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Abstract

The theory of rough paths was introduced in Lyons (1998) as a way to understand and
overcome the lack of continuity of the Itô-map, which describes the dependence of the
solution of a stochastic differential equation (SDE) on the driving signal. Lyons observed
that by enhancing the driving process with a finite number of higher-order objects, one
can give a meaning in a pathwise sense to differential equations driven by continuous
rough signals, such as Brownian motion. These enhanced or lifted paths are called
rough paths. Furthermore, by equipping the space of rough paths with certain variation
metrics, the Itô-map becomes continuous. These seminal ideas found many applications,
in particular in stochastic analysis, providing a pathwise perspective and stability results
to the theory of SDEs.

One important object in this theory is the signature of a path, whose original idea goes
back to Chen (1957, 1977) but later on, it has been taken up in the context of rough paths
and introduced for more general rougher signals. The signature can be viewed as an
enhancement of a (rough) path through iterated integrals. Its importance is particularly
due to its role as a well-suited feature map capturing essential path characteristics.
Indeed, in various respects, linear functionals of the signature act similarly to polynomials
on path space and can be viewed as a canonical selection of basis functions. This explains
why these signature based methods become more and more popular in machine learning,
econometrics and mathematical finance.

While in its early development, the theory of rough paths primarily focused on
continuous paths, advancements by Friz and Shekhar (2017) have extended this framework
to include càdlàg paths and introduced a notion of signature that encompasses also paths
with jumps.

Building on this definition, one main goal of this thesis is to rigorously establish the
role of the signature as a linear regression basis for path functionals in the càdlàg setting
and to investigate the scope of its applicability from both theoretical and practical
perspectives.

As a first step we prove a universal approximation theorem for continuous (with
respect to the J1-Skorokhod topology) non-anticipative path functionals in terms of linear
functionals of the signature of càdlàg rough paths.

Then, as an important application, we define a new class of universal signature models
based on an augmented Lévy process, which we call Lévy-type signature models. The
approach that we follow consists in parameterizing the model itself or its semimartingale
characteristics as linear functionals of the signature of an augmented Lévy process.
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We show that these models extend the continuous signature models for asset prices as
proposed so far, while still preserving universality and tractability properties.

Leveraging the universal approximation properties of the signature process, in the
second part of the thesis we broaden the scope and introduce a more general class
of jump-diffusions, which we call Sig-jump-diffusions, whose defining property is that
the process semimartingale characteristics are parameterized by linear combinations of
potentially infinitely many components of their own signature. For these processes, which
includes the class of so-called holomorphic jump-diffusions introduced in the thesis, a
significant extension of polynomial processes, we show that the expected signature, as
well as the expected value of holomorphic functions of the process’ marginals, can be
computed via duality methods for stochastic processes. In particular, these quantities
admit an analytic representation in terms of a solution of an (extended tensor algebra or
sequence-valued) infinite-dimensional linear differential equation.

In the last part of the thesis, we derive a functional Itô-formula for non-anticipative
maps of rough paths building on the approximating properties of the signature and
as a byproduct of this result we show that sufficiently regular non-anticipative path
functionals admit a functional Taylor expansion.
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Kurzfassung

Die Theorie der rauen Pfade wurde von Lyons (1998) eingeführt, um die mangelnde
Stetigkeit der Itô-Abbildung, d.h. die Abhängigkeit der Lösung einer stochastischen Differ-
entialgleichung (SDE) vom Antriebssignal, zu verstehen und zu überwinden. Lyons stellte
fest, dass man Differentialgleichungen, die von kontinuierlichen rauen Signalen wie der
Brownschen Bewegung angetrieben werden, durch die Erweiterung des Antriebsprozesses
mit einer endlichen Anzahl von Objekten höherer Ordnung eine Bedeutung in einem
pfadweisen Sinne geben kann. Diese erweiterten oder “gelifteten” Pfade werden als raue
Pfade bezeichnet. Darüber hinaus wird die Itô-Abbildung stetig, indem der Raum der
rauen Pfade mit bestimmten Variationsmetriken ausgestattet wird. Diese bahnbrechenden
Ideen fanden viele Anwendungen, insbesondere in der Stochastischen Analysis durch eine
pfadweise Perspektive auf SDEs und entsprechende Stabilitätsresultate.

Ein wichtiges Objekt dieser Theorie ist die Signatur eines Pfades, deren ursprüngliche
Idee auf Chen (1957, 1977) zurückgeht, die aber später im Zusammenhang mit rauen
Pfaden aufgegriffen und für allgemeinere rauere Signale eingeführt wurde. Die Signatur
kann als Erweiterung eines (rauen) Pfades durch iterierte Integrale betrachtet werden.
Ihre Bedeutung liegt insbesondere in ihrer Rolle als gut geeignete Feature-Abbildung, die
die wesentlichen Pfadeigenschaften erfasst. Tatsächlich verhalten sich lineare Funktionale
der Signatur in vielerlei Hinsicht ähnlich wie Polynome im Pfadraum und können als
kanonische Auswahl von Basisfunktionen betrachtet werden. Dies erklärt, warum Signatur-
Methoden in den Bereichen, Machine Learning, Ökonometrie und Finanzmathematik
immer beliebter werden.

Während sich die Theorie der rauen Pfade in ihrer frühen Entwicklung hauptsächlich
auf stetige Pfade konzentrierte, haben neuere Fortschritte von Friz and Shekhar (2017)
diesen Rahmen erweitert, um auch càdlàg Pfade zu umfassen, und einen Begriff der
Signatur eingeführt, der auch für Pfade mit Sprüngen gilt.

Aufbauend auf dieser Definition der Signatur ist es ein Hauptziel dieser Arbeit, die
Rolle der Signatur als lineare Regressionsbasis für Pfadfunktionale im càdlàg -Setting
rigoros zu klären und den Umfang ihrer Anwendbarkeit sowohl aus theoretischer als auch
aus praktischer Sicht zu untersuchen.

Als ersten Schritt beweisen wir ein universelles Approximationstheorem für (bezüglich
der J1-Skorokhod-Topologie) stetige nicht-antizipative Pfadfunktionale durch linearer
Funktionale der Signatur von rauen càdlàg Pfaden.

Dann definieren wir als wichtige Anwendung eine neue Klasse universeller Signaturmod-
elle basierend auf einem erweiterten Lévy-Prozess, die wir Lévy-artige Signaturmodelle
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nennen. Der Ansatz, den wir verfolgen, besteht darin, das Modell selbst oder seine
Semimartingal-Charakteristiken als lineare Funktionale der Signatur eines erweiterten
Lévy-Prozesses zu parametrisieren. Wir zeigen, dass diese Modelle die bisher vorgeschla-
genen stetigen Signaturmodelle für Aktienpreise erweitern und dabei die Universalitätsei-
genschaften sowie gute analytische Handhabbarkeit beibehalten.

Unter Ausnutzung der universellen Approximationseigenschaften des Signaturprozesses
erweitern wir im zweiten Teil der Arbeit den Anwendungsbereich und führen eine allge-
meinere Klasse von Sprungdiffusionen ein, die wir Sig-Sprungdiffusion nennen und deren
definierende Eigenschaft darin besteht, dass die Semimartingal-Charakteristiken durch
lineare Kombinationen von potenziell unendlich vielen Komponenten ihrer eigenen Sig-
natur parametrisiert werden. Für diese Prozesse, die insbesondere die hier eingeführte
Klasse sogenannter holomorpher Prozesse enthält, eine bedeutende Erweiterung von
polynomialen Prozessen, zeigen wir, dass die erwartete Signatur sowie der Erwartung-
swert holomorpher Funktionen der Prozessmarginalen über Dualitätsmethoden berechnet
werden können. Insbesondere lassen sich diese Größen analytisch in Form einer Lösung
einer (erweiterten Tensor Algebra- bzw. folgenwertigen) unendlichdimensionalen linearen
Differentialgleichung darstellen.

Im letzten Teil der Arbeit leiten wir eine funktionale Itô-Formel für nicht-antizipative
Abbildungen von rauen Pfaden her, die auf den approximierenden Eigenschaften der
Signatur aufbaut. Als Nebenprodukt dieses Resultats zeigen wir eine funktionale Taylor-
Entwicklung für ausreichend reguläre nicht-antizipative Pfadfunktionale.
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5.B.1 Föllmer integration . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
5.B.2 RIE property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

Bibliography 195

ix





Introduction

The theory of rough paths was introduced in Lyons (1998) as a way to understand and
overcome the lack of continuity of the Itô-map, which describes the dependence of the
solution of a stochastic differential equation on the driving signal. Lyons observed that
by enhancing the driving process with a finite number of higher-order objects, one can
give a meaning in a pathwise sense to differential equations driven by continuous rough
signals, such as Brownian motion. These enhanced or lifted paths are called rough paths.
Furthermore, equipping the space of rough paths with certain variation metrics, the
Itô-map becomes continuous. These seminal ideas found many applications, in particular
in stochastic analysis, providing a pathwise perspective and stability results to the theory
of SDEs, McKean–Vlasov equations, as well as SPDEs (see, e.g., Cass and Lyons (2015),
Friz and Hairer (2014)). For instance, SDEs can be solved in a pathwise way with
continuous dependence on the driving semimartingale by choosing a priori a higher-order
enhancement of the semimartingale driver.

One important object in this theory is the signature of a path, whose original idea goes
back to Chen (1957, 1977) (see also Magnus (1954), Föllmer (1981), Sussmann (1988)),
but later on, it has been taken up in the context of rough paths and introduced for more
general rougher signals.

The signature X of a continuous weakly geometric1 p-rough path X, for p ě 1, defined
on the interval r0, 1s, can be understood as an enhancement of the path with canonically
defined higher-order iterated integrals, i.e.,

Xt :“ p1,

ż t

0
dXt1 ,

ż t

0

ż t1

0
dXt2 b dXt1 , . . . ,

ż t

0

ż t1

0
. . .

ż tn´1

0
dXtn b ¨ ¨ ¨ b dXt1 , . . . q

for t P r0, 1s. By “canonically,” we mean that the signature is the unique path that
projects onto X while maintaining specific algebraic and regularity conditions, the latter
expressed in terms of certain variation metrics. This is precisely the essence of the
fundamental Lyons’ extension theorem appeared in Lyons (1998).

A signature, or more precisely the set of linear functionals of the signature, owes its
importance in particular to the fact that it serves as a well-suited feature map capturing
essential path characteristics. Indeed, in various respects, linear functionals of the
signature act similarly to polynomials on path space and can be viewed as a canonical
selection of basis functions. For instance, as a consequence of the Stone-Weierstrass

1The notion of the signature can be introduced for any continuous rough path (see Theorem 2.21 in
Lyons (1998)). Since the main results of the present thesis concern the subset of weakly geometric
rough paths, we focus on this specific set.
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theorem, continuous functionals on (rough) path space, when restricted to compact sets,
can be approximated by linear functionals of the signature, that is, by linear combinations
of the above introduced iterated integrals (see Kalsi et al. (2020), Bayer et al. (2023)).

This explains why signature methods have been widely applied to treat streamed data
in the context of machine learning and have recently also entered the field of stochastic
modeling, and in particular mathematical finance, see e.g. Bühler et al. (2020); Kalsi et al.
(2020); Arribas et al. (2021); Lyons et al. (2020); Liao et al. (2024); Bayer et al. (2023)
and references therein. Indeed, they allow for data-driven modeling approaches, while
stylized facts or first principles from mathematical finance can still be easily guaranteed.

Recent advancements by Friz and Shekhar (2017), Friz and Zhang (2017), and Chevyrev
and Friz (2019) have extended the rough paths framework to include càdlàg paths,
establishing a rigorous pathwise integration theory for this broader class of driving signals.
Notably, Friz and Shekhar (2017) addresses the question of whether an analog of the
notion of signature or, more precisely, an analog of Lyons’ extension theorem can be
established in the presence of jumps. To answer this question, Friz and Shekhar (2017)
build on earlier ideas from Marcus (1978, 1981), which involve introducing an “artificial”
additional time interval at each jump time of X and appropriately interpolating the state
before and after the jump. In this work, we refer to this specific procedure as Marcus
transformation of a weakly geometric càdlàg rough path. Combining these concepts with
the theory of continuous paths leads to the formulation of the minimal jumps extension
theorem, which asserts the following fact.

Every weakly geometric càdlàg p-rough path X, for p ě 1, admits a canonically defined
extension path X up to a minimal jump constraint :

∆Xt “ expplogprpsqp∆Xtqq, for all t P r0, 1s, (0.0.1)

for exp and logprpsq denoting the exponential and the logarithm map on the extended
and truncated tensor algebra, respectively2. The constraint (0.0.1) means that the
jumps of the higher-order components of X are given as products of the jumps of X and
combinations thereof. This minimal jump extension then constitutes the signature in the
càdlàg setting. To properly introduce this notion with all details, we recall all relevant
concepts from càdlàg rough path theory in Chapter 1.

Taking up the above definition of the signature, the first goal of this thesis is to make
mathematically rigorous the role of the signature components as linear regression basis
for path functionals in the càdlàg setting. This is mainly motivated by our second line
of research: the study of signature-based models for finance that allow for the inclusion
of jumps. As the stochastic analysis setting is our primary motivation, we focus on the
signature of weakly geometric càdlàg p-rough paths for p P r1, 3q, as it is what matters
the most in this context.

To answer the first research question, in Chapter 2, which is based on Cuchiero

2We refer to Section 1.1, equations (1.1.3) and (1.1.2), for the precise definitions of exponential and
logarithm maps, respectively.
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Introduction

et al. (2024d), we prove a universal approximation theorem (UAT) for continuous (with
respect to the J1-Skorokhod topology) non-anticipative path functionals in terms of linear
functionals of the signature of càdlàg rough paths.

This is achieved by proceeding in two steps. First, we show that continuous functionals
of càdlàg rough paths over the time interval r0, 1s can be uniformly approximated on
compact sets of paths by linear functionals of the time-extended signature evaluated
at the final time 1. Secondly, we extend this by considering functionals of the stopped
paths, stopped at all deterministic times t P r0, 1s, which can thus be associated with
non-anticipative path functionals, and prove that such functionals can be approximated
uniformly over time and on compact sets of paths (see Theorem 2.2.13).

These results fill a gap in the literature and advance the established understanding of
the signature of continuous paths to the càdlàg setting. Furthermore, the ingredients
of the proof differ notably in technical complexity compared to the continuous case,
stemming from the distinctive properties of the Skorokhod topology, with respect to
which projection maps are in general not continuous (see Remark 2.2.14(ii)).

As previously stated, our principal motivation to treat this problem comes from
signature-based models for finance that allow for the inclusion of jumps. Indeed, all
signature models for asset prices that have been proposed so far (see Arribas et al. (2021);
Cuchiero et al. (2023a, 2024b)) build on stochastic processes with continuous trajectories.

To extend these results to processes with càdlàg trajectories, we rely on the previously
established UAT and leverage the close relationship between stochastic analysis and
rough paths theory by considering the signature of càdlàg semimartingales. Specifically,
in the second part of Chapter 2, we define a universal class of signature models for
asset prices based on an augmented Lévy process X, which we call Lévy-type signature
models. This marks the first application of the signature of càdlàg semimartingales as a
signature-based asset price model in Mathematical Finance.

Our approach consists of parameterizing the model itself or its characteristics as
linear functionals of the signature of the augmented process X, which we call market’s
primary underlying process. To analyze the tractability properties of these models, we
first show that the truncated signature process of a generic multivariate Lévy process is
a polynomial process (see Cuchiero et al. (2012); Filipović and Larsson (2020)), resulting
in an easily computable formula (based on a matrix exponential) for the expectation of
linear functionals of the signature’s process X.
This, in turn, allows us to derive explicit formulas for the expected signature of the

price process in terms of the expected signature of X. Consequently, pricing sig-payoffs
– i.e., linear functionals of the signature of the time-extended price process – becomes
highly efficient. Not only that, but also hedging problems can be traced back to the
signature of the primary Lévy process X. Indeed, we show that the quadratic hedging
problem can be solved by computing the explicit form of the mean-variance hedging
strategy in terms of the signature X.
A key step to obtain all these results is to rewrite the price process itself as a linear
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functional of X, a reformulation that we shall call sig-model representation. Given
the presence of jumps, this step is not at all straightforward and is achieved through a
meticulous analysis of each of the components of X (see Corollary 2.3.14 and, in particular,
Theorem 2.3.17).

In Chapter 3, which is based on Cuchiero et al. (2024f), we explore a broader class
of processes called Sig-jump-diffusions. In this class, the process’ characteristics are
parameterized by linear combinations of potentially infinitely many components of their
own signature. This approach represents a significant generalization compared to the
previous framework, which involves only a finite number of linear combinations. Moreover,
the jump-diffusion’s characteristics can depend on its own signature and not necessarily
on the one of an exogenously given process. The chapter’s primary contribution is the
derivation of an explicit formula for the expected signature of these processes using duality
theory in this stochastic context.

Historically, duality theory for Markov processes with respect to a duality function
goes back to several contributions in the early fifties, e.g., Karlin and McGregor (1957),
where classifications of birth and death processes are considered. Since then, it has been
extended in several directions (see, e.g., Ethier and Kurtz (1986)) and applied in the
areas of interacting particle systems, queuing theory, and population genetics.

The concept of dual processes can be formalized as follows: let T ą 0 be some
finite time-horizon and consider two time-homogeneous Markov processes pXtqtPr0,T s and
pUtqtPr0,T s with respective state spaces S and U . Then X and U are dual with respect to
some measurable function H : S ˆ U Ñ R if for all x P S, u P U and t P r0, T s

ExrHpXt, uqs “ EurHpx, Utqs, (0.0.2)

holds, and both the left and right-hand sides are well-defined. Here, Ex denotes the
expected value for the Markov process X starting at X0 “ x and similarly for U . Modulo
technical conditions, the dual relation (0.0.2) holds if and only if the generators denoted
by A and B satisfy

AHp¨, uqpxq “ BHpx, ¨qpuq, for all x P S, u P U, (0.0.3)

(see e.g., Jansen and Kurt (2014)).

In the context of Sig-jump-diffusions, duality relations occur between the signature
process and the solutions of an extended tensor algebra-valued linear ODE, providing an
analytic representation of the expected signature of Sig-jump-diffusions, i.e.,

ExrHpXt,uqs “ Hpx, cptqq,

for t P r0, T s. Here X0 “ x, the (deterministic) dual process pcptqqtPr0,T s is a solution of
a linear ODE in the extended tensor algebra with initial value u, and u is such that
the evaluation of the map Hp¨,uq at Xt is expressed as a convergent series of (possibly
infinitely many) linear combinations of the components of Xt (see Theorem 3.3.8). These
relations can also be recognized from the perspective of extended tensor algebra-valued
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Introduction

polynomial processes, recently introduced in Cuchiero et al. (2023c). Indeed, our results
extend the findings of the latter paper to the non-continuous setting.

One of the main difficulties in the analysis of this problem consists in characterizing the
elements u for which the series of linear combinations of signature components HpXt,uq

is convergent as well as establishing integrability conditions for such quantities. This is
already a delicate problem in the diffusion case. With the addition of a jump component,
this becomes even more complex, see Section 3.3.

A class of processes for which explicit conditions can be derived consists of the class of
polynomial processes, which are the object of interest in the last part of the chapter. We
show that a large class of polynomial jump-diffusions can be embedded in the Sig-jump-
diffusions framework. Additionally, their expected signature can be computed by solving
a finite-dimensional system of linear ODEs, extending, therefore, the results derived in
Chapter 2 for the class of Lévy processes.

Recognizing that any real-valued entire function (in the sense of Definition 4.D.1,
restricted to Rd)) of a generic process can also be interpreted as a convergent power
series of (certain) linear combinations of its signature components (see Remarks 4.3.2 and
4.3.7(iv)) and utilizing complex analysis techniques, we can also derive precise convergence
results and integrability conditions for a a larger class of processes beyond polynomial
ones.

This is the topic of Chapter 4, which is based on Cuchiero et al. (2024e). Here, the
main goal is to define and specify a class of processes X, which we call holomorphic
jump-diffusions, such that for all t P r0, T s,

ExrHpXt,uqs “ Hpx, cptqq. (0.0.4)

Here Hp¨,uq is (the restriction to Rd of) a holomorphic function on Cd, u “ puαqαPNd
0

are the coefficients determining some of its power series representation and pcptqqtPr0,T s is
a solution of a sequence-valued infinite dimensional linear ODE with initial condition
u. More precisely, we define holomorphic jump-diffusions as solutions to the martin-
gale problem specified by the (extended) generator A, which maps some subset of the
holomorphic functions to holomorphic functions.

The fact that we consider jump-diffusions instead of just continuous processes makes
things again rather involved. Indeed, already characterizing these subsets is due to the
appearance of jumps not at all straightforward (see Theorem 4.3.6).

Under technical conditions involving, in particular, the existence of solutions to the
sequence-valued linear ODEs and certain moment conditions, we then establish – what
we call – the holomorphic formula (0.0.4). To apply this result, we establish further
sufficient conditions which are verified for Lévy processes, affine processes, and certain
non-polynomial jump diffusions on compact sets (see Section 4.3.5), which is one of the
main contributions of this chapter.

The final research strand of this thesis is the formulation of a functional (rough)
Itô-formula and Taylor expansion for non-anticipative maps of weakly geometric rough
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paths. It is indeed a natural question to wonder – alongside Stone-Weierstrass-type
results – whether sufficiently regular non-anticipative path functionals admit a Taylor
expansion in terms of signature components and coefficients that have an interpretation
as derivatives.

We delve into these topics in Chapter 5, which is based on Cuchiero et al. (2024c).
Here, relying again on rough path theory, we first prove the functional Itô-formula, and
then by iteration, we derive a functional Taylor expansion. The significant advantages
of adopting a (pathwise) rough paths perspective are twofold. Firstly, by examining
functionals on the space of weakly geometric rough paths with specific variation metrics,
we include a broad range of path functionals that were excluded in the seminal works by
Dupire (2019) and Cont and Fournie (2013). Their functional Itô-formulas are developed
within a probabilistic/Föllmer-type pathwise framework, where path spaces are equipped
with variants of the uniform topology. These topologies are often too weak to ensure
the continuity of many functionals, such as iterated integrals (see, e.g., the example in
equation (5.1.1)), which are effectively incorporated into our framework.

Secondly, the stability results of rough paths theory allow the application of a new proof
technique based on the approximation properties of linear functionals of the signature.
Indeed, our approach consists of establishing an Itô-formula for these specific functionals
and then extending it to more general maps via density arguments.

To elaborate further, this result is derived following the subsequent steps.

Inspired by the paper Chevyrev and Friz (2019) and in particular by the construction of
the signature path described in the proof of the minimal jump extension theorem, we intro-
duce the class of so-called non-anticipative Marcus canonical path functionals. Roughly
speaking, these are all those maps that are invariant under Marcus transformations.

Then, adopting the Lie group valued paths point of view on the space of weakly
geometric rough paths, we introduce a notion of vertical derivatives for Marcus canonical
paths functionals, which is adapted both to the group structure of the paths and the
Marcus property of the maps considered (see Definition 5.2.4). While this concept is
inspired by the (Euclidean) version introduced by Dupire (2019), it differs significantly
in one crucial aspect. Given the Marcus property of the functionals considered here,
our vertical derivative can be interpreted as a derivative involving a delayed vertical
perturbation of the original path. This aspect is fundamental to our definition, as it
establishes a differential calculus for path functionals that permits non-commutative
derivative orders (see Remark 5.2.23), a key aspect of the present setup (see Remarks
5.2.29 and 5.5.8(ii)).

In particular, with these notions of derivatives, a functional Itô-formula for linear
functionals of the signature follows then just by the definition of the signature of weakly
geometric càdlàg rough paths (see Lemma 5.2.28).

Relying on that, we then prove a UAT for regular vertically differentiable maps of
weakly geometric càdlàg rough path via linear functionals of their signature, which holds
both at the level of the functionals and their derivatives (see Theorem 5.3.15). Given the
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non-linear structure of the (Lie-type) vertical derivatives, deriving this result has proven
to be a very delicate task, involving an intricate application of Nachbin-type theorems
(see Nachbin (1949)), as well as some key ideas from Lie group theory.

Finally, a combination of the UAT for vertically differentiable path functionals and
rough paths-type interpolation arguments yield the (rough) functional Itô-formula (see
Theorems 5.4.1 and 5.4.4). The functional Taylor expansion follows then via an iterative
application of the latter result (see Theorems 5.5.1 and 5.5.5).
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1 Signature of weakly geometric
càdlàg rough paths

This section introduces the concept of the signature of weakly geometric càdlàg rough
paths. We start by establishing the algebraic framework intrinsic to rough path theory
and revisiting the notion of weakly geometric càdlàg rough paths and rough integration
for these paths. Next, we delve into the notion of signature. Since the signature
for càdlàg paths builds upon the established framework for continuous paths, we first
introduce this notion for continuous paths and then transition to the càdlàg setting. We
conclude the section with a discussion on the signature of càdlàg semimartingales.

1.1 Algebraic setting

1.1.1 The tensor algebra

Fix d P N and let Rd be the Euclidean space. The extended tensor algebra over Rd is
defined by

T ppRdqq :“
8

ź

n“0

pRdqbn,

where pRdqbn denotes the n-fold tensor product of Rd with the convention pRdqb0 :“ R.
We equip T ppRdqq with the standard addition `, tensor multiplication b and scalar
multiplication. For N P N, the truncated tensor algebra is defined by

TN pRdq :“
N

à

n“0

pRdqbn.

Elements of the extended and truncated tensor algebra bold face, e.g., u “ pupnqq8
n“0 P

T ppRdqq. Elements of the truncated tensor algebra instead, in boldface, e.g., u “

pupnqqNn“0 P TN pRdq. Let πn : T ppRdqq Ñ pRdqbn be the map such that for u P T ppRdqq,
πnpuq “ upnq, and πďN : T ppRdqq Ñ TN pRdq be such that for u P T ppRdqq, πďN puq “

u “ pupnqqNn“0. For c P R, set

TNc pRdq :“ tu P TN pRdq : up0q “ cu.

The space TN1 pRdq is a Lie group under the tensor multiplication b, truncated beyond
level N . The neutral element with respect to b is 1 :“ p1, 0, . . . , 0q P TN1 pRdq. Moreover,
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for any u “ p1 ` bq P TN1 pRdq, with b P TN0 pRdq, its inverse is given by

u´1 “

N
ÿ

k“0

p´1qkbbk. (1.1.1)

The exponential and logarithm maps are defined as follows:

exppNq : TN0 pRdq Ñ TN1 pRdq logpNq : TN1 pRdq Ñ TN0 pRdq

b ÞÑ 1 `

N
ÿ

k“1

bbk

k!
, 1 ` b ÞÑ

N
ÿ

k“1

p´1qk`1b
bk

k
,

(1.1.2)

where the tensor multiplication is again always truncated beyond level N . We furthermore
introduce the (non-truncated) exponential map, which is given by

exppxq :“ 1 `

8
ÿ

k“1

xbk

k!
P T ppRd`1qq, (1.1.3)

for each x P T ppRd`1qq such that π0pxq “ 0.

We refer to Chapter 7 in Friz and Victoir (2010) for more details on these algebraic
aspects.

1.1.2 Free nilpotent groups

We introduce the so-called free step-N nilpotent Lie groups over Rd. Let gN pRdq be the
free step-N nilpotent Lie algebra over Rd, i.e.,

gN pRdq :“ t0u ‘ Rd ‘ rRd,Rds ‘ ¨ ¨ ¨ ‘ rRd, rRd, . . . rRd,Rdsss
looooooooooooomooooooooooooon

pN´1q brackets

Ď TN0 pRdq, (1.1.4)

where, for u P TM0 pRdq, 1 ď M ď N ´ 1, bp1q P Rd, rbp1q,us :“ b
p1q b u ´ u b b

p1q.

The image of gN pRdq through the exponential map is a subgroup of TN1 pRdq with
respect to b. It is called free step-N nilpotent Lie group and is denoted by

GN pRdq :“ exppNqpgN pRdqq. (1.1.5)

We equip it with the so-called Carnot-Caratheodory (CC) norm } ¨ }CC (see Definition
and Theorem 7.32 in Friz and Victoir (2010)) and the induced (left-invariant) metric,
denoted by dCC (see Definition 7.41 in Friz and Victoir (2010)). Finally, we introduce
the set of so-called group-like elements, defined via

GppRdqq :“ tx P T ppRdqq | πďN pxq P GN pRdq for all Nu. (1.1.6)

We refer to Chapter 7 in Friz and Victoir (2010) for more details on the specific group
GN pRdq (see also Section 2 in Lyons et al. (2007)) and to Bonfiglioli et al. (2007)
and Schmeding (2022) for a more general treatment of Lie groups.
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1.1 Algebraic setting

1.1.3 Linear functionals on the extended tensor algebra

Let I “ pi1, . . . , inq be a multi-index with entries in t1, . . . , du. Denoting by ϵ1, . . . , ϵd the
canonical basis of Rd, we use the notation |I| :“ n and ϵI :“ ϵi1 b ϵi2 b ¨ ¨ ¨ b ϵin . Observe
that pϵIqI is the canonical orthonormal basis of pRdqbn. Furthermore, we denote by ϵH

the basis element of pRdqb0 and set |H| :“ 0. We also set I 1 :“ pi1, . . . , in´1q for n ą 1,
I 1 “ H for n “ 1, I

2

:“ pI 1q1 for n ą 1, and use the convention ϵI2 “ 0 for n “ 1.

Given x P T ppRdqq, we write xI :“ xx, ϵIy and for each u P T pRdq we set

xu,xy :“
ÿ

|I|ě0

uIxI P R.

We define the set of linear functionals on T ppRdqq as follows

LRd :“ tx ÞÑ xu,xy : u P T pRdqu.

For k P N, we denote by p ¨ qpkq : T ppRdqq Ñ pT ppRdqqqbk the shifts given by

u
pkq

I :“
ÿ

|J |ě0

uJIϵJ , (1.1.7)

for each |I| “ k, where JI denotes the concatenation of the multi indices J and I. For

notational convenience, we also write up0q :“ u. Note that setting Vd :“
`

T ppRdqq
˘bd

pup0q,up1q,up2q, . . .q P T ppVdqq.

For two multi-indices I P t1, . . . , du|I|, J P t1, . . . , du|J |, and two indices of length 1,
a, b P t1, . . . , du, the shuffle product � is defined recursively by

I �H “ H� I “ I,

pI, aq� pJ, bq “ ppI � pJ, bqq, aq ` pppI, aq� Jq, bq,

where pI, aq denotes the concatenation of multi-indices.

Via the shuffle product every polynomial on the set of group-like elements GppRdqq

(see equation (1.1.6)) admits a linear representative. More precisely, for x P GppRdqq and
two multi-indices I P t1, . . . , du|I|, J P t1, . . . , du|J |, it holds that

xϵI ,xyxϵJ ,xy “ xϵI � ϵJ ,xy (1.1.8)

where ϵI�ϵJ :“
řK
k“1 ϵIk whereK, Ik for k “ 1, . . . ,K are determined via I�J “

řK
k“1 Ik.

Moreover, for each x P GppRdqq and each multi-index |I| ě 1 it holds

ÿ

J : Jord“Iord

xϵJ ,xy “
1

I!
xϵi1 ,xy ¨ ¨ ¨ xϵi|I|

,xy, (1.1.9)

where Iord is the multi-index obtained by sorting the entries of I and I! :“
śd
k“1 Ipkq!

for Ipkq :“
ř|I|

j“1 1tij“ku.

Finally, for x P T ppRdqq, we say that x is symmetric if xI “ xIord for every |I| ě 0.
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1.2 Weakly geometric càdlàg rough paths and rough integration

1.2.1 Space of paths and two-parameter functions

Throughout, we denote by Cpr0, 1s, Eq and Dpr0, 1s, Eq the space of continuous and
càdlàg maps (paths), respectively, from the interval r0, 1s into a metric space pE, dq

equipped with metric d. For t P p0, 1s, we denote a partition of r0, ts by πr0,ts “ t0 “ t0 ă

t1 ă ¨ ¨ ¨ ă tk “ tu, and write
ř

tiPπr0,ts
for the summation over all points in πr0,ts. The

mesh size of πr0,ts is given by |πr0,ts| :“ maxtti`1 ´ ti : i “ 0, . . . , k ´ 1u. For p ą 0, we
define the p-variation of a path X P Dpr0, 1s, Eq by

}X}p-var :“ sup
πr0,1sĂr0,1s

¨

˝

ÿ

tiPπr0,ts

dpXti , Xti`1qp

˛

‚

1
p

. (1.2.1)

If X takes values in a vector space, for s, t P r0, 1s, s ď t, we use the shortcut Xs,t :“ Xt´

Xs and denote the jumps by ∆Xt :“ lims1tXs,t. The space of continuous and càdlàg paths
of finite p-variation are denoted respectively by Cppr0, 1s, Eq and Dppr0, 1s, Eq. We endow
these spaces with the q-variation pseudometric, for q ě p, defined via

dqpX,Y q :“ sup
πr0,1sĂr0,1s

¨

˝

ÿ

tiPπr0,1s

dpXti,ti`1 , Yti,ti`1qq

˛

‚

1
q

, (1.2.2)

for all X,Y P Dppr0, 1s, Eq. Additionally, we also consider two-parameter functions
A : ∆1 Ñ V , where pV, } ¨ }q is a normed vector space and ∆1 :“ tps, tq P r0, 1s ˆ r0, 1s :
s ď tu. As well as for paths, the notion of p-variation is valid for such functions and
defined as follows

}A}p-var :“ sup
πr0,1sĂr0,1s

¨

˝

ÿ

tiPπr0,1s

}Ati,ti`1}p

˛

‚

1
p

.

Moreover, for q ě p, we similarly set dqpA,A
1q :“ }A ´ A1}q-var for all A,A1 : ∆1 Ñ V

for which }A}, }A1} ă 8.

We stress that if X is a path with values in a vector space V , that is X P Dpr0, 1s, V q,
then Xs,t denotes the increment Xt ´ Xs. Instead, if A is a two-parameter function
defined on ∆1, As,t denotes the evaluation of A at the pair of times ps, tq P ∆1.

Finally, we call a map ϕ : r0, 1s Ñ r0, 1s a time reparametrization if it is increasing
and bijective. We say that a path X P Dpr0, 1s, Eq is a time reparametrization of some
Y P Dpr0, 1s, Eq if Y “ Xϕ, for some ϕ time reparametrization.

1.2.2 Weakly geometric càdlàg rough paths

Let Cpr0, 1s, GN pRdqq and Dpr0, 1s, GN pRdqq be the space of continuous and càdlàg maps
(paths), respectively, from the interval r0, 1s into pGN pRdq, dCCq.
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1.2 Weakly geometric càdlàg rough paths and rough integration

For X P Dpr0, 1s, GN pRdqq, s, t P r0, 1s, s ď t, the path increments are defined via

Xs,t :“ X´1
s b Xt (1.2.3)

and the jumps by ∆Xt :“ lims1tXs,t. For p ą 0, we denote by rps its entire part, and
by Cppr0, 1s, GN pRdqq and Dppr0, 1s, GN pRdqq the subspaces of Cpr0, 1s, GN pRdqq and
Dpr0, 1s, GN pRdqq, respectively, consisting of paths of finite p-variation, computed as
in (1.2.1) with respect to the dCC metric. We endow these spaces with the q-variation
pseudometric, for q ě p, defined as in (1.2.2).

Càdlàg paths of finite p-variation with values in the specific group GrpspRdq are said
weakly geometric càdlàg p-rough path. We formalize this notion in the definition below.

In this work, we restrict the presentation only to paths of finite p-variation for p P r1, 3q,
as this is what matters the most in stochastic analysis settings, which is our primary
motivation. However, we remark that it naturally extends to paths of arbitrary low
regularity.

Definition 1.2.1. Let p P r1, 3q. A càdlàg path X : r0, 1s Ñ GrpspRdq is said to be a
weakly geometric càdlàg p-rough path over Rd if

}X}p-var ă 8.

We denote the space of such paths by Dppr0, 1s, GrpspRdqq. For p ě 2, a weakly geomet-
ric càdlàg p-rough path is said to be Marcus-like if for all t P r0, 1s,

logp2qp∆Xtq P t0u ‘ Rd ‘ t0u.

Remark 1.2.2. (i) Let X P Dppr0, 1s, GrpspRdqq and notice that by definition for all
t P r0, 1s,

Xt :“

#

expp1qpXtq, if p P r1, 2q,

expp2qpXt, Atq, if p P r2, 3q,

for expp1q, expp2q given in equation (1.1.2) and

X : r0, 1s Ñ Rd, A : r0, 1s Ñ rRd,Rds

càdlàg paths.

(ii) For p P r1, 2q, a weakly geometric càdlàg p-rough path X is nothing else than a
Rd-valued càdlàg path with finite p-variation. Indeed, G1pRdq “ t1u ‘ Rd and the
CC distance on G1pRdq is by definition equal to the Euclidean one on Rd.

(iii) Let p P r2, 3q, and X a weakly geometric càdlàg p-rough path. The following
conditions hold true.

a) Since the topology induced by the CC distance on G2pRdq coincides with the
Euclidean one on Rd ‘ pRdqb2 (see Corollary 7.16 in Friz and Victoir (2010)),
the map

r0, 1s Q t ÞÝÑ pX0,t,X
p2q

0,t q :“ pπ1pX0,tq, π2pX0,tqq P Rd ‘ pRdqb2
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is càdlàg.

b) Setting for ps, tq P ∆1,

p1, Xs,tq :“ p1, π1pXs,tqq if p P r1, 2q,

p1, Xs,t,X
p2q

s,t q :“ p1, π1pXs,tq, π2pXs,tqq if p P r2, 3q,

by definition of path increments (see equation (1.2.3)), Xs,t “ Xt ´Xs and

Xp2q

s,t “ Xp2q

0,t ´ Xp2q

0,s ´X0,s bXs,t.

This implies that while Xs,t corresponds to the increment of the càdlàg path

X0,¨ between s and t, Xp2q

s,t is instead the evaluation at ps, tq P ∆1 of a two

parameter function Xp2q : ∆1 Ñ pRdqb2.

c) By definition of G2pR2q-valued path, it also holds that

SympXp2q

s,t q “
1

2
Xs,t bXs,t,

where SympXp2q

s,t q denotes the symmetric part of the Xp2q

s,t .

d) By Theorem 7.44 in Friz and Victoir (2010),

}X}p-var ` }Xp2q}
1{2
p{2-var ă 8,

where }Xp2q}p{2´var denotes the p{2-variation of the two-parameter function

Xp2q.

Based on the preceding discussion, we can conclude that for a weakly geometric
càdlàg p-rough path X, it is always feasible to specify a pair pX,Xp2qq that meets
the criteria (iii)a, (iii)b, (iii)c, (iii)d. One can show that the converse is also true,
leading to two equivalent definitions of weakly geometric càdlàg p-rough path.

(iv) For p P r2, 3q, Marcus-like means that for all t P r0, 1s,

∆Xt “ lim
s1t

p1, Xs,t,X
p2q

s,t q “ p1,∆Xt,
1

2
p∆Xtq

b2q.

Assumption 1.2.3. Throughout, unless explicitly mentioned, we let p P r1, 3q.

1.2.3 Rough integration

This section reviews the fundamental concepts of rough integration theory in the càdlàg set-
ting, initially explored in Friz and Shekhar (2017) and further developed in Friz and
Zhang (2017). First, we set up the essential ingredients necessary for introducing the
main concepts. Then, we discuss Young integration theory, which is sufficient for dealing
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1.2 Weakly geometric càdlàg rough paths and rough integration

with paths of finite p-variation for p P r1, 2q. Finally, we advance to the more general
level 2 rough integration theory, which handles paths with lower regularity. Throughout,
we write LpRd,Rmq for the space of linear maps from Rd into Rm, for some m P N.

The following definition is crucial for understanding the convergence of the (com-
pensated) Riemann sums determining the Young and the rough integral.

Definition 1.2.4. For Ξ : ∆1 Ñ Rm and a partition πr0,1s of the interval r0, 1s, we say

that the quantity
ř

siPπr0,1s
Ξsi,si´1 converges to K P Rd in the

(i) Mesh Riemann-Stieltjes (MRS) sense: if for any ε ą 0, there exists δ ą 0 such that
for all πr0,1s with |πr0,1s| ă δ, it holds |

ř

siPπr0,1s
Ξsi,si´1 ´K| ď ε.

(ii) Refinement Riemann-Stieltjes (RRS) sense: if for any ε ą 0 there exists a partition
πε

r0,1s
such that for any refinement πr0,1s of π

ε
r0,1s

, it holds that |
ř

siPπr0,1s
Ξsi,si´1 ´

K| ď ε.

Remark 1.2.5. For more details on these kinds of convergence, we refer to Friz and
Zhang (2017) and Dudley et al. (1998) and the discussion therein. We just recall that if
MRS and RRS limits exist, they are unique and that MRS implies RRS convergence,
with the same limit.

Young integration Let p P r1, 2q. Recall from Remark 1.2.2(iii) that for ps, tq P ∆1 and
X P Dppr0, 1s, G1pRdqq, we set Xs,t “ p1, Xs,tq.

Proposition 1.2.6. (Proposition 2.4 in Friz and Zhang (2017)). LetX P Dppr0, 1s, G1pRdqq

and Y P Dp1

pr0, 1s,LpRd,Rmqq, for some p1 such that 1
p ` 1

p1 ą 1. Then, for all t P r0, 1s,
the limit

ż t

0
Ys´dXs :“ lim

pMRSq|πr0,ts|Ñ0

ÿ

siPπr0,ts

YsiXsi,si`1 (1.2.4)

exists. We call the limit in (1.2.4) the Young integral of Y with respect to X.

Remark 1.2.7. (i) By definition of MRS convergence (see Definition 1.2.4), the
limit (1.2.4) exists along every sequence of partition πr0,ts of the interval r0, ts
with mesh size |πr0,ts| tending to zero and it does not depend on the choice of the
sequence of partition.

(ii) If p “ 1, the path X has bounded variation, and in this case the integral in (1.2.4)
coincides with the Lebesgue-Stieltjes integral

ş

p0,ts YsνXpdsq, for νXpra, bsq “ Xpbq´

Xpaq, pa, bq P r0, ts ˆ r0, ts, a ď b (see Proposition 1.9 in Friz and Zhang (2017)).

Corollary 1.2.8. (see Proposition 2.4 in Friz and Zhang (2017)) Let X P Dppr0, 1s, G1pRdqq.
For any Y P Dp1

pr0, 1s,LpRd,Rmq, for some p1 such that 1
p ` 1

p1 ą 1,
ş¨

0 Ys´dXs P

Dppr0, 1s,Rmq.
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Level 2 rough integration We mainly follow the presentation given in Allan et al.
(2023a). Let p P r2, 3q and p1 ě p be such that

2

p
`

1

p1
ą 1. (1.2.5)

Define r ě 1 by the relation

1

r
“

1

p
`

1

p1
. (1.2.6)

Notice that 1 ď
p
2 ď r ă p ď p1 ă 8.

Definition 1.2.9. Let X P Dppr0, 1s, G2pRdqq. A pair of càdlàg paths pY, Y 1q is called
a controlled rough path (with respect to X :“ π1pXq) if Y P Dppr0, 1s,LpRd,Rmqq, and
for some p1, r satisfying (1.2.5), (1.2.6), it holds that Y 1 P Dp1

pr0, 1s,LpRd,LpRd,Rmqq,
and R : ∆1 Ñ LpRd,Rmq, defined by Rs,t :“ Ys,t ´ Y 1

sXs,t, for ps, tq P ∆1, has finite

r-variation. We denote the space of such controlled paths by Vp
1,r

X .

Remark 1.2.10. Notice that a pair of controlled rough paths pY, Y 1q as in Definition 1.2.9
is controlled with respect to X :“ π1pXq. Here Xp2q :“ π2pXq does not play any role.

Nevertheless, with some abuse of notation, we denote the space of such paths by Vp
1,r

X .

Recall from Remark 1.2.2(iii) that for X P Dppr0, 1s, G2pRdqq and ps, tq P ∆1, we set

Xs,t “ p1, Xs,t,X
p2q

s,t q.

Proposition 1.2.11. (Proposition 2.4 in Allan et al. (2023b)) Let X P Dppr0, 1s, G2pRdqq

and pY, Y 1q P Vp
1,r

X , for some p1 ě p such that 2
p ` 1

p1 ą 1. Then, for all t P r0, 1s, the limit

ż t

0
Ys´dXs :“ lim

pMRSq|πr0,ts|Ñ0

ÿ

siPπr0,ts

`

YsiXsi,si`1 ` Y 1
siX

p2q
si,si`1

˘

, (1.2.7)

exists. We call the limit in (1.2.7) the rough integral of pY, Y 1q with respect to X.

Remark 1.2.12. (i) The observation in Remark 1.2.7(i) applies also here.

(ii) Recall that LpRd;LpRd;Rmqq can be identified with the space LpRdˆd;Rmq. This
allows us to make sense of the product Y 1Xp2q in equation (1.2.7), which then takes
values in Rm.

Corollary 1.2.13. (Remark 2.6 in Allan et al. (2023b)) Let X P Dppr0, 1s, G2pRdqq. For

any pY, Y 1q P Vp
1,r

Xp
, with p1 ą p such that 1

p1 ` 2
p ą 1, the pair p

ş¨

0 Ys´dXp s, Y q P Vp
1,r

Xp
.

Notation 1.2.14. Throught the work, whenever the involved paths are continuous, we
write

ş¨

0 YsdXs in place of (1.2.4) or (1.2.7).
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1.2 Weakly geometric càdlàg rough paths and rough integration

Consistency between Young and rough integration We conclude the section with a
discussion on the consistency between the Young and the rough integral. To this end, fix
X P D1pr0, 1s, G1pRdqq and for all t P r0, 1s, set

Xt :“

˜

1, Xt ´X0,

ż t

0
X0,s´ b dXs `

1

2

ÿ

0ăsďt

p∆Xsq
b2

¸

, (1.2.8)

where
ş¨

0X0,s´ b dXs denotes the Young integral of X0,¨ with respect to X. By Co-
rollary 1.2.8 and the geometric properties of the Young integral (see e.g., Proposition
2.4 in Friz and Zhang (2017)), we get that X P D1pr0, 1s, G2pRdqq. Therefore, since for
any p ą 1, D1pr0, 1s, G2pRdqq Ď Dppr0, 1s, G2pRdqq, X can be interpreted as a weakly
geometric càdlàg p-rough path, for any p P r2, 3q.

Lemma 1.2.15. Let p P r2, 3q and X P Dppr0, 1s;G2pRdqq. Assume that X is defined as

in equation (1.2.8), for some X P D1pr0, 1s, G1pRdqq, and let pY, Y 1q P Vp
1,r

Xp
, with p1 ą p

such that 1
p1 ` 2

p ą 1. Then,

ż t

0
Ys´dXs “

ż t

0
Ys´dXs `

1

2

ÿ

0ăsďt

Y 1
s´p∆Xsq

b2, (1.2.9)

where the integral on the LHS denotes the rough integral of pY, Y 1q with respect to X,
while the integrals on the RHS are Young integrals of Y with respect to X, and Y 1 with
respect to the path r0, 1s Q t ÞÑ

ř

0ăsďtp∆Xsq
b2, respectively.

Proof. Notice that the path r0, 1s Q t ÞÑ
ř

0ăsďtp∆Xsq
b2 is of finite variation, implying

that the second integral on the RHS of equation (1.2.9) is well defined. Set for ps, tq P ∆1

Ys,t :“
ż t

s
Xs,r´ b dXr.

Fix u P p0, 1s. By the definitions of rough and Young integral (see equations (1.2.7), (1.2.4),
respectively), we need to show that

lim
pMRSq|πr0,us|Ñ0

ÿ

siPπr0,us

Y 1
siYsi,si`1 “ 0.

The claim follows by Remark 1.2.5 and a similar reasoning as in Theorem 35 in Friz and
Shekhar (2017).

1.2.4 Extended weakly geometric càdlàg rough paths

In this section, we introduce the space of extended weakly geometric càdlàg rough paths.
Roughly speaking this space consists of all the weakly geometric p-rough paths with
values in GrpspRd`1q obtained through the addition of an auxiliary path component of
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finite variation to some X P Dppr0, 1s, GrpspRdqq. When p P r1, 2q, this extension is quite
straightforward. When p P r2, 3q instead, care must be taken to ensure consistency
between Young and rough integration (see Remark 1.2.18(iii)), and to preserve the group-
valued constraint. For the explanation of the index 0 used here we refer to Notation 1.2.17
below.

Definition 1.2.16. Fix Z P D1pr0, 1s,Rq and Xp P Dppr0, 1s, GrpspRd`1qq.

(i) If p P r1, 2q, we say that Xp is a Z-extended weakly geometric càdlàg p-rough path
if for all i “ 1, . . . , d,

xϵi,Xp y “ xϵi,Xy, and xϵ0,Xp y “ Z,

for some X P Dppr0, 1s, G1pRdqq.

(ii) If p P r2, 3q, we say that Xp is a Z-extended weakly geometric càdlàg p-rough path
if for all i, j “ 1, . . . , d,

xϵi,Xp y “ xϵi,Xy, xϵji,Xp y “ xϵji,Xy,

and for all j “ 0, . . . , d,

xϵ0,Xp y “ Z, xϵj0,Xp y “

ż ¨

0
xϵj ,Xp 0,s´ydZs `

1

2

ÿ

0ăuď¨

∆xϵj ,Xp uy∆Zu. (1.2.10)

for some X P Dppr0, 1s, G2pRdqq, and the integral in (1.2.10) is of Young type.

Notation 1.2.17. We use the index 0 to denote the additional auxiliary component Z
of Xp . Unless explicitly mentioned, this notation will be used throughout the work.

Remark 1.2.18. (i) In Definition 1.2.16, we use the p̈notation to denote a Z-extended
weakly geometric càdlàg p-rough path Xp . Even though the specific path considered
to define the extension might be different from case to case, this notation will be
used throughout the work, and the differences will be emphasized as needed.

(ii) Let p P r2, 3q. Notice that by definition any Z-extended weakly geometric càdlàg p-
rough path Xp lies in G2pRd`1q. Therefore, by the shuffle property (1.1.8), for all
i “ 0, 1, . . . , d, t P r0, 1s,

xϵp0,iq,Xp ty “ Ztxϵi,Xp ty ´ xϵpi,0q,Xp ty.

Moreover, since Z P D1pr0, 1s,Rq and xϵi,Xy P Dppr0, 1s,Rq, the Young integral
in (1.2.10) is well defined and for all t P r0, 1s,

ÿ

0ăuďt

|∆xϵi,Xp uy∆Zu| ď

˜

ÿ

0ăuďt

|∆xϵi,Xp uy|3

¸1{3 ˜

ÿ

0ăuďt

|∆Zu|
3
2

¸2{3

ă 8.

This implies that the path defined in equation (1.2.10) is of finite variation (see
also Corollary 1.2.8) and the definition is well-posed.
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1.3 Signature of weakly geometric càdlàg rough paths

(iii) Let Xp be a Z-extended weakly geometric càdlàg p-rough path, for p P r2, 3q. For

some p1 ě p with 2
p ` 1

p1 ą 1, let pY, Y 1q P Vp
1,r

Xp
be such that for all ps, tq P ∆1,

Ysπ1pXs,tq “ xϵ0, YsyZs,t,

Y 1
sπ2pXs,tq “ xϵi0, Y

1
syxϵi0,Xs,ty,

for some i “ 1, . . . , d. Then, a slight adaptation of the reasoning in the proof of
Lemma 1.2.15 to the present setting yields that for all t P p0, 1s,

ż t

0
Ys´dXp s “

ż t

0
Ys´dZs `

1

2

ÿ

0ăuďt

Y 1
s´∆xϵi,Xp uy∆Zu,

where the integrals on the RHS are of Young type.

(iv) One can easily see that given Z P D1pr0, 1s,Rq and X P Dppr0, 1s, GrpspRdqq, it
is always possible to build a Z-extended weakly geometric p-rough path Xp as in
Definition 1.2.16. Trivially, the reverse is also true.

1.3 Signature of weakly geometric càdlàg rough paths

In this section, we introduce the notion of the signature of weakly geometric càdlàg rough
paths. This notion was first studied for continuous paths in Lyons (1998). In this
paper Lyons proves that every weakly geometric continuous p-rough path (starting from
1 P GrpspRdq) admits an extension to a path of finite p-variation with values in GN pRdq,
for N ą rps. This extension is unique, and even more, it allows us to determine a bijection
from the space of continuous weakly geometric p-rough paths to the space of continuous
paths with values in GN pRdq, for N ą rps with finite p-variation. This result, known as
Lyon’s extension theorem (Theorem 2.2.1 in Lyons (1998), Theorem 3.7 in Lyons et al.
(2007)), forms the foundational basis for the definition of the signature of a continuous
rough path. Indeed, the signature is defined as the unique path with values in GppRdqq

(introduced in equation (1.1.6)) whose projection to GN pRdq are given by the Lyons’s
extension theorem.

In Friz and Shekhar (2017), the concept of signature has been extended to càdlàg paths.
Here, the notion of weakly geometric càdlàg rough paths and rough integration for these
paths has been first introduced. Then, building on the theory for continuous paths and
some earlier ideas by Marcus (1978, 1981), an analog of Lyons’ extension theorem in the
càdlàg setting is also provided. However, unlike in the continuous setting, the uniqueness
of the extension is lost and recovered only up to an additional algebraic constraint on
the jumps of the extended path. The extension theorem, which is known as minimal
jump extension theorem (Theorem 20 in Friz and Shekhar (2017)) provides an injective
(but not surjective) map from the space of weakly geometric càdlàg p-rough paths to the
space of càdlàg paths with values in GN pRdq, for N ą rps with finite p-variation.

The section is structured as follows. We first introduce the notion of the signature of
continuous weakly geometric p-rough paths. Then we present the signature of càdlàg paths.
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To this end, we shall recall and elaborate on the Marcus transformation of a càdlàg path
to a continuous path (as introduced in Chevyrev (2017)), which is the fundamental idea
on which the notion of signature for càdlàg paths is based.

1.3.1 Signature of continuous rough paths

We follow the presentation in Friz and Victoir (2010) as it is in line with the group-valued
paths point of view for weakly geometric rough paths that we use in Section 1.2.

Theorem 1.3.1. (Lyon’s extension theorem, see e.g., Theorem 9.5 in Friz and Victoir
(2010)) Let p P r1, 3q and N Q N ą rps. Every X P Cppr0, 1s, GrpspRdqq with X0 “ 1 P

GrpspRdqq admits a unique extension to a continuous path XN : r0, 1s Ñ GN pRdq, such
that XN starts from 1 P GN pRdq and is of finite p-variation with respect to the CC metric
dCC on GN pRdq.

Remark 1.3.2. A key additional result proved in Theorem 9.5 in Friz and Victoir (2010)
is that the map

SN pXq : Cpo pr0, 1s, GrpspRdqq ÞÑ Cpo pr0, 1s, GN pRdqq (1.3.1)

X ÞÝÑ SN pXq :“ XN

is a bijection. Here, we denote by Cpo pr0, 1s, GrpspRdqq and Cpo pr0, 1s, GN pRdqq the subsets
of paths in Cppr0, 1s, GrpspRdqq and Cppr0, 1s, GN pRdqq, respectively, which start from the
identity of the group 1.

Finally, we present the notion of the signature of a continuous weakly geometric rough
path.

Definition 1.3.3. Let X P Cppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdqq. The signature
of X is defined as the unique path

X : r0, 1s Ñ GppRdqq,

such that for all N Q N ą rps, πďN pXq “ XN , where XN denotes the unique extension
path of X in GN pRdq provided by Theorem 1.3.1.

One can also prove that the extension path provided in Theorem 1.3.1 can be computed
by solving a linear rough differential equation (RDE).

Corollary 1.3.4. Let N Q N ą rps, X P Cppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdqq.
The unique extension path XN of X with values in GN pRdq provided by Theorem 1.3.1
satisfies the following linear RDE

dXN “ XN b dX, XN0 “ 1 P GN pRdq, (1.3.2)
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1.3 Signature of weakly geometric càdlàg rough paths

which admits a unique solution, whose explicit form reads

XNt “ 1 `

ż t

0
XNs b dXs, t P r0, 1s. (1.3.3)

Here the integral is understood as a rough integral.

We refer to Lemma 2.10 in Lyons et al. (2007), Exercise 4.6 in Friz and Hairer (2014),
and Section 5 in Chevyrev (2024) for the proof and more details on the statement of
Corollary 1.3.4.

Remark 1.3.5. (i) Since for every N ą rps, equation (1.3.2) admits a unique global
solution (see Section 10.7 in Friz and Victoir (2010)), the signature X of a path
X P Cppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdq can also be defined without
ambiguity as the unique solution of the following linear RDE in the extended tensor
algebra:

dX “ X b dX, X0 “ p1, 0, 0, . . . q P GppRdqq.

(ii) By Corollary 1.3.4, when p P r1, 2q, the signature X of a path X P Cppr0, 1s, G1pRdqq

with X0 “ 1 P G1pRdq is the continuous GppRdqq-valued path given by the sequence
of all its iterated Young integrals, i.e., for all t P r0, 1s,

Xt :“ p1,

ż t

0
dXt1 ,

ż t

0

ż t1

0
dXt2 b dXt1 , . . . ,

ż t

0

ż t1

0
. . .

ż tn´1

0
dXtn b ¨ ¨ ¨ b dXt1 , . . . q.

Notice that for all i P N,
ż t

0

ż t1

0
. . .

ż ti´1

0
dXti b ¨ ¨ ¨ b dXt1 P pRdqbi.

Finally, we conclude this section by highlighting some important properties of the
signature path. Even though these results are well-known, we include the proofs for
clarity of exposition.

Proposition 1.3.6. Let X P Cppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdq, and for
N ą rps, let SN be the extension map introduced in equation (1.3.1). Then,

(i) SpXqNϕptq “ SN pXϕqt, for all t P r0, 1s and ϕ time reparametrization;

(ii) SN pXqs,t “ SN pXqs,u b SN pXqu,t, for all 0 ď s ď u ď t ď 1.

Proof. (i): For p “ 1 we refer to the proof of Proposition 7.10 in Friz and Victoir (2010).
For the remaining cases, the assertion follows by Corollary 1.3.4, the interpretation of
an RDE as an integral equation, and the property of the Young and rough integral, for
which it holds that for all X P Cppr0, 1s, GrpspRdqq and t P r0, 1s

ż ϕptq

0
YsdXs “

ż t

0
YϕpsqdXϕpsq,
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for suitably chosen paths Y (or pY, Y 1q) such that the integrals are well-defined.

(ii) It directly follows from the definition of path increments (see equation (1.2.3)) for
paths with values in the Lie group GN pRdq.

Remark 1.3.7. We refer to properties (i) and (ii) in Proposition 1.3.6 as invariance
under reparametrization and Chen’s relation.

1.3.2 Marcus transformation of a weakly geometric càdlàg rough path

In this section, we recall and elaborate on the Marcus transformation of weakly geo-
metric càdlàg p-rough paths for p P r1, 3q, introduced in Chevyrev (2017), (see also
Section 2.3 in Chevyrev and Friz (2019)). This is an operation that associates to every
càdlàg path a continuous one obtained by introducing an additional time interval at
each jump time and connecting the states before and after the jump via the so-called
log-linear path-function denoted by ℓℓ. Let us start by listing all the objects required for
the precise definition.

(i) Fix X P Dpr0, 1s, GrpspRdqq, and let ptkqkPN denote the sequence of its jumps times.

(ii) Fix a sequence R :“ prkqk such that for all k P N, rk ą 0 and ΣR :“
ř8
k“1 rk ă 8,

and define for all t P r0, 1s

τX,Rptq :“ t`

8
ÿ

k“1

rk1ttkďtu. (1.3.4)

Notice that τX,R is an increasing càdlàg function from r0, 1s with values in r0, 1`ΣRs

whose sequence of jumps times coincide with the sequence of jumps times of X.

(iii) Consider the log-linear path function ℓℓ defined as follows:

ℓℓ : GrpspRdq ˆGrpspRdq Ñ Cpr0, 1s, GrpspRdqq

px,yq ÞÑ

´

s ÞÑ x b expprpsqps logprpsqpx´1 b yqq

¯

. (1.3.5)

Notice that for all px,yq P GrpspRdq ˆGrpspRdq, ℓℓpx,yqp0q “ x and ℓℓpx,yqp1q “ y.

(iv) Define Y P Cpr0, 1 ` ΣRs, GrpspRdqq as follows: for all s P r0, 1 ` ΣRs,

Ys :“

$

&

%

Xt, if p1q,

Xt´k
b expprpsq

ˆ

ps´τX,Rpt´k qq

rk
logprpsqp∆Xtkq

̇

if p2q,

where,

p1q : s “ τX,Rptq for some t P r0, 1s;

p2q : s P rτX,Rpt´k q, τX,Rptkqs, k P N.
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1.3 Signature of weakly geometric càdlàg rough paths

Definition 1.3.8. Let X P Dpr0, 1s, GrpspRdqq. Fix a sequence R as in (ii) and let τX,R
be the increasing càdlàg function built through R as in equation (1.3.4). Let Y be the
continuous path defined via τX,R and the log-linear path function ℓℓ as in (iv), and let
ψR denote an increasing bijection from r0, 1s to r0, 1 ` ΣRs. The Marcus-transformed
path of X associated to the pair pR,ψRq is the continuous path Xr P Cpr0, 1s, GrpspRdqq

given by

Xr ¨ :“ YψRp¨q.

