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Abstract

In this thesis, we focus on the study of confined quantum fields within the framework
of quantum field theory in curved spacetime. We develop a method to describe the
evolution of a confined quantum scalar field affected by changes in the background
geometry and/or the confining boundaries. To prove its validity, we implement the
method in known examples, namely, cosmological particle creation and the dynam-
ical Casimir effect. Moreover, we also apply it to the study of a confined quantum
field perturbed by gravitational waves reproducing and extending the results of a
gravitational wave detector proposed in 2014.

Finally, we employ this method to study the dynamical Casimir effect in the
presence of a screened scalar field. Since screened scalar fields are dark energy /dark
matter candidates, there are many experimental efforts to find or constrain them. In
this work, we concentrate on one type of screened scalar fields, namely, the chameleon
models. By showing that the particle production is reduced due to the presence of a
chameleon field, we propose a new direction for constraining these models.

With all these applications, the method proves useful for studying relativistic
effects on confined quantum systems. Furthermore, this method is able to address
relevant effects beyond general relativity on quantum fields. We expect that our
method will become a standard tool in the growing research area of quantum field

theory in curved spacetimes for confined fields.
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Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit eingesperrten Quantenfeldern im Rahmen
der Quantenfeldtheorie in gekriimmten Raumzeiten. Wir entwickeln eine Methode zur
Beschreibung der Evolution eines eingesperrten Quantenskalarfeldes beeinflusst durch
Verinderungen der Hintergrundgeometrie und/oder der einsperrenden Grenzen. Um
seine Giiltigkeit zu beweisen, wenden wir die Methode auf bekannte Beispiele an, ndm-
lich die kosmologische Erzeugung von Teilchen und den dynamischen Casimireffekt.
Dariiberhinaus verwenden wir sie fiir die Untersuchung eines eingesperrten Quanten-
feldes, welches durch Gravitationswellen gestort wird. Dies reproduziert und erweitert
die Ergebnisse eines Gravitationswellendetektors, der 2014 vorgeschlagen wurde.

Abschliefsend verwenden wir diese Methode, um den dynamischen Casimireffekt
unter Présenz eines abgeschirrmten Skalarfeldes zu untersuchen. Da abgeschirrmte
Skalarfelder Kandidaten fiir dunkle Energie/dunkle Materie sind, gibt es enorme ex-
perimentelle Bemiihungen, um sie zu finden oder ihre Modellparameter einzuschrinken.
In dieser Arbeit konzentrieren wir uns auf das Chaméleonmodell als einen bestimmten
Typ abgeschirrmter Skalarfelder. Indem wir zeigen, dass die Erzeugung von Teilchen
durch die Anwesenheit eines Chaméleonfeldes reduziert wird, schlagen wir eine neue
Moglichkeit zur Einschrankung solcher Modelle vor.

Durch all diese Anwendungen erweist sich die Methode als niitzlich fiir Unter-
suchungen relativistischer, eingesperrter Quantensysteme. Diese Methode ist aufer-
dem dazu in der Lage, relevante Effekte auf Quantenfelder iiber die allgemeine Rela-
tivitatstheorie hinaus zu beschreiben. Wir erwarten, dass unsere Methode im wach-
senden Forschungsbereich der Quantenfeldtheorie eingesperrter Felder in gekriimmten

Raumzeiten ein Standardwerkzeug werden wird.
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Introduction

The last century saw the blossoming and development of two major physical theories,
namely general relativity (GR) and quantum theory. These theories revolutionised
the way we think about Nature. For instance, the idea of merging space and time into
a single entity called spacetime is due to relativity while quantum theory opened our
minds to a world of probabilities, denying the existence of objective reality. Unfortu-
nately, unifying quantum theory and relativity is a problem that remains unsolved.
Early attempts to find a solution to this problem sought to replace the Schrodinger
equation with a [special] relativistic version of it. In particular, Klein [4] and Gor-
don [5] found an equation which describes spinless particles. The system characterised
by this relativistic wave equation is not that of a single particle, but rather that of a
field. This novel approach gave birth to quantum field theory in flat spacetime, which
after decades of development, became the mathematical framework for the Standard

Model of particle physics.

Similar to its flat counterpart, quantum field theory in curved spacetime (QFTCS)
is the theory that studies the behaviour of quantum fields which propagate in a clas-
sical general relativistic background geometry. The main initial result of the theory is
the pioneering work of Parker in which he predicts that the expansion of the Universe
can create paricles out of the vacuum [6,7]. A few years later, Hawking concluded that
there is particle creation as a result of the gravitational collapse of a body forming a
black hole, such that black holes emit thermal radiation with temperature proportional
to their surface gravity [8]. After these works, there was an extensive development

of the theory with applications to different phenomena [9-11]. In order to perform



Introduction

such studies, different simplifications and techniques have been developed, adapted
to the specific problems. For example, in the case of particle creation in cosmological
models, approximations such as homogeneity or isotropy are often convenient to make

any meaningful analytical progress.

Recently, there has been a great interest to verify QFTCS [12-15]. This is because
of the rapid development of experimental techniques in quantum physics in order
to create quantum technologies. These quantum experiments could also be used to
explore relativistic effects on quantum systems. Thus, it is expected, in the near
future, to experimentally verify theoretical predictions about quantum fields confined
in cavities affected by relativistic features like changes in the background geometry
or a non-inertial motion of the cavity [16]. As a consequence, new concrete systems
are being studied within the framework of the theory, which need the development of

new mathematical techniques.

For this reason, we consider confined quantum fields in this thesis. The main goal
of this work is to present a general method for computing the evolution of a confined
quantum scalar field in a globally hyperbolic spacetime by means of a time-dependent
Bogoliubov transformation. This method can be used in spacetimes where the timelike
boundaries remain static in some synchronous frame [1], or even when this is not the
case |2]. In these works, we apply the method to well-known problems in QFTCS like
cosmological particle creation and the dynamical Casimir effect (DCE) [17], which
refers to the particle production due to the motion of boundaries [18]. Moreover,
we apply this method to a recently developed scheme for dectecting gravitational

waves [19].

In the last part of this thesis, we propose a new direction to find and constrain
screened scalar fields, using the method presented in [3], by means of studying the
impact of these fields on the dynamical Casimir effect. Screened scalar fields are a
class of fifth force models with a screening mechanism, which allows the fifth force to
vary depending on the environment [20]. Fifth force models arise from the need to
explain phenomena that cannot be explained with the current theories of GR or the
Standard Model (SM), which together describe the four fundamental interactions or
forces known in Nature. Examples of phenomena that are still open problems are the
observed accelerating expansion of the Universe or galaxies that do not behave as GR
predicts, implying a new type of matter not included in the current SM. Thus, the

idea of the existence of additional scalar fields comes from modifications of GR and
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from extensions of the SM. In this thesis, we focus on the modified gravity approach.
This thesis is organised as follows: In Chapter 2, a brief summary of concepts of
differential geometry and GR is presented. In Chapter 3, we present an overview of
QFTCS and, in particular, the technique that gave us the inspiration for the resulting
model. Chapter 4 contains the introduction and basic useful results for screened scalar
fields. The results of this thesis are presented in Part [I. We conclude in Part III.
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Differential Geometry and General

Relativity

The mathematical framework of GR is differential geometry. Some excellent introduc-
tory texts for differential geometry and relativity are [21-23|. In this chapter, we will
show some aspects of the geometrical part of the theory of relativity. In particular,
we restrict our attention to the concepts needed for this thesis and give references to
the reader for topics that lie beyond the scope of this work. This chapter will be more

technical than the others because some mathematical concepts of GR are presented.

2.1 Spacetimes

Differential geometry studies smooth manifolds, which are infinitely differentiable
manifolds. Essentially, a manifold of dimension n is a mathematical object that,
when viewed in a small region, looks like R™. A particular type of manifold that is
used in GR is a Lorentzian manifold [22,23].

Definition 1. A Lorentzian manifold is a smooth manifold M of dimension n > 2
equipped with a non-degenerate, symmetric, bilinear map g : T,M x T,M — R of

signature (—,+, -+ ,+), called a Lorentzian metric!.

At each point p of a Lorentzian manifold M, there exists a tangent space T,M

formed by tangent vectors at p. This real vector space contains all the directions

1Some authors prefer the convention (+,—,---,—) for the signature of the metric. The choice
has no effect on any observable quantity when applied to physics.



2.1. Spacetimes Differential Geometry and General Relativity

in which one could tangentially pass through p. We are interested in classifying the

vectors of this tangent space:
Definition 2. A tangent vector v € T,M 1s classified as
o timelike if g(v,v) <0,
o null if g(v,v) =0,
o causal if either timelike or null,
e spacelike if g(v,v) > 0.

In each tangent space, the causal tangent vectors form a double cone called the
causal cone. A time-orientation at p is a choice of an arrow of time which splits the
causal cone into two convex cones in which the one that opens in the direction of the
time’s arrow is defined as the future cone, while the other is called the past cone. If
it is possible to choose this splitting continuously on M, the manifold is said to be

time-orientable. With these ingredients we can now define spacetime [24,25].
Definition 3. A spacetime (M, g) is a time-oriented connected Lorentzian manifold.

The spacetime can be locally covered with coordinates {z*|u = 0,1,2,--- ,n —
1} in open subsets of R™. Thus, considering a patch of local coordinates, we can
write g(v,v) = g, v"v" = v*v,, where g, are the elements of the metric tensor and
summation is implied over repeated indices. An infinitesimal distance between two

neighbouring points of spacetime x* and x* + dz* is given by
ds® = g, datda”, (2.1)

and is called the line element. In analogy to Def. 2, a parametrized curve z*(\) is called

dat ()
x

every point 2. A curve is said to be causal if it is not spacelike. Massive particles and

timelike/null/spacelike if its tangent vector v* = is timelike /null/spacelike at

observers follow timelike curves called world-lines, while massless particles follow null
curves. Along any timelike curve Cy the time measured by a clock moving along the

curve is called proper time and is defined as

T:/ V —gudxrdry. (2.2)
Cy

2These definitions can be extended to higher dimensions, see [25].

10



2.2. On the causal structure Differential Geometry and General Relativity

Similarly, along a spacelike curve Cy, the proper length [ is defined as

l:/ V Guvdatday . (2.3)
Cs

Note that in both the proper length and proper time the integrand is given by the

line element (2.1).

2.2 On the causal structure

There are several causal relations between points in a spacetime (M, g). In this work
we focus just on one. We recommend the reader to check [24] for a thorough review
on the causal relations and structures of spacetimes.

Given two points or events in a spacetime p,q € M, we say that the event p is
causally related to the event ¢, denoted p < g, if there is a future-directed causal

curve connecting p with ¢ or if p = ¢. The relation becomes strictly causal if p # q.

Definition 4. A spacetime (M, g) is called causal if it satisfies one of the following

equivalent properties:
e No closed causal curve exists.
o Strict causal relation is irreflexive, i.e., for p,q € M such that p < ¢ = p # q.

In other words, in a causal spacetime, paradoxes derived from trips to the past
(like the grandfather’s paradox [26]) are avoided. Consequently, we can define the

causal past J~ and future J* of an event.

Definition 5. For a point p € M, the causal past (future) of p is the set of all points
q in M such that:

J(p)={q€ M :q<p},
JH(p)={qe M :p<q}. (2.4)

In this thesis, we will work with spacetimes that have the strongest type of causal-

ity known as global hyperbolicity which we define hereafter |24, 27]:
Definition 6. A spacetime (M, g) is globally hyperbolic if:

a) it is causal, and

11



2.3. On the spacetime’s symmetries Differential Geometry and General Relativity

b) the intersections J*(p) N J~(q) are compact for all p,q € M.

Consider p as the starting point of an observer, while ¢ is the endpoint. Condition
b) tells us that the causal diamond formed by the intersection of the future cone
of event p with the past cone of event ¢ is compact, i.e., closed and bounded [28].
Consequently, the observer will follow a world-line which cannot go beyond the causal
diamond. Therefore, the compactness of the diamonds J*(p) N J ™~ (¢) guarantees that
there are no losses of information/energy in the spacetime. An important feature of
globally hyperbolic spacetimes is the existence of spacelike surfaces that can define an
“instant of time", and consequently, initial data can be completely specified. These

type of hypersurfaces are defined as:

Definition 7. A Cauchy hypersurface of a spacetime (M, g) is a submanifold ¥ of
codimension 1% intersected once and only once by each inextensible (with no ends)

timelike curve.

Any globally hyperbolic spacetime (M, g) admits a Cauchy temporal function ¢
in the full spacetime, which provides a foliation in Cauchy hypersurfaces of constant
time [29]. This result was later extended to the case of globally hyperbolic spacetimes
with a timelike-boundary (M = M UAM, g) in [30]. Consequently, M splits smoothly
as a product R x ¥, where ¥ is a Cauchy hypersurface with a boundary. In general,
QFTCS studies fields propagating in globally hyperbolic spacetimes. The last result
regarding spacetimes with a timelike boundary is relevant because we are interested

in confined quantum fields in curved spacetimes.

2.3 On the spacetime’s symmetries

In general, symmetries play a fundamental role in physics. In this context, these are
symmetries of the spacetime metric, which are called isometries. An isometry is a
diffeomorphism (a differentiable bijection with a differentiable inverse) that leaves the
metric invariant. For example, the rotation of a sphere is a diffeomorphism.

Note that to detect a continuous symmetry in this way, a single discrete diffeo-
morphism is insufficient. We require a one-parameter group of diffeomorphisms and
a derivative operator on the metric that characterises its rate of change under diffeo-
morphisms |21, 31, 32].

3The codimension of a submanifold ¥ C M is defined as codim(X) = dim(M) — dim(%).

12



2.4. The FEinstein-Hilbert action Differential Geometry and General Relativity

Definition 8. The Lie derivative for the metric tensor g, with respect to a vector
field V' is defined as
Lvg, =V, V,+V,V,. (2.5)

Here V, is a covariant derivative, which is defined as

V.V =09, VY + T, VA, (2.6)
where I'}\ are known as Christoffel symbols® |33]. Thus, if a one-parameter group of
isometries is generated by a vector field K, then it is known as a Killing vector field,
which fulfills the condition

Equation (2.7) means that any observer following a Killing vector field can define
quantities that do not change along the vector field, thus Killing vectors imply con-
served quantities associated with the motion of free particles. If the Killing vector

field is timelike, then these quantities are preserved in time.

2.4 The Einstein-Hilbert action

GR studies gravity and its relation with the spacetime. In words of John Wheeler:
"Spacetime tells matter how to move; matter tells spacetime how to curve" [34]. The

theory is governed by the Einstein-Hilbert action [33]

1
Ser = /d433\/ —Q%R + S [gus Pil (2.8)

where ¢ is the determinant of the metric tensor g,,, R is the scalar curvature or
Ricci scalar,  is the Einstein gravitational constant, and S,,, is the matter action that
describes any matter fields ®; appearing in the theory. The Einstein gravitational

constant is defined as kK = 87Gc™*

, where G is the Newton constant of gravitation
and c is the speed of light in vacuum. The first term of Eq. (2.8) is usually referred to

as the gravitational sector of the action. Varying the action (2.8) with respect to the

4The covariant derivative is given by the ordinary partial derivative plus a correction specified by
the Christoffel symbols which depend on the metric and ordinary derivatives of the metric.

13



2.4. The FEinstein-Hilbert action Differential Geometry and General Relativity

metric and applying the stationary-action principle yields the Einstein field equations

1 G
R — z9uwR = —T,., (2.9)

2 A

where R, is the Ricci tensor and 7, is the energy-momentum tensor for matter’.
The Einstein field equations (2.9) are a system of partial differential equations where
the solution is given by the metric tensor of a spacetime. In this sense, GR relates

the geometry of spacetime to the matter and energy content of such spacetime.

°It is possible to include a cosmological constant A to enlarge the action without introducing
new degrees of freedom. In this case, the Einstein equations will have another term related to the
cosmological constant.

14



3

Quantum Field Theory in Curved

Spacetimes

In this chapter, we establish the basic concepts of QFTCS, where we consider confined
quantum fields. For the interested reader we recommend [9-11]. This chapter is
organised as follows. We recall some concepts of quantum mechanics that are used in
QFTCS. Then, we introduce the Klein-Gordon field and its quantisation. Afterwards,
we define the Bogoliubov transformation between two sets of solutions to a real scalar
quantum field and, as an example, we explain a well-known toy model of cosmological
particle creation. We finish with an overview of a previous technique for computing
Bogoliubov coefficients for confined fields, which was the inspiration for the method

presented in this thesis. Unless otherwise noted, natural units A = ¢ = 1 are used.

3.1 Quantum Mechanics

The basic mathematical structure in which quantum mechanics is supported is a
Hilbert space which is defined as [35, 36]

Definition 9. A Hilbert space H is a complex vector space equipped with an inner

product (.|.), which is complete with respect to the norm induced by the inner product.

A quantum state is represented by a vector (also known as ket or ray) |¢) in H. The
complex conjugate transpose of a ket (also known as a dual vector) is represented by
a bra (¢|. For any quantum state, it is required that (¢|1)) = 1, i.e., it is normalised

to unity. Physical observables are represented by linear operators on such a Hilbert

15



3.1. Quantum Mechanics Quantum Field Theory in Curved Spacetimes

space. An operator O acts on a vector |¢)) € H by mapping it onto another vector
|¢) € H, such that [37]

Oly) =19} (3.1)

The operator O is linear if for any complex numbers a and b it satisfies
Olal) +b[x)] =a Of) +bO[x), (3.2)

where |1}, |x) € H. For any linear operator O on H, there exists its adjoint, denoted
by Of, such that
(]0x) = (O"lx). (3.3)

In the case where the operator is self-adjoint, that is OT = O, the operator is called

Hermatian. Furthermore, an operator U is called unitary if
Ut =UU =1, (3.4)

where I is the identity operator (I|iy) = [|¢) for all states). From (3.4), we see

that UT = U~' and that unitary operators leave the inner product between vectors,
(Uy|Ux) = (]x), invariant.

So far, we have presented concepts of a single Hilbert space, that is, of a single
quantum system. For composite systems, we need to extend the Hilbert space. Let us
consider a composite system of two quantum subsystems represented by the Hilbert
spaces H 4 and H g of dimension d 4 and dg, respectively. Thus, the Hilbert space of the
full quantum system is assembled using the tensor product, such that Hap = HAQHp,
with dap = dadp. Given two vectors |14) € Ha and |ipp) € Hp, a combined vector

belonging to H ap is given by

[YaB) = [1a) ® |¥B) . (3.5)

In general, for a set of N quantum subsystems, the Hilbert space for the whole quan-

tum system is defined as

H=Q)H:. (3.6)

16



3.2. The Klein-Gordon field Quantum Field Theory in Curved Spacetimes

3.2 The Klein-Gordon field

There are four basic ingredients in the construction of a quantum field theory, namely
[38]

The Lagrangian, or the equation of motion of the classical field theory;

A quantisation procedure. In this thesis we will work with the canonical quan-

tisation;

The mathematical characterisation of quantum states;

The physical interpretation of such states and of the observables.

In the next subsections we will discuss these ingredients.

3.2.1 The classical Lagrangian formulation

Consider a free real scalar field ® propagating in a globally hyperbolic spacetime
(M, g). Then the matter action S, of (2.8) is given by

S = /d4x\/—_g L(®,V,0), (3.7)

where d*zy/—g is the covariant volume element and L is the Lagrangian density,

which is written as

1
L=—3 (¢"'V, OV, @ + m*®?) . (3.8)

Here m > 0 is the rest mass of the field'. Varying the action (3.7) with respect to
the field, and requiring it to be stationary (05 = 0), yields the Euler-Lagrange field

equations

NG dy/—gL
oo O (8(8@)):0. (3.9)

Substituting (3.8) into (3.9), we obtain the Klein-Gordon equation

(O—-m?) @ =0, (3.10)

!For simplicity, this Langrangian density describes a field that is not coupled to the gravitational
field. However, the method presented in [1] and [2] takes into account cases where the field ® is
coupled to the scalar curvature R.

17



3.2. The Klein-Gordon field Quantum Field Theory in Curved Spacetimes

where (0 = ﬁ@u (v/—gg"*9,) ®. The main implication of global hyperbolicity is
that the Klein-Gordon equation (3.10) is well-posed, i.e., there exists a unique solution
that depends continuously on the data given in the problem [39]. Consequently, we

can relate one-to-one initial conditions and solutions of the Klein-Gordon equation.

3.2.2 The canonical quantisation of the Klein-Gordon field

Given two classical solutions to Eq. (3.10), the (pseudo) inner product® is defined as
<q)1,q)2> == —1/ dZ“[Cbl(?MCI); - ©§auq)1]7 (311)
2

where > is a spacelike Cauchy hypersurface and d>* is the volume form. Using
Gauss’ theorem, one can show that the inner product is independent of the choice of
the hypersurface [11]. This crucial property means that one can calculate the inner
product at any point of the time coordinate and guarantees that it will be the same

at any other point.

A complete set of orthonormal solutions with respect to (3.11) satisfies [9]

(B, B*) = 0. (3.12)

n

Notice that, in (3.12) the norm of the complex conjugates of the modes is negative,
hence {®*} is known as the set of negative frequency solutions and {®,} is called the
set of positive frequency solutions. In general, there is not a unique way of splitting the
solutions into {®, } and {®*}3. Since we are considering a complete basis of solutions
{®,,, P} }, the classical field can be expanded as

= [a,P, + a;®}], (3.13)

where a,, and a’ are the expansion coefficients*. Canonical quantisation is achieved

by introducing the equal time canonical commutation relations (CCRs) converting

2Tt is usually called pseudo inner product because the norm of a vector admits negative values.

3This fact will be important for the physical characterisation of states.

4Since we are considering confined quantum fields, we have assumed a discrete set of solutions.
However, the treatment can be reformulated for a continuous spectrum.
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the coefficients a,, into operators

A

[am; &IL] - 5mn7

(G, @) = [a],,a]] = 0, (3.14)
such that the Klein-Gordon field can be promoted to an operator of the form

O = (4,0, +al ;). (3.15)

The d;rl and a,, are called creation and annihilation operators, respectively. Note that
(3.14) are the same commutation relations as for the standard quantum harmonic
oscillator, but since the norm generated by the pseudo inner product (3.11) is not
positive-definite, linear combinations of solutions to the Klein-Gordon equation &,
and ®; cannot be interpreted as a single particle wave function. Thus, we can interpret

the field as a collection of decoupled harmonic oscillators.

3.2.3 The mathematical characterisation of quantum states

The quantisation of the Klein-Gordon field is necessarily associated to a vector space
in which the states are defined. As we have just discussed, the linear combinations of
solutions to the Klein-Gordon equation cannot be interpreted as a single particle wave
equation. Therefore, the single-particle Hilbert space is not appropriate to construct a
quantum field theory. The right mathematical structure is given by a Fock space. This
space is constructed as a direct sum of a zero-particle space, a one-particle Hilbert

space, a two-particle Hilbert space and so on

F=Ca( H )e(HOoH)® (HOHOH) S . (3.16)
1 particle m

The vacuum state of a quantum field is defined as
a,|0) =0 Vn, (3.17)

and is interpreted as the one which does not contain particles. Then, we can construct
one-particle states by using creation operators acting on the vacuum, such that any

of these states will be linear combinations of vectors of the form |¢;) = a! |0). That

19



3.2. The Klein-Gordon field Quantum Field Theory in Curved Spacetimes

is,

o)) = sz‘ i) (3.18)

where b; € C. All possible single-particle states are elements of the one-particle
Hilbert space H in (3.16). A similar construction can be done for the two-particle
Hilbert space. In this case, any two-particle state is given by linear combinations of

vectors of the form
|G, G} = al,al, |0) . (3.19)

We can construct Hilbert spaces with higher particle content in an analogous manner.
Therefore, mathematically, we can define particles as the action of creation operators

on the vacuum state.

3.2.4 The physical characterisation of quantum states

Note that the expansion (3.15) defines the vacuum state (3.17). In flat spacetime,
the vacuum state is uniquely defined regardless of the Lorentz frame in which ¢ is the
time coordinate. Therefore, it is straightforward to physically characterise the vacuum
state as the ground state of the field. However, in curved spacetime, the choice of
{®,} is not unique, and hence there is no unique notion of the vacuum state. Thus,

the physical notion of particle becomes ambiguous.

If the spacetime is globally hyperbolic and there exists a timelike Killing vector
field K = 0, as in (2.7), then a choice of {®,,} can be determined. Let us choose the

set of solutions for which their Lie derivative with respect to K satisfies

iLg®, =iK®, = i0,®, = +w,®,,
iLp®" = —w, ®, (3.20)

where w, > 0. In this sense, positive and negative energy solutions are defined accord-
ing to the signs of their eigenvalues +w,. Thus, Eq. (3.20) leads to the interpretation
of particles associated with the positive frequency modes and antiparticles with nega-
tive frequency modes. Since a timelike Killing vector field defines conserved quantities,
an observer flowing along K will have a constant notion of particles throughout space-
time. In addition, a vacuum state at one point in spacetime remains a vacuum state

along a Killing vector field.
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3.3 Bogoliubov transformations

Until now, we have presented the quantisation of a field for a particular set of solutions
and we have also separated them into positive and negative frequency modes w.r.t. a
timelike Killing vector field. However, a spacetime can admit different timelike Killing
vector fields, each of which will have a different basis of mode functions. Given
two bases of mode solutions {®,,®*} and {®,,,® 1, the ficld can be equivalently

expanded as
O = [0n®y + af @] =Y [bn®m + b, P,,]. (3.21)

m
Consequently, the classification into positive and negative frequency solutions differ. It
is natural to ask how these two sets of field solutions are related. The transformations

that relate two bases of solutions are called Bogoliubov transformations and are defined

as
Oy =) [Cnn i + Bon ], (3.22)
by = Xn]a;;nan — gl (3.23)
where
Ui = (D, D), (3.24)
B = —(Ppm, D), (3.25)

are called Bogoliubov coefficients. Notice that if the [-coefficients are zero, then
the transformation (3.23) contains only annihilation operators affected by the a-
coefficients. Thus, both bases define the same vacuum state as in (3.17). However, if
the [-coefficients are non-zero, the two vacua do not coincide. Consequently, different
Killing observers will in general observe a different number of particles. In summary,
the role of the a-coefficients is to shift excitations between different modes, commonly
known as mode-mizing, while the role of the S-coefficients is to account for the particle
creation due to the transformation. For instance, starting with a vacuum state, the

mean number of particles in mode m after a transformation is given by [9]
Now = |Buml” - (3.26)
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The transformations given in Eqs. (3.22) and (3.23) can be written in a much more

convenient way using matrices, such that in block notation

(i?):U(ij), (3.27)
()=o), 528

U= ( ;‘ f ) . UH)' = < i‘ﬁ _f* ) , (3.29)

Here, a and /8 are matrices formed by the elements in (3.24) and (3.25), respectively.

where

Since a Bogoliubov transformation preserves the inner product by construction, it

must be unitary. Therefore, any Bogoliubov transformation must satisfy the following

identity
UJut = J, (3.30)
where
fopT 1 0
AT B . (3.31)
Bt ot 0 —1
Hence,
aaT - 66T = ]17
af’ — Ba® =0. (3.32)

All linear and unitary transformations on the Fock space can be represented by Bogoli-
ubov transformations, which are the keystone of this work. To understand the usage
of Bogoliubov transformations, it may be instructive to look at a specific example,

namely a toy model of cosmological particle creation.

3.4 Cosmological particle creation

Parker predicted that the expansion of the Universe can create particles out of the
vacuum [6]. In this section, we show a toy model of cosmological particle creation pre-

sented in 9], since it was reproduced in [1|. Consider a (14-1)-dimensional Friedmann-
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Lemaitre-Robertson- Walker spacetime [40] with line element
ds* = —dt* + a*(t)da?, (3.33)

where a(t) is known as scale factor since its role is to expand or contract the spatial
sector of the metric. For convenience, the authors of [9] replaced the coordinate ¢ by

the conformal time n

dt
dn = )’ (3.34)

such that the line element (3.33) may be rewritten as
ds* = c(n)(—dn® + da?), (3.35)

where ¢(n) = a*(n). Notice that the line element is conformal to Minkowski space-
time®. The conformal scale factor c(n) specifies how the spacetime evolves. Consider
that the spacetime is asymptotically flat in the past and future infinities, denoted
as in and out regions, respectively. In both regions, the spacetime admits timelike
Killing vector fields. Consequently, there will be two different field expansions as in
(3.21), each one associated to one of these regions. A conformal scale factor that

satisfies such a condition is given by
c(n) = A+ Btanh(pn), (3.36)
where A, B and p are constants. Then, the in and out regions are found in the limits

n— —oo = ds?, = (A — B) (—d172 - dx2) ,
n — oo = ds? (A+ B)(—dn? + dz?). (3.37)

out —

We see that in the far past and future, the spacetime becomes flat, i.e., Minkowskian.
Consider a massive scalar field in a spacetime with line element (3.35) and conformal
scale factor (3.36). Thus, the Klein-Gordon equation (3.10) is given by

(=07 + 02 — c(n)m®] @ = 0. (3.38)

5In the next chapter, we go deeper into the study of conformal frames.
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The change to conformal time (3.34) was done in order to simplify the Klein-Gordon
equation, such that the space and time variables are separated. Thus, the solutions
to (3.38) are of the form

@y, (1, 2) = Ce' & (n), (3.39)

where C'is a constant. Substituting (3.39) in (3.38), we obtain a differential equation

for & (n)
0y (n) + (K + c () m?) & (n) = 0. (3.40)

Eq. (3.40) is solved in terms of two hypergeometric functions, such that

1) iw_ iw_ iw, 1
&7 m)=D(n F{l —, — 1 - ;= 1+tanhpn],
v (n) =D (n) 2 > ; 5 ( ()
iw_ iw_ iw;, 1
£ =D of |14 55 B B )] B
where

K+ (A—B)ym*)'"?, (3.42)
m

lim f,gl) (n) = e wmn,

lim f,(f) (n) = e \wentn, (3.43)

It is customary, for convenience, to impose periodic boundary conditions ® (n,z = 0) =
® (n,z = L). For fields that propagate through all of spacetime, this is just a mathe-
matical device, such that L is taken to infinity at the end of the computations® [11].

The normalised modes with respect to the Klein-Gordon inner product (3.11) associ-

5The toy model presented in [9] do not use this technique, but we consider it because we study
confined fields. In the case of confined fields, L is not taken to infinity.

