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Abstract

Intersecting brane world scenarios offer a promising path to the implementation of the standard
model of particle physics into the framework of string theory. In this thesis, we shed light on the
foundations of such realisations of semi-realistic standard models using typ IIA superstring theory
on a compactified Calabi-Yau space. By providing a geometrical and pedagogical introduction,
we will highlight the key features of such models. We will illuminate that the gauge sector of
the standard model emerges from open strings attached to a stack of coincident D-branes. In
addition, we will discover that D-branes wrap 3-cycles on the compact space and that strings
stretched near the multiple intersections of two D-branes give rise to three generations of chiral
massless fermions furnishing the matter content of the standard model. Moreover, a tower of
massive copies - baptised as light stringy states - appears near these intersections. The mass of
these states depends on the relative angles of the branes and the same angles will provide us
with a criterion to preserve supersymmetry. Since the resulting effective field theory endows
potential anomalies, we will resolve them by a generalised Green-Schwarz mechanism. From the
plythora of possibilities, we will pick out a non-supersymmetric configuration with a toroidal
orientifold background to derive the content of the standard model. On top of that, we discuss a
supersymmetric extension leading to a Pati-Salam model. Such intersecting brane models allow a
string scale at the order of the TeV scale - opening up a playground for phenomenology. In that
context, we will investigate a Yukawa interaction involving a scalar light stringy state, which
corresponds to an excited Higgs particle. From the decay rate of this state, we will derive its
lifetime. Finally, we find that such a massive weakly interacting scalar has an almost stable
lifetime, if we fine-tune the angles of the corresponding branes. Such a particle represents a
tempting candidate for dark matter.

Zusammenfassung

Intersecting Brane World Szenarien bieten einen vielversprechenden Weg zur Implementierung
des Standardmodells der Teilchenphysik in die Stringtheorie. In dieser Arbeit beleuchten wir die
Grundlagen solcher Realisierungen von semi-realistischen Standardmodellen unter Verwendung
der Typ ITA Superstringtheorie auf einer kompaktifizierten Calabi-Yau-Mannigfaltigkeit. Mittels
einer geometrischen und padagogischen Einfiilhrung werden wir die wichtigsten Merkmale solcher
Modelle herausarbeiten. Wir werden zeigen, dass die Eichgruppe des Standardmodells aus offenen
Strings hervorgeht, die an einem Stapel von koinzidenten D-Branes verlaufen. Dariiber hinaus
werden wir darlegen, dass D-Branes 3-Zyklen auf dem kompakten Raum wickeln und dass Strings,
die nahe der multiplen Schnittpunkte zweier D-Brane lokalisiert sind, drei Generationen von
chiralen masselosen Fermionen hervorbringen, die den Materiegehalt des Standardmodells liefern.
Dariiber hinaus erscheinen in diesen Schnittpunkte massereiche Kopien, die als light stringy
states bekannt sind. Die Masse dieser Zustdnde hidngt von den relativen Winkeln der Branes ab.
Dieselben Winkel liefern ein Kriterium fiir die Erhaltung der Supersymmetrie. Da die resultierende
effektive Feldtheorie potentielle Anomalien birgt, werden wir sie durch einen verallgemeinerten
Green-Schwarz-Mechanismus beheben. Um den Inhalt des Standardmodells abzuleiten, werden
wir eine nicht-supersymmetrische Konfigration mit einem toroidalen Orientifold auswéhlen.
Weiters diskutieren wir eine supersymmetrische Erweiterung, die zu einem Pati-Salam-Modell
fiihrt. Solche D-Brane Modelle erlauben eine String-Skala in der Groéflenordnung der TeV-Skala
und ermoglichen damit phéanomenologische Betrachtungen. In diesem Kontext werden wir eine
Yukawa-Wechselwirkung untersuchen, an der ein skalarer light stringy state beteiligt ist, der
einem angeregten Higgs-Teilchen entspricht. Aus der Zerfallsrate dieses Zustands werden wir seine
Lebensdauer ableiten. Wir werden feststellen, dass ein solch massives, schwach wechselwirkendes
Skalar eine nahezu stabile Lebensdauer hat, wenn wir die Winkel der entsprechenden Branes fein
abstimmen. Fin solches Teilchen stellt einen verlockenden Kandidat fiir dunkle Materie.



The most beautiful thing we can experience is the mysterious. It is the source
of all true art and science.

Albert Einstein, The World As I See It, 1932.

Sometimes science is more art than science, Morty. Lot of people don’t get
that.

Rick Sanchez, Rick And Morty, Season 1, Episode 6.
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Chapter 1

Introduction

1.1 The Roots and Fruits of Superstring Theory

If something is in no way inferior to the fascination and richness of string theory, it is its genesis,
the still developing history, and its extraordinary creators.

A priori, the birth of string theory was in a certain sense accidental, beginning around 1968
with the Italian physicist Gabriele Veneziano, who was driven to explain the strong interaction.
While trying to construct the S-matrix for a scattering of mesons, in summer of 1968, he found a
solution linked to a result which at that time had already been known for almost two hundred
years and has been lying dormant in mathematical textbooks to finally find its true purpose:
The Euler beta function [1]. Veneziano went on a vacation after his publication [2], not knowing
that this result and mathematical peculiarity, today known as the Veneziano amplitude, had
already attracted inquisitive young physicists upon his return [3].

One of these ingenious minds, who dealt with Veneziano’s original model, was the young
theoretical physicist Leonard Susskind. Bored by his unsuccessful work with hadrons, he wanted
to step away from his own work in this field, until he coincidentally came across Veneziano’s
result to his delight [4]. It was immediately clear to him that Veneziano’s result had the inherent
properties of a harmonic oscillator. After the previously inconclusive work, he soon found himself
playing with the “forbidden fruit” [4]. He spent months alone in his attic, consumed by giving
Veneziano’s result a physical interpretation. At the end of his almost delusional state, he finally
had his “Eureka” moment. He realised that Veneziano’s amplitude describes “rubber bands”
colliding with each other [5,6]. To Susskind’s amazement, he was not the only one to come to
this glorious result of a “rubber band theory” or “elastic string theory”. Despite this success
to describe the nuclear force with the help of one-dimensional vibrating strings, the theory was
rather smiled at than discussed by the scientific community [4}7].

To the regret of the fathers of string theory, this theory also gave results that were contradicted
by experimental data [8]. The death blow was the introduction of the Parton model and quantum
chromodynamic (QCD) in 1974, which agreed with the empirical data [9,/10]. These can be
considered anni mirabiles in the history of particle physics. Students ran through the corridors
and halls of universities, loudly announcing which new particles had been discovered. It solidified
into popular understanding that the most fundamental components of the universe were point-like
and had nothing to do with the one-dimensional ideas of the late 1960s. Finally, there was also
an answer to what binds the world’s innermost together. The fundamental interactions were
themselves described by messenger particles. This was the birth of the standard model of particle
physics (SM) which unifies the weak, strong, and electromagnetic interactions in a consistent
theory by using the same language — the language of quantum field theory (QFT).



Despite this severe setback, there were still some physicists who wrestled with this theory of
strings [7]. One of them was John H. Schwarz, who dealt with several problems of the theory.
The theory predicted the existence of a massless particle which did not agree with any experiment.
However, it was this very particle that led to the paradigm shift of string theory to something
more fundamental than originally assumed. Even by failing to describe hadronic physics in its
beginnings, it contained a much deeper insight. It turned out that this mysterious particle could
be identified with the graviton and that the theory could provide a prescription to explain gravity
on a quantum level [11,/12].

By adding this missing piece to the puzzle, string theory, as a quantum theory of one-dimensional
objects, became the manifestation of a single theory with the claim and potential to describe the
universe in its most fundamental aspects.

According to string theory, the mass and inherent properties of the particles are just determined
by the vibration of the fundamental strings. Analogous to how the fretting of violin strings
results in specific tones and thus describing the universe at its most fundamental aspect as a
giant symphony orchestra. Moreover, it lived up to Einstein’s wildest dream by describing all
four fundamental interactions and being a candidate for their unification or theory of everything
(TOE). Being such a theory, in its limits it must reproduce general relativity (GR) on the one
hand and the standard model on the other, which describe the world with incredible accuracy.
The length of a string is the only free parameter of the theory which at the same time determines
the scale of the theory which is in the regime of the Planck scale. Beyond this scale, string theory
describes gravity and the standard model as an effective field theory (EFT) by considering only
the lightest oscillations of the strings |13].

Nevertheless, Schwarz and Michael Green were confronted with a huge problem at the beginning
of the 1980s. The string theory formulated until then contained quantum anomalies, which had
the appearance to end the history of the string theory at this point. During a storm [14], which
according to Green was sent by God and supposed to prevent them from finding the “holy grail”,
they managed to construct a consistent supersymmetric string theory in ten dimensions using
the so-called Green-Schwarz mechanism, which eliminated all anomalies [15]. This triggered the
first string revolution and hundreds of physicists were inspired by it and dedicated themselves to
this field. After this success, the so-called heterotic superstring theories E| were discovered, which
are equipped with either a SO(32) or a Eg x Eg gauge group [16]. Especially the latter string
theory caused excitement, because it included both, gravity, and a gauge group large enough to
contain the gauge group of the standard model as a subgroup.

The first attempt to obtain the standard model was performed on Eg x Eg heterotic string
compactifications. The gauge group of the standard model was embedded in one of the Fg factors,
while the second one was kept as a hidden gauge group and could only be reached via gravity [17].
To satisfy N/ = 1 supersymmetry (SUSY), it was found that the six extra dimensions had to be
compacted on a Calabi-Yau threefold CY3 [1§]. In such a theory, realistic models could indeed
be constructed, such that they introduced families of chiral fermions.

At that time, a total of five different but consistent superstring theories have been established.
Type I, type ITIA, type IIB [19], and the two heterotic ones. While physicists worked on the
respective superstring theories, there was one in particular who could not stop asking himself
why there were five different string theories. It was in 1995 at a conference at the University
of Southern California where Edward Witten gave a lecture and announced to the scientific
community which of the five string theories was the correct one - namely all of them [4]. Witten
claimed that the respective string theories are connected by dualities and can be transformed into
each other, which is illustrated in Fig. Thus, the string theories are per se different ways of

!String theory in its first formulation was a pure bosonic theory and had the problem of a tachyonic ground
state. However, by adding supersymmetry, this could be resolved.
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Figure 1.1: The M-theory promises and offers to combine all five different superstring theories in a
superordinate framework in eleven dimensions. In this theory, the individual superstring theories are
individual limits of M-theory, which are represented as corners in the figure. These known vertices can be
transformed into each other via dualities. Another limit of the M-theory is the 11-dimensional supergravity.

looking at the same phenomenon and all of them give the same result, but under a different point
of view. Furthermore, Witten stated that the theories are limiting cases of a higher fundamental
theory: the mother of all string theories or the M—theoryﬂ [20,21].

This M-theory, whose exact nature is still rather obscure, and which is formulated in eleven instead
of ten dimensions, triggered the second string revolution by explaining that the fundamental
objects in such a theory are higher-dimensional membranes or branes and by changing the
perturbative framework to a framework of non-perturbative nature.

So-called D-branes played a particularly central role. The introduction of such non-perturbative
objects turned the focus to the type I and type II string theories, since these D-branes lead to
the gauge groups of the standard model without endowing string theories with gauge groups. It
even became possible to construct non-supersymmetric models which were not possible before.
This was the historical origin of the intersecting brane world scenarios with the quest to build
the standard model.

1.2 A Path to the Standard Model with Intersecting Worlds

In order for string theory to live up to its claim of being a unified theory of quantum gravity
(QG), it must, as we have seen, be able to reproduce within its limits, Einsteins Theory of
Gravity, and the standard model with its quantum field theory. In this thesis, we will largely
ignore the aspect of gravity and focus on realisations of the standard model. To construct
such a model from intersecting brane worlds, there are basically two different methods. The
top-down and the bottom-up approach. While the first approach uses mathematical consistencies
of string theory to derive realisations of the standard model and is historically older and related

2There are wild speculations what the “M” in M-Theory actually stands for. Witten himself said he did not
want a final name for a theory that has not yet revealed itself in its entirety. In this case, the letter stands for
mysterious, magical, mother, monster or simply membrane or matrix. Others claim that it represents an inverted
“W”, whereby Witten wanted to immortalise himself in the name. Another possibility is, that it is to be understood
much more symbolically, because the symbol “M” connects five points harmoniously with each other.



Figure 1.2: D-branes furnish a geometric illustration of the standard model’s origin. Open strings that
are confined to the hyperplanes of a stack of coincident D-branes provide natural gauge symmetries.
Furthermore, open strings stretched near the intersection between two different stacks of D-branes and an
angle 6 explain charged chiral fermions. Gravity, on the other hand, is described by closed strings which
can propagate freely in all dimensions of the string theory.

to the heterotic string models, the bottom-up approach is of phenomenological nature and
tries to provide the correct particle content starting from experimental observations and only
subsequently introducing adjustments in form of constraints. In this work, we will use the latter
strategy.

Furthermore, we agree on four key properties of the standard model on the basis of which we
construct and test these so-called semi-realistic models.

o First of all, we want to obtain a gauge group corresponding to the one of the standard
model. This is given by SU(3)c x SU(2)r, x U(1)y.

e In order to get the matter content of the standard model, we have to make sure that it has
the right chiral spectrum.

e The third key feature is given by the fact that the quarks and leptons of the standard
model occur in three generations.

o Finally, the fourth key feature is that we want a standard model with N' = 1 supersym-
metry.

A semi-realistic effective field theory arising from such a string theory should provide these
key features. In addition, it should explain the origin of the standard model and give possible
extension of it. It should also make phenomenological predictions and ultimately clarify problems
of the standard model, like the incorporation of gravity, dark matter, neutrino masses and the
origin of the three generations or families.

The intersecting brane world scenarios within the type ITA superstring theory, which we en-
countered in the previous historical overview, have the thrilling property of deriving the desired
four-dimensional theories with the help of a very geometric framework. The basic idea is fairly
simple. The gauge symmetries originate from open strings attached within overlapping D-branes,
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while charged chiral fermions are described by open strings living in the intersections between
such branes. This is indicated in Fig.

The first such models were constructed in type I string theory using magnetised D-branes [22-24],
which are related by duality [25] with the geometrically more intuitive intersecting D-branes. The
first intersecting D-brane models were discussed in [26,27]. The first non-chiral orientifold models
with intersecting D-branes were presented in [28-33]. The first chiral intersecting D-branes at
an angle were discussed in [34-37], where in the last two the background space consisted of a
factorisable T6 torus with an QpR(—)”T orientifold. The first chiral and supersymmetric models
were presented in [38,39]. For further reviews of constructed intersection D-brane models, we
recommend [40].

1.3 Outline of this Thesis

The outline of this thesis is essentially divided into two parts. In the first part, we will discuss
and review the main mathematical and technical concepts necessary to build such semi-realistic
models. We will take a bottom-up approach in the framework of type IIA superstring theory,
which has the advantage that it provides a largely geometric and therefore descriptive explanation.
In the second part of this thesis, we will shift the focus to applications and concrete realisation
of the standard model using D-brane configurations. Furthermore, we will do phenomenology
within this developed framework and turn to a possible application, which is at the same time a
current research topic.

This thesis also carries the hope of the author to provide a pedagogical introduction to this very
complex and often opaque or daunting, but incredibly exciting field. Nevertheless, this work will
also discuss details and take a closer look at essential steps and conceptual ideas.

In chapter [2] we will derive the origin of the gauge sector, which is related to the D-brane world-
volume. For this purpose, we will discuss Dp-branes in detail and show how open superstrings -
attached to a higher dimensional single Dp-brane - yield an abelian U(1) gauge theory. We will
generalise this result by considering stacks of IV coincident Dp-branes incorporating non-abelian
U(N) gauge theories.

In chapter [3| we will consider the foundations for the origin of the chiral matter sector. For
this purpose, we will use D6-branes which intersect at non-trivial angles relatively to each other.
Near these intersections, open strings are localised which are stretched from one brane to the
other. We will find that at lowest energy open strings in these intersections give rise to massless
four-dimensional spacetime fermions in a bi-fundamental representation. Furthermore, we will
find a whole tower of more massive excitations whose mass depends on the intersection angle,
known as light stringy states. Finally, we will derive how the exact choice of the relative angle
makes a statement about the supersymmetry of the model.

In chapter 4, we will compactify six of the ten dimensions. We will choose a factorisable T® torus
as the simplest Calabi-Yau space. We will find that D6-branes can thus be viewed as homological
3-cycles which intersect in the compact space. This intersection number will give us a measure of
how often the branes intersect. Consequently, open strings living near the intersections of two
D6-branes appear in a multiplicity based on this mere topological intersection number.

This compactifications with just D6-branes will not be sufficient to provoke an N' = 1 supersym-
metry. To make this possible, we will introduce the concept of orientifolds. We will conclude this
chapter with a detailed investigation of global consistency conditions. We will explicitly derive
how all quantum anomalies can be resolved using the generalised Green-Schwarz mechanism.

In chapter 5| we will start to construct semi-realistic standard models using the techniques and
concepts discussed in the first part of this thesis. At the beginning, we will investigate how



we get from unitary gauge groups introduced by the D-branes to the special unitary groups
of the standard model at the cost of additional U(1)’s. To avoid extra exotic chiral fermions,
we will introduce the concept of orientifold projection, which serves as one possible method
in this thesis to avoid extra fermions. Moreover, we will apply the generalised Green-Schwarz
mechanism, which endows the U(1)’s with a Stickelberg mass and decouples them from the
theory in the low-energy limit but preserves them as a global symmetry. At the end of this
chapter, all considerations will lead to two numerical examples.

In chapter [6] we will investigate a supersymmetric D-brane model which realises a minimal
supersymmetric standard model (MSSM). To ensure N/ = 1 supersymmetry in that case, we will
use a Zo X Zs orbifold in addition to the orientifold projection. Furthermore, we will explore
that by brane recombination of this model configuration, a Pati-Salam model emerges, which is
a possible model for a grand unified theory (GUT).

In chapter [/, we will turn to a phenomenological aspect. Intersecting brane world scenarios
make it possible to lower the string scale to a few TeV. This chapter will be based on a recent
publication [41] by Pascal Anastasopoulos and the author of this thesis, my humble self. We will
investigate the lifetime of a light stringy state which is a possible candidate for dark matter.



Part 1

General Overview and Theoretical
Background



Chapter 2

D-branes and Gauge Field Theories

In this chapter, we will develop the relationship between stacks of N Dp-branes and U(N) gauge
field theories. For this purpose, we will review how Dp-branes are introduced in string theory and
emphasise that these objects constitute a class of their own with a dynamic which is independent
of the string.

Subsequently, we will analyse the resulting spectrum of open strings attached to a single Dp-
brane. The spectrum of an open superstring with fized endpoints in the transversal directions
of the world-volume of the Dp-brane will provide us with Goldstone bosons (resp. Goldstinos)
- as these hyperplanes break the translation invariance of the Poincaré symmetry (resp. the
associated supersymmetry) - and a Mazwell field, which lays out a connection between open
strings, Dp-branes, and abelian U (1) gauge fields.

Further, we will discover that these considerations can be generalised through the implementation
of so-called stacks of N parallel Dp-branes. These stacks of branes, which are coincident but
still distinguishable, provide us with the concept of stretched strings between different Dp-branes
and make it possible to incorporate non-abelian U(N) gauge theories in a modern, intuitive, and
geometrical way. These results will finally yield gauge bosons, which correspond to the force
carriers that mediate the strong, weak, and electromagnetic fundamental interactions in the
standard model.

Finally, we will present the effective D-brane action. This establishes a remarkable connection
since the effective (p + 1) dimensional world-volume action for the massless open string modes
describes the dynamic of the Dp-brane.

In order to introduce Dp-branes, we will briefly review how the dynamics of open strings in
bosonic string theory are described by the Brink-DiVecchia-Howe (BDH) action, better known
as the so-called Polyakov action. The action in conformal gauge is defined as [42,43]

Soon =~ [ € 0,X1(€) 00X (€) 2.1

The string tension T is characterised in terms of the so-called Regge slope o or the string (mass)
scale M according to [44]
1 M2

T=— .
2ma’ 21

(2.2)

The spacetime indices on the string coordinates X* are contracted with the Minkowski metric
Nuv, While n® denotes the world-sheet metric. Further, X* constitutes a spacetime vector, but is
a scalar from the point of view of the world-sheet 3. The indices a and b run over two values of
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(a) NN boundary conditions. The deriva- (b) DD boundary conditions. Strings are
tives vanish at the boundaries. The strings fixed at the boundaries but can oscillate
can move freely along the boundaries. in the transverse directions.

Figure 2.1: Illustration of an open string with NN and DD boundary conditions.

the corresponding world-sheet coordinates 7 and o. Further, we use the common and compact
convention |45 in the definition of Eq. ([2.1])

0

¢ =(¢¢) =(r0) and 09,= 96 (2.3)
To find the equations of motion, we extremise the action in Eq. (2.1) as usual and use partial
integration [46]

T T2 s
8Seon = — [ dr [ do 20 0,X" 6(0.X,)
S (2.4)
=T / dT/ do 0O, (nabﬁb X“) 60X, + a total derivative .
1 0

The total derivative in Eq. (2.4]) can be split into two different boundary terms, the 7-boundary
term and the o-boundary term. Together these terms read

T=Ty o=n

and T { / Cdr 0,XM8X,| . (2.5)
T1

T [ / do 8TX“5XN}
0 o=0

T=T1
As always, the first term vanishes by assumption, if we demand that X* = 0 at 7 = 71 and
T = T9. However, the second term is more subtle. The second term has also to vanish to give
us a two-dimensional wave equation 0,0*X* = O X# = 0 [46]. Involving a non-local boundary
condition would further not give a local two-dimensional worlds-heet theory. In order to fulfil
this requirement, we demand

Os X"6X, =0 at o=0,m. (2.6)
This can be achieved in the following ways for open strings [44}46]:

o 0, XH|p—0 = 0;XH"|y=r = 0, which corresponds to the so-called Neumann boundary
condition. There is no restriction on d X*, thus the string is free to move in all directions.
This case is also known as an open string with so-called NN boundary conditions because
both endpoints of the strings satisfy Neumann boundary conditions.

o 0XH|y—0 = 0XH|,—r = 0, which corresponds to the so-called Dirichlet boundary condition.
Intuitively, this means that the endpoints of the string coordinates are fixed at a constant
position X# = z#. In this case, one speaks of an open string with DD boundary conditions

o In general, mixed boundary conditions are also allowed. These are called ND (DN) boundary
conditions. These are especially relevant when open strings are stretched between Dp-branes
and Dg-branes (where p # q).



An illustration of an open string with NN and DD boundary conditions is depicted in Fig.

and Fig. 2.1b]

At first, especially Dirichlet boundary conditions might raise the question why the strings should
not be able to move freely in some directions while they are completely free in others. These
hyperplanes on which open strings can end and which restrict their motion were given the
suggestive name D-branes, where the D stands for Dirichlet. It was Joseph Polchinski in 1996,
who gave these D-branes a more objective reality [47]. This paradigm shift represents the second
revolution within string theory, as D-branes became non-trivial objects with their own dynamics.

Without going into great detail, Dp-branes are stablelﬂ extended objects with p spatial dimensions
spanning a (p 4+ 1) dimensional world-volume. For example, a D1-brane would be a string-like
object or a DO-brane, somehow particle-like in covariant quantisation. If the string is completely
free to move in all spatial dimensions and thus fulfils NN boundary conditions everywhere, this
can also be interpreted as if there was a D(d — 1) brane in all spatial directions. This special
D-brane is a so-called space filling D-brane. These special types of branes are further dynamical
(described by their own action) and non-perturbative objects. Further, they are charged under
so-called RR p-forms [40,47./49].

The world-volume of a Dp-brane is not static but undergoes quantum fluctuations. Figuratively
speaking, the brane is fluctuating in the normal or transverse direction, which can be interpreted
as light open string excitations.

At this point, it is advisable to make a brief but rather important digression. Strings are the
fundamental building blocks in string theory, so one could now ask the legitimate question
to what extent D-branes play a role in this theory, since they represent objects in their own
right. Are these objects more or less fundamental than strings or are they just additionally
needed for reasons of consistency? This question is strongly related to the epistemological field of
reductionism in physics or philosophical science [50]. Let us think, for example, of particle physics
where attempts are being made to reduce the standard model to a few elementary building
blocks. Reductionism inherits the hope to simplify the entire theory. Despite this attempt by
reductionism, the theory fails to be simplified. Indefinite parameters, discrepancies between
experiment and theory and the non-existent incorporation of gravity leave the theory incomplete.
String theory takes a slightly different approach here. To quote Leonard Susskind [51]:

String theory and other developments in modern physics mark the end of
reductionism.

Leonard Susskind, Stanford Lectures, Fall 2010.

For a better understanding, we will explain it with a more pictorial example. Originally, we
introduced Dp-branes for mathematical reasons, knowing that they are a class of non-trivial
objects. Let us think of D1-branes. These branes somehow akin to strings and are therefore also
called D-strings. Despite their similarities, D-strings are heavier than the fundamental strings
(F-strings), measured in units of length. Let us assume in the following that there is a coupling
constant g, which corresponds to whether a string breaks into two or not. A schematic depiction
of this example can be found in Fig. 2.2

For g << 1, we have typical thin and light F-strings and heavy and complex D-strings. If we

In the way, as we have defined Dp-branes, there are always Neumann boundary conditions along the X°
coordinate. One could of course also allow Dirichlet conditions along this direction, which would physically mean
that the brane is fixed at a certain point in (space-)time. Such a brane is called a D(—1)-brane and corresponds to
a so-called D-instanton or Euclidean instanton. [48|
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D-String

gx1 g~1 g>1

Figure 2.2: A pictorial illustration of the relation between F-strings and D-strings.

increase the parameter g, the F-strings will break apart and their pieces will form an “atmosphere”
around the original location of the string. The higher g becomes, the more complex will be this
atmosphere. At the same time, the D-string is getting thinner and thinner and stops therefore
producing more F-strings. Around g ~ 1, we can no longer distinguish between a F-string or a
D-string.

For g >> 1, the reverse process happens, and the original F-string becomes a D-string and
the D-string becomes a F-string. This phenomenon is sometimes referred to as the so-called
S-duality in string theory [52]. The parameter g indicates which object can be regarded as more
fundamental, but it is not as simple as one thinks, since g = g(z*) is a field and can vary its
value in space. Thus, the answer to the question which object is more fundamental is nothing
but tossing a coin. [51,53].

2.1 Open Superstrings on a Single Dp-brane

In this section, we desire to derive the spectrum of an open string, whose endpoints are attached
to a single Dp-brane. In standard literature, this is mostly done in the context of bosonic string
theory. Here, we deliberately choose a slightly different route and discuss the spectrum within
the framework of RNS formalism already. We will not discuss the entire quantisation in detail
here, as this can be found in standard introductory books such as [45] and [40]. Furthermore,
the non-supersymmetrical bosonic case is discussed in detail in these two books.

The introduction of D-branes has an enormous influence on the symmetries of the superstring
theory. First and foremost, the Lorentz group L is spontaneously broken into

SO(1,d—1) — SO(1, p) X SO(d—1—p) S
| ——

Lin the world-volume of the Dp-brane rotation group in the d — 1 — p directions

Secondly, half of the supersymmetry of spacetime is broken on the Dp-brane [54]. The spacetime

11



Figure 2.3: An oriented string whose endpoints lie on a D-brane. These endpoints satisfy NN
boundary conditions, since the string can move along the z! coordinates as long as the endpoints
are confined to the hypersurface of the D-brane. From the point of view of the z coordinates,
the endpoints are fixed and satisfy thus DD boundary conditions.

coordinates x* can thus be divided into two groups. The first group consists of the coordinates
{2°,..., 2P}, which are longitudinal to the Dp-brane world-volume and thus satisfy NN boundary
conditions. The second group of coordinates {zP*1, ... ,:chfl} consists of those who are normal to
the world-volume of the Dp-brane, which satisfy DD boundary conditions. The Dp-brane itself is
fixed by coordinates z® = Z¢ for a = p+1,...,d—1. By further introducing light cone coordinates,
for which a spatial tangential coordinate is used with the temporal coordinate in order to deliver
X+ = \%(X O+ XP), we obtain the following distinction for the string coordinates
NN : X+,X—,{X"} with i=1,,...,p—1,

(2.8)
DD : {x}  with a=p+1,...d-1.

Figure [2.3] illustrates this scenario. Imposing the boundary conditions on the mode expansion for
an open string yields

. . i ai .
X' (r,0)=3"+ p_+7_ +iv2a/ Z e " cosno
P n
n#0
al .
X%r,0) =2+ V2 Z —Le " ginno .
n#0 n

We note that in the second line of Eq. (2.9) no terms appear linearly in 7. This is due to the DD
boundary conditions and means that the string does not have a net time-average momentum in
these % directions. This is of course intuitively reasonable since the string is attached to the

brane and the endpoints are fixed there. Through canonical quantisation in light cone coordinates,
the modes become creation and annihilation operators satisfying the commutators

(2.9)

a b

[ozfn,azl] =m oY Omtn0 > |[Cm, 0] = m 6 Om+n,0 - (2.10)

In superstring theory, of course, we must also consider the fermionic oscillation degrees of freedom.
Analogous to the bosonic case, this leads us to Grassmann-valued modes, which obey the following
anti-commutators after quantisation [40]

(2.11)

= O

{Vner ¥ iy = 00md s {0 0 ey | = B0 with r={

r
r
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where R stands for the Ramond sector and NS for the Neveu-Schwarz sector. Finally, we give
the spacetime mass squared formula [55]

r(d—2)

O/]W2 = NB =+ NF =+ aNS/R with aNS/R = — 3

(2.12)

with the bosonic (B) and fermionic (F) number operators in light-cone gauge

p—1 A d—1
Np = Z Zo/_maﬁn—i- Z a?,a% | and NF:Z Z(n+r) Y (npryUngr| (2.13)

meN | i=1 a=p+1 neN | i,a

Accompanied by these ingredients, we can build the Fock space in the NS and R sector and
discuss the spectrum of an open string on a single Dp-brane. Before we begin, we want to briefly
mention how the states in the string spectrum are classified.

From Wigner’s Classification [56] we understand that particles (or string excitations) can be
classified into irreducible, projective, and unitary representations of the stabiliser (or little
group) [57]. The stabiliser forms a subgroup of the Lorentz Group SO(d — 1, 1) that leaves the
momentum invariant. Light-cone coordinates manifestly break the SO(d — 1,1) symmetry to the
subgroups SO(d — 2) C SO(d — 1,1). The spectrum of the string can be organised a priori into
representations of SO(d — 2), which must be re-organised into representations with respect to
the little group [40].

2.1.1 The NS Sector on a Single Dp-brane

A generic state in the NS sector Fock space takes the form of

co p—1 . A co d—1 p—1 . iy d—1 .
{H [T (e2) ™ II II (e TITI (i)™ 11 H(¢_s)ps’“} 0:phng  (2.14)
m=11i=1 n=1a=p+1 =1 T a=p+1 s

with r, s € Z—l—% and p € {0,1}. For the sake of clarity and compactness, we will use the following
IB) ® [NS) = |0; p)yg- The state |B) denotes the usual bosonic vacuum |0; p) with p = p?, while
INS) = |0)yg constitutes the unique ground state of the NS-sector.

The Ground State in the NS Sector

The ground state |GS) is the vacuum, which is defined as a?, |0; p) = 0 for Vm > 0 and ¥ [NS) = 0
for Vr > 0. This insinuates that N |0;p) = 0, which yields for the mass squared operator
_ans

1
210 . — .
M ‘Oap>NS o ’07p>NS - _2a/|07p>NS . (215)

Where we used the fact, that the critical dimension of superstring theory is d = 10. Thus, the

ground state is given as
1

2
This is clearly a pure Neumann state, whose field corresponds to a tachyon field El but because
of the momentum p it is confined in the NN directions along the Dp-brane. It is a scalar or, in

terms of Young tabelaux, a e of the little group SO(d — 1). Hence, the field transforms as a
Lorentz scalar on the Dp-brane [58] [40].

|GS) = |0;p)ng  with M? = (2.16)

2In contrast to the tachyonic ground state in the closed string sector, the open string tachyon can be interpreted
as an instability of the Dp-brane. The Dp-brane will decay by disintegrating into closed string modes. This
vacuum is therefore not as sensitive as within the closed string sector, but for bosonic string theory it means, that
the Dp-branes are consequently not stable objects. We will see that this is different in superstring theory.
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First Excitations in the NS sector

To get the first excited states, we must act with the lowest possible creation operators in
Eq. (2.14) on the ground state. As a consequence, the first excited state can be written as a
linear combination

p—1 . d—1
|L1) = ZAHW_%‘F > ¢a¢ié 10;P)ns - (2.17)
i=1

a=p+1

Here, we must distinguish between two different cases, because the Dp-brane breaks the SO(d—2)
into SO(p—1) x SO(d—1—p).

1. Parallel or longitudinal excitations

The longitudinal, massless, and linearly independent excitations in Eq. (2.17)) are created
by

p—1
D Al |0ip)yg  with M3 =0. (2.18)
i=1 2

The index ¢ lies within the Dp-brane and from that point of view the excitation propagates
along the Dp-brane. Thus, the state transforms according to the vector or fundamental
representation [J of SO(p —1). Especially for the case of a space filling D(d — 1)-brane, and
thus only NN boundary conditions, the a-priori representation would be O of SO(d—1—1)
and conventionally for d = 10, a 8, with respect to SO(8). The stabiliser for a massless
state is SO(d — 2) and therefor it is legitimate to associate a massless spin 1 particle to
this state. As a general statement of QFT, every massless vector boson corresponds to a
gauge potential [40]. Thus, we have found that there is a Mazwell gauge field living on the
world-volume of the Dp-brane.

Generally speaking, we can therefore say that a single Dp-brane hosts a U(1) gauge theory.
2. Normal or transversal excitations

The normal excitations in Eq. (2.17) are created as follows, by acting on the ground state

d—1

Z Ga V1 \0§p>Ns with M¢2> = 0. (2.19)
a=p+1 2

From the perspective of the D-brane, these states correspond to a set of (d — 1 — p) massless
scalar fields living on the D-brane, since there is no index i. We denote them again as e,
since they transform as (d — 1 — p) scalars of SO(p — 1) ﬂ These fields can be interpreted
as Goldstone modes, arising from the spontaneous symmetry breaking of the translational
invariance due to the Dp-brane. This also confirms our initial statement that Dp-branes
are dynamic objects, as these excitations can be understood as fluctuations of the brane.