Assumption 1.3.9. From now on, whenever we refer to the Marcus-transformed path of
a càdlàg path X P Dpr0, 1s, GrpspRdqq associated to a pair pR,ψRq, we implicitly assume
that R is a sequence satisfying condition (ii) and ψR is an increasing bijection from r0, 1s

to r0, 1 ` ΣRs.

Remark 1.3.10. Fix X P Dpr0, 1s, GrpspRdqq.

(i) If X P Cpr0, 1s, GrpspRdqq, for any sequence R as in (ii), the map τX,R in (1.3.4) is
the identity map, i.e., τX,Rptq “ t for all t P r0, 1s, and Y “ X, for Y as in (iv). In
this case, we establish the convention that ψR is an increasing bijection from r0, 1s

to r0, 1s and thus Xr is simply a time-reparametrization of X.

(ii) Let Xr be the Marcus-transformed path of X associated to some pair pR,ψRq.
Observe that we can recover X from Xr via

X¨ :“ Xr ψ´1
R pτX,Rp¨qq

.

(iii) The Marcus-transformed paths of X associated with two different pairs pR,ψRq

and pRr , ψ
Rr

q, are simply time-reparametrizations of one another. More precisely, for

notational convenience let us denote by Z and Zr the transformed paths associated
to pR,ψRq and pRr , ψ

Rr
q, respectively. Then one can show that there exists a time

reparametrization ϕ such that Zϕ “ Zr and for all t P r0, 1s,

ϕpψ´1
R pτX,Rptqqq “ ψ´1

Rr
pτ

X,Rr
ptqq.

1.3.3 Signature of càdlàg rough paths

The concept of the signature of a càdlàg rough path (introduced in Theorem 20 in Friz and
Shekhar (2017)) builds upon the established framework for continuous paths. Roughly
speaking, to compute the signature of a càdlàg rough path X P Dppr0, 1s, GrpspRdqq with
X0 “ 1, the initial step involves transforming X into a continuous path via the Marcus
transformation detailed in Section 1.3.2. This transformation yields a transformed path
Xr (with respect to some pair pR,ψRq), which is a continuous weakly geometric p-rough
path by construction, for which the existence (and uniqueness) of the signature path is
guaranteed by Lyons’s extension theorem (Theorem 1.3.1). The signature of the original
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weakly geometric càdlàg rough path X is defined then as the unique GppRdqq-valued path
X such that the projection paths over GN pRdq, denoted by XN , are the càdlàg paths
given by

XN¨ :“ SN pXr qψ´1
R pτX,Rp¨qq

, (1.3.6)

for SN denoting the extension map in equation (1.3.1) and τX,R the càdlàg map defined
in equation (1.3.4).

Before presenting the precise statement of Theorem 20 in Friz and Shekhar (2017), we
provide some comments on this first sketch about the construction of the signature path.

Remark 1.3.11. (i) The definition of the signature X of a càdlàg rough path is
independent of the particular Marcus transformed path Xr associated with some
specific pair pR,ψRq. This follows by Proposition 1.3.6 and Remark 1.3.10(iii).

(ii) By definition of the Marcus transformation, one gets that for all tk, k P N, jumps
time of X, and s P rτX,Rpt´k q, τX,Rptkqs,

Xr ψ´1
R psq

“ Xr ψ´1
R pτX,Rpt´k qq

b expprpsq

ˆ

ps´ τX,Rpt´k qq

rk
logprpsqp∆Xtkq

̇

.

As a consequence, by Lyons’ extension theorem and Proposition 1.3.6(ii), for all
N ą rps,

∆XNtk :“ SN pXr q
´1

ψ´1
R pτX,Rpt´k qq

b SN pXr qψ´1
R pτX,Rptkqq

“ exppNq
´

logprpsqp∆Xtkq

¯

,

which explains the choice of the name minimial jump extension theorem for Lyon’s
equivalent theorem in the càdlàg setting.

As a result of these considerations, the presentation of the next theorem follows
smoothly.

Theorem 1.3.12. (Minimal jump extension theorem, see Theorem 20 in Friz and Shekhar
(2017)) Let N Q N ą rps. Every X P Dppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdqq admits
a unique extension to a càdlàg path XN : r0, 1s Ñ GN pRdq, such that XN starts from
1 P GN pRdq, is of finite p-variation with respect to the CC metric dCC on GN pRdq, and
satisfies the following condition:

logpNqp∆XNt q “ logprpsqp∆Xtq for all t P r0, 1s. (1.3.7)

XN is called minimal jump extension of X in GN pRdq.

Remark 1.3.13. (i) Observe that the left-hand side of (1.3.7) lies in TN0 pRdq while the

right-hand side lies in T
rps

0 pRdq. This slight abuse of notation has to be interpreted
as follows: xϵI , log

pNqp∆XNt qy “ 0 for all t P r0, 1s, |I| ą 1 if X is Marcus-like,
|I| ą rps otherwise.
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1.3 Signature of weakly geometric càdlàg rough paths

(ii) Notice that if in particularX P Cppr0, 1s, GrpspRdqq, the statement of Theorem 1.3.12
coincides with the statement of Theorem 1.3.1.

(iii) In the càdlàg setting, uniqueness of the extension is obtained provided that the
additional algebraic constraint on the jumps (1.3.7) is satisfied. The form of this
constraint is due to the use of the log-linear path functional (see equation (1.3.5)) to
interpolate the jumps (see Remark 1.3.11(ii)). The choice of another interpolation
procedure would have resulted in a different notion of the signature path.

(iv) Simple examples show that without the constraint imposed by condition (1.3.7),
the uniqueness of the extension is lost (see, for instance, Example 18 in Friz and
Shekhar (2017)). This is due to the fact that there are nontrivial pure jump paths
of finite p-variation with p ă 1. As a consequence, contrary to the restriction to
the set of continuous paths (see Remark 1.3.2), the map

SN pXq : Dp
opr0, 1s, GrpspRdqq ÞÑ Dp

opr0, 1s, GN pRdqq (1.3.8)

X ÞÝÑ SN pXq :“ XN ,

for N ą rps and XN denoting the minimal jump extension of X, is injective but
not surjective. Here, we denote by Dp

opr0, 1s, GrpspRdqq and Dp
opr0, 1s, GN pRdqq the

subsets of paths in Dppr0, 1s, GrpspRdqq and Dppr0, 1s, GN pRdqq, respectively, which
start from the identity of the group 1.

Finally, the signature of a weakly geometric càdlàg rough path is defined as the unique
path extension provided by Theorem 1.3.12.

Definition 1.3.14. Let X P Dppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdqq. The signature
of X is defined as the unique path

X : r0, 1s Ñ GppRdqq,

such that for all N Q N ą rps, πďN pXq “ XN , where XN denotes the unique extension
path of X in GN pRdq provided by Theorem 1.3.12.

Notation 1.3.15. From now on, given X P Dppr0, 1s, GrpspRdqq, we refer to X as signature
of X and to XN as truncated signature of order N of X.

Remark 1.3.16. (i) If in particular X P Crpsr0, 1s, GrpspRdqq, Definition 1.3.14 and
Definition 1.3.3 coincide.

(ii) In this càdlàg literature, it is frequent to refer to the signature as Marcus signature.
This is because the construction if this object relies on the original Marcus’ idea
(see Marcus (1978, 1981)) of turning a càdlàg Rd-valued path into a continuous one,
by introducing an additional time interval at each jump time and replacing the
jumps by a straight line which connects the states before and after the jump. In
the current càdlàg rough path setting, where the state space is GrpspRdq, the jumps
of X are connected by means of the log-linear path functional which is in fact the
analog of the straight line in the Lie group GrpspRdq.
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As for continuous paths, one can prove that the truncated signature of a weakly
geometric càdlàg rough path can be computed by solving a (linear) Marcus-type RDE.
This notion of RDE has been introduced in Chevyrev and Friz (2019), where once again,
the authors rely on the theory of RDE driven by continuous paths to establish a new
solution theory for RDE driven by weakly geometric càdlàg rough paths. Before treating
the special case of the equation solved by the signature, we provide a summary of this
solution concept.

A Marcus-type RDE driven by some X P Dppr0, 1s, GrpspRdqq is denoted by

dYt “ V pYtq ˛ dXt, (1.3.9)

for some given suitable vector field V . A solution of such RDE is defined as the
ψ´1
R pτX,Rp¨qq-time changed of the solution of the RDE driven by the continuous Marcus

transformed path Xr (associated to some pair pR,ψRq). More precisely, let Yr be the
solution of the RDE

dYr t “ V pYr tqdXr t.

The solution Y to the Marcus-type RDE (1.3.9) is then defined as Y :“ Yrψ´1
R pτX,Rp¨qq

(see

Definition 2.1 and Remark 3.4 in Chevyrev and Friz (2019)). One can show that Y does
not depend on the specific pair pR,ψRq (see Remark 3.2 in Chevyrev and Friz (2019)).
Moreover, by exploiting the specific parametrization of the log-linear path functional ℓℓ
employed to build the transformed path Xr (see equation (1.3.5)), the original Marcus-type
RDE (1.3.9) can be rewritten as an explicit integral equation driven by X (see Definition
37 in Friz and Shekhar (2017)).

Now, recall from the discussion at the beginning of this section that by construction,
the truncated signature path of X, denoted by XN , satisfies

XN¨ :“ SN pXr qψ´1
R pτX,Rp¨qq

.

Moreover, by Corollary 1.3.4 SN pXr q solves the linear RDE (1.3.2). Hence, the following
corollary follows directly. We refer to Corollary 39 in Friz and Shekhar (2017) for more
details.

Corollary 1.3.17. Let N Q N ą rps, X P Dppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdqq.
The unique extension path XN of X with values in GN pRdq provided by Theorem 1.3.12
satisfies the following linear Marcus-type RDE

dXN “ XN b ˛dX, XN0 “ 1 P GN pRdq, (1.3.10)

which admits a unique solution, whose explicit form can be written as

XNt “ 1 `

ż t

0
XNs´ b dXs `

ÿ

0ăsďt

XNs´ b
`

exppNqplogprpsqp∆Xsqq ´ ∆Xs

˘

. (1.3.11)

The integral in (1.3.11) is understood as a rough integral and the summation term is
well-defined as an absolutely summable series.
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1.3 Signature of weakly geometric càdlàg rough paths

Remark 1.3.18. (i) If in particular X P Crpspr0, 1s, GrpspRdqq, equations (1.3.10)
and (1.3.2) coincide.

(ii) For N ą rps, XN is the unique solution of the Marcus-type RDE (1.3.10), (unique-
ness follows from the uniqueness results for continuous linear RDEs (see Section 10.7
in Friz and Victoir (2010))). Therefore, given a weakly geometric càdlàg p-rough
path X, its signature can also be defined without ambiguity as the unique solution
of the following Marcus-type RDE in the extended tensor algebra:

dX “ X b ˛dX, X0 “ p1, 0, 0, . . . q P GppRdqq.

(iii) Solutions of Marcus-type RDEs are also called geometric solutions. This notion
has to be distinguished with the concept of forward solution of a RDE, introduced
in Friz and Zhang (2017).

We remark furthermore that the same type of (geometric) equation has also been
considered in a semimartingale context by Kurtz et al. (1995) (see also Section 1.4).

Finally, the invariance under reparametrization property and the validity of Chen’s
relation described in Proposition 1.3.6 for continuous paths, remain valid also in the
càdlàg setting.

Corollary 1.3.19. Let X P Dppr0, 1s, GrpspRdqq with X0 “ 1 P GrpspRdq, and for N ą rps,
let SN be the extension map introduced in equation (1.3.8). Then,

(i) SpXqNϕptq “ SN pXϕqt, for all t P r0, 1s and ϕ time reparametrization;

(ii) SN pXqs,t “ SN pXqs,u b SN pXqu,t, for all 0 ď s ď u ď t ď 1.

Proof. (i) see Proposition 5.2.11 and Section 5.2.4.

(ii): it directly follows the construction of the signature of a càdlàg paths combined
with Proposition 1.3.6.

Assumption 1.3.20. Throughout, we assume that all the weakly geometric càdlàg rough
paths start at 1 P GrpspRdq, i.e., X0 “ 1. For notational convenience, with a slight abuse of
notation, we denote the space of such paths by Dppr0, 1s, GrpspRdqq (or Cppr0, 1s, GrpspRdqq

for the subset of continuous paths) instead of Dp
opr0, 1s, GrpspRdqq (or Cpo pr0, 1s, GrpspRdqq).

Linear projections of the signature path We conclude the section with a more in-depth
description of the signature path. To this end, we project along some linear functions on
the extended tensor algebra the explicit form of the (unique) solution of the Marcus-type
RDE (1.3.10), which is in fact the signature path. Fix u P T pRdq and recall the shifts
introduced in equation (1.1.7). Let X P Dppr0, 1s, GrpspRdqq and denote by X its signature.
Then, a projection of equation (1.3.11) along u combined with Lemma 2.9 in Friz and
Zhang (2017) yields that
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(i) if p P r1, 2q,

xu,X¨y “xu,X0y `

ż ¨

0
xup1q,Xs´ydXs (1.3.12)

`
ÿ

0ăsď¨

xu,Xsy ´ xu,Xs´y ´ xup1q,Xs´y∆Xs,

where the integral term is as a Young integral of xup1q,X¨y P Dppr0, 1s,Rd`1q with
respect to X;

(ii) if p P r2, 3q,

xu,X¨y “xu,X0y `

ż ¨

0
xup1q,Xs´ydXs (1.3.13)

`
ÿ

0ăsď¨

xu,Xsy ´ xu,Xs´y ´ xup1q,Xs´y∆Xs ´ xup2q,Xs´y∆Xp2q
s ,

where the integral term is as a rough integral of the controlled rough path
`

xup1q,X¨y, xu
p2q,X¨y

˘

P Vp,
p
2

X with respect to X, and for all t P p0, 1s, we set

p1,∆Xt,∆Xp2q

t q :“ ∆Xt.

1.4 Càdlàg semimartingales as rough paths

Càdlàg semimartingales fit well into the theory of càdlàg rough paths. Indeed, every
semimartingale admits a canonical lift which is a.s. a Marcus-like càdlàg p-rough path
for any p ą 2. For the proof of the subsequent proposition, we refer to Friz and Shekhar
(2017) and Chevyrev and Friz (2019).

Proposition 1.4.1. Let p P p2, 3q, X :“ pXtqtPr0,1s be a Rd-valued càdlàg semimartingale

on a filtered probability space pΩ,F , pFtqtPr0,1s,Pq, and let prX,XsctqtPr0,1s be its pRdqb2-
valued continuous quadratic variation. Set

Xp2q

0,t :“

ż t

0
X0,r´ b dXr `

1

2
rX,Xsct `

1

2

ÿ

0ăuďt

∆Xu b ∆Xu, t P r0, 1s,

where the integral is understood as Itô-integral. Define for all t P r0, 1s,

Xt :“ p1, Xt ´X0,X
p2q

0,t q. (1.4.1)

Then Xpωq P Dppr0, 1s;G2pRdqq a.s. We call X Marcus lift of X.

In the following, unless explicitly mentioned, whenever we consider a semimartingale
X, we always assume that X is defined on some filtered probability space pΩ.F , pFtqt,Pq.
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1.4 Càdlàg semimartingales as rough paths

Remark 1.4.2. Let X be the Marcus lift of a semimartingale X. Recall Remark 1.2.2(i)
and notice that for all t P r0, 1s, Xt “ expp2qpXt ´X0, Atq, where, A : r0, 1s Ñ rRd,Rds is
càdlàg path defined via

xϵij , Aty :“
1

2

ˆ
ż t

0
Xi

0,sdX
j
s ´

ż t

0
Xj

0,sdX
i
s

̇

,

for all t P r0, 1s and each i ă j.

The signature of semimartingales can be computed by adopting stochastic integration
methods instead of resorting to rough integrals. Proposition 4.16 in Chevyrev and Friz
(2019) accounts for this. For completeness, we report an adaptation of this statement to
our specific context.

Proposition 1.4.3. Let X be an Rd-valued semimartingale and X its Marcus lift. It
holds that the Marcus-type RDE

dX “ X b ˛dX, X0 “ p1, 0, 0, . . . q P GppRdqq

coincides a.s. with the Marcus SDE (see Kurtz et al. (1995))

dX “ X b ˛dX, X0 “ p1, 0, 0, . . . q P GppRdqq. (1.4.2)

Existence and uniqueness of the solution of the Marcus SDE (1.4.2) are provided by
Theorem 3.2 in Kurtz et al. (1995). The explicit form of equation (1.4.2) is given by

Xt “1 `

ż t

0
Xs´ b dXs `

1

2

ż t

0
Xs´ b drX,Xscs `

ÿ

0ăsďt

Xs´ b
`

expp∆Xsq ´ ∆Xs ´ 1
˘

,

where expp∆Xsq “
ř8
k“0

1
k!p∆Xsq

bk. This means that xϵH,Xty “ 1 and for each multi-
index I with entries in t1, . . . , du, we get

xϵI ,Xty “

ż t

0
xϵI 1 ,Xs´ydX

i|I|

s `
1

2

ż t

0
xϵI2 ,Xs´ydrXi|I|´1 , Xi|I|scs1t|I|ą1u

`
ÿ

0ăsďt

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
xϵI1 ,Xs´yxϵI2 , p∆Xsq

b|I2|y1t|I2|ą1u.

Observe that here we consider Itô type integrals.

Remark 1.4.4. (i) If X is a R-valued càdlàg semimartingale, by Itô’s formula we get
that

Xt “ p1, Xt ´X0,
pXt ´X0q2

2
, . . . ,

pXt ´X0qn

n!
, . . . q P GppRqq.

(ii) If X is a continuous Rd-valued semimartingale, then X coincides with the Stra-
tonovich signature, see e.g., Chapter 17.2 in Friz and Victoir (2010).
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2 Universal approximation theorems for
continuous functions of càdlàg paths and
Lévy-type signature models

The present chapter is based on Cuchiero et al. (2024d), a joint work with Christa
Cuchiero and Sara Svaluto-Ferro.

2.1 Introduction

As explained in the introduction on the present thesis, methods based on the signature of a
path represent a non-parametric way for extracting characteristic features from time series
data which is essential in machine learning tasks. This explains why these techniques
are more and more applied in econometrics and mathematical finance, see e.g., Bühler
et al. (2020), Kalsi et al. (2020), Arribas et al. (2021), Lyons et al. (2020), Liao et al.
(2024), Bayer et al. (2023), Cuchiero et al. (2022), Min and Hu (2021), Akyildirim et al.
(2022) and the references therein. Indeed, signature-based methods allow for data-driven
modeling approaches, while stylized facts or first principles from mathematical finance
can still be easily guaranteed.

The choice of the signature as feature map capturing the specific characteristics of
the path, can be explained by a universal approximation theorem (UAT) according to
which continuous (with respect to certain variation distances) functionals of continuous
paths can be approximated on compact sets of paths by linear functionals of the time-
extended signature. This result is however only proved for continuous paths and therefore
leaves open the question of approximating continuous functionals of the more general set
of càdlàg paths, which have particular relevance when it comes to financial modeling.
Based on advances on the signature of càdlàg paths by Friz and Shekhar (2017) and
using the Skorokhod-J1-topology on (Lie group valued) càdlàg paths, we here present
a UAT that solves this question. Firstly, we prove that continuous path functionals
over the time interval r0, 1s can be uniformly approximated on compact sets of paths by
linear functionals of the time-extended signature evaluated at the final time 1. Secondly,
we extend this result by considering functionals of the stopped paths, stopped at all
deterministic times t P r0, 1s, which can thus be associated with non-anticipative path-
functionals (see Remark 2.2.14). We then prove that the coefficients of the linear
functionals do not depend on t P r0, 1s but can be chosen uniformly in time. This is
subject of Theorem 2.2.13, our main result in the first part of the chapter.
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Our principal motivation to treat this problem comes from signature-based models
for finance that allow for an inclusion of jumps. Indeed, all signature models for asset
prices that have been proposed so far, (see Arribas et al. (2021), Cuchiero et al. (2023a,
2024b)), build on stochastic processes with continuous trajectories. In order to extend
them to processes with càdlàg trajectories and to show universality properties among
classical jump-diffusion models in finance, the UAT proved in Section 2.2 is important,
as will become apparent from our definition of Lévy-type signature models below.

The approach that we follow consists in parameterizing the model itself or its char-
acteristics as linear functionals of the signature of an augmented Lévy process X that
we call market’s primary underlying process. More precisely, X denotes the signature of
the dX ` 2 dimensional Lévy process pXtqtě0, whose dynamics under some risk neutral
measure Q are given by

Xt :“

ˆ

t,Wt,

ż t

0

ż

R
xpµ´ νqpds, dxq,

ż t

0

ż

R
x2µpds, dxq, . . . ,

ż t

0

ż

R
xdXµpds, dxq

̇

,

where µ denotes a homogeneous Poisson random measure with compensator ν and W a
one-dimensional Brownian motion. As introduced in Friz and Shekhar (2017) for general
semimartingales, we define the signature X of the Lévy process X, as solution of the
Marcus stochastic differential equation (see Kurtz et al. (1995) for more details) in the
extended tensor algebra T ppRdqq over Rd,

dX “

d
ÿ

i“1

X b ˛dXi, X0 “ p1, 0, 0, . . . q P GppRdqq.

We refer to Section 1.4 for the precise definitions of the involved quantities. We then
introduce Lévy-type signature models under some risk neutral measure Q via

Spℓqt “ S0 `

ż t

0

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xs´y

̇

dWs

`

ż t

0

ż

R

ˆ

ÿ

|J |ďn

ℓJν xϵJ ,Xs´y

̇

xpµ´ νqpds, dxq,

(2.1.1)

for some parameters ℓJW , ℓ
J
ν P R. Here xϵJ ,Xty denotes the component Xt corresponding

to the J-th basis element in T ppRdqq.

As already indicated above, due to the linear characteristics in X, these models can be
considered as universal, since by our càdlàg versions of the UAT the characteristics of
a Lévy driven SDE can be approximated arbitrarily well, if they are continuous (with
respect to the Skorokhod-J1-topology) path functionals of the (enhanced) Lévy process X.
This applies in particular to jump-diffusions as considered e.g. in Section III.2c in Jacod
and Shiryaev (1987).

To analyze tractability properties of models of the form (2.1.1), we first show that the
truncated signature process of a generic multivariate Lévy process is a polynomial process
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2.1 Introduction

on the truncated tensor algebra and derive its expected value via the so-called moment
formula, thus solving a linear ODE (see Cuchiero et al. (2012), Filipović and Larsson
(2020)). Specifically, we prove that under moment assumptions on the Lévy measure,
the expected signature of a Lévy process assumes the Lévy-Khintchine form described
in Friz and Shekhar (2017).

This in turn can be used to get explicit formulas of the expected signature of S in terms
of the expected signature of X, which makes pricing of so-called sig-payoffs, which are
nothing else than linear functionals of the signature of pt, Stqtě0 (see Lyons et al. (2020)),
very efficient. A key step to obtain this result is to rewrite Spℓqt itself as linear functionals
of Xt, a reformulation that we shall call sig-model representation (see Corollary 2.3.14).
Not only pricing of sig-payoffs (see Section 2.3.3) can be traced back to the signature of
X, but also the quadratic hedging problem can be solved by computing the explicit form
of the mean variance hedging strategy in terms of X (see Section 2.3.4).

Note that by our UAT sig-payoffs approximate all J1-continuous (possibly path-
dependent) payoffs arbitrary well on compact set of paths, so that their prices and hedges
can again be used as proxies. The corresponding coefficients of the sig-payoffs can be
obtained by linear regression methods using typical price trajectories, e.g. generated by
several appropriate models with jumps. For calibration purposes this procedure is usually
not accurate enough (comparable with polynomial approximations, see also the Appendix
in Cuchiero et al. (2023a)), but the obtained prices and hedges can for instance be used for
variance reduction techniques. Let us remark here that one crucial advantage of signature
based models, in particular the current Lévy-type signature model, is that calibration via
Monte Carlo methods is highly efficient. Indeed, Lévy-type signature models share the
same advantage as the continuous model of Cuchiero et al. (2023a), since the calibration
task can be split into an offline sampling and a standard optimization. This is again
due to the sig-model representation which allows to precompute all signature samples
of X offline and thus to avoid an (Euler) simulation of trajectories in each optimization
step. This adds further importance to the sig-model representation and suggests an
interpretation of the compensator ν as hyperparameter (similarly to optimization tasks
in the context of machine learning). Note that standard Monte Carlo methods can then
further be enhanced by variance reduction using sig-payoffs as explained above.

Finally, in Section 2.3.5 we discuss equivalent measure changes that allow to keep the
tractable structure of Lévy-type signature models also under the physical measure P.

Let us finally remark that another strand of research related to finance where (càdlàg)
rough paths play a significant role is robust and model-free finance, see for example
Perkowski and Prömel (2016), Allan et al. (2023a) and in particular Allan et al. (2023b)
for càdlàg rough paths foundations for robust finance. Indeed, in this context the theory
of rough integration allows one to go beyond classical Itô-integrals and to overcome
issues associated with null sets that are inherent in stochastic models, when e.g. dealing
with volatility uncertainty. This in turn opens the door to a worst case analysis and a
robustification of financial models and strategies. Note that we here do not pursue this
direction but interpret all integrals in our financial model setup as Itô-integrals.
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The remainder of the chapter is structured as follows. Section 2.2 is dedicated to
the universal approximation theorem. In Section 2.3 we introduce Lévy-type signature
models, discuss their universality properties and derive pricing and hedging formulas
based on polynomial technology. All the technical proofs are given in the Appendix.

Throughout, unless explicitly mentioned, we let p P r1, 3q. Moreover, we refer to
Chapter 1 for the notation and main results concerning weakly geometric càdlàg rough
paths and their signature.

2.2 Universal approximation theorem

In this section, we present a universal approximation theorems (UAT) for continuous
functionals of weakly geometric càdlàg rough paths. We start by specifying the topology
and the subspace of paths that will be considered.

2.2.1 The subspace of time-extended paths and the topology

Definition 2.2.1. Let pE, dq be a metric space and Dpr0, 1s;Eq the space of càdlàg
paths on it. Denote by Λ the set of all strictly increasing bijections of r0, 1s to itself. The
Skorokhod J1-metric on Dpr0, 1s;Eq is defined via

σ8pX,Y q :“ inf
λPΛ

t|λ| _ sup
sPr0,1s

dpXλpsq, Ysqu, X, Y P Dpr0, 1s;Eq,

where, |λ| :“ supsPr0,1s |λpsq ´ s|.

Remark 2.2.2. We endow the space of càdlàg paths considered throughout the chapter
with the J1-topology, induced by the metric σ8. In particular, if

pE, dq “ pGN pRdq, dCCq,

N P N, the Skorokhod J1-metric on Dpr0, 1s;GN pRdqq reads

σ8pX,Yq :“ inf
λPΛ

t|λ| _ sup
sPr0,1s

dCCpXλpsq,Ysqu, X,Y P Dpr0, 1s;GN pRdqq.

Recall the notion of extended weakly geometric càdlàg rough path introduced given in
Definition 1.2.16.

Definition 2.2.3. Let p P r1, 3q and Id : r0, 1s Ñ R be the path such that Idt :“ t, for
all t P r0, 1s. The subspace of time-extended weakly geometric càdlàg p-rough paths is
defined as the set of all the Id-extended weakly geometric càdlàg rough paths. We denote
the space of such paths by Dp

p
pr0, 1s;GrpspRd`1qq and the subset of time-extended weakly

geometric continuous p-rough path by Cp
p
pr0, 1s, GrpspRd`1qq.
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2.2 Universal approximation theorem

Notation 2.2.4. In this chapter we use index ´1 to denote the time component of a
time-extended weakly geometric càdlàg rough paths.

Remark 2.2.5. (i) By Assumption 1.3.20, for all Xp P Dp
p
pr0, 1s;GrpspRd`1qq, it holds

that Xp 0 “ 1 P GrpspRd`1q.

(ii) The consideration of the set of time-extended weakly geometric rough paths is a
key choice for showing condition (iii) in the proof of Proposition 2.2.6 (see also
Corollary 2.2.10). For this purpose, the specific definition of the time-extended
paths as in Definition 1.2.16 is essential as it allows to recover consistency with the
classical Young integral (see Remark 1.2.18 (iii)).

2.2.2 UAT for continuous path functionals

We start by proving that continuous path functionals can be uniformly approximated on
compact sets by linear functionals of the time-extended signature evaluated at the final
time. Recall that the involved topological space has been defined in Definition 2.2.3.

Proposition 2.2.6. Let p P r1, 3q, K Ă Dp
p
pr0, 1s;GrpspRd`1qq a compact subset, which

is bounded with respect to the p-variation norm, and F : Dp
p
pr0, 1s;GrpspRd`1qq Ñ R a

continuous functional. For each Xp P K, denote by Xp its signature. Then, for every ε ą 0
there exists a linear functional L P LRd`1 such that

sup
Xp PK

|F pXp q ´ LpXp 1q| ď ε.

The proof of Proposition 2.2.6 can be found in Appendix 2.A.1.

Remark 2.2.7. (i) On the subset of continuous paths the J1-metric corresponds to
the sup one defined via

d8pX,Yq :“ sup
sPr0,1s

dCCpXs,Ysq, X,Y P Cpr0, 1s;GrpspRd`1qq.

Therefore, Theorem 2.2.6 states in particular that d8-continuous functionals of
continuous paths can be approximated, uniformly on compact sets, by linear
functionals of the time-extended signature evaluated at the final point. For different
versions of approximations theorems for continuous functionals of continuous paths
we refer to Levin et al. (2013), Kiraly and Oberhauser (2019), Lyons et al. (2020).

(ii) Requiring the set K to be bounded with respect to the p-variation norm is not
redundant. For instance, on the subset of continuous paths the sup distance d8 is
dominated by the p-variation one. This implies that not every J1-compact set is
bounded with respect to the p-variation norm.

(iii) Proposition 2.2.6 can be reformulated with respect to the rough paths variant of
the Skorokhod M1-topology introduced in Section 3.2 in Chevyrev and Friz (2019).
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Indeed, by Theorem 3.13 in Chevyrev and Friz (2019) one can see that the set
A given by (2.A.1) is a linear subspace of the continuous functions from K to R,
when on K the Skorokhod M1-topology is considered. Notice however that neither
version of these approximation results implies the other, as in general, the two
Skorokhod topologies are not comparable. See Proposition 3.10 and Remark 3.6
in Chevyrev and Friz (2019) for more details.

(iv) Notice that the statement of Proposition 2.2.6 could be reformulated in terms of
functionals on Dppr0, 1s;GrpspRdqq. Indeed, one just needs to notice that the map
that associates to every weakly geometric càdlàg rough paths X P Dpr0, 1s;GrpspRdqq

its (unique) time-extended path Xp (see Section 1.2.4) is continuous with respect to
the J1-topology on both input and output space. From this and the reasoning in
proof of Proposition 2.2.6, we can conclude that continuous functionals of weakly
geometric càdlàg rough paths can be uniformly approximated on compact sets by
linear functionals of the signature of the relative time-extended paths.

Next, for illustrative purposes, we also provide a simple adaptation of Proposition 2.2.6
to the semimartingales setting. Recall that for a semimartingale X its Marcus lift X
is computed as in Proposition 1.4.1 and its signature X is the solution of the Marcus
SDE (1.4.2).

Corollary 2.2.8. Suppose that hypothesis of Proposition 2.2.6 hold for p P p2, 3q. Let
X “ pXtqtPr0,1s be an Rd-valued semimartingale, set Xp :“ pt,XtqtPr0,1s and denote by

Xp its Marcus lift and by Xp its signature. Then, for every ε ą 0 there exists a linear
functional L P LRd`1 such that

|F pXp pωqq ´ LpXp 1pωqq|1
tXp pωqPKu

ď ε

for almost every ω P Ω.

Proof. Since the Itô-integral with respect to semimartingales of finite variation coincides
a.s. with the Young integral, it holds that Xp pωq P Dp

p
pr0, 1s;G2pRd`1qq a.s. The claim

follows from Proposition 2.2.6.

Remark 2.2.9. Note that the continuous functional F in Corollary 2.2.8 can of course
be a functional that only involves X and not its Marcus lift.

As a direct result of the proof of Proposition 2.2.6, the following statement concerning
uniqueness of the signature of time-extended weakly geometric càdlàg rough paths holds
true.

Corollary 2.2.10. Let Xp P Dp
p
pr0, 1s;GrpspRd`1qq and denote by Xp1 its signature evalu-

ated at the final point 1. Then, Xp1 uniquely determines Xp .
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2.2 Universal approximation theorem

Proof. This result follows directly from the proof of condition (iii) in Proposition 2.2.6.
The reasoning therein does not depend on the set K, nor on the metric σ8, showing that
a time-extended weakly geometric càdlàg p-rough path is completely characterized by its
signature evaluated at the final time 1.

Remark 2.2.11. Let Xp :“ pt,XtqtPr0,1s be a time-extended càdlàg semimartingale with

Xp 0 “ 0. By Corollary 2.2.10 we get that a.s. Xp1pωq uniquely determines Xpωq.

We now present the main result of the first part of the chapter: an extended version
of Proposition 2.2.6 which leads to an approximation of paths functionals not only on
compact sets of paths but also uniformly in time. For its formulation, we first need to
introduce the notion of a stopped weakly geometric càdlàg rough path.

Definition 2.2.12. Let p P r1, 3q. Given X P Dppr0, 1s;GrpspRdqqq and t P r0, 1s, we
define the stopped weakly geometric càdlàg rough path of X stopped at time t as the
càdlàg path Xt : r0, 1s Ñ GrpspRdq given by

Xt
u :“ Xu1tuătu ` Xt1tuětu.

The proof of the following theorem can be found in Appendix 2.A.2.

Theorem 2.2.13. Let p P r1, 3q, K Ă Dp
p
pr0, 1s;GrpspRd`1qq a compact subset, bounded

with respect to the p-variation norm, and F : Dppr0, 1s;GrpspRd`1qq Ñ R a continuous

path functional. For each Xp P Dp
p
pr0, 1s;GrpspRd`1qq, denote by Xp its signature. Then,

for every ε ą 0 there exists a linear functional L P LRd`1 such that

sup
tPr0,1s

sup
Xp PK

|F pXp
t
q ´ LpXptq| ď ε.

Remark 2.2.14. (i) Note that by Definition 2.2.12, for each X P Dppr0, 1s;GrpspRdqq

the map X ÞÑ F pXtq just depends on X through its values pXsqsPr0,ts on r0, ts.

Therefore, for a given path functional F : Dppr0, 1s;GrpspRdqq Ñ R, it is always
possible to associate a so-called non-anticipative path functional

F̃ : r0, 1s ˆDppr0, 1s;GrpspRdqq Ñ R

(see e.g., Dupire (2019), Cont et al. (2016); Cont and Fournie (2013); Ananova and
Cont (2017)) such that for all t P r0, 1s, X P Dppr0, 1s;GrpspRdqq,

F̃ pt,Xq :“ F pXtq.

(ii) A similar result in the setting of continuous rough paths has been formulated
in Kalsi et al. (2020), where, however, different techniques are used. Indeed, in
contrast to our approach, Kalsi et al. (2020) consider non-anticipative functionals
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on the space of continuous rough paths equipped with an appropriate topology
(fully clarified in Bayer et al. (2023)). Here, a similar reasoning could not be applied
because the J1-topology does not behave well under the restriction of the interval
r0, 1s. This implies that the projection map φ introduced in Lemma A.1 in Bayer
et al. (2023) is not continuous, and therefore the corresponding arguments do not
hold.

Similarly as in Corollary 2.2.8, in the semimartingales setting, Theorem 2.2.13 reads
as follows.

Corollary 2.2.15. Assume that the hypothesis of Theorem 2.2.13 hold for p P p2, 3q.
Let X “ pXtqtPr0,1s be an Rd-valued semimartingale, set Xp :“ pt,XtqtPr0,1s and denote

by Xp its Marcus lift and by Xp its signature. Then, for every ε ą 0 there exists a linear
functional L P LRd`1 such that

sup
tPr0,1s

|F pXp
t
pωqq ´ LpXptpωqq|1

tXp pωqPKu
ď ε

for almost every ω P Ω.

Finally, we conclude this section with some illustrative examples of path functionals
for which Theorem 2.2.13 holds true.

Example 2.2.16. (i) For |I| ď 2, consider F : Dpr0, 1s;G2pRd`1qq Ñ R given by

F pXq :“ sup
sď1

|xϵI ,Xsy|

and note that for all t P r0, 1s, F pXtq “ supsďt |xϵI ,Xsy|. Furthermore, by Proposition
VI.2.4 in Jacod and Shiryaev (1987), F is continuous with respect to the Skorokhod
J1-topology at all paths X that do not admit a jump at time 1. Let K be as in
Theorem 2.2.13 and assume that all elements in K do not jump at 1. By Theorem 2.2.13,
for every ε ą 0 there is a map L P LRd`1 such that

sup
tPr0,1s

sup
Xp PK

|F pXp
t
q ´ LpXptq| “ sup

tPr0,1s

sup
Xp PK

| sup
sďt

|xϵI ,Xp sy| ´ LpXptq| ď ε.

(ii) Let Y be the solution of the Marcus-type RDE

dYs “ V pYsq ˛ dXs, Y0 “ y0, (2.2.1)

for some suitable vector field V and let X be a weakly geometric càdlàg p-rough paths,
for p P r2, 3q. Consider the path functional F : Dppr0, 1s;G2pRd`1qq Ñ R given by

F pXq :“ Y1.

For each t P r0, 1s, denote by Yp
t

1 the solution map evaluated at time 1 of the Marcus-

type RDE (2.2.1) driven by the stopped time-extended path Xp
t

P Dppr0, 1s;G2pRd`1qq.
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2.3 Lévy-type signature models

Observe that F pXp
t
q “ Yp

t

1 “ Yp t. Moreover, by Proposition 3.18 in Chevyrev and Friz
(2019) and a similar argument as in the proof of Proposition 2.2.6, F is continuous with
respect to the Skorokhod J1-topology on sets of bounded p-variation norm. Thus, for
each ε ą 0 and K satisfying the conditions of Theorem 2.2.13, there exists L P LRd`1

such that

sup
tPr0,1s

sup
Xp PK

|F pXp
t
q ´ LpXptq| “ sup

tPr0,1s

sup
Xp PK

|Yp t ´ LpXptq| ď ε.

Therefore, solutions of Marcus-type RDEs can be approximated uniformly in time by
linear functionals of the signature of the driving signal.

As a side note, observe that by Theorem 5.3 in Friz and Zhang (2017), the same
type of argument applies to solutions of RDEs of forward-type. Notice in particular
that this concept of RDE is in line with the Itô-theory of càdlàg semimartingales (see
e.g. Proposition 6.9 in Friz and Zhang (2017)).

2.3 Lévy-type signature models

2.3.1 The market’s primary process and the model

In this section we introduce the class of Lévy-type signature models. The key object is a
multidimensional process, which will have the role of encoding all the randomness of the
model. Because of this, it will be called the market’s primary process.

For its definition, we consider a standard Brownian motion W and a homogeneous
Poisson random measure µ on a filtered probability space pΩ,F , pFtqtPr0,T s,Qq, whose
filtration pFtqtPr0,T s, is the augmented one generated by W and µ. We suppose that µ
and W are independent and that µ has intensity measure

νpdt, dxq “ dtˆ F pdxq.

Here, dt denotes the Lebesgue measure on pr0, T s,Bpr0, T sqq and F pdxq a σ-finite measure
on pR,BpRqq satisfying F pt0uq “ 0 and

ż

R
|x|kF pdxq ă 8 for all k ě 2. (2.3.1)

Definition 2.3.1. Fix dX ě 2. The market’s primary process is the RdX`2-valued
process X given by

Xt :“

ˆ

t,Wt,

ż t

0

ż

R
xpµ´ νqpds, dxq,

ż t

0

ż

R
x2µpds, dxq, . . . ,

ż t

0

ż

R
xdXµpds, dxq

̇

.

Observe that we do not use the p̈ notation, even though the first component of X is t.
Moreover, from now on we will use the following numbering for the components of the
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RdX`2-valued market’s primary process X

X´1
t “ t,

X0
t “ Wt,

X1
t “

ż t

0

ż

R
xpµ´ νqpds, dxq,

Xk
t “

ż t

0

ż

R
xkµpds, dxq, for 2 ď k ď dX .

The next proposition states that the market’s primary process is a Lévy process.

Proposition 2.3.2. The RdX`2-valued market’s primary process X introduced in Defin-
ition 2.3.1 is a Lévy process and its triplet pbX , CX , FXq, associated with the “truncation
function” (see Definition II.2.3 and Corollary II.2.38 in Jacod and Shiryaev (1987))
χpyq “ y, is given by

bX “ p1, 0, 0,

ż

R
x2F pdxq, . . . ,

ż

R
xdXF pdxqq,

CXi,j “ 0 if i ‰ 0 or j ‰ 0, CX0,0 “ 1, and FXpdyq “ h˚F pdxq, where

hpxq :“ p0, 0, x, x2, x3, . . . , xdX q.

Proof. Observe that X is the sum of the two independent RdX`2-valued processes Y and
Z given by Yt “ pt,Wt, 0, . . . , 0q and

Zt “

ˆ

0, 0,

ż t

0

ż

R
xpµ´ νqpds, dxq,

ż t

0

ż

R
x2µpds, dxq, . . . ,

ż t

0

ż

R
xdXµpds, dxq

̇

.

Using the same numbering for the components, we get that Y is a Lévy process with
triplet pbY , CY , 0q, where bY “ p1, 0, . . . , 0q, CYi,j “ 0 for i ‰ 0 or j ‰ 0 and CY0,0 “ 1.

Next, we verify that Z is a well-defined Lévy process. Let M be the random measure
on R` ˆRdX`2, given by M :“ H˚µ for Hpt, xq :“ pt, hpxqq. Since µ is a Poisson random
measure on R` ˆ R, and H is a measurable map, M is a Poisson random measure on
R` ˆ RdX`2 with intensity

νZpdt, dyq “ H˚pdtˆ F pdxqq “ dtˆ ph˚F pdxqq.

Moreover, since ph˚F qpt0uq “ F pt0uq “ 0, and
ż

RdX`2
p1 ^ }y}2qh˚F pdyq “

ż

R
p1 ^ }hpxq}2qF pdxq ă 8,

we also have that h˚F is a Lévy measure on RdX`2. Using that

Z “ bZt`

ż t

0

ż

RdX`2
ypM ´ νZqpds, dyq,
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2.3 Lévy-type signature models

for bZ “ p0, 0, 0,
ş

R x
2F pdxq, . . . ,

ş

R x
dXF pdxqq, we can conclude that Z is a well-defined

Lévy process, whose triplet with respect to χpyq “ y is given by pbZ , 0, h˚F qq. The claim
follows.

Remark 2.3.3. Observe that by condition (2.3.1), the RdX`2-valued Lévy process X
introduced in Definition 2.3.1 has finite k-moments, for all k P N.

Notation 2.3.4. Throughout the rest of the chapter, for a multi-index I “ pi1, . . . , inq

we write ΣpIq :“ i1 ` i2 ` ¨ ¨ ¨ ` in.

Remember that for Since X is a Lévy process, following the discussion of Section 1.4,
we can compute its signature X by solving the T ppRdX`2qq-valued Marcus SDE given by

dX “ X b ˛dX, X0 “ p1, 0, 0, . . . q P T ppRdX`2qq,

whose component-wise version is given by

xϵI ,Xty “

ż t

0
xϵI 1 ,Xs´ydX

i|I|

s ` 1ti|I|´1“i|I|“0u

1

2

ż t

0
xϵI2 ,Xs´yds

`
ÿ

0ăsďt

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1uxϵI1 ,Xs´y∆XΣpI2q

s 1tI2Pt1,...,dXu|I2|u,
(2.3.2)

for each multi-index I with entries in t´1, 0, 1, . . . , dXu.

We are now interested in computing the expected signature of X, i.e., ErxϵI ,Xys for
each multi-index I. One can prove (see e.g. Friz and Shekhar (2017)), that the expected
signature of an Rd-valued Lévy process is finite whenever all the moments of the Lévy
measure are finite. Moreover, it can be computed analytically using the method in Friz
and Shekhar (2017) or by recognizing that XN is a polynomial process on TN pRdq for each
N P N, and applying the so-called moment formula (see Cuchiero et al. (2012), Filipović
and Larsson (2020)). Recall that for each x P T ppRdqq such that π0pxq “ 0, we use the
notation

exppxq :“ 1 `

8
ÿ

k“1

xbk

k!
. (2.3.3)

The proof of the following result via polynomial technology can be found in Ap-
pendix 2.B.1.

Proposition 2.3.5. Fix d P N. Let bL P Rd, CL P pRdqb2 a positive definite d ˆ d
symmetric matrix and FL a σ-finite measure on pRd,BpRdqq such that FLpt0uq “ 0 and

ż

Rd

}x}kFLpdxq ă 8 for all k ě 2. (2.3.4)

Let L be an Rd-valued Lévy process with triplet pbL, CL, FLq with respect to the “trun-
cation function” χpxq “ x. For each N P N, the truncated signature LN of L is a
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TN pRdq-valued polynomial process. This in particular implies that all the moments of
LN exist and are finite. Moreover,

ErLts “ exp

ˆˆ

bL `
CL

2
`

ż

Rd

pexppxq ´ 1 ´ xqFLpdxq

̇

t

̇

. (2.3.5)

Remark 2.3.6. Let us restate expression (2.3.5) in a more explicit form. Observe that
since

ż

Rd

pexppxq ´ 1 ´ xqFLpdxq “

ˆ

0, 0,
1

2

ż

Rd

xb2FLpdxq, . . . ,
1

k!

ż

Rd

xbkFLpdxq, . . .

̇

,

(2.3.5) can be written as ErLts “ exppQtq for

Q :“

ˆ

0, bL,
1

2

ˆ

CL `

ż

Rd

xb2FLpdxq

̇

, . . . ,
1

k!

ż

Rd

xbkFLpdxq, . . .

̇

.

Applying once again the definition of the exponential function (2.3.3), we obtain that for
|I| ą 0 it holds

ErxϵI ,Ltys “

n
ÿ

k“1

tk

k!

ÿ

ϵI1b¨¨¨bϵIk“ϵI

xϵI1 , Qy ¨ ¨ ¨ xϵIk , Qy,

where xϵH, Qy “ 0, xϵj1 , Qy “ bLj1 , xϵj1,j2 , Qy “ 1
2pCLj1,j2 `

ş

Rd xj1xj2F
Lpdxqq, and

xϵJ , Qy “
1

k!

ż

Rd

xj1 ¨ ¨ ¨xjmF
Lpdxq

for each J “ pj1, . . . , jmq for m ě 3. For example, setting I “ p1, 3q we get that

Erxϵp1,3q,Ltys “ txϵp1,3q, Qy `
t2

2
xϵ1, Qyxϵ3, Qy

“
t

2

ˆ

CL1,3 `

ż

Rd

x1x3F
Lpdxq

̇

`
t2

2
bL1 b

L
3 .

Remark 2.3.7. Observe that following the argument of Lemma A.2 in Cuchiero et al.
(2023a), we can use the i.i.d. increments of a Lévy process to get

ErxϵI ,Ls`ty|Fss “
ÿ

ϵI1bϵI2“ϵI

xϵI1 ,LsyErxϵI2 ,Ltys.

Using this representation, we can see that the formula obtained in Proposition 2.3.5 also
provides an explicit representation of the conditional moments of L.

We are now ready to define a Lévy-type signature model, which will represent the
price process of an arbitrary financial asset under an equivalent martingale measure Q.
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2.3 Lévy-type signature models

Definition 2.3.8. Let X be the market’s primary process introduced in Definition 2.3.1
and X its signature. We define a Lévy-type signature model as follows

Spℓqt “ S0 `

ż t

0

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xs´y

̇

dWs `

ż t

0

ż

R

ˆ

ÿ

|J |ďn

ℓJν xϵJ ,Xs´y

̇

xpµ´ νqpds, dxq,

(2.3.6)

where ℓJW , ℓ
J
ν P R and J are multi-indices of length at most n P N whose indices are in

t´1, 0, 1, . . . , du with d ď dX .

Remark 2.3.9. (i) The motivation for this type of model comes from Theorem 2.2.13
proved in Section 2.2. Indeed, note that any continuous path functional of the
enhanced market’s primary underlying process can be approximated by linear
functionals of its signature. The characteristics of Spℓq can thus be interpreted
as approximations of continuous path functionals F of X, with X denoting the
Marcus lift of X as computed in Proposition 1.4.1.

(ii) The no-arbitrage condition is satisfied. In fact, the process Spℓq is a square integ-
rable martingale. This is a direct consequence of Proposition 2.3.2, Remark 2.3.3,
Proposition 2.3.5, and the shuffle product formula according to which every poly-
nomial on the signature admits a linear representation.

(iii) The price process Spℓq is a càdlàg semimartingale whose characteristics, with respect
to the “truncation function” χpxq “ x, are given by

BS
t “ 0, CSt “

ż t

0

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xs´y

̇2

ds, νSpdtˆ dxq “ Ktpdxq ˆ dt,

(2.3.7)

where

KtpAq “

ż

R
1Azt0u

ˆ

ÿ

|J |ďn

ℓJν xϵJ ,Xt´yx

̇

F pdxq.

(iv) Notice that the jumps of the price process Spℓq are proportional to the jumps of the
(signature of) the market’s primary process X. The advantage of this specification
lies in the possibility of writing linear functionals of the signature of Spℓq in terms
of the signature of X (see Theorem 2.3.17 and the implications in terms of pricing
and hedging stated in Corollary 2.3.20 and Theorem 2.3.22). A more general
jump size specification could also be achieved by considering in (2.3.6) more than
one pure jump driving signal specified in terms of another homogeneous Poisson
random measure µ̃. The aforementioned tractability property can then be recovered
provided that in the definition of the market’s primary process X, the moments of
µ̃ and cross moments of µ and µ̃ are considered as well.
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2.3.2 Sig-model representation

The purpose of this section is to achieve an alternative representation of a Lévy-type
signature model, namely to express Spℓq itself as linear functional of the signature of
the market’s primary process. We will see that this new representation, that will be
called sig-model representation, is more suitable for addressing the problem of pricing,
and model calibration to both time-series data and option prices. Indeed, the sig-model
representation is fully in line with the representation of Cuchiero et al. (2023a) in the
simpler continuous case, so that all the arguments from there concerning tractability for
pricing and calibration apply. We start by representing Itô integrals as linear functionals
of the signature of X.

Definition 2.3.10. For each multi-index I with indices in t´1, . . . , du and each j P

t´1, . . . , du, we consider the following multi-index transformation

pϵI ; ϵjq
∼ :“ ϵI b ϵj ´

1

2
ϵI b ϵ´11ti|I|“j“0u

`
ÿ

ϵI1bϵI2“ϵI

αp|I2|qpϵI1 b ϵΣpI2q`jq1tją0u1tI2Pt1,...,du|I2|u,

where

αp|I2|q :“

|I2|
ÿ

k“1

p´1qkαp|I2|, kq,

and denoting by Ipr, kq the set of all multi-indices J P Nk such that ΣpJq “ r,

αpr, kq :“
ÿ

JPIpr,kq

k
ź

i“1

1

pji ` 1q!
.

Remark 2.3.11. Fix a multi-index I with entries in t´1, . . . , du and j P t´1, . . . , du

and observe that pϵI ; ϵjq
∼ “

řR
r“1 βrϵIr , for some R P N, βr P R and multi-indices Ir

with indices in t´1, 0, . . . , dX̃u, for some dX̃ P N. Notice that in principle dX̃ may not
satisfy the condition dX̃ ď dX , leading to a difficulty in interpreting the expression
xpϵI ; ϵjq

∼,Xty. Therefore, whenever this transformation is used in the rest of the chapter,
we provide sufficient conditions for it to be well-defined.

The proof of the next proposition can be found in Appendix 2.B.2.

Proposition 2.3.12. Fix n P N, I P t´1, 0, 1, . . . , dun and j P t´1, 0, 1, . . . , du. Denote
by I1, I2 be the unique (possibly empty) multi-indices such that ϵI “ ϵI1 b ϵI2 with i|I1| P

t0,´1u and I2 P t1, . . . , du|I2|. If either j P t´1, 0u or j P t1, . . . , du and ΣpI2q ` j ď dX ,
we get that

ż t

0
xϵI ,Xs´ydXj

s “ xpϵI ; ϵjq
∼,Xty.
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2.3 Lévy-type signature models

Remark 2.3.13. Fix j ě 1 and observe that by Proposition 2.3.12 it holds
ż t

0
xϵI ,Xs´ydXj

s “ xpϵI ; ϵjq
∼,Xty

“ xϵI b ϵj ,Xty `
ÿ

ϵI1bϵI2“ϵI

αp|I2|qxϵI1 b ϵΣpI2q`j ,Xty1tI2Pt1,...,du|I2|u,

for some coefficients αp|I2|q P R. Since

max
|I2|ďn

ΣpI2q ` j “ nd` j,

we can conclude that nd` j ď dX is a necessary and sufficient condition for being able
to write

şt
0xϵI ,Xs´ydXj

s as a linear functional of the signature of X for each multi-index
|I| ď n.

The sig-model representation is a direct application of Proposition 2.3.12. We thus
omit the proof of the next corollary.

Corollary 2.3.14. If nd` 1 ď dX , then the Lévy-type signature model defined in (2.3.6)
admits the following sig-model representation

Spℓqt “ S0 `
ÿ

|J |ďn

`

ℓJW xpϵJ ; ϵ0q∼,Xty ` ℓJν xpϵJ ; ϵ1q∼,Xty
˘

. (2.3.8)

Remark 2.3.15. (i) Notice that accordingly to Proposition 2.3.12, the condition given
by nd` 1 ď dX could be relaxed if some coefficients ℓJν are equal to zero.

(ii) Note that thanks to the sig-model representation, Spℓqt itself can be thought as
an approximation of some continuous path functional of the enhanced market’s
underlying process.

(iii) Moreover, it allows to reduce the calibration to time-series data to a linear regression
problem in the coefficients ℓ similarly as in Section 4.1 of Cuchiero et al. (2023a).
Indeed, suppose that a trajectory of the market’s primary process is observable,
which means that we can extract from time-series asset price data the trajectory
of the “market Brownian motion” W and the “market Poisson random measure”
µ, together with its compensator. Note here, that X is specified under Q, which
means that the Q-Brownian motion and the Q-Poisson random measure already
account for the market price of risk. In other words we extract by means of
quadratic variation estimators similarly as in Example 4.1 of Cuchiero et al. (2023a)
a P-Brownian with drift (corresponding to the Q-Brownian motion) and a P-Poisson
random measure with potentially a different intensity (Q-Poisson random measure).
Once X is extracted, its signature can be computed along the observed trajectory.
Using a simple linear regression, the coefficients ℓJW can then be matched with the
market’s continuous quadratic variation since the continuous quadratic variation
of Spℓq is given by (2.3.7). By means of (2.3.8), the remaining parameters ℓJν can
then be estimated by performing a linear regression directly on the price data.
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(iv) For pricing and calibrating to option data the sig-model representation also has a
crucial advantage. Indeed, Monte-Carlo prices of any (possibly path-dependent)
option on Spℓq can be easily obtained by computing all signature samples of X
offline. Calibration to option data then reduces to a simple optimization task
to infer ℓJW and ℓJν from market data. In contrast to classical models or when
directly working with (2.3.6), the sig-model representation does not involve any
Euler discretization in each optimization step, which is a crucial advantage. We
refer to Cuchiero et al. (2023a, 2024b) where this advantage has also been exploited.

Example 2.3.16. In Remark 2.3.13 we have explained why in order to achieve the
sig-model representation one has to include some moments of the jump-measure µ in
the definition of the primary process X (see Definition 2.3.1). We now want to show
that this necessary condition is no longer needed if the last component of X consists of a
standard Poisson process.

In this context ν satisfies

νpdt, dxq “ dtˆ λδ1pdxq,

for some λ ą 0 where δ1 denotes the Dirac measure. Set then

Xt : t ÞÑ

ˆ

t,Wt,

ż t

0

ż

R
xµpds, dxq

̇

, (2.3.9)

and observe that for all k ě 2 and t P r0, 1s

ż t

0

ż

R
xkµpds, dxq “

ż t

0

ż

R
xµpds, dxq “ xϵ1, Xty.

Notice that to simplify the notation we do not compensate the sum of jumps in the
jump-component of X. As a consequence, for j “ 1 the multi-index transformation
introduced in Definition 2.3.10 simplifies to

pϵI ; ϵ1q∼ :“ ϵI b ϵ1 `
ÿ

ϵI1bϵI2“ϵI

αp|I2|qpϵI1 b ϵ1q1tI2Pt1,...,1u|I2|u.

Observe in particular that the linear combination describing pϵI ; ϵ1q∼ just involves indices
with values in t´1, 0, 1u. The pairing with Xt, where X is as in (2.3.9), is thus well-defined.
By Proposition 2.3.12 we can conclude that the Lévy-type signature model

Spℓqt “ S0 `

ż t

0

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xs´y

̇

dWs

`

ż t

0

ż

R

ˆ

ÿ

|J |ďn

ℓJν xϵJ ,Xs´y

̇

xpµ´ νqpds, dxq,

(2.3.10)
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2.3 Lévy-type signature models

with ℓJW , ℓ
J
ν P R and J multi-index with values in t´1, 0, 1u can be rewritten as

Spℓqt “ S0 `
ÿ

|J |ďn

ℓJW xpϵJ ; ϵ0q∼,Xty `
ÿ

|J |ďn

ℓJν xpϵJ ; ϵ1q∼ ´ λpϵJ ; ϵ´1q∼,Xty.

It is important to notice that the improvement of tractability achieved in this setting
comes with a loss in generality. In particular, if a jump occurs at time t its size has to be

ÿ

|J |ďn

ℓJν xϵJ ,Xt´y,

and is thus known in t´.

2.3.3 Pricing of sig-payoffs

In this section, we address the problem of pricing a contingent claim in Lévy-type signature
models. As an application of Proposition 2.2.6, we consider contingent claims whose
payoff is represented by a linear functional of the signature of the price process extended
with time (extended price process henceforth), i.e., so-called sig-payoffs, already analyzed
in Lyons et al. (2020), Arribas et al. (2021), Cuchiero et al. (2023a) and the references
therein. In order to give a clear treatment of the problem, we start by computing the
signature of the time-extended price process

Sppℓqt :“ pt, Spℓqtq, (2.3.11)

whose components will be denoted by

Sppℓq´1
t “ t, Sppℓq1t “ Spℓqt.

As Spℓq is given by (2.3.6), the extended price process Sppℓq is an R2-valued càdlàg
semimartingale. Hence, its signature Sppℓq can be computed following Proposition 1.4.2,
and thus

xϵI ,Sppℓqty “

ż t

0
xϵI 1 ,Sppℓqs´ydSppℓq

i|I|

s ` 1ti|I|“i|I|´1“1u

1

2

ż t

0
xϵI2 , Sppℓqs´ydrSpℓq, Spℓqscs

`
ÿ

0ăsďt

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1uxϵI1 ,Sppℓqs´y∆Spℓq|I2|

s 1tI2“p1,...,1qu,

(2.3.12)
for each I with entries in t´1, 1u.

Now, we show how to express the signature of Sppℓq in terms of the signature of the
underlying process X. This result is again based on the multi-index transformation
introduced in Definition 2.3.10. Before making the argument precise, let us make the
following observations and introduce some useful notation.
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Consider the price process defined as in equation (2.3.6). LetM :“
řn
i“0pd`2qi denote

the number of possible multi-indices with length at most n and indices in t´1, 0, 1, . . . , du.
Observe that we are considering also the empty index H. Define

tϵJh : 1 ď h ď Mu,

to be an ordered version of tϵJ : |J | ď nu. For instance, we may consider the order with
respect to the length first and alphabetically next. Then,

Spℓqt “ S0 `

M
ÿ

h“1

ℓWh xpϵJh ; ϵ0q∼,Xty `

M
ÿ

h“1

ℓµhxpϵJh ; ϵ1q∼,Xty.

For α “ pα1, α2, . . . , αM q P NM we write

ϵ�α :“
1

α!
p�α1

ϵJ1q� p�α2
ϵJ2q� ¨ ¨ ¨� p�αM

ϵJM q,

and for ℓ1,...,M :“ pℓ1, ℓ2, . . . , ℓM q P RM , we also set ℓα1,...,M :“ ℓα
1

1 ¨ ¨ ¨ ℓα
M

M .

We are now ready to state the announced result. It will become clear later that this is
the key result to solve analytically the pricing problem for sig-payoffs. The proof can be
found in Appendix 2.B.3, where a discussion on the assumption on the lower bound on
dX is also provided.

