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Abstract

The Schrédinger equation plays a central role in the study of quantum mechanics and
the ability to solve it is of uttermost importance. However, its complexity makes it
particularly difficult to find exact solutions. Among the methods to find approximate
solutions is the variational method, which essentially consists in minimizing an energy
function. In this thesis, two different approaches will be compared to solve this opti-
mization problem, the Adam minimizer and the Supervised Wave function Optimization
(SWO) algorithm. The focus of this thesis centers on their efficacy in addressing the
minimization problem within the context of the one-dimensional quantum harmonic os-
cillator. The SWO algorithm emerges as a better choice. It not only requires fewer
epochs for convergence but also exhibits enhanced computational speed.






Kurzfassung

Die Schrodingergleichung spielt eine zentrale Rolle in der Quantenmechanik, und die
Fihigkeit, sie zu losen, ist von grofiter Bedeutung. Aufgrund ihrer Komplexitéit ist
es jedoch besonders schwierig, exakte Losungen zu finden. Zu den Methoden, um
Naherungslosungen zu finden, gehort die Variationsmethode, die im Wesentlichen darin
besteht, eine Energiefunktion zu minimieren. In dieser Arbeit werden zwei verschiedene
Ansétze zur Losung dieses Optimierungsproblems verglichen, der Adam-Algorithmus
und der Supervised Wave function Optimization (SWO)-Algorithmus. Der Schwerpunkt
dieser Arbeit liegt auf ihrer Wirksamkeit bei der Losung des Minimierungsproblems im
Zusammenhang mit dem eindimensionalen quantenmechanischen harmonischen Oszilla-
tor. Der SWO-Algorithmus erweist sich als die bessere Wahl. Er benétigt nicht nur
weniger Schritte zur Konvergenz, sondern weist auch eine hohere Rechengeschwindigkeit
auf.
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1 Introduction

1.1 Background

Systems of particles on atomic and subatomic scale do not obey the laws of classical
mechanics. Quantum mechanics was developed at the start of the 20th century to
explain their peculiar behaviour. At the core of this new theory lies the Schrodinger
equation

Hy = Evy, (1.1)

named after Erwin Schrodinger who published it in 1926 [37]. It is an eigenvalue equation
where H is a Hamiltonian operator on a Hilbert space H, v is a wave function, a vector
in H, and E is a real number. The Schrodinger equation describes how the state of
a quantum system, a system that obeys the laws of quantum mechanics, changes over
time. Solving it also yields the system’s possible energy levels, which is useful knowledge
in many fields. These range from the prediction of molecular properties, useful in drug
discovery [13], to quantum engineering and quantum computing [27].

However, the Schrodinger equation is not easy to solve. In fact, it can only be solved
exactly for a handful of problems, such as the free particle, the hydrogen atom and the
quantum harmonic oscillator [36]. In addition, many methods have been developed to
find approximate solutions of more complex systems. For instance, perturbation theory
[36], [41] is based on the assumption that the Hamiltonian of a certain system can be
written as a sum of two. The first summand is a Hamiltonian H whose Schrédinger
equation is easier to solve, and the second summand is small enough to be considered a
perturbation of H. Another important technique in this context is the WKB method [36],
[11]. The Hamiltonian is the sum of kinetic and potential energy functions, and the WKB
method relies on the assumption that the potential energy function is nearly constant.
Assuming further that ¢ has exponential form, this leads to major simplifications of the
Schrédinger equation.

In this thesis, a variational method to approximate solutions of the Schrédinger equation
will be used [36], [39]. The variational method is based on the variational principle, which
states that the lowest eigenvalue of H is always less than or equal the local energy at
any trial wave function ¢ € H

(V[HY) . (1.2)

The local energy is a real quantity that can be numerically estimated quite easily and
the variational method consists in minimizing it. Once the local energy is minimized, the
resulting value of 1.2 and 1 will approximate F and 1 in 1.1, respectively. In general,
the tentative solution 1) is represented by a function that depends on many parameters.
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The task of optimizing a function of many parameters is one that can be efficiently
accomplished with the use of deep neural networks. Neural networks are very powerful
mathematical objects, in the sense that they can be used to approximate a very large
class of functions. This is done by efficiently tuning the (many) parameters on which
the neural network depends. This property is leveraged in this context by using neural
networks to represent the trial wave functions v [9], [28], [16], [15].

1.2 Objective of the study

The scope of this thesis is to compare the performance of two neural network training
algorithms when implemented to solve the one-dimensional quantum harmonic oscillator
problem. More specifically, the Adam [19] algorithm and the Supervised Wavefunction
Optimization algorithm [21] will be implemented as part of a variational method and
compared.

The implementation of the algorithms and of the solution of the problem was done in
Python 3.8 using the haiku! and jax? libraries, which allowed for fast computations.
Furthermore, the first half of this thesis will be dedicated to the presentation of intro-
ductory notions in quantum mechanics and deep learning.

1.3 Structure of the thesis

In the next two chapters, a brief overview on the topics of quantum mechanics and deep
learning will be given. Only the concepts relevant to this thesis will be mentioned and
explained.

In particular, the first part of Chapter 2 includes notions from functional analysis on
operators on Hilbert spaces and their spectra. These are important to the understanding
of the fundamental concepts in quantum mechanichs that will be explained in the second
part of Chapter 2, building up to the Schrédinger equation.

Chapter 3 includes the definition of a shallow neural network as well as the statement
and a proof of the Universal Approximation Theorem. Furthermore, the neural network
training algorithm of Stochastic Gradient Descent will be covered as a basis for the
Adam algorithm that will be described and used in Chapters 5 and 6.

The focus of Chapter 4 revolves around variational methods to find approximate solu-
tions to the Schrodinger equation. More specifically, the variational principle will be
proved before stating the variational Monte Carlo algorithm that will be used in Chap-
ter 6 to analytically estimate the solution of the ground state Schrodinger equation for
the one-dimensional quantum harmonic oscillator. On the one hand, this will be done
using the Adam algorithm and on the other hand, using the Supervised Wave function
Optimisation algorithm, both of which are described in Chapter 5. In Chapter 6, after

"https://dm-haiku.readthedocs.io
’https://jax.readthedocs.io/en/latest/
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1.4 Bra-ket notation

defining the problem of the quantum harmonic oscillator, the results of the computations
with the two algorithms will be compared.

1.4 Bra-ket notation

Bra-ket notation was introduced by Dirac in 1939 [7] and is the standart notation in
quantum mechanics literature. It will be used throughout this thesis as well. Assume
that H is a complex Hilbert space with inner product (-, ).

Definition 1.1. A ket has the form |v) and denotes a vector in v € H.

Definition 1.2. A bra is a continuous linear functional H — C, i.e., an element of H'.
For any v € H, the expression (v| denotes the bra defined as

(v[: H—=C
|w) = (v|w) := (v,w).
If H is an operator on H, i.e. H : H — H, then one can define the linear functional

(v|H:H—C
|w) — (v|H|w) := (v|Hw) .
Using the notation (v|H |w) highlights the two-fold interpretation of this complex num-

ber: it is the bra (v| € H' applied to the ket H|w) € H as well as the bra (v|H € H’
applied to the ket |w) € H.






2 Quantum Mechanics and its
mathematical background

This chapter will cover the key notions in quantum mechanics that are needed to under-
stand the Schrodinger equation and the necessary mathematical background. This will
include statements from functional analysis, in particular from the theory of operators.
In shaping the content of this chapter, I have referenced [11], [36], [10], [22], [41], [31],
[40].

2.1 Operators on Hilbert spaces

Operators are a central concept in the study of quantum mechanics, because in a certain
sense, they play the role of functions in classical mechanics [42], [8].

In Section 2.1.1, the definitions of bounded, unbounded and self-adjoint operators will be
given. Next, in Section 2.1.2, the spectrum will be discussed. These notions will become
relevant in Section 2.2.1.

2.1.1 Self-adjoint operators

Let ‘H be a Hilbert space with inner product (-,-) and corresponding norm ||-||.
We start with the definition of an operator.

Definition 2.1. Let dom(7") C H be a subspace and consider a linear map
T :dom(T) — H.

Then T is called an operator on H with domain dom(T'). If dom(T’) is dense in H, then
T is called densely defined. If dom(T) = H, then T is called an operator on H.

The next definition is useful to understand the concept of self-adjointness, which is
crucial in the study of operators in quantum mechanics.

