Iversitat

DISSERTATION | DOCTORAL THESIS

Titel | Title
Variational models and methods in material science and
evolution equations

verfasst von | submitted by
Dott. mag. Riccardo Voso

angestrebter akademischer Grad | in partial fulfilment of the requirements for the degree of
Doktor der Naturwissenschaften (Dr.rer.nat.)

Wien | Vienna, 2024

Studienkennzahl lt. Studienblatt | Degree UA 796 605 405
programme code as it appears on the
student record sheet:

Dissertationsgebiet lt. Studienblatt | Field of Mathematik

study as it appears on the student record
sheet:

Betreut von | Supervisor: Univ.-Prof. Ulisse Stefanelli PhD






Abstract

Variational principles are an important tool to analyze and describe natural phenomena. The
Weighted Energy-Dissipation (WED) variational principle offers interesting mathematical per-
spectives, particularly when dealing with partial differential equations (PDEs). A possible ap-
proach to proving the existence of solutions for PDEs involves minimizing a functional whose
Euler-Lagrange equation corresponds to the given PDE. If such a functional can be found, the
problem of existence for the PDE is translated into seeking stationary points for the identified
functional. In some cases, finding stationary points of the functional is often simpler than di-
rectly demonstrating the existence of solutions for the PDE. Despite its effectiveness, defining an
appropriate functional is not always straightforward or trivial. The WED variational principle
presents an alternative approach compared to classical variational principles. In this method,
the goal is to find a functional whose Euler-Lagrange equation is a regularized version of the
considered PDE. This regularization introduces greater flexibility in applications, allowing both
conservative and dissipative systems to be described in a variational fashion. Nevertheless, this
advantage of applicability comes at the expense of proving the so-called causal limit, namely the
removal of the regularization.

In this thesis, we tackle three problems by means of the WED approach. We first intro-
duce a novel approach to studying semilinear gradient flows with state-dependent dissipation.
This extension has deep impact on the technical level. Most notably, the structure of the
Euler-Lagrange equation features specific state-dependent dissipative terms showing minimal
integrability in time. Then, we move to a general optimal control problem in the setting of
gradient flows. We propose two approximations of the problem, both relying on the variational
formulation of the gradient-flow dynamics via the WED approach. Eventually, we present a
global-in-time variational approach to the dynamics of hyperelastic materials via the WED
variational theory.
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Chapter 1

Introduction

1.1 Rationale

Variational principles constitute a fundamental tool for the description of natural phenomena.
Typically, variational principles are connected with conservative systems and therefore they are
not suited for the analysis of dissipative systems. The most well-known variational principle is
Hamilton’s principle or principle of least action. This is based on finding stationary points of
the action S defined as the time-integral of the Lagrangian L of the system, namely,
Ly
S = L(u,a,t)dt,
123
where ¢; and t; indicate the initial and the final time of the system’s evolution, respectively,
under the constraint that the trajectory w takes given initial and final values. Here, u and u
are usually referred to as generalized coordinates and velocity, respectively. The Lagrangian
L uniquely defines the state of a physical system. Indeed, according to Hamilton’s principle,
trajectories u which make S stationary are solutions of the Euler-Lagrange equation

doL 0L
dt 0u  Ou
L is usually defined as the difference between the kinetic and the potential energy of the system.

For example, the general form of the Lagrangian for a particle with mass m moving in an external
potential V' (u) is

0.

1
L= imiﬂ - V(u),
and the corresponding Euler-Lagrange equation is Newton’s equation mi. = —0V/Ou.

The application of Hamilton’s principle is restricted to those cases where it is possible to define
a potential energy, i.e., when only conservative forces are acting on the system. Nevertheless,
there exist other variational principles that deal with dissipative settings. In particular, we
are interested in the Weighted Energy-Dissipation (WED) variational principle. In the context
of partial differential equations (PDEs), establishing well-posedness involves defining an action
whose corresponding Euler-Lagrange equation coincides with the given PDE. Consequently, find-
ing a stationary point for the associated functional (action) becomes equivalent to demonstrating
the existence of a solution for the PDE. The WED method adopts a different approach, seeking
a functional (action) that yields a regularized version of the target PDE as its Euler-Lagrange
equation. This chosen functional incorporates a positive real parameter, allowing the removal
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of the regularization by letting the parameter approach zero. In this limit, the original PDE
is recovered. The WED approach has been proved to be applicable to a number of classical
PDE settings. The purpose of this thesis is to test the WED approach in three less standard
settings. In particular, this thesis is dedicated to the study of a field theory with state-dependent
dissipation, optimal control theory, and elastodynamics.

1.2 Weighted Energy-Dissipation approach

The Weighted Energy-Dissipation approach is a global-in-time variational method, hinging on
the minimization of the e-dependent (¢ > 0) functionals W¢. The functionals W¢ feature an
e-dependent exponentially decaying weight, usually given by the (weighted) sum of the potential
energy and the dissipation. As such, they are usually referred to as Weighted Energy-Dissipation
functionals. This approach contributes a variational approximation of the limiting differential
problem. As such, it paves the way to the application of the general methods of the calculus
of variations. The existence of the approximations/minimizers is ascertained by the Direct
Method. This can be especially beneficial in actually computing such approximations, for one
can profit from the vast toolbox of optimization methods. In addition, combinations with other
approximations (additional parameters, time and space discretization, data approximations) can
be treated at the £ > 0 level within the general frame of I'-convergence theories.

There are numerous noteworthy examples of this approach. Here, we introduce and describe
only a few that we believe are particularly relevant to this thesis. By examining these chosen
cases, we can achieve two objectives: first, to illustrate how this method typically works, and
second, to understand the specific role and significance of this thesis within the wider landscape
of this approach.

e Gradient flows (Mielke — Stefanelli [45])
This paper addresses gradient flows of the type

ug +0¢p(u) > f, in H, a.e.in (0,7T), (1.2.1)

where H is an Hilbert space and 0 denotes the subdifferential from H to H. Here, f is assumed
to be a function in L?(0,7; H) and ¢ : (—oo, 00] is a proper, lower semicontinuous, bounded
from below, and A-convex function, namely u — ¢(u) — (A/2)||ul|% is convex for some X € R. A
family of e-dependent functionals W¢ : H'(0,T; H) — (—o00, 00] is introduced as

wew = | ) = (Sualf+ot) - (oua ) at,

over the space of trajectories u attaining initial value u®. Then, the existence of minimizers u¢
for W€ is ascertained by means of the Direct Method. Then, by computing the Euler-Lagrange
equation, i.e.,

—cug, +u; +0¢(u®) > f, in H, a.e.in (0,7,
an elliptic-in-time regularization of the gradient flow (1.2.1) is obtained. Eventually, a uniform
convergence u® — u in H, with u solution of (1.2.1) is proved. This contributes a new existence
proof for the classical problem (1.2.1) with initial condition «(0) = wo.

e Generalized gradient flows (Akagi — Melchionna — Stefanelli [3])

A general doubly nonlinear flow on the time half line ¢ > 0 is considered, namely,

dy(ue) + 0p(u) 20, inV* ae t >0, (1.2.2)
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where ¥, ¢ : V — (—o00,00] are convex functionals acting on a Banach space V' with dual
V*. Here, dy : V — V* indicates the Gateaux derivative and 9 : V — 2" stands for the
subdifferential in the sense of convex analysis. The dissipative (pesudo-)potential ¢ is assumed
to have p-growth, for any p > 1, e.g., (v) = |[v||},/p and ¢ is such that its sublevel sets are
compact in an Banach space X compactly and densely embedded into V. The corresponding
family of WED functionals W* : LP(R,,e~*/2dt; V) — (—o00,00] is defined as

We(u) = /O et <51,Z)(ut) +¢(u)> dt.

After proving the existence of minimizer via the Direct Method, the Euler-Lagrange equation is
computed as

d
—sade(uf) +dyy(u®) + 0¢(u®) 50, in X*, ae.t>0.

Finally, the limit & — 0 is considered and the proof of the convergence of u® (up to subsequences)
to the solution u of (1.2.2) is given.

e Semilinear wave equations (Stefanelli [56])

In this paper, the De Giorgi’s conjecture on elliptic regularization is proved on a finite time
interval (0,7). For any p > 1 and for any € > 0 the WED functional W¢ : H2(0,T; L?(R%)) N
L2(0,T; HY(R%)) N LP((0,T) x R?) — [0, 00] is defined by

T 2 1
Wf(u):/ / e—t/f<5|utt|2+\vu|2+yu|p> dz dt.
0 Rd 2 2

The existence of minimizers u® and the convergence u® — u (up to subsequences) is shown where
u is the solution of the semilinear wave equation, namely,

ugy — Au+ plulP~*u = 0,

is eventually given. A proof of the De Giorgi conjecture on the semiline (0, 00), that is, in its
original formulation, has been given by SERRA & TILLI in [53].

1.2.1 Review of the literature

In this subsection, we provide a concise overview on the Weighted Energy-Dissipation variational
principle.

In the gradient-flow case of ¢ quadratic, the use of the WED approach has to be traced back
at least to the study of Brakke mean-curvature flow of varifolds in [31]. Existence of periodic
solutions to gradient flows by the WED approach has also been obtained [32]. The general theory
for the case of a A-convex energy ¢ is in [45]. Note that the linear case is also mentioned in the
classical PDE textbook by Evans [27, Problem 3, p. 487]. Nonconvex problems are discussed
in [7], see also [40] for nonpotential perturbations, [35] for a stability result via I'-convergence,
and [39] for an application to the study of symmetries of solutions. Existence of variational
solutions to the equation u; — V - f(x,u, Vu) + 0y f(z,u, Vu) = 0 where the field f is convex
in (u, Vu) has been tackled in [13]. Applications to stochastic PDE [50, 51] and to curves of
maximal slope in metric spaces [48, 49] are also available. We also mention the applications
to micro-structure evolution [21], to mean-curvature evolution of Cartesian surfaces [55], to the
incompressible Navier—Stokes system [10, 47], and to the non-newtonian Navier-Stokes system
[34].
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The WED approach has been also considered in the nonquadratic case, namely, for dissipations
v — ¥(v) of ¢ growth, for 1 < ¢ # 2. The rate-independent case ¢ = 1 [43] is tackled in
[42], see also [44] for a discrete counterpart. Applications to dynamic fracture [23, 33] and
dynamic plasticity are available [24]. The doubly nonlinear setting 1 < ¢ # 2 has been studied
in [3, 4, 5, 6] under different assumptions for the energy ¢, see also [2] for the case of nonpotential
perturbations.

The WED approach has been applied to hyperbolic and mixed parabolic-hyperbolic problems,
as well. Inspired by a conjecture by De Giorgi [25], the case of semilinear waves (¢p = 0) is
discussed in [53, 56]. Extensions to other hyperbolic problems [36, 52|, also including forcings
[38, 57, 58, 59] or dissipative terms (¢ # 0) [1, 37, 52], have already been obtained.

1.3 Plan of the thesis

In this section, we provide a schematic outline of this thesis.

Chapter 2 introduces the Weighted Energy-Dissipation approach applied to semilinear gradient
flows with state-dependent dissipation. This chapter is based on a submitted manuscript co-
authored with Goro Akagi and Ulisse Stefanelli [8]. A concise introduction can be found in
Subsection 1.3.1.

Chapter 3 explores an optimal control problem for gradient flows using the Weighted Energy-
Dissipation method. This is another submitted work in collaboration with Takeshi Fukao and
Ulisse Stefanelli [29]. An introduction is provided in Subsection 1.3.2.

Chapter 4 records my ongoing research with Martin Kruzik and Ulisse Stefanelli on a global
variational approach to the dynamics of elastic bodies. An introduction is in Subsection 1.3.3.

1.3.1 Weighted Energy-Dissipation approach to semilinear gradient flows
with state-dependent dissipation

In this subsection, we introduce the problem tackled in Chapter 2.

This work is motivated by the study a gradient flow-type dynamic in the presence of state-
dependent dissipation, namely a dynamic of the type

dotp(u,ut) +0p(u) 0 in H, a.e.in (0,7), (1.3.1)

where w : [0,7] — H is a trajectory from the finite time interval [0,7] to the Hilbert space
H. Here, dy denotes the Fréchet differential with respect to the second variable. We assume
that the smooth functional ¢ : H x H — [0,00) is such that v — ¢ (u,v) is convex and
differentiable for any given v € H and that the monotone map v +— d2t(u,v) is nondegenerate
and linearly bounded, uniformly w.r.t. u. The potential ¢ is assumed to be given by the sum
é(u) = (Au,u)x + ¢?(u) where the linear, continuous, and self-adjoint operator 4 : X — X*
maps a second Hilbert space X, compact and dense in H, to its dual. Here, ¢? : H — [0, cc] is
a convex functional. Moreover, 0 denotes the subdifferential in the sense of convex analysis.

In the concrete case (see Section 2.5), we define Q as an open C''!' bounded domain in R? for
d € Nand we let H = L?(Q2) and X = H'(Q). Then, we consider dissipative (pseudo-)potentials
of the form

2
Y(u,u) = /Qg(k>1<u)|u;| dz,

4
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with g € Clzoi (R) uniformly positive. Here, the kernel & belongs to L?(R?) and k * u stands for
the convolution of k with the trivial extension @ of u out of 2. The potential is taken as

o) = [ (3I7uP+itw)) dn

where 3 : R — [0, 00] is a proper, convex, and lower semicontinuous function such that 5(0) = 0.

In Chapter 2, we provide a variational formulation of an elliptic-in-time regularization of the
gradient flow (1.3.1) via the Weighted Energy-Dissipation variational principle. For every € > 0,
we introduce the WED functionals W¢ : L2(0,T; H) — [0, cc] as

T
W (u) = /0 e (e (u(t), ue(£)) + (u(t)) dt,

over the trajectories u attaining initial value u°. Our main result (Theorem 2.2.5) proves that
for all € > 0, there exists a global minimizer u® of W¢ and that, up to subsequences, u¢ converge
to a solution of (1.3.1) as € — 0. By computing the Euler-Lagrange problem corresponding to
the minimization of W¢, namely,

—s%(dz?/f(u, ut)) + editp(u, ur) + dotp(u, we) + 0p(u) 30 in H, a.e.in (0,T),

is revealed that the minimization of W¢ corresponds to the elliptic-in-time regularization of the
gradient flow (1.3.1). Indeed, by formally taking the limit ¢ — 0 in the latter, one would recover
the gradient flow (1.3.1).

1.3.2 Optimal control of gradient flows via the Weighted Energy-Dissipation
method

In this subsection, we provide the synopsis of Chapter 3, where we introduce two approximation
techniques for solving a general optimal control problem.

We analyze optimal control problems of the form
min{J(y,u) : ve U ,y=S(u)}, (1.3.2)

where J is a target functional of the control u : (0,7") — H and of the solution y = S(u) to the
following gradient flow

y+0¢(y) >u in H, ae. in (0,7). (1.3.3)

Here, H is a Hilbert space, the dot indicates a time derivative, and 0 indicates the subdifferential
from H to H in the sense of convex analysis. The set of admissible controls U is assumed to
be a compact subset of L?(0,T; H) and J is asked to be lower semicontinuous with respect to
the weak x strong topology in H'(0,7; H) x L?*(0,T; H). The functional ¢ : H — (—00, 0]
is assumed to be proper, bounded from below, lower semicontinuous, and k-convex for some
Kk €R, ie., vy oy) — (k/2)|y||? is convex.

We prove the existence of a solution for Problem (1.3.2) and investigate two approximations
based on the WED functionals W, : H*(0,T; H) x U — (—00, 00] defined by
T e (€
W) = [ et (Sl + o) - () ) .
0

5
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over trajectories y attaining initial value y°. At first, we approximate the constraint y = S(u)
by considering the following optimal control problem

min{J(y,u) : we U , y=argmin W.(-,u)}. (1.3.4)
This essentially amounts to replacing the gradient-flow constraint (1.3.3) by its elliptic regular-
ization
—ej+y+06(y) >u in H, a.e. in (0,7,
y(0) =4, ey(T) =0,

namely, the Euler-Lagrange problem corresponding to W(-,u). Secondly, we relax even more,
by turning to an unconstrained optimal control problem, namely,

min {J(y, )+ %(We(y, u) — mg(u))}, (1.3.5)

where A > 0 and m(u) is the minimum value of W, (-, u), given u. In particular, after establishing
existence for Problems (1.3.2), (1.3.4), and (1.3.5), we consider limits as € and A go to 0. As a
result of a I'-convergence argument, we prove that

Py L P and PSP

in the sense of I'-convergence in H(0,T; H) x L?(0,T; H) endowed with the weak x strong
topology, where we have defined the functionals P, P., and P.) as

H%mz{“%“ if y = 5(u),

00 else,

J(y,u if y € argmin W.(-, u),

00 else.

Pox(y0) = (g, 0) + 5 (Wely,w) = me(u).

By specifying a joint speed of convergence, we may also pass to the simultaneous limit (e, \) —

(0,0). In particular, we prove that

for A = A(e) s.t. limsup A(e)e 3e/% = 0 one has that P.y Lp
e—0

1.3.3 A global variational approach to the dynamics of elastic bodies

This subsection aims at giving an introduction to Chapter 4.

In Chapter 4, we focus on the dynamics of hyperelastic materials of the form
pyse —V -DW(Vy) +6V1: Viy =0 in (0,00) x Q, (1.3.6)

where the reference configuration € is a bounded domain in R? of class C4, y : Q — R3 is the
deformation, p > 0 is the referential material density, and ¢ is a length-scale parameter. Here,
D denotes the Gateaux derivative, W is the stored elastic energy density, and the fourth-order
differential operator V* is given by V& V®@V®V. The nonlinear map W : R3*3 — [0, oc] is taken
as the sum of a convex 0110,01 functional and a term inversely proportional to the determinant of
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its argument, so that W (F) — oo as det F — 07. The existence of solutions of the equation
(1.3.6), subject to the initial conditions y(0,z) = °, 1:(0,z) = y' is proven via the Weighted
Energy-Dissipation method. The WED functionals G, : L?(R; x Q) — [0, 0c] are defined via

00 B 52 5
Ge(y) :/0 /Qe t/e (;‘yttP-H/V(Vy) + 2\V4y\2) dz dt,

over the locally orientation-preserving trajectories attaining the initial conditions. Our main
result proves that

(i) for all € > 0, there exists a global minimizer y° of G¢ and

(ii) by taking the limit € — 0, such y° converge up to subsequences to a solution of (1.3.6).






Chapter 2

Weighted Energy-Dissipation
approach to semilinear gradient flows
with state-dependent dissipation

This chapter consists of my submitted manuscript with Goro Akagi and Ulisse Stefanelli [8].

Abstract

We investigate the Weighted Energy-Dissipation variational approach to semilinear gradient
flows with state-dependent dissipation. A family of parameter-dependent functionals defined
over entire trajectories is introduced and proved to admit global minimizers. These global min-
imizers correspond to solutions of elliptic-in-time regularizations of the limiting causal problem.
By passing to the limit in the parameter we prove that such global minimizers converge, up to
subsequences, to a solution of the gradient flow.

