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Abstract

This doctoral thesis delves into the domain of time-frequency analysis and sampling theory,
focusing on the development of novel function spaces characterized by a variable bandwidth.
The notion of variable bandwidth arises from the recognition that in nature it is meaningful
to allocate distinct local bandwidths to various segments of a signal. However, giving a
mathematical definition of variable bandwidth is challenging, since the bandwidth is a
global property of a signal and a rigorous definition conflicts with the uncertainty principle
when attempting to define a space of variable bandwidth.

Three constructions of spaces of variable bandwidth that use time-frequency tools are
presented. The first space of variable bandwidth is constructed with a Gabor system. The
second formulation is motivated by the physics of gravitational waves, and the space of
variable bandwidth is built with Wilson bases. The third variation of the space of variable
bandwidth is motivated by signal processing, with a space constructed with a local Fourier
basis.

All these function spaces are built by using a discrete version of a variable bandwidth
space introduced by Aceska and Feichtinger. They use a time-varying frequency truncation
of the short-time Fourier transform and obtain an equivalent norm for the standard Sobolev
space. The resulting spaces lack the main features of a variable bandwidth space, namely
sampling theorems and necessary density conditions for reconstruction.

In our definitions, the short-time Fourier transform is replaced by a frequency truncation
of a Gabor system, a Wilson orthonormal basis, or a local Fourier basis.

A key contribution of the thesis is the formulation of sufficient conditions for sampling
for these spaces of variable bandwidth. Sampling inequalities are established following the
adaptive weights method, and they provide insights into the reconstruction of functions from
discrete samples. The exploration of nonuniform sampling scenarios offers a quantitative
analysis of local sampling density requirements. The results of the sufficient condition for
sampling theorems are tested in numerical simulations.






Zusammenfassung

Diese Doktorarbeit befasst sich mit der Zeit-Frequenz-Analyse und der Abtasttheorie und
konzentriert sich auf die Entwicklung neuer Funktionenrdume, die durch eine variable Band-
breite charakterisiert sind. Die Idee der variablen Bandbreite entsteht aus der Erkenntnis,
dass es in der Natur sinnvoll ist, verschiedenen Segmenten eines Signals unterschiedliche
lokale Bandbreiten zuzuweisen. Die Herausforderung bei der Definition eines solchen
Konzepts besteht jedoch darin, dass die Bandbreite eine globale Eigenschaft eines Signals
ist und somit mit dem Unscharfeprinzip in Konflikt geriat, wenn versucht wird, lokale
Bandbreiten festzulegen.

Es werden drei Konstruktionen von Raumen mit variabler Bandbreite vorgestellt, die
Zeit-Frequenz-Werkzeuge verwenden. Der erste Raum mit variabler Bandbreite wird mit
einem Gaborsystem konstruiert. Die zweite Formulierung wird durch die Physik der
Gravitationswellen motiviert, und der Raum mit variabler Bandbreite wird mit Wilson-
Basen aufgebaut. Die dritte Variante des Raums mit variabler Bandbreite ist durch die
Signalverarbeitung motiviert und wird mit einer lokalen Fourier-Basis konstruiert.

All diese Funktionenrdume werden unter Verwendung einer diskreten Version eines vari-
ablen Bandbreiteraums konstruiert, der von Aceska und Feichtinger eingefiihrt wurde. Sie
nutzen ein zeitabhangiges Abschneiden der Frequenz der Kurzzeit-Fourier-Transformation
und erhalten eine dquivalente Norm fiir den standardmafiigen Sobolev-Raum. Den resul-
tierenden Raumen fehlen die Hauptmerkmale eines variablen Bandbreitenraums, namlich
Abtasttheoreme und notwendige Dichtebedingungen fiir die Rekonstruktion.

In unseren Definitionen wird die Kurzzeit-Fourier-Transformation durch ein Abschneiden
der Frequenz eines Gaborsystems, einer Wilson-Orthonormalbasis oder einer lokalen Fourier-
Basis ersetzt.

Ein zentraler Beitrag der Arbeit ist die Formulierung hinreichender Bedingungen fiir das
Abtasten in diesen Rdumen variabler Bandbreite. Abtastungleichungen werden nach der
Methode der adaptiven Gewichte aufgestellt und bieten Einblicke in die Rekonstruktion
von Funktionen aus diskreten Abtastwerten. Die Untersuchung von nicht-uniformen Ab-
tastszenarien bietet eine quantitative Analyse der lokalen Abtastdichte. Die Ergebnisse
der hinreichenden Bedingungen fiir Abtasttheoreme werden in numerischen Simulationen
getestet.
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Introduction

Sampling problem

One of the most extensively researched and influential sampling theorems in the fields
of signal processing, telecommunications, and data compression is the Shannon-Nyquist-
Kotelnikov-Whittaker sampling theorem. This theorem made its initial appearance in the
area of information theory through the work of Claude Shannon [66]. However, even before
Shannon’s contribution, Nyquist had presented it to the community of communication
engineers [62]. In the Russian literature, the theorem was introduced by Kotelnikov [52],
and in the context of complex analysis, it was developed by Whittaker [73].

The sampling problem addresses the mathematical principles behind the representation
and reconstruction of continuous signals through discrete samples. The main question
consists of how to reconstruct a function f from a discrete set of function values, denoted
by {f(A)}rea. However, when we frame the problem this way, it becomes ill-posed. In fact,
there is an infinite number of distinct functions that could produce the same values by
evaluating them at a countable set of points. In other words, we lack enough information
to uniquely determine f. To make this problem well-defined, it is a common practice to
impose certain conditions on the function. These conditions are typically based on requiring
f to be a member of a particular function space. The problem is known to be well-posed in
case the function space is the Paley-Wiener space

PWq = {f € L*(R) : supp(f) C [-Q, Q] }. (0.0.1)

The functions in PWg, are said to have bandwidth (2 since their Fourier transform vanishes
outside the interval [—, Q] and are also called band-limited functions. The Shannon-
Nyquist-Kotelnikov-Whittaker sampling theorem states that any continuous function in
PW /5 can be fully recovered from its samples at the integers.

Theorem 0.1 (Shannon-Nyquist-Kotelnikov-Whittaker sampling theorem). If f € PWy,
1 continuous, then

flz) =" f(k)sinc(z — k),

keZ
with convergence of the symmetric partial sums in L*(R) and pointwise for all z € R.
The result can be extended to functions with arbitrary finite bandwidth €2 by applying a

suitable scaling. We refer to the books by Eldar [31] and by Vetterli, Kovacevi¢, and Goyal
[70] for an exhaustive introduction to sampling theory.
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Spaces of variable bandwidth

The concept of variable bandwidth for the representation of signals has always been of
interest in signal processing, engineering, and physics and it has recently captured the
attention of mathematicians in time-frequency analysis.

The Paley-Wiener space is undoubtedly the most popular signal model in signal
processing thanks to its fundamental connection with the problem of signal reconstruction
from samples. However, it is important to recognize that functions in the Paley-Wiener
space are entire functions of time, whereas real-world signals typically have a finite duration.
Therefore, it might be helpful to define different spaces to represent non-bandlimited
signals which might consist of several bursts or pulses of varying duration, intensity, and
frequency. With these considerations, the concept of variable bandwidth arises naturally
and it is even more intuitive when we think about music. In a piece of music, the perceived
highest frequency, i.e., the note, is time-varying. This observation provides a reasonable
argument for the assignment of different local bandwidths to different segments of a signal
when representing it mathematically. However, producing a rigorous definition of variable
bandwidth is a challenging task, since bandwidth is global by definition and the assignment
of a local bandwidth meets an obstruction in the uncertainty principle [28§].

Recently, numerous researchers have proposed various definitions of variable bandwidth,
yet no consensus has been reached on the right one. Refer to the discussion below for more
details.

The goal of this thesis is to introduce a novel approach using time-frequency methods.
Time-frequency analysis is inherently suited for variable bandwidth analysis, as it aims
to analyze functions by using representations that combine the temporal behavior f and
the frequency behavior f into a unified framework. Our approach begins with a discrete
time-frequency representation, enabling us to write any function f as a series expansion of
time-frequency atoms. By applying a time-varying frequency truncation, we can create a
space characterized by a specific variable bandwidth. We present three implementations of
this concept using Gabor Riesz sequences, Wilson bases, and local Fourier bases.

Other interpretations of variable bandwidth

In academic works, various strategies for handling variable bandwidth are documented.
While these approaches share a similar objective, the mathematical techniques used in each
are distinct from our method.

e A concept of variable bandwidth based on time-frequency methods, namely the
truncation of the short-time Fourier transform using a time-varying frequency cut-off
was proposed by Aceska and Feichtinger [3, 4]. The resulting function spaces, however,
coincide with the standard Sobolev spaces endowed with an equivalent norm and
therefore lack the characteristic properties of Paley-Wiener spaces. Thus, these are not
variable bandwidth spaces in our sense since they admit neither a sampling theorem
nor a Nyquist density.



Introduction

e The definition of variable bandwidth proposed by Celiz, Grochenig, and Klotz is
based on the spectral theory of a Sturm-Liouville operator A,f = —-(p(z)-L)f on
L*(R), where p > 0 is a strictly positive function [21], 40, 41]. Denote by cx(A,) the
spectral projection of A, corresponding to A, in A C R, then the range of this
projection-valued measure ¢, (4,) is the space of functions of variable bandwidth with
spectral set in A. A (nonuniform) sampling theorem and necessary density conditions
were proved for this space of variable bandwidth. The main insight of this model
is that, for a spectrum A = [0, €], a function of variable bandwidth behaves like a

bandlimited function with local bandwidth (2/p(z))*/? in a neighborhood of = € R.

e Kempf and his colleagues introduced a procedural concept of variable bandwidth,
as outlined in their works [46, 50, 51]. A formal definition of this concept was
subsequently proposed in [60]. Their approach involved constructing a symmetric
operator and a corresponding reproducing kernel Hilbert space based on a sequence
of sampling points. This space is identified as the variable bandwidth space. They
parametrized the self-adjoint extensions of the operator and obtained several sampling
theorems at the critical density.

e Another interesting interpretation of variable bandwidth in signal processing involves
warping functions [19, 24, 48] 67, [72]. Let v : R — R be a homeomorphism, called a
warping function and let g € L*(R) with supp(g) C [—, Q] be a bandlimited function.
A function f possesses variable bandwidth with respect to v if f = go . The
derivative 1/7/(y~*(z)) of the warping function is interpreted as the local bandwidth
of f at x.

Time-frequency analysis tools

This doctoral thesis offers an extensive exploration of variable bandwidth function spaces,
built upon discrete time-frequency representations. These representations consist of time-
frequency atoms characterized by precise localization in both temporal and frequency
domains. The main idea is to build spaces of variable bandwidth by using a discrete version
of the spaces of Aceska and Feichtinger. They consider a function b(x) > 0 that represents
the time-varying broadness of a strip ST} in the time-frequency plane

ST, = {(z,w) € R? : |w| < b(x) }

and the vertical distance

o, if (z,w) € STy,
i) = {|w| ~bw), if (v,0) ¢ ST

Then my ¢ (z,w) = (1 + dp(x,w))®, s > 0 is a variable bandwidth weight on the time-
frequency plane. They define a function f of variable bandwidth b as a function belonging
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to a modulation space

M2 (R) = {f € S'(R) : (/R (/R|vgf(x,w)|pmb,s(x,w)pdx)Zdw)3‘ < oo}

for some 1 < p,q < oco. The application of these weights implies that a graded weight is
added outside the strip ST}, and it gives the possibility to locally describe the decay of the
short-time Fourier transform V, f. For p = ¢ = 2 they obtain a Sobolev space endowed with
an equivalent norm. Therefore, these spaces admit neither a sampling theorem in the style
of Theorem [0.1] nor a Nyquist density.

We want to define spaces of variable bandwidth for which sampling theorems and necessary
density conditions can be provided. In our approach we replace the (continuous) short-time
Fourier transform with specific discrete time-frequency representations.

The starting attempt to define new spaces of variable bandwidth is done by using Gabor
systems, in particular Gabor Riesz sequences. A Gabor system is a sequence of the type

{e%iﬁl“g(az’ —an)tniez = {MﬁlTang}nJeZ, (0.0.2)

for a, 8 > 0 and g € L*(R). This representation was introduced by Gabor in 1946 with
a=8=1and g =e ™ [35]. The representation of a signal in terms of Gabor systems
provides a unified way to capture both the temporal and frequency behavior of the functions,
making Gabor systems a very flexible and convenient tool.

For this reason, a starting attempt to define spaces of variable bandwidth has been made
by using a Gabor Riesz sequence and the space of variable bandwidth is defined by

V2(g,R) = {f L) : =3 coiMyTung, c € P(Z x Z)},

ne€Z |1|<b(n)

where the sequence b describes the time-varying frequency truncation. If we assume g to be
compactly supported, we have that the parameter Sb(n) represents the local bandwidth of
the function f on an interval centered at an+ «/2. This intuition can be further understood
by using the Gabor orthonormal basis {e*™*X[oj(x — n) : n,l € Z} instead of a Gabor
Riesz sequence. In fact, for the Gabor orthonormal basis, the highest frequency component
within the interval [0, 1] is b(n). Consequently, to faithfully reconstruct a function in the
interval [0, 1] a minimum of 2b(n) + 1 samples are required. In the case of a Gabor Riesz
sequence, the number of samples has to be refined to take care of the multiple translations
of the function g within each interval [an, a(n + 1)].

A second and third attempt to define spaces of variable bandwidth use time-frequency rep-
resentations which were introduced to solve the problem of finding orthonormal expansions
for signals with good time-frequency localization. The Balian-Low theorem in the 1980s
[1T], 56] established that if a Gabor system of the form constitute an orthonormal
basis then either

rg ¢ L*(R) or wg ¢ L*(R).
This implies that a function g generating a Gabor orthonormal basis cannot be well-localized
in both the time and the frequency domain.
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Additionally, the density theorem for Gabor frames introduced necessary conditions for a
Gabor system of the type to form a frame. In fact, a system {e*"#%g(z — an)}, ez
that forms a frame for L?(R), implies that a3 < 1, and at a8 = 1, a normalized tight
Gabor frame serves as an orthonormal basis. Thus, if we relax the requirement for the
system to be a basis to enhance time-frequency localization, we get a highly redundant
expansion with af < 1.

Numerous researchers have endeavored to mitigate the negative implications of the Balian-
Low theorem, trying to produce orthonormal bases for L?(R) with a good time-frequency
localization. Two distinct constructions, motivated by different purposes, stand out and
have been used as the building blocks to form additional two spaces of variable bandwidth.

The first construction emerged from quantum mechanics and was inspired by K. Wilson’s
idea [74]. In 1987, he proposed to substitute the exponential e**¥#@ in with sines
and cosines, enabling the functions’ localization around two frequencies with opposite signs.
This construction was further refined by Ingrid Daubechies, Stéphane Jaffard, and Jean-Lin
Journée in [26] to yield what is now known as a Wilson basis:

wnl@):{g(x—n), =0,

75(627”'135 + (_1)l+n€727rilm)g<l. _ 7’L/2>, l 7& O,

forn,l € Z and [ > 0.

Here, g can be chosen such that both g and its Fourier transform ¢ have exponential decay,
or g can be selected to be smooth and compactly supported. Therefore, they found a way
to overcome the barrier posed by the Balian-Low theorem and at the same time keep much
of the structure of a Gabor system. The space of variable bandwidth constructed with a
Wilson basis is

b(n)
PW2(g,R) = {f €L’R): f=3Y corthnss c €L x N)}.

neZ =0

When g is chosen to be compactly supported, the sequence b represents the local bandwidth
of a function over an interval centered at n/2.

Another construction was introduced by Malvar [59] in the context of subband coding
theory and independently formulated by Coifman and Meyer [25]. In signal processing,
there is sometimes a need to focus on the local properties of a signal f, particularly within
a finite interval I. Orthonormal bases for L?(I), consisting of trigonometric functions

multiplied by the characteristic function over I, are of the type: (i) sin (%‘—’I’lx)X (),
for I = 0,1,2,..., (ii) sin (Ifz)Xr(x), for I = 1,2,3..., (iii) cos (*3*frz)Xs(x), for

1=0,1,2,..., and (iv) cos (lﬁx)X[(x), for 1 =0,1,2,.... These bases can be extended to
form an orthonormal basis in L?(R) by employing a partition {ay, },cz of R. While these
bases exhibit strong localization in the time domain, the use of the characteristic function
of I introduces artificial discontinuities that hinder effective frequency localization. To

improve the frequency localization the characteristic function needs to be replaced by a
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smoother function. Auscher and his collaborators unified the construction of the Malvar
bases and the bases of Coifman and Meyer to form the so-called local Fourier bases [10]. A
local Fourier basis is a collection of the type

2 20+1 7
Gna(z) = \/Egn(x) cos ( 5 Z(m - ozn)>, forneZ, | e NU{0},

where {a,}nez is a partition of R, ¢, = a, 41 — ay, and g, is a smooth and compactly
supported function. The space of variable bandwidth constructed with a local Fourier basis
is

1
[2b(m)n—31
LF2(R) = {f e®):f=Y Y cudnn c€P(Zx N)}.
ne”L =0

Since g,, are compactly supported by the construction of a local Fourier basis, b(n) is a
measure of the local frequency on the interval [o,, ay41] of the partition.

Main results and outlook

The main objects of this thesis are the spaces of variable bandwidth presented above:
Vi2(g,R) the variable bandwidth space constructed via a Gabor Riesz sequence,
PW2(g,R) the variable bandwidth space constructed via a Wilson basis, and
LF?(R) the variable bandwidth space constructed via a local Fourier basis.

We show that these spaces of variable bandwidth behave in many ways like the classi-
cal Paley-Wiener space (0.0.1)). Indeed, in analogy to the Shannon-Nyquist-Kotelnikov-
Whittaker sampling theorem and its variations, we prove sampling theorems for the above-
mentioned spaces. Moreover, for the space PW2(g, R) we show explicitly when PW?(g, R)
contains or is contained in the Paley-Wiener space PWj,.

We focus on the nonuniform sampling problem: instead of dealing with evenly spaced
sampling points k € Z, we will explore a more general scenario where these sampling points
are represented by a sequence {A}cp, with A C R.

Within the scope of this thesis, we delve into the examination of two fundamental problems:

e Sufficient conditions for sampling. We study under which sufficient conditions on
a set of discrete points a function in a variable bandwidth space can be reconstructed
completely. In general, this is the most difficult aspect of sampling theory: in most
cases, only qualitative statements are known requiring “a sufficiently high oversampling
rate”. Sharp results in this field are rare and highly regarded. Examples include the
work of Beurling on spectral subspaces of the Laplacian on R¢ (band-limited functions
with a ball as the spectrum) [I3] [14], the contributions of Lyubarskii and Seip [57, [64]
on sampling in Bargmann-Fock spaces, and the sharp results of Grochenig in the
context of band-limited functions [38], shift-invariant spaces [43], and Gabor frames
[45].
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For all the spaces of variable bandwidth introduced before, quantitative sufficient
conditions for sampling theorems are presented. By following a method introduced by
Grochenig in [38] and then called adaptive weigths method in [32], we construct
sufficient conditions for sampling theorems for the spaces of variable bandwidth. We
validate our initial intuition that b(n) measures the local bandwidth of the function
of variable bandwidth. Moreover, we show the dependence of the bandwidth sequence
b to the sampling rate at which we have to evaluate the function to obtain a stable
and complete reconstruction. The results can be applied to numerical simulations.

e Necessary density condition for sampling. For the space of variable bandwidth
constructed with a Wilson basis PW{(g,R) we additionally investigate whether there
exists a critical density that separates sampling, the complete reconstruction from
samples, from interpolation, the approximation of given data by a function with
prescribed properties. The existence of a critical density, a so-called Nyquist rate, is
a fundamental information-theoretic statement about a function space.

For the Paley-Wiener space, these questions have been investigated deeply for many years
[65], 68], with the most important results due to Beurling [I5] and Landau [53]. Nowadays,
sampling theorems are formulated as sampling inequalities for reproducing kernel Hilbert
spaces. A reproducing kernel Hilbert space K is a closed subspace of L?(R) for which the
point evaluation f — f(x) is a bounded linear functional on K and a set of points A C R is
a sampling set for K if an inequality of the type

AIFIP <) IFNP < BIfI?, for every f €K (0.0.3)

AEA

holds. The sampling inequality indicates that the energy of the function is captured
by the evaluation of the function at the samples. We show that our spaces of variable
bandwidth are reproducing kernel Hilbert spaces and we prove under which conditions the
set A is a sampling set for these spaces.

The thesis is structured as follows:

Chapter (1] reviews the key definitions and results in frame theory (Section and
Gabor analysis (Section . It also covers Wirtinger’s inequality and a generalization of
Bernstein’s inequality (Section , as well as an overview of reproducing kernel Hilbert
spaces (Section [1.4]).

Chapter [2| examines the space of variable bandwidth constructed using a Gabor Riesz
sequence. It presents two sufficient conditions for sampling for the space V;?(g,R). The
first condition involves a specific window function g with a fixed parameter a = 1 (Section
, while the second considers a more general compactly supported function g without
restrictions on « (Section [2.2). Section discusses and analyzes the main results.

Chapter (3| studies the sampling problem for the space of variable bandwidth constructed
using Wilson bases. It begins with the main characterizations of a Wilson basis (Section
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and describes a family of compactly supported functions g generating a Wilson orthonormal
basis (Section . Section focuses on the necessary density conditions for sampling
in PW2(g,R), while Section addresses the sufficient conditions for sampling problem.
The results in Sections and are from the joint work [7]. Section presents a
sufficient condition for sampling using a Wilson Riesz basis, detailed in another collaborative
article [6]. Section discusses the relationship between the space of variable bandwidth
PW2(g,R) and the classical Paley-Wiener space, with a comparison and discussion of the
main results in Section 3.7

Chapter 4| explores the spaces of variable bandwidth constructed using local Fourier
bases. The construction of these bases is detailed in Section 4.1l Section [£.2] introduces the
space of variable bandwidth LFZ(RR), showing that it is a reproducing kernel Hilbert space.
Sections and offer two sufficient conditions for sampling for LF?(R). The main
results of Chapter [4] and their comparison with the results for V;*(¢g, R) and PW2(g,R) are
discussed in Section (4.5

Chapter [5] showcases the numerical implementations in MATLAB of the theoretical
results from Chapter [3] Section formally describes the numerical reconstruction of a
function from samples in PWW?(g,R). Section introduces the window function used in
the simulations, describes the least squares problem, and demonstrates the reconstruction of
a function in PW2(g, I). Section [5.3|analyzes the reconstruction of a function in PW2(g, R)
within a restricted interval, while Section presents the experiment of reconstructing a
chirp. These experiments are contained in the article [7]. Section [5.5|includes two examples
of numerical reconstruction in a space of variable bandwidth constructed using Gabor
systems.



1 Time-Frequency Analysis

In this chapter, we present the fundamental definitions and theorems within the realm of time-
frequency analysis, essential for this thesis. In Section [I.1], we provide the main definitions
and outcomes concerning bases and frames. Section briefly reviews the notation and
results of Gabor analysis. For these first two sections we follow part of the discussion in [23].
Section introduces the two main tools for the study of sufficient conditions for sampling,
i.e., Wirtinger’s inequality and a modification of Bernstein’s inequality. In Section [I.4] we
focus on reproducing kernel Hilbert spaces and their involvement in sampling theory.

1.1 Bases and Frames

Bases play a pivotal role in the study of Banach and Hilbert spaces. They provide a
fundamental framework for representing elements within these spaces. Specifically, a basis,
denoted as {e,}nez, in a Banach space B, possesses a crucial property: it allows every
function f of the space to be uniquely expressed as a linear combination of its elements.
More formally, a (Schauder) basis for a Banach space B is a sequence {e, }nez in B such
that for every f € B, there exist unique coefficients {c,(f)}nez such that

=Y calfen. (1.1.1)

nel

This means that the series f =) _, ¢,(f)en converges according to the chosen order of
the elements. If converges unconditionally for each f € B, we refer to {e, }nez as an
unconditional basis.

However, satisfying the conditions for a basis can be quite challenging. Therefore, it can
be advantageous to introduce the concept of frames.

A frame is essentially a sequence of elements, denoted as { f, },ez, in the Hilbert space H.
It satisfies the linear expansion property, similar to that of a basis as expressed in ((1.1.1)),
but in the case of frames, the coefficients might not be unique.

In this context, we will provide a concise overview of the fundamental concepts related to
frames and Gabor frames, without delving into detailed proofs. For a more comprehensive
understanding, see the book by Christensen [23].

Definition 1.1. A sequence {f,},ez of elements in a Hilbert space H is a frame for H if
there exist constants A, B > 0 such that for every f € ‘H

AFIZ <YK £017 < BIAI (1.1.2)

nel



1 Time-Frequency Analysis

where A, B are called frame bounds. If A = B, then {f,}.cz is called a tight frame.
The sequence { [, }nez is called a Bessel sequence if at least the upper frame condition in

(1.1.2) holds.

It follows from the definition that if {f, },cz is a frame for H, then

Span{j%}nez =H.

