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Abstract

Das reelle Ellipsoid im zweidimensionalen komplexen Raum kann holomorph in die Sphéare im dreidi-
mensionalen komplexen Raum eingebettet werden. Die Existenz einer solchen Einbettung wirft die Frage
der Eindeutigkeit auf. Nach einer Einfiihrung in die Konzepte der Funktionentheorie mehrerer Veran-
derlicher und der CR-Geometrie wird in dieser Masterarbeit die lokale Starrheit der Einbettung in einem
speziellen Fall durch die Berechnung infinitesimaler Deformationen bewiesen. Dadurch wird gezeigt,
dass die Einbettung bis auf Automorphismen des Definitionsbereichs und des Zielbereichs lokal ein-
deutig ist.
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Abstract

The real ellipsoid in two-dimensional complex space can be holomorphically embedded into the
sphere in three-dimensional complex space. The existence of this embedding raises the question of its
uniqueness. In this master’s thesis, after an introduction to the theory of Several Complex Variables and
CR Geometry, we will prove the local rigidity of this mapping in a special case by computing its infinitesi-
mal deformations. This means that the embedding is locally unique up to automorphisms of the domain
and the target space.
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1 Introduction

The study of embeddings between manifoldsis a central topicin differential geometry and complex analysis.
Embeddings provide insights into the intrinsic and extrinsic properties of manifolds.

Poincaré [15] set the question of whether, for two given real-analytic hypersurfaces in C2, one can find
holomorphic mappings that send one into the other, giving the intuitive answer that, in the case of biholo-
morphisms, it is not always possible to find such maps.

In the case of maps H : C? — C3, this question regarding hyperquadrics S{f C CV,i.e. hypersurfaces
of the form

SN = {(z1,--,2n) € CN o |z P+ 22—l znga 2= - - o 2= 1},

has been answered by Faran and Lebl.
Faran [10] classified the non-constant holomorphic mappings H : S? — S? into exactly four equivalence
classes of maps, up to automorphisms of the domain and the target space:

(i) Hi(z,w) = (z,w,0) (i) H3(z,w) = (2%, V22w, w?)
(”) HQ(Z,IU) = (Z, Zw7w2) (lV) H4(Z7w) = (Z3> \/gzwﬂu?))'

Lebl [13] classified the non-constant holomorphic mappings H : S — S3, showing that they are equiv-
alent to one of the following families of maps:
(l) Hl(za w) = (Za w, 0)
(”) HQ(Z,UJ) = (227 \/EU),U)Z)

2

(ifi) Hs(z,w) = (;, w ﬂ)

(iv) Hy(z,w) = m (22 + V32w + w? — 2, w4+ 2 — V3w — 1,22 — V3w + w? — 2)
(v) Hs(z,w) = m (V2(zw — iz), w? — V2iw + 1, V2(zw + i2))

(vi) Hg(z,w) = ﬁ (2w3, 2(2% + 3),V3w(2% — 1))
(vii) Hr7(z,w) = (1,1(z,w),l(z,w)), for an arbitrary non-constant holomorphic function/ : C2 — C.

Reiter [16] gave another proof of the above results using the same techniques for both embeddings. In [17],
Reiter and Son determined all CR maps from the unit sphere S? € C? into the tube 7 x iR? C C3, where
C={zx e R®: 2% + 23 = 23,3 > 0}, providing five equivalence classes of maps.

Regarding hyperboloids, Oh [14] showed that all general real ellipsoids in C of the form

N-1 N
plzt, - avo,w) = Y |z P4 a; (22 + 7)) + |wl+a(w® + w%) -1
j=1 j=1

fora; > —% anda < % are locally CR-embeddable into the sphere with CR co-dimension 1.
Furthermore, by the same paper [14], the hyperboloids of the form

N-1 N
p(z1, -+ 2N_1,w) = Z \zj\2+Zaj (2]2 + 232) — |w?—a(w? + w?) + 1,
j=1 j=1

are locally, around z = (z1,---,2ny-1) = 0, CR-embeddable into spheres with a positive CR-codimension
< N —2ifandonlyifa; =as =---=anx_1 =a=0.

Oh provided an explicit embedding for the case of the real ellipsoid. For N = 2 the embedding can be
expressed asamap F : £ — H? from the real ellipsoid

|z HwP+a(z? 4+ 2%) + b(w? + w*) =1 c C?

©Fani Xerakia 4/56
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into the Heisenberg hypersurface H? = {(21, 29, z3) € C® : Im 23 = |21|2+|22|?} with
F(z,w) = (z,w,i — 2iaz* — 2ibw?).
Using the inverse Cayley Transform, it can be expressed as a map
H:£—S?

H( ) z w az? + bw?
z,w) =
’ 1—az2 —bw?’1—az?2 —bw?’ 1 —az?2—bw?)’

which is a holomorphic, CR and 2-nondegenerate around every point (z, w) € £.

The existence of such an embedding raises the question of whether this map is also unique, up to auto-
morphisms of £ and S3. In this master’s thesis, we will show that this embedding is locally rigid in the special
case of real ellipsoids with a = 0 or b = 0. In other words, close enough to the above map H, there is no
other holomorphic map.

In order to show the above result, Chapters 2 and 3 provide basic theory about functions of Several
Complex Variables and Cauchy-Riemann Geometry, as well as results that will be used afterwards to prove
rigidity of the map.

In Chapter 4, after an analysis of the domain, the target space, and the embedding, we will compute the
Segre varieties of the real ellipsoid around the point (0, 1) for the special case b = 0. The local rigidity will
be proven by comparing the vector spaces aut(H) and hol(H).

For the description of the infinitesimal deformations hol(H), we will first find their formulas along the
first and second Segre varieties. Since the second Segre variety is generically of full rank, this will allow us
to generalize them as vector fields with domain the entire ellipsoid. To simplify their formulas, we will use
some conditions imposed by the Weierstrass Division Theorem to ensure the holomorphicity of the vector
fields’ entries. This will result in analytic expressions of the vector fields in hol(H).

As a final step, we will use the description of hol(S"V) from [12] in the case N = 3 to characterize the
vector space aut(H ). The vector space equality aut(H) = hol(H) will prove the local rigidity of the map,
showing that the map H is locally unique, up to automorphisms of the domain and the target space.

The result of this master’s thesis does not prove global uniqueness of the map, even in this special case.
However, it indicates that the map may be unique.

©Fani Xerakia 5/56
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2 Functions of Several Complex Variables

This section outlines some fundamental definitions and properties for the functions of several complex vari-
ables, as discussed in the book [4] and the lecture notes [12].
The N —dimensional complex space C% is the vector space

{z=(21,---,2n) : 2 € C},
where each z; isof theform z; = x;+iy; withxz; := Re z; and y; := Im z; being real numbers. The complex
conjugate of z € C" is defined componentwise as zZ = (%, - - -, Zy) with Zj = xj — 1y;. The space CNisa

complex vector space with the usual addition and the (complex) scalar multiplication.
We can define a norm in CV by

N
2= |z
=1

The vector space CV becomes an inner product space with inner product

N
(z,w) = Z 2 W;.
j=1

We can identify CV with R2Y using the map

(Zlv"'aZN) — (xlayla"'axvaN)

zj+Zzj 2i—2Z; .
wherez; = Rez; = “52 andy; =Imz; = “5*forj=1,--- N.

Hence, we can write a function f(z) defined on a subset of CV as f(z,y) withz = (21,---,2x) € RV
andy = (y1,---,yn) € RY or, by abuse of notation, as f(z, z).

2.1 Complexification of vector spaces

Consider a real vector space V equipped with the basis {v1, ..., v, }. The complexification of V, denoted as
CV = C ® V, consists of all complex linear combinations of the basis vectors

CV = j{:(@%y 1 aj eC
j=1

CV forms a complex vector space with the standard operations of vector addition and scalar multiplication
by complex numbers.

Furthermore, V' can be viewed as isomorphic to the real subspace 1 ® V', and CV can be decomposed
asCV =V @iV,

2.2 Implicit function theorem

Definition 1. A formal power series A : CN — C centered at p € C¥ is an expression of the form

A)= Y Aalz—p)°

aeNN
with coefficients A, € C, where o« = (av,---,an) and w® = (wi*, -, wiN) forw € CN. The set of all
formal power series centered at p € C¥ is denoted by C[[z — p]].

Definition 2. A formal power series map H : CN — CN'isatuple H = (Hy,---, Hy) € C[[z — p]]V.

©Fani Xerakia 6/56
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Given p € CV and formal maps H : CV — CN with H(p) = p/ and G : CN' — CM with G(p') =
their composition G o H : Cis well defined as the formal power series map

(GoH)( Z Gg )B.
BeNN’

Differentiation is well-defined in C|[[z — p]]. For the partial derivatives of a formal map A € C[[z — p]],
we have

Y

|B]
O aey= 3 WA -,

B ]
0z oo ~!

For convenience, we will also use the notation A5 (p) = %A(p).

Theorem 1. Let A : CV x CM — CM be a formal map, (29, wo) € CN x CM such that A(zg,wo) = 0 and
det Ay (z0,wp) # 0, where

Ahl . A%UM
Ay =
Aﬁffl ... A%w

Then, there exists a unique formal map ¢ : CV — CM such that A (z,¢(2)) = 0 and ¢(z) = wo.

2.3 Holomorphic and real-analytic functions

Let Q ¢ CV beanopenset, f : Q — Casmooth functionand p € Q. Forz = (z1,---, 2y) € CV, we write
zj = x;j +iy; and define the differential df of f as

N
0
Zaf (p)dz; + a;;(p)dyj-

We use the complex differentials

dz; = dzj +idyj and dz; = dx;j — idy;

o _ 19 0N g (2 9
8zj_2 Ox; 0y 82j_2 Oz, 0y ’

Under these notations, we write

and the derivatives

and

Hence df (p) = 0f(p) + Of (p) forallp € CV.

Definition 3. Let Q) C CV be an open set. Asmooth function f : Q2 — C is holomorphic if 0f = 0on ). The
space of holomorphic functions is denoted by H(£2).

Definition 4. Let U C RF be open. A function f : U — C is real-analytic if, for every p € U, there is a
neighbourhood V of U ¢ C* and a holomorphic function f : V — C, such that F|y= f.

©Fani Xerakia 7/56
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Any real analytic function f : U — C can be written as a power seriesin (z, z) as

[ = Y faslz )G p)

o,fENE
foranyp € U.

Definition 5. Letp € CN and f : C¥ — CV' be a holomorphic map. The k—th jet mapping jk is defined as

R 1@V, Ny - CNTIVE)

lo|
ipf = (%azf@) Hol< k) :

where r is a rational function of N and k.

2.4 Holomorphic Implicit Function Theorem

Let f : U ¢ CN — C" beaholomorphicfunction. For z € U, considerw = f(z) € C".We can decompose
both z and w into real and imaginary parts z = x + iy and w = u + ‘v, respectively, and consider the real
map fr: U’ C R?N — R2V associated to f such that fr(z,y) = (u,v).

The holomorphicity of f translates, by Definition 3, to the equations g—% =0forj =1,---, N. Writing
8%], = % (% + iaiyj) , f is holomorphic if and only if the Cauchy-Riemann equations

Ou _ Ov g O Ov
Oxj — dy;  dy; Oz

holdforj=1,---, N.

Proposition 1. /f we denote by J; the (complex) Jacobian of f,and by Jy,, the (real) Jacobian of fr, then
det(Jp,) = |det(Jy)|?

Proof. With help of the Cauchy-Riemann equations written in the matrix form

ou_ov_ ou_ o
oxr Oy oy 0oz’

we have
of _ou_ 0u

0z Oz Z@y

Hence, using properties of the determinant and the Cauchy-Riemann equations

det(Jy) =det |5, oy | =det | %G, 5u|=det| %, Jou ou
oz

or Oy T 0y Oz oy ox
ou - Ju ou of  Ou a7
9 — 15 e 9 o 0 0
—det | ¢ " ou Y ou | = det | % = det <f> det (f)
0 o Ty 0 ¢ 0z 0z

— det(J;)det(J;) = |det(J})[2.

©Fani Xerakia 8/56
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Theorem 2. Let f : U; x Vi — CM be a holomorphic function, where U;  CN and V; ¢ CM are open sets
and (Zo, wo) € Uy x V4 such thatf(ZO, ’wo) =0./f

0
det a—i(z[), wp) # 0,

then there exist open neighbourhoods Uy, C Uy of z and Vo C Vi of w and a holomorphic map ¢ : Uy — Vs
that satisfies f(z, $(z)) = 0.

Proof. We can consider the holomorphic function g : CM — CM with g, (w) = f(z,w). By the assumption
of the theorem, det .J,_ # 0. Using Proposition 1 and the considerations at the beginning of this subsection
forthe associated real map g, of g., det(Jy, ) # 0. Hence, we can deduce all the conclusions from the Implicit
Function Theorem for real functions, except for the holomorphicity of f.

Thus, there is a function ¢ : Uy — V4 such that f(z,¢(z)) = 0. Therefore, forj = 1,---, M and
k=1,---,N:
_0f; Z 0fj 0z Z of; Oy Z Of; O
azk 82’1 8zk Bwl 8Zk 6wl 8Zk

- () (52)

It holds that det (agz> # 0 in a neighbourhood of (z, w). Without loss of generality, after intersecting with

Hence, in the form of matrices

Uj x V5, we may assume that this neighbourhood is U x V5. Multiplying the equality by (agz> ,We obtain
that
¢

0z
Thus, ¢ is holomorphic on Us. O

=0.

2.5 The Weierstrass Division Theorem

Definition 6. Let g be a holomorphic function in a neighbourhood of the origin 0 € CN. We say that g is
k—regular in the zy direction if the function zn +— g(0, - - -, 0, zn') has a zero of order k at the origin.

Theorem 3. Let f, g be holomorphic functions near 0 with g being k—regular in the zy direction. Then, there
exist a neighbourhood of the origin and unique holomorphic functions q, r, where r is a polynomial in zy of
degree at most k — 1 such that

f(2) = 9(2)q(z) +7(2).

A proof of the Weierstrass Division Theorem, in a more general version, can be found in [11].

3 CR Geometry

This section is an introduction to complex submanifolds of CV and their basic properties, as discussed in
the book [4] and the lecture notes [12].

3.1 Real Submanifolds of the complex space and their tangent spaces

Definition 7. A (smooth) real submanifold of CV of codimension d is a subset M of CV such that for every

point p € M, there is a neighbourhood U of p and a smooth real valued function p = (p1,- - -, pq) defined in
U such that

MNU={ZecU:p(zz) =0}
with differentials dp, - - -, dpq linearly independent in U. Such a function p is called local defining function for
M near p.

©Fani Xerakia 9/56
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Definition 8. A real hypersurface of CV is a real submanifold of CV of codimension 1. The hypersurface is
called real-analytic if the defining function p can be chosen to be real-analytic.

Proposition 2. Let M C C¥ be a real hypersurface, p € M, and py and po two defining functions for M
near p. Then, there is a nonvanishing real-valued smooth function a defined in a neighbourhood of p such that

p1 = ap2.

Proof. Since dpa(z) # 0 on M in a neighbourhood of p, after an affine change of coordinates, we may
assume p = 0 and %(0) # 0. Then, settingz} = po, 2 =25, =2,---,Nandy; =y;,j =1,---, N, the
defining function p2 takes the form pa(x) = 21 in a neighbourhood of p.

Letz’ = (y1, 22,92, -, xN,yn). Then p1(0,2") = 0, and using the Fundamental Theorem of Calculus,
we obtain

Ly
pr(z1,a’) = p1(z1,2") — p1(0,2") = 961/ Tm(t$1,$’)dt,
0o 911

which implies that p; = ap, for some smooth function a.
Finally, dp(z) = h(x)dpa(z) forallz € RN = CV, and since both dp;(z), dp2(x) are nonzero in a
neighbourhood of p, we conclude that h(z) does not vanish in this neighbourhood. O

Forp € CV, we define the real tangent space to CV atp as

0

i—| :aj,bj €R
]8yj as, 0j

p

N
)
T,CV =T,R*N ={X =) aj5—| +b
j=1 T lp

Itis a real vector space of dimension 2. If we take as basis of 7,C" the vectors

0

dxy

0

’ ,8£UN
p

0

K
p

0

7...,8y7N
p

p

and introduce a real linear mapping .J from T,,C¥ into T,,C defined by

K
al‘j

0

p vi

and J i

dy;

0

J
a.%'j

7j:17"'aN7
p

p p

Tp(CN becomes a complex vector space of dimension N, denoted by Tpc(CN. By linearity, J can be extended
as a C linear operator from CT,,C" onto CT,,C", denoted again by .J.

Definition 9. Let M be a smooth real submanifold of CN . Given p € M, an element

N
0 0
J=1 P

+ b

e T,CN
6yj p

p
is called tangent to M at p if

N
Za.%(pﬁ)+b.%(p]§):0 k=1---.d
= Jai(fj ) ]ayj ) ) ) )

for a local defining function p = (p1,- - -, pa) for M near p. By Proposition 2, this definition is independent of
the choice of the defining function p.

The tangent space of M at p, denoted by T),M, is the space of all real vectors tangent to M at p.

The complex tangent spaces CT,CY and CT, M are defined similarly by allowing the coefficients a; and
b; in the above expressions to be complex numbers.

©Fani Xerakia 10/56



)

¢ wiversitat
G wien University of Vienna

Any X € (CTp(CN can be written uniquely in the form

Y9
7=1

Definition 10. A tangent vector given by the above formula is called (0, 1) vectorifb; = Oforj = 1,---, N
and (1,0) vectorifa; = Oforj = 1,---,N. Forp € M we denote by T,?’I(CN the space of (0, 1) tangent
vectors and by T,}’OCN the space of (1, 0) tangent vectors.

,aj,bj e C.

0

b
+ ]82j
p p

By the chain rule, this definition is independent of holomorphic coordinates. We have
dime 7,7'CY = dim¢ 7, °CY = N.
For p € M we denote by V, the space of (0, 1) vectors tangent to M atp, i.e.
VY, =T M := T'CN N CT, M.

If pis a local defining function for M, then

dim¢cV, = N — rankc (apk(p,ﬁ)> (3.1)

9%; 1<j<N,1<k<d

The above is independent of the choice of the holomorphic coordinates in CV and the defining function p.

3.2 Cauchy Riemann, totally real and generic submanifolds

Definition 11. A real submanifold M c CV is called Cauchy Riemann (CR) if dimV, is constant forallp € M.
This constant dimension dimV, is called the CR dimension of M.
The complex subbundle YV C CT' M, whose fiber atp € M is V), is called the CR bundle of M.

Definition 12. A CR submanifold M C C¥ with dimV, = 0is called totally real.

Equivalently, M is totally real if the dimension of the complex tangent spaces dimgT,; M = 0 or if

T,M N J(T,M) = {0}

forp € M.

Definition 13. A real submanifold M c CV is generic if near every point p € M, there is a local defining
function p = (p1,- - -, pa) such that the complex differentials Op., - - -, Opq are C—linearly independent near
p.

By (3.1), it follows that the CR dimension of a generic submanifold of codimension disn = N —d.
Definition 14. A real submanifold M C CV is called maximally totally real if it is totally real and generic.

For generic submanifolds one can find special coordinates near every point, as the following proposition
shows:

Proposition 3. Let M C CV be a generic submanifold of codimension d through p € M. Then, there exist
holomorphic coordinates (z,w) near p, vanishing at p, with = € CN~%and w € C?, and a real valued smooth
function ¢ defined near 0 in R*N = with ¢(0) = 0 and d¢(0) = 0 such that near p, M is given by

Imw = ¢(z, z, Rew).

©Fani Xerakia 11/56
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Proof. Letp(z, z) beadefiningfunction for M near p. Without loss of generality, by applying an affine change
of coordinates, we may assumethatp = Oandthatfork =1,---,d, gﬁ(o) #0.Forj=1,---,d,theTaylor
expansions of p; around 0 can be written as

N

pr(2,2') = Z(akjiﬂkj + brjyr;) + O(2),
j=1

where O(2) vanishes of order at least 2 at 0. Since every py, is real valued, so are its first and second deriva-
tives. Thus, a;, by; € R. We can write

N

N
Z(akjwkj + brjyr;) = Im Z ChjZ
=1 =1

with Ckj = bk]’ + iakj.

We take the linear holomorphic change of coordinates z; = z} forj=1,---, N—dandwy = Z;-Vzl cka}
fork =1,---,d. Ad—tuple of defining equations for M near (0, 0) is given by solving each of the equations
pr(z,Z) = 0 with respect to Im wy. This can be done by use of the Impicit Function Theorem, since for
k=1,---,d,

pr = Imwy, + O(2).

The properties ¢(0) = 0 and d¢(0) = 0 are immediate. The equation Imw = ¢(z, z, Rew) has the same
solutionsas p = (p1,-- -, pa) = 0 near (0,0) and hence is a defining function for M near p. O

Definition 15. Let M C CV be a CR submanifold and V be its CR bundle. We call a vector field L on M a CR
vector field if, for every p € M, L,, is an element of V,,.

If M is of codimension d and L is a CR vector field on M, we may write
0
L= Z aj(p)?a
— Zj
7=1
where a; are smooth functions on M and
N ap
k
j=1 /
for all local defining functions p on M.

Definition 16. Let M be a CR submanifold. We say that f € C*(M), k > 1,is a CR function if it is annihilated
by any CR vector field L on M.

