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Abstrakt

Die folgende Arbeit widmet sich der Losung des klassischen Optimierungsproblems der
Minimierung einer konvexen Funktion mit verschiedenen Methoden in kontinuierlicher
und diskreter Zeit. Es werden sowohl glatte als auch nicht glatte Félle der Zielfunktionen
diskutiert. Der Schwerpunkt dieser Abhandlung liegt auf der Erzielung schneller Konver-
genzraten fiir die Funktionswerte in Kombination mit der Konvergenz der Trajektorien
der dynamischen Systeme oder Iterationen der Algorithmen. Besonderes Augenmerk
wird auf die Tikhonov-Regularisierungstechnik gelegt, die bekanntermafen dabei hilft,
die schwache Konvergenz der Trajektorien (Iterationen) zur kontrollierten (zum Element
der minimalen Norm aus der Menge aller Minimierer der Zielfunktion) starken Konver-
genz zu verbessern. In einigen Fillen wird eine Zeitskalierung angewendet, um die Kon-
vergenz der Funktionswerte zu beschleunigen. Es werden verschiedene numerische Ex-
perimente vorgestellt, um unser Verstdndnis der theoretischen Ergebnisse zu verbessern.



Abstract

The following thesis is devoted to solving the classical optimization problem of min-
imizing a convex function via different methods in continuous and discrete time. Both
smooth and nonsmooth cases of the objective functions will be discussed. The main focus
throughout this manuscript is to obtain fast convergence rates for the function values
combined with the convergence of the trajectories of the dynamical systems or iterates
of the algorithms. Major attention is paid to the Tikhonov regularization technique,
which is known to help improve the weak convergence of the trajectories (iterates) to the
controlled (to the element of the minimal norm from the set of all minimizers of the ob-
jective function) strong one. In some cases, time scaling will be applied to accelerate the
function values’ convergence. Various numerical experiments are presented to improve
our understanding of theoretical results.

Key words: Smooth and nonsmooth convex optimization; Damped inertial dynamics;
Hessian-driven damping; Time scaling; Moreau envelope; Proximal operator; Tikhonov
regularization; Strong convergence; Inertial algorithms.
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1 Introduction

Let H be a real Hilbert space endowed with the scalar product (-,-) and norm ||z| =
/{z,z) for z € H. Throughout the whole manuscript we will be solving the following
optimization problem

mipn O (z), (1.1)
where ® : H — R = RU {+o0} is a proper, convex and lower semicontinuous function,
and we assume that argmin ®, the set of global minimizers of ®, is not empty. We will
denote by min ® the global minimum of ® and by «* — a minimizer of ®, unless other
is specified. As it was already mentioned, our main goal is to develop continuous and
discrete time approaches in order to obtain fast convergence rates for the function values
to its minimum as well as weak convergence of the trajectories (iterates, depending on
the approach which we will use) to an element from the set of function’s minimizers, or
strong convergence of the latter to the minimizer of the smallest norm in case of Tikhonov
regularization. Before we turn our attention to the main subject of this thesis, we would
like to provide some historical background, state-of-the-art results and preliminary facts,
which we will use later in our analysis.

1.1 Summary

In a Hilbert setting we address the classical optimization problem of minimizing a con-
vex function via different methods and techniques, such as binding the gradient of the
objective function (or the gradient of its Moreau envelope in case of nonsmooth objective
functions) to the second order in time dynamical system and studying its properties for
continuous time approaches or via the inertial algorithms for discrete time approaches.
In both cases we are interested in showing fast convergence of the function values to its
minimum as well as weak convergence of the trajectories (iterates) to a minimizer from
the set of all minimizers of the objective function. In case we apply Tikhonov regulariza-
tion we aim to show the strong convergence of the trajectories (iterates) to the minimizer
of the minimal norm. First of all, we will study the convergence properties of a second
order in time dynamical system combining viscous and Hessian-driven damping with time
scaling in relation with the minimization of a proper, convex and lower semicontinuous
function. The system is formulated in terms of the gradient of the Moreau envelope of
the objective function with time-dependent parameter. We will show fast convergence
rates for the Moreau envelope and its gradient along the trajectory, and also for the
velocity of the trajectory of the system. From here we will derive fast convergence rates
for the objective function along a path which is the image of the trajectory of the system
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through the proximal operator of the first. Moreover, we will prove the weak conver-
gence of the trajectory of the system to a global minimizer of the objective function. As
a second step, we will study a second order in time differential equation, again combining
viscous and Hessian-driven damping, containing a time scaling parameter function and
a Tikhonov regularization term. This dynamical system is also related to the problem of
minimization of a proper, convex and lower semicontinuous function. In the formulation
of the problem as well as in our analysis we will use the Moreau envelope of the objective
function and its gradient and will heavily rely on their properties. We will show that the
newly introduced system preserves and even improves the well-known fast convergence
properties of the function and Moreau envelope along the trajectories and also of the
gradient of Moreau envelope, due to the presence of time scaling. Additionally, we will
prove strong convergence of the trajectories to the element of minimal norm from the
set of all minimizers of the objective. Further, we would like to develop the approach
which allows us to obtain both fast convergence of the function values and strong con-
vergence of the trajectories at the same time. So, addressing once more the classical
optimization problem of minimizing a proper, convex and lower semicontinuous function
via the second order in time dynamics, combining viscous and Hessian-driven damping
with a Tikhonov regularization term, we will develop a technique, which at the same
time guarantees the fast convergence of the function (and Moreau envelope) values and
strong convergence of the trajectories of the system to a minimal norm solution — the
element of the minimal norm from all the minimizers of the objective. In our analysis
we will once again heavily exploit the Moreau envelope of the objective function and its
properties as well as Tikhonov regularization properties, which we previously extended
to the nonsmooth case. Moreover, we will deduce the precise rates of convergence of
the values for the particular choice of parameters. Here we should mention that the
discretization of all the above systems is possible (we will make more precise remarks
later on), however they lead to the so-called proximal algorithms due to the presence of
Moreau envelope. To avoid this, we would like to switch to smooth objective functions
and address the discrete counterpart of the formulated above problems, investigating the
strong convergence properties of a Nesterov type algorithm with a Tikhonov regulariza-
tion term in connection to the problem of minimization of a smooth convex function. We
will show that the generated sequences converge strongly to the minimal norm element
from the set of all minimizers of the objective function. We will also show that from a
practical point of view, Tikhonov regularization does not affect the optimal convergence
rate of order O(k~2) for function values. Further, we will obtain fast convergence of
the discrete velocity, as well as some estimates concerning the gradient of the objective
function. Finally, numerical experiments will be conducted illustrating our theoretical
discoveries.

1.2 Preliminary results

Here we would like to gather all the auxiliary facts and lemmas for our future needs.

Definition 1.2.1. A function ® : H +— R is called proper if ®(x) > —oo Vo € H and
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dxg € H : @(azo) < +00.
Definition 1.2.2. Let ® : H — R. & is called lower semicontinuous at x € H if

lim inf ® = sup inf P > ®(x),
minf®(y) = sup inf W) = Bz

where B(z,0) is the ball centered at x with the radius 6. The function ® is lower
semicontinuous if it is lower semicontinuous at every point in H.

Definition 1.2.3. Let ® : H — R. The function ® is said to be convez if Yo,y € H,
Va € [0,1]

®(ar+ (1 —-a)y) < a®(x)+ (1 —a)d(y).
Moreover, ® is said to be strongly conver with constant p > 0 if ® — £| - [|? is convex.

Next, we will define the Moreau envelope of a proper, convex and lower semicontinuous
function ® : H — R as

) 1 2
®y:H— R, &(z) = ;glg{é(ywr%llw—yll }

where A > 0 is called the parameter of the Moreau envelope (see, for instance, [31]). For
every A > 0, the functions ® and ®, share the same optimal objective value and the
same set of minimizers. In addition, ®) is convex and continuously differentiable with

Vo, (z) = %(a: — prox,p(z)) Va € H, (1.2)

and V&, is %—Lipschitz continuous. Here,

prox,g : H — H, prox,g(z) = arfer?[in {@(y) + %”x _ y||2} ’
denotes the proximal operator of ® of parameter A\. For every x € H and A, u > 0 we
have
| proxg () — prox,e ()[| < [A — ul[VOA(2)]] (1.3)
On the other hand, for every z € H, the function A € (0, 400) + ®,(x) is nonincreas-
ing and differentiable (see, for instance, |6, Lemma A.1]), namely,

S0(2) = —3[VEA@)[* VA >o0. (1.4)

Next, we will require some definitions related to operators.

Definition 1.2.4. Let ® : H — R be proper and convex. The subdifferential of ® is the
set-valued operator, that is, it maps every point in x € H to a set 0®(z) C H, defined
as

00 :H w2 .o s {uc H|Vyec H: (y—z,u)+d(z) < D(y)}.

If ®(x) = +oo, then 0P(z) is taken as an empty set. The elements of 0P(z) are the
subgradients of ® at the point x and 9®(z) is a convex set in the dual space of H.
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Definition 1.2.5. Let A : H — 2H be a set-valued operator. The operator A is charac-
terized by its graph
graAd={(x,y) e Hx H |ye Az}.

Further, A is monotone if
V (z,u) € graA and V (y,v) € grad : (z —y,u —v) > 0.

Moreover, a monotone operator A is called maximally monotone if there exists no mono-
tone operator B : H — 2 such that gra B properly contains gra A.

Maximally monotone operators could be characterized in the following way: operator
A is maximally monotone if and only if it is monotone and for every pair (z,u) € H x H,

(r,u) € graA <= V (y,v) € gra A it holds that (z —y,u —v) > 0.
The following notions play an important role in the theory of monotone operators.

Definition 1.2.6. Let A : H — 2¥ be maximally monotone and \ be a positive real
number. The resolvent of A is a single-valued operator defined as

Ja=(Id+A)""
and the Yosida approrimation of A of index A is

Ay =~ (Id=Jxa).

> =

Remark 1.2.7. Consider a subdifferential 9® of a proper, convex and lower semicontin-
uous function ®. First, notice that 9P is maximally monotone. Secondly, for A > 0:
Jroe = proxyg and (0®), = } (Id—proxyg) = VO, (see, for instance, [31] relation
(23.4)).

Next, recall that a differentiable function @ : H — R is convex if and only if
D(z) — @(y) > (VeO(y),z —y) Y(z,y) € H x H. (1.5)

In the same way, a differentiable function ® : H — R is strongly convex with constant
@ > 0 if and only if

(@)= B(y) > (VOW).o—y)+ Sle—yl® Vey) e HxH  (L6)

Let us also mention the following lemma (see |31], Proposition 12.22, for the first term
of the lemma and |13|, Appendix, A1, for the second one).

Lemma 1.2.8. Let ® : H — R be a proper, convex and lower semicontinuous function,
A, > 0. Then

(i) (PA)p = Prgp-

10
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(ii) prox,q, )\+u Id—i—/\+u PIOX(\411) -

Proof. By the definition of the Moreau envelope denoting o = ﬁ we obtain

@) = inf (inf (20 >+1||zyr2> + gl = ol

= inf (®(y)+ -— inf —z|?+ (1- —ylI?

inf (90 + 5o inf (ol = alP + (1= )]z~ o))

-t (20 +mggf (I~ (o + (1= )| +a(1 — el — )
_ 2

= inf (#0)+ gl - ol?).

which gives the first claim. Above we used |az + (1 — a)y||? + a(1 — a)||z — y||* =
allz|| + (1 —a)|ly|| for z,y € H and a € R (see, for instance, |[31] Corollary 2.15).

For the second claim first note that according to the semigroup properties of the
Moreau envelope (see [31] Proposition 23.7)

1

o [d=Jagwee) =

N VR

=~

for Jysa = (Id+AA)~", where A is a maximally monotone operator. Then

ke

N (Id = Iy pos) = I1d = Ty08),

where (0®)) is nothing but V&,. Finally,

M H
Juo@y) = Id—)\+u Id—l-)\ T JOt o

which gives the second claim.
O

In order to obtain strong convergence for the sequence generated by discrete-time
schemes one usually needs the following preliminary results. For the proof of the follol-
wing lemma we refer to |31] Theorem 18.15.

Lemma 1.2.9. Let ® : H — R be a convex differentiable function. Then the following
are equivalent

(1) V® is L—Lipschitz continuous.
(i) ®(z) < @(y) + (VO(y),z —y) + |y — 2||? Va,y € H. (Descent Lemma)

(iii) 57 [V (y) — VO(z)|* + (VO(y),z — y) + D(y) < ®(x) Y,y € H.

11
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The next result is a modified descent lemma, which in particular contains Lemma 1
from 8], however has a considerable simplified proof.

Lemma 1.2.10. Let ® : H — R be a convex differentiable function, with L— Lipschitz
continuous gradient and let s > 0. Then,

Bly— sVB(y)) < B(x) +{VD(y),y—z)+ (52 - ) VW~ V8 - Vo)

(1.7)
Vr,y € H. Assume further that s € (0, %] . Then,

Dy — V() < B(x)+ (VE(y),y—2) — S V)|~ 5[ VE(y) ~ VE(@)|*, Ve, y € H.

(1.8)
Proof. By taking z =y — sV®(y) in Lemma [1.2.9]item 2, we get
By - 590 < 0() + (55— ) IVRIP, vy € £, (1.9)
From Lemma [[.22.9]item 3 we have
D(y) < B(x) + (VO(y),y — ) — =~ |VO(y) — VO()||%, Yo,y € H. (1.10)

Combining and we get
L 1
D(y—sVe(y)) < ®(x)+(VE(y),y—z)+ <252 - 8) HV@(y)IIQ—EIIV‘P(?J)—V‘D(@IIQ’

Vx,y € H, which is nothing else than (1.7]).
Assume that 0 < s < % Then,

hence ([1.7)) leads to (|1.8)), that is
s s
By~ sVB(y)) < Ba) + (VO(y),y— ) — 3 [VEW)? ~ 3 [V(y) ~ VE@)|?, Yo,y € H.
]

Finally, we will provide some known in the literature results, which are going to be
useful later for our analysis.

Definition 1.2.11. Let I be a finite interval in the real line R. A function ® : I — R
is absolutely continuous on [ if for every € > 0 there exists § > 0 such that as soon as a
finite sequence of pairwise disjoint sub-intervals {(z, yk)}kalN of I, yp > xp Vk, satisfies

N N

> (e — k) < 0then Y [B(yx) — B(ax)| < e

k=1 k=1

12



1.3 Historical remarks

An absolutely continuous function on [ is almost everywhere differentiable on I. We say
that a function is locally absolutely continuous if it is absolutely continuous on every
compact interval of its domain.

For the proof of the next lemma we refer to [4].

Lemma 1.2.12. Suppose that f : [tg,+00) — R is locally absolutely continuous and
bounded from below and there exists g € L([to, +00),R) such that for almost all t > to

d

—f(t) < t).

L1y < o)
Then there exists lim;_, 4o f(t) € R.

For the proof of the following lemma, which we will use later to obtain the existence
of some important limits, we refer to [15].

Lemma 1.2.13. Let H be a real Hilbert space and x : [tg,+00) — H a continuously
differentiable function satisfying x(t) + La(t) — L as t — 400, with a >0 and L € H.
Then x(t) — L as t — 400.

We state a continuous version of Opial’s Lemma (see [50]), which is used in the proof
of the convergence of the trajectory.

Lemma 1.2.14. Let S be a non-empty subset of a real Hilbert space H and x : [0, +00) —
H a given map. Assume that

(1) for every z € S, limy_ 40 ||x(t) — 2|| exists;
(ii) every weak sequential cluster point of the map x belongs to S.
Then x(t) converges weakly to some element of S as t — +0o0.

Finally, we will need the following lemma later in our analysis to establish the rates of
convergence of the function and Moreau envelope values. For its proof we refer to 9.

Lemma 1.2.15. Let § > 0 and f € L' ((3,+),R) be a non-negative and contin-
uwous function. Let g : [0,+00) +— [0,400) be a non-decreasing function such that
limy o0 g(t) = +oo. Then it holds

lim (1t)/6 g(s)f(s)ds = 0.

t—=+4o0 g

1.3 Historical remarks

Inertial dynamics were introduced by Polyak in |51] in the form of the so-called heavy
ball with friction method

i) + a@(t) + VO(x(t) =0,

13
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with fixed viscous coefficient @ > 0, in order to accelerate the gradient method for the
minimization of a continuous differentiable function ® : H — R. This system was later
studied by Alvarez-Attouch [1,[2] and by Attouch-Goudou-Redont [11]. In these works,
for a convex function ® an asymptotic convergence rate of ®(x(t)) to min ® of the order
O (%), as t — 400, as well as an improvement for a strongly convex function ¢ to an
exponential rate of convergence, were proved. The weak convergence of the trajectories
to a minimizer of ® was also established.

A major step to obtain faster asymptotic convergence in the convex regime was done by
Su-Boyd-Candes [52], by considering in the second order dynamical system an asymptotic

vanishing damping coefficient
(1) + %:z,-(t) + VO (2(t)) = 0, (1.11)

for t > ty and a > 3. Second order dynamical systems with variable and vanishing
damping coefficients for optimization were studied, for instance, in [32,36,37]. The
system corresponds to a continuous version of Nesterov’s accelerated gradient
method [48] (see also [38], which has a connection to the system in question as well; in
addition to fast convergence rates of the function values, the authors were able to prove
weak convergence of the iterates depending on the choice of the damping parameter ).
For the function values, rates of convergence of

B(2(t)) — min® = O (;) as t — 400

were obtained. For a > 3, in [10] it was shown that the trajectory of (1.11f) converges
weakly to an element of argmin @, and in [14,47] the asymptotic convergence rate of the
function values was improved to o (t%), as t — 4o00.

The following system which combines asymptotic vanishing damping with Hessian-
driven damping was proposed by Attouch-Peypouquet-Redont in [15]

(1) + %:b(t) + V2D (2(1)E(t) + VO (z(t)) = 0 (1.12)

for t > tg, where ® : H — R is twice continuously differentiable and convex, o > 3 and
B > 0. Hessian-driven damping has a natural link with Newton’s method and gives rise
to dynamical inertial Newton systems [3|. The system preserves the convergence
properties of , while having for 8 > 0 other important features, namely,

+o0
lim ||[V®(x(t))| = 0 and / 2|V ®(x(t))]]2dt < +oo0.

t——+o00 to

In addition, according to |15] possible oscillations exhibited by the solutions of (|1.11]) are
neutralized in ((1.12)).

14
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1.4 Time scaling

Time scaling of the dynamical system (1.11])) was used in order to accelerate the rate
of convergence of the values of the function ® along the trajectory. The system ([1.11]
becomes through time scaling a dynamical system of the form

() + %:ﬁ(t) LV (2(t)) = 0, (1.13)

where o > 3 and b : [tg,+00) — (0,+00) is a continuous scalar function, as it was
introduced and studied by Attouch-Chbani-Riahi in [9]. For (1.13) it was shown that

B(2(t)) — min® = O (%) as t = 400,

a convergence rate which can be improved to o (%), as t — 4o0, if a > 3.

In |7,[8] (see also |5]) the dynamical system
Z(t) + %a‘c‘(t) + B()V20(x(t)a(t) + b(t)VO(x(t)) = 0, (1.14)

which combines viscous and Hessian-driven damping with time scaling, where a@ > 1
and (,b : [to, +00) > (0, +00) are functions with appropriate differentiability properties,
was investigated. A quite general setting formulated in terms of the dynamical system
parameter functions was identified in which the properties of concerning the con-
vergence of the function values are preserved, while the gradient of ® strongly converges
along the trajectory to zero and the trajectory converges weakly to a minimizer of the
objective function. In [7,)8] a numerical algorithm obtained via time discretization of
(1.14)) was studied, exhibiting analogous to the dynamical system convergence proper-
ties. The implicit discretization of this system led to proximal algorithms, while some
additional assumptions, such as ® having Lipschitz continuous gradient, allow avoiding
having to use the proximal operator in the scheme formulation.

1.5 Nonsmooth optimization

Attouch-Cabot considered in [6] (see also |13] for a more general approach for mono-
tone inclusions) in connection with the minimization of the proper, convex and lower
semicontinuous function ® : H — R the following second order differential equation

(1) + %a‘s(t) + Vo () =0 (1.15)
for t > to, where a > 1 and A : [tg, +00) — (0,+00) is continuously differentiable and

non-decreasing. Convergence rates for the values of the Moreau envelope as well as for
the velocity of the system were obtained

1 1
Bago(a(0) — min® = o () and (0] =0 (1) a5t +x,

15
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from where convergence rates for the ® along the image of the trajectory were deduced

_ 1 A(t)
@(proxA(t)q)(x(t))) —min® =o <t2> and || pI“OX)\(t)(I)($(t)) —z(t)]|=o ( ; )
as t — +o0o. In addition, the weak convergence of the trajectory x to a minimizer of ®
as t — +o0o was established.
Attouch-Laszl6 considered in [12] in the same context the dynamical system

() + %a‘:(t) + ﬁ%Vi),\(t)(a:(t)) + VP (2(t) = 0 (1.16)

where o« > 1 and 8 > 0, and the term %V@ Aty (x(t)) is inspired by the Hessian driven
damping and its existence is justified almost everywhere since the mapping

t + VO, (z(t)) is locally absolutely continuous (see, for example, [12, Lemma 1]).
It was shown that for A(t) = M2, where A > 0, the system inherits all major
convergence properties of and, in addition, the following convergence rates for the
gradient of the Moreau envelope of parameter A and its time derivative along = were
established

1985 ()] = 0 (1

d 1
t2> and HdtVCI)/\(t)(x(t))H =o0 <t2> as t — 400.

Once again, the discretization of the above systems is possible, leading to proximal
algorithms with similar properties.

1.6 Tikhonov regularization

The presence of the Tikhonov term in the system equation dramatically influences the
behaviour of its trajectories, namely, under some appropriate conditions, it improves the
convergence of the trajectories from weak to a strong one. Not only that, but it also
ensures the convergence not to an arbitrary element from the set of all minimizers of the
objective, but to the particular one, which has the smallest norm. Under the presence
of the Tikhonov term in the system it is still possible to obtain fast rates of convergence
of the function values. Systems with Tikhonov regularization were studied, for instance,
in [5L[17,[18]21] 24130, [34] 35, A1][42,45).

One of the many examples of such systems is presented below (see [30])

(1) + %m’(t) + BV2D(2(t))i(t) + VO (x(t)) + (t)z(t) = 0 for t > to, (1.17)

where o > 3, tg > 0, & : H — R is twice continuously differentiable and convex and for
the rest of the section the function ¢ : [tg, +00) — R is continuously differentiable and
non-increasing with the property lim;_, ;- e(¢) = 0. In that manuscript they provided
two settings, based on the assumptions made on €: one for the fast convergence of values,
obtaining

O(z(t)) —mind = 0<t12> as t — +00
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1.6 Tikhonov regularization

and the weak convergence of the trajectories to a minimizer of ® under the condition

(among many others)
+o0
/ te(t)dt < +oo,
t

0
and another setting for the strong convergence of x to the minimal norm solution as
t — 400, provided the exists a constant C' such that for ¢ big enough

t2e(t) > C.

As we may see, the two assumptions contradict each other for the most natural choice
of Tikhonov function, namely, the polynomial one.
The first attempt to obtain both major results in one setting was made in [5]:

)+ ar/e(t)i(t) + VO(x(t)) + e(t)z(t) = 0 for t > to, (1.18)

where a, tg > 0 and @ : H — R is continuously differentiable and convex. In that paper
the authors obtained the decaying rates for the function values ®(x(¢)) —min ®, as well as
for the quantity [|z(t) —x.)|l, as t — +o0, where z.(;) = argmin (@(m) + M) Thus,
they assured the strong convergence of the trajectories to the minimal norm solution
under the appropriate assumptions and properly chosen energy functional, using the
properties of Tikhonov regularization, namely, the convergence of z.(;) to the minimal
norm solution, as ¢ — +oo. The most important thing about this approach is that
authors were able to establish fast convergence of values and strong convergence of the
trajectories in the very same setting.

As a generalization of the authors considered the following dynamics (see [18])

£) + ay/z(0)i(t) + ff% (Ver(a(®) + (0 = De(®)a(t)) + Ver((t) = 0 for ¢ > 1,

where ¢(z) = ®(z) + M, ® : H — R is twice continuously differentiable and convex
and p is chosen appropriately. This system inherits the properties of fast convergence
rates of the function values, being of the order t%’ as t — 400, and additionally provides
the strong convergence results for the trajectories of the system as ¢ — 400, in the same
setting.

Concerning the nonsmooth case we refer to |34], where it was covered for the more gen-
eral systems, governed by a maximally monotone operator, but with a different damping.

The authors studied the following dynamics

() + %a’:(t) + 5%(Aw) (:c(t))) + Ay @(®) + e(Bz(t) =0 for t > tp,  (1.19)

where o > 0, 8> 0,0 < ¢ <1 and A(t) = A\t?? for A > 0, A is a maximally monotone
operator and A is its Yosida regularization of the order A\. The system is related
to the inclusion problem 0 € Az. The authors showed the fast convergence rates for
12, | Axq)(z(2))]] and H%AA(t)( (t))| being of the order = and 5, as t — 400,

ta> t2q

17



1 Introduction

correspondingly. Moreover, they established the strong convergence, as t — +oo, of the
trajectories of the system. In the section 4 of |34] the authors also considered a very
interesting particular case of A = 0® using the well-known connection Ay = (0®), =

V@, for all A > 0 (see Remark (1.2.7))).

1.7 Tikhonov regularization in discrete time optimization

Concerning the discrete case, that is, the case of inertial algorithms that converge
strongly to the minimal norm solution of a convex optimization problem, there are only
a few results in the literature, see |24,/44], which refer to proximal inertial algorithms
obtained via implicit discretization of the second order continuous dynamical systems
studied in |45}52]).

