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Abstract

Deciding which data types to use inside an algorithm is a core subject when designing
multiprecision algorithms. Thereby, a usual difficulty is that using high-precision types
makes the calculation more precise but simultaneously requires more computation time.
Moreover, on current hardware, typically, only a very limited number of different data
types are available to conduct analysis. Because of that, techniques were developed to
simulate arbitrary data types. Even though such simulators can depict the behavior of
different data types, they lack the ability to showcase the performance differences between
them. Therefore, this thesis represents the first prototype of a simulator for Floating
Point Numbers, which maintains the relative performance differences implemented in
basic C++. Unfortunately, the resulting time dependencies, especially for larger data
types, tend to be biased towards longer execution times compared to those produced by a
typical CPU. This is due to, for instance, multiplication and division having a quadratic
time complexity inside the simulator, which is not the case inside a normal CPU due to
optimizations that are not possible to implement efficiently in software. To explore ways
to overcome this problem, a straightforward mathematical solution was introduced, which
showed promising results.
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Kurzfassung

Ein Kerngebiet bei der Entwicklung von Algorithmen, welche Variablen mit verschiedenen
Genauigkeiten verwenden, ist es, die Entscheidung zu treffen, wie prézise diese sein sollen.
Dabei besteht eine iibliche Schwierigkeit darin, dass die Verwendung von Datentypen mit
hoherer Genauigkeit die Berechnungen zwar préziser machen, jedoch gleichzeitig mehr
Rechenzeit erfordert. Weiters sind auf aktueller Hardware in der Regel nur eine sehr
begrenzte Anzahl verschiedener Datentypen vorhanden, was Analysen zusétzlich erschwert.
Aus diesem Grund wurden Techniken entwickelt, um beliebige Datenformate zu simulieren.
Trotz der Tatsache, dass solche Simulatoren das Verhalten verschiedener Typen gut
darstellen konnen, fehlt ihnen die Fahigkeit, die relativen Leistungsunterschiede zwischen
diesen aufzuzeigen. Daher stellt diese Arbeit einen ersten Prototyp eines in einfachem
C++4 programmierten Simulators fiir Gleitkommazahlen vor, welcher versucht, diese
relativen Unterschiede beizubehalten. Leider sind die resultierenden Zeitabhéngigkeiten,
insbesondere fiir grofsere Datentypen, im Vergleich zu den Ergebnissen einer typischen
CPU zulasten groferer Zahlen verzerrt. Dies liegt daran, dass beispielsweise Multiplikation
und Division im Simulator eine quadratische Zeitkomplexitdt haben. Etwas, was bei einer
normalen CPU aufgrund von Optimierungen, welche sich typischerweise in Software nicht
effizient implementieren lassen, nicht der Fall ist. Um Moglichkeiten aufzuzeigen dieses
Problem zu iiberwinden, wurde eine einfache mathematische Losung erprobt, welche
vielversprechende Ergebnisse zeigt.
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1. Introduction

Floating Point Numbers or short FPNs can be found on almost every computer, and by
using them, it is possible to decide how much precision one wants to use for computational
processes. It is similar to performing a complicated multistage calculation with pen and
paper, where it is impossible to memorize all the sub-results in the head after some point,
and one will inevitably write some intermediate results down. Some of those written-down
numbers likely have large fractional parts, and by saving the number on paper, one obvi-
ous question emerges: How many numbers after the decimal point should be written down?

Of course, having more decimal points will lead to a more exact solution. However,
it will also increase the time needed for follow-up calculation. Furthermore, more and
more space will be occupied on the paper if a growing portion of the numbers is being
saved. Last but not least, if, in the end, only a small precision is needed, all the work
done is in vain. Similar problems occur on computers and can be solved by using different
representations of an FPN. However, the question of how much precision is actually
needed must still be answered. Unfortunately, choosing a smooth transition from one
precision to another, as can be done with pen and paper, is impossible for most computers.

The most common Floating Point (FP) precisions are single (or also called float) and
double. Both of these FPNs are using the same format, namely the IEEE 754 standard
[57], but they differ in the number of used bits. For instance, the single format uses 32
bits, whereas the double format works with 64 bits. Sometimes, another type is also
implemented, namely half precision, which uses 16 bits. Some modern hardware even
supports types, like BF16 and TF32, which are supposed to accelerate computational
tasks further. [36]. Nevertheless, these data types are somewhat arbitrary or optimized
for specific tasks like BF16 and TF32, which are supposed to optimize deep-learning
applications [36]. Still, for other applications, different data types might be more advant-
ageous. Therefore, there is a need to determine which precisions are optimal for different
algorithms and applications.

On the one hand, this could be done by implementing all the different FP formats
directly at the hardware level on a chip. Nowadays, this could even be done without
producing numerous different chips by using FPGAs. However, this would still take a
lot of time and resources. Another option would be to simulate different precisions in
software, and there are already methods to do so [6, 30, 55, 70, 85]. Despite already
existing libraries, like MPFR|[39] and mpmath [95], such approaches are not optimal for
deciding which precision to use because they do not maintain the relative performance
differences of different FP formats.



1. Introduction

For instance, when computing an addition using two numbers saved in double precision,
naturally, a better accuracy will be achieved than when the two numbers are stored in
single precision. Nevertheless, the computation of the latter will be much faster since the
numbers only use half the bits. Therefore, it seems logical that when simulating a complex
system, one would like to account for the difference in computation time. Consequently,
this thesis explores whether it is possible to simulate the behavior of different FPNs by
attempting to write such a simulator in C++ and examine its behavior.

1.1. Problem Statement

Choosing the optimal FP precision for computations is essential for writing an efficient
computer algorithm. Different FP formats, like half, single, and double, offer various
trade-offs in terms of precision and computational speed. Unfortunately, only a very
limited set of FPNs are available on typical hardware. Implementing other FP formats in
hardware is resource-intensive, and current software alternatives fail to maintain relative
performance differences. Therefore, this thesis aims to develop an efficient C++ simulator
that emulates arbitrary FPNs, accounting for both accuracy and computational time
differences, and examine possible applications of such a simulator. In this sense, the main
contributions of this thesis are:

e Implementation of a prototype of an efficient simulator for arbitrary IEFEE 75
standard [57] conform FPNs, which depicts the relative differences in computation
time of different FP formats.

e Analyses of the simulator’s behavior and evaluation of its use cases.

1.2. Synopsis

In Chapter 2, important theoretical concepts of this thesis will be introduced. The
mathematics of the FP format will be explained, and the subsequent implications for the
system will be analyzed. Afterward, the method for iterative refinement will be explained
in detail since this algorithm will later be used to examine the capabilities of the simulator.

After acquiring the necessary theoretical background, the thesis continues with a
thorough analysis of the current state of the art in Chapter 3. First, an overview is
given about mized precision and multiprecision algorithms and their importance. This is
followed by a literature review about how FPNs can be simulated. It will be shown that
simulating techniques do exist; however, they are limited since they are either very time
expensive (hardware approaches) or lack the ability to emulate correct time relations
between data types (software approaches). Lastly, literature providing time measure-
ments of various FP formats is presented for later comparison with the proposed simulator.



1.3. Remarks on Notation

Following this review, the general concept of the implementation is introduced in
Chapter 4. This includes presenting the algorithms used for writing the operators (4,
—, %, /) and comparators (<, >, <, >, ==, | =). Besides that, it is also shown how
it was ensured that the simulator performs according to IEEE 754 standard |57] using
statistical methods and how random sparse matrices are constructed within this thesis.
Next, a problem is introduced that, for instance, addition has a different time complexity
than multiplication when simulated with the proposed simulator, which is not the case in
typical CPUs due to parallelization [89]. To address this problem, a basic mathematical
model is suggested that primarily involves transforming the results with a factor based on
the square root. This approach does not attempt to replicate a CPU exactly but merely
attempts to explore possibilities to approach such a problem.

In Chapter 5, the experimental results are presented. Since single and double are
available on most computers, the performance of those two types can be compared to the
performance when simulating them with the simulator. For this comparison, iterative
refinement is not used directly, but important parts of it like Matrix Vector Multiplication
(MVM). This is because the analysis can be simplified this way. The vanilla results of the
simulator and the transformed results, using the mathematical model, are compared to
the native implementation of single and double on the CPU. It will become clear that the
vanilla simulator overestimates the potential speedups when comparing it to the results
obtained from a CPU due to the earlier mentioned problem of different time complexities.
However, the results also show that the proposed mathematical transformation can mitig-
ate this behavior. After the comparison, the simulator’s capabilities will be demonstrated
using the whole iterative refinement algorithm.

Results and findings will be discussed in Chapter 6 and 7. The downsides of simulating
FPNs will be addressed, and potential use cases will be offered. Furthermore, ideas for
future work, like improvements or alternations of the simulator, are presented. This
chapter will also discuss whether the vanilla simulator’s results may also be worth studying,
as they might offer an unaltered view of performance, unlike experiments on a CPU where
parallelization affects the outcome. Following this chapter, the last one concludes the
whole thesis and summarizes it.

1.3. Remarks on Notation

Since notation can sometimes be ambiguous, please find some of the notations used below.

o Mj......... the element present in the i-th row and j-th column of the matrix M
O the i-th element of the vector x
L the value of the vector x at iteration ¢
o M| oo elementwise absolute value applied on the matrix M






2. Theoretical Foundations

2.1. Floating Point Arithmetics

On a finite machine like a computer, a bounded precision for variables is inescapable, and
different types of precisions have existed throughout the history of computer science [54].
According to Higham and Mary [54], a landmark was the Fortran 66 standard, which
supported real (or also called single) and double precision. Thereby making it possible to
write programs using two different sizes of FPNs.

In mathematical terms, an FPN is represented as follows [51]:

y=+mx gt (2.1)

The representable system F' C R is a subset of the real numbers and is defined by:

e the base 3, which is as typically for a computer, 2 throughout this thesis,
e the precision t,

e the exponent range emin < € < €maz-

Generally speaking, therefore, an FPN consists of three bit-arrays; however, the first
one, the sign, only has one boolean element. If it is false, the number is positive and
negative if it is true. The other two are the exponent e and the mantissa m. Those are
variable in length, and their size is normally stated in available bits. The size of the
mantissa is also called precision t in the context of Equation 2.1. However, preision does
not always refer to t but sometimes also to the unit roundoff u. Both are measures for
the accuracy of an FP format but approach the problem from different sides. While ¢
describes the size of the mantissa, u describes the spacing between 1.0 and the next larger
possible FPN and Higham [51] defines is as follows:

u= %51* (2.2)

Please also note that since t is the size of the mantissa in Equation 2.1, the variable m,
in a way, represents digits after the decimal point.

As a consequence of Equation 2.1, an FP format can be defined as F' = F (8,1, €min, €maz)-
Nevertheless, since the IEEE 75/ standard [57] defines how to calculate €, and €44
for a given exponent size and typically § = 2 [54] since computers naturally save data in
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Table 2.1.: Characteristics of typical FP systems [51, 54, 55|. Here, the size is given in
bits, and the precision accounts for the bits usable for the mantissa plus one
additional bit for the sign. wu is the unit roundoff and x,;, and T,,q. the
minimal and maximal values that can be represented.

type size | precision | exponent | u Tmin Tmax
bfloat16 | 16 | 7+1 8 3.91 x 1073 [ 1.18 x 107%® | 3.29 x 1038
half 16 | 10+1 5 4.88 x107* | 6.10 x 107° 6.55 x 10*
single 32 | 23+1 8 5.96 x 1078 | 1.18 x 1073% | 3.40 x 1038
double | 64 | 52+1 11 1.11 x 10716 | 2.22 x 107398 | 1.80 x 10308
fp128 128 | 113+1 13 9.63 x 1073% | 3.36 x 1074932 | 1.19 x 101932

binary format. F' in that case can be defined a bit shorter as F' = F(t, eg;z¢).

After the FP format is fixed, it is possible to represent different numbers by changing
the values for m and e. Additionally, there is an extra changeable bit, typically 0 when
the FPN is positive and 1 otherwise. During this thesis, such a sign bit is always present.
Commonly, ¢t and eg;.. are defined by the number of usable bits. So, for instance a single
is using 32 bits, divided into one sign bit, 8 exponent bits and 23 bits for the mantissa
(or fraction), which is represented graphically in Figure 2.1.

mantissa
(23 bit)

sign
(1 bit)

exponent
(8 bit)

Figure 2.1.: Graphical representation of the single format.

The FP formats for single and double are the most common FP formats. However, in
2008, the IEEE 754 standard partly defined a half precision format. Despite incomplete
definitions, some manufacturers still implemented a version of the format [55]. A few FP
formats of interest are depicted in Table 2.1. There are also even lower precision formats
like quarter precision (8 bit) but those are not standardized [55].

The IEEFE 754 standard [57] moreover defines special values, like NaN (Not a Number)
and infinity. To be able to represent those, certain bit patterns are reserved and therefore
not available for normal FP usage. Although not all patterns are used, all bit patterns
with an exponent consisting purely of bits with the value 1 are reserved for special values.
Therefore Equation 2.1 becomes:
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y = +m x ettt (2.3)

Furthermore, in the normal case, FPNs are normalized because the FP format defined
so far would not be unique. Therefore, it is required by the standard to maximize m (by
simultaneously decreasing e) as much as possible [57]. This clearly leads to the result
that the first digit of m is a one, and because the definition is as such, only digits after
the decimal point are saved in the mantissa.

It is, however, possible to extend the system of normalized FP numbers by so-called
subnormal numbers [51]. Those do not follow the normalized format explained above and
can, therefore, represent even smaller values. So, for instance, the smallest representable
normalized FPN within a certain format is A = f¢min~1 but the smallest subnormal
number is g = B¢min~t. So, they fill the gap between X\ and zero [51]. Since subnormal
numbers obviously need different treatment on a processor, they can introduce a massive
loss in performance, so subnormal numbers are often just rounded towards 0 [4, 33, 105].

2.1.1. Accuracy of Floating Point Numbers

Due to being finite in length, FPNs do not represent all values in perfect accuracy. In
other words, there is the possibility of the FPN having an error. According to Higham
the standard model in which x,y € F is in this case as follows:

fl(x opy) = (z opy)(1 +9) (2.4)

A similar definition can also be found in [43] and [54]. In this mathematical repres-
entation, the operator op € {z,—, -, /} and |§| < u where u is the unit roundoff which is
a measure for the accuracy of a given FP format F. As previously mentioned, the unit
roundoff is defined as the distance between 1.0 and the next largest possible FPN [51]
given F' and is also represented in Table 2.1.

Obviously, the lower the unit roundoff, the better the precision of the FP format F'.
In literature like [1] and [54], the precision is often stated in terms of u. With that in
mind it is indeed noteworthy that having a higher precision format F'(20,5) with unit
roundoff u, and a lower precision format F'(10,5) with unit roundoff w; the relationship
is as follows: u, < u;, which might be counterintuitive at first glance.

2.1.2. Mixed and Multiprecision Algorithms

In their survey Higham and Mary [54] use the following terminology when talking about
mized precision and multiprecision:

e A mized precision algorithm uses two or more precisions chosen from a
small number of available precisions, typically half, single, and double



2. Theoretical Foundations

precision, provided in hardware, and quadruple precision, provided in
software.

o A multiprecision algorithm uses one or more arbitrary precisions, which
may be problem-dependent and are provided in software. The precision
at which results are returned may be fixed (for example, double precision)
or a parameter. [54, p. 349]

Since these definitions seem reasonable, they will be used throughout this thesis. It is
also worth noting that according to this definition, the set of all mized precision algorithms
is a subset of all multiprecision algorithms when ignoring the type of implementation.

2.2. Solving a Linear System

In order to see the use cases of a simulator as proposed in this thesis, a model problem is
required to be able to examine its behavior. There are many options for such a model
problem since using different precisions for FPNs is important for a very broad field of
algorithms, as will also be shown in Chapter 3. However, one consistently important topic
in Computer Science seems exceptionally appropriate, namely efficiently solving a linear
system.

Given a non-singular A € R"*™ and z,b € R™ a linear system, describing a linear set
of equations, can be defined as follows [51]:

Az =b (2.5)

Typically, A and b are given, and the z is the vector that should be computed. A
first thought might be to compute A~!, rewrite Equation 2.5 and compute z by using
x = A~'5. Although this would work in theory, it is computationally inefficient. It
should not be done, and Higham even writes in this book [51, p. 260] that "To most
numerical analysts, matrix inversion is a sin." This bad performance is because, for most
problems, the inverse is not needed [38|. To further emphasize that inverting a matrix is
by no means a practical option, consider the linear system Az = b, where one is normally
only interested in finding x. Approaching this by calculating the inverse A~! by, for
instance, Gaussian Elimination and partial pivoting has a time complezity of O(2n?)
and is numerically unstable since it amplifies small errors. At the same time, applying a
procedure directly on the system is far more stable and has a time complexity of only
O(2n3/3) [51]. A workflow of such a direct application on the system would look like this:

1. Split the system matriz A into a lower triangular matriz matrix L and an upper
triangular matriz U using LU Factorization with pivoting: PA = LU, where P is
the permutation matriz.

2. Solve for y in Ly = Pb using forward substitution.

3. Solve for x in Ux = y using backward substitution.
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In this case, A,L,U,P € R™™ and b,y,z € R™. The algorithms mentioned above
are discussed in the following chapters. Furthermore, Higham [51] also states that this
approach is numerically more stable than solving it by calculating the inverse A~
Although Higham [51] refused to give a formal definition of the term numerical stability
in his book, Jankowski and Wozniakowski [62] define numerical stability as follows:

Let o = A7'b be the exact solution. A method ¢ is numerically stable if it
produces a computed solution y such that

ly — all < e12 cond(A) [|o (2.6)

where ¢; is a constant which depends only on the size n, ¢; = c1(n), 27 is
the relative computer precision and cond(A) = ||A|| |[A7!|| is the condition
number of A with respect to any norm. [62, p. 304]

Please not that 27 is just another notation for the unit roundoff which is defined in
Equation 2.2 since

1 4 _ _
U=§51 t— gt — ot

for § = 2.

2.2.1. PLU Factorization

The PLU factorization is an LU factorization with partial pivoting and can also be referred
to as Gaussian Elimination with partial pivoting [51]. Pivoting makes the algorithm
numerically more stable by interchanging rows of the linear system so that PA = LU
instead of A = LU where P € R™" is the permutation matriz which records all row
interchanges [51]. The increase in stability is gained because the result of the interchanging
is divided by larger values during the algorithm’s execution. The algorithm used for the
PLU factorization in this thesis is given in Algorithm 1. Such an implementation can
also be found in [106].
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Data: A € R"*"™ b e R"

Result: PA = LU, where P,L,U € R"*"
Setup P=I,L=Tand U =A

for k=0,1,...n—1do

Find i € Ny = arg max (|Uy|)
k<i<n

Interchange U; and Uy, for r =k, k+1,....,n—1
Interchange L;, and Ly, for r =0,1,....k — 1
Interchange P;. and Py, for r =0,1,...,n—1

for j=k+1,k+1,...,n—1do
Ljp = g
fori=k+1,k+1,...,n—1do
| Uji=Uji — Lji - Uk
end

end

end
Algorithm 1: PLU Factorization

2.2.2. Forward and Backward Substitution

The algorithm for forward substitution is very similar to that for backward substitution.
The main difference is the indexing since the system matriz used for forward substitution is
a lower triangular matriz and the one used for backward substitution is an upper triangular
matriz. The algorithm for forward substitution is given in Algorithm 2. When using
Algorithm 2 with an upper triangular matriz and adapting the indexing, one gets the
algorithm for backward substitution. Again, a similar implementation can be found in [106].

Data: Lower triangular matrix L € R™*" h € R"
Result: Solution = € R for the system Lz =b

fori=1,2,...n—1 // i=n—2,n-3,..,0 for back. sub.
do

for j=i+1,i+2,....n—1 // j=n—1n—-2..1+1 for back. sub.

do

iL‘i:.%'i—Lij'l‘j

end

n= 7
end

Algorithm 2: Forward Substitution
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2.2. Solving a Linear System

2.2.3. lterative Refinement

The method of iterative refinement is a way to solve a linear system by exploiting the use
of mized precision or multiprecision. When thinking about workflow by first performing
a PLU factorization folowed by forward substitution and backward substitution it is easy
to see that the PLU factorization has the largest time complezity, namely O(n?3) for the
PLU factorization compared to O(n?) for forward substitution and backward substitution
[54]. The idea is now to calculate the PLU factorization in a lower precision, thereby
saving computational cost. This procedure will, however, introduce an additional error to
the solution, and to account for this, additional refinement steps are added after the PLU
factorization to reduce that error.

However, before stating the complete algorithm, first, a general version of iterative
refinement is presented in Algorithm 3. An almost identical algorithm can be found in
[18, 54]. Please note that (®) must not necessarily be the zero vector 0. Nevertheless, it
is typically chosen as such if there is no better initial guess [83].

Data: A non-singular matrix A € R"*" b € R™ and three precisions u, < u < u;
(in terms of unit roundoff)
Result: Approximate solution & € R"
20 =7
for ¢ =0 : 440 or until converged do
Compute 7 = b — Az in precision u, .
Solve Ad® = () using precision ;.
Update 0D = 2 4 4 using precision u.
end
Algorithm 3: General implementation using iterative refinement

This very easy implementation of Algorithm 3 does not state which method to use
to solve the linear system Ad® = (). Regardless of how this problem is approached
exactly, the relative error £ when solving the system Ad®Y = r(®) numerically can

be calculated according to Equation 2.7, where d is the correct solution and d® the
numerical approximation.

Hdu) _ 4
@) = = (2.7)

& = —rmr
149

Regarding Algorithm 3 Carson and Higham [18] find the following Theorem in 2018
about the conversion of iterative refinement in three precisions. This Theorem is also
included in survey [54].
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2. Theoretical Foundations

Theorem 2.1. Let Algorithm 3 be applied with any z©) to a linear system
Az = b, where A € R™™ is non-singular and z,b € R™. As long as ¢ is
sufficiently less than 1, the forward error is reduced on the i-th iteration by a
factor of approzimately ¢ until an iterate & is produced for which

& — x|

iz < < u+ 4p cond(A, x)u, (2.8)
where
| H A(z® — 300 ‘
(i) _ oo < (2.9)
Al [© = ¢
¢(i) = 2 min(cond(A), /ioo(A),Uz(i))ul + f(i) (2.10)

and p is the mazimum number of non-zeros in any row of [A b].

54, p. 369

Theorem 3 shows that the limiting accuracy only depends on the precisions u, and u
but not on u;, zp, or on how the linear system is solved as long as & < 1 [54]. Higham
and Mary also state in their survey [54]| that a limiting accuracy of w is obtained by
setting u, = u?, as long as cond(A, x)u < 1, which is a very interesting result because
when wanting to solve a linear system in working precision u, the accuracy of a probably
computationally very heavy part of the algorithm can be reduced by still being able
to acquire precision u. Further, it is important to note that since ¢; only depends on
precision u;, the rate of convergence is only dependent on the effective precision u; of the
solver [18].

As mentioned at the beginning of the chapter, PLU factorization can be used as a solver.
Since the subject of this thesis is to write a simulator, iterative refinement is solely used to
have an algorithm to test the simulator on. For this purpose, PLU factorization followed
by forward substitution and backward substitution is sufficient as a solver. Nonetheless,
there are also other options like GMRES. A method which is used by [17, 83] and is also
mentioned in the survey of Higham and Mary [54].

Algorithm 4 depicts the version of iterative refinement which will be used for this
thesis. As discussed above, PLU factorization is used to solve the system. Furthermore,
Algorithm 4 also improves the initial guess xg by calculating a first solution using forward
substitution and backward substitution right before the while-loop.
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Data: A non-singular matrix A € R"*" b € R™ and three precisions u, < u <
(in terms of unit roundoff)

Result: Approximate solution x € R"
20 =7
Compute the factorization PA = LU using precision u;.
Solve LUxzo = Pb by substitution using precision u;.
for i =0 : 440 or until converged do

Compute r® = b — Az in precision u, .

Solve LUd) = r() by substitution using precision ;.