Theorem 2.3.17. Let Sppℓq be the time-extended price process defined in (2.3.11) and
Sppℓq its signature. Let I be a multi-index with indices in t´1, 1u. If dX ě |I|pdn ` 1q,
then there is a linear combination of multi-indices UIpℓq with indices in t´1, 0, 1, . . . , dXu,
such that the following equality holds

xϵI ,Sppℓqty “ xϵUIpℓq,Xty. (2.3.13)

Furthermore, xϵUIpℓq,Xty is a polynomial of degree |I| in pℓW1,...,M , ℓ
ν
1,...,M q P R2M , and

UIpℓq can be computed recursively on the length |I| of I setting ϵUHpℓq “ ϵH and

ϵUIpℓq “pϵUI1 pℓq; ϵ´1q∼1ti|I|“´1u `
ÿ

αPNM ,Σpαq“1

pℓW1,...,M qαpϵUI1 pℓq � ϵ�α; ϵ0q∼1ti|I|“1u

`
ÿ

αPNM ,Σpαq“1

pℓν1,...,M qαpϵUI1 pℓq � ϵ�α; ϵ1q∼1ti|I|“1u

`
ÿ

αPNM ,Σpαq“2

pℓW1,...,M qαpϵUI2 pℓq � ϵ�α; ϵ´1q∼1t|I|ą1u1tpi|I|´1,i|I|q“p1,1qu

`
ÿ

ϵI1bϵI2“ϵI

ÿ

αPNM ,Σpαq“|I2|

pℓν1,...,M qαpϵUI1
pℓq � ϵ�α; ϵ|I2|q

∼1t|I2|ą1u1tI2“p1,...,1qu.

Remark 2.3.18. Consider the setting of Example 2.3.16. From an inspection of the
proof of Theorem 2.3.17, it can be deduced that even in this case we do not need to
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2.3 Lévy-type signature models

consider higher moments of the jump measure in the definition of the market’s primary
process. This means that for every multi-index I with indices in t´1, 1u, there always
exists a linear combination of multi-indices UIpℓq with entries in t´1, 0, 1u, such that

xϵI ,Sppℓqty “ xϵUIpℓq,Xty. (2.3.14)

Here Spℓq and X denote the processes defined in equation (2.3.10) and (2.3.9) respectively.
More precisely, the representation in (2.3.14) holds with pϵI ; ϵ1q∼ replaced by pϵI ; ϵ1q∼ ´

λpϵI ; ϵ´1q∼ and pϵI ; ϵkq∼ replaced by pϵI ; ϵ1q∼ for each k ě 2.

Finally, we recall the notion of sig-payoffs as introduced in Lyons et al. (2020) and
address the problem of computing their arbitrage free prices.

Definition 2.3.19. Let Sppℓq be the time-extended price process defined in (2.3.11) and
Sppℓq its signature. We define a sig-payoff with maturity T ą 0 as the payoff CS that
pays to the holder of the claim an amount equal to

CS “
ÿ

|I|ďm

hIxϵI ,SppℓqT y, (2.3.15)

where, hI P R and I are multi-indices of length at most m P N with indices in t´1, 1u.

Observe that by Theorem 2.3.17, Proposition 2.3.2, and Proposition 2.3.5 the random
variable CS given in (2.3.15) is square integrable.

Applying Theorem 2.3.17, we are now ready to provide a pricing formula for sig-payoffs.

Corollary 2.3.20. Let
CS “

ÿ

|I|ďm

hIxϵI ,SppℓqT y

be a sig-payoff with maturity T ą 0. If dX ě mpnd` 1q, then, its price can be expressed
by

ÿ

|I|ďm

hIEQrxϵI ,SppℓqT ys “
ÿ

|I|ďm

hIEQrxϵUIpℓq,XT ys, (2.3.16)

where UIpℓq is as in Theorem 2.3.17. This in particular implies that (2.3.16) is a
polynomial of degree at most m in pℓW1,...,M , ℓ

ν
1,...,M q P R2M .

Proof. The result follows from Theorem 2.3.17.

Remark 2.3.21. Note that, thanks to Proposition 2.3.5, the expectations EQrxϵUIpℓq,XT ys,
for |I| ď m, can be computed analytically. Hence, after their computation, the calibration
of the model to option prices corresponding to sig-payoffs reduces to a polynomial optim-
ization problem in pℓW1,...,M , ℓ

ν
1,...,M q P R2M . For usual calibration to call and put options

the above described Monte-Carlo approach can be combined with variance reduction
techniques based on (2.3.16). For more details about these topics in the continuous
setting see e.g. Lyons et al. (2020) and Cuchiero et al. (2023a).
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2.3.4 Hedging of sig-payoffs

In the Lévy-type signature model the market is not complete. One risk management
criterion is to minimize the hedging error in a mean square sense, i.e., to use a quadratic
loss function. In this context losses and gains are treated in a symmetric manner and
the criterion to be minimized can be either the squared hedging error at maturity or
measured locally in time (see e.g. Schweizer (1991, 1990, 1995, 2001), Pham (2000) and
the references therein for an extensive analysis of these problems). In what follows, we
focus on the first approach which leads to the construction of the so-called mean variance
hedging strategy. It specifically consists in solving the optimization problem

E
„ˆ

C ´ v ´

ż T

0
θsdSs

̇2ȷ

, (2.3.17)

over all initial endowments v P R and all hedging strategies θ. Here, C denotes the payoff
at time T of a European contingent claim and S the price process of the considered
risky asset. When the price process S is a martingale (thus working under a risk neutral
measure Q), this problem has been explicitly solved in Föllmer and Sondermann (1986).
In particular, the authors showed that, given any contingent claim with maturity T ą 0
and square integrable payoff C, there exists a unique solution φ˚ “ pv˚, θ˚q to the
optimization problem (2.3.17) which is computed as follows. Let V denote the martingale
generated by C, that is Vt :“ ErC|Fts, t ď T . Then, the optimal initial endowment and
the optimal hedging strategy, are given by

v˚ “ V0, θ˚ “
drV, Sspred

drSspred
,

where r ¨ spred and r¨, ¨spred stand for predictable quadratic variation and covariation,
respectively.

We now adapt these results to our setting, working under Q where the price process is
a martingale. For a discussion why measuring the risk under Q can be reasonable we
refer to Kallsen and Pauwels (2010). The proof of the subsequent theorem can be found
in Appendix 2.B.4.

Theorem 2.3.22. Fix a multi-index I and let CS “ xϵI ,SppℓqT y be a sig-payoff with
maturity T ą 0. Assume that dX ě |I|pnd` 1q. Then, the unique solution φ˚ “ pv˚, θ˚q

to the optimization problem (2.3.17) with respect to CS is given by

v˚ “ ErxϵI , SppℓqT ys

θ˚
t “

ř

ϵJ1bϵJ2bϵJ3“ϵUI pℓq

ř

|H|ďnxϵJ1�H ,Xt´yγ2pJ2, H, ℓqErxϵJ3 ,XT´tys

´

ř

|H|ďn ℓ
J
W xϵH ,Xt´y

¯2
`

´

ř

|H|ďn ℓ
H
ν xϵH ,Xt´y

¯2
ş

R x
2F pdxq

,

where γ2pJ2, H, ℓq “ γW pJ2qℓHW ` γνpJ2qℓHν
ş

R x
ΣpJ2q`1F pdxq for

γW pJ2q “ 1tJ2“p0qu and γνpJ2q “
1

|J2|!
1t|J2|ě1u1tJ2Pt1,...,dXu|J2|u.
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2.3 Lévy-type signature models

Remark 2.3.23. We report here some further observations about Theorem 2.3.22.

(i) By linearity the results of Theorem 2.3.22 extend to CS “
ř

|I|ďm h
IxϵI ,SppℓqT y.

(ii) Remark 2.3.6 provides explicit formulas for ErxϵJ ,XT ys and, as a consequence of
Theorem 2.3.17, also for v˚ “ ErxϵUIpℓq,XT ys.

(iii) The above result gives a fully explicit formula for the mean variance strategy that
hinges solely on the option and the model’s parameters as well as the signature of
the market’s primary process X.

(iv) If i|I|´1 “ ´1 and i|I| “ 1 by (2.3.12) we have that

xϵI ,Sppℓqty “

ż t

0
xϵI 1 ,Sppℓqs´ydSpℓqs,

which is a true martingale. This yields Vt “ xϵI , Sppℓqty and hence

θ˚
t “

drV, Spℓqs
pred
t

drSpℓqs
pred
t

“
xϵI 1 , Sppℓqt´ydrSpℓqs

pred
t

drSpℓqs
pred
t

“ xϵI 1 ,Sppℓqt´y.

(v) A contingent claim HS is attainable if it almost surely admits the representation

HS “ ErHSs `

ż T

0
ξ˚
s dSpℓqs.

In the case of a sig-payoff HS “
ř

|I|ďm h
IxϵI , SppℓqT y this is for instance the case if

for each I such that hI ‰ 0 it holds i|I|´1 “ ´1 and i|I| “ 1. In this case we indeed
have that

HS “hH `
ÿ

1ď|I|ďm

hI
ż T

0
xϵI 1 , Sppℓqs´ydSpℓqs,

and thus in particular ErHSs “ hH and ξ˚
s “

ř

1ď|I|ďm h
IxϵI 1 , Sppℓqs´y.

2.3.5 Measure transformations for Lévy-type signature models

In the previous sections, we worked with Lévy-type signature models under some mar-
tingale measure Q. Precisely, we started with a market’s primary process X and its
signature, and then defined a Lévy-type signature model as the process obtained by
integrating, in Itô-sense, linear functionals of the signature of X with respect to its
martingale components.

The goal of this section is to specify the dynamics of such a Lévy-type signature model
under the real world measure P. In particular, we will investigate conditions guaranteeing
that a Lévy-type signature model under Q remains a Lévy-type signature model also
under P, meaning that its characteristics are expressed in terms of the signature of a
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primary P-Lévy process whose components include the P-driving signals. As a result,
explicit formulas for the computation of the moments of the price process also under the
measure P can be provided. This can then be exploited for parameter estimation under
P using the generalized methods of moments, which goes back to Hansen (1982) and
which has been applied in the context of Lévy models and polynomial processes, e.g.,
by Kallsen and Muhle-Karbe (2011) and Zhou (2003) respectively.

First, recall that the equivalence of the measures Q and P implies the existence of a
positive Q-martingale Z, with EQrZs “ 1, such that

dP “ ZdQ. (2.3.18)

Moreover, since we are dealing with the augmented filtration generated by W and µ, the
martingale Z is the solution of the following SDE

dZt “ Zt´

ˆ

fptqdWQ
t `

ż

R
pegpt,xq ´ 1qpµ´ νQqpdt, dxq

̇

, Z0 “ 1, (2.3.19)

where fptq and gpt, yq are predictable processes such that Z is a true martingale (see
e.g. Theorem 2.1 in Kunita (2004)). We here indicate the Q dependence of the driving
signals WQ and µ ´ νQ. In such a case, we have that (see e.g. Theorem 2.3 in Kunita
(2004))

W P “ WQ ´

ż ¨

0
fpsqds

is a standard P-Brownian motion and the compensator of the jump measure µ is

νPpdt, dxq “ egpt,xqνQpdt, dxq “ egpt,xqF pdxqdt.

Moreover, the dynamics under P of the Q-Lévy model defined in (2.3.6) are given by

dSpℓqt “

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xt´yfptq `
ÿ

|J |ďn

ℓJν xϵJ ,Xt´y

ż

R
ypegpt,xq ´ 1qF pdxq

̇

dt

`

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xt´y

̇

dW P
t (2.3.20)

`

ż

R

ˆ

ÿ

|J |ďn

ℓJν xϵJ ,Xt´y

̇

xpµ´ νPqpdt, dxq.

Therefore, its characteristics are expressed in terms of linear functionals of the signature
of the process X, which is in general not a P-Lévy process and whose components do not
include the P-driving signals.

In order to recover some tractability also under P, we are interested in Lévy-type
signature models which satisfy (2.3.13) also for some P-Lévy process Y which fulfills the
hypothesis of Proposition 2.3.5.
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2.A Proofs of Section 2.2

Definition 2.3.24. A process Spℓq is called P-Q-Lévy-type signature model if it satis-
fies (2.3.6) and admits the representation

Spℓqt “ S0 `

ż t

0

ˆ

ÿ

|J |ďn

ℓ̄
J
t xϵJ ,Ys´y

̇

ds`

ż t

0

ˆ

ÿ

|J |ďn

ℓ̄
J
W xϵJ ,Ys´y

̇

dW s

`

ż t

0

ż

R

ˆ

ÿ

|J |ďn

ℓ̄
J
ν xϵJ ,Ys´y

̇

xpµ´ νqpds, dxq,

for some ℓ̄
J
t , ℓ̄

J
W , ℓ̄

J
ν P R and some Lévy process Y of the form

Yt :“

ˆ

t,W t,

ż t

0

ż

R
xpµ´ νqpds, dxq,

ż t

0

ż

R
x2µpds, dxq, . . . ,

ż t

0

ż

R
xdXµpds, dxq

̇

,

for some dX large enough, P-Brownian motion W , and homogeneous P-Poisson random
measure µ with compensator ν, such that Y has finite moments of all orders.

The proof of the following proposition can be found in Appendix 2.B.5

Proposition 2.3.25. Let Spℓq be a Lévy-type signature model under Q and fix P
according to (2.3.18) and (2.3.19), for gpt, xq “ gpxq a deterministic function and

fptq “
ÿ

|I|ďp

f IxϵI ,Xt´y, (2.3.21)

with f I P R, p P N, I multi-indices with indices in the set t´1, 0, 1, 2, . . . , dXuzt0, 1u. If
ż

R
pegpxq ´ 1q2F pdxq ă 8 and EQ

„

exp
´1

2

ż T

0
fpsq2ds

¯

ȷ

ă 8, (2.3.22)

then Spℓq is a P-Q-Lévy-type signature model with respect to the process Y given by

Yt :“

ˆ

t,W P
t ,

ż t

0

ż

R
xpµ´ νPqpds, dxq,

ż t

0

ż

R
x2µpds, dxq, . . . ,

ż t

0

ż

R
xdXµpds, dxq

̇

.

(2.3.23)

Remark 2.3.26. Since tractability under Q is a key feature for the results of the chapter,
the process Spℓq in Proposition 2.3.25 is first specified through its dynamics under Q.
Applying the above measure change procedure in the reverse direction one can however
also start with a process first specified under P.

2.A Proofs of Section 2.2

For notational convenience, in the proofs of Section 2.2 we focus only on the set of
time-extended weakly geometric càdlàg p-rough paths, for p P r2, 3q. However, as pointed
out in Remark 2.A.1 (i) below, the exact same reasoning can also be applied when
working with time-extended weakly geometric càdlàg p-rough paths, for p in r1, 2q.
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2.A.1 Proof of Proposition 2.2.6

This result follows by the Stone-Weierstrass theorem applied to the set A given by

A :“ spantL : K Ñ R;Xp ÞÑ xϵI ,Xp1y : |I| ě 0u. (2.A.1)

Therefore, we must prove that A satisfies the following conditions:

(i) it is a linear subspace of the space of continuous functions from K to R,
(ii) it is a subalgebra and contains a non-zero constant function,

(iii) it separates points.

(i): Let N ě 3 and denote by Xp
N

the solution of the Marcus-type RDE given by (1.3.10).
By Proposition 3.18(ii) in Chevyrev and Friz (2019), the solution map of equation (1.3.10)

pK,σ8q Ñ pDpr0, 1s;TN pRd`1qq, σ8q (2.A.2)

Xp ÞÑ Xp
N

is continuous on K for every N ě 3, where the J1-metric on Dpr0, 1s;TN pRd`1qq is
computed via the distance ρ induced by the norm on TN pRd`1q defined via |a|TN pRd`1q :“

maxn“0,...,N |apnq|pRd`1qbn , for any a P TN pRd`1q.

As already explained in Section 1.3.3, equation (1.3.10) is, in fact, an example of a
Marcus-type RDE (see Chevyrev and Friz (2019)) with linear vector fields. Therefore, by
applying the result stated in Theorem 10.53 of Friz and Victoir (2010), one can see that
all the assumptions of Proposition 3.18 in Chevyrev and Friz (2019) are satisfied.

Next, observe that for a generic metric space pE, dq, the evaluation map

pDpr0, 1s;Eq, σ8q Ñ pE, dq

X ÞÑ X1

is continuous. More precisely, let X P Dpr0, 1s;Eq and let pXnqn Ă Dpr0, 1s;Eq be a
sequence such that Xn Ñ X as n Ñ 8 with respect to the J1-topology. Then, there
exists pλnqn Ă Λ such that |λn| Ñ 0 and supsPr0,1s dpXn

λnpsq
, Xsq Ñ 0 as n Ñ 8 (see

e.g. Chapter 3 in Billingsley (1999)), and in particular dpXn
λnp1q

, X1q “ dpXn
1 , X1q Ñ 0,

as n Ñ 8.

In the present setting this result yields that continuity of (2.A.2) implies continuity of

pK,σ8q Ñ pTN pRd`1q, ρq

Xp ÞÑ Xp
N

1 .

Since the map Xp
N

1 ÞÑ xϵI ,Xp
N

1 y is continuous for each I, the claim follows.

(ii): Since Xp1 is a group-like element, the shuffle property holds. Therefore, A is a
subalgebra. Moreover, it also contains the non-zero constant function Xp ÞÑ xϵH,Xp1y ” 1.
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2.A Proofs of Section 2.2

(iii): As a final step, we need to show that the set A separates points. Let us consider
Xp ,Yp P K, with Xp ‰ Yp . We prove that there exists n P N and i, k, j “ ´1, 1, . . . , d such
that

xpϵi � ϵbn
´1 q b ϵ´1 ` ppϵj b ϵkq� ϵbn

´1 q b ϵ´1,Xp1y

‰ xpϵi � ϵbn
´1 q b ϵ´1 ` ppϵj b ϵkq� ϵbn

´1 q b ϵ´1,Yp1y.

We reason by contradiction. Assume that for all n P N and all i, k, j P t´1, 1, . . . , du

xpϵi � ϵbn
´1 q b ϵ´1 ` ppϵj b ϵkq� ϵbn

´1 q b ϵ´1,Xp1y (2.A.3)

“ xpϵi � ϵbn
´1 q b ϵ´1 ` ppϵj b ϵkq� ϵbn

´1 q b ϵ´1,Yp1y.

In particular, for k “ j “ ´1, by Remark 1.2.18 (iii), for all n P N and i “ ´1, 1, . . . , d
we get

xpϵi � ϵbn
´1 q b ϵ´1,Xp1y “ xpϵi � ϵbn

´1 q b ϵ´1,Yp1y.

By Remark 1.2.18 (iii), xpϵi � ϵbn
´1 q b ϵ´1,Xp1y “

ş1
0xϵi,Xp s´y s

n

n! ds, and

xpϵi � ϵbn
´1 q b ϵ´1,Yp1y “

ż 1

0
xϵi,Yp s´y

sn

n!
ds.

By Corollary 4.24 in Brezis (2011) and the càglàd property of the paths

s ÞÑ xϵi,Xp s´y, s ÞÑ xϵi,Yp s´y,

both starting in 0 by Assumption 1.3.20, we then deduce that xϵi,Xp y “ xϵi,Yp y.

Similarly, choosing i “ ´1, equation (2.A.3) yields that

xpϵk b ϵjq� ϵbn
´1 q b ϵ´1,Xp1y “ xpϵk b ϵjq� ϵbn

´1 q b ϵ´1,Yp1y

for all n P N and all j, k P t´1, 1, . . . , du. Once again, by Remark 1.2.18 (iii),

xpϵk b ϵjq� ϵbn
´1 q b ϵ´1,Xp1y “

ż 1

0
xϵpk,jq,Xp s´y

sn

n!
ds,

and

xpϵk b ϵjq� ϵbn
´1 q b ϵ´1,Yp1y “

ż 1

0
xϵpk,jq,Yp s´y

sn

n!
ds.

The same reasoning as above yields then that xϵpk,jq,Xp y “ xϵpk,jq,Yp y and thus Xp “ Yp .

Remark 2.A.1. (i) We presented the proof only for p P r2, 3q. However, an analogous
and simpler result can be given for continuous functionals of weakly geometric
càdlàg p-rough path, with p P r1, 2q. Indeed, the only difference in this setting
concerns the interpretation of the Marcus RDE (1.3.10) as a differential equation
where the integral in (1.3.11) is of Young type.

(ii) On the subset of continuous paths the continuity of the solution map (2.A.2) can be
deduced by standard theorems in rough paths theory. We refer to e.g. Theorem 10.26
and Corollary 10.28 in Friz and Victoir (2010), where continuity with respect to
the variation pseudometric dp (see Section 1.2.1) is also provided.
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2.A.2 Proof of Theorem 2.2.13

We start by summarizing the reasoning used in the proof of Theorem 2.2.13. Recall that
we analyze here only the case of p P r2, 3q but as explained in Remark 2.A.1 (i), the proof
can be easily adapted to p P r1, 2q.

Consider the set of stopped weakly geometric rough paths given by

H :“
!

Xp
t
: t P r0, 1s,Xp P K

)

.

We need to show that continuous path functionals can be uniformly approximated on
H by linear functionals of the signature evaluated at the deterministic time of stopping
t P r0, 1s. To this end, we rely on Proposition 2.2.6. In particular, in order to recover
all the conditions needed to apply Proposition 2.2.6, we consider the auxiliary subset of
Dp
p
pr0, 1s;G2pRd`2qq given by

Hp :“

"

Xp
tˆ︁
: t P r0, 1s,Xp P K

*

,

consisting of all weakly geometric càdlàg rough paths with values in G2pRd`2q obtained as

time extension of paths inH. Observe that is a well-defined subset of Dp
p
pr0, 1s;G2pRd`2qq.

Next, we first prove that the set Hp is relatively compact in Dpr0, 1s;G2pRd`2qq (Step
1). Then we show that its closure is bounded with respect to the p-variation norm
and that it is a subset of the time-extended weakly geometric càdlàg rough paths
Dp
p
pr0, 1s;G2pRd`2qq (Step 2). After introducing an auxiliary path functional and an

application of Proposition 2.2.6 (Step 3), we then just need to conclude that the obtained
linear functional is of the desired form (Step 4).

Remark 2.A.2. Recall that Dp
p
pr0, 1s;G2pRd`2qq Ă Dpr0, 1s;G2pRd`2qq and that the

metric space pG2pRd`2q, dCCq is a Polish space where closed bounded sets are compact
(see Corollary 7.50 in Friz and Victoir (2010)). Therefore, a set B Ă G2pRd`2q such that
supxPB }x}CC ă 8 has compact closure.

Furthermore, let ρ denote the distance on G2pRd`2q induced by the norm on T 2pRd`2q

defined via |a|T 2pRd`2q :“ maxn“0,...,2 |apnq|pRd`2qbn , for any a P T 2pRd`2q. By Proposition
7.49 in Friz and Victoir (2010), the map

id : pG2pRd`2q, dCCq Ñ pG2pRd`2q, ρq

is Lipschitz on bounded sets.

Notation 2.A.3. Throughout the proof, for all t P r0, 1s, Xp P K, we set Xq
t
:“ Xp

tˆ︁
and

denote by Xq
t
its signature.
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2.A Proofs of Section 2.2

Step 1: We show that the set Hp is relatively compact in Dpr0, 1s;G2pRd`2qq. By
Theorem 12.3 in Billingsley (1999), a set A Ă Dpr0, 1s;G2pRd`2qq is relatively compact if
and only if

tZs : s P r0, 1s,Z P Au (2.A.4)

is relatively compact in pG2pRd`2q, dCCq and

lim
δÑ0

sup
ZPA

ˆ

inf
ttiuδ

max
1ďiďν

sup
s,uPrti´1,tiq

dCCpZs,Zuq

̇

“ 0 (2.A.5)

where ttiuδ denotes a partition 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tν “ 1 of r0, 1s, satisfying

min
1ďiďν

pti ´ ti´1q ą δ.

First, notice that since K is compact in Dp
p
pr0, 1s;G2pRd`1qq and each element of K is

already time-extended, the set

Hp
1
:“

!

Xq
1
: Xp P K

)

Ă Hp ,

is compact in Dpr0, 1s;G2pRd`2qq. By Remark 2.A.2 it thus holds that

sup
Xp PK

sup
sPr0,1s

}Xq
1

s}CC ă 8.

By definition of Hp and since }Xq
t

t,s}CC “ ps´ tq for each s P rt, 1s, we can then compute

sup
Yp PHp

sup
sPr0,1s

}Yp s}CC “ sup
tPr0,1s,Xp PK

sup
sPr0,1s

}Xq
t

s}CC

ď sup
tPr0,1s,Xp PK

max

ˆ

sup
sPr0,ts

}Xq
1

s}CC , sup
sPrt,1s

p}Xq
1

t }CC ` }Xq
t

t,s}CCq

̇

ă 8.

This shows that (2.A.4) is satisfied by Hp . Similarly, observe that dCCpXq
t

s,X
q

t

uq “ pu´ sq
for each t ď s ď u and

dCCpXq
t

s,X
q

t

uq ď dCCpXq
1

s,X
q

1

t q ` pu´ tq

for each s ď t ď u. We can then compute

lim
δÑ0

sup
Yp PHp

ˆ

inf
ttiuδ

max
1ďiďν

sup
s,uPrti´1,tiq

dCCpYp s,Yp uq

̇

“ lim
δÑ0

sup
tPr0,1s,Xp PK

ˆ

inf
ttiuδ

max
1ďiďν

sup
s,uPrti´1,tiq

dCCpXq
t

s,X
q

t

uq

̇

“ 0,

proving that Hp satisfies (2.A.5) too and is thus relatively compact.
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Step 2: Let clpHp q be the closure of Hp in Dpr0, 1s;G2pRd`2qq. We now show that
clpHp q is bounded with respect to the p-variation norm and that it is a subset of the
time-extended weakly geometric rough paths over Rd`2, i.e.,

clpHp q Ă Dp
p
pr0, 1s;G2pRd`2qq.

Let pYp
n

qn Ď Hp be a sequence and Y P Dpr0, 1s;G2pRd`2qq be such that Yp
n

Ñ Y in
the J1-topology. By definition, there exists a sequence of time-reparametrization pλnqn

such that

lim
nÑ8

sup
sPr0,1s

|λnpsq ´ s| “ 0, and lim
nÑ8

sup
sPr0,1s

dCCpYp
n

λnpsq,Ysq “ 0. (2.A.6)

Let then D be a fixed partition of r0, 1s. Observe that since by assumption K is bounded

with respect to } ¨ }p´var, Hp
1
and thus Hp are bounded as well. We can thus compute

ÿ

tiPD
dCCpYti ,Yti`1qp “ lim

nÑ8

ÿ

tiPD
dCC

´

Yp
n

λnptiq,Y
p

n

λnpti`1q

¯p
ď lim sup

nÑ8

}Yp
n

λnp¨q}
p
p´var

“ lim sup
nÑ8

}Yp
n

}
p
p´var ď sup

nPN
}Yp

n
}
p
p´var,

where the second equality follows by the invariance of the p-variation norm with respect
to time-reparametrization. Taking the sup over all the partition we get that clpHp q is
bounded with respect to the p-variation norm.

Next, note that λnp0q “ 0 for all n P N. Therefore, it holds that

Yp
n

λnp0q “ Yp
n

0 Ñ Y0 “ 1 P G2pRd`2q.

Moreover, by

lim
nÑ8

sup
sPr0,1s

p
ˇ

ˇ}Yp
n

λnpsq}CC ´ }Ys}CC
˘

ď lim
nÑ8

sup
sPr0,1s

dCCpYp
n

λnpsq,Ysq “ 0,

and the fact that Y is càdlàg we deduce that the set

tYs : s P r0, 1s, n P Nu Y tYp
n

λnpsq : s P r0, 1s, n P Nu

is bounded. By Remark 2.A.2 we thus get

lim
nÑ8

sup
sPr0,1s

ρpYp
n

λnpsq,Ysq “ 0,

implying in particular that for all |I| ď 2

lim
nÑ8

sup
sPr0,1s

|xϵI ,Yp
n

λnpsq ´ Ysy| “ 0.

58



2.A Proofs of Section 2.2

Since for all n P N, s P r0, 1s, xϵ´1,Yp
n

λnpsqy “ λnpsq, by condition (2.A.6), xϵ´1,Ysy “ s

for all s P r0, 1s. Furthermore, since continuity points of Yp
n
have Lebesgue measure 1,

for all i P t´1, 1, . . . , d` 1u we have

xϵi b ϵ´1,Yp
n

λnpsqy “

ż λnpsq

0
xϵi,Yp

n

u´ydu “

ż λnpsq

0
xϵi,Yp

n

uydu “

ż 1

0
xϵi,Yp

n

uy1tuďλnpsqudu.

Finally, observe that for fixed s P r0, 1s and for all continuity points u P r0, 1sztsu of Y,

lim
nÑ8

xϵi,Yp
n

uy1tuďλnpsqu “ xϵi,Yuy1tuďsu.

Thus, the dominated convergence theorem yields

lim
nÑ8

xϵi b ϵ´1,Yp
n

λnpsqy “ xϵi b ϵ´1,Ysy “

ż s

0
xϵi,Yuydu,

and the claim follows.

Step 3: Set Fp : Dp
p
pr0, 1s;G2pRd`2qq Ñ R as FppZpq :“ F pZq where

Z P Dppr0, 1s;G2pRd`1qq

denotes the weakly geometric rough path obtained by removing the time-extension of
Zp (see Remark 1.2.18 (iv)). Observe that by Notation 2.A.3, if in particular Zp P Hp ,

then Zp “ Xq
t
and Z “ Xp

t
for some t P r0, 1s and Xp P K. Since Fp is a continuous

path functional, an application of Proposition 2.2.6 to the compact set clpHp q yields the
existence of a linear functional L̃ P LRd`2 such that

sup
tPr0,1s

sup
Xp PK

|FppXq
t
q ´ L̃pXq

t

1q| ď sup
Yp PclpHp q

|FppYp q ´ L̃pYp 1q| ď ε.

By definition of the path functional Fp and Notation 2.A.3, we then conclude that

sup
tPr0,1s

sup
Xp PK

|F pXp
t
q ´ L̃pXq

t

1q| ď ε.

Step 4: We show that for every linear functional L̃ P LRd`2 , there exists another linear
functional L P LRd`1 such that for all t P r0, 1s and Xp P K

L̃pXq
t

1q “ LpXptq,

where Xpt denotes the signature at time t of the path Xp . Observe that since each

component of Xq
t

t,1 is a polynomial in t, for each multi-index I there is a map LI P LRd`2

such that
xϵI ,Xq

t

t,1y “ LIpXq
1

t q,
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where Xq
1

t denotes the signature at time t of the path Xq
1

P H1. This in particular implies
that for each multi-index I

xϵI ,Xq
t

1y “ xϵI ,Xq
1

t b Xq
t

t,1y “
ÿ

ϵI1bϵI2“ϵI

xϵI1 ,Xq
1

t yxϵI2 ,Xq
t

t,1y

“
ÿ

ϵI1bϵI2“ϵI

xϵI1 ,Xq
1

t yLI2pXq
1

t q “: hIpXq
1

t q

for some hI P LRd`2 . Since each Xp in K is already time-extended, the claim follows.

Remark 2.A.4. Observe that Step 4 would not hold true if in the statement of The-
orem 2.2.13 we considered K to be a compact subset of the set of weakly geometric rough
paths which are not necessarily time-extended, i.e., K Ă Dppr0, 1s;G2pRd`1qq.

2.B Proofs of Section 2.3

2.B.1 Proof of Proposition 2.3.5

Fix d P N and let L be a Rd-valued Lévy process with triplet pbL, CL, FLq with respect
to the “truncation function” χpxq “ x. For notational convenience we write pb, C, F q for
pbL, CL, FLq. We prove that (i) the truncated signature LN of L is a polynomial process
in the truncated tensor algebra TN pRdq and (ii) the expected signature satisfies (2.3.5).

(i) First, recall that L is the solution of a Marcus SDE (1.4.2). Therefore, for each
multi-index I with entries in t1, . . . , du we have

xϵI ,Lty “

ż t

0
xϵI 1 ,Ls´ydL

i|I|

s ` Ci|I|´1,i|I|

1

2

ż t

0
xϵI2 ,Ls´yds

`
ÿ

0ăsďt

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1uxϵI1 ,Ls´yxϵI2 , p∆Lsq

b|I2|y.

Thus, LN is a TN pRdq-valued semimartingale. Moreover, by condition (2.3.4), a.s.

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1u|xϵI1 ,Ls´y|

ż

Rd

|xϵI2 , x
b|I2|y|F pdxq ă 8.

Therefore, the process
ş¨

0

ş

Rd

ř

ϵI1bϵI2“ϵI
1

|I2|!1t|I2|ą1uxϵI1 ,Ls´yxϵI2 , x
b|I2|yF pdxqds is

of locally integrable variation and by Theorem II.1.8 in Jacod and Shiryaev (1987),
ż ¨

0

ż

Rd

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1uxϵI1 ,Ls´yxϵI2 , x

b|I2|ypµpdx, dsq ´ F pdxqdsq

is a local martingale. We now prove that LN is a jump-diffusion in the sense of
Definition III.2.18 in Jacod and Shiryaev (1987). In order to simplify the notation,

60



2.B Proofs of Section 2.3

for each y P TN pRdq and each multi-index I, we set yI :“ xϵI ,yy and

δpy, xqI :“
ÿ

ϵI1bϵI2“ϵI

1

|I2|!
yI1xϵI2 , x

b|I2|y1t|I2|ą0u, γpy, xqI :“ δpy, xqI ´yI 1xi|I|
.

An application of Itô’s formula yields that for any bounded C2 function on TN pRdq

fpLNt q ´ fpLN0 q ´

ż t

0
AfpLNs qds

is a local martingale, where A : C2
b pTN pRdqq Ñ CpTN pRdqq is such that for any

f P C2
b pTN pRdqq and y P TN pRdq

Afpyq “
ÿ

1ď|I|ďN

Bfpyq

ByI
yI 1bi|I|

`
ÿ

2ď|I|ďN

Bfpyq

ByI

ˆ

1

2
yI2Ci|I|´1,i|I|

`

ż

Rd

γpy, xqIF pdxq

̇

`
1

2

ÿ

1ď|I|,|J |ďN

B2fpyq

ByIByJ
yI 1yJ 1Ci|I|,j|J|

(2.B.1)

`

ż

Rd

ˆ

fpy ` δpy, xqq ´ fpyq ´
ÿ

1ď|I|ďN

Bfpyq

ByI
δpy, xqI

̇

F pdxq.

The operator A is a jump-diffusion operator whose coefficients

pβ, ζ,Kq :“ ppβIq|I|ďN , pζI,Jq|I|,|J |ďN ,Kq

are given by

βIpyq :“ yI 1bi|I|
1|I|ě1 `

ˆ

1

2
yI2Ci|I|´1,i|I|

`

ż

Rd

γpy, xqIF pdxq

̇

1|I|ě2,

ζI,Jpyq :“ yI 1yJ 1Ci|I|,j|J|
1|I|,|J |ě1,

Kpy, Aq :“

ż

Rd

1Azt0upδpy, xqqF pdxq.

Therefore, by Theorem II.2.42 in Jacod and Shiryaev (1987), LN is a jump-diffusion
on TN pRdq whose characteristics, with respect to the “truncation function” χpyq “

y, are given by

ż t

0
βpLNs qds,

ż t

0
ζpLNs qds and KpLNt´ , dxq ˆ dt.

Notice also that Kpy, t0uq “ F pt0uq “ 0 for all y P TN pRdq, and, by condi-
tion (2.3.4),

ż

TN pRdq

}ξ} ^ }ξ}2Kpy, dξq “

ż

Rd

}δpy, xq} ^ }δpy, xq}2F pdxq ă 8.
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Finally, we show that LN is a polynomial jump diffusion on TN pRdq. Once again
by condition (2.3.4),

ż

TN pRdq

}ξ}kKpy, dξq “

ż

Rd

}δpy, xq}kF pdxq ă 8,

for all y P TN pRdq and k ě 2. Moreover, for every set of multi-indices I1, . . . , Ik it
holds

ż

TN pRdq

ξI1 ¨ ¨ ¨ ξIkKpy, dξq “

ż

Rd

δpy, xqI1 ¨ ¨ ¨ δpy, xqIkF pdxq

is a polynomial of degree at most k on TN pRdq. Since each component of β and ζ
is polynomial on TN pRdq respectively of degree 1 and 2, by Lemma 2.2 in Filipović
and Larsson (2020) we can conclude that LN is a polynomial jump-diffusion on
TN pRdq.

(ii) We compute now ErxϵI ,LNt ys for a fixed multi-index I with |I| ď N . To this end
we apply the so-called moment formula (see for instance Theorem 2.5 in Filipović
and Larsson (2020)). Observe that the projection function

xϵI , ¨y : TN pRdq ÝÑ R
y ÞÝÑ xϵI ,yy

is a polynomial of degree 1 on TN pRdq. Since we already proved in (i) that LN is a
polynomial process, we also know that the corresponding generator A is mapping
the space of polynomials of degree at most one on TN pRdq to itself. More precisely,
it follows from (2.B.1) that for each multi-index J we have

AxϵJ , ¨y “
ÿ

ϵJ1bϵJ2“ϵJ

xϵJ1 , QyxϵJ2 , ¨y,

where Q :“ p0, b, 12pC `
ş

Rd x
b2F pdxqq, . . . , 1

k!

ş

Rd x
bkF pdxq, . . . q. This can equival-

ently be written as
AxϵJ , ¨ypyq “ xϵJ , Qb yy

By Theorem 2.5 in Filipović and Larsson (2020) we can then conclude that

ErxϵI ,LNt ys “

8
ÿ

k“0

tk

k!
AkxϵI , ¨ypϵHq “

8
ÿ

k“0

tk

k!
xϵI , Q

bk b ϵHy “ xϵI , expptQq b ϵHy.

2.B.2 Proof of Proposition 2.3.12

The claim is clear for I “ H. If I ‰ H, recall from equation (2.3.2) that

xϵI b ϵj ,Xty “

ż t

0
xϵI ,Xs´ydXj

s ` 1ti|I|“j“0u

1

2

ż t

0
xϵI 1 ,Xs´yds

`
ÿ

0ăsďt

ÿ

ϵI1bϵI2“ϵI

1

p|I2| ` 1q!
1t|I2|ą0uxϵI1 ,Xs´y∆XΣpI2q`j

s 1tją0u1tI2Pt1,...,du|I2|u.
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2.B Proofs of Section 2.3

Let Ipr, kq be the set of all multi-indices J P Nk such that ΣpJq “ r. Set

αpr, kq :“
ÿ

JPIpr,kq

k
ź

i“1

1

pji ` 1q!

and note that

ż t

0
xϵI ,Xs´ydXj

s “ xϵI b ϵj ,Xty ´ 1ti|I|“j“0u

1

2

ż t

0
xϵI 1 ,Xs´yds

´
ÿ

0ăsďt

ÿ

ϵI1bϵI2“ϵI

αp|I2|, 1qxϵI1 ,Xs´y∆XΣpI2q`j
s 1tją0u1tI2Pt1,...,du|I2|u

“ xϵI b ϵj ,Xty ´ 1ti|I|“j“0u

1

2

ż t

0
xϵI 1 ,Xs´yds

´
ÿ

ϵI1bϵI2“ϵI

αp|I2|, 1q

ż t

0
xϵI1 ,Xs´ydXΣpI2q`j

s 1tją0u1tI2Pt1,...,du|I2|u.

In particular, observe that
şt
0xϵI ,Xs´ydXj

s reads

xϵI b ϵj ,Xty ´
ÿ

ϵI1bϵI2“ϵI

αp|I2|, 1q

ż t

0
xϵI1 ,Xs´ydXΣpI2q`j

s 1tją0u1tI2Pt1,...,du|I2|u,

for each j ą 0. We now prove by induction that for each r P N0 it holds

ż t

0
xϵI ,Xs´ydXj

s ´ xϵI b ϵj ,Xty ` 1ti|I|“j“0u

1

2

ż t

0
xϵI 1 ,Xs´yds

“

r
ÿ

k“1

p´1qk
ÿ

ϵI1bϵI2“ϵI

αp|I2|, kqxϵI1 b ϵΣpI2q`j ,Xty1tją0u1tI2Pt1,...,du|I2|u

` p´1qr`1
ÿ

ϵI1bϵI2“ϵI

αp|I2|, r ` 1q

ż t

0
xϵI1 ,Xs´ydXΣpI2q`j

s 1tją0u1tI2Pt1,...,du|I2|u.

We already showed that the claim holds for r “ 0. Supposing that it is true for r ´ 1, we
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get

ÿ

ϵI1bϵI2“ϵI

αp|I2|, rq

ż t

0
xϵI1 ,Xs´ydXΣpI2q`j

s 1tją0u1tI2Pt1,...,du|I2|u

“
ÿ

ϵI1bϵI2“ϵI

αp|I2|, rqxϵI1 b ϵΣpI2q`j ,Xty1tją0u1tI2Pt1,...,du|I2|u

´
ÿ

ϵI1bϵI2“ϵI

αp|I2|, rq
ÿ

ϵI11bϵI12“ϵI1

αp|I12|, 1q

ˆ

ż t

0
xϵI11 ,Xs´ydXΣpI12q`ΣpI2q`j

s 1tI12Pt1,...,du|I12|u1tją0u1tI2Pt1,...,du|I2|u

p‹q
“

ÿ

ϵI1bϵI2“ϵI

αp|I2|, rqxϵI1 b ϵΣpI2q`j ,Xty1tją0u1tI2Pt1,...,du|I2|u

´
ÿ

ϵI11bϵI122“ϵI

αp|I122|, r ` 1q

ż t

0
xϵI11 ,Xs´ydXΣpI122q`j

s 1tją0u1tI122Pt1,...,du|I122|u,

where in p‹q we set ϵI122 “ ϵI12 b ϵI2 . Since αpr, kq “ 0 for k ą r, we can conclude that

ż t

0
xϵI ,Xs´ydXj

s ´ xϵI b ϵj ,Xty ` 1ti|I|“j“0u

1

2

ż t

0
xϵI 1 ,Xs´yds

“
ÿ

ϵI1bϵI2“ϵI

|I2|
ÿ

k“1

p´1qkαp|I2|, kqxϵI1 b ϵΣpI2q`j ,Xty1tją0u1tI2Pt1,...,du|I2|u.

2.B.3 Proof of Theorem 2.3.17

Let k P N and note that p
řM
h“1 ℓhxϵJh ,Xs´yqk is a polynomial of degree k in pℓhq1ďhďM .

Precisely by the multinomial theorem, for each α “ pα1, α2, . . . , αM q P NM it holds

´

M
ÿ

h“1

ℓhxϵJh ,Xs´y

¯k
“ k!

ÿ

αPNM ,Σpαq“k

pℓ1,...,M qαxϵ�α,Xs´y. (2.B.2)

Setting UIpℓq as in the statement of the proposition, we prove xϵI , Sppℓqty “ xϵUIpℓq,Xty
proceeding by induction on m “ |I|. Since xϵH,Sppℓqty “ 1 “ xϵH,Xty the claim follow
for m “ 0. Next, suppose that the claim holds for |I| “ m ´ 1 and fix I “ pi1, . . . , imq.
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2.B Proofs of Section 2.3

By equation (2.3.12), xϵI , Sppℓqty can be written as

1ti|I|“´1u

ż t

0
xϵI 1 ,Sppℓqs´yds` 1ti|I|“1u

ż t

0
xϵI 1 ,Sppℓqs´y

ˆ M
ÿ

h“1

ℓWh xϵJh ,Xs´y

̇

dWs

` 1ti|I|“1u

ż t

0

ż

R
xϵI 1 ,Sppℓqs´y

ˆ M
ÿ

h“1

ℓµhxϵJh ,Xs´y

̇

xpµ´ νqpds, dxq

` 1tpi|I|´1,i|I|q“p1,1qu

1

2

ż t

0
xϵI2 , Sppℓqs´y

ˆ M
ÿ

h“1

ℓWh xϵJh ,Xs´y

̇2

ds

`
ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1u1tI2“p1,...,1qu

ˆ

ż t

0

ż

R
xϵI1 ,Sppℓqs´y

ˆ M
ÿ

h“1

ℓµhxϵJh ,Xs´y

̇|I2|

x|I2|µpds, dxq.

Therefore, as a direct application of Proposition 2.3.12 and the induction hypothesis,
with the notation of (2.B.2) we can write xϵI ,Sppℓqty as

xpϵUI1 pℓq; ϵ´1q∼,Xty1ti|I|“´1u

`
ÿ

αPNM ,Σpαq“1

pℓW1,...,M qαxpϵUI1 pℓq � ϵ�α; ϵ0q∼,Xty1ti|I|“1u

`
ÿ

αPNM ,Σpαq“1

pℓν1,...,M qαxpϵUI1 pℓq � ϵ�α; ϵ1q∼,Xty1ti|I|“1u

`
ÿ

αPNM ,Σpαq“2

pℓW1,...,M qαxpϵUI2 pℓq � ϵ�α; ϵ´1q∼,Xty1t|I|ą1u1tpi|I|´1,i|I|q“p1,1qu

`
ÿ

ϵI1bϵI2“ϵI

ÿ

αPNM ,Σpαq“|I2|

pℓν1,...,M qαxpϵUI1
pℓq � ϵ�α; ϵ|I2|q

∼,Xty1t|I2|ą1u1tI2“p1,...,1qu

“ xϵUIpℓq,Xty.

Note that xϵUIpℓq,Xty is a polynomial of degree |I| in pℓW1,...,M , ℓ
ν
1,...,M q P R2M by construc-

tion.

Remark 2.B.1. (i) Assuming that dX ě |I|pnd` 1q is needed to guarantee that

xϵI , Sppℓqty “ xϵUIpℓq,Xty (2.B.3)

is well-defined. This condition is verified if and only if the entries of every multi-
index appearing in UIpℓq is bounded by dX . More precisely, the claim is clear for
|I| “ 0. For |I| “ 1 it follows by noticing that by Remark 2.3.13 the expression
xpϵJ ; ϵ1q∼,Xty is well-defined for each |J | ď n if and only if nd ` 1 ď dX . Well
definiteness of xpϵ�α; ϵ|I|q

∼,Xy for each |I| ě 2 and α with Σpαq “ |I| is a necessary
condition for well definiteness of (2.B.3). This includes in particular the case

ϵ�α “
1

|I|!
�

|I| pϵbn
d q “ Cn,|I|ϵ

bpn|I|q

d
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for some Cn,|I| P R.
Proceeding as in Remark 2.3.13 we can conclude that this is the case if and only if
nd|I| ` |I| ď dX . Notice that the condition dX ě |I|pnd` 1q could be optimized if
some coefficients ℓJν introduced in the definition of the Lévy-type signature model
Spℓq are equal to 0.

(ii) Observe that a key factor in deriving the representation in equation (2.B.3) is that
the jumps of the Lévy-type signature model Spℓq are proportional to the jumps of
the (signature of the) market’s primary process X.

2.B.4 Proof of Theorem 2.3.22

Since

Spℓqt “

ż t

0

´

ÿ

|H|ďn

ℓHW xϵH ,Xs´y

¯

dWs `

ż t

0

ż

R

´

ÿ

|H|ďn

ℓHν xϵH ,Xs´yx
¯

pµ´ νqpds, dxq

(2.B.4)
we already know that

drSpℓqs
pred
t “

ż t

0

´

ÿ

|H|ďn

ℓJW xϵH ,Xs´y

¯2
`

´

ÿ

|H|ďn

ℓHν xϵH ,Xs´y

¯2
ż

R
x2F pdxqds.

Moreover, using that X is a Lévy process by Proposition 2.3.2 and Remark 2.3.7 we also
get that

ErxϵI ,SppℓqT y|Fts “ ErxϵUIpℓq,XT y|Fts “
ÿ

ϵJbϵH“ϵUI pℓq

xϵJ ,XtyErxϵH ,XT´tys.

Observe that in the first step we used the result of Theorem 2.3.17. Since for each |H| ě 1
by Remark 2.3.6 it holds

ErxϵH ,XT´tys “

|H|
ÿ

k“1

pT ´ tqk

k!

ÿ

ϵH1
b¨¨¨bϵHk

“ϵH

xϵH1 , Qy ¨ ¨ ¨ xϵHk
, Qy,

which is a continuous process of finite variation, by the product rule we know that
t ÞÑ xϵJ ,XtyErxϵH ,XT´tys can be decomposed as the sum of a continuous process of finite
variation and

ş¨

0 ErxϵH ,XT´sysdxϵJ ,Xsy. Observe also that for each J1 and J2 such that
ΣpJ2q ě 2, it holds

ÿ

0ăsďt

xϵJ1 ,Xs´y∆XΣpJ2q
s “

ż t

0

ż

R
xϵJ1 ,Xs´yxΣpJ2qpµ´ νqpds, dxq

`

ż t

0
xϵJ1 ,Xs´yds

ż

R
xΣpJ2qF pdxq.
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2.B Proofs of Section 2.3

Representation (2.3.2) thus yields that xϵJ ,Xy can be decomposed into a continuous
process of finite variation and a square integrable martingale MJ given by

MJ
t “

ż t

0
xϵJ 1 ,Xs´ydWs1tj|J|“0u `

ż t

0

ż

R
xϵJ 1 ,Xs´yxj|J|pµ´ νqpds, dxq1tj|J|ą0u

`
ÿ

ϵJ1bϵJ2“ϵJ

1

|J2|!
1t|J2|ą1u1tJ2Pt1,...,dXu|J2|u

ż t

0

ż

R
xϵJ1 ,Xs´yxΣpJ2qpµ´ νqpds, dxq

“
ÿ

ϵJ1bϵJ2“ϵJ

γW pJ2q

ż t

0
xϵJ1 ,Xs´ydWs ` γνpJ2q

ż t

0

ż

R
xϵJ1 ,Xs´yxΣpJ2qpµ´ νqpds, dxq,

for γW pJ2q “ 1tJ2“p0qu and γνpJ2q “ 1
|J2|!1t|J2|ě1u1tJ2Pt1,...,dXu|J2|u. Define

Vt :“ ErxϵI ,SppℓqT y|Fts

for each t P r0, T s. Writing J3 in place of H and using that V is a true martingale by
definition, we can thus conclude that

Vt “ V0 `
ÿ

ϵJbϵJ3“ϵUI pℓq

ż t

0
ErxϵJ3 ,XT´sysdMJ

s

“ V0 `
ÿ

ϵJ1bϵJ2bϵJ3“ϵUI pℓq

ż t

0
xϵJ1 ,Xs´yErxϵJ3 ,XT´syspγW pJ2qdWs ` γνpJ2qxΣpJ2qpµ´ νqpds, dxqq,

for V0 “ ErxϵI ,SppℓqT ys. Using (2.B.4) we can then compute

drV, Spℓqs
pred
t “

ÿ

ϵJ1bϵJ2bϵJ3“ϵUI pℓq

ÿ

|H|ďn

xϵJ1 ,Xt´yγ2pJ2, H, ℓqErxϵJ3 ,XT´tysxϵH ,Xt´ydt,

where γ2pJ2, H, ℓq “ γW pJ2qℓHW ` γνpJ2qℓHν
ş

R x
ΣpJ2q`1F pdxq. The claim follows.

2.B.5 Proof of Proposition 2.3.25

First, observe that by Theorem 9 in Protter and Shimbo (2006), the pair pfptq, gpxqq is
such that the solution of the SDE (2.3.19) is a true martingale.

Since g is deterministic and independent of time, µ is a homogeneous P-Poisson random
measure (see e.g. Theorem II.4.8 in Jacod and Shiryaev (1987)). Moreover, egpxqF pdxq is
a Lévy measure such that

ş

|x|ą1 |x|kegpxqF pdxq ă 8, for all k P N. Thus, proceeding as

in the proof of Proposition 2.3.2, we conclude that the process Y defined in (2.3.23) is a
Lévy process with finite moments of all orders.
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By equation (2.3.20), we know that the P-characteristics of Spℓq with respect to the
“truncation function” χpxq “ x are given by

BS
t “

ż t

0

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xs´yfpsq `
ÿ

|J |ďn

ℓJν xϵJ ,Xs´y

ż

R
xpegpxq ´ 1qF pdxq

̇

ds,

CSt “

ż t

0

ˆ

ÿ

|J |ďn

ℓJW xϵJ ,Xs´y

̇2

ds,

νSpdtˆ dxq “ KP
t pdxq ˆ dt,

where KP
t pAq “

ş

R 1Azt0u

`
ř

|J |ďn ℓ
J
ν xϵJ ,Xt´yx

˘

egpxqF pdxq. Since by condition (2.3.22) we

know that
ş

R ypegpxq ´ 1qF pdxq ă 8, and

fptq “
ÿ

|I|ďp

f IxϵI ,Xt´y “
ÿ

|I|ďp

f IxϵI ,Yt´y

it suffices to show that for each |J | ď n it holds xϵJ ,Xty “ xϵPJ ,Yty for some linear
combination of multi-indices ϵPJ . We proceed by induction. For I “ H the result is clear.
Fix k ď n, J such that |J | “ k, and suppose that the claim holds for each |J | ă k. Then
equation (2.3.2) yields

xϵJ ,Xty “

ż t

0
xϵPJ 1 ,Ys´ydXjk

s ` 1tjk´1“jk“0u

1

2

ż t

0
xϵPJ2 ,Ys´yds

`
ÿ

0ăsďt

ÿ

ϵJ1bϵJ2“ϵJ

1

|J2|!
1t|J2|ą1uxϵPJ1 ,Ys´y∆XΣpJ2q

s 1tJ2Pt1,...,dXu|J2|u.

Note that since ΣpJ2q ą 2 we have that ∆X
ΣpJ2q
s “ ∆Y

ΣpJ2q
s . Moreover,

ż t

0
xϵPJ 1 ,Ys´ydWQ

s “

ż t

0
xϵPJ 1 ,Ys´ydW P

s ` fpsqxϵPJ 1 ,Ys´yds

“

ż t

0
xϵPJ 1 ,Ys´ydW P

s `
ÿ

|I|ďp

f IxϵPJ 1 � ϵI ,Ys´yds

and
şt
0

ş

RxϵPJ 1 ,Ys´yxpµ´ νQqpds, dxq can be written as
ż t

0

ż

R
xϵPJ 1 ,Ys´yxpµ´ νPqpds, dxq ` xϵPJ 1 ,Ys´y

ż

R
xpegpxq ´ 1qF pdxqds.

Thus, by Proposition 2.3.12 we can write xϵJ ,XP
t y as

xpϵPJ 1 ; ϵjkq∼,Yty ` 1tjk´1“jk“0u

1

2
xϵPJ2 b ϵ´1,Yty

`
ÿ

ϵJ1bϵJ2“ϵJ

1

|J2|!
1t|J2|ą1uxpϵPJ1 ; ϵΣpJ2qq

∼,Yty1tJ2Pt1,...,dXu|J2|u

` 1tjk“0u

ÿ

|I|ďp

f IxpϵPJ 1 � ϵIq b ϵ0,Yty ` 1tjk“1uxϵPJ 1 b ϵ0,Yty
ż

R
xpegpxq ´ 1qF pdxq,
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2.B Proofs of Section 2.3

concluding the proof.

Remark 2.B.2. For notational convenience, the function f in (2.3.21) has been defined
via multi-indices I with indices in the set t´1, 0, 1, 2, . . . , dXuzt0, 1u. However, observe
that the result of Proposition 2.3.25 still holds if we consider the larger set of multi-indices
with indices in t´1, 0, 1, 2, . . . , dXuzt0u.

69





3 Sig-jump-diffusions

The present chapter is based on Cuchiero et al. (2024f), a joint work with Christa Cuchiero
and Sara Svaluto-Ferro.

3.1 Introduction

The goal of this chapter is to introduce a general class of jump-diffusions based on
the notion of signature. At the core of our analysis lie the universal approximation
properties of the signature process, one of the main subjects of the thesis studied in
detail in Chapter 2. According to this type of result, any continuous path functional
can be approximated arbitrarily well by linear functions of the signature process (see
Theorem 2.2.6 and the subsequent discussion for the precise statement). Relying on
this, we define the so-called Sig-jump-diffusion as processes whose characteristics can
be written as a linear combination of potentially infinitely many components of their
own signature (see Definition 3.2.3). This general framework includes all the continuous
signature models for asset pricing that have been proposed so far (see e.g., Arribas
et al. (2021); Cuchiero et al. (2023a, 2024b)) where only diffusive drivers and finite
sums of signature components are considered, as well as the Lévy-type signature modes
presented in Chapter 2. Moreover, based on duality considerations for stochastic processes
discussed in the introduction, we show that expected values of potentially infinitely many
linear combinations of the signature components of such Sig-jump-diffusions can be
computed analytically by solving certain linear ODEs in the extended tensor algebra
(see Theorem 3.3.8). This extends to the non-continuous setting the recently established
results of Cuchiero et al. (2023c). The technical difficulties already encountered in the
diffusion case remain, in particular, due to convergence questions related to the infinite
series of signature components. Additionally, the presence of a jump term complicates the
analysis. Indeed, in order to establish duality results as in Theorem 3.3.8, one has to deal
with a series of converging series involving signature’s components (see equation (3.3.5)),
making the task of establishing convergence considerably more complex.

We generally tackle these issues by considering the closure of an operator which is well-
defined on the set of coefficients of linear functions of the signature (see Definition 3.3.6).
In some specific cases, we can then establish precise convergence results. For instance,
this is the case for the class of polynomial processes (see Remark 3.3.11(i)) as well as for
the subclass of so-called holomorphic jump-diffusions analyzed in detail in Chapter 4. In
particular, in Proposition 3.3.10 we show that a large class of polynomial jump-diffusions
can be embedded in the Sig-jump-diffusions framework and that their truncated signature
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is again a polynomial process, resulting in an easily computable formula (based on a
matrix exponential) for the expectation of linear functions of the signature process.

For related literature, e.g., Friz et al. (2022b); Jaber and Lin (2024) and the connections
to the present work, we refer to Section 4.1.1.

The remainder of the chapter is structured as follows. In Section 3.2, we establish
the proper notation for dealing with convergent series of the signature components
and introduce the class of Sig-jump-diffusions. In Section 3.3 we present the main
representation results (see Theorem 3.3.7 and Theorem 3.3.8). The last part of the
section is dedicated to the analysis of the specific class of polynomial processes.

We refer to Chapter 1 for the notation and main results concerning weakly geomet-
ric càdlàg rough paths and their signature.

3.2 Sig-jump-diffusions

Let GppRdqq denote the set of group-like elements introduced in equation (1.1.6) and fix
S Ď Rd. Define

S :“ tx P GppRdqq : xϵI ,xy P S for all |I| “ 1u

The set S is endowed with the sigma-algebra induced by the product sigma-algebra on
T ppRdqq. Set

S˚ :“ tu P T ppRdqq ` iT ppRdqq : |u|x ă 8 for all x P Su, (3.2.1)

where |u|x :“
ř8
n“0 |

ř

|I|“n uIxI |. For u P S˚ we write uďN :“ πďN puq P TN pRdq, for
each N P N, and

xu,xy :“
8
ÿ

n“0

ÿ

|I|“n

uIxI , (3.2.2)

for each x P S. We now introduce the set of suitable coefficients of the processes which
will be studied in this chapter.

Definition 3.2.1. We call Sig-coefficients any triplet pb, a,Kq satisfying the following
properties.

• b : S Ñ Rd : bpxqI “ xbI ,xy, for bI P S˚ and |I| “ 1. Note that b P S˚d.

• a : S Ñ pRdqb2 : apxqI “ xaI ,xy, for aI P S˚ and |I| “ 2. Note that a P pS˚dqb2.
Assume that apxq P Sd` for all x P S.

• K is a kernel from S to Rd such that for all x P S, Kpx, t0uq “ 0 and for all |I| ě 2

ż

Rd

ξi1 ¨ ¨ ¨ ξi|I|
Kpx, dξq “ xkI ,xy P pRdqbn, (3.2.3)
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3.3 Expected signature of Sig-jump-diffusions

for some kI P S˚. Note that
ş

Rd ξ
bn Kpx, dξq “ xkn,xy P pRdqbn for some

kn P pS˚dqbn.

Remark 3.2.2. Notice that (3.2.3) implies that for all n ě 2, x P S,
ż

Rd

p}ξ} ^ }ξ}2qKpx, dξq ă 8 and

ż

Rd

}ξ}nKpx, dξq ă 8.

Definition 3.2.3. Fix some Sig-coefficents pb, a,Kq. Let X “ pXtqtPr0,T s be an S-
valued semimartingale on some filtered probability space pΩ,F , pFtqt,Pq such that for all
bounded f P C2pRdq the process s ÞÑ bpXs´q, apXs´q,

ş

Rd gpξqKpXs´ , dξq is left-continuous
for g “ 1A and A being a Borel set in Rd, and gpξq “ ξbn for n ě 2. Suppose that the

process Nf :“ pNf
t qtPr0,T s given by

Nf
t :“ fpXtq ´ fpX0q ´

ż t

0
AfpXs´qds, t P r0, T s

defines a local martingale, where for each s P r0, T s

AfpXs´q :“ ∇fpXs´qJbpXs´q `
1

2
TrpapXs´q∇2fpXs´qq

`

ż

Rd

fpXs´ ` ξq ´ fpXs´q ´ ∇fpXs´qJξ KpXs´ , dξq,

and X :“ pXtqtPr0,T s denotes the signature of X. We call X Sig-jump-diffusion.