Indeed, in [24] the following inertial-proximal algorithm was considered in connection
to the optimization problem : let xg,z1 € H and for every k > 1 set

o c
Tkl = ProXg (a:k + (1 - E) (xp — Tp—1) — ﬁxk) , (1.20)
where a@ > 3 and ¢ > 0. To our best knowledge this is the first inertial algorithm in
the literature for which both the strong convergence result liminfy_,  ||zx — z*|| = 0

(throughout this section z* is the minimal norm element from argmin ®) for the generated
sequences and fast convergence of the potential energy ®(x;)—min ® and discrete velocity
|z — zx—1]|, as k — 400, were obtained. Note that can be obtained via implicit
discretization of the dynamical system from [19]:

(1) + %ﬂb(t) FVO(x(t)) + e(B)x(t) = 0 for t > to,

however the rates are not entirely preserved, since in one obtains only the rates
®(zy) — min ® = o(k~%) and ||z, — z_1| = o(k™*) as k — +oo, where s € [$,1).

In order to show the strong convergence result limg_, 4o ||2x — z*|| = 0 but also the
correlation among the stepsize, inertial parameter and Tikhonov regularization param-
eter, in [44] the author assumed that the objective function in is proper, convex
and lower semicontinuous only and associated to this optimization problem the following
inertial-proximal algorithm: let x¢, z1 € H and for every k > 1 set

Tgi1 = PIOX), o (mk + (1 - %) (xp — xp—1) — k—cpxk) , (1.21)
where «, ¢, ¢, p > 0 and (\g) is a sequence of positive real numbers. Note that
can be seen as the discrete counterpart of the continuous dynamical system from [45]:

(1) + %@(t) L VO(a(t)) + t%:r(t) — 0 for t > to,

where ¢, p, & and a are positive constants. According to [44], in case the stepsize A\ = 1
and 0 < ¢ <1,1<p<qg+1then limg ,, |[|zr — 2*|| = 0. Further,

|l — xp—1| = (’)(k_%l) as k — 400 and ®(zx) — min® = O(kP) as k — +oo. If
g+1 < p < 2and for p = 2 one has ¢ > ¢(1—q), then (z}) converges weakly to a minimizer

of ®. Moreover, ®(x)) —min® = O(k~%1) and ||z}, — 21| = O(k_%) as k — +o00.
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2 Nonsmooth optimization with time scaling

In this chapter we will study the asymptotic behaviour of the second order in time
evolution equation in connection with the minimization problem (|1.1))

(t) + a(t) + B(t) -, V(I)A(t)( (1)) + b)) Ve (2(t) =0, (2.1)

with initial conditions :U(to) =ux9 € H, (ty) = up € H, where « > 1, tg > 0, and
B : [to, +00) — [0, +00) and b, A : [tg, +00) > (0, +00) are differentiable functions. Here
and later, we will use the well-known technique of linking the gradient of the Moreau
envelope @) of the objective function ® to dynamics and studying its properties.

Our aim is to derive rates of convergence for the Moreau envelope of the objective
function and the objective function itself to min ®, as well as for the gradient of the
Moreau envelope of the objective function and the velocity of the trajectory to zero in
terms of the Moreau parameter function A and the time scaling function b. In addition,
we will provide a setting which also guarantees the weak convergence of the trajectory
of the dynamical system to a minimizer of ®. The theoretical results will be illustrated
by numerical experiments.

2.1 Existence and uniqueness of strong global solution

This section is devoted to the topic of existence and uniqueness of a strong global
solution of the system of our interest. To this aim we will rewrite as a system of
the first order in time equations in the product space H x H.

For this section, we additionally require that (3 : [tg, +00) — [0, +00) is twice contin-
uously differentiable with 5(t) > 0 for every ¢ > tg. We integrate from tg to t to
obtain

t

#(t) + B VO (2(8) + / (%a‘c(s>+b<s>vq>x<s)<x<s>>) ds — [ Vs (a(s)B(s)ds

to to

— (@(to) + B(to) V) ((to))) =

Denote 2(t) := J;, (%a‘c(s) (bs) - B(S)) V50 ((5)) ) ds— (+B(t) T (0)))

for every t > to. Since 2(t) = Ga(t) + (b(t) — ﬁ(t)) V@, (z(t)) we notice, that (2.1)) is
equivalent to
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2 Nonsmooth optimization with time scaling

After multiplying the first line by b(t) — 5(t) and the second one by §(t), by summing
them we get rid of the gradient of the Moreau envelope in the second equation

x(tg) = xq, Z(to) = — (UO + ﬁ(to vq))\(to)(l’o)) .

We denote y(t) = B(t)z(t)+ (b(t) — B(t) — @) x(t), and, after simplification, we obtain
for the dynamical system the following equivalent formulation

£(t) + 8OV (2(®) + (L2 + 4 ) 2(t) + Fhyu(t) =
§(t) + (B(e) + SOEO_2LOLO 4 s (h(e) - B(r) - 40 ~ b(1)) 2(1)

+ My — o,
z(to) = wo, y(to) = —B(to) (uo + B(t0) VO (1y) (z0)) + (b(to) — B(to) — %50)) 0.

\

In case (t) = 0 for every t > tg, (2.1) can be equivalently written as

o(t) —y(t) =
y(t) + Fy(t )+ b( IV (z(t) =0,
z(to) = xo, y(to) = up.

Based on the two reformulation of the dynamical system we can formulate the
following existence and uniqueness result, which is a consequence of the Cauchy-Lipschitz
theorem for strong global solutions. The result can be proved in the lines of the proofs
of Theorem 1 in |12] or of Theorem 1.1 in |15] with some small adjustments.

Theorem 2.1.1. Suppose that 3 : [tg,+00) — [0,+00) is twice continuously differen-
tiable such that either B(t) > 0 for every t > to or B(t) = 0 for every t > ty, and that
there exists Ao > 0 such that A(t) > Ao for every t > to. Then for every (xo,ug) € Hx H
there exists a unique strong global solution x : [tg,+00) — H, that is, absolutely continu-
ous on any compact subset of [tg,+00), of the continuous dynamics which satisfies
the Cauchy initial conditions x(tg) = xo and (ty) = up.

2.2 Energy function and rates of convergence for function values

In this section we will define for the dynamical system an energy function and
investigate its dissipativity properties. These will play a crucial role in the derivation of
rates of convergence for the Moreau envelope of ® and the objective function itself.

To shorten the calculations, we introduce the auxiliary function (see also |7.[8])

w: [tg, +00) = R, w(t) = b(t) — B(t) — =2.
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2.2 Energy function and rates of convergence for function values

For z € argmin ® and
0<c<a-1, (2.2)

consider the energy function FE. : [tg, +00) — [0, +00),

E(t) = (Pw(t) + (@ =1 = c)tf(t)) (Pr (#(t)) — min ®)
fH c(w(t) — 2) + ti(t) + tBE)V By (2(1))||

cla—1-c¢) 9
+ A D () — 2
In the following theorem we formulate sufficient conditions that guarantee the decay

of the energy of the the dynamical system (2.1) and discuss some of its consequences.

Theorem 2.2.1. Suppose that o > 1, X is nondecreasing on [tg, +00) and the following
conditions

b(t) > B(t) + Bit) for every t >ty (2.3)
and
(v = 3)w(t) — tw(t) > 0 for every t > tg (2.4)

are satisfied. Then, for a solution x : [tg, +00) — H to (2.1), the following statements
are true:

(i) E.(t) <0 for every t > to;

(i4) Pry(z(t)) —min® < Ef%il(tto for every t > to;

(i) 1 (2w + 2B00w(®) )| VOrp (w(®)|Pdt < +oo;

(iv) ftjoo (o = 3)tw(t) — t2i(t)) (Prqe)(x(t)) — min ®)dt < +oc.

Assuming moreover that o > 1 and that
there exists € € (0, — 1) such that (o — 3)w(t) — tw(t) > eb(t) YVt >tgy, (2.5)
it holds
(v) [Tt)a(t)|2dt < +oo;
(vi) the trajectory x is bounded and

(vii) ft t)(Paqy(z(t)) — min ®)dt < +o0.
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2 Nonsmooth optimization with time scaling

Proof. Denote for simplicity v(t) = c(x(t) — z) + ti(t) + tB(t) V) (z(t)) Vt > to. For
every t > ty we obtain

Eu(t) = (26(t) + Pab(t) + B(0) (0 —1 = ) + (o = 1 = )t(1)) (2agy (a(1)) ~ min @)
(#2u®) + Bt — 1 — ) (V00 (). #(0)) — 22 | (1)) )
(v(t),5(0)) + ela— 1 = ) {a(t) - 2,(1)),

where we used (T4):

& (@ (21) ~ min®) = (Vo) (1) #(0)) — “D [vare@)?. (20

_|_
_|_

Note that simple calculations yield for every t > tg

1) = (e 1)) + 15(0) +18(0) (T ((1))) + (BL0) + 13(0) T (2(1).
Using to replace Z(t), we deduce for every t > ¢
@@%mﬂ>:c@+1—ax()—zx@>
+ c(B(t) + tB(t) — th(t)) (z(t) — 2, VP (z()) + (c+ 1 — a)t[|a(t)]?
+ (B(t) +tB(t) — tb(t))t{i(t) , V) ((t)))
+ () (c+ 1 — a)(@(t), VOrp ((t)))
+ tB(E)(B(t) + tB(t) — b(t))”v(b)\(t (z(t)].

Overall, since () + t3(t) — th(t) = —tw(t), we obtain for every t > tg

Bo(t) = (2tw(t) + 2it) — ((t) +t8(t)(c + 1 — a)) (D (2(t)) — min )

+ (Pu®) ~ 150)(e+ 1 - ) (Vo @ D= 299, (=(0)1)
- ctw(t)<a?(t) — 2, VO, (2(t)) > (c+1—a) tHx(t)H2
- t2 ()(@(t), VoA@ (2(1))) + tB() (e + 1 — ) (@ (t), VExu) (2 (1))

— EBHw()[Vxu ()]

Notice that the terms with (V®y(x(t)),2(t)) cancel each other, thus, after simplifica-
tion we obtain for every t > tg

E.(t) = (2tw(t) + t*i(t) + (B(t) + tﬁ'(t)‘)(a — 1= 0))(®r0)(x(t)) — min @)
— (Pult) + B0~ 1~ ) [T (I 1)

— ctw(t)(x(t) — z, VO (x(t))
— (a=1=0t)e®)|* = 2BOwt) [Verw (z(1))].

—~

~ N
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2.2 Energy function and rates of convergence for function values

Thanks to (2.3)), w(t) is positive for every ¢ > ty, thus
—ctw()((t) 2, Ty (2(1)) < —ctuw(t)(@x(x(t)) — mind),
which leads to

Et) < (2= otw(t) + 2i(0) + (5(0) + 15D (@ — 1 - ) (Pry (1)) ~ min®)
- ((t%(t) e —1- )2 t%(t)w(t)) VO @) (28)
— (a—c—1t]a@)]
By and the fact that X\ is nondecreasing, we deduce that

(FPw(t) +tB(t)(a — 1 — c)))\(;) +#2B(Hw(t) > 0,
so, we obtain for every t > tg
Bo(t) < (2= e)tw(t) + () + (1) + tA(#) (@ — 1 = 0)) (Drp(a(1)) — min D)

- ((th(t) +18(t) (e — ¢ — 1))Ag) + t%(t)w(t)) [V (1)

(2.9)

Let us choose ¢ := a—1. According to (2.4)) we obtain for the coefficient of @) (z(t))—
min ¢ in ([2.9))

(2 — o)tw(t) + t2i(t) + (B(t) +tB(t) (@ — 1 —¢) = —t((a - 3)w(t) — ti(t)) < 0.
Therefore, allows us to deduce for every t > tg

Ea1(t) < — ((o = 3)tw(t) — w(t)) (Pre (x(t)) — min D)

— (Pu) 257 + 2800w 190 (1)

We have just established that F,_1 is nonincreasing, which leads for every t > tg to
Eo-1(t) = t*w(t)(Pxu)(2(t)) — min @)
1 . 2
+ 5 (0 = 1) (2(t) = 2) + ta(t) + tBE) VR (2(1))]
< Ea-1(to)-

From here we obtain for every ¢t > tg

(2.10)

23



2 Nonsmooth optimization with time scaling

which proves Moreover, by integration, we obtain

R & 2 2
[ (o022 + 280000) ) IV @)Pdt < Buslto) < +o0

and

/+OO (o = 3)tw(t) — t*i(t)) (Prgpy(x(t)) — min@)dt < Fa_q(to) < +oo, (2.11)

to

which are the claims and

From now on we assume that a > 1 and choose ¢ := o — 1 — ¢, where ¢ is given by
(2.5). In this setting, (2.8]) reads for every ¢ > to,

Eac1-c(t) < (3 —a+e)tw(t) +t2w(t) + (B(t) + tB(t))) (Prwy((t)) — min @)
- <(t2w(t) + stﬁ(t))A(Qt 2 8(t)w(t) | IV @x) (x(t)]|* — etl|a(t)]|?
= —t((a = 3)w(t) — ti(t) — eb(t)) (P (x(t)) — min @)
- ((th(t) + atﬂ(t))x(;) + tzﬁ(t)w(t)> IV @) (@)1 — et @ (t)]|*.
(2.12)

So, under the condition (2.5), Fo_1-c(t) < 0 for every t > tq. Integrating (2.12) we
obtain

+o0o
/ Hl()[2dt < +oo, (2.13)

to
which gives the claim From the fact that the energy function

Ea1c(t) = (Pw(t) + tB(1)) (Dr) (2(t)) — min @)
+ % (=1 —e)(x(t) — 2) + ta(t) + tﬁ(t)vcb)\(t)(x(t))HQ

@12 ) - o2

is bounded from above and it is nonnegative on [to, +oo) it follows that the trajectory x

is bounded, which is 1tem Finally, from ) and ( we deduce the claim |(vii) m

+oo
/ tb(£) (@ sy ((t)) — min @)

to

oo 5. , (2.14)
< ((or = 3)tw(t) — % (1)) (P ey (x(t)) — min ®)dt
to
< + 00,
which finishes the proof. O
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2.2 Energy function and rates of convergence for function values

The following auxiliary result will be needed later.

Lemma 2.2.2. Suppose that o > 1 and (2.5)) holds, that X and B are nondecreasing on
[to, +00), and that (2.3|) holds. Then, for a solution x : [tg, +00) — H to (2.1), it holds

+00
/t tw () (VD (2(1)), 2(t) — 2)dt < +oc. (2.15)

Proof. Recall that according to (2.7)) we have for every t > tg

Bu(t) = (2tw(t) + i(t) + (B(t) + A1) (@ — 1 — ) (@ (2(t)) — min @)

(Pl + 1800~ 1~ ) D v, ()

)+
— ctw(t){z(t) — 2, Voru(2(t)) — (a — 1 —c)t||a(t)|
— AW )[[Ver (x(1)]*.
We choose again ¢ := a — 1 and split the term (o — 1)tw(t)(z(t) — 2, V@) (z(t))) into
the sum of two expressed in terms of € given by . For every t > tg, we have
Bact(t) < (2tw(t) + 20(8)) (@30 (2(1)) — min @)
— (@ =1 —e)tw(t){x(t) — 2, VO (2(t))) — etw(t)(x(t) — 2, VO, 4 ((t))).
By applying the convex gradient inequality we obtain for every t > tg
Eao1(t) < (2tw(t) + t2i(t) — (o — 1 — e)tw(t)) (®rp)(z(t)) — min @)
— etw(t)(x(t) — 2, VOyp (2(t)))
= (t*(t) — (@ — 3 — &) tw(t)) (@rp)(z(t)) — min ®)
— etw(t)(z(t) — z, VO, (z(1))).

Since 8 is nondecreasing, for every t > tg it holds

(2.16)

b(t) = w(t) + B(t) +

thus, (2.5)) leads to t%1i)(t) — (o — 3 — e)tw(t) < 0. Consequently, we obtain from (2.16)
by integration

+o0
/t tw(t) (VO (z(t)), z(t) — 2)dt < E“‘el(to) < +o00.
O

Now we are in position to improve the convergence rates which we obtained previously
in (2.10) and to derive from here convergence rates for ®.

Theorem 2.2.3. Suppose that o > 1 and (2.5 holds, that A and B are nondecreasing
on [to, +00), and that (2.3) holds. Assume in addition
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2 Nonsmooth optimization with time scaling

+oo [(AW)B3B2(1) A2
/to [( ()A)%) ) _ (Qtlg(tgt) dt < +oc, (2.17)

where [-]+ denotes the positive part of the expression inside the brackets, and that there
exists C' > 0 such that

% ( 2b(t)) < Ctb(t) for every t > to. (2.18)

Then, for a solution x : [tg, +00) — H to (2.1)), it holds

By (2(t) — min® = o (t%l(t)) and [|#(t)] = o (1) as t — +oo. (2.19)

Moreover,

as t — 400, (2.20)

V@0 ()] = (W)

and

S(proxspye((t))) — min® = o <t2b1(t)> and || proxpe(2(t) —z(t)]| = o <t\/A% )

as t — +oo.
(2.21)

Proof. First we notice that for every ¢ > tg it holds

am (@ h))— x ]
(& (oraw) i) = (g TN TR0ED) )
e Vny (@t 4+ h)) = VOyyny(2(t))
- <}fi% h ’x(t)>
N <;llli% VO, (1in) (9C(t))h— V&, (z(t)) 7 :ic(t)> _

For every h > 0, by the monotonicity of the gradient of a convex function, we have

V(I))\(t+h) (I‘(t + h)) — V@A(Hh)(a:(t)) ZIS‘(t + h) - x(t) > 0
h ) h — 9
so letting h tend to zero we obtain
Vo t+h) -V t
<lim Atn) (T (t+ h)) At+n) (T(t)) ’ x(t)> > 0
h—0 h
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2.2 Energy function and rates of convergence for function values
Consequently, for every t > g it holds

(5 (Foxofa®) 40
s (i VR0~ Tnle)

h—0 h

h—0 A+ h)h

()\(t +h) )\(t)) (prox/\ (x(t)) — x(t)) ()
AB)A(t+ h) ’
(z

e <<A<t + 1)) Prosa e (1) = A1) Prox o (2(1)) — (At + W)= AD)(t) (t)>

) ProX(\4+h))a(T(t)) — proxype (z(t))

- }ﬁi%< = Mt + h)h ’x(t)>

A . . A+ R) = AV ()] [|12 )]
> Sach {prossa(a(t) = o). () — Jim T
— ;\2((?)<prox,\(t)<b(x(t)) —x(t),c'c(t)> - /\(t)‘V@A(KE;@))HH%@)H
A ANV (2 ()1 |2(2) ]
Y (V0 ((t)). (1)) - A

B 2A() [V (@)1 (t) ]

where we used (|1.2), (1.3) and the Cauchy-Schwarz inequality. Now we multiply (2.1))
by t%4(t) to deduce, by using the inequality above and (2.6)), for every t > tg

0 = P(0.30) + ol O +250) {5 (Voo (1) 200))
+ (0T a(0). (1))
i (31O + atle I + 20 5 (B0 (a(0) - mine)

. 9 2
+ 2080 190, 0o - 25N g, aleo)

Z % <2 & (8)[1* + 2b() (Prs (z(2) — min@)) + (a — D)t]|&(t)|?

t

. 2 .

A(t) A(t)t2b(t)
) {Kw) PO =T

IV @) (())II* + tf’ﬂ(t)Q} :
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2 Nonsmooth optimization with time scaling

Using (2.18) we obtain for every ¢ > ¢

2
% (I + 2300 () ~min®) ) < 2 o]0
. 2 . 9
+ (@2 (1)) — min @)Ctb(1) + (ig;) p2) - M g, (el 2
+

Next we show the integrability of the right-hand side of the expression above. The
first term is integrable according to Theorem m (v) and the second one is integrable
according to Theorem [2.2.1] (vii). Further, since

V@5 (2(t)) — VB (2)]| < Agt)uxm—zu vt > o,

and taking into the account the boundedness of the trajectory x established in Theorem
(vi) and that z € argmin ®, we deduce

IV By ()] = 0(%) as £ > +00,

So, under the assumption (2.17]), we obtain that there exists C > 0 such that for every
t > to

! \(s ’ \(s)s2b(s
I, (iii) $157(6) = UG | V)
+
(A(9)*s°F%(s) X(s)s%(s)] .
M(s) 2X2(s)

- t
<C

to

< + 0.

Applying Lemma [1.2.12] we conclude that the following limit

L:= lim (2\\@@)”2 +£7b(t) (P (2(t) — min@)) >0

t—-+o0
exists. We will show that L = 0. Supposing that L > 0, we deduce that there exists
t* > to such that for every ¢t > t*

LIFE) 4+ 15(1) (@ (x() —~ min®) > -

Integrating the last inequality on [t*, +00), we arrive at the contradiction with the inte-

grability of the left-hand side as proved in Theorem (v) and (vii). Therefore, L =0
and we obtain

By ((t) — min® = o <t2b1(t)> and [|i(t)]| = o (1) as £ — +o00.

28



2.3 Convergence of the trajectories

Using the definition of the proximal mapping, we derive

) (1)) ~min ® = D(prosy yo(a(t)))min B+ o | proy e (w(t) —a(0) | (222

Vt > tp, which yields

@(proxA<t>q><x<t>>>—mm:o(ﬁ;@) and || prox, o ((t)) — 2(t)]| = ( W)

as t — +00. According to (1.2)) we obtain from here

as t — +oo.

EOICIO) (W)

2.3 Convergence of the trajectories

In this section we will investigate the weak convergence of the trajectory x to a mini-
mizer of ®.

Theorem 2.3.1. Suppose that o > 1, (2.3) and (2.5) hold and that X\ and [ are nonde-
creasing on [tg, +00). Assume in addition that

st _
A e O (223)
and
sup& < +oo. (2.24)
t>to

If x : [to, +00) — H is a solution to (2.1)), then z(t) converges weakly to a minimizer
of ® ast — +o0.

Proof. Let z € argmin ®. Previously, in Theorem we established the existence of
the limit of E.(t) ast — +oo forc=a—1and c = a—1—¢, where ¢ € (0,ax — 1) is
given by (22.5). Thus, computing the difference

ela—1)

Bac1oe(t) = Bact(t) = etB(t)(r (@(t)) — min®) + Je(t) — =]

2
el = D(alt) - 2) + () + BT Ry (). 2(0) - 2
= <t8(8) (@ap (2(1)) — min®) — T~ ar) )2
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2 Nonsmooth optimization with time scaling

— et(i(t) + BV Prw (2(1)), x(t) — 2),

we deduce that the limit of the right-hand side exists. Thanks to (2.10)), we derive for
every t > tg

: Ea—1(to) B(t)
tB() (P (2(t)) —min®) < tﬁ(t)tagwﬁ = Ea*l(tO)tw(t)
and from here, based on the assumption (2.23)), we obtain
t_l}_Igloo tB(t)(Paw (2(t)) — min @) = 0. (2.25)
Hereby, we derived that the limit of the quantity
a—1 .
p(t) = —5—|lz(t) - 2|2+ i (t), 2(t) — 2) + BV Prw (x(1)), z(t) — 2)

exists as t — 4+00. Now we are ready to prove the existence of the limit of ||z(t) — z|| as
t — 4-00. Denote

a—1
2

q(t) == o a(t) - 2]* + (@ — 1) ﬁ( $) (Vx5 ((s)), 2(s) — 2)ds ¥t > to.

For every t > tg, it holds that

(1) = gt) + (1)~ (= 1) [ B(s) (Vg (a(s). 2(s) - 2)ds.

q(t) = (o = 1)(2(t) — z,2(t)) + (a — 1) (B(s){VO() (2(s)), 2(5) — 2))

and

alt) + ——i(t) = aglna:(t)fzn%(afl) () (T (o), () — =)
b al0) 50 + H56) (Vs ), 206) - 2)

By Lemma we established that f w(s)(VP@y(5)(x(s)), 7(s) — 2)ds < +o0. In
turn, ylelds that

t——+o0 ¢

t
lim / B(s)(VPy(s)(2(5)), z(s) — 2)ds exists . (2.26)

Finally,

t
lim (q(t) + 1q'(t)> also exists.
a —
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2.3 Convergence of the trajectories

Applying now Lemma [1.2.13] we immediately get the existence of the limit of ¢(¢) as
t — +o0. By the definition of ¢ and (2.26]) we establish the first statement of the Opial’s
Lemma (see Lemma [1.2.14)), namely, that, for any z € argmin ®

lim |z(t) — z|| exists.
t—+o00

To establish the second claim of the Opial’s Lemma, first note that from (2.22)) and (2.25)
we have, limy o0 t3(t)(®(proxy e (z(t))) — min @) = 0 and
Ty oo St [l Proxy e (2(1)) — 2(1)|2

tion (2.24)), we deduce

lim ®(proxyye(z(t))) = min® and t_liinoo | proxyye (z(t)) — z(t)[| = 0.

t—-+o0

= 0. Using that § is nondecreasing and assump-

Considering a sequence {tj}ren such that {x(fx)}ren converges weakly to an element
z € H as k — +o00, we notice that {proxy,)e((tk))}ren converges weakly to z as
k — +o0o. Now, the function ® being convex and lower semicontinuous in the weak
topology, allows us to write

®(2) < liminf &(prox,(,)e(2(t))) = lim (prox,e(x(t))) = mind.
Hence, z € argmin @, and the second statement of the Opial’s Lemma is shown. This
gives the weak convergence of the trajectory x(¢) to a minimizer of ® as t — +o0. O

Remark 2.3.2. In the hypotheses of Theorem [2.2.3] in order to obtain the convergence of
the trajectories, besides ([2.24]) it is enough to assume that

B(t)
ity tw(?)

in order to guarantee ([2.26)). Indeed, in this case (2.25|) follows from the conclusion of
Theorem 2.2.3]

< 400

, , N o Bl

i 18(2) (@ (a(1)) — min®) < T 26(1) @y (1)) — min®) ek =
Remark 2.3.3. (implicit discretization) Implicit discretization of the dynamical system
(2.1) with fixed step size h > 0 leads to the numerical scheme that reads for every k£ > 1

(see also |7.,8])

Tpor — 20, +xp1 . o(@pr —xx) | Br (VO (Thg1) — VO, (1))
h? kh? h

—i—ka(I),\kH(ka) = 0,

where xg, A\g, B and by denote z(kh), A(kh), B(kh) and b(kh), respectively. Rearranging
the terms one obtains for every k > 1
k‘h(ﬁk + hbk)VqMHl (:ck+1) k(:L’k — Jik,l) khﬂkvfb)\k (xk)

Thetl F atk L i ———— atk
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2 Nonsmooth optimization with time scaling

or, equivalently,

Yk = T+ g (Tk — Tpo1) + ’;T,’; Vo, (v1),

(Vk > 1)
Thil = ProXpnsginny) 5 (Yk)-
a+k Ak

Relation (|1.2), namely,
1
Vo, (z) = X(.ﬁ — prox,g(z)) Vo€ H,

and the second property of the proximal mapping from Lemma [[.2.8] namely,

A
prox,q, (v) = T Ma? + ;y i . Prox ;e () V€ H,Yu,A >0,

lead to the following formulation of the implicit numerical algorithm

Yk =TE + ai(k (xk) Tpo1) + PV (a+k)( PTOX,\,C@(C%))?
Ak (a+k
(VE>1) Thil = X)L Rh (B Uk

kh(Br+hby)
b @t k) FRR(By Thby) PTOX Aklerth) Hh(By by oWk,

where xg, x1 € H are given starting points.

