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Abstract

This thesis deals with questions of geometric rigidity and the existence
of singularities in spacetimes. First, we extend the Hawking—Penrose sin-
gularity theorem to spacetime metrics of regularity C*. In the cosmolog-
ical case, Bartnik’s famous splitting conjecture asserts the rigidity of the
Hawking—Penrose theorem, and has been shown to be equivalent to the
existence of CMC Cauchy surfaces. We extend a construction of Bartnik
to obtain a large class of cosmological spacetimes which, although time-
like geodesically incomplete, contain no CMC Cauchy surfaces. Lastly,
we present a generalization of the Lorentzian splitting theorem to the
synthetic context of Lorentzian length spaces.

Zusammenfassung

Diese Dissertation befasst sich mit Fragen zur geometrischer Rigiditat
und der Existenz von Singularitdten in Raumzeiten. Wir beginnen mit
einer Erweiterung des Hawking—Penrose Singularitdtentheorems auf Raum-
zeitmetriken der Regularitit C'. Im kosmologischen Fall behauptet die
bekannte Spaltungsvermutung von Bartnik die Rigiditdt des Hawking—
Penrose Theorems, und diese Vermutung ist bekanntlich dquivalent zur
Existenz von CMC Cauchyflachen. Wir erweitern eine Konstruktion von
Bartnik, um eine grofie Klasse an kosmologischen Raumzeiten zu erhalten
die, obwohl zeitartig geodatisch unvollstandig, keine CMC Cauchyflachen
enthalten. Zum Schluss présentieren wir eine Verallgemeinerung des Lo-
rentzschen Spaltungstheorems auf den synthetischen Kontext von Lorentz-
langenraumen.
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Introduction

This thesis deals with some fundamental questions in spacetime geometry, the
geometric setting Einstein’s theory of General Relativity (GR). Classically, GR
has been studied in the standard differential-geometric setting of smooth man-
ifolds equipped with smooth Lorentzian metric tensors. This approach, how-
ever, does not satisfactorily describe important physical situations such as shock
waves, conical singularities or impulsive gravitational waves [36, 41, 21, 38, 37],
which are inherently non-smooth. There are different main ways to pursue stud-
ies of non-smoothness in spacetime geometry: One could consider spacetimes
where the metric g is non-smooth (usually less than C2, since for most global
geometric questions in GR the metric does not need to be differentiated more
than twice), or one could do away with manifolds and tensors entirely and pur-
sue a synthetic approach analogous to metric (or length) spaces as synthetic
variants of Riemannian manifolds.

Spacetimes with non-smooth metrics have been studied in quite great de-
tail over the last decade, in particular with focus on singularity theorems [29,
30, 31, 32, 20, 19, 27]. In these settings, curvature is generally only distribu-
tional, so the energy conditions necessary to prove singularity theorems have
to be stated as distributional inequalities (which, incidentally, imply automatic
measure-theoretic regularity for these tensors). These distributional energy con-
ditions then imply surrogate conditions for smooth approximating metrics, for



which classical Lorentz-geometric arguments can be applied. In this context,
one essentially requires approximations which respect the causality [13].

The synthetic approach to Lorentzian geometry was initiated in [28] in the
form of Lorentzian length spaces, building on the earlier theory of causal sets
[26]. Lorentzian length spaces are meant to play to role that metric length spaces
play in positive definite signature [10]. In [28], the authors put a particular
emphasis on curvature bounds, which are formulated via timelike (or causal)
triangle comparison, in the same spirit as curvature in Alexandrov spaces [10].
In the smooth setting, such notions of curvature bounds correspond to bounds
on the timelike sectional curvature, pioneered in [22] in the setting of spacetimes.
A general theory of sectional curvature bounds on semi-Riemannian manifolds
is available [1], but it has to take into account spacelike sectional curvatures
as well, which is unnatural from the point of view of GR. Surprisingly, the full
equivalence of Lorentzian curvature bounds via triangle comparison (or other
synthetic methods) and timelike sectional curvature bounds was only recently
established [5].

More recently, synthetic notions of timelike Ricci curvature bounds (such as
the strong energy condition) have been studied on synthetic Lorentzian spaces.
Such bounds are formulated via convexity properties of entropy functionals de-
fined on certain spaces of probability measures. In these spaces, geodesics are
obtained by way of solving an optimal transport problem whose cost is a power
of the time separation function (see e.g. [11, 7, 8, 9]).

The aim of this thesis is to study singularities and rigidity in spacetimes,
mostly in the non-smooth setting. Let us now go into more detail on each of
the papers included while highlighting their interrelationship.

The first paper we include [27] gives a generalization of the Hawking—Penrose
singularity theorem to spacetime metric which are C'-regular. Recall that sin-
gularity theorems always have the following general form [39]: If (M, g) is a
spacetime satisfying an energy condition, a causality condition, and an initial
or boundary condition, then there exist incomplete causal geodesics in M. The
most sophisticated of the classical singularity theorems is the Hawking—Penrose
singularity theorem [25], which makes only weak assumptions on the causality
and allows for a wide array of initial and boundary conditions. The key differ-
ence to other singularity theorems such as the one due to Hawking describing a
Big Bang scenario [23] or the one due to Penrose describing gravitational col-
lapse [35] is that there is no assumption of initial geodesic convergence by way
of mean curvature or similar quantities (see [24] for more on singularity theo-
rems). Rather, one imposes a global gravitational nontriviality condition called
genericity, which states that the tidal force operator R(-,7')’ is nontrivial at
some parameter along every inextendible causal geodesic 4. Our main innova-
tion in [27] was to find a suitable distributional formulation of this condition for
metrics g € C! in order to obtain the necessary approximate conditions on g,
where g. is a suitable approximation of g by smooth spacetime metrics. Since
g € C', the geodesic equation has C? right hand side, thus by Peano’s theorem,
it is solvable for any initial data, but no longer uniquely so. This leads to com-



plications when trying to approximate g-geodesics by g.-ones. Thus, in addition
to (suitable reformulations of) the usual assumptions of the Hawking—Penrose
theorem, we had to assume that maximizing causal geodesics do not exhibit
branching. The latter can be interpreted as an observer or light ray “splitting
into two”, which is physically equally as catastrophic as a incompleteness.

Let us turn to cosmological spacetimes, i.e. globally hyperbolic spacetimes
with compact Cauchy surfaces satisfying the strong energy condition. Such
spacetimes naturally satisfy the technical assumptions of the Hawking—Penrose
singularity theorem, so under the assumption of genericity, they contain incom-
plete causal geodesics. This conclusion is clearly wrong without the assumption
of genericity: Indeed, let (S, h) be any compact Riemannian manifold with non-
negative Ricci curvature, then the product (R x S, —dt?> + h) is a geodesically
complete cosmological spacetime. Bartnik [2] conjectured that these are the
only non-generic complete examples, i.e. he conjectured the rigidity of the cos-
mological Hawking—Penrose theorem in its assumption of genericity. Bartnik’s
cosmological splitting conjecture remains one of the most fundamental open
problems in mathematical GR and spacetime geometry to date.

Bartnik observed that the conclusion of his conjecture is equivalent to the
existence of CMC (constant mean curvature) Cauchy surfaces. Moreover, he
showed via a spacetime gluing construction that there exist cosmological space-
times which, albeit incomplete, have no CMC Cauchy surfaces. The rough
procedure is as follows: Take one half of the maximally extended Schwarzschild
spacetime and glue it to an FLRW spacetime which is spatially 73, then ex-
tend it to the Schwarzschild event horizon and attach there a time inverted
copy of the resulting spacetime. A similar vacuum example is obtained via ini-
tial data gluing in [14]. In the second paper included in this thesis [33], we
expand the known class of such "no-CMC” cosmological spacetimes by gener-
alizing Bartnik’s spacetime gluing construction. It requires an investigation of
Tolman—Bondi metrics and implicit solutions of certain ODEs (which are ex-
plicit in Bartnik’s case), allowing for more general spatial topologies on FLRW,
as well as arbitrary higher spacetime dimensions. The hope is that our work will
contribute to a better understanding of the relationship between CMC Cauchy
surfaces and (in)completeness in the context of Bartnik’s conjecture.

The final paper included deals with a more classical rigidity problem, namely
the splitting of a space of nonnegative curvature given the existence of a global
distance-realizing curve (i.e. a line). Splitting theorems are available in various
parts of geometry, such as for Riemannian manifolds with nonnegative sectional
[40] and Ricci [12] curvature or RCD(0, N)-spaces (i.e. metric measure spaces
which have synthetic Ricci curvature bounded below by 0 and dimension above
by N) with N < oo [17, 18]. In the context of Lorentzian geometry, the splitting
theorem for globally hyperbolic spacetimes with nonpositive timelike sectional
curvature containing a complete timelike line was obtained in [3, 4], and var-
ious versions under the strong energy condition in [15, 16, 34]. Our work [6]
generalizes [3, 4] to the setting of Lorentzian length spaces. The fundamental
difficulty we had to overcome was the absence of a notion of spacelike distance



on hypersurfaces. To deal with this issue, we introduced the notion of paral-
lelity for timelike lines: Two timelike lines are parallel if they can be mapped
via a bijective and time separation preserving map onto two vertical lines in 2-
dimensional Minkowski space. It turns out that their Euclidean cross-distance
is a well-defined distance between these lines. Fixing a parametrization, one
can thus endow a spatial cross section of lines constructed as asymptotes to
the original one with the structure of a metric space, the splitting then follows
suit. The additional techniques we use are inspired by the angle and triangle
comparison methods already employed in [3, 4].
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Abstract: We extend both the Hawking—Penrose theorem and its generalisation due to
Galloway and Senovilla to Lorentzian metrics of regularity C'. For metrics of such low
regularity, two main obstacles have to be addressed. On the one hand, the Ricci tensor
now is distributional, and on the other hand, unique solvability of the geodesic equation
is lost. To deal with the first issue in a consistent way, we develop a theory of tensor
distributions of finite order, which also provides a framework for the recent proofs of
the theorems of Hawking and of Penrose for C!-metrics (Graf in Commun Math Phys
378(2):1417-1450, 2020). For the second issue, we study geodesic branching and add a
further alternative to causal geodesic incompleteness to the theorem, namely a condition
of maximal causal non-branching. The genericity condition is re-cast in a distributional
form that applies to the current reduced regularity while still being fully compatible with
the smooth and C!-!-settings. In addition, we develop refinements of the comparison
techniques used in the proof of the C'!-!-version of the theorem (Graf in Commun Math
Phys 360:1009-1042, 2018). The necessary results from low regularity causality theory
are collected in an appendix.

1. Introduction

The classical singularity theorems' of General Relativity (GR) collect sufficient and
physically reasonable conditions that lead to causal geodesic incompleteness of space-
time, hence to the occurrence of a singularity in the spirit of Roger Penrose’s Nobel
Prize-winning approach [40]. Being rigorous statements in pure Lorentzian geometry,
they were first formulated within the smooth category. As they form a body of essential
results in GR, the quest for low regularity versions of the theorems is eminent and was
already explicitly discussed in [14, Sec. 8.4]. In fact, the (smooth) theorems can be read
as predicting a mere drop of the differentiability of the metric below CZ, rather than
incompleteness.

I See [14, Ch. 8], [21, Ch. 9], [46—48] for extensive treatments.


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-022-04335-8&domain=pdf
http://orcid.org/0000-0002-7113-0588

1144 M. Kunzinger, A. Ohanyan, B. Schinnerl, R. Steinbauer

However, only with the rather recent advent of systematic studies in low regularity
GR [6] and, in particular, causality theory [5,24,31,41], a rigorous extension of the
singularity theorems for metrics below the C 2_class became feasible, cf. [46, Sec. 6.2].
This applies first of all to metrics of regularity C'*!, which model situations where the
matter variables possess finite jumps. Indeed the Hawking, the Penrose, and, finally,
the Hawking-Penrose theorem were proven in this regularity [8,25,26]. These results
rule out that a smooth spacetime that is incomplete by the classical theorems, can be
extended to a complete C!!-spacetime. Also, they imply that the spacetime either is
incomplete or the differentiability of the metric is below C'!, and consequently the
curvature becomes unbounded.

Technically, in C!! the exponential map is still available [23,31] and the curvature is
still locally bounded, which allows for a natural extension of the energy and the genericity
conditions. However, the curvature tensor is only defined almost everywhere, which
forbids the use of Jacobi fields and conjugate points, both essential tools in the classical
proofs. Instead one uses regularisation techniques which allow one to derive weakened
versions of the energy conditions for approximating smooth metrics with controlled
causality. Using careful comparison techniques for the (matrix) Riccati equation, it is
then possible to show that these (still) lead to the occurrence of conjugate or focal points
along causal geodesics for the approximating metrics. This in turn forces the geodesics
of the C!-metric to stop maximising. Similarly, a natural extension of the initial and
the energy conditions leads to the formation of a trapped set. This, together with an
extension of the causal parts of the classical proofs, allows one to finally derive the
results.

The next step in lowering the regularity assumptions was undertaken by Graf [7], who
extended the Hawking and the Penrose theorems to C!-metrics, with the Gannon-Lee
theorem following in [43]. C!-regularity is at the moment the lowest possible class where
classical singularity theorems have been established, and in this paper we complete this
effort by proving the most refined of these statements, namely the Hawking-Penrose
theorem.

In this regularity class one faces the following added severe complications arising
from the fact that the Levi-Civita connection is only continuous:

(a) The curvature is no longer locally bounded, but is merely a distribution of order one.
(b) The initial value problem for the geodesic equation is solvable, but not uniquely so.
(c) The exponential map is no longer defined.

The first item is especially relevant when formulating the energy conditions. While
the strong energy condition can be extended in a straightforward manner, a formulation
of the null energy condition is more subtle, cf. [7, Sec. 5], see also Sect. 2.3, below. The
genericity condition needed for the Hawking-Penrose theorem is still more delicate.
Actually it turns out to be necessary to apply the Ricci tensor to vector fields constructed
via parallel transport, which means that they are merely of C'-regularity, see Defini-
tion 2.15. This can only be done since the curvature is a distribution of order one, and
we present the required distributional setting in Sect. 2.1, below. Whereas in the C1!1-
context the use of distributional methods could be avoided, it becomes essential in the
present work, and at the same time has the benefit of providing a global framework also
for the earlier results by Graf [7] on which we build.

Then, while we can use the weakened versions of the strong and null energy conditions
for approximating smooth metrics derived in [7] (employing a refined version of the
Friedrichs Lemma), we have to derive from the distributional genericity condition an
appropriate weakened version for smooth approximations that allows us to employ an
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extension of the Riccati comparison techniques developed in [8], see Lemmas 2.17, and
2.18 . The key technique of regularisation by smooth metrics with adapted causality as
put forward in [5] is recalled in Sect. 2.2.

The first issue connected to item (b) is that it necessitates a decision on how to
extend the notion of geodesic completeness, and following [7] we say that a spacetime
is complete if every inextendible solution to the geodesic equation is complete (rather
than merely demanding only one complete solution for any choice of initial data).

Next, item (b) together with item (c) forbids the use of an essential argument in the
context of approximating maximising causal geodesics by maximising causal geodesics
of the approximating metrics. This issue has been solved in [7, Sec. 2] in the globally
hyperbolic case. In the context of the present work, however, we have to establish more
general results, see Sect. 3. In fact, we have to introduce an additional assumption,
namely a non-branching condition for maximising causal geodesics (Definition 3.1),
to derive the corresponding approximation results in Proposition 3.4. Here it is also
essential to apply a classical ODE result (Proposition 2.5), which we reformulate for
our purpose in Corollary 2.6. Moreover, since the interrelation between causal geodesics
(i.e., solutions of the geodesic equation) and maximising curves becomes more subtle
below C!-! [16,42], we rely in particular on the fact that maximising causal curves are
indeed (unbroken) geodesics and hence C 2_curves [27,43].

The new non-branching assumption is well motivated by similar conditions used in
metric geometry, where due to the lack of a differentiable structure the geodesic equation
is not available. Also a null version of the condition was essential in the proof of the
C!-Gannon-Lee theorem, see [43, Sec. 3]. Moreover it adds a novel facet to the inter-
pretation of the C!-version of the theorem: It predicts either geodesic incompleteness or
branching of maximising causal geodesics, with both alternatives physically signifying
a catastrophic event for the observer corresponding to the geodesic. Of course, there
is the alternative that the regularity of the metric drops below C!, which renders the
curvature a distribution of higher order. Again, the result also forbids the extension of
the spacetime to a complete one of regularity C! without (maximal causal) geodesic
branching. This once more complements the recent C%-inextendibility results of [9,45].

Next we briefly discuss the further prospects of low-regularity singularity theorems.
Concerning the causality part of the results it is expected that they extend to C!-
metricsZ, while some features of causality theory fail below this class [5,12]. Neverthe-
less, the causal core of some of the singularity theorems has been established in the very
general setting of closed cone structures, see [35, Sec. 2.15].

On the analytic side, already in C%! one faces the problem that the right hand side
of the geodesic equation is merely locally bounded and one would have to resort to
non-classical solution concepts. Also another analytical technique at the core of the ar-
guments, i.e. the Friedrichs Lemma which is used to go from the distributional energy
conditions of the singular metric to useful surrogate conditions for the smooth approxi-
mations, appears to be sharp, see [7, Lem. 4.8] for the currently most advanced version.
This is actually a long way from the largest possible class where the curvature can be
(stably) defined in an analytical (distributional) way, i.e. H' N L locally [11,28,50].
However, the quest is there to at least go into the direction of regularity classes more
closely linked to the classical existence results for the field equations, H* locally for
s > 5/2, or to current formulations of cosmic censorship, i.e. the connection lying
locally in L?.

2 A class for which Hawking and Ellis [14, p. 268, 287] still speculate the singularity theorems to hold.
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Very recently, also synthetic formulations of the singularity theorems have appeared:
In [1], Lorentzian length spaces that are warped products are studied and a Hawking
singularity theorem is derived from suitable sectional curvature bounds (implying Ricci
curvature bounds in such geometries), based on triangle comparison. Moreover, Caval-
letti and Mondino prove a version of Hawking’s singularity theorem in Lorentzian metric
measure spaces, where Ricci curvature bounds are implemented using methods from op-
timal transport [4]. However, it remains unclear to date how these results precisely relate
to the analytical approach to low regularity pursued in this work.

The Hawking-Penrose theorem classically comes in a causal version [17, p. 538,
Thm.], which asserts the incompatibility of the following three conditions for a C2-
spacetime (M, g): chronology, the fact that every inextendible causal geodesic stops
maximising, and the existence of a (future or past) trapped set. The analytic main result
is then a corollary [17, Sec. 3, Cor.] which collects sufficient conditions (energy and
genericity conditions, and initial conditions) to derive the above incompatible items
under the assumption of causal geodesic completeness. We will generally follow this
path, but prove a more general version of the theorem due to Galloway and Senovilla
[10], which adds the existence of a trapped submanifold of arbitrary codimension to the
list of initial conditions.

Our version of the causal result is Theorem 6.2 and, for the sake of completeness and
for the convenience of the reader we collect all results from C!-causality theory® needed
here (and elsewhere) in Appendix A. The main result is then Theorem 6.3. The results
needed to infer from its analytic conditions (the distributional energy and genericity
conditions) and the non-branching assumptions the inexistence of lines are proven in
Sect. 4. The existence of a trapped set is derived from the various sets of initial conditions
(and the energy conditions) in Sect. 5. Finally, some technical results on extending vector
fields in C!-spacetimes are collected in Appendix B. They allow us to put to use the
distributional genericity condition in the context of regularisations.

To conclude this introduction, we fix the notations and conventions used through-
out the paper. By a manifold M we will mean a smooth, connected, second countable
Hausdorff manifold of dimension n (with n > 3). When such an M is endowed with a
Lorentzian metric g of regularity C! of signature (—, +. .., +) and is time-oriented via
a smooth timelike vector field we call it a C!-spacetime (hence lowering the regularity
will always apply to the spacetime metric only, not to the underlying manifold). The
Levi-Civita connection of a smooth or C'-spacetime will be denoted by V (for its dis-
tributional definition in the C!-case, see the next section). We will always assume that
M is also endowed with a smooth (complete, background) Riemannian metric & with
associated Riemannian distance function dj and norm || ||, which we use to estimate
tensor fields. Since all such estimates will be on compact sets only, they are independent
of the choice of A.

A curve y : I — M is called timelike (causal, null, future or past directed) if it
is locally Lipschitz and y(¢) is timelike (causal, null, future or past directed) almost
everywhere. Concerning causality theory we use standard notation, cf. e.g., [34,39].
Thus p <« g (resp. p < ¢g) means that there exists a future directed timelike (resp.
causal) curve from ptog, IT(A) :={g € M : p < g forsome p € A} and J*(A) =
{g e M : p <q forsome p € A}. These definitions do not change if one defines the
causality relations via piecewise smooth curves [24,31]. The Lorentzian distance (or
time-separation function) associated to a Lorentzian metric g will be denoted by d,.

A C'-spacetime (M, g) is globally hyperbolic if it is causal (i.e., contains no closed

3 1t should be mentioned that these results all follow from the more general approaches of [5,35,41].
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causal curves) and J(p, q) := J*(p) N J~(q) is compact for all p, g € M. A Cauchy
hypersurface in (M, g) is a closed acausal set that is met by each inextendible causal
curve.

For the Riemann curvature tensor we use the convention R(X, Y)Z = [Vx, Vy|Z —
Vix,v1Z and the Ricci tensor is given by Ric(X, Y) = > "7 (E;, E;){(R(E;, X)Y, E;)
(again we refer to the next section for a distributional interpretation in the case of C'-
metrics). Here (E;)?_, is a (local) orthonormal frame field, while by (e;)?_;, we will
denote frames in individual tangent spaces 7, M. For an embedded submanifold N of M
of codimension m we define the second fundamental form by II(V, W) = nor(Vy W)
and the shape operator derived from a normal unit field v by S(X) = Vxv. Using (2.13)
below it follows that for g € Cland V, W € C!, II(V, W) is continuous.

For g smooth (resp. C 1,1 <m < nand S a smooth (resp. C 2) spacelike (n — m)-
dimensional submanifold lete;(q), . . ., ¢,—n (q) be an orthonormal basis for T, S, vary-
ing smoothly (resp. C') with ¢ in a neighborhood (in S) of p € S. Then Hg :=

1

n—m
the convergence of v € TM|s. For g in C I both Hg and kg are continuous. A closed
spacelike submanifold S is called (future) trapped if for any future-directed null vector
v € TS* the convergence kg (v) is positive, or equivalently that the mean curvature
vector field Hg is past pointing timelike on S.

One final convention we shall require is that of tensor classes (cf. [21, Sec. 4.6.3]):
Given a causal geodesic y in a C! -spacetime (M, g), we set [y O = @)L /Ry ().
For y null, [y (£)]*- is an (n — 2)-dimensional subspace of the hypersurface (y (1)*.
On the other hand, for y timelike, [y (1)]* equals (y (¢))*. To obtain a unified notation,
throughout the paper we will denote the dimension of [y (¢)]*+ by d, which amounts to
setting d = n — 2 in the null case and d = n — 1 in the timelike case. Furthermore, we
set [y]+ = U,y (1)]*-. Then for every normal tensor field A along y we obtain a well-
defined tensor class [A] along y, as well as a well-defined tensor class representing the
induced covariant derivative Vy,. We then set [A] = [V}, A]. The metric g| o is positive
definite in both the null and the timelike case. For smooth metrics, the curvature (or tidal
force) operator is given by [R](?) : [y (O] — [y, [v] = [R, 7))y ()].

Y i—" II(e;, e;) denotes the mean curvature vector field of S, and ks (v) := g(Hs, v)

2. Distributional Curvature of C!-Spacetimes

2.1. Curvature tensors of C'-metrics. In what follows we discuss the general distribu-
tional framework in which to understand the curvature quantities associated to metric
tensors (of arbitrary signature) of regularity below C2, as is required for our further
analysis. The general mathematical framework goes back to [29], while [11] provided
the first study specific to GR. We mainly follow [28], cf. also [13,49], but put a special
emphasis on metrics of regularity C' and distributions of finite order.

As in [13, Sec. 3.1], for k € Ny U {oo} we denote by Vol(M) the volume bundle
over M, and by F’C‘ (M, Vol(M)) the space of compactly supported one-densities on M
(i.e., sections of Vol(M)) that are k-times continuously differentiable. Then the space of
distributions of order k on M is the topological dual of F’C‘ (M, Vol(M)),

D' (M) =T M, Vol(M))'.

For k = oo we omit the superscript (k). Clearly there are topological embeddings
DO (M) — D'**+D (M) — D'(M) for all k. As we shall see, all curvature quantities
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of C!-metrics are distributional tensor fields of order 1. The space of distributional
(r, s)-tensor fields of order k is defined as

D'OT (M) =DM, T M) :=T5(M, T* (M) ® Vol(M))'. 2.1)
By [13, 3.1.15],
D'T (M) = D'(M) ®@coouy Ty (M) = Loy (U (M) x X(M)*; D'(M)).(2.2)

This algebraic isomorphism ultimately rests on the fact that the C°°(M)-module of
C®°-sections I'(M, F) in any smooth vector bundle F — M is finitely generated and
projective, which allows one to apply [3, Ch. II §4.2, Prop. 2]. These properties persist
if we consider I'cx (M, F) as a C*(M)-module for any finite k, so we also have

~ 1 r s 7 (k) (2.3)

In other words, distributional tensor fields of order k act as C*-balanced multilinear maps
on one forms and vector fields of regularity C* to give a scalar distribution of order .
For finite k, the multiplication C*(M) x D'® (M) — D'® (M) is jointly continuous
(w.r.t. the strong topology), whereas for k = oo it is only hypocontinuous [20, p. 362],
but still jointly sequentially continuous [37, p. 233] since C*°(M) is Fréchet, hence
barrelled. The corresponding continuity properties therefore also hold for the tensor
operations introduced above. The isomorphisms (2.2), (2.3) are not topological, but still
bornological by [36, Thm. 15] (which remains valid for spaces of C*-sections with k
finite).

Smooth, and in fact even L
via

1

loc-tensor fields are continuously and densely embedded

/Z;r(M) s D/(k)r];r (M)

IHWHMW&WWMHMH/KWM@J“M&MI
M

Here, w is a one-density. If M is orientable, densities can be canonically identified with
n-forms. The fact that 7" (M) is dense in D’ ) 7/ (M) uniquely fixes all the operations
on distributional tensor fields to be introduced below in a way compatible with smooth
pseudo-Riemannian geometry.

For any ¢t € 7] (M) there is a unique extension that accepts one distributional argu-

ment. E.g., if 6, € D”TIO(M), then since ¢ (., 62, ..., X5) € X(M) we may set
01,02, ..., Xs) 1= 011(., 62, ..., X)) € D'(M), (24)

and analogously for the other slots.

Definition 2.1. A distributional connection isamap V : X(M) x X(M) — D’ ’Tol (M)
satisfying for X, X', Y, Y’ € X(M) and f € C°°(M) the usual computational rules:
VfX+X/Y = fVXY+Vx/Y, Vx(Y+Y/) = VxY+VxY/, Vx(fY) = X(f)Y+fVXY.
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Using (2.4) any distributional connection can be extended to the entire tensor algebra,
ie,toamapV:X(M) x T] (M) - DT/ (M), e.g. for ® € QY (M) we set

(VxO)(Y) :=X(O()) —0(VxY) (X,Y e X(M)). (2.5)

Let G be any of the spaces C ko<kyorL? (1< p), then we call a distributional

loc

connection a G-connection if VxY is a G-vector field for any X, Y € X(M). A partic-
ularly important case are leoc—connections since they form the largest class that allows
for a stable definition of the curvature tensor in distributions, cf. [11,28,49].

Using a local frame one easily sees that by virtue of the respective computational
rules any G-connection can be (uniquely) extended toamap V : X (M) x Xy (M) —
Xg(M), provided that F and 'H are function spaces such that 7 - G € G, DH C G, and

‘H - G € G. Hence, in particular, each leoc-connection extends in this way to a map
V:iXc0(M) x%cl(M)—>%le (M). (2.6)

Moreover, by a similar reasoning, G-connections allow one to insert even less regular
vector fields in the first and second slot at the price of a less regular outcome. In particular,

any L12OC -connection can be extended to a map

Vi X(M) X X2 (M) — DT (M). (2.7)

Using this extension, we have [28, Def. 3.3]:

Definition 2.2. The distributional Riemann tensor of an L2

ioc-connection V is the map
R:X(M)} - DT} (M),
R(X,Y,Z)(0) = (R(X,Y)Z)(0) := (VxVyZ — VyVxZ — Vix,y1Z)(0)

for X,Y,Z € X(M) and 6 € Q' (M),

If F; is a local frame in X(U) and F/ € Q!(U) its dual frame, then the Ricci tensor
corresponding to V is given by

Ric(X,Y) := (R(X, F)Y)(F) e D'(U) (X,Y € X(U)). (2.8)
Recall the Koszul formula for the Levi-Civita connection of a smooth metric g on M:

28(VxY, Z2) = X(g(Y, Z2)) + Y (8(Z, X)) — Z(g(X, Y))

2.9
(X[, ZD) + g(Y, [Z, XD + ¢(Z, [X, Y]) = F(X. ¥, 2) &)

Focusing now on the case at hand in this work, suppose that g is merely C! (still allowing
arbitrary signature). Then F (X, Y, Z) is a well-defined element of C O(M), and

1
VyY = Z > SF(X.Y. Z) € QM) € D'TY(M) (2.10)

defines the distributional Levi-Civita connection of g [28, Def. 4.2]. Note that this is not
(yet) a distributional connection in the sense of Definition 2.1 since it is of order (0, 1)
instead of (1, 0). In addition to the standard product rules it also possesses the properties
(corresponding to [39, Thm. 3.11])

b b . b b
VeY — Vo X = [X, Y], ie., (VyY — V, X)(Z) = g(IX, Y], Z),

b : (2.11)
X (g, 2)) = (VyY)(2) + (V4 Z)(Y)
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forall X, Y, Z € X(M). These equalities hold distributionally, hence also in C 0
In order to obtain an leOC -connection from V" (which in turn will allow us to define
the curvature tensors we require) we need to raise the index via g, setting

g(VxY, 7Z) := (V;Y)(Z) (X,Y, Z e X(M)). (2.12)

This defines a continuous vector field Vx Y, hence even a C°-connection. More gen-
erally, by [28, Sec. 4] this procedure yields an L2 -connection even for the significantly

loc
larger Geroch-Traschen class of metrics (g € Hli)c N Ly, and locally uniformly non-
degenerate).

The Riemann tensor of g € C! is now given by Definition 2.2. Furthermore, since
in this case V is a CY-connection, it follows that (R(X, Y)Z)(©) € D'V (M), and
consequently, R € D’ (1)’731 (M). Indeed by the same reasoning that led to (2.6), (2.7)

we may extend the C°-Levi-Civita connection of g to a map

V:Xco(M) x X201 (M) — Xc0(M), and V : Xc1 (M) x Xco(M) — D'DT (M),
(2.13)

respectively. Here, the second equation shows that the term ([Vy, Vy]Z)(6) yields an
order one distribution, while (V[x y]Z)(0) € CY since V is a CY-connection.

For W, X, Y, Z € X(M) we define R(W, X, Y, Z) e D'V (M) by

— g(VXW, Vyz) + g(VYW, sz) — g(W, V[X’Y]Z).

Using (2.4), (2.7) and (2.11) it is straightforward to check that cf. [28, Rem. 4.5]
RW,Z,X,Y)=¢g(W,R(X,Y)Z).

Alternatively, one may verify this identity in local coordinates using the fact that there
is a well-defined multiplication of distributions of first order with C!-functions.

The Ricci tensor of a C! metric g is given by (2.8), hence, in particular, is again
a distributional tensor field of order 1. Note that by (2.3) this allows us to apply it to
C!-vector fields, which will be essential in the context of the genericity condition below.
Similarly, since the Riemann tensor, again by (2.3), acts on C'-vector fields, we may
in particular use g-orthonormal frames (which generically are only C!) to calculate the
Ricci tensor, which is also vital below. Explicitly, (2.8) holds for F; a g-orthonormal
frame and F' its g-dual. All these facts can alternatively be derived directly from the
extension of V in (2.13).

Again, by the same observations, we have that the scalar curvature S is a distribution
of order 1 (this answers a concern from [7, Sec. 3.2]) and that the standard local formulae
hold in D'V:

m __ q.pm m m s pm s
Ry = 0T — okl + T Ty — TG,

s m
S = Ric;.

This shows that the local definitions given in [7, (3.2),(3.3)] are compatible with the
global approach developed here.
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2.2. Regularisation. As in previous works on the generalisation of singularity theorems
to metrics of differentiability below C? [7,24-26], an essential tool in our approach
will be suitable regularisations, both of the metrics themselves and of the derived dis-
tributional curvature quantities. A general regularisation scheme based on chart-wise
convolution with a mollifier p € D(B1(0)), [ p =1, p > 0 (cf. [13, 3.2.10], [24, Sec.
2], [7, Sec. 3.3]) is as follows: Cover M by a countable and locally finite family of
relatively compact chart neighbourhoods (U;, ;) (i € N). Let (¢;); be a subordinate
partition of unity with supp(¢;) € U; for all i and choose a family of cut-off functions
Xxi € 2(U;) with x; = 1 on a neighbourhood of supp(¢;). Finally, for ¢ € (0, 1] set
pe(x) == ""p (%) Then denoting by f, (respectively f*) push-forward (resp. pull-
back) of distributions under a diffeomorphism f, for any 7 € D'7/ (M) consider the
expression

T g pe(x) = Y a0 97 (i@ - D) % e ) 0. (2.14)

Here, ¥ «(¢; - T) is viewed as a compactly supported distributional tensor field on R", so
componentwise convolution with p, yields a smooth field on R”. The cut-off functions
Xi secure that (g, x) — 7 %j; pe(x) is a smooth map on (0, 1] x M. For any compact
set K € M there is an g such that for all € < ¢x and all x € K (2.14) reduces to a
finite sum with all x; = 1 (hence to be omitted from the formula), namely when ek is
less than the distance between the support of ¢; o wl._l and the boundary of v; (U;) for
all i with U; N K # 0.

Just asis the case for smoothing via convolution in the local setting, 7 * s p. converges
to7 ase — 0in D'7], and indeed in C{f)c or W{;’Cp (p < o0) if 7 is contained in these
spaces [7, Prop. 3.5].

For a given C! Lorentzian metric g we will in addition require concrete regularisations
that are adapted to the causal structure induced by g. This construction goes back to
Chrusciel and Grant [5, Prop. 1.2], cf. also [24, Prop. 2.5]. The version we will use is
[7, Lem. 4.2, Cor. 4.3]:

Lemma 2.3. Let (M, g) be a C'-spacetime. Then for any ¢ > 0 there exist smooth
Lorentzian metrics g., g on M, time orientable by the same timelike vector field as g,
and satisfying:
(1) gc < g < g forall e.
(ii) g and g, converge to g in CllOC ase — 0.
(iii) g — g *m pe — 0in C3. and for any K € M there exist cx > 0 and eo(K) such
that ||ge — & *Mm Pelloo.x < cxe and |lg — g *m pelloo,.k < cké forall e < &.
An analoglous statement holds for 8. as well as for the inverse metrics g =", (8¢) ™!
and (g¢)™".

In this work we will generally use g., g, to denote the regularisations of Lemma 2.3,
which are of utmost importance throughout.

Next we recall the following essential result on convergence of the curvature under
regularisations, which is a special case of several so-called stability results, see [11,
Thm. 2], [28, Thm. 4.6], [50, Thm. 5.1].

Lemma 2.4. Let (M, g) be a C'-spacetime, and let g, be either g, or gs. Then we have
for the Riemann and the Ricci tensor

Rl[g:] — R[g] and Ric[g.] — Riclg] distributionally. (2.15)

In particular, the Riemann and the Ricci tensor possess the usual symmetries.
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We will frequently need the following result from ODE theory (cf. [15, Ch.2, Thm.
3.2]), which we will mainly use in the context of regularisation given below in Corol-
lary 2.6.

Proposition 2.5. Let f and f,,, m € N be continuous functions on an open set E C
R x R" with f,, — finC 0  Let Ym = Ym(t) be a solution to the initial value problem

loc
y;/n(t) = fm(t’ ym(t))’ y;/n(tm) = Ymy

with data (t, ym,) € E and maximal interval of existence (w,,, w; ). Suppose that the
sequence of initial data converges,

(tms Ymg) — (t0, Yo) € E.

