc(t),  x = (.w) e G x C.

Vo f(x) ‘is’ the Fourier-transform of f at w, for which the integral is ‘smeared’ by a function g
translated at x. Traditionally, g is taken to be a Gaussian concentrated at the origin 0 (e.g.

in the Euclidean case, take %ﬁe_ 2 ). So as we can see, V,f(x) can now be interpreted as a
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time-frequency ‘localized’ Fourier transform of f at y = (z,w) because the window g ‘essentially’
cuts off parts of f that are far away from x, and then takes the Fourier transform of this ‘time-z’
concentrated portion of f at ‘frequency w’. With this interpretation of the short-time Fourier
transform, we can compare the Gabor expansion of f (4.25) with the Fourier inversion formula of
(3.24) and see that (4.25) is a A-sampled (or discretized) version of the Fourier-inversion formula
that uses V, f(\) as time-frequency localized version of Fourier transforms instead. There is in
fact a continuous (non-sampled) version of the Gabor expansion (4.25), which we state below
without proof. One may consult [Gro01, Theorem 3.2.1] for a proof that one can adapt to the

abstract time-frequency plane.

Theorem 4.2. For any g,h € L*(G), V;h € L*(G x @) Furthermore, we have the following

representation:

1

= o

f W, D00 (0, 500- (4.27)
GxG

The STFT is a construction that allows us to do simultaneous time and frequency repre-
sentations for signals, and in fact is only one such scheme in time-frequency analysis (see for
example [Gro01, Dau92; Coh95]). Properly recontextualized, we can now see that the main
problem of Gabor analysis is to find a A-sampled, or A-discretized version of the time-frequency

representation given by (4.27).

Let us move along and see if we can extract any interesting necessary conditions for G(g, A)
to be a Gabor frame. The remaining results will be stated without proof, however, a version of
them that will be relevant for our original contributions (i.e. Chapter 7) will be presented using

operator-algebraic techniques (see Section 5.4 of Chapter 5).

Since we are working with a lattice A, we have access to its adjoint lattice A° (see Definition
4.4). Here we present the so-called Wexler-Raz biorthogonality relations which can be seen
as an orthogonality condition between a Gabor atom and any of its dual atom. A proof of the
following result, which uses only harmonic analysis techniques can be found in [JL16b, Lemma

4.4], and [Gro01, Theorem 7.3.1] in the Euclidean case.

Theorem 4.3 (Wexler-Raz Biorthogonality Relations). Let G(g,A) be a Gabor frame with dual
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atom h, then for all u° € A°:

d(A), if pu° =0
Chym(1°)g)y = W, (4.28)

0, otherwise.

The reader may realize that the moniker "Wexler-Raz" has already appeared somewhere in
this manuscript, indeed, there is a version of Wexler-Raz relations for imprimitivity bimodules
given in Remark 2.10. We shall prove later (c.f. Corollary 5.10) that we can recover Equation
(4.28) when g and the dual atom h belong to the Heisenberg module.

The following is a fundamental result showing that the lattice A must be sufficiently dense
to generate a Gabor frame. This result is well-known in the Euclidean case [Gro01, Corollary

7.5.1], while the general case was proven in [JL.16b, Theorem 5.6]
Theorem 4.4. If G(g,A) is a Gabor frame for L*>(G), then d(A) < 1.

There is a relationship between the Gabor atoms of a Gabor system and the density of the lattice
A, whose discussion we shall defer until Section 5.4 of Chapter 5. For the moment, we shall give

the following generalization of a Gabor system on the lattice A with finitely many Gabor atoms.

Definition 4.7. Let g1, ...,9, € L*(G), the collection | J , G(g;,T') is called a multi-window
Gabor system. If it forms a Bessel family, then it is called a multi-window Bessel system. If

it forms a frame, it is called a multi-window Gabor frame.

Remark 4.2. The frame operator associated with a multi-window Gabor system [ JI_; G(g;,T) is
given by 3. 1 Sy, r.

The assumption that I' = A be a lattice has allowed us to introduce elegant algebraic or ‘soft-
analytic’ techniques (e.g. analysis on LCA groups and in the sequel, operator algebras) to Gabor
analysis. We shall restrict ourselves to the lattice case for the rest of the manuscript. However,
note that there is also quite a lot of interesting research being done with in the case where I'
does not have any algebraic structure— i.e. when I' is an irregular sampling set for G x G
(where G is mostly restricted to the Euclidean case R?). The techniques involved in this case
tend to fall more within the "hard-analysis" variant of mathematical analysis, characterized by
explicit estimates and similar methods. Finally, we also recognize that a natural generalization
of our setting is to remove the assumption of discreteness on A, instead consider A to simply be

a closed cocompact subgroup of the time-frequency plane G x G.
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4.3 The Feichtinger’s Algebra: Basic Properties

Throughout the section we fix G to be a second countable LCA group. As we have discussed
in the previous section, given a lattice A € G x é, the central problem of Gabor analysis is
to find a g € L?(G) such that G(g,A) is a Gabor frame. However, the first obstacle in this
quest if we hope to even have a well-defined Gabor frame operator, is to look for those g¢’s
where G(g,A) is a Bessel system. Bearing this in mind, we shall introduce the function space
which is nowadays called the "Feichtinger’s algebra". Its definition in the general LCA group
case was first given by Feichtinger in |Fei81]. A subsequent survey of the Feichtinger’s algebra
was also recently published [Jak18], where various characterizations of the said algebra can be
found. In the first section of this chapter, we shall quickly go over the crucial properties of the
Feichtinger’s algebra. In the subsequent section, we will mostly focus our attention in revisiting
the paper [FK98| of Feichtinger and Kozek on time-frequency quantization of lattice-invariant
operators using the Feichtinger’s algebra. Through the so-called kernel theorems of Jakobsen
[Jak18, FJ22], we update their results and show that they also hold for lattices on LCA groups
as well. The discussion here will be a good prelude to Quantum Harmonic Analysis, which is a
major component of our main results in Section 7.2 of Chapter 7.

We give an accessible definition of the Feichtinger’s algebra in terms of the Short-Time Fourier

Transform.

Definition 4.8. Given an arbitrary LCA group G, the Feichtinger’s algebra denoted by So(G),
is given by
So(G) = {f e L*(G) : J NVrf(x,w)ldug, a(w,w) < oo} .

GxG

For a fixed (window function) g € So(G)\{0}, So(G) can be made a Banach space via the norm

1Flso(rg = j Vol ()i, o w).

GxG

Note that any other gg € So(G)\{0} induces an equivalent norm on So(G) [Jak18, Proposition
4.10]. In light of this, we shall generally denote the norm of So(G) using the following: |- [s,(q),¢;
Illso(c)s or || ]lse- The first one we have already used in the definition above, it will be used when
we want to be explicit about the ambient LCA group G and the window function g. The second

one will be used when we are only concerned with making the LCA group clear, otherwise we

will mostly abbreviate the So(G)-norm using the third one. Finally, one can use a fixed window
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function as a way to characterize So(G).

Proposition 4.8. Fiz g € So(G)\{0}, then

So(G) = {f € L*(G) : | fllso(G).g < %} -

Before we give a summary of the most important properties of the Feichtinger’s algebra, we recall

another important function space: the Fourier-algebra A(G), defined

AG) = {f € Co(G) : 3g € LM(G) where Fag — f} (4.29)

All of the results below can be found in [Jakl18§].

Proposition 4.9. For general LCA groups G, G; wherei = 1,2, Sy has the following properties:

1.

So(G) is continuously and densely embedded in Cy(G), A(G), and LP(G) for all1 < p < o0.

For any discrete subgroup A € G x @, and g € So(G), G(g,A) is always a Bessel system
in L*(G);

So(G) is time-frequency shift invariant. In fact the time-frequency shift operators restrict to

an isometry still on So(G): for any (z,w) € Gx G, |m(z,w)fls, = |fls, for all f € So(G):;

(Periodization). For any closed subgroup H < G, for each f € So(G), and & = x + H,

define the periodization operator via Py (f)(%) := j f(z+h)dug(h). It is a linear, bounded
H

and surjective map from So(G) to So(G/H).

If G is a discrete (countable) locally compact abelian group, then So(G) = (1(G). If G is
compact, then So(G) = A(G).

(Restriction). For any closed subgroup H < G, the restriction operator Ry f = fim is a

linear, bounded, and surjective operator from So(G) to So(H).

(Poisson Summation Formula for Lattices). If F € So(G x G), then

D1 F(F)X). (4.30)

A°eA°

1
27N = 57

AEA

(Sufficient Conditions for Isomorphisms). Let T : L>(G1) — L*(Gs2) be a linear and

bounded bijection. If there exists a topological group isomorphism o« : Gg X @2 — G x C:H
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and a map ¢ : Go X @2 — T such that for all xo € Go X éz

m(x2)T = c(x2)T7(a(x2)),

thenT' (resp. the Hilbert space adjoint T* ) restricts to an isomorphism Tisy(q,) : So(G1) —
So(G2) (resp. T|”éO(G2) : So(G2) — So(Gh)).

Remark 4.3. We can see from Item 2 above why So(G) is a good candidate as a function space
for Gabor analysis, the Gabor frame operator S, o will always be a bounded linear operator on
L(L*(G)) for any lattice A when g € So(G).

Note that any isomorphism derived from restriction of a bounded linear bijection T : L?(G1) —
L?(G2) via Item 8 above will be denoted by T still. The Fourier transform F : L*(G) — L2(é) is
one such important example (see Theorem 3.8). Pick G; = G, Gy = G , so that by Pontryagin du-
ality we can identify @2 = (G, consider the isomorphism « : Go x GQ =GxG—>GxG = G x @1

via a(w,x) = (—z,w) (i.e. an incarnation of the J-isomorphism as in Equation (4.15)), then
m(w,x)F = w(x)Fr(a(w,)).

If we take ¢ : Gy x Gy = G x G — T to be c(w,z) = w(x), then we find that F satisfies all
condition needed so that we indeed have an isomorphism F : So(G) — SO(CAJ). We shall keep
this example in mind and note that we will encounter more isomorphisms on the Feichtinger’s

algebras in a similar way.

Let G, G1, and Go be arbitrary LCA groups. For (fi, f2) € So(G1) x So(G2) we define their
tensor product via (f1 ® f2)(x,y) = fi(z)f2(y) for (x,y) € G1 x G2, and it can be shown that
f1® fa € So(G1 x G2). In fact we have the following projective tensor product factorization

result from [Fei81, Theorem 7.

Proposition 4.10. So(G1 xGs) = So(G1)®S0(Ga) where ® denote the projective tensor product.
More explicitly, for each F € So(G1 x G2), there exist (non-unique) sequences {fi(l)};‘il < So(Gh)
and {fi(2)}$021 < So(G2) such that

o0
F=>"®f?, and (4.31)
=1
o (1) @)
S Ison 1 Iso(cn) < - (4.32)
=1
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Furthermore,

o0
IF |8 x ) = it {2 |f§”SO<G1)|f£2’|SO<GQ>}
=1

running over all such sequences {fi(l)};‘il < So(G1) and {fi(Q)};'il < So(G2) where (4.31) and
(4.32) hold.

Remark 4.4. From hereon out, the adjoint lattice A° will make quite an extended appearance.
We would like to point out that it is always equipped with the measure ppo, which is the
counting measure scaled with ﬁ (see Proposition 4.5). To avoid confusion, we will write out
the sums corresponding to the integral of a particular measure. In particular, this means that if

= {k(X)}rcers € £'(A°), then

s = fA KOO e (V) = s 30 k)

)\O eN°

Given what we now know about the Feichtinger’s algebra, there is more to be said about the

symplectic characters in connection with adjoint lattice.

Proposition 4.11. For each \° € A°, we have cs( - ,A°) € A((G x G)/A)) = So((G x G)/A)

with ||eg( - 7)‘O>HA((G><é)/A) =L

Proof. Let us recall that this incarnation of the relevant Fourier-algebra takes on the form (see

Corollary 4.1)
A((G x Q)/A) = {1 € C((G x G)/A) : T = Fpob, s.t. be (1(A%)}.

The equality with So((G x G)/A) follows from compactness of (G xG)/A and Item 5 of Proposition
4.9. Now for a fixed A\° € A°, define the sequence cyo € £}(A°) to be

d(A), whenever v° = —\°
cxe (V°) = (4.33)

0, otherwise.

We find that

(Froex)(X) = j ere (0°)ea (3, ) dpne (0°)

= d(lA) Z C)\o(vo)m = mCS(XvAO)

voeA°
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= CS(X? )‘O)'

Therefore cs( -, A°) € A((G x G)/A), with [cs( -, A%) )= exer = 1forall \> e A° O

”A((Gxé)//\

We shall make ourselves well acquainted to the dual space of the Feichtinger’s algebra, and
the maps on it. We shall follow the notation of [Jak18|. In general, we denote the dual space of a

Banach space X via X', and define with them the following bilinear form (-, )x x : X x X’ — C
(x,h)x x == h(x), V(x,h)e X x X'.

For a general LCA group G, we denote by S{,(G), the dual space of the Feichtinger’s algebra
So(G). There is a longstanding strand of ideas (e.g. invariance under most ‘Fourier-analytic
notions’ [Jak18], or as a pre-imprimitivity bimodule for the construction of the Heisenberg module
[Lue07]) that motivates So(G) to be a good substitute for the Schwartz(-Bruhat) space, and in

keeping with this tradition, we shall also refer to the functionals in S,(G) as distributions.

Definition 4.9. The so-called linear complex-conjugate of a functional in Sj,(G) is defined

via:

(fa E)SO,S() = (f7 U)SO,Sév V(f,O') € SU(G) X S6(G) (434)

The definition above is actually particular to function spaces since it involves the complex-
conjugate of a function. The reason why we call it the linear complex-conjugate for S{(G) is
because it results in a linear function. One may contrast the linear complex-conjugate to the
ordinary complex-conjugate of a linear functional which results to an antilinear functional.

Note that with the notation we are using, we do not make explicit which LCA group we are
taking with the bilinear form (-, -)g, s;, We leave it to be (easily) figured out from context by the
reader.

There are two relevant topologies on Sj(G), namely, the norm-topology and the weak -

topology. The norm topology on Sy(G) is the one induced by the operator norm

lollg == sup [(f,0)s,s;]
I/l1s0.9=1

for a given window function g € So(G). Similar to So(G), different choices of window function

g € So(G)\{0} result in equivalent operator norms for Sj(G). The more relevant topology for
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S,(G) is the weak-# topology, which is the topology of pointwise convergence: i.e. the net
{oi}i € SH(G) converges to o € S{(G) in the weak-# topology if and only if for all f € So(G),
oi(f) — o(f) in So(G)-norm (this of course just comes from the general definition of weak-x

topology for any topological vector spaces)

Definition 4.10. Given an arbitrary LCA group G, an open set U € G is said to be an open
annihilation set of a distribution ¢ € S{(G) if and only if for all f € So(G) with supp(f) < U,

(f,0)s0,8, = 0.

The support of a distribution o € S{(G) is defined to be the complement of the largest open
annihilator of 0. Equivalently, it is the complement of the union of all the open annihilators of

g.

Given a bounded and linear operator T': X — Y for Banach spaces X and Y, there exists a

unique map T : Y’ — X', defined by the following formula

(z, T*y)x x» = (Tz,y)yy"

that is both weak-*-weak-+* and norm-norm continuous to the dual spaces, called the Banach

space adjoint operator induced from 7' [Kre91].

Definition 4.11. Let G be an arbitrary LCA group with closed subgroup H. The distribution
o € S{(Q) is said to be H-periodic if for all h € H, T\ 0 = 0.

The following result summarizes all the relevant properties of the dual space of the Fe-

ichtinger’s algebra, all of which are referenced from [Jak18§].
Proposition 4.12. For general LCA groups G, G; wherei = 1,2, S{; has the following properties:

1. So(G) and LP(G) for 1 < p < o are both continuously embedded in S{(G). The embed-
ding is explicitly given by the map v : So(G) (or LP(G)) — Sy(G) via: (f,u(h))s,s;,
J f(@)h(z)dpc(z). In light of this, we abbreviate via (f,u(h))s, s, =: (f,h)s,s;. Fur-
tl?ermare, the embedding of So(G) in Sy(G) is weak-+ dense.

2. For each s € G, the dirac-masses 05(f) = f(s) for f € So(G) are all in SH(G);
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3. Bach w € G induces an element ¢ € Sy(G) via
e“(f) = L f(s)w(s)dp(s) = (Ff)(@). (4.35)

4. (Restriction). For a closed subgroup H < G, we have the following isomorphism through

the Banach space adjoint operator of the restriction map Ry : S{(H) — Si(G)

Im R}, = {0 € S{(G) : suppo < H};

5. (Periodization). For a closed subgroup H < G, we have the following isomorphism

through the Banach space adjoint operator of the periodization map Pj : Sy(G/H) —
Sp(G) :

Im P}; = {0 € S{(G) : o is H-periodic}.

6. (Sufficient Conditions for Isomorphisms). If T € L(L*(G1),L*(Gs)), then 1o T :
L*(G1) — S{(G2) uniquely extends to a weak-x-weak-+ (hence norm-norm) T : S{(Gy) —
S)(G2) that satisfies T(.(f)) = «(T(f)) for all f € L*(Gy) if and only if T|>X§0(G2) €
L(So(G2),S0(G1)). In which case:

(f2:To1)s, s, = (T* f2,01)s,.8,5 V(f2,01) € So(G2) x Sp(Gh).

Furthermore, if T is a unitary operator in L(L?*(G1), L*(G2)), then the extension above is

an isomorphism.

Remark 4.5. Note that as we can see above, any operator from S,(G1) to S{;(G2) that is obtained
via extension of some T': L?(G1) — L?(Gs) as in Item 6 of Proposition 4.12 is denoted simply by
T. Furthermore, if T : L?(G1) — L*(Gs) such that Tjs,(q,) € £(S0(G1),S0(G2)), then we have
the extension T* : S{(G2) — S{(G1) coincides with the Banach space adjoint S* : Sj(G2) —
S;(G1) of some S € L£(So(G1),So(G)) if and only if Tf; = Sfy for all f; € So(Gy).

Ezample 4.1 (Translation). An example of the above discussion would be the translation operator
T, : L*(G) — L?(Q) for any s € G, which is a unitary operator in L?(G) such that T = T

restricts to an isometry in So(G). We can see that the extension T, : S{;(G) — S{(G) satisfies
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for all (f,o) € So(G) x S(G) the following formula:

(fs TS 0)sesy = (Tsfr0)sysy = (Tsf,0) = (f, 15 0)s,.s,

In other words, T, = T; = T_,. Note that we can use this fact to redefine H-periodicity of
a distribution for a closed subgroup H of G, so it does not matter if we use the Banach space

adjoint T, or the extended unitary map T} : S((G) — S,(G) to define H-periodicity.

Corollary 4.2. Let H be a closed subgroup of G. A distribution o € S(G) is H-periodic if and
only if for all he H, Tpo = 0.

Proof. Note that by the example above, T} = T;* = T_}, for all h € H. Therefore ¢ is H-periodic

if and only if

(fs0)s0,sy, = (F: Ty 0)sosy = (Thf,0)so8, = (T-nh, 0)sy s = (f, T-10)s, s
for all h € H. This proves the desired result. O

Ezample 4.2 (Modulation). On the other hand, for w € C:’, we have the modulation operator
M, : L*(G) — L*(G), a unitary operator in L?(G) such that M} = M restricts to an isometry

in So(G). Therefore it also extends to a Si(G) — S{(G) operator. However, because M, f = Mg f
for all f € So(G), the Banach space adjoint M coincides with the extension of the Hilbert space
adjoint M* = Mg. Equivalently M = M,,, which seems to be one of the rare cases where for an
operator S € L(L*(G)) s.t. Sigyc) € £(So(G)), that an extension S : S{(G) — S{H(G) coincides
with the Banach space adjoint S* : S{(G) — S{(G).

Ezample 4.3 (Time-Frequency shifts). The time-frequency shifts 7(x) = M,T, for (z,w) = x €
G x G are unitary maps in L(L*(G)) such that 7*(x)|sy(c) : So(G) — So(G), hence time-

frequency shifts also have an extension as in Item 6 of Proposition 4.12.

Example 4.4 (Fourier Transform). There are two Fourier-transforms acting on the S{(G), one is

~

given by the Banach space adjoint .7:5 : S)(G) — S((G), and the other is the extension of the

~

usual unitary Fourier transform Fg : S{(G) — S (G). We would like to know how these two are

~

related. However, it follows by straightforward computation that for all h € So(G) that

Fehia) = | Ho)(@)dat)
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for all x € G. Therefore it follows from Remark 4.5 that Fg = F é on S((G). From this observa-

tion, we have the following corollary.
Corollary 4.3. Let o € S{(G), then supp(Fgo) = supp(]:Gfa)

Example 4.5. Let x € G x CA?, consider the delta-function ¢,, and we know that d, € So(G x CAT‘)
The symplectic Fourier-transform Fy (4.14) also extends to a unitary map in £(L?(G x Q).
and whose Hilbert space adjoint restricts to £(So(G x G)) (this is similar to the discussion

regarding the Fourier-transform in the paragraph after Remark 4.3). We compute the following

for F € So(G x G)

(F, ]:s5x)so,sg = (fSF7 5x)So,S{) = (FsF)(—=x)- (4.36)

What we find find then, is a symplectic version of (4.35), where we have ey € S{(G x é) defined

via
(F,eX)sg,s; = L GF(X')CS(X, g, a(X) = (FF)(=x),  ¥xeG xG.

So from (4.36), we obtain F4(d,) = eX for all x € G'x G. It is not hard to see that for each \° € A°,
A

2" is a A-periodic distribution, therefore by Item 5 of Proposition 4.12, we know that ) is in the

e
image of the Banach space adjoint of the Periodization operator Py : S{((G x G)/A) — S, (G x Q).

In fact, it follows from Weil’s formula that
er = P(cs( -, \%). (4.37)

The formula above will be important for our calculations in the sequel, it says that each of eé‘o
is the Banach-space-adjoint-periodization of a distribution induced by a concrete So((G x G)/A)
function. In general, we shall make use of the following notation, if o € S{;(G x @) is a A-Periodic
distribution, then it can be identified with S{((G x G)/A) by the P operator, we denote this

identification by

5eSo((G x G)/A). (4.38)
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Explicitly, this just means: o = P{&. Therefore by our notation, we have e}’ = ¢s( -, \°).

We have one more result which we cite from [Ber03], obtained using Bounded Uniform Par-
titions of Unity (BUPU) centric arguments, showing the ‘duality’ between periodization and

restriction.

Proposition 4.13. For a closed subgroup H of an arbitrary locally compact group G, o € S{(G)
is H-periodic if and only if supp(Fgo) € H*.

We have symplectic form of the previous result as a corollary.

Corollary 4.4. If 0 € Sj(G x G), then supp(Fso) = JH(supp Fr, q0)).  Therefore
supp(F,, 50) S AL if and only if supp(Fso) < A°.

Proof. Let F € So(G x é’), then it follows from definition of the symplectic Fourier-transform
(4.14) that (FsF')(z,w) = 0 if and only if (F,, aF'J)(z,w) = Fg, alw,—x) = 0. This proves
that supp(FsF) = J~((supp Fg, 5F)) for any F € So(G x G), but this is a weak-* dense
subspace of S{(G x é), so what we have done is sufficient to show the first assertion. The last

assertion follows directly from what we have just shown, from Proposition 4.13, and from the fact

that J is a group isomorphism such that J~'(AL) = A° (see the proof of Proposition 4.4). [

We end our survey of Feichtinger’s algebra with the two motivating results for Operator-
Quantization and Deformation of Heisenberg Modules. We start with the Gabor stability of
linear deformations of Gabor frames [FK04, Thm. 3.8] with windows on Feichtinger’s algebras,
on Euclidean spaces. In this particular case, we have invertible matrices in GLgd(Rd), and any
lattice in R?? is given by A = LZ?? for some L € GLy4(R). Feichtinger and Kaiblinger’s stability

result now reads:

Theorem 4.5. Let go € So(R?) and Lo € GLag(R) such that G(go, LoZ??) is a Gabor frame, then
there exist open sets Ug 3 go in So(R?) and Vy 3 Ly in GLog(R) such that G(g, LZ*?) is a Gabor
frame for all (g, L) € Uy x Vp.

This type of deformation is termed linear because the lattice Ag = LoZ?? (or its generating
matrix Lg) is perturbed by a linear transformation, namely multiplication with LLg Le GLyg.
A careful reading of the statement, gives us a hint on why the term Gabor stability is used. It
says that once it is shown that G(gg, Ag) is a Gabor frame, then it is stable in the sense that the

neighborhood around (go, Ag) still keeps the Gabor frame property. Our original contribution in
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Section 7.1 of Chapter 7 deals with extending the deformation result of Theorem 4.5 above to
the Heisenberg modules, however, there are technical problems in doing this extension. Chiefly,
that the Heisenberg modules themselves depend on the lattices, hence we end up with a family
of spaces that needs to be continuously deformed. This further motivates us to introduce the
theory of Banach bundles, which is the subject of Chapter 6.

The next result are the kernel theorems for the Feichtinger’s algebras. The outer kernel
theorem is well-known for the Euclidean case |Gro01, 14.4.1|. A refinement and a statement of
the outer and inner kernel theorems, respectively, to elementary LCA groups can be found in
[FK98, Theorem 7.4.1 & Theorem 7.4.2]. Finally, the result which we will cite, are the general
statements for any LCA groups, due to [Jakl8, F.J22].

Proposition 4.14 (The Kernel Theorems). Let G, and Gy be arbitrary LCA groups.

1. (Outer Kernel Theorem). For each T € L(So(Gh1),S((G2)), there exists a unique (outer
kernel) k(T) € S{(G2 x G1) such that

(f1, T f2)so,sy = (1 ® f2.6(T))sy 8, V(f1, f2) € So(G1) x So(Ga).

The map T — k(T') defines a Banach space isomorphism between L(So(G1),Sy(G2)) and
S6(G1 X Gg)

2. (Inner Kernel Theorem). Let L. |(S5(G1),S0(G2)) be the subspace of L(Sy(G1),So(G2))
that sends S((G1)-norm bounded weak- convergent nets to norm-convergent nets in So(G2).
If T € Ly, (So(G1),S0(Ga)), then there exists a unique (inner kernel) k(T) € So(G1 %
G2) such that

(Ta1,02)s,8, = (K(T),01 ®02)s,5,,  V(o1,02) € S4(G1) x Sp(G2).

The map T w k(T) defines a Banach space isomorphism between L,_.|(Sp(G1),So(G2))
and So(G1 x G2).

The kernel theorems are our starting point for Quantum Harmonic Analysis as envisioned by
Werner [Wer84] since we have access to a one-to-one correspondence between functions (techni-
cally these are distributions) and operators. We shall follow the ideas which introduced time-
frequency and Gabor analytic methods to QHA by Luef and Skrettingland in [LS18, Skr20,

Skr21b]. Our original contribution in Section 7.2 of Chapter 7 deals with establishing the role
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of Heisenberg modules to the so-called "lattice translation invariant operators", introduced by
Feichtinger and Kozek in [FK98| via kernel theorems. We will also introduce and study via
Heisenberg modules, a corresponding notion called "lattice-modulation invariant operators", to

complement translation invariant operators.

4.4 Operator Quantization

In this section we revisit in detail the techniques and ideas of Feichtinger and Kozek presented
in [FK98|. We generalize their results to lattices on the abstract time-frequency plane G x G.
Recall the standard kernel theorem for Hilbert-Schmidt operators on the L?-spaces denoted by
HS(L?(G), L*(G)) < L(L*(G)), which says that

LGy x Ga) = HS(L*(G1), L*(Go)).

Along with Proposition 4.14, these kernel theorems implement an isomorphism of the triple

operator spaces
L (S5(G1),S0(G2)) = HS(L*(G1), L*(G2)) = L(So(G1),SH(Ga))
with the so-called Banach Gelfand Triple! [GS64, Rob66]:
So(Gy x Go) < L*(Gy x Ga) — SH(G1 x Ga).

In general, we denote Banach Gelfand Triples based on the Feichtinger’s algebra via (So, L?, S{)(G),
for any LCA group GG. Any Banach Gelfand triple isomorphisms would take on this format. For
example, the kernel theorem T +— k(T) implements a Banach Gelfand Triple isomorphism on the

Banach Gelfand Triples (£,_|.|, HS, £)(G1, G2) to (So, L?, S()(G1 x Gs) in the following sense:
1. At the inner level: £,_.(S{(G1),S0(G2)) = So(G1 x Go) (via inner kernel theorem);
2. At the middle level: HS(L?(G1), L*(G2)) — L*(G1 x G3) (via regular kernel theorem);

3. At the outer level: £(So(G1),S,H(G2)) = S{(G1 x G2) (via outer kernel theorem)

'The classical notion is that of a Fréchet Gelfand Triple, where instead of the Feichtinger’s algebra (a Banach
space), one considers the Schwartz(-Bruhat) space, a Fréchet space. These triples also go by the name "Rigged
Hilbert spaces".
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In general, whenever two Banach Gelfand triples appear, morphisms between them means that
the map must respect the corresponding three levels as in the example above.

We again reiterate that Proposition 4.14 was only previously known to hold for elementary
LCA groups as seen in [FK98]. We now have a way of doing pseudodifferential calculus on the
Feichtinger algebras on general LCA groups since we can always apply isomorphisms on the
kernel of operators. We shall give an account of their relevant results in terms purely of the
kernel theorems 4.14. We must expect that results about the Feichtinger’s algebra must have
corresponding results on the operator side.

We now take note of the necessary maps that will act on the kernels to switch between calculi.
We have the following technical lemma which can be deduced from Item 8 of Proposition 4.9

and Item 6 of Proposition 4.12.

Lemma 4.5. On an arbitrary LCA group G, the asymmetric coordinate transform 7, :
L*(G x G) — L*(G x G), the coordinate transform Ay : L*(G x G) — L*(G x G), and the
partial Fourier transform F : L*(G x G) — L*(G x G) are unitary maps. Explicitly, for
F e L2(G x G) they are defined via:

1. (1o F)(z,y) = F(y,y — )
2. (AoF)(z,y) = F(z,x —y)
5. (FoF)(z,w) = L F(z,y)a(y)du(y).

These maps restrict and extend to isomorphisms on the relevant So, and S, spaces respectively.

Remark 4.6. The STFT can be written in terms of the two transform given above. Let g,h €

L?(G), then it can easily be verified that:
Vhg = (F2075) (9®h). (4.39)

As a Corollary of Lemma 4.5, we obtain that V,h € So(G x CA?)

Definition 4.12. Given T € L(So(G), S((G)), its spreading function is denoted by n(T) €
S} (G x G) defined by

n(T) = (Fz2o7a)(k(T))-
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The generalized Kohn-Nirenberg symbol of T, denoted by ((T') € S{(G x CA?) is defined to
be

¢(T) := (F2 0 Ao)(k(T)).

Remark 4.7. Using the the identity: Fs o Fo 071, = Fa 0 Ay, we can compute the generalized
Kohn-Nirenberg symbol of T via {(T") = (Fs)(n(T)), and conversely, n(T) = (F,)(¢(T)) using

the fact that the symplectic Fourier-transform is self-inverse in L?(G) (Lemma 4.4).

Ezample 4.6. For each (z,w) € G x CA?, the time-frequency shift can be seen as a norm-norm

continuous operator m(x,w) : So(G) — S{(G) via Item 3 of Proposition 4.9. For f, g € So(G),

(£r@wlg), = (f7(@w)9)s, s,

= (f ®yg, IQ(TF(.Z‘, W)))Sg,S&

(4.40)

Observe that substituting k(m(z,w)) = 7,10 .7-"2_15(36#,) satisfies the equation (4.40) above,
owing to the fact that <f,7r(1:,w)g>2 = Fo07,(f ® g)(x,w). Therefore by uniqueness of ker-
nels, it follows that x(m(z,w)) = (7, ! o f;l)é(x’w). Consequently, we have n(w(z,w)) = (Fz 0

Ta) (K(T(2,w))) = 6(zw)- Therefore, the spreading function of the time-frequency shift at (z,w) €

G x G is the dirac-mass at (z,w) € G x G.

Here we give a direct proof of the so-called shift-covariance formula using the outer kernel

theorem (O.K.T.).

Theorem 4.6. For each T € L(So(G),Sy(G)) and X = (z,w) € G x G, we have: m(A)oTom*(\) e
L(So(G),Sy(GQ)). Furthermore,

1. k(m(A) o T om*(N)) = Mz Tz,2)k(T)
2. (Shift-Covariance Formula). ¢(7(X) o T o *(X)) = T\ (¢(T)).

Proof. By elementary computation, given f, g€ So(G) :

T*NfRT* (N g =T -y Mz (f ® 9)
=Ty M@w)(f ®9)

= Mz T(z2)*(f ®9).
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Therefore

(m*
LT (W F @7 (N g, 5(T))sy s
= ((M(w w)TxJ:) (f®g) ( ))SO,SE)

= <f®g7M(w,U)T(r,x)KV(T))SO,SB'

By uniqueness of kernels, we have #(m(A\) 0T om* (X)) = My, )T (z,2)%(T). Therefore, using what
we have just shown, the shift-covariance formula follows if we can show that: F2 0 Ag o M,z o

Tlag) = Tiww) © F2 0 Ag. Let F e L?(G x G)

F2 (AO © M(w w) © Ta: x) )(t 5) J (AO © M(w @) © T(:c,:v)F) (t7 y)g(y)d#(y)

JG (w,@) on :E)F)(t7t_y)€(y)d”(y)

J Ft—x,t—y— a:)w(t)mdﬂ(w

I

Q

f F(t—a,t—y—2)wy)(y)duly).

G

On the other hand,

(Ta) (F2 0 AoF))(t,€) = (Fp 0 AgF)(t — 2, - @)
_ L(AOF)(t —z,y) (& 0)(y)duly)
- L F(t—z,t -z —y)w)E(y)du(y)

Hence we see that indeed F2 0 Ago Mz 0 T(p0) = T(zw) 0 F20 Ap for all F e L?(G x G). Since
all the involved maps are unitaries in L? that satisfies the hypotheses of Item 3 in Proposition

4.12, the formula uniquely extends to S{(G x G). Finally we obtain:

C(r(N) o Tom*(\) = (Fz 0 Ag)(k(m(A) o T o m*(N)))
= (F2 0 Ao o M) © Tway) (K(T))
= (T(pu) © F2 0 Ag) (K(T))
= Th\(<(T))

139



as required. O

The shift-covariance formula (4.6), as noted by Feichtinger and Kozek, motivates us to give

the following definition of translation of an operator in L(So(G), S{(G))

Definition 4.13. Let T € L(So(G), S{(G)) and X € G x G, we define the operator-translation
ofTbyxerCA?by:

oy (T) = 7(x) o T o 7 (x).

We see then that the shift-covariance formula tells us that there is a correspondence between the
translation of a function and its associated operator via Kohn-Nirenberg quantization scheme.

Explicitly,

(e (T)) = Ta(¢(T)), (4.41)

so that the Kohn-Nirenberg symbol of the translation of 7' is the same as the translation of the

Kohn-Nirenberg symbol of T

Definition 4.14. Given a lattice A of G x G, an operator T € £(So(G), S,(G)) is said to be
A-translation invariant if for all A € A, Tw(\) = w(\)T, or equivalently, a)(7') = T for all
AeA.

Remark 4.8. It is important to note that the space of all A-invariant operators is in general
a closed subalgebra of the Banach algebra £(So(G),Sy(G)) owing from the fact that operator

composition is a continuous map.

Remark 4.9. Let us try to take a pause and make sense of Definition 4.14. Because m(\) :
So(G) — So(G) extends to 7(\) : S{(G) — S((G), then T is A-translation invariant if and only

if the following diagram commutes:

So(G) —T— Sy(G)

We now present a version of a representation for A-translation invariant operators of Fe-

ichtinger and Kozek valid for general LCA groups. Crucial to our calculations is the fact that
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the Banach space adjoint of the Periodization operator Py : Sj((G x G)/A) — Sy(G x G) is

invertible when its codomain is restricted to A-periodic distributions (Proposition 4.12 Item 5).

Theorem 4.7. If T € L5(So(G),Sy(G)), then ((T) is A-periodic, supp(n(T)) < A°, and there
exists a unique sequence k = {k(\°)}roene € £P(A°) such that we have the following weak repre-

sentation of T':

(0T P)so ), = fA BOO) (9, 7(°) sy s diae (0°)
Z k(A) (g, m(A°) f)s,.s;

/\OEAO

for all f,g € So(G). This weak representation gives an explicit form of the spreading and Kohn-

Nirenberg symbols of T', we respectively have:

Z k(A°)6xe,  C(T) Z k(A%)e)’ (4.42)
)\OGAO )\OEAO

Proof. A-invariance of T implies m(\) o T o 7*(\) = T for all A € A, therefore Shift-Covariance
from Theorem 4.6 implies that ((T") = T(¢(T)) for all A € A. In other words, {(7') is a A-periodic
distribution, so it follows from Corollary 4.2 and Proposition 4.13 that supp(F, a¢(T)) S AL
Consequently, it also follows from Corollary 4.4 that supp(Fs¢ (7)) = supp(n(7T)) < A°. Therefore
from the Restriction property of Proposition 4.12, n(T) = Ry, ({k(A°)}rcenc), for a unique k =
{E(A°)}rcene € £ (A°) = S{(A°) we have

(F,n(T))sy,s;, = (BacFL {k(A) brcenc)s, s

_ j ) FO)dane (1)

1
= > k)P
i) 2
( Z k(\°) 5Ao>
)\OEAO So,8)
for all F € So(G x @), therefore n(T) = ZAOEAO k(A )5>\o Taking the Symplectic Fourier
transform of n(7"), along with Example 4.5, we obtain (T Z kE(A%)e; . From Exam-

)\OeAO
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ple 4.6, we obtain

( D1 ) ) Zk;stp

)\OGAO )\OEAO

=n(T)

Now it follow from uniqueness of kernels, and that 7,, F2, Ag are all isomorphisms in their re-

spective S, spaces that T' = 2 kE(A?)m(A°) (weakly) as required. O
)\OEAO

Remark 4.10. If T is A-invariant, then the fact that its Kohn-Nirenberg symbol ((7') is A-periodic
means that there is a unique corresponding (T') € Sh((G x G)/A) such that ¢(T) = Py ((T)).
Note that in the original paper, this correspondence was not explicitly pointed out, and the
authors simply treat ((7") and E (T') interchangeably. One advantage of a careful tracking of
these correspondence is that we have an explicit expression for 5 (T). We know that ((T) =

ﬁ Y yoene k(A%)el”, and therefore from Equation (4.37), we find that
Z A )es( -, \°). (4.43)
)\OEAO

Theorem 4.8. Keeping the setting and hypotheses from Theorem 4.7, the following are equiva-

lent:

1. ke (M(A°);

~

2. {(T) € So((G x G)/A).

If any of the above is true, then we have Im(T') € So(G), with the following strong representation

forT

T:f k()T (A%)dppe (N°) = Z k(M%) m(A°) (4.44)
° AOeAO

where the coefficients can be computed via:
RO = [ RN iy (0 (4.45)
(GxG)/A (GxG)/A
We also have the following operator norm estimate:

1T £(s0(cy) < K]

142



Proof. We obtain from Equation (4.37) that ((T) = ﬁ D eepne E(A)es( -, A°%). If we assume 1,

then Proposition 4.11 implies

HE( )HA (GxG)/A) S Z |E(A)][es( - ,)\O)HA((GX@)/A) = Z |E(A%)] < 0.
ACeA° AeA°
So C(T) € So((G x G)/A) = A((G x G)/A). Conversely, if C(T) € So((G x G)/A), then by the
fact that the Fourier transform Faxéyn So((G x é)) — (1(A°) is an isomorphism, we have

from Corollary 4.1, computation (4.13), and Equation (4.43) that for \°:

(‘F(Gx@)/AE(T))()‘O) = J(GXG J/A ( Z k Cs X’ )) Cs(XaAO)dN(GX@)/A(X)

voeN®

1
= — kvof cs(X, 07 = N~ A (X
d(A) 2 K) (GxE)/A ( )1 (Gxa 00

vPeN®
1

= ——k(A\)d(A) = k(X\°).
T HA) = KO
From this we obtain the formula {k(A°)}xeepe = f(GX@)/AE(T) € (1(A°). This shows equivalence
of 1 and 2, and also the coefficient formula (4.45). Next, we shall show that 1 implies Im(7") <

So(G). To do this, fix g € So(G), we compute for f € So(G):

an (1, 0)0,T sy 81 [diige )

: f
< — k(x®, )| |(m(z,w)g, m(z°,w°) f rdp s AT, w
T S, T I (000070 1)

! % w’ (0 oV F R

) M( Z) A° ’k(x v )‘ G’x@‘<7r(x’W)gv7r(x ' )f>2‘d'uG><G(x7w)
1 o o 0 —o\TF

m(m ,u)zo)e/\O S Gx@ |<7T($,w)g,7r(;p W )f>2|dMG><@($vw)

1 o o o ° —_

_ m( ";)EAO |k (2, w)] Lxé [(m(a — 2%, ww®)g, Fy| dug o (@, w)
1 e} [¢] —_—

) M( ©,wo)eA® b, o)l ij@ |<7T($,w)g7 f>2| i (2, )

= k1] fls,-

By the characterization [Jak18, Theorem 6.12], T'f € So(G) if and only if the left-hand most side
of the computation above is finite. We find from the above estimate that a sufficient condition

is |k|1 < o0. Now, notice that more is true from the computation, the strong representation of
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T follows from it, and also the following estimate: [T’ s, (q)) < k|1 O

The general principle of QHA is to build-up operator-versions of classical notions that hold
for functions on the time-frequency plane G x G. Take for example, the periodization operator
(Item 4 Proposition 4.9) on the time-frequency plane Py : So(G x G) — So((G x G)/A) which

can be written as:

P\F = J IhFdua(A) = D T0F,  VF € Sy(G x G).
A AEA

Building up from this and the notion of operator-translation, we have the following.

Definition 4.15. Let T' € L(So(G), S{(G)), the operator-periodization of 7" with respect to
the lattice A € G x G is

Dl ax(T) e L(L(G)). (4.46)
AEA

Therefore one can always see PyT € L(So(G), SH(G)).