Remark 3.2.4. Notice that by Remark 3.2.2, Proposition II.2.29 and Theorem II.2.42
in Jacod and Shiryaev (1987), X is a special semimartingale with characteristics with
respect to the truncation functional χpξq “ ξ,

˜

ż ¨

0
bpXs´qds,

ż ¨

0
apXs´qds,KpXs´ , dξqds

¸

.

It is important to note that X is not necessarily a jump-diffusion in sense of Defin-
ition II.2.18 in Jacod and Shiryaev (1987). Modulo technicalities due to the infinite
dimensionality, this is however the case for the signature process X (see Lemma 3.3.1).

3.3 Expected signature of Sig-jump-diffusions

As a first step, we study the dynamics of the signature of X.
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Lemma 3.3.1. Let X “ pXtqtPr0,T s be a Sig-jump-diffusion with Sig-coefficients pb, a,Kq

and fix a multi-index I. Then it holds that for all t P r0, T s,

xϵI ,Xty “

ż t

0

ˆ

xϵI 1 ,Xs´yxbi|I| ,Xs´y1|I|ą0 `
1

2
xϵI2 ,Xs´yxai|I|´1,i|I| ,Xs´y1|I|ą1

`
ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1uxϵI1 ,Xs´y

ż

Rd

xϵI2 , ξ
b|I2|yKpXs´ , dξq

̇

ds

` local martingale.

(3.3.1)

Proof. First note that by Remark 3.2.4 the characteristics of X are given by
ż ¨

0
bpXs´qds,

ż ¨

0
apXs´qds,KpXs´ , dξqds.

Next, fix t P p0, T s and recall that by definition X satisfied xϵH,Xty “ 1 and

xϵI ,Xty “

ż t

0
xϵI 1 ,Xs´ydX

i|I|

s 1|I|ą0 `
1

2

ż t

0
xϵI2 ,Xs´ydrXi|I|´1 , Xi|I|scs1|I|ą1 (3.3.2)

`
ÿ

0ăsďt

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1uxϵI1 ,Xs´yxϵI2 , p∆Xsq

b|I2|y,

for each |I| ą 0 (see Section 1.4). Since s ÞÑ
ş

Rd ξ
bnKpXs´ , dξq is left-continuous for

n ě 2 we have that

ż T

0

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą1u|xϵI1 ,Xt´y|

ż

Rd

|xϵI2 , ξ
b|I2|y|KpXt´ , dξqdt ă 8 a.s.

By Theorem II.1.8 in Jacod and Shiryaev (1987), the compensator of second line of (3.3.2)
is given by

ż ¨

0

ż

Rd

ÿ

ϵI1bϵI2“ϵI

1

|I2|!
1t|I2|ą0uxϵI1 ,Xs´yxϵI2 , ξ

b|I2|yKpXt´ , dξqds.

The claim follows by definition of characteristics.

This result can be reformulated in a more compact way with the following notation.

Definition 3.3.2. Define

Q :“

ˆ

0,b,
1

2
pa ` k2q,

1

3!
k3, . . . ,

1

n!
kn, . . .

̇

P T ppS˚dqq.

For each u P S˚ set

upkq
�9 Q :“

ÿ

|I|“k

u
pkq

I �QI P S˚.
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3.3 Expected signature of Sig-jump-diffusions

Remark 3.3.3. For x P S set

Qpxq :“

ˆ

0, bpxq,
1

2
papxq `

ż

Rd

ξb2Kpx, dξqq, . . . ,
1

k!

ż

Rd

ξbkKpx, dξq, . . .

̇

(3.3.3)

and notice that for each I it holds QpxqI “ xQI ,xy.

Corollary 3.3.4. Let X “ pXtqtPr0,T s be a Sig-jump-diffusion with Sig-coefficients
pb, a,Kq and fix a multi-index I. Then it holds that for all t P r0, T s,

xu,Xty “ xu, ϵHy `

ż t

0
xLpuq,Xsyds`Mt, (3.3.4)

where M is a local martingale with M0 “ 0 and

Lpuq :“
8
ÿ

k“0

upkq
�9 Q, (3.3.5)

for all u P T pRdq.

Proof. Observe that for each I by Lemma 3.3.1 it holds LpϵIq “
ř

ϵI1bϵI2“ϵI
ϵI1 �QI2 .

The result follows by linearity.

Remark 3.3.5. Notice that in (3.3.5) the sum is finite and thus well defined. In particular
for each I it holds xLpϵIq,xy “ xϵI ,x b Qpxqy, where for each x P S, Qpxq is given in
equation (3.3.3).

We now aim to extend (3.3.4) to some elements u of T ppRdqqzT pRdq. As a first step,
we extend the operator L to a subset of its pointwise closure.

Definition 3.3.6. For each u P S˚ we write u P DpLq and

xLpuq,xy :“ lim
NÑ8

xLpuďN q,xy

whenever the limit is well defined for each x P S.

Theorem 3.3.7. Let X “ pXtqtPr0,T s be a Sig-jump-diffusion with Sig-coefficients pb, a,Kq

and denote by X its signature. Fix U Ď DpLq and for each u P U , define V 1 :“ pV 2
t qtPr0,T s

and V 2 :“ pV 2
t qtPr0,T s via

V 1
t :“ sup

NPN
|xuďN ,Xty|, V 2

t :“ sup
NPN

|xLpuďN q,Xty|,

for all t P r0, T s. Suppose that psupsďt V
1
t qtPr0,T s is locally integrable and V 2 is a

càdlàg process. Assume that the process t ÞÑ xu,Xty is càdlàg . Then the process
M :“ pMtqPr0,T s defined via

Mt :“ xu,Xty ´ xu, ϵHy ´

ż t

0
xLpuq,Xsyds, (3.3.6)

is a local martingale with M0 “ 0 for each u P U .
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Proof. Fix u P U . By Corollary 3.3.4, for all N P N the process MN :“ pMN
t qtPr0,T s given

by

MN
t :“ xuďN ,Xty ´ xuďN , ϵHy ´

ż t

0
xLpuďN q,Xuy du, (3.3.7)

is a local martingale. We show that supNPN supsďT |MN
s^τn | is integrable for τn :“ τ1n ^ τ2n

where pτ1nqnPN is a localizing sequence for the locally integrable process V 1 and

τ2n :“ inftt ą 0: sup
NPN

|xLpuďN q,Xty| ą nu.

This implies thatMN
¨^τn is a true martingale for each N P N and by dominated convergence

theorem the same holds for M¨^τn :“ limNÑ8 MN
¨^τn . The claim then follows by noting

that since u P S˚, limNÑ8xuďN ,Xty “ xu,Xty and a further application of the dominated
convergence theorem yields

lim
NÑ8

ż t^τn

0
xLpuďN q,Xsy ds “

ż t^τn

0
xLpuq,Xsy ds.

To see that supNPN supsďT |MN
s^τn | is integrable it suffices to note that

sup
sďT

|MN
s^τn | ď C ` V 1

T^τn `

ż T^τn

0
V 2
u du.

Next, we show that some expected quantities of Sig-jump-diffusions have a tractable
representation. For a similar result concerning continuous processes, we refer to Theorem
4.29 in Cuchiero et al. (2023c).

Theorem 3.3.8. Let X “ pXtqtPr0,T s be a Sig-jump-diffusion with sig-coefficients pb, a,Kq,
and U Ď DpL̄q so that all the conditions of Theorem 3.3.7 are verified. Fix u P U and
assume that there exists a U-valued solution pcptqqtPr0,T s of the linear ODE

xcptq,xy “ xu,xy `

ż t

0
xLpcpsqq,xyds, (3.3.8)

for all x P S. If furthermore

Er sup
s,tďT

|xcpsq,Xty|s ă 8 and Er sup
s,tďT

|xLpcpsqq,Xty|s ă 8,

then it holds that

Erxu,XT ys “ xcpT q, ϵHy.

Proof. The proof follows by Lemma A.1 in Cuchiero et al. (2023c).
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3.3 Expected signature of Sig-jump-diffusions

Finally, we focus on the class of polynomial processes as defined in Filipović and
Larsson (2020). In particular we consider the class of jump-diffusions whose coefficients
pb̄, ā, K̄q satisfies

b̄i P Pol1pRdq, āi1i2 P Pol2pRdq, and m̄i1¨¨¨in :“

ż

Rd

ξi1 ¨ ¨ ¨ ξinK̄p¨, dξq P PolnpRdq,

(3.3.9)
for all n ě 2. Note that the argument of each of these maps is the process itself and
not its signature. This class is included in the class of Sig-jump-diffusion, as we show
in the following lemma. To simplify the notation for a sufficiently differentiable map
f : Rd Ñ R we set

f pHqpxq :“ fpxq and f pJqpxq :“ Bxj1
¨ ¨ ¨ Bxjnfpxq,

for J “ pj1, . . . , jnq.

Lemma 3.3.9. X “ pXtqtPr0,T s is an S-valued polynomial jump-diffusion satisfying (3.3.9)
if and only if X is a Sig-jump-diffusion whose Sig-coefficients pb, a,Kq satisfy the following
conditions.

• b : S Ñ Rd : bpxqI “ xbI ,xy, for |I| “ 1 where bI P T 1pRdq is given by

bIJ “ b̄
pJq

i1
pX0q for each |J | ď 1.

• a : S Ñ pRdqb2 : apxqI “ xaI ,xy, for |I| “ 2 where aI P T 2pRdq is given by

aIJ “ ā
pJq

i1i2
pX0q for each |J | ď 2.

• For all |I| ě 2 we have that

mIpxq :“

ż

Rd

ξi1 ¨ ¨ ¨ ξi|I|
Kpx, dξq “ xkI ,xy,

where kI P T |I|pRdq is given by

kIJ “ m̄
pJq

i1¨¨¨i|I|
pX0q for each |J | ď |I|.

Proof. The proof follows by performing a Taylor expansion of the maps in (3.3.9), the
definition of S and equation (1.1.9).

To conclude, we show that for a polynomial process and any initial condition u P T pRdq,
the infinite-dimensional ODE (3.3.8) reduces to a finite-dimensional system of linear
ODEs.
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Proposition 3.3.10. Let X “ pXtqtPr0,T s be an S-valued polynomial jump-diffusion

with coefficients pb̄, ā, K̄q. Then, for each N P N, the truncated signature XN of X is a
TN pRdq-valued polynomial process. This in particular implies that all the moments of
XN exist and are finite. Moreover,

ErXNt s “ expptLqXN0 (3.3.10)

where expptLq is the exponential of the finite-dimensional linear operator given by the
restriction of tL to TN pRdq.

Proof. First note that by Lemma 1.1.9 for each x P S and |I| ď 2 it holds that apxqI “

āi1i2pπ1pxq `X0q, and for each |I| ě 2 it holds that mpxqI “ m̄i1¨¨¨i|I|
pπ1pxq `X0q. This

in particular implies both maps can be seen as polynomials of degree at most |I| in π1pxq.

The proof of the polynomial property of XN follows the proof of Proposition 2.3. In
particular, we get that XN is a jump-diffusion whose coefficients

pβ, ζ,Kq :“ ppβIq|I|ďN , pζI,Jq|I|,|J |ďN ,Kq

are given by

βIpxN q :“ xϵI 1 � bpi|I|q,xNy1|I|ą0 `
1

2
xϵI2 � api|I|´1,i|I|q,xNy1|I|ě2

`
ÿ

ϵI1bϵI2“ϵI

1|I2|ą1
1

|I2|!
xϵI1 � kI2 ,xNy,

ζIJpxN q :“ xϵI 1 ,xNyxϵJ 1 ,xNyāi|I|j|J|
pπ1pxN q `X0q1|I|,|J |ě1,

KpxN , Aq :“

ż

Rd

1Azt0upδpxN , ξqqK̄pπ1pxN q, dξq,

for xN P TN pRdq and δ : TN pRdq ˆ Rd Ñ TN pRdq defined via

δpxN , ξqI :“
ÿ

ϵI1bϵI2“ϵI

1

|I2|!
xϵI1 ,x

NyxϵI2 , ξ
b|I2|y1t|I2|ą0u,

for each ξ P Rd and |I| ď N . By Lemma 2.2 in Filipović and Larsson (2020) it suffices to
check that ζIJ P Pol2pTN pRdqq and

ż

Rd

δpxN , ξqJ1 ¨ ¨ ¨ δpxN , ξqJkK̄pπ1pxN q, dξq P PolkpTN pRdqq.

For fixed ij we have that āijpπ1pxN q`X0q “
ř

|H1|,|H2|ď1 αH1H2xϵH1 ,x
NyxϵH2 ,x

Ny. Since

|I 1|, |J 1| ď N ´ 1 we get that

ζIJpxN q :“
ÿ

|H1|,|H2|ď1

αH1H2xϵI 1 � eH1 ,x
NyxϵJ 1 � eH2 ,x

Ny1|I|,|J |ě1
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3.3 Expected signature of Sig-jump-diffusions

and the first claim follows. The second claim follows similarly by the polynomial property
of m̄i1¨¨¨i|I|

and we can conclude that the truncated signature XN of X is a TN pRdq-valued
polynomial process. (3.3.10) follows then by an application of Theorem 2.5 in Filipović
and Larsson (2020) for the basis txϵI , ¨y : |I| ď Nu.

Remark 3.3.11. (i) In the proof of Proposition 3.3.10 we have shown that the trun-
cated signature of any polynomial process having characteristics as in (3.3.9) is a
polynomial process on the truncated tensor algebra. Furthermore, we have used
the results in Filipović and Larsson (2020) to derive the representation in (3.3.10).
Similarly, one could use the properties of polynomial processes to show that the
conditions of Theorem 3.3.8 are satisfied and then derive the representation (3.3.9)
from there.

(ii) Notice that Proposition 3.3.10 is an extension of Proposition 2.3.

(iii) Let X “ pXtqtPr0,T s be a market primary process as in Definition 2.3.1 and let
S “ pStqtPr0,T s be a Lévy-type signature model as in Definition 2.3.6. Then, the
joint process Z :“ pX,Sq is a Sig-jump-diffusion.
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4 Holomorphic jump-diffusions

The present chapter is based on Cuchiero et al. (2024e), a joint work with Christa
Cuchiero and Sara-Svaluto Ferro.

4.1 Introduction

The goal of this chapter is to introduce a class of jump-diffusion processes, called holo-
morphic, for which the calculation of the expected values of the restrictions of holomorphic
functions to Rd, of the process’ marginals, reduces to solving a sequence-valued linear
ordinary differential equation (ODE). This thus constitutes an important extension of
polynomial processes, introduced in Cuchiero et al. (2012); Filipović and Larsson (2016),
for which merely moments can be computed by solving a (finite dimensional) linear ODE.

At the core of our analysis lie duality considerations which are a key concept in many
areas of mathematics and have also played an important role in the analysis of stochastic
processes. Indeed, duality theory for Markov processes with respect to a duality function
goes back to several contributions in the early fifties, e.g., Karlin and McGregor (1957),
where classifications of birth and death processes are considered. Since then it has been
extended in several directions (see e.g., Holley and Stroock (1979); Ethier and Kurtz
(1986)) and applied in the context of interacting particle systems, queuing theory and
population genetics.

The concept of dual processes can be formalized as follows: let T ą 0 be some
finite time-horizon and consider two time-homogeneous Markov processes pXtqtPr0,T s and
pUtqtPr0,T s with respective state spaces S and U . Then X and U are dual with respect to
some measurable function H : S ˆ U Ñ R if for all x P S, u P U and t P r0, T s

ExrHpXt, uqs “ EurHpx, Utqs, (4.1.1)

holds, and both the left and right-hand sides are well-defined. Here, Ex denotes the
expected value for the Markov process X starting at X0 “ x and similarly for U . Modulo
technical conditions, the dual relation (4.1.1) holds if and only if the generators denoted
by A and B satisfy

AHp¨, uqpxq “ BHpx, ¨qpuq, for all x P S, u P U, (4.1.2)

(see e.g., Jansen and Kurt (2014)). One prominent example is the Wright-Fisher diffusion,
also called the Jacobi process and denoted now by X, whose dual process with respect to
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Hpx, uq “ xu with u P N is the Kingman coalescent U , i.e., we have

ExrXu
t s “ EurxUts.

The Wright-Fisher diffusion is also an example of a polynomial process and for all functions
Hpx, uq : r0, 1s ˆRn Ñ R given by Hpx, uq “

řn´1
i“0 uix

i it holds by the so-called moment
formula (see e.g., Filipović and Larsson (2016)) that

ExrHpXt, uqs “ Ex

«

n´1
ÿ

i“0

uiX
i
t

ff

“

n´1
ÿ

i“0

cptqix
i “ Hpx, cptqq “ EurHpx, cptqqs,

where cptq is the solution of a linear ordinary differential equation (ODE). This means that
in this case the dual process is given by the coefficients Ut “ cptq (with U0 “ cp0q “ u) of
the polynomial x ÞÑ Hpx, cptqq, which are as solution of a linear ODE deterministic. This
property actually defines polynomial processes in the sense that the expected value of a
polynomial of Xt for t P r0, T s is a polynomial in the initial value X0 “ x. Another class
of stochastic processes which admit a deterministic dual process with respect to certain
functions H are affine processes (see Duffie et al. (2003); Cuchiero and Teichmann (2013)).
In this case the duality functions H : S ˆ U Ñ R are given by Hpx, uq “ exppxu, xyq

where S Ď Rd, U Ď Cd and x¨, ¨y denotes the scalar product on Rd (extended to Cd). The
corresponding dual process is a solution to a generalized Riccati ODE.

These deterministic dual processes for H ranging in the important and law determining1

function classes of polynomials and exponential functions (when viewed as functions in x)
are the crucial property for the popularity of affine and polynomial processes for all kind of
applications including finance, population genetics and physics. Indeed, the computation
of expected values for these functions H reduces to solving simple deterministic ODEs.

It is therefore natural to search of other stochastic processes and functions which
admit a deterministic dual process. The most natural extension of both polynomials and
exponentials are entire functions, or the subclass of holomorphic functions, which are
given as power series on Cd, whose radius of convergence is not necessarily the whole
space. The goal of the present paper is thus to define and specify a class of processes X
such that

ExrHpXt,uqs “ Hpx, cptqq, (4.1.3)

where H is (the restriction to Rd of) a holomorphic function on Cd, given by the power
seriesHpx,uq “

ř

αPNd
0
uαx

α where α P Nd0 is a multi-index and uα P C are the coefficients.
This rather wide extension of polynomial processes is twofold: first, it allows go beyond
them and second, we can establish an analog of the moment formula, which we call
holomorphic formula given by (4.1.3), also for affine and certain polynomial processes
(see Section 4.3.5), including for instance the Wright-Fisher diffusion (see Section 6.2
of Cuchiero et al. (2023c)).

1In the polynomial case the law is determined by the moments under certain exponential moment
conditions, while the characteristic function in the affine case always determines the law.
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4.1 Introduction

In contrast to the polynomial case, pcptqqtPr0,T s in (4.1.3) is a sequence-valued infinite
dimensional deterministic process, given as a solution of an infinite dimensional linear
ODE. This already indicates that the analysis becomes much more delicate, as we have
to deal with existence of such solutions, convergence of the corresponding power series
and many other subtleties from complex analysis.

The fact that we consider jump-diffusions instead of just continuous processes makes
things even further involved. Indeed, already establishing the necessary condition 4.1.2,
which in the current setup means that the generator of X maps holomorphic functions
to holomorphic ones, is due to the appearance of jumps not at all straightforward (see
Theorem 4.3.6). Indeed, one has to define specific subsets of holomorphic functions,
denoted by V, where this holds true, see e.g., the set defined in (4.3.7). This is the very
reason why we actually consider V-holomorphic jump-diffusionses which we define as
solutions to the martingale problem specified by the (extended) generator A which maps
V to general holomorphic functions. Analyzing then different sets V in dependence of
the specificities of the compensator of the jumps requires to apply a number of results of
complex analysis and is subject of Section 4.3.1 (see in particular Theorem 4.3.12). For
such V-holomorphic jump-diffusionses we then establish the holomorphic formula (4.1.3),
under technical conditions involving in particular the existence of solutions to the sequence-
valued linear ODEs and certain moment conditions. This can be viewed as a verification
result (see Theorem 4.3.20). To apply this result we establish further sufficient conditions
which are then verified for Lévy processes, affine processes and certain non-polynomial
jump diffusions on compact sets (see Section 4.3.5), which is one of the main contributions
of this paper.

In analogy to affine processes, we can, of course, also consider processes where the
expected value of the exponential of a holomorphic function is given as the exponential of
a holomorphic function whose coefficients solve a sequence-valued Riccati ODE. This is
subject of Section 4.4 where we introduce the class of affine-holomorphic jump-diffusions,
explain their relation to holomorphic ones and elaborate on their characteristics as well as
appropriate subsets of holomorphic functions that are mapped to (general) holomorphic
functions by the Riccati operator. Here, the jumps are again the essential part which
makes the analysis intricate (see Theorem 4.4.3). Under technical conditions, involving
in particular the existence of solutions of the infinite dimensional Riccati ODEs, we then
prove the so-called affine-holomorphic formula (see Theorem 4.4.10).

In terms of applications our results can be used for pricing and hedging real analytic
claims in finance and new duality relations in population genetics as e.g., in Casanova and
Spanò (2018); Jochen Blath and Adrián González Casanova and Noemi Kurt and Maite
Wilke-Berenguer (2016). Reading the duality relation backwards, the (affine)-holomorphic
formula also allows to develop numerical schemes for solving infinite dimensional linear
and Riccati ODEs based on the stochastic representations.

The remainder of the paper is organized as follows. In the subsections below we
clarify the relations to the literature and fix the terminology related to holomorphic
functions. Section 4.2 introduces all necessary notation, general jump-diffusion processes
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and convergent power series for given state spaces. Section 4.3 and Section 4.4 are
then dedicated to the analysis of holomorphic and affine-holomorphic jump-diffusions
respectively. The paper concludes with several appendices, containing in particular the
proofs and important results from complex analysis (see Appendix 4.D).

4.1.1 Relation to the literature

Our expressions for the expected valued of holomorphic functions either in terms of the
holomorphic formula or the affine-holomorphic formula are related to several recent works
in the literature. Indeed, in the one-dimensional case similar results have been obtained
in Cuchiero et al. (2023c), however only for continuous processes and real analytic
functions, which is a significantly simpler setting. Note that the main focus of Cuchiero
et al. (2023c) are actually continuous signature SDEs which reduce in the one dimensional
case to continuous holomorphic jump-diffusions. We also refer to Remark 4.3.2 for
another relation with signature SDEs. Developing signature jump-diffusions and in turn
the theory of holomporphic jump-diffusions on the extended tensor algebra is subject of
future work and already partly realized in Chapter 3. Here, again the tools of complex
analysis play a major role.

Our expressions for the expected values of power series in terms of power series are also
related to similar expansions, obtained e.g., in Friz et al. (2022b,a); Friz and Gatheral
(2022); Fukasawa and Matsushita (2021); Alos et al. (2020). For applications to Fourier
pricing in finance we refer to Abi Jaber and Gérard (2024); Jaber and Lin (2024).

In terms of polynomial processes which – as already mentioned – constitue a special
case of holomorphic jump-diffusions, let us in particular mention Benth et al. (2021)
and the recent paper Benth et al. (2020) where an abstract far reaching approach to
polynomial processes is proposed. This covers also infinite dimensional polynomial
processes considered in Benth et al. (2018); Cuchiero and Svaluto-Ferro (2021); Cuchiero
et al. (2024a) as well. The latter can also be related to lifts of polynomial Volterra
processes which were recently analyzed in Abi Jaber et al. (2024).

4.1.2 Terminology

We aim to recall several notions related to holomorphic functions and fix some terminology
that we shall use throughout.

A holomorphic function with values in C is a map defined on (some subset of) the
complex plane that is complex differentiable at every point within its domain (see
Definition 4.D.1, where more generally Cm-valued holomorphic functions are introduced).
Despite the resemblance of this class with the class of just differentiable functions of one
real variable, the former satisfy much stronger properties. A holomorphic function is
actually infinitely many times complex differentiable, that is, the existence of the first
derivative guarantees the existence of the derivatives of any order. In fact, more is true:
every holomorphic function is complex analytic, in the sense that it has a power series
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4.2 Preliminaries

expansion near every point. This is also the reason why the term (complex) analytic
is frequently used as a synonym for holomorphic. Moreover, any real analytic function
on some open set on the real line can be extended to a complex analytic, and thus
holomorphic, function on some open set of the complex plane. (However, not every real
analytic function defined on the whole real line can be extended to a complex function
defined on the whole complex plane). In particular, any real convergent power series can
be extended to a complex holomorphic function on some open disc of the complex plane.

4.2 Preliminaries

This section is primarily dedicated to introduce necessary notation and the notion of
jump-diffusion processes with which we shall work. It is important to note that this
chapter employs notation independent of that used in the other chapters.

4.2.1 Notation

4.2.1.1 Multi-index notation

Fix d P N. For z P Cd we write z1, . . . , zd for the components of z and set

|z| :“ p|z1|, . . . , |zd|q and }z} :“
a

|z1|2 ` . . .` |zd|2,

where |zj | denotes denote the modulus of zj . For a multi-index α “ pα1, . . . , αdq P Nd0
we use the following notation: |α| :“ α1 ` ¨ ¨ ¨ ` αd, α! :“ α1! . . . αd!, z

α :“ zα1
1 . . . zαd

d for
z P Cd, and for d “ 1, we disregard the brackets and simply write α P N0. We set

hpαqpzq :“ Dαhpzq “
BD|α|h

Bα1z1 . . . Bαdzd
pzq,

for sufficiently regular maps h : U Ñ C and some open set U Ď Cd (or U Ď Rd), with
z P U , and }h}8 :“ supzPU }hpzq}. Moreover, we write ∇hpzq and ∇2hpzq to denote the
gradient and Hessian matrix of h at z, respectively. For d “ 1 we also write h1 and h2,
respectively.

4.2.1.2 The space of sequences

We introduce the notation for representing power series in d variables. Throughout, we
use bold letters to denote sequences u :“ puαqαPNd

0
with uα P C indexed by multi-indices

and set |u| :“ p|uα|qαPNd
0
. To denote vectors and matrices of sequences we then make use

of underlining. Specifically, we write

u :“ pu1, . . . ,udq and u :“

¨

˚

˝

u11 ¨ ¨ ¨ u1d

...
. . .

...
ud1 ¨ ¨ ¨ udd

˛

‹

‚

,
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where ui “ puiαqαPNd
0
and uij “ puij

α
qαPNd

0
for uiα,u

ij
α

P C . We let 1 :“ p1αqαPNd
0
denote

the sequence such that 1α “ 1 if α “ p0, . . . , 0q and 1α “ 0 otherwise. To simplify the
notation, we denote by pϵiqiPt1,...,du the canonical basis of Rd and write

uϵi :“ ui, and u2ϵi :“ uii, uϵi`ϵj :“ uij .

This is useful to access also the components of u and u via the multi-index-notation,

namely uβ and uβ for |β| “ 1, 2, respectively.

Finally, in this paper integrals of sequence-valued maps are always computed compon-
entwise. Precisely, given a measure F on a measurable space E and a map ppfp¨qqαqαPNd

0

on E such that pfpyqqα P C, we define

´

ż

E
fpyq F pdyq

¯

α
:“

ż

E
pfpyqqα F pdyq,

whenever the involved quantities are well defined. The same extends to vector and
matrices of sequence valued maps.

4.2.1.3 The set of holomorphic functions on polydiscs

Let d P N, R “ pR1, . . . , Rdq P p0,8sd, a P Cd and denote by P dRpaq the complex polydisc
centered at a with polyradius R:

P dRpaq :“ tz P Cd : |zi ´ ai| ă Ri for all i P t1, . . . , duu,

where | ¨ | denotes the complex modulus. This in particular implies that

P dRpaq “ P 1
R1

pa1q ˆ ¨ ¨ ¨ ˆ P 1
Rd

padq Ď Cd,

where P 1
Rj

pajq denotes the complex disc centered at aj and radius Rj . Observe that for

Rj “ 8 we get P 1
Rj

pajq “ C. If R P p0,8qd we let T dRpaq denote the boundary of the

polydisc P dRpaq, also called polytorus, defined via

T dRpaq :“ tz P Cd : |zi ´ ai| “ Ri for all i P t1, . . . , duu. (4.2.1)

The closure P dRpaq of the polydisc is given by P dRpaq “ tz P Cd : |zi ´ ai| ď Ri for all iu.
Moreover, for any R P p0,8s we denote the polyradius pR, . . . , Rq again by R. Given two
polyradii M,N P p0,8sd, we write M ą N if for all j “ 1, . . . , d Mj ą Nj .

We denote by HpP dRp0q,Cmq, m P N, the set of holomorphic functions on P dRp0q with
values in Cm (see Definition 4.D.1). When m “ 1, we simply write HpP dRp0qq. When a
holomorphic function on a polydisc has a power series representation, it can be identified
through the corresponding coefficients (see Proposition 4.D.2(ii)). Setting

|u|z :“
ÿ

αPNd
0

ˇ

ˇ

ˇ
uα
zα

α!

ˇ

ˇ

ˇ
, (4.2.2)
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we define

Pd
Rp0q˚ :“ tu “ puαqαPNd

0
: uα P C and |u|z ă 8 for all z P P dRp0qu.

For u P Pd
Rp0q˚, we let hu P HpP dRp0qq denote the holomorphic function on P dRp0q

determined by the corresponding convergent power series

hupzq :“
ÿ

αPNd
0

uα
zα

α!
, z P P dRp0q.

Similarly, we write u P pPd
Rp0q˚qd, u P pPd

Rp0q˚qdˆd if each uij ,ui P Pd
Rp0q˚ and denote by

hu P HpP dRp0q,Cdq and hu P HpP dRp0q,Cdˆdq the corresponding holomorphic functions.

4.2.1.4 Operations on holomorphic functions and sequences

Now we introduce the operations on holomorphic functions that will be used throughout
the paper and describe how these can be translated into operations on the corresponding
sequence of coefficients, and vice-versa. The relevant operations in our setting are
algebraic operations, differentiation and exponentiation.

• Linear operations: Through componentwise linear operations we obtain the
relation

λhupzq ` µhvpzq “ hλu`µvpzq

for each z P P dRp0q, u,v P Pd
Rp0q˚ and λ, µ P C.

• Product: We consider the symmetric bilinear map on Pd
Rp0q˚ given by

Pd
Rp0q˚ ˆ Pd

Rp0q˚ ÝÑ Pd
Rp0q˚

pu,vq ÞÝÑ u ˚ v

where u ˚ v :“ ppu ˚ vqαqαPNd
0
for

pu ˚ vqα “
ÿ

γ`β“α

α!

β!γ!
uβvγ , α P Nd0.

Notice that for all z P P dRp0q and k P N

hupzqhvpzq “ hu˚vpzq and phupzqqk “ hu˚kpzq,

where u˚1 “ u and u˚k :“ u˚pk´1q ˚u for each k ą 1. We also set u˚0 :“ p1, 0, 0, . . .q.

Through the multi-index notation, these representations extend to vector-valued
functions. More precisely, setting u :“ pu1, . . . ,udq P pPd

Rp0q˚qd we define u˚β :“
pu1q˚β1 ˚ ¨ ¨ ¨ ˚ pudq˚βd and then get

phupzqqβ “ hu˚β pzq.
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• Differentiation: For u P Pd
Rp0q˚ and β P Nd0 we set upβq :“ puα`βqαPNd

0
. Observe

that upβq P Pd
Rp0q˚ and

h
pβq
u pzq “

ÿ

αPNd
0

uα`β
zα

α!
“ hupβqpzq,

for all z P P dRp0q.

• Exponentiation: For u P Pd
Rp0q˚, we denote by exp*puq P Pd

Rp0q˚ the coefficients
determining the power series representation on P dRp0q of expphuq, namely

expphupzqq “ hexp*puqpzq,

for all z P P dRp0q.

• Composition: Fix v P pPd
Rp0q

˚
qd and u P Pd

N p0q
˚
for N such that

Nj ą sup
zPPd

Rp0q

`

|zj | ` |hvpzqj |
˘

.

Then hup¨ ` hvp¨qq P HpP dRp0qq. If we additionally assume that

Nj ą sup
zPPd

Rp0q

`

|zj | ` |vj |z
˘

,

setting

pu ˝s vqα :“
ÿ

βPNd
0

1

β!
pupβq ˚ v˚βqα

it holds u ˝s v P Pd
Rp0q˚ and

hu˝svpzq “ hupz ` hvpzqq

for all z P P dRp0q. The superscript s is mnemonic for “shift”.

Proof. The first claim follows since the composition of holomorphic functions is
holomorphic (see Proposition 1.2.2. in Scheidemann (2005)). Next, observe that
since for all z P P dRp0q we have |zj | `h|vj |p|z|q ă Nj , we get h|u|p|z| `h|v|p|z|qq ă 8.

Moreover, by Proposition 4.D.2(ii) for all z P P dRp0q we get

h|u|p|z| ` h|v|p|z|qq “
ÿ

βPNd
0

1

β!
h

pβq

|u|
p|z|qh|v|p|z|qβ

“
ÿ

βPNd
0

1

β!

ÿ

αPNd
0

p|u|pβq ˚ |v|˚βqα
|z|α

α!

“
ÿ

αPNd
0

´

ÿ

βPNd
0

1

β!
p|u|pβq ˚ |v|˚βqα

¯

|z|α

α!
.

Thus, |u| ˝s |v| P Pd
Rp0q˚. Since |pu ˝s vqα| ď p|u| ˝s |v|qα the claim follows.
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4.2.2 Jump-diffusion processes

Let S Ď Rd, b : S Ñ Rd, a : S Ñ Sd` measurable functions and Kp¨, dξq a transition
kernel from S to Rd which satisfies Kpx, t0uq “ 0, and

ş

Rd }ξ} ^ }ξ}2Kpx, dξq ă 8, for
all x P S. Let MpS;Cq denote the set of measurable maps on S with values in C, and
consider the operator A : DpAq Ñ MpS;Cq such that

Afpxq “ ∇fpxqJbpxq `
1

2
Trpapxq∇2fpxqq `

ż

Rd

fpx` ξq ´ fpxq ´ ∇fpxqJξ Kpx, dξq,

for each x P S and f P DpAq, where

DpAq :“ tf P C2pRd;Cq : @x P S

ż

Rd

|fpx` ξq ´ fpxq ´ ∇fpxqJξ| Kpx, dξq ă 8u.

In particular, observe that DpAq includes all bounded f P C2pRd;Cq.

Fix then T ą 0. We say that X “ pXtqtPr0,T s is an S-valued jump-diffusion with
characteristics

˜

ż ¨

0
bpXs´qds,

ż ¨

0
apXs´qds,KpXs´ , dξqds

¸

if X is a special semimartingale on some filtered probability space pΩ,F , pFtqtPr0,T s,Pq

such that for all bounded f P C2pRd;Cq the process Nf :“ pNf
t qtPr0,T s given by

Nf
t :“ fpXtq ´ fpX0q ´

ż t

0
AfpXsqds, t P r0, T s (4.2.3)

defines a local martingale2. We refer to A as the extended generator of X. In this chapter,
we stick to the truncation function χpξq “ ξ, and for simplicity, we refer to the coefficients
pb, a,Kq as characteristics of the jump-diffusion X.

Next, we introduce a class of functions that will form a subset of the domain of the
extended generator of the process under consideration and discuss some key properties of
the transition kernels.

4.2.2.1 Convergent power series on a given set

Here we introduce the space of holomorphic functions defined on polydiscs containing a
given subset S Ď Rd, which will serve as the state space of a jump-diffusion process. For
i P t1, . . . , du set

RipSq :“ supt|xi| : x P Su and RpSq :“ pR1pSq, . . . , RdpSqq.

2See Theorem II.2.42 in Jacod and Shiryaev (1987).
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Note that P dRpSq`εp0q includes S for each ε ą 0, and define

OpSq :“
ď

εą0

OεpSq

for

OεpSq :“
!

f : S Ñ C : f “ h|S for some h P HpP dRpSq`εp0qq

)

.

For a function f : A Ñ C for some S Ď A Ď Cd, we write f P OpSq if f |S P OpSq.
Observe that given f1, f2 P OpSq it holds λf1 ` µf2 P OpSq for each λ, µ P R, showing
that OpSq is a linear space. Maps in OpSq have two important properties:

(i) they admit a power series representation: setting

S˚ :“ tu P Pd
RpSqp0q˚ : hu “ h|P d

RpSq
p0q for some h P HpP dRpSq`εp0qq and ε ą 0u,

(4.2.4)

it holds that for all f P OpSq, f “ hu|S , for some u P S˚ (see Proposition 4.D.2(ii)).
Notice that the power series representation of each f P OpSq might not be unique.
For the purposes of this chapter, this is however not relevant. We only need such a
representation to exist (see Section 4.3.3 and in particular Remark 4.3.21(ii)).

(ii) on S they coincide with the restriction of a complex-valued smooth function on Rd,
making them eligible to be elements of DpAq. It is important to observe that if A
is the extended generator of X, then Af |S just depends on f |S for all f P DpAq.
This can be proved using that for each f P DpAq such that f |S ” 0 the process
pfpXtqqtě0 needs to have vanishing drift. For similar results in different contexts see
for instance Theorem 2.8 in Cuchiero et al. (2018) or the discussion after Definition
2.3 in Larsson and Svaluto-Ferro (2020). This observation in particular implies that
Kpx, pS ´ xqcq “ 0, where pS ´ xqc denotes the complement of the set S ´ x.

4.2.2.2 Kernels extension

Similarly, as in the previous section, where we were interested in the restriction to S
of holomorphic functions defined on polydiscs containing S, we are now interested in
kernels with the same type of property.

For a transition kernel Kpx, dξq from S to Rd we write K P OpSq :“
Ť

εą0OεpSq if
for all x P S , Kpx, dξq “ Kεpx, dξq, for some transition kernel Kεpz, dξq from Sε to Cd
where Sε denotes an open set in Cd such that S Ď Sε Ď P dRpSq`εp0q, for some ε ą 0.

Moreover, we require that for all |β| ě 2

ż

Cd

ξβKεp¨, dξq P

!

f : Sε Ñ C : f “ h|Sε for some h P HpP dRpSq`εp0qq

)

. (4.2.5)
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Observe in particular that for each K P OεpSq it holds

ż

Rd

ξβKp¨, dξq P OεpSq,

for each |β| ě 2. Also in this context we write OpSq :“
Ť

εą0OεpSq.

4.3 Holomorphic jump-diffusions

Fix now S Ď Rd and T ą 0.

Definition 4.3.1. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with extended
generator A and fix a linear subset V Ď OpSq. We say that X is an S-valued V-
holomorphic jump-diffusion if for each f P V it holds f P DpAq, Af P OpSq, and the
process Nf introduced in equation (4.2.3) defines a local martingale.

Let X “ pXtqtPr0,T s be an S-valued V-holomorphic jump-diffusion, for some linear
subset V Ď OpSq and set

V˚ :“ tu P S˚ : hu “ h|P d
RpSq

p0q, h P Vu, (4.3.1)

for S˚ introduced in equation (4.2.4). Following the discussion on the properties of the
functions in OpSq in Section 4.2.2.1, one can see that there always exists a linear map
L : V˚ Ñ OpSq, such that for all u P V˚,

Ahu “ hLpuq|S . (4.3.2)

Observe that since by the identity theorem for holomorphic functions (see Proposi-
tion 4.D.2(iii)) the power series representation of the maps in OpSq is not unique, there
might be more than one map L (corresponding to different representations of the functions
Ah on S, h P V) for which (4.3.2) holds true. However, we only need such a map to exist
(see Section 4.3.3 and, in particular, Remark 4.3.21(ii)).

Remark 4.3.2. Recall the notion of polynomial jump-diffusions given in Definition 1
in Filipović and Larsson (2020) and note that the class of holomorphic jump-diffusions is
a considerable extension of the class of polynomial jump-diffusions. It is also interesting
to observe that for an S-valued V-holomorphic jump-diffusion X “ pXtqtPr0,T , the infinite-
dimensional process

X :“ pp1,X1
t ,X2

t , . . . ,Xit, . . . qqtPr0,T s, (4.3.3)

where, for i P N and all t P r0, T s,

Xit :“
´ 1

α1!
Xα1

t , . . . ,
1

αki !
Xαki

t

¯

P Rki , αj P Nd0 with |αj | “ i
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where ki is the number of multi-indices α P Nd0 such that |α| “ i, can be interpreted as
a V˚-polynomial jump-diffusion on the extended tensor algebra of Rd, in the sense of
Definition 3.17 in Cuchiero et al. (2023c), for V˚ defined in (4.3.1).

Notice in particular that each u P S˚ can be uniquely associated with some symmetric
element in the set (3.2.1) introduced in Chapter 3 (see Section 1.1.3 for the precise
definition of a symmetric element in the extended tensor algebra). Denoting such an
element by T puq, by Lemma 4.4(iv) in Cuchiero et al. (2023c), we get that for each
t P r0, 1s hupXtq is equal to the pairing (in the sense of equation (3.2.2)) of T puq with
the signature (see Section 1.4) of X at time t.

4.3.1 Characteristics of holomorphic jump-diffusions

In this section, we provide a discussion on some sufficient and necessary conditions for a
jump-diffusion to be a holomorphic jump-diffusion. We do not elaborate on existence
results here. We assume instead the existence of a jump-diffusion process on a certain
state space S and study the conditions on its characteristics such that the corresponding
process is a holomorphic one. We start with a simple result establishing necessary
conditions.

Lemma 4.3.3. Consider a subset V such that

tp|S for some polynomial p : Rd Ñ Ru Ď V Ď OpSq (4.3.4)

and letX “ pXtqtPr0,T s be an S-valued V-holomorphic jump-diffusion. Then
ş

Rd }ξ}k Kpx, dξq ă

8 for all for all k ě 2 and x P S, and the characteristics pb, a,Kq of X satisfy

bip¨q P OpSq, for all i P t1, . . . , du, (4.3.5)

aijp¨q `

ż

Rd

ξiξjKp¨, dξq P OpSq, for all i, j P t1, . . . , du2,

ż

Rd

ξβKp¨, dξq P OpSq, for all β P Nd0, |β| ě 3.

Proof. The proof follows the proof of Lemma 1 in Filipović and Larsson (2020) by
applying A to all monomials.

Remark 4.3.4. Each S-valued polynomial jump-diffusion is an S-valued V-holomorphic
jump-diffusion for V “ tp|S for some polynomial p : Rd Ñ Ru. However, holomorphic
jump-diffusions allow for more general drift and diffusion coefficients (e.g., higher order
polynomials and holomorphic functions) as well as more general kernels. For example,
excluding higher order polynomials from V would permit to include in the class of
holomorphic jump-diffusions jump-diffusions with kernels that do not admit all moments
(see Corollary 4.3.15 and the discussion thereafter). An extreme example in this sense
is given by V consisting entirely of bounded holomorphic functions. This shows how
holomorphic jump-diffusions substantially extend the class of polynomial jump-diffusions.
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4.3 Holomorphic jump-diffusions

In the classical polynomial case, if the characteristics satisfiy the type of conditions
expressed by equation (4.3.5), the corresponding jump-diffusion process is automatically
polynomial (see Lemma 1 in Filipović and Larsson (2020)). For holomorphic jump-
diffusions, this is not the case. Indeed, in addition to the holomorphic dependence of
the characteristics on the state variables further assumptions have to be made. Before
illustrating this in the following theorem, we introduce some notation that will be used
throughout the chapter.

Notation 4.3.5. Throughout, given an S-valued jump-diffusionX with drift and diffusion
pb, aq such that bi P OpSq and aij P OpSq, we let

b P pS˚qd, a P pS˚qdˆd

denote some coefficients determining the power series representation of b and a, respect-
ively. This in particular, implies that

bi “ hbi |S and aij “ haij |S .

For each |β| ě 2 and transition kernel K P OεpSq we then denote by mβ P Pd
RpSq`εp0q˚

the coefficients determining the power series representation of
ş

Cd ξ
βKεp¨, dξq and thus

satisfying
ż

Cd

ξβKεp¨, dξq “ hmβ |Sε .

Similarly, for a transition kernel K with
ş

Rd ξ
βKp¨, dξq P OpSq, we let mβ P S˚ be some

coefficients such that
ş

Rd ξ
βKp¨, dξq “ hmβ |S .

Notice that by the assumptions in Section 4.2.2, for all α P Nd0 it holds aij
α
, biα,m

β
α P R.

The proof of the following theorem can be found in Appendix 4.B.1.

Theorem 4.3.6. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with characteristics
pb, a,Kq and extended generator A. Fix ε ą 0 and assume that bj , aij ,K P OεpSq.
Suppose that the following conditions hold true.

(i) for all z P Sε,
ş

}ξ}ą1 expp|ξ1| ` ¨ ¨ ¨ ` |ξd|qKεpz, dξq ă 8;

(ii) the real-valued map
ř

|β|ě2
1
β! |hmβ p¨q| is locally bounded on P dRpSq`εp0q.

Fix G “ pG1, . . . , Gdq such that

Gj ą sup
zPSε

sup
ξPsupppKεpz,¨qq

|zj | ` |ξj |, (4.3.6)

and set

V Ď th P HpP dGp0qq : phpβqq|β|ě2 is locally uniformly bounded on P dGp0qu,

V˚ :“ tu P S˚ : hu “ h|P d
RpSq

p0q, h P Vu.
(4.3.7)
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Then X is an S-valued V-holomorphic jump-diffusion and for all u P V˚

Ahu “ hLpuq|S ,

where L : V˚ Ñ S˚ is given by

Lpuqα “
ÿ

|β|“1

pupβq ˚ bβqα `
ÿ

|β|“2

1

β!
pupβq ˚ paβ ` mβqqα `

ÿ

|β|ě3

1

β!
pupβq ˚ mβqα, (4.3.8)

for all u P V˚, α P Nd0.

Remark 4.3.7. (i) Observe that by Proposition 4.D.2(ii), for each h P HpP dGp0qq with
phpβqq|β|ě2 locally uniformly bounded on P dGp0q it holds

|hpzq| “
ˇ

ˇ

ÿ

|β|ě0

1

β!
hpβqp0qzβ

ˇ

ˇ

ˇ
ď C

ÿ

|β|ě0

1

β!
|z|β “ C expp|z1| ` ¨ ¨ ¨ ` |zd|q,

for some C ą 0 and all z P P dG´δp0q, with δ ą 0. This shows how condition (i) in
Theorem 4.3.6 is strictly related to the defining property of V . As one can imagine,
this implies that one can relax the integrability condition on Kε by choosing a more
restrictive growth condition on the derivatives of the elements of V. Viceversa,
one can obtain the result for a larger set of functions V by imposing a stronger
integrability condition in (i). This trade-off appears in many results of the chapter
and is exploited for instance in Corollary 4.3.15 (see also Remark 4.3.16).

(ii) Suppose that Sε “ P dRpSq`εp0q. By the monotone convergence theorem, it holds

ÿ

|β|ě2

1

β!
|hmβ pzq| ď

ÿ

|β|ě2

1

β!

ż

Cd

|ξ|βKεpz, dξq

“

ż

Cd

expp|ξ1| ` ¨ ¨ ¨ ` |ξd|q ´ 1 ´ p|ξ1| ` ¨ ¨ ¨ ` |ξd|qKεpz, dξq.

Using that 0 ď exppyq´1´y ď y21tyď1u `exppyq1tyą1u for each y P R`, by continu-
ity of

ş

Cdp|ξ1|2 ` ¨ ¨ ¨ ` |ξd|2qKεp¨, dξq we can see that condition (ii) of Theorem 4.3.6
is automatically satisfied if the map

ş

}ξ}ą1 expp|ξ1| ` ¨ ¨ ¨ ` |ξd|qKεp¨, dξq is locally
bounded on Sε.

(iii) Finally, we refer to Remark 4.D.3 for a discussion about the assumption in Equa-
tion (4.3.6).

(iv) Notice that any S-values jump-diffusion verifying the conditions of Theorem 4.B.1
is in particular a Sig-jump-diffusion in the sense of Definition 3.2.3. This follows by
a simple adaptation of the proof of Lemma 3.3.9 to the present setting.

It is important to highlight that when d “ 1, the properties of holomorphic functions
in one variable allow us to considerably relax the conditions on the kernel K needed to
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4.3 Holomorphic jump-diffusions

deduce the result of Theorem 4.3.6. Indeed, as a consequence of the simplification of
the Identity theorem for holomorphic functions (see Proposition 4.D.2(iii)), instead of
checking the pointwise convergence of (4.B.2) for each z P Sε, here it suffices to check it
only for each x P S. We illustrate the precise statement in the following corollary, whose
proof is analogous to the one of Theorem 4.3.6. For more details on the differences in
this one-dimensional setting, we refer to Remark 4.B.1.

Corollary 4.3.8. Let S Ď R be a subset with an accumulation point in R and X “

pXtqtPr0,T s be an S-valued jump-diffusion with characteristics pb, a,Kq and extended
generator A. Fix ε ą 0 and assume that bj , aij P OεpSq and

ż

R
ξβKp¨, dξq P OεpSq, for all β ě 2. (4.3.9)

Suppose furthermore that the following conditions hold true.

(i) for all x P S,
ş

|ξ|ą1 expp|ξ|qKpx, dξq ă 8;

(ii) the real-valued map
ř

βě2
1
β! |hmβ p¨q| is locally bounded on P 1

RpSq`εp0q.

Fix

G ą sup
xPS

sup
ξPsupppKpx,¨qq

|x| ` |ξ| (4.3.10)

and set V, V˚ as in equation (4.3.7). Then X is an S-valued V-holomorphic jump-diffusion
and for all u P V˚

Ahu “ hLpuq|S ,

where L : V˚ Ñ S˚ is the operator defined in equation (4.3.8), whose explicit form for
d “ 1 reads

Lpuqα “ pup1q ˚ bqα `
1

2
pup2q ˚ pa ` m2qqα `

8
ÿ

β“3

1

β!
pupβq ˚ mβqα. (4.3.11)

for all u P V˚, α P N0.

Next, we shall make stronger assumptions on the parametrization of the jump kernel
K of an S-valued jump diffusion X. Indeed, we only consider kernels with holomorphic
jump size, defined as follows.

Definition 4.3.9. The jump kernel K is said to have holomorphic jump size if it is of
the form

Kp¨, Aq “ λp¨q

ż

E
1Azt0upjp¨, yqqF pdyq,

where,

(i) F is a non-negative measure on a measurable space E;
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(ii) λ P OpSq and its restriction to S is positive real-valued;

(iii) j : S ˆE Ñ Rd such that j “ jε|SˆE for some ε ą 0 and some measurable function

jε : P
d
RpSq`εp0q ˆ E Ñ Cd

with jεp¨, yq P HpP dRpSq`εp0q,Cdq for each y P E.

Before developing the analysis of these kernels further, we introduce another notation
that will be employed throughout the chapter.

Notation 4.3.10. Consider a jump kernel K with holomorphic jump size j and let jε
be the corresponding extension as in Definition 4.3.9. For each y P E we let

jpyq P pS˚qd,

denote the coefficients determining the power series representation of jεp¨, yq. This implies
that

hjpyq|S “ jp¨, yq.

Similarly, we choose λ P S˚ such that hλ|S “ λ.

Finally, for each |β| ě 2 and |α| ě 0 recall that
ˆ

ż

E
jpyq˚β F pdyq

̇

α

“

ż

E
pjpyq˚βqα F pdyq,

whenever the involved quantities are well defined.

Notice that for all α P Nd0, it holds jpyqiα, λα P R. Moreover, the map E Q y ÞÑ jpyqα

is a measurable function as for all y P E, jpyqα “ Dαjεpz, yq|z“0 with jε measurable (see
Proposition 4.D.2(iv)).

Under the assumption of holomorphic jump sizes, the hypothesis of Theorem 4.3.6
become more explicit. The obtained result is stated in the next corollary. Recall the
notation introduced in (4.2.2).

Corollary 4.3.11. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with characteristics
pb, a,Kq and extended generator A. Assume that bj , aij P OpSq and K is a kernel with
holomorphic jump size. Suppose that for some ε ą 0 the following conditions hold true.

(i) for all |β| ě 2 and z P P dRpSq`εp0q,
ş

E |jpyq˚β|z F pdyq ă 8;

(ii) the map
ş

}jp¨,yq}ą1 expp|jε,1p¨, yq| ` ¨ ¨ ¨ ` |jε,dp¨, yq|q F pdyq is locally bounded on

P dRpSq`εp0q.

Let V and V˚ be defined as in equation (4.3.7). Then, K P OpSq and X is an S-
valued V-holomorphic jump-diffusion. Moreover, for all u P V˚, Ahu “ hLpuq|S, where
L : V˚ Ñ S˚ is the operator introduced in equation (4.3.8), and for all |β| ě 2,

mβ “ λ ˚

ż

E
jpyq˚β F pdyq. (4.3.12)
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4.3 Holomorphic jump-diffusions

Proof. Fix ε ą 0 such that λ, bj , aij P OεpSq, jε satisfies the conditions of Defini-
tion 4.3.9(iii), and the conditions (i) and (ii) of the corollary are satisfied. Let Kε denote
the transition kernel from P dRpSq`εp0q to Cd given by

Kεp¨, Aq “ hλp¨q

ż

E
1Azt0upjεp¨, yqqF pdyq.

Notice that by the dominated convergence theorem and condition (i), it holds
ş

E jpyq˚β F pdyq P

Pd
RpSq`εp0q˚ and for all z P P dRpSq`εp0q

ż

Cd

ξβ Kpz, dξq “ λpzq

ż

E
jβε pz, yq F pdyq “

ÿ

αPNd
0

ˆ

λ ˚

ż

E
jpyq˚β F pdyq

̇

α

zα

α!
.

As a consequence,
`

λ ˚
ş

E jpyq˚β F pdyq
˘

P Pd
RpSq`εp0q˚, implying that K P OεpSq, with

Sε “ P dRpSq`εp0q. By Remark 4.3.7(ii) condition (ii) of Theorem 4.3.6 follows by condi-

tion (ii) in the statement. Thus, all the hypotheses of Theorem 4.3.6 are verified, and
the claim follows.

Even though Corollary 4.3.11 gives explicit conditions for Theorem 4.3.6, direct
verification of such conditions may prove to be rather complicated. Relying on powerful
results from complex analysis it is however possible to obtain simpler sufficient conditions.
Particularly useful for our purpose is Morera’s theorem (see Proposition 4.D.2(vi) and
Lemma 4.A.1 for the adaptation to our needs) providing sufficient conditions for the
integral of an holomorphic map to be holomorphic. This property is very useful to show
that the extended generator of an S-valued jump-diffusion maps a subset of OpSq into
OpSq. The corresponding result is provided in Theorem 4.3.12.

Recall that ˝s and integration of sequence-valued maps have been introduced in
Section 4.2.1.4 and Section 4.2.1.2, respectively. In the following, we let L1pE,F q denote
the space of L1 maps on the measurable space E with non-negative measure F . The
proof of the following theorem can be found in Section 4.B.2.

Theorem 4.3.12. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with characteristics
pb, a,Kq and extended generator A. Assume that bj , aij P OpSq, K is a kernel with
holomorphic jump size, and let F be the corresponding non-negative measure on the
measurable space E. Fix G “ pG1, . . . , Gdq for Gj such that for some ε ą 0

Gj ą sup
zPP d

RpSq`ε
p0q

sup
yPsupppF q

|zj | ` |jpyqj |z. (4.3.13)

For each h P HpP dGp0qq, z P P dRpSq`εp0q, and y P E set

Jhpz, yq :“ λpzq
`

hpz ` jεpz, yqq ´ hpzq ´ ∇hpzqJjεpz, yq
˘
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and

DpJq :“ th P HpP dGp0qq : Jhpz, ¨q P L1pE,F q for each z P P dRpSq`εp0qu. (4.3.14)

Set

V Ď th P DpJq : the map P dRpSq`ε Q z Ñ Jhpz, ¨q P L1pE,F q is continuousu,

V˚ :“ tu P S˚ : hu “ h|P d
RpSq

p0q, h P Vu.

Then X is an S-valued V-holomorphic jump-diffusion and for all u P V˚,

Ahu “ hLpuq|S ,

where L : V˚ Ñ S˚ is given by

Lpuq “
ÿ

|β|“1

upβq ˚ bβ `
ÿ

|β|“2

1

β!
upβq ˚ aβ (4.3.15)

` λ ˚

ż

E
u ˝s jpyq ´ u ´

ÿ

|β|“1

upβq ˚ jpyq˚β F pdyq.

Remark 4.3.13. Observe that the operator L : V˚ Ñ S˚ defined in Equation (4.3.15)
can be expressed in the following more explicit form when d “ 1

Lpuq “ up1q ˚ b `
1

2
up2q ˚ a ` λ ˚

ż

E
pu ˝s jpyqq ´ u ´ up1q ˚ jpyq F pdyq, (4.3.16)

for all u P V˚.

The next step consists in investigating the sets V satisfying the condition of The-
orem 4.3.12. We start the analysis by considering the case of general jump diffusions
with possible unbounded jump sizes. To specify the integrability properties of the kernels
of such processes, we exploit the notion of a weight function.

Definition 4.3.14. Given a polydisc P dGp0q, for some G ą 0, and a nondecreasing map

v : R` Ñ p0,8q,

which we call weight function, we denote by

HvpP dGp0qq :“ th P HpP dGp0qq : }h}v ă 8u,

the corresponding weighted spaces of holomorphic functions on P dGp0q, where

}h}v :“ sup
zPP d

Gp0q

|hpzq|vp}z}q´1.
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4.3 Holomorphic jump-diffusions

The proof of the following corollary can be found in Section 4.B.3.

Corollary 4.3.15. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with characteristics
pb, a,Kq and extended generator A. Assume that bj , aij P OpSq, K is a kernel with
holomorphic jump size, and let F be the corresponding non-negative measure on the
measurable space E. Fix a weight function v, ε ą 0, and suppose that for each z P

P dRpSq`εp0q, there exists δz ą 0 such that

ż

E
sup

wPP d
δz

pzq

}jεpw, yq} ^ }jεpw, yq}2 F pdyq ă 8;

ż

E
sup

wPP d
δz

pzq

1t}jεpw,yq}ą1uvp}w ` jεpw, yq}q F pdyq ă 8.

(4.3.17)

Let G P p0,8sd satisfy (4.3.13) and set

V :“ HvpP dGp0qq and V˚ :“ tu P S˚ : hu “ h|P d
RpSq

p0q, h P Vu

Then X is an S-valued V-holomorphic jump-diffusion and for all u P V˚, Ahu “ hLpuq|S,
where L : V˚ Ñ S˚ is the operator defined in equation (4.3.15).

Remark 4.3.16. Hereafter, we list some interesting examples of weight functions.
Observe furthermore that condition (4.3.17) concerns integrability conditions of the
extension of the jump kernel.

(i) Weight functions with sublinear growth: we say that a weight functions v
has sublinear growth

vptq ď Ct

for some C ą 0 and each t ą 1. In such case, the second condition in (4.3.17) is
implied by the first one.

(ii) Rapidly increasing weight functions: we say that a weight functions v is
rapidly increasing if satisfies limtÑ8 tkvptq´1 “ 0 for each k ě 0. In this case, one
has that

tp|S for some polynomial p : Rd Ñ Ru

Ď th P HpP dGp0qq : sup
zPP d

Gp0q

|hpzq|vp}z}q´1 ă 8u,

implying that the conditions of Lemma 4.3.3 are satisfied. If v is sub-multiplicative
(i.e., vpt1 ` t2q ď C 1vpt1qvpt2q), the dominated convergence theorem with the bound

sup
wPP d

δz
pzq

}jεpw, yq}|β|

ď C sup
wPP d

δz
pzq

´

}jεpw, yq}21t}jεpw,yq}ď1u ` 1t}jεpw,yq}ą1uvp}w ` jεpw, yq}q

¯

,
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and an application of Lemma 4.A.1 yields that the coefficients mβ determining the
power series representation of

ş

Rd ξ
β Kεp¨, dξq are given by Equation (4.3.12), for

all |β| ě 2.

(iii) Entire functions of finite order and type: if S is given as an unbounded subset
of R, an interesting choice for the weight function v is

vptq :“ exppτtηq

for some τ, η P p0,8q. This allows to work with the concept of order and type of
an entire function.

• An entire function h P HpCq is said to be of (finite) order η P R if

ρ “ inftc ą 0: |hpzq| ă expp|z|cq for sufficiently large |z|u. (4.3.18)

• An entire function h P HpCq of finite order η P R is then said to be of (finite)
type τ P R if

τ “ infta ą 0: |hpzq| ă exppa|z|ηq for sufficiently large |z|u. (4.3.19)

• An entire function is said of exponential type τ if its order η ă 1, or η “ 1 and
its type τ is finite.

More generally, we say that an entire function is of exponential type if its order
η ă 1, or η “ 1, and its type is finite.

In particular, setting V “ HvpCq, we obtain that V contains every entire function of
order strictly smaller than η and every entire function of order η and type strictly
smaller than τ . The advantage of working with the class of entire functions of
finite order is that conditions for characterizing the sequence determining their
power series representation have been studied extensively (see e.g., Theorem 2 and
Theorem 3 in Levin et al. (1996) and Proposition 4.D.4).

