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Abstract

In this thesis, the framework of the generalized Drinfeld-Sokolov reduction, as derived by
B. Khesin and F. Malikov, is examined in the case of the higher-spin algebra. The result of
such a reduction is a classical W-algebra on the fields, which one regards as an asymptotic
symmetry algebra on a three-dimensional spacetime, that is asymptotically anti-de Sitter,
in higher-spin gauge theory. For this, two approaches are discussed: First, an adaptation
of the general proof to the higher-spin algebra is considered and second, a generalization
of the single-row gauge to the case of the higher-spin algebra is calculated. In order
to execute the generalized Drinfeld-Sokolov reduction, the Lie algebra of “complex-size
matrices” is required. Representing elements of this algebra via a Verma module leads
to certain properties on the resulting matrices, one of which will be slightly adapted for
usage in the single-row gauge.

Zusammenfassung

In dieser Arbeit wird die generalisierte Drinfeld-Sokolov Reduktion, welche von B. Khesin
und F. Malikov berechnet wurde, im Falle der héheren Spin-Algebra untersucht. Das
Ergebnis solch einer Reduktion ist eine klassische W-Algebra in den Feldern, welche
man in hoherer Spin-Eichtheorie als asymptotische Symmetriealgebra auf einer dreidi-
mensionalen, asymptotischen anti-de Sitter Raumzeit betrachtet. Hierfiir werden zwei
Ansétze diskutiert: Zunéchst wird eine Adaptierung des allgemeinen Beweises fiir die
hohere Spin-Algebra in Betracht gezogen. Anschliekend wird eine Generalisierung des
Einzelreihen-Eichverfahrens fiir die hohere Spin-Algebra berechnet. Um die general-
isierte Drinfeld-Sokolov Reduktion durchfiihren zu kénnen, wird die Lie Algebra von
,Matrizen komplexer Grofe” benotigt. Die Darstellung von Elementen in dieser Algebra,
unter Verwendung eines Verma Moduls, fiihrt zu bestimmten Eigenschaften der resultier-
enden Matrizen, von denen eine leicht fiir die Verwendung im Einzelreihen-Eichverfahren
angepasst wird.
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1. Introduction

For the longest time physicists have tried to understand fundamental interactions of
particles as well as their defining characteristics. One of such a characteristic is the spin of
a particle, which crucially affects the behavior of its dynamics in space-time. Higher-spin
gauge theories try to capture these dynamics and interactions between particles in the
massless case. In particular, they try to couple massless particles (higher-spin fields) of
spin s > 2 to gravity, which is regarded as a spin-2 theory in this framework. As mentioned
in e.g. [6] or 7], in three space-time dimensions one is actually severely restrained by the
representations of the little group, which only allows spin-0 and spin—% representations,
when trying to speak of massless particles of spin s > 2. Nonetheless, it is useful to
also consider higher-spin gauge fields in three space-time dimensions as there is, in some
cases, overlapping behavior with theories of higher dimensions. As it turns out, one can
actually develop a higher-spin theory in three space-time dimensions as a Chern-Simons
theory on an anti-de Sitter background, which generalizes three-dimensional gravity
(refer to [27] for the treatment of gravity in this case) when linearised. Furthermore,
upon considering space-times that are asymptotically anti-de Sitter, one obtains specific
symmetry transformations that are called asymptotic symmetries. These symmetries form
affine Lie algebras and can be reduced to classical W-algebras (refer to [7] and [18]) using
the Drinfeld-Sokolov reduction (originally [9]). In the case of symmetry algebras arising
from sl it is well understood how this works, however, subtleties arise when one instead
considers the higher-spin algebra hs,, which accounts for an unbounded set of spins.

On the other side, the Drinfeld-Sokolov reduction has been generalized by B. Khesin
and F. Malikov in their publication [22|. In order to execute this generalization, they
require the Lie algebra gl,, called the Lie algebra of “complex-size matrices”, which was
initially introduced in [10]. As a matter of fact, this Lie algebra contains the higher-spin
algebra hs, as a subalgebra, which suggests that it should be possible to also perform
the reduction in the case of hs,. In order to make the connection between this abstract
mathematical framework and the theory of asymptotic symmetries in three-dimensional
higher-spin gauge theories, we examine two approaches when considering the Drinfeld-
Sokolov reduction for hs,. On the one hand, one can try to adapt the proof performed in
[22] to the case of hsy. On the other hand, direct application of the defining properties
of a “matrix of a complex size* in the setting of the single-row gauge might also lead to
the desired reduction. We will investigate both approaches in this thesis and then draw
conclusions afterwards.

The following offers a brief overview over the topics covered. In chapter 2 we re-
count basic results concerning Lie groups and their respective algebras, as well as some
representation theory with focus on coadjoint representations. Chapter 3 then sets
the stage for the Drinfeld-Sokolov reduction by presenting Poisson manifolds and the
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quintessential Hamiltonian reduction thereof. Furthermore, we discuss the Lie group of
pseudodifferential symbols and explain how it carries a Poisson structure. After this, in
chapter 4, we will finally introduce the concept of complex-size matrices and consider
the Hamiltonian reduction on the dual of its (extended) loop algebra. This reduction
is what we understand under the term generalized Drinfeld-Sokolov reduction. At this
point we reach our first discussion, when considering an adaptation of the proof in [22] to
the higher-spin algebra hs,. In the final chapter 5, a brief introduction to higher-spin
gauge theories is offered. Furthermore, we discuss the arising of asymptotic symmetries
and their respective asymptotic symmetry algebras when considering three-dimensional
space-times that are asymptotically AdS. Lastly, the single-row gauge is performed for
the case of hs,, which concludes this thesis.



2. Lie groups and Lie algebras

This chapter aims at giving an introduction into Lie algebras and their representations,
but also serves the purpose of presenting notations that will be of importance later. For
the most part, we follow the book [24] on infinite-dimensional groups by B. Khesin and R.
Wendt. However, we will also refer to the standard literature on representation theory by
W. Fulton and J. Harris [13]| and to the book by Jones [20] when deemed necessary. For
the last part, when discussing the central extension of the affine Lie algebra QT[Z, we will
also consider the, for this thesis, essential publication [22| by B. Khesin and F. Malikov.
The underlying fields will always be the real numbers R or the complex numbers C, if not
stated otherwise.

2.1. Representation theory

For the readers convenience we quickly recall the following definitions regarding Lie groups
and their respective Lie algebras as presented in [24].

Definition 2.1 (|24]). A Lie group G is a smooth manifold (i.e. infinitely dif-
ferentiable) which is a group at the same time, such that the multiplication map
u:Gx G — G and the inversion map i : G — G are smooth.

Since G is smooth as a manifold, one can find tangent spaces T,G at points g € G on
G and, in particular, the tangent space T.G at the identity e € G. From the group
multiplication an antisymmetric, bilinear map is obtained, which we call the Lie bracket
in the following. With this, the definition of a Lie algebra can be given.

Definition 2.2 ([24]). A Lie algebra g is a vector space together with an antisym-
metric, bilinear map [, ] : g x g — ¢ called the Lie bracket. Specifically, the Lie
algebra g is the tangent space T.G at the identity e € G and the group mulitplication
on the (finite-dimensional) Lie group G gives rise to the Lie bracket [, |, which
satisfies the Jacobi identity:

([X.Y].Z] + [[2.X].Y] + [[Y.Z],X] =0, X,Y,Z€g . (2.1)

As explained in [24], in the case of finite-dimensional Lie groups, we can always relate the
Lie group G with its Lie algebra g via the exponential map exp : g — G. Consider for
example the Lie algebra gl,, of n X n-matrices (real or complex) and its associated Lie
group GL,. In this case the exponential map is simply the matrix exponential given by:
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Having this in mind, one can introduce the notion of Lie group and Lie algebra
representations, following [13]. Of particular importance will be the adjoint and coadjoint
representation, as the latter plays a major role in the Hamiltonian reduction of Poisson
manifolds.

Definition 2.3 ([13]). In general, a representation of a Lie group is a pair (p,V),
where V' is a vector space (real or complex) and p is the smooth homomorphism:

p:G—=GL(V) . (2.3)

Here, GL(V') is the general linear group of invertible V-transformations, which can also be
seen as the group of all automorphisms Aut(V') over V. More often than not, the vector
space V itself is referred to as the representation as compared to the pair (p, V'), which is
due to abusive notation. There is also an equivalent notion of a group representation,
where instead of mapping into GL(V') the smooth linear action [20],

GxV =V (2.4)
(g,v) = gv,

is considered. Hence, as outlined in [20], Lie group representations are considered as
G-modules and the equivalence to the former definition can be seen by simply identifying
p(g)v with gv. Regarding actions of this kind, there is the concept of group orbits, whose
definition shall be given at this point.

Definition 2.4 ([13]). The orbit of an element v € V, regarding the action
G xV =V of a (Lie) group G, is defined as the set {gv|g € G} in V.

If there is a subgroup of G that leaves an element v € V invariant it is called the stabilizer
of v. As this becomes important in the Hamiltonian reduction later on, the definition is
given explicitly for clarity.

Definition 2.5 (|24|). The stabilizer subgroup H C G of an element v € V
regarding the action G x V. — V is given as the set H = {g € G|gv = v}.

Similarly to how one defines Lie group representations, one can also define Lie algebra
representations. However, now there is the requirement that the representation should
respect the Lie bracket, that is, the representation should be a homomorphism of Lie
algebras.
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Definition 2.6 ([13]). A representation of a Lie algebra g is a pair (1, V'), where
V' is a vector space (real or complex) and v is a homomorphism of Lie algebras,

vig—gl(V). (2.5)
That is, 1) preserves the Lie bracket:

Y([X,Y])(v) = [0(X),¥(Y)](v), X, Y €g, vEV . (2.6)

Note that gl(V') is the Lie algebra of the space of endomorphisms End(V') of V, by
endowing End (V') with a Lie bracket. Analogously to the Lie group representation case,
a Lie algebra representation (1, V') can also be regarded as a g-module.

As explained in [13] in detail, there is an important connection between the repres-
entation (p, V') of a Lie group G and the representation (¢, V') of the corresponding Lie
algebra g if the Lie group G is connected and simply connected. In this case, the Lie
algebra representation can just be obtained by simply differentiating p at the identity
e € G to get ¥ = (dp)e.

To the end of this introductory section, some further insights, regarding representation
theory, are presented for Lie group representations [20]. However, similar definitions apply
to Lie algebra representations. To begin, the definition of an invariant subspace with
respect to some representation (p, V') is given.

Definition 2.7 ([13]). Let (p, V') be a Lie group representation. A subspace W C V
is called invariant with respect to the representation (p, V), if p(g)w € W for all
weW and all g € G.

It is important to note, that it might not always be possible to find nontrivial invariant
subspaces of a representation, in which case we call the representation irreducible.

Definition 2.8 (|13]). A Lie group representation (p,V') is called irreducible, if
the only invariant subspaces are {0} and V itself. Otherwise, the representation is
called reducible.

Regarding representations of finite groups, there exists a property called complete redu-
cibility (refer to [13] or [20] for an extensive discussion on this), which states that every
representation can be decomposed into a direct sum of irreducible representations. While
this does not hold true in general for Lie groups, it does hold for semisimple Lie algebras.

2.1.1. Adjoint and Coadjoint representations

For each Lie group G there are two special representations, namely the adjoint represent-
ation Ad and the coadjoint representation Ad* (also referred to as adjoint and coadjoint
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action when speaking of group actions). They are unique in the sense that they define
representations on the vector space of automorphisms Aut(—) of the Lie algebra g and its
dual g* respectively. To see this, remember that the conjugation of group elements h € G
by a group element g € G defines an isomorphism G — G, as presented in [13]:

¢g:G =G (2.7)
h s ghg™! .

Clearly, the identity group element e € G is left unchanged by the conjugation. This
means that we can take the derivative of ¢, at the point e, which is an automorphism of
the tangent space TG, i.e. of the Lie algebra g. This defines the adjoint representation
of the Lie group G.

Definition 2.9 (|24]). The group adjoint representation Ad of the Lie group G is
given by the map Ad : G — Aut(g), where g is the associated Lie algebra.

It is helpful to look at the Lie group GL, once again. In this case, the group adjoint
representation is given by the map Ad : GL,, — Aut(gl,,) which, according to [24], acts
in the following way:

Ad, = gl, — gl, (2.8)
X —gXgt.