The verification that operator-periodization lands in £(L?(G)) can be deduced via duality
i.e. by weakly-defining (4.46). An explicit proof of this can be found, albeit only in the Euclidean
case, in [Skr21a]?. For the application that we have in mind though, we do not really have to
deal with the subtleties of this generality.

Operator-periodization extends the following intuition to operators: " Every A-periodic func-

tion is A-translation invariant". We see this in the following computation, for X' € A:

Ck)\/PAT = Qy/ (2 Oz/\T>

AEA

= DN T\ T (A)7*(X)

AeA (4.47)
= Y AN+ NTrHN + Ne(V, Ne(N, )

AEA
=Y anT = PT.

AEA

Corollary 4.5. Let T € L(So(G),S,(G)) be a A-translation invariant operator that satisfies

any of the equivalent hypotheses in Theorem 4.8. Then there exits a "prototype” operator

2Tt is important to recognize the author of the paper proved this result by a careful consideration of the duality
theory on £(So(R?%), S(R?)). Furthermore, they have also integrated the theory of operator-Fourier transforms.
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Q € L(So(G),SH(G)) such that PyQ € L(So(G),SH(G)) and E(T) = PpC(Q) = Py (C(PAQ)).
Furthermore, T = PpQ).

Furthermore, the strong-representation (4.44) can be written in terms of the spreading func-

tion n(Q) € So(G x G) :

[¢] [e] 1 [¢] [e]
7= [ nQOIR N 0) = i 3 @0 (1.15)

That is, the coefficients k that appear in Theorem J.8 satisfy k = Rpe(n(Q)) € £1(A°).

Proof. We first show that T = PyQ = >},.p ax(Q) for some Q € L(So(G),SH(G)). To do
this, we use the hypothesis ((T) € So((G x G)/A). Tt follows from the surjectivity of the
periodization operator and the Outer Kernel Theorem (c.f. Ttem 4 Proposition 4.9 and Theorem
4.14) that there exists a @ € L(So(G),SH(G)) such that ((T) = PA(¢(Q)). We can now use
the shift-covariance formula (4.6) to conclude that ¢(T) = Pr(C(Q)) = P{(¢(PAQ)). Finally,
since Py’ is an isomorphism to A-periodic distributions in S{(G x C:’), we find from the equation
PX(((T)) = {(T) = P*(¢(PAQ)) that T = PAQ.

On the other hand, the computation of the coefficients in Theorem 4.8, along with Poisson’s

summation formula (3.31) show that

) = f(cxéw CO0es O, X) gt ey (1)
- f(Gxéw PAC(@)) (0 0% Dt gy ()

_ j( D D), i gy ()

= f(cx@)m ;ATAC (@ ()es(N X) i iy n
- 5 X (@) f( o o))
- @A)
~n@Q)N).
It follows that k = Rye(1(Q)), from which Equation (4.48) further follows, O

We denote the rank-one operators generated by g, h € So(G) by g ® h € L(L?*(G)), and will
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be defined in terms of Jakobsen’s notation®:

(9®N)f = (f.h)s,sy9 = {f.h),9.  VfeL*G). (4.49)

It also follows from a straightforward computation that the adjoint of a rank-one operator sat-
isfies: (¢ ® h)* = h ® g. One may realize that we are using the tensor-product notation for
rank-one operators. It is in general ambiguous whether we mean the function tensor-product
g®h € So(G x G), or if we mean the operator tensor-product g® h € L(L?*(G)), we shall leave it
to the reader to figure out by context. We will however, motivate the use of this notation using

the following result.

Proposition 4.15. The rank-one operator satisfies k(g @ h) = g ® h € So(G x G) for all
g.h € So(Q).

Proof. The proof follows from simple computation:

(1, (g ®h) f2)sy,s, = (f1, (f2,h)s0,8,9)s0,8, = (f1,h)sy sy - (f2,9)s0.8, = (J1 @ f2,9@ h)s, sy

Hence k(g ®h) = g® h. O

Applications of QHA on Gabor analysis can now be seen by the simple observation that

Gabor frame operators can be written as operator-periodized rank-one operators.

Proposition 4.16. Let g, h € So(G), then

Sgna = Y, ax(@@h)*) = PA(G®h)*) = PA(h ®7). (4.50)
AeA

Proof. For fe L*(G) :

PA(h@9)f = Y, eax(h®9)f
AEA

=Y 7\ (h@g) T (V) f

AEA

_Z fvg>2 )

AEA

- Z<f7 g>2 )

AEA

3This generalizes to g, h € L*(G) obviously, by using the rightmost formula.
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= Pg,hA-
O

As a corollary of Proposition 4.16, every Gabor frame operator Sy, a with g,h € So(G)
must be A-translation invariant and it satisfies the hypotheses of Corollary 4.5— of course this
is consistent with what we already know from Proposition 4.7. Moreover, S, A can be written
as the periodization of the "prototype" operator (g ® h)* as called by Feichtinger and Kozek
[FKO8].

Theorem 4.9 (Janssen’s Representation). For all g,h € So(G), we have:

Suna = | ur0)0, 7 Ndine () = T T Gur(X)g =) (@51)
A°eA°

Proof. Given that (g ® h)* = (h ® g) is the "prototype" operator for S, A in the sense of

Corollary 4.5, it follows from the same result that:

Suna = | a0 @D (0) = o5 3 ah@D)(N)
AeA°

All that remains then, is to compute the spreading function of the rank-one operator h ® g.
However, it follows from Proposition 4.15 and Equation (4.39) that n(h®g)(\°) = (Feo7,)(k(h®
9))(A°) = (Fa0o14)(h®7)(A°) = (h, m(A°)g),, which proves our desired result. O

We also obtain from Janssen’s representation, the equivalent form, called the Fundamental

Identity of Gabor Analysis (FIGA).

Corollary 4.6 (FIGA). For all g, h, f € So(G):

1

Sg,h,Af - Msg“f’AOh' (452)

Proof. Let ¢ € L*(G), then due to Equation (4.51) we have:

A°eA°
< L S hg0>
=\ G Py, [Nl .
d(Ar) 7! 2
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<Sg,h7Af,so>2=<d(1A) > <h,7r(A°)g>27T(A°)f,s0>
2



Since ¢ € L?(G) is arbitrary, then (4.52) follows. O

Equation (4.51) is the celebrated Janssen’s representation, originally proven by Janssen
in [Jan95] in the Euclidean case. Rieffel has also proven as similar representation in [Rie88] which
holds for lattices in abstract time-frequency plane G x G. However, the Gabor frame operators
in this paper by Rieffel only involve those with windows coming from the Schwartz-Bruhat space
S(G) < So(G). Our proof above is largely parallel to the ideas of Feichtinger and Kozek, although
the proof shown above is verification that there is a time-frequency analytic proof that is valid for

lattices in the abstract time-frequency planes, and for Gabor frames with windows from Sy (G).

Remark 4.11. We can repeat Proposition 4.16 using >, ;(g; ® hi)* = X" | hi ® g; to obtain a
multi-window versions of Janssen’s Representation and FIGA.
While we have only developed enough to prove Janssen’s representation, we can actually

slightly refine all our results and repackage them in terms of a Banach Gelfand triples.

Proposition 4.17. For any A-translation invariant T € L(So(G),Sy(G)) we have {(T) e
(So, L%, Sp) ((G x é)/A), and there erists a unique coefficient k € (£1,2,0%)(A°) such that

T - J BT dpae (X°) = d(lA) S )R
A°eA°

where the convergence is in the weak sense when ((T) € SH((G x G)/A).

Remark 4.12. The theorem says that if we have a A-translation invariant operator 1" as in above,
the association E (T') — k is a Banach Gelfand triple isomorphism. The outer isomorphism is
Theorem 4.7, the inner isomorphism is Theorem 4.8. While we have skipped the proof for the

middle isomorphism, though it can be done in a very similar fashion to the middle isomorphism.

In the next chapter, we shall see that Janssen’s representation will be a crucial ingredient in

the construction of the Heisenberg modules.
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Chapter 5

The Heisenberg Module

We shall introduce the general framework from which we construct the C*-algebras most relevant
to us. We shall study the so-called twisted C*-dynamical systems introduced and developed
by Busby, Smith, Packer and Raeburn in [BS70, PR89, PRI0|. There also are connections with
the older paper of Green [Gre78] on "twisted covariant algebras" as explicitly pointed out in
[PR89]. However we shall not see much use of twisted covariance algebras in this document
as the "twisted covariant systems" from which such algebras are generated purposefully avoid
working with cocycles. Since we will eventually want to deal with the algebras generated by
the time-frequency shifts which obey a "projective representation" condition given by (4.8) from
which the Heisenberg 2-cocycles appear, then we naturally gravitative towards a theory wherein
the cocycles are explicitly included. We shall follow the development of twisted C*-dynamical
systems outlined in [MPRO5|, wherein while the starting definitions are mostly based from the
original references [PR89, PR90|, they have chosen to treat their twisted actions as continuous
maps instead of merely Borel maps. Furthermore, the induced *-algebras from these twisted C*-
dynamical systems are chosen to be more concretely defined in the spirit of [Wil07] and [BS70].
Our purpose in Section 5.2 is to study twisted group C*-algebras, and we obtain them as an
instance of the twisted crossed-product of a twsited C*-dynamical system with A = C.
Equipped with a good understanding of twisted group C*-algebras, we can finally construct
the Heisenberg module in Section 5.3. We will combine insights from the original paper [Rie88|
of Rieffel and [Lue07| of Luef, where the connections of the Heisenberg module with Gabor
analysis was first documented. We note that that we present an original result for the fullness
condition on the Heisenberg module, using only time-frequency analysis and our knowledge of

the Feichtinger’s algebra (see Proposition 5.8). We close the chapter with a detailed exposition
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of the localization scheme of Austad and Enstad [AE20], allowing us to embed the Heisenberg

modules into the space of square-integrable functions.

5.1 Twisted Crossed-Products

Definition 5.1. A C*-dynamical system is a triple (A, G, «) such that A is a C*-algebra, G is
a locally compact group, and « is a continuous (group) homomorphism « : G — Aut(A) where
Aut(A) is equipped with the pointwise convergence topology. The map « is also referred to as a

group action of G on A.

Remark 5.1. Note that Aut(A) is the group of all automorphisms on A, and we can characterize
the pointwise-convergence topology on it by saying that a net ¢; converges to ¢ in Aut(A) with
the pointwise topology if and only if for all a € A, the net ¢;(a) — ¢(a) in A. Furthermore,
given a C*-dynamical system (A, G, «), we shall also use the notation a; := a(s) for each s € G.
In some of our estimates, we will also make use of the fact that for all s € G, |as(a)|a < |a| a4,
which follows from the fact that all *-homomorphisms on C*-algebras are contractive [FD88,

Theorem 3.7].
In the commutative case we have the canonical example.

Ezample 5.1. Let G be a locally compact abelian group, and a : G — Aut(Cy(G)) defined by
the following: for each f € Cy(X) and s € G:

as(f)(x) = flx—s), Vxed.

It is not hard to see that indeed as € Aut(Co(G)), with (as)™! = a_ and a4y = a0 ay for
all s,t € G. That « is continuous in the required sense can be found from [Wil07, Lemma 2.5].
Curiously, the continuity statement for « is equivalent to the following statement regarding the

translation operator: « is continuous if and only if for all f e Cy(X)

lim | 73(f) = £l — 0

Therefore (Cy(G), G, «) defines a C*-dynamical system.

Now that we have a good idea of what C*-dynamical systems look like, we can compare
them to their twisted versions. The ‘twist’ in a C*-dynamical system is formally implemented

by introducing a 2-cocycle and having it interact with the group action in such a way that it
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generalizes the homomorphism property into a twisted one. Before we proceed, recall the notion
of unitary elements (which forms a group) in a C*-algebra: we denote it by U(C) = {cc* = 1¢ =

c*c: ce C} for a unital C*-algebra C' with identity 1¢.

Definition 5.2. Let A be a C*-algebra with identity 1,7(4) for its multiplier algebra, G’ a locally
compact group with identity e, o : G — Aut(A) a continuous map, and ¢: G x G - UM (A) a
(#-strongly) continuous map. We say that (o, c) is a twisted action of G on A if they satisfy

the following:

ae(a) = a, c(s,e) = c(e,s) = Lya), Vae A, se G (5.1)
c(g,t)c(gt, s) = ag(c(t, s))c(g, ts), Vg,t,s € G (5.2)
(as o a)(a) = c(s,t)as(a)c* (s, t), Va € A. (5.3)

A quadruple (4, G, a, ¢) satisfying the above axioms is called a twisted C*-dynamical system.

Remark 5.2. For each s € G, as : A — A can be seen as a nondegenerate *-homomorphism
(see Definition 2.16). The nondegeneracy can be deduced from the automorphism property of
a. Therefore it follows from Corollary 2.4 that we have the extension @y : M(A) — M(A), but
for the rest of the manuscript we shall suppress the bar above such extensions, hence we have
a: M(A) > M(A) as it appears in in Equation (5.2).
Remark 5.3. A map c¢: G x G — UM (A) that satisfies (5.2) is called a 2-cocycle, if it further
satisfies the latter half of (5.1), we say that ¢ is normalized. Furthermore, observe that if ¢
is related to o via Formula (5.3), then in the case that ¢ = 1j;(4) (i.e. we don’t have a twist),
we find that « will satisfy the homomorphism property a; o s = ag. Henceforth we see that
(A, G, ) then becomes a normal, ‘untwisted’, C*-dynamical system. Curiously, we can have a
nontrivial 2-cocycle ¢ : G x G — UM (A) and still have « satisfy the homomorphism property.
In particular, this happens in the case where A is commutative.

We will eventually construct C*-algebras out of these twisted C*-dynamical systems, where
some of the concepts from Appendix A will be relevant. We outline the general strategy: we shall
find a way to induce a Banach =-algebra out of (A, G, «, ¢), then we proceed with completing it

with the universal C*-norm as in Proposition A.1. Hence it only makes sense that we will be
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interested at the nondegenerate s-homomorphisms of this induced Banach =-algebra. It turns out
however, as we shall see later, that one can induce the relevant nondegenerate *-homomorphisms

of the resulting #-algebra on the level of twisted C*-dynamical systems (see Proposition 5.1).

Definition 5.3. Let (A,G,a,c) be a twisted C*-dynamical system, we say that the triple

(H,p,U) is a twisted covariant representation of (A, G, «, ¢) if they satisfy the following
1. p: A — L(H) is a nondegenerate #-representation of A;

2. U:G — UL(H) is a strongly continuous mapping that satisfies a projective relation with

the 2-cocycle:
UsUy = p(c(s,t))Ust, Vs, teG. (5.4)

Where we have used the notation U, := U(s) for all s € G.

3. A covariant relation between p and «, given by:

plag(a)) = Ugop(a) o Uy Va e A. (5.5)

We say that (H,p,U) is a nondegenerate covariant representation if p : A — L(H) is a
nondegenerate #-representation. Furthermore, a subspace V < H is said to be invariant with
respect to (H,p,U) if p(a)V € V and Us(V) < V for all a € A and s € G. We now say that
(H, p,U) is irreducible if its only closed invariant subspace are {0} and H. Finally, two twisted
covariant representations (H, p,U) and (H', p’,U’) are said to be unitarily equivalent if there
exists a unitary map U : H — H’ such that p'(a) = Up(a)U* and U, = UUU* for all a € A and
seqG.

We shall next give an important example of a covariant representation on (A4, G, a,c), but
first let us fix pug to be a Haar measure on G, and Ag : G — Ry for the modular function

associated with G (see Lemma 3.12).

Example 5.2. Let (A,G, o, c) be a twisted C*-dynamical system, and (H,, p) be a faithful *-

~ ~

representation of A. We can induce the so-called regular covariant representation (H,,p,U)

for (A, G, a,c) with ﬁp =L*G,H,),p: A— E(pr), and U : G — UE(.FNIP), where

L (p(a)p)(s) = plas(a))(p(s))
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2. (Uip)(s) = ple(s, ))p(st)

for s,t € G and ¢ € H p- It follows from a straightforward computation that U and p satisfy
Equations (5.4), and (5.5), which follow from Equations (5.2) and (5.3).

Let us now define the =-algebra that will be induced by the twisted C*-dynamical system
(A, G, a,c) as outlined in [Ricl4, MPRO5]|, which can be seen to be quite similar to the strategy
in [Wil07|. First, we start with the space

C.(G,A):={f:G— A fis continuous and compactly supported in G}.

Given that | - |4 is the norm on A, we fix a Haar measure pug on G, and equip C.(G, A) with

the norm ||f|; := J [f(9)lladuc(g), and this is indeed well-defined when f € C.(G, A). Let
G

us further equip C.(G, A) with the respective ‘twisted’ convolution and involution: for each

fi, f2€ C.(G, A), and s € G:

(f1 e f2)(s) = L F(9)ag(folg5))elg, g~ 8)dpc(g); (5.6)

Fe(s) = (s, 57 as(fi(sT) ) Ag(s™). (5.7)

We do not delve into the all the tedious details of proving that C.(G, A) is a x-algebra with the
prescribed convolution and involution via (5.6) and (5.7) respectively, but we shall sketch some
of them here. In principle, the arguments will be similar to the one given in [Wil07| with proper
modifications to account for the twist. Since we have [c(t, g)| a4y = 1 for all ¢, g € G (because
the image of ¢ are all unitary elements) and the integral inequality (3.36), then for all s € G, we

have the estimates:

I(f1#e f2)(s)]a < L [f(9)lall f2(g7"s)| adrc(9), (5.8)

[ ()l < £ ade(s7)

The inequalities above show that f1 *. fo and f*c are compactly supported. As an exercise, we
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shall show the involutive property; take s € G and f € C.(G, A)

(F)*(s) = els,57) a (f*(s71) Aals™)
(.57 ([els™ 8) o (F(5)) Aa(s)]) Aals™)

I
o
—~
w
C,DI

-
N—
*

Q
»
—~

Q
»

L
—
g
—

w
N—
N~—

o
—

C,DI

-

Va)
~—
N—
Q
—~

w
N~—
Q
—~

w

|
_
~—

where the last equality follows from the 2-cocycle condition (5.2). It is also not hard to see that
s — f*e(s) must be continuous given the assumptions on f; and «, and c. Similarly, the map
(5,9) — fi(g9)ag(f2(g71s))e(g, g7 ts) is continuous from G x G to A, and therefore it follows
from Proposition 3.20 that s — (f1 =, f2)(s) is continuous. The associativity of #. follows from
the 2-cocyle formula (5.2). Finally, by taking the integral of Estimate (5.8) it follows from the

invariance of the Haar measure under translations that:

|1 % f2llo < I Aillal f2lls (5.9)

so we obtain submultiplicativity with respect to the || - [|;-norm. We summarize all that we have

discussed in the following proposition.

Proposition 5.1. Equations (5.6) and (5.7) induce a =-algebra structure on C.(G,A), which
we shall now formally denote by C.(G, A, o, ¢). Furthermore, when equipped with the norm | - |1,

C.(G, A; a, c) becomes a normed *-algebra.

Definition 5.4. We define the Banach #-algebra L'(G, A;a,c) to be the completion of the

normed #-algebra C.(G, A; a, ¢) under the | - |1-norm.

Proposition 5.2. Let (A,G,«a,c) be a twisted C*-dynamical system. If (H, p,U) is a covariant

representation for (A,G,a,c), then it induces a *-representation on L'(G,A;a,c) denoted by

pXacU: LYG, A;a,c) — L(H), defined densely via:
(p 0 U)f = pr<f(g>>UgduG<g>, Vf e CulG, A), (5.10)
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where the vector-integral above in (5.10) is made meaningful by Proposition 5.19. We call pxq4 .U

the integrated form of (H,p,U). Furthermore, p x4 U is nondegenerate if (H, p,U) is.

Remark 5.4. For each f € C.(G,A), we note that the mapping s — p(f(s))U, belongs to
C.(G, Ls(H)), which justifies the use of Proposition 3.19 in the definition of (5.10).

A proof of Proposition 5.2 would be a good exercise to see if everything is working as intended.
We will only sketch the homomorphism property of p x, . U, but one can cook up a detailed
proof by mostly following [Wil07, Proposition 2.23|, with obvious modifications to accomodate
the twist ¢. A note of this can also be found in [MPR05, Lemma 5.2.5]. To begin the sketch, let
f1, f2 € LY(G, A; a, ¢), then we have:

OHM@UXﬁ*aﬁ%=Jﬁﬂﬁwchﬂﬂﬂ&@m@)

=jpfﬁ J ol ettt ) ) V(o)
G
:jf ) plaa(f2(t~18))) plelts t18)) Usdpic (B)dpuc ()
G JG
=J;£J) ) [Uip(falt™ ) U] [0V U Usd () dpci(s)

J

LJ p(f1(t))Urp(f2(s))Usdpc(s)dpc(t)
Lw wajmmmwm@

fp NU(fo(t5)Uyorsdiicr () dacr (8)

Q
Q

Q

= (pXa,c U)fro(pXa,eU)fo

Note that we have used various concepts from the theory of vector-valued integration (c.f. Section
3.8 of Chapter 3) for the derivation above, along with formulae (5.4), and (5.5).
We can now give L'(G, A, a, c) a candidate C*-norm, which we denote simply by | - |, which

we define below:

[£1:= sup [(p %o U)f]; (5.11)

where the supremum runs over all nondegenerate covariant representation (H, p, U) for (4, G, a, c).
It is not immediate that the supremum above even exists since the class of all nondegenerate
s-representations p on A is not a set but a proper class (the unitary ‘projective’ representations

U on G satisfying (5.4) run into the same problem). A way to fix this is outlined in [Phil7],
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where instead of the collection of all nondegenerate covariant representations (H, p,U), we only
consider a single fixed Hilbert space Hy satisfying card(Hp) < card(G) card(A) =: card(G x A),
in which case the set of all nondegenerate covariant representations on Hy becomes a set. After-
wards, one should show that any nondegenerate covariant representation of (A, G, «, ¢) is always
‘unitarily equivalent’ to some nondegenerate covariant representation (Hy, po, Up). Once we have
gotten over this set-theoretic hurdle, we can now ask if | -|| is an actual C*-norm on L!(G, A4; a, ¢).
Since each p x4 U is a nondegenerate *-representation on LY (G, A; a,c), it is easy to see that
| - || satisfies all requirements for a C*-norm except possibly positive-definiteness.

For each g € G, we introduce the map ig(g) : L (G, 4;a,¢) — LY(G, A; a, ¢) via

(ic(r)f)(s) := ar(f(r™'s))e(r,r™rs) (5.12)

We now have for any twisted covariant representation (H,p,U) of (A, G, «,c) that:

(0 20 Vi) ) = | plicr) £(5) U5
- L pla(f(r1s))e(r, 1 1s)) Usdua(s)
- | e s ptetr ) Vet ()
- Lp(arf(S))p(C(h ) Ursdpici(s)
~ | o) 0 U2 0 Uy Uit (s)

-0 ([ otrentduats)

= (Uro(pxacU))f

From the computation above, we can conclude that:

H(p Ra,c U)(ZG(T)f)H = H(UT’ © (p Xa,c U))fH = H(p Na,c U)f” (513)

Note as well that ((ig(g1) oic(g2))f)(s) = c(g1,92)(ic(g192) f)(s) for all g1, g2,s € G.

Lemma 5.1. Let (A,G,a,c) be a twisted C*-dynamical system. Suppose p : A — L(H,) is a
faithful =-representation of A. Then if (]?Ip, 0, U ) is the corresponding reqular covariant repre-
sentation (c.f. Ezample 5.2), then the integrated form p xq . U : LY(G,A;a,c) — E(ﬁIp) is a

faithful -representation of L'(G, A;a,c).
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Proof. We want to show that if f € LY(G, A;a,c) s.t. f # 0, then (§ xq.c ﬁ)f # 0. Suppose
that f # 0, then there exists € G such that f(z) # 0 (with x contained in a set of positive
measure). It follows from Equation (5.13) and the sentence after it, that by replacing f with
the (integrable) map s — (ig(z~!)f)(s), we may assume WLOG that = = e, so that f(e) # 0
By assumption p is faithful, meaning p(f(e)) # 0, so there must exist hi,hy € H, such that
<p(f(e))h1,h2>Hp # 0. By continuity of the map (r,s) — <p(ar(f(s))c(s,r))hl,h2>Hp, we can
find an open neighborhood V' 3 e such that for s, € V:

e))hi, h
| plar(f())e(s,m)has by — {p(f(e))hi, hayy | < [ <p(f( ))31 2)H, |

Construct ¢ € C.(G) to be a positive function such that its support is contained in a smaller

open set W € V s e where W - W < V|, satisfying W= = W, W -W < V and

f J (sr)duc(r)duc(s) =1,  VreW.

Now if we define & € ﬁp = L*(G,H,), & € I;Tp = L*(G, H,) via &(s) = p(s)h1 and &(s) =

©(s)hg for all s € G, then we have the following estimate:

(G DINELE), ~ DTy,
| lartrrcts,ments) alsrm, duciducls) - G Iy,

< [ [ es)olor)[(olan (et s b, = o€, o )5

\<p (€))h1, ha)y, !
3

Therefore we have shown that < (P Xae ) JISH §2> # 0, since otherwise we’ll have

[P, ha | < 5 Kol D, oy,

which cannot happen since 1 <« % What we have shown implies that (p Xq.c U )f # 0, which is

what we want. O

Corollary 5.1. |- || is a C*-norm on LY(G, A;a,¢) dominated by the | - ||1-norm
Proof. Let f € LY(G, A;a,c), since each integrated form p x4 U : LY(G, A;a,¢) — L(H) of a
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nondegenerate covariant representation (H, p,U) is an actual *-representation on L'(A, G, «,c)

as a Banach #-algebra, then they are contractive, meaning ||(p %o U)f| < | f]1, which implies:

£ = sup [(p xa,c U)f| < |If]1-

The inequality above not only shows that | - ||; dominates | - ||, but that || - | is well-defined in
LY(G, A, a,c).
As discussed, we will only further prove positive-definiteness of | - ||. As a corollary of GNS-

theorem, there exists a nondegenerate faithful #-representation p : A — L(H,), consequently

~ ~

we can construct the regular covariant representation (H,,p,U). We know from Lemma 5.1

that p g U: LYG, Ao, ¢) — C(ﬁ;) is a nondegenerate faithful =-representation. Now if we
suppose that | f]| = 0, then it follows that:

|7 %ac DI <] =0,

therefore (p Xq.c [7)f = 0, which implies f = 0, proving that | - || is positive-definite. O

Definition 5.5. The twisted crossed-product induced by (A, G, a,c) is the C*-algebra de-

noted by A x4 G, obtained by completing L*(G, 4; a, ¢) with respect to the C*-norm | - |.

It would be interesting to see how twisted crossed-products can be constructed in terms of
universal C*-algebras. A relevant result, which we have alluded to earlier, is given below without

proof.

Theorem 5.1. Consider the twisted C*-dynamical system (A, G, a,c). Every nondegenerate -
representation on Axq .G is an extension of an integrated form pxq U : LY G, A a,¢) — L(H)
to A xq.c G of some nondegenerate covariant representation (H,p,U) of (A,G,«a,c). More pre-
cisely, the mapping (H,p,U) — p Xqo.c U defines an irreducibility preserving one-to-one cor-
respondence between nondegenerate covariant representations of (A,G,a,c) to nondegenerate

x-representations of A xq.G.

A proof can be deduced by obvious modifications on the development shown in [Wil07,
Proposition 2.40], using nondegenerate homomorphisms (c.f. Definition 2.16). This same result

was also noted in [MPRO5]. In fact, the map i that we have introduced in (5.12) densely defines
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amap ig: G — UM(A x4, G), along with ig : A > M(A X4, G) via
(ta(a)f)(s) = af(s), Vae A, feC.G,A),seq. (5.14)

These two define a particular twisted covariant homomorphism for (A, G,a,c). That is,
they satisfy the following:

1. ig: G —> UM(A x4, G) is a strongly continuous map;

2. 441 A— M(A x4, G) is a *-homomorphism in the sense of Definition 2.16;

3. ig(s) oig(r) =ia(e(s,r))ig(sr) for all s,r € G;

4. ig(as(a)) =ig(s) o p(a) oig(s)*, for all s € G.

An interesting corollary of Theorem 5.1, in light of universal C*-constructions, is the follow-

ing.

Corollary 5.2. L'(G, A; a, ¢) is a x-semisimple Banach x-algebra, and its enveloping C*-algebra

is the twisted crossed-product A x4 G.

Proof. 1t follows from Proposition A.1 and Theorem 5.1 that the universal-norm | - ||, is equal

to | - |. Therefore the reducing ideal I, of L(G, A4; a, c) is given by:
I, ={f e LG, A;a,¢) : | f| = 0} = {0},

because | - | is a norm on L!(G, A;a, c). Therefore by definition L!(G, 4; , c) is *-semisimple.
Since L'(G, A; , ¢) is *-semisimple, its enveloping C*-algebra is simply its completion under the
universal C*-norm, which we know is equivalent to | - ||, therefore this completion is the same as

AxgcG. O

5.2 Twisted Group (C*-Algebras

We now reap the benefits of our efforts in describing twisted crossed products. For our applica-
tions, we only really need to focus on the particular case A = C.

Let us start with the untwisted case. As we have discussed in Remark 5.3, every C*-dynamical
system is a twisted C*-dynamical system (A, G, a, ¢) with trivial 2-cocycle which we denote by 1,

i.e. 1=1ps04). Let us now further particularize and also take A = C, then this will also restrict
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our choice of the group action o : G — Aut(C). Take any s € G, then a; : C — C should be an
automorphism on C*-algebras', and so for any p € C we obtain a,(u) = pas(le) = p. We see
that if A = C, then the group action « is also trivial, and we shall rename it with Id = «. In

this case, if f1, f» € L'(G,C,1d, 1), then

(f1 % f2)(s) = L £1(9) falg™ 8 duc(g), -

Fe(s) = A(s™ ) fi(s7h).
This is nothing but the usual Banach #-algebra structure for L'(G) with G a locally compact
(not necessarily abelian) group. We reiterate that in our current setting, L'(G,C;1d, 1) = L'(G)

as a Banach =-algebra.

Definition 5.6. The resulting twisted crossed-product C x1q1 G is defined to be the group
C*-algebra associated to G, denoted by C*(G).

There is more to be said, especially pertaining to the representation theory of C*(G). In our
setting, the group action and the 2-cocycle are both trivial, and in a sense, even the covariant
representations on (C, G, 1d, 1) will be trivial. To see this, let p : C — L(H) be a =-representation,
then it follows that p(u) = pldy where Idy € L(H) is the identity operator. This is true for all
s-representations of C. We pair this with the fact that in the untwisted case U : G — UL(H)
satisfying Equation (5.4) just gives us a representation for G. Hence there is a one-to-one
correspondence between covariant representations of (G,C,1d,c) and representations of G. It
then follows from Theorem 5.1 that there is a one-to-one correspondence between representations
of G and #-representations of C*(G) = C x1q4,1 G, where for each unitary representation U : G —

UL(H), the corresponding #-representation is densely defined on L'(G) via:

LNG) s f f (@) Uydnclg) € L(H).
G

As a final note in the untwisted case, we further consider the case when G is abelian. We then
have that G must be unimodular: Ag = 1. The structure of L'(G) outlined in Equations (5.15)
reduce to Equations (3.5). Our result regarding the correspondence between representations of
G and that of L'(G) in the paragraph after the statement of Gelfand-Raikov Theorem (c.f. 3.9)

is consistent with Theorem 5.1: the irreducible representations of G (i.e. characters) correspond

LAll we really need here is that a, is an algebra homomorphism.
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to the irreducible #-representations of C*(G) or L'(G). It is also interesting to note that the
Fourier-transform F : L'(G) — Cy(G) densely extends to an isometric #-isomorphism F :
C*(G) — Co(G) due to Gelfand’s theorem 3.4 and Theorem 3.5.

As we have seen, even the untwisted case above welcomes us into the wonderful rabbit hole
that leads to the connections between the theory of locally compact groups and C*-algebras. We
resist the temptation of going down this rabbit hole.

We finally study our main object of interest, we take A = C still, and this again forces us
to work with the trivial group action @ = Id : G — Aut(C). C is a unital C*-algebra, and its
unitary group is T, therefore UM (A) = U(A) = U(C) =T. We take c: Gx G - UM (A) =T to
be a map such that (Id, ¢) is a twisted action of G on C (so ¢ is not necessarily trivial anymore).

In particular it follows from Definition 5.2, that ¢ : G x G — T is a continuous continuous map

that satisfies the following formulae for all s,t, g € G:

C(ga t)C(gt, S) = C(t? S)C(gv ts);
(5.16)

c(s,e) =1 = c(e, s).
Definition 5.7. Let G be a locally compact group and ¢ : G x G — T be a continuous map
satisfying 5.16, then (C,G,Id,c) is a twisted C*-dynamical system. The associated twisted

crossed-product C xpq . G is called the c-twisted group C*-algebra denoted by C*(G, ¢) (or

just twisted group C*-algebras when the reference to the 2-cocycle is not relevant).

Remark 5.5. Every group C*-algebra is a twisted group C*-algebra, as taking ¢ = 1 gives us
C*(G) = C*(G,¢).

It follows from our discussion of the the twisted crossed-products that we can obtain C*(G, ¢)
by completing the dense *-subalgebra L'(G, ¢) := L(G, C;1d, ¢) under the | - |-norm (5.11). We
also note that L(G,¢c) is the same as L!(G) equipped with the twisted-convolution and twisted-

involution of Equations (5.6) and (5.7), where:

(f1 % f2)(s) = L £1(9) fa(a™5)e(g 9~ ) dpc(9)

7e(s) = (s, s ) f(sT)Aa(s™)

(5.17)

for f1, fo € L*(G, ¢). Similar to the untwisted case, because we are working with A = C, the only
s-homomorphism of C is the trivial map: Idy : C — L(H), for each Hilbert space H. Therefore,

all twisted covariant representations of (G, C,Id, ¢) are uniquely determined by those continuous
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maps U : G — UL(H) which satisfy the following version of Equation (5.4):
USUt = C(S,t)USt, VS,t eq. (518)

It follows from Theorem 5.1 that all #-representations of C*(G,c¢) are of the form Idy x1q,.U.
Instead of the unwieldy notation Idy x1q,.U for the integrated form, we will use the following

notation moving forward:

Uf = (I x10,.U)f = L F(9)Uydpici(g) (5.19)

densely defined on f € L'(G,c). Note that continuous maps satisfying U : G — L(H) Equation
(5.18) are called also called c-projective unitary representations of G.
The following result will be useful in our construction of the Heisenberg module, which follows

as a consequence of Corollary 5.2.

Corollary 5.3. The Banach #-algebra L*(G,c) is a dense -subalgebra of the twisted group C*-

algebra C*(G, ¢) under the universal C*-norm || - | densely defined via:
Il =sup|Uf],  VfeL'G,o) (5.20)

where the supremum runs through all continuous maps U : G — UL(H) satisfying (5.18).

Proof. Everything follows from Proposition 5.2. All that remains is to check that U, for each
strongly continuous c-projective unitary representations of U : G — L(G), defines a nondegen-
erate -representation of C*(G, c) so that (5.20) does define the universal C*-norm on C*(G, c¢).
However, this is trivial in light of Theorem 5.1. Since the map Idy : C — L£(H) is nondegenerate,
then it follows that the integrated form U = Idy x14,.U is also a nondegenerate *-representation

on C*(G, c). O

5.3 Construction of the Heisenberg Modules

We now have the necessary prerequisites to finally construct the main object of this dissertation,
the Heisenberg modules. Our first assumption, which we shall hold for the rest of this section, is
that G is a second countable LCA group. We take A = G'x G to be a lattice (see Definition 4.1) in

the time-frequency plane G x G. The Heisenberg module associated with A, which we shall denote
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by EA(G), will be an imprimitivity bimodule over certain twisted group C*-algebras. These
twisted C*-algebras will come from the the Heisenberg 2-cocycle ¢ : (G x G) x (G x G) — T as
defined in Equation (4.7). Technically, what we need is the restriction of the Heisenberg 2-cocycle
on Ax A, but we shall still denote it via c. We obtain the twisted C*-dynamical system (C, A, 1d, ¢)
since ¢ : A x A — T is normalized, and satisfies ¢(A1, A2)c(A1 + A2, A3) = (A1, A2 + A3)c(Ae, A3)
for A1, A2, A3 € A, which is the commutative version of Equations (5.16). Since A is countable,
we equip it with the counting measure and define /! (A, ¢) := L' (A, ¢), which is nothing but ¢! (A)
as a set. The Banach #-algebra structure of £}(A, ¢) is given below, which can be deduced from

Equations (5.17):

ajy #cas(N\) = Z ar(p)az(X — p)e(p, A — p);
HEA (521)

a>1kc ()‘> = C(Av _A)al(_A)7

for all A € A and aj,as € /(A ¢). Due to Corollary 5.3, we can now simply take the completion
of /*(A, ¢) in the universal C*-norm and obtain C*(A, c), which as we shall see later, will be the

C*-algebra giving £4(G) a Hilbert left C*-module structure.

On the other hand, since A is a lattice, it follows that its adjoint lattice A° < G x G is
also countable (c.f. Proposition 4.4) and that the lattice size d(A) is finite. Furthermore the

complex-conjugate of the Heisenberg 2-cocycle denote C: X G X X ) — efine
pl jug f the Heisenberg 2 ycle d d by (G G) (G G) T defined by
e((z,w), (t,w) = c((t,v), (,w),  Y(z,w) (L) eGx G (5.22)

satisfies the 2-cocycle formulae (5.16). Similar to the previous discussion, we denote still by ¢ the
restriction of ¢ on A° x A°. The quadruple (G, A°,1d,¢) defines a twisted C*-dynamical system.
We now choose to equip A° with the counting measure scaled by ﬁ (the reason is outlined by
the paragraph preceding Proposition 4.5). Consider the Banach #-algebra ¢!(A°,¢) which has

the following twisted structure:

(b1 #zb2)(X°) = d(lA) Mgo b1 (p°)ba(A° — p”)e(u®, A° — pu); 52

b?(A7) = €(A%, =A%)b1(=A°),

for all A° and by, bs € £1(A°,€). Similar to C*(A, ¢), the twisted group algebra C*(A°,¢) is then

the completion of the Banach #-algebra £!(A°,¢) due to Corollary 5.3.
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At the risk of excessive repetition, we shall summarize our findings with the following propo-

sitions, which follows Corollary 5.3.

Proposition 5.3. The Banach %-algebra Ag := ¢} (A, ¢) with structure given by Equations (5.21)
is a dense x-subalgebra of Ap := C*(A, ¢) under the universal C*-norm denoted by ||- |4, densely

defined via

dawU,|,  Vael'(Ac) (5.24)

neA

lalla, :=sup |Ua] = sup

where the supremum runs over all c-projective maps U : A — UL(H).

Proposition 5.4. The Banach x-algebra By := ¢} (A°,€) with structure given by Equations (5.23)
is a dense s-subalgebra of By := C*(A°,¢) under the universal C*-norm denoted by ||, densely

defined via

d(lA) D1 B We

/,LOEAO

b| g, := sup [Wb| = sup , Vb e (Y(A°,C 5.25
A

where the supremum runs over all ¢-projective maps W : A° — UL(H).

Note that we will keep using the names Ag, Ap, By, and By throughout the rest of the chapter.

We may want to further investigate the C*-norm given by Equations (5.24) and (5.25). For
Ajp, this requires in principle, figuring out all the c-projective representations for A. There
is, however, a privileged c-projective representation that appears quite ubiquitously in time-
frequency analysis. This is none other than the time-frequency shift operator m : G x G —
UL(L?*(@)) satisfying the c-projectivity as what can be seen from Equation (4.8). If we consider

the restriction of 7 on A now denoted by 7, then we obtain from (4.8) that:
AN A () = (A, p)ma (N + p), VA, neA. (5.26)

So the time-frequency shift 75 is eligible to be transformed to an integrated form (c.f. (5.19))

7 Ap — L(L*(G)) densely defined via:

Ta(@) = Y a(Mm()),  Vael'(Ao). (5.27)
ueA

We have mentioned that 7 is a privileged projective representation on A, but in what sense? The
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following result, shown by Rieffel in [Rie88| answers this question.

Theorem 5.2. The integrated form 7 : Ay — L(L*(G)) defines a faithful x-representation of

Ap. In particular, it is an isometry, therefore ||a|a, = |Ta(a)| for allae Ax.

The question for an analogous #-representation for for B is, for our purposes, slightly subtler.
What we would really like is a faithful map By — £(L?(G)) that is a *-antihomomorphism (i.e.
it does not preserve the multiplication, but switches their order instead) instead of the usual
x-homomorphism. The reason roughly, is that we want B to act to the right of the Heisenberg
module through this map. To this end, our candidate is the integrated form of the adjoint of the
time-frequency shift 7* : G x G — UL(L?(G)), where we denote its restriction to A° x A° via

m%.. The integrated form 7%, : By — L£(L?(G)) is now densely defined via

1

Dby (p°),  Ybel'(A%e). (5.28)
“oer

But we shall check, since we technically cannot rely on Theorem 5.1 anymore, that it is indeed a
s-antirepresentation, meaning: it preserves involution, but 7. (b; *. ba) = Ti. (b2) o T} (b1)
for all by, by € £L(L?(G)). That 7%, preserves the involution on By follows from Equation (4.9),

so we will only check for the antihomomorphism property:

1

WXO (bl *z b2) = m

Y, (brsebo)(u)m* (1)

[.LOEAO

- T 2 ( 2 bA)ba(” = XN 47 —A°>> (1)
peA° \°eA°
1

TSE Do bl = AN e = A%, X% ) (1)
ue,A°eAN°
1

- D) b = XN () (0 = X°)

IV
1 o * (¢] 1 o *
= d(A)X;xo ba(A°) 7 (A°%) o d(A) #OZE;\O by ()" (1)

- ﬁxo (bz) o ﬁj‘\o (bl).

The crucial step in the calculation above occured from the 3rd to 4th equations, where we used
the adjoint of Equation (4.8).

Even though 7. does not exactly fit? into the theory of twisted crossed products as we have

%I surmise that there must be an equivalent twisted C*-dynamical systems theory from which its has its
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developed in the previous section, it still has an analogue of Theorem 5.2. We mention that the
methods employed by Grochenig and Leinert in [GLO04| can be adapted for a more time-frequency
analytic proof of both Theorems 5.2 and 5.3.