Definition 17. Let M < CN and M’ c CN’ be submanifolds. We say that a mapping H : CN — CY' isa
CRmap if H € C*(CN) and forallp € M,

H:(Vp) C V(s
where H, denotes the pushforward H, : T,M — Ty, M’ induced by H.

Proposition 4. Let M ¢ CN and M’ c CN' be CR submanifolds. If H : M — M is a C* mapping, k > 1,
with components H = (Hy,--- Hyv), then H is a CR mapping if and only if each component Hj,j = 1,--- N’
is a CR function.

A proof can be found in section 2.3 of [4].

©Fani Xerakia 12/56
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Definition 18. Let M C CY be a smooth hypersurface, p € M, and p(z, Z) a local defining function for M in
an open neighbourhood U of p. Then, M is strictly pseudoconvex at p if either

0?%p
,plajar >0
4 82‘]82]{: (p p)a]ak‘
J.k =
or N
0?p
8282 (pvp)aja'k <0
gk=1""

foralla € CN \ {0} with > i1 g—zpj(p, p)aj = 0. The above form is called Levi form.

Definition 19. Let M C CY be a submanifold and p € M. M is called Levi-nondegenerate at p if the Levi
form is nondegenerate at p.

Definition 20. Let M < CN and M’ ¢ CN' be real-analytic real hypersurfaces and U ¢ CV a neighbour-
hood of p € M. A holomorphic mapping H : CN — CN' with H(U N M) c M’ is called transversal to M’ at
H(p) if

TrpyM' + dH(T,CN) = Ty, CV'.

Definition 21. A CR submanifold M C CN is called minimal atp € M if there is no germ of a CR submanifold
M C M in CN through p with the same CR dimension as M at p.

In [1] the following criterion for minimality is proven:

Proposition 5. Let M C CV be a real-analytic CR submanifold of CR dimension n and codimension d, and
let p € M. Then M is minimal at p if and only if the generic dimension of the maximal Segre set of M at p is
n + d. In particular, if M is generic, then M is minimal at p if and only if the above generic dimension is N.

Another proof of the above result in a more algebraic way can be found in [5].

3.3 Degeneracy of mappings

The following definitions and notations can be found in [16].
For a multi-index o = (a1, - - -, ) and an n—tuple of vector fields L = (L, - - -, Ly, ), we define

L% = L¢ ... Lo,

with Lg = Id . Furthermore, we use the notation % for the vector-valued function
pj pj i . .
E(Zaz)_ (aZl(z’Z)’.”’@ZN(Z7z) .

Definition 22. Let M c CN and M’ c CN' be generic, real-analytic submanifolds of codimensions d and d’
respectively, and denoten = N —dandn’ = N’ — d'. Forp € M,p' € M’ and a neighbourhood U ¢ CN
of p,let H : U — CN' be a holomorphic mapping satisfying H(U N M) C M'. Let p and p' be local defining
functions nearp € M and p’ € M', respectively. Write L1, - - -, L, for a basis of CR vector fields of M. Then,
after possibly shrinking U, we define for k > 0 and q € U the following subspaces of CN'

E(q) = spanc { L* - (H(2), H(%)) 0<|al<k1<j<d}ccVN.

z=q

Since for k > 0 the E,’C(q) form an ascending chain of vector spaces in CcN /, there exists a minimal kg > 0 such
that E}(p) = Ey, (p) forallk > koand E;_(p) € E} (p) forp € U.
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The number
s(q) = N’ — dim¢ E}, (q)

is called the degeneracy of H at q,and H is called (ko, s(q)) — degenerate at g € M.

If s = s(p) is constant for p € U, we say H is constantly (ko, s)—degenerate near ¢ € M and s is called
constant degeneracy of H.

Iffor some q € M we have s(q) = 0, then E;, (q) = CN" and H is called ky—nondegenerate.

Definition 23. Let M ¢ CN and M’ c CN' be generic, real-analytic submanifolds, and let U ¢ CN be a
neighbourhood of p € M. Let H : U — CN' be a holomorphic mapping satisfying HUNM) C M. Fixa
neighbourhood V- C U of p € M such that VN M C U. The number

sg(V) =min{s(q): g€ VN M}

is called generic degeneracy of H in a neighbourhood V. CN ofp € M.

3.4 Segre varieties and Segre maps

Definition 24. Let M C CV be a generic, real-analytic submanifold with local defining function p (z, Z) such
that the rank of p.(z, Z) remains maximal (i.e. = d) throughout U x U and

MNU={z€U:p(zz) =0}
Then, for p € U, the (first iterated) Segre variety of p is defined as
8,(U) = S}(U) = {= € U : plz,p) = 0} .

It is typical to omit the neighbourhood U from the notation and assume that the statements hold in a
neighbourhood around the point p. )
Given a holomorphic function h(z), we use the notation h(z) := h(2).

Lemma 1. With the notation introduced in the above definition, let p, q € U. Then
(i) geSp = pe S,
(i) pe S, &peM

Proof. We first observe that since the defining function p (z, 2) is real-valued, it satisfies

p(2,2)=p(2,2) = p(%,2).

Since the subspace {(z,2) : z € CN} C {(2,¢) : z,¢ € CN}is totally real, the holomorphic extension
p(z, C) of the defining function satisfies

p(2,¢) = p(C, 2).

(i) Assume g € Sp. This means that p(¢, p) = 0, or equivalently, p(g, p) = 0. Using the considerations at
the beginning of the proof, we have p(p, §) = 0, or by definition, p € S,,.

(ii) Assumep € S,.Usingthe definition of the Segre varieties, this means that p(p, p) = 0, or equivalently,
p € M.

O]

Lemma 2. Let M, M’ be generic, real-analytic submanifolds with local defining functions p and p’, and open
setsU C MandU’' ¢ M'.Let H : U — U’ be a holomorphic map from M into M’. Then, forp € U,

H(Sp) C Srpy-
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Proof. The assumption that H maps M into M’ implies the existence of a real-analytic map A such that

P (H(2),H(C)) = A(2,¢) p(2,0) .
Ifg € Sp,ie. p(q,p) = 0,then p (H(q), H(p)) = A(g,p) p(g,p) = 0,and hence H(q) € Spi(y)- O
Definition 25. Let M C CV be a generic, real analytic submanifold with local defining function p(z, z). We
define the k-th iterated Segre variety as
k
st= U s,
qES{f‘l

Foraset S ¢ CV we define )
*S={¢eCV:(e8s}.

Using the above notation, for p € U an equivalent definition for the k—th Segre variety for £ > 2 is the
following

Sp = {z € U : thereexists ¢ € *S;f’l(U) with (z,() € CM} .
A proof for the equivalence of the above definitions can be found in section 10.2 of [4].

Definition 26. Let M C CY be a real-analytic submanifold. We define the complexification M or CM of M
as the submanifold M C C*N such that M N {(z,{) € CN x CN : ¢ =z} = M.

One canshow that M is a maximally totally real submanifold of its complexification and that M is unique
near {(z,¢) € C*N : ( = z}.

Definition 27. Let M C CY be a generic, real-analytic submanifold, given in the complexified form by

w = Q2 x,7),

where Q : C***td — C% js g holomorphic function (cf. section 3.5). Forp € M and z; € C™, we define a
sequence of formal mappings S; : C™ — C¥ called the iterated Segre mappings of M at p, as follows

Si(z1;p) = (21, Q(21,p))

Sj(xj7$j—17 o 7%1;])) = (ijQ(xjasj—l(xj—ly T ,.’L’l;p))),

for j > 1, where Sj,l is the power series with coefficients conjugate to the ones of S;.

Using the above definition, the Segre varieties can be viewed as images of the Segre maps:

S}%k = im ((Z’ X151, X2y " 7Zk‘—17Xk‘) = SQk(Z?Xl’ %1y X2y " "5 Bk—1; Xk7p))

and
83k+1 =im ((27 X15215 X255 Xk» Zk) = 52k+1(Z7X17 215 X2y Xk Zk7p)) )

fork € N.

Theorem 4. Let M C CV be a smooth, generic submanifold of codimension d. Then, the rank of the iterated
Segre mapsrank S; for j > 1isanincreasing function of j and is independent of the choice of the holomorphic
coordinates z € C" and the defining function. In addition, there exists an integer ko, 1 < ko < d + 1, such
thatrank S; = rank S for j > ko. If kg > 1, thenrank S; < rank S; 1 forl < j < ko — 1.

The proof of the above result can be found in [2], as well as in [5], where the Segre varieties and maps
together with their properties are introduced in an algebraic way.
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3.5 Normal Coordinates

Let M C C! be a smooth, generic submanifold, and let p € M. We will introduce special coordinates
around p in which the Segre varieties are given by equations that are easier to handle.

Let n be the CR dimension of M and d the real codimension of M in C". Since M is generic, we have
N =n+d.

Definition 28. Under the above notations, a set of holomorphic coordinates (z,w) € C" x C? nearp € M
such that (z,w)|, = 0 are called normal coordinates if there exists a real-analytic function ¢ such that in a

neighbourhood of p in CV, M is given by
Imw = ¢(z, z, Rew)

with ¢ satisfying ¢(z,0, s) = ¢(0, z,s) = 0.

The equation Im w = ¢(z, z, Re w) can be written in the complexified form as w — 7 = 2i¢ (2, x, “37) .

Applying the Implicit Function Theorem and solving for w, we obtain that M is given by w = Q(z, x, 7) for
a unique holomorphic function Q.
In normal coordinates, we have that, together with w = Q(z,x,7) and 7 = Q(x, z,w), we get w =

Q(z,x, Q. zw)) and T = Q (x,2,Q(z, x, 7)) -

Proposition 6. Let M C C"*? be a generic, real-analytic submanifold with 0 € M and (z,w) any holomor-
phic coordinates near 0. Then the following are equivalent:

(i) (z,w) are normal coordinates for M
(i) There exists a real-analytic defining function p valued in R? for M near 0 such that p(z,w, 0, w) = 0.

(iii) Normality condition: for the complexification M of M, there exists a holomorphic function ) : C" x
C" x C? — CwithQ(z,0,7) = 7 = Q(0, x, 7).

(iv) Forwg near 0, the Segre varieties at (0,wo) are flat, i.e., S ) = {w = Wo}-

Furthermore, if the condition in (ii) holds for some real-analytic defining function, then it holds for any such
function.

Proof. (i) = (ii) : The defining function p(z, x, w, 7) = w — 7 — 2i¢(z, x, “47T) satisfies p(z,w, 0,w) = 0.

(77) = (¢) : The condition in (i7) is equivalent to p(z, 0, w, w) = K(z, w,w)(w — w), for a holomorphic
function K in a neighbourhood of 0 in C"*2¢, Since dp; A Opa A -+ A dpg(0) # 0, K(0) is invertible.
Applying the Implicit Function Theorem, we can solve the equation p = 0 for Im w to obtain ¢ such that
Imw = ¢(z, z, Rew).

(1) = (uii) : Using the considerations preceding this proposition, we can find a holomorphic function
@ such that M is described by w = Q(z, z,w). Given that ¢(z,0, s) = 0, and considering the normality of
the coordinates, the unique solution for z = 0is w = w, which is equivalent to Q(z, 0, 7) = 7. Similarly, we
obtain Q(0, x,7) = 0.

(#i7) = (i1) : The conditions in (ii) are fulfilled by the defining function p(z, x, w,7) = Q(z, x, 7) — w.

(i1i) = (iv) : The Segre variety S ) is defined as S ,,p) = {(z,w) € C* : w = Q(z,0,wp)}. By
changing coordinates to @w = w + Q(z,0,w), we can express S ) = {(z,w) € C? : w = wy}.

(iv) = (4i7) : Using the form of the Segre varieties in (iv), we have Q(z, 0, wg) = wo. O

Theorem 5. If M C CY is a real-analytic generic submanifold and p € M, then there exist normal coordi-
nates for M at p.

The following proof, as detailed in [12], not only establishes the existence of normal coordinates but also
provides a way for deriving such coordinates near a given point on a real-analytic generic submanifold.
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Proof. Let (2',w") be holomorphic coordinates at p, such that M is given by I'm w’ = ¢(2', 2/, Rew’), where
¢ is real-analytic with ¢(0) = 0 and V¢(0) = 0. A defining function for CM is then

/
P (2w T =w — 7 — 2i¢ <z’,x’, v "; T > ,
Since V¢(0) = 0, there are no linear terms in ¢, and hence p,/(0) = Igxg — 2¢(0) = Igxq. Using the
Implicit Function Theorem, we obtain that CM is given by p”’ (2/,w', X', ') = w' — Q(2', X', 7’). We need to
determine a holomorphic change of coordinates (2/,w’) = (f(z,w), g(z,w)) such that in the new coordi-
nates (z,w), we have Q(z,0,7) = 7 = Q(0, x, 7). Equivalently,

p(z,w,x, 7) = p" (f(z,w),9(z,w), F, 7),50¢7)) = 9(z,w) = Q (f(z,w), F(x,7),5(x, 7))

needs to satisfy p(z,w,0,w) = 0. Since there are no linear termsin ¢, we write Q(z, x, 7) = 7 + Q(z, X, T),
where in @ only terms of order 2 occur. We require that p(z,w,0,w) = 0, which translates to g(z,w) =

Q (f(Zv ’LU), f_(ov w),g((), w)) or
9(z,w) = g(0,w) = Q (f(z,w), f(0,w),5(0,w)). (3.2)

To simplify the above equation, we may assume that g(z, w) = g(w) and f(z,w) = z. Using these simplifi-
cationsin (3.2), we obtain ~

Since f and g are transformations, g,,(0) # 0 and hence we can write g(w) = w+é‘(w_), where G is of order

2. Then, (3.3) is a condition for Im G, and hence we can set G’ = iG, where G(w) = G(w). To confirm that
such a holomorphic G actually exists, we plug our choice for g into (3.2) and set z = 0 to get

2iG(w) = Q(0,0,w + iG(w)).

Since the left-hand side is of order 2 in G(w), we can solve the above equation using the Implicit Function
Theorem to obtain a holomorphic G.

Finally, we need to check whether the condition G(w) = G(w) is fulfilled. We plug g(z, w) = w +iG(w)
and f(z,w) = zinto pand set z = 0 to get

w+iG(w) =Q (0,0, w —iG(w)) .
After conjugating the equation and replacing w by w, we obtain
w—iG(w) = Q (0,0, w +iG(w)) .

Combining the above two equations and using the reality condition implies G(w) = G(w). O

3.6 Infinitesimal deformations

The following section contains definitions and properties of infinitesimal deformations and local rigidity of
maps, as detailed in the papers [6], [7] and [9].

Let M ¢ CN and M’ ¢ CV' be real submanifolds. Consider the set # (M, M') of holomorphic map-
pings defined in a neighbourhood of M in C and valued in C"', satisfying H(M) C M’. The group
G = Aut(M) x Aut(M') acts on H(M, M') as follows: given (¢, 1)) € G, we define a map

H(M,M") — H(M, M')
Hws (p,0p) -H=voHop L.

Definition 29. Two maps Hy, Hy € H(M, M’) are called equivalent if there exist ¢ € Aut(M) and ) €
Aut(M') such that
Hy=voHyo¢p L.
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Definition 30. Let M  CN and M’ ¢ CN' be closed, generic, real submanifolds of class C*, and let H €
H(M, M"). We say that H is locally rigid if the image of the map H in the quotient space H(M.M’) /G js an
isolated point.

The above definition states that all maps close enough to a given map H € H(M, M') are equivalent to
H under the action of G.

Definition 31. Given H € H (M, M’), we say that the restriction X of a holomorphic section of H*T ()N’
toM,i.e.

N P
X=Y x50
, z;
j=1 J1H(2)
is an infinitesimal deformation of H if Re X is tangent to M' along H(M). )
More precisely, this means that for any point p € M and any real-valued, real-analytic function p(z’, z")
defined near H(p) € M’ and vanishing on M’ it holds that

o

!
8zj

N/
(ReXp) (2) := > ReX;(z)7,() =0
Jj=1

H(z)

for z € M N U, where U is an open neighbourhood of p. The collection of all infinitesimal deformations of H
is denoted by hol(H ).
In the special cases when H is the identity map, i.e. H = idcn or H = idn+, we use the notations

hol(M) := bol(iden) and hol(M’) := hol(idew ),

respectively, and call these sets infinitesimal automorphisms of M and M’ respectively.
We additionally define the set

aut(H) = H.(hol(M)) + bol(M")| .

which is the space of trivial infinitesimal deformations of H.
In [8] the following is shown as corollary of a more general theorem:

Proposition 7. Let M c CN and M’ c CN' be compact, generic, real-analytic submanifolds with M mini-
mal,andlet H : M — M’ be a CR map which s finitely nondegenerate at all points of M. If hol(H) = aut(H),
then H is locally rigid.

In particular, by [7] we have the following result:

Proposition 8. Let M C C? be a strictly pseudoconvex real-analytic hypersurface and M’ c C? be a real-
analytic hypersurface that is also Levi-nondegenerate. Let H : C?> — C? be a 2-nondegenerate, transversal
embedding satisfying dimg hol(H) = dimpg hol(M'). Then H is locally rigid.

We note that, if the conditions of the above propositions on the submanifolds M and M’ are satisfied,
the group Aut(M’) is a finite dimensional Lie group with Lie algebra hol(M"). The elements of hol(M')
trivially restrict to elements of hol(H) and the restriction map is injective. In general, it holds that aut(H) C
hol(H) and dimg hol(H) > dimpg hol(M’).
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4 Localrigidity of an embedding from the real ellipsoid in the 2-dimensional
complex space to the sphere in the 3-dimensional complex space

We will now study the holomorphic embeddings from the real ellipsoid in C? into the spherein C3. In [14] itis
shown that the real ellipsoid can be embedded into the Heisenberg hypersurface, which is a biholomorphic
image of the sphere and an explicit map is provided.

The central question that arises is whether this embedding is unique, up to automorphisms of the do-
main and the target space. In the following sections, with help of techniques found in [12] and [16] using the
Segre varieties, we will compute the set of infinitesimal deformations of the embedding in order to show
that, in one special case, all maps close to the above map are equivalent. Therefore, locally, the given map
is the representative of the unique equivalence class of mappings.

4.1 Therealellipsoid in the 2-dimensional complex space
The real ellipsoid £ in C? is the hypersurface described in [18] by the equation:
E={(z=a+iy,w=u+iv) € C*: Az® + By* + Cu® + Dv* = 1},

where 4, B,C, D € Ry. Settinga = 488, g = &L g = 428 = €2D the equation takes the form
& : alz*+Blw|*+Re (az* + bw?) = 1.

Applying the biholomorphic transformation (z,w) — (v/az, v/Bw), we can assume, without loss of gener-
ality, that @« = 8 = 1. This results in the following form for the defining equation:

£ 22 +ww + a2+ 22) + b(w? + w?) =1

for0 < a,b < 1. We may also assume that either a # 0 or b # 0, since otherwise we are dealing with a
sphere whose embeddings have already been studied. The complexification CE of this domain is then

CE : zx + wr + a(22 + x?) + b(w? + 72) = 1.

Let
p(z,Z,w, W) = 2Z + wb + a(2® + 22) + b(w? + %) — 1

be a defining function for £. It is clearly real-analytic and Cauchy-Riemann, and following the notations in
section 3.2, the codimension of £ is d = 1. Direct computation shows that the matrix

dp _ _ _ _
(32] (PJ’)) _=[Eep) GEen] =20 @+ 2]
]: b
satisfies 5
ke (L) 1
0z; =12
for all the points (z,w) € &. Thisimplies that, for every p € C?,dim V, = N — rankc (%”j(p,ﬁ)) T 1.
J=4

Since the complex differential of p is nonzero, as shown above, £ is also generic.

Finally, £ is a strictly pseudoconvex hypersurface of C2. Indeed, % =z+2az, 3‘3 = w + 2bw and
2 2 2
Op 0P g 9P _q0g %
020% Owoz Owow 020w
Forallp € £and a = (a1, az) € C?, the Levi form is positive definite, since
&*p i Ip ? 2 2
— >0
92950101 T 5 5-0201 + oop a1l + oo - a2l la1|*+]az|*>

with equality if and only if a1 = a2 = 0. Hence, the defining function p is strictly plurisubharmonic and this
confirms the strict pseudoconvexity of £.
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4.2 Coordinate transformations for the ellipsoid

We will now investigate the defining equation of the ellipsoid £, to determine if specific coordinate transfor-
mations can result to simpler defining equations that are easier to handle.

4.2.1 Normal Coordinates

The first coordinate transformation that we will apply is normal coordinates. They have the property, as
seen in section 3.5, that the Segre Varieties expressed in these coordinates are flat. We will follow the proof
of Theorem 5, in order to find a coordinate transformation (2/, w’) = (f(z,w), g(z,w)) for £. Following the
notation of this proof, let

p/<217wl, g’,'LB’) =27 + W + a(2/2 + 512) 4 b(le + 11;/2) 1

be a defining equation for £.
We begin by changing coordinates (2, w’) — (z’,z’w’ + \/mljﬁ) in order to achieve p’(0,0,0,0) = 0.
This transformation yields the defining equation:

2

p(Z W', 2 w') = |z’\2—|—a(z'2 + ,27’2) +w'w +iv2b+ 1(w' — w') — b(w'” + 15/2).

We choose f(z,w) = z and g(z,w) = g(w) = w + iG(w), where G satisfies G(w) = G(w). Substituting
2 = zand w’ = w + iG(w) into the equation and setting z = 0 leads to

2 1—-2b
2— _— 2:
G(w) T 1G(w) + T T 0.