2.4 Polynomial choices for the system parameter functions

According to the previous two sections, in order to guarantee both the fast convergence
rates in Theorem and the convergence of the trajectory to a minimizer of ® in
Theorem by taking also into account Remark it is enough to make the
following assumptions on the system parameter functions

(I) @ > 1 and there exists € € (0, @ — 1) such that (o —3)w(t) —tw(t) > eb(t) for every
t 2 to;

(IT) B and X are nondecreasing on [tg, +00);

(I) b(t) > B(t) + @ for every t > to;

BEHA@)H®  AB)t3b(t) )
(IV) { <(t)) — Mo ]+dt<+oo,

(V) there exists C' > 0 such that < L (26(t)) < Ctb(t) for every t > to;
(VI) sup;>, % < +00;

(VII) suptZt()@ < +oo.
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2.4 Polynomial choices for the system parameter functions

In this section we will investigate the fulfillment of these conditions for
b(t) =0bt", B(t) = pt™ and A(t) = A,

where n,m,l € R, b, A\ > 0 and 5 > 0.

For this choice of b, condition is fulfilled.

We assume first that 3 = 0. Then the conditions [(TI)] [(TV)] and [[VI)| are fulfilled,
while the conditions and are nothing else than 0 < [ < 1. Condition asks
for e > 1 and for the existence of € € (0, — 1) such that for every t > tg

(d—3—n—g)bt" >0

or, equivalently, « — 3 — n > £. To this end it is enough to have that « — 3 > n.
In case 8 > 0, conditions and |(VII)| are nothing else than m > 0 and 0 < < 1.
Condition reads for every ¢t > tg

bt" > mpBtm L 4+ gt = (m 4 1)t

or, equivalently,
tnferl > (m + 1)6
b
From here we get

0<m<n+1.

and b > (m + 1)Bty—17".
Condition requires that
pt™ gt

Ssu = Ssu
o t(btn — Bmtm—T — prm—1) S pntl — Bm(m + 1)

< +00

and it is obviously fulfilled.
Condition |(I)| asks for ae > 1 and for the existence of € € (0,« — 1) such that for every
t > to

(o = 3)(bt" — Bmt™t — pt™ ) — t(bnt" ! — Bm(m — 1)t™ 2 — B(m — 1)t™2) > ebt™.
After simplification we obtain that for every ¢t > tg
(=3 —n—e)bt" +B(m+1)(m+2—a)t™ >0
or, equivalently,
(=3 —n—e)bt" ™ > B(m+1)(a —m —2).

On the one hand we have m =n+ 1 and (o — 3 — n) (1 - M > ¢, which requires

that « — 3 —n > 0. On the other hand, we have m < n + 1, which also requires that
a—3—n>0.
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2 Nonsmooth optimization with time scaling

Consequently, we have to assume that

B(m+1)(a —m — 2)
(a—3— n)tg_mJrl '

a—3>n and b>

In this case, there will be always an € € (0,« — 1) such that « =3 —n —e > 0 and

Bm+1)(a —m —2) - B(m+1)(ac —m — 2)

b> 5
(a0 —3—n—e)y ™t (0 — 3 —n)tp—mH!

in other words, which satisfies condition
Finally, let us have a closer look at condition This reads as

/+oo {52t2m(”\)2t2l—2t3 l)\tl—thbtn
to

Nl T T o ]+ dt < 400

or, equivalently,

“+oo IBZ 2 lb
PUY pm—2i41 O et | gy
/m [( A ) 2 .
o] 2
— /+ BINT &tn+l—2m 2m=241 gy
to A 2A
+

1. In case
n+1>2m,

there exists t1 > tg such that for every ¢t > t;

2
<B)\l> _ %tn—l—l—Qm < 0.

Therefore, we obtain

) 2
to
+
— /Vt1 @ ? o &tn-l-l—Qm t2m_2l+1dt + /+oo ﬁ 2 _ &tn+l—2m t2m—2l+1dt
W [\X) T2 " x) T2
+ +

2
:/tl (55) _lbth—zm] 2m=241 gy 4o
to

A 2\
+
thus is fulfilled.

2. In case

n+1<2m,
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2.4 Polynomial choices for the system parameter functions

there exist § > 0 and s > ty such that for every t > to

BIN? b s
o tTL m 6'
( X\ 2\ ”

Taking into account that 2m — 2/ +1>n+1—1> —1, we have

oo I/ BINZ b
= . 7tn+l72m t2m72l+1dt
[T -5
+

to Bl 2 +o0
> / tn+l—2m t2m_2l+1dt 5 t2m—2l+1dt 0,
= Ju |\5 2 .

+

thus is not fulfilled.

3. It is only left to consider the case
n+1=2m.
Condition becomes

+oo ﬁl 2 b ) ol
— | — | t*"*dt < +oo.
+

Ifb> %Ql, then it is fulfilled. Otherwise, since 2m — 2l +1=n—14+1 > —1, it is not
fulfilled.

Summarising, all convergence statements in Theorem [2.2.3 and Theorem hold in
the two settings

l.a>1,8=0,a—3>n,0<[<1,and b, > 0;
2. a>1,ﬁ>0,a73>n,0§l§1,0§m§n+1,b>w,)\>O,and
(a=3—n)td~™*

either 2m < n +1, or 2m:n+landb2¥.

Remark 2.4.1. Theorem is providing for the choices b(t) = bt" and A(t) = At! the

following convergence rates

Bprosso(alt) ~min® = o (3 ) Ipoxyela(®) ~ o0l = o ()

and

IV O) = oy )

RS
as t — +o0o. Clearly, the bigger the n is the faster the convergence is. On the other hand,
concerning the exponent [ things are a bit more complicated: we may gain in one case,
but inevitably lose in the other. Interesting case is when [ = 0, which corresponds to A
being a constant function. In this case, one can notice a balance between accelerating
the convergence of [[V®y)(x(t))|| and slowing the latter for | prox,)e(x(t)) — z(t)|,
since none of them are affected by [ anymore.
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2 Nonsmooth optimization with time scaling
2.5 Numerical experiments

In this section we will conduct series of experiments to investigate the influence of
the system parameters A\, 5 and b on the convergence behaviour of dynamical system.
We will successively fix two of them and vary the last one in order to do so. For the
numerical experiments we will restrict ourselves to the polynomial choices addressed in
the previous section A(t) = t!, B(t) = t™, b(t) = bt" with b = % +1, as well

0

(a—3—-n
as z(tg) = o = 10, &(t9) = 0, and ¢ty = 1.

2.5.1 The influence of b on the dynamical behaviour

First let us choose as objective function ® : R +— Ry, &(x) = |z|, fix m =0, « = 9 and
[ =1, and vary n.

@) (z(t))

(V@) (2(2))]

(a) Trajectories (b) Moreau envelope values  (c) Moreau envelope gradient

Figure 2.1: m =0, a=9and [ =1

In Figure 2.1 we clearly see that the faster the exponent of the function b grows the
faster the convergence of the function values of the Moreau envelope and its gradient
are, starting with the slowest pace for n = 0 and accelerating until n = 4.99, confirming
the theoretical convergence rates. In addition, the increase in the exponent of b seems to
improve the convergence behaviour of the trajectory, too. Fast growing exponents for b
will improve the convergence greatly, however, as seen in the previous section, they are
limited by the upper bound value o — 3.

2.5.2 The influence of )\ on the dynamical behaviour

For the same objective function as in the previous subsection, we study the behaviour
of the dynamics when varying the exponent [ to investigate the influence of the function
A. To this end we fix m =0, « =9 and n = 5 < a — 3, and take for [ three different
values from 0 to 1. We also choose the starting point g = 1 in order to provide a better

illustration.
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2.5 Numerical experiments

@(z) = || ®(x) = ||
(TR A = R W 5
S IO Xt Al ‘.‘\;“ RN L
o Y 5o VIRV 5o
= | oISy N RS
t t t
(a) Trajectories (b) Moreau envelope values  (c¢) Moreau envelope gradient

Figure 2.2: m =0, a =9 and n =5

One can notice in Figure 2.2 that the convergence behaviour of the functions values
of the Moreau envelope and its gradient is better the higher [ is, whereas, interestingly
enough, for the convergence of the trajectories an opposite phenomenon takes place.

2.5.3 The influence of 5 on the dynamical behaviour

Let ® : R — R, ®(x) = 2| +%, a=13,n=9 <a—-3and | = 1. We vary
the exponent m such that 2m < n + [ to study the influence of the function § on the
convergence behaviour of the system.

O(z) = |z|+ %

(a) Trajectories (b) Moreau envelope values  (c¢) Moreau envelope gradient

Figure 23: n=9, a =13 and [ =1

In Figure 2.3 we see that, even though m does not explicitly appear in the theoretical
convergence rates for the gradient of the Moreau envelope and the trajectory of the
system, it influences the convergence behaviour of both of them as well as of the function
values of the Moreau envelope, in the sense that these are faster the higher the values of

m are.

-2 2
B(a) = [z] + % , | B(a) = o] + 5

()]
()]

(a)n=9,a=13,l=1and m =12 b)yn=4,a=2l=4andm=6

Figure 2.4: Divergence of the trajectories
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2 Nonsmooth optimization with time scaling

Finally, we consider two parameter choices which lie outside the convergence setting
derived in the previous section and notice that these fundamentally affects the conver-
gence of the trajectory. In Figure 2.4(a) we choose m such that that condition 2m < n+I
is violated, and in Figure 2.4(b) we choose o and n such that the condition a — 3 > n is
also violated. One can see that in both settings the trajectories diverge.
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3 Nonsmooth optimization with time scaling
and Tikhonov regularization

This chapter is devoted to studying the convergence properties of the following second
order in time differential equation in connection with the minimization problem (|1.1)

(1) + %a’:(t) + B%V@,\(t)(x(t)) + BV (2(t) + e(B)a(t) = 0 for t > tg,  (3.1)

with initial conditions z(tg) = zo € H, #(tg) = @9 € H, where «, and ty > 0,
At [to,+00) — Ry and b : [tp,+00) — R are non-negative, non-decreasing and dif-
ferentiable and the function € : [tg, +00) — R4 is continuously differentiable and non-
increasing with the property lim;, o () = 0. Studying such systems provides better
understanding of their discrete counterpart — optimization algorithms, since there is a
strong connection between them, and the question of transitioning from one to another
attracts a lot of attention in the modern literature.

One of the main goals of this research is to improve (compared to [30]) the fast rates of
convergence for the Moreau envelope of the objective function and the objective function
itself to min @, as well as for the gradient of the Moreau envelope of the objective function
in terms of the Moreau parameter function A and the time scaling function b. Moreover,
we also deduce the strong convergence of the trajectory of the dynamics to the minimal
norm element of argmin ®. To conclude, we provide multiple numerical results in order
to illustrate our theoretical discoveries.

3.1 Preparatory results

Let us mention two key properties of the Tikhonov regularization, which we will
use later in the analysis (see, for instance, |16] or [32] Theorem 23.44 for its classic
analogue). First, let us introduce the strongly convex function we) e @ H — R

as Py a)(T) = Pap(z) + M and denote the unique minimizer of @ )z as
Te(p) \(t) = ArgMIN P () A(r)- Lhus, the first order optimality condition reads as

VO, ) (Tt at) T @) Tty ae) = 0 (3.2)
Now we are ready to formulate the following result:
Lemma 3.1.1. Suppose that

lim A()e(t) = 0. (3.3)

t—+00

39



3 Nonsmooth optimization with time scaling and Tikhonov regularization

Then the following properties of the mapping t — T4y \p) are satisfied:

for 2 = projugnins (0)s [zea | < 2] for all t > t, (3.4)
and
i [l — 2" = 0. (35)

Proof. Suppose that ¢ > tp. By the monotonicity of V&, we deduce
<V(I)/\(t) (xa(t),)\(t)) - V(I))\(t)( ), Te(t)A(t) — > > 0 for all t > tg.
By we obtain
(—e®)zemyrw) Terw) —2°) = et) (= llzepaml® + (Tewaw), ) =
Using Cauchy-Schwarz inequality we derive
eyl < [l27]-
This proves the first claim. For the second one, consider again and note that it is

equivalent to
prox (\O+=5)e 0)

w00 = T @@ + 1 (36)

by the second claim of Lemma Note that by we have A(t) + ?lt) — +o0 and
A(t)e(t) +1 — 1, as t — +o0o0. From now on, the proof is inspired by Theorem 23.44
of |32]. Take z € argmin ® = argmin ®, for each A > 0. From and from the fact
that the resolvent of maximally monotone operator is maximally monotone and firmly

nonexpansive (see, for instance, Corollary 23.11(i) of [32]) and Cauchy-Schwarz inequality

it follows that for every t > ¢y (note that z could be represented as z = prox (1)%(”( z))
t

Te(t)A() = PTOX i

12 = zcaml 12 = (2= 2cwaw:2) = 12—zl (3.7)

which gives the boundedness of z,(;) () for every t > . Now, let y be a weak sequential
cluster point of {z(,) At,) tken, namely, To, ) A@t,,) — ¥> as n — +oo. From (3.2) we
deduce

V() @etr )M tr,) T ER) ey, ) A (1r,) = 0
Using (see Remark (1.2.7))

1
Voy = (92), = 1 (= (1d+202)7") ¥A>0
we further obtain

(Id+A(t,)0P) ™ (et ) A1) = (A(tkn) (tkn)+1)xe(tk )Mt )
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3.1 Preparatory results

which is equivalent to

Le(ty, )M trn) € (A(tkn)g(tkn) + 1) Le(thy ) A (thy,)
Mtk )0 (Mt )2 (t,) + 1) 2, ) 7))

or
—E(tkn)
At )e(ty,) + 1$e(tkn),>\(tkn) e 0 (xg(tkn),)\(tkn)>- (3.8)

The sequence

—&(tk,)
{x{;‘(tkn),)\(tkn)’ A(tkn)g(tkn) + lxa(tkn)7>\(tkn)}

lies in grad0® by and converges to (y,0) in HY** x H5"°"9 topology due to the
sequence {xs(tkn),k(tkn)}neN being also bounded and . Therefore, since grad® is
sequentially closed (see Proposition 20.38(ii) of [32]) it follows that y € argmin ®. From
(3.7) we derive

1y = et ) rt) I < <y — 0,y — xf(tkn):)\(tkn)> — 0, as n — 400,

by the definition of weak convergence, thus, Te(ty, ) A (t,) — Y @8 1 —> +00. On the other

hand, (3.7)) leads to

0 2 Iz = 2oty ) At I — <Z ~ Tt ) Aty ) 2 0>
= <Z = Tty ) A ()0 0 — xa(tkn),)\(tkn)> = (2 —y,0-y)
and thus y = z* by the characterization of z*, namely,
for * € argmin ® and Vz € argmin ® it holds that (z — 2*,0 — 2*) <0

So, x* being the only weak sequential cluster point of the bounded sequence

{Ze(t) A@00) ey e8NS that Tey) zr,) — 7, as k — +oo, by Lemma 2.46 of [32]. By
(3.7) again we deduce

Zetyni) — 217 < (0= 2% 2y A —2°) = 0, as k — +oo

and so the second claim follows.
O

Our nearest goal is to deduce the existence and uniqueness of the solutions of the
dynamical system (3.1). Suppose 5 > 0. Let us integrate (3.1) from ¢g to ¢ to obtain

(6) + 5V (2() + [ (S(5) + b(s) Vs (2(5)) + els)a(s)) ds

to
— (&(to) + BY®y1y)(x(t0))) = 0.
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

Denoting 2(1) i= [, (24(5) + b(5)V By (2(5)) + =(5)a(5)) s — (3(t0) + 5Ty (00))
for every ¢ > to and notlclng that 2(t) = $2(t) + b(t) VO (z(t)) + e(t)z(t) we deduce,
that is equivalent to

L(t) + BV P4 (2(t)) + 2(t) = 0,
() — ¢i(t) = b))V Py (2(t) —e(t)z(t) =0,
z(to) = wo, 2(to) = ( (to) + BV ® 1) (20)) -
Let us multiply the first line by the function b and the second one by the constant £

and then sum them up to get rid of the gradient of the Moreau envelope in the second
equation

L(t) + BV @y (2(t)) + 2(t )
Ba(t) + (b(t) - <) a(t) Joft) 4 b(0=(0) = 0
z(to) = xo, 2(tg) = ( (to) + BV@A(tO)(a}O)) )

We denote now y(t) = Bz(t) + (b(t) - a—/i) x(t), and, after simplification, we obtain the

following equivalent formulation for the dynamical system
0 + B (a(1) + (- 5) s + ) =0
§(1) = (b(t) + 2 + Be() + ZP — =0 a(t) + Ky 1) = 0,
+lto) =0, ylto) =~ 3 )+ 59, o)(0)) + (b

N

(=]

S—
~|Q
° I
N
8

o

In case 8 = 0 for every t > tg, (3.1]) can be equivalently written as

a(t) —y(t) =0,

y(t) + Gy(t) +0(E)V Oy (x(t)) +e(t)z(t) = 0,

z(to) = wo, y(to) = &(to)-
Based on the two reformulations of the dynamical system (3.1]) we formulate the following
existence and uniqueness result, which is a consequence of Cauchy-Lipschitz theorem for

strong global solutions. The result can be proved in the lines of the proofs of Theorem 1
in |12] or of Theorem 1.1 in |15] with some small adjustments.

Theorem 3.1.2. Suppose that there exists A\g > 0 such that \(t) > Ao for every t >
to. Then for every (zo,%(to)) € H x H there exists a unique strong global solution
x : [tg,+00) — H of the continuous dynamics which satisfies the Cauchy initial
conditions x(tg) = xo and (ty) = Tp.

3.2 Fast convergence rates of the function and Moreau envelope
values

This chapter is devoted to obtaining the rates of convergence for the Moreau envelope
values and for the values of function & itself. We will heavily rely on the tools and
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3.2 Fast convergence rates of the function and Moreau envelope values

techniques provided by the Lyapunov analysis. The construction of the energy function
is inspired by [30]. For 2 < g < a — 1 we define

25
E,(t) = (2b(1) — Bl +2 — a)f) (Bx(a(®) ~ min®) + 2 Ja(p)?
F L late(t) — 2) + 1 (0) + BV @)+ DD ) a2
(3.9)

The key assumptions which are essential to our analysis are the following: for every
t > to

(o — 3)tb(t) — t2b(t) + B2 —a) > 0, (3.10)
Ja > 1 such that 2£(t) < —aBe?(t), (3.11)
/ et < +oo, (3.12)

bity) > fo and bito) > © (3.13)

and

36:0 < 6 < a— 3 such that (a — 3)tb(t) — t2b(t) + B(2 — ) > dtb(t).  (3.14)

Theorem 3.2.1. Suppose o > 3 and assume that (3.10) — (3.13)) hold for every t > t.
Then

. 1
Py (z(t) —min® = O (t%(t)) . as t — +o0,

|2(t) + BV @y (2(1))]| = O (1) , ast — 4o00.
Moreover, one has for all a > 1
te(0) (1) — 2% te(0) ()] (0~ 3)tb(0) — 2b(0) + B2~ ) ) (e (2(1)) ~ min@)

and ((t%(t) — jt) 2t> — 6% + pt? (b(t) — i)) IV (z(t)]1? € L ([to, +00), R).

If, in addition, o > 3 and (3.14) holds, then the trajectory x is bounded and
+oo
/ Hla@)|Rdt < +oo
to

and
+oo
/ th(t) (Pr(s)(2(s)) —min®) < 4o0.

to
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

Proof. Let us compute the time derivative of the energy function. For every t > ¢ using

we derive
By(t) = (2t0() + £20(t) = Bla +2 — @) ) (@3 ((1)) — min @) + () (w(1), (1))
+ gla —1—g)(#(t), z(t) — %)
+ (2b(t) = Blg+2— a)t) (<v<1>m> @t).i(1) - " |vay, <x<t>>||2)

2te(t) + t2E(t)

ey

+ <<J(93(t) —27) + (&) + BV D) (2(1)), (¢ + D (t) + BV Py (x(t))

I CCRY AL e <>>)>.

Define v(t) = q(x(t) — %) + t(2(t) + BV Py (z(t)) YVt > to. Using to replace
Z(t) + B%V(I))\(t) (x(t)) we obtain

(v(t),0(t)) = <Q(5L‘(t) — ") +1z(t) + BV (2(1)), (¢ + 1 — )(?)

+ (B =10(1) VO, ((t)) — t€(t)f'3(t)>

=q(g+1—a)(z(t) —z",2(t)) + (Q+1—a)t|!rv( t)?
+ (ﬁ(q+2—a)t—t2 (1) (Ve (z(t)), &(t))

+ (8% = BEb(1)) [V @y (2 (1)

— Pe(t)(x(t), 2(t)) — BtPe(t) (x(t), VO (2(1)))

~ ar (000 = ) T olt) + ettt o) 0" ).

By (3.13)) one has b(t) — % > 0 for every t > tg, and thus for a strongly convex function
er(@) = (b(t) = §) @ry (@) + =Pl we have

pi(2") — () = (Vey(), 2" —x) + E(;)Hﬂc* —z|?

= ar (060 = ) T olt) + ettt o) ~ o )
(t

~at (b00) - )(¢A<t< (1)~ min®) — gt" 2 [ (0)|2 — gt "D at) — |
€(t>” *||2

2

or

+ qt
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3.2 Fast convergence rates of the function and Moreau envelope values

Therefore, for every t > tg

Et) < (2= q)tb(t) + 25(t) = B2 — @) (®r (1)) — min®) + (g + 1 — a)t(0)|

- ((t?b(t) gt 2—ayr) M g2y /3t2b<t>> 190 (2(0)]?

2
(2 — q)te(t) + t2&(t)
2
— Bte(t)(x(t), Ve (2(t)))-

Notice that for a > 1

_'_

@)1 — gt "D at) — o+ gt "D o

2 a &
B (1), VO (1)) < O apre )

which leads to

Ey(t) < (2= a)b(t) + 25(t) — 2 — @) (Do (2(1)) — min @) + (g + 1 — )t (1)
- ((t%(t) —ﬁ(q+2—a)t)k(2t) —62t+6t2< )) V@ ()]
N 2(2 — q)te(t) + 2t2&(t) + aBt2e%(t)

4
t
5( ) ||x>kH2
2

[V (x ()] + lz(t)II?,

e(t) N
lz@®)1* = qt=ll(t) — 27|
+ qt
(3.15)

for every t > tg. Note that b(t) — % > 0 for every t > tg. Then, due to the properties
of b, there exists t* > to such that t?b(t) — B(q +2 — a)t > 0 for every t > t* and
all ¢ € (2, — 1]. Therefore, since A(t) > 0 for every t > to, there exists ¢**, namely,

kk * B
t** = max {t » Bi0) 1 }, such that

((th(t) —Blg+2— a)t) /\;t) — 8% + Bt (b(t) - i)) > 0 for all t > t**.

Consider now two cases with ¢ > t**. First, take ¢ = a — 1 to obtain from (|3.15))

Fui(t) < ((3 —a)th(t) + 12b(t) — B2 — a)) (@50 (x(t)) — min @)

_ (( b(t) — ﬁt) At) B2t+6t2< (t) — i)) IV (z(1))]?

- 2¢ aBt?e? €
g 2O HEOED )P — (o - 105D o) — 0”2
+ (o= e W a2

(3.16)
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

for every ¢ > tg. Under the assumptions (3.10) and (3.11)) we conclude starting from ¢**

that ( 1ie(t)
. a—1)te(t), .
Baat) < O 2
Under the assumption (3.12)) using the fact that ¢ — E,_1(¢) is bounded from below
we deduce the existence of the limit limy_ 4o Fo—1(t) due to the Lemma [1.2.12] and,
therefore, t — FE,_1(t) is bounded, which leads to

(3.17)

: 1
@A(t)(x(t))—mlnq) =0 <152b(t)>’ as t — +oo.