Update 20+ = 2 4 d() using precision u.
end

Algorithm 4: [terative refinement using PLU factorization

At first glance, this might look disadvantageous compared to the steps presented at the
beginning of 2.2 because all the steps are done analogously, followed by a for-loop. How-
ever, the computationally most expensive part, namely the PLU factorization with time
complexity O(n3) which is done at the beginning, is, as can be seen, done in the lower pre-
cision u;. Subsequently, the computation is accelerated. The lost precision is then regained
later by the refinement loop with each command only having time complezity O(n?) or less.

Higham and Mary state in their survey 54| that solving a linear system by using LU
factorization with precision u; approximately achieves an error bound of 3n||A™|L||U||u;.
Using Theorem 2.1 we get the following new Theorem as also stated in [54].

Theorem 2.2. Let Algorithm 4 be applied to a linear system Ax = b, where
A € R™ " js non-singular and x,b € R™. If |[|A7Y||L||U||u; is sufficiently less
than 1, then the algorithm produces an iterate T satisfying Fquation 2.8.

[54, p. 372]

2.3. Analyzing Speedups

As mentioned earlier, different algorithms can be used with different precisions. For
instance, a matrix-vector product can be computed in both single and double precision.
Surely, these are not the only possible options theoretically. However, numerous hardware
only supports a limited amount of Floating Point (FP) formats. Following this, it is often
useful to calculate a factor between the time needed to use an algorithm with double
precision and the same algorithm used with single precision. Some factors are reoccurring
and are therefore defined in the following equations.

SGEMV

DGEMV (2.11)

Feemv =
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2. Theoretical Foundations

SGEMV

Feemm = DCEMM (2.12)
Ferprrr = % (2.13)
Frr, = m (2.14)
Fris = Uf(GESV) (2.15)

The used abbreviations can be found in Table 2.2. Please note that the abbreviations
in this context refer to the runtime of the referred algorithm. Similar definitions can
be found in [65]. Please further note that in the context of this thesis, additionally,
the abbreviations D is used for double, S is used for single, and H is used for half.
Correspondingly, ug, ug, and up are the unit roundoff's of half, single, and double.

Table 2.2.: Used abbreviations with their description, where fi, fa, f3 € F are FP formats.
Abbreviation | Description

(S.D)GEMV | Matrix Vector Multiplication in (single/double) precision.
(S,D)GEMM | Matrix Matrix Multiplication in (single/double) precision.
(S,D)GETRF | LU factorization in (single/double) precision.

(S,D)GETRS | Forward and backward substitution in (single/double) precision.
(S,D)GESV | Solve linear system ((S,D)GETRF + (S,D)GETRS)

IRt 15.15) Iterative Refinement with: f; = u;, fo = v and f3 = u,
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Algorithms exploiting the advantages of mized precision are getting increasingly important,
even though some modern high-level programming languages like Python natively do
not require the user to select any specific data type for variables. Especially nowadays,
where the use of Al has skyrocketed, performing tasks like training a neural networks as
efficiently as possible is significant. Amongst other things, this motivated Intel to propose
the bfloat16 format in 2018, which should be advantageous for deep learning [58]. Work
has been done by [15, 25, 26, 32, 36, 77, 80, 100, 102, 103] and many more where it is
shown that it is sufficient to use very low precision when employing a neural network.
Such gains in efficiency do not only result in speedups but also in energy efficiency [22,
48|.

3.1. Numerical Algorithms

When it comes to numerical algorithms, mized precision approaches are often used in
combination with iterative refinement, which is explained in Section 2.2.3. For short,
using iterative refinement, one can calculate a less precise result and refine it afterward
to achieve a higher precision. Very early in the year 1967, this procedure was proposed
to mitigate roundoff errors of Floating Point Number (FPN). For instance, Bjorck [10]
proposed such an approach for linear least square solutions and Moler [78] for linear
systems. This work was later extended by Gulliksson [45] in 1994 for constrained and
weighted linear least square methods. Later in 2009 Demmel et al. [31] discussed a
practical implementation accompanied with numerical testing which showed that the
algorithm achieved condition-independent accuracy under certain conditions for both the
solution and the residual. But not only can the approach of iterative refinement be used
to achieve more accurate results, but it is also potentially faster than other methods as,
for instance, Meijerink and Van Der Vorst [75] found out in 1977 for linear systems where
the system matriz is a symmetric M-matriz.

Nevertheless, iterative refinement is not limited by directly improving results computed
in lower precisions but can also be used to increase numeric stability. Also, in the year
1977 Jankowski and Wozniakowski [62] published a paper proving that iterative refinement
with an arbitrary linear solver is stable under certain conditions. Also, Skeel [86] published
a paper that iterative refinement can be used to increase numeric stability for Gaussian
Elimination [54]. This idea was further generalized by Higham in the year 1991 in [52]
and in the year 1997 in [53].
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By the year 1981, Kielbasinski [63] investigated the idea to use continuously changing
precisions for the refinement procedure to achieve an arbitrary precision in the end result.
According to Higham and Mary [54], this idea was first introduced in the context of an
exercise by Stewart [88] in 1973 and was later on further examined by Smoktunowicz
and Sokolnicka [87] in 1984. Therefore, at least theoretically, iterative refinement was no
longer bound by the FP precisions available on a computer but was also investigated in
the sense of a much broader multiprecision stage. Also, around the same time in 1982
Zlatev [109] investigated the use of iterative refinement in the context of a linear system
with a sparse system matriz. Further, the method of iterative refinement has also been
explored in more specific contexts like the work of Govaerts and Pryce [42] in 1990 where
they investigated the topic in the context of a black box solver for bordered linear system.
In this context, a bordered linear system means that the system matriz has added rows
and columns which hold additional information.

In the year 2001, Newton’s Method was investigated by Tisseur [98| in the context of
the generalized eigenvalue problem. Again, it was found that iterative refinement is useful
to improve the method’s stability, and in this case, it could be shown that both backward
and forward errors of the computed eigenpair are improved. Building on this also Davies,
Higham and Tisseur [28] showed that Newton’s method could be used to produce eigenpair
with small backward errors. According to Higham and Mary [54], Newton’s method is well
suited to find a small number of eigenpairs but is not feasible to solve a whole eigensystem.

Also, Ogita and Aishima [81] propose an algorithm in 2018 for solving eigenvalue
problems using iterative refinement and got good results if a modestly good initial guess
is provided. Their solution even works with systems not limited by nearly multiple
eigenvalues, which means that multiple eigenvectors have the same eigenvalue [90]. The
problem with the need for a good initial guess was addressed in the follow-up paper in
the year 2019 [82]. Later in 2022 Tsai, Luszczek and Dongarra reinvestigated Newton’s
method in the context of eigensystem and achieved mentionable speedups.

After 2000, new hardware emerged, and operations done in single precision were much
faster than those done in double precision [54, 64]. According to Higham and Mary [54],
this motivated Langou et al. [65] to propose a new way to solve linear systems by the
usage of iterative refinement. A solver was depicted, which is very similar to Algorithm 4
but uses only two precision instead of three, namely one lower precision (single) for the
LU factorization, forward substitution and backward substitution and one higher precision
(double) for the computation of the residual. With this method for different architectures,
a speedup between 1-2 could be achieved concerning an algorithm that only uses double
precision. Also, Buttari et al. [13] analyzed the performance between single and double
precision in 2007 for dense matrices followed by an analysis for sparse matrices by Buttari
et al. [14] in 2008.
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Later in the year 2018 Haidar et al. [46] made a new analysis of the performance of
iterative refinement. They did not only use an iterative refinement variant that utilized
double and single precision but also employed one that operates with double and half
precision. In addition, they tried to harness GPU tensor cores. With all this, they
achieved a speedup of up to 4 compared to a solver, which only uses double precision. The
same year, Haidar et al. [48] released another paper with a similar analysis specifically
emphasizing on energy efficiency. They could achieve an energy reduction of 50% on an
Intel Knights Landing (KNL) architecture and an even higher reduction of 80% when
using Nvidia V100 PCle GPUs. Also Lee et al. [69] analyzed the energy efficiency when
using lower precision FP numbers and achieved a speedup of between 2.0 and 2.6 and
energy savings between a factor of 1.8 and 2.4. Further, in the year 2020 Haidar et al.
[47] did another performance analysis where they analyzed many more sparse matrices
and got roughly similar results.

In 2020 Iwashita, Suzuki and Fukaya [60] propose an iterative refinement not limited to
FP formats but introduce the use of integer arithmetic for GMRES. They find that this
version performs comparably to the standard version, which uses solely FP arithmetic.
A year later, in 2021 Amestoy et al. [3] also wrote a paper concerning the GMRES and
propose a version that uses five different precisions through the algorithmic routine. In
2022 Oktay and Carson [83| depicted an algorithms which combines different versions of
GMRES. It starts with the least expensive version and switches to a more expensive but
reliable version when the convergence slows.

The same year in 2022 Zounon et al. [110] released a paper comparing the performance
of LU factorization using single and double on different sparse matrices. It was found that
only large matrices reach the theoretical speedup of 2x. The same year, a mixed precision
version for the s-step Lanczos and the conjugate gradient method was introduced by
Carson, Gergelits and Yamazaki [16]. Furthermore, Tsai, Luszczek and Dongarra [99]
depicted a mixed-precision algorithm for finding eigensolver for symmetric and Hermitian
matrices and achieved a speedup of up to 3.6x. One year later, in 2023 Amestoy et al.
[2] released a paper combining sparse approximate factorizations with mixed-precision
iterative refinement and find that they achieve a reduction in both time and space com-
plexity. It is also important to note that overflows can happen more frequently when
the number of available bits of the exponent is reduced. This problem arises because,
in that case, the exponent part of the FPN cannot represent exponents large enough.
Therefore, for instance, Higham, Pranesh and Zounon [56] proposed a method in 2019 to
artificially shrink the values of a matrix to be able to be stored using fewer bits for the
exponent. This is achieved by introducing a scalar, such that elementwise multiplication
of this scalar with the shrunken matrix restores the original matrix.

Lastly, two surveys, one from Higham and Mary [54] and another one from Abdelfattah
et al. [1] should be mentioned, because both provide an exceptional introduction to the
topic and current developments. Also, Higham wrote a book on the accuracy and stability
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of numerical algorithms [51], which does not directly touch the topic of mized precision
but is mentioned for the sake of completeness.

3.2. Machine Learning

The use of low precision FP formats is also widely used in Machine Learning. For this
use case, bfloat16 [58] was developed since it was found that this data type is sufficient
for neural networks. The format is preferable because lower precision formats are compu-
tationally faster, and the drawbacks are irrelevant in the case of a neural network [36].
Also Courbariaux, Bengio and David [25] find in the year 2015 that very low precisions
are sufficient to train a neural network. For instance, they found that training certain
neural networks is possible with only a 10-bit multiplication. Furthermore, in the year
2018 Wang et al. [103] published a paper where they showed that they were able to train
a neural network using only 8-bit data and computation precision and also reduced the
arithmetic precision from 32-bit to 16-bit.

Also, in 2018 Das et al. [26] implemented a neural network using mized precision integer
operations and reported an increase in throughput of 1.8x and still maintaining the
target accuracy. The same year, Micikevicius et al. [77] showed that model accuracy
could also be maintained by using half and single precision. Furthermore, Nandakumar
et al. [80] proposed a mized precision combination of two memory units where the first
one is storing the weights using lower precision, and the second storing the accumulated
weight updates. Amongst others, a similar approach is also proposed by Micikevicius
et al. |77]. Besides that, mized precision can also be used to quantize a model, which is
to reduce the size of the network in order to improve inference speed. Concerning this,
two papers were published in 2019 regarding finding good choices for the precision to
use for each layer. The first one by Dong et al. [32] proposed an approach using each
layer’s Hessian spectrum, and the second one from Wang et al. [102], on the other hand,
tries to find a method based on the individual hardware specifications and achieving
a reduction in latency by a factor of 1.4x to 1.95x and an energy reduction of 1.9x.
Also, Cai and Vasconcelos [15] were concerned about the optimal quantization of a
network. They proposed a search algorithm with a differentiable search architecture to
find an optimal solution and achieved good results by outperforming uniform counter-
parts. Lastly, also Uhlich et al. [100] published a paper concerned with choosing the
right parameters for mized precision DNNs and accomplished state-of-the-art performance.

However, the introduction of lower precision FP formats not only has benefits on the
performance but also on the resilience against soft-error as Li et al. [71] pointed out in
the year 2017. This better behavior is because most severe faults induced by soft-error
are caused by a bit-flip in the more significant bits of the exponent [84]. Furthermore,
the errors are more severe if a soft-error flips a bit from 0 to 1 than vice versa [84]. The
first is logical since the deviation from the correct value is larger if a bit with higher
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significance flips its value. Likewise, the latter seems logical since if a bit flips from 1 to
0, the magnitude of the deviation is less than or equal to the absolute value of the correct
value. Because this is not the case when a 0 flips to a 1, the relative error might be much
larger.

If more bits are used for operating the system, it seems clear that, therefore, more bits
are vulnerable for soft-errors. For this case, for instance, Chen [21] designed an algorithm
which finds the most endangered bits in O(logn) time complexity. This information
can subsequently be used to additionally secure vulnerable bits and use a less secure
procedure for less vulnerable ones. However, since the more vulnerable bits are typically
the more significant, one could also think of reducing the precision and omitting most of
the non-significant bits.

3.3. Mixed-Precision in other Sciences

Surely mized precision is also used in other fields of science, like, for instance, metrology.
In 2014 Diiben, McNamara and Palmer [34]| proposed a mized precision approach to
improve weather and climate predictions. Also, Thornes, Diiben and Palmer [96] and
Hatfield et al. [50] were using half precision in order to improve their models. In the
year 2019 Chantry et al. [19] also proposed the uses of less precise data types for weather
modeling and stated that larger scales need higher precision than shorter ones regarding
weather forecasting time scales. They also find that the expected global mean quantities
half precision is sufficient for the simulation. Further, also in 2019 Hatfield et al. [49]
published a paper where they investigated the usage of half, single and double precision
on Nvidia Tensor Cores for weather forecasting. It was found that it is possible to use
half and single precision almost throughout the simulation without affecting the forecast
when compared to the usage of double precision. Additionally, in 2019 Tint6 Prims et al.
[97] uses mized precision for ocean simulations and got promising results.

However, mized precision approaches can not only be used for meteorological forecasting
but also for Finite Element Methods like was done by Goddeke, Strzodka and Turek [41]
in the year 2007 using FFPGAs and GPUs. Nevertheless, at least for GPUs, this approach
is slightly slower when compared to solving with iterative refinement. Similarly, Das
et al. [27] employed a mized precision Finite Element Method and achieved a performance
that was unprecedented at the time. Furthermore, in the year 2020 Wang et al. [104]
utilized mized precision for a Finite Element Method and accomplished a 10% increase in
performance. Besides that, parallelization also achieved a speedup of 25x.

Different FP formats can also be used in chemistry and physics. For instance Clark
et al. [23] used the approach for Molecular-Dynamics, Chen, Chacon and Barnes [20]
for a fully implicit particle-in-cell method and Le Grand, Gotz and Walker [66] to solve
a lattice QCD system. All their results showed a good performance compared to the
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standard double version. Further, Bini and Robol [9] used a multiprecision approach
to solve secular and polynomial equations and obtained results so good that they even
described them as "dramatic". Additionally, McCormick, Benzaken and Tamstorf [74]
and Tamstorf, Benzaken and McCormick 92| investigated mized precision in the context
of multigrid solvers.

Lastly, mized precision can also be useful in finance. Both Chow et al. [22] and Brugger
et al. [12] considered the usage of different precisions for Monte Carlo methods to price
Astan options using FPGAs. Chow et al. achieve a speedup of a factor or 4.6x and a
5.5x increase in energy efficiency. Brugger et al., on the other hand, even achieved a
speedup of between 3x and 9x.

3.4. Simulating Multiprecision Arithmetics

When a multiprecision approach is used for any algorithm, the question of which exact
precision should be used arises quickly. In that domain, simulation is certainly one option
and there are already simulators for arbitrary precision FP arithmetic in existence like
mpmath |95 for Python and MPFR [39, 70] for C. SymPy [76] also has the ability to vary
the accuracy of its FP datatypes, yet uses the mpmath library for it. However, for instance,
MPFR [39] was originally designed to simulate higher precision FP numbers [54], which
was necessary because some simulations need a certain accuracy to acquire well enough
results. A similar fact is true for mpmath. Furthermore, there is also MPFUN2020 an
arbitrary FP simulator form Bailey [6] for C++. Bailey also provides additional software
for simulating FPNs on his website |7]. However, besides MPFUN2020 those are only for
simulating high-precision fixed format (double-quad, quad precision, double-double) FPNs.
Additionally, there is the MPLAPACK library, which however also uses MPFR arithmetic
to simulate arbitrary precision FP formats, along with some fixed precision data types [79].

Those simulators are made for high-precision simulations, not especially for low-precision
ones. Although this does not mean that lower precisions cannot be simulated with these
simulators, one would not get the desired speedups because of their implementation,
which is optimized for high precision. For example, MPFR is using arrays of so-called
limbs to represent FP data [39]. One limb is, for instance, a 64-bit unsigned integer
Lefevre and Zimmermann, and with the stacking of such limbs, it is possible to represent
a mantissa length of more than 64 bits. However, when calculating a sum of two FPN
with a mantissa length of less than 64 still, the whole limb is used for the addition, which
is certainly not optimal. Such a condition is, of course, a problem when analyzing the
time efficiency of an algorithm like iterative refinement.

Other simulators and simulation techniques for low precision FP arithmetic exist, like
[30, 55], but these also do not show performance differences between arbitrary FP formats.
So, for instance, computing an addition for two FPNs with F'(20,9) may take the same
time as computing the same by using F(21,9). On the contrary, some of the other
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available software solutions only emphasize typical FP implementations like half, single,
and double. The latter is the case for software published in 2013 by Rubio-Gonzalez et al.
[85], where they proposed a solution which examines the FP formats inside a program
and finds the local minimum where the analyzed program performs best. Unfortunately,
the search space only covers float, double, and long double, and therefore, this solution
cannot analyze arbitrary FP formats.

Later in 2017 Dawson and Diiben [30] describe a reduced-precision emulator written
in Fortran. Good results were accomplished, but the program first computes all results
in higher precision and later reduces the precision as desired, which, of course, does not
maintain any relationship between the performance of different FP formats. They state
that this provides a good approximation and avoids the necessity of implementing every
function from scratch [30]. Furthermore, Dawson and Diiben [30] stated that the simulator
is focused on verifying results but not simulating the expected performance gains. An
interesting side note is that they mentioned that the Software could also be adapted to
simulate bit-flips. A similar approach is used by Higham and Pranesh [55] in the year
2019, where they present a function named chop to simulate low precision FP arithmetic
and achieved positive results. A similar approach is also provided by the library CPFloat
[37], but as before, such methods do not maintain the performance relationship between
different FP formats.

There are also approaches to implementing lower precision formats in hardware and
analyzing their performance from that perspective. However, since this only touches the
topic of this thesis, the analysis will be held shortly. One early approach was made by
Tan, Danysh and Liebelt [93] in the year 2003, where they implemented a multiprecision
Vector Multiply-Accumulator for fixed point arithmetic using shared segmentation. Later
in the year, 2012 Liang, Lee and Peterson [73| proposed an ALU design for arbitrary fixed-
and floating-point precisions but focused on fixed-point adders and multipliers. Three
years later, in 2015 Liang published his PhD thesis expending the work by implementing
a fully multiprecision FP ALU. This ALU, when implemented on an FPGA, performs
almost as well as a normal ALU but apparently occupies twice as much space.

Another paper to mention was published in the year 2008 by Sun, Peterson and Storaasli
[91] where they implemented iterative refinement on an FPGA. They showed that the
mized precision approach significantly increased the performance when solving a linear
system. In the year 2011 Lee and Peterson [67] proposed an iterative refinement variant
with arbitrary precisions on an FPGA and showed that they can satisfactorily achieve
results in single and double precision. Later in the year 2020 Lee et al. [68] proposed an
improvement with their new AIR algorithm. With this, they also extend the work of Lee
et al. [69] by using arbitrary precisions.
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3.5. Performance of mixed-precision algorithms

Since it is later important for evaluating the proposed multiprecision simulator in this
section, papers will be summarised, examining the performance of algorithms using
different precision formats. Please note that some abbreviations used in this section are
defined in chapter 2.3. The first to mention is the work form Langou et al. [65] from the
year 2006. In their research, they evaluated the performance of algorithms using single
and double precision or, in the case of iterative refinement, a combination of both. The
results of their experiments, for which dense matrices were used, are depicted in Table 3.1.
As can be seen, the speedups for matriz-matriz multiplication are between 2.12x and
0.99x. However, most are above 1.5x. In the case of LU factorization, the speedups
range between 2.24x and 1.08x, but as seen before, most are above 1.5x. In the case of
iterative refinement, the speedups are slightly less, ranging from 1.92x to 0.91x. This
time, not most values are above 1.5, but exactly half of them.

Table 3.1.: The speedup factors between using single and double for different algorithms
on different architectures as taken from [65].

Architecture n FGEMM FGETRF FIRS
Intel Pentium IIT Coppermine (Goto) 3,500 2.10 2.24 1.92
Intel Pentium III Katmai (Goto) 3,000 2.12 2.11 1.79
Sun UltraSPARC Ile (Sunperf) 3,000 1.45 1.79 1.58
Intel Pentium IV Prescott (Goto) 4,000 2.00 1.86 1.57
Intel Pentium IV-M Northwood (Goto) | 4,000 2.02 1.98 1.54
AMD Opteron (Goto) 4,000 1.98 1.93 1.53
Cray X1 (libsci) 4,000 1.68 1.54 1.38
IBM Power PC G5 (VecLib) 5,000 2.29 2.05 1.24
Compaq Alpha EV6 (CXML) 3,000 0.99 1.08 1.01
IBM SP Power3 (ESSL) 3,000 1.03 1.13 1.00
SGI Octane (ATLAS) 2,000 | 1.08 113 | 0.91

Also, [14] depicts speedups of matriz-matriz multiplication in addition to factors for
matriz-vector multiplication. Their results, which look quite similar to the results of [65],
are shown in Table 3.2. This time, the range for matrix multiplication is a bit shorter,
and all results lie between 1.44x and 2.21x, but as before, most values are above 1.5x.
Furthermore, [14] examined the speedups for matriz-vector multiplication with values
ranging from 1.64x to 2.21x.
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Table 3.2.: The speedup factors between using single and double for standard matrix
operations on different architectures as taken from [14].

Architecture n Foemyv n Foemm
AMD Opteron 246 | 3,000 2.00 5000 1.70
Sun UltraSparc-Ile | 3,000 1.64 5000 1.66
Intel PIIT Copp. 3,000 2.03 5000 2.09

PowerPC 970 3,000 2.04 5000 1.44
Intel Woodcrest 3,000 1.81 5000 2.18
Intel XEON 3,000 2.04 5000 1.82

Intel Centrino Duo | 3,000 2.71 5000 2.21

Another paper to mention was published in 2018 by Haidar et al. [46] in which they
examined the computation times needed to solve matrices taken from the Sparse Matrix
Collection of the University of Florida [29] using difference configurations of iterative
refinement on Nvidia V100 GPUs. They only state the computation times, but the corres-
ponding factors can be easily deduced and are shown in Table 3.3. It can be seen that all
values range between a speedup of 1.59x and 1.95x when using iterative refinement with
single precision in the refinement step. Such values seem to be in line with the results
that were previously examined. The values tend to increase when switching from single
to half precision. The only exception is the computation for the matrix em192. However,
in the original table in [46], it can be seen that in that case, considerably more iterations
are needed in the refinement step, which probably means that problems concerning the
convergence were present in that case.

Table 3.3.: The speedup factors between using iterative refinement compared to solving it
directly by using PLU factorization. These results are taken from [46].