Then there exist a solution y = y(t) for the initial value problem
Yty = ft,y@®), y(to) = yo,

defined on a maximal interval (v~ , w"), and a subsequence m; with the property that
for any s1 < sy with (s1, s2) C (0~ , @*) we have (s1, s2) C (@ a),“;l)for all large |,

1
loc

mj’

and y,, — yin Cy (0™, o*).* In particular,

limsupw,, <w~ <o’ <liminf @ .
m m
We will mostly use the previous result to conclude that g.-geodesics, where g, €
{g¢, -}, converge uniformly on compact intervals to a g-geodesic:

Corollary 2.6. Let (M, g) be a C'-spacetime and let g,, = g., or gn = 8, With
em — 0. Let vy, : (am, byy) — M be inextendible g,,-geodesics. Suppose that yy, (ty) —
p € Mand yy(ty) — v € TyM, wherety € (\(am, bim). Then there exist an inextendible
g-geodesic y : (a,b) — M with y(ty) = p, y(ty) = v and a subsequence m; such
that whenever (s1, s2) € (a, b), we have (s1, 52) € (am;, bw,) for all large | and yy,

converges in C120c (a, b) to y. Moreover,

limsupa,, <a < b <liminf b,,.
m m

Proof. As this is a local statement, we may assume M = R". We rewrite the geodesic
equations for g, as a first order initial value problem (with I';, the Christoffel symbols
of gm)and 1 <i < n:

Vi (1) = 1y, (D),

M = =T s o (O (), (1),

Vi (10) = Py

3 (0) = .
We define the continuous functions f, : R** — R, f,, ().C’ y) = (y, —(Fm);k(x)yjyk),
and similarly f : R?* — R, f(x, ) := (y, —ij(x)yfyk). Then f,, — f uniformly
on compact subsets of R>?, and by assumption (p,,, v,) — (p,v) € R**. The exis-

tence of an inextendible g-geodesic sublimit y of the sequence y,, now follows from

Proposition 2.5, and the Clzoc—convergence follows suit. O

4 In[15, Ch.2, Thm. 3.2], convergence is only stated in CI% .» but inserting this into the equivalent integral
equations immediately yields the claim as given here.
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In the case of only future or past inextendibility, an obvious analogue of Corollary 2.6
holds.

Remark 2.7. (Parallel transport) Under the assumptions of Corollary 2.6, let w,, €
Ty,,aoM, wy, — w € T,M. Then since the ODEs governing parallel transport are
linear, there are unique smooth vector fields W,,, along y;, that are global solutions of
the corresponding initial value problem, and by the standard results on continuous de-

pendence of solutions on the right hand side and the data, they converge in ClloC to the
unique C'-vector field W along y resulting from g-parallel transport of w along y .

2.3. Energy conditions. Let us briefly recall the timelike and null energy conditions for
C!-spacetimes. They are formulated in a way so that they imply corresponding condi-
tions for the curvatures of approximating metrics. If the metric is C!-! or better, then
the energy conditions presented here are equivalent to the usual pointwise (or pointwise
a.e.) energy conditions. We follow [7, Sec. 3-5], to which we also refer for proofs.

We start with the timelike energy condition, whose distributional generalisation is straight
forward, cf. [7, Def. 3.3].

Definition 2.8 (Distributional timelike energy condition). Let (M, g) beaC 1 -spacetime.
We say that (M, g) satisfies the distributional timelike energy condition if for any timelike

X eX(M),Ric(X, X) e D/(l)(M ) is a nonnegative scalar distribution on M.

Recall that a scalar distribution u € D’(M) is nonnegative, u > 0, if u(w) = (u, w) >
0 for all nonnegative test densities @ € I'.(M, Vol(M)). A nonnegative distribution is
always a measure [19, Thm. 2.1.7] and hence a distribution of order 0. Moreover, non-
negativity is stable with respect to regularisation [19, Thm. 2.1.9]. Finally, for u, v €
D'(M) we write u > vifu —v > 0.

Remark 2.9. We note that an equivalent formulation of the distributional timelike energy
condition consists in imposing that, for any U € M open and any X € X(U) timelike,
Ric(X, X) > 0in D' D (V). Indeed, given a timelike X € X(U),letV € U be open and
choose a cut-off function x € D(U) that equals 1 on a neighbourhood of V. By time-
orientability of M there exists some timelike 7 € X(M) of the same time-orientation
as X,s0Y = xX + (1 — x)T is a global timelike vector field on M. Then for any
non-negative w € I'c(M, Vol(M)) with support in V we have 0 < (Ric(Y, YY), w) =
(Ric(X, X), w), and by the sheaf property of D 1), we obtain Ric(X, X) > 0in D'V (V).

The usefulness of Definition 2.8 is highlighted by its implications for the curvatures
of approximating metrics, cf. [7, Lem. 4.1, Lem. 4.6].

Lemma 2.10. Let (M, g) be a C'-spacetime satisfying the distributional timelike energy
condition and let K be compact in M. Then

VC >0Vd>0Vk <03eg >0Ve <eggVX e TM|g
with g(X, X) <k and | X||p < C : Ric[g.](X, X) > —6.
The following is an immediate consequence of the previous result.

Corollary 2.11. Let (M, g) be a C'-spacetime satisfying the distributional timelike en-
ergy condition and let K be compact in M. Then

V6 > 03eg > 0Ve <eg VX € TM|g with g.(X, X) = —1: Ric[g:](X, X) > —6.
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Let us now turn to the proper distributional formulation of the null energy condition.
The naive approach of defining it in analogy to Definition 2.8 does not yield analogues
of Lemma 2.10 and Corollary 2.11 because vector fields that are g.-null are only almost
g-null. This necessitates a definition of the following form.

Definition 2.12 (Distributional null energy condition, [7, Def. 5.1]). Let (M, g) be a
C!-spacetime. We say (M, g) satisfies the distributional null energy condition if for any
compact set K and any § > O there exists ¢ = (6, K) > 0 such that Ric(X, X) > —§
(as distributions) for any local smooth vector field X € X(U) (U < K open) with
IX|ln =1and |g(X, X)| <eonU.

The above requirement |g(X, X)| < € may equivalently be replaced by || X — N||;, <
g, where NisaC! g-null vector fieldon U, cf. [7, Lem. 5.2]. Yet another useful equivalent
reformulation is the following rescaled version, cf. [7, Def. 5.3].

Lemma 2.13. A C'-spacetime (M, g) satisfies the distributional null energy condition
if and only if for any compact K < M, any c1,c; > 0 and any § > 0 there is ¢ =
(8, K, c1,c3) > 0 such that Ric(X, X) > —§ (as distributions) for any local smooth
vector field X € X(U), U C K, with0 < c; < || X||n <crand |g(X, X)| <eonU.

The following analogue of Lemma 2.10 and Corollary 2.11 shows that the above
definition of the null energy condition is the correct one in the C!-case (see [7, Lem.
5.5)]).

Lemma 2.14. Let (M, g) be a Cl-spacetime satisfying the distributional null energy
condition. Let K C M be compact and let c1,cy > 0. Then for all § > 0 there is
g0 = €008, K, c1, c2) > 0 such that

Ve <egVX e TM|g with0 < ¢c1 < || X||n < ¢ and
(X, X) =0: Ric[Z](X, X) > =5,

The above distributional versions of the timelike and null energy conditions were
successfully used in [7] to prove the singularity theorems of Hawking and of Penrose
for C!-spacetimes. For our C!-proof of the Hawking-Penrose singularity theorem, we
need a distributional version of the genericity condition along geodesics.

Definition 2.15 (Distributional genericity condition). Let (M, g) be a C'-spacetime and
let y : I — M be a causal geodesic. We say that the distributional genericity condition
holds at y (1y), to € I, if there is a neighbourhood U of y (1), Cl-vector fields X, V
on U with the property that (X o y)(t) = y(t), (Voy)() L y(¢) forallt € I with
y(t) € U, and there exist ¢ > 0 and § > O such that for all C Lvector fields X, V on U
with | X — X|l» < 8and ||V — V|, < 8 we have

g(RX, V)V, X)>c inDV ). (2.16)

This condition extends the one used in the C!'-case in [8, Def. 2.2] as we shall discuss
in Remark 2.19, below. Again it allows us to derive an approximate genericity condition
for regularisations. Note, however, that it will turn out to be essential to use C L_vector
fields (and their approximations), which can be inserted into R € D’ (1)’]’31 (M), by (2.3).

Also the distributional genericity condition appropriately restricts to smaller sets, a
technical point which we clarify first.
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Remark 2.16. In Definition 2.15 we may shrink the neighbourhood U while retaining
the constants ¢ and §. More precisely, let U, X, V, ¢, and § be as in the definition
and let W € U, then (2.16) holds for all C!-vector fields X W VW on W which satisfy
1 X |w —Xw ln < dand||V|w— Vw ln < &.Indeed, by the sheaf property of distributions,
it suffices to establish that (2.16) then holds locally around each point x € W. To establish
this let x € D(W) be a plateau function that equals 1 in a neighbourhood W’ of x and
set X = X + X (X w — X) and likewise for V. Then X and V are C!-vector fields on U
with || X — X||h <dand |V — Vllh < 6 (2.16). So we obtain on W’

c < g(RX, VMV, X)=g(RXw, Vw)Vw, Xw). (2.17)

Lemma 2.17. Let (M, g) be a C'-spacetime and let g, be either g, or .. Suppose y is
a g-causal g-geodesic and assume that the distributional genericity condition holds at
y (to) (with neighbourhood U, vector fields X,V and constants c, §). Suppose that X,
Ve are Cl-vector fields on U with X, V, — X,V in Clloc(U). Then for any compact
subset K € U there is € > 0 such that for all ¢ < &:

c
gE(R[gE](X&" Vg‘)Vg, XE) > 5

on K.

Proof. We may take U to be relatively compact. By assumption, for all C!-vector fields
X,VonUwith | X — X|| <dand |V — V|, < &, we have

g(RX, V)V, X)>c inDV ).

Since X, — X and V, — V in Cloc, there is &g > 0 such that for all ¢ < g,
|Xe — X|ln < dand ||Ve — V|5 < &. Let from now on ¢ < gg. Hence, the assumption

gives
g(R(Xe, Vo)Ve, Xe) > ¢ in D' D).
Since *j;-convolution with a non-negative mollifier p. respects positivity, we have
g(R(Xg, Vo)V, Xo) *p1 pe > .
We claim that

8(R(X¢, Vo) Ve, X¢) *p 0 — (g *m pe)(R[g *m pe1(Xe, Ve) Ve, Xe) >0 in C]%g(U)-

This is seen by first showing that
8(R(X¢, Vo) Ve, Xe) xpr pe — g((R[g] *m pe)(Xe, V) Ve, Xe) = 0 in Cl(())C(U)-

The latter locally corresponds to the question whether given a net ki, of C!-functions

that converges in ClloC to h € C! and a first order distribution 7' we can show (h,T) %

P — he(T % pg) — 0 in Cl%c' This is shown by arguing along the lines of [7, Lem.
4.8] and using that T can locally be written as a first order distributional derivative of a
CO-function. By a similar argument (noting the fast convergence speed of g x ,08 — g),
the right hand side above is C_-equivalent (i.e. the difference goes to 0 in C°. ) to

loc loc

(g *m pe) (R[] *p pe(Xe, Vo) Ve, Xe).
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This is Cﬁ)C-equivalent to

(& *m pe)(R[g *pm pe](Xe, Vo) Ve, Xe)

by the same arguments as in [7, Lem. 4.6] and uniform boundedness of X, V.
Next, we show that

(g *m ps)(RIg *m ps1(Xe, Vo) Ve, Xe) — 8e(R[ge](Xe, Vo) Ve, Xg) — 0

. 0
n C10C
form

(U). Upon writing everything out in coordinates, we see that only terms of the

(g *m pe)Ol[g *p Pl X VeVeXe — 801X Ve Ve X,

are of interest, because for any of the other terms in the difference, both summands
converge in Cl%c(U ) to the respective expressions for g. Since the X,, V, are uniformly
bounded, we may omit them in our estimates without loss of information. But for terms
as above, we only need to consider those expressions where we have second derivatives
of the metrics, since 9;(g *u 0e)" — 8jgmk in CI%C(U) and similarly for 9; (gg)mk.
Hence, we work in a chart, fix a compact set K and are left with estimating the following

expression on K:

(8 %01 Pe)be(g *ar )™ 050, (g *ar Pe)ij — (8e)be(ge)™ D50y (g6 )i |
< (g %11 Pe)be (g *m pe)™ | - 850, (g %11 pe)ij — 50y (ge)ij| + 1.

The first term goes to 0 uniformly on K by Lemma 2.3(iii). We continue estimating the
remaining term /17:

IT = [(g*M Pe)bc (g *m ,Oa)mkasar(gs)ij - (ge)bc(ge)mkasar(ge)ijl
< 1858, (8e)ij| - 1(g % Pe)be (8 *m 0e)™ — (ge)be(ge)™ .

To show that this goes to 0 uniformly on K, it suffices to show that the second factor
can be estimated by a constant times € by the same argument as in the proof of [7, Lem.
4.5]. Since ||ge — (g *m pe)|loo, xk and ||gg1 —(g*m 0e) ! oo, x can both be estimated
by a constant times ¢ again by Lemma 2.3(iii1), this is easily seen to hold.

Hence, there is €1 > 0 such that for all £ < min(gg, €1),

C
8e(R[ge1(Xe, Vo) Ve, X¢) > 5 on K.

O

Next we derive from the distributional genericity condition an estimate on the tidal
force operator for the regularised metrics. It is this result which allows us to enter into
the Riccati comparison techniques in Sect. 4.

Lemma 2.18. Let the assumptions of Lemma 2.17 hold and let y, be g.-causal g.-
geodesics, whose g¢-causal character is the same as the g-causal character of y and

which converge in CllOC toy. Then there are ¢ > 0, r > 0, g9 > 0 and a neighbourhood

U of y (to) such that forany 0 < & < &g there exist vector fields E; on U such that E? oy,
constitutes a g¢-orthonormal frame along y. and such that E; — E; in Clloc(U ), where
E; oy is an orthonormal frame along y. Further, there exists some C = C(g) > 0 such
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that along vy, the e-tidal force operator [R:](t) = [Re(., Y. (1))y:(1)] : [)}g(t)]L —
[Ve (1 fulfills

[R:](¢) > diag(c, —C,...,—C)on [ty —r,ty+ 1] (2.18)
in terms of the frame E? and where we have used the shorthand R for R[ge].

Proof. Let w.l.o.g. tp = 0. We deal with the case of y being null or timelike simulta-
neously and construct a g-orthonormal frame for [y] along y . First note that, if y is
timelike, V o y is nowhere proportional to y, but the same may not be true in the null
case. First we will show that we can replace V by a vector field whose restriction to y
is parallel in [y ]+ and still retain (2.16).

There must exist some 7 such that V o y(t) ¢ span(y(¢)). Indeed, suppose to the
contrary that V(y(¢)) = f(t) - X(y(¢)) for some real-valued C ! function f and all
t. Then extending both X o y and V o y in a cylindrically constant fashion as given
by Lemma B.1, we obtain vector fields V,Xona neighbourhood W of y (0) that are
proportional and can be made arbitrarily close to V resp. X in C° when shrinking W
since they restrict to the same vector fields on y. According to Definition 2.15 they
therefore satisfy (2.16) close to y (0). However, by the symmetry properties of R (cf.
Lemma 2.4) and the proportionality of V and X we must have R (X V) V=0inD (W),
a contradiction.

Hence there exists some v := V (¢;) with v € [y )]+ Defining V| as the parallel
translate of v along y we obtain V| € [y]+ along all of y. By the same continuity
argument as above, (2.16) then still holds for the vector fields Vi and X (note that
a t; as above must exist arbitrarily close to 0). In the timelike case we may assume
that y is parametrised to unit speed, and we set ¢, := y(0). If y is null we can write
v (0) = e,_1 + e, for orthonormal vectors e,,_1, e, with e, timelike.

In the null case, extend e; := V1(0) € [)}(0)]J- to a g-orthonormal basis {e;}7_,
(with e,—1, e, as above) and define E; to be the g-parallel translate of e¢; along y (so that
Ei =Viand X = E,,_1+ E, along y). For y timelike we also construct an orthonormal
frame E1 = Vi, Ea, ..., E, = X along y via parallel transport. As y; — y in Clloc’
we can find a g, orthonormal basis {ef} at y,(0) with e; — ¢; in T M, and such that
Ye(0) = €}, if y, is ge-timelike, while y, (0) = e/ | +e;, with ¢}, timelike if y; is g.-null.
For every e let E? be the g¢-parallel translate of ef along y.. By Remark 2.7, E; — E;
inC| loc (1.€.in T'(T M), uniformly on compact time intervals) and we can use Lemma B.2

to extend E; ¢ to vector fields on U, converging in CIOC(U ) to the extensions of E; to U.

As we have now found vector fields E; that restrict to a ge-frame along y, and
converge to the g-frame E; along y, we are in a position to apply Lemma 2.17 and
hence estimate the g.-tidal force operator along y,.

For the remainder of the proof we roughly follow the layout of the proof of [8, Prop.
3.6]. There, for a C'-!-metric g the statement is first shown for the g-tidal force operator
along y and then carried over for small € by an approximation argument. However, in the
C!-setting this is no longer possible, as R is now merely distributional and for a matrix
with distributional entries eigenvalues are not defined. Also, a direct approximation
procedure of that form is no longer feasible. Instead we use Lemma 2.17, and argue
separately for any ¢, making the procedure (and hence the constant C) dependent on °.
More precisely:

Let ¢ be the constant given by the genericity conditionandlet¢ := 5and0 < ¢; < C.
Set Rf = (R:(E], X)Xe, E ), i,j=1,...,d, where X, = E¢ in the timelike case

5 This is, however, sufficient in our proof of the main result.
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and X, = E;_, + E;, in the null case. As in the proof of (3.5) in [8, Lemma 3.7], we

R8~ ille
choose C(¢) > 0 such that A2, (x) > —”(EUC)IJ ”

min for all x € U, where A2 . (x) is the

min

smallest eigenvalue of (Rfj)lf{ jea C(e)ldyj_1 at x € U. By Lemma 2.17 there exists

some & > 0 such that R{; > ¢ forall0 < & < & on U (shrinking U once more if
necessary). For these ¢ it then follows that Rfj —diag(cy, —C(¢),...—C(g)) is positive
definite on U. Then picking r > 0 such that y,([—r, r]) € U for all & small, evaluation
along y, gives the claim. O

Remark 2.19. Note that while Definition 2.15 may at first sight appear to be stronger
than a straightforward generalisation of the genericity condition given for C!-!-metrics
in [8], due to the local boundedness of R in that regularity it is actually equivalent:

For C!-!-metrics Definition 2.15 clearly implies Definition 2.2 of [8]. For the reverse
implication, let X, V be continuous vector fields in a neighbourhood of y (#) such that
X(y(@) = y(@)and V(¥ (1)) € (y(1))* forall r and such that (R(V, X)X, V) > ¢ > 0.
Arguing exactly as in the proof of Lemma 2.18 we can then use parallel transport and
cylindrically constant extension to find C'-vector fields that are uniformly close to X
and V. It therefore suffices to show that the genericity condition from [8] is stable under
locally uniform perturbation. Thus let V, X be C! vector fields that are uniformly close to
V, X. Then one can locally in a coordinate system estimate |\7i —Vi| <6, |)~( i—Xi| <6
for some small §. Consequently,

(R(V, X)X, V) =gijR,, VIX"X*V/ > giiRL, VIX"X VI +0(5)

where the last term collects all §-contributions and takes into account the local bound-
edness of R. Consequently, choosing § small enough (and appropriately shrinking the
neighbourhood of y (7)) we can secure that the sum still remains > c¢/2.

3. Branching

In metric geometry, where geodesics are defined as (local) minimisers of the length
functional, local uniqueness of geodesics is expressed in the form of a non-branching
condition. Here, a branch point is defined as an element of a minimiser at which
the curve splits into two minimisers that on some positive parameter interval do not
have another point in common, cf., e.g., [44,51]. Similarly, in the synthetic Lorentzian
setting [22], the role of causal geodesics is taken on by maximising causal curves,
and non-branching is formulated analogously. In both cases, lower synthetic sectional
curvature bounds (formulated via triangle comparison in constant curvature model
spaces) imply non-branching [22,44]. Synthetic Ricci curvature bounds in metric mea-
sure spaces (curvature-dimension conditions), on the other hand, do not imply non-
branching of geodesics [38]. Similarly, in recent work on synthetic Ricci curvature
bounds in Lorentzian pre-length spaces [4], a timelike non-branching condition is re-
quired in addition to a timelike-curvature dimension condition to obtain a version of the
Hawking singularity theorem.

In the C!-setting we are concerned with in this paper, the coincidence between causal
local maximisers and geodesics that is familiar from smooth Lorentzian geometry ceases
to hold (cf. Example 3.2 below), although it is still true that causal maximisers are
geodesics (Lemma A.4). In addition, one generically cannot expect unique local solv-
ability of the geodesic initial value problem. Nevertheless, on physical grounds, it seems
reasonable to assign a privileged role to causal geodesics that are locally maximising.
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We therefore introduce a (weak notion of a) non-branching condition that is intended
to preclude locally maximising geodesics from branching (where we do not require the
second branch to be maximising as well):

Definition 3.1 (Non-branching conditions). Let (M, g) be a Cl—spacetime. A geodesic
v : la, b] — M branches at 7y € (a, b) if there exist ¢ > 0 and some geodesic o with
y'[to—e,to] C o, but V|(t(),l‘0+8) No =0.

(M, g) is called maximally causally (resp. timelike, resp. null) non-branching (MCNB,
MTNB, MNNB), if no maximal causal (resp. timelike, resp. null) geodesic branches in
the above sense.

Example 3.2. A C'-spacetime in which maximal causal branching occurs can be con-
structed from the second Riemannian example given in [16]. There, a C l.¢_Riemannian
metric (¢ < 1) in the (u, v)-plane is given with non-unique solutions to the geodesic
initial value problem starting at {v = 0}. Further it is shown that the geodesic boundary
value problem for geodesics y starting at the surface {v = 0} is uniquely solvable and
hence such geodesics are at least initially minimizing: If they were not, by properties
of any C!-Riemannian manifold as a locally compact length space, there would exist a
minimiser o between two points on y. However in C!-Riemannian manifolds minimis-
ers are geodesics and by uniqueness (of the boundary value problem) y = o (cf. [42]
for proofs and references).

In [18] it is shown that causal geodesics in static spacetimes are maximising if and
only if their Riemannian parts are minimizing and so one can easily construct both
maximising timelike and null geodesics that branch.

Lemma 3.3. If the C'-spacetime (M, g) is MCNB (resp. MTNB, MNNB), then any two
maximal causal (resp. timelike, null) geodesics that meet tangentially at an interior point
must coincide on their maximal domain of definition.

Proof. We only show this for MCNB spacetimes, the other cases are proven in exactly
the same way by replacing all occurrences of “causal” with “timelike” resp. “null”. Let
y, o be two maximising, causal geodesics meeting tangentially at p, which is not an
endpoint of either curve. W.l.o.g. we may assume that y (0) = o (0) = p. It suffices to
show that there is ¢ > 0 such that y|j0.s) = 0[0.¢). Indeed since then y and o meet
tangentially at t = &, the maximal such interval coincides with the maximal domain of
definition (to the right and analogously to the left).

Assume to the contrary that y|j0.¢) # o[0,s) for any €. As the curves both satisfy
the geodesic equation at p and their tangents agree, so do their second derivatives. Thus
y and y|(—¢,0) U o][0,¢) are both (unbroken) geodesics and by MCNB y cannot branch
at t = 0. So for every ¢ > 0 we have y |, Nolo,s) 7# 9. Hence there exist #x | 0
such that y (tx) = o (), and by our indirect assumption there exists sx | O such that
v (Sk) # o(si). For any k set

Nk := supia € [0, s¢] : Vl(sk—a,sk] N O’l(sk—a,sk] = }.

Further choose some 7 > 0 such that for [y := (sx —nx, sk+1k) wehave y |, No |, = 0.
Since ty | Oand y (tx) = o (tx), we know thats; > nr. However, y (sx —nr) = o (s —nk)
by our choice of 7. Set sy — nx = rr and for simplicity of notation assume ry < ;. If
Y (ri) # o (ri), the curve o := y|[0,r,] YU 0[] 18 @ broken geodesic from p to y (#)
and hence not maximising by [43, Lem. 3.2], i.e., d(p, y(tx)) > L(«). Since y and o
are maximisers we have d(p, y (rx)) = L(y|j0,,,1) = L(o[0,,]) Consequently,

d(p,o(t)) = L(o|j0,4)) = L(al[0,r,]) + L(O|[r,5,)) = L) < d(p,o(t)),
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a contradiction, and hence y (rr) = o (ry).

Again employing the geodesic equation, also the second derivatives of y and o
coincide at r¢, and so the curves y (0,51 and ¥ [[0,7,] U O |[;,s,] display maximal causal
branching, a contradiction. O

The following result shows that in maximally causally non-branching spacetimes,
maximal causal geodesics can always be approximated by geodesics for the regularised
spacetimes g, and g.. Whether such a result is true in general is questionable and very
likely regularisation dependent.

Proposition 3.4. Let (M, g) be a C'-spacetime that is MCNB.

(1) Suppose that M is globally hyperbolic and let g \( 0 (k — 00). Set gy := &g, or
8k = 8¢ forallk. If y : [0, al — M is a maximising, timelike g-geodesic then for
any small 5 > O there exists a subsequence g, of gk and gy,-maximising, timelike
geodesics y; converging in C' to v1[0.a—s]-

(ii) Let gk = g¢, for all k. If M is causal and y : [0, a] — M is a g-maximizing null
geodesic, then for any small 5 > 0, there exists a subsequence gy, of gk, t; { 0 and
gk, -hull geodesics y; : [t;, a—38] — M contained in 81;’()/ (0)) (hence in particular
8k,-maximising), which converge in Clloc 0 ¥ 1(0,a—s)-

If, furthermore, M is strongly causal and S is an acausal set such that y C E*(S),

then even y; : [t;,a — 8] — El+(S) and y;(t;) € S with y;(t;) — v (0).

Proof. Fixé € (0,a) and set p := y(0),q := y(a), and g5 := y(a — J).

(i) Since y is timelike, gs € I7(p) and without loss of generality we may assume that
also g5 € I; (p) for all k. Since g is globally hyperbolic we can also assume w.l.0.g.
that g are globally hyperbolic as well (see [26, Prop. 2.3 (iv)], which remains
valid for g € C'). Thus there exist g-maximising, timelike geodesics y; from
p to gs [41, Prop. 6.5]. By Corollary 2.6 an affinely reparametrised subsequence,
without loss of generality y4 itself, converges in ClloC to a g-causal geodesic o. By
Lemma A.13 o is a g-maximising timelike geodesic from p to gs, in particular
d(p,qs) = L(ylj0.a—s1) = L(o). We cannot yet apply Lemma 3.3 since it is not
clear whether o is maximising beyond gs. However denote by n := o Uy |[4—5.4] the
concatenation of o and y. Since d(p, q) = L(y) = L(y|[0,a—s1) + L(V |[a=5,a]) =

L(o) + L(y|ja—s,a1) = L(n), it is a maximising, timelike geodesic from p to g.
We can now apply Lemma 3.3 to the curves n and y, to obtain n = y and hence
o = y|10.a-s)-

(i1) A similar statement was shown in [43, Cor. 3.5], but we need to adapt some of the

main points of the argument to our assumptions.

Choose a sequence of points qé‘ € dl ;k (p) converging to gs. There exist future

directed, gx-null maximising geodesics yj ending at qé‘ and contained in 9/ ;k (p).
W.l.o.g we may assume their terminal velocities to be A-normalized, so we can
apply Corollary 2.6 to obtain a subsequence of y; (denoted in the same way)
converging to a g-null geodesic o. Since 9/ gk (p) € I*(p) (recall that g = g,)
we know that o C 917 (p), since otherwise g5 € I (p), hence o is maximising
(cf. Lemma A.15). Note that y and o meet tangentially at gs, because otherwise
n := 0 U ¥Y|a—s.q) Would not be maximising by Lemma A.4 and so g € I*(0) C
I*(I*(p)) € I*(p), a contradiction. Lemma 3.3 now shows that y = 7 and so
o = y, wherever both curves are defined. There are two possibilities for o, either
it is past inextendible or it reaches p. However, if it is past inextendible, we must
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have o © y|0.4—s]- Hence in both cases the y; converge to y in Clloc. Further this
means that there are #;, € [0, a — §] with y,(t) — p, and we have ty — 19 = 0
since otherwise y (f9) = p = y(0), contradicting the causality of M. Now assume
M to be strongly causal and y € E*(S) for S acausal, then there exists a g-
causally convex, g-globally hyperbolic neighbourhood U of p by [32, Lem. 3.21]
(this result holds also for C!-spacetimes). In such neighbourhoods it holds that
I5(8) = I7(S)NU, J;(S) = J*(S) N U and hence also E};(S) = 3I;(S) =
01" (S)NU. Clearly U is also gg-causally convex and gi-globally hyperbolic and
so these equalities also hold for gx. Note that in the same fashion as for the case of a
single point p one can show that yx — ¥ |[0,4—s]. If yx reaches §, we immediately
obtain y; S E; (S). In the other case yx S 917 (S)\J; (S) is past inextendible.
However, as they converge to y|[0.q—s], there must be py € ¥, with pr — p.
Hence, wlo.g. pr € d[J(S)NU = Eak(S) and so pi € J(S), a contradiction.
We have shown that y; reach §, and it only remains to show that they do so close
to 0. Again let yx(tx) € S with y(tx) — p. If tp — 19, then y(zp) € S and by
acausality of § we must have 1o = 0. O

Remark 3.5. (1) As the proof of Proposition 3.4 shows, for (i) it suffices to assume
(M, g) to be MTNB, while for (ii)) MNNB would suffice.

(i1) We will make use of Proposition 3.4(ii) in two different scenarios: Thm. 4.3 and
Proposition 5.5 below. In the first case (M causal) all we need to ensure is that y; are
maximizing for long enough, i.e. a — & — #; is close to a. In the second (M strongly
causal) it is important to also obtain that y; reaches S, in order to be able to use the
initial conditions assumed on .

4. No Lines

In this section we will prove that, under suitable causality and energy conditions, com-
plete causal geodesics stop being maximising also in (MCNB) C!-spacetimes. To this
end we first prove the existence of conjugate points for causal geodesics in smooth space-
times under weakened versions of the energy conditions. More precisely we will invoke
the energy conditions derived for regularisations in Lemma 2.10 and in Lemma 2.14 from
the distributional energy conditions, as well as in Lemma 2.18 from the distributional
genericity condition. The following is a strengthened version of [8, Prop. 4.2]:

Lemma 4.1. Let (M, g) be a smooth spacetime. Given some ¢ > Q0 and 0 < r < 4”7,
there exist §(c,r) > 0 and T(c,r) > 0 such that any causal geodesic y defined on
[—T, T] for which the following hold

(1) Ric(y,y) = —S6on[—T,T] and

(ii) there exists a smooth parallel orthonormal frame for [y 1+ and some C > 0 such that
w.r.t. this frame the tidal force operator satisfies [R](t) > diag(c, —C, ..., —C) on
[—r 7],

possesses a pair of conjugate points on [—T, T].

Proof. This actually follows by a more careful choice of constants in the proof of [8,
Prop. 4.2]. To see this we briefly recall the main steps of that proof. The argument
proceeds indirectly, assuming that for any § > 0 and T > 0 there is some y satisfying
(1) and (i) without conjugate points in [—7, T']. Denote by [A] the unique Jacobi tensor
class along y with [A](—T) = 0 and [A](0) = id. Taking [E{](?), ..., [Eq](t) as
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in (ii), linear endomorphisms of [y ]+ are written as matrices in this basis, and we set
[R](t) := diag(c, —C,...,—C) with C as in (ii). Then by (ii), [R](t) < [R](¢) on
[—r, r]. -

The self-adjoint operator [B] := [A] - [A] !satisfies the matrix Riccati equation

[B]+[B)? +[R] =0, (4.1)

and we denote by [B] the solution to (4.1), with [R] instead of [R] and initial value
prescribed at some t; € [—r, r]. We may even choose ¢ in [—r, 0] and [E](rl) =
,3 (t1) - id, where B (t1) is greater or equal than the largest eigenvalue of [B](¢;). More
precisely, examining the Raychaudhuri equation

.1, 5
0+ 30 +tr(oc”) +tr([R]) = 0, 4.2)

for the expansion 6 = tr([B]) (with o = [B] — %9 -id), it follows that one can pick
B(t1) := f(v,8,r)and [B](t;) := f(v, 8, r)-id to indeed achieve that [B](¢) < [B](r)
on [t;, r]. Here, f(v,8,r) = /2 +§+ % withv = 4d/T.

Moreover, due to the fact that both [ﬁ] and [E] (t1) are diagonal, the Riccati equation
for [ B] decouples. Indeed it can be explicitly solved by

[B1(1) = édiag(Hc, F@), Hoc g (0), ..., H-c £ (1)),
where
He ¢ (t) = d+/ccot(/e(t — t1) + arccot(f/+/c)),
and
H_c ¢(t) = dv/Ctanh (V'C(t — 1) +artanh(f/+/C)).

From this point on, the proof of [8, Prop. 4.2] proceeds by exclusively analysing
the function H. ¢, and the only requirement on r turns out to be 4r/c < m. Once
this is granted, § and T can be chosen depending only on c¢ to arrive at the desired
contradiction. 0O

Recall that a line is an inextendible causal geodesic maximising the Lorentzian dis-
tance between any of its points.

Theorem 4.2. (No timelike lines). Let (M, g) be a globally hyperbolic, MTNB C'-
spacetime satisfying the distributional timelike energy condition and the distributional
genericity condition along any inextendible timelike geodesic. Then there is no complete
timelike line in M.

Proof. Suppose y : R — M is a complete timelike line. We may assume that distri-
butional genericity holds at #y = 0 along y. We approximate g by g, < g, which are
hence also globally hyperbolic. By Lemma 2.18 there exist ¢ > 0,0 < r < 4”7 with

the following property: For any C'-approximation y, of y by g.-timelike geodesics,
there exists &g > 0 such that for all ¢ < ¢g, there is C = C(¢g) > 0 so that (ii) in
Lemma 4.1 is satisfied for R.. Now for the above choice of ¢ and r, pick § > 0 and

T > 0asinLemma4.l,andlet 7 > T. By Proposition 3.4(i), for the curve y|[_T 1
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and § < T — T, we obtain a subsequence g, and g, -maximal timelike geodesics yx
from y(—T) to y(f’) converging to V|[—T,T] inC!.

Let K be a compact neighbourhood of y ([—T, T]). Since y;, — y in cl(-T1,T)),
there are kg € N, C > 0and k < 0 such that for all k > ko, we have y., ([T, T]) C K,
Ve, lln < C and 8er Ver» Ve,) < k on [—T, T]. Hence by [7, Lem. 4.6] (and the remark
preceding it) we have Ricg, (g, ¥, ) = —8 on [T, T'] for large k. Therefore, also (i) in
Lemma 4.1 is satisfied for y;, , yielding the existence of conjugate points for any yg, (k
large) in [T, T'], a contradiction since they are maximising even in the strictly larger
interval [T, T]. O

Theorem 4.3. (No null lines) Let (M, g) be a causal, MNNB C ! -spacetime that satisfies
the distributional null energy condition and the distributional genericity condition along
any inextendible null geodesic. Then there is no complete null line in M.

Proof. Suppose y : R — M is a complete null line. We will again make use of the
approximation g.. Suppose without loss of generality that the distributional genericity

condition holds along y at fp = 0. By Lemma 2.18 there exist¢ > 0 and 0 < r < *~

4y/c
satisfying: For any C'-approximation y, of y by g.-null geodesics, there exists gy > 0
such that for all ¢ < &g, there is C = C(¢) > 0 so that (ii) in Lemma 4.1 is satisfied
for R;. Choose § > 0 and T > 0 as in Lemma 4.1 for this pair (c,r) and let T > T.
Using Proposition 3.4(ii) for the curve V|[—T,f] and § = y(—T) (cf. Remark 3.5(i1)),

there exists a subsequence g, and g, -maximal null geodesics yx : [T, T] — M
converging to y |[—T,T] inC!.

Since y — y in CY([-T, TY), once we choose a compact neighbourhood K of
y([—T, T)), there are ko € N and Cz > C; > 0 such that for all k > ko, we have
Ve [=T,T]) C K, C1 < Velln < C2 in [—7, T]. Hence, Lemma 2.14 implies that

Ricg, (vk, ¥k) > =8 in [=T, T]. But then Lemma 4.1 may be invoked to give the ex-
istence of conjugate points on yi|—r, 7] for large k, a contradiction since they were

supposed to be maximising even on [—T, T]. O

5. Initial Conditions

The classical Hawking-Penrose theorem for spacetimes of dimension 4 assumes three al-
ternative initial conditions: the existence of a compact, spacelike hypersurface, a trapped
(2-)surface, or a “trapped point”, i.e., a point from where all future (or past) null geodesics
converge. The second condition was later generalised in [10] to trapped submanifolds
of arbitrary codimension m with 1 < m < n = dim(M).