From the boundedness of ¢+ ||(oc — 1) (x(t) — 2*) + t(&(t) + BV (x(t))]|* we obtain

. 1
Ji(0) + 59 0x wlDl] = O () ast =400,
using the following inequality, which is true for every ¢t > tg

i (t) + BV (x(1))]
< 2[[ (e = 1)(x(t) — 2™) + t(&(t) + BV Py (2 (D)[” + 2(a — 1)?[|2(t) — =™

Moreover, integrating (3.16]) one may obtain the integrability of ¢ +— te(t)||z(t) — z*||?
as well as the other terms in (3.16)). Consider now ¢ = o — 1 — §, where § is defined by

(3.14). Thus, (3.15) becomes

Eo_1_s(t) < ((3 —a+ 0)th(t) + t2b(t) — B(2 — a)) (@) (x(t)) — min ®) — 5@ (t)|>

- ((t?b(t) - 0) A0 g e (b(t) - 1)) 1900 (2(0)) 2

-« € 2¢ aft?e?
. 2(3 + 9)te(t) +42t (t) + apt (t)||$(t)”2

e(t) - et) ) -
= (o= 1=t la(t) =27 + (o = 1= )=~ [la"|*

(3.18)

Under the assumptions (3.11)) and (3.14)) we deduce Eq_;_s(t) < MH&‘*HQ start-
ing from t**. Repeating the same argument we derive that ¢t — E,_1_s(t) is bounded.
The function ¢t — ||(t)—z*|| is also bounded and so is the trajectory x. Integrating ((3.18)
one may additionally obtain the integrability of ¢ + ¢||4(¢)||?. From the integrability of

t— ((a — 3)tb(t) — t2b(t) — B(a — 2)) (@@t (x(t)) — min ®) and we deduce

“+oo
/ th(t) (Pr(s)(z(s)) —min®) < +oo.

to
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3.2 Fast convergence rates of the function and Moreau envelope values

The next theorem shows that we can actually improve the rates of convergence of the
function values in case o > 3.

Theorem 3.2.2. Assume that o > 3 and (3.11)) — (3.14)) hold. Then

tst < <b(t) 5) Vo (2(t)), 2(t) — :c> € L'([to, +o0), R). (3.19)

ot

In addition, limy_, 4o, 1(t) = 0, where for 2 <qg<a—1

2
V() = (120(t) ~ Bla + 2 ) (ra(®) — min®) + D () 2
2
+ D1a) + BV (1)
which in particular means
Py (x(t)) —min® = o (t%(t)) as t — +o0o, 520,
|2(t) + BV @y (x(t))]| = o <1> ast — 400
and moreover,
®(proxype(z(t))) —min® = o (t%(t)) as t — 400,
I prox)\(t)@(x(t)) —z(t)]] = o (t\/i“);)((?)> as t — 400
and
|]V<I>>\(t)(x(t))|| = 0 <tb(1))\(t)> as t — +o0.

Proof. (i) Let us first prove an auxiliary estimate (3.19)), which will allow us to obtain
the rest of the desired results. We return to

E, (t) < (th(t) +2b(t) — Blg+ 2 — a)) (®r(x(t)) — min®) + (g + 1 — a)t[|lE(t)]?

- <(t2b(t) — B(g+2—a)t) /\(;) — Bt + pt? (b(t) - i)) VP x) ((1)) 17
N 4te(t) + 2t2é(i) + aBt2e2(t) 1)

— gt < <b(t) - f) V) (@) + e(t)a(t), z(t) — w> .
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

Under condition (3.11) we deduce starting from ¢**
By(t) < (th(t) F20(t) — Blg+2— a)) (@) (#(t)) — min B)

+ OO — at (00 - ) Tor(al0) + elt)alt) alt) ~ 57 ).

Integrating the last inequality on [tg, t] we obtain

/t: qs <<b(s) - f) Vs (x(s)), 2(s) = m> ds

< B(00) = B0 + [ selo)la(s)]ds
0 (3.21)

+ / (231)(5) + 52b(s) — Blg+2 — a)) (®r(s)(2(s)) — min @) ds

to

t
- [ ases)ats)ats) - o).
to
Since the gradient V&) is monotone, we know that <V<I>A(t) (z(t)), z(t) — *) > 0. More-
over,
qte(t)
2

— qt(e(t)x(t), x(t) —a7) < (=@ + lla(t) — 2*|%) . (3.22)
Notice that by we have
(=3 —)tb(t) — t2b(t) + B2 —a) > 0

or

(=3 = )tb(t) — t2b(t) > Bla—2).

Obviuosly,
(v —3—0)th(t) — t2b(t) > Bla—2) > Bla—2—q) for every g € (2, —1).
Introducing 6; = a — 1 — 9 > 0 (by the choice of §) we obtain
(61 — 2)th(t) — t2b(t) > —B(q¢+2 — )

or
2b(t) + t2b(t) — Blg+2 —a) < 1tb(t).

From Theorem we know that t — tb(t) (@ (2(s)) —min®) is integrable and

therefore so is ¢ — (2tb(t) +12b(t) — Blg+2 — oz)) (®rgs)(2(s)) —min®). Since the

function ¢ — E,4(t) is bounded and the rest of the right-hand side of (3.21]) belongs to

L'([to, +00),R) by Theorem |3.2.1| and (3.22), we conclude with ([3.19) due to (3.13).
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3.2 Fast convergence rates of the function and Moreau envelope values

(i¢) In order to derive the convergence rates for the quantities of our interest we require
some additional results. Our nearest goal is to establish the existence of the limits

(#(t) + BYD ) ((8)), 2(t) — 7).

lim |z(t) — 2| and lim ¢
t——+o0 t——+o00

Consider (as was done in |30},33|) for two different ¢1, g2 € (2, — 1) and for every t > ¢
the difference

t2e(t)

Eun(t) = Eaa(t) = (20(2) = Blar +2 = a)t) (€5 (2(t)) — min @) + 2 (1)
+ é”lh (2(t) — o) + t(@(t) + BV Dy (x(1)])? + ql(a_;_ql)H:L‘(t) — |
t2e(t)

= (%B(t) = Blaz + 2 = a)t) (Pa(y (x(t)) — min @) — —=[z(t)]|*

- %H%(m(t) — )+ (i (1) + BV (2(t))]| — ‘D(“_;_q?)ux(t) — 2|

= (q1 — q2) ( — Bt (@A(t) (z(t)) — min <I>) +t <a:(t) + BVPyy (x(t)), x(t) — x*>

a—1 .
+ O ele) — o H?).

As we have established earlier in Theorem the limits of Ey, (t) — Ey,(t) and
t (Prpy(2(t)) —min®), as t — +oo, exist (the latter is actually zero). Therefore, the
limit

-1

t_lgrnoo (t (&(t) + BV Py (x(t)), 2(t) — 2*) + a |z (t) — x*HQ) also exists.

Let us introduce for every t > ty two auxiliary functions

a—1
2

k(t) = t(@(t) + BV Prw (x(t)), 2(t) — 2*) + l(t) — 2*||?

and
1) = o)~ 48 [ (T (e(e). ate) o) ds
Noticing that
Ht) = (alt) — 2, #(0)) + B (Vs a(0)), 2(t) — 2°)

we may write for every t > tg

(a = D)r(t) + tr(t) = k(t) + Bla — 1)/ <V<I>)\(S) (x(s)), z(s) — a?*> ds.

to

From the fact that lim;_, ;o k(t) exists using (3.19)) we obtain that
limy o0 (v — 1)7(t) + t7(t) also exists. Applying Lemma [1.2.13| we deduce the existence
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

of the limit lim; 4o 7(f). Using again, we obtain the existence of the limits
limy 4 oo ||2(t) — =¥ and limy_y 400 t <x + BV‘I)A(t)( —z*).

(éit) Finally, we are in position to prove and the rest of the convergence rates.
The key idea is to show that the limit

lim ((t2b(t) —B(g+2—a)) ((I))\(t) (z(t)) — min <I>)

t—4o00
t2e(t) t2
2

@)1 + 5 () + BVCI)A(t)(fﬁ(t))HQ)

exists and is actually zero. Let us return to the definition of our energy functional and
rewrite it as

2 . t25(t) 2
Ey(t) = (t%b(t) — B(q + 2 — a)t) (Pr)((t)) — min P) + — =@l
2
)+ BB @O + at (+(1) + STy (o (1)), (1) — )

Q(a B 1) *
4= Dyar) - o)

Since the limits

t—+00

lim E,(t) and tggrnoo (qt (&(t) + BV Py (x(t), z(t) — ") + my\x(t) —x*H2)
exist, it follows that
lim ((th(t) —Blg+2—a)t) (@A(t) (z(t)) — min <I>)

t—-+o0
t2e(t 12
R0
2

@)1 + 5 () + ﬁvqh(t)(x(t))IIQ)

exists as well. Denote

P(t) = (£°b(t) — B(g +2 — a)t) (Prgy (z(t)) — min P)
t2e(t) t2

+ @ + S (0) + 5Ty @)

and consider

P(t)

0 <
-t

< 2(0) (20 (1) ~ min®) + " o (0)2 4 L i) + 5T (@02

(3.23)
Let us show that the right-hand side of is integrable. Indeed, the first term is
integrable by Theorem [3:2.1] As we have also established in Theorem [3:2.]] starting

from t** .
(tb(t) - B)A(;) + Bt (b(t) . i) > 52

50



3.3 Strong convergence of the trajectories

where a > 1. Then, by (B.13) and A(t) > 0 for every t > tg, we deduce that there exists
t1 > t** such that for every ¢t > ¢

(1v(t) - 5) )+ ¢ (b(t) - 1) > 3

a

£2b(t) (A(;) + 8 (1 — abl(t)>) > <3ﬁ + A(t)) %

(£2b(t) — Bt) A(;) — 3%t + Bt? (b( ) — a) > 5—.

or

or

2

So, by Theorem the right-hand side of (3.23)) belongs to L' ([tl, +00), ]R). Therefore,

t— @ also belongs to L' ([t1,+00),R) and since the limit limy_, o0 1(t) exists we
deduce that it should be actually zero, which gives us (3.20). To complete the proof
notice that by the definition of the proximal mapping, we have

Cr(p) (1)) —min @ = P(prox,()q(z(t))) —min &+ NG )HprOXA(t)@( z(t) =z (t)||* vt > to.

The conclusion follows immediately from ) and -
O

3.3 Strong convergence of the trajectories

In this section we will establish the strong convergence of the trajectories to the minimal
norm element of argmin .

In order to do so, we will need to modify assumption (3.12)):

+oo o
/to tb((?)dt < 400, (3.24)

Before moving to the main point of the section, let us prove an auxiliary result first.

Theorem 3.3.1. Suppose that o > 3, the function A is bounded for every t > ty and
(3.10), (3.11)), (3.13) and (3.24) hold. Then

lim | proxye(z(t)) —z(t)| = 0

t—+
and

lim @(proxx(t)q)(m(t)» —min® = 0.

t——+o0
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3 Nonsmooth optimization with time scaling and Tikhonov regularization
Proof. Let us return to (3.17)):

Baalt) < (o= D15 |

Let us integrate the last inequality on [T, ]

Farlt) < Baca(r)+ O [ ocyas

On the other hand, for every t > tg
Eq-1(t) > (£°b(t) — Bt) (®r(z(t)) — min @) .

Thus,

, Ear(T) | (a—1)llz*]> [*
Dy (2(t)) —min® < 2b(1) — i + 2020(1) — Bi) /T se(s)ds.

We deduce due to (3.24) and the Lemma [1.2.15[ that

1 ¢ (s)
lim ——— [ s%b ds = 0.
+5 150 £2b(2) /T 0(8) iy &
Therefore,

(o= D" [* _
i - e = ¢

and clearly

. Ea,l(T)
lim o),
tﬁl+oo t2b(t) — SOt 0

Thus, we establish
lim @y (2(t)) —min® = 0.

t——+o0

By the definition of the proximal mapping

By (w(1) ~ min® = @ (proxy(e(a(t))) — min® + o proxy e(a(t) — ()|

YVt > tg. Using the fact that X is bounded for every t > ty we deduce

lim_ || prox, e (x(6)) — 2(t)]| = 0

t——4o00
and

lim q)(prox)\(t)é(x(t)» —min® = 0.

t——+o0
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3.3 Strong convergence of the trajectories

For the remaining part of this section we will use a different energy functional. Inspired
by [30] we introduce the following functional, which we will heavily rely on throughout
this section

Epq(t) =t" (th(t) + B(a —p— ¢ — 2)) (Paq (z(t)) — min D) .
p+2 P 3.25
O a2 — 1 12) + & Yooy,

where v(t) = q(x(t) — x*) +t (&(t) + BV P\ (2(t))) and p, ¢ > 0.
The proof of the following theorem draws inspiration from |20}23}30].

Theorem 3.3.2. Suppose that A is bounded for every t > ty, a > 3, b(ty) > % + % and
(3.10]), (3.11)) and (3.24) are fulfilled. Suppose additionally that for every t > t

o . aff
<§ - 1) th(t) — () + 5 > 0, (3.26)
2a(a — 3) — 9t%(t) + 6aB < 0, (3.27)
183t + 9BA(t) — 9tb(t) (A(t) - 26> +3(a+3)8*+a?8 < 0 (3.28)
and 8 .
t£+moo M /to s3te2(s)ds = 0. (3.29)

If © @ [to,+00) — H is a solution to (3.1) and the trajectory x(t) stays either in-
side or outside the ball B(0, ||z*||), then x(t) converges to minimal norm solution x* =
PI0jargmin @ (0), as t — +oo. Otherwise, liminf; | [|2(t) — z*| = 0.

Proof. The proof of this theorem is inspired by the analogous one in 30|, namely, we will
consider several cases with respect to the trajectory x staying either inside or outside the

ball B (0, [|z*]).

Case 1.

Assume that the trajectory x stays in the complement of the ball B (0, ||z*||) for every
t > to. This means nothing but ||z(t)|| > ||z*|| for every ¢t > to.
(i) Our nearest goal is to obtain the upper bound for the derivative of E,,. In order
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

to do so, let us evaluate its time derivative for every t > tg first:

d
23 Epa(t)
=t ((p+ 2)tb(t) + £25(t) + (p+ )Ble — p — g = 2)) (Brp(a(t)) — min @)
+ VL 2b{e) + Bla—p— g 2) (<v<1>m< ORE A WE <>>||2>
p+1 p+22
4 @RI T (o2 — o )+ 2e(0) (0. (1)
p—1
b 2 g(alt) - a%) + ¢ (3(0) + BTy () P + 27 (5(0) (1),

(3.30)

Consider for every t > tg the inner product
(0(t), v(t))
<<q 1 a)i(t) + BBy (a(1)) — (D) V) ((0) + £(0)2(1)). ala(t) — )

+ ¢ (&(t) + BV (x(1))) >

= qlg+1—a)(@(t),z(t) —2*) + (g + 1 = )t (|l£(t)|* + (BV@x (2(1)), i(1)))
+ Be(VO (2(1)), z(t) — >+Bt<V‘1>A(t (z(t)), &(t)) +52tllv%(t)(w(t))||2
— qt (b(t) VO (x(1)) +e(®)x(t), 2(t) — a*) — 12 (b(t)VPx) (x(t)) +e(t)z(t), 2 (t))

— B (b(t )V@Aa)( z(t)) +e(t)x(t), V%( ) ((1))),
where above we used ( . Consider now for every t > ty,
la(z(t) = &*) + t(E(t) + BV Prqy (O = @[le(t) — 2*|* + 2qt(i(t), z(t) — 2*)
+ 208UV @) (x(1)), 2(t) — 2*) + |2 (2)|* + 2882 (VO (2 (1)), E(1))
+ B2V (2(0))]1*.

The two estimates that we made above lead to (3.30)) becoming

d
aEp,q(t)

g ((p+2)tb(t)+t2l}(t)+(p+1)ﬁ(a—p—q72)) (@51 ((t)) —min @)
p+1 p+2 2 24p—1
g PRI (a2~ a2) + PLE () — 27|

b P 90 @O + (a4 1 - a+ L) o1 i)
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3.3 Strong convergence of the trajectories

+ q(g+1—a+p)t?(@(t), z(t)—z*) +qB(p+ 1P (VO (x(t)), 2(t) —z*)
- qtp+1<b<t>w>x(t)<m< >> =(B)a(t), o(t) - *)
= BBV (2(1) + =(D)(), VO <a:<t>>>

);
AR (b() + e —p — g — 2))
2

Let us apply the gradient inequality (|1.6) to the strongly convex function
2
2 5 b(t) By () + S

= (b(O)TDr (1)) + e(B)a(t), 2(t) — =) + 8(t)\lx(v;) _

< (b(t) min & + E(t)”;*HQ) - (b(t)q)/\(t)(x(t)) n E(lﬁ)HﬂQf(t)ll2>

and thus

pt1

T~

b0V @0 (2(0)) + ()at), 2(t) = ™) < —qtPH1b(8) (B (2(1)) — min B)
a2

ot 2 (o) — a2) — g+ 2

for every t > ty. So, noticing that
— B (B(H VO (2(1)) + (D (), VoA (a(1))
= = BTH() [V (w()]2 = B 22(1) (2(t), VA (w(1)) )

we deduce

d

ﬁEM(t)

< tP ((p +2—q)th(t) + 2b(t) + (p+ 1)Bla—p—q — 2)> (®a@(2(t)) — min )
(p+2 — q)tPTle(t) + tPT2&(2) (

n 5 lz @)% — lla*[1%)
24p—1 p+1
N (pq ; B qt 2€(t)> ||£L“(t) . x*H2
20+l _ 930 +2p(1) — \()¢P+] a—p—q—
L (e 2)B* — 25 2(1) A(;)t (tb(t) + Bla—p—q— 2)) IV@re) ()]

+ (q +1—a+ g) T 2@)2 + (g + 1 — o+ p)tP(E(t), 2(t) — *)
+ aBlp+ DI (Tyg (a(1)), 2(t) — 2°) — B 2e(t) ((t), Vg (a(1)) ).
In order to proceed further we will need the following estimates:

aB(p + VP (V ) (x(t —z7)
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

qB(p+ 1)ttt

<
- 4c2

IV (@)* + aBp + 1)t | (t) — 2*||?

and

ﬁtp+2
a

aBtPT2e2(t)
4

B2 () (a(t), VO ((1) ) < V@) ()1* + Ll

for every t > tg, some ¢ > 1 and a > 1. Thus,

%Ep,q(t) < 7 (p+2-ab(0)+2b(1) + (0 + DBl p — g — 2)) (#r() (x(1)) - min @)
b (L2 O P g

2 4
21p—1 +1
pqg-tP qtPTe(t _ .
+ ( T3 () +qB(p + 1)c*? 1) z(t) — 2*|?

<(p +2)B2P 1 — 267 F2(t) — AP (8(t) + Bla —p — g — 2))
2

1)p+1 p+2
ot W B2 ) Vs ()
+ (q tl-a+ g) )12 + g(q + 1 — a + p)tP{a(t), o(t) — z*)

(e ) e

2

Let us fix
2aad a—3
= — 1 f— .
1= 73 P=3

First of all, due to this choice
gtl—a+p =20
and thus we get rid of the term (&(t),z(t) — z*). Secondly,
g+1-a+2 = -2 <o (3.31)
2 2
Then

p+2—q =1 < 0. (3.32)

o
3
So, for every t > tg

@ Epa(t) < 7 (p+2-a)1b(0)+2b(1) + (0 + 1Bl — p — 1~ 2)) By (x(1)) - min @)

dt
o gyptl +2¢ *2¢?
i Ukt U & O
24p—1 +1
N <pq ;p _at? 2€(t) +4qB(p+ 1)02tp_1> l=(t) = 271”
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3.3 Strong convergence of the trajectories

s <<p + 2820 — 280720(0) = AOPH (05(8) + Bla—p — g~ 2)
2

L B+ 1t
4c2

P12
+ 2 ) IV (1))

(02 Q)+ D)
: |

+(q+1—a+§)ﬂ“wawﬁ—(

Obviously, for ¢ large enough, say, t > to > g the following expression is non-positive
due to (3.26) and p+1=5 >0anda—p—q¢—2=—1

(p+2—)tb(t) + £°b(t) + (p+ )Bla—p—g—2) = (1 — %) th(t) + #%b(t) — - < 0.

Moreover, from ([3.27) it follows that for ¢ = 1

a—6

at™ 3

27

pg*tP~t gt Te(t)

5 5 (2a(a — 3) — 9t%(t) + 6aB) < 0

+qBp+ 1)t =

for every t > ty. Furthermore,

((p +2ogPHE) £ 07 “Bt“f?(t)) Ja(0)]?
_<@+2—®ﬁ“dw+ﬂﬂaﬁ>mw2
2

_ <(P +2 — @)tPHle(t) + tPT28(t)  aBtPT2E2(t)

- + 2P0 (a0l - o7 )

4

So, under the assumption (3.11)) and the fact that ||z(¢)| > ||z*|| for every t > ty, we
deduce due to (3.32)

(p+2— q)tPHe(t) +tPT26(t)  aBtPT2e2(1)
( 2 -

) (=@ - 2°]?) < o.

Thus, under the assumptions (3.11), (3.26), (3.27) and (3.28)) (the latest leads to the
non-positivity of the coefficient of |[V®,(x)|?) we conclude due to (3.31]) that for every

t >ty

d aBftste2(t) L,
EBpa) < P02 (3.33)
(1) Let us obtain now the lower bound for E, ;. Notice that for p = O‘T_i)’ and ¢ = %‘3‘ we

o7



3 Nonsmooth optimization with time scaling and Tikhonov regularization

have o — p—q¢ =1 and

Epq(t)
> 7 (1b(t) + Bla — p — g — 2)) (@r) (@(t)) — min@) - M (=) ~ [12[%)
_ L (1b(1) — B) (@A(t)(g;(t))—min@)ﬂLg() (11 = [l=*]%)
>”2*2(¢A(t)<x<t>> win ) + 07 " el — 1 IP)

(3.34)

since tb(t) — 8 > & for every t > to by b(tg) > 3 + £ and b being non-decreasing. On
the other hand, applying the gradient inequality (|1.6) to the strongly convex function

(] T
%() + =2 Hac||2 we deduce for x.¢) Ay = argmin @ ) x)(2)

e(t
ey () — ey a) (Te) a@) = (2)H$ — ey I for every x € H.

Py () =

By the definition of ¢z (7) we deduce

. 1 )
e A (Te) A1) — Peaw (T7) = 3 (®rt)(@ey Ar)) — min )
2 (oo 2~ 1)

€t «
> ¥ (a2~ ).

Pt (@) — Leyan (@) = =2 (o — zeyamI® + lzam I = 12*1?)  (3-35)

for every z € H. Plugging (3.35) into (3.34) we conclude that for every ¢ > to

iake 0

Epq(t) = (lz() = zeaw I* + Nz eI = l2*17) - (3.36)

(#1) Finally, using the lower and upper bounds for E,, we can prove the strong con-
vergence of the trajectories to a minimal norm solution. Integrating (3.33) on [to,t] we
obtain

* |2 t
Ep,q(t> < Ep,q(t2)+ GB”Z | / 3%+152(3)d3
to

and using (3.36])) we deduce for every ¢t > to

2E, .(t 2 [t a
2+ 2pealle)  GATL [ 5ic2yas
tstle(t)  23Tle(t) Ji,

lz(t) = 2 l* < l2l1* = lzee a0
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3.3 Strong convergence of the trajectories

Note that due to ([3.27))

and

Since o > 3 we deduce

and thus oF (:
lim ap,q( 2) _
t—+oo t3T1g(t)

Finally, by (3.5) and ([3.29)) we conclude

tl}—l-moox(t) -

Case II.

Assume now the opposite to the first case, namely, ||x(t)|| < ||z*| for every t > t.
According to Theorem [3.3.1
lim |[proxye(z(t)) — ()| = 0

t—+o00

and
lim @ (prox/\(t)¢(a:(t))> —min® = 0.

t—+o00
Considering a sequence {tj}ren such that {x(fx)}ren converges weakly to an element
& € H as k — oo, we notice that {prox,, s (z(tk)) tken converges weakly to & as k — oo.
Now, the function ® being convex and lower semicontinuous in the weak topology, allows
us to write

o(z) < ligninfCID(prOXA(tk)Cb(x(tk))) = lim ®(proxype(z(t))) = min®
—00

t——+o00

and hence, £ € argmin ®. The norm is weakly semicontinuous, so

A~

|12l < liminf [} proxy e (z(t))l < ll2”,
— 00

which means that £ = z* by the uniqueness of the element of the minimum norm in
argmin ®y. Therefore, the trajectory x converges weakly to * and

l2*]l' < tminflz(6)] < limsupfz(@)]| < 7|
t—+00

and thus
lim (z(t)[| = [z

t—+00

From this and the weak convergence of the trajectory x follows the strong one, namely

lim x(t) = z*.
t—+o00
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

Case III.

Assume that for ¢ > tg the trajectory x finds itself both inside and outside the ball
B(0, ||z*]]). Since z is continuous, there exists a sequence {ty}ren C [to, +00) such that
ty — oo as k — oo and ||z(t)|| = ||=*|| for every k € N. Consider again a weak sequential
cluster point Z of the sequence {x(tx)}ren. By repeating the same argument as in the
previous case we deduce the weak convergence of {z(tx)}ren to =¥, as k — oo. Since
lz(ti)|l — ||=z*||, as k — oo, we obtain that ||x(tx) — 2*|| — 0, as k — oo, which means
liminf; o ||z(t) — 2*|| = 0.

O]

Remark 3.3.3. In this section the condition b(t) > 0 for every t > tg is not necessary. Our
conjecture is that we can weaken the setting by omitting this condition and thus widen
the range for b, including the functions that decay not faster than t% for the polynomial
choice of parameters.

3.3.1 Strong convergence of the trajectories in case o = 3.

Throughout this section we no longer require that b is non-decreasing. In this case the
analogue of Theorem looks as follows

Theorem 3.3.4. Suppose that for every t > to the function A is bounded, b(t) = b > 0
is a constant function and (3.11)) and (3.13) hold. Suppose additionally that (3.24) holds

for constant b, namely

+o00
/ ﬂalt < +o0.
to t

Then
lim || proxyge(z(t)) —z(t)|| = 0

t—4o00
and
lim @ <prox)\(t)¢(az(t))> —min® = 0.

t——+o0

Proof. In this case the energy functional becomes

t2e(t)
—Zlle®)?

