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Abstract

This thesis examines two distinct lines of research motivated by volatility modeling. The
first part presents a characterization result for finite-dimensional self-similar Gaussian
Markov processes, supported by our development of a theory on real matrix semigroups.
The second part focuses on the existence of martingale measures with restricted support.
The theory developed therein is then applied to formulate no-arbitrage conditions in
volatility modeling.

Self-similar Gaussian Markov processes

We characterize all multi-dimensional real self-similar Gaussian Markov processes. Three
types of covariance matrix functions occur: white-noise type functions, covariances that
can be expressed by continuous matrix semigroups, and covariances based on discontinu-
ous solutions of Cauchy’s functional equation. Characterizing the latter requires us to
develop some results on the representation theory of non-continuous matrix semigroups,
satisfying a mild boundedness assumption, without assuming continuity. In addition
to the continuous solutions of the semigroup functional equation, we give a description
of solutions arising from non-measurable solutions of Cauchy’s functional equation. In
dimension one, besides white noise, the self-similar Gaussian Markov processes reduce to
a two-parameter family of time-changed Brownian motions. This observation simplifies
several proofs of non-Markovianity found in the literature.

Martingales with restricted support

In discrete time financial markets, a sufficient condition for the absence of arbitrage is
the existence of a martingale pricing measure that satisfies market-imposed constraints.
From a model-free perspective, this leads to investigating the existence of martingale
couplings with restricted domains. However, conventional convex ordering requirements
on marginal distributions are insufficient to guarantee their existence. To address this,
we reformulate Strassen’s theorem, moving away from the convex envelope approach
to one that aligns with the geometry of the prescribed domain. This new formulation
gives rise to duality results applicable to robust pricing with fixed marginal constraints.
In particular we apply these results to investigate the existence of martingale measures
compatible with call options and VIX futures.
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Kurzfassung

Diese Dissertation untersucht zwei unterschiedliche Forschungsansätze, die durch die
Volatilitätsmodellierung motiviert sind. Der erste Teil präsentiert ein Charakterisierung-
sergebnis für endlich-dimensionale selbstähnliche gaußsche Markov-Prozesse, unterstützt
durch unsere Entwicklung einer Theorie über reelle Matrixhalbgruppen. Der zweite Teil
untersucht die Existenz von Martingalmaßen mit eingeschränktem Träger. Die daraus
entwickelten Resultate werden dann verwendet, um Bedingungen für Arbitragefreiheit in
der Volatilitätsmodellierung zu formulieren.

Selbstähnliche gaußsche Markov-Prozesse

Wir charakterisieren alle mehrdimensionalen, reellwertigen selbstähnlichen gaußschen
Markov-Prozesse. Es treten drei Arten von Kovarianzmatrixfunktionen auf: Weißes-
Rauschen-Typ-Funktionen, Kovarianzen, die durch stetige Matrixhalbgruppen ausgedrückt
werden können, und Kovarianzen, die auf unstetigen Lösungen der Cauchy-Funktional-
gleichung basieren. Zur Charakterisierung der letzteren ist es notwendig, einige Res-
ultate zur Darstellungstheorie unstetiger Matrixhalbgruppen zu entwickeln, die eine
milde Beschränktheitsannahme erfüllen. Neben den stetigen Lösungen der Halbgrup-
pengleichung beschreiben wir auch Lösungen, die auf nicht-messbaren Lösungen der
Cauchy-Funktionalgleichung basieren. Im eindimensionalen Fall reduzieren sich die
selbstähnlichen gaußschen Markov-Prozesse, abgesehen vom weißen Rauschen, auf eine
zweiparametrige Familie von zeitveränderten Brownschen Bewegungen. Diese Beobachtung
vereinfacht mehrere in der Literatur gefundene Beweise für das Fehlen der Markovei-
genschaft.

Martingale mit eingeschränktem Träger

In zeitdiskreten Finanzmärkten ist eine hinreichende Bedingung für Arbitragefreiheit
die Existenz eines Martingalmaßes, welches vom Markt vorgegebene Randbedingungen
erfüllt. Aus einer modellfreien Perspektive führt dies zur Untersuchung der Existenz von
Martingalkopplungen mit eingeschränktem Träger. Konventionelle Anforderungen an die
konvexe Ordnung von Randverteilungen reichen jedoch nicht aus, um die Existenz solcher
Martingalbrücken zu garantieren. Um dies zu lösen, formulieren wir Strassens Theorem
neu, mit einem Ansatz, der sich an der Geometrie des vorgeschriebenen Trägers orientiert.
Diese Formulierung führt zu Dualitätresultaten, die auf robuste Bepreisung mit festen
Randverteilungen anwendbar sind. Insbesondere wenden wir diese Ergebnisse an, um die
Existenz von Martingalmaßen zu untersuchen, die mit Kaufoptionen und VIX-Futures
kompatibel sind.
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Introduction

This thesis explores two main lines of research. The first part focuses on a characterization
result for self-similar Gaussian Markov processes, motivated by the application of some
of theses processes in rough volatility modeling. The second part studies martingale
measures with restricted support which allows us to formulate a condition, analogous to
Strassen’s theorem, that ensures the absence of arbitrage in a discrete market model with
volatility derivatives.

Self-similar Gaussian Markov processes

In the paper "Volatility is Rough," by Gatheral et al. [39], it has been demonstrated
that modeling the driving process of volatility as fractional Brownian motion can improve
capturing certain stylized facts.
This in turn has catalyzed the development of rough volatility models, where the volatility
is described as the solution to a rough Volterra stochastic differential equation. For an
overview on rough volatility models see [12]. One significant challenge with these models
is that traditional pricing methods, which rely on Markov theory and its associated
partial differential equation framework, are no longer readily applicable. This is due to
the fact that fractional Brownian motion, which drives these models, is not inherently
a (one-dimensional) Markov process. To overcome this difficulty, Markovian lifts have
been introduced, where higher-dimensional auxiliary processes are constructed to recover
the Markov property and facilitate the use of classical methods for pricing and hedging
options in rough volatility settings [26].
Additionally, recent research has examined the asymptotic behavior of rough volatility,
leading to approximation techniques for pricing options [37], [38].
Fractional Brownian motion (fBm) is given by

WH
t =

1

Γ(H + 1/2)

∫ t

−∞
(t− s)H−1/2 − (−s)H−1/2

1{s<0}dBt

where B is a standard symmetric Brownian motion and H ∈ [0, 1], see for example
[58]. Some key properties of fBm are that it is a Gaussian process, meaning that its
finite-dimensional distributions are multivariate Gaussian, and it exhibits self-similarity
and dependent increments for H ̸= 1/2. A continuous time process X is self-similar with
self-similarity coefficient H if (Xat)tg0 and (aHXt)tg0 have the same law for any a > 0
and we say that it is centered if E[Xt] = 0 for all t g 0. These properties make fBm
particularly suitable for modeling phenomena with memory. For a proof focused solely on
the non-Markovianity of fractional Brownian motion, we refer to [45].
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Introduction

A natural extension of the question regarding the Markovian nature of fractional Brownian
motion (fBm) is to explore the Markovianity of self-similar centered Gaussian processes
which we treat in Chapter 1. An essential tool in the study of Gaussian processes is the
associated covariance function, defined as

R(s, t) = E[(Xs − µs)(Xt − µt)],

where
µt := E[Xt]

is the mean of X at time t ∈ Rg0. The covariance function together with the mean
uniquely defines the law of the process. A classical result by Doob [32, Theorem V.8.1]
states that a Gaussian process is Markovian if and only if its covariance function satisfies
the following identity: for all 0 f s f t f u we have

R(s, u)R(t, t) = R(s, t)R(t, u). (0.0.1)

Therefore, demonstrating that fractional Brownian motion lacks the Markov property
reduces to showing that the covariance kernel of fractional Brownian motion given by

RfBm(s, t) =
1

2

[
t2H + s2H − |t− s|2H

]
.

does not satisfy (0.0.1). A crucial observation in this context is that if we additionally
assume that R(1, 1) ̸= 0, i.e. that the process is not white noise, then the function

g(x) =
R(e−x, 1)
R(1, 1)

must satisfy the functional equation

g(x)g(y) = g(x+ y). (0.0.2)

The most prominent solution to this equation is the exponential function, and it is
well known that any measurable solution to this functional equation must indeed be
an exponential function. This result primarily stems from the theory on solutions to
Cauchy’s functional equation. Algebraically, the solution set can be identified with the
set of all group homomorphisms from (R,+) into (R+,×) and it heavily relies on the
axiom of choice, as any discontinuous solution is also non-measurable. Given that these
discontinuous solutions are highly irregular, one can argue that the solutions arising
from covariance functions must be continuous. Consequently, g must be an exponential
function, which allows for a complete characterization of the covariance functions of
self-similar Gaussian Markov processes on R. This analysis yields the family of processes

XH,c
t := t2H+cW (t−2H−2c)

2



which together with the limiting case c→ ∞ exhaust the family of centered self-similar
Gaussian Markov processes up to a constant multiple. This characterization is useful as
it provides a clear and concise description of the structure of these processes, promoting
further analysis and applications as proposed in [33] as a model for anomalous diffusions.
Moreover, this result can be applied to obtain a concise proof of the non-Markovian
nature of the Riemann-Liouville fractional Brownian motion, a process that has been
widely studied in various fields due to its unique properties and applications. Another
immediate application is that we also obtain the non Markovianity of the volatility in the
rough Bergomi model introduced in [10].

Multi-dimensional case

In Chapter 2 we extend the investigation of the Markov property to multi-dimensional
centered self-similar Gaussian processes. A similar line of reasoning as in Chapter 1 can be
employed to completely characterize the covariance functions of such processes. However,
the analysis becomes considerably more intricate due to the potential appearance of
non-measurable covariance functions. In this multi-dimensional setting, the covariance
function of a centered Gaussian process X is represented by a unique linear operator
R(s, t), defined by the relation.

ïv,R(s, t)uð = E[ïXs, vðïXt, uð]

where s f t and u, v are vectors in the underlying vector space. This generalizes the
scalar case to a framework where the covariance function is now an operator acting on
the vector space. Assuming the Markovian property, the covariance operator R can be
further reduced to a one-parameter matrix semigroup satisfying (0.0.2). By choosing an
appropriate basis of the underlying vector space this facilitates the reduction

g(x) = R(e−x, 1)

such that g forms a semigroup of matrices, i.e. matrices which satisfy (0.0.2). This matrix
semigroup captures the evolution of the long range dependence of the process over time.
As in the one dimensional case it has been shown in [51] that any measurable matrix one
parameter semigroup must be continuous, however it turns out that we do not necessarily
have continuity of g. An essential property of (g(x))x>0 stems from the Gaussian and
self-similar nature of the underlying process, namely that it must satisfy the boundedness
condition

||g||op f e−Hx (0.0.1)

where H denotes the self-similarity coefficient and || · ||op denotes the operatornorm. We
study semigroups satisfying this boundedness condition in Chapter 3. It is well known that
any one parameter semigroup on a Banach space which is uniformly continuous can be given

3



Introduction

as the exponential of its infinitesimal generator. The boundedness condition (0.0.1) allows
us to obtain an explicit representation of solutions to the functional equation, analogous
to the exponential representation of uniformly continuous semigroups. Specifically, any
such solution can by Theorem 3.2.6 be expressed in the form

g(x) = Q(x) exp(Mx)

where M is a matrix that plays a role similar to that of the infinitesimal generator in
the uniformly continuous case and Q(x) is a semigroup in SO(n), the special orthogonal
group on Rn, whose representation depends on discontinuous (and hence non-measurable)
solutions of Cauchy’s functional equation. In particular (Q(x))xg0 are rotation matrices
where the angle of rotation ¸(x) solves

¸(x+ y) = ¸(x) + ¸(y).

This then leads to an explicit representation of the covariance functions of centered Gaus-
sian self-similar Markov processes formulated in Theorem 2.2.15. Due to the measurability
challenges, only self-similar Gaussian Markov processes with continuous covariance kernels
can be effectively simulated. A Volterra representation of a process X is a representation
of the form

Xt =

∫ t

0
K(s, t)dWs

where K : Rg0 × Rg0 → Rd×d is measurable such that

∫ T

0

∫ t

0
K(s, t)2dsdt <∞

for all T > 0, and W denotes the standard Brownian motion. A key result in this context
is that a Gaussian self-similar Markov process X with self-similarity coefficient H admits
a Volterra representation if and only if the following condition holds:

∣∣∣∣
∣∣∣∣
R(s, t)

(st)H

∣∣∣∣
∣∣∣∣ < 1. (0.0.2)

This is shown in Theorem 2.5.5. Condition (0.0.2) arises from the fact that a process
possesses a Volterra representation if and only if it is purely non-deterministic, see [24],
[49]. In other words, if FX

t denotes the filtration generated by the process X at time t > 0,
then the intersection of these filtrations over all t > 0, denoted by ∩t>0Ft, is trivial. This
implies that the process has no deterministic component and that its future values cannot
be exactly predicted from its past. Conversely if there exists a single pair s, t ∈ R>0 with
s ̸= t such that the normalized covariance ratio R(s, t)/(st)H is an isometry, then it turns
out the process X is purely deterministic, see Section 2.5. In this case, for any 0 < s < t,
the sigma-algebra FX

s generated by the process up to time s coincides with FX
t , meaning

that the entire future evolution of the process is fully determined by its history up to
time s.

4



In Chapter 4 we present a new proof of the inequality

2
(
1− cos

Ã

n+ 1

) n∑

k=1

a2k f
n+1∑

k=1

(ak − ak−1)
2 f 2

(
1 + cos

Ã

n+ 1

) n∑

k=1

a2k. (0.0.3)

for real a1, . . . , an and a0 = an+1 = 0, originally due to [36] and [56]. We relate this
inequality to the dissipativity (see 4.2.1) of a Jordan block and further provide an extension
via the Lumer-Phillips theorem 4.3.1. Additionally, we obtain a slight generalization of
the Lumer-Phillips theorem in finite dimensions, which is then applied in the construction
of the Volterra representation in Theorem 2.4.3.

Martingales with restricted support

A fundamental result in martingale theory is Strassen’s theorem, which provides a criterion
for the existence of a martingale coupling between two given probability distributions.
Specifically, if µ and ¿ are two probability measures on Rd, then a martingale coupling
exists between these measures if and only if, for all non-negative convex functions
f : Rd → R, the following inequality holds:

Eµ[f ] f E¿ [f ].

Now, consider the problem of determining when there exists an n-step martingale with
a given initial distribution µ and a final marginal distribution ¿. If the conditions of
Strassen’s theorem are satisfied, such a martingale can indeed be constructed. The
construction process involves selecting a one-step martingale coupling that satisfies the
given distributions, followed by employing the pairwise identity coupling for the remaining
steps. This method constructs a Markov martingale with marginals µ, ¿, . . . , ¿. However,
the situation becomes more intricate when we impose restrictions on the paths that
the martingale can take. Specifically, if the domain of permissible paths is restricted,
the existence of a martingale coupling in the multi-step problem requires more careful
consideration, as the identity coupling might no longer be feasible. In this context,
restricting the path space means that there exists a set of allowed paths P such that we
are interested only in martingale measures Q satisfying Q(P ) = 1. To formulate a Strassen-
type theorem for the existence of such martingale measures under path restrictions, we
turn to a variation of Strassen’s original theorem that involves the concept of the convex
envelope of a function. For any function f : Rd → R let L(f) denote the largest lower
semi-continuous convex function dominated by f , see Definition 5.A.5. Strassen’s theorem
can then be reinterpreted as stating that the following condition is equivalent to the
existence of a martingale coupling:

Eµ[Lf ] f E¿ [f ]

5



Introduction

for all real-valued non negative continuous functions f . Our contribution is the construc-
tion of an operator

SP : (f : Rd → R) → (SP f : Rd → R)

depending on P such that there exists a martingale measure along P with initial distribu-
tion µ and terminal distribution ¿ if and only if

Eµ[SP f ] f E¿ [f ] (0.0.1)

holds for a suitable class of test functions. In the two step case the operator SP can be
obtained from weak optimal transport (for an overview see [9]). Let R = R ∪ {−∞,∞}
denote the extended reals and denote by P1(Rd) the set of probability measures on Rd

with finite first moment. Given a closed set P ¢ Rd × Rd we set Px = {y : (x, y) ∈ P}.
Defining the cost function c : Rd × P1(Rd) → R by

c(x, Ä) :=

{
0 if supp(Ä) ¢ Px and barycenter(Ä) = x

∞ else.

The optimization problem,

inf
¿=Ãx∗µ

∫
c(x, Ãx)µ(dx),

where Ãx ∗ µ denotes the convolution, is 0 if and only if there exists a martingale measure
Q with marginal µ, ¿ and Q(P ) = 1. The weak optimal transport duality in [8] then
yields that there exists a desired martingale coupling if and only if

sup
g∈L1(µ),f

Eµ[g]− E¿ [f ] = 0 (0.0.2)

where the supremum is taken over all linearly bounded continuous functions f and
functions g ∈ L1(µ) satisfying

g(x)− EÄ[f ] f c(x, Ä) (0.0.3)

for all (x, Ä) ∈ Rd × P1(Rd). This is equivalent to

g(x) f EÄ[f ] for supp(Ä) ¢ Px and barycenter(Ä) = x.

Since this needs to hold for all such Ä we must have

g(x) f inf
Ä, supp(Ä)¢Px
barycenter(Ä)=x

EÄ[f ].

Setting
SP f(x) := inf

Ä, supp(Ä)¢Px
barycenter(Ä)=x

EÄ[f ]

6



and assuming the integrability and measurability of SP f it follows from (0.0.2) that if for
all linearly bounded functions f we have the inequality

Eµ[SP f ] f E¿ [f ]

then there exists a martingale measure with marginal µ and ¿ which is supported on P .
It turns out that the above inequality condition is also necessary and hence this result
mirrors the structure of Strassen’s theorem. There is also a dual representation for the
operator SP , namely

SP f(x) := sup{g(x)| g : Rd → R convex and g(y) f f(y) for y ∈ Px}.

In the multi step setting it becomes more difficult to employ the theory of weak optimal
transport. Theorem 5.2.9 shows that condition (0.0.1) is also sufficient in the multistep
case for SP introduced in Definition 5.2.4. Additionally we obtain duality results on the
marginals of such martingale couplings leading to robust pricing bounds even without
path restrictions, see Theorem 5.2.9, Theorem 5.2.14 and Remark 5.2.15.

Martingale couplings compatible with call options and VIX

futures

The operator SP can be leveraged to derive a Strassen-type existence result for martingale
measures that are compatible with both call option prices on the SPX and the VIX [1].
The reason to focus on call options stems from the classical fact that their prices completely
determine the marginals of the pricing measure (provided that they are available for all
strikes). From a theoretical viewpoint the VIX is given as

VIX2
t =

2

30
EP

[
log

(
St

St+30

)∣∣∣∣Ft
]

where P denotes the pricing measure, St, St+30 the prices of the SPX at time t and t+ 30,
and Ft denotes the available information up to time t. It is a measure for the markets
expectation of volatility for the coming 30 days.
A longstanding problem, which has seen significant recent progress (see [40], [25], [60]), is
the development of market models that calibrate to both SPX and VIX smiles. Assuming
that there are no arbitrage opportunities in the SPX and VIX, by [42] any market model
calibrated to the SPX and VIX yields for any t a discrete measure µ on (St, St+30,VIX

2
t )

such that

Eµ[St+30|St,VIXt] = St and VIX2
t =

2

30
Eµ
[
log

(
St

St+30

)∣∣∣∣St,VIXt
]
.

Conversely the existence of such a measure is equivalent to the absence of arbitrage with
respect to semi-static trading strategies. In [42] this resulting two-step model is studied
in more detail. In discrete markets, the absence of arbitrage has been extensively studied

7



Introduction

in the context of robust pricing; see for example [2] and [14]. For the continuous case, we
refer to [3], [13], [22] and [31]. In this thesis we present a condition akin to Strassen’s
theorem guaranteeing the existence of such a pricing measure. Denote by µ1, µ2 and µ3
the pricing measures of St,VIX

2
t and St+30 respectively. In Theorem 5.3.7, by setting

P := {((s1, c), (s2, 2/30 log(s1/s2)))| s1, s2 ∈ R>0, c ∈ R}

and applying the operator SP adapted to the current setup, we find that an arbitrage-free
pricing measure exists if and only if for all non negative continuous functions f and
bounded continuous functions ϕ1, ϕ2 satisfying ϕ1 · ϕ2 f SP f we have

Eµ1 [ϕ1] + Eµ2 [ϕ2] f Eµ3 [f ].

Structure of the thesis

The first part is dedicated to our work on self-similar Gaussian Markov processes. In
Chapter 1, we focus on the characterization of these processes in the one-dimensional
case, while Chapter 2 extends this analysis to the multi-dimensional case. Chapter 3
presents the proof of the representation result for bounded semigroups, which is central
to the proof of the main result in Chapter 2. In Chapter 4, we prove (0.0.3) and explore
its applications to self-similar Gaussian Markov processes. The second part of the thesis,
consisting solely of Chapter 5, focuses on martingales with restricted support and their
financial applications.

8
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1. Self-similar Gaussian Markov processes

in one dimension

1.1. Introduction

Fractional Brownian motion with Hurst parameter H is among the best-known examples
of H-self-similar Gaussian stochastic processes. It is not Markovian for 1

2 ≠ H ∈ (0, 1),
which can be proven using the functional equation that the covariance function of any
Gaussian Markov process must satisfy (see [46] and [58, Theorem 2.3]). Many authors have
considered self-similar Gaussian processes that are variants and extensions of fractional
Brownian motion [18, 65, 66, 67, 78], and for some, the natural question of Markovianity
has been studied. In dimension one, it is known that all Gaussian Markov processes
are time-changed Brownian motions [6, p. 4]. Our contribution in dimension one is that
we explicitly determine this time change for self-similar processes; it depends on the
self-similarity parameter and an additional parameter (Theorem 2.6.1). It is usually a
very simple matter to compare the resulting explicit covariance function with a given
covariance function, yielding easy non-Markovianity proofs for many self-similar Gaussian
processes that have been considered in the literature. Moreover the two-parameter family
of Gaussian processes we just mentioned has been analyzed in detail in [33], where it is
proposed as a model for anomalous diffusion.

1.2. Characterization in the one dimensional case

For H > 0 and c f −H, the process

XH,c
t := t2H+cW (t−2H−2c), t g 0, (1.2.1)

where W (·) is a Brownian motion, is clearly a Gaussian Markov process. By Brownian
scaling, it is easy to check that XH,c is H-self-similar. The main result of the present
chapter is that this family of processes, augmented by the limiting case c→ −∞, is not
just a subset but equal to the class of self-similar centered Gaussian Markov processes
(up to multiplication by constants). For the notion of self-similarity, we use the same
definition as [34] (pp. 1–3).

Definition 1.2.1. A stochastic process (Xt)tg0 is H-self-similar with exponent H > 0,
if it is stochastically continuous at zero, and for any a > 0 the process (Xat)tg0 has the
same law as (aHXt)tg0.
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Self-similarity implies that X0 = 0 (see p. 2 in [34]). In particular, the covariance
function of a self-similar process satisfies R(s, t) = 0 for s ' t = 0.

Definition 1.2.2. A symmetric function R : [0,∞)2 → R is positive definite if

d∑

k,l=1

akalR(tk, tl) g 0 (1.2.2)

for all d g 1, t1, . . . , td g 0 and a1, . . . , ad ∈ R.

It is well known that positive definite functions are exactly the functions that occur
as covariance functions of centered Gaussian processes (Xt)tg0. The covariance function
of XH,c is

RH,c(s, t) :=

{
(s ( t)2H+c(s ' t)−c s ' t > 0,

0 s ' t = 0.
(1.2.3)

The pointwise limit

RH,−∞(s, t) := lim
c→−∞

RH,c(s, t) =

{
t2H s = t,

0 s ̸= t,
(1.2.4)

is positive definite as well, and defines a centered Gaussian process XH,−∞, which is
obviously also self-similar and Markov. Note that putting H = 1

2 and c = −1 in (1.2.3)
yields the covariance function s' t of Brownian motion, the prime example of a self-similar
Gaussian Markov process. We can now state our main result.

Theorem 1.2.3. Let H > 0 and X = (Xt)tg0 be a one-dimensional, centered H-self-
similar Gaussian Markov process. Then the covariance function of X is of the form

R(s, t) = R(1, 1)RH,c(s, t), s, t g 0, (1.2.5)

where c ∈ [−∞,−H] and R(1, 1) g 0. Thus, X equals R(1, 1)1/2XH,c in distribution.

Since comparing a given covariance function with the simple explicit function RH,c
is typically very easy, it seems that Theorem 1.2.3 essentially settles the problem of
deciding whether a self-similar Gaussian process defined by an explicit covariance function
is Markovian.

It is well known that a centered real Gaussian process (Xt)tg0 is Markov if and only if
its covariance function R(s, t) = E[XsXt] satisfies

R(s, u)R(t, t) = R(s, t)R(t, u), 0 f s f t f u. (1.2.6)

This is due to Doob; we refer to [55] for details and references. To prove Theorem 1.2.3,
we use some facts about additive functions. For a proof of the following classical result,
and further references, we refer to [16] (Theorem 1.1.7).
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1.2. Characterization in the one dimensional case

Theorem 1.2.4 (Ostrowski 1929). Suppose that f : R → R satisfies Cauchy’s functional
equation

f(x+ y) = f(x) + f(y), x, y ∈ R.

Then either f(x) = cx for some constant c, or else f is unbounded above and below on
any set of positive measure.

We will also need the following continuation result.

Lemma 1.2.5. Suppose that f : [0,∞) → R satisfies Cauchy’s functional equation

f(x+ y) = f(x) + f(y), x, y g 0.

Then f has an extension to R that satisfies the equation, too.

Proof. We define f for x < 0 by

f(x) := f(x+ y)− f(y),

where y g |x| is arbitrary. This is well-defined, because for y1 > y2 g |x| we have

f(x+ y2)− f(y2) = f(x+ y2) + f(y1 − y2)−
(
f(y2) + f(y1 − y2)

)

= f(x+ y1)− f(y1).

By definition, this extension solves the equation for x < 0 and y g |x|. Now let x < 0
and y < |x|. Fix z1 and z2 with z1 g |x| and z2 g |y|. Then we compute

f(x+ y) = f(x+ y + z1 + z2)− f(z1 + z2)

= f(x+ z1) + f(y + z2)−
(
f(z1) + f(z2)

)

= f(x+ z1)− f(z1) + f(y + z2)− f(z2) = f(x) + f(y).

We can now prove Theorem 1.2.3. The proof is an extension of the proof that fractional
Brownian motion is not a Markov process, which is found in [46] and [58] (Theorem 2.3).

Proof of Theorem 1.2.3. By self-similarity and symmetry of R(·, ·), it suffices to determine
R(·, 1) on (0, 1]. Using (1.2.6) (with u = 1) and self-similarity, we obtain

R(s, 1)R(1, 1) = R(s/t, 1)R(t, 1), 0 f s < t f 1. (1.2.7)

Putting s = t2, it follows that

R(t2, 1)R(1, 1) = R(t, 1)2, 0 f t f 1. (1.2.8)

If R(1, 1) = 0, then this equation implies that R(·, 1) vanishes, hence X is identically
zero. If R(1, 1) ̸= 0, then (1.2.8) implies that R(·, 1) is either non-negative or non-positive
on [0, 1]. In the latter case, by putting akl = 1 in (1.2.2), we see that R(·, 1) ≡ 0. We
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conclude that R(·, 1) is non-negative, and may assume from now on that R(1, 1) > 0.
Define

g(x) :=
R(e−x, 1)
R(1, 1)

, x g 0.

Writing s = e−x−y and t = e−y, we see from (1.2.7) that g solves the functional equation

g(x+ y) = g(x)g(y), x, y g 0. (1.2.9)

In particular,
g(z) = g(z/2)2, z g 0. (1.2.10)

Clearly, g(0) = 1 > 0. By (1.2.9), if x0 is a zero of g, then g vanishes on [x0,∞). Suppose
that there is no interval [0, ε) with ε > 0 on which g is positive. Then, g(x) = 0 for x > 0,
and thus R = R(1, 1)RH,−∞, the white-noise-type covariance function defined in (1.2.4).
If, on the other hand, there is such an interval [0, ε), then (1.2.10) yields

g(z) = g(z/2k)2
k
, k ∈ N,

and by taking k sufficiently large we get g(z) > 0 for any z g 0. Therefore, φ := log g is
well-defined on [0,∞), and satisfies Cauchy’s functional equation

φ(x+ y) = φ(x) + φ(y), x g y g 0.

By symmetry of the equation, it clearly holds for 0 f x < y as well. By Lemma 1.2.5, we
can extend the solution φ to the whole real line, which makes Theorem 1.2.4 applicable.
Suppose for contradiction that φ is unbounded above and below on any set of positive
measure. This would imply

sup
{
R(t1/t2, 1) : 1 f t1 < t2 f 2

}
= ∞.

We can thus pick 1 f t1 < t2 f 2 such that

R(t1/t2, 1) > 22HR(1, 1).

Then positive definiteness is violated for a1 = 1, a2 = −1:

a21R(t1, t1) + 2a1a2R(t1, t2) + a22R(t2, t2) =

t2H1 R(1, 1)− 2t2H2 R(t1/t2, 1) + t2H2 R(1, 1)

< 22HR(1, 1)− 22H+1R(1, 1) + 22HR(1, 1) f 0.

We deduce that the other possibility stated in Theorem 1.2.4 must hold, i.e. that there is
a constant c such that

φ(x) = cx, x ∈ R.
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1.A. Three additional proofs

By the definition of φ, we obtain

R(t, 1) = R(1, 1)t−c, 0 < t f 1,

and, by self-similarity,

R(s, t) = (s ( t)2HR
(s ' t
s ( t , 1

)

= R(1, 1)(s ( t)2H+c(s ' t)−c, s, t > 0.

For c > −H, it is straightforward to check that (s ( t)2H+c(s ' t)−c does not satisfy the
Cauchy-Schwarz inequality, hence it cannot be a covariance function. We conclude that
c f −H, and that R = RH,c.

1.A. Three additional proofs

In this section we give a variant of the proof of Theorem 1.2.3, show by a non-probabilistic
argument that RH,c is positive definite, and discuss the Volterra representation of XH,c.

A variant of the proof of Theorem 1.2.3. After settling the case c = −∞, we may assume
that R is positive, except for s ' t = 0. There is an alternative argument to finish the
proof in this case. Gaussian Markov covariance functions that have no zeros are always of
the form

R(s, t) = G(s ' t)F (s ( t); (1.A.1)

see [19] and p. 11 in [52]. This result is not immediately applicable, because our covariance
function vanishes on the axes. But it suffices to define H(0) = 0 in the proof on the first
page of [19] (H is our F ) to see that (1.A.1) holds, with G(0) = F (0) = 0, G,H > 0 on
(0,∞), and G/H non-decreasing on (0,∞). Self-similarity yields

G(xs)F (xt) = x2HG(s)F (t), 0 f s f t, x g 0. (1.A.2)

Define A(y) := logG(ey) and B(y) := logF (ey), y ∈ R. Then (1.A.2) implies

A(y + u) +B(y + v) = 2Hy +A(u) +B(v), u f v, y ∈ R. (1.A.3)

The function A−B is non-decreasing and hence almost everywhere differentiable. Setting
v = y + u we obtain

A(y + u)−B(y + u) = 2Hy +A(u)−B(2y + u), u ∈ R, y g 0,

which shows that B, and hence also A, is almost everywhere differentiable. For n ∈ N

choose vn > n such that B is differentiable at each vn. From (1.A.3) we have

A(y + u)−A(u) = 2Hy − (B(y + vn)−B(vn))
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for u < vn. This implies
A′(u) = 2H −B′(vn),

and hence A has constant derivative for u < vn. As this holds for all n ∈ N, the function A
has constant derivative on the whole real line. Thus, A is linear, and hence G is a power
function on (0,∞), say G(x) = G(1)x−c with c ∈ R. Since

G(x)F (x) = x2HF (1)G(1),

F (x) = F (1)x2H+c is a power function on (0,∞) as well, and we obtain R = R(1, 1)RH,c.