Moreover, if {f, }nez is a frame for H, then the operators C' and C*, defined by

C:A(Z) =M, Cleatnez =Y cufn

neL

and

C* IH—>€2(Z), C*f: {<f7f'fL>}TLEZJ

are well-defined and bounded operators and are called synthesis operator and analysis
operator respectively.
By composing C' and C*, we obtain the frame operator S defined by

S H—=H, Sf=CCf =S (f, fu)fur

neL

which is positive, bounded, invertible, and satisfies

A(f, 1) <(Sf ) < B(f. f), forevery feH.

Moreover, its inverse S~ is positive and has a self-adjoint square root {S’%} such that
{S_%fn}nez is a tight frame. The sequence {S™! f, }.cz is again a frame with bounds B!
and A~! and is called the canonical dual frame for {f,},cz in the sense that

F =SS ) b= S U f) S ey forall fEH, (1.1.3)

nel nel

and both series converge unconditionally for all f € H.
A sequence { f,, }nez in H is called a frame sequence for H if it is a frame for span{ f, } nez.
A frame for H can be viewed as an extension or generalization of a basis. Unlike a basis,
a frame comprises vectors that may not necessarily be linearly independent or orthogonal.
Thanks to their high flexibility, frames are employed in signal analysis, image processing,
and sampling theory for reconstructing information from signals [58], [69)].

Definition 1.2. A sequence {f,}.cz of a Hilbert space H is a Riesz sequence if there
exist bounds A, B > 0 such that for all finite sequences ¢ € (*(Z),

Al < | Y ent
nez

2 2
< Bl|c||*.

10



1.2 Gabor analysis in L*(R)

A Riesz sequence that generates the whole space H is called a Riesz basis for H. The
following result about the Riesz basis will be useful in Chapter 2 and [3|, when we discuss the
reconstruction of functions in spaces of variable bandwidth generated by a Riesz sequence
or a Wilson Riesz basis respectively.

Theorem 1.3. Let {f,}nez be a Riesz basis for H, then there exists a unique sequence
{gn}nez in H such that for every f € H

F=Y Fgn) = (fs fa)gn.

nel neZ

{gn}nez is also a Riesz basis for H, { fn}nez and {gntnez are biorthogonal, i.e., (g, fj) =
Onj, for everyn,j € Z, and {g,} is called the dual Riesz basis of { f,}nez and the series
converges unconditionally for all f € H. Moreover, if { fu}tnez and {gn}tnez are a pair of
dual Riesz bases, the following are equivalent:

(a) {fnltnez is a Riesz basis with lower bound A.

(b) {9gn}nez is Riesz basis with upper bound A~

1.2 Gabor analysis in L*(R)

Gabor analysis, a concept bridging the gap between time analysis and frequency analysis,
provides a versatile approach to the representation of functions. When dealing with a signal,
primarily characterized by its temporal behavior, we often employ the Fourier transform to
unveil the distribution of Fourier coefficients. These coefficients enable us to approximate or
reconstruct the signal using trigonometric functions. However, this approach lacks insight
into the signal’s temporal distribution.

Gabor’s ingenious idea was to create a two-dimensional representation of a one-dimensional
signal. This representation simultaneously captures information about the signal’s behavior
in both the time and frequency domains.

Let g € L*(R), we define the translation operator and the modulation operator as

T,9(z) = g(x —n) and Myg(z) = e g(x). (1.2.1)

The main idea of Gabor was to represent functions f € L?*(R) as a superposition of
translated and modulated versions of a fixed function g € L*(R).

Definition 1.4. Let g € L*(R), o, 8 > 0, and x € R, a collection of the form { Mg Tpng }nicz,
more explicitly ‘
My Tong(z) = ™% g(z — an),

is called a Gabor system.

11



1 Time-Frequency Analysis

The Gabor system {MgT,ng}n ez involves translates with parameters an, n € Z and
modulations with parameters 3, [ € Z. The points {(an, 81)}, ez form a lattice in R?. A
Gabor system that forms a frame is called a Gabor frame.

We state now a density theorem for Gabor systems.

Theorem 1.5 (Theorem 2.5.1, [42]). Let g € L*(R) and a, 3 > 0 be given. Then the
following hold:

(i) If {MgTong}nicz is a frame for L*(R), then af < 1.
(ii) If {MgTpng}nicz is a Riesz sequence for L*(R), then af > 1.

(iii) If {MpTong}nicz is a frame for L*(R). Then {MgTung}tnicz is a Riesz basis if and
only if af = 1.

Note that a Gabor frame {MgTong}n ez is overcomplete if and only if af < 1. As a
quantitative measure of overcompleteness, we use the redundancy, defined by (af)~!.
For a Gabor frame { Mg T,s,0}n ez With associated frame operator S, the frame decompo-

sition in (1.1.3]) can be written as

f = Z <f7 S_lMBlTang>M,8lTang = Z <.fa MBlTanS_lg>MﬁlTang> fOI‘ all .f € L2(R)

n,l€Z n,l€Z

The canonical dual frame { S~ Mg T,,,g }nicz has the structure of a Gabor frame and S~ 'g is
called the canonical dual window or the canonical dual generator. {My1,,S -3 9tnicz
is the associated canonical tight frame.

The following necessary condition for a Gabor frame focuses on the relation between the
window g and the translation parameter a.

Proposition 1.6 (Proposition 11.3.4, [23]). Let g € L*(R) and «, 3 > 0 be given, and
assume that { Mg/ Tong}nicz is a frame with bounds A, B. Then

BA <L Z‘g(x - om)!2 < BB, a.e. z € R, (1.2.2)

nel

and
aA < Z‘Q(V - 671)‘2 <abB, ae veR.

neL

A critical concern revolves around deriving expansions of functions f € L?(R) using
Gabor systems where ¢ is continuous and has compact support. As the subsequent result
demonstrates, these criteria can not align with { Mg T,,g} 12 being a Riesz basis for L*(R).
However, Gabor frames fulfilling these conditions do exist.

Proposition 1.7 (Proposition 4.2.2 [23]). Let g be a continuous function with compact
support. Then the following hold:

12



1.2 Gabor analysis in L*(R)

(i) {MgTung}nicz cannot be an orthonormal basis for L*(R).
(ii) {MpTung}nicz cannot be a Riesz basis for L*(R).
(iii) If {MgTong}nicz is a frame for L*(R), then 0 < aff < 1.

After focusing on the necessary conditions, we present some sufficient conditions for a
Gabor frame where the function ¢ is continuous and compactly supported. Let

G(x) = Z‘g(z — om)‘Q.

neL

For a compactly supported function g, it suffices to ensure that GG is bounded below and
above for some o > 0, to establish that a Gabor system forms a frame for sufficiently small
values of 8. Furthermore, explicit expressions for the frame operator and its inverse are
derived in this scenario.

Proposition 1.8 (Corollary 11.4.5, [23]). Let o, 8 > 0. Suppose that g € L*(R) has support
in an open interval of length 1/6 and that the function G satisfies (1.2.2)) for some A, B > 0.
Then {MgTong}nicz is a frame for L*(R) with bounds A, B. The frame operator and its
mverse are given by 8

G

G
Sf=— ST =
f Bfa f

The following sufficient condition is even more explicit.

f, fe€L*R).

Proposition 1.9 (Corollary 11.4.6, [23]). Suppose that g € L*(R) is a continuous function
with support on an interval I and that |g(x)| > 0 on the interior of I. Then {MgTwng tnicz

is a frame for all (o, B) € (0, |I]) x (0, ﬁ)

We conclude our excursion through Gabor analysis by considering one of the most
significant results in this area, which is commonly referred to as the “duality principle”.
The duality principle is concerned with the connection between the frame properties of the
window function ¢ in relation to the lattice {(an, 8l)}, ez, and its counterpart concerning
the adjoint lattice {(7, L)} ez This relation was proved independently between 1995 and
1997 in the work of three distinct groups of researchers: Janssen [49], Daubechies, Landau,
and Landau [27], and Ron and Shen [63].

Theorem 1.10 (Duality Principle). Let g € L*(R) and a, B > 0 be given. Then the
following are equivalent:

(i) {MgTung}nicz is a frame for L*(R) with bounds A, B;

(ii) {MLT%g}n,leZ is a Riesz sequence with bounds aSA, afB.

13



1 Time-Frequency Analysis

1.3 Wirtinger’s inequality and Bernstein’s inequality

The proofs of the main results of the next sections of this chapter and the forthcoming
ones lie in the utilization of two fundamental tools: Wirtinger’s inequality and Bernstein’s
inequality.

The Wirtinger’s inequality is a standard tool in the proofs of sampling theorems [ 38 [71].

Lemma 1.11 (Wirtinger’s inequality). If f, f' € L*(a,b), a < c < b, and f(c) =0, then

/ |f(z)]?dx < %max{(b—c)Q,(c—a)Q}/ |f'(2)|?d. (1.3.1)

Lemma follows from [47, p.184], by applying a change of variables.
The following lemma provides a bound for the L?-norm of a trigonometric polynomial
over an interval.

Lemma 1.12. Let P be a trigonometric polynomial of degree n, i.e., P(zx) = ngn ce?mible
with 8 >0 and let I C R be an interval. Then

[1PXrlla < V/TBHIP2;

where [x] = min{n € Z : n > x}.

Proof. P is a trigonometric polynomial of period 1/8. Assume 1/ > |I|, then B|I] <1
and [B|I]] = 1. Hence,

1/8
12X 2 = / P(a) 2de < / |P(a)2dz = || P2

Assume 1/5 < |I], then [1|/(1/5) < [AI[] and [|[PX;l2 < /TBILITI[P]2- =

Throughout this thesis, whenever we write ||P|| the integral is to be considered over the
period of the trigonometric polynomial P. In all the other cases, where the integral is taken
over a different interval, the interval is explicitly written.

The following lemma is a modification of Bernstein’s inequality, which provides a bound
for the derivative of a trigonometric polynomial.

Lemma 1.13 (Bernstein’s inequality). Let P be a trigonometric polynomial of degree n,
i.e., P(x) = 30 <, €™ with 8> 0 and let I C R be an interval. Then

1P X1ll2 < 27 Sn/[BH[T[ Pll2- (1.3.2)

14



1.4 Reproducing kernel Hilbert spaces

Proof. By Lemma |1.12] we have ||P'X;||s < \/[B[I[]||P']|2. Then

1/B
/m@mmswm/ |P(2)Pde
I 0
1/8
- (/B|]H/ (2mif)(—2mif3) Z Z 1 cjepe®™PU=1 gy;
0

[|[<n|l'|<n

= Ar2 B[ B|I]] / > Waeyer P dy

[1I<n |U|<n
1/8
< [Bl[] [ |Pla)fds
0
= 4x2 g2 [B11]]| P

1.4 Reproducing kernel Hilbert spaces

In this section, we recall the definition of reproducing kernel Hilbert spaces and we prove
a sufficient condition for an orthonormal system to generate a reproducing kernel Hilbert
space. Moreover, we define a set of sampling and we show two lemmas that we apply to
show the sufficient condition for sampling theorems of this dissertation.

Definition 1.14. A closed subspace K C L?(R) is called a reproducing kernel Hilbert
space if the point evaluation f +— f(z) is a bounded linear functional on K for every z € R.
In this case there exists a family k, € K, x € R, such that f(z) = (f, k.). The function
k(x,y) = k.(y) is called the reproducing kernel of K.

If {e, : n € Z} is an orthonormal basis for K, then we have an explicit formula for the

kernel of the type
= en(y)en(x)

nez
with pointwise convergence of the series.

The following lemma provides a sufficient condition for an orthonormal system to generate
a reproducing kernel Hilbert space.

Proposition 1.15. Let {e, : n € Z} be a orthonormal system for L*(R) such that e, € C(R)
for everyn € Z and Y, ,len(x)]* < N? for every x € R. Then K = span{e, : n € Z}
forms a reproducing kernel Hilbert space.

Proof. Since {e, : n € Z} is an orthonormal system for L*(R), then {e, : n € Z} is an
orthonormal basis for K = span{e, : n € Z}. Therefore K is a closed subspace of L*(R).
We show that there exists N > 0 such that |f(z)] < N||f||2 for every x € R and every
fek.

15



1 Time-Frequency Analysis

Let z € R and f € I, then expanding f in terms of the basis elements, we get
@) = | cen(@)| = | Do ea)enla)|
neZ nez
We apply Cauchy-Schwarz, to obtain

|f(z)] < (Z I(f, €n>‘2>1/2<z |@n(x)’2>

nez neL

1/2

Since {ey, fnez is an orthonormal basis for IC, we have that

(St eal) ™ = 17

neL

Moreover, Y e, (z)[> < N? for every & € R. Therefore |f(z)| < N||f||2 for every z € R
and for every f € IC, and K is a reproducing kernel Hilbert space. ]

Reproducing kernel Hilbert spaces turn out to be the right spaces to study sampling theory.
Indeed, sampling theorems are nowadays formulated in terms of sampling inequalities in
reproducing kernel Hilbert spaces.

Definition 1.16. Let K C L*(R) be a reproducing kernel Hilbert space. A set A C R is
a set of (stable) sampling for K if there exist constants A, B > 0 such that for every
fex

AlFIP < Y IFVE < BIIFIP. (1.4.1)
AEA
The sampling inequality is equivalent of {k)} ca being a frame for K. Moreover,
the inequality reveals that the information carried by the function is captured by the
evaluation of the function at the samples.
The following lemma is the starting point of any sufficient condition for sampling theorem
that is proved in this thesis.

Lemma 1.17. Let K C L*(R) be a reproducing kernel Hilbert space and f € K. Let
{ar}rez C R be a strictly increasing sequence such that limy_,4 . ap = +00. Let A C R be
the set of points labeled as

A={wp; € o, 1) KEZ, j=1,... fmaxk) }» (1.4.2)
where T ; < Ty jq1, for every k € Z and j = 1,.. ., jmaxx) — 1, and set
Op = sup (xk,j—i-l - fkg)

j:17~~~7jmax(k)_l
For each k € Z, we define

Tk + Thjt+1 . .
yk,j:%, fO?"j :17"'ajmax(k)_17

16



1.4 Reproducing kernel Hilbert spaces

Y0 = Oky Yk jman(ey = Q15 ANA Xk j = Xy, oy ) Lel mp i —ay < 50, and Ut 1 = T )
%5/% and define the operator A as
jmax(k)
Af = P(Z 3 f(a;k’j)xk,j), (1.4.3)

kez j=1

where P is the orthogonal projection from L*(R) onto K. Then for every f € K
2 O [T e
=A< % [ P
kezZ A
Figure represents an approximation operator of the type (|1.4.3).
% Xk,1 Yi,1 *k2 Yk2 *k3 Y3 *k.a Y4 Xk‘,S yk‘,S Xl;,ﬁ Pk

Figure 1.1: Example of an approximation operator of the type (1.4.3). In black is a function f and in
blue is drawn the piecewise constant approximation function Af constructed from the samples

{k,;}-

Proof. Let f € K. Since f = Pf = P(3_, ; fXx;) and the characteristic functions X;, ; have

17



1 Time-Frequency Analysis

mutually disjoint support, we have

]max(k)

17 =ar=|P(X S ¢~ s,

kez j=1

]max(k)

< HZ Z (f = flzry) Xk,g

keZ j=1

Jmax(k)

s DIDNVEEFEMINE

jmax(k)

S DD N CEEVERINE

The sums converge absolutely, hence we can interchange summation and integration. Thus
we can write

2

dx

2

dz.

jmax(k)

I -AfE<Y Z/ — fany) .

kezZ j=1 Yk,j—1
Since by construction xy ; € [ykj—1,Yk;) and |f(z) — f(zx;)| = 0 for © = wy ;, we apply
Wirtinger’s inequality (1.3.1]) to get

Jmax(k)

Sy / — Fla,)Pde

keZ j=1 Yk,j—1

Jmax(k)

Yk,j
30 > max{(on - g g — 0} [ 1f @)
keZ j=1 Yk,j—1
We note that yi ; —xp; < 0x/2 and @4 j — ypj—1 < 0x/2 for every j = 1, ... jmax). Hence,
2 4 e 2 2 Pod 2
£ = AfB < >0 > ma{ (o = g (g~} [ 17 @)
keZ j=1 Yk,j—1
52 ]max(k)
/ 2daz:
k‘EZ j=1 Yk,j—1
52
=% [ ir@ras

kGZ
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1.4 Reproducing kernel Hilbert spaces

The last lemma of this chapter is the final step for all the sufficient conditions for
sampling that are proved in this thesis. The lemma uses Neumann series to show that the
approximation operator is invertible and to give a weighted sampling inequality for
the reproducing kernel Hilbert space.

Lemma 1.18. Let K C L*(R) be a reproducing kernel Hilbert space and f € K. Let A be as
in (1.4.2) and the approximation operator A as in (1.4.3|). If there exists a constant v < 1

such that || f — Aflla <yl fll2 and |f =325 f(@re )Xk jlla < Al fll2, then A is a sampling
set for K and satisfies a weighted sampling inequality

(L=2FI5 < D 1 (wng) Py < L+ 9115, for all f € K, (1.4.4)

k?j

where wyj = [ Xij. As a consequence, every f € K can be reconstructed completely and
stably from the samples in A.

Proof. The operator A maps K to K and the inequality || f — Af||2 < 7| f||2 implies that
the operator A is invertible on K with an inverse A~!.
The lower sampling inequality in (1.4.4]), equivalently, the stability of the reconstruction,

follows from
D (@) Xy
k,j

Since || Pllop < 1 and applying Neumann series, we have

1£ll2 = 1A ALIZ < AN PG,

2
.

- G n G n ]'
147 oy = [ o1 = Ay < DI~ Al =
n=0 n=0

Therefore,

9 1

S Flr) |, = e Sl Py, (145)
v 2 (1=7) 4=

where the weights are given by wy; = [ X ;.
To get the right-hand side of the inequality ((1.4.4) we use the last equality in (|1.4.5) and
triangle inequality to obtain

D 1 () P = HZ F@n) X,
kg kg

2

z < (Hf”z + HZ f(ehg) Xa — fH2>
k.j

Since [[f — > 5 f(@ri)Xkjlla < vl fll2, we get

D1 ang) P < (L2113 (1.4.6)

k7j
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1 Time-Frequency Analysis

To study necessary density conditions for sampling we make use of the theory of sampling
in reproducing kernel Hilbert spaces and Theorem 1.1 of [34]. We formulate a simplified
version of this theorem that is adapted to R with the Lebesgue measure.

Theorem 1.19 (Theorem 1.1, [34]). Let K C L*(R) be a reproducing kernel Hilbert space
with a reproducing kernel k(x,y) satisfying

(1) infer k(x,2) > 0 and

(1) off-diagonal decay of the form |k(z,y)| < N(1+ |z —y|)~17¢ for all z,y € R and some
e>0.

If for A C R there exist A, B > 0 such that for every f € K

AlFIP < Y- 1FOP < Bl

AEA
then
_ o HAN[z =) 1
= > — .
D7(A) = liminf o] 2 2iniiay ), Ml
The number D~ (A) := liminf, . inf cp W is the Beurling density of A.
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2 Variable bandwidth via Gabor Riesz
sequences

In this chapter, we introduce the first version of spaces of variable bandwidth. Our
approach involves employing a discrete variant of Aceska and Feichtinger’s space [3|, 4], and
substituting the continuous short-time Fourier transform with the truncation of a Gabor
Riesz sequence in the frequency plane. In this spirit let us first define our model of variable
bandwidth using a Gabor Riesz sequence.

Definition 2.1. Let g € L?(R) be such that the Gabor system { Mg Ty, g bnez.icz constitutes
a Riesz sequence for L?(R) with bounds A’ and B’. Let b: Z — N be a bounded positive
sequence such that b(n) < B < oo, for every n € Z. We define the space of variable
bandwidth generated by the Gabor Riesz sequence {Mg/T,,9}nezicz by

Vi3(g,R) == {f cL*R): f= Z Z cniMpiTong, where ¢ € (%(Z x Z)} (2.0.1)

neZ |l|<b(n)

The sequence b represents the time-varying frequency truncation and assuming that the
function g has compact support, we can also interpret the parameter $b(n) as the local
bandwidth of the function f within an interval centered at an + «/2. In other words, the
highest frequency component within the interval [an, a(n + 1)] is expected to be 5b(n). We
anticipate that we will require a minimum of 2b(n) 4+ 1 samples to faithfully reconstruct the
function f within each interval [an, «(n + 1)]. This intuition holds true when we use the
Gabor orthonormal basis {€*™“X(o(z — n) : n,1 € Z} in place of a Gabor Riesz sequence.
However, we must refine this understanding because the interval [an, a(n + 1)] is contained
in the support of several translated versions of the window function g.

Remark. We could have chosen different formulations to construct spaces of variable
bandwidth using Gabor systems. Each of them comes with advantages and drawbacks.
Assume Vi2(g,R) is defined such that { Mg T, g }neziez is a frame for L*(R). The truncation
of a Gabor frame of the type { Mg Tong nezicz to the set of indices I' = {(n,l) : n € Z, |l| <
b(n)} does not make the system {MpgTong}tnez,ij<bn) a frame for span{MpgTo,g : n €
Z,]l| <b(n)} and therefore V;?(g,R) is not a closed subspace of L?(R). Hence, V(g,R)
defined in this way is not a reproducing kernel Hilbert space.

On the other hand, if we take {MpgTong}nezjij<bm) to be a frame for span{ Mg Tong 1 n €
Z,|l| < b(n)} and V?(g,R) = span{ Mg Tong : n € Z,|l] < b(n)}, we have that V;?(g,R)
is closed in L?*(R). Unfortunately, the sufficient condition for sampling theorems of this
chapter relies on the possibility of having nice window functions g to construct the variable
bandwidth space and this is not guaranteed when Vi?(g, R) is defined in this way.
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2 Variable bandwidth via Gabor Riesz sequences

Therefore, the selection of a Gabor Riesz sequence is not arbitrary; it was motivated by
the possibility of constructing a closed subspace of L?(R) with compactly supported and
C!'(R) window functions g.

Recall that these distinctions are significant in infinite-dimensional spaces but they are not
in numerical experiments. In fact, in finite-dimensional spaces, we have that every finite
sequence is a frame for its span. In addition, by Linnell [55], the truncation of a Gabor
system { Mg Tong}ner, where F is a finite subset of 72, is linear independent and we get
that a linear independent frame is a Riesz basis for its span. This observation motivates
the use of Gabor frames rather than Gabor Riesz sequences to test numerically our results

in Section 5.5

The main goal of this chapter is to investigate the question under which conditions on
a set of points A a function in V;?>(g,R) can be reconstructed completely. This implies
showing that A is a sampling set for V;*(g, R), which is equivalent to proving the inequality
for every f € V;*(g,R). To solve this problem, we use a modification of the method
proposed in 1992 by Grochenig [38] and later called the adaptive weight method in the
work by Feichtinger and Grochenig [32]. This method relies on the properties of the window
function g and, in particular, the requirement of g being compactly supported is essential.

The chapter is organized as follows. Section contains the first version of the sufficient
condition for sampling theorem for V;?(g,R) where the space is generated by a specific
compactly supported window function g and by a translation parameter o = 1. In Section
, the second variation of the sufficient condition for sampling theorem for V?(g,R) is
presented. In this scenario, a more general continuous and compactly supported function ¢
is considered and the translation parameter is not fixed. Section provides a discussion
and a comparison of the two main results of the chapter.

We start by showing that V?(g,R) is a reproducing kernel Hilbert space.

Lemma 2.2. Let g € C(R) with compact support and Vi?(g,R) be the space of variable
bandwidth generated by the Gabor Riesz sequence { Mg Tong}nezicz defined in (2.0.1). Then
Vi2(g,R) is a reproducing kernel Hilbert space.

Proof. Since {MgTpng}nezicz is a Riesz sequence for L*(R), then {MpgTp,g}tnezicz is a
Riesz basis for its closed span and therefore the truncated Gabor system { Mg Tung fnez, jij<bm)
is a Riesz basis for span{MgT,ng : n € Z,|l| < b(n)}. Hence, Vi*(g,R) = span{MgTs,9 :
n €Z, |l] <b(n)} is a closed subspace of L*(R).

