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Abstract

This paper focuses on the histogram density estimator and examines its prop-
erties in the classical setting, as well as with regards to Differential Privacy.
Preserving privacy is an important part of contemporary statistics, and it gen-
erally entails a trade-off between accuracy and privacy. Numerous techniques
for preserving privacy have been proposed, a rather recent development is Dif-
ferential Privacy, where one releases a randomized database. In this context we
determine lower and upper bounds on the minimax mean integrated squared er-
ror of the histogram density estimator in both the classical and the differentially
private setting.
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Zusammenfassung

Diese Arbeit konzentriert sich auf den Histogramm-Dichte-Schätzer und unter-
sucht seine Eigenschaften im klassischen Rahmen sowie im Hinblick auf Dif-
ferential Privacy. Ein wichtiger Bestandteil der modernen Statistik ist die
Wahrung der Privatsphäre, wobei dies im Allgemeinen einen Kompromiss zwis-
chen Genauigkeit und Privatsphäre mit sich bringt. Es wurden zahlreiche Tech-
niken zur Wahrung der Privatsphäre vorgeschlagen, eine relativ neue Entwick-
lung ist Differential Privacy, bei der an Stelle der original Daten, eine ran-
domisierte Version herausgegeben wird. In diesem Zusammenhang bestimmen
wir untere und obere Schranken für den minimax mean integrated squared error
des Histogramm-Dichte-Schätzers sowohl für den klassischen, als auch für den
Fall unter Differential Privacy.
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1 Introduction

Releasing any information based on the data of individuals carries with it an
inherent risk. A malicious actor with auxiliary information has the opportunity
to draw conclusions about an individual (Gambs, Killijian, and Prado Cortez
2014, Narayanan and Shmatikov 2008, Malin and Sweeney 2004). Numerous
privacy-preserving techniques have been developed (Sweeney 2002, N. Li, T.
Li, and Venkatasubramanian 2006, Kooiman 1997), in this paper we focus on
the notion of Differential Privacy, first formalized in Dwork et al. 2006. In the
framework of Differential Privacy not the original data, but a randomized version
of it is released. This leads to a trade-off, the stronger the randomization, the
stronger is also the protection of the privacy of the individual, but the accuracy
of the inference based on the randomized data decreases.

In this context we examine the asymptotic properties of the histogram den-
sity estimator, first in the non-privacy-preserving setting (Section 2). After the
formal introduction of Differential Privacy, we also consider the estimator in this
context (Section 3). We reproduce classical results in the ordinary setting, and
show that the differentially private histogram has worst case risk bounded by

Cmax
{
(nϵ)−

2β
β+1 , n−

2β
2β+1

}
from above and by cmax

{
(nϵ)−

2β
β+1 , n−

2β
2β+1

}
from

below.

1



2 Classical Density Estimation

Let

P(L, β) =

{
p |p : [0, 1] → R+,

∫ 1

0

p(s)ds = 1, |p(s)− p(t)| ≤ L|s− t|β
}
,

with L ∈ (0,∞) and β ∈ (0, 1] be the set of continuous probability densities
on X = [0, 1], which are also in the set of Hölder continuous functions H(L, β).
Consider X1, ..., Xn, independent and identically distributed random variables
with probability density p ∈ P(L, β) with respect to the Lebesgue measure. The
sample size is n ∈ N and we will denote the n-fold product measure with respect
to p as Pp.

Definition 1. Let m ∈ N be the parameter that controls the number of bins
and their width. Define ∆1 := [0, 1

m ] and ∆k := (k−1
m , k

m ] for k = 2, ...,m.
∆k represents the k-th bin. Ck(X) := |

{
i
∣∣Xi ∈ ∆k

}
| =

∑n
i=1 1∆k

(Xi) is the

number of observations in the k-th bin. Then p̃n(s) := m
∑m

k=1
Ck

n 1∆k
(s) is

called the histogram density estimator at s ∈ [0, 1].

2.1 Upper bound in the classical setting

Theorem 2.1. Consider a p ∈ P(L, β), then an upper bound for the Mean
Integrated Squared Error (MISE) of p̃n is given by

Rp,n(p̃) := Ep[∥p̃n − p∥22] ≤
m

n
+ L2

(
1

m

)2β

.

Here Ep denotes the expectation with respect to Pp.

Proof. First consider the following decomposition of the MISE,

Ep[∥p̃n − p∥22] = Ep

[∫
X
(p̃n(x)− p(x))2dx

]
=

∫
X
Ep[(p̃n(x)− p(x))2]dx

=

∫
X
Ep[p̃n(x)

2 − 2p̃n(x)p(x) + p(x)2]dx

=

∫
X
Ep[p̃n(x)

2]− 2Ep[p̃n(x)]p(x) + p(x)2dx

=

∫
X
Ep[p̃n(x)

2]− Ep[p̃n(x)]
2 + Ep[p̃n(x)]

2 − 2Ep[p̃n(x)]p(x)

+ p(x)2dx

=

∫
X
Ep[p̃n(x)

2]− Ep[p̃n(x)]
2dx+

∫
X
Ep[p̃n(x)]

2

− 2Ep[p̃n(x)]p(x) + p(x)2)dx

=

∫
X
Ep[p̃n(x)

2]− Ep[p̃n(x)]
2dx+

∫
X
(Ep[p̃n(x)]− p(x))2dx

=

∫
X
V arp(p̃n(x))dx+

∫
X
Bias(p̃n(x))

2dx.
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We will consider these terms individually. For the variance term, an upper
bound can be found as follows,∫

X
V arp(p̃n(s))ds

=

∫
X
V arp

(
m

m∑
k=1

Ck

n
1∆k

(s)

)
ds =

m2

n2

∫
X
V arp

(
m∑

k=1

Ck1∆k
(s)

)
ds

=
m2

n2

[
m∑
j=1

∫
∆j

V arp

(
m∑

k=1

Ck1∆k
(s)

)
ds

]
=
m2

n2

[
m∑
j=1

∫
∆j

V arp (Cj) ds

]

=
m2

n2

[
m∑
j=1

V arp (Cj)
1

m

]
=
m

n2

[
m∑
j=1

V arp

(
n∑

i=1

1∆j
(Xi)

)]

=
m

n2

[
m∑
j=1

n∑
i=1

V arp
(
1∆j

(Xi)
) ]

=
m

n2

[
m∑
j=1

nV arp
(
1∆j

(X1)
) ]

=
m

n

[
m∑
j=1

V arp
(
1∆j (X1)

) ]
=
m

n

[
m∑
j=1

Ep[1∆j (X1)
2]− Ep[1∆j (X1)]

2

]

=
m

n

[
m∑
j=1

Ep[1∆j
(X1)]− Ep[1∆j

(X1)]
2

]

=
m

n

[
m∑
j=1

P (X1 ∈ ∆j)− P (X1 ∈ ∆j)
2

]
≤ m

n

[
m∑
j=1

P (X1 ∈ ∆j)

]
=
m

n
.
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Now for the Bias term,∫
X
[Bias(p̃n(s))]

2
ds

=

∫
X
[Ep(p̃n)− p(s)]

2
ds =

∫
X

[
Ep

(
m

m∑
k=1

Ck

n
1∆k

(s)

)
− p(s)

]2
ds

=

∫
X

[
m

n

m∑
k=1

Ep(Ck)1∆k
(s)− p(s)

]2
ds

=

∫
X

[
m

n

m∑
k=1

Ep

(
n∑

i=1

1∆k
(Xi)

)
1∆k

(s)− p(s)

]2
ds

=

m∑
j=1

∫
∆j

[
m

n

m∑
k=1

n∑
i=1

Ep (1∆k
(Xi))1∆k

(s)− p(s)

]2
ds

=

m∑
j=1

∫
∆j

[
m

n

m∑
k=1

n∑
i=1

P (Xi ∈ ∆k)1∆k
(s)− p(s)

]2
ds

=

m∑
j=1

∫
∆j

[
m

n

n∑
i=1

P (Xi ∈ ∆j)− p(s)

]2
ds

=

m∑
j=1

∫
∆j

[mP (X1 ∈ ∆j)− p(s)]
2
ds =

m∑
j=1

∫
∆j

[
m

∫
∆j

p(t)dt− p(s)

]2
ds

=

m∑
j=1

∫
∆j

[
m

(∫
∆j

p(t)− p(s)dt

)]2
ds.

Here p(s) = m
∫
∆j
p(s)dt was used, and∫

X
[Bias(p̃n(s))]

2
ds ≤

m∑
j=1

∫
∆j

[
m

(∫
∆j

|p(t)− p(s)|dt

)]2
ds

≤
m∑
j=1

∫
∆j

[
m

(∫
∆j

L

(
1

m

)β

dt

)]2
ds

=

m∑
j=1

∫
∆j

[
L

(
1

m

)β
]2
ds = L2

(
1

m

)2β

.

Therefore an upper bound for the MISE of p̃n is given by

Ep[∥p̃n − p∥22] ≤
m

n
+ L2

(
1

m

)2β

.

According to Tsybakov 2009, Theorem 1.1 the minimax optimal m is given

bym = n
1

2β+1 . Which leads to the following upper bound for the MISE: Ep[∥p̃n−
p∥22] ≤ n−

2β
2β+1 (L2 + 1).

4



2.2 Lower bound in the classical setting

This section is adapted from Tsybakov 2009, Chapter 2.