The following theorem is a special case of the main theorem in [53]. For background
on lattices and Möbius functions (which we do not require here), we refer to chapter 3
in [70].

Theorem 1.A.1 (Lindström 1969). Let {x1, . . . , xd} be a set of real numbers in increasing
order, x1 f x2 f · · · f xd. For functions fi defined on {x1, . . . , xi}, i = 1, . . . , d, the
identity

det
(
fi(xi ' xj)

)
i,j=1,...,d

=
d∏

i=1

d∑

j=1

fi(xj)µ(xj , xi) (1.A.4)

holds, where µ is the Möbius function of the chain {x1, . . . , xd}, i.e.

µ(xj , xi) =





1 i = j,

−1 i = j + 1,

0 otherwise.

(1.A.5)

Another proof that RH,c is positive definite. We show that the function

(s, t) ↦→
{

(s(t)³
(s't)´ s ' t > 0,

0 s ' t = 0,
(1.A.6)

is positive definite if and only if ³+ ´ f 0. Let 0 < t1 f t2 f · · · f td and define

fi(tj) := (ti/tj)
³+´ =

t´i (ti ( tj)³
(ti ' tj)´t³j

, j f i.
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1.A. Three additional proofs

We then compute

det

(
(ti ( tj)³
(ti ' tj)´

)
= (t1 · · · td)³−´ det

(
t´i (ti ( tj)³
(ti ' tj)´t³j

)
(1.A.7)

= (t1 · · · td)³−´
d∏

i=1

d∑

j=1

fi(tj)µ(tj , ti)

= t³−´d

d∏

i=2

t³−´i−1

(
1− t³+´i

t³+´i−1

)

= t³−´d

d−1∏

i=1

t³+´i − t³+´i+1

t2´i
,

where we have used (1.A.4) and (1.A.5). The statement about (1.A.6) now follows from
the fact that a matrix is positive semidefinite if and only if all its principal minors have
non-negative determinant.

As noted above, it is clear that the limiting covariance function RH,−∞ is also positive
definite. This can be easily checked directly as well: Let {s1, . . . , sm} = {t1, . . . , td},
where t1, . . . , td g 0, and the si are distinct. Then (1.2.2) holds, since

d∑

k,l=1

akalRH,−∞(tk, tl) =

m∑

i=1

d∑

k,l=1
tk=tl=si

akals
2H
i

=
m∑

i=1

s2Hi

(
d∑

k=1
tk=si

ak

)2

g 0.

For H > 0 and c < −H, the process (1.2.1) has the Volterra representation

(XH,c
t )tg0

d
=

(∫ t

0
KH,c(s, t)dBs

)

tg0

,

where B is a Brownian motion, and

KH,c(s, t) :=
√
−2(c+H)tH−1/2(s/t)−c−H−1/2, 0 f s f t.

Indeed, it is easily checked that this kernel satisfies

RH,c(s, t) =

∫ s't

0
KH,c(u, s)KH,c(u, t)du, s, t g 0.

Proposition 1.A.2. Let H > 0 and c = −H. There is no function F ∈ L2(R+) such
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that

(XH,−H)tg0
d
=

(∫ t

0
tH−1/2F (u/t)dBu

)

tg0

.

Proof. This result follows from applying Theorem 2.1 and Remark 2.2 in [73] to the
degenerate process XH,−H

t = tHW (1), but can be easily proved directly as well: Suppose
there is such a function F. By Ito’s isometry, we have

(st)H = RH,−H(s, t) =
∫ s

0
tH−1/2sH−1/2F (u/t)F (u/s)du, s f t,

and thus ∫ 1

0
F (v)F (xv)dv =

1√
x
, x > 0.

For x = 1, we obtain
∫ 1
0 F (v)

2dv = 1. From this and the Cauchy-Schwarz inequality, we
get

1

x
=

(∫ 1

0
F (v)F (xv)dv

)2

f
∫ 1

0
F (xv)2dv

∫ 1

0
F (v)2dv =

∫ 1

0
F (xv)2dv.

Substituting u = xv yields

∫ x

0
F (u)2du g 1, x ∈ (0, 1],

and so
∫ 1
0 F (u)

2
1{u>x}du = 0. By monotone convergence,

0 = lim
x³0

∫ 1

0
F (u)21{u>x}du =

∫ 1

0
F (u)2du,

which contradicts
∫ 1
0 F (v)

2dv = 1.
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2. Self-similar Gaussian Markov processes

We characterize all multi-dimensional real self-similar Gaussian Markov processes. Three
types of covariance matrix functions occur: white-noise type functions, covariances that can
be expressed by continuous matrix semigroups, and covariances based on non-continuous
solutions of Cauchy’s functional equation. Characterizing the latter requires us to develop
some results on the representation theory of non-continuous matrix semigroups, which
are presented in chapter 3. The results in this chapter applied to the one dimensional
case yields again the two-parameter family of time-changed Brownian motions discussed
in chapter 1. This observation simplifies several proofs of non-Markovianity found in the
literature.

2.1. Introduction

Our main contribution in this chapter is that we determine all multi-dimensional self-
similar Gaussian Markov processes. By self-similarity, the bivariate covariance function
can be reduced to a function of a single argument, and the functional equation mentioned
above shows that this function must satisfy the semigroup property g(x+ y) = g(x)g(y).
We identify a contractivity estimate involving the self-similarity parameter, which must
be satisfied for self-similar Gaussian Markov processes with continuous semigroup. Under
mild assumptions, all matrix solutions of the equation g(x + y) = g(x)g(y), including
non-measurable ones, are determined in chapter 3. While the self-similar Gaussian
Markov processes resulting from these non-measurable semigroups are not likely to occur
in applications, they have to be studied to obtain a full classification.

This chapter is organized as follows. In Section 2.2, we define the class of stochastic
processes we wish to consider, and state our main characterization results. They are
proven in Section 2.3, which includes a new criterion for checking positive definiteness in
the multi-dimensional case. Section 2.4 presents Volterra representations for self-similar
Gaussian Markov processes, assuming that the associated semigroup is continuous, and
that the contractivity estimate mentioned above is strict. In Section 2.6 we show that
the multidimensional characterization implies the statements in chapter 1. Section 2.7
returns to our initial motivation, by giving straightforward proofs that some self-similar
Gaussian processes from the literature are not Markovian.

2.2. Preliminaries and main results

Throughout this section and the following one, V denotes a real d-dimensional vector
space equipped with an inner product ï·, ·ð. We write L(V ) for the set of linear maps
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from V to itself. The inner product ï·, ·ðX associated with a V -valued Gaussian process X
will be defined in Proposition 2.2.5, and we will write ∥ ·∥X for the corresponding operator
norm on L(V ). The adjoint of a linear map will be denoted by ∗, where the inner product
will be clear from the context, or explicitly stated otherwise.

Definition 2.2.1. A stochastic process (Xt)tg0 with values in V is called Gaussian if,
for any finite set S ¢ Rg0, the V |S|-valued random variable (Xs)s∈S is Gaussian.

It is well known that a Gaussian process X with values in V is uniquely characterized
in law by the two mappings t ↦→ E[Xt] and (s, t) ↦→ R(s, t) ∈ L(V ) given by

ïv,R(s, t)uð = E[ïXs, vðïXt, uð].

The mapping R is called the covariance kernel of X. We also write RX , if X might not
be clear from the context.

Definition 2.2.2. For H > 0 we call X H-self-similar if (Xat)tg0 ∼ (aHXt)tg0 (equality
in distribution) for any a > 0, and refer to H as the self-similarity parameter.

It is clear, and well-known, that H-self-similarity of a Gaussian process can be charac-
terized via the covariance kernel.

Theorem 2.2.3. Let X be a centered Gaussian process. Then X is H-self-similar if and
only if R satisfies

R(as, at) = a2HR(s, t)

for any a, s, t > 0.

Corollary 2.2.4. Let X be an H-self-similar centered Gaussian process on V . Then
supp(Xt) = ker(R(1, 1))§ for all t > 0.

Proof. By self-similarity, we have ker(R(1, 1)) = ker(R(t, t)) for any t > 0. Denote by
p : V → V the orthogonal projection onto ker(R(1, 1)) and set Yt := pXt. Clearly, Y is
again Gaussian since the orthogonal projection is linear. Denote by RY the covariance
kernel of Y . We have

ïv1, RY (s, t)v2ð = E[ïv1, pXsðïv2, pXtð], v1, v2 ∈ V.

Since orthogonal projections are self-adjoint, we obtain

E[ïv1, pXsðïv2, pXtð] = E[ïpv1, Xsðïpv2, Xtð] = ïv1, pR(s, t)pv2ð,

where R is the covariance kernel of X. Since pv2 ∈ ker(R(1, 1)), we obtain RY (t, t) = 0
for any t g 0. This easily implies that Y is the zero process.

If R(t, t) = t2HR(1, 1), t > 0, is not invertible, then the corollary shows that we are
dealing with a self-similar Gaussian process of lower dimension, and V can be replaced by
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2.2. Preliminaries and main results

ker(R(1, 1))§. Thus, it suffices to characterize processes with full support. In this case,
we can define the inner product

ïv, uðX = ïv,R(1, 1)−1uð, (2.2.1)

where ï·, ·ð is the original inner product on V . This is well-defined, since R(1, 1)−1 ∈ L(V )
is symmetric and positive definite.

Proposition 2.2.5. Let X be a V -valued centered Gaussian process with R(1, 1) invertible.
Then the inner product ï·, ·ðX = ï·, R(1, 1)−1·ð is independent of the choice of ï·, ·ð.

Proof. Let ï·, ·ð be an inner product on V . For any other inner product on V there exists
a symmetric positive map A such that it is given by ï·, A·ð =: ï·, ·ðA. Calculating the
covariance kernel with respect to ï·, ·ðA, we obtain

E[ïAv,XsðïAu,Xtð] = ïAv,R(s, t)Auð
= ïv,AR(s, t)Auð = ïv,R(s, t)AuðA, u, v ∈ V.

Hence the covariance kernel with respect to ï·, ·ðA is R(s, t)A. We calculate

ïv, (R(1, 1)A)−1uðA = ïv,A−1R(1, 1)−1uðA = ïv,R(1, 1)−1uð.

Hence the definition of ï·, ·ðX does not depend on our choice of ï·, ·ð.

In the notation of the preceding proof, the inner product (2.2.1) induced by X is an
abbreviation for ï·, ·ðRX(1,1)−1 .

Lemma 2.2.6. Let X be as in Proposition 2.2.5. Under ï·, ·ðX , the covariance kernel
of X is R(s, t)R(1, 1)−1.

Proof. Put A = R(1, 1)−1 in the proof of the preceding proposition.

Definition 2.2.7. For H > 0, we call a V -valued process X an H-SSGM process, or just
SSGM process, if

(i) it is a centered H-self-similar Gaussian Markov process, and

(ii) it has full support, i.e., R(1, 1) is invertible.

For such a process, it is understood that the finite-dimensional vector space V is equipped
with the inner product ï·, ·ðX and the corresponding operator norm. We write R̃, or
sometimes R̃X , for the covariance kernel w.r.t. ï·, ·ðX , so that R̃(1, 1) = id by Lemma 2.2.6.

The following well-known characterization of the Markov property for Gaussian processes
is due to Doob [32, Theorem V.8.1]. The proof is usually presented for one-dimensional
processes, but as the multivariate case is virtually the same, we omit it.
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Lemma 2.2.8. Let X be a centered V -valued Gaussian process such that R(t, t) is
invertible for all t > 0. The process X satisfies the Markov property if and only if R
satisfies the functional equation

R(s, t)R(t, t)−1R(t, u) = R(s, u), 0 f s f t f u. (2.2.2)

If X is an SSGM process, then Lemma 2.2.6 implies that R̃(t, t) = t2H id (recall the
notation R̃ from Definition 2.2.7). Applying this to (2.2.2), we obtain

t−2HR̃(s, t)R̃(t, u) = R̃(s, u),

and so
R̃(s/t, 1)R̃(t/u, 1) = R̃(s/u, 1).

Substituting x := log(t/s) and y := log(u/t) and setting g(x) := R̃(e−x, 1) yields

g(x)g(y) = g(x+ y), x, y g 0, (2.2.3)

and hence g is a one-parameter semigroup.

Definition 2.2.9. A map g : Rg0 → L(V ) is a semigroup if g(0) = id and g(x+ y) =
g(x)g(y) for all x, y g 0.

Definition 2.2.10. For any SSGM process X, we call the one-parameter semigroup
(gX(x))xg0, where gX(x) := R̃(exp(−x), 1), its associated semigroup. If there is no
ambiguity, we just write g instead of gX .

We stress that our notion of associated semigroup, defined by the scaled covariance
function, is not the transition semigroup of the Markov process, which will not be used
here. The following theorem, proven in Section 2.3, is our first main result.

Theorem 2.2.11. Let H > 0, let (g(x))xg0 be a semigroup in L(V ), and ï·, ·ð an inner
product on V . There exists an SSGM process X with associated semigroup g = gX and
inner product ï·, ·ð = ï·, ·ðX if and only if the contractivity estimate

∥g(x)∥op f e−Hx, x g 0, (2.2.4)

holds, where ∥ · ∥op denotes the operator norm of ï·, ·ð. Furthermore, X is determined
uniquely in law by gX and ï·, ·ðX .

Definition 2.2.12. We call an SSGM process white noise if its associated semigroup
satisfies g(x) = 0 for all x > 0.

By definition of g, the covariance kernel of a white noise process satisfies R̃(s, t) = 0
for 0 < s < t.

Definition 2.2.13. Let X be an SSGM process on V . We say that X is irreducible if for
any decomposition X = X1 +X2 such that X1 and X2 are independent SSGM processes
supported on V1 and V2 respectively with V1 § V2, the spaces V1 and V2 are trivial, i.e.
either the entire space or {0}. The orthogonality of the subspaces is with respect to ï·, ·ðX .
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2.2. Preliminaries and main results

Remark 2.2.14. As ï·, ·ðX depends on X only through its law, so does the condition that
the joint law of (X1, X2) must satisfy in the preceding definition. Therefore, assuming
only equality in distribution, X ∼ X1 +X2, yields an equivalent definition.

We proceed to characterize all semigroups associated with centered self-similar Gaussian
Markov processes. Consider Cauchy’s functional equation

f(x) + f(y) = f(x+ y), f : R → R. (2.2.5)

Define the rotation matrix

Q(¹) =

(
cos(¹) sin(¹)
− sin(¹) cos(¹)

)
, ¹ ∈ R,

and, for even k, the block-diagonal matrix

Q¿k(x) :=



Q(¿(x)) 0

. . .

0 Q(¿(x))




︸ ︷︷ ︸
k×k

(2.2.6)

consisting of k/2 rotation matrices evaluated at some solution ¿ of (2.2.5). Now we
state our second main theorem, which gives representations for the covariance kernels
of all irreducible H-self-similar Markov processes. Recall the notation defined in (2.2.1),
Definition 2.2.10, and (2.2.6).

Theorem 2.2.15. Let X be an irreducible SSGM process with values in V . Then there
exists an orthonormal basis with respect to ï·, ·ðX such that with respect to this basis one
of the following holds (we identify linear maps and matrices if the chosen basis is clear
from the context; see Remark 2.2.16 for details):

(i) gX(x) = 0 for x > 0 and V is one-dimensional (white noise case),

(ii) gX(x) = exp(Mx), x g 0, for some matrix M (the generator), or

(iii) The dimension d is even, and gX(x) = Q¿d(x) exp(Mx), x g 0, with ¿ a non-
continuous solution to Cauchy’s functional equation (2.2.5) and M commuting with
every Q¿d(x).

In the second and third case we have the contractivity condition ∥ exp(Mx)∥X f e−Hx,
x g 0, where ∥ · ∥X is the operator norm on L(V ) induced by ï·, ·ðX .

The theorem is proven at the end of Section 2.3.

Remark 2.2.16. Let Γ : V → Rd be an isomorphism that maps vectors to their coordinates
w.r.t. to the orthonormal basis from the preceding theorem. If Ã denotes the matrix of
the inner product ï·, ·ðX in these coordinates, i.e. ïΓ−1w,Γ−1zðX = wTÃz, w, z ∈ Rd,
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then the identification of linear maps and representation matrices we used in the theorem
means that ∥ exp(Mx)∥X = ∥ exp(Mx)∥Ã, where ∥ · ∥Ã is the operator norm induced by
the inner product (w, z) ↦→ wTÃz on Rd. Similarly, in the following remark the expression
on the left hand side of (2.2.7) is an abbreviation for (Γv)T(M +H id)TÃΓv.

Remark 2.2.17. The contractivity condition ∥ exp(Mx)∥X f e−Hx, x g 0, is equivalent
to the dissipativity of the (in general non-symmetric) matrix M +H id, i.e.,

ï(M +H id)v, vðX f 0, v ∈ V. (2.2.7)

This follows from the Lumer–Phillips theorem [27, p. 52], which characterizes contractive
semigroups. In the special case where Ã = id and the matrix M consists of a single Jordan
block, this condition can be simplified further. See chapter 4 for details, where we also
point out a relation to a classical inequality due to Fan–Taussky–Todd [36].

Using Theorem 2.2.15, we can give the associated semigroup of any SSGM process X.
By the definition of irreducibility, there exists an orthogonal decomposition V =

⊕n
i=1 Vi

and independent irreducible SSGM processes Xi supported on Vi respectively such that
X =

∑n
i=1X

i and gX =
⊕n

i=1 gXi . By Theorem 2.2.15, each gXi has one of the forms
given in Theorem 2.2.15 and satisfies the contractivity condition ∥gXi(x)∥Xi f e−Hx.
Conversely, given semigroups g1, . . . , gn on finite-dimensional vector spaces V1, . . . , Vn
such that each gi is of the form given in Theorem 2.2.15 and satisfies the contractivity
condition, then by Theorem 2.2.11, for any inner product ï·, ·ð on

⊕n
i=1 Vi such that

the Vi are orthogonal, there exists a unique in law SSGM process X with associated
semigroup

⊕n
i=1 gi.

2.3. Proofs

As in Section 2.2, V denotes a real d-dimensional vector space with inner product ï·, ·ð.
For one-dimensional Gaussian processes, the following result is standard. The proof in
dimension d is a straightforward extension; see [21, Theorem 2].

Theorem 2.3.1. Let R : Rg0 × Rg0 → L(V ). Then there exists a centered Gaussian
process with covariance kernel R iff

(i) R(s, t) = R(t, s)∗ for s, t g 0, where the adjoint is taken with respect to ï·, ·ð,

(ii) for all n > 0 we have
∑n

i,j=1ïvi, R(ti, tj)vjð g 0 for v1, . . . , vn ∈ V and t1, . . . , tn ∈
Rg0.

This process is unique in law.

The following characterization of (ii) in Theorem 2.3.1 seems to be new.
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2.3. Proofs

Lemma 2.3.2. Let R : Rg0 × Rg0 → L(V ) be a kernel which satisfies (2.2.2), R(t, t)
being symmetric and positive definite for all t g 0 and R(s, t)∗ = R(t, s) for all s, t g 0.
Then R satisfying condition (ii) in Theorem 2.3.1 is equivalent to

R(s, s)−R(s, t)R(t, t)−1R(t, s)

being positive semidefinite for all s, t ∈ Rg0.

Proof. We first show necessity. Clearly it suffices to consider the problem in Rn equipped
with the standard inner product, by applying the isomorphism Γ from Remark 2.2.16.
Notice that condition (ii) in Theorem 2.3.1 is equivalent to

Rn =



R(t1, t1) . . . R(t1, tn)

...
. . .

R(tn, t1) R(tn, tn)


 (2.3.1)

being positive semi-definite for all t1, . . . , tn g 0 and n > 0. For every s, t g 0 denote by
As,t a solution of

AT
s,tAs,t = R(t, t)−R(t, s)R(s, s)−1R(s, t).

Let Mn(L(V )) the algebra of n × n matrices over the space L(V ). Clearly we have
Rn ∈ Mn. Notice that each M ∈ Mn(L(V )) defines a linear map on V n. Denote by
MT ∈ Mn(L(V )) the transpose of the operator M on V n. We show by induction that
the covariance operator (2.3.1) is a positive semidefinite operator on V n for any n ∈ N

and any increasing sequence t1, . . . , tn ∈ Rg0. By assumption, R1 is positive semidefinite.
Assume that Rn is positive semidefinite. We define

Rn,n+1 :=

(
Rn 0Tn
0n id

)
,

where 0n = (0, . . . , 0) with 0 : V → V mapping everything to zero. It follows that Rn,n+1

is positive semidefinite on Rd(n+1). Let

Bn+1 :=

(
idn vTn+1

0 Atn,tn+1

)
,

where idn is the identity in Mn(L(V )) and

vn+1 :=
(
0, . . . , 0, R(tn, tn)

−1R(tn, tn+1)
)
∈ L(V )1×n.

Then we have
BT
n+1R

n,n+1Bn+1 = Rn+1.

This shows that Rn+1 is positive semidefinite, finishing the induction step. Conversely,
by using condition (ii) in Theorem 2.3.1 for n = 2, we have

ïv1, R(s, s)v1ð − 2ïv1, R(s, t)v2ð+ ïv2, R(t, t)v2ð g 0.
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Setting v2 = R(t, t)−1R(t, s)v1 yields

ïv1, R(s, s)v1 −R(s, t)R(t, t)−1R(t, s)v1ð g 0,

which shows that R(s, s)−R(s, t)R(t, t)−1R(t, s) is positive semidefinite.

Combining Theorem 2.3.1, Lemma 2.2.8 and Lemma 2.3.2 yields the following result.
The new aspect of Theorem 2.3.3 is that (iii), together with the other conditions, implies
that R is a covariance kernel.

Theorem 2.3.3. Let R : Rg0 × Rg0 → L(V ) be such that R(t, t) is invertible for all
t > 0. Then there exists a centered Gaussian Markov process with covariance kernel R if
and only if

(i) R(t, t) is positive definite for all t > 0,

(ii) R(s, t) = R(t, s)∗ for any s, t g 0, where the adjoint is taken with respect to ï·, ·ð,

(iii) R(s, s)−R(s, t)R(t, t)−1R(t, s) is positive semidefinite for all s, t g 0,

(iv) R(s, t)R(t, t)−1R(t, u) = R(s, u) for all 0 f s < t < u (Markov property).

The following theorem motivates Definition 2.2.13, as it tells us that the associated
semigroup of any reducible SSGM process is itself reducible in an appropriate sense.

Theorem 2.3.4. An SSGM process is irreducible if and only if there does not exist a
nontrivial subspace W ¢ V such that gX(x)W =W and gX(x)W§ =W§ for all x g 0.

Proof. Assume first that X is not irreducible, i.e. X = X1 +X2 and V =W ·W§, with
X1 supported on W and X2 supported on W§. By assumption X1 is independent of X2.
Denote by p1 the orthogonal projection onto W and p2 the orthogonal projection onto W§.
Since RXi(1, 1) = piRX(1, 1)pi = pi which is the identity on W and W§ respectively, we
have that ï·, ·ðX1 and ï·, ·ðX2 are just the restrictions of ï·, ·ðX to W ×W and W§ ×W§

respectively. Denote by gX1(x) : W → W and gX2(x) : W§ → W§ the associated
semigroups of X1 and X2 respectively. We show that gX(x) = gX1(x)p1 + gX2(x)p2.
Clearly, for any v ∈ V we have v = p1v + p2v and hence also piX = Xi. Furthermore
p∗1 = p1 and p∗2 = p2. For any v, u ∈ V we obtain

ïv, gX(x)uðX = ïv, R̃X(e−x, 1)uðX = E[ïv,Xe−xðXïu,X1ðX ]
= E

[
ïv,X1

e−x +X2
e−xðXïu,X1

1 +X2
1 ðX

]
.

Since X1 is independent of X2 we have

E[ïv,X1
e−xðXïu,X2

1 ðX ] = E[ïv,X2
e−xðXïu,X1

1 ðX ] = 0,
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2.3. Proofs

and hence

E
[
ïv,X1

e−x +X2
e−xðXïu,X1

1 +X1
2 ðX

]
= E

[
ïv,X1

e−xðXïu,X1
1 ðX + ïv,X2

e−xðXïu,X2
1 ðX

]

= E
[
ïp1v,X1

e−xðXïp1u,X1
1 ðX + ïp2v,X2

e−xðXïp2u,X2
1 ðX

]

= ïp1v, gX1(x)p1uðX + ïp2v, gX2(x)p2uðX
= ïv, (gX1(x)p1 + gX2(x)p2)uðX .

Conversely, assume that there exists a nontrivial subspace W such that W and W§

are invariant under gX(x). We show that X1 := p1X and X2 := p2X are independent
SSGM processes. Clearly, X = X1 +X2, and since p1, p2 are both linear, X1 and X2 are
H-self-similar Gaussian. It remains to show that they are independent and Markovian.
For Gaussian processes it is enough to show pointwise independence. For 0 f s f t and
v, u ∈ V we have

E[ïv,X1
s ðXïu,X2

t ðX ] = E[ïp1v,XsðXïp2u,XtðX ]
= ïp1v, R̃X(s, t)p2uðX = t2Hïp1v, gX(log(t/s))p2uðX = 0,

where the last equality follows from p1v ∈ W and gX(log(t/s))p2u ∈ W§. In the same
manner we obtain independence for s > t. For any v, u ∈ V we have

E[ïv,X1
e−xðXïu,X1

1 ðX ] = E[ïp1v,Xe−xðXïp1u,X1ðX ] = ïv, p1gX(x)p1uðX .

Hence gX1(x) = p1gX(x)p1. Analogously, we get gX2(x) = p2gX(x)p2. It follows that
gX1(x) and gX2(x) are semigroups, and hence X1 and X2 satisfy condition (iv) in
Theorem 2.3.3.

We can now prove our main results.

Proof of Theorem 2.2.11. Sufficiency: Define

R̃(s, t) = t2Hg(log(t/s)), 0 < s f t,

and set R̃(s, t) = R̃(t, s)∗ for s > t, where the adjoint is with respect to ï·, ·ð. We
now apply Theorem 2.3.3 to R̃, where V is equipped with the inner product ï·, ·ð.
Assumption (i) follows from Definition 2.2.9, as does (iv), using also the calculation
above (2.2.3). Assumption (ii) is clear by definition of R̃, and (iii) easily reduces to

∥g(x)∥op f e−Hx, x g 0. (2.3.2)

Hence there exists a Gaussian Markov process X with covariance kernel R̃. The resulting
process X is self-similar by Theorem 2.2.3. The uniqueness assertion follows from
Theorem 2.3.1.

Necessity: Let R be the covariance kernel of X w.r.t. ï·, ·ð. As in Definition 2.2.10, we
put gX(x) = R̃(e−x, 1). It is easy to see that part (iii) of Theorem 2.3.3 shows that (2.2.4)
holds for ï·, ·ðX = ï·, R(1, 1)−1·ð.
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The following characterization of locally bounded matrix semigroups is proven in chapter
3. It holds for V as at the beginning of Section 2.2, with an arbitrary inner product
ï·, ·ð, and we write ∥ · ∥ for the corresponding operator norm. Below, the theorem will be
applied to ï·, ·ð = ï·, ·ðX .

Theorem 2.3.5. Let (g(x))xg0 be a semigroup in L(V ) such that ∥g(x)∥ f f(x) for all
x g 0 with f being locally bounded and right-continuous at 0 with f(0) = 1. Then there
exists an orthogonal decomposition V =

⊕n
i=1 Vi such that each Vi is invariant under g(x)

and either g(x) is elementary on Vi, or g(x)|Vi = 0 for x > 0. Here, elementary means
that the semigroup is of the form (ii) or (iii) in Theorem 2.2.15.

Proof of Theorem 2.2.15. Let X be an irreducible SSGM process. By Theorem 2.3.4, V
does not have a decomposition into nontrivial orthogonal subspaces which are invariant
under gX . By Theorem 2.2.11, we have ∥gX(x)∥X f e−Hx, and hence we can apply
Theorem 2.3.5. Because of the irreducibility this decomposition has to be trivial, and
hence either gX(x) is elementary on V or gX(x) ≡ 0. If gX(x) ≡ 0 for x > 0 then X is
white noise. In this case, for any decomposition V = W ·W§ the projections pW (X)
and pW⊥(X) are again H-self-similar white noise. Since they are white noise they are
also Markovian. In order for X to be irreducible any such decomposition has to be trivial
and hence V must be one-dimensional.

2.4. Volterra representation

We now assume V = Rd, equipped with the standard inner product, and our goal is to
give a Volterra representation of a continuous centered SSGM process X with semigroup
(exp(Mx))xg0 satisfying

∥eHx exp(Mx)∥X < 1, x > 0. (2.4.1)

Thus, we consider the non-degenerate case (ii) of Theorem 2.2.15, and the bound at the
end of that theorem is assumed to be strict. We will show that there is a (deterministic)
kernel K(s, t) such that X equals

∫ ·
0K(s, ·)dWs in distribution, where W is a Brownian

motion; this is commonly referred to as a Volterra representation of the process. Under
the standard inner product, the covariance kernel of X takes the form

R(s, t) = t2H exp(M log(t/s))A−1, 0 < s < t, (2.4.2)

where A := R(1, 1)−1 is a positive definite real matrix satisfying

ïu, vðX = uTAv, u, v ∈ Rd.

Lemma 2.4.1. Under the above assumptions, the matrix MTA+AM + 2HA is negative
definite.

Proof. By the Lumer–Phillips theorem (see Remark 2.2.17), the bound ∥ exp((M +
H id)x)∥X f 1 shows that ï(M +H id)v, vðX f 0. By Theorem 4.4.1 in chapter 4, the
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2.4. Volterra representation

strict bound (2.4.1) implies the stronger assertion

ï(M +H id)v, vðX < 0, 0 ̸= v ∈ Rd.

(While the standard inner product is considered in chapter 4, the proof of the theorem
we have just used easily extends to an arbitrary inner product on Rd.) We have, by
symmetry of the inner product,

2ï(M +H id)v, vðX = ï(M +H id)v, vðX + ïv, (M +H id)vðX
= vT(MTA+AM + 2HA)v.

Lemma 2.4.2. Given a d× d matrix Q with limx→∞ exp(Qx) = 0 and a d× d matrix
P , we have, in the sense of the Cauchy principal value,

P = −
∫ ∞

0
exp(QTx)(QTP + PQ) exp(Qx)dx.

Proof. We have d
dx exp(Q

Tx)P exp(Qx) = exp(QTx)(QTP + PQ) exp(Qx), and hence

∫ t

0
exp(QTx)(QTP + PQ) exp(Qx)dx = exp(QTt)P exp(Qt)− P.

We conclude by taking the limit t→ ∞.

The following theorem is the main result of this section.

Theorem 2.4.3. Let X, H, M , and A be as at the beginning of this section. In particular,
(2.4.1) holds. Define

K(s, t) = tH−1/2A−1 exp(S log(t/s))U, 0 < s < t,

where U is a positive definite solution to U2 = −(MTA + AM + 2HA), and S =
MT + (H + 1/2) id. Then the centered Gaussian process defined by

X̃t =

∫ t

0
K(s, t)dWs, t g 0,

where (Wt)tg0 is a standard d-dimensional Brownian motion, has covariance kernel (2.4.2).
Therefore, it equals X in distribution.

Proof. Note that U is well-defined by Lemma 2.4.1. We assume 0 < s f t throughout
the proof. Clearly, we have

RX̃(s, t) = E[X̃s(X̃t)
T] =

∫ s

0
K(u, s)K(u, t)Tdu,

where the second equality follows from Ito’s isometry. From K(s, t) = tH−1/2K(s/t, 1)
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we obtain
∫ s

0
K(u, s)K(u, t)Tdu = (st)H−1/2

∫ s

0
K(u/s, 1)K(u/t, 1)Tdu,

and substituting u = sr yields

(st)H−1/2

∫ s

0
K(u/s, 1)K(u/t, 1)Tdu = sH+1/2tH−1/2

∫ 1

0
K(r, 1)K(rs/t, 1)Tdr.

Now

K(r, 1)K(rs/t, 1)T = A−1 exp(S log(1/r))U2 exp(ST log(1/r)) exp(ST log(t/s))A−1.