24



3.4. Cosmological particle creation Quantum Field Theory in Curved Spacetimes

ated to the asymptotic flat regions are

1

(I)ikn N - eikx—iwinn’
V Win
1 . .
A — (3.44)

\ 2Lwout

The normalisation constants given in (3.44) are different from the ones presented
in 9], since we are considering a confined quantum field. We see that the in-modes
are different from the out-modes. To know how much these bases of modes differ
from one another, we need to compute the Bogoliubov coefficients. In order to do
so, instead of computing the Bogoliubov coefficients using the inner product, we use
the linear transformation properties of hypergeometric functions [41] to obtain the
relation

b= " (1, 7) + BL®% (n, ), (3.45)

where

o = (o‘-Jout)l/2 F (1 - iWin/p) F (_iwout/p)
Win ['(—wy /p) I (1 —iwy /p)
[ Wout Y2 (1 —iwin/p) T (iwout / p)
= (2) Tt s

(3.46)

Here I' are gamma functions. From (3.22) and (3.45), we see that the Bogoliubov

coefficients are given in terms of the quantities in (3.46) such that

Qg = Oék5kk’7 Bkk’ = 514571@1@/- (347)

Consider that in the in-region, the quantum field is in the vacuum state. Then from
(3.26) and (3.46), we can compute the mean number of particles in mode k in the

out-region
sinh? (mw_/p)

sinh (muin/p) sinh (Wwout/p> ‘

Ny =16 = (3.48)

From this toy model, we can get some insights:

e The only non-vanishing a-coefficients are the diagonal ones. Therefore, there is
no mode-mixing. Moreover, the only non-vanishing [S-coefficients are those of

modes with the same frequency but opposite momentum.
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e The vacuum state in the in-region is not the vacuum state in the out-region.
Therefore, inertial observers in the in-region would see the vacuum state while

unaccelerated observers in the far future would detect quanta in the same state.

e Substituting (3.42) in (3.48), we see that if B = 0 or m = 0, then the number of
particles created will vanish. Therefore, particle creation can be interpreted as
a consequence of the coupling of the spacetime expansion to the quantum field
via the mass. The spacetime expansion changes the gravitational field and this

change provides energy to the modes.

e [t is convenient to change to the conformal time to solve the Klein-Gordon
equation through separation of variables. Furthermore, to explicitly define the
spacetime expansion helped to obtain the Bogoliubov coefficients between the
asymptotic regions using some special properties of the hypergeometric func-

tions.

In general, computing Bogoliubov coefficients is not an easy task. Other models
of cosmological particle creation, as well as other problems in QFTCS, make use of
different mathematical techniques and simplifications to make the computations man-
ageable. Particularly, this thesis is focused in constructing mathematical techniques

for confined quantum fields.

3.5 Non-uniform motion of cavities

In this section, we outline the mathematical model for computing Bogoliubov coef-
ficients introduced in [42]. In this model, the authors considered a quantum field
confined in a cavity in flat spacetime which undergoes non-uniform acceleration. The
first approach was introduced in [43], where the cavity is initially inertial, then travels
with uniform acceleration for some period and ends inertial.

Consider a massless scalar field in a (1 + 1)-dimensional rigid cavity of length L
in Minkowski spacetime. The boundaries of the cavity are located at x; (left) and z,
(right). We impose Dirichlet vanishing boundary conditions on the scalar field at the

boundaries, so that when the cavity is inertial
O (t,z;) =P (t,z,) =0. (3.49)
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In this case, the mode solutions are given by

1 |
@ (1,2) = = sin (% (x — xl)) elnt, (3.50)
where
2
Wy = (%) +m2, (3.51)

The field can be expanded as in (3.15).

Let us now consider a uniformly accelerated cavity. In this case, the natural
coordinates to use are the so-called Rindler coordinates (n,x), see |44,45|, which are
defined as

t= e% sinh (An), z= e% cosh (An), (3.52)

where 0 < y < 00, —00 < 7 < o and A is a transformation parameter with
dimensions of acceleration. These coordinates are valid in the Minkowski region
0 <z < oo, —x <t < x which is called the right Rindler wedge. An observer
who is stationary with respect to Rindler coordinates is uniformly accelerated with

proper acceleration
a, = Ae X, (3.53)

Inverting the relations in (3.52), we obtain
n = sarctanh (¢/x), =LIn (AV2?—2). (3.54)
Therefore, the line element in these coordinates is written as
ds? = X (=dn® + dy?) . (3.55)

Thus, the solutions to (3.10) are

by (1.3) = zg=msin (7 (0= ) e (3.56)

where
Q= /(Y 4 m2, L=x,—xi = 11n<xl>. (3.57)

Let us consider that the cavity starts at rest, and at ¢ = 0 it suddenly accelerates.
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We introduce the parameter
h=a.L, (3.58)

where a, is the proper acceleration (3.53) at the center of the cavity and L is the
length of the cavity in its rest frame. Expressing (3.53) in (¢, ) coordinates, we have

that a, = %, such that the proper acceleration at the center of the cavity is given by

1

-
T+ 35

(3.59)

Qe =

Thus, the cavity boundaries are

1 L 1 L
x = <E - 5) L, Ty = (a—c + 5) L. (3.60)

Substituting (3.60) in (3.57), we see that 0 < h < 2, in order that the proper accel-
eration at both ends of the cavity is finite. Expressing the Rindler mode functions
(3.56) in terms of Minkowski coordinates using (3.54), we can compute the Bogoliubov
coefficients ((3.24)-(3.25)) for the transformation from the Minkowski to the Rindler

frame and encode them in matrix form as in (3.29), such that

oK = ( 00;‘ 005* ) . (3.61)

For the computation of these Bogoliubov coefficients, it is convenient to consider
small accelerations, such that it is possible to expand the integrands of Eqgs. (3.24)
and (3.25) in a power series around h = 0.

So far, we have the method for computing the Bogoliubov coefficients for a uni-
formly accelerating cavity, but we are interested in a non-uniform accelerated motion
of the cavity. The key to construct more general cavity trajectories lies in the basic
building block (BBB), which consists of the transformation from an inertial cavity,
back to an inertial cavity, with an intermediate period of uniform acceleration. In

terms of Bogoliubov transformations, the BBB is a composition of matrices such that
U= oKG (m) oK, (3.62)

where G (1) = G (m) ® G* (1) and G = diag {7, %7 ... }. Here the transforma-

tion from the inertial region to the uniformly accelerated one is given by (3.61). The
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intermediate region of uniform acceleration, which goes from ¢ = 0 to Rindler coordi-
nate time 1 = ny, is characterised by phase factors and the transformation back to an
inertial region at n = 1 is given by the inverse transformation of (3.61). In this sense,
one can construct more general travel scenarios by composing BBBs, i.e., by pasting
together segments of inertial evolution and uniform acceleration. It is important to
notice that two BBBs can be connected by an intermediate inertial period of proper
time 7. The inertial period is represented by a matrix G (7), which is composed as G
in (3.62). Therefore, the Bogoliubov transformation for a generic travel scenario that

connects two inertial regions with n BBBs is written as
U= BUnG (Tnfl) Bun,1 te G (Tg) BZ/{QG (7'1) Bul. (363)

Until here, the method has achieved the computation of Bogoliubov transformations
for a finite and sharp number of jumps between inertial and accelerated motions of
the cavity field modes. However, in [42| the authors achieved a method to study
the effects of smoothly varying accelerations. This was attained by constructing the
"continuous" Bogoliubov transformation as a limit of (3.63). Since the acceleration

is now arbitrary, it is possible to remove the inertial segments, such that

U(r,m) = lim sl (P, hw) U (Fn-1,hy-r) - U (F1, 1) (3.64)

T—0

where h is the parameter defined in (3.58) and the total time is given by

N
Y F=r-7 (3.65)
k=1

Here 7 and 7, are proper times in the inertial frames, while 7, are proper times in
uniformly accelerated frames with acceleration a,,. An infinitesimal increase in time

for the Bogoliubov transformation in (3.64) can be written as
U(r+dr, 1) = g (dr,h) U (1,79), (3.66)
where

SUAT,R) = oKL (h) G (A7) oK (h) = oK1 (h) (11 +iQ) () dT) oK (h).  (3.67)
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Here, we have neglected terms of O (d72) and we define

Q(h):(mh) v ) (3.68)

with Q (k) = diag {0 (h), Qs (), - -+ }. Deriving the transformation (3.64) and using
Eqgs. 3.66 and (3.67), we obtain

o . Ut +drn) = U(r,m)
g7l (7o) = Jim, ar
=ioK " (h(7))Q(h (7)) oK (h (7)) U (1,70) . (3.69)
The solution to (3.69) is
U (r,79) = Texp {i/w oKL (h (7)) (h (7)) oK (h (7)) dr| | (3.70)

where 7 is the moment at which the acceleration finishes and 7" denotes the time-
ordered exponential (see [46]). Eq. (3.70) is the Bogoliubov transformation between
two inertial segments, one that ends at 7y and another one that starts at 7,. Some
insights should be highlighted:

e The Bogoliubov transformation (3.70) is general in the sense that it allows h (7)
to vary arbitrarily during the acceleration period within the rigidity constraint.

Moreover, no approximation has been made regarding acceleration.

e For any time interval where A is constant, the Bogoliubov transformation evolves
by phases. Therefore, any effects of particle creation or mode-mixing are a

consequence of changes in the acceleration of the cavity, not by the acceleration.

e This technique can be applied only in Minkowski spacetime. However, there are

extensions to other metrics [19,47-50], considering their conformal invariance.

The method introduced in [1,2] can be regarded as a generalisation of the technique

presented in this section.
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Modified Gravity

It has been more than hundred years since Einstein published his theory of GR [51].
Throughout this time, many experiments have been executed proving the success
of his gravitational theory, from gravitational lensing [52] to the recent detection of
gravitational waves [53| (see [54] for a review). However, GR has some well known
limitations, such as the cosmological constant problem, the breakdown of the equiva-
lence principle at the singularities in black holes, the galactic observations suggesting
the existence of dark matter or the accelerating expansion of the Universe implying
dark energy. These issues indicate that GR is not the end of the story and we might
need to go beyond it. As a consequence, many different modifications to GR have
been proposed [55,56]. Amongst these modified theories of gravity, scalar-tensor the-
ories are some of the most studied. The reason for this is that a scalar-tensor theory
is one of the simplest ways to modify gravity. Another motivation to study additional
scalar fields in Nature arises from extensions to the Standard Model (SM) of particle
physics. For example, the Higgs-portal theories [57,58|, where the scalar field couples
to the Higgs field [59,60]. Moreover, many theories that go beyond the SM predict
the existence of scalar fields [61-63].

This chapter is organised as follows. In Sec. 4.1 we introduce some aspects of
scalar-tensor theories of gravity. Subsequently, in Sec. 4.2, we explain screening mech-

anisms and we outline the chameleon field model.
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4.1 Scalar-tensor theories of gravity

Scalar-tensor theories of gravitation study the modifications of GR due to an addi-
tional scalar field ¢ which is coupled to a metric tensor of gravity. In this sense, the

Einstein-Hilbert action (2.8) is modified schematically as in the following example'

, =
S”z/d% /—Q% Rgo +S,, [gu,,;cbi] +§¢,, (4.1)

where Mp; = [87G /ch]~'/? is the reduced Planck mass®, A% () is a function depending
on the scalar field, S,, is the matter action and S'@ comprises the kinetic and potential
terms of the scalar field action. Note that the scalar field ¢ only couples to the
gravitational sector through the function A, but there is no direct coupling to the

matter fields, i.e., in the form of a term proportional to ¢®.

4.1.1 Conformal transformations

The coupling between the scalar field ¢ and the metric tensor is usually performed

through a conformal transformation, which is defined as

G = A2 (9(x)) G (4.2)

where A? is some arbitrary function of the spacetime coordinate x known as the
conformal factor. It is important to mention that conformal transformations are
different from general coordinate transformations. The transformation applied to
the line element (2.1) transforms as d3® = A%ds? under a conformal transformation
whereas it is invariant under general coordinate transformations. In other words,
a conformal transformation changes the line element at the same rate. In the case
of scalar-tensor theories, the conformal factor depends on the scalar field . Thus,
scalar-tensor theories of gravity are defined up to a conformal transformation leading

from one conformal frame to another?.

Since conformal frames are simply different mathematical formulations, the theo-

!This is not the most general example of a scalar-tensor action. For a more general form, refer
to [64].

2Recall that we use natural units h = ¢ = 1.

3There are more general ways to couple the scalar field and the metric tensor. For example, the
so-called disformal coupling [65].
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retical prediction for an observable quantity is identical in different conformal frames.
However, the interpretation of the physics can be different. In order to explain the
differences between conformal frames, we will consider two popular conformal frames,

namely, the Jordan and Einstein frame.

4.1.2 Einstein and Jordan frames

Following [66], a conformal transformation from the Jordan to the Einstein frame is

G = A2 () Guo (4.3)

and
V=i = ANV (4.4

Therefore, the action (4.1) is transformed as

2
S = /d%v—g%?@ + S [A%(0) gus i) + S, (4.5)

In this case, note that the scalar field ¢ does not couple to the gravitational section
but there is a direct coupling to the matter fields. Thus, the Jordan frame action in
(4.1) and the Einstein frame action in (4.5) lead to different physical interpretations.
For example, test particles in the Jordan frame follow geodesics of g which are different
from those predicted in GR, since the scalar field couples to the gravitational sector.
However, test particles in the Einstein frame would follow GR’s geodesics (since the
gravitational section is not coupled to ¢) but are also subject to a fifth force of Nature
carried by the additional scalar field and, consequently, deviating the particles from
the geodesics. In other words, in the Jordan frame gravity is modified, while in
the Einstein frame gravity is unchanged but a new interaction is introduced. It
is important to recall that even though the physical interpretation is different, in
both cases the physical measured trajectory of a test particle will be the same, since

conformal frames are nothing else than different mathematical formulations®*.

Tt is still a topic of research whether this is also true at the quantum level, see [67-70] and
references therein.
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4.2 Screened scalar fields models

Conformally coupled scalar-tensor theories of gravity introduce a fifth force of Nature
mediated by the additional scalar field in the Einstein frame. The problem is that
we have not yet seen any evidence of this extra fifth force and such forces are tightly
constrained in our Solar System [71,72]. In order to produce interesting effects on
cosmological scales while fulfilling the known constraints in our Solar System, these
scalar fields should be hidden in our local environment. For this purpose, so-called
screening mechanisms have been proposed. There are different types of screening
mechanisms, but their common ground is the fact that the local matter density is
many orders of magnitude larger than the mean density in cosmological scales. It is

possible to distribute the most studied models in the following categories 73]

e Weak coupling: the coupling to matter depends on the environment, so that
the scalar couples with gravitational strength in low-density regions and turns
weaker the denser the region becomes. In this category we find the symmetron
[74-76] and environment-dependent dilaton [77-81] models.

e Large inertia: the kinetic term in the action S, of (4.5) depends on the envi-
ronment, so that the kinetics of the field is suppressed in dense regions. This
is known as the Vainshtein screening |82]. Examples are the galileon mod-
els [83,84].

e Large mass: the effective mass of the scalar field depends on the environment,
so that it increases in regions of high density causing the fifth force to be short-
ranged. This is known as the chameleon mechanism |85,86] and is the main
focus of [3].

A screening mechanism would allow additional scalar fields to contribute to dark
energy circumventing current experimental constraints on fifth forces [87-89|. Fur-
thermore, some screened scalar field fifth forces could be potential alternatives for
particle dark matter [90-93]. All these works treat screened scalar fields as classical
fields, including [3]. However, there have been initial discussions of screened scalar
fields as quantum fields [94-97].
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4.2.1 Chameleon field models

As its name suggests, the chameleon field adapts depending on the local environment
and becomes almost impossible to detect in regions of high matter density. The action

in the Einstein frame (4.5) of the chameleon theories is

M2 1
S = / d'ay/~g (TPZR = 59" OupOup — V(@)) + S [A2(9) Gus @i] s (4.6)

where V() is the chameleon potential. Varying the action with respect to the scalar

field, we obtain the equation of motion

Op =V, - %g’”%m (4.7)
where
T, = ——2_95m (4.8)
V=g
is the stress-energy tensor. For non-relativistic matter, one has g7, = —p~ —p ~
g’“’TW, where ~ refers to quantities in the Jordan frame, while the other quantities

are from the Einstein frame [20]. Thus, the equation of motion is

(4.9)

From the right hand side of (4.9), we see that the dynamics of the chameleon field ¢
are not solely governed by V' (¢), but rather by an effective potential

Ver(0) = V() +In A(p)p. (4.10)

To obtain a chameleon field model, the potential V() and coupling factor A?(¢) in
(4.6), should be chosen so that the effective potential can develop a minimum at some

finite value pmpin. This condition may be satisfied by the following choices [98,99]

A4+N
Vip) = o (4.11)
A¥(p) = XM, (4.12)
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where N € Z* U 2Z\{—2} distinguishes between different chameleon models, the
parameter A determines the strength of the self-interaction and M is a mass scale
determining the strength of the chameleon-matter coupling. The model N = —2 is
not valid since it has only a constant mass m, ~ A, and the cases where N € 2Z~ —1
are not valid since they lead to imaginary vacuum expectation values. Thus, in an
environment of homogeneous density p, the effective potential (4.10) has a minimum

at
1

N1
Ormin = (NA‘HN%) , (4.13)

and consequently a chameleon effective mass

Vg N(N + 1)AN

d? b’

(4.14)

Note that due to pni,, the chameleon mass depends on the environmental density
p. Moreover, the effective mass (4.14) increases with p, regardless of the chameleon
model. For the chameleon model with N = —4, the potential (4.11) takes the form

Vip) = —%@4, (4.15)

where \ = (A/ADE)4 and Apr = 2.4meV. Hence, the minimum of the effective po-

tential (4.10) is
6p \ 1/
R LT 4.16
) (1.16)

A fifth force denoted as chameleon force on a test particle of mass m is given by [100]

F,=-mVInA(p) = —m%. (4.17)

The chameleon force usually has a Yukawa-like suppression, as will be seen in the
following example. Thus, its range is shorter the larger the chameleon mass (4.14) is.
Consequently, in dense environments, the chameleon force is screened. In addition,

notice that this force scales with M.
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4.2.1.1 Profile of a spherical object

Let us illustrate the chameleon model with an example. Consider a static spherically
symmetric source of radius R and density pon; immersed in a homogeneous medium
of density ppg. From (4.9), the equation of motion is

1 82 A4+N p

The field profile outside of the source is [85]

R

P = by = (Png = Pobj) 7", (4.19)

where ¢, is the potential minimum value of the chameleon field outside the source,
©obj is the potential minimum value of the chameleon field inside the source and my,g
is the chameleon mass (4.14) outside the source. The chameleon fifth force (4.17) on
a test particle is

F, ~ 0pp(r) ~ exp (—mugr) /7. (4.20)

Note that the force is of shorter range the heavier the chameleon is, which turns it
into a weaker force, i.e. screened. If the source is screened, then g is the minimum
of the chameleon field within the source except for a thin shell near the surface. This
is due to the short range of the fifth force inside a large object, which allows only a
thin layer of matter on the surface of this object to source the chameleon force and is
known as the thin-shell effect.

In [3] (reprinted below), we used an approximate solution of Eq. (4.18), namely,
the consideration that the field profile is still within an ambient Compton wavelength

r < mggl. Thus the solution is the same as in (4.19), without the exponential function.
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Abstract We develop a method for computing the Bogoli-
ubov transformation experienced by a confined quantum
scalar field in a globally hyperbolic spacetime, due to the
changes in the geometry and/or the confining boundaries.
The method constructs a basis of modes of the field associ-
ated to each Cauchy hypersurface, by means of an eigenvalue
problem posed in the hypersurface. The Bogoliubov trans-
formation between bases associated to different times can be
computed through a differential equation, which coefficients
have simple expressions in terms of the solutions to the eigen-
value problem. This transformation can be interpreted physi-
cally when it connects two regions of the spacetime where the
metric is static. Conceptually, the method is a generalisation
of Parker’s early work on cosmological particle creation. It
proves especially useful in the regime of small perturbations,
where it allows one to easily make quantitative predictions
on the amplitude of the resonances of the field, providing an
important tool in the growing research area of confined quan-
tum fields in table-top experiments. We give examples within
the perturbative regime (gravitational waves) and the non-
perturbative regime (cosmological particle creation). This is
the first of two articles introducing the method, dedicated to
spacetimes without boundaries or which boundaries remain
static in some synchronous gauge.

1 Introduction

Quantum field theory in curved spacetime is the theory that
studies the evolution of quantum fields which propagate in
a classical general relativistic background geometry. To this

2 e-mail: luis.cortes.barbado@univie.ac.at (corresponding author)

b ¢-mail: lucia.baez@univie.ac.at

¢ e-mail: ivette.fuentes @nottingham.ac.uk

date, the theory has been able to yield many quantitative theo-
retical predictions for physically relevant problems within its
scope, such as cosmological particle creation [ 1,2], the Unruh
effect [3] or Hawking radiation [4]. The success in the study
of those concrete well-known problems can be related to the
use of different mathematical techniques and simplifications,
adapted to the specific problem and which yield the compu-
tations tractable. For instance, in the study of phenomena
such as Hawking radiation or the Unruh effect, the presence
of horizons (or “would-be horizons” [5,6]) allows to sim-
plify the computations leading to a thermal spectrum for the
quantum field, at least within most of the usual approaches
to these phenomena. Also, the presence of symmetries like
homogeneity or isotropy is convenient to obtain quantitative
results on particle creation in cosmological models.

In the recent years, the interest to verify the theory experi-
mentally has increased significantly [7-13]. Thus far, an anal-
ogous of Hawking radiation in Bose-Einstein condensates
has already been experimentally demonstrated [ 14] (although
the result is not free of controversy, see for example [15]).
In particular, and due to the great improvement of the preci-
sion of quantum measurements in table-top experiments, it
is expected that the theoretical predictions on quantum fields
confined in cavities, and under the effect of small changes in
the background geometry or the non-inertial motion of the
cavity, will be tested experimentally in the near future [16—
19]. Consequently, new open problems within the framework
of the theory are arising, related to the new concrete systems
under study, and therefore new adapted mathematical tech-
niques will be necessary to approach them.

In this work, we introduce a general method for computing
the evolution of a confined quantum scalar field in a globally
hyperbolic spacetime, by means of a time-dependent Bogoli-
ubov transformation. As it will be clearly shown along the
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article, the method proves to be especially useful to address
the new kind of problems that we just mentioned, related
to quantum fields confined in cavities and undergoing small
perturbations, since it provides very simple recipes for com-
puting the resonance spectrum and sensibility of the field to a
given perturbation of the background metric or the boundary
conditions. However, we wish to emphasise that the method
can be applied to any confined quantum scalar field, both
real or complex, evolving as a result of any kind of regu-
lar changes in the background metric and/or the boundary
conditions, just under some minor assumptions. This gen-
erality will also be illustrated through a concrete example
of an application of the method outside the scope of small
perturbations (in cosmological particle creation) that will be
considered in the article.

The method is based on the foliation of the spacetime
in spacelike Cauchy hypersurfaces using a time coordinate.
Since the method is intended for confined fields, these hyper-
surfaces will be compact, although not necessarily with
boundaries. The core idea is to construct a basis of modes
naturally associated to each hypersurface, and then provide
a differential equation in time for the Bogoliubov transfor-
mation between the modes associated to two hypersurfaces
at different times. This way, the evolution of the field in
time is not obtained by solving the Klein-Gordon equation,
but rather by solving a differential equation for the time-
dependent Bogoliubov transformation.

The core idea of transferring the dynamics from the mode
functions to the Bogoliubov coefficients appears for the first
time in the pioneer work by Parker [2]. In this sense, our work
is a conceptual extension of Parker’s work to the general case
of any confined quantum scalar field (with minor assump-
tions). However, the key mathematical construction has been
developed as a generalisation of the technique introduced
in [20]. That previous technique, although with the strong
limitation of being applicable only in Minkowski spacetime
(the influence in the evolution of the field coming from the
motion of the cavity), has already proven to be of special
practical use in the study of quantum fields confined in cav-
ities. Benefiting from conformal invariance, extensions to a
few other metrics were also considered [17,21-24]. Yet, the
scope of that method was notoriously reduced, something
which the present work overcomes.

We want to emphasise that our way of proceeding makes
the method completely different to the Hamiltonian diago-
nalisation approach introduced for the problem of cosmo-
logical particle creation [25,26]. In such approach, the con-
struction of bases of modes associated to each time is used
to diagonalise the Hamiltonian of the quantum field by a
time-dependent Bogoliubov transformation in the Fock rep-
resentation, such that the Hamiltonian is diagonal in terms
of particle operators at every moment; and then this diag-
onalised Hamiltonian is used to compute the evolution of

@ Springer

a state in time directly in the Fock representation. There-
fore, this approach introduces a different notion of particles
at each instant of time. Problems with this approach appear
because the Fock representations for different times can be
unitarily inequivalent [27-29]; that is, because the particle
interpretation in this framework is in general wrong. Con-
versely, the method introduced in this article does not intend
to quantise the field with a Fock representation at all times
during its evolution. The construction of the modes at each
time will be just an intermediate mathematical tool used to
compute a time-dependent Bogoliubov transformation. Such
Bogoliubov transformation has the usual physical interpreta-
tion in terms of effects on quantum particles (mode-mixing
and particle creation) only when it relates regions of space-
time where the Fock quantisation has a valid physical inter-
pretation in terms of particles, in particular due to the pres-
ence of a timelike Killing field. The Bogoliubov transfor-
mation then unambiguously describes the evolution of the
field between the two regions, since it allows to compute the
scattering matrix between the bases of the two different Fock
quantisations [29-31]. We provide strong physical arguments
to explain why the Fock representations that we consider are
unitary equivalent and physically meaningful.

Following the above discussion, we take the opportunity
to stress that, for the quantisation of the field, we simply
rely on canonical Fock quantisation in the regions where it is
clearly physically meaningful. In other words, the method is
of general practical applicability to compute the scattering
matrix between two physically valid Fock representations of
the field, and it is indeed an extremely powerful tool for such
purpose; while, on the other hand, we have no intention of
providing a fully consistent field quantisation in any region
of a general spacetime (see the approaches to such problem
in e.g. [32-36]).

This article constitutes the first of two articles introducing
the method. In this first part we consider spacetimes without
boundaries, or with timelike boundaries that remain static in
some synchronous gauge, as explained in the next section.
Spacetimes with timelike boundaries which do not remain
static in any synchronous gauge require an specific treat-
ment, which due to its extension we leave for a second forth-
coming article. The present article is organised as follows.
In Sect. 2 we state the general physical problem for which
we will construct the method, introducing the background
metric, the field theory and the different assumptions that we
consider; and also define two important mathematical objects
that we will use. The nuclear part of the article is Sect. 3. In
this section we construct the basis of modes associated to
each hypersurface of the foliation of the spacetime, and for-
mally compute the time-dependent Bogoliubov transforma-
tion between the modes of two different hypersurfaces, for
which we give a differential equation and a formal solution.
‘We also discuss the physical meaning of both the modes and
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the transformations. In Sect. 4 we consider the particularly
important case of small perturbations and resonances, obtain-
ing especially simple recipes for its solution. As an example
of application, we consider the problem of a confined quan-
tum field in the presence of a gravitational wave. In Sect. 5
we apply the method to an example of cosmological particle
creation. Finally, in Sect. 6 we present the summary and con-
clusions. In addition, in Appendix A we discuss in detail the
different conditions that we require for the method to work.
In Appendix B we describe how the method handles the prob-
lems in which modes with exponential time dependence or
zero-frequency modes are present. In Appendix C we prove
that the bases of solutions to the Klein-Gordon equation on
which we build our method are complete and orthonormal.
In Appendix D we provide the detailed computation of the
differential equation provided in Sect. 3, and prove that the
Bogoliubov transformations obtained satisty the Bogoliubov
identities. In Appendix E we further support and extend the
results obtained on small perturbations. In Appendix F we
provide for convenience a summary of the useful formulae
for the application of the method.

2 Preliminaries
2.1 Statement of the problem

We consider a globally hyperbolic spacetime (M, g) of
dimension N + 1, possibly with timelike boundary o M [37].
In this spacetime we define a Klein-Gordon scalar field @
satisfying the equation

¢V, —m?® —ERD =0; )

where m > 0 is the rest mass of the field, g"*" is the spacetime
metric, R its scalar curvature and § € Risacoupling constant
(we use natural units # = ¢ = 1). In the case of the existence
of boundaries, we impose one of the following four possible
boundary conditions to the field:

(a) Dirichlet vanishing boundary conditions
d(x)=0, xedM. 2)
(b) Neumann vanishing boundary conditions
"V, @(x) =0, xedM; (3)

where n*(x) is the normal vector to dM.
(c) Robin vanishing boundary conditions

"V, @(x) +y®@((x) =0, xe€dM; %)

where y € R\ {0} is the boundary parameter. Later on,
we will introduce the possibility that this parameter is
replaced by a function.
(d) Mixed vanishing boundary conditions

In this case, Dirichlet, Neumann and Robin vanish-
ing boundary conditions apply each to complementary
regions of the boundary. Being just a combination of the
other cases, we mention them here as a possibility, but
for simplicity we will not consider them explicitly when
constructing the method.

The types of boundary conditions considered are by far the
most common ones in physical problems. We do not discard
that the method could also apply to other less used conditions,
but we simply do not approach such possibility within this
work.

Thanks to the global hyperbolicity, it is always possible
to construct a Cauchy temporal function ¢ in the full space-
time [37], which provides a foliation in Cauchy hypersur-
faces X, of constant time. We introduce the Klein—Gordon
inner product between two solutions of (1), given by

(@), ®) = —i/}}dV; [ @) s 2()*|,_; — O %' 0)],_;]:  (5)

t

which, for convenience, we already evaluated at a given
Cauchy hypersurface X7, with d V7 being its volume element.
Both in the absence of boundaries, or under the boundary
conditions (2—4), this inner product is independent of 7.
Finally, we introduce the three conditions on the Cauchy
hypersurfaces and the temporal function that we need to
ensure the applicability of the method. These conditions are:

(A) The Cauchy hypersurfaces X; must be compact.

(B) For any Cauchy hypersurface X, the Cauchy problem
for the Klein—Gordon equation (1) must be well-posed;
that is, given as initial conditions the value of the field
and of its first derivative with respect to ¢ at X, there
exists an unique solution to the Klein—-Gordon equation
in the whole spacetime satisfying these conditions.!

(C) Using the temporal function as a coordinate, the metric
should be written as

ds? = —dr® + hyj (1, x)dx’ dx/, (6)

where h;;(t) is a regular Riemannian metric.2 This is
called a synchronous gauge.

! Under the presence of boundaries, these initial conditions must be
compatible with the boundary conditions at the intersection dX; =
X, NoM.

2 For simplicity in the notation, from here on we will omit the depen-
dence of h;j(t) on the spatial coordinates, but we are considering
the most general case in which this metric can have any (regular)
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The necessity of each condition will become clear when
constructing the method. A detailed discussion on their phys-
ical meaning and the limitations they introduce can be found
in Appendix A. In this first article introducing the method,
we are going to consider the problems for which M either has
no boundary, or its boundary remains parallel to the gradient
of the temporal function ¢, that is, it remains static in some
synchronous gauge. Problems for which there exists no ade-
quate temporal function (satisfying the required conditions)
such that the boundary remains parallel to its gradient will
be considered in the second article.