While the first condition does not need any special attention here we will start by
generalising the trapped submanifold-case to C!-spacetimes. As for C!-!-spacetimes
(see [8, Sec. 6.2]), trapped submanifolds are defined in the support sense. However, to
show that normal null geodesics emanating from them stop being maximising is more
delicate now due to the lack of an exponential map, cf. (the proof of) Proposition 5.5.
At the end of this section we will deal with the case of a “trapped point”.

Definition 5.1 (Support submanifolds) Let (M, g) be a C'-spacetime and let S, ScMm
be submanifolds. We say that Sisa future support submanifold for S at g € Sifdim § =
dim S, q € S, and there is a neighbourhood U of ¢ in M such that SNU cC J(S).
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Definition 5.2 (Trapped C°-submanifolds). Let (M, g) be a C!-spacetime of dimension
n. We say that a C%-submanifold S € M of codimension 1 < m < n is a future
trapped submanifold if it is compact without boundary and for any p € § there exists a
neighbourhood U of p such that U N S is achronal in U and moreover S has past pointing
timelike mean curvature in the sense of support submanifolds, i.e. for any ¢ € S there
exists a future C2-support submanifold S for § at g whose mean curvature vector at ¢q
is past-pointing timelike.

Now, to show that lightrays from trapped submanifolds stop maximising, we reduce
the problem to a question about smooth approximating metrics, which are understood
much better. The essential results that deal with the corresponding situations for smooth
metrics are [8, Lem. 6.4] and [7, Lem. 5.6]. To give a precise formulation we first
introduce some notation.

Suppose S € M is a spacelike C2-submanifold of codimension 1 <m < n, p € §
and v € T, M is a future null normal to S. Let y be a geodesic with y (0) = p, y(0) = v.
Letey, ..., ey—;,; be an ON-basis on S around p. Furtherlet Eq, . .., E,_,, be the parallel
translates of e{(p), ..., e,—n(p) along y, which are C'! since they satisfy the parallel
transport equation. We will use this notation for the following results. It will be clear
from the context which surface the E; refer to.

Lemma 5.3. Let (M, g) be a smooth spacetime and let S be a codimension-m (1 <
m < n) spacelike C* submanifold of M. Let y be a geodesic starting in S such that
v :=y(0) € TM]|s is a future null normal to S. Suppose that ¢ := kg(v) > 0 and let
b > 1/c. Then there is § = (b, ¢) > 0 such that, if for E; as described above

n—m

Y 8(R(Ei, ¥y, Ei) = =5
i=l1

along vy, then y|(0,p) is not maximising from S, provided that y exists up tot = b.

Lemma 5.4. Let (M, g) be a smooth spacetime and let S be a codimension-2 spacelike
C? submanifold of M. Let y be a geodesic starting in S such that v := y(0) is a
future null normal to S. Suppose that ¢ == ks(v) > 0 and let b > 1/c. Then there is
8 =68(b, c) > 0 such that, if

Ric(y,y) = —6
along y, then y|(0.p) is not maximising from S, provided that y exists up tot = b.

The following result is the C!-analogue of [8, Prop. 6.5]. As was the case for the
distributional genericity condition, cf. Definition 2.15, also here we have to assume
that the distributional curvature condition at hand is stable under C%-perturbations of the
vector fields involved. This ensures that we can derive the necessary curvature conditions
for the smooth approximating metrics in order to be able to use Lemmas 5.3 and 5.4 .

Proposition 5.5 (Light rays from a submanifold). Let (M, g) be a strongly causal, MNNB
Cl-spacetime and let SC MbeaC 2_spacelike submanifold of codimension1 < m < n.
Suppose ks (v) = g(v, Hy) > ¢ > Oandletb > 1/c. Suppose there is a null geodesic y
with y (0) = v, a neighbourhood U of y |[0.p) and C!-extensions E; of E; and N of y to
U such that for each 8 > 0 there exists n > 0 such that for all collections of C'-vector
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fields {El,..., En_m, ]\7} on U with ||E~,~ — Eilln <nforalliand ||N — N|p < n, we
have

> g(R(E;, N)N.E;) = =5 inD' V(). 5.1
i=1

Then y|(0,p] is not maximising from S.

Note that condition (5.1) localises in a similar manner as the genericity condition.
For the latter see Remark 2.16.

Proof. Let gc = &e, Re = R[g,]. Clearly, k; is continuous and kg , — K uniformly
on compact sets. Hence, there is a neighbourhood V of v in T M| and &p such that
Ve < gyand Vv € V: kg’ .(v) > c. Note that g-spacelikeness implies g.-spacelikeness.
Hence U N S is ge-spacelike and we may assume that W := 7 (V') is contained in U N S.

Suppose now to the contrary that y|jo 5] maximises the distance from U N §. Let
1/c <b' <Db" <bandletq = y(b").Find g; € 8Jk+(Uﬂ S) (where 3J; := dJg, and
er — 0) with gx — ¢. By Corollary A.12 there are g, -null geodesics y; : Iy — M
(in future directed parametrisation) with v, (b”") = gy either intersecting U N S or past
inextendible. We may assume that ||y, (b") || are all equal to ||y (b”)||, hence we may
assume that the y%(b”) converge to a g-null vector v and the geodesics converge to

a g-null geodesic y, in ClzOC by Corollary 2.6. Strong causality allows us to invoke

Lemma A.30, so we can find a neighbourhood W of y (0) with W € U such that W N S
is acausal in M. By (the proof of) Proposition 3.4(ii) (see also Remark 3.5(i)) we obtain
that y = y,, and that (up to picking a subsequence) y; reaches S for k large at 74 | O.
Since any of the g, -geodesics y reaches S forall & < &g (for some suitable g9 > 0)
at points i (tx) € S, by CllOC convergence of y; to y we also have yi (fx) € V. Note that,
due to yi () — y(0), we can pick g, -orthonormal bases for T}, (,)S converging to a
g-orthonormal basis for T), ©)S. Denote by E;* and E; the g, - and g-parallel transports
of these bases along y; and y, respectively. By Lemma B.2 there exist C'-extensions
Ef “and E; to the (possibly shrunk) neighbourhood U. By a similar argument one can
extend the velocity vector fields along y, and y to all of U, they will be denoted by N¢

and N, respectively.
Assume also without loss of generality that U is relatively compact and that y ([, b])
C U for large k. Pick § = §(b', ¢) according to Lemma 5.3. Since they restrict to the

same vector fields along y, by shrinking U and by continuity of E; and E; resp. N and
N, we can assume these vector fields to be arbitrarily close in || . ||, on U. Moreover, by
the convergence of E f “and N% to E; and N, respectively, also these vector fields can be
made arbitrarily || . ||,-close to E; and N, respectively, on U for large k. The assumption
of the Proposition therefore implies that

n—m

> g(R(E, N*)N*, Ef*) = —8/2

i=1

in D' (U) for k large. Since *j ps, respects inequalities, we conclude that also

n—m
Y G(R(E, N¥*)N*, E{*) %1 pe, = —5/2
i=1
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on U for large k.
By the same reasoning as in Lemma 2.17 we obtain (once again writing R, for

R[g: 1)
g(R(ES*, NN E) xut ey, — 8oy (Rey (Ef*, NN Ef) — 0

uniformly on U as ¢ — 0,i = 1, ..., n — m. But then, for large k,

n—m
> 8o (Re (Ef*, NN Ef¥) > —5.

i=1
In particular, the above holds along yx, so

n—m

> 8o (Rey (B (1), e 0) (1), Ef* (1)) = —8

i=1

for all r € [t, b'], where we may assume that k is so large that all y; are defined on
[, D'].

Due to our choice of §, Lemma 5.3 implies that, for k sufficiently large, each yx
stops maximising at parameter b’ + #; at the latest (if 4 is not g.-normal to S, then Vi
stops maximising the distance immediately, see Remark 5.9 below). By construction
the y, maximize from f; to b”, hence if k is so large that b’ + 1, < b” we obtain a
contradiction. O

Remark 5.6. By arguments analogous to those given for the genericity condition, cf.
Remark 2.19, namely essentially by boundedness of R on compact sets, one can see that
if g € C1'1, then the curvature condition (5.1) in Proposition 5.5 is equivalent to the one
given in [8, Prop. 6.5].

Proposition 5.7 (The case of trapped surfaces). Let (M, g) be a strongly causal, MNNB
Cl-spacetime satisfying the distributional null energy condition. Let S C M be a
codimension-2 C2-spacelike submanifold such that k:(v) > ¢ > 0, where v is a null

normal to S, and let b > L/c. If y is a null geodesic with y (0) = v, then y|(o,p] is not
maximising from S.

Proof. The proof is completely analogous to that of Proposition 5.5, with the sole differ-
ence that one needs to use Lemma 5.4 instead of Lemma 5.3. Let us give a brief outline:
Approximate g again by g, = g, and the compact segment y |[0,5] as before by g, -null
geodesics y,. Then by Lemma 2.14 (see also the proof of [7, Thm. 5.7]), for all § > 0
and large k we have Ricg, (yk, ) > —6. Using this, combined with Lemma 5.4 and
proceeding as in Proposition 5.5, one arrives at a contradiction as before. O

Remark 5.8. The corresponding C'!-version of Proposition 5.7 was dealt with in [8,
Remark 6.6(i)], however, a similar line of reasoning is not available in our case of C I
metrics: While itis still possible to extend an ON-frame along a curve to aneighbourhood,
this does not suffice to derive condition (5.1) of Proposition 5.5, as the needed rigidity
of the condition cannot be guaranteed. More precisely: For any ON-frame {E;, N} on
U the equality (as before N denotes the extension of ' in the frame)

Y " 8(R(E;, N)N. E;) = Ric[g](N. N) > —8

i=1
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still holds and the final inequality is due to the distributional null energy condition.
However, to carry out a proof similar to the one of Proposition 5.5, this estimate would
need to hold for all collections of vector fields close to the frame in the sense given in
the Proposition. This cannot be guaranteed for C!-metrics anymore as R is, in general,
unbounded. So instead, the slightly different focusing result used in Proposition 5.7 is
required.

Remark 5.9. 1f, in the situation of Proposition 5.5, v is null but not a null normal, then
geodesics in that direction immediately enter /*: This is shown in the same way as in the
smooth case, e.g. by using ideas from [39, Lem. 10.45, Lem. 10.50]: Let ¢ be a geodesic
in direction v, hence in particular C2. By [43, Lem. 3.1] for a (piecewise) C I_vector
field X along ¢ with g(X’, ¢) < 0, any variation ¢y with variation field X is timelike and
longer than ¢ (for small s).

Now for any vector v at p not a null normal to a spacelike surface S, w.l.o.g. there
exists y € T, S with g(y, v) > 0. Define V(1) = (1 — l%)Y(t), where Y is the parallel
translate of y along c. A straightforward calculation shows g(V’, ¢) < 0. Now choose
a variation ¢y of ¢ with variational vector field V such that ¢;(0) € S. We obtain that ¢
is timelike from § to c(b) and as b was arbitrary the statement follows.

The main result on trapped submanifolds in C!-spacetimes now is the following:

Proposition 5.10. Let (M, g) be a strongly causal, MNNB C'-spacetime and let S € M
be a trapped C°-submanifold of codimension m, 1 < m < dim(M) = n. If m = 2,
suppose that (M, g) satisfies the distributional null energy condition, and if m # 2,
suppose that any support submanifold S of S satisfies the condition in Proposition 5.5
in any null normal direction v and for any null geodesic y with y(0) = v. Then E*(S)
is compact or (M, g) is null geodesically incomplete.

Proof. Suppose (M, g) is null geodesically complete.

E*(S) is relatively compact: Assume, to the contrary, that there are gz € E*(S)
with gy — oo. Lemma A.5 guarantees the existence of future directed maximising null
geodesics v, : [0, tx] — M connecting px € S to gx, which we may assume to be
parametrised by A-unit speed. By compactness we may further assume that y;(0) =
pr — p € S, and we write yk(f) = qk. Due to gx — oo, only finitely many y; are
contained in a fixed neighbourhood U of p. So we may apply Theorem A.10, implying
that (a subsequence, not relabeled, of) yx converges to a g-null curve y : [0, 00) — M
(in h-unit speed parametrisation) from p. Since the 4 are S-maximising, so is y. In
particular, y is a g-null pre-geodesic. Reparametrising y as a geodesic, it is still defined
on [0, o0) due to null geodesic completeness and so y : [0,00) — M is a future
complete g-null S-ray. Let S be a future support submanifold of S at p, then y maximises
the distance from S everywhere, because otherwise there would be some 7 such that
y(T) el *(S) C I*(S), contradicting the fact that y is an S-ray. As this cannot happen
due to Proposition 5.5 resp. Proposition 5.7, E*(S) is relatively compact.

E*(S)isclosed:Letqy € E*(S),qx — q.Letyy : [0, tx] — M be null pre-geodesics
(in h-unit speed parametrisation) from some p; € S to gx. By compactness of S, we
may assume that py — p € S.If ¢ = p, then we are done. Otherwise, there are two
possibilities: If the #; are bounded, then by going over to subsequences, ty — t € (0, 00).
Since g # p, we are in a position to invoke Theorem A.11 to get a maximising causal
limit geodesic y : [0, t] — M connecting p to g. y cannot be timelike, as this would
imply g € I"(S) and hence g; € I*(S) forlarge k. Hence g € J*(S)\ I(S) = E*(S).
The other possibility is that the #; are unbounded, i.e. w.l.o.g. ty — oo. Since (M, g) is
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strongly causal, this means that the y; leave every compact set, i.e., yx (fx) — oo (after
possibly relabelling ;). However, as E*(S) is contained in some compact set, this is not
possible. O

Corollary 5.11. Let the assumptions be as in Proposition 5.10. Then E*(S) N S is
achronal, and E*(E*(S) N S) is compact or M is null geodesically incomplete.

Proof. This is shown as in the smooth case, see [10, Prop. 4] or [46, Prop. 4.3] and using
that for any p € § there is some neighbourhood U such that SN U is achronal in U. O

We now start with our discussion of “trapped points”. In [8, Sec. 6.3], a faithful
way to generalise the classical condition, which uses Jacobi tensor classes—a tool no
longer available already for C!-!-metrics—is presented: It uses the mean curvature of
spacelike 2-surfaces given as the level sets of the exponential map that generate the light
cone. While the latter tool presently is not at our disposal, the very formulation of the
corresponding condition again uses support manifolds and can be adopted verbatim.
However, it is now more delicate to derive that the horismos of a trapped point is a
trapped set.

Definition 5.12 (Trapped points).
A point p € M is future trapped if for any future pointing null vector v € T), M and for
any null geodesic y with y(0) = p, y(0) = v, there exists a parameter ¢ and a spacelike

C?-submanifold of codimension m = 2 with § C J*(p),y(@) € S and Ks(y (1)) > 0.

Proposition 5.13. Let (M, g) be a strongly causal, MNNB C'-spacetime satisfying the
distributional null energy condition. If p € M is a future trapped point and (M, g) is
null geodesically complete then E*(p) is compact.

Proof. Since trapped points are defined by means of codimension-2 submanifolds S,
we will use Proposition 5.7 for which (only) the distributional null energy condition is
needed. The proof is analogous to that of Proposition 5.10.

E*(p) is relatively compact: Suppose q; € E*(p), q; — oo. Let y; : [0,1;] —
M be maximising null geodesics connecting p to g, cf. Lemma A.5. Then, up to a
subsequence, the y; converge to a g-null ray y : [0, 00) — M from p (the domain is
[0, 00) even in g-affine parametrisation since (M, g) is null geodesically complete). By
assumption, there is a C2-spacelike submanifold S of codimension 2 and a parameter
t such that kg(y(#)) > ¢ > 0 and we let b > 1/c. y is indeed an S’—ray: If not, it

would enter I*(S) C I*( p), a contradiction. But by the previous results in this section,
y cannot maximise from S past b, a contradiction since it is a ray.

E*(p) is closed: This is shown in exactly the same way as closedness was shown in
the proof of Proposition 5.10. O

6. The Main Result

Given the results established so far, the general mechanics of the proof of the Hawking—
Penrose theorem remains the same as in the smooth case. There do, however, remain
notable differences in the details in this lower regularity (e.g. the use of [7, Prop. 2.13]
in the proof of Theorem 6.2), so we include the full argument.

Lemma 6.1. Let (M, g) be a strongly causal C'-spacetime such that no inextendible
null geodesic in M is maximising. Let A C M be achronal such that E*(A) is compact,
and let y be a future inextendible timelike curve contained in D™ (E*(A))°. Then F :=

E*(A) N J=(y) is achronal and E~ (F) is compact.
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Proof. DuetoLemma A.16 we may assume that A = A. Since E*(A) is always achronal
and F C E*(A), it is also achronal. By compactness of E*(A), F is compact. Note
that E~(F) € F U dJ ™ (y) by similar arguments as in [21, Lem. 9.3.4], so to show
compactness of E~ (F), it suffices to show compactness of E~ (F) N aJ ™ (y).
Suppose now that v € TM|F is past pointing causal and let ¢, : [0,a) — M
be any past inextendible, past directed geodesic with ¢,(0) = v (recall that in C!-
spacetimes we no longer have unique solvability of the geodesic initial value problem).

Then ¢, € J=(y),and J=(y) = I~ (y) U dJ (y). We show that ¢, meets I~ (y):
Suppose, to the contrary, that ¢, is a null geodesic entirely contained in dJ~ (). Since
y is a future inextendible timelike curve, we have J~ (y) = I~ (y), hence ¢, lies entirely
in dJ7(y) \ J(y). By Corollary A.12, there is a future directed, future inextendible
null geodesic A starting at ¢, (0) entirely in dJ~ (y) (y is closed in M by Corollary A.33
and Lemma A.32). This means that either c,A is an inextendible broken null geodesic,
hence not maximising by Lemma A.4, or an inextendible unbroken maximising null
geodesic. By assumption such a geodesic cannot exist, hence in either case cyA cannot
lie entirely in dJ~ (y) and so ¢, must enter I~ (y).

Thus we have shown that for any v and any geodesic ¢, as above there is f, =
ty(v, ¢y) (for which ¢, is still defined) such that ¢, (t,) € I~ (y). It remains to show that
E~(F)NaJ~ (y) is compact.

E~(F)NaJ ™ (y) is relatively compact: Suppose there are gy € E~(F)NaJ ™ (y)
with g — o00. Then there are past-directed maximising null pre-geodesics ¢y : [0, tx] —
M in h-unit speed parametrisation with cx(0) = px € F and cx(tx) = gi. Since
qr — 00, also ty — 0o By compactness, we may assume py — p € F. Since gy — 00,
there is a neighbourhood U which almost all ¢, leave and we are in a position to apply
the Theorem A.10. We get a past-directed inextendible null limit curve ¢ : [0, c0) — M
from p and a subsequence of the c; (w.l.o.g. ¢ itself) which converges to ¢ locally
uniformly. It is easy to see that all ¢; have to lie entirely in dJ~ (y), hence so does
the limit c. In particular, ¢ is everywhere maximising and may be reparametrised as
an inextendible geodesic ¢ : [0,a) — M entirely contained in dJ (y). This is a
contradiction since we showed before that each past directed null geodesic with initial
velocity in T M| r has to enter I~ (y).

E~(F)NoaJ ™ (y)isclosed: Letq; € E-(F)NdJ (y),q; — q, where we may
assume g ¢ F, otherwise there is nothing to prove. Connect ' > p; — g; via max-
imising null geodesics. Up to a subsequence, their limit has to be a maximising null
geodesic from p to g, hence g € E~ (F)NdJ ™ (y), because otherwise one would again
obtain an inextendible maximising null geodesic entirely in dJ~ (y), which would lead
to the same contradiction as before. 0O

Now we are ready to give the C'-version of the causal Hawking-Penrose theorem. It
is the direct analog of [17, p. 538, Thm.] and [8, Thm. 7.4], respectively.

Theorem 6.2. Let (M, g) be a C'-spacetime. Then the following conditions cannot all
hold:

(1) (M, g) is causal.
(11) No inextendible timelike geodesic in an open globally hyperbolic subset is every-
where maximising.
(111) No inextendible null geodesic is everywhere maximising.
(iv) There is an achronal set A € M such that E*(A) or E~(A) is compact.

Proof. Suppose all of the above conditions hold. Then by Lemma A.31, (i) and (iii)
imply that (M, g) is strongly causal. W.l.0.g. we assume that E*(A) is compact. By
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Lemma A.35 there exists a future inextendible (in M) timelike curve y € D*(E*(A))°.
Set F := E*(A)NJ~(y), whichby Lemma 6.1 is achronal and E~ (F) is compact. Once
more by Lemma A.35 there is some past-inextendible timelike curve A € D™ (E™ (F))°.
Exactly as in the smooth case, see e.g. the second paragraph of [8, Proof of Thm. 7.4],
one can show y € D*(E~(F))°, by invoking Proposition A.20 and Lemma A.24. So
v, A € D(E~(F))° which by Proposition A.28 is globally hyperbolic. Now we pick
sequences py = A(sy) and qx = y (t) with #, sy /' oo, leaving every compact set,
which is possible because y and A are inextendible curves in M contained in a strongly
causal set (Lemma A.32). Also because A € J (E~(F)) € J (F) < J (J~(y)) and
because y is timelike, we can choose py € ™ (qx).

By [7, Prop. 2.13] there exist maximising timelike geodesics y, in D(E™ (F))° from
Pk to gk, which must intersect E~ (F'), say at ry. By compactness of E~ (F) we can
assume r; — r and by Corollary 2.6 there exists an inextendible, causal limit geodesic
v, which is also maximising (as a limit of maximisers).

By (iii), y cannot be null, so it must be timelike. As a limit of curves in D(E ™ (F))° it
is contained in D(E~ (F)). Again using Proposition A.20 and Lemma A.24 one can now

proceed as in the last step in [8, Proof of Thm. 7.4] to arrive at the desired contradiction
(to (i1)). O

Finally, we formulate and prove the main result of this work, the analytical Hawking-
Penrose theorem for maximally causally non-branching C!-spacetimes.

Theorem 6.3. (The Hawking-Penrose singularity theorem for C'-metrics)
Let (M, g) be a C'-spacetime of dimension n with the following properties.

(1) (M, g) is causal.
(11) (M, g) satisfies the distributional timelike and null energy conditions.
(111) (M, g) satisfies the distributional genericity condition along any inextendible
causal geodesic.
(iv) (M, g) is maximally causally non-branching.
(v) (M, g) contains one of the following.
(a) a compact, achronal, edgeless set.
(b) a future trapped point.
(¢) a future trapped C°-submanifold of codimension 2.
(d) a future trapped C°-submanifold of codimension 2 < m < n such that its
support submanifolds satisfy the condition in Proposition 5.5.

Then (M, g) is causally geodesically incomplete.

Proof. Assuming causal geodesic completeness, we would like to deduce a contradiction
by using Theorem 6.2.

Note that due to Theorems 4.2 and 4.3 the assumptions (ii) and (iii) of Theorem 6.2
are satisfied and it remains to establish the existence of a future or past trapped set, i.e.
an achronal set with compact future or past horismos. This will be implied by (v), but
we have to distinguish the different cases:

By Proposition A.36, (a) implies the existence of a trapped set. Note that by Lemma A.31
(which can be applied by Theorem 4.3 ) (M, g) is strongly causal and hence Proposition
5.13 covers the case (b), whereas Proposition 5.10 covers cases (c)
and (d). O
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A. Appendix: Causality Results in C'-Spacetimes

In this section, we collect various results on the causality of C!-Lorentzian metrics
that will be needed in the proof of the main result. Unless stated otherwise, throughout
this section (M, g) consists of a connected smooth (Hausdorff and second countable)
manifold M, and a C'-Lorentzian metric g that is time-orientable (i.e. there exists a
smooth timelike vector field on M). Many of the results in this section hold in even
greater generality, namely either for Lorentzian metrics that are merely Lipschitz or
even in the general setting of closed cone structures [35]. Although we will occasionally
note this, in proving the results in this section we will stay close to smooth causality
theory (mainly based on the comprehensive reference work [34]) and only make those
changes from classical proofs that are required due to the absence of certain tools (e.g.,
convex normal neighbourhoods) in the C'-setting.

We begin with two elementary results, namely the openness of timelike futures and
pasts and the push-up property. Both of these hold for causally plain spacetimes, which
include spacetimes with Lipschitz continuous metrics [5, Cor. 1.17].

Lemma A.l. For any A C M, the sets I*(A) are open in M.

Proof. See [5, Prop. 1.21]. O

Lemma A.2. Let p,q,r € M suchthat p < q L<rorp Kq <r.Thenp <.
Proof. See 5, Lem. 1.22]. O

Remark A.3. Note that from this one can show as in the smooth case, e.g. [39, Lem.
14.03]6, that the timelike relation is open, i.e., if p < ¢ then there are neighbourhoods
Up, U, of p and q respectively, such thatforallx € U, andall y € U, wehave x < y.

Lemma A4. Let (M, g) be a C'-spacetime and let y : [a, b] — M be a maximising
causal curve. Then y is a (reparametrisation of a) causal geodesic. In particular; it is a
C?-curve and has a causal character:

Proof. See [27, Thm. 1.1] or [43, Thm. 3.3]. O

For any point g € M, we denote by E*(q) := J*(q) \ I"(q) its future horismos. Its
past horismos E~ (q) is defined analogously.

Lemma A.5. If p € E*(q) then there exists a maximising null geodesic segment from
q to p.

6 the use of convex sets is not necessary once openness of I in is established
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Proof. Let ¢ be a future causal curve from ¢ to p. Since p ¢ I*(g), c¢ is null and
maximising from g to p (because of push-up), hence it is (a reparametrisation of) a
maximising null geodesic by Lemma A.4. O

Lemma A.6. For any subset A € M, we have IT(A) = JT(A)° and I (A) =
dJE(A). Moreover, the sets ET(A) and 3J*(A) are achronal.

Proof. This follows by the same proofs as in the smooth case (cf. [34, Thm. 2.27], [39,
Cor. 14.27]). O

Definition A.7. (Edge)

Let A € M be achronal. The edge of A, denoted by edge(A), is the set of all x € A
such that for any neighbourhood U of x, there is a timelike curve from /;; (x) to / ;} (x)
that does not meet A.

Lemma A.8. Let (M, g) be a C'-spacetime. An achronal set A € M is a topological
hypersurface if and only if A N edge(A) = ). Moreover, A is a closed topological
hypersurface if and only if edge(A) = (.

Proof. The proofs for smooth metrics (cf. [39, Prop. 14.25, Cor. 14.26]) still hold
incl. o

Lemma A.9. Forany A C M, 3J"(A) is a (topologically) closed, achronal topological
hypersurface.

Proof. This follows from the fact that dJ*(A) is achronal and edge(dJ*(A)) = ¢,
which is proven in precisely the same way as in the smooth case. O

Recall the notion of a limit maximising sequence of causal curves: A sequence yx :
lak, bx] — M of future directed causal curves is called limit maximising if there is
&r — 0 such that

L(yx) = dg(y(ax), y (br)) — &k,

where d, is the time separation function induced by g. In particular a sequence of
maximising curves is limit maximising. We shall employ the following version of the
limit curve theorem:

Theorem A.10. (Limit Curve Theorem)

Let h be a complete Riemannian metric on M and let yy : [ak, br] — M be future
directed, h-arc length parametrised causal curves with O € [ay, by] such that the se-
quence {yx(0)} has an accumulation point y. Suppose there are a < 0 and b > 0 such
that ay — a, by — b. If there is a neighbourhood U of y such that almost all vy leave
U, then a subsequence of yx converges h-uniformly on compact sets to a future directed
causal Lipschitz curve y : [a, b] — M. y is future resp. past inextendible iff b = oo
resp. a = —oo. If {yx} is limit maximising, then y is maximising.

Proof. This follows from [30, Thm. 3.1] and [5, Thm. 1.6] by the same proof as in [8,
Thm. A.6]. O

For a much more general version of the limit curve theorem, valid in closed cone struc-
tures, we refer to [35, Thm. 2.14]. We shall also require the following variant of the limit
curve theorem for a sequence of curves with converging past and future endpoints, cf.
[30, Thm. 3.1(2)].
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Theorem A.11 (Limit Curve Theorem: two converging endpoints).

Let yy : [0, by] — M be a sequence of future-directed, causal curves in h-arc length
parametrisation connecting xi to Zx, with x; — x and z — z. Suppose that by — b €
(0, 00). Ifthere is aneighbourhood U of x such that only a finite number of vy are entirely
contained in U, then there is a Lipschitz future-directed, causal curve y : [0, b] — M
connecting x to z such that a subsequence of the yy converges to y h-uniformly on
compact sets. Moreover, if {yi} is limit maximising, then y is maximising.

Proof. This is contained in the statement of [30, Thm. 3.1(2)], whose proof is easily
seen to hold for C!-metrics once Theorem A.10 is established. O

Corollary A.12. Let A € M. For any point x € 3J*(A) \ A, there is a causal curve
Yy € dJ7(A) with future endpoint x that is either past inextendible and does not meet A

or has a past endpoint in A. It is a (reparametrisation of a) maximising null geodesic.
If Ais closed and x ¢ J*(A), theny C 0J*(A) \ J*(A) and it is past inextendible.

Proof. Using Theorem A.10 and Lemma A.5, this follows as in [8, Prop. A.7]. O

Lemma A.13. Let (M, g) be a C'-spacetime and let {gi} be either the sequence {8e)
or {ge,} with e | 0. Let p,q € M and let yy be a gx-maximising curve from p to q,
SO Yx is in particular a gi-geodesic. Suppose that yy converge to a curve y in Clloc' If

{gk} = (8¢, ), suppose in addition that (M, g) is globally hyperbolic and p <4 q. Then
y is a g-maximising geodesic from p to q.

Proof. The case {gx} = {&:,} follows immediately from [41, Prop. 6.5], so we will
only consider the case {gx} = {g¢, } together with the additional assumptions of (M, g)
being globally hyperbolic and p < ¢ in this case. Due to global hyperbolicity, the
space C(p, gq) of future directed causal curves from p to g (considered up to orientation
preserving reparametrisations) is compact with respect to its natural topology (see [41,
Thm. 3.2]). Consequently, the h-speeds of curves in C(p, g) are uniformly bounded by
some constant C; > 0, where /4 is some complete Riemannian metric on M.

Since (M, g) is globally hyperbolic, there is an Lg-maximising g-geodesic ¢ :
[0, 1] — M with ¢(0) = p, c(1) = q [4], Prop. 6.4]. Also, p <, g implies that
c is g-timelike. By compactness, there is a constant C; > 0 such that g(¢, ¢) < —C> on
[0, 1], and hence gx (¢, ¢) < O for k large, implying that ¢ is gi-timelike for such k. If
we set 8, := dj (g, gr) (the h-distance of g, g as in [5, (1.6)]), then

1 1
Lg(c):/ w/—g(c',c')dtf/ V=816 &) + Cisdt < Ly (o) + C1/5y
0 0

<dg (P, @)+ C1/8k = Loy (i) + C1/8k — Lo(y) (k= 0),

so Lg(y) = Lg(c), which proves that also y is maximising from p tog. O

Lemma A.14. Let y, € J*(p) be causal curves converging locally uniformly to a causal
curve y with future endpoint q. If dy,(p, q) = 0, then y is a maximising null geodesic.

Proof. Clearly y C J*(p). If y would meet I*(p), then there would exist some r €
I*(p) N J~(g) and using push-up we could conclude that ¢ € I*(p), contradicting
de(p,q) = 0. Hence y < dJ*(p), which is achronal and y is a maximising null
geodesic by Lemma A.4. O

Lemma A.15. Let gy = g., and let yx C J*(p) be gi-null geodesics converging in CllOC
to a g-geodesic y that ends in q. Assume that dy(p,q) = 0. Then y is a maximising
g-null geodesic.
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Proof. This followsimmediately from Lemma A.14 upon noting that any g¢-null geodesic
is g causal. O

Lemma A.16. Let A be achronal. Then so is A. Moreover, if EY(A) is closed, then
E*(A) = EX(A).

Proof. This follows by the same proof as in [8, Lem. A.8]. O

Lemma A.17. Let (M, g) be a C'-spacetime. Then every point in M has a neighbour-
hood base of globally hyperbolic neighbourhoods.

Proof. Fix any smooth, time-orientable Lorentzian metric ¢ with g < g. Forx € M,
[34, Thm. 2.7] gives a neighbourhood base V,,, of neighbourhoods of x that are globally
hyperbolic with respect to g|y,, . Any Cauchy hypersurface for g in V,, is also a Cauchy
hypersurface for g, so the claim follows from [41, Thm. 5.7]. O

Lemma A.18. Let S be a spacelike (C?-) hypersurface and let p € S. Then there exists
a neighbourhood V of p in M such that V N S is a Cauchy hypersurface in V.

Proof. The proof of the analogous result [25, Lemma A.25] also works in the C ! -setting.
O

Definition A.19. (Cauchy development and Cauchy horizon)
Let A be an achronal set. The future Cauchy development of A is the set

D*(A) := {x € M : every past inextendible causal curve through x meets A}.
The future Cauchy horizon of A is defined as
H*(A) := DT (A) \ I (D" (A)).
The past Cauchy development and past Cauchy horizon are defined analogously.

The first part of the following result is partly a C'-analogue of [39, Lem. 14.51], where
it is proved using convex normal neighbourhoods, a tool that we do not have at our
disposal in the C!-setting. The use of such neighbourhoods can, however, be avoided,
as our arguments below illustrate.

Proposition A.20. Let A be a closed, achronal set. Then
D+(A) = {x € M : every p.i. t.I. curve through x meets A}
and
dD (A) = AUH"(A).

Proof. Let T be the set on the right hand side in the first equation.

D*(A) € T: Suppose there is a point p € D*(A) \ T. Then there is some past inex-
tendible timelike (future directed) curve « : (a, 0] — M with «(0) = p not meeting A.
Let px € D*(A), px — p and let U be open neighbourhoods of p with Uy — {p}. By
choosing subsequences, we may assume that p; € Ig}k (a(—1/k)) and o|[—1/k,01 € Uk
for all k.

Construct now past inextendible causal curves « by connecting o(—1/k) to py in a
timelike way such that these curves stay in Uy, and let the rest of o (i.e. the part to the
past of «(—1/k)) be the original curve «. Then the oy are all past inextendible timelike,
and since py € D*(A) they must meet A at some ay. Since o does not meet A, the
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ay have to lie on the replaced piece. But these pieces are entirely in Uy, which go to
{p}, so we see that ay — p. Since A is closed, we have p € A, which is absurd since
p ¢ T 2 A by assumption.

A : A -~
D*(A) 2 T : Suppose g ¢ D*(A), and let r € IM\m(q

r ¢ D*(A), there is a past inextendible causal curve o from r missing A. Precisely as
in the smooth case [39, Lem. 14.30(1)], noting that pushup still holds in C 1), there is a
past inextendible timelike curve from g not meeting A. Thus g ¢ T'.

Finally, 9 D*(A) = A U H*(A) follows exactly as in the smooth case (cf. [39, Lem.
14.52]). O

). Since in particular

We note that the previous result in fact remains true even for locally Lipschitz proper
cone structures [35, Thm. 2.35, 2.36].

Lemma A.21. Let A be achronal. Then H* (A) is a closed, achronal set.
Proof. The proof of [34, Prop. 3.15] carries over unchanged to C! metrics. O

Lemma A.22. Let A be closed and achronal. If x € D*(A) \ H*(A), then every past
inextendible causal curve through x meets 1~ (A). Moreover, if x € D(A)°, then every

future (resp. past) inextendible future (resp. past) directed causal curve emanating from
x intersects It (A) (resp. [~ (A)).

Proof. This follows from [34, Prop. 3.27] and [34, Prop. 3.42], which still hold for
Cl-metrics. O

Lemma A.23. Let A be closed, achronal. Let x € J*(A) \ D*(A) or x € IT(A) \
D*(A)°. Then every causal curve from x to A meets H* (A).

Proof. The proof for C-!-metrics [8, Lem. A.12] still holds in C! because of Lemma A.1,
Lemma A.2, and Proposition A.20. O

Using these results, one establishes the following formula for the timelike future of
the Cauchy horizon of a closed, achronal set precisely as in the C'-!-case, cf. [8, Lem.
A.13].

Lemma A.24. Let A be closed and achronal. Then I (H*(A)) = I*(A) \ D*(A).
Lemma A.25. Let A be closed and achronal. Then edge(H" (A)) C edge(A).