Generally speaking, we can say that for each normal direction a Dp-brane gives a massless
Goldstone boson.

We will not discuss higher and consequently massive excitations, but the considerations are
analogous to the previous cases, except that all light-cone states, which form tensors under
SO(d — 2) must be recombined into tensors of SO(d — 1) - the little group for massive states in
d dimensions.

3 Although they transform as scalar fields under the SO(p—1), they still transform as a vector under SO(d—1—p)
transverse to the brane. This is a global symmetry on the brane world-volume. [46]
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2.1.2 The R Sector on a Single Dp-brane

A generic state in the R sector Fock space is given by

{ﬁh(a"m)“’iﬁ [T (eI ()" TI H(w“sw’“}m;pm (2.20)

m=1 i=1 n=1a=p+1 =1 r a=p+1 s

where 7,5 € Z. Here we will again use the usual convention that |B) ® |R) = |0;p)y, where
|IR) = |0) denotes the degenerated (spinorial) ground state of the R sector.

The ground state in the R sector

The ground state for the R sector is defined by of, |0; p)g = 9% |0; p)g = 0 for Vm,r > 0. Unlike
the NS sector, this vacuum is not uniquely defined because of the appearance of zero modes
in the R sector, which are commuting with the mass operator. This means that 1 |0; p)r and
|0; p) have the same mass [54]. In this context, the R vacuum is called degenerated.

A special characteristic inherent in the R sector is that these zero modes - with the redefinition
Yy = %F“ and suppressing spinor indices - satisfy a Clifford algebra {T'*,TV} = 2n*¥ in d
dimensions, where I'* are the usual gamma matrices in d dimensions. Thus, the Ramond
ground state transforms in a spinor representation and can be collected into a representation
of SO(1,d—1) ﬂ That means that the R ground state is a priori a d-dimensional Dirac spinor
with 2% complex components creating spacetime fermions. For superstring theory, where d = 10,
the vacuum constitutes a 32-fold degenerated vacuum. To take advantage of this representation
in ten dimensions, we introduce the following new basis [59-62]

dgc—ji(wgwg), d;t—\}i( giimgiﬂ) i=1,...,4. (2.21)

In this new basis, the Clifford algebra is defined by {d?, dj_} = 6;5. These redefined creation and

annihilation operators give rise to 32 Ramond ground states, which we denote as

1
|s) = [so, 1, 82, 83,84) with s; = :I:§, Vi=0,...,4. (2.22)

11 1 1 _1\ _
—3 T T T —§> =0.
In dimensions with d = 2 mod 8 we can impose further constraints. The 32 complex degrees
of freedom reduce to 32 real degrees of freedom due to the reality or “Majorana” condition

(possible for d = 0,1,2,3,4 mod 8). Further, we can decompose it into a 16 component Weyl
spinor (possible for even dimensions) with positive and negative (denoted by a prime) chirality.

The creation operators dj are raising s; from —% to %, while d;

32]pirac = [16]Weyl ® [16,} Weyl - (2.23)

The world-sheet fermions are thus real, chiral, and represented as so called Majorana-Weyl
spinors.

Since we are making use of light cone gauge, we encounter through the manifestly spacetime
symmetry breaking the subgroups SO(d —2) C SO(d —1,1). For d = 10, this yields SO(8) as
the subgroup of SO(1,9). Choosing the light cone gauge, the Weyl spinors decompose according

to [59/62] 1 1 1 1
1 - —_—1 16’ —. 8 —— . 2.24
6—><2,8>@( 2,8) and 6%(2,8)69( 2,8) ( )

4Unfortunately, this is an abuse of notation that has been established in most of the literature. Of course we
mean Spin(1,d — 1), which is the double cover of SO(1,d — 1).
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Sector a’m? Representation Group GSO
NS — 5 0): o SO(9) X
NS 0 Ve 5p[0) e WL, 5[0):0 SO(p—-1) v
R0 ) (8), SO(p—1) X
R0 a): (s), SO(p—-1) v

Table 2.1: The two lowest mass levels of the open string in the NS- and R sector for d = 10

That indicates that we are able to pack the 16 states into two sets of 8 states with distinguishable
chirality. By denoting :t% = = for the sake of clarity, we get

+-—=—=) H+-=1+ [-——=%) [-+—-—-)
+++++) [+—++-) |[=F+++-) [-—+++)
+—+-+ H-—++) =t ===+ )
++—=—+=) [+++—=) |[-+—++) [-++—-1)
(3:8) (-2:8)
16
(2.25)
== H+-—=) |--——- ) |—+——+)
++++=) [+—+++) =+t [+t )
e e I L s B R O B S !
++—-++) [+++—-+) |=F+—+-) [-F++—-)
(28) (-2:8)
16’

Since we expect the fermions to propagate through spacetime, we must impose the Dirac equation
on |s). By implying this on-shell condition only the states with sy = 5 survive. All together, we
can finally give the Ramond ground state [59-62].

mm:<;®@(;g>zm@m>, (2.26)

where a is a spinor index of SO(8). The Ramond ground state constitutes therefor two spinor
representations 8, and 8. of the SO(8), where the former and latter representations have an
opposite chirality [63]. [7]

Since the corresponding fields live in the (p + 1)-dimensional world-volume of the Dp-brane,
we get (p + 1) dimensional fermions. The exact number of fermions can be computed by a
decomposing of 8. of SO(8) under SO(p — 1). Together with the results from the NS sector, we
can now record all the found states - excluding the massive states - into table [40,/55].

To get a consistent model in superstring theory, we use the GSO (Gliozzi-Scherk-Olive) projection,
which projects out states regarding their fermion number (—1)¥. Thus, the tachyonic ground

5Having a deeper background in group theory, this result is not very unexpected but somehow still peculiar. The
group SO(8) or more precisely its universal cover Spin(8) is a special simple Lie group with an unique maximally

symmetric Dynkin diagram
Dy = .4<: _ (2.27)

Thus Spin(8) inherence a three-fold symmetry, which goes under the name triality. The group Spin(8) has three
inequivalent eight-dimensional representations - two spinorial representations and a vector representation.
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state disappears in the NS Sector and only the massless states survive, while in the R sector
only one of the two chiral massless states survives. This ensures a tachyon free and spacetime
supersymmetric spectrum for the open string [40].

Finally, we have found that the set of massless particles on a Dp-brane world-volume in ten
dimensions is given by

e A (p+1) dimensional U(1) gauge boson from the NS sector.

e 9—p real Goldstone bosons propagating in the (p+ 1) dimensional world-volume of the Dp-
brane, which arise by breaking the translational symmetry or supersymmetry respectively,
by the presence of a Dp-brane.

o Superpartners in form of (p + 1) dimensional spacetime fermions from the R sector in a
representation by decomposing 8. of SO(8) under SO(p — 1) [63].

2.2 Open Strings between a Stack of Parallel Dp-branes

In this section, we will generalise the previous results for strings stretched between N parallel
Dp-branes. The position of a Dp-brane is determined by the coordinate Z. For a stack of parallel
Dp-branes, it applies that these branes are coincident if £ = I3 = ... = Zn. Even though these
Dp-branes are coincident, they are still distinguishable ﬁ

In contrast to the previous case, this setup opens up 4 different sectors:
« Open string starting at the a'® Dp-brane and ending at the a'" Dp-brane.

« Open string starting at the b*" Dp-brane and ending at the b** Dp-brane.

bth

« Open string starting at the a*® Dp-brane and ending at the Dp-brane.

« Open string starting at the b*® Dp-brane and ending at the a'" Dp-brane.

From this, it can be concluded that the previous case of a single Dp-brane is a special case for
parallel Dp-branes. Furthermore, we get two sectors in which the string is stretched between two
different Dp-branes which differ only in the orientation of the string. In order to examine these
two sectors in more detail, we will only consider the NS sector, since all considerations can be
transferred to the R sector without complications. The setup is depicted in Fig.

2.2.1 The Ground State in the NS Sector between Parallel Dp-branes

Before building the new ground state in the NS sector, we face a new problem. In addition
to the oscillation numbers of the Fock states |n) and the momentum vector p lying in the NN
dimensions, a new label is required to distinguish the different sectors: the so-called Chan-Paton
labels or matrices A. Thus, with this label that encodes the different sectors, a general state can

be written as [49}/54}63]
N N

D, X) =D M nspsrs) . (2.28)

r=1s=1
with ;s = 1,..., N. The first index r denotes the brane on which the string begins at o = 0
and the second index s denotes the brane on which the string ends at ¢ = «. It is advisable to

50f course it is also possible to consider parallel D-branes which are not coincident, but separated in the
transverse directions by a separation distance AZ # 0. In that case, the original non-abelian theory is broken into
its abelian subgroup U(N) ~» U(1) x ... x U(1) = U(1)™. This is known as moving along the Coulomb or Higgs
branch of the moduli space of gauge theories. For the case with moved apart D-branes, the mass-squared formula
in Eq. receives an additional positive contribution o' M? = iji, + N + Nr + ang/r- Since some originally
massless gauge fields acquire a VEV and become massive, this is sometimes sloppily referred to as “higgsing”. In

fact, this is one possible interpretation of the Higgs mechanism in the context of D-branes [45,49}(64},65]
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Figure 2.4: With a stack of N coincident D-branes, a U(N) gauge symmetry arises. The strings have
more freedom here, as they can have their endpoints on the same D-brane as well as leave a brane to
reach another D-brane from the same stack. This is hold for account in the Chan-Paton labels. The term
leaving the brane is to be used with caution, as these branes do not enjoy any spatial distance from each
other. A better way to visualise it is to imagine a brane with different charges which are indexed by the
Chan-Paton labels.

choose these N x N matrices in such a way that they are hermitian. Therefore, we choose a
basis, such that A\? = (\)f for ¢ = 1,..., N2. Since the Chan-Paton labels commute with the
modes, we still find that N, |0; p; A) = 0, which yields for the mass squared operator

a 1
M?|0; p; A)ns = ﬁm A)Ns = —2—a,|0;P, A)NS - (2.29)

Thus, the ground state is given as

1
|GS) = ZATS 0;p,7s)yg  with M? = ——

5 (2.30)

Apart from the distinction between the different sectors, this ground state does not differ from
the result of the vacuum for a single brane.

2.2.2 The First Excitations in the NS Sector between Parallel Dp-branes

The first excited state can again be written as a linear combination

N p—1
|L1) = ZZ DAY+ Z Oy | 10:pi 7 s) s - (2.31)
r=1s=1 \i=1 a=p+1

As done previously, we can distinguish two different types of excitations:
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1. Parallel excitations

In this case, following the same reasoning as for a single brane, we get N? massless vectors

ZZ (Z ATS b ) 0;p; 7, s)yg  With M3 =0. (2.32)

r=1s=1

The N? massless vector bosons with a momentum transversal to the world-volume of the
Dp-brane indicate an extension of our original abelian gauge symmetry U(1) to a non-
abelian gauge symmetry U(N). This justifies our specific choice of hermitian Chan-Paton
matrices A9, because they span the Lie algebra of U(NN). The N? indicates that the massless
vectors transform in the adjoint representation of U(N). To put it in other words:

N coincident Dp-branes define a U(N) Yang-Mills theory on their (p + 1)-dimensional
world-volume.

2. Normal excitations

Analogous to the single brane, we get a massless scalar field for each orthogonal direction.
As a consequence of having N coincident Dp-branes, this yields N2 x (D — 1 — p) scalars.
These N? sets of Goldstone bosons transform under the adjoint of U(N).

N N p—1 '
rsapt oy 0 psrs with M2 = 0. 2.33
7 3 NS ¢

r=1s=1 \i=1

If we were to select a vacuum in the Ramond sector again and truncate the basic tachyonic
state using GSO projection by following the standard RNS formalism, we would finally get the
following spectrum for the case of an open super string between Dp-branes within a stack of N
Dp-branes.

e N? (p+1) dimensional and massless U(N) gauge bosons.
e N2 sets of (9 — p) massless scalars in an adjoint representation of U(N).

e N? sets of (p+ 1) dimensional fermions in a representation by decomposing 8. of SO(8)
under SO(p — 1) [60,66].

This result is remarkable, because on the one hand, Dp-branes offer a new intuitive way of
thinking about non-abelian gauge theories. Instead of the usual differential geometric approach,
it can be done using dynamic Dp-branes.

On the other hand, we will realise later that these bosons can be related to the gauge bosons of
a U(N) Yang-Mills theory and thus be a key component to build semi-realistic standard models.
The N coincident Dp-branes define on their world-volume a U(N) Yang-Mills theory.

2.3 The Dp-brane Effective Action

Dp-branes, as we have already mentioned, are dynamic objects and therefore obey an action. The
effective action Se at leading order in derivatives and string coupling describes the dynamics of
massless open string oscillations in the (p+ 1) dimensional world-volume W, 1. It consists of two
parts. The Dirac-Born-Infeld (DBI) action and the Wess-Zumino (WZ) action. The latter one is
purely topological and thus metric independent and sometimes also referred to as Chern-Simons
(CS) action. The action describing the relevant world-volume is given as [40,63,67,68]

Sb—brane O Seff = SpBI + Sw7z - (2.34)
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Let’s begin to describe the first part of this effective action in more detail. In a way, the DBI
action E”ﬂ is a mixture of the Born-Infeld (BI) action, which describes the dynamic of gauge
fields on Dp-branes, and the Dirac (D) [82] action, which describes the fluctuations of the brane
itself [46]. The BI action is a non-linear alternative of the Maxwell action, where the leading
order term coincides with the Maxwell action for small field strengths Fy;, [83-86]. The DBI
action describes low energy dynamics of Dp-branes in a generic background, created by massless

closed string excitations G ., By, @.

SppilG, B, ®] = —T, &1 e/~ det (o + Bap + 2w/ Fap) - (2.35)
Wh+1
where the £, with a = 0,...,p, are world-volume coordinates of the Dp-brane. The pull-back
metric v, of the bulk spacetime onto the world-volume W, 1 and the pull-back function By,
are defined via the background metric GG, and space-time 2-form or Kalb-Ramond field B, ,
respectively.

AXHE XY oXH oXxXv
Yab = T@T@G’“’(X(g)) and  Bg, = T@T@B#”(X(g)) ; (2.36)

where the X* embed the world-volume into ten dimensional spacetime. The field ® corresponds
to the usual dilaton. In contrast, the U(1) field strength Fy; is not a pulled-back form, but rather
a field restricted to the world-volume. The string tension in Eq. (2.35) depends now on p and is
given as [40]

2 _
Ty =pp = ——— = 2mlPHL. (2.37)

(Am2al) =
The second term in the effective open string action in Eq. (2.34]) is the Wess-Zumino action. This
action plays a very special role as it contributes to the tadpole cancellation and the generalised
Green-Schwarz mechanics and is crucial for SUSY. Without deducing - what can be found
in [87-91] - the action formally reads

A
SwzlCpl =+ T, dPTe Chr(2ma/ F) A | = (ZT)) NP ¢*C,y (2.38)
N q

Wpt1 A(

p+1

The first term of the wedge product in Eq. denotes the Chern character of the curvature
2-form F = F + (2ra/) ™! B, containing the NSNS 2-form B. This part characterises the gauge
bundle of Wy 1. The second term describes the curvature induced on the Dp-brane. A denotes
the A-roof or Dirac genus, which characterises the tangent bundle of W), and can be expressed
in terms of Pontryagin classes. Rr and Ry are curvature forms of the tangent and normal
bundle of W, 1, respectively. The last term consists of the formal sum of pull-backs of the bulk
potential to W, 11, which are referred to as RR 2-form potentials C,.

Much more could be said, especially for WZ action. However, we are not interested in the exact
form in the further course since we will work with approximations. Thus, we end our discussion
at this point and relegate to the literature already referred to. The curious reader can find some
briefly explained topological "tools” in the appendix [A]

In the end, it can be stated that the DBI action heuristically describes the coupling of the
open string gauge fields to the NSNS fields. The WZ action describes the coupling of the RR
forms with the gauge field F'. This action is of topological nature and, if interpreted intuitively,
describes or “measures” the charge of the Dp-Brane [40].

"It is also possible to find a supersymmetrised formulation of the DBI action. For example, this is done
in [69-72], by using superfield formulation.

SThere is no generalisation for a DBI action in the case for coincident and thus non-Abelian Dp-branes. Some
widely accepted proposal can be found in [73H77] and problems resulting from it in |78481].
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Chapter 3

Intersecting D-branes at Angles

In this chapter, we will consider open and oriented superstrings in Type IIA string theory, which
are stretched between intersecting D6-branes, with a relative angle to each other. For this purpose,
we will describe this system classically and determine the non-trivial, so-called, twisted boundary
conditions. We will find that these twisted boundary conditions shift the modding of the oscillator
modes and lead to a non-integer mode expansion.

In a brief interlude, we will discuss some conditions and restrictions to the angles of the branes,
which are given by supersymmetry.

After finding the classical mode expansion for the open strings, we will quantise the system,
determine the twisted vacuum of the theory and construct the vertex operators corresponding
to the physical states. With these ingredients we will finally examine the spectrum of the open
superstrings living at the intersection of D6-branes.

At lowest energy, we will find a spacetime boson, whose mass depends on the relative angles of
the branes and a massless four dimensional spacetime fermion in the bi-fundamental (or it’s
conjugate) representation (Ng, Np) of U(Ny) x U(Ny). By the specific requirement that the angles
between the mutually rotated D-branes are in sum zero, we obtain a N = 1 chiral supermultiplet.
This will show the origin of charged matter in string theory.

3.1 Twisted Boundary Conditions

By studying open strings for the first time in the framework of bosonic string theory, the
coordinates satisfy Neumann boundary conditions, moving on the world-volume of a space-filling
D25-brane. Details can be found in nearly every introduction to string theory, e.g., in [45]. In
general, however, it is possible to think up more complicated scenarios. In this chapter, we will
deal with a generalisation of such special conditions - specifically D6-branes that are rotated
relative to each other.

For this purpose, we consider pairs of D6-branes in Type ITA superstring theory, which are
coincident along the coordinates My = {z%, 2!, 22, 23} and rotated by relative angles in the
remaining directions Zg = {'} with i = 4,...,9. The M, spans the flat and non-compact
Minkowski space, since its underlying structure corresponds to a Lorentzian manifold. Hence,
we will refer to this space as our physical spacetime, while we refer to the other remaining
dimensions as so-called internal dimensions or internal space. This is shown schematically in
Fig. The boundary conditions for the open string coordinates along M, are obviously still
Neumann-Neumann boundary conditions, which preserves Lorentz symmetry. [63]. To get the
correct boundary conditions for the internal directions, where the D6-branes form non-trivial
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Figure 3.1: A pair of D6-branes intersecting at non-trivial angles 61,0 and 63 in Zg. The red line
corresponds to a DG6j-brane, while the blue line represents a D6,-brane. The two branes cover the
non-compact dimensions of My.

angles, we consider two stacks of D6-branes in the (a:2k+2, x2k+3) - plane, where k = 1,2,3. The
first stack of N, D6-branesﬂ which we will denote as D6,-brane, are horizontally aligned with
the z2512 coordinate, while the second stack of N, D6,-branes are rotated by an angle 0 in a
mathematically positive sense, as depicted in Fig. [3:2] Further, we assume that the stretched
string is oriented and starts on the horizontal D6,-brane and ends on the twisted D6;-brane.
At o = 0 the string coordinate X2**3 vanishes, which corresponds to a Dirichlet boundary
condition. On the other hand, the endpoint of the string is free to move along #2**2, thus the
string coordinates satisfy a Neumann boundary condition . This results in

80X2k+2 (T7 0-)’0':0 = X2k+3(7-7 0)‘010 =0. (31)

The endpoint of the string at ¢ = 7 is attached to the brane obtained from the horizontal one by
a counter clockwise rotation. For this purpose, we use a new coordinate system (22, 2/2k+3)
so that 2/2**3 aligns with the rotated brane. The coordinate z'?**?2 is therefore orthogonal to
the rotated brane. From Fig. , we can determine the transformation behaviour

T cos sin x T cos T sin
2ht2 \ 0, 0, 242\ 2h42 ¢og 0, + 22643 5in 6, 32)
x/2k+3 —sinf cosO x2k+3 —x2*25in 05, + 223 cos Oy, | - ’

12k+3

)

The endpoint of the string at ¢ = 7 is free to move along the x coordinate, thus the string

coordinate satisfies a Neumann boundary condition
Do XK 421, 0) | g cOS O, + Oy X T3(7,0) | g=n sin b = 0 . (3.3)

Furthermore, at o = 7 the string satisfies the Dirichlet boundary condition z/2**3 = 0, which
yields
— X227 0) | g sin O + XT3 (1, 0) | gy cOS Oy, (3.4)

To make some calculations simpler, we introduce complex target space coordinates for our internal
space I& = T, which leads to

1

7k = % (X%“ + iX2k+3) for k =1,2,3. (3.5)
1
7% = % (X%+2 - iX2k+3) for k =1,2,3. (3.6)

1For the sake of compactness, we will omit the notation of the N, and N, stacks in this chapter, as it is not
essential for the further analysis.
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Figure 3.2: Two intersecting D6-branes in the (z2¥2, 22%+3)_plane. The angles 6}, are measured according

to the indication in the figure. The angles run counterclockwise form the D6,-brane to the D6,-brane.
This convention yields positive angles.

The complex coordinates Zj and Zj, are now rotated according to [63]:
zZF — RkZ! with Re U(3) , (3.7)
where R can be represented as
R = diag(e', €% %), (3.8)

In terms of these new coordinates, the boundary conditions can be re-expressed as [92}94]
doRe[Z¥(r,0)]|  =0;  Im[Z%(r,0)]

=0
=0; Im [eieka (T,O’)}

O=T

o=0 (3.9)
J- Re {ewka (T, U)}

3.2 Classical Mode Expansion

To find the mode expansion for the still classical fields Z and Z, we make the usual oscillator
modes expansion. In contrast to the case of parallel D-branes, the centre of mass is located at
the point of intersection, which corresponds to the origin of the complex plane in Fig. [40,54].
Roughly speaking, one can say that the strings in the internal space are stuck in the corresponding
intersections. As an ansatz we therefore write

Zk( Z |:1 k —zn T—0) + 1d7lfbe—in(7'+0):| ’ (310)
nEZ n
_ / 1
Zk(T,O') =1 % Z [aﬁe_m(T 7 4 —akein(rto) | (3.11)
nez n
where we used
1 2k+2 . 2k+3 _ 1 2k+2 . 2k+3
ok = 7 ( X X ) and af = 7 (anX —daX ) . (3.12)



Following this, we demand that the ansatz fulfils the boundary conditions. The first pair of
conditions in for o = 0 leads to a condition so that a,, = &, and &, = a,,. The ansatz also
fulfils the remaining conditions in if the modes become a function of the angle, i.e., &y,
and oy, , with €, = %. Combining these results, the mode expansion for a complex bosonic
field is

1
m — €

e~ Hm—ex)(7+0) (3.13)

/ 1 )
Zk(T7U) =1 % Z |:a7]$1+ek€_l(m+5k)(7'_0') + d’:nfek

e m + €

and similarly for Z*(7,0) [54]. Therefore, we can conclude that Z¥ — Z* if we substitute
€ — —€L.

By inserting the angle €, = 0, we get the solutions for a string stretched between parallel branes,
while for ¢ = % one gets a string between two orthogonal D6-branes. These special cases are
well known and can be found in standard literature, as in [45)].

For superstring theory, of course, we must also consider the fermionic part. Our previous
considerations can be repeated and are the same for the world-sheet fermions, where we again
use complex target coordinates given by [92]

1
ok = % (q,zﬂk“ + w?’f“’) for k = 1,2, 3. (3.14)
1

b — NG (zp%“ - i1/12k+3) for k = 1,2, 3. (3.15)

The modes are again shifted by the angle ¢, and we will denote them conventionally as

rel R.

3.16
reZ+; NS. (3.16)

k Tk :
errekv 1/%7% with {

3.3 Supersymmetry Preserving D-Branes

Supersymmetry is a spacetime symmetry between bosons and fermions, which - since we do
not observe it in nature - must be broken at low energies. Consequently, it requires that for
every boson there is a corresponding fermion and for every boson a corresponding fermion [95].
These predicted supersymmetric particles are generally called superpartners. There are several
SUSY theories and in this thesis, we will concentrate on the simplest four dimensional N' =1
supersymmetry, where A indicates how many SUSY generators the theory provides [96],97].

There are several ways to describe D-branes and their role in supersymmetry breaking. One
possibility is given by the fact, that D-branes are so-called BPS states, which are characterized
by being invariant under a subalgebra of the full SUSY algebra. Another particularly clever
choice is offered by T-duality. Since this is beyond the scope of this thesis, we therefore refer to
literature such as |98, Chapter 13.4, and [54], Chapter 10.4. and Chapter 9.5.

A relatively intuitive possibility which is compatible with the already discussed material is
nevertheless given and shall demonstrate the essential idea behind it. By introducing Dp-branese,
Poincaré invariance is broken in the normal directions [49]. Now it is a fact that Poincaré
symmetry and supersymmetry are related. This can already be seen from the point of view of
the anti-commutator relation [96]

{Q,Q} =P, (3.17)

with @) denoting the supercharge generator and P being the momentum four vector. This already
tells us that SUSY must be broken to a certain degree. In the following, we consider a concrete
case with two D6-branes at angles in type ITA string theory. Furthermore, we assume that we
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have a configuration like the one shown in Fig. (3.1)). Therefore, we have two different D6-branes,

which are coincident along the four directions z°, !, z2, 22 and twisted in the remaining directions

by a rotation R, which is parametrised by the three angles 6y.

It is now well founded [98] that an arbitrary stack of D6-branes preserves supercharge according
to

Qo =Qa+PQs with P= [ P'. (3.18)

i normal to D6

P is a parity operator in the space normal to the D6-brane and should not be confused with the
four momenta in Eq. . This also provides the necessary condition for SUSY that @, and
PQ, have the same chirality resulting in type ITA (IIB) string theory having Dp-branes with p
even (p odd) as SUSY-preserving branes.

The D64-brane of our configuration thus preserves

D6,: Q% =Qu+PQ, with P =PPP. (3.19)
The D6y-brane preserves

D6,: Qb =Qa+ P2Qa=Qa+ (R 'PIR)Qa , (3.20)

where R corresponds to the above-mentioned rotation. Comparing Eq. (3.19) to Eq. (3.20) yields
the spinor equation
Pie =R 'PRe. (3.21)

A simple calculation yields
e= P 'R7'PRe = P['P RRe = R%¢, (3.22)
where we took advantage of the fact that the parity operation flips the rotation angle, i.e.
R™'P =PR (3.23)
Choosing the ten-dimensional spinor |s) = |sg, s1, S2, 3, S4), which we have already introduced in
Section we perform the following double rotation [99)
R%|s) = 2 S kO |s) = eils10iFma0atssts) |y Loy with s, = i% . (3.24)
Supersymmetry therefore requires that
01 £60:+£603=0 (mod2m) . (3.25)

By redefining 6}, — —6, we can focus without loss of generality on solutions to R? |s) = |s) with
all s > 0 or s < 0. Thus, we have seen that the total amount of supersymmetry depends directly
on the sum of the three angles 6. We can therefore distinguish four different cases [54199):

e The angles 0 are generic which, direct consequence is that all supersymmetry is broken.

o The angles satisfy 61 + 62 + 03 = 0 (mod 27) but can be otherwise arbitrary. This choice
preserves i of 16 supersymmetries of the D6,-brane. On that score, we expect four real
supercharges. Thus, it follows a N = 1 supersymmetry in four dimensional spacetime
providing a chiral supermultiplet.

o Two angles satisfy 61 + 02 =0 (mod 27), while 63 = 0. It follows a N' = 2 supersymmetry
in four dimensional spacetime with eight real supercharges and hypermultiplets.

o The special case 0] = 6 = 03 = 0 allows a 4d N = 4 system of parallel D-branes with a
vector supermultiplet.
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3.4 Quantisation of the Open String Sector in the Internal Space

The quantisation procedure for the spacetime dimensions is similar to the known one for more
trivial boundary conditions. The textbook [45] is recommended as a good and comprehensive
source for the quantisation procedure in the presence of orthogonal or parallel D-branes. In
this thesis, we will only restrict ourselves to the quantisation of the open string sector D6, -
D6, in the internal space. We have seen that boundary conditions shift the oscillator modes by
+eg. Thus, we will quantise the system that up to now has been treated in a classical way, with

the focus being on the internal dimensions. By doing so, we will use some key techniques of
conformal field theory (CFT).

First, we will reconstitute our fields differently. Our mode expansion Z(z, z) is not a (quasi-)
primary field, thus we will use [/{ 9Z% (%), which indeed is a primary field. It is well known from
CFT, that the world-sheet of a free propagating open string can be parameterised as a strip
with a length 0 < 0 < 7 and —o0 < 7 < 00. By performing a Wick rotation and substituting
w = T + i0, we can do the usual mapping to the upper half plane H , which is specified by

z= e, (3.26)

Via this map we get the following mode expansion

078(2) = —i\/§ S, a2 e 07%(2) = —i\/%L Y, ok, 2
(3.27)

k ! k —r—2L4e . Tk _ ’ k p—Li_
v (Z) - \/%ZTGZ‘FVwT*fikz AR ’ v (Z) - \/%ZTEZ—H/errEkZ T

Inverting the mode expansion for the world-sheet bosons in Eq. (3.27)) gives an equation for the
modes in terms of a contour integral

.2 dz
Ohie, =i\ § gmss"4024(2) (3.28)

With this integral representation of the bosonic modes, we can calculate the commutator
[a{niew dnggk}. Since the result of that commutator is mentioned in a lot of publications, but
the way to it is not obvious, it will be shown in more detail in the appendix

Following the appendix [B] we find

[O‘f:n:teka drjz:q:ek} = (m + Ek:) 5m+n,0 5I’J . (3.29)

The same can be done for the world-sheet fermions, which leads to the only non-zero anti-
commutator [100]

{'(/)1{-&-61@7&;]—%} = 5r+s,0 5I’J . (3.30)

A pivotal moment in the process of quantisation is the construction of the vacuum of theory.
Hence, we next construct the vacuum of the internal space. For the internal dimensions we
have a new type of vacuum, which satisfies and incorporates the previously investigated twisted
boundary conditions. From now on, we will refer to these new vacua [0)ggng = [{0k})pgng and
|©)Ber = {0k})pgr as the twisted NS vacuum and the twisted R vacuum, respectively. In the
next section we will see that so-called conformal twisted fields are associated with the twisted
vacuum, which create the twisted vacuum out from the untwisted one. We will explicitly derive
how the twisted vacuum can be built by acting with conformal twist fields on the untwisted and
SL(2,R) invariant vacua, which will be denoted as |0)ggng and [0)ggg [92,100].

2we focus on chiral fields Z7(z), because all calculations are analogous for the anti-chiral fields Z7(2).
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Further, we must make a case distinction with regard to the choice of the angle €. If we choose
the angle to be 0 < ¢ < 1, the vacuum appears to be

oh o 10) =0, Ym>1 vk [6)=0, Vr> { s,
(3.31)
k k 0, R
Ximtep |@> =0, Vm > 0, wr+ek ’@> = O, Vr> % NS .

The mass-squared operator M? for the whole theory - including both the ordinary spacetime
and the internal dimensions - is given by the following formula [68]

o M?* = N? + NY + ag (3.32)
with the so-called number operators, which measure the numbers of oscillators in accordance
with

2 3
NZ = Z Z a'lina/nl’ + Z Z akim+6ka’fnfek ) (333)
pn=1nez k=1meZ
2 3
NY=3" 3 rmphf+ 3 Y (r—e) vt v, (3.34)
p=1lreZ+v k=1reZ+v

and the normal ordering number

1 1
ap = 2v (—2+226k> , (3.35)

I=1

which arises from the normal ordering with respect to the twisted vacuum. This corresponds to
the zero-point energy of our theory with intersecting D6-branes. A detailed derivation of the
formula and the determination of the vacuum energy is carried out in the Appendix [C|

For negative angles —1 < ¢ < 0, we define the vacuum as [92]

ok 10)=0, m>0, $E,|0)=0, r> { YN
2 ’
(3.36)
k k I, R
am+ek|@> = 07 m > 17 ¢r+ek|®> = 07 r > %’ NS .

which leads to a zero-point energy given (remember €5 < 0) by
11
ap = 2v (—2 ~3 kzzjl ek> . (3.37)

3.5 Vertex Operators and the Spectrum

In this section, we will derive the relationship between the twisted and the untwisted vacuum,
both in the NS sector and in the R sector. In order to accomplish that, we will introduce twisted
conformal fields. The advantage of these new sort of conformal fields will enable us to create a
collection of operation product expansions, which will serve as a “dictionary” and allow us to
write down the vertex operators (VO’s). We will further take a closer look at the spectrum of
this theory at the lowest energy state and use the so-called BRST invariance to build physical
states. Finally, these will provide us with a key feature of the standard model. For the sake of
concreteness, we choose a supersymmetric setup with Qéb >0, 921) > 0 and 02b <0.
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3.5.1 Vertex Operators in the NS Sector

Intending to get the vertex operators, we will focus on how the conformal fields ¥, ¥, 9Z and
07 operate on the twisted ground-state |©)peng: This inspection will serve as a collection or a
“dictionary”, which will be useful to construct the vertex operators in the further course. For
the sake of clarity, we will use just one angle ¢ € © as a representative for the three different
ones. The generalisation is straight forward. Once again - assuming that the angle is positive
- we start with the bosonic conformal fields, which act in the following particular way on the
ground-state [101]

li_ff(l) 0Z(2)|0)s = Z ll—ri% ez "0 = 2l |0)p = 2 Lo (0)7, (0)[0)Y

ner (3.38)

im 0Z(2)[6)5 = 3 m apez "0 — 20 1yelO)n = 2o (07 (0)]0)}
neEL

where we used the so-called state-operator correspondence [54] with respect to Eq. (3.31]). The
field o (0) denotes the conformal bosonic twist field, which follows from |0)5 = lim,_,0 o (2)|0)%.
Loosly speaking, acting with that twist field on the untwisted vacuum will turn it into a twisted
vacuum, according to o (0) [0)g = |6)5.