2.2 Space of functions over X, and self-adjoint operator

Let us introduce two mathematical objects that are pivotal
for the method. First, we define I as a subspace of the space
of square integrable smooth functions over a Cauchy hyper-
surface, I} € C®(X;) N L2(X). If M (and therefore X,)
has no boundary, then I; = C*(X;) N L2(X,). If there are
boundaries, then I} is the restriction of C*®(X,) N L2(X,) to
functions satisfying the boundary conditions in 9 X, compat-
ible with the boundary conditions in d M; which, since the
boundaries are parallel to 9;, read

P(x)=0
n- Vh([)dﬁ(x) =0
n-V,@x) +y®(x) =0

(Dirichlet), @)
(Neumann), 8)
(Robin); )

for x € 9%,;, where n(x) is the normal vector to the bound-
ary 0%, and V() is the covariant derivative corresponding
to the spatial metric 4;;(¢). At this point, we mention that
the boundary parameter y could be also considered a func-
tion y (x), but it must be independent of t.3

Second, we define the operator @(z) on [} as

O@) == =V}, +ER (1) + m* + F(1); (10)

where V,%(t) is the Laplace—Beltrami differential operator,
R" () the scalar curvature corresponding to the spatial met-
ric h;j(¢) and F(t) > 0 a time-dependent non-negative quan-
tity. The quantity F(z) is given by the condition that the
operator O(r) at each time must be positive definite in the
corresponding space [} (any values of F(¢) that meet this

Footnote 2 continued

dependence on the coordinates. We will not write the explicit depen-
dence on the spatial coordinates for other quantities either, except when
necessary. Also, in (6) for simplicity we are assuming that for each
hypersurface X; there is one coordinate chart ', ..., x"N) that com-
pletely covers it. This might not be the case, but considering several
coordinate charts would be straightforward and would not affect the
construction of the method, as far as for all of them the metric can be
written as in (6).

3 The justification for this apparently arbitrary limitation can be found
in Appendix C.

@ Springer

requirement would be valid). Notice that, thanks to condi-
tion A and eventually to the boundary conditions, this opera-
tor is self-adjoint [with respect to the usual scalar product in
L?(X,)] and has a discrete spectrum with no accumulation
points.* Moreover, if we fixed F () = 0 the operator would
always have a minimum eigenvalue. Consequently, a finite
value for F(¢) such that the operator is positive definite can
always be found. We refer to Appendix B for a discussion
on the role of the quantity F'(¢), related to the presence of
exponential time dependence of the solutions and of zero-
frequency modes.> In many problems (such as the examples
provided in this article) it is possible to fix F(z) = 0 while
keeping O@) positive definite, in which case the quantity can
simply be ignored.

Once we have introduced the operator @(t), and mak-
ing use of condition C, we shall simplify the Klein-Gordon
equation (1) taking into account the form of the metric in (6),
obtaining

2o =—-0)d — q(1)o,® —EROD + F(H®:  (11)
where
q(t) := 9 log/h(1), (12)

with /() being the determinant of the spatial metric h;; ()
(it is a factor which depends on the change of the metric of
the spacelike hypersurfaces with time), and R(t) := R(t) —
R (1) is the part of the full scalar curvature of g,, which
depends on time derivatives, given by

_ 1 .
R(1) =20,q(t) + q(1)* — Z[athu O1[0¢hij (®)]. (13)
The key role of condition C has been to yield Eq. (11),
in which all the spatial derivatives present are those in the
Laplace—Beltrami operator contained in O(¢).

3 Construction of the method
3.1 Construction of the bases of modes

For each Cauchy hypersurface X'z we will construct a set of
modes {¢,£'] (1)} fulfilling the following two properties:

4 Assertions about the self-adjoint nature of the operator and about the
properties of its spectrum should strictly be done over the extension of
the operator defined on I to the full Hilbert space LZ(Z}) (of which I}
is a dense subspace). This is a well-known mathematical procedure in
the analysis of partial differential equations with elliptic operators and
boundary value problems, which is the context in which we will make
use of the operator. Therefore, we shall not get into the details of it.
Another possibility is to directly consider the operator as acting on a
Sobolev space over the Riemannian manifold. See for example [38].

3 The discussion in Appendix B cannot however be fully understood
until reading Sect. 3.
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(@A (1))

{@(t)}

Fig. 1 Association of bases of modes {qﬁ,[,n (1)} to Cauchy hypersur-
faces X7

(I) They will form, together with their complex conju-
gates {@,Et](t)*}, a complete orthonormal basis of the
space of global solutions to the Klein—-Gordon Eq. (1)
with respect to the inner product (5). We stress that each
mode of the basis is defined in the whole spacetime, the
label [7] meaning only that we associate it to the corre-
sponding hypersurface. Specifically, it is in this hyper-
surface that we will set its initial conditions.

(II) Intheregions where d; behaves like a Killing field around
the hypersurface X; [that is, h;;(¢) remains constant for
along enough period around ¢ = 7], and where the func-
tion F(¢) introduced in (10) can be made to vanish, the
modes will be those with positive frequency with respect
to ¢ in that region (the corresponding complex conjugates
will be those with negative frequency).® When this is not
the case, the way we choose the modes can be thought
just as an unambiguous recipe to associate an orthonor-
mal basis of solutions to each hypersurface, even if no
notion of positive frequency modes exists.

In Fig. 1 we provide a graphical depiction of this associa-
tion of bases of modes to Cauchy hypersurfaces, which shall
be helpful when following the construction of the method.
Since we impose that the modes are solutions to the Klein—
Gordon equation, then because of condition B the only quan-
tities left to fully determine them are the initial conditions;
which, as mentioned before, we are going to fix at 2. That
is, we need to fix the quantities <1§,[f](f) and 0, <1§,[f] (t)],—f for
each mode. The evaluations of the modes at r = 7, which will
be functions in /7, are going to be given by the eigenvectors
of the operator O in (10):

0D (@) = (o2l (D). (14)
6 Regions in which F(7) cannot be made to vanish, but can be made

arbitrarily small, may also be considered. We refer to Appendix B for
further details on this condition.

Notice that 7 in (14) is just a parameter: this is a partial dif-
ferential equation in the spatial coordinates of the given X ;.7
Since O(f) is positive definite, we can define the real and

positive quantities cu,[fj = +y/ (a)}lﬂ)2 out of the eigenvalues
of Eq. (14). We also impose the following orthogonality and
normalisation condition to the solutions:

e 7] = 3

/ av; ool 7y = 2L, 15)
Z; ng]

Finally, the first time derivative of the modes evaluated att =

7 will be given by

o] = —iolol. (16)

Equations (14-16) fully determine the initial condi-
tions, and therefore their time evolution determines the
modes {@,[f], (QD,[f])*}, In Appendix C we prove that this set
of modes constitutes a complete orthonormal basis [in the
Klein—Gordon inner product (5)] of the space of solutions to
the Klein—Gordon equation (satisfying the possible boundary
conditions).

We have then proven that the modes fulfil property I. Let us
now consider property II. One can easily realise that, when 9,
behaves like a Killing field in some spacetime region S
around X7, then g (1) = R(t) = 0 in S. Also, because of
the time symmetry and the requisite that F'(z) = O the eigen-
value problem (14) will have the same solutions for all the
hypersurfaces X; within S. Taking into account these facts,
it is easy to check that the modes of the form

~ ~ . NG ~
o) = ol e D (17)

satisfy both the initial conditions (14-16) in X; and the
Klein—Gordon equation (11) in the whole region S. There-
fore, these modes correspond to the modes that we are actu-
ally assigning to the hypersurface X;. Now, if the interval
of time that S embraces is large enough so as to explore
the minimum frequency in the spectrum (now we can really
call w,[,’] afrequency), thenitis clear that we can talk about the
modes (17) as forming an orthonormal basis of modes with
well-defined positive frequency with respect to ¢. Property 11
is therefore also fulfilled.

3.2 Time-dependent Bogoliubov transformation

Let us write down the Bogoliubov coefficients between any
two orthonormal bases of modes, associated to the hypersur-

7 As we commented previously for the operator @(f), this equation
should also be posed in the full Hilbert space LZ(Z‘,). It is known,
however, that the functions representing the eigenvectors can be taken
to belong to the dense subspace I [38].
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faces Xj and X

anm (t, o) := (:p’[ﬂ, (pgn]%
Bun 7. 1) = —(@}]), (@},

(18)
(19)

Since, according to condition B, all the modes are well
defined globally, these coefficients exist and are unique as
functions of time for all times. The objective of the method
is to provide a differential equation in time that allows for
their computation, without having to explicitly compute the
time dependence of the modes.

For convenience, we write the Bogoliubov transformation
in the matrix notation as
a(t, o) B, 1) )
B, f0)* a(f, 10)* )~
In Appendix D.1 we prove that this time-dependent Bogoli-
ubov transformation satisfies the differential equation

A ( 20)

(%U(f, i) = [i2() + KD U, fo):; (21)
where we define the quantities
() = diagol”, o, ... =0, ol ),
A &b B
K@)=|{ A . - ; 22
© (/3(:)* &(w*) @)

with
Y GERG d o1 | @lit 7y
G (1) = (@ + ol | dV; d—tJDn @) |2, ()
P

+ / av: o7 [w,[ﬁq(f) + igﬁ(f)] ol (f)*
2.

t

Sum | deok! 3
b | 22 iR |,
ng] dr

(23)
~ B ~ - d 4 - o
Bum (@) = (@1 — ol / dv; [—ﬁ,ﬁ”(r)] (@)

5, df

~ [ av; 206 [ollad) + iR D] 2l

i

t

da)lt~J - =
—[ i —iF(f)}/ av: ol@elll (7).
di 5
(24)

With the initial condition U (f, 7o) = I, Eq. (21) has the
formal solution

1
U(f, o) = Texp {f L [ied + K(f)]} :
1

0

(25)
where T denotes time ordering.
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Equations (21) and (25) are the main result of this work:
They switch from the time evolution of the modes to the
time evolution of the transformation between bases. We also
stress that one of the strengths of the method is that all the
quantities appearing in (22—24), which are the coefficients
of our differential equation, are known just by constructing
the orthonormal basis of modes solutions to the eigenvalue
Eq. (14), for which the time 7 is just a parameter.

We can get rid of the trivial phase in (21) and write the
evolution in a more compact form. Apart from the phase
introduced by the term i£2 (7), one can check that the diagonal
elements &, (f) are purely imaginary [see relation (D.23)
in Appendix D.2]. Thus, we can get rid of the full trivial
phase by defining the diagonal matrix

t
O() :=exp {/ dr'[i2@@") + A(f/)]} , (26)

A(7) := diag(é1, @22, ..., —G11, —Q22, .. );

and writing the evolution in terms of a new operator Q(Z, fo)
defined by

0(t, 19) := OM*U, 1o). (27
Replacing (27) in (21), we get the differential equation
[notice that @ ()~! = B ()", since A())* = —A(7)]

d . e
d—;Q(t, 1) = OO KD)O D)0, 1), (28)

K(D) =K (@) — A@D);

which, again with the initial condition Q (fy, fo) = I, has the
formal solution

i )
Q(t, fp) = Texp |:/ dr G)(f)*K(f)G)(f)i| . 29)
fo
In Appendix D.2 we check that the Bogoliubov transfor-

mations (25) and (29) obtained with this method satisfy the
Bogoliubov identities.

3.3 Physical interpretation

The time-dependent Bogoliubov transformation that the
method provides contains all the information necessary to
compute the evolution of the field in time. However, as we
advanced in the Introduction, we do not pretend to give a
quantisation for each and every basis of modes that we have
constructed at each time. It is only in those regions S with
time symmetry, that we described at the end of the Sect. 3.1,
where we can proceed to the usual Fock quantisation of the
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field;® that is, defining the corresponding Fock space with its
vacuum state and creation and annihilation operators (ones
the adjoints of the others in the case of a real field) associated
to the mode decomposition given by the method, which in
such region would be a decomposition in modes with well-
defined frequency (for brevity, we do not expose this whole
construction explicitly, see e.g. [29]). We rely on the fact that,
under the existence of a timelike Killing vector field, Fock
representation gives the correct physical description of a field
in terms of particles perceived by the family of observers fol-
lowing the integral trajectories of the timelike Killing vector
field. The “time-dependent Bogoliubov coefficients” that we
constructed in the previous Subsection can be interpreted as
true Bogoliubov coefficients relating the annihilation and cre-
ation operators of different mode decompositions only when
they connect two regions in time where this valid quantisa-
tion procedure can be done. When this is not the case, within
the scope of this article they should be considered just as an
intermediate computational tool. Whether there is still some
physical interpretation of the intermediate times between two
static regions will be studied in future works. The Bogoliubov
coefficients at those intermediate times may well be related
to field observables (such as the stress-energy tensor) instead
of particle observables, since those remain physically mean-
ingful in the absence of timelike Killing fields.

A concern that can still be raised is that, even if two Fock
quantisations done in two different regions S; and S», in
which 9; is a Killing field, are both valid and physically cor-
rect (which we know to be the case), they could eventually
still be unitarily inequivalent. Unfortunately, we do not have a
rigorous mathematical demonstration against such possibil-
ity occurring, but we can provide a solid physical argument
for the cases considered with our method, taking into account
that we only consider regular metrics. The condition for uni-
tary inequivalence in the case of two quantisations related
by a Bogoliubov transformation is that me |Bam|? — o0.
This implies a divergent number of particles in one of the
quantisations for any state of the field with a finite num-
ber of particles in the other quantisation. If the energies
of the particles in each quantisation were not limited from
below, a divergent number of particles could happen without
a divergent amount of energy (the so-called infrared catas-
trophe [39]). But thanks to condition A and the positive def-
initeness of O(¢) a minimum non-zero energy always exists.
Therefore, for the problems considered with this method uni-
tarily inequivalent quantisations would imply that, for states
with finite energy in one of the quantisations, the energy
diverges according to the other quantisation. However, for
physically valid quantisations this possibility is also dis-

8 There is also the requisite that F (1) = 0 to avoid negative eigenvalues
(see Appendix B). For simplicity, we omit to mention this requisite
explicitly along the rest of the subsection.

carded by the regularity of the metric and the compactness
of the spatial hypersurfaces, since these two facts imply that
only finite amounts of energy can be interchanged with the
field in finite times. Therefore, for the problems considered
with this method, physically valid quantisations must be also
unitarily equivalent.

4 Small perturbations and resonances

Letus consider now the case in which the spatial metric /;; (1)
only changes in time by a small perturbation around some
constant metric h?/.; that is,

hij(6) = hij + e Ahij (1), o

where ¢ < 1. Since, if boundaries exist, they remain parallel
to 9y, all the spacelike hypersurfaces will be identical, and for
convenience we will call them ¥° := X;. We additionally
require that F'(¢) remains O (¢), so that the solutions to the
problem for ¢ = 0 are modes with well-defined frequency.
Later on, we will check that such value of F(¢) actually does
not contribute at all to the physically relevant result of reso-
nances, and thus the function F (¢) can be fully ignored in the
small perturbations regime. Staying to first order in &, we can
write the relevant quantities for computing the Bogoliubov
coefficients as

o)1) ~ &) +eAd)D). )~ eaq()

R(7) ~ eAR(D), 31
F(f) ~ s AF(f);

ol ~ o)) + e AW (D),

where @9 and ! are the modes and frequencies solution
to (14) with h?j as the metric. It is immediate that &, ()
and ,3,1m(t~) in (23) and (24) are O(¢), since the quanti-
ties d@l (7)/d7, doli! /dF, q(7), R(F) and F(7) are all O(e).
We can then write &y () ~ £AQum(7) and Bum () ~
e ABum (7), with

Ay () = (w,(,)l—i-wg)/ dvo [iAqﬁ,[f](f)] (@0)*
50 dr

+/ avo @? [w?,Aq(f)JrisAR(f)] (@0)*
EO

Sum | dAw!
2w2 dr

- iAF(f):| , 32)
Bfun® = (ofy ~ ) [ av? [imgﬂ(f)] )
>0 dt
—/ av0 @0 [wQAq(f)JrisAR(f)] ?°
EO

dAwl! i
—[ On_ AR @) [ avo o900 (33)
dr >0
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where dV9 is the volume element of the metric h?j. Later
on, we will further simplify these expressions for practical
purposes.

Let us obtain the Bogoliubov coefficients to order ¢ in
terms of these expressions. In the case of small perturbations,
it is more convenient to consider the evolution as expressed
by the Bogoliubov transformation Q (7, fy) in (29). Noticing
that K (7) is O (g), we only need to consider the zeroth order
in the matrix @ (7). To first order in &, the transformation
reads

ff B
QG fo) ~ I +e / di ©°()* AK (H©°(D); (34)
1o
where
e°%i) = diag(ei“’?’_ B S S U R
5 = A& AB(®D)
AK(t) = A~ ~
© (Aﬁ(t)* A& (D)

,—Ady, —Adn, . ..).
(35)

— diag(Aaqy;, Adoa, ...

We can show the resonance behaviour of the field in a clear
way if we write explicitly the expressions for the Bogoliubov
coefficients:

ann(;f, 50) ~ 1

1 . - 5
(B o) ~ / df e 1O AGy, (7). (36)
10
n # m;
P "o —i@)+o)i AR (7
ﬁnm([fw ZO) X 5 dre nem Aﬂnm (t) (37)
fo

One can see that, in general, the Bogoliubov transforma-
tion will differ from the identity just by terms of first order
in g, except for the cases where there are resonances. That is,
if the perturbation of the metric contains some characteristic
frequency wp, then the same frequency will usually be also
present in the quantities Ay (7) and ABy (1); and if this
frequency coincides with some difference between the fre-
quencies of two modes, wp = w,? — wf’n (it is in resonance),
then the corresponding coefficient a,,, (7, fo) will grow lin-
early with the time difference 7z — 7o, and after enough time
it will overcome the O (¢). Respectively, if the characteristic
frequency coincides with some sum between the frequen-
cies of two modes, wp = @Y + @), then the corresponding
coefficient By, (I, fo) will grow linearly in time and even-
tually overcome the O (¢). For completeness, in Appendix
E.1 we show that the resonances remain stable under small
deviations of the frequency of the perturbation from the exact
resonant frequency.

@ Springer

If the Fourier transform F of A&, (f) [respectively
Aﬁnm ()] exists as a well-defined function, which necessar-
ily implies that the perturbation vanishes fast enough in the
asymptotic past and future, another way to consider the reso-
nances is by taking the limits 7y — —oc and #f — oo in (36)
and (37) and writing

App(—00, 00) ~ 1;

U (—00, 00) ~ /27 F[ A&y (@0 — 02), (38)
n #m;
Bum (—00, 00) & ex/21 FABum (@) + ). (39)

That is, the Bogoliubov coefficients between the asymp-
totic past and future are proportional to the Fourier trans-
forms evaluated at the corresponding subtraction (respec-
tively addition) of frequencies. Evidently, resonances will
occur if the frequency spectrum is peaked around one or
more of these values.

It is important to remark that, since there is no strict time
symmetry [neither F'(z) vanishes in general], strictly speak-
ing there would be no notion of particles associated to modes
with well-defined frequency, except if the perturbation really
vanishes in certain regions. However, even while the pertur-
bation is ongoing, the deviation from the time symmetry is
of order . Thus, in the resonance regime, when one or more
coefficients grow beyond this order, this lack of symmetry
can be neglected with a solid physical argument: The devi-
ation from time symmetry is small, and in particular much
smaller than the effects measured. Therefore, in the case of
resonance one can safely say that the physical effects are tak-
ing place for particles associated to modes with well-defined
frequency.

In Appendix E.2, we further support the interpretation in
the previous paragraph by proving that the results on reso-
nances do not depend on the particular choice of the basis
of modes to order ¢ that we have used to compute the evo-
lution. In order to give such proof, in Appendix E.2 we also
prove aresult that is useful at this point to further simplify the
expressions in (32) and (33): Any contribution of the form

axe _ i@ — ?)X (1), (40)
di

respectively

d’; tf” — (@ + W) X (7); (1)

where X (7) can be any function of time, appearing in the
expression of A&y (7), respectively AByy (7), will not affect
the resonance behaviour of the corresponding modes. In sim-
ple words, this happens because, if X (f) contains the correct
resonant frequency in its Fourier expansion, the contribution
of the corresponding term of the expansion to (40) [resp. (41)]

49



Evolution of confined quantum scalar fields in curved spacetime. Part I

Eur. Phys. J. C (2020) 80:796

Page 9 of 22 796

vanishes. We refer to Appendix E.2 for the details. Taking
into account this fact, the expressions in (32) and (33) can be
simplified to

Ay () = il(@D)? — (@3)7] / AT OIC
30
+ [ av0 el [efag +iEAR® | @0,
EU
42)
ABum (D) = —i[(@))? — (w9n)2]/0dvo aolliHof
P
_/ av° @0 [ aq(d) +iE ARD)] @)
50

- Riw Aol —iAF(f)]/ avl ole?.
20

(43)

where the symbol ‘=’ denotes the equivalence relation “gives
the same resonances as”. Since resonances are the only physi-
cally meaningful result to be obtained from this computation,
given a concrete problem one can always use these simplified
expressions to compute the sensibility of the field to each res-
onance, by identifying the corresponding term of the Fourier
expansion or value of the Fourier transform.

It is useful to notice that, although in principle we have
assumed the orthonormality of the modes @,[,'](t), for using
the expressions in (42) and (43) only the non-perturbed
modes ¢,‘3 need to be strictly orthogonal [with respect to the
usual inner product in L2(x9)] and with the correct normal-
isation given by (15) to zeroth order. The modes <D,[,t] (f) need
only to satisfy the unavoidable orthogonality already guaran-
teed by being correct solutions (to order ¢) of the eigenvalue
problem (14); that is, they will necessarily be orthogonal (to
order ¢) unless they have the same eigenvalue (a)l,[])z. It is
easy to check that any change of order ¢ in the normalisation
of the modes (or in the inner product between modes with
the same eigenvalue) would not contribute to (42) or (43),
because the corresponding factor (a)g)2 — (w?n )2 would make
it to vanish. Therefore, when solving a specific problem, one
only needs to explicitly ensure orthogonality and properly
normalise the modes to zeroth order.

Finally, we give other alternative simplified formulas for
the computation of A@yy, (7) and ABy, (7), which justifica-
tion is given in Appendix E.3. These formulas have the great
advantage that they only imply the modes <Df,’ and eigenval-
ues w? of the static problem:

Al (1) = / . dvO [A@D@21(@2)", (44)
P

A (@) = — [ avO (A @180 (45)
Z'U

where A(7) is a linear operator defined by its action on the
basis {<D2 } as

AD®Y = [140() + o0 Aq (D)
+iEAR() —1AF([D)] @Y. (46)

with sA@(f) being the first order term in & of the opera-
tor @(f). For problems in which it is easy to compute the
eigenvalues and eigenfunctions to first order in ¢, it might
be easier to apply (42) and (43); while for other problems
the expressions in (44-46) are definitely more convenient.
Finally, as we already advanced, we can check in these last
expressions that the quantity A F(f) never contributes to the
resonances, since in (46) its direct contribution to A(f) can-
cels with its contribution through A@(f) [recall the definition
in (10)].

The resonance can be consistently described in the regime
of duration of the perturbation A7 such that 1 < wpAf <
1/¢e; since one needs the period of time to be reasonably
larger than the inverse of the frequency being described, but
on the other hand, one should keep the second order term in &
that we dropped in (34) significantly smaller than the first
order term that we kept, so that the first order expansion of
the exponential in (29) remains valid. Notice that, because of
these limitations, the net effect after integrating in time under
resonance might be of order greater than &, but still should
be small as compared to unity. However, even the effect of
such small Bogoliubov transformation could in principle be
measured using the adequate probe states as the initial states
of the field and quantum metrology techniques (see [17,21,
40-42]). Thus, even in these situations, in which the total
energy involved was too small to produce a pair of particles
or to promote an existing particle to a higher energy state, this
would not mean that there are no measurable effects at all.
Moreover, in this work we restrict ourselves to an idealised
system in which the evolution of the field is perfectly unitary.
More realistic systems may also present decoherence any
time quanta is created or promoted, something that can then
lead to cumulative effects.

4.1 A concrete example

In order to show the method in action, we will consider an
example of application within the perturbative regime. In
particular, we consider a field trapped in a cavity which is
perturbed by a gravitational wave. This is a very interest-
ing problem in the growing research field of gravitational
wave detection with Bose-Einstein condensates. In [21] the
authors solve a similar problem by using the restricted ver-
sion of the method in [20]. They introduce a simplified toy
model in one spatial dimension, taking advantage then of
the conformal invariance in order to “translate” the problem
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into an equivalent one in Minkowski spacetime. With the
general method presented here, it is possible to go beyond
that scheme and solve the problem in three dimensions. The
three-dimensional problem was also considered in [42] with
a very different approach. We will reproduce and extend the
result in that work with very simple and straightforward cal-
culations.

Asin [21] and [42], we consider our field to be the phonon
field of a trapped Bose-Einstein condensate, therefore a real
scalar massless quantum field. Following the work in [43],
one can see that, in the case that the condensate remains
stationary, the phonon field experiences an effective metric
(with minimal coupling) which is the gravitational wave met-
ric with the speed of light appearing in the component ggo
replaced by the speed of sound in the condensate c¢;. This
speed of sound is the one that we normalise for this problem,
¢s = 1. We work in the TT-gauge and consider a wave with
amplitude ¢ and frequency §2 propagating in the z-direction
and with polarisation in the xy-directions. This yields the
metric

ds? = —df® + [1 + esin(21)]dx>?

+[1 — esin(20)]dy? + dz2, 47)
where we have simplified sin[$2(r —z/c)] — sin(£21), as we
have that ¢ > 2L, (being L, the size of the condensate in
the z-direction), because of the orders of magnitude between
the speed of light and the speed of sound. For simplicity,
we consider that the condensate is trapped in a rectangular
prism of lengths Ly, Ly and L, aligned with the directions
of propagation and polarisation of the wave. The boundaries
are free-falling, and we impose Dirichlet vanishing boundary
conditions.

For the metric in (47) and form = & = F(t) = 0 the
eigenvalue Eq. (14) reads’
1 +esin(2t) ¥ 1—egsin(21) ¥
]cb[”e(z) = (@l 2ol (1), (48)

where it is clear that we will need three quantum numbers.
Since the boundaries are free-falling, the boundary condi-
tions read @ (x = 0) = @(x = Ly) = 0, and equivalently
for the other dimensions. The solutions to order &, with the

 When constructing the integration method, we have been using the
different notations ¢ and 7 for time, in order to distinguish between the
evolution of modes in time and the choice of a concrete basis of modes
associated to a Cauchy hypersurface X;. This was indeed necessary for
constructing the method. But for its application to a concrete problem
we will not need to explicitly consider the evolution in time ¢ of a basis
of modes anymore. Thus, we can relax the notation and replace f — t.
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normalisation (15) to zeroth order, are

2
W LxLyL a)nm[

= ¢! n,m, € IN%;

sin(kyx) sin(ky,y) sin(kjz)

(49)

nmt>

where k;; := mn/L,, and equivalently for the other dimen-
sions; with the eigenvalues to order & given by

S e e W= E

Dyme ~ nmt + 2w 0
Dpime

o, = \/(k,f)z + ()2 + (D)2,

sin(£21), (50)

Notice that, for this particular problem, the free-falling
boundaries make the eigenvalues to depend on time while
the modes are time-independent to order &. We plug the solu-
tions into (42) and (43), together with Ag(#) = 0 computed
from (12), obtaining

Aanmt (1) = ABY (1) =0, 51)
(n',m' £ # (n,m, 0);
x\2 Yi2
A (1) = w sin(£21). (52)

nmt

By looking at these expressions, and considering the reso-
nance behaviour found in (37), it is straightforward to obtain
the conclusions: When 2 = an ne» the corresponding diag-
onal B-coefficient will grow linearly in time due to resonance
as

x 2 Yy2
i = ¢ Gl =l

Dyme

(tr — 10), (53)
while the rest of the coefficients will remain trivial in any
case.

In [42], the authors consider the more realistic case
in which the gravitational wave lasts some approximate
time t and vanishes asymptotically, by replacing sin(£2¢) —
s sin(£2¢) in the metric (47). We can easily handle this
perturbation with our method by using the expression with
the Fourier transform (39), obtaining (for the only non trivial
coefficients)

— (kin )2

nml

% [67(972(02”1[)%2/4 _

Biimt (=00, 00) ~ Sf

(54)

Equation (54) exactly reproduces, through a very simple
calculation (just a trivial eigenvalue problem and a trivial
Fourier transform), the relation found in [42] (equation 2.21).

ef(Q+2wgml)212/4:| )
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When 2 =~ 2a)2m ¢» it reproduces the resonance behaviour
for the range of durations 1/2 < v < 1/]£2 — 2w2m2|, as
discussed in Appendix E.1.

We can obtain some further conclusions on this sim-
ple model. For example, it is straightforward to check that
imposing Neumann vanishing boundary conditions leads
to the same results. One would need to temporarily intro-
duce a small rest mass term Am in the field equation, in
order to dodge the presence of a zero-frequency mode, as
described in Appendix B; butitis easy to check that taking the
limit Am — 0 after solving the problem is in this case triv-
ially well defined. Also, we can discuss what happens if we
include the cross-polarisation in the metric. This polarisation
would add a term proportional to d, dy in the operator in (48).
By using the expressions (44-46), it is easy to check that this
does not contribute to any Bogoliubov coefficient. Therefore,
for waves coming perpendicular to any of the faces, the field
is sensitive only to the polarisation which is aligned with the
other faces. Again by using those expressions, it would not be
difficult to even consider a wave propagating in an arbitrary
direction, by applying the corresponding rotation matrices
with the Euler angles to the metric, but for brevity we will
not approach this problem here. In future publications [44],
the authors will apply the method introduced in this article to
study in detail the resonance properties of this and other mod-
els of trapping cavities, in what will be a fruitful application
of the method to the study of gravitational wave detection
with Bose-Einstein condensates.

5 Application to cosmological particle creation

In this section, we give an example of the application of the
method beyond the perturbative regime. In particular, we use
it to analyse a massive, minimally coupled Klein—Gordon
field in a one-dimensional FLRW flat spacetime. The line
element of this spacetime is given by

ds? = —df* + a(t)dx>. (55)

For the metric in (55), where hyy(r) = a(¢)?, and for
& = F(t) = 0, the eigenvalue Eq. (14) takes the form!?

1
[_a(t)z 07 +’"2] o) = @} o). (56)
As it is customary [2,29], we consider the spatial dimen-
sion to be a 1-torus, for which purpose we introduce periodic
boundary conditions in space, so that ®(x = 0) = @ (x =
L), with L being the length of the torus. The solutions to (56),

10" As for the previous example in Sect. 4.1, we replace 7 — t in the
notation.

with the normalisation in (15), are given by

1 -
(1) = —— ¥, ez (57)
V2orlla@)|L
where w,[,” = a]((;lz)2 +m? and k, := th From (12) we

getq(t) = a(t)/a(t). Computing (23) and (24) with the field
modes (57) we obtain

Gum () =0, Bum() =0, m # —n;
a(rym?