Hence

sH+1/2tH−1/2

∫ 1

0
K(r, 1)K(rs/t, 1)Tdr

= sH+1/2tH−1/2A−1

∫ 1

0
exp(S log(1/r))U2 exp(ST log(1/r))dr exp(ST log(t/s))A−1

= A−1

[∫ ∞

0
exp((MT +H id)x)U2 exp((M +H id)x)dx

]
t2H exp(M log(t/s))A−1,

where we made the substitution r = e−x. It suffices to calculate the integral

∫ ∞

0
exp((MT +H id)x)U2 exp((M +H id)x)dx.

Since ∥ exp((H id+M)x)∥X < 1 for x > 0 by (2.4.1), we have the bound

∥ exp((H id+M)x)∥X < (∥ exp((H id+M))∥X)n, (2.4.3)

where n = +x,. Clearly this converges to 0 as n → ∞. Setting Q := M + H id and
P := A in Lemma 2.4.2, we obtain

∫ ∞

0
exp((MT +H id)x)U2 exp((M +H id)x)dx = A. (2.4.4)

Note that the integral exists, not just as a Cauchy principal value, by the estimate (2.4.3).
Rewriting (2.4.4) yields

∫ s

0
K(u, s)K(u, t)Tdu = t2H exp(M log(t/s))A−1.
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2.5. Impossibility of Volterra representations

2.5. Impossibility of Volterra representations

In this Section we expand on section 2.4 to discuss under what condition it is impossible
to give a Volterra representation. Let X be a continuous irreducible centered SSGM
process with self similarity coefficient H. The covariance kernel is of the form

R(s, t) = t2H exp(M log(t/s))

for t g s under the intrinsic inner product ï·, ·ðX . The space WM = {v| ∀x g 0 :
|| exp(Mx)v|| = e−Hx } and its orthogonal complement are invariant under the semi
group action of exp(Mx) (see Lemma 4.4.4) and hence invariant under the covariance
kernel. Since X is irreducible either WM or W§

M is the entire space.

The ability to give a Volterra representation of a self similar process is equivalent
to the right limit of its filtration at time 0 being trivial, i.e. ∩tg0FX

t as shown in [43].
Equivalently by defining the set of random variables

HX(t) := span{ïXs, vð|s f t, v ∈ V } (2.5.1)

where the closure is taken in L2(P) with P being the measure induced by X, we have the
following theorem, which is Theorem 2.1 in [74]:

Theorem 2.5.1. The centered self similar Gaussian process X admits a Volterra repres-
entation if and only if

⋂
t>0HX(t) is the L2(P) subspace spanned by constant functions.

Processes satisfying (2.5.1) are called purely non-deterministic. In contrast any process
for which the sets HX(t) remain constant for t > 0 or equivalently the filtration remains
constant for t > 0 is called deterministic.

Lemma 2.5.2. Let X be an irreducible continuous centered SSGM process with self
similarity coefficient H. If || 1

(ts)H
R(s, t)||op = 1 for some fixed 0 < s < t and thus for any

t g s > 0, then X is deterministic.

Proof. We have R(s, t) = t2H exp(M log(t/s)) for 0 < s f t. In order to show that X is
deterministic we show that HX(t) = HX(s) for all 0 < s < t. Since || 1

(ts)H
R(s, t)||op = 1

we have that WM is the entire space and thus exp([M +H id]x) is an isometry, i.e. for
any w there exists v such that exp(M log(t/s))w = e−H log(t/s)v and ||w|| = ||v||. This is
equivalent to R(s, t)w = (st)Hv. We have

〈( t
s

)H
v,
( t
s

)H
R(s, s)v

〉

︸ ︷︷ ︸
=t2H

+
〈
w,R(t, t)w

〉

︸ ︷︷ ︸
=t2H

−2
〈( t

s

)H
v,R(s, t)w

〉

︸ ︷︷ ︸
=t2H

= 0.

The above expression is equivalent to

E

[(〈
Xt, w

〉
−
〈
Xs,

( t
s

)H
v
〉)2]

= 0
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and hence we have
〈
Xt, w

〉
=
〈
Xs,

(
t
s

)H
v
〉

almost surely. Since w was arbitrary we

obtain HX(t) ¢ HX(s) and thus HX(t) = HX(s). It follows that X is deterministic and
hence does not admit a Volterra representation.

Remark 2.5.3. If one assumes Xt =
∫ t
0 k(s, t)dWs for some L2 integrable kernel then

we obtain HX(t) ¢ HW (t) and hence X must satisfy the condition of Theorem 2.5.1.
Hence one can see that it is impossible for a deterministic process to have a Volterra
representation.

Corollary 2.5.4. Let X be an irreducible continuous centered SSGM process with self
similarity coefficient H > 0. If || 1

(ts)H
R(s, t)||op < 1 for any t g s > 0 then X is purely

non-deterministic.

Proof. Since || 1
(ts)H

R(s, t)||op < 1 and X is irreducible we obtain

|| exp(Mx)v|| < e−Hx

for all v ≠ 0 and x > 0. By Theorem 2.4.3 X admits a Volterra representation and hence
it is purely non-deterministic.

Theorem 2.5.5. If X is an irreducible continuous centered SSGM process then it is
deterministic if eHxgX(x) is a semigroup of isometries and hence there does not exists a
Volterra representation. Otherwise there exists a Volterra representation and X is purely
non-deterministic.

Proof. This follows from Corollary 2.5.4 and Lemma 2.5.2 and the fact that due to
the irreduciblity of X either WM or its orthogonal complement is the entire space.
Theorem 2.5.1 implies the non existence of a Volterra representation in the deterministic
case. If X is non-deterministic, then by Lemma 2.5.1 the semigroup eHxgX(x) satisfies
||eHxgX(x)||op < 1 and thus by Theorem 2.4.3 there exists a Volterra representation and
thus X is purely non-deterministic.

2.6. One-dimensional processes

Specializing our multi-dimensional characterization results, Theorem 2.2.11 and The-
orem 2.2.15, we easily easily recover Theorem 1.2.3:

Theorem 2.6.1. If X is an R-valued H-SSGM process which is not white noise (see
Definitions 2.2.7 and 2.2.12), then

(Xt)t>0 ∼ (at2H+MW (t−2H−2M ))t>0,

where M ∈ R, a = R(1, 1)1/2 > 0, H +M f 0 and (W (t))tg0 is a standard Brownian
motion. The covariance function of X is R(s, t) = a2t2H(t/s)M , 0 < s f t.
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2.7. Proving non-Markovianity of one-dimensional processes

Proof. Since X is one-dimensional, it has to be irreducible. As X is not white noise,
Theorem 2.2.15 yields gX(x) = eMx for some M ∈ R. We obtain R̃(s, t) = t2H(t/s)M for
t g s > 0; recall that R̃ is the covariance kernel with respect to the inner product ï·, ·ðX .
By multiplying with R(1, 1) =: a2, we obtain R(s, t) = a2t2H(t/s)M . It remains to check
the contractivity condition on gX . By Theorem 2.2.11 we must have ∥gX(x)∥X f e−Hx.
Since ïx, yðX = a−2xy, we obtain ∥gX(x)∥X = eMx. It follows that H +M f 0 (cf.
Remark 2.2.17). One can easily check that at2H+MW (t−2H−2M ) has the same covariance
kernel.

The pointwise limit

lim
M→−∞

a2t2H(t/s)M =

{
a2t2H s = t,

0 s < t,

of the covariance function R(s, t) = a2t2H(t/s)M is positive definite as well, and defines a
white noise process (for a > 0), which is also self-similar and Markovian. This corresponds
to case (i) in Theorem 2.2.15, and we have thus characterized all one-dimensional SSGM
processes.

Remark 2.6.2. As for Volterra representations in dimension one (cf. Section 2.4), note
that the borderline case H +M = 0 leads to the degenerate process Xt = atHW (1), with
R(s, t) = a2(st)H , which does not have a Volterra representation by Theorem 2.5.2. If
H +M < 0, which is (2.4.1) for d = 1, Theorem 2.4.3 shows that the processes from
Theorem 2.6.1 have a Volterra representation with kernels

K(s, t) = ãtH−1/2(t/s)M+H+1/2, 0 < s < t,

where ã = a
√
−2(H +M).

2.7. Proving non-Markovianity of one-dimensional processes

As hinted at in the introduction, the initial goal was a unification and simplification of non-
Markovianity proofs found in the literature. The following corollary should be applicable to
virtually any self-similar non-Markovian Gaussian process with explicit covariance function.
For example, it easily shows that the processes defined in [18, 65, 66, 67, 78] are not
Markovian. Note that in [18] and [65] it is just stated that the standard condition (2.2.2)
for Markovianity of Gaussian processes is easy to refute for the processes they consider.
In [66, 67], the Markov property is not mentioned. In [78], (2.2.2) is used directly to
prove non-Markovianity.

Definition 2.7.1. Two real functions f and g are asymptotically equivalent at infinity,
denoted by f ∼ g, if limx→∞ f(x)/g(x) = 1.

Corollary 2.7.2. Let X be a centered self-similar one-dimensional Gaussian process
with covariance R(s, t) = E[XsXt] and R(1, 1) = 1. If the covariance R(t1/2, t) has an
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asymptotic expansion at infinity which contains more than one power of t, or a term
that is not asymptotically equivalent to a power of t with coefficient 1, then X is not
Markovian.

Proof. If X is Markovian, then its covariance function satisfies R(t1/2, t) = t2H+M/2, by
Theorem 2.6.1. This implies the assertion, by uniqeness of asymptotic expansions (see
Section 1.5 in [28], or any other treatise on asymptotic expansions).

Other functions of t than t1/2 could be used, of course, but in all examples from the
literature we are aware of, putting s = t1/2 seems convenient.

Example 1. The Riemann-Liouville process Xt =
√
2H
∫ t
0 (t− s)H−1/2dWs, where W is

a Brownian motion and H > 0, is H-self-similar. We have R(s, t) = s2H l((t− s)/s) for
0 < s f t, where (see, e.g., [69])

l(u) := 2H

∫ 1

0

(
(v + u)v

)H−1/2
dv =

4HuH−1/2

2H + 1
2F1

( 1
2 −H,H + 1

2

H + 3
2

∣∣∣−1

u

)
.

Since the hypergeometric function 2F1 is analytic at zero and 2F1(0) = 1, we have

R(t1/2, t) ∼ 4H

2H + 1
t3H/2−1/4, t ↑ ∞.

By Corollary 2.7.2, the process can only be Markovian if 4H/(2H + 1) = 1, i.e. H = 1
2 .

We conclude that the Riemann-Liouville process is not Markovian for H ∈ (0,∞) \ {1
2}.

While this has been mentioned in the literature, we are not aware of any published
proof. Consequently, the volatility process in the rough Bergomi model [11] from financial
mathematics, which is defined as an exponential of the Riemann-Liouville process, is not
Markovian.

The generalized fractional Brownian motion of Pang and Taqqu [47, 61] is a centered
Gaussian process with two parameters µ ∈ [0, 1) and ³ ∈ (−1

2 − 1
2µ,

1
2 +

1
2µ). Its covariance

function is

R(s, t) = c2
∫ s

0
(t− u)³(s− u)³u−µdu

+ c2
∫ ∞

0

(
(t+ u)³ − u³

)(
(s+ u)³ − u³

)
u−µdu

=: c2I1(s, t) + c2I2(s, t), 0 f s f t, (2.7.1)

where c > 0 is a normalization constant that can be expressed in terms of the gamma
and beta functions. This process is self-similar with exponent

H = ³− µ

2
+

1

2
.

The special case µ = ³ = 0 is the standard Brownian motion. The Markov property has
not been considered yet for generalized fractional Brownian motion.
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2.7. Proving non-Markovianity of one-dimensional processes

Theorem 2.7.3. Unless µ = ³ = 0, the generalized fractional Brownian motion defined
by the covariance function (2.7.1) is not a Markov process.

Proof. We use Corollary 2.7.2, which requires the expansion of R(
√
t, t) as t ↑ ∞. The

integral I1 can be expressed by the hypergeometric function (see 15.6.1 in [30]),

I1(
√
t, t) =

Γ(³+ 1)Γ(1− µ)

Γ(³− µ + 2)
t3³/2−µ/2+1/2

2F1

(−³, 1− µ

2 + ³− µ

∣∣∣ 1√
t

)
. (2.7.2)

In the integral I2, we substitute u = tv and split the integration range,

I2(
√
t, t) = t2³−µ+1

(∫ t−1/4

0
+

∫ ∞

t−1/4

)(
(1 + v)³ − v³

)(
(t−1/2 + v)³ − v³

)
v−µdv

=: t2³−µ+1
(
I21(

√
t, t) + I22(

√
t, t)
)
. (2.7.3)

For ³ g 0 and 0 f v f t−1/4, we have (1 + v)³ − v³ ∼ 1, and thus

I21(
√
t, t) ∼

∫ t−1/4

0

(
(t−1/2 + v)³ − v³

)
v−µdv,

which yields

I21(
√
t, t) ∼ 1

1− µ
t−³/2+µ/4−1/4

2F1

(−³, 1− µ

2− µ

∣∣∣− t1/4
)
− t−³/4+µ/4−1/4

³− µ + 1
. (2.7.4)

If ³ < 0, then (1 + v)³ − v³ ∼ −v³, and we obtain

I21(
√
t, t) ∼

∫ t−1/4

0

(
v³ − (t−1/2 + v)³

)
v³−µdv

=
t−³/2+µ/4−1/4

2³− µ + 1
− t−3³/4+µ/4−1/4

³− µ + 1
2F1

(−³, ³− µ + 1

³− µ + 2

∣∣∣− t1/4
)
.

For t−1/4 < v, we have v
√
t ↑ ∞, hence

(t−1/2 + v)³ − v³ =
³√
t
v³−1 +

³(³− 1)v³−2

2t
+O(v³−3t−3/2), (2.7.5)

and thus

I22(
√
t, t) ∼ ³√

t

∫ ∞

t−1/4

(
(1 + v)³ − v³

)
v³−µ−1dv. (2.7.6)

If ³ > µ, this is ³c0t
−1/2 +O(t−3/4), because the integral

c0 :=

∫ ∞

0

(
(1 + v)³ − v³

)
v³−µ−1dv
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exists. If ³ f µ, then (2.7.6) implies

I22(
√
t, t) ∼ ³√

t

∫ 1/2

t−1/4

(
1 +O(v)− v³

)
v³−µ−1dv (2.7.7)

∼ ³√
t

∫ 1/2

t−1/4

(1− v³)v³−µ−1dv (2.7.8)

=





³√
t

(
t−³/2+µ/4

2³−µ + t−³/4+µ/4

µ−³ +O(1)
)
, ³ < µ,

µ log t+O(1)

4
√
t

, ³ = µ.

From these estimates and the well-known expansion of the hypergeometric function, it
is now a straightforward matter to check that the expansion of R(

√
t, t) as t ↑ ∞ has at

least two terms. A case distinction according to the values of ³ and µ is required, but
as all cases are easy and rather similar, we just make the case where ³ > 0 and ³ > µ
explicit, and make this assumption throughout the rest of the proof. By (2.7.2) and
§15.12(i) of [30],

I1(
√
t, t) =

Γ(³+ 1)Γ(1− µ)

Γ(³− µ + 2)
t3³/2−µ/2+1/2

+
³(µ − 1)Γ(³+ 1)Γ(1− µ)

Γ(³− µ + 3)
t3³/2−µ/2

(
1 + o(1)

)
. (2.7.9)

Using §15.12(i) of [30] in (2.7.4) shows that the first term of the expansion of 2F1 cancels
with the power of t at the end of (2.7.4), and the second term of the expansion of 2F1

yields

I21(
√
t, t) ∼ ³

³− µ
t−³/4+µ/4−1/2.

As noted after (2.7.6), I22(
√
t, t) = ³c0t

−1/2+O(t−3/4). (Reasoning analogously to (2.7.8),
it is easy to see that the term resulting from the second term on the right hand side
of (2.7.5) is of lower order.) Since

−³
4
+
µ

4
− 1

2
> −3

4
,

we have

I21(
√
t, t) + I22(

√
t, t) = ³c0t

−1/2 +
³

³− µ
t−³/4+µ/4−1/2

(
1 + o(1)

)
. (2.7.10)

Then, by

2³− µ + 1 +
(
−³
4
+
µ

4
− 1

2

)
>

3³

2
− µ

2
+

1

2
,

we see from (2.7.3), (2.7.9) and (2.7.10) that I1 does not contribute to the first two terms
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2.7. Proving non-Markovianity of one-dimensional processes

of the expansion of (2.7.1), and so

R(
√
t, t) = ³c0c

2t2³−µ+1/2 +
³c2

³− µ
t7³/4−3µ/4+1/2

(
1 + o(1)

)
, t ↑ ∞.

As both coefficients in this expansion are clearly non-zero, and ³ > µ implies that the
two exponents are different, we can apply Corollary 2.7.2.
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3. A characterization of real matrix

semigroups

We characterize all real matrix semigroups, indexed by the non-negative reals, which satify
a mild boundedness assumption, without assuming continuity. Besides the continuous
solutions of the semigroup functional equation, we give a description of solutions arising
from non-measurable solutions of Cauchy’s functional equation. To do so, we discuss the
primary decomposition and the Jordan–Chevalley decomposition of a matrix semigroup.
Our motivation stems from a characterization of all multi-dimensional self-similar Gaussian
Markov processes, which is given in a companion chapter 2.

3.1. Introduction

It is a classical fact that all continuous matrix-valued functions g : [0,∞) → Rn×n

satisfying the semigroup property

g(x+ y) = g(x)g(y), x, y g 0, (3.1.1)

g(0) = id, (3.1.2)

where id is the identity matrix, are given by the maps g(x) = exp(Mx), where M ∈ Rn×n

is arbitrary. See, e.g., Problem 2.1 in [35] and the subsequent discussion. To the best of
our knowledge, few authors have considered non-continuous solutions of (3.1.1) in the
multidimensional case d > 1. Kuczma and Zajtz [51] determine all matrix semigroups
(g(x))x∈R where x ↦→ g(x) is measurable. Zajtz [75] characterizes the matrix semigroups
(g(x))x∈Q indexed by rational numbers. The one-dimensional case, which is equivalent to
Cauchy’s functional equation,

f(x) + f(y) = f(x+ y), f : R → R, (3.1.3)

is well studied, on the other hand (see [4, 16]). Our motivation to investigate non-
continuous matrix semigroups stems from probability theory: In chapter 2, we develop
a characterization of all self-similar Gaussian Markov processes. By self-similarity, the
bivariate covariance function of such a multi-dimensional stochastic process can be
transformed to a matrix function of a single argument, which must satisfy (3.1.1). See
Section 3.2 for some more details. Our main result (Theorem 3.2.6) determines all solutions
of (3.1.1) which satisfy a mild boundedness assumption. In Section 3.3, we prepare the
proof by providing a decomposition of the vector space into invariant subspaces, and
establish some useful properties of the decomposition. The main proofs (in Section 3.5)
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are preceded by a discussion of the Jordan–Chevalley decomposition of a semigroup,
in Section 3.4. In Appendix 3.A, we give two auxiliary results on Cauchy’s functional
equation.

3.2. Preliminaries and main result

To state our main result, define the rotation matrix

Q(¹) =

(
cos(¹) sin(¹)
− sin(¹) cos(¹)

)
, ¹ ∈ R,

and, for even k and a function ¿ : R → R, the block-diagonal matrix

Q¿k(x) :=



Q(¿(x)) 0

. . .

0 Q(¿(x))


 ∈ Rk×k (3.2.1)

consisting of k/2 rotation matrices. In our statements, ¿ will denote some non-measurable
(equivalently, non-continuous) solution of (3.1.3). The following assumption is in force
throughout the chapter.

Assumption 3.2.1. In the following, V denotes a real d-dimensional vector space equipped
with an inner product ï·, ·ð.

Definition 3.2.2. We write L(V ) for the set of linear maps from V to itself. The operator
norm induced by the inner product ï·, ·ð is denoted by ∥ · ∥op. If the basis is clear from the
context, we will identify elements of L(V ) and d× d matrices.

Definition 3.2.3. We say that g : Rg0 → L(V ) is a semigroup if g(0) = id and

g(x+ y) = g(x)g(y)

for all x, y g 0. Semigroups acting on V C, the complexification of V , are defined by the
same property.

Definition 3.2.4. We say that a semigroup (g(x))xg0 in L(V ) is elementary if there
exists an orthonormal basis such that

g(x) = exp(Mx), x g 0, or g(x) = Q¿d(x) exp(Mx), x g 0,

for some non-continuous ¿ satisfying Cauchy’s equation (3.1.3) and some matrix M ∈
Rd×d.

Assumption 3.2.5. The semigroup g(x)xg0 satisfies ∥g(x)∥op f f(x) for x g 0, where
the function f : [0,∞) → R is locally bounded, right-continuous at 0 and satisfies f(0) = 1.

We can now state our main theorem, which will be proven at the end of Section 3.5.
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3.3. Primary decomposition for semigroups

Theorem 3.2.6. Let (g(x))xg0 be a semigroup satisfying Assumption 3.2.5. Then there
exists an orthogonal decomposition V =

⊕n
i=1 Vi such that each Vi is invariant under g(x),

and either g(x) is elementary on Vi or g(x)|Vi = 0 for x > 0.

We call g((x))xg0 degenerate if g(x) = 0 for x > 0.

Example 2. Let c ∈ R, and let f : R → R be a non-continuous solution of Cauchy’s
functional equation (3.1.3). Then the semigroup given by

g(x) :=

(
cos(f(x)) − sin(f(x))
sin(f(x)) cos(f(x))

)
ecx, x g 0,

is an example of a semigroup covered by Theorem 3.2.6 (by putting d = 2 and M = c id
in Definition 3.2.4), but not the previous results mentioned at the beginning of the
introduction. It illustrates that, in contrast to dimension one, a two-dimensional locally
bounded semigroup need not be continuous.

3.3. Primary decomposition for semigroups

In this section, we discuss a decomposition of V into subspaces which are invariant for
the given semigroup.

Definition 3.3.1. Let S be a linear operator on the vector space V . A subspace U ¦ V
is called S-invariant if S maps U into U .

The primary decomposition theorem from linear algebra [59, Theorem 1.5.1] decomposes
a vector space into invariant subspaces for a given operator. On each subspace, the operator
has a single real eigenvalue or a pair of conjugate complex eigenvalues. Instead of a single
operator, we need the following version for semigroups.

Theorem 3.3.2 (Primary decomposition). For any semigroup (g(x))xg0 of linear maps
acting on V there exists a decomposition V =

⊕n
i=1 Vi with dim(Vi) g 1 such that each

Vi is g(x)-invariant for all x g 0, and for all i one of the following holds:

(1) For all x g 0, g(x) has one eigenvalue ¼(x) g 0 on Vi,

(2) For all x g 0, g(x) has eigenvalues ¼(x), ¼(x) ∈ C on Vi. They may coincide (and
thus be real) for some values of x, but not for all x g 0.

Proof. It is known that the primary decomposition extends to commuting sets of matrices.
Indeed, the decomposition V =

⊕n
i=1 Vi into invariant subspaces follows from Theorem 5

on p. 40 in [48], applied to the span of the semigroup (g(x))xg0. Thus, we only need to
argue why (1) or (2) follows from the semigroup property. Assume that each g(x) has
only one eigenvalue ¼(x) ∈ R on some Vi. Since the g(x) commute, they share a common
eigenvector vi, and thus we have ¼(x)¼(y) = ¼(x+ y) for x, y g 0. Suppose ¼(x0) < 0
for some x0 > 0. Then we have ¼(x0) = ¼(x0/2)

2, and hence ¼(x0/2) ̸∈ R, contradicting
¼(x) ∈ R for all x g 0. Hence ¼(x) ∈ Rg0 for all x g 0.
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Theorem 3.3.3. Consider a semigroup g = (g(x))g0 acting on V C, the complexification
of V . Then there exists a decomposition V C =

⊕n
i=1 Vi with dim(Vi) g 1 such that, for

each i and all x g 0, the space Vi is g(x)-invariant and g(x) has only one eigenvalue
¼(x) ∈ C on Vi.

Proof. This is an immediate consequence of Theorem 5 on p. 40 in [48] (cf. the preceding
proof).

Definition 3.3.4. We call the decomposition from Theorem 3.3.2 simultaneous real
primary decomposition (SRPD) of V , omitting “w.r.t. g” if the semigroup is clear from
the context. The component Vi is of first type in case (1), and of second type in case (2).
Similarly, the simultaneous primary decomposition (SPD) is the decomposition from
Theorem 3.3.3.

Lemma 3.3.5. Let g be a semigroup acting on V , and let Vi ¦ V be a subspace of first
type from the SRPD of V . Then there exists a common eigenvector v ∈ V such that
g(x)v = ¼(x)v for all x > 0.

Proof. We present an algorithm which yields the subspace of common eigenvectors. If

Vi =: V
(0)
i itself is this subspace, then we are done. Otherwise there exists x0 > 0 such

that the eigenspace V
(1)
i of g(x0) is a strict subspace of Vi. For any y > 0 and any

v ∈ V
(1)
i we have

0 = g(y)0 = g(y)[¼(x0)v − g(x0)v]

= ¼(x0)[g(y)v]− g(x0)[g(y)v].

It follows that V
(1)
i is g(x)-invariant for all x > 0. Now either V

(1)
i consists of common

eigenvectors, or we can again find x1 > 0 such that the eigenspace V
(2)
i of g(x1) in V

(1)
i

is a strict subspace of V
(1)
i . Repeating this argument yields a sequence of nontrivial

subspaces V
(n)
i whose dimensions are strictly decreasing, hence it has to terminate.

Clearly, the final vector space in this sequence is the space of common eigenvectors of the
semigroup.

Lemma 3.3.6. Let g be a semigroup acting on V , and let Vi be a subspace from the
SRPD of V such that there exists x0 > 0 with ¼(x0) = 0. Then we have ¼(x) = 0 for all
x > 0. Furthermore Vi ¦ ker(g(x)) for all x > 0.

Proof. By the previous lemma there exists a common eigenvector v ∈ Vi. (Since com-
muting matrices are simultaneously triangularizable it follows that they share a common
eigenvector v ∈ V C.) We have

¼(x+ y)v = g(x+ y)v = g(x)g(y)v = ¼(x)¼(y)v.
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3.4. Multiplicative Jordan–Chevalley decomposition of semigroups

Hence ¼ satisfies ¼(x)¼(y) = ¼(x+ y). Since ¼(x0) = 0 we have ¼(x0/n) = 0 for all n ∈ N

since ¼(x0/n)
n = 0. Let y > 0, then there exists n ∈ N such that x0/n < y. We obtain

¼(y) = ¼(x0/n)¼(y − x0/n) = 0.

Since ¼(y) = 0 for all y > 0 it follows that the characteristic polynomial of g(y) satisfies
Çg(y)(Z) = Zdim(Vi) and hence, by the Cayley–Hamilton theorem, g(y)dim(Vi) ≡ 0. For
v ∈ Vi we obtain

g(y)v = g(y/dim(Vi))
dim(Vi)v = 0.

Corollary 3.3.7. Let g be a semigroup acting on V , with SRPD V =
⊕n

i=1 Vi. For any
x > 0 we have ker(g(x)) =

⊕
i∈I Vi, where

I = {i |Vi of type 1 with ¼ ≡ 0}.

Proof. If Vi ¦ ker(g(x)), then 0 = ¼(x) ∈ R for all x g 0 and hence Vi is of type 1. By
the previous lemma we have

ker(g(x)) §
⊕

i∈I
Vi.

If the inclusion was strict, then there would exist Vj with j ̸∈ I such that ker(g(x))∩Vj ≠ ∅.
But since g(x) is invertible on Vj this gives a contradiction, hence we have equality.

Corollary 3.3.8. Let g be a semigroup acting on V . Then there exists a decomposition
V = V1 · V2, such that g(x)|V1 is invertible for all x g 0 and g(x)|V2 ≡ 0 for x > 0.

3.4. Multiplicative Jordan–Chevalley decomposition of

semigroups

Due to Corollary 3.3.8, from now on we assume in most of our statements that g(x) is
invertible for all x g 0. A standard result from linear algebra, the Jordan–Chevalley
decomposition, asserts that any matrix A can be uniquely decomposed as A = D +N ,
where D is diagonalizable, N is nilpotent and D and N commute. If A is invertible, then
we can express it as A = D(id+D−1N) := DT with T unipotent and commuting with D.

Definition 3.4.1. For an invertible linear map A on Kd with K ∈ {R,C}, the multi-
plicative decomposition A = DT into commuting factors with D diagonalizable and T
unipotent, is called the multiplicative Jordan–Chevalley decomposition.

For background on the (multiplicative) Jordan–Chevalley decomposition, we refer to
Section 15.1 in [44]. We now analyze the structure of the multiplicative Jordan–Chevalley
decomposition of a semigroup.

Theorem 3.4.2. Let (g(x))xg0 be a semigroup of invertible linear maps acting on Kd with
K ∈ {R,C} and let g(x) = D(x)T (x) be the multiplicative Jordan–Chevalley decomposition
of each g(x). Then ((D(x))xg0) and (T (x))xg0 each form a semigroup, and the two families
commute with each other, i.e. T (x)D(y) = D(y)T (x) for all x, y g 0.
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Proof. We can w.l.o.g. assume that K = C, since by uniqueness of the Jordan–Chevalley
decomposition D(x) ∈ Rd×d and T (x) ∈ Rd×d if g(x) ∈ Rd×d for x g 0. Take the SPD
from Theorem 3.3.3, V =

⊕k
i=1 Vi, so that each g(x) has only one eigenvalue on Vi.

Denote by g(x)|Vi = Di(x)Ti(x) the multiplicative Jordan–Chevalley decomposition g(x)
restricted to Vi. Denote by ¼i(x) the eigenvalue of g(x) on Vi. Clearly, Di(x) = ¼i(x) id.
Since the (gi(x))xg0 are a commuting family of matrices, they share a common eigenvector
vi ∈ Vi. We have

¼i(x)¼i(y)vi = gi(x)gi(y)vi = gi(x+ y)vi = ¼i(x+ y)vi,

and hence (Di(x))xg0 is a semigroup. Since each Di(x) is a multiple of the identity, it
commutes with every linear map and hence

Ti(x)Ti(y) =
1

¼i(x)¼i(y)
gi(x)gi(y) =

1

¼i(x+ y)
gi(x+ y) = Ti(x+ y),

which shows that (Ti(x))xg0 is also a semigroup. The result then follows, since by
uniqueness (

⊕
Di(x))¹ (

⊕
Ti(x)) is the multiplicative Jordan–Chevalley decomposition

of g(x).

Theorem 3.4.3. Let (g(x))xg0 be a semigroup of invertible linear maps acting on V and
let g(x) = D(x)T (x) be its multiplicative Jordan–Chevalley decomposition. Then there
exist commuting real diagonalizable linear maps J(x) and commuting real nilpotent linear
maps N(x) satisfying

1. J(x) + J(y) = J(x+ y)

2. N(x) +N(y) = N(x+ y)

3. J(x)N(y) = N(y)J(x) for all x, y g 0

such that
D(x) = exp(J(x)), T (x) = exp(N(x))

and
g(x) = exp(J(x) +N(x)).

Proof. Let V =
⊕n

i=1 Vi be the SRPD and let gi(x) := g(x)|Vi . Assume first that
Vi is of first type and ¼i(x) is the single positive eigenvalue of gi(x). Then the mul-
tiplicative Jordan–Chevalley decomposition on Vi is gi(x) = ¼i(x) idTi(x). Define
Ji(x) := log(¼i(x)) id. Since Ti(x)− id is nilpotent, we have

Ni(x) := log(Ti(x)) =

d−1∑

k=1

1

k
(id−Ti(x))k.

Notice that since the logarithm converges for all unipotent matrices, the exponential map
between the Lie algebra of nilpotent matrices and the Lie group of unipotent matrices is
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3.4. Multiplicative Jordan–Chevalley decomposition of semigroups

bijective (see p. 35 in [41]). Since Ti(x) is a semigroup we have

exp(Ni(x)) exp(Ni(y)) = exp(Ni(y)) exp(Ni(x)) = exp(Ni(x+ y)).