2.1 Introduction

We are interested in a global-in-time variational approach to abstract gradient flows of the form
dotp(u, ) + Au(t) + 0¢*(u) 30 in H, a.e. in (0,T). (2.1.1)

Here, u : [0,T7] — H is a trajectory from the finite time interval [0,7] to the Hilbert space
H and the dot denotes time differentiation. In relation (2.1.1), the smooth functional (u,v) €
H x H — ¢(u,v) € [0,00) is assumed to be convex in the rate v, the symbol da indicates the
Fréchet differential with respect to the second variable, and the monotone map v — dot)(u, v)
is assumed to be nondegenerate and linearly bounded, uniformly for . The linear, continuous,
and self-adjoint operator A : X — X* maps a second Hilbert space X, compact and dense in H,
to its dual X*. The functional ¢* : H — [0, 00] is convex and d¢? indicates its subdifferential.
The doubly nonlinear inclusion (2.1.1) hence corresponds to the gradient flow of the energy
d(u) = (Au,u)x /2 + ¢*(u), where (-,-)x denotes the duality pairing between X* and X, with
respect to the state-dependent dissipation 1. Note in particular that the nonlinearity A + d¢? is
tailored to the variational formulation of a semilinear elliptic operator and that we implicitly ask
Au € H. Relation (2.1.1) hence corresponds to a strong formulation of a semilinear parabolic
problem with state-dependent dynamics, see Section 2.5.



2 Weighted Energy-Dissipation approach to semilinear gradient flows with
state-dependent dissipation

This paper is concerned with the analysis of the Weighted Energy-Dissipation (WED) approach
to the gradient flow (2.1.1). This is a global-in-time variational approach, hinging on the mini-
mization of the e-dependent (¢ > 0) functionals W< : L2(0,T; H) — [0, 0] given by

T
| e e (st i) + otute)) de it u e K(uo),
0

We(u) = (2.1.2)

o0 else,
where the convex domain K (ug) depends on the initial condition uy € H and is defined as

K(up) = {u € L*(0,T; H) : u(0) = up and ¢(u), (u,u) € L(0,T)}. (2.1.3)

The functionals W€ feature an e-dependent exponentially decaying weight multiplying the (weighted)
sum of the energy ¢ and the dissipation . As such, they are usually referred to as Weighted
Energy-Dissipation functionals. Note that the parameter € > 0 plays the role of a relaxation
time, which justifies the factor € in front of the dissipation 1.

By means of the functionals W¢ one can approximate the differential problem (2.1.1) on purely
variational terms. The focus of this paper is on providing a rigorous analysis of such an approx-
imation. Our main result (Theorem 2.2.5) proves that

(i) for all € > 0, there exists a global minimizer u® of W¢,
(ii) u® solves the Euler-Lagrange equation strongly,

(iii) up to subsequences, u® converge to a solution of (2.1.1) as € — 0.

In fact, the minimization of W* corresponds to an elliptic-in-time regularization of the gradient
flow (2.1.1). This is revealed by computing the Euler-Lagrange problem corresponding to the
minimization of W¢, namely,

- %(dzw(u, @) 4 edytp(u, @) + dotb(u, @) + Au+ d¢*(u) 30 in H, (2.1.4)

uw(0) = ug, edotp(u(T),u(T)) =0, (2.1.5)

to be solved almost everywhere in (0,7"). Here, d; denotes the Fréchet differential with respect
to the first variable and a natural Neumann condition is imposed at the final time 7. Due to
ellipticity in time, the global minimizers u® are more regular than the solution to the limiting
problem (2.1.1). On the other hand, causality is lost at level £ > 0 and is restored just in the
limit € — 0. Motivated by this fact, the limit ¢ — 0 is usually referred to as causal limit.

The WED approach contributes a variational approximation of the limiting differential problem.
As such, it paves the way to the application of the general methods of the calculus of variations.
The existence of the approximations u® is ascertained by the Direct Method. This can be
especially beneficial in actually computing such approximations, for one can profit from the
vast toolbox of optimization methods. In addition, combinations with other approximations
(additional parameters, time and space discretization, data approximations) can be treated at
the € > 0 level within the general frame of I'-convergence [22].

The results of this paper can be compared with the ones of [45]. There, the dissipation is
assumed to be independent of the state and quadratic, namely, ¥(v) = ||v||%/2, corresponding
indeed to the classical gradient-flow case. The novelty here is in considering a state-dependent
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2.2. Main result

dissipation instead, which has the potential of considerably broaden the range of application of
the theory. This extension has deep impact on the technical level, asking for the development of a
quite different analytical approach. Most notably, the structure of the Euler-Lagrange equation
features specific state-dependent dissipative terms showing minimal integrability in time. Note
nonetheless that the simpler dissipation setting of [45] eventually allows more general choices
for the energy ¢.

Before moving on, let us provide a brief review of the the vast literature on the WED approach.
We however stress that all available results to date exclusively deal with the case v — ¥(v),
namely, with a dissipation which is independent of the state.

In the gradient-flow case of ¢ quadratic, the use of the WED approach has to be traced back
at least to the study of Brakke mean-curvature flow of varifolds in [31]. Existence of periodic
solutions to gradient flows by the WED approach has also been obtained [32]. The general theory
for the case of a A\-convex energy ¢ is in [45]. Note that the linear case is also mentioned in the
classical PDE textbook by Evans [27, Problem 3, p. 487]. Nonconvex problems are discussed in
[7], see also [40] for nonpotential perturbations, [35] for a stability result via I'-convergence, and
[39] for an application to the study of symmetries of solutions. Existence of variational solutions
to the equation uy — V - f(x,u, Vu) + 0, f(x,u, Vu) = 0 where the field f is convex in (u, Vu)
has been tackled in [13]. Applications to stochastic PDE [50, 51] and to curves of maximal slope
in metric spaces [48, 49] are also available. We also mention the applications to micro-structure
evolution [21], to mean-curvature evolution of Cartesian surfaces [55], and to the incompressible
Navier—Stokes system [10, 47].

The WED approach has been also considered in the nonquadratic case, namely, for dissipations
v — ¥(v) of ¢ growth, for 1 < ¢ # 2. The rate-independent case ¢ = 1 [43] is tackled in
[42], see also [44] for a discrete counterpart. Applications to dynamic fracture [23, 33] and
dynamic plasticity are available [24]. The doubly nonlinear setting 1 < ¢ # 2 has been studied
in [3, 4, 5, 6] under different assumptions for the energy ¢, see also [2] for the case of nonpotential
perturbations.

The WED approach has been applied to hyperbolic and mixed parabolic-hyperbolic problems,
as well. Inspired by a conjecture by De Giorgi [25], the case of semilinear waves (¢p = 0) is
discussed in [53, 56]. Extensions to other hyperbolic problems [36, 52], also including forcings
[57, 58, 59] or dissipative terms (¢ # 0) [1, 37, 52], have already been obtained.

The paper is organized as follows. In Section 2.2, we introduce notation, present some prelimi-
nary material and assumptions, and state our main result, namely, Theorem 2.2.5. Sections 2.3
and 2.4 are devoted to the proof of the Theorem 2.2.5. In particular, in Section 2.3 we prove that
the WED functional W€ admits global minimizers and that each global minimizer is a strong
solution of the Euler-Lagrange problem (2.1.4)—(2.1.5). Then, in Section 2.4 we consider the
causal limit ¢ — 0 and we prove that the solutions of the Euler-Lagrange problem (2.1.4)—(2.1.5)
converge to the solutions of the gradient flow (2.1.1). Eventually, in Section 2.5 we present a
PDE example illustrating the abstract theory.

2.2 Main result

In this section, we introduce the general functional setting (Subsection 2.2.1), record some
preliminary material (Subsection 2.2.2), present our assumptions (Subsection 2.2.3), and state
our main result (Subsection 2.2.4).
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2 Weighted Energy-Dissipation approach to semilinear gradient flows with
state-dependent dissipation

2.2.1 Notation

We assume X, H to be two real and separable Hilbert spaces with X C H densely and compactly,
so that, by indicating by X* the dual of X, (X, H, X*) is a classical Hilbert triplet. We indicate
by (-, ) the scalar product in H. The symbols [|-|g and (-, ) g will be used to indicate the norm
in the general Banach space F and the duality pairing between the dual E* and FE, respectively.

Given any convex, proper, and lower semicontinuous functional f : H — (—o0, 0], we indicate
by D(f) :=={ue€ H : f(u) < oo} its effective domain and by 0f (u) its subdifferential at a point
u € D(f) as the (possibly empty) set

Of(u):={we H : (w,uv—u) < f(v)— f(u) Yve H}.

The map 0f : H — 27 (parts of H) is a maximal monotone operator with domain D(Jf) :=
{u € D(f) : Of(u) # 0}. The Legendre-Fenchel conjugate f* of f is classically defined by

[*(w) = supyepy((w,u) — f(u)) for w € H and is convex, proper, and lower semicontinuous.
Moreover, one has that f*(w) + f(u) > (w,u) for all u, w € H, as well as

wedf(u) & uedf(w) & f*(w)+ flu) = (w,u). (2.2.1)

For all convex, proper, and lower semicontinuous functionals g : X — (—o00, 0], we define the
subdifferential dxg : X — 2%X" at a point u € D(g) as the (possibly empty) set

Ixg(u) :={we X" : (w,v—u)x <g(v)—g(u) Vv e X}.

Given a sequence (fy)x and f with fy, f: H — [0,00) convex, we say that fy converge to f in
the sense of Mosco [9] if

Vuy —u in H = f(u) <liminf fy(uy),
A—0

Vv e H Juy — v:  limsup fr(vy) = f(v).
A—0

In this context, (vy)y is said to be a recovery sequence for v.

We indicate by df : H — H the Fréchet differential of a Fréchet-differentiable functional f :
H — R. In the case of ¥ : H x H — R, the symbols d; and do denote the partial Fréchet
differentials in the first and in the second variable, respectively.

2.2.2 Preliminaries

We record here two preliminary lemmas, for later use.

Lemma 2.2.1 (Aubin-Lions-Simon, [54, Thm. 3]). The embedding
LY0,T; X) N HY(0,T; H) — C([0,T]; H)

18 compact.

Lemma 2.2.2 (Integration by parts). Let u € HY0,T; H) N L*(0,T; X) and £ € L*(0,T; H)
be such that € € (H*(0,T; H))* + L?(0,T; X*). Let t1,t2 be Lebesque points of t — (£(t),u(t)).
Then, it holds that

(€310) 11 (11 1o )22 (11 1) = (E(t2),ult2)) = (E(81), ulty)) — / )

t1

12



2.2. Main result

The latter is an extension of [5, Prop. 2.3]. The proof follows by adapting the argument there,
which was originally developed in L"(t,t2; X*), and using the density of L"(t1,t2; X™) into
(Hl (tl, tQ; X))*

For the reader’s convenience, we record here the generalized Dominated Convergence Theorem
from [60, Rem. (19a), p. 1015].

Lemma 2.2.3. Let f,,, g, € LY(Q) with |fu|< gn a.e., fn — f pointwise a.e., g, — g in LY(Q).
Then fn, — f in L}(9).

Proof. As g, — g a.e., by passing to the limit in |f,|< ¢, one has that |f|< g a.e., so that
f € LYQ). Since 0 < g+ gy — |f — ful and liminf, (g + g, — |f — fn|) = 29 a.e. one can apply
the Fatou’s Lemma and get

[ 20 <timint [ (g9 17— ful) = [ 20— timsup [ 17~ £
Q n Q Q n 9
We hence have that

limsup/\f—fn\: 0. O
n Q

2.2.3 Assumptions

In addition to the general functional setting specified in Subsection 2.2.1, we introduce here our
assumptions on data. We ask for the following.

(A1) ¢ =o' +¢?: H— Ry, with ¢! (u) = (Au,u)x /2 if u € X and ¢'(u) = oo if u € H\ X for
some A : X — X* linear, continuous, and self-adjoint. There exist ¢1, ¢o > 0 such that

ullk% < e1(l+ ¢'(u) Yu e X, (2.2.2)

HAUHX* < CQHUHX Yu € X. (2.2.3)

The functional ¢? : H — R is a proper, convex, and lower semicontinuous functional and
there exists c3 > 0 such that

17215 < e3(1 + ¢*(u)) for every u € D(9¢?) and n? € ¢ (u), (2.2.4)
for some r > 2. Moreover, ug € D(¢).
(A2) ¢ € C?(H x H;R,), Ry :=[0,00), is such that 1 (u,-) is convex and 1 (u,0) = 0 for all
u € H. Moreover, there exists a positive constant ¢4 such that
|v)|% < catp(u,v)  VYu,v € H. (2.2.5)

Furthermore, for all R > 0, there exist positive constants cs r, c6.r, C7,R, C8 R, C9 R, and
c1o,r such that the following conditions hold:

ld1(u, v)||a< ¢5,r(1 + ||v||%{) Vu,v € H such that ||ullg < R, (2.2.6)
[dit(u, v) — ditp(ug, v)||H< o rllur — uellmllv]F

Yu1,us,v € H such that HU1HH7 HUQHH <R, (2.2.7)
|d22) (u, U)H%IS crr(1+ H'UH%I) Vu,v € H such that |ullg < R, (2.2.8)
[d2tp(u1, v) — datp(u2, v)||H< s rllur — vzl g llv]| o

Yuy,ug,v € H such that ||u1] g, |Ju2||lz< R, (2.2.9)
ld219(u, v)w|| g < co.rl|v||m||w||g  Vu,v,w € H, such that ||ul|g< R, (2.2.10)
(dagt)(u, v)w,w) > cio pllwl|l; VYu,v,w € H, such that |lul|g< R. (2.2.11)
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Here, we have used the notation do; = dod; and dso = dads.
Before moving on, note that (2.2.5) and (2.2.8) imply that
1
aHUH%S W(u,v) < (d2p(u,v),v) < err(l+ oll)
Vu,v € H such that ||u|g < R, (2.2.12)

for C11,R = (077R + 1)/2.

By virtue of (2.2.9) and (2.2.11), for each R > 0, we can find positive constants ci2 r,ci13.r > 0
such that

(dow(uy, v1) — datb(ug, v2),v1 — v2) > cio.rllvr — vol|H—cis.rllur — ua|3llv2l| (2.2.13)

for uy, ug, v1,vy € H satisfying ||uq ||, ||uz]|< R. Indeed, setting vy := (1 —0)vy+60vy for 6 € [0, 1],
we observe that

(dotp(ur, v1) — dotp(ug, v2),v1 — v2)
> (datp(u1,v1) — dotp(u1, v2),v1 — v2) + (d2)(ur, v2) — datp(ug, v2), v1 — v2)

'rd
> / (dedzw(ubva) v — vg) df — [|datp(ur, ve) — dotp(ug, va)|| m|lv1 — vol g
0

1
= /o (dogtp(u1, vg)(v1 — v2),v1 — v2) df — [|datp(u1, ve) — dotb(ug, va) || |lv1 — v2|lH

> cio,rllvr — v2llfr—cs,rllur — w2l g ||vel| mllvr — vol H
2

c
> 10,R

z o1 — val|F— Hu1 — ugl|7 |23

2¢y

so that (2.2.13) follows by choosing ci2 g = ci0,r/2 and ci3.r = cng/(Zcm’R).
We now prove a Mosco convergence result, which in particular applies to the setting of Assump-
tion (A2).

Lemma 2.2.4 (Mosco convergence). Let ¢ € CY(H x H;R.) fulfill (2.2.6). Then, for all
ux — u in H one has that ¥ (uy,-) — ¥(u,-) in the sense of Mosco in H.

Proof. Fix uj,u2,v € H and let up := (1 — 0)ug + Qug for 6 € (0,1). Owing to the fact that
Y € CY(H x H,R,), by using (2.2.6) one computes

1

1
(1, v) — P(uz, v)] = / (g, v) a0 = / (dtb(ug, 0), ur — uz) A6

0

1
< Jur — U2HH/ [d1t)(ug, v) || dO < e5. (1 + ||vl|7)[ur — ual &
0

This entails the pointwise convergence 1(uy,v) — 1 (u,v), so that, for all v one can choose the
constant recovery sequence vy = v.

On the other hand, let vy — v in H. Then it follows that

w(U/\aUA) > Y(u,va) = [¥(u,va) = P, va)]
( ) = es.r(L+ [JuallE) |u — uxlla,
which implies that liminfy_,q ¥ (ux,vy) > ¥(u,v). O
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The argument of Lemma 2.2.4 can be easily generalized to integral functionals on L?(0,T; H),
also in presence of an arbitrary weight. More precisely, for all nonnegative weights p € L>°(0,7),
one also has that

T T
/ pp(ug, -) — / pip(u,-)  in the sense of Mosco on L?(0,T; H) (2.2.14)
0 0
whenever ux — u in C([0,T]; H). Note that in the following we resort to the latter convergence
by choosing u(t) = t.

Given Assumption (A1), we readily check that Ox¢'|x= A and 9¢'(u) = Au € H for all
u € D(0¢) ={v e X : Au € H}. Moreover, on account of assumptions (2.2.2)—(2.2.3) and
(2.2.12) we can conclude that K (ug) from (2.1.3) actually corresponds to

K(up) = {u e HY(0,T; HYNL*(0,T; X) : u(0) = ug and ¢*(u) € L'(0,T)}.

2.2.4 Main result

Before stating our main result, i.e., Theorem 2.2.5, let us specify the Cauchy problem for the
gradient flow (2.1.1) as

E+n'+n>=0 inH, ae. in (0,7T), (2.2.15)
€ =dotp(u,%) in H, a.e. in (0,7), (2.2.16)
n' = Au in H, a.. in (0,7T), (2.2.17)
n? € 9¢*(u) in H, a.e. in (0,7), (2.2.18)
u(0) = wp. (2.2.19)
The Euler—Lagrange problem corresponding to the minimization of W€ given by (2.1.2) on K (ug)

reads

—ebo+ &) +eve+nt+n2=0in X*, ae. in (0,7), (2.2.20)
& = dop(ug, ) in H, ae. in (0,7), (2.2.21)
Ve = d1ip(ug, @) in H, a.e. in (0,7), (2.2.22)
n! = Au. in X*, ae. in (0,7), (2.2.23)
n? € ¢*(uz) in H, a.e. in (0,T), (2.2.24)
ue(0) = o, (2.2.25)
e&(T) = 0. (2.2.26)
Note the occurrence of the natural Neumann condition €£.(7") = 0, which turns out to be

instrumental for proving a priori estimates and degenerates for ¢ — 0.
Our main result reads as follows.

Theorem 2.2.5 (WED Approach). Under Assumptions (A1)—(A2) we have the following:

(i) The WED functional W¢ admits a global minimizer u. € K (uo);

(ii) Given a global minimizer u. of W¢, the quintuple (ue, &, e, nt,n?) with & = datp(ue, 1),
Ve = A1 (ue, tic), nt = Aue, and n2 = e — & — &7 — nt € 06 (ue) belongs to
[HY(0,T; H) N L*(0,T; X)] x L*(0,T; H) x L*(0,T; H)
x L*(0,T; X*) x L"(0,T; H),

and is a strong solution of the Euler—Lagrange problem (2.2.20)—(2.2.26);

15



2 Weighted Energy-Dissipation approach to semilinear gradient flows with
state-dependent dissipation

(iii) For any sequence e — 0, there exists a (not relabeled) subsequence such that
(Uer> sl m2,) = (w, &' n?) weakly* in

[HY(0,T; H) N L*(0,T; X)] x L*(0,T; H) x L*(0,T; X*) x L™(0,T; H),

(u, &, ', n?) is a strong solution of the gradient flow (2.2.15)-(2.2.19) with m = Au €
L2(0,T; H).