Bn=n) () = —m~

(5%)

Observe that if the scale factor is constant, then we obtain
/gn(—n) (t) = 0 and the transformation is trivial. The transfor-
mation is also trivial when the scalar field is massless, which
agrees with the fact that particles are created in (1 + 1)-
dimensions only if a non-zero mass breaks the conformal
invariance [29].

With the result obtained in (58), the differential equa-
tion (28) written directly for the Bogoliubov coefficients
reads

. EETI L PN AN
A (t, 19) =€ 2 dien ﬂn(fn)(t)lg(fn)m(ta IO)*»

. i g (1] A
Bam (1, 10) = e 2L 4B Oamym(t, 10)". (59)

By replacing n — —n in the second equation, we realise
that the system of equations can be decoupled in indepen-
dent systems of two differential equations for each pair
{2um, B(—nym}. Moreover, since the equations are homoge-
neous and the initial conditions are o, (fy, f9) = &,, and
Bum (10, to) = 0, only the systems for which m = n will have
a non-trivial evolution, while the rest of the coefficients will
all stay equal to zero. For the non-trivial systems, we can write
down the two first order differential equations more conve-
niently as the following second order differential equation
for o, (2, tg):

Prcn(®)

Ann(t, to) + |:21 C()L,” - :| G (2, 10)

ﬁn(fn)(t
—Bu-m () eun(t,10) =0, (60)
with the initial conditions given by «,,(t, %) = 1 and
A (to, 10) ¢ B—mn(to, 10)* = 0. Once computed the

ann(t, o) coefficients, computing another integral would
give the B, (¢, o) coefficients. However, it is much eas-
ier to compute them (up to an unimportant phase) out of the
Bogoliubov identity 3", (|otwm|* — |Bum|*) = 1, which in
this case simplifies to

1B (t, 10)1* = | (t, 10)|* — 1. (61)
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The mathematical results up to here are completely gen-
eral, there is no assumption made on the form of the scale
factor. As it was already discussed, the Bogoliubov coeffi-
cients computed will only have a clear physical interpretation
when they connect regions in which 9, is a Killing field. We
already reproduce the known result [2,29] that in the prob-
lem considered there is never mode-mixing (the only non-
zero a’s are the diagonal ones), but only particle creation in
pairs of fully entangled particles with the same frequency
and equal but opposite momentum. Finally, we point out that
we could easily take the limit of an unconfined quantum field
(L — o00) by simply replacing the role of the quantum num-
ber n by the wave number now raised to a continuum quantity,
k, — k € RR; and the discrete frequencies by the correspond-
ing dispersion relation, w,[f] — oll(k).

5.1 A concrete example

To illustrate the previous general result, let us use it to com-
pute numerically the Bogoliubov coefficients for a well-
known toy model of cosmological expansion; in particu-
lar, the toy model appearing in [29, pp. 59-62], and which
was first proposed in [45]. In this model, the expansion is
explicitly written in terms of the conformal time 7, defined
by dn/dt = 1/a(t). In this time, the scale factor is given by

a(n) = v/A+ Btanh(pn), (62)

where A, B and p are constants. One can see that, in
the asymptotic past and future (n,t — =£o00), the space-
time approaches the Minkowskian flat spacetime. In [29]
the Bogoliubov coefficients between the asymptotic regions
Ay (00, —00) and B(— ), (00, —00) are obtained analytically
by first solving the Klein-Gordon equation in conformal time
through separation of variables.

Unfortunately, for the given expression of a(n) we can-
not obtain an explicit analytic expression for a () (one could
expect this to happen, since the toy model is prepared ad hoc
to be solved in conformal time). Nonetheless, we can solve
this problem numerically using the differential equation (60)
that we have obtained. We first compute the functions appear-
ing in the coefficients of the equation, and finally solve the
differential equation itself. The asymptotic initial conditions
are oy, (—o0o, —o0) = 1 and &y, (—00, —oo) = 0. Being
trivially related by (61), itis equivalent to follow the evolution
of the a’s or the B’s. For convenience, we consider the second
ones, since they directly give the interesting result of particle
creation for the quantum field. In Fig. 2, we plot a graphic
with an example of numerical results for |8, (¢, —00)|2
for a concrete choice of the parameters in the problem, com-
paring them to the asymptotic values obtained analytically
in [29].

One can clearly see that the asymptotic values in [29] are
correctly reproduced. We also claim the attention about the
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Fig. 2 Timeevolution of |B(_p), (t, —00) |2 as obtained from numerical
computation (solid lines), and asymptotic values |B(_,), (00, 7oo)|2 as
given in [29] (dashed lines). The mass of the field is m = 0.1, periodic
boundary conditions are imposed for a length of L = 1000, and the
parameters of a(n) are A =2.5,B=15and p =1

fact that, even if the intermediate values of the coefficients
cannot be assigned an immediate interpretation in terms of
particle creation, the evolution of the coefficients in time is
perfectly smooth and monotonically increasing, with a time
dependence qualitatively similar to that of the scale factor
itself. This “well-behaved” result is remarkable, and makes
us to suspect that those intermediate values may have some
physical meaning in terms of some sort of approximation,
although the discussion of this idea lies beyond the scope of
this article.

6 Summary and conclusions

We have developed a method for computing the evolution
of a confined quantum scalar field under general changes
of the spacetime metric, under the assumptions given in
Sect. 2.1. In order to keep track of the evolution of the field,
instead of solving the Klein-Gordon differential equation,
the method computes a time-dependent Bogoliubov trans-
formation between the bases of modes associated to differ-
ent spacelike hypersurfaces. It provides the way to obtain
the initial conditions of the basis of modes associated to
each spacelike hypersurface as an eigenvalue problem in that
hypersurface [Eq. (14)]. Once obtained these initial condi-
tions, the method provides a system of homogeneous first
order differential equations in time [Eq. (21) or (28)] for
the Bogoliubov transformation between the bases of modes
associated to different times. The coefficients of such sys-
tem of equations are computed out of the initial conditions
of the modes themselves [Eqs. (22-24)]. Finally, we can also
arrive to the formal generic solution of the system of equa-
tions [Eq. (25) or (29)]. In this article we have considered
the geometries without boundaries and those for which the
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boundaries remain static in some synchronous gauge, leaving
the case of “moving boundaries” for a second article.

The time-dependent Bogoliubov transformation obtained
with this method cannot, in general, be given a direct physi-
cal interpretation in terms of mode-mixing and particle cre-
ation phenomena, simply because the modes constructed for
each spacelike hypersurface do not correspond (in general)
to modes with well-defined frequency with respect to some
time, and therefore they do not yield a physically unambigu-
ous quantisation in terms of particles. However, if there is a
region of spacetime (long enough in time) in which the time
translation along the chosen time coordinate is a symme-
try,!! then automatically the modes as constructed with the
method correspond to modes with well-defined frequency in
that region. In such cases, the quantisation in these modes
has the adequate interpretation in terms of particles, and the
Bogoliubov transformation between two such regions has
also its usual physical meaning in terms of mode-mixing and
particle creation. In the regions where this is not the case,
the modes and Bogoliubov transformations constructed can
be considered just as an “integration tool” for computing the
physically meaningful cases, although their potential mean-
ing as some sort of approximation will be analysed in future
works.

We stress that the method is of general applicability, just
under the considered assumptions. However, as much as
we stress this generality, we should also emphasise that the
method proves to be of special practical use in the case of
small perturbations of the metric (or the boundary conditions,
within the next forthcoming article on the method) around
a static situation. For clarity, we number here the reasons of
this utility:

e The perturbations of the modes can be obtained out
of the eigenvalue Eq. (14) just with perturbation the-
ory to first order. In the same way, for computing the
quantities A&(f) and AB (f) one should only keep the
first order in the perturbation, taking advantage of the
equivalence relation with respect to resonances described
in Appendix E.2 to further simplify the expressions
[Egs. (42) and (43)]. Moreover, one can alternatively use
the expressions (44—46) to obtain the results directly from
the solutions to the corresponding static problem.

e There is no need to explicitly solve the differential equa-
tion (28) or to compute the exact transformation (29).
In (36) and (37) we can already see that, to first
order, there is just a resonance behaviour. Thus, writing
down the Fourier expansion of the perturbations Ad ()
and A ﬁ(f) automatically gives which Bogoliubov coef-
ficients will stay to order ¢ (the order of the perturbation)

I The requisite that F(r) = 0 to avoid negative eigenvalues must be
also satisfied. See Appendix B.

and which (if any) will grow linearly in time due to res-
onance, and at which rate. Alternatively, when it is pos-
sible one can also take the Fourier transform to find the
Bogoliubov coefficients between the asymptotic regions
using (38) and (39).

e Since the problem consist of a small perturbation of
order ¢ around a static situation, in which there would be
an exact notion of particles with well-defined frequency,
the indefiniteness in such a notion will stay to order ¢.
Thus, for the modes which are in resonance (the inter-
esting ones), for which the Bogoliubov coefficients will
grow beyond the order &, the physical interpretation in
terms of mode-mixing and particle creation is perfectly
valid.

e In Appendix E we prove that the result on resonances
is stable under small deviations from the resonant fre-
quency. We also verify that the resonances obtained are
the same regardless of which bases of modes to order ¢
one uses to integrate the evolution, which further supports
that they are the physically meaningful result.

As an example of the application of the method, we have
considered the perturbation of a confined field by gravita-
tional waves in a realistic 3 + 1 dimensional background.
Through very simple calculations, we obtain the Bogoliubov
coefficients, which agree with those given in [42] for the same
problem, and further discuss the role of the boundary con-
ditions and the polarisation. The perturbative method could
also prove its utility in other problems which are now under
study, in which quantum systems are perturbed by small grav-
itational effects [16,46,47].

Finally, we have included an example of an application
of the method to cosmological particle creation. We have
obtained a differential equation that allows to compute the
Bogoliubov coefficients for any one-dimensional FLRW flat
spacetime, and applied this differential equation to an already
known toy model of cosmological expansion, reproducing
the correct results for the Bogoliubov coefficients between
the asymptotic regions. In this way, we checked that the
method can also be useful in problems beyond the pertur-
bative regime. Out of the results obtained for the toy model,
we highlight the smooth and monotonic behaviour in time
of the Bogoliubov coefficients computed, even when they do
not necessarily have an immediate physical interpretation.
As we already mentioned, we leave for future work the anal-
ysis of the possible meaning of those values as some sort of
approximation. We also leave for future work potential new
applications of the integration method introduced in this arti-
cle to other cosmological scenarios, as well as further appli-
cations in other problems in quantum field theory in curved
spacetime.
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Appendix A Discussion on the conditions for the
method

In this Appendix we provide some further discussion on the
conditions A, B and C introduced in Sect. 2.1.

Condition A reflects the fact that the method applies only
for confined fields. It plays its role in ensuring that the oper-
ator @(t) in (10) has a discrete spectrum, something crucial
for the matrix formalism that we employ. In some situations
(such as the example we give in Sect. 5), it might be possi-
ble to obtain results for unconfined fields by taking the limit
of some typical length of the confinement region going to
infinity after solving the problem [2,29]. However, in most
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of the situations this limit may not be well defined, or may
not commute with a limit previously taken when solving the
problem, such as a late time limit.

Condition B is introduced to ensure that the Cauchy prob-
lem for the scalar field is well posed, so that we can relate
one-to-one initial conditions and solutions. Notice that this
condition amounts to the predictability of the behaviour of the
field in the given geometry. The aim of the method presented
in this article is not to prove such predictability, but rather to
compute the evolution of the field, for which it is reasonable
to assume the predictability as given. If M has no boundaries,
then condition B is automatically ensured by the well-known
theorems on existence and uniqueness of global solutions to
partial differential equations. Unfortunately, there is to our
knowledge no extension of these theorems in the presence
of timelike boundaries. For Dirichlet boundary conditions, a
proof of local well-posedness of the Cauchy problem for the
Klein-Gordon equation is given in [48] (where the authors
consider the uniform Lopatinski boundary condition, which
includes Dirichlet as a specific case). Global well-posedness
has been proven for the Dirac equation under MIT-boundary
conditions, which are the analogous to Neumann boundary
conditions for a scalar field [49]. In the case of Robin bound-
ary conditions, global well-posedness is proven in [50] for
the Klein—Gordon equation in static spacetimes of bounded
geometry (for a wider class of boundary conditions including
the Robin case). It is probable that global well-posedness of
the Cauchy problem for the Klein—-Gordon equation can be
proven for the boundary conditions considered in this article
as an extension of the results cited, but approaching such task
is not in the aim of the present work, which goals are mainly
computational. Therefore, lacking (so far) definitive theo-
rems, we prefer to explicitly impose global well-posedness
as arequisite. Nonetheless, we strongly believe that it will be
satisfied, in the worst case, except for too stilted geometries,
most probably without any physical interest.

Condition C, which may seem unmotivated, is crucial for
being able to write the Klein—Gordon equation as in (11),
with all the spatial derivatives collected in the self-adjoint
operator C‘)(t). Without this, the construction of the bases of
modes and the time-dependent Bogoliubov transformation
would not be possible, at least in the form we provide it. The
existence of a gauge in which the crossed time-space terms in
the metric cancel is guaranteed by the global hyperbolicity,
with or without boundaries [37]. In most of the cases of phys-
ical interest, it should be also possible to make the lapse func-
tion —g;; equal to one globally. In any case, this is always pos-
sible locally, so even if no global synchronous gauge exists,
one may still apply the method “by segments”. However, we
cannot provide a general recipe on how to approach the joint
of the results of the different segments.
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Appendix B Function F(¢), exponential time
dependence and zero-frequency modes

The quantity F(¢) has been introduced in the operator @(t)
in (10) for a purely technical reason; namely, in order to
have a positive-definite operator, so that all the eigenvalues
obtained from the Eq. (14) are positive, something necessary
for the construction of bases of modes and the computation of
Bogoliubov coefficients to hold as it has been exposed. Since,
while there is no timelike Killing field, the construction of
bases and Bogoliubov transformations is purely instrumen-
tal, there is no need to further discuss the role of F(¢) in such
case. However, when stating the properties of the bases con-
structed in Sect. 3.1, in property II, together with d; being a
timelike Killing field in a region of spacetime, we require also
that () = Oinsuchregion so that the modes constructed are
modes with well-defined frequency (and we prove that this
is the case). We can better understand this requisite, and in
general the role of F(¢), if we analyse what happens when 9,
is a timelike Killing field but F () > 0. There are two possi-
bilities:

e F(t) musttake some finite positive value, so that the oper-
ator @(t) is positive definite as required. If we insisted in
setting F () = 0, we would obtain an operator with some
negative eigenvalues. This would imply the existence of

imaginary values for the quantities wg] obtained from
the eigenvalue Eq. (14). It is not difficult to check that in
such case there exist fundamental solutions of the Klein-
Gordon equation that have an exponential dependence
on t, by considering equation (17) with imaginary w,[f].lz
Under this circumstance, it is not possible to proceed to
the Fock quantisation of the field, even under the exis-
tence of a timelike Killing field. However, the method
can still keep track of the evolution of the field in that
region, if not for quantising it. By introducing the positive
function F'(¢), we build bases of solutions associated to
each hypersurface, although none of these solutions cor-
respond to the fundamental solutions with exponential
behaviour. They are just bases of solutions as instrumen-
tal as in the cases in which there is no timelike Killing
field. But, precisely because they are not fundamental
solutions, the Bogoliubov transformations between these
different basis, obtained from the dynamics of the field,
are not trivial, since F(¢) is present in (23) and (24). In
other words, the exponential behaviour that is “artificially
dropped” from the modes by the introduction of F(t) is
picked back and reproduced by the Bogoliubov transfor-
mation between them.

12 This situation should not be confused with the necessary presence
of superradiance. See the Appendix in [28], or [51].

e F(t) could be made arbitrarily small, but not zero, in
order for the operator @(t) to be positive definite. In
this case, setting F' (1) = 0 would yield a positive semi-
definite operator, which implies the existence of a fun-
damental zero-frequency mode. If one is not interested
in the quantisation of the field in the region, one can
proceed by giving F(¢) some fixed value and compute
the corresponding Bogoliubov coefficients. However, if
one wishes to attempt quantisation in such region, one
could instead add a small increment to the rest mass Am,
so that the operator (5([) is positive definite even with
F(t) = 0. Yet, after solving the problem one should take
the limit Am — 0 in order to recover the original field.
This limit might not be trivial, and the method cannot
give an a priori prescription on how to take it. Even so,
in Sect. 4.1 we give an example where this procedure
proves to be successful in a trivial way. Notice however,
that this difficulty with a zero-frequency mode is intrinsic
to the field properties and not peculiar to the method.

We can identify some circumstances in which one can
always set F(t) = 0 and forget about the quantity. In partic-
ular, let us consider the important case of a minimally cou-
pled field (¢ = 0). In such case, non-zero rest mass and/or
Dirichlet boundary conditions or Robin boundary conditions
with y > 0 [52] automatically make the operator @(t) to
be positive definite; while for massless fields without bound-
aries or with Neumann boundary conditions the operator is
positive semidefinite and could be handled with the proce-
dure described in the second point above.

Appendix C Completeness and orthonormality of the
bases of modes

Let us prove that the set {05,9], (q),[f])*} constructed in
Sect. 3.1 is a complete basis of the space of solutions to the
Klein-Gordon equation which satisfy the possible boundary
conditions. Because of condition B and the linearity of the
Klein—Gordon equation, it is equivalent to prove that the set
formed by the initial conditions for each mode in that set
at X7 is itself a basis of the space of initial conditions at X;.
If we recall (16), this set of initial conditions of the modes is
given by the following set of pairs of values of the field and
of its first time derivative at X7, (@ (7), 3P (1)|,_;):
(@@, —i o', @D i el H"). (D)

It is clear that the space of initial conditions at X; [pairs of
functions (@ (7), & (1)|,_;)] is L*(Z7) & L*(Z7). We will
prove in short that the set in (C.1) is indeed a basis of such
space. However, we also need to ensure that the elements
in the basis satisfy the possible boundary conditions at 9 X7
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compatible with the boundary conditions in d M, when they
exist. For the first component of the elements in (C.1) (the
evaluation of the mode at X;), this compatibility means being
in I}, since this is the definition of such subspace [together
with the smoothness condition that simply picks up a repre-
sentative function of the vector in the Hilbert space L*(X Dl
Such condition is clearly satisfied. Let us consider the second
component of the elements in (C.1) (the time derivative of
the mode at X7). If we take the total time derivative of any of
the boundary conditions in (2-4) along the boundary, since
the boundary itself remains static, we will easily find that
the same boundary condition that applies to @ (¢) must apply
alsoto 9, (1). Therefore, we have that the second component
of the elements in (C.1) must also belong to I'7, something
which is also clearly satisfied.

Observe that the fact that both the evaluation of the mode
and of its first time derivative at some Cauchy hypersur-
face X7 satisfy the same boundary conditions is what allows
for the construction of the modes as it has been done in this
article [that is, imposing equation (16)]. This construction
was therefore feasible thanks to the condition that the bound-
aries shall remain static in the synchronous gauge considered.
If this is not the case and the boundaries are not parallel to
the time flow 9;, the boundary conditions at dM as given
in (2-4) (or their derivatives along the boundary itself) mix
spatial and time derivatives of the mode in the same equa-
tion, and the construction of initial conditions as presented
in this article cannot be done any more. This is the situation
that we will consider in the second forthcoming article on
the method. '3

Finally, let us prove that the set (C.1) is a basis of LZ(Z‘;) (&)
L?*(Z7). For convenience, we temporarily simplify the nota-
tion for the functions and eigenvalues by replacing CD,[J] ) —
@, and a),[f]
eigenvectors {@, } and {®;'} are complete bases of LZ(E;
This means that the modes of the second basis can be
expanded in the first basis with unique coefficients:

— w,. We notice first that clearly both sets of
).14

Dy = PP (C2)
m

where

Pum 70 & 0y = oy (C.3)

since the subspaces generated by eigenfunctions of the same
operator with different eigenvalues are orthogonal, and p;,,

13 We can see at this point why, if we promote the boundary parameter y
of Robin boundary conditions to a function, a possibility given below
equation (9), such function must be time independent. Otherwise, the
boundary conditions applying to the field and to its time derivative
would also be different.

14 Here L?(X;) must be understood of course as a Hilbert space, that
is, the space of square integrable functions modulo differences in a set
of measure 0.
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is clearly invertible. Also, any two arbitrary functions @4
and @p in L2(2t~) can be expanded in the basis {®,} with
unique coefficients:

Dy = Zan(pm Pp = an‘pm
n

n

(C4)

Using the expansions in (C.2) and (C.4) we will prove
that the generic pair (@4, @p) € L2(Z‘,~) ) LZ(Z‘;), thatis, a
generic initial condition, can be expanded in the set of pairs
in (C.1) with unique coefficients, which proves that such set
is a basis of the space of initial conditions. If we write

(@4, ) = Y [ea(®n. —ia@y) + du (D 10, D)) .

n

(C.5)
comparing each component with (C.4) and using (C.2) we
obtain the following set of equations:

Cm + Z Pnmdn = am, (C.6)

n

WmCm — E Pnm@ndy = ibp,.

n

(C.7)

Multiplying (C.6) by w,,, and subtracting both equations, we
arrive at

Z Pum(@n + ©Om)dy = Opay — by
n

1 b
& Pumdn = = (a — 1—) ,
Zn: nm*n 2 m (,()m

where for obtaining the last equation we have used (C.3).
Since pp;, is invertible, the coefficients d, exist and are
unique. Using (C.6) we also obtain unique coefficients c;,.
This completes the proof.

With respect to the orthonormal character of the bases,
using the initial conditions and the normalisation given
in (15) one can easily compute the Klein-Gordon inner prod-
uct (5) between any two modes of the basis, obtaining:

(C.8)

n

(@l o[ty = (ol + ol / av; oM@ el ()"
5

= Snm>» (C9
(@ (@ly*) = (Wl — w,[j;])/ av; ool (7)

Zy
=0, (C.10)

(@, @l = @l +olh | av; ool )

X
= —dum; (C.11)
where in (C.10) we have used that the integral is non-zero
only when the eigenvalues coincide. Therefore, we have
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proven the completeness and orthonormality of the bases of
modes that we are constructing for each hypersurface.

Appendix D Calculations on Bogoliubov
transformations

Appendix D.1 Detailed calculation of the main result

We consider the Bogoliubov transformation between the
modes associated with X7 and with X7 ;. By composition
of Bogoliubov transformations, we have that
U+ Af, fg) = U + AL, DU, fy). (D.12)
With the help of this relation, we will find the differential
equation in time (21) for U (7, fp). If we differentiate, we get

d .. d - -~
d*;U(t,fo) = —U(t + At, tp)

d(Ar) Af=0
d - - - - -
= d(Af)U(t+At’l) AE:OU(l,to). (D.13)

Now we will compute the first factor on the r.h.s. Let us write
explicitly the matrix elements of this factor:

d S e .
— = (I + AL, 1) =-i

d e N
. [i+A7)] (7] (4 *
P f,s;d\/’ [qb” @ sl

d(arn) Ai=0 1=i
el @ sl | | (D.14)
1=t 1=l
d . d S N
—i a [1+Atf] 9, ol
aian PG+ ALD|  =igis /,r,.dv’ [d’n @ ol (z)|1:1_
el ool | ]| (D.15)
t=t11Ar=0

We need to compute the derivative with respect to Af of
the quantities inside the integrals. For that, we use the local
evolution in time around 7 4+ A7 (and to first order in A7)
of @ T471(#), which is given by (16); and of 3, &L 47 (1),
which we will obtain through the Klein-Gordon equation.
Notice that conditions (14) and (16), when replaced in the
Klein-Gordon equation as writtenin (11) and evaluated att =
f, imply that

oflo| =il [iw]! +q® ] 2

— [ER(D) — FD12} (). (D.16)
That is, out of the initial conditions, the Klein-Gordon equa-
tion provides the value of the second time derivative of (D,Et] (1)
att =7 [and only at t = £, Eq. (D.16) is evidently not a dif-
ferential equation in time].

Because of relations (16) and (D.16) (replacing f — £ +
Af), we have that

d)’[Tt'+At~](f) — @r[lf+Af](f+ Af) — AT 31¢r[lf'+At~](t) o
t=t+At

+ 04D = P41 ([ + AT

(1 + iwﬁ,"]Af) 1 0(AD2, (D.17)

3;<D,I,HA'](I)} _zat@r[lt+A1](t)| o
=7 t=1+A7

—AF aqu},mﬂ(z)‘ 4 o(a?
1=1+Af

A
= il AN Ql+AN G 4 Af) {1 + [iw'j' + q(f)] A?}

+ oI DIERG) — F(DHIAT + 0(AD>. (D.18)
This is the local evolution of the needed quantities to first
orderin A7, and therefore we are ready to compute the deriva-

tives in (D.14) and (D.15). If we plug (D.17) and (D.18)
into (D.14) and (D.15), we get, with some manipulation,

d . - -

manm(t + AL D) ™ 018, + G (1), (D.19)
d o L

—_— t At,t = 1), D.20

d(Al) IBI’H’M( + ) AE:O IBI’H’M( ) ( )

where the quantities are those defined in (23) and (24). This
completes the proof of equation (21).

Appendix D.2 Bogoliubov identity checking

Any Bogoliubov transformation B [written in matrix notation
as in (20)] must satisfy the following identity:

B'=JB'J, J:= (1 _1>.

The Bogoliubov transformations that we have found in (25)
and (29) both have the form B = e? (the temporal ordering
only affects the limits of the integrals and clearly does not
play any role). In such a case, noticing that J is invertible,
the condition (D.21) implies the following condition for D:

(D.21)

e P=yeP y=e/PY o p=—_yD'y. (D.22)

Thus, noticing that £2(7), @ (¢) and A(f) are diagonal, it is
clear that both U (7, fp) and Q(f, fo) will satisfy the Bogoli-
ubov identity (D.21) if and only if identity (D.22) is satisfied
for D = K (). This condition is equivalent to the relations

&nm (f) = _&mn (;)*7 ﬁnm (f) = lémn (;) (D23)

Let us prove these relations by taking the derivative with
respect to 7 of the inner products given in (C.9) and (C.10).
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Since these inner products are constant, with some manipu-
lation we have that

Sum dooll!
th] dr

+(wm+wm)/ av; H qb“](t)] ol

= ~<<1> 1 ol =

+¢[’](z)[ ol 7y i|+¢[1](t)q(t)4>[l](t) } (D.24)

dr dr

SRR d i1 .00
O / av; [ [—.@E’](r)} ol (7
=7 dr

4“"(:)[ qum} @Lf]<f)q(f>d>if‘<f>].

- [7] [ N -
d dw, dw; - -
0= L@l @ = ( m_ den ) fz av; ol ®elll 7
i

(D.25)

The last term in each expression appears due to the deriva-
tive of dV; = \/mnl dx’ [and using (12)]. Compar-
ing the identities (D.24) and (D.25) with the expressions
in (23) and (24) it is straightforward to check that the rela-
tions in (D.23) hold, and thus the transformations satisfy the
Bogoliubov identity (D.21).

Appendix E Robustness of the results on resonances

Appendix E.1 Stability under small deviations in the
frequency

Let us check that resonances still occur when the perturba-
tion frequency slightly deviates from the exact resonant fre-
quency. Consider that a perturbation contains a frequency w,,
so that for some pair of modes we get Ad, (f) = Celovl s
with C constant. Consider now that this frequency is very
close to the resonant frequency a) — a)o for the a- coefﬁment
between this palr of modes, so that wp = wo — w + Aw,
with |Aw| < Iwn — wml From (36) we have that

If L
dr elAwt

anm(ff: [O) ~ 8C-/:

fo

2 . [Aw . . . -
=sC—sin| —(f — 1) | e'¥ ~ eC(t; — 1p)e'?,
Aw 2

(E.26)

where ¢ := Aw(fs + fp)/2 is an irrelevant phase, and we
have also assumed that 7f — 7y < 1/|Aw|. Since we also
need that 7y — 7y > 1 /Iw,(l) - wgl for the resonance to
take place, this means that, as far as the frequency is suf-
ficiently close to the resonant one, there is a wide window of
time between 1/ |a)2 — wf)nl and 1/|Aw| in which resonance
occurs. Analogous arguments apply to the resonance for the
B-coefficients.

@ Springer

Appendix E.2 Invariance under small changes in the basis
of modes

In the perturbative regime, the modes with physical inter-
pretation, those that can be used for quantisation, are the
resonance modes of the static configuration; that is, the static
solutions q)}?, The only physically meaningful effect that can
be described are the resonances between them, since any-
thing else remains as tiny as the perturbation, and therefore
as tiny as the degree of arbitrariness in the choice of the solu-
tions to order ¢ that we use to keep track of the evolution.
Here, we prove that the results on resonances do not depend
on the concrete perturbed bases used to integrate the evolu-
tion of the field (as far as they are bases of solutions correctly
computed to order ¢).

Consider that, instead of the bases {Qﬁ[ﬂ (1), Qﬁm (1)*}, we
used some other bases of solutions { Xr ’](t) Xn 171 (t)} which
differ just by order ¢ of the original ones (notice that we do
not even require that “half” of the modes are the complex
conjugate of the others). Since both are complete bases of
solutions, they have to be related by

L) ol (1)

=[I +eT D] , (E27)

1) o)

where T (f) can be any time-dependent matrix that remains
O(1) in &. If we call V (¢, fy) the transformation between the
new bases at different times, it is clear that it will be related
to the U (7, fy), which transforms the original bases, by

V(i i) =

[l +eT O, i)l — eT (ip)]. (E.28)

Consider now the differential equation (21). Taking into
account that K (f) has no zeroth order terms in ¢, the corre-
sponding differential equation for V (7, fy) correct to order &
will be

iv@@=b9®+K®
dr

te [iT(z”) +i (T(f).rz" - .QOT(f))] }V(f, 7o),
di
(E.29)

with 20 1= 2(7)|s=0 = diag(e?, 0, ..., o), =09, ...).
One can see that, in principle, there is a non-zero con-
tribution to the differential equation due to the change of
bases. Let us now write down the matrix 7' (7) in the block
form

T({) = (X(’:) Y ) (E.30)

Z() W)

29
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This is just for notational purposes, there is no need
that the coefficients satisfy any relation. We consider for
example the coefficient X, (), which would contribute to
the quantity A&, (f) in the new transformation with the
amount

d - -
3 X () = (@} = @) X D), (E31)
as one can read out of the new contribution appearing in
(E.29). Consider now that the coefficient X (f) contains
some frequency wr, so that X, (f) = Ce'®T’, with C con-
stant. Then the contribution reads

iC(wr — ) + w?)er!. (E32)

Finally, when computing the corresponding Bogoliubov
coefficient between two different times o, (7, fp) using (36),
the extra contribution due to the change of bases will
be

it
. o il — Pt V7
ieC(wr —a)?,-l—w,o,,)[ d7 eller—oy+w,)i
fo

—sC [ei(wT7w2+w9”)ff _ ei(wawngwSl)fo:I , (E.33)
which remains O (¢) at any time, and therefore does not con-
tribute to the resonances. If we had considered the Bogoli-
ubov coefficient as given by the Fourier transform in (38), the
conclusion is even more obvious, since the Fourier transform
of (E.31) identically vanishes when evaluated at w0 — w9,
Analogous arguments apply to the other entries of the trans-
formation.