Matrix Name n Frrs | Frry
em192 26,896 | 1.83 | 1.09
appu 14,000 | 1.59 | 1.79
ns3Da 20,414 | 1.62 | 2.07
nd6k 18,000 | 1.80 | 2.25
nd12k 36,000 | 1.95 | 3.05

Haidar et al. [47] did another paper in 2020 where again the performance of iterative
refinement was evaluated, where this time, Nvidia Quadro GV100 (Volta) GPUs were
used. When comparing the results with those obtained in 2018, they are slightly lower
but still quite similar. Most of the results are above 1.5x. However, none of the results
are above a factor of 2x. The results are shown in Table 3.4. Again, the Sparse Matrix
Collection of the University of Florida [29] was used. Furthermore, many more matrices
were examined, but no speedups were given for iterative refinement, which uses half
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precision for the refinement LU factorization without the utilization of tensor cores.
Table 3.4.: The speedup factors between using iterative refinement with single and double

precision and solving it directly using PLU factorization with double precision.
The results shown are taken from [47].

matrix name n sp matrix name n sp

crystk03 24,696 1.68 | nd12k 36,000 1.83
crystm03 24,696 1.68 | epbl 14,734 1.47
TEM27623 27,623 1.74 | appu 14,000 1.42
mixtank new 29,957 1.71 | besstk25 15,439 1.51
e40r0100 17,281 1.52 | besstk37 25,503 1.69
sme3Db 29,067 1.59 | raefsky3 21,200 1.62
Goodwin 054 32,510 1.78 | thread 29,736 1.78
ns3Da 20,414 1.59 | mult dcop 01 25,187 1.64
Thermall 17,880 1.54 | ramage02 16,830 1.31
Zhaol 33,861 1.83 | Poisson 32,000 1.81
nd6k 18,000 1.56 | Vlasov 22,000 1.78

Lastly, also Zounon et al. [110] did a large analysis of the performance of iterative
refinement using different precision for LU factorization in the year 2022. The obtained
results roughly resemble the results that were previously discussed. Because of this and
the truly massive amount of generated results, their findings will not be shown inside a
table like the others. It is interesting to note that Zounon et al. states that the speed when
performing LU factorization on dense matrices one should experience a speedup of about
2x. For sparse matrices, they find that only very large matrices experience a speedup
close to that value. Also, they found that often, the performance of LU factorization
in single precision is reduced compared to double precision because more subnormal
numbers are created. They overcame this problem by flushing all values, which would be
subnormal to zero, and subsequently got the expected speedups.

3.6. Positioning of this Thesis

As shown above, mized precision approaches are very useful for numerous numerical
problems like solving a linear system with iterative refinement or for implementing novel
eigensolvers |1, 54|. Furthermore, mized precision is a very important topic in Machine
Learning [103] and other sciences like metrology [49, 97|. Therefore, it seems reasonable
to claim that research in this field is of great importance. Besides developing novel al-
gorithms that utilize the existence of different precisions, it is also very essential to choose
optimal precisions [15, 32, 100, 102]. A general approach is still missing but is already
being addressed in fields like Machine Learning. A solution could be accomplished by
simulating multiprecision numbers. There are already papers proposing ways to simulate
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multiprecision data types [6, 30, 55, 70, 85| and even libraries like MPFR [39] and mpmath
[95]. Still, they do not maintain the relative performance benefits from various data types,
as was argued earlier.

The fact that the relative speed is not maintained is a problem because, for instance, in
the context of iterative refinement, an algorithm operating fully in double precision will
normally converge in several steps less than or equal to the number of steps needed by an
algorithm using lower precisions. However, the latter could, in practice, still outperform
the first since the computational cost for performing operations with lower precision is
smaller. It seems important to close this gap, and therefore, in this thesis, a simulator
is proposed to simulate multiprecision numbers and maintain the relative performance
properties of various FP formats using basic C++. To the best of the author’s knowledge,
such an approach has not been done yet. However, with such a simulator, it would be
easy to evaluate the performance of arbitrary algorithms using various FPN formats on
the fly.

25






4. Implementation Approach

After establishing the necessary theoretical background, the general methodology and
design of the simulator shall now be discussed. This thesis aims to investigate the
possibilities of a simulator for arbitrary precision FPNs that tries to reflect the different
time complexities of different FP formats. To accomplish this, implementing a prototype
that falls into the realm of qualitative methods was chosen. However, quantitative
methods will be applied to evaluate its performance after implementation. Throughout
this chapter, a thorough explanation of the simulator’s design will be given, followed by a
brief discussion of how to guarantee correct behavior according to IEEE 75/ standard
[57].

4.1. Design of the Simulator

When it comes to simulating lower precision FP formats, the idea of other authors like
Higham and Pranesh [55] is first to calculate the result in an available common higher
precision followed by chopping off less significant bits thereby making the result less precise.
It is not hard to see that this approach does not reflect the different time complexities
of various FP formats but will need similar times regardless of the wanted format. To
overcome this problem, the proposed simulator internally represents an FP number using
a vector of boolean values. Since the simulator is written in C+-, this was accomplished
using an std: :vector<bool> object. To be even more precise, each value is represented
by not only one vector but actually three objects. These are a boolean value representing
the sign of the number and two vectors consisting of boolean values, one for the mantissa
and one for the exponent. This splitting of the bit array was done to simplify both the
code and the process of writing it. To represent an FP using the bit array, the IEEE 754
standard [57] was used. Further, note that the simulator does not support subnormal
numbers since that would have drastically increased its complexity and seemed unnecessary.

After two arbitrary numbers are presented using the simulator, computations can be
made using only the bit arrays. By doing this, it is assumed that representations using
longer bit arrays will need a longer time to compute, thereby making the simulator reflect
the individual time dependencies. Nevertheless, one obvious downside of this approach is
that it makes computation much slower compared to data types provided by the system.
Therefore, it is expected that this strategy will be able to evaluate the efficiency of
different FP formats but will only apply to small problem sizes. The difficulties with
performance time were the main reason C++ was chosen as a programming language
since it is considerably faster than, for instance, Python. Further, parallelism cannot
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accelerate the simulator efficiently since the computation time of one single operation,
like multiplication, is still incredibly fast.

Before continuing with a more detailed explanation of the simulator’s workings, it
should be emphasized that the program could easily be implemented in numerous different
ways. However, it was tried to find the most efficient way to implement a routine to
have a consistent simulator. Of course, replicating a specific CPU architecture could
also be attempted, but this approach seemed far too sophisticated for a first prototype.
It might also negatively influence the generality of the outcome since the result might
be biased towards that one CPU architecture. Besides this, two other general design
choices were made. The first one is that the bit arrays containing the FP information
are treated as constant references when using them within operator calculations. This is
done because using the keyword const should help the compiler optimize the code [40].
However, this choice also increased the complexity of the code since sophisticated indexing
needed to be implemented to avoid unnecessary copying. The second choice is only to
allow calculations using FP numbers if they have exactly matching FP formats, which was
done because it reduces the complexity of the code. This introduces additional overhead
in multiprecision algorithms because of casting, which could otherwise be overcome with
clever indexing. However, it appears that this added complexity is not needed in the first
prototype. Furthermore, it also seems to replicate the behaviors of a computer better
because, for instance, in C+-+, one must use similar data types as well. After all, if types
do not match, the compiler will cast implicitly [5, 8.

In the next chapters, the implementation of the most important parts of the simulator
will be laid out so that the reader can get a feel for how the simulator works. Nevertheless,
not everything can be discussed in detail, but please find the code for the whole simulator
in the Appendix (A.1) for further reference.

4.1.1. Addition and Subtraction

They will be discussed together because addition and subtraction have decently similar
implementations. The heart of both algorithms is a full adder. The main difference
between the two routines is that in the case of a subtraction, the subtrahend must be
inverted, followed by adding one to it before getting added to the minued. It is also
important to note that an addition where the two involved numbers have opposite signs
is actually a subtraction — a case that needs to be handled using a conditional statement.
The same is true for subtraction, with the addition that a further condition must also be
checked. Assuming that both numbers have the same sign, the result will cross the zero
point if the magnitude of the subtrahend is larger than that of the minued. In that case,
the subtrahend and the minued need to change places before performing the subtraction,
followed by switching the sign of the result. How it is determined which one of the two
numbers is larger can be found in Section 4.1.3.
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Before discussing the case of adding and subtracting FP numbers, first, the more general
case of adding or subtracting binary numbers will be considered. This will be mentioned
first since addition can be implemented more easily than subtraction. The used code
consists of a full adder as depicted in Algorithm 5. Please note that if the carrier bit ¢ is
set at the end of the last iteration, an overflow will happen, which must be accounted for
to produce correct results. Nevertheless, to not unnecessarily increase the complexity of
this chapter, such cases would not be discussed but can be studied when reading the full
code provided in the Appendix A.1.

Data: a,b € B
Result: the result r e B" =a+ b
¢ = false
fori=n—-1n-2,..,0do

ri=a; Nb; N ¢

c= ((a; ANbi) V(a; Ne)) V(b Ac)
end

Algorithm 5: Binary addition using a full adder.

In the case of subtraction, the algorithm only needs to be changed a little bit, as shown
in Algorithm 6. Please note that the function binaryAddition() is Algorithm 5.

Data: a,b € B"” where a > b
Result: the result r e B" =a -0
for:=0,1,....,.n—1do

| by = —b;
end
b=b+1
r = binaryAddition(a, b)

Algorithm 6: Binary subtraction using a full adder.

After having the appropriate algorithms for general adding and subtracting of bin-
ary numbers, one more algorithm is needed before continuing with the addition and
subtraction of FP numbers, namely an algorithm for matching the mantissa of one FP
number with the mantissa of another. The resulting implementation can be seen in
Algorithm 7. In the code shown, Os are appended to the mantissas, which is certainly a
correct implementation; however, indexing was used to avoid unnecessary copying in the
final implementation. For reasons of simplicity, this is not shown in this section but can
again be found in the Appendix A.1.
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Data: o € R and mg, my € B"
Result: the adapted mantissas rq, r, € B"
Tq = Mg
Ty =mp
fori=0,1,....,0—1do
rq.appendBack(0)
rp.appendFront (0)
end
Algorithm 7: Matching the mantissas of two FP numbers by an offset o.

Finally, it can be continued with the respective implementations for FPNs. The code
for the used routine for addition can be found in Algorithm 8. One of the first things that
are important to mention when studying the algorithm is that the initial separation of the
bit array into sign, mantissa, and exponent does not need to be done inside the simulator
since it saves the FP information in three separate parts already. A similar statement
is true when combining the three parts back together, as indicated with the function
combine (), in the last line of the algorithm. The function round() rounds according
to the IEEE 754 standard [57|. Please note that the function round() also alters the
exponent if a carry bit was present in the last step of binaryAddition(). The algorithm
round () will not be discussed but can be found in the code provided in Appendix A.1.
Further, the algorithm shown does not handle special cases like over- or underflow for
simplicity. However, the simulator, of course, does account for this.

As before, subtraction is implemented in a very similar style to addition, as can be seen
when studying Algorithm 9. The most important difference is that if the subtrahend is
larger than the minued, the two numbers need to switch place inside of the subtraction
because the result will be on the other side of the number line. Further, if that happens
also, the sign needs to be changed accordingly. As before, the separation of the FPNs
needs not be done inside the simulator as they are stored in that format in the first place.
Furthermore, also this time, the round () function must be able to change the exponent
to be able to store the numbers according to IEEE 75/ standard [57|. As was the case
before, not all special cases are depicted in Algorithm 9 but can be found in Appendix A.1.

4.1.2. Multiplication and Division

As was the case for addition and subtraction, multiplication follows a similar pattern to
what is taught in elementary school when multiplication is trained with pen and paper.
Nevertheless, for instance, some improvements can be made for multiplication when
utilizing Booth’s famous algorithm [11]. Algorithm 9 shows a top-level representation of
the multiplication algorithm as implemented in the simulator. It can be seen that the
complexity increases compared to the addition and subtraction as much more indexing
is needed. In the first step, the components of the FP numbers are separated, which
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Data: a,b € F
Result: theresult re F=a+b

// s...sign, m...mantissa, e...exponent

Say Mg, €q = separate(a) // separate the bit array of a
Sp, My, €, = separate(b) // separate the bit array of b
size = my.size()

mg.insertFront (1) // add hidden 1 at the beginning
my.insertFront (1) // add hidden 1 at the beginning

if e, > ep then
difference = binarySubtraction(e,, ep)
Mg, My = matchMantissa(difference, mq, mp)
€r = €q
Ise if e, > e, then
difference = binarySubtraction(ey, €g)
Mg, My = matchMantissa(difference, my, mg)

]

€r — €
else

| €r = €q
end

m, = binaryAddition(m,, my)
r = combine(s,, my, €,)
r = round(r, size)

Algorithm 8: FP addition

again does not need to be done inside the simulator for the same reasons as above. The
next step is determining the sign and calculating the resulting ezponent. Note that this
exponent is not necessarily the result’s final exponent but might be changed due to the
normalization process. In the case when both FPNs have an exponent larger than 0,
basically the exponent of the result is the sum of the exponents of the two initial numbers.
If that is not the case, the basic operation to calculate the exponent is still an addition;
however, it must be accounted for the special representation of the exponent inside an FPN.

Next comes the multiplication of the two mantissas. For this, the two vectors S and
m, need to be set up according to the needs of the algorithms, thereby respecting the
special FP format. This is mainly accounting for the "invisible" leading zero at the
beginning of the mantissa. Afterward, the main routine of Booth’s algorithm starts. The
function binarySummation is very similar to the function binaryAddition as depicted
in Algorithm 5. The main difference is that it was optimized for the use inside of mul-
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Data: a,b € F
Result: theresult re F =a+b

if b > a then
switch(a, b)
sy = — sign(a)
else
| s, = sign(a)
end

// s...sign, m...mantissa, e...exponent

Say Mg, €q = separate(a) // separate the bit array of a
Sp, My, € — separate(b) // separate the bit array of b
size = my.size()

myg.insertFront(1) // add hidden 1 at the beginning
my.insertFront (1) // add hidden 1 at the beginning

if e, > e, then
difference = binarySubtraction(eg, ep)
Ma, My = matchMantissa(difference, mq, mp)
er = €q
Ise if e, > ¢, then
difference = binarySubtraction(ey, e,)
mg, mp = matchMantissa(difference, my, my)

o

€r — €
else

| €r = €4
end

m, = binaryAddition(m,, my)
r = combine(s,, m,, €,)
r = round(r, size)

Algorithm 9: FP subtraction

tiplication and division by utilizing indexing. By using such indexing, the speed of the
simulator could be increased drastically.

The algorithm for division as represented in Algorithm 11 has a similar complexity as
the one for multiplication as well as a similar basic structure. Again, in the first step,
the different parts of the FPNs need to be extracted, followed by the calculation of the
exponent. What happens is that the exponent form the dividend needs to be added
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or subtracted by the one from the divisor depending on whether the divisor is smaller
or larger than 1. The additional complexity comes mainly from the specialties of the
FP format. Followed by the calculation of the exponent, the main routine performs a
division using the two mantissas. The routine used is straightforward and follows the
same principle as a division of pen and paper.

The last step is similar for both multiplication and division. First, the different parts
of the resulting FPN are set back together, followed by a normalization step and proper
rounding. The exact routine for normalization and rounding will not be discussed but is
expected to work according to IEEE 754 standard |57]. For both algorithms, it is also
true that the handling of special cases or similar is not considered. This is because it
would unnecessarily lengthen the depicted algorithms. However, the full implementation
can be found in Appendix A.1.

4.1.3. Comparators

To use the simulator properly, the most common comparators ¢ € {<,>, <, > ==1=}
were implemented. The last two (== and ! =) are pretty straightforward. They both
compare all the bits of an FPN, where the first one (==) returns true if all bits match,
whereas the latter (! =) returns true if at least one bite does not match. The other four
are also pretty simplistic and follow the same general pattern. As an example, the code for
< is given in Algorithm 12. The implementation for the other three is omitted since it can
easily be deduced when studying either Algorithm 12 or the code provided in Appendix
A.1. As can be seen, the implementation is pretty straightforward. It is iterated over
each bit in order of significance, and as soon as a difference occurs, a decision about the
outcome can be made.

4.1.4. Special Values

For a properly working simulator, it must be able to deal with the most common special
values, which are 0, NaN, Inf, and -Inf. All of those have special bit patterns, which must
be checked before each operation since, in such a case, a special behavior is triggered. The
exact listing of what will happen if a special value is encountered will not be listed here
but can easily be found by either consulting the IEEE 754 standard [57] or the program
code in the Appendix (A.1). Nevertheless, one special case will be mentioned. The
proposed simulator does not differentiate between +0 and -0. However, some machines do
make a difference. Nevertheless, this decision should not make any significant difference
during computation, and it was chosen because of the slightly greater simplicity.
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4.1.5. General Workflow

Before continuing to the next section, it shall briefly be discussed how the general workflow
of the experiments was implemented. First, the simulator was developed test-driven using
a singular C++ class. On top of that, a second class was introduced using the objects
of the simulator to implement all needed (numerical) algorithms. This class was also
thoroughly tested using unit tests. Having all the necessary basic code, the test-driven
development method was loosened due to time requirements and the fact that the number
of written tests was already at 1,076. A third C+-+ class was written to automate the
experiments. This class then was important to Python using pybindll [61] for easy
handling. To structure the compilation process, CMake [24] was used.

4.2. Validation of the Code

As is the case for all coding projects, the correctness of the produced code must be
validated to guarantee proper results. Because of this, a method of test-driven devel-
opment was chosen. Therefore, hundreds of unit tests were written for the simulator
alone to ensure the accuracy of the code. Additionally, after implementing the operators,
randomized tests were added. This means for each of the four operators op € {+, —, %, /},
two random FPNs were chosen, followed by a check for correctness of the calculation.
To evaluate such correctness, the result is first computed using data types implemented
natively inside the system and then compared bit by bit with the result of the simulator.
If the result when using system data types is a subnormal number, it would have needed to
be excluded since the simulator does not support them. However, during the experiment,
no calculation yielded such a result. The experiment was run for a total of 10,000, 000
each time, resulting in correct calculations.

To make a statement of the correctness of the code, the Wilson score interval is used
[35, 101, 108]. At a level of significance of 99%, the test predicts a confidence interval
of (0.999999, 1.000000) for every operator and both single and double precision. This
suggests a high confidence that the simulator is working properly. Unfortunately, this is
insufficient to ensure that the simulator is working properly since some important special
cases are rare. For instance, when using single precision, the chances of randomly selecting

the same number twice are m. Therefore, such a combination will only occur with
a probability of 25;% >~ (.469% during all the 107 runs. Despite this not being a lot,

such a case occurs frequently when using PLU factorization as depicted in Algorithm 1
since the reciprocal of a value plays an important role. The chances of encountering such
a combination for double precision are even lower with 20416% =~ 10~ 11%, which means
it is practically impossible to hit such a case.

To address this problem, numerous unit tests were written to account for as many

special cases as possible. Furthermore, another kind of randomized test was conducted
where the results of GESV were calculated using the simulator and compared against
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the results when using native system data types. Again, no errors occurred. All of
this strongly indicates that the simulator works according to IEEE 75} standard [57].
Nevertheless, faults can never be ruled out completely, as with all written computer code.

4.3. Generating Sparse Matrices

For one of the presented experiments (see Section 5.2), it is necessary to generate sparse
matrices. Sparse matrices have a very high percentage of zero values [94]. In this thesis,
they are produced by using a sparsity rate, which defines the percentage of zero values of
a matrix. So, for instance, if a sparsity rate of 0.8 is given, this means that 80% of the
values of a matrix are zeros. However, in the actual implementation, it is not exactly 80%
since it is written in such a way that, in this case, every value only has an 80% chance of
being zero, which introduces some randomness into the system. Nevertheless, the larger
the matrix is, the closer the real value will be to the defined one. This variant was chosen
to keep the implementation rather simplistic.

Unfortunately, just setting every entry with a certain percentage of a matrix to zero
will not provide the expected results since it does not guarantee invertibility. Therefore,
before setting all other elements of the matrix, one randomly selected entry of each matrix
row is first set to a nonzero value, thereby ensuring that the matrix is indeed invertible.
Disappointingly, now setting all the other elements to zero according to a previously
defined sparsity rate would result in a wrong rate since a certain number of entries are
already nonzero. Therefore, by using the original sparsity rate r, a new adapted sparsity
rate T, must be calculated. The way this adjustment is made is explained in the following
lemma. Please note that this lemma would also work for a more complex implementation
where the percentage of zeros exactly coincides with the given sparsity rate. Nevertheless,
it is also applicable to the more simplistic approach chosen in this thesis.

Lemma 4.1. Given a sparsity rate r, which is the expected percentage of zero elements
inside a matriz M € R™ ™. If the matriz M already contains n nonzero elements, all the

other n(n — 1) elements must be set according to a new adapted sparsity rate rq, which is
defined as

(4.1)
where n s the size of the matriz.

Proof. First, the total number of zero elements in M is r, - n(n — 1) since the other
complementary n elements do not contain any zero by definition. After dividing by the
total number of elements (n?), the following formula for the sparsity rate r is obtained:

_Tra-n(n—1)

r= 5 (4.2)

n
which can easily be transformed into Equation 4.1

O]
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4.4. Model-Based Transformation

As will be shown when examining the results in Chapter 5, addition and subtraction
run much faster than multiplication and division. This fact can also be deduced by
looking at the respective algorithms in Section 4.1.1 and 4.1.2 where it is visible that the
algorithms for addition (Algorithm 8) and subtraction (Algorithm 9) should experience
linear time complexity compared to quadratic time complexity when doing a multiplication
(Algorithm 10) or a division (Algorithm 11). This is not a problem per se, but when
wanting to have results similar to a CPU, this must be addressed in some way. Therefore,
a mathematical solution will be introduced in this section to mitigate this issue.

The idea behind the method is to replicate the behavior of a CPU where the time for
multiplication and division is not quadratic, which is due to sophisticated optimizations in
the CPU like parallelism [89]. The mathematical approach is necessary since optimizations
like this cannot be efficiently replicated using C++ [107]. The goal of this mathematical
approach is to artificially transform the quadratic time complerity into a near linear
one. To be able to do this, the idea is that by taking a square root, quadratic behavior
appears linear. This strategy is, of course, very simplistic and has by no means the
expectation of replicating the behavior of a CPU exactly. It is mainly meant to sketch
one probable solution to the problem and explore the possibilities of such a naive approach.

To understand the method more deeply, first note that the time complexity T of an
arbitrary algorithm that uses data types provided by the simulator can approximately be
described as follows:

T = O(ms) * ns + O(m,?) * n, (4.3)
where :

mg = the mantissa length for operations in the algorithm that form sums.

my, = The mantissa length for operations in the algorithm that form products.
ns = the number of operations in the algorithm that form a sum.

n, = the number of operations in the algorithm that form a product.

Because addition and subtraction have a similar time complexity, they are grouped
together and are denoted using a subscript s to indicate that these operators compute a
sum. Similarly, multiplication and division are put into another group, denoted using
subscript p to point out that these operators compute a product.

The presence of the quadratic term in (’)(mp2) poses an issue when wanting to mirror
a CPU since it is typically not present on a CPU, as will be shown in chapter 5. Because
of that, it would be nice if it could be interchanged with O(m,) instead, which would
result in the following wanted time complexity:

36



4.4. Model-Based Transformation

Twanted = O(ms) *Ng + O(mp) * Ny (4'4)

It should be clear that the simulator regrettably does not achieve this relation. Never-
theless, by dividing by O(m,,), a very similar formula can be achieved:

O(ms) x ns + O(my?) x ny,

T = 4.5
adapted O(mp) ( )
The expression above can be simplified to:
O(ms)
T == O 4.6
adapted O( p) * N + (mp) *Np ( )

The resulting estimation already looks decently close, but unfortunately, O(m,,) is not
known. Nevertheless, it can be approximated by:

a(mp) =1/ O0(myp?®) = O(my) (4.7)

By using « Formula 4.5 can conveniently be rewritten written as:

T tsi

Tadapted _ o simulator (48)
a(my) a(my)

In this case, tgimulator describes the actual time measurement when running an algorithm

using the data types of the simulator. Utilizing « also has the benefit that speedups can

be calculated easily using:

~
[

tl*ag

Q

1

speedup = (4.9)

~
)

_tg*al

Q

2

Here, t; describes the execution time of the algorithm using a mantissa length m;.
Respectively, to denotes the execution time of the same algorithm using a mantissa length
of mgy. The constants «; and ao are the corresponding factors for m; and ms

4.4.1. Error Analysis

At least for multiplication and division, the adapted model appears to be pretty near to
the wanted solution. Unfortunately, the correction affects the first term as well. Compared
to the wanted solution (Equation 4.4) the following absolute error e, will be made when
using the adapted model:

€a = |Twanted - Tadapted| (410)
which is equivalent to:
O(ms)
eq = |O(mg) — kM (4.11)
a S O(mp) S
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It is immediately imminent that the adapted result will underestimate the correct
runtime if O(m,) > 1 and O(ms) > 0, which will be the case in all of the discussed
results. Due to this underestimation and the fact that the runtime cannot be negative, e,
is bounded as follows:

eq < O(myg) * ng (4.12)

This means that in the worst case, the results appear to ignore addition and subraction
completely.