(iv) Locally uniformly bounded jump size: assume that for every z P P dRpSq`εp0q

there exists δz ą 0 such that

sup
wPP d

δz
pzq, yPsupppF q

}jpw, yq} ă 8. (4.3.20)

In this case the second condition in (4.3.17) is implied by the first one for each
weight function v and the result of Corollary 4.3.15 holds for V “ HpP dGp0qq.
This in particular implies that X is an S-valued HpP dGp0qq-holomorphic jump-
diffusion. This is of particular interest when S is bounded and condition (4.3.20) is
automatically satisfied. Also in this case by the dominated convergence theorem
and Lemma 4.A.1 we can conclude that mβ satisfies (4.3.12), for all |β| ě 2.

It is also interesting to notice that including extra conditions on the kernel K as in
Corollary 4.3.15 permits to obtain the holomorphic property for a set of functions V con-
siderably larger than the one defined in Theorem 4.3.6 (see in particular Equation (4.3.7)).
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4.3 Holomorphic jump-diffusions

Consider for instance the case of a locally uniformly bounded jump size (iv), and notice
that here the set V is strictly larger than the corresponding set defined in Equation (4.3.7).
The same holds true in the above case (iii). Indeed, assume that η, τ ą 1 and consider
the entire function

fpzq :“
8
ÿ

n“0

enn!

nn
zn

n!
, z P C.

By Theorem 2 and Theorem 3 in Levin et al. (1996) f is of order and type 1, implying
that f P V “ HvpCq. However, its derivatives in 0 are not uniformly bounded.

4.3.2 Examples of holomorphic jump-diffusions

This section is dedicated to provide an overview of different instances of holomorphic
jump-diffusions. For simplicity, we consider the case d “ 1. We already saw that classical
polynomial processes are V-holomorphic if V consists of polynomials. We show now that
this is the case also for larger sets V.

Example 4.3.17. Let B “ pBtqtPr0,T s be a one-dimensional Brownian motion and
Npdy, dtq a Poisson random measure with compensator F pdyq ˆ dt on E ˆ r0, T s, for
some measurable space E. Consider the following stochastic differential equation:

dXt “ bpXtqdt` σpXtqdBt `

ż

E
δpXt´ , yqpNpdy, dtq ´ F pdyqdtq, X0 “ x0 P R.

(4.3.21)

Suppose that

bpxq :“ b0 ` b1x, σpxq :“ σ0 ` xσ1, and jpx, yq :“ j0pyq ` xj1pyq,

for some functions ji : E Ñ R, such that
ş

E |jipyq|kF pdyq ă 8 for all k ě 2, i “ 0, 1. Then,
there exists a unique strong R-valued solution X “ pXtqtPr0,T s of the equation (4.3.21),
which is in fact a polynomial jump-diffusion (see Example 2.6 in Filipović and Larsson
(2020)). Furthermore, notice that setting

Kpx,Aq :“

ż

E
1Azt0upjpx, yqqF pdyq,

it holds that K is a transition kernel with holomorphic jump size in the sense of
Definition 4.3.9. Moreover, in some cases, X is also a holomorphic jump-diffusion, for
other V different from polynomials.

(i) If supyPE |jipyq| ă 8, for i “ 0, 1, the conditions of Remark 4.3.16(iv) are sat-
isfied. Let V and V˚ be the sets defined in the same remark. Then X is a
V-holomorphic jump-diffusion and for all u P V˚, Ahu “ hLpuq|R, where L is given
in equation (4.3.16) with

b :“ pb0,b1, 0, . . . q, a :“ pσ2
0, 2σ0σ1, 2σ

2
1, 0, . . . q and λ :“ p1, 0, 0, . . . q.
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(ii) Alternatively, if for every z P C it holds
ż

E
sup

wPP 1
δz

pzq

1t|j0pyq`xj1pyq|ą1uvp|j0pyq ` wp1 ` j1pyqq|qF pdyq ă 8,

for some δz ą 0 and some weight function v, then the hypothesis of Corollary 4.3.15
are satisfied. Letting V and V˚ be the sets defined in the same corollary, we get
that the process X is V-holomorphic.

Relying on existence results given in Theorem III.2.32 in Jacod and Shiryaev (1987), one
could also go beyond linear coefficients and consider solutions of stochastic differential
equations with entire coefficients.

Example 4.3.18. Let B “ pBtqtPr0,T s be a one-dimensional Brownian motion. Consider
the following stochastic differential equation:

dXt “ bpXtqdt` σpXtqdBt, X0 “ x0 P R. (4.3.22)

Assume that b and σ are bounded entire functions with bounded first derivatives. Then,
equation (4.3.22) admits a unique solution X “ pXqtPr0,T s which is furthermore a holo-
morphic V-holomorphic jump-diffusion, for V being the class of entire functions.

Alternatively, examples of holomorphic jump-diffusions can be provided by studying
martingale problems. Indeed, recall that we defined holomorphic jump-diffusions as
a solution of a martingale problem, i.e. as X “ pXtqtPr0,T s such that the process Nf

introduced in (4.2.3) is a local martingale for a set of test functions f . Given some
coefficients a, b, λ and j, sufficient (and necessary) conditions for the existence of a solution
to the corresponding martingale problem can be obtained by verifying the hypothesis of
Theorem 4.5.4 in Ethier and Kurtz (1986) (modulo explosion). If the state space is R,
this reduces to check that the diffusion coefficient a is nonnegative. To guarantee that X
does not explode, one can then resource to Theorem 4.3.8 in Ethier and Kurtz (1986),
which translates in checking that A1 “ 0, when the state space is compact.

We here present some coefficients a, b, λ and j, for which the solution of the corres-
ponding martingale problem is a holomorphic problem.

Example 4.3.19. Fix S Ď R, G ą 0 as in (4.3.10), set b, a, λ P OpSq, and let F be a
non-negative measure on pR,BpRqq. We now analyze the form of the jump size j in the
compensator of the jumps Kpx,Aq :“

ş

R 1Azt0upjpx, yqqF pdyq such that a jump-diffusion
X “ pXtqtPr0,T s, given as solution to the martingale problem for the triplet pb, a,Kq, is a
holomorphic jump-diffusion. Consider the following three specifications:

(i) Let j : P 1
Gp0q ˆ R Ñ R be such that for all pz, yq P P 1

Gp0q ˆ R, jpz, yq :“
ř

αPN0
jαpyq z

α

α! , for jα : R Ñ R measurable and bounded functions, for all α P N0.
Set

spyq :“ sup
αPN0

|jαpyq|, y P R.
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4.3 Holomorphic jump-diffusions

Assume that supyPR spyq ă 8 and
ş

R spyq2 F pdyq ă 8. Fix z P P 1
Gp0q, δz ą 0 and

note that

sup
yPR

sup
wPP 1

δz
pzq

|jpw, yq| ď sup
αPN0

sup
yPR

|jαpyq| exppr ` |z|q ă 8,

ż

R
sup

wPP 1
δz

pzq

|jpw, yq|2 F pdyq ď expp2pr ` |z|qq

ż

R
spyq2 F pdyq ă 8.

In particular, a polynomial jump size might be considered: jpz, yq :“
řN
α“0 jαpyq z

α

α! ,
where for all α ď N , jα : R Ñ R with supyPR |jpyqα| ă 8 and

ş

R |jαpyq|2 F pdyq ă 8.

(ii) Let f P OpSq and assume that F is a measure of bounded support E :“ supppF q

such that
ş

E |y|2F pdyq ă 8. Set for all pz, yq P P 1
Gp0q ˆ E,

jpz, yq :“ fpz ` yq “
ÿ

αPN0

f pαqpyq
zα

α!
.

Then for all z P P 1
Gp0q and some δz ą 0,

sup
yPE

sup
wPP 1

δz
pzq

|jpw, yq| “ sup
yPE

sup
wPP 1

δz
pzq

|fpw ` yq| ă 8,

ż

E
sup

wPP 1
δz

pzq

|jpw, yq|2 F pdyq ď

ż

E
sup

wPP 1
δz

pzq

|fpw ` yq|2F pdyq ď

ż

E
C|y|2F pdyq ă 8,

for some C ą 0.

(iii) Let j : P 1
Gp0q ˆ R Ñ R be such that for all pz, yq P P 1

Gp0q ˆ R, jpz, yq :“
ř

αPN0
jαpyq z

α

α! , where for all α, jα : R Ñ R with |jpyqα| ă ℓpyq for some ℓ : R Ñ R`

satisfying ℓpyq ě |y| and
ş

R exppCℓpyqqF pdyq ă 8 for each C ą 0. Notice that for
all z P C and some δz ą 0,

ż

R
sup

wPP 1
δz

pzq

1t|jpw,yq|ď1u|jpw, yq|2 F pdyq ď C

ż

R
ℓpyq2F pdyq ă 8,

ż

R
sup

wPP 1
δz

pzq

1t|jpw,yq|ą1u expp|jpw, yq|q F pdyq ď

ż

R
exppCℓpyqqF pdyq ă 8.

Note that the integrability condition on ℓ is guaranteed if
ş

R exppℓpyq2qF pdyq ă 8.

If the jump size is specified as in (i) or (ii), then the conditions of Remark 4.3.16(iv) are
satisfied, and X is a V-holomorphic jump-diffusion, for V being the set defined in the
same remark. If instead j is given as in (iii), then the conditions of Corollary 4.3.15 hold
true and X is V-holomorphic, for V denoting the set of entire functions of exponential
type (see Remark 4.3.16(iii) for the definition of entire function of exponential type).
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4.3.3 The holomorphic formula

Fix V Ď OpSq and let X “ pXtqtPr0,T s be an S-valued V-holomorphic jump-diffusion.
Denote by A its extended generator and recall that by the properties of the functions in
OpSq, there exists a linear map L : V˚ Ñ OpSq, such that for all u P V˚,

Ahu “ hLpuq|S , (4.3.23)

where V˚ denotes the set of coefficients determining some power series representation on
P dRpSq

p0q of the functions in V . In this section, we rely on the duality theory, as presented

in Chapter 4 of Ethier and Kurtz (1986) (see also Section 2.1 in Cuchiero et al. (2023c)),
to compute expected values of hupXtq for t P r0, T s and hu P V. In particular, we show
that condition (4.3.23) is in fact the key property that allows recognizing a sequence
valued-solution of the linear ODE

Btcptq “ Lpcptqq, cp0q “ u

as (one possible choice of) a dual process3 of X. This then implies that computing
expected values of holomorphic functions of holomorphic jump-diffusions reduces to
solving an (infinite-dimensional) system of linear ODEs.

Recall from Section 4.2.1.2 that integrals of sequences are defined componentwise.

Theorem 4.3.20. Set X0 “ x0 P S, fix u P V˚, and suppose that the following conditions
hold true.

(i) The sequence-valued linear ODE

cptq “ u `

ż t

0
Lpcpsqqds, t P r0, T s, (4.3.24)

admits a V˚-valued solution pcptqqtPr0,T s such that

hcptqpxq “ hupxq `

ż t

0
hLpcpsqqpxqds, (4.3.25)

for all x P S, t P r0, T s.

(ii) The process pN
hcpsq

t qtPr0,T s given in equation (4.2.3) defines a true martingale for
each s P r0, T s.

(iii)
şT
0

şT
0 Er|AhcpsqpXtq|sdsdt ă 8.

Then for each u P V˚ it holds that

ErhupXT qs “ hcpT qpx0q. (4.3.26)

3We refer to page 188 in Ethier and Kurtz (1986) for the precise notion of a dual process.
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4.3 Holomorphic jump-diffusions

Proof. We verify the conditions of Lemma A.1 in Cuchiero et al. (2023c). Set

Y 1ps, tq :“ hcpsqpXtq, Y 2ps, tq :“ hLpcpsqqpXtq.

By continuity of Y 1p¨, tqpωq and measurability (on r0, T s ˆ Ω) of Y 1ps, ¨q the two maps
Y 1, Y 2 : r0, T s ˆ r0, T s ˆ Ω ÝÑ C are measurable functions. Next, observe that by

the assumption (ii) it holds that for each s, t P r0, T s, the process pN
hcpsq

t qtPr0,T s, whose
explicit form reads

hcpsqpXtq ´ hcpsqpx0q ´

ż t

0
AhcpsqpXuqdu, (4.3.27)

is a true martingale. Moreover, by assumption (i) it holds that for every s, t P r0, T s,

hcpsqpXtq ´ hcp0qpXtq ´

ż s

0
AhcpuqpXtqdu “ 0. (4.3.28)

Finally, taking expectation in both equations (4.3.27), (4.3.28) and by assumption (iii),
all the hypotheses of the above-mentioned lemma are satisfied, and thus the claim
follows.

Remark 4.3.21. (i) An inspection of the proof shows that (4.3.24) is not necessary.
Specifically, condition (i) can be replaced by the assumption of the existence of a
V˚-valued map pcptqqtPr0,T s such that

hcptqpxq “ hupxq `

ż t

0
hLpcpsqq

for all x P S, t P r0, T s.

On the other hand if
şT
0 |Lpcpsqq|xds ă 8 for all x P S, t P r0, T s then condi-

tion (4.3.24) implies (4.3.25).

(ii) Recall that there might be more than one map L (corresponding to different
representations of the functions Ah on S for h P V) for which (4.3.23) holds
true. However, this variability is not an issue for the objectives of this chapter.
The duality approach requires only the existence of a dual process, which in this
context then refers to the existence of a solution to some sequence-valued ODE
that satisfies (4.3.23).

(iii) Notice that the claim of Theorem 4.3.20 for the V-holomorphic jump-diffusion X
coincides with the assertion of Theorem 3.21 in Cuchiero et al. (2023c) for the
(infinite-dimensional) V˚-polynomial process X introduced in Equation (4.3.3).

(iv) Let X be a S-valued polynomial jump-diffusion and recall from Remark 4.3.4 that X
is a S-valued V-holomorphic jump-diffusion, for V “ tp|S for some polynomial p :
Rd Ñ Ru. In this case, the holomorphic formula (4.3.26) coincides with the so-called
moment formula in Theorem 1 in Filipović and Larsson (2020) and Theorem 2.7
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in Cuchiero et al. (2012). Notice in particular that the sequence-valued linear ODE
in (4.3.24) reduces to a finite-dimensional system of linear ODEs, and (i),(ii),(iii)
are always satisfied (see also Section 4.2 in Cuchiero and Svaluto-Ferro (2021)).

(v) Observe that in principle there could exists two S-valued V-holomorphic jump-
diffusions X and Y sharing the same generator A. If condition (i) of Theorem 4.3.20
is satisfied for some pcptqqtPr0,T s and conditions (ii) and (iii) are satisfied for both
X and Y we can conclude that

ErhupXT qs “ ErhupYT qs,

for each u P V˚. If instead V is rich enough, e.g., it contains some exponential
functions, uniqueness hold.

4.3.4 Sufficient conditions for the application of the holomorphic formula

This section is dedicated to the study of sufficient conditions for the application of
Theorem 4.3.20. To start, we provide sufficient conditions for the existence of a V˚-valued
map pcptqqtPr0,T s such that condition (4.3.25) holds. Recall that by Remark 4.3.21 (i) this
can substitute assumption (i) in Theorem 4.3.20. Suppose that X is a time-homogeneous
Markov process with semigroup pPtqtPr0,T s, that is

Ptfpxq “ ErfpXtq|X0 “ xs, x P S,

for each measurable function f : S Ñ R such that Pt|f |pxq ă 8 for each x P S. The next
lemma is an adaptation of Lemma 2.6 in Cuchiero et al. (2012). Observe that the action
of the corresponding extended generator (in the sense of Definition 2.3 in Cuchiero et al.
(2012)) on functions f P V corresponds here to Af .

Lemma 4.3.22. Let f P V and u P V˚ be such that f “ hu|S . Suppose that:

(i) the process Nf introduced in (4.2.3) is a true martingale;

(ii)
şT
0 Ps|Af |pxqds ă 8 for all x P S;

(iii) Ptf P V for all t P r0, T s;

(iv) S Q x ÞÑ PtAfpxq is continuous.

Then for all x P S, PtAfpxq “ APtfpxq and each V˚-valued map pcptqqtPr0,T s such that

Ptfpxq “ hcptqpxq,

satisfies (4.3.25) with initial condition u.

Proof. Since by assumption Nf is a true martingale and for each x P S,
şT
0 Ps|Af |pxqds ă

8, by Fubini theorem, for each t P r0, T s,

Ptfpxq ´ P0fpxq ´

ż t

0
PsAfpxqds “ ErNf

t ´Nf
0 |X0 “ xs “ 0. (4.3.29)
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4.3 Holomorphic jump-diffusions

Fix s P r0, T s and notice that by definition of V-holomorphic jump-diffusion, since Psf P V ,
the process NPsf given by

NPsf
t “ PsfpXtq ´ PsfpX0q ´

ż t

0
APsfpXrqdr, t P r0, T s,

is a local martingale. Next, we show that the process

PsfpXtq ´ PsfpX0q ´

ż t

0
PsAfpXrqdr, t P r0, T s, (4.3.30)

is a true martingale. Since for each t P r0, T s and each x P S
şt
0 Ps|Af |pxqds ă 8, and

Nf is a true martingale, Pt|f |pxq ă 8 and thus Er|PsfpXtq|s ď Ps`t|f |pxq ă 8 and

ż t

0
Er|PsAfpXrq|sdr ď

ż t

0
Ps`r|Af |pxqdr ă 8,

showing that (4.3.30) is integrable. By taking conditional expectation, we thus obtain

ErPsfpXtq ´ PsfpXuq ´

ż t

u
PsAfpXrqdr|Fus

“ ErPsfpXt´uq ´ PsfpX0q ´

ż t

u
PsAfpXr´uqdr|X0 “ xs|x“Xu

“ Ps`t´ufpXuq ´ PsfpXuq ´

ż t

u
Ps`r´uAfpXuqdr

“ Ps`t´ufpXuq ´ PsfpXuq ´

ż s`t´u

s
PrAfpXuqdr “ 0,

and the claim follows. By uniqueness of the decomposition of a special semimartingale,
it follows that

şt
0APsfpXrqdr “

şt
0 PsAfpXrqdr and that NPsf is given by (4.3.30) and

is in fact a true martingale. This implies condition (ii) of Theorem 4.3.20. Finally, since
Psf P V implies APsf P OpSq, and by assumption PsAf is continuous, we can conclude
that for each x P S,

APsfpxq “ PsAfpxq.

Then, (4.3.25) follows by (4.3.29).

Remark 4.3.23. An inspection of the proof of Lemma 4.3.22 shows that its assumptions
imply condition (ii) of Theorem 4.3.20.

Furthermore, notice that since
şT
0

şT
0 Pt|APsf |pxqdsdt ď

şT
0

şT
0 Pt`s|Af |pxqdsdt, if we

additionally assume that

ż T

0

ż T

0
Pt`s|Ahu|pxqdsdt ă 8

then condition (iii) of the same theorem holds. This can be interesting in view of
Remark 4.3.21.
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Next, we specify some conditions for the assumptions (ii) and (iii) in Theorem 4.3.20
to be satisfied. Additionally to the assumption made at the beginning of the section, we
suppose that for each u P V˚, there exists a V˚-valued solution of the linear ODE (4.3.24)
which satisfies (4.3.25), with initial value u, that we denote by pcptqqtPr0,T s.

The first result pertains to holomorphic jump-diffusions whose extended generator A
acts between (the restriction on S of) weighted spaces of holomorphic functions (see
Definition 4.3.14).

Lemma 4.3.24. Assume that V Ď HvpCdq and that ApVq Ď HwpCdq, for some weight
functions v and w. Suppose furthermore that one of the following conditions holds true
for each s P r0, T s.

(i)
şT
0 }hLpcpsqq}wds ă 8 and ErsuptďT vp}Xt}qs, ErsuptďT wp}Xt}qs ă 8.

(ii) }hpcpsq
}v, }hpLpcpsqq

}w,
şT
0 }hLpcpsqq}wds ă 8 for p ą 1, and

Ervp}XT }qs,
şT
0 Erwp}Xt}qsdt ă 8.

Then4 conditions (ii) and (iii) of Theorem 4.3.20 are satisfied.

Proof. Since for each s P r0, T s, cpsq P V˚, and X is an S-valued V-holomorphic jump-

diffusion, it holds that the process pN
hcpsq

t qtPr0,T s given in equation (4.2.3) defines a local
martingale for every s P r0, T s. Consider the first set of assumptions and note that since

Ersup
tďT

|N
hcpsq

t |s ď 2Ersup
tďT

|hcpsqpXtq|s ` TErsup
tďT

|AhcpsqpXtq|s

ď }hcpsq}vErsup
tďT

vp}Xt}qs ` T }hLpcpsqq}wErsup
tďT

wp}Xt}qs ă 8,

we can conclude that pN
hcpsq

t qtPr0,T s is a true martingale and thus condition (ii) of
Theorem 4.3.20. Similarly, since

ż T

0

ż T

0
Er|AhcpsqpXtq|sdsdt ď T

ż T

0
}hLpcpsqq}wds Ersup

tďT
wp}Xt}qs ă 8,

we can conclude that condition (iii) of the same theorem holds too.

With the second set of assumptions by Doob’s inequality, we have that

Ersup
tďT

|N
hcpsq

t |ps ď CEr|N
hcpsq

T |ps ď 2C 1Er|hcpsqpXT q|ps ` C 1

ż T

0
Er|AhcpsqpXtq|psdt

ď 2C 1}hpcpsq
}vErvp}XT }qs ` C 1}hpLpcpsqq

}w

ż T

0
Erwp}Xt}qsdt ă 8,

4An inspection on the proof shows that the supremum over Cd defining } ¨ }v can be replaced by a
supremum over Rd.
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4.3 Holomorphic jump-diffusions

proving condition (ii) and

ż T

0

ż T

0
Er|AhcpsqpXtq|sdsdt ď

ż T

0

ż T

0
}hLpcpsqq}wds Erwp}Xt}qsdt ă 8,

proving condition (iii) and concluding the proof.

In the next result, we use a Gronwall-type argument to deduce some integrability
conditions needed for proving (ii) and (iii) of Theorem 4.3.20. A similar argument is
used in the classical case (see Theorem 2.10 in Cuchiero et al. (2012)) to prove finiteness
of moments of polynomial jump-diffusions and in the infinite dimensional setting (see
Definition 3.18 and Lemma 3.19 in Cuchiero and Svaluto-Ferro (2021)) for similar
purposes.

Definition 4.3.25. Let A be the extended generator of an S-valued jump-diffusion, and
fix g : Rd Ñ R`, with g P DpAq. We say that A is g-cyclical if |Agpxq|gpxq´1 ă 8 for
all x P S.

Remark 4.3.26. (i) Notice that from the polynomial property of the extended gen-
erator A of a polynomial jump-diffusion, one can deduce that A is g-cyclical for
gpxq :“ 1` }x}2k, x P R, for every k P N. Observe however that, since in the setting
of holomorphic jump-diffusions we deal with the larger class of convergent power
series (and not only with polynomials of finite degree), the same cyclical argument
does not generally follow directly.

(ii) Following the same reasoning in the proof of Lemma 3.19 in Cuchiero and Svaluto-
Ferro (2021) (see also Theorem 2.10 in Cuchiero et al. (2012)), we get that if the
extended generator of an S-valued jump-diffusion X “ pXtqtPr0,T s is g-cyclical, then

ErgpXtqs ď gpx0q exppCtq, (4.3.31)

for all t P r0, T s. Thus, the map g can play the role of a weight function to deduce
sufficient conditions for (ii) and (iii) in Theorem 4.3.20. To simplify the notation,
for a map f we set

}f}g :“ sup
xPS

|fpxq|gpxq´1. (4.3.32)

Note that contrary to the setting in Definition 4.3.14, in (4.3.32), we consider the
supremum only over the set S.

The proof of the next lemma follows the proof of Lemma 4.3.24 combined with (4.3.31).

Lemma 4.3.27. Assume that the operator A is g-cyclical, for some function g : Rd Ñ R`.
Fix u P V˚ and let pcptqqtPr0,T s satisfy condition (i) of Theorem 4.3.20 with cp0q “ u. If

for each s P r0, T s it holds }hpcpsq
}g, }h

p
Lpcpsqq

}g, and
şT
0 }hLpcpsqq}gds ă 8 for some p ą 1,

then conditions (ii) and (iii) of Theorem 4.3.20 are satisfied.
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To conclude, we discuss the case of holomorphic jump-diffusions with values in a
bounded state space S. Recall that RpSq denotes the polyradius of the smallest closed
polydisc, which includes S (see Section 4.2.2.1) and that for u P V˚, z P Cd, the notation
|u|z has been introduced in Equation (4.2.2).

Lemma 4.3.28. Assume that S is a bounded set and that
ż T

0
|Lpcpsqq|RpSqds ă 8. (4.3.33)

Then condition (4.3.24) implies (4.3.25) and conditions (ii) and (iii) of Theorem 4.3.20
are satisfied.

Proof. By the definition of a holomorphic jump-diffusion, if cpsq P V˚ then the process

pN
hcpsq

t qtPr0,T s is a local martingale, for each s P r0, T s. Since bounded local martingales
are martingales, condition (ii) is always satisfied. Next, notice that

ż T

0

ż T

0
Er|hLpcpsqqpXtq|sdsdt ď T

ż T

0
|Lpcpsqq|RpSqds ă 8,

proving that condition (iii) is satisfied, too.

4.3.5 Applications

In this section, we discuss some applications of the preceding theory. As a first example,
we consider continuous-time Markov chains with a finite-state space. Next, we examine
the set of Lévy processes, affine processes, and finally, we present some examples of jump
diffusions that are not polynomial to which Theorem 4.3.20 applies.

4.3.5.1 Continuous time Markov chains with a finite state space

Let S :“ tx1, . . . , xNu Ď Rd and note that every map f : S Ñ R can be seen as the
restriction to S of an entire map bounded on R.
Let X “ pXtqtPr0,T s be a continuous-time Markov chains with a finite-state space S

with X0 “ x0 P Rd and generator

Afpxiq “

N
ÿ

j“1

λijpfpxjq ´ fpxiqq.

Set V :“ th : S Ñ Ru and huipxjq “ 1ti“ju for some ui P S˚ and each i, j. Then, the
operator L given by (4.3.11) reads

Lpukq “

N
ÿ

i“1

ui

N
ÿ

j“1

λijp1tk“ju ´ 1tk“iuq,
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4.3 Holomorphic jump-diffusions

and for each h P V,

ErhpXtqs “ pphu1pX0q, . . . , huN pX0qq expptLrqphpx1q, . . . , hpxN qqJ,

where Lr P RNˆN is given by Lrik “
řN
j“1 λijp1tk“ju ´ 1tk“iuq.

We illustrate now how the conditions of Theorem 4.3.20 can be verified. Observe first
that for each k and i

Ahuk
pxiq “

8
ÿ

ℓ“1

1

ℓ!
h

pℓq
ukpxiq

N
ÿ

j“1

λijpxj ´ xiq
k “ hLpukqpxiq,

showing thatX is V-holomporphic. Since for each h P V it holds that h P spanthu1 , . . . , huN u,
the sequence-valued ODE given by (4.3.24) can be interpreted as an N -dimensional system
of linear ODEs, and for cp0q “ uk we can explicitly write

cptq “

N
ÿ

j“1

uj expptLrqjk.

Since conditions (ii) and (iii) of Theorem 4.3.20 follow by boundedness of the state space
the claim follows.

Note that the same approach can be used if the extended generator is mapping the
span of a finite number of holomorphic functions to itself, also for non-finite state spaces.
This is the case for polynomial processes, where the bases is given e.g., by monomials.
It is also possible to consider an infinite number of basis elements, but more conditions
need to be verified. A possible approach to guarantee the existence of the solution of the
ODE is given in Lemma 5.11 of Cuchiero et al. (2023c).

4.3.5.2 Lévy processes

It is well known that all Lévy processes whose extended generator is well-defined on the
space of polynomials are polynomial jump-diffusions (see e.g., Lemma 1 in Filipović and
Larsson (2020)). In the next proposition, we prove that they are also V-holomorphic
jump-diffusions for some suitable V (containing but not being limited to the polynomials)
and demonstrate the validity of the holomorphic formula (4.3.26) for a large class of
holomorphic functions. For simplicity, we deal with processes with values on (a subset
of) R. Notice however that most of the analysis could be extended to the more general
multidimensional case.

The proof of the next theorem is given in Appendix 4.B.4. Recall the notion of the
entire function of exponential type from Remark 4.3.16(iii) and that in this chapter, we
stick to the ”truncation function” χpξq “ ξ

Theorem 4.3.29. Fix S Ď R with and let X “ pXtqtPr0,T s be an S-valued Lévy process,
with characteristics pb, a, F q. Assume that

ş

|y|ą1 exppα|y|qF pdyq ă 8 for some α ą 0.
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Set

V Ď th P HpCq : h is of exponential type τ ă αu,

V˚ :“ tu P S˚ : hu “ h, h P Vu.

Then,

(i) X is an S-valued V-holomorphic jump-diffusion.

(ii) For all h P V, the process Nh given in equation (4.2.3) is a true martingale.

(iii) For all u P V˚, there exists a V˚-valued solution pcptqqtPr0,T s of (4.3.25) with initial
condition u which satisfies condition (iii) of Theorem 4.3.20.

In particular, for each u P V˚, the holomorphic formula holds true:

ErhupXT qs “ hcpT qpx0q.

Remark 4.3.30. (i) Set vτ ptq :“ exppτtq and note that V “
Ť

τăαHvτ pCq. Observe
moreover that imposing enough integrability on F , the result of Proposition 4.3.29
can be extended to all entire functions of finite (but arbitrarily large) exponential
type. In particular, if

ş

|y|ą1 exppα|y|qF pdyq ă 8 for all α ą 0 then the results of
the cited proposition hold for

V Ď th P HpCq : h is of finite exponential type u “
ď

τą0

Hvτ pCq.

This is in particular the case if F has bounded support.

(ii) If
ş

|y|ą1 expp|y|qF pdyq ă 8, with a slight adaptation, the proof of Proposition 4.3.29
can be adapted to other sets V. An example is given by the set

V :“ th P HpCq : h “ hu for some u such that sup
nPN

|un| ă 8u.

Note that V “ HvpCq for vptq “ expptq. In this case, the only missing piece is
given by checking that h1, h2 P V for each h P V, which can be deduced from the
representation of the derivatives introduced in Section 4.2.1.4.

Next we show that when the Lévy measure F has bounded support, the results of
Proposition 4.3.15 hold for a larger set V . In particular, instead of defining V through the
growth rate of the complex extension of its elements, one can impose conditions on the
growth rate of functions and their derivatives only on R. The proof of the Corollary 4.3.31
can be found in Appendix 4.B.5. In the following, given a holomorphic function h, we
write h|R for its restriction on R and denote by |h|R| its absolute value.

Corollary 4.3.31. Fix S Ď R and let X “ pXtqtPr0,T s be an S-valued Lévy process with
characteristics pb, a, F q. Assume that F has bounded support and set

V :“ th P HpCq : |h|R|, |h1|R|, |h2|R| ď C exppa| ¨ |q for some a P R, C ą 0u

V˚ :“ tu P S˚ : hu “ h, h P Vu.

The following conditions hold true.
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4.3 Holomorphic jump-diffusions

(i) X is an S-valued V-holomorphic jump-diffusion.

(ii) The process Nh given in equation (4.2.3) is a true martingale for each h P V.
(iii) Fix u P V˚. Assume that

ş

R |hupxq|dx ă 8 or
ş

R |hupxq|2dx ă 8 and the map

ĥu : R Ñ C given by

ĥupuq :“

ż

R
hupxqe´iuxdx (4.3.34)

satisfies

ż

R
expp|ux|q|ĥupuq|du ă 8, (4.3.35)

for all x P R. Then there exists a V˚-valued solution pcptqqtPr0,T s of (4.3.25) with
initial condition u which satisfies condition (ii) and (iii) of Theorem 4.3.20. In
particular, the holomorphic formula holds true:

ErhupXT qs “ hcpT qpx0q.

Remark 4.3.32. (i) Observe that, modulo a normalization constant, the map defined
in (4.3.34) represents the Fourier transform of hu.

(ii) Notice that contrary to the setting of Proposition 4.3.29, functions on of the
form hpzq “ expp´z2nq, n P N, z P C are included in the set V introduced in
Corollary 4.3.31.

(iii) If furthermore the characteristics of the Lévy process X satisfies
ş

|ξ|ď1 |ξ|F pdξq ă 8

and a “ 0, Corollary 4.3.31 holds true by considering the larger set

V :“ th P HpCq : |h|R|, |h1|R|| ď C exppa| ¨ |q for some a P R, C ą 0u.

4.3.5.3 Affine processes

It is well known that under some integrability conditions, affine processes are polynomial
jump-diffusions (see Corollary 3.3 in Filipović and Larsson (2020)). Here, we go further
and show that affine processes are holomorphic jump-diffusions for a larger class of
holomorphic functions than polynomials and show the validity of the holomorphic
formula (4.3.26). Notably, the literature encompasses various formulations of affine
processes, reflecting subtle differences in their definitions. In this context, we will always
consider affine processes as specified in Definition 3.1 in Filipović and Larsson (2020).
This is a relaxed definition compared to the definition of an affine process in Duffie et al.
(2003), because it is directly given in terms of the point-wise action of the extended
generator on exponential-affine functions. The proof of Proposition 4.3.33 can be found
in Appendix 4.B.6.
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Proposition 4.3.33. Let X “ pXtqtPr0,T s be an affine process on S Ď R. Suppose that
for each x P S, Kpx, dξq “ ν0pdξq ` xν1pdξq for some signed measure ν0, ν1 such that
both |ν0| and |ν1| have bounded support. Set

V :“ th P HpCq : h, h1, h2 are bounded on Ru,

V˚ :“ tu P S˚ : hu “ h, h P Vu.

The following conditions hold true.

(i) X is an S-valued V-holomorphic jump-diffusion.

(ii) The process Nh given in equation (4.2.3) is a true martingale for each h P V.
(iii) Fix u P V˚. Assume that hupxq “

şτ
´τ expppε`iuqxqgpuqdu for some g : r´τ, τ s Ñ R

with
şτ

´τ |gpuq|du ă 8, ε, τ P r0,8q and

Erexpppε` iuqXtq|X0 “ xs “ exppϕpt, ε` iuq ` ψpt, ε` iuqxq,

for all u P r´τ, τ s and t P r0, T s. Then there exists a V˚-valued solution pcptqqtPr0,T s

of (4.3.25) with initial condition u which satisfies condition (ii) and (iii) of The-
orem 4.3.20.

In particular, the holomorphic formula holds true:

ErhupXT qs “ hcpT qpx0q.

Remark 4.3.34. (i) Observe that by the Paley–Wiener theorem (see Proposition 4.D.4(iv))
if h is of exponential type and

ż

R
|hpxq|2 expp´2εxqdx ă 8,

then

hpzq “ exppεzq

ż τ

´τ
exppiuzqgpuqdu,

for some g P L2p´τ, τq, τ ą 0 and z P C.
Other classes of functions for which the proof of Theorem 4.3.20 works is given by
polynomials and the Fourier basis. In this case we indeed already know from the
classical theory that the semigroup maps such functions to entire functions.

(ii) As mentioned at the beginning of the section, for simplicity, here we are dealing
with processes with values on (a subset of) R. Notice, however, that the above
analysis could be extended to affine processes on more general state spaces. A first
example in this direction concerns affine processes on the canonical state space
Rm` ˆ Rn, for some m,n P N0, as introduced in Duffie et al. (2003).
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4.3 Holomorphic jump-diffusions

4.3.5.4 Beyond polynomial processes

Consider the jump-diffusion on r0, 1s whose coefficients pb, a, νq with respect to the
truncation function χpξq “ ξ are given by

bpxq “ 0, apxq “ xp1 ´ xqp1 ´ x{2q, νpx, ¨q “
p1 ´ xqp1 ´ x{2q

x
1tx‰0uδ´xp¨q,

where δ´x denotes the Dirac measure in p´xq. Since its generator A is given by

Afpxq “
1

2
apxqf2pxq `

p1 ´ xqp1 ´ x{2q

x

`

fp0q ´ fpxq ` xf 1pxq
˘

,

we can see that it is also a r0, 1s-valued V-holomorphic jump-diffusion for V “ OpSq.
Observe also that this is a continuous martingale that can perform a jump to the state 0,
where it will then get absorbed. Setting fkpxq :“ px{2qk we can see that the generator of
this process satisfies

Afkpxq “
pk ` 2qpk ´ 1q

4
pfk´1 ` 2fk`1 ´ 3fkq1tkě2u,

which implies that A is of the form described in Lemma 5.11 in Cuchiero et al. (2023c)
for λk :“ p1{2qk, β0j “ β1j “ 0,

βkj “
pk ` 2qpk ´ 1q

4
1tj“k´1u `

´

pk ` 2qpk ´ 1q

2

¯

1tj“k`1u, k ě 2

and βk “ 0. Following the examples in Section 6.2 of Cuchiero et al. (2023c) we can
then apply Lemma 5.11 of the same chapter to conclude that there exists a solution
pcptqqtPr0,T s of (4.3.24) satisfying (4.3.25) for each initial condition u P V˚ where, setting
S :“ r0, 1s,

V˚ :“ tu P S˚ : ui “ µi
i!

2i
for some µi ě 0 such that

8
ÿ

i“0

µi ă 8u.

Since condition (ii) of Theorem 4.3.20 is always satisfied for bounded state spaces and
condition (iii) of the same theorem can be verified using that Afkpxq ě 0 for each k P N0

and x P r0, 1s we can conclude that Theorem 4.3.20 can be applied yielding

ErhupXT qs “ hcpT qpx0q. (4.3.36)

for each u P W˚. This includes in particular u “ p1, u, u2, . . .q corresponding to hupxq “

exppuxq for each u P R`.

An inspection of the proof of Lemma 5.11 also gives us a constructive description of the
process pcptqqtPr0,T s appearing in (4.3.36). Assuming for simplicity that

ř8
i“0 ui2

i{i! “ 1
we indeed get that

cpT qi :“ PpZT “ iqi!{2i,

where pZtqtPr0,T s is the N0-valued process satisfying

PpZ0 “ iq “ ui
2i

i!

and jumping from state k to state j after an exppβkjq-distributed random time.
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4.4 Affine-holomorphic jump-diffusions

Fix S Ď Rd and T ą 0.

Definition 4.4.1. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with extended
generator A and fix a subset V Ď OpSq. We say that X is an S-valued V-affine-
holomorphic jump-diffusion if there exists an operator R : V Ñ OpSq such that for each
f P V it holds that exppfq P DpAq,

A exppfq “ exppfqRpfq,

and the process N exppfq introduced in equation (4.2.3) defines a local martingale.

Let X “ pXtqtPr0,T s be a S-valued V-affine-holomorphic jump-diffusion, for some subset
V Ď OpSq, and let V˚ as in (4.3.1). Notice that by the properties of the functions in
OpSq there always exists a map R : V˚ Ñ OpSq such that for all u P V˚,

A expphuq “ expphuqRphuq|S .

Observe furthermore that also here, such a map might not be unique.

Remark 4.4.2. Note that every S-valued affine jump diffusion in the sense of Definition
2 in Filipović and Larsson (2020) is an S-valued V-affine-holomorphic jump-diffusion,
for V “ th : Rd Ñ C : hpxq :“ iuJx, u P Rdu. Moreover for an S-valued V-affine-
holomorphic jump-diffusion, the infinite-dimensional process defined in Equation (4.3.3)
can be viewed as an V˚-affine process in the extended tensor algebra of Rd in the sense
of Definition 3.6 in Cuchiero et al. (2023c).

4.4.1 Characteristics of affine-holomorphic jump-diffusions

In this section, we establish some sufficient conditions for a jump-diffusion process to
be affine-holomorphic. In alignment with the section on holomorphic jump-diffusions,
we do not elaborate on the existence results here. Specifically, considering kernels with
holomorphic jump sizes we investigate the criteria on its characteristics guaranteeing the
affine-holomorphic property.

Recall that for u,v P S˚, we denote by exp*puq P S˚ some coefficients determining
the power series representation of expphuq on S, namely hexp*puq|S :“ expphuq|S , by
u ˝s v some coefficients determining the power series representation of hup¨ ` hvp¨qq on S,
whenever the latter is well defined (see Section 4.2.1.4), and that 1 :“ p1αqαPNd

0
denotes

the sequence such that 1α “ 1 if α “ p0, . . . , 0q and 1α “ 0 otherwise. Recall also the
following notation introduced in Theorem 4.3.12. We have

Jhpz, yq :“ λpzqphpz ` jεpz, yqq ´ hpzq ´ ∇hpzqJjεpz, yqq,

DpJq :“ th P HpP dGp0qq : Jhpz, ¨q P L1pE,F q for each z P P dRpSq`εp0qu,
(4.4.1)
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4.4 Affine-holomorphic jump-diffusions

for each h P HpP dGp0qq, z P P dRpSq`εp0q, and y P E. The proof of the next theorem follows
the proof of Theorem 4.3.12.

Theorem 4.4.3. Let X “ pXtqtPr0,T be an S-valued jump-diffusion with characteristics
pb, a,Kq and extended generator A. Assume that bj , aij P OpSq, K is a kernel with
holomorphic jump size, and let F be the corresponding non-negative measure on the
measurable space E. Let G satisfy (4.3.13) and for each h P HpP dGp0qq, z P P dRpSq`εp0q,

and y P E set DpJq and Jh as in (4.4.1). Set

V Ď th P HpP dGp0qq : eh P DpJq and P dRpSq`ε Q z ÞÑ Jehpz, ¨q P L1pE,F q is continuousu,

V˚ :“ tu P S˚ : hu “ h|P d
RpSq

p0q, h P Vu.

Then X is an S-valued V-affine-holomorphic jump-diffusion and for all u P V˚,

A expphuq “ expphuqRphuq|S ,

where R : V˚ Ñ S˚ is given by

Rpuq :“
ÿ

|β|“1

upβq ˚ bβ `
ÿ

|β1|,|β2|“1

1

pβ1 ` β2q!
aβ1`β2 ˚ pupβ1q ˚ upβ2q ` upβ1`β2qq (4.4.2)

` λ ˚

ż

E
exp˚

`

u ˝s jpyq ´ u
˘

´ 1 ´
ÿ

|β|“1

upβq ˚ jpyq˚β F pdyq.

In the next lemma, we show that with a slightly stronger assumption on h P V we
obtain a nicer representation of the operator R in (4.4.2). The proof of the next result is
given in Appendix 4.C.1.

Lemma 4.4.4. If hu P V satisfies hu P DpJq and the map P dRpSq`ε Q z ÞÑ Jhpz, ¨q P

L1pE,F q is continuous, we also get the representation

Rpuq :“ Lpuq`
ÿ

|β1|,|β2|“1

1

pβ1 ` β2q!
aβ1`β2 ˚ pupβ1q ˚ upβ2qq (4.4.3)

`λ ˚

ż

E
exp˚

`

u ˝s jpyq ´ u
˘

´ 1 ´
`

u ˝s jpyq ´ u
˘

F pdyq,

for L as in equation (4.3.15).

As for the holomorphic case, several corollaries can then be deduced by Theorem 4.4.3.
The proof of the following result is given in Appendix 4.C.2.

Corollary 4.4.5. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with characteristics
pb, a,Kq and extended generator A. Fix a weight function v in the sense of Defini-
tion 4.3.14. Assume that bj , aij P OpSq, K is a kernel with holomorphic jump size, and
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let F be the corresponding non-negative measure on the measurable space E. Fix ε ą 0
and suppose that for each z P P dRpSq`εp0q, there exists δz ą 0 such that

ż

E
sup

wPP d
δz

pzq

}jεpw, yq}^}jεpw, yq}2 F pdyq ă 8, (4.4.4)

ż

E
sup

wPP d
δz

pzq

1t}jεpw,yq}ą1u exppm vp}w ` jεpw, yq}qq F pdyq ă 8, (4.4.5)

for some m P R`. Let G P p0,8sd satisfy (4.3.13) and set

V :“ HvpP dGp0qq and V˚ :“ tu P S˚ : hu “ h|P d
RpSq

p0q, h P Vu.

Then X is an S-valued V-affine-holomorphic jump-diffusion and for all u P V˚,

A expphuq “ expphuqRphuq|S ,

where R : V˚ Ñ S˚ is given by (4.4.3).

Also in this case similar considerations as in Remark 4.3.16 apply.

Remark 4.4.6. Suppose that jump sizes are locally uniformly bounded in the sense
of (4.3.20). In this case condition (4.4.5) is implied by (4.4.4) for each weight function v
and the result of Corollary 4.4.5 holds for V “ HpP dGp0qq. This is of particular interest
when S is bounded and condition (4.3.20) is automatically satisfied.

Finally, we analyze the class of jump-diffusion processes with jump sizes that do not
depend on the current value of the process. The proof of the following proposition can
be found in Appendix 4.C.3. Here ℑpzq denotes the imaginary part of z.

Corollary 4.4.7. Let X “ pXtqtPr0,T s be an S-valued jump-diffusion with character-
istics pb, a,Kq and extended generator A. Assume that b, a, λ P OpSq and Kpx, dξq “

λpxqF pdξq. Let G P p0,8sd satisfy (4.3.13) and set

V Ď th P HpP dGp0qq : |hpzq| ď ghpℑpzqq, for gh : R Ñ R` continuous, z P Cu,

V˚ :“ tu P S˚ : hu “ h|P d
RpSq

p0q, h P Vu.

Then X is an S-valued V-affine-holomorphic jump-diffusion and for all u P V˚,

A expphuq “ expphuqRphuq|S ,

where R : V˚ Ñ S˚ is given by (4.4.3) for jpξq “ ξ1.

Remark 4.4.8. (i) Observe that for d “ 1 the operator R given by (4.4.3) reads

Rpuq “ Lpuq `
1

2
pa ˚ up1q ˚ up1qqα (4.4.6)

` λ ˚

ż

R
exp˚

`

u ˝s jpξq ´ u
˘

´ 1 ´
`

u ˝s jpξq ´ u
˘

F pdξq,

where L denotes the operator given in Equation (4.3.16).
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4.4 Affine-holomorphic jump-diffusions

(ii) Fix again d “ 1. By Proposition 4.D.4, the set Bτ of all entire functions of order
not exceeding 1 and of type not exceeding τ P p0,8q, which are bounded on R is
included in the set V specified in Corollary 4.4.7.

More generally, we can extend the above result beyond Bτ and consider for instance
functions of the form hpzq :“ expp´z2q for every z “ px ` iyq P C, for which a
direct computation shows that | expp´z2q| ď exppy2q for every z.

(iii) Observe that a slight adaptation of Corollary 4.4.7 applies in particular if for all
x P S

Kpx, dξq “ F0pdξq ` xF1pdξq,

for some signed measures F0pdξq, F1pdξq on Rd for which
ş

Rd }ξ}^}ξ}2|Fi|pdξq ă 8,
for i “ 0, 1. That is, K is the compensator of the jump measure of a S-valued
affine jump-diffusion (see e.g., Filipović and Larsson (2020)).

Additionally, kernels of the form Kpx, dξq “
řN
j“0 λjpxqFjpdξq, for some positive

entire functions λjpxq and positive measures Fjpdξq and limits thereof could also
be considered (see for instance Section 2.3 in Cuchiero et al. (2018)).

Remark 4.4.9. Note that often a V-holomorphic jump-diffusion is also V-affine-holomorphic.
This is, however, not true in general, as one can see considering V consisting of linear
maps only and A being the generator of a diffusion process.

Viceversa, observe that each V-affine-holomorphic jump-diffusion is an W-holomorphic
jump-diffusion for W :“ texpphq : h P Vu.

4.4.2 The affine-holomorphic transform formula

Fix V Ď OpSq and let X “ pXtqtPr0,T s be an S-valued V-affine-holomorphic jump-diffusion.
Denote by A its extended generator, and by R : V˚ Ñ S˚ a linear operator such that
A expphuq “ expphuqhRpuq|S , for all u P V˚, where V˚ denotes the set of coefficients
determining some power series representation of the functions in V.

Parallel to the discussion pertaining to holomorphic jump-diffusions in Section 4.3.3, we
here exploit duality methods to compute the expected value of expphupXtqq, for t P r0, T s

and hu P V.
Recall from Section 4.2.1.2 that integrals of sequences are defined componentwise.

Theorem 4.4.10. Set X0 “ x0 P S, fix u P V˚, and suppose that the following conditions
hold true.

(i) The sequence-valued ODE

ψptq “ u `

ż t

0
Rpψpsqqds, t P r0, T s, (4.4.7)

119



admits a V˚-valued solution pψptqqtPr0,T s such that

hψptqpxq “ hupxq `

ż t

0
hRpψpsqqpxqds, (4.4.8)

for all x P S, t P r0, T s.

(ii) The process N expphψpsqq given in equation (4.2.3) defines a true martingale for each
s P r0, T s.

(iii)
şT
0

şT
0 Er|A expphψpsqqpXtq|sdsdt ă 8.

Then it holds that

ErexpphupXT qqs “ expphψpT qqpx0q. (4.4.9)

The proof of Theorem 4.4.10 follows the proof of Theorem 4.3.20. However, for the
sake of completeness, we include it below.

Proof. We verify the conditions of Lemma A.1 in Cuchiero et al. (2023c). Set

Y 1ps, tq :“ expphψpsqqpXtq, Y 2ps, tq :“ expphψpsqqhRpψpsqqpXtq,

By continuity of Y 1p¨, tqpωq and measurability (on r0, T s ˆ Ω) of Y 1ps, ¨q the two maps
Y 1, Y 2 : r0, T s ˆ r0, T s ˆ Ω ÝÑ C are measurable functions. Next, observe that by the

assumption (ii) it holds that for each s, t P r0, T s, the process pN
expphcpsqq

t qtPr0,T s, whose
explicit form reads

expphψpsqqpXtq ´ expphψpsqqpx0q ´

ż t

0
expphψpsqqhRpψpsqqpXuqdu, (4.4.10)

is a true martingale. Moreover, by assumption (i) it holds that for every s, t P r0, T s,

hψpsqpXtq ´ hψp0qpXtq ´

ż s

0
hRpψpuqqpXtqdu “ 0. (4.4.11)

Finally, taking expectation in both equations (4.4.10), (4.4.11) and by assumption (iii), all
the hypothesis of the above-mentioned lemma are satisfied, and thus the claim follows.

Remark 4.4.11. (i) Also in this case, an inspection of the proof shows that (4.4.7) is
not necessary. Specifically, condition (i) can be replaced by the assumption of the
existence of a V˚-valued map pψptqqtPr0,T s such that

hψptqpxq “ hupxq `

ż t

0
hLpψpsqqpxqds

for all x P S, t P r0, T s.

On the other hand if
şT
0 |Rpψpsqq|xds ă 8 for all x P S, t P r0, T s then condi-

tion (4.4.7) implies (4.4.8).
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4.4 Affine-holomorphic jump-diffusions

(ii) Recall that the operator R might not be unique. Again, this is not an issue, as
explained in Remark 4.3.21(ii).

(iii) Notice that the claim of Theorem 4.4.10 for the V-affine-holomorphic jump-diffusion
X coincides with the assertion of Theorem 3.9 in Cuchiero et al. (2023c) for
the (infinite-dimensional) V˚-affine process X introduced in Equation (4.3.3) and
discussed in Remark 4.4.2.

(iv) Let X be an S-valued affine jump-diffusion and recall from Remark 4.4.2 that X is
an S-valued V-affine-holomorphic jump-diffusion, for V “ th : Rd Ñ C : hpxq :“
iuJx, u P Rdu. In this case, formula (4.3.26) coincides with the so-called affine
transform formula in Theorem 2 in Filipović and Larsson (2020).

The remaining part of the section is dedicated to the study of sufficient conditions
for the application of Theorem 4.4.10. In particular, we specify some conditions for
the assumptions (ii) and (iii) in Theorem 4.4.10 to be satisfied. Additionally to the
assumption made at the beginning of the section, we suppose that for each u P V˚, there
exists a V˚-valued solution of the linear ODE (4.4.7), with initial value u, that we denote
by pψptqqtPr0,T s.

The next lemma pertains to affine-holomorphic jump-diffusions whose extended gener-
ator A acts between (the restriction on S of) weighted spaces of entire functions (see
Definition 4.3.14). The proof of the following result follows the proof of Lemma 4.3.24.

Lemma 4.4.12. Assume that texpphq : h P Vu Ď HvpCdq and tApexpphqq : h P Vu Ď

HwpCdq, for some weight functions v and w. Suppose moreover that ErsuptďT vp}Xt}qs,

ErsuptďT wp}Xt}qs, and
şT
0 }hexp˚pψpsqq˚Rpψpsqq}wds are finite. Then conditions (ii) and (iii)

of Theorem 4.4.10 are satisfied.

Finally, we discuss the case of affine-holomorphic jump-diffusions with values in a
bounded state space S. An example of such processes is given by an affine process with
compact state space (see Krühner and Larsson (2018)) for which Corollary 4.4.7 directly
applies (see Remark 4.4.8(iii)). This result is the equivalent of Lemma 4.3.28 and since
the proof is analogous we will omit it.

Lemma 4.4.13. Assume that S is a bounded set and that

ż T

0
| exp˚pψpsqq ˚Rpψpsqq|RpSqds ă 8. (4.4.12)

Then condition (4.4.7) implies (4.4.8) and conditions (ii) and (iii) of Theorem 4.4.10 are
satisfied.
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4.A A sufficient condition for interchanging summation and
integration

The next lemma states that the continuity of the map (4.A.1) is a sufficient condition for
interchanging summation and integration. Recall that integrals of (vectors of) sequence-
valued maps are computed componentwise (see Section 4.2.1.2).

Lemma 4.A.1. Let F be a non-negative measure on a measurable space E, R P p0,8sd

and for some ε ą 0, let f : P dR`εp0q ˆ E Ñ Cd be a map such that

(i) for all z P P dR`εp0q, f jpz, ¨q P L1pE,F q and the map

P dR`εp0q Q z ÞÝÑ f jpz, ¨q P L1pE,F q (4.A.1)

is continuous for each j;

(ii) for all fixed y P E it holds fp¨, yq P HpP dR`εp0q,Cdq.

Let fpyq P pPd
Rp0q

˚
qd denote the coefficients determining the power series representation

of fp¨, yq on P dRp0q. Then

ż

E
fp¨, yq F pdyq P HpP dR`εp0q,Cdq (4.A.2)

and
ş

E fpyq F pdyq are the coefficients determining its power series representation.

Proof. Fix i, j P t1, . . . , du, a P P dR`εp0q, and δ ą 0 such that P dδ paq Ă P dR`εp0q. Consider

the functions f ji : P 1
δ paiq Ñ C and gi : P

1
δ paiq Ñ C given by

f ji pzi, yq :“ f jpa1, . . . , ai´1, zi, ai`1, . . . , ad, yq,

gji pziq :“

ż

E
f ji pzi, yqF pdyq.

By Hartogs’ theorem (see Proposition 4.D.2(vii)) in order to show (4.A.2) it suffices
to show that gji P HpP 1

Ri`ε
p0q,Cq. By Morera’s theorem (see Proposition 4.D.2(vi)) this

follows by showing that gji is continuous on P 1
δ paiq and

ż

△
gji pziqdzi “ 0,

for every triangle △ Ă P 1
δ paiq. Observe that condition (i) implies continuity of the map

ş

E f
jp¨, yqF pdyq on P dR`εp0q and thus of gji on P 1

δ paiq. Next, fix a triangle △ Ă P 1
δ paiq

and note that by (i) we get

ż

△

ż

E
|f ji pzi, yq|F pdyqdzi “

ż

△
}f ji pzi, ¨q}L1dzi ă 8.

122



4.A A sufficient condition for interchanging summation and integration

Therefore, by Fubini’s theorem
ş

△
ş

E f
j
i pzi, yqF pdyqdzi “

ş

E

ş

△ f
j
i pzi, yqdziF pdyq. Since

for each y P E the map f ji p¨, yq is holomorphic on P 1
δ paiq by (ii), by Goursat’s theorem

(see Proposition 4.D.2(v)) we can conclude that

ż

△
gji pziqdzi “

ż

E

ż

△
f ji pzi, yqdziF pdyq “ 0.

Next, by the Taylor expansion (see Proposition 4.D.2(ii)), for all z P P dRp0q it holds

ż

E
f jpz, yq F pdyq “

ÿ

αPNd
0

Dα

ˆ
ż

E
f jp¨, yq F pdyq

̇

p0q
zα

α!
.

The claimed representation of the coefficients of
ş

E fp¨, yqF pdyq can thus be proven
verifying that

Dα

ˆ
ż

E
f jp¨, yq F pdyq

̇

p0q “

ż

E
fpyqjαF pdyq. (4.A.3)

By the Cauchy integral formula (see Proposition 4.D.2(i)), fixing 0 ă M ă R

Dα

ˆ
ż

E
f jp¨, yq F pdyq

̇

p0q “
α!

p2πiqd

ż

T d
M p0q

ż

E
f jpz, yq F pdyq

1

zα`1
dz,

where T dM p0q denotes the polytorus centered at 0 P Cd and with polyradius M in the
sense of (4.2.1). Since by condition (i)

ż

T d
M p0q

ż

E
|f jpz, yq| F pdyq

1

|z|α`1
dz ă 8,

by Fubini’s theorem we get

Dα

ˆ
ż

E
f jp¨, yq F pdyq

̇

p0q “

ż

E

α!

p2πiqd

ż

T d
M p0q

f jpz, yq
1

zα`1
dz F pdyq.

By condition (ii), a further application of the Cauchy integral formula yields

α!

p2πiqd

ż

T d
M p0q

f jpz, yq
1

zα`1
dz “ Dαf jp¨, yqp0q “ fpyqjα

and (4.A.3) follows.

Remark 4.A.2. An inspection of the proof shows that the continuity assumption in (i)
could be replaced by requiring the map

ş

E f
jp¨, yqF pdyq to be continuous on P dR`εp0q for

each j, and the map
ş

E }fp¨, yq}F pdyq to be in L1
locpP

d
Rp0qq.
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4.B Proofs of Section 4.3

Before providing the proofs of Section 4.3.1, we recall that by Definition 4.3.1, to prove
that X is an S-valued V-holomorphic jump-diffusion we need to show that for each f P V
it holds f P DpAq, Af P OpSq, and the process Nf introduced in Equation (4.2.3) is a
local martingale.

4.B.1 Proof of Theorem 4.3.6

Fix h P V , z P Sε, and ξ P supppKεpz, ¨qq. Observe that since Gj ą |zj | ` |ξj |, there exists

R ą 0 such that z ` ξ P P dRpzq and P dRpzq Ă P dGp0q. Thus, by Proposition 4.D.2(ii) (see
also Remark 4.D.3),

hpz ` ξq ´ hpzq ´ ∇hpzqJξ “
ÿ

|β|ě2

1

β!
hpβqpzqξβ.

Furthermore, by definition of V, we have that Cpzq :“ sup|β|ě2 |hpβqpzq| ă 8 and hence

1

β!
|hpβqpzqξβ| ď Cpzq

1

β!
|ξ|β.

Since
ř

|β|ě0
1
β! |ξ|β “ expp|ξ1| ` . . .` |ξd|q we get the bound

ż

ξPCd

|hpz ` ξq ´ hpzq ´ ∇hpzqJξ|Kεpz, dξq

ď

ż

Cd

ÿ

|β|ě2

Cpzq
1

β!
|ξ|βKεpz, dξq

ď Cpzq

ż

}ξ}ď1
}ξ}2Kεpz, dξq ` Cpzq

ż

}ξ}ą1
expp|ξ1| ` . . .` |ξd|qKεpz, dξq, (4.B.1)

which is finite by condition (4.2.5) and condition (i). This in particular implies that
h P DpAq. Next, by (4.B.1) and the dominated convergence theorem, we get that

ż

Cd

ÿ

|β|ě2

1

β!
hpβqpzqξβKεpz, dξq “

ÿ

|β|ě2

1

β!
hpβqpzqhmβ pzq.

The map Ah can thus be written as the following pointwise limit of functions in OpSq:

Ahpxq “ lim
nÑ8

ˆ

ÿ

|β|“1

hpβqpxqhbβ pxq `
ÿ

|β|“2

1

β!
hpβqpxqhaβ pxq `

n
ÿ

|β|“2

1

β!
hpβqpxqhmβ pxq

̇

,

(4.B.2)
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4.B Proofs of Section 4.3

for each x P S. Moreover, the limit on the right-hand side converges also for each z P Sε.
Since the sequence phpβqq|β|ě2 is locally uniformly bounded on P dGp0q by assumption, the

sequence in (4.B.2) is locally uniformly bounded on P d
pRpSq`εq^Gp0q by condition (ii).

Since Sε Ď P d
pRpSq`εq^Gp0q, the Vitali-Porter theorem (see Proposition 4.D.2(iv)) yields

then that the limit in (4.B.2) is well defined for each z P P d
pRpSq`εq^Gp0q, belongs to

HpP d
pRpSq`εq^Gp0qq, and the convergence holds locally uniformly. This in particular

implies that Ah P OpSq and for all z P P dRpSq
p0q by Proposition 4.D.2(ii) it holds

Ahpzq “
ÿ

|α|ě0

Dα pAhq p0q
zα

α!
.