We choose the solution satisfying G(0) = 0 :
1—/1—(1-2b)u?
V2b+1 '

To derive the full formula for g(z, w), we use the normality condition p(z,w, 0, w) = 0, or equivalently,

F(z,w)f(0,w) + a (f(z,w)* + F(0,w)*) + g(2,w)g(0, w)
+ivV2b + 1 (g(z,w) — G(0,w)) — bg(z, w)* — bg(0,w)* = 0.

G(w) =

Substituting f(z,w) = z and ¢(0, w) = w + iG(w), we can derive the formula for g(z, w) as follows:

2 7/

+9(z, — /1 — (1 - 2b)w?
az® + g(z,w) <w ST ( )w>
+i\/2b+1<g(z,w)—w+ 2; 3 1—(1—2b)w2>

—bg(z,w)> = b <w - 1—(1— 2b)w2> =0.

i
20+1
If b = 0, the equation simplifies to

g(z,w) =i4+w—ivV1—w?—awz? +iaz*\/1 — w?

and if b # 0, with the condition ¢(0, 0), the solution becomes

: %+ 1+ (452 — Du? /2b+ (4% — T)w?
oz w) = i —z'\/ +14+( Jw +w—i—z\/ + ( Jw
NoIES 2+ 1 2%
V202 — 4w2b 4 2iw(1 — 2b)/T+ 25 + (4% — Dw? + dabz? — 1 — 20
+ .
2%

©Fani Xerakia 20/56



University of Vienna

Hence, in the new coordinates, the defining equation for C€ takes the following form:
Ifb=0:
plz,w,x,7) = =1 4 2iw 4+ wr + ax® — awx>1 + 2x + az® — 2iaz*w — aZ’wr
+ a? 22w\ + V1 — w? (2 — i1 — a3t — 2a2% + a2t — w222X27)
+v1— w21 - 72 (-1+4 az? + ax?® —ia*22wy? a222x2)

+wyV1—72(—i+ iaz® + iax2) ,

Ifo+#0:
p(z,w,x,7) = M(—Zib(l + 20)3/2(2ibk(7) 4 (2b + 1)7 +i(1 + 2b)y/1 + 20 + (=1 + 4b2)72

+ (14 2b)h(x, 7)) — b(2ibk () + (20 + 1)7 + (1 + 2b) /1 + 2b + (—1 + 4b2)72
+ (14 2b)R(x, 7)) 4 462 (1 4 2b)%2xz + 4ab®(1 + 2b)2 (x> + 22) + 2ib(1 + 2b)>/?(2ibk(w)
+ (2b + )w + (1 + 2b)h(z, w)) + (2ibk(T) + (2b+ 1)7
+i(1 4 2b)\/1 4 2b+ (=1 + 4b2)72 4 (1 + 2b)h(x, 7)) (2ibk(w) + (2b + 1w
+ (14 2b)/1 4+ 2b + (=1 + 4b2)w? + (1 4 2b)h(z, w)) — b(2ibk(w) + (20 + 1)w
+ (14 20)/1+2b + (—1 + 4b2)w? + (1 + 2b)h(z, w))?),

where
h(z,w) = \/—1 — 2b+ 4abz? + 2w(1 — 2b) (w +iy/1 4+ 2b 4 (=1 + 4b2) w2)

and

k(w) = V14 2b— /14 2b+ (=1 + 4b2) w?

4.2.2 Projective Space

The second coordinate transfomation employs the projective space for the coordinates (z,w) € £. We set
z= j—; andw = i—i in the defining equation

& 2P+ wrta(z? + 22) + b(w? + w)? = 1. (4.1)

After multiplying both sides of (4.1) by |23|*= 2223, we obtain

|21z * + |22/?|23]% + a(2725 + 27 23) + b(25 23 + 2523) = 23723,
We now set:
1 1 0
V2a+1 2a+1 21
0 +z 0 +w 1 = 29
1 -1 0 Z3

Thus, the defining equation takes the form:

2 2 1
p(z,w,z,w) = —ai_fl(z2 +2% -4 aa—:—l 27 — 2% — 22 — 2722 — 22%Z
b b
+|wP(z+1)(Z+1) + 5(,z +1)%w? + §(z +1)%a?
We also use a second transformation:

1 i 0

2a+1 V2a+1 Z1

0 +z 0 +w 1 = 29

-1 i 0 23
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Substituting these formulas for z;,7 = 1, 2, 3, the defining equation takes the form:

2 20+ 1
4 _
a+1(z + 2?) — a—|—1ZZ

b b
— |w*(iz — 1)(iz + 1) + iz + 1)2w? + 5 iz = 120 — 20z + 2iz — 2i22% + 2iz2°.

p(z,w,z,w) =

The above coordinate transformations will not be used in the next sections of this thesis, since the resulting
defining equations are not sufficiently simplified for our purposes. However, they may be useful for other
applications.

4.3 The sphere in the 3-dimensional complex space

The sphere S? ¢ C3 is the hypersurface defined as
S = {(21, 20, z3) € C3 : |21 > 4|20 >+]|23*= 1}.
The defining equation for S3
P (21,20, 23) = 2121 + 2222 + 2323 — 1

is clearly real-analytic and hence S? is a real-analytic hypersurface. Since (0,0,0) ¢ S3, the rank of the
matrix

op' _ _ _
< 5. (P p)) = [Elen 2les Zles)
Jj j=1,2,3

is 1 everywhere. Hence, for every p € C3

/

dim V), = N’ — rankc <?(p,p)> =2
Zj §=1,2,3

and S? is a Cauchy Riemann submanifold of C? and generic, since <g§j) o is nonzero everywhere.
]_ I
0%p la ] =k

Finally, S3 is a strictly pseudoconvex hypersurface in C3, since 707~ Yo, g Lk
y J

. Thus, for the Levi

form, we have

]Z az] 5o (0 D)ajin = a1 Has|+as|* 0
foralla = (a1, as,a3) € C? with equality ifand only ifa; = as = a3 = 0.
We will show that there is a biholomorphic map between the sphere S? and the Heisenberg hypersurface
H3 = {(21, 20, w) € C?: Imw = |21]*+]|22|?}.
For the one direction will use the Cayley Transform

1—
F: S 5 H?, (21, 20, w) — “1 , =2 ,1 Y.
l+w 1l+w 14w

Indeed, this holomorphic map satisfies

1-w (Q-w(l+w) l-w—-—w-—ww 1-2Imw+|w?

Tvw "0+w)(l+te) @ (Q+w)(lt+ta)  (I+w)d+a)

and hence

d1—w 1— |w|? |21|2+|22/? z1 21 z2 z2
Im (¢ = = =
1+w (

I+w)(l+w) (1+w)(l+w) 1+wl+w Treitre
Finally, the inverse of the Cayley Transform,

9 95z G —
F_l:H3—>Sg,(z1,zQ,w)H< R L w>

wHiw+i w+i
is again a holomorphic map.
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4.4 Definition of the holomorphic embedding
An embedding H : £ — S3isamap H = (f1, f2,9) : £ — S% such that
|f1(z,w) P+ fa(z, w) P+ g (2, w0) = 1
for |z|2+|w|?+a(2? + 22) + b(w? + w?) = 1. The complexified version of the above equation is
filz,w) fi(x, 7) + fa(z,0) fo(x, ) + 9(2,w)g(x, 7) = 1

for zx +wr + a(2% + %) + b(w? +72) = 1.
One checks easily that the map

(z,w) — (z,w,i — 2iaz® — 2ibw?)

by [14] holomorphically embedds the ellipsoid £ C C? into the Heisenberg hypersurface H?. This can be
translated to amap £ — S? defined as

(2 w) 2 w az? + bw?
z? w ) 9
1—az2—bw?’ 1—az?—bw?’ 1—az?— bw?
by use of the inverse Cayley Transform defined in section 4.3. Indeed, using the defining equation of the
ellipsoid, we obtain
22 = 2z 4w + (a2® + bw?) (a2 + bar?)
= 27 4+ w + a’2°Z% + ab2®w? + abZ’w? + b*wiw?
2 —aZ? — bw? — bw® + az’2 + ab2*w? + abz*w? + b*w?w?
= (1 —az? — bwz) (1 —az’ — bu‘;z)
2 ‘2

2>+ w|*+ |az® + bw
=1—-az

:‘1—a22—bw

As shown in the sections 4.1 and 4.3, both £ and S? are real-analytic, strictly pseudoconvex hypersurfaces.
A basis of CR vector fields for the ellipsoid £ is given by

- 3} 0 0 0
L =p; —pwi—(z+2az)y—(w+2bw)£,

w w

whereas
- 0 0 0 0 - 0 0 0 0
L,: ,_7—/_7: —_— 7L/: /_7—/_7: —_— —_—
{ L= Pz 071 Pz 0% “1 071 2 0%9 12T Pz 0% Pz 073 2 0%Z9 =3 073 }
forms a basis for the CR vector fields of S?. Using Proposition 4, H : £ — S? is clearly a CR mapping.
Furthermore, around every point (z, w) € £ the map H is 2-nondegenerate. Indeed, we have

op op 0p 0p o
@ = ('Tzi’@izé’aizé :(21722723)7

op' _ z w az? + bw?
— (H H = .
<az’( (zw), (Z’w))> (1—az2—bw2’1—a22—bw2’1—a22—bu‘;2

Around every point (z,w) € &, the set

and hence

op’ - = 0p/ . =200’ -
{E)z’ (H(z,w), H(z,w)) ,L@ (H(z,w),H(z,w)),L 9 (H(z,w), H(z,w))
clearly spans C3. Using the notation of section 3.3, E/ (z,w) C C3, E} (z,w) = C?and s (z,w) = 0 forall
(z,w) € &.

We will prove that hol(H) = aut(H) in the special case b = 0. In other words, the map H is locally rigid,
i.e. locally unique up to automorphisms of £ and S?. We will thus consider ellipsoids with defining equation

p(z,w0,2,0) = |2|* + |w|* + a (2 + 2%) — 1.
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4.5 Segre Varieties of the real ellipsoid

The Segre varieties are a useful tool for finding the formulas of mappings involved in a complexified equa-
tion. To this end, will calculate the first and second Segre variety around the point (0,1) € £. Let U be a
neighbourhood of (0, 1). Then

{(zw)GU p(z,w,0,1) =0}
= yeU: w—l—azQ} (4.2)
:{zl—az )eU: ZEC}

Sty = {(zw) €U p(z,w,x,1 = ax?) = 0, (x, 1 — ax?) € *U}
={(z,w) €U : 2x + w—awx® + az’ + ax’ = 1, (x, 1 —ax?) € *U} (4.3)
={(z,w) €U : w(l—ax)—l—az —ax® -2y, (.1 —ax?) e U}
1—az —ax? — zx

Il
—
/N\

>€U:z,x€(€,(x,l—ax2)€ *U}
1—ay?

The rank of the first Segre map S : z + (2,1 — az?) for z € U is 1 everywhere.
For the rank of the second Segre map S : (z, x) — (z, m),we consider the matrix ( 025 >

1—ax? A(z,x)

| 028, — det 1 02 . __z(1+ax2+2a2zx)
0z, X) w AL ) (I—a??

Since the above determinant is not zero everywhere, the generic rank of Sy is 2. This is the maximum rank
that such a map can achieve and, by view of Theorem 4, the generic rank of Sy is 2 for every k > 2.
By view of Proposition 5, £ is minimal, since the generic dimension of the maximal Segre set is 2.

with determinant

4.6 Infinitesimal deformations of the map

In this subsection, as a first step, we will compute a subclass of the infinitesimal deformations of the map,
showing that it contains only the zero vector fields.

As a second step, we will compute the infinitesimal deformations of the map. We will begin by writing
an equation that such vector fields have to fulfill in the complexified form. We will then derive formulas for
the vector fields along the first Segre variety. Using the reflection principle, we will extend these formulas to
the second Segre variety.

Since the second Segre variety is generically of full rank, this will allow us to generalize the maps to the
entire ellipsoid. The holomorphicity assumptions will impose conditions on the vector fields, simplifying
their formulas. Finally, using a non-standard argument involving the Weierstrass Division Theorem, we will
further simplify the formulas and provide an explicit description of hol(H ).

As already mentioned, we will consider a subclass of the infinitesimal deformations hol( H) of H, namely
the vector fields that are tangent to S along H (£). The set of such vector fields is denoted by:

3
)
bt(H) = { X = z;Xj(z,w)Ehj L X (|2)2-1) ‘H@ = 0for 2 = (21, 22, 23) € S

We have ht(H) C hol(H ), and furthermore, we observe
hol(H) Nihol(H) = {X € hol(H)} N {iX € hol(H)}
= {Re X (I217-1) 1r¢e) = 0} N { Re(i) (I21~1) |py(e) = 0}
= { € bol(H) X (21P-1) |y = 0}
= bt(H).
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Thus, if ht(H) # {0}, itimplies that hol(H) contains also other maps besides the zero map.
Let X € ht(H). The condition X (||z[|*—1) ’H(g) = 0 can be expressed as

ZX Z,w) szz]—l

7 =1

=0,
H(E)

which simplifies to
Xi1(z,w)z1 + Xo(z,w) 22 + X3(2, w) 23] y(g) = 0.

Using the definition of the map H, we obtain
X1(z,w)z + Xo(z,w)w + X3(2, w) (az® + bw?) =0
for [z|*+|w|?*+a (22 + 22) + b (w? + w?) = 1, or equivalently, in the complexified version
X1(z, w)x + Xo(z,0)T + X3(2,w) (ax® +b7%) =0 (4.4)

forzx + wr +a (22 + x?) + b (w?+72) = 1.
In order to compute all three vector fields X1, X5 and X3, we need two more equations. Therefore, we
apply the CR vector field

0

L=p2
pTax

0 0 0
— py— = (1 + 2bw)~— — (2 + 2ax) —.
Px 57 (T4 bw)ax (z + 2ax) 5

to the equation (4.4). This yields
(w+ 2b7) X1 (2, w) — (2 + 2ax) Xo(z, w) + 2(w + 2b7)axX3(z,w) — 2(z + 2ax)brX3(z,w) = 0.

Furthermore, applying

2 2 2
— =2 2 2 2ax)?
o (z + 2ax)(T + bw)(?X(?T + (2 + 2ay)

L? = (1 + 2bw)? 5.3
.

we obtain
[2a(7 + 2bw)? + 2b(z + 2ax)?] X3(z,w) = 0.

Hence, we get the following system of equations

xX1(z,w) + 7X2(z,w) + (ax? + b7?%) X3(z,w) =0
(w+ 2b7) X1 (2, w) — (2 + 2ax) X2(2, w) + [2ax(w + 2b7) — 2b7(2 + 2ax)] X3(z,w) =0
[2a(w + 2b7)% + 2b(z + 2ax)?] X3(z,w) =0

or equivalently,

X T ax? + br? X1(z,w) 0
w+2br —(z+2ax) 2ax(w+2br) —2b7(z+2ax)| - | Xa2(z,w)| = |0
0 0 2a(w + 2b7)? + 2b(z + 2ax)? Xs3(z,w) 0

The determinant of the above system
— [2a(7 + 2bw)? + 2b(z + 2ax)?] (xz + 2ax* + wT + 2b77)

does not vanish identically on C£. Hence, the generic rank of the above matrix is 3, and the solution for
Xl, XQ, and X3 is
X1<2,w) - X2(sz) - Xg(Z,U)) = 0.
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As a second step, we compute the set of infinitesimal deformations of H defined in section 3.6 as

3
9 . 2 3
hol(H) = {X = ZXj(z,w)a—Zj :Re X (||z]I*—1) ‘H(M) = 0forz = (21,22,23) €S } ,

J=1

in the special case b = 0. Let X € hol(H). The condition Re X (||z?—1) ‘H(g) = 0 translates to

23: Re (Xj(ZW)aZj) (ji’)l %% = 1)

:0’

Jj=1 H(E)

or, equivalently,

0 _ 0 0 0
<X1(z,w)621 + Xl(Z,'U))aiil + X2(Z7w)8722 + )(2(2:,71])8722
0 _ 0 _ _ _
+ X3(z, w)(,)—z3 + X3(Z’w)(923> (2121 + 2222 + 2323 — 1) |H(5) =0

which yields

X1(z,w)Z + X1(2,)21 + Xo(2z,w) % + X2(Z,w) 22 + X3(2,w)23 + X3(Z, @) =0.

H(E)

Using the definition of the map H, in the case b = 0, we have

Z D az?
X1(z,w) T + Xg(z,w)m + X3(z,w) T
2
o z = w _ . az
+X1(Z,’U))1 — a2 +X2(Z,w>1 022 + 3(Z,'ll))m =

for |22 +|w|?*+a (22 + 22) = 1.
In order to simplify matters, we multiply both sides of (4.5) by (1 — az?)(1 — az?) to get

(1—az))X1(z,w)z + (1 — az®) Xo(z,w)@ + (1 — az?) X3(z, w)az?
+(1—az>)X1(2,0)z + (1 — az®) Xo(Z, w)w + (1 — az®) X3(2,w)az? = 0.
Setting Y; (2, w) = (1 — az?)X;(z,w) for j = 1,2, 3in (4.6) and complexifying yields
Yi(z, w)x + Ya(z,w)T + Y3(2, w)ax® + Yi(x, 7)z + Ya(x, T)w + Y3(x, 7)az® =0,

forzx + wr +a (2* + x?) = 1.
We will first compute the maps along the first Segre Variety

5(1071) = {(z,l—azZ) eU:z€eC},

where U is a neighbourhood of (0,1) € £. Applying

0 0
L—Tg — (X+2az)8—w

(4.5)

(4.7)
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to (4.7) yield a system of three equations for Y7, Y5 and Y3
Y1 (z, w)x + Ya(z,w)T + Y3(z, w)ax® + Yi(x, 7)z + Y2

(x, T)w + Y3(x, T)az? = 0
LY (z,w)x + LY3(z,w)T + LY3(z,w)ax? + Y1(x, 7)L(2) + Ya(x, 7) L(w) +

+¥3(x,7)L(az?) = 0
Y3 (X,

L*Y1 (2, w)x + L*Ya(z,w)T + L?Y3(2, w)ax? + Yi(x, 7)L?(2) 4+ Ya(x, 7)L*(w) + )L (az?) = 0.
(4.8)
Setting (z,w) = (0,1) and (x,7) = (x,1 — ax?) € S(o 1) in the above equations, we can solve to deduce

formulas for Y1, Y5, and Y3 along 8(10 1

1
ax?—1 (3"7(0,1) + x¥2(0,1) = x¥5*V(0,1) + 7"V (0,1) + x¥1 (0,1)

- XQY( )(O 1) — 2ax?Y,
mmémmﬂMWmew%m@mme

Yi(x, 1 —ax?) =

00,1) + ax?v M (0,1) — ax®¥2(0, 1) + ax*¥3(0, 1

10) (0.1

—

Ya(x,1 - ax?) = =Ya(0,1) — x¥1(0,1) + ax*¥2(0,1) — ax*¥3(0,1) (4.10)
% : L X (1, X (2,
Ya(x, 1 — ax?) = —Y5(0,1) + v{*Y(0,1) — %Y;Q 900,1) + EYZ(l Y00,1) - %YF 90,1)

1 2
+WL¢@“@Uwﬂwwn+w%@nﬂwﬁw@n+;@wmn

2 2 4 4
ﬁ%”wm—fﬁm@n+§%wmm+ﬁY¥%mnfgﬁwmm)

1 X202 , X! (02 1
+@%_W(%ﬁ>mn+f%”mw—a%>mwﬂwﬁ”@w.

(4.11)

In order to determine the maps Y along the second Segre variety, we need to compute the 2—jet j(20 1

of the Y; along 5(10 - For this purpose, we apply
0 Ow 0 0 z+4+2ax 0

M= -2 = 2 o
Y70y Oxow Oy T ow’

and

Mol 0 (wiret ooy o

or 0t dw Ot T2 ow
to (4.7) to obtain equations for Yj(l’o) (x,1 —ax?) and Yj(o’l)(x, 1 —ax?),j = 1,2,3, respectively. In both
cases, we use the vector fields L and L?, as before, to obtain two systems of three equations for Yj(l’o) (x,1—
ax?) and Yj(o’l)(x, 1 — ax?), and then substitute (z,w) = (0,1) and (x,7) = (x,1 —ax?) € 8(1071). Solving
the above systems and using the formulas (4.9), (4.10) and (4.11), we can deduce the following expressions:

1
g (a0 2V 0.0 2t 0.