Theorem 5.3. The integrated form T : By — L(L*(G)) defines a faithful =-antirepresentation

of Bx. In particular, it is an isometry, therefore |b|p, = |Th(b)| for all b € Bj.

Remark 5.6. The correct projective representation property for 7* can be seen when we take the
adjoint of both sides of Equation (4.8):
AT () = o W) (A + i)
(5.29)
B0, )R O + ).
If we define ¢°(\°, u°) = €(u°, A°), then the integrated form 7}, becomes a faithful =-representation
for C*(A°, ¢”). This has been discussed in [Rie88, Lue07|, where C*(A°, ¢°) has been rightly as-

sessed to be the opposite® C*-algebra (and vice-versa) for C*(A, ).

We are now ready® to construct the Heisenberg module associated with the lattice A. Our
strategy here is to exploit the density of £1(A,c) and £1(A°,€) on Ay and By respectively to
scaffold the assembly of the Heisenberg module by first defining an ¢'(A,c) — ¢1(A°,¢)-pre-
imprimitivity bimodule (c.f. Definition 2.21). Once this is done, then we are essentially fin-
ished since the Heisenberg module will be the completion of the said ¢!(A,c) — ¢1(A°,¢)-pre-
imprimitivity bimodule in the sense of Corollary 2.6. The question now then, is from which
space could we possibly construct this pre-imprimitivity bimodule? It turns out that we can pro-
ceed using the Feichtinger’s algebra So(G)— another object quite ubiquitous in time-frequency
analysis. In the following, we shall focus on the right® ¢}(A°,€) (semi-)inner product structure of
So(G); the details for the left 1(A,c) (semi-)inner product structure of So(G) can be obtained
similarly. The proof below takes inspiration from the original paper of Luef [Lue07], especially

the demonstration of positivity of the module inner-product.

own version of anti-covariant (contravariant?) representations, from which their integrated forms become -
antirepresentations for the associated twisted crossed product, with its own version of Theorem 5.1. There
certainly is a categorical flavor to this problem, and I hypothesize that everything that we’ve talked about can
be stated in terms of opposite categories. But alas, this will be distracting us too much, and will only make this
already large document more unwieldy.

3This amounts to by % by = bs #z by.

1Really!

5This is nothing but my personal preference, perhaps owing from the fact that the existing literature has
mostly preferred to work on the left structure of the Heisenberg modules. I consider this to be an exercise that
would fill-in the (negligible) gap in the literature.
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Proposition 5.5. So(G) is a is a semi-inner product right (*(A°,€)-module. For b € (*(A°,¢)
and f7 f17f2 € SO(G)

1. (Right module action). fb = ﬁ S eene b)) (1) f € So(@);

2. (Module Inner-Product). We have { -, - Y50 : So(G)xSo(G) — (1(A°,C) via {f1, faypo (N°) :
(f2, T (A7) f1), -

Furthermore, an alternative way to write the right module action is through the integrated form

(5.3):
7. (b)f = fb. (5.30)

On the other hand, we can also alternatively write the module inner-product in terms of sampled

STFT:

i fope = 575 Rae (Vi Jh) (5.31)

(A)

Proof. We shall first show that the right module action is well-defined. Note that it follows from
a straighforward application of Holder’s inequality that fb e L?(G) at least. Now, fix g € So(G)

and let us compute the following:

1
| Kb ldig. a0 < | s 2 YL + 0005 b a0)
% Z Gxéng(u“rx)dMGx@(x)
% Z J d,UGXg(X)

= [blllflso.g < 0.

This proves that fb € So(G). We shall also show that for by, by € £1(A° €), that (fb1)by =
f(b1 *zba). Since we have proven that the right module action takes us to So(G), then we can
use the integrated form (5.28) to write fb = 7. (b)f, and so it follows from the fact that 7}

is a =-antirepresentation (c.f. Theorem 5.3):

(fb1)ba = To(b2)(fb1) = (The(b1) 0 Tro(b2)) f = Tho (b2 #z b1) f = f(b1 *cba).
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Well-definedness of the module inner-product is trivial, and follows from the Remark 4.6 con-
cerning the property of the STFT, and the property of the restriction map Rp- (c.f. Proposition
4.9 Ttem 6) on So(G x G), and from So(A°) = (1(A°).

We should also check the compatibility of the module inner-product with the module-action,

i.e. check for Item 2 of Definition 2.18. We compute:

(i Fne b)) = o 0 o (1) 20y BN = A 1)
nueele

bN® — p°)e(p°, A% — pu®)m (1) f2, fi

MOGAO >2

b(p”)e(N” — p°, u®)m(A° = p°) f2, f
2

2

- <d(1A (AN — 1, 1 eN°, YN ) (=) o, f1>
< b(u")e(—m,u@)w(w)ﬁ,w*<A0>f1>
2

d(lA) gob<u°>w*<u>fm*<x°>f>

= (fab, 7" (%) f1)9
= ({f1, f2b)po)(A°).

2

As required, we have (fi, fa),o *e¢b = {f1, fab), . Note that in the computation above, we used
Equations (4.8), (4.9), and (5.29).

Next, we shall show that the module inner-product defines a positive element in By. To do
this, we exploit the faithfulness of 4. : By — L(L?(G)) (c.f. Theorem 5.3). If we can show that
o ((f, [ope) = 0 in L(L?*(G)) then we have also shown that (f, f),o = 0 in Bp by faithfulness
of .. To do this, let ¢ € So(G), we have:

(T Do), = g5 2 FrEIDy (),

ueeN®

= Y o) [y oy () £y = 0,

peA

where we used the Fundamental Identity of Gabor Analysis (FIGA) Corollary 4.6 to obtain the

equality above. Since ¢ € So(G) is arbitrary, and So(G) is dense in L?(G), then we have shown
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that 74 ((f, f)p) = 0 in L(L*(G)) as required.
The rest of the semi-inner product module axioms now easily follow from what we have shown

here. For reference, once should check Definition 2.18 (except positive-definiteness). O

We have an analogous result pertaining to the module left inner-product structure on So(G).

Proposition 5.6. So(G) is a semi-inner product left (*(A,c)-module. For a € (A, c) and
f7 fla f2 € SO(G)

1. (Left module action). af = >} .\ a(p)m(p)f € So(G);
2. (Module Inner-Product). We have y{ -, - »: So(G) xSo(G) — £1(A, ¢) via \{f1, f2) (A) :=
(Srm(A) f2), -

Furthermore, an alternative way to write the left module action is through the integrated repre-

sentation (5.2):

wa(a)f = af. (5.32)

On the other hand, we can also alternatively write the module inner-product in terms of sampled

STFT:

A1 f2) = Ra (Vi 1) (5.33)

For the proof of positivity of the module inner-products above, we have used FIGA 4.6 on the
Feichtinger’s algebra. As we have discusssed in Section 4.4 of Chapter 4, the FIGA is equivalent
to the Janssen’s representation on So(G). From the definition of the module inner-products
above, we see that Janssen’s representation is equivalent to the associativity condition of So(G)

as an /Y(A, ¢) — ¢} (A, ¢)-pre-imprimitivity bimodule. More precisely, we have the following.

Proposition 5.7. For all f,g,h € So(G):

AL h=f{g, ..

Proof. The following follows from Janssen’s representation (Equation 4.51) and the cocycle re-

lations (4.9):

AFo b= (fom()gdy m(p)h

HeEA
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= Sg,h,Af

- 2 ), w0 S

uoer
o 1 %/ 0O %/ O
'LLOEAO
= f<.ga h>AO .
O
Corollary 5.4. So(G) is an {1 (A, c) — (1(A°,€) bimodule.
Proof. The bimodule property
a(fb) = (af)b,  Vae/l'(A,c),be (A7), feSu(G) (5.34)

directly follows from the commutation property between A and its adjoint A°, in the sense given

by Item 3 Proposition 4.4. O

Next, we would like to show the fullness property: Item 2 Definition 2.21. To the best of my
knowledge, this is a new and fully time-frequency analytic proof of the ‘fullness’ property. This

is different from the one presented by Luef and Rieffel in [Lue07] or [Rie88] respectively.
Proposition 5.8. We have the following:

1. z{(So(G),So(G)) := span{\{f1, f2) : f1, f2 € So(G)} is dense in L1 (A, c);

2. {(So(G),S0(G)) e 1= span{{f1, fodpo : f1, 2 € So(G)} is dense in (*(A°,C).

Proof. We will only prove Item 2, the proof for Item 1 is similar. Let b € £}(A°,¢), and recall
that as a set £1(A°,¢) = £'(A°). Therefore by the the surjectivity of the restriction map Rpo :
So(G x @) — (1(A°), there exists an F' € So(G x CAJ) such that b = RpoF. Now, recall (c.f.
Lemma 4.5) that the partial Fourier transform Fy : So(G x G) — So(G x G), asymmetric
coordinate transform 7, : So(G' x G) — So(G x G), and complex conjugation are all isomorphisms
on their respective Feichtinger’s algebras. Thus there must exist G € So(G x G) such that
F = ﬁ(}"g 07,)(G). Finally, due to the tensor-product factorization result of Proposition 4.10,
we can write G = Y22, f; ® Gi for {fi}21,{9:}2, < So(G) where {f;}®2,,{g:}°, satisfies the

admissibility condition (4.32). We finally put everything together using Equations (4.39) and
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b= - Ry (From) (G) = Z Ryo(F2010) (i @)

d(A)

“1
- 3} oy = R G
=1

d(A)

Hence b is in the closure of (So(G), So(G)) o, as required. O

We have shown almost all of the axioms required to show that So(G) is an £1(A, ¢) — ¢} (A°, ©)-
pre-imprimitivity bimodule, except for Item 3 of Definition 2.21. Our proof will follow [Lue07,
Theorem 26|, which was done in the Euclidean case, but easily generalizes to arbitrary LCA G.
However, we should first go through a technical lemma which tells us how the module action

behave under the L2-inner product.

Lemma 5.2. We have the following formulae, for a € £*(A,c), b e *(A°,€), and p1, v2 € So(G):

<a8017 902>2 = <9017 a*c(P2>2

{p1b, 020, = (@1, P2b™), .

Proof. We compute:

The proof for the first equality is similar. O

Corollary 5.5. For allae (*(A,c), be (1(A°,©), and f € So(Q) :

@f;afyye < lafay {fs Fae
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AlSD, fb) < by 7 f)-

Proof. We will only prove the latter inequality, since as usual, the proof for the former is similar.
The strategy here is similar to the proof of positivity of the module inner-product in Proposition
(5.6), we shall use the faithfulness of 7%. and density of So(G) in L?*(G) to prove an equivalent

statement. Let ¢ € So(G), then we compute:

(@he (BB, fD)) 0,005 = (({fb, [b) @, )y
= (fb{fb,¥)p0 ),
= (b, {fb, )% ),
= (/b0 [b)pe)y
= (b, \{p. ) [b),
= {4l )2 1B, (1o ) 2B

= (71 ) (1l )21 ) 75 0) (a0 2F) ),
< |75 (B)] (/s 44010 s
= HbHBA <A<f7 f> P, <)0>2 .

This proves (b, fb) < [blz, (f. f). O

We now have all the ingredients for the main result of this section.

Theorem 5.4. So(G) is an £1(A, c) — £1(A°, €)-pre-imprimitivity bimodule. Its completion in the
sense of Proposition 2.6 is the so-called Heisenberg module associated to A, denoted by E(G),

which is an Axn — Ba-imprimivity bimodule.

Remark 5.7. For the rest of the manuscript, the Heisenberg module £, (G) will inherit the nota-
tion for its Ay — Ba-bimodule structure from So(G). In particular, \{( -, - ) : EA(G) x EA(G) —
Ap and (-, - Hpo 1 EA(G) x EA(G) — By will be the associated module inner-products.

5.4 Localization

In this section we shall follow the paper [AE20]| of Austad and Enstad which discusses how to
embed the abstractly constructed Heisenberg module €5 (G) into L?(G), thereby allowing us to

identify it as an actual function space. This will allow us to do ‘ordinary’ Gabor analysis on
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En(G), serving as the foundation for the original contributions of this dissertation in Chapter 7.
Note that the original paper deals with closed co-compact subspaces A € G x G instead of the
special case of lattices, so most of their results actually apply to the case where the associated
twisted group C*-algebras C*(A, ¢) and C*(A°,¢) are not necessarily both unital. We shall have
no need for such generality for our purposes, and we will strive to give a detailed account of their
localization results where A € G x G is still a lattice as we have defined in 4.1.

To begin, we shall recall some terminology from C*-algebras. Suppose B is an arbitrary C*-
algebra, a trace on B, denoted by trp : B — C is a linear functional on B satisfying the trace
property: trp(bibe) = tra(beby) for all by, by € B. We say that the trace is finite or bounded if
trpg : B — C is bounded as a linear functional. We say that trp is positive if trp(b) = 0 for all
b > 0 in B, and faithful if trp(b*b) = 0 <= b = 0. Lastly, in the case where B is unital, we
say that trp is a tracial state if and only if trp is a positive trace and trg(1p) = 1, where 1p
is the identity element in B. As an elementary exercise, we have the following characterizations

of the trace, one can find these in the reference [RLLOO|

Proposition 5.9. Let B be a C*-algebra, and trg : B — C, a bounded linear functional. The

following are equivalent:
1. trp is a finite trace on B;
2. For all be B, trp(bb*) = trp(b*b).
Furthermore, in the case that B is unital: trp is a tracial state if and only if | trg| = 1.

We can use finite positive faithful traces on B to embed any right Hilbert B-modules to a

Hilbert space. The following is also quite elementary and follows from rudimentary computations.

Proposition 5.10. If Z is a right Hilbert B-module and trp : B — C is a finite positive faithful

trace, then the map

(z,y) = trB (¥, 2)p) , V(z,y)e Zx Z (5.35)

defines an inner-product on Z. The completion of Z with respect to this inner-product is a Hilbert
space denoted by loc(Z) called the localization of Z with respect to trp. We shall denote the

inner-product and induced norm onloc(Z) by (-, ). and | - |ioc-
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Corollary 5.6. If Z is a right Hilbert B-module, and trp is a finite faithful trace, then the
localization-inclusion loc : Z < loc(Z) is continuous. The mapping is in fact functorial in the

sense that we can induce an isometric continuous map locy : Lp(Z) — L(loc(2)).

Proof. For each z € Z, we have
|2l = tra((z, 2)p) < [ trp |- [ <z 205 | = [ tra ]2 (5.36)

This proves continuity of loc. Next, let T' € Lp(Z), we have from boundedness of adjointable

maps that for all z€ Z
(Tz,Tz)p < |T|? -z 2)p

Now, the trace is assumed to be positive, and therefore we can pass the inequality above to trp

to obtain
1T ]hoe < [T[][2]1oc-

The inequality above implies that we can densely extend T to a bounded linear function on the
Hilbert space loc(Z). The extension, we shall denote by loc,(T), and if we denote the Hilbert
space operator norm of locy(T") by | loc(T)|ioc, then the same estimate above ensures us that
[locs(T)|[oec < |||, and so the induced map locy : L(Z) — L(loc(Z)) is continuous. By
the fact that loc, (71 0 Ta)(z) = (T1 0 T2)(2) = (locx(T1) olocx(T2))(z) for all Th,T5 € Lp(Z),
and z € Z implies, by another density argument, that loc, respect multiplication of operators.

Finally if z,y € Z, we also have

<TZ’ y>loc = <Z) T*y>loc ’

where T is the module adjoint of T. Therefore by another density argument, we find that
loc(T*) = lock(T)* , i.e. locy is a *-homomorphism between C*-algebras. Lastly, loc, is
obviously injective, therefore locy is actually an injective x-homomorphism between C*-algebras,

and therefore it must be isometric as required. O

Remark 5.8. If instead, Z is a left Hilbert A-module with a finite faithful positive trace tr4 :

A — C, then we shall still recover analogous results as in 5.10, and 5.6. We recall that what
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we want is an inner-product, i.e. a sequilinear form that is linear in the first component and
antilinear in the second-component, then we shall define loc(Z), the Hilbert space localization

of Z with respect to tr4 via the following densely defined inner-product

<z7 y>loc = trA(A<za y>)7 V(Z, y) €EZXZ. (5'37)

In summary, we shall use the inner-product defined by (5.35) for Hilbert right C*-modules, while

we use (5.37) for Hilbert left C*-modules.

Now, we want to know what happens with localization when we apply it to the case where
Z is an A — B imprimitivity bimodule between unital C*-algebras A and B. The proof below
uses a straightforward approach using Corollary 5.6. A more general approach is given in [AE20,

Proposition 3.1].

Proposition 5.11. Let Z be an A — B imprimitivity bimodule for unital C*-algebras A, B and
trg : B — C a finite faithful positive trace for B, then there exists a unique finite faithful positive
trace trq : A — C for A that satisfies the following

tra(a(zm) = is((y, 2Dp),  Vzye 2.

Furthermore, the Hilbert space localization loc(Z) of Z with respect to trp coincides with the
Hilbert space localization of Z with respect to the induced trace tr4 when Z is considered as a
left Hilbert A-module (c.f. Remark 5.8). Consequently, locy also maps every adjointable operator
L4(Z) isometrically to L(loc(Z2)).

Proof. Z is an A — B imprimivity bimodule between unital C*-algebras, therefore by fullness:
A =span{ ,(z,y): z,y € Z} and B := span{(z,y)p : 2,y € Z} and so by linearly extending the

definition

tra(4(z9)) := tra((y; 2)p) (5.38)

we obtain a linear functional in A. That the induced trace tr4 is indeed finite and faithful follows
from Rieffel’s result in [Rie81, Proposition 2.2|. Due to Equation (5.38), the localization of Z

with respect to trp (as a right B-module) and try (as a left A-module) coincide. O

We now apply the localization result in our setting. Consider the twisted group C*-algebra
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Ap = C*(A, ¢). We know from Example 2.1 that every C*-algebra is a (left) Hilbert C*-module
over itself. We know that we can also define a finite, positive, and faithful trace on C*(A,c)

usually termed as the canonical trace, densely defined [BO18] via
tra, :a— a(0), Yae (YA, c).

It is important to notice that tra, is a tracial state in Ay, indeed we know that ¢y is the identity

in Ax, hence from the following computation:

tI"AA(do) = 50(0) = 1,

and Item 3 of Proposition 5.9, we find that | tra, | = 1.

The following result allows us to embed the seemingly abstract space Ap into the square-

summable sequence space £2(A).

Proposition 5.12 (JAE20, Proposition 3.3]). Consider loc(Ap), the localization of Ax as a
Hilbert left Axn-module with the canonical trace tra,. Then the Hilbert space loc(Ap) is isomet-
rically isomorphic to £2(A), with the following dense inclusion Ay < loc(Ap) that satisfies the

following continuous commutative diagram

(A ¢) ———— Ay

]

2(A) —=— loc(A,)

The continuous inclusion satisfies the following estimate:
lals < Jala,,  Vae Ay (5.39)

Proof. Given ay,as € £*(A, ¢), we compute the following:

(a0 = (e <) = [ an (V)3 (-N)elN, ~N)dua (V)

= f ar(Nas(N)e(=N, =XN)e(N, =N)dup(N) = J ar(N)ag(N)dua(\') = (aj,az) .
A A

We find then, that for a € £1(A, c), |a]ie = |al2, but £1(A) is dense in Ay. So if a € Ay, we find
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that for a,, — a under the Ax-norm with {a,}, < ¢*(A,c):
lalloc = lm [aplioc = lm [ag]|2. (5.40)
n—0oo n—o0

Therefore, we can identify the localization-norm on Ax with the ¢2(A)-norm. This truly makes

sense following the estimate in (5.36):

lan — amllz = |an — amlioc < [ tra, [|an — amHC*(A,c) —0

as m,n — o, so the right-hand side of (5.40) does converge in the ¢?(A)-norm, and so we
can embed Ay inside £2(A) by identifying a with the corresponding ¢?(A) sequence that {a,},
converges to in £2(A)-norm (and denoting it still by a). Using this identification, if a € Ay it

follows from the same estimate (5.36) and the fact that | trpy | = 1 (it is a tracial state) that

lall < /[l tra [llalcx e < lalloxae-

That the diagram in the statement does commute follows from what we have just discussed, and
the identification of £2(A) with loc Ay) follows from the fact that their inner products agree on

the dense subspace £!(A,c). O

We can also consider the twisted C*-algebra By = C*(A°,¢), and we indeed have a result
that is analogous to Proposition 5.12. However, we generally lose the estimate as in (5.39) when

we equip By with the canonical trace given densely via
trg, : b b(0),  Vbel'(A%7).

Looking closely, because of our choice of the measure, the identity element in By is given by

d(A)dg, and so
tI‘BA(d(A)50) = d(A)50 = d(A),

so trp, is not a tracial state unless d(A) = 1. What we do find from the previous computation

is that the rescaling ﬁ trp, is a tracial state, and therefore

=1 = |trpo || = d(A).
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As a result, we can run the same program that we did for Ap (except this time we treat By as a

Hilbert right Bx-module) which mostly spits out the same result, but with a different estimate.

Proposition 5.13. Consider loc(By), the localization of Bx as a Hilbert right By-module with
the canonical trace trg,. Then the Hilbert space loc(By) is isometrically isomorphic to £2(A°),
with the following dense inclusion By — loc(By) that satisfies the following continuous commu-

tative diagram

H(A°F) — B,

| J

(2(A°) ——=— loc(B,)

The continuous inclusion satisfies the following estimate:

[bll2 < +/d(A)[b]B,,  Vbe Bj. (5.41)

We can do a similar thing for the Heisenberg module 4 (G), using the result of Proposition

5.11 instead.

Proposition 5.14 ([AE20, Proposition 3.5]). The localization of Ex(G) with respect to the canon-
ical trace on trp, or the canonical trace try,, denoted by loc(Ex(Q)), is isometrically isomorphic

to L?(G). The following diagram of dense embeddings commute:

| |

L*(G) —=— loc(EA(Q))
We have the following estimate on the norms:
[Fll2 < AV/d(M) | flleye), VS €&a(G). (5.42)

Furthermore, the C*-algebra of Ba-adjointable (resp. Ap-adjointable) maps La, (Ex(G)) (resp.
Lp, (Er(R))) embed isometrically to the C*-algebra L(L?*(G)) via extension through localization.

Proof. We note that given f, g € So(G),

tra, (5 {f,9)) = {f,m(0)g) = {f,9) = {f,7*(0)g) = (g, [pe = trB,({g, [)po)- (5.43)
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Therefore by density argument, the unique induced trace tr : Ay — C by trpo that satisfies

tr(5(f;9)) = trp,((g; [Ino)

is exactly tra,. Now by Proposition 5.11, we find that the localization of £o(G) with respect
to either try, or trp, coincide. We can safely denote the localization of Eo(G) by loc(Ea(G))
without ambiguity. If f € Eo(G) such that f, — f in Eo(G)-norm with {f,}, S So(G), we can

now further see from Equation (5.43) that

[£lhoc = lim. | flioe = lim | ]2

Since

an - me% = <fn - fma fn - fm>2 = trBA(<fn - fmvfn - fm>AO) < H tI‘BA HQan - fm”%A(G) — 0
(5.44)

asn, m — 00. We can therefore identify the localization-norm on €4 (G) with the L?(G)-norm, and
the previous calculation shows that £y (G) can be embedded inside L?(G) by identifying f with

the limit of {f,}, in L?(G)-norm, which we know converges by 5.44. Using this identification,

we have for f € EA(G)

113 = Cf. o = tra, (F, Foae) < I teny IIF1Z, ) = AW 1Z, )

This also implies that the diagram of dense inclusions above does commute, and the identification
of L*(G) with loc(EA(G)) is valid because {-,-),. and {-,-) coincide in their common dense
subspace So(G). The last statement is just the application of the last statement of Proposition

5.11 in the Heisenberg module setting. Ul

Now that we can comfortably see £4(G) as a dense subspace of L%(G), we shall see that it

inherits much of the properties of the Feichtinger’s algebra So(G).

Proposition 5.15 ([AE20, Lemma 3.8]). Let g,h € So(G), consider 045, € La,(EA(G)). Then
locy(0g.n) = Sg.na, i.e. the (module) frame operator in Ex(G) can be be extended by localization

to a Gabor frame operator in L*(G).
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Proof. If f € So(G), we have

locs(0g,1)(f) = Og.n(f) = s{fr9) - h = JA (s m(N)go m(A)hdpa(X) = Sonf.

Now take f € Eo(G), and suppose we have {f,}n S So(G) such that f, — f in the E4(G)-norm,

but then Estimate (5.42) implies that f, — f in L?(G)-norm as well. Therefore

loca (64)(£) = limloca (6 4)(f) = Him Sy A (fa) = Sga ().

This shows they agree in E4(G), i.e. 1ocs(0y.n) i, (@) = Og.n = (Sg,n.n) e (), therefore locs(0,5) =

Sg’h,A. O

The following is an immediate corollary, when combined with our knowledge of the operator

norm of the frame operator.

Corollary 5.7. For each g € So(G), we have the following characterization of the Ex(G)-norm:

1/2

l9lena) = ”egHgAA(gA(G)) (5.45)
= |Sga "2 (5.46)
— inf{BY? : B is a Bessel bound for G(g, A)}. (5.47)

Proof. Tt follows from Proposition 2.29, Proposition 5.15, and the fact that localization on ad-

jointable maps is an isometry that: |gl¢, @) = HGgHz/jA (EA(G) = |Sy.A]I"/2. All that remains is to

show Equation 5.47. However, it easily follows from Equation (4.23). O

What we would like to do is to extend these results fully to the Heisenberg module. Firstly, one
sees that an extension of Equation (5.47) to the Heisenberg module is essentially the following

result.

Proposition 5.16 (|AE20, Proposition 3.11|). If g € EA(G), then G(g,A) is a Bessel family,
and that

lgller = inf{B'2 : B is a Bessel bound for G(g, \)} (5.48)

Consequently, the Gabor analysis, Gabor synthesis, and Gabor frame operators are all bounded
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linear operators on L*(G). In particular, Equation (5.46) is true when g € Ex(G) :

12, (5.49)

lgllexce = 115,

Proof. Given g € E5(G), we only need to prove Equation (5.49), and the rest of the proposition
will follow.

To start, let {gnjnen S So(G) such that g — gnle, (@) — 0. It follows that {g,}nen is a
Cauchy sequence in Ex(G)-norm, hence in conjunction with Equation (5.46), the sequence of
operators {Sy, A}nen is also Cauchy in £(L?(G)). Since £(L?(G)) is a Banach space, there exists
a T € L(L*(G)) such that T = lim,, Sy, o. On the other hand, it follows from Estimate (5.42)
that ||g — gnll2 — 0 as well, therefore for any f € L?(G):

|Sgaf = Sgunflly < hmZ |, m(Mg = gnla lllg — gnll2
AEA

Z Kf M) lim[g — gn > ‘hm lg = gnll2-

Hence |Sgaf — Sg, af|| = 0. We can always write:

ITf = Sgafle <|Tf— Sguaflz+ Sg.af — Sgaflls

so by taking the limit of the inequality above, we see that T'f = S, f. Since f € L*(G)
is arbitrary, we conclude that ' = S, A. It now follows that |glg, (@) = limn |gnle @) =

limy [S,,a]V2 = [T]/2 = |Sy,a V2 as required. =

The last proposition allows us to fully see £4(G) as a function space inside L?(G) suitable
for time-frequency analysis since we will always get a Bessel family from the time-frequency
shifts of elements coming from the Heisenberg module, just like the Feichtinger’s algebra. We
may even opt to take the definition of £4(G) to be the norm completion of So(G) under the
Bessel-bound-norm (i.e. the norm on the right hand side of (5.48)), with the added bonus that
is actually an imprimitivity bimodule between C*(A, ¢) and C*(A°,¢).

The proofs [AE20, Theorem 3.15 & Proposition 3.18] for the next results two results are
similar in principle to Proposition 5.16, where they approximate 5 (G) using sequences in So(G).

These two are also crucial for the original results of this dissertation (see Chapter 7).
Lemma 5.3. For g,h € EA(G), then locy(0g.n) = Sgn.A-
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Corollary 5.8 (Janssen’s Representation for Heisenberg Modules). For all g, h € EA(G),

Synn = d(lA) »;Ao Chy m(A°) Ry, T(A°) (5.50)

Remark 5.9. It is important to realize that (5.50) is a true extension of the Janssen’s represen-
tation (4.51), and at the same time also a concrete realization of the symmetry between the

module inner-products

A<€7 77> Y= g . <777 ’Y>A° ) va n,7v7 € gA(G)

We summarize the characterization of the Heisenberg module as a function space.

Theorem 5.5. We can characterize Ex(G) by the following: Ex(G) is the completion of So(G)

on L2(G) with respect to the following norm
(G) i4 [ g
I ]y = inf {C1/2 : C is a Bessel bound for g(f,A)} . (5.51)

The characterization also respects the A — Ba-imprimitivity bimodule structure of Ex(G), so

that for allae Ap, be By, f,g€ EA(G) :

1. a- f=mp(a)f € EA(G); 3. A(fr9) € An;

2. f-b=T(b)f €ér(G); 4. {f,g)p0 € Ba.

Since we chose to work with lattices A, it follows that C*-algebra By is unital. Therefore it
follows from Corollaries 2.7 and 2.8 that £4(G) has further properties, and its adjointable maps

can further be characterized.
Corollary 5.9. The Heisenberg module Eo(G) is finitely generated and self-dual.

We shall end this section with the fulfillment of our promises. Recall in Section 4.2 of Chapter
4 that we skipped the proof of Wexler-Raz biorthogonality relations of Theorem 4.3, and the
density result of Theorem 4.4. We did so because we will only use their Heisenberg module
versions in Chapter 7. Below, we give an operator algebraic proof of these results. Before we
start, let us first clarify that another expected result holds: module frames for £5(G) are exactly

Gabor frames in L?(G).
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Theorem 5.6 ([AE20, Theorem 3.16]). The finite set gi,...,gn € EA(G) generates a (module)
frame in EA(G) if and only if | J'_ G(gi, A) is a multi-window Gabor frame in L*(G).

Proof. The finite set g1, .., g is a (module) frame in 4 (G) if and only if given g = {g1, ..., gn},
the (module) frame operator Oy € L4, (E4(G)) is invertible (c.f. Corollary 2.10). Localization on
operators locy : L4, (EA(G)) — L(L?*(Q))) is an embedding of unital C*-algebras (c.f. Proposi-
tion 5.11), therefore by inverse-closedness of C*-algebras, fg is invertible in L4, (E4(G)) if and
only of locy(fg) = > S, is invertible, equivalently [ J_; G(gi, A) is a multi-window Gabor
frame (see Definition 4.7 and Remark 4.2). O

Remark 5.10. It follows from Theorem 5.6 and Corollary 5.9 that multi-window Gabor frames

always exists for L?(G).

Corollary 5.10 (Wexler-Raz for Heisenberg Modules). Let G(g,A) and G(h,A) be dual Gabor
frames in L*(G) with g, h € Ex(G). Then

(g, h)po = d(A)do.

Proof. 1f G(g, A) and G(h, A) are dual Gabor frames in L*(G) with g,h € E5(G), then Sy p =
Idz2(q). By restricting the frame operator Sy a to Ea(G), we find that 0,5 = Idg,(q)- It
now follows from Wexler-Raz identity for modules (2.16) that {g,h),. = 1B,, where 1p, is the
identity element in By. It follows from definition of By that 15, = d(A)dy. We are done. d

Corollary 5.11. Let g € Ex(G) such that G(g,A) is a Gabor frame, then d(A) < 1.

Proof. Let g € Ex(G) generate a Gabor frame G(g,A), then 6, € L4, (Ex(G)) is invertible, in

1/2

particular, following Remark 2.14 h := 6, '"g is a Parseval frame. Since the dual frame of

a Parseval frame is itself, then it follows from Wexler-Raz identity from Corollary 2.16 that

(h,h)\o = 1p,. Parseval frames correspond to projections in Ay, as we shall see below:

A<h7 h> A<h7 h> = A<A<h7 h> h, h> = A<h <h7 h>A° ) h> = A<h]'BA7 h> = A<h7 h> .

Since the identity 14, is the maximal projection, we have ,(h,h) < 14,. The following com-
putation follows from Proposition 5.11 and the fact that positive traces preserve the poset of

projections:

d<A) = trBA(lBA) = trB, (<h7 h>A0) = trAA(A<h’ h>) < trAA(lAA) =L
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As required. O

Remark 5.11. The original proof in [AJL20, Theorem 3.28| given for Corollary 5.11 actually
holds for a much general case, however it would require us to generalize to matrices of Heisenberg
modules. In any case, it can be shown that if G(g1,...,gn,A) is a multi-window Gabor frame

with g1, ..., gn € EA(G) then d(A) < n.
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Chapter 6

Banach and C*-Bundles

In this chapter, we lay down the necessary tools that would allow us to precisely define what it
means to have a continuously varying family of Heisenberg modules. Bundles of vector spaces
are ubiquitous in topology and geometry. However, we will be interested in bundles whose fibers
are, in general, infinite-dimensional Banach spaces, with some emphasis in the case when they
are C*-algebras. The basics of Banach bundles can be found in the first volume of Fell’s tomes
[FD88|, and the slightly older book by Dixmier [Dix82] where the essential Banach bundles that
we are interested in are called "Continuous Fields of Banach Spaces". For a more abstract

approach on the C*-bundle case, one can consult Appendix C of Williams’ book [Wil07].

Definition 6.1. A bundle is a triple Z = (B, p, X) where p : B — X is an open continuous
surjection from a Hausdorff space B to a Hausdorff space X. We call X the base space, while
B the bundle space or total space. The map p is called the bundle projection map. For
each z € X, we call p~!(z) := B, the fiber over z. A section of the bundle % = (B, p, X) is any
function f : X — B such that po f(z) = x for all x € X (which implies that f(z) € p~1(x) = By).
We say that f passes through s € B if and only if s € Im(f). A bundle # = (B, p, X) has

enough sections if for each s € B, there is a section f : X — B that passes through s.

The map p : B — X is enough to determine a bundle, and we will usually refer to a bundle
by the bundle projection map itself. To add context, in general, a section of amapg: X —» Y
is any other map s : ¥ — X such that g os = Idy. We are generally only concerned in sections
of bundles though, in this case, when the context is clear we talk about sections f : X — B with
respect to the bundle projection p. That f is a section of p ensures us that (po f)(z) = =, which

implies that f(z) € p~!(z) := B,. Furthermore, note that for s,¢ € X, we have the following
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chain of equalities: p~1(t) n p~1(z) # & if and only if ¢t = z if and only if p~1(¢) = p~1(z). In
other words BB, = B; if and only if x = t. Since p is surjective, we see that we can identify B with

the disjoint union | |,y Bs.

Remark 6.1. Suppose that f is a section of p : B — X that passes through s € B. We have some
x € X such that

fla) = s.

By definition of a section, this means that p(f(z)) = = = p(s), therefore

fp(s)) = s.

That is, f passes through s € B if and only if f(p(s)) = s.

Definition 6.2. A Banach bundle % over X is a bundle & = (B, p, X) over X, together with
operations and norms making each fiber B, (z € X) into a Banach space, and satisfying the

following conditions:
1. The map s — ||s|5, is continuous from B to R;

2. The operation + is continuous as a function on {(s,t) € B x B : p(s) = p(t)} to B for each
s, te X;

3. For each complex A, the map s+ A - s is continuous from B to B;

4. If z € X and {s;}; is any net of elements in B such that |s;|z,, — 0 and p(s;) — =, then

s; — 0 where 0, is the additive identity on B, and s; € B, for each i.
Furthermore, if each fiber B, is a C*-algbera, then with the added hypothesis that
5. The multiplication - is continuous as a function on {(s,t) € B x B : p(s) = p(t)} to B;
6. The involution s — s* is continuous from B to B,

then £ is called a C*-bundle. We shall drop the subscripts B, when the context is clear that

we are taking norms with respect to fibers.

Explicitly, the Banach space structure on the fibers gives our projection map some basic

mapping properties, for example, if s € B such that p(s) = x, then it is in the fiber s € B, but

186



in particular B, is a linear space, and so As + b € B, for any A € C and b € B, (this is implicitly

used to make sense of Axiom 3 above). This linear structure gives us

p(As +b) =z = p(s) = p(b). (6.1)

For the rest of the manuscript, given a bundle p : B — X, we denote the collection of
continuous sections by I'(p). As an immediate exercise on the definitions, we have the following

result.

Proposition 6.1. Let p: X — B be a Banach bundle, then the zero section that maps 0 : x — 0,
for each x € X is in I'(p).

Proof. Let {z;}; be a net in X that converges to z. Consider the net {0,}; in B, then trivially
[0z, — 0. Because 0(x;) = 0, by definition, then p(0,,) = p(0(x;)) = x; — x by hypothesis.
However, p : X — B is a Banach bundle, this means that the Axiom 4 of Definition 6.2 implies
that 0, = 0(x;) — 0. Therefore by net criterion, the zero section 0 : X — B is continuous, that

is, 0 € I'(p). O
Corollary 6.1. The collection T'(p) is a complex linear space.

Proof. The zero element is the map 0 : x — 0., as in the proposition above. The rest of the

linear structure axioms immediately follow from Items 2 and 3 in Definition 6.2. O

The axioms of the Banach bundle actually afford us a stronger continuity condition as we

shall see below.

Proposition 6.2 ([FD88, 13.10]). Let p : X — B be a Banach bundle, then the map (\,s) — A-s

s continuous from C x B to B.

Proof. Let {\;}; < C, and {s;}; < B be nets that converge to A € C and s € B respectively. Using

Equation (6.1) and continuity of the bundle projection map

p(Aisi — Asi) = p((Ai — A)si) = p(si) = p(s).

Furthermore, |\;s; —As|| = |A; —A||si]| — 0 via continuity Axiom 1 in Definition 6.2. Althogether,

with Axiom 4 of Definition 6.2, we have shown that A\;s — As — 0. Finally, combine this with
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Axioms 2 and 3 of Definition 6.2, we conclude that
Aisi = (Nisi — Asi) + As; = 0y + As = As

as required. O

Corollary 6.2. Let p: X — B be a Banach bundle, f € I'(p), and p € C(X). Then ¢- f € T'(p)
where (¢ - f)(z) = () - f(2).

Proof. The map x — (o(z), f(z)) is continuous from X to C x B (since the map to each factor

is continuous), therefore by Proposition 6.2, the map = — () - f(z) is also continuous. O]
Here we also have a basic result result which would help us verify continuity of a section.

Lemma 6.1. Let p: B — X be a Banach bundle. Let {s;}icr be a net of elements in B such that
s € B with p(s;) — p(s). Suppose further that for each € > 0, there exists a net {u;}icr < B, and

an element u € B such that

1. u; —> u;

2. p(si) = p(us);

3. |ls —u| < e

4. |si — ui| < e for large enough i,
then s; — s in B.

Proof. Note that Item 2 above imply that the nets p(s;) and p(u;) converge to the same limit,
and therefore p(s) = p(u), which further implies that v and s belong to the same fiber, hence
Item 3 above makes sense.

Take any subnet of {s;}ier, relabel it and call it {s;}ies still, using Proposition B.5, it is
enough that we find another subnet of {s;};c; that converges to s. Now note by hypothesis that
p(s;) — p(s). From open-ness of p, there exists (here we avoid the ‘relabeling’ argument to avoid

confusion) {z;}je; = X, a subnet of {p(s;)}ier and {t;}es such that
Lop(ty) = x;;
2. tj — S.
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If the subnet above is implemented by the map N : J — I, then we have p(t;) = x; = p(sy(;)) —
p(s) as well from Proposition B.3. Now pick an arbitrary e > 0, and choose the net {u;},er € B
and u € B as in the hypothesis. We find that from continuity of addition in the total space and

the fact that all the terms involved below are in the same fibers that:
tj —un() — S —U.
Since [s — u| <, then [t; — upn(; | < e eventually for large enough j € J. Therefore
Isngy — till < Isng) — ung)ll + lugy — tvg)l < 2,

since ¢ is arbitrary, then |sy(;) —t;| — 0. We use the fact that p(sy(;) —t;) = x; — p(s), finally

we have from Axiom 4 of Definition 6.2 that sy(;) — ¢; — 0,(s). From which we can conclude
that

SNG) = (SN(G) = 1) + 15 = Op(s) + 5.
Therefore we have found a subnet {sy;)}jes of {si}ics that converges to s as required. O

Remark 6.2. A bit of comment regarding the proof above: It is important to notice that {¢;};cs
is not a subnet of {s;};cr as it is not even necessarily true that s NG) =t (we even went through

the painstaking task of proving that the best that we can do is sy(;) —t; — Op(s)).

As we have noted above, we can now use Lemma 6.1 to prove that a section that is the

uniform limit of continuous sections is itself a continuous section.

Corollary 6.3. Let p: B — X be a Banach bundle and {f;}; < I'(p) a net of continuous sections,
if f is a section of p such that

sup | f(z) — fi(z)| — 0
rzeX
then f € I'(p).

Proof. Let (xj); be a net in X and « € X such that ; — z. We will use Lemma 6.1, set

(sj); = f(z;), and s = f(x). We know that p(s;) = x; and p(s) =  since we are dealing with
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sections, therefore p(s;) — p(s). For € > 0, choose § such that

sup | f5(2) — f(2)| <e.
zeX

We set u; = fz(x;), with u = fg(x).

1. By continuity of fgz, we know that u; — u;
2. p(uj) = p(sj) = z; for all j;
3. [[f (@) = fa(x)| = lIs — ul <&, and;

4 |lsj =gl = 1f(z5) = fo(zj)| < supzex [ f(2) = f5(2)| <

Therefore by the previous theorem, f(x;) = s; — s = f(z) as required. O

We denote by I'g(p) the Banach space (it is a subspace of I'(p)) of continuous sections that
vanish at infinity, equipped with the supremum norm. Precisely, f € T'o(p) if and only if for
each £ > 0, there exists a compact subset M, € X such that ||f(z)| < e whenever z € X\M..
Because X is Hausdorff, this is equivalent to: for each € > 0, the set {x € X : |f(x)| = &}
is compact. Note that when p : B — X is a C*-bundle, then I'g(p) is a C*-algebra with
the obvious operations defined pointwise. We will also make use of the following notation:
I'*(p) = {y(x) € By : v € I'(p)}, and similarly I'§(p) = {v(z) € By : v € T'o(p)}. For the rest of
the manuscript, we shall call I'g(p) the section space, or the section C*-algebra, if # is a
C*-bundle.