The remainder of the paper is devoted to the proof of Theorem 2.2.5. More precisely, parts (i)
and (ii) are proved in Section 2.3 by means of a regularization procedure, and part (iii) is proved
in Section 2.4.

A caveat on notation: in the following we use the same symbol ¢ to indicate a positive constant,
possibly depending on ug, ¢;, ¢; g, ¢, but independent of ¢ and of the regularization parameter A
(introduced below). Note that the constant ¢ may change, even within the same line.

2.3 Existence of solutions to the Euler—Lagrange problem

This section is devoted to the proof of Theorem 2.2.5.(i)-(ii). We show that W¢ admits global
minimizers u. and that such a global minimizer is a strong solution of the Euler—Lagrange
problem (2.2.20)—(2.2.26). To this aim, in Subsection 2.3.1 we define a regularized functional
WeA for X > 0 by replacing ¢' and ¢? by their Moreau—Yosida reqularizations, and check that
W admits global minimizers u.). These u.) are proved to solve a regularized Euler-Lagrange
problem in Subsection 2.3.2. In Subsection 2.3.3, we discuss the integrability of u.. The chain
rule for the potential v is addressed in Subsection 2.3.4. This allows to derive in Subsection
2.3.5 some a priori estimates on the approximation u.) independently of A. In Subsection 2.3.6,
we take the limit A — 0 (up to subsequences) and prove that u. = limy_,o u.) solves the Euler—
Lagrange problem (2.2.20)—(2.2.26). Then, in Subsection 2.3.7, we check that such u. minimizes
We, which proves Theorem 2.2.5.(i). Eventually, we show that all global minimizers of W¢A
solve the Euler-Lagrange problem (2.2.20)—(2.2.26), so that Theorem 2.2.5.(ii) holds, as well.

2.3.1 The regularized functional

For every A > 0, let us introduce the regularized WED functional W&* : L2(0,T; H) — [0, 0o] as

T
W ) — /0 et/ (elb(JAU(t),d(t)) + o) (u(t)) + ¢§(u(t))) dt if u € Ko(uo),

o0 else,

where

Ko(up) = {u € WY2(0,T; H) : u(0) = ug}.
Here, ¢}\ € CHL(H;R) is the Moreau-Yosida regularization of ¢! in H, namely

1 1
o) = i (g5l o+ 01(0) ) = gyl a6 ). (23.1)

The map Jy : H — H is the resolvent of 9¢' at level A, namely the linear solution operator
Jy:u € H— Jyu of the problem

I —u+ N3¢ (Jyu) = 0 for every u € H.
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2.3. Existence of solutions to the Euler-Lagrange problem

We will also use the standard notation Ay : H — H for the Yosida approximation Ayu =
(u — Jyu)/A = d¢}(u) of A. Analogously, we let ¢3 € CUV'(H;R) be the Moreau-Yosida
regularization of ¢? in H and I be the corresponding resolvent of d¢? at level \.

Lemma 2.3.1 (Global Minimizers of the regularized functional). The regularized WED func-
tional W admits global minimizers in Ko(ug).

Proof. The assertion follows by the Direct Method. At first, note that the constant-in-time
function u(t) = wug belongs to Ky(ug), which is then not empty. Let (u,), be an infimizing
sequence, namely, u, € Ko(u) with W (uy,,) — inf g, (uo) WeA. As W& is coercive on H'(0,T; H)
by assumption (2.2.5), we get

unll e o0,1m) < c
Hence, up to not a relabeled subsequence, one has

u, — u in HY(0,T; H). (2.3.2)

As gi)}\ and qﬁg\ are weakly lower semicontinuous on H we get

T ) T .

/ e e (u) < liminf/ e e (uy) for j=1,2.
0 n— o0 0

Note that ug = uy,(0) — u(0) in H, so that u(0) = ug. This in particular implies that u € Ko (uo).

As Jy is a contraction in H, we obtain

< i ll20,m;m) < €

d
Hdt(t])\un)
L2(0,T;H)

and from the coercivity (2.2.2) of ¢! we get

| Ixunllz20,1x) < ¢

Then, by applying the Aubin—Lions—Simon Lemma 2.2.1, again up to a not relabeled subse-
quence, we obtain the strong convergence

Iyun, = Jyu in C([0,T); H). (2.3.3)

Moreover, since convergences (2.3.2)—(2.3.3) hold, relying on (2.2.14) we have

T T
| et < mint [ ey, ).
n—oo

0 0

This in turn guarantees that

WM w) < liminf W (u,,) = inf W,

n—o00 Ko (up)
showing that u is a global minimizer of W#2. 0
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2.3.2 Regularized Euler-Lagrange problem

We now compute the first variation of the functional W** at a minimum point u.\ € Ko(ug).
Fix v € V = {v € HY0,T; H) : v(0) = 0}, so that u.y + sv € Ko(up) for all s € R, and
compute the derivative of the real differentiable function s WE)‘(uEA + sv) at s = 0. As ucy
is a global minimizer of W&, one gets

o= 4 [WE’\(UE,\ - Sv)}

ds s=0

r _..d ) )
— / e tk@ [5¢(J,\(u5>\ + sv),Uep + $U) + qbi(ug,\ + sv) + qbi(ug,\ + Sv)]
0 s=0

Since J), is linear we readily obtain

T
0= [ e tE 6o 0) +elron Tv0) + aas) + (0] (2:3.4)

where we have used the notation £y = doto(Jyuen, Uer), Yer = A1 (Jauen, Uey), 7751)\ = Ajue),
and 773>\ = dqbi(u\E A). Integrating by parts the first term on the right-hand side of equation (2.3.4)
and recalling that v vanishes at ¢ = 0, we get

T
0= /0 e~t/e [—5(59\, V) + (Ecx, ) + e(J3yen, v) + (nky, 0) + (12, v)} +ee T2 (0 (T),v(T)).

Here, we have again used the fact that Jy is linear and continuous and we have indicated by J§
its adjoint. Since the last integral equation holds for every v € V| by further imposing v(7') = 0
we conclude that wu.) solves the regularized Euler-Lagrange problem

—e€aa(t) + En(t) + eT3van(t) + (1) + n2 (1) =0 in H, a.e. in (0,7), (2.3.5)
= dotp(Jauex(t), ten(t)) in H, a.e. in (0,7, ( )
Yea(t) = dip(Jyuea(t), ter(t)) in H, a.e. in (0,7), (2.3.7)
= Ayuc)\(t) in H ae. in (0,7), ( )
(1) = d¢3 (uex(t)) in H a.e. in (0,T), ( )

)

Eventually, by considering v € V' with v(T) # 0, we additionally deduce the terminal condition
e (T) = 0. (2.3.11)

Note that the latter and (2.2.12) imply that (7)) = 0, as well.

2.3.3 Improved integrability

We have proved that the regularized WED functional W admits a global minimizer u.y €
Ko(ug) and that this solves the regularized Euler-Lagrange problem (2.3.5)—(2.3.11). As u.)
belongs to H'(0,T; H), by recalling assumptions (2.2.6) and (2.2.8) we have that

JXVer € LY0,T;H), & € L?(0,T; H), and, by comparison in equation (2.3.5), that —eboy +
775 + 7752)\ € L'(0,T; H). By using the Lipschitz continuity of Ay and d¢3 for A > 0 fixed we can
sharpen the statement on the integrability as follows.
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Lemma 2.3.2 (Improved integrability). Let u.y € Ko(ug) minimize We*. Then,

uey € W2(0,T; H),

Eor = Aot (auen, Uen) € WH(0,T; H),
Yex = d19(Iauen, tier) € L(0,T; H),
nh\ = Axuey € L(0,T; H),

2y = g3 (u=n) € L0, T; H).

Proof. As A,, dqﬁi : H — H are Lipschitz continuous with Lipschitz constant 1/, we have

1
|’77§>\||L°°(0,T;H) < *||Ue/\”L°°(0,T;H) < ey, (2.3.12)
and .
”ng)\HLOO(O,T;H) < XHUEAHLOO(O,T;H) +c< ey,

where, here and in the following, we explicitly record that the constant ¢\ depends on A. Given
the fact that —55,5)\4—772A +17§>\ = —&n—€J Ve € LY(0,T; H), we deduce that &, € LY(0,T; H).
In particular,

[€cxllwi o,y < €
This, along with (2.2.12), implies that u.) € W1°°(0,T; H) and ultimately

Vel oo (0,750 < €A (2.3.13)

Then, by using estimates (2.3.12)—(2.3.13), and by a comparison in equation (2.3.5) we get
C)
[€cxllwco 0,11y < =

As &) = dotp(Jpuen, Uey), by using the smoothness of datp and differentiating in time one
formally gets

éa)\ = d211/)(<]>\u5)\a usA)JAuaA + d22¢(‘]>\u6>\7 ﬂe)\)a‘s)v

The latter computation can indeed be made rigorous. In fact, one has that Jyi.y € L*°(0,7T; H)
as ey € L>(0,T; H) and J) is Lipschitz continuous in H. Assumption (2.2.10) entails that

| d219 (Jaten, ten) Inter|| H< co v\ ter || m || Intie|
with R = HJ)\UE)\HLOO(O,T;H)v hence dgllb(J)\uE)\,ds,\)J)\ﬁs)\ € LOO(O,T; H) By comparison
oW (Tnten, ten)iiex = Eex — A1t (Txten, ten) Iriten € L°(0,T; H)

and one can use the coercivity of dagt)(Jyuey, Uey), i-€., assumption (2.2.11), to get that .y €
L>(0,T; H), as well. This proves the assertion.

O]

2.3.4 Chain rule for 1

In view of deriving a priori estimates, it is paramount to prove a chain rule for . Specifically,
we have the following.
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Lemma 2.3.3 (Chain rule). Let u.y minimize W in Ko(ug). Then, for all t € [0,T] the
following holds

t d t d t X
| fptmaion = [ fnio) + [ (<o) + tanio)).  @31)

Proof. As Jyuey, ey € WH(0,T; H) from Lemma 2.3.2 and ¢ € C?(H x H;R), one has that
t € (0,T) — tp(Jauex(t), uen(t)) is differentiable and

d . . . . y
&Tﬂ(efwam ua)\) = (dlw(JAu,E)\a ua)\)a J)\ua)\) + (d2w(<])\u£)n ua/\)a ua)\)'

More precisely, from (2.2.6) and (2.2.8) we deduce that

d .
aw(JAuaMUa)\)

< (es,r + cr,r) (1 + [[acx ) (| Inieer ||+ diexl 1)

< i (Iaven, ten) || ol Intie]| 41| dotd (Inte, ten) || ||tiex || 7

with R = ||Jxucal oo (0, m), Proving that t — ¢ (Jxuex(t), @er(t)) € WH(0,T). In particular,
the classical chain rule holds

td . t . t .
/ TZJ(JAUEA,%A)Z/(56/\,Ua,\)+/ (Yexs Iaticn)
o ds 0 0

and equation (2.3.14) readily follows. O

2.3.5 A priori estimates

In this section, we prove a priori estimates on the global minimizers u.) independently of A.
To start with, test the regularized Euler-Lagrange equation (2.3.5) by .y and integrate it over
(0,T) to get

T
/ <_5(£E)\7ua)\) + (Eonr Ten) + €(ven, Tatien) + iy, wenr) + ("72»715)\)> = 0.
0

Owing to the definitions (2.3.8) and (2.3.9) of 1!, and n?, using the chain rule (2.3.14) from
Lemma 2.3.3 with ¢ = T and recalling that €£.(T") = 0, we obtain

T T
0=< [ oo io) + a0 ia0) + [ (i)

i /OT 5 <<f’i<%x> + ¢§<uﬂ>) .

By integrating the first and last terms and using u.)(7") = 0 and ¢ (-,0) = 0, we infer that
0 =& (=00, 10 (0) + (€4(0),r(0) ) + 4 (uen (7)) ~ 4 w0

2 42 r .
+ X (ueA(T)) — dx(uo) + [ (Een, en)-
0

This ensures that
T
/0 (Eenriten) + @3 (U (T) + @3 (uea(T)) < 63 (u0) + 63 (uo)- (2.3.15)
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2.3. Existence of solutions to the Euler-Lagrange problem

Here, we also used the fact that (£2x(0), 7 (0)) — ¥ (Jaug, 4 (0)) = ¥*(Jaug, €2 (0)) > 0 due to
the identity (2.2.1) applied to v — 9 (J\ug, v), as well as (Jyugp,0) = 0. By means inequality
(2.2.12) and the nonnegativity of ¢} and ¢3 we deduce that

T
/ [aaalF < c. (2.3.16)
0

Via (2.2.6) and (2.2.8) this implies that

T
[ et (2317)

and

T
/ [verllu< e (2.3.18)
0

We test again (2.3.5) by .y and integrate it on (0,¢) with ¢ € (0,7"). Again from the chain rule
(2.3.14) we obtain

t
O (ua (1)) + B3 (uaa(t)) + /O (Eexs tter) + 5((55A(0), tex(0)) — W (Jxuo, ﬂaA@))) =
= £((Er(0), 1 (8) = ¥ (Iauar(t), (1)) + 6 (o) + 83 (wo).
Thanks to (2.2.12) and the fact that e((£:1(0), 1z (0)) — ¥ (Jauo, @A (0))) > 0 we deduce that
Ox(ueA(t)) + &% (uar(t)) < 5<(§sA(t)> A (t)) — (Iauen(t), ?lsA(t)))

+ o3 (uo) + 3 (uo).

Integrating it once more on (0,7) we get

T T
[ ohtw+ [ dRuen) < o+ Toh(un) + TR o) < c (2:3.19)

From the bound on ¢} (ucy), by using assumption (2.2.2), we obtain

T
/ [Tvuarlli < e (2.3.20)
0

Hence, thanks to assumption (2.2.3), we also get

T
/ ||A,\ua,\\|§(*§ c.
0

From the bound on ¢3 (ucy), by using 7?2, = 9¢3 (uer) € 0¢*(Iauey), ¢?(Iiuer) < @3 (uer), and
assumption (2.2.4), we have

T
/0 Il < c. (2.3.21)

Eventually, by comparison in the regularized Euler-Lagrange equation (2.3.5), we get
5\|§eA||L1(0,T;H)+L2(0,T;X*) <c (2.3.22)
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2.3.6 Passage to the limit as A\ — 0

We aim at checking that by taking the limit of (ucx, &ox, Ver, nly, 72,) @s A — 0 we obtain a strong
solution of the Euler-Lagrange problem (2.2.20)—(2.2.26). Thanks to estimates (2.3.16)—(2.3.18)
and (2.3.20)—(2.3.22) we find (ue, &, ve, 1k, n?) such that, up to not relabeled subsequences, the
following convergences hold:

usy —us in HY(0,T;H), ( )

Tyuex = B in HY(0,T; H) N L*(0, T; X), (2.3.24)

Jivex =7 in (H'(0,T;H))", (2.3.25)

Yo =% i (H'(0,T;H))", (2.3.26)

Ayuey =} in L*(0,T;X*), (2.3.27)

ey =z i L7(0,T; H), (2.3.28)

§ex =& in L*0,T5H) N BV([0,T]; X7), (2.3.29)

§x =& in (H'(0,T3 H))" + L*(0,T; X*). (2.3.30)

Convergences (2.3.25), (2.3.26), and (2.3.30) are obtained from the estimate (2.3.18) by con-
sidering the continuous embedding of L'(0,7T; H) into the Hilbert space (H'(0,7T; H))* and by
noting that ||.J5| z(z)< 1, where || - || £(gry denotes the operator norm for bounded linear operators
in H. Thanks to the Aubin-Lions-Simon Lemma 2.2.1, from convergence (2.3.24) we deduce

the strong convergence
Jyuey — B in C([0,TT; H). (2.3.31)

We can pass to the limit into the regularized Euler-Lagrange equation (2.3.5) and obtain

—be+beteve+ni4+nE=0in (HY0,T; H))* + L*0,T; X*). (2.3.32)

Let us now identify the limit functions. We proceed in subsequent steps.
e Step 1: Identification 7. = 7.. By means of convergence (2.3.25) we have, for all v €
HY(0,T; H),

<J3\k%>\, U>H1(O,T;H) = (Ves U>H1(0,T;H)~

On the other hand, as J) is linear, we get

(S3Vers V) 1 (0,150) = (Yers INV) 1 0,10) = (Fes 0) E (0,73 H)

where we have used the strong convergence of Jyv to v in H'(0,T; H) and the weak convergence
(2.3.26) of .5 to ¥ in (H(0,T; H))*. Hence, we have . = ..

e Step 2: Strong convergence of u.\ to u.. Recalling the definition of the Moreau—Yosida
regularization (2.3.1) and bound (2.3.19) on ¢} (ucy) in L'(0, T;R4.), we get the following strong
convergence:

luex — JAUE}\H%Q(O,T;H) = 2)\H¢}\(usA)HL1(0,T) — 0. (2.3.33)

Let ¢ € L?(0,T; H) be given. Using the weak convergence (2.3.23) of u.y in H(0,T; H) along
with the strong convergence (2.3.33), we infer that Jyu.) weakly converges to u. in L2(0,T; H),
namely,

T T T
/ ((Pa gy — ua) < / ’(907 JaUey — uz—:)\)H‘ ’/ (‘Paus)\ - ua) — 0.
0 0 0
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2.3. Existence of solutions to the Euler-Lagrange problem

Hence, thanks to the uniqueness of the limit and to strong convergence (2.3.31) of Jyu.y to e
in C([0,T]; H), we deduce that

Juen — ue in C([0,T7; H). (2.3.34)
From the strong convergences (2.3.33) and (2.3.34) we deduce that
luex = well 20,70y < lluen = Iauaallp2o,7;m) + [ Iauer — vellL20,1;m) = 0,
which implies the pointwise convergence, up to a not relabeled subsequence,
uex(t) = us(t) in H, for a.e. t € (0,7). (2.3.35)

This pointwise convergence and bound (2.3.16) on u.y allow us to apply the Vitali-Lebesgue
Theorem (or Holder’s inequality) and obtain the strong convergence

uex — ue in L9Y(0,T; H) for any g < oo. (2.3.36)

e Step 3: Identification of nt. As Ayucy = A(Jyuey), A is linear and continuous from X to X*,
and Jyu.y weakly converges to u. in L2(0,7; X) from (2.3.24) and (2.3.34), it follows that

A(Jyuey) = Aue in L2(0,T; X ). (2.3.37)

In particular,
n! = Au. in X*, a.e. in (0,7).

e Step 4: Identification of n?. From the definition (2.3.1) of the MoreauYosida regularization
and bound (2.3.19) on ¢3 (ucy) in L'(0,T) we get

[uex = Duexl o oy < 2M16% (wer) |10,y — 05

where we recall that Iy = (I + A9¢?)~! denotes the resolvent for d¢3. This, along with the
strong convergence (2.3.36), implies

Iyuey — ue in L2(0,T; H). (2.3.38)

From the convexity of ¢2, thanks to the strong convergence (2.3.38) and to the weak convergence
(2.3.28), implies that

T T
/ (n2xs Inuey) — / (n2,ue),
0 0

so that the identification

n? € 0¢*(us) in H, a.e. in (0,T)
follows by [15, Prop. 2.5, p. 27] .
e Step 5: Identification of &..