2.2.1 Reduction to minimax probability of error

This section follows Section 2.2 from Tsybakov 2009. Earlier we established an
upper bound for the MISE of p̃n given by

inf
p̃

sup
p∈P(L,β)

Rp,n(p̃) ≤ Cγn,

where γn := n−
2β

2β+1 and some constant C. To find a lower bound for this
expression, we start by considering

Ep[γ
−1
n ∥p̃n − p∥22] ≥ aPp(γ

−1
n ∥p̃n − p∥22 ≥ a) = aPp(∥p̃n − p∥22 ≥ aγn), (2.1)

where a > 0 and the Markov inequality was used. This fact gives rise to the
observation, that it is now enough to identify a lower boundary for this proba-
bility. A lower bound for the minimax MISE of p̃n can therefore be constructed
by considering a c such that

inf
p̃

sup
p∈P(L,β)

Pp(∥p̃n − p∥22 ≥ un) ≥ c,

where

un := aγn. (2.2)

Further observe that

inf
p̃

sup
p∈P(L,β)

Pp(∥p̃n − p∥22 ≥ un) ≥ inf
p̃

sup
p∈{p0,p1,...ph}

Pp(∥p̃n − p∥22 ≥ un),

where h ∈ N and {p0, p1, . . . ph} ⊆ P(L, β). If

∥pi − pj∥22 ≥ 4un for all i, j ∈ {0, 1, . . . , h} with i ̸= j (2.3)

then

Ppj
(∥p̃n − pj∥22 ≥ un) ≥ Ppj

(p∗ ̸= j), j ∈ {0, 1, . . . , h}. (2.4)

Here p∗ : Xn 7→ {0, 1, . . . , h} is the minimum distance test, given by

p∗ = arg min
0≤k≤h

∥p̃n − pk∥22.

Then inequality (2.4) follows from the fact that for k ̸= j

{p∗ ̸= j} = {arg min
0≤k≤h

∥p̃n − pk∥22 ̸= j}

⊆ {∥p̃n − pj∥22 ≥ min
0≤k≤h
k ̸=j

∥p̃n − pk∥22}

= {∥p̃n − pj∥2 ≥ min
0≤k≤h
k ̸=j

∥p̃n − pk∥2}.

5



The triangle inequality and (2.3) motivate the following observation:

∥pk − pj∥2 ≤ ∥pk − p̃n∥2 + ∥pj − p̃n∥2
=⇒ ∥p̃n − pk∥2 ≥ ∥pk − pj∥2 − ∥pj − p̃n∥2
=⇒ ∥p̃n − pk∥2 ≥

√
4un − ∥pj − p̃n∥2.

Therefore

{p∗ ̸= j} ⊆ {∥p̃n − pj∥2 ≥ min
0≤k≤h
k ̸=j

√
4un − ∥p̃n − pj∥2}

= {∥p̃n − pj∥2 ≥
√
4un − ∥p̃n − pj∥2}

= {∥p̃n − pj∥22 ≥ un}.

For {p0, p1, . . . , ph} that satisfy (2.3), it holds that

inf
p̃

sup
p∈{p0,p1,...ph}

Pp(∥p̃n − p∥22 ≥ un) ≥ inf
τ

max
0≤j≤h

Ppj (τ ̸= j), (2.5)

where infτ is the infimum of all tests and a test is defined as a Fn =: B((0, 1))n
measurable function τ : X 7→ {0, 1, . . . , h}. Therefore in order to find a lower
bound for the MISE of p̃n, it is sufficient to find a lower bound for

rh := inf
τ

max
0≤j≤h

Ppj
(τ ̸= j). (2.6)

2.2.2 Lower bound of the minimax probability of error

Theorem 2.2. (Proposition 2.2 in Tsybakov 2009) Consider probability mea-
sures P0, P1, P2, . . . , Ph on (Xn,Fn). Further define P a

0,1, P
a
0,2, . . . , P

a
0,h as the

absolutely continuous component of P0 with respect to P1, P2, . . . , Ph, respec-
tively. Then

rh ≥ supv>0
vh

1 + vh

 1

h

h∑
j=1

Pj

(
dP a

0,j

dPj
≥ v

) .

Proof. First let v > 0 and define Aj :=
{

dPa
0,j

dPj
≥ v
}

and observe that for any

test τ it holds that
⋃h

j=1{τ = j} = {τ ̸= 0} and that the events {τ = j} and
{τ = k} are disjoint for all j, k ∈ {0, 1, . . . , h} with j ̸= k. Thus we have

P0(τ ̸= 0) =

h∑
j=1

P0(τ = j) ≥
h∑

j=1

P a
0,j(τ = j)

≥ v

h∑
j=1

Pj({τ = j} ∩Aj),

where this inequality follows from∫
{τ=j}

dP a
0,j =

∫
{τ=j}

dP a
0,j

dPj
dPj ≥ v

∫
{τ=j}∩Aj

dPj ,

6



for all j ∈ {1, . . . , h}. Therefore

P0(τ ̸= 0) ≥ v

h∑
j=1

Pj({τ = j} ∩Aj)

= v

h∑
j=1

[Pj({τ = j})− Pj({τ = j} \Aj)]

≥ v

h∑
j=1

[Pj(τ = j)− Pj(A
c
j)]

= vh

 1

h

h∑
j=1

Pj(τ = j)

− v

h∑
j=1

Pj(A
c
j)

= vh(θ0 − α),

where θ0 := 1
h

∑h
j=1 Pj(τ = j) and α := 1

h

∑h
j=1 Pj

(
dPa

0,j

dPj
< v
)
. Now consider

max
0≤j≤h

Pj(τ ̸= j) = max

{
P0(τ ̸= 0), max

1≤j≤h
Pj(τ ̸= j)

}

≥ max

vh(θ0 − α),
1

h

h∑
j=1

Pj(τ ̸= j)


= max {vh(θ0 − α), 1− θ0}
≥ min

0≤θ≤1
max {vh(θ − α), 1− θ} .

Setting vh(θ − α) = 1− θ yields θ = vhα+1
vh+1 . With this

min
0≤θ≤1

max {vh(θ − α), 1− θ} = min
0≤θ≤1

max

{
vh(

vhα+ 1

vh+ 1
− α), 1− vhα+ 1

vh+ 1

}
=
vh(1− α)

1 + vh
.

Finally

max
0≤j≤h

Pj(τ ̸= j) ≥ min
0≤θ≤1

max {vh(θ − α), 1− θ} =
vh(1− α)

1 + vh

=
vh

1 + vh

 1

h

h∑
j=1

Pj

(
dP a

0,j

dPj
≥ v

) .

Definition 2. The Kullback–Leibler divergence between two probability mea-
sures P and Q is defined by

DKL(P,Q) :=

{∫
ln dP

dQdP, ifP ≪ Q,

+∞, otherwise.

7



Lemma 2.3. (Lemma 2.2 in Tsybakov 2009) If P and Q are product measures
of the form P =

⊗n
i=1 Pi and Q =

⊗n
i=1Qi, then

DKL(P,Q) =

n∑
i=1

DKL(Pi, Qi).

Lemma 2.4. (Lemma 2.5 in Tsybakov 2009) The second Pinsker’s inequality
states that if P ≪ Q, then∫

max

{
0, ln

dP

dQ

}
dP ≤ DKL(P,Q) +

√
DKL(P,Q)

2
.

For a proof of this lemma, see Appendix B.2.

Theorem 2.5. (Proposition 2.3 in Tsybakov 2009) Consider probability mea-
sures P0, P1, P2, . . . , Ph on (Xn,Fn), which satisfy

1

h

h∑
j=1

DKL(Pj , P0) ≤ η,

where η ∈ (0,∞). Then for rh as defined in (2.6) we get

rh ≥ sup
0<v<1

(
vh

1 + vh

(
1 +

η +
√

η
2

ln v

))
.

Proof. In light of Theorem 2.2 it is sufficient to verify that

1

h

h∑
j=1

Pj

(
dP a

0,j

dPj
≥ v

)
≥ 1 +

η +
√

η
2

ln v
,

for all v ∈ (0, 1). Because of the condition on the Kullback-Leibler divergence,

it immediatly follows that Pj ≪ P0 and
dPj

dP0
=

dPj

dPa
0,j

Pj-almost surely for all

j ∈ {1, . . . , h}. Therefore

Pj

(
dP a

0,j

dPj
≥ v

)
= Pj

(
dPj

dP0
≤ 1

v

)
= 1− Pj

(
ln
dPj

dP0
> ln

1

v

)
= 1− Pj

(
max

{
0, ln

dPj

dP0

}
+min

{
0, ln

dPj

dP0

}
> ln

1

v

)
≥ 1− Pj

(
max

{
0, ln

dPj

dP0

}
> ln

1

v

)
≥ 1− 1

ln 1
v

∫
max

{
0, ln

dPj

dP0

}
dPj ,

where the Markov inequality was used. Then

Pj

(
dP a

0,j

dPj
≥ v

)
≥ 1− 1

ln 1
v

∫
max

{
0, ln

dPj

dP0

}
dPj

≥ 1− 1

ln 1
v

(
DKL(Pj , P0) +

√
DKL(Pj , P0)

2

)
,

8



by the Pinsker inequality, Lemma 2.4. Now the following result is given by the
Jensen inequality,

1

h

h∑
j=1

√
DKL(Pj , P0) ≤

 1

h

h∑
j=1

DKL(Pj , P0)

 1
2

≤ √
η.

And therefore

1

h

h∑
j=1

Pj

(
dP a

0,j

dPj
≥ v

)
≥ 1− 1

ln 1
v

 1

h

h∑
j=1

[
DKL(Pj , P0) +

√
DKL(Pj , P0)

2

]
≥ 1−

η +
√

η
2

ln 1
v

= 1 +
η +

√
η
2

ln v
.

Theorem 2.6. (Theorem 2.5 in Tsybakov 2009) Let h ≥ 2 and consider
p0, p1, . . . , ph ∈ P(L, β), which satisfy the following conditions:

i. ∥pj − pk∥22 ≥ 4un > 0 for all 0 ≤ j < k ≤ h and

ii. 1
h

∑h
j=1DKL(Ppj , Pp0) ≤ η′ lnh,

where η′ ∈ (0, 18 ). Then

inf
p̃

sup
p∈P(L,β)

Pp(∥p̃− p∥22 ≥ un) ≥
√
h

1 +
√
h

(
1− 2η′ −

√
2η′

lnh

)
> 0.

Proof. We use Theorem 2.5 where we set η = η′ lnh and v = 1√
h
. With this we

get

rh ≥
1√
h
h

1 + 1√
h
h

1 +
η′ lnh+

√
η′ lnh

2

ln 1√
h


=

√
h

1 +
√
h

(
1− 2η′ −

√
2η′

lnh

)

≥
√
h

1 +
√
h

(
1−

(
2η′ +

√
2η′

ln 2

))

≥
√
h

1 +
√
h

(
1−

(
2

8
+

1

2
√
ln 2

))
> 0,

for η′ ∈ (0, 18 ). The claim follows with (2.5).