We show that there exists N > 0 such that |f(x)| < N||f||2 for every x € R and every
f € V2g,R). Let z € R and f € Vi}(g,R), then by Theorem [L.3] there exists a unique
biorthogal sequence {A,}nez, ij<b(n) Such that {f,;}nez <o) 18 a Riesz basis for V;2(g, R)
with upper bound 1/A’. Then

= Z M Tong(@)| = | > Z (. i) M T ()]

nez |1|<b(n neZ |1|<b(n
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2.1 Sufficient conditions for sampling - first version

We apply Cauchy-Schwarz, to obtain
1/2 1/2
7)| < (Z Z {f hi) ) (Z Z | My Tong ()| ) . (2.0.2)
nez |I|<b(n neZ [1|<b(n
As a bound for the first sum, we get

(X % k)" <l

nez |l[|<b(n)

We find a bound for the second term of (2.0.2)). Since g is continuous and compactly
supported, there exists a constant C' > 0 such that >~ _,|To,9(z)* < C. Hence,

S DT [MaTung(@)]” <D (2b(0) + )| Tang ()| < C(2B +1).

n€Z |I|<b(n) nez

Then |f(x)] < ﬂ”f“ for every x € R and for every f € Vi?(g,R). Hence, we have
shown that V;?(g,R) is a reproducing kernel Hilbert space. O

2.1 Sufficient conditions for sampling - first version

In this section, we explore the problem of finding sufficient conditions for sampling for
the space Vi*(g,R). In particular, we show under which conditions on a set of points A is
a signal uniquely defined by its samples. The sufficient conditions for sampling theorem
of this section focuses on a space of variable bandwidth V;?(g, R) generated by a class of
window functions with a specific compact support and a translation parameter a = 1. This
specificity highlights the influence of neighboring windows in the reconstruction and it helps
to understand the spaces of variable bandwidth.
We start by introducing a convenient labeling for the set of points A as follows:

A= {x;w- ER:ap;=k+mj, KE€EZ,j=1,..., jmax), and n; € [0, 1)} (2.1.1)
The sampling points in A are ordered by magnitude, i.e.,
< Xy < g1 < v < Ty < Tpgrger < oooh o J =100 Jmaxe) — 1

The sampling density is measured by the maximal gap between the sample, i.e.,

O = ' sup ($k,j+1 - $k,j)7
]:19"'7.]max(k)71

where the number jiaxx) depends on the particular interval [k, k + 1).
Let Iy = [k,k + 1). By the definition above, x;; € I for every j =1,... s Jmax(k)- For
each k € Z, we consider a partition of I of the type

ZL’k,'—Q—SL’k,' 1 . .
Yk,j = JTFF’ for J= 17 <oy Jmax(k) — 17
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2 Variable bandwidth via Gabor Riesz sequences

Yko =k, and yr ;.. =k + 1. Set Xy ; = Xy, ;_, 4. Note that if the maximal length gap
is 5k7 then we get Yk,j — Tk,j S 5k/2 and Tkj — Yk,j—1 S 6k/2
We state the first version of the sufficient condition for sampling theorem for V;?(g, R).

Theorem 2.3 (Sufficient conditions for sampling for Gabor Riesz sequences - first version).
Let g € CY(R) with supp(g) C [—&,1+¢] and 0 < & < 1/2 be such that

(i) g(x) =1, forz €le,1—¢l.
(it) g(x) =1—g(—x), for x € [—¢,¢].
(iii) g(2 —x) =1—g(x), forz e[l —e1+¢].

(iv) g strictly increasing in [—¢, €].
(v) g strictly dencreasing in [1 —e,1 + €].

Assume {MgT,g}nezicz forms a Riesz sequence for L*(R) with lower bound A'. Let

Vi2(g,R) be the space of variable bandwidth defined by (2.0.1) and A C R be as in (2.1.1))
with 1 — k < %519 and k +1 — Ty joak) < %(5k. If

/12
J%
——sup{(a,z,l + 457 +5§+1)<B252(’€) o W! )} <1, (2.1.2)

then A is a sampling set for V;2(g,R) and satisfies a weighted sampling inequality

jmax(k)

AFIE <Y Y g Puw; < BISIS, for all f € Vi'(g,R), (2.1.3)

kez  j=1

where wy, ; > 0 is a suitable sequence of weights. As a consequence, every f € Vi2(g,R) can
be reconstructed completely and stably from the samples in A.

Note that the choice of dividing R into intervals of the type [k, k + 1) is naturally given
by the translation parameter e = 1. In this way, there is always a window that is centered
in the interval.

Proof. The main idea of this construction consists of designing an approximation operator
Af of f which contains the evaluation of the function at the sampling points f(xy ;) and
showing that for all f € V;?(g,R), ||f — Afl|l2 < 7||f|l2 with v < 1. Then f can be recovered
from Af via Neumann series.

Let f € V2(g,R). We apply Lemma [1.17] with K = V;2(¢,R), [ax, ar1) = [k, k + 1) for
every k € Z, and we take as operator A the approximation operator

jmax(k)

Af=P(3 D Flows)¥es).

keZ j=1
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2.1 Sufficient conditions for sampling - first version

With this choice of A, we have
52 k+1
IERVEDSE Y RRVIOTE
kez
Step 1. Estimate of local smoothness f:Jrl |f/(x)|*dx.

Let
Z Cp 2P (2.1.4)

|[|<b(n)

be the 1/[-periodic trigonometric polynomial of degree b(n).
By Definition , every f € V2(g9,R) can be written as

f(ﬂf) Z Z CnlMﬁlTng Z Z Cn,l€ 27r1/3lx - ZP ZL’—?’L

nez |I|<b(n) nez |I|<b(n) nez
By Plancherel’s Theorem, we have that the L2-norm of P, over a period of length 1/3 is
) 1/8
1P = [ IP@Pdr =5 3 e
0 B i<t
and by Theorem , we get that in this representation of f € V*(g,R)

Dol = BZ Z [enal* < A,ﬁl\fllz (2.1.5)

nez nez |I|<b(n

Fix z € I} and write x = k + 7, with € [0, 1). Then
= Pulk+n)g(k +n—n).
nez

Since g is compactly supported, only a finite number of translates of g are different from 0,
ie,n=Fkandn=~k=E1 We get

k+1

fx) =Y Pulk+n)g(k+n—n) = Pe(k+n)g(n)+Ps-1(k+n)g(1+n)+ Prsr (k+n)g(—1+n)
n=k—1

with
e g(14+n)#0, onlyifne]|0,¢].
e g(—1+n)#0, onlyifne[l—e1].
Consider now the derivative of f(x), then

f'(x) = Pl(k+n)g(n) + Pu(k+n)g" (m)Xp.eun—e11(n)
+ P (k+n0)g(1 4+ 1m)X0,(1) + Pee1(k+n)g' (1 +n) X, (n)
+ Pl (k+n)g(=1+0)Xa—cy(n) + Peyr(k +n0)g" (=1 4+ 0)Xp—c1y(n).
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2 Variable bandwidth via Gabor Riesz sequences

We bound the L?norm of each term. We start by finding a bound for the terms containing
the derivative of the trigonometric polynomial. Note that by the properties (i), (ii), (iii),
(iv), and (v) of g, we have

sup [g(z)] =1 and  sup |g(1+2)/= sup [9(=1+z)[=1/2.
z€(0,1] z€[0,¢] z€[1—¢,1]

Applying Bernstein’s inequality ([1.3.2)) with |/| = 1, we bound the terms containing the
derivative of the trigonometric polynomials in the following way:

19)) I1PExpls < T51 230007 Pl

2 s
o 1P 100+ Woall < (sup Lo+ ))) 1B Xl < 2L mabn - 1)) Pc

z€[0,e]

o [Pig¥pull} <  sup
z€[0,1

2
o 1PLg(-1 4+ )XpcenlB < ( sup lo(-1+2)1) 18Xl

z€[l—¢,1

< B omn + 021212

We now find a bound for the terms involving the derivative of the window function g.
o 1Py X0, 0n-<11l3 < [B9X0.01-c 11151 Pll2 < TBTI19 1215 ll3-
o [ Peo1g' (1 + WXpallz < [BTNG' 15N Pr-sll-
o [[Pepig (=14 Xp-clls < TAUG 12N Perall3-
Step 2. Final estimate for ||f — Af]||2.
Recalling that | >, fil* < #F >, | fi|*, we have
51% wH / 2 51% 2 2 /112
7 @)Pdw < 676125 {1 P3| 2mb(0)* + 12
P3| (mB0(k — 1)) + /1% ]
+ P3| (mBoCk + 1)) + /%] }

O L (eb(k0)? + 1112

1P} | (mBoCk — 1) + /|12

+ 1Pl (8ol + 1) + 1]

7T2 k

< 6[p]

Summing over all k& € Z, we obtain

17— AFIE < 30 {6081608 . + 457 + a2, (52020 + 120 ).

kEZ
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2.2 Sufficient conditions for sampling - second version

Define

/1|12
D= sup {61817 + 402 + 07, (2 (h) + 121=) )

keZ 2

and recall that {MgTyg}kez y<br) is a Riesz basis for Vi2(g,R) with lower bound A'.

Then by (2.1.5)), we get
If = AfIE < DY lIPels

keZ

By condition ([2.1.2)), 4 == % < 1. Therefore,

If = AfI2 <71 f12, withy < 1.

D
< -

< oll/IE

It follows that f = A7!'(Af) with Af an approximation operator based only on the samples
in A = {z;;}. Hence, by Lemma [1.18, f is completely determined by f(xy ;) for every
ke€Zand j=1,..., jmaxx), and a weighted sampling inequality of the type (2.1.3)) holds

with A= (1—/2)" and B= (1+/5)". O

2.2 Sufficient conditions for sampling - second version

An alternative sufficient condition for sampling theorem can be obtained using the same
idea for the proof but applying some technical modifications. The adaptive weights method
requires the window function ¢ to be differentiable and compactly supported but for the
second version of the sufficient condition for sampling theorem, we work with a space of
variable bandwidth V;?(g, R) generated by a window g with a (possibly) larger support than
before. Moreover, we do not require any condition on the translation parameter a.

We show that the sufficient conditions still rely on the properties of g but we see that
for a large number of basis elements that play a role in the expansion of a function f at
each sample f(zy;), we have that the maximal bandwidth of f over an interval is the
correct parameter to determine the density of A (or the lowest sampling rate). We present
a condition that isolates the maximum gap for each interval of the partition and makes the
following result suitable for numerical experiments.

Following the procedure done before, we establish a labeling scheme for the set of points
A as follows:

A= {:vk,j ER:ap;=ak+an;, k€Z,j=1,..., jmaxk), and ng; € [0, 1)} (2.2.1)

The points in A are arranged in ascending order of magnitude. Since we do not fix a
translation parameter «, the partition of R is in intervals of the type [ak, a(k + 1)). The
density of sampling is defined by the maximal gap length between samples:

op = sup  (Tpj1 — Thy),
]:17"'7]n\ax(k)_1
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2 Variable bandwidth via Gabor Riesz sequences

where the jmaxx) depends on the specific interval [ak, a(k + 1)).
For each k € Z, we construct a partition of [ak, a(k + 1)) as follows:

Tpj+ Tk . .
yk,j:JT]Jrla fOI"j :17"'a]max(k)_1>

where yy. 0 = ak and yi ;. ., = a(k +1). Define Xi; = Xy, ., 4, ) and Xg, = X{ak.a(kr1)-
It is worth noting that if the maximal gap length is dy, then we have vy ; — x5 ; < 0)/2

and LTk — Yk,j—1 S 5k/2

Theorem 2.4 (Sufficient conditions for sampling for Gabor Riesz sequences - second version).
Let g € CY(R) be such that supp(g) C [0, m] with m > « and assume {MgTong}nez.ic7
forms a Riesz sequence for L*(R) with lower bound A'. Let V#(g,R) be the space of
variable bandwidth defined by and A C R be as in (2.2.1) with x,; —ak < %5k and
ok +1) — 2y j k) < 20k Define

D= %\/ [f] max{27 5|9l [l9'llc}

and
= b 1).
= i s () )
If
/A/
sup fpx0r < BW, (2.2.2)
keZ D
then A is a sampling set for V;2(g,R) and satisfies a weighted sampling inequality
jmax(k)
AlFIE <D Y 1) Py < BIFIE  for all f € V(9. R), (223)
kez j=1

where wy, ; > 0 is a suitable sequence of weights. As a consequence, every f € Vi?(g,R) can
be reconstructed completely and stably from the samples in A.

Remark. For this theorem, we have chosen a formulation that separates the properties
of the window g, expressed by the constant D, the lower bound A’, the local bandwidth
1, and the local sampling density ¢ into different constants. In this way, the sufficient
condition looks formally similar to the maximum gap condition for sampling of
bandlimited functions, e.g., in [3§].

Proof. The main idea of the proof is the same as for Theorem but with some technical
modifications.

Let f € Vi?(g,R). We apply Lemma with K = V{?(g,R), a partition in intervals of
the type [ak,a(k + 1)), a set of points A as in (2.2.1]), and an approximation operator

jmax(k)

Af = P(Z 3 f(xk,j)xk,j)

kez j=1
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2.2 Sufficient conditions for sampling - second version

We obtain
a(k+1)

IF-AfE <% / ©)Pdz.

kEZ

Step 1. Estimate of local smoothness fa( +) | £/ (x)|*dx.
Using the expansion of f in terms of the trigonometric polynomial (2.1.4)) we can write

£(@) =3 (Ph@) Tang (@) + Pal@)Tong ().

We have that supp(g) C [0,m], x € [ak,a(k + 1)), and x — an € (0,m), then n €
(k—m/a,k+1)NZ. We call this set

Fp=(k—-m/a,k+1)NZ.

Then we have

a(k+1)
[ P
ak

- /a :(Hl) 3 (P,;(x)Tang(x)+Pn(fc)Tang’(x))

nGFk

=2 /( (PH@)Tang(@) + Pa(@)Tang @) ) - (P(@)Tuig(@) + Pi(2) Tuig'(2) ) da

n,i€F,

a(k+1) - -
=, / (P 2 (2) Tang () P (2)Taig(x) + P (2) Tang (z) () Taig (x)

TL,iGFk k

2
dx

+ Po(2)Tang' () Pl (2) Taig (= )+Pn(x)Tang'(x)B(ﬁ)Taig/(x))dfC~ (2.2.4)

We have to bound each term of the equation (2.2.4). Recall that X, = Xjak,a(k+1)) and
consider the first term. We get

a(k+1)
[ (P T o) P Taag @) ) o < | Tan Lol P20 el P2
ak

We notice that || ThngTnigll < ||gll% and since |I| = «, we apply Bernstein’s inequality

(11.3.2) with [B]I]] = [af]. Therefore,

a(k+1)
[ (P g0 PTG g0 ) o < [T Tl P2 P

k
< lgll%A47* [B15%0(n)b(0) | Pull2 ]| P2
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2 Variable bandwidth via Gabor Riesz sequences

Taking the sum over n and ¢, we obtain

Z /:(k+1) <P;L<I>Tang( )W)dm

TL,iEFk @
< 4n2 3 aBllglE Y b)b(i) | Pallzl Pl
n,iEF},
202 2 2
— 47280 gl (Y b(n)HPnHz) .
neFy

Consider now the middle terms of ([2.2.4))

a(k+1) _
> / (P2 @) Tang (2 Pi@) Toig (@) + Po(@) g (2) P(0) Ty (2] ) d

n,iEFk k

k+1
=3 [ R [P g P T

n,i€Fy,

Applying similar computations as before, we obtain

a(k+1)
2/ Re {PT’Z(x)Tang(x)Pi(x)Taig’(x)}dx
ak
< 2||Tan9TaiEHOOHPTILXkH2HPiXkH?
< ArBlab]]lgllcollg l|ocb (M) Prall2[| Pill2-

Taking the sum over n and ¢, we have

2 / e { P10 Tangl0) P T ) o
< 4nBlaBlgllollg oo ( D bOIIPl) (3 17 2)-

neFy neF

A bound for the last term of (2.2.4]) is given by

S [ (o 0P T 0t

n,iEFy, ak
< 0B8] 3 [Tand T e Pulla | Pil
n,iGFk
2
< TaBlg 1% (D 1Plz)

neFy
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2.2 Sufficient conditions for sampling - second version

We add all terms together.

/ " ) < a1 {am gl ( 3 bn)IPalz) + g (S 1Pule)
o nekFy

k nGFk

+ 4mBllgllollg’ oo ( D bIPall2) (X I172l) }
= [a81 (20851l 3 )Pl + g2 S 17)

neFk TLEFk
2

< [af] max{2nllg]e: 19/ oo} (3 () + 1)1 P

neFy
Summing over all k € Z, we get
) 5]% a(k+1) )
!/
- Af <> [ i@
keZ ok
< "aﬁ" / 2 52 P b 1 2
< 5 max{2mBlglls, lg'llec D (D 1Pl (o) + 1))
keZ neFy,
We define
= b 1)
Hk ne(k—nr?/%ii—l-l)ﬂz < (n) +
and we get

2

(2.2.5)

17 = Afl < L maxomslgl 9132 3 0202 (32 1P

7T2
keZ neFy,

Step 2. Final estimate for ||f — Af]||2.
We interpret ), p || Pull2 as a convolution.
Define the sequence ¢ : Z — R and the operator X(_i /) as follows:

q(n) = || Full2;
I, ne(—-1,m/a).

X(—tm/a) - Z — R, with X(_1 m/a)(n) =
(=Lm/a) =L /)( ) {O, elsewhere.

We have
<q * X(fl,m/a)> (k) = Z Q(n)x(fl,m/a)(k‘ - n) = Z Q(n)x(kfm/a,k+1) (n)
nez nez
= qn) =Y [P
neFy, neFy
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2 Variable bandwidth via Gabor Riesz sequences

We substitute in ([2.2.5) to get
[ 5]

If = Afllz <

19/l 32 0208 (5 X B))

kEZ

Using Young’s inequality and the fact that ||[X(_1,m/a)|[1 = m/a, the right-hand side can
be estimated as

2
> 02 (a5 X o) (8)) < 50 (033 10 X1 3
ke kEZ

< ilelp (Sri) IX (—rmso |31l all3

< sup 5kuk < ) ZHPkH2

keZ keZ

Defining D = 2 /[af] max{273||g||cc, [|9'[|oc }, We rewrite ([2.2.5]) as

D2
If = AfI5 < 72 Sup (%) D _IIPel3-

keZ

We recall that {MgTarg}rez,ij<br) is a Riesz basis for Vj?(g, R) with lower bound A’ and

by (2.1.5)), we have

D2
If = AfIl3 < -2 Sup (602) D _IPell5 < BA’ QSup (Orri) ILF113-

kEZ

We set 72 = L%;Q SUDge7, (5,%,LLZ) and, by condition (2.2.2)), v < 1. Therefore, the operator
A is invertible on Vj?(g,R) and every f can be reconstructed completely and stably from
the samples in A. By Lemma [1.18, the weighted sampling inequality (2.2.3)) holds with

A= (1 - \/ﬁ%irg SUDkez (513;1%))2 and B = (1 + \/B%’; SUDgez (5I%Mi))2' U

2.3 Comparison and conclusions

(i) The main results in Section [2.1]and Section [2.2] namely Theorem [2.3]and Theorem
present two distinct conditions that ensure that a set of point A is a set of sampling
for a variable bandwidth space constructed with a Gabor Riesz sequence.

The first theorem, Theorem is quite specific. The space of variable bandwidth
Vi2(g,R) is generated by a Gabor Riesz sequence with translation parameter o = 1
and a particular window function g with precise support, i.e., supp(g) C [—¢,1 + €.
This specificity makes it explicit how neighboring windows affect the reconstruction
inside each interval [k, k + 1) of the partition. Indeed, in this theorem, only three
elements of the Riesz sequence play a role in the expansion of a function f at each
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(ii)

2.3 Comparison and conclusions

sample f(xy ;). This is highlighted by the influence of nearby bandwidths on the
reconstruction in the interval, as described in . Notably, the central window’s
bandwidth has a more pronounced impact on the sampling rate, as indicated by
the constant 4 in (2.1.2]), while the windows at the boundaries have a more modest
influence on the space’s density. Therefore, offers valuable insights into variable
bandwidth spaces and clarifies the role played by the translations of g.

On the other hand, the main modifications in Theorem with respect to Theorem
is that the window function g is allowed to have compact support on a (possibly)
larger interval. Here, the sufficient condition still relies on the properties of g, but
the key insight is that the expansion of each sample f(xy ;), can be expressed as a
sum of trigonometric polynomials. Since g is compactly supported, this sum is finite
and it forms a trigonometric polynomial with degree the maximum degree among the
trigonometric polynomials. As expected, for every interval of the type [ak, a(k + 1)),
the maximal gap (or the lowest sampling rate) depends on the maximal bandwidth
of f over the interval. This fact becomes the pivotal element in the condition, as
indicated by the presence of the constant py in . It is also worth noting that
Theorem is particularly useful for numerical experiments. The reason is that it
offers separate conditions for all intervals, simplifying the setup for simulations.

Note that the separation of the points is not a requirement for the proof. In fact, a
local variation of the density can be addressed by using the adaptive weights method
(sometimes called “density compensation factors” [36]). If the sampling points are
separated, i.e., infy yeaazu |A — | = v > 0, then wy; > v > 0 and we obtain the
standard sampling inequality

jmax(k)

AIFIE <Y D )P < BIfI5,  forall f € V(g R).

kez j=1

To get the lower constant A, the separation of the points is not required. In fact,
from (|1.4.5) we have

1
1713 < =35 | 22 Flona) Xy
: (1—7)2“%: we

SUPyes i 2
< D @)l
1—7)? %: !

2 1
» T A=A > 1 f (@) Py
k7j

(

Therefore, A = =2

SUPrez 51% '
On the other hand, the separation of the points provides us with a nice upper constant
B. Indeed, from ({1.4.6]), we get

vy |F @) < )1 f (@) Py < 1+ 92113

k.j k.j

Hence, B =0
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3 Variable bandwidth via Wilson bases

In this chapter, we introduce a second variation to describe variable bandwidth that is in
part motivated by the signal processing of gravitational waves. In the same spirit as the
previous chapter, we revisit a discrete adaptation of the space introduced by Aceska and
Feichtinger [3, 4], employing a Wilson expansion truncated in the frequency domain as a
replacement for the continuous short-time Fourier transform.

Definition 3.1. A Wilson basis is an orthonormal basis of L(R) of the form

~Jglz—n), [=0,
wn,l<$> o {%(627%[1 + (_1)l+n€727rilx)g(l, _ TL/Q), l 7& O, (301)

for n,l € Z and [ > 0.
Up to normalization, we can rewrite (3.0.1]) as

() = V2g(x —n/2) cos(2rlx), if n + 1 is even,
mi V2g(x —n/2)sin(2xlz), if n + 1 is odd.

In their work, Daubechies, Jaffard, and Journé [20] established the existence of such
orthonormal bases and the feasibility of selecting a window function ¢ such that both ¢
and ¢ have exponential decay or a smooth ¢ with compact support. As a result, each basis
element 1), is centered around time n/2 and exhibits a frequency within a band near +I.

These bases have proved to be very useful in time-frequency analysis since they provide a
way to overcome the barrier posed by the Balian-Low theorem [12]. The theorem states
that a function g, generating a Gabor orthonormal system, cannot be well localized in both
time and frequency. In principle, Wilson bases are orthonormal bases that possess good
time-frequency localization while keeping much of the structure of a Gabor system. It is
still mysterious how they came up with this formula, and the paper they wrote is entirely
dedicated to proving that the formulation has all the properties we are looking for.
In addition, they presented a way to construct 1, ; where both 1, ; and its Fourier transform

(3.0.2)

,,, have exponential decay and can be constructed as a rapidly converging superposition
of Gaussians.
We define our model of variable bandwidth using a Wilson basis.

Definition 3.2. Let b: Z — N be a bounded positive sequence such that b(n) < B < 0o
for every n € Z and let {1y }nezien be an orthonormal Wilson basis as in (3.0.1). We
define the space of variable bandwidth generated by a Wilson basis as

b(n)
PW2(g,R) = {f €L’R): f=3Y carthnss c€ (T x N)}. (3.0.3)

neZ 1=0
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3 Variable bandwidth via Wilson bases

In the same way as for the space V?(g,R), the sequence b expresses the time-varying
frequency truncation. When assuming that the function g has compact support, we can
interpret the parameter b(n) as the local bandwidth of f within an interval centered at
n/2. Indeed, by taking the characteristic function g = \/QX[,l /4,1/4) as the generator of the
Wilson basis, then the restriction of a function f € PW?(g,R) to an interval of the form
n/2—1/4,n/2+ 1/4] is a trigonometric polynomial of degree b(n), and one needs precisely
b(n) + 1 samples from [n/2 —1/4,n/2 4 1/4] to recover f completely on this interval. If
then g is taken to be smooth and with larger support, b(n) is expected to be the maximum
frequency on [n/2 — 1/4,n/2 + 1/4]. While this intuition is basically correct, we will need
to refine it because the interval contains several translates ¢, ; for n’ # n.

Since 1991, after the publication of the paper, Wilson bases became a very popular
tool in time-frequency analysis and signal processing to study function spaces and time-
frequency localization and non-linear approximation [33, [44]. Perhaps the most important
application is the detection of the gravitational waves on September 14 2015 [22]. On this
day, “Advanced LIGO” became the first detector that physically sensed the gravitational
waves caused by a binary black hole system merging to form a single black hole 1.3 billion
light-years away [1], 2].

Gravitational waves are “ripples” in space-time produced by some of the most violent and
energetic processes in the universe such as colliding black holes, supernovae, and colliding
neutron stars. In 1916, Albert Einstein [29, B0] predicted the existence of gravitational
waves by showing that massive accelerating objects would modify space-time in such a
way that “waves” of undulating space-time would propagate in all directions away from
the source. These cosmic signals would travel at the speed of light, carrying with them
information about their origins.