71— ax?) =
+a®x2(0,1) — a®x Y5V (0,1) — 2a*x v (0,1) + a®x'¥3(0,

— 4a2X3Y2(1’1)(0, 1)+ 4a2X3Y(1’0)(O 1)+ 2a2X3Y(1’1)(0, 1) — 2ax3}/1(0’2)

+ 202700, 1) + 2002V D(0,1) — 202V %P (0,1) + 3ax 2y

—3ax*Y3(0,1) + 2ax Y3 " (0,1) — 2ax¥3 "V (0, 1) + 2x¥ "V (0, 1) — 2x¥1 (0,
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V001 - ax?) = (2(1 YLD (0,1) = 2a2x3Y5(0, 1) — 2623V (0, 1) — 20027,V (0, 1)

ax?—1
+ax?Yi(0,1) = 205"V (0,1) 4+ 20x¥3(0,1) + 20x¥3(0,1) + Y1 (0, 1))
_ 1
Y(l 0) (v, 1 — ax?) = Sl =T (_2a4yg(2,o) (0,1)x7 + 2a4}/2(2’1)(0, Dy - 2a4Y3(2’1)(0, 1)y
+2a3Y; 0 (0, 1) — 6a3Y3(1’1)(0, 1)y + 4622 (0, 1)xS — 4a*V P (0, 1)
— a7, *9(0,1)x° — 2a3v;* (0, 1)X6 +4a*Y3(0, 1)y — 4a*v P (0, 1)%°
+4a*Y, 20, 1) + 2222 (0, 1)x° — 4a*Y{"? (0, 1)x® — 4a2Y "2 (0,1)"
+2a27,%(0, 1)y — 2a2Y3"¥ (0, 1)x° — 4a2Y1(1 Y0, 1)x% — 4a2Y12(0,1)y°
+ 622732 (0,1)x — 6a3Y2V(0,1)x° + 4633V (0, 1)x® — 263Y3(0, 1)y
+ 203V "D (0, 1)y* — 46®Y. "2 (0, )x* = 3aY*?(0, 1)x* — 2aY,*% (0, 1)x*
— 622,70 (0, 1)x* + 126200, 1)y — 802V, (0, 1)y + 4a2Y M (0, 1)t
+ 3027200, 1)y* + 4a2Y(2’1)(0 1)x* — 8a%Y2(0, 1)x® — 4a®Y3(0, 1)
+8a3Y%V(0, 1) + 46 Y"1 (0, 1)x® — 8a3V"P (0, 1)y — 4aV{"? (0, 1)
2 » L)X 3 X aYy (0, 1)x
+4a3Y%2(0, 1)y + 4aV %P (0, 1) — 2aY P (0, 1)x3 + 8a¥; 1 (0, 1)x3
+4aY; (0, 1) — 6a2Y32(0, 1)x3 + 602,21 (0, 1)x® — 222V (0, 1)
+ 42720, 1)x% + 37,20, 1)x2 + 6a¥ "D (0, 1)x2 — 6a¥3 1 (0,1)y2
+ 40320, 1)x2 — 30220, 1)y — 2aY{2V(0,1)x% + 4a2Y5(0, 1)x
+ 4a2Y3(O, x — 4a2Y2(0’1)(0, 1)x — 4a2Y:3(0’1) (0,1)x + 4a2Y2(0’2) (0,1)x

+2v %20, 1)x — 410, 1)x + 2aV32(0,1)x — 2aY33D (0, 1)x + 2aY71(0, 1)
—2av{*Y(0,1) - 2v*Y(0, 1) + v{*%(0, 1))

and
_ 1
Y1(0,1)(X7 1-ay?) = W (—a2X4Y2(1’0)(0, 1)+a2X4Y2(1’1)(0, 1) —a2X4Y3(1’1)(07 1) —aX3Y1(1’1)(0, 1)
— axSYQ(O’I) (0,1) + axSYQ(O’Q) (0,1) + 2aX2Y2(1’0)(0 1) — QaXQY(l’I)( 0,1)
+ax?Y2(0,1) — ax*Vi%?(0,1) + ax2vi (0, 1) — 2?0, 1) + yv; Y (0,1)

30 (0,1) = x¥520,1) = v0(0,1) + v (0,1) - 1200, 1))

1
ax?—1

7001 - ax?) = (0?¥,"(0.1) = 20¢?¥2(0, 1) = ax?¥{"V (0, 1) + ax*¥3 (0, 1)

="V 0.1) +x71(0,1) = 1,*(0,1) + 2%3(0,1))
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+a%x Y( )(o 1) + 2a2X3Y(0 2(0,1) — 2a23Y{2(0,1) — 3a2y4 vy 20

(
(
+ 302 V2 (0,1) — 46232730 (0, 1) + 4622V %P (0,1) + 40?3 2Y5(0,
+ 2a X5Y (*, 1)( 1)+ 2a X5Y(1 2)(0 1) — 2a2X4Y3(2’1)(0, 1) — 2a2X2Y:3(0 2)(
+ 20 Y (0,1) + 200,20, 1) — 203V 20(0, 1) — 2ax Y, "2
— a0, 1) — ax* V%0, 1) + 4ax*V P (0, 1) + 3ax2v 20 (0,

— 3ax2Y (0, 1) + 2a¥3 (0, 1) — 2a¥3°?(0,1) — 2a¥5(0,1) + 2ax v, (
+ ax* Y% (0, 1) — 20371 (0, 1) — 2ax*Vi?(0,1) + ax2Y3( (0,
(

V%200, 1) + 2V (0,1) — 2XY(1 2>(0, 1) — Y(2 %0, 1) + v 1)(0, 1)
In order to compute the second order derivatives of the maps, we apply the vector fields

N = o 2 T Oxow

, 02 2+ 2ax 0? +<z+2ax>2

T

0? z+2ay 02 +az2+ax2—zx—1 02 az?+ax? —zx—1 02

NiNy = - (242
=y ™ T 7 duwor p ovow G20 p> oxor’
and 2
N22:872+2az2+axz+zxfl 0? n az? +ax? —zx —1 0?
o2 72 dxow 72 ow?

to (4.7). To each of these three equations, we further apply L and L?, in order to obtain formulas for}_/j@’o) (x,1—

ax?), }7j(1’1)(x, 1 —ax?),and l_/j(O’Q)(X, 1 — ax?), respectively, along S}

01)

V0001 - ax?) = —Wl_l)g (2050 (0,1) = 40" Y3 (0,1) + 205 0, 1)
+10a* 5V (0,1) 4 4% 02 (0, 1) + 6637V (0, 1) + 4a®5PY (0, 1)
—2a35YY(0,1) — 2a3X5Y(02( 0,1) — 4a*°Y (0, 1) + 6a*x* ¥,V (0, 1)
+ 803 Y, (0,1) 4 263 °Ya(0, 1) + 10a®5°Y4 %2 (0, 1) + 46> Y (0, 1)
— 6a*xVY(0,1) — 2063 Y (0, 1) — 40Py VP (0,1) + 6624y "2 (0, 1)
+ 402 Y% (0,1) — 126237, 50(0, 1) — 462320, 1) — 40253,V (0,1)
+8a23Y "2 (0,1) + 46237, (0, 1) — 6a2x2Y, (0, 1) — 4a®x 22 (0,1)
+ 4a23Y5(0,1) + 2623V, (0, 1) — 14623V (0, 1) + 6a2x2YS (0, 1)
+10a22V Y (0,1) — 262%3Y3(0, 1) + 6ax2Y, 1 (0, 1) — 10ax2Y, "2 (0, 1)
+ 6axY1(1’1)(0, 1) — 6ax?Y1(0,1) + 6axY2( ’1)(0, 1) — 6axY(0 2) (0,1)
+2aY,"1(0,1) — 6ax¥2(0,1) + 6ax Vi (0,1) — 2aY, (0, 1) — 6axY3(0,1)
+2v"Y(0,1) — 21 (0, 1))
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1
" (ax2-1)2
— 26 Y1 (0,1) — 463 VP (0, 1) + 2023V, "D(0, 1) — 42?3y P (0,1

— 2a33Y1(0,1) + 4622V "M (0, 1) — 4a22V%P(0,1) — 4a2x2Y5(0, 1
+10a22V{Y(0,1) — 6a2x2Y3(0, 1) + 6ax¥; " (0,1) — 6ax¥7(0, 1
+2av{%D(0,1) — 2a¥5(0,1) — 2a¥3(0, 1))

(—6a3X4Y2(0’1)((), 1)+ 4a3X4Y2(0’2)(0, 1) + 6a3x*Y5(0,1)

~— ~— ~—

>(2,0) 2 _ 1 5v(2.0) 8 5y-(20) 8 5y-(2,1) 8
Y37 (x, 1 —ax”) = T Al — 1)t (a Y377 (0,1)x° — a”Y5,™ (0, 1)x° 4 5a”Y5 ™7 (0,1)x

— 207V 2 (0, 1)x® + 267Y5 (0, 1)x® + 60V (0, 1)x7 — 6a*Y P (0,1)y7
+14a* Y20, 1)y — 46V 0, D)X + 40V (0, 1)y + 36221 (0, 1)
+ 204V 520, 1)x7 4 6a°Y2(0, 1)xE — 6a°Y, "V (0, 1)y + 2a°Y, 2 (0, 1)x

— a®Y*2(0,1)x® + 6a7Y{"?(0,1)x5 + 6037, (0, 1)x® — 4a°Y"¥(0,1)y®

— 5327, (0, 1)x + 47V (0, 1)x® + 943" (0,1)x® — 2a3Y, " (0, 1)x

+ 20370, 1)x® + 263V (0, 1)x + 1063, (0, 1)x® + 4a3Y; ¥ (0, 1)

— 490, 1)y + 4a* V3V (0, 1)x8 — 1542V (0, 1)y + 6a1V3? (0, 1)x
1a*Y 220, 1)x5 — 2a*Y1(0, 1)x° + 2%V (0, 1)x® + 2a*Y"?(0,1)°

342y (02 5 4v-(0,3) 5 21,-(0,3) 5 21,-(0,4) 5

+3a”Y, 7 (0,1)x° +4a”Y, (0, 1)x° 4+ 7a”Y; (0, 1)x° 4+ 2a°Y; (0, 1) x

— 183V MV (0,1)x° + 18a3Y, 12 (0,1)y" — 28a3Y(1 2(0,1)x° + 8¢, ¥ (0, 1)x°
— 40?7 (0,1)y° 9a3Y(21 (0,1) 4a3Y1(2’ )(0,1)x% — 10a*Y5(0, 1)
— 6a*Y3(0, 1)x + 10"V (0, 1)x* + 6a* V"V (0, 1)x* — 2075 (0, 1)x*
2+-(0,2) 4+-(0,2) 2+v-(0,2) 4 4+-(0,3) 4
+3aY, (0, 1)x* — 16aY; (0,1)X —12a°Y577(0,1)x™ 4+ 8a”Y, 7 (0,1)x
+10a2Y,"%(0,1)y* — 4a*vy" (o, Dy* — 9220, 1)x* + 2a2v%Y (0, 1)*
— 6a2Y,V(0,1)y* — 20a2y;" (0, Dy — 40270, 1)x* + 663V 2V (0, 1)
— 6a®Y, 2V (0, 1)y* + 1563V 21 (0, Dx* — 66322 (0, 1)y* + 2a3V52 (0, 1)x*
— 4a*Y1(0, 1)x + 4a3Y 0D 00,1)%% — 8a®Y,%?(0, 1)x® — 6aY,"?(0,1)x?
— 4a®Y"¥(0,1)%® = 7" (0, 1)x® + 182V (0,1)x3 — 18027, (0, 1)
+ 14?2 (0, 1)y — 402V (0, )% + 9a2Y1(2 Y0, 1)x3 + 202722 (0,1)
+263Y5(0, 1)x + 4a3Y3(0, 12 — 267, (0,1)x2 — 4a®Y%V (0, 1)
—2a3Y"P(0,1)x? — 3aY5? (0, 1)x% + 10a*Y " (0, 1)x2 + 6a¥3 "2 (0,1)x>
14a3Y (0, 1)x2 — 5ay,’ )(0, 1% + 6aY (0, 1) + 10aY( 2(0,1)x2
4(12Y(2 D00,1)x% + 42,1 (0, 1)x2 — 502V 2V (0, 1)x2 + 20272 (0, 1)x2
+6a2Y1(0,1)x — 6a2Y( D(0,1)x + 6a2Y; %2 (0, 1)x + 37" (0,1)y

— 6aY{"D(0,1)x + 6aY (0, 1)x — 3aY{*D (0, 1)x + 2a2Y5(0, 1) + 2a2Y3(0, 1)
—2a2Y,%1(0,1) — 2027V (0,1) + 2a2v*?(0,1) + v{*?(0,1) - 2v{"Y(0,1)
+av*(0,1) - a¥y*V(0,1))
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1,2 1,1 1,2
= TP (a2X4Y2( )0,1) — 22V (0,1) — a2 V(0,1

- 2aX3Y(1 1)(O, 1) — aX3Y1(1’2)(0 1)+ aX3Y(O 2)(O 1) + ax?Y: (

— 2ax Y2(1 )(O, 1) — 3ax3Y3(0’2)( 0,1) — axSY(O 3)(O 1) + 2ax?%Y. (
+ax2v(0,1) = 3327220, 1) — 20, 1) + 2x vV (0,1) + XY 2
—x¥3%2(0,1) = x¥5"7(0,1) + v3 (0

0,1)
0,1)
0,1)

2(0,1)

V00 (01— ax?) = (ale_ 2 (F20¥E0,1) + a1 (0,1) + 20¢%0.1) — ¥ 0, 1)
— ¥ %200, 1) + 2v%Y(0,1) - v{°?(0,1) — 2V3(0, 1))
y(o 2) (6,1 —ax?) = m <_a3X6Y2(2,2)(0’ 1) — 2a3X4Y2(0’2) (0,1) — 2a3X4Y2(0,3) (0,1)
+2a3X6Y ( 1)+ aPy 6Y(“ (0, 1) + 63 Y{%2(0, 1) + 203 v{*¥(0,1)
+ 2025V 3(0,1) + a2V 22(0,1) + 6623V 2 (0, 1) + 2423V, (0, 1)
— 4a®y%Y; 12)(0, 1) — 2a X5Y(13 (0,1) + 3a2x*Y3*2(0,1) + 4a>2v{*?(0, 1)
+ da\ 2y, 3)(0, 1) + 4a2 Sy, (0, 1) + 8a2X5Y( 2(0,1) + 2a2°Y (0, 1)
— 42?21 (0,1) = 262 Y3P(0,1) — 60222 (0,1) — 22 2Y Y (0, 1)
+4ax V0, 1) + 8ax V20, 1) + 2ax (0, 1) — 4axP Y1 (0, 1)
— 2a*Y*?(0,1) — GaXY(O 2(0,1) — 2axY{"Y(0,1) — 2ax*v{*?(0,1)
- 4aX4Y2(0 D(0,1) — ax*¥"(0,1) + 8ax*¥ "2 (0, 1) + 4a*v, (0, 1)
— 3ax2Y{22(0,1) — 2aY,*?(0,1) — 2a¥*¥(0,1) + 6ax*¥4*? (0, 1)
+6ax V"V (0,1) + ax* V%Y (0,1) — 4ax®v{ (0, 1) — 8ax®v (0, 1)
—2a3Yi¥(0,1) + 2ax2Y3(2 Y0,1) + axgysm) 0,1) + 6x*Y,*?(0,1)
+ 637 %0, 1) + 3V %Y (0, 1) — 42V (0,1) — 8y 2P (0,1)
22V (0,1) + 27,20, 1) + 220, 1) + 2¢2v "2 (0, 1)
+ 4270, 1) + 270, 1) — 4 v (0,1) — 2v (0, 1) + v 220, 1))

}7(1 1) (X? 1— XQ) — <2a3X5}/2(1,2) (07 1) o 4(13)(5}/;3(1’1) (0’ 1) . 2a3X5}/3(1,2)(0’ 1)

1
(ax? —1)3
—3a2*Y"V(0,1) - 2a X4Y(1 2(0,1) + a2V (0,1) + o> v (0,1)

+ 202 %%(0,1) — 42?32 (0,1) — a®x*Y2(0,1) — 5a>x V"% (0, 1)

— 2a®x*Y{*¥(0,1) + 6a X3Y(1 1)(o 1) + 2a23Y2(0, 1) — 4ax3Y P (0, 1)

— 2aX3Y( )(0 1) + 4ax?Y, (O 1) + 2ax Y(1 2)(0, 1) — 2ax Y(O 2)(O, 1)
—2ax2Y ¥ (0,1) + 2aXY(1 2(0,1) + 3ax2v " (0,1) — 2axY(1 D0,1)

+ 20720, 1) — vy (0, 1) — vV (0,1) + V%P (0,1) + V2!

=

—_

~—
N—

1
v 01 - ax?) = 7 (40,1 1200 0.1) + 4P v(0,1)

(ax? -1
— 2023V (0,1) + ax2v; (0, 1) — 2ax2Y (0, 1) — ax?¥1(0, 1)
+4ax; "V (0,1) — 2ax ;" (0,1) — dax¥a(0, 1) + 2ax¥3 *V (0, 1) — 2ax¥3(0,1)
+v{%7(0,1) - vi(0,1))
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1
2a(ax? —1)4
—6a® (1’1)( )X6+6a3Y2(1’2)(0,1) 14a3Y(1 2)(O 1)x° —i—4a3Y ( , Dy
163 (0,1)x8 — 3a3Y, >V (0, 1) —2a3Y1( 2(0,1)x° — 4a*Y5(0,1)y°
©
1

Y(l D(X, 1— XQ) _ (—4a4Y3(2’1)(0, 1)X7 + 2a4Y2(2,2) (0, 1)X7 _ 2a4Y3(2’2) (0, 1)X7

6

5

+4a4Y ‘”)(0, 1 + 202752 (0,1)y — 8a2¥,%?(0, 1)x° — 842V ¥ (0,1)x
+ 407, (0,1)%" + 6a2Y"Y (0, 1)x° — 4a*Y{"? (0, 1)x® — 10a2Y " (0, 1)x°
+ 2027 4’(0, 1)><5 202V " (0,1)x" — 4027V (0, 1)x® — 122Y12(0,1)x°

— 4a?Y"¥(0, 1) + 1Oa3Y3( Y(0,1)x% — 6637220, 1)x" + 4a*Y,*? (0, 1)x°
- 6a3Y(0’2)(0, Dy* = 6aY; 20, 1)x* — 4637, " (0, 1)v* — 92V %Y (0, 1)*

4

=

2
K (
(
(
(
—2aY{%Y (0, 1)x* + 120271 (0, 1)* — 1462V (0, 1)x* + 20a2Y M2 (
— 8a2, (0, 1)x* + 42V (0, 1)x* + 70272V (0, 1)y* + 4a2Y 2 (0, 1)

1 2

) <

(

(

(

A

)
)
)
)
)
)
)
)
)
) 3
)
)
)
)
)
1
1
1
)

=

+8a%Y5(0, 1) — 83V (0, 1)x® — 4a¥3 P (0, 1) + 12a3Y,"

—|—8aY3(0’2)(0,1)X3 8a3Y{"Y(0,1)x? — 8a¥, ¥ (0, 1)y + 4a*V"
+4aY (0, 1)x® — 20, (0, 1)x +8aY, (0, 1)x® + 160y}
+4aY; (0, 1) — 8a2Y{HV (0, 1)x3 + 6a2Y, > (0,1)® — 242V
+8a2Y,%P(0, 1)y + 6Y"?(0, l)x +4a2Y,%(0,1)y2 + 3Y,°

— 6aY (0, 1)\ + 10aY2(1’2)(0 1) — 6aY "2 (0, 1)\ + 4y
— 5aY;® (0, 1)x2 — 2aY. %2 (0, 1)x2 — 4a2Y3(0, 1)y + 4a2Y;"D(0

+2v%2(0,1)x — 4a2Y(0 2)(0 1)y + 4a2Y ©3) 0, 1)x + 2v,*¥ 0,

— 40, 1)y — 4120, 1)y + 20300, 1) x — 20,2 (0

Dol 0,1) 27001 4 ¥ 1 ).

=

)

3

=

i

XS

X
X
X

)

3

)

2

i

0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1
0,1

2

o) )X
)X
)X

I

)

Now, we have all the necessary formulas to determine the functions Y}, j = 1,2, 3, along the second
Segre variety

1— 2 2
8(2071):{<z, 4z ax2 ZX) ceU:z,xeC,(x,1—ax?) e *U}.

1—ay
We apply
- 0 0
L =w— — 2 _
w@x (z + 2ax) 57
and
- 52 2 ,
L? = w? = — 2(z 4 2ax)w + (2 + 2ay)

2 oXOT or?

to (4.7) and set (z,w) = <z, w> € Sfyyand (x. 7) = (x,1 - ax?) € S, ). Using the formulas

1—ax
for the 2—jet of (Y1, Ya, Y3) along 5(10 1)» we can find formulas for Y1, Y2 and Y3 along 8(20 ) of the form
1—az? —ax?—2x 1 k 1—az? —ax?—2x l j 1
Yi (Z’ 1—ax? ) T 1-az? Z ® 1—ax? Tl = 1-— azQBj(Z’X)

(k,DET,
(4.12)

where I; C N x Z, j = 1,2, 3 are finite sets and the f,gl are rational functions of . The full formulas can be
found in the Appendix.
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Since the second Segre map is generically of full rank, we can generalize the maps

y, (z, 1—az? —axj —zx>
1—ay

to maps Yj(z,w) for j = 1,2,3. For this purpose, we need to write x as a holomorphic function ¢(z, w)
for (z,w) in a neighbourhood U of (0, 1). The uniqueness of the function ¢ in U is justified by the Implicit
Function Theorem.

Indeed, using the proof of Proposition 2.11 in [3], we express w — 1 as a power series in x

az? + zX
1 —ax?

w—1= = Q(z,x,1 ZCLJ 7,

with a;(0) = 0forall j € N. Since Q(2,0,1) = —z, we have a;(z) = —=z. Therefore, dividing by 2%, we

obtain
1 j
L:—f—i-é aj(z 232( )J.