On the contrary when comparing the original model T with the wanted solution Tented
the following absolute error e, is obtained:

€o = |Twanted - T| (413)
which is equivalent to:
eo = |O(m,) — (’)(mg)‘ * Ty (4.14)

Compared to eg, the error e, cannot be bound as well as before. However, by ignoring
the term O(m,) the following upper bound can be achieved:

eo < O(m2) xny (4.15)

From Equation 4.14 and 4.15, it is obvious that e, will grow quadratically as m, grows
linearly. Therefore, the error e, becomes more pronounced for larger mantissa sizes. Thus,
the proposed model (T gqqpted) seems preferable if the goal is to achieve results similar to
those of a modern CPU. Nevertheless, it should be mentioned again that this is only a
very simplistic view of the underlying workings of a modern CPU.

It is also important to note that the proposed adaptation affects not only addition and
subtraction but also other components of the algorithm, such as comparators. Although
their impact is assumed to be negligible and therefore omitted from this analysis, their
presence should still be considered. It is also worth mentioning that this analysis only
holds for one singular mantissa size for operations that form a sum and one for operations
that form a product. Therefore, it needs to be adapted for more complex settings.
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Data: a,b € F
Result: theresult r€¢ F =ax*b

// s...sign, m...mantissa, e...exponent

Sq, Mg, €q — separate(a) // separate the bit array of a
Sp, My, €5 = separate(b) // separate the bit array of b
Sr = 84 D Sp

// both exponents are positive
if e,[0] A €p[0] then

s = ep; 8[0] = —=s[0]; s +=1

e, = binaryAddition(e,, $)

else

s = ones(ep.size()-1) // s =1[1,1,...,1]
s.insertFront(0)

if e,[0] A —ep[0] then

s = binarySubtraction(s, e,)
e, = binarySubtraction(ep, s)
else

s = binarySubtraction(s, ep)
e, = binarySubtraction(eg, s)
end

end

S = mg.invert() + 1
S.insertFront(1)

m,.zeros(mg.size() + 2) // m, = [0,0,...,0]
m,.insertBack([0, 1, my, 0])

for i =0,1,...,mp.size() + 2 do
if =P[—2] A P[—1] then
| binarySummation(m,., my)
else
| binarySummation(m,., S)
end

end

r = combine(s,, m,, e,)
normalize(r)

round(r, mg.size())

Algorithm 10: FP multiplication (Booth’s algorithm)

39



4. Implementation Approach

Data: a,b € F
Result: the result r € F = a/b

// s...sign, m...mantissa, e...exponent

Sa, Mg, €q = Separate(a) // separate the bit array of a
Sp, My, €p = separate(b) // separate the bit array of b
Sp = 8q D Sp

if ¢,[0] then

s = ep; s[0] = —s[0]; s +=1

e, = binarySubtraction(e,, s)

else

s = ones(eyp.size()-1) // s = 1[1,1,...,1]
s.insertFront(0)

s = binarySubtraction(s, ep)

e, = binaryAddition(eg, s)

end

R =m,
R.insertFront([0, 0, 1])
S = my.invert() + 1

for i =0,1,...,mq.size() do
shiftLeft(R)
if R > m; then
| binarySummation(R, S)
end
end

r = combine(s,, m,, e,)
normalize(r)

round(r, mg.size())

Algorithm 11: FP division
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Data: a,b € F
Result: the result r e Bof a < b

// s...sign, m...mantissa, e...exponent

Say Mg, €q = separate(a) // separate the bit array of a
Sp, My, €p = separate(b) // separate the bit array of b
Sr = 84 D Sp

if =5, A sp then
| return true

end

for i =0,1,...,eq.5ize() — 1 do
if —eq[i] A ep[i] then
| return true
end

end

for i =0,1,...,mg.size() — 1 do
if —mg[i] A mpli] then
| return true
end

end

return false
Algorithm 12: Algorithm to evaluate a < b where a,b € F'.
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5. Experimental Results

In this chapter, experimental results shall be presented. Most of these experiments are
conducted using a server with 256 CPUs distributed on four AMD EPYC 9534 64-core
processors with a maximum frequency of about 3.7 GHz. The problem will be addressed
that comparisons between single and double precision are troublesome since, on modern
CPUs, the computation time is often similar for both precisions. This effect appears
because present-day processors are often optimized so that both operations only need
one clock cycle. Besides experiments on the previously mentioned server, some further
experiments were conducted on a 2020 M1 MacBook Air to showcase behavior on a
different platform.

As done in the chapter above, the simulator is sometimes referred to as Multi Precision
Simulator or, for short, MPS. Further, natively implemented operators, for instance, when
using float while programming, will be referred to as system operators. The evaluation
of the simulator will start by studying the performance of the basic MPS operators
op € {+,—,%,/}. Because the amount of optimization by compiling can be chosen
freely, this will also include the usage of different optimization levels. Following this, the
performance of the MPS operators will be compared to the performance of when using
system operators, which will be done by applying them inside simple algorithms. In
contrast to the previous experiments, this part will not only be done on the server but
also using a 2020 M1 MacBook Air. Lastly, a small case study will be depicted on the
server to illustrate potential use cases of the simulator.

5.1. Operators

5.1.1. Addition and Subtraction

The first operators analyzed are addition and subtraction. The whole simulator was
compiled four times using a different optimization option to show the effects of different
optimization levels. The results are depicted in Figure 5.1, where each subplot represents
a different optimization option. Each line in Figure 5.1, was generated by choosing two
positive numbers from {x € F | double.min() < x < 1,000,000} followed by an addition
or subtraction using different mantissa sizes. Please note that for -0O0, each operation
was only repeated 1,000 times before making a time measurement in contrast to the other
three, where 20,000 repeats were made. Furthermore, each plot shows 20 different runs
for each operator. However, 20 more were performed for each operator as a warmup. It
is also important to mention that the exponent is fixed to 11 bits for all experiments.
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Figure 5.1.: The performance of addition and subtraction using MPS with different op-
timization levels. Each line represents one operation for different mantissa
sizes.

Therefore, the differences are only influenced by the size of the mantissa.

When studying Figure 5.1, it becomes clear that when using no optimization, the simu-
lator is about 20x slower than when using at least some optimization. So, there appears
to be a strong incentive to compile the simulator with at least some optimization options.
Nevertheless, regardless of the optimization option, all curves appear decently linear,
even though some exponential behavior is visible. This outcome is as wanted because a
linear relation is to be expected. The exponential behavior, however, is mostly visible
when compiling using -O1 and -0O2, and it is also interesting to note that apparently, the
performance is better when using -OI compared to -O2. When using -0O3, the curves
appear again a bit more linear, as was the case when using no optimization, but the
results appear a bit more unstable. It is evident that throughout all used optimizations
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levels, subtraction needs longer than addition, which is also as expected as the bit array
of the subtrahend must be inverted. A process that need not be done when performing an
addition. Furthermore, in all figures, some lines seem to be shifted by a constant, which
seems odd at first glance but is also as anticipated. It can be explained by the fact that
when two numbers have the same exponent, they can be added or subtracted instantly. On
the other hand, if this is not the case, the two numbers first need to be shifted according
to their exponents’ differences. Such an effect is not visible when performing system
operations, but it is necessary to ensure correct computation in the simulator. In the end,
it can be deduced that compiling with -O8 seems preferable — at least on the used server.

5.1.2. Multiplication and Division

The next operators analyzed are multiplication and division. Again, the whole simulator
was compiled four times using different optimization options, and the results are shown
employing a subplot, each representing one optimization option. The experiment setup is
very similar to the one for addition and subtraction. First, two positive numbers are chosen
for each line from the set {x € F | double.min() < x < 1,000,000} , followed by multiplic-
ation or division. As done previously, 20 different lines were generated for each operator,
preceded by the same amount as a warmup. Similar to the findings above, an immense
performance benefit could be seen when using any optimization option. Because of that,
1,000 runs were executed for the case of no optimization, but 20,000 could be made when at
least some optimization was present. Results are shown in Figure 5.2 and as was the case
in the section above, the length of the exponent was fixed to 11 bits during the experiment.

The first thing that can be seen from Figure 5.2 is that all operations appear to be
quadratic. This behavior is certainly not as wanted when comparing it to the expected
behavior on FP arithmetic as implemented on a CPU. However, it is certainly as expected
since the algorithms used for multiplication and division have a time complezity of O(n?).
Modern CPUs can achieve this linear behavior likely because of parallelization inside the
Floating Point Unit (FPU). Such parallel designs are essential components in modern
designs [89] and were impossible to replicate in the simulator used in this thesis. As can
be seen in the next section, when using natively implemented data types of the system,
multiplication and division do not even take longer than addition and subtraction.

Nevertheless, the exponential part, as also seen for addition and subtraction, appears
not to be extremely dominant. Still, on the whole, much more time is needed when
performing a multiplication or division. With this being the case, all computations using
the simulator will be predominately governed by the performance of multiplications and
divisions. This condition is most definitely not something to be wanted for a simulator.
At least not when results from a CPU should be mirrored, because with this being the
case, the simulator’s performance for addition and subtraction is indirectly neglected since
it vanishes in comparison.
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Figure 5.2.: The performance of multiplication and division using MPS with different
optimization levels. Each line represents one operation for different mantissa
sizes.

Furthermore, because the simulator’s performance is much better when using optim-
ization, it seems destined to be used. When -O1 or -0O2 is used, multiplication and
division seem to perform differently, which appears undesirable because it is not so in the
unoptimized version. Matching performances are again visible when using -O3. Due to
this and the better performance, complying with -O8 seems to be the best option, as was
the case for addition and subtraction.

5.1.3. Comparison of Exponent

Unlike the preceding two sections, the focus shifts from analyzing the mantissa to examin-
ing the exponent. For this purpose, the size of the mantissa was fixed to 23 bits, as is the
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case for single precision. The results will only be shown when using optimization levels
-00 and -038 to save space. Experiments for the other optimization levels were conducted
as well but did not provide further insights. What can be seen when studying Figure 5.3
is that when using optimization, again, the performance of the simulator is drastically
increased. When it comes to performance, it is visible that increasing the exponent has
linear or slightly quadratic time complexity, which seems as expected. Interestingly, for
some numbers, expanding the length of the exponent has almost no effect on the runtime,
which can be explained by the fact that if the exponents match, no extra calculations
regarding the exponent need to be carried out. At first glance, it also looks puzzling that
the lines in Figure 5.3b and Figure 5.3d are very spread out. However, this is also the
case when looking at Figure 5.2, only it is less noticeable due to the lines being far more
compressed in the latter. Generally speaking, it can be said that the exponent’s length
influences computation time. But it seems fair to state that the effects can be neglected
since the feasible range of the exponent is probably between 5 and 15 — a range where the
differences appear not overly pronounced.

5.1.4. System Operators

Above, it was shown how operations using the MPS simulator perform. Now, those
results are compared to those implemented natively on the server. The general setup
of the experiment was conducted, as seen above. First, two positive numbers for each
operation for the set {z € F | double.min() <z < 1,000,000} were chosen, followed by
the performing operation in question repeatedly for 1,000,000,000 times. The last number
alone reveals how much better natively implemented data types perform than those from
the simulator. Each subexperiment was repeated 100 times to ensure valid results, each
time choosing a new combination of values. To accelerate this process, 20 treads were
used for parallelization.

When plotting Figure 5.4, no outliers appear to be visible. Unfortunately, this is
not true because many outliers were present in the case of addition. However, because
this would have made the plot less readable without achieving valuable new insights,
it was decided not to display them. Since the addition was calculated initially, the
presence of the outliers might be explained due to an insufficient warmup. To address
this problem, the number of warmup runs was elevated to 400 operations preceding the
experiment, resulting in minor benefits compared to lower warmup times. Furthermore,
the experiment needed to be carried out using -O0 as an optimization setting. If choosing
a higher optimization level, the operations that should be evaluated are deleted by the
compiler because the result is not used besides taking time measurements. It would
have been possible to overcome this problem with special programming tricks. However,
except for small changes in the division, no substantially different outcomes could be
seen, so they are not discussed further. Also, as mentioned, the results for the addi-
tion appear more spread out, possibly because of hardware-specific reasons. Findings
like this will also not be addressed further since they are irrelevant for further experiments.
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Figure 5.3.: The performance of addition subtraction multiplication and division using
MPS with different optimization levels. The mantissa size is fixed, and each
line represents one operation for different exponent sizes.

When looking at the results from Figure 5.4, it is clear that all operators need almost
the same time, regardless of which precision format was chosen. As mentioned above, this
behavior is likely caused by the parallel optimization inside CPUs, which can reduce the
cycle time [89]. For instance, Booth’s algorithm can be parallelized inside the FPU. But,
later on, when using different data types inside algorithms, contrasts between the data
types will become visible, which is likely because of the added complexity. Nevertheless,
it should be evident that because of this behavior, it is surely not to be expected that the
simulator performs similarly to the CPU.
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Figure 5.4.: The performance of different operations with natively implemented data types
on the used server.

5.2. Comparison of Sparse Matrices

On the one hand, some authors mentioned in Section 3.5 do their analysis using dense
matrices. On the other hand, some also conduct them using sparse matrices. Therefore,
this small passage will test the simulator’s performance on different matrices with different
sparsity levels. The matrices are generated as described in Section 4.3. To evaluate the
simulator’s behavior, the computation time of iterative refinement was tested using system
matrices with different sparsity rates. The used system matrices all have a dimension of
n = 50, and if the value of an entry is not set to 0, it is chosen randomly from the set
{z € F| —100 <z <100}. As can be seen in Figure 5.5a, the sparsity of the matrice
does make a difference in the performance in contrast when doing the same experiment
with system data types as depicted in Figure 5.5b. Nevertheless, this effect appears to
be relatively similar regardless of the size of the mantissa, so it should not affect the
analysis of the following chapters since only speedup factors are compared, where such
effects cancel each other out. Because the computation time is higher for dense matrices,
such matrices will be used in the coming experiments to circumvent the possible negative
effects of when handling small values. Further, note that the sparsity rates in Figure 5.5b
are rounded. So, the right-most entry does not have a sparsity rate of 1 — which would be
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Figure 5.5.: Comparison of the behavior of matrices with different sparsity.

impossible if the matrix should also be invertible — but one of about 0.998. Also, note
that the computation time for long double is far greater than for the other two data types.
On the used system, double has a size of 8 bytes compared to a size of 16 bytes when
using long double. Therefore, a doubling in time seems reasonable. Nevertheless, it also
shows that single is apparently not implemented significantly differently from double since
computations do not take half the time despite single only having half the size of double.

5.3. Comparison of Algorithms

This section will compare the simulator’s performance to data types implemented natively
in the systems used. At first, the results will be shown when performing them on the
previously mentioned server, but later on, the same experiments will also be conducted
on a 2020 M1 MacBook Air. The general setup is similar for all experiments. Initially,
time measurements were taken for all experiments when computing the result using
double precision, followed by casting all inputs to single precision and evaluating the
same algorithm again. Using both results makes it possible to calculate a speedup factor,
which can be used for comparisons. A total of four algorithms were evaluated:

o General Matrix Vector Multiplication (GEMV)
e General Matrix Matrix Multiplication (GEMM)
o General Triangular Factorization (GETRF)

e General Solve (GESV)

Compared will be the vanilla results from the simulator denoted as mps, the results
transformed according to the proposed mathematical solution from Section 4.4 denoted

50



5.3. Comparison of Algorithms

as mps__factor, and the results as obtained when using data types as provided by the
used system denoted as system.

5.3.1. Comparisons: Server

Fach of the following experiments was conducted multiple times to get robust measure-
ments. The so-generated experiments are reduced using the median, which is more robust
than the average. Since this is not a statistical analysis, the median is not as important
here. The average seems more appropriate, as the median would merely represent a com-
bination of individual sub-results rather than a combination of all results. Additionally,
parallelization was used to accelerate this process. Unfortunately, the simulator per se
cannot be accelerated through multithreading, but the experiments as a whole can be.
Despite having more cores available, only 20 of them were used. This is because it needs
to be avoided that not enough cores are available at some point, which would falsify the
results as the computer would then start to simulate parallelization [107]. The so lost
increase in lost performance compared to when using mode threads is not a problem since
it is needless to achieve decent results. All experiments have in common that the number
of experiments done as a warmup is set to be equal to the number of used threads because,
in that case, each thread performs one whole experiment as a warmup, which appeared
adequate. The input values necessary for each experiment were chosen randomly from
the set {zx € F | — 100 <z <100}

Further note that, for instance, calculating a MVM takes much more time when ap-
plying it on larger matrices. Therefore, all experiments in this and the following section
are implemented so that the repetitions for each matrix size are calculated individually
to achieve similar runtimes for every matrix size. For example, when it is stated that
10,000 repetitions were made, it actually means that 10,000 repetitions were applied
for the largest matrix but were possibly repeated much more often for smaller sizes to
achieve approximately the same runtime. An implementation like this was chosen since
more runtime also has a larger averaging effect because, in total, more computations are
performed, and it was attempted to accomplish a similar averaging effect throughout all
matrix sizes.

Next, before getting to the actual results, a function must be derived to calculate « for
a given mantissa length m as depicted in Section 4.4. Since multiplication and division
appear to have the same time complexity, this will only be done for multiplication but is
expected to hold for both multiplication and division. To approximate the function a(m),
first, 400 random multiplications were performed and later reduced using the median.
Each operation was repeated 20,000 times before taking time measurements to attain
results sufficiently large. Further, in contrast to all the other experiments in this section,
the input values are chosen from the set {z € F | double.min() < z < 1,000,000}. The
resulting curve is plotted in Figure 5.6a and accompanied by the square root of the
function to the right in Figure 5.6b. According to Equation 4.7, the latter is the wanted
approximation for the function a(m). Please note that the function in Figure 5.6b should
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be scaled by a factor of 207%00. However, since the only interest in this section is to
calculate factors, not doing this makes no difference and is omitted to increase numeric
stability.

Matrix Vector Multiplication

The first algorithm to be compared is Matrix Vector Multiplication (MVM). Since MVM
runs way faster using natively implemented data types, 10,000 repetitions are needed
to get satisfyingly large time measurements, compared to only one repetition for the
simulator. Figure 5.7a shows the achieved speedup factors when comparing single and
double. Unfortunately, what can be seen by studying Figure 5.7a is that there is almost
no speedup when using the data types provided by the system. Also, the simulator’s
vanilla results are way too high compared to the results from Section 3.5. Nevertheless,
when scaling the simulator’s results by «, a speedup reasonably close to the ones depicted
in Section 3.5 is visible. Further, note that the boxplots are very narrow, which indicates
stable results.

Matrix Matrix Multiplication

The next algorithm which is compared is Matrix Matrix Multiplication (MMM). Since
MMM needs much more computation time for a given matrix size n than MVM, for this
experiment, only 200 repetitions were performed when using system data types. The
repetitions for the simulator cannot be decreased further, so the number and size of
the evaluated matrices also needed to be reduced. Results are shown in Figure 5.7b.
Again, as seen for the MVM, the system does not show any speedup. It almost shows
a reduction in performance when switching from double to float, which seems odd and
cannot be explained. It might be due to a programming error, but rest assured that the
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implementation was more than triple-checked. Furthermore, as also seen for the MVM,
the vanilla results most likely overestimate the speedup by about 3.5x. Conversely, when
adjusted by «, the result shows a speedup of about 2x, which is far closer to what ought
to be expected when reading through the findings presented in Section 3.5.

PLU Factorization

In contrast to the already discussed algorithms of MVM and MMM, when looking at
Figure 5.7c PLU factorization, shows a decent speedup of about 1.5x when using FP
formats as provided by the system. This result is probably still a bit low but certainly
in an acceptable range. The fact that PLU factorization shows a speedup in contrast
to MVM and MMM could be explained by it being more complex and the compiler or
FPU has problems optimizing it. But this cannot be said with certainty and is more a
guess than anything else. In contrast, the speedup provided by the simulator is about 4x,
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which is a bit higher than before. The speedup given when adjusting by « also indicates
that the simulator takes longer this time. In that case, the speedup is a bit higher than
2x, which is close to the findings in Section 3.5 but still probably a bit too high.

General Solve

Some authors mentioned in Section 3.5 compare the results of the general solver using
double precision with the results of iterative refinement using both single and double
precision. This approach will not be addressed in this thesis since the MPS simulator
is far too slow to be able to analyze large matrices, and the benefit of using iterative
refinement is only visible when using it on large matrices. The reason for that is that
O(n?) is not that different from O(n?) when working with small values of n. To still be
able to perform an experiment that is at least similar, General Solve (GESV) using single
precision will be compared to GESV using double precision. It is important to mention
that this experiment is probably satisfactorily close to the original. They are the same
except for the missing refinement steps when using the lower precision, which should not
take long when working with large matrices. The assumption that there are not many re-
finement steps needed is supported by looking at the data provided by [46] and [47], where
it can be found that normally only a very small number of steps are needed for convergence.

Nevertheless, the results for GESV look quite similar to the ones for PLU factorization
and can be seen in Figure 5.7d. This does not come unexpectedly since most of the
computational work done when using GESV is computing the PLU factorization. The
only added complexity comes from forward substitution and backward substitution.

5.3.2. Comparisons: 2020 M1 MacBook Air

After examining the server’s behavior, results will be studied when performing the exper-
iments on a 2020 M1 MacBook Air. The basic setup is very similar to the one before.
Nevertheless, the computational power of the MacBook used is certainly not as good
as that of the server. Further multithreading will still be a part of the experiment, but
only two threads can be used safely this time. When using more threads than that,
observations have shown that the CPU sometimes defaults to simulate multithreading
instead of actually performing it, which is certainly not as wanted. This means that
the number of warmup runs was also decreased to two so that they again match the
number of threads. Also, the number of repetitions had to be decreased, which means
the quality of the results is certainly lower than before. Still, the results are interesting
because the MacBook uses a different CPU than the server, making a valuable comparison.

At the beginning of the analysis, similar tests were performed to decide which compiler
optimization level to choose. Interestingly, all optimization options seem valid this time,
so all experiments were made for all levels. These investigations showed that there are
indeed differences between them, and to show some of those, results are provided for -O1
and -0O8 as depicted in Figure 5.9 and Figure 5.10. But before the results are going to be
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Figure 5.8.: Graphs relevant for the factor functions used for the 2020 M1 MacBook Air.

analyzed, as done before, the function a(m) needs to be derived for each optimization
level presented. Figure 5.8 shows the two derived functions which are needed. To generate
the data to derive the functions a(m), this time, a total of 204 multiplication runs were
made, from which the first four were cut off as a warmup. The numbers used in the
experiments were chosen randomly in the same fashion as in Section 5.3.1. Despite the
differences in magnitude, the newly generated functions seem to be similar compared to
the one seen for the server in Figure 5.6.

Matrix Vector Multiplication

The results for MVM do not seem overly dependent on the optimization level, as can be
seen when looking at Figure 5.9a and Figure 5.10a. When comparing it to the results
from the server depicted in Figure 5.7a, differences appear visible. First, in contrast to
when using the server on the MacBook, a speedup is visible when using the data types
provided by the system. Also, the simulator appears to perform differently depending
on the platform since the speedup is lower than the one observed before. Further, when
adjusting the result using «, the results seem to match decently well with the numbers
resulting when using system data types. A good correlation can also be ascertained with
the findings depicted in Section 3.5.

Matrix Matrix Multiplication

MMM shows interesting differences when comparing the plots. In contrast to the findings
from the server (Figure 5.7b) or the MacBook, when using -O1 (Figure 5.9b) Figure 5.10b
shows a visible speedup of about 1.25x, at least for the one matrix with size n = 50.
Since it seemed odd that the speedup was only noticeable for n = 50, the experiment was
redone, but similar results were achieved. Nevertheless, now that at least some differences
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Figure 5.9.: Comparison of speedup factors for different algorithms on a 2020 M1 Mac-
bookAir using -0O1.

between single and double are visible, it is less likely that the absence of any speedup
results from a programming mistake. Nevertheless, it could not yet be explained why
MMM and MVM differ so much since the algorithm is quite similar. However, signs of
this similarity can be seen when comparing the results from the simulator since the results
from MMM and MVM are fairly close. When comparing the speedup factors for MMM
to the ones obtained from the server, they seem to be a bit lower than when using the
MacBook, as was already observed for MVM.