Definition 2.2. An operator T : dom(7T") — H is called symmetric, if

(T, ¢) = (¥, T¢) for all ¢, ¢ € dom(T).

Definition 2.3. An operator 7' : dom(7") — H is said to be bounded if there exists a
constant M > 0 such that

[T| < M| for all ¢ € dom(T).
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Otherwise, T is called unbounded. The space of bounded linear operators on H is denoted
by L(H).

Self-adjointness can be defined in a fairly straightforward way in the case of bounded
operators.

Definition 2.4. Let T' € L(#H). Then its adjoint T* € L(H) can be characterized by
the condition

(T, ¢) = (b, T*) for all 1, ¢ € H.

If T'=T%, the operator T is called self-adjoint. Note that in this case, T is self-adjoint
if and only if it is symmetric.

In the case of unbounded operators, defining the adjoint is not as straightforward, be-
cause of domain-related issues.

Definition 2.5. Let T : dom(7') — H be a densely defined operator on H, not neces-
sarily bounded. We will define the adjoint T* : dom(T*) — H of T. For a fixed ¢ € H,
define the map fy : dom(T') — C by fs(¢)) = (T, ¢). Furthermore, define the subspace

dom(T™) := {¢ € H s.t. fs is continuous}.

By the Hahn-Banach theorem (see also Theorem 3.4), if ¢ € dom(7™), the function f,
has a unique continuous extension to a linear functional F' : H — H. Moreover, by the
Riesz Representation theorem (see also Theorem 3.5), the functional F' has a unique
representation in the form ¢ — (¢, z) with z € H. Define T%¢ := z. If T = T, the
operator T is called self-adjoint. Note that by construction, it holds

(T, ¢) = (¢, T*¢) for all ¥ € dom(T"), ¢ € dom(T™).

2.1.2 Spectrum of an operator

Definition 2.6. The spectrum of an operator T on a Hilbert space is defined by
o(T) :={\ € C| T — X has no bounded inverse}

Definition 2.7. A vector ¢ # 0 that satisfies the equation T = A for a (complex)
number A is said to be an eigenvector of T with corresponding eigenvalue A. In this
case, T' — X fails to be injective and therefore cannot have bounded inverse. Therefore
any such A is in the spectrum of T.

Not all operators on infinite dimensional vector spaces have eigenvalues.
Example 2.8. For ¢ € [0, 1], define the multiplication operator

M : L*0,1] — L?[0,1], (Mf)(t) =t- f(t).
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The operator M is clearly bounded and also self-adjoint, because

(MF)),9(t)) = (t- f(t),g(t)) = (f(£),t-g(t)) = (f(2),(Mg)(t)) foralltel0,1].

Furthermore, the operator M — X\ possesses the continuous inverse

(M =X)L L20,1] — L2[0,1], (M = XN)71f)(t) = JY)A

if and only if A € C\ [0,1]. It will be shown later (Theorem 2.11) that the spectrum of
a self-adjoint operator is a subset of the real numbers. Therefore, the spectrum of M
is the interval [0, 1]. However, M does not have any eigenvalues. Indeed, assume the

contrary. Then
Mf=Xf<t-f(t)=X-f(t) for all t € [0,1],

a contradiction, since f # 0.

This next definition and lemma are based on [32], Chapter 25 and will be used to prove
the important Theorem 2.11 as well as later in Section 4.1.

Definition 2.9. An element A € C is called an approximate eigenvalue of an operator
T if there exist a sequence (¢, ),>0 C dom(7') such that

(T = A )tpp|| — 0 as n — o0

Lemma 2.10. Let T be a self-adjoint operator and let X € o(T'). Then X is an approz-
imate eigenvalue.

Proof. Let A € o(T). Then (T — AI)~! is not bounded. Therefore, for all n > 0 there
exists an z,, € dom((T — AI)~!) such that

(T = A) "ty > n.

Assume without loss of generality that ||z,| = 1, and define &, := (T — M)~ 'x,,. Note
that &, € dom(7T') for all n. Then it holds

&n
[[€nl

‘—Hxnnﬁ()asn%oo.

R

=

Theorem 2.11. Let T be a self-adjoint operator. Then o(T) C R.

Proof. Let A € o(T). By the lemma above, we can find a (normalized) sequence
(tn)n>0 € dom(T") such that |[(T" — AI)iy,|| — 0. By the Cauchy-Schwarz inequality,

‘ <(T - /\I)%J/Jn> ’ < H(T - M)%H H%H — 0.
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At the same time, since ||¢,| = 1, it holds for all n > 0

<(T - )‘I)wnﬂ/}n> = <T7/)n7¢n> - A

Combining these two facts, we obtain

(T, Yn) = X = (Ttn, ) — A

On the other hand, by conjugate symmetry of the inner product and self-adjointness of
T, it holds

<T71Z)n>u}n> = <wn7T¢n> = <Twna ¢n> ’
and therefore, by uniqueness of the limit, A = A, which implies A € R. O

Remark. As a matter of fact, the opposite implication also holds: an operator is self-
adjoint if and only if its spectrum is real.

We will now turn to the statement of the Spectral Theorem, whose proof can be found in
[11] and [43]. The Spectral Theorem will be used in Section 4.2 to justify the variational
method to approximate solutions to the Schrodinger equation. Before stating it, it is
necessary to define spectral measures.

Definition 2.12. Let B(R) be the Borel o-algebra on R. Define

E: B(R) — L(H)
A Ey.

The map FE is called a spectral measure, if
1. E4 is an orthogonal projection for every A € B(R),

2. Ey =0 and Er = I, where I is the identity operator,

3. if ¢ € H and Ay, Ao, ... € B(R) are pairwise disjoint with A :=[J; A4;, it holds

> Eanp = Eav.

Integration with respect to a spectral measure can be defined analogously to integration
with respect to a non-spectral measure. Start by letting h := > ", ¢;xa, be a step
function on R, where x4, is the indicator function on 4; C R. Then define

/h dE = iciEAi'
=1

By density of step functions, this can be extended to measurable functions by passing
onto the limit. Details of this construction can be found in [43]. In a similar manner,
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for ¢, ¢ € H, integration with respect to the measure

E:BR)— L(H)
A (Bay, ¢)

can also be defined. Again, details can be found in [43].

Theorem 2.13. [Spectral Theorem] Let T : dom(T) — H be a self-adjoint operator.
Then there is a unique spectral measure E such that

(T, P) = / t d(EvY,¢) for allp € dom(T), ¢ € H. (2.1)

o(T)

Furthermore, if h : R — R is measurable and Dy, := {p € H s.t. [ |h(N)]* d (Ey,¢) <
oo}, then the operator h(T) : Dy, — H defined by

o(T

(T, &) = / ) d (B 0) (2.2)

1s self-adjoint.

2.2 The Schrédinger Equation

The Schrodinger equation is a fundamental equation in quantum mechanics, central
to the understanding of the behaviour of particles at quantum level, such as electrons
in atoms and molecules. Before stating it, some key concepts in quantum mechanics,
including wave functions and Hamiltonian operators, will be introduced. Some references
on these topics include [11], [36], [39], [29].

2.2.1 The wave function and quantum observables

In classical mechanics, the state of a system is completely determined by its position
and momentum. That is, each observable, meaning each quantity or property of the
system that can be measured or detected directly or indirectly, can be expressed as a
function of these two quantities. However, it was shown by Heisenberg in 1927 that
position and momentum are canonically conjugate variables, meaning that their values
cannot be simultaneously predicted to arbitrary accuracy [14]. Quantum mechanics was
developed to address the limitations of classical physics in explaining this and other
types of behaviour on atomic and subatomic scales.

Consider a system of a single particle in R? and a measurable set K C R?. The funda-
mental new idea is that the state of such a system is completely determined by a wave
function

¥ :RY— C.
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In this context, the integral

[ W@ a

is interpreted as the probability of the particle being found in K, provided that v is
normalized, i.e.

/W@PMZL
Rd

because the particle must be found somewhere. In other words, 1 € L2(R%) and [¢|? is
the probability density function for the position of the particle.

In more general terms, L?(R?) could be replaced by an appropriate Hilbert space H.
It is important to note that the wave function itself does not describe an observable.
Instead, observables in quantum mechanics are represented by operators on H.

Definition 2.14. An observable is a self-adjoint operator on a quantum Hilbert space.

In the Dirac-von Neumann formulation of quantum mechanics [8], [42], it is assumed that
to each real-valued function f describing an observable on the classical phase space there
is an associated self-adjoint, but not necessarily bounded, operator f on the quantum
Hilbert space.