As & € WE(0,T; H) and u.y € H'(0,T; H), we have that t — (&.x(t), uen(t)) € H'(0,T).
Also using (2.3.11) we can integrate by parts and get

T T
/t (€en, en) = _5(§€A(t)au€)\(t))+/t (—efensuer) VE€0,T].
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We now rewrite the term in €.y by using the regularized Euler-Lagrange equation (2.3.5) and
integrate again over (0,7") getting

/OT/tT(sfeA,aeA) = —¢ /OT(&A,UEA) — 5/0T/tT(J§%A,u5A)
_/OT/tT(gsA’uaA) _/OT/tT(’?EQMUaA) —/OT/tT(nix,uaA)- (2.3.39)

Our aim is to pass to the limsup as A — 0 in (2.3.39). Let us consider each term in the right-
hand side separately. By means of the strong convergence (2.3.36) of u.y to ue in L2(0,T; H)
for any ¢ < oo and of the weak convergence (2.3.29) of &y to & in L2(0,T; H) we obtain

T T
/t(ésx,usx)%/t (€erue) VE€10,T7, (2.3.40)

/OT/tT(f«fA’“eA) - /OT/tT(ﬁs,ue)- (2.3.41)

The J}vz\-term on the right-hand side of (2.3.39) can be treated as follows

T pT T T
/ / (JXVer, Uer) :/ t(J3Ver, Uer) =/ (e, tIaten)
0 Ji 0 0

T T
= / (7&)\7 tI\uey — tus) + / ('7&)\’ tus)~
0 0

as well as

The strong convergence (2.3.34) of Jyucy to u. in C([0,7]; H) and bound (2.3.18) of 7. in
LY(0,T; H) ensure that the first integral in the above right-hand side converges to 0 as A — 0.
Moreover, the weak convergence (2.3.26) of v.) to v in (H(0,T; H))* ensures that

T
/ (’75)0 tus) — <7€a tu€>H1(O,T;H)'
0

All in all, we have proved that
T (T
/ / (J3Ver, usx) — <’757tU5>H1(0,T;H)~ (2.3.42)
0 Ji
From convergences (2.3.36) and (2.3.28) we get

T T
/ (o) — / (uz) Vie [0,T]
t t

/OT/tT(n?A,ua) — /OT/tT(ng,us). (2.3.43)

As for the last term in the right-hand side of (2.3.39), for all ¢ € [0, 7] we use the fact that

as well as

T T T T
/ (Axuey, Jauzn) x —/ (Axuey, uey) — >\/ | Auex]|3 < / (Axuex, uey),
t t t t
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2.3. Existence of solutions to the Euler-Lagrange problem

and rewrite it as

T T
—/ (Antex, uey) < —/ (Axuex, auey) x- (2.3.44)
t t
Since A is maximal monotone and Ajucy = A(Jyuc)y), we have
T
0< / (Anucy — Aug, Jyuey — ue)x,
t

from which, thanks to the weak convergences (2.3.37) and (2.3.24) of Aju.y to Au. in
L?(0,T; X*) and of Jyuey to u. in L%(0,T; X), respectively, it follows that

T pT
/ / AUE,UE x <lim 1nf/ / <A)\U5A7JAU5)\>X
A—0 t
limsup< // (Apuey, Iruey) > // (Aue, us) x (2.3.45)
A—0

Eventually, by combining inequalities (2.3.44) and (2.3.45) we get

T /T T (T
limsup(—/ / (A)\ug)\,usk)> < —/ / (Aug,ue) x. (2.3.46)
A—0 0 Jt 0 Jt

We now pass to the limsup as A — 0, in equation (2.3.39). Using convergences (2.3.40)—(2.3.43)
and inequality (2.3.46) we obtain

that is

T prT T
lim sup / / (cbonvitn) < —¢ / (6er 1) — (e tuc) s oz
0 t 0

A—=0
/OT/tT<Au5,uE>X/OT/tT(nE,UE)/OT/tT(gs,UE),

By using the limit equation (2.3.32) and the fact that n! = Au., we rewrite the above right-hand
side as

T T T T
hmsup/ / (e€ens lier) < —5/ (5&“5)4‘/ (—&&es Ue) H1 (0,1, H)NL2(0,7:X)
0 Ji 0 0

A—0

Finally, via the integration by parts formula of Lemma 2.2.2, it follows that
T (T T T
limsup/ / (€€cn,Uen) < / / (ee, )
A—=0 0 Jt 0 Jt

T T
limsup/O t(e€en, Uen) §/0 t(ee, te). (2.3.47)

A—0

or, equivalently,

Moving from this, we can now identify & = dat)(ue, 1) by following the classical argument from
[9, Lemma 3.57, p. 356 and Prop. 3.59, p. 361]. Owing to (2.2.14) for u(t) = ¢, by the strong
convergence (2.3.34) we can get that fOT t(Iyuey, ) — f(;[ th(ue,-) on L2(0,T; H) in the sense
of Mosco. In particular, for any v € L2(O,T; H) there exists a recovery sequence vy — v in
L?(0,T; H) such that

T T
limsup/ t(Jauen, vy) :/ t)(ue, v).
0 0

A—0
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On the other hand, since 7.\ — 1. in L?(0,T; H), we get

A—0

T T
tin [t (i) > [ o).
0 0

As &) = datp(Jauey, ey ) one has that

T T T
/0 w(e]wsmv,\)—/o t¢(JAusA7ﬂgA)2/0 t(Een, Un — Uen).

By passing to the limsup as A — 0 and by using (2.3.47) we obtain

/OTW(UE,U) - /OTtlb(us,ue) > /OTt(gs,v — ).

As v € L?(0,T; H) is arbitrary, this corresponds to

& = dotp(ue, ) in H, a.e. in (0,7).

e Step 6: Strong convergence of \/ticy. As ex = dat(Jauey, Uey) and & = dat)(ue, 1), from
(2.2.13), (2.3.34), and (2.3.47) we deduce that

T T
012,R/ |ty — el|f < / E(Ex — &oy ey — Ue)
0 0

T
Femn sup [ Taten — uelly / el 0,
t€[0,T) 0

which implies

Vit — Vi, strongly in L2(0,T; H). (2.3.48)

In particular, we have that

Uex(t) = us(t) in H, forae.te (0,7T). (2.3.49)

o Step 7: Identification of .. As U:x(t) = U(t) in H for almost every ¢ € (0,7") from (2.3.49),
Jauex(t) — us(t) in H for every t € [0,T] from (2.3.34), and dyyp € CY(H x H; H) we deduce
that

dli/J(J)\ue)\(t),iLE)\(t)) — dﬂﬁ(?j,g(t), ﬂg(t)) in H, for a.e. t in (O,T).

Eventually, since by (2.2.6)

A1t (Iatex, ten) | < es.r(1+ |Jaaall%),

we apply a generalization of the Dominated Convergence Theorem (see Lemma 2.2.3) and we
infer that dyt)(Jyuex, ter) — ditp(ue, @.) in LY(0,T; H), namely

Ve = d1t(ug, :) in H, a.e. in (0,7).

As . € L*(0,T; H), we find that & € L'(0,T; H)+ L2(0,T; X*), so that equation (2.3.32) holds
in L1(0,T; H) + L?(0,T; X*). In conclusion, we have

—be+betevo+ni4+nE=0 in X*, ae. in (0,7).
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2.3.7 Minimization of the WED Functional W¢

In this section, we show that u. minimizes the WED functional W¢.

For any given v € K (ug), consider the regularized WED functional

W (v) = /0 et (ew(Jw, ©) + ¢3(v) + ¢§(v)>-

From the basic properties of the resolvent Jy and of the Moreau—Yosida regularizations qﬁ}\ and
¢3, since Jyv — v in H almost everywhere in (0,7), by the continuity of 1) we deduce that
Y(Jyv,0) — (v, ) almost everywhere in (0,7'), that ¢3(v) — ¢?(v) a.e. in t € (0,T), and that
¢l (v) — ¢ (v) a.e. in t € (0,T). Moreover, by (2.2.12) it holds that

0 < eb(Jyv, 0) + ¢ (v) + ¢35 (v) < ec (1+ Hv||%{) + ¢ (v) + ¢*(v) € L1(0,T).
Thus, we may apply the Dominated Convergence Theorem and obtain

WA (v) — We(v) as A — 0. (2.3.50)

As u.y € Ko(ug) is a global minimizer of W**, we have
W) > W (uey) for any v € K (ug). (2.3.51)

Convergences (2.3.23), (2.3.38), and (2.3.34), the lower semicontinuity of ¢! and ¢?, and the
convergence (2.2.14) imply that

T
gt W) =t it [ % (0 tens )+ 04(uen) + 630 )
0

A—0

T
> lirAn i(r]lf/ e /e (61/1(J)\U5)\,1l5)\) + ¢ (Jyuey) + ¢2(I>\u€>\)> > We(ue). (2.3.52)
-0 Jo

By combining convergence (2.3.50) with inequalities (2.3.51) and (2.3.52) we obtain

We(v) = lim W) > liminf W (uey) > W (ue)  for any v € K (ug),
A—0 A—0

which proves that u. € K(up) minimizes W¢. In case u. is the unique global minimizer of

We, we have proved that u. solves the Euler-Lagrange problem (2.2.20)—(2.2.26) and Theorem

2.2.5.(ii) follows.

In case W€ has more global minimizers, the convergence analysis from Section 2.3.6 applies
just to those resulting as limits limy_uc) of (subsequence of) global minimizers u.) of the
regularized WED functional W#*. In this case, we are forced to refine the convergence argument
by arguing by penalization. Let @ € K(ug) be a fixed global minimizer of W¢ and define the
penalized functionals W¢ and W< by

T
e Ve (e(u, b(u if u U
4 ) d)aite K 255
00 else

with 1
Hu) = 4 (w) + 62(w) + 3w — iy
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and

T
WA u) = / S CHONR RN

0
with
n 1
da(u) = o} (u) + ¢3(u) + llu— Qe |3

From the definition (2.3.53) of W¢ we readily check that 4. is the unique global minimizer of
We in K (ug), and that We(a.) = We(i.) = Miny,e g (uo) WF(v). Arguing as in Section 2.3.1, we
can show that W admits a global minimizer t.y. Moreover, .y satisfies a penalized version
of the regularized Euler-Lagrange problem (2.3.5)—(2.3.11), namely,

— Egs)\ +éar+ eXAex + ﬁg)\ + ﬁ; = —U:)+ 0. in H, ae. in (0,7), (2.3.54)
€oxn = dotp(Jplicx, icy) in H, ace. in (0,7), (2.3.55)
Fex = 10 (Jtien, Uey)  in H, ace. in (0,T), (2.3.56)
ity = Axiiey  in H, a.e. in (0,7), (2.3.57)
2\ = 043 (iicy) in H, a.e. in (0,T), (2.3.58)
tex(0) = uo, (2.3.59)
eéaa(T) = 0. (2.3.60)

We now aim at recovering estimates (2.3.16)—(2.3.22) in this penalized setting. We consider the
time integral over (0,7T) of the test of equation (2.3.54) on .y getting

T .
[ (Fetnsion + Eniion) + o Iiien) + by in) + (. )
0
T .
= —/ (Uex — Ue, Uen)- (2.3.61)
0
The right-hand side term can be treated as follows:

T . 1 Td o, (T
[ =) = =5 [ Gl [ (i),
0 0 0

Inserting this equality into (2.3.61) we get

T B . ~ . . . .
A <_€(§s)\7 715)\) + (fs/hﬁe)\) + 5(:75/\7 J)\as)\) + (ﬁ;)\a as)\) + (773,\, ﬁsA))

1 (T4 ) r .
- me/ (i1e, 702,
2/0 dt € 0 15 £

which by Lemma 2.3.3 and e€.(T) = 0 can be rearranged as follows:

/Td B(niien, o) + S () + B2 (in) + Lllierl12 +/T<£ for)
0 dt Albg ), te) A\ Uel A Ue 9 el g ) ey Ueg)
~ . T .
4 e(E(0), e (0)) = / (ite, icn)-
0
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The latter entails that

T ~ . ~ . .
/0 (EcxyUey) + € <(£€/\(0)> Uz (0)) — ¥ (Jater(0), ﬂax(o))>

+ 04 @a(D)) + B (D)) + ¢ i (DI
< G (ien(0)) + B (82(0)) + La <o>||2+6/T||‘ ||2+1/T||A 2 (2.3.62)
S O (U A\ Ue) B Uge )\ H o Ueh || H 45 J, Ue || 5 -9

where § > 0 will be chosen small, see below. From the boundedness of the terms ¢} (% (0)) =
¢ (up), ¢* (@A (0)) = ¢3 (up), and \|@e || 2 (0,;7r) and from the nonnegativity of all pointwise terms
in the left-hand side of (2.3.62) we infer that

T ~ . T .
/ (Eoniien) <c+6 / lierl
0 0

Hence, by choosing § small enough, property (2.2.12) implies that

T
/ lieall3< c. (2.3.63)
0

By means of the bound (2.3.63), inequality (2.3.62) leads to estimates analogous to (2.3.17)—
(2.3.22), where (ugcx, Ecx, Ve, 77;)\, 7]3/\) are replaced by their penalized counterparts
(ﬂgk,é)\,%,\,ﬁ;)\,ﬁg}\). Hence, we may extract convergent subsequences and proceed precisely
as in Section 2.3.6. Eventually, we obtain, for some not relabeled subsequences, the following
convergences:

fey — @ in HY0,T;H), (2.3.64)

Uex — Ue in LU0, T;H) Vq < oo, (2.3.65)

J3Aer = in (H'(0,T;H))", (2.3.66)

A\ — A2 in L(0,T; X%), (2.3.67)

=7 in L'(0,T;H), (2.3.68)

fan =& in L0,T;H)N BV([0,T]; X*), (2.3.69)

Er—& in (H'(0,T; H)* + L0, T; X*), (2.3.70)

where (., 55, ¥e, 0L, H2) solve

—ebe + &+ eV H il + 2 =~ + 4 in (H'(0,T; H))* + L*(0,T; X*). (2.3.71)

To identify the limit functions we proceed as in Section 2.3.6, the only difference being in
equation (2.3.39), namely in the identification of £, = limy_,o&.». In this case, an additional
term arises from the penalization. Indeed, we have

/t (eEonsiien) = £(En(t2), or(te)) — e(En(tr), den(tr) + / “(—ebon,iien)

t1

* ~1 ~2 ~ N~
fs)\ - SJAVEA T Nex 7 Mex — Uer + U, uz—:)\)a

= e(&arlta), ficr) — (&arltr), liea(tr)) + / 2(—

t1

where in the last equality we have used the penalized version of the regularized Euler-Lagrange
equation (2.3.54). To treat the additional term we note that the strong convergence (2.3.65) of
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Uex t0 Ue in L1(0,T; H) for all ¢ < oo implies the strong convergence of .\ — . to @z — Ue in
L?(0,T; H). Hence, we have that
to 1)
/ (aa)\ - ﬂsa aaz\) — (ﬂe - 7157 as)-
t1 t1

We can hence proceed as in Section 2.3.6 and obtain,

& = dotp(iie, i) in H, ae. in (0,T), (2.3.72)
Fe = d19(ile, te) in H, a.e. in (0,T), (2.3.73)
7l = Ad. in X*, a.e. in (0,7), (2.3.74)
i? € ¢* () in H, a.e. in (0,T), (2.3.75)
i1 (0) = uo, (2.3.76)
e€.(T) =0, (2.3.77)

as well as )

—be et eV + i+ 7t =G+ 4. in X" ae. in (0,7).
Eventually, @ minimizes W¢. Since W¢ admits the unique global minimizer 4. we have that
e = Ue.. By substituting 4. = 4. in (2.3.71)—(2.3.77) we find that the global minimizer .
solves the Euler-Lagrange problem (2.2.20)—(2.2.26). The proof of Theorem 2.2.5.(ii) is hence
complete.

2.4 The causal limit ¢ — 0

This section is devoted to a proof of Theorem 2.2.5.(iii). First, we provide a priori estimates
on global minimizers (u.). which are independent of €. Then, we consider the limit ¢ — 0 and
show that uw = lim._,¢ uc solves the gradient flow (2.2.15)—(2.2.19).

As the estimates in Subsection 2.3.5 do not depend on &, we may pass them to the liminf
for ¢ — 0. Hence, by using the lower semicontinuity of the norm and of ¢! and ¢?, it is
straightforward to deduce that

well o,y mnz0,1:x) + 1€l 20,y + Vel Lo,

+ | Aucll 205 + 12| ro,rsmy + Ieellpomsmn s r20,mx0) < € (2.4.1)

We aim at proving that the solutions (ue,&:,nt,n?) of the Euler-Lagrange problem (2.2.20)-
(2.2.26) converge to a solution (u, &, Au,n?) of the gradient flow (2.2.15)—(2.2.19). Estimate
(2.4.1) implies that, up to not relabeled subsequences, the following convergences hold:

u. —u in HY0,T;H)NL*0,T; X), (2.4.2)
& — ¢ in L*0,T;H), (2.4.3)
. —0 in LY0,T;H), (2.4.4)
Au, — Au in  L*(0,T; X™), (2.4.5)
n”? —n? in L7(0,T;H), (2.4.6)
e€.—0 in (HY0,T;H))* 4 L*(0,T; X*). (2.4.7)

30



2.5. Application

As the sequence u. is bounded in H(0,T; H) N L?(0,T; X), the Aubin-Lions-Simon Lemma
2.2.1 implies that
ue — u in C([0,T]; H).

The above convergences allow us to pass to the limit in the Euler-Lagrange equation (2.2.20)
and to obtain
E+Au+n*=0 in X* ae. in (0,7). (2.4.8)

Let us now proceed with the identification of the limits 1 and £. Note preliminarily that a com-
parison in equation (2.4.8) guarantees that Au € H almost everywhere in (0,7"). In particular,
we have that

Au = 0¢*(u) in H, a.e. (0,T),

so that equation (2.4.8) actually holds in H.
As u. strongly converges to u in L?(0,T; H) and n? weakly converges to n? in L"(0,T; H), by
applying [15, Prop. 2.5, p. 27] we find that

n € 0p(u) in H, a.e. in (0,7T).

We now pass to the limit as A\ — 0 in inequality (2.3.15). Recalling the convergences (2.3.29),
(2.3.34), and (2.3.48), as well as the fact that (&, u.,) > 0 a.e., for all § > 0 one has that

T T T
/6 (gsaus) :;li%/& (‘Sakaue)\) < ;15)%/0 (‘Sa)\aue)\)

< tim sup (G} (uea(T)) = 63 (uer(T)) + 63 (o) + 63 (o) ) < ~6(ue(T) + H(uo).

By taking § — 0 we hence deduce that

T
/U (6o t1e) < —@(ue(T)) + ¢(uo).

Passing to the lim sup in the above inequality, we obtain

T

T T
i ' = | (—Au—n*1a) = i
hmsup/O (ie,ue)§—¢(U(T))+¢(uo)—/O (—Au =07, a) /0 (&%),

e—0

where the last equality follows from the already established limit equation (2.4.8). As & — £ in
L2(0,T; H), ©tc — w in L?(0,T; H) and u. — u in C([0,T); H), [15, Prop 2.5, p. 27] along with
(2.2.14) entails that

¢ =dayp(u,u) in H, a.e. in (0,7),

and the assertion of Theorem 2.2.5.(iii) follows.