We can now start with the proper discussion of construction of Banach bundles. The following
result is from [FD88, Theorem 13.18|. Let us work with the following setting, we let X be a
Hausdorff space, B a generic untopologized set, and p : B — X a surjective map such that for
each z € X, the preimage p~!(z) := B, is a complex Banach space. We see here that p: B — X
is not a bundle, because B is untopologized, and hence p does not have any coherent notion
of open-ness, nor continuity. Our goal here is to endow a topology on B such that the triple
(B, p, X) becomes a Banach bundle. To this end we have the following theorem, which we shall
prove for the C*-bundle case since the proof for the Banach bundle case can easily be modified

from the one that we are about to present below.

Theorem 6.1. If p: B — X is a surjective map such that p~'(x) := B, is a C*-algebra (complex
Banach space) for each x € X, and there exists a =-algebra (complex linear space) of sections T

of p, with the added properties that
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1. For all v e T, the function x — ||y(z)| is a continuous function from X to R;

2. For each x € X, I'" := {y(x) | v € I'} is dense in B,.

Then there exists a unique topology on B that makes p : B — X a C*-bundle (Banach bundle)
over X such that the elements of T' are continuous sections of p, i.e. T' < I'(p). Explicitly, a

basis for the topology on B is given by

W(f,Uye)={seB:p(s)eUls— flp(s))] <&} (6.2)

for f e, U an open set in X and & > 0.

Proof. We first show that if we assume that there is indeed a topology for B such that p: B — X
is a Banach bundle with I' < I'(p), then the topology musst be uniquely determined by I'. To
do this, let us suppose there is some topology 7 on B where our statement holds. It follows from
hypothesis and Lemma 6.1 that the net {s;};c; converges to s € B in the topology 7 if and only
if p(s;) — p(s) and that for each ¢, there is an f € I' such that ||f(p(s)) — s| < ¢ and that
[ f(p(si)) — si| < e (since | f(p(si)) — si| = [|f(p(s)) — s|) for a large enough i. Notice that one
side of this equivalence is independent of whichever topology we have for B, and so if 71 and 7
are two topologies in B where our statement holds, then we have the net convergence s; — s in
71 if and only if it also converges in 7o.

It still remains to show that such a topology exists and that we have all the property that
we want. We will subdivide the rest of the proof into three steps: (1) Show that (6.2) defines a
base for a topology of B; (2) Show that this topology makes p : B — X a C*-bundle, and; (3)

Show that every I' is continuous in this topology.

1. (Step 1). It is immediate from the properties of I' that the collection of all W (f,U,¢) in
(6.2) covers B, so it only remains to show that given W(f1,Usz,e1) and W (fa,Us,e2) in
the collection, we have that if s € W(f1,U1,e1) n W(f2,Us,e2), then there exists some
W (fs,Us,e3) in the collections such that s € W (f3,Us,e3) € W(f1,Ur,e1) nW(f2, Uz, e2).
We start with s € W(f1,Ur,e1) n W(f2,Us,e2), so that |s — (fi(p(s))| < €1 and |s —
f2(p(s))| < e2 holds. Choose 0 < €} < &1 and 0 < € < € so that both |s — fi(p(s))|| < €}
and |s — fa(p(s))| < 5. Then define e5 = Smin{e; — &},e2 — €5}, so that if we choose

f3 €T where ||s — f3(p(s))| < €3, we find that

[7(p(s)) = frlp())] < [h(p(s)) = sl + s = fi(p(s))] < €5+ €
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[7(p(s)) = falp())] < [h(p(s)) = sl + lIs = fa(p(s))]| < €3 + £5.

fs— fieT fori=1,2so that z — | f3(z) — fi(z)| is continuous, therefore there exists an

open Us € Uy n Us such that p(s) € Us and that for all 2 € Us :

[fs(z) = fa()] < &5+ €]

| fs(x) = fa(@)] < &5 + €.

We see that s € W(fs,Us,e3). If be W(f3,Us,e3), we have p(b) € Us, and we find that for
i=1,2

1o = Filp®)) < b = f3(p(s))| + [ £3(n(s)) = fi(p(s))]

<€3+(63+€;)<(€Z’—€;)+Ei<5i

Therefore s € W(f3,Us,e3) € W(f1,U1,e1) n W(f2,Us,e2) as required, hence we have a
base for a topology of B.

. (Step 2). We shall first show that p : B — X is an open continuous map in this topology.
Consider W(f,U,¢) in the collection (6.2), we have that if z € U, then f(x) e W(f,U,¢)
with z = p(f(x)) so that U < p(W(f,U,e¢)). The reverse inclusion obvious from definition
of W(f,U,¢e). Therefore p(W(f,U,e)) = U, which shows that p is open. Let s € B and
p(s) € U for some open set U, choose f € I" such that |s—f(p(s))| < 1, then p(W(f,U,1)) <
U with s e W(f,U, 1), so p is continuous at s, and since s € B is arbitrary, p : B — X must
be a continuous function. We have shown that p : B — X is a bundle projection map. We

still have to verify that Items (1)-(6) of Definition 6.2 all hold.

(a) (Item 1). To show that s — |s|| is continuous, fix sp € B and € > 0 such that |sg| < e.
Choose 0 < &’ < e such that ||sg|| < e—2¢’ <e. Let f € T such that |so— f(p(s0))]| <
g’. Therefore | f(p(s0))| < [lso — f(p(s0))] + [lso] < & + (¢ —2¢') < e —¢'. Since
x — | f(x)] is continuous, we can find an open set U 3 p(sp) such that | f(z)|| <e—¢€'.

Finally, we have the open set W(f,U,¢&’) 3 so such that if s € W(f,U,&") we have

[sl < s = flp(s) + [ f(p(s))] <&’ +e—€ <&
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By possibly ‘translating’ the open sets involved, we have shown that s — |s| is

continuous.
(b) (Item 2). We want to show that the addition map Bgper :
p(b)} — B is continuous. To set notation, if By, By < B, then we define B; + By =

= {(s,b) e Bx B : p(s) =

{s1+ 82 € B: sy € By sy € By and p(s1) = p(s2)}. Now let (s,b) € Bgper with

s+beW(f,U,e), and set p(s) = p(b) = p(s+b) =: z € X. Choose 0 < &’ such that
[(s+b) — f(z)] <e—2¢'. From hypothesis we can also pick gs, g» € I' such that

~

9
Is = gu(@)l < 5
/
b= gs(a@)] < 5

So [[(s +b) — (gs(z) + gp(x))| < €’. Alltogether

[£(x) = (gs(2) + gp(@))]| < [ f(2) = (s + )| + [[(s + ) = (95(x) + gu())]

<(e—2)+e=c-¢.

Since f — (gs + g») € T', we find that there exists an open neighborhood V' 3 x such

that V € U and for all y e V

1£ () — (95 () + g(y))| <& —¢".

Note that (s,b) € W(gs, V, %) x W(gp, V, %/) Let (a,c) € W(gs,V, %/) x Wig, V. 5)
with p(a) =y = p(b), then

[(a+¢) = fy)l <l(a+c)=(gs(v) + g + [/ (¥) — (95(v) + g6(v)

< +(e-€)=e.

Thus we have shown that s +be W(gs,V, %) + W(g, V,5) € W(f,U,e). Therefore

fiberwise addition is continuous in the total space B.

(c) (Item 3). If X # 0, then s € W(f,U,¢) if and only if As € W(Af,U, |\|e). So s — As

is continuous.
(d) (Item 4). Fix x € X and a net {s;};es such that |s;| — 0, and p(s;) — z. Take an open

set W(f,U,¢e) 3 0,, we want to show that {s;};cs is eventually in W (f,U, ). Choose
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0 < ¢’ < e such that |f(x)| < e —¢. By hypotheses, for a large enough i: {p(s;)}ier
is eventually in U because x € U, | f(p(s;))| <& —¢€, and |s;| < &’. Alltogether, for

a large enough 1¢
Isi — flp(si))| < llsill + [f(p(si))| <&+ (' —e) <e.

Therefore {s;}ics is eventually in W (f,U, ¢) as required.

(e) (Item 5). We want to show that the multiplication map from the space (with relative
topology) Baber = {(s,b0) € B x B : p(s) = p(b)} — B is continuous. To set notation,
if By,Bs < B, we define B1By := {s1s2 € B : 51 € By, s2 € By, and p(s1) = p(s2)}.
Now let (s,b) € Bgper such that sb e W(f,U,e). Note that we can set p(s) = p(b) =
p(sb) =: x € X. We choose & such that

|sb— f(x)| <e—2¢.

By hypothesis in I', there are g5 € I' and g, € I' such that

Is — gs(@)] < & = mi { ° 1}
s—gs(x si=min{ ———— —
2B+ 1)° 2

b= gy(a)] << = mi { < 1}
— gp(z pi=min{ ———— —
S+ 1) 2

These choices give us [gs(z)| < es + [s]| < 5 + [s], and similarly |gs| < 3 + [].

Alltogether,

[sb = gs(z)gp(@)| < [sb— sgp()] + [ sgn(x) — gs(z)gs(2)]

< [sllo = go(2) [ + s = gs(2)llgs ()]

< o) ) ()

<EI+E/<,
- — g .
T2 4

Therefore
| f(z) = gs(x)gp(@)]| < [ f(z) = sb] + [sb — gs(x)gp(2)] < (6 =2¢") + &' = —£".

Now we use the fact that gy, gs, f — gsgp € I' to find an open neighborhood V' 3 x such
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that V € U and for all ye V

1
lgs ()l < 5 + [1b]

1
lgs ()l < 5 + 5]

1f () = 9s()gp ()] < e —¢"

Note that (s,b) € W(gs,V,es) x W{(gp,V,ep), and that if (a,c) € W(gs, V,e5) X
W(gw, V,ep) with p(a) =y = p(c), then we can repeat much of the estimate above to

conclude that

lac = f()] < lac = gs(W)go (W) + |95 (W) g (y) — F (W)

<éd+(e-¢€)<e

Therefore sb € W(gs, V,es)W(gp, V,ep) < W(f,U,¢), and we have shown that fiber-

wise multiplication in the total space is continuous.

(f) (Item 6). Note that s € W(f,U,¢) if and only if s* € W(f*,U,¢e), so s — s* is

continuous.

3. Let f € I', we want to show that f : X — B is continuous. Pick zp and an open set

Wi(g,U,¢) 3 f(xo), therefore 2 € U and [ f(x0) — g(p(f()o))| = [f(z0) — g(xo)| < &. We

know that x — | f(z) — g(x)| is continuous, therefore there exists some open set V' 3 zg
with V' € U such that ||f(z) — g(z)| < ¢ for all z € V. We now have for each = € V,
p(f(zx))=2€eV cU and

[£ () = g(p(f (@) = [ /() = g(x)]| <e.

Therefore f(x) € W(g,U,e). We have shown that f is continuous.

O

Theorem 6.1 above will be the most relevant result for the subsequent Chapter, as all bundles

that we shall construct will be done through it.

Definition 6.3. Let p : B — X be a C*-bundle (or Banach Bundle) constructed through

Theorem 6.1 with initial section I € T'(p). We call T" the local approximating sections for p.
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Remark 6.3. Local approximating sections are not unique, it is not hard to see that it is possible
to find another family of sections that would induce the same Banach bundle through Theorem

6.1. For an original example, compare Theorems 7.3 and 7.4 with Proposition 7.10 in Chapter 7

The local approximating sections given by I'" above play an important role, as they are used to
verify that a section is indeed continuous if only if they can be locally approximated by sections
that belong in I' (see Proposition 6.3 below). Note first that there is a refinement of Proposition

6.2 for Banach bundles constructed from Theorem 6.1, whose proof is essentially the same.

Lemma 6.2. Let p : X — B be a Banach bundle via Theorem 6.1 with local approximating
sections T'. If o € C(X) and f €T, then p- f € T.

Proposition 6.3. Let p: X — B be a Banach bundle via Theorem 6.1 with local approximating
sections I'. Then for any section v : X — B, v € I'(p) if and only if for each xo € X and € > 0,

there exists a ' € I' such that for some open neighborhood Uy 3 xq

[v(z) =~'(@)| <&,  Vzel.

Proof. To start with, we can apply Theorem 6.1 to the triple Z = (B, p, X) with I". Because our

I' satisfies the hypothesis of Theorem 6.1, we have an explicit basis for the topology on B:

W Uye)={se Z:p(s)eUls—7"(p(s))] < e}

for v” € T', U an open set in X and ¢ > 0.

If v € I'(#A) i.e., if v is continuous, then the conclusion is trivial. Suppose now that the
converse hypothesis holds for the section v : X — B. We want to show that ~ is continuous at
any point, we take o € X and take a basic open set W (", Uy, §) 3 y(x0). By hypothesis, there

exists 7' € I' and an open set Vjj 3 xp, we have for all z € V :

€

(@) = (@) < 5.

Now, we know that v/ € I' € I'(4), therefore it is immediate that there exists an open set V' 3 x
such that (V') € W(v", Uy, §5). Now, take the open set xg € Vg := Vj n V{, then we have for

all z e Vp :

(@) = @) < (@) =7 @]+ @) =/ @) < S+ 5 =<
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Therefore (Vo) € W (4", Uy, €), hence ~ is continuous. O

Using a simple application of triangle-inequality for Banach bundles defined via Theorem 6.1,
we can show that if a section can be locally approximated by a continuous section, then it must

also be a continuous section.

Corollary 6.4. Let p : X — B be a Banach bundle via Theorem 6.1. We have that v € T'(p)
if and only if for each ¢ > 0 and xy € X, there exists a ' € T'(p) such that for some open

neighborhood Uy 3 xg:
[v(z) =~ (z)| <&,  Voelo.

Remark 6.4. As we have mentioned, we shall construct all the relevant bundles in the next
chapter this way. Practically we start with, again, a Hausdorff space X, and a family of Banach

space or C*-algebras indexed by X, i.e. {B,},ex. Hence if

B:= |_| B, = U{(s,x) : 8 € By},

reX zeX

we simply define p : B — X to be the usual projection i.e. p(s,x) = z. In practice, we shall omit
the index z in (s,z) € B and work with the implicit understanding that each s is an element in
some unique B,. So, we shall write p(s) = x <= s € B,. This definition will give us fibers that
we want, that is: p~!(z) := B,. A section v : X — B with respect to p satisfies y(z) € B, for

each z € X, and can be succinctly denoted by the product notation: v € [ [,y Ba.

The previous proposition shows that v : X — B is a continuous section if and only if we
can locally uniformly approximate v by some continuous section +' € I'. This characterization
of continuous sections appears in Dixmier’s book [Dix82| (they are called vector fields), and in
fact are taken to be part of the definition of the so-called "Continuous Fields of Banach Spaces".
A major question whenever one has a Banach bundle is if it has enough continuous sections, it
turns out that this is true for bundles via Theorem 6.1. We first recall the following basic result

for Banach spaces.

Lemma 6.3. Let Ey be a dense linear subspace of a Banach space E, then for each b€ E, there

exists a sequence {by}, < Ey such that Z?:o by, is absolutely convergent and b =Y by.
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Proof. Indeed let b € F, then for each n € N, there exists an e,, € Ey such that

1
b— < —.
o= el < =

By triangle inequality, we know |e,+1 — e, < %, and therefore the series Y, b, absolutely

converges for b, = eny1 — e,. The limit of the series is in fact b, we see this in the following

computation:
N 0
b= lim ey,q = lim Z (eg+1 —e€x) = Z by,.
N—o0 N—o
n=0 k=0

Corollary 6.5 (|Dix82, Proposition 10.1.10]). Every Banach bundle constructed by Theorem 6.1

will always have enough continuous sections.

Proof. Let p: X — B be a Banach bundle constructed by Theorem 6.1 with local approximating
sections given by I'. Let xg € X, we want to show that for any so € By, , there exists a continuous
section f : X — B such that f(z¢) = so. To construct this, we know from Lemma 6.3 that there

exists a sequence of sections {7,}, € I' such that >, [yn(z0)| < o0 and

0
s0 =Y, (o).
n=0
Define for each n € N,

1, [y ()] <l (o)

[ (o) | ) )
[ ()] I (@)] = [y (o)

Pn =

We can deduce from the Pasting Lemma that ¢,, € C'(X), and therefore g, := ¢, -7, € I due to

Proposition 6.2. Now for each x € X,

2 lgn(@)] < Y (o) < oo
n=0 n=0

Hence Y, gn(z) is absolutely convergent, and thus convergent in B,. We then define f :=

> o gn- Certainly f(xo) = >0 o gn(20) = Yo ¥n(®0) = So, thus we only need to prove that
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f is a continuous section, but we know that for any € > 0, there exists an N € N such that

<e€

N
I'f(fc) = gula)
n=0

for all x € X. We know 27]:;0 gn € T, therefore by Proposition 6.3, f € I'(p). O]

Remark 6.5. Corollary 6.5 is an important result, as it gives us nontrivial continuous sections
that passes through whichever point in the bundle space that we want. In the sequel, this will

have an important application for Gabor frame stability of Heisenberg modules.

While T offers a local approximation family for the continuous sections I'(p), the next result
tells us that if T'g is some linear subspace of the Banach space I'g(p) with certain algebraic and
analytic properties, then T'g can always globally approximate I'g(p). Note that this result holds
in general even if the Banach bundle is not constructed from Theorem 6.1. The proof given
below is similar to the one given in [Wil07, Proposition C.24], although it was originally proven

only for C*-bundles.

Proposition 6.4. Let p: B — X be a Banach bundle such that there exists linear subspace I'g
of To(p) that satisfy:

1. For all p € Cy(X), and g € Ty, we have ¢ - f € T'y.

2. For each x € X, {f(x): f € Ty} is dense in B,.
Then Ty is dense in To(p).

Proof. Let f € T'o(p) and € > 0, we want to show that there exists g € I'g such that sup .y | f(z)—
g(z)|| < o0. To do this, let M = {z € X : | f(x)| = £}, which is a compact set because f vanishes
at infinity. As a general property of M, for any x € M we know from Axiom 2 in the hypothesis
that there exits a g, € I'g such that | f(x) — g.(z)| < §. Because the map y — | f(y) — gz(y)| is

continuous about x, we know that there exists an open neighborhood U, 3 x such that

1) — ()] < =

- Yy e Us,.
3 ye

Note that the open neighborhoods {U, },enr covers M, and so by compactness of M, there exists

finitely many {U;}"_; < {Uy}zenm and finitely many {g;}" ; < I'g such that

1f(y) —g:(w)] < Yy € Us.

c
37
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Let {@;}l; < C.(X,[0,1]) be a family of partition of unity subordinate to {U;}?_;, so that
Siiei=1lon M, Y" ¢ <1 outside M, and the support of ¢; is contained in U;. We now
define g := 3" | ¢; - gi, which is in I'y by hypothesis. Suppose = € M, then

[f(x) = g@)] = | Y ¢il@) (f(2) = gi(@)]| < D @il@)| f(z) — gi(2)]
i=1 i=1
< Zn] vi(z) 3<¢
i=1

If 2 € X\J;_y Ui, then g = 0, and [ f(z) — g(z)| = | f(2)
some 4, then |g;(z)] < [gi(z) — f(z)| + | f(z)] < £+ 5 = 2. Finally if 2 € |J}; U;\M, we have

| < § < e. Note that if » € U;\M for

|f(z) = g(z I—H Z

<|f(@)] + Z i(x)]gi(x
S i (@
s34
=1
<e
Hence we conclude that sup,.x | f(z) — g(z)| < e. O

We shall now explore results where the C*-algebraic structure of a C*-bundle actually matter.
From now on, we shall use the total space A (hence with fibers p~!(z) = A,) instead of B when we
are talking about C*-bundles in particular. Note that if A is an arbitrary C*-algebra, and a € A,
we shall use spec(a) to denote the spectrum of the element a. Recall then that if p: A — X is a
C*-bundle, then the space of I'(p) continuous sections is closed with respect to multiplication and
involution due to Items 5 and 6 of Definition 6.2. From this observation we have the following

result based from [Dix82, Proposition 10.3.3]

Lemma 6.4. If P : z — P(z,%) is a polynomial in C that has no constant term i.e. P(0) =0,
then for each f € T'(p), Po f e I'(p) where

(Po f)(x) = P(f(x), f(2)%) € Aq.

Proposition 6.5. Let p : A — X be a C*-bundle. If f € T'(p) such that ff* = f*f, and
0 :Cy — C is a continuous function where Cy < C is a subset such that spec(f(x)) < Cy for all
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x € X. Furthermore, suppose that 6 can be continuously extended so that 0(0) = 0, then the map

X sz 0(f(x)) e Ay isin T'(p) (i-e. a continuous section).

Proof. The hypotheses on 6 allow us to define 0(f(z)) € A, for each z € X via continuous
functional calculus on arbitrary C*-algebras. We shall show that = — 6(f(z)) is pointwise
continuous from X to A at all points.

To start, pick zg € X, we know that there exists an open neighborhood Uy such that there is

an M > 0 where

|f(@)| <M, Ve U.

We know from the complex Stone-Weierstrass theorem, that inside the disk Q¢ := Cf n {z €

C: |z| < M}, we can find a sequence of complex polynomials {py, }nen such that

sup [6(2) = pa(2)| — 0.

ZEQf’]W

The choice of the disk €27 ys means that 6(f(x)) is well-defined for each = € Uy, furthermore

sup [0(f(z)) —pn(f(@))| < sup [6(z) = pu(2)] — 0.

zely 26Q¢ M

We know that each p, o f is a continuous section within Uy by Lemma 6.4, so it follows from
Corollary 6.3 that 6 o f is a continuous section within Up, in particular this means 6 o f is

continuous at the point xg, but x( is arbitrary, so we are done. OJ

Remark 6.6. A slight modification of the argument above gives us a version of the same result
above for the specific case where the section f satisfies f(z) = 0 (instead of just f(x)f(z)* =
f(x)*f(x)) for all x € X, in which case we apply the continuous functional calculus to some
continuous function 6 : Ry — C with Ry < R such that spec(f(z)) < R extendable so that
0(0) = 0. We also note that we can again modify the argument above to accommodate a result

for C*-bundles that are constructed via 6.1. We write these observations as corollaries below for

posterity.

Corollary 6.6. Let p: A — X be a C*-bundle constructed via Theorem 6.1 with local approx-
imating sections given by T'. If f € T' such that ff* = f*f, and 8 : C — C is a continuous
function such that 0(0) = 0, then the map X 3z — 0(f(z)) € Ay is inT.
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Corollary 6.7. Let p: A — X be a C*-bundle, if f € I'(p) such that f(x) = 0 for all z € X,

1/2

then the section g : x — f(x)1/2 is in T(p), and it satisfies g = g*, g> = f. This implies that if

f € Tolp), such that f(x) = 0 for all x € X, then f is a positive element in the C*-algebra of

sections T'o(p)

Proof. We apply a modified version of Proposition 6.5 and use the continuous map 6(t) = t'/2. [

The next result will be useful, it tells us that ideals of the continuous sections that vanish
at infinity T'g(p) of a C*-bundle behave as expected. The following proof is based on |Dix82,
Lemma 10.4.2].

Proposition 6.6. Let p: A — X be a C*-bundle. If I is a closed two-sided ideal of T'y(p), and
I, :={y(x)e Ay : vy I}, Vo e X.
Then
I'={yeTlo(p) :v(z) € I}.

Proof. One direction of the equality is trivial, in particular, I < {y € T'o(p) : v(z) € I,}. We
will work on containment in the other direction. The proof will be reminiscent of the proof of
Proposition 6.4. Suppose v € Ty(p) and y(z) € B, = I, for each z € X. Fix € > 0, then the
set M = {zx e X : |y(x)| = §} is compact. By definition, we know that for each y € X, there
exists an f, € I such that v(y) = f,(y) € Ay. Since I is a closed two-sided ideal, we know from

existence of approximate identities on ideals that there is a g, € T'g(p) such that

€
Ify — fygyll < 3

Now note that the map x — |v(z) — fy()gy(x)| is continuous, in particular, at the point y, and

so we can find a neighborhood U, of y such that

@) - fy@gy@)| <5, Vael, (6.3)

Since y is arbitrary in the estimate (6.3) above, we can now find a finite open cover {U;}" ; of
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M, finite collections {f;}7; < I, and {g;}"; < I'o(p) such that
€
Iv(z) = fi(z)gi(z)| < 3 Yz e U;.

Take the family {¢;}]*; < C(X,[0,1]) to be a partition of unity subordinate to {U;}?" ;. We can
now define the section f = > | ¢i- fi - gi, and we know that this is contained in I from the fact
that I is an ideal and from Corollary 6.2. In a completely similar way to the proof of Proposition

6.4, we find that |y — f| < &, which means that v € T = I (since [ is closed). We are done. [

Corollary 6.8. Let p: X — A be a C*-bundle. If I is a closed two-sided ideal of To(p) such
that for each r € X,

then I =To(p).

Proof. We know from Proposition 6.6 that I = {v € To(p) : v(x) € I}, but I, = A, so
I ={yely(p):v(x)e Az} which is exactly I'g(p). O
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Chapter 7

Results and Applications

We present original contributions in this chapter, divided into Section 7.1 and Section 7.2, corre-
sponding to the papers [GLL24| and [LM24], respectively. Our results in Section 7.1 rely heavily
on the fact that the Heisenberg module is a Hilbert C*-module over the higher dimensional
noncommutative tori. On the other hand, the integration of operator-quantization and Heisen-
berg modules in Section 7.2 follows the development of quantum harmonic analysis in which the
so-called Weyl quantization scheme is the preferred rule for operator-distribution correspondence
as opposed to the Kohn-Nirenberg and Spreading schemes (see 4.12). In both cases, our chosen

settings necessitate working in the Euclidean space G = R¢.

All results in Sections 7.1 and 7.2 that are presented with proofs but without citations are

original contributions.

As mentioned, we will restrict ourselves in the Euclidean case G = R? in this chapter. The
Haar measure is just the Lebesgue measure (up to a positive constant), and hence we shall denote

integrals on RY via

| s@a (7.1)
Rd

for f : R* - C. For any n € Nog, we implicitly identify elements of R™ as either a column
vector or a row vector. The standard inner product of x,y € R? is denoted by x - y. In formulae
involving matrices, the standard interpretation of vectors in R? is as a column vector, row vectors
are indicated by a transpose, e.g. x7Jy = x-(Jy) for z,y € R and J a dxd-matrix. We shall use
the fact that R" ~ R® (as LCA groups) by identifying 7 € R™, with the character = + e?™*7 for
each x € R™ [Fol15, See pg. 107]. In this case, the Heisenberg 2-cocycle (4.7) ¢ : R?? x R2 T
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reads
o((z,w), (t,v)) = e 2mizy — g=2mixa-Kx (7.2)

for x1 = (z,w),x2 = (t,v) € R?*? and K = (8 161) € Myy(R). Keeping the foregoing notation, let

J = (_Old {)d) € GLgg(R), we find that the symplectic cocycle (4.10) can be computed via:

cs((:v,w), (t, V)) _ 6—27ri(a:-u—t~w) _ e—ZTri(X1'KX2—xz~KX1) _ e—27ri(X1~JX2)' (73)

For the sake of completeness, let us also write here the time-frequency shifts operator in the

Euclidean case. For f : R? — C and y = (z,w) € R?*?, we have:

T()f(y) = fly —2)e™ve. (7.4)

Let us also collect handy explicit formulae for the cocycles and the time-frequency shifts. For

X1, x2 € R%
c(x1,x2) = c(—x1, x2) = c(x1, —Xx2) (7.5)
m(x1)m(x2) = c(x1, x2)7(x1 + Xx2); (7.6)
m(x1)7(x2) = ¢s(x1, x2)m(x2)7(x1)- (7.7)

The adjoint of the time-frequency shift is related to its reflection via:

7 (x1) = c¢(x1, x1)m(=x1)- (7.8)

These will be relevant in our discussion of noncommutative tori later.

As remarked in Section 4.1 Chapter 4, lattices in R?? are always of the form A = LZ?? for
some L € GLgg(R) where L is called the matrix generator of A. Later on, it will be important
that we explictly distinguish the spaces generated by different matrix generators. We denote the
2-cocycle on Z?¢ associated with the lattice generated by L to be ¢y, : Z2% x Z?® — T, it is defined

in terms of the Heisenberg 2-cocycle ¢, and it follows from (7.2) that:
cr,(n,m) = ¢(Ln, Lm) = e~ 2mi(Ln)TK (Lm), (7.9)
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Therefore ¢y, is essentially the restriction of the Heisenberg 2-cocycle ¢ to the lattice LZ2?.
Furthermore, notice that ¢1(A) = ¢1(LZ>??) ~ ¢1(Z??), and so we have that the following twisted
group C*-algebras are isomorphic: C*(A,¢) = C*(LZ*?, ¢) =~ C*(Z*, ¢cp).

The adjoint lattice A° with respect to LZ??, can similarly be described in terms of a lattice
in GLyg(R??). We choose L° = J(L™1)TJT, to denote the associated matrix that generates A°,
i.e. it can be checked that L°Z?? = A°. Note that the choice L° is not unique, and A° can also be
generated by J(L™H7 (see [FK04]). If for k > 0, we denote kZ2? to be Z>¢ with the usual counting
(Haar) measure scaled by &, then it follows from the fact that d(A) = d(LZ??) = | det L|, that we
have C*(A°,¢) = C* (@ZM,@). We now make explicit the dependence of the associated
twisted C*-algebras to the generating matrices. Using our notation from Chapter 5, we take
Ap = C*(Z? c1) = Ap and By := C*(Z??,cro) = By for A = LZ??, L € GLgg(R?).

Let us also collect here the explicit structure on Ay, and Bj,. Respectively, they are the C*-
enveloping algebra on ¢! (ZQd, cL) and ¢! (@Z%,@). Given aj,as € Ay, and by,bs € By,

the respective twisted structures on Ay, and By, are given by:

(a1 #c, a2)(n) := > ar(k)az(n — k)ep(k,n — k);
kez?d (7.10)

ay (TL) = al(_n)CL(na n)?

(b1 #e,0 b2)(1) = ——— 3" by(K)baln — k)ers (b, — B);
kez2d (7.11)

by (n) := by (—n)cre (n, ).

For g, h € L*>(R%), Gabor frame operator Sg.n.a Will be denoted by S, 5 1, instead, given by:

Synrf = 2 {f, m(Lk)gdy w(Lk)h, Vf e L*(RY). (7.12)
kez2d

If A = LZ?! we shall also use the abbreviation
G(g,L) := G(g, LZ*") = G(g, M)

to emphasize that Gabor systems with repect to a lattice in R?? also depend on generating
matrices.
The faithful =-representation and =-antirepresentation that appear in Theorems 5.2 & 5.3

will be denoted by 71, : Ay, — L(L?*(R?%)) and 7%, : By, — L(L*(R%)) respectively. Explicitly,
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they are given by:

(7.13)

for allae Ay, and b e By.

Finally, still with A = LZ??, we denote the Heisenberg module associated with A via £r(R9).

Using the characterization of Theorem 5.5 we have the following.

Proposition 7.1. £.(R%) is the completion of So(R?) in L?(RY) with respect to the following

norm
I flle, ey = inf {01/2 : C' is a Bessel bound for G(f, L)} . (7.14)

It is an Ar — Bp-imprimitivity bimodule where for allae Ar, be Br, f,ge€ EL(RY) :

1. a-f =ﬁL(a)feé’L(]Rd); 3. L<f,g>EAL;

2. f-b="m%.(b)f € EL(RY); 4. {f, 9> € BL.

where [ {f,g) (n) = {f,7(Ln)g)y and {f,g);. (n) = {g,7*(L°n) )y for n € 7%

Remark 7.1. It follows from faithfulness of 77, and 7}, that we can also compute the norm of

an arbitrary element f e £ (RY) using the formulae below:

1/2
1fley @y = | LF DI = Ime (L V2= | D) (f,m(Lk) £y m(LE)
keZ 1/2
= 1< e 2 = 175 (D) 2 = | s 3 Cm (BB Py n (1)
kez2d
(7.15)

Remark 7.2. For the rest of the chapter, we will make references to a generic window function
¢ € So(R?), so that
So(R?) := {f € L*(R?) : V, f € L}(R*)}.
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7.1 Results Part I: Linear Deformation of Gabor Frames and

Heisenberg Modules

In this section, we establish that there is a notion of topological "nearness" between Heisenberg
modules. We address this by using the concept of Banach bundles and the fact that Heisenberg
modules in the Euclidean case are actually imprimitivity bimodules over higher dimensional
noncommutative tori. The strategy now is to use the deformation results on the noncommutative
tori, and lift them into deformation results in the Heisenberg modules. This lifting is done by also
exploiting the result showing that Heisenberg modules can be seen as Gabor frames for lattices in
the time-frequency plane, and from there the seminal results by Feichtinger-Kaiblinger on linear
deformations of Gabor frames [FK04] can be integrated into our work. We shall establish that
the approach of Feichtinger-Kaiblinger also works for functions in Heisenberg modules, which
further relies on the work of Austad and Enstad in [AE20|, where they show that the Janssen
representation holds for functions in Heisenberg modules.

Recall that for g € L?(R?%) and for a countable set (a.k.a ‘sampling set’) T' < R??, we study
Gabor systems G(g,T') = {n(y)g : v € '} as a way to represent functions in L%(R%). In case
that the sampling set I" has some additional structure, then the associated Gabor system G(g,I")
inherits extra features. We are going to study Gabor systems where the sampling set is a lattice
A in R? ie. A = LZ?? for some invertible 2d x2d-matrix L (i.e. L € GLyg(R)).

In the case that the Gabor atom g € Sg(R?) is an element of the Feichtinger’s algebra So(R9),
then we have a class of "nice" Gabor systems G(g, A). Recall that for any such Gabor system
G(g,A) is always a Bessel family for any lattice A [FZ98, Theorem 3.3.1]. A myriad of other
properties of So(R?) (see Proposition 4.9) make it an ideal function space for time-frequency
analysis, but we shall focus on Feichtinger and Kaiblinger’s stability result [FK04, Thm. 3.8]

that allows deformations of the Gabor atom and of the lattice:

Theorem 7.1. Let gg € So(R?) and Ly € GLog(R) such that G(go, Lo) is a Gabor frame, then
there exist open sets Uy 3 go in So(R?) and Vi 3 Loy in GLog(R) such that G(g, L) is a Gabor
frame for all (g, L) € Uy x Vj.

This type of deformation is termed linear because the lattice Ag = LyZ?? (or its generating matrix
Ly) is perturbed by a linear transformation, namely multiplication with LL; 1 e GLyy. Note
that Gabor stability in terms of generalized deformations has been considered. In [GOCRI15], a

generalized notion of "deformation" of non-uniform sampling sets (e.g. A € R?? possibly not a
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lattice) which encompasses linear deformations on lattices as a special case, was studied. On the
other hand, linear deformations for lattices on the abstract time-frequency plane G x G for G a
locally compact abelian group was studied in [EJLO22| by considering the Braconnier topology

on the automorphism group of G x G.

In this paper, our main concern is to extend Theorem 7.1 to the so-called Heisenberg modules.
Recently, it was shown by Austad and Enstad in [AE20] that the Heisenberg modules can be seen
as function spaces, in that they can be constructed by completing Feichtinger’s algebra So(R%)

in the following norm:
I flle, mey == {C% : C'is a Bessel bound for G(f, L)},

for each f € So(R?) and L € GLag(R). In this description, it is now apparent that the Heisenberg
module, which we denote by £7(R?), depends on the generating matrix L € GLyg(R). Unfor-
tunately, we are now also met with an immediate ambiguity trying to implement our idea of
extending Theorem 7.1 to the Heisenberg modules. Suppose gr, € £, (R?) such that G(gz,,, Lo)
is a frame, it is not clear what we mean for values g such that g is in some Heisenberg module
"near" gr,, where we have that G(g, L) are all frames in L?(R%) whenever L is close to Lg. In
general, because the construction of a Heisenberg module depends on the generating matrix L,
we should expect the ‘nearby’ ¢’s to vary continuously with the matrices L € GLog(R) as well.
With this in mind, what we would like to do is to look at families of the Heisenberg modules
{€L(R9)} for L ‘near’ Lg such that there also are families of elements g € £ (RY) that are
‘sufficiently near’ g1, € €z, (RY). What we mean by ‘nearness’ between different Banach spaces
is not clear at this point, but it can be made rigorous by the language of bundles. To make it

precise, what we want is to be able to define a Banach bundle

ki € - GLy(®), €= || E&®Y)
LeGLag(R)
such that, for each I € GLog(R), we have the fiber s~ *(L) = £ (R?) and such that the (constant)
sections associated with f € So(R?) < &r(R?) are continuous. The construction of such a
Banach bundle is lifted directly from corresponding deformation results on higher dimensional
noncommutative tori (in this case, the noncommutative tori generated by the unitaries T, M,
with (z,w) € A). Once k: £ — GLgg(R) has been constructed, we now have access to its

continuous sections I'(k), which are ‘continuous’ maps Y: GLgg(R?) — &£ with the following
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property: Y(L) € £,(R?) for all L € GLgy(R). The Gabor-stability theorem for the Heisenberg
modules can now be stated in terms of these continuous sections, which is one of our main results
(see Theorem 7.5). As a corollary, we shall obtain a no-go Balian-Low type [AFK14] result for
Heisenberg modules. We will also study the algebraic properties of the space I'g(k), the space
of continuous section of k that vanish at infinity. We shall show that we can equip it with a

structure which shows that it is an imprimitivity bimodule over certain C*-algebras.

7.1.1 Intermission: Heisenberg Modules from Weighted Spaces

In the sequel we shall need a technical result which involves weighted spaces. For a fixed L €

GL24(R), recall from Section 5.3 of Chapter 5 that one can construct the Heisenberg modules

by considering So(R?) as a pre-imprimitivity bimodule over ¢! (Z??, cy) and ¢ (\delt L|Z2d,ﬁ>.
Our goal in this intermission is to discuss that we can also construct the Heisenberg modules as
a pre-imprimitivity bimodule over weighted version of the aforementioned spaces.

We denote the /!-norm of x = (z1,...,2,) € R® by |z|, and define the weight v: R* — R
by

v(z) =1+ |zl x e R". (7.16)
In particular for n = 2d, we now obtain the weighted Feichtinger’s algebra S, (R9):
So.,(RY) 1= {f e LX(RY) : Vyf -ve Ll(RQd)} . (7.17)

Some of the properties of the unweighted case are inherited by So,y(Rd), in particular we have

the following [AL21]:

Proposition 7.2. S, (R?) is a Banach space with the norm |fls,, = |Vsf - v|1i. If ¢ is
replaced with any g € So,(R?), then we obtain an equivalent norm. Furthermore, So,(RY) is

continuously and densely embedded in So(R?) satisfying

|flso < Iflso,,  for all feSou(RY). (7.18)

Next, we introduce the weighted ¢!-space:

(224 = {a={a<k>}kezzd:|ang; -y |a<k>|u<k><oo} (7.19)

kez2d

210



(recall that v(k) = 1+ |k|). We have a result analogous to Proposition 7.2, which is significantly
easier to obtain (i.e. one can prove density in exactly the same way as proving density of finite-

sequences coo(Z29) in (1(72)).

Proposition 7.3. The weighted space (%(Z*?) is a Banach space with norm | - ley, and is densely

continuously embedded in £*(Z>?) satisfying:
lale < lalg,  Vae£,(Z%9). (7.20)

We can equip £} (Z?%) with relevant twisted structure such that it becomes a Banach #-algebra,
whose C*-enveloping algebra coincide with our C*-algebras of interest. We summarize this idea

in the following results, which can both be found in [AL21].

Proposition 7.4. For a fized L € GLayg(R), £1(Z??) becomes a Banach *-algebra when equipped
with twisted convolution and involution as in Equations (7.10), which we denote by (L(Z*%, cr).

The C*-enveloping algebra of £1(Z2?, cp) coincides with Ar.

Proposition 7.5. For a fized L € GLog(R), £1(Z%%) becomes a Banach #-algebra when equipped
with twisted convolution and involution as in Equations (7.11), which we denote by (}, (@ZQCZ,@) .
The C*-enveloping algebra of £} (@ZM,W) coincides with By,

We finally obtain the result from [AL21, Proposition 3.14|, which, along with Proposition
7.1, gives us a concrete version of Heisenberg modules that also takes the weighted spaces into

consideration.

Proposition 7.6. Sq,(R??) is a (1(Z%,cp) — ¢ (‘dTltL'ZQd,ELo) pre-imprimitivity bimodule
using the structure defined exactly in Proposition 7.1 whose completion in the sense of Proposision

2.6 coincides with Ep(RY).

Remark 7.3. The module structure of £7(R?) respects the continuous dense embeddings
S0 (R?) = So(R?) — £1(RY).
For example, if f,g € So,(RY) and a € £1(Z>?), then ,{f, g) € £L(Z*?) and af € Sp,(R?).

7.1.2 Noncommutative Tori

We denote by Skew,(R) the set of skew-symmetric matrices in M, (R).
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Definition 7.1. Let © € Skew,(R), then the noncommutative n-torus determined by ©
is the universal unital C*-algebra generated by n-generators Ui(0),...,U,(0©) satisfying the

relations:
1. UX©) = Ui_l(@) foralli=1,...,n;
2. U;(©)U;(0) = e2™9uU;(0)U;(O) for all i,j = 1,...,n.
We denote by Ag the noncommutative n-torus determined by ©.

Remark 7.4. There is an equivalent way of determining a noncommutative n-torus by just looking
at elements of TM"=1/2 5 \ = (Aij)1<i<j<n, and from here we can define the relations on the

generators U1 (1)), ..., Un(\) of noncommutative n-torus determined by A € T™"~1)/2 to be
L UN\*=U1\) foralli=1,...,n;
2. UZ‘()\)UJ'()\) = )\@jUj()\)UA)\) forall1<i<j<n.

Similar to the original definition, we denote by A, the noncommutative n-torus determined by
A e T™n=1/2_ Note that one can go from © e Skew, (R) to A\ = T™"=1/2 simply by the map
O > A = (X012 2mO1s  2mOn-11) g0 that Ag =~ Ay. Note however that while © — X is
surjective, we will never find a global inverse for this map since the complex exponential function

itself is not globally invertible.