Consequently, the fields 7.7 and 7. are excited twist fields with conformal dimensions h+ =
1e(3 —€) and hos = 2(1 — €)(2 + €), respectively [101]. The “hierarchy” of excitation of the
twisted fields is shown schematically in Fig. [3.3] to make it less abstract. The second line in
Eq. for instance helps to identify 7 with the state a_11|0)p. This reproduces the following
OPE [102]

0Z(2) apT(w) ~ (z —w) ™ 7 (w) . (3.39)

Subsequently, we could also build higher excitations. In particular, we can show that by acting
with 0Z on a_14|0)p ~ 7(0), we obtain

lim 0Z(2) a_14d0)p = Y an -2 o i O ~ (1- ) 272 0)s (3.40)

n

where we used the commutation relation from Eq. (3.29)) in the penultimate step. Thus, the
OPE reads

0Z(2)Tg(w) ~ (1 — €)(z — w) > op(w) . (3.41)

Equivalently, we could derive all other OPE’s containing bosonic twist fields. The same can
again be done analogously with ¥ and ¥ acting on the twisted vacuum |6)ns, where we obtain

lim W(z)l0)ns = D 272U clf)ns = 2 Y1 J6)ns = 2 (0)s5 (0)|0)Kss
rEZJr%

: 1 —r—1_e —€ —€ u
lim W(z)|0)ns = > 2TTTE Yy |f)Ns — 2 U_1y O)ns = 275 (0)s5 (0)[0)Rs
TGZ-I—%

(3.42)

where £ and ¢ represent excited fermionic twist fields with conformal dimension hipr = %(1 +€)?
2

and ht; = 1(1 — €)?, respectively [101]. The field s; (0) denotes the conformal fermionic twist

field, which builds the twisted vacuum |6)yg in the NS sector.

In the previous Section [3.4) we already revealed some details about the construction of this new
twisted vacuum, on which the internal creation and annihilation operators act. In the NS sector
the twisted vacuum is finally related to the untwisted vacuum via

3
©)Bens = lim 1 6. (2)s5 (2)10)Bens - (3.43)
k=1
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It is a special and beneficial feature of 2-dimensional CFT that the fermionic RNS theory
can be formulated fully in terms of bosons, which goes under the name of bosonisation. This
identification is due to the fact that the OPEs match each other [98]. We have the following
identifications for the NS sector

\IJ(Z) = eiH(z)’ \I’(Z) = e—iH(z)
(3.44)
sj(z) — eieH(z)7 t;r(Z) = ei(e—i—l)H(z)’ fg(z) = ei(e—l)H(z) ’

where H(z) is a bosonic conformal field now [98,|101]. Note that we have the following identifica-
tions among twist- and anti-twist fields [

o5 (2) =0l 9(2) . 15 (2) =7 g(2), T (2) =T e(2), (3.45)

which of course is also valid for higher excited twist fields. The corespondence of state and
vertex operator for a couple of states and different convention for the angles can be found in

Table 3.1] [101].

Positive angle Negative angle
State Vertex operator State Vertex operator
| 0)Ns o (2) |6)xs e M) 09_ (2)
a|0)ns e’ HE7.f(2) acl 0)ns e HEE(2)
(@—c)*|8)ns Mg (z) (@e)®0)ns e MG, (2)
Y_sylOns TV B0r(z) “1O)ns gEE 09_(2)
. w7%+6| 0 >NS 6z(e—l)H(z)TeJr(Z) . 'Lﬁ,%,e‘ 0 >NS z(e—l—l)H Tg (Z)
(¥ 1,0 OGP dis [0)ns e HDIOG ()
a—14e| 0)ns e HETH (2) asi-eO)ns M (z)
a,1+6¢7%+6| 0 >NS ez(e_l)H(Z)?gr(z) a1 P 176‘ 0 >NS et 5+1)H(Z)Tg (Z)

Table 3.1: Vertex operators for different corresponding excitations in the NS sector.

3.5.2 Vertex Operators in the R Sector

If we consider the R sector, we observe that the bosonic part is obviously the same as for the NS
sector. Thus, we will immediately turn to the fermionic part. The vacuum follows again from
the definition in Eq. . Acting with ¥ and ¥ (the sum is now over integers) on the twisted
vacuum |f)g, we obtain [101]

lim W(2)[6)r = Y lim 2™ “atelg)p  — 2 2CT(0) S (0)|0)k

ner (3.46)

lim ¥ (2)[0)r = D lim ez 70— 22T, (0) 57 (0)]0)4
nEZ
Similarly to the NS sector, we have a corresponding relation between the untwisted vacuum and
the twisted vacuum in the R sector
3

©per = lim [T 70, ()50, (=)0} e, - (3.47)
k=1

3Negative angles 6 get replaced by 1 + 6.
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Figure 3.3: Schematic depiction of the action of Z and 9Z on the twisted and anti-twisted conformal
fields. The same can be generalised for the Ramond sector by exchanging the appropriate fields. [93]

Positive angle Negative angle

State Vertex operator State Vertex operator
10)R ei(ef%)H(z)U;-(z) 10)R ei(éw)H(z)Je—(z)
aglo)r ¢ DHO () aplo)r GO ()
Yglo)r  TDICox () Golo)r D)0 (2)

o ew om0 HC () agtglfhr €T )TO()
Vorrlf)r  €ODHEE () ) L G VST )
a_gp_riold)r ODTOLI)  agpyglo)n (RO ()

Table 3.2: Vertex operators for different corresponding excitations in the R sector.

Here T, 9+ and T, 0+ symbolize excited twist fields in the R sector that can be again bosonised
S;(Z) = ei(e_%)H(Z) f(;r(z) =

Analogously to the previous section, we can derive the vertex operator corresponding to any
excitation. We summarize the results in table [3.2] below.

Ty (2) = efle+2)HE) | eile=3)H () (3.48)

)

3.5.3 Lowest Energy States in the NS sector - A Light Stringy Scalar Boson

We can now look at the resulting Fock space in more detail. The contributing state in the NS
sector, which will turn out to be massless for a supersymetric configuration, is

®(k) : 1/1,%,931) eébﬁgbv 02b>NS (3.49)
The mass squared operator in that case is given by Eq. (3.32)) and reduces toﬁ
1 1 1 =

“States like e.g. 1_ 1-02, yield a massive state under the condition for N" = 1 with M?
(13.49) is the only massless state

= (6%, + 02,)M2. Thus,
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By using the Table we can construct the corresponding vertex operator in the canonical —1
super-ghost picture for that state. We further replace the negative angle  with 1 + 6, where 6 is
now defined as a multiple of m. We receive

@Z}193

1 HT 63 VH3 ikX
eabveabae b>NS : V( ) = - g¢[ ab 51 e’ H U or, 10 ab 0';_93 e’ (1+ ab) elk ’

(3.51)
where for the internal space we get contributions from the bosonic twist fields and the bosonised
fermionic twist fields. The additional e’*X comes from the four-dimensional spacetime structure,
where the string can move freely. The so-called Chan-Paton factors [Ag]3! indicate that string
is stretched between the two D-brane stacks a and b. On each D-brane stack there lives a
gauge group, thus the indices a1 and {1 run from one to the dimension of the fundamental

representation of that gauge group. The string vertex couplin@ is denoted by g4 [103].

According to our convention, the string stretches from the stack a to the stack b of the corre-
sponding D6 branes. Reverting the orientation of the string — from brane b to brane a — the
complex conjugate state ¢* arises. This corresponds to the vertex operator in Eq. with
opposite orientation of the angles. Consequently, a string with a reverse orientation corresponds
to an antiparticle [92] [68].

Given by the BRST symmetry, each Vertex operator has to obey the physical state condition

[@BrsT,V] =0, (3.52)

where the BRST Charge is given by [41]

dz 1
= —qef Xy, + § :azf —Hr g § 0z
Qunsr = f 5 {e " Vea (l e = (3.53)

+c <18X“18X - ﬂp by, + Z ( 0707y — 5€ iné)e”I)) } +on,

where we only consider the matter part, while the ellipsis stands for pure ghost terms [101,/104].

Using this physical state condition and the known OPE’s, we typically get a simple and a double
pole. This tells us a lot about the states. The simple pole corresponds to the equations of motion,
while the double pole gives us information about the energy-momentum equation.

(=1)

Now we can check if V¢ is BRST invariant. The calculation is carried out in Mathematica(@ﬁ

The physical condition |QgrsT, Véil)} = 0 gives:

1. A simple pole, which corresponds to the equations of motion, vanishes identically for this
case.

2. A double pole, which corresponds to the energy-momentum equation, vanishes if we require
that k2 = 0. This mass-shell condition is always fulfilled for massless bosonic or fermionic
vertex operators.

At this point, we should mention an alternative route to find the mass formula by studying the
conformal dimension of the VO, which is a primary field of dimension A~ = 1. The conformal

5The string vertex coupling g4 can be derived by calculating the three-point amplitude [102]
5The Mathematica® code, with which the condition in Eq. 1' was checked, is based on an OPE library
provided by Pascal Anastasopolous.
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weights of all fields appearing in the vertex operators in Eq. (3.51]) are [103]

[e?] = —a((;z—i—Q) C e :a; . ool = 9(12_0) et = ok (3.54)

Using these results, we get

_ 1 & /0(1—6p) 1 (05 +1)(—603) (3+1)*  o/k?
1] _ & I I 192 3 3 3
{V¢}_2+Izl( 2 +201)+ 2 Tty T
-, (3.55)
—lilvy P
T2 2472

To achieve that [V¢_1] = 1 we must set o/ M? = 323_, 01, Thus, we have found a physical “light”

scalar. Depending on the choice of the angles, this scalar can be massive (Zf’ 6; > 0), tachyonic
(3226; < 0) or — if the intersections preserve supersymmetry (33 6; = 0) — massless.

3.5.4 Lowest Energy State in the R Sector - A Massless Chiral Fermion

The same can now be done for the R sector, where we have the zero-state given by

(k) :

O O 031 (3.56)

with a vanishing mass squared operator M? = 0, independent of the choice of angles. We now
use the table (3.2]) to build the vertex operator in the canonical —1/2 super ghost picture. Doing
so, we obtain

2
—-1/2 — (g 1 i(p3 L1 ;
0% : Vqé % = 9y [Aa]) € 22978, 11 %2562(0“6 2)Hfaf+egbel(9ab+2)H3e’kX (3.57)
I=1

Now, this vertex operator carries a spinor index. To the spinor wave function v%, we have an
additional new type of field S, in this VO, which denotes a SO(1, 3) spin field. The spin field is
determined by the GSO projection.

The physical state condition [Q BRST vy 2)} = 0 yields:
1. The simple pole vanishes if we require the equation of motion for a massless Weyl fermion.

koG v (k) =0 . (3.58)

2. The double pole vanishes again for k2 = 0.

Analogously to the bosonic case, we can crosscheck the conformal weight of the Vertex operator.
The only additional weight to the previously presented ones in Eq. (3.54)) is [103].

2
[Sa] _ [ei(i%H1i%H2)} — 2(:t§> _ i (359)

For the vertex operator we get

:§+Z+3§+ 9 . (3.60)

Demanding that [V_1] = 1 yields o/ M? = 0.

[V,l] 3 1 1 dk?

Therefore, this is a physical massless four-dimensional spacetime fermion. In sequence, that could
be chiral fermion in the SM massless spectrum.
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In summary, we have found a massless Weyl fermion in four dimensions at the lowest energy
level - no matter how the D6 branes intersect. This fermion is in the bi-fundamental (N, Ny)
representation (or its conjugate representation) of U(N,) x U(Np). The convention we choose
here is that a string starting at a brane a gets a positive charge +1 under the corresponding
U(N,), while a string ending at a brane gets the opposite charge, i.e. —1. In the next section,
we will explicitly see how chirality is naturally established by the intersection of such D6-branes.

Additionally, we get a further complex spacetime scalar boson, whose mass depends entirely on
the angles. Choosing a supersymmetric set-up, where the sum of the angles is a subset of SU(3)
rotations, we get a boson with M2 = 0 in the same representation as the fermion. Thus, at each
intersection we have a A/ = 1 chiral supermultiplet (¢, Qp)T in bi-fundamental representation,
which gives us a key feature of the standard model. This is the origin of charged matter in string
theory.

3.5.5 Tower of Massive Copies

At each intersection we further find a tower of massive copies. In literature, these excitations are
referred to as so-called “light stringy states” [93]. The logic to build such higher excitations is
the same as shown in the previous sections. The “dictionary” provides a simple way to construct
vertex operators and by using BRST invariance, further states can be identified with the already
mentioned code.

With these results it is possible to work out couplings between the light stringy states and standard
model states or even to elaborate an effective action to study phenomenology [93.|101,102}/105].
In chapter [7], we will develop such light stringy states for phenomenological purposes.
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Chapter 4

String Compactifications with
D-Branes

In this chapter, we will compactify the unobserved dimensions in order to ensure a consistent
four-dimensional effective spacetime theory. The approach of toroidal compactification is a simple
but yet vivid possibility to get rid of the extra dimensions. The D6-branes can thus be viewed as
homological 3-cycles which intersect in the compact space. This intersection number will give us a
measure of how often the branes intersect. Consequently, open strings living near the intersections
of two D6-branes appear in a multiplicity based on a mere topological setting. For the special
case of a triple intersection and thus a threefold copy of the spectrum, it gives a replication of the
matter content allocated at a single intersection. This yields a powerful geometrical explanation
for the family replications and the three generations of the standard model.

In contrast to a more general compactification of so-called Calabi-Yau manifolds, the toroidal com-
pactification serves us as a satisfactory simplified model. However, the toroidal compactification
with just D6-branes does not provide N = 1 supersymmetry. For this reason, we will introduce
the concept of orientifolds, which provides us with a realisation that is still comprehendible to
analyse and lays out the foundation of a semi-realistic standard model.

Checking global consistencies plays a crucial role in such compactified theories. We will find
that quantum anomalies occur in the effective four-dimensional theory, which can, however, be
resolved by making use of so-called tadpole conditions on the one hand and by introducing a
generalised Green-Schwarz mechanism on the other hand. The latter will provide the U(1) gauge
bosons with a so-called Stiickelberg mass and add further conditions to the theory. To fulfil these
conditions, we will once again find that we have to introduce orientifolds and the corresponding
O6-planes.

We have already established that for reasons of consistency superstring theory requires the critical
dimensionality of ten. Since only four-dimensions are physically observable, an explanation
must be provided of how these “additional” dimensions are manifested so that an effective
four-dimensional spacetime theory results. In the history of string theory, several different
possibilities for such a realisation have been introduced. In order to make it manageable, we will
assume that these additional unobservable dimensions are wrapped up on themselves. This goes
under the name of compactification.

The original idea goes back to Theodor Kaluza, who in 1921 tried to combine gravity and
electromagnetism (based on ideas of Gunnar Nordstrém) by adopting an additional fifth dimension
[106-109]. As is well known, this original attempt of unification failed but provided generations of
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mathematicians and physicist with inspiration for theories, which go far beyond the Kaluza-Klein
theory (KK).

For the purpose of compactification within superstring theory, the ten-dimensional spacetime is
split up into an external non-compact maximally symmetric spacetime, which can be identified
with spacetimes such as de Sitter (dS), Anti-de Sitter (AdS) or the conventional Minkowski space
(R%!), and an internal compact space. Formally expressed, we write [110]

MO =R x g . (4.1)

For all sorts of different reasons, such as leaving the original supersymetry unbroken or to ensure
that conformal field theory is viable, there are certain conditions, which must be fulfilled by this
compact space. Therefore, most of the time we generically demand from Xg to be a Calabi-Yau
3-fold CY3 [54./63,|110-112]. The general framework is attempted to be artistically interpreted in
Fig. [A1]

The downside of working with string theory compactification on Calabi-Yau manifolds is that
these spaces are highly complicated, and hence we will look at a more simplified case. On
that account, we will go the route of toroidal compactification, which we will later expand to
so-called toroidal orientifold and orbifold compactification, which lies between the comprehensible
toroidal case and the more exotic Calabi-Yau diegesis. Furthermore, this choice of toroidal
compactification provides generally a compliant example of mirror symmetry [63,/1135115], which
generalises T-duality [54},63,[116}/117] and therefore makes it possible to translate Type ITA into
Type IIB and vice versa.

4.1 Toroidal Compactification

For the tractable case of toroidal compactification, we choose the internal compact space Xg to
be a 6-torus T, which is factorisable into three 2-tori of the form T® = T? x T2 x T2. According
to this definition, the spacetime can be split into

MO =R TO = R3 x T2 x T? x T2 . (4.2)

Choosing this particular compactification enables two important advantages of great avail. Firstly,
we can visualise holonomy classes more easily, and secondly, we can use conformal field theory
description, which enables and justifies the use of the vertex operator formalism, which we used
in section

Returning to the Dp-brane discourse, we choose these branes so that the R*! is filled out EL
while the remaining (p — 3) dimensions of the Dp-brane form submanifolds in the compact space.
Generally, one speaks of so-called (p — 3)-cycles. In order to better understand terms such as
p-cycles and related concepts such as homology, there is a small introduction in the appendix
which serves the reader as a primer. For example, we assume that we have n stacks of D6-branes,
where each stack a contains N, coincident parallel D6,-branes. These D6,-branes are thus
spanning the four-dimensional spacetime and are further wrapped on 3-cycles on T®, which are
from now on denoted as II3 C T®. For the case that n = 3, a schematic depiction can be found

in Fig. [4.2] [17].

A generic feature of the compactification is that the 3-cycles will generate intersections at
multiple points in the six-dimensional compact space. The remaining aim of this section will
be to determine this intersection number. The intersection number I, is a purely topological
quantity and thus independent of metric-related problems. Therefore, further analysis will be
based on topological considerations, which is why it makes sense to introduce the 3-homology

!This is necessary to provide Poincare symmetry in R3!.
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Local geometry of intersecting D-branes

Calabi-Yau manifold

Branes wrapping I

3-cycles

R3,1

Spacetime point

Figure 4.1: String theory tries to solve the puzzle why only four of the ten-dimensions are perceived in our
physical reality by using the concept of compactification. According to this, a tiny compact six-dimensional
space sits at every point of the four-dimensional spacetime, which escapes our perception. This internal
space must have many special properties, which are fulfilled by so-called Calabi-Yau manifolds. D-branes
wrap on such compact spaces 3-cycles that frequently intersect. Locally, we can always consider these
configurations as in chapter [3| where we used conventional flat R instead of tori.
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Figure 4.2: The depicted spacetime has the form R?*! x Xs5. Where R?! describes the four-dimensional
spacetime and Xy denotes the compact space. The D6-branes fill the Minkowski space and wrap 3-cycles
II3 C X in the remaining six-dimensions. Such 3-cycles intersect in a six-dimensional compact space
and the D6-branes thereby intersect at the R3! subspace. Through compactification the ten-dimensional
gravitational interaction and the seven dimensional gauge interactions can be reduced to a four-dimensional
effective theory. Furthermore, the 3-cycles can intersect several times in the internal space, which leads to
a reproduction of the spectrum in the respective sectors.

class [[13] € H3(T®,Z) of the 3-cycle 113, where H3(TS,7Z) is the 3'" homology group of T® .
As already indicated, the 6-torus can be factorised into three plane 2-tori. Accordingly, the
3-cycles IT3 can be expressed as a product of three 1-cycles Il,. For illustrative purposes, we
now use the fact that a 2-torus can be described as the quotient of the unit xy-plane under the
boundary identification

x~z+1 and y~y+1. (4.3)

A l-cycle in the i*" 2-torus can be represented as a line segment which runs from (O(i), O(i)) to
(n, m®) ~ (09,0@). Thus, n and m® are coprime integers and therefore their greatest
common divisor corresponds to ged(n (@) m(2 =1 .,. If (n (@) (@) ) is not relatively prime,
ged(n® m(i)) indicates how often the hne is Wrapped around the 1th torus. An example is given
in Fig. 4.4l Accordingly, these tuples are called wrapping numbers [45 . With this tool, we
are able to describe a 1-cycle in a very intuitive way. It is advisable to represent the 1-cycle
in a so-called integral basis (whose coefficients are the wrapping numbers) with a canonical
l-cycle a(;) and the associated dual one b, . The canonical 1-cycles are chosen as those
segments, respectively defined by y = 0 and x = 0. This is graphically shown in Fig. for
better understanding. In the following, we obtain

Hi(T%,2) > 1] = n{O[agy)] + mP (b)), Vi (4.4)
Further, topology allows us to define a product between cycles. From Fig. it is very easy to
deduce, that 1-cycles a(;) and b(;) never intersect, unless they are on the same torus. Further,
the product is skew-symmetric since we have an orientation. In the context of holonomy, the
product is defined according to

[ai] o [b]] = 6ij and [bz] o [aj] = _5ij . (45)
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a a, -[|-2 as

R?),l -”'2 -”'2

Figure 4.3: Schematic representation of two D6-branes described on a factorised T® = T? x T? x T?
via 3-cycles. This pair of D6-branes fills the four-dimensional spacetime, making the intersection points
four-dimensional. By the factorisation the 3-cycles can be expressed by 1-cycles. A natural basis can be
chosen along the horizontal and vertical orientation of the three planar 2-tori.

(1.1)

v

0,0) 1 2 3 X

Figure 4.4: In this figure, the fundamental domain of a 2-torus is shown. The drawn 1-cycle is given
by II = 3a + 1b. This is to be understood in such a way that this cycle runs between the points (0,0)
and (3,1). If we supplement this fundamental domain with three copies, we can draw this segment as a
continuous line. By toroidal identification, these points in the copies correspond to points in the original
fundamental domain. This gives the 1-cycle in the fundamental domain, which is denoted by the segments
a, b and c. This 1-cycle is repeatedly wrapped on the 2-torus .
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Following the argument that the 3-cycle is factorisable on the 6-torus and given the fact that we
have three 2-tori, we can decompose the original 3-cycle as a direct product of the three 1-cycles.
The 3-homology class is given by E|

3

3
[113] = @MY = @ (nPla)] +m b)) - (4.6)

i=1 i=1

Having found a suitable parameterisation for our 3-cycle, we can now determine the homological
intersection number at [II,] N [IIy]. The intersection number I (SZ) for 1-homology classes is a
skew-symmetrical bilinear map Hy(X,Z) x Hy(X,Z) — 7Z. Given the definition of the product

in Eq. (4.5), we compute

Iy = ®I§? = [II,] o [IIp] = ® (ng) lag)] + mgf) [b(i)D ) (nl()])[a(j)] + méj)[b(j)])
1:31 1,7=1 5 (47)
= @ {nPm 0] o b)) + miInd ) o la]} = @ (nPmi? —m@Onf?) .
ij=1 i=1

This intersection number now reveals two important facts for the case of toroidal compactifications.

The first special feature of the intersection number is that it is weighted with a global sign.
According to our convention a string with the orientation ¢ — b and a positive intersection
number corresponds to left-handed fermions, whereas a negative intersection is identified with
right-handed fermion with the orientation a — b. From I,, = —I;, it follows, that the sector
D6,D6,, includes the antiparticles from the D6,D6;, sector.

The second property is that the absolute value |I,3| counts the number of intersections and thus
the replication of the chiral fermions in the bi-fundamental representation (N, N). This is
usually notated as [17]

[Lap| = #([Ta] N [TT)) - (4.8)

This yields the remarkable result that intersecting D6-branes give rise to four-dimensional chiral
fermions from open strings localised near each intersection, where |I,| indicates how many
replicas are given in this intersection. This gives a clear way to explain the family replications of
the standard model.

Until now, we have highly praised toroidal compactification because, unlike Calabi-Yau manifolds,
it gives us a clear geometric picture and simplifies concrete calculations. Consider our results
from chapter [} We have seen that the intersections of D6-branes in flat ten-dimensions give
rise to four-dimensional spacetime fermions and bosons which we can combine into a chiral
supermultiplet if the choice of the relative angles of the D6-branes is chosen appropriately. This
corresponds to a N' = 1 supersymmetry which we need to construct possible extensions of the
standard model. However, since we are forced to describe the reality with our theoretical models,
we have compactified these extra dimensions of chapter [3| which locally corresponded to an RS
E|. The mere use of toroidal compactifications destroys the original supersymmetry. This is in
fact a general feature of the compactification of a N'= 1 supersymmetry to a smaller number
of dimensions. In the case of toroidal compactification to four-dimensions, we end up with an
N = 4 supersymmetry [119]. Nevertheless, constraining this system can still be reduced N = 4
to N = 1, which comes in with the introduction of so-called orientifolds. We will discuss this in
the following section.

?In the following we will omit the label for the 3-cycles, which is given by the symbol 3 and only use it if it is
not clear from the context whether we mean a 3-cycle or 1-cycle.

3For the toroidal case the background metric and the induced metric on the worldvolumes of the associated
D6-branes is flat. Therefore, we are allowed to describe locally intersecting branes on a compact space as intersection
on a non-compact flat space. [118§]
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The spectrum contains [63]:

. Four—dimensiona]ﬁ gauge bosons (and potential superpartners) from the D6,-D6, sector,
according to the gauge group:

QR U(N,) - (4.9)

o Generations of chiral fermions (and potential superpartners) from the D6,D6;, (resp.
D6,D6,,) sector:

> Iy (Nay Ny) (4.10)
a<b

At the end, we point out that the angles ), are now a derived quantity [63]. From a simple
geometrical consideration, we determine that the angles are given by

(@) gl0) (2) :
tan ;) = m RQ, = _ReU® , (4.11)

where Rgi), R;i) are the radii of the i*® 2-torus along the horizontal and vertical directions. U®
denotes the complex structure modulus of the 2-torus.

4.2 Global Consistency and Tadpole Cancellation

Type ITA string theory equipped with Dp-branes contains quantum anomalies [40,63,67], which
are fatal in the ultra-violet regime of a quantum field theory [120]. For reasons of consistency,
these anomalies, which manifest themselves in so-called RR tadpole diagrams [54], have to be
cancelled. In this section, we examine our previous theory for such global consistencies. As
we have already stated, Dp-branes are sources of charge for RR (p + 1) forms. The Gauss
law demands that the total net charge must disappear in a compact space. This can be easily
illustrated by using the more conventional picture of electrodynamics. Let us assume that we
have a non-compact space with a charged particle located there (see Fig. . The flux lines of
the charged particle can disappear into infinity and therefore the total charge does not have to
disappear. If, on the other hand, the space is compact, such as the 2-sphere S?, we can again
position a probe charge on the surfaceﬂ Here, however, the flux lines cannot escape into infinity
and the problem can only be resolved by adding a second particle with the opposite charge (see

Fig. [4.5b) [17].

In the toroidal case with D6-branes wrapping 3-cycle in the compact space T® it is necessary to
impose a vanishing RR charge in order to insure tadpole cancellation. In order to investigate
this issue, we first have to find an effective action for the RR 7-form [67].

As we have already established in section [2.3] the WZ action is part of the effective Dp-brane
action responsible for the coupling of the RR forms. In order to work with this rather abstract
action in Eq. (2.38)), we have to expand it to make it more explicit. The appendix [A| contains

4The former seven-dimensional gauge bosons reduce to four-dimensional gauge bosons from the point of view of
the non-compactified four-dimensional spacetime R>!, as we can “subtract” the compactified 3-cycles.

5This can be shown quickly as a one-liner from the Maxwell equations. Consider V - E= p. Integrating both
over a compact space S without boundaries (95 = 0) yields

Q:/p:/V-EdV:/ E-dA =0 (4.12)
S S as

Thus, by using the divergence theorem, we have shown that the total charge must vanish.
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(a) Flux-lines in a non-compact space can (b) Flux-lines in a compact space cannot
escape to infinity, which is here illustrated escape into infinity. Thus, the net charge
for the R2. on such a space must vanish.

Figure 4.5: The RR tadpole cancellation can be interpreted as a Gaus Law. According to this
law, the net charge on a compact space must vanish.

further steps in this regard and with its guide, the WZ-action reads

Swz[Cp] :Tp/ (N Cp+1 + 27TCt/Cp_1 A trF
Wp+1
1 N (4.13)
+3 (2ma/)* Cp3 A [trF/\F—{— = (tr Rr ARp —tr Ry /\RN)} +.. ) :
The B field is set to zero for comprehensibility and F' is again the field strength, which takes
values in the fundamental representation of U(N). [54,/63]. Using the toroidal model with
D6-branes and the leading order term in the expansion, Eq. (4.13) leads to the simplified effective
action

SwzlCs) = Ts 3" N, / Cr +0(a) . (4.14)
p R3:1xT1,

To ensure the 7-form to propagate, we add a kinetic term to the action, which arises from the
effective open string action, which is also known as the supergravity (SUGRA) action 121].
Together, we find

1

Cr _ _ ~
Seff T 9K2 /R?’JXTG Hg N*Hs + T ; Na /]RS,I X, Cr
1

(4.15)
— 5,3 [y, ACTARCT TN, [ Crndy(ILy)
R3:1xT6 - R

2K2 3,1 T6

The 8-form Hg = dC7 is the field strength of the RR 7-form and x? = 3(2m)7(a/)* denotes the
ten-dimensional gravitational coupling . In the last steplﬂ the integral on the 3-cycles is
extended over the entire compact space T®.

SWithout introducing concepts like de Rahm duality and cohomology, we state that the so-called Poincaré dual
forms permit to extend integrals on p-cycles to integrals on the manifold M, according to the isomorphism

/ﬁp ap = /M ap AS(mp) Vap € QP(M) . (4.16)

In a nutshell, every non-trivial p-cycle ay, is assigned to a non-trivial d — p cohomology class. The paradigmatic
example of such an element of the cohomology class is the so-called “bump” form 6(mp), living in the d — p
transverse directions to the cycle. The coefficients of the form are specified by a Dirac delta “function” with

support on ‘
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To find the equation of motion for the C%, we vary the action according to

1
0=65C1=—— [ d6Cy A%dCr +T6 3" Na / 5Cy A 3(IL,
it K2 Mo 1 za: Mo 1 ( )

1 1
6 d(5C A %dC _7/ 5C- NdxdCn + T, Na/ 5C A 65(11,
K2 /M9,1 ( ! 7) K2 Mo ! ! 6; M ! 3( )

9,1

| X (4.17)
— 5 [ CAxdCr— [ 6CindwdCr+ TN, [ 6Cr nd(TLy)

R® JoMo 1 Moy 1 a Mo 1

1
= 5Cs AdxdCy + T Na/ 5C A S3(1L,) .

K2 Moy 1 ! ! Gza: Mg 1 ! 3( )

In the first line in Eq. , we used the Hodge operator rule a A8 = 8 A xa for p-forms «, 5 €
QP(M). In the second line, we used the product rule d(§C7 AxdC7) = doC7 AxdC7 —5C7 Ad*dCr
to split the integral. In the third line, we converted the first integral to a surface integral,
according to Stokes theorem. This integral does not contribute as the variation 6C7 on the
surface vanishes [123].

For all variations dC7, the equation of motion is

1
—dxdCr =d (dCy) = Tp za: Nao3 () (4.18)

dHo>

where Hs is the Hodge dual of the field strength xdHs = dHs. Thus, the left handside of
Eq. is an exact form. It can also be rewritten into [,,dHy = [, H2, which is nothing
more than the Stokes theorem [111]. Using Gauss law, the expression in Eq. yields zero,
which formulates mathematically that the total charge in the internal space is zero

> Nads () =0, (4.19)

Further, by using Poincaré duality it allows to rewrite the last equation as an equation in
homology

[Miot] = Z N | (4.20)

Imposing the decomposition into wrapping numbers [II,] = ®?:1(ngi) lag)] + m) [b@i)]) for the

3-homology class given by Eq. (4.6)), we can write the RR tadpole conditions in a very explicit

form:
ZNn (2) ZNm(l) () -0

ZNn nPm =0, ZNn m® =0 (4.21)
+ 2 two permutations + 2 permutations

Therefore, in order to have a net charge of zero, there are two possible realisations for D6-
branes. The first implementation is rendered possible by the introduction of antibranes with a
negative charge, which explicitly breaks supersymmetry and brings potential instabilities, or the
second option, namely not having branes at all. Therefore, an additional object is needed for a
supersymmetrical D6-brane set up to circumvent this problem [63].

4.3 Orientifold Planes

Since we are interested in phenomenological aspects and the related SM or MSSM, we demand
a reduction to N/ = 1 supersymmetry. As we have already indicated in the previous section,
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Dp-branes are charged under antisymmetric RR fields and the net charge on compact spaces has
to vanish. This can be achieved through the introduction of an orientifold projection and the
associated orientifold planes with negative tension or charge, respectively [67].

In summary, it is indeed possible to obtain the desired four-dimensional N' = 1 supersymmetry, if
we additionally require that there is an orientifold projection on the compactified C'Y3. However,
in chapter [] we will also see that the toroidal orientifold model will not be sufficient to guarantee
a four-dimensional N' = 1 supersymmetry. It is thus necessary to constrain the toroidal
compactification even further by using a a toroidal compactification on an orbifold with an
orientifold projection. This idea of using orbifolds goes back to the proposal of Dixon, Harvey,
Vafa and Witten [124}/125].

To realise such an orientifold compactification in type ITA string theory, the initial internal
Calabi-Yau manifold &j gets modded out by a discrete symmetry G, which is referred to as an
orientifold projection. This is shown schematically in Fig. [£.6] This orientifold projection gets
introduced by the following actions of the form [126H129]:

e p, which is basically the world-sheet parity action.

e R is a Zs geometric symmetry of Xg, which acts as an involution on the Calabi-Yau
manifold.

e (=)’ acting on the world-sheet fermions.

The operator 2p changes the orientation of the strings according to o — m — o. Further, it also
reverses left moving states to right moving states [130]. The full world-sheet parity action is
given by

Open : Qp : (1,0) — (1,m—0) ,

4.22
Closed : Qp : (01,02) — (2T — 01,02) . (4.22)

This operator is accompanied by another action, which we introduced as (—)”Z. Fr, indicates
the left-moving spacetime fermion number and yields —1 for RNS and RR sectors. Furthermore,
this particular action is needed so that the orientifold action squares to the identity. The full
action on the world-sheet fermions reads

4.2
—1 on states in the left-moving R sector. (4.23)

(=) = { +1 on states in the left-moving NS sector.
Another required action that is not solely related to the world-sheet symmetry is the geometric
action R that is analogous to a Zs involution. In order to preserve N = 1 supersymmetry, this
action needs to be an isometric and anti-holomorphic involution of the Calabi-Yau manifold [131].