+ %H?(x(t) —a*) + H(&(t) + BV (2 (1))

Ey(t) = (bt* — Bt) (®r(2(t)) — min @) +

Relation (3.15)) thus becomes for every ¢ > ¢y
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3.3 Strong convergence of the trajectories

Es(t)

Sﬂ(%m(m(t))—min@)—((bt2 )20~ e (- ))uvqn (0P

22 a 2.2
2L BT o)) — (o)) — 2 + (o) |-

Thus, repeating the same arguments as in Theorem [3.2.1| we obtain
Ex(t) < B(Pap(@(t)) — min®) + te(t)[|z*|.
Let us multiply this expression with ¢(bt — 3) to obtain

t(bt — B)Ea(t) < Bt(bt — B) (Papy (1)) — min®) + ¢2(bt — B)=(t) 1|
< BEa(t) + t2(bt — B)e(t)l|l="||*.

Now, we will divide by (bt — 3)? to conclude

t . B t2
A C e U (v

L p) < el
at \ot —g 2\ ) = w_pE
Integrating the last inequality on [T t], where T' > to, we deduce

e(®)]l"|?

or

t 52

T t
bt—BEQ(t) < bT_BEz(T)—FHa:*P/T (bs—ﬁ)a(S)dS'

By the definition of Fy we know

Est) > (b — 8) (@5 ((t)) — min ®).

Combining these two inequalities, we deduce

| T 2 [t s
Py (2(t)) —mind < mE2(T)+ 2 /T(bs_ﬁ)s(s)ds.

Now,
T

lim ——————
t5 150 22(bT — f)
Applying Lemma [1.2.15| we deduce due to (3.24))

b= pB [t s e(s),
tilgloo t3 /T(bs—ﬁ) s ds =0

Ey(T) = 0.
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

and thus

) ||:L,>(<H2 /t 52
lim ds = 0.
t%1+oo t2 T (bS — 5)8(5) 5 O

Therefore, we establish
lim @, (z(t)) —min® = 0.

t——+o0

Again, by the definition of the proximal mapping

By (o)) ~ min® = @ (prosy o(a(r))) — min ® + 5o | pros (1) - (1)

Vt > tg. Using the fact that A is bounded for every t > ¢y we deduce

lim | proxye(z(t)) — (@) = 0

t——4o00
and

lim @(prox)\(t)(p(:v(t))) —min® = 0.

t——+00

We are in position now to formulate the analogue of Theorem [.3.2]

Theorem 3.3.5. Suppose that A is bounded for every t > tg, b(t) = b > % + % and
(3.11) and (3.24) hold. Assume, in addition, that

t—liﬂ-noo t2e(t) = oo, (3.37)
28t + BA(L) — bt (A(t) + 25) 1282+ 8 < 0 forallt >t (3.38)

and .
tlg-noo 70 /to s%€2(s)ds = 0. (3.39)

If z : [to,+00) — H is a solution to (3.1) and the trajectory xz(t) stays either in-
side or outside the ball B(0, ||z*||), then x(t) converges to minimal norm solution x* =
PI0jargmin @ (0), as t — +oo. Otherwise, liminf;, o [|2(t) — 2*[| = 0.

Proof. The proof goes in line with the one of Theorem by taking a = 3, b(t) = b > 0,
q = 2, p = 0 and referring to Theorem [3.3.4] instead of Theorem [3.3.1] in the second and

third cases.
O
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3.4 Analysis of the conditions

3.4 Analysis of the conditions

We would like to conduct a detailed analysis of the conditions, which we imposed on
our parameters in order to obtain the desired results.

1. In order to obtain the fast convergence rates of the function values we require that
for every t > to:
e o > 3;
e the existence of a > 1 such that 2¢(t) < —aBe’(t),
o b(tg) > £ and b(ty) > L;

to
+oo

e [, te(t)dt < 400
and
e the existence of 0 < § < a—3 such that (a—3)tb(t)—t2b(t)+B(2—a) > 6tb(t).
2. For the strong convergence of the trajectories we require the following for every
t > to:
e a > J3;
e ) is bounded;
o 93p(t) —th(t) + 22 > o
o (a0 —3)th(t) — t*b(t) + B2 —a) > 0;
e the existence of @ > 1 such that 26(t) < —afBe?(t), b(tg) > % and
b(to) > § + £

o [t ;f(?)dt < +o0;

0
o 2a(a—3) —9t2%e(t) + 603 < 0;
o 186t + 9BA(t) — 9tb(t) (A(t) + 25) F3(a+3)82+a28 < 0
. limtﬁ+m%ﬁ; s5t1e2(s)ds = 0.

We will analyse these conditions in details for the polynomial choice of functions b and
e, namely, b(t) = bt" and (t) = 5, where b is positive, n > 0 and €,d > 0.

3.4.1 Setting for the fast convergence rates of the function values

The set of the conditions becomes for every t > ¢y

1. a > 3

2de aBe?
d+1 < -

2. there exists ¢ > 1 such that —; < 2

3. b(ty) > £ and b(to) > L;
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

4[5 grdt < +oo

and
5. there exists 0 < § < a — 3 such that (o — 3)bt" ™! — bnt" ! + (2 — ) > obt™HL.

After some simple algebraic computations one may discover that in order to satisfy all
the conditions at the same time it is enough to assume

a—3 > n > 0 (condition 5)

and

d > 2andd > % (conditions 2 and 4) ,

since all the other inequalities could be fulfilled by taking the appropriate tg, namely,

ntl B n+1 B(O‘*2) 1
to > max{ \/;, b(oé—?)—n)} and t() > %

3.4.2 Setting for the strong convergence of the trajectories
The set of the conditions becomes for every t > ¢y
1. a > 3
2. A is bounded,;
3. az3pntl —ppgntl 4 98 >

4. (o= 3)bt" ™ — bt + B2 —a) > 0;

5. there exists @ > 1 such that —th‘fl < _ag(gf’ b(tg) > % and b(tg) > %—i— %;

“+oo

7. 20(a —3) — 5 +6a8 < 0;

8. 186t + 9BA(t) — 9bt"+! (A(t) + 25) +3(a+3)82 +a28 < 0;
. t o
9. hmt_woost%%“fto £255 2+, — ).
Again, analysis of the set of conditions leads to the following conclusion:

e )\ is bounded (condition 2) ;

e 0 < n < "T_?’anda > 3 (condition 3) ;

. max{1,%} < d < 2 (conditions 5, 7, 8, 9) .

As before, ty should be chosen appropriately.
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3.5 Numerical examples

3.4.3 Thecase o = 3

In this case the following has to be assumed: there exists a > 1 such that for every
t > 1o

1. A(t) is bounded;
2. 26(t) < —aPe*(t), b > Landb>

N|—
+
S

+oo &(t) .
4. limy o0 t2e(t) = +o0;

5. 28t + BA(t) — bt (A(t) n 2/3) 1282+ 8 < 0

6. lim;— 100 %ﬁ; s2¢%(s)ds = 0.

Essentially, for the polynomial choice of parameters that means b > 1 and
e \(t) is bounded (condition 2) ;

° max{l,%} < d < 2 (conditions 4, 5, 6) ,

so with the appropriate choice of ¢y the whole set of conditions is fulfilled.

3.5 Numerical examples

3.5.1 The rates of convergence of the Moreau envelope values

Consider the objective function ® : R — R, ®(x) = |z| + %2 and let us plot the
values of its Moreau envelope as well as the gradient of its Moreau envelope for different
polynomial functions A, € and b to illustrate the theoretical results with some numerical
examples. We take \(t) = t!, £(t) = tld, b(t) = t" with z(to) = xo = 10, @(tp) =0, « = 10
and tg = 1.4.

First, let us take different time scaling parameter b with [ = 0 and d = 3 and see how
it affects the behaviour of the system (3.1]) (see Figure 3.1):

n=0 n =0

n=1 n=1

. n=2 = n=2
= n=3 s n=3
N n=4 = n=4
= n=5 5 n=>5
© n==6 > n=>06

t S 1, ;
(a) Moreau envelope values (b) Gradient

Figure 3.1: I =0 and d = 3.
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3 Nonsmooth optimization with time scaling and Tikhonov regularization

As expected, the faster b grows, the faster the convergence is.
Consider now different Moreau envelope parameter A with d = 3 and n = 0 (see Figure
3.2):

) (z(1))
1 I T I
=W = O

[V (z())]

t ) ) !

(a) Moreau envelope values (b) Gradient

Figure 3.2: d = 3 and n = 0.

Note that the difference in the starting point comes from the fact that tg # 1, and for
different exponents [ the value t} is also different. As predicted by theory, a faster growing
function A leads to faster convergence of not only the gradient of Moreau envelope of the
objective function ®, but also of the values of the Moreau envelope themselves.

Varying the Tikhonov function € for n = 0 and [ = 0 does not affect the system, which
is illustrated by the following plot (see Figure 3.3):

Y
([T |
© = ot w
S )
([T
© - O Ww

P (2(t))
V@ )]

t o Ty

(a) Moreau envelope values (b) Gradient

Figure 3.3: n =0 and [ = 0.

3.5.2 Strong convergence of the trajectories

For a different objective function let us investigate the strong convergence of the tra-

jectories of :
|z —1], x > 1
O(x) = 0, z €[-1,1]
lz+1|, z < —1.

The set argmin @ is nothing but the segment [—1, 1] and 0 is its element of minimal norm.
Let us fix @« = 6 and n = 0.7. First we take constant lambda (A(t) = 1 for every t > t¢)
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3.5 Numerical examples

and plot the behaviour of the trajectories of (3.1) with and without Tikhonov term (see

Figure 3.4).

j2(0)

(a) e(t) =0 (b) e(t) =
Figure 3.4: The role of the Tikhonov term.

As we see in case there is no Tikhonov regularization the trajectories converge to the
minimizer 1 of ®, but the Tikhonov term actually guarantees the convergence towards
the minimal norm solution, which is 0.

Another comparison was made for non-constant lambda: A(t) =1 — tlz for | =1 (for
different I’s the picture is the same), illustrating similar behaviour (see Figure 3.5).

|=(#)]

t . :
(a) e(t) =0 (b) e(t) =
Figure 3.5: The role of the Tikhonov term.

Finally, for the same choice of X let us take different Tikhonov terms to figure out how
changing them affects the trajectories of (3.1]) (see Figure 3.6):
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g —d=1.1
B —d=1.3
A d=15
_ —d=1.7
= —d=1.9
i . ]

Figure 3.6: n = 0.7 and A(t) =1 — 1.

We see, that the faster € decays, the slower trajectories converge.
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4 Nonsmooth optimization with Tikhonov
regularization featuring Tikhonov-dependent
damping

In this chapter we would like to approach the minimization problem (|1.1)) via the
following second order in time differential equation

i@)+av%@ﬁ@)+B%KV®MQQGD)+V®MQ@@D+f@ﬂ@):Oﬁmtztm(4U

and study its convergence properties, showing that alongside the trajectory — the solution
of — the function ® converges to its minimum. The initial conditions are x(ty) =
xo € H and #(tp) = 1 € H and «,8 and ty > 0. The function X\ : [tg,+00) >
R, is assumed to be continuously differentiable and nondecreasing while the function
e : [tg, +00) — R4 is continuously differentiable and nonincreasing with the property
limy_, oo e(t) = 0.

The main goal of the research is to provide the setting in a nonsmooth case, where
we would have fast convergence of the function values combined with strong convergence
of the trajectories to the element of the minimal norm from the set of all minimizers of
the objective function. This analysis is an extrapolation of the one conducted in |18] to
the case of a nonsmooth objective function. We also aim to provide the exact rates of
convergence of the values for the polynomial choice of the smoothing parameter A and
Tikhonov function €. As a conclusion, multiple numerical experiments were conducted
allowing better understanding of the theoretical results.

4.1 Preliminaries

Let us begin with the following estimates will be used later to evaluate the derivative
of our energy function.

Lemma 4.1.1. The following properties are satisfied:

(i) for every t > to, % (e ) @ am)) = 5 (20) = AOEWD) loeo ol

(ii) the function t — x4y @) 15 Lipschitz continuous on the compact intervals of
(to, +00), thus, is almost everywhere differentiable. Moreover, for almost every
t >t

2A(t)  £(t) d
3 e ) sl = | Froa

69



4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

Proof. By the definition of ¢ A1)

. e(t
ey A0 (Teaw) = nf (%(t) (y) + (2)||y = 0||2> = (%@))ﬁ (0) = @@+ 1, (0)

ye

by |(i)| of Lemma Thus,

d d 1 /¢
= (Pewam (Tmaw) = 5 ((DWHL(O)) =3 <§2(8) At )) IV @55+ (0 )%,

by (1.4). From (3.2]) we obtain

prox<)\(t)+$)q>(0)

Te®) @) = PTO¥ Loy, (0) = AMte(t) +1 7

where the second equality comes from of Lemma [1.2.8f Combining the last two
equalities with (1.3]) we obtain

. 0 — prox 1 (0) 2
d 1 . AD)+-L ) o
T (Letynm @epyaw)) = 3 (;2((?) - A(t)> )\(() ++(1())>
1w o - 0@ D man |
=3 (G 10) |7 e e

/N

£(8) = AD2D)) e 1%

which is the first claim.
To obtain the second claim we start with (3.2)) noticing that for A > 0

VO, (Zowyaw) = —e®)x@yaqy and Vi) (Tern) trn)) = —€(E+R)Zerrn) At+h)-
Consider
VO, (t4m) (Tetrmaith) — VA (Tet) A0))

= VO (t1n) (Tetrmyatrh) = VOAErn) Tty at)
+ VO, in) (Tt ne) = VOr) (Te)ar))-

Taking the inner product of each part of this equality with ¢ ip) x(t+h) — Te(t) A1) W
notice that

(VO n) (Terny At+h) = VOAtn) (Te() A1) ) Te(t+-h) At+h) — Te() M) = 0

by the monotonicity of V®y 4. So,

(e Teyar) = €+ M)Te(rqn) At+h)s Te(t+h) At+h) — Te(t) (1))
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= —e®)|Trmri+n) — T ol
+ (e(t) = e(t + h)) (Te(rn) A(t+h)s Te(t+h) At+h) — Te(t) (1))
> (Vi) () n0) = VA1) (Te(t) A (6))s Te(t+m) At+h) — Te(®)A(L))-
Let us divide the last inequality by h? to obtain

(t) —e(t+h) Te(t+h) A(t+h) ~ Te(t) A(t)
—n Le(t+h),\(t+h)> h
> 5(25) xa(t+h),/\(t+2) = Le(t),A(t) 2
N <W’A<t+h> (@ 2@) = VAR (e a@) Te(t+h) At+h) — Te@) A@) >
h ’ h ’

Now notice that, since the mapping ¢ — z.) ) 1s Lipschitz continuous on the com-
pact intervals of Ry \ {0} (according to [6]), therefore, almost everywhere differentiable.
Tending h to zero we deduce for almost every t > tg

. d
— (1) { Ze a0 pRZORNG)

d

2
> e(t) H 21 e

22XV aw (@)l |z s
A(t) 7

where we used the following estimate from [33]

i <V(I))\(t+h) (e @) = VO ) (Te) \1) Te(tan) At+h) — Te(t) (1) >
im )
h—0 h h

2A) V@0 (@eyr) | | Z 2y a0

- A(t)
On the other hand, Cauchy-Schwartz inequality yields

. d . d
—£(t) Te() M) g e A D) < =€) 1Ty 25 LA

Combining the last two inequalities we arrive at

, 2A(t) d
=)z a@) |l + N V@) (@eyaw)|| = e(t) Hdtxs(t),/\(t)

Replacing V@, (74 A1) using (3.2)) gives us the second claim.
O

Our nearest goal is to deduce the existence and uniqueness of the solution of the
dynamical system (4.1). Suppose 5 > 0. Let us integrate (4.1) from ¢y to ¢ to obtain

B(t) + BV (2(1)) + / (a\/a(s)dc(s) + V&, (z(s)) + 8(3)33(3)) ds — x(to)

to
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

— BV @\ (x(to)) = 0.

Denoting

t
2(t) = / (a 5(5)m’(s)+V‘1>A(s)(m(s))—|—e(s)x(s)> ds — (i(to) + BY® 1y (20)))

to

for every t > to and noticing that 2(t) = a\/e(t)@(t) + Vx4 (2(t)) +e(t)x(t) we deduce,
that ( is equivalent to

@(t) + BV @y (2(t)) + 2(t) = 0,
t) — ay/e(t)a(t) — V) (x(t) — e(t)z(t) =0,
x(to) = xo, z(to) = — (&(to) + BV, (z0)) -

Let us multiply the second one by 8 and then by summing it with the first line we get
rid of the gradient of the Moreau envelope in the second equation

E(t) + BV Py (2(t)) + 2(t) =0,
B(t) + (1 - aﬂMe(t)) (1) — Be(t)a(t) + 2(t) = 0,
(to) = o, z(to) = — (&(to) + BYP(,)(0)) -

8

We denote now y(t) = Bz(t) + (1 - aﬁ\/@) x(t), and, after simplification, we obtain
the following equivalent formulation for the dynamical system

i(t) + BV @) (2(8) + (ay/=(0) - 4) () + %y@) —0,

y<t>+(aﬁfr Be(t) = 3 + a0 ) 2(t)+ Jult) =,

2(to) = 0, ylto) = —B (#(to) + BV () (w0) ) +(1-apy(l) @

In case 8 = 0 for every t > tp, (4.1)) can be equivalently written as

i‘(t) —y(t) =0,
) +a/e)y(t) + VO (z(t)) +e(t)x(t) = 0,
(to) = x0, Y(to) = (to)-

Therefore, based on the two reformulations of the dynamical system above we
provide the following existence and uniqueness result, which is a consequence of the
Cauchy-Lipschitz theorem for strong global solutions. The proof follows the lines of the
proofs of Theorem 1 in [12] or of Theorem 1.1 in [15] with some small adjustments.

Theorem 4.1.2. Suppose that there exists A\g > 0 such that \(t) > Ao for every t >
to. Then for every (zo,%(to)) € H x H there exists a unique strong global solution
x : [tg,+00) — H of the continuous dynamics which satisfies the Cauchy initial
conditions x(tg) = xo and (ty) = dp.
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4.2 Abstract convergence results of the function values and strong convergence of the trajectories

Remark 4.1.3. We would like to stress that Theorem 11 of [34] does not cover the case
presented in this chapter.

1. First of all, the systems and have different damping coefficients. The
damping in (4.1]) depends on the Tikhonov function £, while the damping in ((1.19))
is taken in a polynomlal form . Thus, if we take e(t) = th in - to mimic the
relation between the damplng parameter and the lehonov function as in
then one of the conditions of Theorem 11 becomes

—+o00 +oo 1
/ 392 (t)dt = / —dt < +oo,
t ot

0 0

where 0 < g < 1, which is obviously not fulfilled.

2. Secondly, the smoothing parameter A in [34] is fixed, while our analysis holds for
more general choice of \. However, if we want to consider the polynomial case
of parameters (Section 4), then we indeed arrive at a similar restriction for A:
in Section 4 we will discover that for strong convergence of the trajectories and
polynomial choice of parameters, A(t) = t!, we have to take 0 < I < 2, which is a
wider range than 0 < ¢ < 1 for A(t) = %4

3. Finally, the sets of conditions (Cy) — (C4) and our assumptions (4.3 . ) lead
to different settings in case of polynomial choice of the function a(t) = td’ d>0
(Section 4). Namely, according to Corollary 9 of |34] the setting to satisfy all the
conditions in the analysis in this case for § > 0 is max {1 —q, 3q+1} <d<1l+gq
with 0 < ¢ < 1, whereas as we will see later (Section 4) our set of conditions allows
1 < d < 2, which is more flexible in terms of the upper bound while being almost
the same in terms of the lower bound. Thus, d = 2 is not an option in [34], but
the lower limitation for the choice of d could be wider depending on the choice of
g. Since the rates of convergence are better for the bigger values of d (Theorem
, this additional flexibility of the upper bound justifies, in our opinion, the
restrictions for the lower one.

4.2 Abstract convergence results of the function values and strong
convergence of the trajectories

This section is devoted to establishing some crucial estimates for the following quanti-
ties @) (2(t)) — min® and ||z(t) — x4 || for every t > to. In order to do so we will
use the ideas and methods of Lyapunov analy51s We introduce the energy function

Et) = %(t) A(t) (iﬂ(t)) — e (T A1)
5 [ VED @)~ ) +#0) + 59 (0]

where § <+ < a. The next theorem provides the main result of this section.

2 (4.2)

Y
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

Theorem 4.2.1. Let x : [tg, +00) — H be a solution of (A.1)). Then for every t >t

Dy (a(1)) ~min® < B(1) + "2
P (prox/\(t)q>(:1:(t))) —min® < E(t)+ eg)Hx*H{

Iproxypa (2(8)) —z(®)* < 2XEE() + Ab)e(t) 2"

2E(t)
J2(t) - a0l <

and

and the trajectory x(t) converges strongly to x* as soon as limy_, 4 o ftt)) =0.

Proof. Consider for every t > tg

) (x(t)) — min @

" e(t
= e @®) ~ 2o (@) + 2 ()2 ~ l2(0)?)
= L) (@) = ey ) (@eyaw)) T Pe) ) (e aw) — Pe)r@) ()
et *
+ S (2 — o))
e(t)
< Gepam (@) — ey @ewyam) + —5= (l2*I1° = =(8)]1%)

2
Using the definition of E we obtain for every ¢t > tg

Dy (a(t) -~ min® < (1) + 0 a2

By the definition of the proximal mapping

D (1) ~min® = @ (proxe(@(t)) ~ min® + 1()1\ prox, e (2(t)) — 2(1)|

YVt > tg. Thus,
. e(t), «
@ (prox o (1)) ~ min® < () + " |
and
Iproxyyole(®) 2O < B(0) + "
2)\( ) ®e = 2
The second result immediately follows from the e(t)-strong convexity of ¢ ) x4

e(t)

Pet) A0 (2 (1) = ety a0 (T a) 2 =5 lle(t) = eyl

and thus

e(t
2) = “Djate) - a0
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4.2 Abstract convergence results of the function values and strong convergence of the trajectories

Finally, by lim_, 1 () = 0 and (3.5) we deduce the strong convergence of the trajec-
tories to x* as soon as lim;_, 4o f(—(tt) =0.
]

Theorem provided some abstract estimates for the important quantities. In order
to show that these estimates are actually meaningful, we will have to first estimate the
energy functional £. The idea is to show that this energy function satisfies the following
differential inequality, as it was done in [18],

for all t > tg,

¥ 2
E(t) + p(t)E(t) + —HV% @ @E)? < g(t)HQII

where p(t) = (a—7v)e(t) — 26;(52) and ¢ are positive functions. The next theorem

provides the analysis needed to obtain the desired inequality.

Theorem 4.2.2. Let x : [ty, +00) — H be a solution of (4.1). Assume that (3.3) holds
and suppose that there exist a,c > 0 such that for t large enough it holds that

d 1 . YBE(t) a+1
dt( a<t>> < minf2y—a - R a0t “3)
(27(04 )+ % - 1) e(t) — BE(t) < 0, (4.4)
26:2(t) + (2 - v8v=(0)) (1) (4.5)
and
)
(2 + 200~ ) 82vED - 355(5;;) —A) < 8 (4.6)

Then there exists t1 > to such that for every t > ty

t
8 / Vo) (x(s)|2ds < 2E(t2) + a7 / o(s)ds

t1

and
Tt 2 t
E(t) < QF(B /t1 F(s)g(s)dSwLF(t;)(g(tl),
where T'(t) = exp <ftt1 ) and

a(t) = AO2() — () + POV 500 1 o) /200 (B0 - 29

Proof. We start with computing the derivative of the energy function (4.2]). Let us denote

v(t) = Y/e(t) (2(t) — ze@ya@y) + () + BV Py (x(t)). Once again, by the classical
derivation chain rule using from Lemma and (|1.4)) we obtain for every t > tg

B(t) = (Vouan @), #0) + "D + 3 (MO20 — 1)) oo
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

A(t)

+ (0(0), v(1) = IV (1)

—~

Our nearest goal is to obtain the upper bound for E. Let us calculate for every ¢ > t,

o(t) = ;\jﬂ (2(t) — ey ay) +rVe®)E(t) — v/ 5@)%335@),/\(15) + #(t)

+ /3 - (V5 (1)

d
=3 \/&(ﬁ (@(t) = 2y am) + (v — @) Ve®a(t) = 1v/elt) Zrmae

— V() — (e ()
VE(t)
= t) —x. + - Le(
2 /0 (z(t) — zeya@) + (v — ) Ve —YVe dt DA
— Vo (@),
where above we used . Thus, for every t > tg

(0(t),v(t))

= 2 a(e) o I+ (er%Jrv(v—a)s(t)) ((t) — 2eyrey (1)

- <Ccll A(E)> T xa(t),A(t)>—7 e(t) (z(t) — Ty aw), Ve (@(1)))
) VEDIOI = 7/60 { gy 0)) = (Teouao(a(®). )
)
)

+ (v -

;\%(U Te(y Aty VOAw (2(t))) + B (v —

N < £y V) (@ <>>> B (Vs (1)), Ty (2(6)))

Let us use the previous estimates to evaluate the quantity (v(t),v(t)). Namely, by the
e(t)-strong convexity of o, ;) ) for every ¢ > tg

ety A (Te@) A1) — Pe)a@) (T(t))
e(t
> (Voemyam (@), wopyaw — () + (2)H$e(t),)\(t) —a(t)|?
and then for every t > tg

—e(t) (z(t) — Ty aw), Ve (1))
YE
< = Ve) (e (@) = ey (Temaw)) —

njco
—~
~
~—
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4.2 Abstract convergence results of the function values and strong convergence of the trajectories

Again, by the e(t)-strong convexity of ¢, ) since £(t) < 0 for every t > g

;ﬁEF< A0 V@ (2(t)) + ()2 (t) — e(t)x(t))
: ;\ﬂgﬁ (‘pa(t” (@ ())_%<tM<t>(fEe(t),A(t>)—E(;)IISE() Zeam

— e(t) (x(t) — ey A () > :

Furthermore,

e(t)

—e(t) (#(t) — T a0, 2®) =~ (I20) = e + 122 = e 2 |12)-

Notice that for a > 0

D B i®) < a4 D |40

as well as

_7ﬁ\ﬁ<dt D), VO (2 ())>
2 a ’
< MHVCDA@) (z(®)]* + @ Hjtxs(t):k(t)

- 2a

In the same spirit for b > 0

d
— ~%e(t) <dt935(t),x(t)a$(t) - ms(t)7>\(t)>
b'yr

e (t) )
+ % lz(t) — @) a) ™

o
Furthermore,

(7= ) V@) (1012 + 8 (Tr (2(0), (1))

b= E(t)( DI + [l () + BV (@(8) 2 = B2V @ry ((1)]2)

and

— B (Ve (1)), VO (2(1)))
= = IV 20 @O + [TPrp @I = Ve ) (@(8)) = VO (1))

= 5 (IVec0 a0 @I + Vo0 )] = 2B 2 ®)]).