Notice that, if the transformation I + &7 (f) is not a
Bogoliubov transformation to order ¢, then the Bogoliubov
coefficients obtained will not fulfil the Bogoliubov iden-
tities to order e. This happens because the bases of per-
turbed solutions used in this case are not orthonormal to
order ¢. However, this is completely irrelevant, since these
bases are just an intermediate mathematical tool to correctly
compute the evolution. The modes in the bases need to be
correct solutions to order ¢ and coincide with the static
solutions to zeroth order, nothing else. The final Bogoli-
ubov transformation should not be interpreted physically
to order &, but only beyond it; that is, only for the res-
onances, which as we have proven remain the same, no
matter which transformation (to order ¢) is done to the
bases.

It is straightforward to connect the computation done
in this Appendix to the claim done in Sect. 4, which
states that the quantities of the form in (40) appearing
in Al (9) [respectively of the form in (41) in ABum (D]
will not contribute to the resonances: As one can see
from (E.31), adding or subtracting these quantities is equiv-
alent to an irrelevant change in the choice of bases to
order €.

Appendix E.3 Further simplification of the expressions

Let us obtain expressions (44-46) from (38) and (39). First,
we write the operator O(%) to first order in ¢ as

O@F) ~ 0+ £A0(®). (E.34)

Zeroth and first orders in ¢ of equation (14) then read, respec-
tively,

%00 = (9)20?, (E.35)

A0 7 Q0 0,2 /7 0 71 0
02017 + A0 P = (2)? A0 () 4 200 Awl!@?.
(E.36)

Using these two expressions and the fact that 00 is self-
adjoint, we can write

(w?,,)Z/ dvO Aol @) (@0)*
Z‘O
- / dv0 Al (H[O(@Y)]
20
- / avO (00401 () ](@0)*
20
=_/ avO (A0 @ 1(@0)*
EO

+ (@9)? f . dv® Ae(@) (@) + Awls,,:
X
(E37)

which implies

i[(@)? — (@) / , dvO 2@ (@) +iaw1s,,
X

= i/ , dvO [AO@ @ 1(@0)*. (E.38)
X

Finally, we notice that, because of the equivalence relation
with respect to resonances, any diagonal term in A&, (f) is
always meaningless. We can thus ignore the second term in
the Lh.s., obtaining (44) and (46) for A&, (f). An identical
derivation with the replacement ((D,(,)l)* — @,?l yields (45)
for Aﬁ,,m (), in which case the diagonal terms are rele-
vant.
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Appendix F Summary of formulae for the application
of the method

In this Appendix, we provide Tables 1 and 2 with all the
formulae necessary in order to apply the method to a concrete
problem. As we indicated in the examples in Sects. 4.1 and
5, once the expressions for the method have been found,

Table 1 Summary of formulae for the application of the method (part 1)

there is no need to consider the explicit evolution in time
of the modes constructed any more. Therefore, the notation
for the “time label” of the different modes can be simplified
replacing 7 — ¢. In the tables we use this simplification.

Computation of modes and eigenvalues

Eigenvalue equation (14)

with the operator (10)

(possibly) boundary conditions (7-9)

and orthonormalisation condition (15)

Non-perturbative regime

Quantities & and f (23, 24)

with (12, 13)

Bogoliubov coefficients (with the trivial phase)

Differential equation (21)

with (22)

Formal solution (25)
Bogoliubov coefficients (without the trivial phase)
Differential equation (28)

with (26)

Formal solution (29)

0@l (1) = @H e} r);
0 = = Vi, +ER 1) +m* + F(1),
with F(t) such that @(t) is positive definite;

oll(1,x) =0, x€dx, (Dirchlet),
n- V@, x) =0, xe€dx, (Neumann),
n- V@@, x) +yolle,x) =0, xeax, (Robin):

S8
/ av, o el 0* = T
A 2

ol

d
Gum (1) = (@1 + 11 f v, [;@L”(z)] o)
% t
+/ av, o) [wL’]q(t) + iglé(z)] ol (1)*
b

§ d. (7]
+ o S iR |
2w, dr

unt) = @l = oy [ av, [ Soli0] ol
5, dr
_/ av, o) [wL’Jq(t)+i$R(t)] ol
z,
i1
_ [dw" —iF(t)]f av, ol olil(r);
dt oA

q(t) = 9 log/h(t),

R(1) = 28,4 (1) + q(6)> — (8" (1)1, hi; (1)) /4.

d
aU(t, 1) =[i2() + KO]U (1, 10);
2@ = diag@!, o1, ..., —oll, =01, ),

K= < aw o )
B a@)*

1
Ul(tr, o) = Texp {/ ' dr [12(1) + K(t)]} .
fo

d _
T 0(t,10) = OO K (O Q(t, 10);

t
O(t) = exp {/ dr'li@) + A(H)]} ,
K@)y =K@ — AQ),

A(t) = diag(a1, @22, ..., —Q11, =22, ...).

Q(tr, 1) = Texp [/ ' dr @(t)*[%(t)@(t)} .

fo
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Table 2 Summary of formulae for the application of the method (part 2)

Quantities AQ and Aﬁ (Perturbative regime)

Using the modes computed to first order in & (42, 43)

Using the modes solution to the static problem (44, 45)

with (46, E.34)

Bogoliubov coefficients (perturbative regime)

Explicit time evolution (resonances) (36, 37)

Asymptotic values using Fourier transforms (38, 39)

A (1) = il(@D? = (@)1 f dv? Aol (@))*
30
+/ avo o0 [wQAq(t)+isAR(z)] (@0)*,
50
Mm@ = —il@)? — @)1 / av0 Al (1)
0
—/ avO @? [ngq(t)+igAR(t)] ?0
ZO
— [2ie Al —iAF(t)]/ dv0 o0,
30
Db (1) = f VO A @1 @d)*,
50
Aum (1) = — / dvO [An ey
20

Ane? = [m@(t) + P Ag(t) +iEAR®) — iAF(t)] 0,
20(0) = 8:0(0)]e—0.

ann (tr, t0) ~ 1;

f 00
um (5, 10) X & / dr e e AGy (1), n o m;
o

r 0.0 n
Bum (15, 10) ~ & / dr e @t AR, (1),

fo
O (—00, 00) & 1;

(=00, 00) & ex/2 F[ A& (@) — ), 1 #m;
Bum (=00, 00) % ex/271 FIABum (@) + ).
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Abstract We develop a method for computing the Bogoli-
ubov transformation experienced by a confined quantum
scalar field in a globally hyperbolic spacetime, due to the
changes in the geometry and/or the confining boundaries.
The method constructs a basis of solutions to the Klein—
Gordon equation associated to each compact Cauchy hyper-
surface of constant time. It then provides a differential equa-
tion for the linear transformation between bases at different
times. The transformation can be interpreted physically as
a Bogoliubov transformation when it connects two regions
in which a time symmetry allows for a Fock quantisation.
This second article on the method is dedicated to spacetimes
with timelike boundaries that do not remain static in any syn-
chronous gauge. The method proves especially useful in the
regime of small perturbations, where it allows one to easily
make quantitative predictions on the amplitude of the reso-
nances of the field. Therefore, it provides a crucial tool in the
growing research area of confined quantum fields in table-top
experiments. We prove this utility by addressing two prob-
lems in the perturbative regime: Dynamical Casimir Effect
and gravitational wave resonance. We reproduce many pre-
vious results on these phenomena and find novel results in an
unified way. Possible extensions of the method are indicated.
We expect that our method will become standard in quantum
field theory for confined fields.

2 e-mail: luis.cortes.barbado@univie.ac.at (corresponding author)
b e-mail: lucia.baez@univie.ac.at
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1 Introduction

Quantum field theory in curved spacetime studies the evolu-
tion of quantum fields which propagate in a classical general
relativistic background geometry. Beyond its core mathemat-
ical construction (see e.g. [1-4]), the theory has been suc-
cessful in approaching different concrete problems, such as
Hawking and Unruh radiations [5,6] or cosmological particle
creation [4,7,8]. This has required the development of differ-
ent mathematical techniques and simplifications adapted to
each specific problem, which allow for quantitative theoreti-
cal predictions. A family of problems of especial interest are
quantum fields confined in cavities and under the effect of
small changes in the background geometry or the non-inertial
motion of the cavity boundaries. The theoretical predictions
on these problems may be tested experimentally in the near
future [9-12], thanks to the great improvement of the pre-
cision of quantum measurements in table-top experiments.
Consequently, new mathematical techniques are necessary
to address these problems and make quantitative predictions,
which can then be contrasted with the experimental results.

In the preceding article [13], which we shall call “Part I”,
we constructed a method for computing the evolution of a
confined quantum scalar field in a globally hyperbolic space-
time, by means of a time-dependent Bogoliubov transforma-
tion. The method proved especially useful for addressing the
kind of problems just mentioned, related to confined quan-
tum fields undergoing small perturbations, although it is of
general applicability (under some minor assumptions). How-
ever, the mathematical construction of Part I only allowed
to approach spacetimes without boundaries or with static
boundaries in some synchronous gauge.

In this second article we extend the method to spacetimes
with timelike boundaries which do not remain static in any
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synchronous gauge. The essence of the procedure remains
the same, but we require a more involved mathematical con-
struction than the one undertaken in Part I. In particular, we
need a specific treatment for each different boundary condi-
tion that we may impose to the field. The method is based on
the foliation of the spacetime in compact spacelike Cauchy
hypersurfaces using a time coordinate. The core idea is to
construct a basis of modes naturally associated to each hyper-
surface, and then provide a differential equation in time for
the linear transformation between the modes associated to
two hypersurfaces at different times. This way, the evolution
of the field in time is not obtained by solving the Klein—
Gordon equation, but rather by solving a differential equa-
tion for a time-dependent linear transformation between the
bases. Such linear transformation can be interpreted physi-
cally as a Bogoliubov transformation when it relates regions
in which the time symmetry allows for a Fock quantisation
in terms of particles associated to the corresponding bases of
modes.

The conception of transferring the time evolution from the
mode functions to the Bogoliubov transformation appears for
the first time in the pioneer work by Parker [8]. This idea of
a time-dependent Bogoliubov transformation has since then
been developed specifically for other concrete problems (see
e.g. [14-19]). Our work is therefore a generalisation (for con-
fined fields) of the previous specific results. Operationally, it
is mostly inspired by the construction in [20] for periodically
accelerated cavities.

As in Part I, the method is of general applicability (with
minor assumptions), but proves especially useful in the
regime of small perturbations, since it provides very sim-
ple recipes for computing the resonance spectrum and sensi-
bility of the field to a given perturbation of the background
metric or the boundary conditions. We show with concrete
examples that, in the small perturbations regime, with this
unique method it is possible to easily solve different prob-
lems, each of which has so far required its own specific (and
way more involved) treatment. Moreover, we easily handle
a so far unsolved problem, namely that of a quantum field
inside a three-dimensional rigid cavity and perturbed by a
gravitational wave. We manage to explain it physically as a
combination of the direct effect of the gravitational wave on
the field plus a Dynamical Casimir Effect.

The contribution of the method to the understanding of
quantum fields in curved spacetime is threefold. First, as we
just mentioned, its direct application to concrete problems
within its range allows to easily solve many important prob-
lems of physical interest. Second, the general structure of
the method is very likely to be extensible (with the neces-
sary adaptations) to other scenarios, such as other quantum
fields, boundary conditions or metric gauges [21-26]. And
third, the mathematical time-dependent linear transforma-
tion obtained may be given a physical interpretation beyond

@ Springer

the one in terms of particle quantisation considered here;
for example, in relation to adiabatic expansions [2,27,28] or
to approaches to quantum field theory in curved spacetime
based on field-related quantities [1,3,29].

The article is organised as follows. In Sect. 2 we state
the general physical problem for which we construct the
method, introducing the background metric, the field the-
ory and the different assumptions that we consider; and also
define three important mathematical objects that we use. The
nuclear part of the article is Sect. 3. In this section we con-
struct the basis of modes associated to each hypersurface
of the foliation of the spacetime, and formally compute the
time-dependent linear transformation between the modes of
two different hypersurfaces. We give a differential equation
and a formal solution for it, which constitute one of the two
main results of the work. We also discuss the physical mean-
ing of both the modes and the transformation. In Sect. 4 we
consider the particularly important case of small perturba-
tions and resonances, obtaining especially simple recipes for
its solution, which constitute the other main result of the
work. We apply the recipes to the Dynamical Casimir Effect
and the gravitational wave perturbation problems. Finally, in
Sect. 5 we present the summary and conclusions. In addition,
in “Appendix A” we explain why a different treatment as that
of Part I is needed in the case of “moving” boundaries. In
“Appendix B” we prove that the properties we assign to the
sets of modes that we build are fulfilled. In “Appendix C” we
provide the detailed computation of the differential equation
provided in Sect. 3. In “Appendix D” we derive the expres-
sions given in Sect. 4. In “Appendices E and F” we provide
the derivation of auxiliary expressions used in “Appendix D”.
“Appendix G” is dedicated to the case of Dirichlet vanishing
boundary conditions. In “Appendix H” we prove a necessary
proposition about certain sets of eigenvalues. In “Appendix
I”” we provide for convenience a summary of the useful for-
mulae for the application of the method.!

2 Preliminaries
2.1 Statement of the problem

We consider a globally hyperbolic spacetime (M, g) of
dimension N + 1 with timelike boundary d M [30]. In this
geometry we introduce a scalar field @ satisfying the Klein—
Gordon equation

' As mentioned, this article introduces a more involved mathematical
construction, as compared to Part I. Therefore, although the article is
self-contained, it is mostly devoted to the development of such construc-
tion. The underlying ideas and the physical picture behind the method,
which are analogous in both parts, are thus explained in more detail in
Part I.
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gV, V® —m?® — ERD =0; (1)

where m > 0 is the rest mass of the field, g"*V is the spacetime

metric, R its scalar curvature and § € Ris acoupling constant
(we use natural units i = ¢ = 1).

‘We impose one of the following two boundary conditions
to the field:

(a) Dirichlet vanishing boundary conditions

D(t,x) =0, (t,x) € IM. )

(b) Neumann vanishing boundary conditions

n*V,@(,x) =0, (t,x) € dM; 3)

where n* (¢, X) is the normal vector to M.

We treat explicitly Dirichlet and Neumann vanishing bound-
ary conditions since they are arguably the most common ones
in physical problems. However, we do not discard that a spe-
cific treatment for other boundary conditions is also possible.
The treatment of Dirichlet boundary conditions (2) requires a
subtle reformulation of the boundary conditions themselves,
which nonetheless does not modify the physical problem
being addressed. Due to the need of a specific discussion,
we leave Dirichlet boundary conditions for “Appendix G”.
Therefore, from here on we consider only Neumann bound-
ary conditions (3) (except for “Appendix G” or unless other-
wise stated).

Thanks to the global hyperbolicity, it is always possible to
construct a Cauchy temporal function ¢ in the full spacetime
[30]. This provides a foliation in Cauchy hypersurfaces X, of
constant time. We introduce the Klein-Gordon inner product
between two solutions of (1), given by

(@, ®) = —i/ av; [@'() a2 ()|, _;

—o () 3 (1)],_;]: @)

which, for convenience, we already evaluated at a given
Cauchy hypersurface X7, with d V; being its volume element.
Under the boundary conditions (2) or (3) this inner product
is independent of X;.

Finally, we introduce the three conditions on the Cauchy
hypersurfaces and the temporal function that we need to
ensure the applicability of the method. These conditions are:

(A) The Cauchy hypersurfaces ¥; must be compact.

(B) For any Cauchy hypersurface ¥;, the Cauchy problem
for the Klein—Gordon equation (1) must be well-posed;
that is, given as initial conditions the value of the field

and of its first derivative with respect to ¢ at ¥; (com-
patible with the boundary conditions at the intersec-
tion 0%; = ¥; N dM), there exists an unique solution
to the Klein—Gordon equation in the whole spacetime
satisfying these conditions.

(C) Using the temporal function as a coordinate, the metric
should be written as

ds? = —dr® + hyj(t, x)dx'dx/, (5)

where h;;(t) is a regular Riemannian metric.2 This is
called a synchronous gauge.

The necessity of each condition will become clear when
constructing the method. A detailed discussion on their phys-
ical meaning and the limitations they introduce can be found
in “Appendix A” of Part I. In this second article, we consider
the cases in which at least some parts of the boundary o M
have non-zero velocity in the coordinates chosen. We shall
mention that, if the boundaries are not static, an alternative
solution could be to change to a new coordinate system in
which the boundaries remain static, and then use the method
as exposed in Part I. However, in general, in this new coor-
dinate system the metric may not look like (5) and (since
Condition C is also a requirement in Part I) the integration
method will not apply.

2.2 Space of initial conditions at ¥;, inner product and
self-adjoint operator

Let us introduce three mathematical objects that are pivotal
for the method. First, we define I; as a subspace of the
space of pairs of square integrable smooth functions over
a Cauchy hypersurface, representing possible initial condi-
tions (®, 8, ®)|x,. That is, I; C [C®(Z,) N L*(Z)]1®92%.
Specifically, I7 is the restriction of the full space of pairs of
functions to initial conditions (@, 9,®)|x, satisfying Neu-
mann vanishing boundary conditions (3) at d%;. This can be
rewritten in terms of the initial conditions as

{n Vi@ (t, X) = —vp(t, X)0,D (1, X),

and n - V0, ®(t,x) = 0if vg(t,x) = 0; ©)

where X € 0X;; n(¢, x) is the normal vector to dX; and
pointing outwards from %;; vg(f, X):=(n - vg)(f, X), where
vg(t, x) is the velocity vector of the boundary, and there-
fore vg(t, X) is its normal component; and V() is the covari-
ant derivative corresponding to the spatial metric h;;(¢). The

2 From here on we omit the explicit dependence of A;;(¢) and other
quantities on the spatial coordinates. Also, in (5) for simplicity we
are assuming that for each hypersurface %, there is one coordinate
chart (x', ..., x) that completely covers it. This might not be the case,
but considering several coordinate charts would be straightforward and
would not affect the construction of the method.
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first line of (6) is just the reformulation of (3) separating the
spatial and temporal partial derivatives. The second line cor-
responds to the total time derivative of (3) along the boundary
when vg = 0. Clearly, that time derivative must also van-
ish, and this shall be taken into account when considering
the compatibility of the initial conditions with the boundary
conditions. However, in the regions where the boundary is
moving in the chosen coordinates (vg # 0), the total time
derivative of (3) along the boundary involves second order
partial time derivatives of the field. In such case, the fulfil-
ment of the first time derivative of the boundary conditions
at 0%, already depends on the dynamical evolution given
by the Klein—Gordon equation (1), and not just on the ini-
tial conditions at ¥;. Therefore, its fulfilment is guaranteed
by Condition B. On the other hand, in the regions where
the boundary remains parallel to 9, (vg = 0), the first time
derivative of the boundary condition reads as in the second
line of (6), involving only up to the first partial time derivative
of the field, and thus depending only on the initial conditions
at ¥,;. Therefore, in such regions it imposes the correspond-
ing constraint on these initial conditions.

The second mathematical object that we introduce is the
following inner product in the Hilbert space of pairs of func-
tions L2(Z,) ® LA(Z,) D I}

() (s0)),

::/ dV; [ER" (1) + m® + F(1)]®' @*
P

+/ dVv; 8,@’8,(1)* +/ dv; (Vh(,)@/) . (Vh(t)ip*);
% P
(7)

where R’ (¢) is the scalar curvature corresponding to the
spatial metric /;;(t) and F(¢) > O a time-dependent non-
negative quantity given by

0 if&R"(t,x) +m? > 0ae.in%,,
—ess inf{éRh (t,X) +m?,x € T} +€ ioc;

®)

where “a.e.” stands for almost everywhere, “ess inf” stands
for essential infimum, “i.0.c.” stands for in other case and € >
0 is an arbitrarily small positive quantity. The quantity F ()
ensures that the inner product is positive-definite.3

Finally, we introduce the following operator in [}:

0 1
o) 0 ) ©)

F(t) := {

M (1) = (

3 The quantity F(r) plays here an analogous role to that of the function
with the same name introduced in Part I, which meaning is discussed
in “Appendix B” there. In many problems of interest, such as a massive
field with minimal coupling (§ = 0), the quantity F'(¢) vanishes and
can be ignored.

@ Springer

with

Ot)y=— Vi, +ER" 1) +m> + F(0), (10)

where V%(t) is the Laplace—Beltrami differential operator
and F(t) has been defined in (8). With the inner product
in (7), the boundary condition (6), and using Green’s first
identity, one can easily check that the operator M (1) is self-
adjoint.*

Before finishing this section, let us mention that using
the operator é(t) and Condition C we shall simplify the
Klein—Gordon equation (1) taking into account the form of
the metric in (5), obtaining

8,2<1§ = —é’(t)(b —q)o® — ER()D + F(1)P; (11)
where
q(1):=0, log/h(t) (12)

is a factor which depends on the change of the metric of the
spacelike hypersurfaces with time, with /(¢) the determinant
of the spatial metric /;;(t), and R():=R(t) — R"(1) is the
part of the full scalar curvature of g,,, which depends on time
derivatives, given by

_ T
R(1) =20,q(1) + q(1)* — Z[athu (OI[0hij (1)]. 13)

The key role of Condition C has been to yield Eq. (11),
in which all the spatial derivatives present are those in the
Laplace—Beltrami operator contained in &' (z).

3 Construction of the method
3.1 Construction of the bases of modes

For each spacelike hypersurface X; we construct a set of
modes {* fP,[,[] (1)} fulfilling the following two Properties:

(I) They form a complete basis of the space of solutions to
the Klein—Gordon equation (1). We stress that each mode
of the basis is defined in the whole spacetime, the label [7]
meaning only that we associate it to the corresponding
hypersurface. Specifically, it is in this hypersurface that
we set its initial conditions.

4 Assertions about the self-adjoint nature of the operator should strictly
be done over the extension of the operator defined on I to the full
Hilbert space L2(Z,) ® L2(X;) (of which I} is a dense subspace). This
is a well-known mathematical procedure in the analysis of partial differ-
ential equations with elliptic operators and boundary value problems.
Since this is the context in which we make use of the operator, we shall
not get into the details of it. See for example [31].
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{Foli 20 (1))
Ei—.‘—m
{*oll(t)}
X

Folll(t)}

Fig. 1 Association of bases of modes { i@,gn (1)} to Cauchy hypersur-
faces X;

(IT) If there exists a region S of the spacetime around X;
where

— 0; behaves like a Killing field [A;;(¢) is constant],
— the boundaries remain parallel to 9, (“static”),
— and the function F(¢) in (8) vanishes;

the modes form an orthonormal basis with respect to the
Klein-Gordon inner product (4) of positive frequency
modes (modes +QD,I,”) and negative frequency modes
(modes _QD,[,t]) with respect to ¢ The region S needs
to fully embrace the spatial hypersurfaces ¥, along an
interval of time ¢ around ¢ = 7 which is long enough
s0 as to explore the minimum frequency in the spectrum
given by the modes.

In Fig. 1 we provide a graphical depiction of this associa-
tion of bases of modes to Cauchy hypersurfaces, which shall
be helpful when following the construction of the method. In
order to construct the bases {i€b,[f]}, we first construct aux-
iliary bases of modes {lI/n[t]}, also associated to each hyper-
surface X7, and then introduce a linear transformation to the
bases {icb,[f]}. Since the modes 'I/n[[] (t) are also solutions to
the Klein—-Gordon equation, because of Condition B the only
quantities left to fully determine them are the initial condi-
tions, which we are going to fix at ;. That is, we need to fix
the pair (lI/,?](f), 0y lII,Et](t)|,:,~) € I7 for each mode. These
pairs are going to be given by the eigenvectors of the opera-
tor .4 (F) in (9):

) apr i ar
//Z(z”)( q’[’;] ) ) = ol ( q’[’;] ® ) (14)
W (D),=7 W (D),=7

Notice that 7 in (14) is just a parameter.® Since AT is
self-adjoint with respect to the inner product (7), the eigen-

5 Regions in which F(7) does not vanish, but takes an arbitrarily small
value €, may also be considered. We refer to “Appendix B” of Part I for
further details on this condition.

© As we commented previously for the operator A (D), this equation
should also be posed in the full Hilbert space LA(Z) & LA(%)). Itis

values a)g] are real. Therefore, we can also impose that the
pairs of functions are of real functions and that they satisfy

the following orthogonality and normalisation condition:

<( '1/’1[?]({) ) ( lp’g](f) >> =|wm|3 (15
o Ol )\ Ol ) [

In “Appendix H” we prove that there are no zero eigenval-
ues wy], so the normalisation criterion is valid. Finally, notice
that thanks to Condition A we can be sure that the spectrum
is discrete, as we had implicitly assumed with the notation.
In order to operationally find the quantities Ll/nm (f), we

summarise (6) and (14) in the two equations

o[ = (2wl (@), (16)
n- Vw7 %) = —olllp @, 0w, x), xedzy
(17)

and the equation for the partial time derivative
a1 1)), = ol (@) (18)

This last equation plays a role in the construction of the
method, but in order to apply the method to a concrete prob-
lem only the first two are necessary. Because of this last
equation, when vg (7, x) = 0 Eq. (17) is also imposing the
second condition in (6). Notice that Eq. (16) cannot be taken
as an eigenvalue problem posed directly for ilf,l[t](f), since
the boundary conditions (17) of such problem would not be
fixed (they would depend on the eigenvalue).

By Condition B, for each pair (%" (7), 3, %" (1)|,_;) € It
thatis solution to (14) we have an unique mode lI/nm (t).Letus
now relabel the modes in the (infinite countable) set {11/,,[[]}
and group them into two (also infinite countable) subsets,
{+11/,,[’~]} and {_lI/,F]}, with their respective sets of eigenval-
ues {+a),[f]} and {*wl,”}. In “Appendix B” we prove that, at
least for the problems in which we can give a physical inter-
pretation to the results of the method, there is an il}ﬁnite
number of both positive and negative eigenvalues a)g]. We
organise the solutions as follows:

<ol

[ [r]

— r i
< a)1]<0<+a)1 §+w£]

<. 19)

‘We notice that, in general, the solutions illl,y]

ues in,t] in each subset are independent.

Because of Condition B and the linearity of the Klein—
Gordon equation, we can trivially consider the inner prod-
uct (7), defined for initial conditions at each hypersurface
37, as an inner product in the space of solutions: For any two
solutions, their inner product is that of their corresponding

and eigenval-

known, however, that the functions representing the eigenvectors can
be taken to belong to the dense subspace I [31].
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initial conditions at the given hypersurface. Using this defini-
tion of inner product in the space of solutions, and carefully
taking into account the relabelling lI/,F] — isl/nm, we can
write the orthonormalisation condition (15) in an equivalent

way, but directly for the modes illl,[i], as’

o F el = Foll18md.., 20)
where the quantity §, ; equals 1 if the signs coincide and 0
otherwise. We also stress that this orthonormalisation is only
correct in the inner product of the hypersurface X; to which
the modes are associated. B

Finally, we build the set of modes {T®L} by taking a
linear transformation from the set of modes {ilI/,[t]}. This
linear transformation reads

[71 (7]
+¢1 +,1/1
e S @1
—(DP] —llll[f]
where, in obvious block notation,
Ll a=nra+of
M= ((1 +I (1 =01 )" @2

The set of modes {* (P,[,[]}, constructed this way for each 7,
is a basis of modes satisfying Properties I and II. We prove this
in “Appendix B”. In particular, in the regions S described in
Property 11, where it is possible to construct modes with well-
defined frequency with respect to ¢, we have that ~ Ll/”[’] ) =
+yl(#) and ~wl!! = —(Fwll), and the modes in the basis
are

- - . [71 -
£l = @l {HeT 0D, (23)

that is, +dﬁ,[f](t) are the modes with positive frequencies
+oll 5 0, and @ (1) = +*@(1)* the corresponding
negative frequency modes.

The construction of the bases of modes done here has
been significantly different to that in Part I. We discuss
in “Appendix A” why the construction done in Part I does
not work here.

3.2 Time-dependent linear transformation
Let us write down formally the linear transformation U (, 7o)

between any two bases of modes, associated to the hypersur-
faces X7 and X;:

7' Any time that two ‘% signs are involved in an equation, we use a hat
‘+’ to distinguish one of them.
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[7] [70]
+¢l +¢1 0
—q)[’_] =U(t, ty) _CDP_O] 24)

In “Appendix C” we prove that this time-dependent linear
transformation between bases satisfies the differential equa-
tion

d .. A .
d*fU(t, 1) = MV (@M U (1, 1p); (25)
where
(0
Vit)=1{ ~ , 26
(7 (V_+ V__) (26)
with
Vit = —Cofumd s

[l + Eolih ]

dy -4
></ dv,-[?iw,,[”(z)} 280)
; t

d*o)!

+ [2(%&?)2 +—- F(tN)i|
dr

x / avEe o Eeli )

2!

+ / AviEwlil@) [*w,[j]q(f)+5R(f)]$wn§1(f)
i

—/ ds; v (7) [iiw,,[f](f)] iu!/,,[f](f)}, @7
a%; dt

where dS; is the surface element of 0X;. With the initial
condition U (g, fp) = I, Eq. (25) has the formal solution

Ui, fo) = T exp [/ r diMV(E)M*:| , (28)
o

where .7 denotes time ordering.

Equations (25-28) are one of the two main results of this
work: They switch from the time evolution of the modes
to the time evolution of the transformation between bases.
The time-dependent linear transformation obtained relates
the bases {iqﬁ,[f]}, which are those satisfying Properties I
and II. However, one of the strengths of the method is that all
the quantities appearing in (27), which are the coefficients of
our differential equation, are known just by computing the
initial conditions of the auxiliary bases {illf,yj}, which are
the solutions to the Eqgs. (16) and (17), for which the time 7
is just a parameter.
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3.3 Physical interpretation

The time-dependent linear transformation obtained contains
all the information necessary to compute the evolution of the
field in time. However, as we advanced in the Introduction,
we do not pretend to give a quantisation for each and every
basis of modes that we have constructed ateach time. Itis only
in those regions S described within Property II of Sect. 3.1,
where we can proceed to the usual Fock quantisation of the
field. That is, defining the corresponding Fock space with its
vacuum state and creation and annihilation operators (ones
the adjoints of the others in the case of a real field) associ-
ated to the mode decomposition given by the method. This
is the case because, in such regions, the decomposition is
done in modes with well-defined frequency with respect to
a timelike Killing field [see Eq. (23)]. We rely on the fact
that, in such situation, Fock representation gives the correct
physical description of a field in terms of particles associated
to those modes.® When connecting two regions where this
Fock quantisation procedure can be done, the time-dependent
linear transformation that we constructed in the previous sec-
tion really becomes a Bogoliubov transformation, taking the
well-known form
a(t, o) B, 1) )
B, t0)* a(t. i)" )
These Bogoliubov coefficients also relate in the usual way
the annihilation and creation operators of the mode decom-
positions associated to the different regions.