Therefore, the group adjoint representation is a similarity transformation with respect to
a group element g € GL,, of n X n-matrices in this particular case.

Having seen the group adjoint representation, it is suitable to introduce the group
coadjoint representation at this point, following [13, 24|, as it is closely related to the
former. The construction is quite similar, but instead of considering automorphisms of
the Lie algebra g one considers automorphisms of the dual space g*. In this sense, the
group coadjoint representation Ad* is the dual of the group adjoint representation Ad
and the two are connected via the pairing (, ) between g and g*.

Definition 2.10 ([24]). The group coadjoint representation Ad* of the Lie group
G is given by the map Ad* : G — Aut(g*), where g* is the dual space of the Lie
algebra g. Fizing an element g € G, the map Ady : g* — g* obeys the defining
relation:

(Adj(n), X) := (n,Ady-1 (X)), neg", X eg. (2.9)

Now suppose, again following [13, 24|, that the Lie group G is connected and simply
connected. As stated before, a Lie algebra representation 1 can be obtained by differ-
entiating the Lie group representation p at the identity e € G. Considering the adjoint
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representation Ad, this means that the corresponding Lie algebra representation ad, called
algebra adjoint representation, is given in the following way:

ad : g — gl(g),
adx :g— g (2.10)
X —ady(Y) = [X,Y].

It is helpful to take a look at the matrix Lie group GL, once again, as presented in
[13]. In this case, elements of GL,, are connected to the Lie algebra gl,, via the matrix
exponential (see equation (2.2)). Therefore, the identity e € GL,, is simply given by e®*
at « = 0 for X € gl,, and the element X in gl, can be obtained by taking the differential
at the identity e, i.e. X = %|azoeo‘x. With this in mind, one can find the differential
ad = d(Ad) of the group adjoint representation Ad of GL,, by analogously taking the
differential at the identity,

d

A(Ad)(Y) = —

| oAdax(Y) eaXYe*aX) — [X,Y] = adx(Y) . (2.11)

d
= @ ‘a:O (
Similarly to how the algebra adjoint representation is defined as the differential of
the group adjoint representation Ad, there also exists the notion of an algebra coadjoint
representation ad* as the differential of the group coadjoint representation Ad* at the
identity e € G. Since Ad* is connected to Ad via the pairing (, ) of g and g*, ad* is
correspondingly related to ad [24]:

ad® : g — gl(g") (2.12)
given by: (adj-(n),X) : = —(n,ady (X)), (2.13)

for some n € g*, X,Y € g.

2.2. Loop Lie algebra g(z) and its Central Extension g

This section focuses on the construction of so-called loop Lie algebras, whose central
extensions are often called affine Lie algebras. In particular, the affine Lie algebra of gl
will be of special interest in the Drinfeld-Sokolov reduction. If not stated otherwise, the
considered Lie group G is connected and simply connected with the corresponding Lie
algebra g. This whole section again closely follows the book [24].

2.2.1. The Central Extension

According to [24] there are two main definitions of a loop Lie algebra. The first definition
is rather geometrical, stating that a loop Lie algebra g(z) is the Lie algebra of smooth
maps from the circle S' := {z € C | |z| = 1} to the Lie algebra g. However, in this
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thesis another notation of the loop Lie algebra will be used, which is more suited for the
calculations that follow.

Definition 2.11 ([24]). A loop Lie algebra g(z), associated to a Lie algebra g, is
an infinite-dimensional Lie algebra given by the tensor product g ® C[z, z71].

Here, C[z, 27 !] is the ring of Laurent polynomials (where only finitely many coefficients
of an element in this ring are allowed to be non-zero) and the connection to the other
definition of the loop Lie algebra is given by setting z = €, where § € R. We will use,
however, the identification z = e~* due to technicalities that arise when performing the
single-row gauge in section (5.4). According to [11, 22|, it is also possible to extend the
loop Lie algebra by alternatively considering the ring of formal Laurent series C((z)), that
is, by allowing infinitely many positive exponents in z with non-zero coefficients. Notice,
that in this case the identification with smooth maps from S! to g cannot be realized
directly due to the formal sums that are now allowed to appear. Since the properties of
the two algebras g @ C[z, 27!] and g® C((z)) are somewhat similar and closely connected,
the latter is nonetheless identified as a loop Lie algebra, elements of which are g-valued
formal functions in z. To simplify notation, we will denote g ® C((z)) accordingly as g(z).

Before trying to obtain affine Lie algebras out of the loop Lie algebra g(z), there first
is the need to introduce some further notation. In particular, it needs to be clarified what
a central extension of a Lie algebra is. To begin, the notion of a 2-cocycle is introduced
as given in [24].

Definition 2.12 ([24]). A map v:g x g — V, where g is a Lie algebra and V a
vector space, is called a 2-cocycle on g, if:

i) 7(X,Y) = —(Y,X) (2.14)
i) y(aX + BY, Z) = ay(X, Z) + py(Y, Z) (2.15)
iii) (X, Y], Z) +v([Z,X],Y) +~([\, Z],X) =0, (2.16)

for X.Y. Z € g and o, B € C.

Additionally, a 2-cocycle is set to be a continuous map in the subsequent text. According
to [24], a central extension of a Lie algebra g by some vector space V is the Lie algebra
g @ V with the Lie bracket:

[(X,v), (Y,w)] = ([X,Y],7(X,Y)) . (2.17)

Here, v is some 2-cocycle on g. Furthermore, notice that this extension is indeed central
since V is in the center of g @ V as the new commutator is independent of V.
This definition will be now applied to the case when g is the loop algebra g(z).
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Proposition 2.1 ([24]). Suppose there is a symmetric bilinear form { , ) on the
Lie algebra g that is compatible with the Lie bracket in the sense that <[X, Y], Z> =
<X, Y, Z]>, called the invariance of ( , ). The central extension of the loop Lie
algebra g(z) by C is defined by the 2-cocycle:

7 9(z) x g(z) — C (2.18)

(X(2),Y(2)) — Res<X(z), jY(z)> .

z

The centrally extended loop Lie algebra regarding g(z) is denoted by g and is referred
to as the affine Lie algebra.

From now on, “Res” will always be understood as taking the residue at z = 0 unless stated
otherwise. Additionally, the derivative with respect to z will be abbreviated by ’. To see
that the above proposition actually gives a (one-dimensional) central extension of the
loop Lie algebra g(z), it suffices to show that the map 7z, is indeed a 2-cocycle, which is
not difficult to see. A proof in the real numbers can be found in e.g. [24].

2.2.2. Coadjoint Representations and g

Analogously to what was done in subsection 2.1.1, the group and algebra coadjoint
representations regarding centrally extended loop Lie algebras are now of interest. As
will be seen in chapter 4, it is important to introduce this topic cleanly since the group
coadjoint action allows one to find special elements, called Frobenius matrices, in the
group coadjoint orbit of a special affine Lie algebra. We will use [22, 24| for the notations.

To begin, one should consider the group and algebra adjoint representation for which
the centrally extended loop group G would be needed. However, since the extension of
the loop group G(z) is central, it suffices to only consider the loop Lie group G(z) when
considering the group adjoint action on g, according to [24]. This is since the center gives
rise to a trivial group adjoint action and is therefore uninteresting. The same applies for
the algebra adjoint action. Due to the definitions of the group coadjoint action (refer to
definition (2.10)) and the algebra coadjoint action (refer to equation (2.12)) it is enough
to introduce the group and algebra adjoint action in this case. First, the group adjoint
action of G(z) onto g is proposed, which we adapted from [24] to the complex case.

Proposition 2.2 (|24]). The group adjoint action Ad of the loop Lie group G(z)
on the centrally extended loop Lie algebra g is given by:

Adpy i 8 — 0 (2.19)
(X(2),c) — (Adh(z) (X(2)),c— Res<h’1(z)h'(z),X(z)>> .
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Here, h(z) is a fixed group element in G(z), ¢ € C and (, ) is an invariant, symmetric
bilinear form on g. To show that this is indeed the correct group adjoint action, one must
show that this map is a group action, i.e. a group representation, and that the differential
adx (2 (Y(z), c) indeed gives the algebra coadjoint action. This is not hard to proof and
can be re-read in e.g. [24].

In order to obtain the coadjoint action, there is the need for the dual Lie algebra g*.
To get there, first note that, according to [24], there actually is an non-degenerate pairing
(which we adapted for our purposes) between g and g* given by

((X(z),c), (Y (2), d)) = Res(X(2),Y(2))z ' —c-d, (2.20)

where (X (2),c) € g and (Y (z),d) € g*. Observe that the term z~' naturally arises when
transforming Fourier polynomials to Laurent ones. As explained in [24], two further things
should be remarked: First, only the section of the dual space that consists of smooth
1-forms is considered and /se\cond, Y (z) is an element of g(z). Having this in mind, the

group coadjoint action of G(z) on g* can be introduced, using the conventions established
in [22].

Proposition 2.3 ([22]). The group coadjoint action Ad* of the loop Lie group
G(z) on the dual g* of the centrally extended loop Lie algebra g is given by:

Ady " — T (2.21)
(V(2),d) —> (Adh(z) (V(2)) = 2d - B(2)h"(2), d) :

where h(z) is a fized group element and d € C.

\.

Observe that the ¢, which would appear in front of the derivative when transforming
0 — z, is absorbed in the d. In order to show that this is indeed the group coadjoint
action it suffices to show the defining property of the group coadjoint action (refer to
equation (2.9)), where we modified the proof in [24] to the complex case.

Proof. First, the left-hand side of equation (2.9) will be calculated using the pairing
defined in equation (2.20). Suppose (Y(z),d) € §* and (X(z),c) € g. Then,

(Adz(z) (Y(2),d), (X(2), c)) - Res<Adh(Z) (Y(z)),X(z)>z_1 (2.22)
—d- Res<h’(z)h(z)*1,X(z)> —c-d.

On the other hand, the right-hand side of equation (2.9) is calculated to be:

10
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((Y(z), d), Adp-10,) (X (2), c)> = Res<Y(z), Adp-10) (X (2)) >z*1 (2.23)

+ d- Res<h(z)dizh_1(z),X(z)> —c-d.

To see that this two expressions are equivalent, note that the first terms in the respective
equations represent the property (2.9) for elements of the loop Lie algebra g(z) and its
dual g*(2) regarding the pairing. What needs some inspection are the middle terms of
the two expressions. To show that they are equal some algebraic transformations are
required (for better visibility the arguments are left away):

hdiifl = —hh 20 = -7 'WhhTt = KRt (2.24)
z
In the last step it was used that A~ 'h’h is just the conjugation of the element A’ € g. [

By differentiating the group coadjoint action at the identity one finally obtains the algebra
coadjoint action of an element X (z) € g(z) onto (Y (z),d) € g as introduced in [22]:

ad ) (Y(2),d) = ([X(z),Y(z)] - de'(z),o) . (2.25)

In the following subsection this will now be applied to the case when the Lie algebra g is
the Lie algebra gl,, of n x n-matrices.

2.2.3. The case gl,

To start, the loop Lie algebra of gl,, is simply given by gl,,(z). Note that there is an
invariant, symmetric bilinear form on gl,, given by the trace [22]:

(X,Y)=Tr(XY) . (2.26)
With this form it is possible to centrally extend the loop Lie algebra gl,,(z) to gA[n(z) by

the 2-cocycle, where we us the notation introduced in [22]:

vigl,(2) x gl,(2) — C (2.27)
(M(z),N(2)) — Res Tr(M(z)N’(z)) :

Since the loop space gl,,(2) also carries the trace-product, one finds that the dual space
gl’ (z) is isomorphic to gl,(z) by considering

(M(z2),N(z)) = Res Tr(M(2), N(z))z_1 . (2.28)

Accordingly, the affine Lie algebra gA[n is isomorphic to é\[:; by means of the pairing

((M(z),a), (N(2), b)) = Res Tr(M(2), N(2))2 " +a-b, (2.29)

11



2. Lie groups and Lie algebras

where a,b € C. From this, it can be seen that it is possible to write gA[jZ = gl,(z) ® C |22].