M\mw\m Q

(4.7)
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

Combining all the estimates above we arrive for every ¢ > tg at

(0(t),v(t)) < (;\B/i% - 5@)) ety (£(1) = Leya) (@ A1)

: (728‘@) e dt)) I2(6) — zync?

(2 - a) Y W
2a—|—b\/7H

() + BV @ (x ()]

A1)

a

2 5 €
— (Te a0 (@(0), #(0)) + (ﬁg“) - “)> (1)

— CVepan @@+ LV e

2
. (W Ve(t) —B— By —a)\/e(T)> V@ (z(1))]?

Returning to the expression for E(t) we notice that the terms (Vomam (@), #(t))
cancel each other out:

E(t) < (27\5} vﬂ) (eyrw (@) = Loy (e aw))

i (275} Yy — )5(t)) (2(t) — ey r@)» (1))
. (7 0,
b (Taa-

73 5 ysg(t) _BE() E(t)> lz(t) —

2
5 5 EOROL

(t)
2b
) @H it )H2 W_Cg\/dT)Hjc(t) + 6V‘I’>\(t)($(t))”2
220+ )0 H

) .
+ 3 (7”8 ‘F B — B*(y — a)Ve(t) — W)) IV @ (2 (1)

+ % (X(t)€2(t) —£(t) + W) 1z 2ol
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. <552<t>2+e'<t> - 250 e(t)) 120

B
- §HV<Pe(t),,\(t) (z(2))||* for all t > to.

Let us now consider

nOE®) = plt) (ee m (1)) = Py a0 (T aw))
+ 2 hED (a) = ) + >+5v%< ol
= lt) (Pe(.70 (1)) = Lo, 20 (et 30))) + M(;) "D o(t) - e aol?

+ “gt)\lf(t) + BV @) (2(0)1* + yu(t) /2 () (2(t) — zeyam)» £(8) + BV Dy (2(2)))

< u(t) (e @(1) = ey am @ewaw)) + V2 uB®)]2(t) — ze@y A I
@H (1) + BV (W) I” + () /e (t) (2(t) — zeyaq), (1))

2
+ P20 90, )

VBu(t)V/e(t) (z(t) — Ty Ay, V@ (2(1)))
< But)vVe®(t) = ze@yaw V@) ()]l

< PO 124y — i 2+ 2D v e 12

Therefore, using u(t) = (o= 7) v/e(t) — 505 (the terms with (2(t) — 2o ), (1))

disappear), we obtain for every ¢ > tg
E(t) + u(t)E(t)

< (WW (o - 29)V/e(D) - ;;%) (Peam (1) = @ a0 (@ a0)

2 /2 ()
+ (m _et + L2021 280 ““) Jo(9) = waqo,00017
b (L= a) W oy - (())n (t) + BV Dy (@(®)?

v(2a + b) FH oo
+ 3 (%82W B+ 28% (o — ) e(t) — 522;(%) - W)) IV @y ()]
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+ % <}\(t)52(t) —&(t) + W) 1z 20 I

n (552(75) +E(t)  BE)VE®D)

: WEDN ot ~ 19 0uq0 0 DI

Further we have (£(t) < 0 for every ¢t > t()

E(t) E(t) B(t)
Ae(t) 2¢(t) 2¢(t)

As we have established earlier by the second claim of Lemma and ((3.4)
SN EORECY 24(t) ()
€ 2 € |2
< _ = —= < P S S
and since there exists t; > to such that (\/e(t) —0, ast — +oo>
: Vet
ABE2(t) + (76 25( ) _ 1> E(t) > 0forallt>t,

we deduce for every ¢t > t;

! (Ame—:?(t) ety + W) leeae

() + BV A ()P < — Il - IV @ (2 ().

d
prRCOPYG

2 2
<1 (Ame—:?(t) e+ W) o .

Choosing b = ¢y with ¢ > 0 we obtain for every t > t;

E(t) + p(t)E(t)

2.3 3 :
la—y)es () + 1 Zc(t) - %2@) VBE) g(t)> l(t) = ze(e a0 I
0\ VD,
b 52@) Do)
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4.2 Abstract convergence results of the function values and strong convergence of the trajectories

) . ) 2
¥ (; (A(ﬂa?(t) ~ ety + 20 “”) 4 WateNvel) (2“") - d”) )

2 2 At) &)

. B
Nl = IV am @@

Let us investigate the signs of the terms in the inequality above when t is large enough
to satisfy what we assumed before (4.3) — (4.6). First of all,

e(t) | yBel®) _ (d 1 YBE(t)
(o — 27) a(t)—zg(t)—&—Q@ = <dt< 8@))—1—05—27—1— %(t))m <0

due to (4.3). Secondly,

30 7(0) _7er(t) 9B VERD

V(o —)e

= %22“) (27(61 -7+ % -1

_ @ ((2v(@ =+ % ~1)(t) - BE() < 0

) B VE()
2

due to (4.4). Next we have

0% E(t) d 1 a—+1
—_ — — 3 - _ < O
a £ (t) dt ( g(t)) a
due to (4.3). Then,
2 2
VD - s o) VED - 2 - A < 0

due to (4.6). Finally,
pe(t) +e(t)  vBE(t)Ve(t)
2 4

<0

due to (4.5)), since
282(t) + (2 - fyﬂ\/s(t)> E(t) < 0.

So, at the end we deduce for every t > ¢;

E(t) + u(t)E(t)

2M(t) ¢

(}\(t)e2(t) —E(t) + DBEt) Velt) +v(2a + c¢y)V/e(t) ( t)

(
2 At)  e(t)

>2) =~

(4.8)

g@®)ll=*|*
2

B B
- §||v905(t),/\(t)(x(t))H2 = —§HV<Ps(t),A(t)($(t))HQ-
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping
Integrating (4.8) from ¢; to ¢ we obtain
! gt 2 =1 [
E(t) - E(t)+ | u(s)E(s)ds + 5 | Ve (2(s))IIPds <= == [ g(s)ds
t1 t1 t1
or, neglecting the positive terms,
v 2s < B() + 151 [ g
H (Pa(s )H $ ( ) + 92 ] g(S) S.
1
From (4.8) we also obtain for every t > t;

B0 + (i) < S

Multiplying this with I'(¢) = exp ( fttl (s ds) and integrating again on [t1,t] we deduce

|| L{t)E(t)

E(t) < 2T (1) /tl I'(s)g(s)ds + 0

O]

Now that we have an estimate for the energy function as well, we are able to derive,
under which conditions the quantities of the right-hand side of the estimates of the
Theorem do converge to zero, as t — +o00. This result is given by the next theorem.

Theorem 4.2.3. Let x : [y, +00) — H be a solution of (4.1)). Assume that (3.3)) holds
and suppose that there exist a,c > 0 such that for t large enough assumptions (4.3)) -
(4.6) hold. Suppose additionally that

t——+00

lim /2(t) exp (

00,

vﬁd% =

lim = 0,
e gh (1) (4.9)
til«rpoo)\ t)ve( 0 and
A(t) ;
t—>+oo )\ \Je '
Then
lim E(t) = lim B = lim EO _
t——400 t——+o0 5(t) t——+o0 )\(t)
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4.2 Abstract convergence results of the function values and strong convergence of the trajectories

Proof. Let us notice that we can simplify the proof a bit due to

t . . . 2
/ Ms)e2(s) — &(s) + Bes) Vels) + v(2a + ¢y)\/e(s) (2)\(8) — 8(8)> [(s)ds

t 2 A(s)  e(s)

. e e\
< / A(s)e2(s) — &(s) +7(2a + cy)V/e(s) (2;\(2)) — E()> ['(s)ds.

t1 5(5)
The proof of the theorem will be divided into several steps.

The asymptotic behaviour of the function I
Let us start with the function I'(t) = exp (fttl u(s)ds) for
(¢
plt) = =5y + (@ =) VE®).

I'(t) = exp

1 [té(s ¢
— 3 @ds + (a—7) ; Vs(s)ds)
% n 66((?)) tle=) /t1 6(8)d8>

_ ) ((a — ) tlt \/s(T)ds> .

Since £(t) is positive for every t > t; > tg, the integral is nonnegative and the whole
exponent is lower bounded by 1. Using the property of Tikhonov function, namely,
limy_, o (t) = 0, we deduce that

— 400 as t — +oo.

The asymptotic behaviour of the function £/

For now it is enough to assume the following, but later we will have to strengthen these
assumptions:

. 3

lim A(t)e2

t—+00

(t) = 0and
A - (4.10)

Let us recall the form of the energy function
E(t) = eepan (@) = 2o a0 @ a0)
1 .
T3 H’y\/e(T) (@(t) = ze@aw) +3(0) + Bvq))\(t)(l’(t))’

2

I
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

where § <+ < a. Let us study the behaviour of the function

fttl [()'\(8)82(3) —(s) + (QA(S)E(S)*A(S)sés)) (2a+c’7)’7> exp (ft du)] ds

A2(s)e2 (s)

exp ( ft du)

B ftl g(s)'(s)ds
- re 7
as t — 4o0o. Since g(t)I'(t) > 0 for every ¢ > t; so is the integral fttl g(s)I'(s)ds. If

0 < ft )ds < 400, then E(t) goes to zero as t — +o0o due to the properties of
h and Theorem 1.2.9] Otherwise, we may apply L’Hospital’s rule to obtain

lim —ft i(s) = lim )
t—+00 I'(t) t—+oo pu(t

~ lm 2A(1)e3(t) — 2e(1)E(t) N 2¢(t) (2A()e(t) — A(DE())(a + ev)y
o\ 2a et — 2t N0=EE) (20 —eE @) - ()
if the latest exists, which we are going to show now. Consider

: R0 i 3oy _ e
2/\(t)a2(t) VD) A(t)ez (t) 0

2M\(t)3(t) — 2e(1)e(t)

2(a = 7)e (t) — &(1) 2a—y) - FL T a=y
e2(t)
since — ( ) > (. Notice that
aQ(t)
. —£(t) . £(t) ( a+ 1>
lim = 0 by M .3)), since 0 < — < 2|a-— e(t) — 0,
t—+oo |\ /e(t) y =0) Y a (t)

as t — +oo. So, by (4.10) we deduce

. 2A(1)e3(t) — 2e(D)e(t) _
1500 9(q — y)es (1) — &(t)

Consider now

2(2A()e(t) — A(t)(t ))2(2a + cm - 2(2A(1)e(t) — A(D)E()) (2a + ey)y

A2(t)/e(t) (2(a v) 5% ) B 2(a = 7)A2(t)e%(t)
 (2a+cy)y 2A(t) @) ?
T a—n At)  e(t)

Again, by (4.3) we know that

0 < —ig; < 2<a—va:1) Ve(t) =0, as t — +o0.

So, again using (4.10) we deduce that lim; 4~ E(t) = 0.
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4.2 Abstract convergence results of the function values and strong convergence of the trajectories

The asymptotic behaviour of the function g

For this part we assume the full set of conditions (4.9). In the same spirit let us analyse

the asymptotic behaviour of % as t — 400. From Theorem [4.2.2| we know that

E@t) _ Ji 9(s)0(s)ds  E(t)
OO0 21l + - :

By (4.9) we immediately deduce that lim;_, 4 j(tl()t) = 0. For the first term let us use
the same technique as in the previous chapter and apply L’Hospital’s rule to obtain

o T GO (1) I ()
50k e(OD(t)  totee 2(OT) + p(Oe(®T(E)  totso £() + p(D)e(t)
=i (2o - (2A(1)e(t) — A1) *(2a + ev)y 1
= (We =e0+ )\2(75)5%@) ) (6) + ()=l
T N VR CA) ) — A(1)(1)(2a + ev)y 1
= lim_ (A(t)e (t) —&(t) + A?(t)g%(t) ) EO—— T
oy A1) —2(t) | (2A=(0) - A)E)* (2a + ey)y
- o | @ N2 3 £(t) 3
e\ a-er) ) (L + (a-meE)
. AN (D)3 (1) — £(0A2(1)e2 () + (2A(1)e(t) — AD)E()) (2a + ey)y
t—~+o0 )\2(t)sz(t)5(t) + (a . 7))\2@)63(0
)\(t) ) — éﬁ(t) + <2X(t)e(t)—3x(t)é(t)>2 (2a + )y
~ lim Ll = 0 by (@),
oo L ta—ny

2e2(t)

Thus, we have established that lim;— oo % = 0.

The asymptotic behaviour of the function A\F

In this section we need to assume the full set of conditions again. We will study
the behaviour of A(¢)E(t), as t — +00. Again, from Theorem we know that

) J;, 9(s) S, Elt)AQ®)
A E() e+ =
We immediately obtain that % — 0 as t — +o0, since
. exp ( ftl NG ds) ' e(t) exp ( ft1 NG ds)
im = lim = +4o00
t—400 At) /(1) t—+oc0 A(t)e(t)
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

by (3.3)) and . Arguing in the same way we deduce for the first term

t ~
s\I'(s)ds a q 2
hy Jn I gore) o 9X(E)
£ o0 % t—-+oc u(t)F(t)i\(Qt()t*F(t)A(t) t=+o0 1y (H)A(E) — A(t)
Consider
. . 2
~ ADER() - (1) + (”“)5“)‘2 Wew) e ) yagy
O O N2 0
\ - 't/\
) — A() — 9 4 ( v DA(E) = A1)
_2A<t>s3<t>F DA%(t) — £(D=(t) VEDA (1) +< — M) Ra+ )y

\/ OME) +2 (@ — ) 2(OA(0) —2)\ ()e(t)/2(0)
At)e3 (HOA(E) — é“)}(g) + (”‘tijg)‘ﬁj((f))é(t)) (2a + ey)y
(

2A(t)
A(t)+/(t)

=2

0 —0ast— 4+
g, T2 -

e2(

by , and , since

0 < ABe2®AE) = AB)VEBe(®)A(E) = 0, as t — ~+oo,

1
< 2<a—’ya+ >)\(t)€(t)%0, as t — +00,
a

)
IN
\
™
=
E‘
—~
=
IN
[\)

1
(a—'ya+ ) e(t)A\(t) — 0, as t — +o0

a
and .
At)
A(t)
E(t)

Thus, we have established that lim;— oo Ol 0.

— 0, as t = 4o0.

O]

As we can see, the results of Theorem together with (3.3) and lim; o0 (t) =0
guarantee the convergence to zero, as t — +o00, of the quantities in Theorem [{.2.1]

4.3 Polynomial choice of parameters
In this section we would like to specify the form of the functions A and &, namely,

taking \(t) = ! and (t) = t%, [ >0 and d > 0, and show that the main results still hold
in this case. First of all, equation (4.1]) becomes

Z(t) + gd:[u(t) + Bdi (VOu(z(t))) + VOu(z(t)) + ldw(t) =0 for t > to. (4.11)
tz t t
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4.3 Polynomial choice of parameters

The second step would be to show that the main result of Theorem [£:2.2] is valid and
obtain the precise rates of convergence for the function values and trajectories using
Theorem 2.3l In order to do so let us formulate the next theorem.

Theorem 4.3.1. Let x : [tg, +00) — H be a solution of (4.11). Assume that 1 < d < 2
and 0 <1l < d. Then fort large enough

¢ <prox/\(t)¢(x(t))> —min® < @

Iproxype(2(t) —2®* <

and

2
lz(t) =z ll® < o

Ifd=2 and 0 <1 < 2 we deduce the following estimates for t large enough.
If0 < a <2, then

) 1
Py (2(t)) —min® < ey
1
@ (proxye(a(1)) ) ~min® < oy
and 1
| proxye (z(t) — z(®)[* < PR
If o > 2, then
) 1
Qy)(z(t) —min® < 2
_ 1
@ (proxya(e(1)) ~min® <
and

HpI‘OX)\(t)q)(ﬂf(t))_x(t)||2 < 2=

Proof. 1t is easy to check that the choice above of d and [ satisfies conditions (3.3]) and
[3) — ([.6). Indeed, the set of assumptions for A(t) = ¢! and e(t) = tid, [, d > 0 becomes
1. limg sy oo t4 = 0;
There exist § <y < a, a >0 and ¢ > 0 such that for all ¢ large enough

d
2

o
[\JfsH

571 < min {2y —a+ B, a a2

3. 2va—N+1-1)H+ 45 <0

td =
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

4. ;%—d@—tlg)tﬁ <0
and

3dB3> -
5. (F+2a—7) B+ -1t < B
The conditions above are, in turn, equivalent to

1. [ < d;
2. d <2
3. 2y(a—7) < 1;

4. d>1

and

5. is always satisfied starting from t large enough.

Finally, we deduce for [ and d

which is our desired setting to satisfy all the conditions and to guarantee that the main
results of this paper are valid.
Therefore, the results of Theorem are valid in this case. Namely, in Theorem

we have obtained

T* 2 t
B) < g [ Mot HpE,

: é € ) : 2
where g(t) = MD)e2(8) — £(t) + PN 1 (20 + o)D) (B8 - 53) 5 TO) =

exp (fttl u(s)ds) and u(t) = (o — ) \/e(t) — ;;E%. Now, our goal is to deduce the actual

rates of convergence of the function values and trajectories. The proof will be divided
into several sections for the convenience of the reader.

The functions pand I’

Let us consider the case when 1 < d < 2. The case when d = 2 will be treated

separately. The function p thus writes as follows u(t) = 2% + %. Then,
t2

Ha-— d t\? Pa—
['(t) = exp (/ [a 47 + 25] ds) = <t> exp (/ a dvds)
t1 S2 1 t1 S2
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4.3 Polynomial choice of parameters

d
t 2 — _d —
= () exp a Z[tlg—t} 2} = Ot? exp LZtk% ,

-1
d _d
where C' = (] exp ‘l)‘_;gti 2}) . So, % goes to zero exponentially, as time
2
goes to infinity due to 1 < d < 2.
The function g
First notice that
o) = wodo o afd yQater) (A dN
t2d td+1 2td+1+% t% t t
_ 12 d  ypBd Y(2a + ¢y) (21 + d)?
td+l oud+1+4 15+2
l d ~vBd C1
T p2d-l+1 + pd+1 opd+1+2 + FERTY
where C1 = v(2a + ¢y) (2l + d)?. Then,
l d v6d  C a—7,_d
L(t)g(t) = C<t32d+1—l + T g + 2 ) exp . %t 2 |.
Let us notice that the behaviour of t%ilil + t%d“ _ Q’Zdﬁfl + % is dictated by the term
- ast — 400, since 1 <d<2and 0 <[ <d.

$g+17

Integrating the product I'g

The technique, which will be used in this section, is inspired by [18|. First of all, notice
that for some § > 0

d
exp [ &tz
d 1-3 1 a—ry o=, _d
- = + exXp 7dt 2 .
-3

dt ot o2 gyd

Secondly, there exists such § that starting from some to > £ it holds that
l d vBd  Ch c 1 a—n

s 51 t%+1_2td+1 2 = &2 Sta+1’

Thus,

t l d vpd  Cy a—7 q_d
C — - =2 1d
/tz (832d+1_l " s3+l 2501 " 52 > o 1 - %S ’
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t
1 a—ry o=y q_d
<C ——i—)exp s 72 |ds
t2< ds? (58%+1 1_%

1_d v _d a—n ,1-2
tg [Pl gs 2 exp ;‘_—Zt T2 exp | =t ?
=C ds = C & - i

t ds 58 ot 6752

where Cy =

Finalizing the estimates
Let us return to

T* 2 t
E(t) < ;F(!) /t r(s)g(s)dHF(tlF)(g(“)

J*]|* [* J*]|* [* ['(t1)E(t1)
_ 2F(t)/t (s)ofe)ds + i /th(s)g(s)ds+1F(t) 1

C, wexp( ) Dt)E(h).

=" | T /t T(s)g(s)ds = 75 5t1“zt) (1)

a2 | 1

This expression converges to zero at a speed of the slowest decaying term (all the other
decay exponentially):

exp( th_) exp( 7t1_> )
C : =C - =

otI(t) a 5O exp <a—3t1—g> statl
1-3

Thus, there exists a constant C3 > 0 such that for every ¢t > t9

C3
t%+1 ’

E(t) <

The rates themselves
Now we can deduce the actual rates for the quantities in Theorem for every
t >ty

: 03 1 *2
by a(t) —mine < s L)

)
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4.3 Polynomial choice of parameters

. Cs 1 .
@ (proxye (2(t))) ~ min® < o gl 1P,

_d_ —di o«
| proxy e (z(t) — z(t)[|* < 2Cst' 27" #7722

and C
l2(t) — zeyae I < -
t1=2

Finally, there exist constants Cy, Cs > 0 such that for every t > ¢

Cy

Q) (z(t)) —mind < e

and C
lz(t) — zeae? < o
ti—2

The rates of convergence of the function values in case d = 2

This particular case is of a great interest, as it is in a way a bordering case, when
one cannot show the strong convergence of the trajectories, but still can show the fast
convergence of the values. In this case the functions p and I' are

a—v+1
t

t 1 a—y+1
['(t) = exp (/ Oéﬁy_i_als) = <t> = Ccto
t1 S tl

where C' = ﬁ The function g is

pu(t) =

and

I 2 8 O I 2+C1 9p
i =pmtEmatE St E

where C7 = 47v(2a + ¢v)(I + 1)%. Thus,
L(t)gt) = C (lta*’”l*4 +(24Cy)t* 72— yﬁt“ﬂ*”) .

So,

¢
C/ (lso‘ﬂﬂf4 +(24Cy)s* 77— 755“’7*3) ds

t1
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

t

a—v+1—-3 a—v—1 a—vy—2

_ C< Jg@—Y+i=3 N (2 + Cl) ga—r—1 ,yﬁsa—fy—2>

t1

[t +i=3 24 ()1 =2
a—v+1-3 a—v—1 a—v—2

a—y+1-3 a—vy—1 a—y—2
where Co = C (ltl ’ + @rony T a8t > By Theorem 5 we have

a—y+1-3 a—y—1 a—y—2
pe—rH=3 (240t B2 _
B < 1z ¢ (af'erlfS t T T a2 ) — G2 o E®m)
( ) — 2 C’ta—'y+1 + Cta—y—i-l
o2 s + SR - W o

— a—y+Il— a—y— a—y—

- 9 ta—y+1 + ta—+1

ol 1= (2+Cy)t2 B3 Cs

2 a—v+1-3 a—-vy-1 a—y—2 ta—y+1

a—y+1 _ *12
where C5 = 2Ct; Et)=Collz"I°  \¥o know that § <y <aand 0 <[ <2 Thus,in the

brackets the term with ¢2 is dominating, as t — 4o00. Moreover, &« — v+ 1 > 1. So, the
behaviour of the entire expression depends on the value of a. There exists a constant Cy
such that for every t > t;

That leads us to the following rates for every t > t;

- Cy Cs [J*|?
Q) (z(t)) —min® < ) + prome] + 2
. Cy Cs [l*|1?
d (prox/\(t)q>(a:(t))> —min® < 2 + pro— + 52
204 205 |z*||?
| prOX)\(t)@(x(t)) - x(t)HQ < 21 + fa——I+1 + 21
and 00
3
z(t) — zepyapll” < 2Cs+ pr——

As we can see, the strong convergence of the trajectories can no longer be shown. Nev-

2Cs+|z*|?
2

ertheless, for C5 = we deduce for every t > t;

and
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4.3 Polynomial choice of parameters

Since we are free to choose 7 such that § < v < «a, and since we want to have as fast
rates as possible, we should take v = 5.

. C C
<I>,\(t)(a:(t)) —min® < t—; + t%il’
. Cs O3
@ (proxype(r(t)) ~min® < 5+ oy
and
2C5 2C5

2
| prOX)\(t)q)(l'(t)) —z()[]* < 2-1 + P
Here we have to consider several cases.

1. If 0 < a < 2, then there exists Cg such that for every ¢ > ¢

. C
Qy\p)(z(t)) —min® < t%%’

) C
¢ (prox)\(t)q)(:z‘(t))) —min® < P

and 2C
Hprox)\(t)q)(w(t))—x(t)HQ < t%—ilj-l'

2. If a > 2, then there exists Cg such that for every ¢t > t;

. C
By (x(1) —min® < 3,
. C
o (prox)\(t)@(x(t))) —min® < 726

and

|| proxy e (2(t)) — z(8)|]* < ol
]

Remark 4.3.2. Probably, it is possible to show the weak convergence of the trajectories
to a minimizer of the objective function in case d = 2.

Remark 4.3.3. Condition [3] does not contradict with the choice of «y, namely, v could be
chosen to satisfy both of them at the same time:

2v(ae—7) < 1 and % <7y<a.
Indeed, B implies

2 1
vy —047—|—§>O.
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

If @ < V2, then 42 — ay + % is always positive and we are free to choose ~ such that
5 <7 < a. Otherwise, o > v/2 means that

- a—vVaZ -2 - a+vaz—2
or
7 2 7 2
and thus we take
o o+ vVa? -2

4.4 Numerical examples

4.4.1 The rates of convergence of the Moreau envelope values

Let us consider the following objective function ® : R — R, ®(x) = |z| + %2 and plot
the values of its Moreau envelope for different polynomial functions A and ¢ in order to
illustrate the theoretical results with some numerical examples. We set A(t) = ¢! and
e(t) = & with z(tg) = m = 10, #(to) =0, « =10, B = 1 and t = 1.