Setting b;(2) = a;j(2)z/ =2 forj > 2,t =

<, yields

t=—u+ Z bi(2)w’!
j=2

The Implicit Function Theorem implies then that there is a unique holomorphic function ¢ such that u =
o(t, z) with ¢(0,0) = 0, and hence x = z¢ (z, “’_21) . The function ¢ can be found explicitly by solving the
equation

a—+u

L M
1 — az2u?

for u to obtain

14+ V1 + 4a2t22 + 4at2z2
2atz2

U =

We express both solution as power seriesin t :

1 — 1+ 4a2t22 + 4at222

52 = —a+ (322 — 1)t — 2(a®2* — 2222 + O(1?)

and

1+ V1 + 4a2t22 + 4at?22 1
2atz? =2 +a— (a®22 = 1)t + (2a°2* — 22222 + O(t?),

and choose the solution with no singularities at ¢t = 0.
I B o prep)
Hence, ¢(t, 2) = 1=VIHCEH4a22 g bstituting x = 2¢(t, 2) in the formulas (4.12) and expanding as
power series in t, we have

1—az?—ax?—2x 1
Y}-(z,w)::Y}-(z’, 1— a2 - 1fazsz(Z’X)

1
:1—az2 i(2: 8(t: 2)2) 1—(122ij g

for j = 1,2, 3. Using the Weierstrass Division Theorem, we express b; x(z) = 22%q; (2) + r;(z) for all
ke Nandj =1,2,3.Sincet = ©51 i(2,w)ina
neighbourhood of (0, 1), r; () must vanish. This implies b; .(2) = 22*q; x(2).
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This condition can simplify the lengthy formulas for Y; (z, w) from the Appendix. For computational sim-
plicity, we introduce the functions Z; (2, w) = (1 — az?)Yj(z,w) for j = 1,2, 3, and focus on the conditions
imposed by the first ten powers of t. We express

10
u(t,z) = ug(2)t" + O(t").

1=0
We substitute the above formula for u(t, z) into B;(z, u(t, z)z), and then expand as a power series

10

Bj(z,ult,2)z) = > _ bjx(2)t" + O(t").
k=0

The functions b; 1 (2)t, b; 2(2)t? and b; 3(2)t> have no singularities near z = 0. For the power series expan-
sion of the coefficient b; 4(z) of t* :

7
bj74(z) = Z bj,47lzl + O(ZS),
=0

we use the Weierstrass Division Theorem for &k = 4 to obtain 217:0 bj74,lzl = 0 forall z in a neighbourhood
of 0. Hence b; 4; = 0forj =1,2,3andl = 0,---, 7. In particular, we have the following conditions

3a® (—3Y1(1’1)(O, 1) + 3.2 (0,1) + 8v,*?(0, 1)) - gazyg@l)(o, 1)

1
+ 50 (24Y1(1’2)(0, 1) - 87,%9(0,1) — 57,0, 1)) =0

1
363"V (0,1) — 6a2Y, "2 (0,1) — ga <—Y1(2’1)(0, 1)+ 20,1) + v2(0, 1)) + 53/1(0’3)(0, 1) =0

21
6a7Yi"D(0,1) — 27a2Y,"?(0,1) + a (31/1(2’1’(0, 1) -3y "2 (0,1) - ?Y;f“) (0, 1)> +6v"¥(0,1) = 0.

Similarly, for k = 5, we express

9
bis(z) =Y bjsiz +O(z"7).
=0

By the Weierstrass Division Theorem, 3"} b; 52! = Oforall zin a neighbourhood of 0, and hence, b; 5 ; = 0
forj=1,2,3and! =0, ---,9. In particular, we obtain the conditions:

—24a37%?(0,1) - 12272 (0,1) + 8aY*¥(0,1) = 0

1
50" (60Y1(1’1)(0, 1) — 60v.°2 (0, 1) + 156Y.%? (0, 1)) +15a*Y.3Y(0,1)
e (—12Y1(1’1)(O, 1) — 36Y,."2(0,1) + 1220, 1) + 18Y"¥(0,1) + 39v,? (0, 1)
1
+ 55y (0, 1)) + gcﬂ (4Y3(2’1)(O, 1)+ v, 1)) +5a (—391/1(1’2) (0,1)

— 8y "¥(0,1) + 137" (0,1) + 4v,° (0, 1) + 7v{*¥ (0, 1) + v\ (0, 1)) —0

303 (—Yfl’”(o, 1)+ Y,%%(0,1) + 3v"?(0, 1)) - gﬁY;Q’”(o, 1)

+a (91/1(1’2)(0, 1) —3v."¥(0,1) — 2v{*¥ (0, 1)) —0

1
2
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—54a?v%(0,1) - gaﬁ’ (Yfm(o, 1) + 249 (0, 1) + 18v1420, 1))
+ %aQ (48Y( 2(0,1) + 86v,"%)(0, 1))

+ %a <—6Y1(2’1)(0, 1) —3Y,*2(0,1) + 6v;2(0,1) + 620, 1) + 6Y, 2 (0, 1) + 2vi ¥ 0, 1))

+ % (-7 0,1) = v{*Y(0,1)) =0

and
~12a°Y,{*Y(0,1) - 63a*Y;%?(0, 1) - 6a° <Y(2 Y(0,1)-v "2 (0, 1) +2v (0, 1)+6Y3(1’2)(0,1)>
a? (()’OYI(O’Q)(O 1)+ %91/( )(0,1)>
a <—6Y1(2’1)(0, 1) — ng(M) (0,1)+ 6,2 (0,1) + 3% (0, 1) + 18v{ 2 (0,1) + gyg(l’?’) (0, 1))
- ; <8Y1(0’3) 0,1) + v, (0, 1)) —0.
Analogously, for k = 6,---, 10, using the Weierstrass Division Theorem, b;;; = Oforj = 1,2,3and [ =

-, 2k — 1, we obtain a list of conditions for the holomorphicity of the functions Y;(z, w). Together with
the above conditions, they yield a system of equations for

{¥1(0,1), Y2(0,1), ¥3(0, 1), ;P (0,1), v, (0, 1), v{* (0, 1), v*?(0, 1), v{*¥ (0, 1),
v{%2(0,1), v{*¥0,1), v\*¥(0,1), v{*¥ (0, 1), v,* (0, 1), v\ (0, 1), v*¥ (0, 1),
Y120,1), v3 470, 1), v{ 4 (0,1), vV (0,1), vV (0, 1), v (0, 1), v (0, 1),
v 2(0,1), Y32 (0,1), v (0,1), ¥ (0, 1), Y32 (0, 1), v,*2(0,1), v (0, 1),
¥32(0,1), v,%Y(0,1), vV (0,1), v{#V (0, 1), v,*? (0, 1), 3> (0,1), ¥3? (0, 1)}

The solution to the above system, with the additional condition a > 0, is:

2(0,1) = - v(0,1) =0
- v{%(0,1) = « v(0,1) =0
- v%0,1) = - vM0,1) = 1v{%(0,1)
Cv(0,1) = C Y 09(0,1) = 0
K0 - Y001 = ¥ 0.1
* (0’ 1) = (2,1) (0,2) (1,1)

Y00, 1) =2 (a3 (0,1) - av{*Y (0, 1))
* (07 1) =
2,2 1,3
C Y001 = 1 (0,2)(0 ) $YPP(0,1) = 237(0,1)
) - 2 )

2,2 0,2 1,1
. Yg(l,l)(o, =0 Y, 2P(0,1) = 4 (aYQ( )(0,1) — av; )(0,1))
- Y(0,1) = 2% (0,1) - Y2(0,1) = 0.

We substitute the above conditions into the formulas for B;(z, x) and set

X = 2(t, Z)—Z¢< _1>-

22
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The resulting candidates for the functions Y (z, w) are the following rational functions in (z, w) :

1 1
Yi(z,w) = a2 <—aw22Y1(0’1)(0, 1)—§a24Y1(2’0) (0, 1)—a23Y1(1’0)(0, 1)+az Y(O 1)(0 1)—az*Y1(0,1)
1 1 1
+a'% 0 (0,1) - a0 (0,1) + w0 (0,1) + Sweyy™(0,1) + 22Y0 0,1
1 1
+29,70,1) - vV 0.) +Y1(0,1) + 32V (0,1) - 220, 1)) :
(4.13)
v _ 1 1 2 4y,02) 2y-(0,1) L 4y,(20) L 4y
2(z,w) = a2 \ "3 Y5,77(0,1) — awzY, 7 (0,1) — 507 Y,77(0,1) + 507 Y,77(0,1)
1
— a¥Y70(0,1) + a2V (0,1) + 22" (0, 1) — a22Y3(0,1) + §w2Y2(0’2) (0,1)
1 1
+ inQYQ(Q’”(o, 1) + w2300, 1) + wy Y0, 1) — wv{%?(0,1) + 522}/2(2’0) (0,1)
1 1
527V (0,1) + 290 0,1) = 20 (0,1) = v3(0,1) + 5¥37(0,1) + Ya(o, 1)),
(4.14)
v _ 1 L o 4,(02) L 2-(0.2) 2y-(0,1) L ay20)
3(z,w) = a2 7397 Y,77(0,1) + Jawz Y, 77 (0,1) — awz"Yy 7 (0,1) + 0% Y5,77(0,1)

1 1
+a2¥v Y (0,1) - 5@221/2(0’2) 0,1) — 5cw‘ly?fz’o)((), 1) — az?Y{(0,1) + a22v{"Y(0,1)

1
— az2?Y5(0,1) + wYi*M(0,1) + 52213(2"”(0, 1)+ 2¥0,1) — v{*Y(0,1) + Y30, 1)) .
(4.15)

We need to verify if the candidate formulas (4.13), (4.14), and (4.15) satisfy the equation we started with,
i.e., using Proposition 2, if there exists some holomorphic function A(z,w, x, 7) such that

Yi(z,w)x + Ya(z, )T + Ya(z, w)ax® + Yi(x, )z + Ya(x, T)w + Y3(x, 7)az

(4.16)
= A(z,w, x,T) (1 — 2y —wT —az? — aXQ) .

Equivalently, multiplying both sides of (4.16) by (1 — az?)(1 —ax?) and using Z;(z,w) = (1 —az?)Y;(z,w),
the above equation can be expressed as

Z1(z,w)x(1 — ax?) + Zo(z,w)7(1 — ax?®) + Z3(z,w)ax*(1 — ax?) + Z1(x, 7)2(1 — az?)

2 2 (4.17)
+ Zao(x, T)w(l — azz) + Z3(x, T)a22(1 — az2) = A(z,w,x,T) (1 — 2z —wT —az’® — axz) .

We keep the same notation A(z, w, x, 7) for the corresponding holomorphic function on the right-hand side.
The left-hand side of (4.17) is a polynomialin (z, w, x, 7). We may also write

A(z,w, x, T ZAkzwx,

with Ay, of weight k, which means that Ay (\z, Aw, Ax, A7) = A AL (z,w, x, 7), forall A € Cand k € N.
Terms of the same weight on both sides must be equal. This implies

Ao(z,w,x,7) =0 (4.18)
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1 _ 1_ _
Ai(zw,x,7) =T (—13‘0’”(0, 1)+, (0, 1)+ Y2(0, 1)) +w (—YJO’”(o, 1)+57"7(0,1)+%:(0, 1>)

+x (Yl(O, 1) - v{%Y(o, 1)) Iy (171(0, 1) - 7o, 1))

(4.19)
As(z,w, X, T) = X2 (aYg(O, 1) — aYg(O’l)(O, 1)) + 22 (a}_/g,(O, 1) — a}_@fo’”(o, 1))
+wy (Y(O’l)((), 1)+ 790, 1) — 70, 1))
+rw (Y(O Y00,1) = v{*?(0,1) + %Y (0,1) - v{*? 0, 1)) (4.20)

+x2 (Yl(l’o) 0,1) + v"(0,1) - %YQ(O’Q) (0,1) — %}72(072)(0, 1)>
2 (V0,1) + 3" 0,1) - vV (0, 1))
As(z,w,x,7) — A1(z,w, X, 7) (2x + wr + az® + axQ)
= wy ( 7%0(0,1) — a¥2(0,1) + a¥, >V (0,1) + %Yf’”)(o, 1) - %172(2’”(0, 1))
< %Y ;a}’g‘o’z)(o, 1) — a¥s(0, 1)> +8 @Yf“’”(o, 1) — aY; (0, 1))
<aY(0 Y(0,1) — a¥1(0,1) + a¥ Y (0,1) + %Yl(?’o)(o, 1))
+x%z (aYl(O’l)(O, 1) — a¥1(0,1) + a¥y "7 (0,1) + %Yf“)(o, 1))
2 (aifl@’”(o, 1) — a¥; (0, 1)) + 7y ( V%Y (0,1) - aYz(O’Q)(O, 1) — aYs(0, 1))
+ 722 <aY2(O’1)(0, 1) — a¥a(0,1) + a¥3*"(0,1) + %Y;“)(o, 1) - %YZ@’I)(O, 1)) + %TwQYZ(O’Q) (0,1)

1 1 — _ 1 _
+ TszQ(Ll)(O7 1)+ §wsz2(0’2)(O, 1)+ 572wY2(0’2) 0,1) + waY2(1’1)(0, 1)+ §TXZY2(0’2) (0,1)
(4.21)
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A4(Zv w, X, 7—) - AQ(Zv w, X, 7—) (ZX +wT + az2 + CLX2)
1 1 55 _
— X222 (—CL2YV2(O72) (O, 1) _ *02}/2(072) (0, 1) + GQYY?)(O’I) (07 1) _ (LZY3(0, 1) + a2Y'3(011) (0’ 1)

( }/3(0 1)) + Y(2 0) (O 1) + Y(2 O) (0’ 1)) + X4 (GQY;')(O’D(O, 1) _ a2}/3(0’ 1))
s <a2Y3(0’1)(0, 1) — a2Y3(0, 1)) +wy (—anO’l)(o, 1) — a¥{(0,1) + a¥y MY (0, 1))
+ wyxz? (—aYl(O’l)(O, 1) — a}_/z(l’o) (0,1) + a%(l’l)m? 1))

i} 1
+ Twy? (—aYQ(O’l)(O, 1) +a¥y " (0,1) - a¥y"(0,1) + S 13 (0, 1)

) (422
)

+ rwz? (—aYQ(O’”(o, 1) — a¥"Y(0,1) + a¥"?(0,1) + 51/2(27”(0, 1)

) 1 1 1
23 ) —a¥"(0,1) — 5aYQ(O’z)(o, 1) + §QY2(0’2) (0,1) + 5Yf’”(o, 1)>

3

+ 7z

X ( a¥{"0,1) — a¥(0, 1)+; avy 2 (0,1) — ;a)_/( 2(0,1) + ;Y(Q Y0, 1))
(=¥ P (0,1) = v (0,1) + av5 (0, 1))
z

+ ( av® 1)(o 1) —a¥{(0,1) + av MY (0, 1))

As(z,w,x,7) — As(z,w, X, 7) (2 + wT + az® + ax?)
1 _ _ 1 1 _
— wy 22 <2a2Y2(0’2) (0,1)—a?¥,"(0, 1) +a2¥3(0, 1) —a?v{"V(0,1) - = . a¥; %00, 1)+§aY2(2’1)(0, 1))

1 5= 1 - 1 S
+ wy* (—2a2Y2(0’2) (0,1) - a2Y3(O’1)(07 1) - §GY2(270)(07 1)+ EaYQ(Q’l)(O, 1))

+ xz* (—a2Y3(1’0)(0, 1) - %ayl(z,()) (0,1) + QYQ(M)(Oa 1))

3.2

_ _ 1
322 [ =a2v"D(0,1) + a2v1(0,1) + a2V (0,1) — o279 (0,1) — 50 ay#%(0, 1))

4

_ _ 1 _
+x 228 <—a2Y1(0’1) (0,1) + a2¥1(0,1) + a2¥ Y (0, 1) — a2 (0,1) — iaYl(Q’O) (0, 1))
+X 2 <

—a2vM(0,1) - %aiff“)(o, 1) + a¥ (0, 1)) + 7y 222 < 2y,%1(0,1) + a2¥3(0, 1)
1 5 _ 1 1
+ §a2Y2(0’2)(0, 1) — a2v{"Y(0,1) — ia}@(lo)(o, 1) + 5ayf»”(o, 1))
1 _ 1 1
+ 7zt <—2a2Y2(0’2) 0,1) — a2¥{"Y(0,1) — 5aYQ(Q’O)(o, 1) + 5aYQ(Z’”(o, 1))

1 1
- 5a7w2X2Y2(0’2)(0, 1) — aTwXQZYQ(Ll)(O, 1) — iawx?’zYQ(O’Z)(O, 1)
1 S _ 1 _
- iaTQwZQYQ(M)(O, 1) — awaz2Y2(1’1)(0, 1) — 5&7)(231/2(0’2)(0, 1)

(4.23)
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AG(Z7 w, X, T) - A4(Za w, X, T) (ZX +wT + CLZQ + CLX2)
= w22 (V"0 (0,1) + @27 9(0,1) - 2%V (0, 1))

_ 1
+ Twy 2> (aQYQ(O’l)(O, 1)+ a2Y2(0’1)(0, 1) — 5(1}/2(2’1)(07 1) — 24 (2 1)(0 1))
_ 1 1 5o 1
+ X328 <a2Y1(1’°)(0, 1)+ a7 2(0,1) + §a2Y2(0’2) (0,1) + §a2Y2(0’2)(0, 1) — 5an’”(o, 1)
- 5a Ly Y0, 1)) + 2 (a2VD(0,1) + a2 (0,1) - a2vf P (0,1))
1 1 4o
+x 22t <2a3Y2(0’2)(0, 1) + §a3Y2(0’2)(0, 1) — a*V{"V(0,1) + a®¥3(0, 1) +35 L2y, 1)
1 1 1 _
- §a2Y3(2’0)(0,1) - 50 a*v*(0, 1)) +x2? <2a3Y2(0’2)(0, 1) — ia?’YZ(O’Q)(O, 1) - a®v{""(0,1)
1 5s 1 1 .
+a®Y3(0,1) + 5a2Y2‘2’1>(0, 1) — 5a2}/3(2’°)((), 1) — §a2Y3(2’0) (0, 1))
(4.24)
Az(z,w,x,7) — As(z,w, x, 7) (2x + 0T + az’ + axQ)
24l 302 _ 15502 3y-(0,1) 1 520 1oy
=7X"%" | 50 Y, 77(0,1) 50 Y, 77(0,1) + a’Ys (0,1)+2a Y,77(0,1) 50 Y,77(0,1)

1 _
7612}/2(2’1) (07 1))

1 1 .- 1 .-
+ ’U)X4ZZ <_2a3Y2(0,2) (0’ 1) + §CL3Y2(072) (07 1) + a3y’3(0,1) (07 1) + §a2}/2(2,0) (07 1) . 5

1 5= _
+x*8 <—a3Y2(1’1)(0, 1) +a*v0,1) + §a21/1(2’0) (0,1) — a2¥, /0, 1)>
_ _ 1
+ 32 <—a3Y2(1’1)(0, 1) +a*v00,1) + §a2Y1(2’0) (0,1) — a2y, V0, 1)>
(4.25)
AS(Z7 W, X, 7—) - AG(Z) w, X, T) (ZX +wT + azz + CLXZ)
1 1 4= 1 1 1
— A (2a4y2(0,2) (0,1) + §a4Y2(0’2) (0,1) — §a3Y2(2’1)((), 1) — 5a Y(2 1)(0 1) + 5 3}/3(2,0)(0’ 1)

1 ..
+ 50’270, 1)) :

(4.26)
andfork > 7,
Apso(z,w, x, 7) — Ap(z,w, x, T) (zX +wr 4 az? + ax2) =0. (4.27)
The power series >~ A (2, w, x, T) needs to converge in a neighbourhood of (0,1,0,1). We have
oo o0 oo
Z Ak(za w, X, T) = Z A2k+1(27 w, X, 7-) + Z AQk(Z, w, X, 7—)
k=7 k=3 k=4
o [ee] i
:A7(z,w,x,7)z (zx+w7+az2+ax ) +Asg(z,w, x, T Z zx+w7+a22+ax2)
k=0 k=0

o

k

= (A7(z,w, x,7) + As(z,w, X, T Z zx+w7+az2+axz) )
k=0
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Thus, Ag(z,w, x,7) = A7(z,w,x,7) = 0for (z,w) in a neighbourhood of (0,1,0,1). Fork € {3,---,8}
the equations (4.21),(4.22),(4.23),(4.24),(4.25) and (4.26) can be written as

Ak(za w, X, 7—) - Ak*Q(Za W, X, T) (ZX +wT + GZQ + a’X2) = pk(z7 W, X, 7—);
where py, is a polynomial of degree k in (z, w, x, 7). Thus,
Ak—?(zv W, X, T) (ZX +wT + aZQ + CLX2) = Ak(Z, w, X, T) - pk(za W, X, T)' (428)

Since all functions in (4.28) are polynomials, the right-hand side is divisible by zx + w7 + az? + ax?. This
means that if

Ak(z7 w, X, T) - pk(z7 w, X, T) = Qk(za w, X, 7—) (ZX + wT + aZQ + aXQ) + Tk(Z, w, X, T)7 (429)
then
’f’k(Z,TU,X, T) =0and Ak_Q(Z,’U),X,T) = qk('z?w?XvT)a
for all (z,w, x, 7) in a neighbourhood of (0,1,0,1) and k& € {3,---,8}. Hence, starting backwards from
k = 8untilk = 3and equating ¢1(z, w, x, 7) and g2(z, w, x, 7) with the right-hand sides in (4.19) and (4.20),

respectively, we get further conditions for the Yi(j’k)(o, 1), = 1,2,3,7,k = 1,2 that appear in the above
equations:

Y5(0,1) = —Y5(0,1)
Y%900,1) = vV (0,1) — 2¥5(0, 1)
¥302(0,1) = 2%"(0,1) - ;%% (0,1) — 212(0,1)
v(9(0,1) = —v%9(0,1) + ¥°V(0,1) - ¥2(0,1)
v19(0,1) = —¥3(0,1)
Y2(1’1)(0, 1) _ }71(071)(07 1) _ 1_/1(07 1)
V20(0,1) = =2 (=av{*7(0,1) + a¥1(0,1) + 737 (0,1) = 7V (0,1) + T3(0, 1))
V2900,1) = =2 (—aY{"P(0,1) + aY2(0, 1) + aY¥3(0, 1))
v{29(0,1) =2av,""(0,1) — 2aY3(0, 1) + 2aY{"(0, 1) — 2a¥3(0, 1)
+2a7{%(0,1) — 2a¥5(0, 1) — Y90, 1)
v#(0,1) = —2 (=av3*?(0,1) - %" (0,1) + a¥3(0,1))
V29(0,1) = —2a (—2)/2(0’1)(0, 1) +Y,%%(0,1) + 2¥2(0,1) - ¥3"(0,1) + Y3(0, 1))
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/

Y1(0,1) =e+1i¢

Y5(0,1) =i

Y3(0,1) = p 4 iv

Y %Y(0,1) = n +if

v,"(0,1) = B+ ia

Y3o(0,1) = o + i

v,2(0,1) = B + in

Yl(l’o)((), 1) = g s (4.30)
vM(0,1) = —e 4 i¢

Yi(0,1) = 4 A

Yy P (0,1) = (=) +i(¢ - 0)

{290, 1) = —2ae +i(—2aC + 200 + 20\ + 2¢ — 20) + 2an — 2ark — 22 + 2n
Y29(0,1) = 208 — 2ap + 2iav

}/3(270)(07 1) =af — 2ap + 2a0 + iy

}/2(271)(0, 1) = 2aB + i(2ay + 2av — 2a1)) — 2au + 2a0

\

fora7/87fy757€7C777707R7)\7u71/70-7§071/} e R'
Substituting into (4.13), (4.14), and (4.15), the functions Z;(z, w) take the form:

Zi(z,w) = 2* (a25 +ia*¢ — a’n — ia*0 + ok — ia2)\) +z (Z; —iad — ap + iav + ao — im/))

—za9)+z (—2ae — 2ial + 2an + 2ial — ax + ia\ — e + i +n — i6)
) (zé—)—i—w(n—i—i@)—i—s—i—i@'—n—i@,

+ w22 (—

+ wz

w\m

24 <— + fza 2y + a0 — ia2¢> + 23 (an — iab)

+ w2?( ma+za7—a,u+2au+aa—za¢)—|—z (af —iay — ao +iar))

+wz(—e +iC + 1 — i) + w? <§+;>+z(—n+w)+w(m—m)—§+;
and
1
Z3(z,w) = 2* <2ia2’y—|—ia2u ia 1/)—)—|—z( ae + iaC + an — ial — ar — ial)

2 2
+z2(k+i\) +w(o + i) + p+iv — o — .