2.2.3 Construction of PDF candidates

This section follows Section 2.6.1 from Tsybakov 2009. Consider a c0 ∈ (0,∞)

and define wn :=
⌈
c0n

1
2β+1

⌉
, x+,k :=

k− 3
4

wn
and x−,k :=

k− 1
4

wn
. Further define

9



K(y) := exp
(
− 1

1−y2

)
1(−1,1)(y) and

ϕk(x;λ) := λL

(
1

wn

)β

(K (4wn(x− x+,k))−K (4wn(x− x−,k))) ,

where 0 < λ ≤ 1 sufficiently small and k ∈ {1, . . . , wn}. Now consider the
following partition of [0, 1], similar to the one employed in section 2, ∆1 :=
[0, 1

wn
] and ∆k := (k−1

wn
, k
wn

] for k ∈ {2, . . . , wn} and ∆+,1 = [0, 1
2wn

],∆−,1 =

( 1
2wn

, 1
wn

] and ∆+,k = (k−1
wn

, 2k−1
2wn

],∆−,k = ( 2k−1
2wn

, k
wn

].

Figure 1: Example of ϕ1(x;λ) with λ = L = β = 1 and wn = 3.

Figure 2: Example of ϕ1(x;λ) with λ = L = β = 1 and wn ∈ {3, 4, 5, . . . , 15}.
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Lemma 2.7. The function ϕk has the following properties:

i. ϕk(x;λ) = 0 for all x ∈ R \∆k and all k ∈ {1, . . . , wn},

ii.
∫ 1

0
(ϕk(x;λ))

2dx = λ2L2

2

(
1
wn

)2β+1

∥K∥22 for all k ∈ {1, . . . , wn},

iii.
∫ 1

0
ϕk(x;λ)dx = 0 for all k ∈ {1, . . . , wn} and

iv. |ϕk(x;λ)−ϕk(y;λ)| ≤ L|x− y|β with λ ≤ 5
8

1
4β

and for all k ∈ {1, . . . , wn}.

v. |ϕk(x;λ)| ≤ 1 with λ ≤ e
L for all x ∈ [0, 1] and for all k ∈ {1, . . . , wn}.

Proof. We start by proving the first statement. First observe that R \ ∆1 =
(−∞, 0) ∪ ( 1

wn
,∞) and R \∆k = (−∞, k−1

wn
] ∪ ( k

wn
,∞) for all k ∈ {2, . . . , wn}.

Then we will look at the first use of the function K for the case k = 1 first. It
is obvious that it is sufficient to examine the indicator function. We check for
which x ∈ R it holds that 1(−1,1)(4wn(x− x+,1)) = 1. Therefore

−1 < 4wn(x− x+,1) < 1 ⇐⇒ − 1

4wn
< x−

1− 3
4

wn
<

1

4wn

⇐⇒ 0 < x <
1

2wn
.

We have shown that 1(−1,1)(4wn(x− x+,1)) = 1 for all x ∈ (0, 1
2wn

) ⊂ ∆+,1 ⊆
∆1 and therefore K(4wn(x − x+,1)) = 0 for all x ∈ R \∆+,1 ⊇ R \∆1. It can
be shown in a similar fashion that K(4wn(x− x−,1)) = 0 for all x ∈ R \∆−,1 ⊇
R \ ∆1. This implies the desired result for k = 1, the proof for k = 2, . . . , wn

follows the same structure.
Now for the proof of the second statement. Let u+ = 4wn(x − x+,k) and

u− = 4wn(x− x−,k), then∫ 1

0

(ϕk(x;λ))
2dx =

∫ 1

0

(
λL

(
1

wn

)β

(K(u+)−K(u−))

)2

dx

= λ2L2

(
1

wn

)2β ∫ 1

0

(K(u+)−K(u−))
2
dx.

The next two equalities follow from Lemma 2.7.i and the observation that
K(4wn(x − x+,k)) = 0 for all x ∈ R \ ∆+,k and K(4wn(x − x−,k)) = 0 for
all x ∈ R \∆−,k for all k ∈ {1, . . . , wn}. Therefore∫ 1

0

(ϕk(x;λ))
2dx = λ2L2

(
1

wn

)2β ∫
∆k

(K(u+)−K(u−))
2
dx

= λ2L2

(
1

wn

)2β
(∫

∆+,k

(K(u+))
2dx+

∫
∆−,k

(K(u−))
2dx

)

= λ2L2

(
1

wn

)2β
1

4wn

(∫ 1

−1

(K(y))2dy +

∫ 1

−1

(K(y))2dy

)
=
λ2L2

2

(
1

wn

)2β+1

∥K∥22.
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The third statement follows immediately from the construction of ϕk.
To arrive at a proof of the fourth statement, we first show thatK is Lipschitz

continuous. Consider

K ′(x) =

−
2x exp

(
− 1

1−x2

)
(1−x2)2 , for − 1 < x < 1

0, otherwise

and

K ′′(x) =

 2(3x4−1) exp
(
− 1

1−x2

)
(1−x2)4 , for − 1 < x < 1

0, otherwise.

Setting K ′′(x) equal to zero on (−1, 1) provides x1,2 = ± 4

√
1
3 . Then for K ′

it holds that
∣∣∣K ′

(
± 4

√
1
3

)∣∣∣ ≤ 4
5 , and K is therefore Lipschitz continuous with

constant 4
5 . This in turn implies that K ∈ H( 45 , β). Then

|ϕk(x;λ)− ϕk(y)| = λL

(
1

wn

)β

|K(4wn(x− x+,k))−K(4wn(x− x−,k))

−K(4wn(y − x+,k)) +K(4wn(y − x−,k))|

≤ λL

(
1

wn

)β

(|K(4wn(x− x+,k))−K(4wn(y − x+,k))|

+ |K(4wn(x− x−,k))−K(4wn(y − x−,k))|)

≤ λL

(
1

wn

)β
(
4|4wn(x− x+,k)− 4wn(y − x+,k)|β

5

+
4|4wn(x− x−,k)− 4wn(y − x−,k)|β

5

)

= 8
4β

5
λL|x− y|β ≤ L|x− y|β ,

for λ ≤ 5
8

1
4β
.

For the fifth statement, let Kmax := maxx∈(−1,1)K(x) and consider

|ϕk(x;λ)| =

∣∣∣∣∣λL
(

1

wn

)β

(K(4wn(x− x+,k)−K(4wn(x− x−,k))

∣∣∣∣∣
≤

∣∣∣∣∣λL
(

1

wn

)β

Kmax

∣∣∣∣∣ =
∣∣∣∣∣λL

(
1

wn

)β

e−1

∣∣∣∣∣ ≤ ∣∣λLe−1
∣∣ ≤ 1,

for λ ≤ e
L .

Now consider Ω := {0, 1}wn , the set of all binary sequences of length wn.
Then define p0(x) = 1[0,1](x) and

Σ :=

{
pω(x) = p0(x) +

wn∑
k=1

ωkϕk(x;λ) : ω ∈ Ω

}
.

12



Now for ω, ω′ ∈ Ω,

∥pω − pω′∥22 =

∫ 1

0

(pω(x)− pω′(x))
2
dx

=

∫ 1

0

(
p0(x) +

wn∑
k=1

ωkϕk(x;λ)− p0(x)−
wn∑
k=1

ω′
kϕk(x;λ)

)2

dx

=

∫ 1

0

(
wn∑
k=1

(ωk − ω′
k)ϕk(x;λ)

)2

dx

=

wn∑
j=1

∫
∆j

(
wn∑
k=1

(ωk − ω′
k)ϕk(x;λ)

)2

dx.

Using Lemma 2.7.i and Lemma 2.7.ii we get

∥pω − pω′∥22 =

wn∑
j=1

(ωj − ω′
j)

2

∫
∆j

(ϕj(x;λ))
2
dx

=

wn∑
j=1

(ωj − ω′
j)

2λ
2L2

2

(
1

wn

)2β+1

∥K∥22

=
λ2L2

2

(
1

wn

)2β+1

∥K∥22dham(ω, ω′). (2.7)

Here dham(ω, ω′) denotes the Hamming distance between ω and ω′, i.e. the
number of differing components between the vectors.

Lemma 2.8. If 0 ≤ λ ≤ e
L , then pω ∈ Σ is a probability density function.

Proof. With Lemma 2.7.iii it immediately follows that∫ 1

0

pω(x)dx =

∫ 1

0

p0(x) +

wn∑
k=1

ωkϕk(x;λ)dx = 1.

Then according to Lemma 2.7.v, for x ∈ ∆j

pω(x) = p0(x) +

wn∑
k=1

ωkϕk(x;λ) = p0(x) + ωjϕj(x;λ) ≥ p0(x)− ωk = 0,

for all j ∈ {1, . . . , wn}.

As it was established in Section 2.2.1, we need to construct functions pj,n,

where j ∈ {0, . . . , wn} such that ∥pj,n − pk,n∥22 > 4un ∝ n−
2β

2β+1 for j ̸= k.
This can be accomplished with the previous construction, where ∥pω − pω′∥22 =

L2

2

(
1
wn

)2β+1

∥K∥22dham(ω, ω′) ∝
(

1
wn

)2β+1

dham(ω, ω′). With this considera-

tion, it is sufficient that dham(ω, ω′) ∝ wn.
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2.2.4 Lower bound of the MISE

Theorem 2.9. (Lemma 2.9 in Tsybakov 2009) The Varshamov–Gilbert bound
states that for n ≥ 8 there exists N ≥ 2

n
8 and {ω(0), . . . , ω(N)} ⊆ Ω := {0, 1}n

such that ω(0) = (0, . . . , 0) and

dham(ω(i), ω(j)) ≥ n

8
,

for all i, j ∈ {0, . . . , N} with i ̸= j.

A proof of this theorem is given in Appendix B.1.

Theorem 2.10. (Theorem 2.8 in Tsybakov 2009) Let L > 0 and β > 0, then
there exists c > 0, such that

lim inf
n→∞

inf
p̃n

sup
p∈P(L,β)

Ep(n
2β

2β+1 ∥p̃n − p∥22) ≥ c.