Theorem 2.11 provides the reason why observables are required to be self-adjoint. Indeed,
the spectrum of an operator T represents the collection of potential results attainable
when measuring the physical quantity related to T'. For instance, the spectrum of the
Hamiltonian operator for a certain quantum system is the set of potential outcomes
attainable when measuring the system’s total energy. In light of this interpretation, it
is desirable for the spectrum of T' to be real, which motivates the definition.

Definition 2.15. Let 7" be an observable on H and 1 € ‘H a state. Then the ezpectation
value of T at state v is defined as

(T)y = WPIT|)

In case of normalized v, the expectation value of an observable T at state ¢ is the
probabilistic expected value of the outcome when measuring the physical quantity related
to T at state 1. For example, let H be the Hamiltonian operator for a certain quantum
system. Then (H ), is the expected value of the system’s total energy when at state 1.

Example 2.16. Consider a single particle in R? and its wave function ¢ € L*(R%). Let
K C R% be measurable.

e The bounded operator A : L?(R?) — L%(R%) given by 1 — xx1) is an observable.

Its expectation value
A= [ il = [ luf
Rd k

represents the probability of the particle being found in K.

10
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0.8 0.8
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Figure 2.1: An example wave function ¢(z) = 7 e~**/2 (L) and the corresponding

probability density function [¢|? (R).

e The unbounded operator X; : dom(X;) — L%(R?) given by ) + x;¢ is an observ-
able representing spatial (coordinate) position.

2.2.2 The Hamiltonian

Consider a system of N particles moving in a force field within R™. For j € {1,..., N},
let x; € R" and p; € R" represent particle j’s position and momentum, respectively.
Furthermore, let V(x) be a potential energy function describing the force field.

In the Hamiltonian approach to classical mechanics, the energy of a system can be
thought of as a real-valued function (the Hamiltonian) of position and momentum. De-
note x := (xq,...,xy) € RY and p := (p1,...,pn) € R™*N. The classical Hamilto-
nian is the sum of kinetic and potential energy, and therefore has the form

N

Z ’pj‘2+v( )

where m; € R denotes the mass of particle j.

As discussed in the preceeding section, given a quantum system, there exists a Hamil-
tonian operator
H :dom(H) — H,

associated to the energy of the system, correspondlng to the classical Hamiltonian. Here,
dom(H ) € H merely denotes the domain of H. By analogy with classical mechanics,
the Hamiltonian operator is defined to have the form

_—hQZ—V2+V

2m]

where V is some potential energy operator defined by (V1)) = V(x)i(z) for some V :

11
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R” — R. Thus, for a wave function ¢ € dom(H) and = € R", it holds

QZ L O L ¥ (@(a).

2m; 837
Here,
L g2 _PitP
2mj 7 2mj
is the kinetic energy operator of particle j, where p; := —ihV; denotes the momentum
operator.

The potential energy operator is self-adjoint if defined on
dom(V') := { € L*(R") s.t. Vo € L2(R™)},

provided that V : R — R is a measurable function ([11], Section 9.8). The kinetic
energy operator is also self-adjoint if defined on an appropriate domain ([11], Section
9.8). However, the Hamiltonian, as a sum of two self-adjoint operators, need not be
self-adjoint ([11], Section 9.9).

The question of self-adjointness is a delicate one and goes beyond the scope of this thesis.
Typically, given a (Hamiltonian) operator H, its domain dom(f[ ) is chosen specifically
to ensure it is self-adjoint. A detailed analysis of the technical aspects of this process
may not necessarily be of interest: the operators that will be discussed in this thesis
and the functions they act on are always physically meaningful and provide no relevant
issues regarding their domains. A comprehensive study of this topic can be found in
[11], [41], [31].

Example 2.17. The (quantum) harmonic oscillator is an important model in physics.
It is one of the simplest quantum systems that can be solved analytically. Furthermore,
it can be applied to describe a variety of physical phenomena in the field of solid state
physics [20], as well as the vibrations of molecules ([2], Section 10.8). In the case of a
single particle subject to a restoring force, the Hamiltonian has the form (using Hartree
atomic units)

. 1 - - 1
H = —§V2 + V, where V(z) = 53:2. (2.3)

The Hartree atomic units are a system of units used in physics to simplify calculations.
By definition, the constant A and the electron’s mass m, are formally set to 1. A more
in-depth derivation of 2.3 can be found in Section 6.2.

The fairly simple problem of the one-dimensional quantum harmonic oscillator will be the
focus of Chapter 6. Nevertheless, in the following example, the electronic Hamiltonian

for bigger quantum systems - in particular, molecules - will be described.

Example 2.18. Consider a molecule as a quantum system of n electrons and M nuclei.
Let the electrons be described by position vectors r; € R3,i = 1,...,n, and the nuclei

12
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7‘2,'

(8] / Rl//

Figure 2.2: An example molecular coordinate system.

by position vectors Ry € R3, I =1,..., M and atomic numbers Z; € R,I =1,..., M.
Furthermore, denote by Ny the ratio of the mass of nucleus I to the one of an electron.
Then, using Hartree atomic units and cartesian coordinates, the (molecular) Hamiltonian
operator becomes

" Mo
H=-S"-v2_N" __—_v2.47 2.4
5V 22N1V1+V’ (2.4)
]:1 I=1
1 AR A
where V = + 2.5
D AR 2y T TR Ve 2

The function V is the Coulomb potential and describes the interaction between the parti-
cles. In the expression above, the first and second terms represent the repulsion between
electrons and between nuclei, respectively; the third term represents the attraction be-
tween electrons and nuclei.

This expression for H can be simplified by using the Born-Oppenheimer Approximation
[5]. This approximation is based on the observation that electrons are much lighter than
nuclei and therefore move much faster. Thus they can be considered as moving particles
in a field of fixed nuclei. Under this assumption, the kinetic energy of the nuclei, the
second term in 2.4, is zero, and the repulsion between the nuclei, the second term in 2.5,
is constant.

2.2.3 The Schrodinger Equation

This section is based on [8] (Section 29) and [22]. Further details can also be found in
[42] and [41].

Let H be a self-adjoint Hamiltonian operator on a Hilbert space  (see Section 2.2.2)
describing the energy of a certain quantum system. The time-dependent Schrodinger

13
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equation has the form
0 .
lhaﬂ}(l’,t) = Hi(z,1), (2.6)

where 7 is the imaginary unit, 4 the reduced Planck’s constant and the wave function ¢ €
H depends on both position and time. It is a differential equation that was postulated
by Erwin Schrodinger in 1925 and published in 1926 [37].

Consider a quantum system with constant energy F and, without loss of generality,
consider a state that at time ¢t = 0 is an eigenstate of H with eigenvalue F, i.e.

Hy(x,0) = Ey(z,0). (2.7)

In this case, the time-dependent Schrédinger equation 2.6 may be formally solved to
obtain

Y, t) = e B (2, 0). (2.8)
Combining 2.6, 2.7, 2.8 it can be concluded that

Ho(x,t) = E(x,t) (2.9)

for all ¢t > 0, i.e., that ¢(z,t) is also an eigenstate of H with eigenvalue F for all ¢ > 0.
Equation 2.9 implies that when measuring the energy of such a state, the probability of
a particular outcome does not depend on the time of measurement. A state with these
properties is called a stationary state.

Therefore, for stationary states, Equation 2.9 reads

Hiy(z) = Ey(). (2.10)

Equation 2.10 is called time-independent Schridinger Equation. 1t is a differential equa-
tion where H is given and ¢ € H, F € R are the unknowns. It is of particular interest
to solve it for Ey, the lowest eigenvalue, and its corresponding eigenfunction. This cor-
responds to the ground state, whose energy is the lowest possible energy the system
can have. It is the most stable state and and the system will eventually settle into it.
Analysing the efficiency of different methods to determine it is the goal of this thesis.