Damour, Blanchet and their collaborators [17, [I8], 20] were able to calculate the analytic
form of a gravitational wave resulting from the coalescence of two neutron stars. They
obtained that this function is what in signal processing is called a chirp and it is described
by the following equation

s(t) = c|t — to\fi cos(wlt — 150|g + ), fort <t,

where ¢ is a constant, w > 1, and t; is the time of the coalescence. Since w|t — t0|g =
wlt — to| 78|t — to|, the quantity w|t — o]~ represents the (maximal) frequency at time
t. More in general, a chirp is a frequency-modulated signal analytically described by
F(t) = A(t)e"®, where ¢(t) is characterized by a strong acceleration, i.e., |¢"(t)| > 1, and
it is considered a prototype of a function of variable bandwidth.

In practice, the challenge of detecting gravitational waves consists of isolating a chirp
signal hidden within a background of noise.

In 2012, Necula, Klimenko, and Mitselmakher [61] proposed employing Wilson bases for
gravitational wave detection and wrote the ”Coherent WaveBurst” search algorithm, which
has proven successful in this endeavor. In fact, the optimal sparsity of the gravitational wave
required the use of seven dilated Wilson bases and their quadrature bases, each obtained
by a dilation of a factor 2 of the window.
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3.1 Wilson basis

This algorithm has demonstrated efficacy in identifying the merge of black holes and other
astrophysical phenomena within gravitational data.

It is worth noting that in this application, the shape of the local bandwidth, w|t — t0|_%,
is predetermined and can be inserted into an appropriate signal space. We propose and will
validate through numerical analysis in Chapter |5, that a variable bandwidth Paley-Wiener
space PW{(g,R) serves as such a suitable space.

In this chapter, we investigate the basic sampling problems for the space PW{(g,R). The
first problem consists of finding the necessary density conditions for sampling: we study
whether there exists a critical density that separates sampling (= complete reconstruction
from samples) from interpolation (= approximation of given data by a function with
prescribed properties). The second challenge involves identifying sufficient conditions for
sampling. Similarly to the Gabor Riesz sequence case of Chapter [2, we study under which
conditions on a sampling set a function in PW?(g,R) can be reconstructed completely. To
solve this problem, we make use again of the adaptive weights method described in [32] 38].

This chapter is organized as follows. In Section|3.1| we revisit the fundamental properties of
a Wilson basis and in Section |3.2] we show the existence of a family of compactly supported
Wilson bases with g € C}(R) and supp(g) C [—1,1]. Section [3.3|is dedicated to the proofs
of the necessary density conditions for sampling theorems; first, in the context of the finite-
dimensional space PW{(g,I) and second, an asymptotic result for PW{(g,R). Section
faces the challenge of identifying sufficient conditions for sampling for PW2(g,R). In
Section [3.5] we provide a sufficient condition for sampling theorem for a space of variable
bandwidth constructed using a Wilson Riesz basis. Section [3.6| contains a description of
the relation of the Paley-Wiener space with the space of variable bandwidth PW2(g,R). In
Section we analyze and discuss the main results of the chapter.

The necessary density condition for sampling theorem of Section [3.3[ and the sufficient
condition for sampling theorem of Section are included in the collaborative work [7],
jointly written by the author of this thesis and Karlheinz Grochenig. The results in Section
are contained in [6] and developed in collaboration with Karlheinz Grochenig.

3.1 Wilson basis

In this section, we summarize without proof the properties of a Wilson basis.
By defining the usual translation and modulation operator 7, f(t) = f(t — n) and
Mf(t) = f(t)e*™ as in (1.2.1]), we can rewrite the entire collection of functions that forms

a Wilson basis (3.0.1]) as
Uy = dy(My+ (=1)""M_)Tag, (n,1) € Z%,1 >0,

where dy = % and d; = \/Li’ [ > 1. In this form V¥, ; = 9,,; for | > 1 and n € Z, and
Uono = tno = T,g, and Wy, 19 = 0. Then every function f € PW2(g,R), is given by

b(n)
F@) =" coWni(z) =Y Pulz)g(z —n/2), (3.1.1)

neZ 1=0 nez
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3 Variable bandwidth via Wilson bases

where
b(n)

Py(x) =Y eoudi(M; + (—1)""M_y)

is a trigonometric polynomial of degree b(n) and period 1.
The following result gives a full characterization of a Wilson basis.

Theorem 3.3 (Corollary 8.5.4, [39]). Assume g € L*(R) to be even and real-valued. Then
the following are equivalent:

(1) the Wilson system {in;}tnezien as defined by (3.0.1)) is an orthonormal basis for
L*(R).

(ii) ||gll2 =1 and the Gabor system {T,,2Myg : n,l € Z} is a tight frame for L*(R), i.e.,
there exists a constant A > 0 such that for all f € L*(R)

ZZ [(f, T e Mig)? = Al 5.

nezZ leZ
(iii) Y ,cr9(x —k — 5)g(x — 5) = 2040 a.e.

(iv) <9,TnM219> = 0p0010-

The following characterization for the Wilson basis in terms of the Fourier transform of
the window ¢ has been formulated in [26] and then revised in [9].

Theorem 3.4. Suppose g is a real-valued function that satisfies
1G9(w)] < C(1+ |w|)™*¢  for some € > 0.
Then the following are equivalent:

(i) the Wilson system {in}nezien as defined by (3.0.1) is an orthonormal basis for
L*(R).

(i) > ez 9w = 1)g(w —1—=2j) = 0o, j €Z, weR.

Daubechies, Jaffard and Journé [26] proved that the shift from a Gabor frame of redundancy
2 to a Wilson system has the remarkable effect of eliminating this redundancy and results
in an orthonormal basis for L?(R). A less computational proof, based on the structural
properties of Gabor frames can be found in the book of Grochenig [39, Section 8.5].

The next lemma shows that the variable bandwidth space PW{(g,R) defined using a
Wilson basis is a reproducing kernel Hilbert space.

Lemma 3.5. The space PW2(g,R) of variable bandwidth defined in (3.0.3) with g € C(R)
1s a reproducing kernel Hilbert space with reproducing kernel

/{Z(ZE, y) = Z Z ¢n,l(y)1/)n,l(x)' (312)

38



3.2 Window functions generating a Wilson basis

Proof. Recall from the characterization of a Wilson basis the equivalence (iii) of Theorem

B3] ie.,
n\ |2 9
%‘g(m—§>‘ =2, a.e.

Therefore, by applying Lemma with {en}nez = {¥nitnezi=o, pmn) we have that
PWbQ(g,R) is a reproducing kernel Hilbert space. Moreover, since {wn,l}nez,lgb(n) is an
orthonormal basis for PW2(g,R), the reproducing kernel is given by

b(n)

k($a y) = Z Z wn,l(y)¢n,l(x)'

n€eZ 1=0

3.2 Window functions generating a Wilson basis

In the literature, one finds many ways to construct a Wilson basis with good time-frequency
localization. One construction was introduced already in the seminal paper by Daubechies,
Jaffard and Journé [26]. They constructed a Wilson basis such that the window function g
and its Fourier transform ¢ have both exponential decay by using the Zak transform.

In this section we explore the problem of constructing infinitely many window functions ¢
that generate a Wilson orthonormal basis. In particular, we show the existence of a family
of compactly supported functions g, with supp(g) C [~1, 1] and g € C!(R), that generates
a Wilson orthonormal basis.

We follow a constructive approach. Take a,b € C'(R) and let

9(z) = a(|z[)Xj,172) (J]) + b(|2[)Xp1 2,1 (|])- (3.2.1)

Then g is even, real-valued and supp(g) C [—1, 1],
By the characterization (iii) of Theorem [3.3| we need that for every x € [0,1/2],

S oo - Bafe-3) =200 529

Define Xo(z) = Xjo,1/2) (@) and Xq(x) == X[ /2,1)(2).
Firstly, we assume k£ = 0, then

S o(e=2) =3 (alle — n/2)Xo(lz — n/20) + bl — n/2)xa(le — n/2)

ne” neL

2

Given that Xo(]z|) and X;(]z|) have disjoint support, it follows that the double product
2a(|z —n/2])Xo(Jx — n/2])b(|Jz — n/2|)X1(|x — n/2|) = 0. Hence,

So(r—5) =3 (alle — n/2)Xo(lz — n/20) + bl — n/2) X1~ n/2))).

nez ne”L

We have that supp(Xo) C [0,1/2), z € [0,1/2] and
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3 Variable bandwidth via Wilson bases

a) v — 5 €[0,1/2), then n = 0.
b) § —x€[0,1/2), then n = 1.
Similarly, supp(X;) C [1/2,1), x € [0,1/2] and
¢c) x—7% € [1/2,1), then n = —1.
d) § —x€[1/2,1), then n = 2.
Therefore,

Zg(x - 3)2 =a(z)’ + a(% - x)2 - b(:c - %)2 +b(1 —2)2. (3.2.3)

nez

Using the characterization (iii) of Theorem we impose (3.2.3)) to be 2 to get
1 2 1\2
a(x)* + a(E - :L‘) + b(z + 5) +b(1 —2)*=2, forze|0,1/2]. (3.2.4)

Consider now the case k = 1. We rewrite (3.2.2)) to get

St el )
= Z [a(|x —1—=n/2)Xo(|Jz =1 —=n/2]) + b(|lx — 1 —n/2))X1(|Jx — 1 — n/2|)]

nez
: [a(]:c —n/2|)Xo(|x —n/2|) + b(|]z — n/2|)X1(|x — n/2])] (3.2.5)

Again, supp(Xp) C [0,1/2), x € [0,1/2] and

e) x—1—-3¢€(0,1/2), then n = —2.

f) 1+5 —2¢c[0,1/2), then n = —1.
Furthermore, supp(X;) C [1/2,1), z € [0,1/2] and

g) v—1—%¢€[1/2,1), then n = 3.

h) 1+% —x€([1/2,1), then n = 0.

Combining a)-h) and considering the disjoint supports of Xy and X;, the equation ([3.2.5))
becomes

= a(lz = 1/2[)Xo(|lz = 1/2))b(|z + 1/2)Xa(lz + 1/2]) + a(|z[)Xo(|2)b(|x — 1) X1 (|2 — 1)

= a(% — :U)b(x + %) + a(z)b(1l — z).
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3.2 Window functions generating a Wilson basis
Applying (3.2.2), we impose
1 1
a<§ - x)b(x + 5) ta(@)b(l—z)=0, forzel0,1/2. (3.2.6)

Set b(z) == b(x + 1/2), then b(1/2 — ) = b(1 — z). We rewrite the two conditions (3.2.4)
and (3.2.6)), to get for z € [0,1/2]

a(% - x)I;(:v) + a(:c)5<% — x) =0, (3.2.7)
a(x)® + a(% - :c>2 +b(z)? + B(% — x)2 = 2. (3.2.8)
Define ~
¢(x)* = a(z)” + b(z )2 (3.2.9)
then ¢(1/2 — x)? = a(1/2 — z)? 4+ b(1/2 — )% and from we have

o(z)? + qb(% - x>2 =2, forx€0,1/2]. (3.2.10)

Using (3.2.9), we define for x € [0,1/2]

a(x) = ¢(x) cos(&(x)), (3.2.11)
Zj(x) = ¢(x —1/2)sin({(z — 1/2)) (3.2.12)
b(z) = ¢(z)sin(§(x)). (3.2.13)

We rewrite (3.2.7) using (3.2.11)) and (3.2.13)), to obtain

O—a(——x) b(x) + a(z)b (——x)
()6 (5 — ) cos (€5 — ) ) sin(e(@)) + 6()6 (5 — ) cos(é(e))sin (&(5 — )
e >¢(1—x) sin (£(2) + (5 7))

We assume &(x) + £(1/2 — ) = 0 for every z € [0,1/2]. This means that & is an odd
function around 1/4, i.e.,

g(i + g;) - _g(}l - x) for || < i (3.2.14)

We consider the condition ([3.2.10) and we choose ¢ such that |¢(z)| < v/2 arbitrary on
[0,1/4] and define

gb(l - :c> = £2 — ¢(x)?, forze[0,1/4]. (3.2.15)
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3 Variable bandwidth via Wilson bases

We want the function g to be C!(R), which means that we need to impose continuity at
x =1/2 and z = 1 and differentiability at z =0, 2 = 1/2 and x = 1.

1) Continuity at x =1/2.
We impose

1 1\ -
a(3) =4(3) =40
Applying the definitions (3.2.11)) and ([3.2.13)) of a and b, we have

¢<%> cos (g(%)) — (0) sin(£(0)). (3.2.16)

Since £ is an odd function around 1/4 and using (3.2.14)), we obtain
1 1 1 1 1
() =¢i+3)=—<li-3) -~

6(3) cos((0)) = 6(0) sin(£(0)).

Applying (3.2.15)), we have ¢(1/2) = £1/2 — ¢(0)? and

tan(e(0)) = S2EO) _

cos(£(0)) ¢(0)

Therefore,

(3.2.17)

2) Continuity at * = 1.
Rewriting the definition of ¢ (3.2.1)), with (3.2.11) and (3.2.12)), we have

9(x) = ¢(|z) cos(&(|x]))Xo(l]) + ¢ (|| = 1/2) sin(&([z] — 1/2))X(|]).

We impose ¢(1) = 0, which implies
o (c(2) -0

1

¢(§> =0 or (3.2.18)

Therefore, either

5(%) = —¢(0) € 7Z. (3.2.19)

We show that the two conditions (3.2.18)) and (3.2.19)) are equivalent.
First, assume ¢(1/2) = 0, and consider the equation (3.2.16)). We substitute ¢(1/2) =0

on the left hand side, to get
6(0) sin(¢(0)) = 0.

By the definition (3.2.15) we have ¢(0) = £+v/2 # 0, therefore £(0) = —£(1/2) € 7Z.
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3.2 Window functions generating a Wilson basis

Let now £(0) = —¢(1/2) € nZ. From the equation of the tangent of £ (3.2.17) we get
2 — $(0)2 = 0, which implies ¢(0) = /2. Again by the definition ([3.2.15]), we obtain

¢(1/2) = 0. Hence, the two conditions (3.2.18)) and ([3.2.19)) are equivalent.

3) Differentiability at = 0.
Impose lim, o d/(z) = lim,_,q a’(—z). We have

d'(z) = ¢ (x) cos(§(x)) — @(x) sin(¢(x))¢ (x) (3.2.20)

and
d'(—x) = =¢/(—x) cos(§(—x)) + ¢(—z) sin({ (—x))¢'(—z).
Taking the limit for x — 0 we have
¢'(0) cos(£(0)) — ¢(0) sin(£(0))¢'(0) = —¢'(0) cos(£(0)) + ¢(0) sin(£(0))¢'(0).
Since £(0) = —£(3) € 7Z and |cos(£(0))] = 1, we get
¢'(0) cos(£(0)) =0
which implies
¢'(0) = 0.
4) Differentiability at = 1/2.
We impose a’(1/2) =b'(1/2) = INJI(O). Using (3.2.20)) and

b (z) = ¢/ () sin(¢(2)) + ¢(x) cos(& ()¢ () (3.2.21)

we obtain
¢'(3) cos(é(3)) — ¢(3)sin(§(3))€'(3) = ¢/(0) sin(£(0)) + ¢(0) cos(£(0))€'(0).
Since £(0) = —¢(3) € 7Z, we have
¢'(3) cos(&(3)) = ¢(0) 005(5(0))5'(0)-
Moreover, cos(£(3)) = cos(£(0)) and, by (3:2.15)), ¢(0) = £v/2 # 0, therefore
¢'(§) _ i¢'(5)

=G0 = F 7

The derivative of an odd function is an even function, which means that &'(; +z) = &'(3 —

for |x] < 1/4, i.e.,

oy = (1) = +9G)
) =€(z) ==~

5) Differentiability at = 1.
Let ¢’'(1) = 0, then ¥/(1) = l;l(%) = 0. Substituting in (3.2.21)), we obtain
¢'(3)sin(€(3)) + é(3) cos(€(3))€'(5) = 0.
Since ¢(3) = 0 and £(0) = —5(%) € 77, this condition is already satisfied.
We can summarize the previous results and computations in the following theorem.

z)
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3 Variable bandwidth via Wilson bases

Theorem 3.6. Let ¢,& € CY(R) and
9(x) = ¢(|2) cos(&(|x])) X072 ([2]) + @] = 1/2) sin(€(|2] — 1/2))Xp /2.1 (|])
be such that:
i) ¢*(x) + ¢* (3 —x) =2, for every x € [0,1/2];
ii) ¢(3) =0
iii) ¢'(0) = 0;
w) € is odd around 1/4, i.e., £(3 +x) = —&(3 — x) for |x] < 1/4;
v) £(0) = —¢(3) € 7Z;
vi) €(3) =¢'(0) = ¢'(3)/¢(0).
Then g € C*(R), supp(g) C [—1,1], and g generates a Wilson orthonormal basis.
We provide an example of a function g that satisfies the conditions of Theorem [3.6]

Example A. Construction of ¢. Consider ¢(z) = v/2cos(mz). We check that (i)-(iii)
are satisfied.

i) 2cos?(mz) + 2cos?(m(3 — x)) = 2.
i) ¢(3) = V2cos(5) = 0.
iii) ¢'(0) = —/2msin(0) = 0.
Moreover, we have that ¢(0) = v/2 and ¢/() = —v/2x.

1
2
Construction of £ Consider {(z) = §sin(4n(z — 1)). We check that (iv)-(vi) are
satisfied.

iv) (5 +2) = Isin(4rz) = —1sin(—4mz) = —¢(
v) £(0) = —¢(3) =0 € 7Z.
vi) §'(w) = mcos(dm(z — 7). Then £'(0) = £'(5) = —m = ¢/(5)/6(0).

Therefore the function

T —x).

g(z) =v2 cos(r|z|) cos(% sin(47(|z] — $)))Xp0,1/2)(|]) (3.2.22)
+ V2 cos((|z| - 1)) sin(d sin(d(a] — 1 — 1))X/a ()

generates a Wilson orthonormal basis.

Figure [3.1| represents the function g that we have constructed.
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3.3 Necessary density condition for sampling

1.6

Figure 3.1: Example of a window function g € C}(R) with supp(g) C [~1,1] that generates a Wilson
orthonormal basis with explicit formula (3.2.22]).

3.3 Necessary density condition for sampling

In this section, we prove necessary density conditions for the spaces of variable bandwidth
generated by a Wilson basis. As PW2(g,R) mirrors the Paley-Wiener space of bandlimited
functions, we anticipate the presence of a critical density for PW{(g,R) too. This critical
density represents a threshold for reconstructing a function from its samples, delineating
the required number of samples. Additionally, it serves as a benchmark for evaluating
constructive approaches to reconstruction. The results proved in this section are included
in the work [7].
We start by showing a simple result for compactly supported windows g.

Theorem 3.7. Let g € C(R), real-valued, and even with supp(g) C [—m,m] that generates
an orthonormal Wilson basis. Let A C R be a set of sampling for PW2(g,R) defined in
(3-0.3). Then, AN (a, B) contains at least [B — o —2m] + 37, iociqim g—m 0(R) points.

To show the result we use an easy argument that involves counting dimensions as in [5].

Proof. Let I = (a, B) such that |I| > 2m and

PWi(g,1) = span{t,; : supp(4n) C 1}
= span{,o:n € [a+m, —m|}
Uspan{¢,; :n/2 € [a+m,B—m], I =1,...,b(n)}.

We make the following three observations:

(i) PW2(g,I) is a subspace of PW2(g,R) and thus the sampling inequalities hold for
PWi(g, ).
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3 Variable bandwidth via Wilson bases

(ii) Since the Wilson basis functions are compactly supported, then every f € PW2(g, 1)
has support in (a, 3).

(iii) PWg(g, 1) is finite-dimensional, and

dim(PW2(g, 1)) = #(o+m,—m]NZ)+ Y b(n). (3.3.1)

n/2€la+m,—m]
Since for f € PW2(g,I), we have

SN =D IFNP = Al fIl5,

A€AN(a,B) AEA

the map f € PW2(g,I) — {f(A\)}rean(a,p) is one-to-one. It follows that

dim(PWR(g. 1) < [B—a—2m]+ S b(n) < #(AN (@, B)).

n/2€la+m,f—m|
]

To study necessary conditions for sampling in PW2(g,R) for a more general class of
windows ¢ with a decay of the type |g(z)] < C(1+ |z|)~'¢ for C > 0, € > 0, we apply the
results on sampling in general reproducing kernel Hilbert spaces from [34] in the form of
Theorem [I.19] We only need to verify the conditions on the reproducing kernel.

Theorem 3.8. Let g € C(R) be a real-valued, even function, such that |g(x)| < C(1+|x])~17¢
for some C' > 0 and € > 0 and assume that g generates an orthonormal Wilson basis. Let
A C R be a set of sampling for PWZ(g,R) defined in (3.0.3)) with b(n) > 1 for every n € Z.
Then
lim inf inf A Gl ) >1+b
r—oo rER 2r

b(n).

- .. . 1
where b = liminf, . inf ep 5 de[x—r,err}

Proof. By Lemma , PW2(g,R) is a reproducing kernel Hilbert space. Firstly, we need
to show that the reproducing kernel (3.1.2)) satisfies conditions (i) and (ii) of Theorem [1.19
and, finally we compute the averaged trace of the kernel.

Step 1. We prove that the diagonal k(x, z) of the reproducing kernel is bounded below
(condition (i) of Theorem [1.19).
Let z € R and substitute the definition of a Wilson basis in (3.1.2), then

b(n) b(n)
ki z) = ZZ ()] = Z }g(m—n)|2~l—% ZZ ’627ril:c+(_1)l+ne—27rilx‘2 ‘g (w B g)

neZ =0 neZ nezZ l=1

2

Since k(x,z) is continuous and periodic with period 1, then k(z,z) > 0 on [0, 1) implies
that inf,egr k(z,z) > 0.
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3.3 Necessary density condition for sampling

1+ne—27r7,x’ ‘g (.CE o g)

Consequently, it suffices to show that k(z,z) > 0 on [0,1). Recalling that b(n) > 1 for
2

every n € Z, we obtain
k(x,x >Z‘gas—n| + = Z’ i
nez nGZ
By dividing the second sum into odd and even parts and applying (iii) of Theorem we

1N 12
2|

get
k(x, ) >Z|g$—n +2Z|sm2mc| lg(z —n)| +22|COSQ7TIE|‘ (a:—n—
1)‘2 (3.3.2)

nez nez
_Z|g:v—n (1 + 2|sin 27z|?) <az—n—§
nez
n |2
> min{1 + 2[sin 27z[?, 2|cos 27a? )(——))
min{1 + 2|sin 27z |*, 2|cos 27| }Zg T =5
nez
= 2min{1 + 2|sin 27z|?, 2|cos 27z |*}
1 _3
Zor:c?)_gz.
(3 1) 7’“ — )_k 1)
d from the

The only possible zeros of k(z,z) for € [0,1) are for cos2rx = O ie., at x =
Since g is even, k(z,z) is even, and thus per10d1c1ty yields k(%
—1). Applying (iii) of Theorem

k(4,4)+/€(

and k(i,}l) +k(4,4)
inequality ({3.3.2] - we obtain
H(g) ++(pp) 23l )] + Xl -»)])
=3(Zfolz ) + Zlolz-n-3)]) =¢

By symmetry k(§,1) = k(3,3) =3 #£0.

It follows that k(x,z) > 0 for all z € [0,1) and thus inf,cg k(x, ) = mingeg k(x,z) > 0.
Step 2. We verify the required decay condition of the kernel (condition (ii) of Theorem

- Let 2,y € R. Recall that b(n) < B for every n € Z and |¢,,(7)| < v2g(z —n/2) for

1.
[ # 0, then we have
b(n)

k)| =30 3 Gua@)tn 2]

neZ 1=0
b(n)

_‘Z¢n0 J¥n0(T +ZZ¢M Vn (2 )

neZ neZ l=1
gy —n/2)g(x —n/2)|}

<Z{‘g —n)g(zx —n ‘+26

<> {lgly —n)g(z —n)| +2B|g(y — n/2)g(z —n/2)|}

ne”L

(3.3.3)
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3 Variable bandwidth via Wilson bases

Set w(z) = (1 + |z|)~1¢, then w is even, and by [39, Chapter 11] there exist constants
Cy > 0 and Cy > 0 such that

1

—w(z) <minw(z+v) < maxw(xz +1vy) < Cow(z 3.34

Zrwle) < minw(e +y) < maxu(s +y) < Cuulo) (3.3.4)
and wl, * w|, < Cy wl, . (3.3.5)

w is called subconvolutive. Consider the first term of (3.3.3)), apply the assumption on
the decay of g and the properties (3.3.4) and (3.3.5)) of w, then

> gy —n)glz —n)| < C*> wly — n)w(x — n)

<3y wlly) = muw(lz) —n)
= C*C3 Y wmw(z] = Ly) = n)

<C?CiCw(|x] - ly))
< C*CiChw(z — ).

Similarly, the second term in (3.3.3]) is bounded by

> loly = n/2)g(z = n/2)| < Cw(x —y)

nel

and we obtain the desired off-diagonal decay of the kernel
|k(z,y)| < N1+ |z —y))"' forall z,y € R and for € > 0.