Let u P V˚ be such that hu “ h|P d
RpSq

p0q. By Weierstrass’ theorem (see Proposi-

tion 4.D.2(viii)) we get

DαpAhuqp0q “
ÿ

|β|“1

Dα
`

h
pβq
u hbβ

˘

p0q `
ÿ

|β|“2

1

β!
Dα

`

h
pβq
u haβ

˘

p0q `
ÿ

|β|ě2

1

β!
Dα

`

h
pβq
u hmβ

˘

p0q

“
ÿ

|β|“1

pupβq ˚ bβqα `
ÿ

|β|“2

1

β!
pupβq ˚ paβ ` mβqqα `

ÿ

|β|ě3

1

β!
pupβq ˚ mβqα,

for all |α| ě 0. Since this expression corresponds to Lpuqα for L as in (4.3.8), this
implies that Ahu “ hLpuq|S . Finally, we need to show that the process Nh introduced in
Equation (4.2.3) is a local martingale. By Theorem II.1.8 in Jacod and Shiryaev (1987)
it then suffices to show that for all h P V

ż T

0

ż

Rd

|hpXs´ ` ξq ´ hpXs´q ´ ∇hpXs´qJξ| KpXs´ , dξq ds ă 8 a.s. (4.B.3)

Notice first that the process pXsqsPr0,T s is a.s. càdlàg . Thus, it suffices to show that the
right-hand side of (4.B.1) is bounded on compact subsets of S. Observe that since the
sequence phpβqq|β|ě2 is locally uniformly bounded on P dGp0q we know that Cpzq is bounded
on compact subsets of S. By condition (4.2.5), the same holds for the first term of (4.B.1).
For the second term instead, note that setting F pξq :“

śd
i“1pexpp´ξiq ` exppξiqq, we get

expp|ξ1| ` ¨ ¨ ¨ ` |ξd|q1t}ξ}ą1u ď F pξq1t}ξ}ą1u ď F pξq ´ 1 ´ ∇F p0qJξ ` C 1}ξ}2,

for some C 1 ą 0. Since F P V, applying the Vitali Porter theorem as before, we get that
ż

Rd

F pξq ´ 1 ´ ∇F p0qJξ Kpx, dξq

lies in OpSq. Using again that
ş

Rd }ξ}2Kp¨, dξq P OpSq the claim follows.

Remark 4.B.1. The proof of Corollary 4.3.8 is analogous to the one of Theorem 4.3.6.
We stress that when d “ 1, the Vitali-Porter theorem guarantees that a locally bounded
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sequence of holomorphic functions converges uniformly on compact subsets of some
domain if pointwise convergence holds on a set containing an accumulation point in the
considered domain (see Proposition 4.D.2(iv) for more details). For this reason, instead
of checking the pointwise convergence of (4.B.2) for each z P Sε it thus suffices to check
it for each x P S.

This explains why in this particular case, instead of assuming K P OpSq, we simply
require that condition (4.3.9) is satisfied. Similarly, condition (i) in Theorem 4.3.6 is
then replaced by the weaker one which concerns only the set S which is by assumption a
set of accumulation points of P 1

RpSq`εp0q.

4.B.2 Proof of Theorem 4.3.12

First observe that V Ď DpJq directly implies that V Ď DpAq. Next, fix hu P V. Re-
call from Section 4.2.1.4 that the assumptions on G guarantee that hup¨ ` jεp¨, yqq P

HpP dRpSq`εp0qq and the corresponding coefficients are given by u ˝s jpyq. By Lemma 4.A.1

we thus get that the map z ÞÑ
ş

E Jhupz, yqF pdyq lies in HpP dRpSq`εp0qq and the corres-
ponding coefficients are given by

λ ˚

ż

E
u ˝s jpyq ´ u ´

ÿ

|β|“1

upβq ˚ jpyq˚β F pdyq.

This implies that ApVq Ď OpSq. As the continuity of the map z Ñ Jhupz, ¨q implies the
continuity of the map

z ÞÑ

ż

E
|Jhupz, yq|F pdyq,

the claim follows as in the proof of Theorem 4.3.6.

4.B.3 Proof of Corollary 4.3.15

We verify the conditions of Theorem 4.3.12. Fix h P V and note that by definition of G
there is an η ą 0 such that setting Rz :“ η ` supyPsupppF q |jεpz, yq| ^ 1 we get

P dRz
pzq Ď P dGp0q

for each z P P dRpSq`εp0q. Since |jεpz, yq|1t}jεpz,yq}ď1u is bounded away from Rz, we get by

Proposition 4.D.2(ii)

|hpz`jεpz, yqq´hpzq´∇hpzqJjεpz, yq|1t}jεpz,yq}ď1u ď C}f |T d
Rz

pzq}8}jεpz, yq}21t}jεpz,yq}ď1u,

for some C not depending on z and y. Observe also that by definition of V it holds
|hpw ` ξq| ď C 1vp}w ` ξ}q and for }ξ} ą 1 we get

|hpz ` ξq ´ hpzq ´ ∇hpzqJξ| ď C 1|vp}z ` ξ}q| ` p|hpzq| ` }∇hpzq}q}ξ},
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4.B Proofs of Section 4.3

for some C 1 ą 0. By continuity of h and its derivatives we thus obtain

sup
wPP d

δz
pzq

|Jhpw, yq| ď C2 sup
wPP d

δz
pzq

´

vp}w`jεpw, yq}q1t}jεpw,yq}ą1u`}jεpw, yq}^}jεpw, yq}2
¯

,

for some C2 ą 0. The claim now follows by the dominated convergence theorem.

Remark 4.B.2. An inspection of the proof of Corollary 4.3.15 shows that the claim also
follows by considering the slightly larger set of holomorphic functions given by

th P HpP dGp0qq : sup
zPP d

RpSq`ε
p0q

|hpzq|vp}z}q´1 ă mu.

The proof of Theorem 4.B.4 and Corollary 4.3.31 strongly relate to the Lévy-Kinchine
formula for the moment generating function (Theorem 25.17 in Sato (2013)), which states
that, under some integrability conditions, for each |τ | ď α it holds

Pt exppτp¨qqpxq “ exppτx` tψpτqq, (4.B.4)

for ψpτq “ bτ` 1
2aτ

2`
ş

E exppτyq´1´τyF pdyq, and Pt denoting the semigroup pPtqtPr0,T s

given by Pthpxq “ ErhpXt ` xqs, for each t P r0, T s, x P R and measurable map h for
which Er|hpXt ` xq|s ă 8.

4.B.4 Proof of Theorem 4.3.29

Note that
V “ th P HpCq : |hpzq| ď C exppτ |z|q for τ ă α, C ą 0u. (4.B.5)

(i): Since the jump size jε is constant in its first argument, condition (4.3.17) for
vptq :“ exppαtq is verified. The statement then follows by Corollary 4.3.15.

(ii): Observe that A is g-cyclical for gpxq :“ exppαxq ` expp´αxq in the sense of
Definition 4.3.25. Moreover, by definition of V for each h P V there is a p ą 1 such that
}hp}g ă 8. Next, by Proposition 4.D.4 we know that h1, h2 P V. Noting that

|hpx` yq ´ hpxq ´ h1pxqy| ď sup
|y|ď1

|h2px` yq||y|2 ` p|hpx` yq| ` |hpxq| ` |h1pxq||y|q1|y|ą1,

we also get that Ah P V and hence }pAhqp}g ă 8 for some (possibly different) p ą 1.
Proceeding as in the proof of Lemma 4.3.24(ii) the claim follows.

(iii): Consider the semigroup pPtqtPr0,T s given by Pthpxq “ ErhpXt ` xqs, for h P V,
t P r0, T s, x P R. Notice that it is well-defined since Pt|h|pxq “ Er|hpXt ` xq|s ă 8, by
Theorem 25.17 in Sato (2013) and definition of V . Fix hu P V and recall that we already
showed that Ahu P V and thus |Ahu| ď C exppα| ¨ |q. To show that

şt
0 Ps|Ahu|pxqds ă 8

it suffices to note that

exppα|x|q ď exppαxq ` expp´αxq (4.B.6)
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and (4.B.4) can be applied. Next, we prove that for all t P r0, T s, Pthu P V . Fix t P r0, T s

and for each z P C set
Pthupzq “ ErhupXt ` zqs.

Observe that by (4.B.5) there is a τ ă α such that

Er|hupXt ` zq|s ď CErexppτ |Xt ` z|qs ď C exppτ |z|qErexppτ |Xt|qs, (4.B.7)

for each z P C. Therefore by the dominated convergence theorem the map z ÞÑ ErhupXt`

zqs is continuous and
ş

△ Er|hupXt ` zq|sdz is finite for every triangle △ Ă C. By Fubini’s

and Goursat’s theorem (see Proposition 4.D.2(v)), we then get
ş

△ ErhupXt ` zqsdz “

Er
ş

△ hupXt ` zqdzs “ 0. Finally, by Morera’s theorem (see Proposition 4.D.2(vi)) Pthu P

HpCq and by (4.B.7) and (4.B.5) Pthu P V. Finally, notice that since Ahu P V, by
the previous reasoning PtAhu P V, implying in particular that S Q x ÞÑ PtAhupxq is
continuous, concluding the proof.

Finally, let us denote by cptqtPr0,T s such solution and recall from Lemma 4.3.22 that
for all x P S, hcptqpxq “ Pthupxq and APthupxq “ PtAhupxq. Since cptq P V˚, by (ii)
condition (ii) of Theorem 4.3.20 is verified. Next, notice that again by Lemma 4.3.22
and (4.B.4)

ż T

0

ż T

0
Er|AhcpsqpXtq|sdsdt “

ż T

0

ż T

0
Er|PsAhupXtq|sdsdt ă 8.

Since all the conditions of Theorem 4.3.20 are verified, the claim follows.

4.B.5 Proof of Corollary 4.3.31

Set
B “ th P HpCq : |h|R| ď C exppa| ¨ |q for some a P R, C ą 0u.

and notice that B Ď V.
Condition (i) follows by Remark 4.3.16(iv) and (ii) follows as in Proposition 4.3.29.

We highlight in particular that ApVq Ď B.
(iii): We proceed as in the proof of Theorem 4.3.29 showing that the conditions

of Lemma 4.3.22 are satisfied. Consider the semigroup pPtqtPr0,T s given by Pthpxq “

ErhpXt ` xqs, for h P B, t P r0, T s, x P R. Since for each h P V it holds Ah P B, following
the proof of Theorem 4.3.29(iii) we get that

şT
0 Ps|Ah|pxqds ă 8 for all x P S and Nh is

a true martingale.

Fix hu P V, for u as in (iii). Observe that by Proposition 4.D.5 we get

hupxq “

ż

R
ĥupuq exppiuxqdu, (4.B.8)

for a.e. x P R. Since hu is continuous on R by assumption, and the right-hand side
of (4.B.8) is continuous by (4.3.35) and dominated converge theorem, the equality
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4.B Proofs of Section 4.3

in (4.B.8) holds for every x P R. Finally, for t P r0, T s and x P R, by Fubini’s theorem we
have that

Pthupxq “

ż

R
ErexppiuXtqs exppiuxqĥupuqdu.

Since the expectation on the right hand side is bounded by 1, by (4.3.35) we can extend
this map to C and use Morera’s theorem to deduce that Pthu is an entire map bounded
on R. Moreover, by (4.B.4) and Leibniz integral rule we can conclude that Pthu P V.
Since Ahu P B by (4.B.4) PtAhu is continuous on S. The last part of the proof follows
as in Theorem 4.3.29.

4.B.6 Proof of Proposition 4.3.33

(i): This follows by Remark 4.3.16(iv).

(ii): Observe that for h P V by the characterization of the characteristic of an affine
process (see Lemma 2 in Filipović and Larsson (2020)) we have that |Ahpxq| ď Cp1`|x|q.
Since X is also a polynomial process we know that

Er sup
tPr0,T s

p1 ` |Xt|qs ď CErp1 `X2
T qs ă 8,

showing that Nh is a uniformly integrable local martingale and thus a true martingale.

Next fix u as in (iii) and consider the semigroup given by Pthpxq :“ ErhpXtq|X0 “ xs

for each measurable h such that Er|hpXtq||X0 “ xs ă 8. We verify that the remaining
conditions of Lemma 4.3.22 are satisfied. Observe that by Fubini, we have that

Pthupxq “ E
”

ż τ

´τ
expppε`iuqXtqgpuqdu

ˇ

ˇ

ˇ
X0 “ x

ı

“

ż τ

´τ
exppϕpt, ε`iuq`ψpt, ε`iuqxqgpuqdu.

Since by the dominated convergence theorem we know that u ÞÑ ϕpt, ε ` iuq and u ÞÑ

ψpt, ε` iuq are continuous for each t and ϵ, the map

x ÞÑ exppϕpt, ε` iuq ` ψpt, ε` iuqxqgpuq

can be extended to C and since its module is bounded on compacts an application of
Fubini, Goursat and Morera (see Proposition 4.D.2(v) and (vi)) yield that Pthu P HpCq.

Next, note that since affine processes are Feller (see Theorem 2.7 in Duffie et al. (2003))
we know that Pt is mapping the set of bounded continuous functions into itself. This in
particular implies that

PtAhupxq “ lim
NÑ8

ErAhupXtq ^N |X0 “ xs,

which is a sequence of continuous functions in x. Observe that

|PtAhupxq ´ ErAhupXtq ^N |X0 “ xs| ď Er|AhupXtq|1tAhupXtqąNu|X0 “ xs,
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which by Cauchy-Schwartz and Markov’s inequality can be bounded by

Er|AhupXtq|2|X0 “ xs1{2PptAhupXtq ą Nu|X0 “ xq1{2

ď Er|AhupXtq|2|X0 “ xs1{2Er|AhupXtq||X0 “ xs1{2

N1{2
.

By the polynomial property of X, proceeding as in (ii) we get that the convergence
is uniform on compacts and thus PtAhu is continuous on S. Similarly, again by the
polynomial property of X we get that for each x P S, Pt|Ahu|pxq is bounded by a con-

tinuous function in t and thus
şT
0 Pt|Ahu|pxqdt ă 8 for each x P S. Observe furthermore

that same argument implies also that
şT
0

şT
0 Pt`s|Ahu|pxqdsdt ă 8. The claim follows by

Remark 4.3.23.

4.C Proofs of Section 4.4

Before presenting the proofs of Section 4.4.1, recall that by Definition 4.4.1, in order to
prove that X is an S-valued V-affine-holomorphic jump-diffusion we need to show that
for each f P V it holds exppfq P DpAq, there exists a map R : V Ñ OpSq such that for
all f P V , A exppfq “ exppfqRpfq and the process N exppfq introduced in equation (4.2.3)
defines a local martingale.

4.C.1 Proof of Lemma 4.4.4

First observe that from teh : h P Vu Y V Ď DpJq it follows teh : h P Vu Y V P DpAq. This
in particular implies that the map P dRpSq`εp0q Q z ÞÑ Jehpz, ¨q ´ ehpzqJhpz, ¨q P L1pE,F q

is well defined and continuous for each h P V. This integrability then yields that

A expphqpzq “ expphpzqq

ˆ

∇hpzqJbpzq `
1

2
Tr

`

apzq
`

∇2hpzq ` ∇hpzqJ∇hpzq
˘ ˘

̇

`

ż

E
Jehpz, yqF pdyq

“ expphpzqq

ˆ

Ahpzq `
1

2
Tr

`

apzq
`

∇2hpzq ` ∇hpzqJ∇hpzq
˘ ˘

`λpzq

ż

E
exp

´

hpz ` jεpz, ξqq ´ hpzq

¯

´ 1 ´
`

hpz ` jpz, ξqq ´ hpzq
˘

F pdξq

̇

,

for each h P V, z P P dRpSq`εp0q. The claim now follows as in the proof of Theorem 4.3.12.

4.C.2 Proof of Corollary 4.4.5

We prove that the conditions of Theorem 4.4.3 and Lemma 4.4.4 are satisfied. Proceeding
as in the proof of Corollary 4.3.15, for each z P P dRpSq`εp0q and y P E both quantities
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4.D A primer on holomorphic functions

supwPP d
δz

pzq |Jhpw, yq| and supwPP d
δz

pzq |Jehpw, yq| can be bounded by

C sup
wPP d

δz
pzq

´

exppm vp}w ` jεpw, yq}qq1t}jεpw,yq}ą1u ` }jεpw, yq} ^ }jεpw, yq}2
¯

.

Observe that the constant m enters in the bound due to the second quantity, of which
we know how to bound the exponent and not the whole function.

By conditions (4.4.4), (4.4.5) this implies that h, eh P DpJq. Finally, observe that the
maps

z ÞÝÑ F 1
z p¨q :“ Jehpz, ¨q and z ÞÝÑ F 2

z p¨q :“ Jhpz, ¨q,

are both continuous by the dominated convergence theorem (see the proof of Corol-
lary 4.3.15 for the detailed argument).

4.C.3 Proof of Corollary 4.4.7

First observe that since jp¨, ξq “ ξ is a real valued constant on S, the same holds for its
extension jεp¨, ξq “ ξ on P dRpSq`εp0q. This in particular implies that

ż

Rd

sup
wPP 1

RpSq`ε
p0q

}jεpw, ξq} ^ }jεpw, ξq}2F pdξq “

ż

Rd

}ξ} ^ }ξ}2F pdξq ă 8.

Moreover, using that ξ P Rd, by definition of V we get that |hpz ` ξq|1t}ξ}ą1u ď

ghpℑpzqq1t}ξ}ą1u. Since for each z P P dRpSq`εp0q and δz P p0,8q such that P dδzpzq Ď

P dRpSq`εp0q by continuity of gh it holds

ż

Rd

sup
zPP 1

δz
pzq

exppghpℑpzqqq1t}ξ}ą1uF pdξq ă 8

the claim follows as for Corollary 4.4.5.

4.D A primer on holomorphic functions

The goal of this section is to provide accurate statements and precise references for the
needed results from complex analysis. We will use the notation relative to poldiscs and
polytorus introduced in Section 4.2.1.3, as well as the multi-index notation introduced in
Section 4.2.1.1.

Definition 4.D.1. (Definition 1.2.1 in Scheidemann (2005)) Let U Ď Cd be an open set
and m P N.
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(i) Complex differentiable functions

A function f : U Ñ Cm is called complex differentiable at z0 P U if for every ε ą 0
there exists a δ ą 0 and a C-linear map

Lfpz0q : Cd Ñ Cm

such that for all z P U with }z ´ z0} ď δ, the inequality

}fpzq ´ fpz0q ´ Lfpz0qpz ´ z0q} ď ε}z ´ z0}

holds.

(ii) Holomorphic functions

A function f : U Ñ Cm is called holomorphic on U if it is complex differentiable at
all z0 P U . A holomorphic function on the whole Cd is called entire.

Proposition 4.D.2. Let U Ď Cd be an open set.

(i) Cauchy integral formula (Theorem 1.3.3 in Scheidemann (2005))

Let f : U Ñ C be a holomorphic function and fix z0 P U and R P p0,8qd such that

P dRpz0q Ď U . Then

Dαfpz0q “
α!

p2πiqd

ż

T d
Rpz0q

fpwq

pz0 ´ wqα`1
dw,

where α ` 1 :“ pα1 ` 1, . . . , αd ` 1q, and

|Dαfpz0q| ď
α!

Rα
}f |T d

Rpz0q}8.

(ii) Taylor expansion (Corollary 1.5.9 in Scheidemann (2005))

Let f : U Ñ R be a holomorphic functions and fix z0 P U and R P p0,8sd such

that P dRpz0q Ď U . Then

fpzq “
ÿ

αPNd
0

1

α!
Dαfpz0qpz ´ z0qα, for all z P P dRpz0q. (4.D.1)

By (i) and Example 1.5.7 in Scheidemann (2005), for R P p0,8qd the reminder’s
term can be bounded as follows

ˇ

ˇ

ˇ

ÿ

|α|ěk`1

1

α!
Dαfpz0qpz ´ z0qα

ˇ

ˇ

ˇ
ď }f |T d

Rpz0q}8

d
ź

i“1

1

1 ´
|zi´z0i|
Ri

ÿ

|α|“k`1

|z ´ z0|α

Rα
.

(iii) Identity theorem (Conclusion 1.2.12.2 in Scheidemann (2005)) Let f : U Ñ C be
a holomorphic function. If U is connected and f “ 0 on some open set E Ď U , then
fpzq “ 0 for all z P U . For d “ 1 the set E is just required to have an accumulation
point in U .
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4.D A primer on holomorphic functions

(iv) Vitali-Porter theorem (Exercise 1.4.37 in Scheidemann (2005))

Fix an open subset E Ď U and consider a sequence tfnun of holomorphic functions
fn : U Ñ C. Suppose that tfnun is a locally bounded sequence (uniformly bounded
on every compact set of the domain of definition) and

fpzq :“ lim
nÑ8

fnpzq (4.D.2)

exists for all z P E. Then the limit in (4.D.2) is well defined for each z P U ,
the resulting map f : U Ñ C is holomorphic, and the convergence holds locally
uniformly. For d “ 1 the set E is just required to have an accumulation point in U
(see p.44 Schiff (1993)).

(v) Goursat’s theorem (Theorem 1.1 in Stein and Shakarchi (2010))

Fix d “ 1 and let △ Ď U be a triangle whose interior is contained in U . If f : U Ñ C
is holomorphic then

ż

△
fpzqdz “ 0.

(vi) Morera’s theorem (Theorem 5.1 in Stein and Shakarchi (2010))

Fix d “ 1, R P p0,8q, a P C, and let f : P 1
Rpaq Ñ C be a continuous map. If for

any triangle △ Ă P 1
Rpaq it holds

ż

△
fpzqdz “ 0,

then f is holomorphic.

(vii) Hartogs’ theorem (see p.28 in Shabat (1992))

Let f : U Ñ C be a partially holomorphic function, meaning that it is holomorphic
in each variable while the other variables are held constant. Then f is holomorphic.

(viii) Weierstrass’ theorem (Theorem 1.4.20 in Scheidemann (2005)).

HpU,Cq is a closed subspace of CpU,Cq with respect to the locally uniform conver-
gence. Moreover, for every α P Nd0 the linear operator Dα : HpU,Cq Ñ HpU,Cq is
continuous.

Remark 4.D.3. If U “ P d8p0q, and f thus entire, the representation in (4.D.1) holds
for all z, z0 P C. If this is not the case, then requiring that z, z0 P U is not sufficient to

guarantee that P d
|z´z0|

pz0q Ď U and thus to derive a power series representation of fpzq

centered in z0 as in (4.D.1). For this specific reason in Theorem 4.3.6 we need to impose
condition (4.3.6) instead of

Gj ą sup
zPSε

maxt|zj |, sup
ξPsupppKεpz,¨qq

|zj ` ξj |u.

We also consider a few results concerning holomorphic functions of finite order and
type (see (4.3.18) and (4.3.19)).
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Proposition 4.D.4. (Theorem 2.4.1, Theorem 6.2.14, Theorem 6.2.4 and Theorem
11.1.2 in Boas (2011) and Theorem 19.3 in Rudin (1986))

(i) Order and type of an entire function do not change under differentiation.

(ii) Non-constant entire functions of order strictly smaller than 1 are unbounded on
lines.

(iii) Let τ P p0,8q and let Bτ be the set of all entire functions of exponential type τ ,
which are bounded on the real axis. Then h P Bτ implies

|hpzq| ď sup
xPR

|hpxq| exppτ |ℑpzq|q.

Moreover, in this case we also have that h1 P Bτ , supxPR |h1pxq| ď supxPR |hpxq|τ
for all z P C, and thus in particular

|h1pzq| ď sup
xPR

|hpxq|τ exppτ |ℑpzq|q.

(iv) Paley–Wiener theorem Let h P HpCq be an entire function of exponential type
τ such that

ż

R
|hpxq|2dx ă 8.

Then there exists g P L2p´τ, τq such that hpzq “
şτ

´τ gptqeitzdt for each z P C.

In the spirit of the Paley-Wiener theorem, but for general holomorphic functions, we
have the following result (see Theorem 9.11 and Theorem 9.14 in Rudin (1986)).

Proposition 4.D.5 (Inversion theorems). Fix h P HpCq such that

ż

R
|hpxq|dx ă 8 or

ż

R
|hpxq|2dx ă 8

and suppose that the map ĥ : R Ñ C given by (4.3.34) satisfies
ş

R |ĥpuq|du ă 8. Then

hpxq “
ş

R ĥptq exppitxqdt, for a.e. x P R.
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5 Functional Itô-formula and Taylor
expansion of non-anticipative maps of
rough paths

The present chapter is based on Cuchiero et al. (2024c), a joint work with Christa
Cuchiero and Xin Guo.

5.1 Introduction

The Itô-formula is one of the main tools of stochastic calculus, extending the chain rule
from classical calculus to stochastic analysis and asserting that any sufficiently smooth
function of a semimartingale is itself a semimartingale. Recognizing that uncertainty
often affects the present situation through both the current state and the entire process’
history, the seminal paper Dupire (2019) extended the Itô-formula to path functionals
which may depend on the entire trajectory of a continuous semimartingale (with values
in a Rd) up to the present time t, i.e., so-called non-anticipative path functionals. This
then opened the door to many subsequent studies as e.g., Cont and Fournie (2010a,b,
2013); Ananova and Cont (2017) Litterer and Oberhauser (2011), Cosso and Russo
(2016), Jazaerli and F. Saporito (2017), Keller and Zhang (2016), Cont and Perkowski
(2018), Viens and Zhang (2019), Riga (2016) Houdré and V́ıquez (2024) and the references
therein.

The original formulation of the functional Itô-formula incorporates vertical and ho-
rizontal derivatives (detailed in Section 2 in Dupire (2019)), reflecting the functional’s
dependence on the trajectory and current time, respectively. This formula is derived
using a Taylor expansion of the functionals along an approximation of the path. This
approach allows for a second-order approximation of the functional, which is quadratic in
the path increments, making it well-suited for studying functionals of all those paths for
which such approximations converge. It is not surprising, therefore, that this technique
applies not only to functionals of semimartingales but also to more general paths of
finite quadratic variation. This is, in fact, the finding of the subsequent paper Cont and
Fournie (2013), which establishes a pathwise functional Itô-formula for non-anticipative
functionals of càdlàg paths of finite quadratic variation in the sense of Föllmer, providing
furthermore an extension of the results in Föllmer (1981).

Despite the significant impact of these results, many path functionals of interest are
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still excluded. Indeed, the framework is limited to functionals that depend continuously
on the trajectories of the path with respect to (some variants of) the uniform topology
(see Section 1.2 in Cont and Fournie (2013) for details). This excludes several important
examples, such as standard Itô/Stratonovich integrals and the Itô-map, which describes
the correspondence between the solution of a stochastic differential equation and the
driving signal. To clarify this statement, consider the sequence of real-valued paths
X1,n, X2,n : r0, 2πs Ñ R defined via

X1,n
t :“ ´n´ 1

3 cospntq, X2,n
t :“ n´ 1

3 sinpntq, for all t P r0, 2πs,

for n P N (see Allan (2021)). Then,

ż 2π

0
X2,n
s dX1,n

s “ n
1
3π, (5.1.1)

implying that X1,n, X2,n Ñ 0 in the uniform topology, but
ş2π
0 X2,n

s dX1,n
s Ñ 8.

To address these limitations Cont and Fournie (2010a) expanded the framework to
include functionals that depend on both the semimartingale and its quadratic variation,
and developed a weak functional calculus that works well in a probabilistic setup, whereas
does not retain the pathwise perspective. Other efforts to broaden this applicability can
also be found in Oberhauser (2016), which uses instead the old work of Bichteler.

The non-negligible limitations, excluding, e.g., iterated integrals, raise the question of
which topology to consider on the space of paths to determine a (pathwise) functional
Itô-formula that can encompass these examples. A direct answer to this problem is
provided by rough path theory, pioneered by Terry Lyons (see Lyons (1998); Lyons et al.
(2007)), for which, in fact, one of the fundamental results consists in identifying a natural
family of topologies on paths space such that iterated Itô/Stratonovich integrals, or more
generally solutions to controlled differential equations, are continuous maps with respect
to the driving signal.

Relying on this powerful theory, we can thus prove a pathwise (rough) functional
Itô-formula that covers these examples. To this end, we equip the path spaces with
the stronger variation topology (see Definition 1.2.2) and consider functionals of weakly
geometric càdlàg p-rough paths for p P r1, 3q (see Definition 1.2.1). This means that when
dealing with paths of finite p-variation for p ě 2 (which is the case for sample paths of
a semimartingale), we consider functionals that depend on a lifted path, i.e., the path
itself (with values in Rd) and (some of) its rough paths lift.

Our proof technique is based on a density approach building on linear functions of the
signature (see Section 5.2.4), which are, in fact, specific non-anticipative functionals of
weakly geometric rough paths that exhibit powerful approximating properties (see e.g.,
Section 2.2 as well as Kalsi et al. (2020), Bayer et al. (2023), Cuchiero et al. (2023b)). Our
approach, therefore, consists of establishing an Itô-formula for these specific functionals
and then extending it to more general maps via a density argument. This is indeed one
possible proof technique also used in classical stochastic calculus (see, e.g., Theorem 5.7

136



5.1 Introduction

in Miller and Silvestri (2017)), as well as for measure-valued processes (see, e.g., Guo
et al. (2023), Jacka and Tribe (2003)).

To elaborate further, the functional Itô-formula is derived following the subsequent
steps.

Firstly, inspired by the paper Chevyrev and Friz (2019) (see also Marcus (1978, 1981)
and Williams (2001)) and in particular, by the signature construction (see Section 1.3.3),
we introduce the class of so-called non-anticipative Marcus canonical path functionals.
Roughly speaking, these are all those maps

F : r0, 1s ˆDpr0, 1s, GrpspRdqq Ñ R

that depend on weakly geometric rough paths in a non-anticipative way (see Defini-
tion 5.2.2) and which are invariant under Marcus transformation, i.e.,

F pt,Xq “ F pψ´1
R pτX,Rptq,Xr q,

for Xr denoting some Marcus transformed path of X with respect to some pair pR,ψRq.
We refer to Section 1.3.2 and Definition 5.2.4 for the precise definition of the involved
quantities, and also to Fujiwara and Kunita (1985), Applebaum and Tang (2001), Kurtz
et al. (1995), Chevyrev et al. (2020) for other instances where a similar approach is used.
Then, adopting the Lie group valued paths point of view on the space of weakly geometric
rough paths, we introduce a notion of vertical derivatives for Marcus canonical paths
functionals, inspired by the (Euclidean) one introduced in Dupire (2019). Indeed, we call
the quantity

U iF pt,Xq :“
d

dh
F pψ´1

R pτX,Rptq,Xr b expprpsqphϵiq1t¨ěψ´1
R pτX,Rptqu

q|h“0, (5.1.2)

vertical derivative of F in the direction i “ 1, . . . , d at pt,Xq, when the derivative exists
(see Definition 5.2.14).

Notice that (5.1.2) might be interpreted as a directional derivative (or rather Lie
vertical derivative) of the functional F in the specific direction determined by the vertical
perturbation. This approach goes in the direction of Qian and Tudor (2011) where a first
attempt for studying a differential structure of the (non-linear) space of rough paths has
been made (see also Schmeding (2022) for a discussion on this topic).

We remark that when inserting a càdlàg path in (5.1.2) the Marcus transformation of
the path X is computed before the vertical perturbation. This is, in fact, a key aspect of
this definition. On the one hand, it allows the preservation of the Marcus property of
the functionals also at the level of the (functional) derivative (see Proposition 5.2.16).
On the other hand, if the original path X admits a jump a time t, the Marcus property
of the functional F allows to interpret the derivative in (5.1.2) as a derivative involving a
delayed perturbation of the original path

Xt b expprpsqphϵiq1t¨ět`εu,
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for some ε ą 0 independent on the specific pair pR,ψRq (see Remark 5.2.15(ii)). This
specification is particularly relevant when computing the higher-order vertical derivatives,
which is done by an iterative application of the procedure in (5.1.2) (see Definition 5.2.19).
In this case, by definition, the perturbations are always computed at a jump time, resulting
therefore in a notion of vertical derivative of order k P N, k ě 2, which involves delayed
perturbations of the form

Xt b expprpsqphkϵikq1t¨ět`εku b ¨ ¨ ¨ b expprpsqph1ϵi1q1t¨ět`εk`¨¨¨`ε1u,

for some hk, . . . , h1 P R, εk, . . . , ε1 ą 0, and ik, . . . , i1 “ 1, . . . , d.

Via the Marcus property of the paths we are thus able to establish a differential
calculus for path functionals that allows for non-commutative derivation orders. This
is one remarkable key feature of our framework, as it enables both the derivation of
a functional Itô-formula for linear functions of the signature (see Lemma 5.2.28) and
a Taylor expansion in terms of the signature of sufficiently regular non-anticipative
Marcus canonical path functional (see Section 5.5). These results would not follow from
a direct application of the differential calculus introduced in Dupire (2019) and adopted
in Cont and Fournie (2010a), Cont and Fournie (2013). Indeed, in their framework, the
higher-order derivatives involve vertical perturbations of the path at the current time:
which then results in higher order (functional) derivatives that take values in fact in
the space of symmetric tensors over Rd (see e.g., Cont and Perkowski (2018) as well as
Remarks 5.2.23 and 5.5.8(ii)).

With these notions of derivatives, a functional Itô-formula for linear functions of the
signature follows then just by the the definition of the signature of weakly geomet-
ric càdlàg rough paths.

Relying on that, we then prove a universal approximation theorem (UAT) for vertically
differentiable path functionals, which states that any CK-non-anticipative Marcus ca-
nonical path functionals F (in the sense of Definition 5.3.12) evaluated at some tracking
jumps (tj)-extended path Xp (see Definiton 5.3.3) can be approximated uniformly in time
together with its derivatives by linear functionals on the signature and their derivatives
(see Theorem 5.3.15 for the precise formulation). Given the non-linear structure of the
vertical (Lie) derivatives, deriving this result has proven to be a very delicate task. Simil-
arly to Theorem 2.2.6, in order to recover a point-separation property and to express the
functional’s dependency on the current time, we need first to specify the set of tj-extended
paths, which are all those that admit a time-extended Marcus transformation. Then, the
claim follows via an intricate application of Nachbin-type theorems (see Nachbin (1949)),
as well as some key ideas from Lie group theory.

Finally, relying on this UAT and some interpolation arguments, we prove the (rough)
functional Itô-formula: any Crps`1-non-anticipative Marcus canonical, for which the
functional itself, together with its derivatives and the remainder functional (see Defin-
ition 5.2.12) is rrps, rps ` 1q-var continuous (see Definition 5.2.24), satisfies a (rough)
functional Itô-formula (see Theorems 5.4.1, 5.4.4 for the precise statements), which
furthermore matches some standard as well as functional Itô-formula in the literature
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5.2 Functionals of weakly geometric càdlàg rough paths

(see Section 5.4.3).

The second main result of the chapter is the functional Taylor expansion in terms of
the signature, whose proof relies on the established non-commutative calculus. More
specifically, as a byproduct of the functional Itô-formula, we prove a functional Taylor
expansion in terms of signature for tj-extended multidimensional weakly geometric rough
paths (see Theorems 5.5.1, 5.5.5 and the following discussion). To the best of our
knowledge, this is the first purely deterministic (rough) Taylor expansion of functionals
of weakly geometric càdlàg rough paths. It nevertheless shares similarities with the work
by Buckdahn et al. (2015), where a rough Taylor expansion is derived by identifying
the vertical derivatives with the abstract notion of Gubinelli derivatives, expansions
coming from control theory e.g., Fliess (1981, 1983, 1986), Beauchard et al. (2023), as
well as stochastic Taylor expansions (see e.g., Litterer and Oberhauser (2011), Klöden
and Platen (1992), Arous (1989)) and the recently established results in Dupire and
Tissot-Daguette (2023). There the authors consider functionals of continuous one-
dimensional time-extended paths with finite quadratic variation in the sense of Föllmer
(see Remark 5.5.8(ii) for a discussion on this specific expansion).

The chapter is structured as follows. In Section 5.2, we introduce the space of non-
anticipative Marcus-canonical path functionals, the differential calculus for this type of
functionals as well as the considered p-variation topologies. In Section 5.3, we introduce
the set of so-called tj-extended paths and present the UAT for vertically differentiable
path functionals. Finally, in Section 5.4 and Section 5.5, we prove the functional Itô-
formula and the Taylor expansion, respectively. In the Appendix, we collect the technical
proofs of Section 5.3 and recall different pathwise integration approaches to which we
compare the rough setting.

Throughout the chapter, we let p P r1, 3q and set N0 :“ N Y t0u. Moreover, we refer to
Chapter 1 for the notation and main results concerning weakly geometric càdlàg rough
paths and their signature.

5.2 Functionals of weakly geometric càdlàg rough paths

5.2.1 Non-anticipative Marcus canonical path functionals

Inspired by the notion of Marcus-type-RDEs (see Chevyrev and Friz (2019)), we here
introduce the class of so-called non-anticipative Marcus-canonical path functionals. To
this end, we start with the notion of non-anticipative path functionals, which in turn
relies on the definition of stopped-paths, which we recall below. In the following, we let
p P r1, 3q.

Definition 5.2.1. Given X P Dppr0, 1s, GrpspRdqqq and t P r0, 1s, we define the stopped
weakly geometric càdlàg rough path of X stopped at time t as the càdlàg path

Xt : r0, 1s Ñ GrpspRdq
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given by
Xt
u :“ Xu1tuătu ` Xt1tuětu,

for all u P r0, 1s.

Definition 5.2.2. Let F : r0, 1s ˆ Dpr0, 1s, GrpspRdqq Ñ R. We say that F is a non-
anticipative path functional if for all pt,Xq P r0, 1s ˆDpr0, 1s, GrpspRdqq, it holds that

F pt,Xq “ F pt,Xtq.

Remark 5.2.3. (i) The variable t has the role of a parameter and not of a component
of the path X. In fact, it is the parameter needed to specify that the path functional
is non-anticipative.

(ii) Every non-anticipative path functional F admits a representation of the form

F pt,Xq “ FrpXtq,

for some path functional Fr : Dpr0, 1s, GrpspRdqq Ñ R.

Finally, the space of non-anticipative Marcus canonical path functional is defined
as the set of all non-anticipative path functionals that are invariant under a Marcus
transformation (defined in Section 1.3.2), in the precise sense specified below.

For X P Dpr0, 1s, GrpspRdqq, recall the notion of a Marcus-transformed path of X
associated to some pair pR,ψRq given in Definition 1.3.8.

Definition 5.2.4. Let F : r0, 1s ˆ Dpr0, 1s, GrpspRdqq Ñ R be a non-anticipative path
functional. We say that F is a non-anticipative Marcus-canonical path functional if

(i) for all X P Cpr0, 1s, GrpspRdqq, t P r0, 1s, ϕ time reparametrization, it holds that

F pt,Xϕq “ F pϕptq,Xq;

(ii) for all pt,Xq P r0, 1s ˆDpr0, 1s, GrpspRdqq

F pt,Xq “ F pψ´1
R pτX,Rptqq,Xr q,

where Xr denotes the Marcus-transformed path of X with respect to some pair
pR,ψRq.

We denote the space of such functionals by M0
rps
.

Notation 5.2.5. For m P N0, we set ppM0
rps

qdqb0 :“ M0
rps

and write F P ppM0
rps

qdqbm if

F : r0, 1s ˆDpr0, 1s, GrpspRdqq Ñ pRdqbm

is a path functional whose components are non-anticipative Marcus canonical path
functionals in the sense of Definition 5.2.4.
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5.2 Functionals of weakly geometric càdlàg rough paths

Remark 5.2.6. (i) The symbol M0
rps

does not include the dimension d, as it will
always be clear from the context.

(ii) The value of F at pt,Xq P r0, 1sˆDpr0, 1s, GrpspRdqq is independent of the particular
Marcus transformation. Indeed, let Z, Zr be two Marcus-transformations of X
associated pR,ψRq and pRr , ψ

Rr
q, respectively. By Remark 1.3.10 (iii), there exists a

time reparametrization ϕ such that Zϕ “ Zr and for all t P r0, 1s,

ϕpψ´1

Rr
pτ

X,Rr
ptqqq “ ψ´1

R pτX,Rptqq.

By (i) in Definition 5.2.4, we then get

F pψ´1

Rr
pτ

X,Rr
ptqq,Zrq “ F pϕpψ´1

Rr
pτ

X,Rr
ptqqq,Zq “ F pψ´1

R pτX,Rptqq,Zq. (5.2.1)

(iii) Observe that a non-anticipative path functional defined only on the set of continuous
paths that satisfies condition (i) of Definition 5.2.4 can always be extended to a
path functional on the entire set of càdlàg path via condition (ii) of Definition 5.2.4.
The resulting functional is a well-defined Marcus canonical path functional (see (ii)
of this remark). Moreover, this extension is also unique. This is in fact the approach
proposed in the inspiring paper Chevyrev and Friz (2019).

Notation 5.2.7. Given the independence on the specific Marcus transformed path
discussed in Remark 5.2.6 and to ease notation, we set µt :“ ψ´1

R pτX,Rptqq, for all
t P r0, 1s, X P Dpr0, 1s, GrpspRdqq and a pair pR,ψRq, whenever there is no ambiguity.

Example 5.2.8. We now present some examples of Marcus-canonical non-anticipative
path functionals.

(i) Let F pt,Xq :“ Yt, where Y denotes the solution of a Marcus-type RDE in the
sense of Chevyrev and Friz (2019) (see also equation (1.3.9) and the discussion
thereafter) driven by some X P Dppr0, 1s, GrpspRdqq, at time t. Then, by definition
of such solutions, F is a non-anticipative Marcus canonical path functional.

(ii) Consider the functional F pt,Xq defined via

F pt,Xq :“ sup
sPr0,ts

}Xs},

for all pt,Xq P r0, T s ˆ Dppr0, 1s, GrpspRdqq. Then F is a Marcus canonical non-
anticipative path-functional.

(iii) For every X P C1pr0, 1s, G1pR2qq, set X1
¨ :“ xϵ1,X¨y “ and X2

¨ :“ xϵ2,X¨y, and
consider the non-anticipative path functional (defined only on the set of continuous
paths) via F pt,Xq :“

şt
0X

1
sdX

2
s. Since F verifies (i) of Definition 5.2.4, following

the discussion in Remark 5.2.6 (iii), we can extend it to the set D1pr0, 1s, G1pR2qq

via condition (ii). A direct computation shows that the resulting functional (that
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we still denote by F ) explicitly reads as

F pt,Xq :“

ż t

0
X1
s´dX

2
s `

1

2

ÿ

sďt

∆X1
s∆X2

s, (5.2.2)

for all pt,Xq P D1pr0, 1s, G1pR2qq.

Remark 5.2.9. It is important to note that not every non-anticipative path func-
tional that is well defined on the space of càdlàg paths is a Marcus canonical path
functional. Consider for instance the functional defined via F pt,Xq :“

şt
0X

1
s´dX

2
s,

for all pt,Xq P D1pr0, 1s, G1pR2qq. Then, F is not Marcus canonical. Indeed, for
X P D1pr0, 1s, G1pR2qqzC1pr0, 1s, G1pR2qq, let Xr be its Marcus transformed path with
respect to some pair pR,ψRq. Then,

F pψ´1
R pτX,Rptqq,Xr q “

ż ψ´1
R pτX,Rptq

0
Xr

1

sdX
r

2

s

“

ż t

0
X1
s´dX

2
s `

1

2

ÿ

sďt

∆X1
s∆X2

s ‰ F pt,Xq.

Similarly, the path functional given by F pt,Xq :“
ř

sďt∆X1
s∆X2

s, for all pt,Xq P

D1pr0, 1s, G1pR2qq is not Marcus canonical as 0 “ F pψ´1
R pτX,Rptqq,Xr q ‰ F pt,Xq for pure

jump paths.

Next, we introduce the notion of path functionals that are invariant under reparamet-
rization, which is the same as condition (i) in Definition 5.2.4, however on the whole
space Dpr0, 1s, GrpspRdqq and not only on Cpr0, 1s, GrpspRdqq.

Definition 5.2.10. Let F : r0, 1s ˆ Dpr0, 1s, GrpspRdqq Ñ R be a non-anticipative
path functional. We say that F is invariant under reparametrization if for all X P

Dpr0, 1s, GrpspRdqq, t P r0, 1s and ϕ time reparametrization,

F pt,Xϕq “ F pϕptq,Xq.

We now show that every F P M0
rps

satisfies this property.

Proposition 5.2.11. Let F P M0
rps
. Then F is invariant under reparametrization.

Proof. Let X P Dpr0, 1s, GrpspRdqq and ϕ a time reparametrization, one can show that
there exists another time reparametrization η such that Zη “ Zr, where Z and Zr denote
the Marcus transformations of the càdlàg paths Xϕ and X with respect to some pairs

pR,ψRq and pRr , ψ
Rr

q, respectively. Since η can be chosen to satisfy

ηpψ´1

Rr
pτ

X,Rr
pϕptqqqq “ ψ´1

R pτXϕ,Rptqq,

for all t P r0, 1s, the claim follows as in equation (5.2.1).
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5.2 Functionals of weakly geometric càdlàg rough paths

Finally, we introduce the notion of remainder path functional related to some functionals
of G2pRdq-valued paths.

Definition 5.2.12. Let F P ppM0
rps

qdqbm and F 1 P ppM0
rps

qdqbm`1, for m P N0. We

define the remainder path functional (related to F and F 1) as follows:

RF,F
1

: ∆1 ˆDpr0, 1s, G2pRdqq Ñ pRdqbm,

given by

RF,F
1

pps, tq,Xq :“ F pt,Xq ´ F ps,Xq ´ F 1ps,Xqπ1pXs,tq,

for all pps, tq,Xq P ∆1 ˆDpr0, 1s, G2pRdqq.

Remark 5.2.13. For all ps, tq P ∆1, F
1ps,Xqπ1pXqs,t denotes the contraction of the

tensors F 1ps,Xq P pRdqbm`1 and π1pXs,tq P Rd. Thus, F 1ps,Xqπ1pXqs,t P pRdqbm.

5.2.2 Vertically differentiable path functionals

Vertical derivatives Recall that M0
rps

denotes the space of non-anticipative Marcus
canonical path functionals.

Definition 5.2.14. Let F P M0
rps
. We say that F is vertically differentiable at pt,Xq P

r0, 1s ˆDpr0, 1s, GrpspRdqq in the direction i “ 1, . . . , d if the map

R Q h ÞÑ F pµt,Xr b expprpsqphϵiq1t¨ěµtuq

is differentiable at 0, for some Marcus transformed path Xr and µt P r0, 1s given in
Notation 5.2.7. In this case we call

d

dh
F pµt,Xr b expprpsqphϵiq1t¨ěµtuq|h“0. (5.2.3)

the vertical derivative of F at pt,Xq in the direction i.

If F is vertically differentiable in all directions i “ 1, . . . , d at all pt,Xq, we say that F
is vertically differentiable. We denote the space of such functionals by M1

rps
.

Remark 5.2.15. (i) We highlight that the path Z :“ Xr bexpprpsqphϵiq1t¨ěµtuq denotes

the path belonging to Dpr0, 1s, GrpspRdqq such that for all s P r0, 1s,

Zs :“

#

expp1qpXr s ` hϵi1tsěµtuq, if p P r1, 2q,

expp2qpXr s ` hϵi1tsěµtu, Ars ` 1
2 rXs, hϵi1tsěµtusq if p P r2, 3q,

where expp1q, expp2q are given in equation (1.1.2) and

Xr : r0, 1s Ñ Rd, Ar : r0, 1s Ñ rRd,Rds
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are the continuous paths determining Xr (see Remark 1.2.2). Notice that the above
expression for p P r2, 3q follows by an application of the Campbell–Baker–Hausdorff
formula (see Theorem 7.24 in Friz and Victoir (2010)).

(ii) In (5.2.3) the Marcus transformation of the path X is computed before the vertical
perturbation. This is, in fact, a key aspect of this definition. On the one hand, it
allows the preservation of the Marcus property of the functionals also at the level
of the (functional) derivative (see Proposition 5.2.16). On the other hand, if the
original path X admits a jump a time t, the Marcus property of the functional
F allows to interpret the derivative in (5.2.3) as a derivative involving a delayed
perturbation of the original path:

Xt ` hϵi1t¨ět`εu, (5.2.4)

for some ε ą 0 independent on the specific pair employed for computing Xr . Here
we assume for notational convenience that p P r1, 2q and identity G1pRdq with Rd.
Indeed, assume X admits a jump only at time t. Then, a direct computation (which
is nothing else than two consecutive applications of a Marcus transformation, first
to the path X and then to the perturbed path Xr ` hϵi1t¨ěµtu) shows that (5.2.3) is
calculated by computing

d

dh
F pt` δ2 ` δ1,Y

risphqq|h“0,

for Yrisphq defined via (given the non-anticipative nature of the functional F , we
specify only its values up to time t` δ2 ` δ1)

Yrisphqs :“

$

’

&

’

%

Xs if s P r0, ts,

Xt´ ` s´t
δ2

∆Xt if s P rt, t` δ2s,

Xt´ ` ∆Xt ` s´t´δ1
δ1

hϵi if s P rt` δ2, t` δ2 ` δ1s,

for some δ2, δ1 ą 0 such that t ` δ2 ` δ1 ă 1, µt “ t ` δ2. Since the path Yrisphq

stopped at time t` δ2 ` δ1 corresponds to the Marcus transformation of the path
in (5.2.4), we can interpret the notion of the vertical derivative in (5.2.3) as a
derivative involving a delayed perturbation of the original path. This aspect affects
in particular the higher order vertical derivatives where a jump at the current time
always occurs (see Remark 5.2.23 Example 5.2.22).

(iii) The value of the vertical derivatives of F P M1
rps

at some pt,Xq P r0, 1s ˆ

Dpr0, 1s, GrpspRdqq is independent of the particular Marcus-transformed path. In-
deed, reasoning as in Remark 5.2.6, we see that for every fixed ξ P Rd,

F
`

ψ´1

Rr
pτ

X,Rr
ptqq,Zrb expprpsqpξ1

t¨ěψ´1

Rr
pτ

X,Rr
ptqqu

q
˘

“F
`

ϕpψ´1

Rr
pτ

X,Rr
ptqqq,Z b expprpsqpξ1

t¨ěψ´1
R pτX,Rptqqu

q
˘

“F
`

ψ´1
R pτX,Rptqq,Z b expprpsqpξ1

t¨ěψ´1
R pτX,Rptqqu

q
˘

,
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5.2 Functionals of weakly geometric càdlàg rough paths

where Z, Zr denote the Marcus-transformations of X associated with pR,ψRq and
pRr , ψ

Rr
q, respectively, and the last equality follows from Proposition 5.2.11.

(iv) If p P r1, 2q the notion of vertical derivatives given in Definition 5.2.14 corresponds
to the notion of vertical derivatives introduced in Definition 8 in Cont and Fournie
(2010a) (see also Dupire (2019)) when evaluated at a continuous path.

Similarly, notice that if for p P r2, 3q a non-anticipative path functional depends only
on π1pXq for all pt,Xq, then (5.2.3) matches again the notion of vertical derivative
introduced in Definition 8 in Cont and Fournie (2010a) evaluated at continuous
paths.

For F P M1
rps
, it is easy to verify that the functional given by

r0, 1s ˆDpr0, 1s, GrpspRdqq Ñ R (5.2.5)

pt,Xq ÞÝÑ
d

dh
F pµt,Xr b expprpsqphϵiq1t¨ěµtuq|h“0,

inherits the property of being a non-anticipative Marcus canonical path functional, for all
i “ 1, . . . , d. For clarity of exposition, we explicitly restate this property in the following
proposition.

Proposition 5.2.16. Let F P M1
rps
. Then the path functional given in equation (5.2.5)

is a non-anticipative Marcus canonical path functional.

Proof. Fix pt,Xq P r0, 1s ˆ Cpr0, 1s, GrpspRdqq, ϕ a time-reparametrization and ξ P Rd.
Since F P M1

rps
Ă M0

rps
, by Proposition 5.2.11 we get that

F pϕptq,X b expprpsqpξq1t¨ěϕptquq “F pϕptq,Xϕ˝ϕ´1 b expprpsqpξq1tϕ´1p¨qětuq

“F pt,Xϕ b expprpsqpξq1t¨ětuq,

which implies condition (i) in Definition 5.2.4. Condition (ii) follows by definition of the
functional given in equation (5.2.5)

Remark 5.2.17. Let F P M0
rps

and assume that for all pt,Xq P r0, 1sˆDppr0, 1s, GrpspRdqq

and some i “ 1, . . . , d, the map

R Q h ÞÑ F pt,X b expprpsqphϵiq1t¨ětuq

is differentiable at 0. Then, the non-anticipative functional defined via

r0, 1s ˆDpr0, 1s, GrpspRdqq Ñ R (5.2.6)

pt,Xq ÞÝÑ
d

dh
F pt,X b expprpsqphϵiq1t¨ětuq|h“0,
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is not Marcus canonical in general. Indeed, consider the path functional introduced in
Example 5.2.8 (iii) and denote it by F . Then, a direct computation shows that for all
pt,Xq P r0, 1s ˆD1pr0, 1s, G1pR2qq,

d

dh
F pt,X b expp1qphϵ1q1t¨ětuq|h“0 “

1

2
∆X2

t ,

implying that the functional in (5.2.6) is not Marcus canonical (see the discussion in
Remark 5.2.9). Since the analysis of the main results of the chapter (see Sections 5.4
and 5.5) rely on this property, we have chosen the notion vertical differentiability as in
Definition 5.2.14 with the Marcus transformed path. Notice that adopting this point of
view, yields

d

dh
F pt,Xr b expp1qphϵ1q1t¨ětuq|h“0 “ 0,

for all pt,Xq P r0, 1s ˆD1pr0, 1s, G1pR2qq as the Marcus transformed path Xr never has a
jump component.

Given the results of Proposition 5.2.16 the next definition follows naturally.

Definition 5.2.18. For all i “ 1, . . . , d, we define the differential operators

U i : M1
rps Ñ M0

rps

F ÞÑ U ipF q,

where for all F P M1
rps
, U ipF q denotes the non-anticipative Marcus canonical path

functional such that for all pt,Xq P r0, 1s ˆDpr0, 1s, GrpspRdqq,

U ipF qpt,Xq :“
d

dh
F pµt,Xr b expprpsqphϵiq1t¨ěµtuq|h“0,

for some Marcus transformed path Xr and µt P r0, 1s given in Notation 5.2.7.

Vertical derivatives of higher order We introduce the notion of higher-order vertical
derivatives.

Definition 5.2.19. Let F P M0
rps

and K P N. We say that F is K times vertically

differentiable if for all l “ 1, . . . ,K and all pi1, . . . , il´1q P t1, . . . , dul, the path functionals
U il´1 . . . U i1F , defined recursively by

U i0F :“ F, for l “ 1,

U il´1 . . . U i1F :“ U il´1pU il´2 . . . U i1F q, for l “ 2, . . . ,K,

are vertically differentiable at all pt,Xq P r0, 1s ˆDpr0, 1s, GrpspRdqq.
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5.2 Functionals of weakly geometric càdlàg rough paths

In this case, we call

U il . . . U i1F pt,Xq :“ U ilpU il´1 . . . U i1F qpt,Xq. (5.2.7)

vertical derivative of order l of F at pt,Xq in the directions pi1, . . . , ilq. We denote the
space of such functionals by MK

rps
.

Notation 5.2.20. In the following, for K P N, F P MK
rps
, l “ 1, . . . ,K, we let ∇lF

denote the pRdqbl-valued the path functional such that for all |I| “ l,

∇lF pt,XqI :“ U il . . . U i1pF qpt,Xq,

for all pt,Xq P r0, 1s ˆ Dpr0, 1s, GrpspRdqq. Notice that ∇lF is a pRdqbl-valued path
functional whose components are in MK´l

rps
. For notational convenience, we also write

∇0F :“ F and ∇F :“ ∇1F .

Remark 5.2.21. (i) Notice that the computation of the higher-order vertical derivat-
ives requires the application of iterative Marcus transformations. Since by definition
the higher order derivatives are computed at a jump time, by Remark 5.2.15(ii)
these calculations involve in fact delayed perturbations. This results in a differential
calculus for path functionals that allows for non-commutative derivation orders
(see Example 5.2.22 and Remark 5.2.23).

(ii) By definition, the computation of the higher-order vertical derivatives can be
done by considering the following iterative procedure. For simplicity, we here
consider càdlàg paths with values in G1pRdq and identify G1pRdq with Rd. Let
F : r0, 1s ˆDpr0, 1s, G1pRdqq Ñ R and assume F P M2

1.

Set

Xr0s :“ X, Yr0s :“ Xr0s
„

, and µ
r0s

t :“ ψ´1
R0

pτXr0s,R0
ptqq,

for some pair pR0, ψR0q,

Xri2sph2q :“ Yr0s ` h2ϵi21t¨ěµ
r0s
t u
,

Yri2sph2q :“ Xri2sph2q
„

,

µ
ri2s

t ph2q :“ ψ´1
R2

pτXri2sph2q,R2
pµ

r0s

t qq,

for some h2 P R and pair pR2, ψR2q that might depend on h2, and finally

Xri2,i1sph2, h1q :“ Yri2sph2q ` h1ϵi11t¨ěµ
ri2s

t ph2qu
,

Yri2,i1sph2, h1q :“ Xri2,i1sph2, h1q
„

, (5.2.8)

µ
ri2,i1s

t ph2, h1q :“ ψ´1
R1

pτXri2,i1sph2,h1q,R1
pµ

ri2s

t ph2qqq,
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for some h1 P R, and pair pR1, ψR1q that might depend on h1. For notational

convenience, we set µ
ri2s

t :“ µ
ri2s

t ph2q and µ
ri2,i1s

t :“ µ
ri2,i1s

t ph2, h1q.

Then, for i1 “ 1, . . . , d,

U i1F pµ
ri2s

t ,Yri2sph2qq “
d

dh1
F pµ

ri2,i1s

t ,Yri2,i1sph2, h1qq|h1“0, (5.2.9)

and in particular, U i1F pt,Xq “ U i1F pµ
ri2s

t ,Yri2sp0qq.

For i1, i2 “ 1, . . . , d, it holds that

U i2U i1F pt,Xq “
d2

dh1dh2
F pµ

ri2,i1s

t ,Yri2,i1sph2, h1qq|h1“h2“0 (5.2.10)

“
d

dh2

´ d

dh1
F pµ

ri2,i1s

t ,Yri2,i1sph2, h1qq|h1“0

¯

|h2“0

“
d

dh2

´

U i1F pµ
ri2s

t ,Yri2sph2qq

¯

|h2“0.

Example 5.2.22. Let us consider again the non-anticipative Marcus canonical path
functional introduced in Example 5.2.8(iii). In the following, we make explicit the
iterative computations described in Remark 5.2.21(ii) and show that for all pt,Xq P

r0, 1s ˆDpr0, 1s, G1pR2qq, one gets that

U2U2F pt,Xq “ U1U1F pt,Xq “ U2U1F pt,Xq “ U1F pt,Xq “ 0,

whereas,
U2F pt,Xq “ X1

t and U1U2F pt,Xq “ 1.

We identify G1pR2q with R2. Fix pt,Xq P C1pr0, 1s, G1pR2qq, for simplicity.

Following the previous notation, we set

(i) Xr0s :“ X, Yr0s :“ Xr0s, and µ
r0s

t :“ t.

(ii) For h2 P R, h2 ‰ 0, and i2 “ 1, 2, set

Xri2sph2q :“ X ` h2ϵi21t¨ětu,

and consider the pair pR2, ψR2q given by R2 :“ δ2, for some δ2 ą 0 such that
(without loss of generality) t` δ2 ă 1, and ψR2 : r0, 1s Ñ r0, 1 ` δ2s an increasing
continuous bijection such that

ψR2pr0, t` δ2sq “ r0, t` δ2s and ψR2prt` δ2, 1sq “ rt` δ2, 1 ` δ2s.

Define

Zri2s
s :“

$

’

&

’

%

Xs, if s P r0, ts,

Xt ` s´t
δ2
h2ϵi2 if s P rt, t` δ2s,

Xs´δ2 ` h2ϵi2 if s P rt` δ2, 1 ` δ2s.
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5.2 Functionals of weakly geometric càdlàg rough paths

and Yri2sph2q :“ Zri2sph2qψR2
. Notice that

Yri2sph2q “ Xri2sph2q
„

with respect to the pair pR2, ψR2q and

µ
ri2s

t :“ ψ´1
R2

pτXri2sph2q,R2
ptqq “ t` δ2.

For h2 “ 0, set simply ψR2ptq :“ t and Yri2qsph2q :“ X.

(iii) Similarly, let h1 P R, h1 ‰ 0, i1 “ 1, 2, and set

Xri2,i1sph2, h1q :“ Yri2sph2q ` h1ϵi11t¨ěµ
ri2s

t ph2qu
.

Consider the pair pR1, ψR1q given by R1 :“ δ1, for some δ1 ą 0 such that (without
loss of generality) t` δ2 ` δ1 ă 1, and ψR1 : r0, 1s Ñ r0, 1 ` δ1s such that

ψR1pr0, t`δ2`δ1sq “ r0, t`δ2`δ1s and ψR1prt`δ2`δ1, 1sq “ rt`δ2`δ1, 1`δ1s.