Rewrite this as

exp(Ni(y))
−1 exp(Ni(x)) exp(Ni(y)) = exp

(
exp(Ni(y))

−1Ni(x) exp(Ni(y))
)
= exp(Ni(x)).

Since exp(Ni(y))
−1Ni(x) exp(Ni(y)) is nilpotent and exp is bijective, we have

exp(Ni(y))
−1Ni(x) exp(Ni(y)) = Ni(x).

For any t ∈ R set N t
i (x) := t id+Ni(x), which is invertible for t ̸= 0. It is clear that

N t
i (x) exp(Ni(y)) = exp(Ni(y))N

t
i (x).

Applying the same idea again yields

exp(N t
i (x)

−1Ni(y)N
t
i (x)) = exp(Ni(y)).

Again by uniqueness we obtain

N t
i (x)Ni(y) = Ni(y)N

t
i (x)

or equivalently
Ni(x)Ni(y) = Ni(y)Ni(x).

By commutativity we obtain

exp(Ni(x) +Ni(y)) = exp(Ni(x)) exp(Ni(y)) = exp(Ni(x+ y))

and hence, again by uniqueness, we have Ni(x) +Ni(y) = Ni(x+ y). It follows that Ji(x)
and Ni(x) have the desired properties.

In the second case Vi is of second type. By Theorem 3.3.3, and since gi(x) is real, Vi
decomposes over C as Vi = U1 · U2, where gi(x) has only one eigenvalue on each Uj
and U1 is isomorphic to U2 with isomorphism given by u ∈ U1 ↦→ u ∈ U2. By taking
the principal branch of the logarithm, in the same manner as in the real case we obtain
commuting J,N on U1 and J,N on U2 satisfying Cauchy’s equation such that

gi(x) = exp(J(x) +N(x))· exp(J(x) +N(x)).

Notice that J(x) = (µ(x)+i¿(x)) id, where i =
√
−1 and ¿(x) satisfies Cauchy’s functional

equation on R/[−Ã, Ã). By Lemma 3.A.1, we can lift any solution on R/[−Ã, Ã) to a
solution on R such that linearity is preserved. From now on denote this lift by ¿(x).
Hence if we choose any basis of U1 and its complex conjugate on U2 we obtain that gi(x)
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is similar to

gi(x) ∼ exp

[(
J(x) +N(x) 0

0 J(x) +N(x)

)]
.

Taking the similarity transform with the matrix

A :=
1√
2

(
id i · id

i · id id

)
,

where id = iddim(U1), we obtain

A

(
J(x) +N(x) 0

0 J(x) +N(x)

)
A−1

=

(
Re(J(x) +N(x)) Im(J(x) +N(x))
− Im(J(x) +N(x)) Re(J(x) +N(x))

)
∈ L(Vi).

Since matrix similarity over C is equivalent to matrix similarity over R for two real
matrices, there exists a real matrix Bi on Vi such that

gi(x) = exp

[
Bi

(
Re(J(x)) Im(J(x))
− Im(J(x)) Re(J(x))

)
B−1
i +Bi

(
Re(N(x)) Im(N(x))
− Im(N(x)) Re(N(x))

)
B−1
i

]
.

(3.4.1)

Setting

Ji(x) := Bi

(
Re(J(x)) Im(J(x))
− Im(J(x)) Re(J(x))

)
B−1
i = Bi

(
idµ(x) id ¿(x)
− id ¿(x) idµ(x)

)
B−1
i

and

Ni(x) := Bi

(
Re(N(x)) Im(N(x))
− Im(N(x)) Re(N(x))

)
B−1
i ,

we see that Ji and Ni satisfy the desired conditions, with Di(x) = exp(Ji(x)) and
Ti(x) = exp(Ni(x)) by uniqueness of the Jordan–Chevalley decomposition. The direct
sums

⊕n
i=1 Ji(x) and

⊕n
i=1Ni(x) give the required matrices. Furthermore in the case

where there exists x > 0 for which gi(x) has a complex eigenvalue ¼(x) = µ(x) + i¿(x)
we have

gi(x) = Bi

(
cos(¿(x)) id sin(¿(x)) id
− sin(¿(x)) id cos(¿(x)) id

)

︸ ︷︷ ︸
Ui(x)

B−1
i exp(µ(x) id+BiN(x)B−1

i ),

where Ui(x) ∈ SO(dim(Vi)). Recall the matrix defined in (3.2.1). By changing the
order of the basis, we have that Ui is similar to the block diagonal matrix (recall the
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3.5. Proof of the main result

notation (3.2.1))

Ui(x) ∼



Q(¿(x))

. . .

Q(¿(x))


 = Q¿dim(Vi)

(x). (3.4.2)

Hence
gi(x) = B̃iQ

¿
dim(Vi)

(x)B̃
−1
i exp(µ(x) id+BiN(x)B−1

i ), (3.4.3)

where B̃i is the composition of Bi with some permutation matrix P .

3.5. Proof of the main result

After providing some final preparatory results, this section ends with the proof of The-
orem 3.2.6. Consider again the SRPD from Theorem 3.3.2. Now on each Vi, g(x)
has either one positive eigenvalue ¼i(x) = eµi(x) or two complex conjugate eigenvalues
¼i(x) = eµi(x)+i¿i(x) and ¼i(x) = eµi(x)−i¿i(x), where it is possible that ¿i(x) = Ã for some
values of x. If Vi is of first type, set ¿i(x) = 0. Each ¿i is a solution to Cauchy’s functional
equation (3.1.3). Consider then the set {f |f = ¿i or f = −¿i for some 1 f i f n} and
partition it into equivalent solutions, according to Definition 3.A.2. This then gives a
partition of the index set {1, . . . , n} =

⋃k
l=1 Il in the following manner: If ¿i ∼ ¿j or

¿i ∼ −¿j , then i, j are in the same subset of the partition. This is well-defined, since if
f ∼ g then −f ∼ −g. Set Wl :=

⊕
i∈Il Vi.

Definition 3.5.1. We call the decomposition V =
⊕k

i=1Wi the partitioned SRPD of V .

Furthermore associate with each Wj one solution ¸j of Cauchy’s equation such that
¸j ∼ ¿i with i ∈ Ij . If ¸j is linear we always take ¸j ≡ 0. Notice that for i ̸= j we
have ¸i ̸∼ ¸j , hence there can be at most one Wi with ¸i = 0, and furthermore this
is the only Wi which can have odd dimension since it contains all Vj of type 1 (recall
Definition 3.3.4).

Theorem 3.5.2. Let (g(x))xg0 be a semigroup of invertible linear maps acting on V ,
and denote by V =

⊕k
i=1Wi its partitioned SRPD. Denote by ¸i the solution associated

with Wi. If ¸i is non-continuous, then there exists a change of basis Ai on Wi such that

g(x)|Wi = AiQ
¸i
di
(x)A−1

i exp(Gi(x)),

where di = dim(Wi), and

AiQ
¸i
di
(x)A−1

i Gi(y) = Gi(y)AiQ
¿i
di
(x)A−1

i

for all x, y g 0. If ¸i = 0, then

g(x)|Wi = exp(Gi(x)).
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In both cases Gi(x) : Wi → Wi is a commuting family of matrices on Wi satisfying
Cauchy’s functional equation. Furthermore, if v is a common eigenvector of (Gi(x))xg0

such that Gi(x)v = [µ(x) + i¿(x)]v, then ¿ is linear in x.

Proof. Assume first that ¸i, the associated solution of Cauchy’s functional equation, is
non-continuous. For each Wi we have the decomposition Wi =

⊕
j∈Ii Vj where Vj are

subspaces from the SRPD. Since ¸i is non-continuous, each Vj in the direct sum has to
be of second type, hence by (3.4.3) on each Vj we have

gj(x) = B̃jQ
¿j
dim(Vj)

(x)B̃
−1
j exp

(
µ(x) id+BjN(x)B−1

j

)
.

By definition of ¸i we have ¸i ∼ ¿j and hence there exists cj ∈ R such that ¿j(x) =
¸i(x) + cjx. Let

Cj := cj



L

. . .

L




with

L :=

(
0 1
−1 0

)
,

where Cj is of dimension dim(Vj)× dim(Vj). Then we have

gj(x) = B̃jQ
¿j
dim(Vj)

(x)B̃
−1
j exp

(
µj(x) id+BjNj(x)B

−1
j

)

= B̃jQ
¸i
dim(Vj)

(x) exp(Cjx)B̃
−1
j exp

(
µj(x) id+BjNj(x)B

−1
j

)

= B̃jQ
¸i
dim(Vj)

(x)B̃
−1
j exp

(
B̃jCjxB̃

−1
j + µj(x) id+BjNj(x)B

−1
j

)
.

Set G̃j(x) := B̃jCjxB̃
−1
j + µj(x) id+BjNj(x)B

−1
j . Then

Ai :=
⊕

j∈Ii
B̃j and Gi(x) :=

⊕

j∈Ii
G̃j(x) (3.5.1)

satisfy

g(x)|Wi =
⊕

j∈Ii
gj(x) = AiQ

¸i
di
(x)A−1

i exp(Gi(x)).

By construction the common eigenvalues of exp(Gi(x)) satisfy ¼(x) = eµj(x)±icjx. If
¸i ≡ 0, then by Theorem 3.4.3 there exists Gi(x) such that g(x)|Wi = exp(Gi(x)). By the
definition of Wi, it follows that the imaginary parts of the eigenvalues of Gi(x) have to
be equivalent to ¸i ≡ 0, hence they have to be linear.

Theorem 3.5.3. Let g be a non-degenerate semigroup acting on V which satisfies
Assumption 3.2.5. Then there exists a matrix M and a semigroup S(x) ∈ SO(d), where
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3.5. Proof of the main result

SO(d) is the set of special orthogonal matrices, such that

g(x) = S(x) exp(Mx), x g 0,

with M commuting with S(x).

Proof. Consider the SRPD V =
⊕n

i=1 Vi from Theorem 3.3.2, and define gi(x) := g(x)|Vi .
Clearly, ∥gi(x)∥op f ∥g(x)∥op f f(x). For each eigenvalue ¼i(x) = eµi(x)+i¿i(x) on Vi we
have

|¼i(x)| f ∥gi(x)∥op f f(x).

Since ¼i(x)¼i(y) = ¼i(x + y), we have |¼i(x)||¼i(y)| = |¼i(x + y)|. Moreover, µi(x) =
log(|¼i(x)|), and so µi(x) f log(f(x)) for x g 0 and µi(x) + µi(y) = µi(x+ y). It follows
that µi is locally bounded and hence that µi(x) = aix for some ai g 0. As in the proof of
Theorem 3.4.3, on Vi we have gi(x) = exp(Ji(x))Ti(x) where Ji(x) is diagonalizable with
eigenvalues aix± i¿i(x), and thus

∥Ti(x)∥op f f(x)e−aix.

As in Theorem 3.4.3, set

Ni(x) := log(Ti(x)) =
d−1∑

k=1

1

k
(id−Ti(x))k.

Then, since ∥ id−Ti(x)∥op f 1 + f(x)e−aix, we obtain

∥Ni(x)∥op f
d−1∑

k=1

1

k
∥ id−Ti(x)∥kop f

d−1∑

k=1

1

k

(
1 + f(x)e−aix

)k
=: F (x), (3.5.2)

where F (x) is again locally bounded. Since the operator norm in finite dimensions is
equivalent to the L∞-norm, it follows that each entry of Ni(x) is locally bounded and
satisfies Cauchy’s functional equation. Thus, there exists a nilpotent linear map Pi
such that Ni(x) = Pix. Let V =

⊕k
i=1Wi be the partitioned SRPD of V . Assume

first that the solution associated with Wi is ¸i ≡ 0. Since Wi =
⊕

j∈Ii Vj we have
g(x)|Wi =

⊕
j∈Ii exp(Jj(x) + Pjx). The real part of the eigenvalues of Jj(x) is linear in

x and by Theorem 3.5.2 also the complex parts have to be linear since ¿i ≡ 0. Since
Jj(x) is diagonalizable and all its eigenvalues are continuous in x, Jj(x) is continuous
in x and hence Jj(x) = M̃ jx. Setting Mi :=

⊕
j∈Ii(M̃ j + Pj) and Si(x) = id yields

g(x)|Wi = Si(x) exp(Mix). By Theorem 3.5.2 and (3.5.1), we have for Wi with ¸i non-
continuous

g(x)|Wi = AiQ
¸i
di
(x)A−1

i exp(Gi(x))
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with

Gi(x) =
⊕

j∈Ii

(
B̃jCjxB̃

−1
j + µj(x) id+BjNj(x)B

−1
j

)

=
⊕

j∈Ii

(
B̃jCjB̃

−1
j + aj id+BjPjB

−1
j

)
x.

Hence, setting Mi :=
⊕

j∈Ii(B̃jCjB̃
−1
j + aj id+BjPjB

−1
j ), we have Gi(x) =Mix. Thus

g(x)|Wi = AiQ
¸i
di
(x)A−1

i exp(Mix).

Next we show that Si(x) := AiQ
¸i
di
(x)A−1

i is an isometry on Wi. Since ∥g(x)∥op f f(x),
we have

ïv, vð − 1

f(x)2
ïg(x)v, g(x)vð g 0 (3.5.3)

for any v ∈ V . Hence, for v ∈Wi we have

ïv, vð − 1

f(x)2
〈
exp(Mix)Si(x)v, exp(Mix)Si(x)v

〉
g 0.

Fix an arbitrary x0 g 0, and set ¹0 := ¸i(x0). The graph of ¸i is dense in R × R (see
Appendix 3.A), and so there is a sequence of positive reals xn with limn→∞ xn = 0 such
that lim ¸i(xn) = ¹0. Then, for v ∈Wi we obtain

0 f lim
(
ïv, vð − 1

f(xn)2
〈
exp(Mixn)Si(xn)v, exp(Mixn)Si(xn)v

〉)

= ïv, vð − ïSi(x0)v, Si(x0)vð,

where lim 1
f(xn)

= 1 since f is right-continuous at 0. Choose (x̃n) such that lim x̃n = 0

and lim ¸i(x̃n) = −¹0. Then, since S(x0)v ∈Wi, we obtain

0 f lim
(
ïS(x0)v, S(x0)vð −

1

f(x̃n)2
〈
exp(Mix̃n)Si(x̃n)Si(x0)v, exp(Mix̃n)Si(x̃n)Si(x0)v

〉)

= ïSi(x0)v, Si(x0)vð − ïv, vð,

since Qdi(−¹0)Qdi(¹0) = id. Hence we obtain

ïv, vð = ïS(x0)v, S(x0)vð,

which implies that S(x0) is an isometry on Wi. Next we show that all Wi are pairwise
orthogonal. Let v ∈ Wi and u ∈ Wj for i ̸= j. By Lemma 3.A.3, w.l.o.g. there is a
sequence x̂n such that lim x̂n = 0, lim ¸i(x̂n) = Ã and lim ¸j(x̂n) = ¹ ∈ (−Ã, Ã). Hence
limS(x̂n)|Wi = − id and limS(x̂n)|Wj = AjQdj (¹)A

−1
j with ¹ ∈ (−Ã, Ã). We have the
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3.5. Proof of the main result

identity Qdj (ϕ) +Qdj (−ϕ) = 2 cos(ϕ) id. Applying this to ϕ := ¹/2 we obtain

id+Qdj (¹) = 2 cos(¹/2)Qdj (¹/2).

Hence we have (id+Qdj (¹))
−1 = (2 cos(¹/2))−1Qdj (−¹/2). Set ũ := A−1

j (id+Qdj (¹))
−1Aju.

Then ũ ∈Wj , and applying (3.5.3) to v + ũ and taking the limit along x̂n yields

0 f ïv + ũ, v + ũð − ïlimS(x̂n)(v + ũ), limS(x̂n)(v + ũ)ð
= ∥v∥2 + ∥ũ∥2 − ∥ limS(x̂n)v∥2 − ∥ limS(x̂n)ũ∥2 + 2ïv, ũð − 2ïlimS(x̂n)v, limS(x̂n)ũð
= 2ïv, ũð − 2ïlimS(x̂n)v, limS(x̂n)ũð,

where the last equality follows from the fact that each S(x̂n) is an isometry on Wi and
Wj . Since the inequality above also holds for v − ũ, we obtain the equality

0 =ïv, ũð − ïlimS(x̂n)v, limS(x̂n)ũð
=ïv, ũð+ ïv,AjQdj (¹)A−1

j ũð = ïv,Aj(id+Qdj (¹))A−1
j ũð = ïv, uð.

Since v, u were arbitrary, this shows orthogonality. Hence the decomposition V =
⊕k

i=1Wi

is orthogonal, and since Si(x) is an isometry on Wi, it follows that S(x) :=
⊕k

i=1 Si(x) is

in SO(d). Setting M =
⊕k

i=1Mi, we obtain

g(x) = S(x) exp(Mx).

Corollary 3.5.4. Assume that S(x) = AQ¿d(x)A
−1 is a semigroup with A being an

invertible matrix such that S(x) is an isometry for each x g 0. Then there exists an
orthogonal matrix U such that

S(x) = UQ¿d(x)U
T.

Proof. One can easily verify the identities S(x) + S(x)T = 2 cos(¿(x)) id and

sin(¿(y))S(x)− sin(¿(x))S(y) = sin(¿(x)− ¿(y)) id .

Choose x > 0 such that sin(¿(x)) ̸= 0. Such an x clearly exists since ¿ is linear on Qx.
Choose any v ∈ V of unit length and set

u :=
S(x)v − cos(¿(x))v

sin(¿(x))
.

The definition of u is invariant under the choice of x as long as sin(¿(x)) ̸= 0. This can
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be seen by noticing that

sin(¿(y))S(x)− sin(¿(x))S(y) = sin(¿(x)− ¿(y)) id

⇐⇒ S(x)v − cos(¿(x))v

sin(¿(x))
=
S(y)v − cos(¿(y))v

sin(¿(y))
.

Hence we obtain S(x)v = cos(¿(x))v + sin(¿(x))u. We have

ïu, vð = 1

sin(¿(x))
ïS(x)v − cos(¿(x))v, vð = 1

sin(¿(x))

(
ïS(x)v, vð − cos(¿(x))

)
= 0,

where the last equality follows from

2ïS(x)v, vð = ïS(x)v, vð+ ïS(x)Tv, vð = ïS(x)v + S(x)Tv, vð = 2 cos(¿(x)).

Similarly we can show that u is also of unit length. Set H := span(u, v). Clearly, H is
invariant under (S(x))x and hence so is H§ since each S(x) ∈ SO(d). In this manner we
can construct an orthonormal basis, and we denote by U the matrix associated with this
change of basis. Then we have

Ug(x)UT = UAS(x)A−1UT exp(UMUTx) = Q¿d(x) exp(UMUTx).

Lemma 3.5.5. Suppose that the semigroup g, acting on V , satisfies Assumption 3.2.5.
Let V = V1·V2 be the decomposition of Corollary 3.3.8 such that g|V1 is invertible. Then,
for any v ∈ V1 we have

lim
x→0

∥g(x)v∥
∥v∥ = 1.

Proof. By Theorem 3.5.3, we have g(x)|V1 = S(x) exp(Mx). Since S(x) ∈ SO(V1), we
obtain

ïg(x)v, g(x)vð = ïexp(Mx)v, exp(Mx)ð, v ∈ V1,

which is continuous in x. Hence

lim
x→0

∥g(x)v∥ = lim
x→0

∥ exp(Mx)v∥ = ∥v∥.

Corollary 3.5.6. Suppose that the semigroup g, acting on V , satisfies Assumption 3.2.5.
Then the decomposition from Corollary 3.3.8 is orthogonal.

Proof. Let V = V1 · V2 with g(x)|V1 being non-degenerate and g(x)|V2 ≡ 0. Assume V1
is not orthogonal to V2. Then there exists v ∈ V1 such that pV2(v) ̸= 0, where pV2 denotes
the orthogonal projection onto V2. By Lemma 3.5.5, we have

lim
x→0

∥g(x)v∥
∥v∥ = 1.

54



3.A. Cauchy’s functional equation

Calculating the same limit for v − pV2(v) we obtain

lim
x→0

∥g(x)(v − pV2(v))∥
∥v − pV2(v)∥

= lim
x→0

∥g(x)v∥
∥v∥

∥v∥
∥v − pV2(v)∥

=
∥v∥

∥v − pV2(v)∥
.

Since ∥v∥2 = ∥v − pV2(v)∥2 + ∥pV2(v)∥2 and ∥pV2(v)∥ ≠ 0, we have ∥v∥
∥v−pV2 (v)∥

> 1. Hence

lim
x→0

∥g(x)(v − pV2(v))∥
∥v − pV2(v)∥

> 1,

but this contradicts ∥g(x)∥op f f(x). Hence V1 § V2.

Proof of Theorem 3.2.6. By Corollary 3.5.6, we have the orthogonal decomposition V =
Ṽ 1 · Ṽ 2 with g(x)|Ṽ 2

≡ 0 and g(x)|Ṽ 1
non-degenerate. Applying Theorem 3.5.3 to

g(x)|Ṽ 1
yields the result.

3.A. Cauchy’s functional equation

It is classical that all continuous solutions of the equation (3.1.3), f(x) + f(y) = f(x+ y),
are linear, and that the non-linear solutions are not continuous, even not Lebesgue
measurable, and have dense graphs. For this, and further references, we refer to [16,
Section 1.1]. In this section, we provide two auxiliary results on Cauchy’s equation. They
concern lifting solutions from an interval to the real line, resp. the joint behavior of two
solutions that differ by a non-linear function.

Lemma 3.A.1. Let f : R → R/[−a, a) be a solution to Cauchy’s functional equa-
tion (3.1.3) on R/[−a, a) with a > 0. Then there exists a solution f̃ : R → R of (3.1.3)
such that f(x) ≡ f̃(x) mod [−a, a). The solution f̃ is linear if and only if f is linear.

Proof. Take a Hamel basis (ri)i∈I of R such that ri ∈ [−a, a) for every i ∈ I. This is clearly
possible by rescaling every basis element if necessary. For any x ∈ R there exists a finite
subset Ix ¢ I and ci ∈ Q such that x =

∑
i∈Ix ciri. The function f̃(x) =

∑
i∈Ix cif(ri)

satisfies f(x) ≡ f̃(x) mod [−a, a). If f is linear, then clearly f̃ is linear as well. If f is
not linear then there exist two basis elements r1 and r2 such that f(r1)− r1

r2
f(r2) ̸= 0,

and hence f̃ is also not linear.

Definition 3.A.2. We say that two solutions ¿ and ¸ of Cauchy’s functional equation
are equivalent if ¿ − ¸ is linear.

Lemma 3.A.3. Let f, g : R → R be two non-equivalent solutions of Cauchy’s functional
equation. Then there exists a sequence (xn)ng0 in Rg0, converging to 0, such that either
limn f(xn) = Ã and limn g(xn) = ¹ with |¹| < Ã or vice versa.

Proof. Choose x, y ∈ R>0 such that the two vectors v1 = (x, f(x), g(x)) and v2 =

(y, f(y), g(y)) are linearly independent and f(x)
x − f(y)

y ̸= g(x)
x − g(y)

y . This is possible,
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since
f(x)

x
− f(y)

y
=
g(x)

x
− g(y)

y

for all x, y > 0 would imply that f − g is linear. Assume w.l.o.g. that
∣∣∣f(x)x − f(y)

y

∣∣∣ >∣∣∣g(x)x − g(y)
y

∣∣∣. Since f and g are both linear on Qx and Qy and v1 and v2 are linearly

independent, there exist sequences qn ∈ Q and rn ∈ Q such that qnx−rny g 0 for every n,
lim qnx − rny = 0 and limn f(qnx − rny) = limn qnf(x) − rnf(y) = Ã. We show that
xn = qnx− rny has the desired property. Clearly lim rn

qn
= x

y and

Ã = lim
n
qnf(x)− rnf(y) = lim

n
qn

(
f(x)− rn

qn
f(y)

)
=

(
f(x)− x

y
f(y)

)
lim qn.

Hence

| lim qng(x)− rng(y)| =
∣∣∣∣
(
g(x)− x

y
g(y)

)
lim qn

∣∣∣∣

=

∣∣∣∣Ã
(
g(x)

x
− g(y)

y

)
/

(
f(x)

x
− f(y)

y

)∣∣∣∣ < Ã.
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4. The Fan–Taussky–Todd inequalities

and the Lumer–Phillips theorem

We argue that a classical inequality due to Fan, Taussky and Todd (1955) is equivalent
to the dissipativity of a Jordan block. As the latter can be characterised via the zeros
of Chebyshev polynomials, we obtain a short new proof of the inequality. Three other
related inequalities are reproven similarly. By the Lumer–Phillips theorem, the semigroup
defined by the Jordan block is contractive. This yields new extensions of the classical
Fan–Taussky–Todd inequalities. As applications, we give an estimate for the partial
sums of a Bessel function, and a contribution to the classification of self-similar Gaussian
Markov processes.

4.1. Introduction

In 1955, Fan, Taussky and Todd proved the following two theorems (use the identity
cos 2¹ = 1− 2 sin2 ¹ to get the precise form stated in [36]):

Theorem 4.1.1. [36, Theorem 9] For real numbers a1, . . . , an, with a0 := an+1 := 0, we
have

n+1∑

k=1

(ak − ak−1)
2 g 2

(
1− cos

Ã

n+ 1

) n∑

k=1

a2k. (4.1.1)

Theorem 4.1.2. [36, Theorem 8] For real numbers a1, . . . , an, with a0 := 0, we have

n∑

k=1

(ak − ak−1)
2 g 2

(
1− cos

Ã

2n+ 1

) n∑

k=1

a2k. (4.1.2)

The following converse inequalitites are special cases of results by Milovanović and
Milovanović [56].

Theorem 4.1.3. For real numbers a1, . . . , an, with a0 := an+1 := 0, we have

n+1∑

k=1

(ak − ak−1)
2 f 2

(
1 + cos

Ã

n+ 1

) n∑

k=1

a2k. (4.1.3)

Theorem 4.1.4. For real numbers a1, . . . , an, with a0 := 0, we have

n∑

k=1

(ak − ak−1)
2 f 2

(
1− cos

2Ã

2n+ 1

) n∑

k=1

a2k. (4.1.4)
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Alzer [7] gave short proofs of Theorems 4.1.3 and 4.1.4. In this note we give new short
proofs of Theorems 4.1.1 and 4.1.3, and analogous proofs of Theorems 4.1.2 and 4.1.4.
There are several proofs in the literature [54, 62, 77]. Our approach is symmetric in
the sense that our proofs of Theorems 4.1.1 and 4.1.3 are trivial modifications of each
other, and the same holds for Theorems 4.1.2 and 4.1.4. The proofs are based on the
dissipativity of Jordan blocks. Besides reproving inequalities which are already known
(Section 4.2), we note in Section 4.3 that dissipativity characterizes contractiveness of
the matrix semigroup generated by the Jordan block, by the Lumer–Phillips theorem.
This leads to new generalizations of Theorems 4.1.1 and 4.1.2. These generalizations are
then applied to estimate partial sums of the modified Bessel function of the first kind of
order zero. In Section 4.4, we prove strict versions of the new inequalities. Section 4.5
presents an application of dissipativity of Jordan blocks to the classification of self-similar
Gaussian Markov processes.

4.2. Proofs

Define the Jordan block

Jn(x) :=




x 1 0
x 1

. . . 1
0 x


 ∈ Rn×n, x ∈ R.

We denote the standard scalar product on Rn by ï·, ·ð, and use the following terminology
from operator theory:

Definition 4.2.1. (see [27, p. 52]) A matrix A ∈ Rn×n, not necessarily symmetric, is
dissipative, if ïAa, að f 0 for all a ∈ Rn.

Since

ïJn(³)a, að = ³
n∑

k=1

a2k +
n∑

k=2

akak−1, a = (a1, . . . , an)
T ∈ Rn,

it is clear that (4.1.1) and (4.1.3) are immediate consequences of the following lemma.

Lemma 4.2.2. Let ³ ∈ R.
(i) Jn(³) is dissipative if and only if ³ f − cos(Ã/(n+ 1)).
(ii) −Jn(³) is dissipative if and only if ³ g cos(Ã/(n+ 1)).

Proof. Since 2aTJn(³)a = aTJn(³)
Ta + aTJn(³)a, a ∈ Rn, the first condition in (i) is

equivalent to Bn(³) := Jn(³)
T + Jn(³) being negative semidefinite, i.e. all its eigenvalues

being non-positive. It is well-known [23, pp. 25-26] that detBn(x) = Un(x), x ∈ R, where
Un(x) is the nth Chebyshev polynomial of the second kind. Thus, any eigenvalue µ
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4.2. Proofs

of Bn(³) must satisfy

0 = det(Bn(³)− µI) = detBn(³− 1
2µ) = Un(³− 1

2µ).

Now note that all such µ are f 0 if and only if

³ f min
1fkfn

cos
kÃ

n+ 1
= cos

nÃ

n+ 1
= − cos

Ã

n+ 1
,

where cos(kÃ/(n+ 1)) are the zeros of Un. The proof of (ii) is analogous; now ³ must
satisfy

³ g max
1fkfn

cos
kÃ

n+ 1
= cos

Ã

n+ 1
.

To prove Theorems 4.1.2 and 4.1.4, define

J̃n(x) :=




x 1 0
x 1

. . . 1
x 1

0 x− 1
2




∈ Rn×n, x ∈ R.

Lemma 4.2.3. For x ∈ R and n ∈ N, we have the determinant evaluation

det(J̃n(x)
T + J̃n(x)) = Un(x)− Un−1(x).

As above, Un(x) denotes the nth Chebyshev polynomial of the second kind.

Proof. By a classical result on tridiagonal matrices [57, Chapter XIII], this determinant
is bn = bn(x), where the sequence (bk)−1fkfn is defined by b−1 = 0, b0 = 1, and

bk = 2xbk−1 − bk−2, 1 f k < n,

bn = (2x− 1)bn−1 − bn−2.

For k < n, this is the recurrence for the Chebyshev polynomials of the second kind, and
so bk = Uk for k < n. Finally,

bn = (2x− 1)Un−1 − Un−2 = Un − Un−1.

Lemma 4.2.4. For n ∈ N, the zeros of Un(x)− Un−1(x) are (−1)k+1 cos(kÃ/(2n+ 1)),
1 f k f n.

Proof. Let k ∈ {1, . . . , n} be even. We have

− cos
kÃ

2n+ 1
= cos

(
Ã − kÃ

2n+ 1

)
.
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The assertion now follows from the representation

Un(cos ¹) =
sin((n+ 1)¹)

sin ¹
, ¹ ∈ R,

because

n
(
Ã − kÃ

2n+ 1

)
=
(
n− k

2
+

1

2

)
Ã − (2n− k + 1)Ã

4n+ 2
,

(n+ 1)
(
Ã − kÃ

2n+ 1

)
=
(
n− k

2
+

1

2

)
Ã +

(2n− k + 1)Ã

4n+ 2
.

The proof for odd k is analogous.

Since

min
1fkfn

(−1)k+1 cos
kÃ

2n+ 1
= − cos

2Ã

2n+ 1

and

max
1fkfn

(−1)k+1 cos
kÃ

2n+ 1
= cos

Ã

2n+ 1
,

Lemmas 4.2.3 and 4.2.4 show that the following result can be proven analogously to
Lemma 4.2.2.

Lemma 4.2.5. Let ³ ∈ R.
(i) J̃n(³) is dissipative if and only if ³ f − cos(2Ã/(2n+ 1).
(ii) −J̃n(³) is dissipative if and only if ³ g cos(Ã/(2n+ 1).

For a ∈ Rn, we have

aTJ̃n(³)a = ³

n∑

k=1

a2k −
a2n
2

+

n∑

k=2

akak−1.

Now (4.1.2) and (4.1.4) easily follow, by applying Lemma 4.2.5 (i), (ii) with the respective
optimal values of ³.

4.3. A generalization

In what follows, we consider the Euclidean norm on Rn, and write

∥A∥op = sup
0 ̸=a∈Rn

∥Aa∥
∥a∥

for the operator norm of an n×n matrix A. The contractivity of matrix semigroups w.r.t.
this norm is characterized by the Lumer–Phillips theorem [27, p. 52]. In our setting, i.e.
for semigroups on Rn, it is the following statement.