Conditions (i) and (ii) of Theorem are satisfied.

Step 3. It remains to compute the averaged trace - fﬁr: k(y,y)dy and let r tend to oo.
We fix x € R and we write B,(x) = [z — 7,z + ] in the following. Fix ¢ > 0 and choose
p > 0, such that fBP(O) Yo, (x)|*dz > 1 — € for I =0,...,B. Then

/ |¢n,l(as)|2d:1:2 l1—¢ forl=1,...,B and
By(n/2)

/ o) P > 1 — e.
BP(”)

By (iii) of Theorem [3.3} we have

b(n) b(n)
SN @) =Ygl =)+ 30 (@) < 2+ 4B.

neZ =0 neZ nezZ l=1
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3.3 Necessary density condition for sampling

Therefore, we apply dominated convergence to interchange summation and integration, to
obtain

1 1
o k(y,y)dyZQ—r/r(x)ZZ!wnz dy = — ZZ/ [ (y) [P dy.

Br(z) nezZ 1=0 nez 1=0

If 5 € B_,(x), then B,(5) € B,(x). The estimate of the average trace is

1 1
_ > - 2
5 k(y,y)dy > 5 § / [t 0(y) Py + 5 E E / |1 (y)|*dy

Br(2) nEBy_p( 2eBr_p(
1
> —(1-9) [#(B,,_p(g;> nz)+ Y b(n)]
5E€Br—p(7)
1
25(1—8)[2(7"—@—1— Y b(n)]
%GBT*p(if)
R el
=(l-e——+5(0-¢9 > b(n).
5€Br—p(2)
Letting r — oo, we get
1
R -1 _
llﬂgf;gﬂg% BT(x)k(y JY)dy > 1 —e+(1 5)11{210101%21& o Z b(n

5 E€By ()

Define b := liminf, . inf,er o= > nep,(nb(n) as the average bandwidth in B,(z). Since
€ > 0 is arbitrary, Theorem yields

D™ (A)>1+b.
O

In this result, b represents a sort of average bandwidth. The theorem shows that whenever
the window function g has some mild decay properties, the lower Beurling density D~ (A)
indicates that we have at least 1 4+ b samples of A contained in a ball of radius .

The properties of Wilson bases play a crucial role in satisfying the conditions of the
theorem. In particular, the combination of property (iii) of the characterization Theorem
and the symmetry of the window function g serves as a key ingredient in showing that
the trace of the reproducing kernel has a bounded infimum.

In the following corollary we point out that for compactly supported windows g, Theorem

implies directly Theorem [3.8]

Corollary 3.9. Let g € C(R), real-valued, and even with supp(g) C [—m,m] that generates
an orthonormal Wilson basis and assume that A C R is a set of sampling for PW2(g,R).
Then N

D~ (A) := liminf inf #AO = atr])

r—oo z€R 2r

>14+b
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3 Variable bandwidth via Wilson bases

where b = liminf, . inf,ep o Z%G[%T,HT] b(n).

Proof. Fix z € R and r > 0 and take (o, 5) = (v —r,z + ) = B,(x). Applying Theorem
and dividing by 2r, we obtain

Letting » — oo, we get

D7 (A) > 1+ liminf mf Z b(n

r—oo xR ’["
5 €Byr ()

3.4 Sufficient conditions for sampling

This section investigates the question under which conditions on a sampling set A a function
in PW?2(g,R) can be reconstructed completely from its evaluation on a discrete set of points.
We provide a sufficient condition for sampling for PW2(g,R) that confirms the intuition
that the parameter b(k) measures the local bandwidth of a function f € PW,(g,R). For
the proof, we resort once again to the adaptive weights method described in |32} [38] and we
construct the space PW{(g,R) using a Wilson basis with compactly supported window g.
As seen in the proofs of Theorem and the condition that g is compactly supported
is essential.

The sufficient condition for sampling for PW2(g,R) relates the maximal gap between
consecutive points of the discrete set A in an interval of R of the type [k/2,k/2 + 1/2) to
the maximal bandwidth over the given interval.

With this constructive method, we produce quantitative results that are applied as a base
for numerical experiments in Chapter [5| The result proved in the following is included in
the work [7].

As done before, we start by indexing the set of points A as follows:

k . .
A= {xg,j eR: Ty ;=5 0k keZ,j=1,..., jmax(k/2), and Nk € [0,1/2)},

2
(3.4.1)
where the sampling points in A are ordered by magnitude,

The x5 ; are consecutive points in the interval [k/2,k/2 + 1/2),

J

= max  (Tk ., — Tk ;)
. . 7.]+1 597
]:17---]max(§)_1 2 2

[MIES
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3.4 Sufficient conditions for sampling

is the maximum gap between the samples, and jmax( ) depends on the specified interval.
We define Yi = (m + Tk ]H) to be the midpoints between the samples, Yio = g, and

+ 3, and set Xg’] = X[y,

Y iy
§:JmaX(§) 2 g,jfl’y%j)'

Theorem 3.10 (Sufficient conditions for sampling for Wilson basis). Let g € CY(R) be a
real-valued, even function with supp(g) C [—m,m] that generates an orthonormal Wilson
basis. Let PW2(g,R) be the space of variable bandwidth defined in (3.0.3) and let A C R be

as in (3.4.1) with xr | — ’“ < 15 and w T T o (E) S < %(&. Define
27 max 3

D = (4m) - max{27]|glloc, |9'lloc }

and
= nE(kz—Qrg}j-);m—H)ﬁZ <b(n) i 1>' (342)
If -
itelg ,ugdg o (3.4.3)

then A is a sampling set for PW{(g,R) and satisfies a weighted sampling inequality
Jmax(%§)
AIFIE< Y Y [fe)Puws, < BIfI3  forall f € PWi(g.R),  (3.4.4)
keZ j=1
where we ;> 0 is a suitable sequence of weights. As a consequence, every f € PW2(g,R)
can be reconstructed completely from the samples in A.

Proof. Let f € PW2(g,R). We recall from Section the idea of the proof, which consists
of creating an approximation operator A that is built using only the evaluation of the
function at the sampling points f(xgj) and show that || f — Aflla <7 f]l2 with v < 1. We
apply Lemma [1.17 with K = PW2(g,R), (o, 1) = [k/2,k/2 + 1/2) for every k € Z, A
as in , and we take the usual approximation operator formed by a piecewise constant

function
Jmax (%)

Af=P(Y 3 Fles)xs,), (3.4.5)

keZ j=1
where P is the orthogonal projection from L?(R) onto PW{(g,R). We obtain

I - AfE <3 58 / F (@) 2d.

keZ

m\a‘
M\H

ki1
Step 1. Estimate of local smoothness ffrz | £/ (x)|*dx.
2
We consider the expansion of f in terms of a trigonometric polynomial as (3.1.1)

ZZCM\PM ZP g(x —n/2),

neZ 1=0 nez
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3 Variable bandwidth via Wilson bases

and >, || P.]3 = || f]|3- The derivative f” is then
7@) =3 (Pa@) Ty g(x) + Pa(2)T3g/(2)).
nez

Since supp(g) € [—m,m], the sum is locally finite. Assuming x € [g,g + %) requires
r — 5 € (—m,m). This restricts the summation indices n € (k —2m, k 414 2m) NZ. We
abbreviate this interval by

Fy=(k—=2m,k+1+2m)NZ.

+2Re { PL(a)T39(@) @) T3¢ (@) |

+ Po(2)Ty g (x)Pi(0)T, g’(x))da:. (3.4.6)
To bound the first term, we apply Bernstein’s inequality - ) to the polynomial P, of
degree b(n) with |I| = 1/2 B =1. Then [B|I]] =1 and we use the estimate HT”gTz oo <
lg]|%,. We obtain
44
| (Pt Tyg@) P 9(0) )de < 1259731 | Pl P
2
< llgllz4mb(n)b(i) | Pallz || Fil2-
Summing over n and i, we get
k1
§+§ S
> g(x)&%x@g(m))dw (3.47)
n,i€F,
<4r?|gls Y b Pall2lIPll2
n, € F},
2
= 4rgl (> b(n)HPnHa) -
neFy,
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3.4 Sufficient conditions for sampling

For the middle terms of (3.4.6)) we obtain in a similar way that

Ey1
2/2 i Re{P,’L(x)ng(x)B(:v)T%g’(x)}daz
k
< 2T 9T g'lloo | Prll2]| P2
< 4| gllso 19 locb(m) [| Prall2[| |2

After summing over n and i, we have
ki1
3 / ’ 2Re (2)Tag(x )Pi(as)T%'g’(x)>das (3.4.8)
n, € Fy,
< 4w||g||oo||g’||oo( > s)IPl) (D 1Plz).

nGFk nGFk

The last term of (3.4.6)) is bounded by

k

) / o (Pn(ﬂf)ng’(ﬂf)B(w)T zg’(:v))daf (3.4.9)

n, € Fy,

1

< Y AT5d Tig ool Pallal Bl

n,z‘GFk

2
SO IIANE

neFy

Adding all terms, the local estimate for the derivative is

[ v < arloln (3 sz + g1 (SR

neFy neFy

+4mlglocllg oo (3 0N Palls) (3 I1Pul2)

neFy neFy

= (2nlglle 3= 0Pl + 1l S 11P)

nGFk nEFk

< max{27||g]| co» Hg,Hoo}2< Z HP”HQ(b(n) * 1)>2'

neFy,

[S1ES
[NIE

Therefore, by taking the sum over all k € Z, we get

k 1

= Af||2<z—52/2 o)Pdz
kEZ
2
< Spmax(2nllgl 913> 35 ( S IP (b0 + 1)

keZ neFy,
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3 Variable bandwidth via Wilson bases

We define
pus = max (b(n) + 1)

ne(k—2m,k+2m~+1)NZ
to be the maximal bandwidth over the interval [k/2,k/2 + 1/2). Then we write

1 2
I = AfIE < = max{2rlgllocs I I} 3 021 (S 1Pul2)

keZ nGFk

Step 2. Final estimate for ||f — Af]||2.
We interpret ) p || Pul[2 as a convolution. Let ¢ : Z — R be the sequence q(n) = || P, ||
and X(_2m—1,.2m) be the characteristic function of (—2m — 1,2m). Then

(q * X(—2m—1,2m)) (k) = Z q(n)X(—om—1,2m)(k —n) = Z q(N)X (k—2m k+2m+1) (1)

nez ne’
=Y aln) = _IPll2-
neFy neFy

We can rewrite the error as
1 2
I = AFIB < = max{2nlgllocs 1910} D 0242 (4% Xamor2m)(R))
keZ
The right-hand side can readily be estimated with Young’s inequality as

2
Z 0% 113 (q * X(—2m—1,2m)(k)> < sup (0% 44 ) [1q % X(—2m-1.2m)|l3
=y 2 3 kez 2 2

< sup(c?%,u%) X (—2m—1,2m) 17 llqll3

kEZ
< sup (623 ) (4m)* Y | Pill3
kezZ 2 2 kel

since || X(—2m—1,2m)|l1 = 4m. Defining D = 4m max{27||g||c, ||¢'|| }, We get

1
If = AfIls < 5 D?sup(8pid) > _IPIE

keZ

Therefore, the error constant 42 := = D? supy; (63 p3 ) satisfies v < 1 by (3.4.3). Hence,
2 2

b(k)
1F = AFI5 <D IBllE =" ) D 1) = 22NN (3.4.10)
kEZ keZ 1=0

and the operator A is invertible on PW2(g,R). By Lemma [1.18] the weighted sampling in-
2 2

equality (3.4.4) holds with A = (1—% SUPgez, (5%/@)) and B = (1—1—% SUPgez, (5%/@)) :
O
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3.4 Sufficient conditions for sampling

Remark. An alternative sufficient condition for sampling which uses the maximal band-
width over an interval can be obtained by applying the convolution with ¢(n) = || P,||2 and

X(—2m—12m) already at (3.4.7), (3.4.8) and (3.4.9). Let vi/p = max,er—2m kr2mr1)nz b(n),

then

2
> EAD = Y 4rlgl (D2 b IPal) = D 4n gl (05 X amor2m (K)

kEZ kEZ nekFy kEZ
> BT = anliglollg e (X bRl ) (3 I1Pul:)
kEZ kEZ neFy neFy,
2
= > 4lgllolg/lloovs (@ 5 X(-2m-12m)(K)).
keZ
2 2
> BED = YN ( Yo N1Pullz) = Dl N (4% Xz (R))'
kEZ kEZ nekFy kEZ

We apply Young’s inequality to obtain

1 2
If —Afl3 < = > 525(27T||g||ong + 119 [100)? (@ * X(—2m—1,2m) (k)

kEZ

1
< 250 {05 (2 llgllocry + 116/lloe)* g * X-mmr.2m 3

1
< —(4m)?sup {83 (27[|glloovi + 19'10)*} D I Pll3-
T kez = 2 : kez

By setting

™
/
sup 04 (2 gl + l91) < 7

we have a different maximal gap condition than the one of Theorem [3.10}

Example B. Consider the window function g(z) = v/2 cos(72)X[_1/2,1/9(2), illustrated in
Figure . Applying the characterization (iii) from Theorem , it is evident that the
corresponding Wilson system {1,,;} forms an orthonormal basis for L?(R). Despite the
lack of differentiability of g at points {—1/2,1/2}, Theorem remains applicable. Its
proof merely necessitates the differentiability of g on each interval (k/2,k/2 + 1/2) with
one-sided derivatives at k/2, with k € Z.

This Wilson basis underlines a critical aspect of Theorem [3.10, demonstrating that the
local quantity fix/2 = MaxX,e(k—2m k+2m+1)12 (b(n) + 1) must be addressed in the sufficient
condition. Given that supp(g) = (—1/2,1/2), only two translations of g overlap. Con-
sequently, when a general function f =) P,(z)g(z — n/2) is restricted to [0,1/2], the
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3 Variable bandwidth via Wilson bases

expression simplifies to:

1

= Py(2)g(2) + Pr(@)g (v - 5)

= Py(z) cosmr + Pi(x)sinma

f

[0,3]

- ejx (P()(x)(e?m +1) — iPy(z) (™ — 1)).

| represents a trigonometric polynomial

If degPy = b(0) and degP; = b(1), then e~ f o
0,1

of degree max{b(0),b(1)} + 1, in alignment with definition (3.4.2). The formulation of
Theorem extends this insight, emphasizing the significance of y/, as a more precise
measure of local bandwidth in comparison to b(k).

3.5 Sufficient conditions for sampling - Wilson Riesz basis

The same methodology can be employed when substituting a Wilson orthonormal basis with

.....

-----

to be a Wilson Riesz basis, the sufficient condition needs to be adjusted to take care of
the lower Riesz bound. Moreover, choosing a Wilson Riesz basis allows us to have more
freedom in the choice of the window function ¢ since the orthogonality of the basis elements
is not required. The decision to use a Wilson Riesz basis for the construction of a variable
bandwidth space was made to be able to present a sufficient condition that highlights the
influence of the neighboring windows in the reconstruction in the style of Theorem [2.3] We
will be able to make a direct comparison with the result in Section and we will see
that also for the space of variable bandwidth constructed with a Wilson Riesz basis, the
bandwidths of the two central windows have a stronger impact on the density of the points
that make A a sampling set.

The next result is a sufficient condition for sampling theorem for the space of variable

bandwidth PW i(g,R) constructed using a Wilson Riesz basis. The following result is
included in [6].

Theorem 3.11 (Sufficient conditions for sampling for Wilson Riesz basis). Let g € C*(R)
with supp(g) C [—2 —¢&,3 +¢] and 0 < e < 1/2, and such that g generates a Wilson Riesz
basis. Assume g satisfies the following conditions:

(i) g(x) = g(—x), for every x € R.
(i1) g(x) =1, forze|—5+¢e3—¢l
(iti) g(1—z)=1—g(z), forze[s—c 5+el

(iv) g is decreasing in [ — e, 3 +¢].
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3.5 Sufficient conditions for sampling - Wilson Riesz basis

Let ]B\T/Tfi(g,R) be the space of variable bandwidth defined in (3.0.3) constructed with a
Wilson Riesz basis with lower bound A’ and let A C R be as in (3.4.1) with Tk — g < %5

k
2

and 55 —Te gk S %53. If
8 2 2 2 2 2 ||g’||§o

—2
then A is a sampling set for PW,(g,R) and satisfies a weighted sampling inequality

]max(

AlfIE<Y . Yo If

kezZ =1

Ywy < B3 forall f € PV,(g.R),

w\zs-

—2
where W ;> 0 is a suitable sequence of weights. As a consequence, every f € PW,(g,R)
can be reconstructed completely from the samples in A.

1 1
0 5 € 5 + e
Figure 3.2: Example of a window function g which satisfies (i), (ii), (iii), and (iv).

The proof follows the same core concept as Theorem [3.10, with certain technical adjust-
ments.

Proof. Let [ € ]S\I/Tfi(g,]R). Applying Lemma |1.17 with = ﬁﬁ/z(g,R), (g, agr1) =
[k/2,k/2+1/2) for every k € Z, and defining an approximation operator Af as presented
in (3.4.5), we derive the following inequality:

If —Afl3 < Z —52 / |f'(x)|?d.

keZ

SIS
+
[SIE

ki1
Step 1. Estimate of local smoothness ffrz | f/(x)|?dx.
2
Consider z € [4,%+ 1), z = £ + 1 where 5 € [0,1/2). Then

= Pu(k/2+n)g(k/2+n—n/2).

nel
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3 Variable bandwidth via Wilson bases

Since ¢ is compactly supported, the only terms that remain are n = k, n = k£ 1 and
n = k + 2. Hence,

f(x) = Pu(n+k/2)g(n) + Pe_1(n + k/2)g(n + 1/2)
+ Pea(n+k/2)g(n —1/2) + Prra(n + k/2)g(n — 1).

Since supp(g) C [-1 —¢,2 4+ €] and g(n) =1 for n € [-1 +¢,1 — €], we have:
e g(n+3)#0, only if n € [0, €.
g(n—1) #0, only if n € [§ — ¢, 3).
g £0, only if 5 € [} — &, 1)
e g(n—1)#0, only if n € [0, ¢].

Moreover, by properties (i) and (iv) we get that ||g|l.c = 1. By taking the derivative of
(), we get

f(x) = Pi(n+k/2)g(n) + Py (n+ k/2)g(n + 1/2)X[0.(n)
+ P (n+k/2)g(n = 1/2) + Prypo(n + k/2)g(n — )X 1)(n)
+ Pe(n+k/2)g' (X2 1y(0) + Peer(n + k/2)g'(n + 1/2)X o (n)
+ Pipa(n+k/2)g' (n = 1/2)X0.4(n) + Pera(n + k/2)g'(n — DX 2. 1y(n).

We bound the L?-norm of each term and we start by computing a bound for the terms
containing the derivative of the trigonometric polynomial using Bernstein’s inequality ((1.3.2)
with =1 and [B|I|] = 1.

o 1Bl < (sup lo()l) IPLI3 < (2mb(k) [ Pell

z€[0, 2]

o 1Pral ~1/2)13 < ( sup lo(x —1/2)]) 1Bl < mblk + 1)) P}

16[0,%]

Note that g(- — 1) is increasing in [§ — ¢, 3], therefore the maximum is achieved at z = 1/2.
By symmetry and property (iii), we have that g(1/2—1) = g(1 —1/2) = 1 — g(1/2). Hence,
9(1/2) = 1/2. In a similar way we can bound the sup, ¢ |g9(z + 1/2)| to obtain

2 1
 IBagC+ 12X0all < sup lo(o o+ 1/D]) NP < 5 2rblk = 1)) Pt
xe 5
2 1
o 1Piag(- =Xyl < ( s lo(r - DI) 1Pl < 7(2mblk +2)% Pecal3
ze[t—e
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3.5 Sufficient conditions for sampling - Wilson Riesz basis

We bound now the terms that contain the derivative of g.

2
o 1Py el3 < (sw 10@)1) IAE < ) AR

xe[ &3]
2
o [|Pit1d'(- = 1/2)Xp 43 < sup 1% ($—1/2)\> [Pisillz < 1915 Prsa I3
$€ E
2
o 1Prg (412015 < (s 19 1/2)) 1P < D Il Pecr
CUE E

2
o 1Pesag/C = DX ylB < (s 1g'Go = DI) 1 Pesell3 < g Pl

x€[§—£ 5]

Step 2. Final estimate for ||f — Af]|2.
We recall that | >, p fil* < #EF Y. p | fi|* and we add the bounds. We get

1, [ 8

50 [ 1 @Pde < S {IRB | emn) + g 1)
1P 3| 2mb(k + 1)) + 1|12
1P (b — 1)% + 1192
+ 1 Pesall3 | (mblk + 2))2 + 19112, }

S AP k) + 1912
4 P |3 | (mb (ks + 1)) + 1|12
P3| (b — 1)) + 112

+ 1 Pesallf | (rbk + 202 + [1g112] }-

IN

Summing all the terms, we obtain

1F = AFI3 <83 I3 (07, + 403, + 408 + 03, ) (03(k) + ||9'!<2>°> 3

272
keZ

We define

D= soup { (81, + 457, +461 + 01, ) () + 1L0=) .

keZ 2 2 72

Applying Theoremand setting {@Lkz,l}keZ,l:O ,,,,, b(k) to be the dual Riesz basis of {9k }rez,i=0,... (k)
with upper bound 1/A" we have

b(k) b(k)
~ D
If = AfI3< DY PN =D D ewa> =D D D 1{f ) < X!IfH%-

keZ keZ 1=0 keZ 1=0
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3 Variable bandwidth via Wilson bases

By condition ([3.5.1)), we have D < A’, therefore 42 := D/A’ < 1 and

1 = Afllz < IF1:

Again, the sampling inequality follows from Lemma [1.18] with A = (1 — %)2 and
B = ( 1+ %)2, which concludes the proof. ]

3.6 Paley-Wiener space embeddings

To better understand the spaces of variable bandwidth it is important to explore their
relation with the Paley-Wiener spaces. There is no Wilson basis with compactly supported
window g, such that the variable bandwidth space PW{(g,R) is contained in a Paley-Wiener
space because the basis elements must then consist of bandlimited functions. However,
with a bandlimited atom, one can compare spaces of variable bandwidth and Paley-Wiener
spaces.

Example C. Consider the bandlimited function g(x) = % with Fourier transform g =
X[-1/2,1/2]- Using Theorem it can be proved that g generates a orthonormal Wilson basis.
By taking b(n) = 0 for all n, we obtain that PW?(g,R) = span{T,g : n € Z} coincides
with the classical Paley-Wiener space PW;,, = {f € L*(R) : supp(f) C [-1/2,1/2]}. In
this sense, the spaces of variable bandwidth are a generalization of the Paley-Wiener space.
However, if we consider a frequency truncation sequence b satisfying 1 < Qy < b(n) < Qy,
then

PWoy—1/2 € PW;(g,R) C PWo, 1172,

and both inclusions are strict.

With small modifications, such strict embeddings also hold for more general bandlimited
generators with supp(g) C [—1,1].

Proposition 3.12. Let § be a real-valued function with supp(g) C [—1,1] such that g
generates a orthonormal Wilson basis and let 1 < Qo < b(n) < Qy for every n € Z. Let
PW?2(g,R) be the space of variable bandwidth defined in (3.0.3) and PWq be the Paley-

Wiener space defined in (0.0.1). Then
PWa, 1 € PW2(g,R) C PWa, 1

Proof. Step 1. PWgq, 1 C PW2(g,R).
Let f € PWq,_1, then f € L*(R) and therefore f can be expand in terms of an orthonormal

Wilson basis as - -
f = Z Z Cn,lwn,l = Z Z(fa wn,l>wn,l-

neZ =0 neZ =0
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3.6 Paley-Wiener space embeddings

Claim: If ¢y = (f,1ny) = 0 for every I > Qg and for every n € Z, then f =" _, Zg&ﬂ CriUn.i
and f € PW2(g,R) with b(n) > Qq for every n € Z.
Note that by applying the Fourier transform to the Wilson basis functions (3.0.1]) we get

. {M_ng( w), 1=0

Ynalw) = Z5eT M s [glw — 1) + (=1)Fgw + )], L#0.

for n,l € Z and [ > 0.

(3.6.1)

Fix | = [Qg]. Then by Parseval’s formula, we have

~

T 1 —7i n ~ n ~
(f,tn,001) = (s ¥ raey) = (5 ﬁe [€2] M [Tra.9 + (=D 009])

Since f € PWq,-1, then supp(f) C [~ 41, Q —1]. Therefore supp(f) Nsupp(Tia,19) = 0
and supp(f) N supp(T- r9019) = 0. We have that c,; = 0 for every | > Qg and for every
n € Z and f € PW?(g,R) with b(n) > Q for all n € Z.