Now, the attention is shifted to the group and algebra coadjoint action. According to
proposition 2.3, the former is given by:

Adj(, gl — g, (2.30)
(M(z),a) —> (h(z)M(z)h—l(z) - zah’(z)h—l(z),a) ,

for some h(z) € GLy(z) and a € C. Furthermore, this leads to an algebra coadjoint
action, equivalent to the one given in equation (2.25):

adyy ) (M(z),a) = ([N(z),M(z)] - zaN’(z),O) , (2.31)

where N(z) € gl,,(2) [22].
At this point it is important to make the following crucial observation, as presented in
[22]. Suppose there is a matrix-valued differential operator of the form

d
D=—az— + M . 2.32
azdz + M(z) ( )

Of course, the matrix representation of the operator d/dz depends on the choice of basis.
~ %
The space of such operators can be identified with gl,, by setting,

(M(z),k) — —azd% + M(z) . (2.33)

Therefore, the coadjoint action on QT [Z is closely connected to the action on such operators.

12



3. Poisson Geometry

Symplectic manifolds are a natural generalization of the phase space of a physical
system and, furthermore, they are Poisson manifolds by construction [1]. Because of
this, they are of great interest as one can describe the dynamics of a system using this
well established framework. This chapter aims at introducing the concepts of Poisson
manifolds, the Hamiltonian reduction that arises under certain conditions as well as the
group of pseudodifferential symbols. For the most part we follow again the book [24] by B.
Khesin and R. Wendt, but also the lecture notes [8] on classical W-algebras by L. Dickey
will play an important role. Additionally, we consider the publication [22| (especially
when discussing the second Gelfand-Dickey structure), as well as [1] and [5] for remarks
concerning physics.

3.1. Poisson manifolds

To begin this section, the notion of Poisson manifold and symplectic manifolds is intro-
duced, using the conventions established in [24]. It shall be remarked, that it is actually
more precise to speak of a “manifold with Poisson structure* , however, this is understood
as a Poisson manifold in the following. With this in mind, the definition of a manifold
with Poisson structure is given.

Definition 3.1 ([24]). Suppose M is a (differentiable) manifold and denote by
C>®(M) its space of functions. This manifold is called a Poisson manifold if it
carries a bracket { , }, which satisfies:

“) {f?{g7h}}+{g7{h7f}}+{h7{fug}}:0 (32)
i) {f,ght ={f, gth+{f, h}g . (3.3)

Here, f,g and h are elements of the space C>°(M) and the map { , } is called
Poisson bracket in this case.

Notice, that the first two properties imply that the space C>°(M) can be understood as a
Lie algebra, where the Poisson bracket represents the Lie bracket [24].

In the upcoming paragraph we consider the outline presented in [8]. Regarding the
above definition, it is actually possible to obtain a Poisson structure on a manifold from a

13



3. Poisson Geometry

symplectic 2-form. In order to investigate this property, it is appropriate to give a reminder
on the description of 2-forms. This will be analysed in the case of finite-dimensional
manifolds, however, a generalization to infinite dimensions is possible, as introduced in [8§].
Suppose M is a smooth manifold with the tangent bundle 7 M, whose sections can be
given a Lie algebra structure and elements evaluated at some point m € M simply form
the tangent space T;,, M. Additionally there is the associated dual space T*M, elements
of which are just 1-forms over 7T, M at some point m € M. As is well known, for every
function f on the function space C*°(M) one can find a 1-form df via the pairing between
TM and T*M. Note that one can also find 2-forms w,, over T,, M by requiring that
they are not only linear in both entries but also skew-symmetric, i.e.

Wm(Xmaym) = _wm(meXm) 5 (34>

for all X,,,Ym € Ty, M. From a physical standpoint, the focus usually is not on the whole
space of 2-forms but rather on those satisfying specific properties. The main interest are
so-called symplectic 2-forms, which, together with a manifold, generalize the idea of phase
spaces [1].

Definition 3.2 (|8, 22|). A 2-form w is called symplectic if it is closed (dw=0)
and non-degenerate (wpm(Xm,Yy) = 0 for all X, € T,y M implies Yy, = 0). A
symplectic manifold is a pair (M,w) consisting of a manifold M and a symplectic
2-form w.

One can identify the tangent bundle 7 M and the cotangent bundle 7*M using non-
degenerate 2-forms. To see this, we refer to |8, 22| and first consider the following map

w:TM—=T*M

HX)(Y) = —w(X,Y), (3.5)

for XY € TM and a := w(X) € T*M. This map is an isomorphism with inverse
O T*M — TM, that is

aY) = —w (afl(a),y) . (3.6)

This means that one can also identify a non-degenerate 2-form with a map w. The
authors of [8] and [22] introduce some helpful notation that we want to consider in the
following: In the case that w is a symplectic 2-form, one calls @~ a Hamiltonian mapping.
Furthermore, a vector field X}, preserving the symplectic form w by the means of the
Lie derivative Ly, w = 0 is called a Hamiltonian vector field. This Hamiltonian vector
field Xy is generated by a Hamiltonian function H in the sense that Xy = @~ '(dH).
With all of this in mind, one can then define a Poisson bracket on the space of functions
C*>®(M), by setting:

{f,9} =dg(a7(a) . (3.7)

14



3.1. Poisson manifolds

Notice that due to equation (3.6), one can slightly re-write this [8]:

{f,9} =w(Xs, Xy) . (3.8)

It is not hard to show that this indeed satisfies the properties (equations (3.1) - (3.3)) of
the poisson bracket. In particular, property i) holds only if the non-degenerate 2-form is
also closed, i.e. symplectic.

Some comments on the physics of symplectic and Poisson manifolds are in order, for
which we refer to |1, 5]. From the above, one first notes that every symplectic manifold is
Poisson, whereas the converse is not true in general. As already mentioned, a symplectic
manifold can be interpreted as the phase space of some physical system. To understand
this, suppose that a manifold M is the configuration space, that is the space of all possible
states, of said physical system. In this case, one sees the tangent bundle 7 M as the
velocity phase space, while the cotangent bundle 7*M is regarded as the momentum phase
space'. This stems from the fact, that the cotangent bundle 7*M of a smooth manifold
M can be shown to be a symplectic manifold and therefore naturally induces a Poisson
bracket, as presented in equation (3.8). For some coordinates (¢, ..., ¢", p1, ..., Pn), the
symplectic form then takes the form w = " d¢’ A dp; connecting generalized coordinates
q' to conjugate momenta p;. Generally speaking, a symplectic manifold (M, w) together
with a Hamiltonian vector field Xy is called a Hamiltonian system (M,w, Xp) and the
vector field Xz gives rise to a differential equation

Fa(t)) = {H, f}(z(1)) (3.9)

which represents the time evolution of some function f € C*°(M) on M [1].

3.1.1. Symplectic leaves

We now wonder whether it is possible to restrict the dynamics of a system on a Poisson
manifold to some subspace. This is possible when considering symplectic leaves, for the
discussion of which we refer to |22, 24]. As mentioned above, vector fields X, considered
at some point m € M on a smooth manifold form the tangent space T, M. Of course,
the set of Hamiltonian vector fields regarding a Poisson manifold (M, {, }) considered
at m is then a subspace of T;, M. In particular, there is a subbundle D of the tangent
bundle 7 M arising from these considerations of Hamiltonian vector fields. The integral
submanifolds, i.e. submanifolds whose tangent space equals D at every point, of this
subbundle are called symplectic leaves [22]. It can be proven that these symplectic leaves
are symplectic manifolds themselves, where the symplectic form w is simply defined via
the Poisson bracket since the tangent space of a leaf only consists of Hamiltonian vector
fields. All in all, this means that Poisson manifolds can be represented via symplectic
manifolds and from a physics perspective, that it is possible to restrict the dynamics

!This is not true in general. For an arbitrary physical system the phase space is not necessarily
represented by the cotangent bundle, but can also be represented by e.g. the tangent bundle [1].
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3. Poisson Geometry

of the system to these symplectic leaves. There will be further comments made about
symplectic leaves in section 3.2 concerning the Hamiltonian reduction.

Consider now a Lie group G of arbitrary dimension (even infinite-dimensional) and its
associated Lie algebra g as well as its dual g*. As presented in [22, 24|, g* possesses a
Poisson structure of the following form, called the Kirillov-Kostant Poisson structure:

{f,9}(m) == ([dfm,dgm],m) . (3.10)

Here, f,g € C*(g*), m € g* and df,, respectively dg,, are elements in the Lie algebra
g itself. Latter interact with elements in g* via the pairing (, ). Since the manifold is
Poisson, a representation as symplectic leaves is possible as mentioned in the previous
paragraph. In fact, one can show (refer to [24, Chapter 1.4]) that the symplectic leaves
are simply given by the coadjoint orbits of the Lie group G.

3.2. Hamiltonian reduction

The aim of this section is to give an introduction to Hamiltonian reduction, which builds
the foundation of the Drinfeld-Sokolov reduction. Roughly speaking, the idea is to obtain
a symplectic structure on some quotient manifold of the initial symplectic manifold (M, w)
considering some group action on M [24]|. From a physics standpoint, a group action
might represent some symmetry in the momentum phase space, which is known to be a
symplectic manifold. The Hamiltonian reduction would then lead to a “reduced“ phase
space, accounting for these symmetries [5].

For the mathmatical outline of the Hamiltonian reduction, we now follow the procedure
presented in [22| and [24]. To make the above more clear, suppose (M, w) is a symplectic
manifold and G is a Lie group acting on M. If the action of the Lie group preserves the
symplectic form w in the sense that:

VgeG:g'w=w, (3.11)

then one calls it symplectic [24]. Additionally, if there exist Hamiltonian functions for
every X in the Lie algebra g, such that there is a Lie algebra homomorphism g — C*>°(M),
one calls the group action Hamiltonian [22]. Assume now, that the group action of G on
M is Hamiltonian. Of course, there is also a natural action of the Lie group G on the
dual of the Lie algebra g* by means of the coadjoint action. This allows one to connect
the manifold M with g* via a map, called the momentum map.
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3.3. The case of Pseudodifferential Symbols

Definition 3.3 (|22], [24]). Suppose G is a Lie group with Hamiltonian group
action on a symplectic manifold (M,w). The momentum map p is a G-equivariant
map p : M — g%, determined by the evaluation of a Hamiltonian function associated
to some X € g at a point m on the manifold:

(p(m), X) := Hx(m) . (3.12)

Here, (, ) is the pairing between g and g*.

The reason for the suggestive name of this map stems from the fact that it encodes
conserved quantities. This can be seen by looking at the time evolution (refer to (3.9)) of
the momentum map evaluated at some X € g: For a Hamiltonian H, if {Hx,H} =0,
then the momentum map is conserved in time [5].

With this in mind we continue with the Hamiltonian reduction following [22] and [24].
If one fixes an element A € g*, then denote by G the subgroup of GG, which leaves A
invariant under the coadjoint action. Since the momentum map is G-equivariant, the
inverse image of A is just given by a union of Gy-orbits. If one then assumes that the
set p~1(A) as well as the quotient Ny = p~!(A)/G, are manifolds, one can show that
Ny is a symplectic manifold with its symplectic form being induced from the symplectic
structure of M. This is what is known under the term Hamiltonian reduction and one
calls Ny the symplectic quotient |24].

An important remark should be made, for which we refer to [22|. It is possible to
perform this reduction in the more general case of Poisson manifolds. To do this, one
first generalizes Hamiltonian group actions by requiring that they, similarly to the case of
symplectic manifolds, leave the Poisson structure of some Poisson manifold (M, {, })
invariant and give rise to a Lie algebra homomorphism g — C*°(M). However, in contrast
to the case of symplectic manifolds, there is now also the additional requirement of
preserving the symplectic leaves of the Poisson manifold. Due to this preservation of the
leaves, the concept of the momentum map still works as one can simply require, that
constraining the map to the symplectic leaves gives momentum maps as per definition
3.3. The resulting quotient manifold, obtained by the Hamiltonian reduction, can then
be shown to be a Poisson manifold again, as remarked in [22].

3.3. The case of Pseudodifferential Symbols

One example of a Poisson manifold, which is of particular importance in this thesis, is
the Lie group Gyps of pseudodifferential symbols of highest order A € C, elements of
which are considered as formal Laurent series. Historically, this Poisson structure on
the manifold was first found by Adler [2] and then subsequently proven by Gelfand and
Dickey [16]. The Lie group itself is constructed by doubly extending (where the first
extension is central) the Lie algebra of pseudodifferential symbols, which has elements
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3. Poisson Geometry

K
Z a;(2)0’ where aj(z) € C((z)) and K € N, (3.13)
j=—00
and then exponentiating the subalgebra of “integral symbols“ of the resulting Lie algebra.