Theorem 4.3.1. For any real n× n matrix Q, the following are equivalent:
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4.3. A generalization

(i) ∥ exp(Qx)∥op f 1 for all x g 0,
(ii) Q is dissipative.

This yields a generalization of Theorem 4.1.1, involving an extra parameter x g 0.

Theorem 4.3.2. For real numbers a1, . . . , an and x g 0, we have

n−1∑

j=0

( j∑

k=0

xk

k!
an−j+k

)2

f exp
(
2x cos

( Ã

n+ 1

)) n∑

j=1

a2j . (4.3.1)

Proof. By Lemma 4.2.2, Jn(³) satisfies condition (ii) of Theorem 4.3.1 for ³ = − cos(Ã/(n+
1), and so

∥ exp(Jn(³)x)a∥2 f ∥a∥2, x g 0, a ∈ Rn. (4.3.2)

By calculating the matrix exponential of a nilpotent matrix (see [35, p. 9]),

exp(x(Jn(1)− I)) = exp




0 x 0
0 x

. . . x
0 0


 =




1 x x2

2 . . . xn−1

(n−1)!

1 x . . . xn−2

(n−2)!

. . .

1



, x ∈ R,

we find

exp(Jn(³)x) = exp(x(Jn(1)− I) + ³xI) = e³x




1 x x2

2 . . . xn−1

(n−1)!

1 x . . . xn−2

(n−2)!

. . .

1



. (4.3.3)

Using this in (4.3.2) yields (4.3.1), because

∥ exp(Jn(³)x)a∥2 = e2³x
n∑

m=1

( n∑

k=m

ak
xk−m

(k −m)!

)2

= e2³x
n−1∑

j=0

( n∑

k=n−j
ak

xk+j−n

(k + j − n)!

)2

= e2³x
n−1∑

j=0

( j∑

k=0

an−j+k
xk

k!

)2

.

As (4.3.1) is obviously sharp for x ³ 0, the inequality must hold after taking the
derivative w.r.t. x at zero on both sides. An easy calculation shows that this yields (4.1.1),
and so Theorem 4.3.2 can be viewed as a generalization of Theorem 4.1.1. Another special
case might be worth mentioning: Putting a = (0, . . . , 0, 1) in (4.3.1) yields

n−1∑

j=0

x2j

j!2
f exp

(
2x cos

( Ã

n+ 1

))
, n ∈ N, x g 0. (4.3.4)
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This inequality for the partial sums of the modified Bessel function of the first kind
I0(2x) =

∑∞
j=0

x2j

j!2
seems to be new. Analogously to Theorem 4.3.2, we can generalize

Theorem 4.1.2 as follows.

Theorem 4.3.3. For real numbers a1, . . . , an and x g 0, we have

n−1∑

j=1

( j∑

k=0

xk

k!
an−j+k

)2

+ e−xa2n f exp
(
2x cos

( 2Ã

2n+ 1

)) n∑

j=1

a2j .

Proof. The proof is very similar to that of Theorem 4.3.2. Use Lemma 4.2.5, with
³ = − cos(2Ã/(2n+ 1), and calculate ∥ exp(J̃n(³)x)a∥2 in order to apply Theorem 4.3.1
.

Taking the derivative of (4.3.1) at zero yields (4.1.2) (cf. the remark after Theorem 4.3.2).
For a = (0, . . . , 0, 1), as above, (4.3.1) yields

n−1∑

j=0

x2j

j!2
f 1− e−x + exp

(
2x cos

( 2Ã

2n+ 1

))
, n ∈ N, x g 0. (4.3.5)

For fixed n, the estimate (4.3.5) is sharper than (4.3.4) for large x. We conjecture that
there is a threshold x0 = x0(n) > 0 such that (4.3.4) gives a better bound for 0 < x < x0.

4.4. Strict inequalities

We were not able the find the following strict version of the Lumer–Phillips theorem in
the literature:

Theorem 4.4.1. For any real n× n matrix Q, the following are equivalent:
(i) ∥ exp(Qx)∥op < 1 for all x > 0,
(ii) ïQa, að < 0 for all a ∈ Rn \ {0}.

Analogously to Theorem 4.3.2, Theorem 4.4.1 implies the following statement, and an
analogous strict variant of Theorem 4.3.3.

Theorem 4.4.2. For real numbers a1, . . . , an, not all zero, x > 0 and ³ > cos(Ã/(n+1)),
we have

n−1∑

j=0

( j∑

k=0

xk

k!
an−j+k

)2

< e2x³
n∑

j=1

a2j .

It remains to prove Theorem 4.4.1.

Lemma 4.4.3. Let Q be a real n× n matrix satisfying ∥ exp(Qx)∥op f 1 for all x g 0.
Assume there exists x0 > 0 such that ∥ exp(Qx0)∥op = 1. Then ∥ exp(Qx)∥op = 1 for all
x g 0.
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4.5. Application to Gaussian Processes

Proof. Choose a ∈ Rn with unit length such that ∥ exp(Qx0)a∥ = 1. Clearly we must
have ∥ exp(Qx)a∥ = 1 for all x ∈ [0, x0], since otherwise, by submultiplicativity,

∥ exp(Qx0)a∥ = ∥ exp(Q(x0 − x)) exp(Qx)a∥
f ∥ exp(Q(x0 − x))∥︸ ︷︷ ︸

f1

∥ exp(Qx)a∥︸ ︷︷ ︸
<1

< 1.

Now ïexp(Qx)a, exp(Qx)að − 1 is analytic in x and vanishes on [0, x0]. Hence it must
vanish everywhere, and we have ∥ exp(Qx)a∥ = 1 for all x.

Lemma 4.4.4. Let Q be a real n× n matrix satisfying ∥ exp(Qx)∥op f 1 for all x g 0.
The set of vectors a ∈ Rn satisfying ∥ exp(Qx)a∥ = ∥a∥ for all x g 0 is a subspace. Denote
this subspace by WQ. Then WQ and W§

Q are invariant under exp(Qx).

Proof. For a ∈ Rn and x g 0, we have

∥ exp(Qx)a∥ = ∥a∥ ⇐⇒
〈
(id− exp(QTx) exp(Qx))a, a

〉
= 0.

Our assumption implies that id− exp(QTx) exp(Qx) is positive semidefinite, and thus
the condition ∥ exp(Qx)a∥ = ∥a∥ is equivalent to a ∈ ker(id− exp(QTx) exp(Qx)). By
Lemma 4.4.3, this kernel is the same for every x > 0. Let u ∈W§

Q . Then, for any w ∈WQ

we have
ïexp(Qx)u,wð = ïu, exp(Qx)Twð = ïu, exp(−Qx)wð = 0,

since exp(−Qx)w ∈ WQ. Hence W§
Q is invariant under exp(Qx). Invariance of WQ is

clear.

Proof of Theorem 4.4.1. If (ii) holds, then ∥ exp(Qx)∥op f 1, x g 0, by Theorem 4.3.1.
Assume for the sake of contradiction that ∥ exp(Qx)∥op = 1 for some x > 0. By
Lemmas 4.4.3 and 4.4.4, there exists 0 ̸= a ∈ Rn such that ïexp(Qx)a, exp(Qx)að is
constant in x. Hence the derivative at x = 0 has to be zero, and hence ïQa, að = 0,
contradicting our assumption. Conversely, assume there exists a ≠ 0 with ïQa, að = 0.
Then we have a ∈ ker(Q+QT), since Q+QT is negative semidefinite. Hence exp(QTx)a =
exp(−Qx)a, and we have

ïexp(Qx)a, exp(Qx)að = ïa, exp(QTx) exp(Qx)að
= ïa, exp(−Qx) exp(Qx)að = ïa, að.

Therefore, ∥ exp(Qx)∥op = 1 for all x g 0.

4.5. Application to Gaussian Processes

In chapter 2, all centered H-self-similar Gaussian Markov (SSGM) processes with values
in Rn are characterized. In particular, we have shown that the matrix-valued covariance
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function

R(s, t) = t2H exp
(
M log(t/s)

)
, H > 0, M ∈ Rn×n, 0 f s f t,

yields such a process, in the sense of Definition 2.2.7 in chapter 2, if and only if the matrix
semigroup (exp(Mx))xg0 satisfies the contractivity condition

∥ exp(Mx)∥op f e−Hx, x g 0. (4.5.1)

By Theorem 4.3.1, this is equivalent to the dissipativity of M + H id. In the special
case where the matrix M = Jn(¼) consists of a single Jordan block, we can thus apply
Lemma 4.2.2 with ³ = ¼+H to conclude:

Proposition 4.5.1. The covariance function

R(s, t) = t2H exp
(
Jn(¼) log(t/s)

)
, H > 0, ¼ ∈ R, 0 f s f t, (4.5.2)

defines an Rn-valued SSGM process if and only if

¼+H f − cos
Ã

n+ 1
.

Of course, the matrix exponential in (4.5.2) can be evaluated by (4.3.3).
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Part II.

Martingales

65





5. Martingales with restricted support

We consider martingales with given initial and final marginal distribution whose paths
are restricted to a subset of the entire path space. Our main result is the formulation of
necessary and sufficient condition guaranteeing the existence of such a measure akin to
the convex ordering condition of Strassen [71]. We then apply these conditions to obtain
no joint arbitrage conditions in discrete time.

5.1. Introduction

A classical result in martingale theory is Strassen’s theorem which clarifies the existence of
martingale couplings with marginal constraints. Given two probability distributions µ, ¿
on Rd, there exists a martingale coupling if and only if Eµ[f ] f E¿ [f ] for all non negative
convex functions f : Rd → R, i.e., µ ¯ ¿ in convex order. In this chapter we study the
existence of martingale couplings, such that given some subset P ¢ (Rd)n for n g 2, P
has probability one under the coupling. Our main contribution is the introduction of a
superlinear operator SP depending on P and acting on all functions f : Rd → R such
that there exists a martingale coupling Q with marginals µ, ¿ if and only if

Eµ[SP f ] f E¿ [f ]

for a suitable class of test functions f . In the case when P is the entire space, SP maps
any function to its convex envelope and we recover Strassen’s original result.

In the context of mathematical finance we apply this result and consider a price process
(S1, S2) taking values in Rd>0 and some contract with payoff L(S1, S2) ∈ R at time t = 2
and price C at time t = 1. We further assume that interest rates are zero. Let the risk
free marginal distributions S1 ∼ µ1, S2 ∼ µ2 and C ∼ µC be fixed. Given the availability
of trading strategies involving static positions in vanilla options on S1, S2 and C, as well
as dynamic trading in the price process S and the contract, the absence of arbitrage (see
[42]) implies the existence of a martingale measure Q on Rd+1 × Rd+1 with the given
marginals, such that

EQ[S2|Ã(S1, C)] = S1, EQ[L(S1, S2)|Ã(S1, C)] = C.

Notice that any such measure Q must assign full mass to the set P = {((s1, c), (s2, L(s1, s2))) :
s1, s2 ∈ Rd, c ∈ R} ¢ Rd+1 × Rd+1. This observation allows us to apply our developed
theory to clarify the existence of such couplings and hence the absence of arbitrage via
a Strassen-type result. The motivating result for this problem is the absence of joint
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arbitrage in a two-step market with the contract being the VIX as discussed by Guyon
in [42]. We extend Guyons’s result on no joint arbitrage when considering the VIX and
develop related results for a larger class of claims.
The chapter is organized as follows, in Section 5.2 we introduce the necessary notation
and state the main results. Section 5.3 presents the application of the theory to the
mathematical finance setting. In Section 5.4 most of the theory is developed and in
Section 5.5 the proofs for the main results can be found. Section 5.6 presents the proofs
of Section 5.3 on the applications to mathematical finance.

5.2. Preliminaries and main results

Throughout this chapter X denotes a d-dimensional vector space unless otherwise specified
and

Z = Xn = X × · · · ×X︸ ︷︷ ︸
n

the n-fold product of X where n ∈ N. By R we denote the extended real numbers
R ∪ {−∞,∞}.

For the proofs of the theorems stated in this section we refer to Section 5.4.

Definition 5.2.1. Denote by C(X) the set of real valued continuous functions on X and
by Cb(X) the set of bounded continuous real valued functions. For any È ∈ Cb(X) with
È > 0 set

CÈ(X) := {f ∈ C(X) : fÈ ∈ Cb(X)}
and

Cl(X) := {f ∈ C(X) : ∃K ∈ R : f g K},
the set of continuous function with a lower bound. Set

FÈ(X) := {f : X → R : f upper semi-continuous and ∃ g ∈ CÈ(X) : f f g}.

Denote by M(X) the set of all finite signed Borel measures on X and by M1(X) the
subset of probability measures (and similarly M(Z), M1(Z)). Set

MÈ(X) = {µ ∈M(X) : Eµ
[
1

È

]
<∞}.

and set M1
È(X) =MÈ(X) ∩M1(X) the subset of probability measures.

Definition 5.2.2. For 1 f i f n denote pi : Z → X the projection onto the i-th
component. For P ¢ Z set Pi = (p1, . . . , pi)(P ) ¢ Xi

Definition 5.2.3. Let f : X → R. We say that f is convex if its epigraph

epi(f) = {(x, t) ∈ X × R : t g f(x)}

is a convex set.
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5.2. Preliminaries and main results

Next we define the operator needed to formulate a Strassen-type result for martingales
with restricted support.

Definition 5.2.4. Let P ¢ Z = Xn = Xn−1 ×X and set for h : Xn−1 ×X → R

UyP (h) :=

{g : X → R : g convex and g(x) f h(y, x) for all x ∈ X with (y, x) ∈ P and y ∈ Xn−1}.

For h : Xn−1 ×X → R define SnPh : Xn−1 → R by

(SnPh)(y) := sup
g∈UyP (h)

g(pn−1(y)).

For f : X → R set

SP f : X → R, x ↦→
[
(S2
P2

◦ · · · ◦ Sn−1
Pn−1

◦ SnP )(f ◦ pn)
]
(x) = (S2

P2
(S3
P3
(· · ·SnP (f ◦pn)))(x).

Remark 5.2.5. For any function h : Xn−1 ×X → R we have g ∈ UyP (h) if and only if
g ∈ UyZ(hP ), where

hP (y, x) =

{
h(y, x) (y, x) ∈ P,

∞ else

with y ∈ Xn−1 and x ∈ X. Hence SnPh = SnZhP . It is clear from Definition 5.2.4 with P
replaced by the entire space Z that SnZhP is just the convex envelope relative to X (see
Definition 5.4.2) of the function

x ↦→ hP (y, x)

evaluated at x = pn−1(y).

Example 3. Suppose that n = 2 and Z = X2, then for any function f : X → R

we have

SP f(x) = S2
P2
(f ◦ p2)(x)

= sup{g(x) : g convex and g(y) f (f ◦ p2)(x, y) for all y with (x, y) ∈ P}

which is equivalent to

SP f(x) = sup{g(x) : g convex and g(y) f f(y) for all y with (x, y) ∈ P}.

If P = Z, then SP f is the convex envelope of f and if P = ∆ := {(x, x) : x ∈ X} then
SP f = f .

Definition 5.2.6. Let P ¢ Z and denote by M(P ) ¢ M(Z) the set of martingale
probability measures on Z such that for all Q ∈ M(P ) it holds that Q(P ) = 1. Set
MÈ(P ) =MÈZ (Z) ∩M(P ). For µ, ¿ ∈M1

È(X) set

µMÈ(P ) = {Q ∈ MÈ(P ) : (p1)∗Q = µ}
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and
¿MÈ(P ) = {Q ∈ MÈ(P ) : (pn)∗Q = ¿}

where (·)∗ denotes the pushforward. Set

¿
µMÈ(P ) = µMÈ(P ) ∩ ¿MÈ(P ).

We are now ready to state the main result of this chapter.

Theorem 5.2.7. Let P ¢ Z be closed and µ, ¿ ∈M1(X) have finite first moments. Then
for all f ∈ C(X), SP f is Borel measurable. Moreover there exists Q ∈ M(P ) with initial
marginal distribution µ and final marginal distribution ¿ if and only if for all f ∈ C(X)
with f g 0 we have

Eµ[SP f ] f E¿ [f ].

Remark 5.2.8. Theorem 5.2.7 does not hold in general if P is open. Indeed, set X = R,
n = 2 and P := R2 \∆ = {(x, y) : x ̸= y}. For any f ∈ C(X) with f g 0 we have

SP f(x) = sup{g(x) : g convex and g(y) f f(y) for all y with y ̸= x}.

Since each g in the above set satisfies g <∞, we either have g ≡ −∞ or g is real valued.
In the latter case since g is convex, it is continuous and thus g(y) f f(y) holds for all y.
Hence SP f = Lf (see Definition 5.A.5). For any probability measure µ on R with finite
first moment, the identity coupling Qµ = (x ↦→ (x, x))∗(µ) is supported on ∆ and hence
not in MÈ(P ). Let Q be an arbitrary martingale coupling of (µ, µ) and denote by d¸Qdµ
its disintegration. Then we have by Jensen’s inequality

Eµ[
√
1 + x2] =

∫ √
1 + y2Q(dx, dy)

=

∫ √
1 + y2¸Q(x, dy)µ(dx)

g
∫ √

1 + x2µ(dx) = Eµ[
√
1 + x2].

Since
√
1 + x2 is strictly convex and we must have equality, we obtain ¸Q(x, dy) = ¶x and

thus Q must be the identity coupling. But clearly for any f ∈ C(R) with f g 0 we have

Eµ[SP f ] = Eµ[Lf ] f Eµ[f ]

since we have Lf f f . Hence choosing µ = ¿ we obtain that µ satisfies the conditions of
Theorem 5.2.7 but there is no martingale coupling of µ with µ supported on P .

For the rest of the section set È : X → R, x ↦→ 1
1+||x||t with t g 1. The set MÈ(X) is

the set of measures which integrate 1
È . Hence for È(x) = 1

1+||x||t , MÈ(X) is the set of all
measures on X with finite t-th moments.

The following theorem analytically characterizes the range of possible final distributions
for a martingale with a fixed initial distribution µ ∈ M1

È(X) and whose support lies
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5.2. Preliminaries and main results

within a closed set P .

Theorem 5.2.9. Let µ ∈M1
È(X) and P ¢ Z be closed. For all f ∈ FÈ(X), SP f is Borel

measurable and if µMÈ(P ) ̸= ∅

inf
Q∈µMÈ(P )

EQ[f ◦ pn] = Eµ[SP f ].

From a financial perspective, this result provides the lowest arbitrage-free price of a
payoff f in a robust sense, given the initial risk-free marginal distribution and the range
P of possible evolutions for the price process.

Remark 5.2.10. In general the duality in Theorem 5.2.9 does not hold if µMÈ(P ) = ∅.
To see this let X = R, n = 2 and P = {(x, y) : |y| g ex

2}. Assume µ to be the standard
normal distribution, i.e.

µ(dx) =
1√
2Ã
e−x

2/2dx.

Let f(x) := |x|. Observe that for any (x, y1) ∈ P and (x, y2) ∈ P such that ay1 + by2 = x
for non negative a, b with a+ b = 1 we have for any convex g which satisfies g(y) f f(y)
for (x, y) ∈ P that by convexity g(x) f af(y1) + bf(y2). Thus SP f(x) f af(y1) + bf(y2).
Hence, since (x, ex

2
) and (x,−ex2) are both in P and by the above observation,

SP f(x) f af(−ex2) + bf(ex
2
) = ex

2
,

where a and b are nonnegative and satisfy a(−ex2) + bex
2
= (b− a)ex

2
= x and a+ b = 1.

Furthermore

g(y) =

{
ex

2 |y| f ex
2

|y| else

is convex and satisfies g(y) f f(y) for (x, y) ∈ P . Since g(x) = ex
2

we obtain SP f(x) =
ex

2
. It follows that Eµ[SP f ] = ∞ and hence Theorem 5.2.7 can never be satisfied. Thus

there does not exist a martingale measure on P with initial distribution µ. We have
SP0 = 0, where 0(x) ≡ 0 and hence

Eµ[SP0] = 0 <∞ = inf
Q∈µMÈ(P )

EQ[0 ◦ p2]

since µMÈ(P ) is empty.

Definition 5.2.11. Define for f : X → R

S−1
P f := {g ∈ Cl(X) : SP g g f}.

Assumption 5.2.12. For P ¢ Z we have for all f ∈ CÈ(X) that SP f : X → R is lower
semi-continuous.

A sufficient condition for Assumption 5.2.12 is given by the following proposition.
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Proposition 5.2.13. Assumption 5.2.12 holds if P is compact or P = Z.

Under Assumption 5.2.12 we can in a similar fashion as in Theorem 5.2.9 characterize
the range of initial marginal distributions of a martingale with given path space P and
final distribution ¿ ∈M1

È(X).

Theorem 5.2.14. Let ¿ ∈M1
È(X) and P ¢ Z be closed and satisfy Assumption 5.2.12.

Assume ¿MÈ(P ) ̸= ∅. Then for all f ∈ FÈ(X) we have

sup
Q∈¿MÈ(P )

EQ[f ◦ p1] = inf
g∈S−1

P f
E¿ [g].

Remark 5.2.15. This theorem is an extension of Theorem 1 in [29] to all sets satisfying
Assumption 5.2.12. In particular for X = Rd, P = Rd ×Rd, ¿ ∈M1

È(R
d) and g ∈ Cl(R

d)
we have SP g = Lg, where Lg denotes the lower semi-continuous convex envelope of g (see
Definition 5.A.5). We obtain

sup
¿°µ

Eµ[f ] = inf
Lggf

g∈Cl(Rd)

E¿ [g]

for all f ∈ FÈ(Rd). For any g ∈ Cl(R
d) satisfying Lg g f it follows that f f Lg f g and

hence Lg is real valued. Together with Lg being convex we obtain that Lg is continuous
and in particular by Baire’s Theorem for lower semi-continuous functions applied to
g − Lg g 0 (see [72] pg. 79) this implies that there exists a pointwise decreasing sequence
(gn)n with gn ∈ Cl(R

d) with
lim
n→∞

gn(x) = Lg(x)

pointwise for all x ∈ Rd. Since gn g Lg we have Lgn g Lg g f . Thus by monotone
convergence

lim
n→∞

E¿ [gn] = E¿ [Lg].

Since we can construct such a sequence for all g ∈ Cl(R
d) this implies

inf
Lggf

g∈Cl(Rd)

E¿ [g] f inf
Lggf

g∈Cl(Rd)

E¿ [Lg]

and the reverse inequality is obvious since Lg f g. Since for any convex function g ∈ C(X)
we have Lg = g we obtain

sup
¿°µ

Eµ[f ] = inf
ggf

g∈C(Rd) and convex

E¿ [g].

For functions fi : R → R with 1 f i f d denote by

d⊕

i=1

fi : (X ∋ (x1, . . . , xn)) ↦→
d∑

i=1

fi(xi).
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5.3. Applications to mathematical finance and no joint arbitrage

Let µ : R → R be given by µ(x) = 1
1+|x|t . In the same way that we provided an existence

result for martingale measures with fixed initial and final distributions and a specified path
space, we can, under Assumption 5.4.18, establish an analogous result for the existence
of a martingale measure with a fixed path space, where the one-dimensional marginal
distributions of the initial and final marginal distributions are fixed.

Theorem 5.2.16. Let P ¢ Z be closed and satisfy Assumption 5.2.12 and let µi, ¿i ∈
M1
µ (R), 1 f i f d be probability measures on R. Then there exists a martingale measure

Q ∈ MÈ(P ) with initial and final marginal µ and ¿ whose respective marginals are µi and
¿i if and only if for all fi ∈ C(R) with fi g 0 and ϕi ∈ Cb(R) with

⊕d
i ϕi f SP (

⊕d
i fi)

we have ∑

i

Eµi [ϕi] f
∑

i

E¿i [fi].

In the case that such a Q exists we have the following duality for all fi ∈ Cµ(R)

sup⊕
ϕifSP (

⊕
fi)

ϕi∈L1(µi)

∑

i

Eµi [ϕi] = inf
¿∈Mn

È(µ1,...,µd,P )

∑

i

E¿i [fi].

where Mn
È(µ1, . . . , µd, P ) ¢ MÈ(P ) is the set of all martingale measures Q supported on

P such that their initial marginal µ has marginals µ1, . . . , µd.

5.3. Applications to mathematical finance and no joint

arbitrage

Assume we have a Rd>0 valued price process S. Denote by S1 and S2 the price at some
fixed times 0 < t1 < t2 respectively. We also assume that there is a contract with payoff
L(S1, S2) at t2 and price C at t1 where L : Rd>0 × Rd>0 → R. Assume we are given the
risk neutral distributions of S1 ∼ µ1, C ∼ µC and S2 ∼ µ2 from market data and assume
we have no interest rate.

Definition 5.3.1. We call a semi-static trading strategy in (S1, S2, C) any strategy of the
form

u1(S1) + u2(S2) + uC(C) + h1(S2 − S1) + h2(L(S1, S2)− C)

where u1 ∈ L1(µ1), u2 ∈ L1(µ2), uC ∈ L1(µC) and with the deltas h1, h2 being bounded
and Ã(S1, C)-measurable.

For the next definition, see Definition 5 in [42].

Definition 5.3.2 (joint arbitrage). We say that there exists (S1, S2, C)-joint arbitrage if
there is a semi-static trading strategy (u1, u2, uC , h1, h2) with payoff

u1(S1) + u2(S2) + uC(C) + h1(S2 − S1) + h2(L(S1, S2)− C) g 0

and price
Eµ1 [u1] + Eµ2 [u2] + EµC [uC ] < 0.
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Note that this definition differs from the standard ’existence of an equivalent martingale
measure’ concept of arbitrage, which typically requires a reference or market measure.
This alternative notion of no-arbitrage is commonly explored in the context of robust
finance; see, for example, [14]. In order to exclude joint arbitrage, by [42] and
[14], there must exist a martingale measure Q such that the process

(S1, C) → (S2, L(S1, S2))

is a martingale.

Definition 5.3.3. Let L : Rd>0 × Rd>0 → R be continuous. Let PL(µ1, µC , µ2) denote the
set of probability measures µ on Rd>0 × R× Rd>0 such that

S1 ∼ µ1, C ∼ µC , S2 ∼ µ2, Eµ[S2|S1, C] = S1, Eµ[L(S1, S2)|S1, C] = C.

We set P := {((s1, c), (s2, L(s1, s2))) : s1, s2 ∈ Rd>0, c ∈ R} ¢ Rd+1 × Rd+1 and for
f ∈ C(Rd) by a slight abuse of notation set SP f := SP f̂ where f̂ ∈ C(Rd+1) satisfies

f̂(s1, c) = f(s1).

Remark 5.3.4. We equip the space Rd>0 × R× Rd>0 with the subspace topology induced
by R2d+1. Notice that Rd>0 with its induced topology is Polish.

The fact that these spaces are Polish, allows us to apply Strassen’s original theorem,
theorem 7 in [71]. To work with arbitrary marginal distributions, we require some
boundedness on the payoff of the contract to ensure the existence of expectations.

Assumption 5.3.5. Assume for L : Rd>0 × Rd>0 → R there exists È : Rd>0 → R such that
for all x, y ∈ Rd>0 we have

|L(x, y)| f R

(
1

È(x)
+

1

È(y)

)
.

for some constant R > 0.

Note that we here allow for general È not necessarily 1
1+∥x∥t as in the previous section.

Assumption 5.3.6. Fix È such that Assumption 5.3.5 is satisfied. Then, we assume
that P = {((s1, c), (s2, L(s1, s2))) : s1, s2 ∈ Rd>0, c ∈ R} ¢ Rd+1 × Rd+1 has the property
that SP f is lower semi-continuous for all f ∈ CÈ(R

d
>0).

The next Theorem provides equivalent conditions for the existence of no arbitrage in
the sense of Definition 5.3.2.

Theorem 5.3.7. Assume L satisfies Assumption 5.3.5 with some fixed È. Set P =
{((s1, c), (s2, L(s1, s2))) : s1, s2 ∈ Rd>0, c ∈ R} ¢ Rd+1 × Rd+1 and assume that P is
closed and satisfies Assumption 5.3.6. Let µ1, µ2 ∈MÈ(R

d
>0) and assume that µ1, µ2, µC
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5.3. Applications to mathematical finance and no joint arbitrage

have finite first moments. Then PL(µ1, µC , µ2) ̸= ∅ if and only if for all f ∈ CÈ(R
d
>0)

with f g 0, φ1 ∈ Cb(R
d
>0) and φC ∈ Cb(R) with SP f g φ1 · φC we have

Eµ1 [φ1] + EµC [φC ] f Eµ2 [f ]. (5.3.1)

This allows us to extend Theorem 6 in [42]. Let

L(s1, s2) = −2

Ä
log(s2/s1).

Then the price of the contract C is given by VIX2 at time t1. Set P = {((s1, c), (s2, L(s1, s2))) :
s1, s2 ∈ R>0, c ∈ R} ¢ R2 × R2 and set

1

È(x)
:= 1 + |x|+ | log(x)|.

Definition 5.3.8. For f ∈ CÈ(R) set

f̃(c) = sup{a+ bc+ d : a, b, d ∈ R, ax− b
2

Ä
log(x) + d f f(x) for x > 0}.

Lemma 5.3.9. For f ∈ CÈ(R) we have f̃(0) = f(1) and for c < 0 we have f̃(0) = ∞.

The function f̃ can be interpreted as follows: If S1 = 1 and c is the price of the contract
with payoff − 2

Ä log(S2) at time t = 1 then f̃(c) is the maximal subhedging price of a
derivative with payoff f at time t = 2. Any subhedging strategy where we buy the asset
a-times with S1 = 1, the claim b-times at price c ∈ R and holding d in the bank account,
must satisfy aS2 − b 2Ä log(S2) + d f f(S2) and has cost a+ bc+ d. Taking the supremum

over all such strategies yields f̃(c).
The primary reason for considering the mapping f ↦→ f̃ lies in its relationship with the
operator SP . By examining this relationship, we can show that P and L must satisfy
Assumption 5.3.5. This yields the following Theorem:

Theorem 5.3.10. Let µ1, µ2 and µVIX2 have a finite first moment and let Eµi [| log(x)|] <
∞. Then L and P satisfy Assumptions 5.3.5 and 5.3.6 and we have for f ∈ CÈ(R).

SP f(s, c) = f̃(c− 2

Ä
log(s)).

The following are equivalent:

1. The market is free of joint (S1, S2,VIX2) arbitrage.

2. PL(µ1, µVIX2 , µ2) ̸= ∅.
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3. For all f ∈ CÈ(R) with f g 0 and φ1 ∈ Cb(R
d
>0) and φVIX2 ∈ Cb(R) with SP f g

φ1 · φVIX2 we have

Eµ1 [φ1] + EµVIX2 [φVIX2 ] f Eµ2 [f ].

Fix µ1, µVIX2. If we have PL(µ1, µVIX2 , µ2) ̸= ∅ for some µ2 then we have the following
duality for all f ∈ CÈ(R

d)

sup
φ1·φVIX2fSP f
φ1∈L1(µ1)

φVIX2∈L1(µVIX2 )

Eµ1 [φ1] + EµVIX2 [φVIX2 ] = inf
µ2

PL(µ1,µVIX2 ,µ2) ̸=∅
Eµ2 [f ]

Consider all contracts on S and VIX with payoffs φ1(S1) and φVIX2(VIX2) at time t = t1
such that their joint payoff is less than the maximal subreplication price SP f(S1,VIX

2)
of f(S2). The duality result above states that the supremum of the joint price over all
such contracts is precisely the minimal arbitrage free cost of the contract with payoff f(S2).

5.4. Theoretical results

5.4.1. Discrete representation of SP

We derive a dual formulation of the operator SP . The arguments presented are purely
combinatorial and do not rely on topological considerations. Given the focus of this thesis,
we frame everything in the terminology of probability theory, although all results can
be interpreted as outcomes concerning finite convex combinations in finite-dimensional
vector spaces.

Definition 5.4.1. Let A ¢ X and set

ΠA := {¼| ¼ probability measure on X with barycenter and ¼(A) = 1}

and denote by Ã(¼) the barycenter of ¼.