Define

Zri2,i1sph2, h1qs :“

$

’

&

’

%

Yri2sph2qs if s P r0, t` δ2s,

Yri2sph2qt`δ2 ` s´t´δ2
δ1

h1ϵi1 if s P rt` δ2, t` δ2 ` δ1s,

Yri2sph2qs´δ1 ` h1ϵi1 if s P rt` δ2 ` δ1, 1 ` δ2 ` δ1s,

and Yri2,i1sph2, h1q :“ Zri2,i1sph2, h1qψR1
.

Notice that

Yri2,i1sph2, h1q “ Xri2,i1sph2, h1q
„

with respect to the pair pR1, ψR1q and

µ
ri2,i1s

t :“ ψ´1
R1

pτXri2,i1sph2,h1q,R1
pt` δ2qq “ t` δ2 ` δ1.

For h1 “ 0, set ψR1ptq :“ t and Yri2,i1qsph2, h1q :“ Yri2sph2q.

Let us now compute F pµ
ri2,i1s

t ,Yri2,i1sph2, h1qq. By definition of F

F pµ
ri2,i1s

t ,Yri2,i1sph2, h1qq “

ż µ
ri2,i1s

t

0
Yri2,i1s,1
s ph2, h1qdYri2,i1s,2

s ph2, h1q. (5.2.11)

Since µ
ri2,i1s

t “ t ` δ2 ` δ1, splitting the integral in (5.2.11) over the intervals r0, ts,
rt, t` δ2s, rt` δ2, t` δ2 ` δ1s, by definition of Yri2,i1sph2, h1q, we then get

F pµ
ri2,i1s

t ,Yri2,i1sph2, h1qq “

ż t

0
X1
sdX

1
s ` h2X

1
t 1ti1“2u `

`

h1X
1
t ` h1h21ti2“1u

˘

1ti1“2u.
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Since by (5.2.9) and (5.2.10),

U i1F pt,Xq “

´ d

dh1
F pµ

ri2,i1s

t ,Yri2,i1sp0, h1qq|h1“0

¯

and

U i2U i1F pt,Xq “
d

dh2

´ d

dh1
F pµ

ri2,i1s

t ,Yri2,i1sph2, h1qq|h1“0

¯

|h2“0,

the claim follows. Notice that if X is càdlàg , one must simply apply the same reasoning
to a Marcus transformed path Xr of X.

Remark 5.2.23. As already mentioned above, this example shows that the notion of
vertical derivatives of higher order introduced in Definition 5.2.19 establishes a differential
calculus for path functionals that allows for non-commutative derivation orders. This is
in contrast to the setup in Dupire (2019), Cont and Fournie (2010a), Cont et al. (2016)
(see e.g., page 133 in Cont et al. (2016)).

This different behavior can be explained by the following considerations. For a non-
anticipative path functional F , the computation of the second-order vertical derivatives
at some pt,Xq in the sense of Dupire (2019), Cont and Fournie (2010a) is obtained by
computing the differential quotient at the path Xt ` h1ϵi11¨ět ` h2ϵi21¨ět (see Definition
9 in Cont and Fournie (2013)). In the present setting, the Marcus property of the
functionals (see (ii) in Definition 5.2.4) and the definition of the vertical derivatives (see
Definition 5.2.19) yield that the second order derivatives are calculated by computing
the differential quotient at the path Yri2,i1qsph2, h1q, introduced in (5.2.8).

More precisely, the computation of the second-order vertical derivatives considered
by Dupire (2019) Cont and Fournie (2010a) explicitly reads as

Bi1Bi2F pt,Xq “
d2

dh1dh2
F pt,X ` ph2ϵi2 ` h1ϵi1q1t¨ětuq|h1“h2“0, (5.2.12)

for i1, i2 “ 1, . . . , d, while in the present framework,

U i1U i2F pt,Xq “
d2

dh1dh2
F pµ

ri2,i1s

t ,Yri2,i1sph2, h1qq|h1“h2“0.

Note that Bi1Bi2F pt,Xq “ B2
ξi1ξi2

Gpξq|ξ“0, for Gpξq :“ F pt,X ` ξ1t¨ětuq, ξ P Rd.

To better understand the parametrization of the path Yri2,i1sph2, h1q, consider again

Example 5.2.22 and observe that by construction for all t P r0, 1s, s P r0, µ
ri2,i1s

t s,

Yri2,i1sph2, h1qs :“

$

’

&

’

%

Xs if s P r0, ts,

Xt ` s´t
δ2
h2ϵi2 if s P rt, t` δ2s,

Xt ` h2ϵi2 ` s´t´δ1
δ1

h1ϵi1 if s P rt` δ2, t` δ2 ` δ1s,

(5.2.13)
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implying that the stopped path Yri2,i1sph2, h1qµ
ri2,i1s

t is equal to X until time t and
then from t onwards is piecewise linear. This however is nothing else than the Marcus
tranformation of a càdlàg path (with delayed perturbations) given by

Xt ` h2ϵi21t¨ětu ` h1ϵi11t¨ět`εu,

for some ε ą 0. Hence, our notion of vertical derivative involving the Marcus transforma-
tion can be interpreted as a derivative involving a delayed vertical perturbation of the
original path. Furthermore, the delay ε ą 0 is independent of the specific parametrization
of the path (5.2.13).

This, in turn, induces the non-commutative behavior of the second-order derivat-
ives, which is in contrast to the second-order vertical derivatives considered by Dupire
(2019) Cont and Fournie (2010a), where the perturbation occurs at the same time.

To conclude, we discuss again the functional in Example 5.2.22 which is defined
via F pt,Xq :“

şt
0X

1
s´dX

2
s ` 1

2∆X1
s∆X2

s, for all pt,Xq P D1pr0, 1s, G1pR2qq. A direct
computation shows that for i2, i2 “ 1, 2, i1 ‰ i2,

Bi1Bi2F pt,Xq “
1

2
,

which is in line with (5.2.12) and Schwarz’s theorem, while we have already proved that
U1U2F pt,Xq “ 1 and U2U1F pt,Xq “ 0.

This non-commutative framework is particularly relevant when dealing with weakly
geometric p-rough paths, for p P r2, 3q, where the second order derivatives appear in the
Itô-formula (see Sections 5.4.2, 5.5.2). But, of course, it also plays a significant role for
finite variation paths in view of the Taylor expansions (see Theorem 5.5.1).

5.2.3 Var-continuous path functionals

In this section, we introduce the required regularity conditions for the path functionals
to derive the results presented in the subsequent sections. Unless otherwise specified, we
let p P r1, 3q and for q ě p, we denote by dq the q-variation pseudometric on the space of
càdlàg paths as defined in Section 1.2.1.

Definition 5.2.24. Fix m P N0. We say that a path functional F P ppM0
rps

qdqbm is a

rp, rps ` 1q-var-continuous if for every pXn,XqnPN Ă Cppr0, 1s, GrpspRdqq such that for
some q P rp, rps ` 1q

lim
nÑ8

dqpX
n,Xq “ 0,

it holds that

lim
nÑ8

dqpF p¨,Xnq, F p¨,Xqq “ 0.
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Recall the notion of remainder functional given in Definition 5.2.12.

Definition 5.2.25. Fix m P N0. For p P r2, 3q and F P ppM0
2qdqbm, F 1 P ppM0

2qdqbm`1,
we say that a remainder path functionals RF,F

1

is a rp, 3q-var-continuous if for every
pXn,XqnPN Ă Cppr0, 1s, G2pRdqq such that for some q P rp, 3q

lim
nÑ8

dqpX
n,Xq “ 0,

it holds that

lim
nÑ8

dq{2pRpp¨, ¨q,Xnq, Rpp¨, ¨q,Xqq “ 0.

5.2.4 Linear functionals of the signature as non-anticipative Marcus
canonical path functionals

This section is devoted to the study of linear functionals of the signature and their
properties. To be consistent with the notation used in the rest of the chapter, for some
u P T pRdq, we denote by Fu the linear functional of the signature given by

r0, 1s ˆDppr0, 1s, GrpspRdqq Q pt,Xq ÞÑ Fupt,Xq :“ xu,Xty. (5.2.14)

The next proposition lists the most important properties of these functionals.

Proposition 5.2.26. Let Fu : r0, 1s ˆDppr0, 1s, GrpspRdqq Ñ R be a linear functionals
of the signature, for some u P T pRdq. Then,

(i) Fu is a non-anticipative Marcus canonical path functional.

(ii) Fu is infinitely many times vertically differentiable and for all k P N,

∇kFupt,Xq “ xupkq,Xty, (5.2.15)

for all pt,Xq P r0, 1s ˆDpr0, 1s, GrpspRdqq.

(iii) Fu is rrps, rps ` 1q-var continuous.

Proof. (i): It follows by the definition of the signature of a weakly geometric càdlàg rough
path (see Section 1.3.3).

(ii): Fix X P Dppr0, 1s, GrpspRdqq and let Xr denote its Marcus transformed path with
respect to some pair pR,ψRq, with signature Xr , and for t P r0, 1s, let µt P r0, 1s be defined
as in Notation 5.2.7. Fix i “ 1, . . . , d, h P R, and consider the vertically perturbed path

Y :“ Xr b expprpsqphϵiq1t¨ěµtu P Dppr0, 1s, GrpspRdqq. (5.2.16)

By Chen’s relation (see Corollary 1.3.19) and the minimal jump extension property (see
equation (1.3.7)), it holds that the signature of Y, that we denote by Y, at time µt reads
as follows:

Yµt “ Yµ´
t

b ∆Yµt “ Xrµt b expphϵiq.
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5.2 Functionals of weakly geometric càdlàg rough paths

Notice that we use that the path s ÞÑ Xrs has continuous components. We then get

U iFupt,Xq :“
d

dh
Fupµt,Xr b expprpsqphϵiq1t¨ěµtuq|h“0

“
d

dh
xu,Xrµt b expphϵiqy|h“0.

An explicit computation yields U iFupt,Xq “ xu
p1q

piq ,Xrµty for u
p1q

piq P T pRdq introduced in

equation (1.1.7). Moreover, by definition of the signature of weakly geometric càdlàg rough

paths, xu
p1q

piq ,Xrµty “ xu
p1q

piq ,Xty. Thus, computing the vertical derivative in all the directions

j “ 1, . . . , d, we get ∇Fupt,Xq “ xup1q,Xty, and more generally, by iterating the same
reasoning, for all k P N, ∇kFupt,Xq “ xupkq,Xty.

(iii): It follows by Corollary 10.28 in Friz and Victoir (2010).

Remark 5.2.27. (i) Notice that (ii) in Proposition 5.2.26 could be deduced also
directly from equations (1.3.12), (1.3.13).

(ii) Proposition 5.2.26 can be easily extended to multivalued linear path functionals.
In particular recall the shifts introduced in (1.1.7) a fix u P T pRdq. Then, the path

functional Fupjq

defined via

Fupjq

pt,Xq :“ xupjq,Xty, (5.2.17)

for all pt,Xq P r0, 1s ˆ Dppr0, 1s, GrpspRdqq, j P N, is rrps, rps ` 1q-var continuous
and its components belong to MK

rps
for all K P N.

Now, as a direct combination of Proposition 5.2.26 and equations (1.3.12), (1.3.13) the
functional Itô-formula for linear functionals of the signature holds true.

Lemma 5.2.28. Let Fu : r0, 1s ˆDppr0, 1s, GrpspRdqq Ñ R be a linear functional of the
signature, for some u P T pRdq. Then, the following functional Itô-formulas hold true.

(i) if p P r1, 2q,

Fupt,Xq “Fup0,Xq `

ż t

0
∇Fups´,XqdXs

`
ÿ

0ăsď¨

Fups,Xq ´ Fups´,Xq ´ ∆Fups´,Xq∆Xs,

where the integral term is a Young integral of ∇Fup¨,Xq P Dppr0, 1s,Rd`1q with
respect to X;

(ii) if p P r2, 3q,

Fupt,Xq “Fup0,Xq `

ż t

0
Fups´,XqdXs

`
ÿ

0ăsď¨

Fups,Xq ´ Fups´,Xq ´ ∇Fups´,Xq∆Xs ´ ∇2Fups´,Xq∆Xp2q
s ,
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where the integral term is a rough integral of the controlled rough path

`

∇Fup¨,Xq,∇2Fup¨,Xq
˘

P Vp,
p
2

X

with respect to X.

Remark 5.2.29. Observe that in general for each u P T pRdq, and t, xup2q,Xty P pRdqb2

is not symmetric. Therefore, a differential calculus that admits only commutative
higher-order vertical derivatives would not allow the derivation of Lemma 5.2.28.

5.3 Universal approximation theorem for vertically differentiable
path functionals

In this section, we exploit the approximation properties of the signature of weakly
geometric càdlàg rough paths to derive a universal approximation theorem (UAT) for
vertically differentiable non-anticipative Marcus-canonical path functionals. We prove
that every sufficiently regular vertically differentiable path functional can be approximated
uniformly in time together with its derivatives by linear functions of the signature and
their derivatives. This result for path functionals is parallel to the classic Nachbin
theorem, which provides an analog to the Stone–Weierstrass theorem for algebras of CK

functions on Rd, for K P N (see Nachbin (1949)).

Firstly, we introduce the set of so-called tracking-jumps-extended paths and then derive
the main result of the section, stated in Theorem 5.3.15.

5.3.1 The subspace of the tj-extended paths

In this section, we introduce the subset of paths considered for deriving the UAT for
vertically differentiable functionals, the so-called tracking jumps-extended paths. The
distinctive feature of these paths is that they always admit a Marcus-transformed path
that is time-extended (see Remark 5.3.4(ii)). This is a key aspect both for the development
of the proof of Theorem 5.3.15 and the main results in Sections 5.4 and 5.5.

Definition 5.3.1. Let X P Dppr0, 1s, GrpspRdqq. We say that a càdlàg strictly increasing
piecewise linear function υ : r0, 1s Ñ r0, 1s such that υ0 “ 0 and υ1 “ 1 is a tracking
jumps-path (tj)-path of X if

ts P p0, 1s : ∆vs ‰ 0u “ ts P p0, 1s : ∆Xs ‰ 0u.

Remark 5.3.2. (i) Given Xp P Dpr0, 1s, GrpspRdqq it is always possible to build (non-
uniquely) a tracking-jumps path associated with it. If instead X is continuous,
the tracking-jumps path is unique and given by the identity path Idt :“ t for all
t P r0, 1s.
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5.3 Universal approximation theorem for vertically differentiable path functionals

(ii) One can always build a tracking-jumps path associated with any càdlàg path with
values in Rd, regardless of its regularity. Indeed, the existence of such a path is
related only to the càdlàg property of the original path.

Recall the notion of extended weakly geometric càdlàg rough path given in Defini-
tion 1.2.16. Now, we introduce the subset of the space of weakly geometric càdlàg rough
paths consisting of tj-extended paths.

Definition 5.3.3. We say that Xp P Dppr0, 1s, GrpspRd`1qqq is a tj-extended weakly
geometric càdlàg p-rough path if it is the υ-extension of some X P Dppr0, 1s, GrpspRdqq,
for υ being some of the tracking-jumps path of X. We denote the set of such paths by
Dp
p
pr0, 1s, GrpspRd`1qq and the subset of tj-extended weakly geometric continuous p-rough

path by Cp
p
pr0, 1s, GrpspRd`1qq.

Remark 5.3.4. (i) Let X P Dppr0, 1s, GrpspRdqq and observe that by Remark 5.3.2
there exists more than one tj-extension Xp of it. In the continuous setting in-
stead, uniqueness holds and every tj-extended path is a time-extended path (see
Definition 2.2.3).

(ii) Notice that for all Xp P Dp
p
pr0, 1s, GrpspRd`1qq there always exists a Marcus trans-

formed path Z ofXp with respect to some pair pR,ψRq, for which Z is a time-extended
weakly geometric continuous rough path. Indeed, since a tj path is simply a strictly
increasing piecewise linear path v such that vp0q “ 0 and vp1q “ 1, and jumps
whenever the other components of the path do, a careful choice of a pair pR,ψRq

always allows to build a Marcus transformed path for which the transformed
component v is exactly the time.

(iii) We remark that while in Chapter 2 Dp
p
pr0, 1s, GrpspRd`1qq denotes the set of all

time-extended paths, in the present chapter instead, it denotes the different set of
tj-extended paths.

Notation 5.3.5. We use the index 0 to denote the tj-component of any tj-extended path
Xp P Dp

p
pr0, 1s, GrpspRd`1qq. This notation will be used throughout the chapter.

5.3.2 UAT for vertically differentiable path functionals

Here we present the main result of the section: Theorem 5.3.15. To this end, we shall
introduce some notation and provide new definitions. Since we will be mostly concerned
with paths with values in GrpspRd`1q, we introduce the relevant notions by considering
directly the space Rd`1.

Notation 5.3.6. Let K P N and gKpRd`1q be the free step-K nilpotent Lie algebra over
Rd`1 (see Section 1.1.2). Recall that for every ξ :“ p0, ξp1q, . . . , ξpKqq P gKpRd`1q,

ξpjq :“ πjpξq P rRd`1, rRd`1, . . . rRd`1,Rd`1sss
looooooooooooooooooomooooooooooooooooooon

pj´1q brackets

,
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for j “ 1, . . . ,K. Set M :“ dimpgKpRd`1qq and

Mj :“ dimprRd`1, rRd`1, . . . rRd`1,Rd`1sss
looooooooooooooooooomooooooooooooooooooon

pj´1q brackets

q.

Notice that M “
řK
j“1Mj . For β P NM0 , we write β “ pβ1, . . . , βKq, with βj P NMj

0 , and
set

|β| :“
K
ÿ

j“1

Mj
ÿ

i“1

βij , and |β|gKpRd`1q :“
K
ÿ

j“1

Mj
ÿ

i“1

jβij . (5.3.1)

Furthermore, we let B
βj
ξpjq denote the differential operator such that

B
βj
ξpjqfpξq :“

B|βj |f

B
β1
j ξpjq,1 . . . Bβ

Mj
j ξpjq,Mj

pξq,

for ξpjq,l denoting the l-th component of ξpjq, |βj | :“
řMj

i“1 β
i
j , and f : U Ñ R some

sufficiently regular map defined on some open set U Ď gKpRd`1q, with ξ P U .

Finally, we denote by Dβ
ξ :“ B

β1
ξp1q . . . B

βK
ξpKq the operator given by a consecutive applica-

tion of B
β1
ξp1q , . . . , B

βK
ξpKq .

Recall that GppRd`1qq denotes the set of group-like elements, introduced in equa-
tion (1.1.6).

Assumption 5.3.7. F : r0, 1s ˆ Dppr0, 1s, GrpspRd`1qq Ñ R is a Marcus canonical
non-anticipative path functional such that for all pt,Xq P r0, 1s ˆ Cppr0, 1s, GrpspRd`1qq,

F pt,Xq “ gpXtq, (5.3.2)

for some g : GppRd`1qq Ñ R, and X denoting the signature of X.

Remark 5.3.8. (i) By the definition of Marcus canonical path functionals and the
signature of càdlàg rough paths, the equality (5.3.2) is valid in fact on the whole
space r0, 1s ˆDppr0, 1s, GrpspRd`1qq.

(ii) Let S be the map that associates to every continuous weakly geometric p-rough

paths its signature at time 1. For t P r0, 1s, let Cp
p

t pr0, 1s, GrpspRd`1qq denote the
space of time-extended paths stopped at time t. One can show that on the set

ď

tPr0,1s

Cp
p

t pr0, 1s, GrpspRd`1qq
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5.3 Universal approximation theorem for vertically differentiable path functionals

S is an injective map (see e.g., the proof of Theorem 2.2.6). Therefore the restriction
of the map S to its image, which we denote by S, is a bijection. Furthermore, every
non-anticipative path functional F is such that

F pt,Xq “ FrpXtq,

for some Fr : Dppr0, 1s, GrpspRd`1qq and all pt,Xq P r0, 1s ˆ Dppr0, 1s, GrpspRd`1qq.
Therefore, F always admits a representation of the form

F pt,Xp q “ ḡpXptq, (5.3.3)

for ḡ : S Ñ R given by ḡ :“ Fr ˝ S´1 and every time extended continuous path
Xp . However, in general, the set S Ĺ GppRd`1qq might not be big enough for the
application of the reasonings in the proofs of Lemma 5.3.9 and Theorem 5.3.15.

The proof of the following lemma is given in Appendix 5.A.1. Recall that

exppxq :“ 1 `

8
ÿ

k“1

xbk

k!
P T ppRd`1qq

for each x P T ppRd`1qq such that π0pxq “ 0.

Lemma 5.3.9. Let F P MK
rps
, for some K P N. Fix X P r0, 1s ˆ Cppr0, 1s, GrpspRdqq and

denote by X its signature. Under Assumption 5.3.7, the map

gX,Kpt, ξq : r0, 1s ˆ gKpRd`1q Ñ R (5.3.4)

given by

gX.Kpt, ξq :“ gpXt b exppξ, 0 . . . , 0qq

for all pt, ξq is well-defined and its derivatives at zero Dβ
ξ g

X,Kpt, ξq|ξ“0 exist for all

β P NM0 , with |β|gKpRd`1q “ K.

For the development of the following results, we need the map gX,K to satisfy some
stronger continuity conditions expressed by the next assumption.

Assumption 5.3.10. For all X P Cppr0, 1s, GrpspRdqq, the map

r0, 1s ˆ Up0q Q pt, ξq ÞÑ Dβ
ξ g

X,Kpt, ξq

is jointly continuos for all β P NM0 with |β|gKpRd`1q “ K, and Up0q being some open

neighborhood of 0 P gKpRd`1q.

Remark 5.3.11. If Assumption 5.3.10 is verified, the map Up0q Q ξ ÞÑ DβgX,Kpt, ξq

does not depend on the order of the partial derivatives (see Step 2 in the proof of
Theorem 5.3.15).
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Definition 5.3.12. Let F : r0, 1s ˆ Dppr0, 1s, GrpspRd`1qq Ñ R. We write F P CK if
F P MK

rps
and Assumptions 5.3.7 and 5.3.10 are verified.

An example of path functional satisfying Definition 5.3.12 is given by the linear
functionals of the signature Fu, for some u P T pRd`1q (see Section 5.2.4). Then, by
Proposition 5.2.26 Fu P CK for all K P N, and the map (5.3.4) explicitly reads as

gX,Kpt, ξq :“ xu,Xt b exppξ, 0 . . . , 0qy,

for all pt, ξq and X.

Remark 5.3.13. For m P N0, K P N and F a pRdqbm-valued path functional, we write
F P CK if its components are CK path functionals.

Notice that if F P CK , then for all l “ 1, . . . ,K, ∇lF P CK´l.

Notation 5.3.14. Throught the chapter, write } ¨ } to denote the Euclidean norm on
Rm, for all m P N.

The proof of the following theorem is given in Appendix 5.A.2. Recall that in this
chapter Dp

p
pr0, 1s, GrpspRd`1qq indicates the set of tj-extended paths introduced in Defini-

tion 5.3.3.

Theorem 5.3.15. Let F : r0, 1s ˆDppr0, 1s, GrpspRd`1qq Ñ R. Assume F P CK . Then,

for all Xp P Dp
p
pr0, 1s, GrpspRd`1qq there exists punqnPN P T pRd`1q such that

lim
nÑ8

sup
tPr0,1s

K
ÿ

j“0

}∇jF pt,Xp q ´ ∇jFunpt,Xp q} “ 0. (5.3.5)

Remark 5.3.16. Recall from Section 5.2.4 that for u P T pRd`1q, j “ 0, . . . ,K, pt,Xp q,
∇jFupt,Xp q “ xupjq,Xpty. Therefore, equation (5.3.5) explicitly reads as

lim
nÑ8

sup
tPr0,1s

K
ÿ

j“0

}∇jF pt,Xp q ´ xupjq
n ,Xpty} “ 0.

5.4 Functional Itô-formula

5.4.1 The case p P r1, 2q

In this section, we present the functional Itô-formula for maps of càdlàg rough paths of
finite p-variation, for p P r1, 2q. Recall the notion of C2-non-anticipative Marcus canonical
path functional given in Definition 5.3.12 and the one of var-continuous path functional
in Definition 5.2.24.
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5.4 Functional Itô-formula

Theorem 5.4.1. Let p P r1, 2q and F : r0, 1s ˆ Dppr0, 1s, G1pRd`1qq Ñ R be a C2-non-
anticipative Marcus canonical path functional such that F,∇F are rp, 2q-var-continuous.

Then, for every Xp P Dp
p
pr0, 1s, G1pRd`1qq the path ∇F p¨,Xp q is a càdlàg path of finite

p1-variation, for all p1 ą p such that 1
p1 ` 1

p ą 1, and for all t P r0, 1s,

F pt,Xp q´F p0,Xp q “

ż t

0
∇F ps´,Xp qdXs (5.4.1)

`
ÿ

sďt

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s.

The integral in (5.4.1) is understood as a Young integral and the summation term is well
defined as an absolutely summable series.

The proof of Theorem 5.4.1 will make use of the following lemma. Recall the notation
introduced in Section 5.2.4 for linear functionals of the signature and that dq denotes the
q-variation pseudometric on the space of càdlàg paths (see Section 1.2.1).

Lemma 5.4.2. . Let p P r1, 2q, F : r0, 1s ˆ Dppr0, 1s, G1pRd`1qq Ñ R be such that

F P M2
1 and Xp P Cp

1
pr0, 1s, G1pRd`1qq a time-extended piecewise linear path. Assume

that there exists punqnPN Ă T pRd`1q such that

lim
nÑ8

sup
tPr0,1s

2
ÿ

j“0

}∇jF pt,Xp q ´ ∇jFunpt,Xp q} “ 0. (5.4.2)

Then,

(i) supnPN }∇Funpt,Xp q}1-var ă 8;

(ii) for all p1 ą 1, limnÑ8 dp1

`

∇Funpt,Xp q,∇F p¨,Xp q
˘

“ 0.

Proof. Recall that for all n P N, j “ 0, . . . , 2, ∇jFunpt,Xp q “ xu
pjq
n ,Xpty, where Xp denotes

the signature of Xp .

(i): Let ptiqi Ă r0, 1s be the grid such that Xp is a linear path on rti, ti`1s. Notice that
by Chen’s relation and the invariance property of the signature under reparametrization
(see Proposition 1.3.6) for every u P rti, ti`1s,

Xpu “ Xpti b exppθXp ti,ti`1q,

for some θ P r0, 1s. Fix s1, s2 P rti, ti`1s, s1 ď s2, for some i. Then, it holds that

xup1q
n ,Xps2y ´ xup1q

n ,Xps1y “ gp1q ´ gp0q,

for g : r0, 1s Ñ Rd such that gpθq :“ xu
p1q
n ,Xps1 b exppθXp s1,s2qy, for all θ P r0, 1s. Thus, a

first-order Taylor expansion of each of the components of g at 0 yields that

}xup1q
n ,Xps2y ´ xup1q

n ,Xps1y} ď sup
θPr0,1s

}xup2q
n ,Xps1 b exppθXp s1,s2qy}}Xp s1,s2}. (5.4.3)
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Since by (5.4.2),

sup
nPN

sup
s1,s2Prti,ti`1s

sup
θPr0,1s

}xup2q
n ,Xps1 b exppθXp s1,s2qy} ă 8,

equation (5.4.3) and }Xp }1-var ă 8 yield that supnPN }xu
p1q
n ,Xp ¨y}1-varrti,ti`1s ă 8. Repeat-

ing the same reasoning on every rti, ti`1s, the claim follows.

(ii): It follows from (i) (5.4.2) and interpolation (see Lemma 5.12 and Lemma 5.27
in Friz and Victoir (2010)).

We are now ready to present the proof of Theorem 5.4.1.

Proof of Theorem 5.4.1. We split the proof into three main steps. In Step 1 we prove
the assertion for functionals evaluated at a time-extended piecewise linear path. Then,
in Step 2 we extend it to the whole space of time-extended continuous paths by a density
argument. Finally, in Step 3, exploiting that the functionals considered are of Marcus
type, an adaptation of the proof of Theorem 38 in Friz and Shekhar (2017) leads to the
general result.

Step 1: Let Xp P Cp
1
pr0, 1s, G1pRd`1qq be a time-extended peicewise linear path. Since

F is a C2-non-anticipative path functional, by Theorem 5.3.15 there exists a sequence
punqnPN Ă T pRd`1q such that

lim
nÑ8

sup
tPr0,1s

2
ÿ

j“0

}∇jF pt,Xp q ´ ∇jFunpt,Xp q} “ 0.

Recall that for all n P N, j “ 0, . . . , 2, ∇jFunpt,Xp q “ xu
pjq
n ,Xpty, where Xp denotes

the signature of Xp . By Lemma 5.4.2 (i) and Lemma 5.12 in Friz and Victoir (2010)
}∇F p¨,Xp q}1-var ă 8 and thus in particular

}∇F p¨,Xp q}p1-var ă 8, (5.4.4)

for all p1 ą 1. Fix p1 ą 1. By Lemma 5.4.2 (ii) limnÑ8 dp1

`

xu
p1q
n ,Xp ¨y,∇F p¨,Xp q

˘

“ 0.
Moreover, by Proposition 6.11 in Friz and Victoir (2010), for all n P N,

d1

ˆ
ż ¨

0
xup1q

n ,XpsydXp s,

ż ¨

0
∇F ps,Xp qdXp s

̇

ď C

ˆ

dCC
`

xup1q
n ,Xp0y,∇F p0,Xp q

˘

` dp1

`

xup1q
n ,Xp ¨y,∇F p¨,Xp q

˘

̇

,

for some C ą 0. Since by equation (1.3.12) for every n P N and t P r0, 1s, it holds that

xun,Xpty “ xun,Xp0y `
şt
0xu

p1q
n ,XpsydXp s, the claim follows.
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5.4 Functional Itô-formula

Step 2: Fix Xp P Cp
p
pr0, 1s, G1pRd`1qq. By Theorem 5.23 in Friz and Victoir (2010),

there exists a sequence of piecewise linear time-extended paths pXp
M

qMPN such that

lim
MÑ8

sup
tPr0,1s

dCCpXp
M

t ,X
p

tq “ 0, and sup
MPN

}Xp
M

}p-var ď C}Xp }p-var, (5.4.5)

for some C ą 0. By Step 1, for every fixed M and t P r0, 1s, it holds that

F pt,Xp
M

q ´ F p0,Xp
M

q “

ż t

0
∇F ps,Xp

M
qdXp

M

s .

By conditions (5.4.5) and interpolation (see Lemma 5.12 and Lemma 5.27 in Friz and

Victoir (2010)), for all p1 ą p, limMÑ8 dp1pXp
M
,Xp q “ 0. Since both F and ∇F are by

assumption rp, 2q-var continuous,

lim
MÑ8

dp1pF p¨,Xp
M

q, F p¨,Xp qq “ 0 and lim
MÑ8

dp1p∇F p¨,Xp
M

q,∇F p¨,Xp qq “ 0.

This in particular implies that for all p1 ą p such that 1
p1 ` 1

p ą 1, }∇F p¨,Xp q}p1-var ă 8,

as by Step 1 (see equation (5.4.4)) for all M , }∇F p¨,Xp
M

q}p1-var ă 8.

Next, fix q such that 2 ą q ą p. Observe that Xp ,Xp
M

P Cp
q
pr0, 1s, G1pRd`1qq, for all

M P N, and since ∇F p¨,Xp q,∇F p¨,Xp
M

q P Cqpr0, 1s,Rd`1q as well, the Young integral of

the integrands ∇F p¨,Xp q,∇F p¨,Xp
M

q with respect to Xp ,Xp
M
, respectively, is well-defined.

Finally, by Proposition 6.11 in Friz and Victoir (2010), for all M P N,

dq

ˆ
ż ¨

0
∇F ps,Xp

M
qdXp

M

s ,

ż ¨

0
∇F ps,Xp qdXp s

̇

ď C

ˆ

dqpXp
M
,Xp q ` dCC

`

∇F p0,Xp
M

q,∇F p0,Xp q
˘

` dq
`

∇F p¨,Xp
M

q,∇F p¨,Xp q
˘

̇

,

for some C ą 0. The claim follows as in Step 1.

Step 3: Let Xp P Dp
p
pr0, 1s, G1pRd`1qq. For notational convenience, let us denote

by Z P Cp
p
pr0, 1s, G1pRd`1q the time-extended Marcus transformed path of Xp and let

µt P r0, 1s be such that Zµt “ Xp t for all t P r0, 1s (see Notation 5.2.7). By Step 1 and Step
2, ∇F p¨,Zq is a continuous path of finite p1-variation, for all p1 ą p such that 1

p1 ` 1
p ą 1.

Since ∇F is a Marcus canonical path functional, for all t P r0, 1s,

∇F pt,Xp q “ ∇F pµt,Zq,

implying by definition of µt that ∇F p¨,Xp q is a càdlàg path of finite p1-variation.

Next, assume first that Xp admits only one jump at time a P p0, 1s. Suppose that t ă a.
By the arguments in Step 2 applied to Z,

F pµt,Zq “ F p0,Zq `

ż µt

0
∇F ps,ZqdZs.
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Observe that ∇F P M1
1 Ă M0

1 implies that it is a path functional invariant under
reparametrization (see Proposition 5.2.11). This, combined with the property of the
Young integral, yields that the functional

G : r0, 1s ˆ Cppr0, 1s, G1pRd`1qq Ñ R

pt,Yq ÞÑ Gpt,Yq :“

ż t

0
∇F ps,YqdYs

is invariant under reparametrization too. Thus, for t ă a, we get that
şµt
0 ∇F ps,ZqdZs “

şt
0∇F ps´,Xp qdXp s, as the stopped path Zµt is nothing else than a time reparametrization

of the continuous path Xp
t
. Since it also holds that F pµt,Zq “ F pt,Xp q, F p0,Zq “ F p0,Xq,

the claim follows. Next, suppose that t ě a. Then,

F pt,Xq ´ F p0,Xq “F pµt,Zq ´ F pµa,Zq

`F pµa,Zq ´ F pµa´ ,Zq

`F pµa´ ,Zq ´ F p0,Zq.

By a similar argument as before, we get that

F pµt,Zq ´ F pµa,Zq “

ż µt

µa

∇F ps,ZqdZs “

ż t

a
∇F ps´,Xp qdXp s,

F pµa,Zq ´ F pµa´ ,Zq “ F pa,Xp q ´ F pa´,Xp q,

F pµa´ ,Zq ´ F p0,Zq “

ż µa´

0
∇F ps,ZqdZs “

ż a

0
∇F ps´,Xp qdXp s ´ ∇F pa´,Xp q∆Xp a.

Combining all three terms, the claim follows. The argument extends trivially to a
càdlàg paths with finitely many jumps. Finally, let Xp be a càdlàg path with countable
many jumps. By the arguments in Step 2 applied to Z, for ε ą 0, there exists η ą 0 and
a partition πr0,µts with |πr0,µts| ă η such that

›

›F pµt,Zq ´ F p0,Zq ´
ÿ

siPπr0,µts

∇F psi,ZqZsi,si`1

›

› ă
ε

2
.

Since Xp has finite p-variation, for p P r1, 2q, we can find a finite set Bpε, tq Ă r0, ts of
jump times of Xp such that

ř

sďt, sRBpε,tq }∆Xp s}
2 ă ε

2 . Without loss of generality, we may
assume that if tj P Bpε, tq, then µt´j

, µtj P πr0,µts. Thus, repeating the arguments applied

in the first part of the proof, we get that there exists a partition πr0,ts such that

›

›F pt,Xp q ´ F p0,Xp q ´
ÿ

siPπr0,ts

∇F psi,Xp qXp si,si`1 (5.4.6)

´
ÿ

sPBpε,tq

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s

›

› ă
ε

2
.
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5.4 Functional Itô-formula

Next, let punqnPN Ă T pRd`1q be such that limnÑ8 suptPr0,1s

ř2
j“0 }∇jF pt,Xp q´xu

pjq
n ,Xpty} “

0. Recall that the existence of this sequence is guaranteed by Theorem 5.3.15. Since by
Remark 5.A.1 (i), for all n P N,

ÿ

sRBpε,tq

}xun,Xpsy ´ xun,Xps´y ´ xup1q
n ,Xps´y∆Xp s}

ď sup
nPN

sup
sRBpε,tq

sup
θPr0,1s

}xup2q
n ,Xps´ b exppθ logp1qp∆Xp sqqy}

ÿ

sRBpε,tq

}∆Xp s}
2 ă 8,

an application of the dominated convergence theorem yields that

ÿ

sRBpε,tq

}F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s} ă 8.

Thus, repeating the above argument, we can take ε ą 0 such that

F pt,Xp q ´ F p0,Xq “ lim
pRRSq|πr0,ts|Ñ0

ÿ

siPπ̄r0,ts

∇F psi,Xp qXp si,si`1 (5.4.7)

´
ÿ

sďt

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s.

Since Xp is a càdlàg path, by Proposition 2.4 in Friz and Zhang (2017), the convergence
in equation (5.4.7) holds in Mesh Riemann-Stieltjes sense (see Definition 1.2.4) and the
claim follows.

Remark 5.4.3. An inspection of the above proof shows that we can replace the hypothesis
of F being rp, 2q-var-continuous with the assumption that

lim
nÑ8

sup
tPr0,1s

dCCpXn
t ,Xtq “ 0

implies

lim
nÑ8

sup
tPr0,1s

dCCpF pt,Xnq, F pt,Xqq “ 0,

for every pXn,XqnPN Ă Cppr0, 1s, GrpspRdqq.

5.4.2 The case p P r2, 3q

In this section, we present the functional Itô-formula for maps of càdlàg p-rough paths
for p P r2, 3q. Recall the notions of controlled rough path introduced in Definition 1.2.9,
remainder functional in Definition 5.2.12, C3-non-anticipative Marcus canonical path func-
tional given in Definition 5.3.12, and finally of Marcus-like weakly geometric càdlàg rough
path in Definition 1.2.1.
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Theorem 5.4.4. Let p P r2, 3q and F : r0, 1s ˆ Dppr0, 1s, G2pRd`1qq Ñ R be a C3-non-
anticipative Marcus canonical path functional such that F,∇F,∇2F and R∇F,∇2F are
rp, 3q-var-continuous. Then, for every Xp P Dp

p
pr0, 1s, G2pRd`1qq, with Xp being Marcus-

like, it holds that the pair
`

∇F p¨,Xp q,∇2F p¨,Xp q
˘

P Vp
1,r

Xp
, for all p1 ą p such that 1

p1 ` 2
p ą 1,

and for all t P r0, 1s,

F pt,Xp q´F p0,Xp q “

ż t

0
∇F ps´,Xp qdXp s (5.4.8)

`
ÿ

sďt

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s ´ ∇2F ps´,Xp q∆Xp
p2q

s .

The integral in (5.4.8) is understood as a rough integral and the summation term is well
defined as an absolutely summable series.

Similarly to the results in the previous section, the proof of Theorem 5.4.4 will make
use of the following lemma, where algebraic properties of the signature of piecewise linear
paths are exploited to infer some key analytical properties.

Recall from Section 1.3.3 that the truncated signature at level 2 of a piecewise linear path

(defined as in equation (1.2.8)) belongs to Cp
1
pr0, 1s, G2pRd`1qq Ď Cp

p
pr0, 1s, G2pRd`1qq.

Recall furthermore that for u P T pRd`1q, the functional Fu has been introduced in

Section 5.2.4 and that Rup1q,up2q

pp¨, ¨q, ¨q denotes the remainder (see Definition 5.2.12)

related to the functionals Fup1q

, Fup2q

introduced in equation (5.2.17).

Lemma 5.4.5. Let p P r2, 3q, F : r0, 1s ˆDppr0, 1s, G2pRd`1qq Ñ R be such that F P M3
2

and Xp P Cp
1
pr0, 1s, G2pRd`1qq be the truncated signature at level 2 of a time-extended

piecewise linear path. Assume that there exists punqnPN Ă T pRd`1q such that

lim
nÑ8

sup
tPr0,1s

3
ÿ

j“0

}∇jFunpt,Xp q ´ ∇jF pt,Xp q} “ 0. (5.4.9)

Then,

(i) supnPN

ˆ

}∇2Funpt,Xp q}1-var ` }Ru
p1q
n ,u

p2q
n pp¨, ¨q,Xp q} 1

2
-var

̇

ă 8;

(ii) for all p1 ą 1, r ą 1
2 ,

lim
nÑ8

dp1

`

∇2Funpt,Xp q,∇2F p¨,Xp q
˘

“ 0,

lim
nÑ8

dr
`

Ru
p1q
n ,u

p2q
n pp¨, ¨q,Xp q, R∇F,∇2F pp¨, ¨q,Xp q

˘

“ 0.

Proof. Recall that for all n P N, j “ 0, . . . , 3, ∇jFunpt,Xp q “ xu
pjq
n ,Xpty, where Xp denotes

the signature of Xp .
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5.4 Functional Itô-formula

(i): Let ptiqi Ă r0, 1s be the grid such that Xp :“ π1pXp q is a linear path on rti, ti`1s,
and notice that for every u P rti, ti`1s, Xpu “ Xpti b exppθXp ti,ti`1q, for some θ P r0, 1s. Fix
s1, s2 P rti, ti`1s, s1 ď s2, for some i. Then,

xup2q
n ,Xps2y ´ xup2q

n ,Xps1y “ gp1q ´ gp0q,

for g : r0, 1s Ñ pRd`1qb2 such that gpθq :“ xu
p2q
n ,Xps1 b exppθXp s1,s2qy for all θ P r0, 1s.

Thus, a first-order Taylor expansion of the components of g at 0 yields that

}xup2q
n ,Xps2y ´ xup2q

n ,Xps1y} ď sup
θPr0,1s

}xup3q
n ,Xps1 b exppθXp s1,s2qy}}Xp s1,s2}.

Similarly, a second-order Taylor expansion of the map g1 : r0, 1s Ñ Rd defined via

g1pθq :“ xup1q
n ,Xps1 b exppθXp s1,s2qy,

for all θ P r0, 1s, yields that

}Ru
p1q
n ,u

p2q
n pps1, s2q,Xp q} “}xup1q

n ,Xps2y ´ xup1q
n ,Xps1y ´ xup2q

n ,Xps1yXp s1,s2} (5.4.10)

ď
1

2
sup
θPr0,1s

}xup3q
n ,Xps1 b exppθXp s1,s2qy}}Xp s1,s2}2.

The claim follows as in the proof of (i) of Lemma 5.4.5.

(ii): The assertion follows from (i) and interpolation (see Lemma 5.12 and Lemma
5.27 in Friz and Victoir (2010)).

Proof of Theorem 5.4.4. The structure of the proof is very similar to the one of The-
orem 5.4.1. We split it into three main steps. In Step 1, the assertion is proved in
the simpler setting of functionals evaluated at the truncated signature at level 2 of a
time-extended piecewise linear path. In Step 2, we extend the result to the whole space
of continuous paths by a density argument. Finally, in Step 3, we conclude by addressing
the case of functionals evaluated at a general càdlàg rough path.

Step 1: Let Xp P Cp
1
pr0, 1s, G2pRd`1qq be the truncated signature at level 2 of a time-

extended piecewise linear path. Since F is a C3-non-anticipative path functional, by
Theorem 5.3.15, there exists a sequence punqnPN Ă T pRd`1q such that

lim
nÑ8

sup
tPr0,1s

3
ÿ

j“0

}∇jF pt,Xp q ´ ∇jFunpt,Xp q} “ 0.

Recall that for all n P N, j “ 0, . . . , 3, ∇jFunpt,Xp q “ xu
pjq
n ,Xpty, where Xp denotes the

signature of Xp . Thus, by Lemma 5.4.5 (i) and Lemma 5.12 in Friz and Victoir (2010),

}∇2F p¨,Xp q}1-var ` }R∇F,∇2F p¨, ¨,Xp q} 1
2
-var ă 8, (5.4.11)
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implying in particular that
`

∇F p¨,Xp q,∇2F p¨,Xp q
˘

P Vp
1,r

Xp
, for all p1 ą p such that

1
p1 ` 2

p ą 1. Fix such a p1 and notice that by equation (1.2.6), r ą
p
2 ą 1

2 . By
Lemma 5.4.5 (ii),

lim
nÑ8

dp1

`

∇2F p¨,Xp q, xup2q
n ,Xp ¨y

˘

“ 0,

lim
nÑ8

dr
`

R∇F,∇2F p¨, ¨,Xp q, Ru
p1q
n ,u

p2q
n p¨, ¨,Xp q

˘

“ 0.

Moreover, an application of Theorem 8.10 in Friz and Victoir (2010) and Proposition 2.7
in Allan et al. (2023b) yields that for all n P N,

dp

ˆ
ż ¨

0
xup1q

n ,XpsydXp s,

ż ¨

0
∇F ps,Xp qdXp s

̇

ďC

ˆ

dCC
`

xup1q
n ,Xp0y,∇F p0,Xp q

˘

` dCC
`

xup2q
n ,Xp0y,∇2F p0,Xp q

˘

` dp1

`

xup2q
n ,Xpy,∇2F p¨,Xp q

˘

` dr
`

R∇F,∇2F p¨, ¨,Xp q, Ru
p1q
n ,u

p2q
n p¨, ¨,Xp q

˘

̇

for some C ą 0. Since by equation (1.3.13) for every n P N and t P r0, 1s, it holds that

xun,Xpty “ xun,Xp0y `
şt
0xu

p1q
n ,XpsydXp s, the claim follows.

Step 2: Fix Xp P Cp
p
pr0, 1s, G2pRd`1qq. By Theorem 8.12 in Friz and Victoir (2010),

there exists a sequence of piecewise linear time-extended paths such that their truncated

signature at level 2, denoted by pXp
M

qM , satisfy

lim
MÑ8

sup
tPr0,1s

dCCpXp
M

t ,X
p

tq “ 0, and sup
MPN

}Xp
M

}p-var ď C}Xp }p-var, (5.4.12)

for some C ą 0. By Step 1, for every fixed M and t P r0, 1s,

F pt,Xp
M

q ´ F p0,Xp
M

q “

ż t

0
∇F ps,Xp

M
qdXp

M

s .

By conditions (5.4.12) and interpolation (see Lemma 5.12 and Lemma 8.16 in Friz and

Victoir (2010)), for all p1 ą p, limMÑ8 dp1pXp
M
,Xp q “ 0. Thus, since F,∇F,∇2F and

R∇F,∇2F are by assumption rp, 3q-var continuous, it holds that

lim
MÑ8

dp1pF p¨,Xp
M

q, F p¨,Xp qq “ 0, (5.4.13)

lim
MÑ8

dp1p∇F p¨,Xp
M

q,∇F p¨,Xp qq “ 0,

lim
MÑ8

dp1p∇2F p¨,Xp
M

q,∇2F p¨,Xp qq “ 0,

lim
MÑ8

d p1

2

`

R∇F,∇2F p¨, ¨,Xp
M

q, R∇F,∇2F p¨, ¨,Xp q
˘

“ 0.
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5.4 Functional Itô-formula

Fix p1 and r as in Step 1 and notice that since for allM ,
`

∇F p¨,Xp
M

q,∇2F p¨,Xp
M

q
˘

P Vp
1,r

Xp
,

by the convergences in (5.4.13)
`

∇F p¨,Xp q,∇2F p¨,Xp q
˘

P Vp
1,r

Xp
too.

Next, fix q such that 3 ą q ą p and set r “
q
2 . Observe that for all M P N, Xp

M
,Xp P

Dp
q
pr0, 1s, G2pRd`1qq and by (5.4.11),

`

∇F p¨,Xp
M

q,∇2F p¨,Xp
M

q
˘

P Vq,q{2

Xp
M . Therefore,

by (5.4.13), it also holds that
`

∇F p¨,Xp q,∇2F p¨,Xp q
˘

P Vq,q{2

Xp
. Finally, an application of

Theorem 8.10 in Friz and Victoir (2010) and Proposition 2.7 in Allan et al. (2023b) yields
that there exists a constant C ą 0, such that for all M P N,

dq

ˆ
ż ¨

0
∇F ps,Xp

M
qdXp

M

s ,

ż ¨

0
∇F ps,Xp qdXp s

̇

(5.4.14)

ďC

ˆ

dq
`

Xp
M
,Xp

˘

` dCC
`

∇F p0,Xp
M

q,∇F p0,Xp q
˘

` dCC
`

∇2F p0,Xp
M

q,∇2F p0,Xp q
˘

` dq
`

∇2F p¨,Xp
M

q,∇2F p¨,Xp q
˘

` dq{2

`

R∇F,∇2F p¨, ¨,Xp
M

q, R∇F,∇2F p¨, ¨,Xp q
˘

̇

.

The claim follows.

Step 3: The proof follows step by step the reasonings in Step 3 of the proof of The-
orem 5.4.1. We report here just the main differences.

Fix Xp P Dp
p
pr0, 1s, G1pRd`1qq, with Xp Marcus like and set Xp :“ π1pXp q. For nota-

tional convenience, let us denote by Z P Cp
p
pr0, 1s, G2pRd`1qq the time-extended Marcus

transformed path of Xp and let µt P r0, 1s be such that Zµt “ Xp t for all t P r0, 1s (see

Notation 5.2.7). It holds that
`

∇F p¨,Xp q,∇2F p¨,Xp q
˘

P Vp
1,r

Xp
. Next, assume first that Xp

admits only one jump at time a P p0, 1s. If t ă a, the claim follows as in the Young case.
If t ě a, one just needs to notice that since we deal here with level 2 rough integration,

F pµt,Zq ´ F pµa,Zq “

ż t

a
∇F ps´,Xp qdXp s,

F pµa,Zq ´ F pµa´ ,Zq “ F pa,Xp q ´ F pa´,Xp q,

F pµa´ ,Zq ´ F p0,Zq “

ż a

0
∇F ps´,Xp qdXp s ´ ∇F pa´,Xp q∆Xp a ´ ∇2F ps´,Xp q∆Xp

p2q

a .

The argument extends trivially to a càdlàg paths with finitely many jumps. Finally, for
Xp a càdlàg path with countable many jumps, observe that since Xp has finite p-variation,
for p P r2, 3q, there exists a finite set Bpε, tq Ă r0, ts of jump times of Xp such that
ř

sďt, sRBpε,tq }∆Xp s}
3 ă ε

2 , for ε ą 0. Note furthermore that the very last step of the
proof follows from Proposition 2.6 in Friz and Zhang (2017) instead of Proposition 2.4 of
the same paper.
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Remark 5.4.6. (i) An inspection of the above proof shows that we can replace the
hypothesis of F , ∇F being rp, 3q-var-continuous with the assumption that

lim
nÑ8

sup
tPr0,1s

dCCpXn
t ,Xtq “ 0

implies

lim
nÑ8

sup
tPr0,1s

dCCpF pt,Xnq, F pt,Xqq “ 0, lim
nÑ8

sup
tPr0,1s

dCCp∇F pt,Xnq,∇F pt,Xqq “ 0,

for every pXn,XqnPN Ă Cppr0, 1s, GrpspRdqq.

(ii) Instead of assuming R∇1F,∇2F to be rp, 3q-var continuous, one can also assume
that F,∇F,∇2F,∇3F and are rp, 3q-var-continuous. Indeed, by Therem 5.3.15 and
equation (5.4.10) for every (signature at level 2 of) a piecewise linear time-extended

path Xp
M

as in Step 2, one get

}R∇1F,∇2F pps, tq,Xp
M

q} “ }∇1F pt,Xp
M

q ´ ∇1F ps,Xp
M

q ´ ∇2F ps,Xp
M

qXp
M

s,t}

ď C sup
sPr0,1s

}∇3F pu,Xp
M

q}}Xp
M

s,t}
2,

for Xp s,t :“ π1pXp s,tq and ps, tq P ∆1. Therefore, if ∇3F is rp, 3q-var continuous,

the sequence }R∇1F,∇2F pp¨, ¨q,Xp
M

q} is uniformly bounded in p{2-variation, and by
interpolation for all p1 ą p,

lim
MÑ8

d p1

2

`

R∇F,∇2F pp¨, ¨q,Xp
M

q, R∇F,∇2F pp¨, ¨q,Xp q
˘

“ 0.

(iii) Observe that in view of the consistency between the Young and the rough integral
(see Remark 1.2.18 (iii)) Itô-formula (5.4.8) explicitly reads as

F pt,Xp q ´ F p0,Xp q “

ż t

0
U0F ps´,Xp qdvs `

ż t

0
∇F ps´,Xp qdXs

`
ÿ

sďt

´

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s

´
1

2

d
ÿ

i,j“0

U iU jF ps´,Xp q∆xϵi,Xp sy∆xϵj ,Xp sy1tj‰0u

¯

,

for all pt,Xp q P r0, 1s ˆ Dp
p
pr0, 1s, G2pRd`1qq given as v-extended path of some

X P Dppr0, 1s, G2pRdqq, for v some of its tj-path. Here, the index 0 denotes the
tj-path component, U0F pt,Xp q the vertical derivatives in the direction 0, and the
first integral on the right-hand rise is a Young integral of the path s ÞÑ U0F ps,Xp q

with respect to v. Notice that if in particular Xp is continuous, vpsq “ s for all
s P r0, 1s and

ż t

0
U0F ps´,Xp qdvs “

ż t

0
U0F ps´,Xp qds.
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5.4 Functional Itô-formula

We highlight that the consideration of tj-extended paths is necessary not only
for deriving the approximation result in Theorem 5.3.15, but also to express the
dependence of a non-anticipative path functional on the parameter t. Consider, for
instance, a path functional F such that for all pt,Xq P r0, 1s ˆDppr0, 1s, G2pRd`1qq,

F pt,Xq “ sinpxϵ0,Xtyq.

Then for all Xp tj-extended path, F pt,Xp q “ sinpvptqq, U0F pt,Xp q “ cospvptqq,
U0U0F pt,Xp q “ ´ sinpvptqq and all the other (first and second order) vertical
derivatives are equal to 0. Since the hypothesis of Theorem 5.4.4 are satisfied, we
get that

sinpvtq ´ sinpv0q “

ż t

0
cospvs´qdvs `

ÿ

sďt

sinpvsq ´ sinpvs´q ´ cospvs´q∆vs,

which coincides with the change of variable formula for paths of finite variation. In
particular, ifXp is continuous, the path functional explicitly reads as F pt,Xq “ sinptq,
and the consideration of time-extended paths is necessary in order to embed the
functional F in the present framework.

(iv) Theorems 5.4.1 and 5.4.4 provide an Itô-formula for C2 and C3 non-anticipative
Marcus canonical path functional, respectively (see Definition 5.3.12). This
means that our framework includes all the path functionals for which for all
i “ 0, . . . , 2 (or i “ 0, . . . , 3) the maps r0, 1s Q t ÞÑ ∇iF pt,Xp q is continuous if

Xp P Cp
p
pr0, 1s, GrpspRd`1qq, and càdlàg if Xp P Dp

p
pr0, 1s, GrpspRd`1qq (see Defini-

tion 5.3.12). This means that functionals of the form F pt,Xq :“ Xs^t, for some
fixed s P p0, 1s are not included in our setup. A similar argument applies to the
functional F pt,Xq :“ Xt´ , as the map r0, 1s Q t ÞÑ F pt,Xq is càglàd for X càdlàg .

Finally, notice that also the delayed functional defined via F pt,Xq :“ Xt´δ, for some
δ ą 0 is not included in this setup as F is not invariant under reparametrization.
The same holds true in the setting of Cont and Fournie (2013) (see Example 6
therein), however for different reasons.

5.4.3 Connections to the literature

The Itô-formula for rough paths In this section, we show that the functional Itô-formula
formulated in Theorem 5.4.4 matches the existing Itô-formulas for rough paths that have
already been formulated in the literature. Throughout, we fix p P r2, 3q.

(i) Let f P C3pRd`1q and consider the path functional given by

r0, 1s ˆDp
p
pr0, 1s, G2pRd`1qq Q pt,Xp q ÞÑ F pt,Xp q :“ fpXp tq,

where we setXp :“ π1pXp q. Observe that F is a C3-non-anticipative Marcus canonical

path functional such that for all i “ 1, 2, 3, pt,Xp q P r0, 1s ˆDp
p
pr0, 1s, G2pRd`1qq,

∇iF pt,Xp q “ ∇ifpXp tq,
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where on the right-hand side, ∇if denotes the pRd`1qbi-valued maps given by
the i-th (standard) partial derivatives of the map f . Moreover, from standard
properties of regular functions on Rd`1 we get that F,∇F,∇2F and R∇F,∇2F are
rp, 3q-var-continuous. Therefore, an application of Theorem 5.4.4 yields that for all

pt,Xp q P r0, 1s ˆDp
p
pr0, 1s, G2pRd`1qq, with Xp -Marcus like, it holds that

fpXp tq´fpXp 0q “

ż t

0
∇fpXp s´qdXp s (5.4.15)

`
ÿ

sďt

fpXp sq ´ fpXp s´q ´ ∇fpXp s´q∆Xp s ´ ∇2fpXp s´q
1

2
∆Xp

b2

s .

The formula in equation (5.4.15) has been derived in Theorem 2.12 in Friz and
Zhang (2017) by adapting the notion of reduced rough paths (see Definition 5.7
in Friz and Hairer (2014)) to the jumps setting. Notice that the reasoning employed
in Friz and Zhang (2017) exploit the Taylor expansion of the regular function f
on Rd`1. It is therefore completely different from the proof techniques used in
Theorem 5.4.4.

(ii) Let f P C3pRq and consider the path functional given by

r0, 1s ˆDp
p
pr0, 1s, G2pRd`1qq Q pt,Xp q ÞÑ F pt,Xp q :“ fpxu,Xptyq, (5.4.16)

for some u P T pRd`1q. An application of the rules of derivation for compound
functions yields that F is a C3-non-anticipative Marcus canonical path functional
such that

∇F pt,Xp q “ f 1pxu,Xptyqxup1q,Xpty,

∇2F pt,Xp q “ f2pxu,Xptyqxup1q,Xptyxup1q,XptyJ ` f 1pxu,Xptyqxup2q,Xpty,

∇3F pt,Xp q “ f3pxu,Xptyqxup1q,Xptyxup1q,XptyJxup1q,XptyJ

` 3f2pxu,Xptyqxup2q,Xptyxup1q,XptyJ ` f 1pxu,Xptyqxup3q,Xpty,

for all pt,Xp q P r0, 1s ˆ Dp
p
pr0, 1s, G2pRd`1qq, with f 1, f2, f3 denoting the maps

corresponding to the first, second, and third derivatives of f , respectively. A
further application of the standard properties of regular functions on R yields
that F,∇F,∇2F and R∇F,∇2F are rp, 3q-var-continuous. Therefore the assertion

of Theorem 5.4.4 holds true for all pt,Xp q P r0, 1s ˆ Dp
p
pr0, 1s, G2pRd`1qq, with Xp -

Marcus like. Furthermore, if in particular Xp P pt,Xp q P r0, 1s ˆCp
p
pr0, 1s, G2pRd`1qq,

the functional Itô-formula in equation (5.4.8) coincides with the Itô-formula for
controlled rough paths stated in Theorem 7.7 in Friz and Hairer (2014). Following
their notation, it holds that

Y “ xu,Xpty, Y 1 “ xup1q,Xpty, Y 2 “ xup2q,Xpty.

Observe that the above reasoning can be easily generalized to path functionals of
the form

r0, 1s ˆDp
p
pr0, 1s, G2pRd`1qq Q pt,Xp q ÞÑ F pt,Xp q :“ gpxu1,Xpty, . . . , xum,Xptyq,
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5.4 Functional Itô-formula

for some g P C3pRmq, u1, . . .um P T pRd`1q.

Föllmer, RIE and stochastic integration theories Here, we elaborate on the connections
of the results derived in Section 5.4 with Föllmer (see Föllmer (1981)), RIE (see Perkowski
and Prömel (2016), Allan et al. (2023b)), and stochastic integration (see Jacod and
Shiryaev (1987)) theories, whose main properties have been summarized in Appendix 5.B.
Recall the notion of the path of finite quadratic variation along a sequence of partitions
given in Definition 5.B.1. In the following, we let Dp pr0, 1s,Rd`1q denote the space of
càdlàg paths obtained by extending the paths in Dpr0, 1s,Rdq throught the addition of a
tj-path component (see Definition 5.3.1 and Remark 5.3.2 (ii)).

Corollary 5.4.7 (Föllmer). Let p P r2, 3q and F : r0, 1s ˆ Dppr0, 1s, G2pRd`1qq Ñ R
be a C3-non-anticipative Marcus canonical path functional such that F,∇F,∇2F and
R∇F,∇2F are rp, 3q-var-continuous, and pπn

r0,1s
qnPN a sequence of partitions with vanishing

mesh size. Let Xp P Dp pr0, 1s,Rd`1q be a path with finite quadratic variation in the sense of

Föllmer along pπn
r0,1s

qnPN, and Xp P Dp
p
pr0, 1s, G2pRd`1qq a Marcus-like weakly geometric

rough path such that π1pXp q “ Xp . Assume that for all t P r0, 1s, Antip∇2F pt,Xp qq “ 0.
Then, the following limit exists (along the sequence of partitions pπn

r0,1s
qnPN),

ż t

0
∇F ps´,Xp qdXp s :“ lim

nÑ8

ÿ

sni Pπn
r0,1s

∇F psni ,X
p qXp sni ,s

n
i`1
, (5.4.17)

and

F pt,Xp q ´ F p0,Xp q “

ż t

0
∇F ps´,Xp qdXp s `

1

2

ż t

0
∇2F ps´,Xp qdrXp , Xp scs (5.4.18)

`
ÿ

sďt

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s.