For the sake of completeness, it should be mentioned how this projection applies to the general
case of a CY3 in type ITA. In this case, a nontrivial transformation behaviour of the so-called
Kahler form J and the holomorphic 3-cycle €23 (not to be confused with the parity operator Qp)
of the CY—manifold occurs under the action of the pull-back of the involution R to be

R*'J=—J and R*Q3=¢*0Qy, (4.24)

where €2 is a constant phase. The full orientifold projection is thus given by

TypellIA: G=QpR (—)F . (4.25)

Since we are interested in more concrete realisations and their phenomenological aspect, we will
not jump into the more general case of C'Y3 here, and refer to literature, such as [63}/132}/133].
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Figure 4.6: The depicted spacetime has the form R*! x Xs5. R*! describes once again the four-dimensional
spacetime and Ay denotes the compact space. The D6-branes fill the Minkowski space and wrap 3-cycles
I3 C X in the remaining six-dimensions. Through the introduction of the orientifold projection, fixed
point loci are created, which are invariant under the orientifold projection. These invariant points are
the orientifold planes or simply O6-planes. Moreover, the projection creates a mirrored image at these
O6-planes. Thus, the O6-planes produce image D6’-branes.

Toroidal Orientifold Compactifications

Returning to the toroidal compactification model, we can now apply the orientifold projection
to a more concrete case. Once again, we will describe the factorised 6-torus by means of
three rectangular 2-tori T® = T? x T? x T2. In terms of complexified coordinates, the torus is
parametrised by 2! = 22 4 jz%%3 with the usual identifications 2 ~ 2’ + R! and 2* ~ 2* +iR".
The type II orientifold background can be formally written as

CR3LxTS
-

To investigate the impact of the orientifold projection on this specific model, we first consider
R = R1)R(2)R(3) in detail . We have seen that in order to preserve N' = 1 symmetry in
type IIA string theory, R acts as an anti-holomorphic and isometric involution of the internal
space. For this configuration we thus obtain the following transformation

M (4.26)

Ruy:2' =2, with i=1,23. (4.27)

This provides a very illustrative transformation behaviour, since Eq. can be interpreted just
as complex conjugation or a reflection on R!. This can also be seen in Fig. This conclusion
leads to two important observations. First, the projection gives rise to so-called mirror images.
Cycles thus have a mirrored version of themselves, which ensures that the theory is invariant
under the orientifold group. For each Dp,-brane we introduce in our model, the configuration
is extended by a “mirror” brane through the orientifold projection G. These mirror image of
Dp-branes will be denoted by

Dpg,— brane = Dp,,— brane . (4.28)

Second, loci of fixed point are created. These fixed points, which in our case coincide with the
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Figure 4.7: The i*" 2-torus can be parameterised in C. Points in the fundamental domain of the i*" torus
are complex conjugated by the orientifold projection, which corresponds to a reflection along the z%+?2
axis. This axis represents the O6-plane.

horizontal axis along R! in the Fig. form a new class of objects which span a hyperplane in
p-spatial dimensions. In contrast to the Dp-branes, these orientifold planes or just Op-planes
are not dynamical objects, but still carry a charge and a tension. These objects are classified
according to this charge or tension. In the further course, we will always have to do with
Op-planes which have a negative tension and a negative charge. Therefore, when we write
Op-plane, we implicitly assume that we mean Oéﬁl’q)-plane, with €; = e = —1, where the €
indicate whether the tension or charge is positive or negative, respectively [134].

The RR charge of an Op-plane is negative as already mentioned and can be expressed in units of
RR charge of the Dp brane as follows

QOp =-2- 2p75 QDp . (429)

The fixed points of the orientifold projections for the toroidal model are illustrated in Fig. [4.§]
and are described by [130]

R3! x Fix(R) = R®! x {Im(zi) =0, %Rﬁ, for i = 1,2,3.} : (4.30)
Fix(R) is a 3-cycle on T% and without going into more detail, such 3-cycles on compact spaces X
go under the name of special Lagrangians (SLag) [17.,/63}/135}/136]. In addition, for the presence
of O6-planes, the analysis performed in section can be refined and extended accordingly.
For this purpose, we consider the effective action in Eq. . This is supplemented in the
orientifold model by the contribution of the orientifold planes and the resulting mirror images.
The adjusted effective action in the presence of an orientifold plane reads

1
Cr _ T 2 :
Sef 22 /R3,1><’E6 Hg \+Hy + Tt - Na/R Cr

3,1 %11,
(4.31)
+ T, Na/ Cr — AT, Na/ Cr .
0 za: R3:1xII/, ! 0 Za: R3:1xT1pg !
Analogous to Eq. (4.17)), we obtain by variation
dxdCr = 0, (Z N, [05 (TL,) + 65 (IT,)] — 455 (H06)> . (4.32)
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Figure 4.8: An example of a factorisable 6-torus. the respective orientifold planes in the it" torus are
drawn in teal. Shown are also 1-cycles (red) corresponding to D6-branes and their reflection and resulting
D6’ branes (blue).

This in turn gives us a new tadpole condition and thus a global condition that is modified by
image D6,-branes and O6-planes.

S Na (M) + [T = 4[To] - (4.33)

Equation already spoils that the net charge vanishes in this configuration. This can be
seen as the tadpole condition reveals how the charges are distributed in the orientifold model.
Here, the charge contribution of the orientifold plane is just cancelled by that of the D6-brane
and its mirror image. The next question one can ask is how these tadpole conditions manifest
themselves concretely by expressing them explicitly in terms of wrapping numbers. The 3-cycles
can again be represented in an integral basis as a product of 1-cycles.

3
[11,] = @ (n¢fa’] + me ) - (4.34)

i=1
If D6-branes are given again as such, we can derive the representation of the mirror images
D6,. In the case of rectangular 2-tori this is particularly intuitive. If we look at Fig. [4.7], it is
obvious that the base is chosen in such a way that a’ is placed along the horizontal axis z%+2
and b' is placed vertically along 2%%3. From this it is obvious that by the involution only the
part which corresponds to b° transforms and gets a negative sign. The part corresponding to a’
is invariant. This yields the transformation behaviour R : (n‘(’l)m‘(‘l)) > (n‘(‘i), —m‘é)) for the

wrapping numbers and for the mirror branes we therefore get

3
11,] = @ (nfla] — mi[b]) - (4.35)

i=1
Finally, we need to represent the 3-cycle that belongs to the O6-plane. These O6-planes are
located at the fix points 2%*3 = {0,1/2 R;} and their wrapping number is (n¢, m¢) = (1,0). As
evident in Fig. it should be noted that there are exactly two fixed point loci per 2-torus,
which is of course related to the fact that the 3-cycle, which lies at 22/*3 = 1/2, gets mirrored at
the O6-plane at 223 = 0 [63]. However, this particular 3-cycle merges into itself, because of the

identified ends of the plain rectangular representation of the compact space.

3

[Mog) = @) [a'] - (4.36)

i=1
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We have now all ingredients to translate Eq. (4.33]) into a equation in terms of wrapping numbers.
For that purpose, we obtain

3 3

> No {® (”?[ai] + m?{bi]) + (n;”[aj] - m?[bj])} =4 lai] - (4.37)
@ i=1

i=1 j=1

Now all possible cases must be considered individually. The first case corresponds to [a1] ® [ag2] ®
[as]. This results in the contribution 8 [a;] ® [a2] ® [as] for the orientifold part in Eq. (4.33)).
The prefactor arises from the fact that there are 2 fix point loci per torus which multiply to 8
for the case of three 2-tori. Next, we turn to the contribution of the D6-branes to this possible
case. Simply by reading off, we obtain >, Non{n§ng[a1] ® [a2] ® [as]. It occurs that we
get the exact term from the mirror image D6-brane. Thus, the last expression counts twice.
A next possible term we can investigate is given by [a1] ® [be] ® [b3]. In this basis, and of
course all other basis directions, there is no contribution from the O,-plane term. Thus, this
part disappears for all further cases. For the D6-brane and the corresponding mirror image
we again get the same contribution which is given by 2 Y, Non{m§m§ [a1] @ [b2] @ [b3]. The
same applies to the two permutations where 1 — 2 and 1 — 3. This is also the end of this
discussion, as all other possibilities disappear. This can be simply shown by the example for the
case [b1] ® [b2] ® [b3]. The D6-brane yields Y_, Noymi1mams [b1] ® [ba] ® [bs], while the O6-plane
gives — Y., Ngninans [b1] @ [b2] ® [bs]. This cancels these possibilities. All in all, we find four
types of conditions

ZNan‘fngng =16, ZNan‘fmgmg =0
a a

(4.38)
Z Nomingmsg =0, Z Nomimsng =0 .
a a

Modified Massless Spectrum

Now that we are acquainted with the very basics of orientifolds and their impact on our theory,
we will examine how this modifies the spectrum of open strings. The introduction of Og-planes
results in various new geometric configurations. With this wealth of new possibilities, we focus
only on those configurations in which D6-branes do not coincide with their image D6’-branes.
A more general and non-torus dependent analysis can be found in [63]. We focus again on the
local description of the internal space. D6-branes again represent submanifolds running along
3-cycles but in this case, we must conclude the involution of the compact space. Encountering
new intersections, we thus expect new chiral matter to appear. All that remains is to determine
in which representation this massless matter appears.

In theories containing orientifolds, the open string spectrum is obtained by simply projecting
onto invariant states. Here, of course, it must also be taken into account that the orientation of
open strings gets reverted by the action of {2p. Labelling different stacks of D6-branes again by
a and b, we get the following different sectors with G acting as [63}|127}/134,/137,/13§]
!/ / ) / 11/ /
\F, . [ aa da ba ba aa da a'b abd
QPR (=)7" ( ! ) ( aa’ aa abl ab |’ (4.39)

aa’ a'a’ ba ba

One possible and already known scenario in this extended configuration are open strings that
are located between D6,-branes and D6p-branes. Under the action of G, the open string is
identified with an open string that is located between the image branes D6, and D6;. This
is illustrated in Fig. [£.9] Before this orientifold identification we thus have a gauge group
U(N,) x U(Np) x U(N/) x U(Ny) with four-dimensional chiral fermions in the representation
(Cas ) (41,-1) and (T, ar) (41,—1)- However, after the identification the gauge group reduces
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Figure 4.9: A pair of intersecting D6 branes in the presence of an orientifold plane. In (a), the a-brane
intersects with the b-brane, but the intersection point is not on the O6-plane. (b) shows the intersection
of an a-brane with the image of the b-brane. Again, the intersection point is away from the fixed points.
In (c), an a-brane intersects with its image brane. The intersection point is on the O6 plane. In (d) the
intersection of an a-brane with its image brane is shown, but this time the intersection point is not a
fix-point.

to U(Ny) x U(Np) and we get four-dimensional chiral fermions which transform into the bi-
fundamental representation (Dmib)(ﬂ,q)- This can be explained geometrically by the re-
orientation of the string orientation by the action of (2p. The open strings that start from the stack
of the D6, or terminates on the same are identified with those open strings, that end or raise at
the D6/, stack. Therefore, the group U(N), is associated with its image U(N)/,. Consequently, the
fundamental representation [, of the U (), gets identified with anti-fundamental representation
00, of U(N)/, [63]. Further, that means that we are left with states, which are invariant under
the orientifold projection.

For the case of open strings running between branes in the same stack a, we obtain gauge
bosons in the adjoint representation of U(N),. The first novelty not present in the plain toroidal
case is given by the configuration of an open string stretched between a D6,-brane and an
image D6j-brane. This case is again depicted in Fig. [£.9 The gauge group for this case is
furnished by U(N,) x U(N{) x U(N],) x U(Np). The four-dimensional chiral fermions transform
in the corresponding bi-fundamental representations (o, Ty ) (41,—1) and (Cy, D) (41,—1)- After
the orientifold truncation we obtain the fermions in the (g, ) (41,41) representation with
a multiplicity given by [II,] o [RII}] = [II,] o [II}]. The interpretation is that strings in the
bi-fundamental representation ([1,,[J,) are associated with oriented strings. Strings in the
bi-fundamental representation ((J,,[J,), on the other hand, reverse their orientation induced by
the O6-planes [63].

The last case to be discussed is that of D6,-branes coincident to orientifold planes. More precisely,
D6,-branes and their image D6-brane. Through the invariance under the orientifold action, a
gauge symmetry of SO(2N,) or Sp(2N,) results |139).

These options will suffice for the creation of semi-realistic models in this thesis. The other
configurations involving U(N,) x U(N,) are shown in the figure Fig. and in the table {4.1| are
preserved for completeness. These configurations do not lead to bi-fundamentals but rather to
symmetric and antisymmetric representations of U(1V,) via tensor products. The intersection
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Sector Multiplicity Representation

ab+ ba + ba' + a't! M, o 11, (L)

ab +ba+ba +a'db I, o IT} (Da,Db)
ad +d'a % (IT, o 11, — I, o Mg) D:‘a
ad +d'a %(HaoH;—I—HaoHO(;) Ha

Table 4.1: The modified spectrum for open strings in the presence of D6-branes and Og planes. The
spectrum contains I, chiral fermions in the representation (N,, Nj), Iy chiral fermions in the represen-
tation (Ng, Np) and Iy chiral fermions in the symmetric representation plus Isym in the anti-symmetric
representation.

number is given by I,gym/sym = %(Ha oIl/, + I, o I1pg), where the upper positiv sign is used
for the antisymmetric representation, while the lower negative sign is used for the symmetric
representation.

4.4 Quantum Anomalies

String theory claims and attempts to unify quantum theory and gravity. For this reason, it
is necessary that string theory is exempt from quantum anomalies. In general, a quantum
anomaly indicates the breakdown or failure of a classical symmetry at the quantum level.
According to this, one has to carefully differentiate between anomalies in regard to local and
global symmetries [140}/141].

Anomalies that occur in global symmetries are usually harmless and do not pose any problems for
the theory, since they are simply a statement that the symmetry is not exact. A prime example
of such an anomaly can be found, for example, in the parity violation of the standard model
and can be observed in nature, such as in the process of pion decay 7 — « + «y, which would be
classically forbidden [142].

In contrast, anomalies in the context of local or gauge symmetries are dangerous and problematic.
Gauge symmetries are particularly important to cancel unphysical degrees of freedom. In the
event of cancelling such unphysical degrees of freedom, such as for example the polarisation of
the photon in the time direction, further new constrains appear on the theory. To put it briefly,
one can thus say that anomalies lead to inconsistencies and break the renormalisability and
unitarity of the theory. It is a natural and important step in the construction of such effective
field theories within string theory to examine anomalies in order to check the consistency of the
low energy theory [141-143].

One way to understand and treat local anomalies is through what is known as the Adler-Bell-
Jackiw anomaly triangle. In these one loop diagrams, a chiral fermion runs into a loop between
three external gauge bosons [144]. It is a well-known fact, that these one-loop diagrams have to
vanish to provide an anomaly free quantum field theory [141}|142]. This concept can be extended
to any dimensions and in the case of a ten-dimensional string theory this anomaly corresponds
to a hexagon diagram in spacetime [88]. By introducing Dp-branes as building blocks and a
six-dimensional compact space, it is sufficient to examine the Adler-Bell-Jackiw diagrams in
four-dimensions for the effective field theory [541|63].

In the next sections, we will calculate these quantum chiral anomalies of the effective field
theory explicitly in the context of intersecting D-branes. On this basis we will consider every
possible occurring cases, which is the cancellation of cubic non-Abelian, Abelian, and mixed
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Figure 4.10: Adler-Bell-Jackiw anomaly triangle diagrams for the cubic non-Abelian anomaly (a),
the mixed Abelian-non-Abelian anomaly (b), the cubic Abelian anomaly (c¢) and the mixed Abelian-
gravitational anomaly (d). The external legs of these diagrams correspond to gauge bosons, while chiral
fermion runs in the loop.

chiral anomalies, and mixed gravitational anomalies.

4.4.1 Cubic Non-Abelian Anomaly

The first case of interest is the non-Abelian gauge anomaly. This occurs when chiral fermions
couple to non-Abelian gauge groups such as the SU(N). All possible Adler-Bell-Jackiw anomaly
diagrams are depicted in Fig. The anomaly is essentially given by [54]

tr ({1, 7"} T¢) = A(R) to ({1, 7"} T°) (4.40)

where T* are the generators of the gauge group SU(N,) and A(R) denotes the cubic Casimir or
anomaly coefficient, which can be found in the Tab. In Eq. (4.40) we refashioned the trace
over the generators in a representation R into the trace over the generators in the fundamental

1 ) L] L H H

N(N+1 N(N+1 N(N-1 N(N-1

D®R) | N | N | Y@+ (v+1) (v-1) (v-1)
Q(R) | +1| -1 | +2 —2 +2 -2
CR) | 3| 4| S | x| a2 | s2
AR) | 1| 1| N+4 | -(N+4) | N=4 | —(N—4)

Table 4.2: Anomaly coefficients for different representations R of SU(N). Indicated are the relevant
coefficients for the fundamental, symmetric and antisymmetric representation, which are expressed in
form of Young tableaux. The dimension of the representation is given by D(R). The Q(R) is designated
to the U(1) charge under de decomposition U(N) ~ SU(N) x U(1) [17].

50



representation of the corresponding gauge group. As a consequence, the cubic non-Abelian
anomaly is proportional to [145,|146]

Adaa Z A(R (4.41)

SU(N,)?

Using the multiplicity of the chiral matter for intersecting D6-brane models, which we derived in
section and presented in Tab. we sum over all fermions and obtain

A,
At s ~ Al (ZNbH oIl + > Ny 11, H’) (2 )(Haong+naonoﬁ)

b#a
A
+ (2“) (I, o IT, — I, 0 ) = ZNbH oIl + > Ny 1L, o 1T}
ba (4.42)
No —4 N +4
+ —— (g o I, + I, 0 Ilpg) + ——— (I, o I, — 11, o IT)

2
/ T.C.
=1I, 0 (ZNb [Hb—i—Hb] _41_[06) ='0.
b

In order to get to the last line we used the fact, that N, = N} and the relations II, o II, =
0, IT, o I, = II} o I, = —II, o I} and II, o IT, = —II/, o I1j.

Fortunately, we can conclude that the cubic non-Abelian anomaly vanishes identically by using
the tadpole condition from Eq. , where its application is from now on denoted by the
abbreviation T.C. Here we come across a typical property of Type II string theory compactification.
The RR tadpole cancellation implies cancellation of anomalies in the effective field theory.

4.4.2 Mixed Abelian — Non-Abelian Anomaly

As in the previous non-Abelian case, the mixed anomalies can be represented again by using
triangular diagrams. One gauge boson now belongs to an Abelian U(1), while the others
correspond to two non-Abelian gauge groups SU(N,). The mixed—non-Abelian anomaly is

proportional to [145}/147]
abb
A1) 0— 80 (N2 ZQa (4.43)

The coefficient C(R) denotes the quadratic C’aszmw’ and Q(R) is the U(1) charge. For this
mixed anomaly we distinguish two cases. For the first case in which the stacks a # b, only the
bi-fundamental fields contribute in the loop and therefore the anomaly in Eq. (4.43) immediately
results into

Na
Aabb Uy~ Ha© (ITy + IT3) (4.44)

For the second case, where a = b we must consider and sum over all states, because symmetric
and anti-symmetric representations are possible m Using Tab. again, we obtain

Aaaa ~ (Na — 2) (Na + 2)
U(1)q—SU(Ng)? 2 2

1
+ = ZN[,H OHb—i-ZNbﬂ OH/TC
b#a

(H oH/—i—H oHO6)+ (Hang—HaoHog)

Lo, (4.45)
o

which agrees with Eq. (4.44)) if b — a. However, in contrast to the previous non-Abelian case,
the following is noticeable: The anomaly does not vanish after satisfying the tadpole condition.
We will deal with this problem and its solution in the next section.

"By using symmetric and anti-symmetric representations we can produce chiral matter content by using a single
stack of D-branes. This is only mentioned here, since we will exclude these representations when we explicitly
construct semi-realistic models.
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4.4.3 Cubic Abelian Anomaly

Before we address the apparent problem of the non-disappearing anomalies we turn to the cubic
U(1) anomaly. The external legs of the triangular Feynman diagram in that case correspond
to three different Abelian gauge groups, say U(1),,U(1), and U(1).. Since open strings only
have two ends, chiral fields in the framework of intersecting branes are only charged under two
different U(1)’s. The anomaly in that case is given by [145]

Aity, vy ~ 2 Qa(R) QF(R) dim(R) . (4.46)
R

For the case a # b we find analogously to the previous discussed anomaly that

A‘(}b(bl)a_U(l)g ~ NNy I, o (IT, + 11 . (4.47)

If on the other hand a = b, Eq. (4.46) yields
1
s ~ 33 N2T1I, oIl . (4.48)

For this case an additional factor of % occurs due to the extra symmetry of the triangular
diagram [54.|145]. Over and above that, a potential anomaly occurs here again.

4.4.4 Mixed Abelian — Gravitational Anomaly

So far we have dealt with gauge symmetries and their anomaly computation. However, if
we consider our effective field theory on a curved spacetime, we must also include mixed
gauge—gravitational anomalies. The relevant case we consider is the one in which two gravitons
couple with one U(1).

The anomaly in this case is given by [145]

A —c2 ~ D Qa(R) dim(R) . (4.49)
R

Summing up all states and using Tab. and Tab. the above expression finally results in

Ny(N, — 1
AW o~ Na (ZNbHapo+ZNbHaoHé) + “(2) (I © IT;, + Mo 0 1)
b ba

No(Na +1)

T.C.
5 (I, o IT, — Mg 0 ITy) =" 3 N, I, 0 Mo

(4.50)
Along these lines, we have seen that all anomalies - except for the non-Abelian anomaly, which
vanishes identically by imposing the tadpole condition - are a potential danger for our theory.
However, these anomalies are only apparent anomalies, and we will in the following see how to

deal with them in order to obtain an anomaly free theory. For overview, all found anomalies are
summarised in Tab. .3

4.5 The Generalised Green—Schwarz Mechanism

While satisfying the homological condition of the tadpole cancellation was sufficient to cancel
non-Abelian anomalies, this is no longer the case for mixed Abelian—non-Abelian, Abelian and
mixed Abelian—gravitational anomalies. Tadpole conditions only partially contribute to getting
rid of the lurking dangerous anomalies. Therefore, one could think here that we are dealing with
an anomalous theory and indeed, our effective field theory is anomalous in four-dimensions, but
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the full theory makes all anomalies disappear because it adds further contributions from the
Wess-Zumino action, which we expanded in Eq. (4.13)).

So let us take a step back and think again how the effective field theory was built. In Eq. ,
we only used the leading order term, which was sufficient to derive the tadpole cancellation.
However, higher order terms in the expansion of the Wess-Zumino action provide us with further
contributions which represent counterterms at tree-level. This is not an isolated or unique
feature for compactified type IIA string theories, but rather a general feature of string theory
and also plays a role for non-compact spaces, such as the cancellation of gravitational anomalies
in ten-dimensional effective theories arising from type I and heterotic string theories. This
mechanism ensuring the cancellation of anomalies goes under the name of generalised Green-
Schwarz mechanism |15,(145,/147H149], which we have seen represents a milestone in the first
superstring revolution in 1984. In the next sections we want to understand this mechanism better
and show explicitly how it can be used to resolve the found anomalies.

In order to reduce the effective theory action to a four-dimensional action we first expand the
3-cycle [II,] and the mirror image 3-cycle [II/] into the basis ([a], [8]) of 3—cyclesE| 1138,150-153].

ho 1+1 ho1+1
)= Y (viladd+pi(80), M= Y (Wled+ulB]) - (451)
I I

It should be emphasised that we do not factorise the 3-cycle and decompose it in 1-cycles and
their basis but make the following analysis more general ﬂ Since this mechanism is not coupled
to the choice of the topological space of the internal compact dimensions, we will again generally
denote it by Xy. This has the consequence that our orientifold projection remains just as general
without a concrete transformation description. The wrapping numbers (v, 1) and their image
wrapping numbers (¢, u') which were not independent in the toroidal case are now independent
in general [54].

The RR forms C3 and Cs of Eq. (4.13) are related by dC5 ~ xdC3 [54]. Further, we can define a
four-dimensional scalar ®; (resp. the dual ®;) — or axion as it is referred to in literature — and a
four-dimensional 2-form B% (resp. B;) according to [54,63.|138,150-153]

oy =103 [ }03, and 3%56;5/[5]05. (4.52)
ar I

Analogously, this can be done with their dual forms.

4.5.1 The Axion Action

In the following we consider the Wess-Zumino action for D6-branes, which we derived in section[4.2]
In our expansions we will also look at the higher terms and redefine them according to [151]

Swz|Co) = Ts / N, Cy 4 S8D%s 4 §D6a 4 (4.53)
Wr

Redefining the last term in the second line of Eq. (4.13)) as SP% yields

pe. _ 4m3a? N,
St = Z/ C’g/\[trF“/\F“+(trRT/\RT—trRN/\RN)}
ﬁg — Jr3.1x11, 48
(4.54)
+4”3O‘/22/ c /\[t FOAF + 2% (0 Ry ARy — tr Ry AR )}
r — (I — ir
G 2 Jsia, 3 13 T T N N

8Since we want to keep this discussion as general as possible for any CY3, the index I is different than in the
previous section where ¢ indexed the 2-tori.The index I runs from 1 to ha1 + 1, where hg ;1 is a specific Hodge
number resulting from the Hodge diamond of the C'Y3. Since this is of no consequence, we will not go further into
the clarification of these terms.

9To avoid confusion, we therefore use Greek letters here.
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Further, by using the definition of Eq. (4.51]), we obtain

3./2
sEo = TN () |
S

Ia

4 3.2
+ ﬂg > (nh+nl!) /

Ia R3:1x[B1]

No
Cs A {Nafa/\f“—ktrNGF“/\F“—k48tr7€/\7€]
(4.55)

N,
Cs A [Naf“Af“+trNaF“AF“+ngtrR/\R} .

3,1 X[Oé[]

In the last step we made use of Eq. (D.2]). Furthermore, we apply the relation, that u(N) ~
u(1) x su(N) at the level of the Lie algebra, which enables to split the four-dimensional field
strength F' into an abelian and a non-abelian part [145].

F=fl+> F"T™. (4.56)

The T are the antisymmetric representation matrices of the gauge group in the fundamental
representation, with the usual properties

tr(T4) =0, tr(T477) =545, (4.57)
This action can be finally reduced to a four-dimensional effective action by using Eq. (4.52)).

1 1
4d ¢D64 __ I I
St = o IE (ya + v, ) /R&l b, (Nafa A f@+try, F* ANF* + 48NatrR/\R>

- . (4.58)
o I I T a a a a s
+4W§<Ma+ﬂa>4371 ) <Naf Nf ‘|‘tI'NaF ANF +48Nat1"R/\R>

Or in a more compact way with the shortcut AN A = A?

4d oD6 vl + vl a2 a2 2
S P = <I> N, t F N tr R 4.59
ax 47T Z/RS ) 17 < M i Mé/ ) ( af "+ N, + 48 T > ( )

a

Finally, we must consider the contribution of the Wess-Zumino action coming from the orientifold
plane. As we noted earlier, Ol(fl’€2) -planes also carry a charge, and have their own DBI and WZ
action as we were able to find out in chapter [2] The Dirac-Born-Infeld action for the orientifold

plane Opq’ez) with €1, e € {+1, —1} reads [40]

SO _ e o=y / AP e\ [~ det (vas) - (4.60)
Wr+1

In the same way, a purely topological action for the 01(351’62)

Oplee2) 4 £(7T2 /RT
Sw =€ 27 Mp/w (WQ Ry @

-plane can be found

(4.61)
o1

With the definition of the Hirzebruch L-polynomial labelled £, which can be found in the
appendix [A] this equation can be brought into the following form

1
S\?sz = €9 op—4 ,U,p/ Cpt1 — 192 (27‘(0/)2 Cp—3 N\ (trRe ARp —tr Ry ARN) +...) (4.62)

Wo1

The homology cycle [IIpg] of the orientifold plane on TS can be represented in terms of a homology
class of 3-cycles [Ilpg] = 3/ (vhglar] + ubelB1]). If we follow the exact same steps as in the
previous cases, we arrive at

4d cO6
S96 — %szﬂw B, P; ( >trR/\R (4.63)
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4.5.2 The BF Action

Next, we focus on the second term in the first line of Eq. (4.13)). This term, which we will
subsequently baptise as the BF-action reads

A2/ A2/
SDGa:—/ Cs A trF® / Cs A trFe
BE 6 Jasasm, 00 - 6 Jasasm, 00
= — vy, —V
G T sy (4.64)

A7/ /
+ N, (ul — u! / Cs A .
& %: a (pg — 11a) o 8 f

Here again, we use the relations from Eq. (D.2) and Eq. (4.57). We also get an extra relative
minus sign between the contribution of the Dp-brane and the image brane, since the U(1), gauge
field f* changes sign under Qp [150,/151]. Again, we find a four-dimensional effective action

Sppe = 4m*a’ Y N, ((Vi ~ ) /Rg1 Bi A+ (g — Hg) /RBI Bj A f“)
Ia ' ’

1 g
42 2 P2 Ha — Hg a
_47ra§l Na/R&I(BI,BI)(VI VI,>/\f .
,a

(4.65)

a a

4.5.3 Stiickelberg Axions and Massive U(1)’s

Before we continue with the generalised Green Schwarz mechanism, we want to point out a
special and remarkable consequence of the BF action and elaborate it with an illustrative and
intuitive example. For this purpose, we consider the following Lagrangian |17,63}/151/152]

1 1
L=—=dBs AN*xdBy — —F, ANxFy, +mBy N F,, , (466)
2 492 N———’
BF—term

where the constants g and m are arbitrary. The x denotes the usual Hodge star operator, mapping
p-forms to (d — p)-forms [63]. Further, we will use the convention |F|?> = F A xF.

This Lagrangian serves as our toy model to shed light on the so-called Stiickelberg mechanism.
Essentially, the Lagrangian consists of kinetic terms for the 2-form By and the U(1), gauge filed
F, = dA,. The last term is central since it represents the coupling between these two fields.
To dualise (for the dual of Bs) the Lagrangian in Eq. (4.66), we will introduce a Lagrangian
multiplier. Thereby we will reformulate the Lagrangian in terms of an arbitrary 3-form Hj,
which is treated independently from Bs. Furthermore, we enforce the condition that dH3 = 0
(Bianchi identity), which is implemented by the introduction of the Lagrangian multiplier cv. The
dualised Lagrangian reads

1 1
L= —§H3 AxHg — 4—92Fa AxFy +mBay A F, + adH; . (4.67)

If we integrate out the Lagrangian multiplier «, we obtain the condition dH3 = 0 or locally
H; = dBsy, respectively. This condition clearly yields back Eq. which shows that £ in
Eq. and £ in Eq. are (locally) equivalent to each other. The trick now is to start
with Eq. and integrate the last two terms by parts. This gives, if we assume that the
boundary terms vanish,

1

1
L' = S Hy NxHy = 7o Fo AxF, —mHy N A+ Hy Ada (4.68)
g

55



Varying the corresponding action with respect to Hs gives
0= 6y, = /R L OHy A [ % Hy — (mA — da)] | (4.69)
which yields the following equation of motion for Hg
* Hy = —(mA — da) . (4.70)

We can now substitute this resulﬂ into Eq. (4.67) and obtain the Stiickelberg Lagrangian
E’——LF/\*F—E(mA —da) Ax(m A —da)——i\FP—}]mA — da/? (4.71)
C 4g2 2 “ “ T 4g2 2 “ ' '

It is a well known fact from QFT that due to gauge invariance terms of the form mQAMA“
are forbidden for U(1) fields and therefore photons, for example, are consequently massless.
Theoretically, the Stiickelberg Lagrangian is a realisation of a U(1) gauge field which has a
mass term. The field o in Eq. , which is called Stiickelberg-field, Stiickelberg-ghost or
axionic field, can be considered in some sense analogous to the Goldstone-fields which appear in
spontaneous symmetry breaking [154].

While terms like m? A, A* were not invariant under gauge transformations of the conventional
form A — A, + 0,A(x), the Stiickelberg Lagrangian in Eq. (4.71]) is obviously invariant under
A, — Ay + dA, if we require that the axionic field « shifts according to

a— a+mA. (4.72)

The coupling of the four-dimensional RR 2-form B? and the field strength f* corresponding to
the U(1), results in a mass term

> et Biaf*. (4.73)
I
Typically, a U(1) generator is given by a linear combination according to

Q = ZfaQa . (4.74)

Since in the following it is in our interest that exactly one such generator remains massless, we
require that

> cfea=0 VI. (4.75)

More concrete details will be discussed in chapter |5 where we will analyse such a U(1) generator
in much more detail for the case of a toroidal compactification with an orientifold projection.

4.5.4 The Anomaly Cancellation

In the previous section we have seen that the BF term and all U(1) gauge fields A, coupling to
B A F get massive after “eating” the axion a(x) via the Stiickelberg mechanism. However, it
should be emphasised, that it does not matter whether the U(1)’s are anomalous or not [63].

Recapitulating, the BF term in Eq. (4.65|) was proportional to

> Nalpg—pa) Bi A f* and Y No(vi —vy') Bf A £ (4.76)
Ia I,a

wNote, that Hs is a form in four dimensional spacetime. Thus, x x H3 = Hs.
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SU(N.)® U(1)a-SU(Np)?>  U(L)a-U(1);  U(l)a-
A~ 0 | NaTl, o (I, + I0)) | NaNyIL, o (I, + II7) | 3 N, I1, o Iog

Table 4.3: All collected anomalies calculated from the triangular diagrams. We considered all
possible constellations and exploit the tadpole condition for the cubic non-Abelian anomaly, the
mixed Abelian — Non-Abelian anomaly, the cubic Abelian anomaly and the mixed Abelian —
Gravitational anomaly.