Definition 5.4.2 (Relative lower convex envelope). For f : X → R and any A ¢ X set
for every x ∈ X:

fA(x) := sup{g(x)| g : X → R convex and ∀y ∈ A : g(y) f f(y)}.

Proposition 5.4.3. For any A ¢ X and f : X → R the function fA(x) is convex. We
have

fA(x) = inf
¼∈ΞxA(f)

E¼[f ]

where

ΞxA(f) = {¼ ∈ ΠA : Ã(¼) = x and supp(¼) is finite and f(y) <∞ for y ∈ supp(¼)}
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5.4. Theoretical results

Proof. For any function f set epi(f) := {(x, t) ∈ X × R : t g f(x)}. Set M = {g : X →
R : g is convex and g f f on A}. Then we have

epi(fA) =
⋂

g∈M
epi(g)

and since the intersection of convex sets is convex it follows that epi(fA) is convex and
hence fA is convex. Set

H(x) := inf
¼∈ΞxA(f)

E¼[f ].

Choose (x, t), (y, s) ∈ epi(H). It follows that

t g inf
¼∈ΞxA(f)

E¼[f ]

and
s g inf

¼∈ΞyA(f)
E¼[f ]

and hence for any ϵ > 0 there exists µϵ ∈ ΞxA(f) and ¿ϵ ∈ ΞyA(f) such that t+ ϵ g Eµϵ [f ]
and s+ ϵ g E¿ϵ [f ]. For any ³, ´ > 0 with ³+ ´ = 1 we have

³t+ ´s+ ϵ g E³µϵ+´¿ϵ [f ].

Letting ϵ→ 0 and noticing that ³µϵ+´¿ϵ ∈ Ξ³x+´yA (f) we obtain ³(x, t)+´(y, s) ∈ epi(H).
It follows that H is convex and since for any x ∈ A

H(x) = inf
¼∈ΞxA(f)

E¼[f ] f E¶x [f ] = f(x)

we have H(x) f fA(x). Set Af = A ∩ {f < ∞}. For (xi)
n
i=1 in Af we have for all

ti g fA(xi) that
∑

i ³i(xi, ti) ∈ epi(fA) with ³i > 0 and
∑

i ³i = 1 and hence that

∑
³iti g fA(

∑

i

³ixi).

Since this holds for all ti g fA(xi) we obtain

∑
³if(xi) g fA(

∑

i

³ixi).

We now show that epi(H) ¢ epi(fA) from which it follows that H(x) g fA(x). Assume
(x, t) ∈ epi(H), then by the above argument for any ϵ > 0 there exists µϵ ∈ ΞxA(f)
such that t + ϵ g Eµϵ [f ]. Since µϵ is of finite support, there exist (xi)i in A such that
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µϵ =
∑

i ³i¶xi . Hence we have

t+ ϵ g Eµϵ [f ] =
∑

i

³if(xi) g
∑

i

³ifA(xi) g fA(
∑

i

³ixi) = fA(x).

Since ϵ was arbitrary we obtain (x, t) ∈ epi(fA).

Lemma 5.4.4. For f f g and A £ B we have

fA f gB.

Proof. We have by Proposition 5.4.3 for any x ∈ X

fA(x) = inf
¼∈ΞxA(f)

E¼[f ] f inf
¼∈ΞxB(f)

E¼[f ] f inf
¼∈ΞxB(f)

E¼[g] = gA(x).

The next Lemma shows that in order to calculate the infimum over all measures in
ΞxA(f) it sufficies to consider those, whose support consists of less than or equal to d+ 1
points. Recall here that A ¢ X = Rd.

Lemma 5.4.5. Set ΞxA(f, n) := {¼ ∈ ΞxA(f) : | supp(¼)| f n}. Then for any f : X → R

we have
inf

ΞxA(f)
E¼[f ] = inf

ΞxA(f,d+1)
E¼[f ]

Proof. Clearly
inf

ΞxA(f)
E¼[f ] f inf

ΞxA(f,d+1)
E¼[f ].

Set Af = A ∩ {f <∞} and fix x ∈ conv(Af ). Assume for the sake of contradiction that
there is a minimal n > d+ 1 such that there exists a measure µ with | supp(µ)| = n with

Eµ[f ] < inf
ΞxA(f,d+1)

E¼[f ].

Since µ ∈ ΞxA(f, n), there exist x1, . . . , xn ∈ Af and ³1, . . . , ³n > 0 with
∑
³i = 1 such

that x =
∑

i ³ixi and µ =
∑
³i¶xi . Consider the set conv(Af )× {1} ¢ Rd+1. We have

that (x, 1) is in the linear hull of {(xi, 1) : 1 f i f n}. Since n > d+ 1 these vectors are
linearly dependent and hence there exist ´1, . . . , ´n not all zero such that

∑
´i(xi, 1) = 0.

Since in particular this implies
∑
´i = 0 there must exist k, j with ´j > 0 and ´k < 0.

Set µ := sup{t : ³i − t´i g 0} > 0 and ¸ := sup{t : ³i + t´i g 0} > 0. Set

µ1 =
∑

(³i − µ´i)¶xi

and
µ2 =

∑
(³i + ¸´i)¶xi .
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Since there exist i, j such that ³i − µ´i = 0 and ³j + ¸´j = 0 we have | supp(µ1)| < n
and | supp(µ2)| < n. By construction of µ1, µ2 we obtain the identity

µ =
¸

µ + ¸
µ1 +

µ

µ + ¸
µ2.

It follows that
Eµ[f ] g min{Eµ1 [f ],Eµ2 [f ]}.

But this contradicts the minimality of n and hence such an n cannot exist.

Let Y be a finite dimensional real vector space.

Definition 5.4.6. For ease of notation define for P ¢ Y ×X and f : Y ×X → R the
map HP f : Y ×X → R by

HP f(y, x) = f(y, ·)Py(x).
It follows by Proposition 5.4.3 that HP f(y, ·) is convex.

Lemma 5.4.7. For f, g : Y ×X → R with g f f and P1 ¢ P2 ¢ Y ×X. Then

HP1f g HP2g.

Proof. We have

HP2g(y, x) = g(y, ·)(P2)y
(x)

f f(y, ·)(P1)y
(x) = HP1f(y, x)

where we have applied Lemma 5.4.4.

Lemma 5.4.8. Let (Pn)n be an increasing sequence of subsets of Y ×X with ∪Pn = P
and (fn)n a pointwise decreasing sequence of extended real functions on Y ×X converging
pointwise to f . Then we have

lim
n→∞

HPnfn(y, x) = HP f(y, x)

pointwise for all (y, x) ∈ Y ×X.

Proof. By Proposition 5.4.3 for any ϵ > 0 and (y, x) ∈ Y × X there exists a measure
¼ ∈ ΞxPy(f(y, ·)) such that

E¼[f(y, ·)] < HP f(y, x) + ϵ.

Since fn converges pointwise to f , ∪Pn = P and ¼ has finite support, there exists n0
such that for all n g n0 we have ¼ ∈ Ξx(Pn)y(f(y, ·)) and for all z ∈ supp(¼) we have

fn(y, z)− f(y, z) f ϵ. This hold since | supp(¼)| <∞ and hence there must exists an n0
such that supp(¼) ¢ (Pn0)y. Thus for n g n0

HPnfn(y, x) f E¼[fn(y, ·)] f E¼[f(y, ·)] + ϵ < HP f(y, x) + 2ϵ.
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Letting ϵ→ 0 we obtain
lim
n
HP fn(y, x) f HP f(y, x).

Conversely since H is monotone in both it arguments P and f by Lemma 5.4.7 the reverse
inequality is clear.

Definition 5.4.9. Let h : Xn → R. Consider h as a function on Xn−1 ×X, then define
SnPh : Xn−1 → R by

SnPh(y) = HPh(y, pn−1(y))

where y ∈ Xn−1 and pn−1 : Xn−1 → X the projection onto the last component. Set
Pk := (p1, . . . , pk)(P ) and for f : X → R define

SP f = S2
P2

◦ · · · ◦ Sn−1
Pn−1

◦ SnP (f ◦ pn).

and for h : Z → R set
S̃Ph = S2

P2
◦ · · · ◦ Sn−1

Pn−1
◦ SnP (h)

Remark 5.4.10. This definition for SP is equivalent to Definition 5.2.4. This can be
seen from

HPh(x, pn−1(x)) = h(x, ·)Px(pn−1(x))

= sup{g(pn−1(x)) : g convex and g(y) f h(x, y) for y ∈ Px}.

Definition 5.4.11. Define for h : Xn → R and µ ∈M1(X) with finite support the set

Dµ
P (f) :=

{¼ ∈M(Xn) : ¼ martingale measure with supp(¼) <∞, (p1)∗(¼) = µ and ¼(P ∩ {f <∞}) = 1}.

The next duality result will be the crucial ingredient to prove most of the existence
results on martingales with restricted support.

Proposition 5.4.12. Let P ¢ Xn, f : Xn → R and Dµ
P (f) as in Definition 5.4.11. We

have

inf
¼∈D¶x0P (h)

E¼[h] = S̃Ph(x0). (5.4.1)

for x0 ∈ X. In particular for f : X → R we obtain

inf
¼∈D¶x0P (f◦pn)

E¼[f ◦ pn] = SP f(x0). (5.4.2)

Proof. We first assume n = 2. For h : X2 → R, set hx := h(x, ·). By Proposition 5.4.3
we have

inf
¼∈D¶x0P (h)

E¼[h] = inf
¼∈Ξx0Px0 (hx0 )

E¼[hx0 ] = HPh(x0, x0) = S̃Ph(x0).
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For n > 2 we apply induction. Consider Xn = Xn−1 ×X and for h : Xn−1 ×X → R

again set hy = h(y, ·) with y ∈ Xn−1. Any ¼ ∈ D¶x0
P (h) has a disintegration ¼(dy, dx) =

¸(y, dx) ∗ µ(dy) over Xn−1 ×X with y ∈ Xn−1 and x ∈ X, where µ = (p1, . . . , pn−1)∗¼
is a martingale measure and ¸ is a Markov kernel with finite support because ¼ has finite
support. Set p := (p1, . . . , pn−1) the projection onto Xn−1. We obtain

inf
¼∈D¶x0P (h)

E¼[h] = inf
¼∈D¶x0P (h)

∑

y∈supp(p∗¼)
¼({y}) inf

¸∈Ξpn−1(y)

Py
(hy)

E¸[hy]

= inf
¼∈D¶x0P (h)

∑

y∈supp(p∗¼)
¼({y})HPh(y, pn−1(y))

= inf
¼∈D¶x0P (h)

Ep∗¼[SnPh].

It remains to show that p∗D¶x0
P (h) = D¶x0

Pn−1
(SnPh). Assume D¶x0

P (h) ̸= ∅. Clearly for

any ¼ ∈ D¶x0
P (h), p∗¼ is a martingale measure on Pn−1 with finite support. Write

¼(dy, dx) = ¸(y, dx)p∗¼(dy). Since ¼({h < ∞}) = 1 for all y ∈ supp(p∗¼) we have

¸(y, ·) ∈ Ξ
pn−1(y)
Py

(hy). Thus SnPh(y) < ∞ and hence p∗¼ ∈ D¶x0
Pn−1

(SnPh). Conversely for

µ ∈ D¶x0
Pn−1

(SnPh) we have for any y ∈ supp(µ) that SnPh <∞ and hence by Proposition
5.4.3

SnPh(y) = inf
¸∈Ξpn−1(y)

Py
(hy)

E¸[hy]

and thus the set Ξ
pn−1(y)
Py

(hy) ̸= ∅. Choose a transition kernel ¸ such that for y ∈ supp(µ)

we have ¸(y, ·) ∈ Ξ
pn−1(y)
Py

(hy). It follows that ¼(dy, dx) := ¸(y, dx)µ(dy) is in D¶x0
P (h)

and satisfies p∗¼ = µ. Hence

inf
¼∈D¶x0P (h)

Ep∗¼[SnPh] = inf
¼∈D¶x0Pn−1

(SnP h)

E¼[SnPh].

This combined with the induction hypothesis yields

inf
¼∈D¶x0Pn−1

(SnP h)

E¼[SnPh] = S̃Pn−1(S
n
Ph)(x) = S2

P2
◦ · · · ◦ Sn−1

Pn−1
◦ SnPh(x) = S̃Ph(x).

Applying (5.4.1) to h = f ◦ pn for f : X → R yields (5.4.2).

Corollary 5.4.13. Denote by Dµ
P (f, d+ 1) ¢ Dµ

P (f) the set of martingale measures such
that each transition probability measure is supported on at most d+ 1 points, i.e. for any
Q ∈ Dµ

P (f, d+ 1) we have that Q(dxi|x1, . . . , xi−1) is supported on at most d+ 1 distinct
points. Then

inf
¼∈D¶xP (f,d+1)

E¼[f ] = SP f(x).

Proposition 5.4.12 and Corollary 5.4.13 provide a numerical way to calculate SP f
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by taking the infimum over discrete finite support martingales, where in each step the
martingale can only move to at most d+ 1 points from a given point. Clearly by Lemma
5.4.5 we obtain the following corollary.

5.4.2. A Strassen-type result on martingales with restricted support

In this subsection, we first demonstrate that SP is the appropriate operator for studying
martingales supported on P . This analysis will reveal why the conditions in Theorem
5.2.7 are necessary. To establish sufficiency, we then use a functional analytic approach
to show that understanding discrete martingales supported on P suffices to charaterize
all martingales supported on P .

Definition 5.4.14. Let Ω be a measurable space and f : Ω ↦→ [−∞,∞] be measurable.
We say that f is Q-integrable for some probability measure Q if

∫
{f>0} fdQ <∞.

We introduce this notion of integrability to mainly avoid issues when f is not integrable
in the classical sense.
By Theorem 5.B.8 and Theorem 5.B.9 for Ã-compact P ¢ Z for h ∈ CÈZ (Z) and
f ∈ CÈ(X) the functions HPh and SP f are Borel measurable. Thus given suitable
integrability conditions on HPh and SP f their integral with respect to a finite Borel
measure is well defined. For the remainder of this section, we will assume this measurability
without further mention.
The next Theorem shows a Jensen type inequality that any martingale supported on P
must satisfy.

Theorem 5.4.15. Let P ¢ Xn be Ã-compact and let Q ∈ M(P ), i.e. a martingale
measure with Q(P ) = 1. Let f : Xn → R be Ã-lower semi-continuous. If f is Q-integrable
then (SnP f) ◦ (p1, . . . , pn−1) is Q-integrable and

EQ[f ] g EQ[(SnP f) ◦ (p1, . . . , pn−1)].

This further implies that for f : X → R, SP f is µ-integrable and

EQ[f ◦ pn] g Eµ[SP f ]

where µ = (p1)∗(Q).

Proof. Consider Xn = Xn−1 ×X and let

Q(dy, dx) = ¸(y, dx)¿(dy)

be the disintegration of Q, where y ∈ Xn−1 and x ∈ X. Set g = 1{SnP f>0} ◦ (p1, . . . , pn−1)
and A := {SnP f > 0}. Hence

∞ > EQ[gf ] =

∫
1A(y)

∫
f(y, x)¸(y, dx)¿(dy)
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since gf1{f>0} f f1{f>0} and f is Q-integrable. We obtain

∫
f(y, x)¸(y, dx) g

∫
HP f(y, x)¸(y, dx) g HP (y, Ã(¸(y, ·))) = HP f(y, pn−1(y)) = SnP f(y)

¿-almost surely, where Ã(¸(y, ·)) denotes the barycenter of ¸(y, ·). Indeed, the first
inequality above follows from the fact that f(y, x) g HP f(y, x) ¸(y, ·)-almost surely since
¸(y, Py) = 1 and the second from Jensen’s inequality as stated in Lemma 5.C.3. Hence
we calculate

∞ > EQ[gf ] =

∫
1A(y)

∫
f(y, x)¸(y, dx)¿(dy)

g
∫
1A(y)S

n
P f(y)¿(dy) = EQ[(1{SnP f>0}S

n
P f) ◦ (p1, . . . , pn−1)].

This shows that (SnP f) ◦ (p1, . . . , pn−1) is Q-integrable. Repeating the same calculation
without g yields

EQ[f ] =

∫ ∫
f(y, x)¸(y, dx)¿(dy) g

∫
SnP f(y)¿(dy) = EQ[(SnP f) ◦ (p1, . . . , pn−1)].

Applying this inequality successively yields the second statement.

Lemma 5.4.16. Let P ¢ Y ×X, then HP is superlinear (see Definition 5.A.8) on the
space of functions f : Y ×X → R.

Proof. Let f, g : Y ×X → R, then

HP (f + g)(y, x) = (f + g)(y, ·)Py(x)
= sup{h(x) : h convex and h(x) f f(y, x) + g(y, x), (y, x) ∈ P}
g sup{a(x) + b(x) : a, b convex and a(x) f f(y, x) and b(x) f g(y, x), (y, x) ∈ P}
= f(y, ·)Py(x) + g(y, ·)Py(x) = HP f(y, x) +HP g(y, x).

The positive homogeneity is obvious since the positive multiple of a convex function is
convex as well.

Lemma 5.4.17. Consider Xn = Xn−1 × X and let g : Xn−1 × X → R be convex.
Assume f g g, then for all y ∈ Xn−1 we have SnP f(y) g g(y, pn−1(y)). In particular for
f, g : X → R with f g g and g convex we have

SP f(x) g g(x)

for all x ∈ X.

Proof. Clearly g(y, ·) is convex and g(y, x) f f(y, x) for all y, x and hence in particular
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for (y, x) ∈ P . Thus

SnP f(y) = HP f(y, pn−1(y))

= sup{h(pn−1(y)) : h convex and h(x) f f(y, x) for (y, x) ∈ P}︸ ︷︷ ︸
∋g(y,·)

g g(y, pn−1(y)).

For the second statement apply the above successively to f ◦ pn and g ◦ pn.

Assumption 5.4.18. Set È(x) = 1
1+||x||t for x ∈ X and t g 1 and for Z = Xn define

ÈZ : Z → R via
1

ÈZ
=

n∑

i=1

1

È ◦ pi
.

For the next lemma recall the notations introduced in Definition 5.2.6.

Lemma 5.4.19. For every closed P ¢ Z and ¿ ∈M1
È(X) the sets MÈ(P ) and ¿MÈ(P )

of martingale measures are convex and closed in the weak-∗-topology induced by CÈZ (Z).

Proof. Q is a martingale measure in Z with Q(P ) = 1 if and only if for all 1 < i f n and
for all f ∈ Cb(X

i−1) we have

EQ[(f ◦ p1,i−1)(pi − pi−1)] = 0,

and for all g ∈ CÈZ (Z) with P ¢ g−1({0}) we have

EQ[g] = 0.

Hence the set of martingale measure MÈ(P ) is closed and convex since the functions
(f ◦ p1,i−1)(pi − pi−1) and g are in CÈZ (Z). Set

A := {Q ∈MÈZ (Z)|∀h ∈ CÈ(X) : EQ[h ◦ pn]− E¿ [h] = 0}.

Since h ◦ pn ∈ CÈZ (Z), A is closed and convex and thus

¿MÈ(P ) = A ∩MÈ(P )

is closed and convex.

Lemma 5.4.20. For ¿ ∈ M1
È(X) the set ¿MÈ(Z) is weak-∗-compact with respect to

CÈZ (Z).

Proof. By Lemma 5.4.19 ¿MÈ(Z) is closed and hence we only need to show that it is
relatively compact. The map ϕZ :MÈZ (Z) →M(Z) given by ϕ(Q)(E) = EQ[1E

1
ÈZ

] for
Borel measurable sets E ¢ Z, is a homemorphism, where M(Z) is equipped with the
usual weak convergence. Hence it is enough to show that the set ϕZ(

¿MÈ(Z)) is tight
and hence compact in M(Z). For Q ∈ ¿MÈ(Z) set qm = (pm)∗(Q) where 1 f m f n.
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By definition of MÈZ (Z) we have qm ∈MÈ(X).
For k g 1 set

rk(x) =

{
0 if x ∈ Bkt−1

1 + ||x||t − kt else

where Bkt(0) ¢ X is the Ball at 0 with radius kt and t is the exponent in È. Clearly
rk(x) ∈ CÈ(X) since |rkÈ| f 1. We have (1 + ||x||t)1X\B2kt−1

(x) f 2rk(x) since for

x ∈ X \B2kt−1 we have
1 + ||x||t

1 + ||x||t − kt
f 2kt

kt
= 2.

Since rk is convex and (qm)m are in convex order we obtain from Jensen’s inequality for
all qm

Eqm [
1

È
1X\B2kt−1

] = Eqm [(1 + ||x||t)1X\B2kt−1
(x)] f 2Eqm [rk] f 2Eqn [rk] = 2E¿ [rk].

Set Ak = Z \B2kt−1 × · · · ×B2kt−1, then we have

ϕZ(Q)(Ak) = EQ[1Ak
1

ÈZ
] =

n∑

i=1

EQ[1Ak
1

È
◦ pi] f

n∑

i=1

EQ[(1X\B2kt−1

1

È
) ◦ pi]

f
n∑

i=1

Eqi [1X\B2kt−1

1

È
] f 2nE¿ [rk] f 2nE¿ [1X\Bkt−1

1

È
] →
k→∞

0.

(5.4.3)

Since B2kt−1 × · · · × B2kt−1 is compact and Q ∈ ¿MÈ(Z) was arbitrary it follows that
¿MÈ(Z) is weak-∗- compact.

Theorem 5.4.21. Let Λ be a non empty closed convex subset of MÈ(Z) of martingale
measures and let µ, ¿ be a probability measures in M1

È(X), then there exists Q ∈ Λ with
(pn)∗Q = ¿ and (p1)∗Q = µ if and only if for any f, g ∈ CÈ(X) we have

E¿ [f ] + Eµ[g] g inf
¼∈Λ

E¼[f ◦ pn + g ◦ p1] (5.4.4)

Proof. We first show that the inequality condition (5.4.4) implies the existence of a
martingale measure Q in Λ with final marginal ¿. The map ϕ :MÈ(X) →M(X) given
by

µ ↦→ (ϕ(µ) : E ↦→ Eµ[1E
1

È
])

for Borel measurable sets E, is a homeomorphism and for any µ ∈ M1
È(X), ϕ(µ) is a

positive finite Borel measure. By Theorem 8.3.2 in [17] it follows that the set ϕ(M1
È(X))

equipped with the weak convergence is metrizable. Hence M1
È(X) is metrizable in the

weak-∗- topology induced by CÈ(X). The same argument applied to Z shows that M1
ÈZ

(Z)
is metrizable in the weak-∗ topology induced by CÈZ (Z). Equip MÈ(X)×MÈ(X) with
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the product topology. Set

F = {((p1)∗, (pn)∗)(Q)|Q ∈ Λ} ¢M1
È(X)×M1

È(X).

Clearly F is convex because Λ is convex. Denote by cl(F ) the closure of F . If (µ, ¿) ̸∈ cl(F )
then by the Hahn-Banach separation theorem there exists some f, g ∈ CÈ(X) such that

∫

X
fd¿ +

∫

X
gdµ < inf

¼∈Λ

∫

Z
[f ◦ pn + g ◦ p1]d¼.

Hence we have (µ, ¿) ∈ cl(F ) and thus there exists a sequence (µi, ¿i)i in F such that
(µi, ¿i) → (µ, ¿) in the weak-∗- topology induced by CÈ(X) × CÈ(X). In particular
¿i → ¿ in the weak-∗- topology induced by CÈ(X). It follows that the family (¿i)i is
weak-∗-compact and hence (ϕ(¿i))i is tight, i.e.,

lim
k→∞

sup
i

E¿i [1X\B2kt−1

1

È
] = 0

where B2kt−1 is the closed ball with radius 2kt − 1 and center 0. Since each (µi, ¿i) ∈ F
there exists Qi such that (pn)∗(Qi) = ¿i. By (5.4.3)

lim
k→∞

sup
i

EQi [1Ak
1

ÈZ
] = 0

and hence the family (Qi)i is weak-∗-compact in MÈZ (Z). Let Q be a cluster point
of (Qi)i, then Q ∈ Λ since Λ is closed, (p1)∗(Q) = µ and (pn)∗(Q) = ¿ since for any
f ∈ CÈ(X), f ◦ p1 and f ◦ pn are in CÈZ (Z). Conversely if there exists such a martingale
measure Q ∈ Λ then the inequality is trivially satisfied.

Corollary 5.4.22. Let P ¢ Z be closed. The sets ¿MÈ(P ) and ¿
µMÈ(P ) are weak-∗-

compact with respect to CÈZ (Z).

Proof. We have
¿MÈ(P ) =

¿MÈ(Z) ∩ ¿MÈ(P )

and thus by Lemma 5.4.19 and Lemma 5.4.20 is closed and compact. Denote by I(µ) ¢
MÈZ (Z) the subset of finite signed measures with initial distribution µ. I(µ) is closed
since it is the intersection of kernels of the continuous functionals given by

¼ ↦→ E¼[f ◦ p1]

where f ∈ CÈ(X). We have

¿
µMÈ(Z) = I(µ) ∩ ¿MÈ(P )

and thus it is closed and compact.
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Theorem 5.4.23. Let µ and ¿ be probability measures in MÈ(X) and let P ¢ Z be closed.
Then there exists a martingale measure Q ∈ ¿

µMÈ(P ) if and only if for all f ∈ CÈ(X),
SP f is µ-integrable in the sense of Definition 5.4.14 and we have

E¿ [f ] g Eµ[SP f ]. (5.4.5)

Proof. We first show that the inequality (5.4.5) being satisfied for all f ∈ CÈ(X) im-
plies the non emptyness of ¿µMÈ(P ) and the µ-integrability of SP f . In order to apply
Theorem 5.4.21 for

Λ := {Q : Q martingale measure and Q(P ) = 1} = MÈ(P )

we need to show that it is non empty and closed. Since P is closed, by Lemma 5.4.19 Λ
is closed. Suppose by contradiction that it is empty, then D¶x

P (f) (see Definition 5.4.11)
is empty for every f ∈ CÈ(X) and hence SP f ≡ ∞ by Proposition 5.4.12. But this
contradicts SP f being µ-integrable. Hence Λ is non empty and by Lemma 5.4.19 it is
closed. For f, g ∈ CÈ(X) we have

E¿ [f ] + Eµ[g] g Eµ[SP f + g] g inf
x∈X

SP f(x) + g(x) = inf
x∈p1(P )

SP f(x) + g(x) (5.4.6)

where the first inequality follows from (5.4.5) and the last equality follows from SP f(x) =
∞ if x ̸∈ p1(P ) by Proposition 5.4.12. We have by Proposition 5.4.12

inf
¼∈D¶xP (f◦pn)

E¼[f ◦ pn] = SP f(x). (5.4.7)

Hence combining (5.4.6) and (5.4.7) we obtain

inf
Q∈Λ

EQ[f ◦ pn + g ◦ p1] f inf
x∈p1(P )

inf
¼∈D¶xP (f◦pn)

E¼[f ◦ pn] + g(x)

= inf
x∈p1(P )

SP f(x) + g(x) f E¿ [f ] + Eµ[g],

which is exactly the condition of Theorem 5.4.21, implying the existence of Q ∈ Λ with
(p1)∗(Q) = µ and (pn)∗(Q) = ¿. Conversely since every closed set P ¢ Z is Ã-compact by
Theorem 5.4.15 we have

Eµ[SP f ] f E¿ [f ].

5.4.3. Duality results

From a functional analytic point of view Theorem 5.4.23 hints at a deeper relation between
SP and the final distributions of martingale measures supported on P . Specifically that
f ↦→ Eµ[SP f ] acts as the support function for the set of final distributions of measures
in µMÈ(P ). In order to formalize this relationship, we need to define the appropriate
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topology on MÈ(X).

Definition 5.4.24.

• Denote by ´ the strict topology on Cb(X) generated by the seminorms sup |fϕ| where
ϕ in C0(X), the space of continuous real functions vanishing at infinity.

• Consider the bijective map Ψ : CÈ(X) → Cb(X) : f ↦→ fÈ, where Cb(X) is
equipped with the strict topology ´. Let ´È be the topology on CÈ(X) making Ψ a
homeomorphism, i.e. the initial topology induced by Ψ.

Remark 5.4.25. By [20] the dual space of (Cb(X), ´) is the space M(X) of all finite
signed Borel measures on X.

Proposition 5.4.26. The dual space of (CÈ(X), ´È) is given by MÈ(X).

Proof. Since Ψ : CÈ(X) → Cb(X) : f ↦→ fÈ is a vector space homeomorphism, its dual
map

Ψ∗ : Cb(X)∗ → CÈ(X)∗ : (f ↦→ l(f)) ↦→ (f ↦→ l ◦Ψ(f) = l(fÈ))

is a bijection between Cb(X)∗ and CÈ(X)∗. This induces a bijection d¼ ↦→ Èd¼ for
¼ ∈M(X). Hence Èd¼ ∈MÈ(X) and CÈ(X)∗ =MÈ(X).

Lemma 5.4.27. For any ¿ ∈M1
È(X) there exists ϕ ∈ C0(X) such that 1

Èϕ is convex and

E¿
[

1

Èϕ

]
<∞

Proof. Since the class of functions with the single element 1
È is uniformly integrable,

by the Vallée Poussin Theorem there exists a non-negative increasing convex function
Φ : R → R>0 such that Φ( 1È ) is integrable and

lim
|y|→∞

Φ(y)

|y| = ∞.

Since 1
È is convex the composition Φ( 1È ) is convex. Set ϕ = 1/È(x)

Φ(1/È(x)) . Clearly ϕ ∈ C0(X)

and 1
ϕÈ = Φ( 1È ).

Theorem 5.4.28. Let µ ∈ M1
È(X), P ¢ Z be closed and assume that µMÈ(P ) ̸= ∅.

Set Nµ(P ) := (pn)∗ µMÈ(P ), i.e. the set of final marginal distribution of martingale
measures in µMÈ(P ). Then for any f ∈ CÈ(X) we have the following strong duality

inf
¿∈Nµ(P )

E¿ [f ] = Eµ[SP f ].

Proof. Choose ¿ ∈ Nµ(P ). By Lemma 5.4.27 there exists ϕ ∈ C0(X) such that 1
Èϕ has

finite expectation under ¿. We first show that the map f ↦→ Eµ[SP f ] for f ∈ CÈ(X) is
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upper semi-continuous with respect to the topology ´È. In order to show upper semi-
continuity we need to show that for any f ∈ CÈ(X) and r ∈ R with Eµ[SP f ] < r there
exists an open neighbourhood U of f in ´È such that

sup
g∈U

Eµ[SP g] < r.

Set Uϵ := {g ∈ CÈ(X) : |f − g|Èϕ < ϵ}. For every ϵ, Uϵ is open in the ´È topology.
Clearly for every g in Uϵ we have the bound

g(x) f f(x) +
ϵ

È(x)ϕ(x)
.

By the choice of ϕ we have that f + ϵ
Èϕ is ¿-integrable and hence by Theorem 5.4.15

SP (f + ϵ
Èϕ) is µ-integrable for all ϵ g 0. Since SP is order preserving (see Lemma 5.4.7

together with Definition 5.4.9) we have that SP (f + ϵ
Èϕ) is a decreasing sequence of

functions as ϵ decreases. Hence by monotone convergence and Lemma 5.4.8 we obtain

lim
ϵ→0

Eµ[SP (f +
ϵ

Èϕ
)] = Eµ[lim

ϵ→0
SP (f +

ϵ

Èϕ
)] = Eµ[SP f ] < r.

Thus there exists ϵ0 > 0 such that for all ϵ f ϵ0, it holds that Eµ[SP (f + ϵ
Èϕ)] < r

and this implies that Uϵ0 is the desired open set. Hence, the map f ↦→ Eµ[SP f ] is
upper semi-continuous and by Lemma 5.A.8 also superlinear. Moreover, Eµ[SP f ] <∞
since SP f is µ-integrable. It follows by Fenchel-Moreau (see Theorem 5.A.9) that
Eµ[SP f ] is the negative of a supporting function, i.e. there exists a closed convex set
A ¢ CÈ(X)∗ =MÈ(X) such that

Eµ[SP f ] = inf
h∗∈A

h∗(f).