There is yet another way to see these higher dimensional noncommutative tori. Fix the
following: Let (: Z™ x Z™ — T be a normalized 2-cocycle on Z" (i.e. it satisfies formulae 5.16 on
Z), equip Z" with the counting measure' and construct the twisted group C*-algebra C*(Z", ()
(see Definition 5.7). Recall that the twisted s-algebra structure on C*(Z",() is defined densely
by:

(a1 %¢ az)(m) := > ar(k)az(m — k)C(k,m — k),
keZm™

ai* (m) := a1 (=m)¢(m, —m)

for all k,m € Z", and aj, as € £*(Z").

'The construction can be done for any Haar measure on Z" of course.
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Remark 7.5. For M € M,,(R), we shall use the notation (3s: Z™ xZ™ — T to denote the 2-cocycle
induced by M:

Car(kym) = 2R Mm gy e 7 (7.21)

Before we proceed, we recognize, and we will make references to the work of Gjertsen in
[Gje23], who carried out very explicit computations on the noncommutative tori and twisted
group C*-algebras on Z™. Now, if we have a noncommutative n-torus Ag, then by definition of
Apg as a free #-algebra generated by {U;(©)}?_; and its inherent commutation relations, a typical

element in Ag consists of

> ak)UfH(©) - ... Uk (©) (7.22)
kez™
with k = (k1,....,k,) € Z", and a = {a(k)}rezn € coo(Z™). If we use the notation U¥(©) =
U{“ -...-Ukn(©), then by a careful book-keeping of the appearing phase-factors, as was done in
|Gje23, Lemma 4.2.3|, one finds that

n—

1 n
UR(©)U™(©) = exp <2m > mi@jﬂ-kj) uk+m, (7.23)
i=1 j=i+1

Notice that

n—1 n
—Z Z mi@i7jkj

i=1 j=i+1 i=1 j=i+1

= -m’ ek

P
E
k}@
e
[l

kT(_@up)Tm _ kT@lowm

where ©" and ©'° are the strictly upper and lower triangular parts of © respectively. We then
obtain (glow : Z" x Z™ — T, the 2-cocycle induced by ©'°% using the notation of (7.21). We now
see an emerging structure on Ag, consider now two typical elements a(0) := Y, . a(k)U*(©)

and b(©) := > b(m)U™(O), then we find that

a(®)-b(O) = (Z a(k:)Uk(@)> - (Z b(m)Um(@)>

keZm kezZm
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1 a(k)b(m)U*(©)U™(©)

k,mezZ"

= D a(k)b(m)lgiow (k, m)U™
k,mezZn

= Y. a(k)b(m — k)Cgrow (k,m — k)U™.
k,mezZn

The last expression should remind us of twisted convolutions, in fact if we make the identi-
fication 0, — U* for all k € Z" then we find that the multiplication above is exactly the
multiplication on the twisted C*-algebra C*(Z", (giow ). The explicit isomorphism is provided by
To: C*(Z", (glow) — Ag, densely defined via:

mo(a) = Y, a(k)UR(®),  Vael{(Z") < C*(Z", (grow)- (7.24)
kezn

We can easily verify this by checking that the map is a *-homomorphism on the generators. Let

1,7 = 1,...,n then we compute:

70 (0e; * de;) = Mo (Corow (€15 €j)de;1e;) = Colow (€, €5)T0 (e, +e; )-

Suppose i < j, then we find that (glow(e;,€;) = €*™0 = 1, and so g (d, * 0e;) = 1-To(0e;ve;) =

U;U; = me(0e,)To(e;). On the other hand, if i > j, we find that (gw(e;, €;) = €™©%, and so

76 (e, * b¢,) = €21 U;U; = U;U; = me(8;)me(d;). Furthermore, we also have:
7o(67) = Goler —edme(9-c,) = e MO U = UF = mo(8e,)".

We summarize what we have in a proposition:

Proposition 7.7. The map mo of Equation (7.24) extends to an isomorphism mg: C*(Z", {giow ) —
Ag.

On the other hand, if we consider an arbitrary 2-cocycle (: Z™ x Z" — T, it is well-known
that C*(Z"™, () is isomorphic to some noncommutative torus. In fact it follows by an elementary

computation that:
Oe; #¢ Oe; = C(ei,€5)C (€5, €i)0e; %¢ ey Yi,j=1,...,n.

We can always find © € Skew,(R) such that ©;; = ((e;, e;)((ej,e;). Merely by looking at
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the generators {d,};;, we find that C*(Z",() =~ Ag. However for our purposes, we want to
find an explicit isomorphism that respects the typical presentation (7.22) of an element in a
noncommutative torus. By also carefully keeping track of the appearing 2-cocycles, it can be
shown, as was done in [Gje23, Lemma 4.2.4] that for any 2-cocycle (: Z" x Z™ — T, there exists

a unique FPr: Z™ — T such that for all k = (ky,...,k,) € Z"
Ok = Pe(k)OE! #¢ .. ¢ O,

where a* denotes k;-exponentiation of a in C*(Z", (). The map P is explicitly given by:

ki1
Cei, (ki — j)es) (7.25)
1

Jj=

n—1 n n

Pc(l{?) = HC (kiei, Z k)j@j) X H

i=1 j=i+1 i=1

and it can be seen, that as expected, Pr(e;) = 1 and P(e; + ej) = ((e;, ej) whenever i < j for

all 7,5 =1,...,n. Each ae C*(Z", () can be written as:

a= Y a(k)P(k)o5 #c...xconm. (7.26)
kezm

The map

a= Y a(k)P(k)O5 #c ... v 6im > > a(k)Pe(R)UF(©),  aelY(Z") — C*(Z",()
keZ™ kez"
extends to a C*-isomorphism, mapping C*(Z", () to Ag. Note that this is consistent with Propo-
sition 7.7, given that in the case ¢ = (gow, we have P, (k) =1 for all k € Z". We do not find
much practical use for the general isomorphism C*(Z", () = Ag for an arbitrary (. It is enough
for us that we always have the general presentation (7.26) for twisted C*-algebras, and that we

know Proposition 7.7.

Definition 7.2. Two (continuous) 2-cocycles (1,2 : Z™ x Z™ — T are said to be cohomolo-
gous?, denoted by (; = (o, if and only if there exists a (continuous) map p : Z" — T called a

1-cochain such that

p(k +m)

Cl(kvm) = C2(kvm)ma

V(k,m)eZ" x Z". (7.27)

2This definition actually extends to any locally compact abelian groups
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It is not hard to see that cohomology on 2-cocycles is an equivalence relation. Since we con-
sider normalized 2-cocycles, it follows that 1-cochains satisfy p(0) = 1. Now, for two normalized
2-cocycles (q,(a: Z™ x Z™ — T, it turns out that (; = (o implies C*(Z", (1) =~ C*(Z",(2). This
is known (e.g. see the discussion on twisted C*-algebras in [ELO08|), and it will be useful for us

to write out the exact isomorphism that identifies the two.

Proposition 7.8. If (1 = (o by a l-cochain p as in (7.27), define for each a € (Y(Z") —
C*(Z™,C1):

pa) = a-7.

Then p extends to a C*-isomorphism p : C*(Z", (1) — C*(Z",(2). Furthermore, for each k =
(k1 ... ko) € Z", fiz:

then e, (k)p(k) = Pey (K)o for all k € 2.

Proof. p is obviously linear, injective, and surjective as a map from £*(Z") to itself. Next we
show that it is a *-homomorphism on £!(Z") respecting the relevant twisted structures, and it is
enough to show this property on the generators. Let ¢, 5 = 1,...n. The following computations

are valid due to (7.27):

5(561‘ *Cl 563') = ﬁ(gl(eiv ej)(562‘+ej) = gl(eiv ej)(sei+ejp(ei + e])
= C1(ei, e5)Caleis €5)p(es + €5)(8e, #¢, Oe;)

= (ﬁ(ei)éei) e (ﬁ(ej)éej) = /7(561.) *(o 5(561')'
Furthermore,

P0eS) = p(Ciles, —ei)d_e,) = Cilei, —ei)d_c,p(—e;)
- *¢o

= (Ca(€, —e;)p(€i)d—e, = p(ei)de;
(

= (ﬁ ei)éei)*Q = :5(561)*(2'

Therefore, p extends to an injective and surjective s-homomorphism p : C*(Z", (1) — C*(Z", (2).

Recall that injective #-homomorphisms on C*-algebras are automatically isometric, therefore p
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is a C*-isomorphism. Next, we write 8 = P, (k)68 #¢, ... ¢, 6 hence we have:

€n

ﬁ((sk) = 5kﬁ(k) = ﬁ(PCI (k)éfll oo F G 55:) = PC1 (k)ﬁkésll HCRERRIC 65: = PC1 (k)ﬁk?@(k)éka
therefore P, (K)p(k) = Po, (k)" a

Remark 7.6. Regarding cohomology, the 2-cocycle ¢ that we used to give £!(Z2?) a twisted
structure is different from the one suggested in some references, e.g [FK04, GLO04]. This is
because the time-frequency shifts considered in these papers were of the form T, M,,, amounting
to a cocycle ¢/(x1,x2) = €™ X3 Kx1 instead of the one given by (7.2). The difference however
is inconsequential since ¢ and ¢’ are cohomologous via the 1-cochain p(y) = e 27«7 for y =

(z,w) € R??. Therefore they generate isomorphic C*-algebras.

7.1.3 Deforming the Noncommutative Tori

Consider the noncommutative n-tori determined by skew-symmetric matrices © € Skew, (R) (or
by A € T*("=1/2 see Remark 7.4). We see that as we vary © (or \) we find possibly different
C*-algebras, hence it is a reasonable question to ask if families of noncommutative n-tori define a
C*-bundle over the space Skew,, (R) (or T"("~1)/2) as in Definition 6.2. The answer is affirmative,
but the precise formulation can be quite technical, there are related ‘deformation’ results in this
direction. The case n = 2 is quite well studied in the past, note that in this case there really is just
one parameter A € T fully determining the noncommutative 2-torus Ay. It was noted by Elliot
in [E1I82] that the C*-algebras { Az} er do form a C*-bundle, but the associated C*-algebra of
sections (that vanish at infinity) was not really expounded on. It turns out, due to Anderson and
Paschke [AP89], that if Hs is the so-called discrete 3-dimensional Heisenberg group, then the
group C*-algebra C*(H3) is the section C*-algebra for the C*-bundle of noncommutative 2-tori.
Hs3 is an example of a 2-step nilpotent group of rank 3, but more generally we can consider
H,, the 2-step nilpotent group of rank n. As expected C*(H,) is the section C*-algebra of
a C*-bundle over T™("=1/2 whose fibers coincide with the noncommutative n-tori A, for each
A e T*(=1/2 [Oml15].

There are, on the other hand, explicit results regarding %—H'c')lder continuity of the unitary
generators of the noncommutative n-tori. Let us again go back to the n = 2 case, the classic
Haagerup and Rgrdam result [HR95] is that for a fixed Hilbert H, there exist paths u,v: [0,1] —
L(H) of unitary operators such that for all § € [0, 1], u(0)v(0) = €™ %v(0)u(f) and there exists
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a C > 0 where max{|u(f) — u(¢)], |v(9) — v(&)|} < C|@ — ¢'|'/2. This i-Holder continuity
generalizes to n > 2, as was shown by Gao in [Gaol8]. The deformation results on the unitary
generators can be lifted to a deformation result of their noncommutative polynomials (see the
proof of Theorem 7.2 below), which would allow us to construct a C*-bundle whose fibers coincide
with the higher dimensional noncommutative tori. We shall also borrow techniques from the
theory of dilations [GS20].

Let us recall the isomorphism mg : C*(Z", (giow) — Ag from Equation (7.24), we have the

following estimate involving the weighted sequence space £1(Z") (treated as a dense subspace of

C*(Z"™, Cgrow))-

Theorem 7.2. There is a constant C > 0 such that for all a € (L(Z") and ©,0" € Skew,(R) :
7o (@) — |mer(a)|| < Clalg |© — "2

Let us present two proofs, a short one with bad control on C' and a slightly longer one with

C=2m <4

Short Proof. By |Gaol8, Theorem 1.1], there exist (automatically faithful) representations U;(©) —
Vi(©) € L(H) on the same Hilbert space H such that

Ivi(e) - (i ~e)) <clo- o3

for some constants C, C' € R, which may depend on n, and all ©, 0’ € Skew,,(R). Let a € £1(Z"),
v > 1. Note that [me(a)|| = | Xpezn a(k)VF(O)]. By an elementary estimate (cf. [GS20, Lemma
4.1]), for each k € Z™ we have

[VE(©) = VH(©')] < |k max V() V(@) < Clk||© - &[>

and therefore

M > atb)VH©) - | 3] atk)vE(©) ‘ < H Z a(k)VE©) = Y a(k)V*(©')
keZd kezd 7.d k

eZ4d

1
< Y lalk)[[VF(©) — VF(©')] < Clalp O — 0|2
keZd

as claimed. O
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Proof with C = 24/7. Fix ©,0" € Skew,(R). By [GPSS21, Theorem 5.4], there exist faithful
representations U;(©) — W;(©) € L(H) of Ag on some Hilbert space H and U;(©') — W;(©’) of
Agr on a Hilbert space H' containing H as a subspace such that compression of W;(©’) to H yields
PyWi(©')|g = cWe with ¢ = exp(—3[|©’ — ©]).* Denote by R; := Py W;(0')|y1 € B(H')
the corresponding compression of W;(©') to H* < H', so that W;(©) @ R; € B(H'). Note that
|R;| < [|[W;i(©)] =1, so each R; is a compression. From [GS20, Lemma 4.3] and the elementary

inequality 1 — e™® < x for x € R, we conclude that
[Wi(©) — Wi(©) @ Ri|| < 24/1 — 2 < 20/1 — e7lo-©1 < 2\/x|© — /| 2.

Let a € (L(Z"), v > 1. By faithfulness, |ro(a)] = |z a(k)WF(O)| and |re(a)| =
| > pezn a(k)WH(O)|. As in the first proof, it follows that for each k € Z" we have

[WH(©') — WH(©) @ R¥| < |k|max |Wi(©') — Wi(©) ® R;| < 2/[k||© — ©'|2
and therefore

| atw(©) = 3 ak)(WH©) @ RY)| < 2vmlalyle - o]
kez"™ kez"
This yields

Iro(@)l = | Y] atkyw(e)|

keZm

< max (H 2 a(k)W*r(©)|,
keZ™

3 a(k:)RkH>

keZ™
- | Y amwre)@ ’Y)

kezZm

<| 3 athywte)
keZn

+| X amwr© @ RY - Y atkywt(e)
kezZn

kez™

1
< |rer(a)] + 2Vl [© — 2.
Since the roles of © and ©’ are interchangeable, we also have

1
Imer(a)] < [mo(a)] + 2v/7lalq© — €2

3In comparison to [GPSS21], there is a discrepancy in the normalization of the matrices © parametrizing
noncommutative tori by a factor of 27, which explains the different value of c.
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and the proof is complete. O

This result is enough to give us a C*-bundle over Skew,(R) whose fibers coincide with Ag
via Theorem 6.1 with a local approximation section that we can identify with £1(Z2?) (by seeing
sequences inside it as constant sections since we have a dense embedding £} (Z??) — Ag for
each ©). However, we have no need for such a general result in the current manuscript, and
we would rather defer the relevant constructions to the sequel where the resulting bundles come

from noncommutative tori generated by lattices in the time-frequency plane.

Remark 7.7. With the same methods, one can prove a useful estimate for the Hausdorff distance
between the spectra spec(mg(a)) of selfadjoint operators mg(a). Since we have limited use for
it, we sketch the argument only roughly and leave the details to the ambitious reader. Suppose
that ©, Og € Skew,,(R) and a, ag € £1(Z") such that mg(a) and Te,(ag) are selfadjoint (note that

rarely happens for a = ag). Then, in the notation of the second proof of Theorem 7.2,

spec(mg(a)) = spec( Z )

keZn™
c spec( Z 0)® Rk))
kez™
< spec(me, (ag)) + [—1,1] H Z 0)® RF) — Z ag(k)Wk(G)O)H

kezZm kezm

< spec(me,(a0)) + [~1,1] - (2v/7|allg[© — Oo|2 + |a — ag|).

7.1.4 The Noncommutative Tori Generated by Lattices

Our goal here is to generate a skew-symmetric matrix O € Skewgy(R) such that Ag, =
C*(Z%,cp) = Ap. Tostart, let {e1, ea,. .., eaq} be the standard basis for R??, consider the family
of unitary operators via time-frequency shifts {m(Ley), m(Lea),...,m(Leaq)} S L(L*(RY)). The

commutation-relations (7.7) for this family say that

m(Le;)m(Lej) = cs(Le;, Lej)m(Lej)m(Le;), Vi,j=1,...,2d.

where cs(Le;, Le;) = e 2™ (Lei)TJ(Leﬂ'), and so we define the skew-symmetric matrix associated
to L via (0r)i; = (Lej)"(=J)(Le;) = —el (L"JL)e;, ie. ©r = —LTJL. For the rest of the
section, we now make the identification Ag, = C*({Le;}?4,) < L(L*(RY)). As we have discussed

in Section 7.1.2, by taking © = O, we know that mg, : C* (ZQd,Cgle) — Ag, of Equation
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(7.24) is a C*-isomorphism, but for our purposes, we want to be able to lift the deformation
results on mg, to the faithful *-representations, say 7. To this end, we have the following

result.

Lemma 7.1. For a fivzed L € GLog(R), consider the skew-symmetric matriz O = —LT JL €
Skewsq(R). The induced 2-cocycle C@1Low is cohomologous to the 2-cocycle cp by the 1-cochain
pr : 7% — T given by pr(k) = exp(—7ik? (LY KL + ©%Y)k) for all k € Z*¢. It satisfies:

pL(k +m)

, Vk,m e Z>?.
pr(k)pr(m)

cr(k,m) = Colow (k,m)

Proof. It follows from a straightforward computation that

pr(k +m)

pr(B)pr(m) ~ (—mik™ (L (K + KT)L + (01 + (OF™)T))m)

Therefore we have

pL(k +m)

CG)ILOW (kv m) pL(k)pL(m)

= exp(2mikT O m) exp <—m’kT(LT(K +KT)L+ (0 + (@lfw)T))m)

— exp (ka(Qelgw —IT(K + KT)L — olv — (@lLOW)T)m>

We compute that: 2@1L°W — GILOW — (QILOW)T = O since O is skew-symmetric. But then, O —
LK+ KL = -LTJL - LY (K + KT)L = —LT(J + K + KT)L = —2LTKL. Finally, we

obtain

= cr(n,m).

pr(k +m) 7ikT(—2LTKLYym _ _—2mikT (LT KL)m
ow k, — ., < = =€

O

Let us now take note of the collected 2-cocycles P, and Pcelow as in (7.25) generated by cr,
L

and C@1Low. We obtain:

2d—1 2d 2d
P, (k)= T] c(Lkiei, > ijej> x | [e(Lei, Leym b/, (7.28)
i=1 j=1+1 i=1

On the other hand, we have F_, (k) = 1 for all k € Z??. Consider now the induced isomorphism
L
pr: A = C*(Z? cp) — C*(7*, g'@lLow) (see Proposition 7.8), we have two representations

that we want to compare: 7y, : A, — Ag, and mg, o pr.: A, — Ag,. They do not exactly

221



give commutative maps, but they still behave in an expected way. We shall fix the following:

pg) : 724 — T is the map k — plz.
Proposition 7.9. Define, for each ae C*(Z* cp) = Ap, then
al:=pi(a- pg)) € C*(ZQd,C@fw).

Explicitly, we have

al = Z a(k)PCL(k)(dgl *CelLow tee *CelLow 5522;) =a- PCL € C*(Z2d7 C@lLOW)'

kez2d

Furthermore,
TrL(a) = mo, (a")
Proof. We have

al = pr(a- pg)) = pL ( Z a(k)Pe, (k)p’icsff Fep oo e 55225)
kez2d

= Y a(k)Pey (K)pFPL(SE! ey, - ey, 0522)
keZz2d

k—k sk k
Z a(k)PCL (k)prL (5611 *Celow te *CGIOW 5322:11)
L L
keZ2d

Z a(k)PCL (k)(éé? *C@low tte *Celow 5522;)
kez2d v v

= > a(k)Per(k)dy = a- Poy € CF(Z%, Cgiow)
kez2d

Next we compute:

oy (o) = 31 )Py (ke (8] v vy 382

keZz2d
= 3 a(k)P., (k)m(Ler)* - ... - w(Lezg)*™
keZ2d
=7 ( D) alk)Pey (R)SE #ey - %y 55225)
kez2d
=7r(a)
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as required. O

Lemma 7.2. For each fived n € Z*¢, the map L — P., (n) is continuous.

Proof. Looking at Equation (7.28), P, (n) is a finite product of the Heisenberg 2-cocycles of the
form ¢(Lk, Lm) for some fixed k, m € Z??. The lemma follows if we can show that L — c(Lk, Lm)

is continuous for any fixed k,m € Z??. We have from Equation (7.2) that
c(Lk, Lm) = o 2mi (Lk)TK(Lm)'

Since the complex exponential function is continuous, then it is sufficient to show that L —

(Ln)TK (Lm) is continuous. Now it follows from a simple application of triangle-inequality that:

I(Ln)T K(Lm) — (Lon) K (Lom)|| < |nT (L — Lo) KLm| + |nT LoK (L — Lo)m|

< [nflm (L] + [ LolD I L = Lol-

Therefore (Ln)T K (Lm) — (Lon)T K(Lom) as L — Lg as required. O

Now we are ready to apply Theorem 7.2 to the noncommutative 2d-tori generated by lattices
in R2¢, To make sense of our computations below, recall that the weighted sequence space 0k (ZQd)

is densely embedded inside all C*(Z2?, () for arbitrary 2-cocycle C.

Lemma 7.3. For each a € (L(Z*?) and L € GLgyg(R): lafn = HaLH@/. Moreover, the map

GLog(R) 3 L — al e £L(Z2?) is continuous.

Proof. Since each P, (k) € T, we have that

la"les = D7 la(k)w(k)Pe, () = D] lalk)lv(k) = |aleq-

keZ2d kez2d

Note that for all L, Ly € GLgy(R) and k € Z%¢, |P., (k) — P, (k)] < 2, so it follows from the

continuity result Lemma 7.2 and the Lebesgue-dominated convergence theorem® that

Jim la" —apy = lim > Ja(k)v(k)|Pey (k) = Pey, ()]

keZZ?d a(k)|v(k) Lli_{go (Pey (k) — Py, (K)] = 0

*The usual dominated theorem works because GLz4(R) is second countable, therefore limz_,z, |a” —al© ler =
0 if and only if for all sequence L,, — Lo, lim,_« |a’™ —a’® Hg,l/ = 0.
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as required. O

Remark 7.8. Lemma 7.3 is also true if we consider the unweighted case. That is, GLgg(R) 3 L —

al e ¢1(Z??) is continuous for all a € ¢*(Z2%).

Now as a corollary of Theorem 7.2, we have that:
Corollary 7.1. There is a constant C > 0 such that for all a € £L(Z??) and Lo, L € GLgg(R):
7L (@)] = 7o (@) < Cllalg | L7 TL — LT Lo + ™ — a™|
< Clalla (IL] + | Lo|) 2L — Lo|'? + 2" — a0
As a corollary, for each a € £L(Z2%), the map L — |7r(a)| is continuous.
Proof. Fix a € £L(Z*%), and L,Lo € GLyg(R). An application of triangle-inequality gives us,

along with Equation (7.30):

I7L(@)] = [7ro (@] < [I7e, (a")] = I7e,, @")[] + [I7e,, (@")] - |76, (")

< [Ime, (@")] = Ime,, (@] + [7e,, (a" — a™)].

Time-frequency shifts are unitary, so it follows that |re, (af — al0)| < |la¥ — alo|,n. On the

other hand, an application of Theorem 7.2 implies
lIme, (@")] = Ime., @")[] < Cla"|y|©1 — O,
Because HaLH@ = [a¢1, we finally obtain
17 (@) = 7o ()] < Clalgy|©1 — O, + |a* —a",. (7.31)

Similar to what we did in the proof of Lemma 7.2, we can estimate |©; — O,| = |[LTJL —
LETLo|| < (| L[+ | Lo|)|IL — Lo||. If we combine this estimate with the continuity result of Lemma
7.3, and Remark 7.8, then we find that as L — Lo, we have ||7z(a)| — |7r,(a)|| — 0. This

proves continuity of L — |7z (a)|. O

We are now ready to define our C*-bundle over GLgyg(R) whose fibers coincide with non-
commutative tori generated by lattices. To start, define C = | | LeGLaog(R) Arp, then define the

obvious bundle projection map p: C — GLg¢(R), i.e.p(s) = L <= s e Ar. Recall that a map
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a: GLgg(R) — C is a section of p if and only if a(L) € A, for all L € GLgg(R), in which case we
write a € || LeGLog(R) Apr. An important observation is the fact that we have a dense inclusion
0L(72%) — Ay for all L € GLog(R), this motivates us to identify £.(Z?) as a section space for
p, since for each a € £1(Z2?), we can define the constant section, which we shall also denote by

aso that a € [[/cqp, v AL Via:
a(L) =ae (2’ — Ay, VL e GLy(R). (7.32)

Theorem 7.3. The bundle p: C — GLag, whose fibers are p~*(L) = Ay for all L € GLag(R),
defines a C*-bundle via Theorem 6.1 whose local approximating sections are identifiable with
(1(Z2%). As a consequence, a section a € HLeGLQd(R) Ay is continuous, i.e. a € I'(p), if and only
if for all € > 0 and Ly € GLgg(R), there exists ag € £1(Z>?) such that for some open neighborhood
Uy 3 Ly:

Ha(L)—aoHAL <ég, VLEU().

Proof. We only need to find local approximating sections for a bundle to make it a C*-bundle
(or a Banach bundle) using Theorem 6.1. We identified £1(Z2?) as the constant sections for p
defined via (7.32). For £1(Z??) to be a space of local approximating sections, we need to show

two things:
1. For each a € (1(Z%!), L — ||la||a, = |71(a)| is continuous, and;
2. For all L € GLgy(R), ¢1(Z2?) is dense in Ay,

We already know that Item 2 is true. Item 1 is covered by Corollary 7.1. The last statement
about the continuous sections follows from Proposition 6.3, using £}(Z??) as the space of local

approximating sections. O

7.1.5 Deforming the Heisenberg Module

The C*-bundle p: C — GLgg(R) of Theorem 7.3 can be used to construct a corresponding
Banach bundle of Heisenberg modules. In fact, the argument made to construct p almost holds
mutatis-mutandis for the Heisenberg modules using an analogous observation that for all L €
GLy4(R), we have a dense embedding S ,(R?) — &£, (R?). To make our construction precise, let

€ = Urecroum) Er(R?) and define the bundle x: & — GLag(R) using the usual projection map.
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We see from our observation that Sp, (R?) can be identified as a space of constant sections for

% by defining for each f € Sg,(R?), the section f € [recraum) Er(RY) such that
f(L):= fe&(RY),  VLe CGLy(R). (7.33)

Theorem 7.4. The bundle r: & — GLag(R) whose fibers are k=1 (L) = EL(RY) for all L €
GLgg(R%), defines a Banach bundle via Theorem 6.1 whose local approzimating sections are
identifiable with So, (R?). As a consequence, a section Y € HLeGLQd EL(RY) is continuous, i.e.
Y € T'(k), if and only if for all e > 0 and Lo € GLag(R), there exists fo € S, (R?) such that for

some open neighborhood Uy 3 Lg:
IT(L) = follg, ey <&, VL€ Up.

Proof. As in the proof of Theorem 7.3, we only need to prove that the identification of So7y(Rd)

as sections of x actually defines a space of local approximating section. We need to show that:
1. For each f € Sp,(R?), the map L Ifllg, (ray is continuous, and;
2. For each L € GLgg(RY), the space S, (R?) is dense in £ (R?).

We already know that Item 2 is true. Due to (7.15), Item 1 follows if we can show that the map

L — |7(;{f, )| is continuous. Using the estimates in Corollary 7.1, we find that:

7L CF I = (7L (g )
<|I1FL(E I = 1T Lo (L I+ Lo (L CF ) = 1o<Fs )]
< C 11 lfs Dl - (I + 1 Zol)? - |IL = Lo[ 2
+ 1L DF = L Dl + 1 1D = 1olFs P e

(7.34)

It can be deduced from the proof [FK04, Lemma 3.5 that, for any h € Sq,(R?), L+ ,{h,h) =
> iezza Vih(LE) is continuous with respect to both the /! and £ norm. It follows from a standard
triangle-inequality argument that L — ;(f, Y is also continuous in #' norm. All these imply
that, as L — Lo, the right-most expression in (7.34) approaches 0. This proves continuity of the
map L — | f|¢, ray- On the other hand, the proof for Item 2 is trivial since So.,(R?) is dense in
EL(RY).

The statement about the continuous sections follows from Proposition 6.3, using So,y(Rd) as
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the space of local approximating sections.

So far we have exploited the results involving the weighted spaces £1(Z??) and S, (R?) for
an initial construction of the C*- and Banach bundles p and & respectively. The following result
shows that the uweighted spaces £*(Z??) and Sg(R?) can also be identified as spaces of continuous
(constant) sections for p and k respectively. We first give a technical lemma that we can use

throughout our computations.

Lemma 7.4. Let f € So(RY), then for any window ¢ € So(R?), we have the following estimate
for any L € GLgg(R):

Proof. The result follows from a straightforward computation along with [Jakl8, Proposition

4.10):

as required.

1fle, @y < I3 1Fs0.0-

1 flle, may = 17z (L<F D) 112

< 1.5 DI

1/2
= ( > |fo|<Lk:>>

kez2d

1/2
< ([, Wl asas)
R2d

= 1712,
_ 1/2
< (Ifls0.6 - 101521 Fls0)

< [¢lz" 1 flso.0

Proposition 7.10. ¢}(Z%*!) = T'(p) and So(R?) < T'(k).

Proof. We shall prove So(RY) < T'(k), the proof for ¢}(Z??) < I'(p) is similar. Suppose f €
So(R?), and € > 0. For this problem, we use a particular window ¢ € So(R?) for our So(R?)-norm.

It follows from Proposition 7.2 that there exists fy € So,,(R?) such that | f — fols,.s < € - [ o2

Now, for any L € GLgg(R), we use Estimate (7.35) to obtain

If = fole, ey < I3 1.f = follso,s <&
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Therefore, if we consider f € So(R%) as a constant section in x with f(L) := f € So(R?%)

EL(RY), we see from Theorem 7.4 that f e I'(k). O

Corollary 7.2. a € T'(p) if and only if for any Lo € GLgg(R?) and € > 0, there exists an open
set satisfying Uy 3 Lo and ag € £*(Z*?) such that ||a(L) — ag|a, < & for all L € Up.

Similarly, Y € T'(r) if and only if for any Lo € GLgg(RY) and £ > 0, there exists an open set
Uo 3 Lo and fo € So(R?) such that | Y(L) — foll, gay < € for all L € Up.

Proof. The result follows from Corollary 6.4 and Proposition 7.10. O

Corollary 7.2 above shows what we should expect for a map that continuously varies along
Heisenberg modules should look like, it should locally behave as if it is any other element in a fixed
Heisenberg module — we must be able to approximate it by some function in Feichtinger’s algebra.
To get a better grasp of what these continuous sections look like, we have the following Lemma
regarding the space C(GLag(R?), So(R)) of continuous functions from GLgg(R) to So(R?). Note
that any map T € C(GLgg(R),So(R)) will define a section with respect to x, since its image
will always land in Sg(R%), and as we have repeatedly emphasized, is always embedded in all
EL(RY), for L € GLgg(R). Therefore the norm |Y(L) — T(Lo)|e, ey makes sense. In fact,
| Y31 Y(M;)|lg, (ay makes sense for all My, ..., My, L € GLag(R?).

Lemma 7.5. We have the following inclusion: C(GLgg(R),So(R%)) < I'(k).

Proof. Fix a window function ¢ € So(R?). Let T € C(GLag(R), So(R?)), we must show that T
satisfies the characterization in Corollary 7.2 to show that T € I'(k). Let € > 0 and Lo € GLgg(R),
choose fo := YT(Lg) € So(R?). Since T € C(GLyg(R,So(R?)), we can choose an open set Uy
containing Lo such that [Y(L) —Y(Lo)|sy,6 < [¢|l2 € for all L € Uy. If we take L € Uy, then by

Lemma 7.4:

IT(L) = folle, ey = IT(L) = T(Lo)lle, (ra)
<[l IT(L) — follsoe < e
This shows T € I'(k). O

There is a corresponding statement for the space T'g(k) of continuous sections that vanish at

infinity.
Lemma 7.6. We have the following inclusion: Co(GLag(R),So(R%)) < T'o(k).
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Proof. Let T € Co(GLag, So(R?)). We already know that Y € I'(x), we only need to show that
L — |Y(L)|¢, rey vanishes at infinity. However, this follows from the same estimate as in Lemma

7.36. For a window ¢ € So(R?):

IT(L) e, ey < N0l T (L) o6 (7.36)

So for any fixed £ > 0, we can find by hypothesis, a compact subset M. € GLg4(R) such that
|T(L)|lsg.¢ < |¢]2 - € whenever L € GLyg(R)\M.. Therefore

IT(L)]e,rey < 013 I T(L)sps <& VL€ GLyg(R)\Me..

So L — |Y(L)|¢, (ray vanishes at infinity, as required. O

In the case of the Heisenberg module on a fixed lattice, So(Rd) serves as space of ap-
proximating functions (with respect to the module-norm), and we see in turn that the space
Co(GLag(R), So(RY)) takes this role for the Banach space I'g(k). That is, Co(GLag(R), So(RY))

acts as a global approxzimating space for (k).
Corollary 7.3. Cy(GLag(R), So(R?)) is a dense subspace of To(k).

Proof. Tt is not hard to see that for any ¢ € Cy(GLog(R)) and T € Cp(GLag(R), So(R?)), we
have that the pointwise product satisfies ¢ - T € Cp(GLog(R), So(R?)). Furthermore, we shall

prove that:
{T(L) € EL(RY) : T € Cp(CLag(R), So(RY))} = So(R?). (7.37)

Fix f € So(R%) and Lo € GLyg(R). Let My be a compact neighborhood of Lg and Uy be an open
neighborhood of Ly that contains My, so we have Ly € My < Up. By Urysohn’s Lemma for locally
compact spaces [Wil07, Lemma 1.41|, there exists a continuous function ¢: GLgg(R) — [0, 1]

such that o5, =1 and ¢ = 0 outside Up. Now define
T(L)=@(L)-f, VL GLy(R).

We see that T € Cp(GLag(R), So(R?)) while Y(Lg) = f. Since f and Lg are both arbitrary, this
proves Equation (7.37). We see that Co(GLag(R), So(R?)) satisfies the hypotheses of Proposition

6.4, therefore it must be dense in I'g (k). O
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There are analogues of Lemma 7.5 and 7.6 for p, and the proof is easier owing to the fact that

the norm of Ay, is always dominated by the ¢!(Z2?)-norm for all L € GLag(R).
Lemma 7.7. C(GLyy(R), £1(Z%%)) < T'(p) and Co(GLag(R), £ (Z??)) < To(p).

Notation. Now would be a good time to take a pause to set some notations in place. It would
be helpful to review the module action and inner-product on each Heisenberg module given in
Proposition 7.1. For any sections (not necessarily continuous) Y1, T2 € [[;cqr,, ) €L (R%) of &,

we define a section (Y1, Y2) € [[/cqr,,r) AL Via:
p<T17 T2> (L) = L<T1(L), TQ(L)> € AL, VL e GLgd(R). (738)

If we also have the section (again, not necessarily continuous) a € | | LeGLog(R) Ay, then we define

a- Tl € HLEGLQd(R) SL(Rd) via:
(a-T1)(L):=a(L) - T1(L) e EL(RY), VYL e GLog(R), (7.39)

Furthermore, we shall fix a notation for the norm on the Banach space I'g(k). If T € I'y(k), we

write:

Tl = sup [T(L)]e, @a)- (7.40)

LEGLQd R

Similarly, we denote by the norm on the C*-algebra I'y(p) via:

lafp:= sup Ja(L)]ay, (7.41)
LGGLQd(R)

for each a € T'g(p).

Proposition 7.11. If we again identify *(Z*?) and So(R?) as the space of local approzimating
sections of p and k respectively, then for all a € £1(Z*%), and f1, fo € So(RY) :

1. (fr, f20 € Dip); 2. a- f1el(k).

Consequently, if a € I'(p), Y1, Yo € I'(k), then:

3. p<T1’ T2> € F(p), 4 a- Tl € F(K)
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Finally, if a € To(p), Y1, Yo € Lo(k), then:
5. p<T17 T2> € Po(p); 6. a- Tl € Fo(ﬁ).

Proof. We have already seen the sufficient techniques to prove Items 1 and 2. For Item 1, we
need to show that p< f,g) satisfies the continuous section characterization from Corollary 7.2.
Let € > 0 and Ly € GL24(R), choose ag = (f,g) (Lo) := ([, 9) € ¢Y(Z*?). We know from
[FKO04, Lemma 3.5] that the map L + {V,f(Lk)}4cz24 is continuous from GLog(R) to ¢1(Z2%).
So choose the open set Uy 3 Lo of GLgg(R) such that

| L9y = Ll e < ) Vof (Lk) = Vof(Lok)| <&,  VLeU.
kez2d

It follows that for all L € Uy

| ,{f 90 (L) —aolla, = [ .<f:9) — 1, {fr plla,
= 7L {f 9 — 1, )l
< |l = ol @l

<eE.

Therefore (f,g) € I'(p) as required.

For Item 2, it is sufficient that we show a - f € C(GLag(R), So(R%)), following Lemma 7.5.
Let L, Ly € GLgg(R), we have:

l(a- (L) = (a- f)(Lo)ls, == | D} a(k) (w(Lk) —w(Lok)) f

kez2d So
< ). la(k)||(w(Lk) — m(Lok)) fls,-
kez2d

It follows from [FKO04, Proposition 2.7 (ii)] that as L — Lo, [|(a- f)(L) — (a- f)(Lo)|s, — O.
Therefore a - f € C(GLgg(R), So(R%)) as required.

We next prove Item 3. To do this, fix a window function ¢ € So(R?), ¢ > 0, and Ly €
GL24(R). By local compactness of GLgg(R), we can fix a compact neighborhood K 3 Lg. Since
To: GL2q(R) — &€ is a continuous section, then is L — [Yo(L)|¢, (ray continuous, therefore

suprek | T2le, (ray < 0. Now, by the continuous section criteria, there exist fi, f2 € So(R%) such
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that for some open sets Uy, Us 3 Ly

g

1T (L) = fille, mey < ,  VLelU

2-suprek [ T2le, (may
£

< VLels
2]pl3 " [f1ls0.0

IT2(L) = folle, (may

Using Proposition 2.3 Item 1, we obtain the following estimate for L € int(U; n U n K):

[, <00 Top (L) = (s fo) (D)]lay = || LT (L), To(L)) = (s f2) |y
< 2 C0(L) = 1, Yo (L)) [ ay, + | LCF T2(D) = fo) [la,

<ITa(L) = filley @y - 59 [ Talle, ey + l6l3 " 11 ls0.0
€

To(L) — fole, mey

<E.

Since ,(f1, f2) € I'(p) by Item 1, it follows from Corollary 6.4 that (Y1, T2) € I'(p).

The proof for Item 4 is basically a rehash of Item 3, where we use the estimate in Proposition
2.3 Item 3 instead.

The proofs for Items 5 and 6 are also similar, we shall show one of them. To start, note that

because of Proposition 2.3 Item 1, we have for all L € GLgg(R):

| T T2 (L) g, + = [ LCTa(L), T2(L)) ] 4,

< [Ti(D)lle, @y T2(L) e, ey

So if both T; and Y9 vanish at infinity, then so does p<T1, T2). Since we already know from Item
3 that ,(T1,T2) € I'(p), then it follows from what we have just shown that (Y1, Ts) € T'o(p).
This shows Item 5. O

Corollary 7.4. The Banach space T'g(k) defines a full Hilbert left To(p)-module.

Proof. We define T'g(k) as a Hilbert left T'g(k)-module exactly by the module inner-product
and action given by Proposition 7.11 Items 5 and 6. The pointwise nature of the definition
immediately shows that the Axioms 1, 2, 3 and 5 of Definition 2.20 are satisfied with the defined
operations. Now, if T € T'g(x), then we know that (Y, T) (L) := ;{Y(L),Y(L)) > 0in Ay for
all L € GLgq(R). It follows from Proposition 6.7 that ,(Y,T) > 0 in the C*-algebra I'g(p). Now

let us look at the induced module norm on I'y(k), for T € I'y(k), if we denote it by | - [ling, then
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using Equations 7.40 and 7.41:
10 lina 2= 1,0 0 [

1/2
:< up p<r,'r><L>|AL>

LeGLoyg(R)

1/2
( sup L<T(L),T(L)>IIAL>

LEGLQd (R)

= sup | X@), Y)Y
LEGLQd(R)

sup ||T(L)] g, rae)
LGGLQd(R)

s

We see that the induced module norm coincides® with the norm for T'o(x) and since | - |, is
complete, then the induced module norm is also complete. This shows that I'g(x) is a Hilbert

left I'p(p)-module. All that remains is to show fullness. Let us first define
I:= Spaﬂ{p<T1, Ty eTo(p): T1, T2 € Fo("&)} :

We know that [ is an ideal of I'g(p) by basic Hilbert C*-module theory. Our goal is to show that
I =Ty(p). Define for each L € GLg4(R), the ideal I}, € Ay, via:

I, = {CI(L) e Ay : ClEI} =spﬁ{p<”f1,T2>(L) € Ar : Tl,Tzero(Ii)}.