Step 2. PW2(g,R) C PWgq, 1.
Let f € PW{(g,R) with b(n) < Q for every n € Z. Since b(n) € N, for every n € Z, we

have b(n) < [€] for every n € Z then f =3 _, ZLQlJ Cni¥ni. We consider the Fourier
transform of f and we take the Fourier transform of the Wilson basis functions (3.6.1)), to
get

[$21] [$21]

=N ity = [enoMonilw +Z TR My (gl D) H(=1) g D) ]

nez 1=0 nez
Since supp(§) C [—1,1], then supp(f) C [— LQ =1, (] +1] C[-9) — 1,2, + 1] and
f E PWQl"F]-'

]

The proposition shows that even if the classical Paley-Wiener spaces and the spaces of
variable bandwidth are comparable and share similar properties, e.g., sampling theorems,
PW?(g,R) is not a straight generalization of the classical definition.

The next lemma provides an example of a function g that satisfies Proposition [3.12]

Lemma 3.13. There exists a window function g that generates a orthonormal Wilson basis
such that g € C*°(R) is a real-valued function with supp(g) C [—1, 1].

Proof. We want to find g such that g satisfies condition (ii) of Theorem [3.4] Fix [ =0 and
since supp(g) C [—1, 1], we have g(w)g(w — 2j) = 0 for every w € R. We need to show that
> ez §(w — 1)* = 1. Since the sum is periodic in w with period 1, we need to check the
condition for w € [0,1]. § has support in [—1, 1] then it suffices to find §(w)?*+ g(w—1)* =1
for w € [0,1]. Take ¢ € C*(R) such that

o) = {O’ ol

, w>1.
and 0 < ¢(w) < 1 for every w € R.
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3 Variable bandwidth via Wilson bases

Define

As ¢ € C*°(R), it implies that g € C*°(R). Moreover, supp(g) C [—1,1] and ¢ satisfies (ii)
of Theorem [3.4 and g generates a orthonormal Wilson basis. O

3.7 Comparison and conclusions

(i)

(ii)

62

The two Theorems and present distinct sufficient conditions for sampling
involving the maximal gap between consecutive points of the sampling set A. In the
previous chapter, when we studied the space of variable bandwidth constructed with
a Gabor Riesz sequence, these two conditions illuminate different aspects of sampling.

Theorems and do the same for PW?(g,R).

Given our model space PWZ(g,R) and the local bandwidth on [k/2,k/2+ 1/2) being
approximately b(k) (or potentially b(k + ) for |I| < m when considering the influence
of neighboring intervals), we expected that the maximum gap 0x/» on [k/2,k/2+1/2)
would be correlated with b(k). All formulations in the theorems of this section
validate our initial intuition that the parameter b(k) measures the local bandwidth of
f € PW{(g,R). However, we have also come to understand that accounting for the
influence of neighboring intervals is crucial. In Theorem , the constant pi/o
emerges as a precise measure for the local bandwidth and represents the maximal
bandwidth that has an influence on the reconstruction in the interval [k/2, k/241/2).
For an illustrative example, we refer to the discussion of Chapter 5] The sufficient

condition (3.4.3)) of Theorem [3.10]

5o T
sy < 3
can be compared to the inequality (2.2.2)) in Theorem
VA Br

sup ppl < )
kez H D

These two inequalities are very similar except for the presence in the condition for
Vi2(g,R) of the lower bound A’ of the Riesz sequence and the parameter 3. Allowing
a=1/2, =1, A = 1, and supp(g) = [0,2m], we would have two equivalent
conditions. On the other hand, the density theorem tells us that 1/2 = af <1
implies that the system {M;T, n/gg}mlez can not be a Riesz sequence for LQ(R).

A space of variable bandwidth constructed via a Wilson Riesz basis allows us to give
up the orthogonality condition that an orthonormal basis requires. Therefore, it gives



(iii)

(iv)

3.7 Comparison and conclusions

more flexibility in the choice of the window function ¢, which can be taken to be
similar to the one of Theorem Results where the window function g is specifically
chosen, allow to underline the role of the neighboring windows in the reconstruction.
Indeed, the bandwidths of the two central windows yield a more substantial impact
on the sampling rate, as reflected by the presence of the constant 4 in . In
contrast, the windows at the boundaries offer a milder influence in determining the
sampling rate. Consequently, despite incurring a cost in terms of the lower Riesz
constant A’, the condition presents another point of view in understanding
the variable bandwidth spaces and provides valuable information regarding the role
played by the overlap of different translations of the window function g.

We can make a direct comparison between condition (2.1.2)) of Theorem

6 /1|12
up {L?z<521 Fast 07 (0 + 1212))

and inequality (3.5.1]) of Theorem m

/112
up {%(5?51 + 408, +40F +03,) (B3R + ”97T|2|°°)} <1
By taking g = 1, the two conditions look pretty similar; what changes is the choice
of the partition. The structure of a Wilson basis, i.e., the translation parameter
n/2 of the window function g imposes a natural partition of R in intervals of length
1/2. To the contrary, the translation parameter & = 1 in Theorem suggests a
partition in intervals of length 1. Therefore, we obtain that 3 densities play a role in
the reconstruction for V;*(¢g, R) and 4 densities for the reconstruction in the Wilson
Riesz basis scenario.

Except for very special cases, as in [8, 38|, [71], the adaptive weights method does not
produce optimal results and fails to come close to the necessary sampling density. To
stick to the essentials, we have therefore not aimed to optimize (and complicate) the
proof at all steps. The estimates can be slightly sharpened in several places, but this
does not seem relevant in the numerical simulations.

As elaborated in (ii) of Section , it is important to note that the proof does not
require the separation of points. In practice, any local fluctuations in density can be
effectively handled using the adaptive weights method. Nonetheless, if the points are
indeed separated, it results in a lower bound for the weights.
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4 Variable bandwidth via local Fourier
bases

In this chapter, we study whether there exists a sufficient condition for sampling in the
space of variable bandwidth generated by a local Fourier basis.

In signal processing, there is often a need to analyze the local properties of a signal f,
particularly within a bounded interval. For an interval I there are orthonormal bases for
L3(I) formed by trigonometric functions:

(i) sin (”—fﬁx)xl(x), 1=0,1,2,...;

(ii) sin (Zﬁx)xl(x), 1=1,2,3,...;

(iii) cos (%iﬁl')X[(l')7 [1=0,1,2,...;

(iv) cos (lﬁ:v)X;(x), [=0,1,2,....

Given a partition {o, }nez of R, and the fact that L*(R) = @, L*[on, ant1], these bases
can be combined to form orthonormal bases for L?(R). Despite being well-localized in the
time domain, the characteristic functions introduce abrupt transitions, which prevents good
frequency localization for these bases.

The concept of local Fourier bases involves replacing the characteristic function with a
smooth function, often referred to as a bell function, while still preserving the orthogonality
of the basis elements. A family of functions of the form

2 20+1 7
Onai(x) = \/Egn(x) cos ( 5 Z(w - ozn)>, forne€Z, | e NU{0},

where the cosine can be replaced by the trigonometric functions in (i), (ii), and (iv) are
called local Fourier bases. {a,}nez is a partition of R, ¢, = ay, 11 — ay, and g, is a smooth
and compactly supported function which replaces the characteristic function.

The bell functions g, are supported in the interval [a,, — €, @41 + €py1], Where g, > 0
for every n € Z. Note that each basis element admits a frequency within a band near %}T.
By letting b : Z — [0, 00) being a bounded and positive sequence, we define the space of

variable bandwidth constructed with a local Fourier basis as

[2b(n)tn—31

LF(R) = {f R :f=Y Y cudns c€P(Zx N)}.

ne’ =0
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4 Variable bandwidth via local Fourier bases

By the construction of a local Fourier basis, g, are compactly supported, then b(n) is a
measure of the local frequency on the interval [o,, ay,41] of the partition.

The chapter is dedicated to the study of sufficient conditions for sampling for LFZ(R).

Looking at the structure of the local Fourier bases we can already anticipate that the
sufficient conditions are a bit different from those in the previous chapters. In fact, unlike
the case of variable bandwidth spaces constructed with Gabor Riesz sequences (Chapter
and Wilson bases (Chapter [3)), where there was only one translated window function g
spanning the space, in the case of LFZ(RR), there exists a collection of bell functions {g, }nez
with varying supports and decay rates at the boundaries, allowing for greater adaptability.
Therefore, the properties of g,, coming from the use of the adaptive weight method, can
not be treated as a constant anymore but their influence in the reconstruction may vary for
different intervals.

Following [10], we start Section with the construction by Auscher, Weiss, and Wick-
erhauser of the local Fourier bases and we show that, under special assumptions, Wilson
bases are a particular case of local Fourier bases. Section 4.2 introduces the main object of
the chapter: the space of variable bandwidth constructed via a local Fourier basis LFZ(R)
and the proof that LF?(R) is a reproducing kernel Hilbert space. Sections and
are dedicated to the proofs of the first and second versions of the sufficient condition for
sampling theorem, respectively. In Section we present an analysis and comparison of
the results of the chapter.

4.1 Construction of local Fourier bases

In this section, we briefly present the construction of the so-called local Fourier bases
or Malvar bases. These bases were first introduced by Malvar [59] and emerged in the
context of subband coding theory: he wanted to eliminate the aliasing effect of subband
coding when two blocks overlap in the block-by-block discrete cosine transform. His solution
consists of a modulated lapped transform which cancels the aliasing effects and allows a
perfect reconstruction. These bases were independently constructed in a generalized form
by Coifman and Meyer [25]. The work [10] by Auscher, Weiss and Wickerhauser shows that
these two apparently different constructions are actually particular cases of a family called
local Fourier bases.

The idea of Auscher and his collaborators is to find projections over intervals that have
an arbitrarily smooth cut-off to avoid the undesirable effects produced by multiplication
by the characteristic function in the trigonometric orthonormal bases (i),(ii),(iii), and (iv).
In this section we present the construction of the Malvar basis by Auscher, Weiss and
Wickerhauser in [10] and by Auscher in [9].

Let us start by introducing the bell function g,.

Definition 4.1. Let [, = [a,, a11], with —o0 < a;, < a1 < +00 such that a,, + &, <
Qpy1 — Epg1 With e,,6,01 > 0. Let 6., () be an odd and increasing function such that
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4.1 Construction of local Fourier bases

0., (z) > m/4 for x > ¢, for all n € Z. Define

™

Se, (x) == sin (95n (x) + %) and ¢, (x) = cos (95n (x) + Z)

A bell function over I,, is defined by
gn(x) = 5., (x —an)ce,,, (x — apyr), forall z e R
We have the following basic properties of g,.
Proposition 4.2 (Properties of g,,). The function g, introduced in Definition satisfies
(i) supp(gn) € [an — €n, Qni1 + Ent]-
(i7) gn(x) =1 when z € [a, + €p, Ayt — Ens)-
(iii) gn(x) + gn(200 — ) + g7 (2041 — ) = 1 on supp(gn)-
Properties on the interval [o,, — €,, ay + €4]:
(1) gn(x) = s, (x — ay);
(v) gn(20m — x) = s, (an — ) = o, (T — an);
(vi) g2(x) + g2 (20, —x) = 82 (x —a) + 2 (. — ) = 1.
(vii) supp(gn(x)gn (20, — ) C [y — €n, @ + &4
Properties on the interval [ty1 — €pg1, Ons1 + Ent1):
(viii) g () = Ceppr (T — Qi)
(iz) gn(2011 — ) = Can+1(an+1 —x) = San+1(-f17 — Qnq1);
(z) gn(x) + gn(20m41 — x) = 1.
(i) supp(gn(€)gn(20m11 — ) C [Ani1 = Ens1, Onir + Enp]-

We consider the Definition [4.1] of the bell function and the properties in Proposition [4.2]
then the operators P, defined by

(Pof)(z) = 2 (2) f(2) %+ gn(2)gn (200, — 2) f (200, — ) £ 90 (2) g0 (200011 — ) f (200011 — T)

are orthogonal projections and they represent a smooth version of the operator of pointwise
multiplication by the characteristic function of I,,.

We have four choices for the sign associated with the endpoints «,, and «,, 1. The choice
of 4+ associated with «,, is referred to as the polarity of P, at «,,, and the choice of +
associated with a,,, is the polarity of P, at o,;;. Polarities are very important when
studying the properties of P,_; and P, for two adjacent intervals I,,_; and I,,. Given two
adjacent intervals I,, 1 = [a,_1,a,] and I,, = [a,, ay11] and €,_1, €, €41 > 0 We require
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4 Variable bandwidth via local Fourier bases

Qp —Enp Qp + €n Ont+1 — En+l Q41 + En+1

Figure 4.1: The bell function g, with supp(gn) C [n — €ny @nt1 + Entil-

(a) Qp-1+En-1 S Qp —&p < Qp + & S Qpy1 — En4l and7

(b) gn-1(x) = sc,_, (@ — an-1)ee, (@ — an),  gn(@) = 52, (2 — ) e,y (T — ).

Two intervals satisfying (a) and (b) are said to have compatible bell functions g, _1
and g,,.

If P,_1 and P, have opposite polarities at «,, and the intervals I,,_; and I,, have compatible
bell functions, then P,_; and P, are orthogonal to each other and P, 1 + P, = P;,_,u1,,-
Orthogonal projections with these properties provide a way to decompose L?*(R) as a direct
sum of orthogonal subspaces.

Theorem 4.3. Let {ay,}nez C R be a strictly increasing sequence such that im,, 4o oy, =
+oo. Let {en}nez C R be such that e, > 0 for every n € Z. Let I,y = a1, ] and
I, = [, apyq] be two adjacent intervals with compatible bell functions and P,y and P,
have opposite polarity at o, for everyn € Z. Then

o0

L*(R) = P P.(L*(R)).

n=—oo

Thanks to Theorem [£.3, we can state the following theorem which provides the existence
of the so-called local Fourier bases for L*(R).

Theorem 4.4 (Local Fourier bases). Let {a,}nez C R be a strictly increasing sequence
such that lim,,_, 4+ o, = £00 and define £, = ay1 — v, for allm € Z. Let {€,}nez C R be
such that e, > 0 for everyn € Z. Let I,_1 = [a_1, | and I, = [, apy1] be two adjacent
intervals with compatible bell functions for every n € Z. If we choose the polarities (—, +)
for each smooth projection P, we obtain that the system

(i) { %gn(x) sin (21%1%(93 —ap)), n€Z, leNU {0}} is an orthonormal basis for
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4.1 Construction of local Fourier bases

Moreover, if f € L*(R), then the series

> i \/%cn,lgn(x) sin (QZT“%(;U - an))

neZ =0

converges to f(x) almost everywhere.

If we choose the polarities (—, —), (+,—) and (+,4) at (a,, @ni1), the same result is
true if we use, respectively, the systems

(i1) {\/%gn(a:)sin (l&(m—an)), n € Z, ZGN};
(i1i) {\/%gn(x) cos (%—;lﬁ(x— an)), nez,le NU{O}};
(iv) {\/ggn(x),\/%gn(x)cos (l&(x—an)), n € Z, ZGN}.

We can categorize local Fourier bases into two types: the first type occurs when all
intervals have different polarity at their endpoints, either (—,+) for all or (+, —) for all,
i.e., (i) and (iii).

The second type contains bases with the same polarity at the endpoints, necessitating an
alternating sequence of pairs of polarity, such as (—,—) and (4, +), i.e., (ii) and (iv).

Remark. It is important to emphasize that the local Fourier basis of the type (ii) and (iv)
can be viewed as a refinement of those in (i) and (iii). Specifically, by splitting a general
interval I with polarity (—,+) at the endpoints into two parts, we obtain polarity (—, —)
for the left part and polarity (+,+) for the right part. Similarly, if we start with an interval
having polarity (—,+), we can achieve the same result. This implies that local Fourier
bases of the type (i) and (iii) are, in a sense, generic for this entire collection of bases.

In the next subsection, we present a result by Auscher [9] which relates local Fourier bases
and Wilson bases.

4.1.1 Wilson bases as a special case of local Fourier bases

Auscher shows that in the special case of a uniform partition and by considering a suitable
polarity, Wilson bases are a particular case of local Fourier bases of the second type [9].
Consider a partition of R in intervals of the type I, = [2 — 1,2+ ] forn € Z. If n
is even, we assign the polarity of I, to be (+,+), and if n is odd, we set I,, to have the
polarity (—, —). We get a uniform covering of R with compatible adjacent intervals. Let

gn(z) = \/Lig (z — %) be the bell over I,,, defined as the n/2 translation of a fixed window
function g € L*(R).

69



4 Variable bandwidth via local Fourier bases

Assume n is even and n = 2n/. By taking the local Fourier basis (iv) in Theorem [4.4] we
get

L G )

— Vag(a - nycos (2n(i + 1))

— 1)/ cos(2nlx), if [ is even
= Vag(e )1 ’ ’ 411
o(z —m) (—1)/2A+ sin(2rlx), if 1 is odd, ( )

where [[/2] is the integer part of /2.
Let n = 2n’ 4+ 1 and consider the basis (ii) in Theorem Then

o p1(z) = \/§g<:c _ 1) sin (27rl(:c — <— i + 20’ + 1)))

2 2
2n' 4+ 1 1
:\/§g<x— n2+ >sin (27rl(x—zl)>
2n' + 1\ | (=D¥&sin(2xlz), if I is even
" ( _ ) ’ ’ 4.1.2
. 2 (—1)W/2A+1 cos(2nlz), if 1 is odd. (4.12)

Therefore, the basis W,,; generated by equations (#.1.1]) and (#.1.2) is equivalent to t,,; in
(13.0.2), up to unimodular multiplicative constants.

4.2 Space of variable bandwidth constructed with local
Fourier bases

The local Fourier bases of Theorem are the time-frequency analysis tools to construct
the last variation of spaces of variable bandwidth.
We consider the local Fourier basis (iii) of Theorem

2 20+ 1
Oni(z) = ”E_ n(x) cos ( ;_ ;(x — ozn)>, forn € Z and I € NU{0}. (4.2.1)
We recall that g, (z) = s, (x — oo, (@ — auy1) With supp(g,) C [0 — €, (g1 + Enta)
and ¢, = a1 — a,. Using the translation and modulation operators (1.2.1)), we can rewrite

the elements of the basis (4.2.1]) as

1 /2
Ont = 3\ 7, o [Magit + Mg | T-orn
On every interval [, ap41], the local frequency of ¢, is approximately % 2l+1 Letb:7Z —
[0,00) be a bounded and positive sequence that represents the local frequency truncation,
then the index I = 0,.. ., [2b(n)(, — 1] for every n € Z.
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4.2 Space of variable bandwidth constructed with local Fourier bases

We define a different variation of the space of variable bandwidth by using the local Fourier

basis (4.2.1]).

Definition 4.5. Let b : Z — [0, 00) be a bounded positive sequence such that b(n) < B < 0o
for every n € Z and let {¢n;}nezienuioy be the local Fourier basis (4.2.1). We define the
space of variable bandwidth generated by a local Fourier basis as

[26(n)tn—3 ]

LF(R) = {f EL’®):f=Y Z Cn i, € € 2(Z X N)}. (4.2.2)

ne”

Since the bell functions g, have compact support with supp(g,) C (o, — €n, Qni1 + Ensil,
the sequence b represents the local bandwidth of f within each interval [a,, a,11]-

As for the other spaces of variable bandwidth V?(g, R) and PW{(g,R), the space LFZ(R)
defined by is a reproducing kernel Hilbert space.

Lemma 4.6. Let LFZ(R) be the space of variable bandwidth defined in generated
by the local Fourier basis (4.2.1)). Then LFZ(R) is a reproducing kernel Hilbert space with
reproducing kernel

R

nel

Proof. For all n € Z, we set

a(n) = [2b(n)t, — 1.

To apply Lemma [1.15, we show that }° ng])!qﬁm(x)F < oo for every z € R.
Fix © € [ag,axs1]. Since g, is compactly supported for every n € Z, we have that
supp(gn) N [, 1] # 0 only for n = {k — 1,k, k + 1}. Hence,

a(n) a(k—1) a(k+1)
Zzww( Z |fr-14( | +Z’¢kl ‘ + Z |Prs1,(2)
neZ 1=0
1 a(k—1) ) 1 a(k) ) 1 a(k+1) )
< Q{K lz:; ‘gk—1($)‘ +E;}gk($)‘ +E lz:; }gk_f_l(x)} }

k+1

a(n) +1 2
<2 _ n .
- ne{krjllé,lli,{kJrl} 4, n;l‘g (x)‘

By property (iii) of Propositionwe have that }° _, }gn(x)|2 = 1l and since b(n) < B < o©
for every n € Z, we obtain

a(n ) [2B(, — 1] +1
Z Z‘an’l(x)‘ = 2n€{1£ll?l§k+1} lp : '

neZ 1=0
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4 Variable bandwidth via local Fourier bases

Applying Lemma with {e,}nez = {@ni}tnezimo, . am) We have that LFZ(R) is a repro-
ducing kernel Hilbert space and since {¢n }nezi—0....a(n) is an orthonormal basis for LFZ(R),
the reproducing kernel is given by

-----

k(ﬂ?, y) = Z Z ¢n,l(y)¢n,l( )
nez =0

]

Similarly to how we addressed the Gabor Riesz sequence case in Chapter [2| and the Wilson
basis case in Chapter [3] in the following sections we present two sufficient conditions for
sampling for the space LF?(R). The proofs of these theorems follow the adaptive weights
method.

4.3 Sufficient conditions for sampling - first version

In the first version of the sufficient conditions for sampling theorem, we prove a result in
the same style as Theorem and Theorem [3.11] The theorem explicitly expresses the
dependence of the sufficient condition on the neighboring window functions and assigns a
specific weight to each of them.

The more convenient partition for R for the space LFZ(R) is again inherited from the
chosen time-frequency atom, i.e., the local Fourier basis itself. The partition in intervals
[k, 1) given from Theorem ensures that the expansion of a function at each sample
f(zk ) in the space LFZ(R) involves only three bell functions: gx_1, gk, and gx+1. We show
that as it was for the spaces V;?(g,R) and PW2(g,R), the bandwidth of the central window
has a stronger impact on the sampling rate and those at the boundaries exercise a more
modest influence.

As for the previous results, we conveniently label the set of points A.

A= {a:k,j ER:ap; € fag, ap1), kE€EZand j=1,... ,jmax(k)}7 (4.3.1)
where the sampling points in A are ordered by magnitude.

Op = max  (Tpjs1 — Tuyg),
]:17---7]max(k)71
is the maximum gap between the samples and jyaxk) depends on the specific interval. We
define y;, ; = %(xw + @i jq1) for j = 1,..., jmax@k) — 1 to be the midpoints between the
samples and yyo = a and Yr o0 = k1. Weset Xy = Xy, oy and X = Xjag ap.1)-
First, we prove a modification of Bernstein’s inequality of Theorem for a trigonometric
polynomial of the type

a(n)
1 2
Pu= D enagony[ g [Ma + Mo
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4.3 Sufficient conditions for sampling - first version

of degree a(n) and period 44,,.
Corollary 4.7 (Modification of Bernstein’s inequality). Let I C R be an interval and

a(n)
/2
P, = chl an |:M%4ZZ;L1 + M 241{-;1]

be a trigonometric polynomial of degree a(n) and period 4¢,,. Then for every n € Z, we have

2a(n) +1
| P/ X1lla <7 “2}%”13””2, (4.3.2)
where [x] = min{n € Z : n > x}.
Proof. By the same computation as in Lemma with g = i, we have

1Pl < /| L 12

Note that the derivative of the basis (iii) of Theorem H is the basis (i) multiplied by Ztlr,
therefore

an)

I1P,1I5 = / Z nl2l22_1 \/gzsm <2l;1€1(m—an))‘2dx

WQ(%) 17,15

IN

O
We are ready to prove the first version of the sufficient condition for sampling theorem for
LFZ(R).