Consider different Moreau envelope parameters A with d = 1.9:

—l=

~1=04
NN 1 =0.8
SILANRN =12
N NG 1=16
5“ AN\

Figure 4.1: Moreau envelope values for d = 1.9

We notice that a faster growing function A implies faster convergence of the Moreau
envelope of the objective function ®.

Increasing the speed of decay of the Tikhonov function ¢ for a fixed | = 1 accelerates
the convergence of the Moreau envelope values, which was predicted by the theory:

94



4.4 Numerical examples

" —d=1

N d=12
JERTIE } d=1.4
=\ —d=1.6
2L\ d=18

Figure 4.2: Moreau envelope values for [ = 1

4.4.2 Strong convergence of the trajectories

For the different objective function let us investigate the strong convergence of the
trajectories of (4.1) and show some examples when the trajectories actually diverge due
to one of the key assumptions of the analysis not being fulfilled. We define

e —1], > 1
O(z) = 0, z € [-1,1]
|z +1|, z < —1.

The set argmin ® is the segment [—1, 1] and clearly 0 is its element of the minimal norm.
Let us investigate the influence of the Tikhonov term on the behaviour of the trajectories
of the system for \(¢) = t.

|2(£)]
()]

t

(a) e(t) = 0 (b) et) =

Figure 4.3: The role of Tikhonov term.

As we can see in case Tikhonov function is missing the trajectories converge to a
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4 Nonsmooth optimization with Tikhonov regularization featuring Tikhonov-dependent damping

minimizer 1 of ®, however, Tikhonov term ensures the convergence to the minimal norm
solution 0.

Finally, for the same choice of A and ® let us take different Tikhonov functions to
study their effect on the trajectories of (4.1)). For this purpose we increase the starting
point to z(tg) = 100.

Figure 4.4: [ = 1.

As we see, the faster ¢ decays, the slower trajectories converge, which totally corre-
sponds to the theoretical results.

To end this section let us break some of the fundamental conditions of our analysis
and show that there is no convergence of the trajectories in this case.
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4.4 Numerical

examples

Figure 4.5: [ and d do not meet the requirements.
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5 Discrete time optimization: inertial algorithm
with double Tikhonov regularization

In this chapter we will address the minimization problem (|L.1]) in a smooth setting using
the tools of discrete time optimization, namely, we will associate to (|1.1)) the following
inertial-gradient type algorithm. Let xg,z; € H and for every k£ > 1 set

{ Y = T + bp—1 (T — Tp—1) — crTk (5.1)
Th1 = Yp — SVP(yr) — sexli- ’

where ® : H — R is a convex, continuously Fréchet differentiable function, with
L-Lipschitz continuous gradient, whose set of minimizers argmin ® is nonempty. Here
(bk)k>0 and (cx)r>1 are given sequences and we assume that the stepsize s satisfies
0<s< % Further, we assume that (ex)x>1 is a non-increasing positive sequence that
satisfies limg 400 € = 0.

5.1 Motivation and preliminary results

Observe that in case the inertial parameter (by)g>o satisfies limg_, 4 by = 1 and we
take ¢ = 0, ¢ = 0, then scheme has the form of the famous Nesterov algorithm,
(see |38L{48] and also [14,45]).

Indeed, Nesterov’s algorithm in its original form can be written as: zg = x1 € H and
for every k > 1

Yk = T + bp—1(T — Tp—1)
(5.2)
Try1 = Yk — sV O(yk),
with the stepsize 0 < s < % and the inertial parameter by_1 = i’; ;1, where the sequence
/442
(tx) satisfies the recursion t; = 1, tg41 = H_fu’“ﬂ, for every k > 1. It is easy to verify
that indeed i’;: — 1 as k — +o00 and it is obvious that t; > % for every k > 1.

/A+2
Further, if one consider ¢t = r(k—1), r < % then one has tx41 < %, hence in the
literature t; is usually taken in the form ¢ = %, a > 3. In that case algorithm ([5.2))
becomes: g =1 € H and for k > 1

Tyl = T + (1 — %) (g — xp—1) — sV (wk + (1 — %) (g — xk,1)> : (5.3)

According to [48], the sequences generated by (5.2)) satisfy ®(x;) — min® = O(k~2) as
k — +o0o. However, whether the sequences generated by (|5.2) converge, is still a widely
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

open problem. In contrast (see, |14]), the sequences generated by converge in the
weak topology of H to a minimizer of ® and ®(z;) — min® = o(k™2) as k — +oo,
provided « > 3. Nevertheless, also here it is not known whether the generated sequences
converge for o = 3.

In this section our goal is to provide conditions such that the sequences generated by
converge, in the strong topology of H, to a minimizer of the objective function
®. Even more, we propose to have an a priori control to which element from argmin ®
our algorithm converges, that is, the minimum norm minimizer of the objective function
®. At the same time we aim to preserve (as much as possible) the rate O(k~2) for the
potential energy ®(zy) — min ®, as k — +o0.

These are the reasons why we introduced the two Tikhonov regularization terms in
scheme . Indeed, the terms cpxy and €y, in scheme play the role of Tikhonov
regularization terms, and may assure the strong convergence of the generated sequences
to the element of minimal norm from argmin®, (see [6}|9}22, 24,26, [27} 29, 30,39, |40}
44145, 55,[56]). Our analysis reveals that the inertial parameter and the Tikhonov reg-
ularization parameters are strongly correlated. This fact is in concordance with some
recent results from the literature concerning the strong convergence of the trajecto-
ries of some continuous second order dynamical systems to a minimal norm minimizer
of a convex function or to the minimal norm zero of a maximally monotone opera-
tor |59, 18,21}, 124, 126, 29,130,134, 41,45, 46]. In this context we emphasize, that until
recently it was an open question whether one can obtain fast convergence of the function
values in a trajectory to the minimum of the objective function and at the same time
strong convergence results of the generated trajectories.

In concordance to the results obtained in |24] and [44] for inertial-proximal algorithms,
the main goal of this paper is to obtain similar results for Nesterov type inertial algo-
rithms. Unfortunately our parameters in scheme (|5.1)) will not have such simple forms
as the parameters in the algorithm or algorithm and this is due to the fact
that we cannot use a discrete Lyapunov function of similar form as the ones considered
in [24,/44], instead we have to construct a new discrete Lyapunov function suitable for
our analysis. Therefore, the forms of the given sequences (bg)r>0 and (cg)g>1 in scheme
are crucial in order to obtain our results. More precisely, the sequences (by)r>0
and (cx)r>1 must satisfy some quite technical conditions, (noted by (B) and (C)), as it
will be emphasized later on. A comprehensive analysis on these conditions will also be
carried out, here we just underline that in case we specify the Tikhonov regularization
parameter €; as €, = 15, ¢,p > 0 and the sequences (bg)x>0 and (cg)x>1 satisfy the
above-mentioned conditions, then the main result of the paper can be summarized in the
following theorem.

Theorem 5.1.1. Assume that p < 2 and let (zx)r>0 and (yi)r>1 be the sequences gen-
erated by scheme (5.1). Then, (zx) and (yx) converge strongly to z*, where {z*} =
PIOjargmin @ (0) s the minimum norm minimizer of our objective function ®. Further,
O(zp)—min® = O (k7P), as k — +oo, and ®(y;)—min® = O (k7P), as k — +oo. Ad-
ditionally, |V® (k)| = o (kf%) as k — 400, [|[VO(yx)|| = o <k7%> as k — +oo and
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5.1 Motivation and preliminary results

|lzp — zk—1]] = o <k‘g) as k — 4o0.

Remark 5.1.2. As it was expected in the view of the results concerning the previously
presented continuous dynamical systems and algorithms, neither scheme will not
provide the rate ® (z) — min® = O (k:_2) as k — 4oo. However, when p is very close
to 2, then the convergence rate of the values ®(zg) — min® = O (k™P), as k — o0,
is practically as good as the rate ® () — min® = O (k:_Q) , as k — 400, obtained for
Nesterov’s algorithm.

We continue the present section by emphasizing the main idea behind the Tikhonov
regularization, which will assure strong convergence results for the sequence generated
by our scheme to a minimizer of minimal norm of the objective function. By T we
denote the unique solution of the strongly convex minimization problem

. €k 2>
P — .
min (@(c) + =¥ al

We know, (see, for instance, [22]), that lim Ty = z*, where z* = argmin ||z| is the
k—+o00 r€argmin ¢

minimal norm element from the set argmin ®. Obviously, {z*} = pProj,;gmine 0 and we
have the inequality ||Zg| < ||z*|| (see [30]).

Since Ty, is the unique minimizer of the strongly convex function ®4(z) = ®(z)+%||z||?,
obviously one has

V(I)k(fk) = V‘I’(fk) + exT = 0. (5.4)

Further, from Lemma A.1 ¢) from [44] we have

_ _ . €k T Ek+1 | €k T €k+1
R e e ) B 5.5
Ek+1 €k
Note that since @y is strongly convex, from the gradient inequality (|1.6) we have
€
Dp(y) — Pr(x) > (VOk(2),y — x) + Eka —y||?, for all ,y € H. (5.6)

In particular
By (z) — Dp(T)) > %’“Hx — 7|2, for all z € H. (5.7)

Moreover, observe that for all z,y € H, one has
_ _ €k
o(z) —2(y) = (P(x) — Pk(@k)) + (Pr(Tk) — Pr(y)) + g(HyHZ — [|2[1%)
_ €
< @p(a) — Bu(@) + - [yl

Note that V& (x) = V& (x) + e, consequently if V& is L-Lipschitz continuous then
the Lipschitz constant of the gradient of ®j is L + &.

Hence, if we apply Lemma |1.2.10[ to ®; we get that for all s € (0, ﬁ%} one has

Dr(y — sVEOL(y))

< (o) + (Vau(y).y — ) — SV = JI904(0) - Va2, vy € B )
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

Now, we can rewrite scheme (5.1)) in a more convenable equivalent form, by using the
strongly convex function ®j. Indeed, since V®y(x) = V&(z) + ez, scheme (5.1) can
equivalently be written as: xg,z; € H and for every k > 1

Yp = T + bp—1(zk — T)—1) — Tk
5.10
{ Thp1 = Yk — SVPr(yr)- (5.10)

5.2 Convergence results

In this section we provide sufficient conditions such that the sequences generated by
converge strongly to the minimum norm minimizer of ® and at the same time fast
convergence of the function values in the generated sequences and also fast convergence
of the discrete velocity to zero are obtained. Moreover, we also show some pointwise
estimates for the gradient of the objective function.

In order to obtain our general result concerning the strong convergence of the sequences

generated by the scheme (5.10) we need to use (5.9), hence we adjust the indexes in
scheme (5.10)) as follows.

Assume that 0 < s < % and let kg € N such that the following assumption holds.

1 1
S 0 C(0,——], for all £k > ko.
51 se (ot e (o] iz

Note that such index kg exists, since € is non-increasing and €, — 0 as k — 4-00.
Observe that, since 5 is non-increasing there exists k1 > kg such that 1 — sg; > 0 for
every k > k.

Consider further the sequence (gx)r>0 which after an index ko > kj, satisfies the
condition (Q), that is

2s

(Q) (1 —seps1)?qiey — (1 — sek)?q — 25q41 + s(1 — ser)?qr <0, g > A= sen2

for every k > ko. Note that gp > 2s > 0 for every k > k.
Now, having a sequence (gy) that satisfies condition (@), the inertial parameter (b )r>0
and the regularization parameter (c)x>1 in scheme (5.1)) are defined via the conditions

b1 =0, ifk=1or (1 —ser_1)(1 — ser)qr—1qx =0

B

B) ~ (g1 — ) (1 = sep—1)?qe—1 — 25) :

bp_1 = , otherwise
(1 —sep—1)(1 — sek)qu-1qk

and
k=0, ifk=1or (1—ser_1)(1 —ser)qr—1qx =0
(©) 2s < s s%ey, (e . )> therwi
crp = - — s(ep—1 —€k) |, otherwise.
(1 —sep—1)(1 —sex)?qr \qu—1 @1 '
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5.2 Convergence results

Note that despite of the complex form of these parameters, from a practical perspective,
scheme (5.1)) can easily be implemented. Further, one can show that after an index big
enough, the form of the sequences by and ¢ will be given by the second conditions in
(B) and (C).

Indeed, let k = ko + 1 and observe that (1 —seg_1)(1 —sex)qr_1qr > 0 for every k > k,
consequently the sequences by and ¢ defined at (B) and (C) have the following forms:

J— J— 2 —_— J—
by = (qe—1 — 8)((1 — sep—1)"qr—1 25)7 for all k> &

(1 = sep—1)(1 — sex)qr—14rk

and

2s S s%ep,
Cl —

— —s(ep_q1 —¢ , for all k > k.
(1 —sep—1)(1 — sex)%qe \qr—1 Q-1 (€1 k)>

Remark 5.2.1. Let us show that our condition (@) is similar to the original Nesterov
condition. Indeed, setting e, = 0 and g = 2st; with ¢t; > 1 we deduce for k big enough
(Q) is equivalent to

453, — 455 — 48’ g1 +25°t, < Oand t, > 1.
The first condition becomes after simplification

27 — 2t + (B — 2t7) <0,

1—\f482 =2t +1 1+ /42 — 2t + 1
2 ’ 2 ’

144/4t2 =2t +1 Sy A . .
So, one can take tg11 = kfk which is very similar to Nesterov’s initial choice

hence

lkt1 €

/A+2
of ty, namely, ;1 = 1, tp41 = %, for all k& > 1. Even more, for the choice

144/4t2 —2t;,+1
thyr1 = ’“fk one has t; > 1 for every k > 1.

Thus being said, now we are able to prove the main result of the paper.

Theorem 5.2.2. For a sequence (qi) satisfying (Q) and the stepsize s satisfying (S), con-
sider the sequences (by)k>0 and (ck)r>1 defined at (B) and (C) and let (zx)k>0, (Yk)k>1

be the sequences gemerated by scheme (b.1). Assume that the sequence <%>k>E

qr—1€k—1
is bounded, the sequence (qiek),pgfl 18 increasing, further limg_ oo q,%ek = 400 and

3 g€k —E€k+1
hmk—)—l—oo % =0.

Then, (zy) converges strongly to x*, where {T*} = Projargmin(0) is the minimum norm
minimizer of our objective function ®. Moreover |z, — ykl| = o(y/Ek) ask — +oo,
hence (y) also converges strongly to x*.

Further, the following estimates hold:

O (zr) — Pr(Tk) = o(e) as k — +o0,
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

O(xr) —min® = O (), as k = 400 and ®(yx) —min® = O (ex), as k — +o0,

|lzr — zp—1]] = o(Ver) as k — +oo,

and
IV®(xr)|| = o(Vek) as k — +oo and |VO(yi)|| = o(Vek) as k — +oo.

Proof. For the convenience of the reader we divide our proof in three steps and we explain
our techniques.
In step 1 we construct a discrete Lyapunov function in the form

Ex = (pk + a) (Prr (wr11) — Prgr (Tar1)) + lmpra — 2
and we show the key inequality

I

S S _ €k — €k+1
Ey—Ep_1+ rEk—l < 71||£10*||2 + qrep(@*, 2 = Tpp1) + 0k + @) | Tpa

k—1 K 2

holds for every k > k, where k = ko + 1 and ks was defined at (Q).
The forms of the sequences (py) and (ng) will follow from our computations, that is

(1 - sex)’qy
Pk = T 9s qk

and

(1 — ser)qr (1 — ser)qr 1
b — - T

nk - S y S S
25 (1- 5) 25 (1-72)  (1-35) 0 —sen)

The form of the sequences (px) and () are actually the reason why we need the
conditions (Q), (B) and (C).
In step 2 our aim is to use telescopic sums. To this purpose we multiply the key

inequality with 7 = ﬁ and we obtain

s
qi—1

i=k

By — 1 Ep—1

Ek — €k+1 _
) R A g [

< (m — mr1)||2%])? + qrermr(z®, 2* — Tra1) + (pr + @ 5

for all k& > k.
By summing up the above inequality, after some easy computations one gets that

Ei, = o(qier) as k — +oo.

In step 3 by using the above rate we deduce the strong convergence of the generated
sequences and the rates, concerning the potential energy, discrete velocity and the value
of the gradient in a generated sequence, from the conclusion of the theorem.
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5.2 Convergence results

Step 1. Let us construct the energy functional Ej,. To this purpose assume that k > k
and take y = yg, x = xp in (5.9) in order to deduce

D (zhr1) — Pulan) < (VPu(yk), yk — Tk) — %qu)k(yk)HQ - g”vq)k(yk) — V& (z) |
(5.11)
Vk > k. Now we take y = vy, * = o* in and taking into account that V&g (z*) =
V&(z*) + epa* and VP (z*) = 0 we obtain

N o S S . _
Pp(zpy1) — Prl(a™) < (VOr(yr), yp — ) — §”V@k(yk)HQ - §”V‘I)k(yk) —exx™||?, Vk > k.
(5.12)

Consider the sequence (p) K>k defined by

(1 - sep)’qy

— .1
5 q; (5.13)

P =

for every k > k. Note that due to assumption (Q) one has p; > 0 for every k > k.
We multiply (5.11)) with pg and (5.12)) with g and sum them up. In the left-hand side
of the inequality obtained we get

Pk + @) P (Trt1) — PrPr(zr) — @ePr(z™).
The right-hand side of the inequality obtained becomes
(V) P (v — 1)) = 5Pl V()| = Spel VB(01) = V()|
+ (V@,(yr), ar(yr — %)) — E%HV‘I’k(yk)HQ - g%HV‘I’k(yk) — epz|?
— 2o+ a6 (VR (1), V()

2
S S * *
- §pk”vq)k:(yk) — V@ (zy)|* — 24k (IV®s () 1? — 2ek(V (1), 2*) + £f]|2*]|?)

= (VO (yx), (Pk + q)Yk — PrTK — Q™)

. S
= <V(I)k(yk)a (Pr + @) yr — Pexr + (sek — 1)gra™ — 5(}% + %)Vfbk(yk)>
S S S *
- §pk”Vq)k(yk) — VO (zp)]* — §qk||V‘I’k(yk)H2 - 5@1&‘%”% [&
Thus,

(Pr + qk)Pr(Tr11) — PePr(Tr) — e Pr(27)

S S S *
< - §Pk||V‘1’k(yk) — V& (x)]* - iquV%(yk)IF - 5%62”% 12 (5.14)
% S
+ <V(I)k(yk)a (Pr + @)Yk — prxk + (sep — L)gpa™ — §(pk + Qk)vq’k(yk)> ;

for every k > k.
Now by neglecting the non-positive terms from the right-hand side of ({5.14)) we obtain

(Pr + @) P (Tpt1) — PrPr(zr) — @uPr(2™) (5.15)
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

% S
< <V(I>k(yk:), (Pr + @)Yk — Prxr + (sep — 1)gpa™ — 5(1% + Qk)vq)k(yk)> ,

for every k > k.

In what follows we deal with the left-hand side of . In order to use telescopic
sums and taking into account that the minimizer of the strongly convex function &y is
Tk, we manage to have on the left-hand side the difference

(ke + @) (Pt 1 (Thr1) — Prog1 (Tur1)) — (Pe—1 + Go—1)(Pr(zk) — Pie(Tk))-
First, by using the fact that (i) is non-increasing we have

€k — €k+1

Pp(rpr1) = Pry1(Tpy1) + 5

[Zrg1])® > Pry1(Trtr),

consequently it holds

(P + @) Pk (Tht1) — PePr(zr) — @ Pr(x™)
= (Pk + @) (Pr(Thy1) — Pry1(Trr1)) + Pk + @) P 1 (Thr1) (5.16)
— pi(Pr(xr) — Pr(Th)) — PrPr(ZT) — e Pr(z™)
> (pr+ @) (Pry1(Try1) — Prr1(@rr1)) — (Pr—1 + qh—1)(Pr(wr) — P (Tk))
+ (Pr—1 + qu—1 — Pr) (P (k) — Pp(Tk)) + Pr(Prt1 (Ts1) — Pr(Th))
+ @u(Pri1 (Tir1) — Pr(z™)).
Let us further estimate the terms pg (P11 (Trr1) — Pr(Tx)) and qg(Prr1(Tpr1) — Pr(x*))
in (5.76).
On one hand, according to (5.7) one has @y (Ty41) — Pk (Tk) > % || Tpt1 — Tk ||* hence

_ _ _ _ € — €k~
PO ) - @) = o (Pu(n) - Bl + L E mal?) 67
€k+1 — €k

2
Ek+1 — €k —
ko ka+1H2~ (5.18)

On the other hand, by using the gradient inequality (1.6)), we get

€k \— _ _
> Pk?kaJrl — Zil|* + pi [T |?

v

— * — * € — &k =
0 (Bra(@n) - 00) = (Pa(n) - Bale) + FEE ) > (519

Ek+1 —

_ €k — €k 1—
QreR(T", T — ™) + ngﬂ@“kﬂ —a*?+ Qkf’\x/ﬂl”? >

s F

Hence, combining (5.15)), (5.16]), (5.17)) and (5.19) we obtain

Qer(T™, T — ) + Qe

(Pk + @) (Prt1(Tht1) — Prt1 (Frv1)) — (Pr—1 + qo—1) (Pr(zr) — Pr(Th))
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5.2 Convergence results

+ (Pr—1 + qr—1 — pr)(Pr(z) — Pr(T4))

S s |12 (5.20)

< qrep(x™, 2™ — Tpy1) + Pk + Q)
. S
+ <V(I>k(yk)a (Pr + @)Yk — Prxr + (sep — L)gpa™ — i(pk + Qk)vq)k(yk)> ,

for every k > k. Now, according to the form of pj and condition (Q) one has

(1 — sep_1)?q7_ 1 — se)?q? 1—ser_1)?
Dk—1+qk—1 — Dk = £ 1—( ) E g > 57( )
2s 2s 2s

= (Ph—1+ @p—1)——
qk—1

qk—1

for every k > k. Consequently, (5.20)) leads to

(Pk + ) (Prt1(Tht1) — Prot1 (Th41)) — (Pr—1 + qo—1) (Pr (k) — Pi(Tk))
+ (Pt + qk_l)ﬁ@k(xk) — (1))

Ek — €k+1

< grer(x™, 2" — Tpy1) + Pk + Q&) 1T || (5.21)

S
+ <V(I)k(?/k)a (Pr + @)Yk — Prxy + (sep — 1)gpa™ — i(pk + Qk)vq)k(yk)> ,

for every k > k. In what follows, in order to obtain the key inequality

S S _ €k — €k+1
Ey—Ep_1+ 611671Ek_1 < KHJC*HQ +qrer(x™, 2" — Tiy1) + (pr + Qk)%ﬂl‘kﬂﬂa

we show that there exists a sequence (7)) such that

% S
<V‘I’k(yk), (Pr + @) yi — Prxr + (sep — g™ — 5(291« + Qk)V‘I’k(yk)> < (5.22)

* * S * 7.
(uwmmﬁmwmmwmwﬂwh
q qk—1

1—S€k qk 1—8€k qk 1
_ >%_< Jax .

2.9(1*%5_1) 25<1fq:_1) ( qk_)(lfssk)

We show next, that 7541 can be expressed as a linear combination of 7 and V& (yy).
Indeed,

Qi+ 1
) - Th41,

(1 - i) (1 — sepi1)

(]. — S€k+1 (]. - S€k+1)
_ S

st = )i+
2 (1 f) 2 (1~
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

and according to scheme (5.10) we have yr11 = (1 4 bg — Cg+1)Tp+1 — bpxp and x4 =
yr — sSVPk(yx). Hence,

(1 — sert1)qr+1((1 + bk — cpr1)Tpr1 — brg)

Me+1 =
2s (1 - i)
qk
(1 — sep41)qry1 1
S - S L+1
2 (1 _ q?> (1 _ q?> (1— sepr)
1 — sepy1)qrt1(bk — ¢k 1
(sl o) "
2s (1 - g) (1 - a) (1 — sepr1)
1-— b
_ (1 — Sek+1)qrt1 k::Ek (5.23)
S
2s (1 - i)
1 — s€k41)qrv1(br — Cry1 1
(= sepal —on) N
2s (1 - a) (1 - a) (1 — seps1)
1-— b
_ ( SEk+1) k41 kﬂﬁk (5.24)
S
2 (1 - E)
1—se b, — 1
( S k+1)Qk+1(s k — Ck1) + - sV ()
2s (1 . E) (1 - a) (1 — sepi1)
(1 — ser)qr (1 — ser)qr 1 (1 — ser)qr
_ _ _ _ LTSk g g,
5s Uk 55 [, ) 5 k(Yk)
1-— _
= (1 S ) e — LTSI G ) o all k> T (5.25)
qk—1 2
The last two equalities come from the fact that
— 1— 200, — 2 _
by = (g — 5)((1 — s2x)"ar 8), forall k > k
(1 — sep) (1 — 8k41)qkr+1
and
. 2s ( s s%ep4 ( )>
= — - —s(ep — ¢ ,
T = se) (- see)2aem \ g a B
hence
(1 —sepr)aniibe (1= senrn)angnir  (ae — 8)((1 — sex)’q — 25)
2s (1 - qi) 25 (qr — s) (1 = sex)(1 — s€k+1)qrqrt1
k
_ (A —sep)g 1
2s 1—se;
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5.2 Convergence results

and
(1 — sert1)qr+1(bk — crt1) n 1
2 (1 - i) (1 - i) (1 - sepet)
_ (1 — se)qxk B 1 n 1
25 L=see (1= 2) (1= sepp)
(1= sert1)qrgr+1 2s
25 (g — ) (1 —sep)(1 — sept1)?qryt
s(1 — se
() () - (- sene)) -
(-sep)aw 1 qr:
2s 1—sep  (qx— ) (1 — sept1)
qx (s —a)(1 — sept1) >
— + (1 — seg
m—@u—%mrw%m( @ (1= sek)
_ (1 —»sek)qk
2s '
Further,

1 s (1= ser)an (1 — se)qx 1
- M =~ Yk — - Tk
Qh—1 2s 2s (1 — se)

_ 2 2
Now, by using (5.23]) and the facts that % = 5(px + qx) and
(1 — ser)qx (1 — ) M = (P + Qr)Yr — PrTE We get

qk—1

qr—1
S S *
= <1 - > Inell® = llmwra]? — 2 < <1 - > Nk — Mt 1, T >
qk—1 qk—1
S S 1 — se)qx 2
= <1 — > ||77k\|2 — H (1 - > Mk — (2)V‘I)k(yk)
qk—1 -1
1 —
_ 2<(58k)q"3vq)k(yk)7x*>

S S S
- <1 — ) lne|? + <<1 - ) Mk» (1 — 8€k)QkV¢)k(yk)>
qk—1/) k-1 qk—1

~ ee)202
O 9 )2 — (1~ se)a V(). )

= <V‘I>k(yk)7 (P + @)Yk — Prxr + (sep — D)gpa™ — g(Pk + Qk)V‘I’k(yk)>

S S
(- )
qk—1/) k-1

S
e = 2117 = [l — 2% + . l=* 1
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

Since, q > 2s for every k > k—1 we get that 1 — =2 > % for every k > k hence the

dk—1
previous equality implies (5.22]).
Consequently, for the discrete Lyapunov function

Ey = (o + @) (@r1(Ths1) — Pos1(Ths1)) + I — 27|12

(5.21)) and ((5.22)) lead to the key inequality

S
Ey —Epx 1+ —FE; 1 (5.26)
qk—1
< S * (12 * ok — €k — €k+1 2
< ile |° 4+ qrer(c™, &* — Tpy1) + (i +Qk)72 [ (5.27)

for every k > k.