Proof. Let {ω(0), ω(1), . . . , ω(N)} ⊆ Ω = {0, 1}wn as in Theorem 2.9 and let
η′ ∈ (0, 18 ). Further define pj,n := pω(j) and Pj,n as the probability measure
with respect to pj,n for all j ∈ {0, . . . , N}. Additionally let Pn

j,n denote the
n-fold product measure with respect to pj,n for all j ∈ {0, . . . , N} and let 0 <
λ < min

{
e
L ,

5
8

1
4β

}
. We check the assumptions of Theorem 2.6, in order to apply

it. Therefore we examine if the following holds true:

a. ∥pj,n − pk,n∥22 ≥ 4un for all j, k ∈ {0, . . . , N} with j ̸= k,

b. pj,n ∈ P(L, β) for all j ∈ {0, . . . , N} and

c. 1
N

∑N
j=1DKL(P

n
j,n, P

n
0,n) ≤ η′ lnN .

For the first assumption, we recall (2.7),

∥pj,n − pk,n∥22 = ∥pω(j) − pω(k)∥22 =
λ2L2

2

(
1

wn

)2β+1

∥K∥22dham(ω(j), ω(k)).

With Theorem 2.9

∥pj,n − pk,n∥22 ≥ λ2L2

2

(
1

wn

)2β+1

∥K∥22
wn

8
=
λ2L2

16

(
1

wn

)2β

∥K∥22,

for all wn ≥ 8. Now set n0 =
(

8
c0

)2β+1

, then for all n ≥ n0 we have

wn =
⌈
c0n

1
2β+1

⌉
≥

c0
((

8

c0

)2β+1
) 1

2β+1

 = 8,

and

w2β
n =

⌈
c0n

1
2β+1

⌉2β
≤
(
1 +

1

8

)2β

c2β0 n
2β

2β+1 ≤ (2c0)
2βn

2β
2β+1 .

14



We can therefore conclude that

∥pj,n − pk,n∥22 ≥ λ2L2

16

(
1

wn

)2β

∥K∥22

≥ λ2L2

16
(2c0)

−2βn−
2β

2β+1 ∥K∥22 = 4un,

where un, defined in (2.2), is given by un = an−
2β

2β+1 and a = λ2L2

64 (2c0)
−2β∥K∥22.

For the second assumption, recall the definition of pj,n,

pj,n(x) := pω(j)(x) := p0(x) +

wn∑
k=1

ω
(j)
k ϕk(x;λ),

where ω(j) ∈ Ω. p0(x) is a constant function on [0, 1] and according to Lemma
2.7.iv we have that ϕk ∈ H(L, β). Since all ϕk have disjoint support, it follows
that pj,n ∈ P(L, β) on [0, 1] for all j ∈ {0, . . . , N}.

For the third assumption, we use Lemma 2.3 and Lemma B.4

DKL(P
n
j,n, P

n
0,n) = nDKL(Pj,n, P0,n) ≤ nX 2(Pj,n, P0,n) (2.8)

= n

∫ 1

0

(
pj,n(x)

p0,n(x)
− 1

)2

p0,n(x)dx

= n

∫ 1

0

(pj,n(x)− 1)
2
dx

= n

∫ 1

0

(
p0(x) +

(
wn∑
k=1

ω
(j)
k ϕk(x;λ)

)
− 1

)2

dx

= n

wn∑
i=1

∫
∆i

(
wn∑
k=1

ω
(j)
k ϕk(x;λ)

)2

dx

= n

wn∑
i=1

∫
∆i

(
ω
(j)
i ϕi(x)

)2
dx

= n

wn∑
i=1

(
ω
(j)
i

)2 ∫
∆i

(ϕi(x))
2
dx

≤ n

wn∑
i=1

∫
∆i

(ϕi(x))
2
dx = n

wn∑
i=1

∫ 1

0

(ϕi(x))
2
dx.

Using Lemma 2.7.ii we get

DKL(P
n
j,n, P

n
0,n) ≤ nwn

λ2L2

2

(
1

wn

)2β+1

∥K∥22

≤ n
λ2L2

2

(
1

c0n
1

2β+1

)2β

∥K∥22 (2.9)

=
λ2L2

2
c
−(2β+1)
0 n

1
2β+1 ∥K∥22.
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Setting c0 =
(

λ2L2∥K∥2
2

2η′

) 1
2β+1

then for all n ≥ max

{
n0,

⌈(
8

ln 2

) 2β+1
2β

⌉}
we have

DKL(P
n
j,n, P

n
0,n) ≤ η′n

1
2β+1 ≤ η′ lnN.

All assumptions of Theorem 2.6 are fulfilled, therefore for all estimators p̃n it
holds that

sup
p∈P(L,β)

Pp(∥p̃n − p∥22 ≥ un) ≥
√
N

1 +
√
N

(
1− 2η′ −

√
2η′

lnN

)
> 0.

The claim follows from this observation.

This result, along with the one obtained in Section 2.1, implies that

C ≥ lim inf
n→∞

inf
p̃

sup
p∈P(L,β)

n
2β

2β+1Rp,n(p̃) ≥ c,

for some constants c > 0 and C < ∞. Therefore n−
2β

2β+1 is the rate of conver-
gence of the MISE of p̃n.
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3 Density Estimation under Differential Privacy

3.1 Differential Privacy

The goal of Differential Privacy can be understood as a type of reassurance for
an individual in a database. No amount of auxiliary information, be it in the
form of private knowledge about the individual or publicly available databases,
should help with the identification of an individual. Note that preserving pri-
vacy specifies not being able to identify an individual in a database, but does
not forbid learning anything about said individual. To see this, consider an
example, where a dental clinic releases a database. Suppose this database al-
lows one to conclude that excessive sugar consumption causes an increase in
the probability of developing caries. Then for every individual in this database,
some information was gained. But this conclusion would have been reached
regardless of whether a single individual was included in the database or not.
Therefore the only reservations an individual should have about being in the
database should be if there is a risk of identification. Differential privacy is a
technique developed for this purpose.

Definition 3. Let (X ,F) and (Z,G) be measurable spaces. A function Q :
X × G −→ [0, 1] is called a Markov kernel if it has the following properties

i. G 7→ Q(G|x) is a probability measure on (Z,G) for every x ∈ X ,

ii. x 7→ Q(G|x) is F measurable for every G ∈ G.

A Markov kernel is sometimes called a channel.

Definition 4. (Dwork 2006) Consider Xn = [0, 1]n and the measurable spaces
(Xn,Fn) and (Y,G). For x, x′ ∈ Xn define the Hamming distance between x
and x′ as dham(x, x′) = |{i : xi ̸= x′i}|, i.e. the number of differing observations.
Let ϵ ∈ (0,∞), a Markov kernel Q : Xn × G −→ [0, 1] is ϵ-differentially private if
for all measurable G ∈ G and x, x′ ∈ Xn with dham(x, x′) ≤ 1 it holds that

Q(G|x) ≤ eϵQ(G|x′).

The ϵ in the definition of Differential Privacy is called the privacy level, or
the privacy budget. Higher values of ϵ represent ”weaker” privacy protection,
lower values ”stronger”.

Definition 5. The Laplace distribution is a family of continuous probability
distributions defined on R. The probability density function of an univariate
Laplace distribution is given by f (x;µ, α) = α

2 exp (−|x− µ|α), where µ ∈ R is
the location and α ∈ (0,∞) the rate parameter.

Throughout the upcoming sections, the notation Lap(µ, α) will be employed
for a Laplace distribution with parameters µ and α. When µ = 0, Lap(α) will
be used.

Let Z := Rm and G0 := B(Rm) and consider W1,W2, . . .Wm, a sample
of size m of independent and identically distributed random variables from a
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Lap( ϵ2 ) distribution. Further define for x ∈ Rn

C(x) :=


C1(x)
C2(x)

...
Cm(x)

 ∈ Nm
0 and W :=


W1

W2

...
Wm

 ∈ Rm,

where Ck(x) with k = 1, . . . ,m is specified as in Section 2, that is Ck(x) :=
|
{
i
∣∣Xi ∈ ∆k

}
| =

∑n
i=1 1∆k

(Xi) with ∆1 := [0, 1
m ] and ∆k := (k−1

m , k
m ] for

k = 2, ...,m. Further recall that X1, ..., Xn are independent and identically
distributed random variables with probability density p ∈ P(L, β). Consider
now the estimator p̂n(s) := m

∑m
k=1

Zk

n 1∆k
(s) = p̃n(s) +m

∑m
k=1

Wk

n 1∆k
(s) =:

p̃n(s) + q̂n(s), where Zk := [C(X) +W ]k and Z := (Z1, Z2, . . . , Zm)⊤. Let Q0

denote the conditional distribution Z|X = x.

Lemma 3.1. The channel Q0 is ϵ-differentially private.

Proof. First consider

sup
x,x′∈Xn

dham(x,x′)≤1

∥C(x)− C(x′)∥1

= sup
x,x′∈Xn

dham(x,x′)≤1

m∑
k=1

|Ck(x)− Ck(x
′)|

= sup
x,x′∈Xn

dham(x,x′)≤1

m∑
k=1

∣∣∣∣∣
n∑

i=1

1∆k
(xi)−

n∑
i=1

1∆k
(x′i)

∣∣∣∣∣
= sup

x,x′∈Xn

m∑
k=1

|1∆k
(x)− 1∆k

(x′)| = 2.

Now consider the distributions of Zk|X = x ∼ [W + C(x)]k and Zk|X =
x′ ∼ [W + C(x′)]k which are given by a Lap(Ck(x),

ϵ
2 ) and a Lap(Ck(x

′), ϵ2 )
distribution respectively. Now define fZ|X=x :=

∏m
k=1 f

(
zk;Ck(x),

ϵ
2

)
and

Q0(G|x) :=
∫
G
fZ|X=x(z)dλ(z), for all G ∈ G0. Therefore

Q0(G|x)
Q0(G|x′)

=

∫
G

∏m
k=1 f

(
z;Ck(x),

ϵ
2

)
dλ(z)∫

G

∏m
k=1 f

(
z;Ck(x′),

ϵ
2

)
dλ(z)

.