Example 2.19. Consider a simple system of one electron, one proton and a force de-
scribed by the Coulomb potential between them, such as the hydrogen atom. In this
case, the Schrodinger equation can be solved analytically. The equation in Example
2.18 can be used to write down the (molecular) Hamiltonian in cartesian coordinates,
where n = M =1, Z; = 1 and N; is the proton-to-electron mass ratio p '. To find the
eigenvalues of the Hamiltonian analytically (as is done in, for example, [8]), it is useful
to consider the nucleus as a fixed center of force and rewrite the Hamiltonian in radial
form:

1d> 1

g L@
2dr? ¢’

!The exact value of i can be found on https://physics.nist.gov/cgi-bin/cuu/Value?mpsme.
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2.2 The Schrédinger Equation

Higher
™ probability

‘ ‘. ’ Lower
probability

Figure 2.3: Plots of |¢,|? for n = 1 (first row), n = 2 (second row), n = 3 (third
row). Here, the v, are found as solutions of the Schrédinger equation for
the hydrogen atom H Uy = Epy, (see Example 2.19). To each wave function
corrisponds a unique combination of values for the electron’s energy, its total
angular momentum, orientation of its angular momentum and spin. The
plots were created partially using https://github.com/sebastianmagns/
hydrogen-wavefunctions.

Electron probability distribution

where r is the distance between the nucleus and the electron. This approximation is
justified as the nucleus is much heavier than the electron.

The Schrodinger equation has a countable number of solutions in this case. These are
the only allowed values of energy that the system can take, and are called energy levels.
The general formula for the n-th, n > 0, energy level is

1

n — m2’

in Hartree atomic units. In conventional units, F,, = %. For an energy level n > 0,

FE,, is the energy that the electron needs to jump to the next energy level. If n > 1, F,
is also the energy that it emits when jumping back to the previous energy level. The
energy levels of the hydrogen atoms are degenerate, meaning that to each energy level
there is one or more associated wave functions v, (see Figure 2.3 for some examples).
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3 A brief introduction to Neural Networks

Neural networks were first introduced by neurophysiologist Warren McCulloch and math-
ematician Walter Pitts in 1943 as a way to model the human nervous system [23]. After
some initial promising developments [44], the limited available computational power at
the time prevented further research in the field. Only in the late 1980’s neural net-
works regained popularity and crucial results were shown. Most importantly for the
scope of this thesis, it was proved that, under certain conditions, neural networks can
approximate a large class of functions to any desired accuracy (Universal Approxima-
tion Theorem, [17], [6]). Leveraging this property and approximating the solution to the
Schrodinger equation via a neural network has proved to be a successful approach ([9],
[28], [16]).

In this chapter, I will define shallow neural networks and present a proof of the Universal
Approximation Theorem. Then I will describe (Stochastic) Gradient Descent, a funda-
mental algorithm to train neural networks. Some references on these topics include [3],
[38], [25], [26].

3.1 Shallow neural networks and the Universal Approximation
Theorem

Neural networks come in all shapes and sizes. The simplest ones are shallow meural
networks 3.1. In this section, if not otherwise specified, K denotes the n-dimensional
unit cube and C'(K) the set of continuous functions on K.

Definition 3.1. Let d, N € N and let 0 : R — R be a non-linear function. A shallow
neural network is defined by its architecture (d, N,o). Here, d denotes the network’s
nput dimension, N the number of hidden neurons and o the activation function. Given
a shallow neural network, its corresponding realization function ® : R* — R is given by

N
o) = > wlo((w x) + V) + b,
=1

where w,fl) e R4 and bgl),wgz),e R for i = 1,...,N. The numbers ng), 7 =1,2 are
called the weights of the neural network and bl(-j ), j = 1,2 the biases of the neural
network. Lastly, the set of all the parameters of the neural network will be denoted by

0 and, if needed, the dependence of ® on both x and 6 will be highlighted by writing
Dy(x).
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3 A brief introduction to Neural Networks
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Figure 3.1: Examples of activation functions.

Some widely used activation functions include the Rectified Linear Unit (ReLU) (see
Figure 3.1) and the sigmoid function (see Figure 3.1).

Definition 3.2. A function f: R — R is called sigmoidal if

lim f(x) =0 and zgr—ir-loof(x) =1.

T—r—00

Theorem 3.3 (Universal Approximation Theorem). Let o be a continuous sigmoidal
function. Then the set of shallow neural networks with activation function o is dense in
C(K) with respect to the supremum norm.

In other words, given € > 0 and any f € C(K), one can find a shallow neural network
with sigmoidal activation function o such that for its realization function @, it holds

sup |®(z) — f(z)] <e.
zeK

This first version of the Universal Approximation Theorem was proven by Cybenko [6]
in 1989 and a similar proof will be presented in Section 3.1.1. Since then, many further
results have been shown. In particular, it is known that the set of shallow neural networks
with activation function o is dense in C(K) if and only if o is nonpolynomial [30].

Shallow neural networks are fairly simple but theoretically powerful structures. How-
ever, in many applications, deep neural networks are typically used. These are built
by successively stacking shallow neural networks in multiple layers. Several versions of
the Universal Approximation Theorem have been proved for deep neural networks. One
notable result is that the set of neural networks of arbitrary depth and bounded width
with activation function o is dense in C(K) if ¢ is continuously differentiable at at least
one point, with nonzero derivative at that point [18]. This includes ReLU (see Figure
3.1) neural networks.

On the one hand, these results are promising. On the other hand, different problems
might arise in practice. For instance, it has been shown that the training of ReLU
networks to high uniform accuracy is intractable [4].
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3.1 Shallow neural networks and the Universal Approximation Theorem

Figure 3.2: Schematic representation of a shallow neural network (L) and of a deep neural
network with three inner layers (R).

3.1.1 Proof of the Universal Approximation Theorem

The Universal Approximation Theorem follows from some important theorems in Real,
Functional and Fourier Analysis. These include the Hahn-Banach Theorem, the Riesz
Representation Theorem and the Lebesgue Dominated Convergence Theorem.

Theorem 3.4 (Theorem of Hahn-Banach). Let X be a normed space and U C X a
linear subspace. Let u : U — R be a continuous linear functional. Then there exists a
continuous linear functional x : X — R such that

2|y =w and |z]| = [u].

Proof. For the proof of this theorem, refer to Theorem III.1.5 in [43]. O

Theorem 3.5 (Riesz Representation Theorem). Let K be a compact metric space and
x: C(K) — R be a nonzero functional. Then there exists a signed nonzero measure p
such that

o) = [ (0 dutt)
forall h € C(K).

Proof. For the proof of this theorem, refer to Theorem I1.2.5 in [43]. O

Theorem 3.6 (Dominated Convergence Theorem). Suppose that (fn)nen is a sequence
of measurable functions on a measure space (S, %, u) such that

falz) = f(z), (z€9)
as n — 0o. Suppose that there exists a Lebesgue integrable function g on S such that

|fn(2)] < g(x), forallmeN, (ze€S).
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3 A brief introduction to Neural Networks

Then it holds
lim fndu = / fdu.

Proof. For the proof of this theorem, refer to Theorem 11.32 in [33]. O

Furthermore, the following corollary of the Hahn-Banach Theorem is needed.

Corollary 3.7. [Of the Hahn-Banach Theorem] Let X be a normed space and U C X a
closed linear subspace. Let t € X \ U. Then there exists a continuous linear functional
z: X — R such that

x|y =0 and x(t) # 0.
Proof. Let q : X — X/U be the quotient map. Then ¢(u) = 0 for all w € U and ¢(t) # 0.
Next, consider f : span{q(t)} — R defined by

Fq(t) = Mla@)] -

By the Hahn-Banach Theorem (Theorem 3.4), there exist a continuous linear extension
F: X/U — R such that Flgangq)y = f- Finally, define 2 := F o g. Then for all u € U,
it holds

and moreover

O]

In the following, a proof of the Universal Approximation Theorem based on the one in
[6] will be presented.