The integral in (5.4.18) with respect to the continuous quadratic variation path rXp , Xp sc is
understood as a Young integral, and the summation term is well defined as an absolutely
summable series.

Remark 5.4.8. (i) Since the continuous quadratic variation path rXp , Xp sc is of finite
variation, the integral in (5.4.18) is equal to a Lebesgue-Stieltjes integral (see
Remarks 5.B.2 and 1.2.7 (ii)).

Proof. Let Xp P Dp
p
pr0, 1s, G2pRd`1qq be a Marcus-like weakly geometric rough path such

that π1pXp q “ Xp . Since by Theorem 5.3.15,

ts P p0, 1s : ∆∇2F ps,Xp q ‰ 0u “ ts P p0, 1s : ∆Xp s ‰ 0u,
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and Xp is Marcus-like, by Remark 5.B.2,

lim
nÑ8

ÿ

sni Pπn
r0,1s

∇2F psni ,X
p qXp

b2

sni ,s
n
i`1

“

ż t

0
∇2F ps,Xp qdrXp , Xp scs `

ÿ

sďt

∇2F ps,Xp q∆Xp
b2

s .

Moreover, by Theorem 5.4.4,
`

∇F p¨,Xp q,∇2F p¨,Xp q
˘

P Vp
1,r

Xp
, for all p1 ą p such that

1
p1 ` 2

p ą 1. Since for all t P r0, 1s, Antip∇2F pt,Xp qq “ 0, by definition of the rough integral,
we then deduce the existence of the limit in equation (5.4.17). Finally, formula (5.4.18)
is derived from equation (5.4.8).

Next, we proceed our discussion by considering the special case of càdlàg rough paths
over some Xp P Dp pr0, 1s,Rd`1q which satisfies (RIE) (see Property 5.B.6) with respect
to some p P p2, 3q and some sequence of nested partitions pπn

r0,1s
qnPN. Recall from

Proposition 5.B.9 that any path that satisfies (RIE) along a sequence of partition, also
has quadratic variation in the sense of Föllmer along the same partition.

Corollary 5.4.9 ((RIE) property). Let p P p2, 3q and F : r0, 1s ˆDppr0, 1s, G2pRd`1qq Ñ

R be a C3-non-anticipative Marcus canonical path functional such that F,∇F,∇2F and
R∇F,∇2F are rp, 3q-var-continuous, and pπn

r0,1s
qnPN a sequence of nested partitions with

vanishing mesh size. Let Xp P Dp pr0, 1s,Rd`1q be a tj-extended path which satisfies (RIE)

with respect to p and pπn
r0,1s

qnPN, and Xp P Dp
p
pr0, 1s, G2pRd`1qq the rough path defined in

equation (5.B.6) such that π1pXp q “ Xp . Then, for all t P r0, 1s, it holds that

F pt,Xp q ´ F p0,Xp q “

ż t

0
∇F ps´,Xp qdXp s `

1

2

ż t

0
∇2F ps´,Xp qdrXp , Xp scs (5.4.19)

`
ÿ

sďt

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s.

The first term on the left-hand side of (5.4.19) is interpreted as in equation (5.4.17), the
second term is a Young integral with respect to rX,Xsc, and the summation term is well
defined as an absolutely summable series.

Remark 5.4.10. Notice that Remark 5.4.8 applies also here. Therefore, the Young
integral with respect to rX,Xsc in (5.4.17) is equal to a Lebesgue-Stieltjes integral.

Proof. Observe that by definition, Xp is a Marcus-like rough path. Therefore it holds that

ts P p0, 1s : ∆Xp s ‰ 0u “ ts P p0, 1s : ∆Xp s ‰ 0u.

Moreover, by Proposition 2.14 in Allan et al. (2023b), we also get that

ts P p0, 1s : ∆Xp s ‰ 0u Ď
ď

nPN
πnr0,1s.
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5.4 Functional Itô-formula

Since by Theorem 5.3.15, for j “ 1, 2,

ts P p0, 1s : ∆∇jF ps,Xp q ‰ 0u “ ts P p0, 1s : ∆Xp s ‰ 0u,

the claim follows by Theorem 5.4.4 and Proposition 5.B.9.

Remark 5.4.11. (i) Notice that for Xp P Dp pr0, 1s,Rd`1q a tj-extended path as in

Corollary 5.4.9, Xp P Dp
p
pr0, 1s, G2pRd`1qq as given in (5.B.6) is a tj-extended weakly

geometric rough path (see Definition 5.3.3). Therefore, Theorem 5.3.15 holds true
for F evaluated at such a path.

(ii) The Itô-formula (5.4.19) coincides with the formula derived in Corollary 5.4.7.
Observe that the former has been deduced under weaker assumptions on ∇2F , but
stronger ones on the path Xp . Specifically, in Corollary 5.4.7, we have supposed
that for all t P r0, 1s, Antip∇2F pt,Xp qq “ 0 to ensure the convergence of the
limit in (5.4.17). In contrast, the latter convergence was achieved without any
assumptions on the antisymmetric part of ∇2F when Xp satisfies property (RIE).
Property (RIE) is indeed a stronger requirement for a path than having finite
quadratic variation in the sense of Föllmer (see Proposition 5.B.9).

Finally, we conclude this section by analyzing path functionals evaluated at some
random rough paths given as Marcus lift of some càdlàg semimartingale (see Proposi-
tion 1.4.1).

Corollary 5.4.12 (Semimartingales (stochastic)). For p P p2, 3q, let F : r0, 1s ˆ

Dppr0, 1s, G2pRd`1qq Ñ R be a C3-non-anticipative Marcus canonical path functional such
that F,∇F,∇2F and R∇F,∇2F are rp, 3q-var-continuous. For Xp a tj-extended càdlàg se-
mimartingale, denote by Xp its Marcus lift as defined in equation (1.4.1). Assume that
the processes ∇F p¨,Xp q :“ p∇F pt,Xp qqtPr0,1s,∇2F ps,Xp q :“ p∇2F p¨,Xp qqtPr0,1s are locally
bounded and predictable. Then, for all t P r0, 1s, a.s.

F pt,Xp q ´ F p0,Xp q “

ż t

0
∇F ps´,Xp qdXp s `

1

2

ż t

0
∇2F ps´,Xp qdrXp , Xp scs (5.4.20)

`
ÿ

sďt

F ps,Xp q ´ F ps´,Xp q ´ ∇F ps´,Xp q∆Xp s.

The first term on the left-hand side of (5.4.20) is an Itô-integral, the second term is a
Young integral with respect to rXp , Xp sc, and the summation term is well defined as an a.s.
absolutely summable series.

Remark 5.4.13. Since the continuous quadratic variation path rXp , Xp sc a.s. of finite
variation, the integral in (5.4.20) is a.s. equal to a Lebesgue-Stieltjes integral.

Proof. The assertion follows by Theorem 5.4.4, and Lemma 4.35 in Chevyrev and Friz
(2019) combined with a similar argument as in Proposition 4.16 in Chevyrev and Friz
(2019).
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Remark 5.4.14. (i) The functional Itô-formula in (5.4.20) evaluated at continuous
paths coincides with the functional Itô-formula derived in Theorem 1 in Dupire
(2019) and Theorem 4.1 in Cont and Fournie (2013) whenever the relative regularity
conditions and functional representations coincide. Furthermore, we remark that
in this semimartingale context, the antisymmetric part of the second-order vertical
derivatives does not matter as its contribution vanishes a.s. (see Lemma 4.35 in
Chevyrev and Friz (2019)).

Notice in particular that since we consider here time-extended paths, the integral of
the horizontal derivative of the functional (see Definition 3.1 in Cont and Fournie
(2013)) with respect to the time considered in Theorem 4.1 in Cont and Fournie
(2013) coincides with the integral of the vertical derivative of the functional with
respect to the time component.

(ii) Recall that the framework in Dupire (2019), Cont and Fournie (2013), Cont and
Fournie (2010a) for deriving a functional Itô-formula requires continuity of the
functionals and their derivatives with respect to the supremum norm, as well as
the verification of some boundness preserving properties (see Definition 2.5 in Cont
and Fournie (2013)). This excludes several important examples of non-anticipative
functionals, such as iterated Stratonovich (or Itô) stochastic integrals, which are
instead covered in the present framework. Indeed, recall that linear functionals of
the signature are the prototype of functionals for which Theorem 5.5.5 applies, and
by the discussion in Section 1.4, linear functionals of the signature of a continuous
semimartingale with Marcus lift, which reduces to the Stratonovich lift, are simply
iterated Stratonovich integrals.

More generally, the regularity conditions on the functionals and their derivatives
expressed with respect to a stronger topology (p-variation versus uniform topology)
allow here for the consideration of a larger set of regular functionals.

(iii) Corollary 5.4.12 easily extends to the case of tj-extended semimartingales perturbed
by tj-extended paths of finite q-variation and their canonical Marcus-like rough
path lift, as introduced in Section 5.1 in Chevyrev and Friz (2019).

5.5 Functional Taylor expansion

The Taylor expansion is a fundamental concept in classical calculus, offering explicit
polynomial approximations of smooth functions. The aim of this section is to derive a
functional Taylor expansion of sufficiently regular Marcus-canonical path functionals in
terms of the signature.

5.5.1 The case p P r1, 2q

Here, as a byproduct of the functional Itô-formula proved in Theorem 5.4.1, we derive a
functional Taylor expansion for non-anticipative maps of càdlàg rough paths. We start
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5.5 Functional Taylor expansion

by proving the result for functionals evaluated at some continuous paths. Then, relying
on the Marcus property of the functionals considered, a Taylor expansion for functionals
of càdlàg paths will be proved in a subsequent corollary.

Theorem 5.5.1. Let p P r1, 2q, K ě 2 and F : r0, 1s ˆ Dppr0, 1s, G1pRd`1qq Ñ R be a
CK-non-anticipative Marcus canonical path functional such that F,∇F, . . . ,∇K´1F are
rp, 2q-var-continuous. Let Xp P Cp

p
pr0, 1s, G1pRd`1qq and denote by Xp its signature. Then,

for every t P r0, 1s, it holds that

F pt,Xp q “

K´2
ÿ

j“0

∇jF p0,Xp qXp
pjq

0,t ` RF
K´1pt,Xp q, (5.5.1)

where RF
K´1pt,Xp q :“

şt
0

şt1
0 . . .

ştK´2

0 ∇K´1F ptK´1,Xp qdXp tK´1 . . . dX
p

t1 is defined via iter-
ated Young integrals.

Remark 5.5.2. Recall from Corollary 1.2.8 that for any Y P Cp
1

pr0, 1s, G1pRd`1qq and

Xp P Cp
p
pr0, 1s, G1pRd`1qq, with p1 ą p, 1

p1 ` 1
p ą 1, the path defined via the Young integral

as
ş¨

0 YsdX
p

s has finite p-variation. Therefore, the iterated integrals defining the remainder

term RF
K´1p¨,Xp q are well-defined.

Proof. Let Xp P Cp
p
pr0, 1s, G1pRd`1qq. We prove the assertion by induction. If K “ 2,

then the expansion (5.5.1) is simply the statement of Theorem 5.4.1. Assume K ą 2 and
that the assertion holds true for all l “ 2, . . . ,K ´ 1. Since by assumption F is CK , it is
in particular CK´1, thus by the induction hypothesis, it holds that

F pt,Xp q “

K´3
ÿ

j“0

∇jF p0,Xp qXp
pjq

0,t ` RF
K´2pt,Xp q,

for RF
K´2pt,Xp q :“

şt
0

şt1
0 . . .

ştK´3

0 ∇K´2F ptK´2,Xp qdXp tK´2 . . . dX
p

t1 . Next, since ∇K´2F
is a C2-non-anticipative Marcus canonical path functional (see Remark 5.3.13) and
∇K´2F,∇K´1F are rp, 2q-var-continuous, a component-wise application of Theorem 5.4.1
to ∇K´2F yields that for all s P r0, 1s,

∇K´2F ps,Xp q “ ∇K´2F p0,Xp q `

ż s

0
∇K´1F pr,Xp qdXp r. (5.5.2)

The claim follows by replacing the expression in equation (5.5.2) into RF
K´2pt,Xp q.

Corollary 5.5.3. Let p P r1, 2q, K ě 2 and F : r0, 1s ˆ Dppr0, 1s, G1pRd`1qq Ñ R be a
CK-non-anticipative Marcus canonical path functional such that F,∇F, . . . ,∇K´1F are
rp, 2q-var-continuous. Let Xp P Dp

p
pr0, 1s, G1pRd`1qq, denote by Xp its signature and by Z
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its time-extended Marcus-transformed path with respect to some pair pR,ψRq. Then, for
all t P r0, 1s, it holds that

F pt,Xp q “

K´2
ÿ

j“0

∇jF p0,Xp qXp
pjq

0,t ` RF
K´1pt,Xp q,

where RF
K´1pt,Xp q :“

şψ´1
R pτ

Xx,R
ptqq

0

şt1
0 . . .

ştk´2

0 ∇K´1F ptk´1,ZqdZtk´1
. . . dZt1 is defined

via iterated Young integrals.

Proof. Let pt,Xp q P r0, 1sˆDp
p
pr0, 1s, G1pRd`1qq and Z the time-extended Marcus-transformed

path of Xp . By Theorem 5.5.1 the expansion (5.5.1) holds true when evaluating the func-

tional F at pψ´1
R pτ

Xp ,R
ptqq,Zq. Since for all j “ 0, . . . ,K ´ 2, ∇jF , Xp

pjq
are Marcus

canonical path functional, the claim follows.

Remark 5.5.4. Notice that since the proofs of Theorem 5.5.1 and Corollary 5.5.3 rely
on the functional Itô-formula stated in Theorem 5.4.1, the considerations regarding a
possible weakening of the hypothesis on the functional F discussed in Remark 5.4.3 also
apply here.

5.5.2 The case p P r2, 3q

In this section, we derive a Taylor expansion for a sufficiently regular path functional
of càdlàg p-rough paths, for p P r2, 3q, via an iterative application of the functional
Itô-formula (5.4.8).

Theorem 5.5.5. Let p P r2, 3q, K ě 3 and F : r0, 1s ˆDppr0, 1s, GrpspRd`1qq Ñ R be a

CK- non-anticipative path functional such that F,∇F, . . . ,∇K´1F and R∇K´2F,∇K´1F

are rp, 3q-var-continuous. Let Xp P Cp
p
pr0, 1s, G2pRd`1qq and denote by Xp its signature.

Then, for every t P r0, 1s it holds that

F pt,Xp q “

K´3
ÿ

j“0

∇jF p0,Xp qXp
pjq

0,t ` RF
K´2pt,Xp q, (5.5.3)

where RF
K´2pt,Xp q :“

şt
0

şt1
0 . . .

ştK´3

0 ∇K´2F ptK´2,Xp qdXp tK´2 . . . dX
p

t1 is defined via iter-
ated rough integrals.

Remark 5.5.6. The iterated rough integrals determining the remainder term RF
K´2p¨,Xp q

are defined as follows. Set G´1p¨,Xp q :“ ∇K´1F p¨,Xp q, G0p¨,Xp q :“ ∇K´2F p¨,Xp q and

Gjp¨,Xp q :“

ż ¨

0

ż t1

0
. . .

ż tj´1

0
∇K´2F ptj ,Xp qdXp tj . . . dX

p

t1 , (5.5.4)

for j “ 1, . . . ,K ´ 2. Then, Gjp¨,Xp q is the rough integral of pGj´1p¨,Xp q, Gj´2p¨,Xp qq

with respect to Xp , which is well-defined by Corollary 1.2.13.
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5.5 Functional Taylor expansion

Proof. Similar to the proof of Theorem 5.4.4, here we first derive the Taylor expansion for
functionals evaluated at the truncated signature at level 2 of a time-extended piecewise
linear path. Then, we extend it to general continuous paths by a density argument. This
approach simplifies the proof development as it enables working with Young integrals (and
thus Riemann sums) instead of truly rough integrals (and thus compensated Riemann
sums, see Proposition 1.2.11) in the derivation of the remainder term RF

K´2. This is
possible because any rough integral with respect to the level-2 signature of a Rd-valued
path of finite variation is simply a Young integral with respect to the path itself (see e.g.,
Lemma 1.2.15).

Step 1: Let Xp P Cp
1
pr0, 1s, G2pRd`1qq be the truncated signature at level 2 of a time-

extended piecewise linear path. We prove the assertion by induction. If K “ 3, then
the expansion in equation (5.5.3) is simply the statement of Theorem 5.4.4. Assume
K ą 3 and that the assertion holds true for all j “ 3, . . . ,K ´ 1. Since F is in CK , it is
in particular in CK´1. By the induction hypothesis,

F pt,Xp q “

K´4
ÿ

j“0

∇jF p0,Xp qXp
pjq

0,t ` RF
K´3pt,Xp q,

for RF
K´3pt,Xp q :“

şt
0

şt1
0 . . .

ştK´4

0 ∇K´3F ptK´3,Xp qdXp tK´3 . . . dX
p

t1 . Thus, if we prove
that

RF
K´3pt,Xp q “ ∇K´3F p0,Xp qXp

pK´3q

0,t ` RF
K´2pt,Xp q, (5.5.5)

the claim follows. Since ∇K´3F is a C3 non-anticipative Marcus canonical path functional
(see Remark 5.3.13), and ∇K´3F,∇K´2F,∇K´1F , and R∇K´2F,∇K´1F are rp, 3q-var-
continuous, a component-wise application of Theorem 5.4.4 to ∇K´3F yields that for all
s P r0, 1s,

∇K´3F ps,Xp q “ ∇K´3F p0,Xp q `

ż s

0
∇K´2F pr,Xp qdXp r. (5.5.6)

Finally, since any rough integral with respect to Xp is nothing else than a Young integral
with respect to π1pXp q, (see e.g., Lemma 1.2.15), the claim follows by replacing the
expression in equation (5.5.6) into RF

K´3pt,Xp q.

Step 2: Fix Xp P Cp
p
pr0, 1s, G2pRd`1qq. By Theorem 5.23 in Friz and Victoir (2010),

there exists a sequence of piecewise linear time-extended paths such that their truncated

signature at level 2, denoted by pXp
M

qMPN, satisfies

lim
MÑ8

dCC sup
tPr0,1s

pXp
M

t ,X
p

tq “ 0, and sup
MPN

}Xp
M

}p-var ď C}}Xp }p-var,
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for some C ą 0. By Step 1, for every fixed M and t P r0, 1s,

F pt,Xp
M

q “

K´3
ÿ

j“0

∇jF p0,Xp
M

qXp
M,pjq

0,t ` RF
K´2pt,Xp

M
q.

Thus, since for all j “ 0, . . . ,K ´ 3, ∇jF and Xp
pjq

are rp, 3q-var-continuous (see Proposi-
tion 5.2.26), the claim follows if we prove that for every t P r0, 1s,

lim
MÑ8

RF
K´2pt,Xp

M
q “ RF

K´2pt,Xp q.

To this end, set G´1 :“ ∇K´1F , G0 :“ ∇K´2F and define for j “ 1, . . . ,K ´ 2,

Gjpt,Xp q :“

ż t

0

ż t1

0
. . .

ż tj´1

0
∇K´2F ptj ,Xp qdXp tj . . . dX

p

t1 .

We show that there exists p :“ pp0q ă pp1q ă . . . ppK´2q ă 3 such that for all j “

1, . . . ,K ´ 2,

lim
MÑ8

dppjqpGj´2p¨,Xp
M

q, Gj´2p¨,Xp qq “ 0, (5.5.7)

lim
MÑ8

dppjq{2

`

RG
j´1,Gj´2

pp¨, ¨q,Xp
M

q, RG
j´1,Gj´2

pp¨, ¨q,Xp q
˘

“ 0,

and limMÑ8 dCCpGj´1p0,Xp
M

q, Gj´1p0,Xp
M

qq “ 0. Then, a similar argument as in
the Step 2 of the proof of Theorem 5.4.4 (see equation (5.4.14)) yields that for all
j “ 1, . . . ,K ´ 2,

lim
MÑ8

dppjq-var

`

Gjp¨,Xp
M

q, Gjp¨,Xp qq “ 0. (5.5.8)

Since GK´2 “ RF
K´2, the claim follows.

We reason by induction. Let j “ 1 and fix pp1q ą p. By interpolation, we get

limMÑ8 dpp1q-var

`

Xp
M
,Xp q “ 0. Since by assumption G´1, G0, and RG

0,G´1
are rp, 3q-var

continuous, the claim follows.

Assume the assertion holds true for all l “ 1, . . . , j, with K ´ 3 ě j ą 1, and fix
ppj`1q ą ppjq ą ppj´1q. By the induction hypothesis,

lim
MÑ8

dppjq-var

`

Gj´1p¨,Xp
M

q, Gj´1p¨,Xp q
˘

“ 0. (5.5.9)

Moreover, an application of equation (2.3.3) in Theorem 31 in Friz and Shekhar (2017),
yields that

sup
MPN

}RG
j ,Gj´1

pp¨, ¨q,Xp
M

q}ppjq{2-var ă 8.

Therefore, by interpolation

lim
MÑ8

dppj`1q{2

`

RG
j ,Gj´1

pp¨, ¨q,Xp
M

q, RG
j ,Gj´1

pp¨, ¨q,Xp q
˘

“ 0.

Since the convergence in (5.5.9) holds true also with respect dppj`1q , the claim follows.
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5.5 Functional Taylor expansion

Finally, we derive a Taylor expansion for functionals of càdlàg paths exploiting the
Marcus-canonical properties of the functionals considered. The proof of the following
corollary follows step by step the proof of Corollary 5.5.3. Therefore, we omit it.

Corollary 5.5.7. Let p P r2, 3q and F : r0, 1s ˆ Dppr0, 1s, G2pRd`1qq Ñ R be a CK ,
K ě 3, non-anticipative Marcus canonical path functional such that F,∇F, . . . ,∇K´1F
and R∇K´2F,∇K´1F are rp, 3q-var-continuous. Let Xp P Dp

p
pr0, 1s, G2pRd`1qq, denote by Xp

its signature, and by Z its time-extended Marcus-transformed path with respect to some
pair pR,ψRq. Then, for all t P r0, 1s, it holds that

F pt,Xp q “

K´3
ÿ

j“0

∇jF p0,Xp qXp
pjq

0,t ` RF
K´2pt,Xp q,

where RF
K´2pt,Xp q :“

şψRpτ
Xx,R

ptqq

0

şt1
0 . . .

ştK´3

0 ∇K´1F ptk´1,ZqdZtk´1
. . . dZt1 is defined via

iterated rough integral.

Remark 5.5.8. (i) Since the proofs of Theorem 5.5.5 and Corollary 5.5.7 rely on The-
orem 5.4.4, the considerations regarding a possible modifications of the conditions
on the functional F discussed in Remark 5.4.6(i)(ii) also apply here.

(ii) A Taylor expansion of path functionals in terms of signature has been recently
proved in Dupire and Tissot-Daguette (2023). In particular, adopting the pathwise
framework pioneered by Föllmer (1981) and combining it with the (functional)
differential calculus introduced in Dupire (2019), they prove a pathwise functional
Taylor expansion for continuous paths of finite quadratic variations in the sense
of Föllmer (see Theorem 3.10 in Dupire and Tissot-Daguette (2023)). However,
recalling the discussion in Remark 5.2.23 on the commutativity of the derivation
order, it is not surprising that their expansion is presented only for functionals
of continuous one-dimensional time-extended paths of finite quadratic variation in
the sense of Föllmer, for which the dependency with respect to the time and path
component is captured via the horizontal and vertical derivatives, respectively.

Indeed, in this framework, only the horizontal and vertical derivatives do not com-
mute (see the discussion at page. 33 in Cont et al. (2016)). Therefore, considering
time-extended one-dimensional paths, they can indeed recover all terms in the
signature that appear in the expansion. In a multidimensional setting, however,
since the higher-order (mixed) vertical derivatives commute, by Lemma 1.1.9, any
expansion in terms of the signature can not be obtained.

This remark further emphasizes the importance of establishing a differential calculus
on path functionals that allows a non-commutative order of differentiation, without
which it would not be possible to achieve Taylor expansions in terms of the signature.

Analytic non-anticipative path functionals Building on the Taylor expansions derived
in the preceding section, we mimic here the classical analysis approach to the study of
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smooth functions and introduce a notion of analytical path functional. For simplicity,
we address these concepts specifically in the case of càdlàg p-rough path, for p P r2, 3q.
However, note that they can also be formulated within the simpler setting of càdlàg p-
rough path, for p P r1, 2q. We start by providing the definition of the concatenation
path.

Definition 5.5.9. Let X “ expp2qpX,AXq and Y “ expp2qpY,AY q P Dpr0, 1s, G2pRdqq.
We define the concatenation path of X and Y at time t P r0, 1s as the path

X ‘t Y P Dpr0, 1s, G2pRdqq,

defined as follows: for all u P r0, 1s

pX ‘t Yqu :“ expprpsqppXu, A
X
u q1tuďtuq b expprpsqppYu ´ Yt `Xt, A

Y
u ´AYt ´AXt q1tuątuq.

Remark 5.5.10. Notice that X‘tY P Dpr0, 1s, GrpspRdqq. Moreover pX‘tYqt “ Xt and
if both X, Y have finite p-variation, for some p ą 0, the same holds for the concatenation
path (for all t P r0, 1s).

Next, we use the concept of concatenation path to derive the Taylor expansion of a
path functional within a neighborhood of a given path.

Corollary 5.5.11. Let p P r2, 3q, K ě 3 and F : r0, 1s ˆDppr0, 1s, G2pRd`1qq Ñ R be a

CK-non-anticipative path functional such that F,∇F, . . . ,∇K´1F and R∇K´2F,∇K´1F are
rp, 3q-var-continuous. Then, for all Xp P Cp

p
pr0, 1s, G2pRd`1qq, Yp P Cp

p
pr0, 1s, G2pRd`1qq,

t, s P r0, 1s, t ď s it holds that

F ps,Xp ‘t Yp
s
q “

K´3
ÿ

j“0

∇jF pt,Xp qYp
pjq

t,s ` RF
K´2ps,Xp ‘t Yp q, (5.5.10)

where, RF
K´2ps,Xp ‘t Yp q :“

şs
t

şs1
t . . .

şsK´4

t ∇K´2F psK´2,Yp ‘t Yp qdYp sK´2 . . . dXs1, and

Yp denotes the signature of Yp .

Proof. The proof is exactly the same as the proof of Theorem 5.5.5, except that one
needs to derive the expansion between s and t instead of 0 and t.

Remark 5.5.12. The formula (5.5.10) for F evaluated at a càdlàg concatenation path
can be derived as in Corollary 5.5.7, and results in an expansion whose remainder
term RF

K´2 is expressed in terms of the time-extended Marcus transformed path of the
concatenation path.

Recall from Remark 5.5.8(i) that the formula (5.5.10) can be derived also under the
assumption of F being a CK-non-anticipative path functional such that

F,∇F, . . . ,∇K´1F,∇KF
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5.A Proof of Section 5.3

are rp, 3q-var-continuous. Now, we use this slightly stronger assumption in order to
introduce the notion of analytical and entire path functional. In the following, we say
that a Marcus-canonical path functional is C8 if it is CK , for all K P N.

Definition 5.5.13. Let p P r2, 3q and F : r0, 1s ˆ Dppr0, 1s, G2pRd`1qq Ñ R be a C8-
Marcus-canonical non-anticipative path functional such that all its vertical derivatives
∇jF are rp, 3q-var-continuous. Fix pt,Xp q P r0, 1s ˆDp

p
pr0, 1s, G2pRd`1qq.

(i) We say that F is real analytic at pt,Xp q if there exists δ ą 0 such that for all

ps,Yp q P rt, 1s ˆDp
p
pr0, 1s, G2pRd`1qq with |s´ t| ` }Yp }p-varrt,ss ă δ it holds that

F ps,Xp ‘t Yp q “

8
ÿ

j“0

∇jF pt,Xp qYp
pjq

t,s .

(ii) We say that F is entire if for all pt,Xp q P Dp
p
pr0, 1s, G2pRd`1qq, it holds that

F pt,Xp q “

8
ÿ

j“0

∇jF p0,Xp qXp
pjq

0,t .

Example 5.5.14. Let u P TN pRd`1q, for some N P N and consider the linear functional
of the signature Fu (see Section 5.2.4). Then, by Proposition 5.2.26 Fu is an entire

functional and for all pt,Xp q P Dp
p
pr0, 1s, G2pRd`1qq, setting Fupt,Xp q :“ xu,Xpty, it holds

that

xu,Xpty “

N
ÿ

j“0

xupjq,Xp0yXp
pjq

0,t . (5.5.11)

Notice that equation (5.5.11) coincides with Chen’s relation (see Proposition 1.3.6). More
generally, one can also consider path functional of the form F pt,Xp q :“ fpxu,Xtyq for an
entire function f : R Ñ R. Similar computations as in (5.4.16) show that F is an entire
path functional.

5.A Proof of Section 5.3

Before presenting the proofs of the main results of the section, we list some key notions
and introduce a lighter notation. Recall that

GppRd`1qq :“ tx P T ppRd`1qq | πďN pxq P GN pRd`1q for all N P Nu,

for GN pRd`1q :“ exppNqpgN pRd`1qq, exppNq given in 2.3.3, and

gN pRd`1q :“ t0u ‘ Rd`1 ‘ rRd`1,Rd`1s ‘ ¨ ¨ ¨ ‘ rRd`1, rRd, . . . rRd`1,Rd`1sss, (5.A.1)
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with the last term in (5.A.1) composed of pN ´ 1q-brackets. Notice that GN pRd`1q is a
Carnot group (see Definition 2.2.1 in Bonfiglioli et al. (2007)). Moreover, set

gppRd`1qq :“ tx P T ppRd`1qq | πďN pxq P gN pRd`1q for all N P Nu.

Then GppRd`1qq “ exppgppRd`1qqq (see e.g., Bank et al. (2024), Schmeding (2022)) and
is closed with respect to the tensor multiplication b.

Recall furthermore that by Definition 5.2.4 if X P Dppr0, 1s, GrpspRd`1qq, Xr denotes its
Marcus transformed path with respect to some pair pR,ψRq and that by construction for
all t P r0, 1s,

Xt “ Xr ψ´1
R pτX,Rptqq

.

Fix F P CK and let g be the map for which Assumption 5.3.7 holds. For X P

Cppr0, 1s, GrpspRd`1qq, let gX,K be the map introduced in equation (5.3.4). To sim-
plify the notation, we write gK :“ gX,K whenever no confusion arises, and write gK and
|β|gK in place of gKpRd`1q and |β|gKpRd`1q (see Notation 5.3.6), respectively. Finally, we
denote with the index 0 the first component of X.

5.A.1 Proof of Lemma 5.3.9

Fix X P Cppr0, 1s, GrpspRd`1qq and let pt, ξq P r0, 1s ˆ gK . By definition of signature and
GppRd`1qq,

Xt b exppξ, 0, . . . , 0q P GppRd`1qq.

Therefore, by Assumption 5.3.7, the map gK is well-defined. Next, fix t P r0, 1s. We show

that for all j “ 1, . . . ,K and |β|gK “ j, the derivatives Dβ
ξ g

Kpt, ξq|ξ“0 exist.

The claim follows if we prove that for all j “ 1, . . . ,K, i1, . . . , ij “ 0, 1, . . . , d,

U ij . . . U i1F pt,Xq “
dj

dhj . . . dh1
gpXt b expphjϵij q b ¨ ¨ ¨ b expph1ϵi1qq|hj“¨¨¨“h1“0.

(5.A.2)

Indeed, since by assumption F P MK
rps
, the quantities U ij . . . U i1F pt,Xq are well-defined.

Furthermore, by Propositions 20.1.7 (see in particular equation (20.20)) and 20.1.9 (see
also Proposition 20.1.4) in Bonfiglioli et al. (2007), setting

Lpt, h1ϵi1 , . . . , hjϵij q :“ gpXt b expphjϵij q b ¨ ¨ ¨ b expph1ϵi1qq,

it holds that for all |β|gK “ j,

Dβ
ξ g

Kpt, ξq|ξ“0 P span
! dj

dhj . . . dh1
Lpt, h1ϵi1 , . . . , hjϵij q|h1“¨¨¨“hj“0, i1, . . . , ij “ 0, . . . , d

)

,
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5.A Proof of Section 5.3

from which we deduce that Dβ
ξ g

Kpt, ξq|ξ“0 exists. In order to show (5.A.2) we apply
the iterative procedure described in Remark 5.2.21 (ii) (see also Example 5.2.22) and
compute the higher order vertical derivatives of F .

Fix δ ą 0 and for iK “ 0, 1, . . . , d, hK P p´δ, δq set

XriK sphKq :“ X ` hiK ϵiK1t¨ěµ
r0s
t u
,

YriK sphKq :“ XriK sphKq
„

,

µ
riK s

t phKq :“ τXriK sphKq,RK
ptq.

For j “ K ´ 1, . . . , 1, ij “ 0, 1, . . . , d, hj P p´δ, δq, set

XriK ,...,ijsphK , . . . , hjq :“ YriK ,...,ij`1sphK , . . . , hj`1q ` hjϵij1
t¨ěµ

riK,...,ij`1s

t u
,

YriK ,...,ijsphK , . . . , hjq :“ XriK ,...,ijsphK , . . . , hjq
„

,

µ
riK ,...,ijs

t phK , . . . , hjq :“ ψ´1
Rj

pτ
XriK,...,ij s

phK ,...,hjq,Rj
pµ

riK ,...,Ij`1s

t phK , . . . , hj`1qqq,

for XriK ,...,ijsphK , . . . , hjq
„

denoting the Marcus transformed path of XiK ,...,ijsphK , . . . , hjq
with respect to some pair pRj , ψRj q that might depend on phK , . . . , hjq.

Then, by definition of higher-order vertical derivatives (see Definition 5.2.19), it holds
that for all j “ 1, . . . ,K

U ij . . . U i1F pt,Xq

“
dj

dhj . . . dh1
F pµ

riK ,...,i1s

t p0, . . . , 0, hj , . . . , h1q,YriK ,...,ijsp0, . . . , 0, hj , . . . , h1qq|hj“¨¨¨“h1“0.

Finally, Assumption 5.3.7 and a direct computation of the signature at time µ
riK ,...,i1s

t phK , . . . , h1q

of the continuous path YriK ,...,ijsphK , . . . , h1q yield that

F pµ
riK ,...,i1s

t phK , . . . , h1q,YriK ,...,ijsphK , . . . , h1qq “ gpXt b expphjϵij q b ¨ ¨ ¨ b expph1ϵi1qq.

The claim follows.

5.A.2 Proof of Theorem 5.3.15

Before delving into the proof of Theorem 5.3.15 we outline its main steps. Recall the
simplified notation introduced at the beginning of the present section.

Sketch of the proof Fix Xp P Cp
p
pr0, 1s, GrpspRd`1qq.
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Step 1: We show that for t P r0, 1s, i1, . . . , ij P t0, . . . , duj , j “ 1, . . . ,K,

F pt,Xp q “ gKpt, 0q,

U ij . . . U i1F pt,Xp q P spantDβ
ξ g

Kpt, ξq|ξ“0 : β P NM0 , |β|gK “ ju.

Step 2: Since F P CK , Assumption 5.3.10 an adaptation of the proof of the Weierstrass
approximation theorem (see Theorem 1.6.2 in Narasimhan (1985)) to the present setting
yields that there exists a sequence of polynomials ppnqnPN on r0, 1s ˆ Up0q such that

lim
nÑ8

sup
tPr0,1s

sup
ξPH

ÿ

βPNM
0 , |β|

gK
ďK

}Dβ
ξ g

Kpt, ξq ´Dβ
ξpnpt, ξq} “ 0,

for some compact set H Ă Up0q such that 0 P H.

Step 3: We define Y P Cp
p
pr0, 1s, GrpspRd`2qq as the time-extended path of Xp (Sec-

tion 1.2.4 and in particular Remark 1.2.18 (iv)), and denote this auxiliary component by
the index ´1 and its signature by Y. Let p be a polynomial on r0, 1s ˆ Up0q. Notice that
the map

r0, 1s Q t ÞÑ p̃ptqp¨q :“
´

Up0q Q ξ ÞÑ ppt, ξq

¯

belongs to C
`

r0, 1s, CKpUp0qq
˘

, where CKpUp0qq denotes the set of K-times differentiable
functions on Up0q, which we endow with the topology of uniform convergence on compacts
of the function and all its derivatives up to order K. We exploit the Stone-Weierstrass
theorem for vector-valued maps (see e.g., Theorem 3.3 in Cuchiero et al. (2023b)) to
show that there exists a sequence pvnqnPN Ă T pRd`2q whose indices are in t´1, 0, . . . , du

such that

lim
nÑ8

sup
tPr0,1s

sup
ξPH

ÿ

βPNM
0 , |β|ďK

}Dβ
ξppt, ξq ´Dβ

ξ xvn,Yt b exppipξq, 0, . . . , 0qy} “ 0, (5.A.3)

where i : gKpRd`1q Ñ gKpRd`2q denotes the embedding of gKpRd`1q into gKpRd`2q

obtained by setting equal to 0 all the additional components.

Step 4: A combination of Step 2 and Step 3 yields the existence of a sequence pvnqnPN Ă

T pRd`2q whose indices are in t´1, 0, . . . , du such that

lim
nÑ8

sup
tPr0,1s

ÿ

βPNM
0 , |β|

gK
ďK

}Dβ
ξ g

Kpt, ξq|ξ“0 ´Dβ
ξ xvn,Yt b exppipξq, 0, . . . , 0qy|ξ“0} “ 0.

(5.A.4)
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5.A Proof of Section 5.3

Step 5: We show that there exists a sequence punqnPN Ă T pRd`1q whose indices are in
t0, . . . , du such that for all n P N, t P r0, 1s, β P NM0 , |β|gK ď K,

Dβ
ξ xvn,Yt b exppipξq, 0, . . . , 0qy|ξ“0 “ Dβ

ξ xun,Xpt b exppξ, 0, . . . , 0qy|ξ“0.

Step 6: For u P T pRd`1q, consider the path functional given by

r0, 1s ˆDppr0, 1s, GrpspRdqq Q pt,Xq ÞÑ Fupt,Xq :“ xu,Xty.

Recall that for such functional, the map gK in (5.3.4) reads as gKpt, ξq :“ xu,Xpt b

exppξ, 0, . . . , 0qy. An application of Step 1 to the functional Fu yields that for all
t P r0, 1s, i1, . . . , ij P t0, . . . , duj , j “ 1, . . . ,K,

Fupt,Xp q “ xu,Xpty,

U ij . . . U i1Fupt,Xp q P spantDβ
ξ xu,Xpt b exppξ, 0, . . . , 0qy|ξ“0 : β P NM0 , |β|gK “ ju,

which concludes the first part of the proof.

Step 7: For Xp P Dp
p
pr0, 1s, GrpspRd`1qq, we deduce the claim by exploiting the Marcus

property of the functionals.

Proof. Fix Xp P Cp
p
pr0, 1s, GrpspRd`1qq.

Step 1: First of all notice that F pt,Xq “ gpXtq “ gKpt, 0q by Assumption 5.3.7 and
definition of gK in (5.3.4). Then, an inspection of the proof of Lemma 5.3.9 shows that
for all j “ 1, . . . ,K, i1, . . . , ij “ 0, . . . , d

U ij . . . U i1F pt,Xp q “
dj

dhj . . . dh1
gpXpt b expphjϵij q b ¨ ¨ ¨ b expph1ϵi1qq|hj“¨¨¨“h1“0.

Since by Propositions 20.1.4 and 20.1.5 (see in particular equation 20.19), in Bonfiglioli
et al. (2007), for all j “ 1, . . . ,K,

dj

dhj . . . dh1
gpXpt b expphjϵij q b . . .b expph1ϵi1qq|hj“¨¨¨“h1“0 (5.A.5)

P spantDβ
ξ g

Kpt, ξq|ξ“0 : β P NM0 , |β|gK“ju.

The claim follows.

Step 2: It follows directly by the assumption on gK and a simple adaptation of the
proof of Theorem 1.6.2 in Narasimhan (1985) to the present setting.
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Step 3: Let p be a polynomial on r0, 1s ˆ Up0q, Y P Cp
p
pr0, 1s, GrpspRd`2qq be the

time-extended path of Xp , and denote the auxiliary time component by the index ´1 and
its signature by Y. Consider the following set of maps

W :“ span tt ÞÑ pUp0q Q ξ ÞÑ wptqpξq :“ xeI ,Yt b exppipξq, 0, . . . , 0qyq , |I| ě 0u .

We verify the hypothesis of the Stone -Weiestrass theorem for vector-valued maps to
show the convergence in equation (5.A.3). We must prove that W satisfies the following
conditions:

(i) it is a A-submodule of Cpr0, 1s, CKpUp0qqq, for some point separating subalgebra
A Ď Cpr0, 1sq that vanishes nowhere;

(ii) Wptq :“ twptq : w P Wu is dense in CKpUp0qq.

(i): Notice that W Ď Cpr0, 1s, CKpUp0qq, as the functions in W are simply linear
combinations of polynomials in ξ whose coefficients are continuous in t. Let A denote
the space of polynomials on r0, 1s. Then, W is an A-submodule since the map r0, 1s Q

t ÞÑ pptqwptq P W for every w P W and p polynomial on r0, 1s.

(ii): We show that the set Wptq :“ twptq : w P Wu, which explicitly reads as

Wptq “ spantUp0q Q ξ ÞÑ xϵI ,Yt b exppipξq, 0, . . . , 0qy : |I| ě 0u, (5.A.6)

is dense in CKpUp0qq. To this end, we apply the Nachbin theorem (see Nachbin (1949)).
We need to verify that for all t P r0, 1s, the set Wptq satisfies the following properties:

(i) it is a linear subspace of CKpUp0qq;

(ii) it is a sub-algebra that contains a non-zero constant function and separates points;

(iii) for all ξ P Up0q and y P gKpRd`1q with y ‰ 0, there exists f P Wptq such that
∇ξfpξqy ‰ 0.

(i): It is clear.

(ii): The shuffle properties of group-like elements yields that Wptq is a sub-algebra (see
Section 1.1.3). Moreover, it contains a map constantly equal to 1:,

Up0q Q ξ ÞÑ xϵH,Yt b exppipξq, 0, . . . , 0qy,

and separates point. Indeed, let ξ1, ξ2 P Up0q with ξ1 ‰ ξ2. If for some i “ 0, . . . , d,
xϵi, ξ1y ‰ xϵi, ξ2y, then

xϵi,Yt b exppipξ1q, 0, . . . , 0qy ‰ xϵi,Yt b exppipξ2q, 0, . . . , 0qy.

Otherwise, let J :“ pi1, . . . , ijq P t0, . . . , duj j “ 2, . . . ,K be such that xϵJ , ξ1y ‰ xϵJ , ξ2y

and xϵI , ξ1y “ xϵI , ξ1y for all I P t0, . . . , dui with i ă j. Then,

xϵJ ,Yt b exppipξ1q, 0, . . . , 0qy ‰ xϵJ ,Yt b exppipξ2q, 0, . . . , 0qy.
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5.A Proof of Section 5.3

(iii): Let ξ P Up0q and y P gKpRd`1q with y ‰ 0. If for some i “ 0, . . . , d, xϵi,yy ‰ 0,
then

∇ξxϵi,Yt b exppipξq, 0, . . . , 0qyy “ xϵi,yy ‰ 0.

If instead for all i “ 0, . . . , d, xϵi,yy ‰ 0, let J :“ pi1, . . . , ijq P t0, . . . , duj j “ 2, . . . ,K
be such that xϵJ ,yy ‰ 0 and xϵI ,yy “ 0 for all I P t0, . . . , dui with i ă j. Then,

∇ξxϵJ ,Yt b exppipξq, 0, . . . , 0qyy “ xϵJ ,yy ‰ 0.

The claim follows.

Step 4: A direct consequence of Step 2 and Step 3.

Step 5: Let pvnqnPN Ă T pRd`2q be the sequence whose indices are in t´1, 0, . . . , du and
for which the convergence in (5.A.4) holds. The assertion follows if we prove that

(i) we can extract a subsequence, that without loss of generality, we still denote by
pvnqnPN, whose last K indices of each of its terms differ from ´1.

Recall that here ´1 denotes the index corresponding to the auxiliary time component of
Y. Indeed, in such a case, one can find a sequence punqnPN Ă T pRd`1q whose indices are
in t0, . . . , du such that for all n P N, t P r0, 1s, β P NM0 , |β|gK ď K,

xvn,Yty “ xun,Xpty,

Dβ
ξ xvn,Yt b exppipξq, 0, . . . , 0qy|ξ“0 “ Dβ

ξ xun,Xpt b exppξ, 0, . . . , 0qy|ξ“0,

concluding the proof.

In order to prove (i), assume first that for all j “ 1, . . . ,K, there exist ij P t0, . . . , du

and tj P r0, 1s such that

xϵbj
ij
,∇jF ptj ,Xp qy ‰ 0. (5.A.7)

Under this assumption, condition (i) is verified. Indeed, otherwise, for some j “ 1, . . . ,K,
and some N P N, the last j-th component of each vn with n ě N would be equal to ´1.
This would imply that for all n ě N and t P r0, 1s,

Dβ
ξ xvn,Yt b exppipξq, 0, . . . , 0qy|ξ“0 “ 0,

for all β P NM0 with |β|gK “ j. In particular, by Step 4, for all t P r0, 1s

Dβ
ξ g

Kpt, ξq|ξ“0 “ 0. (5.A.8)

Finally, by Step 1 (5.A.8) contradicts (5.A.7) and the claim follows.

Assume now that condition (5.A.7) does not hold. This means that there exist 1 ď m1 ă

¨ ¨ ¨ ă ml ď K such that for all i P t0, . . . , du and for all t P r0, 1s, xϵbmk
i ,∇mkF pt,Xp qy “ 0,
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for all k “ 1, . . . , l. Let M be the biggest of such mk and consider the functional
F0 : r0, 1s ˆDppr0, 1s, GrpspRd`1qq Ñ R defined via

F0pt,Xq :“ F pt,Xq ` xϵbM
0 ,Xty,

for all pt,Xq P r0, 1s ˆDppr0, 1s, GrpspRd`1qq, with Xt denoting the signature of X at time
t. Notice that for all t P p0, 1s, and for all mk, xϵbmk

0 ,∇mkF0pt,Xp qy “ xϵbM´mk
0 ,Xpty ‰ 0.

Therefore,

a) if M “ 1, condition (5.A.7) is verified for the functional F0. An application
of the previous steps to the functional F0 yields that there exists a sequence
pu0

nqnPN Ă T pRd`1q whose indices are in t0, . . . , du such that

lim
nÑ8

sup
tPr0,1s

ÿ

βPNM
0 , |β|

gK
ďK

}Dβ
ξ g

Kpt, ξq|ξ“0 `Dβ
ξ xϵbM

0 ,Xpt b exppξ, 0, . . . , 0qy|ξ“0

´Dβ
ξ xu0

n,Xpt b exppξ, 0, . . . , 0qy|ξ“0} “ 0.

The claim follows by considering the sequence un :“ u0
n ´ ϵbM

0 , n P N;

b) if M ą 1 and for all 1 ď j ă M , ij for which F satisfies condition (5.A.7) at Xp is
different from 0, then condition (5.A.7) is verified for the functional F0 and the
claim follows as in a).

c) ifM ą 1 and for some 1 ď j ă M , ij for which F satisfies condition (5.A.7) is equal
to 0, denote such js by 1 ď j1 ă ¨ ¨ ¨ ă jl ă M , 1 ď l ă M . If for all k “ 1, . . . , l

xϵbjk
0 ,∇jkF pt,Xp qy ` xϵbM´jk

0 ,Xpty ‰ 0,

for some t P r0, 1s, the claim follows as in a). Otherwise, let J be the smallest of
the jk for which for all t P r0, 1s,

xϵbjk
0 ,∇jkF pt,Xp qy ` xϵbM´jk

0 ,Xpty “ 0.

Consider the path functional F1pt,Xq :“ F pt,Xq ` α1xϵbM
0 ,Xty for α1 P R, α1 R

t1, 0u. Observe that for all jk ě J and for all t P p0, 1s, xϵbjk
0 ,∇jkF1pt,Xp qy ‰ 0.

Finally, if for some jk, with jk ă J

xϵbjk
0 ,∇jkF pt,Xp qy ` α1xϵbM´jk

0 ,Xpty “ 0,

for all t P r0, 1s, let J1 ă J be the smallest of such jk. Consider the path functional
F2pt,Xq :“ F pt,Xq`α2α1xϵbM

0 ,Xty for α2 P R, α2 R t1, 0, 1
α1

u and observe that for

all jk ě J1 and for all t P p0, 1s, xϵbjk
0 ,∇jkF2pt,Xp qy ‰ 0. An iterative application of

this reasoning yields that condition (5.A.7) is verified for a functional of the form
Frpt,Xq :“ F pt,Xq ` αxϵbM

0 ,Xty for some properly choosen α P R, α ‰ 0. The
claim follows as in a).
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5.B Föllmer and RIE Integration Theories

Step 6: It is a simple application of Step 1 to the functional Fu.

Step 7: Fix Xp P Dp
p
pr0, 1s, GrpspRd`1qq and denote by Z the Marcus transformed path

such that Z P Cp
p
pr0, 1s, GrpspRd`1qq. Recall that by definition of tj-extended paths,

such Marcus-transformed path always exists (see Remark 5.3.4). An application of the
previous steps of the proof to Z yields that there exists punqnPN P T pRd`1q such that

lim
nÑ8

sup
tPr0,1s

K
ÿ

j“0

}∇jF pt,Zq ´ ∇jFunpt,Zq} “ 0. (5.A.9)

Thus, in particular,

lim
nÑ8

sup
tPr0,1s

K
ÿ

j“0

}∇jF pµt,Zq ´ ∇jFunpµt,Zq} “ 0,

for µt introduced in Notation 5.2.7. Since we deal here with Marcus canonical path
functionals, the claim follows.

Remark 5.A.1. (i) Let Xp P Dp
p
pr0, 1s, GrpspRd`1qq and punqnPN P T pRd`1q be the

sequence such that the convergence in equation (5.A.9) holds. Observe that by the
construction of the Marcus transformed path, for all j “ 0, . . . ,K,

sup
sPr0,1s

sup
nPN

sup
θPr0,1s

}xupjq
n ,Xps´ b exppθ logprpsqp∆Xp sqqy} ă 8.

5.B Föllmer and RIE Integration Theories

5.B.1 Föllmer integration

In this section, we briefly revisit the concept of quadratic variation and the associated
pathwise integration theory as introduced by Föllmer (1981).

In the following, we let Bpr0, 1sq denote the Borel σ-algebra on r0, 1s.

Definition 5.B.1. Let X P Dpr0, 1s,Rq and πn
r0,1s

, n P N, a sequence of partitions with

vanishing mesh size. We say that X has finite quadratic variation along pπn
r0,1s

qnPN in

the sense of Föllmer if the sequence of measures pνnqnPN on pr0, 1s,Bpr0, 1sq defined by

νn :“
ÿ

sni Pπn
r0,1s

}Xsni ,s
n
i`1

}δsni

converges weakly to a measure ν such that the map

r0, 1s Q t ÞÑ rXsct :“ νpr0, tsq ´
ÿ

0ăsďt

}∆Xs}
2 (5.B.1)
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is continuous and increasing. We then call the function rXs given by rXst :“ νpr0, tsq the
quadratic variation of X along pπn

r0,1s
qnPN. We say that a path X P Dpr0, 1s,Rdq, d ě 1,

has finite quadratic variation along pπn
r0,1s

qnPN if for all i, j P t1, . . . , du, the condition

above holds for Xi and Xi `Xj . In this case, we set

rXi, Xjs :“
1

2
prXi `Xjs ´ rXis ´ rXjsq.

Remark 5.B.2. Notice that for all i, j P t1, . . . , du, rXi, Xjs “ rXj , Xis and the map
r0, 1s Q t ÞÑ rX,Xst P pRdqb2 is a càdlàg path of finite 1-variation. This implies that for
any Z P Dpr0, 1s,LppRdqb2,Rmqq, m P N, the Young integral of Z with respect to rX,Xs,
that we denote by

ş¨

0 ZudrX,Xsu, is well defined (see Section 1.2.3 and in particular
Remark 1.2.7 (ii)). Moreover, if

ts P p0, 1s : ∆Zs ‰ 0u Ď ts P p0, 1s : ∆Xs ‰ 0u,

the same argument as in the proof of Théorème in Föllmer (1981) yields that for all
t P p0, 1s,

lim
nÑ8

ÿ

sni Pπn
r0,1s

Zsni X
b2
sni ^t,sni`1^t “

ż t

0
Zu´drX,Xsu, (5.B.2)

where on the right-hand rise the integral is interpreted as a Young integral. Notice that
in view of (5.B.1),

ż t

0
Zu´drX,Xsu “

ż t

0
Zu´drX,Xscu `

ÿ

0ăuďt

Zu´∆Xb2
u .

We refer also to Lemma 5.11 in Friz and Hairer (2014) for a proof of the equality (5.B.2)
when X is continuous, and Lemma 2.6 in Hirai (2017) when X is càdlàg and Z “ fpXq,
for some suitably chosen Rm-valued function f .

Theorem 5.B.3 (see Théorème in Föllmer (1981)). Let X P Dpr0, 1s,Rdq be a path with
finite quadratic variation along a sequence of partition pπn

r0,1s
qnPN with vanishing mesh

size and f P C2pRdq. Then, for all t P r0, 1s, the limit

ż t

0
∇fpXu´qdXu :“ lim

nÑ8

ÿ

siPπn
r0,1s

∇fpXsni
qXsni ^t,sni`1^t (5.B.3)

exists and the resulting integral satisfies a pathwise Itô-formula.

Remark 5.B.4. Let us highlight that the Föllmer integral (5.B.3) is well-defined only
for gradient-type functions and not for general functions.
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5.B Föllmer and RIE Integration Theories

5.B.2 RIE property

Another line of research that lies in the middle between rough and Föllmer integration
theory is that which exploits the so-called RIE property of a path together with a given
sequence of partition. This theory was first introduced by Perkowski and Prömel (2016)
for continuous paths and then generalized to the càdlàg setting by Allan et al. (2023b).
Hereafter, we recall this property along with the most important findings regarding the
paths satisfying it.

Definition 5.B.5. A sequence pπn
r0,tsqnPN of partitions is called nested if πn

r0,ts Ď πn`1
r0,ts

for all n P N.

Property 5.B.6 (RIE). Let p P p2, 3q and pπn
r0,1s

qnPN a sequence of nested partitions

with vanishing mesh size. For X P Dpr0, 1s,Rdq, define Xn : r0, 1s Ñ Rd by

Xn
u :“ X11tu“1u `

ÿ

sni Pπn
r0,1s

Xsni
1tsni ďuăsni`1u,

for all u P r0, 1s, n P N. Assume that

(i) The sequence pXnqnPN converges uniformly to X as n Ñ 8.

(ii) The Riemann sums

ż t

0
Xn
u´dXu :“

ÿ

sni Pπn
r0,1s

Xsni
Xsni ^t,sni`1^t (5.B.4)

converges uniformly as n Ñ 8 to a limit which we denote by
şt
0Xu´dXu, for all

t P r0, 1s.

(iii) There exists a control function w such that1

sup
ps,tqP∆1

}Xs,t}
p

wps, tq
` sup

nPN
sup

tni ătnj Pπn
r0,1s

}
ştnj
tni
Xn
u´dXu ´Xtni

Xtni ,t
n
j

}p

wptni , t
n
j q

ď 1. (5.B.5)

Definition 5.B.7. A path X P Dpr0, 1s,Rdq is said to satisfy (RIE) with respect to p
and pπn

r0,1s
qnPN if p, pπn

r0,1s
qnPN and X together satisfy property (RIE).

Remark 5.B.8. Notice that we denote the Riemann sums in (5.B.4) and its limit by
şt
0X

n
u´dXu and

şt
0Xu´dXu, respectively. This notation is different from the original

paper Allan et al. (2023b), where the authors write instead
şt
0X

n
udXu and

şt
0XudXu. We

adopt a different notation to be consistent with the other chapters (see Section 1.2).

1In (5.B.5) we adopt the convention that 0
0
:“ 0.
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Next, we collect in the form of a proposition the main properties of the paths satisfying
(RIE) that we use throughout the paper. Recall the notion of quadratic variation along a
sequence of partitions in the sense of Föllmer given in Definition 5.B.1. and the one of
the controlled rough path given in Definition 1.2.9.

Proposition 5.B.9. Let p P p2, 3q, pπn
r0,1s

qnPN a sequence of nested partition with

vanishing mesh size and X P Dpr0, 1s,Rdq with X0 “ 0 satisfying (RIE) with respect to
p and pπn

r0,1s
qnPN. Then, the following conditions are satisfied.

(i) The path X has quadratic variation rX,Xs along pπn
r0,1s

qnPN in the sense of Föllmer.

(ii) For t P r0, 1s, let
şt
0Xu´dXs denote the limit of the Riemann sums p

şt
0X

n
s´dXsqnPN

defined as in Property (RIE) 5.B.6 (ii). For ps, tq P ∆1, set
şt
sXu´dXu :“

şt
0Xu´dXu ´

şs
0Xu´dXu, and define

Xp2q

s,t :“

ż t

s
Xu´dXu ´XsXs,t `

1

2
rX,Xss,t,

and

Xt :“ p1, Xt,X
p2q

0,t q (5.B.6)

Then, X P Dppr0, 1s, G2pRdqq.

(iii) ForX as in (5.B.6), let pY, Y 1q be a pair of a controlled rough path, i.e., pY, Y 1q P Vq,rX ,
for some q ě p. Assume that

ts P p0, 1s : ∆Ys ‰ 0u Ď
ď

nPN
πnr0,1s,

ts P p0, 1s : ∆Y 1
s ‰ 0u Ď ts P p0, 1s : ∆Xs ‰ 0u.

Then, for all t P r0, 1s, the following limit (along the sequence of partition pπn
r0,1s

qnPN)
exists

ż t

0
Ys´dXs :“ lim

nÑ8

ÿ

sni Pπn
r0,1s

Ysni Xsni ^t,sni`1^t, (5.B.7)

and the rough integral of pY, Y 1q with respect to X as defined in equation (1.2.7) is
given by

ż t

0
Ys´dXs “

ż t

0
Ys´dXs `

1

2

ż t

0
Y 1
s´drX,Xss, (5.B.8)

for all t P r0, 1s.

Remark 5.B.10. Notice that in view of equation (5.B.7), the right-hand side of (5.B.8)
has to be interpreted as a limit of Riemann sums along the sequence of partitions
pπn

r0,1s
qnPN.

192



5.B Föllmer and RIE Integration Theories

Proof. (i): See Proposition 2.18 in Allan et al. (2023b).

(ii): By Proposition 2.18 in Allan et al. (2023b) (see in particular equation (2.14))
X P Dpr0, 1s, G2pRdqq and by Lemma 2.13 in Allan et al. (2023b) and Remark 5.B.2 it
has finite p-variation.

(iii): The existence of the limit in equation (5.B.7) is proved in Theorem 2.15 in Allan
et al. (2023b). The equality in equation (5.B.8) follows by the definition of the rough
integral (1.2.7) with respect to X, Theorem 2.15 in Allan et al. (2023b) and Remark 5.B.2.
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Spring 2021.

A. L. Allan, C. Cuchiero, C. Liu, and D. J. Prömel. Model-free portfolio theory: A rough
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Lévy–Kintchine-type formula. The Annals of Probability, 45(4):2707–2765, 2017.

P. Friz and N. B. Victoir. Multidimensional Stochastic Processes as Rough Paths: Theory
and Applications. Cambridge University Press, 2010.

P. Friz and H. Zhang. Differential equations driven by rough paths with jumps. Journal
of Differential Equations, 264(10):6226–6301, 2017.
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ition. Stochastic Analysis and Applications, 13(5):573–599, 1995.

M. Schweizer. A guided tour through quadratic hedging approaches. In E. Jouini,
J. Cvitanic, and M. Musiela, editors, Handbooks in Mathematical Finance: Option
Pricing, Interest Rates and Risk Management, pages 538–574. Cambridge University
Press, 2001.

B. V. Shabat. Introduction to complex analysis: functions of several variables, volume
110. American Mathematical Soc., 1992.

E. M. Stein and R. Shakarchi. Complex analysis, volume 2. Princeton University Press,
2010.

H. Sussmann. Product expansions of exponential lie series and the discretization of
stochastic differential equations. In Stochastic Differential Systems, Stochastic Control
Theory and Applications, pages 563–582. Springer, 1988.

F. Viens and J. Zhang. A martingale approach for fractional brownian motions and
related path dependent pdes. The Annals of Applied Probability, 29(6):pp. 3489–3540,
2019.

D. R. E. Williams. Path-wise solutions of stochastic differential equations driven by lévy
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