The anomalies, which we encountered in this section, are due to the anomalous U(1), with
associated f®. By the duality we schematically conclude that the BF term in our case is given

by[]
SBFNZN — il / BI/\fa—>——Z/ ug,)Aa—dcbl)z (4.77)

As we have elaborated, such a BF term is gauge invariant under U(1), if the axion ® shifts. If
we compare this term to the one in Eq. (4.66[), we can determine the gauge transformation for
the axionic field, which was deduced in Eq. (4.72). This yields for the axion [17]54,151}|152]

®7(x) = Pr(z) + Na(ug — pg ) Aa(2) = B(x) + cq Aa(2)
Br(z) = D7(2) — No(vl — ') Ao (z) = B(x) — &L Ay ()

a a

(4.78)

While the BF action in Eq. is invariant under the gauge transformation of U(1),, the action
regarding the F'A F' and RA R terms in Eq. and Eq. are not. Here, a non-invariance
arises at tree-level which can be determined if we transform Eq. and Eq. according
to Eq. . Specifically, we find that

1 I
- vy + U
“w LB ()
I 17
N vy + U,
+zm4iwg<g %%mjﬂﬁ
Ib

)
)
(4.79)
30 A (el —2l)
b
)

I 17
vy +v 1
( b 2,)48thrRAR
+ 3 Ao (ch, 2
I

On, (SRS +89¢)

tree

By inserting the definition of ¢! and & this can be brought into the form

1
S, (sgf + ng) =5 /}R1 . Aa{NaHa o (I + I1}) try, Fo A F?
tree ’ (480)

1
+ NuN,IT, o (Hb+H’)fb/\fb+3NHoH06 trR/\R}

Have we lost now? The BF term just gave us a powerful insight on how to get U(1),’s massive,
which constitutes a mechanism to decouple potential extra U(1),’s in a product of gauge groups.
Especially in the standard model, we will see that this is absolutely necessary to rid of the
U(1)g’sin SUB)c x SU2), x U(1)y x Y., U(1), at low energies. But all at the costly price of
those extra terms in Eq. . But this is where something almost “magically” happens.

1By duality we have schematically BZ ~ —®; and E? ~d; |117,/541|151}/152].
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Anomaly
Free

Figure 4.11: While the BF term is gauge invariant due to the axionic shift, the remaining terms are
not. If we perform the axiomatic shift in these terms, we see that we get an invariant part and additional
terms which destroy the general gauge invariance. These non-invariant terms can lift away exactly those
contributions which correspond to the anomalies in the effective theory. These anomalies can be symbolised
as one-loop diagrams, while the non-invariant terms are tree-level diagrams that act as counter terms.
This is the generalised Green-Schwarz mechanism.
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After all, these terms in Eq. are exactly the terms that are needed to eliminate the
remaining anomalies which we deduced in section [£:4] The critical reader can convince himself
by comparing these terms in Eq. with those in Tab. and agree that they exactly cancel
each other out. In terms of Feynman diagrams, these terms represent counter terms which are
diagrammatically depicted as tree-level diagrams and are illustrated in Fig. In this respect,
they are tree-level contributions which correct the loops of quantum anomalies.

In the end it should be said that it seems very unintuitive at first sight that a tree-level diagram
cancels a one-loop diagram, compared to the typical counter term cancellation mechanism
known from QFT. This unconventional and unreasonable perspective is based and solved if
one remembers that this is still an effective four-dimensional field theory, but both diagrams in
Fig. [4.11] are due to one-loop diagrams in superstring theory.
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Part 11

Semi-Realistic SM and
Phenomenology

60



Chapter 5

Towards Semi-Realistic Models of
the Standard Model

In this chapter, we will use the framework studied so far to construct semi-realistic standard
models with intersecting Dp-branes. We will show in all detail how we can use these intersecting
Dp-branes to obtain the chiral spectrum of the standard model with the three generations and the
corresponding gauge bosons.

We will start by showing thoroughly how three coincident stacks of Dp-branes introduce nine U (3)
gauge fields, one of which decouples and provides the theory with an octet of eight gauge bosons
obeying SU(3)c.

Step by step, we will finally construct a minimal standard model, by just using typ IIA string
theory, a compact factorizable 6-torus and several intersecting Dp-branes, which, however, gives
us exotic chiral additional fermions.

To overcome this problem, we will use the already introduced concept of orientifold projections to
construct a non-supersymetric minimal standard model which produces the desired spectrum of
the standard model. Furthermore, we will see how the RR 2-forms — created by the generalised
Green-Schwarz mechanism — couple to the individual U(1) gauge bosons and endow them with a
Stiickelberg mass. These U(1)’s will disappear from the low-energy limit but remain as global
symmetry in the theory. This will be accompanied by two concrete numerical examples.

The standard model of particle physics is mathematically speaking composed by a quantum
field theory in four dimensions based on internal gauge symmetry groups. These groups are
characterised by the unitary group product

Gsm = SU(3)C x Gagws = SU(3)C X SU(Q)L X U(l)y . (5.1)

The product and the indexing is to be intended in a way that this group acts on different
particles in different ways. The standard model is a chiral theory and left-handed and right-
handed fermions are in different representations and transform differently under the gauge groups.
The group SU(3)c describes the sector of the strong interaction, which obeys the quantum
chromodynamic. The associated fundamental elementary particles are the colour-charged quarks
and the gluons which transmit the strong interaction. The electroweak interaction is expressed by
the Glashow- Weinberg-Salam theory (GWS) and its based on the group Ggws = SU(2)r xU(1)y,
which unifies the weak- and electromagnetic interaction. The chiral SU(2);, and the hypercharge
U(1)y describe the gauge bosons W+, WY and B. By spontaneous symmetry breaking (SSB)
(simply referred as Higgs mechanism) the group is broken down to U(1)ep, of the electromagnetic
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interaction. The SU(3)¢ and SU(2)r, constitute non-Abelian gauge groups with non-commuting
generators. Such theories are also called Yang-Mills theories [143,155-H157].

5.1 The Strong Interaction and the Baryonic Brane

Before diving into the world of branes, we would like to point out an inconspicuous but important
fact. In quantum chromodynamics the exchange particles of the strong interaction are called
gluons g. The representative charge of QCD, in contrast to the electromagnetic interactions, can
occur in three different types. Historically, these charge units are called colour charges. A quark
particle can thus carry the charge red, green and blue (rgb) or their complementary colours (cym
or Tgb) cyan (anti-red), yellow (anti-green) and magenta (anti-blue). Additionally, the gluons are
bi-coloured. The intuitive logic behind this is that a quark can emit a gluon which changes the
colour of the quark. This gluon in turn can be absorbed by another quark which leads to another
colour change. Before we go on, it is essential to note that quarks are never isolated [141]143}[158],
which goes under the name of colour confinement. They can only be found in hadrons, where
the colour charges of the quarks must neutralise to the net colour “white”. This can be realised
by the presence of three quarks with different colour or anti-colour charges. Furthermore, two
quarks with complementary colour charge can also form a “white” state. In the former case one
speaks of baryons, in the latter one of mesons [159}/160]. The six naive options are therefore:

o A red quark emits a red-antiblue (red-antigreen) gluon, whereby the original red quark
turns blue (green) and the blue (green) quark absorbs the gluon which turns it red.

o A blue quark emits a blue-antired (blue-antigreen) gluon, where the original blue quark
turns red (green) and the (green) quark turns blue.

e A green quark rmmits a green-antired (green-antiblue) gluon, where the original green
quark turns red (blue) and the red (blue) quark turns green.

Now, we could get the wrong idea that these six configurations represent all realistic possibilities
and that there must therefore exist six distinct gluons. But this turns out to be wrong and these
six combinations are only six of nine combinations of colour and anti-colour. So, what happens
to the combinations of gluons like the red-antired, blue-antiblue, green-antigreen gluon? For
example, a red quark could emit a red-antired gluon and keep its colour, but no other gluon
could absorb it. Here begins a misuse of terminology. The everyday terms like “colour” and the
similarity to colour theory is only thought as an analogy to the intuitive comprehensibility of the
matter. But it makes no claim to physical reality or a clear correspondence. Mathematically,
more rigorously we therefore introduce a colour space. In this space, the colours are basis states
and can be understood as coordinate axes in a three-dimensional space. The term “white” or
“colour-neutral” can now be translated as those states which are invariant under rotations in this
colour space. More precisely, colour-neutral states are singlets under a transformation of the
symmetry group SU(3)c. We have seen that we cannot have states with colour-anticolour units,
but we can form linear combinations as usual and basically necessary in quantum mechanics [161].
Therefore, we are allowed form the following state

1
ggfﬁ

To this state two linear independent orthogonal states can be formed. They are given by

(Ir7) + lgg) + [ob)) - (5.2)

g7=;§(rrf>—|gg>) and go= -

Of all linear combinations of the gluons with all nine colour charges, the one in Eq. (5.2)) is the
only one that is colour-neutral, which is to be understood in the mathematical sense. For that

(177 +13) — 225 ) (5.3)
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Figure 5.1: The nine open string sectors at a barionic Dp-brane. The open strings are oriented, and
their orientation is reflected in the associated Chan-Paton labels. The baryonic brane consists of three
coincident Dp-branes, which are illustrated separately for clarity. Strings from the sector [1, 3] and sector
[3,1] do not pass through the brane between them.

reason, Eq. (5.2)) forms a singlet under SU(3)¢. The six real coloured gluons together with the
linear combinations in Eq. (5.3) constitute a so-called octet [161]

(Irm) —199)),

g1=1rg), gs=Irb), gs=IbF), gr=
s = 5= (I77) + 9g) — 2|bD)).

_ _ 54
g2 = |97, 91=1bg), gs=Ib) g (5.4)

sk

Of course, this represents a very heuristic argument but it is perfectly founded within the
framework of group theory [162-164]. The symmetry group of QCD is SU(N = 3)¢, which has
N? — 1 = 8 generators (e.g. the Gell-Mann matrices). As a side note, there were attempts and
efforts in the past to assign a physical reality to this photon-like particle which is transformed here
as a colour-neutral singlet [165]. However, in this work we stick to Occam’s razor: a hypothetical
particle that does not interact with anything — and in the following can not be detected — does
not exist |[166]. We can now apply this observation to our D-brane scenario.

In chapter [2| we have elaborated that N coincident Dp-branes introduce U(N) gauge fields.
These U(N) gauge fields and the corresponding gauge bosons are determined in the low energy
regime by a Yang-Mills theory. This relationship between D-brane configurations, the emergence
of U(N) gauge bosons, and the gauge groups of the standard model must now be considered
more in-depth. To shed more light on this interplay between the standard model of particle
physics and the theoretical foundation of the last chapters, a stack of three coincident Dp-branes
is introduced. From now on we will call this stack baryonic brane. The resulting Chan-Paton
indices are denoted by [rs] with r,s = 1,2, 3. As already carefully revealed, a U(3) Yang-Mills
theory at low energy arises on the world-volume of these Dp-branes. Exhausting all possibilities
how an open string can be stretched in such a configuration, we find that there are nine open
string sectors, which are illustrated in Fig. Each string state possesses a charge which it
carries with respect to the Maxwell fields. In this thesis we use the convention that oriented
open strings pick up a positive unit charge at ¢ = 0 and in contrast enjoy a negative unit charge
at o = 7. For instance, an open string in sector [13] carries the charge (q1,¢2,q3) = (1,0, —1).
The charge g2 is of course zero, since the string neither starts nor ends there. This observation
leads to the conclusion that the sum of the individual charges for string sectors that contain
two different branes must always be zero. Opposed to that all three partial charges are zero for
strings that both initiate and terminate on a single brane, which are of course the strings which
start and end on the same brane. Focusing exclusively on the NS sector for simplicity, we can
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conclude from Eq. (2.32) that the linear combination

3 3 p—1 A
2.0 (Z A?W;) |0; 37, $)Ns (5.5)

r=1s=1 \i=1

yields 32 gauge fields in four dimensions via compactification. Considering the sector that restricts
the states living on the same brane, i.e., those states where the Chan-Paton indices are identical
to each other and omitting irrelevant momenta and spacetime indices, we conclude with

3
> ATy |03, 7)Ns - (5.6)
r=1

We already explored in the previous argument that such nine states can be decomposed into a
singlet 1 and an octet 8. Explicitly, this can be seen if we form a linear combination through
an orthogonal transformation T € O(3,R), which we insert in the state in Eq. via the
identity [45]. We obtain

=A,
—_——
Z A™(TY), T ap_ t[n,n),  with s=1,2,3. (5.7)
r,m,n=1 %,_/
=|L,)
From the second part of Eq. (5.7) we find
ZT‘W |r ry, with s=1,2,3. (5.8)

Moreover by choosing s = 3 we get explicitly EE|

|Ls) = == (Yoo l10) + 91[22) +4_4033)) . with 53=;§<q1+q2+q3>. (5.10)

1
V3
In further consequence, we are able to find the two orthogonal linearly independent states, which
join |L3) . Using the explicit form of the matrix T, we find

1
V6

1
o) = 5 (= vy i) +voy 122))
If we compare the results just found in Eq. and Eq. with those in Eq. and
Eq. , we can indeed identify these states with those of the gluons from the standard model.
Furthermore, as we have observed, that the total charge g3 disappears when we add up the three
individual charges. The nine gauge fields split into two disjoint sets. The first set contains this

specific gauge field corresponding to |Ls), while the second set contains the remaining eight fields
which interact with each other [45].

L) = —=(vos D)+ 1 ]22) — 20y [33))

(5.11)

At first sight, this observation seems to be rather insignificant, but it has a great importance
for the realisation of the standard model. Maxwell gauge fields are described by U(1) theories.

) . (5.9)

!The explicit form of the orthogonal matrix 7' € O(3,R) is given as

T:(— ) TtT:TTt:<
V3 V3

2The Aj is of course simply given by As = % Zi A

sk

S-S
- oS

[N e
o = O
=]
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We started with a stack of three coincident Dp-branes whose nine gauge fields are based on a
U(3) Yang-Mills theory. By decoupling one of the gauge fields, we obtain two groups where the
decoupled field obeys a U(1) theory and the eight remaining interacting fields define a SU(3).
This leads to the decompositio

U(3) ~ SU(3) x U(1) . (5.12)

The perceptive reader will have already recognised the identification of this configuration with
the corresponding gauge group of the standard model. This must now be established decisively.

Let us summarise and establish the connection to the previous Dp-brane configuration. The
simple model with a stack of three coincident Dp-branes allows, through the composition
U(3) ~ SU(3) x U(1) to describe the eight gluons, which represent the transmitters of the
strong colour interaction. This was explicitly shown here for the strong interaction section of the
standard model. However, this peculiarity of the decomposition is more general. With the help
of [45,63]

UN)~SU(N)xU(1), (5.13)

it is possible to model a minimal semi-realistic standard model. Despite this advantage, however,
this very composition will lead to difficulties which have to be addressed and clarified in the
following.

5.2 Chiral Matter Content

Before we move on to the construction of a minimal semi-realistic standard model and confront
ourselves with its problems, we want to address the matter content by constructing Dp-branes
and extending the previous model to clarify the fermionic part of the standard model. Using the
baryonic brane, we could identify and relate the resulting gauge bosons with the gluons of the
strong interaction. In the standard model, however, there are further elementary particles which
are charged under the colour charge and thus have to be affiliated to the baryonic brane in some
way. These particles are the quarks.

5.2.1 The Quark Sector

Unlike gluons, quarks carry only one colour charge, they have to be described by oriented open
strings which are linked with one end on one of the Dp-branes in the baryonic stack. This means
that we get a total of two triplets. One triplet, which combines those states that describe oriented
open strings that reach a (7, g, b) brane and a second triplet describing states that are associated
with strings leaving a (r, g,b) brane. The (r,g,b) are used here as a labels which can stand for
red, green or blue. Furthermore, group theory tells us, that there is a irreducible decomposition
given by 8 & 1 = 3 ® 3, which in words simply says, that the direct product of the colour triplet
with the anticolour triplet gives a direct sum consisting of an octet and a singlet [45,/143,162,|167].
We therefore conclude and choose the convention in such a way that [

o a string, which starts from a (r,g,b) brane corresponds to a left-handed (r, g,b) quark
qr,(r,gb)- These quarks transform under the fundamental representation 3 of SU (3)c.

« a string, which ends on a (r,g,b) brane corresponds to a left-handed (7, g, b) anti-quark
qr, (7,5 These anti-quarks transform under the anti-fundamental representation 3 of
SU(3)e

3Mathematically speaking, we would have to choose a semidirect product here and write it down as U(3) ~
SU(3) x U(1). Since this never occurs in literature, however, we want to remain with this small imprecision in
order not to lead to any confusion.

4In some publications, e.g. [45], the opposite notation is used.

65



S [

QL,b E]L, g QL r QL r QL,g qL,b

s )

Figure 5.2: According to our convention, left-handed quarks are associated with strings starting from the
baryonic brane. They receive a positive unit charge from colour branes. Left-handed antiparticles behave
the exact opposite way. They get a negative unit charge by ending on the baryonic brane.

All possibilities that result from this construction are shown in Fig. [5.2] The exact meaning of
left-handed in this context will be understood in a moment.

Having clarified the origin of the colour charge of the quarks, the immediate question arises
on which D-brane the other end of such a string is located. Quarks do not only obey the
strong interaction but are also susceptible to the weak interaction and the associated quantum
flavourdynamic (QFD) or in the further course by the electroweak interaction - after spontaneous
symmetry breaking [141}/156].

A crucial point is that the chirality of the standard model comes now into play, since only the
left-handed elementary particles transform under this symmetry. The right-handed counterpart
is invariant under these transformations and must therefore be represented as singlets under this
symmetry group. The symmetry group of the weak interaction is given by the SU(2)r, group
whose characteristic charge is the weak isospin I, which can have two possible configurations
Is = +1/2 |45/63]. In the framework of D-branes we have to ensure, that a left-handed quark is
an element charged under both SU(3)¢ and SU(2)r. Symbolically, we note, that a left-handed
quark is a

(anti)-red
left-handed (anti)-green { 1P } (anti)-quark . (5.14)
— . down
Chirality (an‘m)—blue
SUQ2)L

SU@3)c

To represent a non-abelian SU(2)1,, we need therefore a new stack of D-branes with two coincident
branes. This can be justified by the fact that we need two new charges which distinguish between
an up quark and a down quark. This is realised by two coincident D-branes. These in turn
provide a U(2) ~ SU(2) x U(1). This D-brane is of course intended to intersect with the baryonic
brane, since the strings that provide chiral matter content live close to these intersections as
we have explored in chapter [8] We will generically call this new stack the left or weak brane.
Following the convention, a quark

o starting at a (r,g,b) brane and ending on the I3 = —1/2 brane is called a left-handed
(r,g,b) up-quark up.
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Figure 5.3: Near the intersection of the two stacks of baryonic Dp-branes and left Dp-branes strings
are stretched. These open strings transform in the bi-fundamental representation (Npg, N1) of the gauge
group U(Npg) x U(NL). Roughly speaking, the baryonic Dp-branes supply these strings with their colour
charge, while the left Dp-branes provide the weak isospin charge and, again roughly speaking, decide if it
is an up or down quark. If the orientation of the strings runs from the baryonic brane to the left brane —
as shown in this picture — we get left-handed quarks.

« starting at a (r, g, b) brane and ending on the I3 = 1/2 brane is called a left-handed (r, g, b)
down-quark dy,.

The quarks uy, and dy, thus form a doublet under SU(2) whose representation is generally denoted
by 2. These possibilities are displayed in Fig. [5.3

Such a quark state can now be represented by a (3 x 2)-matrix, whose two rows can be interpreted
as a SU(3)¢ doublet, while the three columns are understood as SU(2)y, triplet. Each of the
(3 x 2) states in the representation are charged under the same hypercharge. The explicit form of
the matrix would be given byl

. uy, Urr ULb ULg
= . 5.16
Qe < dr, > ( dpe dry drg ) (5-16)
Let us summarise the content of the quark sector. In the following, we will occasionally use

a notation which is often used in particle physics. Making use of it, the representations are
summarised compactly as [162]

(Color, Weak Isospin) (5.17)

Hypercharge

5Furthermore, as in the case of the baryonic brane and the gluons, we can also consider those strings which
have a left brane as their starting and end point. If we investigate the structure of the left brane more deeply, we
can again assign a charge to the branes. A string ending on the left brane has the charge g(;—1,2.) = —1 assigned.
Starting on such a brane, the charge ¢; = 1 results. Analogously to the baryonic brane, there is again a decoupling
of a U(1), whose charge is

T+ ). (5.15)

Thus, within the left brane we get three gauge bosons transforming under SU(2)z, and a decoupled U(1) gauge
field. The three fields are of course to be identified with the W, W~ and W° bosons.
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The hyperchargeﬁ will be denoted with Y.

What did we forget? The left-handed quarks are joined by the right-handed quarks. SU(2), is a
chiral theory and therefore these right-handed particles do not form doublets with opposite charge
to the left-handed particles, as we have seen for the case of SU(3)¢, but form singlets under the
weak interaction [17,[45|63L[156]. To realise this, we need an additionally brane. A single so-called
right brane. In the following, we will not concentrate on the right-handed particles but on the
left-handed anti-particles. It is a well-known property of quantum field theory, that we can
switch between right-handed particles and left-handed anti-particles by changing their charges.
In the language of strings, this is also very intuitive since the orientation of the string changes
when we switch from a right-handed representation to a left-handed (anti-) representation. The
representation of SU(2)r, which is invariant under SU(2)r, is denoted as 1. Therefore, the
representations of the quark sector are according to the notation in Eq. |Z|

(W)imm,mg@y% and dr = (3,1)1 . (5.20)

dy,

W=

5.2.2 The Lepton Sector and the Higgs Sector

The same argument applies in the case of the leptons. All leptons form a 1 representation under
the SU(3)¢ and are therefore colour singlets. The left-handed anti-leptons are also singlets
under the SU(2)r. The Higgs particle is is a SU(2)r, doublet and a singlet under the SU(3)¢.
Therefore, we summarise all representations in the leptonic sector as
Vel . _ . _ . H~ .
L= ( ) :(1,2)_%, eL:(l,l)l, Ve, = (1,1)0 and H = ( HO ) = (1,2)_
(5.21)
In the form of an example, we will soon see that the leptonic sector is again realised with a new
single brane. The leptonic brane. Especially interesting is the penultimate representation. It
reveals that these right-handed neutrinos do not interact with any of these interactions and thus
could not be detected until today. Since neutrinos have a mass that is described with the help of
different mechanisms, like the seesaw mechanism, the existence is strongly postulated [168§].

[V

Naively, we might now assume that we could describe the standard model as
UB)x U((2)~SU3) x SU(2) xU(1) x U(1)", (5.22)

where the decoupled U(1) or U(1)’ could eventually provide the hypercharge. But this is not
quite true. The hypercharge gets contributions from the decoupled U(1)’s in a linear fashion

Qy = Zci Qi (5.23)

8 Another parameter that is important in the particle standard model and serves as a control is of course the
electromagnetic charge. Remember: This results from the hypercharge and the third component of the isospin
according to

Qem =Y +1z. (518)

"For completeness we provide the fermionic content also with respect to the right-handed particles. Here, we
get

3.1z +(3.1) 1+ (L2)

1

H,_(S/ —— —— ——
_ uR dr — €R YeR
1£R VeR

68

+(1,1)1 +(1,1)0 (5.19)




Superfields Bosons Fermions SU(3)c SU(2)r, UQ)y
QL (@r.dy)  (ur,dr) 3 2 +5
urL ar, ur, 3 1 ~2
8L EL EL 3 1 +%
L (ﬂ,éL) (U, 6L) 1 2 —%
er, er ey, 1 1 +1
Vel vy, vy, 1 1 0
H, (H,, Hy)  (Hf HY) 1 2 +3
Hy o (HLEp) (ROE) 1 > -
G G Ge 8 1 0

+ 3 7t i3
W Wi Wwg Wi W, 1 3 0
B B, B, 1 1 0

Table 5.1: Particle content of the standard model and its supersymmetric extension. The particles as
well as their superpartners and their representation under the respective gauge groups are shown.

with @; representing the charge of the different U(1);. We will encounter this in much more
detail when we construct the standard model in the next sections.

Finally, it should be mentioned that there are three generations:

o 15 generation: In the quark sector we have up-quarks v and down-quarks d. Whereas
with the leptons we have electrons e and electron-neutrinos ve.

« 27d generation: The quark sector contains charm-quarks ¢ and strange-quarks s. In the
leptonic sector we find muons p and muon-neutrinos v,,.

3th generation: The quark sector concludes with top-quarks ¢ and bottom-quarks b. The

7 and tau-neutrino completes the leptonic sector.

These particles agree in their quantum numbers and differ only in their mass, which rises with
increasing generation number [169).

In order to extend the standard model and to turn it into a supersymmetric version, the particle
multiplets have to be converted into supermultiplets. We thus obtain chiral supermultiplets for
the fermionic part and vector supermultiplets for gauge bosons. Furthermore, two Higgs doublet
are added to the minimal extended standard model. The content of the standard model and the
content of the minimal supersymmetric standard model are summarised in Tab.

5.3 Minimal Standard Model on Intersecting D6-Branes

In order to present this machinery of intersecting D-Branrs, we will do this in three steps.

1. We will construct a minimal standard model with intersecting D-branes. This is an
adaptation of [45]. However, since this source does not contain the various tools, we
presented in the first part of this thesis, we will examine it with the help of our previous
knowledge. Essentially, we want to lear from this example where it fails and thus find a
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N, Np=3 Np=2 Np=1 Nz=1 N;=1 szl

Mm@ @y w1y (w1 (L2 (1,2
P mPy 1,-1) (1,-2) (L0 (3,-4) (-L1) (=11)

P my (1,-2) (-1,5) (=15 (1,-5) (L1) (2,-7)

Table 5.2: The wrapping numbers of six different stacks of D6 branes wrapped on a factorised 6-torus.
These numbers give raise to a minimal standard model. The values are taken from [45].

justification why D6-branes alone are not sufficient.

2. Next, we will construct a non-supersymmetric standard model using orientifolds. The
example which we analyse belongs to a relatively famous class of models, which can be
found, for example, in [17].

3. In the last step, we will take this model based on orientifolds and test it with two numerical
examples. To do this, we will randomly choose the parameters and analyse the resulting
consequences.

Having started to explore how the standard model and its contents can be described by using
the framework of D-branes, we want to build a minimal standard model using D6-branes and
type IIA superstring theory. For the compactification of the internal dimensions, we use the
factorisable TO. In chapter 4] we established that the generations of the particles can be explained
by multiple intersections of the D6-branes wrapped on the internal compact space. We further
found in section that the colour brane and the left brane produce the left-handed quark sector.
These two D-branes should therefore intersect three times on the 6-torus to reproduce the first,
second, and third generation of the quark sectors. As we have already elaborated, this is realised
with a baryonic stack of Ng = 3 coincident D6-branes and a left stack of Ni, = 2 D6-branes.
To obtain the three generations in this sector, the corresponding intersection number Ig; must
necessarily be +3. We can check this with the wrapping numbers summarised in Tab. by
calculating the intersection number. The intersection number between the baryonic and left
brane as discussed in Eq. results in

3

3
IBLE®I}§L:®(n§3miL—m§BniL) =-1-(-1)-3=3. (5.24)
i=1 i=1

Thus, we find |Ip| = 3 replicas of left-handed fermions near the intersection of the baryonic
brane and the left brane transforming in the bi-fundamental representation (Ng, N1 ) = (3,2)
under the gauge group SU(Np = 3) x SU(Np, = 2), where exactly one chiral left-handed fermion
is localised (and potentially light scalars) per intersection. According to the convention, if
Ipr, > 0, the string leaves the baryonic brane and lands at the left brane creating a left-handed
particle |17,/95]. This really corresponds to three generations of left-handed quarks Q.

Now, we have to clarify how we get the left-handed anti-quarks.

To realize this, we introduce four more D6-branes wrapping 3-cycles on the six-torus and
intersecting schematically as shown in Fig. As already indicated, we need a right brane to
construct left-handed anti-quarks (resp. right-handed quarks). For this purpose, we introduce a
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Nrp=1and a N =1 D6-brane. To generate the left-handed antiparticles, the corresponding
intersection numbers Ipr and I, must be negative. Further, the string starts from the right
branes and lands on the baryonic brane, yielding the bi-fundamental representation (3,1). Again,
we can calculate the intersection number on the T compact space that determines the expected
result Igr =1 BE = —3. These left-handed anti-quarks correspond to three families of @7, and dr..
These are only distinguishable in their hypercharges. However, this model only offers a heuristic
explanation for the calculation of the hypercharge, which we will therefore not consider but will
calculated analytically in the next example. At this point we remind that by reversing the strings
in the opposite direction we can get the desired representation of the right-handed particles.

To obtain the leptonic sector in all three generations, we introduce two other branes. A N, =1
and a Ny;=1 leptonic brane. Furthermore, we introduce two Ny, = 1 and Ny;=1 leptonic branes.
With Tab. we find the following intersection numbers between the leptonic N, = 1 brane and
their intersections with the other branes:

Iéﬁ =6, Iry=6, Ip, = —6. (5.25)

The first intersection number corresponds to a string running from the leptonic brane to the
N =1 right brane. According to our convention, these are six copies in a (1, 1) representation.
The next intersection number is a string oriented from the leptonic brane to the N = 1 right
brane, since the intersection number is negative. These are six copies in the (1, 1) representation.
Finally, through the last intersection number, we have a string that starts at the left brane and ends
on the leptonic brane. This can be associated with six copies in a (1, 2) representation. Basically,
this is good because we get the leptonic sector except for the hypercharge. But unfortunately
we get six families instead of three. The same happens by calculating the intersection numbers
(I 7= 3,1 R = _3’IZR' = 3) that contain the other leptonic brane, where we get further
additional (1,2) and (1,1) representations.

Thus, we find more particles than we wanted and confront a typical problem in models where we
have just D6-branes with no further structure. However, this is not surprising and follows from
the rule that a set of left-handed states ending at a D6-brane must have the same number of
incoming and outgoing states [45]. In other words, there must always be as many strings coming
in as strings going out. We can immediately confirm this rule from Fig. 5.4 Considering the left
brane, we find that nine quark doublets (three colours and three generations) are arriving on that
brane, but there are also three doublets and six doublets from the two leptonic branes leaving
the left brane. Thus, according to this rule, we simply cannot get three lepton doublets [45]63].

Now, this rule seems to come out of nowhere, but we have already seen it in a different form in
another place. The RR net charge of the wrapped D6-branes in the compact space must add up
to zero which we finally formulated in the tadpole condition as a global consistency condition.
The tadpole condition in homology classes was given by

[Htot] = Z Na [Ha] =0 5 (5.26)

for Dp-branes of type a. Multiplying by [II;] from the right gives

ZNa [Ha] 0 [Hb] = ZNaIab =0, (5'27)

where the intersection number |I,| gives as usual the number of intersections between the a
and b brane. If we look carefully at the sum we recognise, that the sum with I, > 0 gives us the
number of left-handed states from strings starting at the brane a. However, term with I, < 0
yields minus the number of left-handed states from strings ending at any b brane. Therefore,
summing over all a is the number of all outgoing strings minus the number of all incoming strings
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Figure 5.4: Schematic diagram for the construction of a minimal standard model. A Ng = 3 baryonic
brane and a N, = 2 left brane are used. Furthermore, a Ny = 1 right and Nr, = 1 right brane intersect
with two Ny = Ny = 1 leptonic branes. The intersection points are captioned with the related intersection
number. The strings are oriented and left-handed particles and left-handed antiparticles are shown. This
construction provides the desired spectrum of the standard model, but unlike in the quark sector, we get
additional SU(2) doublets to which we cannot assign a physical realisation.

an any a brane. Since the tadpole condition equals zero, these two quantities are equal. ,.
In Eq. , we have decomposed the abstract tadpole condition into an integral basis with
corresponding wrapping numbers. Thus, it is inherent that we have to follow this rule, since the
wrapping numbers have already been chosen to satisfy Eq. . If we take for example the
condition

ST NmPImPm® =0 (5.28)

putting in our concrete values, we get >, Namgl)m((f)mgg) = Np—Np—Np—N¢—2N;+3Nj =
3—-2—-1-1-2+3=0.

Nevertheless, this emergence of additional SU(2) doublets and the corresponding exotic chiral
matter can be circumvented by introducing orientifolds. This will be the aim of the next section.

5.4 Non-Supersymmetric Standard Model in T® Orientifolds

In order to avoid the additional leptonic doublets which we obtained in the previous model, we
introduce an orientifold projection. The main idea of orientifolds was introduced in section
In our general discussion about orientifolds we have discovered that the introduction of such
objects alters the spectrum. Therefore, we now have two possible bi-fundamental representations.
The representation ((J, = Ng,[p = Np) and (O, = Ng,[T = Np). On the basis of this new
possibility, we want to investigate and construct semi-realistic models.

To construct non-supersymmetric standard model, we will require four different stacks of D-
branes. It turns out that these four branes form a minimal set for standard model constructions
with D6-branes and an orientifold projection. Besides, we use the nomenclature of the previous
model. The intersecting stacks of D6-branes are therefore a Np = 3 baryonic brane which yields
U(3)g ~ SU(3)c x U(1)p, a N, = 2 left brane returning U(2);, ~ SU(2), x U(1)r, a N =1
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Figure 5.5: Schematic diagram for the construction of a non-supersymmetric standard model with an
orientifold projection. For this model, a Np = 3 baryonic brane, a N; = 2 left brane, a Np = 1 right, and
a Ny = 1 leptonic brane intersect. The intersection points are again denoted with the related intersection
number. The strings are oriented and left-handed particles and left-handed antiparticles are shown.
The orientifold provides the Dp-brane model with their mirror images, which are illustrated in dashed
lines. The boxes are indicating that these points are already considered for the spectrum in order to not
overcount the matter arising from these intersections. As usual, we show the right-handed particles as
left-handed antiparticles.

right brane with U(1)r and a Ny = 1 leptonic brane providing U(1),. This results in the gauge
group

U(3)B X U(Q)L X U(l)RXU(l)g ~ SU(S)CXSU(Q)L XU(l)B XU(l)L XU(l)RXU(l)g (529)

The construction of this D6-brane model with O6-planes is shown in Fig.[5.5] Here, we introduce
dashed lines, which represent the mirrored D6’-branes. Moreover, in such graphical constructions
it is also common to frame intersections with a square or a circle if the intersections have
already been counted to the spectrum of the matter. Thus, no additional fields are obtained
by considering these intersections . We open our discussion by investigating the left-handed
quark sector. Looking at Fig. [5.5] shows that the first generation of this doublet is generated in
the intersection between the baryonic brane and the left brane. The second and third generations
are located in the intersection between the baryonic brane and the image of the left brane.
However, these two generations are in the bi-fundamental representation (Np, N1) . This choice
will eliminate all additional SU(2), doublets and exotics we encountered previously [170H174].