We refer to Sect. 3.3 of Part I for additional discussions
on different aspects of the physical interpretation, which also
apply here.

U, fy) = ( (29)

4 Small perturbations and resonances

Let us consider the case in which the spatial metric h;; (¢)
only changes in time by a small perturbation around some
constant metric h?j; that is,

hij(t) = h{; + e Ahyj (1), (30)

where ¢ < 1. Also, the boundaries may experience small
displacements of order ¢, meaning that we allow the hyper-
surfaces %, to slightly change around some fixed hypersur-
face £0. We call £ Ax(z, x) the proper distance between the
boundary 33, and the fixed boundary d £° at the point (7, X)
along the direction normal and outwards to 8 9. Therefore,
we have that

d
vp (1, X) %83Ax(t,x). (31)

8 For brevity, we do not expose the details of the quantisation procedure
explicitly, see e.g. [2].

Finally, we require that F'(¢) remains O (¢), so that the solu-
tions to the problem for ¢ = 0 are modes with well-defined
frequency. In “Appendix D” we prove that such value of F (¢)
actually does not contribute at all to the physically rele-
vant result of resonances. Therefore, once we have required
that F(¢) remains O (&), without loss of generality we con-
sider that F(r) = 0.

We write down the quantities in (10) and (13) to first order
in &:

() ~ 6° + e AC(D),
R() ~ e AR(D): (32)

where R(7) vanishes when there is no perturbation because
it only depends on time derivatives. The perturbation of the
quantity ¢ () in (12) does not directly appear in the pertur-
bative regime, but rather its primitive with respect to 7, given
by

Ar(F)i= % logh(®)| (33)

e=0

N =

As we prove in “Appendix D”, we manage to write down
the Bogoliubov coefficients without explicitly computing the

solutions ilpnm(f) and iw,[,ﬂ to first order in ¢, by using the
perturbation of the operator AZ(f) in (32). Thus, we only
need the solutions to (16) and (17) for the static problem (for

& = 0). We denote them as ¥ and 0 > 0 for the +lII,Eﬂ

modes. Therefore, those corresponding to the *lI/,,m modes
are lI/nO and —a)g (see “Appendix B”). These solutions satisfy

O'w) = (W), (34)
n-Vwlx) =0, xeax’ 35)

Being solutions to a static problem, they must also fulfil the
orthonormalisation condition given in (B.7), namely,

5
dvO ) = % 36
/20 e 200 (36)

where dV? is the volume element of X°.

We want to solve the differential equation (25) in the
perturbative regime. Let us first compute the coefficient
M V(f)M * explicitly to zeroth order in ¢. Using the solu-
tions to zeroth order and (36) in (27) it is easy to check that
Vibs = RopSundor + 0(e). (37)

Using now (22) and (26), we can write

MVHOM* ~ iR + s AK (F); (38)
@ Springer

72



Evolution of confined quantum scalar fields in curved spacetime. Part I1

953  Page 8 of 23

Eur. Phys. J. C (2021) 81:953

with

0._ 4 0 0 0 0
27 = diag(wy, w3, ..., —0], —0;, ...),

A&(D) AB(®D) )

P (39)
AB(D)* Aa(r)*

AK (1) == (

where the entries of AK(f) are the contributions to first
order in &, that depend on the perturbation and which
explicit expressions we provide later on. If we introduce the
result (38) in the differential equation (25), we clearly see
that for ¢ = 0 the modes evolve just with a trivial phase with
constant frequency :twg, as one should expect for a static
metric.

In order to properly compute the evolution to first order
in &, we shall first absorb any phase evolution, given by the
diagonal terms. This is done by writing the evolution in terms
of a new linear transformation Q(7, 7o) defined by

Q(F, 10):=0(D)*U(7, fo); (40)

where

i
@Gﬁ:ap{/ &ﬁ9°+sAA€n},

AA(f)::diag(A&”, A&zz, ey —A&] 1s —A&zz, .. ) (41)

Replacing (40) in (25), we get the differential equation

d . e o
500 10) = @ (H* AK (HO (1) Q. To).
AK ()= AK (1) — AA(®D),

00 ()= 2)
where we dropped the terms to first order in & from O (7)
because of the overall factor ¢ appearing on the r.h.s. With
the initial condition Q(fp, ) = I, to first order in & the
transformation reads
i ]
O, to) ~ I +8f df ©°(1)* AK (HO°(). (43)
0]

We can show the resonance behaviour of the field in a clear
way if we write explicitly the expressions for the Bogoliubov
coefficients:

ann(;f, ;O) ~ 1,

I . - 5
G o) ~ & / 47 e R Ag (D), (44)
1o
n #m;
o it e i 000N A -
Bum (it 10) ~ & / df e @t Ag, (). (45)
1o
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In general, the Bogoliubov transformation differs from
the identity just by terms of first order in &, except for the
cases where there are resonances. That is, if the perturba-
tion considered contains some characteristic frequency wp,
then the same frequency is usually also present in the quan-
tities A&, (f) and Aﬁnm (7). If such frequency coincides
with some difference between the frequencies of two modes,
wp = ) — @Y (it is in resonance), then the correspond-
ing coefficient a,, (¢, fy) grows linearly with the time dif-
ference 7 — fp, and after enough time it will overcome
the O(¢). Respectively, if the characteristic frequency coin-
cides with some sum between the frequencies of two modes,
wp = 9+, then the corresponding coefficient B, (7, 7o)
grows linearly in time and eventually overcomes the O (g).”

If the Fourier transform .# of Ay, (f) [respectively
AB,,,,, ()] exists as a well-defined function, which necessar-
ily implies that the perturbation vanishes fast enough in the
asymptotic past and future, then another way to consider the
resonances is by taking the limits 7) — —oo and #f — oo
in (44) and (45) and writing

app (=00, 00) A 1;

Ay (—00, 00) ~ Sx/ﬂ y[A&nm](wg - w?n)? (46)
n # m;
Bum (—00, 00) & ex/210 F[ABum1 (@) + ). 47)

That is, the Bogoliubov coefficients between the asymp-
totic past and future are proportional to the Fourier trans-
forms evaluated at the corresponding substraction (respec-
tively addition) of frequencies. Evidently, resonances occur
if the frequency spectrum is peaked around one or more of
these values.

Letus remark that, in the presence of resonances, the phys-
ically meaningful modes for which the effects take place can
be taken as the stationary modes given by {111,9 exp(q:iwgt)}.

This is because the exact modes {ifﬁ,gt] (1)} differ from them
just to order ¢ (see “Appendix B”), which is the degree of
indefiniteness of the well-defined frequency modes due to
the perturbation. Only when the neat effect overcomes this
order (and thus the degree of indefiniteness), the effect can be
interpreted physically. We shall also mention that the reso-
nance can be consistently described in the regime of duration
of the perturbation A7 such that 1 « wp A7 < 1/¢. The rea-
son is that one needs the period of time to be reasonably larger
than the inverse of the frequency being described, but on the
other hand, one should keep the second order term in ¢ that
we dropped in (43) significantly smaller than the first order
term that we kept. We refer to Sect. 4 and “Appendix E.2”

9 In “Appendix E.1” of Part I we show that these resonances remain
stable under small deviations of the frequency of the perturbation from
the exact resonant frequency.
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in Part I for additional discussion on the interpretation of
the modes and on the regime of validity of the perturbative
computation.

Finally, we provide the explicit expressions for the entries
of AK (f). They are computed in detail in “Appendix D”. In
order to find resonances, the following expressions can be
used

Ay () =i f avO [, Ad w1
50
+i/ ds® Ax(f)[(vhowno) (V¥
%0

+ER" +m? — o) wlw)], (48)

n=-m
A (D = — i / avO [+ A w010
»0
—i / ds® Ax(D[ (Vo w?) - (Vo)
ax0

0 2

+ ER" +m +w2w,9,)w,?w,3]; 49)

where dS? is the surface element of 320, V0 is the connec-
. . . . 0.

tion associated to the static metric h?J R" its scalar curva-

ture, and ,:fjAA(tN) are linear operators defined by their action
on the basis {¥} as

A
= [A0{) + (@) £ W) Ar(?) + EARD) | WY.
(50)

The expressions in (44-50) are the second main result of
this work. As we will show with concrete examples, they
provide a very simple recipe for computing the resonance
frequencies and amplitudes of a trapped quantum field in
the perturbative regime. We highlight again that they do not
even require the computation of the modes to first order in
the perturbations, but only the solutions of the static problem
in (34-36).

The symbol ‘=’ in (48) and (49) denotes the equivalence
relation “gives the same resonances as”. This means that the
expressions in (48) and (49) have been simplified by dropping
terms that are non-zero, but that nonetheless never contribute
to the resonances when replaced in (44) and (45) [or in (46)
and (47)]. Since resonances are the only physically mean-
ingful result to be obtained from this computation, one can
always use these expressions to compute the sensibility of
the field to each resonance. We refer to “Appendix D”, and
again to Sect. 4 and “Appendix E.2” in Part I, for more details
on the interpretation of the resonances and on the meaning
of the “equivalence for resonances” relation given by ‘=".10

10 This equivalence relation, which concrete expressions are given in
“Appendix D” [Egs. (D.27) and (D.42)], can also be used to further

In the expressions (48) and (49) we can see a clear sep-
aration between the contributions due to the change of the
metric (the volume integrals) and due to the motion of the
boundaries (the surface integrals). As it must be the case,
the first contributions are equivalent to those found in Part I
[Egs. (44) and (45)].

4.1 Example: dynamical Casimir effect

In order to provide an illustrative example, let us apply
the method to arguably the simplest problem with moving
boundary conditions, which is the Dynamical Casimir Effect
for a minimally coupled (§ = 0) massive scalar fieldin 14-1-
dimensional Minkowski spacetime. The spacetime metric is
simply

ds? = —dr* + dx>. (51)

The field is trapped inside a cavity of average proper
length L, with the boundaries placed at x_ (left) and x4
(right). The boundaries oscillate with frequency 2 and
amplitude eL /2 < L. We consider three different config-
urations for such oscillations:

x_=—L/2, x4y =L[l+¢sin(21)]/2 @1);
X+ = £L[1 4 esin(£21)]/2 (ii);
X+ = L[]l £+ esin(21)]/2 (i).  (52)

In (i) only the right boundary oscillates, in (ii) the bound-
aries oscillate in opposite directions (the cavity expands and
contracts) and in (iii) the boundaries oscillate in the same
direction (the cavity shakes).

For the problem under consideration, it is straightforward
to obtain the quantities needed to compute (48) and (49). In
particular, we have that

AO=Ar=AR=FA=0;
Ax(—=L/2) =0, Ax(L/2) = Lsin(20)/2  (i);
Ax(£L/2) = Lsin(21)/2 (ii);
Ax(£L/2) = +Lsin(21)/2 (i), (53)

We solve the problem both for Neumann and Dirichlet
boundary conditions (see “Appendix G” for the expressions
in this latter case). The eigenvalue Eq. (34) and the boundary
conditions (35) [respectively (G.57)] read

(=07 +m*)w) = ()*¥);
£ |x—tr2 =0
wO(£L/2) =0

(Neumann),

(Dirichlet); 54)

simplify concrete expressions for the coefficients found in a specific
problem.
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and the solutions to these problems are

0 1 L
v, = = cos ko [ x + 7 (Neumann),
Loy
1 L
vl =  sin [k,, <x + 5)] (Dirichlet);
Lo,
o) =/k2+m? neN®, (55)

where k,:=mn/L and the mode with n = 0 is excluded for
Dirichlet boundary conditions.

From (53) itis immediate that the first integral of the quan-
tities (48) and (49) [respectively of (G.58) and (G.59)] van-
ishes. Since we are considering one spatial dimension, the
“surface integral” is simply the evaluation of the integrand
at the two boundaries. Plugging the corresponding quantities
into (48) and (49), we easily obtain the solutions for Neu-
mann boundary conditions:'!

: 2 _ 12 _ g2
1o (27 — ki = k) 0 n).
4/l

m

Ay (1) = —APpm (1) =
(56)

The factor C,,,,, depends on the oscillation configuration, and
is given by

Com = (=1 ®,
Com = (=1)"" 41 (i),
Com = (=)™ — 1 (ii). 57

In order to obtain the expression in (56) we replaced \wf,) —
w9n| — £2 in the computation of Ady,,, () and w?, +a)9n — 2
in the computation of A Bum (). This is legitimate within the
equivalence relation with respect to resonances, since the
only (positive) frequency present in the perturbation is £2.
Respectively, the solutions for Dirichlet boundary condi-
tions are obtained by plugging the corresponding quantities
into (G.58) and (G.59):

icnmknkm
2ol

In general, we find mode mixing and/or particle pro-
duction due to the moving boundaries, which reproduces
the Dynamical Casimir Effect. For example, if the fre-

quency £2 coincides with the difference between the frequen-
cies |0 — @Y |, plugging (56) into (44) we find that

Adyn (1) = — A (1) = — sin(£21). (58)

Com (2% — k2 — k2)

Anm (I, t0) A~ *e 0
Wy Wy,

(11 — t0). (59)

1 Since we do not need to explicitly consider the evolution in time ¢ of
a basis of modes anymore, we can relax the notation and replace f — t.

@ Springer

For long enough times, this quantity can overcome the order &
and become significant to zeroth order; that is, to the resonant
modes of the cavity, and therefore significant mode mixing
takes place between the corresponding modes. Analogous
arguments apply for the B-coefficients and the corresponding
particle creation, for any boundary conditions and configu-
ration.

We notice that, out of the final results, we can take the
limit of a massless field in a straightforward well-defined
way.!2 The results with Dirichlet boundary conditions for
configuration (i) in the massless case exactly reproduce the
results obtained in [32] and independently in [33], while for
configuration (iii) they reproduce the results obtained in [20]
both for the massive and the massless case.

4.2 Example: gravitational wave resonance

Confined quantum fields undergo Bogoliubov transforma-
tions when perturbed by gravitational waves. This was shown
in [33] considering a scalar field in a one-dimensional rigid
trap. The authors proposed to exploit this effect in order to
detect gravitational waves using phonons in a Bose-Einstein
condensate. In Part I, we extended this work by computing the
field transformations in the three-dimensional case consid-
ering free-falling boundary conditions (and thus static in the
synchronous gauge). Free-falling boundary conditions were
also studied in [34] using a different technique. Considering
free-falling boundary conditions is interesting from a mathe-
matical point of view. However, in practice, phononic gravi-
tational wave detectors require inter-atomic interactions and
thus, rigid or semi-rigid boundary conditions. The method
introduced in this article enables the study of the phonon
field transformations in a three-dimensional rigid or semi-
rigid cavity. Therefore, the method will be useful in extend-
ing [33] to improve the detection of gravitational waves by
using three-dimensional trapped Bose-Einstein condensates.

In particular, in this section we explicitly compute the
Bogoliubov transformations for the phonon field when
trapped in a fully rigid three-dimensional cavity. The phonon
field can be described by a real scalar massless quantum
field. In the case that the condensate remains stationary, the
quantum field obeys a Klein—-Gordon equation in an effec-
tive metric (with minimal coupling) which corresponds to the
gravitational wave metric with the speed of sound in the con-
densate ¢ replacing the speed of light in the goo component
[35-38]. We work in the TT-gauge and normalise the speed
of sound ¢ = 1. We consider a wave with amplitude ¢ and

12 The existing “zero-frequency mode” in the massless limit (in the
case of Neumann boundary conditions) would not be normalisable, but
the perturbation does not introduce any effect for it (all the coefficients
would vanish for n = 0 or m = 0). Thus such mode can simply be
ignored.
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frequency £2 propagating in the z-direction and with polar-
isation in the xy-directions. Therefore, the metric is given
by

ds? = —dr? + [1 + & sin(§21)]dx>
+[1 — &sin(20)]1dy? + dz>, (60)

where we have simplified sin[§2(t —z/c)] — sin(£2t), as we
have that ¢ > 2L, (being L, the size of the condensate in
the z-direction), because of the orders of magnitude between
the speed of light and the speed of sound.

For simplicity, we consider that the field is trapped in a
rectangular prism of proper lengths L, Ly and L aligned
with the directions of propagation and polarisation of the
wave. Since the cavity is rigid, these proper lengths must stay
constant at all times. We consider that the centre of mass of
the cavity (which by symmetry coincides with its geomet-
rical centre) is in free-fall, and we fix it at the origin of the
coordinate system. Therefore, the boundaries of the prism
are placed at (in obvious notation):

L,
X+ = ii.y
21+ e5sin($2t)
L
— iiy’
YT T—esin(2D)
L.
7+ =£—. (61)

Although we are considering the physical problem of a
massless field, we can take advantage of the versatility of our
method and address the more general mathematical problem
of a massive field with equal ease. The physical problem
is then recovered by taking the massless limit. Therefore,
from here on we consider m > 0. Thus, the eigenvalue equa-
tion (34) reads

n nmé>

(<02 =8} =02+ m?) Wl = @00 (62)

where n, m and ¢ are quantum numbers. We first con-
sider Dirichlet boundary conditions. The boundary condi-
tions imposed to the static modes (G.57) are 'I/y?m( =0 at
the boundaries given in (61) for ¢ = 0. The solutions to this

problem with the orthonormalisation in (36) are

g0 2

L
he ek
V LxLyszgme
Ly L
X sin |:k,y, (y + 7)>:| sin |:k,§ (z + i)] ,

e = \/(k;;)Z + (k)2 + (D2 +m2, n,m, £ e N
(63)

where k;:=mn/L,, and equivalently for the other dimen-
sions. The remaining quantities needed to compute (G.58)

and (G.59) are

Ar = AR =0,
A= A0 =sin(20)(37 — 02
Ax(x = £L,/2) = —L, sin(21)/4,
Ax(y = £Ly/2) = Ly sin($21) /4,
Ax(z ==xL;/2) =0. (64)

Plugging all the quantities into (G.58) and (G.59), we
obtain

gt isin(£2¢ /
aamm (1) = —SNED s
0 0 )
4\/ wnmlwn’m’l’
x {[(—1)"+"' + K8
—[(—=1y™tm 4 1]k;¥,k;:;,8ﬁ/} , (65)
P isin(§21) , I~
At ) = EF [ — ] o
2wnm[
= Aapt o). (66)

An equivalent procedure for Neumann boundary condi-
tions yields the following results:

isin(£21t) st

14
/.0 0
8 Dt P ¢/

x LD 410122 - 632 - K78y

Aapm (1) =

nmt

D™ IR = ) - (%0 |

67)
N isin(£21) ‘m't/
At () = ——— [ = @] s
nmt
— A oy ©9

where in this case the quantum numbers can take zero val-
ues.!3 Just as we did in the previous example in Sect. 4.1, we
can use (44) and (45) to compute the linear growing in time
of the Bogoliubov coefficients when resonances are present.

Let us give some physical interpretation to the results. The
first term in (66) and (68) corresponds to the contribution of
the perturbation of the metric, and coincides with the result
in Sect. 4.1 of Part I for free-falling boundaries. The remain-
ing contributions are due to the rigidity of the cavity, and
therefore the motion of its boundaries in the TT-gauge. A
direct comparison with the results in Sect. 4.1 clearly shows
that these contributions correspond to a superposition of two

13- As for the previous example, we have replaced 7 — 7 in the notation,

and |0 + w0 | — §2 according to the equivalence relation with respect
to resonances.
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“anti-synchronised” Dynamical Casimir Effects in the two
transversal directions, with configuration (ii) in the notation
of Sect. 4.1 (with the cavity expanding and contracting). This
is exactly the effect that one would expect from a gravitational
wave on a rigid cavity, considering the concrete shape of the
cavity and its interaction with the wave.

Thanks to the contributions due to the rigidity of the cav-
ity, both mode-mixing and particle creation between different
modes are present. We notice that this could not physically
happen in the case of free-falling boundaries. The reason is
that any mode-mixing or particle creation between different
modes (non-diagonal Bogoliubov coefficients) implies local
exchange of momentum with the field (in the basis of station-
ary modes that we are considering). However, a gravitational
wave can provide momentum locally to a free field or to a
free-falling boundary only in the direction of its propagation,
something which in this case is negligible due to the orders
of magnitude between the speed of light and the speed of
sound. Hence, the direct effect due to the perturbation of
the metric is pure cosmological particle creation, which does
not exchange momentum and therefore can only affect the
diagonal coefficients. On the contrary, the forces keeping the
rigidity of the cavity redistribute the momentum so that it is
locally non-zero (the boundaries move), and then transmit
this momentum locally to the field (although of course the
total momentum still vanishes).

Finally, and more interestingly, one can check that for a
rigid cavity it is the diagonal quantities Aﬁ;’,’% () (the only
non-zero quantities for free-falling boundaries) that vanish,
for both boundary conditions. This means that the contribu-
tion due to the rigidity of the cavity exactly cancels the direct
contribution from the change in the metric: Somehow the
fact that the cavity keeps its own proper lengths shields the
sensibility of the field to any length contractions and expan-
sions from the metric. This is a novel and physically very
plausible result. Nonetheless, we think that it is also a non-
trivial result, which would be worthy exploring beyond the
perturbative regime.

5 Summary and conclusions

In this second article we have extended the method developed
in Part I for computing the evolution of a confined quantum
scalar field in a globally hyperbolic spacetime, to the cases in
which the timelike boundaries of the spacetime do not remain
static in any synchronous gauge. Despite the more sophisti-
cated technical construction required, we have shown that
the core ideas of the method can still be used in such situa-
tion. Namely, we could construct bases of modes associated
to different Cauchy hypersurfaces, a time-dependent linear
transformation between them, and a first-order differential
equation in time for such transformation. In this case, the

@ Springer

coefficients of the transformation depend on the initial con-
ditions of some auxiliary bases, that are solutions to an eigen-
value problem for which the time is just a parameter. If the
time-dependent linear transformation connects two regions
in which (thanks to a time symmetry) a valid Fock quan-
tisation in terms of the bases of modes associated to each
region is possible, then the linear transformation is actually
a Bogoliubov transformation, and can be interpreted physi-
cally as such in terms of mode-mixing and particle creation
between the different modes.

The extension of the method presented here is still of
general applicability (as in Part I), just under some minor
assumptions introduced in Sect. 2.1. However, we shall stress
again that it proves to be especially useful to compute quan-
titative results on resonances in the perturbative regime (of
the metric and the motion of the boundaries). Such usefulness
stands out from the simple and practical expressions obtained
in Sect. 4 (and at the end of “Appendix G”). We have also
illustrated this fact with two examples within the perturbative
regime which we could easily solve, namely the Dynamical
Casimir Effect (where we reproduced and extended known
results) and the perturbation of a field in a rigid cavity by
a gravitational wave (which is a completely novel compu-
tation). We highlight how the simple expressions obtained
[results (56-58) and (65-68), respectively] embrace several
physical configurations in an unified way. The perturbative
method could also prove its utility in other problems which
are now under study, in which quantum systems are perturbed
by small gravitational effects [9,39,40].

The main aim of this work, both of Part I and Part II,
is to provide an useful method to compute the evolution
of confined quantum fields in concrete physical situations.
By applying the method to many different concrete physical
problems, mainly (but not only) in the perturbative regime,
we have provided plenty of evidence that the method is truly
successful in this practical purpose. Specifically, with the
examples provided in Parts I and II we reproduce previous
results in [2,20,32-34,41]. Those results were found using
very different approaches and techniques in each work, which
implied longer and way more involved calculations. The
method presented here manages to reproduce all of the results
in an unified way and with a concise calculation for each
case. Moreover, the method also extends some of those pre-
vious results, easily handling generalisations and variations
of them; in particular, some non-trivial variations such as the
rigid cavity under a gravitational wave perturbation consid-
ered in Sect. 4.2. Finally, the results obtained always had
consistent physical interpretations. The method will surely
prove fruitful in addressing many other relevant problems,
and we expect it to become standard in the toolbox of Quan-
tum Field Theory in Curved Spacetime for confined fields,
especially in the perturbative regime.
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Together with the promising practical applications of the
method, there are also future directions of research on the the-
oretical side. In particular, these include the possible physical
interpretations of the time-dependent linear transformations
obtained, when they cannot be interpreted directly as Bogoli-
ubov transformations between different Fock quantisations;
and their possible connection to field-related (instead of
particle-related) quantities. Further extensions of the method
for different boundary conditions, quantum fields and/or met-
ric gauges may be also approached.
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Appendix A: Why the procedure considered in Part I
does not work here?

In Part I, we constructed the modes di,gf](t) by imposing the
following initial conditions:
ZoLOESGDRIION
yollny| =
ol

(A.1)
—ioal (7). (A2)
In that case, we could solve the eigenvalue problem (A.1)
because the boundary conditions could be written separately
for the initial condition @ () and the partial time deriva-
tive 9; @ (¢)|,—;. Moreover, these boundary conditions were
homogeneous for both quantities, which allowed us to impose
Eq. (A.2) consistently. On the contrary, in the case where
the boundary conditions are in the form of (6) (evaluated at
t = 1), they involve in the same equation both the gradient
of & (f) and the partial time derivative 3, (t)|,_; (except for
the regions of the boundary which remain static). As a con-
sequence, we cannot pose a valid eigenvalue problem just
for @,[,’](f), as we did in Part I. Therefore, we need to con-
struct the basis of modes associated to each hypersurface X;
as the solutions to an eigenvalue problem posed directly on
the full space of initial conditions (& (7), 9, ® (t)|,=7), so that
the boundary conditions for the problem can be properly
imposed.

A way to summarise Egs. (A.1) and (A.2) as an eigenvalue
problem in the space of initial conditions would be to use the
vector eigenvalue equation

0 i
(46’@ 0)

However, for moving boundary conditions in general the
operator in this eigenvalue equation is not self-adjoint. In
fact, it is straightforward to find simple problems with mov-
ing boundary conditions for which (A.3) has no solutions

with real w[ﬂ. In conclusion: In general, modes with “locally
well-defined frequency” with respect to time ¢ [which is how
we may call the modes satisfying (A.2)] cannot be solutions
to the problem because they do not even fulfil the bound-
ary conditions when the boundaries are moving. This is to be
expected, since modes satisfying (A.2) would be “locally sta-
tionary” oscillations in phase with respect to ¢t around ¢ = 7,
and therefore could not readjust to any motion of the bound-
ary to first order in 7.

In order to break this impasse we have considered a Wick
rotation in the coordinate time. This rotation has transformed
Eq. (A.3) into the eigenvalue equation (14), which always
provides valid bases of initial conditions, although they do
not correspond to modes with “locally well-defined fre-

o)

: (@)
oM ),

3o\ ),
(A.3)

= ol
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quency”.'* This Wick rotation is then reversed by the linear
transformation (21) from the modes lllnm to the modes iqb,[f].
Neither these modes can be directly interpreted as modes
with “locally well-defined frequency” in general. However,
this is completely irrelevant, since in the regions S described
in Property II they do behave as modes with well-defined fre-
quency; and this is all we really need, since those are the only
regions where the modes can be used for quantisation. Anal-
ogous arguments apply for the case of Dirichlet vanishing
boundary conditions as developed in “Appendix G”.
Finally, let us notice that, since we are working with differ-
ent bases of modes as compared to Part I, the time-dependent
linear transformation (28) does not even formally satisfy
any Bogoliubov identities. This is because, in general, the
bases related are not orthonormal in the Klein-Gordon scalar
product. However, the cases in which the transformation can
be interpreted as a Bogoliubov transformation are those in
which (according to Property II) the bases related are indeed
orthonormal. Therefore, in such cases the coefficients of the
transformation do satisfy the Bogoliubov identities.

Appendix B: Proof of the fulfilment of Properties I
and II

Let us check first Property I, namely that the set {i¢',[f]} is
a basis of the space of solutions to the Klein—-Gordon equa-
tion. We first realise that it is equivalent to check that the
set {llfnm} = {illf,,m} is also a basis of the space of solu-
tions, since the set {iqb,[f]} is obtained by the linear invert-
ible transformation (21) of the elements in {illf,,m}. Because
of Condition B and the linearity of the Klein—-Gordon equa-
tion, this is the case if and only if the set of initial conditions
{(lll,,ltJ (1), o lI/nm (t)|,—7)} is a basis of the space of initial con-
ditions at X7, which is clearly the space LZ(E;) &) Lz(E;).
This is definitely fulfilled, since this set of initial conditions
is constructed with the eigenvectors of the self-adjoint oper-
ator A (f), that are solutions to the eigenvalue problem (14).

In order to check Property II, let us consider a space-
time region S in which the conditions listed in Property 11

hold. Then, it is easy to check that, for each mode +lI/,,m(t)

with positive eigenvalue +olll > 0 there is a corresponding

mode *llfnm(t) with negative eigenvalue *a)i,ﬂ = —(*w,[f]),
and with the same initial condition ~¥" () = +w @), If
we put each mode of the pair in one of the subsets {illf,,m}

and we use the same index n for them, then the modes i(b,[,t]

14 The fact that we are immersed in the Wick rotation while manipulat-

ing the lII,,[’] modes, is what forces us to use real eigenvectors for their
initial conditions.
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satisfy the following initial conditions in X;:

j:¢r[lt](t) — +l]/]£t](l‘),

dEol 1), = FiToH Tl @). (B.4)
Moreover, the eigenvalue problem (14) has the same solu-
tions for all the hypersurfaces X; within S. Taking into
account these facts, and also that we are considering only
real spatial functions £ (7), the modes of the form (23)
satisfy both the initial conditions (B.4) in ¥; and the Klein—
Gordon equation (11) in the whole region S. Therefore, these
modes correspond to the modes that we are actually assign-
ing to the hypersurface ;. Now, if the interval of time that S
embraces is large enough so as to explore the minimum fre-
quency in the spectrum, then we can talk about the modes (23)
as modes with well-defined positive and negative frequency
with respect to 7.

In Sect. 3.1 we claimed that, for the problems in which
we can give a physical interpretation to the results (that is,
the problems where Fock quantisation is possible at least in
some regions), there is an i.nﬁnite number of both positive
and negative eigenvalues a),[f] for every 7. Now we can justify
this claim. The reason is that, for regular metrics, the eigen-
values obtained at the different hypersurfaces ¥; should be a
continuous function of 7. Since, at least in the regions where
Fock quantisation is possible, these eigenvalues are indeed
divided into infinitely many positive and negative, and since
in no case w,[,” = 0 (see “Appendix H”), then they must stay
divided in such way even in the regions where Fock quanti-
sation is not possible.