Proof of Theorem 3.3. Step 1. It is easy to see that the set of shallow neural networks
as in Definition 3.1 is a linear subspace of C'(K). Call it S and denote its closure by
S. Assume that S is a proper subset of C(K), i.e., the set C(K) \ S is nonempty. By
Corollary 3.7, there exists a nonzero continuous linear functional z on C(K) such that
z|g = 0. By the Riesz Representation Theorem, there exists a signed nonzero measure
1 such that

2(h) = /K h(t) dp(t)

for all h € C(K).
Let w € R", b € R and define h := o({(w,-) + b). Then h € S C C(K) and therefore

0= z(h) = /KJ((w,t> +b) du(t) for all w € R, b € R. (3.1)

Step 2a. In order to prove the theorem, we will show that condition 3.1 implies that
1 =0, a contradiction. To this end, define for «a, 8 € R the functions

fa,p(t) == o(a((w,t) +b) + ) = o(aw, t) + ab+ B)
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3.1 Shallow neural networks and the Universal Approximation Theorem

and note that, since o is continuous and sigmoidal, for any t,w,b, 8 it holds

0 if (w,t) +b<0
fap(t) — 1 if (w,t)+b>0 =:X(t) asa — oo.
o(B) if (w,t) +b=0

In other words, X is the pointwise limit of f, 3 as o — oo. Since each f, g is clearly
bounded by an integrable function, the Dominated Convergence Theorem implies

lim/fad:/limfad:/Xd. 3.2
a—00 [ B | o0 R K K ( )

On the other hand, by 3.1, we have

lim /K fapdp=lim [ o(a((w,t)+Db)+5)du

a—0o0 a—0o0 K

= lim [ o((aw,t)+ (ab+ B)) dp = 0. (3.3)

a—00 K

Combining 3.2 and 3.3, we get
= /K X dp = p(I0) + o(B) (11"

for all 8, w,b, where Hqi"’b = {t € R"|{w,t) + b > 0} and H;”’b = {t € R"|{(w,t) + b = 0}.
By taking the limit 8 — —oo, this implies

p(II¥?) =0 for all w € R",b € R. (3.4)

Step 2b. To show that 3.4 implies 4 = 0 and conclude the proof, note that for any
b1 < by we have

b b
0= u(I) = (I 2) = [ oy g(,t)) )
for all w € R™ where x4, 3, i3 the indicator function of the interval (b1, be]. The same

relation extends to step functions by linearity and to continuous functions by density.
Then we obtain

/ g({w,t)) du(t) =0 for all w e R", g € C(R).
K

In particular, this applies to the function g(t) = cos(t) + isin(t) we obtain

0= /Kcos(<w,t>) +isin((w, t)) du(t) = /Kexp(z'<w,t>) du(t) (3.5)

for all w € R™. This implies that the Fourier transform of u is zero, and we can conclude
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3 A brief introduction to Neural Networks

that u = 0 [34]. 0

Remark. A function f : R™ — R is called discriminatory on a compact set K, if for a
signed Borel measure p € M(K), the following implication is true

/f((w,t)—i—b)d,u(t):()forallweR",beR = pu=0. (3.6)
K

In other words, f is discriminatory on K if the only signed Borel measure for which
the integral in 3.6 is zero for all w € R™,b € R is the zero measure. In Step 1 of the
proof of Theorem 3.3, it was actually shown that the set of shallow neural networks with
activation function o is dense in C'(K) with respect to the supremum norm if o is a
discriminatory function. In Step 2, it was shown that any continuous sigmoidal function
is discriminatory. In particular, some common activation functions such as tanh and
sigmoid (Figure 3.1) are discriminatory.

Lemma 3.8. The common activation function ReLU : R — R (Figure 3.1) is not
sigmotdal but is discriminatory.

Proof. That ReLU is not sigmoidal is clear. Let K C R be a compact set and p € M (K)
be a signed Borel measure. Assume that the following holds for all w € R,b € R:

/ ReLU(wt +b) du(t) = 0.
K

We want to show that u = 0. Consider the following function f: R — R:

0 ift<O
fty=q t iftel0,1] = ReLU(t) — ReLU(t —1).
1 ift>1

The function f is continuous and sigmoidal, hence discriminatory. Furthermore, it holds

/ Fwt +b) dp(t) = / ReLU (wt + b) du(t) — / ReLU(wt + (b — 1)) du(t) = 0.
K K K

Since f is discriminatory, this implies pu = 0. O

3.2 Training a Neural Network

The training of a neural network refers to the process of fine-tuning its parameters in
order to achieve a good approximation of the target function. This is done by minimizing
a loss function based on a set of data points.

Example 3.9. Let ®y be the realization function of a given neural network with pa-
rameters 6 and f be the target function. Given m data points (r;, f(r;)), i = 1,...,m,
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3.2 Training a Neural Network

one possible loss function could be

m

L((r)21,0) =D | f(ri) — Bo(ri)|*.

=1

In this context, the function L(-,6) is a stochastic function, in the sense that its out-
put depends on which datapoints it is evaluated on. When training a neural network,
often one is interested in minimizing E[L(-, )] with respect to the network parameters
6. This is done by evaluating L(-,0) at different timesteps on (possibly) different sets
of datapoints and adjusting the parameters accordingly, for instance with (Stochastic)
Gradient Descent (Section 3.2.1) steps. I will denote the realization of £ at timestep k
with ,Ck

The classical way to train a neural network is by using gradient-based methods, since
computing the pointwise derivatives Vo®g(x) of the realization function (and therefore
the ones of the loss function) can be done efficiently and accurately by means of automatic
differentiation [35].

Stochastic Gradient Descent (SGD), a well-known algorithm for minimizing a differen-
tiable (convex) function will first be described in this section. The loss function in the
training of a neural network is usually differentiable, but more often than not, highly
non-convex. However, SGD is often used anyway and usually yields good results.

3.2.1 Stochastic Gradient Descent

In this section, I will describe Gradient Descent and its variant Stochastic Gradient
Descent in the context of minimizing any differentiable convex function £ : R® — R.
This can be applied to the training of neural networks by taking £ to be the desired loss
function, for instance as in Example 3.9.

Gradient Descent

Gradient Descent is a classical optimization algorithm for minimizing a differentiable
convex function £ : R™ — R.

Definition 3.10. Let £ : R®™ — R be a differentiable function. Then the gradient of £
is the vector of partial derivatives, i.e.

VoL : R" — R” (3.7)
0 <ac(9) ac(e)> |

yee 3.8
001 00, (3:8)
Note that the gradient of £ at a point # € R" is the direction of steepest ascent. At each
iteration, GD takes a step in the opposite direction, effectively decreasing the value of
L. This works well in case of a convex function, but might result in stopping at a local
minimum or plateu in other cases.
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3 A brief introduction to Neural Networks

Algorithm 1 Gradient Descent
Require: Starting point #° € R™, number of iterations K > 0 and sequence of step
sizesnf >0, k=1,..., K
1: for k=0,1,...,K do
2 Set d¥ := —VoL(0%)
3: Set 9FF1 .= gk 4 pfqk
4
5

: end for
. return 0%

Stochastic Gradient Descent

In large-scale problems, calculating the full gradient can often be expensive. In Stochastic
Gradient Descent, this is replaced by a random vector d* whose expected value at each
iteration is the gradient. How this vector is chosen depends on the application, see for
instance Example 3.11.

Algorithm 2 Stochastic Gradient Descent

Require: Starting point #° € R™, number of iterations K > 0 and sequence of step
sizesn* >0, k=1,..., K
1: for k=0,1,...,K do
2 Choose d* € R" at random from a distribution such that E[d*|6%] = VyL(6F)
3. Set OFF1 .= gF 4 pkg*
4
5

. end for
. return 0%

Example 3.11. In the setting of Example 3.9, one might choose a subset S C {1,...,m}
of size 1 < |S| < m and set

d" := VoL ((ri)ies,0) = VoLi(0). (3.9)

Concretely, this is done by shuffling the given data points and dividing them in smaller
subsets, the so-called batches. At each step of SGD, a different batch is chosen to
calculate d* as in 3.9.

In pratice (as in Example 3.11), one needs to compute VoL((75)ics,0) for a certain
set of data points (7;);es, where S is an index set. This can be done efficiently using
backpropagation, an algorithm introduced in 1989 by Rumelhart et al [35].
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Variable step size

Number of steps starting at [1, 1]: 65
Number of steps starting at [1, 2]: 66

Step size: 0.1

Number of steps starting at [1, 1]: 68
Number of steps starting at [1, 2]: 71

3.2 Training a Neural Network

Step size: 0.13

Number of steps starting at [1, 1]: 286
Number of steps starting at [1, 2]: 176

o] — start:(1.1]
— start:[1,2]

— start:[1,1]
— start: (1, 2]

o] — stat:(1.1]
— start:[1,2]

Number of steps starting at [1, 1]: 37
Number of steps starting at [1, 2]: 42

Number of steps starting at [1, 1]: 108
Number of steps starting at [1, 2]: 111

Number of steps starting at [1, 1]: 85
Number of steps starting at [1, 2]: 94

— start:[1,1]
— start:[1,2]

— start:[1,1]
— start:[1,2]

— start:[1,1]
— start:[1,2]
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Figure 3.3: Steps of Gradient Descent (top) and Stochastic Gradient Descent (bottom)
to minimize the function f(x,y) = 622 — 62y + 2y% + = + y + 1 starting from
the points (1,1) (purple) and (1,2) (green) and using different step sizes
(Armijo step size [1] (L), 0.1 (C), 0.13 (R)). The algorithms stopped when
|[Vf] < 1072, It is clear that the success of the algorithms depends on the
choice of starting point and step size.
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4 Approximating solutions to the
Schrodinger Equation

The complex nature of most quantum system makes solving their Schrodinger equation
a challenging task. It is only possible to solve the Schrédinger equation exactly for very
small systems. Approximate methods to solve it include the WKB method [11] and per-
turbation theory [41], [31]. In this thesis, a variational method will be used. Variational
methods are approximation methods that involve choosing a trial wavefunction depen-
dent on a set of parameters and optimizing these parameters to minimize an energy
expectation value [41], [31].