1 .
+ wz? <c1ﬁ+m —aa—zaw) (—21a7—2au—ial/+2aa+ia¢+w)

Indeed, the above formulas satisfy the equation (4.17) with

1
A(z,w,x,T) = = (X222 (4a2,u — 4a20) + x2(=2ap — 2iav + 2a0 + 2iay) + wx*(—ap — iay)

2
+ 722(—af + iay) + x2%(2ae + 2ial — 2an — 2iab) + 2*(—2au + 2iav + 2a0 — 2ia))
+ x22(2ae — 2iaC — 2an + 2iab) + (8 — i) + x(—2¢ — 2iC + 21 + 2i6) + w(B + i)

2(—2¢ + 2i¢ + 2n — 2i0)) .
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Hence, hol(H ) can be described as follows

hol(H) = {X Xlaal—ergaa +X38823}
where 1
Xj(w) = i)
forj=1,2,3.

4.7 Trivialiinfinitesimal deformations of the map

Our next target is to determine the space of trivial infinitesimal deformations of H :
aut(H) = H, (hol(E)) + hol(S?) e

Formulas for the infinitesimal automorphisms of quadrics, i.e. hypersurfaces with defining equation
Imw = 2zAz",
where A is a hermitian n x n matrix or spheres with defining equations
22" =1

can be found in [12].
We will include in this chapter part of the computations from [12] in the special case of the sphere S3.
Therefore, we will compute hol(S?) by using the projective space of the defining equation

S? . |21]2+|z2|2+\23|2: 1.

For this purpose, we set z1 = & v, z0 = &1, and z3 = {3v. With these notations, the defining equation can
be written in the form of matrix multiplication:

-1 0 0 0] [¥
* 0 1 00
AMAN =v & & &] 0 010 5;; =0 (4.31)
0 0 0 1] |&
Let o
v
0
o= |
oA TSQ
&3
and consider a linear vector field 5
where Pis a4 x 4 matrix. Then,
2ReXpA*AA = APa—A+a—AP)\ AAA
=A(PA+ AP") A",

and hence Re X p is tangent to the sphere if and only if

A(PA+ AP*)A* = c (A, A*) AAA*.
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By homogeneity, c has to be a real constant, which implies the equation PA + AP* = cA. Since the action
of matrices ¢/ is trivial in the projective space, we derive the following equation:

PA+ AP* =0.

Equivalently, when expressed in the form of block matrices, this becomes
A B] [-1 0] [-1 0] [4" B _,
C D 0 I o I| |Cc* D*|

+c A+ A=0 « ' =B* « B=C* « D=-D*

Thus, the matrix P takes the block form

A B
B* D
with A purely imaginary and D = —D* a skew-hermitian 3 x 3 matrix. Using the notation
0 0
o %' P %"
e = |25 |0 97 = |om | E=[4 & &, Z=[n = 2], (4.32)
€3 Oz3
and the rules 5 5 5 5 5
% = V@ V87 = — Z]Zl ZJ@ (4.33)

fork =1, 2,3, we obtain the following three families of vector fields

A 0] P 3 p)
-0 B o) —nx* 0 0 *xr7 0
[0 0] =70 P
0 D :Da—E ZDa—Z.
Hence, writing
189 —a1 +1by —ag + by
A=is, B= [Cl +idy co+idy c3+ ng] and D= |aj +1iby 1S3 —as + b3
as + iby  ag + ib3 1S3

with s, s;,a;,b;,¢;,d; € Rfori = 1,2,3, we obtain a list of the vector fields that together with their linear

combinations form hol(S?) :

(z,w) = (is121,15222,5323)

o Ko(z,w) = ((a1 + ib1)22, (—aq +ib1)z1,0)

o K3(z,w) = ((ag + ib2)z3,0, (—az + ib2)z1)
(z,w) = (0, (a3 + ib3) 23, (—as + ib3)22)

. K5(Z, w) = (Cl +idy — Z%El — 2129C9 — 2123C3 + zz%dl 4 1z129d9 + 121 23d3, co +ido — z120C1 — 2352 —
2923C3 + 12120d1 + iZ%dQ 4 12920d3, c3 + id3 — 2123C1 — 2223Co — 2353 4+ 12z123d1 + 12023ds + izgdg),
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where we use the notation F' = (F1, F3, F3) for a vector field of the form

0 0 0
F=F—+F—+F;—.
1621 + 2622 + 3(923

Setting
( - z w az? — H(z.w)
21,%2,%23) = 1—az2’1—az2’ 1 — az2 - ) )
we can describe hol(S?)| ¢, as
hol(S%) ={F(z,w) = (Fi(z,w), Fa(z, w), F3(z,w))} (4.34)
H(E)
with ( ) 2 )
_w(ar + 101 az“(ag + 109
iz w) = 1—az? 1—az?
22 (c1 —idy) + wz (ca — ido) + az> (c3 — id3) 1512 .
- (1 — (122)2 1 — az? +c+ Zd1
z(—ay +iby)  az®(ag + ib3)
)2 —
2(z,w) 1—az? 1 — az?
2w (e — idy) + w? (cg — idg) + awz? (c3 — id3) iSow ,
- (1 — GZ2)2 + 1 — a2 +co + ZdQ
z(—ag +ib2)  w(—as + ibs)
F —
3(z,w) 1 — az? 1 — az?

az3 (¢ —idy) + awz? (co —ids) + a?2* (c3 —id3)  ias3z? ,

B (1 —az?)? 1—az? s +ids

fors, s;,a:,bi,¢,d; € Rji=1,2,3.
Regarding the automorphisms of the domain £, they are rotations of the form ¢(z,w) = (%z, e?w),
where 6 € R. Then,

+z efw az?

(# 0 ) (0 = ) = wom

1—az2’1—az2"1—az2

where 1)(z1, 22, 23) = (£21, €% 29, 23) is an automorphism of the sphere S?. Therefore, these rotations do
not produce any new vector fields that we have not already considered.

4.8 Localrigidity of the map

By section 3.3, for the vector spaces aut(H) and hol(H ), we have aut(H) C hol(H). In the previous section,
we described all the vector fields in aut(H ). We will now verify that any vector field in hol(H) can be written
in the form described in (4.34). Indeed, solving the equations

Xj(z,w) = Fj(z,w) (4.35)

for j = 1,2,3 and all (z,w) in a neighbourhood of (0, 1) we obtain a unique solution for the parameters
s,85,a4,b5,¢5,d;,7 = 1,2,3 with respect to the parameters o, 8,7, 0,¢,(, 1,0, K, A\, u, v, 0, ¢, used in the
description of the vector fields in hol(H) :
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s s1=—3+49¢ a3 =—0 -02:§

e So=a—" e b =10 cCc3=Uu—0
cs3=—d vt e -9 c by =\ cdy=(¢—10
ca;=n cb3=1 cdy=3

« a9y = —K sl =€—1 o dz3=v —1.

Thus, hol(H) = aut(H), and in light of Propositions 7 and 8, this proves the local rigidity of the map H. This
means that close to the mapping
H:£—S°

H(ij):< 2 wo az? >

1—az?2’1—az?2’1—az?

there is no other holomorphic map, up to automorphisms of the ellipsoid £ and the sphere S3.
The same procedure done so far can be applied similarly for real ellipsoids of the form

E 1 2P+ |w4b (w? + w?) =1

and map

z w bw?
H =
(2, w) <1bw271bw2’1bw2>’
by symmetry.

Hence, in the cases a = 0 or b = 0, we proved local uniqueness of the map H, up to automorphisms of
the real ellipsoid £ C C? and the sphere S? ¢ C3.
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5 Appendix

The full formulas for the functions Y}, j = 1, 2, 3 described by (4.12) are the following:

2, .2
- 1
Y; (z, xta(+x (a4(4z2Y2(1’0)(0, 1)a®

)—1
ax? -1 ) T 4(a2? —1) (ax® — ) ex +al2 + x2) — 1)?
+4(z(—2v, 0 <0,1> + Y0100, 1) + (v (0, 1) + v H2(0,1) + ¥, (0, 1)) — (0, 1))a?
+2(2(22 - > “D(0,1) — 2030, 1) + 3"V (0,1)) + 2(-2v2"V (0, 1) + 2v,"V(0,1)
+2(2(=2v"1(0, 1) + v;*2(0,1) = v{*?(0,1)) + 2(v "V (0,1) + Y3V (0,1))) + V>0, 1)
+ Y, ”(o, ))a + 2(—(22Y, (0, 1) + v{*2(0,1) + ,*2(0,1) + 2v321 (0, 1)) + ¥3?(0,1))22)
+ 4"V (0,1) + Y220, 1) + v;0,1) + 3v; V(0. 1) + 2 72 (0, 1))z — 2(2v,%V(0,1)
+V,02(0,1))))x"2 — 2a32(222(—4v, "V (0, 1) + 322"V (0,1) — ¥32(0, 1) + V"2 (0, 1))
—6Y;7(0,1) — 4y (0, 1))a? + 3Y 22 (0,1)2% — 2671 (0,1) + ¥,*?(0, 1) + v{*?(0, 1)
+ 2420, 1) + 6" (0,1) + 147D (0, 1) + 4v,42(0, 1) — 322, (0, 1) + VP (0, 1)
+Y20(0,1) + 2v221(0, 1))z — 2(62% + 5)Y, %V (0, 1) + 6Y3 7 (0,1) + 2y, (0, 1))a?
+ (7 02(0,1) + 2v3 (0, 1) + ¥32(0,1))22 — (4%, D(0,1) + 4y (0, 1) + 12y, (0, 1)
+2v, 120, 1) + 6,220, 1) + 82V (0,1) + v{22(0,1)) 2 + 12"V (0, 1) + 2(v*? (0, 1)
+6Y,7(0,1) + 8Y, (0, 1) + a2 (0,1)))a + 2(—4Y3 0 (0,1) — 2(4Y;°2(0, 1) + v3"¥(0,1))
+22v°2(0,1) + ¥ (0,1) + 41 (0, 1) + 57,7 (0,1) + v2 ¥ (0, 1))))x ™
a?(—82*(=2v{"D(0,1) + 32(2v{"V (0, 1) — v{*?(0,1) + v{*?(0,1)) — 3v."Y(0,1)

—2v;17(0,1))a® — 422(3Y,7(0,1)2° — 2(6Y,*V(0,1) + 9Y,*V (0, 1) + 2(v; " (0,1)
(0,2)

+v%9(0,1)) + ( Y,%20,1) + 37,0, 1) + 77110, 1) + 2v 42 (0, 1) — 3227 (0,1)

+ 7 1200,1) + V220, 1) + 2v3%Y(0,1))))2 — 2(322 + 4) Y, "V (0, 1) + 43 (0, 1)

+ Y0, 1)at — 4((z* + 1522 + 12)y; P (0,1) — 6¥.(0,1) + 2(33Y2"V(0,1) + v{*P (0, 1))
+ 2320, 1) + 7v (0, 1) + 3v12(0,1)) 22 — 14V (0,1) + 87" (0,1) + 18y, >V (0, 1)

+ 40, 1) + 97220, 1) + 13v2Y(0,1) + 2v*(0,1)) 2 + 4Y(0’2)(0 1) + 157,790, 1)

+23v 110, 1) + 4v 2 (0,1))))a® + 2(2(102% + 9) VP (0, 1) + 18(v (0, 1) + v 1)( 0,1))

— 2((12 = 2622)Y,%D(0,1) + 6,20, 1) + 2(2(—6Y: "V (0, 1) — 7(5Y," )(o, 1) + v (0, 1))

+ 227720, 1) + 3, %P (0,1) + 147,V (0, 1) + 16Y.2(0, 1) + 3.9 (0, 1)) — 2(v;*? (0, 1)

+3v, 0, 1) + v{42(0, 1)) + 92, (0,1) + V220, 1) + V2V(0,1))))a? + 22((—2Y2 "2 (0, 1)

—v%¥0,1) + 32,0, 1) + ¥2(0,1) + ¥{*1(0, 1)) 2 + 2(=3Y," (0, 1) + 6v{"? (0, 1)

+v%(0,1) = 3y 290, 1) + 9(v{H(0,1) + VP (0,1) + Y0, 1)z — 383" (0, 1)

+7%,7(0,1) + Y% (0, 1)))a — 22 (63> (0,1) + Y52 (0, 1)) + ¥3 % (0,1)))x*°

(84521 (0,1) - ¥{*?(0,1) + v{*?(0,1))2° + 4a°((22v;"Y (0, 1) + ;"2 (0,1)

+Y290,1) +2v21(0,1)) + ¥4*2(0, 1)) 22 — 8v;"V (0, 1) — 8v{"Y (0, 1) — 2v{*(0, 1)
2v,%2(0,1))2* — (=8Y;%Y(0,1) + 20,2 (0, 1) + 12v°¥(0, 1) + vV (0,1) + 2(4v{*?(0,1)

— V"0, 1) +8Y; (0, 1) + v (0,1) — ¥3"P(0,1)))22 + 4a*((2v, "V (0, 1) + 3v, %% (0, 1)

)
0,2)
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+ 90, 1) + 8 (0,1) + 312 (0,1)) 23 — 821 (0,1) + 4v{*?(0,1) + 8Y,"V(0,1)
+2Y(12 (0,1) + 47,*9(0,1) + 6Y3*(0, 1) + v{%2(0, 1)) 22 + 43YL" (0, 1) + vi*V(0, 1)

2(0,1)))22 + 2a32(Y" (0, 1) + 8,2 (0, 1) + 3v;*¥ 0, 1)+Y( 90,1) + 17(v*M(0,1)
2(0,1)) + 3v(0,1))2° — 14V (0,1) + 16"V (0, 1) + 7P (0, 1) + 2v3*P (0, 1)
+Y2 9(0,1))2* — 2(117{"(0, 1) + 2v;*? (0, 1) — 7v;"Y(0,1) + 3v; P (0, 1) + 2,2 (0, 1))z
+ 4671 (0,1) + 2v%2(0, 1) + 2v;"1(0,1) + V220, 1) + Y1 (0,1))2% — 8"V (0, 1))

+a(2(=8(22 + )Y " (0,1) + 16(v;*?(0,1) — 2v(0,1) + V120, 1)) + 2(8(322 — 1), *?(0, 1)
+ (2022 — 2% (0,1) + 2(32Y"Y(0,1) — 2070, 1) + ¥3"(0, 1)) + 162y, (0, 1)

+Y,290,1) + 210, 1)) — 162V (0,1) + V{%2(0,1))) + 2a2(2((142% + 39)Y"Y(0,1)
— v M90,1) + 3y (0,1) + ((8Y2 2(0,1) + 3.0, 1) — 28" (0,1) + v+ (0, 1)

+ 47,290, 1) + 5,210, 1)) — v*2(0,1))22 — 2(9v;*?(0,1) + 2v*¥(0,1) — 7v;V(0,1)

+ 1100, 1) + 152 (0,1) + 2Y( D(0,1))2 + 227"V (0,1) + 1631 (0, 1) + 23y (0, 1)
+ 390, 1)) — 8 (0, 1)))x? — 2a(2a6 (47" (0, 1) + 4¥,*?(0, 1) + 3y (0, 1)

+ 12,10, 1) + 4v12(0,1)) 28 + 2a°((322 — 8)Y, "1 (0, 1) — 4v;*?(0,1) + 15vY(0, 1)

— 4y 0,1) + vP(0,1)) + 26V (0, 1) — 337" (0, 1) + 34y, (0, 1) — 8v{*? (0,1

0,

)
+6v.9(0,1) + 2(12Y%?(0,1) + 1Y, " (0, 1) + 3(v3"(0, 1) + 9y (0, 1) + 8y (0, 1))
+4Y; 59 (0,1)))2* + (-3372(0,1) + 3%,°7 (0, 1) + ¥3°0(0,1))2° + a*(2(922 + 40)v,{*D (0, 1)
—233v9(0,1) + 8Y,. (0, 1)) + ((4OY(0’2)(0 1)+ 12v°%(0,1) — 66v;"1 (0, 1) — 16V (0, 1)

—33v29(0,1) — 4973V (0,1) — 8Y,*2(0,1))22 — 2(16Y,°2(0, 1) + 4, ** (0, 1) — 9" (0, 1)
+ 23Y2 Y00,1) +28v12(0,1) + 47,7 (0,1))2 + 2(522 + 12)Y (0, 1) + 96V (0, 1)
—36Y,"2(0,1) + 8Y{"(0, 1) — 8v3%(0,1)))22 + a((—2v3"V (0, 1) + ¥*¥(0,1) + 6v,"V (0, 1)
— 2y (0,1) + 37290, 1) + v{*V(0,1) = v{*2(0,1))22 — 2(3v{*M (0, 1) — 12v*?(0,1)

+Y%0,1) + 3y (0,1) — 217"V (0,1) — 0¥ 42 (0,1) + ¥4 (0, 1)) 2 + 11(—4v Y (0, 1)
+¥%2(0,1) + v"(0, 1))z + a2((7422 + 36)Y. "1 (0, 1) + 36 (V" (0, 1) + v+ (0,1))

— 2((28 — 2622) Y,V (0,1) — 8Y,%2(0, 1) + 2(2(—6Y "1 (0, 1) + 58Y ¥ (0,1) + 2v{*?(0,1)
+41%9(0,1) + 4v%Y(0,1) + 22(117°?(0,1) — ¥** (0, 1) + 22"V (0,1) + 8V (0,1)
=¥ 7(0,1))) = 4(3Y37(0,1) + 5v5 Y (0,1))) + 182¥, " (0,1) + 32 (0,1) + 5V (0,1)))

+a3(—2(132* + 3022 + 36)Y, %V (0,1) + 307,700, 1) + 2(2(52* + 2222 + 1)V D (0,1)

—36Y"0(0,1) + 8YL%2(0, 1) + 2(—4(z2 — 2)¥;*?(0,1) — 60"V (0, 1) — 44"V (0, 1)

+8Y,12(0,1) + 2(6Y, Y (0,1)22 — 4(4v "1 (0,1) + VP (0,1)) 2 + 5(1322 — 4)v,°2(0, 1)
+ (4422 — )Y, " (0,1) + 812,V (0, 1) + ¥{*?(0,1) + 6Y,*9(0,1) + 77>V (0, 1))

+ﬂ¥2<nm» — 2a(8a°(2Y; % (0,1) — 6¥5V (0,1) + 7¥;% (0,1) — 2v{*?(0,1)
+¥,%%(0,1))25 + 845 (V¥ (0,1) — 6V (0,1) — 2v{*? (0, 1) — 3v,>%(0, 1) — 5>V (0, 1)
— v ®2(0,1))22 + 2(z + 3)Y<° Y00,1) + 12v3Y(0,1) + (422 — 5)v%?(0, 1) + 2v{%?(0, 1)
—v{*(0,1))2* + (—4v,"Y(0,1) + 162 (0, 1) — 2(v{*¥(0,1) + vV (0,1)) + 2(2v{*?(0,1)