By Corollary 6.8, we are done if we can show that I, = Ay, because it will follow that I = {a €
To(p) :a(L) eI} ={aeTy(p): a(L) e A} = To(p). However, it follows from Proposition 5.8
and the density of ¢1(Z??) in A, that under the Az-norm:

Ay =span { (23 i, fo € So(RD) )

We can proceed similar to the proof of Corollary 7.3 to show that

{fi £+ 1 fr € So(®D | < (L(O01(L), Ya(L)) : T1, Y2 € Do)}

5And therefore we shall never make use of the notation | - [ina ever again.
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Therefore
Ap =span{ (Y1(L),Y2(L)) : T1, Yo € To(K)} := I,
as required. Hence we have shown that I'g(x) is a full Hilbert left I'g(p)-module. O

Now that we have shown that there is a full Hilbert left T'o(p)-module structure on the
continuous sections I'g(k) that vanish at infinity, it is natural to ask if T'g(x) is actually an im-
primitivity bimodule implementing a Morita equivalence between I'g(x) and another C*-algebra
of sections. Knowing that at each L € GLyyg(R), the corresponding fiber of k, the Heisenberg
module k71 (L) = £ (RY) is a Morita equivalence between Ay and B, motivates us to construct
C° = Urear,, Br with the corresponding bundle projection map p°: C° — GLgg(R). We now
have a bundle which has the fiber (p°)~!(L) = By, for each L € GLgg(R). Our goal now is to
prove that p° is also a C*-bundle. There is no need to make this harder than it should be, we
already have the tools that we can use from the construction of p available to us, and it now all
boils down to restating our problem in a familiar way. Let L € GLgg(R), with the correspond-
ing matrix L° = J(L™Y)TJ7T that generates the adjoint lattice, then using the cocycle-adjoint
relations (7.8), for each b e ¢1(Z%?)

1
| det L|

1
| det L|

Tie(b) =

> b(k)m* (LK)

kez2d

> b(k)e(Lk, L°k)m(—L°k)
kez2d

- ydeltL”‘L" (")

where “'b € ¢1(Z?%) is the sequence whose terms are: (Lob> (k) = ¢(L°k, L°k)b(k) for each
k € 7Z?¢. The computation above now opens us for an analogue of Corollary 7.1 for p°. In fact, all
of the results that we have derived for p, also have analogues for p°, and we shall not repeat the
associated proofs for these results. Most of them boil down to the fact that the maps L — L°
and L — det L are continuous, with the occassional use of the triangle inequality. If one is

truly interested in repeating the proofs for p°, then it is also instructive to know that for each

L € GLgg(R), b € £1(Z2?) and f1, f2 € So(RY) that:



1

B S 1070]

keZz2d

(f1s fopre (k)

Using the same observation that we did for the bundle p, we have a dense inclusion: £!(Z?) < By,
for all L € GLgg(R), and so we can identify ¢'(Z2?) as a space of sections for p° so that each

b € ¢*(Z*%) can be seen as b e [liecr,, Br via
b(L) := be By.

As a corollary, using exactly the same kind of argument as in Theorem 7.4 and Proposition 7.2,

we have that p° can be promoted to a C*-bundle with the following continuous sections:

Corollary 7.5. The bundle p°: C° — GLyg, whose fibers are (p°)~Y(L) = By for all L €
GL24(R), defines a C*-bundle such that every section b € [ cqr,, @) Br is continuous, i.e.
b e T'(p°) if and only if for all e > 0 and Lo € GLog(R), there exists by € £1(Z>?) such that for

some open neighborhood Uy 3 Lg:
Hb(L) — bOHBL <ég, VL e U().
Proposition 7.12. C(GLyg(R), £1(Z%%)) < T'(p°) and Co(GLag(R), £ (Z2?)) < To(p°).

Notation. We now introduce the following notation for the p°. For sections (not necessarily

continuous) Y1, T € ]_[LGGLM(R) EL(R?Y) of k, we define a section (Y, T2>po € HLEQLM(R) By
(Y1, Y20 (L) :=(Y1(L), Y2(L))p0 € Br, VL € GLo4(R). (7.42)
If we also have the section b € [ [ cqr,,w) Br, then we define Y1 -b e []cqr, ) Er(RY) via:
(Y1-b6)(L) := T1(L)-b(L) € EL(RY), VYL e GLog(R), (7.43)
We denote by the norm on the C*-algebra I'g(p°) via:
[6llpe := sup [[b(L)]5,, (7.44)

LGGLQd (R)

for each b e I'y(p°).
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Proposition 7.13. If we again identify ¢*(Z*?) and So(R?) as the space of local approzimating
sections of p° and K respectively, then for all b e £*(Z*?), and f1, f2 € So(R?) :

1. {f1, f2),0 € T(p°); 2. fi-bel(k).
Consequently, if b e I'(p), Y1, Y9 € I'(k), then:

8. (Y1,T2),0 € L(p°); 4. T1-bel(k).
Finally, if b € T'o(p°), Y1, T2 € T'o(k), then:

5. (Y1,T2),0 € Lo(p°); 6. T1-bely(k).

Corollary 7.6. I'g(k) is a full Hilbert right To(p°)-module with respect to the T'o(p°)-valued
inner-product and right module action defined by (7.42) and (7.43). As a consequence I'g(k) is
a Lo(p)-Lo(p°) imprimitivity bimodule.

Proof. That T'g(k) is a full Hilbert right I'g(p°)-module follows from the same argument as
in Corollary 7.4 using Proposition 7.13. It is almost immediate that T'o(k) is a To(p)-T'o(p°)
imprimitivity bimodule, but we shall explicitly write what Items 2 and 3 of Definition 2.20 mean
in our setting. Let YT1,Yy, Y3 € T'g(k), a € ['o(p), and b € I'y(p°), we have from the pointwise
definition of the section operations and the fact that &f, (Rd) is an Ay, — By-imprimitivity bimodule

for each L € GLgg(R), that:
1. <CLT1, T2>p° = <T1, a*T2>po,
2. p<T1b7 T2> = p<T17 T2 b*>7

3. p<T1’ T2> Tg = Tl <T2, T3>p° . O

7.1.6 Applications to Gabor Analysis

Before we proceed, we note that there is a fundamental obstruction regarding the continuity
of the map GLgy(R) — L(L?(R)) given by the integrated representations L ~ 7 (b) (resp.
L +— 7%, (b)) for a fixed b € £1(Z%¥). As discussed in [FK98|, these maps are in general not
globally continuous, and it remains so even if we consider our continuous sections. However, the

local continuity of such maps on points of interest remain true in our setting.
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Lemma 7.8. Let b € T'(p°). If A € C\{0} and Lo € GLog(R) are such that b(Lg) = Aoy € £1(Z%9),

then L — 77,(b(L)) is a continuous map at the point L.

Proof. We shall show the proof for continuity of L — 7ro(b(L)) at the point Lg. Fix ¢ > 0,

choose an open set U; 3 Ly and b € £!(Z2?) such that
€
|b(L) —b|p, < T VL e Uy.
With these fixed, we take note of the fact that b — b(Lg) € £(Z??) and so the map
L — |77 (b = b(Lo))|
is continuous by Proposition 7.12. In particular, there exists an open set Us 3 L such that:
_ €
172 (b = b(Lo))| — [7Lg(b = b(Lo))l| < 7, VL e la.

Now, take note of the fact that because b(Lg) = Ay, we have

7o (b(Lo)) — 7 (b(Lo)) = A <|de1tL| B |det1Lo> '

Hence we finally take the open set Us 5 Lg such that

1 1 -
det L det Lg

4d(A)’

VL e U3‘

Since

|70 (b(L)) — 7e (6(Lo))|| <[ 7o (b(L)) — 7o (b)| + Lo (b — b(Lo))|
+ 7o (b(Lo)) — 715 (b(Lo))],

we can estimate the terms individually, so that if L € Uy n Uy n Us, then

|72 (6(L)) = 7L (b)[ = [6(L) = b5, < i;

and

|77 (b= b(Lo))| < [[72e (b = b(Lo)) | = [7Ls (b — b(Lo)) [ + [775 (b — b(Lo))|
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< |77 (b = b(Lo))| = |73 (b — b(Lo))[| + [6(Lo) — b| 5y,

Zf.LC
4 4

and
s - 1 1 €
75 6(L0)) = 7, (L) = A | 5~ G| < 1
Therefore, L € Uy n Uy n Us implies:
|7Le(b(L)) = 7L (b(Lo)) | < &
as required. O

Remark 7.9. An analogous result holds for L — 7 (a(L)) with a € I'(p).

It is now important that we recall that for each L € GLog(R?), EL(R?) «— L% (R?) via
Proposition 7.1. This means that for any section Y1, Y9 € HLeGLQd(Rd) Er(RY), we have for each

L € GLgy(R?), that

S’I‘l(L),TQ(L),L (S ﬁ(L2 (Rd)).

So every section in x defines a GLgg(R%)-indexed family of mixed Gabor frame operators on
L?(R%). Now, in the case where Y1, Ty are continuous sections that form dual frames on some

Lo, we have a crucial result.

Lemma 7.9. Suppose Y1,Yy € I'(k), and Ly € GLog(RY) such that Y1(Lg) and Yo(Lo) form
dual Gabor frames with respect to the lattice LoZ??, then the map GLog(R) — L(L?(R%)) via

L — Sy, (1)ry(1),1 S continuous at the point Lo.

Proof. 1t follows from the Janssen’s representation for Heisenberg modules, Corollary 5.8, that

for all L € GLgg(RY):

Sviw)rar),r = Tre((Y2(L), Yi(L)) o) = e ((T2, T1) o (L)) (7.45)

Since Y1(Lg) and Y(Lo) are dual Gabor frames with respect to LyZ??, then it follows from the
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Wexler-Rax relations for Heisenberg modules, Corollary 5.10, that:
<T2, T1>po (Lo) = det Lgdp.

Since (Y3, T1),. € I'(p°) by Proposition 7.13 Item 3, then it follows from Lemma 7.8 that

L — 77 ({T2,T1),0 (L)) is continuous at Lg. The result now follows from (7.45) O

Theorem 7.5. Let Ly € GLog(R%), and suppose fo € Er,(RY) such that G(fo, Lo) generates a
Gabor frame, then for every continuous section Y € I'(k) that passes through fy, there exists an

open set Uy 3 Ly such that G(Y(L), L) generates a Gabor frame for all L € Uy.

Proof. Tt follows from Lemma 5.3 that the canonical dual frame hy = S_OlLO foisin &g, (R9).
Let T,Q € I'(k) such that Y(Lo) = fo and Q(Lg) = hg. We see that T and Q form dual Gabor
frames at the point Lo, and therefore by Lemma 7.9, L — Sy (r) o(r),r, is continuous at Lg. This

means there exists an open set Uy 3 Lg such that
ISvry.aw),L — My | <1, VL € Up.

Therefore Sy (1) .a(r),r is invertible for all L € Up. Since (Svy(r)a(r),L) e, (r4): EL(RY) — EL(RY),

we define the section:
O(L) := Sy (1) ) LUL) € EL(RY) — L2(RY), VL e U. (7.46)
Therefore if L € Uy, then for all f e L?(R?) :

Syt et = Srwaws Y, fa(LE)Y(L)w(Lk)®(L)f
keZ2d

= Z (fym(Lk)Y (L)) n(Lk)Sv)0r),L (L) f
kez2d

= > (LR V(L) (L)L) f

keZ2d

= Syw),@),Lf;

hence Sy(r) ),z = Idp2(gay for all L € Uy, which implies ®(L) is a dual Gabor atom for Y(L)
in L € Uy and that G(Y(L), L) generates a Gabor frame in L2(R9) for all L € Uj. O

The following proposition shows that the ‘local section’ (it is only defined inside the open
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set Up) implementing a local dual Gabor atom for Y above, denoted by ® in Equation (7.46), is

continuous at the point Lg. Its precise meaning is given below.

Proposition 7.14. The section ® € [ [y, EL(RY) in (7.46) satisfies: for each e > 0 there exists
an open subset Wy 3 Ly of Uy, and a gg € So(Rd) such that

H(I)(L) — gQHgL(Rd) <eg, VL e Wy.

Proof. Fix € > 0 and consider a compact neighborhood Ky 3 Ly inside Uy. Since we have
11d 22 ey —S(r),0r),Ll < 1 for all L € Uy, it follows from the Neumann and geometric series

that
1

St <
1510001 1 — [ 1d 2 ey —Sv(L)0(L),L

for all L € Up. It follows that [S < C for some C' > 0 in K. Because 2 € I'(k), there

1
).zl

exists W7 2 Ly an open subset contained in K such that for L € Wy:

e
(L) = golle, gy < 5o

We know that L — Sy () qcr),r 1s continuous at the point Lo, and since operator inversion is

continuous in £(L?(R%)), we find that Uy > L ~— Sg(lL) )L € L(L*(R%)) is also continuous.

Choose W5 3 Ly contained in K such that for L € Wy :

3
2] goll2”

-1 —1 —1
HSY(L),Q(L),L - ST(LO),Q(LO),LOH = ”ST(L),Q(L),L - IdLQ(Rd) H <

Finally we can estimate, for L € Wy := W1 n Wy € Ky:
(L) — golle, zay = 15712 000y L) — 0
< |‘S’;(1L),Q(L)7L(Q(L) —go)| + “Sg(lL)jg(L)ngO — g0

< OIUL) = gollg, ey + ||S;(1L)7Q(L)7L — Idz2ga [llgoll2

<e. O

As a Corollary of Gabor-stability of Heisenberg modules, we derive that these modules exhibit

a version of the Balian-Low Theorem [AFK14] when considered as a function space.

Corollary 7.7 (Balian-Low for Heisenberg Modules). Let Ly € GLog(R) such that det Lo = 1.
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If fo € Ery(RY), then G(fo, Lo) cannot be a Gabor frame for L?(RY).

Proof. Suppose for contradiction that with fy € €1, (R?) and det Lo = 1, that G(fo, Lo) generates
a Gabor frame for L?(R?). Let Y € I'(x) be a continuous section that passes through fy at L.
Then it follows from Theorem 7.5 that there exists an ¢ > 0 such that G(Y (L), L) generates a
Gabor frame for all L € GLyg(R) where |L — Lo| < e. Now take § > 0 such that 0 < d||Lo| < ¢,
then L = (1 + )L satisfies |L — Lo| = | Lo| < €, so G(Y(L), L) generates a Gabor frame for
L?(R%). However, det L = det ((1 +§)Lg) = (1 + 6)?? > 1, which contradicts the basic density

result given by Corollary 5.11. O

7.1.7 Modulus of Continuity of Local Approximating Sections

In order to establish a Banach bundle structure, it was enough that the the norm varies con-
tinuously along the local approximating sections, which we obtained for the sections associated
with f € Sg,(R?), where v(k) = 1 + |k|. However, there are actually much better estimates for

sections associated with f in the weighted Feichtinger’s algebra
Sow.(RY) = {f € L*(R?) : Vo f - vs € L' (R*D)},

with vg(k) = (1 + |k|)® for s > 2. The weighted ¢! space £}, (Z*?) is analogously defined (see
Equation (7.19))

Recall that a function f: X — Y between normed spaces X,Y is called a-Ho6lder continuous
(a-Holder for short) for 0 < o < 1 if there is a constant C' > 0 such that ||f(x1) — f(z2)] <
Cllxy — z2||* for all z1,22 € X. More generally, f is called locally a-Hoélder if for every = € X
there exists a neighborhood x € M < X such that f|5s is a-Holder. In the special case of a = 1,
we say that f is (locally) Lipschitz instead.

Let us summarize some well-known facts on Holder continuity.
Observation 7.1.
e if0<a< B <1, then every locally B-Hélder map is locally a-Hélder;

o if f: X > Y islocally a-Hélder and g: Y — Z is locally S-Hoélder, then go f: X — Z 1is
locally (o - B)-Hélder;

e if f: S — B withS c R™ and B a Banach space is differentiable, then f is locally Lipschitz.
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Lemma 7.10. For each fived n € 7%, the map L+ P, (n) fulfills the estimate
|Pe,(n) = Pep (n)| < 2d + V)| K lva(n) (| L] + [ Lol) - [ L — Lol.
In particular, it is locally Lipschitz.

Proof. Looking at Equation 7.28, we find that

P, (n) = exp | 2mi Z niny(Lej)T K (Leg) + Z nk(n;l)(Lek)TK(Lek)
j<k k

Combining the estimates |e'® —e?| < |a—b], ]W| < |m|? for all m € Z, and | (Lej)T K (Ley) —

(Loe;)" K (Loex)| < IE|(IL] + [ Lo|)| L — Lo, we obtain

|Pey (n) = Pep ()] < | KI(IL] + [ Lol) L = Lol | Y] Inglinel +2 ) nj,

7#k k
We estimate the last term further
2 1 1
1]
) 1
D Ingline| +2) i = (|n1| |n2d|>
J#k k 1
124
1 1 2
2 1 1
1 . R
< |nl? <wo(n)-(2d + 1);
: 1
1 1 2

indeed, the norm of the symmetric matrix coincides with its largest Eigenvalue 2d + 1 and

[n]? = Xni < va(n). 0

Lemma 7.11. For each a € £}, (Z**) and L € GLyg(R): The map GLog(R) 3 L — al € (1(Z?%)
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fulfills the inequality
la* —a®n < (2d + V| K[ (L] + |Zol)lal g, - IL — Lol .-

In particular, it is locally Lipschitz.

Proof.
la* —a’p = Y7 |a(k)[[Pey (k) = Pey, (k)]
kez24d
< D, la(k)|2d + V)r | K [va(k) (L] + | Lol) - | = Lo
kez2d
= (2d + D7 [ K[([L] + [Zol)aley, - | L = Lol O

Lemma 7.12. For f,g € So,,(R?), s > 2r > 2, the function L — {f,g) is continuous as a

map to £}, (Z*%) and r-times differentiable as a map to 05, (Z*?).

Proof. The continuity statement is contained in [F K04, Lemma 3.5|. Consider the partial deriva-

tives
0 .
876/7(56 ,w)g(t) = =¥ (0hg) (t — x) = —m(x,w)(0eg) (1),
aiﬂ(ﬂ:,w)g(t) = 2mit ¥ Wlg(t — ) = m(x, w)2mi(ty + 20)g(t).
14
Put
T 1<m<d, —0myg 1<m<d,
Zm = Dy, (g9) :=
Wm—qg d+1<m<d; 27i(tm—d + Tm—q)g d+1<m <d.

so that z = (z,w) and %W(z)g = m(z)Dy,(g). Note that 0,9 and ¢,,g, and therefore all D,,(g),
belong to Sg,,_, (R?) (the 1-dimensional case is treated in [DJLL21], the multidimensional ana-
logue can be proved along the same lines). By [FK04, Lemma 2.2 (ii)], z — %ﬂ(z)g =

7(2)Dyn(g) is a continuous map to Sp,, , (R?). By the chain rule,

gy = TR A5 D)) 8k
n m,n 7

m 1 aZg z=Lk
= (s Dm(9))(k) - k.
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We know that f and the D, (g) lie in S, , (R?), therefore

L~ {f, Dm(g))

is a continuous map into 611,57 ) (Z*%) and, consequently,

L~ aLLL<f’ 9)= (L<f> Di(9))(K) - kn)kezzd

m,n

is a continuous map into ¢}, (Z*%), i.e. L — [ (f,g) is differentiable as a map to £, (Z*%).
The same arguments can be iterated to show that the function L — ;{f,g) is r-times

differentiable as a map to £}, (Z*?) as long as s > 2r. O

Corollary 7.8. Let f,g € S, (RY). Then L — | {f, 9ler is continuous and L — {f,g) is
locally Lipschitz as a map GLag(R) — £1(Z%9).

Proof. Since Sp,(RY) < Sp,(RY), L — ,{f,g) is continuous as a map to £1(Z>?) by [FK04,
Lemma 3.5| and thus the first statement follows. From the Lemma 7.12 applied to s = 2, we
conclude that L — ,(f, g) is differentiable as a map to £!(Z??) and, therefore, locally Lipschitz.

0

Theorem 7.6. Let f,g € So,,. Then the map L — |[7r(,(f, 9))| is locally -Hélder continuous.

In particular, the map L — | f|g, ey = [7L(L{f, N2 ds locally L-Hélder continuous.

Proof. Put a := ;{f,g) and ag := [ (f,g). Then, using triangle inequality, opposite triangle
inequality, and Corollary 7.1

7z (a)] — 7z, (a0)]|
< |7 @) = 7o @) + |7 Lo (@) = 7Ly (20) ]
< |7z (@) — [Tz, (@) + [T, (a — a0

< Claflg (1L] + | Lo[) 2| = Lo|l'? + [a" — a1 + []a — ag -

The first statement thus follows from Lemma 7.11 and Corollary 7.8 and the fact that every
locally Lipschitz map is locally %—Hélder.
The second statement if trivial for f = 0. Let f # 0. For all L € GLgg(R), faithfulness of the

integrated representation and positive definiteness of the inner product imply that 7, (, {f, f)) #
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0, hence || f|l¢, may > 0. Since the square-root function is differentiable on R, we get the claimed

local Hélder continuity. O

Remark 7.10. By [GL16, Proposition 3.5, £}, (Z*?) is an inverse-closed subalgebra of Ar, in
particular spec( ,f, 1) = spec(7L( (s £)) = spec(m, (4 fs £Y1) for all f € So.,(RY). With

the generalization of Theorem 7.2 to spectra mentioned in Remark 7.7 and arguments parallel
to the ones we just performed, one can also show that the map L — spec(,{f, f)) is locally

1-Hélder continuous for every f € S, (R?). Indeed, for a = ;(f, f) and ag = 1o{F s
1
spec(a) < spec(ao) + [~1, 1] - (2v/al [OL — O, |2 + [a” — ag” )
by Remark 7.7. Therefore, for the Hausdorff distance dz we find that

1
drr(spec(a), spec(ao)) < 2v/malp |OL — O, |2 + [a® — ag” |

< 2vmlalg (1L + | Lol)' | = Lo|"? + [a" — a™ [ + Ja — ag|

and the claimed %—H'dlder continuity follows exactly as in the proof of Theorem 7.6.

Of course, everything also works for the right Hilbert module structure and, thus, we get
that the map L — spec({f, f).) is %—Hélder. Finally, recall that according to the Janssen repre-
sentation (Corollary 5.8), we have Sy, = 5o ({f, f)1o)- Since L — L° = —J(L™1)TJ is locally
Lipschitz, we may conclude that for f € Sg,,(R?) the map L + spec(Sy.r) = spec({f, f).) is
locally %—Hé’)lder.

7.2 Results Part II: On Modulation and Translation Invariant

Operators and the Heisenberg Modules

In this section, we establish some connections between the Heisenberg modules and Quantum
Harmonic Analysis (QHA). We shall do this by following the recent developments primarily from
the papers of Luef and Skrettingland [LS18, Skr20, Skr21b|, where time-frequency and Gabor
analytic techniques have taken a major role. In light of this, we briefly introduce the Weyl
quantization scheme (compare with the Kohn-Nirenberg and Spreading schemes c.f. Definition
4.12), which is the preferred scheme for QHA in the time-frequency plane R??. There are reasons

for this preference, and the case for it will be made stronger in the introduction of lattice-
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modulation invariant operators. As expected, lattice-modulation invariant operators will be
the natural counterpart for lattice-translation invariant operators (c.f. Definition 4.14), and
would require a notion of operator-modulation analogous to Definition 4.13. The introduction
of operator-modulation subsequently paves the way for "Quantum Time-Frequency Analysis"
(QTFA), as we now have access to operator time-frequency shifts. An exploration of such ideas

has already started with [LM24].

We will be motivated by the simple observation that all adjointable maps of the Heisenberg
module associated to the lattice A are exactly finite sums of Gabor frame operators on A (Lemma
7.7). It then follows that adjointable maps of the Heisenberg module associated to the lattice A,
are A-translation invariant operators. Conversely, we shall use techniques from operator algebras
to show that we can characterise A-translation invariant operators as limits (under different
operator topologies) of periodizations of finite rank operators, generated by functions from the
Heisenberg module. Our operator algebraic techniques necessitate that we go beyond the usual
Banach Gelfand triple framework for sequences, and in turn, we also obtain characterisation

results beyond the usual setting of £(So(R?),SH(R?)) for A-translation invariant operators.

We then introduce the notion of A-modulation invariant operators, using the concept of
operator modulation similar to the operator translation invariant setting. In examining such
operators the parity operator naturally arises as the only R??-modulation invariant operator.
The Parity operator allows us to identify A-modulation invariant operators with A/2-translation
invariant operators. The identification allows us to formulate (analogous) characterisations of
A-modulation invariant operators in terms of a new kind of operator-periodization based on
operator-modulation, called the "Fourier-Wigner operator-periodization" applied on finite-rank
operators generated by the Heisenberg modules. We shall also consider the discrepancy between
the densities of the lattices A/2 and A, along with its implications on the minimum number
of generators required to obtain the aforementioned characterisations for A-translation versus

A-modulation invariant operators.

7.2.1 Intermission: The Weyl Quantization Scheme and QHA

Similar to the Kohn-Nirenberg symbol and the spreading function of Definition 4.12, the so-
called Weyl-symbol can be obtained by applying an isomorphism to the kernel x(T") of an
operator T € L(So(RY),Sy(RY)). Let us first define the symplectic phase-multiplication
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map ph : L?(R?%) — L2(R?%) via:
(ph F)(z,w) = " F(z,w), V(z,w) € R%, (7.47)
Note that ph is a unitary map on L?(R??), satifying
(ph™! F)(z,w) = e ™Y F(z, w).

Furthermore, it can be restricted in the Feichtinger’s algebra and extended to its dual, both as

isomorphisms, using Item 8 of Proposition 4.9 and Item 6 of Proposition 4.12.

Definition 7.3. For each T € L£(So(R?), Sj(R?)), the Weyl-symbol of T is given by:
o(T) := (Fs o ph)(n(T)) € SH(R*), (7.48)

where n(T') is the spreading function of 7.

Recall that the motivation for the spreading function is that the rank-one operators f ® g

give us the STFTs V, f = n(f ®9) (c.f. (4.39)). This implies that:
ph(n(f ®7))(w,w) = ™"V, f(z,w) =t A(f,9)(z,w),  V(r,w) e R¥.

The equation above is the so-called cross-ambiguity function for f,g € L*(R%). The Weyl
quantization scheme can now be seen to be the quantum correspondence that allows us to recover
the so-called cross-Wigner distribution W (f,g) € L?(R??) which is another time-frequency

representation defined via:

W(f,)(x,w) = fRd f (x + ;) g (a; - ;)wmf'w dt. (7.49)

It is well-known [Gro01, DG11] that the cross-ambiguity function and the cross-Wigner trans-

forms are related via the symplectic-Fourier transform:

W(f,g) = Fs(A(f,9)). (7.50)
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Therefore it follows that indeed:

o(f®7) = (Fsoph)(n(f ®7))) = Fs(A(f,9)) = W(f,9).

On the other hand, the Kohn-Nirenberg symbol of 7' € £(So(R%), ShH(R?)) is related to its Weyl

symbol via:
o(T') = (Fs o phoFy)({(T)). (7.51)

Remark 7.11. Equation (7.51) is obtained through the relationship of the spreading function and
the Kohn-Nirenberg symbol. However, one can also obtain the Weyl symbol straight from the

kernel x(T') of T' by the following formula:
o(T) = (Fao Ay)(k(T)) (7.52)

where A; is the coordinate transform (4,F)(z,y) = F (z+ 4,2 — %) for any F : R*? — C.
Indeed Equation (7.52) is usually taken to be the definition of the Weyl-symbol, but one can of

course show that we obtain Definition 7.3 by the following formulae:
Fo0 Ay = FsophoFyoT,.

The Weyl correspondence is merely an application of isomorphisms to the kernel of an op-
erator T', so this quantization scheme implements a Banach-Geldand triple isomorphism from
the operator space (ﬁ*,H.”,HS,ﬁ)(]Rd,Rd) to (So, L2, S})(R% x R?) (see opening paragraph of
Section 4.4 of Chapter 4) exactly via T'+— o(T'). The Weyl correspondence is well-studied, the

following gives the inverse to the Weyl-calculus map (see [LS18]).

Proposition 7.15. For o € ((So, L%, Sp)(R? x R?)), the Weyl-transform L, is an operator
in (Ly_|.|, HS, L) (R4, RY) acting as an inverse for the Weyl-calculus T — o(T). It is explicitly

given by the following vector-valued integral:

Lo = [ Fo)0e ™ en() d. (7.53)

Remark 7.12. Note that when o € Sj(R??) in Equation (7.53), then L, is interpreted via duality.
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In fact, using the brackets (-, -)s, s:

(9: Lo f)s,sy = (W(F,9),0)s,8, (7.54)

for f,g € So(R?).

The following result is also one of the reasons for the interest in the Weyl-quantization scheme:

it possesses a property similar to the Kohn-Nirenberg symbol.

Proposition 7.16 (Shift-Covariance for the Weyl-Symbol). For any x € R??:
oo, T) = Tyo(T). (7.55)

Proof. Let y € R??, recall that o, denotes the operator-translation in Definition 4.13. It is also
straighforward to show that the symplectic modulation commutes with the phase-multiplication
map: phoM7 = My o ph. The following computation now follows from (4.16) and the shift-

covariance formula for the Kohn-Nirenberg symbol Equation (4.41) that :

o(oyT) = (Fs ophoFs)(C(ayT))

= (FsophoFs o Ty )(¢(T))
= (Fs ophoMy o F,)(¢(T))
= (Fs o MyphoFy)(¢(T))
= T\((Fs o phoFy)(¢(T))

=Tyo(T).
O

Since the Weyl-symbol also possesses shift-covariance similar to the Kohn-Nirenberg symbol,
if T e L(So(G),SH(G)), then its Weyl symbol o(T") € S{(G x G) is also A-periodic, meaning there
exists o(T) € S{((G % G)/A) such that o(T) = PS(G(T)) (see Remark 4.10). It also follows
that we can use the Weyl-quantization scheme to reprove Theorem 4.7 and all its subsequent
corollaries (including Janssen’s representation) for lattice-translation invariant operators. This
was properly explored in [Skr21a] where the representation for A-translation invariant operators

are slightly different. We give an analogue of Proposition 4.17 for the Weyl-quantization scheme.
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Proposition 7.17. Provided a A-translation invariant operator T € L(So(G),Si(G)) we have
&(T) € (So, L?,Sp)((G x G)/A), and there exists a unique coefficient k € (€1, 02, 0®)(A°) such
that

syO VO 1 7)0.)\O
T = f k(AO)emMzw(AO)dqu(AO)=m D1 RN () (7.56)
° AOEA©

where the convergence is in the weak sense when o(T) € S{((G % G)/A).

Remark 7.13. We shall use the notation \° = (A7, \3) € A° or more generally, ¥ = (x1, x2) € R*
for the rest of the manuscript. Notice that there is an extra phase-factor representation 7.56.
This is in keeping with the interpretation that A-translation invariant operators are A-periodic,
we refer to the unique sequence k = {k(\°)} oepe in representation (7.56) the operator Fourier-

coefficients of T.

Example 7.1. A-translation invariant operators observe a pleasing symbol calculus, namely if

% =n and S, T are A-translation invariant operators where A = aZ% x bZ?, then

o(S)-o(T) =o(ST). (7.57)

A fact that we have avoided discussing until now, since our focus mostly lied on operator-
quantization (i.e. correspondence between operators and distributions/functions on the time-
frequency plane) is that QHA should necessarily have a version of Fourier transform for operators.
Indeed, such a notion exists, it is called the Fourier-Wigner transform denoted by Fy . It
is defined on the trace-class operators 7+ on L?(RY) so that for S € T, Fy(S) is a function in
the time-frequency plane. Explicitly, if we denote by tr : 71 — C the trace on the trace-class

operators:
Fw(S)(x) = e™ 2 tr(n(—x)S),  xeR*. (7.58)

In QHA the trace-class operators 7' take on the role of L'(R?), and indeed one can define a
suitable notion of operator convolution for them. For S, T € T, the operator convolution S * T’

is a function on the time-frequency plane R? given by:
(S *T)(x) = tr(Say 1) (7.59)
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where T = PTP is called the operator-parity with P : L2(R%) — L2(R%) given by the parity
operator (Pf)(t) = f(—t). Note that (7.58) and (7.59) makes sense because 7' is an ideal in
L(L*(RY)) [Sim05] and T is invariant under time-frequency shifts and operator-parity [LS18].
We have the following results concerning QHA-centric concepts, and the interested reader is
referred to [Skr21b, LS18, Skr20]. Note that TP appearing below is the Schatten-p class of
operators [Sim05, BLPY16] in £(L?(RY)) for 1 < p < . The Schatten-1 class is the trace-class

operators, as the notation suggests.

Proposition 7.18. For S,T e 7', S+ T € L'(R%). One can also extend operator-convolutions
with a Young’s inequality type-estimate. If S € TP and T € T4, then SxT € T" for 1% + % =1+ %
with 1 < p,q,r < 0. We have the estimate |S * T|7r < |S||72|T|7a. The Schatten-2 class is a

Hilbert space, which is exactly the Hilbert-Schmidt operator space.
Proposition 7.19. The Fourier- Wigner Transform possesses the following properties
1. Fw(S) e Co(RY) if Se T,

2. We can extend the Fourier- Wigner transform (by duality) to any S € L(So(R?), SH(R?)) so
that Fy (S) € SH(RY).

3. Fs(S*T) = Fw(S)Fw(T) for S,TeT"

4. The Fourier-Wigner transform and the Weyl-symbol are related via: Fyw (S) = Fs(o(S))
whenever S is well-defined in Fyw. As a corollary, the Fourier-Wigner transform is a

Gelfand triple isomorphism:

T e (Lo, 1S, L)(RLRY) «— Fiy(S) € (So, L%, SH)(RY).

It follows as a consequence of the properties of presented above, that the convolution of two

operators, is the convolution of their Weyl-symbols.

We see that certain properties from classical harmonic analysis survive in the QHA set-up,
for example, in Proposition 7.19: Item 1 is an analogoue of Riemman-Lebesgue Lemma, Item
3 can be construed as an operator-version of Fourier-convolution product (3.12). On the other
hand, the Fourier-Wigner and Weyl-symbol relation will be relevant in our discussion of operator-
modulation in Subsection 7.2.3, and indeed is another reason to work with the Weyl quantization

scheme.
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Before we proceed to the next subsection, let us first recall one of the main motivations for
our line of inquiry regarding the A-translation invariant operators. The canonical example of
A-translation invariant operators are the Gabor frame operators with respect to A. Recall from

Equation that given f, g e L?(R%): (4.50)

Sgna = Y (FRR)*) = PA(([G®)*). (7.60)
AEA

From the Equation above, Gabor-frame operators can are exactly A operator-periodized rank-one
operators. In the next subsection, we shall show that Gabor-frame operators and rank-operators

occupy a fundamental spot in the space of A-translation invariant operators.

7.2.2 A-Translation Invariant Operators via Finite-Rank Operators Gener-

ated by the Heisenberg Module

In [Skr21b| a Janssen-type representation formula was found for general trace-class operators,
from which one can then prove a correspondence between A-translation invariant operators (as
they should be amenable to an operator-periodization representation) T' € £(So(R?), S{,(R?)) and
their operator Fourier coefficients k as in Theorem 7.17. We further investigate the theory of A-
translation invariant operators through a combination of this Janssen-type correspondence and
the characterisation of adjointable maps of the Heisenberg modules as Gabor frame operators.
We shall make the case here that the Gabor frame operators do not only give us ‘canonical
examples’ of A-translation invariant operators, but they can be used to topologically characterise
all A-translation invariant operators not only in £(Sp(R?),S{(R%)), but in £ (L*(R?)) as well.
As a corollary of Equation (7.60), we must be able to characterise all A-translation invariant
operators in £(So(R?),S)(R?)) and £ (L*(R?)) in terms of some topological limit of operator-
periodization of finite-rank operators.

For the rest of this manuscript, we will refer to the Heisenberg module as £ (R?) as originally
notated in Theorem 5.5, with the difference that we work in particular with G = R?. We go
back to this notation moving forward since the generating matrices GLgd(Rd) for the lattices do

not play any significant role in in this section, unlike the case in Section 7.1.

We first start with making the connection between A-translation invariant operators and

Ap-adjointable maps of the Heisenberg module £y (R?) explicit. Let T € L£a, (E4(R?)), then it
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follows that for all a € £'(A) and f € So(R?) that:

T(af) =a(Tf)
= T (Z a(MW(Mf) = >, a)TA(Tf)

AEA AEA

If we take a = &y in particular, then T7(\)f = 7(A\)(T'f) for all f € So(R?). If we combine this
with the fact that 4 (RY) — L?(R%) — S{(R?), then we obtain that Tisy(rd)y € £(So (R9), SH(RY))
and is a A-translation invariant operator. Subsequently Tis,(re) s eligible for a representation
as in (7.56). We may ask, where exactly do the operator Fourier-coefficients k of 7}y (gay lie
within £*(A°)? To answer this, we have the following lemma regarding the A,-adjointable maps
of EA(RY).

Lemma 7.13. There exists an n € N such that for any T € Ls(Ex(R?)), we have T =
221 (S hin) g (may, WheTE g1,y Gy B, ooy By € EA(RY).

Proof. Since we are working with a lattice A, then as previously noted, the coefficient C*-
algebras A and B are unital. In particular, similar to the proof of Corollary 2.7, the uni-
tality of B and fullness of £4(R?) with respect to B implies that there exist an n € N and
Gls oo Gris U1y ooy Y € EA(RY) such that D 1{gisYiype = 1p for the identity 15 € B. It follows
that if T € L4, (Ea(R?)) and f € Ex(R?), we have Tf = T(flp) = T (X f{gitbiype) =
T (X051 AL 90 ¥i) = 21 aCS 1900 (Tohi) = 251 09, f where we took h; = T;. Finally, it

follows from Lemma 5.3 that: T' = >3 (Sy, n;.A) e, (re) 28 Tequired. O

We need to introduce another 2-cocyle so that we can make sense of the connection between
the adjointable maps and the canonical representation (7.56) of A-translation invariant operators.
We define ¢ : R%% x T?? - T via:

i(r2-wi—z1-w2)

¢ ((z1,w1), (z2,w2)) = €™ :

We denote by B/, the enveloping C*-algebra obtained from the Banach #-algebra ¢*(A°, ).

Lemma 7.14. Let p: A° — T via p(A\°) = €™ 2. Then the map p: £ (A°) — £1(A°)
PBYA) = b(=A)p(A) = b(=A°)e™ 22 YA e A° (7.61)

extends to a C*-isomorphism p : B\ — Bj.
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Proof. p: £*(A°) — £*(A°) is obviously a Banach space automorphism with inverse
() (0)(X°) = b(~\")e T,

It also follows from a straight-forward computation that: p(b; x» b2) = p(b1) =z p(b2) and
p(b7¢) = p(by)*e, for each by, by € £1(A°, ). Therefore on the common dense subspace £*(A°),
we have that p: £*(A, /) — ¢}(A,¢) is a Banach #-algebra isomorphism, hence p must extend to

a C*-isomorphism. O

Remark 7.14. The isomorphism B) = By can be explained by the fact that the 2-cocycles ¢ and

c are cohomologous as we have discussed in Subsection 7.1.2.

We now reiterate that from the localization result Proposition 5.13, we have the following

continuous norm-dense embeddings:
(Y (A°) <> By = B) < £*(A°) < (™ (A°). (7.62)

From this observation we obtain the following result.

Theorem 7.7. T € L(So(R%),S)(RY)) is a A-translation invariant operator whose Fourier co-
effients k lie in B\, equivalently p(k) € By, if and only if T extends to an Ap-adjointable map.
In this case, there exists an n € N such that T is a finite sum of n Gabor frame operators, and

further extends to a map in £ (L*(RY)) with 1T 22y = [kl = [0(K)] B,

Proof. Suppose that T' € L£(So(R%),S)(R%)) is a A-translation invariant operator with Fourier
coefficients k = {k(A°)}recpo € B’ so that
1

D1 k™A (N) = —— 37 BK)(A)T* ().
A°eA° d(A) A°eA

1
d(a)

1

h= i)

Z k(A%)e ™M (1) =
ACeA°
We then obtain that T' = 73.(p(k))g,re)- Now it follows from the fact that B is unital and
Er(R?) is full with respect to B, that there exists g1, ..., gn, A1, ..., o € EA(R?) such that p(k) =
251 <gis hippo. We obtain T' = 330 7o ((Gis hi)pe) g, gay- 1t now follows from the Janssen’s
representation for the Heisenberg modules (5.8) that 7' = 31, (Sg, n;A) |8, (re), from which we
can conclude that T extends to an Ap-adjointable map via Lemma 5.3.
The converse easily follow from the uniqueness of the operator Fourier coefficients, Equation

(7.56), Lemma 7.13, and the Janssen’s representation for the Heisenberg modules (5.8). In par-
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ticular, T = >3 1 (Sg; hip) g0 (Re) = Tho (2img (i hippo) for some gi, ..., gn, hay ooy b € En(RY)

and p(k) = X" {gi, hippo for some k € B). It follows from Proposition 5.3 that 7" extends to
L (L3 (R7)), and that |T] ger2) = [7Re (X1 <9 hidae )l ezzy = 176) |5y = K] - O

Lemma 7.15. For each A-translation invariant operator T € L(So(R%), S)(R%)) with Fourier

coefficients k € £ (A°), we have the following estimate:

1T (80 (re). 50, (Re)) < AN

Proof. We compute

N flso = lgls, =1}
1 lso = lgllso =1}

1T (80 (R?), 87 (R?)) = SUP {’(Q,Tf)so,sg

= sup {)WSOSB

Using Equation (7.56) we obtain:

1 o
1T (80 (R?), 5, (R)) < m\\kHoo Sup{ Z;\ VrgA)] = fllso = lglsy = 1}
AceA°

1
<o IkloosupU Vrg(a,w)ldzdw : | fls, = lgllso = 1}
R2d

d(A)

1
< = ko,

where the last inequality follow from [Jak18, Proposition 4.10]. OJ

Theorem 7.8. There exists an n € N such that every A-translation invariant operator in
L(So(R%), SH(R?)) is the norm-limit of operator-periodizations of rank-n operators generated by

functions coming from Ex(R?).