Let us analyse this again on the basis of the tadpole condition. The RR tadpole condition in the
orientifolded case which we derived in Eq. (4.33]) can be manipulated in analogy to Eq. ([5.27)
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and we obtain
<Z N, [I1,] + Z N, [H;} —4 [H06]> o [II] =

_ (5.30)
> Na Lo + L] = # (L L ) = # (L.l ) =0,
a
where we assumed that Iog, = 0. This means that there should be as many fundamentals as
antifundamental representations for any U(N) group. This has a great advantage compared to
Eq. (5.27). In order to satisfy this condition, let us apply it again on the left brane.

# (L L) —# (L) =3+3-6=0. (5.31)

This can also easily be verified by looking at Fig. Three quark doublets and three lepton
doublets are outgoing at the left brane and six quark doublets are incoming at the same brane.

In this consideration, however, lies a breathtakingly beautiful conclusion. In order for this to
work, the number of the generation - which is given by the intersection number - must coincide to
that of the number of colours [17,(170-174]. The unsolved generation problem of particle physics
gets a concrete answer here

#Colors = #Generations . (5.32)

The D6-branes wrap 3-cycles in the internal space and as a result there will be some intersections.
The occurring intersection numbers must be as follows to give the spectrum of the standard

model
Ipr =1 Ipr =2 Iy =3 I,y =-3
BL ) BL ) Re ) Rl ) (533)
Ipr= -3, Igy =-3, Ipp=-3, I;p,=0.
The attentive reader will have noticed that not all possible intersection numbers have been listed.
This is because they are zero or we postulate them as such. Exotic matter between BB’ branes
or leptoquarks in B¢ and B¢ should not exist because they could not be experimentally detected.

This a priori postulate will be realised concretely by the choice of the wrapping numbers [17].

The D-brane configuration is shown in Fig. [5.5] Using the intersection numbers, we can check
for anomaly cancellation by using Eq. (5.30)).

Leaving this fairly general discussion, we now want to make it more explicit by applying it
concretely to type ITA superstring theory with D6 branes wrapping factorisable 3-cycles at angles
in a T® orientifold. We want to construct this model in such a way that we get the standard
model with the configurations and quantum numbers of Tab. The first step after the choice
of the compacted space is therefore the choice of the wrapping numbers. However, we want to
choose these as general as possible for the factorised T¢ = T? x T? x T?. Such a model was
considered analytically for the first time in [17].

Before we start, conditions and requirements should be mentioned, which restrict these wrapping
numbers. As was pointed out in |17] we have the following restrictions for the wrapping numbers:

1. We have noted in section [{.3] that new representations are possible by introducing ori-
entifolds. However, in order to preserve the standard model, we want to only choose
the representations which provide us with the correct spectrum. We therefore exclude
symmetric and antisymmetric representations, which would yield matter content with
exotic quantum numbers. This requires that we do not allow intersections with D6-branes
and their mirror images. The direct consequence of that can be put into the condition

3
[[m{=0 Ya=B,LR,¢ (5.34)
=1
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This choice brings an important consequence. We will see that the product in Eq. is
a coefficient in the BF coupling introduced in chapter [4] which means that in the effective
four-dimensional field theory at most three RR fields B; couple to the Abelian group.
Consequently, the upper bound of massive U(1)’s is given by three. However, since we
want a massless U(1) for the hypercharge, we may only use a maximum of four stacks of
D6-branes. Any further choice would lead to additional massive U(1)’s and extend the
spectrum of the standard model [17,171-173].

2. To get the intersection numbers from Eq. , we have to lay out the baryonic and
leptonic brane parallelly to each other in at least one of the three 2-tori. Likewise, the right
and left brane should be parallel to each other. Finally, to get the intersection numbers
Ipr, = 1 and I, we have to tilt one of the three tori. By default, we choose the third
torus here [17,63,171-173].

The tilted torus is described in Appendix In a nutshell, the wrapping numbers for
the rectangular 2-tori are denoted as (n,m!), while the image wrapping numbers are
(ni, —m?). The image wrapping numbers for tilted 2-tori look different. These are given
by (n%, —ni —m?). By a redefinition 1, = mg + bn, with b = 0,1/2, we get

D6, — brane +— D6, — brane
S S (5.35)
(niu mfz) (nfza _mjz)
Note, that we will omit the tilde from the wrapping numbers in sequence when it is clear
from the context.

This number of conditions limits the choice of wrapping numbers in a rather complicated way.
The most general choice of these wrapping numbers is given in Tab. [17].

The phase €,é = +1 and the parameter p = 1,1/3 have two possible settings. The parameter
B* =1 —b* depends on the modulus of the torus. Since only the third torus is tilted, our
configuration inhabits the choice f=12 = 1 and % = 1/2. The choice of (n%,n},nk,n?) is
arbitrary as long as they are elements of Z. The spectrum remains unchanged regardless of
which parameters are chosen. We will test this as a theoretical experiment in the last part of
this chapter.

However, we have to add the most prominent condition: The tadpole conditions from section [4.3]

3. The tadpole conditions in the presence of an orientifold projection from Eq. (4.38) must be
fulfilled by our choice in Tab. [5.3] However, these conditions are fulfilled automatically
except for the first one in Eq. (4.38), which becomes

N Npnl)

+ Ny =16. 5.36

pB! B2 g (5.36)

In order to fulfil this condition, we can choose n, in such a way that Eq. (5.36) is satisfied.

A different and more general possibility is the introduction of a hidden sectors. Hidden

branes are the branes that have no intersection with the branes of the standard model.

The easiest way to get such a hidden sector is to place the hidden D6-branes parallel to

the orientifold planes. This results in wrapping numbers of the form

Np (1/81,0) (1/52,0) (2,0) - (5.37)

Introducing such a hidden brane in every torus with the wrapping numbers given as above,
the Eq. (5.36) can be rewritten as

a,.a,.a __
ZNan1n2n3 =
a

3ng) 2715;1) nf)

P T

+ 2Nypnpng =16 . (5.38)
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Na NB NL NR NZ

@M, miy (/8400 (M, —eepl) (0, 3pe8Y)  (1/8,0)
@2, mey (D) eB?)  (1/8%0) (1/6%,0)  (n}?,e82/p)

@D m)  (1pe/2)  (1,3p¢/2) (0,1) (1, -3pé/2)

Table 5.3: In order to satisfy the various conditions, the wrapping numbers in the case of D6 branes
wrapped on a factorised 6-torus must have the following form with (n%,n},nk,n?) € Z. The phase
€,€ = &1, while the parameter p = 1,1/3. The parameter for the rectangular torus is given by 8 =1 and
for the tilted torus by 5 =1/2.

5.4.1 Hypercharge and the Story of Massive U(1)’s

As already elaborated in subsection m , U(1)’s get massive by coupling to a corresponding
BF term. Furthermore, the different D6-branes were chosen in such a way that there can be at
most three RR-fields B; with i = 1,2,3. We have explored how the BF terms are generated in
general and how they give mass to the U(1) fields via the Stiickelberg mechanism. In Eq. ,
we expressed the 3-cycles in a homology basis. In this section we therefore have to decompose
the 3-cycles into a 1-cycle basis on the factorisable T% torus. This basis decomposes according to

a1 X a2 X as b1Xb2Xb3
. a1><b2><b3 . a1><b2><a3
er = bl X bQ X as and ﬁl o b1 X ag X asg (5.39)
b1Xa2Xb3 a1Xa2Xb3
The 3-cycle can be expressed in terms of 1-cycles
3 . .
= (nfi) lag] +m) [b(z’)]) : (5.40)

=1

The same has to be done for the mirror image of the 3-cycle. Since the wrapping numbers n,n’
and m,m’ are no longer independent of each other, we get according to section

= ( Vo) gi)l[b(i)D = (”55) lagy] —m}) [b(i)]) : (5.41)

=1 =1

We recall that the coefficients of the BF term where given by

=SNG (V- l) and e =N (ul - ull) . (5.42)
Ia

Ia

The first term in Eq. is completely in the basis a. If we write out the product in Eq.
and Eq. and subtract all terms corresponding to the basis given in Eq. , these
terms cancel. This yields ¢/ = 0. Following the same train of thought, we thus obtain for the
second coefficient in Eq. terms proportional to n2nGm® nMpG)m @) MR KG) and
mWm@mB) . The last term vanishes according to Eq. 1' Therefore, we get the following
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BF terms:
i=1: >, Nan,(f)n((l?’)mgl) [ Bitr(F,) .

i=2: S, Nand"nlIm? [ Bytr (F,) . (5.43)

i=3: Y, NanPnPm&) [ Bstr (F,) .

Inserting the corresponding values for the wrapping numbers from Tab. [5.3] we obtain

i=1: —2€fﬁ [ By Atr(Fp) .
i=2: L1 [Bytr(3Fp +F) . (5.44)

i=3: ﬁ | Bstr (3B2n((12)FB + Gpﬁln(l)FL + 261716 Fr — 3pB°n )Fg) .
Recapitulating subsection the generator of a generic U(1) is given as the linear combination

QY = ZfaQa . (5.45)

The condition to obtain a linear combination that can be associated with a massless U(1) was
given by
> =0 Vi, (5.46)
a

or simply in matrix notation as C - 5 with the matrix (C);q = ¢!. The rows of this matrix are
labelled with ¢ and are thus related to the RR 2-forms B;. The columns are labelled with a and
correspond to the U(1), of the respective configuration [17].

The matrix can thus be read off from Eq. (5.44) and is given as

0 —26551 0 0
Cla=| 3 0 0 & (5.47)
anE 3nrép ngr gnggp

241 B2 82 2p*

According to Eq. (5.46)), the associated vector space of massless U(1)’s is given by the nullspace
given by Ker(C). The number of massive U(1) is given by the Rank(C). Computing the kernel
of the matrix in Eq. (5.47), we obtain

n 2 n 2
Ker(C) :{ (— ¢ 0, (%) ¢ g) CeR } (5.48)
This results in the generator Qy for a massless U(1)
1 K 1 , B2
Qy =-Qp— 5Qr— Q¢ with = g ( R 3pn(2)) : (5.49)
6 2 2 2ng)ﬁl

To get the appropriate hypercharge, we require that x = 1. This finally imposes the fourth and
final constraint on our choice of wrapping numbers. Written out, it is

(1) _ &

Np = 251 (nB +3pné )) . (5.50)

If we look more closely at the four U(1) generators, we see that they are related to quantities
that we can give physical meaning to. @)p is three times the Baryon number Jp = 3B and
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Q¢ = L is the lepton number. This also clarifies the origin of the names for these respective
branes. (Qr we can interpret as twice the third component of the right-handed weak isospin
Qr = 2Ir. The last U(1) charge @Qr, is associated with mixed SU(3) anomalies and belongs to
the so-called Peccei-Quinn symmetry. This is a remarkable conclusion drawn here. These global
symmetries which are attributed to the standard model - but postulated a posteriori - find a
foundation in Dp-brane models. These global symmetries are indeed unbroken gauge symmetries.
At this point, we resume and emphasise the fact that the symmetries of the massive gauge bosons
are preserved as artefacts of a global symmetry in the low energy limit [17,/170-174].

While the linear combinations Qp — 3Q¢y = 3(B — L) and Qr = 2[r are free of anomalies,
the orthogonal combinations 3Qp + @y and @ are not. These, however, are fixed by the
Green-Schwarz mechanism as discussed in subsection become massive and decoupling in
the low energy regime of the theory. We have also noted that the BF term is responsible for
whether a U(1) gets massive or not. Not the fact whether there is an anomaly or not.

By a clever choice of the intersection angles, it can be further ensured that the spectrum remains
tachyon free. However, these tachyons can also be of physical interest, for example by interpreting
the bosons in the BR and BR' sector as Higgs gauge bosons [17,/65].

5.4.2 Numerical Examples

To conclude, we will illustrate the found results through a numerical example. As we have seen,
the parameters for the wrapping numbers are freely selectable and should lead to the same result
regarding the intersection number by construction. We now want to test this and choose the
parameters as we please. To ensure this, we let the parameters be randomly generated with a
small Mathematica code. The resulting parameters are then selected for the respective model.

Model A
The following code determines the parameters.
In[l]:= parameters = {RandomChoice[{1, —1}, 1],

RandomChoice[{1, —1}, 1],
RandomChoice[{3, 1/3}], RandomInteger[{—3, 3}, 3]};

In[2]:= auxil = parameters [[2]][[1]]/2( parameters [[4]][[1]]
+ 3 parameters|[3]] parameters [[4]][[4]] );

In[3]:= {StringForm[’ec = ”, parameters [[1]][[1]]],
StringForm|[”¢, = 7, parameters|[[2]][[1]],
StringForm|[”p = 7, parameters[[3]]],
StringForm[”nsg) = 7, parameters|[4]][[1]]],
StringForm[”n(Ll) = 7, parameters|[4]][[2]]],
StringForm[”ng) =7, auxil],
StringForm[”ngz) =7, parameters[[4]][[3]]]}

Out[3]= {e=1, &=-1,p =3, @ =1, 0 =1, ) = 1 P =1}

Out[4)= {e=1,e=1, p=3, 0 =0, n{’ =7, 0} =9, n{? = 2}
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N, Np Ny, Ngr Ny

MmNy @0 @1 (-1,1)  (1,0)
. m) (1,1 (L0 (L,0)  (1,3)

n,mf) (3,-5) @-H (01 (1,1

Table 5.4: The wrapping numbers for the model A resulting from four stacks of D6-branes. The wrapping
numbers are given in such a way, that the first two 2-tori are considered to be rectangular, while the last
2-torus is tilted.

(2) _ (1)

Accordingly to this output, we set 3! = 1,2 =1, p—%,e-l €E=—-1,ng =1,n; —l,nR =
—1 and n(2) = 1. The resulting values for the wrapping numbers are listed in Tab. [5.4L With the
concrete ch01ce of the wrapping numbers the intersection numbers can now be calculated easily,

and we get
Ipp =41 — 1(3,2), Ig;r=+2 — 2(3,2)

Ipr=-3 — 3(3,1), IBR/:—?) — 3(§,1)
(5.51)
In=-3 — 3(1,2), I,;,=0

Ine=+43 — 3(1,1), Ipr=-3 — 3(1,1)

At this point, we have also listed the corresponding representations. One could already guess what
kind of particles we might be dealing with here. However, this can only be properly assigned by
means of the hypercharge. In fact, we also get the desired intersection numbers from Eq. ,
which supports the claim, that arbitrary parameters within their parameter space lead to the
same intersection number. It is straightforward to check our choice of wrapping numbers on the
various conditions we listed in Eq. . The tadpole condition in Eq. now results in

3n2 9, 2
pﬁBl + ﬁé 51 +2Nné)ng)—9+2+1+2Nhn§1)n§l)—16 (5.52)

Here is a novelty coming our way. This equation is satisfied by introducing Np = 2 parallel hidden
branes running along the orientifold with ng) =1,= nf) =1 nf) =2 and mg) = 0, where we
used Eq.[7.33 - Such a hidden brane basically gives another further U(2); gauge group which in
turn can be thought as a SU(2), X U(1). Such hidden branes are generally not connected to the
standard model by construction, as in this case. In general, however, such a hidden sector can
also be used to extend the gauge group of the standard model. String between standard model

branes and such hidden sectors constitute “bridges” or “messenger particles” to some extent.
Next, we need to calculate the hypercharge for this model. For this we need to look at the BF
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couplings. The BF couplings of the U(1)’s to the RR fields in this numerical example are ﬁ

1=1: 2/31/\tr(FL).

Py 3/BgAU@FB+EQ. (5.53)
. 3 1

1=3: /Bg/\tf(—QFB—FL—FR—{—QFg) .

From this three terms we can read off the coefficients and form the matric C. We thus find

0 2 0
(Clia=19 0 0
-3 -1 -1

(5.54)

o= W O

Computing the kernel of C yields

Ka&»:{(—g,m ¢, Q :CGR}. (5.55)
This kernel indeed leads to the right hypercharge generator

1 1 1
Qy = 6@3 - §QR - 5@@ : (5.56)

We now want to test if we can obtain the desired standard model spectrum using this hypercharge
formula. For example, we take the string that runs between the baryonic brane and the left
brane. The intersection number is Ig;, = 1 and thus positive. The string is oriented and
runs from the baryonic brane to the left brane. Therefore, this represents a state in a bi-
fundamental representation (3,1). Furthermore, through U(3)p ~ SU(3). x U(3)p and through
U(2)L ~ SU(2)r x U(2)r, we have two U(1)’s under which the string is charged. The string
starts on the baryonic brane and, by convention, receives a positive sign, obtaining Qg = 1.
On the left brane it receives a negative charge @, = —1. If we put this into the formula for
the hypercharge in Eq. , we get Qy = %. This corresponds - comparing to Eq. — to
1x(3,2) 1 and can be associated with a single family of left-handed quarks Q..

We can now also show the same for the string that leaves the baryonic brane and reaches the
mirror image of the left brane through the orientifold projection. The O6-plane reverses the
direction of the string. The intersection number Ig;, is positive and provides two families.
Furthermore, by convention, the string receives a positive charge Qg = 1 and another positive
charge Q7 = 1, which has its origin, of course, in the reorientation of the string. The hypercharge
is Qy = % and this state finally corresponds to 2 x (3,2) 1 These are therefore two families
of left-handed quarks. With this we have determined the entire quark sector. This can now be
done for all strings in non-vanishing intersections, which reproduces the right quantum numbers
and spectrum of the standard model that are collected in Tab.

Model B

For this model, we again choose the parameters based on pseudo-randomness. The parameters
for this models are in accordance with the code B = 1,52 =1,p=3,e=1,é =1, ng) =0, n(Ll) =

7, n%) =9 and néz) = 2. The wrapping numbers resulting from these parameters are listed in

Tab. 5.6

8Since the hidden brane lies along the O6-plane, its U (1) group must of course not be taken into account.
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Fields Intersections Representation Qp Q. Qr Q¢ Y

Qr (BL) (3,2) 1 -1 0 0 1/6
Lr (BL) 2(3,2) 1 1 0 0 1/6
ur, (BR) 3(3,1) -1 0 1 0 -2/3
dr, (BR) 3(3,1) -1 0 -1 0 1/3
L (L) 3(1,2) 0o -1 0 1 -1/2
29 (R0) 3(1,1) o 0 1 -1 0

e (RC') 3(1,1) o 0 -1 -1 1

Table 5.5: The content of the standard model and its representation. Furthermore, the intersection in
which the open strings are located is specified. The charges of the individual U(1) generators, as well as
the hypercharge are listed.

Ng Np Np, Ng Ny

M. mMy (10 (7,-1) (9,9) (1,0

@@ m®y (0,1 (1,00 (1,00 (2,1)

( (3) (3)) (

Na ,ma

3 (L) (0.1 (1,-3)

ol

Table 5.6: The wrapping numbers for the model A resulting from four stacks of D6-branes. The wrapping
numbers are given in such a way, that the first two 2-tori are considered to be rectangular, while the last
2-torus is tilted.
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Once more we can calculate the intersection numbers, which are given by

Ipp =41 — 1(3,2), Ig;r=+2 — 2(3,2)

Ipr=-3 — 3(3,1), IBR/ =-3 = 3(§,1)
(5.57)
ILg:—3 — 3(1,2), ILZ' =0

Ie=+3 — 3(1,1), Ipp=-3 — 3(1,1)

As previous, we have also listed the corresponding representations. If we compare these intersection
numbers with those of model a, they agree as expected. The tadpole condition in Eq. (5.38]) for
Model B results in

sny 20 (1), (2) (1), (2) !
pﬁBl + ﬂg + ﬁfl +2Npny 'y =04 14+ 2 4 2Nyn;, 'ny” = 16 (5.58)

This is a difference from the previous model A. The tadpole condition is satisfied without having
to introduce a hidden brane. In such a model there is therefore no hidden sector along the
orientifold projection. If follows that N, = 0.

The BF couplings of the U(1)’s to the RR fields of model B are:

i=1: —2/BlAtr(FL).

1
1=2: g/Bg/\tr(?)FBqLFg) . (5.59)
1=3: /Bg/\tr(63FL+9FR—9F[).

From this three terms we can read off the coefficients and form the matric C. We thus find

0 -2 00
(Clia=|10 0 % . (5.60)
0 63 9 —9

Computing the kernel of C yields

Ker(C)—{ (_g, 0, ¢ g) : gem} . (5.61)
This kernel indeed leads to the right hypercharge generator

Qy = éQB - %QR - %Qe : (5.62)

This analysis naturally leads to the content in Tab. . We have seen that regardless of
the choice of parameters, the same standard model spectrum is generated using the orientifold
projections. However, they differ in detail. On the one hand, of course, the wrapping numbers
run differently on the 2-tori and, on the other hand, hidden sectors have to be introduced most
of the time. In these models, however, these always run along an O6-plane by construction. This
concept of hidden branches, i.e., branes that are decoupled from the standard model but still
interact with it via open strings, will be briefly addressed again at the very end of the thesis.
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Chapter 6

Towards Supersymmetric Standard
Models and Beyond

In this chapter, we will super-symmetrically fine-tune the concepts from the previous chapter.
Before introducing a N = 1 supersymmetric MSSM-like spectrum by using a D6-brane setup, we
want to introduce an alternative route to a non-supersymmetric standard model, which will be
helpful in the further proceedings.

This model will give us another way to prevent the theory from generating extra SU(2) doublets.
To make this possible, we will use the isomorphism USp(2) ~ SU(2). Although we can generate
the spectrum of the SM with such a model, it is not RR tadpole free.

To create a N = 1 supersymmetric standard model we need an orbifold in addition to the
orientifold projection, which ensures that all RR contributions of the D6-branes are cancelled.
We will investigate such a model using a T®/(Zy x Zs) orbifold. We will keep the original idea of
the non-supersymmetric model and extend it accordingly. Finally, we will see that by means of
brane recombination, we can obtain a Pati-Salam model - and thus a minimal supersymmetric
standard model. This is particularly interesting as it goes beyond the supersymmetric spectrum of
a minimal supersymmetric standard model and attempts to create a grand unified theory.

6.1 An Alternative Route to a non-supersymmetric Standard
Model

Looking back at chapter [4, we recall that an orientifold projection on the homology of T yields
us pairs (Il,, H;) ‘R again denotes the Zy involution on the internal manifold. In the previous
chapter , we exploited the fact that we obtain a string charged U(N,) gauge group through
N, D6-branes on II, if R(II,) # II,. In general, however, R(II,) = II, can hold and thus the
induced gauge group is the SO(2N,) or the symplectic USp(2N,), which we discussed in more
detail in section [17,63]. In the further development we want to benefit from this possibility
to generate an MSSM-like spectrum. By the isomorphism USp(2) ~ SU(2) [175] we can generate
in our setup the weak interaction sector of SU(2)y thus with just one left brane, which is fixed
under the action of R.

Under these conditions, we will construct the non-supersymmetric standard model which we
already considered in the previous chapter [bl For this purpose, we need four different stacks of
D6-branes. A Np = 3 baryonic brane, a N;, = 1 USp(2) left brane, a Ng = 1 right brane and a

83



N, Np Ny, Ngr Ny

aMmy @0 0,1)  (0,1)  (1,0)
P m?)  (L3p)  (1L0) (0,-1)  (L3p)

(i mi?) (5. =3p) (0,=1)  (1LO) (5, =3p)

p’

Table 6.1: The wrapping numbers for the model A resulting from four stacks of D6-branes. The wrapping
numbers are given in such a way, that the first two 2-tori are considered to be rectangular, while the last
2-torus is tilted.

Ny =1 leptonic brane. Hence, we find the gauge groulﬂ
U(3)B X USp(Q)L X U(l)R X U(l)g ~ SU(?))C X U(l)B X SU(Q)L X U(l)R X U(l)g . (61)

The wrapping numbers for this particular setup are selected according to Tab. [63,171H174].
This ensures that the left bane is positioned in such a way that it is overlapping with its image
brane on all three 2-tori. The D6-brane setup is depicted in Fig. We will again use our
developed scheme to analyse such D-brane constructions. According to the wrapping numbers in
Tab. the desired intersection numbers are given by

Ipr =3; Ipy=3; Ipr=-3; Ipr =-3; Irr=1;
Ly, =3; Liy=3 ILirg=-3 Lr=-3 Irp=1;.

In this model, there are three U(1)’s, i.e. a U(1)p, a U(1)g and a U(1),. Analysing the BF
terms, we get only one contribution for the linear combination 3Qp + @y, independent of the
choice of p. In full, these two terms are given by

(6.2)

3/32 /\tr(BFB-f-Fg) and —3/Bg/\tr(3FB+Fg) . (63)

According to the Green-Schwarz mechanism, this anomalous U (1)E| gets a Stiickelberg mass and
decouples from the low energy spectrum. The remaining U(1)’s get no mass and correspond to
massless gauge bosons. For the light U(1)’s we identify 3Qp — Q, with B — L and Qg with the
3" component of the weak isospin. The hypercharge is again given by the kernel of the matrix
C, which we introduced in section [5.4.1} This can be conveniently calculated, and we get

Ker(©)={ (=¢. m 3¢) s¢mek } . (6.4)
The hypercharge is consequently given by
1 1 1
Qy = EQB - §QR - 5@@ : (6.5)

Thus, the gauge group resulting from this setup is E|
SU(?))C X SU(2)L X U(I)B_L X U(l)R . (6.6)

'We emphasise, that in this case we get no U(1)r.

2The rank of the matrix C is rank(C) = 1.

3This group is now different from our previous one in the non-supersymmetric model, since there is another
massless U(1). However, as we know, also non-anomalous U(1)’s can get a Stiickelberg mass. This depends only
on the choice of our homology cycles II, with a = B, L, R,¢. Since we are interested in the Grand Unification
Theory here, this aspect will not concern us further.
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Fields Intersections Representation Qp Qr Q¢ Y

Qr (BL) 3(3,2) 1 0 0 1/6
UL (BR) 3(3,1) -1 1 0 -2/3
dp, (BR') 3(3,1) -1 -1 0 1/3
L (¢L) 3(1,2) 0 0 1 -—1/2
7, (¢R) 3(1,1) 0 1 -1 0
7 ((R) 3(1,1) 0o -1 -1 1
H (LR) (1,2) 0 -1 0 1/2
" (LR) (1,2) 0o 1 0 -1/2

Table 6.2: Content of the standard model, which emerges through the intersections of a baryonic, left,
right, and leptonic brane. The left brane is thereby incorporated in such a way that it induces a USp(2)
gauge group. In this model, we obtain three U(1) generators.

U(1)g

Figure 6.1: Schematic diagram for the construction of a minimal non-supersymmetric standard model. A
Np = 3 baryonic brane, a Ng = 1 right, and N, = 1 leptonic branes are used. Further, we have a stack of
left branes, which overlap with their images, yielding USp(2) = SU(2). To make the illustration clearer,
we only depicted the relevant branes.
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Since we have found a hypercharge in Eq. (6.5) we can determine the spectrum. We also note
that this model has intersections between the left and right brane. As previously pointed out,
near such intersection strings associated to the Higgs particle are located.

However, as pointed out in [63] and [17], such setups are not RR tadpole free and in the following
unstable and thus need additional branes to satisfy these conditions.

With this said, we have provided an alternative to the previous construction, since we avoided
unnecessary SU(2); doublets - but it gets even better, as we can modify this model to a
Pati-Salam-like model of the form

SU(4)c x USp(2)r, x USp(2)R - (6.7)

6.2 Minimal Supersymmetric Standard Model in T®/(Z, x Z»)
Orbifolds with Orientifold Projection

6.2.1 The T%/(Z, x Z,) Orbifold

It turns out that in general it is not possible to obtain a semi-realistic N' = 1 supersymmetric
standard model spectrum using D6-branes in type ITA string theory with O6-planes on a T
compactification. We have already indicated this problem in chapter 4. One can understand
this also from the point of view of the tadpole conditions. Most of the conditions in Eq.
tell us that there are D6-brane contributions to Ramond-Ramond charges that do not have an
O6-plane contribution. This means that there must be an inherent brane-antibrane relation [17]
in order to obtain these models free of any tadpoles. This obviously destroys supersymmetry.
Nevertheless, in this section we want to give a quick idea of how this can be circumvented and a
semi-realistic MSSM spectrum can be constructed.

The focus hereby is not on deriving the first supersymmetric model, as this has already been
done many times in the past. The goal is to understand this particular model in our context and
why it allows for a supersymmetric spectrum compared to the previous models. Furthermore,
there is no complete sourceﬂ for this model where this model is analysed in more detail, e.g., the
computation for the right hypercharge. Therefore, we want to analyse it again strictly according
to our scheme. Before we dive into this topic, we want to clarify some technical details were we
mainly follow [63].

In order to obtain a four-dimensional N' = 1 supersymmetric chiral spectrum, we will introduce
the concept of orbifolds. Roughly speaking, we have to solve the problem just discussed and
make sure that there are enough O6-planes. For simplicity, we will refer to a particular orientifold
of toroidal orbifolds. The particular model we choose is given by

TG
Zo X Lo X Q'])R(—)]:L '

(6.8)

In such an T /(Zy x Zs) orientifold we have two new generators which we denote by # and w. These
generators we associate with the two twist or shift vectors @ = (3, —%,0) and @ = (0,1, —3) [63).
We can explicitly state the action of these generators on our factorisable T® space as

0 : (ZI,ZQ,Z3> — (_Z17 _22723) 9

(6.9)
W (21,22,23) — (2’1, —Z9, —Zg) s

where we use complex coordinates z; on the torus as usual. However, since we still have an
orientifold projection in addition, this model is also modded out under the action QR(—)7~

4 At least the author of this thesis is not aware of it.
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Figure 6.2: In (a), the original orientifold planes, which we have already discussed for the case without
orbifolds, are drawn in the factorisable T® = T? x T? x T2. In (b), (¢) and (d), however, we obtain further
orientifold planes which arise via the 6 and w action.

according to
R : (21,22, 23) = (21, 22, 23) - (6.10)

In summary, there are four different types of O6-planes in this model under these actions. The
actions under which they appear are

QpRO(—)7,  QpRw(-)"T,

QpROw(—)"r QpR(—)7L . (6.11)

These additional O6-planes, originating from the orbifolding, are illustrated in Fig. The
eight O6-planes of each type wrap 3-cycles in the 6-torus with the wrapping numbers

(1,0) x (1,0) x (1,0); (0,1) x (0,—1) x (1,0),

(1,0) % (0,1) x (0,~1); (0,~1) x (1,0) x (0,1) . (6.12)

Further, we agree that the D6-branes must pass through fix-points of the orbifold projection.
Thus, we make sure that they match their orbifold images, but not those of the orientifold
projection. For rectangular tori we also obtain the modified tadpole conditions

SuNanln2nd —16 =0, >, Nynlm2m? +16=0,
(6.13)
Sy Naominim3 +16 =0, >, Namlm2nd +16=0.

We can conclude that all D6-brane contributions to Ramond-Ramond charges have an O6-plane
contribution. The particle content arising from the D6-brane intersections is the same as in the
orientifold case, but in the D,D, sector we obtain a U(N,/2) vector multiplets plus 3 adjoint
chiral multiplets [63].

6.2.2 Going Beyond the SM - The Pati-Salam Model

The standard model is most likely not a final theory and leaves generations of physicists with
unsolved questions. Among these questions, there is a particularly fundamental one, asking, why
the local gauge interaction with three families of quarks and leptons has exactly the structure
SU(3). x SU(2), x U(1)y. These SM gauge interactions are determined by their gauge charges,
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whose origin of the charge quantisation is however unexplained. This would give us means
to explain why there are no fractionally charged hadrons. Another big problem in particle
physics is the unexplained origin of the hierarchy of family masses and the quark and leptonic
mixing angles. These answers would help to find the origin of the CP wiolation, the cosmological
matter-antimatter symmetry, and would also provide an explanation for the observable dark
energy and dark matter. Moreover, the SM is not complete, and 19 parameters must be included
in the theory by hand. These parameters contain the three gauge couplings g., g7, and gy. Nine
parameters are associated with fermion masses, four with the mixing angles in the CKME matrix.
Furthermore, there is the QCD parameter 6 and three parameters in connection with the Higgs
vacuum expectation value (VEV) and quartic coupling. Last but not least, the SM per se fails to
provide an explanation for the mass of neutrinos [176,(177].

Those unsolved problems but also the human striving for an aesthetic and simplified final truth
have triggered the cry for a grand unified theory.

These GUT’s raise the claim that in a very early epoch of the universe and thus at very high
energiesﬁ the fundamental interactions unify into a single force. Howard Georgi and Sheldon
Glashow were pioneers in this field and in 1974, they presented the first GUT based on the
simple Lie group SU(5) which clearly contains the SME

In this thesis, however, we focus on a semi-simple solution proposed by Abdus Salam and Jogesh
Pati [179]. The so-called Pati-Salam model (PSM), which is based on the group product

gps = SU(4)C X SU(2)L X SU(Q)R . (6.14)

This model follows the assumption that leptons and quarks are two faces of the same coin.
Therefore, the SU(3)¢ is extended to a SU(3 + 1)¢ by adding another colour charge which
originally was called lilac but is called violet today. We identify these violet quarks with the
leptons. Furthermore, this model is left-right symmetric and can be embedded into the SO(10)
model [180}182].