Variational methods are based on the so-called variational principle. In the first section
of this chapter, the variational principle will be stated and proved for self-adjoint op-
erators on finite dimensional Hilbert spaces. A corresponding theorem for the infinite
dimensional case will be stated and its proof will be sketched. Next, the variational
method will be explained, with focus on variational Monte Carlo methods.

4.1 The variational principle

If an operator for a quantum system is self-adjoint on an appropriate finite dimensional
Hilbert space, its eigenvalues are real and its eigenfunctions form an orthonormal basis
of H. This fact is used in the proof of the following theorem.

Theorem 4.1 (Variational Principle, finite dimensional case). Let H be a self-adjoint
operator on an n-dimensional Hilbert space H and ¥ € H a function such that (Y |) = 1.
Let Eqy be the lowest eigenvalue of H. Then it holds

(Y[H|¢p) = Ep. (4.1)

Proof. Let {¢;} be the set (normalized) eigenfunctions of H. Since H is self-adjoint, the
set {¢;} forms an orthonormal basis of . Hence, we have the following representation

of v
U= i (4.2)
=0

For the coefficients «y, it holds

St =Y adaq (45lé0) = (W) = 1.
1=0 7
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4 Approximating solutions to the Schrodinger Equation

Then, the following holds

(P|H|y) = Zaj¢j|H| Zam O o> aiHe) =Y ajdil > aiFigs)
j=0 i=0 j=0 i=0

= S 186) = S e {olu) 2 B Yo = i
%, i

=0

O

Unfortunately, the proof of Theorem 4.1 is in general not valid if # is infinite dimensional.
This is because self-adjoint operators on infinite dimensional Hilbert spaces need not have
any eigenvalues, see example 2.8, and therefore no representation like 4.2.

However, a similar statement to Theorem 4.1 does hold in the infinite dimensional case
as well. In the remaining of this section, it will be presented and proved in a similar way
as in [40] and [45]. We start with the following statement.

Theorem 4.2. Let H be self-adjoint. Then
info(H) = inf{(|H|Y) s.t. ¥ € dom(H) and ||| = 1}. (4.3)

Proof. Define ¢ to be the right-hand-side of Equation 4.3. If ¢ = —o0, it trivially holds
inf o(H) > ¢. The same inequality is true also if ¢ # —oo. Indeed, let A € o(H) C R. Tt
holds by the Cauchy-Schwarz inequality and by self-adjointness of H

ICH = ADY[H[9l = [ ((H = A1) [ = (H = AD)l)
= (HY[Y) = A (@l) = WQH[Y) = A (Pl)
> cllll® = Ml® = (e = ) Il

which implies for all ¢

[(H = ADY[| > (e = M) |14
Since H — AI is invertible, it must hold Ker(H — AI) = {0} and therefore ¢ — A > 0.
This implies o(H) C [¢,00) and thus inf o(H) > c.
To prove the reverse inequality, we use the Spectral Theorem. Recall that by Theorem
2.13, it holds

supo(H)
(BIH|) = (HY[p) = / oy )
supo(H)
> inf o (H) / oy AU =) 019,

where the last equality follows from 2.2 with h(¢t) = 1,¢ € R. This implies info(H) < ¢,
thus proving the claim. d
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4.1 The variational principle

If the smallest eigenvalue Fy of a self-adjoint operator H lies at the bottom of the
spectrum of H, then by Theorem 4.2 it holds

(Y|H[¢) = Eo (4.4)

for all normalized ¢ € dom(H).

Similar bounds can also be obtained for larger eigenvalues, as long as they lie below the
essential spectrum of H. The essential spectrum is the set of values in the spectrum of
H that are not isolated eigenvalues with finite multiplicity.

Theorem 4.3. Let H be self-adjoint. Let By < By < ... < En be the eigenvalues of H
below the essential spectrum. Define

O(¢o,...,¢n) = {0 € dom(H) s.t. [|¢]| =1 and ¢ € span{¢o,.. .,¢n}L},
S(¢0,-.-,¢n) = {¢ € dom(H) s.t. ||¢|| =1 and ¢ € span{¢o,...,Pn}}.

Then, forn=0,...,N — 1, it holds

Engr = su inf H 45
o ¢'O,~..Ij)¢n wGO(gﬁO’m@n) <¢’ ’¢> ( )
= inf sup  (Y[H|[¢). (4.6)

D0s-sPn YeS (G, o)

The idea of the proof of statement 4.5 will be sketched. Details can be found in [45],
[40], [31], [41].

Equation 4.4 yields a very useful bound for Ey and a method to approximate its eigen-
function g (see also Section 4.2). To compute an approximation to the second smallest
eigenvalue, assume that the eigenfunction 1y corresponding to Fy has already been
found. Then one could restrict H to span{tn}t, so that E; is the smallest eigenval-
ue. Proceeding as before will yield an approximation of Fj, since now it holds (without
explicitly stating the - still very important - assumptions that ¢ € dom(H) and ||¢|| = 1)

b = inf Hly) .
V=t ()

Continuing in this manner will yield higher eigenvalues as well. However, an issue arises
when g, 11, . .. are not found exactly and approximations are used to restrict the domain
of H. Assume ¢g € dom(H) is a normalized approximation for ¢y. Then even when
restricting H to span{¢o}*, a component in the direction of 1)y will still be present.
Therefore it holds

E > inf (V| H|p) .

yespan{go}+

Equality holds when ¢g = 19, and in this case the value of Ej is the greatest of all
expectations taken over all ¢g € dom(H ):

FE = sup inf Y| H|Y) .
¢pocdom(H) wESPan{¢O}L< ’ | >
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4 Approximating solutions to the Schrodinger Equation

Proceeding in this manner yields analogous equalities for higher eigenvalues as stated in
Theorem 4.3.

Remark. In case 1 is not normalized, then the proofs of 4.1 and 4.2 can be easily adapted

to obtain o

4.2 The variational method

By the proof of Theorem 4.1 and the discussion at the end of the previous section, it
is clear that equality in (4.1) and (4.7) is achieved if and only if ¢ = ¢¢. That is, if ¢
is the ground state wave function or, in other words, the solution of the ground state
Schrédinger Equation

Hy = Eoy,

where Fg € R is the smallest possible eigenvalue of H. This observation, together with
Theorem 4.1, motivates the variational method for solving the Schrodinger Equation for
a self-adjoint operator H. Starting with a trial wave function 1y parametrized by a set
of parameters 6, one solves the minimization problem

min (| H 1) - (4.8)

The solution to this problem is an approximation to the solution of the Schrédinger
equation.

This is the method that will be used in this thesis to find an approximate solution to the
Schrodinger Equation. Here, 1y will be assumed to be a neural network with parameters
0 (see Chapter 3). The paramethers € of the neural network will be optimized to solve
4.8 using two different algorithms (see Chapter 5). In Chapter 6, the results obtained
with the two algorithms will be compared.

4.2.1 Variational Monte Carlo

The name variational Monte Carlo refers to the use of Monte Carlo algorithms to im-
plement the variational method. These algorithms are designed to solve potentially
deterministic problems using randomness. They do so by relying on iterative random
sampling.

Define the local (as in, defined for a normalized quantum state 1) energy of an operator
H : H — H as the expectation value of H at state :

(B), = (6| H|) = / () H(r) dr. (4.9)

The variational principle 4.1 can now be restated as to say that the local energy of an
approximation of the solution of the Schrédinger Equation is always higher than the one
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4.2 The variational method

Metropolis — Hastings 6 updated to Solves
| Hipg Hipg (ry) vo
e Tl |2 minIE[ ] ~ min Hyyg = Egg
Sample; ~ || 6 Yg 0 £ Po(ri)

t

Figure 4.1: A schematic representation of the method used in this thesis to solve the
Schrodinger Equation is depicted. A neural network 1y is initialized and ran-
dom datapoints r; are sampled according to |1s|? by means of the Metropolis-
Hastings algorithm. These datapoints are used to train 1y to minimize the
loss function ), }%?g)l)v an approximation of the local energy (E),. In this
thesis, this minimization is done on the one hand with the Adam algorithm
[19] and on the other hand with the SWO algorithm [21]. The newly ob-

tained 1y is used to sample new datapoints until convergence is reached.

of the true solution. Therefore, the idea of variational method is merely to minimize the
local energy.