A detailed discussion of this procedure can be found in [24, Chapter I11.4], we will just
consider the resulting infinite-dimensional Lie group and examine its structure for brevity.

To begin, we will review the multiplication of such symbols, using the notations from
the book [24], which is simply a generalization of the Leibniz rule:

0% 0 f0P =" <Z> fFmoa—b-n (3.14)

n=0

Here, f' := df /dz and if the meaning is understood, the composition sign “o“ will be
often omitted. Notice two things: Firstly, if @ € N the sum is finite and secondly, this
makes sense even if o € C, since the binomial coefficient is given by [24]

<a>:a(a—1)---(a—n+1)‘ 3.15)

n n!

Incidentally, one can also extract the commutator of two symbols out of the Leibniz rule
[24]:

o0
8, 9% = (O‘) Fln) ga+p—n 3.16
[0°, 0] Z . (3.16)
Observe, that the commutator is a symbol of highest order oo + 5 — 1.
Now we also want to fix some notation. Suppose A is an arbitrary operator of the form
given in equation (3.13). Denote by A, the purely differential part of A and by A_ the
purely pseudodifferential part of A:

-1

K
Ap=>"a;(2) , A= > a;(2)d . (3.17)
7=0

j=—00

Therefore, one can decompose A = A, + A_ into A, and A_. Taking this into account,
the Lie group Gy pg of pseudodifferential symbols of highest order A € C is defined as [22]

oo

Gyps = {aA + ) up(2)0*7F, where A € C and uy(2) € (C((z))} . (3.18)
k=1

That this is indeed a Lie group follows from its construction, and the group multiplication

is determined by the Leibniz rule. The Poisson structure on this Lie group is called

the second Gelfand-Dickey structure and some crucial remarks need to be made before

introducing the definition [24].
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3.3. The case of Pseudodifferential Symbols

In the following we present the second Gelfand-Dickey structure as it is introduced in
[22] and [24]. First, denote by Gy the set of pseudodifferential symbols of fixed order .
Obviously, a union of these sets for all A € C is the same as Gypg. Furthermore, the
G are actually hyperplanes and one can show (refer to |24, Chapter I1.4|) that they are
Poisson submanifolds, i.e. it is enough to consider the Poisson structure restricted to the
sets G\. Additionally, since the G are hyperplanes they also are affine spaces, which
means that one can find tangent and cotangent spaces. The tangent space at some point
L € G, is in this case given by the set [22]

TGy = {i 5uk(z)8_k o 8*} . (3.19)

k=1
Correspondingly, one finds that the cotangent space T} G is defined by [22]

TGy = {a—A o P, where P € Do} . (3.20)

Here, DO is the set of purely differential operators. As given in [22], there also is a pairing
between 17, Gy and T} Gy which means that elements in the cotangent space are identified
with linear functionals acting on elements in the tangent space, i.e.

Fg(6L) := (B, 6L) = Tr(6Lo B) , (3.21)

where B € Ty G and L € T;,G. The trace is given by taking the residue at z = 0 for
the a_; coefficient of L o B. Keeping this in mind, one defines the second Gelfand-Dickey
Poisson structure in the following way (that this indeed gives rise to the correct Poisson
structure on Gy pg is shown in e.g. [24, Chapter 11.4]).

Definition 3.4 (|22, 24]). The second Gelfand-Dickey Poisson structure is defined
on linear functionals as:

{Fs, Fo}(L) := Fo(L(BL), ~ (LB) L) . (3.22)

Observe, as suggested in [24], that one can equivalently represent the second Gelfand-
Dickey Poisson structure as:

{Fz, Fo}(L) := Fo((LB)_L - L(BL)_) , (3.23)

because the symbol LBL cancels. Additionally, notice that the term in the bracket on
the right-hand side of equations (3.22) and (3.23) is a symbol of highest order A — 1 and
is therefore understood as an element of the tangent space. This can be easily seen by
direct calculation. In particular, this term can be regarded as the image of the following
Hamiltonian mapping from T7G)y to TGy [22]:

Fp+— L(BL)  — (LB)+L =: Viy(L) . (3.24)
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3. Poisson Geometry

Furthermore, note that defining the Poisson structure on linear functionals suffices, since
smooth functions on a manifold are closely connected to elements on the cotangent space
(by building differentials; as described in section 3.1).

As discussed in [23| and [22], it is important to remark, that in physics literature one
often calls the resulting Poisson structure (together with the functions) a W-algebra.
In our case, one refers to the Poisson structure with the fields uy as classical W 11(N)-
algebra (W (M) if w1 = 0 in L). In similar fashion, when considering the hyperplanes
of positive integers A = N, the Poisson structure carries the name Wi-algebra, which is
nicely explained in e.g. [8]. We will come back to this in chapter 5, where we discuss that
these algebras arise as asymptotic symmetry algebras in higher-spin gauge theory.

The Poisson bracket and sequences of functions

It is now important to consider the following identification and resulting filtration proced-
ure concerning the space S of sequences of functions, as presented in [22]. This is essential,
as it helps one understand why the Poisson bracket obtained from the Hamiltonian
reduction in the generalized Drinfeld-Sokolov reduction is considered as a polynomial in A
later on (refer to sections 4 and 5.4). To begin, according to the authors of [22], one can
actually relate G, the subsets of symbols of fixed order A with the space S of sequences
of functions? of the form:

(u1(2),u2(z),u3(2)...) € S . (3.25)

We want to point out, that this identification does not depend on A, since the “position* of
a coefficient uy(z) appearing in the sequence is completely determined by the index k. On
the other hand, we know that the Poisson structure on Gypg is obtained by restricting
to the sets G\ (i.e. by fixation of \). Therefore, the Poisson structure on Gy pg gives rise
to a Poisson structure on S, treating A\ as a parameter rather than a fixed value.

In order to identify the Poisson structure resulting from the Hamiltonian reduction
in section 4.2 with the second Gelfand-Dickey bracket (3.22), the authors of [22] filtrate
the space S in the following way. First, split S into Sp<ny and Sj n for some arbitrary
positive integer N, i.e.:

S = Sng X Sk>N . (3.26)

Here, the subindices are understood as restrictions on the length of the sequence, e.g.

(u1(2),u2(2), ..., un(2)) € Sk<n - (3.27)

The authors of [22] futhermore observed that for any N this splitting implies a natural
embedding of the function space Sy := Fun(Sk<x) into the function space S := Fun(S),
elements of which are regarded as functions rather than sequences of functions. We denote
this embedding by ey and its corresponding image in S by en(Sy). The set {EN(SN)}
then gives rise to the filtration of interest:

>This identification is homeomorphic according to [22].
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3.3. The case of Pseudodifferential Symbols

61(81) C 62(82) c..CS. (3.28)
Hence, the union of all the elements in the set {e ~N(S N)} is the space S itself [22].
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4. Drinfeld-Sokolov reduction

In this chapter, the generalized Drinfeld-Sokolov reduction for the Lie algebra of complex-
stze will be outlined. This reduction was first conjectured by B. Feigin and C. Roger,
according to the authors of the paper [22], which provided the proof for this reduction.
Originally, the Lie algebra of matrices of complex-size was first introduced by B. Feigin
in [10] and, as we will see, the suggestive name stems from the close connection to the
Lie algebra gl,,. For the main part, we will closely follow the notations and conventions
used in [22| and make adaptations where necessary.

Before we get to the reduction and all the notations required for its description, we first
want to motivate it. Put in simple words, the Drinfeld-Sokolov reduction of interest is a
Hamiltonian reduction applied to a certain dual of an affinization (and extension) of the
Lie algebra of complex-size matrices. The resulting quotient manifold of this reduction
will be a Poisson manifold itself and the main statement of the paper of B. Khesin and
F. Malikov is, that its Poisson structure corresponds with the second Gelfand-Dickey
structure as given in equation (3.22). Historically, this was first established by Drinfeld
and Sokolov [9] for the case of differential operators of highest order n, which appear as a
Poisson submanifold of the above Lie group Gyps (refer to 3.18). In the case of purely
differential operators, the Drinfeld-Sokolov reduction is build on the observation that an
n-th order differential equation can be identified with a system of n first order differential
equations (also called the Miura transformation). A nice presentation of this can be found
in these lecture notes by Dickey [8]. To conclude, one notices that the reduction performed
by B. Khesin and F. Malikov is a generalization of the Drinfeld-Sokolov reduction, which
should arise when restricting A to positive integers.

4.1. Complex-size matrices

We start the reduction by first introducing the essential Lie algebra of complex-size
matrices, following [22]. To do so, consider the well known Lie algebra sly, the generators
e, f, h of which satisfy the following commutation relations:

[h,e] = 2e, [h, f]=—=2f, [e,f]=h. (4.1)

The universal enveloping algebra U (5[2)1 of sly possesses all the representations of sl and
has a basis given by the set (also called PBW -basis [17]):

'A good introduction to universal enveloping algebras is e.g. offered in [17].
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4.1. Complex-size matrices

{e'fink, i,k >0} . (4.2)

Strictly speaking, U(sly) is an associative algebra and we make it into a Lie algebra by
defining the Lie bracket of two elements c, d as:

[e,d] :=cd —dc . (4.3)

This Lie algebra then has a center, generated by the Casimir operator C' := {e, f} + %h?
We follow the construction in [22] and take the quotient of the enveloping algebra U (slz)
by the Lie algebra ideal:

<c - %()\2 - 1)> . (4.4)

An explanation for this particular choice will be given in the introduction of the Verma
module below. The algebra one obtains from this quotient will be denoted by gl and we
call it the Lie algebra of complex-size matrices [22] from now on:

B U(sla)
gl = <C Tipe 1)> .

We now want to consider the infinite-dimensional space {v1, vg, ...} and define the following
sl representations, which depend on A, on it?:

(4.5)

fvi=vig1, ev; = (i —1)(A—i+ D1, hvy=(A+1—2i)v; . (4.6)

Hence, the set {v1,v2,...} forms a Verma module?, as observed in [22]. Notice, that due
to this definition, the Casimir operator C' acts in the following way onto the v;’s:

Cv; = (ef + fe+ %hQ)vi (4.7)
- (i()\—i)+(i—1)()\—i+1)+%(>\+1—2i)2>vi (4.8)
- %(V —1)u; . (4.9)

This explains the choice taken above in the construction of gl,. Additionally, as the
authors of [22] noticed, the Verma module is reducible if \ is a positive integer, in the
sense that:

evyt1 = 0. (4.10)

This implies, that in this case the subspace V) := {vx11,vr19,...} is closed under the
actions (4.5). The definition of the Verma module above allows one to identify U(sls)

2We have opted for a slightly different convention as presented in [22], starting the index count at one
rather than zero.
30ne often calls a Verma module a “highest-weight representation”. They are explained in e.g. [17].
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4. Drinfeld-Sokolov reduction

(since a sly-module is also a U(sly)-module by construction) with the algebra gl of linear
transformations of the set {vy, v, ...}. Furthermore, since there is a natural homomorphism
between a Lie algebra g and its quotient algebra g/i, where i is a (Lie) ideal of g, the
identification gives rise to the following embedding? of gl, into gl [22]:

gly — gl - (4.11)

With this in mind, we are now in a position to give the definitions that restrict the
form of matrices accordingly, as presented in [22]. It is important to remark, that we
consider A to be a parameter now instead of taking a specific value, which makes matrix
entries into polynomials in A and therefore gives rise to the map:

n:U(sly) = gl @ C[A] . (4.12)

Thus, elements in U(slz), represented as matrices M in gl ® C[\], satisfy the following
three properties® according to [22]:

i) Matrix entries my;;;,, are polynomials in ¢ for every n > 0. (4.13)

it) If A is a positive integer, then m;; =0if j > A and i < X . (4.14)

i74) Any matrix M is “bounded from below", i.e. m;; =0if i > j+ K -1,  (4.15)
for some K > 0.