The fermions in the PSM are embedded as follows:
SM . (3, 2)1/6 + (1, 2),1/2 + (g, 1)1/3 + (§7 1),2/3 + (1, 1)1 + (1, 1)() (615)

PSM — (4,2,1) PSM — (4,1,2)

The SU(2)1, quarks and fermion doublets are combined into a (4,2, 1) representation, denoted
as Fp, ﬂ

_(upougoup oup=wvp
Analogously, the right-handed part is combined into F'r according to
[ ulR u% ul}% Up = VR
Fr = ( & dl;% v — op . (6.18)

‘We now focus on the concrete realisation of a semi-realistic standard model based on D6-branes
wrapping on a 6-torus orbifold with an orientifold projection. Moreover, we will use it to construct

5Cabibbo-Kobayashi-Maskawa.
5The GUT scale is ~ 10 GEV and thus only a few orders of magnitude below the Planck scale.
"Historically, a few hours earlier Georgi found an unification based on the SO(10) group, which is even more
complete because SO(10) D SU(5) |178|.
81n order to reduce the number of individual gauge couplings, this group is often extended with an additional
Zo symmetry, reading
SU(3)CXSU(2)L XU(].)BfL XU(].)RXZQ . (616)

Thus, the multiplets can be considered as a single reducible representation Fr, & Fr. We will neglect this detail
here.
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N, (n(l) (1)) (n(Q) (2)) ((3) (3))

a yMa a y,Ma Na ", Ma

Np=6  (1,0) (3,1) (3,-1)
Np=2  (0,1) (1,0) (0, 1)
Np=2  (0,1) (0,-1) (1,0)
Ne=2  (1,0) (3,1) (3,-1)

Table 6.3: Modified D6-brane wrapping numbers form Tab. giving rise to a chiral spectrum of the

standard model. The particular value of p is chosen to be %

a Pati-Salam model. Here, we combine the already found results of the model in section [7.1] and
assume, however, that we additionally have an orbifold structure.

We choose the wrapping numbers according to Tab. which we already used in the non-
supersymmetric model.

To ensure N' = 1 supersymmetry, the D6-branes must be related to the O6-planes via a SU(3)
rotation. The general condition, which we deduced in section [3.3] was given by

0;=0. (6.19)

3
=1

)

Using the tangent and the trigonometric identity

tan « + tan 3
t =V— 6.20
an(a + ) 1 —tanatan g ( )

we get
tan @ + tan 6y + tan 03 — tan 6 tan Oy tan 3 = 0 (6.21)

In Eq. (4.11)) we have established a relationship between the relative angles of the Dp-branes and
the wrapping numbers. The tangent can thus be described by

nORY 0

tanf; = n(i)Rgi) =@ (6.22)
with j (@) = (%)(l). This becomes a requirement for the wrapping numbers which reads
mimsoms — m1j2n2j3n3 - m2j3n3j1n1 - mgjlnljgng =0 (623)

ﬂBy just inserting the values from Tab. into Eq. (6.22)), we come to the conclusion that
i(2) — ;3)
=

9There are further discrete constraint coming from K-theory which states

Zm?mgmg = Z minsng = Zn?mgng = Zn?ngmg = 0(mod?2) (6.24)

a
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4,1,2)

U4)p

Ul

Figure 6.3: llustration of D6-brane recombination. The leptonic brane and the baryonic brane recombine
to form the U(4)¢, while the overlapping of the right brane with its image brane results in SU(2)g. The
result is a gauge group consisting of SU(4)c x SU(2)r x SU(2)g.

But how do we get from the gauge group in Eq. to the requested Pati-Salam model? To see
that

SUA4)c x SU2)r, x SU(2)g ~» SUB)ec x SU(2), x U(1)r x xU(1)p—r1. , (6.25)

consider the possibility that we can choose the 3-cycle Il = H;% in our configuration. This
gives us U(1)r — USp(2)r ~ SU(2)R, as we have already seen for the left brane. This creates
a left-right symmetric model. Moreover, we can also choose IIp = II,. If these branes are
on top of each other, we get SU(3)c x U(1)p—r, — SU(4)c. This results in the gauge group
SU(4)c x SU(2) x SU(2)R, where the U(1)p_, sits now inside the SU(4)¢ [17]. Thus, we get
a Pati-Salam spectrum which is broken down (spontaneously) to the standard model by means
of brane separation. The Brane recombination and the D6-brane construction of the Pati-Salam
model is depicted schematically in Fig. [6.3] The intersection numbers are easily calculated by
using the wrapping numbers from Tab. and given by

IpL =3, Ipp=-3, ILp=0. (6.26)

Someone may now wonder why there is a Higgs sector between the left and right brane despite
the diminishing intersection number. This is a more subtle issue and would require T-duality,
which we have dispensed in this thesis. However, it can be explained in such a way that there
are indeed intersections between these branes. Specifically, in the latter two 2-tori. More can be
found, e.g in [63].

However, this N = 1 Zy x Zs type IIA orientifold setup is not RR tadpole free and thus needs
additional branes to satisfy the tadpole conditions in Eq. . In order to satisfy these
equations, we have to add two additional D6-branes which we denote as Ny, = 2, Np, = 2 and
the filler brane Nrp = 40. It is very easy to see that these extra branes are needed to satisfy the
tadpole conditions. As an example, we show it for the first condition in Eq. .

The first tadpole conditions reads
Y Nangnzng = (Np = 8) x 3 — (Np, = 2) x 24 — (Np, = 2) x 24+ (Ny = 40)
a (6.27)
=72 —96 + 40 = 16,

which is exactly the desired result. Analogously, this can be shown for all other three conditions.
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N, (n(l) (1)) (n(2) m(2)) ((3) (3))

a ,Ma a yMa Na ", Ma

Np=6+2 (1,0 (3,1) (3,—1)
N =2 (0,1) (1,0) (0,-1)
Np =2 (0,1) (0, 1) (1,0)
Ny, =2 (—2,1) (—3,1) (—4,1)
Ny, =2 (—2,1) (—4,1) (—3,1)
Ny =40 (1,0) (1,0) (1,0)

Table 6.4: The D6-brane wrapping numbers for the concrete realisation of the Pati-Salam model. The
lower part corresponds to the wrapping numbers for the additional D6-branes needed to ensure global
consistency.

Finally, to determine the hypercharge of this model, we turn to the BF terms. These terms for
this model read

i=1: 24/Bgml«(Fh1 + Fh,)
i=2: 4/35 Atr (6Fp + 4F),, + 3F},) (6.28)

i:3:4/B§’/\tr(6FB+3Fhl—|—4Fh2)

From these three equations, we can read off the coefficients and form the matrix C. We thus find

0 24 24
(Clia=| 24 16 12 (6.29)
—-24 12 16
Computing the kernel of C
Ker(C) = { (C, —6¢, 6, C) :(eR } . (6.30)

This indeed leads to the right hypercharge generator |63]

Qy = éQB —2(Qn, — Qny) - (6.31)

From here it is easy to determine the spectrum of the model. The content created by all these
D6-branes is listed in the Tab. [63]. Hence, we have found that our considerations lead
to a four-dimensional N' = 1 supersymmetric Pati-Salam-like spectrum. In order to fulfil the
RR tadpole conditions, we had to postulate an additional hidden sector. Moreover, the idea of
recombination can be thought further and also applied to the hidden sector [183]. By recombining
the branes hq, hl2 and f, it can be shown [63] that the spectrum can be simplified even more.
We list the result in Tab. [63]. We thus actually obtain the spectrum corresponding to a
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Matter Sector SU(4) x SU(2) x SU(2) x [USp(40)]

Fr, (BL) 3(4,2,1)
Fpg (BR) 3(4,1,2)
H (LR) (1,2,2)
(Lh) 2(1,2,1)
(Rh) 2(1,1,2)

Table 6.5: The chiral four-dimensional an N = 1 supersymmetric spectrum, which we obtain by
recombination of the hidden D-branes.

left-right MSSM with a single Higgs particle. Unfortunately, we also get exotic leptonic matter.
Nevertheless, it is remarkable how close one can get with such a simple D-brane configuration.
Of course, one can try to get rid of the extra matter by considering somewhat more complicated
orbifolds such as a Zg orbifold, e.g., [184]. However, this model represents a toy model, which
already allows to calculate and study phenomenological aspects of particle physics [185,(186].
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Matter Sector SU(4) x SU(2) x SU(2) x [USp(40)] QB Qn, Qn, Qv

Fy, (BL) 3(4,2,1) 10 0 1/3

Fr (BR) 3(4,1,2) -1 0 0 -1/3

H (LR) (1,2,2) 0 0 0 0
(BR3) 6(4,1,1) -1 1 0 5/3
(Bhy) 6(4,1,1) 1 0 1 —5/3
(Lhy) 8(1,2,1) 0o 1 0 2
(Lhy) 6(1,2,1) o 0 1 =2
(Rhy) 6(1,1,2) 0o 1 0 2
(Rhs) 8(1,1,2) o 0 1 -2
(hihy) 46(111) 0o 2 0 4
(hah3) 46(111) 0o 0 2 -4
(hih3) 196(111) o 1 1 0
(fh1) (1,1,1) x [40] 0 -1 0 2
(fha) (1,1,1) x [40] o 0 -1 -2

Table 6.6: The chiral four-dimensional an N' = 1 supersymmetric spectrum, which we obtain from the
Pati-Salam model construction. [63]
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Chapter 7

Light Stringy States and their
Lifetime - A Quest for Dark Matter

In this chapter, we finally turn our attention to string phenomenology. Intersecting D-brane
worlds allow a string scale Mg smaller than the Planck scale Mp. We will explicitly notice that
in type IIA superstring theory the string scale depends on the volume of the compactified internal
space. This potentially allows a string scale that could already show up signatures at some TeV
in future collider experiments.

Concretely, we will focus phenomenologically on a not yet well explored topic: The lifetime of light
stringy states raising from higher string state excitations near the intersections of the D-branes.
On that account, we will determine the light stringy states at the intersections of three different
stacks of D-branes enclosing a triangular area. Therefore, this will allow us to calculate the
Yukawa couplings. Considering a certain Yukawa interaction between two fermions and a Higgs
field, we will establish a connection between this Yukawa coupling and those of a twisted scalar
field, which corresponds to a more massive copy of the Higgs particle and two fermions.

This will allow us to explore and study the decay rate and consequently the lifetime of the twisted
Higgs field. Moreover, we will find that the lifetime of such a light stringy state depends on the
relative angle between the D-branes. Choosing these angles small enough, the lifetime can be
tuned into the order of the age of the universe. This eventually establishes a massive and very
weak interacting field with a huge lifetime as a potential candidate for dark matter.

7.1 String Phenomenology and the String Scale

Having demonstrated that intersecting brane world scenarios provide a very powerful and rich
framework to engineer semi-realistic constructions of the standard model and beyond, we will
now turn to a phenomenological aspect that arises directly from such a model.

Phenomenological studies on such models are of particular interest, since D-branes — covering
the Minkowski space R%! and wrapping cycles in a six-dimensional compact Calabi-Yau space —
exhibit an exciting phenomenological advantage. They allow to adjust the string scale in such a
way that so-called stringy resonances are already possible in the range of a few TeV [40,54,/68].

To investigate this, we consider the ten-dimensional effective spacetime action for the type ITA
superstring theory, which is roughly given by

8 p—3
(10d) M / M / Ly pab 1
Sua 2 (27T) R3:1 x X6 Raoa + Z R3:1xTI, 4 ab ' (7.1)
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The first part resembles an Einstein-Hilbert type of action and denotes the gravitational part,
while the second part is a kinetic gauge term for the Dp-brane, which emerges from the expansion
of the DBI action in Eq. . As usual, R*! is the physical four dimensional spacetime and
X6 denotes the compactified Calabi-Yau manifold. In such a compactified space, the Dp-brane
wraps a (p — 3)-cycle, which we denote with II,. The constant gs is the string coupling and the
scale of the theory is given by the string mass M. Upon dimensional reduction, we obtain

8 p—3
(4d) M; M / 1 v
SIIA D (271_)793 VXG /Ingl R4d + (277)17_298 VHa ngl 4 /J,I/F + cee (72)

where Vys is the volume of the compact six-dimensional manifold X% and Vyj, is the volume
wrapped by the (p — 3)-cycle. The four dimensional Planck mass Mp is defined as

Mp = — (7.3)

where k2 is the Einstein gravitational constant. Comparing the coefficients of the first term in
Eq. with the canonical definition of the Einstein-Hilbert action, we find that the Planck
mass is given by

M — SMEVy _ 8M2vy

(2m)%g2 92

In the last step of Eq. , we defined a dimensionless volume vy = Vx /¢S for the internal
space in strings units via ¢ = 2w /M,. By looking at the second term in Eq. , we can read
off the four dimensional Yang-Mills gauge coupling and find that

(7.4)

1 o Mg_?’ o,
= I, =
gy 9s(2m)P2

7.5
27gs (7.5)

where we again defined vy, = Vi1, /#2~3. Using the Planck mass and the gauge coupling, we can
form a quantity which is independent of the string coupling scale obtaining

Mpgiy = vV/32r2 M, VUZX‘S (7.6)

This already reveals the first compelling difference to heterotic string theory. In heterotic
string theory, we — simply speaking — have no volumes on the right side of Eq. , which
means that the string scale is within close range to the Planck scale. On top of that, we are
able to examine the found expression in Eq. more closely, since the right-hand side is
experimentally accessible. The scale on which quantum gravity takes a predominant role is given
by Mp ~ 1.22 x 10'2 GeV. Further, we take the Yang-Mills coupling g%M as well as the string
coupling g2 of order O(1) for perturbative reasons. Thus, in order to have My < Mp, we have
to ensure that ,/vye/vr, > 1. Moreover, Eq. spoils that vy, ~ O(1), which results in
Vys > 1 H This is also the reason why intersecting brane worlds are often called large extra
dimension worlds ﬂ This now allows to adjust the string scale for appropriate compactifications.
Interesting possibilities arise, such as M; = MgyT, where the string scale coincides with the
gauge coupling unification scale. The possibility of a string scale which already contains stringy
resonances at some TeV is particularly interesting. This would allow experimental string physics

"However, there is a caveat. If we use D6-branes in a toroidal background, vr, is of the same order as /vys,
yielding M, ~ Mp [40].

2This is of course no contradiction with our physical perception. The inhabitants of Edwin A. Abbott’s
Flatland [187] would also be left open-mouthed by realising that a huge extra dimension is not accessible to
them. Namely, the one that completes our three dimensional space. What the inhabitants can notice, however, are
two-dimensional shadows in their two-dimensional world. In this sense, string phenomenology is to some extent
the study of such artifacts in our four dimensional world.
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and signature detection in future colliders. In order to approximate the string scale to the
electroweak scale Myrw we also need at least two extra large dimensions in the compact space. To
obtain such a scale, such dimensions should be in the size of millimetres [63]. Nevertheless, the
extra dimensions cannot have arbitrary sizes, otherwise we would for example explore deviations
from Newton’s law. Such deviations could not be fount until today. Researchers like those in the
Eot-Wash Group around Eric Adelberger have taken up the challenge of testing Newton’s law
at sub-millimetre scales. Recent experimental research has found no deviations at a distance
of 52pum. They conclude that the toroidal radius should therefore be less than 30 pm, which
corresponds to My > 7TeV [188]. Of course, there are also other bounds on the extra dimensions,
such as astrophysical ones, which set M, even higher [63].

Therefore, a wide variety of phenomenological studies have been carried out in such models in
recent years. This research includes anomalous Z’ physics [189-203], stringy signatures [204-219),
Kaluza-Klein states [220-226] and, of course, light stringy states, which we already mentioned in
section

The remainder of this chapter refers to the recent paper “Lifetimes of light stringy states” by
Pascal Anastasopoulos and my humble self [41]. The most important investigations and results
are to be presented here again.

7.2 Local Configuration and Light Stringy States

Recapitulating, we have observed that open strings are localised near the intersections of two
stacks of D-branes. Those open strings transform in the bi-fundamental representation (N, M) of
the gauge group U(N) x U(M), producing massless chiral fields. Moreover, we not only obtain
the massless content of the standard model, but a whole tower of additional states, which are
exact copies of the state in terms of quantum numbers but differ in mass. The mass of such
states is thereby proportional to the relative intersection angle according to [41]

M? ~ OM? (7.7)

To perform explicit calculations, we will determine the configuration of the D-branes. In the
following setup, the D-branes fill the Minkowski space as usual, while they wrap 3-cycles in the
compactified internal space. Again, we choose this space as a factorisable 6-torus T® = T2 xT? x T?,
which allows us to determine the vertex operators corresponding to the states. Furthermore,
we consider three different stacks of D-branes. We refer to these as D,-brane, Dy-brane, and
D.-brane. The D,-brane is constituted by a stack of N, = 2 coincident D-branes that provide
the weak isospin charge and can be identified in sequence with the left branes discussed in the
previous sections. The Dy-brane corresponds to a N, = 1 right brane while the D.-brane is a
stack of N, = 3 coincident branes, serving as a baryonic brane. These branes are arranged in
each 2-torus so that they enclose a “triangle”. A schematic sketch of this configuration is given in
Fig. (7.1)). In such a configuration, we get particles charged under SU(3)¢, SU(2)r, and U(1)p.
More precisely, we have the following wrapping numbers in the first 2-torus

(nclwm(lz) = (07 1)7 (ni7mi) = (3, 1): (nivm%) - (170) : (7'8)

The associated intersection numbers can be easily calculated and are I, =1, Ioq = 3, Iy = —1.
Further, the hypercharge for this configuration reads

Qy = éQc + %Qb : (7.9)

A string running from the D.-brane to the D,-brane thus yields the representation 3 x (3,2)1,
6
which can be associated to three generations of left-handed quarks (). From the Dy-brane
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Figure 7.1: A depiction of our configuration: While the D-branes envelop the Minkowski space R3!, they
encircle 3-cycles within the six-dimensional internal compact space T®, decomposable into three 2-tori T?.
The D-branes within these 2-tori can be portrayed by 1-cycles intersecting at non-trivial angles.

to the D,-brane arises a (1, 2)% representation, which has the right quantum numbers for a

Higgs particle H El Due to the negative intersection number, we finally find the representation
(3,1)1 in the cb-sector. This represents a dr, or by switching the string orientation, a dg in the
3

representation (3,1)_1.

Wl

The non-trivial intersection angles are choose in accordance with

a’clzb > O, az,b > 0, aib < 0, Zaib =0. (710)
aj, >0, ai. >0, aj. <0, > ah.=0. (7.11)
ahy <0, a2, <0,  al, <0, > al,=-2. (7.12)
with the usual definition a; = %. Furthermore, we require our system to guarantee N = 1

supersymmetry, which translates into the requirement
1 1 1 2 2 2 3 3 3
Agp T+ Qpe + Aeq = 0, Agp + Qpe + Aoy = 0, Agp + Ape + ey = -2 . (713)

The construction of the vertex operators in such a setup were discussed in detail in chapter [3
There, the ground-states of the NS and the R sector were explicitly determined, the mass squared
operator was calculated, and the vertex operator was derived. For technical subtleties and details,
we therefore refer to chapter

7.2.1 The NS Sector for Light Stringy States

Starting in the NS sector and only focusing on the intersection between the D,-brane and
Dy-brane, we want to specify the ground state again for completeness. The zero state in the NS
sector and the corresponding mass squared reads

(k) : ¢_%_“2b

M2 3L
Qb @z aly) o with M2 =223 al, =0, (7.14)
7

where the mass turned out to vanish for a N' = 1 supersymmetrical configuration. We further
recall that we received the following vertex operator

2

VsV =g [Aap)§ @(x)e ™ ] U:IbemﬁbHIUf+a3,,ei(1+aib)H3eikX ' (7.15)
=1 ° “

3It is important to note that in supersymmetric models there generally are two Higgs particles H,, and Hy. In
this discussion, we choose one of the two Higgs particles H = H,, since all considerations can be transferred to Hg.
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Using BRST symmetry and the physical state condition (3.52)), we could show that this cor-
responds to a massless scalar field. This procedure can now be generalised analogously to the
so-called excitations. The first states in the tower which open in the NS sector are given by the
pair

oy (k) : aaibwféfaib‘aém gy agy)Ns,  with  M? = MZagy, (7.16)

Oy (k) w7%+aib|a}zb’ gy, agy)Ns,  with  M? = MZagy, (7.17)
where we used Eq. and the assumption, that the angle aéb is smaller than the others.
Using Table , we can easily find out the corresponding vertex operators, obtaining

ng_l) = 9o [Aab]61 (I)l( Je ¢, al, eltan 942, ey 2 O1+d3, (e ¢inX ) (7.18)

1

Vzéil) = go (M]3, Dy(z)e o a, € g a2, € i(1=aly ) T14a3, € ot X (7.19)
2 a @

Applying the physical state condition (3.52)) again, we find a double pole which vanishes for
p? + allle 2 =0 . This leads to the fact that these first excited states are physical bosonic fields,
which form a massive complex scalar.

7.2.2 The R Sector for Light Stringy States

We will now repeat all the steps for the R sector. In section we have discovered that the
ground state in a ab-sector is given by

(k) :

aibjaib,a§b>R, with  M?*=0. (7.20)

The mass squared operator vanishes independently of the choice of angles. Further, we obtained
the vertex operator

2
(-1/2) _ —p/2 i(6T, —1)H (03, +1VHs ikX
Vi = gy [Aa]3, € e/ UO‘S&HU%be’( w32) 101+92be’( ) Hs kX (7.21)
The existence of a simple pole required us to demand the equation of motion of a massless Weyl
fermion k“&ffo‘va(k:) = 0. Consequently, the first light stringy states are given by

125 Va1, |aqy GGy, —agp) ,  With  M? = Mag, (7.22)
0l al, laky, a2y, —ad)e,  with  M? = MZal, . (7.23)
Table [3.2]yields the associated vertex operators, which are given by
szgl_l/Q) =gy [Aab]g ﬁ$€_¢/25a7a;bemib_%HlU 2176 a2, — 2H201+a2beiaib+%H36ikX ’
Vé;m) = gy [Aab]gﬁiew/zcd%ibem;b%m Uaibe ab*%Hgal_i_azbeiaibJr%ngikX . (7.24)

Apart from the usual double pole, which vanishes for p?> = M?2a!,, we get a single pole that

s ab’

vanishes if we combine the two vertex operators according to VTE 12 _ Vlé 1/2) + V( Y2 From

that, we obtain a Dirac equation in terms of a left and right-handed Weyl component

TaValk o0 4+ /0406 =0, TgValk,ao® + /01,7, =0 . (7.25)

for the case under consideration, we will not need higher excitations, but the ground states for
the bc and ca sectors. The ground-states are simply

W(k): |aje 0o, aie) and  x(k):

1 2 3
Uppys Aoy O >R, (7.26)

ca’ ~'ca’ 'ca
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with the vertex operators

1
—3 —¢/2 i(a},—%)H i(a2,—3)H. i(af +2)Hs ikX
Vug 2) :g"/) [Abc]g w?e ¢/ Saa-a;c€Z(abc 2) lo'alz)cel(abc 2) 201+agcel(abc+2) Sel

1

(7.27)
V(_ﬁ)

i(obt 1)1 )

0‘1+a2aei( ca ei(a2a+%)H36ik‘X'

=gy [Aca]g Xf‘e_¢/25'a01+aéae O11a3,

7.3 The Twisted and Untwisted Yukawa Couplings

Yukawa couplings are an essential part of the standard model and describe the coupling of the
Higgs field to the quarks and leptons. Via the breaking of spontaneous symmetry these fermions
gain a mass proportional to the vacuum’s expectation value of the Higgs field. It is crucial for a
standard model realisation by D-branes to describe such Yukawa couplings and great effort has
been done in the past to make this possible. In the following, we are interested in the scenario
where two massless fermions couple to a massless scalar or in other words, in a Yukawa coupling
corresponding to QQr.dgrH given by our configuration. This has been calculated in detail, which is
beyond the scope of this thesis, so we refer to the relevant literature for further detail [227-H229].
Further, we will refer to the fields associated with the ground states as untwisted fields, while
the light stringy states will be baptised twisted fields.

The Yukawa coupling for the untwisted fields — according to our configuration — , which can be
computed from the vertex operators in the previous section is given by

_3
|Y‘1>¢X’ = gOp(27T) 4 [Fl—a}lb,l—aic,—aéaFl—aib,l—aic,—aQ 11—(13 3 —a3

where we used that
L(a)L'(b)L(c)

Lape I(1—a)l(1-b0T1—-¢)"

(7.29)

The symbol Agz)bx represents a triangular area, determined by the points fy ;, fy,i, and fg; within
the i*" 2-torus. The computation of these three points in the i** 2-torus follows the formula:

foxi=9' = fi+niLl . (7.30)

The points of intersection between the D,-brane and the D -brane within the corresponding T*
are denoted by g'. Similarly, the intersection points between the Dy-brane and the D.-brane are
characterized by fi. Lastly, the length L is deﬁne by

’Ei _ ’Iab‘
¢ ged (‘Iab’ ) ‘IbC‘ ) ’LICD

All together, we get a closed expression for the triangle area, described by

L, (7.31)

@ _ 1
Adﬂbx )

sin ray, sin way,,

2 (7.32)

s ; |fx¢v i
sin wag,, ’

To illustrate these rather intricate definitions, we accompany them with an illustrative depiction.
Figure reveals the first 2-torus with the three intersecting D-branes wrapping 1-cycles. The
fundamental domain Prect of the rectangular 2-torus is represented by the horizontal line 27w Ry
and the vertical line 27 R5.

In the intersection between the a- and b-brane lives the scalar tower with ® and the first light
stringy state ®. At the points f1, f2, f3 in the ca sector the three generations x1, x2, X3 and

4In our specified configuration, we deduce that fi = L holds for all three 2-tori.
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Figure 7.2: A pictorial representation of three intersecting stacks of D-branes on the first 2-torus. The
branes wrap the cycles (nl,ml) = (0,1), (n},m}) = (1,0) and (nl,ml) = (3,1).

their potential twisted tower appear. The Djy-brane and the D -branes give rise to an intersection,
where the 1 fermions and their light massive states are located.

Subsequently, we want to determine the twisted Yukawa coupling between two massless fermions
¢ and y and the twisted field ®. In recent works [230-232] it could be shown that the Yukawa
coupling for such a condition is directly related to the untwisted Yukawa coupling. Therefore,
we can conclude that the Yukawa coupling with twisted states is given by

1)
_|Y<I>¢x’ 1/2 2A¢¢X
‘ 51wx‘ - o [Fl—a}le—a;C,_agJ ol (7.33)
ab

The physical interpretation is that the twisted scalar field corresponds to an excited Higgs field
which decays into untwisted standard model fields. In the next section we will find that this
decay rate depends on the angle of the intersection.

7.4 The Lifetime of Twisted Scalars

Since there are no other decay channels at this order for the decay of the twisted scalar into two

massless fermions, we can calculate the decay rate P$1 and consequently the lifetime T3, = Fél
- 1
of the twisted scalar ®; at rest, which is given by
1 8 4% al, o
Ty —= —— — =TT = — F 1 1 1 (734)
d N N - 2 P - 2 [ Aoy c’1+%a} 1 ’
Lo omg Xy ‘anwixj‘ Lomg Yoy o AEIM)pX

where the sum runs over all flavours and colours and where we used Eq. ((7.33) in the last step.
Hence, the lifetime for the untwisted scalar ®; at rest is given by

8T
To, = . (7.35)
' meo, Zij ‘Y<I>17J)in 2
Taking the ration between the lifetimes of the twisted and untwisted field, we find
T, mdlal, me, sinral,
— = r & 7.36
o~ ol g, bttt |Gl G 7 o) (736)
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Further, we can simplify Eq. (7.36) to

: 1
SIN7a,

1 mao, [
A1
dmag,, mg,

To, » (7.37)

1

T&. ™~ 1 1
(I’l aabva/bcvl+aca:|

sinwaj, sinm (14 al,)

where we assumed, that the distance fy, 1 ~ a}le. Moreover, we assume, that the radius R of
the torus is of order of the string length R ~ {5 = 2mv/ /.

In order to analyse this lifetime %, of the twisted Higgs more precisely, we will perform an
approximation for small angles. For that, we require a}lb < €1, a%c < g9 and al, < e3 with g; < 1.

Thus, we can expand the Gamma function I'(z) around z = 0
I'(z) = 1(1 —yz) + 1 (6’}/2 + 7r2) + O(2) (7.38)
z 12 ' '

The constant v ~ 0.577 is the Fuler—Mascheroni constant. This simplifies Eq. (7.37) and we

obtain 1

1 1 2 42
e o T e LIV o (7.39)
®1 T A g L (q1)? 1 2 al !
Q1 [ Agp (abc) Aap (abc) be

If we assume that aclbb, aéc, all,c ~ ¢ with € — 0, we find

Tq>1 ~

To, - (7.40)

1 me, |1 2y 442
g3 = g2

g, B2 e

From that equation, it is rather obvious that we can adjust and tune the lifetime T, of the
excited Higgs to get a very long lifetime. This is basically given by very small angles a, and a},,
which in turn corresponds to almost parallel D-branes.

The careful reader may have noticed that we have not designated the mass of the twisted Higgs
mg, with the same symbol as in the construction of the states M~ The reason is that the mass
of the twisted Higgs is constituted by two components [233]. On the one hand by the excited
vibration of the strings, which is reflected in the mass squared operator, on the other hand by a

potential related to the vacuum expectation value and spontaneous symmetry breaking.

To estimate the size of the angles numerically, we choose the empirically measured value of the
Higgs mass me ~ 125 GeV and its lifetime 7 ~ 1 x 10?2 s. We also assume that the string scale
is around a few TeV and that mg 2> Ma. Furthermore, we require that the lifetime of the twisted
Higgs is around 10'7 s [234/237]. This corresponds to the estimated age of universe according to
Hubble’s Law. Thus, we obtain an angle in the order of 10714,

Essentially, this allows to postulate such a massive and long-lived scalar particle to a serious
candidate for dark matter. However, other aspects such as early matter domination, entropy
injection, etc. have to be considered and analysed in more detail [238].
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Chapter 8

Conclusion and State of the Art

In this thesis we have shed light on the most important technical tools and conceptual foundations
needed to build semi-realistic standard models of particle physics utilising intersecting Dp-brane
world scenarios. More specifically, we have performed this in the framework of typ ITA superstring
theory adopting the bottom-up philosophy. Such semi-realistic models are characterised by four
key features:

e We have made manifest, that oriented open superstrings whose respective ends are tied to
a stack of N coincident Dp-branes lead to a U(N) gauge theory and, consequently, to a
U(N) ~ SU(N) x U(1) Yang-Mills theory on the world-volume of the stack of Dp-branes.
This supplies us with the gauge group of the standard model

Gsm = SU(2)e x SU(2)p x U(1)y x ZU(l)i . (8.1)

with possible extra U(1);’s, which are decoupled at low energy and preserved as mere global
symmetry.

¢ We revealed, that open oriented superstrings can be stretched between two different stacks
of N and M Dp-branes that intersect and constitute a relative angle to each other. Via the
corresponding vertex operators, we could show that such strings yield massless and chiral
fermions at lowest energy, which transform in a bi-fundamental representation (N, M) of
SU(N) x SU(M). This gives a description of the matter content of the standard model.
Much more, near such intersections we could identify a whole tower of further potentially
massive fermions and their superpartners, whose mass squared operator is a function of
the relative angle and phenomenologically go under the name of light stringy states.

e We observed, that in order to obtain a four-dimensional effective field theory, we need to
introduce the concept of compactification. The Dp-branes in such a compact spaces can
be described via cycles of a homology class. In the concrete case of factorisable 6-torus
compactification, we could illuminate, that D6-branes wrap cycles on the internal space
giving raise to multiple intersections, which is reflected in the so-called intersection number.
This quantity based on topology determines the chirality and the number of copies of the
states in such intersections, which introduces the concept of generations or families of
particles.

o We could deduce that the relative angles provide a criterion for the preservation of N' =1
supersymmetry.

In order to formulate a four-dimensional field theory of a semi-realistic standard model at
low energies consistently, it was inspected for potential quantum anomalies. Moreover, the
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compactification must ensure that the RR-charges coming from the Dp-branes are net zero, which
led us to the famous tadpole condition which we explicitly derived. Further, we were able to
demonstrate in detail within our purely topological framework how a generalised Green-Schwarz
mechanism resolves quantum anomalies and thwarts potential dangers. In connection with that
mechanism, some U(1)’'s obtain a Stiickelberg mass and decouple from the low energy limit.

In order to ensure that the RR charges are cancelled out in such a model - without introducing
anti-branes which destroy the A/ = 1 supersymmetry - another concept must be introduced: An
orientifold projection and the corresponding Og-planes for the toroidal case. Based on that, we
discussed a configuration based on a toroidal orientifold model. We explicitly chose random
parameters and used them to analyse this model and the concepts introduced so far and finally
were able to determine the content and spectrum of a semi-realistic standard model.

However, such a toroidal model based on orientifold is not supersymmetrical, which is why we
have presented a possible generalisation of the model, which in the past has already been able to
deliver a supersymmetrical spectrum. We introduced this model and examined and calculated
it according to our formal method. In the end we managed to agree that such a model, in
addition to the fact that it represents a minimal supersymmetric extension of the standard model
(modulo exotic matter fields), also describes and constitutes a grand unified theory. A so-called
Pati-Salam model.

In the last part of this thesis, we left the theoretical modelling of semi-realistic standard models
and turned to one of many possible phenomenological implications, which result from intersecting
brane worlds. By compacting the internal space, the string scale can be set at the TeV scale, which
empower empirical possibilities to detect stingy resonances in the future. For this reason, we have
designed a minimal brane world scenario which is given by three Dp-branes intersecting each
other. This allows to compute the Yukawa couplings for states arising from such a configuration,
i.e. the interaction ~ QrdrH. Stepping away from the lowest energy states this could also be
done for a Yukawa coupling where one of the states corresponding to the Higgs particle is excited
and thus leads to a twisted Yukawa coupling, i.e. ~ Qrd rH, and to relate it to the so-called
untwisted Yukawa coupling.

Further we accomplished, by means of these Yukawa couplings, to estimate the lifetime of such a
twisted scalar field from its decay rate by making reasonable assumptions. We were capable to
explicitly illuminate, that the lifetime of this excited Higgs particle is a function of the relative
angles of the D-branes and the fine-tuned string scale. Moreover, in such a configuration the
lifetime of such a particle can be fairly huge, achieved by two nearly parallel D-branes. A particle
associated with such a long-living and approximately stable weak interacting scalar field could
be a potentially promising candidate for dark matter. Thus, it is worth investigating this model
further in the future.