In variational Monte Carlo, Markov-chain Monte Carlo methods are used to numerically
estimate the local energy <E>w By the properties of the expected value, it holds

©), = [ i
]

In order to evaluate this expression, n values rq, ..., 7, will be numerically sampled from
1? with the Metropolis-Hastings algorithm (see Section 4.2.2) and then the following
expression will be used

n n

(), ~ 1 3 Hy(r) 1 S Er (),

n <= P(ri) n

where Ep(z) := ¢~ (2)HY(x).

4.2.2 The Metropolis-Hastings algorithm

Metropolis-Hastings [24], [12] is an algorithm to numerically find a sequence of points
distributed according to a given probability density function. In this thesis, it has been
used to sample data points r; ~ |[¢g|?,i = 1,...,n, where 1y : R? — R is a trial wave
function. See Figure 4.2 and Algorithm 3.
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4 Approximating solutions to the Schrodinger Equation

Algorithm 3 Metropolis-Hastings

Require: probability distribution [t/g|?, initial samples ; € R%, i =1, ...

1: while not converged do
2 Generate normally distributed samples s; € R%, i =1,...,n
3: Set s; <~ 1r;+s5,1=1,...,n
4: Calculate ratios R; = |vg|(s:)/|vel*(r:i), i=1,...,n
5 Generate uniformly distributed values w; € [0,1], i =1,...,n
6 if R; > u; then Set r; < s;, i=1,...,n
7 end if
8: end while
9: returnr;, i=1,...,n
=3 =2 l -.:1‘ )_1-1“0.‘__-:1”". N 2 )

Figure 4.2: Four steps of the Metropolis-Hastings algorithm.
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5 Optimizers

In this section, a more detailed overview of the used algorithms will be given. Minimiz-
ing a loss function during the training a neural network can in general be done using
Stochastic Gradient Descent (Section 3.2.1), an algorithm that was first presented in the
mid-twentieth century. Since then, many variants have been introduced, most notably
Adam by Kingma and Ba [19].

Moreover, to solve the specific minimization problem

min (| H p) - (5.1)

that arises in the context of Variational Monte Carlo, the Supervised Wave function
Optimization (SWO) algorithm was introduced by Kochkov and Clark in 2018 [21].

5.1 Adam

In this section, I will describe Adam as it was first introduced in [19].
Let £(0) be a stochastic loss function with parameters 6 (see for instance Examples 3.9
and 3.11). As in Example 3.9, call £;(6) the realization of £ at timestep k. Adam 4 is
an algorithm to solve

m@in E[L(8)].

It does so by extending Stochastic Gradient Descent. During training, Adam maintains
the moving averages of gradients (first moment) and square gradients (second moment)
for each parameter in the network. This smooths out gradient noise and speeds up
convergence. Furthermore, it also helps with escaping from local minima. This is par-
ticularly useful when the objective function £ is not convex, as it often is the case in the
training of neural networks.

5.2 SWO

The Supervised Wave function Optimization (SWO) algorithm was introduced to solve
the energy optimization problem 5.1. The SWO algorithm works over multiple epochs.
At each epoch, it minimizes the difference between the current solution g and a target
wave function p:

min £(, vr), (52)

where L is a loss function. The target wave function ¥ is epoch-specific. Furthermore,
it is improved at each step, meaning that after each epoch, the new ¥ will be closer
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5 Optimizers

Algorithm 4 Adam (as in [19])

Require: Starting point §° € R™, number of iterations K > 0 and step size n > 0, first
moment vector MY = 0, second moment vector V° = 0 and exponential decay rates
for the moment estimates (1, 52 € [0, 1)
1: for k=0,1,...,K do
2: Compute (for instance with backpropagation) d* := VL. (6%)
3: Compute bias-corrected first moment estimate:

BLMF 4 (1 — By)dF
(1—(61)?)

Mk+1 .

4: Compute bias-corrected second raw moment estimate:
VRt B2VF 4+ (1 - ﬁ;)(dk)Q
(1= (62)%)
5: Set 081 .= gk 4 nMF+HL/(VVEH 1 ¢)
6: end for

7. return 0¥

to the true solution. There are different ways to define the improved 7 through the
current trial wave function g, as mentioned in [21]. For the implementation specific to
this thesis ¥ will be defined by means of imaginary time evolution.

Remark (Imaginary time evolution). The time-dependent Schrodinger equation 2.6 with
Hamiltonian H may be formally solved to obtain

Y(x,t) = e (2, 0). (5.3)

In order to take the exponential of an (unbounded) operator, a continuous functional
calculus is required [43]. Usually, e~ t/h is defined by the exponential power series in
H and is itself an operator, called the time propagator. Equations 2.6 and 5.3 govern
the evolution in time of the wave function. Substituting 7 = it/h in 5.3, we obtain the
1maginary time propagator e H,

Furthermore, using the representation of ¢y as a linear combination of the eigenfunctions
of H where the eigenvalues F; are in ascending order, one obtains the following:

e oy = Zaie_THi/)i (5.4)

- Zaie_TE"wi Ay as T — 00 (5.5)
i

Let 1y be the solution of the minimization problem 5.2 at an epoch. In the implemen-
tation of SWO used in this thesis, the next epoch’s target wave function 7 is defined
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5.2 SWO

as
Y1 =Yg — BH1y,
where 8 > 0 is a fixed parameter.

Formally approximating e~ using the exponential power series, it holds
pr ~ e Py, (5.6)

the imaginary time evolution of ¥y (compare with Remark 5.2 and Equation 5.3).

Approximation 5.6 is indeed meaningful for our purposes: a repeated application of the
imaginary time propagator on vy is equivalent to letting 8 go to infinity, which brings
the current wave function closer to the ground state one (see Remark 5.2).

By Stone’s Theorem [11], the imaginary time propagator is not unitary. Hence, 7
as defined in 5.6 will not be normalized. A normalization factor N is introduced and
updated during training. Using bra-ket notation and the fact that H is self-adjoint, the
following holds

(NYr|Nyr) = N*(Yr|vr)
= N?((¢pg| — B{pe|H)(|1g) — BH [1g))
= N2((lpo) — 2B(wbo| H|vbg) + B (o H?[tbp)).-

Setting the last expression equal to 1 and solving for N, we obtain

0.5

N(0) = ((volve) — 2B(E)y, + B2 (E?)y,) (5.7)

where
(E)yy = (tholH|bo) and (E?)y, = (1o H?[tby).

In order to more easily avoid numerical instabilities, an exponential moving average of
the normalization factors is kept during training. Furthermore, as discussed in Section
4, the following approximations are used:

1 O H(ry) ) 1~ (H(r)
(E)y, = — and (E%), ~ — ‘ ,
v n; W (rs) v nZ( W (ri) )

=1

where 71, ...,7, are numerically sampled from 1% using the Metropolis-Hastings algo-
rithm.

Having defined 7, one can use standard Gradient Descent techniques like Adam to find
improved parameters

0 = arg ming L(ve, )

(compare with 5.2). As a loss function during this inner minimization, a stochastic
estimate Lo of the Lo loss function is implemented. For each step of the inner min-
imization, a set of configurations r = {r; € R"|j = 1,...,m} is generated using the
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5 Optimizers

Metropolis-Hastings algorithm such that
P(r;) o [¢g,[* forall j =1,...,m.

Then, it holds

VoUrs)Y . Lofe, v br).

rj)

52(1‘7 ¢@7 QbT) ~ Z

Jj=1

" (Yr(rj) —
; P(

Algorithm 5 Supervised Wave function Optimization (as in [21])

Require: Parameter 8 > 0, number of outer iterations K > 0, number of inner itera-
tions L > 0, initial neural network parameters 6, initial set of configurations r
1: Set a:=2/(L—1)

2: Set N** = N(0) > Initialize normalization factor with 5.7

3: for k=0,1,...,K do
4: Set Y < g — BHy > Compute target wave function

5 Set N «+ N** > Update normalization factor

6 for [ =0,1,...,L do

7: 0 < arg ming Lo(r,ve, NYr) > Solve inner minimization

8 Set N* <+ N(60)

9 Set N** «— aN* 4+ (1 — a)N** > EMA of normalization factor
10: Set r + M-H(r, 1) > Compute new set of configurations
11: end for
12: end for

13: return 0

5.2.1 Influence of the parameters

The influence of the parameters 5 and L has been analysed by looking at the perfor-
mance of SWO in solving the one-dimensional quantum harmonic oscillator problem as
described in Chapter 6.