It remains to be proven that, under the conditions given in
Property II for the region S, the basis {* QD,E’]} is orthonormal.
First, let us write down the Klein-Gordon inner product (4)

between the modes * lI/,,m

froi? 20

i [(iw,[fl) _ (iw;;;])] Ldv; £y 11 2yl ),

t

. Using (18) we get

(B.5)

We need to evaluate the integral in (B.5). In order to do
so, we evaluate the inner product (7) between the initial con-
ditions of these two modes and compare this evaluation with
the orthonormalisation condition that we imposed in (20).
Using (14) and Green’s first identity, we obtain

:tw’[jj [(iw’[f])_i_(ﬁ:wy;])]‘/z deilpyJ(f)ﬂA:lng(f)
+/ dS7w@) n - v, 2@ = Fol18umdLs.
EDR

(B.6)
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Equation (B.6) is general, that is, we have not used yet the spe-
cific conditions holding in region S. Let us now impose those
conditions. In particular, imposing vg(¢) = 0 and using (17)
we have that the surface integral vanishes. If we pick now

+ 7]

the ‘4’ sign prescripts, noticing that "w;," > 0 we obtain

P P )
/ av; tylptellg = (B.7)
Z 2 <+a)£,ﬂ>
Moreover, we also have that +l1/,y 17 = _lI/,[f~ 1), so the

previous equation holds for any sign prescripts of the spatial
functions. Using this fact and _a)gl = —(+a),[f]), we can
finally compute the Klein-Gordon inner product in (B.5),

obtaining

(ilpnm’ £lI/n[j]) = ii‘snmsqﬁ:- (B.8)
Finally, using the linear transformation (21), we get
(iq;’[fJ’ icpr[rf]) = isnmsii, (B.9)

which proves that the basis is orthonormal.

Appendix C: Proof of the differential equation for the
transformation

Let us call V(7, 1) the linear transformation between the
basis {£%)} and the basis {*&"'}. By composition of linear
transformations, it is clear that

V(i + AT, ip) = Vi + AT, DV, o). (C.10)

We can use this relation to obtain the following differential
equation for V (7, fp):

V(i + Af, 1)

d. ..
*NV t,t = =
a0 =35 Ao

d .
- V(i + AT, D)

a0 V(t,1p).

AT=0

(C.11)

Notice now that, because of the relation (21) between bases,
we have that the linear transformation U (7, 7o) is related to
the linear transformation V (7, fy) by

U(f, 1) = MV (I, io))M*, (C.12)

since M~1 = M*. Then, if we call V(f) the first factor on
the r.h.s. of (C.11), replacing (C.12) we get the differential
equation (25). Therefore, what remains to be obtained are
the expressions for V(f) given by (26) and (27) out of the
definition

. d . ..
V(i) = ——V({J + AT, o) ,
d(A7) Afm0

(C.13)

where V (f + Af, 7) is so far only implicitly defined by being
the linear transformation between the {ilI/,[']} bases at dif-
ferent times. }

Since the basis {iiI/n[t]} has the corresponding orthonor-
malisation given by (20), it is clear that we can compute the
elements of V(7 + A7, 1) as

VEEG 4+ AT D) = —— <iw[f'+ﬂﬂ, iw,g'])E (C.14)

T3 n -
|iw;[n]| t

According to the definition of the inner product between
modes associated to the hypersurface X;, which is given by
the inner product in (7) with the values of the corresponding
modes and their first time derivatives at X; as entries, we
have that

470)

1 d 44, -~
= Iiwy:]lwvnm (t+ At, 1)

1 d

=== [ aviate | s el
[Eolll] dA7 {/2 PO 4 0]

+f av; [6R" @) +m? + F@ |20l =l i)
-

i

+f av; [V F el 400 | [vh(,-)iw,L”(?)]] :
Zy

(C.15)

We need to compute the derivative with respect to Af of
the quantities inside the integrals. For that, we use the local
evolution in time around 7 4 A7 (and to first order in A7)
ofilI/,E“rA'] (t), which s given by (18); and of B,iII/,P"LA’] (1),
which we obtain through the Klein—-Gordon equation. Notice
that conditions (16) and (18), when replaced in the Klein—
Gordon equation as written in (11) and evaluated at ¢ = 7,
imply that

FEefn| = - Eol) [Fofl + 4] =010
—[eR®) — FO]FwA@). (C.16)

That is, out of the initial conditions, the Klein—Gordon
equation provides the value of the second time derivative
of *l(#) at t = 7 [and only at t = 7, Eq. (C.16) is evi-
dently not a differential equation in time].
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Because of relations (18) and (C.16) (replacing 7 — 7 +
Af), we have that

ilpn[HAfJ(;)
FLAT e A e A= 2
— g HAT(F 4 A7) [1 - (%{,”)Az] +0(af),
(C.17)
8tj:l1,'l[t~+Af](t)

1=t

— AR +AT G 4 A7) {1 n [iw,ff] + q(f)] AE}

+[ERG) — FO] (AT + 0 (A7), (C.18)

This is the local evolution of the needed quantities to first
orderin A7, and therefore we are ready to compute the deriva-
tive in (C.15). Plugging (C.17) and (C.18) into (C.15), and
using Green’s first identity, the orthonormalisation condition
in (20) and the boundary condition (17), after a tedious but
straightforward calculation we obtain the expression for the
elements in (27). This completes the proof of equation (25).

Appendix D: Derivation of the expressions in the
perturbative regime

The entries A&y, (F) and ABy, (7)) in AK(F) (and their
respective complex conjugates) correspond to the first order
contributions in ¢ to the factor M V(f)M *in (25). In order to
compute them, we temporarily introduce the expressions for
the solutions to first order in &:!3

ey~ w0 1 et A,

ol ~ £ + e+ Awy). (D.19)
Just as the solutions to the static problem satisfied the zeroth
order in ¢ of (16) and (17) [given by (34) and (35)], the
perturbations appearing in (D.19) must satisfy the first order
in ¢ of those equations, which reads

OOFAWY,) + AW = (00)*(F AW,) + 200 (F Aw,) WY,
(D.20)
d

n-VpEAw, + Am- Vo (n- V! ) = Folw) - Ax;

n n dt
(D.21)

where all the quantities in the second equation are evaluated
at the boundary 9 £°. The second term of the second equation
takes into account the displacement of the point where the
boundary condition is imposed. We also temporarily intro-
duce the perturbation of F () to first order in & (since we

15 From here on, we omit the explicit dependence on 7 for most of the
quantities.
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need to prove here that indeed it does not contribute to the
resonances):

F ~ gAF. (D.22)

Let us calculate the first order in ¢ of the quantity ‘A/;—;,ft
in (27), which in terms of the perturbed quantities in (32),
(D.19) and (D.22) reads

9 it
%Vnm

= 4:{ — (FA0) 88z

e=0
R d
—l—(inj:a)gl)/ v —=*aw, | v
50 dr

d*A )
+2(5 Awn)bum + (£t — AF ) 2
dr 2w,

+2()? [/ avOEaw,)wl + Ajjjn]
):0
+]EO avo w0 (inAq + smé) w,g},
(D.23)

where Aq:=0.q|s:=0 and AJE is defined as

nm

3 -
ATE = 5 /E av; w0ty () (D.24)
P

e=0

This quantity contains contributions from ilI/,Lf J(f), but also
from dV; and from the change in the domain X7, since these
two objects depend on ¢. In “Appendix E” we prove that this
quantity takes the value

1

AJE = {2 [(FAwn) + (T Awp) | Sum

nm - W

+ (@) + w,?,)/ dv? +Aw,wf
»0

+w2(w2:|:w9n)/0d\/0 ’Allf,,llf,g}. (D.25)
z

We provide the explicit computation of A ﬁnm (). The
computations of the other entries in AK (f) follow an analo-
gous procedure. Using (22) and (26) we have that

PO 10 Ay, A LS5
Aﬂ"m(t) = E%[Vnz + Vnm+ + 1(Vnm - Vntr;L):Ig:O'
(D.26)

The first part of the computation consists of plugging the
expressions (D.23) and (D.25) into (D.26). We also use at
this point the equivalence relation with respect to resonances
for the terms appearing in A ﬁnm (f), which reads

dx @
dr

=i’ + o)X (D), (D.27)
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where X (f) can be any function of 7. As we advanced, this
equivalence means that, although the two quantities are not
the same, when X (f) contains a term with the correct res-
onant frequency w? + w0, the contribution of this term to
the Bogoliubov coefficient (45) or (47) is the same for the
two quantities in (D.27). We refer to Appendix E.2 in Part I
for a careful mathematical derivation of this equivalence. We
use the equivalence in order to simplify the derivatives with
respect to f appearing in (D.23). After a tedious but mechan-
ical calculation, we obtain

Afun@) = i@ = @] [ av® 2w,
)
- i/ dvo w? [a),‘;(w,‘j +al)Ar + gAR] w0
0

. AF
—il Aw, — 2702 Sum; (D.28)
where Ar is given by (33), and we have defined the quantities

A== [(1 = D)TAY, + (1 +1)” AW, ], (D.29)

R — N —

Awp==[(1 =D Aw, + (1 +1)” Aw,]. (D.30)

The second part of the computation consists of a first
attempt for getting rid of the perturbations of the solu-
tions AY, and Aw, (usually harder to compute for a given
problem) by introducing the perturbation of the operator A o
in (32) (which is in principle trivial to compute). By consid-
ering a linear combination of (D.20) for the positive and neg-
ative prescripts, we can write that equation for the quantities

defined in (D.29) and (D.30):
A, + AW = (0)? AW, + 200 Aw, w0, (D31)

Using (34) and (D.31), Green’s second identity and the
known properties of the solutions to zeroth order, we can
do the following calculation:

(wfi)zfodVo AW, W) = /Odv" AW, (6°w0)
z )

:/ dvo(é’OAwn)w,2+f

=0 3

= — /EOdVO(Aéw;’)wg + (@2)? /Eodv‘) A, W0

o ds® ¥n . v,0 AW,

+ Awybpm + / ds® 11/,211 -V AY,.

axo0

(D.32)

Rearranging terms between the first and the last line we can
use this computation to simplify (D.28). In particular, the
direct contribution of AF in (D.28) cancels out with its con-
tribution through AG. Also, after the simplification the only
remaining quantity that could depend on AF isn - V,0AY,

in the surface integral in (D.32). But from (D.21) and (D.29)
one can see that such quantity evaluated at the surface is fully
determined by other quantities which do not depend on AF'.
Therefore, we have already proven that AF does not con-
tribute to the resonances, and from here on we can consider
again F' = 0. Consequently, (D.28) becomes

Alénm(;) = _i/

0 A0 0
EUdv Gt Ay

+i/ OdSO won . V0 AY,, (D.33)
X

where }F A(7) has been defined in (50).

We can see that the perturbation of the modes still appears
in the remaining surface integral. The third and last part of
the computation consists of further manipulating this sur-
face integral in order to fully get rid of the perturbation of
the modes. In this last part of the computation for conve-
nience we consider the notation simplifications 2% — % and
V0 = V. We notice that the boundary condition (D.21) for
the quantities in (D.29) and (D.30) reads

d
n- VAU, + Axn -V (n : Wf,?) = iopuy) <A (D34)

We can use this boundary condition and again the equiva-
lence (D.27) to write

n-VAY, = —Axn-V (n : vw,?)

—2(@) + 2)W0 Ax. (D.35)

We split the first term on the r.h.s. into two terms using index
notation:

n.v (n . Wf,?) = (' Vind )V W0 + nini V;v ;0.
(D.36)

In “Appendix F” we prove the following relation [42]:

. . 1 A ..
n'Vin/ = —m'n’ — h")V; Ax. (D.37)
Ax
We also notice that
n'nIV;V; = (h —nyv;v; = v* - D?, (D.38)

where 9%/ is the induced metric on the boundary 9 %° and D
its associated connection. If we replace the results (D.35—
D.38) in the surface integral in (D.33), we obtain
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/ ds® von . vay,
ax0
E/ dsO (v Ax) (v wdyw)
ax0
- / ds® Ax(viedyw!?
X0
+ / ds® Ax(p?y )y
%0

—2(@? + ) /d o ds? Ax w0yl (D.39)

Let us work out the first integral on the r.h.s. We can use
the boundary condition (35) to exchange the full connec-
tion V and the induced connection D any time the normal
component vanishes. With this in mind, we have:

/Odso(v"Ax)(Viw,?)w,g
X
= fazodso(DiAx)(D,-w,?)w,g
= —/ ds® Ax(D*¢ w0
axo
f/ ds®Ax(D; w0y (D'w2)
320
= - /a gy ds® Ax(p*wyw?

- /a . ds® Ax (Vi) (Viw), (D.40)

where in the second step we have used the divergence theo-
rem and the fact that 8 %9 has no boundary.

The second integral on the r.h.s. of (D.39) can be simplified
with the definition of the operator 6% and Eq. (34), obtaining

- / ds® Ax(vV2edyw?
ax0
2 0
:/ ds® Ax [(wg) — &R —m2:| wOw0. (DAl
axo0

Replacing (D.39-D.41) in (D.33) we obtain (49), completing
the proof.

The other entries of AK () are computed in a similar way.
The only relevant difference is that for Ay, (f) the equiva-
lence relation for resonances reads

dx@ .
— =i(o,
dr

Y — o)X (D). (D.42)

Notice in particular that this equivalence relation implies that
any term in A&, (f) is equivalent to zero, and thus that these
diagonal elements [but not the AB,, (f)] are irrelevant.

@ Springer

Appendix E: Derivation of the expression for AJ,f:m

We obtain (D.25) indirectly by using the first order in ¢ of
Eq. (B.6). If we pick the 4+ sign prescripts in that equation,
using (35) and (36) the first order in ¢ reads

(@ + %) |:AJ,,‘;,+/ . davo +Awnw,2] + (T Awn)8m
)}

+ /8 48w [axn- V0 (n- V0w

+n - Vytay,] =0, (E.43)

where the first term of the surface integral comes from the
contribution due to the displacement of the surface 9%;
with €. We can simplify the integrand of the surface inte-
gral using (D.21). Doing the same procedure with all of the
sign prescripts, we obtain

(@ + o?) [Aj,jm + fxo dvo +Awnw,2}

d
+ (+Aa)n)8nm - a)g-/ dSO (ﬁAx) '1’,?‘1’2 = 0,
%0 dr

(E.44)
(@ — @?) [AJ,;m +/ av? +Awnwm°}
ZO
1 _
+ 3 [(FAw) = A0 | 8um
d
— ) / ds® <—~Ax> oyl — o, (E.45)
%0 dr
(@ — o?) [Aj,ﬁn +f av? *Awnuf,g}
20
1
+ 2 [(_Aa)n) - (+Awn)] Snm
d
+ o / ds® [ —ax ) vl =0, (E.46)
%0 dr

(@0 4 ?) [AJ,,—m + /20 av?® —Awnq/n‘j}

d
+ (CAwn)dum + o) /B o ds® (d—fo) VAN
(E.47)

Adding (E.44) and (E.46) on the one side, and (E.45)
and (E.47) on the other side, and solving for AJ,?;n respec-
tively, one obtains (D.25).

Appendix F: Derivation of the differential geometry
relation

In this Appendix we prove the relation (D.37) [42]. Let us
consider the family of surfaces d;(¢) around 3X° given
by different values of &, and n' the vector field normal to
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the family of surfaces. In an arbitrarily close neighbourhood
of 329 we can use the coordinate chart

=g, X2 xY, (F.48)

where the vector fields 9; fori > 1 are tangent to the surfaces.
Notice that in this coordinate chart the metric is such that
h'" = 0 fori > 1. By definition, the quantity Ax is the
proper length displacement per unit €. It is therefore given
by

X 1

ar=t [ =] O = v @
xN 0

where || - || is the norm given by the metric. The vector n’

is pointing in the direction 91 and has unit norm. Therefore,
n' = 81/Ax. Using this last expression we can easily com-
pute

. . 1 . 1 . P
n'Vin! = Evlnf = E(Bm’ + I'{in')

1 ; P01 Ax
— J J
T Ax2 (F” — Ax )

We have to compute the Christoffel symbols appearing
in (F.50). We do so by using h'i =0fori > 1,and hyy =
Ax? from (F.49), finding

(F.50)

1
riy, = Eh”(zalhli — dih11)

1 .
— _ J _ g,
=5 (h Ahi tha,h11>
i>1
01 Ax
Ax

=5/ — Ax Y hi g Ax.

i>1

(F51)

By replacing (F.51) in (F.50) we find that

. . 1 ..
n'Vin = T Zh'faiAx
i>1
1 . ..
= —n'n! —h)V,;Ax. (F.52)
Ax

The last expression can be obtained from the previous one
by checking independently that they coincide both for j = 1

and for j > 1. This expression is manifestly covariant and
therefore valid in any coordinate chart.

Appendix G: Dirichlet vanishing boundary conditions

The construction of the method for Dirichlet vanishing
boundary conditions is analogous to the one done for Neu-

mann vanishing boundary conditions. That is, we also con-
struct bases of modes associated to Cauchy hypersurfaces
satisfying Properties I and II, and then find a differential
equation in time for the linear transformation between these
bases, which can be interpreted as a Bogoliubov transforma-
tion when the conditions given in Property II are met.

However, the imposition of Dirichlet boundary conditions
with moving boundaries in a way that makes them compati-
ble with the application of the method is more intricate than
what it may seem on a first stage. One may think that con-
dition (2) does not relate the field with its time derivative,
as Neumann condition does, and therefore that a construc-
tion like the one done for the Neumann condition in this
second article is not necessary, and one can proceed as in
Part I. However, when (2) is considered as a boundary condi-
tion constraining the possible initial conditions on a Cauchy
hypersurface %, it should be taken into account also how
the time derivative of this global boundary condition may
constrain the first partial time derivative of a mode at the
boundary of the hypersurface. If one takes the total deriva-
tive with respect to ¢ along the boundary of (2), it is easy to
obtain
;P (t,x) = —vp(t,x)n - Vj() (1, X); (G.53)
which is an expression identical to the first line of (6), but
replacing vg — 1/vp. Itis clear then that we should impose
both (2) and (G.53) to the possible initial conditions. How-
ever, imposing these two boundary conditions raises a techni-
cal difficulty for computing an useful auxiliary basis { lI/n[[]}
of initial conditions. By useful, we mean that it should be
possible to linearly transform it into a basis of “locally well-
defined frequency” modes (in the regions where those can be
defined), as we did in the case of Neumann boundary condi-
tions with the transformation (21). In order for this transfor-
mation to provide “locally well-defined frequency” modes,
one crucial ingredient is the proportionality relation in (18).
But this proportionality relation, together with conditions (2)
and (G.53), would imply that both &, (7) and n- v, ;, &, (7)
vanish at the boundary (except when vg = 0). If we wished
now to find the set of initial conditions as solutions to an
eigenvalue problem in ¥; with an elliptic operator, in gen-
eral we would not find non-zero solutions.

How do we get out of this blind alley? When considering
how the boundary conditions constrain the initial conditions,
we renounce to require (2) and keep only condition (G.53),
except for the regions of the boundary which remain static
(vg = 0), in which case we impose both conditions. This
decision might look not legitimated, since after all we will
construct modes that, in general, do not satisfy Dirichlet van-
ishing boundary conditions. However, a careful discussion
shows that the construction obtained is valid when the method
is used to compute the evolution between regions for which a
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physically valid Fock quantisation can be done, as described
in Sect. 3.3. In particular, notice that in those regions the
boundaries must remain static (although in the time between
the regions they may of course not). Therefore, when con-
structing the initial conditions of the modes associated to
those regions, we do also impose their initial conditions to
vanish at the boundary.

With that in mind, let us justify why we can leave the
condition (2) only for the static regions of the boundary. We
notice that condition (G.53) (which is satisfied by all modes)
was obtained by taking the total time derivative of (2) along
the boundary. Therefore, the fulfilment of this condition guar-
antees that the value at the boundary is preserved in time. That
is, the bases of solutions that we obtain expand the space of
solutions to the Klein—-Gordon equation for which the eval-
uation of the field at the boundary remains constant (along
the direction of the projection of 9; over the boundary). If
we then use the method to compute the evolution of a mode
which vanishes at the intersection of some Cauchy hypersur-
face with the boundary, we can be sure that this zero value is
preserved along the whole spacetime boundary. This means
that, even if for expanding this mode at a different time we
use a basis of modes which, individually, do not vanish at the
boundary, their linear combination given by the expansion
necessarily vanishes.

In summary: We are, strictly speaking, not constructing the
method directly for Dirichlet vanishing boundary conditions.
Rather, we are constructing the method for Dirichlet “time-
preserved and vanishing-when-static” boundary conditions.
But, at the same time, we are making sure to use the method
only with bases of modes that vanish at the boundary at some
time, and therefore at every time, thus fulfilling Dirichlet
vanishing boundary conditions, as desired.

Once the discussion above has been done, the remaining
development of the method follows in a completely analo-
gous way to the one done for Neumann boundary conditions.
Therefore, we do not reproduce all the calculations and dis-
cussions in detail. We rather list all the objects and formulas
in the article, excluding the examples and the Appendices,
that change when considering Dirichlet boundary conditions.
Any formula that is not listed below can be used with both
boundary conditions.

In Sect. 2.2 the subspace of initial conditions I; C
[C®(=,) N LE(Z,)]1®2 is the restriction of the full space of
pairs of functions to initial conditions (@, 0;®)|s, satisfying

{8,(15(1‘,)()=—vB(t,x)n-Vh(,)d>(t,x), (G.54)

and @(1,x) = 0if vg(r,x) = 0;

where x € 0% [instead of (6)]. That is, pairs of initial condi-
tions satisfying (G.53) always and (2) only when the bound-
ary is static, as we advanced.
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In Sect. 3.1 Eq. (17) must be replaced by
oW %) = —vp(@ 0m - V, W7 %), x €z
(G.55)
Notice that, since a)[,ﬂ # 0 (see “Appendix H”), when vg = 0

this equation is also imposing the second condition in (G.54).
In Sect. 3.2 the expression for V:E* in (27) is slightly

nm
changed (only the surface integral changes!©):

te=5
an

=- (iw,[ytl])snm(gii

% {[(iwgf“) +cofih] /E av; [%iwﬂm@] Fullh)

i

+ [2(%[”)2 + ol F(f)i| / avFe o i@
n di‘ . t n m

+ f aviEe @) [Follq@ + eRD| Fe )
-

i

L (depina]. o 2y
i /az;ds’ [df ZROIL R G ZA O S
(G.56)
Finally, in Sect. 4 Eq. (35) becomes
vox) =0, xeax’; g,

and the entries of the matrix AK (¢) in (39), given by (48)
and (49), must be replaced by

Al (F) = i/ avO [ Amwowp
EO

—i/m ds® Ax(®) (n - Vhollf,?) (n . vhow,f;) :
(G.58)

APy (F) = —i/ vt Ao 1w?
20

+i /BEO ds® Ax() (n Vo w,?) (n : vhoq/n?) .
(G.59)

Appendix H: Proof that o) % 0

Let us consider a solution of~(l4) for which er'] = 0.
Then there exists a function 11/,,[1] (f) satisfying (16) and (17)
with !l = 0. But (17) with 0l!) = 0 are simply Neu-
mann vanishing boundary conditions for the spatial func-
tion '1(7), and the operator O is clearly positive defi-

16 The surface integral in (27) had been simplified using (17). The
expression given in (G.56) is actually valid for both boundary condi-
tions.
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nite for functions satisfying such boundary conditions. Since,

according to (16), lI/,[ﬂ (7) is an eigenfunction of this operator
with eigenvalue (w[,f])z, we must have (w,[,t-])2 > 0, which is
a contradiction. Therefore a)i,i] # 0.

In the case of Dirichlet boundary conditions, the proof that
a),[f] # 0 is slightly more subtle. We also start by considering
a solution of (14) for which wL,fJ = 0. Then there exists a
function ¥'(7) satisfying (16) and (G.55) with &) = 0.
But (G.55) with ! = 0 implies that the spatial func-
tion tI/,F](f) satisfies Neumann vanishing boundary condi-
tions at least in the regions of the boundary where vg # 0.
But in the regions of the boundary where vg = 0 we know
that the second line of (G.54) must be imposed, and therefore

the function l1/,,[;](?) must satisfy Dirichlet vanishing bound-

Table 1 Summary of formulae for the application of the method (part 1)

ary conditions there.!” Therefore, the function lI/n[’](f) sat-
isfies mixed vanishing boundary conditions. But the oper-
ator & (f) is clearly positive definite for functions satisfy-
ing such boundary conditions. Then, again according to (16)
we must have (a)}fJ
fore a)LtJ # 0.

)2 > 0, which is a contradiction. There-

Appendix I: Summary of formulae for the application
of the method

In this Appendix, we provide Tables 1 and 2 with all the
formulae necessary in order to apply the method to a concrete

'7 Notice that (G.55) implies the second line of (G.54) only affer having
already found that wy] # 0. Since here we are assuming the opposite,
we must impose the second line of (G.54) explicitly.

Computation of the auxiliary modes and eigenvalues

(Pseudo-)eigenvalue equation (16)

with the operator (10, 8)

boundary conditions (for x € d%;) (17, G.55)

and orthonormalisation condition (15, 18, 7)

Time-dependent linear transformation

Differential equation (25)

with (22, 26, G.56, 27, 12, 13)

Formal solution (28)

o0wN1) = (@M2w @), wll(@) real;
6(t) = Vi +ER" (1) +m* + F(1),

F@) = 0 ifeR"(r,x) +m? > 0ae.in %,
T | —essinf{ER"(t,x) +m?, (1,X) € T;} +€ io.c.

n- V¥l = —olvg (0wl ()
oMyl () = —vg(tn - Vi Wl (1)

(Neumann),
(Dirichlet);

/ AV, [ER" (1) + m® + F (1) + ool (el 1)
%

+ / avi (Vi ¥ O1- (Vi ¥ 01 = |08,
]

%U(t, 10) = MV@O)M* U, to);
le((l—i)l (l+i)1),

2\ +i) (1 -1/ v+ y—
Vi = —~Col)dumdis
A 3 d 4
i{[(ierl)Jr(iw’[él)]/ av, [diiwgt]([)]iwn[lt](t)
= 1

1]

a* :
+ |:2(iw£,’])2 -+ - F(x)} | avrelio®elo

+ f avEE 0 [Falllgn + ER0 | Feilo + <SI>} :
P

Gl fys, a8 [0 0 n- v el o)
(Dirichlet-Neumann),
= Jys, 48 v [ el 0] Fello)
(Neumann);
q(t) = 3 log/h(1),
R(t) = 28,q(t) + q(0)* — [8 1" (1[0, 1i;(1)1/4.
1
Ultr, to) = T exp [/ "dr M\?(t)M*i| :

fo

(SI):=

@ Springer
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Table 2 Summary of formulae for the application of the method (part 2)

Perturbative regime

Quantities A@ and AB

Neumann boundary conditions (48, 49)

Dirichlet boundary conditions (G.58, G.59)

with the static modes (34)

with boundary conditions (for x € 929 (35, G.57)

and orthonormalisation condition (36)

and with the operators (50)
with (33)
and

Bogoliubov coefficients

Explicit time evolution (resonances) (44, 45)

Asymptotic values using Fourier transforms (46, 47)

Al (1) =1 / avO [ A e
¥0
. 0 0 0
+1/ 4 Ax )| (Vo) - (V309)
ED)
—+ (SR/’O +m? - w,?w?n)lll,?lll,g],
ABum (£ Efi/ avO H A 1w
50
—i[ das® Ax(:)[(vhow,?) C(Vyow)
ax0
+ (SRh0 +m?+ wgwg)lll,?dl,g];
Adpn () = 1/0 avO [ AG)w 1w
P}
i 0 ) 0\ (n- 0
1/820 ds® Ax(r) (n thklln)(n v,,nq/m),
AP (1) = 71/ avO LA 1w
50
+i/ as” 4x(0) (n- Vy0w?) (n- Vi)
%

020,1,"0 = (a)o)zLI/,?, 11/,? real;

n

n-Vwl(x) =0 (Neumann),

wo(x) =0 (Dirichlet);

B
0 ,7,0,7,0 nm
YOy . 2

Lo Ve, 209’
EAOW = [A6(1) + ) (@) £ D) Ar () + EARM) WY,
Ar(t) = 9 log h(t)|e=0/2,
AF(1) =0.

ann(tf, 10) ~ 1;

anm (t5, 10) ~ 5/
0
1

I
00 R
dt e i@l AG, (D), 0 #m;

f —i(a)0+a)0 M AR
dre A B (1)

Bum (g, 10) ~ 8/

0
App(—00, 00) ~ 1;

Ay (—00, 00) X ev/2m <97[A&,,m](a)2 - wf’l)l)7 n#m;
Bum (=00, 00) ~ ev/270 F[ABum] (@) + ).

problem. As we indicated in the examples in Sect. 4.1 and
4.2, once the expressions for the method have been found,
there is no need to consider the explicit evolution in time
of the modes constructed any more. Therefore, the notation
for the “time label” of the different modes can be simplified
replacing 7 — ¢. In the Tables we use this simplification.
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Understanding the nature of dark energy and dark matter is one of modern physics’
greatest open problems. Scalar-tensor theories with screened scalar fields like the
chameleon model are among the most popular proposed solutions. In this article,
we present the first analysis of the impact of a chameleon field on the dynamical
Casimir effect, whose main feature is the particle production associated with a reso-
nant condition of boundary periodic motion in cavities. For this, we employ a recently
developed method to compute the evolution of confined quantum scalar fields in a
globally hyperbolic spacetime by means of time-dependent Bogoliubov transforma-
tions. As a result, we show that particle production is reduced due to the presence
of the chameleon field. In addition, our results for the Bogoliubov coefficients and
the mean number of created particles agree with known results in the absence of a
chameleon field. Our results initiate the discussion of the evolution of quantum fields

on screened scalar field backgrounds.
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I. INTRODUCTION

Quantum field theory in curved spacetime (QFTCS) studies the behaviour of quan-
tum fields propagating in a classical relativistic background geometry'™3. This theory has
predicted many physical phenomena, such as cosmological particle creation®?, Hawking
radiation® and the Unruh effect”, as well as the dynamical Casimir effect (DCE)®, which
refers to the generation of particles due to the motion of boundaries (see Refs.” ' for re-
views). The first computations of the DCE were done in flat spacetime®!2. Over the past

five decades numerous developments have appeared including distinct geometries of the

13-15 16-19

cavities!31°, entanglement generation'®!°, and extensions to a few other metrics?>2!. Per-

forming a mathematically rigorous study of the DCE is challenging due to the complexity

22,23

of studying quantum field theory with dynamical boundary conditions®**>. For this reason,

within the framework of QFTCS, in Refs.?#?%, some of the authors of the present work
introduced a general method to compute the evolution of a confined quantum scalar field

in a globally hyperbolic spacetime by means of a time-dependent Bogoliubov transforma-

124

tion. Part considers spacetimes without boundaries or with timelike boundaries that

125

remain static in some synchronous frame, while Part 11°° considers spacetimes with timelike

boundaries that do not remain static in any synchronous frame.