PLU Factorization and General Solve

Due to the fact that the results for the two are so similar, they will be handled together.
The speedup factors of the two when using -O1 appear to be far more pronounced than
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Figure 5.10.: Comparison of speedup factors for different algorithms on a 2020 M1 Mac-
bookAir using -03.

when using -O3. This could be explained because the compiler uses more optimization
when using -038, dampening the effects of multiprecision. Interestingly, the server still
behaves like the MacBook when using -O1 despite actually using -O3. The different
CPUs might explain this since different compilers need to be used, which likely have
different optimization options. Nevertheless, the speedup factors of the simulator again
match up satisfactorily with the results presented in 3.5.

5.4. Application Example of the Simulator

In the last sections, the simulator’s performance was compared to results obtained from
the literature and using the same code but with data types provided by the system. Now,
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this chapter shall briefly show how the simulator can be applied. Since the server is now
being used again, it is possible to use 20 threads as before. In total, 60 runs were made
for each experiment, including 20 runs as a warmup. The resulting 40 runs were reduced
by applying the average. As an example, iterative refinement in three precisions will be
used to demonstrate the simulator. Two different approaches were chosen to do this. For
the first one, the number of refinement iterations will be fixed. After each refinement
step, the execution is halted to make measurements, at which the current relative error is
saved. Ultimately, all those sub-results are summed up, giving an approximate integral
that can measure how well the current algorithm converges to the correct solution. Until
now, all this could be accomplished by using a simplistic chop function as depicted in [55]
as well. But of course, just summing up the errors alone will not give good insights since
using a higher precision should always converge faster than when using a lower precision.
However, the simulator described in this thesis does provide performance differences
between data types, which shall be used in this analysis. The previously described sum is
multiplied by the algorithm’s runtime to integrate this into the analysis. Therefore, if an al-
gorithm converges quickly by utilizing FP formats with a large precision, it is also penalized
because of the longer time requirement. The resulting analysis can be found in Figure 5.11.

log(time [ms] * re|. error)

Figure 5.11.: Performance analysis of iterative refinement using MPS and the relative

error.
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iterations

(a) Analysis using the number of needed iterations. (b) Analysis using the runtime.

Figure 5.12.: Performance analysis of iterative refinement using MPS and a wanted relative
erTor.

To generate the plane shown in Figure 5.11 the working precision u was fixed to F(41, 11),
while u; € {z € F(m,11) |5 <m <40} and u; € {x € F(m, 11) | 41 <m < 51}. Please
be aware that data above a certain maximum value was set to that maximum, resulting
in the visible yellow plane on the left side of the axis representing u;. Further, note that
the values on the z-axis are negative because of the application of the logarithm. When
looking at the graph of Figure 5.11, the use case of the simulator becomes imminent.
Without much work, it is possible to see that increasing the precision of u, definitely
impacts performance. Moreover, it can be observed that the optimal mantissa size for
u; is probably around 30. It might not be evident at first glance, but the z-value does
increase again for mantissa sizes above 30. These are valuable results since, despite the
inability of the simulator to mirror real computers completely, the behavior of different
data types can be deduced.

The second approach for analyzing iterative refinement is defining a wanted maximal
relative error and stopping the refinement process after the current relative error of x falls
below this maximal error. The results are depicted in Figure 5.12, and one can see quickly
where the benefits of the simulator lie. In Figure 5.12a, the number of iterations is taken
as a performance measurement. Again, this could be achieved using a function as chop as
described in [55]. However, when using the capabilities of the simulator, as was done in Fig-
ure 5.12b, one sees immediately that a higher precision in u, might not add certain benefits.

But wait, does this not contradict the findings from Figure 5.117 Well, yes and no. On
the one hand, these results are contradictory, but please be aware that the wanted error,
which is set beforehand, introduces some hard limit. The current error is either above this
line or below. Unfortunately, in this particular analysis, the impact of the precision of w,
is not high enough to decrease the number of iterations needed until this barrier is reached.
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Figure 5.13.: Performance analysis using multiple time measurements with and without
the transformation using MPS.

Keep in mind that Figure 5.11 is also transformed by the logarithm, and therefore, the
effect of varying u, is unnoticeable in real live applications. So, as shown in Figure 5.11,
it is true that the precision of u, does influence convergence, but it is probably not
relevant enough to have an impact in other experimental settings as shown in Figure 5.12b.
Also, for generating Figure 5.12, slightly different settings were chosen. For instance the
working precision u was fixed to F(23,11), while u; € {z € F(m,11) | 5 < m < 22} and
u € {x € F(m,11) | 24 <m < 44}, so this might also have an influence. Nevertheless,
both approaches show the benefits of a simulator as designed in this thesis when wanting

to analyze multiprecision algorithms

The results above are not altered by applying the factor o as mentioned above. Unfor-
tunately, in this setting, it is not as easy as before, and it is not feasible to multiply all
results by one factor because now, not only one precision format is applied, but three
different ones. So, for instance, multiplying by one scalar would correct the findings
for one data type but simultaneously falsify the effects of the others. Therefore, three
different scalars are needed, but with that, a problem arises: with only a single time
measurement, all three factors cannot be applied suitably. To address this problem, the
experiment is slightly altered so that three different time measurements will be present at
the end, namely one for w;, u, and u,, which could be accomplished by taking separate
time measurements for each step followed by a summation. The information of which
step of the algorithm corresponds to which precision can be found in the depiction of
Algorithm 4. Now, with three distinct time measurements, applying the different factors
is easy. The results when adapting the first approach are shown in Figure 5.13.

Before interpreting the results, note that this approach needs more computation time.
The reason for this is because the many individual time measurements introduce a certain
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overhead. Also, when comparing Figure 5.13b to Figure 5.13a the plane does not look
overly different. The major distinction is that the values have a larger magnitude than
in Figure 5.13a, which is easily explained by the usage of the logarithm in combination
with the transformation which is lowering the values of the results. The fact that the
plots are similar potentially indicates that the transformation may not even be needed if
the method is used in certain settings, such as optimization problems. This statement
is further supported when comparing Figure 5.11, Figure 5.13a and Figure 5.13b with
one another, because in all of them an optimal mantissa length of about 30 bits is predicted.
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6. Discussion

The first thing that shall be mentioned is the often-occurring inability of the used hard-
ware to show computational improvements when using lower-precision formats. As can
be seen from Figure 5.4, the computation time does not change when using different
formats, which is probably because the hardware is optimized in a way such that all
of these instructions have similar time requirements. Problems like this can be seen
when looking at the results from Matrix Matrix Multiplication, where almost all results
show no speedup when switching from double to single precision. On the other hand,
differences appear to be visible for algorithms like Matrix Vector Multiplication. Perhaps
these findings can be explained by the fact a modern computer not only performs both
single and double precision in one clock circle but multiple of such instructions due
to parallelization [59, 89]. Nevertheless, such simultaneous execution sometimes also
depends on the mixture of instructions, which might explain certain differences. However,
interestingly, Matrix Vector Multiplication and Matrix Matrix Multiplication reveal dif-
ferent speedups despite being relatively similar, so the actual reason is most likely different.

The fact that modern-day CPUs are optimized imposes a problem when wanting to
replicate their behavior. For instance, Booth’s algorithm [11], as it is implemented in
the simulator, has a time complezity of O(n?). Still on a CPU, multiplication appears
to be realized in linear or even constant time complexity by employing parallelization
[89]. Because of this, the speedup found when using the simulator is naturally far greater
than when running the same experiment directly on hardware. To overcome this problem,
a model-based correction was introduced, as depicted in Section 4.4, which resulted in
noticeable improvements. However, the mathematical analysis indicates that the error
introduced by this approach can be as significant as the combined time required for all
additions and subtractions. The reason for this is that after transforming according to the
model, on the one hand, multiplication and division now might appear as having linear
time complezity, but on the other hand, the process simultaneously impacts addition and
subtraction, which already exhibit nearly linear t¢ime complexity. It is also important to
mention that this mathematical approach is very simplistic and by no means aims to
emulate an actual CPU. The purpose is merely to show that mathematical transformations
could have the ability to replicate results similar to a modern CPU.

Nevertheless, the results can also be interpreted from another viewpoint. Certainly,
when focusing on the CPU, all operations should have about linear time complezity.
But, for instance, Booth’s Algorithm does, in fact, have O(n?) time complezity, and the
implementations on CPUs do not fundamentally change that but make improvements
by utilizing parallelization. For instance, multiplication can be enhanced by connecting
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multiple adders in series [89]. Such an approach obviously reduces the computation
time but also increases the space needed on the CPU. Space that otherwise could have
been used to accelerate other logic. So, in the end, it might be beneficial to examine
the unaltered results from the simulator, as they could provide more authentic insights.
Insights that could potentially be used to design optimized CPUs.

After all this, the simulator’s practical applications come into focus. While the unaltered
result from the simulator can help to decide which data types to implement on a CPU,
using the simulator with transformed results could help find optimal data types for
algorithms on specified hardware. For both of the described causes, the results from the
simulator might not be the most accurate. Still, they definitely serve as a good first
impression of how different data types affect the runtime of an arbitrary algorithm.

6.1. Further Work

A multitude of avenues exist to change or optimize the simulator. For instance, as of now,
the simulator can only perform an operation like addition when both inputs have exactly
the same FP format. Such constraints made sense for a prototype since it, on the one
hand, resembles the mechanics of the real world [44] and, on the other hand, also reduces
the complexity of the simulator. However, this restriction could be loosened so that the
operation can handle inputs of different sizes, likely accelerating the simulator.

Another probable improvement would be to extend the simulator, possibly for integer
formats. This is because when analyzing algorithms using the simulator, integer data
types must be implemented as provided by the system since the proposed simulator does
not yet support classical integer formats. Because of that, they run much faster than they
should compared to the data types provided by the simulator. With more simulators
available for other formats, analyses could be extended, which would lead to more insights.

Furthermore, the approach used in this thesis was to write a simulator using a clas-
sic programming language like C++. Therefore, all algorithms were implemented in
a relatively basic way to have a high chance of closely replicating a large variety of
hardware. However, it could also be tried to replicate the architecture of one specific
CPU, which could improve the results — at least for the CPU architecture in question.
Nevertheless, if such an approach is possible, it would be far more complex than the
current implementation.

Lastly, although the simulator is already fairly simple to use, improvements to its
usability can always be made. This would further ease the usability for new users and
maybe even make the simulator a good teaching tool. For the latter, it would also not be
of big concern that the simulator does not behave like a normal CPU since it still shows
the differences between data types.
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7. Conclusion

At the beginning of this thesis, numerous papers were referenced showcasing the import-
ance of multiprecision algorithms and the common problems faced in this field. One of
them is that a common CPU only provides a very limited number of different data types.
In the case of FPN, this typically only includes single and double precision. Techniques
were developed to circumvent this by using software for the simulation. Despite such
simulators working reasonably well, they lack the capability to mirror the individual
performance differences between different precision formats. To overcome this problem,
this thesis proposed an IFEE 75/ standard conform and efficient simulator that does
account for such performance differences and is implemented in C++.

The basic idea was to internally represent all FP numbers using an std: : vector<bool>
object and implement all necessary operations for IEEE 75/ standard |57] conform FP
calculations on top of it. The simulator’s conformity to the IEFEE 754 standard was
verified through statistical methods. However, using a vector of boolean values for the
implementation inevitably has a strong influence on the simulator’s performance, which
necessitates a focus on optimization. In the end, according to Figure 5.2d, the simulator
was able to perform a bit less than 100,000 multiplications in one second on the used
server when compiling with -O8. This already showcases one shortcoming of the simulator
since it is certainly not feasible for calculations involving larger matrices.

Another downside of the algorithm might be that it does not exactly replicate the
behavior of a typical CPU since the latter utilizes optimizations that cannot be replicated
efficiently in code. The main problem comes with multiplication and division since they
are implemented having a time complezity of O(n?) inside the simulator. This fact is false
for a normal CPU due to optimizations [89]. However, using parallelism, which reduces
the time complexity, simultaneously increases the area needed on the CPU. Because this
space could otherwise be used for other logic, the simulator can potentially provide a
more unbiased analysis.

Despite this, the ability to reproduce results similar to that of a CPU is still very im-
portant. Therefore, a straightforward mathematical solution was introduced, which tried
to correct the outcomes in favor of results closer to those of a CPU. This transformation
mainly involves the square root to counteract the quadratic behavior of multiplication
and division. Despite this also affecting other parts of the simulator like addition and
subtraction, results near to that of a CPU were obtained. This means that the simulator
can potentially be used to analyze FP behavior on existing CPUs. However, it by no
means aims to replicate the exact behavior of an actual modern CPU.
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Asian option Asian options are financial derivative contracts whose payoff depends on
the average price of the underlying asset over a specified period, rather than just
its price at expiration. 20

CMake CMake can be used with various programming languages, including C, C++,
Fortran, CUDA, and Objective-C, to manage the build process and generate native
build environments across different platforms.. 34

FPGA FPGA stands for Field-Programmable Gate Array. It’s a type of integrated circuit
designed to be configured by a user after manufacturing. 1, 19-21

Finite Element Method Finite Element Method (FEM) is a numerical technique used
for solving differential equations by dividing the domain of interest into smaller,
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GMRES A sophisticated algorithm which uses a Krylov subspace to solve a linear system
Ax = b, where A € R™" and z,b € R™. 12, 17

IEEE 754 standard A standard for FPNs defined in [57]|. 1-3, 5, 6, 27, 30, 33, 35, 65
Intel One of the leading companies in semiconductor chip manufacturing. 15

LU factorization An algorithm to split a Matrix A € R™*™ into a upper triangular matriz
and upper triangular matriz L,U € R™"*™. It can be represented as A = LU and
the time complexity is about O(n?). 9, 13, 16, 17, 22, 24
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A1 >0175]. 15
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20, 25
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form Bailey [6]. 20

Machine Learning Machine learning involves the development of algorithms and models
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is about O(n?). ix, xiii, 9, 11-13, 23, 24, 34, 53, 54, 56, 57

Python An high-level interpreted programming language. 15, 20, 27, 34

backward substitution An efficient way to solve for z € R™ in Uz = b, where U € R™*"

is a upper triangular matriz and b € R™. The time complezity is about O(n?). 8,
10-12, 16, 54

bfloat16 A FP format with one sign bit, 8 ezponent bits and 7 bits for the mantissa [58].
15, 18

bordered linear system A bordered linear system has a system system matriz with added
rows and columns which hold additional information. The resulting matrix has the

form:
A b
c d

where A € R™ " is the original system matriz, both b,c € R™ and d € R. 16
deep learning A form of Al which uses a large neural network. 15

double A Floating Point format, which uses 64 bits of precision. One bit for the sign, 11
bits for the exponent, and 52 bits for the mantissa. ix, 1-3, 5, 6, 8, 13, 14, 16, 17,
19-25, 34, 43, 50, 52, 54, 56, 63, 65, 79

eigenpair The pair of an eigenvector and its corresponding eigenvalue. 16
eigensolver A algorithm to find the eigenvalues and eigenvectors of a system. 17, 24

exponent Represents the scale or magnitude of the number. It determines the position
of the decimal point and indicates how many places the mantissa should be shifted
to the left or right to represent the actual value of the number. In other words,
the exponent of a FPN specifies the power of the base 2 by which the mantissa is
multiplied to obtain the final value of the floating-point number. xi, 5, 6, 27, 30-33,
43, 45-48, 78

float A Floating Point format that is similar to single. This naming is often used in the
context of C and C++. 21, 43, 52

forward substitution An efficient way to solve for x € R™ in Lz = b, where L € R™"*"
is a lower triangular matriz and b € R™. The time complezity is about O(n?). 8,
10-12, 16, 54

half A Floating Point format, which uses 16 bits of precision. One bit for the sign, 5
bits for the exponent, and 10 bits for the mantissa. 1, 2, 14, 17-19, 21, 23
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Glossary

invertibility Invertibility of a matrix refers to the condition where a square matrix has
an inverse, meaning there exists another matrix that, when multiplied with the
original matrix, results in the identity matrix.. 35

iterative refinement A algorithm which utilizes multiple precisions to solve a linear
system Az = b, where A € R™" and z,b € R". ix, xi, xiii, 2, 3, 11-13, 15-17,
19-25, 49, 54, 58, 59

linear least square A method to get an approximate solution for an over-determined
linear system. 15

long double A Floating Point format that is used by C+-+ and has more precision as
standard double. 21, 50

lower triangular matrix A matrix L € R™*™ where all entries above the diagonal are
equal to zero. 8, 10, 78

mantissa Represents the significant digits or the fractional part of the FPN. It consists
of the part of the number that contributes to the precision of the number. ix, xi,
xiii, 5-7, 20, 27, 29-31, 33, 36-38, 43, 44, 46, 49, 51, 59, 61, 78

mixed precision A mized precision algorithm uses a small number of available precisions
typically implemented in hardware. |54]. 2, 7, 8, 11, 15, 18-21, 24

mpmath Software to simulate numbers in arbitrary Floating Point formats in C [95]. 1,
20, 25

multiprecision A multiprecision algorithm uses one or more precisions that are arbitrary
and are typically provided by means of software. 2, 7, 8, 11, 16, 2022, 24, 25, 28,
57, 60, 65

neural network A trainable model to predict data inspired by the brain of living organ-
isms. 15, 18, 78

numerical stability Numeric stability refers to the property of an algorithm or calculation
that ensures small changes in input lead to proportionally small changes in output,
preventing amplification of errors.. 9

permutation matrix A matrix P € R™*" that represents row permutations. Each row
contains exactly one element equal to 1. All other elements are zero. 8, 9, 78

sign The sign indicates whether the FPN number is positive or negative. It is represented
by a single bit, where 0 is used for a positive number and 1 for a negative number.
ix, 5, 6, 28, 30, 31, 78

single A Floating Point format, which uses 32 bits of precision. One bit for the sign, 8
bits for the exponent, and 23 bits for the mantissa. ix, xi, 1-3, 5, 6, 13, 14, 16-19,
21-24, 34, 43, 47, 50, 52, 54, 56, 63, 65, 78
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Glossary
soft-error Soft-errors refer to transient faults or errors that occur in electronic systems
due to external factors such as radiation, electrical noise, or cosmic rays. 18, 19

subnormal numbers Subnormal numbers are non-normalized Floating Point numbers
with a magnitude smaller than the smallest normalized number in a particular
floating-point format. 7, 27

system matrix The matrix A € R™*" in a linear system Axz = b, where z,b € R™. 8, 10,
15, 16, 78

time complexity A measure of the computational efficiency of an algorithm. iii, 3, 8, 11,
13, 19, 27, 36, 45, 47, 63, 65, 77, 78

time dependency A measure of the computational efficiency of an algorithm. 27

unit roundoff The unit roundoff or also called machine epsilon is a measurement of the
possible error when working with FPNs. It is defined as the distance between 1.0
and the next largest representable FPN at a given accuracy [51]. ix, 5-7, 9, 11, 13,
14

upper triangular matrix A matrix U € R™*" where all entries bellow the diagonal are
equal to zero. 8, 10, 77, 78

working precision Indicates the wanted precision of a numerical solution. 12
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A. Appendix

A.l1. Complete Code of the Simulator

A.1.1. mps.h

#ifndef MPS_LIB_MPS_H
#define MPS_LIB_MPS_H

#include <vector>
#include <cmath>
#include <string>

using namespace std;

class mps {
private:

// properties

J/ =

unsigned long

the bit array.

unsigned long

the bit array.
S

// the actual

bool sign;

of the bit array
mantissa_length;

exponent_length;

vector<bool> exponent;
vector<bool> mantissa;

public:

// constructors and destructor

mps (unsigned long mantissa_length,
double value) ;
mps (unsigned long mantissa_length,

mps () ;
“mps () ;

// The length of the mantissa of

// The length of the exponent of

unsigned long exponent_length,

unsigned long exponent_length) ;
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A. Appendix

38 // getter methods

39 e

40 [[nodiscard]] bool getSign() const;

11 [[nodiscard]] vector<bool> getMantissa() const;
42 [[nodiscard]] vector<bool> getExponent () const;

13 [[nodiscard]] vector<bool> getBitArray () const;

45 [[nodiscard]] unsigned long getMantisseLength() const;
16 [[nodiscard]] unsigned long getExponentLength() const;
47 [[nodiscard]] unsigned long getBitArrayLength() const;
48 [[nodiscard]] double getValue() const;

19

50 [[nodiscard]] bool isZero() const;

51 [[nodiscard]] bool isInf() const;

52 [[nodiscard]] bool isPositive() const;

53 [[nodiscard]] bool isNaN() const;

55 [[nodiscard]] std::string print() const;

56 [[nodiscard]] std::string toString(int precision = -1) const;
58 // precision
59 [/ mmm e e e

60 [[nodiscard]] bool checkPrecision(const mps& compare, unsigned long
precision) const;

61 [[nodiscard]] long long int getPrecision(const mps& compare) const;

62 [[nodiscard]] mps getAbsoluteError (const mps& compare) const;

63 [[nodiscard]] mps getRelativeError (const mps& compare) const;

64 [[nodiscard]] double getAbsoluteError_double(const mps& compare)
const ;

65 [[nodiscard]] double getRelativeError_double (const mps& compare)
const;

66 [[nodiscard]] double getAbsoluteError_double(const double& compare)

const;

67 [[nodiscard]] double getRelativeError_double(const double& compare)
const ;

68

69 // setter methods

70 [/ == e e e e -

71 void setInf (bool negative = false);

73 void setZero(bool negative = false);

3 void setNaN(bool negative = false);
A void setSign(bool negative);

5 void setMantissa(vector<bool>& new_mantissa);
6 void setExponent (vector<bool>& new_exponent) ;

8 // cast

80 void cast(unsigned long new_mantissa_size, unsigned long
new_exponent_size) ;

82 // operators
83 J R e
84 mps& operator=(const mps& other);
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104
105
106

107

108

109

110
111

113

114

123

A.1. Complete Code of the Simulator

mps& operator |=(const mps& other);
mps& operator=(double value);

mps operator+(const mps& other) const;
mps operator -(const mps& other) const;
mps operator*(const mps& other) const;
mps operator/(const mps& other) const;

// comparators

Jf) ========s====s=c=c===s=========

bool operator==(const mps& other) const;
bool operator!=(const mps& other) const;
bool operator>(const mps& other) const;
bool operator<(const mps& other) const;
bool operator>=(const mps& other) const;
bool operator<=(const mps& other) const;

private:

// helper for cast

void resize_mps_object(unsigned long new_mantissa_size, unsigned long
new_exponent_size);

// helper for operators

void setValue (double value);

[[nodiscard]] static mps addition(const mps& one, const mps& two,
bool set_sign) ;

[[nodiscard]] static mps subtraction(const mps& minued, const mps&
subtrahend, bool set_sign) ;

[[nodiscard]] static mps multiplication(const mps& minued, const mpsé&
subtrahend, bool set_sign) ;

[[nodiscard]] static mps division(const mps& dividend, const mpsé&
divisor, bool set_sign) ;

// helper for comparators

R R T

[[nodiscard]] static bool equal(const mps& one, const mps& two) ;
[[nodiscard]] static bool notEqual(const mps& one, const mps& two) ;
[[nodiscard]] static bool larger(const mps& one, const mps& two) ;
[[nodiscard]] static bool smaller(const mps& one, const mps& two) ;
[[nodiscard]] static bool largerEqual (const mps& one, const mps& two)

[[nodiscard]] static bool smallerEqual (const mps& one, const mps& two

) s
[[nodiscard]] static char compare(const mps& one, const mps& two) ;

// general helper functions

Jf =======sscsssccccccssssssssz===
[[nodiscard]] static vector<bool> binaryAddition(const vector<bool>&
one, const vector<bool>& two, bool* carrier_return = nullptr);
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[[nodiscard]] static vector<bool> binarySubtraction(const vector<bool
>% minuend, const vector<bool>& subtrahend) ;

static void binarySummation(vector<bool>* summand, const vector<bool
>% addend, bool = false);

static vector<bool> binaryOffsetAddition(const vector<bool>& 1lp,
const vector<bool>& rp, unsigned long off_set, bool c, const bool p
[2], const Dbool hd[2], ©bool* cr = nullptr);

static inline bool round(vector<bool>* mantissa, unsigned long
mantissa_len) ;

[[nodiscard]] static unsigned long binaryToInt (vector<bool>
bit_vector) ;
[[nodiscard]] static vector<bool> intToBinary(unsigned long value) ;

[[nodiscard]] long getBias() const;

[[nodiscard]] static char larger (const vector<bool>& a, const vector<
bool>&% b, bool division_case = false);

static void shiftLeft (vector<bool>* vec);

static bool addOneToBinary(vector<bool>* vector) ;

static bool subtractOneFromBinary(vector<bool>* vector);

[[nodiscard]] static vector<bool> invertAndAddOne (const vector<bool>
&vec, bool *carrie = nullptr, bool division_case = false);
[[nodiscard]] static bool allTrue(const vector<bool>& vector);
[[nodiscard]] static bool allFalse(const vector<bool>& vector);

#endif //MPS_LIB_MPS_H

Listing A.1: mps.h

A.1.2. mps.cpp

#include "mps.h"
#include <iostream>
#include <algorithm>

#include <sstream>

//

* X ¥ X *

*

*/

constructors and destructor

Constructor for a multiprecision simulator object using values.
@param mantissa_length Mantisse of the floating point representation

@param exponent_length Exponent of the floating point representation
@param value Value of the floating point number

mps : :mps (unsigned long mantissa_length, unsigned long exponent_length,

84

double value) {
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60

A.1. Complete Code of the Simulator

// check input values

A o S e e
if (mantissa_length <= 0) {

throw std::invalid_argument("ERROR: in constructor : mantissa

size too small");
}
if (exponent_length <= 1) {

throw std::invalid_argument("ERROR: in constructor : exponent
size too small");
}
J] = ermmim i o i i = iy i
this->mantissa_length = mantissa_length;

this->exponent_length exponent_length;

this->exponent.resize(this->exponent_length);
this->mantissa.resize(this->mantissa_length);

this->sign = false;
this->setValue (value);
/ **

* Constructor for a multiprecision simulator object.
NAN .