Observe, that the first two properties follow from the definition of the Verma module (4.5)
(and because we identify \ as a parameter), while property #i7) is a general characteristic of
an infinite-dimensional matrix in order to preserve a well-defined multiplication operation.
In order to execute the single-row gauge carried out in section 5.4, we propose a slightly
different interpretation of property ii):

i1) Matrix entries m;; are polynomials in A, which satisfy the specific root  (4.16)
structure (A —i|;—; if j > A and i < A (4.17)

Here, [a],, is the descending Pochhammer symbol, defined as:

m—1
lalm = [J (1) . (4.18)
1=0
This simply means, that we demand the polynomials in A to have specific roots when
considering matrix entries above the main diagonal. Therefore, a generic matrix obeying
these three properties should take the form:

“That this is indeed an embedding is proven in [22].
5Notice, that we do not restrict ourselves to finite linear combinations of basis elements ef, i.e. matrices
are not “bounded from above*.
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* (A=Da2(A) A=1DA=2)@3(A) (A=A =2)(A=3)qua(A)

* (A —2)ga3(N) (A =2)(A = 3)g24(N)

* * (A —3)g3a(N)
; : . (4.19)
0 0 *
0 0 0

where ¢;; are polynomials in A and 7 respectively, and the zeros start to appear in the
(K + 1)-th row. From this we can also understand why gl, is called the Lie algebra of
complex-size matrices in [22]: If A is set to some positive integer n, then one “recovers®
the Lie algebra of n x n - matrices gl,, by taking the quotient g[)\/v)\, where V C V3
is a subset of the submodule V). This can be regarded as truncating the parts of the
matrices for which ¢ < n and j > n and therefore one recovers gl,, up to an isomorphism.

Before considering the Hamiltonian reduction, the authors of [22] introduce some further
extensions. In particular, notice that the above restrictions do not allow e.g. matrices
that are zero everywhere except at a finite number of rows. However, in the procedure
performed by B. Khesin and F. Malikov such matrices are necessary to construct Frobenius
matrices, as we will see. Therefore, the authors of [22] artificially extend the algebra® by
such elements. This is done in the following way: Denote by gl the algebra, where elements
must satisfy property #i7), and properties i) and i7) need to be satisfied everywhere except
at a finite number of rows. Additionally, call gy the algebra which is obtained from gl by,
roughly speaking, collapsing” the parameter A to some X\ € C.

4.2. Hamiltonian reduction and gl,

We now want to consider the generalized Drinfeld-Sokolov reduction introduced by B.
Khesin and F. Malikov in [22] concerning g. To do so, we first explain the general strategy
briefly and then go into some more details afterwards, for proofs refer to the respective
proof section [22, Chapter 4]. The starting point of the reduction is the loop algebra gy (z)
and the dual g} of the corresponding affine Lie algebra. We are interested in the dual
algebra since it naturally carries a Poisson structure, the Kirillov-Kostant structure (3.10).
One can therefore perform a special Hamiltonian reduction (the (generalized) Drinfeld-
Sokolov reduction) on g%, for which one requires some additional notation, analogous to
the notation used in [22]:

5Tt would be interesting to see whether this extension also arises naturally. That is, whether one can
find a suitable topology that allows these elements as a limit in some way.

"The precise notation introduced in [22]| uses a so-called specialization map. That is, mapping C[)] to
C[A]/(A — A)C[}A] in the image of the map (4.12).
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4. Drinfeld-Sokolov reduction

e uy C g, is the subalgebra of strictly upper triangular matrices
e u} is the dual algebra consisting of strictly lower triangular matrices

e Ux(z) =uy(z) @1 is the loop group associated to the loop algebra 1, (z), obtained
by exponentiation (refer to the Baker-Campbell-Hausdorff formula (2.2))

With this in mind, we can start the reduction and explain the procedure performed in
[22]. First, the authors note that the group Uy (z) acts onto g5 via coadjoint action, which
is Hamiltonian. Projecting g} to its strictly lower triangular part (which is not centrally
extended) is by construction U)(z)-equivariant and therefore also a momentum map:

pa gy — un(2)". (4.20)

Upon fixation of an element A in uy(2)*, the inverse image py'(A) of A is just a union of
Ux(z)-orbits (since Uy(z) is upper triangular while uy(z)* is strictly lower triangular). In
particular, the quotient manifold py *(A)/Ux(2) carries a Poisson structure as a result of
the Hamiltonian reduction, which the authors of [22] show to coincide with the second
Gelfand-Dickey bracket (3.22) if one chooses:

00000
1 00 00
01 00O
0 0010

Here, A is considered to be the generator f of sl, represented in gl , using the map (4.12).
It is important to remark, that the authors of [22| actually identify the quotient manifold
pgl(A) /Ux(z), which is a Poisson manifold, with the space S of sequences of functions
(3.25), which carries a family of second Gelfand-Dickey structures. Therefore, the Poisson
bracket obtained by the Hamiltonian reduction is identified with the second Gelfand-
Dickey structure when treating A as a parameter, making the latter into a polynomial in
A (due to equation (3.14)). These considerations are the reason why one views the above
Hamiltonian reduction as a generalized version of the Drinfeld-Sokolov reduction. As
already mentioned, one can find the usual Drinfeld-Sokolov reduction in e.g. [8] or [24].

It is helpful to further investigate this reduction, using the notations introduced in
[22], in order to understand how one would adapt it when considering the higher-spin
algebra bhs, instead of gl,. Therefore, we take a look into the proof section of this
publication which constructs so-called Frobenius matrices for the case when A is treatAe*d
as a parameter, i.e. by replacing g, with gl. For this, one requires the affine algebra gl |
the subalgebra of strictly upper triangular matrices u C gl and its dual u*, the associated
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4.2. Hamiltonian reduction and gl

loop group U(z) = u(z) @ 1 as well as the group and algebra coadjoint actions with
respect to this group. Without going excessively into detail®, the authors of [22] show

that it is enough to define the algebra coadjoint action of gl(z) onto 5[2( »)» defined as

ol = {(q()\)M,q()\)), where M € gl(2), q(\) € xlc[[xl]]} , (4.22)

which one identifies with gl(z). Here, C[[\]] is the ring of formal power series in A and we
leave the arguments of M (), z) away in the following, but emphasize that elements in
gl(z) are polynomials in A and z. The algebra coadjoint action then takes a familiar form
(refer to (2.25)):

ads (M) = [X, M] — 2X" (4.23)

where X € gl(z) and M € 5[:( A)- Observe that, without loss of generality, one sets d = 1
in the formula of the algebra coadjoint action (refer to the discussion at the beginning of
subsection 2.2.2). Via exponentiation the authors of [22] also obtain the group coadjoint

action of U(z) onto gA[Z(A):

Ady(M)=YMY ' —2y'y 1| (4.24)
where Y € U(z) and M € gA[Z(A)' The Hamiltonian reduction is then performed in an
analogous way as above, but now one deals with momentum maps of the subsequent kind:

pq()\) H g[q(/\) — UZ(A) (Z) . (425)

In order to relate the Poisson structure on the Poisson manifold, resulting from the
Hamiltonian reduction, with the family of Poisson structures on the space S of sequences
of functions (3.25), the authors of [22] prove that there exists exactly one element (the
Frobenius matrix) of the form:

: (4.26)

S OO

in every U(z)-orbit in the inverse image pq_(l)\) (A). Here, we choose the same A as defined
in equation (4.21). Additionally, they show that the group coadjoint action of U(z) leaves
no points in the inverse image of the momentum map invariant. We now discuss, how
these proofs might be adapted when one considers hs), instead of gl,.

8For a detailed discussion on the polynomials g()), refer to [22, Chapter 4]
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4. Drinfeld-Sokolov reduction

4.2.1. The reduction and bs,

As will be discussed in section 5.2, the higher-spin algebra hs, arises as a subalgebra of
gl by solely considering the traceless part, i.e.

gly = hs, & C . (4.27)

At this point, one can introduce the trace on gl in the way it is presented in [22]. Suppose
R € gl and denote by Tr the sum over its diagonal entries up to some positive integer V:

N
Tr(R)n = rij - (4.28)
=1

Notice, that this is a polynomial in N due to property i) (4.13) of the definition of
elements in gl (allowing violations in a finite number of rows). Upon replacing N by
the parameter A, one then calls this the trace of the matrix R. With this in mind, we
start to examine the proof for the existence and uniqueness of the Frobenius matrices,
following [22|. First, consider the group adjoint action of an element Y of the Lie group
U(z) onto some M € gl(z) (since one identifies Q/;\IZ(A) with gl(z)) as given in equation
(4.24). The group coadjoint action of Y transforms M to a Frobenius matrix F' if the
following equation is satisfied:

YM - z2Y' =FY | (4.29)

The authors of [22] noticed that the diagonal elements of this equation correspond to the
equations (where we omitted the dependencies on A and z):

1=1:m11 +y12 = U1 (4.30)
0> 1 my + Yiik1 = Yi-1i - (4.31)

Observe, that one already regards M as an element in the inverse of the momentum map
(4.25), elements of which take the approximate form A + t(z), where t(z) contains upper
triangular matrices. One can insert equation (4.30) into equation (4.31) for ¢ = 2 and
then insert the result into the equation for ¢ = 3 and so on. In the end, one obtains the
following expression:

7
Yii4l = — ijj +u . (4.32)
=1

As is observed in [22], if one fixes A to some large enough® integer n, yn,11 vanishes,
hence allowing one to determine uy:

Since gl is allowed to violate property ii) (4.14) in a finite number of rows.
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4.2. Hamiltonian reduction and gl

ui(n,z) = ijj(n,z) . (4.33)
j=1

But this corresponds to the trace of M upon replacing n by the parameter A after
evaluating the sum. Therefore, if one considers a traceless matrix M (with respect to the
trace (4.28), one has that u; = 0. The rest of the proof for the existence and uniqueness
of Frobenius matrices follows analogously as presented in [22]. Hence, this shows that
upon considering hs, instead of gl (and their respective extensions), each U(z)-orbit in
the inverse image of the momentum map (4.25) contains exactly one Frobenius matrix of
the form:

(4.34)

In the remaining section of the proof outlined in [22], the authors introduce a filtration
on the inverse image of the momentum map p}l(A) (4.20) which offers an identification
with the filtration on the space S of sequences of functions (as presented in section 3.3). In
simple terms, this allows one to identify a Frobenius matrix (regarded as a representative
of its respective group orbit) of the form

0 uws uz ug
1 0 0 O
01 0 O
0 0 0 1
with the following sequence of functions {uy}
(O,UQ,'LL;),,ZM,...) . (4.36)

In particular, we know that the space of such sequences carries a Poisson structure, to
be precise a family of second Gelfand-Dickey structures. Hence, we have finally arrived
at the desired result upon extracting the Poisson structure on the fields u; out of the
second Gelfand-Dickey structure (where A is treated as a parameter which implies that
the Poisson bracket on the fields will be of polynomial dependency in \).
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5. Higher-spin gauge theories

This chapter, specifically sections 5.1, 5.2 and 5.3, aims at providing a short introduction
into the rich field of higher-spin gauge theories to the reader as well as presenting the
results of the single-row gauge, applied for hs, in section 5.4. If there is the need for
further information, we will recommend the introductory notes by P. Kessel [21] as well
as the lecture notes by S. Fredenhagen and A. Campoleoni 6], where the case of three
space-time dimensions is treated. The latter will also be part of the likewise recommended
book [26] which, at the time writing this thesis, has not yet been published. Additionally,
for an overview over recent developments in the field refer to [3].

5.1. Introduction

In their essence, higher-spin gauge theories aspire to be gauge theories containing massless
particles of any spin. The correct description of massless particles of arbitrary (integer)
spin in a Minkowski space was first established by Fronsdal [12], incorporated by the
following equation of motion (called the Fronsdal equation; we use the notations of [6]
and [21]):

Fuy s = 00y e — 504, 0%Ppg. pi)a + 1(8)0(1 O Ppigopis) “ a =0 . (5.1)

Here, ¢(s) := w and the tensor ¢, .., is sometimes called Fronsdal field or higher-spin
field (for s > 2). It is completely symmetric in its indices under interchange. Furthermore,
the brackets sandwiching the indices are symmetrisation brackets, where we use the

convention presented in [6]:

1
A Buyy = §(AulBM2 + A, By, - (5.2)

If s = 1, Fronsdal’s equation simplifies to Maxwell’s equations and the Fronsdal field is
the spin-1 gauge field A, also known as the electromagnetic four-potential. On the other
hand, if s = 2, one obtains (linearised) Einstein’s equations of motion, where the spin-2
gauge field is given by the perturbation field 5, of the metric 7,,. Therefore, we view
equation (5.1) as a natural generalization of these theories to particles carrying spin s > 2.
It is well known that the spin-1 and spin-2 gauge fields admit gauge transformations,
i.e. transformations leaving the respective equations of motion unchanged. Similarly, the
Fronsdal field allows gauge transformations, which leave equation (5.1) invariant [6]:

0Pu..pie = 500, Cuo.opis)> Where Gy e s @ 0 =0 (5.3)
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5.2. Chern-Simons theory

As is remarked in [6], even though it is possible to define Fronsdal’s equation for any
dimension D, there are actually no massless higher-spin particles in three space-time
dimensions. This is since the little group only allows spin-0 and spin—% representations in
this case. However, it is still possible to consider higher-spin fields in three dimensions as
toy models for higher dimensions.