To ensure ϵ-Differential Privacy of the channel Q0 it is therefore sufficient to
consider the quotient of the two Laplace densities at a single point z ∈ Rm,
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fZ|X=x(z)

fZ|X=x′(z)
=

m∏
k=1

ϵ
4 exp

(
− |zk−Ck(x)|ϵ

2

)
ϵ
4 exp

(
− |zk−Ck(x′)|ϵ

2

) =

m∏
k=1

exp
(
− |zk−Ck(x)|ϵ

2

)
exp

(
− |zk−Ck(x′)|ϵ

2

)
=

m∏
k=1

exp

(
−|zk − Ck(x)|ϵ

2
+

|zk − Ck(x
′)|ϵ

2

)

=

m∏
k=1

exp

(
(|zk − Ck(x

′)| − |zk − Ck(x)|)ϵ
2

)

≤
m∏

k=1

exp

(
|Ck(x

′)− Ck(x)|ϵ
2

)
= exp

(∑m
k=1 |Ck(x

′)− Ck(x)|ϵ
2

)
= exp

(
∥C(x′)− C(x)∥1ϵ

2

)
≤ exp

(
2ϵ

2

)
= exp (ϵ).

3.2 Upper bound in the DP setting

Theorem 3.2. Consider a p ∈ P(L, β), then an upper bound for the MISE of
p̂n is given by

Rp,n,ϵ(p̂) = Epq[∥p̂n − p∥22] ≤ 8
(m
nϵ

)2
+
m

n
+ L2

(
1

m

)2β

.

Here Epq is understood to be the expectation with respect to Z, where X ∼ p
and Z|X = x ∼ Q0(·|x).

Proof. First consider the following decomposition of the MISE,

Epq[∥p̂n − p∥22] = Epq

[
∥p̃n + q̂n − p∥22

]
= Epq

[
∥q̂n∥22 + ∥p̃n − p∥22 + 2⟨q̂n, p̃n − p⟩

]
= Epq

[
∥q̂n∥22

]
+ Epq

[
∥p̃n − p∥22

]
+ 2Epq [⟨q̂n, p̃n − p⟩] .

Then for the last term in the most recent equation we get,

Epq [⟨q̂n, p̃n − p⟩] = Epq

[∫
X
q̂n(s)(p̃n(s)− p(s))ds

]
= Epq

[∫
X
m

m∑
k=1

Wk

n
1∆k

(s)(p̃n(s)− p(s))ds

]

=

∫
X
m

m∑
k=1

Epq [Wk]

n
1∆k

(s)Epq [(p̃n(s)− p(s))] ds

=

∫
X
m

m∑
k=1

0

n
1∆k

(s)Epq [(p̃n(s)− p(s))] ds = 0. (3.1)
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A justification for the exchange of integrals in (3.1) is given in Appendix A.1.
Therefore the MISE of p̂n is given by

Epq[∥p̂n − p∥22] = Epq

[
∥q̂n∥22

]
+ Epq

[
∥p̃n − p∥22

]
.

An upper bound for the second expression was established in Theorem 2.1. The
first expression can be written as

Epq

[
∥q̂n∥22

]
= Epq

∫
X

(
m

m∑
k=1

Wk

n
1∆k

(s)

)2

ds


= Epq

 m∑
j=1

∫
∆j

(
m

m∑
k=1

Wk

n
1∆k

(s)

)2

ds


= Epq

 m∑
j=1

∫
∆j

(
m
Wj

n

)2

ds


= Epq

 m∑
j=1

m2

n2
W 2

j

∫
∆j

ds

 =

m∑
j=1

m

n2
Epq

[
W 2

j

]
=

m∑
j=1

m

n2
8

ϵ2
= 8

(m
nϵ

)2
.

Therefore an upper bound for the MISE of p̂n is given by

Epq[∥p̂n − p∥22] ≤ 8
(m
nϵ

)2
+
m

n
+ L2

(
1

m

)2β

.

To explore the asymptotic behaviour of this expression, the relationship

between
(
m
nϵ

)2
and m

n is crucial. Recall from Section 2, the minimax optimal

m was given by m = n
1

2β+1 , where the expression to bound was m
n + L2

(
1
m

)2β
.

This m was established by setting m
n =

(
1
m

)2β
, a natural course of action is

therefore setting (m
nϵ

)2
=

(
1

m

)2β

m2 =
(nϵ)2

m2β

m = (nϵ)
1

1+β .

Now consider these two candidates for m. First let m = n
1

2β+1 , which leads to

8
(m
nϵ

)2
+
m

n
+ L2

(
1

m

)2β

= 8

(
n

1
2β+1

nϵ

)2

+
n

1
2β+1

n
+ L2

(
1

n
1

2β+1

)2β

=
8

ϵ2
n−

4β
2β+1 + n−

2β
2β+1 + L2n−

2β
2β+1

=
8

ϵ2
n−

4β
2β+1 + (1 + L2)n−

2β
2β+1 .
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To find the dominant term, we compare n−
2β

2β+1 and 1
ϵ2n

− 4β
2β+1 ,

1

ϵ2
n−

4β
2β+1 ≤ n−

2β
2β+1

1

ϵ2
≤ n−

2β
2β+1n

4β
2β+1

ϵ2 ≥ n−
2β

2β+1 .

If we set m = (nϵ)
1

β+1 on the other hand, we observe

8
(m
nϵ

)2
+
m

n
+ L2

(
1

m

)2β

= 8

(
(nϵ)

1
β+1

nϵ

)2

+
(nϵ)

1
β+1

n
+ L2

(
1

(nϵ)
1

β+1

)2β

= 8(nϵ)−
2β

β+1 + ϵ
1

β+1n−
β

β+1 + L2(nϵ)−
2β

β+1

= (8 + L2)(nϵ)−
2β

β+1 + ϵ
1

β+1n−
β

β+1 .

Again, the dominant term is found by a comparison between (nϵ)−
2β

β+1 and

ϵ
1

β+1n−
β

β+1 ,

(nϵ)−
2β

β+1 ≥ ϵ
1

β+1n−
β

β+1

ϵ−
2β+1
β+1 ≥ n

β
β+1

ϵ ≤ n−
β

2β+1

ϵ2 ≤ n−
2β

2β+1 .

This leads to the following observations about the asymptotic behaviour of the

MISE of p̂n: If ϵ
2 ≥ n−

2β
2β+1 , set m = n

1
2β+1 and obtain Rp,n,ϵ(p̂) = O

(
n−

2β
2β+1

)
.

Otherwise set m = (nϵ)
1

β+1 to obtain Rp,n,ϵ(p̂) = O
(
(nϵ)−

2β
β+1

)
. With this, one

obtains an upper bound for the asymptotic behaviour of the MISE of p̂n, given

by Rp,n,ϵ(p̂) ≤ Cmax
{
(nϵ)−

2β
β+1 , n−

2β
2β+1

}
for some C ∈ (0,∞).

3.3 Lower bound in the DP setting

3.3.1 Reduction in the DP setting

We employ a similar reduction as in Section 2.2.1. Let E be the set of ϵ-DP
estimators. Then the earlier established upper bound for the MISE of p̂n given
by

inf
p̂∈E

sup
p∈P(L,β)

Rp,n,ϵ(p̂) ≤ Cζn,ϵ,

where ζn,ϵ := max
{
(nϵ)−

2β
β+1 , n−

2β
2β+1

}
and some constant C. With the same

approach as in (2.1) and γn,ϵ := max
{
(nϵ)−2, n−

2β
2β+1

}
, we construct a lower

bound for the MISE of p̂n with a c such that

inf
p̂∈E

sup
p∈P(L,β)

Ppq(∥p̂n − p∥22 ≥ un,ϵ) ≥ c,
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where un,ϵ := aγn,ϵ for a > 0. If

∥pi − pj∥22 ≥ 4un,ϵ for all i, j ∈ {0, 1, . . . , h} and i ̸= j (3.2)

then

Ppjq(∥p̂n − pj∥22 ≥ un,ϵ) ≥ Ppjq(p
∗ ̸= j), j ∈ {0, 1, . . . , h}. (3.3)

Here p∗ : Z 7→ {0, 1, . . . , h} is the minimum distance test, given by

p∗ = arg min
0≤k≤h

∥p̂n − pk∥22.

Then proof of inequality (3.3) follows the same structure as the proof of (2.4).
For {p0, p1, . . . , ph} that satisfy (3.2), it holds that

inf
p̂∈E

sup
p∈{p0,p1,...ph}

Ppq(∥p̂n − p∥22 ≥ un,ϵ) ≥ inf
τ

max
0≥j≥h

Ppjq(τ ̸= j), (3.4)

where infτ is the infimum of all tests and a test is defined as a Fn mea-
surable function τ : Z 7→ {0, 1, . . . , h}. Therefore in order to find a lower
bound for the MISE of p̂n, it is sufficient to find a lower bound for rh :=
infτ max0≥j≥h Ppjq(τ ̸= j).

3.3.2 Lower bound of the MISE

Consider now datasets X(0), . . . , X(h), where X(i) ∈ Xn for all i ∈ {0, . . . , h}.

Theorem 3.3. (Theorem 6 in Lalanne, Garivier, and Gribonval 2023) If Q is
an ϵ-DP privacy channel and τ : Z 7→ {0, 1, . . . , h}, then

1

h+ 1

h∑
j=0

Q(τ ̸= j|X(j)) ≥ 1−
1 + ϵ

(h+1)2

∑h
j=0

∑h
i=0 dham(X(i), X(j))

ln(h+ 1)

=: sϵ(X
(0), . . . , X(h)).

A proof for this theorem is given in Appendix C.1.

Theorem 3.4. (Theorem 5 in Lalanne, Garivier, and Gribonval 2023) Let
Q ∈ E be a privacy channel. Then for any probability distributions p0, p1, . . . , ph
on Xn it holds that

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥ sup
R∈Π(Pp0

,...,Pph
)

∫
(Xn)(h+1)

sϵdR,

where Π(Pp0
, . . . , Pph

) is the set of distributions with Pp0
, . . . , Pph

as their
marginal distributions.

Proof. First observe that

max
0≥j≥h

Ppjq(τ ̸= j) ≥ 1

h+ 1

h∑
j=0

Ppjq(τ ̸= j)

=

∫
(Xn)(h+1)

1

h+ 1

h∑
j=0

Q(τ ̸= j|X(j))dR,
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then with Theorem 3.3

max
0≥j≥h

Ppjq(τ ̸= j) ≥
∫
(Xn)(h+1)

sϵdR.