Proof. Based on Lemmas A.23 and A.24 , the proof of [8, Lem. A.14] carries over to
the C'-setting. O

Lemma A.26. Let A be an achronal set, then H* (0J*(A)) is a closed, achronal, topo-
logical hypersurface.

Proof. H*(dJ*(A)) is closed and achronal by Lemma A.21, and by the previous result,
combined with Lemmas A.8 and A.9 , edge(H*(dJ"(A))) C edge(dJ*(A)) = @, so
the claim follows from Lemma A.8. O

Lemma A.27. Let A be closed, achronal. Then H*(E*(A)) € H*(3J7(A)).

Proof. The proof of [8, Lem. A.16] carries over, using Corollary A.12, Proposition A.20
and Lemmas A.23, A24. O

Proposition A.28. Let (M, g) be a C'-spacetime and let A € M be a closed, achronal
set. Then the interior of its Cauchy development, i.e. the set D(A)° = (D*(A)UD~ (A))°,
if nonempty, is a globally hyperbolic C'-spacetime when considered with the induced
metric.
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Proof. Based on Theorem A.10 and Lemma A.22, this follows from the same proof as
in [34, Thm. 3.45]. O

Definition A.29. (Strong causality)

A Cl-spacetime (M, g) is called strongly causal at p € M if for any neighbourhood U
of p there is a neighbourhood V of p with V' C U such that any causal curve starting
and ending in V is contained in U. (M, g) is called strongly causal if it is strongly causal
at every point.

Lemma A.30. (M, g) is strongly causal at p if and only if for any neighbourhood U of
p there is a neighbourhood V of p with V. C U such that no causal curve leaving V
ever returns.

Proof. This follows from [33, Lem. 3.21], which continues to hold in the Clcase. O

Lemma A.31. Let (M, g) be chronological and suppose there are no inextendible max-
imising null geodesics in M. Then (M, g) is strongly causal.

Proof. Using Theorem A.10, this follows by the same argument as [§, Lem. A.19]. O

Lemma A.32. A strongly causal C'-spacetime (M, g) is non-totally and non-partially
imprisoning: No future or past inextendible causal curve is contained in a compact set
and no future or past inextendible causal curve returns to a compact set infinitely often.

Proof. The classical proof for the smooth case (see [39, Lem. 14.13]) holds even for
continuous metrics. 0O

Corollary A.33. Let (M, g) be anon-totally and non-partially imprisoning C-spacetime.
Then the image of every inextendible causal curve is closed in M.

Proof. Let y be any inextendible causal curve. Since M is a manifold, the topology
on M is compactly generated. Let K € M be any compact subset. By non-total and
non-partial imprisonment, y N K is a finite union of closed segments of y, hence y N K
is closed in K. Since K was arbitrary, y is closedin M. O

Lemma A.34. Let (M, g) be a strongly causal C'-spacetime and let A € M be a closed,
achronal subset. If H*(E*(A)) is nonempty, then it is noncompact.

Proof. The proof of the smooth case goes through, because all the necessary preliminary
results continue to hold in C! (see the outline in [8, Lem. 7.1]). O

Lemma A.35. Let (M, g) be a strongly causal C'-spacetime. Let A € M be an achronal
subset such that E*(A) is compact. Then there is a future inextendible timelike curve y
contained in D*(E*(A))°.

Proof. The proof of the smooth case goes through in C!, see e.g. [17, Lem. 2.12], or
also [21, Lem. 9.3.3], combined with Lemma A.16. O

Proposition A.36. Let (M, g) be a C'-spacetime and let A € M be achronal and
edgeless. Then E*(A) = A, in particular if A is compact so is E*(A).

Proof. This was shown e.g. in [34, Cor. 2.145] and the proof carries over to C! space-
times. O
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B. Appendix: Extending Vector Fields in C!-Spacetimes Uniformly

When applying the genericity condition (Definition 2.15) we need to extend vectors or
vector fields along curves to neighbourhoods, due to the fact that distributional (or also
L®°) curvature quantities are not well defined on points or along curves (as these are
sets of measure zero). It is rather straightforward to extend a vector field along a curve
to a neighbourhood. For C!-metrics one can still use parallel transport along certain
curves spanning an open set. Alternatively, one can also use ‘“cylindrically constant”
(see below) extensions in coordinates around a (part of a) curve.

In our case, we need to simultaneously extend vector fields along a sequence of
converging curves. To be more precise, let y; be a sequence converging in C' to some
y and let Vi be vector fields along y; and V along y such that Vi — V in C! as
k — oo. Then given a point on y, does it possess a neighbourhood U such that all Vi
can be extended to vector fields on U and such that their extensions converge in C! to
the extension of V' ?

To begin with, we consider the situation of extending vector fields around a point of
a curve to a neighbourhood by cylindrically constant extension in coordinates.

Lemma B.1 (Cylindrically constant extension of vector fields on curves). Let y : [ —
M be a C'-curve which is regular at 0, i.e. y(0) # 0 and set p := y(0). Then there
exists a chart (U, (x', ..., x™)) around p with the following property: For any C' vector
field V along y there exists a C' extension 1% of V to U such that, in these coordinates,

V is independent ofxz, o xn

Proof. Since the claim is local we may assume that M = R”, that p = 0, and that
y =, ..., y" with y{(t) > ¢ > O for some c and all r € (a, b), wherea < 0 < b.
Thus y! is a C!-diffeomorphism from (a, b) onto some interval J. Then we set U :=
J x B}/‘Q_I(O), where R > 0 is such that y((a, b)) € U. Given a Cl-vector field V
along y,ie,aCl-map V : (a,b) > t — (y(1),v(t)) with v € C'((a, b), R"), set
V:U— U x R",

V(x) = (x,o((H 7 an)
to obtain the desired extension. O

Now that we have set up a way of extending vector fields in a cylindrically constant
fashion, we can implement an analogous procedure uniformly on a sequence of curves.

LemmaB.2. Let y; : [—1,1] — M be a sequence of C'-curves converging in
Cl([—1, 1)) to the regular C'-curve y i [—1,1] > M and let Vi and V be C! vector
fields along yy and y, respectively. Further, let Vi — V in C!, i.e., both Vi — V and
V) — V"in TM, uniformly on [—1, 1]. Then there exists some open neighbourhood U

of v(0) and C' extensions Vi of Vi and 1% of V to U such that Vi — Vin Clloc(U).

Proof. Again we may assume that M = R". As in the previous Lemma we write
y = (y',...,¥™) and can assume without loss of generality that  (0) = 0, and that
(yl)’(t) > ¢ > 0 for some c and all t € (a,b), where a < 0 < b. Due to the
assumption on the C!-convergence of the y, we may additionally suppose that the
same inequality holds on (a, b) for each (ykl)/ . Thus each ykl and y! itself are C!-
diffeomorphisms from (a, b) onto their respective image. In addition (restricting to n
large if necessary), there exists a nontrivial interval J around O that is contained in

Mk )/kl ((a, b)) Ny ((a, b)). Then we set U := J x BZ_I(O), where R > 0 is chosen
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such that |, yx((a, b)) U y((a, b)) € U. We can write V in the form # — (y (1), v(t))
with v € C'((a, b), R"), and analogously Vi (t) = (yx(t), vk (r)), with vy — v in C'.
For x € U we set

V) = ,o((H7Tah) Ve = o ue((rh T h)),

giving C!-extensions of V resp. Vi to U. By [2, Cor. 1] we have that ()/kl)_1 converges to
(y1)~!locally uniformly, and that the same is true for the first derivatives. Consequently,
Vi » VinCL (U). O

loc

As the proof shows, if the Vi converge to V merely in C]%C then one can still find

C!-extensions to U that also converge in Cﬁ)c.
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Abstract

CMC (constant mean curvature) Cauchy surfaces play an important role in mathemat-
ical relativity as finding solutions to the vacuum Einstein constraint equations is made
much simpler by assuming CMC initial data. However, Bartnik (Commun Math Phys
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1 Introduction

In this section, we present the sources of interest for “no-CMC” cosmological space-
times, i.e., cosmological spacetimes without any CMC Cauchy surfaces. The flow of
the presentation follows [12], where we refer to for many more details, especially
regarding historical developments. Let us begin by recalling the cosmological version
of the Hawking—Penrose singularity theorem.

Theorem 1.1 (Cosmological Hawking—Penrose singularity theorem). Let (M, g) be a
globally hyperbolic spacetime, with compact Cauchy surfaces, satisfying the strong
energy condition. (Such spacetimes are sometimes called cosmological.) If (M, g)
satisfies the generic condition, i.e., along every inextendible causal geodesic y, there
exists a parameter t such that the tidal force operator

R:TyM — TyiyM, vi> R,y (1))y' (1)

is not identically zero, then there are incomplete causal geodesics in M.

Observe that the assumption of genericity cannot be dropped: Indeed, take (S, &) to
be any compact Riemannian manifold with Ric > 0, then (R x S, —dt* + h) satisfies
all of the assumptions except for genericity and is causally geodesically complete. In
1988, Bartnik [2] conjectured that this theorem is rigid in the genericity assumption,
i.e., that Lorentzian products are the only nongeneric counterexamples. More precisely,
the conjecture states the following:

Conjecture 1.2 (Bartnik’s splitting conjecture). Let (M, g) be a globally hyperbolic
spacetime with compact Cauchy surfaces satisfying the strong energy condition. If
(M, g) is timelike geodesically complete, then (M, g) splits isometrically as a product
(R x S, —dt*> + h), where (S, h) is a compact Riemannian manifold.

While this conjecture has been proved over the years under various additional
assumptions (we refer to [12] for a detailed discussion of these developments), the
version as stated remains open to this day and is one of the most significant open
problems in mathematical General Relativity.

In connection with Conjecture 1.2, Bartnik proved the following:

I The general form of the Hawking—Penrose theorem makes significantly fewer assumptions on the causality
of the spacetime, see, e.g., [3, Thm. 12.47].
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Theorem 1.3 [2] Let (M, g) be a globally hyperbolic spacetime, with compact Cauchy
surfaces, satisfying the strong energy condition. If (M, g) is timelike geodesically
complete, then (M, g) splits isometrically as a product (R x S, —dt*> + h) if and only
if there exists a constant mean curvature (CMC) Cauchy surface in M.

In [10], Dilts and Holst review the issue of the existence of CMC Cauchy surfaces in
globally hyperbolic spacetimes with compact Cauchy surfaces and raise the question:
When do spacetimes have CMC Cauchy surfaces? Motivated by this question, in [13],
Galloway and the first named author proved the existence of a CMC Cauchy surface
under the assumptions of compact Cauchy surfaces, future timelike geodesic com-
pleteness and nonpositive timelike sectional curvature. Clearly the latter assumption
implies the strong energy condition. Therefore, they proposed the following conjec-
ture:

Conjecture 1.4 [13] Let (M, g) be a globally hyperbolic, future timelike geodesically
complete spacetime with compact Cauchy surfaces satisfying the strong energy con-
dition. Then M contains a CMC Cauchy surface.

As discussed in [10], most existence results rely on barrier methods, see [14] for an
application. However, a well-known example of Bartnik [2] shows that not all space-
times with compact Cauchy surfaces satisfying the strong energy condition contain
CMC Cauchy surfaces. Specifically, Bartnik constructs a timelike geodesically incom-
plete spacetime satisfying the remaining assumptions of Conjecture 1.2 that does not
contain any CMC Cauchy surfaces. The rough procedure is as follows: Consider flat
FLRW with 73 spacelike slices, cut out a small ball out of 73 and glue the spatial
cylinder of Schwarzschild to it. Then extend Schwarzschild to one-half of its max-
imal extension, and glue a time-inverted copy of the resulting spacetime across one
of the event horizons in Schwarzschild. The gluing of Schwarzschild to flat FLRW is
done in the framework of Tolman—Bondi metrics, reducing the gluing of spacetimes
to the smooth interpolation of functions. Using initial data gluing methods, Chrusciel,
Isenberg and Pollack construct a similar (vacuum) example obtained in [9]. To our
knowledge, these are the only such examples which appear in the literature. The goal
of this article is to provide additional ones, by generalizing Bartnik’s spacetime gluing
construction.

Our generalization of Bartnik’s example is twofold: First, we extend the gluing
of Tolman—-Bondi metrics to variable marginal conditions using ODE existence and
uniqueness arguments (see Theorem 2.9). While certainly interesting, this gluing pro-
cedure may result in spacetimes which are not globally hyperbolic due to the smallness
of the gluing region. To remedy this, we analyze maximality of the ODE solutions at
hand and are able to generalize Bartnik’s construction by gluing Schwarzschild to flat
and hyperbolic FLRW models with compact spacelike slices in such a way that the
resulting spacetime is globally hyperbolic (see Sect.4 and Theorem 4.3). This gives a
large class of reasonable spacetimes which do not contain any CMC Cauchy surfaces.
Note that if Conjecture 1.2 is true, then any such example must be incomplete. While
Bartnik’s construction as well as our generalizations are manifestly incomplete, that
incompleteness is a consequence of how the spacetime was constructed. It would be
interesting to find similar constructions where the incompleteness is less obvious and
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more so a consequence of general principles. Such an example would help to gain
insight into Conjecture 1.2. In addition, it would be interesting to determine whether
or not the example in [9] is timelike geodesically complete.

For convenience, let us state the main results (Theorem 2.9 and Theorem 4.3)
informally:

Theorem 1.5 Let (M; = D; x S2, g1) and (My = D> x s2 g2) be Tolman—Bondi
spacetimes satisfying Einstein’s equations for dust (with nonnegative energy density),
where g; are of the form

gi = —dit®> + X;(t, )2 dr* + Y;(t,r)?dQ%, 0 < X;,Y; € C®(Dy), (1.1)

D; C R? open and connected. If certain monotonicity conditions are satisfied, then
these spacetimes may be (smoothly) glued across an r-interval (where we write
(t,r) € D;) to a larger Tolman—Bondi spacetime (M, g) which also satisfies Ein-
stein’s equations for dust with nonnegative energy density.

Theorem 1.6 Given compact Riemannian quotients Q, 0 of R or H3, we glue
Schwarzschild spacetime to a dust-filled FLRW spacetime with spacelike slices Q,
then glue the resulting spacetime to a gluing of Schwarzschild to FLRW with space-
like slices Q but with opposite time orientation, across a Schwarzschild event horizon.
The resulting spacetime, (M, g), is globally hyperbolic with compact Cauchy surfaces
of topology O#0 and satisfies the strong and dominant energy conditions. More-
over, (M, g) does not contain any CMC Cauchy surfaces. Analogous examples can
be constructed in higher spacetime dimensions by considering higher-dimensional
Schwarzschild and FLRW spacetimes.

The paper is organized as follows: In Sect.2, we discuss important properties of
Tolman—Bondi spacetimes, where, for convenience, we give full derivations of results
we could only find in older literature. We discuss how to describe Schwarzschild
and FLRW spacetimes as Tolman—Bondi spacetimes. The section is rounded off by
the general gluing result for Tolman—-Bondi spacetimes (Theorem 2.9). Section3 is
dedicated to a thorough discussion of Bartnik’s construction. We review both proofs
of Bartnik as to why the constructed spacetime has no CMC Cauchy surfaces. One
is of topological nature, relying on the form of the topology of the spacelike slice of
FLRW, while the other is more elementary and Lorentz-geometric, using Hawking’s
singularity theorem and CMC foliation arguments to achieve a contradiction to the
existence of CMCs. We describe in Sect. 4 how to generalize Bartnik’s construction by
gluing Schwarzschild to flat or hyperbolic FLRW with arbitrary compact Riemannian
quotients of R? or H? as spacelike slices. One of our proofs makes use of the positive
resolution of the surface subgroup conjecture [16]. We also describe how to obtain the
analogous constructions in higher spacetime dimensions. Finally, we give a conclusion
and an outlook on possible relevant future lines of research in Sect. 5.
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1.1 Notation and conventions

Let us collect here some notation and conventions we will use throughout the paper.
A C B denotes (not necessarily strict) inclusion. A spacetime is a connected, time-
oriented Lorentzian manifold whose metric has the signature (—, +,...,+). By
Cauchy surface, we will always mean a smooth, spacelike hypersurface that is met
uniquely by each future-directed C'-causal curve y : (a, b)) — M that is inextendible,
i.e., the limits lim;_,, v (¢) and lim;_, ¥ (¢) do not exist.2 Ric denotes the Ricci tensor
and R denotes the scalar curvature. For functions f (¢, r) depending on a time vari-
able ¢ and a radial variable r, we will write f = 9, f and f' = 9, f. We write T"
for the n-dimensional torus and H" for n-dimensional hyperbolic space. Given two
smooth manifolds M; and M, M#M; denotes their connected sum. Given groups
G1 and G, G| * G» denotes their free product. Given any spacelike hypersurface S
in a spacetime M, Hg = H(S) = Tr(VN) denotes its (future) mean curvature (where
N is its future unit normal). We say a spacelike hypersurface S has constant mean
curvature (or is CMC) if Hg is a constant. We say it is maximal if Hg = 0. We will
write Pr; for the projection map from a given product space to the i-th factor. By
a Riemannian quotient Q of a Riemannian manifold N, we mean a quotient arising
from the smooth, free, proper and isometric action of a discrete Lie group I' on N,
i.e., Q = N/ T, equipped with the unique Riemannian metric such that the quotient
map N — Q is a normal Riemannian covering; in particular, Q is locally isometric
to N and dim N = dim Q.

2 Tolman-Bondi spacetimes

Let us begin with a discussion of Tolman—Bondi metrics, which are a class of metrics
in four spacetime dimensions with S2-symmetry and which present the setting for
the constructions of cosmological spacetimes without CMC Cauchy surfaces. The
advantage in using them for our setting is that they allow for purely analytic gluing
constructions. We follow the derivations in [4] and [11], but write out all of the proofs
for convenience.

Definition 2.1 (Tolman—Bondi spacetimes). A Tolman—Bondi (TB) spacetime is a four-
dimensional Lorentzian manifold M = D x §? with metric

g = —di® + X, r)’dr* + Y(t,r)*d2, (2.1)

where D is an open connected subset of R?, and X and Y are smooth positive functions
on D. Here (and everywhere else), d Q? is the standard round metric on S2. Moreover,
9

(M, g) is understood to be time-oriented via ;.

Observe that a Tolman—Bondi spacetime is a warped product of the form D xy

S?, where S is equipped with the usual round metric and D is a two-dimensional
spacetime with the Lorentzian metric —dt> + X (¢, r)dr>.

2 This is the “correct” notion of smooth, spacelike Cauchy surface, cf. [17, Rem. 3.31].
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We will be interested in Tolman—Bondi spacetimes satisfying Einstein’s equations
for dust:

Definition 2.2 (Dust-filled Tolman—-Bondi spacetimes). We say a Tolman—Bondi
spacetime (M = D x 2, g) is dust-filled if it satisfies the Einstein equations for
dust, i.e., there exists p € C°°(D) such that

1
G := Ric — S Rg = 8pdi’. (2.2)

Recall that a spacetime (M, g) is said to satisty the strong energy condition (SEC)
if Ric(V, V) > 0O for all timelike vector fields V on M. It satisfies the dominant energy
condition (DEC) if G(V, W) > 0 for future-directed causal vector fields V, W on M.

Lemma 2.3 (Dust-filled TB spacetimes satisfy SEC and DEC). If (M, g) is a dust-
filled Tolman—Bondi spacetime with p nonnegative, then it satisfies the strong and
dominant energy conditions.

Proof We first show the SEC. Complete 9; to an orthonormal frame of M and take the
g-trace of (2.2) with respect to that frame to get

R —2R = —8np,
thus R = 8mp. Reinserting this into (2.2), we get
Ric = 87 pdi? + 4npg.

Thus, if V 1s any unit timelike vector field on M, the reverse Cauchy—Schwarz inequal-
ity together with p > 0 implies

Ric(V, V) = 8mp g(Vt, V)2 —4mp > 8mp —4mp = 4mp >0,
thus establishing the SEC.
Showing the DEC is easier: Let V and W be future-directed causal vectors. Then the

component V! = dt(V) is nonnegative since V is future directed. Likewise W’ > 0.
Therefore, G(V, W) = 8xpV!W! > 0. O

Proposition 2.4 Let (M, g) be a dust-filled Tolman—Bondi spacetime. Then 0, (% Y) =
0 and 3;(pY'Y?) = 0.

Proof Let G = Ric — %Rg denote the Einstein tensor. Since the Einstein equations
hold with dust, we have G (9, d,) = 0. A calculation shows

G(d;,9,) = %(XY’ — XY). (2.3)
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Therefore, XY’ — XY’ = 0 which implies
X%9,(Y'/X) = 0.

Since X is never zero, 9,(Y'/X) = 0.
To prove that pY'Y 2 s independent of ¢, we investigate G (9;, d;) and G (9,, 9,):
An explicit calculation yields

G@rd) = 373 (X3Y2 +2X2XYY + X3 —2XYY" - XY'? + 2X’YY’>
(2.4)
1 . .
G, ) = =5 <2X2YY + X°Y?+ X2 — Y’2>. (2.5)
We introduce the quantity
. Y/2
S::Y<1—|—Y2—F>. (2.6)
It is elementary to check that
/ 1 /
G, )Y = ﬁS : (2.7)
) X2 .
G(9y,0,)Y = _WS' (2.8)
Now, S = 0 since G (0y, 9,) = 0. Therefore, S = 0; hence,
3 (Y*Y'G (3, 3)) = 0.
Since G (0, 9;) = 8mp, the claim follows. O

The next result is a key property of dust-filled Tolman—Bondi spacetimes, as it
allows one to view the coefficient functions X and Y as solutions of ODE:s.

Proposition 2.5 Let (M, g) be a dust-filled Tolman—Bondi spacetime. Then the func-
tion S defined in Eq. (2.6) is independent of t and is an antiderivative of 8tpY'Y?.
(The latter is independent of t due to Proposition 2.4.) Moreover, writing W :=Y'/X,
it holds that

Y&, r)=Wr)? -1+

Y S(r). (2.9)

Proof Let S be the function .introduced in Eq. (2.6). We have already shown in the
proof of Proposition 2.4 that S = 0. (This is a consequence of Eq. (2.8).) By Eq. (2.7),
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and noting that G(9;, d;) = 8mp, we get
S = 8mpY'Y>.

Inserting the definition of S, we get

. Y/2
_ 2

solving for Y2 gives the claim. O

Definition 2.6 (Marginal condition and mass function). Let (M, g) be a dust-filled
Tolman Bondi spacetime,

g = —dt* + X%dr* + Y242
We call the associated functions W := Y'X 1and S := Y(14+Y2—-Y"2X2) marginal

condition and mass function,3 respectively.

Next, we discuss some important examples of Tolman—-Bondi spacetimes, namely
Schwarzschild and FLRW. These will be the building blocks for constructing cosmo-
logical spacetimes without CMC Cauchy surfaces.

Example 2.7 (Schwarzschild spacetime). The standard (nonextended) Schwarzschild
spacetime of mass m > 0 is (R # 0, 2m)

2 |
gs = — (1= Y a2+ —dR? + R2d2.
R -2

We introduce Lemaitre coordinates ¢, r via

2m dR
dt =dt + T o

R1-%

R dR
dV:dT+ % _2_m

R

Writing the metric in these coordinates yields

2 3 3
2 m 2 2 (3 a2
g5 = —di® + (3—> dr? + (2m)3 (E(r —t)) A2

z(l’ - t)

This is in Tolman—Bondi form defined on M := {(t,r) € R* : t < r} x §? and
describes one half of the maximal analytic extension of the Schwarzschild spacetime.

35 /2 can justifiably be called mass of the Tolman—Bondi spacetime (in Schwarzschild: S = 2m). We
prefer to work with S and have thus chosen the name mass function to avoid confusion.
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Fig.1 The Lemaitre coordinates (¢, r) cover one-half of the maximally extended Schwarzschild spacetime.
The hypersurfaces of constant r are timelike and foliate the spacetime; they become null as they approach
I7.Asr — —oo, the hypersurfaces approach the (totally geodesic) null hypersurface represented by the
thick dashed lines, i.e., the hypersurface 7 = —X in Kruskal coordinates

The hypersurfaces {r = const} are timelike and, for r — —o0, converge to the event
horizon separating the two halves of the maximal extension (see Fig. 1). For later use,
let us note that

Wr)=1,
S(r) =2m.

Example 2.8 (FLRW). We will now describe the FLRW spacetimes with any of the
constant spatial sectional curvatures k = +1, 0, —1 as Tolman—-Bondi metrics. We
will refer to these as spherical, flat and hyperbolic FLRW, respectively. We refer to
[18, Sec. 12.5] for more details than what is presented below. Note that we work with
negative time intervals for technical reasons, as this will later allow us to glue FLRW
spacetimes to Schwarzschild using Theorem 2.9 (resp. Corollary 2.12) in conjunction
with Propositions 3.1 and 4.1.

(i) Flat FLRW: For any parameter M > 0, the spacetime (—o00, 0) X, P R3, with

1

as(t) = (6w M)313,

satisfies Einstein’s equations for dust, with energy density p(t) = May (173,
where M is the Friedmann mass parameter. Writing the three-dimensional
Euclidean metric in spherical coordinates as dr? + r?dQ?, the metric for flat
FLRW can be written in Tolman—Bondi form

gy =—dt* +a;0)2dr* +a; (1)’ r?dQ?
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on the manifold (—o0, 0) x (0, 00) x S2. We calculate W and S for this metric:

W) =1,
8r M
3

3

S(r) =

(i) Hyperbolic FLRW: Here, the spacetime is (—o0, 0) x4, H 3. The function aj,
cannot be written explicitly, but it satisfies Friedmann’s equation

2 8r M

Clh— =

3ayp,

and can be written in dependence on a parameter n < 0 (together with time) as

4 M

t(n) = ”3 (sinh(n) — n).
4 M

an () = —== (cosh(y) — 1).

3
Writing the hyperbolic metric on H 3 asdr?+sinh(r)2d 22 (on (0, 00) x S2), the

hyperbolic FLRW metric can be expressed on the manifold (—oo, 0) x (0, 00) x
$2 in Tolman—Bondi form as

gn = —dt* + ap()>dr* + ap(¢)? sinh(r)2dQ?.
The energy density is again p(t) = May, (+)~3, and moreover,

W(r) = cosh(r),

5oy = TIM G,

(iii) Spherical FLRW: Similarly to before, consider (— Ly 0) x4, S, where aj

satisfies

8r M

)
+1=
s 3ay

As in the hyperbolic case, a; cannot be written explicitly, but can be described
in dependence on a parameter 6 € (—2m, 0) (together with time) via

t(0) = #(9 — sin(0)),

as(0) = #(1 — cos(6)).
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Writing the metric on S as dr? + sin(r)2dQ2? (on (0, ) x §2), the spherical
FLRW metric can be written on the manifold (— 8 23M , O) x (0, 77) x §? as

gs = —dt’> + a;(1)%dr? + as (1) sin(r)>d Q2.
Here, p(t) = Ma,(t)~3 and

W (r) = cos(r),

S(r) = sin(r)?.

The next result shows that, under certain monotonicity conditions, we can always
glue dust-filled Tolman—Bondi spacetimes across intervals of r by solving the ODE
for Y given in Proposition 2.5.

Theorem 2.9 (Gluing Tolman—-Bondi spacetimes). Let (M| = Dj X s2, g1) and
(M = D> x 5%, g2) be dust-filled Tolman—Bondi spacetimes with nonnegative energy
densities p1, ,02 We write Pro(D;) = (r; ,1; rh),i=1,2. Supposery € (r; ,r; ) and
r € (ry,r, N, < ra. Moreover, suppose there exists to such that (to, ri) € D,
such that either both Yl(to, ri) > 0 and Yz(to, ri) > 0 or both Y(to, ry) < 0
and Y (ty, r2) < 0, and suppose that the following technical assumption is satis-
fied: There exist smooth functions W, S,r +— Y,(t9) € C((r , r2+)) agreeing with
Wi, Si, r — Y;(tg, r) on their corresponding domains with S monotonically increas-
ing, r — Y, (to) strictly monotonically increasing, W positive, such that on [ry, 2],

S(r)
W(r)? —1—|—Y(0)>O.

Then there exists a dust-filled Tolman—Bondi spacetime (M = D x S2,g) with a
nonnegative energy density p such that Pro(D) = (r r2+ ), g = g1 forr <ryand
g =g forr = nr.

Proof Let us assume for definiteness that ¥ 1(to, r1) < 0 and Yz(to, rp) < 0. We are
interested in solving the following ODE initial value problem for fixed r € [ry, r2]:

{ﬂam:JWUV1+ﬁﬁy
Y (10, r) = Y, (t0).

First, the fact that Y,- (-, r;) < O implies that for all ¢ close to #g,

S; (i)
Yi(t, rl)

Yi(t,r;) = —\/W (r)? — 1+

Let S, W, Y, (#p) be as in the assumption. Due to positivity, the right-hand side of
the initial value problem in question depends smoothly on Y (-, r), for every fixed
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r € [ry, r2], hence admits a unique solution Y (¢, r) on a maximal domain of definition
(7, ;7). We may extract a common domain of definition (¢, t*) such thatall Y (¢, r),
r € [r1, 2], are defined for t € (+~, t™). Moreover, since the initial data r — Y, (¢)
depends smoothly on r, so does the solution. We may assume that (¢, t*) is small
enough so that Y, Y’ > 0, Y < 0 forall (t,r) e (t—,tT) x [r1, r2].

Let us now construct the spacetime: We set D := l~)1 U, t") x[r, n])U l~)2,
where

131 ={(t,r) e Dy :r <r},

Dy :={(t,r) € Dy:r > ra}.
For (¢,r) € (t7,t1) x [r1, r2], we let Y be the solution obtained above and X :=
Y'/W. Then (t,r) € D — X(t,r), Y(t,r) are positive, smooth functions on D.

Moreover, by construction, the corresponding Tolman—Bondi metric is dust-filled with
energy density given for (¢,7) € (t7,t") x [r1, 2] by

S’(r)
= > 0.
P ay2y =

To elucidate, Egs. (2.3)—(2.8) in the proof of Proposition 2.4 are true for any Tolman—
Bondi metric. Therefore, G(9;, 9,) = 0 since X = Y'/W and G(9,, 9,) = 0 since
S = 0. Thus, the Tolman—-Bondi metric is dust-filled. m|

Remark 2.10 In many cases, it is elementary to satisfy the technical assumption of
Theorem 2.9: Indeed, if

(i) either Y| (fo, r1) > 0 and Y2 (to, r2) > O or Y| (to, r1) < 0 and Y»(z9, r2) < O,
(i) 0 < S1(r1) < Sa2(r2),
(iii) Yi(t0, r1) < Ya(to, r2), Y{(to,r1) >0, Yj(to,r2) >0,
(iv) Wi(r1)? > 1and Wa(r2)? > 1, W; > O and W, > 0,

then one can simply choose monotonically increasing (resp. strictly monotonically
increasing) connecting functions S, Y, (#y) as well as any interpolating function W
which increases resp. decreases from Wi (ry) to Wa(rp) (if Wi(r1) < Wa(rp) resp.
Wi@r1) = Wa(r2)).

Remark 2.11 (Gluing vacuum TB spacetimes). Note that if (M1, g1) and (M3, g) are
vacuum Tolman—Bondi spacetimes, i.e., p; = 0 and po» = 0, then S;, S are constants.
If S1 = S and the remaining assumptions of Theorem 2.9 are satisfied, the proof
shows that, by choosing the connecting smooth function § to be that same constant,
the glued spacetime can be constructed to be vacuum.

Let us note the following useful consequence of Theorem 2.9 regarding the gluing
of Schwarzschild spacetime to (fairly) arbitrary Tolman—Bondi spacetimes.

Corollary 2.12 (Gluing TB spacetimes to Schwarzschild). Let (M1, g1) be Schwarzschild
spacetime of mass m in Lemaitre coordinates as described in Example 2.7. Let
(M> = Dy x S?, g2) be any dust-filled Tolman—Bondi spacetime with nonnegative
energy density py. Let r1 € R. Suppose there is an ry > r| and ty < ry such that
(to, r2) € Dy. Moreover, suppose the following technical assumptions are satisfied:
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(i) Yz(to, rn) < 0.
(i) 2m < S7(r2).

(1) (2 m)% (%(}’1 — l‘()))§ < Yo (19, 12), Yzl(l‘(), ry) > 0.

Then there exists a dust-filled Tolman—Bondi spacetime (M = D x S*,g) with a
nonnegative energy density p such that Pry(D) = (=00, sup Pra(D2)), gl(—co,r] =

g1, and g(r,.sup Pra(Dy)) = &2-

Proof We need to verify the technical condition in Theorem 2.9. Indeed, pick any
smooth, monotonically increasing connector S for S1, S and strictly monotonically
increasing connector Y, (fo) for Y1 (o, -) and Y> (%o, -) on the interval [r1, r;]. Note that

Wi =1, and Wa(rn) = ?2((2;22)) > ( by assumption. If W5 () > 1, we are done by

Remark 2.10, so suppose 0 < W5 (r2) < 1. Moreover,

S
Wz(l’z)z—l—l—ﬂ > 0

Yo (20, 12)

since Y» (9, r2) < 0. Let 8§ > 0 be such that

S>(r2) 2
——— > 1—Wa(rn)“ +24.
Yo (1o, r2)
Let ¢ > 0 be such that
S(r) )
>1—Wa(r)“+ =
Y, (t0) 2

on [rp — &, r2]. Now let W be a smooth function connecting Wy to W, as follows:
W =1 on [r1, r; — €] and smoothly and monotonically decreases on [r; — €, 2] to
W>(r2). Then on [rp — €, 2],

S(r)
Y, (IO)

2 8 2 8
> 1 — Wa(r) +§21—W(r) —I—E.

Since W = 1 on [ry, r» — €], we have thus shown that the technical condition in
Theorem 2.9 is satisfied. This concludes the proof. O

Remark 2.13 While the preceding results show that the gluing of Tolman—-Bondi
spacetimes can in principle be done under fairly general circumstances, the result-
ing construction will in general not be globally hyperbolic since the glued region may
be very small. This can be seen in examples where a Tolman—Bondi spacetime is
glued to Schwarzschild (cf. Corollary 2.12): If the glued region does not extend to
past timelike infinity i~ (i.e., if 7~ # —oo in the proof of Theorem 2.9), then one
may find timelike curves emanating from i~ which are unable to cross into the glued
region. Thus, the glued spacetime does not contain any Cauchy hypersurfaces.

To ensure global hyperbolicity, an investigation into the maximal interval of exis-
tence of the ODE in Proposition 2.5 is necessary.
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3 Bartnik’s “no-CMC” example

In this section, we present the cosmological spacetime without CMC Cauchy surfaces
constructed by Bartnik [2]. An essential ingredient of the construction is the gluing
Schwarzschild spacetime to flat FLRW. In this case, the ODE given in Proposition 2.9
may be solved explicitly, allowing for a simple gluing argument in terms of functions.

Proposition 3.1 (Explicit TB metrics). Let (D X s2, g) be a dust-filled Tolman—Bondi
spacetime with marginal condition W (r) = 1 and suppose the mass function is always
positive, S > 0. Then, writing M (r) = S(r)/2, there exists a smooth function to(r)
such that*

X(r.r) = M (r)(to(r) — t) + 2M(rl)t(’)(r)’ a1
[6M (r)?(1o(r) — 1)]3

1

Y(t,r)= (gM(r)(to(r) — z)2>3 . (3.2)

Moreover, the metric can be extended smoothly to D x Sz, where D = {(t,r) € R? :
re{M > 0},t € (—o0o, t9(r))}, provided that

d
4 (M(r)(to(r) _ t)2) - 0. (3.3)
;

Conversely, given smooth functions M (r) and ty(r) defined on I C R with M > 0
satisfying (3.3) (this is in particular the case if tq is strictly monotonically increas-
ing and M is monotonically increasing, or vice versa), Egs. (3.1) and (3.2) define a
Tolman—Bondi spacetime on D x S2, where D is given as before (I = {M > 0}).

Proof Since W = 1 and § > 0, by Eq. (2.9) Y is either always positive or always
negative, w.l.o.g. let us assume that ¥ < 0.°> Then, by the same reference,

S(r)
Y(t,r)

Y(t,r)=—

By assumption S(r) > 0, so fixing some s such that (so, ) € D, Y (z, r) has to agree
with the unique solution Y (¢, r) of the following r-parameter family of ODEs:

{?(z, n=—/20

_ Y(t,r)
Y (so,r) =Y (so, 7).

4 We use M instead of S here to be consistent with the sources [4, 11] and [2]. The function 7(r) is an
integration constant depending on r which arises from solving the ODE for Y.