Theorem 4.8 (Sufficient conditions for sampling for local Fourier basis - first version). Let
gn € CY(R) for everyn € Z and let LFf(R) be the space of variable bandwidth defined in

([.2.2) generated by the local Fourier basis . Let A be as in (4.3.1)) with xy 1 —ay, < 0x/2

and Qg1 = Trj < 0r/2, and X = X, akﬂ) If
2[20(k)l, — 11 4+ 152 2
sup {12€k (6h_1 + 207 + 0p1) (( 2] ) +2 M)} <1, (4.3.3)
kEZ 2€k T

then A is a sampling set for LEZ(R) and satisfies a weighted sampling inequality

jmax(k)

AIFIB <D Y 1 f(aw)Pwry < BIIFI3 for all f € LEZ(R),

kezZ j=1

where wy,; > 0 is a suitable sequence of weights. As a consequence, every f € LFZ(R) can
be reconstructed completely from the samples in A.
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4 Variable bandwidth via local Fourier bases

Proof. Let f € LFZ(R). As done in the previous sampling theorems, we apply the adaptive
weights method. Therefore, we construct an approximation operator Af of f which
contains the evaluation of the function at the sampling points f(x ;) and we show that
If — Afll2 < || f]l2 with v < 1. We apply Lemma [1.17] with K = LF2(R), A as in (£.3.1)),
and we consider the approximation operator

jmax(k)

Af = P(Z > f(l"k,j)xk,j>~ (4.3.4)

kez j=1

52
I - Ang< % [ i

kEZ

Then

Let a(n) = [2b(n){, — 1/2], then

/ 20+ 1 [92
P, chl nCOS( TR ’/T > chl an [Mziz;} + M izz;ll

is a trigonometric polynomial of degree a(n) and periond 4¢,, for every n € Z. Therefore,

a(n
1Pall3 = 460> lenal. (4.3.5)
1=0
and we can write every function f € LF?(R) as

= Pul@)gu(e)

nez

Step 1. Estimate of local smoothness fg:+1|f’(w)|2dw.
Fix o € [ag, ag1) and let X = X{ag,ars)- By construction of the local Fourier basis in
Section [4.1] only the bell functions gx_1, gx and gx41 play a role in the expansion of f on
[k, ar1). Therefore,

= > P@)gn(@) = Y Pul@)gal). (4.3.6)

We recall that |y, p fil* < #F >l fi]?, therefore

k+1

[ rdx—/ak“ | 3 Pee) + Pl “da
<6 % /ak 1(}P;L(x)gn(cc)F—l—|Pn(a:)g;(x)‘2>dx. (4.3.7)

By the properties of g in Proposition we have that
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4.3 Sufficient conditions for sampling - first version

(a) supp(gr-1) C [ag—1 — k-1, O + €1,
(b) supp(gk) C [ag — €k, Qpr1 + Ex41),

(C) Supp(9k+1) C [Oék+1 — €41, Qg2 + 5k+2]7

with ap_; + 1 < Ozk—gk <Oék+€k < Qg1 — Ektl-
We expand the sum in and we get

Q1 , ) ap+eg 9 aptek 9
/ |f<x>|dx§6[/ Pla@o@lde+ [ [ Pse)gi (o) de

k A k

+ / L) () + / | P@)gh o)

Q41 9 Ut )
+/ ‘Pk-f—l T) Gt (T )| dx—i—/ |Pk+1 ng )‘ da:]

k+1—€k+1 k+1—€k+1

We bound each term of the inequality.

et
/ |f/($)|2d$ < 6[||gk—1x[ak7ak+€k]||go||PI;—1X[ak7ak+€k}H%

k
+ Hgl/cflx[ak:ak-l-ék]HgoHPkflx[Oék,ak-i-é‘k] Hg
+ g Xkl 2 PXEN + 193Xk 12l PeXel5

+ ||gl€+1X[0¢k+1_5k+1»O¢k+1] ”zo||PI;+1X[0£1¢+1—51€+17041<+1] Hg
+ ||g;c+1X[Oék+1—€k+1,Oék+1] ||go||Pk+1X[0lk+1_5k+1704k+1] Hg

By construction of the bell functions, we have

lgrXelloo = sup |gr(x)] =1,
z€[ak,op41]
V2
901 Ximsanlloe = b Jgica(@)] = 5

€[, ap+eg]

Hgk’-i-lx[akJrl*EkJrl’akJrl]HOO = Sup ’gk—i_l(x)’ -
TE[Qg11—Ek+1,0%+1]

[

Recall that the trigonometric polynomials P, have period 4/, for every n € Z. By
construction of the local Fourier bases ¢, < {1 and g, < {; for every k € Z, then

[ T W =1 and F’““ W = 1. We apply the modification of Bernstein’s inequality (4.3.2)) to
each term, then

A 1 ,/2a(k —1) +1\2
| I @pds < 5w (U IRl + gl P

k

2a(k) + 1\2
e (2D e g A

20,
1 2a(k + 1) + 1\2
2 2<Tﬂ) 1Pt l3 + Nl gk Xl 21 P 12
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4 Variable bandwidth via local Fourier bases

Step 2. Final estimate for ||f — Af]|2.
Consider the sum over all k£ € Z, then

6 1 ,/2a(k—1)+1y2
. 2 2 2 2|+, 2 / 2
£ Af||2_ﬁ2%5k{upm|12[2w () + okl

1Rl (L) gt

1 5/2a(k+1)+1\2
+ || Pesall |:§7T2(T+1) + Hgllc—i-lkago]}

6 1 2a(k — 1) + 1\2
<2 52{_ P 2[ 2< ) ol 2]
< o P B[ (g ) 2l

2a(k) + 1\ 2
IR [ (5 ) + 2Nkl

2a(k+1)+1

1 2
gl Pl (T =)+ 2l

By rewriting, we get

2a(k) 4+ 1\2 Xk ll%
I = AfI3 <33 (7 + 207 + 82 [ () ol g
keZ

We recall that [|By[|2 = 46, 0% |2 and we define

2 . 2 2 2 2a(k) + 1\?2 Hg;Xngo
T iﬁg{m’“(‘s’“—l+25k+5k+1)[< 20, ) o)

Therefore, by inequality (4.3.3]), v < 1 and

a(k)
If = Afl3 <+ ZZ leral® = VI £113-

keZ 1=0

Hence, the operator A is invertible on LFZ(R) and f is completely determined by f(zy ;).
The weighted sampling inequality follows from Lemma with A = (1 — )? and
B=(1+7v)% O

4.4 Sufficient conditions for sampling - second version
As done in the previous two chapters, we study a different sufficient condition for sampling
for LE?(R). Once again, we show that we can construct a quantitative solution that depends

on the maximal bandwidth over only one interval [ag, agi1) of the partition. However,
compared to the spaces V?(g,R) and PW2(g,R), for the space LFZ(R) the number of
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4.4 Sufficient conditions for sampling - second version

bandwidth among which we have to take the maximum is always 3. In fact, by the
construction of a local Fourier basis there are only three bell functions that play a role in
the reconstruction of f(zy ;) in each interval of the partition.

Theorem 4.9 (Sufficient conditions for sampling for local Fourier basis - second version).
Let g, € CY(R) for every n € Z and let LFZ(R) be the space of variable bandwidth defined in
(4.2.2)) generated by the local Fourier basis . Let A be as in (4.3.1) with xj,1—oy, < 0y/2
and Qg1 = Thj < 0r/2, and Xj = X| Define

R, Qg 1)

_ L 2, -
Ck o ne{krfnlé}li,{mrl} [m—‘ <7T 2&1 + ||ank||oo>~ (4.4.1)

if )
sup 6/l < =, (4.4.2)

kEZ 6

then A is a sampling set for LEZ(R) and satisfies a weighted sampling inequality

jmax(k)

AIFIB <D Y 1 f(aw)Pwry < BIIFI3 forall f € LEZ(R),

nezZ j=1

where wy,; > 0 is a suitable sequence of weights. As a consequence, every f € LFZ(R) can
be reconstructed completely from the samples in A.

Proof. Let f € LF?(R). We use the adaptive weights method and we show that || f —Af]|s <
7|1 fll2 with v < 1. By applying Lemma with K = LFZ(R), the sequence {ay ez as a
partition of R, A as in (4.3.1]), and the approximation operator (4.3.4]), we get

52 Qg1
IF-Afp<> % / I (0)|2d.

kEZ

Step 1. Estimate of local smoothness fg:+1|f’(m)|2dm.
Let « € [ag, ai4+1) and consider again the expansion of f in terms of the trigonometric
polynomial as in (4.3.6)):

fx) =) Pu(@)ga() = Y Pul@)ga(2).
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4 Variable bandwidth via local Fourier bases

Define F), = {k — 1,k, k + 1}, then
QAg+1 ,
[ @i
a

:/OZO”“'1 kifi P;L(gj)gn(x)+Pn(x)g;(x)’2dx
= X [ (Petne + Pei) (Pt R o)
-3 [ (ros@REmm

+2Re { P/(2)gi(2) Pa(@),(7) |
+ P{w)gi(2) Palw) g4 (@) ) do. (4.4.3)

To bound the first term, we apply the modification of Bernstein’s inequality of Corollary
to the polynomials P; and P, of degrees a(i) and a(n) and periods 4¢; and 4¢,,, respectively.
|I| = ¢ and we use the estimate [|g;7nXx|loo < |lgrX||% = 1. We obtain

/:M (H(I)g&x)W) A

k

< 119590 Xk Nl oo | By X |2 Py X |2
< gwXel 2| P Xk |21 P X |2

[ PSRy [ 1 5= 1

Summing over ¢ and n, we get

> [ (PP b

i,nEFy,

< Zﬂ/fg 2O Lp ) /[12] 20 ),
- Z\/ 4% 2a2£+1”P”)

For the middle terms of (4 we obtain in a similar way that

[077EN | -
2 / Re { P/(x)gi(x >Pn<x>g,z<x>}dx < 209Xk lloo | P Xk 12| a2

k

< 2[9i Xkl oo | 9r Xk [l oo || B Xl 2| P Xk |2

ék“Za( i)+

< 2oy [ 5] 220 [ 22| 1P
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4.4 Sufficient conditions for sampling - second version

Therefore,

> / " e { Pi(w)a) Pr@)ai@)

imeFy,
2( 0\ [ 2 ) (o eieley [ ] 1P )

nEFk nGFk

The bound for the last term of (4.4.3) is

Qn+1 —
DN I GO Ererie) e i rs M ERA N AT

i,neFy i,n€Fy,

< (Sl [ 7 1al)

neFy

Adding all terms, the local estimate for the derivative is
[ @l < (X P22 m ) = (S Il [ ] 120
Xk neFy " " neFy "
4o >y ]2 ) Tl £ i)
- (2 ]2 e + pOEANE el
= (Zmdey [, 1 [ % + Hg;XkHooDz-

nekFy

We take the sum over all k& € Z, then

52 ak+1
TRV E / 2)da

<Z > [1Palle L2l xle]) (A
keZ neFy, 20,

We define

o o]

ne{kr—nlé?li,(kﬂ} Llﬁn l,

and we rewrite (4.4.4) as

+ llgh Xl

If - AfI3 < 5 S0 ( SIPe)

kEZ TLEFk
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4 Variable bandwidth via local Fourier bases

Step 2. Final estimate for ||f — Af]|2.

We interpret ) p || Pull2 as a convolution. Let the sequence ¢ : Z — R be q(n) = || P, ||

and X[_1,1 be the characteristic function of the interval [—1,1]. Following the usual
computations, we have

(g% X)) (k) = Z q(n)X-1y(k —n) = Z q(n)Xp—1,5417(n)

nez neZ
=D al) =) P
TlGFk nEFk

By rewriting the error, we get

If — Af[2 < Zak 2(q* X1 (k).

keZ

We use Young'’s inequality and the fact that ||X[_1 || = 3, to obtain

If —Afl3 < sup (513@)”(]*)([ 11]”2

IN

1
p SUP (513@3) HXH,u H1||CJ||§

9
—SHP (G762 DI Pell3-

kEZ

| A

Applying equality (4.3.5]), we have

If — Af|2 < sup (5260) D IIPe13

keZ

Sup (5ka 24&;2}0“‘

keZ

36
< == 52 2€ 2.
=5 ?;;IZ)( G k)”f”z

We define the error constant v? := 23 sup,c;, (62¢20;). By condition (#.4.2)), we have that
v < 1, and by Lemma [1.18) A is a Samphng set for LF?(R) with constants A = (1 —~)?
and B (1+~)2 O

4.5 Comparison and conclusions
(i) In the same spirit as the previous chapters, in Sections and we showed two

sufficient conditions for sampling. Unlike the case of variable bandwidth spaces
constructed with a Gabor Riesz sequence (Chapter [2) and a Wilson basis (Chapter
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(ii)

4.5 Comparison and conclusions

, there is an important feature of local Fourier basis which makes Theorems
and different from those in the previous chapters. The functions in Vi?(g,R)
and PW{(g,R) are sums of only one translated and modulated window function g.
Therefore, ||¢'||» could be treated as a constant independent of the partition element.
In the case of LFZ(R), there exists a collection of bell functions {g, }nez with different
supports and decay rates at the boundaries that expand each function in LFZ(R).

For this reason, we could not treat || g, Xx||oo as a constant since it might vary for each
interval of the partition and we have to include it in the definition of ¢ (4.4.1)).

Additionally, the structure of the local Fourier basis is reflected in the presence of the
length of the partition £, = aj41 — i in the condition of Theorem

2[2b(k)lx — 5] + 1>2 L oMl

sup {12@ (62, + 202 + 62,,) (( 57 - )} <1, (45.1)

kEZ

and in the sufficient condition of Theorem [4.9

sup 5k<k\/€_k < Z (452)

keZ 6

As done for Theorem in the context of Gabor Riesz sequences and Theorem m
for the space constructed with a Wilson Riesz basis, the Theorem illustrates the
dependence of the sufficient condition on the properties of the bell function and
how neighboring bell windows impact the reconstruction in every interval. The chosen
partition, organized in intervals of the form [y, ax11), ensures that the expansion
of a function f(zy ;) in the space LEZ(R) involves three bell functions: gx_1, gk, and
k+1-

This implies that only 3 densities dx_1, d; and d;1, are contained in condition (4.5.1)).
As it was proved for V2(g,R) and PW{(g,R), the bandwidth of the central window
has a stronger impact on the sampling rate, indicated by the constant 2 in ,
whereas the windows at the boundaries exercise a more modest influence on the
density of the space.

Condition (4.5.1]) can be compared to condition (2.1.2)) of Theorem [2.3|for V;?(g, R)

6 /|12
sup {%E((szl 487+ 62,0) (P9 (k) + ”97T|2|°°)} <1

and (3.5.1)) of Theorem [3.11 for ﬁf//Vi(g, R)

/|2
sup {ﬁ(agl + 408, +40% + 03, ) (07K + 9l ”oo)} <1

E 1
kez, VA’ 2t3 2

The three results are very similar. In particular, when we compare (4.5.1) with the
sufficient condition ([2.1.2)) for V;*(g,R), we have that 8b(n) is the highest frequency
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4 Variable bandwidth via local Fourier bases

1
in [k, k+ 1), while W is the highest frequency in [ag, gy 1) for LEZ(R).

Moreover, both the inequalities present the dependence on the period of their respective
trigonometric polynomials, i.e., 1/ for (2.1.2)) and 44, (hidden in 12¢;) for LFZ(R).

(iii) Theorem isolates the reconstruction in every interval by presenting a sufficient
condition that solely depends on the d;. This result is comparable to Theorem
for Vi?(g, R) and Theorem [3.10] for PW}2(g,R). However, for the space LEFZ(R) the
number of bandwidth among which we have to take the maximum is always 3. In fact,
even if we can choose the support of every bell function, by the construction of local
Fourier bases there are only three bell functions that play a role in the reconstruction
of f(zx;) in each interval of the partition.

(iv) Another interesting aspect is that the other bases of Theorem can be used to
construct similar spaces of variable bandwidth with local Fourier bases. Sufficient
conditions for sampling theorems could be proved in an entirely similar way.

(v) As discussed in detail in (ii) of Section and (iv) in Section [3.7] it is crucial to
emphasize that the proof does not necessitate the separation of points.
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5 Numerical simulations

In this chapter, we present various sampling scenarios and the results of numerical recon-
structions. The main point is the numerical and visual illustration of our notion of variable
bandwidth. We hope to convince the reader that the spaces constructed using Wilson bases
PW?(g,R) are meaningful and useful notions to capture variable bandwidth.

In principle the proof of Theorem [3.10] provides a reconstruction procedure as follows:
from the samples {f(z 5 ;)} we form the approximation operator Af and then invert A to

obtain the reconstruction f = A~'(Af). Since this reconstruction requires the orthogonal
projection P onto PWZ(g,R) and the inversion of A, this method is not practical.

A second reconstruction method can be based on the sampling inequality (3.4.4). Since
PW2(g,R) is a reproducing kernel Hilbert space, can be read as the frame inequality
for the reproducing kernels associated to the sampling points. Then any off-the-shelf frame
algorithm [23] yields a reconstruction.

In both cases, one still has to deal with a numerical discretization from the infinite-
dimensional space PW?(g,R) (requiring infinitely many data) to some finite-dimensional
problem that uses only finite information as input. One of the advantages of our model of
variable bandwidth is that such a discretization is not necessary! Precisely, if the window
g generating the Wilson basis has compact support and if the samples are taken from
an interval I, then we may try to find a reconstruction or approximation in the finite-
dimensional space PW2(g,I). In this case, a reconstruction amounts to the solution of a
finite-dimensional linear system and can be treated with numerical linear algebra.

The chapter is organized as follows: Section presents the matrix formulation of the
reconstruction problem. In Section we define the variables of the space PW{(g,I) and
we reconstruct a compactly supported function that belongs to the given space. Section
provides a reconstruction for a function in PW{(g,R) and finally, in Section , we
explore the problem of reconstructing a chirp, which does not belong to our space of variable
bandwidth. The simulations in Sections [5.1] [5.2] [5.3] and are reported verbatim from
[7]. Section contains the reconstructions for a space of variable bandwidth constructed
via Gabor frames.

5.1 Matrix formulation of the reconstruction

Assume that ¢g has compact support in [—m, m|. Let I = [a, §] and recall that

PW(g,T) = span{¢,; : supp(¢,;) C I}
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5 Numerical simulations

is the local version of the variable bandwidth space PW{(g,R). According to the proof of
Theorem [3.7, PW2(g, I) is a finite-dimensional subspace of PW2(g,R) consisting of those
functions f € PW?(g,R) with supp(f) C I.

Let A={z;:j=1,...,L} be a sampling set contained in I.

To reconstruct a function f € PW{(g,I) from its samples f(z;), we need to solve the
linear system of equations

b(n)
Z CnUn () = Z Cn0WUn,0(x;)+ Z ch,l@%,z(%‘) = f(z;),

n,l€Z:supp (Y1) T n€la+m,f—m|NZ n/2€la+m,B—m]NZ I=1

j=1,..., L, for the coefficients ¢, ;.
This linear system can be written in matrix notation as

Uc=y,
where y is the input sequence {f(z;)}, and the matrix U has the entries

Uity = Yna(@;). (5.1.1)

In general the samples are not exact and may contain measurement errors or noise, so that
the input vector y is given by entries y; = f(z;) +€;. It may also happen that the sampled
function is not contained in PWZ(g, ). In both cases we seek a function fe PWg(g,I)
that approximates the data vector y optimally. In the absence of additional information,
such as sparsity, we use a least squares approach and seek } as the solution of

f= argminfepwg(g,l) Z ‘f(%) - Z/j‘Q

J

= argmin, Z ! Z Cni¥na(2;) — yj{2

J nl€Z:supp(vy,,)CI
= argmincnleUc—yH%. (5.1.2)
The solution to the matrix least squares problem uses the Moore-Penrose pseudo-inverse

matrix UT of U and is given by
c="Uly. (5.1.3)

The approximating function f € PW2(g,I) is then

f= > CntUns (5.1.4)

n,l€Z:supp(¢p,1) ST

and solves (5.1.2). If the data are exact, y; = f(z;) for f € PW{(g,I), then f = f and the
reconstruction is exact.
For a detailed exposition of the least squares approximation method, see [16, 37, [54].
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5.2 Numerical set-up

5.2 Numerical set-up

For the numerical simulations we adopt (5.1.3) and (5.1.4]) as our starting point. Next we
explain the numerics and the selection of parameters in the experiments.

5.2.1 Window function

For the numerical simulations we use the window function g(z) = v/2 cos(mz)X[_1/2,1 /2 (%)
from Example B]and Figure [5.1] Then ¢ generates an orthonormal Wilson basis. In this
case the constants of Theorem [3.10] are readily computed and are listed in Table [5.1]

15

. ] Window /2 cos(mz)X[_1/2.1/9(2)

m 0.5
19l V2
19" [l V2

Table 5.1: Constants of the window needed in Theo-

-1 05 0 05 1 rem @

Figure 5.1: Window v/2 cos(m2)X|_1/2,1/2)() used to
generate PW2(g,R).

5.2.2 Numerical error

In the numerical simulations we start with a known function f € PW{(g,I) and then
compute a reconstruction f from its samples. To assess the quality of the reconstruction,
we evaluate the discretized error on a uniform grid {yn : n € Z} on the interval of
reconstruction 1. We use the relative errors in the />-norm and in the /*°-norm defined by

-~ ) 1/2
pihe) { Zner [F0m) - fam) |2} |

(S elfmp)”
) . matmer |F(9m) — f(am)
et [FC7m)

where the step-size 7 is chosen to be of the order O(107).

E(f, 00

5.2.3 Least squares approximation

The numerical approximation is carried out with MATLAB, and the solution to (5.1.2))
is obtained with the MATLAB function pinv. Since our aim is to validate the notion of
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5 Numerical simulations

variable bandwidth with Wilson basis, we have not tried to optimize the numerical part.
To set up the sampling matrix (5.1.1)) we choose a suitable enumeration of the indices (n,[)
satisfying supp(¢,,,;) C I, namely,

i(n,l) = Z b(r) + #{r <n:supp(¢,o) C I} +1.
supp(Dra)C1

The entries of (5.1.1]) are identified by
Uj gy = Us-

As always, the generation of U is the most expensive part of the computation.

5.2.4 Test signal

We sample a signal on the interval I = [0, 6], and we choose a suitable test signal f; €
PWg(g,I) by generating its coefficients. To begin, we generate a bandwidth sequence
b:7 — N, where

b(n) ~ U[207500} for {TL ez Supp(iﬁn’l) - ]},

with & denoting the uniform distribution of integers in the range [20,500]. The resulting
bandwidth sequence is b = (102, 35,499, 444, 341,111,197, 241,492, 95, 431), illustrated by
the center of the yellow bands in Figure[5.2b, For clarity, we assume that only the maximum
frequency on each interval [k/2,k/2 + 1/2] is active, so that the test signal is of the form [[]

11

fl = Z Cn,b(n)wn,b(n) € PWbQ(ga I) .

n=1
We randomize the coefficients by setting for {n € Z : supp(¢,;) C I'}

Cn,b(n) ~ Ul—200,200] * 1072 and all the other coefficients are set to be zero. (5.2.1)

By (3.3.1)), the dimension of PW{(g, I) is given by
dim(PW (g, 1)) = dim(span{yy; : supp(ehns) C I})
11
=#([05,55]NZ)+ Y b(n) =5+ b(n)=2993.
n/2€[0.5,5.5] n=1

Figure represents the generated signal f; € PW2(g, I) that needs to be reconstructed.
The local frequency spectrum is visualized by means of the spectrogram of f;.

!Note that this is a sparse signal that could be reconstructed with compressed sensing methods. Our choice
f1 is motivated by the need to obtain a reasonable and interpretable plot (Figure [5.2a)). General signals in
PVVb2 (g9, 1) are not sparse, and the least square solution is the only option.
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5 : : 0
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(a) Function f; € PWb2(g, I). (b) Spectrogram of fi.

Figure 5.2: Test signal f; € PW2(g,I) generated by the bandwidth sequence
b = (102, 35,499,444, 341,111,197,241,492,95,431), and coeflicients sequence of the form
(5.2.1).

5.2.5 Sampling set

For every signal we use two types of sampling sets. One set is chosen to satisfy the sufficient
conditions of Theorem [3.10] the other type is not covered by the theory.

Since in our example the signal space PW{(g, I) is assumed to be known, we can determine
the local maximal gaps d;/2 on I in advance by means of . We define

kE k+1
M::{kEZ:Iﬂ [—,L) 75(2)}
27 2
to be the set of indices k € Z, for which we have to compute dy/o. With M = {0,...,11},
we choose the sampling set

Ay = {xm,j - g FOupj kEM, j=0,..., béth } (5.2.2)

The sampling points are equispaced according to the local bandwidth within the interval
%, % + %] for every k € M, and by construction A; satisfies the conditions of Theorem m
We then evaluate the Wilson basis elements on A; and assemble them in the matrix U
according to , and then solve and by means of the MATLAB function
pinv.

The reconstruction fl is accurate up to machine precision. Table reports the relative
errors in the ¢?-norm and ¢*°-norm. The pointwise difference between the original function
f1 and its reconstruction ]~”1 is plotted in Figure
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5 x10™

Relative errors

E(f,2) 3.776 x 1071
E(f,00) 6.016 x 10715

Amplitude

B . ‘ . ‘ ‘ Table 5.2: Relative errors in #2-norm and ¢*°-norm.

Time(s)

Figure 5.3: Difference between the original signal f;
and the reconstruction f,. Maximal gap

condition is satisfied.
However, the conditions of Theorem [3.10] are much too pessimistic. According to Theo-
rem we need at least dim( PW{(g, I)) = 2993 samples, whereas #A; = 12121. Conse-
quently, the redundancy, or oversampling factor, is given by

__ #M
- dim(PW(g, 1))

It is therefore not surprising that with such a high oversampling the reconstruction works
perfectly.

For the sake of completeness, we conducted the same experiment with a function f, that
shares the same bandwidth sequence as before but has a full set of non-zero coefficients as
follows:

Cna ~ Up—200.200 - 1072, for {n, : supp(¢n,) C I} .