2.5 Application

In this section, we present an application of our abstract theory to a nonlocal problem. Let
T >0, Q be an open C! bounded domain in R? for d € N, and consider

gk *uw)uy — Au+ B(u) 30 in (0,7) x Q, (2.5.1)
u=20 on (0,T) x 09, (2.5.2)
u(0,-) = ugp in Q. (2.5.3)
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Here, the function g € 01202 (R) is assumed to be uniformly positive, namely, 0 < « < g(-) for
some positive constant «. Moreover, 8 = 083 is the subdifferential of a proper, convex lower
semicontinuous function 5 : R — [0, oo] such that 5(0) = 0 with

1
1B(r)|< e(1+|r]) and rB(r) > =|r]*~c VreR
c
for some positive constant c¢. We indicate by ug € H3(Q) the given initial datum. For all
u € L?(R?) we indicate by @ € L?(R?) the corresponding trivial extension, namely, @ = u on

Q and @ = 0 elsewhere. We assume to be given a kernel k € L2(R?), so that the symbol k  u
denotes the convolution of k with the trivial extension @, namely,

(k*u)(z) = /Rd k(z —y)u(y) dy Vz e Q.

Equation (2.5.1) may arise, in some specific setting, within the frame of the so-called Kirchhoff-
like nonlocal models, see [17, 19, 20, 28] and references therein.

The WED functional corresponding to (2.5.1)-(2.5.3) is

/ / (89 (k*u | ]V |2 + Bu )) dzdt if u e K(up),

else,

with K (ug) given by
K(up) = {u € HY(0,T; L*(Q)) N L*(0,T; H} (Q)) : u(0) = ug}.

Theorem 2.5.1. Under the above assumptions, it holds that

(i) We admits a global minimizer u. € K (ug)

(ii) ue — u (up to subsequences) weakly in H(0,T;L*(2)) N L2(0,T; HY(Y)) where u solves
(2.5.1)~(2.5.3) in a strong sense, that is, u € L*(0,T; H*(Q)) and there exists £ € L*(0,T; L*(2))
such that & € B(u) a.e. in (0,T) x  and

glkxuwur —Au+£=0 a.e. in (0,T) x Q.

Proof. A variational formulation of (2.5.1)-(2.5.3) is obtained by letting H = L?(2), X =
H} (), and by defining

2
w(u,v):/gg(k*u)h}z’dx, /\Vu]Qdm qﬁz /B

In order to prove the statement, it suffices to show that Theorem 2.2.5 is applicable. By letting
A := d¢; we readily check that A(u) = —Au and (u) = d¢?(u) and n? € 9¢?(u) if and only if
n? € B(u) almost everywhere for u, n> € H. Assumption (A1) is clearly satisfied.

Let us hence concentrate on Assumption (A2). To begin with, we check that ¢ € C°(H x H;R,).
Take a sequence (up, vp)n C H x H with (up,v,) — (u,v) in H x H and use the Young inequality
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to bound

[V (U, V) — (1, )| | (Un, v3) — (g, )|+ (Un, v) — P (u, v)]|
onl?  [o]?
< sup ) ( - ) dz
|p|§HkHL2<Rd)Hun”H /;2 2 2

s e =l [ )

IPI<IIE 2 gy 2

1
< s g0 g el ol
Ikl 2 gyl

1
- sup 19'(p)] 5 %l 2y llun — ul| g ||v)|%— 0. (2.5.4)
‘p|§”k||L2(Rd)”unHH

Let us now turn to the proof that ¢ € C*(H x H;R.). We start by computing the Gateaux
derivative dg 19 (u,v) in (u,v) of ¢ with respect to the first variable along the direction w € H
getting

[v]?

(dg,lqb(u,v),w):/ﬂg'(k*u)Zk*wdx.

Arguing as above one readily proves that the function u — (dg,19(u,v),w) is continuous in H.
On the other hand, as the map w +— (dg,1%(u,v),w) is linear and continuous, one concludes
that the Gateaux derivative dg 1t and the partial Fréchet differential d;¢ coincide (and are
continuous). Analogously, we compute the Gateaux derivative of 1 (u,v) with respect to the
second variable along the direction w € H, namely,

(da2v(u,v),w) = / g(k * u)vw dx.
Q
Both functions v — (dg 29 (u,v), w) and w — (dg 29 (u,v), w) are linear and continuous in H.
This proves that 1) is Fréchet differentiable with respect to the second variable with a continuous
partial Fréchet differential, namely, d2t) = dg 29.

In order to prove that v € C?(H x H;R,), we compute the second Gateaux derivatives of 1.
Owing to the fact that g is twice differentiable, by fixing two directions w, z € H we have
! |’U‘2
(denv(u,v)w,z) = [ g (k= u)7(k‘ x 2)(k xw) dz,
Q

(dg219(u, v)w,z) = /Qg'(k: x u)(k * 2)vw dz,

(dg 129 (u, v)w, z) = /Qg’(k x u)(k * w)vz dz,

(dg,22¢(u, v)w, z) = /Qg(k: * u)wz d.

Again, by suitably modifying the argument of (2.5.4), taking into account that ¢” € C%!(R)
and k € L?(R?) one can prove that (u,v) — (dg ;¢ (u,v)w, z) is continuous in H x H for all
(w,z) € H x H and all 4, j = 1,2. At the same time, (w,2) — (dg,;;¥(u,v)w, 2) is linear and
continuous for all (u,v) € H x H and 4, j = 1,2. Hence, 9 is twice Fréchet differentiable, with
continuous second Fréchet differential d%.

For all u € H, the map v € H — [, g(k * u)[v|?/2dz is convex and we have ¥ (u,0) = 0.
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We now proceed in proving conditions (2.2.5)—(2.2.11). Condition (2.2.5) follows straightfor-
wardly from the fact that g(-) > a > 0 and

(67
¥(u,v) > Sl

so that one can choose ¢4 = 2/a. To check inequality (2.2.6) we compute

(deav(u,v),w) _ 1 / |v]?
Q

[d1Y(u, v)|lg = sup sup —— [ ¢'(k*u)—kx*wdaz.
w770 lwl & Jwl g0 1wl H 2

Assuming |ju||g< R and using the Young inequality we get

1
|di(u,v)||g < sup ——

1
e 1) X A P
il [l \jpi<ikl 20, R

Condition (2.2.6) follows then by choosing c5 p = %”k”L2(Rd)SUP\p\SIIkIILz(Rd>R|gl(p)" Similarly
we have that

|19 (u1,v) — dit(ug,v)||g= sup (dg1v(ur,v) — dgav(ug, v), w)
]l 0 lwl[a

1 2
= sup /(g'(k:*ul)—g'(k*uQ))Mk*wd:p.
lwll g0 1wl Jo 2

As ¢ is locally Lipschitz continuous, by using again the Young inequality we get
[d19(ur,v) — digp(uz, v) ||l

1 o2
< sup / sup lg” (p)||k * (uq —u2)]|2|k*w| dx
ol 0 1wl S lpl<all 2 g0 R

1
SUD| <2 k| rlg"(p)] 2
< sup =iz e (i — )l oo P e w0 e
]| 0 lwl & 2
SUP | <2kl 2 ey 219" (P)] v]|2,
< sup — &l L2 rayllur — uz|| g &l 2 rey |l w]| 2
w11 £0 lwl (#9 2 =9

Then, by choosing cg r = %Sup|p|g2||k||L2(Rd)R|9"(P)|||k‘||%2(Rd), we get (2.2.7).

Let us now consider

d 1
||d2¢(u, ’U)HH: sup ( G,ﬂ’(u, U); w) = sup / g(k * U)’UU} dz.
w0 [wl| )0 1wl Jo

The Young inequality and ||u||g< R yield

1
[d2tp(u,v)[[a< sup  ——|lg(k * u)||Lo@llvlalwla<  sup  g(p) l|v]la,
lwilzo lwlle p<IIkll 2z R

so that (2.2.8) follows by choosing ¢7 g := supp§||k||L2(Rd)R|g(p)]2.

We now proceed toward (2.2.9) by computing

ot (u1,v) — dgt(ug,v)||p= sup (dg2¢(u1,v) — dg 2t (ug,v), w)
]l 0 [wl[a

1
= sup /(g(k:*ul)—g(k:*uQ))vw dz.
w0 |wllE Jo
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As g is locally Lipschitz continuous, by applying the Young inequality we get
|2t (u1,v) — datp(uz,v)||n

1
< sup —— / sup g (P)lIk % (ur — ua)l[o]juw] dz
lwllz0 1@lle Ja jpi<aikl 2 ga) 7

SUP | <2k 2 g, 219 ()]
< sup 1%+ (u1 — u2)||Loo @y lvll |||
)l 1 20 [
< sup 9 (DIl 2(rayllur — ual o] o,

|p|S2”k”L2(]Rd)R

so that (2.2.9) follows by choosing cg g := SuP|p|§2||k||L2(]Rd>R|9/(p)’||kHL2(Rd)-

We now consider

d
ld219 (u, v)w|| g = sup (dg21¢(u, v)w, z)
Izl 70 (=

1
= sup /g’(k*u)(k:*z)vw dz.
Izlmz0 121l Jo

Thanks to the Young inequality and to ||u|| < R we obtain

1
[da12)(u, v)w||g<  sup
Il 12l

< sup |G (PIIElL2@a vl allwllm,
pS”k”LQ(]Rd)R

g’ (ks w)l[ Loy 1 5 2l oo o 10 | |

so that (2.2.10) follows for ¢y g := suppSHkHL2<Rd)R\g’(p)|||k||Lz(Rd). By computing

(dootp(u, v)w, w) = /Qg(k: s u)|w|? dz

and recalling that g(-) > o > 0, one obtains (2.2.11) with ¢ r := a.

Having checked Assumption (A2), we are in the position of applying Theorem 2.2.5 which
concludes the proof. O

Before closing this section, let us remark that the abstract theory applies to other classes of
PDEs, as well. For instance one could consider the PDE problem

g(HuH%g(Q))ut —Au+pB(u)>0 ae. in(0,7) xQ,
u=70 a.e. on (0,7) x 09,
u

u(0, ) = up(z) a.e. in Q.

Under the same assumptions above we can prove an analogous version of Theorem 2.5.1.
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Chapter 3

Optimal control of gradient flows via
the Weighted Energy-Dissipation
method

This chapter consists of my submitted manuscript with Takeshi Fukao and Ulisse Stefanelli [29].

Abstract

We consider a general optimal control problem in the setting of gradient flows. Two approxima-
tions of the problem are presented, both relying on the variational reformulation of gradient-flow
dynamics via the Weighted-Energy-Dissipation variational approach. This consists in the min-
imization of global-in-time functionals over trajectories, combined with a limit passage. We
show that the original nonpenalized problem and the two successive approximations admits so-
lutions. Moreover, resorting to a I'-convergence analysis we show that penalised optimal controls
converge to nonpenalized one as the approximation is removed.

3.1 Introduction

This paper is concerned with an optimal control problem for abstract gradient flows in Hilbert
spaces. We are interested in finding a solution to the following problem

. P |
(y7u)€Hr1I%%)I,1T;H) xU (v, u) )

The control u : [0,7] — H and the gradient flow y : [0,7] — H are trajectories in the Hilbert
space H and T > 0 is some final reference time. The set U of admissible controls is assumed to
be compact in L?(0,T; H) and the functional P is prescribed as by

J(y,u)  ify=S(u),

%) else,

P(y>u) = {

where J is a given target functional, which is assumed to be lower semicontinuous with respect to
the weak x strong topology in H'(0,T; H) x L*(0,T; H). Moreover, S(u) indicates the unique
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solution y € H'(0,T; H), given u € L?(0,T; H) to the gradient flow problem

y(t) + 09(y(t)) 2 u(t) for ae. t € (0,7T), (3.1.1)
y(0) = 4°. (3.1.2)

The dot in (3.1.1) indicates the time derivative of y. The functional ¢ : H — (—o0,00] is
assumed to be proper, lower semicontinuous, and k-convex for some x € R, i.e., y — ¥(u) =
#(y) — k||y||?/2 is convex. In particular, d¢(u) = 9 (u) + xu, where 91 (u) is the subdifferential
in the sense of convex analysis. Finally, 3° € D(9¢).

The optimal control Problem (P) can be readily proved to admit a solution, namely an op-
timal pair (y,u). The focus of this note is on the possible approximation of Problem (P)
by means of two penalized problems. The departing point for such approximation is the
so called Weighted Energy-Dissipation (WED) approach to the gradient flow problem. This
consists in the minimization of a family of e-dependent global-in-time WED functionals W, :
HY0,T; H) x L*(0,T; H) — (—00, 00| given by

T £
/ et/ (QH?J(t)HQ +o(y(t)) — (u,y)) dt if (y,u) € K(y°) x U,
0

00 else,

We(y,u) = (3.1.3)

where ¢ > 0 and the convex closed set K (y") is given by
K@) ={ye H(0,T;H) : y(0) =y’ € H, poy € L'(0,T)}.

Indeed, given u € U, the link between the minimization of W, (-, u) and the gradient flow problem
is revealed by computing the corresponding Euler-Lagrange problem

—ee(t) + 9e(t) + 0p(ys(t)) > u(t) for a.e. t € (0,7, (3.1.4)
ye(0) = ¢, (3.1.5)
e9(T) = 0. (3.1.6)

The latter is nothing but an elliptic-in-time regularization of the gradient flow problem, which
is recovered by taking € — 0. More precisely, owing to [45], for € small enough one can uniquely
define

ys = argmin W, (-, u)

and prove that y* — y = S(u) in H'(0,T; H), see Proposition 3.2.1 below. Note the occurrence
of the final condition (3.1.6), which eventually is dropped in the € — 0 limit.

In the setting of gradient flows, the WED approach has been applied to mean curvature [31, 55],
to periodic solvability [32], to micro-structure evolution [21], to the incompressible Navier-Stokes
system [10, 47], and to stochastic PDEs [50]. The linear case is mentioned in the classical PDE
textbook by Evans [27, Problem 3, p. 487].

The general theory for r-convex energies ¢ can be found in [45], while the nonconvex setting
is discussed in [7] and [40] deals with nonpotential perturbations. A stability result via I'-
convergence is in [35] and [39] uses the WED approach for studying symmetries of solutions.
In the more general setting of metric spaces, curves of maximal slope have also been studied
[48, 49].

Besides the gradient flow case, the WED approach has also been considered in the doubly
nonlinear setting, see [42, 44] for rate-independent and [2, 3, 4, 5, 6] for rate-dependent theories.

38



3.1. Introduction

In addition, the hyperbolic case of semilinear waves has been considered in [53, 56], also including
forcings [38, 57, 58, 59] or dissipative terms [1, 37, 52]. Applications to dynamic fracture [23, 33],
dynamic plasticity [24], and Lagrangian mechanics [36] are also available.

The aim of this paper is that of investigating two approximations of Problem (P), based on
the WED functionals W;. At first, we approximate the constraint y = S(u) by considering the
optimal control problem

i P,
(y,u)GHrlr%(I)flT;H) xU =y, u), (Pe)

where the approximating functional P: is defined for all € > 0 as

{J(y,u) if y € argmin We(-, u),

PE (yv u) =
00 else.

This essentially amounts to replacing the gradient-flow constraint (3.1.1)-(3.1.2) by its elliptic
regularization (3.1.4)-(3.1.6). Problem (7P;) is still a constrained optimization. Nevertheless the
constraint is itself expressed by a minimization, turning (P;) into a bilevel optimization problem.
The internal minimization layer is actually a convex problem, which is therefore accessible to
efficient optimization techniques. Another distintive feature of this approach is that WED
minimizers y! turn out to be more regular than the corresponding gradient flows y € S(u), see
Proposition 3.2.1.

As a second option, we consider a penalization of the constraint y € argmin W,(-,u) in (P.),
tuning to an unconstrained optimal control problem, namely,

min P, (y, u), (Per)

with Py given for all e, A > 0 as

OV, w) — M),

Here, A > 0 serves as penalization parameter and M denotes the minimum value of W,(-, u),
given u, i.e., M¥* = W.(y¥, u). In particular, the functional y — We(y,u) — M is nonnegative
and vanishes iff y = y¥. Although the unconstrained formulation of (P.)) is appealing, one shall
stress that the computation of ¥, i.e., the minimization of W,(-,u) is still needed for evaluating
the minimum value M}, see Lemma 3.3.1 below. A remarkable feature, however, is that the
functional y — W(y,u) — M} controls the distance ||y — yf;||]2ql( which may be of some

applicative interest.

Our main result is Theorem 3.2.2 below. We first check that Problems (P), (P:), and (P.)) are
solvable, namely, there exist optimal pairs (y, u), (ye, ue), and (yex, ucy ), respectively (Theorem
3.2.2.i). Then, we prove that

Po(y,u) = J(y,u) +

0,7;H)’

PySP and PSP

in the sense of I'-convergence with respect to the weakxstrong topology of H'(0,7T;H) x
L?(0,T; H), which we indicate as 7. Upon checking the coercivity of P. and P.y with respect to
topology 7, this allows us to prove that, for some not relabeled subsequences,

(Ye, ue) = (y,u) and  (Yex, uen) 5 (Ye, ue)
as € — 0 and A — 0, respectively, (Theorem 3.2.2.ii-iii).
)

Eventually, we tackle the joint (¢, \) — (0,0) in the specific case A = A\, with limsup,_,y A\ce
0 proving that

P., — P.

39

73€T/5 —



3 Optimal control of gradient flows via the Weighted Energy-Dissipation
method

Again due to coerciveness, this entails that (y. ») — (y,u) along some not relabeled subsequence
(Theorem 3.2.2.iv).

The plan of the paper is the following. In Section 3.2, we introduce the assumptions and state
our main result, namely, Theorem 3.2.2. Section 3.3 collects a series of lemmas, which will be
used throughout. The proof of Theorem 3.2.2 is in Sections 3.4-3.5. Specifically, existence for
the Problems (P), (P-), and (P-y) is checked in Section 3.4 and convergences as ¢ — 0 and
A — 0 are discussed in Section 3.5.

3.2 Statement of main results

In this section, we introduce assumptions, recall some result from [45], and state our main result,
i.e., Theorem 3.2.2. Let us start by assuming that

(A1) H is a real Hilbert space, T > 0, and U C L?(0,T; H) is nonempty and compact.
We indicate by ||-|| and by (-,-) the norm and the inner product in H, respectively, and we

indicate by ||| the norm in the generic Banach space E.

Concerning the functional ¢ we ask that

(A2) ¢: H — (—o00,00] is proper, s-convex, and lower semicontinuous, and y° € D(9¢).

In particular, the effective domain D(¢) ={v € H : ¢(v) < oo} is not empty. Moreover,
v = Y(v) = ¢(v) — gHvH2 is convex,

and D(v¢) = D(¢). Equivalently, one can state k-convexity of ¢ as
Blrw+ (1= 1) < row) + (1= r)o(w) — or(l—r)w — vl Vw,ve H 0<r<1.

Correspondingly, we define the (Fréchet) subdifferential 8¢ : H — 2 as 0¢(y) = 0v(y) + ky,
where 07 is the subdifferential of ¥ in the sense of convex analysis [16]. This implies that one
has n € 0¢(y) iff y € D(¢) and

(mw —y) < 6(w) = o) + 3w —y|* Yw e D(o),

D(0¢) ={y € D(¢) : 9¢(y) # 0} = D(9¢), and 9¢(y) is convex and closed, for all y € D(9¢).
In particular, for all y € D(0¢) one has that 0¢(y) has a unique element of minimal norm, which
we indicate by (0¢(y))°.

The next proposition summarizes results from [45].