©Fani Xerakia 47/56



g n wiversitat
\v/ wien University of Vienna

—v®0,1) + 4vP(0,1) — vP(0,1) — YP(0,1))2% + 24 (2(4v2 M (0, 1) + 147 (0, 1)

+8Y. 90, 1) + v (0,1))2* — 17V (0, 1) + 8v %P (0,1) + 37,0, 1) + 27v, 10, 1)

+ 8,120, 1))z + 46,1 (0, 1) — 2P (0,1) — v{*¥(0,1) + 12v{"Y(0,1) + 2v{*? (0, 1)

+ 6V 200, 1) + 8,2V (0,1) + ¥, 22 (0,1)) 22 — 877"V (0, 1) + 3v{"V (0, 1) + v{*?(0, 1))) 22

—2a(=3(32% + )YV (0,1) + 2(7v{*?(0,1) — 6¥,"2(0, 1) + 8" (0, 1) + 7P (0,1))

+2(—4v "0, 1) — 8?0, 1) + v{*¥(0,1) + 12v{Y(0,1) — 2v{*?(0, 1) + 2(¥{*?(0, 1)

+62%2(0,1) — 223 (0, 1) + ¥{°(0,1)) — 3v:*%(0, 1) —Y(l’l)(() 1)+ v (0, 1))

+6v,>%(0,1 )+4Y( Y(0,1) = v*2(0,1)))z + 24a(2v," (0, 1)+Y ( 1))

— 2a3(22(56Y,"0(0,1) + 8,2 (0, 1) + 2((622 — 76)Y; (0, 1) — 4(v*?(0,1) — 3v,9(0,1)
Y(0,1) — 12v{%Y0, 1)+32Y2(02 (0, 1)+4Y02)(0, 1)

+6Y310(0,1) + Y52 (0, 1) + 2(—2v,”

+19v°%(0,1) + 2v{%Y(0,1) + 2(277*?(0,1) + 2v** (0, 1) + 6" (0, 1) + 60V, )(0 1)
+33,352(0,1) + 2v{4¥(0, 1)) + 122750, 1) + V220, 1) + v;2Y (0 1)) — 24V (0, 1))
+ 20224790, 1) + 2(—2(322 + 37)Y*Y(0,1) + 6v; (0, 1) — 147" (0, 1)

+ 2222 - 8)Y "M (0,1) — 12v.°V(0,1) — 2v*?(0,1) + 2v*?(0,1) + 3,*¥ (0, 1)
+2(38Y:%2(0,1) — 6" (0,1) + 707,V (0, 1) + 38Y, (0, 1) +z( 2v,%2(0,1) + v,*%(0, 1)
+12v,"(0, 1) — 4,7 (0,1) + 6v;2%(0,1) + 2v337 (0, 1) — 2v3>%(0,1)))))x "+
(16a5(3v, "1 (0, 1) + 2v%?(0,1) + 2v{*(0, 1) + 773"V (0, 1) + 2v{42(0, 1)) 20

+4a5(9(z2 — 0)Y{"Y(0,1) — 42v;*?(0,1) — 3y (0,1) + 77V (0, 1) + 23420, 1))
+2(8Y%D(0,1) — 27v%Y (0, 1) + 23V (0, 1) + 2(v{%? (0, 1) + v{*¥ (0, 1)) + 2(24v*?(0, 1)
+ 430, 1) + 9y " (0,1) + 577D (0, 1) + 367,120, 1) + 4P (0, 1)))) 24

+2a4(6(20 — 322) Y10, 1) — 80V 1 (0,1) + 2((34Y,% (0, 1) + 4Y,°%(0, 1) — 54y, (0, 1)
+4v,(0,1) — 277290, 1) — 23,31 (0,1) + 2v{22(0, 1)) 22 — 2(44Y, %P (0, 1) + 4v,*?(0,1)
+ 9,190, 1) + 97v (0, 1) + 56,520, 1) + Y1 (0, 1))z + 4(22% — 3)v"V(0,1)
+72v%D (0, 1) — 44Y% (0, 1) — 8Y{%P(0,1)))22 + 2a((—4v "V (0, 1) — 2P (0, 1)
+v%%0,1) + 2v;(0,1) + V20, 1) + V2V (0,1))22 — 2(v{*P(0,1) — 2v{*?(0,1)
+v0,1) + v0,1) - 370, 1) + 1?0, 1) + v (0, 1))z — 8v%D(0, 1)
+17v°2(0,1) + 7% (0,1))2 — 224 *¥(0,1) + V"V (0,1)) + 2a2((822% + 20)Y{"V(0, 1)

+ 20000, 1) + v (0,1)) — 2(4(722 + 6)Y, %V (0, 1) — 28Y, 2 (0, 1) + 2(4(v;*? (0, 1)
—avM900,1) = 500, 1) + v (0,1) + 2(—2v3 %P0, 1) + 66Y. P (0, 1) + 3P (0, 1)
—4v®Y(0,1) + 2:(v{*?(0,1) - 37" (0,1) + 2v,"1 (0, 1) — 82 (0,1) — 3v¥(0,1))))
+102;1(0,1) + V22(0,1) + {2Y(0,1)))) + 263 (—4(122* + 522 + 18)Y, " (0, 1)

+ 40,00, 1) + 2(4(52% + 722 + )"0, 1) — 20 °V(0,1) + 287" (0,1)

+2(8(22 + 5)Y, 2 (0,1) — 200,20, 1) — 3735(0, 1) — 2120, 1)) + 2((492% — 44)Y,"?(0,1)
+ 2(=32Y%(0, 1) — 42v%Y (0, 1) + 4D (0, 1) + 8P (0, 1)) + 4(18Y (0, 1) — 2v (0, 1)
+9Y327(0,1) + 7v;27(0,1) = 222 (0, 1))))x® + 2(8a° (43" (0, 1) — 6¥5*V(0,1)
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+9v 2 (0,1) — ¥{*2(0,1) + ¥*%(0, 1))25 + 4a® (83" (0, 1) + 123 (0, 1) + 2v3¥ (0, 1)
—2(6v;"1(0,1) +Y1(12)(O 1) + 37,290, 1) + 4v,>"(0, 1)) — v 2)(0 1))z +2(12v %Y (0, 1)
—11%,7(0,1) + {20, 1) = v;°P(0,1)))2* + a((123>7 (0,1) - < 1))22 + 621, (0, 1)
+Y0,1) + vY0,1)2 + 87,200, 1) — 2v%%(0,1))22 + (—12v.%?(0,1) + vV (0, 1)

+ 209 0,1) + 372 (0,1) + ¥ (0,1))) 22 + 2a* (=322 (0, 1) — 4v"% (0, 1)
+z(—21Y(0’1)(0 1) +2Y,%2(0,1) + 822,10, 1) + 4v*?(0, 1) + v{*¥(0,1)) + 3y

'(0,1)
5,10 (0,1) +2v519(0,1) + 4(12v,0(0,1) + ¥, (0,1) + 6¥,>7 (0, 1) + 75 21)( 1))

+2v,%2(0,1))22 + 8(=5Y,"(0,1) — 3v."1 (0, 1) + v{*?(0, 1)))22 — 243 (22 (40v, " (0, 1)
—8Y,"2(0,1) + 2((62> — 68)Y, " (0, 1) + 4(v{*?(0,1) + 3v; 7 (0,1) — 3,V (0, 1) + v; P (0,1))
+ 2(40Y°1(0, 1) + 54v%P(0,1) + 2v{"? (0, 1) + 13Y.°%(0, 1) + 22(3v,*?(0,1) — 2v{*P(0,1)
+3v3(0,1) + 973V (0,1) = 3v32(0,1) — 2v5(0,1)))) + 12027 (0, 1) + 3V (0,1)

+ Y(Z’l)(o 1)) — 2410, 1)) + 26224, (0, 1) + 2((62% — 50)v; (0, 1) + 67, 7(0, 1)
—14YY(0,1) + 2(4(22 + 9)Y, %V (0, 1) + 342 (0, 1) + 7v{*¥(0,1) + 2(6Y{"?(0,1)

—4v{*¥(0,1) + 6v;2(0,1) + 18Y, (0, 1) — 612 (0,1) — 4v"¥(0,1) + 2(4Y"?(0,1)

+3%,7(0,1) — 20120, 1) + 32P(0,1)) = v{22 (0, 1)))n® — (3a°(6v,"" (0, 1)

+2v° >(o, 1)+ 37,720, 1) + 10v,. 210, 1) + 2,420, 1)) 25 + 40 (347,20, 1) + 37, %(0, 1)

+117300(0,1) + 4v312(0,1))22 — (v (0, 1) +3v%V (0, 1) + 12v;%(0,1) — 4¥3*? (0, 1)

+43"9(0,1))z + <9z —-32)y,*Y(0,1) - 4v,°?(0, 1) + 637 (0,1) — 4(7v5"V(0, 1)

+ v, 1))) Y29(0,1)2% — 2a%((422% — 64)Y, %Y (0,1) + 54,39 (0, 1) — 16"V (0, 1)

+ 2((12v,°2)(0, 1) + 8Y(0 900,1) + 6,110, 1) — 8,2 (0,1) + 3v;2Y(0,1) - 5v,%Y(0,1)
—4v*2(0,1))22 + 6(8Y, 2 (0, 1) + 7vV(0,1) + 237,35 (0, 1) + 8,120, 1))

+2(722 + 2)V M (0,1) — 207" (0,1) + 8,2 (0, 1) — 8v,*¥(0,1)))22 — 2(2(z% — 5)v; (0, 1)

+16Y.°2(0,1) + 7v{*¥(0,1) + 2(6v{"?(0,1) — 2(v{*?(0,1) — 6v."1 (0, 1) + ¥\*¥(0, 1))

+ 2420, 1) + v (0, 1) — ;"2 (0, 1) — v{*V(0,1))))2 + 2a((3222 — 6)Y{"V(0,1)

— 6V "(0,1) + v (0,1)) 4+ 2(—2(1522 + 1) ¥V (0, 1) + 8P (0,1) + 2(6V, (0, 1)

+ 14000, 1) + 227790, 1) + Y20, 1) + 13 (0, 1) + 22(3v{"?(0,1) — v;*¥(0, 1)

+6Y,0(0,1) = (0, 1)) + 32y (0,1) + 327 (0,1) + ;7Y (0, 1))

+202((—262* + 3022 — 24)Y, "V (0,1) + 307,720, 1) + 2(2(52* + 1822 + 4)V,"Y(0,1)

+6v Y (0,1) + 8Y(0’2)(0 1)+ 2(4(z2 + 6)Y,°?(0,1) + 6(5v, 2 (0, 1) + 13" (0, 1)

+ 4yt 2)(o 1)) — ( ( —)Y2(0,1) + (722 - 8)YL%V(0,1) — 42712 (0,1) + 8(¥{ (0, 1)

+Y,2(0,1)) + 4, ’(o DN = 2(8a*(2(a? +a+ 1Y,V (0,1) + ¥5°2(0,1)

— a(2a¥*1(0,1) — 3av3*?(0,1) — 2v{*¥(0,1) + 2v{"V(0,1) + 290, 1) + ¥{*1(0,1)))2°

+202(—((7a + 2)Y"(0,1)) + (4a + 5)Y%?(0,1) + 7a¥; (0, 1) — 2v34(0, 1) + 7a¥3"1 (0, 1)

+8Y, (0, 1) + (4a + 5)Y,2(0,1)2° + a(Vi22(0,1) — 2((2a(dala + 1) + 15) — 2)¥, (0, 1)
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+2v%2(0,1) + v (0,1) + 2v,*1(0,1) = {20, 1) + V22(0, 1) + a((2 — 16a2)Y5V (0, 1)

+ (4a(5a + 4) + 13)Y.°2(0,1) — ¥{*?(0,1) + ¥,*?(0, 1) — 8a(2;""(0,1) + v*(0, 1)

+ Y, 2Y0,1))))2% + ((8a(da + 1) + 2)Y{"D(0,1) + (1 — 4a(2a + 5))Y,*? (0, 1) + (4¥,*?(0, 1)

+ 270, 1) + 2, (0,1) = v12(0,1) + 220, 1)) — 2((8a(a? + a — 4) + 2)Y; "D (0,1)
+a((8a% — 2)Y{"Y(0,1) — (8ala+ 1) + 15)Y"?(0,1) + ¥{*?(0,1) — ¥{*¥(0,1) + 4a(2v*" (0, 1)
+Y3:2900,1) + 2 20(0,1)))) - ¥327(0,1))22 — 2((9a + )Y,V (0, 1) — 5% (0,1)

+ (2= 7a)Y200,1) + (3a — 8)YM(0, 1) — 5Y,52(0,1))2 + 16(a® + a — 1Y, "1 (0,1)

— 8V %2 (0,1))x3 + 2(2a3(3Y, (0, 1) + (4a + 3)VD(0,1))28 + a?(—4(a + 3)Y (0, 1)
+6aY "V (0,1) — 14aY P (0, 1) + 3(=2v{"?(0, 1) + 2,1 Y0, 1) + ¥*(0,1) + v{*V (0, 1)))
+2a(=Y"?(0,1) + 3a(2a — 3)YV7Y(0,1) — a(8a + 9)¥, (0, 1) — 3y (0, 1) — v (0, 1)) 24

+ ((4ala + 6) — 2)73%Y(0,1) = (0, 1) — 2a(6a¥{" (0, 1) — 10a¥;"? (0, 1) — 6V, (0, 1)
+6,5000,1) + 3220, 1) + 3732 V(0,1))) 23 + 2(v{%?(0,1) + 3a(3 — 4a) Y. (0, 1)

+a(da + 9)Y, 1 (0,1) + 3v.1(0,1) + 120, 1)) 22 + 3(—4Y,"V(0, 1) + 2av"D (0, 1)
—2aY*?(0,1) — 2v{*?(0,1) + 2v{"V(0,1) + ¥{*(0, 1) + ¥{*1(0, 1))z

+2(az? — 1)(a2(da + 3)2* — (4a% + 6a + 1)22 + 3)Y."V(0, 1) + 6(2a — 1)V, 72(0,1)

— 6V, (0, 1))\ + 42(az? — 1)(3aY (0, 1)22 — 2V (0, 1)z — v{*?(0,1)=

+(a2® = Y"D(0,1) = 3Y.7(0,1) + (a2? = )YV (0, 1)x

+4(az? — 1)(ax® — 1)*(2x + a(z* + x*) — 1)?Y1(0,1)
+4(a2? — 1)2((az? — DY(0,1) — 2V (0,1)))

Y2< ’zx+a(z +x%) — 1) —vy(0.1)

ax?—1
1
(az2 1) (ax? — 1) (zx +a(z? +x?) -1

+Y290,1) +2v21(0,1) + a2(v M (0,1) = "V (0, 1))a? — 2v;"P(0,1) + v{*V(0,1)
+ Y20, 1)a + 2310, 1) - v{*?(0,1) + v 02)(0, 1)) + 22)(0 1))22)
+4((a+ 1)Y%Y0,1) + Y{%2(0,1) + (a+ DY0,1) + (a + 3)YP(0,1) + ¥2(0,1))2
— 4@ +a+ 1)Y"000,1) — 2720, 1) — 263 (222(—3Y"(0, 1) + (v "V (0, 1)
+3vY(0,1) — 2v{*?(0,1) + 2v{*?(0,1)) — 3(Y2(1’0) (0,1) + v\"(0,1)))a?
— (6(z2 +2)Y"Y(0,1) + 2(—((6v"V(0,1) + 4v,*? (0, 1) + 3v,>(0, 1) + 7>V (0, 1)
+2v, 22 (0,1))22) + < v 02(0,1) + v37(0,1) +3v3 7 (0,1) + 32 (0, 1)) + 232V (0,1)
+6Y (0, 1) + 4P (0,1)))a® + (6Y,"(0,1) + 6(v3?(0, 1) + v{V(0, 1))
+ 240, 1) — 4v*?(0,1) + 2(v*?(0,1) + 2v V0, 1) + Y0, 1)) — 32y, (0, 1)
+ Y290, 1) + Y210, 1)))a + (=4 (0, 1) — 2(4v*?(0,1) + v{*¥(0,1))
+227°2(0,1) + ¥%¥(0,1) + 42V (0,1) + 5v2(0, 1) + ¥4 (0,1))))x 1

a?(424(v" (0, 1) + 3LV (0, 1) — 2v*?(0,1) + 2v{%?(0,1))a® + 222((6Y "V (0, 1)

j(x(a (= (22, yhY0, 1) + v (0,1)
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+ 4420, 1) + 3v29(0,1) + 7v% (0, 1) +2Y(2’2)(0 1))22 — 26Y,°Y(0,1) — 107,"?(0,1))a*
+422(—8Y, "D (0,1) — 5,20, 1) + 22(v;*?(0,1) + 2v{Y(0,1) + V1P(0,1)))a
+4z( (—7 v{%Y (o, 1)—3Y(0’1)(0 1) — 107,.%2(0,1) — 2v,°%(0, 1) + 22(2v;*?(0,1)
(
D

D0,1) + 4y "0, 1) + 57,2 (0,1) + v (0, 1)) — 01)( 1))a +2(( Y% (0,1)
+Y2 90,1) — 32y (0, 1) + 22(0, 1) + v{2Y(0,1))) 22 +6( Do,1) — )(0 1)
D00,1) = v1P0,1) = v20,1)2 + 62,00, 1) + ¥2(0, 1)))a + 22 ( (Y( 2(0,1)
D(0,1)) + YL%V(0, 1)) — 2a22a*(v"V(0,1) + 2v%?(0,1) + ¥ (0,1) + 5v,. (0, 1)
+2Y(12( 0,1))2* + 2% ((2 + 2)Y; (0, 1) + 8(v{4(0,1) + VY0, 1)) + 2(—3Y"Y(0,1)
—8v{%Y0,1) + 9v{*?(0,1) — 2v{*?(0,1) + 21, )(0 1)+ 2(5Y%2(0,1) + 2v*¥(0, 1)
+ Y0, 1) + 110, 1) + 42 (0,1)) + 2v 4P (0,1)))) 2% + (87" (0, 1) — 117,20, 1)
—5Y%%(0,1) + 2(—4v*?(0,1) + V" (0,1) — 873"V (0,1) — ¥*2(0, 1) + v*¥(0,1)))=

+a(=8(z% + 2,10, 1) — 16(¥72(0,1) + VM0, 1)) + 2((1522 — )Y(02 (0,1)
+2(2(133°%(0,1) + 2v{%Y(0,1)) — 20v; (0, 1) + YV (0, 1) + 82y, (0, 1) + ¥,*(0, 1)
+Y327(0,1)))) + 2a2((722 +18)Y,%7(0,1) + 2(-5Y; %V (0,1) + 8Y;"P (0, 1) - v,*? (0, 1)

+ 2720, 1) + 7v{ (0, 1) + 9V (0,1) + VP (0, 1) + 257,20, 1) + 2,7 (0, 1)
—24v"Y(0,1) + v1P(0,1) + 27220, 1) + 37,3%(0, 1)) — ¥*2(0,1)))))x®

+2a(224 (V"D (0,1) + 974" (0, 1) — 132 (0, 1) + 4v{*?(0,1) — 2v*¥(0,1))d?

+ 2((—4Y"P(0,1) + 187,10, 1) + 8,2 (0, 1) + 9v{2V(0,1) + 1773(0, 1) + 4> (0, 1)) 22
—2(322 +26) YV (0,1) — 12v%D(0, 1) — 14(z2 + DY P (0,1))a* — (22(32vL" (0, 1)

+ 14y<°’2>(0 1)+ 2(—=6Y, "1 (0,1) + 2(6Y.°7(0,1) + 24P (0, 1) + 15 ¥ (0, 1) + 2"V (0, 1))
— 4 *?(0,1) + 230, 1) + 32 (0, 1)) + 62y, (0, 1) + ;22 (0, 1) + vV (0, 1)))

— 123010, 1))a® + (1273790, 1) + 2(=54Y. (0, 1) — 12(v;Y(0, 1) + vV (0, 1))

+ 2(=10Y"Y (0, 1) — 6viD(0,1) — 6V (0, 1) + 2P (0,1) + ¥{*¥(0,1) + 122(v;*? (0, 1)
+2Y30(0,1) + Y32 (0, 1)))a? + (122537 (0,1) + Y32 (0, 1) + 2(6,"V (0, 1)
—2(7v{*?(0,1) — 320, 1) + 1173590, 1) + 77120, 1)) + 223 (0, 1) — v (0, 1)
—6Y,"Y(0,1) + 22 (0,1) - 37,27(0,1) - .2P(0,1) + ;22 (0, 1))))a + 22(3v,°7 (0, 1)
—3v%%(0,1) — V"V (0,1)))x" + 2a(2a* (3" (0, 1) + 4¥,*? (0, 1) + 3v "V (0, 1)

+ 117 (0,1) + 4V (0,1)) 2 + 2a3(3(22 — 2)Y %0, 1) + 6(v (0, 1) + v (0, 1))
+2(—4v%Y0,1) — 6V "V (0,1) + v{*?(0,1) + 2v{*?(0,1) + 2(10;*? (0, 1) + 2v;*¥ (0, 1)

+37 190, 1) + 231 (0,1) 4+ 16Y,2(0, 1) + 2357(0,1))))2% + (4Y"V(0,1) — 2(57,°2(0, 1)
+2Y,°9(0,1)) + 2(-2v{%%(0,1) + ¥{*Y(0,1) — 4, (0,1) + v, (0,1) + ;¥ (0,1)))=
—2a((92% + 6)Y;°1(0,1) + 6(v; 770, 1) + YV (0,1)) + 2(4v3 "V (0, 1) + 7,20, 1)
+2(=Y2(0,1) + 2(=3°?(0,1) + 3y (0, 1) + v{*Y(0,1)) + 3vV(0,1) + ;P (0,1)

~ v 2(0,1)) - 32y V(0,1) + ¥:20(0,1) + ;2P (0,1)))) + 22(¥3 P (0,1) 23

— 222+ 7)Y 0,1) — 6Y"V(0,1) + 77,°2(0, 1) + 2(7v*? (0, 1) — 3y (0, 1)
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+ 1170, 1) + 7v 2 (0,1) + 2(= V%P (0,1) + 6Y (0, 1) — 2v42(0, 1) + 3v,>%(0, 1)

+Y2P(0,1)))2 + 3(2% + 6)Y, "V (0, )X + 42428V (0, 1) — Y{?(0,1) + v{*¥(0,1))

— 9y (0, 1))a® + 222((4v;"P(0,1) — 18Y"(0, 1) — 4v;*?(0, 1) — 9v*Y(0,1) — 13v*Y(0,1)

—2v{22(0,1))22 + 12(2% 4+ 3)Y3 "V (0, 1) + 16Y4"V (0, 1) + (2022 — 2)v{*?(0,1))a?