The value is set to

* Info: Having the value set to NAN is probably not necessary, but it

may prevent errors because of false use.
*

* @param mantissa_length Mantisse of the floating point representation
* Q@param exponent_length Exponent of the floating point representation

*/

mps : :mps (unsigned long mantissa_length, unsigned long exponent_length) {

// check input values

[ =======cs=c==scc=ccsss=s=======
if (mantissa_length <= 0) {

throw std::invalid_argument("ERROR: in constructor : mantissa

size too small");
}
if (exponent_length <= 1) {

throw std::invalid_argument ("ERROR: in constructor : exponent
size too small");
}
Jff e e e e e
this->mantissa_length = mantissa_length;

this->exponent_length exponent_length;

this->exponent.resize(this->exponent_length) ;
this->mantissa.resize(this->mantissa_length);
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this->sign = false;
this->setNaN() ; // Set it to be safe.
}
/% *
* Constructor for an empty multiprecision simulator
*/
mps : :mps () {

this->mantissa_length = 0;
this->exponent_length

1]
o

this->sign = false;

}

/ **
* Destructor for a multiprecision simulator object.
*/
mps:: “mps() = default;
2 ——

// getter methods
/) =====cscsccccscscsscsssssssososs

/ * %

* Returns the sign.
*

* @return the sign

*/

[[nodiscard]] bool mps::getSign() const{
return this->sign;

}

/ * %
* Returns the mantissa.
*
¥ Q@return the mantissa
*/
[[nodiscard]] vector<bool> mps::getMantissa () const{
return this->mantissa;

}

[[nodiscard]] vector<bool> mps::getExponent () const{
return this->exponent;

}

/* *
* Returns the length of the mantissa.
*

* Q@return length of the mantissa
*/
unsigned long mps::getMantisselLength() const {
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119 return this->mantissa_length;

120 }

121

122 /*%

123 * Returns the length of the exponent.

124 %

125 * Q@return length of the exponent

126 */

127 unsigned long mps::getExponentLength() const {

128 return this->exponent_length;

129 }

130

131 /*x*

132 * Returns the length of the whole bit array.

133 * Info: bit array = sign + matisse + exponent

134 *

135 * Q@return length of the total bit array

136 */

137 unsigned long mps::getBitArrayLength() const {

138 return this->exponent.size() + this->mantissa.size() + 1;

139 }

140

141 /*x%

142 * Concatenates the sign bit with the exponent vector and the mantissa
vector.

143 * The resulting vector represents the floating point number in memory.

144 * Info: bit array = sign + matisse + exponent

145  *

146 * Q@return vector representing the floating point number
147 */
148 vector<bool> mps::getBitArray () const {

150 vector<bool> ret;

151 ret.reserve(l + this->exponent_length + this->mantissa_length);

152

153 ret.push_back(this->sign);

154 ret.insert(ret.end(), this->exponent.begin(), this->exponent.end());
155 ret.insert(ret.end(), this->mantissa.begin(), this->mantissa.end());
156

157 return ret;

158 }

159

160 /%%

161 * Calculates the value of the floating point object as double.
162 *

163 * @return value as double

164 */

165 double mps::getValue() const {

166

167 // handle special cases

168 if(isZero ())A{

169 return O;

170 } else if (isInf () && isPositive ()){
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return numeric_limits<double>::infinity();
} else if (isInf ()){

return numeric_limits<double>::infinity() * -1;
} else if (isNaN()){

return numeric_limits<double>::quiet_NaN();

double ret;

// positive or negative
if (this->sign){

ret = -1;
} else {
ret = 1;

}

// handle mantissa
for(unsigned long i = 0; i < mantissa_length; i++){
if (mantissal[il){
if(ret >= 0){
ret += pow (0.5, i + 1);
} else {
ret -= pow(0.5, i + 1);

}

// get exponent
long exp = O0;
for(unsigned long i = 0; i < exponent_length; i++){
if (this->exponent [i]){
exp += (long) pow(2, exponent_length-i-1);
}
¥

// apply bias and apply exponent
exp -= getBias();

return ret * pow(2, exp);

/ * %
* Returns true if the mps object is zero.
* The sign bit is irrelevant.
*

¥ Qreturn true if zero
*/

bool mps::isZero() const{

for(unsigned long i = 0; i < this->exponent_length;
if (this->exponent[i]){
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224 return false;

228 for (unsigned long i = 0; i < this->mantissa_length; i++){
229 if (this->mantissal[i]){
230 return false;

231 T

234 return true;

237 /%%

238 * Returns true if the mps object is positive or negative infinity.
239  *

240 * @return true if pos. or neg. infinity

241 */

242 bool mps::isInf () const{

243

244

245 for(unsigned long i = 0; i < this->exponent_length; i++){
246 if (!this->exponent [i]){

247 return false;

248 }

249 }

250

251 for (unsigned long i = 0; i < this->mantissa_length; i++){
252 if (this->mantissal[i]){

253 return false;

254 }

255 }

256

257 return true;

258 }

259

260 /%%

261  * Returns true if the mps object is positive.
262 *

263 * Q@return true if positive

264  */

265 bool mps::isPositive() const{

267 if (this->sign){
268 return false;
269 } else {

270 return true;
271 }

272 }

273

274 [ * %

275 * Returns true if the mps object represents a NaN value.
276  * The sign bit is irrelevant since some implementations differ between -
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NaN and +NaN.

277 %

278 * Qreturn true if NaN

279  x/

280 bool mps::isNaN() const{

281

282 for(unsigned long i = 0; i < exponent_length; i++){

283

284 if ('exponent [i]){

285 return false;

286 }

287 }

288

289 if (!mantissa[0]){

290 return false;

291 3

292

293 for(unsigned long i = 1; i < mantissa_length; i++){

294

295 if (mantissal[i]){

296 return false;

297 }

298 }

299

300 return true ;

301 }

302

303 /%%

304 * Returns a string that represents the floating point number as a bit
array.

305 * Info: bit array = sign + matisse + exponent

306k

307 * Q@return the FPN as a string consisting of 1s and Os

308 */

300 std::string mps::print() const {
310

311 std::string str;

312 for(bool bit : this->getBitArray ()){

313 if (bit){

314 str.append ("1");

315 } else {

316 str.append ("0");

317 }

318 }

319

320 return str;

321 }

322

323 /*%

324 * Returns the (double) value of the mps object as a string instead of a
double.

325  k

326 * @return the value as a string
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std::string mps::toString(const int precision) const {

/ % %

*
*

*

*

*/

if (precision < 0){
return std::to_string(this->getValue());
} else {
std::ostringstream out;
out.precision(precision);
out << std::fixed << this->getValue();
return std::move (out).str();

Compares the mantissa of two mps objects up to a specified precision.
So if the two mantissas are different of a magnitude smaller than the
precision specified, the function returmns true.

The two mps objects must have the same mantissa length and exponent
length.

@param compare the mps object to which "this" mps object should be
compared to

@param precision up to which precision the mps objects should be
compared

@return true if the mps objects are the same up to the given accuracy

[[nodiscard]] bool mps::checkPrecision(const mps& compare, unsigned long

precision) const {

vector<bool> max_error_exponent;

max_error_exponent.reserve (this->exponent_length);

for (auto i = precision; i > 0; i /= 2){
max_error_exponent.insert(max_error_exponent.begin(), i % 2);

}
for (auto i = max_error_exponent.size(); i < this->exponent_length; i
++) {
max_error_exponent.insert(max_error_exponent.begin(), false);
}

addOneToBinary (&4max_error_exponent) ;
max_error_exponent = binarySubtraction(compare.exponent,
max_error_exponent);

mps max_error = mps(this->mantissa_length, this->exponent_length);
max_error.setZero(false);
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373 if (not max_error_exponent [0]){ // if overflow happened

374 max_error.setExponent (max_error_exponent) ;

375 } else {

376 cout << "WARNING: checkPrecision: value to small to check
precision properly!\n";

377 max_error_exponent.resize(this—>exponent_length, false) ;

378 max_error_exponent.back() = true;

379 }

380

381 auto diff = *xthis - compare;

382 diff.setSign(false);

383

384 if (diff <= max_error){

385 return true;

386 } else {

387 return false;

388 }

389 }

390

391 /*%

392 * Gets the precision of two mps objects.

303 * A high level definition of the precision is the number of matching
mantissa bits from left to right.

394 * However , this is not a completely correct definition.

395

396 * Prints a WARNING when NaNs or Infinities are involved except if both
mps objects are the same.

397

398 * Throws Exception: When the mantissas do not match.

399 % When the exponents do not match.

400  *

401 * Q@param compare the mps object which which this mps object should be
compared

402  * Qreturn the matching mantissa bits

403 */

104 [[nodiscard]] long long int mps::getPrecision(const mps& compare) const {

405

406 if (this->exponent_length != compare.exponent_length) {

407 throw std::invalid_argument ("ERROR: in getPrecision : Exponents
do not match");

408 }

409 if (this->mantissa_length != compare.mantissa_length) {

410 throw std::invalid_argument ("ERROR: in getPrecision : Mantissas
do not match");

411 }

412

413 if (this->isNaN() && compare.isNaN()){

414 return (long long) compare.mantissa_length;

415 } else if(this->isNaN() || compare.isNaN()){

416 cout << "WARNING: getPrecision: one value is NaN => returning max
negative value\n";

417 return numeric_limits<long long>::max() * -1;

418 }
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if (this->isInf () && compare.isInf() && (this->isPositive() == compare
.isPositive ())){

return (long long) compare.mantissa_length;
} else if(this->isInf() || compare.isInf ()){

cout << "WARNING: getPrecision: one value is infinity =>
returning max negative value\n";

return numeric_limits<long long>::max() * -1;

}
auto exponent_this = (long long) binaryToInt(this->exponent) ;
auto exponent_compare = (long long) binaryToInt (compare.exponent) ;
long long precision_error = 0;
if (exponent_this == exponent_compare){
auto mantissa_this = (long long) binaryToInt(this->mantissa);
auto mantissa_compare = (long long) binaryToInt (compare.mantissa)
if (mantissa_this == mantissa_compare){
return (long long) compare.mantissa_length;
}
precision_error = (long long) floor(log2(abs(mantissa_this -

mantissa_compare))) + 1;

} else if (1 == exponent_this - exponent_compare)q

auto copy_this = this->mantissa;
copy_this.insert (copy_this.begin(), true);

auto copy_compare = compare.mantissa;
copy_compare.insert (copy_compare.begin(), {false, truel});

copy_compare .pop_back () ;

auto mantissa_compare = (long long) binaryToInt (copy_compare) ;
auto mantissa_this = (long long) binaryToInt (copy_this);

precision_error = (long long) floor(log2(abs(mantissa_this -
mantissa_compare))) + 1;

} else if (1 == exponent_compare - exponent_this) {

auto copy_compare = compare.mantissa;
copy_compare.insert (copy_compare.begin(), true);

auto copy_this = this->mantissa;

copy_this.insert (copy_this.begin(), {false, truel});
copy_this.pop_back();
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}

/ * %

*

*
*

*

*/

Appendix
auto mantissa_compare = (long long) binaryToInt (copy_compare) ;
auto mantissa_this = (long long) binaryToInt (copy_this);

precision_error = (long long) floor(log2(abs(mantissa_this -
mantissa_compare))) + 1;

} else {

if (exponent_compare > exponent_this){
return 0;

} else {
auto difference = abs(exponent_compare - exponent_this);
for (unsigned long i = 0; i < (unsigned long) difference; i++)
{
if (this->mantissa[i]){
difference++;
break;
}
}
return difference *x -1;
}
}
return ((long long) compare.mantissa_length) - precision_error;

Calculates the absolute error between two mps objects using operators
from the mps class.

@param compare the mps object to which "this" mps object should be
compared to
@return the absolute error

[[nodiscard]] mps mps::getAbsoluteError (const mps& compare) const{

}

/% *

*

*
*

*

*/

94

auto ret = compare - *this;
ret.setSign(false);

return ret;

Calculates the relative error between two mps objects using operators
from the mps class.

@param compare the mps object to which "this" mps object should be
compared to
@return the relative error
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514 [[nodiscard]] mps mps::getRelativeError (const mps& compare) const {

516 auto ret = this->getAbsoluteError (compare) / compare;
517 ret.setSign(false);

519 return ret;

22 [k *

523 * Calculates the absolute error between two mps objects using the built-
in operators for double.

524 *

525 * @param compare the mps object to which "this" mps object should be
compared to

526 * @return the absolute error

527 x/

528 [[nodiscard]] double mps::getAbsoluteError_double(const mps& compare)

const {

530 auto is = this->getValue();
531 auto should = compare.getValue();

533 return abs(is-should);

536 /% *

537 * Calculates the relative error between two mps objects using the built-
in operators for double.

538  k

539 * @param compare the mps object to which "this" mps object should be
compared to

540 * Qreturn the relative error

541 */

542 [[nodiscard]] double mps::getRelativeError_double (const mps& compare)
const {

543

544 auto is = this->getValue();

545 auto should = compare.getValue();

546

547 return abs(is-should) / abs(should);

548}

549

550 /%%

551 * Calculates the absolute error between one mps object and a double
value using the built-in operators for double.

552k

553 * @param compare the mps object to which "this" mps object should be
compared to

554 * @return the absolute error

555 %/

556 [[nodiscard]] double mps::getAbsoluteError_double(const double& compare)
const {
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558 auto is = this->getValue();

559 return abs(is-compare);

560

561

562 /%%

563 * Calculates the relative error between one mps object and a double
value using the built-in operators for double.

564k

565 * Qparam compare the mps object to which "this" mps object should be
compared to

566 * Q@return the relative error

567 */

568 [[nodiscard]] double mps::getRelativeError_double (const double& compare)
const {

569

570 auto is = this->getValue();

571 return abs(is-compare) / abs(compare);

572 }

I

574

575

576 // setter methods

A e e R

578

579 /%%

580 * Sets the floating point number to infinity.

581 %

582 * @param negative set to true for negative infinity (default false)
583  */
584 void mps::setInf(bool negative) {

586 if ( exponent.empty () || mantissa.empty()){
587 exponent .resize (exponent_length);

588 mantissa.resize (exponent_length);

589 }

590

591 if (negative){

592 sign = true;

593 } else {

594 sign = false;

595 }

596

597 for(unsigned long i = 0; i < exponent_length; i++){
598 exponent [i] = true;

599 b

600

601 for(unsigned long i = 0; i < mantissa_length; i++){
602 mantissal[i] = false;

603 3

604

605

606 /**

607 * Sets the floating point number to =zero.
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* Qparam negative set to true for negative zero (default false)

*/

void mps::setZero(bool negative){

*

* K ¥ X ¥

*

*/

if ( (exponent.size() !=

this->exponent_length) || (mantissa.size() !=

this->mantissa_length)){
exponent .resize (exponent_length);
mantissa.resize(mantissa_length);

3

sign = negative;

for(unsigned long i = 0;
exponent [i] = false;

}

for (unsigned long i = O0;
mantissal[i] = false;

}

i < exponent_length; i++){

i < mantissa_length; i++){

Sets the floating point number to NaN (not a number)

The sign bit can be set individually using the parameter.

@param negative sets the

sign bit of the NaN value

void mps::setNaN(bool negative){

VEXS

if ( exponent.empty () ||

mantissa.empty ()){

exponent .resize (exponent_length) ;
mantissa.resize (exponent_length) ;

if (negative){
sign = true;
} else {
sign = false;

for (unsigned long i = 0;
exponent [i] = true;

}

mantissa[0] = true;
for (unsigned long i = 1;
mantissal[i] = false;

3

i < exponent_length; i++){

i < mantissa_length; i++){

* Sets the sign to a new sign.
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660  *

661 * Qparam negative the value to which the sign bit should be set (true
for negative)

662 */

663 void mps::setSign(bool negative){

664 this->sign = negative;

665 F

666

667 /

668

*

Sets the mantissa to a new mantissa.

Throws Exception: When mantissa sizes do not match.

* X ¥ x *

672 * Qparam new_mantissa the vector to which the mantissa should be set
673 */
674 void mps::setMantissa(vector<bool>& new_mantissa){

676 if (new_mantissa.size() != this->mantissa.size()){

677 throw std::invalid_argument ("ERROR: in setMantissa: New mantissa
has wrong size.");

678 }

679

680 for(unsigned long i = 0; i < new_mantissa.size(); i++){

681 this->mantissal[i] = new_mantissal[il];

682 }

683

684

685 /%%

686 * Sets the exponent to a new exponent.

687 %

688 * Throws Exception: When exponent sizes do not match.

689 %

690 * @param new_mantissa the vector to which the mantissa should be set
691  */

602 void mps::setExponent (vector<bool>& new_exponent){

693

694 if (new_exponent.size() != this->exponent.size()){

695 throw std::invalid_argument ("ERROR: in setExponent: New exponent
has wrong size.");

696 3

697

698 for(unsigned long i = 0; i < new_exponent.size(); i++){

699 this->exponent [i] = new_exponent[i];

700 }

701 }

I

707 /**
708 * Casts the mps object to a new size.
709 *
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* If the size is larger than before, the value is not changed, and the
new elements are just filled with the

* appropriate values. If the new size is smaller , the value is rounded

to be accurate for this new size.

If needed, the object will be set to a special value.

Info: Does check for correct input and special values.

@param new_mantissa_size the new size of the mantissa

@param new_exponent_size the new size of the exponent

* @return the resulting mps object.

*/

void mps::cast(const unsigned long new_mantissa_size, const unsigned long
new_exponent_size){

* X X X ¥ *

// check input values

e
if (new_mantissa_size <= 0) {
throw std::invalid_argument("ERROR: in cast : new mantissa size
too small");
}
if (new_exponent_size <= 1) {
throw std::invalid_argument ("ERROR: in cast : new exponent size
too small");
}
e

if (this->isNaN()){
this—>resize_mps_object(new_mantissa_size, new_exponent_size);
this->setNaN () ;
return;

} else if(this->isInf()){
this->resize_mps_object (new_mantissa_size, new_exponent_size);
this->setInf (this->sign);
return;

// rounding of the exponent
Jff e====ssccccsscccccssscssss=====

if (new_exponent_size > this->exponent_length){

if ((this->exponent) [0] || this->isZero()){ // positive
exponent case

for(auto i = this->exponent_length; i < new_exponent_size; i

++) 1

this->exponent.insert (this->exponent.begin()+1, false);
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100

}
} else { // negative exponent case
for (auto i = this->exponent_length; i < new_exponent_size;
++) {
this->exponent.insert (this->exponent.begin()+1, true);
}
}
this->exponent_length = new_exponent_size;

} else if(new_exponent_size < this->exponent_length) {

// check if the exponent is too large or too small

[ s e -
if (1this->isZero()) {
// "normal case"

auto tmp = this->exponent_length - new_exponent_size + 1;
for (unsigned long i = 1; i < tmp; i++) {
if ((this->exponent)[i] == (this->exponent) [0]) {

this—>resize_mps_object(new_mantissa_size,
new_exponent_size);

if ((this->exponent) [0]){
this->setInf ();

} else {
this->setZero () ;

}

return;

// case if new exponent would be all 1’s.
if ((this->exponent) [0]) {

auto tmp_case = true;
for (auto i = this->exponent_length-1; i > (this->
exponent_length - new_exponent_size + 1); i--) {
if (!(this->exponent)[i]) {
tmp_case = false;

continue;
}
}
if (tmp_case) {
this—>resize_mps_object(new_mantissa_size,
new_exponent_size) ;
this->setInf () ;
return;

i
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805 }

806 F A T T

807

808

809 for (auto i = new_exponent_size; i < this->exponent_length; i++){

810 this->exponent.erase(this->exponent.begin()+1);

811 }

812

813 this->exponent_length = new_exponent_size;

814 J A e

815 }

816

817

818 // rounding of the mantissa

819 F e

820 if (new_mantissa_size > this->mantissa_length){

821

822 for (unsigned long i = this->mantissa_length; i <
new_mantissa_size; i++){

823 this->mantissa.push_back(false);

824 }

825 this->mantissa_length = new_mantissa_size;

826

827 } else if(new_mantissa_size < this->mantissa_length) {

828

829 round (& (this ->mantissa), new_mantissa_size);

830 this->mantissa_length = new_mantissa_size;

831 }

832 [/ == e e e oo

833 }

834

835 /**

836 * Resizes the mps object to the a new size. It does not care for the

value of the object
837 * but sets the size of the vectors and the value of the variables
containing the sizes.

838 * Info: Does not check for correct input.

839 X

840 * @param new_mantissa_size the new size of the mantissa
841 * Qparam new_exponent_size the new size of the exponent
842  */

843 void mps::resize_mps_object(const unsigned long new_mantissa_size, const
unsigned long new_exponent_size){

844
845 if (new_mantissa_size > this->mantissa_length){

846 for(auto i = this->mantissa_length; i < new_mantissa_size; i++){
847 this->mantissa.push_back(false);

848 }

849 } else if(new_mantissa_size < this->mantissa_length){

850 for(auto i = new_mantissa_size; i < this->mantissa_length; i++){
851 this->mantissa.pop_back();

852 }

853 }
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855 if (new_exponent_size > this->exponent_length){

856 for (auto i = this->exponent_length; i < new_exponent_size; i++){
857 this->exponent.push_back(false);

858 }

859 } else if (new_exponent_size < this->exponent_length){

860 for(auto i = new_exponent_size; i < this->exponent_length; i++){
861 this->exponent.pop_back();

862 }

863 }

864

865 this->mantissa_length = new_mantissa_size;

866 this->exponent_length = new_exponent_size;

867 }

868 [/ ———mm e e e -

869

871 // operators

872 [/ —mmm e e e e

873

874 [/ * %

875 * Sets the value of the mps object.

876 */

877 mps& mps::operator=(double value){

878

879 this->setValue (value) ;

880 return *this;

881 }

882

883 /% *

884 * Sets one mps object equal to another mps object.