Proposition 3.2.1 (WED approach to gradient flows). Under assumptions (A1)-(A2), there
exists g > 0 so that for all € € (0,¢0) and all uw € U the functional W(-,u) is ke-convez in
HY(0,T; H) for some k. > 0. In particular, there exists a unique minimizer y* = arg min W (-, u).
One has that y* € H?(0,T; H) is the unique solution of the Euler-Lagrange problem (3.1.4)-
(3.1.6) and that n* = u + ej* — y* € L*(0,T; H) and fulfills n* € ¢(y*) a.e. Moreover, there
exists a nondecreasing function £ : Ry — R4 independent of € such that

elliel 20, my + 51/2”?)3HL00(0,T;H) + 19 | 20,75 + 102N 220,11
< (lull 20,70 + 18011+ 100 (5)° ), (3.2.1)
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9). Ase — 0, one has that y* converges

where (0p(y°))° is the element of minimal norm in 9¢(y°).
0,T;H) for all o € (0,1).

to y € S(u) weakly in H'(0,T; H) and strongly in H° (0,

In all of the following, we will tacitly assume that ¢ € (0,&g), so that Proposition 3.2.1 holds.
In particular, y* = argmin W,(-, u) is well-defined.
Concerning the target functional J we assume that
(A3) J: HY0,T;H) x L*(0,T; H) — Ry, Ry := [0,00), is lower semicontinuous with respect

to 7. Moreover, for all uw € L?(0,T; H) given, y + J(y,u) is upper semicontinuous with
respect to the strong H?(0,T; H) topology, for some o € (0,1).

A possible example of functional J fulfilling (A3) is

T
() = F(y(T) + /0 o(y,u) dt

where f: H — R is continuous and g : H x H — R is continuous and bounded.

Let us recall that, given functionals F),, F : H'(0,T; H) x L*(0,T; H) — R U {oo} for p > 0,
we say that the sequence (F)), I'-converges to F' with respect to the topology 7 and we write
F =T';lim, .o F, if the following conditions hold

(i) (P-liminf inequality) For every (yp,u,) — (y,u) we have
F(y,u) < linn_)i(glf Fy(Yp, up); (3.2.2)
(ii) (Recovery sequence) For every (f,4) € H(0,T; H) x L?(0,T; H) there exists (9,,,) —
(9, 0) such that
lim sup F,(9p, 1,) < F(3,4). (3.2.3)

p—0

We now state our main result.

Theorem 3.2.2 (WED approach to optimal control). Assume (A1)-(A3). Then:

i) For alle,\ > 0 Problems (P), (P:), and (Pex) admit solutions.

ii) P: L Pase—o. Any sequence (Ye,us)e of solutions to Problem (Pe) admits a not
relabeled subsequence such that (y.,ue) — (y,u) where (y,u) solves Problem (P).

iii) Py EN P. as A — 0, for all ¢ > 0 fizred. Any sequence (yex,uex)x of solutions to the
Problem (P.y) admits a not relabeled subsequence such that (yex,uex) — (e, us) where
(Ye, us) solves Problem (Pe).

iv) Let A = A\ with limsup,_,o e 2™/ = 0. Then P.y, L Pase—o. Any sequence

of solutions (Yex.,uer.) to Problem (P.x) admits a not relabeled subsequence such that
(Yer.» Uex.) — (y,u) where (y,u) solves Problem (P).

The proof of Theorem 3.2.2 is given in Section 3.4-3.5. More precisely, we give a proof of
Theorem 3.2.2.1 in Section 3.4 whereas Theorem 3.2.2.ii-iv is proved in Section 3.5.
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3.2.1 An example

Before closing this section, we give an illustration of the results by resorting to simple ODE
example. In particular, we consider the ODE

y+y=u, y0)=1 (3.2.4)

with U = {u : u(t) = upe™* for some ug € [0,1]}. We are interested in minimizing

1! 1!

J(y,u) = / (y(t) — e H2dt + / t2(u(t) — e H)? dt.

2 Jo 2 Jo
Note that this fits in the theory by letting H = R, T'= 1, and ¢(y) = y?/2. In particular, U is
clearly compact into L?(0,1).
Problem P reads

ug&]{,](ym) () +y(t) = uoe™", y(0) = 1},

and can be directly solved. For all ug the solution of (3.2.4) is y(t) = (1 + tug)e* and we have

e 1!
J(y,u) = 2/0 udt?e 2t dt + 2/0 (ug — 1)*t?e~ 2 dt

— %(1 —5e ) (ud + (ug — 1)?)

which is minimized at ug = 1/2 with value (1 —5e~2)/16 and a corresponding optimal trajectory
y(t) = (1+t/2)e "
Let us now turn to Problem P. which can be written as
win L00) 5 200+ 300) + 0 = wae ™, 3(0) =1, /(1) =0,
U()E[O,l}

Given u € U, the only solution y* to

i) + 9 + y(t) = woe ™, y(0) =1, (1) =0

is given by
- U
yu(t) = cet + cjerit ?Oe_t,
where
_ 1 —+4e+1 L 1+vde+1
e = 2¢e ’ e = 2¢e ’
U U, +
21+ 2)ee u
o = £€ £ c+:1+£—c_
+ rt — Tz ’ € e e
’rg ees — 7’5 e'e

The value of J at (y¥,u) can be explicitly computed as a function of g as

uo — Je(uo) = J(y&', uoe™)

- 1<(C€_)Q<62’“5 Sy ey 1(UO " 1>2<62 - 1)

2\ 2r7 o

2c-ch -+ 2c (o -
+ € “€ e’rE—H“E _1 o £ +1 67‘5—1_1
re +rd ( ) re —1 ( )

re —1

2¢t 1
(e —11>) + 50— 5e) (o — 17
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A tedious but elementary computation ensures that ug — J(y%, upe™') converges to ug +
(1/8)(1 — 5¢2)(u3 + (ug — 1)?) uniformly on [0,1]. In particular, the minimum value of j. on
[0,1] converges to that of jo, namely (1 — 5e¢72)/16, and the minimizers of j. converge to the
minimizer 1/2, as well.

We conclude by considering Problem P.y. This amount to the following

: 1 ! —t)e [ €. 2 1 2 —t u
i {7+ 5 (e (S0P JuoP-we ) ) an- )

yeH(0,1),
y(0)=1

In order to tackle this minimization problem, one needs to evaluate MY, which generally calls
for another minimization. In this example however one can use the above expression for y* and

explicitly compute MY

MY :52(T;)2(C;)2(62r§—1/a - 1) + EQ(T:_)Q(CE:F)2 (62r§r—1/5 - 1) u(% (6—2—1/8 _ 1)
S ders =2 derd —2 4e + 2
cocrrord -t ecs -
+ e 'e’e el tre —1/5_1 + € ere —1/5_1
E(T{+7’2L)—1( ) Er;—l( )
ect + Up
4 (e —1/e 1) 4+ —— 6—1—1/5 —1).
a1 e )

3.3 Preliminary lemmas

Before moving to the proof of Theorem 3.2.2, we present in this section some preliminary lemmas,
which will be used throughout and which complement the analysis in [45].

To start with, let us explicitly remark that, although ¢ is just k-convex, the classical tools from
convex analysis apply to 0¢, as well. In particular, we have that

Yn =Yy Tn =1, Mo € 00(yn), Umsup(nn,yn) < (n,y) = n € Id(y). (3.3.1)

Indeed, one has that 7, — Ky, € 0V (yn), N — KYyn — N — Ky, and

lim sup(nn — KYn, Yn) < Hmsup(mn, yn) — liH}LinfﬁllanIQS (n — Ky, y)
n

n

so that using [15, Prop 2.5, p. 27] one finds n — ky € 9¢¥(y), which entails n € d¢(y). The
identification (3.3.1) equivalently holds in its integrated form for sequences y, and 7, weakly
converging in L?(0,T; H), namely.

Yn — Y, Nn — 7 in L2(O, T;H), n, € 06(yn) a.e.,

T T
lim sup / (T )t < / (n,) dt (33.2)
0 0

n

= n € dp(y) ae. (3.3.3)

One can also readily prove the following generalizaton to the k-convex case of the classical chain
rule [16, Lemma 3.3, p. 73]

y € HY(0,T; H), n€ L*(0,T; H), n € d¢(u) a.e. in (0,T) (3.3.4)
= ¢ oy is absolutely continuous on [0,7] and
d
&(;5 oy =(n,y) a.e. in (0,7). (3.3.6)
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In the following, we use the symbol ¢ to indicate a generic positive constant, possibly depending
on T, U, y° but independent on € and A and possibly varying from line to line.

We are now ready to present the lemmas.

Lemma 3.3.1 (Value of M!). For all uw € U, recalling that y¢¥ = argmin W.(-,u) and M} =
W (y¥, u) we have

2
MY = =Sl O)]]2 — e TGy (T)) + eo(y”)

T T
e [Ce i uaae- et
0

0

Proof. The trajectory y¥ solves the Euler-Lagrange problem (3.1.4)-(3.1.6). By taking the scalar
product with e~ ¥/¢g% € H'(0,T; H) in equation (3.1.4), integrating in time, and using the chain
rule (3.3.4), we get

[ e (g e e+ ot — i) ar=o
e —_—— — — (u =0.
0 2dt y& yE dt yE ’y&”
By integrating by parts the first and the third term, one obtains

T

T
—t/e &y up2 u _ —t/e U
[e ( e +<z><yg>)]0 [ et a

1" —t/e u 1 U
+ - e (u,yd)dt + - MY =0,
€ Jo 9

where we used the definition (3.1.3) of the WED functional. The thesis follows from conditions
(3.1.5)-(3.1.6). 0

Lemma 3.3.2 (Continuity of the map u +— y¥). Let (ux)r C U be such that up — u in
L2*(0,T; H) and let n“ = eijs — % + ug. Up to not relabeled subsequences, one has

Yk — gy in H?(0,T; H),
ni =t in L*(0,T;H)

&€

where n¥ = ey — Y + u.

Proof. From the uniform estimate (3.2.1) we may extract not relabeled subsequences such that
y“ — yin H?(0,T; H) and n% — n in L?(0,T; H) and get

—ey(t) +y(t) + n(t) =u(t) in Hae. te€ (0,T).
As yU(t) — y(t) and g (t) — y(t) for all ¢ € [0, T] we have that y(0) = y° and ey(T) = 0. In
order to conclude the proof it hence suffices to check that n € 9¢(y) a.e. Take the scalar lim sup

of the integral over (0,7) of the scalar product between ni* and y¥*. Using equation (3.1.4) at
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level k, we obtain

T
lim sup / (%, ) dt
0

k—o0

T T T
—nmsup(s |- [eerars | <uk,y§k>dt)
0 0 0

k—o0

k—o0

T
~ Jim sup(—e@;k (0),4°) — / g2 2at
0
1 Uk 2 1 012 T Uk
= Sl OGP [ ) at

where we also used the conditions (3.1.5)-(3.1.6). Owing to the above convergences we infer

T
limSUP/ (ne*, ye*) dt
0

k—o00

T T
. _ 1 1
< —e(y(0),y") —8/0 l9]|*dt — 2Hy(T)!2+2||y0\2+/0 (u,y) dt

T
- [
0
This implies that n € 9¢(y) via (3.3.3), see [15, Prop. 2.5, p. 27]. Hence, y in the unique solution
to the Euler-Lagrange problem (3.1.4)-(3.1.6) and y = y¥, n = n! by Proposition 3.2.1. O

Lemma 3.3.3 (Coercivity of P.y). We have
Se Ve |y — 22 < We(y,u) = M* Y(y,u) € K(°) x U (3.3.7)
€e Y=Y llmorm = Wely,u : y,u) € K(y°) x U. 3.

In particular, the sublevels of Ae 3eT/¢P.y(-,u) are bounded in H*(0,T;H) independently of
uel.

Proof. Let us start by rewriting W, (y,u) — M} as
Wa(ya U) - Mau
T - o T
= [T (S S ) aee (et (v - ) ar - o)
0 2 2 0
=: Qc(y) + Re(y,u),

where the functional R.(-,u) is convex and the quadratic functional Q). can be written in terms
of v = e t/(28)y ag

T
— [ (< dt + = o(T)|? - =
Q) = [ (5100 + 1ol Y a4 DI - 10O
1

2O,

= Ve(w) + (TP -

We now use the fact that V. is quadratic. For all vy, vo € HY(0,T; H) and all r € (0,1) one
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computes

Ve(rvr + (1 —r)vg)
1+ 4er
8e

e (T T
— 2/ |lron + (1 — 7")1')2”2 dt + / |lrvr + (1 — T')U2H2 dt
0 0

T

3 . . ..

= / (1”2 |01]|2+(1 = )2 || oo ||24+2r(1 — r)(t1,02)) di
0

2

1+4ex [T

[ P = el = ) o)
0

T

3 . . . .
=2 [ ol = lialP—r (1 = e = anf?) at
1+ 4er

T
/0 (rllon |+ = )z =r(1 = r)or — va|?) dt

8e
Tre o 1+4er 9
=rVe(u) + (1 —7)Ve(v2) —r(1 - 7‘)/ gllon =02l + —o—llo1 — va|" ) dt,
0
which, for € < k small enough, implies the following inequality
_ < _ _ r(1—r) . 2
Va(ror + (1= r)oa) < rVa(on) + (1= 1)Va(z) — lon = vl oy (3:35)

This in particular entails that

We(ry + (1 = r)yg, u) — MY

£

=Ve(ro+ (1 =r)vs) + illrv(T) + (1= r)(T)|?

— 1)+ (1= Pl O) + Relry + (1= )yl w)
r(l1—r)

<PVa(w) + (1= )Velo) = o — B o o
r 1—r, ., 1 u
+ ZHU(T)H2 + e (T)|” - leyo\l2 +rRe(y,u) + (1 — r)Re(y2, u)
u u u T(l - T) w2
=r(We(y,u) — MZ) + (1 —r)(We(ys,u) — M) —¢ B Hv_vsHHl(o,T;H)
u T(l -r u
= e (Welyw) — 22 — " a2 (3:3.9)

where we used the convexity of the maps v — Re(v,u) and v +— ||v||?, inequality (3.3.8), the
fact that v(0) = v¥%(0) = 3°, and W.(y%, u) = M¥. By observing that
Ws(Ty + (1 - T‘)y?,u) - Mg > HliIle(y,U) - M;L = Ws(ygau) - M= 0,
y

€

inequality (3.3.9) implies that

r(We(y,u) — M) > &

r(l—r) 9
D) v — Ug||H1(O,T;H)'

Assume now that r > 0, divide by r, and take r — 0 to get

€
We(y,u) — M2 > 5”“ - Ug”%{l(o,T;H)-
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Eventually, putting v = e */(2)y and vY = et <25>yg we obtain

e
Wa(y,U) - Msu > iHU - v?”?ql(O,T;H)

’ ul|2
; - - ly — 2l 1 o
22/0 ‘ t/g(”y_yg”%r”y_yg”%r%f—e(y—ye“,y—yf;) dt
4 wu||2
e - g 1
> N O | et <l o
e A (R e = R
14 2¢2

2
2 -1 at
>ede /ey — ?/gH%{l(o,T;H)

for € € (0, 1], which proves (3.3.7). In particular, we have

2 2 2
HyHHl(O,T;H) <2y - yg”Hl(O,T;H) + 2HngH1(O,T;H)
<c+2xe el FP(y,u),

which concludes the proof. O

Lemma 3.3.4. Let u. € U with u. — u in L*>(0,T; H). Then, up to subsequences yde =y in
HY0,T; H) and y*s — vy in H°(0,T; H) for any o € (0,1) with y = S(u).

Proof. Letting n. = ue + g — g, the uniform bound (3.2.1) and up to not relabeled subse-
quences we have that

gijis =0 in L*(0,T; H), (3.3.10)
yee =y in H'(0,T; H), (3.3.11)
nee =17 in L*(0,T; H), (3.3.12)

for some functions y and 7 with ¢ + 7 = u.

We shall now check that y“ is indeed a Cauchy sequence in C°([0,T]; H). Let y“s and y,,* be
solutions of the problem (3.1.4)-(3.1.6) at level £ and p, respectively. Consider the difference of
the Euler-Lagrange equation (3.1.4) at level € and the one at level p and take its scalar product
with the function w := y¥s — yﬁ“. By letting 1, = u, + ,ug'j}j“ — yﬁ“ and integrating in time over
(0,t) we get

t t t
. . d1
- [en i wyde [ S5 lwlPaes [ = e - i) d
0 0 0
t
= / (ue — uy, w)dt.
0
The k-convexity of ¢, the fact that w(0) = 0, and an integration by parts give
t t 1
e [l at+r [ ol at+ 5lu?
0 0 2

< (o5 () — i (£), w(t)) — (¢ — ) / (91, 10) dt + / (2 =y, w) dt.
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Young’s inequality allows then to deduce

t t
1
[ lEars [l e+ o2
< 22|92 2o po.1.0) + 207 190" |0 (0,77,
+ (e + wl9a" | 200 101 L2 0,750 + te — wull 20,5 1wl 220,711 - (3.3.13)

The Gagliardo-Nirenberg inequality [16, Comments (i77), p. 233], [46, Theorem 1, p. 734], and
bound (3.2.1) give

H1/2 1/2

or.m) T ellvel2omm < ce™7,

1/2
W oo gy + g 2o,y < en™ 2.

152 lleoo.rysery < ellie | otz 192

19" | copo,rys0) < el ||L2(0TH I

We can hence use (3.3.13) and the fact that |7, 2200,y < ¢ and ||| 20,75y < ¢ to obtain

t t
. 1
E/ lo][* dt + 2w @* < e(e + ) + ellue = upllz2.rsm) = fi/ lwl|* dt.
0 0

This entails that

1/2
I = wlewgoarn < e + 1+ e = wpllzorn) ) (3.3.14)
where we also applied the Gronwall Lemma in case k < 0. The strong convergence
y. —y in C°([0,T); H), (3.3.15)

follows.

To identify the limit function 7, we use convergences (3.3.12) and (3.3.15) to get

T T
limsup/ (Me, ye ) dt _/ (7,y)dt.
0 0

e—0

This implies that 77 € d¢p(u) a.e. by (3.3.3). The initial condition (3.1.2) follows from (3.3.15),
so that y = S(u). As this limit is unique, the whole sequence (y¥<). converges and no extraction
of a subsequence is actually necessary.

We now make use of the interpolation space (C°([0,T]; H), H'(0,T; H)),1 for o € (0,1), whose
elements are those functions w € C°([0, T]; H) such that

[e.e]
Hw”(CO([O,T};H),Hl(O,T;H))(,,l3:/0 r T K (r,w) dr < oo,
where K : (0,00) x C°([0,T]; H) — [0,00) is defined as

K (r,w) i=inf {Jlwoll oo zy;en 7w | o 2,

wo € CO[0,T); H), wy € H'(0,T; H), w = wy —I—wl}.
see the classical reference [12]. We will also use that there exists ¢ > 0 such that
lwll(coqo ), 1 (0,721, < €llwll ol Qom0 Ywe HY(0,T; H),
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3.4. Existence: proof of Theorem 3.2.2.i

see [18, Lemma 2.1.i]. As (C°([0,T]; H),H'(0,T;H)),1 C H°(0,T;H) [12, Theorem 6.2.4,
p. 142], the uniform bound of y% in H'(0,7; H) and estimate (3.3.14) imply that y% — y in
H?(0,T; H). Indeed, one has

2 =y Ve o,rmy < el =y lcoo.ry;m), 10,70
£ 1_ £
< CHyg - yz“ HCO?[O,T];H) ”yg - yz“ Hi]l(O,T;H)

(1-0)/2
< c<€—|—,u+ e _Uu|L2(0,T;H)> — 0. -

Lemma 3.3.5. Let (yox,uey) € H'(0,T; H) x U be such that P.y(yex, uey) < ¢, with ¢ indepen-
dent of X. As X\ — 0, up to not relabeled subsequences we have that (yex,uey) — (Y2, ue).