The number of epochs needed to reach convergence does not decrease significantly as
increases, and the time needed for each epoch to run seems to slightly increase. This
would suggest that a choice of a very high 3 is not necessarily a better one.

Increasing the values of L reduces the number K of epochs needed to reach convergence.
At the same time however, each epoch takes much longer to complete. Setting L = 1
reduces SWO to the algorithm used to solve the inner minimization (Step 7 in Algorithm
5), in this case, Adam. I have found a value of L between 10 and 30 to be a good
compromise between performance and runtime.
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Figure 5.1: Fidelity error Lo(r, e, Ntr) and local energy (E)y, during the first four
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epochs (k = 0,1,2,3) of one application of SWO to the quantum harmonic
oscillator problem (Section 6.2). The parameters used are § = 0.12 and
L = 40. The inner minimization is solved using Adam [19]. The fidelity
error converges to zero in each epoch, whereas the energy converges to the
solution Ey = 0.5 overall.
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to solve the quantum harmonic oscillator problem with the SWO algorithm.
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as described in Chapter 6 (T) and the average duration of one epoch during
the experiment (B). The few outliers have been omitted for clarity.
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6 The Quantum Harmonic Oscillator

The one-dimensional quantum harmonic oscillator is a fairly simple problem for which
there is an exact solution. This makes it a good first toy problem to test the performance
of the two algorithms in question.

In the first part of this chapter, the Schrodinger equation for the quantum harmonic
oscillator will be derived heuristically. Then, this chapter will cover both analytical
solutions of the one-dimensional quantum harmonic oscillator as well as the approximate
solutions obtained using the variational method and the algorithms described in Chapter
5.

6.1 The problem

The classical harmonic oscillator is a model describing a system subject to a restoring
force F' proportional to the displacement x from the system’s equilibrium position, i.e.

F = —kz, for some k > 0. (6.1)

The simplest example of such a system is that of an object of mass m connected to a
spring with force constant k (see Figure 6.1). In this case, 6.1 holds by Hooke’s law.

Furthermore, by 6.1, the (parabolic) potential is given by
Lo 1 5o
V(z) = §kx = —mw-z”, (6.2)

where w = /k/m is the angular frequency of oscillation.

In quantum mechanics, the harmonic oscillator serves as a fundamental model that
can be applied to a wide array of systems. In the following, I will consider the one-
dimensional quantum harmonic oscillator. Therefore, let € R. Recall (Section 2.2.2)

Figure 6.1: The constant k describes the stiffness of the spring.
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6 The Quantum Harmonic Oscillator

that in this case, using 6.2 it holds

- h

A(a) = =5 () + V()(a)

h

_ o 1 99
= Qmw (x) + 5w T P(x).

This equation can be simplified using nondimensionalization. Using Hartree atomic
units (i.e., measuring the energy in units of fiw and the distance in units of \/h/mw),
the equation above becomes

= (@) + 5o (a). (63)

6.2 Analytical solutions

It can be easily verified that the ground state solution to the this problem’s Schrédinger
Equation

Hy = E,
is the pair . .
Ey=0.5, 9Y(z)= Y ez,
where 1/ 71/4 is a normalization constant (see Figure 2.2.1).

What about excited states? The following derivation is based on [45]. Define the so-
called ladder operators

Note that for ¢ € dom(H), it holds

1 1 "
(ar)) +21/1_ﬂ< \ﬁw‘f‘w‘wa)
= U@+ 5t = Ay,
and therefore )
H=da%a+ B (6.4)

This calculation assumes that 1 is in the domain of a and a* as well as in the domain
of H. This is not a trivial assumption, but it can be shown that the calculation above
is indeed valid ([11], Section 11.4). With a similar calculation, one also obtains

aa* = a*a + 1. (6.5)

Observation 6.4 is key to the proof of the following theorem, which provides the remaining

40



6.3 Approximate solutions

eigenvalues and eigenfunctions for H.

Theorem 6.1. Let n > 0. The n-th eigenfunction of the Hamiltonian operator 6.3 is
given by
Yol) = g €T and vn(x) = — a1 (2) (6.6)
r)=—+"-¢€ an T) = —a Pp—1(x). .
0 7_[_1/4 n ol n—1

Furthermore, the corresponding eigenvalue is B, = n + 0.5.

Proof. To prove the theorem, it is enough by 6.4 to prove that

a*ay, = nipy,. (6.7)

We will prove 6.7 by induction using Equation 6.5. The case n = 0 holds because
ag = 0. Assume 6.7 holds for n — 1. Then

a*ar), = La*aa*l/J = La* (a*athp—1 + Pp_1)
1 n

- ﬁa ((n - 1)1%—1 + 1/%—1) = ﬁ

a*wn—l

6.3 Approximate solutions

In the following, I will use the variational method as introduced in Section 4 to approx-
imate this solution. As a trial wave function, I will take
2

Yo(x) = No-e ™,

where Ny is a neural network with one inner layer of depth 5 and activation function
tanh(z). Other activation functions, such as the ones depicted in Figure 3.1, did not yield
satisfying results. This ansatz has been chosen with prior knowledge of the solution to
speed up computation. Furthermore, multiplying the neural network by the exponential
function localized the outputs and increased stability. To find the solution of

min (Yol H [1a)

I will use the Adam optimizer (see Section 5.1) and the Supervised Wave Optimization
(SWO) algorithm (see Section 5.2). T will compare the results in the next section.

6.3.1 Adam vs. SWO

I ran 100 experiments using the Adam optimizer and 100 experiments using the SWO
algorithm. The algorithms ran for a maximum of 1000 iterations or until convergence
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6 The Quantum Harmonic Oscillator
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Figure 6.2: Top: Average duration of epochs over the aforementioned 100 experiments
of Adam and SWO. Bottom: Number of epochs needed to converge over the
same 100 experiments of Adam and SWO. Based on these parameters, SWO
yields better results than Adam.
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Figure 6.3: Blue: solutions found by SWO (L) and Adam (R). Red: true normalized
solution (note the different scalings of the axes).

was reached. As a stopping criterion, the mean of the latest 10 values of the local energy
should be less than 0.5 + ¢, where € = 0.001.

In 77 out of the 100 experiments, Adam reached a solution to the desired accuracy in
less than 1000 iterations. In this case, the average number of iterations needed to reach
the desired accuracy and stop was 623. Each iteration took on average 0.2 seconds to
complete. See Figure 6.2.

In all the experiments, SWO reached a solution to the desired accuracy in less than 1000
iterations. The average number of iterations needed to reach desired accuracy was 240.
Each iteration took on average 0.08 seconds to complete. See Figure 6.2.

Remark. It is important to note that due to the introduction of a normalization factor
(Equation 5.7), the solution found by using SWO is normalized. This is not the case
when using the Adam minimizer (see Figure 6.3).
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Figure 6.4: Value of the local energy (T) and of its variance (B) for 20 experiments using
the Adam minimizer. The horizontal red lines represent the target energy
and variance (0.5 and 0, respectively).
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Figure 6.5: Value of the local energy (T) and of its variance (B) for 20 experiments using
the SWO algorithm. The horizontal red lines represent the target energy and
variance (0.5 and 0, respectively). Note the different scaling of the x-Axis
compared to Figure 6.4.
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7 Concluding remarks

The aim of this thesis was to investigate the performance of the SWO algorithm when
implemented in the context of a deep-learning based variational Monte Carlo method
to solve the Schrodinger equation. When applied to solving the simple problem of the
one-dimensional quantum harmonic oscillator, the SWO algorithm performs much better
than the Adam optimizer. It requires a lower number of iterations to reach convergence
and each iteration is faster. Furthermore, the results obtained using the SWO algorithm
are normalized, whereas the ones obtained with Adam are not.

These findings instill optimism regarding SWQO'’s potential for success in addressing more
complex problems. When doing so, its parameters should be adjusted, and it is reason-
able to assume that each problem will require a separate analysis and appropriate tuning.
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