885  */

88¢ mps& mps::operator=(const mps& other) {

887

888 if (this == &other){

889 return *thisj;

890 }

891

892 if (this->exponent_length != other.exponent_length) {

893 throw std::invalid_argument ("ERROR: in = : Exponents do not match
") s

894 }

895 if (this->mantissa_length != other.mantissa_length) {

896 throw std::invalid_argument("ERROR: in = : Mantissas do not match
")

897 }

898

899 this->sign = other.sign;

900 for(unsigned long i = 0; i < this->mantissa_length; i++){

901 this->mantissal[i] = other .mantissal[i];

902 }

903 for(unsigned long i = 0; i < this->exponent_length; i++){

904 this->exponent [i] = other.exponent[i];
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3
return *this;
3
/ * %
* Sets one mps object equal to another mps object.
*

* If the mantissas or the exponents do not match, this operator does not
throw an exception
* but reformats the object instead.

* This operator should be used with caution since, in this way, implicit
casts are possible.
*/
s mps& mps::operator |=(const mps& other) {

if (this == &other){
return *this;

}

if (this->exponent_length != other.exponent_length) {
this->exponent_length = other.exponent_length;
this->exponent.resize(this->exponent_length);

}

if (this->mantissa_length != other.mantissa_length) {
this->mantissa_length = other.mantissa_length;
this->mantissa.resize(this->mantissa_length) ;

}

this->sign = other.sign;

for (unsigned long i = 0; i < this->mantissa_length; i++){
this->mantissal[i] = other.mantissalil;

3

for (unsigned long i = 0; i < this->exponent_length; i++){
this->exponent [i] = other.exponent[i];

}

return *this;

}
/ * *x

* Performs an addition of two mps floating point values.
*

* It is responsible for special values and choosing which "calculation"

to use.
*
* Throws Exception: When the mantissas do not match.
3 When the exponents do not match.
*/

2 mps mps::operator+(const mps& other) const {

if (this->exponent_length != other.exponent_length) {
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throw std::invalid_argument ("ERROR: in + : Exponents do not
n ) 8
}
if (this->mantissa_length != other.mantissa_length) {
throw std::invalid_argument("ERROR: in + : Mantissas do not
")
}
if (this->isNaN() || other.isNaN()){

mps ret(this->mantissa_length, this->exponent_length);

ret.setNaN () ;
return ret;

} else if(this->isInf () && other.isInf ()){

mps ret(this->mantissa_length, this->exponent_length);

if (this->isPositive () == other.isPositive()){
ret.setInf (!this->isPositive()) ;
} else {

ret.setNaN () ;

return ret;
} else if(this->isInf ()){

mps ret(this->mantissa_length, this->exponent_length);

ret.setInf (!this->isPositive());
return ret;

} else if (other.isInf ()){

mps ret(other.mantissa_length, other.exponent_length);

ret.setInf ('!other.isPositive ()) ;
return ret;

} else if(this->isZero()){
return other;

} else if(other.isZero()){
return *this;

if (this->isPositive() && other.isPositive()){
return addition(*this, other, false);
} else if(!'this->isPositive () && !other.isPositive()){
return addition(*this, other, true);
} else if('this->isPositive()){
return subtraction(other, *this, false);
} elsedq
return subtraction(*this, other, false);

match

match
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1006

1007 }

1008

1009 /%%

1010 * Performs a subtraction of two mps floating point values.

1011 *

1012 * It is responsible for special values and choosing which "calculation"
to use.

1013 *

1014 * Throws Exception: When the mantissas do not match.

1015  * When the exponents do not match.

1016 */

1017 mps mps::operator -(const mps& other) const {

1018

1019 if (this->exponent_length != other.exponent_length) {

1020 throw std::invalid_argument ("ERROR: in - : Exponents do not match
") s

1021 }

1022 if (this->mantissa_length != other.mantissa_length) {

1023 throw std::invalid_argument("ERROR: in - : Mantissas do not match
") s

1024 }

1025

1026

1027 if (this->isNaN() || other.isNaN()){

1028

1029 mps ret(this->mantissa_length, this->exponent_length);

1030 ret.setNaN () ;

1031 return ret;

1032

1033 } else if(this->isInf () && other.isInf ()){

1034 mps ret(this->mantissa_length, this->exponent_length);

1035

1036 if (this->isPositive () == other.isPositive ()){

1037 ret.setNaN () ;

1038 } else {

1039 ret.setInf (!this->isPositive());

1040 }

1041

1042 return ret;

1043 } else if(this->isInf ()){

1044

1045 mps ret(this->mantissa_length, this->exponent_length);

1046 ret.setInf (!this->isPositive()) ;

1047 return ret;
1048

1049 } else if (other.isInf ()){

1050

1051 mps ret(other .mantissa_length, other.exponent_length);
1052 ret.setInf (other.isPositive ());

1053 return ret;
1054
1055 } else if(this->isZero()){
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auto ret = other;
ret.sign = !ret.sign;
return ret;

} else if(other.isZero())A{
return *this;

if (this->isPositive() && other.isPositive()){
return subtraction(*xthis, other, false);
} else if(!'this->isPositive() && !other.isPositive()){
return subtraction(*this, other, true);
} else if(this->isPositive()) {
return addition (*this, other, false);
} else {
return addition(*this, other, true);

}

/ * %

* Performs a multiplication of two mps floating point values.

*

* It is responsible for special values and choosing which "calculation"
to use.

*

* Throws Exception: When the mantissas do not match.

* When the exponents do not match.

*/

mps mps::operator*(const mps& other) const {

if (this->exponent_length != other.exponent_length) {

throw std::invalid_argument("ERROR: in * : Exponents do not match
™) 8
}
if (this->mantissa_length != other.mantissa_length) {

throw std::invalid_argument("ERROR: in * : Mantissas do not match
") g
}

if (this->isNaN() || other.isNaN()){
mps ret(this->mantissa_length, this->exponent_length);
ret.setNaN () ;

return ret;

} else if(this->isInf () && other.isInf ()){
mps ret(this->mantissa_length, this->exponent_length);

if (this->isPositive () == other.isPositive()){
ret.setNaN () ;
} else {

ret.setInf (!this->isPositive()) ;
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return ret;
} else if(this->isInf()){

mps ret(this->mantissa_length, this->exponent_length);
ret.setInf (!this->isPositive());
return ret;

} else if (other.isInf ()){

mps ret(other.mantissa_length, other.exponent_length);
ret.setInf ('other.isPositive());
return ret;

} else if(this->isZero() || other.isZero())({
mps ret(other.mantissa_length, other.exponent_length);
ret.setZero () ;
return ret;

return multiplication(*this, other, this->sign != other.sign);

* Performs a division of two mps floating point values.

*

* It is responsible for special values and choosing which "calculation"

to use.
*
* Throws Exception: When the mantissas do not match.
* When the exponents do not match.
*/
mps mps::operator/(const mps& other) const {

if (this->exponent_length != other.exponent_length) {
throw std::invalid_argument("ERROR: in / : Exponents do not match
¥
}
if (this->mantissa_length != other.mantissa_length) {
throw std::invalid_argument ("ERROR: in / : Mantissas do not match
")
}
if (this->isNaN() || other.isNaN()){

mps ret(this->mantissa_length, this->exponent_length);
ret.setNaN () ;
return ret;

} else if(this->isInf() && other.isInf ()){
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1156 mps ret(this->mantissa_length, this->exponent_length);
1157

1158 if (this->isPositive () == other.isPositive()){

1159 ret.setNaN () ;

1160 } else {

1161 ret.setInf (!this->isPositive());

1162 }

1163
1164 return ret;

1165 } else if(this->isInf ()){

1166

1167 mps ret(this->mantissa_length, this->exponent_length);
1168 ret.setInf (!this->isPositive());

1169 return ret;

1171 } else if(other.isInf ()){

1173 mps ret(other .mantissa_length, other.exponent_length);
1174 if (this->isPositive () == other.isPositive()){

1175 ret.setZero () ;

1176 } else {

1177 ret.setZero (true);

1178 }

1179 return ret;

1180

1181 } else if(this->isZero()){

1182 mps ret(other .mantissa_length, other.exponent_length);
1183 if (this->isPositive () == other.isPositive()){

1184 ret.setZero () ;

1185 } else {

1186 ret.setZero(true);

1187 }

1188 return ret;

1189 } else if (other.isZero()){

1190 mps ret(other.mantissa_length, other.exponent_length);
1191 ret.setInf (!this->isPositive());

1192 return ret;

1193 }

1194

1195

1196 return division(xthis, other, this->sign != other.sign);
1197 }

1198

1199

1200 /%%

1200 * Calculates the binary floating point representation of the given value

and saves it inside the mps object.
1202 *
1203 * @param value the value to which the bit array should be set
1204 */
1205 void mps::setValue(const double value) {
1206
1207 // Handle special values.
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1208 [/ == mm e

1209 if (0 == value){

1210 setZero(); return;

1211 } else if (numeric_limits<double>::infinity() == value) {

1212 setInf (); return;

1213 } else if (numeric_limits<double>::infinity() * -1 == value){

1214 setInf (true); return;

1215 } else if (isnan(value))d{

1216 if (signbit(value)){

1217 setNaN (true) ;

1218 } else {

1219 setNaN () ;

1220 }

1221 return;

1222 }

1223 [/ —mmm e e -

1224

1225 // prepare vectors

1226 F A e T T

1227 exponent.clear () ;

1228 mantissa.clear () ;

1229 [/ —mmm e e -

1230

1231

1232 // set sign

1233 [/ == e e -

1234 this->sign = value <= 0;

1235 F A e e

1236

1237

1238 // exponent

1239 [/ == e e e e -

1240 // calculate the exponent

1241 long mantissa_shift;

1242 if (abs(value) > numeric_limits<float>::max()){

1243 // When the value is too large, rounding problems occur using
log2.

1244 // (At least I think that is the problem)

1245 double tmp_value = abs(value);

1246 long tmp_count = O0;

1247

1248 while (tmp_value >= 1){

1249 tmp_value /= 2;

1250 tmp_count++;

1251 i

1252 mantissa_shift = tmp_count-1;

1253 } else {

1254 mantissa_shift = (long) floor(log2(abs(value)));

1255 3

1256

1257 // Getting the exponent in binary format.

1258 // The sign is not relevant. Always returns a "positive" value.

1259 for(auto i = mantissa_shift + getBias(); i > 0; i /= 2){
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1260 exponent .insert (exponent.begin(), i % 2);

1261 }

1262

1263 bool value_too_large = false;

1264 if (exponent.size() > exponent_length){

1265 value_too_large = true;

1266 } else if (exponent.size() == exponent_length){

1267 value_too_large = allTrue(this->exponent);

1268 }

1269

1270 if (value_too_large){

1271

1272 exponent .resize (exponent_length);

1273 mantissa.resize(mantissa_length);

1274

1275 if (value > 0){

1276 this->setInf () ;

1277 } else {

1278 this->setInf (true) ;

1279 }

1280

1281 return;

1282

1283 } else {

1284 exponent . insert (exponent.begin(), exponent_length-exponent.size()
, false);

1285 b

1286 J A e et

1287

1288

1289 // mantissa

1290 [/ mmm e

1291 auto tmp_value = value / pow(2, mantissa_shift); // adjust the value
so that everything is behind the decimal point.

1292

1293 // Convert the part after the decimal point to a bit string.

1294 // The sign is not relevant. Always returns a "positive" value.

1295 double reminder = abs(tmp_value) - floor(abs(tmp_value));

1296 for(unsigned long i = 0; i < mantissa_length; i++){

1297

1298 reminder *= 2;

1299 if (reminder >= 1)({

1300 mantissa.push_back(true); reminder -= 1;

1301 } elsed{

1302 mantissa.push_back(false);

1303 }

1304 }

1305 /) m e e e e

1306

1307 }

1308

1309 /%%

1310 * Performs an addition on two mps objects that have the same sign.
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@param one reference to the first addend
@param two reference to the second addend

* % ¥ *

* @return the resulting mps object

*/

[[nodiscard]] mps mps::addition(const mps &one, const mps &two,

bool set_sign) {

// Set up the return object.

ff == mmmeim i i i
mps ret;

ret.exponent_length = one.exponent_length;
ret .mantissa_length = one.mantissa_length;
ret.sign = set_sign;
Y/

auto add = []

@param set_sign the sign to which the final result should be set

const

(const vector<bool> &first, const vector<bool> &second,

unsigned long off_set, bool *carrier) -> vector<bool>{

bool hd[2] = {true, true}l};
bool p[2] = {false, false};

return binaryOffsetAddition(first, second, off_set, true, p, hd,

carrier) ;

// set exponent and addition
A —

bool carrier;

unsigned long exponent_diff;

char larger_tmp = larger (one.exponent, two.exponent);
if (1 == larger_tmp){

exponent_diff = binaryToInt(binarySubtraction(one.exponent, two.

exponent) ) ;
ret.exponent = omne.exponent;

if (exponent_diff <= one.mantissa.size()){

ret.mantissa = add(two.mantissa, one.mantissa, exponent_diff,

&carrier) ;

} else if (one.mantissa.back() && (exponent_diff == one.mantissa.

size()+1) && allFalse(two.mantissa)){

// special case where the rounding distance is the same, and

the rounded number, therefore, must be even.
ret.mantissa = one.mantissa;
if (addOneToBinary (&ret.mantissa)){
addOneToBinary (&ret.exponent) ;
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112

// Checking the carrier bit can be omitted since it (
conveniently) does this by default.

3
return ret;
} else {
ret.mantissa = one.mantissa;
return ret;
3
} else if (-1 == larger_tmp){
exponent_diff = binaryToInt(binarySubtraction(two.exponent, one.
exponent)) ;
ret.exponent = two.exponent;

if (exponent_diff <= one.mantissa.size()){

ret .mantissa = add(one.mantissa, two.mantissa, exponent_diff,
&carrier) ;
} else if(two.mantissa.back() && (exponent_diff == two.mantissa.

size()+1) && allFalse (one.mantissa)){
// special case where the rounding distance is the same, and
the rounded number, therefore, must be even.
ret.mantissa = two.mantissa;
if (addOneToBinary (&ret.mantissa)){
addOneToBinary (&ret.exponent) ;
// Checking the carrier bit can be omitted since it (
conveniently) does this by default.

}
return ret;
} else {
ret . .mantissa = two.mantissa;
return ret;
}
} else {
ret.exponent = two.exponent;
ret .mantissa = add(one.mantissa, two.mantissa, O, &carrier);
T
T R

ret.mantissa.erase(ret.mantissa.begin(), ret.mantissa.begin()+1);
if (round (&ret.mantissa, ret.mantissa_length)){

addOneToBinary (&ret.exponent) ;

// checking is not needed since it is (conveniently) correct by
default

// adjusting the mantissa
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*

*/

[[nodiscard]] mps mps::subtraction(const mps &minued, const mps &

A.1. Complete Code of the Simulator

if (carrier){
addOneToBinary (&ret.exponent) ;
if (allTrue (ret.exponent)){
ret.setInf (set_sign);
return ret;

return ret;

Performs a subtraction on two mps objects that have the same sign.
@param minued reference to the minued number

@param subtrahend reference to the subtracted number

@param set_sign the sign to which the final result should be set
@return the resulting mps object

subtrahend, bool set_sign) {

// Set up the return object.

/A

mps ret;

ret.exponent_length = minued.exponent_length;
ret.mantissa_length = minued.mantissa_length;
ret.sign = set_sign;
e

auto subtract = []

(const vector<bool> &first, const vector<bool> &sub, unsigned
long off_set) -> vector<bool>{

bool carrier;

auto iSub = invertAndAddOne (sub, &carrier);

bool hd[2] = {carrier, true};

bool p[2] = {true, falsel};

return binaryOffsetAddition(iSub, first, off_set, false, p,
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114

// set exponent and does calculation.

e ——
char larger_tmp = larger (minued.exponent, subtrahend.exponent);
if (1 == larger_tmp){

unsigned long exponent_diff = binaryToInt (binarySubtraction(

minued. exponent,
ret.exponent

subtrahend . exponent)) ;

minued.exponent;

if (exponent_diff <= minued.mantissa.size()){

ret.mantissa = subtract(minued.mantissa, subtrahend.mantissa,
exponent_diff) ;
} else if (exponent_diff == minued.mantissa.size() + 1){
ret.mantissa = minued.mantissa;

if (allFalse (ret.mantissa)){
subtractOneFromBinary (&ret.exponent) ;

}

subtractOneFromBinary (&ret.mantissa) ;

return ret;

} else {
ret .mantissa = minued.mantissa;
return ret;
}
} else if (-1 == larger_tmp){
unsigned long exponent_diff = binaryToInt(binarySubtraction (

subtrahend.exponent, minued.exponent)) ;

ret.exponent

subtrahend . exponent;

ret.sign = !ret.sign; // flip sign

if (exponent_diff <= minued.mantissa.size()){

ret.mantissa = subtract(subtrahend.mantissa, minued.mantissa,
exponent _diff) ;
} else if (exponent_diff == minued.mantissa.size() + 1){
ret.mantissa = subtrahend.mantissa;

if (allFalse(ret.mantissa)){
subtractOneFromBinary (&ret.exponent) ;

}

subtractOneFromBinary (&ret.mantissa) ;

return ret;

} else {
ret.mantissa = subtrahend.mantissa;
return ret;
}
} else {

ret.exponent

minued. exponent;
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larger_tmp = larger (minued.mantissa, subtrahend.mantissa);
if (1 == larger_tmp){
ret.mantissa = subtract(minued.mantissa, subtrahend.mantissa,
0);
} else if (-1 == larger_tmp){
ret.mantissa = subtract (subtrahend.mantissa, minued.mantissa,
0);
ret.sign = !ret.sign; // flip sign
} else {
ret.setZero () ;
return ret;
}
}
) == mmmmem e e

// Adjust mantissa and exponent

R e E T T
unsigned long exponent_shift = 0;
for(unsigned long i = 0; i < ret.mantissa.size(); i++){
if (ret.mantissal[i]){
exponent_shift = ij;
break;
}
// for every "right shift", pull one zero from the right.
ret.mantissa.push_back(false);
}

ret.mantissa.erase(ret.mantissa.begin(), ret.mantissa.begin() + (long

) exponent_shift + 1);

vector<bool> exponent_shift_binary = intToBinary(exponent_shift);
exponent_shift_binary.insert(exponent_shift_binary.begin(), ret.

exponent_length - exponent_shift_binary.size(), false);

ret.exponent = binarySubtraction(ret.exponent, exponent_shift_binary)

>

if (round (&ret.mantissa, ret.mantissa_length)){
addOneToBinary (&ret.exponent) ;
// cannot overflow since it is a subtraction.

return ret;
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*/

Performs a multiplication on two mps objects that have the same sign.

@param one reference to the first multiplicand

@param two reference to the second multiplicand

@param set_sign the sign to which the final result should be set
@return the resulting mps object

[[nodiscard]] mps mps::multiplication(const mps& one, const mps& two,
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bool set_sign) {

// Set up the return object.

T S

mps ret(one.mantissa_length, one.exponent_length);
ret.sign = set_sign;
ff======s==sccsssssccosssssccosos

// Calculate the exponent

R e

if (one.exponent [0] && two.exponent[0]){ // Both exponents are
positive.

vector<bool> addend = two.exponent;
addend [0] = !addend [0];
addOneToBinary (&addend) ; // Carrier bit must not be checked

because of if-statement.

bool tmp_carry;
ret.exponent = binaryAddition(one.exponent, addend, &tmp_carry);

// Check if the number will be more than the maximal allowed
value.
if (tmp_carry && one.exponent [0] && !addend[0]){
ret.setInf (ret.sign);
return ret;

} else {

vector<bool> subtrahend;

subtrahend.reserve (two.exponent.size());

subtrahend.push_back (false) ;

for (unsigned long i = 1; i < two.exponent.size(); i++){
subtrahend.push_back (true);

}

if (one.exponent [0] && !two.exponent [0]){
subtrahend = binarySubtraction(subtrahend, one.exponent);
ret.exponent = binarySubtraction(two.exponent, subtrahend);
} else {
subtrahend = binarySubtraction(subtrahend, two.exponent);
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if ('one.exponent [0] && !'two.exponent[0] && 1 == larger(
subtrahend, one.exponent)){
ret.setZero () ;
return ret;

ret.exponent = binarySubtraction(one.exponent, subtrahend);

//bool prefix[2] = {false, truel;

vector<bool> S;

bool carrier;

S = invertAndAddOne (one.mantissa, &carrier);
S.insert (S.begin(), carrier);

S.insert (S.begin(), true);

// set up P vector (product)

vector<bool> &P = ret.mantissa; // Use reference P in order to

keep the naming.

P.clear () ;

P.reserve (one.mantissa.size() + two.mantissa_length + 5);

// 3 => 2% (sign and "invisible 1") + 1

for(unsigned long i = 0; i < one.mantissa_length + 2; i++){ // 2

=> sign and "invisible 1"
P.push_back(false);

}

P.push_back (false);

P.push_back(true);

for(unsigned long i = 0; i < two.mantissa_length; i++){
P.push_back(two.mantissal[il);

}

P.push_back (false) ;

// main loop
for(unsigned long i = 0; i < two.mantissa_length+2; i++){

if (!'P.end () [-2] && P.back()){
binarySummation (&P, one.mantissa, true);

} else if(P.end () [-2] && !P.back()) {
binarySummation (&P, S);

P.pop_back () ;
P.insert (P.begin(), P[0]);
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*/

[[nodiscard]] mps mps::division(const mps& dividend,

118

}

P.pop_back () ;

P.erase (P.begin()); // delete "invisible

// normalize

int count = O0;
for (unsigned long i = 0; i < P.size(); i++){
if (PLOI){
P.erase(P.begin());
break;
3

P.erase(P.begin());
count++;

// rounding

R e

if (round (4P, ret.mantissa_length)){
addOneToBinary (&ret.exponent) ;

1"

// Cannot overflow. Same reasoning as for addition.

}

if (count <= 1){
addOneToBinary (&ret.exponent) ;

return ret;

Performs a division on two mps objects that have the same sign.

Oparam dividend reference to the dividend of the division
@param divisor reference to the divisor of the division
@param set_sign the sign to which the final result should be set

@return the resulting mps object

bool set_sign) {

// Set up the return object.

const mps& divisor,

B

mps ret; //(dividend.mantissa_length, divisor.exponent_length) ;
ret .mantissa_length = dividend.mantissa_length;
ret.exponent_length = dividend.exponent_length;

ret.sign = set_sign;

T
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// Calculate the exponent
F R e T

if (divisor.exponent [0]){ // Both exponents are positive.

vector<bool> subtrahend = divisor.exponent;
subtrahend [0] = !subtrahend[0];
addOneToBinary (&subtrahend) ; // Carrier bit must not be

checked because of if-statement.
ret.exponent = binarySubtraction(dividend.exponent, subtrahend);

if (1 == larger (ret.exponent, dividend.exponent)){
ret.mantissa.resize(ret.mantissa_length, false);
ret.exponent.resize (ret.exponent_length, false);
ret.setZero () ;
return ret;

} else if(!divisor.exponent [0]){

vector<bool> subtrahend;

subtrahend.reserve(divisor.exponent.size());

subtrahend.push_back (false);

for (unsigned long i = 1; i < divisor.exponent.size(); i++){
subtrahend.push_back (true);

}

subtrahend = binarySubtraction(subtrahend, divisor.exponent) ;

bool carrier;
ret.exponent = binaryAddition(dividend.exponent, subtrahend, &
carrier) ;

if (carrier || allTrue(ret.exponent)){
ret.mantissa.resize (ret.mantissa_length, false);
ret.exponent.resize (ret.exponent_length, false);
ret.setInf (ret.sign);
return ret;

// remainder

vector<bool> R = dividend.mantissa;
R.insert (R.begin (), true);

R.insert (R.begin(), 2, false);
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1752 // quotient

1753 vector<bool> &Q = ret.mantissa; // reference for better
naming.