Proof. From the compact injection U cC L?(0,7T; H) we have u.\ — u. in L?(0,T; H) along
some not relabeled subsequence. Lemma 3.3.3 implies that (y.) is bounded in H'(0,7T; H).
Hence, up to not relabeled subsequences, 3.y — v. in H'(0,7; H).

As P.)(yex, ue)) < ¢ and J is nonnegative we have
0< We(ya/\aua)\) - me(ua)\) <cA.

Recall from Section 3.4.3 that (y,u) — We(y,u) — M is lower semicontinuous with respect to
the topology 7. Hence, by passing to the liminf as A\ — 0, we get

Ws(ysa UE) = M;LE»
proving indeed that y. = y¢, which concludes the argument. ]
Lemma 3.3.6. Let A = \., with limsup._,o A.e3e”/5 = 0 and let (yex, uey) € H'(0,T; H) xU

be such that Poy(yex, uen) < ¢, with ¢ independent of €. Then, as € — 0, up to not relabeled
subsequences (Yo, Uz) — (y,u) with y = S(u).

Proof. Let (yex,usx) € H(0,T; H) x U be such that P.y(yx,uex) < ¢. As the injection U CC
L?(0,T; H) is compact, we get u.y — u in L?(0,T; H) along some not relabeled subsequence.
Using Lemma 3.3.3, we have

lim sup||y=x — yy“”?ﬁ(o,T;H) < limsup Aee 3e7/5 Py (yex, uey) = 0. (3.3.16)
e—0 e—0
On the other hand, Lemma 3.3.4 implies that y%>* — y in H'(0,T;H) and y%* — y in
H(0,T; H) for all o € (0,1), with y = S(u). This implies that 3., — y in H'(0,T; H).

The thesis follows then from (3.3.16) and Lemma (3.3.4) by simply observing that

ex = Yl o 0.1m) < ellyer — ve e o,mm) + e = vllmormy — 0. O

3.4 Existence: proof of Theorem 3.2.2.i

In this section, we existence for Problems (P), (P:), and (P.)), namely Theorem 3.2.2.i.
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3 Optimal control of gradient flows via the Weighted Energy-Dissipation
method

3.4.1 Well-posedness for Problem P

Taking any 4 € U letting § = S(@) one has that 0 < P(g,a) = J(g,4) < oo. In particular
inf 10,7,y < P € [0,00).
Let (yk, ux)r C H'(0,T; H)xU be an infimizing sequence for P, that is P(yx, ux) — inf g1 o 7. 1ryxv P-
The strong convergence

up —u  in L?(0,T; H) (3.4.1)
follows from the compact injection U cc L?(0,T; H), up to some not relabeled subsequence.
For all k > 0, yx € S(ug) solves the gradient flow

Ur(t) + me(t) = uk(t) in H, ae.te(0,7), (3.4.2)

ne(t) € 0p(yx(t)) in H, ae.te(0,7), (3.4.3)

yr(0) = 1°. (3.4.4)

As each term in equation (3.4.2) is in L2(0,T; H), we use the chain rule (3.3.4) in order to

compute

T T T T
/ liell2 dt + / lell? dt = / e+ el dt — 2 / (G i)t
0 0 0 0

T T d T
— 2 _ el _ 2 o 0
= [ a2 [ Sotar = [l at - 200(T) + 260
T
< [ ol = 2(@00°)° (7))
T T
< [ htae+ g [l + 2100611

where we used the equation (3.4.2) as well as the fact that y° € D(0¢) . We have obtained
9\l 220,75y + Mkl 220,75y < ¢, which yields, up to not relabeled subsequences, that

ye—y  inH'(0,T;H), (3.4.5)
ny—n i L2(0,T; H), (3.4.6)

for some limit functions y,n with ¢ + 1 = u a.e. As y(0) — y(0), we have that y(0) = 3°.

Moreover,

T T
limsup/ (k> yx) dt = lim Sup/ (ur — Yr, yr) dt
0 0

k—o0 k—o0

T
o] 1
— [ )t~ tmint S (DI + 510
0 —00

< /OT(U —y,y)dt = /OT(n,y) dt.

Again (3.3.3) entails that n € d¢(y) in L*(0,T; H). The limit function y hence solves then the
gradient flow problem, namely, y € S(u). Eventually, convergences (3.4.1) and (3.4.5) together
with Assumption (A3) imply

inf P < J(y,u) < liminf J(y, = inf P,
Hl(o,lip;H)xU s Jlyu) < lkrggol (v, ) Hl(O,liIr“l;H)xU

so that (y,u) actually solves (P).
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3.4. Existence: proof of Theorem 3.2.2.i

3.4.2 Well-posedness for Problem P,

Choosing an arbitrary @ € U and letting § € S(u) one has that 0 < P.(ga) = J(g,%) < co. In
particular, inf g1 (o .y < Pe € [0, 00).

Let (yk, ux)r C H'(0,T; H)xU be an infimizing sequence for Pz, namely, P (yy, ux) — inf g1 0 7. mryxvr Pe-
We have, P-(yk,ur) = J(yr, ur) and y, € argmin We(-, ug), namely, yx = y2*. The strong con-
vergence uy, — u in L%(0,T; H) follows by the compact injection U cC L?(0,T; H), up to a not
relabeled subsequence. For each k > 0, there exists 1, € L2(0,T; H) such that

—efik(t) + gr(t) + ni(t) = ug(t) for ae. t € (0,7,
N (t) € 0b(yx(t)) for ae. t € (0,T),
yk(0) = 9",
eye(T) = 0.

Lemma 3.3.2 ensures that, up to not relabeled subsequences, yp — v in H2(0,T; H), np — 1
in L2(0,T; H) where € 0¢(y) a.e., and y solves the Euler-Lagrange problem (3.1.4)-(3.1.6)
corresponding to u. In particular, y = y¥. Together with Assumption (A3), these convergences

imply
inf P.<J < liminf J = inf P,
HOT U (y,u) < oo (v, ) HIOTH)xU ©

which proves that (y, ) actually minimizes P-.

3.4.3 Well-posedness for Problem 7.,
Given any @ € U we have that 0 < P.y(y%, @) = J(y%, i) < co. This proves that inf 10,71y Pex €
[0, 00).

Let (yg, ux)x C H'(0,T; H)xU be an infimizing sequence for P.y, namely, such that Py (yg, ux) —
inf 1710 7,11y x 7 Pex- The strong convergence uy — w in L?(0,T'; H) follows from the compact in-
jection U cc L?(0,T; H), up to a not relabeled subsequence. Using Lemma 3.3.3, we have that
Y|l et 0,7,y < ¢ Then, up to not relabeled subsequences, the following convergence hold

yp —y  in HY(0,T; H). (3.4.7)

Since H(0,T; H) C C°([0,T]; H), we have that yy(t) — y(t) for all t € [0, T]. In particular, the
initial condition y(0) = y° is satisfied.

Lemma 3.3.2 implies that
yek —~y?  in H*(0,T; H), (3.4.8)

and y? satisfies the Euler-Lagrange problem (3.1.4)-(3.1.6) corresponding to u. By Assumption
(A3), we have that J(y,u) < liminf, J(yn, uy,).

We hence reduce ourselves to check that (y,u) — We(y,u) — MY is lower semicontinuous with
respect to the topology 7. By using Lemma 3.3.1, we have

Wa(yka uk) - Mgk

T ¢ 3 ) 82 2
= [ (Sl + 6000 — (o)) ae+ S )]

T T
e oo (D) —e0ls”) —< [ uggt)ar [ e gt

o1



3 Optimal control of gradient flows via the Weighted Energy-Dissipation
method

Taking the lim inf as & — oo and using convergences (3.4.1) and (3.4.8), the lower semicontinuity
of ||-|| and of ¢, and the fact that we have g+ (t) — y%(t) in H for every t € [0, T] from convergence
(3.4.8), we obtain

lim inf <W5(yk, ug) — Mfk>
k—o0
T —t/e € .12 52 U 2
> e 917 +oy) = (y,w) | dt + (|5 (0)]]

T T
e TG — o)~ [ iy [ e

= We(y,u) — MZ.
We have checked that Poy(y,u) < liminfy Pox(yk, ux) = inf g1o 1,0 Pex, proving that (y,u)
minimizes P;).

3.5 Convergence: proof of Theorem 3.2.2.ii-iv

3.5.1 Proof of Theorem 3.2.2.ii.

Let us start by checking the I'-convergence P L P. We focus first on the I'-liminf inequality
(3.2.2). Assume (y-,uc) — (y,u). Without loss of generality, sup, P-(y.,uc) < oo. Then,

Pe(ye, ue) = J(ye, ue), Y- = y2=, and we have

liminf P-(ye, us) = iminf J(y., us) > J(y, u),
e—0 e—=0

where we used the lower semicontinuity of J. The identification J(y,u) = P(y,u), and hence

the inequality (3.2.2), follows then from Lemma 3.3.4.

To prove the recovery-sequence condition (3.2.3), we can assume, without loss of generality,
that P(g,1u) < oo. Then, we have § = S(u). As a recovery sequence we choose 4. = 4 and
. = y%. Then, we have the identification P (j., ) = J(9, ). Moreover, Lemma 3.3.4 ensures
convergence J. — ¢ in H?(0,T; H) for all o € (0,1). Assumption (A3) entails that

lim sup P (e, 4e) = limsup J(ge, @) < J (3, 0),

e—0 e—0

where we used the upper semicontinuity of J(-, @) in the strong topology of H?(0,T; H). The
identification J (g, ) = P(y, ) follows again from Lemma 3.3.4, which in particular ensures that
g =S(a).

As the functionals P. are equicoercive in H'(0,7; H) x L?(0,T; H) from Proposition 3.2.1,
Theorem 3.2.2.ii follows from the Fundamental Theorem of I'-convergence [22, Thm. 7.4, p. 69].

3.5.2 Proof of Theorem 3.2.2.iii.

In order to prove the I'-convergence Py EN P., let us first check the I'-liminf inequality (3.2.2).
Without loss of generality, let (yex, uex) — (e, ue) as A — 0 be such that supy P.y(yex, uey) < 00.
Then, we get

lim inf Ps)\(ys/\a usx\) > lim inf J(ys)\a uaA) > J(y67 ug),
A—0 A—0
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3.5. Convergence: proof of Theorem 3.2.2.ii-iv

where the last inequality follows from the lower semicontinuity of .JJ. Eventually, the identifica-
tion J(ye, ue) = P:(ye, ue) directly follows from Lemma 3.3.5.

A recovery sequence is given by (§cx, tiex) = (y2<, ). In fact, we readily obtain

lim sup Py (y%, tiey) = limsup J (y2, @t.) = Pe(e, 1)
A—0 A—0

The equicoerciveness of the functionals P.y in H!(0,T; H) x L?(0,T; H) from Lemma 3.3.3 and
an application of the Fundamental Theorem of I'-convergence [22, Thm. 7.4, p. 69] conclude the
proof.

3.5.3 Proof of Theorem 3.2.2.iv.

Recall that A = \. is such that limsup,_, Aee 3eT/e = 0. In order to check that Py, RN
P we start from the I'-liminf inequality (3.2.2). Without loss of generality, we can consider
sup, Pex. (Yex., uecy.) < 0o. Hence, from the definition of P.)_, we deduce

lminf Poy_(Yex., uex.) = Uminf J(yex., uer.) > J(y,u),
e—0 e—0

where we used the fact that We(yea., uer.) — M:**¢ > 0 and the lower semicontinuity of J. The
identification J(y,u) = P(y, u) follows then from Lemma 3.3.6.

As regards the recovery-sequence condition (3.2.3), we first note that, without loss of generality,
one can assume P(7, 1) < oo, which implies § = S(@). We choose the recovery sequence (yZ,a),
so that Py ((y%,4) = J(y% ). Lemma 3.3.4 implies the convergence y% — ¢ in H°(0,T; H)
for all o € (0,1). By exploiting the upper semicontinuity of J(-, @) in the strong H?(0,7; H)
topology for some o € (0, 1) from assumption (A3), this entails that

limsup Pey_ (y2, @) = limsup J(y%, @) < J(, ).

e—0 e—0
As we have that § = S(a), the equality J(g,u) = P(y,a) follows.

Having proved the I' convergence, the statement follows from the equicoerciveness of the func-
tionals P.,, in H*(0,T; H) x L?(0,T; H) from Lemma 3.3.3 by applying again [22, Thm. 7.4,
p. 69].
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Chapter 4

A global variational approach to the
dynamics of elastic bodies

Abstract

In this chapter, we investigate a global-in-time variational approach to the dynamics of hypere-
lastic materials based on the Weighted Energy-Dissipation (WED) variational theory. A family
of e-dependent functionals defined over entire trajectories is introduced. We prove that these
functionals admit minimizers and that such minimizers converge to a solution of hyperelastic
dynamics as € — 0.

4.1 Introduction

In this chapter, we introduce and investigate a variational approach of the dynamics of hypere-
lastic materials. We address the situation without external volume forces on the time half line
t > 0 as modeled by the following equation,

pyse — V -DW(Vy) +6V*: Viy =0 in (0,00) x Q. (4.1.1)

Here, the reference configuration €2 is a bounded domain in R3 of class C*, y : (0,00) x Q — R3
is the deformation, p > 0 is the referential material density (assumed to be space homogeneous),
and ¢ is a length-scale parameter. The symbol D denotes the Gateaux derivative, W is the
stored elastic energy density, and the fourth-order operator V4 is given by Vo V@ V® V. The
nonlinear map W : R3*3 — [0, 0o] is taken to be the sum of a convex C’llo’i functional and a term
inversely proportional to the determinant of its argument, so that W (F) — oo as det F — 07.
The existence of solutions of equation (4.1.1), subject to the initial conditions

y(0,2) =9y", w(0,2) =y, (4.1.2)

is proven via the Weighted Energy-Dissipation (WED) variational approach. Indeed, we de-
fine an e-dependent family of convex global-in-time functionals with an exponentially decaying
weight. The minimizers of these functionals correspond to elliptic-in-time regularizations of
equation (4.1.1). The core of this approach is proving that those minimizers converge to the
solution of the equation (4.1.1) as € goes to 0. In particular, for all ¢ > 0, we define the WED
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4 A global variational approach to the dynamics of elastic bodies

functional Ge : L?(Ry x Q) — [0, 00] via

5 .
//‘t/a< Ly 2+ W (V) + 2\V4y\2> dedt ify e K(y°y'),

else,

where the domain K (y°, ') depends on the initial conditions and is given by
K@y y") ={yeH :det Vy(t,z) > 0ae. € Ry x Q, y(0,) =4°, u:(0,-) = ¢},
and H stands for (see Subsection 4.2.1 for details)
H=H>(Ry,e V5 L2(Q)) N LA(Ry, e /5 HY(Q)).

Here, the initial condition y° € H*(Q) is such that ming det Vy? =: a > 0 and the initial
deformation velocity y' is taken to be in H*(f2), as well. In our main result, Theorem 4.3.1, we
prove that

(i) for all € > 0, there exists a global minimizer y* € K (3°,y') of G. and
(ii) by taking the limit e — 0, y converge to a solution of (4.1.1) up to subsequences.

Remark 4.1.1. Condition det Vy(t,z) > 0 for almost every (¢,x) € (0,7) x Q in the definition
of K(y°,y') implies that the displacement y(t, -) is locally orientation-preserving and invertible.

Remark 4.1.2. From the embedding H3(Q) — CH'/2(Q), we get that Vy° € C17(Q) for some
€ (0,1).

The chapter is organized as follows. Section 4.2 collects some preliminary material. In Section
4.3, we state our main result, namely Theorem 4.3.1, which is then proved in Section 4.4.

4.2 Preliminaries

This section introduces the functional setting and presents the proof of some preliminary results.
In particular, in Subsection 4.2.1 we introduce the weighted Lebesgue-Bochner spaces and a
corresponding Poincaré-type inequality, see Lemma 4.2.1. Subsection 4.2.2 deals with some
interpolation results, namely Proposition 4.2.3 and Theorem 4.2.4. The latter, ensures that
the spatial gradient of the minimizers of G¢ has a uniformly positive determinant everywhere
in space and time (see Corollary 4.4.2). The positivity of the determinant of the deformation
gradient is a crucial issue in Elasticity theory. In particular, Theorem 4.2.4 allows us to compute
the Euler-Lagrange equation for Gk.

4.2.1 Function spaces

Let ¢ € [1,00), € > 0, and B be a Banach space. The weighted Lebesgue-Bochner space (see also
[3, Section 3]) is defined as

LRy, e™/2dt; B) = {y € M(R45 B) : ¢ [y(®)[5e ™% € ARy},

where M(R,; B) denotes the space of strongly measurable functions with values in B and
-|p is the norm in B. The weighted Sobolev-Bochner spaces W1P(R,, e t/edt; B) are defined
analogously. Eventually we recall a Poincaré-type inequality [3, Lemma 2].
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4.2. Preliminaries

Lemma 4.2.1. Let ¢ > 0, 1 < p < 00, and B be a reflexive Banach space. There exists a
constant C' = C(g,p) > 0 such that

190, gy < C(WOBH ey ) 0 € WP R et )

4.2.2 Interpolation results

Let us record the following embedding result from [41, Prop. 3.2, p. 1217].

Lemma 4.2.2. Let p € (1,00) and Q C R? be a bounded open domain with C* lzoundary. Let
s,r >0, a €(0,2), and § > 0 be given. If v € Wf*a’p(O,T; WTP(Q)) N WsP(0,T; Wr82(Q))
then, for all 6 € [0,1] one has that v € Wst0ar(0, T; Wr+(1=08»,(Q)) and

[%
HvHWs+9a,p(0j“;wr+(1fG)ﬁ,p(Q)) S H/UHWS+Oz,p(O7T;W7‘,p(Q Hv”Ws (0, T Wr+8, p(Q))

We are now in the position to prove the following embedding result.
Proposition 4.2.3. Let Q be a bounded open subset of R® with C boundary. Ifv € H?(0, T; L2(Q2)N

L2(0,7; H4(Q))A then, for all 0 € (1/4,3/8) there exists a constant v* = ~v*(Q,0) > 0 such that
Vo € C%([0,T] x Q) and we have

HV”HCM ([0,7]x2) < HUHH2(OTL2 )HU‘ L2(0,T;H4(Q))

Proof. Lemma 4.2.2 with s =r=0,a=2—v,p=2,8 =4, for v > 0 small, implies
H?77(0,T; L*(Q) N L0, T; HY(Q)) — HZ %0, 77 H*=9(Q)).