Proof. Suppose T is a A-translation invariant operator in £(So(R%), S{(R?)) with Fourier coeffi-
cients k € £*(A°). We know from the continuous norm-dense embeddings (7.62) that there exists
a sequence {Kp,}meny S B) such that |k — ky,[|c — 0. For each m € N, define the A-translation
invariant operator Ty, € L£(So(R?), Sy(RY)) via T, := ﬁ Y sene bm(A2)e ™A A2 r(A°). It then

follows from Lemma 7.15 that |T"— T | £(s, (re), 87 (R1)) < Hk;;(XSHoo — 0. But then we know from

Theorem 7.7 that there exists a fixed n € N such that each T,, is in fact a finite sum of Gabor
frame operator T}, = Z?:l(;s’gi’hhA)'SO(Rd) for g1, ..., gn, R, ..., hn € EA(R?). By Equation (7.60),
Tin = Dpen r (i1 (h®9)%)) = Dpen o (X421 (G ® R)), which is what we wanted to prove. [
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We have seen that the C*-algebraic aspects of the theory coming from the Heisenberg modules
has allowed us to fully characterise A-translation invariant operators in £(So(R%), Sh(R?)) where
we have gone outside the usual confines of the Banach Gelfand triple setting (¢!, 2, £*)(A°) by
considering the intermediate sequence spaces By and B). We now consider the von Neumann
algebraic aspect of the theory by going out of the the £(Sg(R%), Sy(R?)) setting. We denote the

space of A-invariant operators in £ (L*(R%)) via:
La (L2(Rd)) = {T €L (LQ(Rd)> . T = ax(T), VA € A} .
The following lemma is immediate.

Lemma 7.16. T € Ly (L2(Rd)) if and only if it is an extension of a A-translation invariant
operator in S € L(So(RY), Sy (RY)) such that Im(S) < L2(RY). In this case, T can be represented

as in (7.56), with operator Fourier-coefficients k € £2(A°).

Proof. The characterisation for £ (L2(}Rd)) as stated above is immediate. We only show that
T € La (L*(R?)) will necessarily have operator Fourier-coefficients satisfying k € ¢2(A°). We
have from (7.56) that for all f,ge L?(R9)

(Tf.Tgy =705 D, FOkE@Eo)e ™A= (n(X%) £,m(X7)g),
)\O ,VOEAN®
By letting f = g, and taking the supremum over all |f|2 = 1 in the equation above, we obtain

0 > HT||%(L2 > d a2 Y yeene [E(A°)[2, which shows k € £2(A°). O

Remark 7.15. Note that all of our results on A-translation invariant operators in this section
have an analogue for when we replace A with its adjoint A°. Relevant to this is the fact that we
can construct the Heisenberg module again by switching the roles of the lattice A and its lattice

A°, giving us Epo(RY). Tt is in fact also true that £y (RY) = £4 (RY) [AE20, Proposition 3.17].

Next, if S = £ (L*(R?)), we denote the commutant of S in £ (L*(R%)) via §" := {T €
L (L*(RY) : T's = sT, Vs € S}. The double commutant of S'is S” = (S')'. We use S, SSOT GWOT
to denote the closure of S with respect to the norm, strong-operator, and weak-operator topolo-
gies respectively. Finally, von Neumann’s double commutant theorem [Dav96, Theorem 1.7.1]

will feature prominently in the subsequent proofs.
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Lemma 7.17. We have:
Tho ((H(A°))" = Tho(By)”. (7.63)

Proof. Note that 74, (€' (A°)) is a unital #-subalgebra of £ (L*(R?)), therefore it follows from the
double commutant theorem and the fact that the norm-topology contains the strong operator

topology, which further contains the weak operator topology, that:

Tho ((H(A°)) € Tho (1(A°)) € Tho (L1 (A°))WOT = 7% (£1(A°))SOT = 74, (¢1(A°))". (7.64)

However, Tx. is a *-homomorphism, and thus has a closed range, from which it follows that

FL(AT) = 740 (((A0) = 74 (B). (7.65)
Therefore Equations (7.64) and (7.65) imply that T4 (Ba) S 7ho (€1(A°))”, from which it fol-
lows that T%.(Ba)” S 7he(€1(A°))”. The reverse inclusion follows easily from the fact that
T ((H(A°)) € 75 (Ba), whence 75, ((1(A°))" < T4.(Ba)”. We have proved 74, ((1(A°))” =
uNG O

Lemma 7.18. We have:
/
La <L2(Rd)> — L (LQ(Rd)> (7.66)

Proof. Suppose T € Lo (LZ(Rd))/, because m(A) € Lo (L?(R?)) for all A € A, then T commutes
with all (A) € A, so T € L, (L*(R?)) . We obtain £- (LQ(Rd))/ < L, (L*(RY)) . For the reverse
inclusion, we use 7.16 adapted for A°-translation invariant operators, so that T° € Lo (L2 (]Rd))

can always be written

1 .
T = ——— Y kye ™A\ 7.67
d(AO)A;A () (7.67)

for some {kx}xea € €©°(A). On the other hand, if T € L (L*(R?)), we find due to (7.67) that
TT° = T°T, whence L4 (L*(R%) < La- (L*(RY))'. We now have £, (L*(R%)) = La- (L*(RY))’
0

We now obtain a von Neumann algebraic version of the Theorem 7.8.
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Theorem 7.9. We have:
La <L2(Rd)) — 7%.(B)". (7.68)

As a corollary, there exists an n € N such that every operator in L (LQ(Rd)) s a weak-operator,

or strong-operator limit of periodizations of rank-n operators generated by functions coming from

EA(RY).
Proof. Suppose T € 7. (¢1(A°))’, because 7(A\°) € 7o (¢1(A°)) for all \° € A°, then T' commutes
m(A°) for all A € A°. Therefore

—x 1/A0VY/ 2 /md

T (LA%)€ Lo (L R )).
Taking the commutant of the inclusion gives us

/
La (LQ(Rd)) — Lo (L2(Rd)) < 7L (LAY

On the other hand, we note that w(\) € Tho(€1(A°)) for all A € A, hence if T' € T4 (¢} (A°))”,
then T'w(\) = m(A)T for all A € A. We have obtained

T (LA%)€ La (LQ(Rd)) .
All-in-all, we have shown that
Lo (BPRY) = £as (2R =73.(1(A%))"

Equation (7.68) now follows from Equations (7.63) and (7.66).

As a corollary of Equation (7.68) and the double commutant theorem:

LA(LA(G)) = 74 (B)" = 7% (B)SOT = 7%, (B)WOT,

As a consequence of unitality of B and fullness of £ (R?), there exists a fixed n € N such that the
operators in Ty, (B) (similar to the proof in Lemma 7.13) are exactly of the form )" | Sy, 4, A

where g1, ..., gn, h1, ..., b € EA(R?). The result now follows from Equation (7.60). O
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7.2.3 Operator-Modulation
Let us again look at the shift-covariant formula for the Weyl-symbol:
Tyo(T) = a(a,,T),  Vxe R,

Motivated by shift-covariance, we expect that the correct notion of operator-modulation map £,

must satisfy:
Mio(T) = o(ByT),  VxeR* (7.69)

where M7 is the symplectic modulation operator that appears in Equations (4.16). Explicitly,

we have for y = (z,w) € R?? and (t,v) e R?®:

(M;F)(t, v)=F(t,v)ces((z,w), (t,v))

_ F(t, V)e27ri(t-w—ac-u) )

Below, we give a definition of operator-modulation formally defined in [LM24] that would give

us the required relation from (7.69).

Definition 7.4. Let T € L(So(R%),S,(R?)), we define the operator-modulation of T at
x € R?? to be:

By (T) := e~ milx1x2)/2 1 (K) T <X)

NORE)

We see that the equivalence of the two equations in (7.70) follow quite easily from the fact

(7.70)

that 7* (—%) = ¢(—%,—%) 7 (%) and writing explicitly the value of the appearing Heisenberg
2-cocycle in the terms of the Euclidean coordinates x = (x1, x2). A proof that §, satisfies (7.69)
can be found in [LM24, Proposition 3.11] where they used the Fourier-Wigner transform and
its relation to the Weyl-symbol (c.f. Item 4 Proposition 7.19). This essentially boils down to

showing that

Fw (ByT) = T (Fw (T)) (7.71)
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which is already something that one should expect given that the operator Fourier-transform
acting on a modulated operator should give us a translated Fourier-transform of the said operator.

In any case, an application of the symplectic Fourier-transform yields:

fS(fW(ﬁxT)) = fS(TX}-W(T))
= 0(B\T) = MFs(Fw(T))

= o (B\T) = M{Fs(Fs(o(T))) = Mo (T)

as required.

We treat the Fourier-Wigner transform as an ambient tool with which we can re-contextualize
our discussion on operator-modulation within the broader framework QHA theory. Note that
there should be an alternate proof of Equation (7.69) that does not use the Fourier-Wigner
transform, whose idea is similar in spirit to the original shift-covariance formula from Theorem
4.6.

We now introduce the concept of A-modulation invariant operators using operator-modulation,

analogous to A-translation invariant operators.

Definition 7.5. An operator T € £(So(R%), S)(R%)) is called A-modulation-invariant if
T = B\(T) (7.72)

for every A\ € A.

Remark 7.16. Equivalently, it follows from (7.70) that 7" is A-modulation invariant if and only
if ' (—%) =T (%) T.

There are parallels between operator-translation and operator-modulation results that we
can, again, re-contextualize as a greater part of QHA theory. In particular, let us revisit the
result that says: the operator-periodization with respect to A of any operator is a A-translation

invariant operator (c.f. Computation (4.47)). The following is an analogue involving operator-

modulation.

Proposition 7.20. Let T € L£(Sy(R%), Sy (R%)), then

BT (7.73)

AEA
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18 a A-modulation invariant operator.

Proof. Let ue A. We compute:

Bu(T) = D emmilimmathid)/2y (g) - <;> . (;) _ (g)

AeA

— Z 6_7”;('“1“2+/\1>‘2+M1)‘2+/\1“2)/27T (,LL ;_ )\) Sﬂ' ()\ '; M)
AeA

= Z e~ T A1) (n2+22)/2 ('u + )\> St ()\ + M)
AeA 2 2

=T.

O

Given T, we call the Y}, 4 ax(T') the operator-periodization of T" since a is interpreted as
the operator-translation. In a similar way, we have the following peridization-type concept for

operator-modulation.

Definition 7.6. For T € L£(So(R?), S{(R?)), the Fourier-Wigner periodization of 7' with

respect to A is given by >y Br(T).

The definition above is motivated by the fact that the Weyl quantization scheme sends >, ., B (T)
to Y aen Mo (T) via (7.69), however Equation (7.71) shows that

Fe (Z Mfa(T)) = Y \Feo(T) = Y. ThFw(T),  VzeR™.
AeA AeA AeA
Therefore, Y, ., Mo (T) is exactly the symplectic Fourier transform® of the operator-periodization
of the Fourier-Wigner transform of 7", which corresponds to the operator > ;. Ba(T).
There is an important difference between A-translation invariant operators and A-modulation
invariant operators. It is not hard to see that if S,T are both A-translation invariant, that their

composition ST is also A-translation invariant:
T(A)ST = S7(N)T = STr(N), VA e A.

This, however, breaks for A-modulation invariant operators.

6...which is a self-inverse map, so we can consider it as another "correspondence”.
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Theorem 7.10. Let S, T be two A-modulation invariant operators such that ST is well-defined

(e.g. Im(T) < So(R%)). Then the composition ST is a A/2-translation invariant operator.

Proof. Let S,T € L(So(R%),S;(R%)) be A-modulation invariant operators such that ST is well-
defined. Then for X € A;

() (3) - (3)s (5) () (3)

where we simply used the unitarity of m(y) and the definition of A-modulation invariant opera-

tors. Hence ST is A/2-translation invariant. O

We now turn our attention to a particular operator, the parity operator P which we in-
troduced in the previous subsection. Again, it is defined as the map that sends f : R? — C

to

The parity operator has the property
Pr(x) = m(=x)P, (7.74)
since for x = (z,w) € R%4:

Pr(x)f(t) = P! f(t — )
_ 6—27riw-tf(_t _ l‘)

— m(—)PF(2).

We then find that

ay(P) = m(x)Pr(x)*
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= e 2T (y) Prr(—X)
= e () m(x) P

= e imiEWr(2y) P, (7.75)

The following Lemma will also help with some of our characterisation results in the sequel:

Lemma 7.19. The parity operator is a self-inverse unitary map in L (LQ(Rd)), and restricts to

an isometric isomorphism Pg (gay : So(RY) — So(RY).

Proof. That P € £ (L*(R?)) is self-inverse is obvious, while unitarity follows from:

00 dx = j fe0dy,  Vfe L'(RY).
R2d de

That P restricts to an actual isometric isomorphism on So(R?) can be found in [Jak18, Equation

(4.11)]. O

Before we proceed, we note that the symplectic Fourier transform on R?? can be written in

terms of the symplectic form Q(x, x'); = x] - X2 — x1 - X5, so that

) = | 16)e 000y (7.76)

Now we claim the following.

Proposition 7.21. We have the following equation:
f 627riQ(X7XI)_i7rXI1X,27r(X/) dX/ _ 2dOéX(P).
R2d
Proof. To show this we consider the integral weakly:

(1 [ cmmorimbiny ay'g) = [ et mm000mminis g ay
R2d 2 R2d

= Fs(A(f,9)(x)
= W(f,9)(x)-

Substituting the identity (c.f. [Gro01, Lemma 4.3.1])

W(f,9)(x) = 27" ™" Vp, f(2x),
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into the original equation then gives

<f, j 2RIV )T X () dx',g> — 91§ 1(22) Py
de )

and the result follows from (7.75).

O

From here we find a spreading-type quantization of a Weyl symbol directly, without needing

to take the symplectic Fourier transform:

Proposition 7.22. Given o € Sé(]RQd), the Weyl quantization L, can be expressed as

L= 2| o(da(P) dx.
R2d
or equivalently
L, - J o (X)e ™ ()P dy.
R2d

Proof. We know from Equation (7.53) that

Lo = J e TN F () (x)m(x) dx
R2d
_ J e—i7rx1-xzj e_zﬂiQ(X’X/)J(X/) dX/ W(X) dX
R2d R2d

B J J(X/)J TN () dx d -
R2d R2d

Inserting the result of Proposition 7.21 then gives

L, = 2df o(xX' )y (P)dx'.
R2d

The second form follows from the identity (7.75).

O

The above representation of an operator is also discussed in [Teol8]. In this manuscript we

consider operator-modulations, and A-modulation invariant operators. The above quantization

intuition serves as a motivation of this approach; while in the case of A-translation invariant

operators we have spreading quantizations in the form (c.f. [FK98|) of T = J n(T)(x)m(x) dx
R2d

of functions supported on the lattice A, in this work we find that A-modulation invariant operators

are precisely those operators which are quantizations of the form (7.22) of functions supported
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on the lattice A.
Proposition 7.23. The parity operator P is a R**-modulation invariant operator.

Proof. Tt follows from Equation 7.74 that for all y € R%:

O

Since A € R?4 it follows that P is also A-modulation invariant for any lattice A. Tt follows
then that the parity operator is in fact the only R2?-modulation invariant operator (up to a

constant):

Proposition 7.24. If S € L£(So(RY), S{(RY)) is a R*¥-modulation invariant operator, then S =

c- P for some constant c € C.

Proof. Let S € S € L(So(R%),S)(R?%)) be a R**-modulation invariant operator. Then (7.71)
implies that Fy (S5)(z) = Fw (S5)(0), and so Fy(S)(z) = ¢ for some ¢ € C. By the uniqueness of

Fourier-Wigner transform, this implies S = ¢ - P, since Fy (P) = 1. O

Since A < R?? it follows that P is also A-modulation invariant for any lattice A. In turn, we
have that for any A-modulation invariant operator, SP is a A/2-translation invariant operator
by Theorem 7.10. This gives us a way to identify each A-modulation invariant operator with a

A/2-translation invariant operator by composing with the parity operator, and vice versa:

7.2.4 Decompositions of A-Modulation Invariant Operators

The periodicity of the Fourier-Wigner transform of A-modulation invariant operators means they

can be described in terms of a trigonometric decomposition.

Proposition 7.25. Given an operator T € L(So(R%), Sy(RY)) which is A-modulation invariant,

the Fourier-Wigner transform Fy (T) can be decomposed as

Fw(T)(x) = Y. o(T)(X)e2m "),
A°eA°
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Furthermore, the mapping T — {o(T)(\°)}ac is a Gelfand triple isomorphism;
Fw (T) € (So, L?,8H) (R*/A) <= {o(T)(X\°)}ae € (€4, £2,67)(A°).

Proof. By the definition of A-modulation-invariant along with (7.71), the Fourier-Wigner trans-
form of some A-modulation invariant T' € £(So(R%), Sj(R?)) is a A-periodic function. By the
definition of the Fourier-algebra A(R??/A) (c.f. (4.29)) and Proposition 4.9 Item 5, the trigono-
metric decomposition follows. Again, we have: So(R??/A) = A(R??/A), since R??/A is compact
and hence the Fourier series is absolutely convergent, and conversely an absolutely convergent
Fourier series implies Fyy (T) € A(R24/A). The So(R%/A) and Sj(R?/A) results then follow. The
L?(R%4/A) case is Parseval’s identity. O

Using Proposition 7.19 Item 5, we can formulate (7.25) as a statement on the support of the

Weyl symbol.

Corollary 7.9. Given an operator T € L(So(R?), S)(R%)) which is A-modulation-invariant, the

Weyl symbol o(T) is given by

(1)) = Y o(T)X)dn (),

A°eAe°
where the sum converges in the weak-+ topology of L(So(R?), S6(Rd)). That s, the Weyl symbol
1s supported on the adjoint lattice.

Proposition 7.26. Given an operator T € L(So(R?), Sy(RY)) which is A-modulation invariant,
such that Fy (T) € A(R*!/A), then T can be expressed as

=3 e_”)‘l)‘Q/ZW(%>S7r(%> = 3 B:(S) (7.77)

AEA AEA

for some S € L,_(So(RY), Sj(RY)).

Proof. Since T is A-modulation-invariant and Fy(T) € A(R??/A), the surjectivity of the peri-
odization operator onto A (R??/A) means there must exist some g € So(R?) such that >\, Thg =
Fw (T). Defining Fyy(S) = g then gives an appropriate operator, where S € L, (S (R9), Sp(R%))

due to Proposition 7.25. O

Remark 7.17. Notice that the decomposition result above is the exact analogue of Corollary 4.5

for A-modulation invariant operators.
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Recalling the definition of the convolution of two operators:
T * 8(z) := tr(Ta.(5)),

it is an interesting question in which cases one can reconstruct an operator 1" from samples of
T % S on, for example, a lattice. This problem appears in several settings: In the case of two
rank-one operators T = f® f, S = g® g for f,g € L?(R?), the operator convolution gives the

spectrogram;
(T *8)(2) = Vo f ()P,

while for a rank one S = g ® g but arbitrary T, the discretisation of T'x S corresponds to the

diagonal of the Gabor matrix
T+ S(A) = (Tm(N)g,m(A)g)2-

In the former case it is known (cf. [GL22]) that there exists no g such that T' — S x Ty is
injective for the space of Hilbert-Schmidt operators. On the other hand in the latter case, an
operator T" with a symbol in some Paley-Wiener space can be reconstructed from a discretisation
of S+ T, for an appropriately chosen g and A [GP14].

This line of inquiry motivates A-modulation invariant operators, since such operators can
be reconstructed from samples of convolution with an appropriate S. In what follows we let K

denote a compact neighborhood of the origin not containing any A° € A° apart from the origin.

Theorem 7.11. Let S € L(So(R%), SH(R?)) such that o(S5)(0) # 0, and supp(c(S)) € K. Then

given any A-modulation invariant operator T € L(So(R%), Sy (R));

1 ; 0Y)O
T— _ — (T - S)()\O) . e—4z7r/\1/\2ﬂ_(2)\0)P
a(5)(0) X;Ao
Proof. We will use the fact that the convolution of two operators is equal to the convolution of

their Weyl symbols (c.f. Proposition 7.19). By Corollary 7.9, the Weyl symbol of T" is supported

on the lattice A°, and can be expressed as

o(T)() = Y, a(T)A)dx(x)-

ACeA°
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Given our conditions on S and K, it then follows that

(T'* S)(A) = (a(T) x a(5)) (")
= a(T)(X%) - a(5)(0),

and so we can rewrite

1 o
o(T)(x) = +(9)0) DT S)(A)dxe (X)-

A°eA°

By the second statement of Proposition 7.22, the Weyl quantisation of J, is the operator

e~ 41 X2 (2x) P, and so

_ # * o e—4i7r/\cl>-)\g7r o
T = S50 /\é\o(T S)(X°) (2X\°) P.

O

For the canonical example of A-translation invariant operators, the frame operator Sy,
the Janssen’s representation can be interpreted as Poisson’s summation formula applied to the
periodization of the Weyl symbol of g ® g. Since it can be deduced from Equation (7.77) that
the Weyl-symbol of every A-modulation invariant operator T with Fy (T') € A(R??/A) can be
written as the periodization of the Weyl-symbol of some S € £, (Sp(RY), So(R?)), we can follow
the same approach for A-modulation invariant operators. However, we find a subtle difference
in the lattices of reconstruction due to Equation (7.75). We begin by considering the spreading

quantisation of e2™€20xx)

Lemma 7.20. For any x € R??, the Fourier-Wigner transform of e "X X21(x) P is the function

f(X/) _ 2—deﬂiﬂ(x,x’) ]

Proof. From the second form of Weyl transform in Proposition 7.22, the Weyl symbol of e~ ™Xt' X2 () P
is the Dirac delta distribution d2,. Using the correspondence of Weyl symbol and Fourier-Wigner
via the symplectic Fourier transform, the Fourier-Wigner transform of e ™X1"X27(x)P is thus

given by

Fw (e (x)P)(x') = Fe(b2y) (X')

= 9=dmi0X)
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O

Note that for some A € A, the Fourier-Wigner transform of e=™1"22(\) P is A/2-periodic as
opposed to merely A-periodic, as a result of (7.75), and we see the result of this in the Janssen

type representation of A-modulation invariant operators:

Theorem 7.12. Let S € Ly (SH(R?),So(R?)). Then

d %l o
D A(S) = 11 B o)) - Nin(2x0)

AeA A°eA°
or equivalently
2d
2, Ba(S) = 17 2, a(S)(X) - axe(P).
AeA A°eAe°

Proof. We consider the Fourier-Wigner transform of the left hand side sum;

Fir( L (9) 00 = Y Fw (Ba($) (0

AEA AEA

= Ta(Fw(9)) (x).

YN

By Proposition 4.9 Item 4, the sum converges absolutely for every y € R??, for S e L. (So (RY), Sp(R%)).

The symplectic Poisson summation formula (4.30) then gives

1 o g °
>, Di(Fw(S)) () = o D Fu(Fw(8)) (A7)0
AeA AP A©
1 e
= — Z O.(S)()\O)eQWZQ()\ ,X)'
‘A‘ A°eA°
The result the follows from (7.20), and the equivalent form from (7.75). 0

For the next result, we need to introduce modulation spaces. By taking a Schwartz function
window g € .7 (R?) < Sp(R?), the STFT can be extended to the space of tempered distributions
S (RY) (with .#(R?) being the Schwartz space). By taking a L2(R?) normalised Gaussian

wo € Sg (Rd), the Banach space called modulation spaces can then be defined as

MPARY) = {f € S"RY) : | flara = [Vipo f

p,q(R24) < OO}
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where || - |4 is the norm of the space Lh;?(R??), the mixed-norm Lebesgue space (cf. Chapter
11 [Gré01]). All functions in .#H(R?) can be used as windows to define the same spaces with
equivalent norms, and the dual of MP?(R%) is M? ¢ (R?) for 1 < p,q < oo. Furthermore, for
1<p <py<ooandl < q < g2 <0, we have the continuous inclusions [Gro01]: MP1a (RY) <
MP22(R%). Finally, we have the equality So(R?) = M!(R?), making the Feichtinger’s algebra
the minimal modulation space. Note that we shall write M?(RY) when p = q.

Given that So(R?) — MP4(R9) for all 1 < p,q < o0 means that all modulation spaces are
embedded inside S{(R?). In fact we have M*(R%) ~ S{(RY). This means we can define an

operator version of these modulation spaces:
MP9 = (T e L(So(R?), SH(RY)) : k(T) € MP4(R?)}, (7.78)

where x(T') is the (outer) kernel that appears in Theorem 4.14 Item 1. We shall also write
MP = MP9 when p = q. It follows that

(E*—HHaHSa E)(Rdv Rd) = (Mla M27 MOO)

Theorem 7.13. Let T € M® be a A-modulation-invariant operator, such that Fy (T) € A(R?*1/A).
Then T is bounded on all modulation spaces MPI(R®), with

T 2(nray < Cal|Fw (T)| A(rasay

d
where Cp = |2AT

Proof. Since Fy(T) € A(R??/A), by (7.25) and (7.20) we can write T' as

T=Cxn Y, o(T)(N°)-e ™A Xr(2X°) P,
A°eA°

where {cyo}ac € £}(A°). Since the modulation spaces MP4(R%) are invariant under time-

frequency shifts, then for any f e MP4(R?);

o —471'2)\ A5 o
||Tf||Mpq—CAH 3 o(T)(A) - 3 (2 PfHMp’q
A°eA°
<Cy D) o(T)A)[7(2X) P f|arva
A°eA°
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=Ca D o)) larwa

A°eA°

= Ol Fw (1) ara/ny | fllazra-

7.2.5 A Calculus for A-Modulation Invariant Operators

We now consider the composition of A-modulation-invariant operators. We reiterate that these
will no longer be A-modulation invariant, but rather A/2-translation invariant. We also restrict
our attention to operators in £(L?(R%)), so that their composition is well defined. We now find

the following calculus.

Theorem 7.14. Let S, T € L(So(RY), So(R?)) be two A-modulation invariant operators such that
ST is well-defined. Suppose 2Q(A°, A°) < Z, that is 2Q2(\°, u°) = n € Z for every \°, u° € A°.
Then S and T satisfy the spreading function calculus

Fw (ST)(22) = 2%0g * 67(2),

where * is the usual convolution in L'(R??).

Proof. Let S,T € L(So(R%),Sy(R%)) be A-modulation invariant operators where ST is well-
defined and 2Q(A°, A°) < Z. Then by (7.9) we can consider the discrete representations

o(S) = Z Crodyo

AceA°
o(T) = > duodye.
'LLOEAO

We then use the second representation given by Proposition 7.22; giving

S =24 Z croe AN (2)°) P
A°eA°

T =24 Z duoe_“i“?“gw@,uo)f’.
peele
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We then calculate the composition to find

ST =22 N cyodyoe TN 1(2X°) Prr(2u°) P
ADaHOEAO

— 92d Z Cxodyo e—47ri(/\<1))\§+ucl’,ug)ﬂ_(2)\o)ﬂ_(_zuo)
X, 1iPeA°

_ 92d 2 o dyo e HMIATATHHIND) BTINE (9N — 9140,

A°,uee°

Note that
AN + 55) + STiNG 5 = —Ami(A] — 1) (N5 — i5) — AmiQN°, 1),

so by our assumption 2Q(A°, A°) c Z, the exponential e~ 4mA%EY) of the last twisting term will

be 1. Hence, using the change of variables v° := A\° — u° we find

ST =2 N cyodyoe MDD (200 — 21°)
)\07#0er

= 22d Z C)o d/\o_,yo 6_47ri’yf,yg7T(2")’o)
AO 7,Y()ej\o
It follows from Proposition 7.19 Item 4, Equation (7.48), and the fact that the spreading function
of a time-frequency shift is the dirac-delta that: Fy (m(27°))(x) = €™X1X2§5.0 (). We now obtain

the following formula by taking the Fourier-Wigner transform of ST above:

Fw(ST)(27°) =22 3" cxedro_ye
)\0770

= 25(8)  F(T)(1"),
as required. O

Remark 7.18. The above calculus holds in general for S, T € £(So(R%), S§H(R?)) where Im(T) =
So(R%) so that ST is well-defined.

We collect some simple corollaries of the perfect spreading function calculus. We collect
some simple corollaries of the spreading function calculus. Firstly, since a bounded operator
is uniquely determined by its spreading function, we have the following composition property

of A-modulation invariant operators. Note that the Corollary below follows directly from the
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formula o(T') = &(T) (see for example [LS18])
Corollary 7.10. If S,T and A are as in (7.14), then ST =TS.

Secondly, using Proposition 7.19 Item 4 along with the fact the symplectic Fourier transform
has its own convolution formula, and Fy (T) = Fy (T) (e.g. see [LS18] or [FK98]). We can

reformulate (7.14) as a relation of Weyl symbols:

Corollary 7.11. For S,T and A as in (7.14);

o(sT) (3) = (Fw(9)Fw D) (0,

These characterisations of A-modulation invariant operators gives a way to identify each A-
modulation invariant operator with a A/2-translation invariant operator by composing with the

parity operator, and vice versa:

Theorem 7.15. The map © : S — SP is a self-inverse isometric isomorphism on L(So(R?), SH(R?)).
It identifies A-modulation invariant operators with A/2-invariant operators. Moreover, in terms

of symbols
Fw(©(9)(2x) = 2%s(x),  VxeR*

Proof. We will only show that © is an isometry on and £(So(R?), Sj(R?)), as this will be enough
to show that © is a self-inverse isometric isomorphism on these spaces following Lemma 7.19.
Let S € £(So(R%),S)(R%)), then it follows from the fact that Pig,(ra) So(R?) — So(R?) is an

isometric isomorphism via Lemma 7.19 that we have the following:

ISPl c(sosy) = sup { (@ SPF)s, sy 11180 = sy = 1}
= sup {[(S £, 90, : | Pllsy = lglso = 1}

=[Sl z(so.s7)-

It follows that © is an isometric isomorphism on £(So(R%), Sy (RY)).
Let S be a A-modulation invariant operator. We recall that the parity operator P is a R2%-
modulation invariant operator, and consequently a A-modulation invariant operator for any A.

Hence by Theorem 7.10, SP is a A/2-translation invariant operator. Conversely, given some
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A/2-translation invariant operator 7', the operator T'P is a A-modulation invariant operator,

since

and so the result follows from Remark 7.16. Moreover since the Weyl symbol of P is the
Dirac delta distribution, by the same argument as the proof of Theorem 7.14 and Remark 7.18,
240 (9)(x) = Fw (SP)(2x) for all x € R%, O

Remark 7.19. This A to A/2 correspondence between the translation invariant operator and
modulation invariant operators is one of the reasons why we remain in the Euclidean case R?,
where rescaling is possible. To be more precise, Y — x/2 is an automorphism in R??. In fact,
this aligns well with our choice of working with Weyl quantization, as noted in [FKO04|, since
one encounters difficulties reproducing the properties of Weyl quantization in a general time-

frequency plane (a.k.a. phase space) when it cannot be equipped with the said automorphism.

7.2.6 A-Modulation Invariant Operators via Finite-Rank Operators Gener-

ated by the Heisenberg Module

We revisit the characterisation results of Section 7.2.2 now equipped with the correspondence
result of Theorem 7.15. Just like how we consider the Gabor frame operator S, as the
canonical A-translation invariant operator equivalent to the operator-periodization )y, @ (g ®
h)*, we analogously find that A/2-periodization of (§®h)* = h®7 pre-composed with the parity

operator gives us:

a2 (@O))P = BA(h® Pg) = Sy paP. (7.79)
AEA AEA

Since P is unitary in £ (L?(R?)), Equation (7.79) motivates us to consider operators of the form

M= Blg®h) (7.80)
AeA

as the canonical form of A-modulation invariant operators. Indeed we shall show, just like in

the case of Section 7.2.2, that A-modulation invariant operators can be characterised in terms of
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Fourier-Wigner periodizations of finite-rank operators with generators coming from the Heisen-

berg module.

Lemma 7.21. Fiz any lattice A € R??. If 41, 1py € L*>(RY), then

SPll}thzJ\ = PS¢1711127AP = S¢17'¢’27A'

As a corollary, the parity operator restricts to an isometric isomorphism P‘SA(]R(Z) : EA(Rd) —

EA(RY) on the Heisenberg module.

Proof. We compute for any g € L?(R?) :

Spp,Peang = D, (g, T(N)Pip1 )y m(N) Py
AeA

=P <Z (Pg,m(—=\)11), w(—A)¢2>

AEA

= PSyi s APg = Sy n9-
Since P is a unitary map in £ (LQ(]Rd)), it follows in particular that for any v € L?(R%):
|Spyal® = sup (PSyaPg. PSynPg),

lgll2=1

= s (SyaPg, SyaPg), (7.81)
gl2=

- I Suup (Sy.09s Syp.a9)y = Syl
gll2=1

It then follows from (7.81) and (5.49) that if f € Ex(R?), then:

IPI2, o) = ISpral = 1S54l = LF12, a)- (7.82)

The above only shows that P is an isometry on €4 (RY), we still have to show that Pf € £4 (RY).
To do this, we need to find a sequence {g,}tnen S So(R?) such that |Pf — Inleyray — 0. Let
{fr}nen € So(R?) such that | f — fnley(ray = 0. Due to Lemma 7.19, we can choose gy, := Pf, €
So(R?) for each n e N. Now it follows from the isometry property (7.82) that |Pf — Inle,may =

|Pf— anHSA(Rd) =|f- fnlley@ay — 0 as required. O

Theorem 7.16. There exists an ng € N such that every A-modulation invariant operator in
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L(So(R%), SH(RY)) is the norm-limit of Fourier-Wigner operator-periodization of rank-ng opera-

tors generated by functions coming from SA/Q(Rd).

Proof. Fix ng € N as in Theorem 7.8 applied to A/2-translation invariant operators. Let T' €
L(So(R%),SH(R?)) be a A-modulation invariant operator. It follows from Theorem 7.15 that
there exists a A/2-translation invariant operator S € £(So(R?),S)(R?)) such that T = SP. It
follows from Theorem 7.8 that there exists a sequence of operators {Sp, }men S L(So(R?), Sj(RY))
where S — Smllz(so(ra),s,®e)) — 0. Furthermore for each m, Sy, = 2521 (S hsa/2) Where

Y1y ey Uny By oy B € SA/Q(]Rd). But then it follows from Equation (7.79) that
no L o
SmP = > Ba(hi ® Py) = Y Ba(hi @ i),
i=1 i=1

where g; := Pi; € Eo(R?) by Lemma 7.21. Therefore each S, P is the Fourier-Wigner operator-
periodization of a rank-ng operator generated by functions coming from EA/Q(Rd). Lastly, we
have from Theorem 7.15 that HT — SmPHE(SU(]Rd),S()(Rd)) = HSP — SmPHL(So(Rd),S()(]Rd)) = HS —
Sl £(so(re) 5y(R) = O- O

Following the results for A-translation invariant operators, we shall also consider A-modulation

invariant operators in £ (L2 (]Rd)), which we shall denote by
Mo (LZ(Rd)> = {T e L2(RY) : T = BA(T), YA€ A} .

Here we have a crucial observation regarding the map © of Theorem 7.15, it is well-defined as a

map in L?(RY), in fact we have the following result.

Lemma 7.22. O is a self-inverse isometric isomorphism in £ (L*(R%)). As a map in £ (L*(R?))

it 18 also strong-operator and weak-operator continuous. Finally, it identifies My (Lz(Rd)) with

Ly (LA(RY)).

Proof. We shall only show that © is an isometry as a map in £ (L?(R?)). Let S € £ (L*(R%)),

because P € £ (L*(R%)) is unitary, we obtain

HSPH2 = sup (SPg,SPg), = sup {(Sg¢,5¢), = HSHQ
lglle=1 | Pgl2=1

In light of Lemma (7.19), this is enough to show that © is an isometric isomorphism on £ (L*(R%)) .
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Next, let {T}}ier be a net in £ (L*(R?)) that converges to T € £ (L*(RY)) in the weak-
operator topology, that is: (T} f, g)y — (Tf, ), for all f,g € L?(R%). It follows from unitarity of
P e £ (L*(RY)) that (T;Pf, g)y — (TPf,g), for all f,g e L*(R?), equivalently O(T;) — O(T) in
the weak-operator topology. The proof for continuity of © : L?(R%) — L?(R?) in strong-operator
topology is similar.

The proof showing the identification of My (L*(R?)) with L (L*(R?)) via © is the same
as in Theorem 7.15. O

Theorem 7.17. There exists an ng € N such that every operator in My (Lz(Rd)) 15 a weak-
operator, or strong-operator limit of Fourier-Wigner operator-periodizations of rank-ng operators

generated by functions coming from EA/Q(Rd).

Proof. Fix ng € N as in Theorem 7.68 applied to A/2-translation invariant operators. Let T €
My (L*(R?)), then by 7.22, there exists a A/2-translation invariance operator S € £ (L*(R%))
such that ' = SP = O(S). We know from Theorem 7.68 that there exists a sequence {Sy, }men €
L (LZ(Rd)) such that S, — S in weak-operator or strong-operator topology. We can proceed
similarly to the proof of Corollary 7.16 to show that each S,,P = ©(S,,) is a Fourier-Wigner
operator-periodization of a rank-ng operator generated by functions coming from &£y /Q(Rd). We
are now done since O is continuous with respect to the weak-operator and strong-operator topolo-

gies, and we obtain ©(S,,) — ©(S) = T in either of these topologies. O

Fix a lattice A and consider the Heisenberg module £ (R?), it actually follows from the proof
of Lemma 7.13 that the integer n can be fixed to be the minimum number of elements required
to generate E5(RY) as a finitely generated projective left A-module. We couple this with the
fact that the generators of £4(RY) as a left A-module are exactly multi-window Gabor frames
for L?(R%) [AE20, Theorem 3.16], and that the existence of n-multi-window Gabor frames on
L*(R%) with atoms from &, (RY) implies that the volume of the lattice A must necessarily satisfy:

d(A) < n (see Remark 5.11); we then have the following Lemma.

Lemma 7.23. For a fixed A, if n € N is the minimum number of elements required to generate

Er(R?) as a left A-module, then d(A) < n.

We can interpret this result to mean that the sparser the lattice A is (i.e. larger d(A)), the
greater number of elements are required to generate £ (RY).
Throughout this study, we have seen that there is a fixed integer n € N that would allow us

to characterise A-translation invariant operators as operator-periodizations of rank-n operators.
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We have just discussed that this very same n can be fixed to be the minimum number required
to generate £x(R?). Following Lemma (7.23), we see that there is a discrepancy between the
lowest possible rank of operators that we can use to characterise A-translation invariant operators
via operator-periodization versus that of A-modulation invariant operators via Fourier-Wigner

operator-periodization.
Proposition 7.27. For a fized lattice A € R?, we have the following:

1. If n is the minimum number that makes the characterisation of A-translation invariant

operators as in Theorem 7.8 and Theorem 7.9 true, then d(A) < n.

2. If ng is the minimum number the makes the characterisation of A-modulation invariant

operators as in Theorem 7.16 and Theorem 7.17 true, then % < ng.
Proof.

1. We know that n is the same as the minimum number of generators required to generate

EA(RY), therefore it follows from Lemma 7.23 that d(A) < n.

2. The proof here is similar to Item 1, however ng is the minimum number of generators
required to generate £y p(R?). Therefore it follows from 7.23 that |A/2| < ng. Since we
always consider lattices here, there must exist some L € GLgg(R) such that A = LZ>?,

therefore d(A/2) = |det(L/2)| = (%)Qd |det L| = (i)dd(A). We then obtain % < ng.

O

We see from the result above that A-modulation invariant operators generally require less genera-
tors from the Heisenberg module to be represented as a Fourier-Wigner periodization, compared
to representations of A-translation invariant operators via operator-periodization. In fact, in
one special case, we have an exact result concerning these generators. Let {eq,...,eaq} be the

standard basis for R? and Q : R?? x R?? — R be the standard symplectic form:
Q(z,w), (t,v) =t-w—x- v, V(z,w), (t,v) e R%,

Note that cs((t,v), (z,w)) = > (@Ew).(tY) - We say that a lattice A = LZ?** L € GL(2d,R)
is non-rational if there exists i,j € {1,...,2d} such that Q(Le;, Le;) is not rational. A curious
result concerning non-rational lattices due to [JL20, Corollary 5.6] states that the Heisenberg

module £ (R?) with non-rational lattice A satisfying n — 1 < d(A) < n for n € N has exactly n
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generators. Therefore, in terms of the integer ceiling function | - | : R — Z, we have the following

result, by an argument similar to Proposition 7.27.
Proposition 7.28. If A is non-rational:

1. Every A-translation invariant operator is characterized as the topological limits of operator-
periodization in the sense of Theorem 7.8 and Theorem 7.9, of exactly rank-[d(A)| operators

generated by Ex(RY).

2. FEvery A-modulation invariant operator is characterized as the topological limits of Fourier-
Wigner operator-periodization in the sense of Theorem 7.16 and Theorem 7.17, of exactly

rank-[d(A/2)] operators generated by Ep j2(R?).

7.2.7 Discussion

The interesting appearance of the A/2 lattice in the correspondence between translation and
modulation invariant operators seems peculiar at first glance, as one may initially suspect a
A to A type correspondence. However, the A/2 arises directly as a result of using the Weyl
quantization, as considered in 7.22. In fact the need for automorphisms of the type x — 2x can
cause problems for Weyl quantization on compact or discrete locally compact abelian groups.
However, since in this work we consider phase space as the underlying group, we are free to scale
lattices as required. Nonetheless, it is instructive to consider how the concept of modulations
looks for other quantization schemes than Weyl. Consider Cohen’s class quantizations, that is

to say those defined in terms of a convolution with the Wigner distribution:

<(a*LU)fvg> = <a * 07W(f79>>'

quantization schemes of this type include 7-Weyl quantization, itself encompassing Kohn-Nirenberg
quantization and operators “with right symbol”, as well as the Born-Jordan quantization (cf.
[BDDO10]). Since these quantization schemes relate to Weyl quantization via a convolution,
operator translations given by «, correspond to translations on the symbols of all of these quan-

tization schemes as a result of the Weyl case;

(m(2)(ax Lo)m(2)"f,9) = (Tx(ax0), W(g, f))
= (a=T.0,W(g, f))-
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However, considering modulations instead of translation, we clearly lose this universality. For

some 7-Weyl quantization where 7 # 1/2,

d
2 27ri2ﬁr%1x-w

T ler ¢
so we have the identity
2d QWiLa:-w
[ L o | S
o(9) |27__1|e % 0(9)

(cf. [BDDO10]). Modulation in the sense of 7-Weyl quantization must then correspond to a
translation of

2d

2
= 2 F(fMTITvy.
praEaG ) Falo(S)).

Fa(a(S5)")

In this sense Weyl quantization, where the planar wave disappears, can be seen as the natural

setting for quantum time—frequency analysis.