Theorem 3.5. (Theorem 3 in Lalanne, Garivier, and Gribonval 2023) Let
Q ∈ E be a privacy channel. Then for any probability distributions p0, p1, . . . , ph
on Xn and probability measure R with Ppi

≪ R for all i ∈ {0, . . . , h} it holds
that

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥ 1−
1 + 1

h+1

∑h
j=0DKL(Ppj

, R)

ln(h+ 1)
.

If the probability measures are of the form Pn
pi

= P
⊗

n
pi , that is they are n-fold

product measures with respect to pi for all i ∈ {0, . . . , h}, then it holds that

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥ 1−
1 + nϵ

(h+1)2

∑h
j=0

∑h
i=0

2δ(Ppi
,Ppj )

1+δ(Ppi
,Ppj )

ln(h+ 1)
,

where δ is the total variation distance, Definition 6.

A proof is given in Appendix C.2.

Theorem 3.6. Let L, β, ϵ > 0, then there exists c > 0, such that

lim inf
n→∞

inf
p̂n∈E

sup
p∈P(L,β)

Epq

(
max

{
(nϵ)−

2β
β+1 , n−

2β
2β+1

}
∥p̂n − p∥22

)
≥ c.

Proof. Consider the construction of PDF alternatives, Section 2.2.3, with wn =⌈
c1 max

{
(nϵ)

1
β+1 , n

1
2β+1

}⌉
, where c1 > 0 and 0 < λ < max

{
e
L ,

5
8

1
4β

}
. Then we

will use Theorem 3.5 with the alternatives pj,n := pω(j) for j ∈ {0, 1, . . . , N},
with N as in Theorem 2.9 and proceed by cases.

Case 1: n
1

2β+1 > (nϵ)
1

β+1 . Similar as in the Proof of assumption a in Theo-
rem 2.10 we conclude that

∥pj,n − pk,n∥22 ≥ λ2L2

16

(
1

wn

)2β

∥K∥22

≥ λ2L2

16
(2c1)

−2βn−
2β

2β+1 ∥K∥22 = 4un,ϵ,

for all n > n1 where n1 =
(

8
c1

)2β
and un,ϵ defined in the paragraph preceding

display (3.2), is given by un,ϵ = an−
2β

2β+1 and a = λ2L2

64 (2c1)
−2β∥K∥22. Let

Pj,n be the probability measure with respect to pj,n for all j ∈ {0, . . . , N}
and let Pn

j,n denote the n-fold product measure with respect to pj,n for all
j ∈ {0, . . . , N}, then according to Theorem 3.5 and the fact that Pn

j,n ≪ Pn
0,n

for all j ∈ {0, . . . , N},

max
0≥j≥N

Pj,nq(τ ̸= j) ≥ 1−
1 + 1

N+1

∑N
j=0DKL(P

n
j,n, P

n
0,n)

ln(N + 1)
,
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then with (2.8)

≥ 1−
1 + 1

N+1

∑N
j=0

λ2L2

2 c
−(2β+1)
1 n

1
2β+1 ∥K∥22

ln(N + 1)
.

Now setting c1 =
(

λ2L2∥K∥2
2

2

) 1
2β+1

and defining n2 as the smallest n satisfying

1 + n
1

2β+1 < ln(N + 1) provides

max
0≥j≥N

Pj,nq(τ ̸= j) ≥ 1− 1 + n
1

2β+1

ln(N + 1)
> 0,

for all n > max{n1, n2}.

Case 2: (nϵ)
1

β+1 ≥ n
1

2β+1 . With a similar argumentation as in Case 1 we
arrive at

∥pj,n − pk,n∥22 ≥ λ2L2

16

(
1

wn

)2β

∥K∥22

≥ λ2L2

16
(2c1)

−2β(nϵ)−
2β

β+1 ∥K∥22 = 4un,ϵ,

for all n ≥ n3 =

(
8

ϵ
1
β c1

)β+1

, where un,ϵ, defined in the paragraph preceding

display (3.2), is given by un,ϵ = a(nϵ)−
2β

β+1 and a = λ2L2

64 (2c1)
−2β∥K∥22. Then

again with Theorem 3.5 we get

max
0≥j≥N

Pj,nq(τ ̸= j) ≥ 1−
1 + nϵ

N+12

∑N+1
j=1

∑N+1
i=1

2δ(Pi,n,Pj,n)
1+δ(Pi,n,Pj,n)

lnN + 1
.

Now consider the Total variation distance between Pi,n and Pj,n,

δ (Pi,n, Pj,n) =
1

2

∫
|pi,n(x)− pj,n(x)| dx

=
1

2

∫ ∣∣∣∣∣
wn∑
k=1

ω
(i)
k ϕk(x, λ)−

wn∑
k=1

ω
(j)
k ϕk(x, λ)

∣∣∣∣∣ dx
=

1

2

∫ ∣∣∣∣∣
wn∑
k=1

(
ω
(i)
k − ω

(j)
k

)
ϕk(x, λ)

∣∣∣∣∣ dx ≤ 1

2

∫ ∣∣∣∣∣
wn∑
k=1

ϕk(x, λ)

∣∣∣∣∣ dx
= wn

∫
∆+,1

ϕ1(x, λ)dx = wn

∫ 1

0

1

4wn
λL

(
1

wn

)β

K(u)du

≤ λL

8

(
1

wn

)β

.
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Therefore

max
0≥j≥N

Pj,nq(τ ̸= j) ≥ 1−
1 + nϵ

N+12

∑N+1
j=1

∑N+1
i=1

2δ(Pi,n,Pj,n)
1+δ(Pi,n,Pj,n)

ln(N + 1)

≥ 1−
1 + nϵ

N+12

∑N+1
j=1

∑N+1
i=1

λL
4 ( 1

wn
)
β

1+λL
8 ( 1

wn
)
β

ln(N + 1)

≥ 1−
1 + nϵ

λL
4 c−β

1 (nϵ)
− β

β+1

1+λL
8 c−β

1 (nϵ)
− β

β+1

ln(N + 1)
= 1−

1 +
λL
4 c−β

1 (nϵ)
1

β+1

1+λL
8 c−β

1 (nϵ)
− β

β+1

ln(N + 1)
.

Setting c1 =
(
λL
4

)β
leads to

max
0≥j≥N

Pj,nq(τ ̸= j) ≥ 1−
1 + (nϵ)

1
β+1

1+ 1
2 (nϵ)

− β
β+1

ln(N + 1)
≥ 1− 1 + (nϵ)

1
β+1

ln(N + 1)
> 0,

for all n > n4, where n4 is defined as the smallest n satisfying 1 + (nϵ)
1

β+1 <
ln(N + 1) provides. Then the claim follows from (3.4).

Taking this lower bound, and the upper bound from Section 3.2, we get

C ≥ inf
p̃

sup
p∈P(L,β)

max
{
(nϵ)

2β
β+1 , n

2β
2β+1

}
Rp,n,ϵ(p̂) ≥ c,

for all n ≥ n0, where n0 = max {n1, n2, n3, n4} and for some constants c > 0

and C < ∞. Therefore max
{
(nϵ)−

2β
β+1 , n−

2β
2β+1

}
is the rate of convergence of

the MISE of p̂n.
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A Appendix: Auxiliary results of Section 2

A.1 Justification for the exchange of integrals

In Equation (3.1), the following exchange of integrals takes place,

Epq

[∫
X
m

m∑
k=1

Wk

n
1∆k

(s)(p̃n(s)− p(s))ds

]

=

∫
X
m

m∑
k=1

Epq [Wk]

n
1∆k

(s)Epq [(p̃n(s)− p(s))] ds.

To ensure the validity of this step, we have to check if the expression is absolutely
integrable and that Wk and p̂n are stochastically independent. The indepen-
dence of Wk and p̂n is obvious, as Wk is a random variable from a Lap( ϵ2 ) and
p̂n is based on X1, . . . , Xn. Therefore

Epq

[∫
X

∣∣∣∣∣m
m∑

k=1

Wk

n
1∆k

(s)(p̃n(s)− p(s))

∣∣∣∣∣ ds
]

≤ Epq

 m∑
j=1

∫
∆j

∣∣∣∣∣m
m∑

k=1

Wk

n
1∆k

(s)

∣∣∣∣∣ |p̃n(s)− p(s)| ds


= Epq

 m∑
j=1

∫
∆j

∣∣∣m
n
Wj

∣∣∣ |p̃n(s)− p(s)| ds


= Epq

 m∑
j=1

∣∣∣m
n
Wj

∣∣∣ ∫
∆j

|p̃n(s)− p(s)| ds

 .
We will consider the last term inside the expected value separately,

∫
∆j

|p̃n(s)− p(s)| ds =
∫
∆j

∣∣∣∣∣mn
m∑

k=1

Ck1∆k
(s)− p(s)

∣∣∣∣∣ ds =
∫
∆j

∣∣∣m
n
Cj − p(s)

∣∣∣ ds
≤
∫
∆j

∣∣∣m
n
Cj

∣∣∣+ |p(s)| ds ≤
∫
∆j

|m|+ |p(s)| ds

=

∫
∆j

m+ p(s)ds ≤ 2.

With this result, the expected value can now be bounded by

Epq

[∫
X

∣∣∣∣∣m
m∑

k=1

Wk

n
1∆k

(s)(p̃n(s)− p(s))

∣∣∣∣∣ ds
]
≤ Epq

 m∑
j=1

∣∣∣m
n
Wj

∣∣∣ 2


= Epq

[
2m2

n
|Wj |

]
=

2m2

n
Epq [|Wj |] =

2m2

n

ϵ

2
=
m2ϵ

n
<∞.

The exchange of integrals is therefore justified.
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A.2 Hoeffding’s lemma

Lemma A.1. For any random variable Y with a ≤ Y ≤ b almost surely, we
have

E [exp (αY )] ≤ exp

(
αE[Y ] +

α2(b− a)2

8

)
,

with α ∈ R. This is known as Hoeffding’s lemma.

Proof. First observe that the inequality can be restated as

E [exp (α(Y − E[Y ]))] ≤ exp

(
α2(b− a)2

8

)
.