Hence, in particular, Vv € H(Q_”)G(O, T H4(1_9)_1(Q)) By first choosing 6 > 2(2 L by means
of the Sobolev Embedding Theorem for fractional Sobolev spaces [26, Theorem 8.2, p. 562] we

get the embedding
HE9(0,T; H0-071Q)) < C27([0, 1T, H' 071 (@),

with v = (2 — v)8 — (1/2) > 0. By restricting our analysis to the case § < 1/2 we can
write H*1=0-1(Q) = H(Q), where n = 2(1 — 26) € (0,1). By applying again the Sobolev
Embedding Theorem for fractional Sobolev spaces [26, Theorem 6.7, p. 557], we get H'*7(Q) —
WP (Q) where p* = 6/(3 — 2n). Eventually, by considering 6 < 3/8 we get n € (1/2,1) and
then p* > 3. Hence, we first infer H'*7(Q) — C%7(Q) where ¥ = n — 1/2 € (0,1/2) and
then we conclude that Vo € C%7([0,T]; C%¥(Q)). By defining v* := min{~,4} we obtain the
assertion. O

We conclude this section by recording the following result [30, Lemma 4.1, p. 868].

Theorem 4.2.4. Let Qr := Q x (0,T) C R™! be a bounded Lipschitz domain, J € C%7(Qr),
and v € (0,1). Suppose that J(t,z) > 0 almost everywhere in Qr and that there exist two
positive constants L, M such that

[ 0@ <L Wl <M.
T

for some s > (d+ 1)/~. Then, there exists a constant ¢ = ¢(Q2, M, L, s,d) such that

J(t,z)>¢ V() e O
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4 A global variational approach to the dynamics of elastic bodies

4.3 Assumptions and main results

This section is devoted to stating of our main result. We start by recalling some classical
definitions and by introducing our assumption on data. Let SL(3) stand for the special linear
group, namely the group of matrices in R3*3 with determinant equal to 1, let SO(3) stand for
the special orthogonal group, namely the group of rotations with determinant 1, and let GL4(3)
stand for the subset of the general linear group, namely the group matrices in R3*3 with positive
determinant, namely,

SL(3) := {Q € R¥3 | det Q = 1},

SO(3) := {Q € SL(3) | Q"Q = QQ" =1},
GL,(3) :={Q e R¥3 | det Q > 0},

where we indicate by I the identity matrix in R3*3. From now on, we assume that € is a
bounded domain in R? with a C' boundary. We assume the following.

(A0) y°,y' € HY() with ming Vy°® =: a > 0.
(A1) The stored elastic energy W : R3*3 — [0, 0o] is given by

W) = {H(F) + pu(det F)~ if F' € GL(3),
o0 else,
with p,s > 0 and it fulfills
W(RF) =W|(F) VF € GL4(d), VR € SO(3).

Here, H € C3(GL4(3)) is a convex functional so that there exist ¢ € (1,00) and positive
constants ¢j, co such that

1
PP < HF) sa(1+|FP) € GLG)
1

PHEI S a(14IFT)  VFEGLU, ¢ =/~ 1)

A consequence of Assumption (A1) is that

|F|9 c3(DH(F): F+1)  VF € GL,(3),
H(F) < cs(DH(F): F +1) < e5(|F|7+1)  VF € GL4(3),

for some positive constants cs, ¢4, cs.

Theorem 4.3.1 (WED Approach). Under Assumptions (A0)-(A1):

(i) The WED functional G admits a global minimizer y¢ € K(y°,y%);

(ii) Letting y° minimize G, for any sequence ey there exists a (not relabeled) subsequence
(y°x, DW (Vy°k)), such that (y°, DW (Vy°*)) — (y, DW(Vy)) weakly™* in

[Wh22(0, T; L*(€2)) 1 L(0, T; H ()] x L=(0,T; L™(Q)),
for any m < 6 where, y solves (4.1.1) and fulfills the initial conditions (4.1.2). In addition,

ye € LR L2(Q))  and V'y e LP(Ry; L(Q)).
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4.4. Proof of Theorem 4.3.1

4.4 Proof of Theorem 4.3.1

This section is devoted to the proof of Theorem 4.3.1. In Subsection 4.4.1, we introduce the time
rescaling t/e = s. Subsection 4.4.2 is then devoted to the proof of the existence of minimizers of
the time-rescaled functional J., which is the WED functional G, under the change of variable
t/e = s. In Subsection 4.4.3, we adapt a variational technique by SERRA & TILLI [53] to our
case in order to get a priori estimates. In Subsection 4.4.4 and Subsection 4.4.5, we pass to the
limit and we identify the limit functions. Eventually, we provide sharper regularity statements
on the solutions in Subsection 4.4.6.

A caveat on notation: in the following we denote by ¢ a generic positive constant depending on
data but independent of €, §, and A, possibly changing from line to line.

4.4.1 Time rescaling

Given the WED functional G., the change of variable t/e = s brings to the time-rescaled
functional

2
/ / ( e +e*W (V) + 26]V4U\2> drdt forve K(y° eyt),

else.

In particular, letting y € K(y°,y') we have that v(t,2) = y(et,z) belongs to K(y°,ey'), and
viceversa, and

Je(v) = eGe(y).

4.4.2 Existence of minimizers

Lemma 4.4.1. J. admits a minimizer v € K(y°, ey').

Proof. We first check that K(y° ey!) is not empty. Consider 7 = y° + e(t)y', where ¢ €
C°[0, 00) with 1(0) = 0 and ¢'(0) = 1, and & > 0 is such that |Vo(z,t) — Vy*(z)|< R for all
(t,z) € [0,00) x Q and R > 0 given. Moreover, we assume

eLp|Vy' (@)][¥(1)|< V(t, ) € [0,00) x Q,

o'
2’
where Ly, is the Lipschitz constant of the map F +— det F on {F € R¥3 |sup, q|F — Vy°(z)|<
R}. Then, one has

det(V0) = det(Vy°(2) + et () Vy' (2)) = det(Vy°(2)) — Lylew (1) Vy' ()],

from which we readily get det(Vy®(z) + e (¢)Vyl(x)) > a/2 > 0. This implies that J.() is
bounded, namely,

o] 2(5
:/ / e_t<g|vtt|2—|—€2H(VU) + %p(det(VD)) ™ + €2W4v|2>
0

1)
<= [ ( ' Pret SV el |v4y1|2>)
< ce?. (4.4.1)
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4 A global variational approach to the dynamics of elastic bodies

Hence, 7 € K(y", ey!) with J.(v) < oo.

We prove the existence of minimizers by the Direct Method. Let {v¥}; be an minimizing
sequence for J. in K(y° ey'), namely J.(v*) — inf g (yo g1y Je > 0. Since J. is coercive on
K:=H?*R,,e 5 L2(Q) N LA(R, e~ H*(Q)), we have

yY.ey

vl < e, (4.4.2)
from which we get, up to a not relabeled subsequence, that
o —~0v in K. (4.4.3)

Note that y° = v*(0) — v(0) in L?(Q), so that v(0) = y° and ey’ = vf(0) — v;(0) in L3(Q), and
v(0) = v!. To prove that v is actually the minimum of J. we have to show that

J-(v) < liminf J. (vF).

k—o0

By using the lower semicontinuity of the norms and the convergence (4.4.3) it is straightforward
to obtain

&0 P )
/ /e_t( v |2 +2° |V4v]2) < hmmf/ / <|vft|2+\v4vk]2).
o Jao 2 2

For the stored elastic energy W we proceed as follows. Let T' > 0 be fixed. As the bound (4.4.2)
entails

HvkHH2(O,T;LQ(Q))OL2(O,T;H4(Q)) < cell?,
by applying Proposition 4.2.3 we get
2 T
Vv ”COv"/*([O,T]Xﬁ) <ce /87 (4.4.4)
and by means of the Aubin-Lions Lemma we get the strong convergence

vF = v in L2(0,T; H3(Q)). (4.4.5)

The bound (4.4.4) and the fact that

T
/ et/(det Vok) ™ < ¢
0 Q

allow us to apply Theorem 4.2.4. Hence, we obtain that det Vo* > C(T,¢) > 0 everywhere and
thus, by exploiting the strong convergence (4.4.5) we get the pointwise convergence W (Vo*) —
W(Vv) ae. in (0,7) x Q. We can now use a standard diagonal argument and extract a
subsequence such that W (Vv¥) — W (Vv) ae. in (0,00) x Q. Thus, by applying Fatou’s

Lemma, we get
/ /e_tW( <hm1nf/ / e tW (V)
0 9] k—o00

which concludes the proof. O

Corollary 4.4.2. There exists a constant K = K(«, p,s,d,T,|Q|) > 0 such that every mini-
mizer v* € K(y°,ey') of J. satisfies

det Vo*(t,z) > K V(x,t) € [0,T] x Q.

In particular, K is independent of the minimizer v*.
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4.4. Proof of Theorem 4.3.1

Proof. Arguing along the lines of the proof of Lemma 4.4.1 we deduce that we have J. < ¢ where
¢ > 0is given and v is any minimizer of J. This in particular entails that |[V[[co.,= (o 7w < €

and -
/ et/(det Vu)? <c¢
0 Q

independently of the minimizer. Then, by applying Theorem 4.2.4 we get the thesis. O

4.4.3 A priori estimates

We now adapt to our case the variational argument originally proposed by Serra and Tilli in
[53].

Proposition 4.4.3. Let v* € K(y°,ey') be a minimizer of J.. Then there exists a constant
c=c(y’y') >0 such that

J.(v°) < e

Proof. As v® is a minimizer for J., we have J.(v®) < J-(v). The thesis follows then from
inequality (4.4.1). O

Let us define the function L. € L'(Ry,e~!dt) as
o P e2 .2 ey L €004 o
L.(t) := §|vtt| +e W (Vo®) + 7|V v|* ) dz  for a.e.t > 0.
Q

We introduce, for every ¢ > 0, the nonnegative and nonincreasing function H. € W1(0, 00)
given by

H_(t) ::/ e °Lc.(s) ds.
t
Note that H.(0) = J.(v) and lim;_, H.(t) = 0. We also define

D.(t) := g/ﬂ|v§t|2 dz for a.e. t > 0,

and
o p £12
L(t) = /\vt\ Az vt>0.
4 Jo
It is easy to check that I. € W1(0,00) with
dI.(t
gi):gfgvf-vftdx for a.e. t > 0.
Eventually, for almost every ¢t > 0, we define the function
dl.(t et
£.(t) = 1) - =0 4 S

Let us now state some results from [53], proved for semilinear waves, which still hold in our case.

Lemma 4.4.4 ([53]). Let v* € K(y°,ey') be a minimizer of J.. Then, there exists a constant
c=c(y’,y") > 0 such that

10l @ etarzzy + 10122, ctanrz@) < €% IV IIL2@, etanzzy < ©
Moreover, the function e 'I.(t) € WHY(R,) and
lim e TI.(T) = 0.

T—o00
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4 A global variational approach to the dynamics of elastic bodies

The following Lemma is a straightforward extension to the elastic setting of the analogous result
from [53].

Lemma 4.4.5. Let v* € K(y°,ey') be a minimizer of J.. Then, there exists a constant ¢ =
c(y°, y') > 0 such that

t+1
/ /( \V4 6|2>d;10ds<c /|vtxt|2dx<052 vt >0,

/Qvft(t,a:)h(x) dz

Moreover, v satisfies the Euler-Lagrange equation
o0
/ / et <pvft Mgt + 2DW(Vo®) : Vi + 62V 4® V4n> dzdt =0,
0o Ja

for every test function n € K(0,0).

and

< c2®|V*hlr2@), Vh e HYQ) ae t>0.

We rewrite the estimates in Lemma 4 4.5 in terms of y° given by letting v*(t,z) = y°(et, x),
t >0, with °(0) = 3%, and y{(0) = y', which is a minimizer of G.. We get

t+T
/ / ( yv4gf\2) dzds < ¢T, (4.4.6)

[iapar<e w=o (4.47)
Q

and

/|y€(t,3:)|2 de < c(14t%) vt >0, (4.4.8)
Q

< c| V|2 Vh € HY(RQ), for ae. t>0. (4.4.9)

/ yu(t,x)h(z) dz
Q

Moreover, y° satisfies the Euler-Lagrange equation
(e ¢]
/ / e~t/e <€2py§t et + DW(VyF) - Vi + 6V~ v477> dzdt =0, (4.4.10)
Q

for every test function n € K(0,0). Note that one has

Cof (Vi)

Via Assumption (A1), bound (4.4.6) implies that
LT )
/ /|DH(Vy5)|q deds < cT. (4.4.11)
t Q

Moreover, by making use of the Hadamard inequality, bound (4.4.6) also implies (see [11, Propo-
sition 5.1] for instance)

t+T
/ /]Cof(ng)]q/2 dzds < (T,
t Q

which, along with Corollary 4.4.2, gives

s Cof Vy© a/2
ol [etvye drds < T. (4.4.12)
Eventually, from bounds (4.4. 6 —(4.4. 7) we get (cf. [14, Theorem II.5.14, p. 101])
IVy*® HCO([t,t—i-T];Hl(Q)) <T. (4.4.13)
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4.4. Proof of Theorem 4.3.1

4.4.4 Passage to the limit

From (4.4.6)—(4.4.7) and (4.4.11)—(4.4.12), by a standard diagonal argument and by passing to
a not relabeled subsequence, we can find y, ¢, and £ such that for every T" > 0 the following
convergences hold

y® —y in WH(0,T; L*(Q)), (4.4.14)
y* —y in L*(0,T; HY(Q)), (4.4.15)
DH(Vy®) = ¢ in L7 (0,T; L7 (Q)), (4.4.16)
Cof Vy°
—— 2 ¢ in LY%(0,T; LY*(Q)). 4.4.17
etV T £ in LY5(0,T; LY5()) ( )
By applying the Aubin-Lions Lemma, we also get
y* —y in L*(0,T; H3(Q)). (4.4.18)

Let us now consider 7(t, ) = e//¢(t, ) with ¢ € C3°(R; x R?) as a test function in the Euler-
Lagrange equation (4.4.10). By means of the convergences (4.4.14)—(4.4.17) we pass to the limit
¢ — 0 in equation (4.4.10) and obtain

—/OOO/prt-wtﬂL/ooo/(z((CJru&)iV<P+5V4yiV4%0> =0,

which proves that y is the distributional solution of py; — V - (¢ + ué) +6V4 : Viy = 0.

4.4.5 Identification of the limit functions

From the continuity of the term DH and thanks to the strong convergence (4.4.18) we get the
pointwise convergence

DH(Vy®(t,z)) - DH(Vy(t,z)) for a.e. (t,z) € (0,T) x Q.

Moreover, since by assumption DH is a locally Lipschitz continuous function, thanks to the
bound (4.4.13) and by means of the Sobolev Embedding Theorem, we get

IDH (VYoo e4my;m1 (0)) < T, (4.4.19)
from which, by applying the Vitali-Lebesgue Convergence Theorem, we obtain
DH(Vy®) - DH(Vy) in LY(0,T;L™(Q)),

for all ¢ < co and for any m < 6.

As the map F ~ Cof F/[det F]**! is locally Lipschitz continuous for det F' uniformly well-
separated from 0, the strong convergence (4.4.18) and Corollary 4.4.2 imply the pointwise con-
vergence

CofVy* Cofvy
[detVye]sth [detVy]st!

Similarly to the bound (4.4.19), from the bound (4.4.13) we get

a.e. (0,T) x €.

<cT,

H Cof Vye
[ CO ([t t+THLO (@)

detvye]s—i-l
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4 A global variational approach to the dynamics of elastic bodies

from which, by applying the Vitali-Lebesgue convergence Theorem, we get

Cof V" Cofvy
[detVye]sth  [detVy]st!

in L9(0, T; L™(Q),

for all ¢ < oo and for any m < 6. This proves that y is a distributional solution of equation
(4.1.1).

4.4.6 Sharper regularity

Considering ¢ — 0 in (4.4.6), by lower semicontinuity we get

1 t+T A )
lim — < > 0.
TH—H)T/t /Q|V y(z,s)|*deds <c¢ Vt>0

As [o|V*y(z, s)? is integrable in [t,¢ + T for all ¢ > 0, the Lebesgue Differentiation Theorem
implies

1 t+T
lim / /V4y]2 dzds = / |Viy(z,t)|? dz a.e.t>0.
T Ji Q Q

Hence, we get V4y € L°(R; L?(1)).

Eventually, the first bound in (4.4.7) implies y; € L (R ; L?(Q2)).

4.4.7 Convergence of the initial data

The condition y(0) = y° follows from (4.4.14), since y° = y*(0) — y(0) in L?(2). To prove
that ;(0) = y' we proceed as follows: Bounds (4.4.7) and (4.4.9) provide uniform estimates of
ys and 5, in L2 (Ry; L2(Q)) and L=(Ry; H*(Q)), respectively. By passing to a not relabeled

subsequence as ¢ — 0, we get that yf — y; in WH(R,; H~*(Q2)). Thus, by considering any
¢ € C§°[0,00) and any h € H*(12),

/000 o(t) (/Q Y5 (t, z)h(z) da:) dat

—— [T aw( [ viton@ d)dt - 60) [y @hi)
/= o], Ju-eo [

and the identification y,(0) = y' € H=4() follows by passing to the limit as ¢ goes to 0.
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Zusammenfassung

Variationsprinzipien sind wichtige Instrumente zur Beschreibung und Analyse physikalischer
Phénomene. Eine Methode, die Existenz von Losungen fiir partielle Differentialgleichungen zu
beweisen, besteht darin, ein Funktional zu minimieren, dessen Euler-Lagrange-Gleichung der
gegebenen partiellen Differentialgleichung entspricht. Da es in manchen Féllen einfacher ist,
stationdre Punkte fiir das entsprechende Funktional zu finden, als die Existenz von Losungen
auf der Ebene der Gleichungen zu beweisen, liefert diese Methode eine Moglichkeit des direkten
Nachweises der Existenz einer Losung. Die Herausforderung bei dem Ansatz ist es ein geeignetes
Funktional zu finden.

Das sogenannte WED-Variationsprinzip (Weighted Energy-Dissipation) stellt einen alternativen
Ansatz im Vergleich zu den klassischen Variationsprinzipien dar und bietet interessante math-
ematische Perspektiven zur Behandlung von partiellen Differentialgleichungen. Diese Methode
besteht darin, ein Funktional zu finden, dessen Euler-Lagrange-Gleichung eine regularisierte Ver-
sion der betrachteten partiellen Differentialgleichung ist. Diese Regularisierung fiihrt zu einer
hoheren Flexibilitat in Anwendungen und ermoglicht es, sowohl konservative als auch dissipative
Systeme auf variationelle Weise zu beschreiben. Der Nachteil dieser Herangehensweise ist jedoch
der Nachweis des sogenannten kausalen Limits (causal limit), also die abschliefende Aufhebung
der Regularisierung.

In dieser Dissertation behandeln wir drei Probleme mit Hilfe des WED-Ansatzes. Zunéchst
stellen wir einen neuartigen Ansatz zur Untersuchung semilinearer Gradientenfliisse mit zus-
tandsabhéngiger Dissipation vor. Dies fithrt dazu, dass die Euler-Lagrange-Gleichung spezifis-
che zustandsabhéangige dissipative Terme aufweist, welche minimale Integrierbarkeit in der Zeit
zeigen, was das Problem auf technischer Ebene erheblich erschwert. Des weiteren untersuchen
wir ein allgemeines Problem der optimalen Steuerung im Rahmen von Gradientenflisssen. Wir
schlagen zwei Approximationen des Problems vor, die beide auf der Variationsformulierung der
Gradientenflussdynamik iiber den WED-Ansatz beruhen. Schlussendlich stellen wir einen Varia-
tionsansatz fiir die Dynamik hyperelastischer Materialien mit Hilfe der WED-Variantionstheorie
vor, welcher global in der Zeit ist.
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