Consequently, the test signal can be expressed as

5 11 b(n)
f2o= Coothno+ DY castbns € PWi (g, 1),
n=1 n=1 [=1

We use the same sampling set A; as before, so that the redundancy is again ¢ = ¢; = 4.05.
Then the sufficient condition of Theorem provides again a good reconstruction, with
relative errors in the £2norm and ¢*-norm of the order O(107'%). The pointwise difference
between the function f, and its reconstruction fQ is plotted in Figure . Table reports
the relative errors in the /?-norm and ¢*°-norm.
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5.3 Local reconstruction of a function of PW{(g,R)

8 x10™3

Relative errors

E(f,2) 5.218 x 101
E(f,00) 4.956 x 10715

Amplitude

& - ‘ - ‘ ‘ Table 5.3: Relative errors in #2-norm and ¢*°-norm.
Time(s)

Figure 5.4: Difference between the original signal f,
and the reconstruction f,. Maximal gap

condition is satisfied.
In the following experiment, we test sampling sets that are not covered by the theoretical
conditions. Recall that s /0 = max,ek—2m kt2m+1)nz (b(n)+1) is the active local bandwidth.
We now choose a sampling set of the form

ko1
I? .= {33 = — 4 =
1 k/2,j 92 20/%/2

j: keM,jzo,...,Lpgk/zj}. (5.2.3)

with a parameter p > 0. If p is sufficiently large, precisely p > D/(27) = 2.83, then I'] is
covered by Theorem [3.10} For p < D/(2m) we do not have any theoretical guarantees for the
quality of the reconstruction. The errors of the least square approximation are illustrated
in Figure for different sampling sets 'Y with parameters p = 0.7,0.8,...,2.4,2.5. In all
cases p > 1, machine precision is reached. The case p = 1 corresponds to an oversampling
parameter of 1.43 and the starting point p = 0.7 represents an oversampling parameter of
1.004.

This simulation suggests that the numerical reconstruction still works near the critical
density, although there is currently no theoretical performance guarantee in this regime.

5.3 Local reconstruction of a function of PWW}(g,R)

We now modify the scenario and assume that a function f3 € PW?(g,R) is given. We try to
reconstruct or approximate f3 on an interval I from samples in /. This situation is different,
because a sample = € I sees all basis functions 1,,; with z € supp(¢,,;). Consequently, we
have to solve the linear equations

Z Cn,lwn,l(ajj) =UYj ] = 1,...,L.

(n,0):5upp (1 )N #0
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5 Numerical simulations

, B(f,2) . B(f, )
10 10
10° 10°
lD-lD lD-lD
10—15 ' L L ! ' L L i L 10—15 L L L L L L L L '
08 1 12 14 16 18 2 22 24 08 1 12 14 16 18 2 22 24
P P
(a) Relative error in the ¢2-norm. (b) Relative error in the £°°-norm.

Figure 5.5: Behavior of the reconstruction of f; € PVVb2 (g, I) with increasing parameter
p=0.7,08,...,24,2.5.

For I = |0, 6] and the window ¢ from Example B| with supp(g) C [—1/2,1/2], the resulting
equations are

6 12 b(n)
ch,oq/}n,O(xj)+chn,lwn,l(xj) :yj7 .7 = 17"'7L-
n=0 n=0 [=1

The dimension of this problem (the number of variables) is now

dim(span{tn, : Supp(th) N1 # 03) = #:{n € Z: supp(no) N 11+ S b(n)

neL:
supp(Yn,1)NI

12
=7+ b(n)=3101.
n=0

Figure 5.6 illustrates the function f3X; that we aim to reconstruct.

Again we use two types of sampling sets. The first set Az is chosen as in so that it
formally satisfies the sufficient conditions of Theorem [3.10 The redundancy is g3 = 3.11.

The pointwise error between f3X; and its approximation f5 € span{t,; : supp(¢,;) N1 #
0} is plotted in Figure and the relative errors are reported in Table [5.4]

We see that the reconstruction is highly accurate of the order O(107!) in the central part
of the signal, but oscillates with a pointwise error of a significantly larger order O(107°)
at the boundary of I. This is not surprising: the samples near the boundary of 7, in our
case A3 N ([0,0.5] U [5.5,6]) are needed to recover the coefficients of all terms ,,; with
supp(¢n) NI # 0 and supp(¢y,;) € I. Even if the sufficient conditions of Theorem
are satisfied, there may not be enough samples near the boundary, and the sampling matrix
has some rank deficiency.
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5.3 Local reconstruction of a function of PW{(g,R)

6 . . ) : : 600
0
500
= 400 5
& z -
o i}
2 oy z
£ < 300 g
£ E H
z g a
< L 200 -100
100
4150
6 : : 0
0 1 2 3 4 5 6 1 2 3 4 5
Time(s) Time (s)
(a) Function f3Xj. (b) Spectrogram of f3Xj.

Figure 5.6: Signal f3X; generated by the bandwidth sequence
b = (331,281,366,271,497,125, 70,72, 50, 214, 235, 195, 387) and coefficients sequence of the
form ([5.2.1)) with the modified index set.

To mitigate this effect, we add sampling points outside the interval I and generate
a sampling set that satisfies the sufficient conditions (5.5.3) on the enhanced interval
I =T1U[-0.5,0]U]6,6.5]. The resulting oversampling parameter is 3.77.

. %10°
15
1
g% % Relative errors
£ o0
N E(f,2) 7.264x 1077
1 E(f, oo) 3.273 x 1076
N Table 5.4: Relative errors in #2-norm and ¢*°-norm.
- 1 2 3 4 5 6

Time(s)

Figure 5.7: Difference between f3X; and f3 €
Span{?ﬁn,z : SuPp("/)n,l) N1 #0}.

As shown in Figure and Table the numerical reconstruction on I (not I ) is now
again accurate to machine precision. The theoretical explanation is simple: by sampling
on the extended interval I, we replace the given signal f3 € PW2(g,R) by a function in
the local variable bandwidth space fy € PW2(g,I) such that f3] ;= f4| ;- We are now in

the situation of the first scenario from Section and try to recover f; € PW{(g, I ) from
samples in I.
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5 Numerical simulations

x10™4

10
8
6
4
é ' Relative errors
o E(f,2) 6.235x 10~1
2 E(f,00) 1.953 x 10~
4
* Table 5.5: Relative errors in #2-norm and ¢*°-norm.
-EU 1 2 :I! 4 5 6
Time(s)

Figure 5.8: Difference between f3X; and its recon-
struction by sampling in [-0.5,6.5).
Additionally, we investigate the reconstruction from sampling sets T'; as in (5.2.3)) for
p > 0. Figure displays the relative errors in the ¢?>-norm and ¢*-norms for p =
0.8,0.9,...,2.4,2.5.

G E(f,2) i E(f,00)
10 10
10° 10"
1D-ID lD-lD
10-15 L ' L I s I L ' lD-lE L s s L L s L s

08 1 12 14 16 18 2 22 24 o8 1 12 14 16 18 2 22 24

P P
(a) Relative error in the £2-norm of the reconstruction (b) Relative error in the oo-norm by sampling in

by sampling in [—0.5,6.5). [-0.5,6.5).

Figure 5.9: Behavior of the reconstruction in span{t,,; : supp(¢,) NI # 0} by sampling in [—0.5,6.5),
with increasing parameter p = 0.8,0.9,...,2.4,2.5.

The results indicate that the sufficient conditions of Theorem [3.10| remain pessimistic.
For p = 1, corresponding to an oversampling parameter of 1.33, the reconstruction already
achieves a relative error in the ¢*>-norm of the order O(101%).

5.4 Reconstruction of a chirp

In the final example, we aim to reconstruct a linear chirp in the interval I = [0, 6], described

by the equation
p(x) = sin (gb(O) + WMZEQ + 27rw(0):v>,
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5.4 Reconstruction of a chirp

where ¢(0) is the initial phase, w(0) is the instantaneous frequency at time 0, and w(7T)
is the instantaneous frequency at time 7. For a linear chirp, the instantaneous frequency
function w is given by the formula

In our simulations, we take the parameters 7' = 6, ¢(0) = 0, w(0) = 40, and w(7") = 300 to
get the chirp

130
p(z) = sin (?7?£2 + 807r:c),

shown in Figure [5.10]

T ] w &
(=} [=] [=] [}
o =1 =1 =1 =1

Amplitude
3
Power (dB)

Frequency (Hz)
; =
8

]
o
o

do
=]
a

A
o
=]

Time(s) Time (s)

(a) Chirp p. (b) Spectrogram of p.

Figure 5.10: Chirp p with ¢(0) = 0, w(0) = 40, and w(6) = 300.

In contrast to the previous examples, a general chirp p does not belong to a space
PW?(g,R) of variable bandwidth, but it can be modeled and approximated by a function
in PW{(g,R) with a suitable choice of the local bandwidth b(n).

Since we know the structure of the chirp in advance, we model the bandwidth sequence
b:7Z — N by a linear function

1 65
b(n) ::w(g+§) +30=2(n+1)+70, forn=0,..12
The number 30 is a safety margin to ensure that the chosen bandwidths contain all the
relevant frequencies. We choose span{t,,; : supp(¢,;) NI # 0} as the reconstruction space
and the dimension of the problem is then

12

dim(span{¢,,; : supp(Yn) NI #0}) =7+ Z b(n) = 2893.

n=0

To mitigate boundary effects, we sample p on the extended interval I= [—0.5,6.5] and
we consider sampling set Aj satisfying Theorem [3.10, The oversampling parameter is
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5 Numerical simulations

qs = #N5/ dim(PW2(g, I )) = 3.18. The reconstruction algorithm and yields
an approximation p € PW2(g, ) to the original chirp p.

Figure [5.11] shows the pointwise error between pX; and pX;. Although the error of
order O(107%) seems much larger than in the previous simulations, the result is nearly
optimal. The chirp p does not belong to PW{(g,R) and the best approximation by a
function in PW2(g,R) we can hope for is the orthogonal projection Pp. In Figure we
therefore plot the pointwise difference between the chirp p and its orthogonal projection onto
span{,; : supp(¢,) N I # 0}, where the coefficients (p,,;) arising in Pp are obtained
by numerical integration with the trapezoidal method (we used the MATLAB function
trapz). In Tables and the respective relative errors in the (>-norm and ¢*°-norm
are presented.

-3 -3
3 =10 a x10

3
2
a @ 1
i
E £
< <,
-2
-3
4 .
0 1 2 3 4 5 6
Time(s) Time(s)
Figure 5.11: Difference between the original chirp p Figure 5.12: Difference between the chirp p and its
and the reconstruction p using Theorem orthogonal projection Pp onto
by sampling in [-0.5,6.5). span{vy, ; : supp(¢¥n) NI # 0}.
Relative errors Relative errors
E(f,2) 3.926 x 10~* E(f,2) 3.946 x 10~
E(f,00) 2.867 x 1073 E(f,00) 2.731 x 1073
Table 5.6: Relative errors for p. Table 5.7: Relative errors for Pp.

A comparison of the two error plots shows that there is hardly a difference between
p — p and p — Pp. We conclude that the approximation of p from samples is (almost) the
orthogonal projection. It is interesting to note that the largest errors occur at the half
integers k/2 for k € Z. This is to be expected because the chirp is smooth everywhere,
whereas the window ¢ from Figure and hence every f € PW{(g,R) is continuous, but
not differentiable at %Z.

Finally, we use the sampling sets I'f from and approximate the chirp p from its
samples on I for p=0.9,1,...,2.4,2.5.

The relative errors in the £2-norm and the ¢*-norm are displayed in Figure [5.13]

The relative errors reach the errors of the orthogonal projection at p = 1, which corresponds
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5.5 The Gabor frame case

4 E(f,2) it E(f,0)
10 10
10°
10* 10°
10°
10° 10°
1072 —o—
104 L ' L L L L ' ' 10—5 ' ' L L L L ' L
112 14 16 18 2 22 24 1 12 14 16 18 2 22 24
P P
(a) Relative errors in the ¢2-norm of p. (b) Relative errors in the £°°-norm of p.

Figure 5.13: Behavior of the reconstruction p of the chirp p with increasing parameter p = 0.9,1,...,2.4,2.5
and by sampling in [—0.5,6.5).

to an oversampling parameter of 1.12. Again the relative errors are almost equal to the
difference ||(p — Pp)| ;|l2, and we obtain an almost perfect reconstruction of Pp rather than
p itself.

In conclusion, although chirps, in particular gravitational waves, are not in a variable
bandwidth space, these spaces are convenient parametric models. In this particular applica-
tion, the structure of the signal is known in advance, therefore the use of PWg(g,R) and
of the associated sampling sets as in appears to be a promising approach for their
reconstructions.

5.5 The Gabor frame case

In the first part of this chapter, we performed experiments of reconstruction in a variable
bandwidth space built with a Wilson basis PWZ(g,R). In this last section, we turn
our attention to analogous simulations within the realm of variable bandwidth spaces
constructed using a Gabor frame.

Let g be compactly supported in [0,m], I = [a,b] and define

"7[)2(97[) = Span{MﬁlTang : Supp<M,3lTomg) g Ia ’l| S b(n)}

From frame theory, we have that every finite sequence is a frame for the span of the elements.
Hence, {MgTong : supp(MgTang) C I, || < b(n)} is a frame for Vi*(g, I). Moreover, we
recall that Linnell [55] demonstrated a fundamental result: if the function g is non-zero, then
any finite collection of functions { Mg Twng}nier, where F C Z?, is linear independent.
We have that the Gabor system {MgT,,g : supp(MpTung) C I, |I| < b(n)} is a linearly
independent frame for \7})2(g, I) and therefore it is a Riesz basis for ‘7,)2(9, I).

Given these considerations, we test the sufficient condition for sampling of Theorem
on a space constructed with a Gabor frame.
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5 Numerical simulations

The initial expectation was similar to the case of PW{(g,R). At first glance, the recon-
struction problem in I~fb2(g, I) remains, at least for the infinite-dimensional case, essentially
the same. Indeed, in Theorem we obtain a sufficient condition for sampling which
can easily be applied for numerical simulations. The use of a frame instead of a basis for
the reconstruction has the difference that the lower frame bound A" and the modulation
parameter § are included in the condition ([2.2.2]).

In the following experiments we discuss which obstacles could arise when working with
the truncation of frames.

5.5.1 Matrix formulation and least squares approximation

The matrix formulation of the problem is similar to the one in Section [5.1] but follows some
technical modifications to be adapted to the space V;?(g, ).
The linear system representing the reconstruction problem is

Z Cn,lMﬁlTomg(xj) = Z Z Cn,lM,BlTomg(xj) = f(xj) )

n€Z:supp(MpgTang) <1, an€la,b—m|NZ |1|<b(n)
[1]<b(n)

for j = 1,...,L, where A = {z; € I : j = 1,...,L} is the sampling set. The matrix
formulation of the linear system is Uc = y, where y is the input sequence { f(x;)}, and the

matrix
Uj ) = MaiTang(x;). (5.5.1)

In the same spirit as in (5.1.2) we search the solution f € \N/bQ(g, I) of the least squares
problem by using the Moore-Penrose pseudo-inverse matrix U f computed with the MATLAB
function pinv. The approximating function f € V;?(g, I) is then

} = Z Cn,lMBZTomg-

n€Z:supp(MpTang)Cl,
1] <b(n)

To build the sampling matrix (5.5.1)), we conveniently label the indices in the following way
i) =1+bn)+1+ > (2(r)+1).

r<n:
supp(MpgTarg)CI

The entries of (5.5.1) are Uj ) = Uj,;.

5.5.2 Window function

For the numerical simulations we use the same window function as in Example [B] Since g
generates a Wilson orthonormal basis for L?*(R), by Theorem the system {M;T5,/29}n ez
generates a tight frame for L?*(R) of redundancy 2. For simplicity we consider a shifted
version by 1/2 of g, i.e., g1(z) = V2 cos(n(z — 1/2))Xj0,11(z). The constants of Theorem
are listed in Table .8
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5.5 The Gabor frame case

Window /2 cos(m(x — 1/2))X 0.1 (2)

a 1/2
g
m 1

911l V2

191l V2
A 2

Table 5.8: Constants of the window needed in Theorem

5.5.3 Test signal

As in Subsection [5.2.4] we collect data from a signal over the interval I = [0, 6] and select
an appropriate test signal f; € \7,,2(91,1 ) by constructing its coefficients. We create a
bandwidth sequence b : Z — N, where b(n) ~ Ujao200) for {n € Z : supp(M;T,,)29) C 1}.
The resulting bandwidth sequence is

b= (167,183,42,185,134,37,70, 118,193,194, 48), again depicted by the central part of the
yellow bands in Figure [5.14b] We assume that only the maximum frequency within each
interval [k/2,k/2 + 1/2] is active, thus the trial signal conforms to the format:

Z Cr,—b(n) M _p(n)Tr /29 + Z Crp(n) M) L 29 € ‘7})2(917 I).

n=1

We assign coefficients as follows:
Crp(n) = Cn,—b(n) ~ U-200,200] - 102 while all other coefficients are set to zero,  (5.5.2)

for {n € Z : supp(MlTn/Qg) C I}. Due to the symmetry ¢, pm) = Cn,—p(n), the signal fi is
real valued. B
The dimension of Vi?(gy, I) is given by

dim(V2(g1, 1)) = dim (span{ M T}, /291 : supp(MT,,/291) C I})
10

= Y (26(n)+1)=> (2b(n) + 1) = 2753,

n/2€[0,5] n=0

Figure |5.14| represents the generated signal f; € ‘7,)2(91, I) that needs to be reconstructed.

5.5.4 Sampling set

Since a = 1/2 and § = 1 are the chosen parameters to generate the space ‘7%)2(91, I), the
real line is partitioned in the same way as it was for the case of Wilson bases. Indeed,

Mlz{k‘EZ m[g k“)#@} (0,...,11}
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Frequency (Hz)
Power (dB)

Amplitude

-100

-150

“o 1 2 3 4 5 6
Time(s) Time (s)

(a) Function f; € \7172(91,1). (b) Spectrogram of fi.

Figure 5.14: Test signal f1 € ‘7})2 (g1, 1) generated by the bandwidth sequence
b= (167,183,42,185,134,37,70,118,193,194,48), and coefficients sequence of the form (5.5.2)).

is the set of indices k € 7Z, for which we compute 9. We calculate the local maximum gaps
8, on I using inequality (2.2.2)), with D = 4v/27 and 0y < 1/44uy, for every k € M;. Then
we take as sampling set

Ay = {xk,jzﬁmm ke M, j=0,...,LLJ}. (5.5.3)
2 20k

The sampling points in A; are therefore structured such that they fulfill the maximal gap
condition of Theorem We evaluate the Gabor frames elements at A; and assemble
them in the matrix U according to . We solve the least squares problem using the
MATLAB function pinv with a tolerance parameter of 107°,

The reconstruction f, is not as accurate as it was for the Wilson basis case of Section
Table reports the relative errors in the ¢?>-norm and ¢>°-norm. The pointwise difference
between the original function f; and its reconstruction }1 is plotted in Figure

The oversampling parameter for this experiment is given by

#Aq 4173
q1 = =

___ 7 — Lt 12
dim(V2 (g, 1)) 2753

It is interesting to point out that for this experiment we do not obtain point precision
in the reconstruction, but an error of the order O(107'%) for the ¢>-norm. This is due to
a large rank deficiency. For this example, the rank of the matrix U, computed with the
MATLAB function rank, is rank(U) = 2043, and the rank deficiency is given by

k(U 2043
rank deficiency =1 — e () =1—-———=0.26.

dim(V#(g1, 1)) 2753

It is remarkable that we achieved a precision of O(1071°) if we consider that a significant
portion, approximately 26%, of the columns of U lacks (numerical) linear independence.
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5.5 The Gabor frame case

Relative errors

E(f,2) 5.499 x 10~10
B(f,00) 7.461 x 107°

Amplitude
S b A b A A o kN ow s
—_—
‘ihi
—
—

(=]
=
~
w
IS
o
o

Table 5.9: Relative errors in #2-norm and ¢*°-norm.

Time(s)

Figure 5.15: Difference between the original signal
f1 and the reconstruction f;. Maximal

gap condition is satisfied.

This experiment sheds light on a crucial aspect of utilizing frames in practical numerical
approximations.

Even if the truncated tight frame {M;T}, /291 }n—o,...10,ij<b(n) is a frame for its span and
thus satisfies a frame condition, its frame bounds A and B may exhibit erratic behavior,
even when the infinite frame bounds A’ and B’ are moderate. In this case A’ = B’ = 2.

Therefore, the rank deficiency of the matrix U results from the fact that the truncated
frame has lower bound that tends to 0 even if the tight frame {MT},/29},,cz has frame
constant 2. Therefore, ill-conditioning correlates with poorly behaved frame bounds of the
truncated frame.

For comparison, we repeated the experiment with a function f, possessing an identical
bandwidth sequence as previously, yet featuring a complete set of non-zero coefficients of
the type ¢,; = cn,—1 ~ U—200,200] - 1072, for {n, ! : supp(M;5T}ag) C I and |I] < b(n)}. The
sampling set A; is the same as before, and so is the oversampling parameter.

150

Power (dB)

Amplitude
Frequency (Hz)

-150

Time(s) Time (s)
(a) Function fo € I7b2(gl,1). (b) Spectrogram of fa.

Figure 5.16: Test signal fo € 17})2 (g91,1) generated by the bandwidth sequence
b= (167,183,42,185,134,37,70,118,193,194,48), and a full set of non-zero coefficients.
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In Figure [5.16] is plotted the function f; to be reconstructed. The pointwise difference
between fy and its reconstruction f, is depicted in Figure . Table reports the

relative errors in the £?-norm and /*°-norm.

%10

Relative errors

E(f,2) 8.698x 107°
E(f,00) 7.193 x 1078

Amplitude
o] (o] £ N o N £ (2] o]
T
_
L B

Table 5.10: Relative errors in #2-norm and ¢*°-norm.

3
o
[N)
w
IS
o

Time(s)

Figure 5.17: Difference between the original signal
f2 and the reconstruction f,. Maximal

gap condition (2.2.2) is satisfied.

5.5.5 Reconstruction with a Gabor frame built with a smooth window

We perform the same experiment by starting with a Gabor frame for L?(R) instead of a
Gabor tight frame. We construct a space V;*(ga, I) with a smooth and compactly supported
window ¢o. Let

1 1
gg(I) = 5(— COS(27T1’) + 1)X[071/2) (ZL’) + 1X[1/271+1/2) (ZL’) + 5(— COS(27T1’) + 1)X[1+1/272) (ZE),

as plotted in Figure [5.18|

12

1 | Window 92
0.8 1 « 1
o} 1/(m+0.1)
0.6 1 m 2
0.4 1 HgQHOO 1
02 19210 m
A /5
0

-1 -0.5 0 0.5 1 15 2 25 3

Table 5.11: Constants of V,2(ga, I).
Figure 5.18: Window g».

Then m = |supp(g2)| = 2. We take @ = 1 and f = 1/(m + 0.1) = 0.476, then by
Proposition , the system { Mg T, g2 nicz is a frame for L*(R) with lower bound A’ = 1/8.
We consider I = [0, 6] and the bandwidth sequence b = (211,111, 27,50, 188). We want to
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5.5 The Gabor frame case

reconstruct a function of the space
17;)2(g2,l) = span{ Mg T, g : supp(MpT,g2) C I, |I| < b(n)}.

The Table presents the constants needed to apply Theorem
We generate the coefficients as in (5.5.2)) and Figure represents the function f; €

Vi2(g2, I) that we aim to reconstruct.
0
-50
-100
-150
1 2 3 4 5

Amplitude
Frequency (Hz)
Power (dB)

“o 1 2 3 4 5 6
Time(s) Time (s)

(a) Function f3 € ‘7b2(gz,l ). (b) Spectrogram of f3.

Figure 5.19: Test signal f3 € ‘7;,2 (92, I) generated by the bandwidth sequence b = (211,111, 27,50, 188), and
coefficients sequence of the form (5.5.2)).

The dimension of the space is

dim(V;*(g2, 1)) = Y (2b(n) + 1) = 2475.

ne(0,4]

Since a = 1, the partition has changed with respect to the previous experiment and is of
the form [k, k + 1). Therefore the set My of indices for which we compute 0y, is

My ={keZ:In[kk+1)#0} ={0,....5)

We construct the sampling set

Ay = {xk,j:kwkj: keM,, j=0,..., b—lkJ}
satisfying Theorem and we get an oversampling parameter g3 = 1.64. The difference
between the original signal and its reconstruction is plotted in Figure |5.20] and Table [5.12
presents the relative errors in the /2-norm and ¢*°-norm. _
The errors are comparable to those obtained by reconstructing in the space Vi*(gy, I). The
rank(U) = 2056 and we get a rank deficiency of 17%. Therefore, also with the window gs,
the lower bound of the truncated frame tends to 0, creating instability for the reconstruction.
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x10%

Relative errors

E(f,2) 1.138x107°
E(f,00) 6.652 % 107°

Amplitude

Table 5.12: Relative errors in #2-norm and ¢*°-norm.

Time(s)

Figure 5.20: Difference between the original signal

f3 and the reconstruction f5. Maximal
gap condition is satisfied.

We can conclude this section with two important observations. Firstly, we anticipated that
the reconstruction would work similarly for functions in Vi2(g, I) as it does for PW2(g, I).
However, we discovered that using frames instead of bases introduces an issue of rank
deficiency. Despite this considerable rank deficiency, we were still able to achieve a good
numerical approximation of the functions.
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