1754 Q.resize(ret.mantissa_length, false);

1755

1756 // subtrahend (used for binarySummation)

1757 auto S = invertAndAddOne (divisor.mantissa, nullptr, true); //

carry bit must not be checked because d must not be O0;

1760 // main loop

1761 for Cauto && i : Q){

1762 shiftLeft (&R) ;

1763

1764 char tmp = larger (R, divisor.mantissa, true);
1765 if(1 == tmp || 0 == tmp){

1766 binarySummation (&R, S);

1767 i = true;

1768 }

1769 }

1770 /) mmm e e -

1771

1772

1773 // normalisation

1774 [/ == e e e e e

1775 unsigned long count = 0;

1776 vector<bool> count_vec(divisor.exponent.size(), false);
1777

1778 for (unsigned long i = 0; i < Q.size(); i++){
1779 if (QL0]1)A{

1780 Q.erase(Q.begin());

1781 count ++;

1782 //add0OneToBinary (&count_vec) ;

1783 break;

1784 } else {

1785 Q.erase(Q.begin());

1786 count ++;

1787 addOneToBinary (&count_vec) ;

1788 }

1789 }

1790

1791 // rerun the algorithm for every leading bit removed.
1792 for(unsigned long i = 0; i < count; i++){
1793 shiftLeft (&R) ;

1794

1795 char tmp = larger (R, divisor.mantissa, true);
1796 if(1 == tmp || 0 == tmp){

1797 // R = binarySubtraction(R, D);

1798 binarySummation (&R, S);

1799 Q.push_back (true);

1800 } else {

1801 Q.push_back(false);
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1802 }

1803 3

1804

1805 ret.exponent = binarySubtraction(ret.exponent, count_vec);
1806 F e
1807

1808

1809 // rounding

1810 [/ == m e
1811 shiftLeft (&R);

1812

1813 char tmp = larger (R, divisor.mantissa, true);
1814 if(1 == tmp || 0 == tmp){

1815 addOneToBinary (&Q) ;

1816 }

1817 F A
1818

1819 return ret;

1820 }

1821 // === m e e e e e e oo -

1822

1823

1824 // comparators

1825 // === —m s e e e

1826

1827 /% *

1828 * Checks whether two mps objects are the same.
18290 * Info: handles exceptions and special values.

1830  *

1831 * Qreturn true if they are the same, false otherwise

1832 */

1833 bool mps::operator==(const mps& other) const{

1834

1835 if (this->exponent_length != other.exponent_length) {

1836 throw std::invalid_argument("ERROR: in == : Exponents do not
match") ;

1837 }

1838 if (this->mantissa_length != other.mantissa_length) {

1839 throw std::invalid_argument("ERROR: in == : Mantissas do not
match") ;

1840 }

1841

1842 if (this->isNaN() || other.isNaN()){

1843 return false;

1844 }

1845

1846 if (this->sign != other.sign) { // positive positive case

1847 return false;

1848 } else {

1849 return equal (*this, other);

1850 }

1851 }

1852
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/ * %
*
*
*
*

*/

Checks whether two mps objects are not the same.
Info: handles exceptions and special values.

@return true if they are not the same, false otherwise

bool mps::operator!=(const mps& other) const{

}

/ * %

if (this->exponent_length

match" );
T

if (this->mantissa_length

!= other.exponent_length) {
throw std::invalid_argument ("ERROR: in != : Exponents do not

!= other .mantissa_length) {

throw std::invalid_argument("ERROR: in != : Mantissas do not
match") ;
}
if (this->isNaN() || other.isNaN()){
return true;
T
if (this->sign != other.sign) { // positive positive case

return true;
} else {
return notEqual (xthis

}

, other);

* Checks whether the first mps object is larger than the other mps

*
*

* Q@return true if it is larger,

*/

object.

Info: handles exceptions and special values.

false otherwise

bool mps::operator>(const mps& other) const{

122

if (this->exponent_length

!= other.exponent_length) {

throw std::invalid_argument ("ERROR: in > : Exponents do not match
D
}
if (this->mantissa_length != other.mantissa_length) {
throw std::invalid_argument ("ERROR: in > : Mantissas do not match
" )8
}
if (this->isNaN() || other.isNaN()){
return false;
}

if (!this->sign &&'!'other.sign) { // positive positive case

return larger (xthis,
} else if (!this->sign) {

other) ;

// positive negative case
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1901 return true;

1902 } else if (lother.sign){ // negative positive case

1903 return false;

1904 } else { // negative negative case

1905 return larger (other, *this);

1906 }

1907 }

1908

1909 /% *

1910 * Checks whether the first mps object is smaller than the other mps
object.

1911  * Info: handles exceptions and special values.
1912 *

1913 * @return true if it is smaller, false otherwise
1914 */

1915 bool mps::operator<(const mps& other) const{

1916

1917 if (this->exponent_length != other.exponent_length) {

1918 throw std::invalid_argument ("ERROR: in < : Exponents do not match
")

1919 }

1920 if (this->mantissa_length != other.mantissa_length) {

1921 throw std::invalid_argument ("ERROR: in < : Mantissas do not match
")

1922 }

1923

1924 if (this->isNaN() || other.isNaN()){

1925 return false;

1926 }

1927

1928 if (!this->sign &&'!'other.sign) { // positive positive case

1929 return smaller (xthis, other);

1930 } else if (!this->sign) { // positive negative case

1931 return false;

1932 } else if (lother.sign){ // negative positive case

1933 return true;

1934 } else { // negative negative case

1935 return smaller (other, *this);

1936 }

1937 }

1938

1939 /%%

1940 * Checks whether the first mps object is larger than or equal to than
the other mps object.

1941 * Info: handles exceptions and special values.

1942 %

1943 * Qreturn true if it is larger or equal, false otherwise

1944 %/

1945 bool mps::operator >=(const mps& other) const {

1946

1947 if (this->exponent_length != other.exponent_length) {

1948 throw std::invalid_argument ("ERROR: in >= : Exponents do not
match" );
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1949 3

1950 if (this->mantissa_length != other.mantissa_length) {

1951 throw std::invalid_argument("ERROR: in >= : Mantissas do not
match" );

1952 }

1953

1954 if (this->isNaN() || other.isNaN()){

1955 return false;

1956 }

1957

1958 if ('this->sign &&!other.sign) { // positive positive case

1959 return largerEqual (*xthis, other);

1960 } else if (!'this->sign) { // positive negative case

1961 return true;

1962 } else if ('other.sign){ // negative positive case

1963 return false;

1964 } else { // negative negative case

1965 return largerEqual (other, *this);

1966 }

1967 }

1968

1969 /%%

1970 * Checks whether the first mps object is smaller than or equal to the

other mps object.
1971 * Info: handles exceptions and special values.
1972 *
1973 * Q@return true if it is larger, false otherwise

1974 %/

1975 bool mps::operator<=(const mps& other) const {

1976

1977 if (this->exponent_length != other.exponent_length) {

1978 throw std::invalid_argument("ERROR: in <= : Exponents do not
match" );

1979 ¥

1980 if (this->mantissa_length != other.mantissa_length) {

1981 throw std::invalid_argument("ERROR: in <= : Mantissas do not
match" );

1982 ¥

1983

1984 if (this->isNaN() || other.isNaN()){

1985 return false;

1986 }

1987

1988 if ('this->sign &&!other.sign) { // positive positive case

1989 return smallerEqual (*this, other);

1990 } else if (!'this->sign) { // positive negative case

1991 return false;

1992 } else if (lother.sign){ // negative positive case

1993 return true;

1994 } else { // negative negative case

1995 return smallerEqual (other, *this);

1996 3

1997 }
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1998

1999

2000 /**

2001  * Performs the actual check of whether two mps objects are the same.
2002 * Info: Does not check for correct input or special values.

2003 %

2004 * @param one first mps object

2005 * @param two second mps object

2006 * Q@return true if they are the same, false otherwise

2007 */

2008 [[nodiscard]] bool mps::equal(const mps& one, const mps& two){
2009

2010 auto res = compare (one, two);

2011

2012 if (0 == res) {

2013 return true;

2014 } else {

2015 return false;

2016 }

2017 }

2018

2019 /* %

2020 * Performs the actual check whether two mps objects are not the same.
2021 * Info: Does mnot check for correct input or special values.
2022 %

2023 * @param one first mps object

2024 * @Oparam two second mps object

2025 * Q@return true if they are not the same, false otherwise

2026  */

2027 [[nodiscard]] bool mps::notEqual(const mps& one, const mps& two){

2028

2029 auto res = compare (one, two);

2030

2031 if (0 == res) {

2032 return false;

2033 } else {

2034 return true;

2035 }

2036 }

2037

2038 /**

2039 * Performs the actual check whether the first mps object is larger than
the second mps object.

2040 * Info: Does mnot check for correct input or special values.
2041 %

2042 * @param one first mps object

2043 * @param two second mps object

2044 * Q@return true if the first is larger, false otherwise

2045  */

2046 [[nodiscard]] bool mps::larger(const mps& one, const mps& two){
2047

2048 auto res = compare (one, two);

2049
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if (-1 == res || 0 == res) {
return false;
} else {
return true;
}
}
/* *
* Performs the actual check whether the first mps object is smaller than
the second mps object.
* Info: Does not check for correct input or special values.
*
* Q@param one first mps object
* Q@param two second mps object
¥ Q@return true if the first is smaller, false otherwise
*/
[[nodiscard]] bool mps::smaller(const mps& one, const mps& two){

auto res = compare (one, two);

if (1 == res || 0 == res){
return false;
} else {
return true;
¥
¥

/**

* Performs the actual check whether the first mps object is larger than
or equal to the second mps object.
Info: Does mnot check for correct input or special values.

@param one first mps object

@param two second mps object

* @return true if the first is larger or equal, false otherwise
*/

[[nodiscard]] bool mps::largerEqual (const mps& one, const mps& two){

*
*
*
*

auto res = compare (one, two);
if(1 == res || 0 == res) {
return true;
} else {
return false;
}
}
/ * %
* Performs the actual check whether the first mps object is smaller than
or equal to the second mps object.
* Info: Does not check for correct input or special values.
*

* Q@param one first mps object
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* @param two second mps object
¥ Q@return true if the first is smaller or equal,

*/

false otherwise

[[nodiscard]] bool mps::smallerEqual (const mps& one, const mps& two){

auto res = compare (one, two);
if (-1 == res || 0 == res){
return true;
} else {
return false;
}
3
/ * %
* Compares two mps objects.
¥ Info: Does not check for correct input or special values.
*
* @param one first mps object
* @param two second mps object
¥ Q@return 1: first is larger; O: both are the same; -1: second is larger
*/

[[nodiscard]] char mps::compare(const mps& one, const mps& two){

// compare exponent

for(unsigned long i = 0; i < one.exponent_length; i++){

if (one.exponent[i] && !two.exponent[i]){
return 1;

}

if (two.exponent [i] && !one.exponent[i]){
return -1;

}

// compare mantissa

for(unsigned long i = 0; i < one.mantissa_length; i++){

if (one.mantissal[i] && !two.mantissal[i]){
return 1;

}

if (two.mantissa[i] && !one.mantissal[i]){
return -1;

}

// equal case
return O;

// helper methods
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*

Appendix

Performs a binary addition using a full adder.
The binary numbers are represented as vectors containing booleans.

O@param a reference to the first addend

@param b reference to the second addend

@param carry set to true if an adjustment is wanted when the carrier

bit of the last iteration is 1

@param carrier_return pointer to a boolean where the last state of the
carrier bit camn be saved

@return the result as a binary number

*/

vector<bool> mps::binaryAddition(const vector<bool>& a, const vector<bool

>% b, bool* carrier_return){

vector<bool> ret;
bool carrier = false;

// full adder

for(auto i = a.size(); i > 0;){
i--3
ret.insert (ret.begin(), (alil =~ b[il) ~ carrier);
carrier = ((al[i] && b[i]) || (ali] && carrier)) || (b[i] &&
carrier) ;
}
/ *

// adjust if carrier bit is 1

if (carry && carrier){
ret.insert (ret.begin(), true);
ret .pop_back () ;

X
*/
// save the state of the carrier bit in carrier_return.
if (carrier_return != nullptr){
*carrier_return = carrier;
}
return ret;
}
/% %
* Performs a binary subtraction.
* The binary numbers are represented as vectors containing booleans.
*
* @param minuend reference to the vector, which should be reduced
* Q@param subtrahend reference to the vector which should be subtracted
* Q@return the result as a binary number
*/

2201 vector<bool> mps::binarySubtraction(const vector<bool>& minuend, const
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*

*

*/

A.1. Complete Code of the Simulator

vector<bool >& subtrahend){

bool carrie;
auto tmp = invertAndAddOne (subtrahend, &carrie);

if (carrie){
return minuend; // If there is a carrier bit present at the end,
the subtrahend is zero.

}

return binaryAddition(minuend, tmp);

Performs an addition but adds directly to the summand. The addend can
be smaller.

If so, the addend will be "virtually" shifted to the left so the the
first bits match.

ATTENTION: The function does not check whether a carrier bit is
present at the end,

since it is expected that the vectors either have an appropriate
structure or that a subtraction is performed.

@param summand pointer to the vector to which the addend is added.
@param addend reference to the addend which is going to be added to
the summand.

void mps::binarySummation(vector<bool> #*summand, const vector<bool> &

addend, const bool prefix) {

bool carrier = false;
bool tmp;
auto j = addend.size(); // + start

if (prefix) {
jo+= 2
}

// full adder
for(auto i = addend.size(); i > 0;){

le=8

i--s

tmp = ((*summand) [j] -~ addend[i]) ~ carrier;

carrier = (((*summand)[j] && addend[i]) || ((*summand) [j] &&
carrier)) || (addend[i] && carrier);

(*summand) [j] = tmp;

if (prefix) { // prefix: false, true

i--s
tmp = ! (*summand) [j] ~ carrier;
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carrier = ((*summand) [j] || ((*summand)[j] && carrier)) ||
carrier;
(*summand) [j] = tmp;
i--s
(*summand) [j] = (*summand) [j] =~ carrier;
¥
}
/ * %

* Performs an addition of two floating point mantissas where an offset
can also be set.

* If an offset is set, the first vector argument is shifted to the right
(and padded on the left),
* and the second vector argument is shifted to the left (and padded on

the right).
*
* The padding can be set individually.
*
* It can be decided whether a carrier step should be made at the and.

This is at the end of the addition of a carrier
* bit is present, and an extra element (bool) will be added at the
beginning of the resulting vector.

* Since this is an addition for floating point mantissas, it comnsiders
the hidden digit. This is the first bit left of
* the decimal point, which is not saved since it is there by definition.
To be able to use the code for inverted vectors
(which is needed for subtraction) the value of the hidden digit can be
set individually.

*

The last value of the carrier bit can be returned via cr.

* ¥ ¥ %

@param lp the vector which is padded on the left (and therefore
shifted to the right)
* Q@param rp the vector which is padded on the right (and therefore
shifted to the left)
* Q@param off_set the offset which can be set
* Q@param c whether a carrier bit should be added at the beginning if
present
* @param p first: padding for 1lp, second: padding for rp
* Q@param hd first: hidden digit for 1lp, second: hidden digit for rp
* @param cr pointer to a bool where the last value of the carrier bit
can be saved (default: nullptr)
* @return the result as a vector consisting of booleans
*/
vector<bool> mps::binaryOffsetAddition(const vector<bool>& 1lp, const
vector<bool>& rp, unsigned long off_set, bool c, const bool pl[2],
const bool hd[2], Dboolx* cr){

// setting up basic variable.
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vector<bool> ret;
bool carrier = false;

// calculate the right padding part.

F R e T
for(auto i = 1lp.size(); i > lp.size()-off_set;){
1--3
//ret.insert (ret.begin(), 1lp[i]l ~ carrier);
//carrier = ((lp[i] && false) || (1lp[i] && carrier));
ret.insert (ret.begin(), (1lp[i] =~ p[1]) -~ carrier);
carrier = ((1lp[i] && p[1]) || (1lpl[il && carrier)) || (pl[1] &&
carrier) ;
}
F R e e T

// calculate the part between the padding.

Y e ittt
unsigned long j = rp.size();
for(auto i = 1lp.size()-off_set; i > 0;){
i--3
j--s
ret.insert (ret.begin(), (1lp[i] ~ rp[jl) ~ carrier);
carrier = ((1lp[i] && rp[jl) || (1p[i] && carrier)) || (rpl[jl &&
carrier) ;
}
Y e e e

if (off_set > 0){

// calculate the left parts hidden digit.

-5
ret.insert (ret.begin(), (hd[0] ~ rp[jl) ~ carrier);
carrier = ((hd[0] && rp[jl) || (hd[0] && carrier)) || (rpl[jl &&

carrier) ;

// calculate the left padding part.

e
for(; j > 0304
J--3
//ret.insert(ret.begin(), rpl[j]l] ~ carrier);
//carrier = (rp[j] && carrier);
ret.insert(ret.begin(), (p[0] ~ rp[jl) -~ carrier);
carrier = ((p[0] && rp[jl) || (pl0] && carrier)) || (rpl[jl &&
carrier) ;
}
A e

// calculate right parts hidden digit
ret.insert(ret.begin(), (p[0] -~ hd[1]) -~ carrier);
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carrier = ((p[0] && hd[11) || (p[0] && carrier)) || (hd[1] &&
carrier) ;

} else {

// calculate the hidden digit of both variables

ret.insert(ret.begin(), (hd[0] -~ hd[1]) ~ carrier);

carrier = ((hd[0] && hd[1]) || (hd[0] && carrier)) || (hd[1] &&
carrier) ;

}

// perform carrier step if wanted.
if(c && carrier){
ret.insert (ret.begin(), true);

}

// save carrier bit if wanted.
if (cr != nullptr) {
xcr = carrier;

}

return ret;

Performs the rounding of the mantissa according to IEEE754.

*

If an rounding upwards did take place and the following addition has a
carry bit present at the end
the function returns true.

@param mantissa pointer to the mantissa that should be rounded

Oparam mantissa_len The length to which the mantissa should be rounded
* Qreturn if an overflow happened.

*/

bool mps::round(vector<bool> *mantissa, unsigned long mantissa_len) {

* %X ¥ *

bool ret = false;

if (mantissa->size () > mantissa_len){
bool tmp = false;

for(auto i = mantissa_len+1 ; i < mantissa->size(); i++){
if ((*xmantissa)[i]){
tmp = true;
break;
}
}

if ((*mantissa) [mantissa_len] && tmp){
mantissa->erase (mantissa->begin() + (long) mantissa_len,
mantissa->end());
if (addOneToBinary (mantissa)){
ret = true;
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2382 }

2383 } else if ((*mantissa) [mantissa_len]){

2384 mantissa->erase (mantissa->begin() + (long) mantissa_len,
mantissa->end());

2385 if ((*mantissa) [mantissa_len-1]){

2386 if (addOneToBinary (mantissa)){

2387 ret = true;

2388 T

2389 }

2390 }else {

2391 mantissa->erase (mantissa->begin() + (long) mantissa_len,
mantissa->end());

2392 }

2393 }

2394

2395 return ret;

2396

2397

2398 /%%

2399 * Converts a binary number to an integer.

2400 * The binary number is stored in a vector of booleans.

2401 %

2402 * @param vector vector containing the binary number

2403 * Q@return the binary number as an integer

2404  */

2405 unsigned long mps::binaryToInt (vector<bool> vector){

2406

2407 unsigned long ret = O0;

2408

2409 for (unsigned long i = 0; i < vector.size(); i++){

2410 if (vector [vector.size()-i-11){

2411 ret += (unsigned long) pow(2,i);

2412 }

2413 }

2414

2415 return ret;

2416 }

2417

2418 /% *

2419 * Converts an integer to a binary number.

2420 * The binary number is stored in a vector of booleans.

2421 £3

2422 * Qparam value the value of the integer

2423 * Qreturn the value as a binary number

2424  */

2425 vector<bool> mps::intToBinary (unsigned long value) {
2426

2427 vector<bool> ret;

2428

2429 while (value >= 1){

2430 ret.insert(ret.begin(), value’%2);

2431 value /= 2;

2432 }
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containing the first binary number
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-1 if a < b

A. Appendix
2433
2434 return ret;
2435 }
2436
2437 [/ **
2438 * Returmns the bias of the exponent.
2439 ¥
2440 * Qreturn bias of the exponent
2441 */
2442 long mps::getBias () constq
2443 return ((long) pow (2,
2444 }
2445
2446 [/ **
2447 * Compares the size of a to the size of b.
2448 %
2449 * The return value is defined as values:
2450 * 1 if a > b
2451 % 0 if a == b
2452 % -1 if a < b
2453 %
2454 % ATTENTION: Does not check for same length!
2455 * Only works for vectors of the same size.
2456 %
2457 * Division Case: In the case of a division,
"hidden" bits.
2458 %
2459 * @Qparam a reference to the vector
2460 * @param b reference to the vector
2461 * @param division_case whether the
2462 * @return 1 if a > b, 0 if a == b,
2463  */
2464 char mps::larger (const vector<bool>& a,

2465
2466
2467
2468
2469
2470
2471
2472
2473
2474
2475
2476
2477
2478
2479
2480
2481
2482
2483

division_case){

if ('division_case){
for (unsigned long i =

if (ali]l &&

else if(b[i] &&

0;

}
} else {
if (al[0]){

return 1;
} else if(raf1]) {
return -1;

for(unsigned long i
if (ali+2] &&
else if(b[i] &&

0;
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2484 if(ala.size () -11){
2485 return 1;
2486 }
2487 }
2488
2489 return O;
2490 }
2491
2492 /* %
2493 * Adds one to a binary number saved inside a vector.
2494 * The vector consists of booleans, which represent a binary number.
*
*

2495

2496 @param vector pointer to the vector containing the binary number where
one should be added

2497 * Qreturn true if a carrier bit was present in the last iteration, false
otherwise

2498  */

2499 bool mps::addOneToBinary(vector<bool>* vector){
2500

2501 for(auto i = vector->size(); i > 0;){
2502 i--;

2503 (xvector) [i] = !'(*xvector) [i];
2504 if ((*xvector) [1]1){

2505 return false;

2506 }

2507 }

2508

2509 return true;

2510 }

2511

2512 /%%

*

2513 * Subtracts one to a binary number saved inside a vector.

2514 * The vector consists of booleans, which represent a binary number.

2515 %

2516 * @param vector pointer to the vector containing the binary number where
one should be subtracted

2517 * Q@return true if a carrier bit was present in the last iteration, false

otherwise
2518 */
2519 bool mps::subtractOneFromBinary(vector<bool> *vector){
2520
2521 for (auto i = vector->size(); i > 0;){
2522 i--3
2523 (xvector) [i] = !'(*vector) [i];
2524 if (Y (xvector) [i]){
2525 return false;
2526 }
2527 }
2528
2529 return true;
2530 }
2531
2532 /*k*
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* Creates a copy of the vector vec. Then, it inverts the copy, adds one
to it, and returns it afterward.

*

* @param vec reference to the vector which copy should be inverted, and
added one to it

* Q@param carrie pointer to a boolean value, which will be set to true if
a carrier bit is present at the end

* @return the resulting copied and tempered vector

*/

vector<bool> mps::invertAndAddOne (const vector<bool> &vec, bool x*carrie,

const bool division_case){

vector<bool> ret;

if ('division_case){
ret.reserve(vec.size());

} else {
ret.reserve(vec.size () +3);
ret.push_back(true) ;
ret.push_back(false);

}

for (auto && i : vec)A{
ret.push_back (!i);

}
if (division_case){
ret.push_back(true) ;
¥
if (carrie != nullptr){
xcarrie = addOneToBinary (&ret);
} else {
addOneToBinary (&ret) ;
¥
return ret;
}
/%%
* Checks if a vector only consists of true booleans.
*
* @param vector reference to the vector, which should be checked
* Qreturn true if all entries of the vector are true
*/
[[nodiscard]] bool mps::allTrue(const vector<bool>& vector) {
return std::all_of (vector.begin(), vector.end(), []J(bool i){return i

1)
}

/* *
* Checks if a vector only consists of false booleans.
*
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2581 * @param vector reference to the vector, which should be checked
2582 * Q@return true if all entries of the vector are false

2583  *x/

2584 [[nodiscard]] bool mps::allFalse(const vector<bool>& vector) {

2585 return std::all_of(vector.begin(), vector.end(), [l(bool i){return !i
1)

2586 }

2587

2588 /* %

2589 * Shifts a vector to the left.

2590 %

2591 * @Oparam vector pointer to the vector, which should be shifted to the

left
2592 */
2503 void mps::shiftLeft (vector<bool>* vec){
2594
2595 vec->erase (vec->begin());
2596 vec->push_back(false) ;
2597 }
2598 [/ == e e e e e -

Listing A.2: mps.cpp
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