We are left to show that the elements in A are probability measures and satisfy the condi-
tions of Theorem 5.4.23. By Lemma 5.4.17 we have SP1 g 1 and hence infh∗∈A h∗(1) =
Eµ[SP1] g 1 where 1 : X → R is the constant unit valued function. Furthermore
− suph∗∈A h

∗(1) = infh∗∈A h∗(−1) g −1. This shows that every measure in A has mass
1. Assume there is a signed measure in A which is negative on some open set B ¢ X. It
follows that there exists non negative f ∈ CÈ(X) with h∗(f) < 0. Then we have

0 > inf
h∗∈A

h∗(f) = Eµ[SP f ] g Eµ[SP0] g Eµ[0] = 0

which is a contradiction. Hence every measure in A is non negative on all open sets and
thus by outer regularity non negative. Since every h∗ ∈ A with h∗(f) =

∫
fd¼ satisfies

E¼[f ] g Eµ[SP f ] it follows by Theorem 5.4.23 that A ¢ Nµ(P ). By Theorem 5.4.15 we
also have the reverse inclusion.

Remark 5.4.29. We make use of the term duality in the theorem above as SP f itself is
the solution of an optimization problem, see Definition 5.2.4 and Example 3.
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Corollary 5.4.30. For P ¢ Z closed and µ ∈M1
È(X) we have µMÈ ̸= ∅ if and only if

f ↦→ Eµ[SP f ] is upper semi-continuous and does not attain ∞ on (CÈ(X), ´È).

Proof. The proof of Theorem 5.4.28 shows the necessity. If f ↦→ Eµ[SP f ] is upper semi-
continuous and does not attain ∞ on (CÈ(X), ´È) then by Fenchel-Moreau 5.A.9 it must
be the infimum over a closed convex subset of the dual space. Mimicking the proof of
Theorem 5.4.28 shows that all elements in this subset must satisfy the conditions of
Theorem 5.4.23.

Definition 5.4.31. For f : X → R and ¿ ∈M1
È(X) set

T ¿P f = inf
g∈S−1

P f
E¿ [g].

Lemma 5.4.32. T ¿P is sublinear.

Proof. We have

{h ∈ Cl(X) : SPh g f + g} £ {h1 + h2 : h1, h2 ∈ Cl(X), SPh1 + SPh2 g f + g}
£ {h1 + h2 : h1, h2 ∈ Cl(X), SPh1 g f and SPh2 g g} =: B

since SP is superlinear. Hence

T ¿P (f + g) = inf
h∈S−1

P (f+g)
E¿ [h] f inf

h∈B
E¿ [h] = T ¿P f + T ¿P g.

The positive homogeneity is obvious.

Theorem 5.4.33. Let P ¢ Z be closed and satisfy Assumption 5.2.12 and let ¿ ∈M1
È(X).

Assume ¿MÈ(P ) ̸= ∅. Set N ¿(P ) := (p1)∗(¿MÈ(P )) Then for any f ∈ CÈ(X) we have
the following strong duality

sup
µ∈N ¿(P )

Eµ[f ] = T ¿P f.

.

Proof. We show that f ↦→ T ¿P f is lower semi-continuous. Let f ∈ CÈ(X) and r ∈ R be a
pair such that T ¿P (f) > r then we have to find an open set U such that

inf
g∈U

T ¿P g > r.

Let µ ∈ ¿MÈ(P ) and let ϕ ∈ C0(X) be from Lemma 5.4.27. Again set Uϵ := {g ∈
CÈ(X) : |f − g|Èϕ < ϵ}, then we have the upper bound

g(x) g f(x)− ϵ

È(x)ϕ(x)

for g ∈ Uϵ. Hence by Theorem 5.4.15 for any g ∈ Uϵ we obtain

T ¿P g = inf
h∈S−1

P g
E¿ [h] g inf

h∈S−1
P g

Eµ[SPh] g Eµ[g] g Eµ[f − ϵ

Èϕ
] > −∞
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and thus for every ϵ > 0 any g ∈ Uϵ has a lower integrable bound. By Lemma 5.4.17 for
every convex function h we have SPh g h and thus in particular

SP

(
ϵ

ϕÈ

)
g ϵ

ϕÈ
.

It follows that for all g ∈ Uϵ we have for any h ∈ S−1
P (g)

SP

(
h+

ϵ

ϕÈ

)
g SPh+ SP

(
ϵ

ϕÈ

)
g f − ϵ

ϕÈ
+

ϵ

ϕÈ
= f.

and hence S−1
P (g) + ϵ

ϕÈ ¢ S−1
P (f). We obtain for all g ∈ Uϵ

T ¿P g = inf
h∈S−1

P g
E¿ [h] = inf

h∈S−1
P g

E¿ [h+
ϵ

ϕÈ
]− E¿ [

ϵ

ϕÈ
]

g inf
h∈S−1

P f
E¿ [h]− E¿ [

ϵ

ϕÈ
] = T ¿P f − E¿ [

ϵ

ϕÈ
]

Thus there exists ϵ0 such that
inf
g∈Uϵ0

T ¿P g > r.

Again by Theorem 5.A.9 we obtain a closed convex set A ¢ CÈ(X)∗ =MÈ(X) such that

T ¿P f = sup
h∗∈A

h∗(f).

It remains to show that all elements in A are probability measures which satisfy the
conditions of Theorem 5.4.23. We have

sup
h∗∈A

h∗(1) = T ¿P1 = inf
g∈S−1

P (1)
E¿ [g] f E¿ [1] = 1

where the last inequality follows from 1 ∈ S−1
P (1). Similarly we have

sup
h∗∈A

h∗(−1) = T ¿P (−1) = inf
g∈S−1

P (−1)
E¿ [g] f E¿ [−1] = −1

and hence we also have infh∗∈A h∗(1) g 1 implying that h has total mass 1. Assume
there exists a measure in A which assigns negative mass to B ¢ X, then there exists non
negative f ∈ CÈ(X) with h∗(f) < 0 and we have

0 < sup
h∗∈A

h∗(−f) = T ¿P (−f) = inf
g∈S−1

P (−f)
E¿ [g] f E¿ [0] = 0

since 0 ∈ S−1
P (−f). This is a contradiction. For any g ∈ C(X) which is is bounded below

by k, we have SP g g k as well. For any f ∈ Cb(X) with f f SP g we have g ∈ S−1
P f
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because of the previous inequality and thus for all h∗ ∈ A with h∗(f) =
∫
fd¼ we have

E¿ [g] g E¼[f ].

Since this holds for all f ∈ Cb(X) with f f SP g we obtain

E¿ [g] g sup
f∈Cb(X)
ffSP g

E¼[f ].

Since by Assumption 5.2.12 SP g is lower semi-continuous and bounded below by k there
exists an increasing sequence (fn)n in Cb(X) which converges pointwise to SP g. Hence

E¼[SP g] g sup
f∈Cb(X)
ffSP g

E¼[f ] g lim
n

E¼[fn] = E¼[SP g]

and thus we have
E¿ [g] g E¼[SP g].

Theorem 5.4.23 implies A = N ¿(P ).

Corollary 5.4.34. Under the assumptions of Theorem 5.4.33 the operator f ↦→ T ¿P f is
continuous with respect to (CÈ(X), ´È).

Proof. By Theorem 5.4.33 we have supQ∈¿MÈ(P ) E
Q[f ◦ p1] = T ¿P f . The result follows

from Proposition 7.32 in [15] and the fact that ¿MÈ(P ) is weak-∗ compact and the map

(Q, f) ↦→ EQ[f ◦ p1]

is jointly continuous.

5.4.4. Marginals of marginals

In this subsection, we explore the existence of martingale measures defined on a specified
path space, where only the one-dimensional marginal distributions of the initial and
final distributions are fixed. The motivation for this investigation, particularly from a
financial perspective, is that when dealing with multiple assets, call option data provides
the risk-neutral distribution of each individual asset price at specific times, but does not
provide the joint risk-neutral distribution of the asset prices at a specific time step.
For completeness we state Theorem 7 in [71] in our notation.

Theorem 5.4.35 (Strassen). Let X1 × · · · ×Xn be Polish spaces and Èi be continuous
positive and bounded functions on Xi. Set X̃ = X1 × · · · ×Xn and

1

È
X̃

:=
∑

i

1

Èi
◦ pXi
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pXi denotes the projection onto Xi. Let Λ be a closed convex subset of probability measures
MÈ

X̃
(X̃). Then there exists an element Q ∈ Λ with marginals µi for all fi ∈ CÈi(Xi)

bounded below we have ∑

i

Eµi [fi] g inf
¼∈Λ

∑

i

E¼[fi ◦ pXi ].

Proof. See Theorem 7 in [71]

Definition 5.4.36. For X = Rd denote by xi : X → R the projection onto the i-th
component of X. In the following let µ : R → R be given by µ(x) = 1

1+|x|t and set

1

ÈX
=
∑

i

1

µ ◦ xi =
1

d+
∑ |xi(x)|t .

Remark 5.4.37. Notice that for any function f ∈ C(X), |fÈX | is bounded if and only
if |fÈ| is, since there exist constants c1, c2 ∈ R>0 such that c1È f ÈX f c2È. Hence
CÈX (X) = CÈ(X) and MÈX (X) =MÈ(X).

Theorem 5.4.38. Let X = Rd. Given a weak-∗-closed convex non empty set Λ of
martingale probability measures in MÈZ (Z) and probability measures µi, ¿i ∈ M1

µ (R),
1 f i f d on R, there exists a martingale measure in Λ such that the one dimensional
marginal distributions of the initial marginal and final marginal are given by (µi)i and
(¿i)i respectively if and only if for all fi, gi ∈ CÈ(R), 1 f i f d, we have

d∑

i=1

E¿i [fi] + Eµi [gi] g inf
¼∈Λ

d∑

i=1

E¼[(·d
i=1fi) ◦ pn + (·d

i=1gi) ◦ p1] (5.4.8)

where ·d
i=1fi : X → R and ·d

i=1gi : X → R are the direct sums of the (fi)i and (gi)i
respectively.

Proof. Define È2 : X ×X → R by 1
È2(x,y)

:= 1
È(x) +

1
È(y) . We show first that the map

(p1, pn)∗ : MÈZ (Z) → MÈ2(X × X) mapping Q ↦→ (p1, pn)∗Q the pushforward under
(p1, pn)∗ maps Λ to a closed convex set of probability measures in M1

È2
(X × X). The

weak-∗- topologies on M1
È2
(X ×X) and M1

ÈZ
(Z) are metrizable by the same argument as

in Theorem 5.4.21. If (¸i)i is a sequence in (p1, pn)∗(Λ) ¢M1
È2
(X ×X) converging to ¸

then by continuity of q2 : (X ×X ∋ (x, y)) ↦→ y we have

lim
i
(q2)∗(¸i) = (q2)∗(¸).

Since for each ¸i there is Qi ∈ Λ with

(p1, pn)∗(Qi) = ¸i

we obtain
(pn)∗(Qi) = (q2)∗(¸i),
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i.e. the second marginal of ¸i is the final marginal of Qi. The convergence of ((q2)∗(¸i))i
implies the weak-∗ compactness of ((q2)∗(¸i))i in MÈ(X), i.e. the final marginal distri-
bution (Qi)i are weak-∗ compact. Mimicking the proof of Theorem 5.4.21 implies the
convergence of a subsequence of (Qi)i to some Q ∈ Λ since Λ is closed. By continuity of
(p1, pn)∗ we obtain (p1, pn)∗(Q) = ¸ and thus (p1, pn)∗(Λ) is closed. By Remark 5.4.37 ap-
plying Theorem 5.4.35 to the closed convex set (p1, pn)∗Λ with Xi = R, X̃ = X×X = R2d

and Èi = µ yields the result.

Corollary 5.4.39. The inequality condition (5.4.8) of Theorem 5.4.38 holds if and only
if ∑

i

E¿i [fi] + Eµi [gi] g inf
¼∈Λ

∑

i

E¼[(·d
i=1fi) ◦ pn + (·d

i=1gi) ◦ p1].

holds for all fi, gi ∈ Cµ(R) ∩ Cl(R).

Proof. For any fi, gi ∈ Cµ(R), f
k
i := max(fi,−k) ∈ Cµ(R)∩Cl(R) and gki := max(gi,−k) ∈

Cµ(R) ∩ Cl(R) converge pointwise to fi and gi respectively. Hence

∑

i

E¿i [fi] + Eµi [gi] = inf
k

∑

i

E¿i [fki ] + Eµi [gki ]

g inf
k

inf
¼∈Λ

∑

i

E¼[(·d
i=1f

k
i ) ◦ pn + (·d

i=1g
k
i ) ◦ p1]

= inf
¼∈Λ

∑

i

E¼[(·d
i=1fi) ◦ pn + (·d

i=1gi) ◦ p1].

Theorem 5.4.40. Let P ¢ Xn be closed and satisfy Assumption 5.2.12 and let µi, ¿i,
1 f i f d be probability distributions in M1

µ (R). Then there exists a martingale measure
Q ∈ MÈ(P ) with initial and final marginal µ and ¿ in M1

È(X) such that µ ∈M1
È(X) has

marginals µi ∈M1
µ (R) and ¿ ∈M1

È(X) has marginals ¿i ∈M1
µ (R) for 1 f i f d, if and

only if for all fi ∈ Cµ(R) ∩ Cl(R) we have

sup
·ϕifSP (·fi)
ϕi∈Cb(R)

∑

i

Eµi [ϕi] f
∑

i

E¿i [fi]. (5.4.9)

Proof. We need to show that (5.4.9) together with Corollary 5.4.39 imply (5.4.8) of
Theorem 5.4.38 with Λ = MÈ(P ). To this end assume that (5.4.9) is satisfied for all
fi ∈ Cµ(R)∩Cl(R). Assume by contradiction that the set MÈ(P ) of martingale measures
is empty, then, by the same argument as in Theorem 5.4.23 SP f ≡ ∞ for any f : X → R

and hence
∞ >

∑

i

E¿i [fi] g sup
·ϕifSP (

∑·fi)
ϕi∈Cb(R)

∑

i

Eµi [ϕi] = ∞

for all fi ∈ Cµ(R) ∩ Cl(R). Set f := ·fi and g := ·gi for fi, gi ∈ Cµ(R) ∩ Cl(R). We
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have

∑

i

Eµi [gi] + E¿i [fi] g
∑

i

Eµi [gi] + sup
·ϕifSP f
ϕi∈Cb(R)

∑

i

Eµi [ϕi] = inf
µ∈C(µ1,...,µd)

Eµ[g + SP f ]

(5.4.10)

where C(µ1, . . . , µd) denotes the set of couplings of µ1, . . . , µd and the last equality follows
from the Kantorovich duality [72] since SP f is lower semi-continuous by Assumption
5.2.12 and bounded below by the assumptions on the fi. By Proposition 5.4.12 we have

inf
µ∈C(µ1,...,µd)

Eµ[g + SP f ] g inf
x∈p1(P )

g(x) + SP f(x)

= inf
x∈p1(P )

[g(x) + inf
¿∈D¶xP (f◦pn)

E¿ [f ◦ pn]] (5.4.11)

g inf
¼∈MÈ(P )

E¼[f ◦ pn + g ◦ p1].

where
inf

µ∈C(µ1,...,µd)
Eµ[g + SP f ] g inf

x∈p1(P )
g(x) + SP f(x)

holds since SP f ≡ ∞ on X \ p1(P ). Combining (5.4.10) and (5.4.11) we obtain

∑

i

Eµi [gi] + E¿i [fi] g inf
¼∈MÈ(P )

E¼[f ◦ pn + g ◦ p1]

which is condition (5.4.8) of Theorem 5.4.38 applied to Λ = MÈ(P ). Conversely we have
for any martingale measure ¼ satisfying the constraints, by Theorem 5.4.15

E¼n [f ] g E¼1 [SP f ] g sup
·ϕifSP f
ϕi∈Cb(R)

∑

i

Eµi [ϕi]

where ¼1 and ¼n in MÈ(X) denote the first and last marginal distribution with ¼1 having
one-dimensional marginals given by µ1, . . . , µd.

Proposition 5.4.41. Assume P ¢ Z closed and satisfies Assumption 5.4.18. Denote by
MÈ(µ1, . . . , µd, P ) ¢ MÈ(P ) all martingale measures Q ¢ MÈ(P ) with µ := (p1)∗(Q) ∈
M1
È(X) having fixed marginals µ1, . . . , µd ∈M1

µ (R). Set Mn
È(µ1, . . . , µd, P ) to be the set

of final marginals of Q ∈ MÈ(µ1, . . . , µd, P ). If MÈ(µ1, . . . , µd, P ) ̸= ∅, then we have for
all fi ∈ Cµ(R)

sup
·ϕifSP (·fi)
ϕi∈L1(µi)

∑

i

Eµi [ϕi] = inf
¿∈Mn(µ1,...,µd,P )

∑

i

E¿i [fi].
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Proof. We show that

F (
⊕

fi) := sup
·ϕifSP (·fi)
ϕi∈L1(µi)

∑

i

Eµi [ϕi]

is upper semi-continuous on
⊕d

i=1Cµ(R) equipped with the product µ-strict topology.
Choose Q ∈ MÈ(µ1, . . . , µd, P ) with initial distribution µ and final distribution ¿. By
Lemma 5.4.27 there exist (ϕi)i such that 1

µϕi
has finite expectation under ¿i. For fixed

fi ∈ Cµ(R) set f :=
⊕
fi ∈ CÈ(X) and set Uϵ(f) := {⊕ gi| ∀i : |fi − gi|µϕi < ϵ}. We

have
⊕
gi f

⊕
fi +

ϵ
µϕi

for
⊕
gi ∈ Uϵ(f) and by Theorem 5.4.15 SP (

⊕
f + ϵ

µϕi
) is

µ-integrable. Assume

sup∑
ϕifSP (

⊕
fi)

ϕi∈L1(µi)

∑

i

Eµi [ϕi] < r

for some r ∈ R. By Theorem 2.6 in [50] we have for g ∈ Uϵ(f)

sup∑
ϕifSP (

⊕
gi)

ϕi∈L1(µi)

∑

i

Eµi [ϕi] = inf
C(µ1,...,µd)

Eµ[SP (
⊕

gi)] f inf
C(µ1,...,µd)

Eµ[SP (
⊕

fi+
ϵ

µϕi
)] <∞

Since SP is continuous for monotone decreasing sequences (see Lemma 5.4.7 together
with Definition 5.4.9) and by monotone convergence we have

inf
C(µ1,...,µd)

Eµ[SP (
⊕

fi+
ϵ

µϕi
)] → inf

C(µ1,...,µd)
Eµ[SP (

⊕
fi)] = sup∑

ϕifSP (
⊕
fi)

ϕi∈L1(µi)

∑

i

Eµi [ϕi] < r

as ϵ→ 0. Hence there exists ϵ0 such that

sup∑
ϕifSP (

⊕
gi)

ϕi∈L1(µi)

∑

i

Eµi [ϕi] < r

for g ∈ Uϵ(f) for all 0 < ϵ f ϵ0. This shows that F is upper semi-continuous. F is
superlinear since SP is superlinear, and proper (see Definition 5.A) since MÈ(µ1, . . . , µd, P )
is non empty. Hence we have

sup
·ϕifSP (

⊕
fi)

ϕi∈L1(µi)

∑

i

Eµi [ϕi] = inf
h∗∈A

h∗(f)

where A is a weakly closed convex set in the dual space (
⊕d

i=1Cµ(R))
∗ =

⊕
Mµ(R).

Every functional in A is of the form

h∗(·fi) =
d∑

i

∫
fid¿i

with ¿i ∈ Mµ(R). Using the property that Spf g c if f g c and testing with f =
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0 · · · · · f︸︷︷︸
i

· · · · · 0 together with the same arguments as in Theorem 5.4.28 yields

that all ¿i are probability measures. Applying Theorem 5.4.40 we obtain A = {⊕ ¿i|∃¿ ∈
Mn

È(µ1, . . . , µd, P ) s.t. ∀i : ¿i = (xi)∗¿} where xi : (x1 . . . , xd) ∈ X ↦→ xi.

5.5. Proofs of the main theorems

Proof of Theorem 5.2.7. Choose È(x) = 1
1+||x|| , i.e. t = 1 in the definition of È. By

Theorem 5.B.9 for any f ∈ C(X) and closed P ¢ Z the map SP f is Borel measurable.
We show that the inequality condition

Eµ[SP f ] f E¿ [f ] (5.5.1)

for f ∈ C(X) with f g 0 implies that SP f is µ-integrable for f ∈ CÈ(X) and that the
inequality condition (5.4.5) in Theorem 5.4.23 is satisfied. For any f ∈ CÈ(X) such that
f g −M for some M ∈ R we have f +M g 0 and hence by assumption

E¿ [f +M ] g Eµ[SP (f +M)] g Eµ[SP f ] + Eµ[SP (M)] g Eµ[SP f ] +M

and thus E¿ [f ] g Eµ[SP f ] for all f ∈ CÈ(X) which are bounded from below. For
f ∈ CÈ(X), the function f1{f>0} is bounded below and by Lemma 5.4.17 we have
SP (f1{f>0}) g 0. By monotonicity of SP we have SP f f SP (f1{f>0}) and thus

Eµ[(SP f)1{SP f>0}] f Eµ[SP (f1{f>0})] f E¿ [f1{f>0}] <∞

where the second to last inequality follows from (5.5.1). This shows that SP f is µ-
integrable. Any f ∈ CÈ(X) can be approximated by the sequence fn = max(f,−n) and
hence by Lemma 5.4.8 we have

∞ > E¿ [f ] = lim
n

E¿ [fn] g lim
n

Eµ[SP fn] = Eµ[SP f ].

Thus the inequality condition (5.4.5) of Theorem 5.4.23 is satisfied which yields the
existence of the desired martingale measure.
Conversely if there exists a martingale measure Q supported on P ¢ Z, then by Theorem
5.4.15 we have for all f ∈ C(X) which are ¿-integrable that

Eµ[SP f ] f E¿ [f ].

If f ∈ C(X) with f g 0 and f not ¿-integrable then E¿ [f ] = ∞ and the inequality
E¿ [f ] g Eµ[SP f ] trivially holds.

Proof of Theorem 5.2.9. For any f ∈ FÈ(X) there exists a decreasing sequence (fi)i in
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CÈ(X) such that limi fi = f pointwise. Applying Theorem 5.4.28 to each fi we obtain

inf
Q∈µMÈ(P )

EQ[f ◦ pn] = inf
Q∈µMÈ(P )

inf
i
EQ[fi ◦ pn]

= inf
i

inf
Q∈µMÈ(P )

EQ[fi ◦ pn]

= inf
i
Eµ[SP fi] = Eµ[SP f ]

where the last equality follows from Lemma 5.4.8.

Proof of Theorem 5.2.14. For any f ∈ FÈ(X) and any h ∈ S−1
P f we have by Theorem

5.4.15 that for all Q ∈ ¿MÈ(P )

E¿ [h] g EQ[SPh ◦ p1] g EQ[f ◦ p1].

Taking the infimum on the left hand side with respect to h ∈ S−1
P f and the supremum on

the right hand side with respect to Q ∈ ¿MÈ(P ) we obtain

T ¿P f g sup
Q∈¿MÈ(P )

EQ[f ◦ p1]

Again for any f ∈ FÈ(X) there exists a decreasing sequence (fi)i in CÈ(X) such that
limi fi = f pointwise. Denote Y := {g ∈ CÈ(X) : g g f}, then Y is convex. It follows
that f(x) = infg∈Y g(x). By Sion’s minimax theorem, see [68] or [5], applied to the
bilinear form E(·)[(·) ◦ p1] we obtain

sup
Q∈¿MÈ(P )

inf
g∈Y

EQ[g ◦ p1] = inf
g∈Y

sup
Q∈¿MÈ(P )

EQ[g ◦ p1].

since by Corollary 5.4.22 ¿MÈ(P ) is compact. Hence applying Theorem 5.4.33 to each g
yields

sup
Q∈¿MÈ(P )

EQ[f ◦ p1] = sup
Q∈¿MÈ(P )

inf
g∈Y

EQ[g ◦ p1]

= inf
g∈Y

sup
Q∈¿MÈ(P )

EQ[g ◦ p1]

= inf
g∈Y

T ¿P (g) g T ¿P (f).

Combining the two inequalities yields the result.

Proof of Theorem 5.2.16. We show that the inequality condition implies the existence
condition (5.4.9) of Theorem 5.4.40. To that end, we have for any (fi)i with fi ∈
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5.6. Proof of absence of arbitrage condition

Cµ(R) ∩ Cl(R) there exists M such that fi +M g 0 for all i and hence

sup
·ϕifSP (·fi)=

ϕi∈Cb(R)

∑

i

Eµi [ϕi] = sup
·ϕifSP (·fi)
ϕi∈Cb(R)

∑

i

Eµi [ϕi +M ]−Md

= sup
·ϕifSP (·fi)+Md

ϕi∈Cb(R)

∑

i

Eµi [ϕi]−Md

f sup
·ϕifSP (·fi+Md)

ϕi∈Cb(R)

∑

i

Eµi [ϕi]−Md

f
∑

i

E¿i [fi +M ]−Md =
∑

i

E¿i [fi]

and thus the inequality condition of Theorem 5.4.40 is satisfied. Conversely assume that
there exists a Q ∈ MÈ(P ) such that Q has initial and final marginal µ, ¿ which have
marginals (µi)i and (¿i)i. For fi ∈ C(R) with fi g 0 we have by Theorem 5.4.15

sup
·ϕifSP (·fi)
ϕi∈Cb(R)

∑

i

Eµi [ϕi] f Eµ[SP (·fi)] f E¿ [·fi] =
∑

i

E¿i [fi].

The duality result is just Proposition 5.4.41.

5.6. Proof of absence of arbitrage condition

Set V = Rd>0 × R× Rd>0.

Definition 5.6.1. For (s1, c, s2) ∈ V define the projections

p1(s1, c, s2) := s1, pC(s1, c, s2) := c, p2 := (s1, c, s2) = s2.

Theorem 5.6.2. Let L : Rd>0 × Rd>0 → R be continuous and È1 : Rd>0 → R satisfy
Assumption 5.3.5 and set È2 : R → R, x ↦→ 1

1+|x| . Denote PL := ∪PL(µ1, µC , µ2) where

the union is taken over all (µ1, µC , µ2) ∈ M1
È1
(Rd>0) × M1

È2
(R) × M1

È1
(Rd>0). Define

ÈL : V → R via
1

ÈL
=

1

È1 ◦ p1
+

1

È1 ◦ p2
+

1

È2 ◦ pC
.

Then PL is weak-∗-closed and convex with respect to the topology generated by CÈL(V ).
Furthermore PL(µ1, µC , µ2) ̸= ∅ if and only if for all f, g ∈ CÈ1(R

d
>0) and h ∈ CÈ2(R)

which are bounded from below we have

Eµ1 [f ] + Eµ2 [g] + EµC [h] g inf
¼∈PL

E¼[f ◦ p1 + g ◦ p2 + h ◦ pC ]. (5.6.1)
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Proof. Note that µ ∈ PL if and only if for all bounded f ∈ Cb(R
d
>0 × R) we have

Eµ[(p2 − p1)f ◦ (p1, pC)] = 0, Eµ[(L ◦ (p1, p2)− pC)f ◦ (p1, pC)] = 0.

Since all functions under the expectation are in CÈ(V ), PL is clearly closed. The second
statement is just an application of Theorem 5.4.35 on the Polish spaces X1 = Rd>0, X2 =
R, X3 = Rd>0 with Λ = PL.

Proof of Theorem 5.3.7. Set È1 = È and È2(x) =
1

1+|x| . We first show that (5.3.1) implies

(5.6.1) in Theorem 5.6.2. Let f, g ∈ CÈ1(R
d
>0) ∩ Cl(Rd>0) and h ∈ CÈ2(R) ∩ Cl(R) and

assume w.l.o.g. that f g 0, as otherwise one can just add constants.

Eµ2 [f ] + Eµ1 [g] + EµC [h] g sup
φ1+φCfSP f

φ1∈Cb(Rd>0),φC∈Cb(R)

Eµ1 [φ1 + g] + EµC [φC + h]

= sup
φ1+φCfSP f+g+h

φ1∈Cb(Rd>0),φC∈Cb(R)

Eµ1 [φ1] + EµC [φC ] (5.6.2)

= inf
¸∈C(µ1,µC)

E¸[SP f ] + E¸[g ◦ p1] + E¸[h ◦ pc]

where the first inequality follows from (5.3.1) and the last equality from an application of
Theorem 2.6 and Proposition 1.33 in [50] to SP f + g + h since it is bounded below and
lower semi-continuous by Assumption 5.3.6. Set W := (Rd>0 × R)× (Rd>0 × R) and

1

ÈW (s1, c1, s2, c2)
=

1

È1(s1)
+

1

È2(c1)
+

1

È1(s2)
+

1

È2(c2)
.

Notice that we have P ¢W . Under the pushforward of the map

G :W → V, (s1, c1, s2, c2) ↦→ (s1, c1, s2)

we have G∗(MÈW (P )) ¢ PL. On W define q2 : (s1, c1, s2, c2) ↦→ (s2, c2). Then applying
Proposition 5.4.12 we obtain

inf
¸∈C(µ1,µC)

E¸[SP f ] + E¸[g ◦ p1] + E¼[h ◦ pc] g inf
(s1,c)∈Rd>0×R

SP f(s1, h) + g(s1) + h(c)

g inf
(s1,c)∈Rd>0×R

inf
Ä∈D

¶(s1,c)
P (f̂◦q2)

EÄ[f̂ ◦ q2] + g(s1) + h(c)

(5.6.3)

g inf
¼∈PL

E¼[f ◦ p2 + g ◦ p1 + h ◦ pC ]

where the last inequality follows from G∗(D
¶(s1,c)
P (f̂ ◦ q2)) ¢ G∗(MÈW (P )) ¢ PL. Com-
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5.6. Proof of absence of arbitrage condition

bining (5.6.2) and (5.6.3) we obtain

Eµ2 [f ] + Eµ1 [g] + EµC [h] g inf
¼∈PL

E¼[f ◦ p2 + g ◦ p1 + h ◦ pC ]

Applying Corollary 5.4.39 implies (5.6.1) in Theorem 5.6.2. Conversely every ¼ ∈
PL(µ1, µC , µ2) induces a martingale measure Q ∈ MÈW (P ) on W . Thus for all f ∈
CÈ1(R

d
>0) ∩ Cl(Rd) we must have by Proposition 5.4.15

Eµ2 [f ] = E¼[f ◦ p2] g E¼[SP f ◦ (p1, pC)] g sup
φ1+φCfSP f

φ1∈Cb(Rd>0),φC∈Cb(R)

Eµ1 [φ1] + EµC [φC ].

For the rest of the section we set d = 1 and

L(s1, s2) := −2

Ä
log

(
s2
s1

)
.

where Ä > 0 and
1

È(x)
:= 1 + |x|+ | log(x)|.

Notice that L(s1, s1) = 0.

Proposition 5.6.3. For f ∈ C(R>0) we have

SP f(s1, c) =



sup{as1 + bc+ d : as2 + bL(s1, s2) + d f f(s2) for all s2 ∈ R>0, a, b, d ∈ R} c > 0

f(s1) c = 0

∞ else.