Therefore, for the variable Ỹ = Y − E[Y ] is holds that E[Ỹ ] = 0. So without
loss of generality, we can assume that E[Y ] = 0. Because of the convexity of
f(x) = exp (αx) we have

exp (αx) ≤ b− x

b− a
exp (αa) +

x− a

b− a
exp (αb),

for all x ∈ [a, b]. Therefore

E[exp (αY )] ≤ b− E[Y ]

b− a
exp (αa) +

E[Y ]− a

b− a
exp (αb)

=
b

b− a
exp (αa) +

−a
b− a

exp (αb) = exp (g (α(b− a))),

where g(u) = ua
b−a + ln

(
1 + a(1−exp (u))

b−a

)
. Then for the function g we have

• g(0) = ln(1) = 0,

• g′(u) = a
b−a +

− exp(u)a
b−a

1+
a−exp(u)a

b−a

= a
b−a − exp(u)a

b−a exp(u) ,

• g′(0) = 0 and

• g′′(u) = − exp(u)ab
(b−a exp(u))2 .

The fact that E[Y ] = 0 implies that a ≤ 0 ≤ b and therefore

g′′(u) = − exp(u)ab

(b− a exp(u))2
≤ 1

4
,

which follows from the AM-GM inequality, because

− exp(u)ab

(b− a exp(u))2
≤ 1

4

⇐⇒ − exp(u)ab ≤ (b− a exp(u))2

4

⇐⇒
√
− exp(u)ab ≤ b− a exp(u)

2
.

Then, by Taylor’s theorem, there exists a θ ∈ [0, 1] such that

g(u) = g(0) + ug′(0) +
1

2
u2g′′(uθ) =

1

2
u2g′′(uθ) ≤ u2

8
.
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Therefore

E [exp (αY )] ≤ exp (g (α(b− a))) ≤ exp

(
α2(b− a)2

8

)
.

A.3 Hoeffding’s inequality

Lemma A.2. (Lemma 2.8 in Tsybakov 2009) For independent random variables
Y1, . . . , Yn with ai ≤ Yi ≤ bi for all i ∈ {1, . . . , n}, then

P

(
n∑

i=1

(Yi − E[Yi]) ≥ t

)
≤ exp

(
− 2t2∑n

i=1(bi − ai)2

)
,

for all t ∈ (0,∞). This is known as Hoeffding’s inequality.

Proof. First consider s ∈ (0,∞) and

P

(
n∑

i=1

(Yi − E[Yi]) ≥ t

)
= P

(
exp

(
s

n∑
i=1

(Yi − E[Yi])

)
≥ exp(st)

)

≤
E[exp (s

∑n
i=1(Yi − E[Yi]))]
exp(st)

,

with Markov’s inequality. Further

P

(
n∑

i=1

(Yi − E[Yi]) ≥ t

)
≤
∏n

i=1 E[exp (s(Yi − E[Yi]))]
exp(st)

≤

∏n
i=1 exp

(
s2 (bi−ai)

2

8

)
exp(st)

,

where Hoeffding’s lemma (A.1) was used. Finally

P

(
n∑

i=1

(Yi − E[Yi]) ≥ t

)
≤ exp

(
s2
∑n

i=1(bi − ai)
2

8
− st

)
.

Now consider the function f(s) =
s2

∑n
i=1(bi−ai)

2

8 − st. Then for the first and

second derivatives of f it holds that f ′(s) =
2s

∑n
i=1(bi−ai)

2

8 − t and f ′′(s) =
2
∑n

i=1(bi−ai)
2

8 ≥ 0 for all s ∈ R. Setting the first derivative equal to 0 results in
smin = 4t∑n

i=1(bi−ai)2
, and therefore

P

(
n∑

i=1

(Yi − E[Yi]) ≥ t

)
≤ exp

 (4t)2
∑n

i=1(bi−ai)
2

(
∑n

i=1(bi−ai)2)2

8
− 4t2∑n

i=1(bi − ai)2


= exp

(
− 2t2∑n

i=1(bi − ai)2

)
.
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B Appendix: Proofs of Section 2

B.1 Proof of Theorem 2.9

Proof. First consider the set Ω1 := {ω ∈ Ω : dham(ω, ω(0)) >
⌊
n
8

⌋
}, a subset of

Ω without all ω in a
⌊
n
8

⌋
-neighbourhood around ω(0). Now consider a ω(1) ∈ Ω1

and construct Ω2 := {ω ∈ Ω1 : dham(ω, ω(1)) >
⌊
n
8

⌋
}. We continue in this

fashion to define

Ωi := {ω ∈ Ωi−1 : dham(ω, ω(i−1)) >
⌊n
8

⌋
},

for all i ∈ {1, . . . , N} and take Ω0 := Ω. This procedure generates the set
D := {ω(0), . . . , ω(N)}, under the restriction that N is the smallest natural
number that satisfies ΩN+1 = ∅. Define

Ai := {ω ∈ Ωi : dham(ω, ω(i)) ≤
⌊n
8

⌋
},

for all i ∈ {0, . . . , N}. Ai is then the set of ω ∈ Ω that where removed in the

construction of Ωi. Observe that the Ai are pairwise disjoint and
⋃N

i=0Ai = Ω.
Further define ai := |Ai|. As Ai contains the ω ∈ Ωi which have a Hamming
distance to ω(i) of at most

⌊
n
8

⌋
, the size of this set can be bounded by the sum

of all ω ∈ Ω which have a Hamming distance of 0, 1, . . . ,
⌊
n
8

⌋
, therefore

ai ≤
⌊n

8 ⌋∑
j=0

(
n

j

)
,

for all i ∈ {0, . . . , N}. Now since
∑N

i=0 ai = |Ω| = 2n, we can bound

(N + 1)

⌊n
8 ⌋∑

j=0

(
n

j

)
≥ 2n,

or equivalently

N + 1 ≥ 2n∑⌊n
8 ⌋

j=0

(
n
j

) .
The right-hand side term is therefore

2n∑⌊n
8 ⌋

j=0

(
n
j

) =:
1

q∗
,

where q∗ = P (Z <
⌊
n
8

⌋
) and Z ∼ Binom

(
n, 12

)
. Evidently we have that

Z =
∑n

i=1 Zi, where Z1, . . . , Zn are independent and identically distributed
Bernoulli( 12 ) random variables. With Hoeffding’s inequality (Lemma A.2) and
the fact that E[Zi] =

1
2 and 0 ≤ Zi ≤ 1 for all i ∈ {1, . . . , n} it holds that

q∗ = P

(
n∑

i=1

Zi ≤
⌊n
8

⌋)
= P

(
n∑

i=1

Zi −
n

2
≤
⌊n
8

⌋
− n

2

)

≤ P

(
n∑

i=1

(Zi − E[Zi]) ≤
−3n

8

)
,
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then, with the symmetry of Zi − E[Zi] for all i ∈ {1, . . . , n},

q∗ ≤ P

(
n∑

i=1

(Zi − E[Zi]) ≥
3n

8

)
≤ exp

(
−
2 9n2

64

n

)
= exp

(
−9n

32

)
< 2−

n
4 .

Therefore

N + 1 ≥ 1

q∗
≥ 2

n
4 ≥ 2

n
8 + 1,

for n ≥ 8. The claim follows with this and the observation that

dham(ω(i), ω(j)) ≥
⌊n
8

⌋
+ 1 ≥ n

8
,

for all ω(i), ω(j) ∈ D with i ̸= j.

B.2 Pinsker’s inequality

To prove Lemma 2.4 (second Pinsker’s inequality), we first introduce the total
variation distance.

Definition 6. Consider the measurable space (X ,F), then the total variation
distance between two probability measures P and Q on this measurable space
has the following definition:

δ(P,Q) = sup
A∈F

|P (A)−Q(A)|.

Lemma B.1. (Lemma 2.1 in Tsybakov 2009) Scheffé’s theorem states that

δ(P,Q) =
1

2

∫
|p− q|dµ,

where µ is a σ-finite probability measure on (X ,F) with P ≪ µ and Q ≪ µ.
Further p := dP

dµ and q := dQ
dµ .

Proof. First observe that we can rewrite the total variation distance in terms
of p and q, δ(P,Q) = supA∈F

∣∣∫
A
(p− q)dµ

∣∣. Then define B := {x ∈ X : q(x) ≥
p(x)}. Now consider

δ(P,Q) ≥ Q(B)− P (B) =

∫
B

(q − p)dµ =
1

2

∫
|p− q|dµ.

To prove the inequality in the other direction first let A ∈ F , then∣∣∣∣∫
A

(q − p)dµ

∣∣∣∣ = ∣∣∣∣∫
A∩B

(q − p)dµ+

∫
A∩Bc

(q − p)dµ

∣∣∣∣
≤ max

{∫
B

(q − p)dµ,

∫
Bc

(p− q)dµ

}
=

1

2

∫
|p− q|dµ.

Lemma B.2. (Lemma 2.5 in Tsybakov 2009) The first Pinsker’s inequality
states

δ(P,Q) ≤
√
DKL(P,Q)

2
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Proof. First consider the function ξ(x) := x lnx− x+ 1 for all non-negative x.
Further define 0 ln 0 := 0. Then the following holds:

• ξ(0) = 1,

• ξ(1) = 0,

• ξ′(x) = lnx,

• ξ′(1) = 0 and

• ξ′′(x) = 1
x ≥ 0 for all x ∈ (0,∞).

Therefore ξ(x) ≥ 0 for all x ∈ (0,∞). Now consider the function ψ(x) :=
(x− 1)2 −

(
4
3 + 2

3x
)
ξ(x). Then for ψ it holds that:

• ψ(0) = 1− 4
3 = − 1

3 ≤ 0,

• ψ(1) = −2ξ(1) = 0,

• ψ′(x) = 2x− 2− 2
3ξ(x)−

(
4
3 + 2

3x
)
ξ′(x),

• ψ′(1) = 0 and

• ψ′′(x) = 2− 4
3ξ

′(x)−
(
4
3 + 2

3x
)
ξ′′(x) = − 4ξ(x)

3x ≤ 0 for all x ∈ (0,∞).