For the upcoming calculations, it is necessary to extend the above framework to a
three-dimensional anti-de Sitter background (AdSs), where we use the notations presented
in [6]. The corresponding Fronsdal equation F',,, ,, is simply given by:

Frpe = O=m3ou p — SVQV(M@M“M)Q + 1)V Vi Pugps) “a =0 (5.4)
Here, V is the covariant derivative and m? is defined using the AdS3 radius I:

m? = 25(‘321) . (5.5)

Again, this equation of motion is gauge-invariant under gauge transformations (5.3), using

the covariant derivative V instead of 0. Requiring that the trace of the gauge parameter
vanishes then simply means contracting it with the AdS3 metric g,z [6].

In order to realise the above as a Chern-Simons theory, coupling gravity to higher-spin

fields, there is the need for further notation. As is observed in [6], one can actually bring

Fronsdal’s equation (5.4) in the form:

Tal...asfl _ O7 Ral-uasfl — 0 . (56)
Here,
T Gs—1 = Yehls—1 4 (5 — 1)517'(&1@ A iz--as—1) j (5.7)
-1 ..
ROT+Gs—1 — Y ,01s—1 | ST€U(G1€Z' A €a2~~-as—1) js (5.8)

using “fat* indices a;, the corresponding V and epsilon tensor 7% as well as € for the AdS
background. Furthermore, T and R are called curvatures and they arise as equations of
motion of a corresponding action S, the definition of which can be found in |6, Chapter 2.2].
Both T and R are represented via the vielbeins e®'%s-1 and connections w® %=1 the
definitions of which are given in [6] as:

01 Gs—1 — e, al"‘%*ldajy, W Gs—1 — W, A1eGs—1 JooV (59)

5.2. Chern-Simons theory

As is well known, gravity in three space-time dimensions (on an AdSs-background) can
be beautifully expressed as a Chern-Simons theory with the Einstein Hilbert action Sggr
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5. Higher-spin gauge theories

consisting of two copies of the Chern-Simons action Scg (5.11), for one of the original
papers we recommend the excellent publication [27] by E. Witten. Now, a Chern-Simons
theory is naturally a gauge theory and since Fronsdal’s equation (5.1), upon setting s = 2,
gives rise to (linearised) Einstein’s equations of motion one might wonder if there is also a
Chern-Simons version of Fronsdal’s equation in an AdSs-background. In this section, we
want to briefly discuss this. For a detailed discussion we refer to [6] and simply restrict
ourselves to the results. In particular, the higher-spin algebra hs, actually arises as a
gauge algebra from these considerations, when we are interested in an unbounded set of
spin s. As presented in [6], we start by collecting the vielbeins and spin connections in:

Aal-nas—l — <wa1-~-a5—l + %eal---as—1)7 A/al-uas—l — Aalu-as—l _ %ealn-as—l . (510)

For the readers convenience, we quickly recall the three-dimensional Einstein-Hilbert
action in the Chern-Simons formulation [6]:
k 2 k ~ ~ 2~ ~
S = 1= Tr(A/\dA+§A/\A/\A) - Tr(A/\dA+ §A/\A/\A) . (5.11)
T

7

=:Scs(A) =:Scs(A)

where k = % and G is the gravitational constant. For the following we define h := %.

The symbols A and A are actually sls(IR)-algebra valued elements, defined via the dreibeins
e? and spin connections w® = %5‘”7 Wij:

A=A, = (w“ + %ea) Jay A= (A“ . %e“) Ja . (5.12)

Here, the J, are generators of the Lie algebra sla(R), which satisfy Tr(JgJp) = nap for
some bilinear form Tr. Similarly to this action, we now also want to have g-valued fields A
and A for our Chern-Simons formulation of a higher-spin action. In particular, these fields
should be a contraction of the above combinations of the vielbeins and spin connections
(5.10) with the generators of a Lie algebra g. As it turns out (refer to [6, Chapter 2.2]),
taking two copies hs, & bhs, of the higher-spin algebra bhs, is exactly what one needs
for a Chern-Simons version of a higher-spin gauge theory that couples gravity to fields
of (unbounded) spin s > 2 in an AdSs-background. In particular, when linearising the
resulting action, one obtains a generalization of the Einstein-Hilbert action displayed in
equation (5.11).

We will now present a basis for the higher-spin algebra and comment on its connection to
the Verma module (4.5), that we defined in section 4.1, following the notations used in [6]
and [14]. Denote as L1 and Lg the sly-generators, satisfying the following commutation
relations:

[Li1,L_1] =2Lo, [L1,Lo] =+L+1 . (5.13)

Furthermore, we introduce the symbols [6]:
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5.3. Asymptotic symmetries of higher-spin gauge theories

1 1
Ve = (L) Vv = _m[L_l,Vnﬂ, (5.14)
where V}° = (L_l)s_l. Observe, that this corresponds to 2s — 1 generators and one sees
from the definition of V7 _,, that it is a nested commutator. Regarding our sl elements
e, f and h, which we defined in chapter 4, this means that a basis of the higher-spin
algebra has generators proportional to:

Ve o £ [ e[ e )] (5.15)

n—1—terms

Therefore, we indeed see that these generators are traceless with respect to the trace
(4.28) and the Verma module (4.5), as the elements contributing to the main diagonal
will simply consist of commutators of an equal number of €’s and f’s.

5.3. Asymptotic symmetries of higher-spin gauge theories

In this section we finally want to discuss what we actually mean when we speak of
asymptotic symmetries, asymptotically anti-de Sitter space-times and the Drinfeld-Sokolov
constraint in higher-spin gauge theories. We will follow once again the outline presented in
[6] and start by considering asymptotically anti-de Sitter space-times. First, however, we
will quickly remind the reader about how one deals with constrained Hamiltonian systems.
This is excessively covered in e.g. [19], for a briefer review we refer to |6, Appendix CJ.

For a system with generalized variables (¢, ..., ¢", p1, ..., Pn) the corresponding Hamilto-
nian takes the form [19]:

n
H:Zqipi_E(q1’--'7qn)pl7"'apn) ) (516)
i=1

where L is the Lagrangian of the system. Implementing m constraints ¢; into the
Hamiltonian can be easily achieved by extending the Hamiltonian, i.e. by writing:

H =H+ Zuigpi . (5.17)
=1

The time evolution of the j-th constraint ¢; in the new Hamiltonian is then given by the
Poisson bracket,

¢;={ejH'} . (5.18)

We will denote the vanishing of the constraints ¢; on the constraint surface by ¢; ~ 0. In
particular, this should also be true when considering the evolution of a constraint in time
regarding H', and therefore [6]:
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5. Higher-spin gauge theories

m
P, R {gpj,”;'-l}—i—Zui{goj,api}%O ) (5.19)
i=1
Furthermore, call ® a first-class constraint if {®, ¢;} ~ 0 for every i, and a second-class
constraint if this is not the case. Additionally, denote by C; the Poisson bracket of the
constraints {¢;, p;} and notice, that the rank of this matrix is maximal exactly if all the
constraints are of second-class, which therefore completely determines the u;. In this case,
one is able to equip the space with a specific Poisson bracket, the Dirac bracket [6]:

and considers the system solely on the constraint surface.

With this in hand, we are finally in a position to investigate asymptotic symmetries.
Analogously to the presentation in [6] we start by considering a Chern-Simons theory on
a cylinder Z, which is informally understood as “setting a boundary at infinity*“. A very
good introduction to the general procedure, called conformal completion, can be found e.g.
in the book by Penrose [25]. Although it is helpful to discuss a Chern-Simons theory on
such a cylinder, one has to be careful when considering asymptotic anti-de Sitter spaces as
remarked by the authors of [6]. Keeping this in mind, one can introduce a Chern-Simons
action (with some (gauge) group G that we leave undetermined for now) on the cylinder
by taking the coordinates 6 € [0,27), p € [0,00) as well as the time parameter ¢. Hence,
one can express a general Chern-Simons action (refer to equation (5.11) via the fields
Ag, A, and Ay, splitting the action into a boundary and a bulk part [6]:

Scs(Ag, Ap, Ar) = h / dtdpdd Tr(AgA, — ApAg +2A:F,p) (5.21)
Z
—h / dtdd Tr(A;Ag) .
0z

Here, A is regarded as a Lagrange multiplier that fixes Fg = 0,49 — 0p A, + [Ap, Ag] to
zero. This is due to the arising of the term F,90A; in the variation of the above action.
By adapting the boundary integral in (5.21) to:

—2h / dtd Tr(AAg) | (5.22)
0z

the authors of [6] nullify the boundary contribution of Ay in the variation of the action.
We are now interested in gauge transformations of the fields A and remember, that those
are generated by first-class constraints. As it turns out, F is a first-class constraint with
respect to the Poisson bracket [6]:

1 0F 0F, 0F) 0F,
= T = . 2
=g /D dpdf r(aAp Ay 6Aq 5Ap> (5.23)
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5.3. Asymptotic symmetries of higher-spin gauge theories

Here, we consider the bracket for a fixed time parameter ¢ (i.e. by having discs D9 of equal
time) and Fi, F are functionals on both A, and Ay respectively. One can then introduce
the generating objects of gauge transformations of type A = dI" 4 [A4,T'], denoted by
G(T) |6]:

G() =2h | dpdd Tr(TF,y) + Q) . (5.24)
Do
According to [6], the reason for the introduction of the symbol Q(I") stems from the fact,
that one has to make sure that the variation of G(I") is without terms contributing to the
boundary S; of the disc. Hence, one has to appropriately choose Q(T') in order to cancel
any of those terms, that would arise from the variation of the first summand. On the
other hand, the first summand in the variation of equation (5.24) vanishes upon enforcing
Fy, = 0, even though a non-trivial Q(I') does not, which leads to boundary contributions
in the resulting variation. In this case (for Q(I') # 0) one does not speak of G(I') as
gauge transformations, but rather considers them as global symmetries of the system,
which one also calls asymptotic symmetries in this context [6, 7].
As explained in [6], one can now execute a gauge-fixing by setting:

A= 7HP)Bpf (p) - (5.25)

Here, f is a function evaluated in the group G. It shall be noted, that there are still
symmetries left after the fixation, which one regards as asymptotic symmetries. They
take the form of gauge transformations 6A = 0A + [A,T'], which arise as the equations of
motion from the variation of the generators G(I"). The above then also restricts the form
of Ay to:

Ag = [ (p)ao(t,0)f(p) , (5.26)

upon collapsing F,9 = 0 [6]. Furthermore, this means that the gauge parameter I' and A,
should look like:

L= f"Yp)v(t,0)f(p), Ao = f " (p)au(t,0)f(p) (5.27)

in order to satisfy the gauge transformations of A,. Shortly, this gauge-fixing will also
occur when we discuss asymptotically anti-de Sitter spaces. As examined in [6], the
above can then be used to find the Dirac bracket on the constraint space, which naturally
depends on ay(t,0) (which is unconstrained on the boundary). In particular, the Dirac
bracket takes the form of a central extension of the loop Lie algebra g and therefore, one
indeed observes the emergence of affine Lie algebras as asymptotic symmetry algebras, as
discussed in [6].}

Tt shall be remarked, that in the case of the Lie algebra of complex-size matrices gl,, the dual of the
affine Lie algebra is approximately identified with the affine Lie algebra itself when viewed as the
image under the map (4.12) and taking the extension to gl. For a detailed discussion refer to [22].
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5. Higher-spin gauge theories

We now want to finally investigate asymptotic symmetries of higher-spin gauge theories
in asymptotically anti-de Sitter space-times in three dimensions. As the authors of [6]
remarked, referring to [4], the above is not a suitable description for asymptotically
anti-de Sitter space-times. Nevertheless, the same form of A, and Ay still arises and one
requires that they behave like the AdSz-connections A24S and AADS gt infinity. Therefore,
consider first the latter connections (which are regarded as taking elements in sly), where

we use the convention presented in [6]:
A% = Lodpy (94 ag) ((er Lee
= Lodp + ] + el + 46 L_1]. (528)