280



Bibliography

[APSY]

[AB17]

|AFK14]

[AE20]

[AJL20]

[AL21]

[BO1S|

[Ber03]

[Blags|

[Boc33|

J. Anderson and W. Paschke. The rotation algebra. Houston J. Math., 15(1):1-26,
1989.

L. Arambagi¢ and D. Bakié. Frames and outer frames for Hilbert C*-modules. Linear
Multilinear Algebra, 65(2):381-431, 2017. doi:10.1080/03081087.2016.1186588.
G. Ascensi, H. Feichtinger, and N. Kaiblinger. Dilation of the weyl symbol and balian-
low theorem. Transactions of the American Mathematical Society, 366(7):3865-3880,
2014.

A. Austad and U. Enstad. Heisenberg modules as function spaces. J. Fourier Anal.
Appl., 26(2):Article No. 24, 28 pages, 2020. doi:10.1007/s00041-020-09729-7.

A. Austad, M. S. Jakobsen, and F. Luef. Gabor duality theory for Morita equivalent
C*-algebras. Internat. J. Math., 31(10):2050073, 34 pages, 2020. doi:10.1142/
S0129167X20500731.

A. Austad and F. Luef. Modulation spaces as a smooth structure in noncommutative
geometry. Banach J. Math. Anal., 15(2):Paper No. 35, 30 pages, 2021. doi:10.1007/
s43037-020-00117-3.

E. Bédos and T. Omland. On reduced twisted group C*-algebras that are simple
and/or have a unique trace. Journal of Noncommutative Geometry, 12(3):947-996,
2018.

K. Bernard. Multidimensional Second Order Generalised Stochastic Processes on
Locally Compact Abelian Groups. PhD thesis, Trinity College Dublin, 2003.

B. Blackadar. Shape theory for C*-algebras. Math. Scand., 56(2):249-275, 1985.

doi:10.7146/math.scand.a-12100.

S. Bochner. Integration von funktionen, deren werte die elemente eines vektorraumes

sind. Fundamenta Mathematicae, 20(1):262-176, 1933.

281


https://doi.org/10.1080/03081087.2016.1186588
https://doi.org/10.1007/s00041-020-09729-7
https://doi.org/10.1142/S0129167X20500731
https://doi.org/10.1142/S0129167X20500731
https://doi.org/10.1007/s43037-020-00117-3
https://doi.org/10.1007/s43037-020-00117-3
https://doi.org/10.7146/math.scand.a-12100

[BDDO10| P. Boggiatto, G. De Donno, and A. Oliaro. Time-frequency representations of Wigner

[Brell]

[BS70]

[BLPY16]

[CC00]

[Chr03]

[Coh95]

[DJLL21]|

[Dau92]

[DGMS6|

[Dav96]

IDG11]

[DHM23]

[DUT77]

type and pseudo-differential operators. Transactions of the American Mathematical
Society, 362(9):4955-4981, 2010.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Uni-
versitext. Springer New York, NY, 1st edition, 2011. doi:https://doi.org/10.
1007/978-0-387-70914-7.

R. C. Busby and H. A. Smith. Representations of twisted group algebras. Transac-
tions of the American Mathematical Society, 149(2):503-537, 1970.

P. Busch, P. Lahti, J.-P. Pellonpd&, and K. Ylinen. Quantum measurement, vol-
ume 23. Springer, 2016.

P. G. Casazza and O. Christensen. Approximation of the inverse frame operator and
applications to gabor frames. Journal of approximation theory, 103(2):338-356, 2000.
O. Christensen. An introduction to frames and Riesz bases. Applied and Nu-
merical Harmonic Analysis. Birkh&user Boston, Inc., Boston, MA, 2003. doi:
10.1007/978-0-8176-8224-8.

L. Cohen. Time-frequency analysis, volume 778. Prentice Hall PTR New Jersey,
1995.

L. Dabrowski, M. S. Jakobsen, G. Landi, and F. Luef. Solitons of general topological
charge over noncommutative tori. Rev. Math. Phys., 33(4):Paper No. 2150009, 30,
2021. doi:10.1142/50129055X21500094.

1. Daubechies. Ten lectures on wavelets. SIAM, 1992.

1. Daubechies, A. Grossmann, and Y. Meyer. Painless nonorthogonal expansions.

Journal of Mathematical Physics, 27(5):1271-1283, 1986.

K. R. Davidson. C*-algebras by example, volume 6. American Mathematical Soc.,

1996.

M. A. De Gosson. Symplectic methods in harmonic analysis and in mathematical

physics, volume 7. Springer Science & Business Media, 2011.

J. P. Diaz, S. B. Heineken, and P. M. Morillas. Approximate oblique dual frames.
Applied Mathematics and Computation, 452:128015, 2023.

J. Diestel and J. Uhl. Vector Measures. Mathematical surveys and monographs.

American Mathematical Society, 1977.

282


https://doi.org/https://doi.org/10.1007/978-0-387-70914-7
https://doi.org/https://doi.org/10.1007/978-0-387-70914-7
https://doi.org/10.1007/978-0-8176-8224-8
https://doi.org/10.1007/978-0-8176-8224-8
https://doi.org/10.1142/S0129055X21500094

[Dix82]

[DS52]

[E1182]

[ELOS]

[EJLO22]

[Feig1]

[FJ22|

[FKO04]

[FK98]

[FZ98]

[FD8S)]

|[Foll5]

[FL99)

J. Dixmier. C*-algebras. North-Holland mathematical library. North-Holland, 1982.

R. J. Duffin and A. C. Schaeffer. A class of nonharmonic fourier series. Transactions

of the American Mathematical Society, 72(2):341-366, 1952.

G. A. Elliott. Gaps in the spectrum of an almost periodic Schrodinger operator. C.
R. Math. Rep. Acad. Sci. Canada, 4(5):255-259, 1982.

G. A. Elliott and H. Li. Strong Morita equivalence of higher-dimensional noncommu-

tative tori. II. Math. Ann., 341(4):825-844, 2008. doi:10.1007/s00208-008-0213-8.

U. Enstad, M. S. Jakobsen, F. Luef, and T. Omland. Deformations and Balian-Low
theorems for Gabor frames on the adeles. Adv. Math., 410:Paper No. 108771, 46,
2022. d0i:10.1016/j.aim.2022.108771.

H. G. Feichtinger. On a new segal algebra. Monatshefte fiir Mathematik, 92(4):269—
289, 12 1981. doi:10.1007/BF01320058.

H. G. Feichtinger and M. S. Jakobsen. The inner kernel theorem for a certain se-
gal algebra. Monatshefte fiir Mathematik, 198(4):675-715, 8 2022. doi:10.1007/
s00605-022-01702-4.

H. G. Feichtinger and N. Kaiblinger. Varying the time-frequency lattice of Ga-
bor frames. Trans. Amer. Math. Soc., 356(5):2001-2023, 2004. doi:10.1090/
S0002-9947-03-03377-4.

H. G. Feichtinger and W. Kozek. Quantization of TF lattice-invariant operators on
elementary LCA groups. In Gabor analysis and algorithms, Appl. Numer. Harmon.
Anal., pages 233-266. Birkhduser Boston, Boston, MA, 1998.

H. G. Feichtinger and G. Zimmermann. A Banach space of test functions for Gabor
analysis. In Gabor analysis and algorithms, Appl. Numer. Harmon. Anal., pages 123—
170. Birkh&user Boston, Boston, MA, 1998. doi:10.1007/978-1-4612-2016-9_4.
J. M. G. Fell and R. S. Doran. Representations of *-algebras, locally compact groups,
and Banach *-algebraic bundles. Vol. 1, volume 125 of Pure and Applied Mathematics.
Academic Press, Inc., Boston, MA, 1988. Basic representation theory of groups and
algebras.

G. B. Folland. A course in abstract harmonic analysis. CRC press, 2015.

M. Frank and D. R. Larson. A module frame concept for hilbert C*-modules. The

Functional and Harmonic Analysis of Wavelets and Frames, AMS Special Session

283


https://doi.org/10.1007/s00208-008-0213-8
https://doi.org/10.1016/j.aim.2022.108771
https://doi.org/10.1007/BF01320058
https://doi.org/10.1007/s00605-022-01702-4
https://doi.org/10.1007/s00605-022-01702-4
https://doi.org/10.1090/S0002-9947-03-03377-4
https://doi.org/10.1090/S0002-9947-03-03377-4
https://doi.org/10.1007/978-1-4612-2016-9_4

[FL02|

[Gab47]

[Gaol8|

|Gel41]
[GS64]

[GLL24|

[GPSS21]

[GS20]

|Gje23|

[Gre78]

|Gro98)

|Gro01]

[GLO4]

on the Functional and Harmonic Analysis of Wavelets, San Antonio, Texas, pages
207-247, 1999.

M. Frank and D. R. Larson. Frames in hilbert C*-modules and C*-algebras. Journal
of Operator Theory, pages 273314, 2002.

D. Gabor. Theory of communication. Journal of the Institution of Electrical Engi-

neers - Part I: General, 94:58-58(0), 1 1947. doi:10.1049/ji-1.1947.0015.

L. Gao. Continuous perturbations of noncommutative Euclidean spaces and tori. J.

Operator Theory, 79(1):173-200, 2018. doi:10.7900/jot.

I. Gelfand. Normierte Ringe. Rec. Math. Moscou, n. Ser., 9:3—24, 1941.

I. M. Gelfand and G. E. Shilov. Generalized functions, Vol. 4: applications of har-
monic analysis. Academic press, 1964.

M. Gerhold, A. Lamando, and F. Luef. Linear deformations of heisenberg mod-

ules and gabor frames. arXiv, 2024. Available from https://arxiv.org/abs/2406.

03724.

M. Gerhold, S. K. Pandey, O. M. Shalit, and B. Solel. Dilations of unitary tuples.
Journal of the London Mathematical Society, 104(5):2053-2081, 2021. doi:10.1112/
jlms.12491.

M. Gerhold and O. M. Shalit. Dilations of ¢g-commuting unitaries. Int. Math. Res.
Not. IMRN, 2022(1):63-88, 2020. doi:10.1093/imrn/rnaa093.

M. Gjertsen. Metaplectic transformations for gabor frames and equivalence bimod-
ules. Master’s thesis, Norwegian University of Science and Technology, 2023. Avail-
able from https://hdl.handle.net/11250/3092528.

P. Green. The local structure of twisted covariance algebras. Acta Mathematica,
140(1):191-250, Dec 1978. doi:10.1007/BF02392308.

K. Grochenig. Aspects of gabor analysis on locally compact abelian groups. In Gabor
analysis and algorithms: Theory and Applications, pages 211-231. Springer, 1998.
K. Grochenig. Foundations of time-frequency analysis. Applied and Numerical

Harmonic Analysis. Birkhduser Boston, Inc., Boston, MA, 2001. doi:10.1007/
978-1-4612-0003-1.

K. Grochenig and M. Leinert. Wiener’s lemma for twisted convolution and

Gabor frames. J. Amer. Math. Soc., 17(1):1-18, 2004. doi:10.1090/

284


https://doi.org/10.1049/ji-1.1947.0015
https://doi.org/10.7900/jot
https://arxiv.org/abs/2406.03724
https://arxiv.org/abs/2406.03724
https://doi.org/10.1112/jlms.12491
https://doi.org/10.1112/jlms.12491
https://doi.org/10.1093/imrn/rnaa093
https://hdl.handle.net/11250/3092528
https://doi.org/10.1007/BF02392308
https://doi.org/10.1007/978-1-4612-0003-1
https://doi.org/10.1007/978-1-4612-0003-1
https://doi.org/10.1090/S0894-0347-03-00444-2
https://doi.org/10.1090/S0894-0347-03-00444-2
https://doi.org/10.1090/S0894-0347-03-00444-2

[GL16]

|GOCR15]

[GP14]

[GL22|

[HR95]

[Jak18]

[JL16a]

[JL16b|

[J1.20]

[Jan95|

[Kre91]

[LM24]

S50894-0347-03-00444-2.

K. Grochenig and M. Leinert. Inverse-closed Banach subalgebras of higher-
dimensional non-commutative tori. Studia Math., 234(1):49-58, 2016. doi:10.4064/
sm8265-5-2016.

K. Grochenig, J. Ortega-Cerda, and J. L. Romero. Deformation of Gabor systems.
Adv. Math., 277:388-425, 2015. doi:10.1016/j.aim.2015.01.019.

K. Grochenig and E. Pauwels. Uniqueness and reconstruction theorems for pseu-
dodifferential operators with a bandlimited Kohn-Nirenberg symbol. Advances in

Computational Mathematics, 40(1):49-63, 2014.

P. Grohs and L. Liehr. On foundational discretization barriers in stft phase retrieval.

Journal of Fourier Analysis and Applications, 28(2):39, 2022.

U. Haagerup and M. Rgrdam. Perturbations of the rotation C*-algebras and of
the Heisenberg commutation relation. Duke Math. J., 77(3):627-656, 1995. doi:
10.1215/80012-7094-95-07720-5.

M. S. Jakobsen. On a (no longer) new Segal algebra: a review of the Fe-
ichtinger algebra. J. Fourier Anal. Appl., 24(6):1579-1660, 2018. doi:10.1007/

s00041-018-9596-4.

M. S. Jakobsen and J. Lemvig. Co-compact gabor systems on locally compact abelian

groups. Journal of Fourier Analysis and Applications, 22:36-70, 2016.

M. S. Jakobsen and J. Lemvig. Density and duality theorems for regular Gabor
frames. J. Funct. Anal., 270(1):229-263, 2016. doi:10.1016/j.jfa.2015.10.007.

M. S. Jakobsen and F. Luef. Duality of Gabor frames and Heisenberg modules. J.
Noncommut. Geom., 14(4):1445-1500, 2020. doi:10.4171/jncg/413.

A. J. E. M. Janssen. Duality and biorthogonality for Weyl-Heisenberg frames. J.
Fourier Anal. Appl., 1(4):403-436, 1995. doi:10.1007/s00041-001-4017-4.

E. Kreyszig. Introductory functional analysis with applications, volume 17. John

Wiley & Sons, 1991.

A. Lamando and H. McNulty. On modulation and translation invariant operators
and the heisenberg module. arXiv, 2024. Available from https://arxiv.org/abs/

2406.09119.

285


https://doi.org/10.1090/S0894-0347-03-00444-2
https://doi.org/10.1090/S0894-0347-03-00444-2
https://doi.org/10.1090/S0894-0347-03-00444-2
https://doi.org/10.1090/S0894-0347-03-00444-2
https://doi.org/10.4064/sm8265-5-2016
https://doi.org/10.4064/sm8265-5-2016
https://doi.org/10.1016/j.aim.2015.01.019
https://doi.org/10.1215/S0012-7094-95-07720-5
https://doi.org/10.1215/S0012-7094-95-07720-5
https://doi.org/10.1007/s00041-018-9596-4
https://doi.org/10.1007/s00041-018-9596-4
https://doi.org/10.1016/j.jfa.2015.10.007
https://doi.org/10.4171/jncg/413
https://doi.org/10.1007/s00041-001-4017-4
https://arxiv.org/abs/2406.09119
https://arxiv.org/abs/2406.09119

[Lan95]

[Lue07]

[LM24]

[LS18]

[MPRO5]

[Mor58]

[Mur90|

[Neg71]

[Oml15]

[PRSY)

[PR0|

[Pas73|

[PedO1]

E. C. Lance. Hilbert C*-modules, volume 210 of London Mathematical Society Lecture
Note Series. Cambridge University Press, Cambridge, 1995. A toolkit for operator

algebraists. doi:10.1017/CB09780511526206.

F. Luef. Gabor analysis, noncommutative tori and Feichtinger’s algebra. In Ga-
bor and wavelet frames, volume 10 of Lect. Notes Ser. Inst. Math. Sci. Natl. Univ.
Singap., pages 77-106. World Sci. Publ., Hackensack, NJ, 2007. doi:10.1142/
9789812709080\ _0003.

F. Luef and H. McNulty. Quantum time-frequency analysis and pseudodifferential
operators. arXiv, 2024. arXiv:2403.00576.

F. Luef and E. Skrettingland. Convolutions for localization operators. Journal de

Mathématiques Pures et Appliquées, 118:288-316, 2018.

M. Mantoiu, R. Purice, and S. Richard. Twisted crossed products and magnetic
pseudodifferential operators. Advances in operator algebras and mathematical physics,

Theta Ser. Adv. Math., 5:137-172, 2005.

K. Morita. Duality for modules and its applications to the theory of rings with mini-
mum condition. Science Reports of the Tokyo Kyoiku Daigaku, Section A, 6(150):83—
142, 1958.

G. J. Murphy. C*-algebras and operator theory. Academic press, 1990.

J. W. Negrepontis. Duality in analysis from the point of view of triples. Journal of

Algebra, 19(2):228-253, 1971.

T. Omland. C*-algebras generated by projective representations of free nilpotent

groups. J. Operator Theory, 73(1):3-25, 2015. doi:10.7900/jot.2013mar06.2037.

J. A. Packer and I. Raeburn. Twisted crossed products of C*-algebras. Math. Proc.
Cambridge Philos. Soc., 106(2):293-311, 1989. doi:10.1017/S0305004100078129.

J. A. Packer and I. Raeburn. Twisted crossed products of C*-algebras. ii. Mathema-
tische Annalen, 287:595-612, 1990.

W. L. Paschke. Inner product modules over B*-algebras. Transactions of the Amer-

tcan Mathematical Society, 182:443-468, 1973.

G. K. Pedersen. Analysis now. Graduate Texts in Mathematics. Springer, corrected

edition, 2001.

286


https://doi.org/10.1017/CBO9780511526206
https://doi.org/10.1142/9789812709080_0003
https://doi.org/10.1142/9789812709080_0003
https://doi.org/10.7900/jot.2013mar06.2037
https://doi.org/10.1017/S0305004100078129

[Pet38]

[Phil7]

[RT03]

[RWOS]

[RS00]

[Ric14]

[Rie81]

[Rie88)

[Rob66]

[RLLOO]

[Ruds6|

[Rud17]
[Ser55]

[Sha20]
[Sim05]

B. J. Pettis. On integration in vector spaces. Transactions of the American Mathe-
matical Society, 44(2):277-304, 1938.

N. C. Phillips. An introduction to crossed product C*-algebras and minimal dynam-
ics. preprint, 2017.

I. Raeburn and S. Thompson. Countably generated hilbert modules, the kasparov

stabilisation theorem, and frames in hilbert modules. Proceedings of the American

Mathematical Society, 131(5):1557-1564, 2003.

I. Raeburn and D. P. Williams. Morita equivalence and continuous-trace C*-algebras,
volume 60 of Mathematical Surveys and Monographs. American Mathematical Soci-
ety, Providence, RI, 1998. doi:10.1090/surv/060.

H. Reiter and J. D. Stegeman. Classical harmonic analysis and locally compact groups.
Oxford university press, 2000.

S. Richard. C*-algebraic methods in spectral theory. https://www.math.nagoya-u.
ac.jp/ richard/teaching/s2014/Cstar_methods.pdf, 2014. [Online; accessed 03-
July-2024].

M. Rieffel. C*-algebras associated with irrational rotations. Pacific Journal of Math-
ematics, 93(2):415-429, 198]1.

M. A. Rieffel. Projective modules over higher-dimensional noncommutative tori.

Canad. J. Math., 40(2):257-338, 1988. doi:10.4153/CJM-1988-012-9.

J. Roberts. Rigged hilbert spaces in quantum mechanics. Communications in Math-

ematical Physics, 3:98-119, 1966.

M. Rgrdam, F. Larsen, and N. Laustsen. An introduction to K-theory for C*-algebras,
volume 49. Cambridge University Press, 2000.

W. Rudin. Real and Complex Analysis. Higher Mathematics Series. McGraw Hill,
3rd edition, 1986.

W. Rudin. Fourier analysis on groups. Courier Dover Publications, 2017.

J.-P. Serre. Faisceaux algébriques cohérents. Annals of Mathematics, 61(2):197-278,
1955.

S. Shanmugasundaram. Notes on C*-algebras, July 2020.

B. Simon. Trace Ideals and Their Applications. Mathematical surveys and mono-

graphs 120. American Mathematical Society, 2nd ed edition, 2005.

287


https://doi.org/10.1090/surv/060
https://www.math.nagoya-u.ac.jp/~richard/teaching/s2014/Cstar_methods.pdf
https://www.math.nagoya-u.ac.jp/~richard/teaching/s2014/Cstar_methods.pdf
https://doi.org/10.4153/CJM-1988-012-9

[Skr20]

[Skr21a|

[Skr21b|

[SSST8)

[Stol5]

[SP21]

[Swa62]

[Taoll]

[Teol8§]

[Wer84]

[Wil07]

E. Skrettingland. Quantum harmonic analysis on lattices and gabor multipliers.

Journal of Fourier Analysis and Applications, 26:1-37, 2020.

E. Skrettingland. On gabor g-frames and fourier series of operators. Studia Mathe-

matica, 259:25-78, 2021.

E. Skrettingland. Time-Frequency Analysis Meets Quantum Harmonic Analysis. PhD

thesis, Norwegian University of Science and Technology, 2021.

L. A. Steen, J. A. Seebach, and L. A. Steen. Counterexamples in topology, volume 18.
Springer-Verlag, 1978.

D. T. Stoeva. On frames, dual frames, and the duality principle. Novi Sad J. Math,
45(1):183-200, 2015.

K. R. Strung and F. Perera. An Introduction to C*-algebras and the Classification
Program. Advanced Courses in Mathematics - CRM Barcelona. Birkh&user, 1st edi-

tion, 2021.

R. G. Swan. Vector bundles and projective modules. Transactions of the American

Mathematical Society, 105(2):264-277, 1962.

T. Tao. An introduction to measure theory, volume 126. American Mathematical

Soc., 2011.

N. Teofanov. The Grossmann—Royer transform, Gelfand—Shilov spaces, and conti-
nuity properties of localization operators on modulation spaces. In Mathematical
Analysis and Applications—Plenary Lectures: ISAAC 2017, Vixjé, Sweden, pages
161-207. Springer, 2018.

R. Werner. Quantum harmonic analysis on phase space. Journal of mathematical
physics, 25(5):1404-1411, 1984.

D. P. Williams. Crossed products of C*-algebras, volume 134 of Mathematical Surveys

and Monographs. American Mathematical Society, Providence, RI, 2007. doi:10.

1090/surv/134.

288


https://doi.org/10.1090/surv/134
https://doi.org/10.1090/surv/134

Appendix A

Universal C*-algebras

The construction of objects in terms of generators and relations is a common technique in algebra.
Let us recall the general idea here: using only generic elements in some set G satisfying certain
relations, say R, can we generate an algebraic object from the pair (G,R)? One of the easiest
example is from group theory, suppose we have a single generator G = {a}, satisfying a single
relation R = {a" = e} for the generic neutral element e. Then the group generated by the pair
(G,R), denoted by (G|R) = {ala™ = e) is nothing more than the cyclic group of order n, or Z,.
The main idea is that we want (G|R) to be the ‘minimal’ group containing G that also satisfies
all the relations stipulated by R. Note that for groups, all relations are essentially equations
on G, and can then be always arranged as equating expressions on G to the neutral element
e. Therefore we may as well just denote our set of relations to be expressions in G. So in our
example, we have (G|R) = {ala") = Z. Staying in the realm of groups, if R = ¢J, we say that
the group (G|R) is free in the sense that the group is simply generated by G and these elements
are free from any stipulated relations between themselves. Still in the single generator case, we
have the following example of a free group: {(a) := {a|) = Z. It is a basic result of group theory
that all groups can be described in terms of generators and relations, i.e. G =~ (G|R), from some
generators and relations G, R respectively. Equivalently every group is the quotient of some free
group i.e. G = {G)/Ng for (G) := (G|) and Nz a normal subgroup which one can construct
from the relations R. As a final example, the cyclic group Z,, is the quotient of the free group
Z, given explicitly by Z,, = Z/nZ = {a|a™)

Most algebraic structures (e.g. rings, algebras, etc.) can be constructed in terms of generators
and relations as in above, i.e. as a quotient of some free object, and we may want to ask if

we can also do the same for the C*-algebras. The problem with simply following this scheme
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is that C*-algebras are not purely algebraic objects, and they come equipped with (unique!)
norms (they even need to be isomorphic to some closed #-subalgebra of bounded linear operator
on a Hilbert space c.f. GNS Theorem) and so the notion of free C*-algebra via generators G
is not quite well-defined'. However, as we shall see, by completing quotients of free %-algebras
(so no norms) with respect to a prescribed universal norm, we may get a useful notion of what
C*-algebras constructed by generators and relations should be.

We shall follow the notes of S. Sundar [Sha20|, where the given notion of universal C*-algebras

is general enough to encompass the one presented by [Bla85].

Definition A.1. Let A be a #-algebra. A C*-seminorm p: A — [0,90) on A is a seminorm on

A that also satisfies:
1. For all a € A, p(a*a) = p(a)?, (C*-condition);
2. For all a,b e A, p(ab) < p(a)p(b), (Submultiplicativity).

Define for each a € A:

[a]u := sup{p(a) : p is a C*-seminorm on A}.

We say that A is admissible if |af, < oo for all a € A, in which case || - |, is itself a C*-
seminorm on A. For an admissible x-algebra A, let us define the ideal (sometimes called the
reducing ideal) I, := {a € A : |la|, = 0}. If the canonical quotient map is denoted by
qu : A — A/I,, then the Universal C*-algebra generated by A, denoted by C*(A), is the
completion of the quotient x-algebra q,(A) = A/I,, with respect to the C*-norm induced by |- ||,
(i.e. |qu(a)| = |a+ Iu|u := |all, for all a € A). Lastly, we say that A is a #-semisimple or

reduced =#-algebra, if its reducing ideal satisfies I,, = {0}.

Remark A.1. We see from the definition that C*(A) exists if and only if A is admissible. In the

sequel we shall show examples of non-admissible %-algebras.

The definition of the Universal C*-algebra generated by a #-algebra should remind us of the

GNS-theorem, in fact this can be made apparent by the following result.

Proposition A.1. Let A be a x-algebra, then the following holds for all a € A:

|a]. = sup{||7(a)| : 7 is a x-homomorphism from A to a C*-algebra}

'In the language of category theory, there are no free objects in the category of C*-algebras.
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= sup{|n(a)| : 7 is a nondegenerate -representation of A}.

Recall that 7 is a =-representation of A if it is a x-homomorphism of the form 7 : A — L(H) for

some Hilbert space H, and it is nondegenerate if span{m(a)h : a € A,h € H} is dense in H.

Proof. For any s-homomorphism 7 : A — C to a C*-algebra C, the map a — |n(a)| is a C*-
seminorm on A. If we can show the converse, that is, if we can show that every C*-seminorm on
A comes from x-homomorphisms to a C*-algebra, then the first equation is proven. The second
equation follows basically from the GNS-construction.

Suppose p : A — R is a C*-seminorm, define the ideal (follows from submultiplicativity)
I,:={ae A:p(a) =0} on A, then p induces a C*-norm on the quotient A/I,. The completion
of A/I, under the induced C*-norm |a + I,| = p(a) is a C*-algebra, which we denote by
C;‘(A). We are done since what we have really shown is that every C*-seminorm p sastisfies
p(a) = |my(a)| for some #-homomorphism 7, : A — C;(A) where my(a) = a + I, (i.e. the

quotient map). O

FEzample A.1. One of the ways of generating a C*-algebra is to start with a Banach =-algebra, and
take its so-called C*-enveloping algebra (c.f. [Dix82|). The C*-enveloping algebra is exactly
the universal C*-algebra of a given Banach x-algebra. Note as well that the C*-enveloping

algebra of a Banach #-algebra B is also called the C*-completion of B (c.f. [FD8&8|).

The following fact seems to be exploited in the literature quite commonly, and is usually

referred to the ‘universal property’ of C*(A).

Proposition A.2. Let A be a #-algebra, and q, : A — A/IL, the quotient map as in Definition
A.l. Let m: A — C be a =-homomorphism where C is a C*-algebra, then there exists a unique

s-homomorphism T : C*(A) — C such that the following diagram commutes:

C*(A)

/ . (A1)

A—"—¢

that is, ™(qu(a)) = w(a) for all a € A.

Proof. The proof is almost trivial. We define 7(g,(a)) = m(a) on the dense =-subalgebra ¢, (A)

of C*(A). All that remains to prove the existence (and well-definedness) is to show that 7 is
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bounded on g, (A). However, because a — |7(a)| is already a C*-seminorm on A, then it follows

from the definition of the universal C*-norm that

I7(qu(a))] = [m(a)] < llafu.

Therefore 7 extends to all of C*(A), and satisfies Diagram A.1. If 7 : C*(A) — C is another

s-homomorphism that satisfy:

T(qu(a)) = m(a) = T1(qu(a)), Vae A,

then they both extend to the same *-homomorphism on C*(A), so 7 is unique. O

Remark A.2. As an abuse of notation, the canonical quotient map ¢, : A — A/I, is usually
dropped, so that the universal property above reads: 7(a) = 7(a) (as if A € C*(A)) for all

a € A. We shall keep this notation for the rest of the document.

Since the construction of a universal C*-algebra works on any =-algebra (a purely algebraic
object), then we may resume our quest of defining C*-algebras out of generators and relations
by the following: let G be a set of generators and R a set of x-algebra generators on G, we can

identify the free #-algebra F(G) to be elements of the form

p(giln "'7gid7g;<17 7972)

for giy,...,9i, € G for any d € Ny, where p is a noncommutative polynomial in 2d-variables
(multiplication is essentially noncommutative polynomial multiplication). The set of generators

R, we can identify as R € F(G) since they are always of the form:

p(giu ""ag’idag;‘kl’ ~-~,9f7d) =0

for some noncommutative polynomial p on 2d-variables. Denote by J(R) the two sided ideal (as
a #-algebra) generated by R with respect to the x-algebra F(R). Now, when we say that A is a

x-algebra generated by generators and relations G and R respectively, we mean
A:=F(G)/J(R).

To mimic the notation from group theory, we denote F(G)/J(R) = (G|R), so that we finally
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have the following definition.

Definition A.2. Let G and R be a pair of generators and relations for a =-algebra, we define

the universal C*-algebra defined by G and R to be C*((G|R)).

We are now led to the question of existence of universal C*-algebras, first it follows from the

definition that if A is a =-algebra, then C*(A) exists if and only if ||a], < oo for all a € A.

Ezample A.2 (Enveloping C*-algebras always exists). If A is a Banach #-algebra (not just a
x-algebral) with its own norm | - |. It follows from Proposition A.1 and the fact that all =-
representations of a Banach #-algebra is contractive [FD88, Theorem 3.7| (i.e. 7 : A — L(H)

satisfies [7(a)| < |la|) that for all a e A :
|all, = sup{|m(a)| : 7 is a nondegenerate *-homomorphism of A} < |a| < . (A.2)

Therefore A is in particular, admissible, as in Definition A.1. Hence C*(A) exists.

Ezample A.3 (The Universal C*-algebra of a C*-algebra is itself). Perhaps a silly exercise that
one may think of is to try and compute the C*-envelope of a C*-algebra. If A is indeed a
C*-algebra with C*-norm | - ||, then it follows from definition that |a|| < |la|, for all a € A.
In a completely similar way, as in the Banach #-algebra case, we also have |la], < |a| by
contractiveness of all C*-algebra representations, therefore the universal C*-norm on A coincides

with its own C*-norm. This implies A = C*(A) as expected.

Ezample A.4 (A Nonadmissible Example). To give an example of a nonadmissible #-algebra,
consider A :=<{a | a —a*) (or {a | a — a* = 0)), i.e. the x-algebra generated by a single self-
adjoint element. For each A > 0, we can find a C*-algebra Cy with a self-adjoint element x such
that |zx|c, = A. Then by self-adjointness of a, the map 7y : @ — z defines a *-homomorphism

from A to Cy, but then

[a]. = sup{|m(a)| : 7 is a *-homomorphism from A to a C*-algebra} > ?\up |ma(a)|e, = oo,
>0

(A.3)

so |all, £ 0. Therefore A is not admissible.

Remark A.3. Note that while admissibility of A, i.e. |a], < o for all a € A is enough for the

existence of C*(A), it may so happen that it is trivial, that is C*(A) = {0} (happens when every
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C*-seminorm p on A is trivial). To show that one has a non-trivial universal C*-algebra, we

have to construct at least one nontrivial C*-seminorm on A.

Let us give one more detailed example where we have an admissible #-algebra coming from
explicitly given generators and relations. Before we proceed let us recall a common notation for
C*-algebras generated ‘internally’ by subsets. Suppose B is a C*-algebra, and S is a subset in

B, we define

CE(S) := {p(Siy, 814,575 - 87) € B | {si,}{_y, €S, deNxo, pe NCPaa}

where NCPsyq is the set of all polynomials of 2d-noncommuting variables. C*(S) is a C-

subalgebra of B.

Ezample A5. Let A = (u,1 | u*u— 1,uu* — 1) (or A ={u,1 | u*u = 1,uu* = 1)), that is, A is
the unital #-algebra generated by a single unitary element. To show that this is nontrivial, let
us take any C*-seminorm p : A — R, on A, then we find that p(1)? = p(1*1) = p(1). Since
p(1) = 0, then either p(1) = 1 or p(1) = 0. Therefore p(u) = 1/p(u*u) = 4/p(1) = 1 or 0. If we

define the p(u) = 1 = p(1), then we have found a nontrivial C*-seminorm on A, whence C*(A)

exists and is nontrivial. We shall now proceed to prove the following
C*(A) ~C(T) :={f: T — C| f is continuous}.

Note that the (multiplicative) identity on C(T) is the constant 1 function 1t : z — 1. Now, we can
define a *-homomorphism j : A — C(T) which is fully determined by the following: j(1) = 1
and j(u) = Idp. From the universal property Proposition A.2, we have a s-homomorphism
j: C*(A) — C(T) satisfying j(1) = j(1) = 1t and j(u) = j(u) = Idy. We are done if we
can construct an inverse for 3, but all this requires is a recollection of the continuous functional
calculus and the spectrum of a unitary element. Once this recollection is done, then it follows
from the fact that unitarity of Idy implies sp(Idt) = T, so that there is a #-isomorphism Wiq, :
c(T) — C’g(T)(IdT,lT) where Wig, (Idy) = Idr and ¥y, = 1p. Now, the x-homomorphism
i C’&T) (Idr,1t) — C*(A) can be fully determined by i(Idt) = u and i(1y) = 1. By a simple
computation, we find that (7)~" := i o Uyg, : C(T) — C*(A), as required.

We remark the following regarding the almost-obvious relationship between the universal C*-

algebras and internal C*-subalgebras generated by subsets.
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Lemma A.1. Let G be a set of generators and with relations R. Suppose B is a C*-algebra with
subset S < B. If there is a x-isomorphism on the free x-algebras say v : F(G) — F(S), then
C*((G | R)) = C(9).

Let us further discuss the last example, we found that the C*-algebra C*({a | a — a*)) is exactly
C(T), and with a little more work, we can generalize this result to even more unitary generators

satisfying some commutativity relations. In particular for two unitary generators:
C*({a,b | a —a*,b—b* ab— bay) = C(T?).

Through Gelfand’s theorem, we see that, T2, the 2—torus is categorically dual-equivalent to
C*({a,b | a —a*,b — b* ab — bay). This motivates us to define the noncommutative 2-torus
associated with 6 € R, by replacing the commutativity relations on a,b above: where instead
of ab — ba = 0, we stipulate ab — €2™ba = 0 for § € R. In short, if we denote by Ag the

noncommutative 2-torus associated with 6, we define
Ag:= C*(a,b | a —a*,b—b* ab— e*™ba)),

where of course Ag = C(T?) when 0 € Z. We end this lengthy appendix section here, and for those
that want to see the continuation of this story, then please read the main document. Subection
7.1.2 of Chapter 7 is dedicated exactly to the generalization of the noncommutative 2-torus to

higher dimensions.
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Appendix B

Nets

We give a brief discussion of nets here, as we shall periodically use the general principle of
determining topological behavior in terms of net convergence throughout the dissertation. We

assume that all ambient topological spaces here are Hausdorff, unless otherwise stated.

Definition B.1. A directed set is a nonempty set I together with a reflexive and transitive
binary relation <, i.e. a preorder, with the additional property that every pair of elements has

an upper bound.

Definition B.2. Let I be a directed set with preoder relation < and X a topological space with
topology T. A mapping f : I — X is said to be a net. For anet f: I — X, we also usually
write {x;};er, which expresses that fact that each i € I is mapped to z;. It is also reminiscent of

the usual sequence notation.

If Y is a subset of X, we say that the net {z;};c; is eventually in Y if there exists an ig € I
such that for all 4 € I with ig < ¢, we have x; € Y. We can use this as a way to define the limit

of a net. We say that the net {x;};c; converges towards, or has a limit x and write
limz; =z, orz; > x
1

if for any neighborhood U, of =, {x;};cs is eventually in U,. We say that a net is convergent if
it has a limit.

We also have the related notion, we say that {z;}; is frequently in Y if for any i € I, there
exists a ig € I such that i < ip and z;, € Y. We say that {z;};c; accumulates to, or has an

accumulation point z if for any open set U, of z, {x;}es is frequently in U,.
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Definition B.3. Let X be a topological space, given a net {x;};e; and a net {x; }jes in X, we

say that {z’}jes is a subnet of {z;};es of there exists a function 7": J — I such that
1. Forall j € J, 2} = zp(;);
2. For each is < iy in I, T'(i3) < T'(41) in J,;
3. For each iy € I, there is a jp € J such that jo < j = ig < T(j).
Following the definitions, we have the following basic result.

Proposition B.1. Given a net {x;}ics, every limit point of a net is an accumulation point.

Furthermore, if there exists a subnet of {x;}icr that converges to x, then it is an accumulation

point of {x;}ier.

The reason for assuming Hausdorffness of our ambient topological spaces is to preserve the
uniqueness of limits for nets. However, unlike the in the case of sequences, the converse turns

out to be true for nets.

Proposition B.2. Let X be a possibly non-Hausdorff topological space. X is Hausdorff if and

only if every convergent net in X has a unique limit.

Proof. ( = ). Suppose X is Hausdorff and suppose for contradiction that there exist two
distinct limits = # y for {z;},c;. X is Hausdorff, therefore we can find disjoint open sets = € U,
and y € Uy. It follows that there exists i, € I such that i, < ¢ == z; € U, and iy € I such
that iy, <17 == x; € Uy. Since I is a directed set, let iy € I be an upper bound for i, and i,
so that i; < 79 and i, < i9. However, the choice of iy implies x;, € U, n U, = J, which is a
contradiction. Therefore the limit of {z;};c; must be unique.

( <= ). Suppose every convergent net in X has a unique limit. For contradiction, assume X
is not Hausdorff, so that we can find two distinct points x # y such that U n W # ¢ for any

open sets U 3z and W 3 y. Define
I:={(U,W):UW openand z e U, ye W}.

A preorder can be endowed to I via (U, W) < (U, W3) <= Uy € Uy and Wy € Wy. With this
order, any (U, W7), (U, W3) € I has an upper bound given by (U; n Uz, Wi n W3). Therefore
I is a directed set. We again use the fact that each U n W with (U, W) € I is non-empty,

therefore there exists a choice-function (c.f. axiom of choice) f : I — |y wer (U W) with
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fU,W) e U n W. We see that this choice-function gives us a net, we can rewrite f as the net
{zuw}ww)er- Our claim is that {zyw },w)er converges to x and y, which is a contradiction.
To show xzyw — x, we can take an arbitrary open set U, 3 x, so that for any (U, W) € I

satisfying (U, X) < (U, W), we have U < U, so that:
xUWeUngUme;UI

This shows {xU,W}(U,W)eI is eventually in U, hence xyw — x. The proof for zpyw — y is

similar, and we obtain our contradiction. O

Below, we compile a sequential criterion-like characterization of topological properties. We

start with something expected.

Proposition B.3. Let X be a topological space. If a net {x;}icr in X converges to x, then every

subnet of X converges to x.

Proof. Let {x; }jes be a subnet of {z;}icr. Let U, be an open set of z, then we know that there
exists a ig € I such that ig < i = x; € U,. Let jo € J be the element satisfying Item 3
of Definition B.3. We then obtain that for j € J such that jo < j, then ig < T'(j), therefore

Tr() = m; € U,. Therefore {m; }jes converges towards . O]
It also turns out that all accumulation points occur as in the latter part of Proposition B.1.

Proposition B.4. The net {z;}ic; accumulates to x if and only if there exists a subnet of {x;}icr

that converges to x.

Proposition B.5. Let X be a topological space. A net {x;}icr in X converges to x € X if and

only if every subnet of {x;}icr has a subnet that converges to x.

Proof. The forward direction is trivially true due to Proposition B.3. To prove the converse, we
notice that the latter statement, due to Proposition B.4, is equivalent to every subnet of {x;}ics
accumulating to z. Suppose for contradiction that {z;},c; does not converge to z. By carefully
negating the definition of convergence, we see that there is an open set U, 3 x such that for any
¢ € I, there is an ig € I such that ¢ < ip and z;, ¢ U,. We can therefore define a nonempty

directed set:
Ji={jel:xj¢ U},
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which gives us a subnet {x;};es of {x;}i,er which does not accumulate to x. A contradiction. [

Proposition B.6 (|Ped01, Proposition 1.3.6]). Let X be a topological space with subspace Y,

then x € Y if and only if there exists a net in'Y that converges to x.
The following then immeditely follows.

Corollary B.1. A subset Y of a topological space X is closed if and only if every convergent net

m'Y converges in'Y .

Proposition B.7 (|Ped01, Theorem 1.6.2]). Let X be a topological space with subset C, then C

1s compact if and only if every net in C has a convergent subnet.

Proposition B.8 (|Ped01, Proposition 1.4.3|). Let f : X — Y be a map between topological

spaces, then f is continuous if and only if for all x; — x in X implies f(x;) — f(z) in Y.

Proposition B.9 (|[FD88, Proposition 13.2]). Let X,Y be topological spaces and f: X — Y a

surjective map. The following are equivalent
1. f is an open mapping;

2. Given a point x € X and a net {y;}ier € Y such that y; — f(x), there exists a subnet

{y}}jes based on some directed directed set J, and a net {x';}je; S X such that

(a) f(x}) =y; forall jeJ;

(b) zj »> z in X.
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