Then, by Taylor’s theorem, there exists a θ > 0 with |θ− 1| < |x− 1| such that

ψ(x) = ψ(1) + ψ′(1)(x− 1) +
ψ′′(θ)

2
(x− 1)2 = −4ξ(θ)

3θ
(x− 1)2 ≤ 0,

for all x ∈ (0,∞). With this we have shown that

(x− 1)2 ≤
(
4

3
+

2

3
x

)
ξ(x), (B.1)

for all x ∈ [0,∞). Now for the main statement of the lemma. In the case where
P is not absolutely continuous with respect to Q, the inequality obviously holds.
If P ≪ Q on the other hand, then with Scheffé’s Theorem (Lemma B.1), we get

δ(P,Q) =
1

2

∫
|p− q|dµ =

1

2

∫
q>0

q

∣∣∣∣pq − 1

∣∣∣∣ dµ,
then with (B.1) it follows that

δ(P,Q) ≤ 1

2

∫
q>0

q

√(
4

3
+

2p

3q

)
ξ

(
p

q

)
dµ

≤ 1

2

√∫ (
4q

3
+

2p

3

)
dµ

√∫
q>0

qξ

(
p

q

)
dµ

=

√
1

2

∫
pq>0

p ln
p

q
dµ =

√
DKL

2
,

where the Cauchy–Schwarz inequality was used in the last inequality.
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Lemma B.3. (Lemma 2.2 in Tsybakov 2009) If P ≪ Q, then

−
∫

min

{
0, ln

dP

dQ

}
dP = −

∫
pq>0

pmin

{
0, ln

p

q

}
dµ ≤ δ(P,Q),

where µ is a σ-finite measure such that P ≪ µ and Q ≪ µ. Further p := dP
dµ

and q := dQ
dµ .

Proof. First observe that from the fact that P ≪ Q, it follows that

Pp({pq > 0}) = 1− Pp({pq = 0}) = 1− Pp({p = 0} ∪ {q = 0})
≥ 1− (Pp({p = 0}) + Pp({q = 0})) = 1.

Therefore we have

−
∫

min

{
0, ln

dP

dQ

}
dP = −

∫
p>0

min

{
0, ln

dP

dQ

}
dP

= −
∫
pq>0

min

{
0, ln

dP

dQ

}
dP

= −
∫
pq>0

pmin

{
0, ln

p

q

}
dµ.

Now define B1 := {q ≥ p > 0}, then

−
∫
pq>0

pmin

{
0, ln

p

q

}
dµ =

∫
pq>0

pmax

{
0, ln

q

p

}
dµ

=

∫
B1

pmax

{
0, ln

q

p

}
dµ =

∫
B1

p ln
q

p
dµ

≤
∫
B1

(q − p)dµ = Q(B1)− P (B1) ≤ δ(P,Q).

Now recall the statement of Lemma 2.4, if P ≪ Q, then∫
max

{
0, ln

dP

dQ

}
dP ≤ DKL(P,Q) +

√
DKL(P,Q)

2
.

Proof.∫
max

{
0, ln

dP

dQ

}
dP =

∫
pq>0

pmax

{
0, ln

p

q

}
dµ

=

∫
pq>0

pmax

{
0, ln

p

q

}
dµ+

∫
pq>0

pmin

{
0, ln

p

q

}
dµ

−
∫
pq>0

pmin

{
0, ln

p

q

}
dµ

= DKL(P,Q)−
∫
pq>0

pmin

{
0, ln

p

q

}
dµ

≤ DKL(P,Q) + δ(P,Q),
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with Lemma B.3. Finally∫
max

{
0, ln

dP

dQ

}
dP ≤ DKL(P,Q) +

√
DKL(P,Q)

2
,

where Lemma B.2 was used in the last inequality.

Definition 7. The X 2 divergence between two probability measures P and Q
is defined by

X 2(P,Q) :=


∫ (

dP
dQ − 1

)2
dQ, ifP ≪ Q,

+∞, otherwise.

Lemma B.4. (Lemma 2.7 in Tsybakov 2009) If P ≪ Q, then

DKL(P,Q) ≤ X 2(P,Q).

Proof. First consider ξ(x) := x lnx− x+ 1 and observe that

0 ≤
∫ 1

0

t

t+ (1− t)x
dt ≤ 1,

for all x ≥ 0. Then

(x− 1)2 ≥ (x− 1)2
∫ 1

0

t

t+ (1− t)x
dt

= (x− 1)2

[
−x ln ((1− x) t+ x)− (x− 1) t

(x− 1)
2

]t=1

t=0

= x lnx− x+ 1 = ξ(x), (B.2)

for all x ∈ (0, 1) ∪ (1,∞). Now consider

X 2(P,Q) =

∫ (
dP

dQ
− 1

)2

dQ

=

∫
dP
dQ>0

(
dP

dQ
− 1

)2

dQ+

∫
dP
dQ=0

(
dP

dQ
− 1

)2

dQ

=

∫
dP
dQ>0

(
dP

dQ
− 1

)2

dQ,

where the second term is equal to 0 because of the absolute continuity of P with
respect to Q. Then proceed by cases. Case 1: dP

dQ = 1.

X 2(P,Q) =

∫ (
dP

dQ
− 1

)2

dQ = 0 =

∫
ln
dP

dQ
dP = DKL(P,Q).

Case 2: dP
dQ ∈ (0, 1) ∪ (1,∞). Consider the integral of (B.2) with respect to Q

and with x = dP
dQ , then

X 2(P,Q) =

∫ (
dP

dQ
− 1

)2

dQ ≥
∫ (

dP

dQ
ln
dP

dQ
− dP

dQ
+ 1

)
dQ

=

∫
ln
dP

dQ
dP = DKL(P,Q).
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C Appendix: Proofs and auxiliary results of
Section 3

Lemma C.1. (Lemma 6 in Lalanne, Garivier, and Gribonval 2023) If a privacy
channel Q is ϵ-DP, then for all x, x′ ∈ Xn it holds that

DKL(Q(·|x), Q(·|x′)) ≤ ϵdham(x, x′).

Lemma C.2. (Theorem 3.1 in Giraud 2021) Consider probability measures
P0, P1, P2, . . . , Ph on (Xn,Fn). Then for any probability measure R with Pj ≪
R for all j ∈ {0, . . . , h} and any test τ

1

h+ 1

h∑
j=0

Pj(τ ̸= j) ≥ 1−
1 + 1

h+1

∑h
j=0DKL(Pj , R)

ln(h+ 1)
.

This is known as Fano’s Lemma.

Lemma C.3. (Lemma 10 in Lalanne, Garivier, and Gribonval 2023) Consider
a privacy channel Q and probability measures P0, P1, P2, . . . , Ph, then

inf
τ

h∑
j=0

Ppjq(τ ̸= j) ≥ inf
τ

h∑
j=0

Ppj
(τ ̸= j).

Lemma C.4. (Lemma 2 in Lalanne, Garivier, and Gribonval 2023) Consider

n-fold product probability measures Pn
0 = P

⊗
n

0 , Pn
1 = P

⊗
n

1 , . . . , Pn
h = P

⊗
n

h

and a coupling R ∈ Π(P
⊗

n
0 , P

⊗
n

1 , . . . , P
⊗

n
h ), then

nPR(Xi ̸= Xj) = ER(dham(X(i), X(j)))

for all i, j ∈ {0, 1, . . . , h}.

Lemma C.5. (Fact 4 in Lalanne, Garivier, and Gribonval 2023) Let P0, . . . , Ph

be probability measures on (Xn,F). Then there exists a coupling R ∈
Π(P0, P1, . . . , Ph) such that

PR(Xi ̸= Xj) ≤
2δ(Pi, Pj)

1 + δ(Pi, Pj)
.

C.1 Proof of Theorem 3.3

With Lemma C.2 we get

1

h+ 1

h∑
j=0

Q(τ ̸= j|X(j))

≥ 1−
1 + 1

h+1

∑h
j=0DKL(Q(·|X(j)), 1

h+1

∑h
i=0Q(·|X(i)))

ln(h+ 1)
.
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Then by the convexity of the Kullback-Leibler Divergence in its second argument
(Theorem 12 in Van Erven and Harremos 2014)

1

h+ 1

h∑
j=0

Q(τ ̸= j|X(j))

≥ 1−
1 + 1

(h+1)2

∑h
j=0

∑h
i=0DKL(Q(·|X(j)), Q(·|X(i)))

ln(h+ 1)
,

finally, with Lemma C.1,

1

h+ 1

h∑
j=0

Q(τ ̸= j|X(j)) ≥ 1−
1 + ϵ

(h+1)2

∑h
j=0

∑h
i=0 dham(X(i), X(j))

ln(h+ 1)
.

C.2 Proof of Theorem 3.5

We start by considering the first inequality. First observe that

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥ 1

h+ 1
inf
τ

h∑
j=0

Ppjq(τ ̸= j).

With Lemma C.3 it follows that

1

h+ 1
inf
τ

h∑
j=0

Ppjq(τ ̸= j) ≥ 1

h+ 1
inf
τ

h∑
j=0

Ppj (τ ̸= j),

and with Lemma C.2 we get

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥ 1−
1 + 1

h+1

∑h
j=0DKL(Ppj

, R)

ln(h+ 1)
.

For the second inequality we use Theorem 3.4, then for a coupling R ∈
Π(P

⊗
n

p0 , . . . , P
⊗

n
ph ) as in Lemma C.5 we have

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥
∫

1−
1 + ϵ

(h+1)2

∑h
i=0

∑h
j=0 dham(X(i), X(j))

ln(h+ 1)
dR

= 1−
1 + ϵ

(h+1)2

∑h
i=0

∑h
j=0 ER

[
dham(X(i), X(j))

]
ln(h+ 1)

.

With Lemma C.4

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥ 1−
1 + ϵ

(h+1)2

∑h
i=0

∑h
j=0 nPR(Xi ̸= Xj)

ln(h+ 1)
,

and finally with Lemma C.5

inf
τ

max
0≥j≥h

Ppjq(τ ̸= j) ≥ 1−
1 + nϵ

(h+1)2

∑h
j=0

∑h
i=0

2δ(Ppi
,Ppj )

1+δ(Ppi
,Ppj )

ln(h+ 1)
.
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