Step 2. Our goal is to write the left hand side of (5.26]) as the difference of two

consecutive iterates in order to use telescopic sums. To this purpose consider the sequence
1

T = W Note that (my),~7 is well defined, positive and increasing since by
i=k\" 1 -
the hypotheses we have qi_1 > 2s for every k > k. Further, since 1_14 < 2 we have
%1
that 7, < 2F—k+1,
Now, by multiplying (5.26]) with 73 we obtain
By — m—1Ek—1
S _ €k — €k+1 _
< qkil?TkHJ?*H2 + qrermr (2", 2 — Tryr) + (pr + Qk:)%ﬂ'knka—i-ﬂ? (5.28)
— €k — €k+1 _
= (m — -1 l2"1* + arermi(a™, 2 — Tpp1) + Ok + a6) —— el Tara I,

2

for all k > k. B B
By summing up (5.28]) from k =k + 1 to k =n > k + 1 we obtain

n

mnEn < mallzP+ ) qrerm(at, o — Tppn) (5.29)
k=k+1
" 3 €
k 7 Ck+1 _
+ Y (et Qk)%ﬂ'knxk-f—lnz +C, (5.30)
k=k+1

where C is a nonnegative constant that satisfies C' > mpEy — mr||z*||2.

Next we show that

Tollz*(1? + X GeerTr (T, % = Tppa) + 2o g Ok + gr) EEE T [T P+ C

Tn

= o(qzen),
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5.2 Convergence results

as n — +oo. Indeed, according to the hypotheses ¢2e,, — +00 as n — +o0o and we know

mnllz*][+C _
Tn -

that (m,) is increasing, hence o(q2en) as n — +oo.

Further, since according to the hypotheses the sequence (M) is bounded, the

dn—1€n—1
sequence (q,%emrn) is increasing and lim, oo q,%snwn = 400, by using the fact that
lim, oo (z*, 2* — Tpy1) = 0, via the Cesaro-Stolz theorem we get

ZZ:E-H qkCETk <JI*, ¥ — Ek""l) gn€nTn <l'*, ¥ — jn+1>

lim 5 = lim — 3
n—+00 dnénTn n—=+00 qREnTn — ¢, _1En—1Tn—1
* 0k =
_ hm <l’ , ' — $n+1>
n—-+o00 o qi,16n—1ﬂn—1
n gn€nTn
* ok
_ hm <$ , o — $n+1>
n—+o0o Q%STL_Q,%flenfl + Sqn716n71
dnén qnén
* ok =
. <$ y L — .’Bn+1>
< fm e =0
dnén

gn(en—€nt1)
En

Finally, according to the hypotheses lim,,_, 1 = 0, hence by using the fact

_ 2 92
that p, + ¢, = (1%;)%7 for some M > 0 one has

S (Pr + ) P [T

lim 5
n—-+40o qngnﬂ-n
_ i lim (1- 35n)2q721(5n - 5n+1)7rn”fn+1||2
45 n—r+oo q727,5n77n - qg_lgnflﬂ-nfl
_ i lim (1- 5571)2(571 - 5n+1)an+1||2
48 n—+too a2 _1En—1Tn—1
En — qzﬂ'n
_ 1 lim (1 = sen)*(en — ent) | Znpa|?
- 48 n—+oo q%an_q721715n71 qn—1En—1
P +s P
qTL qn
_ i lim (1- SEH)ZHjnJrIHQ ) Gn(en — Ent1)
45 n=stoo GREn—dp_1En—1 4 gdn=18n—1 €n
dnén dné€n
< M fim WEnEn)
n—-+o0o En
Consequently, from (5.29) we get
E, = o(qgen) as n — 4o00. (5.31)

Step 3. Now using (5.31)) we derive the strong convergence of (z,) and (y,) to z* and
the convergence rates concerning the potential energies, discrete velocity and values of
the gradient stated in the conclusion of the theorem.
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

(1—sen)2%q2

Indeed, taking into account the form of F, and the fact that p, + ¢, = 5o ,

(5.31)) leads to (pn + ¢u)(®Pni1(Tni1) — Prt1(Tni1)) = o(g2en) as n — +oo. In other
words, ®,,(x,) — @, (Tn) = 0(ey,) as n — 400 and by using (5.8)) we get

O(z,) —min® = O(e,) as n — +o0.
In order to show strong convergence, we use (5.7) and we get

im |z, —2*2 <2 lim (|lzn — Tl + |70 — 2*)?)
n—-+o0o

n—-+oo
<4 tim Zr(@n) = ®a(@n)

n—-+oo En

+2 lim |7, —2*||*> =0,
n——+0o00

Concerning the rates of convergence for the discrete velocity ||z, — z,_1| we conclude
the following. From the definition of E, and the fact that £, = o (q%sn) as n — 400
we have that

I — 2| = o(gnv/En) as n — +oo.

Now, using the definition of 7, and the fact that y, = x,, + bp—1(xy, — Tp—1) — cpz, We
derive

*

I — &
_ (1-— sen)sqn Y — ( (1-— ssn)sqn B : 1 ) o — o
2s5(1 — Qn—l) 2s(1 — qn_l) (1-— p— )(1 — sen)
(1 — sen)an 1 (1 — sen)an
= ———— by 1(zy — xp_1) + - en | Ty —*
2s(1— =) nehTme (1= 5 —sen)  2s(1— %) e

Now, since (g2e,) is increasing, and (g,) is non-increasing we deduce that (g,) is in-
creasing. Further, since lim, q,%en = 400 and lim, ,1 €, = 0 we obtain that
limy, 1 0 ¢ = +00. Consequently, for n big enough one has

(qn—l - 3)((1 - 35n—1)2Qn—1 - 23) (1 - SEn—l)Qn—l

bp_1 = < <1
" (1 - Sgn—l)(l - Sgn)Qn—IQn (1 - SEn)Qn
and
I Cn i 2s 1 S s, (e en) 0
im = lim - —s(ep_1 — =0.
no+too \fEn  n=+00 gny/En (1 — sen—1)(1 — s6p)? \Gn-1  Gn—1 nehe

Let us show that liminf, , . b,—1 > 0. To this purpose, observe that it is enough to

show that liminf, 40 q’;l > 0. So, assume the contrary, that is liminf, 4 q*;;l =0

n

Then, limsup,, ,, qqi"l = +o00. Now, from the assumption lim, M =
n— n

0 and the fact that lim, . q, = +00 we get that limTHJrooE”;ﬂ = 0, hence

n
limy,—, oo 75~ = 1. Consequently, limsup,,_,; % = +o00, which contradicts the

assumption in the hypotheses that the sequence (qﬁ%) is bounded.
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5.2 Convergence results

Thus, by using the fact that (z,,) is bounded we have

1 _ (1=sen)qn X
<(1qns_l)(1ssn) 23(1(1:_1)%)% z

lim =0,
n—+0o0 gn\/En

which combined with the fact that lim, % = 0 yields

. (1 — sep) Tn — Tn-1

lim bn_1 =0.

n—+oo 25(1 — (]n%l) " VEn
But liminf,, 4o bp—1 > 0 and lim,, 4 % = 2—18, hence ||z, — xn—1]| = o(y/En)
dn—1

as n — +00.
From here and the fact that ¢, = o(,/,) as n — +oo, we deduce at once that
|lyn — x| = o(\/En) as n — 400, hence in particular

lim y, =2".
n—-+00

From ([5.23]) we have (1 — S ) M — N1 = %V@n(yn) and using the fact that

dn—1
Il = o (gny/En) as n — +oo we obtain that |[V®,(yn)|| = o(y/en) as n — +o0, and
further by using the fact that \/&,, = 0, n — 400 that |V®,(yn) —enynl| = |VO(yn)|| =
o(y/€n) as n — +o0.

By using the L—Lipschitz continuity of V& we get [|[V®(xy,) — VO (yn)|| < L|lyn — ||
which combined with the facts that ||y, — 2| = o(y/En) as n = 400 and ||[V®(y,)|| =
o(y/En) as n — +oo lead to | V®(xy,)|| = o(y/En) as n — +o0.

Finally, by using Lemma [1.2.9]item 2 we get

. . L
®(yn) = min ® < B(wy) — min @ + [[VO(wn)||[lyn — nll + 5 llyn — 2l

hence, from the facts that ®(z,) —min ® = O(ey), ||yn — 2nl| = o(y/En) and [|VO(z,)| =
0(y/€n) s n — 400 we obtain that

D(y,) —min® = O(eg,) as n — +o0.
O

Remark 5.2.3. Note that under the hypotheses of Theoremone has limg 400 ck =0
and ¢, is positive for k big enough. Indeed, in the proof of the Theorem [5.2.2] we have
shown even more, that is, limg_, 4o \;—’Eik =0.

Taking into account that

2s S s%ep,
L =

- — S\€k—1 —€k) | >
(1 —sex—1)(1 — sex)?qe \qk—1  Gk—1 ( )>
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

in order to show that cj is positive for k big enough it is enough to show that
s _ e
qrk—1 qk—1

— s(eg—1 — e) > 0 for k big enough. That is,
1 — sep > qr—1(ex—1 — €x) for k big enough.

The latter follows directly from the facts that

: qk—1(Ek—1—¢k) _ 3 Ly — 1 =
limg— 400 = 0, limg— 400 ﬁ =1 and limg_, 1 €x—1 = 0.

5.3 Particular choice of the parameter sequences (¢;) and (&)

Let us consider a specific choice of the sequences (g) and (ej) being of the polynomial
type, namely, qx = ak?, g, = 15, where 1 > ¢ > 0, p > 0 and a and c are positive real
numbers. Let us fix 0 < s < 7. Then from condition (S) we have s < ﬁ for some
ko € N, and it is an easy computation that ’

1
) cs P
ko:lﬂt(l—Ls) +1,

where int(x) denotes the integer part of x.
Now we compute the index ky > kg such that 1 — se > 0 for every k > k. Note that

1
1 — se, > 0 whenever k > int(cs)? + 1, consequently one can take ki = ko.
Condition (@) in this case becomes: after an index ko > k1 it holds that

2
_ ¢ 2 2q _ _§222q_ q _fQ q
<1 <k+1)p> a2k +1) (1 kp) a2k — 2sa(k + 1) —|—s<1 kp) ak? < 0

and 9
S
akl > — 7
-5
for all £ > k9. Note that the second condition is always fulfilled starting from k large
enough due to ¢ and p being positive. Let us show that also the first condition in (Q)
holds for every 0 < g < 1. First consider the case ¢ < 1. Since

2 2
(1 - affw) @(k+1)% — (1- %) a*k* = O(K*") as k — +oo

and
sc\2
—2sa(k+1)1+s <1 — ﬁ) ak? = —sak? + Ok 1) + O(k7P) as k — +oo

we obtain that

2
__ ¢ 2 2q _ _EQQQq_ q _f2 q
<1 (k+1)P> a(k+1) (1 kp) a2k — 2sa(k + 1) +s(1 kp) ak

= —sak? + O(K*T N + O(kT 1) + O(kTP) as k — +o0.
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5.3 Particular choice of the parameter sequences (qx) and (g)

Obviously, the right-hand side of the previous inequality goes to —oo as k — +00, hence
there exists an index ko > k71 such that

2
_ 5 2 20 (1 5\ 2520 q _SC\? g
(1 (k:—i—l)p) a“(k+1) (1 kp) a’k 2sa(k + 1) —i—s(l kp> ak? <0

for every k > ko, that is, (@) holds.
Now, if ¢ = 1 we obtain

2
sc 9 9 sc\2 45 9 sc\2
= (2a* —as)k + Ok P) + O(1) as k — 400,
hence, arguing as before, we deduce that (@) holds provided 2a? — as < 0, that is a < 2.
Concerning the sequence (by)x>o in this particular case condition (B) becomes:

1 1
bp—1 =0, ifk € {1, (es)?, (cs)P + 1}

(Bp)
kP(a(k —1)7 — s)(a((k — 1)P — cs)?(k — 1)7 — 2s(k — 1)?P) )
bp—1 = th .
k-l a2(k — 1)e+ka((k — 1)? — cs) (kP — cs) ) OVHETWISE
Note that b, — 1 as k — +o0.
Further, condition (C) becomes:
1 1

c, =0, ifke {1, (cs)r,(cs)r + 1}
(CP) 282kP((k — 1PkP — c(k — 1)P — ac(k — 1)TK? + ac(k — 1)77)

L = , otherwise.

a?(k — 1)2k9((k — 1)P — cs) (kP — cs)?

Note that ¢ > 0 for k big enough, further ¢ — 0 as k — +o00. Indeed,
—ac(k — 1)9kP + ac(k — )P = O(k?P~1) and (k — 1)PkP — c(k — 1)P = O(k?P) as
k — 400, and 2p > g+ p — 1, hence ¢, > 0 for k big enough. Further, the order of
numerator in c; is O(k%P) as k — +oo and the order of denominator is O(k3P124) as
k — +oo, therefore ¢, — 0 as k — +4o00.

Hence, indeed in this case the term cix; in scheme plays the role of a Tikhonov
regularization term. More precisely, scheme reads as: xg,x1 € H and for every
k>1

(

yp = xg, if k € {1, (cs)r, (es)r + 1}
kP(a(k —1)7 — s)(a((k — 1)P — ¢cs)?(k — 1)? — 2s(k — 1)?P)
a?(k — 1)7+Pka((k — 1)P — es) (kP — cs)
252kP((k — 1)PkP — c(k — 1)P — ac(k — 1)9kP + ac(k — 1)41P)
B a?(k —1)9k9((k — 1)P — cs) (kP — cs)?
Trp1 = Y — sVO(Ur) — S Yk

Yk = Tp + (xfp — xp—1)

xy, otherwise

(5.32)
We underline that from a numerical point of view scheme ([5.32)) can easily be imple-
mented. In this particular case, we have the following result.
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

Theorem 5.3.1. Let 0 < ¢ < 1 and 0 < p < 2q and for a fized the stepsize s € (0, %)
consider the sequences (Tx)ken, (Yr)ken generated by scheme (5.32)). Then, (zx) and (yx)
converge strongly to x*, where {x*} = Projaremine(0) is the minimum norm minimizer
of our objective function ®.
Further,
O (zx) — Pr(Tk) = o(k™P) as k — +oo,

®(zx) —min® = O (kP), as k — 400 and ®(y;) —min® = O (k™) , as k = +oo,
|z — zk—1]] = o (k*%) as k — 400

and
IV®(zr)]] = o (](%) as k — +oo and ||VO(yr)|| = o <k*%) as k — +oo

Proof. We only need to show that the following conditions from the hypotheses of The-
orem [£.2.2] hold:

q—p
e the sequence —%&fk . — _k

Qrk—16k—1 (k—1)a-p
enough;

is bounded if we take the starting index big

the sequence q%ek = a%ck??7P is increasing after a starting index big enough;

limg_ 1 o qzek = limp_y 400 a?ck??™P = +o0;

k4 1 1

: ar(E—€rt1) _ 1; A\~ x0P )

limy 4 oo T+ = limg 400 (1p> — 0.
k

First of all, the sequence % is indeed bounded if we take the starting index big

ka—P

enough since hmk_>+oo W

— = 1. Secondly, the sequence a?ck??7? is increasing when

2q > p and limy_, o a®ck?™P = 400 when 2¢ > p. Finally,

ak? (% — o q P _ kP
lim (k? (k+1)p) _ ak? (k+1)? -k _

k—+oo k% N k—l>r—iI-1<>o k+1 (k‘ + 1)1’71

)

since q < 1. ]

Remark 5.3.2. Note that condition (Q) also holds in the case ¢ = ak, a < §. Unfortu-
nately, in this case Theorem [5.2.2] cannot be applied, since for p < 2¢ = 2 one has

1 _ 1
lim Qk(Ek — €kt1) — lim ak ("C" (k'+1)”> —p#£0
k—+o00 €k k—+o00 }Tlp '

Remark 5.3.3. We emphasize that scheme ({5.32)) can be seen as a Nesterov type algorithm
with two Tikhonov regularization terms. Indeed, the extrapolation parameter (b;) goes
to 1 as k — 400 such as in the Nesterov algorithm. Further, the terms cipxy and epyx
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5.4 Numerical experiments

can be thought as Tikhonov regularization terms since both c; and € are nonnegative
sequences (after k big enough), and go to 0 as k — +oo. Unfortunately, we could not
allow the case ¢ = 1 and p = 2 in our algorithm. Nevertheless, if p is close to 2, (and ¢
is close to 1), then from a numerical perspective the convergence rates obtained for the
potential energy ®(z)) — min ® and discrete velocity ||z —zk_1|| are as good as the rates
obtained for the famous Nesterov algorithm, see [48]. Moreover, our algorithm assures
the strong convergence of the generated sequences to the minimum norm minimizer - a
feature that makes it unique in the literature.

5.4 Numerical experiments

In this section we consider some numerical experiments in order to sustain the theo-
retical results obtained in Theorem To this purpose, let us consider the objective
function

®: R R, &(x,y) = (az + by)?,

where a,b € R\ {0}. Then obviously ® is smooth and convex and its gradient is Lipschitz
continuous, having Lipschitz constant L = 2v/21/(a? + b?) max(a?, b2). Observe that the
minimal value of ® is 0 and the set argmin ® is {(m, —%:c) ix € R}, further clearly (0,0)
is the minimizer of minimal norm. For simplicity in the following experiments concerning
scheme (|b.32)) we take everywhere s = 0.1, (which will always satisfy s < %), and fix the
starting points zp = (1, —1) and z; = (—1,1).

In our first experiment we fix a = 0.1 and b = 100 and ¢, = k°%. Further, in
scheme we set € = kip, where p € {0.3,0.6,0.9,1.2,1.5,1.95}. Note that for these
values one always has p < 2q. Further, we consider the case when there is no Tikhonov
regularization, that is the case of a Nesterov type algorithm by taking €, = 0 and ¢ = 0.
In order to show the theoretical rates obtained in Theorem [5.3.1] for the discrete velocity
|z — xx—1]| and the potential energy ®(z)) — min ® we also represent the values + and
®(z1)

k?

, respectively.

So, we run scheme for 20 iterations, the results are shown in Figure 5.1.

Observe that indeed our algorithm has a similar (even better) behavior as the Nesterov
type algorithm, the convergence rates for the discrete velocity and potential energy are
of order o(k~!) and O(k~2), respectively. Further, the presence of the Tikhonov regular-
ization terms do not affect the optimal rates, even more, while we increase p these rates
become better.

In our second experiment for « = 1, b = 5 and g, = k%8 we show the influence of
the Tikhonov regularization terms e,y and cizp on the behavior of the iterates of the
algorithm. In the next figures we represent the first component of the iterates x; with
red, whereas the second component will be represented with blue.

First, we take e, = kz_%, (and the corresponding c), in order to show convergence
to the minimum norm minimizer and also we analyze what happens if we renounce to
both Tikhonov regularization terms. According to Figure 5.2(a) in the presence of the
Tikhonov regularization terms cixp and epy, the generated sequence xj converges to
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5 Discrete time optimization: inertial algorithm with double Tikhonov regularization

Discrete velocity Function values
T T T T T T

15 T T T 10000 T T T
; p=1095 p=1095
\ —p=15 —p=15
—p = 1.2 8000 |- —P= 1.2
—p =09 —p =09
1 p= 0.6 | 7000 - p= 0.6
- —p=203 “ sl —p=203 |
= <
T e, =0=cp 3 e, =0=cp
:T 1 | 5000 | f(x1)
k — 12
S g
ES “—, 4000
0.5
3000 -
2000 -
1000
0 L L L L . . — 0 L \\ - - ! .
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
iterations iterations

Figure 5.1: Different choices of ¢}, for ¢ = k9

(0,0), the minimum norm minimizer of ®. In contrast, if we take ¢ = 0, ¢ = 0,
according to Figure 5.2(b), x; does not converge to the minimum norm minimizer.

Algorithm (29) with bot rms Algorithm (29) with ¢, =0 = ¢,
T T T T T T T

(a) With Tikhonov regularization (b) Without Tikhonov regularization

Figure 5.2: If we drop the Tikhonov regularization terms in scheme ({5.32) we
do not have convergence to the minimum norm solution anymore.

Next we show that in order to have convergence to the minimum norm minimizer the
presence of both Tikhonov regularization terms are essential. Note that in case €, = 0
the parameter ¢; in scheme becomes ¢, = %, hence the term cpx; in the
formulation of y; still has the role of a Tikhonov regularization term. We represent this
case at Figure 5.3(a). Further, we consider the case ¢ = 0, but g = kf%, see Figure
5.3(b).

As we can see, in the absence of one of the Tikhonov regularization terms we do not
have convergence to the minimum norm minimizer of the objective function ®. Hence,
according to the last two figures the presence of two Tikhonov regularization terms in
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5.4 Numerical experiments

Algorithm (29) with ¢, =0 Algorithm (29) with ¢, = 0

(a) The absence of the term ey (b) The absence of the term cixzy

Figure 5.3: Dropping one of the Tikhonov regularization terms in scheme ([5.32)) we
do not have convergence to the minimum norm solution anymore.

our algorithm is fully justified.
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6 Conclusion

In this thesis, several topics related to convex optimization for both smooth and non-
smooth objective functions, via discrete and continuous time methods, featuring time
scaling and Tikhonov regularization, were discussed. In the second chapter we delved
into the topic of nonsmooth optimization featuring the time scaling. The main benefit
lies in accelerating the rates of convergence of the function values while also providing
the weak convergence of the generated trajectories. We approached the classical problem
of minimizing a proper, convex and lower semicontinuous function via Moreau approxi-
mation with time-dependent parameter. Naturally, we linked the gradient of the Moreau
envelope of the objective to the second order in time differential equation and used Lya-
punov analysis to derive the desired results. This chapter is based on the paper [33|
together with my supervisor, Professor R. 1. Bot.

One of the many possible continuations of this research was to consider applying
Tikhonov regularization technique, which was done in Chapter 3. The idea was not
only to improve the weak convergence of the trajectories to the strong one, but also to
control this convergence, meaning that we will know exactly to which element of the
Hilbert space the convergence takes place — to the element of the minimal norm from the
set of all minimizers of the objective function. Another important goal was to preserve
the accelerated (thanks to the presence of time scaling coefficient) rates of convergence
of the function values. The technique follows the same ideas of Lyapunov analysis from
the previous chapter. In the end, we were able to obtain two different settings: one for
the strong controlled convergence and the other one — for the fast minimization rates.
The results of this chapter were presented in the paper 35| together with Dr. habil. E.
R. Csetnek.

The crucial disadvantage of the approach which was developed in Chapter 3 is the
necessity to split the results into two settings: one cannot have both major results at
the same time. This issue was addressed in the fourth chapter, where a new approach
providing one common setting for both strong convergence of the trajectories and fast
convergence of function values was developed. It should be mentioned that the time
scaling coeflicient no longer enters the system , but it is definitely possible to extend
the analysis to cover this case. The paper |41 served as an inspiration for writing this
chapter.

Last, but not least, we addressed the discrete counterpart of the discussed problems
in Chapter 5, where we considered the inertial algorithm featuring double Tikhonov
regularization. The goals were the same: to obtain strong convergence of the iterates
to the minimal norm solution, as well as fast rates of convergence of the function to its
global minimum. Unlike other similar results in the literature, the presented algorithm
is not a proximal one, being thus the explicit discretization of the appropriate dynamical
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6 Conclusion

system. Moreover, for the original Nesterov algorithm the convergence of the generated
sequences is still an open problem, so the strong convergence result for the Nesterov type
algorithm could be seen as a big step forward, being, to our best knowledge, the first
result of such type in the literature. The chapter was based on the paper [42| together
with Professor S. C. Laszlo.

All in all, in this thesis several open questions were addressed, and some interesting
particular cases were discussed, but what is more important, it gave me many ideas for
the further research and helped establish many connections with prominent researchers
for future fruitful collaborations.
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