In recent years, a number of different semi-realistic constructions have been investigated. There
has been a great effort in the study of type ITA toroidal orientifolds with Zo X Zs, Zg or
Zg orbifolds [239,240]. Furthermore, there have been promising investigations in type IIB
superstring theory where, although the intuition is no longer explicitly geometric, calculations
are simplified and various other Dp-branes, such as D3- [241], D5- [242] and D7-branes [243] can
be used. Furthermore, there were attempts to generalize the underlying geometry and to find
more abstract backgrounds which are somewhere between Calabi-Yau manifolds and toroidal
compactification. Most notable realisations have been investigated with the so-called Gepner
orientifold models [244-246] or by using non-perturbative generalisations of the so-called F-
theory [247]. In particular, one aim for the future is to look for statistical methods to systematise
the large number of possible models and to sort out possible candidates. This was done a
few months ago for example for the toroidal Zo X Zsy orbifold with D6-branes. The scientists
Gregory J. Loges and Gary Shiu were able to find O(10°) consistent models assisted by modern
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You are here!

String Landscape

String Vacua realising different
SM’s.

Figure 8.1: The string theory landscape in a theory space contains all the consistent of effective quantum
field theory compatible with quantum gravity. One such String vacua corresponds to the standard model
of our universe. However, not all consistent effective quantum field theories that are possible in principle
can result from string theory \| These form the so-called string theory swampland.

computational tools like machine learning . Nevertheless, there is still no model that has the
most important features of the standard model at the same time. Here, we mean in particular
the cancellation of anomalies, the correct Yukawa couplings, the unification of gauge couplings,
supersymmetry breaking, the Higgs mechanism, Neutrino oscillations and much more.

Despite that, we have seen in this work that we can already do phenomenology using a semi-
realistic model. Furthermore, during this thesis the author had the opportunity and honour to
work with Pascal Anastasopoulos and Elias Kiritsis on an aspect of the holographic principle,
which is in some sense more general than string theory. In such a theory, the underlying action
is § = Ssm + SMessenger + SHidden, Where the hidden sector contains all the physics we do not
know, and can be described via hidden branes, while the standard model is constructed with a
possible intersecting brane scenario. Recently, it has been shown in their publication , that
messenger particles (part of SMessenger) connecting standard model branes and hidden branes can
be identified with right-handed neutrinos, putting the seewsaw mechanism in a new perspective.

However, there are also problems on the “stringy” side. Probably the most challenging and
head-scratching one was the issue of moduli stabilisation. The compactification with Calabi-Yau
manifolds brings a variety of moduli. Let us think of a simpler example like the Kaluza-Klein
compactification with a circle S' and radius R. This radius is associated with an unfixed
parameter in the modulo space. In string theory, the background needs to be dynamical. The
Calabi-Yau manifold thus dynamically change its moduli. From the point of view of the non-
compact four dimensions, such a fluctuation corresponds to a massless or light scalar field. To
date, such particles have remained undetected in all experiments and thus these moduli must be
stabilised . About ten years ago, a mechanism came along that could stabilise such moduli
through the introduction of flux compactification . This is not the place to talk about
such a far-reaching field, but in a nutshell, we can stabilise these moduli so that these fluctuations
in the low energy regime remain very small. In physics jargon, such a stabilised background is
referred as a string vacuum.
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Here begins an adventure, or one could almost call it a journey, into an unknown land, or better
in this case, unknown universe(s). Intersecting brane world scenarios have a myriad of different
possible moduli, compactification backgrounds, choices for the fluxes, D-branes configurations and
much more. According to the best estimations, there are between 10°%° and 10272990 inequivalent
string vacua, where each of these vacua eventually has a consistent effective QF T, differing from
the one in our universe [250}254,255]. The task is to find the - hopefully - unique solution that
realises our universe in this so-called string vacua landscape (see Fig. . A top-down approach
is not possible in this case, as string theory does not explain why compactification proceeds in
this way [256,257]. This has led to heated arguments and intellectual correspondences [255]. If
string theory has such a multitude of solutions, doesn’t it loose its strength of explainability
and prediction? Is such a theory of multiverses still falsifiable in a Popperian senselﬂ [255]7
Should string theory fall into a depression, because to find such a solution seems to be impossible
or should it look forward to this task with hope, because with such a quantity of string vacua
there must be one that describes our universe? This question remains open. For physicists, a
theory with many different solutions is not a problem. In fact, the Einstein equations have a
large number of solutions that are not realised in our universe. But here is the point. General
Relativity does not claim to be an ultimate theory. We know that the general theory of relativity
is, in a certain sense, only an effective theory and not an absolutely fundamental theory. But
string theory makes a different claim and aspires to the holy grail of being a theory of everything.
From that perspective it is fairly unusual to get a vast of solutions.

What remains to be said? As we have seen, the history of string theory is still a very young
one. The theory has not yet exhausted all its possibilities and its true nature is still unknown.
Criticism of such theories is always necessary. Physics without experiments are not more than
ideas and philosophical debates should gain more value again. But in the end, string theory
already has its first success to celebrate. It has achieved what most of the most ingenious and
brilliant minds in the past thought was impossible. It showed us that quantum field theory and
general relativity do indeed fit together. Regardless of whether it ends up being string theory or
not.

The very intrinsic essentia and innate truth of a puzzle - and presumably the reason why we are
so mysteriously attracted and irresistible drawn to it - is that it must have a path to its solution.
Otherwise, it would not be a puzzle.

Vienna, February 2024
Elias Niederwieser

1 At least this seems to explain the naturalness of the fundamental constants, i.e. our fundamental constants
are such because we live in this very universe in which they just have these values.
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Appendix A

Characteristic Classes

Characteristic classes appear over and over again in modern mathematics and theoretical physics.
Intuitively speaking, they provide a “measure”, which indicates how nontrivial vector bundles
are [258]. Probably one of the most famous characteristic classes are the Stiefel-Whitney classes,
which reveal whether a manifold has a spin structure or not E] [260]. These topological invariants
also play a crucial role in important theorems (e.g., Riemann-Roch theorem or the Atiyah-Singer
index theorem) [261]. In this appendix, some basic concepts should be briefly highlighted in order
to lead to a better understanding and comprehensibility at certain points in the main part of
this thesis. More details are provided e.g., in [111].

We propose, that E — X is a complex vector bundle, with E being the total space and X
the base space. The bundle projection 7 is a continuous surjection with fiber C*. Further,
G C GL(k,C) furnishes the structure group. The field strength F is Lie algebra-valued [111,262].
The total Chern class is then defined by

c(F) = det (I+> @cn . (A1)

In other words, the total Chern class is the direct sum of forms ¢, (F) € Q22"(X) of even degree,
which are called the n*® Chern class.

For a suitable g € GL(k,C) the field strength F can be diagonalised [111]. This results in
g_l(i%)g = diag(\1,...A\x) = D, with \; being 2-forms, where in the last step we defined the
diagonal matrix D. It can be easily verified that

-1 k
det(I—irD):det(I—i— J fg):det[diag(1+)\1,...,1+)\k H (14 An)
T
:1+()\1+ M) F M+ A A) ()\1>\2-~-)\k)
k (A.2)
_1+Z/\ + Y At [
m<n n=1

1
:1+trD+§{(trD)2—trD2}+...+detD.

Without proving, which can be found in [111] or [263] , we state that P(F) = det(I + ) is an
I-invariant polynomial P(yF) = P(F) , where I' is a Lie or algebraic group and v € I". For the

!To be more precise, a spin structure on an oriented Riemannian manifold exists if the second Stiefel-Whitney
class of the same manifold vanishes [259].
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special case vF = gFg~! with g € GL(k, C), it yields P(F) = P(gFg~!) = —P(2rD). Using
Eq. (A.1) and comparing it to the coefficients of E. (A.2]) leads to the following Chern classes.

Co(f) =1.

T :
ci(F)=trD =tr <g;ﬂ_gl> = %tr]—" .

co(F) = % [(trD)2 — trDQ} = %(i/27r)2[sp}"/\ tr F —tr(FAF)] . (A.3)

cx(F) = det D = (i/2n)* det F .

The total Chern characteristic in representation R is defined by

Chg(F) = trg exp <12'j:> = i nitrR <Z2':) (A4)

n=1

The n*® Chern characteristic Chg ,(F) is given by

Chg o (F) = i‘trR (1; )n (A.5)

The Chern character can be re-expressed by diagonalising F. This yields the well-known relation

trR exp Z exp (A.6)

By expanding the exponential, we further find
k
2 3
Zexp Z(lJr)\ +2'>\n+3')\n )

k k
) At
n=1

QoA =2 Ann

n=1 m<n

Looking back at the second line in Eq. we find that the Chern character can be expressed in
terms of the Chern classes. To be explicit, the first three Chern classes are given by

Chro(F) =k
ChRJ(]:) =C1 (.7:) (A8)
ChRQ(JT") % [ (.F)2 — 282(.7)]

The Chern character also satisfies the following properties (The proof is straightforward and can
be found in [111])

Chr(E @ F) = Chr(F) + Chg(F) (A.9)

Of course, Chern classes are only one example among a great variety of characteristic classes.
Apart from other characteristic classes defined for complex vector bundles, such as the Todd
class, we can also define characteristic classes for real vector bundles. Without going into detail,
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we present the Pontryagin class, which is given by [111]

L/1N\?
1 1 4 2 2 4
PF) = (7) () 207,
L /1)\¢ 2\3 2, 4 6 (A.10)
ps(F) (27r> [_ (tr]:) +6tr Fotr F© —8tr FO| . :

T4

1 k
p[k/g}(]:) = (27T> det F.

Moreover, in this thesis we use the A-roof or Dirac genus, which is defined by
. k2
AF) = T[ -2 (A.11)

where F is again diagonalised. An A-roof genus can be rewritten in a compact fashion by using
the Pontrjagin classes py(F) [111]

. 1 1
AF)=1-— — (7 —4
(F) 511 T 5760 (791 — 4p2) a12)
] .
—31p3 + 44 — 16
+ 967630 ( p1 +44pip2 ps) +

Last but not least, the Hirzebruch L-polynomial can be expanded into the same classes and
is thus defined by [111]

k
N1 1,
L(]:)—Hm—l-i'gerg(—p1+7p2)+"' (A.13)

=1
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Appendix B

Commutator for Twisted Modes

In Eq. (3.28) we observed, that inverting the mode expansion for the world-sheet bosons in
Eq. (3.27) gives an equation for the modes in terms of a contour integral. This integral reads

— n:l:ek k
Ny ?{m 07%(2) . (B.1)

With this representation of the modes for the internal space, we can calculate the commutator

[ (B.2)

We start by inserting the integral representation of Eq. into the commutator of Eq. We
obtain

2 d d
[a,lniek, % } =—— CE  mte 8Zl(z)j{ % wFr 9727 (w)

OnFer Co 2mi Co
(B.3)
2 dw dz
_ " a Tk ZJ % o mateg ZI )
+ o oo 2mi w 077 (w) o 2 z 07" (2)

The contour Cy symbolises a closed contour around z = 0. Next now look at the right handside of
Eq. (B.3), where we will suppress the internal dimension indices for compactness. The right-hand
side reads

B 3 dw {j{ diz.zmiekw”$5k 0Z(2)0Z(w) _% ﬁzmiekwn¢ek aZ(w)8Z(Z’)}
Co Co

Co 2mi 2me 2me
(B.4)
2 dw dZ mter. nFes % dz .+ }
:_7 ,mEe n¥ e aZ aZ _ S MTEE n:FﬁlcaZ aZ
Co 2772[ ?{ 27TZ v (2)0Z(w) 2772 v (w)02(2)
0 Co
Jw|<]z] lw|>]z]|

In the last line of Eq. we used a contour deformation, which is depicted in Fig. for
the integrals in the square bracket. After the contour deformation, suggested in Fig. [B.I] we
find that |w| < \z| and that |w| > |z| for all z. Specifically, we have |C{| > |Cy| > |C{/|. The
operators in Eq. (B.4) are thus radial ordered, which we denote with R and the deformation is
homotopic to Fig. This simplifies the commutator in Eq. to

2

- . m:l:ek nFeg
[ty Gnrer ] = b o ]( o WFER[Z(2)0Z(w)] - (B.5)
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Figure B.1: Deformation of the z-contour while keeping w fixed.

Inserting the known [100] operator product expansion (OPE), we obtain

RI0Z(2)02(w)] = —02‘,(2_110)2 + “regular terms” . (B.6)
Inserting Eq. into Eq. , we are left with
~ B ke nFe o 1 B N
[Qmter > OnFe,) = 7400 = ]2 5 l_2(2—w)2 + “reg. terms ] ) (B.7)

Next we strive to evaluate the z integral in Eq. . Using the famous Cauchy’s residue theorem
we get

dz miek nFeg 1
[mter Gnren] = jg;o 27 Jo, omi” v (z —w)? e
(B.8)
dw 1
— =~ Res._ m=tey,, NFeg ( B )]
Co 2mi OBa=w [Z v (z —w)? + ’

In order to go on, we expand 2™+ around w. The expansion of 2™+ yields

2MER = ™ ER 4 (m ) Wz —w) + O [(z - w)ﬂ . (B.9)
Plugging the expansion of Eq. into Eq. (B.8) we find
- dw a_9 a_q

[Qmteys Onrey) = . 9 Res,—q {(z — )2 + ) + .. } , (B.10)

where a_; is the result of the product of the expansion of 2+ and the OPE by only keeping
terms of O [(z — w)~!]. By doing so, one gets for the residuum (m + €) w™+ "1,

Thus, Eq. (B.10)) simplifies to

_ dw
[Qmater Onge,) = (M £ €g) 9 wm ol = (m =€) Omino (B.11)

which finally yields the only non-zero commutator. Restoring back the internal space indices
yields

[O‘f:n:teka dr{q:ek} = (m + Ek) 5m+n,0 5I’J . (B.12)
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Appendix C

Mass Square Formula

In section we found that the mass-squared operator M? for an oriented open superstring
between intersecting D6-branes at an angle 4 is given by Eq. . To see this in more detail, we
have to consider all different “sectors”, which are contributing in our mode expansion. Both, for
the Minkowski space My in light cone coordinates and the internal complexified space Z3 with
the shifted modding in the oscillator modes. Throughout this derivation, we use the notational
convention from [45].

Schematically, we expect a Virasoro operator of the following form
Lg ~ > (Lins + Lgn) + Y (Lons + Log) (C.1)
M z

where My denotes the summation over the four-dimensional Minkowski spacetime and Zs the
remaining three complex internal coordinates. In the next sections, we will derive the mass-
squared operator M? and the associated ordering constants. First for the spacetime contribution
and then for the internal space. To simplify things, we will restrict ourselves to positive angles
and use the definition of the vacuum from Eq. .

C.1 Virasoro Operator for the R and NS Sector in M,

First, we compute the Virsoro operator for the Neveu-Schwarz sector for the Minkowski spacetime
in light cone coordinates, which reads

2

1
> Lons = 3 Do Do ataah+ Y0 gtk
M

p=1 \ nez reZ+i
1 ] 1 2 oo
= 52 Zoﬁnaf{+52 > alat,
p=1n=1 pn=1n=1 (CQ)
=A

+
N | —
Mw

00 1 2 00
Z r W—LMW + 5 Z Z -r ¢ﬁwﬁr
reZdt+

1 p=1 TEZU“'—&—%

w

[N

=B

with Z%F := Z* U {0} being the set of non-negative integers. In the second and third line of
Eq. (C.2)), we see that the first sum on the right-hand side is already normal-ordered. However,
the second sum is not normal-ordered. Since normal-ordered operators are very useful because
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they act in a simple manner on the vacuum state, we have to rewrite the terms A and B in
Eq. (C.2) according to

2 2

AWLB—;ZZO‘#OLn* Z Z —r Py, _322 (a” okt + [ak ot ])

p=1ln=1 n= lTEZO++ =1
1 o) 1 2 o0
M O R IR DO MR LSS
N:1r€Z0++% p=1ln=1 ,u 1n=1

1 00 p 1 2 00 1 1 2 oo
+§Z Z T@Z)_T@Z)ﬁ—iz Z <r+2> 522 _na“—I—Zn

n=1rcz0+41 reZ0+
1 2 o0 1 1 2 00 1
I NVER TS oD DR
L L 12 24 24
p=1n=1 p=1pczo+ 41

In the first and second line of Eq. (C.3)), we inserted a commutator [, a¥] = m 9" §pin0 and

an anticommutator {¢¥, Y%} = 0,440, which we found in Eq. (3.29)) and Eq. (3.30|) for the
case that 0 = 0, to get the right ordering.

The sums Y 72 n and Y720+ (7“ + 2) are divergent, but nothing else but the vacuum energy or
Casimir energy of the superstring. Hence finite. This follows from the relationship of the Virasoro
generator Ly and the quantum Hamiltonian H [45]. Regularisation and Renormalisation of
divergent vacuum energies are standard techniques in QFT and in our case we will use a neat
and famous trick via (-function regularisation [264].

As a reminder, the Riemann Zeta function ((s) with s = r + it is a meromorphic function in the
complex plane with a single pole at s = 1 and can be obtained by an analytic continuation of the
the series [265]

Y n, (C.4)
n=1

For the first divergent sum it follows that

Yon=C-1)=—= (C.5)
n=1

while the second sum can be regularised to

> <r+2)=2 S (C.6)
reZ0+ TEZ;de

but we know that the sum over all positive integers can be rearranged in the following way
o

Zr— i T4+ Z r = Z r+22r. (C.7)

r=1 T€Ldven re€Zl L, rezt,,

Thus, Eq. (C.6) can be massaged into

1 & 1 & 1
rez’ r=1



Inserting this last results back into Eq. (C.2]), we obtain a normal ordered expression with an
ordering constant anxg = —%. The NS-sector reads

ZLO NS = Z Z o ol 4 Z Z Sl +ans (C.9)

p=1n=1 pn= 17’€ZO++

We can now carry out the same procedure for the Ramond sector.

Z 0.R = Z(Za_na“+zr¢”r¢“)=;§:i ot okt + = ZZaﬁa_n

p=1 \nez rez u 1n=1
=A
o s (C.10)
P IPITT LSS e,
p=1rez0* u Lrezot

=C

The calculation for A in Eq. (C.10) is the same as in (C.3), so all that remains is to calculate the
term C.

Z Z riyl, = Z Z (r 9l —r {yf, 92, })

u 1rezo+ u 1rezo+
o0
:fz S gl Z S =L Z S orutar- 0 @
p=1rez0+ u 1rez0+ u 170+ reZ0+
1 s 1
u=1rcz0+

Plugging this result into the Eq. (C.10]), this time we get

2 oo 2 o)
ZLOR—ZZﬂFinaZ%Z Do Yt ar (C.12)

p=ln=1 p=1rezt41

with aR = 0.

All together, we can so far summarise

2 oo 2 00
Z(LOL,NS‘FLOL,R):ZZ:O‘ﬁnO‘g:"’Z Z (r+v) :wﬁrwﬁ:—g (C.13)

M p=1n=1 p=1rcz0+

v
with v =
v

C.2 Virasoro Operator for the R and NS Sector in 73

0, R
1NS.

In this section, we will repeat the calculation for the internal space. The dependence on the
angle 6 will make some things slightly more complicated but the main idea stays the same. The
R-sector will again give a zero contribution to the ordering constant, thus we will just focus on
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the NS-sector. The Virasoro operator for that sector is

13 . .
Z L&NS =3 Z Z O e Ote, + Z (rfe) Vi, ¥rie
T

i=1 \ n€Z TEZO++*
1 3
=52 > 0 b+ 5 Z > o0 e
i=1n=1 i=1n=1
=D
1 3 o) 1 ) )
+ 5 Z Z <T + €; + 2) T,bz_,,«:tel.?p;iiei
i=1rc70+
3 0o

y
™
N

[

1
(T’ T+ 2) Tielwl rde; -

=F

We start again with the bosonic part, which can be rewritten toE|

Z Z aniel 7niez - Z Z ( 7niel nie + {a;ieﬁaifniq})

i=1n=1 i=1 n=1
3
7zza—niq At +ZZ niﬁz 6”
i=1n=1 i=1n=1
7’2204—7&6 ni51+zz TL:l:ez
p=1n=1 i=1n=1
1 3
5220‘—7&61 n:l:e,+Z<H —1 :|:67J
i=1n=1

(C.14)

(C.15)

where (p is the Hurwitz-Riemann Zeta function, a generalisation of the Riemann Zeta function
[264]. Formally, this function is defined for complex arguments s with Re(s) > 1 and ¢ with

Re(q) > 0 by

oo

2 oo

n+q

For Re(q) > 0 and n € N we have the special expression

Bn+1 (a) )

CH(_naa):_ n+1

where B,,(z) are the Bernoulli polynomials |264]
= -1 k)™
S m (k)

Using that for our expression in ((C.15)), we get

1

—— (62:1161'4- 1)
2\ 6

Cir (1, +€) = —%BQ(Q) _

(C.16)

(C.17)

(C.18)

(C.19)

"Note that there is no 3 on the second term of Eq. (C.15)). This is due to the fact, that we are working with

2

complexified coordinates. Since the physical dimensions have to be real, we have to count the complexified ones

twice.

114



Thus, we obtain
3

1 1
Z Z Al i, O, — 5 > <67,2 Féi+ 6> (C.20)

zlnl i=1

The last term in Eq. (C.14]) that remains to be considered is E.

E:ZfZ S —Grkea) v,

i=1rez0+4+1
13 & i , i
D) ; rezo+ 41 {(T +e) Yl = (r k) {w’”’ w""H
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ty) F\aty) gl

After combining the two ordering constants and simplifying the expression with simple algebra,

we are left with
E <€ :F €; ) _|_ —
! 6 2
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I
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WE

s
Il
—
<
m
N
o
+
+
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( :*:61) WWML Z
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4
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All together, the full ordering constant for this system is

1 3,1 1,1
—_—__Z4 = =—— 4= C.23
ag=—2 =3 QZi:ek 5 221:61@ (C.23)
The mass-squared formula M? is given by
s 1
M* = ~ (N1 —ap) (C.24)
which is a direct consequence of the mass shell condition M? = —p? = 2pTp~ — pip? [45]. N, is

the so-called number operator which in our case is

2 00
NL:Z<ZZ(Z'L_L,1(Z%Z+ > r:w‘_‘rwﬁ:)
n=1 reZ0t+v

(C.25)

3 00
+ Z ( : az—m-i-qa’zm—ei T+ Z (7“ - Ei) : 17ZJZ—7"+62' ’;L”—Ei :)

m=1 reZ0+ v
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Finally, we obtain the mass-squared formula

z(z e 8ot

pn=1 reZ0++v
(C.26)

Z (Z ifm+eiainfei Pt Z (T - Ei) : wirJreﬂZ)?i"fq :)

reZ%t+v

+ 2vay

Il
t\jh—t =
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w

v
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v
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Appendix D

Homology: A Primer

In this appendix, some common concepts of algebraic topology which the reader may not be
familiar with are to be explained briefly and concisely. Although, it is not possible to go into this
exciting topic in greater depth here - the ambitious reader can be recommended [63},/111,[266] to
find more details.

By adapting the notation from chapter [4] the d-dimensional manifold M is supposed to be
smooth and connected. Furthermore, we define a r-chain C, as the sum

CT = ZCZ‘ U; . (D.l)

The U¢ C M are r-dimensional oriented submanifolds, while the coefficients ¢; € F can be either
real, complex, or integers. One therefore speaks of real, complex, or integral r-chains |267]. One
way to get a better understanding is to interpret r-chains as something which can be integrated

over [268].
/Zcﬂji - zi:ci /UZ ’ (D.2)

Moreover, these linear combinations in Eq. (D.1]) r-chains introduce a vector space structure on
the respective set of submanifolds of M [63].

Topology allows us to define a boundary operator 0, which associates the oriented boundary o.M
to a given manifold M. A special result in topology is that boundaries have no boundary. Thus,
the boundary of a boundary is zero.

0 (0OM) =0. (D.3)
By linearity, the boundary operation yields a (r — 1)-chain
9Cr=> ¢ IVL=Cp_, . (D.4)

A r-cycle is defined to be a r-chain without a boundary and therefore satisfying
aC, =0 . (D.5)

A r-chain C, is called trivial if it is the boundary of a (r + 1)-chain C, = 9D,41. Thus, any trivial
r-chain is a r-cycle, since 9> = 0. However, the reverse is generally not true E] [266).

Non-trivial cycles can now be characterised by so-called homology groups. We define Z,. to be the
set of r-cycles C, C M and B, = {C,| C, = 0D, 41} to be the set of r-chains which are boundaries

n the special case that M can be identified with the R, this statement is true in both directions. The reason
behind this lies in the so-called Poincare duality lemma.
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of (r + 1)-chains and therefore by definition trivial. The simplicial homology or r** homology
group of M is then defined as the quotient set

H (M.F) = 2

(D.6)

H,.(M,TF) provides equivalence relations, where two cycles are considered equivalent if they only
differ by a boundary or trivial r-chain, respectively. The homology class of a r-cycle is thus

H.(M,F) > [Cr] = {Cr C M|Cy ~Cp + 0Dyi1} - (D.7)

Trivial cycles are in the so-called trivial class [()]. The sets of homology groups are finite-
dimensional vector spaces with dimensions

by (M) = dim (H, (M, F)) . (D.8)

This purely topological number is the famous Betti number [63}269].

D.1 Homology Groups and Betti Number of the 2-Torus

In order to make the previous discussion a little more concrete and to relate it to the present work
in chapter 4l we want to give an example by determining the homology groups of the 2-torus T2.

In the Fig. the two cycles II; and ITj, which have no boundary and are not themselves a
boundary, are drawn. These two cycles on the torus are equivalent to each other as they only
differ by the boundary U. Looking once more at Fig. one can recognise further 1-cycles,
e.g., IIy and II, which are independent of the first equivalence class. The most general 1-cycle
can be thus expressed as the linear combination

0] = m[I] + (L], with m,n € Z. (D.9)

The 1°* homology group of T? is therefore equivalent to Hy(T?,Z) ~ Z & 7Z.
Since the surface of the 2-torus is itself boundaryless, it is of course a 2-cycle itself.

Higher dimensional homology groups are not possible due to the dimensionality of the 2-torus
itself, but we are able to add another group. Points have no boundary and are therefore O-cycles.
In general, two points always represent a boundary for a curve. If the underlying manifold is
connected, the elements of this 0*" homology group are equivalent points and ultimately provide
a criterion for path connectedness. Summarising all homology groups of the 2-torus yields E]

Z®Z forr=1
H.(T%,Z)~<{ Z for r = 0,2 (D.10)
0 for r > 3.

The Betti number can be determined very easily as

2 forr=1
b,(T?) = dim (H,(T%,2)) ={ 1 forr=0,2 (D.11)
0 forr > 3.

The Betti number by(T?) provides the number of paths connected components on T2. This is
exactly one, which does justice to the intuitive assumption one has by thinking of 2-tori. The
first Betti number b1 (T?) tells us that there have been two 1-dimensional “holes”. These are of

2The fact that the cases for 7 = 1 and r = 2 are identical is of course not a coincidence and has its origin again
in the Poincare duality, which cannot be discussed here.
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(a) The 1-circles IT; and ITj are 1-cycles, (b) The 1-circles T and II} are 1-cycles,
because they neither have a boundary nor because they neither have a boundary nor
are they boundaries themselves. The cycles are they boundaries themselves. The cycles
are elements of the same equivalence class are elements of the same equivalence class
H,(T?,7Z) because they only differ by a H{(T?,Z), because they again only differ
boundary U. by a boundary.

Figure D.1: Illustration of an T? and linearly independent 1-cycles, which are elements of the
homology group H;(T?,Z).

course the equatorial and meridional circular “holes”. The last Betti number by(T?) indicates
that there must be a 2-dimensional “hole”. This is the cavity that encloses the torus.

Holonomy groups therefore offer a tool to describe a topological feature of a shape that is
characterised by the fact that it is “not there”. The rank of the r** holonomy group gives the
number of r-dimensional “holes”. This allows you to define holes and differentiate between
different kinds.
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Appendix E

Tori and Orientifold Action

In this appendix, we will take a closer look at the orientifold action on rectangular and tilted
2-tori, which we introduced in section

E.1 Rectangular Tori

The fundamental domain Pyeet of a rectangular 2-torus can be represented as a planar rectangle
in the zy-plane, whose parallel edges can be identified as shown in Fig. The orientifold is
located along the z-axis. The orientifold projection R : (x,y) — (x, —y) reverses the orientation
of the string and sends the coordinates (z,y) into (z, —y). This creates a class of equivalence
relations, which read

(x,y) ~ (x + R1,y) and (z,y) ~ (z,y+ R2) with R;,Re >0. (E.1)

The fundamental domain Ppect can therefore be defined by those points (x,y) which satisfy
0 <x < Rjand 0 <y < Ry. Before we turn to the more interesting case of the tilted torus, we
want to show that the orientifold action is a well-defined action and maps equivalent coordinates
to corresponding equivalent points, respecting the equivalent relations of Eq. . This is
indeed fulfilled as shown by the simple calculation

(#,y) ~ (2 + Ri,y) = ( + Ri, —y) ~ (2, —y),
(.73, y) ~ ((IJ, y+ RQ) - (.73, —Yy- RQ) ~ (z, —Z/)-
The fixed points under this orientifold action — called Fix(R) in section — are given by

(E.2)

(z,y) ~ (z,—y) . (E.3)
This is trivially fulfilled for y = 0. Furthermore, this is satisfied if the coordinates have the form
(r,y) = (x,—y+nRy) with neZ. (E.4)

Comparing it to Eq. 1) gives us fixed points along the lines y = ”TRQ. A simple case distinction
must be made here. For the case that n is even, the fixed loci are equivalent to the locus given
by y = 0 in the sense of the torus identification. In the case where n is odd, the corresponding
loci are equivalent to the fixed point line y = %. In sum, we thus get two fixed point loci on the
2-torus.

Let us now consider an arbitrary point (x,y). By a reflection at the orientifold given by y = %,
we obtain (x,y) — (z,Re — y). The situation is different for reflections at the orientifold

corresponding to y = 0, where we have (z,y) — (z, —y).

By toroidal identification, we find that (z,—y) ~ (z, R2 — y). The two reflections are thus
equivalent to each other
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R2 _
R,
‘/Eil | r
—> X
(a) The fundamental domain of a rectan-
gular 2-torus. The vertical lines and hori- (b) The fundamental domain of a tilted
zontal lines are identified with each other. 2-torus in the xy-plane. Here, r3 = s/2
Thus, each vertex corresponds to the same is chosen.The vertical lines and horizontal
point on the 2-torus. lines are again identified with each other.

Figure E.1: The fundamental domain Ppect of the rectangular 2-torus and the fundamental
domain Py of the tilted 2-torus.

E.2 Tilted Tori

We now turn to the tilted torus. The class of tilted tori is specified by the identifications [45]
(x,y) ~ (x+ a1,y +az) and (z,y)~ (z,y+b) with ay,a2,b>0. (E.5)

The fundamental domain Py of the tilted torus corresponds to a parallelogram with a vertex
at the origin of the coordinate system and sides given by B = (ri,72) and Ry = (0,s). For
an overview, this is sketched in Fig. Concretely, we want to deal with the special case
ry = 5. Here, too, it is necessary to check whether the orientifold action (z,y) — (x, —y) is
well-defined for the case of tilted tori and where the fixed point lines are to be found. To test the
well-definedness of the orientifold action, let us look at the corners of the fundamental domain.
It is obvious that (0,0) ~ (r1,r2). Furthermore, the origin at (0,0) is invariant under R which
yields (r1,79) ~ (r1, —r2). This is satisfied if ro = —r9 4 ns holds with n € Z. For us, the relevant
case is given by ro = 5, which sets n = 1. Let us first examine the fact that

(@471, =y —r) ~ (@471, -y —7r2) = (r1,72) +(0,8) = (2, —y = 2r2 + 5) , (E.6)
which yields exactly (z, —y) for the case that 72 = 5. As a consequence,
(:U>y) ~ (:U +r,y+ 7‘2) - (l’ + 7,y = 7"2) ~ (l’, _y) ) (E7)

is indeed well-defined under the tilted tori identifications in Eq. . Again, we have two fixed
lines, which we depicted in Fig. [E-Ib] The first one is defined by the the line along y = s, the
second one by the line y = 5. Note, that these two fixed lines are one closed line on the tilted
torus, which can be seen immediately by keeping in mind that all the corners are identified.

Defining ﬁ*{ = (r1,—r2) as the image of Ry under R and using r2 = 5 we find
ET = (7‘1, —7’2) = (7‘1,7’2) — (0, 27“2) = él — EQ . (ES)

An arbitrary point on Py can be described a vector )xﬁl + uﬁg, with A, u being constant. Acting
with R, provides us with

)\Rl + /ufég — AET — NRQ = /\(R1 — Rg) — /Lﬁg = )\R1 — ()\ + N) §2 . (EQ)
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Recall that we have described closed lines on tori in terms of relatively prime integers - the
wrapping numbers. These tuples (n,m) were to be understood in such a way, that we get a line
from the origin (0,0) to a point given by nRi + mR,. In section we derived a formula on
how we can calculate the intersection number of two such closed lines. Now, one could think
that we have implicitly assumed that this revelation is only valid if the compact space is given
by a rectangular torus.

In general, the tilted and rectangular tori are similar via a linear invertible mapping given
by [45,63]
1 1 1
T— —x, y—>——2x+-y. (E.10)
71 2r1 ]
This linear map transforms the tilted torus to the unit rectangular torus. This mapping is bijective
and the intersection number, which depends on the wrapping numbers, remain preserved under
this transformation. This was of course expected, since we derived the intersection number by a
purely topological argument and granted it to a completely topological quantity. Consequently,
geometric designations and metric related issues should not play a role. The wrapping numbers
behave under the orientifold action according to the derived formula in Eq. , which we
explicitly state as
(n,m) — (n,—m —m) . (E.11)

It is very convenient to express the wrapping numbers by using half integers in the tilted tori
basis, which we will denote as the [, «]-basis, in contrast to the (s,)-basis for the rectangular
case. The wrapping numbers are related by

(n,m) ~ [n,m + g] = (7, ) (E.12)

Knowing this, we can explicitly write down the intersection number in the o, ]-basis, which we
originally computed by using the (,«)-basis. Inverting Eq. (E.12)), the intersection number is
calculated according to

1‘151211; = [n1m2 — mlng] ~ (m (mg — ) — <m1 — > TLQ) = (n1m2 — mlng) = I{gCt . (E.13)

Indeed, the intersection number does not depend on wether the tori are rectangular or tilted.
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