Proof. Fix s1 ∈ R>0. Set G := {(x, L(s1, x)) : x ∈ R>0}, the graph of x ↦→ L(s1, x). We
have

SP f(s1, c) = sup{g(s1, c) : g convex and g(s2, L(s1, s2)) f f(s2) for all s2 ∈ R>0}
g sup{g(s1, c) : g affine and g(s2, L(s1, s2)) f f(s2) for all s2 ∈ R>0} =: f̃(s1, c)

since any affine function is convex. If c > L(s1, s1) = 0 then the point (s1, c) is in

the interior of conv(G). By abuse of notation set fG(s1, c) := (f̂)G(s1, c) We have

fG(s1, c) = SP f(s1, c) and fG is convex. If SP f(s1, c) = −∞ then f̃(s1, c) = −∞. For
any (x, y) ∈ conv(G)◦ there exist three points (xi, L(s1, xi)), i = 1, 2, 3 and ³i > 0 with∑
³i = 1 such that

(x, y) =
∑

³i(xi, L(s1, xi))
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since in R2 every point inside the convex hull of a set is the convex combination of at
most three points. Hence by Proposition 5.4.3 we have

fG(x, y) f
∑

³if̂(xi, L(s1, xi)) =
∑

³if(xi) <∞

since µ =
∑
³i¶(xi,L(s1,xi)) ∈ Ξ

(x,y)
G (f̂). Assume now that SP f(s1, c) = fG(s1, c) > −∞

then by the same argument as in Lemma 5.C.3 fG is real valued on conv(G)◦. Since fG
is convex it follows that it is continuous on conv(G)◦. Thus by the supporting hyperplane
theorem there exists an affine g such that g(x, y) f fG(x, y) and g(s1, c) = fG(s1, c).
Thus SP f(s1, c) = f̃(s1, c). If SP f(s1, c) = fG(s1, c) = −∞ then by SP f(s1, c) g f̃(s1, c)
equality must hold. This proves the case c > L(s1, s1). We proceed now to c = L(s1, s1) =
0. By Proposition 5.4.3 we have

fG(x, y) = inf
¼∈Ξ(x,y)

G (f̂)

E¼[f̂ ].

Since L(s1, ·) is strictly convex we have for c = L(s1, s1) that Ξ
(s1,c)
G (f) = {¶(s1,c)} and

hence fG(s1, c) = SP f(s1, c) = f̂(s1, c) = f(s1). If c < L(s1, s1) then Ξ
(s1,c)
G (f) = ∅ and

hence SP f(s1, c) = ∞.

Proposition 5.6.4. We have

SP f(s1, c) = sup{as1+bc+d : as2+bL(s1, s2)+d f f(s2) for all s2 ∈ R>0, a, b, d ∈ R}

for all f ∈ CÈ(R>0).

Proof. By Proposition 5.6.3 we must show that for

f̃(s1, c) := sup{as1 + bc+ d : as2 + bL(s1, s2) + d f f(s2) for all s2 ∈ R>0, a, b, d ∈ R}

we have f̃(s1, c) = f(s1) for c = L(s1, s1) = 0 and f̃(s1, c) = ∞ for c < L(s1, s1) in the
special case f ∈ CÈ(R>0). In the following fix f ∈ CÈ(R>0) and s1 > 0. Set l(x) :=
− 2
Ä log(x/s1) = L(s1, x). The tangent of l at s1 is given by l(s1)− t 2

Äs1
. The strategy of

the proof is to construct explicit affine functions gϵ which satisfy f(x) g gϵ(x, l(x)) and
such that limϵ→0 g

ϵ(s1, l(s1)) = f(s1). This, then implies f̃(s1, l(s1)) g f(s1). Together
with f̃(s1, l(s1)) f SP f(s1, l(s1)) = f(s1), this forces equality. Set

gϵM (x, z) = f(s1)− ϵ−M(z − l(s1) +
2

Äs1
(x− s1)).

Clearly gϵM is affine and we have gϵM (s1, L(s1, s1)) = f(s1)− ϵ. Notice by strict convexity
of l and the mean value theorem that (l(x)−l(s1)+ 2

Äs1
(x−s1)) g 0 is always non-negative

and strictly positive for x ̸= s1. Next we show that for any 0 < ϵ there exists M > 0 such
that

gϵM (x, l(x)) f f(x).
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5.6. Proof of absence of arbitrage condition

For x < 1 we have

gϵM (x, l(x)) = −Ml(x) + f(s1)− ϵ−M(−l(s1) +
2

Äs1
(x− s1)) f −Ml(x) + C1

for some appropriate constant which satisfies C1 > f(s1) − ϵ +M(l(s1) +
2
Ä ). Since

f ∈ CÈ(R
d) there is a constant R > 0 such that

|f(x)| < R(1 + |x|+ | log(x)|).

Moreover,
|Ml(x)− C1|

R(1 + |x|+ | log(x)|) → 2M

ÄR
as x→ 0.

Hence choosing M1 >
ÄR
2 there exists 1 > k1 > 0 such that for x ∈ (0, k1) we have

gϵM1
(x, l(x)) < −R(1 + |x|+ | log(x)|) < f(x).

Similarly for x > 1 we have

gϵM (x, l(x)) = −M 2

Äs1
x+ f(s1)− ϵ−M(l(x)− l(s1)−

2

Ä
) f −M 2

Äs1
x+ C2x

where C2 >
1
x(f(s1)− ϵ−M(l(x)− l(s1)− 2

Ä )) for all x > 1. Again we obtain

|2M/(Äs1)x− C2x|
R(1 + |x|+ | log(x)| →

|2M/(Äs1)− C2|
R

as x→ ∞.

Hence choosing M2 > Äs1
R+C2

2 we obtain k2 > 1 such that for all x ∈ (k2,∞) we have

gϵM2
(x, l(x)) < −R(1 + |x|+ | log(x)|) < f(x).

Since f is continuous at s1 there exists as small neighbourhood (s1 − ¶, s1 + ¶) such
that for x ∈ (s1 − ¶, s1 + ¶) we have f(x) > f(s1)− ϵ and hence by non negativeness of
(l(x)− l(s1) +

2
Äs1

(x− s1)) we have

f(x) > gϵM (x, l(x))

for x ∈ (s1 − ¶, s1 + ¶) and arbitrary M g 0. Finally consider the set K := [k1, k2] \ (s1 −
¶, s1 + ¶). Clearly K is compact, since it is closed and bounded. Hence the continuous
function

gϵM (x, l(x))− f(x) = f(s1)− f(x)− ϵ−M(l(x)− l(s1) +
2

Äs1
(x− s1)) < D

for some D ∈ R and l(x) − l(s1) +
2
Äs1

(x − s1) must be bounded from below by some
h > 0 on K. Thus

gϵ
M+M̃

(x, l(x))− f(x) f D − M̃h.
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Choose M̃ large enough such that the right hand side is negative and set M3 =M + M̃ .
Choosing now M0 := max(M1,M2,M3) we obtain

f(x) g gϵM0
(x, l(x))

and gϵM0
(s1, l(s1)) = gϵM0

(s1, L(s1, s1)) = f(s1)−ϵ. Letting ϵ→ 0 we obtain f̃(s1, L(s1, s1)) g
f(s1) and since f̃(s1, c) f SP f(s1, c) equality must hold by Proposition 5.6.3. This proves
the case c = L(s1, s1) = 0. For c < L(s1, s1) choose an arbitrary ϵ > 0 and its accompa-
nying M0. For all M > M0 we have f(x) g gϵM (x, l(x)) and

gϵM (s1, c) = f(s1)− ϵ−M(c− l(s1)).

Since c− l(s1) = c− L(s1, s1) = c < 0 and letting M → ∞ we obtain f̃(s1, c) = ∞.

Lemma 5.6.5. For all f ∈ CÈ(R>0) SP f is lower semi-continuous and we have the
identity

SP f(s1, c) = SP f(1, c−
2

Ä
log(s1)).

Proof. Set Os1P (f) := {g : g affine and g(x, L(s1, x)) f f(x) for x > 0}. By Proposi-
tion 5.6.4 we have

SP f(s1, c) = sup
g∈Os1P (f)

g(s1, c).

Since every element in Os1P (f) is lower semi-continuous, so is its pointwise supremum and
hence SP f is lower semi-continuous in its second argument. Notice that if g ∈ O1

P (f)
then the affine map gs1(x, c) = g(x, c− 2

Ä log(s1)) satisfies gs1 ∈ Os1P (f). Conversely for
g ∈ Os1P (f) the function gs1(x, c) = g(x, c+ 2

Ä log(s1)) satisfies gs1 ∈ O1
P (f). The identity

readily follows. From

SP f(s1, c) = SP f(1, c−
2

Ä
log(s1))

it follows that SP is jointly lower semi-continuous since log is continuous on R>0.

Lemma 5.6.6. Let X be locally compact Polish space and let µ ∈ MÈ(X), then there
exists ϕ : X ↦→ (0,∞) in C0(X) such that

Eµ
[

1

Èϕ

]
<∞.

Proof. Since X is a Radon space µ is regular and thus there exists a sequence of compact
sets (Un)n with Un ¢ Un+1 such that

lim
n→∞

µ(Un) = 1.

Let K1 £ U1 be a compact neighbourhood of U1 and inductively define Kn to be a
neighbourhood of Un ∪ Kn−1. Since Kn £ Un we have limn→∞ µ(Kn) = 1. W.l.o.g.
assume that Eµ[ 1È1X\Kn ] f Eµ[1/È]/4n for otherwise we can pass onto a sub-sequence.
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5.6. Proof of absence of arbitrage condition

By Urysohn’s lemma there exists a continuous function fn : X → [0, 1] such that fn ≡ 1
on Kn and fn ≡ 0 on X \K◦

n+1. Set

ϕ =
∞∑

n=1

1

2n+1
fn.

Notice that fk ≡ 0 on X \Kn for 1 f k f n− 1. Hence on X \Kn we have

ϕ f
∞∑

k=n

1

2k+1
fk f

∞∑

k=n

1

2k+1
=

1

2n
.

This implies ϕ ∈ C0(X) and ϕ f 1/2n on Kn+1 \Kn. We have

Eµ[
1

Èϕ
1∪Kn ] = Eµ[

1

Èϕ

∑
1Kn+1\Kn ] =

∑
Eµ[

1

Èϕ
1Kn+1\Kn ]

f
∑

2n
∑

Eµ[
1

È
1Kn+1\Kn ] f

∑
2nEµ[

1

È
1X\Kn ]

f
∑ 1

2n
Eµ[

1

È
] = Eµ[

1

È
] <∞.

Proof of Lemma 5.3.9. By Propositions 5.6.3 we have

SP f(s1, L(s1, s1)) = SP f(s1, 0) = f(s1)

and SP f(s1, c) = ∞ for c < 0. Applying Proposition 5.6.4 and Lemma 5.6.5 yields the
result.

Proof of Theorem 5.3.10. Clearly the set P = {((s1, c), (s2, L(s1, s2))) : s1, s2 ∈ R>0, c ∈
R} ¢ R>0 × R × R>0 × R is closed since L(s1, s2) = − 2

Ä log(s2/s1) is continuous on
R>0 × R>0. Assumption 5.3.5 is clearly satisfied for 1/È(x) = 1 + |x|+ | log(x)|. Lemma
5.6.5 combined with Lemma 5.6.4 shows that P satisfies Assumption 5.3.6 and that we
have

f̃(c− 2

Ä
log(s)) = SP f(s, c).

Hence we can apply Theorem 5.3.7. This shows that 2. and 3. are equivalent. The
equivalence of 2. and 1. is shown in Theorem 6 in [42]. The proof of the duality result is
analogous to the proof of Proposition 5.4.41 by showing that the operator

F (f) := sup
ϕ1+ϕVIX2fSP f
ϕ1∈L1(µ1)

ϕVIX2∈L1(µVIX2 )

Eµ1 [ϕ1] + EµVIX2 [ϕVIX2 ]

is upper semi-continuous on CÈ(R>0) equipped with the È-strict topology where we use
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Lemma 5.6.6 to determine the necessary neighbourhoods in the topology. To this end by
Lemma 5.6.6 choose ϕ ∈ C0(R>0) such that 1

ϕÈ has finite expectation under µ2 for some
µ2 with P(µ1, µVIX2 , µ2) ̸= ∅. For any f ∈ CÈ(R>0) set again

Uϵ(f) := {g ∈ CÈ(R>0) : |f − g|ϕÈ < ϵ},

which are clearly open neighbourhoods in the È-strict topology. We again have the bound

g f f +
ϵ

ϕÈ

for g ∈ Uϵ(f) Assume that

F (f) = sup
ϕ1+ϕVIX2fSP f
ϕ1∈L1(µ1)

ϕVIX2∈L1(µVIX2 )

Eµ1 [ϕ1] + EµVIX2 [ϕVIX2 ] < r

for some r ∈ R. For g ∈ Uϵ(f) we obtain

sup
ϕ1+ϕVIX2fSP g
ϕ1∈L1(µ1)

ϕVIX2∈L1(µVIX2 )

Eµ1 [ϕ1] + EµVIX2 [ϕVIX2 ] = inf
µ∈C(µ1,µVIX2 )

Eµ[SP g] f inf
µ∈C(µ1,µVIX2 )

Eµ[SP (f +
ϵ

Èϕ
)]

Since SP is continuous from above, i.e. continuous for pointwise monotonically decreasing
sequences, and monotone we have by monotone convergence

inf
ϵ>0

inf
µ∈C(µ1,µVIX2 )

Eµ[SP (f +
ϵ

Èϕ
)] = inf

µ∈C(µ1,µVIX2 )
Eµ[SP f ] = F (f) < r.

Hence there exists an ϵ > 0 such that for all g ∈ Uϵ(f) we have F (g) < r and thus F is
upper semi-continuous. Since F is superlinear and upper semi-continuous there exists a
convex set B ¢MÈ(R

d) such that we have

F (f) = inf
¼∈B

E¼[f ].

Plugging in f ≡ ±1 we obtain that each ¼ ∈ B has total mass 1. For all f ∈ CÈ(R>0)
with f g 0 we have

inf
¼∈B

E¼[f ] = F (f) g Eµ1 [0] + EµVIX2 [0] = 0.

Hence all ¼ ∈ B are probability measures and thus by the first part of the proof
P(µ1, µVIX2 , ¼) ̸= ∅ since each ¼ satisfies the existence conditions. Thus B ¢ {¼ :
P(µ1, µVIX2 , ¼) ̸= ∅}. But every µ2 ∈ {¼ : P(µ1, µVIX2 , ¼) ̸= ∅} satisfies by Theorem
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5.A. The convex conjugate

5.3.7
sup

ϕ1+ϕVIX2fSP f
ϕ1∈L1(µ1)

ϕVIX2∈L1(µVIX2 )

Eµ1 [ϕ1] + EµVIX2 [ϕVIX2 ] f Eµ2 [f ]

and thus the reverse inclusion is obvious and we obtain equality.

5.A. The convex conjugate

For a more complete overview of the convex conjugate, its properties and proofs for
the statements below, see [64] for the finite dimensional case and [63] for the infinite
dimensional case. Let X be a locally convex Hausdorff space and denote by X∗ its
topological dual equipped with the weak-∗-topology. Further denote by ï·, ·ð the dual
pairing

ï·, ·ð : ((x∗, x) ∈ X∗ ×X) ↦→ x∗(x).

Definition 5.A.1.

We say that an extended real function f : X → R is proper
if and only if it does not attain the value −∞ and is not constant ∞.

Definition 5.A.2. For any function f : X → R define its convex conjugate f∗ : X∗ → R

by
f∗(x∗) = sup

x∈X
ïx∗, xð − f(x).

Lemma 5.A.3 (Fenchel’s inequality). For all x ∈ X, x∗ ∈ X∗ and all f : X → R we
have

ïx∗, xð f f(x) + f∗(x∗).

Theorem 5.A.4 (Fenchel-Moreau). If f : X → R is

• constant ∞

• constant −∞ or

• proper, lower semi-continuous and convex

then
f∗∗ := (f∗)∗ = f

where f∗∗ is known as the biconjugate of f .

An important property of the biconjugate is that it preserves ordering. If g : X → R

satisfies g f f then we also have g∗∗ f f∗∗.
Since for any f : X → R its convex conjugate is given by a supremum over affine
continuous functionals, f∗ is lower semi-continuous and convex on X∗ and thus by the
same argument the biconjugate f∗∗ is lower semi-continuous and convex on X.
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Definition 5.A.5 (Lower semi-continuous convex envelope). Let f : X → R. The lower
semi-continuous envelope of f denoted by Lf : X → R is given by

Lf(x) := sup{g(x)| g convex and lower semi-continuous and g f f}.

Lf is the unique maximal element in set of lower semi-continuous convex functions
dominated by f .

Remark 5.A.6. If X is finite dimensional, then any lower semi-continuous convex
f : X → R has a closed and convex epigraph. Thus by the supporting hyperplane theorem
the set of subdifferential is non-empty and we obtain the equivalent formulation

Lf(x) := sup{g(x)| g affine and lower semi-continuous and g f f}.

The following corollary holds in a more generality, see Theorem 5 of [63]. For complete-
ness, we provide the proof here under slightly more restrictive conditions.

Corollary 5.A.7. For any function f : X → R such that either f ≡ ∞, it is proper
and bounded below, then the biconjugate f∗∗ is given by the lower semi-continuous convex
envelope Lf .

Proof. This is obvious for f ≡ ∞. Assume that f is proper and bounded below. Since f
is bounded below, so is Lf . Clearly Lf f f and so Lf is proper. By Theorem 5.A.4 we
have (Lf)∗∗ = Lf . From Fenchel’s inequality 5.A.3 we have

ïx∗, xð − f∗(x∗) f f(x)

and thus taking the supremum over x∗ ∈ X∗ we obtain f∗∗ f f . From Lf f f we obtain
Lf = (Lf)∗∗ f f∗∗ and since f∗∗ is lower semi-continuous and convex and is dominated
by f we have Lf g f .

Definition 5.A.8. A map p : X → R is sublinear if for all x, y ∈ X p is subadditive, i.e.

p(x) + p(y) f p(x+ y)

and positive homogeneous, i.e. for all x ∈ X and ³ g 0 we have p(³x) = ³p(x). A map
p : X → R is superlinear if x ↦→ −p(−x) is sublinear.

The next Theorem holds in more generality, see Theorem 2.4.14 in [76]

Theorem 5.A.9. For every lower semi-continuous proper sublinear map p : X → R there
exists a closed convex set Ap ¢ X∗ such that p is given by

p(x) = sup
x∗∈Ap

ïx∗, xð.

Conversely for every upper semi-continuous superlinear map p : X → R with x ↦→ −p(x)
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5.B. Measurability of SP

proper there exists a closed convex set Ap ¢ X∗ such that p is given by

p(x) = inf
x∗∈Ap

ïx∗, xð.

Proof. Assume p is sublinear. Clearly by subadditivity any sublinear map is convex.
Hence by Theorem 5.A.4 we have p∗∗ = p. We have

p∗(x∗) = sup
x∈X

ïx∗, xð − p(x).

If p∗(x∗) f 0 then by positive homogeneity p∗(x∗) = 0. Conversely if p∗(x∗) > 0 then
again by positive homoegeneity we obtain p∗(x∗) = ∞. Set

Ap := {x∗| p∗(x∗) = 0} = {x∗| p∗(x∗) f 0}.

By convexity and lower semi-continuity of p∗ the set Ap is closed and convex. By the
above argument we have

p∗(x∗) =

{
0 x∗ ∈ Ap

∞ else.

By Theorem 5.A.4 we obtain for any x ∈ X

p(x) = sup
x∗∈X∗

ïx∗, xð − p∗(x∗) = sup
x∗∈Ap

ïx∗, xð.

Assume now that p is superlinear. By definition the map q : x ↦→ −p(−x) is sublinear
and thus we obtain

−p(x) = q(−x) = sup
x∗∈Aq

ïx∗,−xð.

and thus
p(x) = inf

x∗∈Aq
ïx∗, xð.

5.B. Measurability of SP

Lemma 5.B.1. Let A ¢ X be compact and let f : X → R be lower semi-continuous and
f > −∞, then fA(x) is lower semi-continuous and fA(x) > −∞.

Proof. As A is compact and f is lower semi-continuous and f > −∞, it follows that
f is bounded from below on A. Clearly if x ̸∈ conv(A) we have fA(x) = ∞. Hence
assume x ∈ conv(A) and let (xn)n be a sequence in A with fA(xn) < ∞ converging to
x. The set of probability measures µ with support in A and | supp(µ)| f d+ 1 is weakly
compact. Hence by Lemma 5.4.5 there exists µn ∈ ΞxnA (f) such that fA(xn) = Eµn [f ].
By compactness the sequence µn must have a cluster point µ with barycenter x and finite
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support. Thus
lim inf
n→∞

fA(xn) = lim inf
n→∞

Eµn [f ] g Eµ[f ] g fA(x)

where the first inequality follows from f being lower semi-continuous. It follows that fA
is lower semi-continuous. There exists K such that f(x) g K for x ∈ A. It follows that
fA(x) g K for all x.

Lemma 5.B.2. Let A ¢ X be compact, f lower semi-continuous and A ¢ {f > −∞},
then we have fA(x) = (fA)

∗∗(x) (see Definition 5.B.3) and

fA(x) =

{
f(x) x ∈ A,

∞ else.

Proof. Since fA is bounded below by Corollary 5.A.7 (fA)
∗∗ = L(fA) is the largest

convex lower semi-continuous function smaller than fA. By Lemma 5.B.1 fA is lower
semi-continuous and convex. Furthermore fA satisfies fA f fA since for any x ∈ A with
f(x) <∞ we have by 5.4.3

fA(x) = E¶x [f ] g inf
µ∈ΞxA(f)

[f ] = fA(x).

We have for any x ∈ X that

inf
µ∈ΞxA(f)

Eµ[f ] = inf
µ∈ΞxA(f)

Eµ[fA]

since each measure µ ∈ ΞxA(f) is supported on A. Hence

fA(x) = inf
µ∈ΞxA(f)

Eµ[f ]

= inf
µ∈ΞxA(f)

Eµ[fA]

g inf
µ∈ΞxA(f)

Eµ[(fA)
∗∗] g (fA)

∗∗(x),

where the last inequality follows from Jensen’s inequality. Thus

fA g fA g L(fA) = (fA)
∗∗

and thus by definition of the lower semi-continuous convex envelope we have equality.

In the following let Y be a finite dimensional real vector space

Lemma 5.B.3. Let P ¢ Y ×X be compact and f : Y ×X → R be lower semi-continuous
and f > −∞. Set

gy(x) =

{
f(y, x) (y, x) ∈ P

∞ else,
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5.B. Measurability of SP

then (y, x) ↦→ (gy)
∗∗(x) is jointly lower semi-continuous and does not attain −∞.

Proof. Since P is closed and f is lower semi-continuous, g is lower semi-continuous in
(y, x). We have

(gy)
∗(x) = sup

z∈p2(P )
ïx, zðX − gy(z),

where p2 : (y, x) ↦→ x and ï·, ·ðX denotes the standard inner product in X.
Notice that (x, y, z) ↦→ ïx, zð − gy(x) is jointly upper semi-continuous. As p2(P ) is
compact, since projections of compact sets are compact, we have by Proposition 7.32 in
[15] that its supremum over a compact set with respect to z is also upper semi-continuous.
Hence (y, x) ↦→ (gy)

∗(x) is jointly upper semi-continuous. We have

(gy)
∗∗(x) = sup

z∈X
ïx, zðX − (gy)

∗(z).

(x, y, z) ↦→ ïx, zð − (gy)
∗(z) is lower semi-continuous and since the supremum of lower

semi-continuous maps is again lower semi-continuous we obtain that (y, x) ↦→ (gy)
∗∗(z) is

(jointly) lower semi-continuous. Since f is lower semi-continuous it attains a minimum
value on P . Hence, for all x, y ∈ X×Y , gy(x) > C for some C ∈ R. Since the biconjugate
preserves ordering we obtain (gy)

∗∗(x) > C and thus (y, x) ↦→ (gy)
∗∗(x) does not attain

−∞.

Definition 5.B.4. For any P ¢ Y ×X set Py := {x ∈ X : (y, x) ∈ P}.

Lemma 5.B.5. If P ¢ Y ×X is compact and f : Y ×X → R lower semi-continuous and
does not attain −∞ then Y ×X ∋ (y, x) ↦→ f(y, ·)Py(x) is jointly lower semi-continuous
and does not attain −∞.

Proof. Define

gy(x) =

{
f(y, x) (y, x) ∈ P

∞ else,

then gy(x) is jointly lower semi-continuous and we have gy(x) = f(y, ·)Py(x). Hence by
Lemma 5.B.3

(gy)
∗∗(x) = (f(y, ·)Py)∗∗(x) = f(y, ·)Py(x)

and (gy)
∗∗(x) is jointly lower semi-continuous and greater than −∞ by Lemma 5.B.3

Definition 5.B.6. We say that f : X → R is Ã-lower semi-continuous if there exists
a pointwise decreasing sequence (fn)n of lower semi-continuous functions converging
pointwise to f .

Lemma 5.B.7. The class of Ã-lower semi-continuous functions is closed under taking
pointwise decreasing limits.

Proof. Let (fn)n be a decreasing sequence of Ã-lower semi-continuous functions converging
to f . For each n let fmn be a decreasing sequence of lower semi-continuous functions
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converging to fn. We claim that gn = min(fn1 , . . . , f
n
n ) converges pointwise to f . Clearly

we have gn g fn since fni g fi and the sequence fn is decreasing. Hence it follows that
lim infn gn(x) g f(x). Conversely for any n g m we have gn f fnm and thus for any m
we have lim supn gn(x) f fm(x) and hence lim supn gn(x) f infn fn(x) = f(x).

Recall Definition 5.4.6.

Theorem 5.B.8. Let P ¢ Y × X be Ã-compact and f : Y × X → R be Ã-lower
semi-continuous. Then HP f is Ã-lower semi-continuous.

Proof. Let (f̃n) be a decreasing sequence of lower semi-continuous function converging
to f . Set fn = max(f̃n,−n) and (Pn)n a sequence of increasing compact sets such that
∪Pn = P . By Lemma 5.B.5, HPn(fn) is lower semi-continuous. By Lemma 5.4.8 we have

lim
n→∞

HPn(fn) = HP f.

Hence HP f is Ã-lower semi-continuous.

Theorem 5.B.9 (Measurability of SP ). For any Ã-lower semi-continuous function
f : X → R the function SP f is Ã-lower semi-continuous and hence measurable.

Proof. We have that f ◦ pn : Xn → R is also Ã-lower semi-continuous and hence by
Theorem 5.B.8 applied to Y = Xn−1 we obtain that SnP (f ◦pn) is measurable. Proceeding
inductively and reapplying Theorem 5.B.8 we obtain that

SiP ◦ . . . SnP (f ◦ pn) : Xi−1 → R

is Ã-lower semi-continuous. Thus SP f is Ã-lower semi-continuous as well and hence
measurable.

5.C. Auxiliary results

In this section we recall some known results.

Lemma 5.C.1. Let X = Rd and let A ¢ X be nonempty. Then we have

{Ã(¼) : ¼ ∈ ΠA} = conv(A)

where conv(A) is the convex hull of A.

Proof. Without loss of generality assume that the affine hull of A is X as otherwise we
could restrict ourselves to a subspace of X of lower dimension. Let x ∈ conv(A) then there
is n ∈ N, ³1, . . . ³n g 0 with

∑n
i=1 ³i = 1 and x1, . . . , xn ∈ A such that

∑n
i=1 ³ixi = x.

Set ¼x =
∑n

i=1 ³i¶xi where ¶ is the Dirac measure. Then ¼x ∈ ΠA and Ã(¼(x)) = x.
Hence we have conv(A) ¢ {Ã(¼) : ¼ ∈ ΠA}.
We show the reverse inclusion with induction on the dimension d. For d = 0 it is trivial.
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5.C. Auxiliary results

Denote by clB the closure of B ¢ X in X. Let ¼ ∈ ΠA. Assume Ã(¼) ̸∈ cl(conv(A))
then {Ã(¼)} and cl(conv(A)) can be strictly separated, i.e. there exists y ∈ Rd such that

ïy, Ã(¼)ð < inf
x∈cl(conv(A))

ïy, xð.

Since ¼ is supported on A we have

ïy, Ã(¼)ð = ïy,
∫
xd¼ð =

∫
ïy, xðd¼ >

∫
ïy, Ã(¼)ðd¼ = ïy, Ã(¼)ð

which is a contradiction. Hence Ã(¼) ∈ cl(conv(A)). Denote by (·)◦ the interior of a set.
Since the affine hull of A is X the relative interior of conv(A) is equal to the interior
conv(A)◦ and in particular it is nonempty. For any convex set C ¢ X with C◦ ̸= ∅ we
have clC◦ = C◦. Assume Ã(¼) ∈ ∂ cl(conv(A)), where ∂(·) denotes the boundary of a set,
then, by the supporting hyperplane theorem there exists y ∈ X such that

ïy, Ã(¼)ð = inf
x∈cl(conv(A))

ïy, xð.

Hence for x ∈ supp(¼) we have ïy, x− Ã(¼)ð g 0. We obtain

0 f
∫
ïy, x− Ã(¼)ðd¼ = ïy,

∫
xd¼− Ã(¼)ð = 0

and thus supp(¼) ¢ H whereH = {x : ïy, x−Ã(¼)ð = 0}. It follows that supp(¼) ¢ H∩A.
Since H is of lower dimension and hence by induction we obtain Ã(¼) ∈ conv(H ∩A) ¢
conv(A). If Ã(¼) ̸∈ ∂ cl(conv(A)), then Ã(¼) ∈ conv(A)◦ ¢ conv(A) and we are done.

Since convex functions are classically defined through an inequality condition, we will
now show that the convex functions defined via the convexity of their epigraphs, as in
[64], also satisfy this classical definition.

Lemma 5.C.2. Let f : X → R be convex. Let x1, . . . , xn ∈ X such that f(xi) < ∞.
Then all ³1, . . . , ³n ∈ [0, 1] with

∑
i ³i = 1 we have

∑

i

³if(xi) g f

(
∑

i

³ixi

)

Proof. For all ti, such that (xi, ti) ∈ epi(f) we have ti g f(xi). Since epi(f) is convex we
obtain (

∑
i ³ixi,

∑
i ³iti) ∈ epiS(f) and thus

∑

i

³iti g
(
∑

i

³ixi

)

since this holds for all ti g f(xi) the result follows.

In the following we provide a proof of Jensen’s inequality for convex functions taking
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values in the extended reals, since the standard proofs usually require the functions to be
real valued.

Lemma 5.C.3 (Jensen). Let µ be a probability measure on X and let f be convex and
µ({f <∞}) = 1, then we have

Eµ[f ] g f(Ã(µ)).

Proof. We use induction on the dimension d. Since epi(f) is convex, so is its projection
C := {x : (x, t) ∈ epi(f)}. By assumption we have µ(C) = 1. W.l.o.g. assume that C
has nonempty interior and Ã(µ) in C◦ since otherwise by Hahn-Banach we can restrict
ourselves to a subspace H with µ(H ∩ C) = 1 and use the induction hypothesis. Assume
there exists x ∈ C◦ such that f(x) = −∞, then by convexity it follows that f(y) = −∞
for all y ∈ C◦. This can seen by noticing that for any y ∈ C◦ there exists ³ > 1 such that
x0 = ³y + (1− ³)x ∈ C. Let (x0, t0) ∈ epi(f) then for every t ∈ R, (x, t) ∈ epi(f) and
thus (

y,
³− 1

³
t+

1

³
t0

)
∈ epi(f).

Letting t→ −∞ shows that f(y) = −∞. Hence

−∞ = f(Ã(µ)) f Eµ[f ].

Else f is real valued on C◦. It is well known that any real valued convex function on
an open subset is continuous. It follows that f is continuous on C◦ and hence the set
epiS(f)

⋂
(C◦ × R) is open and convex where epiS(f) = {(x, t) : t ∈ R, t > f(x)}. By

Hahn Banach there exists a linear functional l such that l(x, t) > l(Ã(µ), f(Ã(µ))) for all
(x, t) ∈ epiS(f)

⋂
(C◦ × R). Hence there exists a linear function a such that we have

f(z) g f(Ã(µ)) + a(z − Ã(µ))

for z ∈ C◦. For z ∈ ∂C there exists t > 0 such that (1− t)Ã(µ) + tz ∈ C◦. We have

f(Ã(µ)) + ta(z − Ã(µ)) f f((1− t)Ã(µ) + tz) f (1− t)f(Ã(µ)) + tf(z)

where the second inequality follows from the convexity of f and the fact that f <∞ on
C. Hence we obtain

f(z) g f(Ã(µ)) + a(z − Ã(µ)).

We have

Eµ[f ] g Eµ[f(Ã(µ)) + a(· − Ã(µ))] = f(Ã(µ)) + a(Ã(µ)− Ã(µ)) = f(Ã(µ)).
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