+ 202212390, 1) + 277320, 1) + 7v{*¥(0,1)) 22 + 4(=3v; "V (0, 1) + v{*P(0,1)

+2v, 00, 1) + v{42(0, 1))z + 16V (0,1) — 27" (0,1) + 82" (0, 1) + ¥,*?(0, 1)

+v%Y(0,1 ))) 16,1 (0, 1))a® + 2(2(46Y, "V (0, 1) + 16(v{4V(0,1) + YV (0,1))
+2(—24v%V(0,1) + 2Y(0’1)(0 1) — 257,20, 1) — 6¥,.°%(0, 1) + 42(v;*¥(0, 1) + 3y (0, 1)

+ vt 3)( 1)) — 16Y;"0(0,1))a? + 2((—4v%Y(0,1) — 2v%?(0,1) + ¥{*% (0, 1) + 2> (0, 1)

+Y329(0,1) + v,V < >>z +2(=Y %Y (0,1) + ¥{*?(0,1) = v, (0,1) + vV (0, 1)

+312(0,1))2 = 2273V (0,1) + "2 (0, 1)))a — 224,37 (0,1) + 3 (0, 1))

—2(2a*(37"Y(0,1) + 2Y( 200,1) + 3720, 1) + 734 (0, 1) + 27312 (0, 1)) 24

+2a3(3(22 — 2)Y,{"V(0,1) + 2(—2v{" (0, 1) — 9¥*? (0, 1) + 2v{*? (0, 1) — 2v*¥ (0, 1)

+ 2620, 1) + 3y "0, 1) + 13Y10(0,1) + 5Y452(0,1))))2% — 3a((3Y 02)(0, 1)

+¥,9%(0,1))22 + 227"V (0, 1) + ¥32(0, 1) + v (0, 1))z + 2v3°2 (0, 1))z — (—9v P (0,1)

—3v%90,1) + 2(v*¥(0,1) + 320, 1) + Y7 (0,1)))2 — 2a2(3(z2 — 2)Y{"V(0,1)

+ 2020222 +5)Y%Y(0,1) + 3v,°2(0,1) + 2(5v°?(0, 1) + 3v3 (0, 1) + 13 (0, 1)

+5Y512(0,1) + (5%, (0,1) +2¥,°9(0,1) — 2(v(0,1) + ;P (0,1)) - ¥2 2 (0, 1))))x*

+ (4a* (v (0,1) + 374"V (0,1) — 57,20, 1)) 2* — 2a*(—3(2Y;"V(0, 1) + Y2V (0, 1)

+v)* 1)(o, 1))22 +2(32% + 5)Y3Y(0,1) + 6Y3%V(0, 1) + 6(22 — )Y "2 (0,1))22 + (8(v{*?(0,1)

+2v, Y0, 1) + v+ (0, 1)) + (4Y(0’1)(0, 1)+ 8Y:%2(0,1) + 2% (0, 1) — 2(v{*? (0, 1)

) — ¥ 22(0,1)))2 — 6221 (0, 1) + ¥%2(0,1)) — 2a(2(12Y "V (0,1) + 6(v:"? (0, 1)

)+

) +

) +

+ Y300, 1) )

+ vt 1)(0, 1)) + 2(—22v;"Y(0,1) — 11Y( 20,1) + Y0, 1) = v{*¥(0,1) + 42(v{*?(0, 1)
+2v 0,1 Y(12 (0 1)))) — 01)(0 1)) — 2a2(2(2(—6Y,."(0, 1) + 322V (0, 1)
+¥,%2(0,1)) + 4v (0, 1) + 2v{"Y(0,1) + VP (0,1))) + 3(—2v"?(0,1) + 2" (0, 1)
+ Y 290,1) + v)* )(o, 1)) — 6Y%Y(0, 1)) + 2(2a%(a + 1) (VL (0,1) + (0, 1)) 24

+a(2(a — 2)Y°V(0,1) + 2a¥ "V (0,1) — 6av"?(0,1) — 2v"?(0,1) + 2v{"V (0, 1) + ¥{*?(0, 1)
+ Y, 20(0,1))22 — V20, 1) (a + 1)2 + ¥°2(0,1) + 2(a(a + 2) + 2)¥. (0, 1) + v (0, 1)) 22
— ((6a — YLD (0,1) + 2a¥ "V (0,1) — 2a¥ P (0,1) — 2v*?(0,1) + 2v;*V(0,1) + ¥**(0, 1)
+ Y 20(0,1)z + 2((a + 1)(alaz? — 1) — 1)22 + DYV (0, 1) + 2v2(0, 1) + v (0,1)))12
+222(=2((az? — 1)a + )Y,V (0,1) — ¥°2(0,1))x — 42(az® — 1)V "V (0,1)))

z a 22 2 —
s@,( x+a(=+x) ! ((a(x - 2)(= +X)

1
ax? —1 ) T da(az? 1) (ax® — 1)' (ex + a(z + %) — 1)2
+ 1) (da(zx + a(z® + x?) — 1)Ya(0,1)(ax® — 1)° — 4a(zx +a(z% + %) — DY (0, 1) (ax? - 1)°
+dalzx + a(22 + x2) — 12202 (0, 1)x2 + (ax? — 1)YL°P(0, 1)) (ax? — 1)3
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Az + a2+ x2) — D2Y(0,1) + ax((2 — 2ax)Y"V(0,1) — 3x Y(O D0,1) + 20v;72(0,1)
+300(0,1)) = 20" (0,1) + ax(v3 7 (0,1) + Y21V (0,1))))) (ax? — 1)
— 22y + a(z2 +x2) — 1D2(26%Y5(0, 1)y* + 2V (0,1) + V%20, 1)) + a2((2Y (0, 1)

+ 3270, 1)x* = 4¥3(0,1) + 2937 (0, 1)x = 201"V (0,1) + 37 (0,1) + 34V (0,1))x
+ 2,190, 1) + 2a((—2; (0, 1) + x(v*P(0,1) + v (0,1) + vV (0,1)) - 220, 1))y2
+¥5(0,1) = ¥;%0(0,1)) + Y3 (0, 1)) (ax* - 1)?
—dax(1 — ax*)*(=2x — a(z? + x*) + D((1 = ax) Y "V (0,1) + v (0,1) + vV (0, 1)
— @Y% (0,1) + V{%P(0,1) + ax (20, 1) + YD (0,1))))
+dax(1 — ax?)(zx + a(z22 +x2) — DAY"D(0,1) (ax® — 1)% + V20, 1) + YD (0, 1)
+x(3ax® = DY (0,1) — 3v%2(0,1) + ax(2(ax?® — D)Y"?(0,1) — 2(v3*2(0, 1) + 3y (0, 1)
+352(0,1)) + x(73°P(0,1) + 293V (0,1) + ax(v3 (0, 1) + 5v3 Y (0, 1) + 2v3 7 (0,1))))))
+2a(x — ax®)(—2x — a(2? + x*) + 1)(=a*(2a¥3 "V (0,1) + 2D (0,1) + ¥ (0,1)
+ Y200, 1))x* = 27"V 0,1) + ¥°2(0,1) + 10, 1) + 3y (0,1) + VP (0,1)
— (4(a® + DY 0,1) + 5720, 1) + V" (0, 1) — 2a(2a¥"V(0, 1) — a¥ P (0, 1)
+2v, M0, 1) + V220, 1) + vV 0, 1))x2 + 2v (0, 1) + v (0,1) + vV (0, 1)
+3v5000,1) + (0, 1) x + 2a(2v %Y (0, 1) — vV (0,1) + v°?(0,1)) — 2v{*V(0, 1)
=Y3200,1) = 2P (0,1)) + 8x(1 — ax?) (2 + alz? + 1) = DAYV (0,1)(ax* ~ 1)2
+Y31900,1) + ¥V (0,1) + x(2(a® + 1) (ax® = DYV (0,1) = ¥3°2(0,1) + a(2avy" (0, Dx*
+ (4937(0,1) + ¥, (0, 1))x* + a((2v,"P(0,1) + Y327 (0,1) + v3 2V (0, 1))x* = 4v"P (0, 1)
+2v %20, 1)x2 — 2(v;*?(0,1) + (0, 1) + 3731 (0, 1) + V2 (0, 1))x + 27410, 1)
+v2900,1) + 2Y0,1) + a((x(2Y{°?(0,1) + "0, 1) + 57,21 (0,1) + 212 (0, 1))
—22v{"0(0,1) + Y320, 1) + ;2P (0, 1)) + 2v3V (0,1) - 2v,°?(0,1)))))
— 2z + 2ax)(1 —ax?)(=2x — a(z? +x2) + 1) (=a*2(a(2v3V(0,1) = ;"2 (0,1) + v, (0,1))
+2v. 10, 1) + V420, 1) + V220, 1) + 2v{2Y(0, 1)) + 220, 1)x" — a%((2a + 7)Y *?(0,1)
+2v.%%(0,1) + 3(a + D)Y2(0,1) + (Ta + 17)VD(0,1) + 2aY,52(0,1) + 13Y,) 12)(o 1)
+2v, 90, 1)x8 — a(8(a2 + a + 1YV (0,1) + 19v%2(0,1) + 97,°% (0, 1) + ¥,*?(0, 1)

— a(=10v"?(0,1) + (5Y( Y00,1) — 8v*%(0,1) + 2v{?(0,1) - ,*?(0,1)) — 2v,°% (0, 1)
+ 10,10, 1) + 4V 12 (0,1) 4+ 57220, 1) + 9733 (0, 1) + 2,2 (0, 1)))x
+a(22a +5)Y%2(0,1) + 2v"(0,1) + (Ta + 6) V" (0,1) + (15a + 26)Y, "V (0, 1)
+4aY M2 (0,1) + 28V 20, 1) + Y0, 1)) + (4Bala + 1) + 2)Y%V(0,1) + 2(5vL%(0, 1)
+Y399(0,1)) = a(2(=6v3%(0,1) + a(4v;*"(0,1) — 9%;%%(0,1) + ¥{*?(0,1) - v;*V(0,1))
— v 0,1) + 4v"Y(0,1) + V1P (0,1) + 2v{*2(0, 1) + 3v,>1(0, 1)) + ¥>?(0, 1)))x®
— (2a+3)Y{"?(0,1) + (5a + 3)Y. (0, 1) + 9(a + )YV (0,1) + (20 + 3)V 2 (0,1))x2
+ (=4(a+ DYV 0,1) — 2vL%2(0,1) + 2a(Y{*"(0,1) — 2v°? (0, 1)) + 2"V (0, 1)
+Y,290,1) + Y210, 1)x + ((a(=3a(a + 1)x* + (da + 6)x% — 2) — 3)x2 + 1YV (0, 1)

©Fani Xerakia 53/56



g n wiversitat
\v/ wien University of Vienna

+00,1) + Y30, 1) — 263 (2x + a(z? + x2) — 1)2(2a° (51 (0,1) + 2% (0, 1))

a* (2100, 1) + 4V 120, 1) + V220, 1) + 572V (0,1) + 2v,>2(0,1))x% — 6Y4"1(0, 1)
+10v.°2(0,1) — 8P (0,1) + 47" (0, 1))x* + & 2(3Y; 2 (0, 1) + 2v{*¥(0,1) + 6v, (0, 1)
+ 9,120, 1) + 2v " (0, 1))x® — (6,1 (0,1) + 8,12 (0,1) + 3v;22(0,1) + 117,*1(0, 1)

+ 4,220, 1)x2 + 6Y3%1(0, 1) — 43v3 2 (0,1) — v (0,1) + v{*¥(0,1)))
+2(a? + 1) (ax2 — 127"V (0,1) + ¥{°2(0,1) — a((177°2(0, 1) + 57,2 (0, 1))x% — 6(v{*? (0, 1)
+2v, 0, 1) + V20, 1)x + 2v1P0,1) + Y220, 1) + ¥42D(0, 1)) + a2(((16YL"?(0, 1)
+ 1390, 1) + 2%V (0, 1)) — 4(3v{%?(0,1) + "0, 1) + 6(¥3"V (0, 1) + v+ (0, 1))
+ 0, 1)x + 6,0, 1) + 4V 1P (0,1) + 37,220, 1) + 773300, 1) + 2,22 (0, 1))x 2
—2v{*(0,1) + 2v{*?(0,1)))
— (2 +200)(1 — ax?)(2(=2x — a(z* + X?) + D)(=a*2(a(2Y;"P(0,1) - ¥;*?(0,1) + ¥3*?(0,1))
+2v,5000,1) + V20, 1) + 3220, 1) + 2210, 1)) + Y322 (0,1)x7 = a2((2a + 7)Y 2 (0, 1)
+2v.%9(0,1) + 3(a + )Y2(0,1) + (Ta + 17) YV (0,1) + 2av2(0,1) + 13Y,2(0,1)
+2v, (0, 1)x8 — a(8(a2 + a + 1YV (0, 1) + 19Y%2(0,1) + 97,.°% (0, 1) + ¥,*?(0, 1)

—a(- 10Y2 20, 1) + 2a(5Y( Y00,1) — 8v{%%(0,1) + 2v{"?(0,1) - ,*?(0,1)) — 2v,*% (0, 1)
+ 10,10, 1) + 4v12(0,1) + 57,220, 1) + 97,3%1(0, 1) + 2,2 (0, 1)))x
+a(2(2a + 5)Y," )(0, 1) + 270, 1) + (7a + 6)Y.2(0,1) + (15a + 26) V.1 (0, 1)
+4aY P (0,1) + 282 (0,1) + Y30, 1))x* + (4(3a(a + 1) + 2)vD(0,1)
+2(5Y2(0,1) + v{°Y(0, 1)) — a(2(=6Y"?(0, 1) + a(4¥ "V (0,1) — 9v*?(0,1) + ¥{*?(0,1)
— v 0,1)) = v{*¥(0,1) + 4v"Y(0,1) + VP (0,1) + 2v{*9(0, 1) + 37>V (0, 1))
+ Y220, 1))% — (20 + 3)Y,"2(0,1) + (5a + 3)Y. "2 (0,1) + 9(a + )Y,V (0, 1)
+ (20 + 3P0, 1)) + (—4(a + DYV (0,1) — 220, 1) + 2a(¥3 M (0, 1) — 2v,*? (0, 1))
+2v,10,1) + V220, 1) + v*P(0,1))x
+ ((a(=3a(a+ 1)x* + (da+6)x2 — 2) — 3)x2 + DY "V (0,1) + v *2(0,1) + v+ (0, 1))
— (2 +200)(1 — ax*)(=2Y3"7(0,1) = x(a?(2(a(2Y3 " (0,1) = ;> (0,1) + ;" (0, 1))
+2v{"(0,1) + Y2 (0,1) + ¥29(0,1) + 2¥21(0,1)) + Y322 (0, 1)x" + 2a((a + 4)¥,*? (0, 1)
+Y2%0,1) + 2(a + D)Y2(0,1) + 2(2a + 5) Y (0,1) + a¥y P (0,1) + 772 (0,1)
+ Y0, 1)x* + (=43P0, 1) + 9v*?(0,1) — 22 (0,1) + ¥{*?(0, 1))a?
+206Y2(0,1) + V" (0,1) — 2(2v*Y(0,1) + Y12(0,1) + 220, 1) + 2v,4*1(0, 1))

V22(0,1))a + 12(a® + a + )YV (0, 1) + 24 %2 (0,1) + 107" (0, 1) + ¥,° (0, 1))®
—22(a+2)Y,"?(0,1) + ¥*%(0,1) + (4a + 2)V{"(0,1) + 2(4a + 5)Y "1 (0, 1) + 2av, 2 (0, 1)
+ 77 (0,1) + Yg(l"'”(o )2 + (—12(a + 1D)YL"D(0,1) + 2(—=6Y,"2(0, 1) + a(2v3*V(0, 1)
—9v3%2(0,1) + v;"2(0,1) = v;*¥(0,1)) = v;"?(0,1) + 27"V (0,1) + ¥ (0,1) + v;*7 (0, 1)
+2v,*0(0,1)) + v3* 2><o D)x +4ax? = D((a+ D = DY*Y(0,1) + 2> (0,1)
+2v319(0,1) + 473V (0,1) + 32 (0,1))))))

7
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—2a(1 — ax®)(—zx —a(z® + X ) +1)((1 - ax2)(—zx —a(z® + x%) + 1)(—2Y2(0, 1) (ax* — 1)°
+ 2x((ax2 e <o 1) +x¥ (0, 1) + < ~ DY (0, 1)) (ax? — 1) + x*(2a°Y3(0, )X
+ 210, 1) + V20, 1))x2 + a2((2Y{12(0,1) + Y220, 1))x% — 4Y3(0, 1) + 2,1 (0, 1))x2
— 27D (0,1) + Y(1 D00,1) + vV 0, 1)y + 2120, 1) + 2a((—2v 20, 1) + (%Y (0, 1)

+ 350,10 + 370 (0,1)) = 3200, 1))x% + 3(0,1) = v°P(0,1)) + ;29 (0,1)))

+x(2(2 + 2ax)Y2(0, 1) (ax® — 1)* = 2(z + 2ax) V" (0,1) (ax? — 1)*

+ax(zx +a(z? +x%) = DY,OV(0,1)(ax® — 17 — 2(2x + a(z2 + %) — D) ((ax® — DY1(0,1)
+xY3°0(0,1) + (ax® — DY (0, 1)) (ax? — 1)? = 2x(2 + 2ax)((1 — ax?) Y,V (0, 1)
+¥319(0,1) + v (0,1) = x(2¥3 %V (0, 1) + 3270, 1) + ax (v (0,1)

+Y55V(0, 1)) (ax® = 1)? + 2x(1 — ax?)(—2x — a2+ x?) + 1) (Y20 (0,1)

+ax((2 = 2ax) Y10, 1) = 3y V%Y (0,1) + 20v2(0,1) + YV (0, 1)) — 2x(¥ %2 (0, 1)
+ax(¥3"0(0,1) + Y31 (0,1)))) — 2x(1 — ax®)(~2x — a(z? +x3) + 1)(2a°Y3(0, Dy *

+ 20, 1) + Y20, )X + a2((2v12(0,1) + Y220, 1))x% — 4Y3(0, 1) + 2,1 (0, 1))x2
—2v%Y(0,1) + Y"0,1) + vV (0, 1))y + 2¥59(0, 1) + 2a((—2Y 400, 1) + (YD (0,1)
+30(0,1) + v510(0,1)) = 270, )3 + ¥3(0,1) = 5V (0,1)) + v327(0,1))

2 (2 4 20) (1 — ax?)(—a®(2aY "V (0, 1) + 2,V (0, 1) + ¥ (0,1) + ¥V (0, 1)) x*
—2a(Y*Y(0,1) + v*?(0,1) + v"(0,1) + 3vY(0,1) + 20, 1) — (4(a® + 1)Y"V(0,1)
+5Y°2(0,1) + v{*¥(0, 1) — 2a(2a¥*V(0,1) — a¥*?(0,1) + 2v{"Y(0,1) + v*V(0,1)

+ Y20, )% + 200, 1) + %20, 1) + Y20, 1) + 3v V0, 1) + v 4P (0,1) v
+2a(2Y3%0(0,1) — vV (0,1) + v{*?(0,1)) — 2v{*Y(0,1) — ¥*?(0,1) — v{*V(0, 1))

+ 23 (—2x — a(z2 4+ + DV 0, 1) (ax? = 12+ ¥7(0,1) + v, (0,1)

+x(2>a® + 1) (ax® — 1)V 0,1) = v{%2(0,1) + a(2a3Y"V (0, )x* + (47" (0, 1)

+ Y9900, 1)x2 + a2((2;(0,1) + V22(0,1) + 2D (0,1)x% — 4v%Y(0,1) + 27, (0, 1))
—2(v{*(0,1) + v*7(0,1) + 3y (0,1) + ¥3 42 (0, 1)x + 20 (0,1) + v,V (0, 1)
+Y,2000,1) + a((e2Y %2 (0,1) + V0, 1) + 57300, 1) + 2v3 (0, 1)) — 2(2v, (0, 1)
+329(0,1) + 2P0, D) + 2vV(0,1) — 295 (0,1))))))).

)
1) -
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