> This is the case for Schwarzschild and flat FLRW, cf. Example 2.7 and Example 2.8.
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This ODE can be integrated explicitly and yields Eq. (3.2) with M := §/2 and

2
fo(r) = so + 3—\:/[_(”Y(so, )2

Evidently, the maximal existence inter\ial forY(¢,r)ist € (—o0o, to(r)). The condition
(3.3) guarantees that X = Y’ > 0 on D. O

Let us now describe the construction: Let (M1, g1) be the following portion of
Schwarzschild spacetime in Lemaitre coordinates with mass m = 1, as described in
Example 2.7: M| = {(t,r) € R2:7 <r <1—¢}x S? (for some small ¢ > 0). Since
Schwarzschild has marginal condition W = 1, the functions X, Y are given in terms
of functions M (r) and ty(r) as described in Proposition 3.1. It is easily checked that

M(r)y=1, to(r)=r. 3.4)

Next, consider 73 as a Riemannian quotient of R3 with the group action induced by
373, hence we can consider (—oo, 1) X, f T3 as a Lorentzian quotient of flat FLRW
(—00, 1) Xq, R3 with Friedmann mass parameter M = %. Note that we shift the
upper limit of the time parameter by 1 for monotonicity reasons which will become
clear in a moment. Let xo € T be arbitrary and 0 < 2¢ < 1. Then BlTJizg (xg) is

: : 3 . : .
isometric to Bﬁrzg (yo) C R? (for any yg in the preimage of xo under the quotient

map); hence, the spacetime portion (—oo, 1) X, f (BIT—{3—28 (xo)\BlTj . (x0)) can be writ-

ten in Tolman—Bondi form, identical to flat FLRW. Let (M3, g2) be the spacetime

(=00, 1) x4, (T3\BlTj8 (x0)). Since flat FLRW also has marginal condition W = 1,

it is also given explicitly according to Proposition 3.1 with functions
M) =rd 1n0r) =1 (3.5)

We now glue (M1, g1) to (M>, g>) across the r-interval [1 — ¢, 1 + ¢]: Indeed, due to
the explicit form of the functions M, 1y in the two spacetimes, we may connect them
smoothly across [1 — €, 1 + ¢] while satisfying (on (1 — ¢, 1 + £))°

> 0and M’ > 0. (3.6)

(This is the reason for shifting the time parameter of FLRW by 1, so that 7, > 0 can
be achieved.) As we argued in the proof of Proposition 3.1, f; > 0 and M’ > 0 imply
Y,Y =X > 0,aswell as p = M'/4xY?Y’ > 0. We denote the resulting spacetime
by (M™*, g™).

Lemma3.2 (M, g™) is globally hyperbolic.

6 Bartnik [2] demands in addition that t(/)/ <0,M” > 0and tg + M? > 0. The latter is automatic, and the
convexity/concavity conditions (while certainly achievable) do not appear to be necessary.
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v
v

Fig.2 A two-dimensional
spatial cross section of

(M, g). The inner and outer
circles are the spheresr =1 — ¢
and r = 1 + &, respectively. For
r < 1 — ¢, the spacetime is
exactly given by the
Schwarzschild spacetime. For

r > 1 + ¢, the spacetime is
exactly given by a k = 0 FLRW 1+ 1+
dust spacetime; at large values r
ceases to be a coordinate since
we identify the sides. The
shaded region between the
spheres represents the gluing
region. The point at the center
represents r = —00

v
Y

We omit the proof of this Lemma, since it is very similar to the one we give in the
generalization to the hyperbolic case in Lemma 4.2.

Now let (M~, g7) be a time-reversed copy of (M, g™). We extend them both
to r = —oo (which corresponds to extending Schwarzschild to its event horizon)
and glue them there’. The resulting Lorentzian manifold (M, g) is smooth and time-
orientable due to the properties of the maximal extension of Schwarzschild. Observe
that there exists a time-inverting isometry ¢ : (M, g) — (M, g) mapping (M*, g™)
to (M~, g7) and vice versa. Now, since both (M™, g%) and (M ~, g7) are globally
hyperbolic, so is (M, g). (This can be seen by looking at the corresponding Penrose
diagram, see [2, Fig. 2].) A Cauchy surface can be constructed by connecting the
bifurcate horizon smoothly to one of the spatial slices in the each of the FLRW regions.
[18, Cor. 14.54] can be used to show that this is in fact a Cauchy surface.

We will give the two proofs of Bartnik as to why (M, g) has no CMC Cauchy
surfaces. The first is of topological nature and requires the following fundamental
result of Schoen and Yau on the relationship between scalar curvature and topology
on a Riemannian three-manifold.

Theorem 3.3 [19, Thm. 5.2] Let N be a compact, oriented three-manifold. Suppose
that one of the following holds:

(i) m(N) contains a finitely generated, noncyclic Abelian subgroup.
(i1) m(N) contains a subgroup which is isomorphic to the fundamental group of a
surface of genus g > 1.

Then N admits no Riemannian metric of positive scalar curvature. Moreover, every
Riemannian metric on N of nonnegative scalar curvature is flat.

The second proof follows from much simpler Lorentz-geometric arguments and is
more generally applicable, see the subsequent section. It requires the following CMC
foliation theorem due to Bartnik.

7 One could have also started out with two sides of the Schwarzschild horizon in the Kruskal extension
and then glued FLRW to both of them in Lemaitre and time-reversed Lemaitre coordinates, and it would
have amounted to the same construction.
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Theorem 3.4 [2] Let (M, g) be a globally hyperbolic spacetime, with compact Cauchy
surfaces, satisfying the strong energy condition. Suppose S C Misa compact maximal
Cauchy surface. Then a neighborhood of S is foliated with CMC Cauchy surfaces.
Moreover; if every such foliation is by maximal surfaces, then the spacetime is isometric
to an open subset of (R x S, —dt> + h), where h is the induced Riemannian metric
on S. In particular, the spacetime is static.

Let us now give the announced proofs:

Theorem 3.5 [2] The constructed spacetime (M, g) is globally hyperbolic, timelike
geodesically incomplete and satisfies the strong energy condition. Its Cauchy surfaces
are topologically T3#T?> and it does not contain any CMC Cauchy surfaces.

Proof The only part left to prove is the nonexistence of CMC Cauchy surfaces.

(i) Topological proof: Let ¢ : (M, g) — (M, g) be the time-inverting isometry.
Suppose § C M is a compact CMC Cauchy surface. If Hg # 0, since Hys) =
—Hg, we may assume w.l.o.g. that Hg > 0. We claim that ¢(S) C I7(S).
Indeed: Suppose ¢(S) is not a subset of 71 (S). Then there is a point p € ¢(S)
such that p ¢ I"(S). An inextendible future timelike curve through p must
intersect S, say at g. Let y be a maximizing future timelike geodesic from p to
q. By the Brill-Flaherty uniqueness result (see [2, Eq. (2)]), we have

Hys)(p) — Hs(q) = / Ric(y'. ).

The right-hand side is > 0, but the left-hand side is < 0, which is a contradic-
tion. So ¢(S) C I™(S). Now we invoke the maximum principle for prescribed
mean curvature [1, 15] to conclude the existence of a maximal Cauchy surface
So C IT(S) NI~ (p(S)). Since 71 (Sp) = w1 (T3#T3) = Z3 % 73, it contains
the subgroup Z? which is noncyclic, finitely generated and Abelian. Thus, by
Theorem 3.3, the induced metric 4 on Sy can only have nonnegative scalar cur-
vature if it is flat. But by the constraint equation for scalar curvature (see [8, Eq.

(G.2))),
— 2 2
Ry = 167p + |K|} — H3,,

where K is the second fundamental form. By maximality, Hs, = 0, so R, > 0.
We conclude that 4 is flat, which implies R;, = 0. But p is nonzero, e.g., in the
FLRW parts of the spacetime, which gives the desired contradiction.

(i) Lorentz-geometric proof: Suppose S C M is a compact CMC Cauchy surface,
and suppose for the moment that Hg # 0. Without loss of generality, we may
assume that Hg > 0. By Hawking’s singularity theorem, each past inextendible
timelike curve starting in S has finite Lorentzian arclength. However, this is
contradicted, e.g., by the “Lemaitre-vertical” curves in Schwarzschild (one
could also argue via the infinitely long verticals in the FLRW parts): Consider
y it (t,r9, po) (Withrg < 1 — &, po € S arbitrary) in the (M, g¥)-part
of (M, g): We may extend y so far into the future that it meets S, but already
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the Schwarzschild part has infinite Lorentzian arclength, a contradiction. So the
CMC Cauchy surface S must be maximal, Hg = 0. By Theorem 3.4, a neigh-
borhood of § is foliated by CMC Cauchy surfaces, all of which must again be
maximal. Hence, by the same reference, (M, g) is static, which is manifestly
not the case.

O

Remark 3.6 Note that the Lorentz-geometric proof does not require the FLRW part to
be spatially 73. In fact, any compact Riemannian quotient of R3 does the job. Nor is
the application of the “side-switch” isometry really necessary: Indeed, if Hg > 0, we
use the infinitely long past curves in the (M, g7)-side to arrive at a contradiction
to Hawking’s singularity theorem, and if Hg < 0, in a similar manner we use the
infinitely long future curves in the (M, g~ )-side.

Remark 3.7 In [9], Chrusciel, Isenberg and Pollack use their results on the gluing of
initial data sets to construct a globally hyperbolic spacetime with Ric = 0 and compact
Cauchy surfaces of topology 73#7T'3, that does not contain any CMC Cauchy surfaces.
While Bartnik’s example is manifestly timelike geodesically incomplete, this is unclear
in their example. However, null geodesic incompleteness has been established, cf. [5,
6]. It would be interesting to see whether similar generalizations as the ones we give
in the next section could be achieved using initial data gluing methods.

4 Generalizations of Bartnik’s “no-CMC” example

In this section, we generalize Bartnik’s construction by gluing Schwarzschild to
hyperbolic FLRW models which have compact spacelike slices. Here, the ODE in
Proposition 2.9 (with W > 1) is not explicitly solvable, but implicit integration will
turn out to be sufficient for our purposes. The properties are very similar to the flat
case (W = 1). It turns out that one cannot do this construction with spherical FLRW,
because if W < 1 the ODE develops finite time past singularities, giving an obstruction
to global hyperbolicity.

Proposition 4.1 Let (M = D x S?, g) be a dust-filled Tolman—Bondi spacetime with
Y <0, monotonically increasing marginal condition W > 1 and monotonically
increasing positive mass function S > 0. Then there exists a smooth function to(r)
such that the metric can be extended smoothly to D x S%, where D = {(t,r) e R?:
r e {S > 0},t € (—oo, ty(r))}. Conversely, for any choice of strictly monotonically
increasing smooth functionto(r), monotonically increasing positive functions S (r) and
W (r) (with W (r) > 1), the unique solution of the ODE family Y = —\/W2 —14+S8/Y
with initial condition determined by ty defines a Tolman—Bondi spacetime (together
with X :==Y'/W) on D x S In particular, Y' > 0 on D. Whenever W(r) =1, the
solution is given explicitly as described in Proposition 3.1, and whenever W (r) > 1,
the solution is described implicitly by

to(r)—t=FW(@),Sr), Y(,1r)).
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In this case, F = F(x, y, z) is the function

[x2 -1+ 1z yarcoth( 1+ Z(x2y_1)>

F(-x7y’z)= x2_1 - (xz_l)%

Proof By Proposition 2.5, Y satisfies

. S(r)
Y — w 2
@)= \/ ") ! Y(t,r)

This ODE is uniquely solvable upon fixing some initial data ¥ (so, r) foreveryr € {§ >
0}. If W(r) = 1, we are in the situation of Proposition 3.1, so we may assume W > 1.
Let (a,b) = (a(r), b(r)) be the maximal existence interval for + when considering
Y as a solution of this ODE. Clearly a = —oo for every r, since Y is monotonically
decreasing in ¢ and Y is bounded for Y — +oo. To determine b = b(r), we separate
variables in the above ODE and integrate:

\/W(r)z + Ys(gfg)y(;, r)  S(r)arcoth (\/1 + W)
W2 =1 (W(r)2 —1)3

. (%)

Here, to(r) is an integration constant depending on r, which can be determined by
evaluating (x) at the initial time ¢ = sg9. Note that by monotonicity, Y (¢,r) — 0 as
t — b(r). Using that arcoth(x) — 0 as x — oo, the right-hand side of (x) tends to 0
ast — b(r). So, necessarily, b(r) = to(r).

It is useful to view the right-hand side of (x) as F(W(r), S(r), Y(¢,r)), where
F = F(x,y, z) is a function in three variables defined above and which satisfies, in
light of the integration of the ODE,

1
[.2 Y
X-l-'-z

In particular, 9, F (W (r), S(r), Y (¢, r)) > 0. Differentiating (x) with respect to » and
solving for Y’ yields

aZF(-x’ yv Z) =

Y'(t,r) = ﬁ (to(r) — 0 F - W'(r) — 0,F - §').

Z

Since to(r) = F(W(r), S(r), Y (so, 7)) + so, it follows that

1
Y'(t,r) = ﬁ((axF|so — O FlOW' + @y Flsy — 3y F11)S" + 8. FlsyY (50, 1))

Z

Since Y (so, r) > 0 (by positivity of W), it follows that (3, F|s,)Y'(s0, ) > 0. We
claim that the other summands are positive as well (recall that W, S’ > 0), as long as
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t < so: Indeed,

3 (8 F|y) = 8,0, F|, Y (¢, x),
9 (dyFlr) = 3,8, F|, Y (1, x).

One checks that

4
9,0.F(x,y,2) = —x <x2 1+ X) <0,
Z

(SO

_ (5 AN
0o, F(x,y,2) =—— |x"—1+= < 0.
27 Z

Hence, together with Y <0 we get 0;(0x F(W(r), S(r), Y(t,r))) > 0 and
0, (0yF(W(r), S(r), Y(z,r))) > 0. Moreover, one can check explicitly that 3, F — 0
and 9y F — 0 as z — 0, so if the initial condition satisfies

. Fls,Y' (50, 1) + 9 Flsg W' + 3y Fl,S" > 0,

or equivalently 7 > 0, then Y'(¢, r) > 0 for all r and for all t € (—o0, to(r)). O

Let us now generalize the construction in the previous section (up to appropriate
choices of parameters) to the gluing of arbitrary (compactified) flat or hyperbolic
FLRW spacetimes to Schwarzschild. Since for general marginal conditions W, dust-
filled Tolman—Bondi spacetimes cannot be written as explicitly as in the case W = 1
(cf. Proposition 3.1), we have to rely on our general gluing result (Theorem 2.9) in
conjunction with the above analysis on the maximal solution intervals of the ODE in
Proposition 2.5.

Let us now dive into the details: Let N be either R or H?, let Q be a compact
Riemannian quotient manifold of N, g : N — Q the quotient map. Let xo € Q and

0 < 3r be such that B3Qr2 (xg) C Q is isometric to Bé\iz (yo) (for any yg € q_l(xo)).

Let (M>, g») be the spacetime (—00, 12) X4 (Q\Bg(xo)) witha = ay resp. a = ay
if N = R? resp. N = H?>. (We again shift the time parameter for monotonicity
reasons.) Then the portion (—o0, r2) X4 (B3Qr2 (x0)\ Bg (xp)) can be written in Tolman—
Bondi form, identical to flat or hyperbolic FLRW. Let (M1, g1) be Schwarzschild
spacetime in Lemaitre coordinates up to a radial coordinate value r < r; < rp. For
fixed Schwarzschild mass m > 0, in the flat case the Friedmann mass M needs to be
chosen such that

87t M
Si(r1) =2m < 3 = S(r2),

and in the hyperbolic case, we need

8
S1(r1) = 2m < 222 Ginh(r)°.
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Thenitis possible to glue (M1, g1) to (M2, g2) along the interval (r1, r2) by prescribing
monotonically increasing connecting functions W, S, and a strictly monotonically
increasing connecting function fq for the corresponding functions on either side, cf.
Proposition 4.1. We call the resulting spacetime (M ™, g™).

Lemma4.2 (M™, g") is globally hyperbolic.

Proof For simplicity, we give the argument for global hyperbolicity if the gluing
procedure is done without any quotient operation on the FLRW part in order to use
global Tolman—Bondi spacetime arguments, and the compactified case can be proved
along similar lines.®

Keeping this in mind, (M, gT) is a warped product D xy S2, so it suffices to
check global hyperbolicity of the two-dimensional spacetime (D, —dt?> + X2dr?),
where D = {(r,r) € R? : t < t9(r)} (cf. [3, Thm. 3.68]). For small enough § > 0, we
claim that ¥ := {r = #o(r) — &} is a Cauchy surface. It is clearly a smooth, spacelike
hypersurface. Let y (s) := (t(s), r(s)),s € (0, 1), be an arbitrary C I_causal curve. We
will show that if y does not meet X, its limits at s = 0 or s = 1 exist. The acausality
of ¥ can be proven along similar lines and will be omitted.

Suppose first that 7 (s) < 7o(r(s)) — 5. By monotonicity, #(s) has alimit 7 as s — 1,
with T < rp — § (since typ < rp by construction). Again by causality,

) < —8)
X))

Let Rt := limsup,_,; r(s). Suppose that R* = o0, and let s3, be a realizing
sequence, 1.e., r(s2 ,) — —+0co. Then the points (z(s2 ), (r(s2,,))) are eventually in
the hyperbolic FLRW part of M+, where X (¢, r) = aj;(t). Let 51 be such that this is
true for all s € (s1, 52,,). Using that a; > 1 by Friedmann’s equation, we get

i) < il = — O < 1O r6) = o, loglant ).
- “oap(t(s)) T ap(t(s))

Integrating from s; to s2,, we see that r(s2,) — oo is impossible. Thus,
Rt < 4ocand due to T < #(RT) — & < to(RT), (T,RT) € D. Now let
R™ :=liminf;_, r(s). Suppose that R~ = —oo and let 51 , be a realizing sequence.
In this case, (#(s1,,), ¥ (s1,,)) 1s eventually in the Schwarzschild part, so one can argue
just as in the case below to show R~ > —oo. To show that R = R, observe that
MiNge[s, 50,1 W (s))~! is bounded below by some constant C > 0 independently

8 Indeed, if the spatial FLRW slice is a quotient Q of H 3, consider the universal cover which is partitioned
by fundamental domains. Using analogous arguments as the ones appearing in this proof, it can be shown
that the future end of the lift to the spacetime universal cover of any inextendible causal curve lies in
just one fundamental domain, likewise for the past end. Since the fundamental domains are portions of a
Tolman—-Bondi spacetime, the arguments given in this proof apply.
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of n. Then, using causality and the fact that 0,Y < O,

S 9 Y (1(s), F(5))
B 12 — 1(s10) = f o )lds

= C(Y (t(s2,n, 7 (52,n))) — Y (1 (51,0, 7 (51,0)))).

Taking first s , — 1 and then sy , — 1 gives T — T = 0 on the left-hand side, thus
giving

Y(T,R™)>Y(T,R").

Since 9,Y > 0, we get R™ = R™.Thus, y is extendible to s = 1.

The other possibility is that #(s) > f9(r(s)) — é for all s € (0, 1). We will show
that y is extendible to s = 0. Again by monotonicity, #(s) has a limit 7 as s — 0 (a
priori T > —o0). Suppose that indeed T = —oo. Let R~ := liminf;_or(s). It is
impossible that R~ > —o0, since fy(r(s)) — § < t(s) < to(r(s)). So R~ = —oo. In
particular, we may choose a realizing sequence r (s,) — —oo fors, — 0. Then y (s,,)
is eventually in the Schwarzschild region of (M, g™). Thus, causality together with
t(s) > to(r(s)) — 8 imply the estimate (using the explicit form of the Tolman—-Bondi
metric for Schwarzschild, cf. Example 2.7)

L mBNE L
t(sp)” > (W) r(sp)”.

Note that everything on the right-hand side is bounded independently of y. If § was
chosen small enough, then #(s;,) — —oo much faster than r(s,) — —oo; thus, the
inequality #(s,) > to(r(sy)) — & = r(s,) — § cannot be maintained. The conclusion
is that T > —oo. From here, one can use (x) and the arguments in the preceding
case to see that +00 > R := limsup,_,,7(s) = R~ =: R. Moreover, the function
t(s) — to(r(s)) is easily seen to be monotonically increasing in s because t(’) (r(s)) <
X(t(s), r(s)) = Y'(¢t(s),r(s))/W(r(s)) and y(s) is causal. Hence, T = 1y(R) is
impossible. So T < 1y(R); thus, (T, R) € D. This shows extendibility of y(s) to
s =0. O

Similarly, let Q be a compact quotient of either R or H3, and construct the analo-
gous globally hyperbolic spacetime (M, g™ ), but with inverted time orientation. We
extend both to r = —o0 and glue them there to obtain a spacetime (M, g), which is
also globally hyperbolic.

Theorem 4.3 (Examples of “no-CMC” spacetimes). Let Q, Q be compact Rieman-
nian quotients’ of R or H3. Let (M, g) be the spacetime constructed above by gluing
Schwarzschild (of any mass m) to flat or hyperbolic FLRW which is spatially Q
(with Friedmann mass M| = M (m)), and then attaching a time-inverted gluing

9 All combinations are allowed: 0, Q both quotients of R3, both quotients of H 3, or one a quotient of R3
and the other a quotient of H 3,
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of Schwarzschild to flat or hyperbolic FLRW which is spatially O (with Friedmann
mass Mo = Mo (m)) along the Schwarzschild event horizon. Then (M, g) is globally
hyperbolic with topologically o#0 Cauchy surfaces, is timelike geodesically incom-
plete, satisfies the strong and dominant energy conditions, and does not contain any
CMC Cauchy surfaces.

Proof Evidently, (M™*, ¢™) and (M~, g~) contain infinitely long past and future
timelike curves, respectively, so the proof may be carried out just like in the Lorentz-
geometric proof of Theorem 3.5.

In the symmetric case of Q = Q being a quotient of either R3or H3 (ie.,(M™, g)
is just a time-reversed copy of (M ™, g 1)), as well as Q oriented, a proof based on The-
orem 3.3 may also be given. (In the hyperbolic case, we utilize the positive resolution
of the surface subgroup conjecture [16].)

If Q is a quotient of R3, then 71 (Q) contains a subgroup which is isomorphic to the
fundamental group of a surface of genus g = 1. If Q is a quotient of H?, then 71(Q)
contains a subgroup which is isomorphic to the fundamental group of a surface of
genus g > 2. In either case, 71 (Q#Q) = m1(Q) * 1 (Q) contains a subgroup which
is isomorphic to the fundamental group of a genus g > 1 surface. One proceeds as
in the topological proof of Theorem 3.5, but uses Theorem 3.3(i) in the R case and
Theorem 3.3(ii) in the hyperbolic case. O

Remark 4.4 (Higher spacetime dimensions). We have done our analysis of Tolman—
Bondi spacetimes and constructed spacetimes without CMC Cauchy surfaces in
spacetime dimension d = 4 in order to be consistent with the literature [2, 4, 11].
However, all of our gluing and ODE arguments continue to hold for d-dimensional
Tolman—Bondi spacetimes D x S?~2, where the metric is of the form

g = —dt* + X(t, )’ dr* + Y(t,r)?dQ5_,.

Here d 9421—2 denotes the standard round metric on S?~2. Examples of this metric
are FLRW spacetimes in d dimensions, as well as the d-dimensional Schwarzschild—
Tangherlini spacetime of mass m > 0 (R # 0, 2m)

=—(1- 2m d2+;dR2+R2dsz2
8s = Rd_3 T 1 — 2dm3 d—2-
.

Justlike in d = 4 spacetime dimensions, one can introduce Lemaitre coordinates (¢, r)

via
2m 2
dt =dt +,/ Rd_3dR ,

RdA—3

dr = d‘c + dRz’

2m
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in which the metric takes the form

1 d—1 5
(}" — t)) de_z

6—2d

gs = —dt* + (Zm)% (d ~ l(r - t)> o dr® + (2m)% (d -
One can then proceed to glue d-dimensional spatially compact flat or hyperbolic
FLRW models to Schwarzschild—Tangherlini (where, as before, the Friedmann mass
parameter M has to be chosen accordingly in dependence on the Schwarzschild mass
m), and attach two such gluings (one of them time-reversed) along the event horizon.
The resulting spacetime can be shown to have no CMC Cauchy surfaces via the same
Lorentz-geometric arguments as the ones used in the proofs of Theorems 3.5 and 4.3.
Note that the topological proof is not applicable, as that relies on Theorem 3.3 which
is a result for three-manifolds. Let us summarize these observations in following
corollary.

Corollary 4.5 (Higher-dimensional “no-CMC” examples). Let d > 4 and let Q, Q
be compact Riemannian quotients of R4~ or H4~!. Let (M, g) be the spacetime
constructed by gluing d-dimensional Schwarzschild—Tangherlini (of mass m > 0)
to flat or hyperbolic d-dimensional FLRW which is spatially Q (with Friedmann
mass My = Mj(m)), and then attaching a time-inverted gluing of d-dimensional
Schwarzschild—Tangherlini to flat or hyperbolic d-dimensional FLRW which is spa-
tially Q (with Friedmann mass My = M (m)) along the Schwarzschild—Tangherlini
event horizon. Then (M, g) is globally hyperbolic, dim M = d, with Cauchy sur-
faces of topology O#0Q, is timelike geodesically incomplete, satisfies the strong and
dominant energy conditions and does not contain any CMC Cauchy surfaces.

Remark 4.6 (The spherical case). When gluing Schwarzschild to spherical FLRW, the
function W is eventually < 1, so W2 — 1 < 0. This causes the solution of the ODE

S(r)
Y(t,r)

YUJ)Z—/WUV—1+

to develop a past singularity in finite time. So the glued spacetime cannot be globally
hyperbolic, as one may simply take inextendible curves emerging from Schwarzschild
past timelike infinity i~ which cannot cross into the glued region. Of course, one can
remove portions of the Schwarzschild region to make it globally hyperbolic, but in this
case, the removed portion would be so large that the resulting spacetime could no longer
contain timelike curves with infinite length and be a neighborhood of the event horizon
(T = —X in Kruskal coordinates). Indeed, if both could be achieved, then we could
glue the resulting spacetime with a time-inverted copy of itself to produce a globally
hyperbolic spacetime with spatial topology S3#S> = §3 that would contain timelike
curves with infinite length. Since the resulting spacetime is spherically symmetric,
this contradicts a result of Burnett [7, Thm. 1].

On the other hand, one could do the full time-inverted gluing in the spherical
case without first removing a portion of the Schwarzschild spacetime to obtain a
spacetime (M, g) whichis not globally hyperbolic, then restrict attention to the Cauchy
development (M, ) of some spacelike hypersurface of topology S>#S> = §3, thus
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resolving the issue of global hyperbolicity. Of course the methods of proof used so far
do not apply to show that (M, g) has no CMC Cauchy surfaces, as they rely on the
existence of infinitely long timelike curves, so it would be interesting to determine if
(M, g) contains a CMC Cauchy surface or not.

Also, let (M™, g*) be a toroidal FLRW glued to Schwarzschild, and let (M ™, g™7)
be a time-inverted copy of a spherical FLRW glued to Schwarzschild. One can imagine
gluing these spacetimes along the event horizon. However, like above, to achieve
global hyperbolicity, portions of the manifold would need to be removed. The resulting
spacetime has toroidal spatial topology T3 = T3#S3; however, given the remarks
above, we cannot conclude that the spacetime has no CMC Cauchy surface since the
Lorentz-geometric proof does not carry over: Based on the construction, there are
either timelike curves that have infinite length to the past or to the future but not both.
It would be interesting to find cosmological spacetimes without CMC Cauchy surfaces
whose spatial topologies are T3, or prove that none can exist.

5 Conclusion and outlook

In this work, we enlarge the number of known spatial topologies for cosmological
spacetimes (i.e., spacetimes with compact Cauchy surfaces and satisfying the strong
energy condition) without CMC Cauchy surfaces. Specifically, we show that if Q
is any compact Euclidean or hyperbolic three-manifold and 0 is any other compact
Euclidean or hyperbolic three-manifold, then there are cosmological spacetimes of
that type with spatial topologies 0#0Q. (All of these examples are manifestly timelike
incomplete, see Conjecture 1.4.) To obtain our examples, we generalize a gluing
construction of Bartnik [2]. We glue general Tolman—Bondi spacetimes with variable
marginal conditions and use that to construct cosmological spacetimes without CMC
Cauchy surfaces. Bartnik’s original construction comes from gluing a Schwarzschild
Tolman—Bondi spacetime to a flat FLRW spacetime; the gluing procedure in this case
is simplified since the marginal condition satisfies W = 1 and so the Einstein equations
can be integrated, see Proposition 3.1. For the hyperbolic case, the marginal condition
satisfies W > 1, and the Einstein equations can no longer be integrated; however,
maximal solutions can still be constructed implicitly, see Proposition 4.1.

Our main result, Theorem 4.3, utilizes two different arguments (both due to Bart-
nik) to establish the nonexistence of a CMC Cauchy surface. The first is a topological
argument using well-known results from Schoen and Yau which forbid certain three-
manifolds from having nonnegative scalar curvature. This argument is purely at the
initial data level. The second argument is more Lorentz-geometric and uses Hawking’s
cosmological singularity theorem, but it requires global knowledge of the spacetime.
The topological argument only works when Q = Q, and we rely on the positive reso-
lution of the surface subgroup conjecture [16] when Q is a hyperbolic three-manifold.
The Lorentz-geometric argument works in all cases, but it relies on knowledge of the
global spacetime. We describe in Remark 4.4 and Corollary 4.5 how our arguments
generalize to produce analogous examples in arbitrary spacetime dimensions. The vac-
uum cosmological spacetime with spatial topology T3#73 constructed by Chrusciel,
Isenberg and Pollack in [9] makes use of the topological proof alluded here. In light
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of the positive resolution of the surface subgroup conjecture, it would be interesting
if the example in [9] generalizes to the more general topologies considered here.

Possible future directions of research include Tolman—Bondi metrics with more gen-
eral stress—energy tensors (e.g., radiation models), compatibility with results obtained
by initial data gluing methods, as well as attempts to find “no-CMC” cosmological
spacetimes where the timelike incompleteness is less obvious (so as to gain more
insight into Conjecture 1.4 resp. Conjecture 1.2). Also, models with only axial sym-
metry could be of interest. Such models may have a chance to produce spacetimes with
non-CMC Cauchy surfaces provided Burnett’s result [7, Thm. 1] does not generalize
to the axially symmetric setting. Lastly, as alluded to at the end of Remark 4.6, our
methods cannot be used to establish the nonexistence of CMC Cauchy surfaces in
cosmological spacetimes with toroidal spatial topology T3. It would be interesting to
find such examples, if any exist.
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Abstract

In this work, we prove a synthetic splitting theorem for globally hyperbolic Lorentzian
length spaces with global non-negative timelike curvature containing a complete time-
like line. Inspired by the proof for smooth spacetimes (Beem et al. in Global differential
geometry and global analysis 1984, Springer, pp. 1-13, 1985), we construct complete,
timelike asymptotes which, via triangle comparison, can be shown to fit together to
give timelike lines. To get a control on their behaviour, we introduce the notion of par-
allelity of timelike lines in the spirit of the splitting theorem for Alexandrov spaces as
proven in Burago et al. (A course in metric geometry, vol 33, American Mathematical
Society, Providence, 2001) and show that asymptotic lines are all parallel. This helps
to establish a splitting of a neighbourhood of the given line. We then show that this
neighbourhood has the timelike completeness property and is hence inextendible by a
result in Grant et al. (Ann Glob Anal Geom 55(1):133-147, 2019), which globalises
the local result.
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1 Introduction

As originally formulated in the context of Riemannian geometry, splitting theorems
are a class of results which establish that a Riemannian manifold (M, g) subject to
certain hypotheses on its curvature and its geodesic structure actually splits, i.e. it
is isometric to a product. In most cases, the curvature assumption involves a weak
inequality (usually on sectional or Ricci curvature) while the geodesic assumption
is related to the existence of a line, that is, a globally distance realising complete
geodesic. Since lines are conjugate point free and positive curvature promotes the
appearance of conjugate points, both features are expected to hold only under very
special circumstances.

The very first attempt to establish the metric product structure of a Riemannian
manifold with non-negative curvature and having a line is attributed to Cohn—Vossen
[27], who proved that a non-compact complete manifold of dimension 2 with sectional
curvature K > 0 is either diffeomorphic to R? or flat. However, the proof of this result
relied on the Gauss-Bonnet Theorem and therefore was not suitable for generalisation
to arbitrary dimensions. The breakthrough that allowed such a generalisation was
due to Toponogov, who in the mid 1960s proved his celebrated Triangle Comparison
Theorem, which asserts that “the angles of an arbitrary triangle in a Riemannian
space made up of minimising arcs are no greater than the corresponding angles of the
plane Euclidean triangle with sides of the same length” [62]. Armed with this tool,
Toponogov established the archetype of a splitting theorem [61, 62]:

Theorem 1.1 Let (M, g) be a complete Riemannian manifold with K > 0 containing
a line, then (M, g) is isometric to (RF x N, g0 @D h) where (R, go) is the standard
Euclidean space and (N, h) is complete and does not have any lines.

Shortly after Toponogov’s splitting theorem was published, Cheeger and Gromoll
made substantial progress by generalising it under the less stringent condition Ric > 0
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[24]. Although their original motivation was rooted in the investigation of topological
obstructions on manifolds of non-negative curvature [25], their result sparked the
interest in the study of splitting theorems in many different contexts, like in the theory
of orbifolds [14] or in the study of curvature inequalities relating other tensors, (like
the curvature operator [56] or Bakry—Emery tensor [29, 64]). Furthermore, some more
general versions of the Cheeger—Gromoll splitting theorem have been proven. For
example, the curvature condition can be replaced by averaged Ricci inequalities [31],
or by almost positivity of the Ricci tensor [21, 57]. There are also some local versions
in which the splitting occurs either on tubular neighbourhoods or the complement of
a compact set disjoint from a line [20, 22].

Remarkably, Yau posed in 1982 the problem of establishing a Lorentzian analogue
of the Cheeger—Gromoll splitting theorem [65], thus inaugurating a very active field
in which different versions of the Lorentzian splitting theorem were established [10,
11, 28, 30, 32, 55],! and some important problems have remained unsolved even to
this day, like the famous Bartnik Conjecture [8, 33]. In analogy to its Riemannian
counterparts, the first Lorentzian splitting theorem was proven for globally hyperbolic
spacetimes with non-positive sectional curvature on timelike planes. In Beemetal. [10,
11] the authors proved what can be thought as the Lorentzian analogue of Toponogov’s
splitting theorem:

Theorem 1.2 Let (M, g) be a spacetime of dimensionn > 2 that satisfies the following
conditions:

(1) (M, g) is globally hyperbolic.
(1) K(IT) < O for all timelike planes T1.
(111) M has a timelike line.

Then (M, g) splits isometrically as (M, g) >~ (R x N, —dt®> @ h), where (N, h) is a
complete Riemannian manifold.

Notice that global hyperbolicity can be seen as a more suitable analogue of Rie-
mannian completeness than timelike geodesic completeness, since the latter fails to
guarantee connectability by distance realising geodesic segments. The original proof
of this result not only uses techniques related to Toponogov’s theorem—a Lorentzian
triangle comparison due to Harris [43]—, but also tools used in Cheeger-Gromoll’s
theorem, like Busemann functions and Hessian estimates.

Some of the key techniques used in Toponogov’s original proof can be abstracted
into an axiomatic setting rather than derived, thus expanding its range of applications
to non-smooth contexts, particularly, to the realm of metric length spaces. Recall that
a length space (X, d) is a metric space whose distance is intrinsic, in other words, the
distance d(p, q) can be recovered as the infimum of the lengths of curves joining p to
q. This is the setting for the so-called synthetic methods in geometry, that have proven
instrumental in the development of recent mathematical landmarks such as the study of
geometry in the large [41, 42], precompactness theorems [17, 18], geometric flows [6,
39] and optimal transport [60, 63]. An Alexandrov space with curvature bounded from
below by k—or Alex (k) for short—is a locally compact, complete and path connected

I Refer to chapter 14 in [9] for a detailed account.
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(metric) length space (X, d) on which the triangle comparison theorem holds [17].
For Alex(0) spaces an analogue of Theorem 1.1 was first proved by Milka [53]. In
this result, instead of the existence of a line, the existence of an m-affine function,
(i.e. a function g: M — R that when restricted to any unit speed geodesics satisfies
the differential equation g” + mg = 0) is assumed. A warped product I x, F with
g an m-affine function is called a cone [18]. Cones naturally have m-affine functions,
and conversely, an Alex(k) space with a non-constant m-affine function splits as a
cone, provided that a boundary condition is met [3, 51]. In the particular case of a
complete Riemannian manifold, Innami [46] showed that a 0-affine function exists if
and only if M is isometric to a product R x N. Moreover, under the hypothesis of
Theorem 1.1 the Busemann functions associated to a line are affine and thus Innami’s
theorem implies Toponogov’s splitting theorem. Finally, let us note that in [17] there
is a proof of Milka’s splitting theorem for Alexandrov spaces that resembles more
closely the original works of Toponogov. The precise statement is as follows:

Theorem 1.3 Let (X, d) be an Alex(0) space containing a line. Then X splits as a
metric product R x Y, where Y is an Alex(0) space.