QFTCS builds on the framework of general relativity (GR), which has proven to be a

26,27 Many physical predictions of

remarkably successful theory of gravity and cosmology
GR have been experimentally validated over the last century, the most recent being the
detection of gravitational waves?®. However, GR has some well known limitations, such as
the breakdown of the equivalence principle at singularities, or the accelerating expansion of
the Universe and the mystery of dark energy (responsible for this accelerated expansion).
Therefore, many different modifications to GR have been proposed. Amongst these modified

29

theories of gravity, scalar-tensor theories®” are some of the most studied. There are two

major reasons to study such theories; firstly, it is one of the simplest ways to modify GR,
and secondly, some extensions of the Standard Model of particle physics predict the existence

30,31

of scalar fields®"*'. This is further motivated by the experimentally confirmed existence of

one scalar field in Nature, namely the Higgs field3?3*. Moreover, there are several proposed

35,36

explanations for the nature of dark energy based on scalar-tensor theories Some of

these models predict a fifth force, which has not yet been detected on Earth or in the Solar

2
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System®" 39,

One way to mitigate this tension between theory and observation is by introducing a
“screening mechanism”°, which allows the effects of the additional scalar fields to vary
depending on the environment. Therefore, a screening mechanism would enable additional
scalar fields to contribute to dark energy or dark matter while evading current experimental
constraints on fifth forces. There are several models for such screened scalar fields with

different types of screening mechanisms, such as chameleons*'*?; symmetrons*>°, whose

51-54.

fifth forces have been suggested as alternatives to particle dark matter®'~>4; galileons® 7,

and environment-dependent dilatons*®**%3. Most of these models have been or are proposed
to be tested in a zoo of different experiments and observations, for example, Refs.40-64%
Furthermore, in recent years, there have been initial attempts to study screened scalars as

91-94

quantum fields , and it was proposed to study screened scalar-tensor theories in analogue

gravity simulations®.

Additional proposals in the particular case of chameleon fields suggest that experiments
which measure Casimir forces may also be used to constrain chameleon theories?®97 103,
From a theoretical point of view, a natural extension of the previous proposals then arises:
if the chameleon field can be constrained by the static Casimir effect, then it might also be
constrained by the dynamical Casimir effect. Thus, the aim of the present work is to study
the DCE in the presence of a chameleon field, and to explore the relationship between the
particle production and the chameleon field parameters. As a first step towards estimating
the feasibility of constraining chameleon fields with the DCE, we consider a toy model with
only the effect of the chameleon field and no gravity. Since the problem we want to solve

in this work is that of a confined quantum field with moving boundaries, we will use the

techniques developed in Ref.?.

The article is organized as follows. In Sec. IT A, we introduce screened scalar fields using
the example of the chameleon mechanism; and, in Sec. IIB, we describe some relevant
aspects of QFTCS applied to the DCE and, in particular, the method developed in Ref.?.
Sec. III is the nuclear part of the article, where we obtain the main result, and analyze it
both analytically and with a numerical example. We conclude in Sec. IV. In addition, in
Appendix A, we show the derivation of the normalization constant of the cavity modes. We

use natural units A = ¢ = 1 throughout the article.

3
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II. BACKGROUND

In this section, we give an overview of scalar-tensor theories of gravitation, in particular
screened scalar fields and the chameleon model. In addition, we show schematically the
usual approach to studying the DCE within the framework of QFTCS, and we then outline

the techniques that are used in the present work.

A. Screened scalar fields

The aim of scalar-tensor theories of gravitation is to study the modifications of GR due to
an additional scalar field which is coupled to the metric tensor. A common way of performing
such a coupling between a scalar field ¢ and the metric tensor g,, is through a conformal

factor A%(p), such that
v = AQ(‘P)QW' (1)

In this sense, scalar-tensor theories of gravity are defined up to a conformal transformation
leading from one so-called conformal frame to another'®. These conformal frames are merely
different mathematical formulations. Hence, the theoretical prediction for an observable
quantity cannot be altered due to a change of conformal frame. The advantage is that
some calculations might be easier to perform in one frame than in another. Two popular
conformal frames are the Jordan frame - with a metric we denote §,, - and the Einstein
frame denoted as g,

Even though the physical measurement cannot be changed, the physical interpretation can
actually differ from one frame to another. For example, in the Jordan frame formulation,
Einstein’s theory of gravity is modified in such a way that test particles follow different
geodesics from those predicted in GR, while in the Einstein frame formulation, test particles
still follow GR’s geodesics but are also subject to a gravity-like fifth force of Nature carried
by the additional scalar field ¢. The problem with such a prediction is that fifth forces are
tightly constrained in our Solar System. An interesting way to solve this issue is given by
so-called screening mechanisms. Such a mechanism allows the fifth force to be weak within
our Solar System but cosmologically significant on intergalactic scales. As we describe in the
Introduction, Sec. I, there are several models for such screened scalar fields with different

types of screening mechanisms such as the chameleon model, which will be presented in

4
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more detail in Sec. IT A 2.

1. Einstein-frame action

In this article, we consider a universe containing a free scalar test particle ®, which we
denote as the “matter”, with mass mg; and an additional scalar field ¢ conformally coupling

to the metric tensor. In the Einstein frame, this universe’s action is schematically given by
SUm'veTse = Sgravity + Sm + 5997 (2)

where Sgyquity is the usual Einstein-Hilbert gravitational action, .S, the matter action, and
S, the action of the scalar field . Following Ref.”?, the conformal coupling to the metric
tensor induces an interaction between ® and ¢, which in turn leads to a rescaling of the free
field’s mass by the conformal factor. Consequently, the Lagrangian matter density associated

with the action S, is given by

1 1
Lo = —Eg"”aufb&,@ - §A2 () ma 2. (3)

Subsequently, from the Euler-Lagrange equations, we obtain the equation of motion for the
probe field ®:
90,0, — A* (p) m3® = 0. (4)

Later, in Sec. I1I, we will ignore gravity for simplicity and consequently set g,,, = 1.

2. Chameleon model

A chameleon scalar field model has the defining property of coupling to matter in such
a way that its effective mass increases with increasing local matter density. As its name
suggests, the chameleon field adapts to its environment and becomes almost impossible to
detect in regions of high matter density like our Solar System. The conformal coupling factor

in Eq. (1) of a chameleon is given by
Az(@) = 62¢/M7 (5)

where M is a mass scale which determines the strength of the chameleon-matter coupling.

As is common practice when dealing with chameleons, we assume that /M < 1. The

5
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Lagrangian density describing the chameleon field and associated to the action S, in Eq. (2)
is
A4+N

-2y, (6)

2
L= 0 ~ "

2

where N € ZTU2Z~\{—2} distinguishes between different chameleon models; the parameter
A determines the strength of the self-interaction; and p is the density of non-relativistic
matter that the chameleon is interacting with. The sum of the last two terms in Eq. (6)
results in an effective potential with a local minimum, and consequently a non-vanishing
chameleon mass which increases with the matter density. Since the chameleon fifth force
usually has a Yukawa-like suppression®!, its range is the shorter the larger the chameleon’s
mass. Consequently, in environments of sufficiently high density, the chameleon fifth force
is effectively quite feeble, i.e., screened.

Consider a static spherically symmetric source of radius R and homogeneous density pop;
immersed in a homogeneous medium of density p;,. The field profile outside of this source,
but still within an ambient Compton wavelength (r < mb_gl) with my, being the chameleon’s

mass in the medium of density p,, is approximately given by

R
Y X Qg — - (ipbg - <Pobj) ) (7)

where @, is the value of the chameleon field inside the source and ¢y, is the value of the
chameleon field outside the source or the so-called background value. In the case of a large
density contrast pop; > ppg, We can consider @pg > @op;. If the source is screened, then ¢g;
is actually the minimum of the chameleon within the source apart from a thin shell near the
surface. Only the matter in this thin shell sources the chameleon fifth force in the exterior
while the interior is not contributing. This is due to the short range of the fifth force in case
of a large effective chameleon mass, and is known as the thin-shell effect. In order to know

if the chameleon field is screened or not, we define the shell thickness

_ M‘)Dbg

AR .
pobjR

(8)
The object is said to be screened if AR < R or

M@bg
pobj]%2

<1 (9)

6
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B. Dynamical Casimir effect, quantum field theory and particle content

The usual approach to studying the DCE is to consider a free scalar field ® in a one-

dimensional'®®

cavity with perfectly reflecting boundaries satisfying the Klein-Gordon equa-
tion

¢V, V,® —mid® — ERP =0, (10)
where mg > 0 is the rest mass of the field, g"” is the spacetime metric, R its scalar curvature
and £ € R is a coupling constant. Let us consider flat spacetime in inertial coordinates (¢, x).

The boundaries of the cavity are moved during the time ¢y < ¢ < ¢;. Since we are considering

ideally reflecting boundaries, we impose Dirichlet vanishing boundary conditions
O (t,x=x(t)) = (t,z =z,.(t)) =0, (11)

where the functions z; (t) and . (¢) determine the positions of the left and right boundaries
for ty < t < ty, respectively. Before the boundaries move (¢t < ), we assume that the
walls are static. For such initial conditions, the quantized field operator is decomposed as

follows':

O (t,x) =Y [andn () +ale; ()], (12)

n

where the mode functions ¢, (¢,2) are solutions to the Klein-Gordon equation (10). In
addition, @, and @ are the bosonic annihilation and creation operators, respectively. Hence,
the Fock space and vacuum state are defined in the canonical way. Two sets of mode solutions
are related by a Bogoliubov transformation. In this way, the effects of the moving boundaries

on the quantum field can be computed using a Bogoliubov transformation', such that

ém = Z [amn¢n + ﬁmn(ﬁm )

where a;,,, and f,,, are called Bogoliubov coefficients. Note that if 3,,, # 0, then the trans-
formation of the annihilation operator of Eq. (13) contains creation operators. Therefore,
the two vacua do not coincide. Hence, the S-coeflicients quantify particle creation due to
the transformation. Starting with a vacuum state, the average number of particles in mode

m after a Bogoliubov transformation is given by

Nm - Z|Bnm|2 (14)

7
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In general, the computation of the Bogoliubov coefficients is difficult. Thus, mathemat-
ical techniques and simplifications adapted to a specific problem make the computations
manageable. For instance, the presence of symmetries like homogeneity or isotropy is conve-
nient to obtain results on particle creation in cosmological models. In Refs.?4?% the authors
developed a method to compute the Bogoliubov transformation experienced by a confined
quantum scalar field in a globally hyperbolic spacetime due to the changes in the geometry
and/or the confining boundaries. The second part? extends the method to cases in which
the timelike boundaries of the spacetime do not remain static in any synchronous frame.
This method is especially useful in the presence of resonances of the field modes due to small
perturbations of the metric and/or the motion of the cavity boundaries. This is because in
these cases, the Bogoliubov coefficients take the following simple expressions

ann(tf7 tO) ~ 17

te

(s to) ~ € / At e AN NG (1), 1 £ m (15)

to

te . ~
Bum(tr, to) = € / di e SN, (1); (16)

to

where ¢ < 1 is a small parameter that characterizes the perturbation of the confined field
(e.g. oscillation amplitude), and w? are the mode frequencies for the static problem (¢ = 0).
For Dirichlet boundary conditions,
Abn(t) = i / av° [CAMTE0 — / dS° Ax(t) (n- Vil®) (n- VB0, (17)
30 %0

AP (t) = fi/EO v [,:A(t)\llg]\llg1 + i/a dS® Az(t) (n- Viyold) (n- Vielh) . (18)

o

Here, X0 is a fixed spatial hypersurface, around which the perturbation occurs, with volume
element dV°; boundary 9%%; boundary surface element dS%; proper distance eAz(t) between
the boundary 0%, and the fixed boundary 9%°; and connection Vo associated to the static
metric h?j. :;A(t) are linear operators determined by their actions on the mode basis {¥°}
as defined in Eq. (50) of Ref..

The Bogoliubov transformation differs maximally from the identity just by terms of first
order in ¢, except for the cases where there are resonances. If the perturbation consid-

ered contains some characteristic frequency wy,, such that it coincides with some differ-
0

ence between the frequencies of two modes, w, = wY — w2, then the corresponding coef-

ficient av, (tr,to) grows linearly with the time difference ¢ — ¢y and eventually grows to

8
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be a non-perturbative correction. Respectively, if the characteristic frequency coincides
with some sum between the frequencies of two modes, w, = w? + WY, then the coeffi-
cient B, (tr, to) grows linearly in time. The duration of the perturbation At should be such
that 1 <« w,At <« 1/e. This is because the period of time should be reasonably larger than
the inverse of the frequency being described, but on the other hand, one should keep higher
order terms in ¢ significantly smaller than the first order term to ensure the validity of the

perturbative computation.

IIT. DYNAMICAL CASIMIR EFFECT IN A SPACETIME WITH A
SCREENED SCALAR FIELD

In this section, we study the toy model of a DCE for a minimally coupled massive quantum
scalar field in a spacetime affected by a chameleon field ¢ = ¢ (x). Let us consider the
spacetime metric to be the Minkowski metric n,, and a quantum field trapped inside an

106 of average proper length L. The cavity is placed at

effectively one-dimensional cavity
a distance d to a sphere of radius R, which acts as a source for the chameleon force. We
consider coordinates centered on the sphere, where z is the radial distance to the center
of the sphere. The boundaries of the cavity are placed at z; (left) and z, (right), and the
right boundary oscillates with frequency {2 and amplitude e < L, such that the cavity is

oscillating as:

r=s, =z (t)=s+L[l+esin(Q)], (19)

where s = R 4+ d. We impose Dirichlet boundary conditions on the scalar field at the
boundaries and ignore the gravitational field of the chameleon source mass. This toy model
will help us to understand the qualitative behaviour of a confined quantum field with moving
boundaries in a spacetime with a screened scalar field.

Since the Minkowski metric 7,,, is a synchronous frame, we can use the method displayed
in Ref.?” right away. Focusing on the small perturbations regime for the problem under

consideration, the quantities needed to compute Eqgs. (17) and (18) are

nA=0; (20)
Az(s) =0, Ax(s+ L)= Lsin(Qt). (21)
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Using Eq. (4), the static spatial eigenvalue equation (34) of Ref.? and the boundary condi-

tions read

o208 + [(w)” = 42 (p)m3 | W8 =0,

U (7 =5) =V (2,(0) =s+ L) =0. (22)

A. Solution to the static eigenvalue equation

Since we have assumed ¢/M < 1, see Sec. IT A2, the chameleon coupling function in

Eq. (5) can be approximated by

A2<¢>=1+2*"A(j)+0(;‘;)4 (23)

The chameleon profile given in Eq. (7) is a function of 1/r with » > 0. Thus, assuming
that the cavity is sufficiently far from the source mass center, i.e. L < s, it is possible to

linearize the field profile within the cavity « € [z;, «,], such that

R R
o (x) = pyg — 2%9; + Py 5 (24)
Substituting Eq. (24) in the eigenvalue equation (22), we have

R R
o200 — Q%Exmé\ﬂg + [(@1)2 - {1 + 2% - 4‘?\4@8} mg] 70 =0, (25)

Following the technique presented in Ref.!°", we define the quantities

R
=229 2

- M 82 P> (26)

R
b::1+2%—4%§, (27)
A= (wh)” = b (28)

Furthermore, we introduce a new variable

ui=u, () = (Ai — x) (a)'?. (29)

a

From here on, we omit the explicit dependence of u on n for simplicity in the notation. Then

the eigenvalue equation (25) can be rewritten as
020+l =0, (30)

10
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which is an Airy differential equation. The solution of Eq. (30) is given by means of Bessel
functions:
2 . 2 .
\Ifg (’u,) = \/1; |:01J1/3 (3’1113/2) + CQJ_1/3 (3“3/2>:| . (31)
To progress further in this derivation, we must assume that u > 1. Therefore, we can apply

the asymptotic form of Eq. (31) as seen in Ref.! such that
2 .
) = A sin (3077 4.0). (32)

with A, and ¢ being constants. While v > 1 is not globally true, we show in Sec. II1C
that the region of the parameter space of the considered chameleon models, for which this
assumption can be applied, is largely unconstrained by experiments.

To guarantee that the field satisfies the Dirichlet boundary conditions, we require that

% [1&3/2 (z,) — u®/? (z)] = nm, n € N. (33)

The next approximation we make is that the variation of v within the cavity is small. This

lets us linearize [u (z)]*? at the point s,

0@ = ] )+ 0 o - ). (34

Then Eq. (33) becomes
[u(s)]"*u/ (s) L = nr. (35)

Substituting Eqs. (29) and (28) in Eq. (35), we obtain

02 _ 12 2 L P
(wy) —kn+m¢<1+2M {1 s})’ (36)

where k,, = “F. Note that if the chameleon field is turned off, we recover the usual frequencies

of the static problem in flat spacetime for a massive field

wo = /K2 +m3. (37)

From Eq. (32) and the boundary condition WY (z;) = 0, we see that

6= —2u (m). (39)

Applying the normalization condition given in Eq. (36) of Ref.?>, we obtain

o [7 ~1/2 9 (2 5 2 3/ e
A, = |2w, dzu™"* (z)sin U (r)—gu (x1) . (39)

Ty

11
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Using Eq. (34) and doing another linearization of u~'/2 () at the point s, we obtain after

some algebra

e 2 (k)" 0
n o (ng)l/Q (a)l/ﬁ (4]€,,21+GL)1/2. ( )

The full derivation of this normalization constant can be found in the Appendix A.

B. Bogoliubov coefficients

In order to compute the Bogoliubov coefficients in Eqs. (15) and (16), we first need to
compute the quantities in Eqgs. (17) and (18). Note that the first integrals of Egs. (17) and
(18) vanish since the operator £ A is zero (as seen in Eq. (20)). For the second integrals, we
substitute Eq. (21). Since we are considering one spatial dimension, the “surface integral” is

simply the evaluation of the integrand at the two static boundaries, such that

1/4

Abyy = —iLsin (Qt) (=1)"" A, A (a)? [(A2 — az,) (A} — az,)]
= —ABu. (41)

Substituting Eq. (40) in Eq. (41) and considering that the oscillation frequency of the bound-
ary coincides with the difference of the mode frequencies, that is Q = |w? — w?|, then we see

that the a-coefficients from Eq. (15) are given by

2 (1) (ty — to) (2K [K2k} — aL (K2 + k) + a*L?)*
(wow?)'/? [16k2k2 + aL (4k2 + 4k?) + a2L?]'?

n

Qlpl (tf, t0> ~ —¢ (42)

If, instead, the oscillation frequency of the boundary coincides with the sum of the mode

frequencies, that is Q = w? 4w, then Eq. (16) is

2(=1)"" (ty — to) [K2RZ*" (k2K — aL (K2 + kF) + a*L%]""
(wWOw?)/? [16k2k2 + aL (4k2 + 4k2) + a2L?)'/?

/Bnl (tf, fo) ~ £ (43)

Egs. (42) and (43) are the general results of this work. Recall that these coefficients are
obtained in the presence of resonances where the corresponding coefficient grows linearly

with time. Hence, after enough time the effect becomes significant and non-perturbative.

12
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C. Analysis
If we expand Eq. (43) around the small parameter 2% up to first order (since the second
order is negligible, see Eq. (23)), we obtain
(—=1)"* ekl (ty — to) Phg
ﬂnl (lff7 to) ~ 1 + Bnl + O — . (44:)
2 (wluf) " M2

We see that the zeroth order approximation, when the chameleon field is turned off, gives
the usual coefficients of the DCE in Minkowski spacetime?>10819  Thus, the zeroth order
approximation exhibits the familiar resonance behaviour in the S-coefficients. The first order
approximation is given by

Cmip | [ 1 1 R( 1 1\ B3RL(k+k
B.=" Ml ([wm”w?)*s ([wzf]ﬁw) v (i

lg

(45)

Eq. (45) gives a novel contribution due to the chameleon field, where the first term is a
constant independent of the geometry. The second contribution depends on the position of
the cavity in relation to the chameleon source, while the third term depends on the length of
the cavity and tells us about the strength of the chameleon gradient between the two ends
of the cavity, reminiscent of the structure of a linearized Newtonian gravitational potential.
Since we are already in the resonance regime = w?+w?, the sum in the number of particles

in Eq. (14) disappears, such that the average particle number is given by

2k2E2 (ty —to)’

— 2 {1+ 2B,}. 46
4 (wo wo) { l} ( )

ng lf

|5nl (tf7 t()) |2 ~

To see how the chameleon contribution affects the S-coefficients and thus the particle num-
ber, let us consider that the cavity and the chameleon source are inside a vacuum chamber
of radius R,4.. We plot the contours for B,; using the parameters shown in Tab. I. Note
that we consider a kaon K as the massive quantum scalar field in our toy model. In order

to obtain the chameleon background value, we use the relation given in Refs.5%72

oy (A) = € (N (N + 1) AR )1/N+2

vac

: (47)

where £ is a "fudge factor" largely insensitive to N, A and M, as well as to the assumed
chamber geometry. Here, we assume the conservative value of ¢ = 0.552. We consider

the chameleon models N = 1 and N = —4, which are the most studied ones*’. For the

13
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TABLE I: Parameters used to compute the chameleon contribution to the particle content of the confined quantum field.

Parameter Symbol Value
Cavity length L 50 eV~ (~ 107° m)
Cavity field mass me 497 x 105 ¢V (mass of kaon KY)
Source mass radius R 1000 eV~! (2 x 107 m)
Distance from center of source mass to cavity s 5000 eV~ (~ 1073 m)
Vacuum chamber radius Ryac 2.5 x10° eV~ (5 x 1072 m)
Logq(Bnn) 75 Logyg (Bnn) for fixed A and M
_2F - : : 7 ‘ ' ‘ ' ‘
/ -100 -1 ]
- -125 1ol ]
3 15.0 5
< 150 2
o _q3L ]
g‘ _8 -175 g
)
-10 -20.0 14} ]
-22.5 . . . . . |
-12 ; 0 20 40 60 80 100
-5 -4 -3 -2 -1 -25.0

Logo(M/Mpl)
(b)
(a)
FIG. 1: Plots of the logarithmic values of the chameleon contribution to the -coefficients and the particle number for the
chameleon model N = 1. Figure (a) shows the contour plot of such a contribution as a function of A and M for fixed the

quantum number n = 1. For this part of the parameter space, u > 1 is true. Plot (b) shows the contribution as a function of

the quantum number n for A =1 x 1073 eV and M =1 x 10~ Mp;,.

chameleon model with N = —4, the Lagrangian in Eq. (6) changes to

1 2 A4y
= -—— e - T . 4
L=—5000) =9 =P (48)
Hence, in this case, Eq. (47) is given by
21
by =¢& R (49)

where A = (A/Apg)* and Apg = 2.4 meV is the dark energy scale’”.
Fig. 1 shows the chameleon contribution to the Bogoliubov coefficients and consequently

to the particle number for the chameleon model N = 1, where, more precisely, Fig. 1a depicts
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Logo(Bnn) I LoGsg (Ban) for fixed A and M
14
6
- _-15)
© -8 g
= =
E g "
§ -
17
—18L. .
0 20 40 60 80 100

Logqo(M/Mpl)

(a)

FIG. 2: Plots of the logarithmic values of the chameleon contribution to the S-coefficients and the particle number for the
chameleon model N = —4. Plot (a) shows the contribution as a function of A and M for the fixed quantum number n = 1.
For this part of the parameter space, u >> 1 is true. Plot (b) shows the contribution as a function of the quantum number n

for A=1x10"3 eV and M =1 x 10~ Mp;.

the chameleon contribution as a function of A and M. The parameter M is essentially
unconstrained but probably below the reduced Planck mass Mp; = 2.4 x 10'® GeV%’. Here,

8286 where the assumption made

we use a subset of the parameter spaces shown in Refs.
in Eq. (29) is fulfilled, namely u > 1'% Fig. 1b shows the chameleon contribution as a
function of the cavity mode number n. Note that the chameleon contribution is stronger
for the upper left corner in Fig. la. In addition, also note that, for fixed A and M, the
chameleon contribution is the strongest for the quantum number n = 1, but decays with

increasing n.

Furthermore, in Fig. 2, we present the chameleon contribution to the Bogoliubov coeffi-
cients and consequently to the particle number for the chameleon model N = —4. Fig. 2a
shows the chameleon contribution as a function of A and M, and Fig. 2b depicts it as a
function of the cavity mode number n. Note that, in contrast to Fig. la, the chameleon
contribution is stronger in the lower left corner in Fig. 2a, while, for fixed A and M, it

behaves in the same way as it did for the chameleon model N = 1.

This difference in behaviour can be understood by examining the chameleon-induced

force. The acceleration experienced by a test particle due to a chameleon field near a
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flll

Vo R
a=-VhA(p) = T M2 (©bg — Pobj) T, (50)

spherical source mass is given by Re

where A is the conformal coupling factor defined in Egs. (1) and (5), and we have used the
chameleon field profile in Eq. (7). It can immediately be seen that a smaller M results in a
stronger force. When comparing Eqgs. (47) and (49), we see that the chameleon field scales
oppositely with A for N =1 and N = —4 models, i.e., ¢, increases with increasing A for
N =1 but decreases for N = —4.

Therefore, we come to the natural conclusion that the chameleon field effect on the cavity
particle production is the strongest where the chameleon-induced force is also the strongest.
In both considered cases for N, we find a reduction in the particle number due to the presence

of the chameleon scalar field.

IV. CONCLUSIONS

In this paper, we have shown the effect of a chameleon field on the number of particles
created in a massive quantum scalar field by the DCE. We have considered an effectively
one-dimensional cavity, with one of its boundaries allowed to move, placed near a chameleon
source mass. Since the chameleon field is coupled to the mass of the quantum field, the Klein-
Gordon equation and, in particular, the Lagrange-Beltrami operator acting on the quantum
field in a spatial hypersurface, are affected by the chameleon field. We then computed
the Bogoliubov coefficients in the presence of parametric resonances using the techniques

f.25

developed in Ref.°. For this computation, we have linearized the chameleon field profile,

in analogy to studies of linearizations of the Newtonian potential?®. As expected, when
the chameleon is turned off, the Bogoliubov coefficients are those of the DCE in Minkowski
spacetime. Finally, we have analyzed how the particle content is affected by the presence
of the chameleon field. We showed that the mean number of created particles is diminished
by the presence of the chameleon field, and we gave representative numerical estimates for
how the particle content is affected depending on the choice of the chameleon model, the
parameters of the model, and the mode number of the quantum field.

24,25

This work can also be seen as an extension of the method presented in Refs. since,

for the first time, we were effectively considering a spatially dependent mass, which we can

define as mg () := A% (o (2)) me.
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To our knowledge, this article is the first work on the effect of screened scalar fields on
particle creation. In the future, it will be interesting to create a more realistic study, also
taking into account the gravitational field, not linearizing the chameleon field, and treating

the chameleon as a quantum field as in Refs.?4,

The last would lead to loop corrections
that could potentially be significant for the DCE, cp. Refs.''?7116. However, such a fully
quantum treatment is beyond the scope of the present article. In addition, other screened
scalar field models could also be studied in the same way, and we leave for future work the
study of entanglement between modes, their relation to the chameleon parameters, and the

implementation of quantum metrology to estimate and constrain chameleon parameters.
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Appendix A: Derivation of the normalization constant

In order to compute the normalization constant in Eq. (39), we use Eq. (34) and another

linearization of u~/? (x) at the point s. Thus, the integral of the constant in Eq. (39) is

o 2 . 2 .
I= / dz w2 () sin® <31ﬁ/2 (x) — gu‘w ($1)>

Zr

= [ (o (1= g ) =) )

sind (3] [0 (02 = G () ) (A1)
Hence,
I=[u(s) " {(‘”2_5) (1 + %su_l (s)u/ (s)> - %u_l (s)u (s) (W) }
—we 5 s (32 e o). (A2)

Substituting Eq. (29) in Eq. (A2), we obtain

(5o e -2 )

4
— (a)1/2 L L a
TP U A\ ) ) (43)
Replacing Eq. (A3) in Eq. (39), we have that
1/3 —1/2
g @ Lf L( a

Plugging Eq. (28) into Eq. (A4), we finally obtain Eq. (40).
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Conclusion

This thesis presented a general method for computing the evolution of a confined
quantum scalar field in a globally hyperbolic spacetime under general changes of the
metric and/or the boundary conditions. We took into account cases in which the
timelike boundaries remain static in a synchronous frame in [1| and when they do
not in [2]. The core idea of the method is to construct a time-dependent Bogoliubov
transformation between the bases of modes associated to different spacelike hypersur-
faces. Such a time-dependent transformation can be interpreted physically in terms
of mode-mixing and particle creation when it relates regions of spacetime in which the
time symmetry allows for a Fock quantisation in terms of particles. In this sense, the
method can be regarded as an "integration tool" to compute the evolution of a system

between spacetime regions where there is a well defined particle interpretation.

The method is of general applicability and in order to prove so, we used this method
in [1] to study the known prediction of cosmological particle creation, where we have
obtained a differential equation to compute the Bogoliubov coefficients for any one-
dimensional spatially flat FLRW spacetime. In addition, we applied this differential
equation to a known toy model that predicts particle creation, reproducing the same
results for the Bogoliubov coefficients between the asymptotic flat regions as in [9].
Moreover, we obtained a smooth and monotonic behaviour of the time-dependent

Bogoliubov coefficients, even in regions where the physical interpretation is not well
defined.

This method is especially useful in the case of small perturbations of the metric (or

boundary conditions) around a static situation, since it provides simple and practical
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formulas for computing the Bogoliubov coefficients in the presence of resonances.
In [1], we considered the case of a quantum field trapped in a cavity in free fall which
is perturbed by gravitational waves in a (34 1)-dimensional spacetime. This example
reproduces and extends the result in Ref. [101] with much simpler calculations.

To verify and illustrate the effectiveness of the method in the case of moving
boundary conditions presented in 2], we considered the dynamical Casimir effect for
a massive scalar field in (14-1)-dimensional Minkowski spacetime with three different
periodic movements of the boundaries. Again, we reproduced and extended known
results. Furthermore, we studied for the first time the case of a quantum field trapped
in a rigid cavity which is perturbed by gravitational waves in a (3 + 1)-dimensional
spacetime. Thus, the method will be useful to improve the detection of gravitational
waves by using trapped Bose-Einstein condensates as proposed in Ref. [19].

In [3], we used the method to study dark energy and dark matter candidates. In
particular, we analysed the impact of a chameleon field on the dynamical Casimir
effect. In order to do so, we computed the Bogoliubov coefficients in the presence
of resonances using the method developed in [2| and we showed that the number of
particles created is reduced by the presence of the chameleon field. Furthermore,
we gave representative numerical estimates for the change in the particle number
depending on the chameleon model, the parameters of the model and the mode number
of the quantum field.

We have provided plenty of evidence that the method presented here is a useful
tool to compute the evolution of confined quantum fields in many different concrete
physical situations. Using this method, we reproduced (and easily extended) results
which used different techniques and had previously required more involved calcula-
tions. Moreover, we proposed a new way to find and constrain chameleon fields.
Therefore, we expect this method to become a standard tool in QFTCS for confined
fields.

There are future directions of research using this method. For example, it would
be interesting to study quantum fields in other cosmological or astrophysical scenarios
like collapsing stars or the study of other dark energy models. The theoretical side of
the method leaves open the study of physical interpretations of the time-dependent
transformations in regions that lack a time symmetry. In addition, further extensions
of the method for different boundary conditions or other quantum fields may be

constructed.
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