One obtains AAdS by simply replacing L1 <> L_; and inserting two minus signs. One
appears in front of the whole term, the other in front of df. With this in mind, we consider
Ag and A, in exactly the same way as before (refer to equations (5.25) and (5.26)) as
gauge fixation and make the connection to A2 by setting f(p) = ePF0. According to [6],
the corresponding ﬁp and Zg then take the following form:

A, = () A, f2(p), Ag = F(0)an(t,0)f " (p) . (5.29)

As noted in [6], the reason why we call the resulting space asymptotically anti-de Sitter
arises from the argument, that in the limit p — oo (i.e. considering p asymptotically
near the boundary) we want to recover the connections A2 and AAdS | The same exact
argument applies when we infer the higher-spin connections, presented in equation (5.10).
In particular, this condition restricts the connection ag(t, 0) to [6]:

1 o) n
ag(t,0) = Ly1+ Y "0 L n+ Y > kI (EOVET (5.30)

n=0 n=2m=-n

when considering the higher-spin algebra hs,. The other copy ag(t,0) of the con-
nection can be easily obtained by letting n — —n. One calls this condition the
Drinfeld-Sokolov constraint [6]. Upon choosing an appropriate representation (e.g. the
Verma module we considered in chapter (4), one observes that this restricts the matrix
form of the terms appearing in the two sums to either upper or lower triangular matrices,
depending on the representation. In particular, suppose we pick a representation such
that Lj is identified as the image of the sly-generator f (refer to equation (4.21). In this
case, the two sums are represented by uppertriangular matrices and, specifically, we can
choose a matrix that only has entries in the first row (a discussion on this for the spin-3
case can be found in [6]). Then one can consider the most general infinitesimal gauge
transformation [6]:

dya = Oga + [a,"] , (5.31)

such that the resulting matrix is zero everywhere except for the first row. This is what
we call a single-row gauge and it will be performed in the upcoming section for the
Lie algebra bs,. In particular, we will see that the result of this reduction will be a
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Wao(4+1)(A) algebra, which is then understood as an asymptotic symmetry algebra. The
whole procedure, as we already know, is called the generalized Drinfeld-Sokolov reduction
[22].

5.4. Single-row gauge for bhs,

In order to build a bridge between the mathematical formalism of the generalized Drinfeld-
Sokolov reduction in chapter 4 and the infinitesimal gauge transformation (5.31), we
identify them with the algebra coadjoint action defined in equation (4.23). In order to fit
this into the notations used by the authors of 6], one chooses d = i for the hyperplane of
the dual of the affine Lie algebra used in the reduction (equaling an overall rescaling),
and by applying the identification z = e~ one obtains that:

ady o) (M(6)) = [X(0), M(6)] + X'(6) (5.32)

Here X'(0) = £X(0) and X (0) € gl(0) whereas M(0) is also viewed as an element in
gl(#). For the sake of brevity, we leave the arguments away in the following. Furthermore,
remember that we are dealing with the Lie algebra gl,, whose elements we view as the
images under the map 7 (4.12) (modulo the Casimir). In particular, we consider the
matrices to be elements in gl, allowing for violations of properties i) (4.13) and i3) (4.16),
where we use our adapted version, in a finite number of rows. Now, we already know that
there exists exactly one Frobenius matrix in every U(z)-orbit in the inverse image of the
momentum map due to the proposition proven in [22]|. Hence, it suffices to choose M to

be a Frobenius matrix F' of the form:

<
)
I
)
I
i

: (5.33)

B

I
[ e )
O = O
= o O
S O O

and determine the algebra coadjoint action on it. This is precisely the shape of a matrix
satisfying the Drinfeld-Sokolov constraint. In matrix entries, the action is nothing but:

oo
ad’ (F)ij = of; + u;wa + Tijp1 — io1j — 0 Y Wk (5.34)
k=1

where u; = 0. We emphasize once again, that the matrix entries are polynomials in A
and 6. With the above equation in mind, we are now interested in the general form of
the matrix entries x;; such that F' is transformed to a matrix consisting only of elements
in the first row (as already mentioned, hence the name single-row gauge). In order to do
so, we can follow the approach introduced in [6] making necessary adaptations along the
way. To begin, note that for i > 1 equation (5.34) has to vanish, i.e.:
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5. Higher-spin gauge theories

!
x;j +u;ri + wijp1 —xi—1;, =0 . (5.35)

Following [6], we introduce the subsequent pseudodifferential operators x;, !, adapted
appropriately:

00 00
T; = inj(‘)A*j, ! = Z 87>\+i711’i1 . (5.36)
= i=1

At first sight, the second operator x! looks problematic seemingly allowing differential
operators of infinite order. However, remember property #i7) (4.15) of matrices in gl, which
states that matrices are “bounded from below", i.e. z;; = 0 for all i > K. Additionally to
the operators z; and x!, we introduce the pseudodifferential operator L?:

o0 o
L=+ udo* " =0" =) wo* ", (5.37)
k=1 k=1
where we made the identification uy := —uy for all k. Keeping these definitions in mind,

one can sum equation (5.35) over j from 1 to oo after multiplying 0*~7 from the right,
hence obtaining [6]:

o0 (e.)
x; — X1 — Z (xij8A*j+1 — .’L‘ij+18)‘7j) + xi1 Z uja/\fj . (5.38)
j=1 j=1

Here, Leibniz’s rule (3.14) was used for the first term. As one can easily see, the sum
in the middle simplifies to xi10. Therefore, one obtains the recursive relation below for
pseudodifferential operators x;:

x; — Ti—1 — .Z‘Z'lL =0. (5.39)

Solving the recursion

In order to solve the above recursive relation, we make the following Ansatz:

zi=07"F(i,A) — (0 "2") L, (5.40)

where F'(i, \) signifies a (pseudo)differential symbol with possible dependence on ¢ and A.
To show that this is indeed a viable Ansatz, one has to demonstrate that it satisfies the
recursive relation (5.39),

O (F(i,A) = F(i=1,0) = 9(0"'a!) L+ (0¥ a!) [L—zal=0.  (5.41)

+

Note that the last three terms vanish due to the following simplification

?Notice that the minus arises due to the usage of f as the fixed element. The authors of [6] use —f, in
which case the sum in the operator L obtains a minus sign again.
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5.4. Single-row gauge for hs,

o0

9(*a") L= (Z 8l""1xu> L= (@) Lanl.  (542)
=1 +

Therefore, what remains in equation (5.41) is a condition on F' that is:

F(i,\) = F(i—1,)) . (5.43)

This condition implies, that F' should be independent of the row index ¢. However, this
information alone is not enough to construct solutions of the recursive relation as there are
further restrictions. In particular, the structure of the operator x; (5.36) on the left-hand
side only allows column indices j of highest order —1. Additionally, since the coefficients
x;; are matrix entries of a matrix in gl(¢), they need to satisfy the associated properties
(refer to equations (4.13) - (4.15) and (4.16)). Keeping this in mind, one can then begin
the construction of F'.

To begin, observe that the appearance of A in the exponent of 0 in z; restricts F' to
the form:

F =0G . (5.44)

Here, G is a general pseudodifferential operator that only possesses integer exponents in
0, that is

M
G= ) gd, (5.45)

l=—

where M € N and the g; are coefficients, which we wish to determine. To do so, we present
the following two claims concerning the form of the operator G such that it satisfies the
proper structure, as stated above.

0 (5.46)
ii) G4 = (z'L) (5.47)

The goal is now to prove both of these claims.

Proof. Regarding claim i), first notice that one can rewrite 9*~*G_, using Leibniz’s rule
(refer to equation (3.14)), as follows:

—i o (A=) (m) nitem
o G:ZZ(ﬂl)g(Z)aA b (5.48)

m=0 [=1

Denote by 5 := 1 4 | + m the index corresponding to the column index j of z;; on the
left-hand side of the Ansatz (5.40). Observe that j > i, which satisfies the requirement
implied by j > 0. Furthermore, this indicates that 9*~*G_ only contributes to coefficients

39



5. Higher-spin gauge theories

x;; above the main diagonal of the matrix X. Therefore, OM*G_ should possess the
correct root structure in A for every [, m everywhere except at a finite number of rows
i. As can be seen in equation (5.48), the binomial coefficient actually carries the root
structure in A, but since the sum over [ is unbounded the whole term does not possess
the correct structure required. This means, that for a fixed A > i one always obtains
coefficients g_; appearing for ; > A, which must not be the case. Note, that this is true
for every row because the coefficients are independent of ¢ by construction. Therefore,
either the g_; satisfy the correct root structure in A or G_ = 0. The former can never be
the case due to the g_; being independent of ¢, implying G_ = 0.

From the above, one concludes that G = G4. In order to determine G = (mlL) 4
(and therefore show claim 7)) one first has to investigate the other summand appearing
in the Ansatz (5.40). The following simplification using Leibniz’s rule can be found in
Appendix A.1.

(8/\*ia:1)+L: g Bi(l,n)Ba(m) (a:lqwm + E Ty ( - >8Aj~1 (5.49)
I=1;m,m=0 k=1
I[>n+m+1i

Here, By, By are binomial coefficients (refer to equation (A.5)) and the index j; is defined
as:

jli=i+1l+n+m—1. (5.50)

Additionally, we set ]~2 = j~1 + k. Due to the condition [ > n + m + 4, the index j~1
is restricted to integers in the set {0, —1,—2,...} which means that the corresponding
contributions need to vanish (similarly for 52) as the column index j is required to be
positive and non-zero. Hence, G must be of the general form

G= > Bin) (x}{” +> (xllﬂk)(n)ﬁ_k> ol H, (5.51)
I=1;n=0 k=1

where H, represents a generic, purely differential operator that is determined below.
From claim ¢) we already know that it suffices to only consider the G part of G, reducing
equation (5.51) to:

G = Z Bl(l,n)xl(?)ﬁl_l_”+ Z Bl(l,n)(xlluk)( ) gl—1-n— FrH. . (5.52)
l=1;n=0 l,k=1;n=0
I>n I>k+n

But the first two summands are nothing but (z'L) . (refer to equation (A.8)), which
implies the following form for G:

G=(a'L) +Hy. (5.53)
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5.4. Single-row gauge for hs,

Inserting this into the Ansatz (5.40), one obtains the subsequent operator,

vy =0""(2'L), — (0" '2") L+ H, . (5.54)
Note, that one can easily rewrite this similarly to how it was done in achieving equation
(3.23):

z; = (0M"2t) _L—-0""(a'L)_ + 0 H, . (5.55)

In order to determine H,, first note that the other terms in the above equation already
satisfy the same structure as the x; on the left-hand side (as examined in Appendix A.2).
Therefore, H, either does not violate these properties or vanishes, and we generally write:

T
Hy =Y hd', (5.56)
=0

where T' € N and the h; are the coefficients to be determined. To do so, consider the first
row 7,

T
z1 = (0"1aY) L-M(a'L)_ + MDY mo'. (5.57)
=0

The highest order term in the last summand is proportional to 7!, This implies

that T = 0, otherwise there would be contributions to elements of column index j < 0.
Hence, only the hg coefficient is allowed to contribute and it needs to vanish. This can be
seen from the following fact: Since x1; is the sole coefficient associated to 921 on the
left-hand side of equation (5.57), the same must be true on the right-hand side. But hg
also contributes to z1; on the right-hand side of equation (5.57), i.e. one has:

(211 + ko) + ... (5.58)

This implies hg = 0 and, moreover, H; = 0. Keeping all of this in mind, the Ansatz
(5.40) indeed simplifies to the following solution of the recursion (5.39):

x; = 8)‘7i(x1L)+ - (aAfi:rl)JrL (5.59)

With this solution, both claims (refer to equations (5.46), (5.47)) have been shown. [

Obtaining the second Gelfand-Dickey bracket

Keeping the solution obtained above in mind, we can continue the procedure outlined in
[6, Chapter 3.5]. We want to insert this solution into equation (5.34) for i = 1, that is for
the first row. In this case, equation (5.34) simplifies to:

o0

ady (F); = xllj +ujxr11 + X141 — Zukxkj . (5.60)
k=1
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5. Higher-spin gauge theories