In their seminal work [48] Kunzinger and Sdmann set the foundations for a synthetic
approach to Lorentzian geometry. Their novel notion of Lorentzian (pre-)length space
is suited to accommodate several different non-smooth scenarios such as cones [5, 54],
spacetimes with C 0 metrics [26, 50], contact structures [45] or causal boundaries [1].
Moreover, in [48] the authors also introduced a notion of timelike curvature bounds in
the same spirit of Alex (k) spaces. Among the recent developments in this fast growing
field we have detailed analyses of the causal structure [2, 36], extendibility [35, 40],
convergence [49], gluing techniques [12, 58] and the basis for a comparison theory
[7, 13].

In this work, we aim at proving a splitting theorem for Lorentzian length spaces in
the spirit of Theorems 1.1, 1.2 and 1.3. In precise terms, we establish the following
splitting result for Lorentzian length spaces:

Theorem 1.4 (Splitting) Let (X, d, <, <, t) be a connected, regularly localisable,
globally hyperbolic Lorentzian length space with proper metric d and global non-
negative timelike curvature satisfying timelike geodesic prolongation and containing
a complete timelike line y : R — X. Then there is a Tt and causality preserving
homeomorphism f : R x § — X, where S is a proper, strictly intrinsic metric space
of Alexandrov curvature > Q.

The paper is organised as follows: In Sect. 2, we collect some well-known facts
about Lorentzian (pre-)length spaces while focusing on (versions of) results best suited
for our needs. We review the basic theory of Lorentzian (pre-)length spaces and discuss
concepts like timelike curvature bounds, angles and extensions. Section 3 is dedicated
to the study of product Lorentzian pre-length spaces of the form R x X, where (X, d)
is a metric space. Section4 is the heart of the proof and deals with the construction
of co-rays and asymptotes, where we follow [11]. In order to have a control on the
behaviour of lines formed as asymptotes to a given line, we introduce the notion of
parallelity of timelike lines which is motivated by the splitting theorem for Alexandrov
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spaces as treated in [17] and show that asymptotic lines are always timelike, of infinite
t-length, and parallel to each other. In Sect. 5 we first establish a local splitting result
by endowing a cross section S of the parallel asymptotes spanning / () with a natural
metric and then showing that 7(y) splits as R x §. Then we show that 7(y) has the
timelike completeness (TC) property, from which, via an inextendibility argument,
I(y) = X follows. Finally, in Sect. 6 we note some classes of spacetimes which
naturally satisfy the technical assumptions in our results, and hence split synthetically.
We then give an outlook on open problems in the context of synthetic splitting theorems
that may be addressed in future projects.

1.1 Notation and conventions

Let us collect some notation and conventions that will be used throughout the paper.

A C B means A is a subset of B (not necessarily a proper one). Rl'! is two
dimensional Minkowski space with the Lorentzian metric —dt? 4+ dx? and coordinates
(t, x). T denotes the time separation on R!-!. A proper metric space (X, d) is a metric
space such that all closed balls are compact. A metric space is called length space or
intrinsic if the distance between two points is the infimum of lengths of curves running
between them, and strictly intrinsic if that infimum is a minimum, i.e. between any
two points there exists a distance-realising curve.

We denote an open ball with radius R around a point x in a metric space by Bg(x),
and the corresponding closed ball by Bg(x). Although in general this ball is not the
closure Bg(x) of the open ball, notice that for length spaces and proper metric spaces
we do have the equality Bg(x) = Br(x).

2 Basic theory of Lorentzian (pre-)length spaces
2.1 Lorentzian (pre-)length spaces

We give a brief review of the theory of Lorentzian (pre-)length spaces. We focus on the
specific results that we need and give proofs if they cannot be found in the literature,
otherwise we give precise references. In particular, we refer to [48] for a detailed
treatment. We start with a few basic definitions.

Definition 2.1 (Lorentzian pre-length spaces) A Lorentzian pre-length space (X, d,
<, <, 1) consists of a metric space (X, d), a reflexive and transitive relation < (the
causal relation), a transitive relation < (the timelike relation) contained in <, and a
lower semi-continuous map (time separation) T : X x X — [0, oo] with the following
properties: T(x,y) = 0if x ﬁ y,and t(x, y) > 0if and only if x <« y. Moreover, if
x <y < z, then the following reverse triangle inequality holds:

T(x,z2) > t(x,y)+1t(y,2).

In the synthetic theory, we employ the usual nomenclature and well-known notation
from Lorentzian geometry, such as / +(x), J*(x) for timelike and causal pasts and
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futures, as well as I(x,y) := IT(x) NI~ (y) and J(x,y) := JT(x) N J~(y) for
timelike and causal diamonds, respectively.

Lemma 2.2 (Openness of timelike futures and push-up) Let (X,d, <K, <,71) be a
Lorentzian pre-length space and x < y < zorx <y K z. Then x < z. In
particular, for any x € X, the sets I (x) are open. Moreover, the relation < is open
in X x X.

Proof See [48, Lem. 2.10, Lem. 2.12, Prop. 2.13]. O

Definition 2.3 (Causal curves) Let (X, d, <, <, t) be a Lorentzian pre-length space.
A non-constant curve y : I — X, I an interval, is called future directed causal (resp.
future directed timelike) if it is locally Lipschitz and for all #1, 1, € I witht; <, we
have that y(¢1) < y(f) (resp. y(t1) < y(t)). It is called future directed null if it
is future directed causal and no two points on the curve are «-related. Past directed
causal/timelike/null curves are defined dually. From now on, unless explicitly stated
otherwise, we assume all causal curves to be future directed.

We will sometimes deal with causal curves which are not locally Lipschitz. For these
curves, some important results (e.g. the limit curve theorem) will not hold in general,
however, many important properties (especially those that are purely causal-theoretic
in nature) will continue to be true.

Definition 2.4 (Continuous causal curves) Let (X, d, <, <, t) be a Lorentzian pre-
length space. A non-constant curve y : I — X, I an interval, is called a future
directed continuous causal curve (resp. future directed continuous timelike curve) if
it is continuous and for all 1, #, € I with t; < t, we have that y(t;) < y(#2) (resp.
y(t1) < y(t)). It is called a future directed continuous null curve if it is a future
directed continuous causal curve and no two points on the curve are «-related. Past
versions of these notions are defined dually. From now on, unless explicitly stated
otherwise, we assume all continuous causal curves to be future directed.

We emphasise that a causal/timelike/null curve is always understood to be locally
Lipschitz. If continuous causal/timelike/null curves are meant, we will state that explic-
itly. Wherever possible, we will state definitions and results for continuous causal
curves instead of (locally Lipschitz) causal curves for greater generality. In most
cases, the proofs given in the literature for these results apply word for word to the
continuous case.

Definition 2.5 (Extensions of causal curves) Let (X, d, <, <, t) be a Lorentzian pre-
length space and let y : I — X be a continuous causal curve, where [ is any interval.
We say that y is (continuously) extendible if there exists a (continuous) causal curve
y : J — X, J an interval with J ;Dé I, such that y|; = y. Otherwise, we say y is
(continuously) inextendible. We refer to (in)extendibility to points in the future resp.
past directions of y as future/past (in)extendibility.?

2 Geodesics defined on intervals [a, b] with a = —oco or b = oo should be thought of as properly
reparametrised.
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Definition 2.6 (t-length) Let y : [a, b] — X be a future directed continuous causal
curve. Then its t-length is defined by

N-1
L:(y) := inf Z T(y), y(iv1) la=t <t <--- <ty = b} :
i=0

If y is past directed causal, then L (y) is defined analogously. For continuous causal
curves defined on half-open intervals, e.g. [a, b), one takes the limit of L. (¥ |[4,¢]) as
¢ — b, and similarly in the other cases.

The t-length of a continuous causal curve is invariant under reparametrisations.
We will have more to say on these topics later.

Definition 2.7 (Maximising causal curves) A future directed (continuous) causal curve
y : la,b] — X is called maximising (or t-maximising) if t(y(a), y(b)) = L. (y),
and analogously for past directed (continuous) causal curves. We also refer to such
curves as (continuous) distance realisers.

Lorentzian pre-length spaces where between each pair of causally related points
there is a maximising (locally Lipschitz) causal curve are referred to as strictly intrinsic
or geodesic.

Next, we define some of the steps on the causal ladder for Lorentzian pre-length
spaces.

Definition 2.8 (Causality conditions) A Lorentzian pre-length space (X, d, <, <, 1)
is called

(i) non-totally imprisoning if for every compact set K C X there is C > 0 such
that the d-lengths of all causal curves in K is bounded by C,
(i1) strongly causal if the Alexandrov topology generated by the subbasis of timelike
diamonds {/(x, y) | x, y € X} coincides with the metric topology,
(ii1) globally hyperbolic if it is non-totally imprisoning and all causal diamonds
J (x, y) are compact.

Lemma 29 Let (X,d, K, <, 1) be a strongly causal Lorentzian pre-length space.
Then each x € X has a neighbourhood basis consisting of causally convex®
neighbourhoods. Even more is true: X has a topological basis of causally convex
neighbourhoods.

Proof This is trivial since by definition finite intersections of timelike diamonds are a
basis for the topology, but these sets are causally convex. O

Definition 2.10 (Causal path-connectedness) A Lorentzian pre-length space X is
called causally path-connected if for all x < y there is a causal curve from x to
y and for all x < y there is a timelike curve from x to y.

3 Aset V C X is called causally convex if for all p, g € V we have J(p,q) C V.
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For the next definition, we use the version given in [2, Def. 2.16] rather than [48,
Def. 3.4] as it more closely resembles the case of smooth spacetimes. Before doing so,
note that on causally path-connected Lorentzian pre-length spaces X, we can introduce
a local causal relation: Let U C X be open and x, y € U, then we say x <y y if
there exists a future causal curve from x to y entirely contained in U.

Definition 2.11 (Local causal closedness) Let X be causally path-connected and U C
X be open. We say that U is causally closed if for all sequences p;,, ¢, in U converging
to p,q € U and p, <y gqn, we have that p <y g. We say that X is locally causally
closed if every point in X has a causally closed neighbourhood.

Definition 2.12 (Global causal closedness) A Lorentzian pre-length space X is called
globally causally closed if < is a closed relation.

Recall that in the theory of smooth spacetimes, a globally causally closed and causal
spacetime is causally simple. Such spacetimes are one step below global hyperbolicity
in the classical causal ladder.

Definition 2.13 (d-compatibility) A Lorentzian pre-length space (X, d, <, <, 1) is
called d-compatible if for every x € X there is a neighbourhood U of x and a constant

C > 0 such that the d-lengths of all causal curves contained in U are bounded above
by C.

Lemma2.14 Let (X,d, K, <, 1) be a locally causally closed, d-compatible, glob-
ally hyperbolic Lorentzian pre-length space. Then no compact set in X contains an
inextendible causal curve.

Proof See [48, Cor. 3.15]. O

Definition 2.15 (Localisability) A Lorentzian pre-length space (X,d, <, <, 1) is
called localisable if for each x € X there exists a neighbourhood (called localising
neighbourhood) 2, containing x with the following properties:

(i) Causal curves in €2, have uniformly bounded d-length, i.e., 2 is d-compatible.
(ii) Foreachy € Q,, IT(y) N, # .
(ii1) There is a continuous map (local time separation) wy : 2y X 2, — [0, 00) such
that Q2 is a Lorentzian pre-length space upon restricting d, <, <.
(iv) Forall p, g € Q, with p < g there exists a causal curve y,, from p to g entirely
in €2, with maximal r-length among all causal curves from p to g contained in
Qy, as well as L (ypq) = wx(p, q).

Note that this necessarily means that w, is of the form
wx(p,q) :=max{L;(y) | y is a causal curve from p to g in £2,.}. (2.1)

If in addition, for p, g € Q, with p < g the curve y,,, is timelike and strictly longer
than any causal curve from p to ¢ in 2, containing a null segment, then €2, is called
a regular localising neighbourhood, and X regularly localisable if any point has a
regular localising neighbourhood. Moreover, X is called strongly localisable if each
point has a neighbourhood base of localising neighbourhoods and SR-localisable if
each point has a neighbourhood base of regular localising neighbourhoods.
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Lemma 2.16 Let (X,d, K, <, 1) be a strongly causal Lorentzian pre-length space.

(1) If X is localisable, then it is strongly localisable.
(11) If X is regularly localisable, then it is SR-localisable.

Proof By Lemma 2.9, each point in X has a neighbourhood basis of causally convex
neighbourhoods. Now suppose X is localisable, take x € X and let €2, be a localising
neighbourhood of x and let U C €2, be any neighbourhood of x. Then there is a
causally convex neighbourhood V of x such that V' C U. We are done if we show that
V is a localising neighbourhood. But this is easy to see since any causal curve starting
and ending in V is entirely contained in there. If X is regularly localisable, then V is
even a regular localising neighbourhood. O

Regularly localisable spaces have the following important property:

Theorem 2.17 (Causal character of maximising causal curves) In a regularly local-
isable Lorentzian pre-length space, maximising causal curves are either timelike or
null.

Proof See [48, Thm. 3.18]. O

Note that in localisable Lorentzian pre-length spaces, the sets /= (y) are never
empty forany y € X.

Definition 2.18 (Geodesic) Let X be a localisable Lorentzian pre-length space and y :
I — X a(continuous) causal curve. Then y is a (future-directed causal) (continuous)
geodesic if for each 1y € I there exists a localising neighbourhood €2 of y(#y) and a
neighbourhood [c, d] C I of fy such that y ([c, d]) C €2 and y|[¢,4] 1s maximising in
€2 with respect to the local time separation.

We will sometimes need the notion of geodesic (in)extendibility which is defined
in terms of the existence of a geodesic extending a given geodesic. Note that
inextendibility implies geodesic inextendibility but the converse need not hold in
general.

For many arguments in the proof of the splitting theorem, the property that geodesics
can always be extended to open domains will be essential. While this is a consequence
of the ODE theory of the geodesic equation in the case of smooth spacetimes, we will
need to assume it here:

Definition 2.19 (7imelike geodesic prolongation) A localisable Lorentzian pre-length
space X 1is said to have the timelike geodesic prolongation property if any maximising
timelike segment y : [a, b] — X can be extended to a timelike geodesic with an open
domain, i.e. there is an ¢ > 0 and a timelike geodesic y : (a — ¢, b + ¢) — X with

Y0ap = V-

It is clear that this is satisfied in smooth strongly causal spacetimes considered as a
Lorentzian pre-length space. One easily sees that spacetimes with timelike boundary
do not satisfy this.
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Definition 2.20 (Locally quasiuniformly maximising) A localisable Lorentzian pre-
length space X is called locally quasiuniformly maximising if for each x € X there
exists a localisable neighbourhood U containing x such that each causal geodesic
entirely contained in U is maximising in U with respect to the local time separation.

It is unclear to us how the property of being locally quasiuniformly maximizing
is related to other notions for Lorentzian pre-length spaces, such as being intrinsic,
strongly causal or (locally) causally closed.

Proposition 2.21 (Upper semicontinuity of Lorentzian arclength) Let (X, d, <K, <, )
be a strongly causal and localisable Lorentzian pre-length space. Then L is upper
semi-continuous, i.e. if y, : [a, b] — X are causal curves converging d-uniformly to
a causal curve y : [a, b] — X, then

L:(y) > limsup L (yn).

n—oo

Proof See [48, Prop. 3.17]. O

Proposition 2.22 Let X be a strongly causal, localisable, locally quasiuniformly max-
imising Lorentzian pre-length space and let y : [a,b) — X be a causal geodesic.
Then y is geodesically extendible to [a, b] if and only if it is extendible as a continuous
curve to |a, b].

Proof See [40, Prop. 4.6] and note that the proof really requires the space to be locally
quasiuniformly maximising. O

We now state the limit curve theorem in the case of strongly causal Lorentzian
pre-length spaces, which will be sufficient for our needs. Note that in this case, by [2,
Prop. 2.21], Definition 2.11 is equivalent to [48, Def. 3.4].

Theorem 2.23 (Limit curve theorem) Let (X, d, <, <, ) be alocally causally closed,
localisable, strongly causal, d-compatible Lorentzian pre-length space with proper
metric d. Let y, : [0, L,] — X be a sequence of causal curves parametrised by
d-arclength, and suppose that L, = L%(y,) — oo. If the sequence y,(0) has an
accumulation point x € X, then some subsequence of the y,, converges locally uni-
formly to a future inextendible causal curve y : [0, 00) — X. Moreover, if the y, are
maximising, then so is y. In this case, forany T > 0, L+ (y|j0,77) = lim, Lz (¥xl{0,77)-

Proof The statement about the existence of the limit curve is shown in [48, Thm. 3.14].
Now suppose that y;, are maximising and w.l.o.g. let y;, itself converge locally uni-
formly to y. Consider any 7 > 0. Then by upper semicontinuity of L, and lower
semicontinuity of t,

lim sup L (¥ulj0,77) < L<(vlj0,77) < t(¥(0), y(T))
n

= liminf 7(, (0), y»(T)) = liminf Le (ynl0,7))-

Thus, equality holds everywhere. In particular, y is maximising and
lim, L7 (ynlio,71) = Lz (¥lj0,11)- O

@ Springer



The splitting theorem for globally hyperbolic Lorentzian... Page 110f47 48

In the context of the splitting theorem, we are interested in Lorentzian pre-length
spaces with significantly more structure, which we will discuss now.

Definition 2.24 (Lorentzian length spaces) A locally causally closed, causally path-
connected and localisable Lorentzian pre-length space (X, d, <, <, 1) is called
Lorentzian length space if forall x <y, x # vy,

T(x,y) = sup{L;(y) | y future directed causal from x to y}.

Note that since by definition L. (y) < t(p, g) for any (even continuous) causal
curve y from p to g, one can equivalently take the supremum over continuous causal
curves to obtain the time separation in the case of Lorentzian length spaces.

Proposition 2.25 (Causality of Lorentzian length spaces)

(1) A Lorentzian length space is strongly causal if and only if each point has a
neighbourhood base of causally convex neighbourhoods.
(i1) Strongly causal Lorentzian length spaces are non-totally imprisoning.
(i) Globally hyperbolic Lorentzian length spaces are strongly causal. Moreover, T
is continuous and finite and for any two causally related points there exists a
maximising causal curve connecting them.

Proof See [48, Thm. 3.26, Thm. 3.28, Thm. 3.30]. O

Lemma 2.26 Letr (X, d, K, <, t) be a strongly causal Lorentzian pre-length space
such that for each x € X there exists a timelike curve y : [—¢, e] — X withy (0) = x.
Then {I(x,y) | x,y € X} is a base for the topology on X. Moreover, for each x € X,
each timelike curve y : [—e, €] — X with y(0) = x and parameters 0 < s, t, — 0,
{I(y(—sn), y(ty)) | n € N} is a neighbourhood base at x.

Proof Let x € X withx € U, U C X open. By the definition of the Alexandrov
topology, finite intersections of the sets /(y, z) with y, z € X are a base. Thus, there
exist xi, ..., Xn, Y1, ..., yn € X such that

xeV :=I1x,y)N---NI(x,, y,) CU.

Now let y : [—&,¢] — X be a timelike curve with y(0) = x. By continu-
ity, maybe after making ¢ smaller, we may assume that y([—¢,e]) C V. Then
W = I(y(—¢), y(¢g)) is an open set containing x and we claim that W C V. To
see this, let z € W, then for any i = 1,...,n we have x; <« y(—¢) < z, hence
z € I (x;). Similarly, z < y(¢) < y;, hence z € I~ (y;). Thus z € V. This proves
that {{/(x, y) | x, y € X} is a base for the topology of X, and the second claim then
easily follows from the arguments above. O

Lorentzian pre-length spaces where each point lies in the interior of a timelike
curve are future and past approximating in the sense of [19, Def. 2.17] (see also [19,
Lem. 2.18])

@ Springer



48 Page 12 0f47 T.Beranetal.

Lemma 2.27 (Geodesics in strongly causal Lorentzian length spaces) Let (X, d, <
, <, T) be a strongly causal Lorentzian length space. A (continuous) causal curve
vy : I — X is a (continuous) geodesic if and only if for each ty € I there exists a
subinterval [c, d] C I with ty € [c, d] such that y |[¢c 4] is T-maximising.

Proof This follows from [40, Lem. 4.3]. O

To conclude this subsection, we discuss d-arclength and t-arclength reparametri-
sations of causal curves.

Remark 2.28 (On d-arclength parametrisations) Let (X, d, <, <, ) be a globally
hyperbolic Lorentzian length space with proper metric d and y : [a,b) — X a
causal curve that is inextendible at . Then y has infinite d-length: By Lemma 2.14,
v has to leave every compact set, in particular it leaves each compact ball B,,(y (a)),
which shows that L?(y) = oo. If we reparametrise y by d-arclength (note that this
is in general not possible for continuous causal curves), it is thus defined on [0, 00).
Similarly, if we have a doubly inextendible causal curve y : (a, b) — X, then upon
reparametrising it by d-arclength, it is defined on R, so that L4 (¥ l[c,a1) = |d —c| (see
also [19, Rem. 2.5]). Note that d-arclength parametrisations are globally 1-Lipschitz.

Lemma 2.29 (r-arclength parametrisations for inextendible curves) Let (X, d, <K, <
, T) be a Lorentzian pre-length space with continuous time separation T which satisfies
t(x,x) =0 forall x € X. Let y : [a,b) — X be a future inextendible continuous
timelike curve defined on a half-open interval with L+ (y |[a,c]) < 00 foreachc € [a, b)
(notice we might have L(y) = 00). Then the map ¢ : [a,b) — [0, L (y)), t —
L+ (¥ |{a.r)) is continuous and strictly increasing. Moreover, y :=y oqb_1 : [0, 00) —
X is a weak reparametrisation of y with respect to t-arclength. Similarly, a doubly
inextendible continuous timelike curve y : (a, b) — X can be weakly parametrised
by t-arclength and is then defined on (—L,(yl(a,,o]), L. (y'[to,b)))» where ty € (a, b)
is arbitrary.

Proof This can be seen by applying [48, Lem. 3.33, Lem. 3.34] to each y|[a b with

b < oo. O

Note that, in general, the t-arclength parametrisation results in a continuous
timelike curve, even if the original curve is locally Lipschitz.

In the following, whenever t-arclength parametrised curves are mentioned, it
is always implicitly understood that those curves have finite t-length on compact
subintervals. In localisable spaces this is anyway the case.

2.2 Timelike curvature bounds

Establishing an analogue to sectional curvature bounds in semi-Riemannian manifolds
a la [4] was one of the main goals in the first work on Lorentzian length spaces [48].
Historically, splitting theorems always used some type of curvature condition, either
Ricci or sectional curvature. By M} we denote the two-dimensional Lorentzian model
space of constant sectional curvature k and, in this subsection only, T denotes the time
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separation in M}, (in general 7 will only be used as the time separation in Mo = R:1).
For more details on this, see [48, Definition 4.5]. We will always assume that all
mentioned triangles satisfy size bounds for My, cf. [48, Lemma 4.6]. However, since
we are mainly working with k = 0, we do not have to worry about this.

We call three points x1, x2, x3 € X that are timelike related together with maximis-
ers between them a timelike triangle. We denote such triangles by A(xy, x32, x3).

Definition 2.30 Let X be a Lorentzian pre-length space and A (x1, x2, x3) be a timelike
triangle. Then a timelike triangle A(xy, X2, X3) in M} such that 7 (x;, x;) = T(X;, X;)
is called a comparison triangle for A(x1, x2, x3). It always exists (if the size bounds
are satisfied) and is unique up to isometries of M.

Definition 2.31 (7imelike curvature bounds) A Lorentzian pre-length space X is said
to satisty a timelike curvature bound from below by k, if each point in X has a so-called
comparison neighbourhood U, satisfying the following:

(1) t|yxuy 1s finite and continuous.
(11) For all x,y € U with x < y there exists a causal maximiser y from x to y
which is entirely contained in U.
(111) Let A(x, y, z) be atriangle in U and let A(x, y, z) be its comparison triangle in
M. Let p,qg € A(x, y, z) and let p, g be the corresponding comparison points
in A(x, y, z). Then t(p, ) = T(p, ).

For curvature bounds from above, the inequality in (iii) is reversed, but we will not
need these types of curvature bounds. If £ = 0, we also say that X has non-negative
timelike curvature resp. non-positive timelike curvature.

Evidently, curvature bounds are only formulated locally as of yet. There is, however,
a very natural way of globalising this concept.

Definition 2.32 (Global curvature bound) A Lorentzian pre-length space X is said to
have global curvature bounded below by k if X itself is a comparison neighbourhood
in the sense of Definition 2.31.

Remark 2.33 (Continuous triangles vs. Lipschitz triangles) If X is a globally hyper-
bolic Lorentzian length space with global nonnegative timelike curvature, then in fact
curvature comparison even holds for timelike triangles where the maximisers are con-
tinuous: Indeed, suppose A := Ao(x, y, z) is a continuous timelike triangle, and
let p,q € A. Due to the properties of X, we find Lipschitz maximisers from the
endpoints of A to p, g, respectively. The concatenations at p and ¢, respectively,
of those maximisers are again maximisers because the sides on A are (continuous)
maximisers. Hence we have realised p, g on a Lipschitz triangle. If X is in addition
regularly localisable, then in fact every continuous timelike maximiser is Lipschitz
reparametrisable [52], so the above discussion is superfluous in this case.

One of the most commonly used implications of lower (timelike) curvature bounds
is the prohibition of branching of distance-realisers. A formulation of this result for
Lorentzian pre-length spaces was first given in [48, Theorem 4.12]. However, with the
introduction of hyperbolic angles in [13] it was possible to generalise this result by
omitting some of the additional assumptions:
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Theorem 2.34 (Timelike non-branching) Let X be a strongly causal Lorentzian pre-
length space with timelike curvature bounded below by k € R. Then timelike distance
realisers cannot branch, i.e., if o, B : [—¢, €] — X are timelike distance realisers
such that there exists ty € (—¢, &) with a|[—¢ 1y] = Bl[=e.10], then o = .

Proof See [13, Theorem 4.7]. O

The non-branching of timelike distance realisers is a key property of spaces with
lower curvature bounds and will appear in various forms in our proof of the splitting
theorem.

2.3 Angles and comparison angles

Hyperbolic angles in Lorentzian pre-length spaces were introduced in [7, 13], where
the former puts a bigger focus on comparison results. We will follow the conventions
of the latter reference.

Lemma 2.35 (The law of cosines (k = 0)) Ler X = R be 2 D-Minkowski space and
X1, X2, x3 be three points which are timelike related (an (unordered) timelike triangle).
Let a;j = max(t(x;, x;), T(xj, x;)) (note one of these is zero anyway). Let w be the
hyperbolic angle between the straight lines x1x, and x>x3 at xp. Set 0 = 1 if x» is not
a time endpoint of the triangle (i.e., x1] K xo K x30rx3 L xo L x1)ando = —1if
x7 is a time endpoint of the triangle (i.e., x < X1, x3 or x1, x3 <K x2). Then we have:

a%3 = a%z + a§3 + oajzaz; cosh(w).

In particular, when only changing one side-length, the angle w is a monotonously
increasing function of the longest side-length and monotonously decreasing in the
other side-lengths.

Proof See [13, Appendix A]. O

Note that for a;; > 0 satisfying a reverse triangle inequality and choosing an
appropriate 0 = =£1, we can always solve this equation for .

Definition 2.36 (Comparison angles) Let X be a Lorentzian pre-length space and
X1, x2, x3 three timelike related points. Let x1, x2, X3 € Rllbea comparison triangle
for x1, x2, x3. We define the comparison angle sz (x1, x3) as the hyperbolic angle
between the straight lines x1x, and xpx3 at x». It can be calculated with the law
of cosines using a;; = max(t(x;, x;), 7(xj, x;)) and o, where we set o = 1 if x»
is not a time endpoint of the triangle and 0 = —1 if x; i1s a time endpoint of the
triangle. o is called the sign of the comparison angle (even though we always have
£ x, (x1, x3) > 0). For a reduction of the number of case distinctions we also define

the signed comparison angle Z)SCZ (x1,x3) = O‘sz (x1, x3).

Definition 2.37 (Angles) Let X be a Lorentzian pre-length space and «, § : [0, &) —
X be two timelike curves (future or past directed or one of each) with x := «(0) =
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B(0). Then we define the upper angle

Le(a, B) = limsup L (a(s), B(1)),

(s,1)eD,s,t—0

where D = {(s,t) : s,t > 0, a(s), B(¢) timelike related}. If the limes superior is a
limit and finite, we say the angle exists and call it an angle.

Note that the sign of the comparison angle is independent of (s, t) € D. We define
the sign of the (upper) angle o to be that sign, and define the signed (upper) angle to
be £3(a, B) = 04, (a, B).

If maximisers between any two timelike related points are unique (as e.g. in R1),
then we simply write £, (x, y) for the angle at p between the maximisers from p to
xand p to y.

We give an alternative definition of timelike curvature bounds in the case k = 0
following Definition 4.9 in [13]:

Definition 2.38 Let X be a Lorentzian pre-length space. We say that X has time-
like curvature bounded below by k = 0 (bounded above by k = 0) in the sense of
monotonicity comparison if every point in X has a neighbourhood U such that

(1) t|yxuy 1s finite and continuous.

(i1) U 1is timelike geodesically connected, i.e. whenever x, y € U with x < y, there
exists a future-directed timelike distance realiser & in U from x to y, and any
distance realiser from x to y contained in U is timelike.

(111) Whenever « : [0,a] — U, B : [0, b] — U are timelike distance realisers in U
with x := «a(0) = B(0), we define the function 6 : (0,a] x (0,b] D D - R
by 6(s,t) = Zi(a(s), B(t)), where (s,t) € D precisely when a(s), B(¢) are
timelike related. We require this to be monotonically increasing (decreasing) in
s and . Additionally, in the case of non-positive timelike curvature, we consider
0 <s <sand 0 < ¢ < r and require that if 6(s’, ") is not defined (i.e.
a(s"), B(t") are not timelike related) but 6 (s, 1) is, then also the comparison points
for a(s’), B(¢') in a comparison triangle for A(x, a(s), B(z)) are not timelike
related.

We call the curvature bound global if X is a comparison neighbourhood in the above
sense.

Theorem 2.39 (Timelike curvature: Equivalence of definitions) Let X be a locally
timelike geodesically connected Lorentzian pre-length space. Then X has non-negative
(non-positive) timelike curvature in the sense of Definition 2.31 if and only if it has non-
negative (non-positive) timelike curvature in the sense of monotonicity comparison
(see Definition 2.38).

Proof See [13, Theorem 4.12]. O

Remark 2.40 Note that if X is globally timelike geodesically connected, i.e. between
any two timelike related points there is a timelike distance realiser connecting them,
and any distance realiser connecting them is timelike (which is certainly true if X is
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a regularly localisable and globally hyperbolic Lorentzian length space), then X has
global non-negative (non-positive) timelike curvature in the sense of Definition 2.32
if and only if it has global non-negative (non-positive) timelike curvature in the sense
of monotonicity comparison.

The timelike geodesic prolongation property plays a technical role in our proof of
the splitting theorems mainly because of the following result.

Proposition 2.41 (Continuity of angles in spaces with timelike curvature bounded
below) Let X be a strongly causal, localisable, timelike geodesically connected and
locally causally closed Lorentzian pre-length space with global non-negative timelike
curvature and which satisfies timelike geodesic prolongation. Let oy, , &, By, B be future
or past directed timelike geodesics all starting at «,,(0) = «(0) = B8,(0) = B(0) =: x
and with o,, — o and B, — B pointwise (in particular, oy, is future directed if and
only if o is, and similarly for B, and B). Then

Ly(a, B) = hrrln Ly (ctn, Bn)

Proof See [13, Proposition 4.14]. O
The following two propositions will be proven together.

Proposition 2.42 (Alexandrov lemma: across version) Let X be a Lorentzian pre-
length space. Let A := A(x, Yy, z) be a timelike triangle (in particular the distance
realisers between the endpoints exist). Let p be a point on the side xz with p < vy,
such that the distance realiser between p and y exists. Then we can consider the
smaller triangles A1 := A(x, p, y)and A> := A(p, y, z). We construct a comparison
situation consisting of a comparison triangle Ay for A1 and A for Ao, with X and
7 on different sides of the line through py and a comparison triangle A for A with
a comparison point p for p on the side xz. This contains the subtriangles Ay =
A(X, 3, p) and Ay = A(p, 3, 7), see Fig. 1.

Then the situation Ay, A, is convex (concave) at p (i.e. Zp (x,y) = £5(x,y) >
£p(y,2) = Zp(y, 2) (or <)) if and only if t(p,y) < T(p,y) (or >). If this is the
case, we have that

e cach angle in the triangle A1 is > (or <) than the corresponding angle in the
triangle Al,

e cach angle in the triangle A, is > (or <) than the corresponding angle in the
triangle A».

In any case, we have that
o L5(%,7) > £5(%,7) = £y(x,2).

The same is true if p is a point on the side xz such that y < p. Note that if X
has non-negative (non-positive) timelike curvature and A is within a comparison
neighbourhood, the condition is satisfied, i.e. T(p,y) < T(p,y) (or >).
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Fig. 1 A concave situation in the
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Proposition 2.43 (Alexandrov lemma: future version) Let X be a Lorentzian pre-
length space. Let A := A(x, Yy, z) be a timelike triangle (in particular the distance
realisers between the endpoints exist). Let p be a point on the side xy, such that the
distance realiser between p and z exists. Then we can consider the smaller triangles
A1 := A(x, p,z) and Ay := A(p, y, z). We construct a comparison situation con-
sisting of a comparison triangle A1 for Ay and Ay for Ao, with X and y on different
sides of the line through pz and a comparison triangle A for A with a comparison
point p for p on the side xy. This contains the subtriangles Ay := A(X, p,Z) and
As := A(p, 3, 2), see Fig. 2.

Then the situation A1,A, is convex (concave) at p (i.e. £5(y,2) = £;(x,2) (or
<))ifand only if t(p, z) < ©(p, 2) (or >). If this is the case, we have that

e ceach angge in the triangle Al is > (or <) than the corresponding angle in the
triangle Ay,
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e each angle in the triangle As is < (or >) than the corresponding angle in the
triangle, Aj.

In any case, we have that
o £:(X,) < 4;(X,5) = L,(x, y).

Note that if X has non-negative (non-positive) timelike curvature and A is within a
comparison neighbourhood, the condition is satisfied, i.e. T(p, z) < T(p, 2) (or >).

Proof (Proof for both Alexandrov lemmas) It is sufficient to show the “if”” part of
the statement. Indeed, under the assumption that the triangles A; and A, are non-
degenerate, the “if” part holds with strict inequalities, which then also implies the
“only if” part of the statement. The degenerate cases are trivial.

For the triangles A1 vs. AL, only one side-length changes, and it is not the longest
side of the triangle in both versions. Thus, the monotonicity statement in the law of
cosines, cf. Lemma 2.35, implies that in the across version, the relation between the
desired angle £ 5(x, y) in A1 to the corresponding angle £ 5(X, y)in A1 is pointing in
the opposite direction than the relation of the changing side-length t(p, y) = t(p, )
to the side-length 7(p, y). In the future version, we obtain that the relation between
the desired angle £ 5(%, 7) in A1 to the corresponding angle £ 5(X,2)in A is pointing
in the other direction than the relation of the changing side-length t(p, z) = t(p, 7)
to the side-length 7(p, z).

Similarly, for the triangles A, vs. A,, only one side-length changes. In the across
version, it is not the longest side, and for the future version, it is. Thus, in the future
version, the monotonicity statement in the law of cosines yields that the relation
between the angle £ (¥, 2) in A1 to the corresponding angle £ 5(¥,2)in A1 is pointing
in the same direction as the relation of the changing side-length 7 (p, y) to the side-
length 7(p, y). Similarly, in the across version, we get that the relations between the
angles £;(y, 2)in Ajand £ 5(¥,2)in A1 points in the opposite direction as the relation
of the changing side-length 7(p, ¥) to the side-length 7(, ). Note that A and A,
together form the triangle A, so we have « 5(x,y) = £;(y, 2) in the across version
and £ 5(x,z) = £5(y,2) in the future version. From this, the desired inequalities
follow.

For the “split” angle, we use the triangle equality along lines and the reverse
triangle inequality on the broken side, giving t(x,z) > t(x,p) + 7(p,2) =
T(x,p) + t(p,z) = t(x,z7) = T(X,Z) in the across statement and T(x,y) >
T(x,p)+t(p,y) = t(x, p) + ©(p,y) = t(x,y) = T(x,y) in the future state-
ment. For the triangles A = A(X, y,7) and A = A(X, 7, Z), only one side-length
changes. In the across version it is the longest side of the triangle, and in the future
version, it is not. Thus, in the future version, the monotonicity statement in the law of
cosines implies that the relation between the angle £z (X, 7) in A to the correspond-
ing angle £; (X, ¥) in A is pointing in the opposite direction than the relation of the
changing side-lengths 7(x, y) = 7(x, y) and 7(x, y). Similarly, in the across version,
we obtain that the relation of the angle £5(x, z) in A and £5(X,7)in A points in the
same direction as the inequality between 7 (x, z) = T(x, z) and T (x, 2).

Finally, note that all monotonicity arguments work the same if the timelike relation
between y and p is reversed in the across version. O
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2.4 Extensions of Lorentzian length spaces

As in [11], in the proof of the splitting theorem we will first show that I(y) :=
I (y) NI~ (y) splits, and then we will use an inextendibility argument to show that
I(y) = X.To this end, let us recall the notion of extensions of Lorentzian (pre-)length
spaces as introduced in [40, Def. 3.1].

Definition 2.44 (Extensions) I:et ~(X ,d, <, <, t) be a Lorentzian pre-length space. A
Lorentzian pre-length space (X, d, &L, <, T)iscalled an extension of (X, d, <, <, T)
if

(1) ()~( , c?) is connected,
(i1) there exists an isometric embedding ¢ : (X, d) — ()~( , c?),
(iii) ¢(X) S X is open,
(iv) ¢ preserves < and <,
(v) ¢ preserves t-lengths of causal curves.

Remark 2.45 (Convex extensions) An important class of examples (and the only one
we will need) is the case of open, causally convex subsets of a suitable Lorentzian
length space. In this case, ¢ even preserves t.

Next, we recall the definition of timelike completeness for (localisable) Lorentzian
pre-length spaces, cf. [40, Def. 5.1]. However, since continuous extendibility,
extendibility as a causal curve and geodesic extendibility are in general inequiva-
lent concepts, we will define the timelike completeness property precisely in such a
way that it is sufficient for the subsequent inextendibility result.

Definition 2.46 (Timelike completeness (TC)) Let (X, d, <, <, t) be a localisable
Lorentzian pre-length space. We say X satisfies the timelike completeness (TC) prop-
erty if each (future or past directed) timelike geodesic « : [a,b) — X that is
inextendible to [a, b] as a continuous curve has infinite t-length.

Theorem 2.47 (Inextendibility of (TC) spaces) Let (X, d, <, <,t) be a strongly
causal Lorentzian length space satisfying the (TC) property. Then X is inextendible
as a regularly localisable Lorentzian length space.

Proof See [40, Thm. 5.3]. O

3 Lorentzian products

This section is dedicated to the treatment of Lorentzian product spaces. In the context
of Lorentzian pre-length spaces, (warped) products were first introduced in [5]. On
the one hand, this investigation is too general for our purposes, we only need products
instead of warped products. On the other hand, the formulation we use also works for
non-intrinsic spaces.
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Definition 3.1 (Lorentzian product) Let (X, d) be a metric space. Define the space
Y := R x X. Equip it with the product metric

D:Y xY — R, D((s,x),(t,y)) := \/|t — 5|2 +d(x, y)2.

Define the timelike relation as (s, x) < (f,y) : <= t —s > d(x, y) and the causal
relation as (s, x) < (¢,y) : <= t —s > d(x, y). Define the product time separation
T:Y xY — Rvia

T((5.3). (1 ) =\ (6 — )% — d(x. y)?

if (s, x) < (¢, y), and O otherwise.
Then (Y, D, <, <, ) is called the Lorentzian product of X with R. If it is clear
that the Lorentzian product is meant, we simply denote it by R x X.

The following is more or less immediate from the definition:

Proposition 3.2 (Properties of Lorentzian products) Let (X, d) be a metric space. Then
the Lorentzian product (Y, D, K, <, t) is a Lorentzian pre-length space. Moreover,
T is continuous and < is closedon Y x Y.

Proof t is continuous by definition, so in particular, lower semi-continuous. The inclu-
sion of <« in < is clear from the definition as well. The transitivity of both relations
as well as the reverse triangle inequality of 7 for <-related triples follow (via an ele-
mentary calculation) from the triangle inequality for d. The reflexivity of < is clear
from the definition. Finally, the definition of < is a reformulation of T > 0.

Note that for converging real sequences n; — n, m; — m such that n; < m; for
all i, we have n < m. The closedness of < on Y x Y follows immediately from this
fact. O

It is easily seen that generalised cones in the sense of [S] with warping function
f = 1 are Lorentzian products in the sense of Definition 3.1. Indeed, in this case
we have, in the notation of [5, Def. 3.9], that m, ; := min,c; ) f(r) = 1 for all
s,t € R. Then [5, Lem. 3.10] shows that a causal curve in the sense of [5, Def. 3.2]
is a causal curve in the usual sense in our setting, with timelikeness being inherited
as well. Moreover, the variational length of [5, Def. 3.9] is precisely the t-length of a
causal curve in the sense of Definition 2.6. It is easily seen that if X is strictly intrinsic,
then the product R x X in our sense can be canonically identified with the warped
product R x r X with f = 1.

We now show that Lorentzian products are always strongly causal and non-totally
imprisoning.

Proposition 3.3 (Diamonds form basis) Let Y := R x X be a Lorentzian product.

Then {I(p,q) | p,q € Y} forms a basis for the topology. In particular, Y is strongly
causal.
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Proof Consider the open set O := (a,c) x Br(x) fora,c € R,R > 0,x € X
and let (b, y) € O. Choose ¢ = min(b —a,c — b, R —d(x,y)) > 0, then p :=
b—¢e,5),g:=0b+ey) e O. Then we have that I(p,q) CO:If(s,2) e I(p,q),
then s € (b —e,b+ ¢) C (a,c). In particular, at least one of |s — (b — ¢)| < ¢
and |[s — (b + ¢)| < e holds. By definition of <, we then also have d(x,z) <
d(x,y)+d(y,z) < R,soy € Bgr(x). Thus, (s, z) € O. O

Proposition 3.4 (Non-total imprisonment of Lorentzian products) Any Lorentzian
product Y = R x X, where (X, d) is a metric space, is non-totally imprisoning.

Proof For any two points (s,x) < (t,y) € Y we have d(x,y) < t — s, SO
D((s, x), (t,¥)) = /(t — )2 +d(x, y)? < +/2(t — 5). In particular, for any future
directed causal curve y : [a,b] — Y starting at y(a) = (s,x) and ending at
y(b) = (t,y) we have Lp(y) < V2 —s): In any partition of [a, b], the above
bound in any of the subintervals forms a telescopic sum, making ~/2(f — s) an upper
bound on the length of the polygon approximation of y corresponding to the partition.
Let now K be compact, then we can enclose it in a bounded set: K C [s, f] X Br(x)
for some s < t, R > 0 and x € X. We know that the D-length of future directed
causal curves contained in [s, t] x Bg(x) is bounded by V2(t — 5), so we have that
Y is non-totally imprisoning. O

The next result characterises distance realisers in Y = R x X. Note that we make use
of the following: A distance minimiser in a metric space can always be parametrised by
unit speed, which is evidently a Lipschitz parametrisation, cf. [17, Proposition 2.5.9].

Proposition 3.5 (Characterisation of distance realisers) Let (X, d) be a metric space
and let Y := R x X the Lorentzian product. Then a continuous causal curve y =
(o, B) : la,b] — Y is a distance realiser if and only if either B = const or B :
la, b] — X is a (metric) distance realiser and when reparametrising y such that B is
unit speed parametrised, « : [a, b] — R is affine, i.e. of the form «(t) = ct + d with
¢ = 1 (which implies that y future directed null) or ¢ > 1 (which implies that y is
future directed timelike). In particular, y has causal character and a reparametrisation
as a (Lipschitz) causal curve. If in addition Y is localisable, then the same is true for
continuous geodesics.

Proof y is a distance realiser if and only if for all » < s < ¢ we have

t(y (), y(@®) =ty ), y(s)) + (¥ (s), v (0)). (*)

We denote y (r) = (t1, x1), Y (s) = (t2, x2) and y (¢t) = (23, x3), then (x) reads:

Vit —11)2 —d(x1,x3)% = V(12 — 11)? —d(x1,x2)> + v/ (13 — 12)> — d (x2, x3)2

We now define A = % and the function f(x) = +/1 — x2. Then () simplifies to

d(xy, x3) d(x1, x2) d(x2, x3)
) g 2l 1—A : *
f( 3 —1 ) f(X(t3—t1))+( )f((l—)»)(t3—t1)> ()
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We use that f is concave and monotonously decreasing on [0, 1] and d(x1, x2) +
d(x, x3) > d(x1, x3) on the right hand side of (xx):

d(x1, x2) d(xz, x3)
sl (Mm—n))Hl_w((l—k)(a—n))

Sf(Cl(xl,JCz)-l-Cl'(?Cz,)%)) Ef(d(m,m)).

(tz — 11) (13 — 11)

So we get that (xx) is equivalent to having equality here. As f is strictly concave, the
first inequality has equality if and only if

d(x1,x)  d(x,x3) 3.1)
Hh —1h N 3 —h ’ .

where we got rid of A again for generality. As f is strictly monotonously decreasing,
the second inequality has equality if and only if

d(xy, x2) +d(x2, x3) = d(x1, x3). (3.2)

We translate this back to what happens for general r < s < f: Eq. 3.2 reads
d(B(r), B(s)) + d(B(s), B(t)) = d(B(r), B(1)), i.e., it holds if and only if B is a

distance realiser. Equation 3.1 reads dg?s()r )_5 ((:))) = do((’? t(;l’f((st))) , i.e. that quantity is a

constant % af % is 0 we get that B is constant, in this case the result is trivial). In
particular, if we reparametrise y such that g is unit speed (i.e. d(B(s), B(t)) =t — ),
a(t) —a(s) =c(t —s), 1.e. a is affine.

Now we look at what happens for different parameters c: If ¢ > 1, we easily see
that f(c) > 0,s0 t(y(r), y(t)) = (a(t) — a(r)) f(c) > 0 and the curve is timelike.
Forc =1, f(c) = f(1) =0,s0a(t) — a(r) = d(B(r), B(t)) and the curve is null.

Now if Y is localisable and y is only a geodesic, we can cover the domain with
intervals J; that are open in [a, b] where it is distance realising. Then on each of these
Ji we apply the above. As the J; overlap, the constant ¢ agrees, and we get that g1, is
distance realising, thus g is a geodesic. The converse follows equivalently. We even
get that the subintervals of the domain where the curves are distance realising agree.

O

Corollary 3.6 (r-arclength parametrisations of distance realisers) Any continuous
timelike maximiser y : [a,b] — R x X has a Lipschitz t-arclength parametri-
sation, which is of the form (a, B), with « : [0, L:(y)] — R, a(t) = ct + d,
and B : [0, L:(y)] — X a constant speed minimiser of speed ~/c*> — 1. IfR x X
is localisable, then the same is true for timelike geodesics (with B constant speed
geodesic).

Note that the results above continue to hold for maximisers resp. geodesics defined
on any interval 7, not just a closed one.

To finish this section, we show that global hyperbolicity of the Lorentzian product
Y = R x X is equivalent to the metric properness of X.
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Proposition 3.7 (Global hyperbolicity and properness) A Lorentzian product Y =
R x X is globally hyperbolic if and only if X is a proper metric space.

Proof Since products are always non-totally imprisoning by Proposition 3.4, we only
need to check that causal diamonds in Y are compact if and only if (X, d) is a proper
metric space. First, suppose that Y is globally hyperbolic. Let (¢, x) € Y and fix
R > 0. Consider the points p := (t — R, x),q := (t + R, x). Then (¢, x) € J(p, q).
By definition of <, any point (¢, y) with the same R-coordinate as (¢, x) isin J(p, q)
if and only if d(x, y) < R. Thus, the set J(p, g) N{(z, x) | x € X}, which is compact
by assumption, can be identified with the closed ball Bg(x) in X of radius R around
x, establishing the fact that closed balls in X are compact.

Conversely, suppose that X is proper and let p = (r,x),q = (¢t,z) € Y with
p < q. By definition of <, if (s,y) € J(p,q), then r < s < t. Moreover, we
have |s| < |r| + |f|. Set R := 2|r| + 2|t|. Then for (s,y) € J(p,q), we also
have d(x,y) < |s —r| < |s|+ |r]| < R. Thus, y € Bgr(x), which is compact by
assumption. In total, we conclude that J(p, g) C [r, ] X B R (x), which is a compact
set as the Cartesian product of two compact sets. The fact that J(p, g) is closed follows
immediately from the closedness of <, so J(p, ¢g) is compact as well. O

4 Rays, lines, co-rays and asymptotes
4.1 Rays, lines, co-rays, asymptotes, timelike co-ray condition

In this subsection, we study causal rays and lines and show how to obtain them as limits
of causal maximisers. Moreover, we analyse triangles where one side is a segment on a
timelike line and show that the angles adjacent to the line are equal to their comparison
angles. This in fact follows from the more general principle that one can stack triangle
comparisons of nested triangles with two endpoints on a timelike line. The latter
situation arises in the construction of asymptotes, and via the stacking principle, one
can show any future directed and any past directed asymptote from a common point
to a given timelike line fit together to give a (timelike) asymptotic line. In constructing
co-rays and asymptotes we follow [11], whereas the stacking principle and equality
of angles can be viewed as Lorentzian analogues of [17, Lem. 10.5.4].

Definition 4.1 (Rays, Lines) Let (X, d, <, <, 7) be a Lorentzian pre-length space.
A future directed causal ray is a future inextendible, future directed causal curve
c : I — X that maximises the time separation between any of its points, where
I is either a closed interval [a, b] or a half-open interval [a, b). A future directed
causal line is a (doubly) inextendible, future directed causal curve y : I — X that
maximises the time separation between any of its points. Here / can in general be
open, closed, or half-open. More generally, for S C X, a future directed causal S-
ray is a future directed, future inextendible causal curve starting in S and satisfying
(S, c(1)) = SUp e 7(p, c(t)) = L (cl[o.r])- Past directed rays and lines are defined
analogously. A future directed causal ray ¢ : I — X is called complete if L, (c) = oo.
Similarly, a future directed causal line y is called complete if there is ty € I such
that the past and future directed rays obtained from dividing y at y (#y) are complete.
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Unless explicitly stated otherwise, all causal rays and lines are understood to be future
directed.

Remark 4.2 (i) Clearly, any ray c is a {c(0)}-ray. Conversely, if ¢ : [a,b) — X
is a future directed S-ray for some S C X, then 7(c(a), c(t)) < 7(S,c(t)) =
L:(¢lia,r]) < t(c(a),c(t)), so c is a ray. A similar statement is true for past
directed rays.

(i1) If X is regularly localisable, then any causal ray/line c is either timelike or null
by Theorem 2.17.

(i11) If X is localisable and causally path-connected, then any ray c is defined on a

half-open interval and any line y is defined on an open interval.

In the following, unless we specify the assumptions on X, we always take X to be
as in the splitting theorem.

Proposition 4.3 Let z, — z in X. Let p, € 1" (z,) and let ¢, : [0,a,] — X be a
sequence of future directed, maximising causal curves from z, to p, in d-arclength
parametrisation. If T(z,,, pn) — 00, then there is a limit causal ray c : [0, 00) — X
from z.

Proof We only have to show a, — 00, the rest follows from the limit curve theorem.
Suppose a, — a < oo. This implies that all p, are contained in a common compact
set K: Indeed, if we assume this to be false, then for each n > 0 there would be a
Pk, k = k(n), such that py ¢ B,(z) = {x € X : d(x,z) < n} (recall that (X, d) is
proper), which in particular means that

Ak(n) = Ck(n)) = A(Zk(n)> Pk(n)) = A\ Pk(n), Z) — A (Zkn), 2) = B — A(Zk(n), ),
LY (crny) = d( ) > d( ) — d( ) >n —d( )

which is a contradiction since the right hand side tends to co. So, up to a choice of
subsequence, we may assume that y,(a,) = p, — p. But then, by continuity of t,

T(z, p) = li’gnf(zn,pn) = 00,

a contradiction to the finiteness of 7 on all of X x X. O

Let now ¢ : [0, 00) — X be a complete timelike S-ray, and fix z € I~ (c) N IT(S).
Let z;, — z and p, := c(r,) for some sequence of parameters r,, — oco. Then it is
easily seen that 7(z,, p,) — o00: Indeed, let r > 0 be large and assume w.l.0.g. that
all z,, are in I~ (c(r)), then

T(2n, pn) = T(2n, ¢(r)) + T (c(r), ¢(rp)) — o0.

Hence, by the above result, we may construct causal rays as follows: Let x, be max-
imising timelike curves from z, to p, and let u be a limit causal ray from z whose
existence we just proved.

Definition 4.4 (Co-rays, asymptotes) Any causal ray pu constructed by the above
method is called a co-ray to the ray c at z. If z, = z for all n, then pu is called
an asymptote to ¢ at 7.
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Fig.3 The domain where the y;
can lie in is in the double line

Since maximising causal curves have causal character, a co-ray is either timelike
or null.

Definition 4.5 (Timelike co-ray condition) Letc : [0, c0) — X be acomplete timelike
S-ray and let p € 1~ (c) N I (S). We say the timelike co-ray condition (TCRC) holds
at p if every co-ray to c at p is timelike.

We turn to the treatment of triangles adjacent to lines and begin with the afore-
mentioned stacking principle. It will be an essential technical tool for controlling the
behaviour of asymptotes to a line. The following two results are true for rather general
Lorentzian pre-length spaces, and the exact conditions are specified.

Proposition 4.6 (Comparison situations stack along a geodesic) Let X be a timelike
geodesically connected Lorentzian pre-length space with global timelike curvature
bounded below by 0 and y : R — X be a complete timelike line. Let p € X be a point
notony. Lett) <ty < t3 suchthatall y; := y (t;) are timelike related to p, see Fig. 3.
Let Ay = A(p, y1, ¥2) be acomparison triangle for A1z == A(p, y1, y2) and extend
the side p, y» to a comparison triangle Ayz := A(p, 32, y3) for Az == A(p, y2, y3).
We choose it in such a way that y; and y3 lie on opposite sides of the line through
V1, y2. Then ¥1, ¥2, y3 are collinear. That makes Az := A(p, y1, y3) a comparison
triangle for A13 := A(p, y1, ¥3).

Proof We set s_ = sup(y (I~ (p))) and s; = inf(y ~'(I*(p))). Then the set of s
where y (s) is timelike related to p is (—o0, s_) U (54, +00). We assume p < y», the
other case y» < p can be reduced to this one by flipping the time orientation of the
space.

We create comparison situations for an Alexandrov situation: We take the triangles
A1r = AP, 31, 32) and Ay3 = A(p, ¥2, 33) as in the statement. We also create a
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comparison triangle A3 = A(p, 31, 33) for (p, y1, y3) and get a comparison point
y2 for y; on the side y; y3. Then we can apply curvature comparison to get T(p, y2) >
t(p, y2) = T(p, ¥2). By Lemmas 2.42 and 2.43,* this means the situation is convex,
i.e.

Ly, (P Y1) < £y, (P, y3). (4.1)

If p < y1 we also get

Ly (p.y2) < £y, (P, y3) (4.2)

and if y; < p, this inequality flips.

Now we apply Eq. (4.2) to the situation where we fix y, and move y3 and y;:
We get Zm (p, v (t3)) 1s monotonously increasing in t3. Similarly, the time-reversed
situation gives that if p < y(t1), Zyz (p, y (1)) 1s monotonously increasing in #; and
if y(#1) < p it is also monotonously increasing in #; (note it is also increasing when
switching from one case to the other). Then remember £ wn(p,y(t)) < A w (P, y(13))
by the convexity of the Alexandrov situation (Eq. (4.1)). Note that the left hand side
is decreasing with decreasing #; and the right hand side is increasing with increasing
13.

Claim: For each t; and 3, Eq. (4.1) has equality.

Then: The comparison situation is straight, i.e. y1, y», y3 are collinear, and by
triangle equality along straight lines we have 7(y1, y3) = t(y1, y2) + t()y2, y3) =
T(y1, y2) +T(¥2, y3) = T(y1, ¥3), i-€,, p, y1, ¥3 is a comparison triangle for p, y1, y3.
. Pr_o_of: We indirectly assume there is a t? , t:? such that the comparison situation
A12, A3 is strictly convex. We realise this situation such that p = 0, y; is to the right
of the 7-axis, such that the side )72)739 slopes to the left and )7?)72 slopes to the right

(i.e., );((;33 ;22)) , xt—((yy 2 yy 1) > 0). When we vary #; and t3, the comparison situation
is chosen such that p and y, stay fixed. As the comparison angle Ayz (p, y(t3)) is

monotonously increasing in 3, we get that for 3 > tg) the slope % is smaller

than the slope of y, y3. In particular, y3 lies to the left of the extension of the side y; yg .
Thus, for large enough 73, y3 lies to the left of the 7-axis, and for a certain 75 y3 lies on
it. Similarly, we find a #] such that y{ lies on the #-axis. See Fig. 4for a visualisation
of the construction. But then

t(y1, p) +T(p,¥3) = T3, ) + T(D, ¥3) > T3], 2) + T(52, ¥3)
=137, y2) + T2, ¥3) = T, ¥3)
in contradiction to the reverse triangle inequality. Thus we get the claim. O

Remark 4.7 The proof of the statement can also be used in more general situations: Let
X be a locally timelike geodesically connected Lorentzian pre-length space with local
timelike curvature bounded below by 0, and let y be a (possibly extendible) timelike

41t p K y1 < yr < y3,weuse Lemma 2.43 and if y| <€ p < y2» < y3 we use Lemma 2.42.
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Fig.4 We assume that the path 4
y? 32 )72 is longer than the path N
y?ﬁyg. If the angle at y» is not
straight, we extend some lines
and as points further from p are
more on the left, we find some
tf and 13 such that y] py3 are
collinear. But then the path
y?yzyg is shorter than )7?13)72,
which then yields a contradiction
to y being maximising

maximiser. Let p < x = y(#2) be points in a comparison neighbourhood. Assume
the statement is not true (with certain #; < f, < #3). Then we get w1 = £, (p, y1),
w3 = £y,(p, y3). Letd| +dr = w3 — w1 and e = ©(p, x) sinh(d; + w1). Then for
the parameters t; = —m and 13 = Sinh‘w we have one of the following:

e Y is not defined at/inextendible to one of them,

e y stops being distance realising between | and ¢3 (and we have found a longer
curve),

e there is no curvature comparison neighbourhood containing both y (£*) (i = 1, 3).

For this, realise the above with <5, (9;, ¥3) = d3 and £5,(9;, y1) = di. Then e is
the difference of the x-coordinates of p and x.

Note the similarity of this result and classical arguments for conjugate points along
geodesics in Riemannian/Lorentzian geometry.

Proposition 4.8 (Angle = comparison angle) Let X be a timelike geodesically con-
nected Lorentzian pre-length space with global timelike curvature bounded below by
Oand y : R — X be a complete timelike line and x := y (ty) a point on it. We split y
into the future part Y1 = ¥ |[1y.+00) and the past part y_ = y|(—co.1o]- Let p € X be
a point not on y with x and p timelike related and o : x ~~ p a connecting distance
realiser. Then for all s # t such that p and y (s) are timelike related, we have:

L (pyy(s) = Lu(a, yi) = Ly(a, yo),
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Fig.5 Illustration: These angles
are the same, and have the same
value as if they are considered as

comparison angles fy‘l_

i.e. the comparison angle is equal to the angle, and the same in both directions
(see Fig. 5).

Proof First, we check that the comparison angle £ +(p, v (s)) is constant in s: For s
and s, for which this is defined, we have three parameters on y involved: sy, 52, tg.
The previous result (Proposition 4.6) tells us we can construct a comparison situation
for all three triangles at once. As the comparison situations have the comparison angle
Zx (p, y(s1)) resp. Zx (p, y(s2)) as the angle in x, they are equal.

Now we look at the angle £, («, y+): We assume p < x. We already know
Zx (xx(s), y(¢)) is constant in . We now have to look at its dependence on s: By
Theorem 2.39, Z)SC (ax(s), y(¢)) is monotonously increasing in s. Note now that for
! < to, the sign of this angle is 0 = —1, and for ¢ > t(, the sign of this angle is
o = +1.So choose some 7_ < 19 and 71 > 7o for which all the necessary angles exist
(i.e. p <« y(t-) and t+ > ty) we have that Ay (a(s), y(t2)) = Ay (x(s), y(ty)) is
both a monotonously decreasing and increasing function in s. Thus it is constant, and
Ay (x(s), (1)) = £x(a, y—) = £ (a, Y1), which includes the desired equalities. O

Corollary 4.9 Let X be a timelike geodesically connected, globally causally closed
Lorentzian pre-length space satisfying J*(p) = 1= (p) for all p € X.> and having
global timelike curvature bounded below by 0 and let y : R — X be a complete
timelike line. Then for any point p € X and two points x1 = y(t1) and x; = y(t2)
which are timelike related to p, we get a timelike triangle A = A(x1, x2, p). Let
q1, q2 be any points on A, one of them lying on the side x1x>. We form a comparison
triangle A for A and find comparison points G, q> for q1, q2. Then q1 < qo if and

5 Approximating and globally causally closed Lorentzian pre-length spaces satisfy this, cf. [19, Def. 2.17].
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only if g1 < q» and t(q1, q2) = t©(q1, q2), where T denotes the time separation of
2D-Minkowski space.

Proof First assume g1 < ¢g». As global curvature is bounded below by 0, we get that
7(q1, q2) < 7(q1, g2), and a continuity argument then shows that g; < ¢».

Conversely, let g1 < g». We distinguish which sides the g; lie on: Note we assumed
one of them is on the side x;x2. We only prove the case where g is on the side
o connecting x1x2 (say g1 = «a(s)) and g is on the side B connecting xi, p (say
q> = B(t)), the proof of the other cases is easily adapted.

Consider now the hinge («|(0,s1, Bl{0,s]), Which has base-point x; and two tips
at g1, q2. By the previous Proposition 4.8, we get that w = £y, (o, ) = =
le (p, x2). We now have two comparison situations: A has angle le (p, xz) at xi,
and a comparison hinge (&, 8) with tips 41, §». But note that the angles and distances at
X1 resp. X are the same, so we have that 7(g1, g2) = 7(q1, ¢2). But for the comparison
hinge, [13, Cor. 4.11] gives that (g1, ¢2) > 7(q1, ¢2) = 7(q1, ¢2). In total, this gives
that 7(q1, g2) = 7(q1, g2), as desired. A similar continuity argument then gives that
q1 < g2, thus completing the proof. O

We return to the situation of the splitting theorem. Let y : R — X be the com-
plete timelike line whose existence we assume, and let it be in any locally Lipschitz
parametrisation (e.g. parametrisation by d-arclength) defined on R. We call any co-ray
to any of its past or future directed subrays a co-ray to the line y, so in particular, we can
construct past and future directed co-rays from all points on I(y) := IT(y) NI~ (y).
The next result shows that the timelike co-ray condition holds on 7(y), i.e. all co-rays
from all points in /(y) are timelike. For our purposes it would be sufficient to show
this for asymptotes, since we only work with those in the proof.

Proposition 4.10 The timelike co-ray condition holds on I (y).

Proof Suppose there is a point x € I(y) such that the TCRC does not hold at x,
so w.l.o.g. there is a sequence x, — x, r, — oo and maximal timelike curves o,
from x, to y(r,) such that o,, converge to a future directed null ray o. Choose some
qg € y N1~ (x) and let i, be maximal timelike curves from g to x, (assuming n to
be large enough, ¢ < x;,,). Suitably pre- and post-composing i, and then applying
the limit curve theorem, it is easily seen that (up to a choice of subsequence) the u,
converge locally uniformly to a maximising limit causal curve u from ¢ to x, which
is timelike since ¢ < x. Denote by y;, the piece of y that runs between g and y (r,,).
Set an = L:(up), by := L¢(0oy) and ¢, := L:(yn). Let B, = Aq(//vn’ ¥n) and

:= 4y, (n, 0,) (see Fig. 6). Then a, — a := 1(q, x) and by the continuity of
angles (cf. Proposition 2.41), 8, — B, where B is the angle between 1 and y. Consider
the comparison triangle (z&,, opn, ¥,,) In RI1, then the angle B, between 1t, and ¥,
satisfies ,8,1 < B, and similarly 6,, > 6,,. Smce Bn — B, there is some C > 0 such
that 8, < C for all n. The hyperbolic law of cosines in R!'! (see Lemma 2.35) gives

b2 = a2 + ¢ — 2a,¢, cosh(B,,),
¢2 = a2 + b2 + 2a,by cosh(@,).
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Fig.6 The construction of
maximal curves along I (y) Tn (Tn)
On
Tn @ ------ x
In
Hn
Bn
dn

Using these two equations and solving for cosh(6,,), we get

_dn + & cosh(Bn).

cosh(8,) = 5 5
n n

By the initial equation for b,,, it is easy to see that b, /c, — 1 and b, — oo (using
thata, — a and Bn < (), hence there is some constant C > Osuch that cosh(8,) < C
and thus also 6, < C’ for some constant C’. Using the monotonicity condition, we
get that 6, = £, (0y, n) > an (0, (s), i, (1))) for each s and ¢, so this is bounded
too. We will see that this is incompatible with o,, “getting more and more null”’: Note
that we get the following estimate for some constant C”:

T(n (1), Un(s))2 — T(un (1), xn)2 — T (xp, Un(s))2

C" = cosh(Lx, (0 (s), ta (1)) = 27 (X, 00 ()T (1 (1), Xp)

Since the denominator goes to 0 for n — oo (as t(x,, 0,(s)) = 7(x,0(s)) = 0 and
T(Uy(t), xp) — T(u(t), x) > 0), the numerator has to go to 0 as well, in particular
this means

T(u(t), 0 (s)) = t(u(), x)

for all s, ¢. This implies that running along @ from 1 (¢) to x and then along o to o (s)
gives a maximiser, but this curve has a timelike and a null piece, a contradiction to
Theorem 2.17. O

Next, we show that any asymptote to y (which we now know to be timelike) is
complete.

Proposition 4.11 Let x € I(y) and let n be a timelike asymptote to y at x. Then
L:(n) = oo.
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Proof W.l.0.g. let n be future-directed. Suppose L := L.(n) < oo. By construc-
tion, n : [0,00) — X arises as a locally uniform limit of timelike maximisers
n : [0,a,] - X from x to y(¢,), where t, — oo. By continuity of angles (see
Proposition 2.41), £ (n, n,) — 0 forn — oco. Lete > 0 and let N € N be such that
forn > N, £,(n,n,) < & (in fact, any finite bound would suffice here, we do not
necessarily need an arbitrarily small one). Since t(x, y(,)) — 00, we may assume
that t(x, y(t;)) > 3L cosh(e) (upon possibly choosing a larger N). Now note that
for any t, withn > N, 0J (v (t,)) Nn = (J~ (y(&)\I~ (y(t;))) N n is non-empty:
Certainly, x € I™ (y(t,)), so if this intersection were empty, then n would be impris-
oned in the compact set J*(x) N J (¥ (t,)), which cannot happen. So we find a point
yo € n that is null-related to y (z,), 1.e. yo < y(t,) and 7 (y9, ¥ (¢,)) = 0. By continu-
ity, there is y on 1 near yg such that 0 < =(y, y(¢,)) < 3L cosh(e)/2. Let now v be
the part of n from x to y with length L;(v) =: a, o a timelike maximiser from y to
y(t,) with length b := L (o) = t(y, y(t,)). Moreover, we write ¢ := L,(7n;,). Then
(v, 0, n,) forms a timelike triangle with angle 8 := £, (n, n,) < € at x, consider a
corresponding comparison triangle (v, &, 77,,) with angle 8 at X. By the law of cosines,
we get

b* = a® + ¢* — 2ac cosh(B). (4.3)

Our curvature assumption gives that § < B < &. Moreover, as we have argued,
¢ > 3Lcosh(e) and b < c/2 and a < L. Inserting all of this, we get

b > a® + % = 2ac cosh(e) > a’+c¢* —2Lc cosh(e) > ¢ —2Lc cosh(e)

_ 2 (1 2L cosh(e)) -y

c

contradicting b < c/2. O

To conclude this subsection, we show that any future directed and any past directed
(timelike) asymptote to y from a common point fit together to give a timelike line.

Proposition 4.12 (Asymptotic lines) Let p € I(y) and consider any future and past
rays ot : [0,00) - X and o~ : (—00,0] - X from ptoy. Theno == o0 ot :
R — X is a complete timelike line.

Proof Let o, and o, be two sequences of timelike maximisers from p to y (ry)
and y (—ry), respectively, such that o+ and o~ arise as limits of these sequences
as r, — oo. To show that o is a line, it is sufficient to show that for any ¢ > 0,
(0 (—t),0(t)) = L(o|[-+.11)- To see this, let g+ := o(¢) and g_ := o(—t), and
gt =0, (1), q" := o, (—1). Then g+ = lim, ¢’{. Consider the triangle going from
x via 0,1 to the endpoint of o,", then following ¥ down to the endpoint of ,,, and
finally running the latter up to x again. Consider a comparison triangle with points E
corresponding to ¢’ . Sending n — o0, we see that the stacked comparison triangles
in R"! converge to a vertical line (here we use Proposition 4.6 and the completeness
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of y), hence our curvature bound gives

T(g-.q4) = lim 7(¢".q}) < lim T(g", ¢}) = 1im L+ (0, 0, lj-1.1)
== LT(Gl[—t,t])’

which is what we wanted to show, as the other inequality is trivial. O

4.2 Parallel lines

This subsection introduces the notion of parallelity for complete timelike lines. This
approach is better suited for the synthetic case as it circumvents the analysis of Buse-
mann functions. In the following, we call a map f : Y1 — Y> between Lorentzian
pre-length spaces (Y1, d1, <1, <1, 11) and (Y2, d», K2, <3, T2) T-preserving if for all
p,.q €Y, 11(p,q) = a(f(p), f(q)), and we call f causality preserving if p < g
if and only if f(p) <2 f(q)-

Definition 4.13 (Parallel lines) Let «, B be two complete timelike lines in a Lorentzian
pre-length space X defined on open intervals, w.l.o.g. on R. They are called parallel
if there exists a 7- and causality preserving map f : (¢(R) U B(R)) — R such
that f(a¢(R)) and f(B(R)) are parallel timelike lines in Minkowski (in the sense of
parallel lines in affine spaces). We call such a map f a parallel realisation of o and .

Remark 4.14 Note that by post-composing this by an isometry of Minkowski space, we
can always achieve that f(«(R)) = {(¢,0) : t € R} € R and F(B(R)) = {(¢, ¢) :
t € R} for some ¢ > 0. In this form, if « and B are parallel and both parametrized
by t-arclength (this is possible if 7 is continuous and t(x, x) = O for all x € X, cf.
Lemma 2.29), we get that f(«(t)) = (t +a,0) and f(B(t)) = (t + b, c). By doing a
shift in Minkowski, we can make a to be O (changing b to b — a).

Lemma 4.15 (Properties of parallel realisations) Let X be a strongly causal Lorentzian
pre-length space with continuous time separation, let o, B : R — X be two complete
timelike lines and let f : a(R) U B(R) — RV be a parallel realisation. Then f is a
homeomorphism onto its image.

Proof We first show that f is injective. Certainly, due to the fact that f preserves
time separations, f|oR) and f|g(r) are injective: Indeed suppose that e.g. f(a (1)) =
f(a(s)) = (r,x) for some s < ¢, then 0 < 7(x(s),a(t)) =7((r,x),(r,x)) =0,a
contradiction. Now suppose that the lines f («¢(R)) and f(B8(R)) in R are different,
then we are done. Otherwise, by nature of lines in Minkowski space, they have to be
equal if they intersect. In that case, each point on that line is reached by one point
on « and one point on 8 via f. So suppose that (r, x) = f(x(t)) = f(B(s)). Since
f is T-preserving and T is continuous, for each ¢ > 0 there are §,5 > 0 such that
f(Bs+68)=(r+ex)and f(B(s — 8)) = (r — &, x). But this means that a(¢) €
N 5,510 I1(B(s— 5), B(s+38)). By strong causality, these sets are a neighbourhood basis
at B(s), hence a(t) = B(s). This concludes the proof that f is injective.