Similarly to how the recursion relation (refer to equation (5.39)) was obtained, we sum
over j and multiply 9*~7 from the right and obtain on the right-hand side of equation
(5.60):

foe) o)
T — Z (:rlja)‘_jH - x1j+18)‘_j> + Zujxna)‘_j - Zukl“k . (5.61)
j=1 k=1

j=1

Here, the Leibniz rule was used for the first summand in equation (5.60). The terms
in the parentheses simply give 110" and one therefore gains, using the definition of L
(5.37),

o0

Z ad’y (F);0"7 =2} —anlL — Zukxk : (5.62)
Jj=1 k=1

This equation is now essential, as we can insert the solution acquired for x; (refer to
equation 5.59) into it, using similar simplifications as used in [6]:

Rk (:L‘IL)Jr - 8(8’\_1m1)+L —zn L — Zuk (8’\_k(mlL)+ — (Ok_kxl)JrL) (5.63)
k=1

& L(z'L), — (0*a') L+ i up (0 F2t), L (5.64)
k=1
& L(z'L), — (L") L. (5.65)

One immediately recognises the result as the second Gelfand-Dickey bracket, whose
expression was given in definition 3.4, and we denote it the same way as the authors in
[6]:

oxL:=L(z'L), — (La') L. (5.66)

As was mentioned before, the resulting algebra on the fields u; obtained from the second
Gelfand-Dickey bracket is usually called a W41 (A)-algebra in physics literature. Note,
that this result still holds for the whole Lie algebra gl(#) (as opposed to its subalgebra
hs(0), the extension of the higher-spin algebra hs, ) as the condition ad (F);; = 0 has not
been used anywhere so far. We therefore also want to require this condition in the bracket
obtained and follow once again the procedure presented in [6, Chapter 3.5|. To begin,
observe that the condition simply implies the vanishing of the coefficient associated to
91, In order to determine this, rewrite the second Gelfand-Dickey bracket, as displayed
in equation (3.23), to:

6xL = (Lz')_L—L(z2'L)_. (5.67)

The order of the pseudodifferential operators coming from the parentheses is maximally
—1 and the order of L is maximally \. This means, that the coefficients associated to 91
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5.4. Single-row gauge for hs,

in the parentheses are the ones we are looking for. We extract them using the residue?
and obtain a similar expression as given in [6]:

0L = res(Lxl)a’\_l +.- res(:z;lL)8>‘_1 — ... =Tes [L,xl]ﬁ’\_l + ... (5.68)

From this, one therefore gets the condition that res [L, xl] L 0. By splitting 2! formally
into two parts,

oo
' =90 x11 + x', where x! 1= Z oMl (5.69)
=2
one then acquires the following equation:

res|L, 8_’\9511} + res [L,Xl] =0. (5.70)

Using the Leibniz rule (3.14) for the commutator in the first summand, this then simplifies
to:

Azhy +res[L,x'] =0. (5.71)

In order to implement this condition into the second Gelfand-Dickey bracket, we analog-
ously split the bracket into two parts (following [6]), one of which contains x1;:

oxL=[L,zn] + L(x'L), — (Ix') L. (5.72)

The commutator arises from the Leibniz rule (3.14) and the evaluation of the parentheses
(...)+. Using the rule for the commutation of symbols (3.16), one can evaluate the
commutator to:

[L,LL’H] = Z <)\ B k> ﬂk (xlll)(n_l)a)\ikin N (573)

n
k=0;n=1

where 1y = 1. Inserting this into equation (5.72) we obtain:

o~ (A=K~ n=1) pA—k—n
5XL:k_;_l< . >uk(m’11)( Dorhn 4 L(x'L), — (LxY), L. (5.74)

Upon reinsertion of z/; (5.71), we have successfully transformed the second Gelfand-
Dickey structure, which we obtained from a single-row gauge procedure, to the case where
ad% (F)11 = 0. This structure now gives what one understands as the classical W (\)-
algebra on an infinite number of fields uy. In principle, one obtains a classical W,,-algebra
(which arises from the ordinary Drinfeld-Sokolov reduction) by simply replacing A by N

3Remember that we view pseudodifferential operators of highest order A as formal Laurent series in 9.
The residue is then simply defined as the coefficient to 9 1.

43



5. Higher-spin gauge theories

and “taking out the ideal“, i.e. truncating the sums to finite sums with upper bound N [6].
To conclude, we indeed see that the classical W () arises as an asymptotic symmetry
algebra when considering the higher-spin algebra bs,.

Some remarks about the above results are in order. As outlined in [6], observe that in
the finite-dimensional case of sly one can express the first summand in equation (5.74)
through L, by successively bringing first order differential operators to the right in the
commutator (5.73). However, this strategy is not fruitful when considering hs, as the
finite-dimensional case builds on the assumption that this procedure can be performed
exactly N — k times, while in our case N is replaced by A. Nevertheless, a prettier
representation of the result (5.74) might be possible via some other strategy. Furthermore,
notice that the right-hand side of equation (5.74) seemingly diverges when setting A to
zero, due to the appearance of A in 2}, in the denominator. In the case of A = 0, one
regards W, (0) as the symmetry algebra of a free fermion theory [15] and, clearly, one
has to treat this with extra care in order to avoid trouble. Probably one needs to discuss
the conversion procedure separately for A = 0, however, we will leave this discussion for
another day and simply acknowledge the fact that our bracket is problematic at A = 0.
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6. Discussion

In this thesis we have considered the generalized Drinfeld-Sokolov reduction, regarding the
higher-spin algebra hs,, coming from two approaches. First, we have considered a slight
adaptation to the proof performed by B. Khesin and F. Malikov |22]| and discovered, that
the formalism can almost directly be applied to hs,. In particular, we have investigated
the uniqueness of Frobenius matrices, when coming from a group coadjoint action onto
a traceless matrix (with respect to the trace (4.28)), and arrived at an expected result.
The rest of the proof can then be applied in an analogous way, by identifying the first
rows of Frobenius matrices with the space of sequences, which is known to carry a family
of second Gelfand-Dickey structures. However, there is still the general puzzle of the
extension, introduced by the authors of [22], of the (Lie) algebra of complex-size matrices
gly. As we have discussed in chapter 4, the extension takes the form of a violation of
properties i) and i) (refer to (4.13) and (4.14) respectively) for matrices, which are
regarded as elements in gl ® C[A] under the image of the map 1 (modulo the Casimir).
While the reason for the extension is understood in the sense that it allows matrices with
only a finite number of non-zero rows, which we need if we want to construct Frobenius
matrices, it is somewhat unclear whether it also arises naturally. Therefore, an interesting
question for the future would be trying to obtain such matrices by considering them as
some kind of limit in a suitable topology.

In the second part of the thesis we explicitly considered higher-spin gauge theories. In
this context, W-algebras (which one identifies with the second Gelfand-Dickey structure on
the fields uy) arise as asymptotic symmetry algebras on asymptotically AdSs-spacetimes,
as explained in [6]. In particular, the Drinfeld-Sokolov constraint restricts connections
ag to Frobenius matrices and their infinitesimal gauge transformations can be identified
with the algebra coadjoint action. From this point we followed, for the most part, the
procedure explained in [6]. To do so, we considered the algebra coadjoint action of a
general matrix X, that lies in the loop algebra of complex-size matrices gl(6) (setting
u; = 0), onto a Frobenius matrix F. As it turns out, one can perform the single-row
gauge in exactly the same manner as for finite sl , but there are some subtleties that
required careful examination. Particularly, we viewed property i) (4.16) of the matrices
of interest from a different angle for this reason. In the end, upon requiring the first entry
of the transformed matrix to vanish, one obtains a W (A)-algebra as a result. Hence we
were successful in generalizing the single-row gauge from the case sly to hs()), allowing
for infinite fields. However, since A\ can take any value in the complex numbers, the
resulting second Gelfand-Dickey structure exhibits obvious problems when setting A =0
(“free fermion theory* [15]). Therefore, it might be necessary to treat this case separately,
the discussion of which we set aside for later consideration.
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A. Appendix

This Appendix contains some calculations concerning the single-row gauge procedure
performed in section 5.4.

A.1. Expanding (8/\_i331)+L

In order to obtain the expansion of the left-hand side of equation (5.49), we first directly

write out the terms appearing in (8’\_%1) JrL:

(02 "a) L= (aA—iZa—W—lxll) L (A.1)
+

=1

=30y (aA S am“) (A2)
=1 k=1

I>i

S (l -l Z) (.ng) £y (:cu&k)(”)a_k> P (A3)
llil n=0 n k=1

Notice, that since [ > i, the sum over n is finite as [ — 1 — ¢ > 0, which leads to the
restriction I > n +i. On the other hand, one can split "=~ to 9’9~ =1 and bring
these operators to the right one after the other using Leibniz’s rule (3.14).

[e.9]

(6’\_%1)+L = Z Z Bi(l,t)Ba(m) (xl(frm) + (xllﬁk)(Hm)@_k) PATI-Imizt=m (A 4

=1 t,m=0
1>

Here, we introduce the notation:
I—X—1 A—1
Bl(l,t) = ( " ), Bg(m) = < m ) . (A5>

Now, we want to compare these two results by investigating their orders. Observe that
due to the restriction [ > n + ¢ in equation (A.3), this immediately implies [ > ¢t +m + i
by identifying n <> t +m. With this, equation (5.49) has been recovered.

48



A.2. Analysing the solution of the recursion

A.2. Analysing the solution of the recursion

Even though the solution z; (refer to equation (5.59)) of the recursion already satisfies
the same structure on both sides of the definition by construction, it is still helpful to
examine its structure. To do so, first notice that if ¢ > K (the “bounding® value appearing
in property 4ii) (4.15)), the Ansatz simplifies to:

x; = OA_i(le)+ . (A.6)

This can be easily seen as a consequence of the condition [ > ¢ and the restriction [ < K
in equation (A.3). Since the remaining term is the one we constructed, it suffices to check
whether this term actually obeys the same structure as the left-hand side. To do so, we
first bring all the operators to the right using Leibniz’s rule (3.14):

' (a'L), = a“( i iBl (m) (sl + (mdk)(”)ak)alM) (A7)

l,k=1n=0

< Z By (1 nazll Jgi—1-n (A.8)

1=1;n=0
I>n

+ Z Bl(lv”)(xlmk)(”)al—l—n—k).

l,k=1;n=0
I>k+n

Note, that it is enough to only check whether the first summand has the correct structure
since this analysis works in completely equivalent fashion for the second summand. Define
ji=1i+1+n+m—1, where m is the index that appears when one brings 0*~ to the
right. To begin, observe that j > 0 since i > K and [ < K, as required. We even have
that j > i + 1 — K, meaning that the structure satisfies property iii) (4.15). Due to the
appearance of the binomial coefficient Bo(m) (A.5), the coefficients are polynomials in i
and additionally satisfy the correct root structure in A (since m is the only index that
can shift j > i). Therefore, the term also correctly satisfies properties ) (4.13) and ii)
(4.16). With this, we see that both summands appearing in equation (A.8) indeed satisfy
the same structure as the left-hand side.

It is also interesting to examine the solution for ¢ < K, in which case the term
(8A_’:U1)+L does not vanish:

T = 8)‘_21(301[/)+ - (aA_ixl)JrL . (AL9)

In this case, property i7) (4.15) of complex-size matrices is obviously fulfilled by default.
Using the (...)_ version of the recursion (equation (5.55) without 9*~*H. ), one additionally
observes that the highest possible order is given by 9*~!. Therefore, investigating whether
equation (A.9) has a polynomial structure in 7 (4.13) and the correct root structure in
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A. Appendix

A (4.16) is enough. One can show (by a lengthy calculation) that the recursion actually
does not satisfy the correct root structure in A. This, however, causes no problems since
the phenomenon only occurs in rows ¢ < K and properties i) and ii) are allowed to be
violated in a finite number of rows.

50



	Acknowledgements
	Introduction
	Lie groups and Lie algebras
	Representation theory
	Adjoint and Coadjoint representations

	Loop Lie algebra g(z) and its Central Extension g"0362g
	The Central Extension
	Coadjoint Representations and g"0362g
	The case gln


	Poisson Geometry
	Poisson manifolds
	Symplectic leaves

	Hamiltonian reduction
	The case of Pseudodifferential Symbols

	Drinfeld-Sokolov reduction
	Complex-size matrices
	Hamiltonian reduction and glλ
	The reduction and hsλ


	Higher-spin gauge theories
	Introduction
	Chern-Simons theory
	Asymptotic symmetries of higher-spin gauge theories
	Single-row gauge for hsλ

	Discussion
	Bibliography
	Appendix
	Expanding (to.∂λ- i x1)to.+ L
	Analysing the solution of the recursion