Clearly, ¢(R) U B(R) is a strongly causal Lorentzian pre-length space with the
restriction of the structure of X, and similarly for their images in Minkowski space.
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Moreover, f maps the timelike diamonds in «(R) U B(IR) to the timelike diamonds
in f(a(R)) U f(B(R)). As these form topological bases due to strong causality, we
conclude that f is a homeomorphism onto its image. O

Note that in the above setting, any parallel realisation f gives us a t-arclength
parametrisation of the parallel lines «, 8: Let @ be a t-arclength parametrisation of
the line f(«(R)) in Minkowski, then f~! o & is t-arclength parametrised, similarly
for B.

Definition 4.16 (Synchronised parallel lines) Let X be a Lorentzian pre-length space
with continuous time separation t satisfying 7(x,x) =0 forallx € X.Leta : R —
X, B : R — X be two t-arclength parametrised, parallel and complete timelike lines.
They are called synchronised parallel6 if the parallel realisation f : (¢(R)UB(R)) —
R"! can be chosen to be of the form f(a(t)) = (t,0) and f(B(¢)) = (¢, c) for some
¢ > 0. The constant c is a well-defined property of (o, ) and is called the distance
of the parallel lines. For any two parallel lines o and B parametrised by t-arclength,
one can shift 8 such that («, B o (f — t — a)) is synchronised parallel.

Lemma 4.17 (The c-criterion for parallel lines) Let X be a Lorentzian pre-length space
with continuous time separation T satisfying T (x, x) = Oforallx € X. Leta : R — X
and B : R — X be two t-arclength parametrised complete timelike lines. We define
the following partial functions:

o Cop(s, 1) = V(=52 —t(a(s), B(1)2(e C) if a(s) < PB(t) (otherwise
undefined),

o Cpuls, 1) = Vs =02 —t(B@1t), a(s)2(e C) if B(t) < a(s) (otherwise
undefined),

o V. (s) =inf{t —s :a(s) < (1)},

o cj,L(s) = inf{r — s : B(s) < a(t)).

These are all constant where defined, have the same value c and the infima are minima
ifand only if o and B are synchronised parallel. This constant c is the distance between
o and .

If X is additionally globally causally closed and a NI (B) # Band BNIT () # ¥,
then the infima in cév 4 and cg 4 are automatically minima and the conditions that

c L= cé\’ 4 = c are automatically satisfied if cop = cpo = c. In that case, all of the

constants agree.

Proof We define f as in the definition of synchronised parallel with distance c:
fa(s)) = (5,0), f(B(s)) = (s,c). We will prove that f is causality preserv-
ing if and only if cév 4 and cllgv . are constantly ¢, and under the assumption that this is
the case f is t-preserving if and only if c,g and cg, are constantly ¢ wherever defined.

As « and B are future directed t-arclength parametrised timelike lines, it is clear
that f is causality and 7-preserving along o and along B, i.e. we only have to check
the conditions on f(x(s)) < f(B(t)), their T-distance and the same for «, g reversed.

6 This agrees with the usual notion of synchronising clocks in the sense that this is the parametrisation
coming from synchronising the clocks on the particles @ and 8 and parametrising « and 8 by their clock
values.
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So first, for causality preserving: We know that f(ax(s)) < f(B(t)) < (s,0) <
(t,c) & (t —s) > c. On the other hand, a(s) < B(t) &t —s > céﬂ_(s) if this is a
minimum and a(s) < B(t) &t —s > cév  (s) 1f it is only an infimum. In particular,
these conditions are the same precisely when cfxv 4 (s) = c and it is a minimum. Thus,
a(s) < B(t) & f(a(s)) < f(B(¢)) if and only if c(]x\ﬁr is constantly ¢ and is always a
minimum. Analogously, we get that (s) < a(t) <& f(B(s)) < f(a(t)) if and only
if cg . 18 constantly ¢ and is always a minimum.

We already proved that f is causality preserving. Next, we show that it pre-

serves 7. On the Minkowski side, we have: T(f(a(s)), f(B(1))) = +/(t — 5)% — ¢?
(f f(a(s)) < f(B(1))). On the X side, we solve the defining equation for cyg for

T(a(s), p(1)) to get: T(a(s), (1)) = \/(t — )2 — cap(s, 1)? (if a(s) < B(1)). Now
note that as f is causality preserving, the side conditions when these equations can be
applied match up (if they are not applied, t(x(s), (¢)) = 0 = T(f(x(s)), f(B(1)))
anyway). If the side conditions are satisfied, we note that the equation differ only
in one place: T(a(s), B(1)) uses cap(s, 1) and T(f(a(s)), f(B(?))) uses c. Thus, we
easily see that T(a(s), B(1)) = T(f(x(s)), f(B(#))) if and only if cyp(s, 1) = c.

Analogously, we get that t(B8(¢), a(s)) = T(f(B(t)), f(x(s))) if and only if
Cal(s, 1) =c.

For the additional claim, fix s. If X satisfies the additional assumptions, {r : a(s) <
B(t)} is closed and bounded (as is easily seen from the fact that c,g € R when
defined due to the reverse triangle inequality), thus it has a minimum automatically.
We consider ¢ such that a(s) < B(t), that is t € (t;, +00) = B~ LI (a(s))).
We get that t(x(s),B(t)) — 0 as ¢t N\ t;. We transform the equation ¢ =

Vit =) —t(als), B()? to (a(s), B(t)) = +/(t — 5)2 — ¢2. By continuity of T,
this still holds in the limit ¢ \{ #, i.e. v/ (t; — 5)? — c? = 1(a(s), B(t;)) = 0, so

ts —s =cand {t : x(s) < B(t)} = [t5, +00) as claimed. O

Lemma 4.18 (The strong causality trick) Let X be a strongly causal Lorentzian pre-
length space with continuous t and t(x,x) =0 forallx € X. Leta, B : [0,b) — R
be two t-arclength parametrised timelike distance realisers with x := «(0) = B(0).
Assume that for all s, t such that a(s) and B(t) are timelike related, the comparison
angle is £ (a(s), B(t)) = 0. Then o = B.

Proof We set fi(s,t) = t(a(s), B(t)) and f_(s,1) = t(B(s), x(t)). They are both
monotonically increasing in ¢ and continuous. We want to describe the set where
fi > Oresp. f— > 0. We setz;” = inf{z : f,(s,t) > 0}, then limt\t:r fx(s, 1) =0.

Thus in the law of cosines (Lemma 2.35), we get limt\t;r cosh(Zx (a(s), (1)) =

s242— fi(s.t) _ $2H()? ot . )
ot = 2”} , s0 s = t.. Analogously, we get s = inf{z :

f—(s,t) > 0},intotal fi(s,t) > O0fors < t.

That means that whenever s_ < t < s; we have that () € I(B(s-), B(s1)).
By Lemma 2.26, the 1(B(s—), B(s+)) form a neighbourhood basis of the point S(¢),
and «(?) is inside of all of these neighbourhoods. As X is Hausdorff, we get that
a(t) = B(t) forallt € (0,bh),s0a = B. O

I = lim,_+
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Lemma 4.19 (Parallel lines are unique) Let X be a strongly causal, timelike geodesi-
cally connected Lorentzian pre-length space with continuous t, t(x,x) = 0 for
all x € X. Suppose that X has global timelike curvature bounded below by 0, let
a : R — X be a complete timelike line and p € X a point. Then there is (up to
reparametrisation) at most one parallel line to o through p.

Proof We indirectly assume there are two parallel lines to « through p, namely 8 :
R — X and B : R — X. We assume all three curves are parametrised by t-arclength,
such that 8(0) = ,5 (0) = p andinsuch a way that «, 8 are synchronised parallel. Then
also «, B are parametrised in a way that they are synchronised parallel, and both «, 8
and «, ,8~ have the same distance: set s, = inf ol (I*(p)) and s_ = sup a NI~ (p))
the boundary of the points on « timelike related to p. Then the distance of «, 8 and

that of «, B can be calculated as % so they are the same, and the necessary shift

to make 8 and f8 synchronised parallel to o can be calculated by g++s‘ , so they are

the same too. As «, B are assumed to be synchronised already, this shlft 1s 0.

We construct a comparison situation for all three lines at once: We choose the
parallel realisation f for « and glven by f (a(s)) = (s,0)and f(B (s)) = (s, c),and
similarly we choose f for o and /3 given by f (,B (s)) = (s, —c) and f (a(s)) = (s,0),
i.e. we realise 8 and 8 on opposite sides of .

We calculate the angle w = £, (Bl[0,+0)> B|[0,+oo)): By Proposition 4.8, this is
equal to any comparison angle £ p(B(s), B (1)) as long as B(s) K B(t) or conversely.
We know that B(s) < a(s + ¢+ ¢) K ﬂ(s +2c¢ + 2¢) and set t = s + 2¢ + 2¢. We
now look at the law of cosines to estlmate the comparison angle w = £ »(B(s), ,B (1)):

2 2
cosh(w) = 2 i _Té’f t(s) A1) 2 Wthh converges to 1 as s — +o0o. In particular,

o = 0. We can now apply the strong causality trick to get 8 = B (so they are even
equal in this parametrisation), so there is only one line parallel to « through p. O

Let us now show for X as in the splitting theorem that asymptotic lines to y
constructed in Proposition 4.12 are parallel to y .

Lemma4.20 Let @ : R — X be a complete timelike asymptotic line to y. Then a, y
are parallel.

Proof By construction, « arises as the limit of timelike maximising segments ¢, from
p = a(0)toy(r,) anda, from ptoy(—r,), wherer, — oo. We will use the stacking
principle (cf. Proposition 4.6) to show that « and y are parallel. Indeed, the triangles
A(y(=rn), p, y(rn)) stack in R1!, hence by orienting the side corresponding to the
segment on y vertically (see Fig. 7), we may assume that for n — oo the comparison
triangles converge to two vertical lines in R-1.

We now argue that the map sending «(R) and y (R) to the corresponding limit
lines @ and y is a parallel realisation. For any t,s, consider t(«x(?), y(s)) =
lim,, T (o, (2), y(s)). For n so large that —r, < s < ry, y(s) is part of the trian-
gle A(y(—ryp), p, ¥ (rp)). From Corollary 4.9 we conclude that o, (f) < v (s) if and
only if o, (#) < Y (s), and (o, (1), y(s)) = T(,(t), Y (s)), where the bars denote
the corresponding points on the comparison side. This shows that the realisation of «
as o and y as y is a parallel realisation. O
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Fig.7 Stacking comparison \
triangles
Y(rn41)
v(rn)
Y
Y(=7n)
Y(=Tn+1)
/

Lemma 4.21 (Shifting asymptotes) Let « : R — X be a complete timelike asymptote
to y through a(0). Then the asymptote to y through o (s) is o (- —s) after parametrising
both by t-arclength.

Proof Let & be the asymptotic line through «(s). Then the previous result shows that
both y and « as well as y and & are parallel and they meet at «(s) = &(0). Thus, as
parallel lines are unique (see Lemma 4.19), we have that (after synchronising) o = «.
To get the correct parameters before shifting, we know «(s) = @(0), which fixes the
shift parameter. O

Corollary 4.22 (Asymptotes stay in 1 (y)) Asymptotic lines to y from points in 1(y)
stay in 1(y).

Proof Since asymptotic lines to y are parallel to y by Lemma 4.20, this readily follows.
O

Now that we have established the parallelity of y and its asymptotes, we may
reparametrise all of them by t-arclength and fix a shift on each asymptote so that they
are synchronised to y. Note that we fix a t-arclength parametrisation of y, namely
the one keeping y (0) the same.

Definition 4.23 (Busemann parametrisation) Let « : R — X be a complete time-
like asymptote to y. Then we call the (unique) t-arclength parametrisation of « that
synchronises it to y its Busemann parametrisation.

Remark 4.24 (Busemann functions) Up to this point, we have avoided the use of Buse-
mann functions in our treatment. Though it will not really be necessary in what follows,
let us discuss them briefly here. Let X be as in the splitting theorem and y the given
timelike line in t-arclength parametrisation. Then we define the (future) Busemann
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function of y as b : I(y) — R U {Foo} via bT(x) 1= lim;_ oo (t — T(x, y(¢))). If
o : R — X is any asymptotic line to y in t-arclength parametrisation and we choose
the parallel realisation between « and y so that y (¢) is mapped to (¢, 0) € R!:! (which
we always do) and «/(s) is mapped to (s + S, ¢) € R51, then

bt (a(s)) = Aim (@ —7(a(s), y(1)) = lim (7 — Vit —(s+8)—c?)=s+5.

Hence, b indicates the shift in the time parameter along any 7 -arclength parametrised
asymptote. In particular, b* is finite-valued on all of I(y) since any point lies on an
asymptote, and in fact it is not hard to show that b is continuous on /(y) in a similar
fashion as [11, Lem. 3.3], but we will not need this. Note that if « is in Busemann
parametrisation, then b (a(s)) = s for all s € R, hence the name.

Lemma 4.25 (Parallelity is weakly transitive) Let X be a strongly causal, timelike
geodesically connected Lorentzian pre-length space with continuous t, T(x,x) = 0
for all x, and global non-negative timelike curvature. Leta, B, y : R — X be timelike
lines such that a, B and B, y are parallel. Assume that there is a point p on y such
that there is a parallel line to a through p. Then this parallel line is already y .

Proof We assume the parallel lines are even synchronised parallel in a suitable t-
arclength parametrisation. Let y be the synchronised parallel line to « through p. Let
a be the distance between «, B, b be the distance between g, y and ¢ be the distance
between «, Y. We have two lines through p: y and y. We assume the parameters for p
are p = y(tp) = y(f). By Proposition 4.8, we know that Zp (y(s), y (1)) isconstantin
s andt aslongas y(s) < y(¢) (or conversely). We know that y (s) < B(s +b+¢) K
a(s+a+b+2e) L y(s+a+b+c+3e)andsett =s+a—+b+c+ 3e. We
now look at the law of cosines to estimate the comparison angle w = £ (Y (s), y(1)):

)2 AV - _ 72 .
(s—to) JFZ((Z_’?O))G_TZ%/)(S)”’([)) < ;g_ig;z which converges to 0 as s — +00.

In particular, @ = 0. We can now apply the strong causality trick to get that  and y
are just shifts of each other, so « and y are parallel.

By doing the same argument backwards as well, i.e. a(s —a —b —2¢) K y(5) K
a(s +a + b+ 2¢), we get that the synchronised version only differs by a shift of at
most a + b (upon taking ¢ — 0). O

cosh(w) =

Lemma4.26 (Verticality in Minkowski space) Let a = (0,0) < b be points in
Minkowski space RY1. Let the t-coordinate difference be At = t(b) —t(a). Let ¢, be
points with b < ¢y, the t-coordinate t(c,) — +090, ¢, above the straight line through

a,band t(a,c,) — t(b,c,) > At asn — +00. Then f((f,:)) — 0, or equivalently,

Cn 7
—- — 0.
lleall !

Proof We show that Ve > 0 there are constants 7 > 0 and § > 0 such that for all p
with t(a, p) > T and |t(a, p) — t(b, p) — (tp — t,)| < §, we have that the angle of
ap with the r-axis satisfies £,(9;, p) < e.

We set w1 = £,(9;, b) the angle between the vertical and ab, and w; = £,(p, b)
the angle between the vertical and ap. We will prove |w; — wz| < €. By assumption,

7 So cp, converges to the point [9;] on the limit sphere.
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p and 9; lie on the same side of the straight line through ab, so by angle additivity in
the plane we also get that £,(9;, p) < e.
We apply the law of cosines:

t(b, p)* — t(a, p)* = t(a, b)*> = 21(a, b)t(a, p) cosh(w»)
and use that cosh(wy)t(a, b) =1, — 1, to get:

(2t (a, p) cosh(wy) — 1)
cosh(w)(z (b, p) + t(a, p))
=F

t(a, p) —t(b, p) = (tp — 1a)

We now have to check that whenever |w; — wy| > ¢, the factor F is bounded away
from 1.

We have two cases to cover: First, we indirectly assume w; > wy + ¢ (then 1 —
ggzﬁggg > 1 — cosh(g)). (Assuming b lies to the right of the ¢-axis, this is the case
where p also lies on the right.) We will show F < 1 — § (if t(a, p) is large enough

and t(a, p), t(b, p) are close enough). This is equivalent to:

(2t(a, p) cosh(wz) — 1) < (1 =) cosh(w)(z (b, p) + T(a, p))

7(b,p)
T(a,p)

Dividing by 7 (a, p), this is obvious: — last(a, p) - 400 and the difference

is bounded. We can e.g. choose
6 < cosh(e) — 1

and T large enough.

Now we indirectly assume w; < wy —e¢ (then g:ﬁ% —1 > cosh(e)—1) (Assuming
b lies to the right of the ¢-axis, this is the case where p lies on the left.) We will show
F > 1+6 (if 7 (a, p) is large enough and 7 (a, p), t(b, p) are close enough). We need
to check:

(2t (a, p) cosh(wr) — 1) > (1 4 8) cosh(wy)(t (b, p) + t(a, p))

z(b,p)

Dividing by 7 (a, p), this is obvious: — @p

is bounded. We can e.g. choose

— last(a, p) - +o0 and the difference

8 < cosh(e) — 1

and T large enough. O
We now run into a subtlety: being parallel is in general only weakly transitive, but

being synchronised parallel is probably not. Luckily, for X as in the splitting theorem,
the fact that we consider asymptotic lines to y simplifies the situation:
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Lemma 4.27 (Two asymptotes are parallel) Let x, y € I(y) and «, B the asymptotes
to y through x resp. y in Busemann parametrisation. Then o, 8 are synchronised
parallel.

Proof We dive into the construction of asymptotes: We first assume x < y. We
set sp = bT(x) and fy = b (y), then there are maximisers o, from x to y(7T},)
parametrised in t-arclength such that o, (s9) = x and B,, from y to y (7,,) parametrised
in t-arclength such that 8, (f9) = y, which converge (pointwise) to the upper parts of
a and B in Busemann parametrisation for 7,, — oo, respectively. Note that o, (sg +
(x, y () = Bulto + T (v, ¥(T))) = y(Ty).

We try to prove the c-criterion (Lemma 4.17): Clearly, due to our assumptions on
X, we do not need to consider the null functions. We look at c,g(s0, 10) and cag(s’, 1)
or cg(s’,t") for so < s, t0 < t': We require a := x = a(sg) K b 1=y = B(1).
We get points converging to these parameters: a, = o,(s’) — a' := a(s’) and
b, = Bu(t") — b’ := B(t') (note that o, (s9) = a and B,(f9) = b anyway). We get
a tlmehke triangle A, = A(a, b, ¢, := y(T,)) containing the points (an, b). We
form a comparison situation for this in Minkowski space Rl:1: A, = A(a, b, ¢,) with
comparison points a, b’ As X has global curvature bounded below by 0, we get that
t(a,, b)) < (@, n) and t(b),al) < T (b, a).

We would now like to let 7,, — +00, so we need control over what the comparison
triangle A, converges to. For this, we select which way to realise A, in R1:!. We
choose:

a = (sg, 0) constant in n, i.e. at the right #-coordinate and with x-coordinate 0,

b = (1, cap (50, o)) constant in n. Note this has the right r-distance to a by
definition of cug.

e G, above the straight line @ and b lie on.

We claim that in the limit 7, — +00, the line a¢, becomes vertical (the line bé,, also
becomes vertical). For this, we look at what 7(a, ¢,) — 7(b, ¢,) does as T, — +00:
Using Landau small-oh notation, we get that T(a,c,) = T, — b*(a) + o(1) and
T(b,¢,) = T,—bt(b)+0(1)as T, — +00, so the difference is bT (b) —bT (a)+0(1),
which approaches the f-coordinate-difference #y — so of @ and b. We can now apply
Lemma 4.26 to get that T ((C")) — 0andt(c,) — +o0, thus these lines become vertical.

We have proven that the comparison points converge, so we have limit comparison
points: @ = (so,0) and b = (to, cap (50, 10)) stay fixed anyway, a, — a’ = (s, 0),
15,/1 - b = (t, cap (50, 10)). We also set the comparison sides a(s) = (s,0) and
B(t) = (t, cap (50, 0)). By continuity of T and 7, our curvature assumption gives
t(d’, b)) < 7(a’, b') in the limit (similarly with arguments flipped). Now we compare
the definition of cap(s’, ') resp. cpo(s', ') with the c-functions for & and B at the
same parameters:

cap(s', 1) = /(' — )2 —t(a, b2,

cap(s’ 1) = \/(t’ — 52— 7@, b)? = x(b') — x(@) = cap(s0, 10),

whenever defined. The last equality holds because we know & and /_é are synchronised
parallel with distance c,g(s0, 19). Note that ¢’ < b’ implies a’ < b’ by the curvature
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bound and a simple continuity argument, so whenever the first line is defined so is
the second. Notice these equations only differ in the 7 term, and we know t(a’, b’) <
T(a', b'), so we get cap(s’, 1) = cap(s0, t0) whenever the former is defined. Similarly,
if b’ < a’ we get cgo(s', 1) > cqp(s0, 1) for all s" > 59 and ¢’ > 9. We can also do
this if @ >> b, giving cop(s’, t') > cpa(s0, 10) and cgo (s', t') > cpa (50, 10).

Doing the same construction towards the past, we similarly get cog(s’, ')
Cap (so, to) and CBa (S/, l‘/) = CapB (s0, to) resp. CapB (S/, l‘/) = CBa (so, to) and CBa (S/, l‘/)
cga (50, o) (depending on whether a < b or b < a) forall s’ < sp and ¢’ < 1.

Now we use Lemma 4.21 to get that the (Busemann parametrised) asymptote to y
through a(s) is «, and similarly the asymptote to y through B(¢) is B. In particular,
we can use the above argument again for «(s) instead of x and B (¢) instead of y. We
know that b («(s)) = s and b+ (B(¢)) = t. The above (to the future, a < b) then
gives: cqg(s’, ') > cqp(s, t) fors <s',t <t'suchthata <« banda’ < b’, extending
continuously, cyg 1s monotonously increasing where defined. On the other hand, the
above (to the past, a < b) gives: cqp(s’,t') > cqp(s, t) for s > s’, t > t’ such that
a < band a’ < D', extending continuously, c,g is monotonously decreasing where
defined. Via a two-step process, we see that cyg is constant where defined. Similarly,
we get that also cg, is constant where defined, and that they have the same value.

Thus, the c-criterion (Lemma 4.17) yields that « and B are synchronised
parallel. O

=
=

This result establishes the transitivity of synchronised parallel lines: Any two
asymptotes to y in Busemann parametrisation are synchronised parallel.

5 Proof of the main result

Let us summarise what we have shown so far: Let (X, d, <, <, ) be a connected,
regularly localisable, globally hyperbolic Lorentzian length space satisfying timelike
geodesic prolongation, with proper metric d and global non-negative timelike cur-
vature containing a complete timelike line y : R — X. Then from each point in
I(y) = I (y) NI~ (y) we can construct (unique) asymptotic rays to y, all of which
are timelike with infinite 7-length. Future directed and past directed rays from a com-
mon point fit together to give a timelike line which is parallel to y. We fix a t-arclength
parametrisation of y fixing y (0), and always consider it to be mapped to the f-axis
in R1-! in any parallel realisation. Then, by way of the Busemann parametrisation, all
asymptotic lines become synchronised parallel to y and to each other. This synchro-
nisation selects a “spacelike” slice (namely {b* = 0}) in X which will provide the
metric part of the splitting.

In this section, we complete the proof of the splitting theorem in two steps: First,
we show that 7 (y) splits, then we show that 7 (y) has the (TC) property, which implies
I(y) = X due to Theorem 2.47.

Definition 5.1 (Spacelike slice) We call the set of all «(0), where « is a Busemann
parametrised timelike asymptotic line to y, the spacelike slice and denote it by S. For
«(0), B(0) € S, we define ds(x(0), B(0)) to be the distance between o and 8 in the
sense of parallel lines.
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Lemma 5.2 (S, ds) is a metric space.

Proof As asymptotes to y are parallel to y and parallel lines are unique, ds is well-
defined.

Let p, g € S. It is obvious from the definition of the distance of two parallel lines
that ds(p, q) > 0. If ds(p, g) = 0, we get that the asymptotes through p and g are
the same curve «. As the Busemann parametrisation is unique, we get that p = gq.

For the triangle inequality, let p,g,r € S. We get asymptotes « through p, g
through ¢ and y through r, and by Lemma 4.27, they are pairwise synchronised
parallel. Let di = ds(p,q) and dy = ds(q,r), then «(0) < B(dy) by the cév+(0)
criterion (see Lemma 4.17) for oo, 8 and B(d1) < y(d1 + d>) by the cg 4 (dy) criterion
for B, y. Thus, we get that «(0) < y(d; + d»), giving ds(p,r) < di + d> by the
cfxv - (0) criterion for a, . O

Definition 5.3 (The splitting map) We define f : R x § — I(y) C X by f(s, p) =
ap(s), where «, is the asymptote to y through p in Busemann parametrisation, that
isa,(0)=p

Proposition 5.4 (Local splitting) Let X be a connected, regularly localisable, globally
hyperbolic Lorentzian length space with proper metric d and global non-negative
timelike curvature satisfying timelike geodesic prolongation and containing a complete
timelike line y : R — X. Then I(y) C X is a causally convex open set that is itself a
path-connected, regularly localisable, globally hyperbolic Lorentzian length space of
global non-negative timelike curvature with the metric, relations and time separation
induced from X. Moreover, the spacelike slice S is a proper (hence complete), strictly
intrinsic metric space, the Lorentzian product R x S is a path-connected, regularly
localisable, globally hyperbolic Lorentzian length space and the splitting map f :
R x § — I(y) is a t- and causality preserving homeomorphism.

Proof First, itis clear that /() is path-connected, causally convex in X and has global
non-negative timelike curvature. It is hence causally path-connected since X is and it
is trivially locally causally closed. Moreover, if x € I(y) and U is aregular localising
neighbourhood of x in X, then U N I(y) is a regular localising neighbourhood of x
in I(y), hence I(y) is regularly localisable. By causal convexity, the time separation
between causally related points in /(y) is achieved as the supremum of lengths of
causal curves running between them which have to stay inside /(y). The causal dia-
monds in / (y) are precisely those in X, since they must be contained in 7 (y). Finally,
I (y) 1s non-totally imprisoning (it inherits this from X), thus we have shown all the
claims on 7(y).

Next, we argue that f is 7- and causality preserving: Let p, g € S. Let « be the
asymptote to y through p and let 8 be the asymptote to y through ¢g. Then « and
B are synchronised parallel with distance ds(p, ¢), so there is a parallel realisation
fa® UB[R) — R defined by f(a(s)) = (s,0) and £(B(1)) = (. ds(p, q)).
In particular, a(s) <x B(t) <& t —s > ds(p, q) and if this is true, t(x(s), (t)) =
V(t — )2 —ds(p, q)2. But that is just the definition of (s, p) <rxs (,q) resp.
Rxs((s, p), (t,q)) in R x S. This is true for all p,g € Sands,t € R, so fis t- and
causality preserving. f is injective as asymptotes to y are parallel to y and parallel
lines are unique, and surjective since any point in /(y) lies on an asymptote.
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From the discussion above, it is easy to see that f maps timelike (and causal)
diamonds in / (y) to timelike (and causal) diamonds in R x S. As both sides are strongly
causal, this implies that f is a continuous open bijection, hence a homeomorphism.
Since R x § is always non-totally imprisoning (cf. Proposition 3.4) and its causal
diamonds are compact (as continuous images of compact causal diamonds in /(y)),
we conclude that R x § is globally hyperbolic, hence S is proper by Proposition 3.7. To
see that § is a strictly intrinsic space, fix p, ¢ € S and connect any two timelike related
points on the corresponding asymptotes by a distance realiser in /(). The image of
that distance realiser under f is a continuous distance realiser in R x §, hence by
Proposition 3.5 the projection onto S gives a distance minimiser in S between p and
q.

Finally, we need to prove the remaining claimed properties of R x S. Path-
connectedness is inherited from /() via f, and products are always globally causally
closed (cf. Proposition 3.2). Note that /(x, y) for x, y € I(y) are regular localising
neighbourhoods in 7(y). Since f(I(x,y)) = I(f(x), f(y)) and the d-lengths of
causal curves in timelike diamonds can always be uniformly bounded in products (cf.
the proof of Proposition 3.4), timelike diamonds in R x § are in fact (regular) localising
neighbourhoods: For the local time separation, take the restriction of try« g, and note
that maximisers in /(y) (or in any /(x, y) C I(y)) map to continuous maximisers in
R x S, which are always Lipschitz reparametrisable and are hence causal curves (cf.
Proposition 3.5). O

Proposition 5.5 (Global splitting) Let (X, d, <K, <, t) satisfy the assumptions in
Proposition 5.4. Then I (y) = X, i.e. the splitting in Proposition 5.4 is global.

Proof Suppose « : [a,b) — I(y) is a future directed timelike geodesic with finite
7-length. We reparametrise o by 7-arclength and denote the reparametrised curve
again by «, it is then defined on [0, L), where L := L, («) < oco. Then f_1 owisa
continuous timelike geodesic in R x S, where f is the splitting map. We decompose
it into time- and space-component: f~! oo = (&', o). If o is constantly p, we see
that o = o, a contradiction since asymptotes have infinite 7-length. Note that since
the t-lengths of f~! o o and o agree, f~! o « also has finite T-length in R x S. By
Corollary 3.6, ™ has constant speed and domain [0, L), thus finite dg-length.

a' can certainly be extended to L. As S is a complete metric space, we can extend
a® continuously to L. Mapping this extension back to /(y) via f, we get a continuous
extension in /(y) of « to b (in its original parametrisation). This shows that 7(y) has
the (TC) property, thus I(y) = X by Theorem 2.47. This concludes the proof of the
splitting in Theorem 1.4. O

Recall the notion of Cauchy sets and (Cauchy) time functions on Lorentzian pre-
length spaces from [19, Sec. 5.1]: A Cauchy set is any subset that is met exactly once
by doubly inextendible causal curves, and a Cauchy time function is a continuous
function # : X — R such that x < y implies 7(x) < #(y) and the image under ¢ of
any doubly inextendible causal curve is all of R.

Corollary 5.6 Let (X, d, <, <, 1) satisfy the assumptions of Theorem 1.4 and let f :
R x § — X be the splitting. Then the sets S; := f({t} x S) are Cauchy sets in X that

@ Springer



The splitting theorem for globally hyperbolic Lorentzian... Page430of47 48

are all homeomorphic to S. Moreover, the map pri o f~ ' is a Cauchy time function.
Moreover, all Cauchy sets in X are homeomorphic to S.

Proof Let o : (a,b) — X be any doubly inextendible causal curve in X meeting
any S; twice, then its image under f~! meets {t} x S twice, which cannot happen
since {t} x S is acausal in R x §. Next we argue that any such o meets S;: For
simplicity let # = 0, and suppose that o does not meet S, so w.l.o.g. we may assume
that « C I7(S) (this is because X = I7(S) U S U IT(S) due to the splitting, and
this union is disjoint). Let fy € (a, b), then a((a, to]) C J~(a(ty)) N JT(S) which is
easily seen to be a compact set by considering the corresponding situation in R x §.
But this is a contradiction, since X is non-totally imprisoning. Hence S (and any S;)
is a Cauchy set. They are homeomorphic to S since X has the topology of R x .

We now argue that pr; o f~! is a Cauchy time function for X. It is clearly a
time function, as it is continuous and the time separation on R x § is more or less
a reformulation of that. Now let o : (a,b) — X be a doubly inextendible causal
curve, we need to show that prj o f “low((a, b)) =R. Suppose not, so there is some
time value 7y that is not attained. W.l.o.g. suppose 79 > 0, so the image is contained
in (—00, fp]. Similarly to before, this would imply that «|[;, 5y is contained in the
compact set J T (a(f)) N J~(Sy,), a contradiction.

Finally, let C be any Cauchy set in X. Then the projection C — S (via the splitting)
is continuous. Its inverse is given by sending each p € S to the unique point on
ap meeting C. This is a continuous map since C is achronal. This shows that C is
homeomorphic to S. O

Note that in general, Cauchy sets in globally hyperbolic Lorentzian pre-length
spaces need not be homeomorphic, as [19, Ex. 5.7, Ex. 5.8] show.

Corollary 5.7 Let (X, d, K, <, t) satisfy the assumptions of Theorem 1.4. Then (S, dy)
has Alexandrov curvature > Q.

Proof Due to the splitting, the space R x S has global nonnegative timelike curvature
(cf. Remark 2.33; the splitting maps Lipschitz triangles in R x S to continuous triangles
in X, but this does not lead to any issues), and then it follows from [5, Thm. 5.7] that
S has Alexandrov curvature > 0. m|

6 Applications and outlook

Let us now give several reformulations of our splitting result for spacetimes. We start
with smooth spacetimes, where we get a weaker version of the smooth splitting result
proven in [11].

Corollary 6.1 (Smooth spacetimes) Let (M, g) be a smooth, globally hyperbolic space-
time with non-positive timelike sectional curvature containing a complete timelike line
y : R — M. Then the Lorentzian length space induced by (M, g) splits in the sense
of Theorem 1.4.
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Proof Fix any complete Riemannian metric 4 on M and let dj, be the induced distance,
then (M, d), <K, <, T) is a connected, regularly localisable (via convex neighbour-
hoods) Lorentzian length space and dj, is a proper metric (note that the r-length of
causal curves agrees with the usual notion of length in (M, g) due to [48, Prop. 2.32]).
The fact that (M, g) has global non-negative timelike curvature in the sense of Defi-
nition 2.32 is a consequence of the Lorentzian Toponogov theorem (see [43, p. 303]).
The remaining technical assumptions are easily seen to hold. Hence the Lorentzian
length space induced by (M, g) can be split according to Theorem 1.4. O

Remark 6.2 In the setting of Corollary 6.1, once one has shown that the spacelike
slice S is a spacelike hypersurface in M and the normal asymptotic distance dg is
the Riemannian distance on S (e.g. via an analysis of the gradient of the Busemann
function as in [11]), the Hawking—King—McCarthy theorem [44], which states that
any t-preserving homeomorphism between strongly causal spacetimes is a smooth
isometry, provides a somewhat alternative proof of the smooth splitting result proven
in [11].

Next, we turn to C1-!-spacetimes. First note that the Lorentzian pre-length space
induced by any strongly causal Lipschitz spacetime is in fact a Lorentzian length
space by [48, Thm. 5.12]. For C!-!-metrics, the notion of sectional curvature is not
available any more, so we have to assume synthetic curvature bounds. However, most
of the other technical assumptions are easily seen to be satisfied due to the existence of
convex neighbourhoods. For details on low regularity spacetimes, see e.g. the recent
review article [59] and the references therein.

Corollary 6.3 (C'!-spacetimes) Let (M, g) be a globally hyperbolic C'!-spacetime
with global non-negative timelike curvature containing a complete timelike line y :
R — M. Then the Lorentzian length space induced by (M, g) splits in the sense of
Theorem 1.4.

Finally let us mention the case of C!-spacetimes, which are substantially different.
Notably, the Lorentzian length space induced by a globally hyperbolic C!-spacetime
need not satisfy the timelike geodesic prolongation property. This is because solutions
of the g-geodesic equation need not maximise locally, nor does a maximising seg-
ment necessarily extend as a local maximiser beyond its endpoints. However, points
in C!-spacetimes still have neighbourhood bases consisting of globally hyperbolic,
causally convex neighbourhoods, so regular localisability is satisfied. Assuming the
necessary synthetic properties as well, we have the following (note that geodesics in
the synthetic sense are locally maximising curves, which are necessarily C2-solutions
of the geodesic equation even if the metric is just C1):

Corollary 6.4 (C'-spacetimes) Let (M, g) be a globally hyperbolic C'-spacetime with
global non-negative timelike curvature containing a complete timelike line y : R —
M. Suppose that each maximising timelike geodesic segment extends to a locally
maximising timelike geodesic on an open domain. Then the Lorentzian length space
induced by (M, g) splits in the sense of Theorem 1.4.

In this work, we have established a synthetic splitting result for Lorentzian length
spaces using triangle comparison. Ideas for future projects include the generalisation
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to Lorentzian length spaces lower on the causal ladder (e.g. (TC) spaces instead of
globally hyperbolic ones, an approach to this that seems to be adaptable to the syn-
thetic situation is [34]), an analysis of the aforementioned splittings of low regularity
spacetimes (regarding regularity of the splitting, level set, etc.), as well as an investi-
gation into synthetic timelike Ricci curvature bounds introduced in [23] and expanded
in [15]. In the case of low regularity spacetimes, it is not yet clear how these different
notions of curvature bounds relate to each other (some recent progress in this direc-
tion includes [16, 47]). For metric measure spaces, it is known that the CD-condition
is not sufficient and the full RCD-condition is needed for a splitting result (see [37,
38]). An analogue of the RCD-condition is currently unavailable for Lorentzian length
spaces and will probably have to be developed before a splitting theorem with synthetic
timelike Ricci curvature bounds can be considered.
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